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Abstract. In this paper, we present a symbolic computation method
for constructing a small neighborhood U around a known local optimal
maximal or minimal point xo of a given smooth function f : R" —
R that contains radical or rational expressions of several variables, so
that xo is also the global optimal point of f(z) restricted to the small
neighborhood U. The constructed small neighborhood can be used to
prove that f(zo) is the global optimum of f in a rather large region M
with U C M via exact numeric computation like interval evaluation and
branch-and-bound technology.

Keywords: Locally optimal points - Isolating algorithm - Radical
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1 Introduction

In some geometric optimization problems, we want to calculate the maximal
value of a multivariate function f : R™ — R over some domain M C R™ which
contains radical (or rational, trigonometrical) expressions. Usually, the objective
function f is smooth, i.e., it has continuous derivatives up to any desired order
over M. Therefore, applying numerical experiments the de facto optimal point
of f can be observed with very big confidence, and it is also relatively easy to
verify that the optimal point xy obtained from numerical searching is actually
a local optimal point, namely, the partial derivatives of f with respect to each
variable is zero at xp, and the Hessian matrix of f at z( is positive-(semi-)
definite or negative-(semi-)definite. In many cases, the numerical computation
also shows that x( is the unique local optimal point of the objective function,
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but a strict mathematical proof is hard due to intermediate expression swell in
symbolic computation.

For example, let P; = (z;,yi,2) (i = 1,2,...,6) be six points on the unit
sphere S? and suppose we want to find the maximum of the sum of their pairwise
Euclidean distances, d = 3, ;< |[Pi — Pj||2, where

I1P: = Pylla = /(o = )+ (o5 = )+ (i = )2

To avoid the manifold solution of this optimal problem generated by the rigid
movements on S2, we may assume that one point has been fixed at the North
Pole, and another point has been fixed on the prime meridian. Then, both of
Monte Carlo search and the grid search (see, e.g., [1,9,10]) show that the maxi-
mum of d is 22.9705 . .. ~ 6+12+/2, and the local optimal points are the following
unique ones:

(0,0,1), (0,0,-1), (1,0,0), (-1,0,0), (0,1,0), (0,—1,0).

To the best of our knowledge, no mathematical proof has been given to this
conjecture yet.

Generally, if o € M is the unique local maximal point of a continuous
function f(x) formed by finitely many steps of the four basic arithmetic opera-
tions, the radical, the exponential, and the trigonometrical functions of n vari-
ables x1,x2,...,x, on a compact domain M C R”, then, by interval evaluation
of f(x), we can construct a neighborhood

Ulx)=[z1 —e,x1+ €] X [wa —&,ma+ €] X -+ X [wy —&,2p, + €] T M,

for any point x = (21, z2,...,2,) € M \ {zo}, where e = £(x) > 0 is dependent
on x, so that the upper bound of f(z) on U(x) is less than f(zg). If we can
also find a neighborhood Uy = U(xg) of xg so that restricted on U(xo), f(z) <
f(zo), then we will get a family of neighborhood {U(z)|x € M} that covers
the set M. According to the compactness of M, we would find a finite subset
{U1,Us,...,Un} of the family that satisfies

MCU(I())UUlLJUQU'"UUN,

and on each U;, f(z) < f(xg). Clearly, if we could generate all neighborhoods
U(z) for every point € M \ {x¢} in advance, then we would be able to produce
a proof to the original optimization problem. To utilize this idea on computer for
a machine proof, we may implement this through the following two procedures:

Procedure 1: isolate the local optimal point. Construct a function
g(z) which has z( as the unique maximal point with g(x¢) = f(zo), and a
neighborhood Uy of z( that satisfies f(x) < g(z) for € Uy, and, therefore,
f(z) < f(xo) on Up.

Procedure 2: ‘‘divide-and-conquer’’ outside the isolated regions.
Partition M\ Uy into a sequence of cubes D1, Ds,..., Dy, in R™ where D;, D;
have no common interior for 1 < ¢ < j < m, and apply the interval evaluation
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(or grid interpolation) to estimate the upper bound u(D;) of f on each cube
D;(1 <i<m). If u(D;) > f(xg) for some i(1 <4 < m), then divide D; into 2"
smaller cubes D; ; (j =1,2,...,2") in R™ whose edge length is one half of that
of D;, and estimate the upper bounds u(D; ;) of f(x) on the newly obtained
cubes D; ;. Recursively do this until the upper bound of every cube D; pro-
duced in this process satisfies u(Dj) < f(xg). This process will be terminated
after finitely many steps of subdivision provided sup, ¢y, f(z) < f(20), since
according to Taylor’s theorem, we have

f(@) = f(xp,) + (z —2p )V [ (tap, + (1 - t)z)

