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1 Sobolev Spaces, Inequalities, Dirichlet, and Neumann
Problems for the Laplacian
1.1 Sobolev Spaces
Let us introduce the following Sobolev spaces: for any 1 < p < 00
WP (Q) ={u e Z'(Q); Vel <m, D*u € LP(Q)}

and

DO{ _ D(x P
WSP(Q) = {u € W™P(Q): /f' u(x) 4" Vel =m)
eJa |x — y|N+or

where m € N, s =m 4+ 0,0 < 0 < 1 and  is an open set of RV . Equipped with
the graph norm, they are Banach spaces.

When Q = RV, using the Fourier transform, we define for any real number s the
space

HS(RY) = {u e ' RYY); /RN(I +IEH* [a(E)1* dE < oo} ,

which is an Hilbert space for the norm:
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2 C. Amrouche

1/2
||u||Hs<R~>=</ (1+|s|2>sm|2dx) :
RN

By Plancherel’s theorem we prove that W%2(RV) = H*(R") for all s > 0 and
this identity is algebraical and topological. So, in the case p = 2, we denote more
simply the space W*2($2) by H*(R).

Definition 1.1 Fors > 0and 1 < p < oo, we denote
W(;p(Q) _ m\l-llww(ﬂ)’
and its topological dual space
WP (@) = [P (@]

where p’ is the conjugate of p: 1/p + 1/p’ = 1. For p = 2, we will write Hj(2)
and H~*(2), respectively.

Proposition 1.2 Suppose T € 9'(2). Then T € W_m*”/(Q), with m € N*, if and
only if

T=Y D% with fyeLl ().

lee| <m

1.2 First Properties

It will be assumed from now on that Q is a bounded open subset of RY with a
Lipschitz boundary.
Let us consider the following space

2(Q) = {UIQ; v E :@(RN)} .

Theorem 1.3

(i) The space 2(R) is dense in WP () for any s > 0 (even if Q is unbounded).
(ii) The space 2(RN) is dense in WP (RN) for any s € R.

As consequence, we have the following property: for any s > 0
/

Wo @) = WP @) and W RY) = W @Y |

But in general, for any s > 0, we have WS’F(Q) C WP (Q).
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Definition 1.4 For s > 0, we set
Wor@) = fuew r@; ve wr@®y),

where u is the extension by 0 of u outside of £2.
The space W$:P(Q) is a Banach space for the norm
il ey = Iy, -
It is easy to verify that for any nonnegative integer m
Wy (Q) > WP (Q) (1)

and for any u € W;"'”(Q) we have

Nl Ggmp @y = ltllwm.p(g) - 2
When s =m + o with 0 < o < 1, we can show that

D%u
Q(T

el 5.0y = ety + D 3)

lo|=m LP(Q2)

where o(x) =d(x, ) and ' = 0Q2.

Theorem 1.5 The space 2(R2) is dense in W”’(Q) forall s > 0 (even if Q is
unbounded).

From (1), (2) and the definition of W;"” (), we deduce the following: for any
m € N*,

WP (Q) = WP (). )

Theorem 1.6 For any 0 < s < 1/p, the space Z(R2) is dense in W*P (), which
means that

WyP(Q) = WP (Q). 3)

Theorem 1.7 Let0 <s <landu € Wg’p(Q). Then
u
E eELP(Q) < s#£1/p

and in this case
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u

Q s

< Clulws.r),
LP(S2)

where the notation | - | denotes the semi-norm of WP (Q).

The case s =1 is known as Hardy’s inequality: for all u Wol’p (),

E

Using again a Hardy’s inequality, we prove the following result:

<C |Vulprg)-
LP ()

Theorem 1.8 Lets > 0andu € Wg’p(Q). Then for any || < s, we have

o

e LP(Q) =5 —1/p¢N. 6)

Qs—la|
From (3) and (6), we deduce the following identity:
WP (Q) = Wy " () (7)
which holds for any s > 0 satisfyings — 1/p ¢ N.
Proposition 1.9
(i) Forany 1 < j < N and for any s € R, the operator

) , ‘
— WSPRN) — WP (RY) (®)
3x]'

is continuous.
(ii) However, if we replace RN by Q, Property (8) takes place unless s = 1/ p.
Sketch of the Proof of Point (ii)

1.Case s=m+o,withm € N*and0 <o < 1.Letu € W*”(Q). By definition,
we know that

DY — D“ P
u e W"P(Q) and |D%u(x) uQ)| <00, V|a|l=m.
Ja |x — y|N+op

Soforanyl < j <N

ou o du p
5 | D 2 () — D )
2 e wm=lr(Q) and / / al il < o0,
ox; QJo |x — y|Ntor

for all |¢| = m — 1. Consequently 5’7"! e ws—hr(Q).
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2.Cases <0. Letu € WP(Q). Since —s + 1 > 1, for any ¢ € 2(R2), we get:

9 9
%,wm(mx@(m\ = ‘-(M, %)@’(Q)x@(m

K2
8)(_/

< llullws.r(q) ‘ W ()
0

= lullwsr@) 1915107 g -
0

We conclude by using the density of Z(2) in WO_S-H’p/ ().
3.Case0 <s < 1. Letu € W*P(Q). Recall that 2 being Lipschitz open set,
there exists an extension operator
Vi >0, P:W-P(Q)— WHPRY)
which is linear, continuous, and satisfying

Pug =v, for any ve WP (Q).

