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Abstract. In the problem of motion of a system of two rigid bodies
connected by a spherical hinge in a uniform gravity field, the conditions
for the existence of two- and one-dimensional invariant manifolds are
presented, and the manifolds themselves are found with the use of com-
puter algebra tools. From a mechanical point of view, these solutions
correspond to equilibrium positions of the system. Their instability in
the first approximation is proved.

Introduction

®

Check for
updates

This work continues the study [5]. The rotation of the system of two connected
rigid bodies S and Ss (see Fig.1) in a uniform gravity field is considered. The
first body has a fixed point O;. The bodies are connected by an ideal spherical
hinge O,.

Fig. 1. .

To describe the motion of the mechanical system, the following coordinate

systems are introduced: the inertial O; XY Z (its Z axis with the unit vec-
tor v is directed vertically upwards), the moving frames O121y121 and Ozx2y229
attached rigidly to the bodies S; and Ss, respectively. The x;,v:, 2 (1 = 1,2)
axes are directed along the principal inertia axes of the bodies. The positions of
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O121y121 with respect to O1 XY Z and Oszoyszo with respect to O1x1y121 are
defined by Euler’s angles 11,01, ¢1 and 19,02, ps.

The mechanical system studied in [5] is characterized as follows: the distribu-
tion of mass in the bodies is arbitrary, the connection point Oy does not lie on the
principal axes of inertia of the body S7, but the centers of masses of the bodies P,
and P, belong to their principal axes of inertia. The equations of motion for the
system have been derived with the help of the software package [1] written in
the language of computer algebra system (CAS) “Mathematica”. First, according
to a geometric description of the mechanical system, its characteristic function
(the Lagrange function) in symbolic form has been constructed, then, using this
function as a starting point, the equations of motion have been obtained. The
problem of their qualitative analysis was stated. Within the framework of solving
this problem, solutions of the equations corresponding to permanent rotations
of the system have been found, and the sufficient conditions of their stability in
the sense of Lyapunov have been derived.

In the present work, the above mechanical system is studied in a more general
case. We assume that the centers of masses of the bodies do not lie on their
principal axes of inertia. The equations of motion of the system are derived
analogously to the previous case. The problem of qualitative analysis of the
equations is stated. In the present paper, we restrict ourselves by considering
equilibrium solutions of the equations. Two techniques are used to find them:
from the stationary conditions for the family of the first integrals of the problem,
and, directly, from the equations of motion. The stability of the solutions is
analyzed on the base of Lyapunov’s stability theorems in the first approximation.
All computations are performed with the aid of CAS “Mathematica”.

As was mentioned in [5], similar problems arise in many applications, e.g.,
in modelling and the study of dynamical properties of various technical devices
and instruments. Such problems are considered, e.g., in [2,3].

The paper is organized as follows. In Sect.2, the Lagrange function and
the equations of motion with their first integrals for the mechanical system in
question are given. In Sect. 3, we seek equilibrium positions of the system, using
the stationary conditions of the first integrals. In Sect. 3.2, the same problem is
solved with the help of the equations of motion. In Sect. 4, the stability of the
solutions is analyzed. In Sect. 5, we give a conclusion.

2 The Lagrange Function and the Equations of Motion

The Lagrange function of the mechanical system under consideration derived by
the technique [5] has the form: L = T 4 U, where
2T = A1p} + Bigi + C1r5 + Ax(biipr + p2 + biaqy + bizr)?
+Ba(ba1p1 + boaqy + bogr1 + q2)°
+Co(bs1p1 + baaqr + basr1 +12)* + ma(d; + dj + d3)
+2mg | az [(b31p1 + bs2q1 + basry + 12)(basdy + baada + bords)
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—(ba1p1 + b22qg1 + bagri + g2)(bszdy + bsads + bs1ds))]
—ba[(b31p1 + bsaqq + bzzr1 + 72)(b13dy + biads + by1ds)
—(b11p1 + b12q1 + b1ary + p2)(bszdy + bsada + bs1d3)]
+cg [(ba1p1 + bazgr + bazr1 + g2) (bisdy + biada + b11ds)

—(b11p1 + bi2q1 + bisr1 + p2)(baszdy + boada + b21d3)]} ;
U=—yg [ml(alalg + biags + crasz) + mo (&13(02b11 + bobar + cobsr + s1)
+ags(agbia + babaa + cobsa + s2) + ags(agbis + babas + cobss + 83))}

are the kinetic energy and the force function of the system, respectively.

Here dy = p1s2 — q181, d2 = 1151 — p153, d3 = q183 — T152; a4, b;, ¢ (Z = 172)
are the coordinates of the centers of masses of the bodies; s1, s, s3 are the coordi-
nates of the connection point Oq; A;, B;, C; (i = 1,2) are the principal moments
of inertia of the bodies; my,my are the masses of the bodies; g is the accelera-
tion due to gravity; p; = 1/)1 sin ; sin §; + 0; cos Vi, ¢ = 1/)1 cos @; sin§; — 6, sin Vi,
= Qi+ 1); cos 6; are the projections of the vector of angular velocity of the body
S; onto the axes O;x;y;2;; & = ||lagill, B = ||bri]| are the cosine matrices 3 x 3
of angles between the axes O1 XY Z and O1x1y121, and the axes O1x1y;121 and
Osx9Yy2 29, respectively. Their elements are related to Euler’s angles ;, 6;, p; as

follows:
ag = C,S), bp = ,g) (k,1=1,2,3), where
£1) = €08 (p; coSY; — cos B; sin p; sin 1,

{22) = cos ; cos 0; sin ; + cos p; sin Y, 13) = sin ; sin 6,
(i)

52) = COS ©; COS Y; cos 9 — sin g; sin ¥,
(23 = cos @; sin 0, Cdl = sin; sin 6;, (32 = — cos Y; sin 6;,

§§3) =cosb; (i=1,2).

= — cos1; sin @; — cos p; cos §; sin 1;, (1)

The equations of motion produced by the package according to the formulae

d( oL\ 0L @, 0
%(aw(i)) T e Y + EINORS

& = a® x w® 3"

@, 9
o+ — X
ag(l)

— ﬂ(i) % w(i), ﬁ(i) — ,7(1') « w® (i=1,2),

7(1) 1)

(1)
where w(®) = (pwq“?“z) « = (a11,a217a31), ﬁT = (a127a22,a32), ’YT =

2
(@13, ag3, ass), aT® =(b11,b21,b31), 5T( ):(b127b22;b32)7 7T(2)=(b137b23,533)7
are written as:

[A1 + Agb?| + Bab3, + bs1(Cabsy + 2(agbas — babis) mass)
+ma(s2(2(bab11 — agbar)bss + 2¢2(bizbar — b11ba3) + s2)
+2(ba(b12b31 —b11b32) + az(ba1bza —baobs1 ) +ca(bi1baz —biabo1))ss+53)] 1
+[Agb11 + ma((b2bs2 — cabaz)sa + (c2baz — babsz)ss)] P2
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+[Agb11b12 + Babaibas + Cobsibsg + (b2biz — agbaz)bzimas;

+(agbz1b3z —bab11b32 4 c2(b11bg —b13ba1))masy —ma(ba(b13bsy — bi2bs2)

+ag(baobsa — basbsa) + ca(bi2bag — bisbaz) + s1)s2] ¢1

+[Babar + ma((cabiz — azbsa)sz + (agbszz — c2bi2)s3)] 4o

+[A2b11b134 Baba1baz +C2b31b3a + (azbagbsy +b2(b11b32 —b12b31)) mas:

—(a2ba1b32 + c2(b11bga — bi2ba1))masy — ma(ba(b13bs2 — bi2bs2)