< J(wp,) + edze(Dy) - Bo, )

for all x € Dr. Here x%, is the barycenter of Dy, t = t(z) € [0, 1], edge(Dy) is
the edge length of Dy, and By is the following constant:

af \* (of\* af \?
By = — — . — < ,
0 xeSEI\)UO \/<59€1> * (5‘5@ Tt Oz, oo
and we may assume that the estimated upper bound u(Dy) of f(x) on every
cube Dy satisfies the following inequality

u(Dr) < f(zp,) + ?edge(D;) - By. (2)

Therefore, if the subdivision cannot be completed in finite steps, we would get
a sequence DivDi,jlvDi,jl,j27"'7Di,j1,j2,...,jk (1 S 7 S m,l S ]k S 2”7]6 =
1,2,...) that satisfies u(Dr,) > f(xzo) for Dy, = D;j, jp g (B = 1,2,---),
which leads to

kh_{{.lo f(xp,) > f(wo),

and contradicts the assumption sup f(z) < f(xo).
xzeM\Uy

To our knowledge, this approach to automated proof of inequalities was
suggested by Jingzhong Zhang in the late 1980s for proving an inequality of
Zirakzadeh (see [14] and [2]). A detailed description of Zhang’s method can be
found in [13] in Chinese. Later the method was used in [5] and [12] for prov-
ing two other geometric inequalities related to optimal distribution of points on
sphere and hemisphere. However, the technique of Procedure 1 is not described
in a general term in these case studies, so it is still difficult to apply the new
method to process other unsolved or complicated problems directly.

This paper is aiming to give a general symbolic algorithm of Procedure 1
for a class of smooth functions formed by a sum of several radical expressions.
Namely, assume that f : R™ — R has the following form:

f=cava(r, . ..,z,) + -+ cuv/gr(r1, 22, .., 20),
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where c1, ..., ¢ are real numbers and g¢;(x1, %2,...,2,) (j =1,..., k) are poly-
nomials or rational functions of polynomials, and the point zg € R" satisfies
the conditions

of .
8$i(x0) =0,i=1,2,...,n;
and
oy oy . _9%f
Ox? Ox10x2 Ox10x,
f oy .. _9%
Ox20x Ox2 Ox20x,
Hy = . B . 2 ) (Io)
*f *f ... _9f
Ox,0x1 Ox,0T2 0L, 0Ty

is negative-semi-definite. We explain how to construct a quadratic form g(z) =
q(z1,xa,...,x,) and a neighborhood Uy C R™ of z( so that

(1) g(xo) = f(xo), xo is the unique maximal point of ¢(x), and
(2) f(z) < q(z) for z € Up.

Note that the methods of local analysis in [5,12,13] are implemented for triangu-
lar functions and some special radical functions. We shall present our algorithm
in a more general form. Actually, our algorithm gives a constructive approach
to a special case (for k = 0 or n) of the Morse Lemma (see, e.g., [3,7]), which
asserts that if f : R™ — R is a function of class C*° for which o = 0 is a
non-degenerate critical point, namely V f(0) = 0 and the Hessian at o has triv-
ial kernel, then in some neighbourhood U of x( there is a local C'*° coordinate
system, namely a C* diffeomorphism ¢ : U — V C R™ with ¢(0) = 0 and such
that f = fo¢~! takes the form

fla) = 1(0) a3 ==ty ot

Several quantitative forms of the Morse Lemma can be found in [4,6,8,11], yet
a symbolic computation method cannot be directly derived from the literature.
The paper is organized as follows. In Sect. 2, we show how to find quadratic
bounds of an algebraic surface in the neighborhoods of a critical point; in Sect. 3,
we extend the method to rational and certain radical functions. In Sect. 4, we shall
apply the method to do local critical analysis for the spherical six-point problem.
The Maple computation in this paper is implemented on Maple version 18.00.

2 Quadratic Local Upper Bound of Polynomials

The following analytic definition of local optimal (extremum, maximal or mini-
mal) of a real-valued function can be found in any calculus text book.

Definition 1. A real-valued function f defined on a real-line is said to have a
local (or relative) maximum point at the point xq, if there exists some € > 0
such that f(z) < f(xo) when |z —xo| < €. The value of the function at this point
is called mazimum of the function. Similarly, a function has a local minimum
point at xo, if f(x) > f(xo) when |x — o] < e. The value of the function at this
point is called minimum of the function.
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For functions of several variables, a neighborhood U (g, €) of the point z( is used
to substitute the interval |z — z¢| < €. It is well known that the local extrema
can be found by Fermat’s theorem, which states that they must occur at critical
points (also called stationary points).

Theorem 1 (Fermat’s theorem). Let f : (a,b) — R be a function and
suppose that xy € (a,b) is a local mazimum of f. If f is differentiable, then
f'(zo) = 0. And ezactly the same statement is true in higher dimensions.