As Pue WHP(RY), we get 1 € W12 (RY). But

( 0Pu ) ou

3)(/' I 3Xj

where % is the restriction to €2 of the distribution 7 = % e Ws—LP(RN). More
J J

precisely, we have:

ou ~
Vo e 2(Q), (- 0)o@xz@ = (T, 0)g®N)x2®N)-

0x;j
That implies
ou ~
(gj’ @)= ||T||Ws—1vp(RN) ”(pnwl—x‘p’(RN) = ||T||Ws—l,p(RN) ||(P||VT/1—.Y,,7’(Q)-

. ~ , ’
We have shown that 3"7"! € [Wl_”’ (Q)] . But

[71=r @] =[wy " @] = 1-s#1/p

ie.,s # 1/p. O



Remark 1 The above proof shows that

wewlrr@) — 2 ¢ [W‘/P“P’]/.
axJ'

In particular,
we (@) — 2 ¢ [ﬁ”z(fz)]/,
ox;
where we remark also that
H'7?(Q) = H'?(Q) = H/ ().
This embedding being dense, we get by duality
H2(Q) = [HOI/Z(Q)]/ . [ﬁ‘ﬂ(sz)]/.
Corollary 1.10 Let s > 0. The following characterization holds:

ue WP(Q) e uc Wg’p(Q) and for any |a| = m,

wheres =m+o,m e Nand 0 <o < 1.

1.3 Traces
Firstly, recall the following inclusions:

N
WSP(RN) — ¢ORN) if s> —.
p

C. Amrouche

€ LP(Q),

So that if u € W*?(RY) with s > %, the restriction of u to the hyperplane xy = 0
is well defined. But the continuity with respect to all variables is not necessary. It
is enough to have the continuity with respect to the variable xy. This is possible as

soonass > 1/p.
Actually, we have the following result:

Theorem 1.11

(i) Suppose thats — 1/p =k + o, withk € Nand 0 < o < 1 (which implies, in

particular, that s — 1/p ¢ N). Then the mapping



Sobolev Spaces and Elliptic Boundary Value Problems 7

Y
u +— (You, yiu, ..., yxi),

where

o/
you(x) = u(x’,0),x" = (x1,...,xy-1), and yju(x’)=—?(x’,0),
AN

defined for u € 2(RVN), has a unique extension

k
Ws,p(Rn) _ l_[ Ws—j—l/p,p(RN—l)
j=0

which is continuous and where k is the integer part of s > 0.
(ii) Moreover this operator has a right continuous inverse R:

k

Veg=1(g0.....e0) € [[W/TVPP@®NTY, yRg=¢g
j=0

k
||Rg||WS~P(RN) = CN Z ||g] || Ws—=i=1/p.p(RN=1y *
j=0

Remark 2 For p = 2, the above result can be proved using the Fourier transform.

This result can be extended to the case where €2 is a bounded open subset of RV,
with a %1 boundary (see the definition below).

Definition 1.12 Let Q be an open subset of RY. We say that Q is Lipschitz
(respectively of class €%!, k € N*) if for every x € I', there exists a neighborhood
V of x in RY and orthonormal coordinates {y1, ..., yn} satisfying:

(1) V is an hypercube
v={on..om eRY: Iyl <ap 127 = N,
(ii) there exists a function ¢ defined in
vi={y eRV i <an 1= j =N -1},

1

such that ¢ and ¢! are Lipschitz (respectively, 1) and satisfying (Fig. 1)

vy eV, |eO"| < %azv
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Fig. 1

QNV = {(y/, yw)EV; yv < go(y/)}
AV ={G" ) eV yv=00}.
Let

d:V —>TITNV
Y= (' e(y).

Definition 1.13 Suppose that © is an open subset of RY of class €%, with k € N
andlet 0 < s < k + 1. We introduce the following space

WSP(T) = {u € LP(T): uodec WPV Nnod-L(Tn V))}

for any (V, @) verifying the previous definition.

Let (Vj,¢;), 1 < j < J, be any atlas of I' for which each pair (V;, ¢;) satisfies the
above definition. One possible Banach norm for W*”(T") is given by:
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J
lullws.pry = Z |uo®; W (VInd ! TV;))
j=1 ‘

which is equivalent when 0 < s < 1 to the norm

lu(x) — u(y)|? 1p
p
(HMHLP([‘) +_/r: . —|x — y|N—l+sp dedO'y .

We are now in position to extend Theorem 1.11 to the case where RV~ is
replaced by an N — 1-dimensional manifold of R", but which is sufficiently regular.
This simply uses changes of variables.

If locally T is represented by the pair (V, ¢) with ¢ and ¢! Lipschitz, then a
unit outward normal vector can be defined as follows:

(=V'e(), D

VI+ Ve

One can then extend this vector in all V by setting

fory e V', v(y,0(y)) =

v(y', yn) = vy, 0(y"),y € V.

AsT C UIJ.ZIVJ-, we know that there exist functions po, i1, ..., uy € €°RY)
such that

J
() forall j =0,....J, 0<p;<1 and Y puj=1
j=1

(ii) supp p; is compact and supp u; C V; forany j > 1 and supp o C 2.

This partition of unity then allows to extend v in a neighborhood of Q as follows:

J
v = Z(,ujv). It is then easy to verify that v € L®(Q) if T is Lipschitz and
Jj=0

v e €5 LIQ)if INis €% 1.

We are now ready to establish the following result:

Theorem 1.14 (Traces) Let Q be an open subset of RN of class €%, with k € N.
Let s > 0 satisfyings <k+lands —1/p=£+o0with0 <o < land f € N.
Then the mapping

y
u > (You, yiu, ..., yeit)

defined for €% has a unique continuous extension as an operator from W*P ()
14

into 1_[ WS=I=1/P-P(T) where
j=0



10 C. Amrouche

ou v 3lu
— = -p, U= —.
av " vit av/

yiu =
Moreover this operator has a right continuous inverse R (not depending of p).
Case Q2 Lipschitz. Suppose 1/p < s < 1. We have the following properties:

() Ifu € WHP(RQ), then ujr € WS=1/P-P(T).
(ii) If g € WS~1/P-P(I"), then there exists u € WP () such that u = g on I' and
satisfying the estimate

lullws.r@ < C ||g||st1/p»p(r)‘

Case  of class €"1.

