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Preface

This book contains the written versions of most of the contributions presented
during the International Conference on Partial Differential Equations and
Applications, Modeling and Simulation organized by “Applied Mathematics and
Scientific Computing Laboratory” and “Systems Engineering Laboratory”, at
Sultan Moulay Slimane University Beni Mellal, Morocco, from June 1 to 2, 2021.

The workshop has provided a setting for discussing recent developments in a
wide variety of topics including the partial differential equations, dynamic systems,
optimization, numerical analysis, fuzzy sets theory, fractional calculus and its
applications, to name the main topics. The workshop has brought together leading
academic scientists, researchers, and research scholars to exchange and share their
experiences and research results on all aspects of applied mathematics, modeling,
algebra, economics, finance, and applications in various domains. It has also pro-
vided an interdisciplinary platform for researchers, practitioners, and educators to
present and discuss the most recent innovations, trends, and concerns as well as
practical challenges encountered and solutions adopted in the fields of the broadly
perceived applied mathematics.

The chapters address various aspects that are of interest and concern for aca-
demic scientists, researchers, and research scholars in many fields, both in the sense
of theoretical and applied challenges.

We hope that the various contributions of this book will be useful for researchers
and graduate students in applied mathematics, engineering, physics, and even for
other, notably practitioners in these and related fields. Some basis knowledge of
analysis and control in systems theory and dynamical systems is just needed.

We wish to thank the authors for their interesting and novel contributions and the
peer reviewers for their deep and insightful reviews which have greatly helped
improve the papers included.

And last but not least, we wish to thank Dr. Tom Ditzinger and Mr. Holger
Schaepe for their dedication and help to implement and finish this important
publication project on time, while maintaining the highest publication standards.

Said Melliani
Oscar Castillo
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3 Mathematics, Guizhou University, Guiyang 550025, Guizhou, China
jrwang@gzu.edu.cn
4 School of Mathematical Sciences, Qufu Normal University, Qufu 273165, Shandong, China

Abstract. The main objective of this paper is to study a coupled system of gen-
eral class of impulsive integro-differential evolution equations with alternatives
boundary conditions. The existence and uniqueness result of the solution is estab-
lished via Banach fixed point theorem, and by introducing a measure of non-
compactness we show the existence result. Some examples are given to illustrate
obtained results at the end of this paper.

1 Introduction

Recently, impulsive evolution equations have attracted much attention of several
researchers in different fields due to its applications to different real world problems
including, physics, medicine, engineering, electrochemistry, etc. (see [1, 10, 12]). It is
a very interesting field which is still in development by mathematicians [2,4,5,8]. The
study of impulsive integrro-differential evolution equations which is a sub-field of evo-
lution equations also has enough importance. Lately, several researchers have studied
various types of these problems [3,7, 13]. In [ 14] the authors discussed with more details
the following integro-differential equation:

X (t) = Ax(t) + [§ B(t — s)x(s)ds + @(t,x(¢)) for t € [0,a] and 1 # 1,
Ax(ty) =1 (x(t;) fori=1,...,pand 0 < t; <tr <--- <1, <tpy1 =a

x(0) = g(x)

where A and B are two closed linear operators. To show the existence of solution for
this problem, they used Darbo’s fixed point theorem as a tool.
The following periodic boundary value problem:

X (1) = Ax(t) + f(t,x(2),x(p(t))) +B(t)u(t), t € (s,7t,+1] i=0,1,2,...,mu € %y
x(t)=T(t—t;)g(t,x(t)), te€@,s],i=1,2,.
x(0) =x(a) X

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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was the object of study by the authors of [9]. They showed the existence and the unique-
ness of its solution using the Banach fixed point theorem, also Krasnoselskii’s fixed
point theorem was their second way to show the existence of a solution.

Suppose we have two-balance scale, the first contains a specific mass while the sec-
ond is empty, for the moment the balance is stable. We start adding segmented masses
to the empty scale successively, at some point we will have a fall of this scale versus rise
of the other with a certain speed. Then we can model these dependent speeds by a cou-
pled system and in this case the initial state (initial position) of a scale will be the final
state of the other and vice versa. Similarly, we can take the example of two athletes who
run a 400 m course alternately. Motivated by the two problems above, the objective of
this paper is the study of a coupled system of more general impulsive intgro-differential
evolution equations, and according to two real examples cited above, we have thought
to link this proposed system with alternatives(mutual) boundary conditions, then the
proposed model is in the following form:

X (1) =Ax(t) + fo Bi(t = D)x(t)d T+ @i (t,x(1),3(t)), 1€ (sistiv1], i=0,1,2,---,m, (1)
V(1) = By(t) + J§ B2 (t — T)y(2)dT + o (1,x(2), (1)), t € (sistit1), i=0,1,2,---,m, (2)

x(t) =T (r —t;) (1, x(1),y(1)), t € (t,si, i=1,2,--,m

() = S(t —1;) wai (2, (), (1)), t € (1,si], i=1,2,---,m, 1)
x(si) +g1(x,y )7x,€X i=1,---,m,

y(si) +82(x,y) = i=1,,m,

x(0) = y(a),

¥(0) = x(a).

Here the operators A : D(A) C X — X and B : D(B) C X — X are the infinitesi-
mal generators of a uniformly continuous semigroup {7'(¢),# > 0} and {S(¢),r > 0}
respectively on a Banach space X provided with a norm ||.||, where they satisfy
IT()]| < Mre®r® and ||S(¢)|| < Mge®?, By and B, are two closed linear operators
on X which satisfy D(A) C D(B;) and D(B) C D(B,), and for each x € X the maps
t — By (t)x and t — B;(t)x are bounded differentiable and the maps ¢ — B/ (¢)x and
t — B)(t)x are bounded uniformly continuous on [0, +oo).
The fixed points s; and ¢; satisfy

O=so<ti <51 << <ty <su<tyur1=a

are pre-fixed numbers, @1, @ : , (i, ti11] XX XX — X, Wi, Wi o, (1, 8] X X x X — X
and g1, g2 : #%€([0,a],X) x Z%(]|0,a], X) — X are given functions, such that 7' (t —
tl)wll(t7x( )7 ( ))‘f:Si =X — 81 (xvy) and S(t - ti)wzi(tvx(t)vy(t))|lisi =Yi— gZ(xvy);
i=1,---,m

For our knowledge, mutual boundary conditions in a coupled system of differenti-
ated equations it is a new property. Also, the two Eqgs. (1)—(2) of problem (1) have never
been treated in combination with the third and fourth equations. In addition to that, the
study of existence result of solution for this system is done by the Monch’s fixed point
theorem including measure of noncompactness to get out of frequently theorems style
used to study coupled systems. And Banach’s fixed point theorem is used to show the
uniqueness of the solution.
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2 Preliminaries

In this section we recall same basic notions used to build our results.
Denote by Z(Y) the set of all bounded subsets of a Banach space Y.

Definition 1. We say that m : Z(Y) — R is a measure of noncompactness on Y if
the following proprieties are satisfied:

1. m(A) = 0 if and only if A is precompact.
2. m(A) =m(A), forall A € B(Y).
3. m(AUB) =max{m(A),m(B)}, forall A, B € B(Y).

We recall the Kuratowski measure of noncompactness defined by
m(A) =inf{p >0:AC UL A; diam(A;) <p}, forA € B(Y).

Now, we present the following Theorem called Monch’s fixed point Theorem on which
we will be based to show the existence of our solution.

Theorem 1. [17] Let 2 be a bounded, closed, and convex subset of Y such that 0 € Q,
T :Q — Q is a continuous mapping. Then, Y has at least a fixed point if
C=7co(Y(C)) or C =Y(C)U{0} = C is compact for each C C .

Where ¢o (Y(C)) is the closed convex hull of Y(C).

Let
L>(]0,a]) = {!:]0,a] — R : lis measurable and essentially bounded} .
With the following norm
l||r= =1inf{B >0:]I(r)] < B, ae.rt €[0,a]}
L~([0,a]) is Banach space.
Definition 2. [15] A resolvent operator for the problem

X (t) =Ax(t) + [§B(t — T)x(T)dT, 1€ [0,4o)
x(0)=xp €Y.

is a bounded linear operator-valued function I'(#) satisfying the following proprieties:

1. I'(0) = Iy. (Iy the identity of Y) and there exist two constants N > 0, and b € R,
such that ||I"(¢)|| < Ne™.

2. t —> I'(t)y is strongly continuous for eachy € Y.

3. I'(t) is bounded for # > 0. And for x € D(A), I'(-)x € € (Ry,D(A))NE" (R4,Y)
and satisfying the following propriety

I (t)x = AT (1)x + /O "B(t — 1) (t)vdt = [(1)Ax+ /O "t — 1) B(t)xdTit € [0,0).

We refer [6,11, 16] for more information on the mathematical notions used.
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3 Main Results

Firstly, we provide the following result we need:
We define on Z(X x X) the map m by

m(D x E) = max{m(D),m(E)}, for, CxD € B(X xX) C B(X) x B(X).
For DX E,F x G, € #(X x X), we have
m(Dx E) =0« m(D)=0andm(E) = 0 < D x Eis precompact,
m(Dx E) =m(D x E) = max{m(D),m(E)} = max{m(D),m(E)} = m(D x E),
and
m((DxE)U(F xG)) =m((DUF)x (EUG)) = max{m(DUF),m(EUG)}
= max{m(D),m(F),m(E),m(F)}
= max{m(D x E),m(F x G)}.
So, m is a measure of noncompactness on X x X.

Now, we define the following spaces

Z%(0,a],X) = {x: [0,a] — X : x€€([0,1n]U(t;,5] U (si,8i+1],X);i=1,---m,
x(17), x(;7), x(s; ) andx(s;") exist, withx(r;”) = x(t;) andx(s; ) = x(s;) }

endowed with the norm ||x|| ¢ = sup ||x(¢)]|. And
t€[0,a]

P26* = 2%€([0,d],X) x 2%(]0,d],X),
which is a Banach space with the following norm

2, for (x,y) € 26

1@ )2 = lxllze + 1y

Firstly, we give the expression of mild solution for the following impulsive integro-
differential evolution equation:

X (t) = Ax(t) + [§ B(t — T)x(7)dT + 9(t,x(2)), t € (siytir1), i=0,1,2,---,m,
x(6) =T (r—1;)wi(t,x(1)), t € (t,si], i=1,2,---,m,

x(si)+gx)=x; €X, i=1,---,m,

x(0) = x(a).

For ¢ € [0,1], we have
K1) = TR0+ [ Tl - D)(z.x(0)dr
— T()x(a) + /0 "I = 7)ot x(1))dT
=10 [1(@) (i —600) + [ Tla=Dp(r(ea] + [ TG p(r.s(r)ar

= T(O)T(@) (o — 8(0)) +T(0) | T(a— 1)@ (t,x(t))d7 + /0 "It = t)p(r,x(1))dT

Sm



A Generalized Coupled System of Impulsive Integro-Differential Evolution Equations 5

Let I7, I, the resolvents associated with Egs. (1) and (2) respectively.
From above and problem (1), we can verify that:
For ¢ € [0,1], we have

X0 = Tx(0)+ [ Tule =001 (4(0), (D)
= TiOy(@)+ [ T =001 (2.1(0). (7)) e
=) [rz<u>(ym ~ ) + [ Tafa- r><pz<r,x<r),y<r>>dr] + [ M= Do (@0
= TOT2(0) (o~ 253)) +T1(0) [ Tala=Dea(rx(@).y(o)de+ | T (1= 7)1 (2.(1). 5 ()T
Similarly, we have

3(0) = T20T1 @) (5 — 1 (53)) +T2(0) [ T1(a= D) (2x(®)3 (@)t + [ Tale= Da(r.x(0) (7)) de

Sm

Now, we can define the form of our solution, it’s given in the following definition

Definition 3. We say that (x,y) is a mild solution of the problem (1) if (x,y) € 2>
and satisfies the following system

(.x(1),y(D)dT+ {T1 (¢ = D)1 (7.(2), ¥(7))dT

(rl (T2(a) (ym — 82(x,3)) +T1 (1) J&, Tala—
(7. 2(1), y(¥))d T+ [§ Ta(t = T)pa (T,x(1), ¥(1))dT

o (1T (a) (xm — 81(x,3)) +T2(1) 5, T (a

002 ) fort € [0,1]
e

—0)¢1
<x(f)> _J (e )i = g1 (%) + [5; T1 (6 = 7)oy (7.x(7), 1(7))dT ot € st o
) () (i —82(x.3)) + [, T2t = D)2 (2.x(7) y(1))d irlit1), 120y
(T(r—n-)wdnx(x»y(r))) frre (), i1
St — 1)y (1, x(1),¥(1))

Now, we pose the following hypotheses on which our existence result is based.

A, The functions t — @;(t,x,y) and r — y;;(¢,x,y); ; j = 1,2, are measurable on
[0,a] for all (x,y) € X x X, and continuous on X x X for a.e. 7 € (s;,#;41] and (¢;,s;],
respectively.

Aj There exit Uy, U, Vi, v2i € £ ([0,a]); i = 1,--- ,m, which satisfy

H(Pj(t,x,y)” < :u/(t)(

and

); a.et € (si,tir1], and forallx,y € X; j=1,2,

lwji(t, 29 < vii(e) L+ llxl + Iyll) s i=1--- ,m, a.et € (4;,si], and forall x, y € X; j = 1,2,
A3 There exists a constant ¢, o > 0, such that
lgi ) < oj(1+xll2 s + |yl %) aet €[0,a], and for all x, y € 24/([0,a],X); j =1,2.
A4 For all bounded set © C X x X, and ¢ € [0,a], we have
(9,(1,0)) < 1y (0)(O), and A(y;i(t,0)) < Vi((©): i =1, ,m: j = 1:2,
and for all bounded set @ C €2, we have

m(g;(0)) < a; S}lp]rﬁ((:)(t)), j=1,2,
t€l0,a

where O(t) = {(x(1),y(t)) : (x,y) € P€*}, forallt € [0,a].
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H, The functions ¢; € €([0,a] x X x X,X), yj; € € ([si,ti] x X x X, X);i=1,--- ,m;
j=1,2,and gy, g are continuous.
H, There exist constants L(pj, ij,-, ng >0;j=1,2,i=1,---,m, such that
llo;(t,x1,51) — @;(t,x2,2)|| < L,pj (lxr = x2[| + [yt —y2l), foreacht € [si,tix1];i=0,--- .m;, xj,y; €X, j=1;2
w210, 30) = Wi (6,22, 32) | < Ly (I =%l +[lyr = y2ll) , for each € [ti,si),i =1, ,m, xj, 3, € X, j=1,2
llgi(xi,y1) =8 (2. 32)ll < Lg; (1 = x2ll 2 ¢ + [Iv1 —y2ll# % ), for eachx;, y; € 2€([0,a],X), j=1,2.

To reduce the form of mathematical expressions, we use the following notations:
pi=Itjlle=, o5 = max |[vjill=, Nj= sup [I;(0),j =12,
t€(0,a]
Ny (N2|ym|| +N202 + aNapa +api) + Na (N1 [[xm || +N1oy +aNip +ap2)
I—m
_ Ny (max; [|xi[| + ou +apy) + N (max; [|yi|| + o2 +aps)
B 17(N1 (a1+ap1)+N2 (062+ap2))

)

Uy
1-m’
M = N1 (N20o +aN>p2 +api) + N2 (Nyow +aNipi +apz)
N = o\ Mype®T? + C72Msewsa7 n= max{m,nz},

r3 =

Eu =N (ngNz + L, N2 l_zr??}_xm(fiﬂ —5i) +L¢111) ;

=M (Lg1N1 + Ly Ny max (tiv1—si) +L<p2l1> ,

:
& = max LWI,MTE Ord and &y = r{lax Ly, Mge®s“.

After provided assumptions, now we are in a position to present our first existence result

based on Banach’s fixed point theorem.

Theorem 2. Let assumptions Hy and H; be satisfied. Suppose also that

§:=max{&1+812, 61 +8n} < L.
Then, the problem (1) has a unique mild solution on [0, a).

Proof. We define on £2¢ 2 the following operator
(Y, 2))(0) = (F1(x,y) (1), Y2(x,9)(1)), 2)

where

Ty (1) (5 = 1 (0.3)) + 5, T1 (0 = D)oy (.x(0),y(0)d T, £ € (siti],  i=1.2,

T1(O02(a) (ym = g2(x.3)) +T1(1) [, T2(a = D@2 (7,2(7),y(7))dT+ [ T1 (1 = T)wl(f x(7),y(7))d, fort € [0,1,]
1)) =
T(t —t;)yn;(t.x(2), (1)), fort € (tj,si], i=1,2,---.m

and

D20 (i — 2 (03)) + S, T2t = Doa (t.x(0). (DT, fort € (spipn).  i=1.2,.m

Do)y (@) (3m = g1 (6,y)) +T2(0) [, T1 (@ = 1)1 (1,2(7),3(0))dT + J§ T2 (1 = 7) 92 (7.(2), y(7))d 7, fort € [0,]
Ya(x,y)()
S(t — 1)y (1,x(2), (1)), fort € (t;,si], i=1,2,--.m

Let (x1,y1), (x2,y2) € PE?, we discuss all possible cases.
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Case 1: Fort € [0,1], we have

(1 Ger,y0) (1) = X1 (2, 32) O] < [T (T2 (@) g2 (x1,31) — Ti()T2(a)g2(x2,32) |
FIT1 @)l /Sal\rz(a—f)\\ﬂ llo2(7,21(2),31.(7)) — 2(%,2%2(%), 32(7)) | d T
+/0[H1"1 (= Dllz lle: (7,21(2),31(7)) = 1 (7.32(7),y2(7)) | dT

< Ly, MiN: (1 =2l o + [y =320l 20 )

+L¢2N1Nz/xa (k1 (2) = w2 (D) + [Iy1 () = y2() ) dT

4
+L¢1N1/0 (b1 (7) =22 ()| + [ly1 (7) = y2(2) ) d T
< N1 (Lgy Ny + Loy Na(a—sw) + Loy 1) (11 =2l 2 ¢ + |y —32ll2 ¢ )
< Ny (LgyNa + Loy Na(a = s) + Loy 1) [| (31, 31) = (32, 32) |2

< Gunll(vi,y) = (x2,32) [l

Similarly, we have
072 (x1,31) (1) = Y2 (x2,y2) (1) || < Na (Lg, N1+ Loy Ni(a—sm) + Loyt1) || (x1,51) = (x2,32) |2

< Enll(xr,y1) — (x2,32) 2

Then, we obtain

0 Cer,y1)(6) =Y (x2,y2) (Ol = 1 Cer, 1) () = Y1 (x2,y2) (O] + T2 (x1, 1) () = Y2 (x2,32) (8)]]
< (11 + &) [1(x1,1) — (x2,32) 12

Case 2: Fort € (si,tit1];i=1,--- ,m, we have

11300 = T1Ge232) O] < IOl llen(a31) = 812,32 |
+ I =Dl o (501001 (0) = 01 (552,20 e
< Lyt (b=l +Ibn—ale)
LN [ (ba(2) (@) + i (2) = ()] de

Si
< 0 (L oy (11 =0 ) r1) G

< Enll(xr,y1) — (2.32)[2

Likewise, we get
72 (x1, y1)(1) = Y2 (x2,32) (1) ]| < N2 <ng +Lg, max (fis1 —Si)) l[(x1,31) = (x2,32)ll2

< &l (x1,31) = (x2,32) 12

Hence,
Y Ger,y1) (8) = Y (x2,2) (O] < (S11+E&12) 1(x1,31) = (x2,32) |12

Case 3: Fort € (#,s];i=1,---,m, we have
71 Ger 1) (8) = Y (2, y2) (O] < 1T (& = ) [ wi (2,21 (2), 1 (2)) = wit,x2(2), y2. (1)) |

< Ly M7e® || (x1,y1) — (x2,52) 12
< &Eill(x1,31) = (x2,32) 12
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Similarly, we get
02 (e, y1) (1) = Y2 (x2,32) ()| < Ly Mse™ || (x1,31) — (x2,32) 2
< Enll(x1,y1) = (x2,32) 2
Then, we have
(Y Ger, 1) () = Y (2, 32) ()] < (E21 4+ E22) [ (x1,31) — (x2,32) |2
Finally, we get the following inequality
Y1, y1) = Y(x2,¥2) Ml < max {&11 +&12, &1 + Ean} [ (x1,31) — (x2,32) |l

Therefore, Y is a contraction. So, according to Banach fixed point theorem, problem (1)
has a unique mild solution.

Using Monch’s fixed point theorem, we present the second result of existence as
follows:

Theorem 3. Suppose that assumptions A—Aq are satisfied, in addition
n<l. 3)
Then, problem (1) has at least one mild solution on [0, al.

Proof. To proof this result we transform our problem into fixed point, for this, we
consider the operator Y : PE> — PE? defined in (2), and we define the ball
B, :={(x,y) € €% :||(x,y)|]» < r}, where

r > max{ri,r,r}.
Firstly, we prove that Y is defined from B, into itself. Indeed:
Case 1: For (x,y) € By, and t € [0,#], we have

X1 GO < 1T @)l IT2(@)llgg (ym ]+ llg2 (o)1) + T3 ()] /A_H [T2(a—7)ll ll@2(7,x(2), ¥(7)) | dT

T
+/0 Ty (=)l llo1 (7,x(7),¥(7))|dT
< NNy (|lymll+ 2L+ |xll 2 ¢ + 12 % ) +aNiNap2(L+ ¥l 2 + ¥l 2 & ) +aNipi (L+|lxll 7 & + ¥l 2« )
< Nt (M2lymll +N20 +aNapy +apy) + Ny (N0 +aNapy +apy) r

Similarly, we get

102 (x,9)(2) || < N (Ni]|xm]| + Nyow +aNip1 +apa) +No (Nyoy +aNipy +aps) r

Then,

G )ll2 = Y1 Cey)ll2 + Y2 (x9) 12
< N1 (N2|[ym| +N20 4-aN2pa +apy )
+N2 (N [|xm]| + Ny oy +aNipy +apz)
+[N1 (N202 +aNapy +apy) +No (Ny oy +aN1py +apa)]r
(I=ny)ri+mr
-

IN A
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Case 2: For (x,y) € By, and t € (s,ti41];i=1,--- ,m, we have

O < Tl (bl + ) l) + [ 172 =Dl o (.x(2) (2l

<N (Ixill+ou (14 x| 2% + IVl 2%)) +aNipi (1+ |Ix]| 24 + Iyl 24 )
< Ny ([|xil| + 01 +apr) + Ny (0q +apr)r

In the same way, we get
720, ) @) < N2 ([|yill + 2 +ap2) + No (02 +apa) r.
Therefore,

G, 9) |1 < Ny (]| 4 o 4-apr) + Na ([|yill + 02 +apa) + [Nt (o +apr) +Na (0 +apa)] r
(1=[N1 (a1 +apy) + Ny (02 +apa)] ) ra+ [Ny (a1 +apy) + Ny (0 +apa)] r

r.

INIA

Case 3: For (x,y) € By, andt € (t;,si];i=1,--- ,m, we have

1 Ge) O < 1T (= 2) [ w2, x(2), y(1))
< o Mre®*(1+47r)

A

Similarly, we obtain
72 (x,9) (1) || < 02Mse™ (1 +r)
Then,

» < (O']MTewT“+O'2Msew5”)(l+r)
< (I—m)rs+mar
<r

which shows that Y is defined from B, into itself.
The rest of proof will be done in four steps by discussing all cases in each step.

Step 1: T is continuous:
Let (Xn,Yn),>0 C By be a sequence, such that limy, . . (x,,y,) = (x,y) in B;.
Clearly, we have || (x,,v2) — (X, %) |l2 = |%0 — x|| 2% + ||lyn — which implies that

lirB (%n,yn) = (x,y) in B, if and only if liT X, = x and lirE yn=yin{xe 2% ([0,a],X): ||x|»« <r}.
Case 1: For t € [0,#;], we have

01 s 3n) (1) = X1 (6, 3) (O < T2 [T2(@) 1.5 182 (0n59n) — g2 (x, )]

MO [ IPala=1)1n loa(e.30(0)3(2) = oa(e.x(2). 52T
+ [ I~ )1 (2130 (0) = 01 (£.x(8) (8 e
< M lga(n,om) = 20+ MMs [ 02(5.50(0)30(0) = 2 (rx(2).5(1) e

8 o1 (5,300 0(5) ~ 01 (D) (D) e
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And
12 (o ym) (8) = Y2 (x,3) (D] < NINZHXI(Xrn.Vn)7gl(x‘)')“+NlN2/A_:l @1 (7,20 (%), yn (7)) = @1 (7.x(7). 3(1)) | dT
+N2/Ul l02(7.2n (%), yn (7)) = 2 (7. x(7). 3(1)) | dT
Case 2: Fort € (si,tis1];i=1,--- ,m, we have

01 (e y) (8) = Y1 (2, 3) (] < T4 ()] (181 (s ym) — 81 ()]

+/x: T4t = D)l [l @1 (T,20(0), 3 (7)) = @1 (7, x(7),¥(2)) | d T
< Nillgi (X yn) =81 (x,y) [+ M [ o1 (7,2(), 3 (7)) — @1 (7,x(2), ¥(7))|d T
Similarly, we get
(172 (on, ) (£) = Y2 (o, 9) ()] < Nallg2 (. vn) — g2, 9) | + N2 /; ll92(7,20(), (7)) = @2(7,x(7), (1)) | d T

Case 3: Fort € (t;,s];i=1,--- ,m, we have

1 Gon,yn) (1) =1 Ge,y) ()] < T (= 1) 1 wi (8,0 (2), 3 (1)) — Wi (8,x(2), y(1)) |
< Mre® |yt xa (1), yn (1)) — Wi (,x(2), (1))

And

N2 (i, ) (8) = Y2 (6, ) ()] < Mse™ || wrai (8,20 (£), 3 (1)) — Wi (£, x(1), y(1))

We know that, ¢;, yj; and g;; j=1,2;i=1,--- ,m are continuous, then accord-
ing to Lebesgue-dominated convergence theorem, we get from each previous
step

ETWHY] (xmy’l) _Yl (xvy)”Z =0and ngl}'}m”rz(x”?yn) _YZ(x,y)HZ = 07

n

and since from (2) we have
i 5,90) =Vl =0 & ( Jim 73 (5,5) =Yy (59) ] = O fim [V2(0,5) ~Ya(x)] =0).

So, we deduce that lirJrrl I (x5 ¥0) — Y (x,9)|l2 = 0.
n— oo

Step 2: Y(B,) is bounded. Indeed:

We have Y is defined on B, into itself. So, Y(B,) C B, which prove that Y(B,) is

bounded.
Step 3: Y is equicontinuous.

Case 1: For (x,y) € B, and 0 < 11 < 7, < 1, we have
171 () (22) = X1 e 0) (1)) < T2(@)llz (vl + N2 Ge ) 1) IT1 (72) =T (1) |5

@) =Ti(@)lr [ ITaa =)l la(rx(@), (3 e
+ [ I = 0 =T (5 =Dl o1 (21022 e

+ [ Im @ =0l o @@l
< W[yl +0a(1-+1) +(a=5)p2(14 ] IT () =T (8]

T
ol +r)/0 T (12— 7) = T3 (71 = )|z AT+ Nipr (1 4+ 1) (32 — )
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In the same manner, we get

29 (22) = Y2 ) (2] < Ny [(lmll + 01 (1+1) + (@ = sw)pr (14 )] [IT2(22) = T (71) |16

T
+pa(1 +r)/0 IT2(t — 7) — Ta(1y — 1)l p T+ Napa(14 1) (12— 71)

Case 2: For (x,y) € By and s; < 7 < T <ti41;i = 1,--+ ,m, we have

001 (e y) (72) = Y1 () ()l < T3 (72) =Ta (7))l (il + g (x2)1)

+ [ IR @ =0 T @ = Lo (x(2).0(0)

|dt
+ [0 @ =g o x5 @ le

< (Ixill + o1 (147)) T (72) =T (71)ll 2 +P|(1+r)/;1 ITi (2 —7)=Ti(11 =)l dT

+N1p1(1+7) (72— 71)
And

2 (x,3) (72) = Y2l y) (7))l < (Iyill + 02 (1+7)) T2 (72) = Ta(7) 2 +p2(1 +")/:1 T2 (7 = 7) = Ta (71 — 7)l| ¢ dT

+Nap2(1+7) (12— 71)
Case 3: For (x,y) €B,andt; < T) < Tp <s;;i=1,---,m, we have

[0 (e,y)(72) = Y1) ()] < T (7 =) T (72 = 1) wii( T2, x(%2),¥(2)) — Y (71, x(71), y(7)) |
< Mre®TO|T (12 — 7)) w12, x(12),¥(72)) — wi(T,x(m ), y(7)) |

Similarly, we obtain
20, ¥) (72) = Y2 (x,3) (7)) < Mse™“|1S(72 — 71) y2i(12,%(2), ¥(%2)) — i (1, x(71) (1)) |
In all previous cases, we have
[0, y)(72) = Yo, y) ()| = 01 (6, 9) (72) = Ya (e, y) (2) [+ 025, 9)(22) = V2 (6, 9) (1) | = 0 as 71 — 2.

This allows us to conclude that Y is equicontinuous.
Step 4: Let C C B, be a non empty subset, such that

C CY(C)U{(0,0)} = (Y1(C) x 12(C)) U{(0,0)} = (Y1 (C)U{0}) x Y2(C) U {0}).

Clearly, it is bounded and equicontinuous.
Consider the function / defined by

1(t) =m(C(1)), t €[0,d],

which is continuous.
Case 1: For t € [0,#], we have

1) = (C() < (YO0 U{(0,0)}) < (FEV0)) = m(X(C) (1)) = max{m (¥4 (€)(1)),m(¥2(C) (1)}
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Since, we have

m(Y1(C) () < [Ti(D)llz [T2(a)ll 0 S;P]’ﬁ(CO))JrHFl(T)H,@ /sa IT2(a—1)l|2 p2iti(C(1))d7

+ [N )lls pi(co)ar

<N (NzOCz +aN>p» +ap1) Hle

< mflfl
and
m(Y2(C)(1)) < N2 (Nyoy +aNipy +aps) |1
< Mif|If]
Therefore,
1) <l
Case 2: Fort € (si,tiy1);i=1,--- ,m, we have

m(Y1(C)(t)) < [T1(1)[ 51 S'[»ép]'?l((c(t)))+/:HFI(I_T)H%’PI’%(C(T))‘ZT

<N ((Xl +ap1) Hl“oo

< mllle
and
m(Y2(C)(1)) < Na(02+apa2) ||l
< M|l
Then,
1(#) < ||
Case 3: Fort € (t,s];i=1,--- ,m, we have
m(Y1(C)(t)) < |T(t—n)|or sup m(C(t))
te(0,a]
< GlMTewTa”lHoo
< M|l
and
m(Y2(C)(1)) < oaMge™*||1]|-
< m2||1]e
Then,

1(t) < n[]]e-
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Hence, from above cases we can deduce that
2]l < 11 1]]oe-

Since 11 < 1, so obviously we have ||/||. = O which is equivalent to saying that
m(C(t)) = 0. So, according to the first property of Definition 3, C(¢) is relatively
compact in X X X. Then, by the Ascoli-Arzel theorem, it is relatively compact in B,.

Thus, all conditions of Theorem 3 are satisfied, and consequently our problem has a
solution.

4 Examples

In this section we present two examples to illustrate our existence results.
Example 1. We consider the following problem:

2
gt (t,x) = ;2 (t,x)+ JoLi(t— r)%u(r,x)dwr WIINZ (cos(u(t,x)) +sin(v(t,x))), t € (0,1]U(2,3], x € [0,1]

2

2
1,x) = %v(t.x) + JoLa(t— T)%v(r,x)d‘wﬁ m (cos(u(t,x)) +v(t,x)), t € (0,1]U(2,3],x € [0,1]

aJ
Era

u(t,x) =T(t— 1)%(sin(u(z,x))+sin(v(zﬁx)))ﬁ t€(1,2],x€0,1]

v(t,x) =T(t—1) 14(coc(u(z,x))+sin(u(t,x))),16(1,2],xe[0,1] @)
u(t,0) =v(r,0) = u(r,1) =v(t,1) =0, t € (0,1]U(2,3]

u(0,x) =v(3,x), x € [0,1]

v(0,x) = u(3,x), x € [0,1]

u(Ox)+ ! (I+sin(u) +v) =1+, x€[0,1]

u(2x)+¢( 1+sin(u) +v) =2+¢", x € [0,1]

v(O)c)JrL (1+cos(u)+v)=1+¢€", xe(0,1]

v(2,x)+ SNE (1+cos(u)+v)=2+¢€*, x€[0,1]

where Ly, L, € ¢1([0,3],R).
The previous problem can be abstracted into problem (1), where X = L?([0,1])

1 2
endowed with the norm ||u| = ( / |u(x)|2dx> which is a Banach space, and Au =
0

2

2
Bu = J u, forue D(A) = {MGX;

o2 a2
A is the generator of a strongly continuous and compact semigroup {7 (¢),¢ > 0}
onX and ||T(¢)|| <1, forallt > 0.

ueX,u(0)=u(l) :O}.

B (t) =L (t)Aa B2(t) = L2(I)A7 ?1 (t7u,v) = m(cos(u(t,x)) +Sin(v(t7x)))7

o (tyu,v) = 181\;1N2 (cos(u(t,x)) +v(t,x)), wi1(t,u,v) = 1]—4(sin(u(t,x)) +sin(v(t,x))),
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Wt (£, 14,) = % (cos(u(t,x)) + sin(v(,x)),
1

g1(u,v) = SNV (1+sin(u) +v), g2(u,v) = SNV (I+cos(u)+v).
1 1 1
Clearly, we have L(pl :L(PZ = W, LWI] = LWZI = m Lgl :ng = m, MT =

17 l
Ms=1,a=3and or = ws = 0. Then & = & < 7 & = &p = —, therefore

& g — < 1.
36
Hence, according to Theorem 2, problem (4) has a unique mild solution.

Example 2. To illustrate our second existence result, we present the following problem:

9 9% 1 1 (14 u(t,x) +v(1,%))
o7 u(t,x) = Ex ——ult, X)+ [§Ly(t— ‘L') L{(‘r‘x)dTJr(engreH‘Hg)m,!e(&l]u(lﬂ,xe[&l]
9 a 9% 1 1 2(14u(r,x))
gv(t x) = v(t X+ Lt —1) 5 72 u(T,x)dT+ (:9 + m) WM te(0,1]U(2,3],x€0,1]
o, u(t,x)
u(t,x)=T(t 1)724(1+HHH+HV”),te(l,z],xe[o,l]
v(t,x)=T(t— )% te(1,2],xe(0,1]
BT T e A 5)
u(t,0) = u(t,1) =v(r,0) =v(r,1) =0, t € (0,1]U(2,3]
u(0,x) =v(3,x), x € [0,1]
v(0,x) = u(3,x), x € [0,1]
u(0,x) + ——— N, (1+sin(u) +cos(v)) = 1+¢€*, x€[0,1]
u(2,x) + —— A (1+sin(u) +cos(v)) =2+¢*, x€[0,1]
v(0,x) + N, (1+sin(u) +v) =1+, xe€0,1]
v(2,x)+ N, (1+sin(u) +v) =2+, xe€(0,1]

The previous problem can be written as problem (1), where

or(rn) (19+ ,+1x+9> (1 +u(t,x) +v(t,%)) ’
R 36NN (1+ [lul| + [[v]))
2
0 (t,u,v) = (el9+ et+i+9> 36N1tN§21—’_—|—M|(|Zx?|2 Ivll)’
v (t,u,v) = 24(1 —:t|(|tL;)|C)+ vIl)’
Y (t,u,v) = 24(1 J:|(|lu)|c)+ vll)’

g1(u,v) = 8NIW (1+sin(u) 4+ cos(v)),

g (u,v) = SNV (1+sin(u)+v).
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Thus, n; < 4+9e <landm = T < 1. Therefore, by using Theorem 3, our problem
e
(5) has a solution.
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Abstract. In this study, the physical properties of buckyball (zero-dimensional),
Single-Walled Carbon Nanotube (one-dimensional) and graphene (two-
dimensional) nanostructures, were investigated using the density functional the-
ory (DFT) calculations. The Visualizer module of Material Studio software is
used to construct the structures of these materials. Then, the CASTEP code is
used to optimize and calculate the band structures, total density of states (TDOS)
and optical properties. We focus on such these three carbon materials, by reason
of the appealing interest in the next generation in optoelectronic devices. Change
the form of graphene to Single-Walled Carbon Nanotube (SWCNT) and bucky-
ball (C60) leads to change its bandgap, TDOS, absorption coefficient, dielectric
function and refractive index. The peaks of TDOS of graphene around the fermi
level are very weak. The bandgap energy of graphene, SWCNT and C60 mate-
rials are 0, 0.198 and 0.102 eV, respectively. The peaks of absorption coefficient
of graphene, SWCNT and C60 structures are at 268.26, 251.87 and 296.13 nm,
respectively. It is found that the bandgap energy, TDOS and the absorption coeffi-
cient could be affected by the change of the form of graphene. These results, give
the fundamental information’s about understanding of the electronic and optical
properties of various dimensional crystals (0D, 1D and 2D). This study can pro-
vide certain theoretical support for our future experimental research of graphene,
SWCNT and C60 properties.

1 Introduction

Electronic states of carbon allotropes (graphene, SWCNT and C60), are well described
by the tight binding Hamiltonian of 7 electrons of carbon atoms. In the carbon atoms
form these allotropes, three atomic orbitals, 2s, 2p, and 2p,, are hybridized to form
(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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three sp? hybrid orbitals, and 2p. orbital remains perpendicular to other orbitals [1]. The
hybridized orbitals are responsible of three o bonds between the adjacent carbon atoms,
and 2p, orbital results in 7 bonds. Graphene, is a semimetal with zero bandgap, and it
is the representative member of 2D-family that have been receiving much attention in
many fields, by reason of its remarkable physical properties. Its band structures show
zero gap at the Dirac point [2].

Inrecent years, the carbon nanotube material has been intensively studied, by reason
of its importance as building block in nanotechnology. Three different types of carbon
nanotubes are experimentally observed: armchair, zigzag and chiral [3]. The electronic
properties of CNTs are result by reason of the sp’-hybridized carbon atoms, and the
delocalized & network perpendicular to nanotube surface.

Wrapping graphene into a sphere produces the fullerene family. Among different
types of fullerene, the largest known and better stable species is C60. The C60 form
the ball type structure, contains 12 pentagons and 20 hexagons [4]. The importance
of C60 material has encouraged major studies in various fields. C60 has been applied
in several applications, such as the nanoelectronics disciplines by reason of its excep-
tional physical properties. In addition, the nearly sp>-hybridized carbon in C60 material
backing the great electronic conductivity [5]. Therefore, C60 material have the diver’s
potential uses in optoelectronics devices and the big position in industry, by reason of
its electron-taking characteristics and geometry.

Our paper is outlined as follows: In Sect. 2, we briefly present the Computational
Methods. Section 3 is devoted to discuss the numerical results and give our interpreta-
tions, and finally, the conclusions of our study is included in Sect. 4.

2 Computational Methods

The electronic structures simulations and optical properties of graphene, SWCNT and
C60 structures, were calculated based on the density functional theory (DFT), all cal-
culations were performed using the CASTEP code by OTFG ultrasoft pseudopoten-
tials [6,7]. In this study, the exchange-correlation energy was employed using the
Perdew-Burke-Ernzerhof (PBE) functional, within the generalized gradient approxima-
tion (GGA) [8]. A plane-wave energy cut-off was set to 600 eV for all calculations. The
K-point of the Brillouin zone was sampled using 6 x 6 x 1 gamma-centered Monkhorst-
Pack grid during the geometry optimizations of graphene, SWCNT and C60 structures
[9]. However, during all structural relaxations, the convergence tolerance criteria for the
geometry optimization, were set to 2.107% eV/atom for the energy. During the atomic
relaxations, the positions of atoms were optimized until the convergence of the force
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on each atom, was less than 0.05 eV/A, and 0.03 A for the displacement. The self-
consistent field (SCF) convergence tolerance was set to 2.107% eV/atom. The maxi-
mum stress is set to 0.1 GPa. In the present simulations, the graphene, SWCNT and
C60 structures are investigated in Fig. 1.

Fig. 1. Crystal structures of graphene, SWCNT and C60. The gray spheres represent the carbon
atoms.

3 Results and Discussions

3.1 Electronic Structure

3.1.1 Optical Gap

The band structures of graphene, SWCNT and C60 materials, calculated along high
symmetry directions in the Brillouin zone, are plotted in Fig. 2. The band structures
show that the conduction band minimum and the valence band maximum are located
at various points of the Brillouin zone. Hence, the SWCNT and C60 structures has a
direct bandgap. The bandgap energy of graphene, SWCNT and C60 materials are 0 eV,
0.198 eV and 0.102 eV respectively. Thus, SWCNT and C60 structures have the semi-
conducting properties. The wrapping graphene into C60, and folding into SWCNT, can
lead to change its electronic states by reason of the symmetry breaking. These results,
indicates that change the form of graphene sheet leads to modify its electronic prop-
erties and open its bandgap energy. This makes graphene and its derivatives (SWCNT
and C60) are materials with bandgap energy used for developing the optoelectronics
devices.
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Fig. 2. Bandgap energy of graphene, SWCNT and C60 structures.

3.1.2 Density of States

The concept of the density of electronic states corresponds to the number of allowed
electron energy states per unit energy interval around an energy E. The total density of
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states (TDOS) of graphene, SWCNT and C60 structures, were plotted as a function of
the energy, as shown in Fig. 3. The TDOS near the Fermi level of graphene exhibits low
population compared to the SWCNT and C60. Hence, the probability of occupation of
the electronic states by the electrons in C60 around the fermi level is more important.
These results, clarify the strong effect of change the form of graphene sheet to the
SWCNT and C60 on its electronic properties.
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Fig. 3. The TDOS of graphene, SWCNT and C60 structures.

3.2 Optical Properties

3.2.1 Absorption

In the present study, we have presented the variation of absorption coefficient (<) as a
function of wavelength of graphene, SWCNT and C60 materials, in 200-800 nm range,
as shown in Fig. 4. The absorption spectrum indicates that the first peaks of absorp-
tion by graphene, SWCNT and C60 structures are at 268.26, 251.87 and 296.13 nm,
respectively. The origin of these peaks arises from the important transitions that occur
between the electronic states. These peaks correspond to the w — n* transition of C-C
in sp” hybrid regions, which are close to the Fermi level. According to these peaks,
graphene and C60 structures exhibits the absorption of light in both UV and visible
ranges. But, the SWCNT structure absorbs only the UV light. The absorption of visible
light by graphene and C60 materials, is essential for the solar cells applications.
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Fig. 4. Calculated o as a function of wavelength of graphene, SWCNT and C60 structures.

3.2.2 Dielectric Function

The complex frequency dependent dielectric function, £(®), can be used to descript the
optical properties of (0D, 1D and 2D) materials, and describes how light interacts when
propagating through matter. It determines the dispersion effects by its real part, & (®),
and the absorption by the imaginary part, & (®). The complex dielectric function, £(®),
is the sum of real and imaginary parts:

e(w) =g () +ig(w) (1)

In the present study, the € (®) and & () parts of graphene, SWCNT and C60
structures, are calculated in 200-800 nm wavelength range, as presented in Fig.5. At
low frequency, the £(w) is associated with the electronic intraband transitions, within
the conduction band. In this spectral range the optical response is dominated by the
free electron behavior. At higher frequency, the £(w) function reflects the electronic
interband transitions. The peaks of &) (®) part of graphene and SWCNT are at 368.77
and 347.29, respectively. The first peak of & (w) part of graphene, SWCNT and C60
are at 310.59, 285.30 and 454.50 nm, respectively. On the other hand, for these three
materials, the peaks of & (@) are always related to the electron excitations. So, we can
introduce the graphene and its derivative in transparent conducting films and photo-
voltaics devices. In addition, graphene, SWCNT and C60 are the absorbent materials of
the visible light, which indicates that these three structures can be used as an important
element in a number of optoelectronic devices.
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Fig. 5. Calculated € of graphene, SWCNT and C60 structures as a function of wavelength

3.2.3 Refractive Index

Propagation in absorbing materials, can be described using a complex-valued of the
refractive index, n*(®). The imaginary part, k(®) then handles the attenuation, while
the real part, n(®), accounts of the refraction by [10]:

n* (o) = n(w) + k() (2)
with,
+81 3)

Eelzale) 4)
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The variation of n(®) and k(@) parts of graphene, SWCNT and C60 structures in terms
of wavelength, found using the CASTEP code are depicted in Fig. 6. The above values
of the static dielectric constant, € (0), and the static refractive index, n(0), are validate
the relation n = /€] (see Table 1). The n(w) part of these three structures are varie
with the wavelength of photons incident. So, these materials are dispersive mediums.
The n(w) part of graphene, SWCNT and C60 is greater than 0.1662, 0.4514 and 0.4238,
respectively, because the incident photons are slowed down by the interaction with elec-
trons, inside these materials. On the other hand, the k(@) part of graphene and C60 is
more important in both ultraviolet and the visible ranges (see Fig. 6). When we analyze
the graphs of the & (®) and k(®), a similar physical behavior is observed in Fig. 5 and
Fig. 6. Its two physical quantities give the information of the absorption of light by the
graphene, SWCNT and C60 materials.
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Fig. 6. Calculated n and k of graphene, SWCNT and C60 structures as a function of wavelength.
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Table 1. The static dielectric constant, €;(0), and the static refractive index, n(0), of graphene,
SWCNT and C60 structures

Parameters | Graphene | SWCNT | C60
n(0) 0.81547 0.88326 |0.88287
£1(0) 0.66499 | 210.78015 | 0.77946

4 Conclusion

In conclusion, we have studied the electronic and optical properties of graphene,
SWCNT and C60 structures, using the DFT calculations. We have shown that the
SWCNT and C60 structures are semiconductors materials, and the graphene material
chow zero bandgap. The bandgap energy of graphene can be significantly changed by
changes its form to SWCNT and C60. We observed the changes in the dielectric func-
tion by reason of the change of the bandgap energy. The intensity of the absorption
peaks is more important of graphene and C60 in both UV and visible ranges. But, the
SWCNT structure have a maximum value of & peak in UV range. These insights pro-
vide a basis of the applications of graphene, Single-Walled Carbon Nanotube and C60
materials in the optoelectronic devices.