One can distinguish whether a critical point is a local maximum or local
minimum by using the second derivative test. In calculus, the second derivative
test is a criterion for determining whether a given critical point of a function is
a local maximum or a local minimum using the value of the second derivative at
the point. The test states: if the function f is twice differentiable at a stationary
point xq, then

— If f"(x0) < 0 then f has a local maximum at zo.
— If f"(x0) > 0 then f has a local minimum at z.
— If f”(x9) = 0, the second derivative test says nothing about the point zg.

For a function of more than one variable, the second derivative test generalizes to
a test based on the eigenvalues of the function’s Hessian matrix at the stationary
point. In particular, assuming that all second order partial derivatives of f are
continuous in a neighbourhood of a stationary point xg, and the eigenvalues of
the Hessian at xg are all positive, then xg is a local minimum. If the eigenvalues
are all negative, then g is a local maximum, and if some are positive and others
are negative, then the point xg is a saddle point. If the Hessian matrix is singular,
then the second derivative test is inconclusive. Note that the second derivative
test concludes only the existence of a neighbourhood Uy of xy, where the function
f satisfies f(z) > f(xo), or f(z) < f(xo), for all points x € Up.

It is easy to see that for a quadratic polynomial p(z) with n-variables, if

2o = (0,0,...,0) € R™ is a local maximum point, then
1 T
p(z) =po + 5@175027 coy T ) Ho(21, T2, ..o 20) 7,
where py = p(0,0,...,0) and Hy is a negative-semi-definite symmetric matrix,

so under certain orthogonal transform of Cartesian coordinates

(l‘laan“wxn) = (ylay27"'7yn)'P-

We may express the polynomial p using the new coordinates as

1
(Y1, Y20 Yn) = Po + 5(/\1yf + Ays + -+ Anyl), (3)

where P is an orthogonal matrix and A; <0 (i = 1,2,...,n) are the eigenvalues
of Hy, which also shows that x = 0 is the global optimal of p(x). In geometry,
this shows that in R”*!, the algebraic surface

F:={(z1,22,...,Zn,2)|z — p(x1,22,...,2,)} =0
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lies at one side of the tangent space ToF : z = 0 of F at 0.

For polynomial p(x) of degree d > 3, if x = 0 is a local maximum of p, then
there is a neighborhood Uy of 0 € R™ so that in the local region Uy x R € R**+1,
the surface F' : z — p(xz) = 0 and the tangent space ToF' can be separated by
a quadratic surface Fy : z — g(x) = 0, where ¢(x) is a quadratic polynomial
which has x = 0 as its maximal point, and therefore, the algebraic surface
z — p(x) = 0 lies under its tangent space at 0. We will show that the quadratic
polynomial can be constructed using symbolic computation. Namely, we have
the following result.

Theorem 2. Assume that p(x) = p(x1,xa,...,2,) s a polynomial of degree
d >3 and x = (0,0,...,0) is a local mazimum of p(x) satisfying the condition
that the eigenvalues A1, g, ..., A, of the Hessian matriz of p(x) at © = 0 are

all negative. Then we can construct a neighborhood Uy of x = 0 and a quadratic
polynomial q(x1,x2,...,x,) satisfies

(1) 4(0) = p(0),

(ii) g%i =0 fori=1,2,...,n,
(i4i) the Hessian matriz Ho(q) is negative-definite, and
(iv) p(x) < q(x) for all x € Up.

We may call ¢g(x) in Theorem 2 a quadratic local upper-bound of polyno-
mial p(z). In order to prove this theorem, we need to consider the degree-j
homogeneous part of polynomial p(x) for each degree j > 3. We have the fol-
lowing lemma.

Lemma 1. For any integer j > 3 and homogeneous polynomial

— dy . da d
hj(xlvm%'"vxn) - E Cdy,dg,...,dnT1 T+ Ty",
dy,dg,...,dn >0
dy+do+--+dn=j
with real coefficients, then there exists constant numbers ki, ko, ... k, > 0,
such that for any positive number N and for real numbers xi,x2,...,x, €

(=1/N,1/N), the inequality

|hj(x1, T2, ..., %) (krax? + koxs + - - + kpx2)

holds.
Proof. For any j, real numbers z1, 22,...,2; € (—1/N,1/N) and any combina-

tion (k,1) of 1,2,..., 7, we have

22 4 22). (4)

1
2122"'ZJ§W(

Construct this inequality for all (}) = j(j — 1)/2 two-member combinations of
1,2,...,7, and sum up them to obtain

J .
(2>2122“'Zj < W(J—l)(25+25+"'+2‘?)-
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Therefore 1
2, .2 2
azcez S gLttt 2),
and
dq do dn
dl dz dn o /—M ,—M /—/H
7Ty T =T X XTg T X=X Ty -+ Ty
1 2 2 2
< W(dlxl +dozs + -+ dpal), (5)
for any monomial x‘flxgz --xdn of degree j. Applying inequality (5) to each
monomial of the homogeneous polynomial h;(xz1,z2,...,2,), we have
dy,.d dn
hj| < > |Cay daesdn @ 257 - 2|

dy +d2+ +dn=j

<Z e et et (0102 + o+ - + dua?)