(i) Letu € WHP(Q).1f 1/p < s < 2, then ujr € W!'~1/P(I"). Moreover, for any
g€ W“]/P’P(F), there exists u € W* 7 () such that u = g on I', with

||u||WW(Q) <C ||g||wsf1/p»p(r)-

(i) Letu € WSP(Q).If 1 +1/p < s <2, then 4 € W*~!=1/P.(I"). Moreover,
for any gg € Ws=1/P-P(I"y and gy € WS—1=1/P-P(T"), there exists u € W*P(Q)
such that

ou
u=gp and — =g onTl
av

with
lullws.r@ < C (||g()||ws—1/p,p(r) + ||gl||ws—l—1/p,p(r)) .
Theorem 1.15 Suppose that Q is an open subset of RN of class €%, with k € N.
Lets > OQsuchthats —1/p ¢ Nands —1/p =€+ o0, where) <o < land € > 0

is an integer. Then we have the following characterization for s < k + 1:

Wy () ={u e WP(Q); you=yiu=...=yu=0}.

1.4 Interpolation

We will consider here only the case of spaces H*(£2), with  bounded open
Lipschitz of RV,
Recall that for every s > 0 there exists a continuous linear operator:

P: H'(Q) — H'[RY)
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satisfying

Yue H(Q), Pug=u.

Theorem 1.16 [Interpolation Inequality] Let s1, 52,53 with 0 < 51 < s < s3.
Then

§9—581]

Ve >0, lullwsarq <elulwsre +Ke 372 ullysirgq) .
where K = K (2, s1, 52, 53, P).
The above inequality is a consequence of the compactness of the embedding of
W*3-P(Q) into W27 (£2).

Recall now that we have different ways to define the Sobolev space H (£2), for
m e N:

ue H(Q) < Vla| <m, D% e L*(Q),
ue H"(Q) < u=Uyg withU € H"(RV), 9)
ue H"RY) < ue.’(RY) and (1 + |£]>)"/%; € LERY).

In the case of fractional Sobolev spaces H*(2), withs = m+o,m e N,0 <o < 1,
we have:

ue H(Q) < uec H"(Q) and Vl|a|=m, fgfgmw <0
ue H Q) < u=Ug with Ue H®RY),
ue 'Ry < uec.RN) and (1+ &%) e L2RN).

We can also get this space by interpolation: o
HY(Q) = [H’”(Q), LZ(Q)]M, O<pu<l (I—pwm=s
and more generally we have forany 0 < u < 1
(7 (@), H?(@)], = HUI—wsits (@,
Concerning the interpolation of spaces H"(£2), we have:
[Hy' (@), HP ()], = H' TORQ) i (1 — )y + sy ¢ % +N

and
[Hy (@), Hy ()], = H'799442(Q) - otherwise,

with equivalent norms.
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1.5 Transposition

Let V and H be two Hilbert spaceson Rand A € £ (V, H). Forevery fixed g € H’,
we consider the following mapping

V —R
x — (g, AX)'xH

which defines a linear and continuous form on V that we denote by ’ Ag:
("Ag, x)vixv = (8 AX) /-

Remark 3 If A : V — H is an isomorphism, then we can define the transpose of
A1 and we easily verify that

A7 = (tA)_1 and 'A: H — V’isanisomorphism.

1.6 Inequalities

They are fundamental tools in the study of partial differential equations:

(i) Poincaré’s Inequality. Let Q2 be an open space bounded in at least one
direction. Then there exists a constant C > 0, depending on the diameter of 2
such that

1,
Vue Wy (), Nullpr) < C IIVullLrg) -

(i) Poincaré-Wirtinger’s Inequality. Let Q2 be a Lipschitz bounded domain of
R¥. Then there exists a constant C(£2) = 0 such that

Vue Wh(Q), Igé& lu+ KliLr@ = CE2) IVullr(g) -

(iii) Hardy’s Inequality. Let Q be a Lipschitz bounded open subset of RY. Then
there exists a constant C(£2) > 0 such that

Vue W), HE

= CE) [IVullLr(g) -

CliLr
(iv) Calderon-Zygmund’s Inequality.
3%u
Vue 7(Q), = C(Q) [lAullzr(q)-
8x,~8xj LP(Q)
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1.7 Weak Solutions

Consider the following problems:
(Pp) —Au=f inQ and u=g onl
and

9
(Py) —Au=f inQ and 8—”=h onT,
1%

where  is a Lipschitz bounded domain of RY, f, g, and  are given.

Theorem 1.17 Givenany f € H™'(Q) and any g € H'/*("), there exists a unique
solution u € HY(Q) to Problem (Pp). Moreover

el ey < €@ (1 -1 + Il 121y -

Proof Using Theorem 1.14, there exists u, € H (Q) such that

ug=g onl with |ug] g =CE lghmrr-
Setting

fe = —Aug = —divVu, € H (),

the problem becomes: Find v € H(} (£2) solution of

(Py)) —Av=f—f, inQ and v=0 onT.
This last problem is equivalent to the following variational formulation:

Find v € H(; (£2) such that

(FV)p
Vo e H()I(Q)a '/QVU “Vodx = (f = fs, (/))H—I(QXHO](Q)‘

Applying Lax—Milgram Lemma or Riesz Theorem, we prove the existence of a

unique solution v € HOl (R2) satisfying (FV)p.
Note that the bilinear form

a(v, @) = / Vv - Vodx
Q
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is continuous on HOl (2) x HO1 (2) and coercive on HOl (2) thanks to Poincaré’s

inequality. In addition, this form allows to define a scalar product on Hilbert’s space

HY(Q). O
0

Remark 4

() If Qisofclass €', f €e W= hP(Q)and g € W!I=V/P-P(I") with 1 < p < oo,
then there exists a unique solution u € whP(Q) to (Pp).