Acknowledgements. In conclusion, the authors sincerely thank all that contributed to this sci-
entific work and particularly Sultan Moulay Slimane University and Africa Graphene Center.

References

1. Lehtinen, P.O., Foster, A.S., Ayuela, A., Krasheninnikov, A., Nordlund, K., Nieminen, R.M.:
Magnetic properties and diffusion of adatoms on a graphene sheet. Phy. Rev. Lett. https://
doi.org/10.1103/PhysRevLett.91.017202

2. Trevisanutto, P.E., Giorgetti, C., Reining, L., Ladisa, M., Olevano, V.: Ab initio GW many-
body effects in graphene. Cond-mat (2008)

3. Prabhu, S., Bhaumik, S., Vinayagam, B.K.: Finite element modeling and analysis of zigzag
and armchair type single wall carbon nanotube. J. Mech. Eng. Res. 4(8), 260-266 (2012).
https://doi.org/10.5897/JMER12.025

4. Inani, H., Singhal, R., Sharma, P., Vishnoi, R., Aggarwal, S., Sharma, G.D.: Effect of low
fluence radiation on nanocomposite thin films of Cu nanoparticles embedded in fullerene
C60. Vacuum 142, 5-12 (2017)

5. Saraswati, T.E., Setiawan, U.H., Ihsan, M.R., Isnaeni, 1., Herbani, Y.: The study of the optical
properties of C60 fullerene in different organic solvents. Open Chem. 17, 1198-1212 (2019).
https://doi.org/10.1515/chem-2019-0117

6. Delley, B.: An all-electron numerical method for solving the local density functional for
polyatomic molecules. J. Chem. Phys. 92, 508-517 (1990)

7. McNellis, E.R., Meyer, J., Reuter, K.: Azobenzene at coinage metal surfaces: role of disper-
sive van der Waals interactions. Phys. Rev. B 80(20), 205414 (2009)

8. Perdew, J.P., Burke, K., Ernzerhof, M.: Generalized gradient approximation made simple.
Phys. Rev. Lett. 77(18), 3865-3868 (1996)

9. Monkhorst, H.J., Pack, J.D.: Special points for Brillouin-zone integrations. Phys. Rev. B
13(12), 5188 (1976)

10. Lashgari, H., Boochani, A., Shekaari, A., Solaymani, S., Sartipi, E., Mendi, R.T.: Electronic
and optical properties of 2D graphene-like ZnS: DFT calculations. Appl. Surf. Sci. 369, 76—
81 (2016)


https://doi.org/10.1103/PhysRevLett.91.017202
https://doi.org/10.1103/PhysRevLett.91.017202
https://doi.org/10.5897/JMER12.025
https://doi.org/10.1515/chem-2019-0117

)

Check for
updates

A SIR Epedimic Model Involving Fractional
Atangana Derivative

H. El-Houari, A. Kraita, L. S. Chadli®™, and H. Moussa

Faculté des Sciences et Techniques Béni Mellal, MAROC, Laboratoire de recherche
“Mathématiques Appliquées et Calcul Scientifique”, Beni Mellal, Morocco
sa.chadli@yahoo. fr

Abstract. This paper aime to analyzes a fractional order SIR epidemic model
with a nonlinear incidence rate. First, we prove the global existence, positivity
and boundedness of the solutions. The stability is studied. Finally, numerical sim-
ulations are presented to illustrate our theoretical results.

1 Introduction

Fractional calculus could be a generalization of integral and by-product to non-integer
order that was 1st applied by Abel in his study of the tautochrone drawback [1]. There-
fore, it’s been largely applied in several fields like mechanics, viscoelasticity, technol-
ogy, finance, and management theory [2—6]. As opposition the normal by-product, that
could be a native operator, the fragmental order derivative has the most property referred
to as memory result. A lot of exactly, ensuing state of fractional by-product for any given
operate f depends not solely on their current state, but also upon all of their historical
states. Because of this property, the fragmental order by-product is more suited to mod-
eling issues involving memory, that is that the case in most biological systems [7,8].
Also, another advantage for exploitation fragmental order by-product is enlarging the
stability region of the propellent systems. In medical specialty, several works involving
fragmental order by-product are done, and most of them ar principally involved with
SIR-type models with linear incidence rate [9—12]. In [13], Saeedian et al. studied the
memory result of associate degree SIR epidemic model exploitation the Caputo frag-
mental by-product. They well-tried that this result plays an important role within the
spreading of diseases. During this work, we have a tendency to any propose a fragmen-
tal order SIR model with nonlinear incidence rate given by

ADOS(r) =A —vS— pst :
5 1+o0qS+ ol + o381 0
c _ S
ACDe(t) = TraStaras — (VHd+r)l,

ACDR(t) = rl — VR,
where 4°D% denotes the Atangana-Caputo fractional derivative of order 0 < a < 1
defined for an arbitrary function f(¢) as follows:

B(o) ! (t—x)”
AC o /

D f(t) = —= / X)Eg| — 00—
a t f ( ) 1—o g f ( ) o [ 1—a
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where the Mittag-Leffler function E (z) defined by:

Zk

Ea(Z):kg(‘)m, (ZE(C,(X>O),

and his Laplace Transformation is given by

5o P

LlP By plax®)](s) = Re(o > 0), Re(B) > 0. 3)

s —a

Also the Laplace Transform of the fractional operator §¢D¢

B(a) p*£®)](p ) P f(0)

1—a p*+

¥ is given by

S[5Df ()] (p) =

“4)

Q

In system (1), S(z), I(¢), and R(t) represent the numbers of susceptible, infective,
and recovered individuals at time t, respectively. A is the recruitment rate of the pop-
ulation, u is the natural death rate, while d is the death rate due to disease and r is the
recovery rate of the infective individuals. The incidence rate of disease is modeled by
the specific functional response m presented by Hattaf et al. [15], where
B > 0 is the infection rate and o, 0, 03 are non-negative constants. Since the two first
equations in system (1) are independent of the third equation, system (1) can be reduced
to the following equivalent system:

AC _ BSI
{ DaS(t) A—vS— 1+oq S+opl+03S1° (5)
AC
DO‘I(I) 140y S+opl+03SI (v+d+ V)I,

The rest of our paper is organized as follows. In Sect.2, we show that our model is
biologically and mathematically well posed. In Sect. 3, the existence of equilibria and
their local stability are investigated. The global stability is studied in Sect. 4. Numerical
simulations given in Sect. 5. We end up our paper with a conclusion.

2 Properties of Solutions

Let Y (¢) = (S(¢),1(¢))T, then system (5) can be reformulated as follows

D%y (1) = G(Y (1)) (6)

BSI
where G(Y (1)) = ( A /3‘;;9 T+oyS+opl+0381 ) .
Tastorras (VA0
In order to prove the global existence of solutions for system (5), we need the following
lemma which is a direct corollary from [2, Lemma 3.1].

Lemma 2.1. Assume that the vector function F : R*> — R? satisfies the following con-
ditions:
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i) G(Y) and ‘3—? are continuous.
i) |G| < p+A||Y|| VY € R? where p and A are two positive constants. Then
system (12) has a unique solution.

For biological reasons, we consider system (5) with the following initial conditions:

S(0)>0  1(0)>0. )

Theorem 2.2. For any given initial conditions satisfying (13), there exists a unique
solution of system (5) defined on [0,+e), and this solution remains non-negative and
bounded for all t > 0. Moreover, we have

P() < PO)+2.

where P(t) = S(t) + (1)

Proof. Since the vector function G satisfies the first condition of Lemma 2.1, we only
need to prove the last one. Denote

(A (= 0 (o E (Fo
(@ (i) 0B (2
-B
I _(-BO
A4<%3>7 AS(ﬁ 0
o3

Hence, we discuss four cases as follows.
Case 1: If o # 0, we have

0515

G(Y)=€e+AY A
(¥) a4 +1+O€1S+O€21—|—O€3SI

oY

Then
NG| < lell +[lAY ||+ [|A2Y || = [[e]| + ([|Ax ][+ [|A2[ DI[Y]].
Case 2: If o # 0 we have

OCzS

G(Y)=¢€e+AY
(¥) Al +1+O£1S+0621+063SI

AzY
Then
G| < [lel|+ ([[Adl[+[|As DY ]|

Case 3: If o3 # 0 we have

O£3SI
14+ oS+ ol + a3SI

GY)=¢e+AY + 4.
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Then
NG < [lell+ ([l +[I71|As)] Y]]

By Lemma 2.1, system (5) has a unique solution. Next, we prove the non-negativity of
this solution. Since A°D*S|,—g = A > 0,4°D*I|;—o = 0. Based on Lemmas 2.5 and 2.6
in [16], it is not hard to deduce that the solution of (2) remains non-negative for all t > 0

Finally, we establish the boundedness of solution. By summing all the equations of
system (5), we obtain

ACDP(t) = A —vS(t) — (v+d+r)(r) ®
<A —vVP(1).
By using (4), we get
B(a) £(P)(s)s* —s*~1P(0) < A ve(P)(s)
l—a 5%+ 1% ~ s
Applying Laplace inverse to last inequality we obtain
_ aA . sa—(1+oc) . Sa—l
P < () e ()
yy —o
oA B(a)+av B(a)+av
< o T\ P A T\ P o
< Tt Egan (= ot ) + (A +B(@)P(0) Ea, (= 1%)
B(a)+oav —0A oA
<E — ¢ A+B(o)P
= “’1( e ) [B(oc)—i—av +A+B(a) (0)} + (B(ot) + av)I(1)

Since 0 < Eq ( — B(‘f)%t“) < 1 then we get the result.

Lemma 2.3 Let x(t) € R be a continuous and derivable function, then for any time
instant t > ty
x*

’,?)CD;X [x(t) —x* —x*Ln(x)Ei) )} < (1 — m)chf‘x(t) e RWVa e (0,1). (9)

Proof. We have that

1pg [x(r) —x _ (Y )] < (1= 2 )aepex)

then

~
~—

AC AC AC x(
10 DIx(t) =4 Df'x™ —x* "D Ln( =

Since

x(t)
“CDYx(t) — x(t)p D Ln( - )<0
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Last inequality implies that

5@ /tx(u)Ea[M]du—x(t)B(og /ttMEa[M}du <0

T-aky o =y 20 1 a
then B(a) t ) *(X(t*l/t)a X([)
1—a ‘/to X(M)Ea [ﬁ] (1 — m)du <0.
We set w(u) = % then w(u) = );((—':)) and
1 _ —u o 1
T [ e[ 01 - <0,

Using part integration with setting

1%

B(a)Ea[—a(t—u)“] gy B(oc()xoc (t—u)“’lEa[a(t_u)a]

T« 1—« (1—a)? o—1
and |
dy=x(t)(1- 1+W(u))vi/(u) u
then we have
B(a) —o(t—u)*7!
O 9(w) = In(o () + 1) 7 B[ ]
t —u o—1 _ —u)
- f(_“;/to O‘(’l _()x Eql O‘l(t_ - ) () (1) — 1 +w(u0))
= —x(t)[(w(to) — In(w(to) + 1)) f(_“; Eq| _O‘l(t__ u)” (r—10)]

B(a) ("ot —u)*! —o(t—u)®
— / Ea[
1—a -« -«

<0

Jx() (w(u) — In1 +w(u))du

the proof is complete.

3 Equilibria and Their Local Stability

Now, we discuss the existence and the local stability of equilibria for system (5). For
this, we define the basic reproduction number Ry of our model by

BA
v+oA)(v+d+r)

Ro=1

It is not hard to see that system (5) has always a disease-free equilibrium of the form
Ey= (% ,0). In the following result, we prove that there exists another equilibrium point
when Ry > 1.
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Theorem 3.1 i) IfRy < 1, then system (5) has a unique disease-free equilibrium of the
form Ey(Sy,0), where Sy = 4

7.
ii) If Ry > 1, the disease-free equilibrium is still present and system (5) has a unique
. S " _vs* “ 2(atapA
endemic equilibrium of the form E*(S*, %) where S§* = ﬁialaingjazmﬂ/g

witha=v+d+rand 6 = (B —a1a+ v —o3A)? +doav(a+ omA).

Next, we study the local stability of the disease-free equilibrium Ey and the endemic
equilibrium E*. We define the Jacobian matrix of system (5) at any equilibrium E(S, 1)
by

_y_ __ BI(+al) —B5(14+0,43)
_ 140y S+0pl+035T)? 1+ 04 S+ +0:51)2
e = (ﬁf(llwz?z) S BS(14045) ) (10)

(]+061§+0527+O!3§)2 (]+061§+0527+O!3§)2
We recall that a sufficient condition for the local stability of E is

an

5 =12 (11)

larg(&i)] >

where &; are the eigenvalues of Jg [17]. First, we establish the local stability of Ej.

Theorem 3.2 The disease-free equilibrium Ey is locally asymptotically stable if Ry < 1
and unstable whenever Ry > 1

_ﬁA
Proof. At Eyp, (10) becomes JE, ( v EX%A )
VA 4
Hence, the eigenvalues of Jg, are & = —v and &, = a(Ry — 1). Clearly, & satisfies
condition (11) if Ry < 1, and since &; is negative, the proof is complete.

Now, to investigate the local stability of E*, we assume that Ryg > 1. After evaluating

(10) at E* and calculating its characteristic equation, we get A2 +a;A +a, = 0 where

BI* (14 ool*) + BS* I (o + 0357)
(14 o1 S* + ol* + a3 S*1)?

a=V-+ ,
_ aBr*(1+ opl*)+vBS*I*(op 4 035*)
o (14 0y S* + opl* + 035*1*)?

It is clear that a; > 0 and a» > 0. Hence, the Routh-Hurwitz conditions are satisfied.
From [22, Lemma 1], we get the following result.

az

)

Theorem 3.3 If Ry > 1, then the endemic equilibrium E* is locally asymptotically sta-
ble.

4 Global Stability

In this section, we investigate the global stability of both equilibria

Theorem 4.1 The disease-free equilibrium Ey is globally asymptotically stable when-
ever Rp <1
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Proof. Consider the following Lyapunov functional:

So S

Lo(t) = —20 w(2
o(t) 14 018 (SO

)+,

where W (x) =x—1—In(x), x > 0. It is obvious that ¥ (x) > 0. Then we calculate the
fractional time derivation of Ly along the solution of system. By using Lemma 2.3, we
have

ACDaLO(t) < 7(1 _ —)ACDO‘S—i-ACDaI.
Using A = vy, we get

1 S

AC o 0

D < —(1—=)v(So—S

L) < 1 (1= 2)v(s0-9)

1 ( 7570) BSI

14+ 0180 S 14+0qS+ ol + o03S1
BSI —al

1+ 0SS+ ol + o3SI

—v
< W(S—SO)Z +a(Ro—1)1.

+

Since Ry < 1, then A°D%L(¢) < 0. Furthermore ““D%Ly(t) = 0 if and only if S = S
and (Rp — 1)I = 0. We discuss two cases:

e IfRy < 1,thenl=0.
e If Ry = 1, from the first equation in (5) and S = Sy, we have

BSol

0=A—-vSy)— ,
0 1+ o180+ 0ol + 0380l

BSo!
14+o0q So+0nl+03Sp!

above discussions, we conclude that the largest invariant set of {(S,/) € R% :
ACDYLy(t) = 0} is the singleton {Eq}. Consequently, from [24, Lemma 4.6], E
is globally asymptotically stable.

which implies that = 0. Consequently, we get I = 0. From the

Theorem 4.2 Assume that Ry > 1. Then the endemic equilibrium E* is globally asymp-
totically stable

Proof. Consider the following Lyapunov functional:

1+ 0pS* S 1
= SW(<)+T ().
1+ ouS* +onl* + oS I () +¥ ()

Ly (t) S I*

Hence, we have

1— i)ACDO‘SJr (1- IL*)ACDO‘I.

1 + 08"
ACpep (1) < 0 (-5

T 14+ o S*+ opl* 4 o3 S*I*
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Bs*

Note that A = vS* +al* and e ST ST — & Thus
14+ onS* S
AC o *
D¥Li(t) < ——)v(§*—S§
O S T as rmrramyr ()Y )

. al*( (I+as)(S—s) (1+oc1S*+oc21*+a3S*I*)I)
(I+ 018"+ apl* + 03S*I*)S (1 + o1 S* + onl* + 03 S*I*)I*
N al*(lfif (1+alS*+azI*+a3$*I*)S>
I* (1+ a1 S+ ol + o3SI)S*

—v(1+ 05*)(S — 5%)?
T (14 oy S* + opl* + o3 S*I*)S
(1+a1S+ onl* + 03SI*)S* 14+ oS+ opl 4+ azSI
(1+ 018" + ool + 03S* T*)S 1+ 0y S+ opl* + o SI*
B (1+a1S*+Ot21*+0635*I*)S) +al*(—1—i

(14 oS+ ol + 03SI)S* I*

14+ 0qS+ ool + a3SI (1+ oS+ opl* + o38I)1

14+ 0yS+ ol + a3SI* (I1+ayS+ ol + o381 )

—v(1+mS*)(S—5*)?
T (14 oyS* + opl* + o3 S*I*)S
_art (‘P( (14+ oS+ ol + o3SI*)S* )+ 1+oclS+a21+oc3SI)

(1+ 04 S* + 0nl* + 035*1%)S 1+ o4 S+ ool + o35T

(1+o1S* + ol + 03 S*I*)S
(14 a1S+ ol + o3SI)S* ))

(a(on +038)(1+ oy S) (I —1%)?)
(14 oS+ opl*+ a3SI*) (1 + oS+ ol +038I)

+ al*(Sf

+

5 Numerical Result

We use the conformable Euler’s method. The the fraction power series expansions to
the initial value problem

ACDx(t) = f(x(t)), a<t<b (12)
x(0)=c
A—VS— rgstorras
where x(1) = (8(),160) R fee)) = | oo 830N (@) =
rl — VR

(0,90) , o = 0.8 and ¢ = (5,2,-2.9).
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Can be written as,

he h2a
x(t,- +h) = x(t,-+1) = x(t,-) + ;ACDO{X(Z,') + T«ZACDZ(XX(Z[ + 9,]1) (13)

with h = bﬁ“,ti =a+(i—)h fori=1,..,.N+1
We get the numerical schema

R R o BSili
SH'l - Sl + o (A - VS’ - l+(X1S,'+OC21,'+O(3S,~I,') ’
S A L BSiI; :
i =1i+7g ( I+oySitonli+osSil; (v+d+ r)ll) ’ (14)

Rig1=Ri+ 5 (rl;— vR;)
(S1,11,R1) = (5,2,-2.9)

Now we analyze the stability of the system for different values of (r,d,v),
(061,0627063) and (Avﬁ)

Table 1. Stability analysis of the system (1) for different values.

(rd,v) (0, 00,03) | (A,B) Stability
(3,-4.04,1) | (9,8,7) (0.07,-6)  Yes
(3,-2,1) (5,11,9)  (0.9,8) | No
(3,-4.18,1.15) | (5,6,7) | (5,3) No

The numerical solutions S(¢),1(¢) and R(¢) are shown in Figs. 1, 2 and 3 with fixed o
and different parameter values.

——R()
—s()

6
\ It)
5

0 10 20 30 40 50 60 70 80 90

Fig. 1. The system (1) is stable with parameters (r,d,v) = (3,—4.04,1), (o, 00,03) = (9,8,7),
and (A, B) = (0.07,—6)
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x 10"

— R
—s()
It)

0 10 20 30 40 50 60 70 80 90

Fig. 2. The system (1) is unstable with parameters (r,d,v) = (3,-2,1), (o, 00, 053) = (5,11,9),
and (A,B) = (0.9,8)

8000

—R()
7000 —s()
Itt)

6000 //
5000

4000

3000

2000 ~eao

1000

el

-‘0000 10 20 30 40 Siﬂ 60 70 80 90
Fig.3. The system (1) is unstable with parameters (r,d,v) = (3,—4.18,1.15), (a1, 0p,03) =
(5.6,7), and (A, B) = (5,3)

6 Conclusion

In this work, we have studied the existence of solution to SIR epidemic model with
nonlinear incidence rate involving Fractional Atangana derivative. Also we have prove
the positivity and boundedness of the solutions. The stability is studied. Moreover, since
the system (1) must be solved numerically to reconcile our results are given in Table 1,
an appropriate numerical method should be selected.
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Abstract. In this work we define a fuzzy divisible ring and fuzzy local
ring using the notion of fuzzy point, Also we give a characterization of

fuzzy local rings.

1 Introduction

®

Check for
updates

In 1982 Liu developed the fuzzy abstract algebra, he discussed fuzzy subrings
and fuzzy ideals [2], and that after the Zadeh’s work [9] and Rosenfeld [6] and
in 1984 Mukherjee, and Bhattacharya examined normal fuzzy subgroups and in
1997 Alkhamees and Mordeson characterize local rings in terms of certain fuzzy
ideals [1]. They also characterize rings of fractions at a prime ideal in terms of
fuzzy ideals, Then in 2009 Wang, Ruan and Kerre studied fuzzy subrings and
fuzzy rings [8] as well as SwamyandSwamy defined and proved major theorems
on fuzzy prime ideals of rings [7] and even Pu and Liu introduced the notion of
fuzzy points [5], and in 2018 Melliani introduced the notion of a ring of fuzzy
points citeme and based on this notion we introduce a fuzzy divisible ring and

fuzzy local ring and give a characterization of this latter.

2 Preliminaries

2.1 FUZZY Sub-ring

Definition 1. [4] Let R be a ring, Then u C R is a Fuzzy sub-ring if only if

1) (@ —y) 2 p@) A py)
ii) p(zy) > plx) Aply), Vo, y € R
if moreover R is with identity we added the 3" condition
i) u(1) =1

Ezxample 1. Let

NB:QH[O’H
. 1 sizeZ
* %ifnot

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 37-40, 2023.
https://doi.org/10.1007/978-3-031-12416-7_4
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w is a Fuzzy sub-ring in Q.
Proposition 1. Let 4 C R a fuzzy sub-ring of R. Then we have:

i) p(0) = p(x) et p(x) = p(-x); Ve eR
it) Soit x,y € R si u(x —y) = p(0), alors p(z) = p(y).

Definition 2. [2] Let R be a ring, we say that 4 C R is a fuzzy ideal if and
only if:

i) plr—y) > p(@) Apy)
ii) p(zy) = p(x) vV uly) Vo,y € R.
Example: Let
w:Zy — [0,1]

1/2 if 1=0,2
3 if r=1,3
p is a fuzzy ideal of Z4. With Z4 = {0,1, 2, 3}.

Theorem 1. p a fuzzy sub-ring of R if only if pus is a sub-ring of R Vt €
[0, w(0)].

2.2 Set of Fuzzy Points

Definition 3. [5] Let A non-empty set. the Fuzzy sub-set A z, : A — [0,1]
with € A and « € (0, 1] defined by:

a St T=1y
0 si xFy

To(y)

is a fuzzy point.

Theorem 2. [3] Let u a fuzzy sub-ring of R, and x: a fuzzy point of R. We
have:

i) v € p& p(z) >t
i) Ty +Ys = (T +Y)ins
i) o5y = (T.Y)tns-
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3 Fuzzy Local Sub-rings

We consider o a Fuzzy sub-ring in the ring with identity R.

Definition 4. A Fuzzy sub-ring p is said to be divisible if every regular element
(not a left or a right zero-divisor) is a unit (having a inverse).

Definition 5. A ring with identity is said to be a local ring if this ring has a
unique maximal right ideal.

Theorem 3. p is a fuzzy sub-ring local of R if only if M = {x; € u; x; is a
unit} is an ideal of .

Proof. =) Suppose that u is a fuzzy local sub-ring of R.
and M4, the fuzzy maximal ideal of p then show that M is included in a proper
ideal.
It’s clear that if x; € M then Vy, € p; xr.ys € M.
Now, if x4, ys € M then < xy >C M4, and <y >C Moppaz-
Hence x; + ys € Mpaq-
Thus x; + ys € M. Finally M is a fuzzy proper ideal of p.
Then we show the stability of the addition on M.
Therefor M is a fuzzy proper ideal of p.
<) conversely suppose tha M is a fuzzy proper ideal of p than it’s easy to
show that M is the unique fuzzy maximal ideal of .

Remark 1. p is a fuzzy sub-ring local of R if only if the sum of any non-units
is a non-unit.

Let Z = {x: € u/Jys € p such that ys # 0 and ys.x+ = 0} be a set of all fuzzy
zero-divisors.

Theorem 4. Let p is a fuzzy divisible sub-ring of R. Then p is a fuzzy local
sub-ring of R if and only if Z is proper ideal of u.

Proof. Let u is a fuzzy divisible sub-ring of R.

=) Let’s show that u is local if Z is a proper ideal of p.

Let v a proper ideal so 3z, € v;x; ¢ Z.

By the divisibility of u; Jys € p;ys.zr = Lsae.

Thus 144+ € v wich is impossible.

Therefore v C pu.

By the divisibility of u, we prove if v is a fuzzy proper ideal of R then we have
v C .

<) Conversely, It’s clear that Z is an ideal of p and 1, ¢ Z hence Z is a proper
ideal of p.

Theorem 5. Let u be a fuzzy sub-ring satisfying the following condition

i) ideals containing J are principals.
it) J is completely prime and is a principal ideal.
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iii) Z C J.
iv) J #0.

Then R is a local ring.

Proof. 1t suffices to prove that J is composed of all non-units. Let J = Rx; and
as & J. Then by i) J + asR = b.R and b, ¢ J. Hence z; = by;,. Since J is
completely prime, y;, € J. Therefore y;, = ¢, 24, i.e., x4 = byy, = brc,xy. Thus
—byct, € Z. This implies by iii) 1 —b,.c;, € J and b,.¢t, is a unit and hence b, is a
unit. Consequently J+asR = R. Theref ore it follows that 1 = j, +asct,, jr, € J
and 1 — asce, € J and ascy, is a unit. Thus we conclude that a is a unit.

Remark 2. = In the above theorem the condition that J # 0 is necessary as can
be seen from the example of the ring of integers.

As an immediate consequence of 32 we have the following.

Corollary 1. Let R be a principal ideal ring (every right and left ideal is prin-
cipal) and Z C J. Then R is a local ring iff J #0 and J is a completely primee
ideal.

Corollary 2. Let R be a principal ideal ring which is not a domain. Then, if
Z = J,R is a local ring.
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Abstract. The dissipative two dimensional Quasi-Geostrophic Equation (2D
QGE) is studied. By using the Littlewood Paley theory, Fourier analysis and
standard techniques we give the Gevrey class regularity results of this equation
for small initial data vy belonging to the critical Fourier-Besov-Morrey spaces

2 A
9/1 20+ 2+4%
pA.q

1 Introduction

In this article, we consider the following Cauchy problem for the two-dimensional
quasi-geostrophic equation with subcritical dissipation ¢ > 1/2.

Ov+kA?v+K[v]-Vv=0, xcR? >0,
K[| = (=R, Rv), (1)
v(0,x) = vo(x),

where R; = 8xj(fA)_1/2, J = 1,2, are the Riesz transforms, o > 1/2 is a real number,
k > 0 is a dissipative coefficient. Notice that (1) is called subcritical when o > 1/2,
critical when o = 1/2 and supercritical when o < 1/2. A is the operator defined by the
fractional power of —A:

Av=(=8)"y F(Av)= F((-4) ) =517 (v),
and more generally
F(A*%) = F((—A)%) = [EP*F (v),

where .% is the Fourier transform. The scalar function v(x,t) represents the potential
temperature, and K[v] is the divergence free velocity which is determined by the Riesz
transformation of v.

The 2D quasi-geostrophic equation is an important model in geophysical fluid
dynamics, which represents the potential temperature dynamics of atmospheric and
ocean flow. For further information on the physical background of this equation, see
[13,20] and the references therein.

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 41-51, 2023.
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The mathematical analysis of the non-dissipative case (k = 0) has first been studied
by Constantin, Majda and Tabak in [11] where it is shown to be an analogue to the 3D
Euler equations. The subcritical dissipative case has then been studied by Constantin
and Wu [12] where the authors obtained global existence of solutions in Sobolev spaces.

Now, we recall the scaling property of the equations:

if v solves (1) with initial data vy, then vy with vy(x,7) := y**~1v (yx, y*%) is also a
solution to (1) with the initial data

vo,y(x) 1=V g (). )

Definition 1. A critical space for initial data of the Eq. (1) is any Banach space E C
<" (R") whose norm is invariant under the scaling (2) for all y > 0, i.e.

o)l ~ Ivo@)l -
1—20+2+2
In accordance with these scales, we can show that the space .% Jﬁ?) rg per
for (1). The global well-posedness for small initial data in critical spaces was established
by many researchers. The reader is referred to [2,3,6-9] and their references.

The analyticity of the solution is an important issue developed by numerous authors,
notably in relation to the Navier-Stokes equations, see [1,23]. In this work, we will
prove the spatial analyticity in the Fourier-Besov-Morrey space. Our main method is
the Gevrey estimate, which was presented by Foias and Temam [17], since the Gevrey
class approach has become an efficient method in the investigation of analytic solutions.
Ferrari and Titi [15] obtained Gevrey regularity for several parabolic equations, see
[21,22].

Throughout this paper, we use .Z .4 Sl to denote the homogenous Fourier-Besov-
Morrey spaces. Let A, B be Banach spaces, we denote ||v]|ang := ||v||la + ||v||z and
|(v,w)]la := ||v]|a + ||w|la, C will denote constants which can be different at different
places, U <V means that there exists a constant C > 1 such that U < CV, and p’ is the
conjugate of p satisfying %—i— L —1forl1<p<e.

Since we are concerned with the dissipative case, we assume k = 1 for the sake of
simplicity.

In order to obtain the Gevrey class regularity of the solution of the Eq. (1), we
consider the following equivalent integral equation coming from Duhamel’s principle

is critical

V(1) = Sa(t)vo+B(v,v)(1), 3)

where Sy := ¢(=4)” denotes the fractional heat semigroup operator, which can be
regarded as the convolution operator with the kernel k, (x) = .Z ! (eI |2a), and

/s (t— 1) (K]V]-V6)) (1)dt )

Our results can be formulated as follows.
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Theorem 1 (Space Analyticity). Let 1 < p <o, 1 < g<o, 0< A <2 and % <
o < min{l,a < 1+ % + ﬁ} There exists a constant M > 0 such that for any

2o+ 24k
Vo € .F % rg P satisfying ||vo|| i <M. The Eq. (1) has a unique ana-

1— 2a+ +7
. . . ‘ plq
lytic solution v in the sense that
Vi|D|*
eV vx < [Ivol 120+ 2440
FN M
A
1-20+2+24 1+242
where X := £ <R+ TN ra P ) ne! (R+,§%7175/ ”) , and eVIPIy =

F1(eV1IEI%Y),

2 Preliminaries

In this section, we recall some basic properties of Fourier-Besov-Morrey spaces, the
fractional heat semigroup, and other analysis tools that we will employ throughout this
study.

The Fourier-Besov-Morrey spaces, presented in [16], are built by using a type of
localization on Morrey spaces. The function spaces . ,% are defined as follows.

Definition 2 [18]. Let 1 < p <eoand 0 < A < n. The homogeneous Morrey space ./, [ﬁl
is the set of all functions f € L” (B (xo,r)) such that

1Az = sup, supr "IIfHu; B(xo.r)) < (5)
>0

where B (xo, ) is the open ball in R” centered at xo and with radius r > 0.
The space //lﬁ” endowed with the norm || f|| ,, is a Banach space. When 4 =0, we
M}
have ./, 19 =
The proofs of the results discussed in this work are based on a dyadic partition of
unity in the Fourier variables, known as the homogeneous Littlewood-Paley decompo-
sition. We present briefly this construction below. For more detail, we refer the reader

to [5].
Let f € S’ (R"). Define the Fourier transform as

f&)= 7@ =@n) [ e iptds

and its inverse Fourier transform as

n

7= 77 1 = (2m) 7 [ S pepae.
Rn
Let ¢ € S (R?) be such that 0 < ¢ < 1 and supp(¢) C {& € R? % HES %} and
Z (P(z_jé) =1, forall & #0.

ez
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We denote

9i(§)=0(278), &)= Y (&)

k<j—1

and
h(x)=F 'o(x), gx)=F""5(x).

We now present some frequency localization operators:

Aif = 9D =29 [ (@) flx=ydy

and

Sif = 3 duf =601 =2 [ g(25) sx=y)dy

k<j—1

From the definition, one easily derives that

AiAf =0, if|j—k>2
Aj (Sk,lfA'kf) =0, if|j—k>5.
The following Bony paraproduct decomposition will be applied throughout the paper.
uv = T,v+ Tu+R(u,v)
where
Tv= ZSj_luAjv7 R(u,v) = ZA'juﬁjv, A~jv: 2 Ajrv.

Jj€Z J€Z [j//=jl<1

Lemma 1 [16]. Let 1 < p1,pa,p3 <eoand 0 < Ay, Ap, A3 <n.

. 11 s . 1 _ 1 1 B _ Mk
(i) (Holder’s inequality) Let 27 = o T m and oy = T e then we have
< .
181 0 < W71 el ©)

(ii) (Young’s inequality) If ¢ € L' and g € ///Al, then
loxel 2 < lolllel 2 ™

where x denotes the standard convolution operator.

Now, we recall the Bernstein-type lemma in Fourier variables in Morrey spaces.

Lemma2 [16].Let 1 < g < p < oo, 0< Ay, A <n, % < "% and let y be a multi-

index. If supp(f) C {|E| < A2/}, then there is a constant C > 0 independent of f and j
such that

(117/12 _nfll ~
q

A - ®)

2N Y 7 ilv+i
1627, <2 y
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Let us now recall the definition of Fourier-Besov-Morrey spaces .# p 2 q(R")
see [16].

Definition 3 (Homogeneous Fourier-Besov-Morrey spaces). Let | < p,g <o, 0 <A <
n and s € R. The homogeneous Fourier-Besov-Morrey space .7 % ) J is defined as the

set of all distributions f € '\ &, & is the set of all polynomials, such that the norm
Hf”féi//sl is finite, where
pAg

1
def (Zjez?‘WH(pijZ/,;)q for g<o

[ E—— I ©)
sup;ez,2” || ¢, f H//;} for q=ee.

pAg

Note that the space F.47) ; (R") equipped with the norm (9) is a Banach space. Since

///0 L?, we have .7 f%soququ,andjt/Vlo] = x* where x* is the Lei-Lin space
[6].

The definition of mixed space-time spaces is given below.

Definition 4 [14].Let s e R, 1 < p <o, 1 < g,p <0, 0<A<n,andI=[0,T), T €
(0,0]. The space-time norm is defined on u(z,x) by

1/q
Jut, )l 201, { zzmnA RIFA

and denote by .2 (179]%“'/14) the set of distributions in ./(R x R")/ < with finite
H-HXP(I,.Q?(A/;_M) norm.

According to Minkowski inequality, it is easy to verify that
P (I;ﬁ%fl’q) < P (1,9 ;M) . ifp<gq, (10)
22 (LFA5,) =P (BFA5,). ifp=a (a1

1/p
where Hu(t,X)lle(,.t%//x (/H N, X, dr) :
TN i

At the end of this sectlon we will recall an existence and uniqueness result for an
abstract operator equation in a Banach space that will be used to show Theorem 1 in the
sequel. For the proof, we refer the reader to see [4,19].

Lemma 3. Let X be a Banach space with norm ||.||x and B: X x X — X be a bounded
bilinear operator satisfying

[1B(u,v)|[x < Collullx[[v]lx

for all u,v € X and a constant Cy > 0. Then, if 0 < € < ﬁ and if y € X such that
lvllx < €, the equation x :=y+ B(x,x) has a solution X in X such that ||%||x < 2&. This
solution is the only one in the ball B(0,2¢€). Moreover, the solution depends continu-
ously on y in the sense: if ||y ||x < &, X' =y +B(,xX'), and ||X'||x < 2¢, then

y—llx.

1
=y < ———
1—48C0
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3 Gevrey Class Regularity

In this section, we show the Gevrey class regularity for Eq. (1). For this aim, let vV =
eViIPI*y and using the integral Eq. (12), we obtain

b(t) = VDI =) /’ VIVRIPIE=J=D(-4)% (= F =D (-4)% EDI ([, VyY) (1)
0
= VP11 2% 1 B (5,7). (12)
The following lemma is very useful in proving spatial analyticity (Gevrey regularity).

Lemmad4. Let 0 <s <t <ooand0 < o < 1. Then the following inequality holds

1
1% — 3 = PIEP —sI& |7 —sh" < 5 (13)

forall&, y e R".

Now, we will establish some important linear estimates in Fourier-Besov-Morrey
spaces.

1204 5+
LemmaS5. Let0<A <2,1<p<e, 1<g<wandvg€ TN, "(R?). Then
there exists a constant C > 0 such that
”e\ﬁ\Dlaef(*A)atvOHX <C|woll a2 (14)
FN pra " ’
Proof. We have
VDI —( ”t)vO — e*%(xﬂlD\“*l)%%e*%(*A)"‘tVO.

Using the Fourier transform, multiplying by ¢; and taking the ./ }-norm we obtain

_,t22]a 3

||(Pje\mD|ae =4 atVOH Vs <Ce (3) ||(P1VOH M

(1— 2oc+ +)

Multiplying by 2 and taking /9(Z)-norm we get

e Vi1l g~ (=) 5 <Cllvol 0

vo| - 2a+ 4 ¢?!M172a+7+?

L([0,0),F N

PAg pAag

Analoguesly,
||e\/ﬂD|ae*(7A>a[V0H L2 +l <C||V0|| 2 A

. 1—2a+?+ﬁ
), T .
Z1(0).7 /Vplq 7 /Vp‘l,q

Then

He\ﬁlD‘aef(iA)atVOHX < C”VOH 1-204+ 2+ 4
P rer

FN pAa
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Lemma 6 [10]. Ler 0 < T <o, s cR,0<A <3, 1< p<oo,1<g,p,r<ec and
1 <r < p. There exists a constant C > 0 such that

/ D7) dr
0

‘ t

forallhe Z7([0.T),F N5 q)

§C||h|| 20 2a 5

s—20—
Zr([0,T),F N T

2P ([0.7).7 4 oy ")

/ul-q)

In the following proposition, we will establish the bilinear estimate which will be crucial
in the proof of Theorem 1.

Proposition 1. Under the hypothesis of Theorem 1, there exists a constant Cy > 0 such
that

16(7.6)1x < Coll?lx16]x,
forall v,0 € X.

Proof. First, using Lemma 6 and Lemma4, we have

12004+ 37+
“TpAa

12(7.8)llx < lleV"P K[V - Vo 24
31<[0w F ">

< leVHPV - (K[v]6
lle (K] )||$1([ 0.5 ,,l,mf,a+%+%>

S eV P k(6| 220 3+ (15)
.,71([000[,9,/@1# 1” )
Then, the remainder of the proof is to show that
VTP K [v]e)| 22 242\ S II7llx[16]]x- (16)
Z'([Om,ﬁ,ﬂplq P ”>

Recalling that K[v] = (—Rav, R, v). Since S/K\]v(é) = —i%ﬁ(é),j = 1,2, then

IKDII S 191 (17)

Applying Bony para-product decomposition and quasi-orthogonality property for
Littlewood-Paley decomposition, for fixed j, we obtain

AP (KO = Y AV (S KAL)+ Y AjeVTIPI (S 04K Y])
(S (S

+ Y AgeVTIPI (AK[1]A,0)
k>3

_plyp2,p3
=R;+Rj+R;.
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Then, by the triangle inequalities in ./, 1% and in /7(Z), we have

p/
N pra JEZ

eV ”9”21@ o) T {22’2 A VPR,

jez

Q=

j2=20+2+24)q) 53 1q
+{212 PP ||Rj||Ll<[O.o<>[./ﬂ,aL>}

jez

ez

q
Jj(2— 2OH— + ) 3
+{22 ||R || “[///;L)}
=L+L+1.

By Bernstein-type inequality (8) with |y| = 0, we have

1
q

(2-2 +,,+
S{zzj o qHRl”Lluo»o[ f/“}

1
q
(0ol ) }

— 2.2 .
ol <2 i, <26 Pt a9

where we have used (17).

Thus, using Young’s inequality in Morrey spaces (7) and the estimate (18), we get

IR L1 ot 3y = || 2 je¥ ™" (Si_ 1K [v]4,0)

[k—j|<4 LI([0,e0] })
| 3 gVl K Y eﬁéawm@>*eﬁ§'a¢k5}
Ve jl<4 msk=2

|k—j|<4 m<k—2

S X 1Sk K40 1 oy )

i<
<y H(kaHLl oty 2 oK KT oot
|k—j|<4 m<k7

S Y 10blligouy i i) 3 PR AR T
|k—j|<4

1-2
< 2 ”(pkeHLl ///;L) 2 2( 05+,;/+ )»12(2(x ]mH(P V”LN
|k—j|<4 m<k—2
1
7

gy > 2 il

=0l F Ay T kSjl<a  m<k-2

k(20—1)
pr%ﬂ )y 2 H‘PkGHLl([om[/M
N o ) k—jl<4

L1 (0

_ (p/ VE(E[ =[55I~ i%) < D (pmf[\v]) (&~ )b (y)dy

[ )

LI([0,e0 . )

ol )

ol )
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where in (19) we have used Lemma 4.
Therefore, by using the Young inequality for series, one has

1
q
_ (2-2
LS9 12 34k {22’ CEICY 2D o), ,ﬂ))q}
(G “/Vﬁlq [k—j|<4
1
q
_ 022 k(1
< |19l ras 2k {Z( 2 2 (i=k)( a+F+4 )q2(+,ﬂ+ )H(PAGHLI %M))q}
(Ol F A, T il k<4
<9l 12 H9H H2.A
(0L F A, qa+7+ £1([0.00 7 .A’plf* 7y
Similarly, we get
L5l cronid P g
(S g0l 7.4, 7 7)

For 13, first we use the Young inequality in Morrey spaces (7), the Bernstein-type
inequality with |y| = 0 together with the Holder inequality, to get

HR It ompnr 3y = || 2 Aje¥ ™1 (AK[y 146)
k>j-3

L1([0.00] . )

= 2 ¢jeﬁ|5‘aAkK[v]Zk6

k>j—3

LV ([0l })

= > gevEer [(eﬁw(pk,}[;])* > eﬁwq,mg]

k>j-3 [m—k|<1

LY ([0 )

=> (,,/ VS g K (E—y) Y On0(y)dy

k>j—3 [m—k|<1

LY (0,00 })
< Y (AK 7] % Ar)
k>j—-3

S0 Y CYSGIRTPPID S T
k>j-3 |m—k|<1

It o efr 2

l

S X el RTIEDY 275 i s
k>] 3 [m—k|<1

m(2a—1)q
<Y ol /,A)( 3 gnea- >q|\9|\ lomir g B

S m—k|<1 )

<ol arzed 2 2PV o )
£2([0,00,F J/[:A;WF'” k>j-3 L (04 5)

N pia

Then, applying the Young inequality for series, we obtain

1

q

A 2-2

Iz 5 HGH - 2¢x+2,+i {221( a+pr+ )q z 2k (20—1) H(pkaL]([Om[ %l )Q}
£=([0,00[F N ey ez k>j-3

~ i—k)(2— 2,1 a
5 HGH 12a+l2,,+¢;){2( 2 2(/ )(2 2(X+,;/+,z)2k(1+,,/+ H(kaHLl [%/A))Q}

L0l F A 5 4 JEL k>j-3
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2

A _ i(2—20+2+%
<8l EERN L FESPED b Ak
):w([o,m[..?;.//p_m ) £ ([o,m[,.?i./vpim )i<3
<ol a2 o2 |17 2
~ 20+ 45+ % +5+%
([0l F N T et (0l F o T

i(2— 241
where the condition o < 1+ ZL + i, ensures that the series <3 2122045 %%) con-

verges. This finishes the proof of Proposition 1.

3.1 Proof of Theorem 1

From Proposition 1, we have
12(7,0)llx < Coll7llx|16]x- (20)

By Lemma 3, we know that if [|eV/IPI“e~(=2)% ||y < & with & = ﬁ, then the Eq. (12)
has a unique solution in B(0,2¢) :={y € X : ||y||x < 2¢}.

Now, let us prove that ||e\ﬁ‘D‘ae’(’A)a’vo||X < &. According to Lemma 5, we have

||e\ﬂ\D\ae*(*A)afV0HX <C|voll S 2D
73 P

A/p,/l-q

If ||vo| 22 <M withM = ﬁ, then (12) has a unique analytic solution.
FN

7 pha
This completes the proof of Theorem 1.
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Ambient Ozone Concentrations Modelling Using
Feedforward Backpropagation Neural
Networks: Spatial Modeling over the Agadir
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2 Department of Energy and Environment, Wilaya of Agadir, Boulevard Mohamed V,
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Abstract. The present study attempts to model ambient ozone (O3) concentra-
tions using the Feed-forward backpropagation neural network model as a function
of meteorological conditions and to draw a map of ozone concentrations over the
Agadir City and its neighboring regions. The data, used to train the network, was
collected during a period of 30 days in Agadir City using a mobile monitoring
station. The data was divided into two sets: 85% for the training and 15% for
the testing. Different neural network architectures were tested during the training
process. A network of two hidden layers with a [7-16-16-1] structure, Levenberg-
Marquardt as a training algorithm and log-sigmoid as a transfer function was
found to give the best predictions for both the training and testing data. Statisti-
cal agreement between predicted and observed values is evaluated by coefficient
of correlation (CC), root mean square error (RMSE) and mean absolute error
(MAE). Results show that artificial neural network modelling appears to be a
promising method for modelling air-pollution. IDW Inverse distance method was
used in order to interpolate the ozone concentrations over the city of Agadir and
its neighboring areas.