Here kq, ko, ..., k, are positive real numbers defined by
ki = Z di|cd1,d2,...,dj|7 1:1727 , N
di+-+dn=j
This completes the proof of Lemma 1. O

Remark 1. Taking C; = max{ki, ks, ..., k,}, then inequality (6) can be writ-
ten in the following simple form:

|hj($1,$2,...,f£ )| (1’1+1'2+ +$i) (7)

N jNi—2
Now we give a proof of Theorem 2.

Proof. Let po = p(0), Hy be the Hessian matrix of p(z) at x = 0, and \;, \g,
.y An, the eigenvalues of Hy. Then A\; < 0(i = 1,2,...,n) according to the
assumption. We can express p as follows:

1
p(x) =po + =(x1, T2, ..., 2,)Ho(x1, 2o, .. .,xn)T

2
—|—Hg(l‘l,l'g,...,xn)—|—"'—|—Hd($1,132,...,5€n), (8)
where H; (j = 3,...,d) are homogeneous polynomials of degree j, respectively.
Applymg Lemma 1, for each j (j = 3,...,d) we compute a sequence of

constants k(J ) k(J )L k:( ) that satisfy the following inequality

D23 + ka2 + -+ kD 2?),

|Hj(x1,22,...,2,)] < N2
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For each N > 0, define a quadratic polynomial ¢y (z) as follows:

1
QN($17x27~ . 7xn) = Po + 5(1.171.27‘ .- ,xn)HO(xl,fL'27. . 7$n)T
d 1 . .
+ Z jNI—2 (kgj)x% + kéj)xg toee Tt kéj)zi) : (9)
7j=3

It is clear that the requirements (i) and (ii) of Theorem 2 are satisfied, and the
requirement (iv), i.e., the inequality

d
1
p(z) < po+ 5o Ho T+ | H(2)| < qu(x)
j=3
is also true for any x1,zs,...,2, € (—1/N,1/N) according to Lemma 1. To

see that the requirement (iii) is satisfied for sufficient large N, observe that the
Hessian matrix Hy, (0) of gn(x) at x = 0 can be written as Hy + 2Gn, where
G is the diagonal matrix

g1(1/N)
92(1/N)
gn(1/N)
where
d_ 1.0
gz(y)zz Ly =12, 0n
: J

Notice that A\; < 0, k§j) >0foralli,j(i=1,2,...,n;5=3,---,d), so for each
i, the equation

1 Lo, kY Y i
N Gi(y) = Shik ey Tyt 2

has a unique positive real root y}. Thus, if the number IV satisfies

1 . * * *
N < mln{yl,y27-~7yn}7

then the eigenvalues of Hy + 2Gy, i.e., A\; + 2¢;(1/N) (i = 1,2,...,n) are all
negative, and, therefore, the Hessian matrix of quadratic polynomials gy (z) is
negative-definite, as claimed in (iii).

Theorem 2 is proved. (I
Remark 2. Let A\g = max{A1, \a,..., Ay} < 0 be the largest eigenvalue of Hy,
C; = max{kgj),kéj), .. .,kzgf)} for j = 3,---,d, and 1/N the smallest positive
real root of the following equation:

1 Cs (1 Ca (1\"77
z“*s'(zv)*“‘*d'(N) =0
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Then, for any xs,x2,...,2, € (—1/N,1/N), we have

p(x) < gn(x) < p(0).

3 Local Critical Analysis of Rational and Radical
Functions

In this section, we explain how to extend the local critical analysis method to
rational functions and certain radical functions of several variables.

3.1 Rational Functions

The method we have described in Theorem 2 can be easily generalized to func-
tions f(z) = p(x)/q(x) where p(z) and ¢(z) are polynomials of x € R™. Let x
be a local maximal (or minimal) point such that the Hessian matrix of f at the
point xg is negative-definite (or positive-definite, respectively). Without loss of
generality, we may assume that xg is a local minimal point of f(z) and g(zg) > 0.
Clearly, if ¢(z) is positive-definite, then the task of finding a neighborhood
Uy C R™ of xy where

b
q(x) zf( O)a

for all x € Uy can be simply transformed to finding the neighborhood Uy where

p(x) = f(xo) - q(z) >0,

for x € Uy, which is same as we have done in the previous section. If ¢(x) is
neither positive-definite nor negative-definite in certain known region, we need
first to construct such a neighborhood Vj of z¢ so that ¢(xo) - g(z) > 0 for all
points x € Vy. To implement this work, we have the following theorem.