(ii) When € is only Lipschitz, this regularity result holds for p €12 — &', 2 + ¢[
where ¢ and ¢’ > 0 are depending on 2 and 2 — ¢’ and 2 + ¢ are conjugate.

Concerning the Neumann problem, the approach is a bit more complicated.
Indeed, if we are looking for a solution u € H'(2) only, the boundary condition
on the normal derivative does not make sense, since the functions of L2(2) do not
have any trace at the boundary. Here, in fact, if one set v = Vu we have

ou
— =v-vonl.
av

Definition 1.18
H(div: Q) = {v e LX(Q); divv e Lz(Q)} .

It is a Hilbert space for the scalar product

(v, W) H(div: @) = / v-wdx + / (div v)(div w)dx.
Q Q

Proposition 1.19
(i) The space D(RQ) is dense in H(div; Q).
(ii) The linear mapping

V> V-V,

defined on 2(Q)N, can be uniquely extended into a linear mapping of
H(div; Q) in H='/2(T) == [H'2()].
(iii) In addition, we have the following Green’s formula (or Stokes’ formula):

Yo € H(Q), Yv € H(div; Q), / v~V<pdx+/ pdivvdx = (v-v, @)r
Q Q

where (-, -)r denotes the duality brackets HY2(T) x HY2(T).

Corollary 1.20 Let u € H' () be such that Au € L*(Q). Then 3% e HY/(I).
Moreover for any ¢ € H'(Q), we have the following Green formula:
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0
/@Audx—i-/ Vu~V¢dx=(—u,§0>Fo
Q Q v

Proof 1t suffices to apply Proposition 1.19 by setting v = Vu. O
As a Consequence we can show that for any f € L*(2) and for any g €
H~Y2(I"), the problems

Find u € H'(Q) such that

(Py) § —Au=f inQ,
g—ﬁzg onI

and

Find u € H'(S2) such that

(Qn) Vo e H(Q), waVgodx:/f(pdx—i—(g,go)r
Q Q

are equivalent, so that any solution of one is a solution of the other.
Remark 5

(i) The open © being bounded, the constant functions belong to H'(2). So that
if u is a solution of (Qy), taking ¢ = 1, the data f and g must satisfy the
(necessary) compatibility condition:

/ fdx+ (g, 1)r = 0.
Q

(ii)) The implication (Py) —> (Qy) results from Corollary 1.20. The reverse
implication also uses Green’s formula and the surjectivity of the trace operator
of H!(Q) into H'/2(I).

Theorem 1.21 Let Q be a bounded, connected, and Lipschitzian open of RN | with
N > 2. Let f € LX), g € H~V/2(I') satisfying the compatibility condition

/ fdx+ (g, 1)r =0.
Q

Then Problem (Py) has a solution H'(S2), unique to an additive constant, verifying
the estimate:

IVull 2 < CQ) (If 12 + gl g-12r)) -
Proof According to Poincaré-Wirtinger’s inequality, we have

inf K <CQ) |V .
KeR”u+ ”Hl(Q)_ (2) | u”LZ(Q)
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So that the bilinear form

a(u,w):/ Vu-Veodx
Q

is coercive on the quotient space V = H!(Q)/ R- It is then sufficient to apply Lax—
Milgram on the Hilbert space V. O

Remark 6
(i) We could have chosen as space V the space H Lyn L%(Q) where

L3(Q) = {v € LX(Q); /Q vdx = 0} ,
which is a Hilbert space and then use the inequality:
Voe H'(Q) NL{Q). Ivligiq < C Vvll2g -

(ii) We could have taken f in a space larger than L?(2). More precisely if f €
L@ (Q), where (2*)' is the conjugate of 2* defined by

2
e >0 arbitraryif N =2,

I—+% ifN=3
2*

ie., (2 = 25 if N >3and %) > 1if N = 2.

(iii) In LP-theory, we have existence results in WhP(Q) when Q is ¢! and 1 <
p <ooorwhen Qis €% and2 —¢' < p <2 +e.

In the same spirit, we can consider the case of Fourier-Robin boundary condition:
Find u € H (Q)

(PFR){ —Au= f inQ,
g—ﬁ+au=g on I',

where o is a positive function defined on I', which can be formulated in an
equivalent way by:
Find u € H'() such that

(QFR) Vo e H(Q), /VM.V¢dx+/au¢dx:/ fodx+ (g, ¢)r.
Q r £
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1.8 Strong Solutions

Theorem 1.22 Let Q be a bounded open of class €' of RN. Let f € L>(Q) and
g € H/*(T"). Then the solution u given by Theorem 1.17 belongs to H*(Q) and
verifies the estimate:

lullz2@) = CO) (112 + I8llmonm)) -
Proof Firstly, we note that
LX) — H(Q) and HY2(I) — H'2(T)

so that the problem (Pp) has a unique solution u € H H(Q).
We shift the data g € H>/?(I") by u, € H?(Q) and we set againu = v + ug, o
that v € H'(Q) vérifies:

—Av = f + Aug € L2(Q),
v=0 onT.

So, we need to show that v € H?(2). One of the methods to establish this regularity
consists in using the technique of the differential quotients.
The complete proof being long and tedious, we will admit it. O

Remark 7 We can also establish the existence of solutions in W27 (§2) when the
data f and g verify:

feLP(Q) and ge W>/PP(I)

and the domain €2 is of class €.