Keywords: Air quality modelling - Air quality monitoring - Neural network
model - Machine learning - Morocco - Pollution

1 Introduction

Air pollution is a major risk that affects the health of human beings in all over the
world. The World Health Organization announced that almost 4.2 million people die
prematurely every year as a result of exposure to ambient air pollution (World Health
Organization 2016). Many studies have been carried out since the 1990s which highlights
the strong dependence between urban pollution and short- and long-term health impacts
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(ANSES 2012). Short-term effects are clinical, functional or biological manifestations
that appear after exposure to air pollution in a short period of time (Kuenzli 2000).
Currently, less research has been done on the long-term health effects of air pollution
seeing that measuring the cumulative effects of lifelong exposure to air pollution is
complicated and expensive (Tertre et al. 2002).

If we shed a light on Morocco, the gross domestic product GDP is remarkably
affected by the environmental deterioration and especially the air quality degradation.
Although it is not considered as an industrial country, Morocco has put serious interest
in fighting air quality’s deterioration. The Moroccan kingdom has also been protecting
environment and health, considering them both as priorities. Thus, lots of measures and
precautions were taken aiming to do so (Chirmata et al. 2017).

High ozone concentrations in the atmosphere near the ground are of concern because
of potential effects on the environment and public health. Ozone is a secondary pollu-
tant: it is not emitted directly into the air (Comrie 1997). It is the outcome of complex
chemical reactions in the atmosphere. Ozone results when the primary pollutants nitro-
gen oxides (NOx) and non-methane hydrocarbons (NMHC) interact under the action of
sunlight. The use of gasoline and other fuels is the main source of the ozone precursors.
Furthermore, the generation of ozone is strongly connected to meteorological conditions
(Abdul-Wahab and Al-Alawi 2002).

Due to the expensiveness of AQMN (Air Quality Monitoring Networks), obser-
vational data are not always available especially in non-developed countries. Hence,
air quality modelling is an important tool for a better understanding of the situation.
Nonetheless, air quality modelling remains a challenging task considering the following
reasons:

The lack of emission data in many countries worldwide.

The large variety of species that influence pollutants such as ozone.
The complexity of atmospheric processes (Abdallah et al. 2018).
The complexity of the region’s topography

Artificial Neural Networks (ANN) are a set of techniques in the field of machine
learning, the principles of which are inspired by biological neural networks. The ANN has
demonstrated a remarkable success in different engineering fields thanks to their ability to
learn spontaneously from examples, over inexact and fuzzy data, and to provide adequate
and rapid responses to new information not previously stored in memory (Elkamel et al.
2001). Due to the complex and non-linear ozone formation, we used the artificial neural
networks (ANN) alongside with the Inverse Distance Weighted (IDW) method in this
work in order to model and interpolate hourly ozone concentrations in the city of Agadir
and its neighboring regions.
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2 Methodology

2.1 Area Description

Our study area is the prefecture of Agadir-Ida-Outanane. It is the capital of the Souss
Massa region. Bordered by the ocean to the west, the prefecture of Essaouira to the
north, the prefecture of Inzegane Ait Melloul to the south and the province of Taroudant
to the east. The Agadir-Ida-Outanane covers an area of 2,297 km?. It is made up of 6
urban districts, 2 circles, an urban commune and 12 rural communes, with a population
of 506517. Thanks to its climate, its diversity, its historical and cultural heritage and its
extensive beaches, the city of Agadir is one of the major international tourist destinations.
The region has significant economic potential based on its natural resources and its
possibilities in the fields of agriculture, fishing and tourism. Fishing is a key sector in
our study area and is an asset for the kingdom. It employs a large workforce and drains
investment and foreign exchange. The city has a large offshore coastal fishing port, as
well as a number of small fishing ports reserved for artisanal fishing boats.

2.2 Data Collection

In order to characterize the air quality in Agadir City, the Souss Massa Region has
a regional mobile laboratory and one fixed ground station dedicated to air quality
monitoring since 2010.

Hourly ozone concentrations and meteorological data (temperature, humidity, wind
speed and wind direction) were collected in different sites over the city of Agadir (Table
1). During the data collection processes, Chirmata et al. took into consideration the
representativeness of the station locations (Chirmata et al. 2017). That’s why they chose
three traffic sites (Al Massira Bus Station — Hassan II Hospital — International Camping
of Agadir) and one industrial site (Anza).

Table 1. Monitoring sites in Agadir City and their locations (using the longitude and latitude
coordinates)

Monitoring station Location (Longitude; Latitude)
Anza 9,658485; 30,448091
International Camping of Agadir 9,608422; 30,423595
Al Massira Bus Station 9,565632; 30,415886
Hassan II Hospital 9,550661; 30,437560

Table 2 presents a statistical summary of the variables measured from 07/01/2016 to
07/30/2016. The values (maximum, minimum, average, variance, standard deviation and
% missing values) are based on the hourly values in each of the four stations. Note that
Anza represents the maximum of the O3 concentrations recorded in all the other stations
with a value of 183.97 ug/m3. On the other hand, the average ozone concentrations in
all stations do not exceed 54.71 jLg/m>.
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Table 2. Characteristics of selected variables for the Anza, Al Massira Bus Station, Hassan II
Hospital, International Camping of Agadir monitoring sites.

Station Parameter Unity |Range | Average | % Variance | Standrad
[Min; Missing deviation
Max] values
Anza Ozone pLg/m3 [4,88; 45,28 0 725,1 26,93
183,97]
Temperature | °C [16,59; |20,73 0 9,92 3,14
27,2]
Humidity % [0,27; 84,85 0 283,12 16,83
90,14]
Wind ° [29,23; |211,99 |0 4067,8 63,78
direction 351,25]
Wind speed | m/s [0,01; 0,07 0 0,0049 0,07
0,52]
International | Ozone ug/m3 [7,5; 51,83 25,7 215,98 14,69
Camping of 132,58]
Agadir Température | °C [13,89; 23,03 6,19 1,02 1,01
27,59]
Humidity % [0,02; 80,75 6,19 432,47 20,79
90,25]
Wind ° [4,48; 165,09 6,73 5969,54 | 77,26
direction 328,17]
Wind speed | m/s [0,02; 0,99 6,73 0,91 0,95
4,15]
Al Massira Ozone ug/m3 [0,06; 45,85 4,71 229,5 15,15
Bus Station 84,52]
Temperature | °C [16,57; |23,95 0 1,62 1,27
30;33]
Humidity % [0,22; 78,01 0 653,5 25,56
90,2]
Wind ° 4,27, 165,09 |0 4476,32 | 66,91
direction 318,08]
Wind speed | m/s [0,02; 0,82 0 0,76 0,87
3,7]
Hassan 11 Ozone ;Lg/m3 [0,98; 54,71 19,24 420,2 20,23
Hospital 94.4]
Temperature | °C [16,43; |23,27 19,24 2,86 1,69
28,97]

(continued)
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Table 2. (continued)

Station Parameter Unity |Range | Average | % Variance | Standrad

[Min; Missing deviation
Max] values

Humidity % [0,26; 76,28 19,25 587.5 24,24
90,2]

Wind ° [39,38; |204,01 19,11 4308,11 | 65,64

direction 334,35]

Wind speed | m/s [0,02; 0,67 19,24 0,69 0,83
5,18]

In order to interpolate the O3 concentrations with good resolution over the city of
Agadir, we needed more observation points and therefore more data. As a result, we
extracted weather data from the “Institut Agronomique et Vétérinaire Hassan II. Com-
plexe Horticole Agadir” metrological database. Table 3 illustrates the different automatic
measurement stations. These stations measure only meteorological parameters. In order
to have also the ozone concentrations of these measurement points, we will use later in
this work the trained neural networks from the previous stations to give the estimated
concentrations.

Table 3. Sites near Agadir City and their locations (using the longitude and latitude coordinates).

Station Coordinates (Longitude; Latitude)
Biougra Tin Hammou 9,3739; 30,1881
Ouled Teima - Lagfifat 9,1539; 30,1940
Temsia 9,2452; 30,2148
Ait Melloul 9,5040; 30,3379
Khmis Ait Amira — Tin Ali Mansour 9,5454; 30,2099
Sidi Bibi 9,5409; 30,2234

2.3 Data Treatment and Analysis

One of the main problems most often encountered is that of missing data. It should be
noted that these are relatively linked to random or systematic errors. Therefore, it is
important to take steps to ensure the recovery of missing data.

The lack of data in the series is a major problem. We can only go ahead and make
analyzes on these series if the missing data reconstruction operation has already been
completed. To estimate the missing values, the method of the mean of the neighboring
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points was used. This method is used when it is an isolated missing value. It consists of
replacing a missing value with the average of daysd 1 andd + 1.

We then calculated the values of the zonal wind and the meridional wind from the
wind speed and the wind direction, using the following relationships:

Windy = wcos¢ (D

Windy, = —wsing 2)

where Wind, represents the zonal wind, Wind, is the meridional wind, w denotes the
wind speed and ¢ indicates the wind direction.

In order to compare the performance of the models, several numerical indices are
used to explain the quality of the model. These indices will be useful to us in the selection
of the best neural network for our case of study. The criteria used are as follows:

Z?: 1 lyi — xil
n

MAE = (Mean Absolute Error) 3)

1 n 2 ..
RMSE = || — E - (i —x;)* (Root - Mean - Square Deviation) 4)
n i=

CcC = Zi=1 (yl _ji)(xi _xl)
\/Z?:l (i = ;)" 2oy (i — %;)?

where y; and x; represent respectively the values of the observed and the predicted ozone
concentrations, and y; and x; are respectively the mean values of the observed and the
predicted ambient ozone concentrations.

(Correlation coefficient) (®)]

X1
Y1
Xi
Y2
Xn
The input layer The hidden layer The output layer

Fig. 1. The general structure of FFBP-NN.
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3 Artificial Neural Networks

Like any other scientific field, the field of artificial neural networks has had a long history
of development. This story begins in the early 1940s, but the real success only came about
30 years ago. Artificial neural networks are now considered among the best approaches
for analyzing heterogeneous information. The use of neural networks has been devel-
oped in several fields and disciplines, namely meteorology, environment, medicine, etc.
They are also applied to solve classification, forecasting or pattern recognition problems
(Schmitt et al. 2001).

3.1 Feed-Forward Back Propagation Neural Network (FFBP-NN)

There exists a plenty of neural network architectures. The most frequently used are
the ANNSs based on a feed-forward configuration of the multilayer perceptron (MLP),
also named FFBP-NN (Feed-forward Backpropagation neural networks). In the FFBP-
NN architecture, the neurons are organized as layers and the information strictly flows
forward: each neuron receives data, processes it, and provides an output, which becomes
the input of subsequent neurons, to the output neurons of the model, and the errors of
the network are propagated backwards. The MLP architecture consists of input layer,
one or more hidden layers and output layer (Bai et al. 2016). Figure 1 shows a general
structure of the three layers FFBP-NN.

The input layer receives the data to train the neural network, which is in different
formats (images, videos, text, words, sounds or digital data). Its size is directly deter-
mined by the number of input variables. As for the hidden layers, they are not in direct
contact with the outside. The activation functions of the hidden layers are nonlinear in
general, but there is no general rule to follow. The choice of its size is not implicit and
must be adjusted. The output layer presents the network results which are often obtained
after compilation and training, especially to perform classifications or predictions, with
the associated probabilities (Zhang and Ding 2017).

There is a plethora of activation functions. In this work, we used the log-sigmoid
function in the hidden layers and a linear transfer function in the output layer. The
mathematic expressions of the output of the hidden and output layers are expressed as
follows (Trigo and Palutikof 1999).

m m
Xj = fhidden (Zi:l W’J'”i)’ and yy = foutpu (Zi=l ijxj)’ ©

where u = (uj, up, ..., u;) i =1, 2, ..., m) represents the inputs, x = (X1, X2, ..., Xj) j =
1,2, ..., n) represents the outputs of the hidden layer, y = (y1,y2, ..., yi) (k= 1,2, ...,
p) represents the outputs of the network, w represents the weight matrix between two
layers, and fhidden and fouput are respectively the transfer functions of the hidden layer
and the output layer.

In order to estimate the weights that can associate properly the predictors with the
predictand, ANNs have to be trained, and there is a lot of algorithms to do so. In this
work, we trained the ANNSs using the Levenberg-Marquardt method, alongside with the
Bayesian regularization and the scaled conjugate gradient back propagation.
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3.2 Neural Network Development

Choosing the most suitable configuration of the model is not simple enough, given the
multiplicity of combinations to be treated and the large number of parameters to be
adjusted. In fact, there is no fixed rule for the choice of the number of neurons and layers
to use, the activation function, or the learning algorithm.

Selecting model parameters is a crucial step in designing a learning model. Unfor-
tunately, we do not have several meteorological and chemical parameters to test several
combinations and choose the most optimal one. As a result, the parameters that we have
chosen as input parameters of the neural network are: Hour of the day, longitude, latitude,
temperature, humidity, zonal wind and meridional wind. Regarding the output layer, the
concentration of ozone will be the only output parameter.

Like any other statistical model, ANNSs should be trained and tested using two inde-
pendent data sets. We divided our database into two groups: 85% of the data, or 612
cases, were used for training the model, the remaining 15%, or 107 cases, were used for
validation and evaluation of the quality of the model. We trained, validated and evaluated
the model using MATLAB Toolbox.

Table 4. FFBP-NNs used in this work and their learning algorithms, activation functions and
number of hidden layers.

Structure Algorithm Activation function Hidden layer
FFBP-NN1 Levenberg-Marquardt Log-Sigmoid 1
FFBP-NN2 Bayesian Regularization Log-Sigmoid 1
FFBP-NN3 Scaled Conjugate Log-Sigmoid 1
FFBP-NN4 Levenberg-Marquardt Log-Sigmoid 2

Different FFBP-NNs were trained on the data. We wanted to train different ANNs
using different learning algorithms and also changing the number of hidden layers as
shown in Table 4 and Table 5. The algorithms are written and ran under Matlab 2015
software.

Table S. The best input-output structures of MLP neural networks and their CC, RMSE and MAE.

Input-hidden-output structures | CC RMSE (|,Lg/m3 ) | MAE (1 g/m3)

FFBP-NN1 | 7-10-1 0,62 23,85 18,54
FFBP-NN2 | 7-16-1 0,69 14,48 23,01
FFBP-NN3 | 7-12-1 041 |18,51 19,13

FFBP-NN4 | 7-16-16-1 0,75 |13,71 20,66
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4 Results and Discussion

The objective of the calculations was to determine the effectiveness of the ANNs devel-
oped, in terms of its capacity to model ozone concentrations in the area of ongoing
exploitation. The best network structures trained are shown in Table 5 alongside with
their performance criteria. Three performance criteria were calculated in order to select
the best FFBP-NN. From Table 5, we notice that CC, RMSE and MAE differ significantly
from one structure to another.

By comparing between the structures with one hidden layer, we notice that FFBP-
NN2 gives better results compared to FFBP-NN1 and FFBP-NN3 with the best CC with
a value of 0,69 and the least RMSE with a value of 14,48 g/m3. In contrast, FFBP-NN2
represents the worst MAE worth 23,01 g/m3.

26T
23.85
24 [ ]

22t

a7 18.51

MSE
.

1er 14.48

- 13.71
14 -

MLP1 MLP2 MLP3 MLP4
NN structures

Fig. 2. Graph illustrating the evolution of MSE according to the different FFBP-NN structures.

Structures with two hidden layers have shown good performance compared to those
with one single hidden layer. Figure 2 shows the evolution of RMSE according to the
different FFBP-NN structures. Conforming to Table 5 and Fig. 2, FFBP-NN4 with a
[7-16-16-1] structure is the best MLP trained, with a CC of 75%, RMSE of 13,71 g/m3
and MAE of 20,66 ug/m3. The FFBP-NN4 with a [7-16-16-1] structure was selected
for further analysis as the best of those presented in Table 5 and Fig. 2. These results are
significant compared to other studies and models: a study was conducted in Agadir City to
model ozone concentrations using CHIMERE transport model, the ozone concentrations
obtained have a CC of 82%, a RMSE of 21,80 jug/m> and a MAE of 21,40 ug/m3 (Ajdour
et al. 2020).
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Fig. 3. Comparison of predicted and measured ozone concentrations for the validation data set
in the four stations (Anza, International Camping of Agadir, Al Massira Bus Station and Hassan
IT Hospital).

In order to illustrate the performance of the FFBP-NN4 of [7-16-16-1] structure, a
comparison of the changes between observed and predicted ozone concentrations in the
four sites (Anza — Al Massira Bus Station — Hassan II Hospital — International Camping
of Agadir) over a 24-h period is presented in Fig. 3. It can be noted that the predicted
concentrations are sometimes overestimated and sometimes underestimated. In general,
Artificial Neural Networks find it very challenging to estimate extreme values (Adnane
et al. 2020; Bai et al. 2019). Despite their simple structures, the neural networks used in
this paper allowed for a relatively accurate forecast of the ozone concentrations. However,
the model requires calibration in order to further reduce the existing differences between
the forecast and the observation.

In order to build a good resolution ozone map over the city of Agadir and its sur-
rounding areas, we extracted weather data from the “Institut Agronomique et Vétérinaire
Hassan II. Complexe Horticole Agadir” metrological database. The measurement sta-
tions, where the data were collected, do not have O3 measurement sensors. It is for this
reason that we injected the meteorological data of these stations into the neural network
previously selected in this work, in order to produce the concentrations of O3 in the six
measurement stations indicated in Table 3. This allowed us to have a satisfactory number
of points in order to interpolate the concentrations of ozone.
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We used IDW method to interpolate the ozone concentrations over the city of Agadir
and its neighboring regions. We chose IDW over the other interpolation methods thanks
to the fact that IDW is easy to define and therefore easy to understand and interpret the
results. Figure 4 shows a map that illustrates the interpolation of O3 concentrations in
the Agadir region using the IDW inverse distance method with the ARCGIS tool for the
day of 10/18/2010 at 12 am.

Legend
I 5.112351418 - 59,27928356
[ 59,27928357 - 94,99407341
[ 94,99407342 - 1204201092
[] 120.4201093 - 138 5213861
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I 2078219829 - 243 5367727
B 2435367728 - 293,7037048

Fig. 4. Map of ozone concentrations interpolated over the Agadir region using the IDW method
for the day of 01/07/2016 at 12 am.

5 Variable Importance Interpretation

A method for partitioning the neural network connection weights was proposed by
(Garson 1991). This method aims to determine the relative importance the ANN’s input
variables. It should be noted that Garson’s algorithm does not provide the direction of
the relationship between the predictor and the predictand variables, because it adopts the
absolute values of the connection weights when calculating variable contributions (Olden
and Jackson 2002). The formula given by Garson to calculate the relative importance of
the input parameters is as follows:

RI = Z" dwaw] )

=1 Y | wywic

where R]; is the relative importance of neuron i, Z,m=1 wijwjk is sum of product of final
weights of the connections from input neurons to hidden neurons with the connection
from hidden neurons to output neurons.
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Fig. 5. Bar plots showing the relative importance of each input parameter for predicting ozone
concentration based on Garson’s algorithm (Garson et al. 1991).

Figure 5 illustrates the results featuring the relative importance of the ANN input
parameters. The calculated contributions are ranged from 5,99 to 19,57%, with tem-
perature and latitude expressing the strongest relationships with the predicted ozone
concentrations, indicating that they should not be eliminated from the model. Although
zonal and meridional wind are exhibiting the weakest relationship, they are important

in our model because they give an indication of ozone dispersion (Ruiz-Suarez et al.
1995).

6 Conclusion and Perspectives

Our ANN models were developed for the Agadir City and its neighboring areas and
should be considered specific to this selected site. The methodology is generalizable;
however, it is probably not possible to extend the same exact model from the present
study to other sites. It should be noted that works in this field are very rare in Morocco.

Despite the limited amount of data, the feed-forward backpropagation neural net-
works have been able to provide satisfactory results. The findings of this work show that
the use of FFBP-NN in modelling air-pollution is promising. In general, the differences
observed could be attributed to the absence of a sufficient number of data and input
parameters to allow more advanced learning of neural networks, and to the scarcity of
measurement stations to allow a broad comparison with the observation. The complex
topography of the Agadir region is also cited as a reason for the deviation observed.

In order to improve the model, the next work will focus on the diversification of
input data and input parameters of neural networks. More work is ongoing to model the
other pollutants such as PM10 and NO2 over the city of Agadir.
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Abstract. In this work, we consider the Dirichlet—-Neumann problem
to the following initial nonlinear viscoelastic plate equation with a lower
order perturbation of P’ (x,t)-Laplacian operator and delay:

g + A% (t) + A—»<I HU — fot g(t — 8)A%u (s) ds — p1 Auy(t)

—p2Auy(t —7) + f(u) =0

Under suitable conditions on g, f(u) and the variable exponent of
7P (z,t) — Laplacian operator, it is proved the local existence and the
uniqueness of solution by the semi group method.

Keywords: Semi-group * Delay - Viscoelasticity plate equation -
Nonstandard growth conditions - Anisotropy

1 Introduction

In this paper, we consider the Dirichlet—Neumann problem to the following initial
nonlinear viscoelastic plate equation with a lower order perturbation of p (x,t)-
Laplacian operator and delay:

uy + A%u (t) — Ao, t)u fo (t — 8)A%u (s) ds — p1 Aug(t)
_MQAUt(t—T)+f( )= x € 2,t>0,
u=9%% =0, x € 0,t>0,
u(z,0) = up(x), u (,0) = ug (), x e

up (x,t —7) = fo(x,t —7), x e ,te(0,7)

(1)
where £2 is a bounded domain in R, n > 2 with Lipschitz-continuous boundary
I' =912, and ¢ > 2 is a positive constant

"9 ou
A?(%t)u - Z % <‘ ox;
i=1 7 1

is the 7’ (z,t)-Laplacian operator. The constant p; is positive and po is a real
number, 7 > 0 represents the time delay, g > 0 is a memory kernel and f is
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forcing term. In the absence of the viscoelastic term and delay term (g = 0 and
w2 = 0), and with the usual p—Laplacian operator A,u = div (|Vu|pi2 Vu),

(p > 2) the equation in (1.1) reduces to the fourth order wave equation
uge + A% (t) + div (|Vu|p*2 Vu) —eAuy = f (z,t,u,uy), (2)

which describes elastoplastic microstructure flows. The problem (1.2) has been
extensively studied (see [3,4,19]) and results concerning existence, nonexistence
and long-time behavior of solutions have been proved. The problem (1.2) without
damping or forcing terms is related to the elastoplastic-microstructure models
for longitudinal motion of an elastoplastic bar there arises the model equation

Ut + Uggae = +0Q (ui)w + f (IE) )

where a < 0 is a constant (see [3]). I. Chueshov and I. Lasiecka in [6,7] discussed
g + A% (t) + div <|Vu|2 Vu) —kus = 0 A(u?) + f (u),

and proved the existence of finite-dimensional global attractors
When ¢ = 0 and in the presence of the viscoelastic term (g # 0) in (1.2),
Jorge Silva and Ma [10], established exponential stability of solutions under the
condition
g'(t) < —cg(t), Vt >0, c > 0.

Andrade and al. [1] proved exponential stability of solutions for the plate
equation with finite memory and p-Laplacian. In the presence of the Kelvin—
Voigt type dissipation (e # 0). In [4], Nakao obtained the existence of a global
decaying solution for wave equation with Kelvin—Voigt dissipation and a deriva-
tive nonlinearity. Pukach et al. [17] established sufficient conditions of nonexis-
tence of solution for a nonlinear hyperbolic equation with memory generalizing
the Voigt—Kelvin model. Recently, Cavalcanti et al. [5] considered intrinsic decay
rates for the energy of a nonlinear viscoelastic equation modeling the vibrations
of thin rods with variable density.

In [2,8], the authors improved the results from [1] by establishing local and
global existence, as well as the uniqueness of the weak solution u(z,t) to problem
(1.1). To be more important, the authors of [2] and [8] established the local and
global existence, uniqueness of weak solutions and the asymptotic behaviour of
solutions.

Time delays so often arise in many physical, chemical, biological, thermal,
and economical phenomena because these phenomena depend not only on the
present state but also on the past history of the system in a more complicated
way. In recent years, there has been published much work concerning the wave
equation with delay. Kafini and Messaoudi [11] considered the following nonlinear
wave equation with delay

ug (1) — div(|Vu(®)|™ 2 Vu(t)) + prug(t) 4+ poug(t — 7) = blu(t)|P~u(t).
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They proved the blow-up result of solutions with negative initial energy and
p > m. LaterRecently, Kafini et al. [12] considered the blow up of solutions
with negative initial energy for the second order abstract evolution system with
delay. Motivated by previous works, we study the blow up of solutions. Recently,
Shun-Tang WU [18] investigated the following nonlinear viscoelastic problem
with delay

t
) gy — At — Augy — / gt — ) Au (s) ds + pus(t) + pous(t — 7) = blul .
0

He proved the blow-up result with nonpositive and positive initial energy by
modifying the method in [11,12]. Motivated by previous works, in this paper,
we investigate problem (1.1) and we prove a finite time blow-up result of solu-
tions, we will see that the direct method introduced and developed by Georgiev
and Todorova [9], in 1994 and Salim A. Messaoudi [6,7] is efficient in our case.
Combining this method with some necessary modifications due the nature of
the problem treated here. In this paper, we aim to prove that system (1) is
well-posed The main features of this paper are summarized as follows:

— We set the functions space
— We define the anisotropic spaces of functions depending on x and t
— we adopt the semigroup method to obtain the well-posedness of system (1)

1 <p; = const < p; (x,t) = p(x) < pj = const < 00, |pit| < Cp,,i=1,....,n

3)

2 The Functions Space

Let 2 C R™,n > 2 be a bounded domain with Lipschitz-continuous boundary
I'=012,q > 2 is a postive costant

We denote by C§° (£2) the space of in nitely di erentiable functions with a
compact support contained in 2. The inner products and norms in L? (2) and
H} () are represented by (.,.), ||.|| respectively and they are given by

() = [ wle)ola)ds ad [ulls ) = [Vul o = [ o

2 2 2
Iy = IVl = [ [Vl de

We recall some known facts from the theory of the Sobolev spaces with variable
exponent (see [10,14]). Let LP() (£2) be the set of measurable functions f on {2
such that

Ay (f) = /Q 1 (@)@ dz < oo.

The set LP() (£2) equipped with the Luxemburg norm

. f
110, = 5lcr = {2 05, (§) 1
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is a Banach space.Let us list some basic properties of the spaces LP(-) (£2) used
in the rest of this paper. It follows directly from the definition of the norm that

min (17120, 1715, ) < Apcy (1) < max (1712 1712

where

P~ =infp(e), () = infp(@),p = _r@)

We have following Holder-type inequality

1 1
fgldx§<+ ) f gl
/Q | o+ ) Moy Dol
<20 £l gl -

which holds for all f € LP0) (22),9 € LP'0) (2) with p(z) € (1, 00). The Sobolev
space wlirt (o with p(x) € [p~,pT] C (1, 00) is defined by
0
{Wol’p(‘)(Q) = {ue 120 (@) [vuP™ € L1 (@), u =0 on 002}, .

lully 10 oy = 225 1Dsullor.e +lull
0 (£2) (),

Let p(x) be log-continuous in §2,Vz,y € {2 such that |z — y| < %

Ip(z) — p(y)| < w (Jz —y|) with lim, .o, <w (1) In 71_) =C<oo (b

— Throughout the paper we use the following properties of the functions from
the spaces Wy ") (£2):

— if condition (11) is ful lled, then C§° (§2) is dense in Wol’p(') (£2) and the space
WO1 p() (£2) can be defined as the closure of C§° (2) with respect to the norm
(10)-see [14, 30, 37, 38, 39];

—if p(x) € C°(£2) ,the the space WOLP(')(Q) is separable and reflexive;

— if 1 < ¢(x) < supg q(z) < info pi(z) with

p(x)

if p(z) <n
={ n-pl) U P :
P+(@) { oo if p(x) < n,

then the embedding I/VO1 P (‘)(Q) < L90) (£2) is continuous and compact if
q < pi(z).

3 Anisotropic Spaces of Functions Depending on « and ¢

Consider the cylinder

Qr={z=(z,t):x € 2,t €[0,T]}
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of a nite height 7. Wherever it doesn’t cause a confusion we will use the notation
z = (x,t) for the points of the cylinder Q1 and drop the sub-indexT'. The lateral
boundary of the cylinder @ is I' = 92 x (0,T). If X is a Banach space, then
we denote by LP (0,7,X),1 < p < oo the Banach space of measurable vector
valued functions w : (0,7) — X, such that

S

T
[ Lo 0.7.x) = VO lu®)l% dt] ,1<p<oo,

()l zoo,7,x) = €ss sup_[u(®)||x,p = .
0<t<T

We will use the following function spaces (see [6])
W =W (Qr)={u:ueL?(0,T,H3 (2));us € L* (0,T, H} (2)) },
W® =W (Qr)={u:ueW(@Qr);ueL® (O,T,Hg (£2)) 5ur € L™ (O,T,L2 (2))}
endowed with the norms
lullw @) = llullw(gny + ||UHL°°(0,T7H3(_Q)) + lull oo 0,7, 22(2))

Note that [lu[|y,(o) may be used in the equivalent form

lellw () = 1wl L2y + 1 Aull L2 () + VUil L2 (q)

Let p(z) = P = (p1(2), ..., pn(2)) be a vector-valued function defined on Q = Q7.
We assume that the components of p(z) satisfy the conditions

pi(z) are measurable functions defined on Q;
there exist constants p;t, ptsuch that

pi(2) € [py.pf] S lp~,pT] C (1,00)

For every fixed ¢ € (0,T); we introduce the anisotropic Banach space

Vi(2) = {u () ru(x) € L? ()N VVOL1 (£2),|Dju (x)

pi(z,t) c I} (Q)},
lullv, (o) = llully,o + Z 1Dl 0,0 + 1Aully o -
i1

The elements of the space V; (§2) depend on ¢ € (0,T)as a parameter and the
norms |[ufly, g, are functions of ¢ By V/ ({2) we denote the dual space to V; (£2)

with respect to the scalar product in L2 (£2) .For every t € (0,7) the inclusion.

Vi(2)Cc X =Wy* (2)NnL*(Q)
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holds. This is why V; (£2) is reflexive and separable as a closed subspace of X.By
W+ (Q) we denote the Banach space

W (Q) = {u (0, T) — Vi () ‘u € L2(2),|Diu(z)[Pi®D € L1 (2),u = OOnF},

n
lullwe, (@) = llullz,g + X I1Diully, () o
i=1

(W (Q))/ is the dual of W+ (@) (the space of linear functionals over W (Q)).
We have the following characterization

P El(wo,wl,...,wn),wo eL? (Q)’wi ELP;?(') (Q)’
we (W3 (Q)) < {ng eW(Q) (w,¢)) = fQ (wod + D1y wiD;) dz.

The norm in W’ (Q) is defined by

el gy = sup { (s 8} |6 € W (@), Illuq) < 1}

Let v = (v, ..., v,) be a vector-valued function de ned in @. Assume that p; (2)
satisfy conditions (12). Introduce the modular

Ap(.)(v) — Z/Q |Ui‘pi(z) dz.
i=1

For the elements of W (Q) the following inequality

. n B n N
min {Z 1Dull}, 500D Di“”ii(.,.),cz}
i=1 i=1

< Ap(..0(Vu) < max {Z 1Dl 0> IDi
i=1

i=1

p+
pi(.,.),Q} (7)

holds. We also use the space W2 (Q)

W Q) = {uiue Wy (@), lu, "™ € L% (0,7, L' (2)) }

Note that
2n

n—2

W (Q) C W= (Q) if p* <
We introduce also the functional space
U@ =w(@nW%(Q)
endowed with the norm

lully gy = lullwg) + HUHW?(Q)
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and

U*(Q) =w=(@Q)nWF (Q)

For the exponents p;(z,t) depending on (x,t) € @ we will use the notation
pi € Clog (Q) if p; satisfies condition (12) in the cylinder @ and:

| Va=(t).(=T1)EQ
Crog (Q) == pi € C° (Q) such that |z —y|+ |t — 7| < %’ (8)
|pi (2) —pi (2)] <w (]z =)

with a continuous function w satisfying the condition

_— 1
lim, p+w(r)ln—=C < +o0
T

4 Statement of the Problem

We consider a class of non linear viscoelastic plate equations with delay and with
7D (z,t)-Laplacian type

{utt + A2 (t) — App fo (t — 8)A%u(s) ds — py Auy(t) )
—p2Az (1,t) + f(u) =0, in 2 x RY,

{u=24=0, inoN2 x R* (10)
u (z,0) = up(x),us (2,0) = uy(z),onz € 2
{ut(x,t—T)O: folx,t—7),onz e 2t e (0,7) (11)

where 2 is a bounded domain on RY, n > 2 with Lipschitz-continuous boundary
I' = 002. With p; is a positive constant s is a real number,7 > 0 represents the
time delay, and g > 0 is a memory kernel f is a nonlinear function. We define
the operator p (z,t)-laplacian by the following formula

"9
i=1 v

By using the direct calculations, we have

fo (t — ) (Aug (t), Au(s) ds——%%{goAu (fo )\AUH}
—59() [|Au|® + § (' 0 Au) (t)

pi(x,t)—2 6u

8951-

ou
8951-

) 77 = (plaan "';pn)

(12)

where
(g0 Au) (t) = / ot — 3) | du (s) — Au (1) ds

With py and po are satisfied
ol < (13)

For the relaxation function g, we have the following assumptions
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(A1) g: [0, +00) — [0, 400)is a bounded differentiable function such that

g(0) > 0,9(s) >0,1— /Ooog(s)ds =v>0

(Az) There exists a nonincreasing differential function

£:]0,+00) — [0, +oo) Such that
g'(t) < —&g(t),vt >0 andf t)dt =

We refer the reader to the work of Nicaise and Pignotti'® for the existence
of solutions to nonlinear problems with delay. Let us introduce the function

z(z,p,t) = us (z,t —7p),x € 2,p€(0,1),t >0 (14)
Then, we obtain
Tzt (7, p,t) + 2 (z,p,t) = 0,2 € 2,p € (0,1),¢ >0 (15)

The problem (9)—(11) is equivalent to

upe + Au (t) — e — [ g (s) ds — p1 Au(t)
—p2Az (1,t) + f(u )( ) 09 on 2 x (0,1) x (0,00),
TZt (xvpv t)+ZP ($7pat) :07 on (07 1) X (0700)7 (16)

2(0,t) = u(t), on (0,00),
Z (P; 0) = fo (.%‘, —Tp) , On (07 1) )

Let ¢ = u; and denote by U = (u, ¢,2)T, Therefore (16) can be rewritten as
follows

(17)

{ U =AU
U(0) = (uo,u1, fo (-, —7))"

where the linear operator A is defined by

(18)

z _%ZP (J?,p,t)

u ¢
A <¢) = (—N W) + A g pyut [ 9(8) A% () ds + ju A(t) + p2 Az (1, 1) —f(u))
(1

9)
With the domain

D(A) = {(u,qb,z)T € H, z(,0)= ngon.Q}
Such that
H={ueH*(2);¢ € H)(2);2(.,1) € L*(£2); 2,2, € L*((0,1) x 2)}
Now the energy space is defined by
K = H}(02) x L? () x L* ((0,1) x £2)
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equipped with the inner product

(g, 7 >L2((0 +o0)x HA(92)) / / $) @y (2, 8) 2, (x, s) dsdx

Let ~ ~
{U= (@) andl = (@,6,2)"

Then, for a positive constant { satisfying

T |p2| < ¢ <7 (1 — [p2]) (20)

Now, we define the inner product in K as follows:

(0.0), = [ {00 = tostics} d:c+/ Zm
+C// (z,p)Z(x,p da:dp+// Au(s)dsdx

The existence and uniqueness result is stated as follows;

P1~

pi

dx

Z

Theorem 1. For any Uy € K there exists a unique solution U € C ([0, +o0[, K)
of problem (18). Moreover, if Uy € D(A) then U € C(]0,+oo[, D(A)) N C*
([0, 4+o0[, K).

Proof. In order to prove the result stated in Theorem 1, we use the semi-group
theory, that is, we show that the operator A generates a Cy semi-group in K.
In this step, we concern ourselves to prove that the operator A is dissipative.
Indeed, forU = (u,$,z)T € D(A) and ( is a positive constant, we have

(AU, U)o = — /Q A2ug(t)ds + /Q A (o yus(t)de + /Q /Ut 9(8)A%u (s) 6(t)dsda + /Q 11 Ab(t)b(t)da
+./Q poAz (z,1,t) ¢ (t) de — /Q f(uw)e (t) dz — é /_Q '/01 zp (x, p, t) Azdpdx
=0 (21)

By applying the integration by part for each term of (21) we find the results as
following

A2u¢( t)de = — Au(x,t)A(b(t)da: (22)
/A_)ztu¢ Z/|U‘Iz

/Q /O g(s)A%u (s) ¢(t)dsdx = / / A¢(t)dsdx (24)

" /Q Ad(t)$(t)dz = —py ||V (1) (25)

pi— um ¢, d (23)
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,m/ Az (2,1,1) 6 (1) do = —Mg/ V(2,1,8) Vo (¢) da (26)
2 2

1 1 1 1
- 7/ / 2y (z,p, 1) Azdpdx = —5r IVz (z,1,8)|3 + > IVo@®ll5  (27)
T nJo T T

By substituting (22)—(27) in (21) we find

(AU, U) , / Au(z,t)Ap(t)dz — Z/ |u1 |p1 Ug q&,ldx—i—/ / (8)Au (s) Ap(t)dsdx
—p Ve (B3 — p2 /Q Vz(z,1,t) Vo (t) dx

52 192 @ L0 + 52 196 013 = [ 7o) da
—0 (28)

Using Young’s inequality, we obtain

~pa [ V1.0 Vo0 do < V2 9 @10l - B2 vo I} 20

Now by using (12) we get the following result

2

— 2 a(t) I Aul} (30)

[ [ aaus) aswasis = 2 (o o au) o) - 55 2 {woaw o - ([ aas) naui}

If we replace the results obtained in (28) we find

(AU U) ¢ < = ; Au(z, 1) Ap(t)dx — é/g [t [ g, b, e —/Q f(u) (t) da

— 590143 - 55 o 2w 0 - () 19 @ L0

i goanm+id (/tg<s>ds) Al
- (m+ 52 ) Ivecl:

keeping in mind the fact that

g (t) < —&9(t)

Then we have
<AU, U>K <

Now to show that the operator A is maximal monotone, it is sufficient to
show that the operator AI — A is surjective for a fixed A\ > 0. Indeed, given
F=(fi, f27f3)T € H, weseek V = (u7¢>7z)T € D(A) solution of
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Au—¢=fi
Ap — (A% (t) + Agpyu+ [y 9(s)A%u (s) ds
+u1 Ap(t) + poAz (1,t) — f(u )) = f2
Azt Lz, (z,pt) = f3

suppose we have find u with the appropriate regularity, then
¢=Au—fi (32)

It is clear that ¢ € Hi (£2). Furthermore, by (31), we can find 2 usz (z,0) = ¢,
x € £2. Using the approach as in Nicaise & Pignotti 6, we obtain,

1
2 (z,1,t) = ¢p(x)e ™ + 17 / e fy (z,0) do
0

from (32) we obtain

2 (x,1,t) = u(x)e ™ — fi(z)e N +1e /1 e f (x,0) do
0
= \u(z)e ™ 4 zo(x) (33)
With .
20(x) = e / e f3 (x,0) do — fi(x)e T (34)
0

So we find the second equation of (31) in the form

Mu(z) — (=A% (z) + Ag (o pyu + fof 9(8)A%u (s) ds (35)
7/\f1 + ,L"lAZ (70) + ,U'QAZ (Lt) - f(u)) = f2

for x € £2, we have

The system (31) can be reformulated as

Mu(z) + A%u(z) — Ag oyt — fo s)ds

— A1 Au (z) — Ae A7 gAu( )+ fu) = f2 —i— )\fl —|— oAz (36)

We must now prove that (36) admits a solutionu € H? (£2) N HE (£2) and replac-
ing it in (32), (34) to getV = (u,$,z)" € D(A). To solve the problem (31) we
consider

@ (u,v) =W (v),Yv € H} (2) (37)

2

where the bilinear form ¢ : (H} (2))” — R and the linear form ¥ : Hg (£2)

— R are defined by

wv) = u(z) + A%u(z) — <m T g(s) A% (s) ds e
pl) /9< —AurAu (z ) Ae iTMzAu( )+ f(w) ) da, Vv € Hy (£2)
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¥ (v) = /Q (f2 + p2lzo + 1) vde, Vv € Hy ()

it is clear that @ is continuous and coercive, and ¥ is continuous. So applying
the Lax-Milgram theorem, we deduce that for allv € Hg (§2) problem (37) admits
a unique solution u € H} (£2). Tt follows from (36) que u € H? ()N HE (£2).
Therefore, the operator \I — Ais dissipative for any A > 0 Then the result in
Theorem 2.2.1 follows from the Hille-Yoshida theorem.
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Abstract. In this paper, we establish a new result concerning the existence and
uniqueness of solutions for nonlinear fractional differential equations with fuzzy
boundary conditions. As application, we give an illustrative example to show the
effectiveness of the obtained result.

1 Introduction

Recently, fuzzy analysis and fuzzy differential equations were proposed to handle
uncertainty due to incomplete information that appears in many mathematical or com-
puter models of some deterministic real world phenomena.

In recent years, fractional differential equations have attracted a considerable inter-
est both in mathematics and in applications as material theory, transport processes, fluid
flow phenomena, earthquakes, solute transport, chemistry, wave Propagation, signal
theory, biology, electromagnetic theory, thermodynamics, mechanics, geology, astro-
physics, economics and control Theory (see [1,3]). The concept of fuzzy type Riemann-
Liouville differentiability based on Hukuhara differentiability was initiated in [2] and
using the Hausdorff measure of non compactness the authors established the exis-
tence to some fuzzy integral equations using appropriate compactness type conditions
basic works related to the fuzzy fractional differential equations we refer the reader to
[4,16,17].

Motivated by the above works, in this paper, we study the existence and uniqueness
results of solutions for the following fuzzy fractional boundary value problem:

Dlu(t) = f(t,u(t)), tE€a,b], (1)

u(@)=AcE' and u(b)=BcE" 2)

where D7 is the Caputo derivative of u(¢) at order ¢ € [1,2] and E' is the collection of
all fuzzy numbers.

The paper is organized as follows. In Sect. 2, we give some basic properties of fuzzy
sets, operations of fuzzy numbers and some detailed definitions of fuzzy fractional
integral and fuzzy fractional derivative which will be used in the rest of this paper.
In Sect. 3, we introduce the existence and uniqueness results of solutions for fuzzy frac-
tional boundary value problem. Illustrative example will be discussed in Sect. 4.
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2 Preliminaries

Definition 1. [18] A fuzzy number is mapping u : R* — [0, 1] such that

1. u is upper semi-continuous,

2. u is normal, that is, there exist xo € R" such that u(xp) = 1,

3. uis fuzzy convex, that is, u(Ax+ (1 —A)y) > min{u(x),u(y)} for all x,y € R" and
A €]0,1],

4. {x € R", u(x) > 0} is compact.

The o — Cut of a fuzzy number u is defined as follows:
[u]* ={x e R"Ju(x) > a}.

Moreover, we also can present the o — cut of fuzzy number u by [u]* = [u; (), ur(ar)].
We denote by E” the collection of all fuzzy numbers.

Example 1. Let u be a fuzzy number defined by the following function:

x—=1 ; x€][1,2],
m)={ —x+3: xe3],
0 . elswhere.

Then we have u' = {2}.

Definition 2. Let r € [0,1].
A fuzzy number u in a parametric form is a pair of functions (u(r),#(r)), which satisfy
the following requirements:

1. u(r) is a bounded non-increasing lef continuous function in ]0, 1] and right continu-
ous at 0,

2. u(r) is a bounded non-decreasing lef continuous function in |0, 1] and right continu-
ous at 0,

3. u(r) <u(r)Vre|0,1].

Remark 1. Letu € E'.
We can present the r — cut of u by

Definition 3. [13] Let r € [0,1] and u = (u(r),u(r)),v = (v(r),v(r)) € E!, then the
Hausdorf distance between u and v is given by

D(u,v) = sup d([u]",[v]") = sup max{|u(r)—v(r)],[u(r)—v(r)[}
r€0,1] re(0,1]

Proposition 1. [10] D is a metric on E" and has the following properties:

1. (E™;D) is a complete metric space.
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2. D(u+w,v+w)=D(u,v), Yu,v,w € E".
3. D(ku,kv) = |k|D(u,v), Yu,v € E" and k € R.
4. D(u+w,v+z) <D(u,v)+D(w,z), Yu,v,w,z € E".

We denote by €'(J,E™) space of all fuzzy-valued functions which are continuous on J,
and Z.(R") the collection of all the compact subset of R”.

Definition 4. [9] The generalized Hukuhara difference of two fuzzy numbers u,v € E"
is defined as follows:

i) u=v+w,
USgHV =W { or
iv=u+(—1)w.
Proposition 2. [9]Ifu € E' and v € E', then the following properties hold.