Theorem 3. Let q(z) be a polynomial in n variables of degree s, xo a point in

R™ with xo = (x5, 23, ...,2%), and q(xg) > 0,
0
K = max{|a§i (zo)],i=1,2,...,n} >0,
K = max{| Pq (z0),1 <i,j <n} >0
= max z9),1<4,5<n ,
2 8%8% 0 J
and ,
dq
K; = maX{|m($o)\71 <iy,...,0; <np >0,
for j =3,...,s. Let &g be the unique solution of the equation
1 1 1
q(zo) = Kqiu+ ?K2u2 + ngu?’ +o 4 gKSuS. (10)

Then, the inequality q(x) >0 is valid for any © = (1,22, ..,T,) with

|z = 2olly = |21 — 27| + [va — 23| + - + on — 23] <o
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Proof. Let

* * *
Uy =T1 —Ty,U2 =T2 —To,y...,Up = Tpn — Ty,

and h; (j = 3,...,s) the homogeneous polynomials defined by

1[& a7
hj(ul,. . .,un) = - lz UZM] q(mlla . 'axlyL)|x’1:$’1‘,...,x;L:z;‘L

| /
J: i=1 ¢

n

1 j o\
- F Z <d1,d2,...7dn> Ul <uzaxl> Q(x )|CE/:IO'

Cditetda=j v
Then, we may expand ¢(z) in a Taylor series at the point zq as follows:

q(z1, 29, ... xn) = g7, 25, ..., 2))

Jq Jq dq
+[a*a**a

1 [ ,0%q d%q 5 0%q

:| - _
T1=T] .., T =T,

U + - + U :|
2 nH. 2
O0x? 0x10x2 0x? 1=t o=,

+ ha(uy,ug, ... tupn) + -+ hg(ur, ug, . .., Up).

It is obvious that

( Jq Jq dq >
abs | U =— +us—+--+u,7—
0x1 0xo ox, R S,

< Ky (lug] + Jug| + - + funl),

b 221 49 1t ... -1
abs [ulazf Ay e, T T g2

< Ko(Jup [* + 2lus||ug| + - - + |un]?)
= Ks(Jur| + |ua| + -+ + |un])?.

o
T =T

d%q d%q 2 3261]
T1=17,.

For hj(ui,us,...,u,) (j =3,...,s), we have

abs (hi(u1,u2,...,up))

1 J : d;
Y () (50
dy e tdn=j i=1
1

- !'Kj'[|U1|+|u2|+"'+|un|]j.

<.

Therefore,

1
q(z) > q(x0) — Ki|lx — zol|1 — §K2||$*5U0H1

1 1 .
- §K3H$—$o||%”'— QKSHSU—SUOH :

(12)
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which immediately implies that ¢(x) > 0 if ||x —zo||1 < dp and do is the (unique)
real root of the equation (10).
Theorem 3 is proved. ([l

3.2 Sum of Radicals
Now we consider the radical functions of the following form:

x X
pw o fm@

q1(x) q2(z) ar(x)’

where p;(z) and g¢;j(z) are the polynomials in n variables. We can prove the
following result.

Theorem 4. Assume that f(x) is function defined in (15), xo = 0, and

fl@)=ciy/1+

pj(wo) =0, gj(x0) >0

for j =1,2,... k. Then using symbolic computation we can construct a neigh-
borhood Uy of xg and rational functions
k k
Py (z) P(x)
=) ¢+ ;9@ =) o+ ; (16)
29t ) 2% ga)

where Py (x),Q1(x), P(x), Q(x) are polynomials such that
P(0)=0, P(0)=0,
and
Qi(z) >0, Qx)>0, h(z)< f(x)<glx), (17)
for all x € Uy.

To prove this theorem, we need the following Lemma 2 and Lemma 3.

Lemma 2. For any real number x with —0.3777 < x < 0.7145, the following

inequality is true:
5 3

1 ——2?<Vi+z<1 — —x? 18

JFQQj 32" T JFQQj 327 (18)

([l

Lemma 3. Assume that p(x) and q(z) are the polynomials in n variables x1, xa,

T, To = (0,0,...,0) € R, and

p(xo0) =0, q(zo) > 0.
Then for any € > 0, we can find a constant 6 = 6(¢) > 0 such that

<e

\/x%+x§+-~-—|—x%<5 — _E<W

q fl»an"'axn)

by symbolic computation.
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Proof. Indeed, the existence of the d(g) for each e > 0 is guaranteed by the
continuity of p(x)/q(x) at the point xg = 0. Here we show that d(¢) can be
obtained by symbolic computation. For this purpose, we may assume that in
Theorem 3 we have a neighborhood

Up = {(z1,22,...,2n), |21] + |22 + - + |20| < b0}

that satisfies q(x) > ¢(0)/2 > 0 for all x € Uy. Assume deg(p) = r and

1
P() = & Vamop(e) + 5o - HorT +ha(w) + -+ o),

here h; are homogeneous polynomials in z;,22,...,z, for j = 3,...,7. Then
applying the method described in Lemma 1 and Remark 1 given in the previous
section, we can obtain constants C; > 0(j =3,...,s) so that