1.9 Very Weak Solutions

We assume here that  is a bounded open of class €!-! and we are interested in the
homogeneous problem

Find u € L%()
(P —Au=0 inQ,
u=g on T,

where g € H_I/Z(F).

Remark 8 As the function u belongs “only” to L?(£2), the boundary condition u =
g on I' has a priori no sense. But we will see that in fact, we can make sense
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of the trace of a harmonic function in L2(§2) and (we can in fact weaken this last
hypothesis).

Lemma 1.23
(i) The space 2(Q) is dense in the space

E(Q: A) = {v € LA(Q): Ave L2(sz)} .

(ii) The mapping v — v|r defined on 2(Q) can be uniquely extended into a
continuous linear mapping of E(S2; A) into H=Y2(T").
(iii) In addition, we have the following Green’s formula:

Yve E(QA), Ve HX Q) NH(Q)

d¢
/QvAgo dx — /prAv dx = (v, a—v>H—]/2(r)XH1/2(r).

Proof

(i) The idia is to use the Hahn-Banach theorem. So let £ € [E(2; A)] vanishing
on 2(2) and show that it cancels on E(£2; A).
We know that there exist (f, g) € L?(©2) x L*(S2) such that

Yv e E(R2; A), (E,v):[fvdx+ngvdx.
Q Q

Let fand g the extensions by 0 outside of Q2 of f and g, respectively. Then,
for any v € Z(RY)

(£, UISZ>:/ fvdx—i—/gAvdx:/ fvdx—}—/ gAvdx,
Q Q RN RN

ie.,
AZ =—finRV.

As § € L*(RVN) and AZ € L%*(RV), then § € H*(RY). Therefore, g €
H?($2). The extension g, by O outside of €2, belongs to H 2(RN). We know
then that g € HOZ(Q). By definition, there exists a sequence (gi)x of functions
of 2(Q) such that gy —> g in H*(Q).

Finally, let v € E(2; A). So,

k=00 k=00

(£,v) = lim [/ —vAvkdx+/gkAvdx:|= lim 0=0.
Q Q



Sobolev Spaces and Elliptic Boundary Value Problems 19

(ii) Letv € 2(Q) fixed and ¢ € H*(Q) N Hy (). Then

a
/vAwdx—/wAvdx:/v—w.
Q Q r dv

Now let u € H 1/ 2(I“). According to the trace theorem and since 2 is of class
€11, there exists ¢ € H?(Q) verifying

d
¢=0 and £ =pu onT,
||(P||H2(Q) <C ||M||Hl/2(r)-

Thus, using the Cauchy—Schwarz inequality

d
(v, 12y | = ‘/ W‘ N ‘/ i
r r ov

5 2 1/2
=C® (g + 180Eg)) el

< C(2) ||U||E(Q;A) ||,Uv||H1/2(r) .
This shows that the linear mapping

2(Q) — H2(D)
v > r

is continuous when 2(Q) is equipped with the norm of E(£2; A). We finish
the proof by using the density of Z(£2) in E(2; A).
(iii) Immediate.
|

Theorem 1.24 Let Q be a bounded open of class €' of RN andlet g € H™/*(I").
Then, the problem (Pg) has a unique solution u € L*(Q) verifying the estimate

||”||L2(Q) <C(Q) ||g||H71/2(r)-

Proof From Green’s formula above, it is easy to see that u € L2() is a solution of
the problem (PJ) if and only if

d
Yo € HA(Q) N H (9. / uBpdx = (g, Z0)r. (11)
Q

Indeed, letu € L2(Q) be a solution of (Pg). Green’s formula implies that (11) takes
place.
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Conversely, let u € L%(Q) be a solution of (11). Then, for all ¢ € 2(), we
have

0 :/ ulApdx = (Au, ©) 9 Q)x 2(Q)
Q

ie.,
Au=0 1in Q. (12)

Let now ¢ € H2(Q) N HO1 (£2). From (12) and Green’s formula above, we deduce
successively that:

a
O:/(pAudx:/uA(pdx—(u,—gD)r
Q Q ov

then

ap I
<u7 av>l“ - (g’ av>l“-
From the surjectivity of the trace mapping v +— (v, g—z) from H?(S) into
H3/2(I') x HY2(T") we know that

Vue H'2D), (u,wr = (g, wr,

ie,u=gin H-/2(I). O

Remark 9 A similar result can be established for the Neumann problem (P,(\),) with
boundary data & in H~3/%(I") and satisfying the compatibility condition (h, 1)
=0.

1.10 Solutions in H* (), with 0 < s <2

We have established in the previous paragraphs the existence of solutions in
HY(), H%(2), and L2($2) under generally optimal assumptions (except for the
Neumann problem).

We will now consider the case of solutions in H*(2) withO <s < 2ands # 1.
The main ingredient is to use interpolation (complex here).

Theorem 1.25 Let 2 be a bounded open of class €.

(i) Suppose that % < s < 2. Then the operators
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/
A HY(Q) N HH(Q) — H2(Q) = [HOZ_S(Q)] if 1<s<2ands#3,
/
A:HH Q) — [H(}(fz(gz)] ,
A:HH Q) — H(Q) = [HJ (@] if 1<s<3,
(13)

are isomorphisms.

(ii) For any g € H*('), with —% <s§s < % Problem (Pg) has a unique solution
u e HV3(Q).

Remark 10 What happens if 2 is only Lipschitz? For what values of s can we have
ue H (Q)?

2 The Stokes Problem with Various Boundary Conditions

We are interested here in the study of the Stokes problem:

Find (u, ) satisfying
S {-Au+Vre=f inQ,
dive =0 in 2,

with one of the following boundary conditions on I':

(i) u = 0 (Dirichlet boundary condition)

(i) u-v =0and curlu x v = 0 (Navier type boundary condition)
(iii)) u -v =0 and (Du)v 4+ au, = 0 (Navier boundary condition)
(iv) u x v =0 and m = m( (pressure boundary condition).