+az(baabsz — ba3bsz) + ca(b12ba3z — bigbaz) + s1)s3] 71

+[Cab31 + ma((agbaz — babi3)se + (babia — agbas)ss)] 72 + $1 = 0,
[A2b11b12 + Babaibao + Cabgibag + masi(babiz — a2bes)bsy

+mgsy (a2b21b3g — babi1b33 + c2(b11b2g — b13ba1))

—Mm2S2 (bz (b13b32 - b12b33) + ag (b22533 - b23b32)

+c2(biabag — bi3ba2) + s1)] P1

+[Agb12 + ma(s1(c2baz — babsz) + s3(babsy — c2b21))] P2

+[B1 + Agbly + Bab3y + bsa(Cobsa + 2masy (bisbe — agbas))

+ma(51(2(azbazbss — babiabss + c2(b12baz — b13ba2)) + 51)

+2(ba(b12b31 —b11bs2) +aa(b21bs2 —baobsr ) +c2(b11b2a —b12b21))s3+53)] da

+[Babag + ma(s1(azbsz — cabiz) + s3(brica — azbs1))] 42

+[A2b12b13 + Babaobas + Cabsabss + masa(ba(b11b32 — bi2bar)

—|—a2(b22b31 - b2lb32) + 02(512521 - 511522)) - m283(52(bnb33 - 513531)

+az(baszbsr — ba1baz) + ca(bigbar — biibaz) + s2)] 71

+[C2b32 + ma(s1(bab13 — azbas) + s3(azbay — bab11))] 72 + P2 = 0, 2)
[A2b11b13 + Babaibag + Cabs1bss + masi (agbaabsi + ba(b11bsa — bi2bs1))

—mgs1 (azba1bsg + c2(bi1baz — bi2b21)) — mass (b2(b13bsz — bi2bss)

“+az(baobss — bazbsz) + ca(biabaz — bisbas) + s1)] P1

+[A2b13 + ma(s1(babsa — cabaz) + sa(cabar — babs1))] P2

+[A2b12b13 + Babagbas + Cabsabss + masy (ba(bi1bsz — bi2bsi)

—|—a2(b22b31 - b21b32) + Cz(blzbzl - b11b22))—m283 (bz(b11b33—b13b31)

+az(bazbsr — ba1bss) + c2(bisbar — bi1bag) + 52)] Gu

+[Babas + ma(s1(cabia — agbsa) + sa(agbsi — c2bi1))] 4o

+[Cl + AQb%s + nggg + Ogbgg) + m2($1(2(b2(b13b32 — b12b33)

+az(ba2bsz —basbsz) + ca(b12bag —b13ba2)) + 51) + 2(b2(b11b33 —bi3bs1)

+as(bazbsr — barbss) + ca(bizbar — bi1baz))sa + s3)] 71

+[Cabss + ma(s1(agbaa — bab12) + s2(babi1 — agbor))] 72 + P3 = 0,
[A2b11 + ma(s2(babss — cabaz) + s3(cabaa — b2bs2))] p1 + Aapo

+[Agb12 + ma(s1(cabag — babss) + s3(babz1 — c2b21))] 1

+[A2b13 + ma(s1(babsa — cabaz) + s2(caba1 — babs1))] 71 + Py =0,
[B2ba1 + ma(s2(cabiz — azbsz) + s3(agbse — c2b12))] p1

+[Babag + ma(s1(agbss — cabiz) + s3(c2bir — azbs1))] 41 + Bago

+[Babas + ma(s1(cabia — agbsa) + sa(agbsr — cabi1))] 71 + P5 =0,
[Cabzr + ma(s2(agbag — babi3) + s3(b2b12 — azbaz))] P1

+[C2b3a + ma(s1(bab1s — agbas) + s3(azbar — babi1))] ¢

+[C2b33+ma(s1(azbaa —babi2) +52(babi1 —agbay))] 71 +Cora+Pg = 0;

a11 = a2171 — 3141, A12 = G227T1 — 43241, (13 = G237T1 — 43341,
21 = G31p1 — A1171, G2 = A32P1 — (1271, (23 = G33P1 — A1371, (3)
a31 = a11491 — a21p1, @32 = a12¢q1 — a22pP1, a33 = A13¢q1 — G23P1,
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l:)u = ba1711 — b3141, i_’lz = baar1 — b32q1, 1.7.13 = ba3ry1 — b33qu,
ba1 = b31p1 — buiry, bag = bsapy — biar, bag = bazpr — bigry, (4)
b31 = b11q1 — ba1p1, b3z = b1aq1 — baap1, b3z = bizqr — basp1.

Here &; (i =1,...,6) are the quadratic polynomials of p;, g;,r; (j = 1,2). These
are rather cumbersome and are given in Appendix.
Equations (2)—(4) admit the following first integrals.

— The integrals of energy and kinetic moment:

oL
T — L~ =
H=T-U=hV e ~ c,
where h and c are some constants.
— The geometric integrals:
Vi =af; +a3 +a3; =1, Vo= b3y + 03 + b3, =1,
Vo = afy + a3y + a3y =1, Ve = biy + b3y + b3, = 1,
Vs = af; +a3; + a3z =1, Vo = b3 + b33 + b33 = 1,

5
Vi = ai1a12 + aziazz + aziazzy = 0, Vig = bi1bia + ba1bay + b3ibzz = 0, (5)

Vs = a11a13 + as1a93 + aziass = 0, V,, = b11b13 + ba1bag + b31b33 = 0,
Ve = a12a13 + az2a23 + asaass = 0, V,, = biabi3 + bagbag + b32b33 = 0.

We pose the problem of finding the stationary solutions and invariant mani-
folds (IMs) [4] for Egs. (2)—(4) and the investigation of their stability.

3 Finding Stationary Solutions and IMs

It is shown [4] that stationary solutions and IMs can be obtained from both
the stationary conditions of the problem’s first integrals and, directly, from the
equations of motion. Let us use the first technique.

3.1 The Usage of Stationary Conditions

Compose the linear combination of the integrals
202 = 2X0gH — M\ V3 — XV — A3V — A4 Vg — 2()\5V10 + X Vi1 + )\7V12)

and write down the necessary conditions of extremum for the integral {2 with
respect to the variables p1,p2,q1, g2, 11,72, a13, a23, ass, bi1, b1z, b1z, ba1, baa, bas,
bs1, b3z, b3s:

002/0p; =0, 002/9q; =0, 02/0r; =0 (i = 1,2), ©
8(2/80@3 = 07 8(2/8ka =0 (k,l = 1,2,3).

The variables a11, a2, @21, @22, az1, ase are sought with the help of the inte-
grals V1, V5,V (j =4,5,6) under the corresponding values of a3, as3, ass.
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Solutions of Egs. (6) allow us to determine the stationary solutions and IMs
of the differential equations (2)—(4) corresponding to the integral 2. As was
mentioned before, we are interested in equilibrium solutions. In order to find
them, we put p; = ¢; =7, =0 (i = 1,2) in (6). The equations take the form:

Xog (aymi + ma(agbiy + babay + c2bs1 + 51)) — Adraiz = 0,
Aog (bima + ma(agbia + babaa + cobsa + s2)) — Aagzs =0,
Xog(c1my + ma(agbiz 4 babas + cabss + s3)) — Ajasgs = 0,
Ao@2g maaiz — Aabir — Asbia — Agbiz = 0,

Ao@2g maagsz — Azbia — Asbi1 — Azbiz = 0,

Ao@2g maassz — Aab13 — Agb11 — Azb12 = 0, (7)
)\0529 Maa13 — A2ba1 — Asbaa — Agbaz = 0,

Aobag maags — Agbaa — Asbar — Azbaz = 0,

Aobag maass — Agbaz — Agbar — Arbaa = 0,

AoC2g maa13 — A2bsr — Asbsa — Agbzz = 0,

AoC2g Maag3 — Azbsa — Asbs1 — Azbzz = 0,

Aoc2g maazz — Agbzz — Agb31 — Arbza = 0.