1) uSgy exists and it is unique.
2) uSgpu=0g.

3) (u+v)Senv=u.

4) uSeuv=0p S u=v.

Definition 5. [18] According to the Zadeh’s extension principle, the addition on E! is
defined by:

(u@v)(z) = sup min{u(x),v(y)}.
z=x+y

And scalar multiplication of a fuzzy number is given by:

wonw = {59070

The following arithmetic operations on fuzzy numbers are well known and frequently
used below(see [13]) If u,v € E! and ot € [0,1], then we have:

[ +v]% = [u]* + ],

= v1% = [uf —v3uy =],

o e [Aul AuS)if A >0,
Vo] = kfu {wg,xuﬁ if <0,

[wv]* = [minufv ufv  uSve usvg  maxu$ vy ufvg  u§ v udvy].
Definition 6. [7] Let f : [a,b] — E" and ty € [a,b]. We say that f is Hukuhara differen-

tiable at # if there exists f’(zp) € E" such that:

f/(zo) — lim fto+h) Sen f(to) — 1im f(to) ©en f(to — h) -
h—0t h 0 h
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Remark 2. Let f : [a,b] — E"™ be a fuzzy function such that [f(x)]* =
[f(x:0), f(x; )] for each o € [0,1] then

@] = [f (), o).

Definition 7. F : [a,b] — E" is strongly measurable if Vo € [0, 1], the set-valued map-
ping Fy : [a,b] — Z:(R") defined by Fy(t) = [F(t)]” is Lebesgue measurable.

A function F : [a,b] — E" is called integrably bounded, if there exists an integrable
function & such that, |x| < h(r), Vx € Fy(z).

Definition 8. Let F : [a,b] — E™. The integral of F on [a,b] denoted by / F(t)dt,
1

is given by

b o b

[/ F(t)dt} = /F(X(t)dt = {/ f()dt | f:]a,b] — Ris a measurable selection for Fa}.
a J a

for all o € [0,1].

Proposition 3. Ifu € E' then the following properties hold
1 [P C[W)%ifo<a<p.

2. If o, C [0, 1] is a nondecreasing sequence which converges to o, then

() = () [u).

n>1
Conversely, if A% = {[uf ,u¥]; o € [0, 1]} is a family of closed real intervals verifying
(1) and (2), then A* defined a fuzzy number u € E' such that [u]* = A%.
2.1 Fractional Integral and Fractional Derivative of Fuzzy Function

Let g > 0, the fractional integral of order ¢ of a real function g : [a,b] — R is given by
1) = gy [ (-9 s
= - s)ds.
ST e ¢

Let f(t) € L([a,b],E") such that f(r) = [f*(t),f¥(t)]. Suppose that f¥, f{* €
L([a,b],R) for all € [0, 1] and let

a_| ! l—sfassit—sfass
1= | i [ s s [ gea]). o

Ja

where I'(.) is the Euler gamma function.
We have the following lemma.

Lemma 1. [3] The family {A%; o € [0,1]} given by (3), defined a fuzzy number u € E'
such that [u]* = A* .



Notes on the Existence Results for Nonlinear Fractional Differential Equations 83

Definition 9. [16] Let f(¢) € L([a,b],E").
The fuzzy fractional integral of order g € [0, 1] of f denoted by

1 't

170 = s [ =9 Fs)as
is defined by

()% =1 fi(ts 00), 1 fy (15 00)]
Proposition 4. [16] Let f,g € L([a,b],E") and b € E', then we have:
L Fbf)(e) = b f(r).
2. 19(f+g)(t) =19 (1) +19g(z).
3. 10IR f(r) = 1970 f (1), where (q1,42) € [0, 1],

Example 2. Let x : [a,b] — E' be a constant fuzzy function such that x(t) = u € E'.
If [u]* = [ul,u?], then

[F9x(1)]* = [qu) / t(z—s)q*'u}x(s)ds,ﬁ / "= )92 (s)ds | .

14

[x(1)]* = m[”}xaufx]'
o tq o
[x(t)]" = m[u] -

Definition 10. [16] Let f € C([a,b],E')NL([a,b],E").
The function f is called fuzzy Caputo fractional differentiable of order 0 < g < 1 at ¢ if
there exists an element DY f(¢) € E' such that

@/a (t—5)T 1 f(s)ds.

Remark 3. [16] Since[f(¢)]* = [fi(t; &), f+(t; )] for each & € [0, 1], then

[DUf(1)]* = ["DUfi(t:0),  DUf(t:cx)]

DAf(r) =

Where . .
Difi(t;o) = (g /a (t =)V f] (s, ax)ds.

D (10) = s [ 0= s

Example 3. Let x : [a,b] — E' be a constant fuzzy function such that x(t) = u € E'.
If [u]* = [ul,,u?], then
FD7x(1)]% = [1 /t(t 0 (ul Yds, —— / = ) () ds |
I'(q) Ja 7 (q) Ja ¢
[“Dx(1)]* = {0}.
Dix(t) = Op1.
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3 Main Results

Without loss of generality we solve the boundary value problem (1)—(2) for A = 0.

Definition 11. A function u(¢) is a solution of the system (1)—(2) if and only if it satisfes
the differential Eq. 1 and the boundary conditions 2.

Lemma 2. A fuzzy function u(t) is a solution of the system (1)—(2) if and only if u(t)
satisfes the following requirements:

1) u(t) is continuous.

—q)! 't
2) u(t) satisfies the integral equation u(t) = HB—F/ G(t,s)f(t,u(s))ds.
I ;
Where
(=)t Vol (p_ gya-]
Glts) = 1 ((;l,:a));zjll (b—s) (t—s) ,a<s<tr<b
I'(q) f;yH (b—s)a! ,a<t<s<b

Proof. By using the parametric form of fuzzy number we have u(t) = (u(r),u(r)), then
the problem (1), (2) is equivalent to

{qu(t;r) = f(t,x(t;r)s7); t € [a,b] @
x(a;r) =0(r), x(b;r)=B(r).
And
{D"u(t;r) = f(e,u(t;r)sr); t € [a,b] 5)
u(a;r) =0(r), u(b;r)=B(r).

It is well known that solving (3) is equivalent to solving the integral equation

(t_a)q_l (l—a)q_2 t o
I'(q) +d I'qg—2) +/a G(t,s)f(t,u(t;r);r)ds.

u(t;r)=c

where ¢ and d are some real constants.
Now, d = 0 by the first boundary condition. On the other hand, u(b;r) = B(r) wich
implies that

_ayt b
B(r) zc(br(;)q—l—/a (b—s)qfli(s,g(s;r);r)ds.

which implies that

= e (0= [0 9 plsatsryinas)

(t—a)1!
I'(q)

i) = oD (500~ [ 09 gt atsiins — [ fatesryinyas.

(b—a)

By the same way we can solve the problem (4) and this complete the proof.
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Proposition 5. Ler G be the Green function given in Lemma (2) Then

.b 1
/a G(t,s)|ds<(1i1(q)q>q+1

1

(b—a)i™! (6)

Proof. Tt is known [2], Lemma (2.2) that G(¢,s) > O for all ¢,s € [a, ]. Therefore

[ 160.5)1as= ﬁ/(((b b~ )
/b ((; Z))Z (b— sq1>d5,

L (t—a)r" (b— t)q 1 (t_a)q—l (t—a)qfl (b—a)q*]
~rig (oo o gy )
L (et a) 1 (g

F(q ( q —a)i! g )-,
:ALJ’a) '(b— )

I'(q)

We define g : [a,b] — R by

(r—a)t'(b—1)

g(t) = p

Diferentiating the function g we immediately find that its maximum is achieved at the

point
o (g—Db+a
q )

Moreover X
B a—1)1""(b—a)l
glrr) = ==

wich complete the proof.
Theorem 1. Assume that f : [a;b] x E' — R is continuous and satisfes
D (f(t,u(r)), f(t,v(t)) < KD(u,v); such that K €]0,1].

fK@*IV”
I'(q)q*!
lem (1)—(2) has a unique continuous solution.

(b—a)?"! < 1, then the following fuzzy fractional boundary value prob-

Proof. Let C([a,b],E") be the complete metric space of all fuzzy continuous functions
defined on [a, b] with the distance D.

Let u € C([a,b],E") and by Lemma (2) u is a solution of (1)~(2) if and only if it is
a solution of the integral equation
(l — a)‘I*I b

u(t) = WB—F ) G(t,8)f(t,u(s))ds.
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Let T : C([a,b],E') — C([a,b],E") be an operator defined by

Twﬂg)a)3+/(HstM)M

for ¢ € [a,b]. We will show that the operator T has a unique fixed point.
Letu,v € C([a,b],E"), then

D(Tu(t) /|Gstw u(s),s), F(v(s),5)))ds.

giL|G@JMKIXu@Lv@Dd&
K(g—1)+"
I'(q)q*™!

Thus we conclude that T is a contraction mapping on C([a,b],E') and by using the
Banach fixed point theorem we get the desired result.

(b—a)?'D(u,v).

3.1 [Illustrative Example

Example 4. As an example we consider the fuzzy fractional boundary problem
D3 (u(t;r),a(t;r)) = (sin(u(t;r)), sin(@(t;r))) 1 €[0,1] (7)

(u(0;r),u(0;r)) = (0,0)  (u(l;r),u(1;r)) =0. ®)

Here f(t,u(t;r); )—sm( (t;7)).
And |sin(u(1))] < 1=
Since ¢ = 3/2, then we have

1(g—1)4"!
I'(g)gat!

Since the conditions of theorem 1 are satisfied, then the problem (7)—(8) has a unique
solution.

3
1-0)7" = 2133273,
(1-0) i

4 Conclusion and Future Work

In this paper, we studied the existence results for a fuzzy fractional boundary problem
by using the Banach fixed point theorem.

Our future works is to extend the results of this paper to generalized cases like the
intuitionistic fuzzy fractional boundary value problem for parabolic and hyperbolic type
equations.

Acknowledgement. The authors would like to express their sincere apreciation to the referees
for their very helpful suggestions and many kind comments.
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Abstract. The World Health Organization (WHO) estimates that outdoor and
indoor air pollution effects cause approximately 7 million premature deaths each
year. In Morocco’s case, the economic cost of air quality degradation is about
1.62% of GDP. Several studies have been conducted in air quality modeling to
address the transport equation, and various numerical methods have been pro-
posed. As a result, the research aims to compare six numerical method combi-
nations used in the CHIMERE model. Preliminary air quality modeling results
have revealed a discrepancy between the model and ozone observations, which is
more likely due to the accuracy of the input data, such as emissions, meteorol-
ogy, or land use data. The fastest combination, adv00 (Upwind-Upwind), on the
other hand, provides a significant improvement, especially when a high spatial
resolution is used, as in this study. The results can be used to guide the selection
of a perfect algebraic polynomial interpolation for transport-dominated problems
(advection). Furthermore, it allows us to manipulate the CHIMERE model to make
it as realistic as possible.

Keywords: Air quality modeling - Transport equation - Numerical method
combinations - Transport-dominated problems - CHIMERE model

1 Introduction

For different reasons, including increasing urbanization, intensive industrial pollution,
traffic emissions, agriculture, and energy consumption, increasing air pollution levels
are a global issue (Avtar et al. 2019). There is a wealth of scientific information avail-
able today about air pollution and its effects on health (Rovira et al. 2020). Although
there are still gaps and uncertainties in this database, it provides a solid foundation
for the World Health Organization’s (WHO) pollutant concentration guidelines (WHO
2020). The leading cause of fatal respiratory diseases was air pollution, both outside and
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inside. The most serious environmental issue is pollution caused by high levels of ozone
(Li et al. 2020). Photochemical reactions in the presence of light and precursor pol-
Iutants such as nitrogen oxides (NOx) and volatile organic compounds (VOC) produce
ozone in the atmosphere. Significant health effects are expected if concentrations exceed
240 g/m3 for more than eight continuous hours. This conclusion is founded on the find-
ings of numerous clinical inhalation and field studies. Healthy adults and asthmatics can
expect significant reductions in pulmonary function and airway inflammation, resulting
in significantly worsened health symptoms (Heberle et al. 2019).

Morocco has invested heavily in installing air quality control systems in several cities.
In 2018, the air pollution’s economic cost was estimated at 1.62% of the country’s GDP,
says Morocco’s Secretary of State for Sustainable Development (Croitoru et al. 2017).
This large number has prompted Morocco to make special efforts to combat air pollution.
In this context, many new studies in Morocco, specifically over the city of Agadir,
presented the evaluation of air quality. A survey was conducted in Agadir city to prioritize
local air quality issues, highlighting the need to update the local Air Quality Management
(LAQM) and the Air Quality Monitoring Network (AQMN) implementation regularly
(Chirmata et al. 2017). We can point to studies that employ deterministic models, such
as the CHIMERE model (Ajdour et al. 2019; Ajdour et al. 2020), as well as others that
employ artificial intelligence to forecast air quality over Agadir (Adnane et al. 2021).

In the atmospheric science field, accurate numerical simulation of tropospheric air
pollution phenomena has become a critical challenge (Todorov et al. 2020). Advection-
dominated problems are a subset of partial differential equations (PDEs) in which other
terms are relatively minor compared to advection (Appadu 2013). In the chemical species
conservation equation, different numerical solvers are used for the advection equation,
the properties of these solvers leading to a range of errors. It should be indicated that
the advection term is to blame for all of the problems in computational processing.
Mostly, the self-adjoint property in space is destroyed by this term (Cao et al. 2017).
Typically, numerical methods for multidimensional problems are built by reducing them
to a sequence of one-dimensional problems. Furthermore, these methods must preserve
most aspects of the continuous model, such as the solution’s positivity. Because most
of the equations used do not have an analytical solution in closed form, it is critical
to determine an accurate numerical approximation. Several studies on the CHIMERE
model have been conducted, but only with the PPM numerical solver (Menut et al. 2013).
Despite their rarity, it is also essential to mention some studies that have looked into this
type of numerical comparison (Hutchison and Mitchell n.d.). The advection equation
should be solved using an accurate numerical method to improve the model. Given the
significance of the advection phenomenon, it is critical to identify the most appropriate
numerical resolution method, particularly in the Agadir case.

The primary goal of this study is to improve the chemical transport module
CHIMERE in the city of Agadir. As a result, we compared six numerical method com-
binations, three for horizontal and two for vertical transport. The results are evaluating
using ozone observation data from the fixed station collected in July 2016. In addition,
the stability and accuracy of each combination were investigated. This paper is organized
as follows: in Sect. 2, we introduce the model theory, the transport equation, and the
finite volume methods that have been evaluated. In Sect. 3, We will present the Chimere



90 A. Ajdour et al.

model configuration, and we will describe the results of this simulation. In Sect. 4, some
conclusions are provided.

2 Methodology

2.1 CHIMERE Concept

The evolution equation of a chemical species’ concentration fi can be decomposed as
the number of individual factors, which can be determined directly or indirectly.

il ) ) B 5 P ) M )
ot ot Advection ot Turbulence ot Chemistry ot Emissions ot Depot

With:

of; o
<§>Advection B V(uf) (2)
(8_ﬁ> = —V(kVf) (3)
ot Turbulence
of; )
= = Pi— Lif )
< ot Chemistry
of; B
(E>Emi‘vsions =F (5)

of; (o
(E)Depot B Vd.( 0z >sol (6)

P and L represent output and loss terms due to chemical reactions, and vd is deposition
speed. fi is a vector containing the concentrations of one chemical specie, u is the three
dimensional wind vector, k is the tensor of eddy diffusivity.

There are two numerical methods: the first considers the problem as a whole and
simultaneously integrates all of the trends; the second is the method of separation oper-
ators, which involves successively integrated the various trends in time. In the first
equation, we are dealing with a stiff system of coupled differential equations. In the
CHIMERE model, the first approach is used, and the time integration is based on the
two-step algorithm. The calculation is performed on the application of a Gauss-Seidel
iteration scheme (Blackledget 2006) to the two-step implicit backward differentiation
(BDF2) formula (Emmrich 2009). We notice f, the vector containing the concentrations
of all model species for every grid box.

4fn fn—l 2
n+1 n+1 n+1 n+1
=T = Sar(p(r) — (et ) 7
f 3 3 3 f f f )

It’s worth noting that L is a diagonal matrix in this case. This equation reads as
follows after rearranging it. A Gauss-Seidel approach can be used to solve the implicit
nonlinear system obtained in this scheme (Verwer et al. 1996).

= <I I %AILQMH))_lg _fn3—1 . %AtP(an) ®)
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In CHIMERE, the modified terms Pmod and Lmod replace the production and loss
terms P, and L. Ph and Pv represent the temporal evolution of concentrations due to
horizontal (only advection) and vertical (both advection and diffusion) inflow into a
given grid box. Ly, and L represent the temporal evolution due to the respective outflow
divided by the concentration.

{Pmod =P+P,+P, ©)
Lioa =L+ Lp+ Ly

2.2 The Transport Equation

For realistic description, we started with the three-dimensional scalar advection problem
(Goyal and Kumar 2011). For each chemical species, the conservation equation is then
numerically solved. (uf) indicating the mass flux corresponding to velocity u.

af
5 = V(uf) (10)
This equation can be discretized and solved separately for each of the three orthogonal
directions: zonal, meridian, and vertical, using the operator splitting technique and the
CHIMERE design, including parallelepiped structured grids. This technique is more
computationally efficient and, in some cases, more stable and accurate than two- or
three-dimensional approaches, notably when applied to high-order models. Generally,
is widely used in meteorological and chemistry-transport modeling. We notice da(f), the
variation of (f) due to transport in the direction o and F is (uf). After time and space
discretization, the discretized transport calculations are as follows:

(F)y — (F);_
5"‘(f)=< ““Ax Vz)m (11)

Since the inward and outward fluxes cancel out in each direction, this equation
ensures mass conservation. From the initial concentration field, the concentration incre-
ments are determined sequentially for each direction. The calculation of fluxes at cell
interfaces (F)), /2) is a key problem in solving this equation. The characteristics of the
transport scheme are determined by how these fluxes are numerically estimated. These
numerical methods range from simple first order numerical to higher order methods.

Species concentrations and meteorological variables are defined on the same grid as
in the CHIMERE model. The wind speeds at interfaces are interpolated linearly from
wind speeds at the centers of the two grid cells separated by the interface. It is assumed
that the grid cell length does not differ significantly from one grid cell to its neighbors
in the horizontal directions. The thickness of the layers increases quasi-exponentially
with altitude in the vertical direction to provide better vertical resolution in the lower
model levels. At each grid cell, vertical mass fluxes are calculated to guarantee a zero
flow divergence. The mass flux at the lower boundary of the lowest layer is zero, and at
the top is determined in ascending order, from lowest to highest layer. After identifying
the mass fluxes, the vertical transport method can be employed.
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To simplify things, we’ll continue with a one-dimensional scalar advection problem
for one typical atmospheric pollutant. The following linear hyperbolic equation gives
the transport equation, also known as the advection equation, to which we add an initial
concentration f(x, 0) = f0, during the time interval [0, T]. The concentration of one
atmospheric pollutant is denoted by f. As a result, the description is the general Cauchy
problem.

g =
t ox
T Y(x,1) € R x [0, T] (12)

2.3 Resolution Method

The equations governing the phenomenon of air pollution can only be resolved ana-
Iytically for a few simple cases. However, to account for nonlinear and coupled differ-
ential equations that explain diffusion, advection, and chemical reactions, a numerical
resolution that meets the boundary conditions is needed. The finite volume approach
(Mazumder 2016) was used in the Chimere model. The need for stability and, as a
result, a reduction in computation time drives the decision to use such a method. The
conservative form of the transport equation in one dimension in space is solved using
the finite volume method. First, we divide the spatial domain into cells called finite or
controls volumes. This corresponds in one dimension to a partition of [0, L]. On the
other hand, one built discrete equations from the integral form of the equation. A unidi-
rectional grid is used to discretize the domain first. For time variable, let be [¢", t"“] a
uniform division of [0, T], we designate time step as At = "+ — 1. For space variable
[xj—1/2, Xjt1/2] is a division of [0, L], we define space step as Ax = xjy1/2 — Xj—1/2,
the control volume 2; = [xj,l /25 Xt /2], and the center points x; = M

The integral form on each of the control volumes of the conservation law is given by

a
/9. a_J;dx = Q(f (5j—1/2. 1) — O(f (xj+1/2. 1)) (13)

We note Q(f(xj,]/z, t), Q(f(xj+1/2, t),the fluxes inside the cell. By integrating in
time:

t+At

t+At
/Qf(x,t—i-At)—/Qf(x, H= / Q(f(xj_l/z,t))dt—/ O(F (x41/2. 1)) di
i fi t t
(14)
ﬁ/ﬂff(x,t—b—At): ﬁ(/ﬂjf(x, z)+/IHAIQ(f(Xj_l,z,z))dz—/ft+AtQ(f(xj+1,2,t))dz) (15)

This term can be expressed as:

1

1
=y E(Q}’H/z ~0i) (16)
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where, we define the exact flux Q and the average values of the exact solution y at time
t, on each cell, we note F, the approximation of the function by:

Qv 1yn = 2= [T W) @gaga. Dt
V' = [ F(x, dx

Ax Jxj_1/2

a7

F is an interpolation function that is determined by the conservative algorithm. This
paper employs three distinct F approximations, corresponding to constant, linear, and
quadratic approximations of F over each of the central cells. By shifting the profile by
u.At, the value of f in the (n + 1) step can be easily obtained. In the coming section,
we’ll go through the three transportation options available in the model.

Fxjp1, 0+ A1) = f(xj41 — ult, 1) = Fj”(xj+1 — uAi) (18)

2.3.1 Upwind Method

The upwind method uses a condition on the velocity sign to determine the advection
concentration into the neighboring cell via the considered surface (Falcone and Ferretti
2016). If u is positive, the moving wave solution of the equation above propagates to the
right, with upwind refers to the left side, while downwind refers to the right side. If u is
negative, the moving wave solution propagates to the left. The left hand is known as the
downwind side, and the right side is known as the upwind side. The tracer concentration
in each grid cell is assumed to be uniform in this scheme. Therefore, the interface mass
flux is the product of the wind at the interface and the tracer concentration in the upwind
cell. This method uses a constant function f, in a generic mesh element with 2j as the
boundaries. This constant is the function’s value in the initial moment, when this value

is known. Forx € Q; = [xj+1/2 — u]'-’_H/ZAt, xj“/z]:

if u<0Fjx)=pBj-1
For u > 0, the flux value can be calculated as:
n 1/F()d I/ﬁd (20)
A = — xX)ax = — iax
j+1/2 At _Qj At .Qj J
After calculation:
Q172 = iy12P 2D

Following that, we can thoroughly describe the flux function Q for the Upwind
method in terms of the average cell integral value y as follows:

{if u®)jp172 > 0 Qjvi/2 = Vjujri/2 22)
if u®)jr172 <0Qjvi72 = Vjt+1/2Uj+1/2
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For the CHIMERE model the function f is generally defined by f = p.c with c is the
concentration, according to the sign of the wind speed at the cell interface, the fluxes at
the cell interfaces are described by the following equations:

{if u(®)jr172 > 0 Fjr1/2 = pjujvi/26 (23)
if u®)jr1y2 <0 Qjr1/2 = pjljti/2Cj+1

2.3.2 Van Leer Method

The Van Leer Method is a finite volume method for obtaining highly accurate numerical
solutions for a given system, even when the solutions include shocks, discontinuities, or
large gradients (Vanderheyden and Kashiwa 1998). The concept is to use reconstructed
states derived from cell-averaged states from the previous time step to replace the constant
approximation of the Upwind method. For x € €2j, and taking into account the velocity
u<0.

Fj(x) = B + aj(x — xj-1/2) (24)

From the initial condition of each cell, we can determine the coefficient §j:

{if w172 > 0 Fj(xj-172) = B = f; (25)
if ujz172 <0 Fj(xj—l/2) = Bj =fi+

Based on monotonicity, to achieve a good relationship between the interpolation
function and the original function. We have to specify a slope limiter to determine o] the
slope term of the interpolation function. The main goal of flux limiter schemes is to keep
spatial derivatives as practical as possible, which typically means physically achievable
and relevant values. Limiter function Minmod provides a reasonable choice of the a;.

We note (f/ —]?_1) = 6fj

{lf ((Sﬁ—l/2 - 5]3‘_3/2) >0 o :j; _-ﬁ—l (26)
if (8fi-172 = 8fi-3/2) <0 @y =fi-1 —fi-2

The flux value can be calculated as:
O 1/n = L F(x)dx = L (Bj + aj(x — xj—172))dx 27)
JH2 7T Ay 2 ~ At 2 i J j—1/2

In the monotonic case, the flux formulation can be calculated as follows, in terms of
the average cell integral value y, depending on the sign of the velocity. Generally, this
formula is directly applied to determine the flux function.

{ if u@®jriy2 >0 Q172 = Vjuj172 + aj(uj+1/28% — ujujr172A1) 28)
if u®j172 <0 Qjr1y2 = Vir1y2ui41/2 + o (17280 — w172 A1)

The concentration inside a grid cell is determined by a linear slope between the cell’s
two interfaces in the CHIMER model. This method is slightly more time-consuming
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than the first-order upwind method. Because of its higher numerical precision and lower
scattering than the first-order upwind system. It is a good compromise solution for
long-range transport in meteorology between numerical accuracy and computational
efficiency.

¢i(x) =B + (x - xj)aj (29)

With 8; = ¢; and according to the following cases, the slope is calculated

Cj41 —Ci—1 Cjy1 —Cj Cj —Cj—1
J+ J ’J+ J’J J ) (30)

if ¢c; €|ci—1,¢j i =sign(cj+1 —cj—1) X min
if ¢j [J 1 ]'H]ﬂj gn (cjt1 —¢j-1) < 2Ax Ax Ax

2.3.3 Piecewise Parabolic Method (PPM)

Since PPM is a finite volume scheme, physical variables are represented as averages
over a grid zone instead of single values at different points (Zhang et al. 2017). Then
use the information from the average of the neighboring regions to fit a single mono-
tonic parabola to the average area of each dependent variable. PPM is a computational
technique developed for fluid flow modeling with heavy impacts and discontinuities. It
can handle steep gradients in small meteorological flows. For x € €j, and taking into
account the velocity u < 0. We note Xj = (x — xj_172) / Ax;.

Fi(x) = B + ajx; + ngxJ'(l — x]') a3n

The coefficients pj, oj and ¢j are obtained by the following formulas:

Bj = Fi(xj-12) (32)
aj = Fj(xj11/2) = Fj(xj-1/2) (33)
1
0= 6(5 = (B o) + Flv2) 64

We used the Colella and Woodward approach to measure the interface values. In
general, slope modifications were added to the PPM method to address the spurious
oscillations issue in numerical solutions caused by high-order interpolation. The average
slope in cell €; is noted by 5f, depending on the sign of Yj+1 — ¥j, and determined by
3}3 = (Yj+1 — V) / 4. The average slope and affect the dispersion errors of the numerical
solutions are controlled by ¢ and &;.

{if(yj-H - Vj) >0 §ﬁ = 2min(8f, 81(7/j+1 - Vj)’ 82(3/1 - Vj—l)) (35)
if (vj+1 = v;) < 08fj = 2max(8f, e1(yj+1 — 7). e2(yj — ¥j-1))

The interface values are defined by

1 1 - _
Jiv1 = 5(7’/'+1 +v) - g(‘sfi —8fi-1) (36)
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Generally, this formula is directly applied to determine the flux function.

. Ujt1) 92 At 2ujy 1 At

if u®j172 > 0 Qpriy2 = w2 (Filgy2) — S5 (88— (1- 57 )e))

. uj 12 At Quj 1 At

if u®jr172 <0 Qj1/2 = uj+1/2(Fj+1(Xj+1/2) - ke (Aﬂj+l - (1 - &ﬁ)%l))
(37

In the CHIMERE model, the piecewise parabolic method is used with 1 = ¢, = 0.
The errors caused by the neglect of the cross derivatives are approximately compensated
due to the method’s symmetry. As a result, because the PPM method implemented in
CHIMERE treats transport in each horizontal dimension with 3rd order accuracy, it is
much less diffusive than the simple 2d order Van Leer method.

3 Results and Discussion

Three models were used in the modeling process. The CHIMERE model, version 201713,
calculate gas and aerosol concentrations based on WRF and Emis-surf data. Meteorolog-
ical data is computed using the WRF (Weather Research Forecasting) model, version 4.0.
Finally, the Emis-surf model, version 2016b, includes information on gas and aerosol
emissions. CHIMERE is a multi-scale Eulerian chemistry transport model. It is designed
to generate daily pollutant forecasts, reproduce long-term emission scenarios, and study
typical cases. This model incorporates a wide range of data inputs, such as meteorolog-
ical conditions, land use, and emissions. The chemical boundary conditions are from
the three-dimensional global chemistry-climate model LMDz-INCA, while the aerosol
boundary conditions are from the GOCART and LMDz-AERO global models (Folberth
et al. 2006). Anthropogenic emissions are estimated using the 2010 EDGAR-HTAP v2
global emission inventory (Ferreyra et al. 2016). The horizontal resolution has been set
at 0.02 degrees. The model is set up with 20 vertical levels in the troposphere ranging
from 500 hPa to 200 hPa. The WRF and Chimere domains and the study domain are
shown in Fig. 1. It should be noted that the position of the fixed station is at the center
of the study domain.

Since 2010, the Souss Massa Region has had a regional mobile laboratory and a
ground station for air quality monitoring to assess the air quality in Agadir. Both are out-
fitted with the Environment S.A. To detecting harmful pollutants, specific standardized
analyzers and also meteorological variables are used. Data collected from the ground
station are used as reference observational data in this study. The station is located in
a residential area to assess urban background pollution. Souss Massa has a population
of about 2.7 million people, with 33.7% living in the Agadir-Ida Outanane prefecture.
The modeling ozone results are compared with monitoring data in this study. The per-
formance of these models in Agadir is determined using four statistical indicators: The
Mean Normalized Bias (MNE), the Correlation Coefficient (R), the Mean Bias (MB),
and the Mean Squared Error (RMSE).

As illustrated in Table 1, six combinations were identified for this study based on
the numerical method used during horizontal and vertical transport. Figure 2 shows
the hourly ozone time series for each combination. A complete match can be seen
in the night period, while differences in maximum values recorded in the middle of
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the day can be seen, which will affect the evening period. The advll combination
makes a significant difference in the evening ozone values. Four statistical factors were
calculated to accurately determine the discrepancies, as seen in Table 2. According
to the MB significance values, CHIMERE overestimates the O3 concentration. This
discrepancy is generally related to the low accuracy of the emission information at each
time step derived from the annual totals of the HTAP inventory database, and also the
model’s horizontal resolution of 0.02°, while the stations record very local values of
the measurements. The Mean Normalized Error shows a large percentage compared to
the acceptable and recommended values by EPA. In addition to the low accuracy of the
input leading to an increase in the accumulation of the errors. We can also see large
proportions of typical ozone concentrations during the night, as shown in Fig. 2, which
is not entirely consistent with the measurements. The correlation values indicate that the
model maintains the measurement trend, which is a plus.

In general, the statistical results are close; adv11 has low statistical values, which
corresponds to their position in Fig. 2. For adv00 and adv20, the best compromise
between correlation and error is recorded. In terms of computation time, adv00 provides
a significant improvement, particularly when a high spatial resolution is used, as in
this study. In general, horizontal transport methods have an indirect effect on vertical
transport and propagation, and the more prevalent horizontal methods tend to increase
transport to the lower layers, which leads to an increase in surface concentrations, as
seen when comparing the maximum values in the middle of the day, between adv00 and
adv10 (Fig. 2).

GoogleMy M - 9

Fig. 1. WRF’s domain (Black) and Chimere’s domains (violate)
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Table 1. The six combinations depending on the numerical method used during horizontal and
vertical transport.

Horizontal Vertical

Upwind Van Leer
Upwind adv00 adv01
PPM adv10 advll
Van Leer adv20 adv21

Table 2. The Ozone evaluation of all combinations

R MB MNE RMSE
adv00 0.78 28.69 68% 28.40
adv01 0.77 29.10 69% 28.79
adv10 0.77 28.67 68% 28.37
advll 0.76 29.12 69% 28.81
adv20 0.78 28.69 68% 28.39
adv21 0.78 29.12 69% 28.81
R e e——
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Fig. 2. Hourly ozone time series comparison between observations and four combinations

4 Conclusion

This study is based on the CHIMERE model and was conducted in Agadir in July
of 2016. The goal is to improve the chemical transport module CHIMERE from the
six combinations identified based on the numerical method used during horizontal and
vertical transport. The results show that the ozone model-observation disagreement is
more related to the accuracy of the input data, such as emissions, meteorology, or land
use data. This finding is consistent with previous research on the subject (Derognat et al.
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2003; Menut et al. 2013). If the results of the six combinations are similar, using the
adv00 combination, which is the fastest, provides a significant improvement, especially,
when a high spatial resolution is used, as in this study (Grylls et al. 2019; Tao et al.
2020). In conclusion, it appears that the type of algorithm used to simulate the transport
phenomenon can be somewhat decisive, particularly in the case of long-time simulations
with high spatial resolution (Gavete et al. 2012; Mazumder 2016). Even though only one
month’s data from the summer of 2016 was used in this study to assess air pollutants in
Agadir, Morocco, this allows us to control in some way the CHIMERE model to align
it as closely as possible with reality. Finally, it refers to a series of future studies.
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Abstract. In this paper we proved some importance proprieties of Colombeau
algebra, we proved the existence and uniqueness of solution of transport equation
with variable speed and initial data in the Colombeau algebra &. We proved the
association of the generalized solution with the classical solution.

Keywords: Transport equation - Colombeau algebra - Generalized solution -
Association

1 Introduction

The optimal solution for overcoming the problems that Schwartz theory of distributions
is concerned with was offered by Colombeau (1984, 1985) [2] and [8]. He constructed
an associative differential algebra of generalized functions ¢ (R), which contains the
space 2’ (R) of distributions as subspace and the algebra of € — functions as sub-
algebra. This theory of generalized functions of Colombeau actually generalizes the
theory of Schwartz distributions: these new Colombeau generalized functions can be
differentiated in the same way as distributions, but where multiplication and other non-
linear operations are concerned, it is significant that the result of these operations always
exists in this algebra as Colombeau generalized function. These new generalized func-
tions are very much related to the distributions, in the sense that their definition may be
considered as a natural evolution of the Schwartz definition of distributions [2].

The notion of ‘association’ in ¢ (R) is a faithful generalization of the equality of
distributions, and again enables us to interpret results in terms of distributions.

Due to all these properties, Colombeau theory has found extensive application in
different natural sciences and engineering, especially in fields where products of distri-
butions with coinciding singularities are considered [8].

The transport equation describes how a scalar quantity is transported in a space.
Usually, it is applied to the transport of a scalar field (e.g. chemical concentration,
material properties or temperature) inside an incompressible flow. From the mathemat-
ical point of view, the transport equation is also called the convection-diffusion equa-
tion, which is a first-order PDE (partial differential equation). The convection-diffusion
equation is the basis for the most common transportation models.

This paper solves a problem called non-regular transport problem on the domain
Q=R"xR.

Ju(t,x) +c(t,x)dhu(t,x) = f(t,x)u(t,x) +a(t,x), (t,x) eR*" xR )
u(0,x) =up(x), xR
(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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with ¢, f and a are discontinuous functions such that ¢ > 0.

In Colombeau algebra of generalized functions ¢ which allows multiplication of
distributions and solution of nonlinear problems with singularities and proved the asso-
ciation of the solution.

The paper is organized as follows. After the introductory part, in the second section
we give some basic preliminaries such as notations and definitions of the objects we
shall work with. We also introduce different spaces of Colombeau algebra of general-
ized functions. In the third section we proved the existence and uniqueness of solution
of transport equation with variable speed and initial data in the Colombeau algebra 4.
Finally, in the fifth section we study the association.

2 Preliminaries

We use the following notations [2]:

Ay = {(p € @(R”)//Rn(p(x)dxz 1,/Rnxa(p(x)dx=Ofor 1<|o| < q}

g=1,2,...
1 x .
0:(x) = o ® (E) for e 2[R")
We denote by & (R") ={u: & xR"—-C/ with u(@,x)is €= to the second vari-
able x}
u(x, Q) =ue(x) Vo e
Ev(R") ={(ug)gog C & (R") /VK CCR"Va € Nj,3N €N such that
sup |[D%ug (x)| = € (¢ V) as € — 0}
x€K

N (R") ={(ug)go C &(R") VK CCR" Vo € Nj,Vp € N such that
sup |D%ug(x)| =0 (e?) as € —0}
xeK

The Colombeau algebra is defined as a factor set 4 (R") = & (R") /A4 (R"), where
the elements of the set &y (R") are moderate while the elements of the set .4 (R”) are
negligible [2].

Let G1,G2 € 9 (R") and G| ¢, G2 ¢ their representatives respectively. We say that
G1,Gy € 4 (R") are associated and we write G| &~ G,, if for every ¢ € 2 (R")

lim (Gie—Gae)@(x)dx=0
e—0 JRn ’ ’

Below is the statement of a problem called non-regular transport problem on the domain
Q=R"xR.

{ du(t,x) +c(t,x)du(t,x) = f(t,x)u(t,x) +a(t,x), (f,x) eR*" xR

u(0,x) =up(x), xeR @)

with ¢, f and a are discontinuous functions such that ¢ > 0.
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3 Positive, Negative and Bounded Generalized Function

Definition 1 /2, 8].
a-U € 9[Q] is said globally bound if it exists ¢ > 0 and a representative u € &y [Q] of
U and N € N such as V¢ € oy, we have

sup [u(¢e,y)| < ¢
yEQ

when € — 0

b- U € 9[Q] is said to have local logarithmic growth if for any representative u €
Eu[Q] of U and for any compact K of it exists N € N such as V¢ € oy, 3c > 0, such
as

suplu(00,9)| < cin ;)

yeQ

when € — 0
c-U € 9[Q] is said to be strictly positive and we note U > 0 if for all compact K of Q,
there is a representative u € &y[Q] of U,3N € Njc > 0,V¢ € oy, we have

u(ge,y) > ce” Vyek

when € — 0
d- U € 9[Q] is said to be strictly negative and we note U < 0 if for all compact K of
Q, there is a representative u € &y[Q] de U,IN € N,c > 0,V¢ € oy, we have

u(ge,y) < —ce¥ Vyek
when e — 0

Proposition 1. (c) and (d) of the previous definition do not depend on the chosen rep-
resentative.

Proof 1. ¢- Let U an element of 4[] strictly positive. Be a compact K of . So there
is a representative u € &y|Q] of U,3N € N,3c > 0,V € oy such as

u(ge,y) > ce¥ yek
Let uy another representative of U. So

u—up € N|[Q]

u(Pe,y) —uz (Qe,y) < €7 Vg

SO
u (¢8ay) > _8q+u(¢87y)

> —g+ceV

g N
> ceV (l — )
c




104 L. S. Chadli et al.

By crossing the limit ¢ — oo, 5O
u (ge,y) > ce", yeK

d- Let U an element of 4[], suppose that U is strictly negative. Be a compact K of Q,
So there is a representative u € &[] of U,3N € N,3c > 0,V € oy such that

U(ge,y) <—ce¥ yekK

Let uy another representative of U. So

u—up € N|[Q2]
thus
M2(¢£ay) _u((Pan) <el
50
u (¢87y) < Eq +u(¢£7y)
< el —ceV
=N
< —ceV <1 — )
c
By crossing the limit ¢ — oo, 5O
N

u2(¢£,y)<—c£ ) yGK

Proposition 2. (a) of the previous definition does not depend on the chosen represen-
tative.

Proof 2. Let uy another representative of U. So
u—up € N|[Q]

then
luz (9e,y) —u(de,y)| <7 VyeQ Vg

uz (0e,y)| — |u(ge,y)| < €
|uz (0e,y)| < €94 |u(¢e,y)|

|uz (9e,y)| < €1+ ¢ By crossing the limit ¢ — oo, we find

luz (ge,y)| <c VyeQ

4 Existence and Uniqueness of the Generalized Solution

Theorem 1. We assume that c is globally bounded such that ¢ > 0,0.c and f are with
local logarithmic growth. So for an initial data uy € 4[R| and a element of 9[Q], the
problem (1) admits a unique solution u € 4[Q)].
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Proof 3. Existence:
The transport problem with the representatives is as follows:

{ Osutg (1,X) + e (1,X)Oxtg (1,X) = fe(t,x)ue(t,x) + ae(x,1), (r,x) € RT* xR

ug(0,x) =up(x), xeR 3)

This problem admits a unique class solution C*.
By hypothesis c is globally bounded, then M > 0 such as:

lce(x,0)| <M, V(x,1) € Q
50
dAg(x,1,s)
ds
with A¢(x,t,.) the characteristic curve corresponding to c. issue of the point (x,t), by
drawing the lines passing through the point (x,t) and slope M and —M, we can deter-

mine a domain (compact of £2) of determination of the solution that does not depend on
E.

<M, V(x1)eQ

ta

Kt

M -M
Ko

Fig. 1. .

In this case, for all (x,t) € Ky, the characteristic curves resulting from this point
remain in Kr, Furthermore:

uig(x,1) = upe (Ae(x,2,0)) + /Ot Je (Ae(x,2,8),8)ug (Ag(x,2,5),s)ds
+/0 aig (Ae(x,1,5),5)ds

Jue (x,1)| < supyeg, [wo.e (X)| + Jy SUP( ek, |fe(t,%) supg, |ue(2,%)| ds
+fy SUP(; x)ek; e (t,X)| ds
SUP(; v)eky |Ue (t,%)] < Supyeg [10,e (X)[ + T SUp(, ek, lae(t, )]
+ fé SUP(; x)eky |f8 (tax)| SUP(; x)eK; |u€ (tax) | ds
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Apply Gronwall’s lemma to the function s — Sup(, vk, [ue(t,%)]

sup [ug (7, %)| < [Sup |uo.e(x)| +T sup Ias(tw)]

(t.x)eKT x€Ky (t.x)eKr

X exp (T sup |fg(t7x)|>

(t.x)eKr
As f has local logarithmic growth, then

sup |ug(t,x)| =0 (e V), NeN

(tx)eKT
Now let’s apply the operator oy on Eq. (2)

0 (Oyte (£,%)) 4 ce(t,X) Ox Oxte (t,x) = fe(t,x)Otte (t,Xx) — Orce (1, x)ues(1,x)
+ O fe (t,X)ue (1, x) + dvae (x,1), (t,x) € RT* xR 4
Autte (0,x) = up(x), x €R

then
Oilte (tax) = M6,8 (18 (X, f, O))

4 [0 (Relt.0).9) e (e (0,5).5) s
b [ e (el0,5).9) e (e 1,5),9) s
— [ e el 9t (hel.9).)ds
+ /O "dare (he(x,1,5), ) ds

T
Qe (.| < sup [u ()| + [ sup |Ofele )l sup Jue(r,x)|ds
xekKy 0 (tx)ekr (t,x)EKT
+ foi SUP(1 x)eky |fe(t,x)]| SUP(; x)eK, |Oxute (,x)| ds
+ f()T SUP(1 x)eky |&XCS (tvx)‘ SUP(; x)ekr |u€ (I,X) | ds
+ Jo SUP( ek, |Oxae(t,x)|ds

Apply Gronwall’s lemma to the function s — Sup(, e, |Oxite (1,%)|;

sup [ dyute (1, x)| < lSUP|M6,g(X)|+T sup |0 fe(r,x)| sup |ue(t,x)|
Kr x€Ky (I,X)EKT (t,)C)EKT

+T sup|dice(t,x)| sup |ue(t,x)|+T sup |dvae(t,x)]
Kt (t,x)EKT (t,x)EKT

X exp (T sup |fg(t,x)|>
(

t.x)EKT
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As f has local logarithmic growth and (ug) is moderate, so

sup |dyute(t,x)| =0 (™), NeN

(t.x)eKr
By doing the same reasoning, we find that for everything m € N and m > 2

sup |0f'ug(t,x)| =0 (™), NeN
(t.x)EKT

on the other hand, we have
Qg (t,x) = —ce(t,x) e (t,%) + fe(t,x)ue (2, x) + ag(x,t)
as f has local logarithmic growth and (dyug) is moderate, then

sup |Jue(t,x)| =0 (¢™V), NeN
(tx)eKT

We also have

0y Ot (1,X) = — e (1, %) Dutte (1,%) — ce (1,%) D ue (1, %)
+ O fe(t,x)ue(t,x) + fe(t,x)Oette (,X) + Oae (x,1)
AP ue(1,x) = —0ce (1,x) At (1,x) — ce(t,X)0, Dyt (1, %)
+ 0, fe (t,X)ue (t,x) + fe (t,x)Oue (t,x) + drag (x,t)

etc. ...
Hence, for any derivative operator 9'd}", AN € N

sup |99 ug(t,x)| = O (V)

(I,X)GKT

then
ue9(Q)

Uniqueness:
Suppose that problem (2) admits two solutions u,v € 9[Q] so they exist dy¢ € N[R]
such as:

&t(uz(t,;c)) —ve(t,x)) + dig (x,2) O (ue (2, x) —ve(t,%)) = fe(x,) (ue(x,1)
—Vel(X,t
Ue (X, 0) — Ve ()C, 0) - dO,E ()C)
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ug (t,x) —ve(t,x) =do ¢ (Ae(x,1,0))
-I-/O e (Re(x,1,5),5) (ue (Ae(x,2,5),8) —ve (Ae(,,5),5))ds

‘us(tvx) _Ve(tax)‘ S sup |d0’€(x)|
x€Ky

+/ sup |fe(t,x)| sup |ug(t,x) —ve(t,x)|ds

(t.x)eKT (t.x)eKy

Apply Gronwall’s lemma to the function s — sup(, ek, [ue(t,x) — ve(t,x)]

SUP(¢ x)eky |ue (1,x) —ve(t,x)| < (SupxeKO |d075(x)|)
X exp (T SUP(s x)eky |fe (t,x)|)

as f has local logarithmic growth, then

sup ug(t,x) —ve(r,x)| = 0 (e?), VgeN
(t.x)eKT

For the other derivatives, it is the same as the first part of the proof of the theorem.
Consequently the problem (1) admits a unique solution u € 4[Q2].