Here u denotes the velocity field, 7 the pressure field, €2 a connected bounded
open set we assume at least Lipschitz.
Recall that

divu=V.-u, curlu=Vxu and Du = (Vu+(Vu)T).

1
2
The notation u, denotes the tangential component of u: u,; = u — (u - v)v. Finally
f and « are given on 2 and I, respectively.

Remark 11

(i) We limit ourselves here, with the exception of pressure, to the case of
homogeneous boundary conditions.

(i1) If the boundary of 2 is flat (like a cube, for example, or half space), the above
boundary conditions are more easily written. When @ = R3 | the Navier type
boundary condition is equivalent to:
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oup _ ouy _

uz3 =0 and — = 0
8)63 3X3
and that of Navier at:
0 0
uz3 =0 and ﬂ—oml = 2—oeu2:0.
0x3 0x3

2.1 The Problem (S) with Dirichlet Boundary Condition

As for the Laplace equation with the Dirichlet boundary condition, we will assume
fen (@}
and so look for u € HOl ()3 verifying (S). Here we have in addition the constraint
divu =0 inQ
and the Lagrange multiplier 7. First of all, as & must verify
V= f+Auec H(Q)?

it is, therefore, reasonable to look for 7 in LZ(Q). Moreover, it is easy to verify that
such 7 satisfies:

Vv e H(}(Q)S, (VJI, v)[{—l(Q)XHOl(Q) = _/ wdivvdx.
Q

The space
v=l|ve @ divo=0ing]
being a subspace of HOl ()3 is, therefore, a Hilbert space. Moreover
YveV, (Vm, v>H*1(Q)><H(}(S2) =0.
We are now able to propose a variational formulation of Problem (S):

Find u € V such that
(Pp)
VUGV, f Vu:Vvdx=(f,v)H_1(Q)XH01(Q),
Q

where we note that the pressure 7 has “disappeared.”
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Lemma 2.1 The problem
Find (u, ) € H}(Q)® x L*(Q)
S} —Au+Vr=f inQ,
dive =0 inQ

is equivalent to the problem (Pg).

Proof The implication (S%) - (PIO)) is immediate. Conversely, let u be a solution
of (Pg). Then, in particular,

Vve 2(Q)° suchthat dive=0 inQ,

we have

(=Au — f,v) g qpxa@)? = 0. (14)
As —Au — f € H~'(Q)? and the space

V(Q) = {v € 2(2)3 dive =0in Q}
is dense in the space V, then the relation (14) takes place for all v. Then we know
that there exists # € L?(2), unique up to an additive constant, because Q is
connected, such that
—Au— f=V(—m) inQ

(this result is called “De Rham’s version of the theorem” in H~1(Q)"). And finally,
asu € V, then

divu=0inQ and u=0 onT.

This ends the proof of the lemma. O

Theorem 2.2 For any f € H~'(Q)3, the Stokes problem (Pg) has a unique
solution u € V vérifying further

lull giop = CE) ILf lg-10) -

Proof Simply apply Lax—Milgram theorem. O
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Remark 12 The theory is well known for everything that concerns the regularity of
solutions when the data are:

— solutions in WhP(Q)3 x LP(R)
— solutions in W2P ()3 x LP ()

with 1 < p < oo.
In particular, if f € L2(2)3 and Q is of class €L, then u € H%(Q)? and
7 e H(Q).

2.2 The Stokes Problem with Navier Type Boundary Condition

Here we are still interested in Stokes’ problem, but with the following boundary
condition:

u-v=0 and curlu xv=0onT.

In order to take into account this condition at the boundary, it is important to write
the Laplacian operator in the form:

—A = curlcurl — V div.

On the other hand, if we study the existence of weak solutions  in H' ()3, it will
be necessary to give a meaning to the condition at the boundary

curlu xv=0 onT.
Recall the following Green formulas:
(i) Ifv e L%(Q)? and curlv € L2(Q)3, then v x v € H~1/2(I")3 and

V¢eH1(Q)3, /v-curlq)dx—/<p~curlvdx=(vxv,(p)r,
Q Q

where (-, -)r denotes the duality brackets HY2(I) x HI/Z(F).
(i) Ifv e L2()3 and divv € L3(RQ), then v - v € H~Y/%(I") and

Vo e H(Q), /v-V<pdx+/(pdivvdxz(v-v,ga)r.
Q Q

Remark 13 If v € L?(Q)3 and curl v € L%3(Q)? (respectively, div v € L93(R)),
then

VXVE H_l/z(l")3 (resp.v-v € H_l/z(l"))
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and Green’s formulas above remain valid.

Proposition 2.3 Let v € L*(Q2)3 such that curlv € L*(Q)3 and curlcurlv €
LO3(Q)3. Then curlv x v € H~Y2(I")3 and we have the following Green formula:

Vo< Hl(Q)3,/ curlv~curl<p—f @ -curlcurlv = (curlv x v, @)r.
Q Q

Proof 1t suffices to put w = curl v and use the previous reminders. O

We are now able to propose a variational formulation for the Stokes problem ()
with the Navier type homogeneous condition. To do this, we set

V= {v EL2(Q)3;curlv ELZ(Q),diV v=0inQandv-v=0o0n F}

equipped with the graph norm:

_ 2 2 1/
”v”V - ”v”LZ(Q) + ”curlv”LZ(Q)S

which makes it a Hilbert space.
We suppose f € L°(2)? and we consider the following variational formula-
tion:

Find u € V such that for any v € V,

0
(Pry) /curlu~curlvdx=ff~vdx.
Q Q

Questions

(i) Is the problem (P}) ~) €quivalent to the problem (Sg ;7
(i) If so, is the bilinear form

VxV—R

(u, v) |—>/curlu-curlvdx
Q

coercive?