The resulting system is multiparametric (20 parameters) that leads to cumber-
some expressions in the process of computation.

For the polynomials of system (7), under the following constraints on the
parameters of the problem

masy maS2 UPEE]

7b1__ , C1 = —
mq miq m1

ayp =

and the relations bo; = bio,b31 = b13,b3a = bag (we assume that the cosine
matrix [ is symmetric), a Grobner basis was constructed with respect to an
eliminating ordering of the variables with the help of the built-in function

Groebner Basis[polysi, {b11, b33}, {\2, A3, A1, A5, A6, A7, a13, azs, ass},
CoefficientDomain — RationalFunctions,
MonomialOrder — EliminationOrder]
Here polys; is the list of the polynomials of system (7).
After the transformation of the basis into a lexicographical one by means of
GroebnerBasis[polysa, {2, Az, A4, A5, Ag, A7, @13, @23, ass, b11, b33},
CoefficientDomain — RationalFunctions],

where polyss is the list of polynomials obtained at the previous step, we have a
system dividing into two subsystems. One of them is presented below.

ca(asbia + ba(baa — bsz)) + c3bog — ba(asbiz + babaz) = 0,

a3bia — ba(bioba + bigca) + as(ba(baa — bi1) + cabaz) =0,

Abaazs — Aogmaca(azbia 4 babag + cabaz) = 0, 8)
Aogma (azbia + babag + bagea) — aszAy = 0,

Xogmaasz(azbiz + babaa + c2bag) — Ai1baas = 0,

bQngzmg)\% — )\1)\7 = 0, CLQCQQQm%)\% — >\1A6 = 0,
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agbgg2)\(2)m§ — A5 =0, c% gzmg)\% — A =0,

b3 g>X3m3 — M3 =0, a3 g*>m3A\3 — A\ hg = 0.

All computations have been performed on a computer with an Intel Core i7
CPU (3.6 GHz) and 32 GB of RAM. The total computation time is 46 s.

Then, expressions (5) are added to the first five equations of system (8) and
a lexicographical basis for the polynomials of the resulting system with respect
to ay1 > ajo > a1 > age > azp > ajz > g3 > azz > byp > byz > bz > by >
bas > A7 is constructed. Again we obtain a system splitting into two subsystems.
Below, both subsystems are represented.

(a3 + b3 + c3) g°m3A5 — Af =0,

a%b%z + b%(b%Q + b%g) + C%b%g + 2(&262[)121)23 F a2b2b12 F bQCQng) = O,
—azbia — ba(ba2 F 1) — cabaz =0,

a3 (babiz + cabi2) 4 b3(asbas + cabia) + c3(azbag + babis) F 2asbacs = 0,
—a3(asbiz — ba(bsz £ 1) + cabaz) + b3 (c2bag — azbiz) + bac3(bss F 1) =0,
—a3ba(b11 F 1) + b3(cabas — agbia) + c3(agbia — ba(b1n £ 1) + cobaz) = 0,
(a3 + b3 + ¢3) gmaAoass F cady = 0,

:|:b2>\1 — (a% + b% + C%) gmg)\oa23 = O, (9)
:|:a2>\1 — (a% + b% -+ C%)gmg)\oalg = 0,

(a5 + b3)(a3; + a3y — 1) + c3(a3; + a3,) =0,

a3(a3, + a3y — 1) + (baags + caasz2)? = 0,

(a3+b3)(as1 +asz(azas —azase))+bacoass +c3asz(azas —aznass) =0,
azaiz + baass + coazy = 0,

ag(agan + a2C2a31 + b%all)(a:%Q — 1) + [bg(ag -+ b%)aggagl + C%(a2a11a32
+boagsast) + c2(b3as1 + 3as)asslazs = 0.

Next, we find Ay = £+/a% + b3 + 3 mag) from the first equation of (9).
Under the above values of A1, the latter 13 equations of each of the subsystems
together with equations p; = ¢; = r; = 0 (i = 1,2) and the relations by = b1o,
b31 = b13,b32 = baz determine the four IMs of codimension 22 of the differential
equations (2)—(4). It is verified by direct computation according to the definition
of IM. Let us consider one of these IMs, e.g., the one defined by the equations

p1=0,p2=0,¢1=0,¢2=0,r1 =0, 72 =0,

ba1 — b12 =0, b31 —b13 = 0,b32 — b2z =0,

a3bly + b3 (b3 + b33) + 333 + 2(agcabiabas + asbabia + bacabys) = 0,
—asbia — ba(baz + 1) — cabaz =0,

a3 (babis+cabia)+b3(azbas + cabia) + c3(azbas + babis) + 2azbacy = 0,
—a3(agb1a—ba(bgz—1) + cabaz) + b3(cabog—asbia) + back(bss + 1) = 0, (10)
—a3ba(b11 + 1) + b3(cabag —asbia) + c3(azbia—ba(bi1 —1) + cabaz) = 0,
\/a§+b%+c§a33+02 :0,

Va3 + b3 4 ¢ azs + by =0,

\/a§+b§+cga13+a2 :0,

(a3 +b3)(a3; + a3y — 1) + 3(a3; +a3y) = 0,
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a3(a3, + a3y — 1) + (boags + c2a32)? = 0,

(a3 + b3)(as1 + asz(azeass —aziasa)) + bacoasy + ciasza(asasi —asiasse) = 0,
azaiz + baage + coazy = 0,

ag(agall + agcaa31 + b%all)(a§2 — 1) + [bg(ag + b%)azgagl + c%(agauagg
+boasas) + c2(b3as + c3as)asz]ase = 0.

The differential equations ags = 0, bis = 0 on this IM have the following
family of solutions:

azy = ady = const, byy = by = const. (11)

From a geometric point of view, Eqgs. (10) in the space R?* define a two-
dimensional surface whose points correspond to the fixed points of the phase
space of the system under study.

Next, let us find A\; (j = 2,...,7) from the latter six equations of (8) when
A1 = /a3 + b3 + c2mag)g and substitute them into the integral 2. Having
added a combination of the integrals V7, V5 to the resulting expression, we have:

1 2V bQV 2V
Ql:/\O[H_*\/MQmQV?)_ng(GQ 7+ b3Vs + c3Vy)
i 2B+ B+

} “sVE - A V2. (12)

7gm2(a2b2V10 + ascaVin + bacaVia)
Va3 +b3 +c3

Using the maps of an atlas on IM (10), e.g.,

p1:07p2:07Q1:0>Q2:0,7“12077”2:07

4y, = 22927 + bazasy gy = 220202 T bazy s = —aga1?
(a3 +b3) 21/2 7 a3 +bv3 ’
g1 — bacoz1 F agzass gy = _bacgagy £ azz s = bz~ 112
CEECE GRS ’
az = —212" Y2, azy = —coz V2,
bii — 7612(!12 + bab12) + c222 b = 22727 (ag + babi2) co
1= P , b1z = 2+ ,
by1 = bro, byy — Ca%g — b;(aszQ + 172)7 bys — _ az02b12 -2|- 52(;32 + 2’2),
b5 + ¢ b5 + c5
by = 1227 (22 + 1272512) 2y = ~ascabiz +ba(co + Zz)7
as + c5 b3 + c2
b3z = ! [a3(ba(ba + asbia) — c222)