(z12+x22+~~+xn2) (19)

T C
Iha(z) + - + ho(z)] < ZS N
j:

for all x € R™ with z1,29,...,2, € (=1/N,1/N) for any N > 0. Thus, for
(x1,22,...,2,) € Uy, we have x1,2a,...,2, € (—0p,d0), and inequality (19)
implies that

|hs(x) + -+ + hye(2)] SC-(Jc12+x22+-~-+mn2). (20)
Here

c=> g
=3 7

Let A1, Ag,..., A, be the eigenvalues of Hy, P the orthogonal matrix, (i.e.,
PTP = I) satisfying

and
(x),xh, ... 2l) = (x1,22,...,2,)PT.

Then we have
|- Ho- 27| = |oPT - A- P2T| = |2’ A(2")T|
2 2 2
= [y + a2’y -+ [Anla”,

SR 2 (7 ),
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Note that

n

N2+ 422 =tr(HyHT
1+ 1+ + n ( 0 O Z gaxzaxJaxjaxz

n 2
— E _ 2
(8$ axj) 7HHO||F7

7,7=1

and

2 2 2 T
o b a2l =2 =2PTP2T =22 4l 422,

hence, we get
1 T 1 2 2 2
Sl Ho-2™| < Sl[Hollr - (z1 + a5+ +a7p).
In view of the Cauchy—Schwarz inequality, we have

ap(

|z - Vo—op(z)] = |9518751

Here

IVopll2 =

Combining (20), (21), and (22), we obtain the following inequality

Ip(z)| <[IVopl|2 \/:U% faZ+ta2

1
+ <2|HO||F +C’> (22 + a3+ +a2).
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(23)

Therefore, if we take d(¢) < min{do/+/n, 01}, where ¢; is the unique real root of

1 1
500002 = [ Vapilzu-+ (5l Halle +C ) o2

then, from

\/x%+x§+---+x%<6(e),
we have

(@) < Sa0)e

and |x1|+ |ze| + - -+ |zn] < vnd(e) < &, which implies that ¢(z) > ¢(0)/2 > 0,

and, therefore,

|p(=’v) | p(z)]

— <eg,
3q(0)

q(x)
as claimed by Lemma 3.
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Proof (Proof of Theorem 4). Without loss of generality, we may assume that
¢;j>0forj=1,...,land ¢; <0 for j =1+1,...,k Then, applying Lemma 3
we can construct a neighborhood U; so that

pj(z)
q;(x)

for each j (1 < j < k). Therefore, for point © € Uy := Uy NUzN---N Uy, we have
pi(z)  3pj(z)?
f(z) < (1 +
@< 2 o\ 30,0 Sy

pi(e) Spy(e)
2 ( 2qj<x>8qj<x>2>'g< )

1+1<5<k

| | <0.3777, ¢j(z) >0

Let

Pa):=(9(z) —c1 =g =+ = cx) - Q2),
Qx) := (em(q1 (2)q2(x) - - - qu(2)))” .
Then Q(z) > 0 for « € Uy obviously, f(x) < g(x) for z € Uy as defined, and

B p;(0)  3p;(0)?
g(0) = Z (1 + 2¢;(0) 8Qj(0)2>

pi(0)  5p;(0)?
e < 2qg(0) 8%‘(0)2)

I+1<j<k

=c+tet-+o,

therefore, P(0) = 0.
The rational function h(z) and the polynomials Pj(z) and Q;(z) can be
constructed by a similar computation. Theorem 4 is proved. (I

Our goal is to process the situation when ¢ = 0 is a local maximal or minimal
point of f. Namely, we wish that the upper-bound rational function g(x) (and
the lower-bound rational function h(z), resp.) constructed by Theorem 4 has
also taken the point xg as the local maximal (minimal, resp.) point if it is a
local maximal (minimal, resp.) point of the original radical function f(z), which
means, g(z) satisfies the following properties:

— ¢'(0) =0, and, at best,
— the Hessian matrix H,(0) is negative-definite,

if g is, for example, a maximal point of f(z). To see this, we have

642 o) £ 4
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here c;- =3¢, for 1 <j<land c;- = be¢; for I +1 < j < k. Meanwhile, we have

0= 3, OO 4 0
’ 2[1+ (p(0)/4(0))?] 2¢;(0)’

which means that if xyp = 0 is a local optimal point of the radical function

defined by (15), then it is also a critical point of the upper-bound (or lower

bound) rational function g(x) (or h(z), resp.) obtained by Theorem 4.