Remark 14 As with the Neumann problem for the Laplacian, the boundary condi-
tion

curlu xv=0 onTl

is “hidden” in the variational formulation.
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Answers to the Above Questions
In order to study Problem (P}) ~)» we have to describe with more precision the
geometry of the domain. We first need the following definition.

Definition 2.4 A bounded domain in R3 is called pseudo-% %! (respectively,
pseudo-% 1) if for any point x on the boundary there exists an integer r(x) equal
to 1 or 2 and a strictly positive real number Ag such that for all real numbers A with
0 < A < X, the intersection of 2 with the ball with center x and radius A, has r(x)
connected components, each one being %! (resp. € 1'1).

Hypothesis There exist J connected open surfaces X;, 1 < j < J, called “cuts,”
contained in €2, such that:

(i) each surface X; is an open part of a smooth manifold M,
(ii) the boundary of X; is contained in 92 for 1 < j < J,
(iii) the intersection ¥; N X is empty for i # j,
(iv) the open set

is pseudo-¢ %! (respectively, pseudo-% !'1) simply connected.

Example for / = land I =3

Theorem 2.5 Let Q be a bounded open € 1! set.

(i) Let v € LZ(Q)3 such that divv € L2(Q), curlv € LZ(Q) and satisfying in
addition

v-ve HY2(') (respectively, v x v € H'/*(I')?).
Then v € H'(Q) and we have the following estimates:

vl 1) < CEOUIVIL2q) + Idivoll2g) + leurl vl 2oy + v - vl g1/2r)
(15)
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and

HUHHI(Q) < C(RQ) [||v||L2(Q) + ||divv||Lz(Q) + ||curlv||Lz(Q) + |jv x v||H1/2(r))] .

(16)

(ii) Under the above assumptions, if in addition v - v = 0 on I, then we have the
following estimate:

J
||v||H1(Q) < C(Q) ( ||dlU v”LZ(Q) + ||curlv||Lz(Q) + Z / Vv ) (17)
- P
j=11"=
and if v x v =0 on T, then we have the following estimate:
J
10l < CQ) (divvll 2y + leurdvll o) + f vovl).  (18)
r;

i=1
Remark 15
(i) Suppose that

ve L2(Q)3, divv e L*(Q) and curlv € L2(Q)?
with
v-v=0 and vxv=0 onl.

Let us then extend v by 0 outside of . It is easy to show that this extension
verifies:

Te L>(R%?, div v c L2 (RY) and curl? € L2(RY).
As —A = curlcurl — V div, then A7 € H~!(R?)3 and
T— AV e H (R,

which means that ¥ € H'(R?)3 and, therefore, v € HO1 (Q)3.
(i) Now note that if u € 2(R>)3, then

/‘|Vu|2 dx:—/ u~Audx=/ [u - (curlcurlu) — u - Adivu]dx
Q R3 R3

<|curlu|2 + Idivu|2> dx.
R3
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Since 2(R3)3 is dense in H'(R3)3, we deduce that:

Vu e H‘(R3)3,/ \Vul? dx =/ (|cur1u|2 + Idivulz) dx.
R3 R3
(iii) Back to point (i) of the remark: since v € Hé ()3, we have:

IVol2, 6, = IV5l 23, = /R3 (|cur15|2 + |div5|2) dx,

which gives the relation

/ IVol? dx =f (|cur1v|2 + |divv|2> dx.
Q Q

Note that this last relation can also be directly established if v € 2(Q2)° and
then, by density of 2() in H] (Q), for any v € Hj (Q)3.

Remark 16

(i) If €2 is simply connected, then for any v € H 1(€)3 suchthatv-v = 0on T,
the inequality (17) is written

”v”H](S'Z)’; < C(Q) (”le v”LZ(Q) + |ICUrlU”L2(Q)) .

(ii) If T is connected (I = 1), then for any v € H'(2)3 such that v x v =0on T,
the inequality (18) is written

||v||H1(Q)3 < C(Q) (”le v”LZ(Q) + ||curlv||Lz(Q)) .

Proposition 2.6 Let Q be a bounded open subset of class €' of R3. Then the
bilinear form

(u,v) —> / curlu - curl v dx
Q

is coercive on the following spaces V and on W, respectively:

V:[veHl(Q)3; divv=0inQ,v-v=00n T and v-v:O,lgij}

Xj

W:{veHI(Q)3;divv:0inQ,v><v:00n I' and v-v:O,lfij}.

T
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We are now able to study the problem (P(T) ~)- We start with the simplest case
where €2 is simply connected.

Theorem 2.7 Let Q be a bounded open domain of class €' of R3. Suppose that
Q is simply connected.

(i) Thenforany f € L%3(2)3, Problem (P})N) admits a unique solution verifying
the estimate

”u”Hl(Q) <C(Q) ||f||L6/5(Q)-
(ii) The problem (P})N) is equivalent to the problem (SgN)'

(iii) If moreover Q is of class €' then the solution (u,w) € W>%5(Q)3 x
wlo6/5(Q).

Proof

(i) The open €2 being simply connected, then
V = {veHl(Q)3; divv=0 inQ, v-v=0 on F}
and V is an Hilbert space. Then let us put

a(u,v) = / curlu - curlvdx.
Q

Proposition 2.6 shows that the form a is coercive on V. Finally, the form £(v) =
fQ f-vdx is clearly continuous because the continuous embedding H'!(Q2)3 —
L%(Q)3. The Lax-Milgram theorem implies the existence of a unique solution

of Problem (P} ,).
(i1) Let us first show that
(820) = (P2y).