(a3 + 3) (b3 + c3)
+ba(as (b% + 203)1)12 + bacaze) — C%],
it is not difficult to show that the integral 2; takes a stationary value on this IM.
Here z; = [(1 — a2y)(a3 + b3) — c2ay]'/?, 20 = [c3 — bia(adbia + 2asby + (b3 +
3)b12)]'/?, 2 = a3 + b3 + 5.
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Equations (10) together with (11) allow one to obtain up to the eight families
of solutions of the equations of motion (2)—(4). We represent one of them, e.g.,

p1:05p2:05 QI:Oa QQ:()?Tl:Oa T2:07
GQCQDl + agzbgD _agag202 — bng

= = 2 = —ayD™1/2
ail (a% T b%) D1/2 , A12 CL% n b% ,a13 as ;
b262D1 — agag2D angQCQ + a2D1 1
= B = — 5 795 = —b D /27
a1 (a% T b%) D1/2 a22 CL% n b% a3 2
as1 = —D1D™ 2 agzy = afy, ass = —c2 D"/,
b — az(az + bab?y) + caDo bio — 30 b — agDy — (az 4 bably) ¢z
11 — 2 P s V12 — V12, V13 — 2 2 )
aj + ¢ aj +¢3
b21 _ bO b22 _ CQDQ — b2(a2b?2 + b2) b2 _ 7&202b?2 + bQ(CQ + D2)
CEE I Brd
b31 _ a2D2 — (CLQ + b(i)2b2) Co 632 _ 7&262[7[1)2 + b2(c2 + DQ)
a3 +c3 ’ b3 + 3 ’
1
bss = 3(ba(b b)y) — oD
BRI E R
+b2(a2(b§ + 20%)()(1)2 + bQCng) - C%} (13)

The rest of the solutions differs from the above by the signs of theQ expressions.
Hlee a3y and bY, are the parameters of the families, D1 = [(1 — a9y)(a3 + b3) —
a$yc3]'2, Dy = [c3 — bY5(a3bly + 2abz + 03,(03 + ¢3))]'/2, D = a3 + b3 + 3.
Solutions (13) are real, in particular, when the following conditions hold:

ag#O,bg#O,CQ#Oand—UlgagQS(fl and—aggb%gog,

where 1 = /(a3 +b2) D1, 00 = \/(a3 + c3)(b3 + ) D', 0 = agby D71,

It is easy to verify by direct computation that the integral 2, also takes a
stationary value on the elements of the family of solutions (13). From a mechan-
ical point of view, the elements of this family correspond to equilibria of the
mechanical system under consideration.

By means of relations (1), the family of solutions (13) can be represented in
the initial variables (Euler’s angles). Since these solutions are rather cumbersome
we give here the expressions obtained under some constraints on the parameters
of the problem. For instance, under the following conditions

20,21)2

By = ——2 2
2T gy

:a27

the one-parametric families of solutions correspond to the family of solutions (13)
in the initial variables:

(p1 = £ arccos (j:

bo B a9s+/2a3 + b3
———— | , Y1 = tarccos | +——F—2="o—= |,
Va3 + b3 Va3 + b3
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0 F arccos e %) F + 2az
1= —————— |, ¢p = Farccos | ———— |,
V2a3 + b3 V4az + b3

2 2a3
)y = F arccos <$GQ> , 0o = Farccos (—2(13121)22> , (14)

\/4a3 + b3

where a3, is the parameter of the families.
When b9, = 22202 ¢y = by, we have the families of solutions:

ag+2b§ ?
by Y1 = +arccos :|:a827 Va3 +2b3
» Y1 — ) > )
vas +bs

(1 = T arccos <:t

az

a3 + b3
—5——= | » P2 = Farccos =+ = = = |
Vg +2b V(a3 +3)% + a3b3

2 b2
1Py = Farccos | F 9+ % ,
V(a3 +b3)? + a303

1 2
Oy = 2 - ) 15
: qE((wb +b>) (15)

Substituting expressions (14) and (15) into the equations of motion (2)—(4) writ-
ten in Euler’s variables shows that these equations are identically satisfied.

01 = F arccos (—

3.2 The Usage of the Equations of Motion

When p; = ¢; = r; =0 (i = 1,2), the equations of motion (2) take the form:

azz(bimy + ma(azbia + babay + c2bsa + s2))

—agz(c1my + ma(agbis + babaz + cabss + s3)) =0,

ai3(cimy 4+ ma(asbiz 4 babas + cabsz + s3))

—azzma(agbiy + babay + c2b3y + 1) — miarass =0,

asz(aimy + aggma(asbin + babar + cobsi + s1)) (16)
—a13(bimy + ma(azbiz + babae + c2bsa + 52)) = 0,

ba(a13b31 + az3bsy + assbss) — ca(a13bar + agsba + assbaz) =0,
c2(ai3biy + azsbiz + assbiz) — az(a13bsy + azsbsz + assbsz) =0,
as(ai3ba1 + assbaz + assbaz) — ba(ai13bi1 + a3bi2 + assbiz) = 0.

System (16) is multiparametric (11 parameters).
We assume that the elements of the cosine matrix § are related as follows:

bimy + ma(asbia + babag + cobsa + s2) = 0,
aimy + ma(asbiy + babay + cobsi + s1) =0, (17)
babs1 — caba1 = 0, cabia — agbsa =0, agbaa — babi2 = 0.

Add relations (17) and (5) to Egs. (16) and construct a lexicographical basis
with respect to ay1 > a12 > as1 > ass > asg > azy > aiz > azz > byy > b >
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b13 > by > bog > b23 > b31 > b32 > b33 > S1 > S9 > S3 for the polynomials of
the resulting system. As a result, we have the system of equations dividing into
two subsystems. Both subsystems are given below:

—C1™1 — M2S3 — 07 —aimi —MmgSy = 0,

(bymy + mas2)? — (a3 + b3 + c2)m3 = 0,

b3 — (b3 + c3) b33 = 0,

—b162m1 ma((a3 + b3 + c2) bza + c282) = 0,

azc3 — (b3 + c3)(a3 + b3 +c3) b3, = 0,

babas + cabsz = 0,

bibomy + (a% + b% + C%) mobog + bomoss = 0, (18)
bab31 — cabo1 =0, b13 =0,

—a%blgmg — blg(b% + C%) mo — G,Q(b1m1 + mQSQ) =0,
—a262b11 — (b% + C%) b31 = 0,

a33:0, a13:0, 17&%176%2:0, aggﬂ:lio,
a22 :0, a1 :0, a%2+a§2 -1 :0,

a1 + (a12a31 — ar1as2) azy = 0.

From the first three equations of system (18), we find the constraints on the
parameters of the problem

aimq g9 — blmli\/ag—i—b%—l—cgmg s 77617711

S1 = — y 92 — T s 03 —
ma m2 ma

under which the latter 17 equations of the system together with the relations
pi = ¢ =1r; =0 (i = 1,2) determine the four one-dimensional IMs of the
equations of motion (2)—(4). It is easy to verify by direct computation according
to the definition of IM. Below, the equations of one of these IMs are represented.

P1=0,p2=0,¢=0,¢92=0,71=0,7r2 =0,

b3 — (b3 + ¢c3) b33 = 0,

7b102m1 m2(a2 + b2 + CQ) 632 + CQ b1m1 =+ a% =+ b% —+ C% mg) =
a3c3 — (b3 + c3)(a3 + b3 + c3) b3, = 0,

bobog + cobgs = 0,

bibamy + (a% + b% + Cg) maobgy — bg(blml + a% + b% + C% mz) =0, (19)
bab31 — cabe1 = 0, b13 =0,

(az\/a3 + b5 + 3 — a3biz — b1z (b3 + c3)) ma = 0,

70,202[)11 - (bg + C%) b31 = O,

a33:0, a13:0, 1—@%1—04:252:0, 023—1:0,

GQQZO, a921 :07 a%2+a§2—1:0,

a1 + (a12a31 — a11ase) aze = 0.