4;(0)p; (0)] / [4;(0)°] _ Zk:c

j=1

Remark 3. Notice that zop = 0 might not be a local maximal point of the
upper-bound rational function g(z) even if it is a local maximal point of f(z).
To ensure that

Hy(f) is negative-definite = Hy(g) is negative-definite,

we may need to refine inequalities (18) of Lemma 2. For example, we may use
the following inequality

1 1 1
for ¢; (1 < j <), and the inequality
1 1, 1.4 1,
Vitz>1+ 5:5 - gsc + l—ﬁx — 1—61‘ (—0.5161 < x < 3), (25)

for ¢; (I+1 < j < k). The upper-bound rational function g(x) generated by (24)
and (25) satisfies Ho(g) = Ho(f) since

Pf 9y
6$ia$j o 81‘13173

We omit its proof here.

(1<4,j5<n).

4 Local Critical Analysis of the Spherical Six-Point
Problem

In this section, we discuss the optimization spherical point problem we have men-
tioned in Sect. 1. Recall that the numerical result says that best arrangement is

I's :={(0,0,1), (0,-1,0), (1,0,0), (0,1,0), (—1,0,0), (0,0,-1)}, (26)
up to certain rotation of the sphere. We will prove the following theorem.

Theorem 5. Assume that the sixz points Py, Ps, ..., Ps are placed on the unit
sphere S? as follows:

P1:(0,0,1), PQZ(O,—\/].—Zg,Zg),
P = (m,y&%)’ Py = (24,11 — 2] — 23, 24),
P5 = (_\/ 1_3/52)_252)7215725)) PG = (x6ay67_\/ 1—15?3—?/%),
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so that
1 1
< 22,Y3, 23, Ta, 24, Y55 25, T6, Y6 < oo

22.9
then

Z d(P;, Pj) < 6+ 12V/2,

1<i<j<6

and the equality holds if and only if Py, Ps, ..., Ps are congruent to I.

Proof. Without loss of generality, we may assume that

2p 2q 2r
2T BT Tigre AT irgas
_ 2u _ 2v
METraT e AT Tras e
2s 2t
BT e BT it
- 2x B 2y
BN IR L L ek

where
_1/457 S paQ7T7svtauaUax7y S 1/4577 p Z 0.

Then, we have

Dy V31twg, (i,7) € {(1,6),(2,4),(3,5)}
(P, Py) = {f /1 + w;j, otherwise,

here w;; are rational functions of p, q,r, s, t,u,v,x,y, for example,

—2(p*q+2pr —q) s — —(p? + 2pv + u? +v?)
PHD(@+r2+1) T P+ )02 +1)

U}23—(

Applying inequality (24) we have
Z d(PzaP]) S6—|—12\/§+G(p,q,T,S,t,U,’U,l‘,y),
1<i<j<6

here . 1 L
G = Z Cij(iwij - gw?j + TGw?J)
1<i<j<6
is a rational function and

%:V,M@ﬁd@wa@@m,

V2, otherwise.

Using Maple we obtain G = P/Q, where

Q=8P +1)° (P+r+1)° (2 +02+1)° (2 +2+1)° (2 +42+1)°,
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and the P = numer(G) is polynomial of degree 30 with 543,609 monomials, of
which the least degree is 2. Therefore, we can write P as a sum of 29 homogeneous
polynomials as follows:

P =Hy+ Hs+ -+ Hs,
where Hsg can be factorized into
Hso = —11p° (2® + y2)3 (v + 02)3 (s +t2)3 (¢ +r2)3 <0.
The number of monomial in H;(2 < j < 29) are:

34,37, 217,279,947, 1221, 3165, 3885, 8142, 9559, 17033,
18977, 29766, 30993, 43117, 41763, 51880, 46416, 52178,
42108,42910, 30102, 27244, 16388, 13536, 6080, 4544, 832.

Using Maple we can check that the quadratic form Hs is negative-definite. For
simplicity, we show this later.

Assume that p,q,r,...,z,y € (—=1/N,1/N). Then, applying Lemma 1, we
can obtain the following inequalities:

|Hs| < J3 =4v2(26p° +35¢° + 3172 + 3552 + 3112
+38u? 4 43 0% + 38 2% + 44y*) /3N,

4662 4 170
|Hy| < Jy = — N - Sy,
2177 44743
(5| < J5 = —5 - So, - |Haol < J29 = —75= - S0,
here
So:=p° + > +1° + 5+ +u+ 07+ 27 + 7
so Js, Jy, ..., Jog can be considered as quadratic forms with a parameter N. We

will show more information of J; at the end of this section. Let J3g = 0. Then
Hsy < Jsp, and we can check that if N > 45.6866, Ho + (Js + Jy + -+ + J30) is
also a negative-definite quadratic form. Therefore,

30 30
P=3 Hy<Hy+) Ju<0,
k=2 k=3

and
> d(P, Py) < 6+12v2,
1<i<j<6
for p,q,...,x,y € (—1/45.7,1/45.7), also for Py, P,,..., Ps that satisfy (27).
This proves Theorem 5. (]
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Now we show that Hs is negative-definite. We can write Hy as follows.