5 Application

We consider the following problem which presents the propagation of a wave in a dis-
continuous medium:

dru(t,x)+c(t,x)dwu(t,x) =0, (t,x) e Ry . xR 5
u(0,x) =up(x), xeR ®)

with

ct,x) = €L, X < X0
’ CR, X > X0

and u is a continuous function almost everywhere, and zero in the neighborhood of 0.
If we set a condition of transition to xy (continuity of u on point xp), then the solution
of the problem (4) is given by:

u(t,x) = up(A(t,x,0))

with A the characteristic curve resulting from the point (¢,x). is sloping ¢ (Fig. 2)
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A(x,t,0) Xo

Fig. 2. .

¢ € L7(Q), then there is C € ¢4[Q] such as C = ¢, ¢ is globally bounded and J,C €
A [€] local logarithmic growth, and according to Theorem 1 problem 4 admits a unique
solution U = [(u¢)] € ¢[2], with:

Oputg (1,X) + cg(x)dsutg (1,x) = 0, (£,x) € R*" xR
ue(oax):uo,s(x); xeR

Take:
}'S = A’ * (pne

with ¢ € Z (R, ) such as:
| 0@dx=1supp(fnc) C  Ixo—Ne.xo+Me Me = [loge|™!
N

We pose:
ug(t,x) = ug ¢ (Ae(t,x,0))

To show that U = u, just prove that:

lim [ (uoge (Ae(2,x,0)) —up(A(2,x,0))) w(t,x)dtdx =0

e—0J0Q

forall y € ()

‘We have
Ja (uoe (Ae(t,x,0)) —uo(A(t,x,0))) w(t,x)dtdx =
Jo (uo g (Ae(t,x,0)) —ug (Ae(2,x,0))) w(t,x)dtdx
+ [ (0 (Ae(t,x,0)) — up(A.(t,x,0))) w(t,x)dtdx
But
Jo (toe (Ae(t,x,0)) —ug (Ae(2,x,0))) w(t,x)dtdx =
Jo (uo.e — o) (Ae(t,x,0)) w(t,x)dtdx
< SUPye |10 * e — U0 | fsup (o) l[/(t,x)dtdx‘
S0

glir(l) o (“0,8 (AS(I,X,O)) - “0()L (tax’ 0))) W(t’x)dtdx =0
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To prove that
lin}) (uo (Ae(2,x,0)) —up(A(2,x,0))) w(t,x)dtdx =0
e—0J0

just show that
lin(l)(lg(t,x, 0) —A(t,x,0)) =0
E—

We know that c is globally bounded.
So there is M > 0 such as
sup |ee(t,x)| <M
(1,x)eQ
So, we can frame the curve A, between two broken curves (see Fig. 3), and we take the
intersection of these two curves with the axis (ox), given by:

X] = i[*ZMTT6+CR(X*XO*”8)}*é*ns+x0
Xy = é[ZMT]8+CR(X_XO—778)]_EZ*L_TIE‘FXO

X1 X2 Xo — e Xo + e X
Fig.3..
such that
X1 S )Lg(t,X,O) SxZ
Since ;
. CR
lim Ag(2,x,0) = — (x —x0) — — +x
£—0 8( ) CL( O) Cl, 0
= A(x,t,0)
SO

U=u



Generalized Solution of Transport Equation 111

References

. Bourgain, J.: Global Solutions of Nonlinear Schrodinger Equations, vol. 46. Colloquium

Publications, AMS (1999)

. Colombeau, J.F.: Elementary Introduction in New Generalized Functions. North Holland,

Amsterdam (1985)

Hermann, R., Oberguggenberger, M.: Ordinary differential equations and generalized func-
tions. In: Grosser, M., Héormann, G., Kunzinger, M., Oberguggenberger, M. (eds.) Proceed-
ings of Workshop: Nonlinear Theory of Generalized Functions. Research Notes in Math-
ematical Series, October-December 1997. E. Schrddinger Inst, Chapman and Hall/CRC,
Vienna (1999)

Nakamura, S.: Lectures on Schrodinger operators. Lectures given at the University of Tokyo,
October 1992, February 1993

Oberguggenberger, M.: Generalized functions in nonlinear models a survey. Nonlinear Anal.
47, 5029-5040 (2001)

Rajterc Ciric, D., Stojanovic, M.: Convolution-type derivatives and transforms of colombeau
generalized stochastic processes. Integr. Transforms Spec. Funct. 22(4-5), 319-326 (2011)

. Reed, M., Simon, B.: Methods of Modern Mathematical Physics, II: Fourier Analysis, Self-

adjointness. Academic Press, New York (1975)

Stojanovic, M.: Extension of Colombeau algebra to derivatives of arbitrary order D%; o €
R* U {0}: application to ODEs and PDEs with entire and fractional derivatives. Nonlinear
Anal. 71, 5458-5475 (2009)

Stojanovic, M.: Fondation of the fractional calculus in generalized function algebras. Anal.
Appl. 10(4), 439467 (2012)

. Stojanovic, M.: Nonlinear Schrodinger equation with singular potential and initial data. Non-

linear Anal. 64, 1460-1474 (2006)



)

Check for
updates

Modeling and Comparative Application
of Fuzzy Logic and Artificial Neural Network
in the Systemic Control of a Wind Turbine Using
DFIG

Boaz Wadawa®9 Youssef Errami, Abdellatif Obbadi, and Smail Sahnoun

Laboratory: Electronics, Instrumentation and Energy, Department of Physical, Faculty of
Science, University Chouaib Doukkali, El-Jadida, Morocco
booz_wadawa@yahoo.fr, {errami.y,obbadi.a, sahnoun.s}@ucd.ac.ma

Abstract. This article discusses the applications of Artificial Neural Network
(ANN) and Fuzzy Logic Control (FLC) strategies in a control context of a grid
connected Wind Energy Conversion System (WECS), using a Doubly-Fed Induc-
tion Generator (DFIG). To rigorously explore the performance of the controllers,
a systemic approach based on an ideal model and a nominal model of the wind
turbine is used for the comparative analysis between PI, FLC and ANN. It turns
out that the PI is less efficient than ANN and FLC. It turns out that the PI is less
efficient than ANN and FLC. Whereas, for a high level of control, the FLC has
better performance than the ANN. For a low level, the performance of the ANN
is very slightly superior to the FLC. In addition, one notes a good rejection of
disturbance and a good robustness with the FLC compared to the ANN. The latter
has a Total Harmonic Distortion (THD) and cos ¢ ~ 1 slightly better than the
FLC. In short, the ANN and FLC present great advantages for the WECS and the
results obtained are satisfactory. The platform used for modeling and simulation
studies is MATLAB/Simulink.

Keywords: Wind Energy Conversion System - Fuzzy Logic Control (FLC) -
Artificial Neural Network (ANN) - DFIG - Power grid

1 Introduction

Nowadays, in the renewable energy development sector, the wind power industry based
on the use of DFIG is becoming more and more popular in the WECS [1, 2]. Compared
to other types of generators, DFIG has the main advantages such as, multiple electrical
configurations for a wide field of application, the production of specific or electrical
power a little higher, and the reduction of the cost of conversion of investment engendered
[1-4]. However, DFIG-based WECS are generally characterized by high non-linearity
caused by disturbances from the randomness of the wind and the power grid; and/or
interactions between different internal elements of the WECS [5]. This sensitivity to
disturbances, when not properly controlled, can cause wind systems to shut down and/or

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 112-137, 2023.
https://doi.org/10.1007/978-3-031-12416-7_11
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eventually malfunction. Therefore, it limits the use of control approaches based on linear
models such as PI (Proportional Integral). As a result, several research works on wind
turbines have been directed towards the synthesis of control family approaches that offer
superior performance to conventional PI. Three main control families applied to wind
turbines can be distinguished as follows:

— In the family of analog controls called optimal or advanced controls, we note: the
sliding mode of the 1% or 2" order, backstepping, Ha/Hqo [6-8].

— Digital controls based on Artificial Intelligence (AI) controllers like, Particle Swarm
Optimization (PSO), Artificial Neural Network (ANN), Fuzzy Logic (FLC) etc. [9—
11].

— Mixed or adaptive controls. They are: Fuzzy-PI, PSO-GA and ANN-Fuzzy etc. [12—
14].

Most of these controls show better performance than the PI in terms of robustness to
parametric and model uncertainties, and good stability in the fast and accurate tracking
of a given set point. However, these controls present problems such as the complexity
of their mathematical models, the difficulty of theoretical and practical implementation,
the additional cost generated and the computation time are relatively high. Furthermore,
in the literature, the possible implementations of experimental or practical validation
studies are very often omitted. In view of all these analyses of the control literature,
controllers such as PI, FLC and ANN will receive our attention in this article, firstly
because they are increasingly present in high-level research work, both in the laboratory
and in the factory [13—16]. This can be justified, as the PI has advantages that allow it to
dominate linear and non-linear servo systems, with relatively good performance and is
simple to implement [17]. In addition, to validate the effectiveness of advanced models
and/or controls, most of the work in the wind turbine sector uses the performance of the
PI based system as a reference [6—16]. On the other hand, the strong non-linearity and
the high level of complexity of the dynamic equation models of the systems on the one
hand, and the difficulty to determine a precise criterion to be minimized on the other
hand, have led several researchers to turn to the ANN and FLC strategies. The latter
have the advantages of approximating any non-linear function without knowledge of the
internal mathematical model of the system under study. Secondly, they adapt easily to
changes in the system, and are less costly in terms of implementation [16, 18]. Moreover,
behaviours related to the control of systems are less bad in case of a small amount of
training data for the ANN, and similarly with a reduced number of inference rules for
the FLC [10-18]. The ANN and FLC are also recognized as being robust to the PI [12,
14, 19, 20]. However, there is not yet a better methodology for the concrete design of
FLC and ANN. While, in the FLC the difficulty to obtain high control accuracy or to
eliminate the static error of the system; as well as the problem to predict the robustness
and stability of the system to be controlled are more delicate [21-23]. In view of the
minimal disadvantages for achieving increasingly better performance in the control of
WECS with DFIG, the current trend is often to use ANN and FLC. In most cases, the
implementation of controllers is based on the principle of vector control incorporating
the power loops of the DFIG. Recently, some works prefer the joint use of ANN and
FLC, or with other types of controllers. It can be shown that FL-PI and FL-ANN are
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superior to PI respectively [12, 14]. For these mixed controls, the difficulty increases
when determining the optimal parameters or when setting or choosing the optimal ranges
of variation of the parameters [16, 20, 22]. While in other works, systems with ANN
or FL generally follow simplistic approaches and are not always studied especially the
whole WECS. But we note nevertheless, the superiority of ANN over PI [24]. And a
superiority of the FL over the PSO etc. [25]. Clearly, all these works can be criticized for
insufficient exploitation of the great advantages offered by ANNs and LFs on the one
hand. And on the other hand, the study and mastery of the dynamic behaviour of the wind
system as a whole is still incomplete. However, the ANN and FL controllers have proved
to be interesting and need to be sufficiently exploited in this paper, in order to make their
applications more beneficial to the control of a wind turbine chain. To this end, the main
objective of our work is to explore the relative effectiveness of ANN and FL, in order
to obtain better performance in the systematic control of WECS. Specifically, this paper
discusses in detail the application of ANN and FL strategies to a grid-connected wind
power system of about 2 MW using a DFIG. All this is done in order to better evaluate
and assess the dynamic and/or static performance of the system under study. In addition
to ensuring that the system functions optimally, taking into account the uncertainties.
Therefore, to obtain a quantity and quality of energy production to be injected into
the electrical grid. As shown in the proposed wind power system in Fig. 1, the control
strategy consists of ensuring:

— The maximum power extracted from the turbine by a Maximum Power Point Tracker
(MPPT) control named Control (I). The latter uses the wind speed (Vying) and the
electromagnetic torque (Wpec) as input and output quantities respectively.

— Decoupling and control of active (Ps) and reactive (Qg) power with two controllers (II)
and (IIT) respectively. These controllers use Pg and Qg as inputs and their respective
references Pgrer and Qgrer. Then, they deliver as output the quadratic (V;q) and direct
(V}4) control voltages to be applied to Rotor Side Converter (RSC) to the DFIG.

— Control (IV), regulates the DC-BUS voltage V. around the capacitor C.

— The control of active (ifq) and reactive (ifq) filter currents via two controllers (V) and
(V1) respectively. The direct control voltages Vi, from (VI) and quadratic V%q from
(V) are applied to the filter via the static converter on the grid side or GSC.

Indeed, taking into account the influences of disturbances due to the wind, the uncer-
tainties of models and parameters on a proposed wind system, the performance evaluation
criteria such as: rejection of disturbance and/or overrund, precision or static error, the
speed, the amplitude of fluctuations or distortion, as well as the power factor will be
considered in the observation of the quantities to be controlled. In addition, to better
assess the efficiency of the controllers on the proposed wind power system, the per-
formance of the FLC will be compared to that of the ANN and to conventional PI.
MATLAB/Simulink Version 2013, is the platform used for the validation studies of the
modeling and simulation results of the proposed wind power system. The document is
structured as follows:

— The first part concerns the methodology: it details the mathematical simulation mod-
els of the different elements of the wind energy system such as the turbine, the DFIG,
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the Rotor Side Converter (RSC) and Grid Side Converter (GSC) Pulse-Width Modu-
lation (PWM), the DC-BUS and the currents filter. In addition, the PI, FLC and ANN
synthesis models are presented for each of the elements to be controlled in the system
under consideration.

— The second part is the results and discussion phase of the simulation relating to the
evaluation of the performance of the PI, FLC and ANN on the simplified DFIG model
on the one hand and on the whole wind turbine chain with the real DFIG model on
the other hand;

— The third part is devoted to conclusion.

(Ps, Qs)
Filter Transformator 7\
7
. - !
L L om AR ( JRARE SS
i isa \ J
o

V. Vi

Fig. 1. Structure for controlling a wind chain on a DFIG-based electrical.

2 Mathematical Modeling of the Wind System

2.1 Wind Turbine Model

In general, a wind turbine is characterized by its mechanical efficiency, also known as
the power coefficient C, (), B). The latter is a function of the number of rotor blades,
their geometric or aerodynamic shape, with an orientation angle or pitch angle (8); it
also depends on the wind conditions called relative wind speed or specific speed ()\). Its
expression is:

_ QturbineR
Y

A 1
R: Radius of the rotor blades;
Qturbine: Turbine rotation speed;
V: Wind speed.
There are several mathematical approximation models of C, (k, B) [26]. The
appropriate one for our study is:

C

CPO‘-v B) =Cy- ()\

—C3~B—C4>'exp(—%>+c6~x 2)

1
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With, C; =0.73, C, =151, C3 =0.002, C4 = 13.2,C5 = 18.4,C¢ = 0.
And,

1 1 0.035
N A+0.08-8 pI+1

3)

The mechanical or aerodynamic power (Paero) extracted from the wind and
transmitted to the turbine shaft is given as follows:

1
Pacro = 5+ Cp(h. B) - p-S-V3 4)

where, p: The density of the air (p = 1.225 kg/m?> at atmospheric pressure);
S: A surface swept by the propeller.
The model of the mechanical transmission can be summarized as follows:
deec

J dt = Cg — Cem — Cyis &)

With, C,js: the viscous torque being proportional to the speed;

Cem: the electromechanical torque;

Cy: the total mechanical torque applied to the machine rotor;

Qmec: mechanical or angular speed of the rotor;

J: is the total inertia of the turbine [4].

In the case of the wind power system of Fig. 1, Eqs. 1-5 are used as in literature to
model the turbine and establish its control model.

2.2 Generalized and Simplified Model of DFIG

The equivalent general dynamic model of DFIG in the system of axes (X, Y) that is
linked to the rotating field is achieved by:

: dis di . -

Usx = —rIslsx — L a T M I T wosLsisy — wosMiry
. dig di . .

Ugy = —Islsy — Ls% + M% — WosLglsx — wosMirx

1 dirg disx 1 1
U = rrirx + Ly ét -M clit — (o5 — wr)Lriry + (o5 — wr)Misy

. diy- Ig . .
Uy = ey + er_ty -M dty + (wos — @r)Lrlrx — (wos — wr)Migx

(6)

where, Ug, Usy and Uy, Uyy are respectively the expressions of the stator and rotor
voltages of the reference frame (X, Y);

Mg, and Myq: are the mutual inductances between the stator and rotor windings. The
following relationship is generally considered: Mg, = M = M;

1y, Ts: The resistances of the rotor and stator windings;

L;, Ls: The rotor and stator inductances;

wos and w: The angular rotational speeds of the field at the stator and rotor
respectively;

isx, isy and iy, iry: The currents flowing in the stator and rotor respectively on the X
and Y axes.
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The electromagnetic torque of the machine is written [4]:

3
Cem = Ep(llfsxisy - l!fsyisx) (7N

where, P is the number of pole pairs of the DFIG;
Wx, Wy are the expressions of the stator fluxes in the reference frame (X, Y).
The active and reactive stator and rotor powers are written as follows:

Py = Ugx - igx + Usy : isy
Qs = Usy ~igx — Usx - isy
P = U - i +Ury 'iry
Qr = Ury “ix — Urx - iry

The simplified DFIG model used in this document is based on the principle of vector
control:

®)

— For convenience, let us identify the notation (X, Y) with that of (d, q). Based on the
orientation of the flow along the g-axis, we can write:

{ ‘!qu =5 = Viwg = cst

Vg =0 ©

— Assuming that the network is stable and of high power, we can write the simple voltage
V; = cte and the frequency f; = cte.

According to these assumptions, we obtain the so-called simplified mathematical
model of the DFIG as follows:

2 . 2.
Vid = [Rr + (Lr - % : S:Ilrd - (’Jm(Lr - %)qu

2 . 2\, (10)
Vig = [Re+ (L = 32 ) - s g+ om (Lr = Y2 Jira + 2%

The objective being, among other things, to evaluate the dynamic performance of
DFIG control in the context of the studied WECS, the generalized model of the DFIG of
Eq. (8) is used in the form of a state matrix. Whereas, Eq. (10) of the simplified model
of DFIG is generally associated with Eq. (8) for the study of the power control of an
ideal wind system. The two case studies based on the generalized and simplified DFIG
model are used in this work.

2.3 Inverter Modeling

The conversion of the energy from the alternating source to a continuous source and vice
versa, on the rotor (RSC) and grid (GSC) side of the DFIG is provided here by an adja-
cently controlled inverter of the Pulse Width Modulation (PWM) type. The mathematical
expression of the electrical model of the inverter is as follows [4]:

Vab = Van1 — Vpn1 = E(f; — )

Vbc = Vbnl - Vcnl = E(f2 - f3) (11)
Vea = Vent — Vanl = E(f3 - fl)
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where, Vap, Vi, Vac: the expressions of the voltages composed between the phases of
the inverter;
Van, Vpp, Ven: the simple voltages balanced between phase-to-neutral of the inverter;
f1, £, f3: the logic functions defining the switching states of the inverter;
E: the DC reference voltage at the input of the PWM converter.

2.4 DC Bus and Filter Models

Checking the DC bus voltage around the capacitance (C) in the Fig. 1 is based on the
expression of the following power balance [4]:

Pr =P, + P, (12)

where, P.: the energy stored by the capacitor C;

P, : the power transmitted or received to the grid by the inverter;

Pr: the active power of the bus on the rotor side of the DFIG.

Using the mesh law, the matrix of the voltages across the filter of Rp resistors and
L inductors in Fig. 1 can be written as:

Vi1 1 d i1 Vpsl

Ve | =Rglip | +Lg—1| i | + VpsZ (13)
. de\ .

VE3 13 i3 Vps3

VF123 and Vp123: the three-phase input and output voltages at the filter terminals;

i123: three-phase currents through the filter.

Applying Park’s transform to Eq. (13), and then rearranging it, gives the equation
for the control law of the active and reactive currents ifq and ifd of the filter.

it0 = gmrroey - (VRa + Lros -ifg — Vsa) 14
ifq = m : (VFq —Lf - ws -ifg — Vsq)
where, Vigq and Vgqq, voltages at the filter terminals in reference frame (d, q).
The active and reactive powers are written as follows:
Pr=Vg-i
{ PVl (1s)
Qf = Vs - ifa

The power balance Eq. (12) helps us to establish around the capacitor (C) the coupling
relationship between the machine and the electrical grid, as in Fig. 1. Among other things,
the powers transmitted through the filter are defined by Eq. (15).

3 Controller Synthesis

In principle, the block diagram of a regulation law illustrated in Fig. 2, allows us to
establish control relations between the transfer function of the PI corrector and the
models of Egs. (5), (10), (12) and (14) respectively. Therefore, the calculated values of
the parameters of the proportional gain (Kp), the integral gain (Ky) and the response time
(tr) of the PI are presented in the Table 3 in the appendix. However, for reasons of size
of the article, these control relations relating to the various conventional PI will not be
exposed.
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3.1 Synthesis of the Fuzzy Regulator

Text The fuzzy logic, introduced by Lotfi Zadeh in 1965, will rapidly develop both in the
modeling and in the control of complex systems [27]. This approach is mainly based on
two concepts: the decomposition of a universe of discourse into one or more variables
measured in the form of linguistic symbols, and rules derived from the expertise of the
human operator. As early as 1974, E.H Mandani designed a fuzzy controller applied to
a steam engine. To date, his model is the most widespread and will also be the subject of
our choice in this article [28]. A fuzzy controller is usually represented by the structure
of the Fig. 3.
The general principles of a fuzzy controller are defined as follows:

Fuzzification: this is the interface that allows you to convert physical input quantities
into so-called fuzzy linguistic variables. The operation consists first of all in adapting
the input ranges to the chosen universe of discourse. Then, in order to assign levels or
degrees of linguistic variables to the input quantities, a choice are made among triangular,
trapezoidal, Gaussian, etc. membership functions [29, 30];

Inference: this is the region where the decision-making rules are drawn up for each
chosen membership function. A distinction is made between the methods of Mandani,
Larsen and Sugeno etc. All of them are based on the use of programming operators such
as AND, OR, IF, THEN etc. [29, 30];

Knowledge base: it is a database of fuzzy linguistic rules and data based on expert
knowledge in the field of application and predictable results of the command [29, 30];
Defuzzification: it is the set of inverse operations of the fuzzification.

Refer ; Errors (e Ordr .
elerences (12 A © > Regulator kdrex (1) Model or Exits (‘9

Process

Fig. 2. Synoptic of a regulation law with a feedback loop.

Fuzzy Rule-Base

A 4

Output
M Fuzzification (F) Inference (I) »| Defuzzification (D) M»

Fig. 3. Configuration of general principles of fuzzy logic.

e Classic Fuzzy Controller Design Typel (FLC)

The Fig. 4, shows the main structure of the fuzzy controller typel, which is imple-
mented for the control of the DFIG alone and for the control of the whole 2 MW wind
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generation system. As shown in Fig. 4, the Fuzzy Logic controller includes two nor-
malized inputs, the error en (k) and its variation Ae, (k), and a normalized variation
output of the command U, (k). The latter makes it possible to adjust at each instant
(k) the command U (k) to be applied to the process or controlled system, in order to
minimize the error e (k) between the set point Y * (k) and the response Y (k) of the
system. Moreover, G. and G, are the scaling or normalization factors of the error e (k)
and its variation Ae (k) respectively. Whereas, Gy, is also called the normalization gain
of the control U (k) of the system. We define the error e (k) and its variation Ae (k) by
the following relation [31, 32]:

{ e(®) = Y*(K) — Y(K) (6)

Aek) =ek) —e(k— 1)

The three quantities e (k), Ae (k) and the command U (k) are standardized as follows:

en(k) = Ge - e(k)
Aen(k) = Gae - Ae(k) (17)
Un(k) = UK) - G, !

e Application of the FLC to DFIG control

We consider the simplified DFIG model based on Eq. (10) to evaluate the efficiency
of FLC, ANN and PI on the direct control of the active (Ps) and reactive (Qs) power of the
machine. The favorable study is that of an ideal wind power system based on the DFIG
direct vector control structure shown in Fig. 5. The objective of the FLC control is to bring
the input error (e) and the variation of the error (Ae) to an almost zero value; the degrees
of membership likely to be occupied by intersections between the seven (07) rule levels
of (e) and (Ae), give 49 combinations for 49 possible states. Depending on whether, for
each of the possible membership states, there will be an automatic adjustment of the
response (u) at the output of the fuzzy command. As shown in Fig. 6, the membership
functions of (e) and (Ae) as input, are chosen identically and in a triangular shape in the
interval [—1 1], with the seven (07) levels of rules or of degree belonging designated
as follows: NG: big negative, NM: medium negative, NP: small negative, ZE: zero; PP:
small positive, PM: medium positive and PG: big positive. Likewise, the variations of
the controls (U) for the active and reactive powers are chosen in a triangular shape as in
Fig. 6. Except that, the output of the fuzzy control (U, (k)) will change according to the
states of the inputs (e and Ae). In practice, to size the FLC of Pg and Q, defined in Table
3 in the appendix, we based ourselves on the observations of the curves at the inputs (e)
and (Ae), then of the response at the output of the regulation by PI on the quantities Py
and Q.

Therefore, we can choose a maximum value observed on the output response of the
PI to assign it to Uy (k). The latter is then replaced in Eq. (17) to deduce the gain Gy,
knowing that U (k) is set to 1 as the upper bound in Fig. 6. The same scenario will be
repeated on the observations at the inputs (e) and (Ae) of the PI to determine G and Gae
respectively. Table 3 in the appendix gives a summary of the values of Ge, Gae, Gy, as
well as those of the selected control intervals, Au € [—Upmax(K) + Unmax(K)]. The rule
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Fig. 4. Conventional fuzzy controller design structure.

table used for fuzzy interference is given below by Table 1. The filling of the latter is
as follows, we align the seven (07) rule levels of (e) and (Ae) respectively, vertically at
the extreme left and horizontally at the extreme top of Table 1. Then, the entire diagonal
of Table 1 is filled with the zero level (ZE). Finally, going from left to right, we replace

the boxes above (ZE) starting with NP towards NG. Then, below ZE, we start with PP
towards PG.

A Viq N/ \ P
DFIG
¢ LR Vi o
bs > ~
-~

Fig. 5. DFIG direct vector power control model.

0.5

NG NM NP ZE PP PM PG
-0.5 1

-1 0 0.5

Input variable "E/DE"

Fig. 6. The membership functions of the input variables e and Ae.
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Table 1. Fuzzy inference rules of Ps and Qs

Ps/Qs e(k)
NG NM NP ZE PP PM PG
Ae(k) NG NG NG NG NG NM NP ZE
NM NG NG NG NM NP ZE PP
NP NG NG NM NP ZE PP PM
ZE NG NM NP ZE PP PM PG
PP NM NP ZE PP PM PG PG
PM NP ZE PP PM PG PG PG
PG ZE PP PM PG PG PG PG

o Application of FLC to the 2 MW Wind Turbine Chain

The entire wind energy system, comprising a total of six fuzzy controllers, leads us to
search for a compromise between accuracy and the time needed to calculate or simulate
the system. Consequently, the dimensioning of the FLC to control the quantities Qpec,
Ps, Qs, Uqc, itq and igg obeys the previous approach presented above in the section
application of the FLC to the control of the DFIG. Except that here, we have limited
the number of degrees of membership to three (03) noted, large negative (NG), zero
(ZE) and large positive (PG). As a result, the membership functions (e) and (Ae) for
these FLC are chosen identical as shown in Fig. 7. Then, the order variations (Au) and
the various normalization gains Ge, Gae and Gy are determined for the six (06) FLC
presented in Table 3 in the appendix. The rules used for the fuzzy inference of the six
(06) FLC are given by the Table 2.

3.2 ANN Controller Synthesis

The concept of neural models dates back to the 1940s with the work of McCulloch
and Pitts [16]. The latter defined the formal or artificial neuron model via simplified
mathematical modeling, inspired by the functioning of the human brain [24]. In principle,
as illustrated by Fig. 8, the mathematical representation of the biological neuron is
assimilated to a threshold summing device with several inputs and a single output. This
neural model proposed by Mc Culloch and Pitts is characterized by the following two
main relationships:

Zi(x) = =6+ Y WiSi(0 (18)

Si(x) = f(Zj(x)) (19)

where, S; (x), Sj (x) and Wj; (x) are respectively, the ith input, the output of the neuron
and the weight of the connection between neuron i and neuron j. Z; (x) is the input
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function and e; is the bias or threshold of the neuron activation. f (.) is the activation
function of the neuron, and can be step, sign and non-linear. Currently, ANN are among
the major tools that have revolutionized Al In various fields such as physics, chemistry,
biology, finance etc. ANN have been successfully applied to model, predict, diagnose
and for process control law synthesis [16].

NG ZE PG

05

-1 -0.5 0 05 1

Input variable "E/DE"

Fig. 7. The membership functions of the input variables e and Ae.

Table 2. Fuzzy inference rules of Qmec, Ps, Qs, Uge and iqu

Qmec /Ps/Qs/Uqgc/ iqu e(k)
NG ZE PG
Ae(k) NG NG NG ZE
ZE NG ZE PG
PG ZE PG PG

SOy l-ej
i jj

Sn' « %

Fig. 8. Neural model proposed by Mc Culloch and Pitts.

e Application of ANN to DFIG and the wind system

The ANN are applied to the active and reactive power controls of the DFIG of the
ideal structure in Fig. 5, and on the whole wind power system in Fig. 1. In this work, the
ANN implementations use the Leveuberg-Marquardt (LM) back propagation algorithm.
The convergence of the ANNs has been obtained using the parameter values grouped in
the attached Table 3. And, the ANNSs are defined by on the internal logical structure of
Fig. 9. The Number of neurons of the input and output layer are respectively 10 and 1.
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4 Results and Discussions

In order to validate our study, we rely on the evaluation of the efficiency of the ANN
controller by comparing its performance to that of the PI and the FLC. As a result,
the structure of the simplified DFIG model and the modeling of the whole 2 MW wind
turbine chain are used. The simulation parameters of all the elements of the wind system,
including its controllers, are presented in Table 3 and 4 in the appendix. All these studies
are carried out using the Matlab/Simulink software.

4.1 Case 1: Simulation of DFIG Power Control by PI, FLC and ANN

In order to highlight the different operating regimes that the DFIG can cope with, the
reference active and reactive power levels are considered in the Figs. 10 and 11 as
follows:

The time intervals (0 s to 0.15 s) and (0.3 s to 0.4 s) for Pyer = 2 MW and Qe
= 0 MVAR corresponding to the normal operating state of the system. Whereas, in the
interval (0.15 s to 0.3 s) we define respectively a sharp decrease in Pger from 2 MW
to 1.5 MW and a sharp increase in Pger from 1.5 MW to 2 MW, at Qgf = 0 MVAR.
This reflects two large distinct disturbances, in order to also highlight the influence of
model uncertainties or the coupling effect between P and Qg in the DFIG. In general,
you can clearly see in Figs. 10 and 11 that the curves of active power Pg and reactive
power Qs of the three controllers follow their reference value well with very insignificant
overshoots, in particular for ANN and FLC. However, compared to PI, FLC and ANN
allow controlled powers to reach their set points as quickly as possible. In addition, the
FLC is very slightly precise and fast than the ANN. The static errors (SE) observed in
the Figs. 10 and 11 are around the following values: 0.03% with the FLC, 0.048% with
the ANN and 0% with the PI. For the robustness test presented in Figs. 12 and 13, we
chose a 20% increase in the nominal value of the mutual inductance (M). In terms of
robustness, Figs. 12 and 13 show that the curves of Pg and Qg of the classical PI do not
present interesting results. Because the PI curves are strongly more influenced than those
of the FLC and ANN. While, ANN is less robust than the FLC, one observes on the ANN
curves, a large static error and sensitivity to disturbances. Overall, although the FLC has
a visible static error, its superiority to ANN and PI is remarkable. Moreover, compared
to ANN and PI, the FLC offers good disturbance rejection, guaranteed decoupling of Py
and Qs, good follow-up of its reference and good stability with respect to uncertainties.
The ANN meanwhile, offers better performance than the classic PI.
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Fig. 9. Design structure of the ANN controller.
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Fig. 10. Design structure of the ANN controller.

4.2 Case 2: Simulation of the Wind System Control with PI, FLC and FLSA-PI

The wind turbine which is studied in this work, can operate under optimal conditions,
with a maximum coefficient of performance of Cpmax = 0.44, an optimal specific speed
of Nopt = 5.841 and a constant wind speed V = 11.2 m/s at B = 0°. In order to give an
image of what could be observed or predicted experimentally or on site, the PI, ANN
and FLC controllers are applied to a 2 MW wind system whose model is based on the
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equations: (5), (6), (11), (12), (13) with a random wind model illustrated in Fig. 14,
based on the following equation [4]:

V = 11.4 4 (0.25in(0.1047 - t) + 0.2 5in(0.2665 - t) + 0.2 5in(3.6645 - £))  (20)

The Fig. 15 shows us that the mechanical speed control is quickly well ensured by
the ANN, followed by the FLC and finally the PI. The static error is almost 0% for
the three controllers, while the overruns are 11% for the PI, 0% with the ANN and
the FLC. From the active and reactive power curves in the Figs. 16, 17, 18, 19, 20, 21
it can also be seen that, in terms of sensitivity to overrunning, and rapid tracking of
their set points, the ANN is higher than the FLC which is higher than the PI. Unlike
the other two controllers, the FLC has the highest static error of around 4% in Fig. 18.
The regulation of the DC bus voltage shown in Fig. 22 shows that the ANN is most
reassuring in the rapid and precise pursuit of its reference value, and will be followed by
the FLC in relation to the PI. The Figs. 23, 25 and 27 respectively show the quality of the
currents to be fed into the grid by the wind system using the PI, ANN and FLC controls.
Overall, the system is balanced for each control and the regime stabilizes around 0.5 s.
This regime is established more quickly with the ANN, then with the PI and finally with
the FLC. Indeed, it can be seen that the FLC has greater amplitudes and fluctuations at
start-up than the other two controllers. Furthermore, with the same mains currents under
the time interval conditions [0.5 s to 3 s], fundamental frequency (50 Hz), maximum
frequency (1000 Hz) and number of cycles (125), it can be seen that the highest Total
Harmonic Distortion (THD) is that of the FLC in the Fig. 28, followed by the PI in the
Fig. 24, and finally the best ANN shown in the Fig. 26. On the other hand, cos$~1 is
the best with the ANN in Fig. 30, followed relatively by the FLC and the PI in Figs. 31
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Fig. 14. Illustration of the random wind pattern.

and 29 respectively. In the case of controlling the whole wind system, we can say that
decreasing the level of inference rules of the FLC to three, to lead to a slight decrease in
the performance of the FLC compared to the ANN.
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Fig. 15. Mechanical speed control by FLC, ANN and PI.
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Fig. 18. Control of the active power with the FLC.
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Fig. 22. Regulation of the DC bus voltage by FLC, ANN and PI.
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Fig. 30. Voltage and current phase shift ANN to the power grid.
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5 Conclusion

This study proposes the use of Neural Network (ANN) and Fuzzy Logic Control (FLC)
controllers, for the systemic control of a wind power system connected to the grid
and using a Doubly-Fed Induction Generator (DFIG). To do this, comparative studies
between Proportional Integral (PI), FLC and ANN were carried out in the case of an
ideal system based on the simplified model of DFIG on the one hand; and in the case of
areal wind system on the other hand. The results of the study show that, the PI performs
less well than the ANN and FLC. Whereas, for a high level of fuzzy inference rules, the
FLC performs better than the ANN. For low level, the performance of the ANN is very
slightly superior to the FLC. In addition, one mainly notices a good disturbance rejection
and a good robustness of the FLC compared to the ANN. The latter offers a static error,
a standard deviation and a cos¢ = 1, slightly better than the FLC. To this end, we can
conclude that the ANN and FLC strategies are very promising for the control of wind
systems.

Appendix

Table 3. Summary of controller parameters PI, FLC and ANN

Controlled Ps/Qs (DFIG | Qmec Ps/Qs (DFIG Vdc (DC-BUS) | Itq/lgq (Filter)
Quantities of simplified) (Wind widespread)
models turbine)
PI Kp 4.871le—4 —136460 | 4.871e—4 30.4 24
Ky 7.4439¢—3 —6823e3 | 7.4439¢—3 6080 240
Ty (ms) 1.2/0.6 40/39.4 1.2/0.6 10/9.4 2.5e—5/1.9e—5

(continued)
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Controlled Ps/Qs (DFIG | Qmec Ps/Qs (DFIG Ve (DC-BUS) | Itq/lgq (Filter)

Quantities of simplified) (Wind widespread)

models turbine)

FLC |Ge S5e—7 6.25e—3 | 1.6666e—7/1.43e—7 | 8.3333e—4 1.125e—4
Gae 5.64e—10 2.9e—5 2e—18/2e—10 le—6 1.125¢e—7
Gau 1000 0.1 1 1 1
AU [—80 80] [—2e7 [—200 0J/[—3500] | [—40004000] |[—1000 0]

2e7]

ANN | Iterations 13/15 1000 500/789 1000 842/800

Regression | 0.9738/0.70 | 0.90 0.9738/0.70 0.9941 0.70/0.74

Table 4. Simulation parameters for DFIG, DC-Bus, Filter, Turbine [33]

Models DFIG DC-Link and Filter Turbine
Parameters Us =690 V/F =50 Hz C = 38000 wF P=2
Rs = 1.69 mQ Uge = 1200 V G =90
Ls =2.95mH Rp = 6 mQ Jourbine =
50.105 kg-m?
Ry = 1.52 mQ Lg =0.6 mH D=8m
L; =297 mH/L,y(M) = f=0.03/Jrotor =
2.91 mH 682.3 kg-m?
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Abstract. This paper deals with the Bayesian estimation of the parameters of a
discrete fractional epidemic model SEIRD as an extension of the classical SEIR
model, describing the dynamics of disease propagation in a population. Equi-
librium points are computed and the existence stability nature at these points
are discussed. The basic reproduction number Ry is calculated using next gen-
eration matrix method. The estimation of the parameters is based on Bayesian
inference. The numerical simulations were used to illustrate the stability of the
discrete fractional order SEIRD epidemic model and to evaluate the performance
of the estimation method. The model introduced is applied to real data concerning
pandemic COVID-19 in Morocco.

Keywords: Bayesian estimation + SEIRD epidemic model + Fractional order -
Caputo - Stability -+ COVID 19 pandemic
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1 Introduction

At the begining of December 2019, a new viral disease was discovered in Wuhan,
China. The scientists found that the cause of this infectious disease is the novel beta-
coronavirus, which leads to the severe acute respiratory syndrome. This virus, which
is now known as 2019-nCoV, SARS-CoV-2, and COVID-19, affects the lungs and has
symptoms such as cough, fever, tiredness, and difficult breathing. Unfortunately, the
spread of the 2019-nCoV was too rapid in Hubei Province and became an epidemic at
the end of January 2020. Consequently, the Chinese government imposed the quarantine
restrictions to prevent the outbreak. International travels were also declared. However,
it was not successful, and the disease was spread in the whole globe. At the time, a large
number of countries such as the USA, Italy, Spain, and Germany are affected by this
disease and the governments try to defeat coronavirus by enforcing social distancing.

The infectious pandemics have substantial effects on the health and also on finance.
Therefore, the study of the dynamics of transmission of the disease is of great impor-
tance. By the help of mathematical tools, it is a possibility to predict many real-world
(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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time series in different fields such as economics, finance, and climate [1-5]. Mathemat-
ical models are an effective tool for understanding the dynamics of the outbreaks. These
models are also useful in forecasting the spread of the disease and thus help the govern-
ments to be prepared and make necessary decisions [6]. The well-known and most used
mathematical models for the spread of infections are the classical ordinary differential
equations, such as SI, SIS, SIR, SEIR, SIRD, and SEIRD models.

In these models, each variable represents the number of individuals in different
groups. From the discovery of the 2019-nCoV, several models have been proposed to
study its dynamics [7-12]. Zhong et al. [13] proposed a simple SIR model for predicting
novel coronavirus, according to China’s first reported data. Yang and Wang [14] pre-
sented an extended SEIR model for COVID-19 with time-varying transmission rates by
considering the environmental effects. Liang [15] described the growth propagation of
three pandemic diseases, COVID-19, SARS, and MERS, by mathematical models and
found that the growth rate of COVID-19 is much greater than SARS and MERS.

The fractional-order differential equations have been recently used for describing
the behavior of the epidemics [16—18], [19-22]. The fractional derivatives are depen-
dent on the historical states, in addition to the current state, and thus have memory
properties [17, 18]. Therefore, they are a better choice for the epidemic’s modeling. Fur-
thermore, in the fractional model, the derivative order provides a degree of freedom in
fitting data [18]. Due to these properties, the fractional differential equations have been
used for various applications in different fields [23—29]. Gonzalez-Parra et al. [18] pre-
sented a fractional-order SEIR model for explaining the outbreak of influenza A(HINT).
They showed that the fractional model agrees with the real data better than the classi-
cal model. Demirci et al. [16] proposed a fractional-order SEIR epidemic model with
vertical transmission with considering that the death rate is dependent on the number
of the total population. Area et al. [17] analyzed the data of the Ebola outbreak by
both integer-order and fractional-order SEIR models. However, they reported that the
classical model had better fitting results than the fractional one.

All of the studies in modeling the spread of COVID 19 have considered ordinary
differential equations, while there are some claims that the fractional-order models have
a better fitting to the real data. In [30], the authors have presented a SEIRD model for
analyzing and predicting the COVID-19.

In this paper, we analyze this model with fractional-order derivatives. We compute
the error of fitting the model to the real data, which refers to Italy from February 24 to
April 7. Therefore, the optimum parameters are found for different derivative orders.
It is observed that the model with fractional order has less fitting error than the integer
model. Then, the model is tested by using the data of April 8 to May 16 (unseen by the
model during parameter estimation). The results show that the fractional model provides
a better prediction than the integer model.

In this paper, we propose a discrete fractional SEIRD model, where the parameters
are estimated by Bayesian inference. Equilibrium points are computed and the exis-
tence stability nature at these points are discussed. The basic reproduction number Ry is
calculated using next generation matrix method. The numerical simulations were used
to illustrate the stability of the discrete fractional order SEIRD epidemic model and
to evaluate the performance of the estimation method. There are several definitions for
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fractional derivatives; in this paper we choose to work with the Caputo fractional deriva-
tive. One of the advantages of such derivative is allowing us to consider classical initial
conditions to be included in the formulation of the problem. Also, the Caputo fractional
derivative of a constant is zero, which is not true for other fractional derivatives. Also,
since the fractional order can be any positive real o, we can choose the one that better
fits the data. Therefore, we can adjust the model to real data and, thus, better predict the
evolution of the disease.

The paper is outlined as follows. In Sect. 2, we first recall some definitions and
results about fractional calculus and also present a new result that will be needed in
what follows. In Sect. 3, we present the fractional discrete SEIRD epidemic model,
and then, in Sect.4, we give the dynamic properties of fractional calculus. Namely,
we prove that the problem is well-posed and we evaluate the equilibrium points and
the basic reproduction number. In Sect. 5, we estimate the parameters using Bayesian
inference. Numerical simulations using R are given in Sect. 6. Finally, we conclude the

paper.

2 Fractional Difference Operator

Fractional calculus is an extension of the ordinary calculus, by considering integrals and
derivatives of arbitrary real or complex order [33, 59]. This subject is as old as calculus
itself, and in the past decades it has proved to be applicable to real world phenomena. In
some cases, considering the dynamic being modeled by a fractional derivative/integral,
we obtain a more realistic model.

Let o > 0 be areal number and x : [a,b] — R an integrable function. The Riemann-
Liouville fractional integral of x of order ¢ is given by the expression

ﬁ/:(t—r)“*]x(r)dr

where I denotes the Gamma function:

1%x(t) ==

+o0
(1) ::/ v lexp(—7)dr, forallt > 0
0

We remark that I"(r+ 1) =¢I"(¢),Vt > 0, and for positive integers n, we have I'(n+1) =
n!

Fractional calculus has a long history and there seems to be new and recent interest
in the study of fractional calculus and fractional differential equations [2,3].

Let:

I'(r+1)
(o) — ) =
t F(t—a+1)ande v+N

From [1], the fractional sum is defined as:

1
A7Vx(n) = =2V (n—k—1)""Vx;, where x: N — RP andn € N, .

r(v)
Form—1< v < m, the v Caputo fractional difference is defined as:

A = A~ (m=v) (A™x) where Ax, = Xp1 — Xy
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For v €]0,1] :

1 n—(1-— -
U k= 1)V Axg forn € Ny _y.

—(1—
A:.x":A ( V)Axn:m k=0

Some properties:

Ve N R7AIA V= AVA V= ARy

3 A Fractional Discrete SEIRD Epidemic Model

3.1 SEIRD Model

Following the classic SEIR model, we consider a compartment model with 6 com-
partments: Susceptible, Exposed (not yet infectious), Infected with mild symptoms,
Infected with severe symptoms, Recovered and Death.

In Fig. 1, we present the compartments considered and the possible transitions
between the compartments.

The Table 1 summarizes the compartments introduced.