The differential equation asa = 0 on IM (19) has the family of solutions:
a3y = aJy = const. (20)

Thus, from a geometrical point of view, Egs. (19) in the space R** define
a curve whose points correspond to the fixed points of the phase space of the
system under study.
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Applying the technique [5], we find the combination of the integrals
2025 = 2X\oH — Mo V2 — A3Vid — MV — A5 V2

—ng/\O\/ CL% + b% + C% Vg - /\7‘/92

which takes a stationary value on IM (19). It can be verified by direct compu-
tation, using the maps of an atlas on this IM, e.g.,

P1=0,p2=0,1=0,g2=0,7r1=0,72=0,
a1 = Fasz, a12 = F/1 — a3y, a13 =0, az; =0,
a22—0 a23—1 asy = \/1—a32, CL33:O7
bi1 = DDy, bis = ClQD b3 =0,

ba1 = —azszD1 bao = by D, byz = :FC2D1 ,
b31 = —CLQCQDD b32 = CQD b33 = :l:b2D_

Here D = (a3 4+ b3 4+ c2)~Y/2, Dy = (b3 + c3)V/2.
Equations (19) together Wlth (20) allow one to obtain up to the eight families
of solutions for the equations of motion (2)—(4). One of them is given by:

p1=0,p2=0,¢1=0,92=0,71 =0, 72 =0,

_ 0 _ 02 _ _ _
a1l = —agsy, a12 = —\/ 1 —asy, a13 =0, az; =0, a2 =0,

_ _ 02 _ 0 _
azs =1, az1 = —\/1 —agy, a3z = agy, azz3 =0,
V)
- b2+02 - as .
by = bio = b3 =0
2 2 2’ 2 2 2’ ’
vas+b5+cs vas+ b5+ cs

azbo bo
ba1 = — e 022 = 712 . 2’
V(03 +c3) (a3 + b3 + 3) Vvas+ by +c;
b Co b agCo
23 = —————, b31 = — ,
V3 + 3 V(03 + c3)(a3 + b3 + ¢3)

b = b e
32 = 33 = .
Va2 +0:+ 3 Vb3 +c3

Here a3, is the parameter of the family.

The integral (2, takes a stationary value on the elements of the family of
solutions (21). From a mechanical point of view, the elements of this family
correspond to equilibria of the mechanical system under consideration.

The following families of solutions correspond to the family of solutions (21)
in the initial variables:

(21)

1 =0, ¢ = —arccos(—al,), 01 = 27 w2 =0,

\/b%+C% bg
g = arccos | —=—=—=2— ], 0y = —arccos | —— | ;
Vas+ b3+ c3 Vb3 + 3

@1 = 7, ¢y = arccos( aly), 0 = —g, p2 = &,
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/12 2
g = — arccos —ﬂ , B = arccos 1)72 .

4 On the Stability of Solutions

The integrals 7 and {2 taking stationary values both on IMs (10) and (19)
and the elements of the families of solutions (13) and (21) can be used to obtain
the sufficient conditions of their stability by the Routh-Lyapunov method [6].
In such a way, the sufficient conditions of stability for the permanent rotation of
the system of two bodies were derived in [5]. In this work, such approach did not
allow us to solve the question of stability for the solutions. The stability anal-
ysis of solutions (13) and (21) has been performed by the linear approximation
method [7].

First, let us investigate the family of solutions (21). This problem is solved
on the IM given by the equations [5]:

Vie1=0,Va—1=0,Vi—1=0,Vs—1=0,Vg—1=0,
b11b12 + b21bag + b31b32 = 0, b11b13 + ba1baz + b31bsz = 0, (22)
b12b13 + baabag 4 b3absz = 0, byz — ba1bsa + bagbsy = 0.

We write the equations of motion (2)—(4) on IM (22). To do this, the vari-
ables ay1,a12,a21, a2, as1, b1, b1z, bog, b3z are eliminated from them with the
help of (22). The differential equations in the Poisson form take the form:

aszass(azspr — a13q1) + \/(a%g + a%g)(l - agz) - a§2a§3 (a13p1 + a23q1)
aiy + as,

a3z =

)

(13 = G371 — A33q1, d23 = A33P1 — G1371, 433 = A13G1 — A23P1,
(b21b22 + b31b32) T2 by — b12b21p2 + b21b22g2 + b31b3242
,» U3l — —
b12 b12 ’

bio = baors — b3aga, bag = baapa — biara, baz = biaga — bagpa.

521 = b31p2 +

The differential equations in the Lagrange form are rather cumbersome and are
not given here.
The following family of solutions

p1=0,p2=0,¢1=0,92=0,7, =0, r2 =0,

0
azz = azy, a13 = 0, azz3 =1, azz =0,

bia = — e by = — 1202 ,
Va3 +b3+c3 V(03 + 3)(a3 + b2 + c3)

bay = — e by — - ek ,
Vaz+bs+c3 V(03 +c2) (a3 + b3 + c2)

byp = — (23)

Va3 + b3+ c3

corresponds to solutions (21) on IM (22).
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Let us consider the special case as = by = ¢o. Taking into account the above
restrictions, we write the differential equations linearized in the neighbourhood
of the elements of the family of solutions (23):

1 b2 + ) m? . A .
(A1+ @A+ By + Co) + trxam m;) - - 363’”2’) o+ V2 (725 - ﬂzl) b

Ca . \/5 B
+<Z1 - %) Y15 + 3 camag(yo — yr7) =0,
245 — B — Cy  ajbymiy . A
( 2 2 2 a1h 1)y10+(—2

+ \/§a102m1) Y11

3v2 my V3
1 T+c)miy . B .
—|—<§(A2 +3B1 + By + CQ) + M) Y12 + (72 - 22) Y13
mo \/?:
Co—By b N . C .
+( 2\/6 2 - 1;Zn1>y14+<72§+Z3)y15:0,
(BQ—CQ _alclm%)y +<CQ_BQ_b161m%) . +\@21—B2y
2V/3 10 V6 ms - V2 13
1 a? +b?)m? . Cy — 621 .
+<§(Bz +2C; + Cs) + % - 3C§m2) Y14 + % Y15
CoMmag
+ +yo — 2 =0,
7 (y7 + o — 2ys)
Ay . . Ay i
V2 <% — \/521) Y10 + Aa11 + (ﬁ + \/§a102m1> Y12
+eamag (V2ys — yr +yo) = 0,
Bz) . By . ) V62, — By .
21— — + (7 —z ) + B + —
( 1 \/(3 Y10 \/§ 2| Y12 2Y13 \/5 Y14
V3y2 — s
+cam (7 +ys — ) =0,
2M2g \/5 Ys — Yo
02) . Cs . Cy—V62 . .
21— —= + (7 + z ) + - +C
( 1 \/6 Y10 \/§ 3| Y12 \/5 Y14 2Y15
V3ys — ya
veamag (o - Y320y
2Ma2g \ Y7 \/i Ys
U1 — Myu =0, 92 —y14=0, 93 =0, g4 +y10 =0,
.y + 2y1s .y +2y13 . Y13 — Y15
4+ ¥—F =0, — =0, 4+ = =0,
Ye \/6 Ys \/(S Ys \/§
g + yld\;gyn —0, jo+ y11\;§y13 —o. (24)
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Here y; (i = 1,...,15) are the deviations from the unperturbed motion, z; =

ca(bymy + \/5627712)/\/5, zy = comq(ay + \/501)/\/5, z3 = 02m1(\/§cl - al)/ﬁ~

The characteristic equation of system (24) is
[AN+ Bl = X (foA® + f2X° + fad' + feA* + fs) = 0,

where A, B are the matrices of the 15th order: A is the matrix composed of the
coefficients of the derivatives of system (24), B is the matrix of the coefficients
of yi; fo, f2, f4, f6, fs are the expressions of a1, b1, ¢1, ¢2, g, Ay, B, Ci,mi(l = 1, 2).
These are rather cumbersome and are not represented here.