H2 = 4(1 + ﬁ)(p’ Q7 T‘? 87 t? u? ,U’ x’ y)A(p7 q’ 7"’ 37 t) u) /U7 1‘7 y)T7

where _ -
-1 0 a 0 a 0 b 0 ¢
0-1 0 b 0 ¢ 0 O a
a 0-1 0 b 0 a-c O
0 b 0-1 00— 0 0 a
A= a 0 b 0-1 0 a ¢ 0},
0 ¢c 0—c 0-1 0 a O
b 00 a 0 a 0-1 0-—c
0 O0—c 0 ¢ a 0-1 0
| ¢ a 0 a 0 O0—c 0-1]
and

a=v2-2,b=1-v2, c=+2/2—-1.

The characteristic polynomial of A is

O = (A3+12A\/§+3A2+27\/§—15A—38)
x (—A2+2\/§A—5A+3\f—5) x (A2+A+5f—7)
x ()\—44—3\/5) x (—A—4+\/§) —0.

Using Maple it is easy to see that f(A) = 0 has 9 zeros and all of them are are
negative numbers. The largest one is

—1/2+1/21/29 — 20V2 ~ —0.07699 - - - < 0.

Therefore, H, is a negative-definite quadratic form.

To conclude the paper we show more details about Hj and Ji for k > 3. As
for 4 < k < 29, the degree-k homogeneous polynomial Hj has more than 200
monomials, here we only show the cubic homogeneous polynomial Hs and the
construction of J3 and Jy.

The cubic homogeneous polynomial Hs has 37 monomials, and all coefficients
have a common factor 4v/2.

Hs = —4V2(4pa® + py® + 4p°q + 4p*s + p*y — 4u’y)

—u—4¢%r — qu® — 4qv? + 4va? +oy? +4ty? — vy — 4r%u —rix

+ra? +4ry? 4+ sPu+ ta? + 4 5%z — su® — 4 sv? +4t2u+ 2z
—duvr +4uxy +4qgrv—4dqry + 4qry — 4 sxy

—4tuv — dpqr — 4pst + 4 ruv + 4 stv — 4 sty.
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We observe that there are two types of monomials in H,: those monomials
of the form c-w%wz in the first three lines, and those monomials of the form
c-wiwews in the last two lines (printed with underwave), where wq, we, w3 €

{p,q,r, s, t,u,v,z,y} and w; # w, for i # j. Notice also that
—4V2(4pz® +V2py?) <0

for p > 0. Applying the above inequality to the first two monomials (underlined)
of H3 and the following inequalities

¢
2 Id (2w} + w3), cwiwaws < 3N(w1 + w3 + w3)

cwjws < 3N

to the remaining 35 monomials of Hy of corresponding types, we obtain the
upper bound quadratic form of Hj.

4
J3— V2

(31 ? +35¢% + 31r% + - - + 4627 + 467).
For H,, the monomials can be classified into five types and for each type we
have its corresponding upper bound form as follows:

(1) monomials in the form ¢ - wf, which upper bounds are ¢'w?/N?, with ¢/
max{0, c};

(2) monomials in the form ¢-w}w?, which upper bounds are ¢ (w7 +w;)/(2N?),
with ¢ = max{0, c};

(3) monomials in the form c-w?wj;, the corresponding upper bounds are |c|(3w?+
wy)/(AN?);

(4) monomials in the form ¢ - wiw;jwy, their upper bounds are |c|(2w] + w3 +
wi)/(AN?);

(5) monomials in the form ¢ - wjw;jwywy,their upper bounds are |¢|(w] + w? +
wi +w?)/(4AN?).

79

where ¢ € R and w;, w;, wg, w; € {p,q,r,...,z,y}. For obtaining tighter upper
bound, we have taken

o 0,if ¢ <0,
"] ¢, otherwise,

in the first two cases. Therefore, we obtain the following result:

4524/2 + 170 374v/2 + 168 490v/2 + 72
N2 Pt N2 q2+"'+Ty2‘

The largest coefficient of Jy is (466v/2 4+ 170)/N?2, thus we have

Jy =

466+/2 + 170

Jy < N2

P+ +r?+ 2+ 2+ 0 + 0% + 2 + 7).

Similarly, we have

c
JkgNkk72(p2+q2+r2+82+t2+u2+v2+x2+y2)
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for k =5,6,...,29, where we can take integer c; as follows:

2177,9031, 21156, 61636, 121551, 284559, 476083, 938831, 1425542, 2280819,
3167178, 4135346, 5315958, 5594346, 6708463, 5568363, 6210033, 3953535,
4035347, 1890122, 1715600, 543585, 421574, 70800, 44743.

Clearly,

P=Hy;+ Hs+ Hy+ -+ Hay + Hso
SH2+(J3+J4++']29) = Pl(N,p,q,’/’,...,l’,y)-

It is easy now to use Maple to verify that P’(NV, ) is negative-definite.
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