Set

H= |v e L9(Q): divo e L2(Q).v-v =0 on r}.

We know that 2(2)? is dense in H. So we can show that the dual of H can be
characterized as follows:

H = {g +Vy: geL55Q)3 and x € LZ(Q)}

(similar proof to the characterization of the dual H -LQ) of Hé ().
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Let now (u, 7) € V x L%() solution of (S(%N). Then forany v € V

(Vr, v)grxg = —f mdivvdx = 0.
Q

Therefore,
—Au=Vrn—feH.

We need the following lemma:
Lemma 2.8

(i) The space ()3 is dense in the following space
E= {v ceH' QP Ave H’}.
(ii) The mapping
vi— curlv x v

defined on 2(Q2)* can be uniquely extended into a continuous linear mapping

from E into H=2(I)3.
(iii) Moreover, for any ¢ € H' ()3 such that

divg=0inQ and ¢@-v=00nT

and for any v € E, we have the following Green formula
—(Av, Q) = / curlv - curl¢g dx + (curlv x v, @)r,
Q

where (-, -)r denotes the duality brackets H~1/2(I")? x H'/>(I")3.

We return to the proof of the theorem. Since u € HY(Q)3 and Au € H',ie.,u €
E, we can use this lemma to deduce on the one hand that the condition curlu = 0
has a meaning in H ~1/2(1")3 and, on the other hand, that

YveV, (—Au,v)g«g :/

curlu - curlvdx =/ f-vdx,
Q Q

i.e., u is solution of (P;)N).
Conversely, let u € V solution of Problem (P? »)- Then

divu=0 inQ2, wuwu-v=0onTl
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and
Vv e 2(Q)° with dive = 0in Q
we have
(curlcurlu, v) 5 o) 23 = (f+ V) g (@323
That gives

(=Au, v) g apxa@? = (s Vo @ixa@)?

So there exists, by De Rham’s theorem, a function 7 in L?(£2), unique up to an
additive constant, such that

—Au—f=V(—m) inQ (19)

(note that L% (Q) — H~1(Q)).
It remains to show that u vérifies:

curlu xv=0 onT.

For that, from (19) and use the formula of Green of the first lemma, one deduces
that

VveV, (—Au+Vm,v)gxy =/ curlu - curlvdx + (curlu x v, v)r
Q

that is to say that

YvelV, /curlu-curlvdx+(curluxv,v)p=/f-vdx.
Q Q

But u being solution of (P}) ) then
VveV, (curlu xv,v)r =0.
Now let it be g € H'/2(I"). We know that there exists
we HI(Q)3, divw=0in 2, w=pu,onTl,
where p, = p — (p - v)v the tangential component of w on I'. As w € V, we have:

(curlu x v, p)r = (curlu x v, p.)r = (curlu x v, w)r =0,
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which means that
curlu xv=0 onT.
(iii) The regularity W1%/3(Q) of 7 is due to the fact that 7 satisfies:
div(Ve — f)=0 inQ and (Vm— f)-v=0 onT.

Setting z = curl u, the regularity W>%/5 ()3 of u is a consequence of the following
properties:

2e L(Q)%, divz=0, curlz € L(2)* and zxv=0 onT.

Case 2 non Simply Connected
We then show that the kernel:

Kr(Q) = {v e L33 divo =0, curlv =0inQand v - v = 0 on r]

is of finite dimension and that the dimension corresponds to the number of cuts X

o
necessary to obtain an open set Q2 = Q \ U,J.:1 X ; simply connected.
As a consequence, if

V={ueH1(Q)3; dive = 0in Qandv-v:OonF},

then, to prove that Problem (P}) ) admits a solution, it is necessary that f satisfies
the following compatibility condition:

Yve Kr(Q), / f-vdx=0.
Q

Moreover, if such a solution u exists, it is unique up to an additive element of
K7 ().

2.3 The Stokes Problem with Navier Boundary Condition

We recall the Navier condition:

[2(Du)v], + au; =0 onT,
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= (3 (e 1 21
2 3)Cj 3)6,‘ 1<i,j<3

is the deformation tensor, o defined on I' is the friction coefficient and u, is the
tangential component of u. To simplify, we will consider here only the case o = 0.
Note that when div # = 0 in 2, then 2div Du = Au.

Lemma 2.9 If (u, ) € H'(Q)? x L*(Q) is such that

where

—Au+ Vr € L3 (Q)?
then
[(Du)v], € H™V2(T)?
and
forany ¢ € HY(Q)?  such that div =0 inQ and @ -v=0 onT

we have the Green’s formula:

/(—Au+Vﬂ)-(pdx=2/ Du : Do dx — 2([(Du)vl, , @)r,
Q Q

where (-, -)r denotes the duality brackets H=/>(I")3 x H=V/2(I")3.

With this Green’s formula, the Stokes problem can be formulated as:

0 Find u € V, such that for any ¢ € V,
(Py) 2/Du:D¢dx:/f-¢dx.
r Q

Set
a(u, e) =/ Du : Do dx.
Q

When €2 is not axisymmetric, then this form is coercive on V due to Korn’s
inequality:

lull g @) = 1Dull2q) -

While if €2 is axisymmetric, this is not the case anymore. We must then quotient by
some finite dimensional kernel.



34 C. Amrouche

Remark 17 1In fact, on I' we have the relation:
[2(Du)v], = curlu x v — Au,

where A is an operator of order O:

Au—i u ov T
- T aSk ks

k=1

where (t1, T2) is a base of the tangent plane to I at point x and (s, sp) are local
coordinates in this tangent plane.

This means that on the questions of regularity, they can be reduced to those
concerning the Navier type condition.
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