Let us find the number of linearly independent eigenvectors corresponding
to the multiple root A = 0. To do this, we compute the rank of the matrix
AX + B when A = 0, using the built-in function MatrizRank. The rank r is
10 (the “Maple” function Rank gives the same result). The number of linearly
independent eigenvectors is 15 — r = 5. The multiple of the root A = 0 is 7.
Thus, the Jordan form of the matrix of linear system (24) is non-diagonal. The
instability of the elements of the family under study in the linear approximation
thus follows.

In an analogous way, the instability in the linear approximation for the ele-
ments of the family of solutions (13) in the special case ¢y = by = ag, b9y = —2/3,
$1 = —89 was proved.

5 Conclusion

In the problem of the rotation of two connected rigid bodies in a uniform gravity
field, the Lagrange function and the equations of motion for the mechanical
system have been derived in a symbolic form with the help of the software
package written in the CAS “Mathematica” language. Using the Grébner basis
method, the stationary solutions and IMs of the equations have been found.
From a mechanical point of view, these solutions correspond to equilibria of
the mechanical system. Their instability in the linear approximation has been
proved. Many questions concerning the stability of the obtained solutions remain
yet unresolved. The analysis of the dynamics of the mechanical system in other
force fields is also of interest. They will be addressed in our future work.

Appendix

D1 = q172[(A2 — B2)(b12b21 + bi1baz) + bs3Ca — ma((ba(bi2 —basbs1 + ba1bssz)
—ag(baz + bigbs1 — bi11b33))s1 — (b2(b11 — bagbsz + bazbssz)
—az(ba1 + bizbza — bi2bss)) s2)]
+p2qi[A2bis + (bazbs1 + b21bs2) (B2 — Ca) + ma((b2(bs2 — bizba:
+b11b23) — ca(baz + bizbs1 — bi11b33))s1 — (b2(bs1 — bigbaz + bi2ba3)
—ca(ba1 + bisbza — b12bs3z))s2)]
—p171[A2b11b12 + Baba1baa + Cabsibsa — ma((b2(b11bss — bisbsi)
+az(basbsy — ba1bss) + c2(bisbar — bi1bas))s1 + (b2(bi3bsz — bi2bss)
+az(baobss — bagbsa) + ca(b12basz — bisbaz) + s1)s2)]
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+q192[B2b2s — (bi2bs1 + b11b32) (A2 —C2) + ma((az(bizba1 —bi1bas —bs2)
+ca(bi2 — bagbs1 + ba1bsz))s1 + (az(bs1 — bisbaz + bi2bas)

—ca(b11 — basbsz + b22bss))s2)]

+p2g2[(B2 — A2)bz1 + ma((b13ba + azbaz)sa — (b12b2 + azb22)s3)]
+parz[(Az — C2)ba1 + ma((azbss + bizcz)sa — (a2bs2 + biacz)ss)]
+qor2[(C2 — B2)bi1 + ma((babas + bazca)sz — (babsz + bazca)ss)]
+par1[(basbs1 + b21bss) (B2 — C2) — Aabiz + ma((b2(bi2ba1 — bi1baz + bss)
—cg(bag — bi2bs1 + b11b32))s1 + (ca(b21 + bisbsa — bi2bss)

—ba(bs1 — b13baz + b12b23))s3)]

—ma[ca(p3 + ¢3)(bszsz — bsasa) + ba(ps + r3)(bazs — bazss)

+az2(g3 +73)(bizs2 — bi2s3)]

—2p172[—b11 (A2 — B2)ba1 + ma((az2(bisbs1 — b11b33) + ba(b2sbs1 — baibss))sa
+(az2(bi1bs2 — bi12b31) + b2(b21bsa — baz2bs1))ss)]

+7r172[(A2 — B2)(b1sba1 + bi1bag) — Cabza + ma((az2(b2s — bi2bs1 + bi1bs2)
—ba(b13 + bazbs1 — ba1bs2))s1 + (az(ba1 + bisbsa — bi2bsz) + ba(bi1 — basbsz
+b22b33))s3)]

+2p1p2[(B2 — C2)baibs1 + ma((b2(bisbar — bi1baz) + (bizbs1 — bi1bsz)ca)sz
+(b2(b11ba2 — bi2ba1) + ca(bi1bsz — bi2bs1))ss3)]

—2p1ga[A2b11b31 — b11b31C2 + ma((az2(bisb2r — bi1b2s) + c2(ba1bss — basbs1))s2
+(az2(b11baz — bi2ba1) + ca2(bazbs1 — bai1bs2))s3)]

—qar1[B2baz + (bisbs1 + b11b33) (A2 — C2) + ma((a2(bi2b21 — bi1baz + bs3)
—c2(b13 + bagbs1i — bai1b32))s1 + (az2(bizbaz — bi2baz — bs1) + c2(bi1 — basbsz
+b22b33))s3)]

+p1q1 [Azbubw + Baba1ba3 + b31b33C2 — m2((b2(b12b31 - b11b32)
“+az(ba1bs2 — baabs1) + c2(bi1baa — bi2b21))s1 + (b2(bi3bz2 — bi2bss)
+az(bazbss — bagbsa) + c2(b12b2s — bisbaz) + s1)s3)]

+q7 [A2b12b13 + Babaobas + ba2bzzCo + mao((b2(b11bs2 — bi2bs1)

“+az(bazbs1 — ba1b32) + c2(bizba1 — bi1b22))s2 — (b2(b11b33 — bisbsi)
+az(basbs1 — ba1bss) + c2(bisbar — bi1bas) + s2)s3)]

—T%[A2b12b13 + Babaobas + Cabszabss — ma((b2(bi2bs1 — bi1bs2)

“+az(ba1bs2 — bazbz1) + c2(bi1baa — bi2b21))s2 + (b2(b11b33 — bisbsi)
+az(basbsr — ba1bss) + ca(bisbar — biibas) + s2)s3)]

+qi71[C1 — Bi — Az(bY; — bi3) — Ba(b3y — b3s) — Ca(b3z — b33)
+ma(s2(2(b2(b11b3s — bisbs1)

+az(bazbsr — ba1bss) + (bisba1 — bi1baz)ca) + s2) + 2(b2(b11b32 — bi2bs1)
+a2(b22b31 - b21b32) + 62(512b21 - b11b22))83 - S%)]

+g[mi(blass — clazs) + ma(asz(az2biz + babaz + c2bs2 + s2)

—agsz(azbiz + babas + cabss + s3))],

Dy = plrz[(Az - Bz)(b12b21 + 17111722) — Cabzz + mQ((az(bl3b31 — b11b33 — b22)
+b2(b12 + b2sbsz1 — b21bss))s1 + (az2(b21 — bizbsa + bi2bss) — ba(b11 + basbsa
—ba2bss))s2)]
+p1p2[(b22bs1 + b21bs2) (B2 — C2) — Aabiz + ma((c2(b2z — bisbsi + bi1bss)
—ba(bi3ba1 — biibas + b32))s1 + (b2(bi3baz — bi2b2s + b31) — c2(b21 — bisbs2
+b12b3s))s2)]