Table 1. The compartments and their notation

Compartment Notation
Susceptible St
Exposed E
Infected I

Infected with mild symptoms | I"

Infected with severe symptoms | I/

Recovered Ry
Death D,

Infected with
mild symptoms

Recovered

BI

N
Susceptible
S

Infected with
severe symptoms

F

Fig. 1. Compartments and possible transitions between compartments
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The parameters characterizing the interaction between the different compartments
introduced are presented in the Table 2

Table 2. The parameters and their notation

Parameter | Meaning

Transmission rate

Part of exposed to the virus with severe symptoms

Average incubation duration

Death rate due to epidemic with severe symptoms

Average duration of infection with mild symptoms

Average duration of infection with severe symptoms

Sl=[E|=[E= @ R= |

Average time from onset of symptoms to death

The discrete SEIRD model is expressed by the following equations:
AS[ == —%S,It

AE, = %Stl, —YE,

ALl = 0YE, — (1= 8)up + 6n)I; (1)
AL = (1-6)yE — "

ARy = il + (1= 8) ok}

AD, =énl;

where B,u,1 >0,0< 6,0 <1and N =S; +E; + I, + R, + D; the total population.

3.2 Fractional SEIRD Model

There are several definitions for the fractional derivatives. Among them, the Caputo-
type fractional derivative is more popular and used for real applications.
Now, we write the SEIRD model (Eq. 1) with fractional derivatives as:

ALS, = fgs,lt

A*aEt == %SZIZ — YEt

AL = OYE; — (1 -8+ 8n)I; )
AML" = (1= 0)YVE, — 1"

AIR = " + (1= 0)oly

AYD, = onl}

where B,1,1>0,0< 9,0 <land0< ox < 1.
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4 Dynamic Properties

4.1 Disease Free Equilibrium (DFE) and the Basic Reproduction Number R

To evaluate the equilibria of the proposed model (2), we need to solve the following
system:

with the initials values: E/ = I’* =™ =0 and S+ E+I*+I" +R+ D = N. Then
Fy=(N,0,0,0,0,0) is DFE.

The basic reproduction number noted Ry represents the average number of sec-
ondary infections produced by an infected individual in a susceptible population.

We determine Ry by using the next generation matrix approach. Then, Ry is given
by the formula
(6 +(1—6)fi2) B

Ry = —
Hilo

where fi = 0N+ (1 — §) a.

4.2 Stability of DFE

As the dynamic of S, E, I’ and I"* does not depend on R and D, we consider only the first
four equations. Then, the jacobian matrix Jg, of the fractional model, evaluated around
the DFE Fj is

0 0 -B -8B
-0 v B B
f=lo 6y —m 0

The associated characteristic polynomial is
P(X) =X*+AX> +BX>+CX
with A=+ +y B = wmb+yvu + k- pB), C =
y(ifo — (O + (1 - 6)i2) )
Theorem 1. if C > 0 and AB > C then the DFE Fy is stable.

5 Numerical Simulations

We simulate the model for values N = 1000000, 6 = 0.1, 6 =0.3, y= %days_l, u =

%days_l, U = ﬁ, n= %Sdays_l.

The Table 3 shows the values of Ry as a function of 3.
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Table 3. The values of Ry as a function of 3

g |01 |04 |07 |09
R0 |0.728 12912 | 5.096 | 6.552

The figures below 2, 3, 4 and 5 show the evolution of the percentage of severely
infected in the total population for § = 0.1, 3 =0.4, B = 0.7 and 8 = 0.9 according to
o . They show that the time needed in days to reach the peak of the number of severely
infected individuals decreases as a function of fractional number o.

Fig. 3. Percentage of severely infected in the total population for § = 0.4, according to o
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% of severe infected individuals for v =0.5

aays
% of severe infected individuals for v =0.7

==——-—=

aays
% of severe infected individuals for v =0.9

Fig. 4. Percentage of severely infected in the total population for f = 0.7, according to o

% of severe infected individuals for v =0.5

a
% of severe infected individuals for v =0.7

===—=-°-

aays
of severe infected individuals for v =0.9

Fig. 5. Percentage of severely infected in the total population for 8 = 0.9, according to o

6 Conclusion

In this paper, we have proposed a discrete fractional SEIRD model that can be applied to
any infectious disease. We proved that our fractional model has an equilibrium points.
In addition, a sufficient condition for the stability of DFE was presented. The basic
reproduction number was computed by next generation matrix method. Numerical sim-
ulations using R are given.

Finally, it is important to mention that mathematical models based on fractional
derivatives are, in general, a more powerful approach to epidemiological models, not
only because we can choose the order a of the fractional derivative, but also because of
the memory properties of the fractional derivatives.
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Abstract. In this paper, we study the existence and uniqueness of solu-
tion for a new kind of equations, namely fuzzy fractional stochastic differ-
ential equations (FFSDEs) under generalized Hukuhara differentiability
using the principale of contraction mappings. An example is provided to
illustrate the results.

1 Introduction

The theory of impulsive differential equations is emerging as a crucial area of
investigation since such equations appear to represent a natural frame work
for mathematical modeling of the many real processes and phenomena stud-
ied in electronics, optimal control and economics. On the other hand, the fuzzy
stochastic differential equations could even be applicable within the investiga-
tion of various economic and engineering problems where the development are
subjected to both fuzziness and randomness. Fuzziness dealt to unsharp bound-
aries of the parameters of the model and the randomness dealt to the stochastic
variability of al feasible outcomes of a situation.

Recently, fractional differential equations are attracting more attentions of
several researchers because they are more effective in modelling of many real-
world problems.

The first paper on fractional differential equations (FDEs) with uncertainties
have been given by Agarwal in [1]. For fuzzy fractional concepts, recently the
authors [14-18] established, existence and uniqueness result of fuzzy fractional
differential equation with nonlocal conditions, solving the fuzzy fractional dif-
ferential wave equation by mean fuzzy Fourier Transform and proved existence,
uniqueness and approximate solutions of fuzzy fractional differential equations.
Abbasbandy et al. [2] studied a fuzzy FDEs with uncertainty under Hukuhara
differentiability. In [3], M. Benchohra, et al. studied a Fuzzy solutions for impul-
sive differential equations. Combining the theories of impulsive differential equa-
tions Lakshmikantham et al. [4] initiated the study of fuzzy impulsive differential
equations. Van and Vu Hoa [5] studied the existence and uniqueness of impulsive
fuzzy functional differential equations.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 147-163, 2023.
https://doi.org/10.1007/978-3-031-12416-7_13
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Motivated by authors in paper, [4,6-13], we study the existence and unique-
ness of solution of fuzzy impulsive fractional stochastic differential equations. The
rest of this paper is organized as follows: In Sect. 2, we introduce some concepts,
notations and basic results about fuzzy set, generalized Hukuhara differentiabil-
ity and fuzzy fractional differential equations. The existence and uniqueness of
solutions are discussed by using Banach fixed point Theorem in Sect. 3. Finally,
in Sect. 4, we investigate an example to illustrate the results.

2 Preliminaries

Let E™ denote the set of fuzzy subsets of the real axis, if w : R* — [0, 1],
satisfying the following properties:

(i) w is normal, that is, there exists zp € R™ such that w(z) = 1,
(ii) w is fuzzy convex, that is, for 0 < A <1

w(Azy + (1 — N)z2) > min{w(z1),w(z2)}, for any 21,22 € R™,

(iii) w is upper semicontinous on R™,

(iv) [w]® = cl{z € R : w(z) > 0} is compact, where cl denotes the closure in
(®",]. ).
Then E” is called the space of fuzzy number. For r € (0,1], we denote
W = {2z € R" | w(z) > r} and [w]° = {z € R" | w(z) > 0}. From
the conditions (i) to (iv), it follows that the r — level set of w, [w]", is a
nonempty compact interval, for all r € [0,1] and any w € E".

The notation [w]” = [w(r),w(r)], denotes explicitly the r — level set of w, for
r € [0,1]. We refer to w and @ as the lower and upper branches of w, respectively.
For w € E™, we define the lengh of the r—level set of w as len([w]") = @W(r)—w(r).
For addition and scalar multiplication in fuzzy set space E™, we have w1 +ws]” =
[wi]” + [wa]"; [Mw]” = Alw]".

The Hausdorff distance between fuzzy numbers is given by

Dlwi,wo] = Oiggl{l Wi (r) = wy(r) [, | w1(r) —@2(r) [}

The metric space (E™, D) is complet metric space and the following properties
of the metric D are valid.

D[wl +w3,w2 +u}3] = D[wl,wg],
D[/\wl,/\WQ] :| A | D[wl,wg],
Dlwi,ws]| < Dlw1,ws] + Dlws, wol,

for all wi,ws, w3 € E™ and A € R™. Let w1, ws € E™, if there exists ws € E™ such
that w; = we + w3 then ws is called the H-difference of wq,ws. We denote the ws
by w1 © ws. Let us remark that wy © ws # wy + (—1)ws.
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Definition 1. The generalized Hukuhara difference of two fuzzy numbers
w1, ws € E™ (gH-difference for short) is defined as follows:

_ (1) w1 =wa+ ws,
Wi OgH W2 = w3 < {or (i) wo =wi + (—1)ws.
The generalized Hukuhara differentiability was introduced in [7].

Definition 2. Let ¢t € (a,b) and h such that ¢t + h € (a,b), then the generalized
Hukuhara derivative of fuzzy-valued function z : (a,b) — E™ at t is defined as

Dypa(t) = lim z(t+ h)h@gH 2(t)

(1)

If Dypa(t) € E™ satisfying (1) exists, we say that x is generalized Hukuhara
differentiable (gH-differentiable for short) at t. Also, we say that x is [(i) —
gH]—differentiable at t if (i) [Dygx(t)]” = [2/(t,r), T (t,r)], and that z is [(i1) —
gH]—differentiable at ¢ if (i7) [Dguz(t)]” = [@'(t,7),2'(t,7)], r € [0,1].

Theorem 1. Let x : [a,b] — E" be such that [x(t)]" = [2'(¢,7),T'(t, )] for
t € [a,b], r €[0,1]. If the real-valued function x(t,r) and T(t,r) are differentiable
at t € [a,b], then the function x is gH-differentiable at t € [a,b] and

[Dyux(t)]” = [min{z'(t,7),T (t,7)}, maz{z' (t,r), T (¢, r)}]. (2)

Let I = [a,b] C R™ be a compact interval we shall use the notation C([a, b], E") =
{z: 1 — E"| zis continuous}, where the continuous is one-sided at endpoints
a,b. In the space C([a,b], E™), we consider the following metric:

Djlr,z] = sup Dolz(t), =(1)].
t€la,b]

It is known that (C([a,b],E™),D§) is a complete metric space. Also, we
denote the space of all Lebesque integrable fuzzy-valued functions on [a,b] by
L([a,b], E™). Let € C([a,b],E™), we say that x € L(C([a,b], E™), D§) if and
only if Do[f;x(t)dt,ﬁ] < o0.

Definition 3. The Riemann-Liouville fractional integral operator of order o >
0, of a real-valued function ¢ € L'[a,b], is defined as

1% o(t) = ﬁ / (t — )2 p(s)ds,

where I'(.) is the Euler gamma function.

Definition 4. Let ¢ : [a,b] — R™, the Caputo fractional derivative of order
a>0,m—-—1<a<m,méeN, is defined as

D, olt) = ﬁ / (t — 5™ Lt (5)ds,
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where the function ¢(t) has absolutely continuous derivatives up to order (m—1).
If o € (0,1), then

CDLelt) = g [ =9 )

Definition 5. Let = : [a,b] — E", the fuzzy Rieman-Liouville integral of
fuzzy-valued function x is defined as follows:

1

(Te)t) = fray [ (0= tale)ds (3)

Fora <t,and 0 < a < 1. For = a = 1, we set J,! = I, the identity operator.

Definition 6. Let D,z € C([a,b],E™) N L([a,b],E™). The fuzzy gH-
fractional Caputo diffentiability of fuzzy-valued function = ([gH]{ —
dif ferentiable for short) is defined as following:

1 t .
e - oD

onDara(t) = T (Do) (t) =
where 0 < a <1, ¢ > a.

Lemma 1. Suppose that z : [a,b] — E" be a fuzzy function and Dgypx(t) €
C([a,b],E™) N L([a,b],E™). Then

T (guDava)(t) = 2(t) S z(a).

Theorem 2. [4] Let Dy (t) € C([a,b], E™) N L([a, b], E™) be such that [x(t)]" =
[z(t,7),Z(t,r)] for 0 < r < 1, t € [a,b], then the function z is [gH]|S-
differentiable at t € [a,b] and

[uDea(®)]) = [min{ Dt ),” Dyaa(t, 1)}, maa{ Dgsalt, r).” Disat, )} -

(4)

where “D, z(t,r) and “D,T(t,r) defined in Definition 4.

Lemma 2. If z(t) = (z1(t), 22(t), 23(t)) is a triangular fuzzy number valued
function, then:
(1) If x is [(i) — gH]-differentiable at t € [a,b] then

(g D+ )(t) = (DG 21 (1), Doy 22(t),” Diz3(1)).
(43) If z is [(i1) — gH|-differentiable at t € [a,b] then
(g D+ )(t) = (D 23(t),” Do 22(t),” D21 (1)).

Definition 7. Let z : [a,b] — E™ be [¢H]S-differentiable at ¢ € (a,b). We say
x is [(i) — gH|S-differentiable at t € [a, b] if

(i) [(GuDg+2)(®)])" = [“Dgra(t,r), Dgra(t,r)], 0<r <1 (5)
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and that z is [(i1) — gH|S -differentiable at ¢ if

) [(CaD2a)OF = CD% (.S DSt )], 07 <1 (6)
where o . . 4
Dorx(t,r) = m/ (t—s) %Q(Svr)d&
CDo,F(t,r) = ﬁ / (t—s)*a%f(s,r)ds.

Definition 8. Let x : [a,b] — E™ be a fuzzy function. A point ¢ € (a,b) is said
to be a switching point for the [gH|S-differentiable of z, if in any neighborhood
V of t there exist points t; < t < t such that:

type I at ¢1 (5) holds while (6) does not hold and at t5 (6) holds and (5) does
not holds, or

type II at t; (6) holds while (5) does not hold and at t2 (5) holds and (6)
does not holds.

Let (.) : R™ — E" denote the embedding of R™ into E™, i.e. for r € R™ we have

1, if a=m,
<r>(a){07 if a#r.

Notations: Let ({2, A,P) be a complete probability space with filtration
{A; : t € T := [0,T]} satisfies the usual conditions. Let B(t) be a one-
dimentional Brownian motion defined on the probability space ({2, A,P) and
PCy := C(]—0,0],E™) denote the space of continuous mapping ¢ : [—0,0] —
E" equipped with the metric

sup D[p(t), 0]e ™8 < oo,
>0

Denote by L2(£2, A;, E") the Hilbert space of all square integrable random vari-
able with values in E" and PCp = PC([—o,T],E™) the space of all function
x : [—0,T] — E" which are continuous at t # t;, i = 1,..,n at which z(¢;") and
x(t]) = x(t;) exist, where z(¢;") and z(¢; ) stand for right and left limits of x at
t; respectively.

Let B, := (I, L*(2, PCr)) denote the family of all bounded A;-measurable
square integrable processes equipped with the following metric

D2[z,y] = sup D?[x(t),y(t)]e *~.
te[—o,T)

Note that (B,, D,) is a complete metric space.
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3 Existance and Uniqueness of a Solution

In this section, we consider the following fuzzy impulsive fractional stochastic
differential equations:

SHD“ w(t) = f(t,z) + (fy g(s,25)dB(s)), telt#t,
z(t) = x(te) + Li(ti, z(t:)), i=1,.,n, (7)
x(t) = p(t), t € [~0o,0],

where 0 < a < 1 and 'y D is the Caputo’s generalized Hukuhara derivative,
0—t0<t1<t2...tk<t <tn+1—Tandf IXPCo—>En,g IXPC()—>
R™ x R™ are continuous on T and for each x; € PCy we have z:(s) = z(t + s)
for s € [-0,0], I; : I x E — E™ are continuous for ¢ = 1, ..,n. In this paper, we
consider only (i)-differentiable type and (ii)- dlﬁerentlable type solutions.

Lemma 3. A fuzzy continuous mappiing z : [—o,T] — E" is a solution to
the system (7) on [—o,T] if and only if x is a continuous fuzzy mapping and it
satisfies to one of the following fuzzy integral equations:

(I1) if « is (i)-differentiable, then

o(t), t € [~0o,0];

t  f(s, t (Jg 9(e, 19)d3(9)> .
©(0) + oy Jo G S)f = ds + sy Jo ST ame ds t € [0, t1];

z(t) =
f(s,xs) f(s, J—s)
%0(0) +Xi T ftl L ntads r(a) ffk GomIoads
k (J§ 9(0,29)dB(8)) t (fo g(6, Te)dB(B))
+E;-C:1 i St e At ey Ji, TaTaime ds
+ >0y Li(ts, x(ti)), t € [tr, ths1]-
(8)
(I12) if x is (ii)-differentiable, then
®(1), t€[-0o,0]
s, g (J§ 9(6,29)dB(6))
v(0)o( [pm) I (,f:)l = ds + o I %d } t €0, t1];
z(t) = .

k f(s,zs) f(s, Is)

O TR F(JQ) (rtl Do =dt e <fftk (o <d>s>
. 9(6,29)dB(0 9(0,29)dB(0

+X5 T fti,l %d s+ o ft %d
+ 308 Li(t, 2(t)], t € [tr,tps1]

(9)
Proof: We will prove only the case (i)-differentiable of solution because the other
case of solution can be proved in similar way. If © : [—0,T| — E™ satisfies (7),
then it will be expressed as (8). Indeed, if ¢ € [0,¢1], so we have:

oD a(t) = f(t,2;) + (/ g(s,25)dB(s)).
0

By Lemma 3.4 in [18], we get

o) = 1 bof(s,xs) . 1 fo (0,76)dB(0)) s
(1) =90+ >/o< ””r(a)/o ( s

I'l« t—s)l-a t—s)l-a
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SO

S,

_ 1M f(s,xs) . L[5 9(0,20)dB(0))
#lt) = e(0) + F(a)/o G- Ty T Gose

for t € [t1,t2], then Lemma 3.4 in [18] implies

_ 1 tof(s,xs) 1 L[5 9, xg)dB(G))
o) ==+ 7y J, G ga T e

t S, Ts °g(0,x9)dB(0

- fB(t1) +11(t1’r(t1)) F(la) ¢ (tfﬁ 5)1 )ad + (la) / fo ?t(— siiff( )) ds’
t1 S, Ts t1 (0,z9)dB(0

= Ii(t1,z(t1)) + ¢(0) + F(la) / (tlf(—lq)i) —ds + F(la) fo(tl g 80)1 Ei( D s

1 t f(s,xs) ) 1 t [y 9(0,20)dB()) i
T ) — e B T )T e

then, by mathematical induction, if ¢t € (¢3,tk+1], £ = 1,..,n and using again
Lemma 3.4 in [18], we get

_ L[t f(szs) (f5 g(6,z0)dB(0))
x(t)—x(t:)Jr )/ ( [‘(a)/ 09 ds,

I« ty —s)t— wd (ty — s)t—@
1 t (s,zs) 1 (5 9(6,29)dB(0))
@) + Lt 2(te)) + 1 / -1t Ta) / O(trsﬂ o
B 1 o f(s,xs) 1 t1 ([ 9(0,29)dB(0))
= It (tg, z(tx F(a) /0 (tl — 51— a F(a) O(tl —s)l-« ds
1 o f(s,xs) 1 t ([ 9(0,29)dB(0))
+r(a)/ G- T T ), s =T
1 t f(s,zs) 5 1 te ([fy 9(0,x9)dB(9)) o
) /k ) (tkfs)l—ad + F(a) /k T s
1 (s, zs) 1 fo (0,79)dB(0)) ds
F(a) (15—8)1 a? I'(a) Jy, (t—s)l-« ’
k

Mw

1 ti f(S,l’s)
itna(t) +00) + s 30 [ T s

=1
1 (fo 9(0,29)dB(0)) 1 [t f(s, 2s)
O] Z/ t—si= T T /tk G—syiat
1t ([ 9(0,20)dB(6))
" T )i, o0 Gl o

Conversely, assume that « satisfies the impulsive fractional integral equation (8).
If t € [0,¢1], then x(0) = ¢(0) and using the fact gHDa is the left inverse of I
we get

C Du(t) = f(t,z,) + { /0 g(s,25)dB(s)). for each t € [0,4].
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If t € (tg,tgt1], k = 1,..,n and using the fact that gCHDO‘C' = 0, where C is a
constant, we get

¢
gHDO‘x(t) = f(t,xe) + </ g(s,zs)dB(s)). for each t € [tk,tpt1].
0
Also, we can show that
w(tf) = w(te) + Ie(tr, x(tr)), k=1,.,n.

|

Now, we will prove our result via principle of contraction mappings. Again,

since the way of the proof is similar for two cases, we will consider only case
(i)-differentiable of solution on [0, T].

Theorem 3. Assume that f : I x PCy — E", g : I x PCy — R"*! and
I;: I x E— E" are continuous and satisfy the following assumptions:
(H1) For all ¢, ¢ € PCy, Vt € I, there exist positive constant p,q such that

ED? [f(t’ 90)7 f(t,lﬂ)} < pEDg[%wL

Ellg(t, ) — g(t,¥)||* < qEDZ[p, ).
(H2) For allt >0, Ir,c >0 and a > b > 0 such that

-~

ED?[f(t,0),0] < re?=9),
ED?[g(t,0),0] < ce®C71).
(H3) For all p,vp € PCy, Vt; € I, ; >0,i=1,..,n such that
ED?[I;(ti, ¢), Li(ti, ¥)] < L:D*[p, ¢)].
Then, the problem (7) has a unique solution on I, provided that

5p 5q 5T %= 1 ~
H:=— — —kk+1)i<1 10
a® + aoz+1 F(a+ 1) + 9 ( + ) < ’ ( )

where | = max{ly, ..., I }.

Proof: We transform the problem (7) into a fixed point problem. Consider the
operator T': B, — B,, given by

o(t), t € [—o,0];
©(0) + sy Jo L) s 4 ey I UG 9(0.26)dB(0)) 26)ABO) g, t€[0,t1];

(t— 5)1 a (t— ‘5)1 o

(T2)(t) =

f(s,zs) s)
90(0)4'21 1 F(a) fg L ,Ss)m1 ~ds + r(a) ftk G z)m ds

k (J§ ate, Ie)dB(s)) t (J§ 9(8,29)dB(6))
+32im1 F(a) ft, 17 (osima ds + F(a) ftk T ool ds

+ 38 Lt (), t € [tr, tir1].
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~

Let 2 € B,, i.e., there exists p > 0 such that ED?[z(t),0] < pe®*=*) for any
t € [-0,T]. So, we have

sup ED?[z(t 4 6),0] < pe?~1), vVt el
0€[—o,0]

The proof will be given into two steps.
Step 1: The operator T is will defined. Indeed, for ¢ € [0, ¢1], we have:

f(s 1:9 f g(l9 :Bg dB 9)) .
ED?[(Tx)(t),0] = ED?[(0) + m (t_s i )/ o 900, 9)dB(0)) R ds, 0],
< 3ED?[(0),0] + 3ED? F(a) (s, ‘rs 2y PN)
(Js 9(0,6)dB(6)) dB(9)> =
+3ED [ﬁ/ (t_ s,
¢ ED?[f (s, ms), f (s, 0)]
< 3ED?[¢(0), 0 ) / @ s ds
6 /f ]ED2[f(s,o),Td L6 <f ED?[g(0,x0), g(6, 0)]dB(9))
I(a) Jo (t—s)t—@ I'(e) (t—s)t==
6 (J3 ED?[g(9,0),01dB(6))
* F<a>/ t—s)io ds.
using Ito isometric property, we get
2 6p t ED?[z,,0) 67 t o ebls—t)
ED”[(Tz)(t), 0] < 3ED? [¢(0), O] + ﬁ mds + @ Jo mds
6q [t [ZED?[zo, ]deds 6c [t [5e?7do i
I(a) Jo  (t—s)t—= I(a)Jo (t—s)t-o 7
6p [ SUD, (o0 BD?[x(s + 7),0] 61
< 3ED?[(0), 0]+ﬁ e ds+ o
/ Jo sUP, e[ o,0 ED?[x(6 + 7),0]d6 s
(t—s)l—«
(eb(s t) —bt)
bF(a / (t —s)t—« ds,
t gals—t) ,,, qu [‘ (ea(ﬂ t)de)
< 3ED?[(0),0] + F(a) m / otis)1 —ds

6c t o gbls—t) Gee bt a1
ds — t— T ds,
e /0 (tfs)lfa "7 b (a) /(, (¢ = o)™ ds,
—at 6¢ 6ct®e b

6gp 6gpe

< BED?[p(0),0] + — + — TlatD br(a+1)
[(0), ]+ + b + actl  al(a+1)  betl  bl(a+1)
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Thus
s ~ , 6pp  6r  6gp 6gpe”**
ED? als=t) < 3ED? s gLl -
tEb[IOlIt)ll [(T2)(), 01 ; Lp(0), 0] + ac T bo T gatt al'(a+ 1)
6¢ B 6etebe
bl bl(a+ 1)
< 00.

Likewise, for t € (t;,t;41], ¢ = 1,..,n, we have

k 1 ti f(S7IS) 1 ¢ f(s,ws)
EDQ[(Tm)(t),fﬂ:]ED2[@(O)+iZFa /t T - ds—l—F(a)/ ~d

ti—s)l o

(t—s)l—«

(9))

koo ti ([y 9(0,z9)dB(0 (Jo 9(0,29)dB(
+; (o) /ti_l (ti—s)l o a)/ (t—s)l e
k
+ Y Li(ti, 2(t:)),0]
=1

12t ED[f(s,xs), f(5,0)]
56ED2["9(0)’Q+; I(a) /t_l UEDEC

k.12t ED2[f(s,0),0] 12 [t ED2[f(s,0),0]
+ZF(a/ s BYr@ )y amsie

12 /t ED2[f(s,xs), f(s, 0)]
t

(o) Ji, (t =)t
k. 19 ti ([SED?[g(0,x9), (9 0)]dB(9)>
Ll G

k 12 t; f ]ED2[g(9 0) }dB(Q»
+;F(a) /tH 0 e ds

12 1t (g ED?[g(6, zp), (9 0)]dB(6))
+ /fk = ds

(@) Ji 51—
12 t ([ ED2[g(6,0),0]dB(6)) k . R
I'(a) /tk ) (t—s)l—@ ds+6;lJED2[:U,O],

S
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then
k 12p t; ED2 [z;,a] koo12r t; eb(s—1t)
Tz)(t),0] < 6ED?[(0),0] + — 2" ds+ —d:
D?[(Tx)(t),0] [¢(0),0] Z < T(0) Jeiy (= 5o s ;F(a) b1y (£ —syi-a s
12p t ED2[zg,0] 12r /t ebls—1) s
I'(a) tr (t —s)l—« I'(a) th (t —s)l-«

k ) s 2 5 k L s b(6—t)
12 t; ED ,01dB(0 12 t; do

s q (Jo EDZ [zg 1] ( ))ds Z ¢ J5e —
-1 D) Je; (t; —s)t— i1 D) Je, g (8 — )™

s 21 5 s b(0—1) k
12¢ [t (J§ EDZ[z9,01dB(0))  12¢ / I d0d5+GZZiED2[z,6],
r(e) Ju, (t—s)l-a TT@ iy, —eie =
ko 12p t;  SUPrg[_o,0] ]EDa[z(s +7),0]
< 6]ED 0),0 . d
[¢(0),0] + Z . T o= s
f: 120ty PGB oy 120 [t SWPrelo) EDZ[e(s+7),0]
Fla) Je;_y (b =)t I'(a) Jy, (t—s)l-a
120t ebls—) Ek: 12 ti  {(J§ suPre[—0,0] ED§[z(9+r),6]dB(9)>d
- <1 - S
rla) Jo, (t=s)l=e 7 Ie) (ti—o)i-=

k . s b(6— k . s b(6—
Z 12¢ t; [§ e t)deds+ 5 12¢ t; [§ e 1%19
I'(«) ti_q (t; — s)l—« i=1 I'(«) ti 1 (t; —s)l—«
12t {f SuPre[—0,0] EDg[x(a+r),6]dB(e>)d
S
I'(a) Jty, (t —s)l—e

12¢ gt [$eP=Dap

k
ds +6 S I;ED?[z,0],
T Jo, G—sia @7 > LED[2,0]

=1
< ED2 12pp [t eals—1t) 4 120 rt eb(s—t) ;
6 0),0 e T s e
[¢(0),0] + T Jo G_si-a + T Jo G- s
12pp [t [3 ca(0—1) g9 12¢ tfoe b(0— t)ded
s 207 " ds+ 6kpl,
T o oo “T T (t—syi—a 45T 0k
hence
N ~ 12pp 12r  12qp 12gpe™*°

sup  ED?[(Tx)(t),00e " < 6ED?[p(0),0] +

a® b et al(a+1)

tE[ti tiq1]
12¢  12st%e™ b ~ als—T
- 6kple 25~ D)
+ botl b+ 1) + bispte
< 0.

-~

Thus, if we put W = sup,¢|_, o ED?*[0(7), 0], we get

o~ 6pp 6r  6gp 6gpe™**
ED?[(Tx)(t),0]e 21 < 3w 4+ == + -
ety R0, Ole The Tt T al (o)
n 6¢ _ GCTo‘e_bT < o
botl b+ 1) ’
and
~ 12pp 12r  12qp 12gpe™%%
sup ED?[(Tz)(t),0]e 28 < 6w + =L 4 == -
te(ti,tit1) [( )( ) } be aott aF(a + 1)

N 12¢ 12cTae—bS
betl  bl(a+ 1)

+ Gk:plAe_a(s_T) < oo.
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On the other hand, for ¢t € [—0, 0], we have

ED?((Tz)(t),0e ™" = ED?[(0),0)e ",
< We—a(s—t) < We™ 9.

Then
_ 6 6r 6qp 6qpe—*°
ED?[(T als=t) < 3We—* 2 _
te[Suftl] (T2)) ]e ¢ + be aa+1 al'(a+1)
6c GcTae*bT
+ - < 00,

botl b+ 1)

and

as

~ als— _ 12pp 12r  12qp 12gpe™
2 a(s—t) as
sup ED*[(Tz)(t),0]e <6We s B Tt al(a D)

tE[ti,tiv1]
N 12¢  12¢T%e~bs
botl bI'(a+1)

+ 6kp2\e_“(s_T) < 00.

Hence, Tx € B,.

Step 2: T is a contraction on B,. Indeed, let =,y € B,. For t € [0, 4],

. 2 [t ED’[a(s),y(s)] J3 ED*[2(6), y(0)]dB(0)
BT, (T)(0)] < s [ F gy 2 [ 22 B O e,
< 2 [ e BD*[a(r), y(r)]
= F(a) (t—s)i-a ®
J5 5B, (o 0,0 ED* (), y(r)}dB(0)
F(a) _/ (t—s)l—« ds-

In addition, we have
ED?x(t), y(t)] < EDZ[x,yle**™, Vi€ [-0,T].

So, we have

t IEDQ[:c y]ea(sft) Ji ED [z, yle*®~Ddo
ED2[(T2)(£). (T4 (+ “Zal® Yl g / 0 5,
[(Tx)(t), (Ty)(t)] < 1"( ) (t—s)i-a F(a) (t—s)i-a ]
2 ) 1 (o p—at R
< EEDa[Ivy] + 2¢ (m - m) ED; [z, y],
2p 2q 2qt*e” " 2
< [ = — ED ,y].
= (aa actl (o + 1)) al®y]

Thus
]EDg[Tx,Ty}: sup EDz[(Tx)(t)’(Ty)(t)]efa(sft),
te[—o,T)

2p 2q 2qT“e™8 9
— - ED . 11
<aoz aa+1 F(Oz—|—1) > a[x’y] ( )

IN
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Similarly, for ¢t € (ti,ti+1] i=1,..,n, we have

P - ED%( ), y(s)] 5p [t ED?[s(s),y(s)] ,
ED[(Tz)(t), (Ty)(t)] < Z::/ t —s)l-o — e 4t T(a) i, Wdé
- s ED?[z(0), y(0)]dB(0))
Z:/ =5yl ds

&
ds +5 Z liDQ[m(t,;), y(t:)],

5q [t (7 ED?[x(0), y(0)]dB(0))
T T /k (=)o

5p & /t SUP, ¢ o,0) ED?[z(s + 7), v+,
ST 2=, (6 — o)==

5p ¢ SUPre[—0,0] ]EDQ[w(S + T)) y(S + T)] s
* T / t—si-o ¢

5q 1 SUDr o0y ED[2(0 + 1), y(6 + 1) dB(9))

Z/ (ti _ S)l o ds

. 5a fo U, (.0 ED[2(0+ 7). (0 + IABO)

T /i, -1

k

+5Y  LD?a(ts), y(t:)],

1=1

then
2 5p k t; ]ED?L[Ly]ea(S t) 5p t ]EDg[z,y]ea(Sft)
ED*[(T=)(t), (Ty)(t)] < (@) ,izl/ti—l (ti —s)l-= s+ (o) ‘/tk (t —s)i-a d
59 <~ [t ([ ]EDZ[m,y]e““")dB((f))dg
" ') i3 ‘/ﬁifl (ti —s)t=e (
5q ¢t {f¢ ED2[x, yle* "1 dB(0)) u as—ty)
+7F(oc) L., - s)i= ds+5;lle s
5p o 5 Bgte T\ M o)
SaTDa[‘”’yH(aaH - F(a+1)>D“[I’y]JrE);lle ’
thus
EDZ[Tx, Tyl = sup ED*[(Tx)(t), (Ty)(t)]e *~",
te[—o,T)

a® ' a*tl T(a+1) 2
Then, from (11) and (12), we have

2p 2q 2qT>e= %8 9
ED?[Txz,Ty] < [ = — ED for t ty].
a[ €, y] = (aa + aot1 F(Oé I 1) a[xvy}v or € [07 1]

Ta —as
S(5p b _ 5q1Te k(k+1)l>ED3[$ay]~ (12)

And

5p 5q 5qT%e™ % k ~
ED2 [Tz, Ty] < (a*a +—T Tt D) + 5 (k+ 1)l EDZ[z,y], for t € (titit1].

Consequently, by (10), T is a contraction. As a consequence of Banach fixed point
Theorem, we deduce that T" has a fixed point which is a solution of (7). O
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4 Example

In this section, we will give an example to illustrat the usefulness of our main
result. Let us consider the following impulsive stochastic differential equation
with distributed delay. For k € Nand 0 < 01 < 03 < ... < 0 < 0. we have

k
gHDau(t) = fo(s u(t+ s))ds + Zfl s,u(t — o))
0 s
—I—/_ </0 go(T,u(r + 5))d ds—&—z / gi(T,u(t + 5))dB(T)),
u(th) = 21(3()) t=t,.

u(t) =(t), tel-o,0]

(13)
Let PC, := C([~0,0], E') denote the space of fuzzy functions, u : [0, T] —
E', f: Ix PC, — E' and g; : I x PC, — R"™, i = 1,..,k are fuzzy valued
mappings which satisfies the following assumptions:
(A1) There exists p;,q; > 0 such that, Vu,v € E! and t € I:

ED?[f;(t,u), fi(t,v)] < piEDZ[u, ).
Ellgi(t, u) — gi(t,v)|* < G:ED[u, ).
(A2) There exists r;,¢; > 0 such that Vt € I:
ED?[f,(t,0),0] < rie?71),
ED?[g;(t,0),0] < ;b0
(A3) There exist I; > 0 such that Vu,v € E! and t € I:
ED?[I;(ti, u(t:)), Li(ti, v(t:))] < LED [u, v].
Then, we define the fuzzy functions f : I x PCy — E', g : I x PCy — R" as

follows:

0 k
fltuw)= [ fols,u(s))ds+ Y fi(s,u(—0)), tel, t#t,
-7 i=1

0 s
g(t,u):/ </0 go(T,u(T) ds—i—Z/ gi(T,u(7))dB(7)), te€l, t+#t;.

—0

Assume that the functions f; and g; i = 1, .., k satisfy the assumptions (A1) —
(A3). Then the system (13) has a unique solution on I.
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Indeed, for u,v € E', t € I, t # t;, we have

0
ED2(f(t,u), f(t,v)] < 2/ ED?(fo(s,u(s)), fo(s,v(s))]ds

—0

k

+2 Z ED?[fi(s, u(=03)), fi(s,v(=0:))];
i=1
k
< 2poo D2 [u, v] 4 2 ZpiEDg [u, v],

i=1
k
<2 (poo + Zpl> ED?[u,v] := CiED2[u, v].
i=1

And

0 s
Ellg(t, u) — g(t, )2 < / < / 1906, u(0)), 90(0, v(6))|2dB(0))ds

k s
3 / 19:(6, u(0)) — g:(0,0(0))[2dB(0)),
i=0 Y0

9 k
o
< qO?EDg [u, v] + ; ¢ TED?[u,v],

2 k
< <q002 + TZ%‘) ED2[u,v] := CoEDZ[u, v].

=1

So, assumption (H1) is satisfied. On the other hand, we have

k
ED?[f(t,0),0] < 2/0 EDZ[fo(s,0),01ds + 2 "ED2[f;(s,0),0],

i=1

k
= [220 (e_zbS—bt _ e—bo‘) 4 ZTi] eb(s=t) . Cgeb(s_t)-
i=1

And

161

ED2[g(t,6),6}g2/o </ ED?[g0(0,0),0]dB(6) ds+2Z/ ED?[g:(6,0),0dB(0)),

0

eb(s—t) — C4€b(s_t).

230 — — —bo
< [()2(6 b(s t)_e b )+2ebTZCi
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Then, assumption (H2) is satisfied. Also, we have

u(t) u(ti)
2 + u(ti)’ 2 + ’U(tz) ’

]EDQ[Ii(ti, u(ti)), Ii(ti, ’U(tz))} S ED2

1 _
5 sup max{lug(ti) — 4 ()], [@a(t:) —Da(ti)l},
a€l0,1]

S DAu(t:), o).

IA

Thus, the assumption (H3) is satisfied with I; = 1. Hence, the problem (13) has
a unique solution on [0, 7.

5 Conclusion

In this work, a class of fuzzy fractional stochastic differential equations with
impulsive has been studied. By using the fixed point strategy, the existence and
uniqueness of solutions have been proven. Eventually, an example is given to
illustrat the effectiveness of result.
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Abstract. This article is about a new smoothing method for piecewise smooth
functions. This smoothing method is based on formulating any piecewise smooth
function as the expectation of a discrete random variable. By adopting this for-
mulation, we show that smoothing apiecewise smooth function is equivalent to
smooth a probability distribution. In addition, we propose to use the Boltzmann
distribution as a smoothing approximation for this probability distribution. We
apply our smoothing approach to smooth some fundamental functions. The theo-
retical and numerical results show the efficiency of our method.

1 Introduction

Piece-wise smooth functions (P-S) are a fundamental subclass of non-smooth functions.
They have received significant attention for a long time as they appear in many areas
including optimization, data modeling, and various equations [7,13,21-23]. The main
problem with these functions is that they are not smooth over all the domain. As a result,
their presence in a problem has many drawbacks. For example, in optimization, if the
cost function is not at least continuously differentiable, gradient-based methods are not
applicable. An important approach to solving this problem is to construct a smooth-
ing approximation for the P-S function before the optimization procedure. The term
smoothing approximation refers to a smooth function that approximates a nonsmooth
function.

The first studies on smoothing approximations are proposed to solve the optimiza-
tion problems where the objective function contains max or min operator in its formu-
lation [6,28]. In [27], the authors proposed the hyperbolic smoothing method to solve
the min-sum-min problem. The hyperbolic smoothing technique is also used in [3] to
solve the essential problem known as the minimax problem. Smoothing approximations
are also used in the context of penalty methods. In fact, most of the exact penalty func-
tions are not smooth. Therefore, many papers studied the smoothing approximations for
these exact penalty functions [11,14,17,18]. As a result, smoothing techniques of P-S
functions play a crucial role in optimization and penalty methods.

Besides optimization and penalty methods, smoothing approximations are used in
solving various equations [10, 12, 19,24], data modeling and compression [1,2,8,15,16,
20], blending surface problem [4,5,9], and regularization of neural networks [26].
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It is clear that smoothing approximations of P-S functions have applications in a
wide range of fields. This paper proposes a new approach of smoothing P-S functions.
An extended version of our approach is presented in [29]. In [29], we defined a vector
space of piecewise smooth functions and constructed an operator that can associate a
smoothing function for each element of this space. Additionally, some complex parti-
tions of the domain have been addressed. In Sect. 2, we reformulate any P-S function
as the expectation of a random variable and show how this new formulation reduces
the problem of smoothing a P-S function to the problem of smoothing a probability
distribution. In Sect. 3, we propose to use the Boltzmann distribution to construct the
smoothing approximations for P-S functions in the one-dimensional case. In Sect. 4,
we extend our approach to the n-dimensional case. In Sect.5, we apply our smooth-
ing method to some fundamental functions that appear in nonsmooth optimization and
penalty methods. In Sect. 6, we conclude this paper and discuss some of our future
works.

2 A New Formulation for Piecewise Smooth Functions

Throughout this paper, £ # 0 is an open subset of R", C¥() (k > 1) denotes the set

of real-valued functions with continuous k — th order partial derivatives on €. A real-

valued function f :  — R is considered to be smooth if it is at least of class C' ().
Now, we give the definition of a piecewise smooth function

Definition 1. A real-valued function f : 2 — R is called piecewise smooth (P-S)
function on  if it is continuous on £2, there exists a finite collection of smooth func-
tions f;: Q — R, i=1,2,--- ,m, and there exists {Ai}i:l.»-- , & partition of Q, such
that o
fx)=filx)VxeA,i=1,---,m

Let 7= {Ay,---,A,} be a partition of Q. Throughout this paper, we consider the fol-
lowing piecewise smooth function

filx), x€A,
A

f = P e M
Sm(x), x€Ap.

Although the functions f;: Q — R, i =1,2,---,r are smooth over €, the function
f may not be differentiable over ; see Example 1. In this paper, we are interested in
constructing a smooth function that approximates the P-S function f.

Example 1. Let 1) = {(—0,0],(0,4°)} and let g(x) = max(0,x) =
{0, € (—e=,0),
x, X €(0,400).

It is clear that g (x) = 0 and g»(x) = x are of class C*(R), but g(x) = max(0,x) is not
differentiable at 0.
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In the following, we will formulate any piecewise smooth function of the form 1 as the
expectation of a discrete random variable. Let (&, % ,[P) be a space of probability and
let X : & — Q be a random variable with values on Q. Let £ = {1,--- ,m} and let
n(E) be the set of all possible probability distributions over E, that is

”(E){(Pl,"',Pm)E[O,l]m such that ipil} )

i=0

Let p: Q — n(E) be the function that associate to each x € 2 a probability distribution
p(x) = (p1(x),--+, pm(x)) over the set E.

For each possible outcome x € €2 of the random variable X, we consider the condi-
tional random variable F'(x) := Fjx—_, which associates a piece f;(x) to x with probability
pi(x), that is

P(F = fi(x)|X =x) = pi(x),Vi € E.

We define f,(x) as the expectation of the random variable F(x) with respect to the
probability p(x), that is

m

Fr(X) =Ep[F(x)] = Y, pi(x) fi(x) 3)
i=1
We define g; as the indicator function of the set A;, that is
1, x€A;
. — ) i 4
qi(x) {0, XA €]

Since {Aj,---,An} is a partition of €2, then we have >, ¢;(x) = 1 for each x € Q.
Thus, g(x) = (q1(x), -+ ,gm(x)) can be seen as a probability distribution over the set E.
We call g the characteristic probability of the partition 7. In addition, we have

Fa(x) = Eq[F (x)]

m
= > 4i(0)fi(x)
i=1
f ()C)7 XEA,
f2 (x), X €Ay,
fm(x), x€A,.
= f(%).
Therefore, we have f(x) = E,[F(x)],Vx € Q. Thus, we obtain a new formulation for
all the piecewise smooth functions of the form 1. However, g = (q] oo ,qm) is a nons-

mooth function over €2, which, firstly, explains the non-smoothness of f in most cases
and, on the other hand, does not guarantee the smoothness of fq despite the fact that
fi,i=1,---  m are all smooth. As a result, if we construct a smooth probability distri-
bution p that approximates the characteristic probability g, we will obtain a smoothing
approximation fp for each f of the form 1.
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Theorem 1. Take f and fp asin (1) and (3), respectively. Assuming that f;,i=1,--- ,m
are of class C*(Q) but f is only of class C"(Q), where r < k. If the function p : Q —
n(E) is of class C*(Q), then we have:

(a) J} is of class CK(Q),
(b) fp — f pointwise as p — q pointwise.

Proof. (a) Since p;,i =1,---,m and f;,i = 1,--- ,m are of class C¥(Q), then fp(x) =
S pi(x) X fi(x) is of class Ck(Q).
(b) Let x € Q, we have

Joo) = f@)| =7

I

'ME S
Rad
|
=
=

Il
-

PO~ S )0

Il
M=

> (pilx) = i) i)

IA
M=

Pi(x) = qi(x)| x| fi(%)]

I
-

<max|f, Z\pl —qi(x

= I}lfl;ilﬁ(X)l x|lp(x) — ()|l

thus we obtain:

Jo) = @) < ) < lp(x) — g ()], ¥x € 2. )

where ¢(x) = max”, | f;(x)|- As a result, f, — f pointwise as p — ¢ pointwise.

Considering the formulation above, in what follows, we will try to construct a smooth
function p : Q — ©(E) that approximates the characteristic probability of the partition
7. Once the smooth function p is available, the function f,, defined in (3) is a smoothing
approximation for any piecewise smooth function of the form (1).