—p1q2[Babas + (A2 — C2)(b12bs1 + bi1b32) — ma((az2(bisbar — bi1b2s + b32)
—ca(b12 + bagbsi — ba1b33))s1 — (az2(bizbaz — bi2bas + b31) — c2(bi1 + basbsz
—ba2bas))s2)]
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+q171[A2b11b12 + Bab21baz + Cabsibsa + ma((az2(b21bss — bagbsi)
+ba(bisbs1 — bi1bss) — ca(bizb21 — bi1bas))s1 — (az2(bazbss — bazbsz)
+b2(b13bs2 — bi2bsz) + c2(bi2bag — bisbaz) + $1)s2)]

+r3ma[(azbiz + bab2s)si — (agbin — babar)ss]

—p2qz2[(A2 — Bz)bsa + ma((azbas + babi3)s1 — (a2ba1 + babi1)ss)]
+g3ma[(azbiz + c2bsz)si — (azbiy + c2bs1)ss]

+p3ma[(b2bas + cabaz)s1 — (b2ba1 + c2bs1)ss)

+2q172[(A2 — B2)bi2b2a — ma((a2(bizbss — bisbsa) + ba(ba2bss — basbsz))s1
+(az2(b11bs2 — bi2b31) + ba(b21bs2 — bazbs1))ss)]

+r1r2((A2 — B2)(bi3baa + bi2bas) + Cabz1 + ma((az2(b2s — bi2bs1 + b11b32)
—ba(b1s + bazbs1 — ba1bz2))s2 — (az(baz — bisbsy + bi1bss) — ba(bi2 + basbs:
—b21b33))s3))

+para[(A2 — C2)baa — ma((az2bss + bizca)s1 — (azbs1 + cabii)ss)]
—qar2((B2 — C2)bi2 + ma((babss + c2baz)si — (babs1 + c2ba1)ss))
—2q1q2[(A2 — C2)b12b3a + ma((az(bi2bas — bisbaz) + c2(bazbsz — ba2bss))s1
+(az2(bi1baz — bi2ba1) + ca(ba2bs1 — ba1bs2))ss3)]

+pari[Azbir + (B2 — C2)(basbsz + bazbss) + ma((b2(bi2bar — bi1b2z + bss)
—c2(bag — bi2bs1 + b11b32))s2 — (ba(bisbar — bi1bas + bs2) + c2(b2z — bisbay
+b11b33))s3)]

+q2r1[B2ba1 — (b13bsz + bi2bss) (A2 — C2) — ma((az2(bi2b21r — biibaz + bss)
—c2(b13 + bazbs1 — ba1bsa))s2 — (az2(bisbar — bi1bas + bs2) — c2(bi2 + b2sbay
—ba1bs3))ss3)]

+2p2qi [bazbsa (B2 — C2) + ma((ba(bizbas — bigbaz) + c2(b12bss — bisbsz))s1
+(b2(b11b22 — bi2b21) + c2(b11bs2 — bi2b31))s3)]

+12[A2b11b13 + Babo1bas + Caobaibss + ma((az(bazbsi — b21bs2)

+ba(bi1bsz — bizbs1) + ca(bi2b21 — bi1baz))s1 — (az2(bazbss — bazbsz)
+b2(b13bs2 — bi2bsz) + c2(bi2bag — bi3baz) + $1)s3)]

—p3(A2b11b13 + Babaibas + Cobaibss — ma((az(baibse — baabsr)

+ba(bi2bs1 — bi1bsa) + ca(bi1b22 — bi2ba1))s1 + (az2(bazbss — basbsz)
+b2(b13bs2 — bi2b3z) + ca(bi2bas — bi3baz) + $1)s3))

+p1q1(—A2bi2b1s — Babaabas — Cabsabss + ma((az2(baibse — bazbs1)
+b2(b12bs1 — bi1bs2) + c2(bi1boz — bi2b21))s2 + (az2(basbs1 — b21bss3)
+b2(b11b3s — b13bs1) + ca(bizba1 — bi1bes) + s2)s3))

+p171[A1 — C1 + A2(b) — bT3) + Ba(b3, — b33) + Ca(b3; — b33)

—ma ((2(az2(bazbssz — baszbsz) + ba(bisbza — b12bss) + c2(bi2bas — bisbaz))
+51)81 — (2(a2(b21bs2 — bazbs1) + ba(bi2b31 — bi1bs2) + ca(bi1baz — b12b21))
+51)81 + $3)s3)]—g[m1(arass —cira13) —ma(a13(azbis + babaz + c2bsz + s3)
—aszz(azbi1 + b2b21 + cobs1 + 81))]7

=73 ma[(azbi1 + baba1)sa — (az2biz + babaz)si]

+q§ ma[(az2b11 + c2b31)s2 — (a2b12 + cabsz)s1]

+p3 ma[(babar + c2bs1)s2 — (b2baz + c2bs2)s1)

+p2gz [(B2 — A2)bzz + ma((babi2 + azbzz)s1 — (b2bi1 + azba1)s2)]

+2r172 [b13(A2 — Ba)bag + ma((az2(bisbszz — bi2bss) + ba(bazbsa — bazbss))s:
+(az2(b11bss — bi3bs1) + b2(ba1bss — baszbs1))s2)]

+para [bas(A2 — C2) + ma((azbsz + c2bi2)s1 — (a2bs1 + cabi1)s2)]

+q2r2 [(C2 — B2)biz + ma((b2bsa + bazc2)s1 — (b2bsi + baica)s2)]

—2pary [(Ce — B2)bagbss + ma((b2(bisbaa — bi2bag) + c2(b13bz2 — bi2bss))s1
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+(b2(b11b2s — bisba1) + ca(b11bss — bisbs1))s2)]

+2¢or1 [(C2 — A2)bi3bss + ma((az2(bizbaz — bi2bas) + c2(ba2bss — basbsz))s:
+(az2(bi1b2s — bi3ba1) + c2(bagbsi — ba1b33))s2)]

+p? [A2b11b12 + Baba1baa + Cabsibsa + ma((ba(bisbz1 — b11bss)

+az(ba1bss — bagbs1) + c2(b11bas — bisba1))s1 — (b2(bi3bsz — bi2bss)
+az(ba2bss — baszbsa) + c2(bizbas — bi3baz) + s1)s2)]

—qf [A2b11b12 + Baba1bag + Cabsibsz — ma((b2(b11bss — bizbs1)

+az(basbsy — ba1bss) + c2(bisbar — bi1bas))s1 + (b2(bi3bsz — bi2bss)
+az(baz2bss — baszbsa) + c2(bizbas — bi3baz) + s1)s2)]

+q172 [(A2 — B2)(bisbaz + bi2baz) — C2bs1 + ma((b2(b1s — bazbs1 + bai1bs2)
—ag(bag + bi2bz1 — b11b32))s2 + (az(baz + bigbs1 — b11b33)

—ba(b12 — bagbs1 + ba1b33))ss3)]

+pire [(A2 — Bz)(bi3ba1 + bi1bas) + Cabsz + ma((b2(b13 — bazbs1 + baibsa)
—ag(bag + bi2bz1 — b11b32))s1 + (az(ba1

—bisbsa + bi2bsz) — ba(bi1 + basbsz — bazbss))ss)]

+p2q1 [(b2sbsz + bazbss) (B2 — C2) — Aabi1 + ma((ba(bi2ba1 — biibaa — bss)
+ca(bas + bi2bs1 — b11bs2))s2 + (b2(bs2 — bizba1 + bi1bas)

—ca(bag + bisbs1 — b11b33))s3)]

+p1p2 [A2bi2 + (B2 — C2)(basbz1 + ba1bss) + ma((c2(bas + bizbsi — bi1bs2)
—ba(bsz — bi2ba1 + b11b22))s1 + (b2(bi3baz — bi2bas + b31)

—ca(ba1 — bigbsa + b12b33))s3)]

—q1q2 [B2ba1 + (A2 — C2)(bisbsz + bi2bss) — ma((az2(bss — bi2ba1 + b11b22)
—ca(b1g — bazbs1 + ba1b32))s2 + (az(bigbar — b11b23 — b32)

+ca(biz — bagbs1 + bai1bsz))ss)]

+p1g2(Babaz — (A2 — C2)(bi13bs1 + b11bss) + ma((az(bss — bizba1 + bi1b22)
—ca(b1g — bazbs1 + ba1bs2))s1 — (az(bs1 + bigbaz — b12bas)

—ca(b11 + bagbsa — ba2bsz))ss))

—q171 [A2b11b13 + Babaibas + Cabs1bsz — ma((az(ba1bsa — bazbar)
+b2(b12b31 — bi1bs2) + c2(bi1baz — bi2b21))s1 + (a2(b22bss — basbsz)
+b2(b13bsa — bi2bsz) + ca(bizbas — bigbaz) + s1)s3)]

+p171 [A2b12b13 + Babazbas + Cabsabss + ma((az(bazbsi — ba1bsz)
+b2(b11b32 — bi2bs1) + c2(bi2ba1 — bi1b22))s2 — (az2(baszbsz1 — ba1bss)
+b2(b11bss — bizbz1) + ca(bizbar — b11bas) + s2)s3)]

—p1q1 [A1 — B1 — Ag (b1 — biz) 4+ Ba(b3; — b32) + Ca(b3; — b3o)
—ma2((2(az2(b22bss —basbs2) + ba(bisbsa —b12b33) + c2(bi2bag —bisb22)) + s1)s1
+(2(b2(az2(ba1bss — baszbs1) + bisbs1 — bi1bsz) + ca(b11bas —bizba1)) — s2)s2)]
+g(mi(arazs — braiz) + ma(azs(azbin + baba1 + c2bs1 + 51)

—ais(azbia + bab2z + c2bsz + s2))),

&4 = (A2 — B2 + C2)(b21p1 + ba2qi + basri) 2

—(A2 + B2 — C2)(baip1 + bs2q1 + bssr1) g2 + (C2 — B2) gara

+73 [(C2 — B2)basbss 4+ ma((b2(bisbaz — bi2baz) + c2(bi3bsz — bi2bss))s1
+(b2(b11b2s — bizba1) + c2(bi1bsz — bizbsi))s2)]

—p1q1[(B2 — C2)(b22bs1 + ba1bs2) — ma((b2(bi3bz1r — bi1bas)

+ca(bisbs1 — bi1bss))s1 + (ba(b12b2s — bizbaz) + ca(bi2bss — bi3bsz))s2)]
—|—p% [(CQ — B2)ba1bs1 + ma((b2(b11b23 — bisba1) + c2(b11b3s — bisbs1))s2
+(b2(b12ba1 — b11b22) + c2(b12bs1 — bi1bs2))s3)]

—q3 [(Bz — C2)baabsz — ma((bz2(bisbaz — bi2b2s) + c2(b13bse — bi2bss))s1
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+(b2(b12ba1 — br1b22) + ca(bi2bs1 — bi1bs2))s3)]

—qi7r1 [(B2 — C2)(b2sbsz + bazbss) — ma((b2(bi1b22 — bi2ba1)

+ca(biibsa — bi2bs1))s2 + (ba(bizbar — bi1bas) + (bisbs1 — b11bss)c2)ss)]
—p171 [(b2sbs1 + ba1bs3) (B2 — C2) — ma((ba(bi1baz — bi2bar)

+c2(bi1bsa — bi2bs1))s1 + (ba(bizbas — bisbaz) + c2(bi2bss — bisbsz))ss)]
+gma(b2(ai13bs1 + a23bsa + assbss) — c2(ai3ba1 + a23baz + assbas)),

&5 = (Az + Bz — C2)(bs1p1 + bs2q1 + bssri) p2
+(Az — Bz — C2)(b11p1 + bi2qr + bisr1) r2 + (A2 — C2) para
+72 [(A2 — C2) bigbasz + ma((az2(bizbas — bizbaz) + ca(bazbsz — baabsz))s1
+(az2(bizbar — bi1bas) + c2(b21bss — basbs1))s2)]
+p1q1 [(A2 — C2)(bi2bs1 + b11bs2) + ma((az2(bi1b2s — bisbar)
+c2(basbsr — ba1bss))s1 + (az(bizbaa — bi2bas) + c2(baabss — bazbsz))s2)]
+q3 [brabs2 (A2 — C2) + ma((az(biabes — bizbaz) + c2(basbaz — bazbsz))s1
+(az2(bi1baz — bi2bo1) + c2(ba2bs1 — b21b32))s3)]
+p? [(A2 — C2) bi1bz1 + ma((az2(bizbar — bi1baz) 4 ca(b21bss — basba1))sa
+(az2(bi1baz — bi2ba1) + c2(ba2bs1 — ba1bs2))s3)]
+qir1 [(A2 — C2)(b13bs2 + b12bss) + ma((az(bi2b21 — bi1b22)
+c2(b21bsz — baobsi))s2 + (az2(bi1bas — bisba1) + c2(bazbs1 — b21bss))ss)]
+pir1 [(A2 — C2)(bisbs1 + b11bss) + ma((az(bi2ba1 — bi1ba2)
+ca(baibsz — bazbsi))s1 + (az2(bisbaz — bizbas) + c2(baabss — basbsz))ss)]
—gms [az(a13bs1 + a23bzz + asszbss) — c2(a1sbi1 + a23biz + assbis)],

Pg = —(Az — Ba — C2)(b11p1r + bi2qr + bi3r1) @2

6

—(A2 — By + C2)(b21p1 + b22q1 + basri) p2 — (A2 — B2)p2g2

_7'% [(AQ - B2)b13b23 - m2((a2 (b12b33 - b13b32) + b2 (b22b33 - b23b32))81

+(az2(bizbs1 — b11b33) + b2(bagbs1 — ba1b33))s2)]

—p1q1 [(A2 — B2)(bi2b21 + b11ba2) — ma((az2(bi1bss — bisbs1)

+b2(b21bss — bagbs1))s1 + (az2(bizbsz — biabss) + ba(bazbsz — ba2bss))s2)]

—q3 [(A2 — B2)bi2bas — ma((az2(bi2bss — biabaz) + ba(b22bas — bazba2))s1

+(az2(b11bs2 — bi2bz1) + ba(ba1bsa — bazbs1))ss)]

—p3 [(A2 — Ba)bi1ba1 — ma((az(b1sbsr — bi1bs3) + ba(basbsr — baibsz))sa

+(az2(bi1bs2 — bi2b31) + b2(ba1bsa — bazbs1))ss)]

—qir1 [(A2 — B2)(bisbaz + b12bas) — ma((az(bi2bs1 — b11bs2)

+b2(baabs1 — b21bsz))s2 + (az(bi1bss — bi3bs1) + ba(ba1bss — basbsi))ss)]

—p171 [(A2 — B2)(bisba1 + b11basz) — ma((az2(bi2bs1 — b11bs2)

+ba(bazbs1 — ba1bs2))s1 + (az2(bizbsz — biabss) + ba(bazbsz — bazbss))ss)]

+gma(az(ai3bz1 + azsbaz + assbas) — ba(ai13b1i1 + az3biz + assbis)).
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