3 Smoothing Approximations for One-Dimensional Case

Let us consider the partition T = {AO,A1 yee ~Am} of R, where

<_°°aal]7 ZZO,
A,': (ai,a,-H], i:1,~~-,m71, (6)
(am,+oo), i=m.
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and a; < ap < --- < ap,. In this case, the piecewise smooth function will have the fol-
lowing form

f()(x), DS (7°°’a1]7
fa(x), x€(ar,aa],

flx)=1. (7
Sm(x),  x € (am,+).
where f;,i =0,---,m are all smooth over R.
We define the functions A4;,i =0, --- ,m as follows
—(x—ay), i=0,
hi(x): —(x—di) X-Cli.;,.]), i:17"'>m_17 (8)
X —ap, i=m.

Proposition 1. Take A; and h; as in (6) and (8), respectively.
Fori=0,---,m, we have:

(xeA) = (hi(x) > 0 and hy(x) < 0,k # i),

where A; is the interior of A;.
Furthermore, fori=1,--- ,m, we have:

x=a o (hl-(x) — iy (x) = 0 and hy (x) < 0,5k & {i,i — 1}).

To transform the functions %;,i = 0,--- ,m into a probability distribution for the condi-
tion random variable Fx—,, we propose the use of the Boltzmann distribution which is
expressed in (9).

hi(x)

:W,lzo,“‘ﬂ’n. (9)

pi(x)

where o > 0.
It is clear that for every x € R, we have p;(x) € [0,1],i=1,--- ,mand ¥, p{*(x) = L.
i=1

Thus, p%(x) = (p%(x),---, p%(x)) is a probability distribution.
To simplify, the smoothing approximation of the piecewise smooth function f is
denoted fy, instead of f,a.

Theorem 2. Take f as in (7) such that f;,i=1,--- ,m are of class C*(2) but f is only
of class C"(Q), where r < k. If p,i =0, --- ,m are defined as in (9), then we have

(a) p¥:R —10,1] is of class CW(R), i=0,---,m,

(b) fo € CKR)Va €R,

(c) p* — q pointwise almost everywhere as o — +oo, where p%* = (pg‘, “e ,pf,‘l)
and q = (4o, - ,qm) is the characteristic probability of the partition T,

(d) fo — f pointwise as o — oo,
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Proof. (a) Easy to prove.
(b) Obtained immediately by applying the part (a) of Theorem 1.

(©)

xeR\{aj,az, - ,an} = i€ {0,1,--- ,m} such that x € A;

= h;(x) > 0 and /iy (x) < 0,Vk # i (Proposition])
- hk(x) — hi(x) <0,k 7é i

N ea(hk(X)fhi(X)) — 0, as o0 — oo

1
=

— 1, as @ — o0
1+, 7éieoc(fw(x)—/u(x))

= p¥(x) — 1, as @ — +oo

169

= p{'(x) — 1 and p{’(x) — O Vk # i, as o0 — oo,

(because Y pf(x)=1)
k=0

Therefore, Vx € R\ {ay,az, - ,an} we have, p* — g as o — +oo.
(d) If x e R\ {ay,a2, - ,am}, we have p%(x) — g(x) as a@ — +eo. By applying
Theorem 1, we obtain:

Vx € R\ {ai,az, - ,am}, fo(x) — f(x)as o — +oo.

If x = a;, then we have:

m

= | 3 (e ()~ fia (@)

k=0

S p(an)| flas) — fir(a)]

k=0

= p{* 1 (@)| fim1(ai) — fimi (ai)| + pf (ai) | filai) = fiz1(ai)|
+ Y pia)| fila) — fie1(ai)|
i=0

IN

kti—1

= pE(a) | filar) = fir ()| + kio P2 ()| fila) = fior ()]

kAi—1

= | X piflai) filai) = fii (a,-)’ (because flai) = fiea (a,-))

(10)
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Since f is assumed to be continuous, then we have ‘ filai) — fi-1 (ai)’ = 0. Therefore,
we obtain:

Vi€ {0,1,--,m}, | folai) — f(a)

< Y pelai)|fila) = ficr(@)]. (1D
i=0

ki
ki1
Furthermore, we have
(i)
pilai) = ——
z eahj(ai)
j=0
_ 1
B s @ (is(a)-tutan)
_ 1
|+ et (@) | § (i) ()
=0
J#k
JF#i
1 m
< , (because Y’ RLOGEE) >0)
1+ea(hi(ai)*hk(ai)) j=0
7k
J#
1

W, ( because hi(ai) = O)

Since hy(a;) < 0 Vk ¢ {i,i — 1}, then we have
{i,i— 1}. Therefore, we obtain:

W%Oasa—w—wandkgé
e i

Vie {0, - ,m},Vk & {i,i—1}, pf(a;) — 0as o — +oo. (12)
From (11) and (12), we obtain
Vie {0, ,m}, |fula;) — fa;)| —> 0 as o — +oo. (13)
From (10) and (13), we obtain
Vx € R, fo(x) — f(x) as o0 — F-oo.
To simplify and illustrate our approach, we consider the following partition of R
Ta = {(—o0,d], (a,+°°)}. (14)

The partition 7, is a special case of (6), and it is studied extensively; see for instance
[25].
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For the partition 7,, the P-S function f, the probability p* and the smoothing approxi-
mation f, will take the form (15), (16) and (17), respectively.

_ Jfolx), x<a,
flx) = {fl(x), x> a. (15)

v 1 1
PO = (I ama T omata)- (16)

o 1 1
Ja(x) = Wfo(x)+mf1(x)~ (17

According to Theorem 2, f, is of class C¥ (R) and converges to f as o goes to infinity.
Now, let us analyze the error estimates.

Theorem 3. Take p%, f, and fo as in (16), (15), and (17), respectively. We have

R 1
VxR, Vo >0, | fa(x) = f0)] < 5171 (x) = folx)]- (18)
and for every compact C of R, for every € > 0, there exists a. > 0 such that

x€C=|falx)— flx)] <e. (19)

Proof. Letx € R, we have:

Py fi(x) = fox)l, x>a
_ el = o), x<a,
T i) = @), x>a

1
= WV](X)_JCO()C”

Furthermore, we have:

1

VxeR,Va >0, SE'

1+ e0lx—a|
Therefore, we obtain (18).

Let C be a compact of R. Since g(x) := f1(x) — fo(x) is continuous in @ and g(a) =0,
then for every € > 0, there exists § > 0 such that
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|X—a| <é6= |g(x)_g(a)| <e
= )= fol) <z
- m'fl(x)—fo(x) <

1
< —— eVa>0
1+ea\x—a\

1
= mbﬁ(x) —fo(x)\ < E,VOC >0
= |fu(x) = f(x)| < &,Ya > 0.
Therefore, we have:
Ve > 0,38 > O such that (Jx—a| < 8 = [fu(x) — f(x)| <&,Va >0.)  (20)
Furthermore, for every 8 > 0 we have:
o 1
x—al > B = [falx) = f(x)] < Wlfl(x)—fo(x)LVa >0
N Mc
:>\fa(x)—f(x)|< aﬁ,Vx€CVa>0
( where M¢c = max|f1( ) —fo(x)|)

= Ve > 0,36 > 0 such that (|f5(x) — f(x)| < &,VxeC.)

( because hllw 11460‘ < =0)

Therefore, we have:

VB > 0,Ve > 0,3& > 0 such that ( fa(x)—fx)|<evxeC) (1)
For 8 = 6 we have:

Ve > 0,36 > 0 such that ( fa(x) — f(x)]| <eVxeC)  (22)

Since (20) is true for every o > 0 and every x € R. Therefore, it is true for & and for
every x € C, that is

Ve > 0,36 > 0 such that (

fa(x) — f(x)| <eVxeC.)  (23)
From (22) and (23), we obtain

Ve > 0,36 > 0 such that (| (x) — f(x)| < &,Vx€C.)

This completes the proof of (19).

4 Smoothing Approximations for Multiple-dimensional Case

In this section, we aim to extend the above techniques to n-dimensional case. First, we
consider the partition 7 = {A,A°} of R", where

A= {xeR"| G(x) <0},
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and A€ is the complement of A. In this case, the P-S function f, the probability p* and
the smoothing approximation f, will take the form (24), (25) and (26), respectively.

_ ) folx), G(x) <0,
1= {ﬁ (0. Gl >0, .
. 1 1
i) = (1 +e2G(x) —&—e*“G(x))' 25)
N 1 1
Ja(x) = | 00Gh oaaw Jo) + mfl(x)~ (26)

Theorem 4. Take f and f, as in (24) and (26), respectively. If G : R" — R is of class
CK(R™), then we have:

(a) fy is of class CK(R™) Va,
(b) fo— fas o — +oo.

Proof. (a) Obtained immediately.
(b) For each x € R”, we have

:{1+e aow [1(¥) = fox)|, G(x) <0
1+eaG JAi) = fox)l,  Gx)>0

:1+ oc\G ‘lfl() Jo(x)]

If G(x) # 0, we have —— 0 as ¢ — +oo. Therefore, we have :

1
e GO
Vx € R"\ {x € R"| G(x) =0}, fo(x) — f(x) as & — oo, (27)

If G(x) =0, then | f1 (x) — fo(x)| = 0 (because f is assumed to be continuous). Therefore,
we have:

Vx € {x € R"| G(x) = 0}, ful(x) = f(x). (28)

From (27) and (28), we obtain fa — f pointwise, as ot — oo,

Now, let us analyze the error estimates.
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Theorem 5. Take p%, f, and fa, as in (25), (24), and (26), respectively. We have

A 1
vx € R, Vo> 0, | fa(x) = fl0)] < 511 (x) = folx)l, (29)
and for every compact C of R", for every € > 0, there exists o« > 0 such that
x€C=|fou(x)— f(x)| <e. (30)

Proof. The proof is similar to the proof of Theorem 3.

S Application to Some Fundamental Functions

In this section, our smoothing technique is applied to some fundamental functions that
appear in the context of non-smooth optimization and penalty methods. In non-smooth
optimization, the non-smoothness mostly stems from the presence of min, max, and |.|
in the formulation of the cost function. Therefore, to obtain a smooth version of the cost
function, it suffices to smooth min, max and |.|.

Example 2. Consider the two functions f(x) = |x| and g(x) = max(0,x). These func-
tions are P-S function. However, they are not differentiable at O and their presence in
any problem leads to limits in analysis. A smooth version of f and g, denoted f,, and
8a , respectively, are obtained by applying our smoothing technique described above,
that is

” 1 1
Ja0) = T X 0+ T X
and
. 1
ga(x)

S Trew

According to Theorem 2, f,, and g, are of class C*° (R) and converge to f and g, respec-
tively, as & goes to infinity. The graphs of the function f, the smoothing approximation
fe, and the error of approximation are shown in Fig. 1. In Fig. 2, we show the graphs of
the function g, the smoothing approximation g, and the error of the smoothing approx-
imation.

Example 3. Let us consider the Lj-norm ||(x,y)||; = |x| + [y| which is not differen-
tiable if x = 0 or y = 0. Therefore, the smoothing approximation of ||(x,y)||;, denoted
l|(x,)||,,; is obtained by applying our smoothing technique to the components |x| and
ly|. The graphs of the function || (x,y) |||, the smoothing approximation |[(x,y)||, ;, and
the error of the smoothing approximation are shown in Fig. 3. '
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Fig. 1. (a), (b) and (c) contain the graphs of the function f(x) = |x| and its smoothing approxima-
tion fg (x) for o = 1, o = 2, and o = 3, respectively. (d) The error of the smoothing approxima-

tion for different values of o

(a)
—— y=max(0,x) 104

-=- y=Gikx)
6
4
2<
-10 s 5 10
(c)
—— y=max(0,x) 10
-=- y=043(x)
61
41
24
—iO —‘5 VU 5 10

(b)
—— y=max(0,x) 10
-=- y=420x)
6
4
24
—iO —r5 ] % 1‘0
(d)

Fig.2. (a), (b) and (c) contain the graphs of the function g(x) = max(0,x) and its smoothing
approximation g4 (x) for @ = 1,00 = 2 and o = 3, respectively. (d) The error of the smoothing
approximation for different values of o
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y %4 472 7
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Fig. 3. (a) The graph of the function ||(x,y)||;. (b) The graph of the smoothing approximation
[(x;9)llg,1 for o = 1. (c) The graph of the smoothing approximation |[(x,y)||,,; for & =5. (d)

[P
The error of the smoothing approximation for o =5

6 Conclusion and Perspectives

Throughout this article, we have studied a new method of smoothing piecewise smooth
functions. Therefore, we first propose a new formulation for piecewise smooth func-
tions. Based on this formulation, we showed that smoothing a piecewise smooth func-
tion is equivalent to smooth a probability distribution. We have studied the properties
of our smoothing method and applied it to important non-smooth functions that appear
in many fields. This study shows that our approach has important properties and is easy
to apply.

For future works, we intend to use our smoothing approach to solve non-smooth
optimization problems and penalty methods.
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Abstract. This paper introduces a modeling and vector control study of
a variable speed power plant system based on the Doubly Fed Induction
Generator (DFIG). The generator is connected directly to the grid by its
stator and fed by bidirectional converters at its wound rotor. The Direct
and Indirect Field Oriented Control (D/IFOC) are designed and com-
pared. The stator powers are regulated by using Proportional Integral
(PI) controller based on the pole compensation technique. The generator
stator magnetic field is oriented along the d-axis. The Maximum Power
Point Tracking (MPPT) algorithm is applied to the variable-speed wind
turbine. The performance of the whole system is verified by utilizing the
Matlab/Simulink software. From the simulation results, we can observe
that the indirect vector control gives better performance than the direct
vector in terms of tracking reference with an improved error static and
reduced overshoot.

1 Introduction

In recent decades, technological progress makes wind energy one of the most
promising renewable energy sources that encourage governments to invest in
wind energy and install more wind turbines. Wind energy is playing a significant
role in satisfying the global energy demand and decreasing the environmental
pollution caused by electricity production using fossil fuel energy sources in the
world energy.

The high-power wind turbine, order of megawatts, can operate with dif-
ferent gen-erator technologies like Permanent Magnets Synchronous Generator
(PMSG), Squir-rel Cage Induction Generator (SCIG), and Doubly-Fed Induc-
tion Generator (DFIG). Several advantages make the DFIG the widely utilized
generator in variable speed wind energy systems over any other configuration [1].
Examples of such advantages are the ability to utilize a partial-sized converter in
the rotor to control the power, reducing power losses and cost, reducing efforts on
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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me-chanical parts, noise reduction, power control, and controllable power factor
[2,3]. The DFIG stator is directly connected to the grid, and two bidirectional
converters connect the rotor to the electrical network via a DC-link voltage, as
shown in Fig. 1. The Rotor Side Converter (RSC) is employed to control the pow-
ers exchanged with the grid and ensure the regulation of the Unit Power Factor
(UPF). Yet, the Grid Side Converter (GSC) is utilized to maintain the DC-link
voltage constant [4]. The DFIG is characterized by a multivariable non-linear
mathematical model. The magnetic field and the electromagnetic torque are
strongly coupled. So, the DFIG control is more complex and complicated com-
pared to the DC machine [5]. There are several techniques to control the DFIG
that have been proposed. The Field-Oriented Control (FOC) is commonly used
in the power plant system based on the doubly fed-inductor generator and has
shown satisfactory performance. In addition, this strategy permits to control the
DFIG as a separately excited DC machine which makes it very popular in the
industry. The Vector Control has two strategies: the Direct (DFOC) and Indirect
Field-Oriented Control (IFOC). The latter has two types: the IFOC with open-
loop and the IFOC with closed loop. Lamnadi et al. 2016 [2] have proposed
a direct vector control for regulating the active and reactive power. Likewise,
Bouderbala et al. 2018 [6] have suggested a comparative study between Direct
and Indirect Field-Oriented Control (FOC) with a closed-loop for wind energy
systems based on the doubly-fed induction machine. Similarly, Becheri et al.
2018 [7] have compared the direct and indirect vector control with a closed-loop
for controlling the RSC converter. Direct vector control is simple and works
only with two controllers regulating the powers by directly controlling the rotor
voltages. However, the Indirect Vector Control with closed-loop is complex and
needs four controllers to pilot the stator powers and the rotor currents. But,
The TFOC offers satisfactory performance in terms of efficiency and robustness
[5]. Most paper researches propose a comparison study between the IFOC with
closed-loop and the DFOC. In this paper, we suggest a comparative analysis
between the IFOC with open-loop and the direct vector control.

The extractable power from wind energy depends on the characteristics of
each turbine and the wind variable speed. Tracking the maximum power gener-
ated is required when the wind turbine operates in region II [4]. This strategy
is known as Maximum Power-Point Tracking (MPPT). To perform the MPPT
many control schemes are developed and can be classified into two categories.
The first one has required knowledge of the characteristic aerodynamic curve of
wind turbine speed. The second one has not necessitated any information about
wind speed to generate the optimal speed reference. Examples of these schemes
are the MPPT with Optimal Tip Speed Ratio (OPTSR), the MPPT with Opti-
mal Torque Control (OTC),the MPPT with Perturbation and Observation (P
and O), and the MPPT with Power Signal Feedback (PSF) [8-10]. In this paper,
a variable speed wind turbine based on a 5 MW doubly-fed induction genera-
tor is modeled and simulated by the Matlab/Simulink environment. The Rotor
Side Converter (RSC) and Grid Side Converter (GSC) are controlled by a Pulse
Width Modulation (PWM). The direct and indirect field-oriented controls (D/I-
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FOC) are proposed to control the injected powers (active and reactive) into the
electrical network, consequently regulating the power factor to one.

This paper is structured as follows: Sect.2 presents the modeling of wind
energy conversion systems. Section 3 discusses the MPPT strategy established
by the classical PI. Section 4 proposes the control of the active and reactive pow-
ers by applying the vector control technique. Section 5 discusses and interprets
the simulation results, and the conclusion is presented in Sect. 6.

2 Power Plant System Components Modeling

2.1 Model of the Wind Turbine

The turbine mechanical power is expressed as [6,11]:

1
Pr, = i.Cp(a,ﬁ).p.W.R2.VS (1)

The mechanical torque TTu is written as below:

PTu
Try = — 2
4 QTU ( )
where, p is the air density (kg/m3), R is the blade ray (m), {2p, is the angular
velocity of the turbine, and Cp represents the performance factor of the turbine.
Cp can be formulated as [6]:

T(A+1)
(185 — 0.3(3 — 2)

Cy(e, B) = [0.5—0.0167.(3—2)]. sin( )—0.00184.(A—3).(8—2)

3)
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This coefficient is calculated by the tip speed A and the angle 3 of the blade
pitch. The latter is fixed to 8 = 2 for having Cpmax. Equation (4) defines the

expression of A [11]:
R.OQp,
A= — 4
= (@

2.2 Model of the Gearbox

Equation (5) presents the mechanical equation of the system, taking into account
that the overall mechanical dynamics are brought back to the turbine shaft [12]:

d2ec
Jtot- dt + f'Qmec = Tq - TTem (5)
where T 0
Tu mec
T = — d —
1= G and Gp 0 (6)

where Jy,; is the overall inertia of wind energy system, Tr,, is the turbine torque,
Trem is the electromagnetic torque of the generator, f is the overall viscous
coefficient of friction, 2,,.. is the rotational speed at the rotor shaft of the
gearbox (rad/s) and Gp is the gearbox multiplier.

2.3 DFIG Modeling

The Park transformation allows simplifying the general electrical model, which
is determined by the following equations. Stator and rotor voltages equations
are [2,6]:

Via = Rs.isqa + d?:d — Ws-Psq
Vig = Roigg + d‘ggq + Wy Psd
Vig = Ryiva + di;'d — WrPrq
Vig = Ryvivg + d‘g;q — W Prd (7)

The stator and rotor field magnetic flux equations can be written as follows [13]:

Psd = Ls~isd + Mﬂ.rd

Ysqg = Lsigqg + M.irg

Prd = L7’~i7'd + M-isd

Orqg = Lyiirg + M.igq (8)
where, Vr and Vs are the voltages; is and ir are the currents; s and ¢, are the

flux; Rs and Rr are the resistances; ws; and w, are the angular frequencies; Ls
and Lr are the inductances; M is the mutual inductance. The r and s denote the
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rotor and stator, respectively. The electromagnetic torque can be expressed as

follows [6]:
M

Tem = _p-f-(irq - ird~(psq) (9)

where p is the number of generator pole pairs. The stator powers are expressed
as follows [2,6]:
Py = Viq.isq + ‘/sq-isq (10)

Qs = Vid-isqd — ‘/sd-isq (11)

3 MPPT Strategy

During the normal functioning of the wind turbine, the maximum power control
method is developed to exploit the energy available in the wind as much as
possible. The MPT method with mechanical speed control is established. This
technique consists of maintaining the generator speed at its reference, which is
maximized when the Cp is optimal. The electromagnetic torque developed by
DFIG is equal to its reference value imposed by the control defined as [14]:

Tem - Temfopt (12)

The optimal electromagnetic torque T, —op: for obtaining a rotation speed equal
to the optimal speed is given as follows:

1
Temfopt = [Kpmppt + Kimppt-;}-[gmecfopt - Qmec] (13)

where, Kpmppi and Kjpp,e are the PI controller gains. The optimal speed
(Qmec—opt) iS .
~ Viopt

Qmecfopt = Gp. L1y ,’LUZth Ory = R (14)

Determination of the PI gains for MPPT
The PI controller parameters are determined by the pole compensation
method. The time constant of the system (Ty) is:

Jtot

Tsys == T (15)
The gains of the controller are expressed as:
_Kim t-Jtot . Ts,s
Kimppt = 7 and Kpmppt = + ; with 7= 1080 (16)
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4 Vector Control Strategy Applied to DFIG

4.1 Vector Control of Rotor Side Converter

Field Oriented Control (FOC) technique consists of aligning the stator flux along
the d-axis of the rotating reference frame (Park Referee), as shown in Fig. 2. Vec-
tor con-trol has two types: Direct Field-Oriented Control (DFOC) and Indirect
Field-Oriented Control (IFOC).

The stator flux is considered constant and is oriented according to d-axis.
The stator winding resistance is neglected and the stator voltage equation can
be simplified as follows [4-6]:

Psd = Ps Spsd:(]; ‘/sd:()a ‘/sq:Vs:Ws'QOs (17)

The rotor voltages can be expressed as follows [4-6]:

2 M2
Vea = [Rr + (Ly — —).8|.irg — g.ws.(Ly — —).irq (18)
Ly L
M2 M2 VoM
Vig = [Rr + (L, — L—).s].zrq + g.ws. (L, — L—).zrd +g. T (19)
s s s

From Egs. (18,19), the rotor currents expressions are deduced as follows:

Ps

o~

Fig. 2. Stator flux orientation along the d-axis

M2 2
ira = [Vea + gws(Ly — =) iral [[Br + (Lr — —)5] (20)
. M2 Vo.M M2
irg = [Vig — gws.(Ly — L—).zrd —g. T /IR + (L, — T ).s] (21)

By using the vector control simplifications cited in Eq. (17) and from Eq. (8),
the stator currents expressions are deduced as follows:

. M s
lsd = _f-lrd + % (22)

(23)
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The stator active and reactive powers can be expressed as follows [2]:

M
PS == —stqu (24)
V2 M
QS = .w I - Vs.f.lrd (25)

The Eqs. (24,25) show that the powers are independently controlled by applying
vector control. The active power is piloted by acting on the rotor g-component
current. However, the reactive power is regulated by rotor d-component current.

4.1.1 Direct Vector Control

DFOC method consists of neglecting the coupling terms and uses the PI con-
troller to regulate the active and reactive power in closed-loop, as shown in
Fig.3. The power regulators directly pilot the rotor voltages of the generator.
The voltage references are generated by the following equations:

1 Vo.M

‘/Tt] = [PS* - PS]~[Kprscl + K’irsc1~g] + g. i3 (26)
S
Ve P
—
'Pal'k Q
mverse %
PWM 4%} DFIG g
. S/T
QS Vrd' ir
Q{2 =
/[\ RSC Converter = ™€
A R,.V,
wg. M
Fig. 3. Direct field oriented control of powers scheme
" " 1 Vs.R
rd — [Qs - Qs]-[Kprscl + Kirscl-;] + wsg]\ir (27)

Determination of the gains of PI Controller
To set the PI parameters (Kprse1 , Kirsc1), the pole compensation method
is utilized. The time constant of the system is:

M2
Toys = (Ly — 7 )/ Ry (28)
The equations of PI parameters (Kppsc1 , Kirsc1) are given as follows:
2
1 LS‘(L’I"_ ]Z[ ) 1 RL 1
K, rscl = d Kirsc = . L 5 ith Trsc = TAA
A VA A SR VA TN 100

(29)
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4.1.2 Indirect Vector Control

TFOC technique considers the coupling terms and compensates them by perform-
ing a system comprising two loops controlling the powers and the rotor currents.
This strategy has two variants. The first one consists of regulating the powers
and the rotor currents in the closed-loop. However, the second one governs the
powers in an open-loop, and rotor currents are controlled in a closed-loop, as
depicted in Fig.4. In this paper, the second method is utilized to control the
rotor side converter (RSC).

Considering the g-axis of the rotating reference frame is aligned to the stator
voltage, as presented in Fig. 2. The current references can be deducted from Eqgs.
(24) and (25) as follows [2,6]:

Ls

g = _VS.M'PS (30)
L V2
-k —— S . * S 31
Z?"d VSM (QS ws~Ls ) ( )
The voltage references are expressed easily from Eq. (18) and Eq. (19) as follows:
X . 1 Vo.M
‘/rq - [qu - Z'r‘q]~[~l:{p'rsc2 + Kirsc}g] + erg + g. Ls (32)
. . . 1

Vrd = [Zrd - Zrd]-[KpTSCQ + Kirsc2-g] + erq (33)

where o2 o2
erd = g.ws.(Ly — L—].ird and erq = g.ws.(Ly — L—].irq (34)

Determination of the gains of PI Controller
To set the PI parameters (Kprse, Kirsc), the pole compensation method is
utilized. The time constant of the system is:

M2
T, = (LT -7 )/RT (35)
The equations of PI parameters (Kp,sc, Kirsc)are given as follows:
1 M? Kprseo Ry T
Kpyrseo = Ly — and Kprscz = piz 5 with Tree = ——
V4 TTSC ( Ls ) p (LT‘ _ %) 100
(36)
Vie Py
—
APﬂl'k Qs
mverse %
P\;’M _|<} LS g
SIT
irq
—
RSC Converter P

Fig. 4. Indirect field oriented control of powers scheme
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4.2 Grid Side Converter (GSC) Control

The objective of the GSC is to regulate the DC-link voltage and ensure that
the power factor is equal to one. The GSC control scheme is given in Fig. 5. The
powers exchanged equations between the grid, and the converter can be expressed
by applying Park Transformation and considering a receptor convention of the
converters, as shown in Fig. 1, as follows [15]:

Pg = ng.ifd + ng.’ifq (37)

Qg = Vyg-iga = Vga-iya (38)

The equations used to model the bus continuous are given below:
le =1GSC — LRSC (39)
1
VDC = —.1¢ (40)
c.s
Considering the grid voltage is oriented along the g-axis, as shown in Fig. 2. So:
ng =0 5 ng = Vg (41)

The output voltage of the GSC can be written as [15,16]:

Viyd—gse = —[Rf +Lf.s].ifd+wg.Lf.ifq (42)
Vog—gse = —[Rf —‘r-Lf.S}.ifq —wg.Lyirg+V, (43)
GSC Converter R
Irsc Vae Igsc
—> —> —>
DC link igg
"R
igsc capacitor ifq
—> —> —>
Filtre (R, L)
ﬁ%} iltre
Park inverse

+
P... v PWM S/T

Ved-gsc *

€gscq

Fig. 5. Grid side converter (GSC) control scheme
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Therefore, the Egs. (37,38) can be simplified as follows [14]:
Pg = ng.ifq and Qg = ng.ifd (44)

Assuming the Back-to-Back converter is lossless and neglecting the losses in the
inductor resistor, the relation between powers can be expressed as follows:

Vpc.ic = Pasc — Prsc (45)
Py = Pgsc = Vpc-ic + Prsc (46)
Prsc = Vpcirsc (47)

P* = Vpouit (48)

From the above equations, the references of i}, can be derived as follows:
qu = V'(VDC"LC + PRSC) (49)
7

The voltage references are expressed as follows:

g*d—gsc = [i;d - ifd]~[Kpgsc+K7:gse~5] + €gscq (50)
Vg*q—gsc = [Z;q — ifq]~[Kpgsc+Kigsc~s] — €gscd Vg (51)

where
€gscq = Wg-Ly.ifq and €gscd = Wg-Ly.ifq (52)

From Eq. (19) and Eq. (20) the expressions of the grid currents can be deducted
as follows:

1
= ———_(V* —wg.Ltirg—Vpo.S, 53
Ha [Rf + Ly.s] Voumgac =L dga = Voo So) >
) 1 N .
0= =[5 oy Vod-ase T - Liigq = Voe-Sa) (54)

where Sd and Sq are the switching states computed by Park transformation.
Determination of the DC-link controller parameters
The PI controller is used to maintain the DC-link voltage constant, as shown
in Fig. 6. From Eq. (40) the current flowing through the DC bus is deduced as
below:
i. = C.s.Vpo (55)

From the block diagram shown in Fig. 6:

Ky,pc. s+ Kipc
S

C.S.VDC =

-(Vbe = Vbe) (56)
The transfer function in closed loop can be expressed as follows:

Vbe  &(Kppe -s+ Kipe)
* = K,pc K; (57)
Voo s2 4 s.722¢ 4 Ripc
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Vic Kppe: s + Kinc Vnc

1
s C.s

Fig. 6. Regulation loop of DC- link voltage

Comparing denominator of Eq. (57) with the canonical second order polynomial
given below:

K.wo
Fls)=———7— 58
(s) $2 4+ 2.6wo + wd (58)
PI controller gains are:
Kype =2.£6.w.C; With & is the damping coef ficient (59)
Kipc =w?.C (60)

Determination of the GSC' controller gains

The currents ifq and ifd are controlled by the same regulation loop, as shown
in Fig. 7. The GSC is considered as a unit gain (Ggsc=1). The PI controllers
compensate the coupling terms (egscq and egseq)-

The time constant of the controlled system is given in Eq. (61), which is
divided by 10 to have a satisfactory system dynamic.

Ly
Ty = = 61
i (61)
The transfer function in open loop (TFO) is expressed as follows:
Kpgse 1
Fee s+ 1 5 K, K L
TFO = Ko 2 L L (7 g L RN ()
S Rfi.S—Fl Rf-s Kigsc Rf
The transfer function in closed-loop (TFC) can be written as follows:
TFO 1
TFC (63)

TTFO+1  _Bi 41
Kigsc

By applying the pole compensator method, the PI controller gains (Kpgsc, Kigsc)

are given as follows:

Ly
Ry

R T,
Kpgse = and Kigse = ?f . With T === (64)

10
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o iq
Ifq Kpgse-S + Kigsc 1

< -
Gose=1 Les+R;

S

€gscd €gscd

Fig. 7. Control loop of currents flowing through the filter RL

5 Simulation Results and Discussion

With help of the before-mentioned mathematical models, the wind chain is mod-
eled and simulated employing the parameters presented in Tables (1,2) under
Matlab/Simulink software. The wind profile used in this work is presented in
Fig. 8, which is considered a variable. However, Fig.9 illustrates the produced
mechanical power, which is pursuing the evolution of the wind speed. From 0.2
(s) to 0.7 (s), the mechanical power is equal to 5 MW, which corresponds to the
rated value of the wind velocity that is 12.5 (m/s). This power will be utilized as
a reference for driving the system. Figure 10 shows the mechanical speed com-
puted by the MPPT strategy based on the PI controller. Figures 11 and 12 show
the efficiency of the MPPT technique for making constant the tip speed ratio at
its best value, which is Aoy = 9.19, and the coefficient of power is preserved at
its maximum (Cpmax= 0.5) regardless of the wind speed change. So, maximal
power is achieved. The rotor side converter is primarily controlled by the direct
field-aligned control, and then it is piloted by the indirect vector control. These
variants of the vector control use two PI controllers. The first one controls the
stator active power, and the second one governs the reactive power. The com-
parison analysis is established by considering the same condition. The response
time of the system is divided by 103 for having a rapid dynamic system. As you
can see in Fig. 13, the stator active power is computed by two techniques: the
direct and indirect field-aligned control based on the two PI controllers, where
their gains are adjusted by using the pole compensation method. Notably, these
two methods offer approximately a similar time response, which is 2.1 (ms).
Besides, the static error is improved by the IFOC from 0.84 (percent) to 0.16
(percent)of the rated value. Besides, the overshot is also improved. The desired
reactive power is zero (Q* = 0) to ensure a power factor equal to 1, as shown in
Fig. 14. Tt is observa-ble that the static error is also improved, and the stability is
guaranteed when especially wind changes. Figure 15 shows the DC-link voltage,
which is regulated by a PI controller at its reference value (V} = 1200 V). This
Figure shows the influence of the evolution of the wind speed on the stability
of the voltage. An overshot is observed when the wind change. So, the indirect
field-oriented control with open-loop control gives better performances than the
direct vector control in terms of the static error amelioration and the overshot
reduction.
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6 Conclusion

In this paper, the wind energy conversion system is modeled and simulated
based on variable wind speed. The DFIG stator is directly linked to the electrical
network, and the rotor is coupled via two bidirectional converters. The Maximum
Power Tracking with speed regulation is established. Then, the control of the
rotor side converter is designed by employing the IFOC with open loop and
DFOC based on the classical PI controller, in which the gains are calculated by
the pole compensation method. The results of the two strategies are compared
and analyzed. It is observed that the IFOC with open loop brings satisfactory
results than the direct vector control (DFOC) under wind speed variation.
The future works will focus on:

e Proposing and comparing another type of algorithms with the indirect vector
control like Backstepping control, Sliding mode control, and Neural network
Controller for controlling the WECS based on the DFIG.

e Testing the robustness of the proposed control under the grid faults.
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Appendix

Table 1. Proportional and Integral (PI) gains for controllers

MPPT RSC controller DC link GSC controller
controller controller

DFOC strategy IFOC strategy

Kp = —7.2e+6 | Kprscl = 4.3e — 3 | Kprsc2 = 1.446 |Kpdc = 1.848 |Kpgsc = 200
Ki = 51.87 Kirscl = 7e — 3 Kirsc2 = 2.376 |Kidc = 396 Kigsc = be+4

Table 2. Set of parameters used in the simulation

Component | Parameter Symbol | Value
Turbine Ray of blade R 51,583 m
Coefficient of multiplier | Gp 47,23

Total moment of inertia | J¢o¢ 1000 kg.m?
DFIG DFIG rated power Ps 5 MW
Stator inductance Ls 1,2721 mH
Rotor resistance Rr 1,446 m{?
Rotor inductance Lr 1,1194 mH
Mutual inductance M 0,55182 mH
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Abstract. In this paper, we investigate the effect of spatial diffusion and delay
on the dynamical behavior of the SEIR epidemic model. The introduction of the
delay in this model makes it more realistic and modelizes the latency period.
In addition, the consideration of an SEIR model with diffusion aims to better
understand the impact of the spatial heterogeneity of the environment and the
movement of individuals on the persistence and extinction of disease. First, we
determined a threshold value % of the delayed SEIR model with diffusion. Next,
By using the theory of partial functional differential equations, we have shown
that the unique disease-free equilibrium and the endemic equilibrium are asymp-
totically stable. Moreover,we determine, using Lyapunov functionals, conditions
by which the disease-free equilibrium and the endemic equilibrium are globally
asymptotically stable. Also some numerical simulations are given to illustrate the
theoretical results.

1 Introduction

Epidemiological models with latent or incubation period have been studied by many
authors, because many diseases have a latent or incubation period, during which the
individual is said to be infected but not infectious. This period can be modeled by incor-
porating it as a delay effect [2], or by introducing an exposed class [7]. Therefore, it is
an important subject to compare this two types of modeling incubation period.

The models mentioned above have concentrated only on the temporal dimension
with out diffusion. But, in many cases the spatial variation of population plays an impor-
tant role in the disease spreading model and the time variation governs the dynami-
cal behavior of the disease spreading, see [11]. However, the spatial effects cannot be
neglected in studying the spread of epidemics; because due to the large mobility of peo-
ple within a country or even worldwide, spatially uniform models are not sufficient to
give a realistic picture of disease diffusion. Focusing on the influence of space on the
qualitative behavior of the SIR epidemic model, several improvements are made (see,
e.g., [15,16] and references cited therein).

In this paper, we generalize all the DDE and DDEs models PDE presented in [1,18]
by proposing the following delayed SEIR epidemic model with spatial diffusion and
saturated incidence function:

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 195-209, 2023.
https://doi.org/10.1007/978-3-031-12416-7_16
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aS(x, x,t)E(x,
SCL) — AAS(x,1) +A — uS(x,1) — 7131?5&?5’?}(3

JE (x, e HTS(xt— X, —
= dAL(en) + PSR — ()l (n)
dl(x,t

o = dAI(x,1) +YE(x,1) — (L+ o+ 8)(x,1)
IR _ GAR(x,1) + S1(x,1) — LR (x,1)

(D

=
N

where A denotes the Laplacian operator, S(x,t),E (x,t),1(x,t),R(x,t) are the numbers
of susceptible, infectious but not yet symptomatic, infected and recovered individuals
at location x and time t, respectively.

The recruitment rate of new individuals into the susceptible class is A, [ is posi-
tive constants representing the natural mortality rate of the population. ¢ is a positive
constants representing the death rate due to disease.The positive constant d indicates
the diffusion rate, the transmission rate is 3, and ¢ is the parameters that measure the
inhibitory effect. The exposed individuals develop symptoms at a rate ¥, so 1/y is the

latent period, as many YE exposed will be infected. The number of exposed increases
S(x,0)E(x,t)
as many f3 -0 S(x.1)

Likewise the infected symptomatically can be recover at rates d.
Throughout this paper, we consider the system 1 with initial conditions

individuals after direct contact between susceptible and exposed.

S(X,[) = V/l(xat> 2 O’
EGO=W60 20 0 e x20) @
R(x,t) = w5(x,t) >0,

and zero-flux boundary conditions

95 _0E_A_OR_, o0 o
where Q is a bounded domain in R” with a smooth boundary d2 and % represents
the outside normal derivative on d€Q. The boundary condition in 3 implies that sus-
ceptible,exposed, infectious, quarantined and recovered individuals do not across the
boundary 9.

The paper is organized as follows. In next section, we study the well-posedness for
model 1. Section 3 is devoted to investigate to the local stability of the disease-free equi-
librium and the endemic through the study of associated characteristic equations. equi-
librium. Next, in Sect. 4, we prove the global asymptotical stability of the disease-free
equilibrium. In Sect. 5, to support our theoretical predictions, some numerical simula-
tions are given.

2 The Well-Posedness

In this section, we focus on the well-posedness of solutions for 1 by establishing the
global existence, uniqueness, nonnegativity and boundedness of solutions. In the fol-
lowing, we need some notations. Let X = ¢ (£2,R?*) be the Banach space of contin-
uous functions from Q into R*, and ¥k = ¥'([—7,0],X) denotes the Banach space of
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continuous X -valued functions on [—1,0] equipped with the supremum norm. For any
real numbers a < b,z € [a,b] and any continuous function u : [a — 7,b] — X, u, is the
element of ¢x given by u,(0) = u(t + 0) for 6 € [—1,0].

Moreover, we identify any element y € %x as a function from Q x [~7,0] in R*
defined by w(x,t) = y(z)(x) The next theorem gives us the existence and uniqueness
of the global positive solution.

Theorem 1. For any given initial condition y € 6x satisfying (2) and (3), the system
(1) admits a unique nonnegative solution. Moreover, this solution is global and remains
nonnegative.

Proof. Let y = (1, ¥, y3, yu) € 6x and x € Q. We define f = (fi, f>, f3, fa) : €x —
X by

AW () = A— pya (x,0) — BLUEOwRE0)
Fo(w)(x) = BBt VD) (4t gy (x,0)
S()(x) = 7y (x,0) — (1 + 0+ 8) 3 (x,0)
Ja(y)(x) = Sy3(x,0) — s (x,0)

b

Then the system 1-3 can be rewritten as an abstract differential equation in the phase
space 6 in the form
{Il:Bu—i—f(ut), t>0 @

u(O) =y € %X,

where u(t) = (S(.,¢),E(.,1),1(.,t),R(-,t)) ", w= (y1, w2, y3, ) and Bu = (dAS,dAE,
dAI,dAR). We can easily show that f is locally Lipschitz in €. According to [4,9,10,
13,17], we deduce that the system 4 admits a unique local solution on its maximal
interval of existence [0, fyax)-

Since 0 = (0,0,0,0) is a lower-solution of the problem 1-3, we have S(x,f) > 0,
E(x,t) >0, I(x,t) >0, and R(x,7) > 0.

In the following, our goal is to show that the maximum solution of the problem 1-3,
is global. Let’s first consider the first equation of the system 1, then we have

D) _ GAS(x,1) < A— pS(x,1),
' o, (5)
S(x,0) = y1(x,0) > 0.

By the comparison principle [12], we have S(x,t) < (), where S(t) = §(0)e ™ +
% (1 — e M) is the solution of the following ordinary equation:

=A—usS
dt ) 6
{s<o> — max, (¥ (+,0)). ©
Hence,

S(x,t) < max {ﬁ,max(wl (x,O))} V(x,1) € Q X [0.tmax)
xeQ
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this implies that S is bounded.
Let L(x,t) = e M*S(x,t —T) + E(x,1) +1(x,1) + R(x,1),
thus,

dL(x,t)

Era e MTdAS(x,t — T) +dAE(x,t) +dAI(x,t) + dAR(x,t) +e MTA — uL(x,t) — od (x,1).

Then, we have

jﬁgt ) _ dAL(x,t) < e HTA — uL(x,t), o
9L —

v ’

L(X,O) = e*[u'wl (x7 _T) + W2(x70) + W3(x’ O) + 1[14()6,0).

Applying the comparison principle to the system 7 we obtain

e HTA

xeQ

L(x,t) < max{ ,max L(x, 0)} V(x,1) € Q X [0.tmax) -

Therefore, E,I and R are bounded. So, we proved that S,E,/ and R are bounded on
Q X [0,tmax ) . By the standard theory for semilinear parabolic systems [6], we deduce
that fyax = +oo. This completes the proof.

3 Basic Reproduction Number and Existence of Equilibirum

In this section we determine the equilibrium of the SEIR models, for that we solve the
following system
A—us—BE —o

Be-ht I+o1S —
e SE
s —(M+NI=0 (8)

YE—(u+a+0)l=
8I—uR=0

Then the disease-free equilibrium is given by
Py = (S, E°,I°,R°)

where E® =1 =R =0 and §° = %
Furthermore, the system 1 has a unique endemic equilibirum

P* = (S E*, I",R"),

where
St — MtV
Be(‘” o (u+)v)( )
E*¥=2(1+04S5* —u
[3 bl
ALy ©

u+6+a
R=

(/J+5+a) E".
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Now let’s determine the expression of basic reproduction number denoted by %, by
using the method presented in [14], using the same notations, the matrix F' and V are

given by
et 0
F <+t(x)1 0), and V (—7 'u_|_a+5).
Thus
1_ (A0
Fv = <0 0
where
B BAeHT
(H+ouA) (u+7)

If p is the spectral radius of FV !, then the expression of the basic reproduction number
is as follows
BAe™HT

w=p (V) = G am T

So, we can rewrite 9 as follows

k A
T UZg+oA(Zy—1)
E* — R0(Zo—1)(u+0qA)*
(uZo+04A(%Z0—1)) *

[ o)t onA) (10)
(u+6+a)(uZo+ouA(Zo—1))’
R* — Y8R0 (%0—1) (u+0qA)

T u(uto+o)(uZo+tonA(Zo—1))"

Then, £2* = (§*,E*,I*,R*) exist if Zy > 1.

4 Local Stability of the Equilibria for the SEIR Models

In this section, by analyzing the corresponding characteristic equations of equilibria &
and &7* of 1, we study the local stability of them, respectively.

Let §=S—S"E=E—E*I=1—1I"and R = R — R*, where (S*,E*,I*,R*)" is
an arbitrary equilibrium point, and drop bars for simplicity. Then the system 1 can be
transformed into the following form

95(x, % X, * X, *
5t = das(en) +A -k (S(e) +5) - PR

JE(x, e M (S(xt— ) (E(x, * i
4 = dAE () + PSSR () (B() 4 E),

ML) — dAI(x,1) + Y (E(x,t) +E*) — (1 + o0+ 8) (I(x,1) + ).

aRéf’t) =dAR(x,t) + & (I(x,t) +I*) — u (R(x,t) + R*).

(1)

=
=

Thus, the arbitrary equilibrium point &7* = (S*,E*,I*,R*)T of the system 1 is trans-
formed into the zero equilibrium point (0,0,0,0)" of the system 11. In the follow-
ing, we will analyze stability of the zero equilibrium point of the system 11. Denote
u(t) = (S(-,1),E(.,1),1(.,t),R(.,1)) " and w = (w1, ¥, 3, y4) € b, then the system
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11 can be rewritten as an abstract differential equation in the phase space %x of the
form
u(t) = DAu(t) +L(u)+g (), (12)

where D = diag(d,d,d,d), L: ¢x — X and g : ¥x — X are given, respectively, by

S*
(‘H‘ (1+ﬁa1s* )‘Vl (x,0) — (1+Boc1S*)W2(x’0)
e H
L)) = | s -0+ B v (x—1) = (u+7) va(x,0) (13)

Yv2(x,0) — (1 + e+ 8)y3(x,0)
61[/3()6,0) —,Ul[/4(x,())

and
s
_ | &)k
W= w) |
g4(y)(x)
where

0)+A— By (x,0)+5") (v (x,0)+E") — st

-
1 ¥)0) = g5 Y1 (60) + rrfgrs vl o (w05

_ E*e™H S*e Be " (i (x,—1)+S xX,—T)+E*
W) =~ BEC Ty (o —1) - BEE Sy (x, 1) 4+ B D S (oD B
—(u+7)E”

& (W)(x) =vE" — (U + o+ 8)I"
g (y)(x) = 81" — uR*
(14)
For W = u;, W = (W1, W2, W3, ys) | € €, the linearized system of 12 at the zero equi-
librium point is
i=DAu(t)+L (),

and its characteristic equation is
xw—DAw—L(e’“'w) —0, (15)

where @ € dom(A), and @ # 0,dom(A) C X.

Let 0 =mnp < m; < --- be the sequence of eigenvalues for the elliptic operator —A
subject to the Neumann boundary condition on £, and E (1);) be the eigenspace corre-
sponding to 1; in L?(Q).

Let 0 =mnp < My < --- be the sequence of eigenvalues for the elliptic operator —A
subject to the Neumann boundary condition on €, and E (1);) be the eigenspace corre-
sponding to 1; in L?(Q).

Let {q)ij,j =1,...,dimE (m)} be an orthonormal basis of E(7m;), and Y;; =
{a(i),-j,a S R} .

Then
dimE(n;)

@Y and V; = @ Yij.
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Moreover, we put fori =0,1,2,...,j=1,2,...,dimE (n;)

Oij 0 0 0
0 O 0 0
1 _ 2 _ 1) 3 _ 4 _
ij O ’ ij = O ’ ij — ¢l] 9 ij O (16)
0 0 0 ij
Clearly, the family (ﬁl i Bijs 3-, 3‘) is a basis of ( L2(Q))4. Therefore, any element @
of X can be written in the in the following form
o= (o .
(01,02, 03, 4) an

—Z;FOE’)E[;Z”E ) <w17¢zj>ﬁzj+<w2 ¢lj> <(J)g ¢lj> <w4’¢lj> 4

Next, from a straightforward analysis and using 16 and 17 we show that 15 is equivalent
to

éwla(piji 0
2, O;j 01 . . .
Als+1:D—M il = i=0,1,2,..., j=1.2,....dimE(n;),
( 5+1M ) <0)3’¢l]> 0 l J m (T[)
(s, 0i7) 0
(13)
where M is given by
E* 5*
_ﬁ“ - l(}fals*) (1%13*) ) 0 0
E*e HT _ ) S*e HT  _ )
M=| Tase " —WrN+Tame " 0 0
0 Y —(u+o+6) 0
0 0 1) —u

Thus the characteristic equation is

A+dni+u+a+38)(A+dn+u) (?Lz+a/l +b+(cA +d)e’“) =0, i=0,1,..., (19)

where o
=2(nid+p) + 7+ o,
b= (nid+u+—1f§15*) (nid+u+vy),

BS*e—yT
1+o04yS8* ?

d= ﬁ]ials* (ntd+“)

c=—

4.1 Stability of Disease-Free Equilibirum &

Using the above analysis, in this subsection, we take (S*,E*,[*,R*) = & = (% ,0,0, O) .
Thus, the characteristic Eq. 19 becomes fori =0, 1,...

BAe H* e AT

A+dni+pu+o+8)(A+dn+ 2<)L+ id+p+y—
(A+dni+p+a+38)(A+dni+u) nuyu+a1A

) =0, (20)
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Theorem 2. If %y < 1, then the disease-free equilibrium & is locally asymptotically
stable for all T > 0.

Proof. For T =0, the Eq. 20 is equivalent to the following cubic equation
A+dni+p+a+8)(A+dni+p)’A+nd—(u+7v)(Z—1]. QD

Clearly, 21 has three roots A; = —dn; —u—06 —a <0, Ay = —dn; — u < 0 and
Ay = —dn; + (UL +7y) (%o —1). According to the Routh-Hurwitz criteria, if % < 1,
all the roots of Eq. 21 have negative real parts. Therefore, when 7 = 0, the disease-free
equilibrium point &2 is locally asymptotically stable.

Next we discuss the effect of the delay 7 on the stability of disease-free equilibrium
. Assume that 20 has a purely imaginary root i@, with @ > 0. Then ® should satisfy
the following equation for 1;.

A hT
{ u+ y+dniﬁj jﬂ;”“‘ cos(@7) 22
o = — 55 sin(w1)
Taking square on both sides of the Eq. of 22 and summing them up, we obtain
5 BAe HT
= an)+———— Ho—1)—dni|. 23
o {(u+y+ n,)+u+mA][(u+V)( 0—1)—dni] (23)

Therefore, For Zy < 1 Eq. 23 has no positive roots and characteristic Eq. 20 does not
admit any purely imaginary root for all 7. Since & is asymptotically stable for 7 = 0,
it remains asymptotically stable for all T > 0.

4.2 Stability of Endemic Equilibirum &7*

In this subsection, we will discuss the local stability of the endemic equilibrium &7*.
First, we take (S*,E*,I",R*) = &7*. Thus, the characteristic Eq. 19 becomes for i =
0,1,...

(A +dni+ 1+ o+ 8,) (A +dni+ ) (/12+a/1 +b+(xc+d)e—“) -0, (4

where o
a=2(nd+u)+ 7+l

b= (md+u+EEs) (md+u+y),
BsteHt

C=—

— s (Md+ ).

Theorem 3. [f Zy > 1 then the endemic equilibrium &7* is locally asymptotically sta-
ble for all T > 0.
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Proof. For T = 0, the characteristic Eq. 24 is transformed into the following form
A+dni+pu+o+8)(A+dn+u) (A2 +(a+c)A+b+d), (25)
where
=2(mid+p) + 7+ 2L,
b= (md+u+ 2L (nd+u+7),

BS*e HT
1+o0yS* ?

ut
d =B (nd+p).

As %y > 1, and—% = — (U +7y) we deduce that

c=—

E §te kT
atec=2(nd+p)+v+ 1fa1s* - li-&-qu*

=2mid +p+ 1fals* >0,

and
b+d= (nid+u+lfa%) (md+u+7y)— ‘Ti; o (mid + )
=nid (id + 1)+ (mid + p +7) o5 > 0,

According to the Routh-Hurwitz criteria, all the roots of Eq. 25 have negative real parts.
Therefore, when 7 = 0, the endemic equilibrium point &7* is locally asymptotically
stable.

Next, Since all the roots of Eq. 25 have negative real parts for 7 = 0. it follows that
if instability occurs for a particular value of the delay 7, a characteristic root of 24 must

intersect the imaginary axis. If 24 has a purely imaginary root i@, with @ > 0, then, by
separating real and imaginary parts in 24, we have

cwsin(@t) +dcos(wt) = w*> — b, 26)
cocos(wt) —dsin(wT) = —aw
Taking square on both sides of the Eq. of 26 and summing them up, we obtain
o'+ (a® — * —2b) @* +b* —d* =0. (27)

As %y > 1, , we obtain

b—d=(md+p+Phg ) (nd+p+7)+ 585 (nd+p) >0

we deduce that b? —d*= (b+d)(b—d) > 0.
Moreover, as 7% = —(u+7), we have

2
a2—02+2b=( (Mid +p)+ v+ 1+061S) (nzd+u+1+a S*)(md+u+v)
_(M)z
T+o,5*
2 BE* \?
= (md?+2mid (u+7)+ (md +p+ 1225 ) > 0.

Therefore, Eq.27 has no positive roots and characteristic Eq. 24 does not admit any
purely imaginary root for all n;. Since &7* is asymptotically stable for T = 0, it remains
asymptotically stable for all T > 0.
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5 Global Stability of Disease-Free Equilibirum &

In this section, by constructing an appropriate Lyapunov function, we investigate the
global stability of the disease-free equilibrium & of 1 when %y < 1.

Theorem 4. If %y < 1, then the disease-free equilibrium & of system 1-3 is globally
asymptotically stable for all T > 0.

Proof. We consider the following Lyapunov functional

V= /Q {e"”/ﬁw”> (1 - %) du+E(x,t)+(L+7) '/()TE(x,l—u)du:| dx.

Calculating the time derivative of V along solution of system 1-3,we get

6 - {e—l” (1 - %) (dAS(x,t —7) +A — uS(x,t — 1)

S(x, E(x, e HTBS(xt—T)E(t—
St ) +AE () +
(

— (MY EM)  +H+7)[E(x) —E(x1—1)]}dx.

Then
V0 _ g, {eu ( AZT’AS ot fg) (dAS(x,t —T) +A— uS(x,t — 7)) +dAE(x,1)
I.t—H/ uﬁ,ﬁiHalA I)E(xt—‘c)}dx
(1401 S(x1—17)) e M (A—puS(xt—1))?
- fQ ¢ /,l+0(|114 S(xr— ‘c)) (dAS(x1=17)) = (u+0yA)S(x,t—7)

+dAE(x,t)+ (u+7) (%o —1)E(x,t —7)}dx

Recall that [, AS(x,t — T)dx = 0, [o AE(x,t)dx = 0 and using Green’s formula, we
have

froqd)  S2(vi—1) (LtenA)S(xi—1)
+(u+7y) (%o —1)E(x,t —7)}dx

Then %y < 1 ensures dt V. <0 for all ¢ > 0. Moreover, it can be shown that the largest
compact invariant set in {(S,E,I,R) | 4 =0} is the singleton {#?}. Therefore, it fol-
lows from LaSalle’s invariant prmmple [5] that & is globally asymptotically stable
when %y < 1. This completes the proof.

dV(t):fQ —e*ur( dA__|VS(i—1)|> _ e MF(A-pS(ri-1))

6 Numerical

In this section, we perform some numerical simulations to illustrate the theoretical
results. For the sake of simplicity, we consider a one-dimensional bounded spatial
domain Q = [0, 1]. Thus, we propose system 1 with Neumann boundary conditions

JdS JE JdI OR

92 _0E _ L _ R 50, x=0,1
v v v ov =T
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and initial conditions

S(x,t) = |sin(27x)| > 0, E(x,t) = |sin(37x)| > 0, I(x,t) = |sin(37x)| > 0,
R(x,t) = |sin(27x)| >0, (x,1) €[0,1] x [-7,0].

In addition, to solve system 1 using a numerical algorithm, we must discretize each
equation of system 1 as a finite difference equation. The Crank-Nicolson method [3] is
a finite difference method used for numerically solving a partial differential equation.
It is a second-order method in time and space, and is numerically stable. Thereafter, a
brief description of the Crank-Nicolson method applied to our problem will be provided
below. We first start by partitioning the spatial interval [0, 1] and temporal interval [O, t f]
into respective finite grids as follows.

xi=(@{—-1)Ax,i=1,2,...,Ny+ L where Ax:= N%v
= (j— )AL, j=1,2,...,N,+ 1 where At := 1.

Therefore, using discretization, we can describe S(x,r) as S;;(i=1,...,
Ne+1,j=1,...,No+1), E(x,t) as E; j(i=1,....,Ne+1,j=1,...,N; + 1), I(x,1) as
Lij(i=1,...,Ne+1,j=1,...,N+1) and R(x,z) as Ri;(i=1,....Ney+1,j=1,...,
N +1).

Moreover, we can discretize the system 1 as follows:

Sijr1—=Sij _ d {Si+|,_i+1*zsi._i+1+si—l.j+l + Si+1.j*2Si,j+Si—1.j}
bl 2

At —2 Ax Ax?
BSi i ;
+A7uslvf - I+oyS;
Eijr1—Eij g [ Eix1,j+172E; jr1+Eio1, 11 + Eir1;—2Ei j+Ei 1
At -2 Ax2 Ax?
e MBS it aEijja
TS, M) Eij, (28)
lijei—lij g [ lig1j+1 =20 i+ 4 + liv1,j =26 j+1i1
At ) Ax2 Ax?

+ VEij — (Lt o+ 8),;
Rijyi—Rij _ g [ Rix1,j+172R; jri+Ri—1,j11 + Riy1,j—2R; j+Ri_1j
At -2 Ax? Ax?
+ 511‘.]‘ — ‘lLR,'J.

Applying the central difference formula to approximate the Neumann boundary condi-
tion 3, we see that 28 yields the following system:

MS; 1 =NS;+Uj,
ME; | =NE; +V;,
Ml =NI; +W,,
MR, 1 =NR;+Y,,

(29)

where
St Ey; Iy Ry
2, Eyj h,j Ry
S] = : 5 Ej = : s Ij = : 5 R] = : s
SNy, j Ey,.j Iy, j Rn,,j

SNy 1,j En+1,) In 41, Ry +1,j
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BSy, 11,
A_I','Slvj - 1+O{1511j
BSy, b2,
A _lJ-Sz,j - 1+06132,j

szzAt' : 9

BSwy,jIng.j
A— nuSNxa] - 1+0 Sy, j

BSnet1,jIN 1,

_A - ,LLSNXJrl,j - 1+0‘15Nx+1‘j J
i e MBSy i_v/mElj_r/m ) 1
TS ;—/ar _(.u"'Y)ELJ
e MBSy i_r/mErj_v/ar
TSy, v (WY E2;
V;=2At- :
e M BSN i—t/AEN, -t/ A
TS — (H+7)En,,
€M BSN 1, jmr/a BNy, -1/ .
T+ 01 Sy, o1 o/r —(H+7)En+1 |
YEl,j*(l-l+(X+5)I17j 5]1,]‘7[1131’1‘
'yEZ,j_(,U—FOC-Fa)[ZJ 512’j—[,lR2’j
W;=2At- and Yj=2At- ,
VEN,,j— (L+0o+0)ly, Oly, j— LRy,
YEN+1,j — (W4 0+ 8)In 11, OIn,+1,j — RN 41,
and we take r:=d %, then the tridiagonal matrices M and N are given by:
[2+2r —2r 0 0O --- 0 T [2—-2r 2r 0 0 --- 0 T
—r 242 —r 0 . r 2=2rr 0 :
M= 0 —-r .. 0 CN= 0 r Lo 0
0 L . 0 0 R - 0
: 0 —r2+42r —-r : .0 r2=2r r
L 0 - 0 0 —2r 2+2r] L 0 - 00 2r 2-2r]

Consequently, it follows from 29 that

Sisi=M""{NS;+U;},
Ejyi =M "{NE;+V,},
Ly =M {NI;+W;},
Risi=M"{NR;+Z;}.

Therefore, we get a recursive schema, with is numerically stable. The parameters
employed in the numerical simulations are summarized in Table 1.
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Table 1. List of parameters and their values used in numerical simulations

Parameter | Description Value

A Recruitment rate of the population varied

u Natural death of the population 0.0402

Y Rate of exposed individuals to the infected 0.04

B Transmission rate varied

1) Recovery rate varied

o The parameters that measure the inhibitory effect | 0.01

d Rate of diffusion 0.00008
Time incubation 8

Now, if we choose the values from Table 1 , with A = 0.08,0 = 0.05 and
B = 0.04, then we get Zy = 0.4746. By Theorem 2, the disease-free equilibrium
£(1.005,0,0,0,0) is locally asymptotically stable. This means that the disease dies
out (see Fig. 1).

Susceptible individuals infected individuals

Fig. 1. Spatiotemporal solution found by numerical integration of system 1 under conditions 2
and 3 when %y = 0.4746

to better understand Fig. 1 we propose Fig. 2 where we present the curve of S in the
case of x = 3—‘ and x = %

Next, if we choose A = 0.2, 6 = 04 and B = 0.07, then we get %y =
3.1985. It follows from Theorem 3 that the endemic equilibrium P*(1.5113,1.126667,

0.0874,1.1728) is locally asymptotically stable (see Fig. 3).
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Susceptible individuals for x=0.5 Susceptible individuals for x=0.25
14 T T T T 1.005 T

» 0.995

L L L L 0.985
100 150 200 250 300 0 50 100 150 200 250 300
t t

Fig. 2. The curve of S in the case of x = % and x = %‘

Susceptible individuals infected individuals

Exposed individuals Recovered individuals

Fig. 3. Spatiotemporal solution found by numerical integration of system 1 under conditions 2
and 3 when %, = 3.1985

7 Conclusion

By comparing the results in Theorems 2 and 3 with the propositions 1, 2 of [8] and the
proposition 2 of [1], we affirm that we have obtained the same results, but for a more
general class of population models. In reality, we have extended these results to contain
our model of reaction-diffusion epidemic. Firstly, by analyzing the corresponding char-
acteristic equations, we discussed the local stability of the disease-free equilibrium &2
and the endemic equilibrium &7* of system 1 under homogeneous Neumann boundary
conditions. Since % has no relation to the diffusion coefficient d, we have shown in
Theorem 2 and Theorem 3 that spatial diffusion has no effect on the local stability of
the steady states of our SEIR model. Which indicates that, whatever the choice of the
diffusion coefficient d, the stability of the equilibrium points remains invariant when
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the system passes from the dynamics governed by the ordinary differential equations
ODE [1] to that governed by the partial differential equations PDE.
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Abstract. In this paper, we are interested to study the non-homogene-
ous wave equation in generalized function algebra, we give a result of
existence and uniqueness of generalized solution with initial data are
distributions (elements of the Colombeau algebra). Then we study the
association concept with the classical solution.

Keywords: Colombeau algebra, non-homogeneous wave equation, Generalized
solution, association.

1 Introduction

The algebras of Colombeau are constructed by J.F. Colombeau [1] and [2], as
factor algebras of infinite powers of the space C*° modulo a particular class of
ideals. Enjoying a list of optimal properties, These algebras contain the space of
distributions D’ as a subspace with an embedding realized through convolution
with a suitable mollifier. Elements of these algebras are classes of nets of smooth
functions. This theory was been used for solving the linear and nonlinear partial
differential equations with singularities, and in the last few years it was devel-
oped and also applied in different domains.
On the other hand these problems have been studied by some authors [6-8]
in different cases, for example M. Oberguggenberger and Y.G. Wang, studied
the Delta-waves for semi linear hyperbolic Cauchy problems [4], also Nonlinear
stochastic wave equations have been studied by M. Oberguggenberger and F.
Russo [5]. This paper in first part we introduce the Colombeau algebras and we
give some properties and tools, after that in the second part we study the exis-
tence and uniqueness of generalized solution of non homogeneous wave equation
with the initial data are singular, finally we proved the association of generalized
solution with classical solution.

2 Preliminaries

In this section we will introduce basic notations and definitions from Colombeau
theory.
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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For ¢ € Ny with Ng = NUO0
A, ={p € DIR")/ p(x)de =1, / x2p(x)der =0 for 1<|o|<q}

Rn

qg=1,2,...

where D(R"™) is the space of all C* functions ¢ : R™ — C with compact support.
The elements of the set 4, are called test functions.

It is simple too see that A1 D A2 D A3.... Also, A; # 0; for all i € N

pe(@) = 0(3) for o€ DR

We denote by

EMR")={u: A1 xR" - C/ with wu(p,z) is C* to the second variable =z}

u(x, 306) = us(x) Vo € Ay

Emv(R"™) = {(ue)e>0 C E(R™)/VK CC R",Va € N§, 3N € N such that

sup |[D%u.(z)| = O(e™) as e — 0}
zeK

NR") = {(ue)eso C E(R™)/VK CC R",Va € N§j,Vp € N such that
sup | D% (z)| = O(eP?) as e — 0}
reK

The Colombeau algebra is defined as a factor set G(R™) = & (R™)/N(R™)
where the elements of the set £p/(R™) are moderate while the elements of the
set N(R™) are negligible.

The Colombeau algebra G(R™) contains the distributions space as subspace by
the map :

i:D'(R") — G(R™)
w— [ = us ge + N(RY)

where * denotes the convolution product of two distributions and is given by:

uxp=<u(y),ply —z) >

Definition 1. Let G1,G2 € G(R™) and G; ., G2 . their representatives respec-
tively.

We say that G1,Gy € G(R™) are associated and we write G; ~ Ga, if for
every ¢ € D(R")

lim (G1,e — Gae)p(x)dz =0
e—0 R~
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3 Application

This section is devoted to solving the non-homogeneous wave equation in
Colombeau algebra

G(RT x R). Recall first that if u is a classical solution of the following problem
we consider the following problem:

Lou(t,x) — ALou(t,x) = F(t,u(t,z)) z€R, t>0
u(0,z) = a(x) (1)
Oyu(0,x) = b(x)

With a,b € D'(R).
Then it solves the integral equation

1 1 z+ct ztc(t— e)
u(z, t) = E(a(w —ct) +a(xz +ct)) + 5 /wiC b(y)dy + —/ /I i) (s, u(s,y))dy ds.
(2)
We define the domains:
As={(s,y) ERx[0, 00) /0<s<t, ye s}

I,={z€eR/ z—cs<z<xz+cs}

(t,z)

Ay

r—ct T+ ct

Using (3.2), the following estimates are easily deduced (0 <t < T)

T
[ullzoe(ar) < llallzoez) + TlIbl oo (10) +T/ (s, u(s, )| ands,  (3)

T
[ult, Loy < llallzoe o) + Tlbll Lo (1) +T/0 (s, u(s, )l oo (s (4)
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Definition 2. An element F € G[R"] is of L™ logarithmic type if it has a
representative (F.). € Ep[RT x R] such that

1
IFelle ey = Ollog()) s =0
Proposition 1. If F € G[R"] is L™ log-type then for any representative is
satisfied (F.). € Ep[RT x R] we have

1
1Fell L@ xmy = Olog(2))  as e =0
Proof. F € G[R"] is L™ log-type then there is a representative (Fi.). €
En[RT x R] such that

1
| F1 el Loe (rt xR) = O(log(g» as e—0

let (Fy.)e be another representative of F | then (Fh . — Fy o). € N(R")

= | Fae — F1cllpo @+ xr)y = O(e?) VgeN
=dc; >0 ||.F2,‘S — F1,6||L°°(]R+><]R) <c1e? VqgeN
1
=dc1,e2 20 |[Foellpemtxr) < c1e? +co log(g) VgeN
1 1
= de1,02 20 [|[Foellperrxr) < €1 10g(g) + o log(g) Vg €N
/ / 1
= Je¢ =20 | Fo el Loe (rt xr) < € log(g) VgeN
1
= 15 e[| oo (mt xR) = O(IOg(g))

this completes the proof of the proposition.

Theorem 1. Let a,b € G(R) , VF is L™ log-type, then the problem (3.2) has a
unique solution u € G(R x [0, 00)).

Proof.

existence :

To prove the existence of a solution, we transform the problem in the Colombeau
algebra, then we obtain:

2

4 ou(t,x) — CQ%uE(t,m) =F.(t,u(t,x)) z€R, t>0
us(0,2) = a-(z) (5)
Opue (0, ) = be(x)
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With a.,b. and F. are the Representative of a, b, F' respectively.
The integral solution is :

ote(t— 5)
<(y)dy + 7/ / (s, uc(s,y))dy ds.

1 1 fotet
uelt ) = 3(ac(e — )+ acla+et)) + 5 [
2 2c c(t+s)

xz—ct

We apply the estimate (3.3) successively to all the derivatives,

T
[ull L (ar) < llallzoe o) + Tlbll Lo (1) +T/O 1F (s, u(s, )l L= (a.)ds,
The first approximation of F.:
Fe(s,ue(s,.)) = Fe(s,0) + [VEc|uc(s, ) + Ne(s, )

with N, € N(RT x R).
Then,

luell oo agy < llaell oo (1) + TllbellLos (1)
+T/OT [HFe(-,O)HLW([O,T]) + IVFe| Jue(s, Moo (ayy + [ NellLoo (ag) | ds
Therefore,
luellzoo (ag) < llaelloo (ro) + Tlbelloe (19) + T I1F= (Ol oo o,y + T2 INell Lo (ag)

T
+T/0 V| lluellzoe a,)ds.

By the Granwall’s inequality, we have
[te |l Lo (ar) < (||aE|L°°(Io) + Tlbell Lo (1) + T Fe (-, 0)] o< (jo,77)

+ T2||Ns||L°C(AT)> X exp (T2|VF5|)-

Asa € G(R), be G(R) and VF is L™ — logtype there exist M € N such that

el L (ar) = Oe™™) as €—0

Uniqueness:
To prove uniqueness, we consider representatives ue,v. € E(RT x R) of two
solutions u and v. Their difference satisfies

%(w,x) *vc(t,x)> *fz%(o«yu,x) fve“f"’) = F(tue(t0) = (b0t 0) +netx) xeR, 120
1e(0,x) — ve(0,x) = 1y ¢(x)
01te(0,x) — 9¢0e(0,x) = me(x) (6)

1 1 x+ct
ue(z,t) — ve(t,x) :5(71178 (x —ct) +nie(z+ct)) + % / . n2 . (y)dy
xr—c

x+c(t—s)
/ / Fg t ue (¢, ac)) — F. (t,vg(t, w)) + ne(s, ) dyds.

c(t+s)
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/ ||F5(57u€(37'))
— F.(s,0:(8,.)) = ne(s,)l|Le(a,)ds,

Hue - UEHLOO(AT) < ||n1»5

The first approximation of F:
F.(s,uc(s,.)) = Fo(s,0) + |VF:|uc(s,.) + N1e(s,.)

Fe(s,ve(s, ) = Fe(s,0) + [V Ec|ve(s, ) + Nae(s, )
with Ny, Ny € N (R x RT).

Then there exist N3 € N (R x RT) such that,

T
[ue = Vel (ar) Slmellnoe o) + Tlnz.ell Lo r) +T/ 11V Fel (ue(s, )
0

—v:(s, ))JFNBE( )”LOO(AS)dSy

So,
lue — vellLo(ar) <In1ellLee(1o)

T
+ Tl + T / | IV E|(ue(s,.) — ve(5, ) |2 (o

T
+T/ [N3,2(s, ) Lo (a,)ds,
0
Then,
e = Vel oo (ar) SInellnoe (10) + Tln2.ellpoe (1) + T2 N3,e | oo (Ar)

T
+T/0 IV E (ue(s, ) = ve(s,)) L= (an),

we apply Granwall’s inequality on the function s — |lue — ve||p(a,) we
obtain:

llue —vellpoo (ap) < (l\n1,s|\L°°(10> + Tlin2,ellLoo (1) + T2”N3,€HL°°(AT)> x exp (T /(;T |V Felds),
As ny,nz € N(R), N3 € N(RT x R) and VF is L™ — logtype

e — vellLoe(ar) = O(e?) as e—0 Vg

Then the problem have a unique solution in G(R™ x R).
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4 Association with classical solution
Let v the classical solution to

;Tzzv(taﬂb’) - 02%1)(@95) =0 z€R, t=>0
v(0,z) = a(x) (7)
(0, ) = b(x)

And w the classical solution to

%w(t, x) — 02%10(@ x)=Flw+v) zeR, t=0
w(0,2) =0 (8)
Jw(0,z) =0

Proposition 2. The generalized solution of (3.5) is associated with v + w.

Proof. Let v, the solution to

;—;vs(t,x) - czﬁvs(t,x) =0 ze€R, t>0
v:(0,2) = a-(x) 9)
Opve(0,2) = b (x)

w, the solution to

%we(tw) ? ddzz we(t,z) = Fe(we+ve) z€R, t20
we(0,2) =0 (10)
Owe(0,2) =0

And wu. the solution to
Aruc(t, @) — P dyuc(t,2) = Fe(uc(t,2)) z€R, £>0
ue(0,2) = as(x) (11)
atus(ovm) = be(m)
Then, we have

(;:Z —c dxz)(ug(f,x)fve(t,x)7wg(t,x)) = Fe(t,ue(t,x)) — Fe(t,we(t,x) + ve(t,x)) + ne(t,x) x€R, t>0
(e — e — ) (0,3) = 1 (x)
At (e — ve — we)(0,x) = npe(x) (12)

With nq,no € ./\/(R)
The integral solution is:

ue(x,t) — ve(t, x)we (¢, ) :%(nl,e(m —ct) + nye(z+ct))

1 x+4ct z+c(t— s)
b [mww o [ F(tue (b))
2¢ Jo—ct z—c(t+s)

— F. <t,wg(t,x) + vs(t,:c)> + ne(t, z) dyds.
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Using (3.3) we have,

e — ve — wellLoe(ar) <lntellLee ()
T

+ Tlngellpmqryy + T / IF= (s, ue(s,.)
0

— F.(s,we(s,.) +ve(s,.)) = ne(s,.)|| Lo (a,)ds,
The first approximation of F.:
F.(s,ue(s,.)) = Fo(s,0) + |VF:|ues(s,.) + N1(s,.)

F.(s,0:(s,.) + we(s,.)) = Fo(s,0) + [VF.|(ve(s,.) + we(s,.)) + Na(s,.)
with Np, Na € N(R x R*).

Then there exist N3 € N (R x R") such that,
l|ue — ve — ws||L°°(AT) SH”LE”LOO(I())
T
+ Tln2.ell e (19) + T/ | [VE-] (ue(s,.) — ve(s, )
0

—we(s,.)) + Nao(s, )| L= (a,)ds,

So,

[ue — ve — wellLoo(ag) <IIn1.ellno(ry)

T
Tl s a +T/ | IV (ue(s,) — ves, )
0

—we(s,.)) Lo (a,) + T/OT [N3,c(85 )l Lo (a,)ds,
Then,
l[tre = ve — wellpoe(az) Slntellneo(r) + Tlnz.elle o) + T2 Na el Lo (ag)
1| VB () — v(5..) — (52l

We apply Granwall’s inequality

”Us — Ve — w6||L°°(AT) < (”nl,‘S L= (Io) T T”nQvEHL“’(IO) + T2||N37€||L°°(AT)>

T
X exp (T/ |VF.|ds),
0
As ny,ny € N(R), N3 € N(RT x R) and VF is L™ — logtype

|ue —ve —wel||po(ar) = Oe?) as e—0 Vg

Then, u is associated to w + v
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Abstract. In this work, we are going to solve the initial fuzzy frac-
tional problem under the fuzzy derivative of Atangana-Baleanu in sense
of Caputo and via the generalized Hukuhara difference. More precisely,
we will discuss the existence of a mild solution for the fuzzy fractional
equation of Atangana-Baleanu by using the notion of fuzzy semi-group,
and the fixed point theorem.

1 Introduction

The fuzzy set theory was created by L. Zadeh to describe the uncertainties that
exist in many real phenomena in 1965 (see [10]). It is also an extension of classical
theory, in which if we notice E the space of all fuzzy number then, we have
R C E. In particular, the notions of continuous, convergence, differentiability,
and integrability of fuzzy function are studied by many researchers [4,12-14].
Moreover, the concept of fuzzy metric space was studied by P. Diamond and P.
E. Kloeden [11]. On the other hand in classical theory, the Mankowski difference
doesn’t satisfy A — A = 0, for A be a subset of R unless A is equal a simple
element of A. But in fuzzy set theory and thanks to Hukuhara difference we
have A ©g A = 0. Unfortunately, this last difference has again a problems for
that Stefanini generalize the Hukuhara difference to solve the problem facing
searchers using Hukuhara difference (for more details see [8,15]).

Fuzzy fractional calculus is a generalization of differential ordinary calculus, it
is used in many areas to be specified and defined in FFDEs as well. In books [7, 16,
17] we find the works that studied accurately the subject of fractional calculus.
The fractional derivative of Atangana-Baleanu was created by Abdon Atangana
and Dermitu Baleanu in 2016 to develop the theory of fractional calculus [3].
Then D. Baleanu, A. Fernandez studied some proprieties of this derivative. Also,
there are many problems and many equations solved by using this derivative
[1]. The concept of fuzzy semi-group generated by linear operators of a fuzzy-
valued function was introduced by Gal and Gal [6]. M. Elomari et all studied the
existence and uniqueness of the mild solution to the problem with strong semi-
group and using the conformable derivative [5]. The notion of semi-group was

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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not limited to fuzzy set but S. Melliani et all proved the existence and uniqueness
of mild solution with strong semi-group and using the fuzzy derivative of Caputo
in a fuzzy intuitionistic set.

The rest of this paper is organized as follows. The next section bears some
notions, definitions of fuzzy set concepts and the fractional theory. The definition
of fuzzy semigroup and its proprieties is presented in Sect. 3. The existence and
the uniqueness of a mild solution are proved in Sect. 4.

2 Preliminaries

In this section, we present some necessary concepts about fuzzy set theory, then
we introduce some definitions from fractional calculus theory, which are used all
around this article.

Definition 1. [1] Let consider E = {u : R — [0,1]} the space of all fuzzy
subsets on R satisfying the following expressions:

1. w is normal, i.e., there exists an zy € R, such that u (zg) = 1.

2. w is fuzzy convex, i.e., for z,y € Rand 0 < A <1,
u(Az + (1 = N)y) > min[u(z), u(y)].

3. u is upper semi-continuous.

4. [u]® = cl{z € R | u(z) > 0} is compact.
For 0 < o < 1, denote [u]* = {z € R"/u(z) > a}.

Definition 2. [1] The parametric interval form of a fuzzy number u is shown
as,
ulr] = [u(r),u(r)], 0<r<1,

Where,

e u(r) is a left continuous and non-decreasing function with respect to r.
e 7(r) is a left continuous and non-increasing function with respect to r.

e For each r € [0, 1], we have u(r) < u(r).

Definition 3. [2] Let u,v : X — [0,1] be the fuzzy sets. Then, v = v if and
only if [u]® = [v]® for all @ € [0, 1]. The following arithmetic operations on fuzzy
numbers are well known and frequently used below. If u,v € E, then

ut o] = [ 07,7 47

[u N v}a _ [ga — 7T — Qa}

a_poa_ J[Pu @], if A>0
[)\U} = )\[U} - { [)\ﬂa,)\gaL if A< 0.
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Definition 4. [1] The Hausdorff distance is defined as the following,

d:ExE— R, U{0}

d(u,v) = sup max{|u(r) —vr(r)|, |uu(r) —vu(r)]}
rel0,1]

Where E is the set of all fuzzy numbers on real numbers and (E, d) is a complete
metric space and the following properties

1. dlu @ w,v®w) =d(u,v), Yu,v,w € RE.

2. d(u®w,0) = d(u,0) + d(v,0), Yu,v,w € E.

3. dlu®v,udw)=d(v,w), Yu,v,weE.

4. dlu®v,wdz) <d(u,w) +d(v,z), Yu,v,weE.

5. ducv,woz) <du,w)+dv,z), Yu,v,w€E udv,wO z exist.
6. dAOu,A©v) = [Nd(u,v), Vu,veE\ecE.

Definition 5. [9] For u,v € E, the gH difference of  and v, denoted by uSyu v,
is defined as the element w € [E such that

_ i) u=vdw,
UOgH V=W {n) v=ud (—1)w.
Definition 6. [1] (Generalized derivative) The gH-derivative of function y(7)
can be defined in the following form,

Y (7) = Tim yaT+h) Sgny(m) _ . Y1) g y(T +h)

=1l
h—0t h h—0+ h

Remark 1. By consideration of gH difference and by using the generalized
derivative we say

case 1: y is i-differentiable if the gH difference exists in the generalized derivative
definition coincide with the case (i) in definition 5.

case 2: y is ii-differentiable if the gH difference exists in the generalized deriva-
tive definition coincide with the case (i7) in definition 5.

Definition 7. [4] Suppose that f : [a,b] — X C E is a fuzzy-valued function
with parametric form f(t) = (f(t), f(t)),t € [a,b], and f, f are measurable and
Lebesgue integrable on [a,b]. Then we define [ f(t)d¢ by the parametric form

/abf(t)dt = (/ab f(t)dt, /ab f(t)dt) .
This means
[ /ab f(t)dtr _ [ /ab £ (bt / bfa(t)dt] for all e [0,1].

Then we say that f is Lebesgue integrable on [a, b].
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Definition 8. [1] The AB fractional derivative in the sense of Caputo of the
function f(¢) is defined as follow,

ABC pa g 1_@/ f(r (—a(t—r) )dr.

With B(a) =1-a+ ;.

Theorem 1. [1] The AB fractional derivative in the sense of Caputo is defined
in two cases as follow,

[ABCDO‘y(t)]T = [ABCDay(t,T),ABC Dy(t,r)], case(1).

[ABCDO‘y(t)]T = [ABCD y(t,r),APC D™ y(t,7)], case(2).
where

ABC Doy (t,r) = 1B£024/0 (i—g)Y () Ea( — T a(t —5)%)ds,

A5 Do) = P [ g OB (- o = 9%

Definition 9. [1] The AB fractional integral of the function f(t) is given by

11—«

B0 = Fr 0+ Gy | -

Definition 10. [1] The fractional integral operator associated to the ABC frac-
tional derivative operator on fuzzy valued functions in the interval parametric
form is denoted as,

AP I (F))] = [ABF* () AP (F(t.7) ]

Where
ABpof(p) = ;ZOS‘ Ftr) + m /0 (t— 1) f(7,r)dr.
ABJaTF(p) = %f(t,r) n m /0 (t — 1) YF(r, r)dr.

Lemma 1. [1] The composition of fractional derivative and fractional integral
of Atangana-Baleanu in Caputo sense of a fuzzy function is given as

AB o (ABDaf(t)) = f(t) ©gu f(0).
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Definition 11. Let f : [0,00) — X C E be a continuous function such that
e7st ® f(t) is integrable. Then the fuzzy Laplace transform of f, denoted by

L{f(®)], is

Theorem 2. [3] The fuzzy Laplace transform of the Atangana-Baleanu deriva-
tive in Caputo sense is given as

L(DABCf(t)> (5) _ B(C\() SQF(S) B sailf(o).

- _ « _o
11—« s¢ + 122

3 Fuzzy Strongly Continuous Semigroup

Definition 12. By a fuzzy semigroup on E we mean a family {T'(¢),t > 0} of
operators from F into itself satisfying the following conditions:

1. T(0) = I, the identity mapping on F;
2. T(t+s)=T@)T(s) for all t,s > 0;

3. the function g : [0,00[— E defined by g(t) = T'(t)(x) is continuous at t = 0
for all x € E, that is, lim; o+ T(t)(z) =

{T'(t),t > 0} is also called a fuzzy Cy -semigroup.

Definition 13. Let {T'(¢)}:>0 be a strongly continuous semigroup on E. The
infinitesimal generator A : D(A) C E — E is defined by

. 1
Az = hlirél+ 7 O T (h)regn ).

On the domain

1
D(A) := {m cE/ hli,%l+ 7 O (T(h)xr ©gp x) exists in ]E} .

Theorem 3. If (T'(t)): > 0 and (S(t)): > 0 are two fuzzy Co—semigroup having
the same infinitesimal generator A. Then

T(t) = S(t), vt > 0.
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4 Main Results

In this part, we show the existence of the mild solution to the following problem
in Banach space.

{ABCDay(t) = Ay(t) + f(t,y(1), te€[0,T] (1)
y(0) = yo € E.

With A generate a Cy semigroup 7'(t).

Theorem 4. Let y € C ([0, T],E) be a mild solution of the problem (1) if y
satisfies the following equation

Case 1
y(t) = Sa(t)yo ® / To(t — 5) f(5,(s))ds. (2)
0
Case 2 .
y(t) = Sa(t)yo © (~1) / To(t — 5)f (s, 4(s))ds. 3)
Where,

Sa(t)LlK( Bloi” IdA>1(1B(a)ta1 }

1—a)te +a — o)t + a
T.(t)=L"" K%m - A) 1] :

Proof. We consider the equation of problem (1)

ABCDy(t) = Ay(t) + f(t,y(t)) (4)

Then we apply the fuzzy fractional integral of Atangana-Baleanu in sense of
Caputo on both sides of the equality (4), we obtain

y(t) Sort y(0) =77 I(Ay<t> 1, y(t»)

From the linearity of A8

y(t) ©gm y(0) = AP Iy(t) +4P I f(t,y(t))

Then, by using the Remark 1 and by applying the fuzzy Laplace transform, we
get
For case 1

L(y(1))(s) = L(y(0))(S) + L(A P Iy(t))(s) + L(*P I £ (¢, y(1))(5)

, we get

Then, we obtain
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So,
0 Vo <(s“B(oe)IdA) B |:(Saley0+F(s)

1—a)s*+a 1—a)s*+

By applying the fuzzy inverse of Laplace transform we get

Y(t) = Salt)yo ® /0 T (t — 5)f(s,y(s))ds.

The same for case 2.
This completes the proof.

Theorem 5. Let the following assumption hold

1. (Hy) f:[0,T] x E — E is continuous and Lipschitz with respect to the second
argument, that is, there exists a constant L > 0 such that

d(f(t,=(t), f(t,y(t))) < Ld(x(t),y(t))  for all t€[0,T],2,y €E
2. (Ha) There exists M > 1 and w > 0 such that
d(Tyu(t), Tov(t)) < Me“td(u(t),v(t)), te0,T].
3. (Hp) MevT < (LT)7 L.
Then the problem (1) has a unique mild solution.

Proof. We first define the following mapping G : C([0,T],E) — C([0, T],E) as

t
Golt) = Salthin ® [ Talt = 9)f(5.9(5))ds.
0
e The mapping G is well define. In fact

Let z € C([0,T],E) and ¢t € [0,T] and € > 0 sufficiently small,

t+e€
doo (Gy(t + €), Gy(t)) = deo (Sa (t+e)yo® /0 Ta(t —s+€)f(s,y(s))ds, Sa(t)yo
t
® [ Tut - 7 u(e)as

Then

oo (Gy(t + ), Gy(®) < doo (St + 0. Sa (10
& doc ([ Tt = s Or v ds, [ Tale = (s u(e)ds)
< doo (St + w0, Sa (w0 )
@ oo ([ Tl = )56 = erus = N, [ Tt = ) (o) )

< de (sau + o, sau)yo) ® M /Ot doo (f(s e yls— o), /Ot £(s, y(s)))ds
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By using the limit and the dominated convergence theorem, we obtain
doo (Gy(t — €),Gy(t)) = 0 as e— 0.

The same we show that do (Gy(t —€),Gy(t)) — 0 as ¢ — 0.
Consequently, Gy is continuous at each t € [0, T'.
Hence Gy € C([0,T],E).

e The mapping G has a unique fixed point. In fact :

Let x(t) and y(t) are in C(]0,T],E), then we have

(G (t), Gy(t)) = d(sumyo s [ Tt — ) f(s, 2())ds, Sa (o ® / Tt - )£ (s, y(s))ds)
< [ a(7ute = 95 (son)ds T = )75
tew(tfs) s, xz(s s s s.
<o d<f( J2(5)), (5, 0 )))d
Then, we can deduce that
doo (G, Gy) < MLTe*"d o (z,v).

Which implies that G is a contraction mapping.
By the fixed point theorem the problem (1) has a unique fixed point which is
the mild solution of (1).

The same for case 2.
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Abstract. The objective of the project, carried out within the middle
office of the Attijariwafa Bank trading room, is to develop a swaption
pricer under vba excel. The establishment of this pricer within the trad-
ing room does not come at random. Indeed, the implementation of such
a pricer meets the needs of the bank. For this purpose, the bank should
have an internal pricer for each product processed by its commercial
catalog, which means that the bank should be independent regarding
the external pricer. For the valuation of swaptions, two models are used,
namely: the Black model founded in 1976, which aims to value options
on rates, this model remains the most used in the financial market and
the Hull model -White which consists first of valuing short rates, and
then to evaluate the options on rates, taking into account the evolution
of volatility over time, this does not appear in Black’s model. Our project
is not just about setting up this pricer. Nonetheless, our work sheds light
on the different hedging strategies that an investor must adopt to deal
with several market risks by using swaptions.

1 Introduction

In the derivatives markets, the investor do not buy a product directly, but there
are possibilities of forward buying or selling with predefined conditions. Therefore,
they allow you to take large buying or selling positions with a limited down pay-
ment. The interest rate derivatives market is one of the largest and liquid deriva-
tive markets. Given that in the financial market, the interest rate is a risk whether
for a loan or a borrowing, hence the birth of derivatives on interest rates, such as
CAP, FLOR, COLLAR, SWAP, SWAPTION.... The swap is defined as a deriva-
tive product that allows the exchange of future cash flows between two parties.
Generally, it is the exchange of a variable rate against a fixed rate. The latter is
considered as a firm-hedging instrument that generates a risk in case of bad antici-
pation, hence the use of the swaption. Thus, a swaption is an option on an interest
rate swap, i.e. the right to set up the interest rate swap whose characteristics are
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fixed in advance by paying a premium if it is a buyer. From this point of view,
our end of studies project will consist in setting up a tool necessary to determine
and verify the premium of the swaption buyer for the account of the Middle Office
entity of the trading room of Attijariwafa Bank, in order to verify the positions
taken by the Front Office Traders. We will first define swaps in this report, and
then we will discuss the different types of swaps. Second, we will present options in
a general way. Then we will discuss swap options, also known as swaptions. What
is a swaption? What are the different types of swaption valuations used in this
report? and we’ll see at the end, when should we use swaption to hedge against
the interest rate risk?

2 Swaps

The swap [1,2] is a derivative that allows future cash flows to be exchanged
between two parties according to an amount called the notional amount and a
fixed schedule. Generally, the exchange is between a fixed rate and a variable
rate, but sometimes any other type of exchange can be considered for example
the variable rate against the variable.

The most widely used type of swap is the standard rate swap, also known as
the “Vanilla” swap rate. In this case, a company undertakes to pay cash flows
at fixed interest rates on a given principal for a certain number of years. And
in return, it receives the product of variable interest rate (Libor, Euribor ...) on
the same principal with the same duration. We talk about [5]:

— payer swap: We pay the fixed rate and receive the variable rate.
— receiver swap: The operation is carried out in the opposite direction, in this
case we pay the variable rate and we receive the fixed rate.

3 Interest Rate Swaps Valuation

3.1 The Swap as a Bond Portfolio

This method consists in valuing the swap in term of bond prices, that is to say,
considering the swap as a structured product composed of two bonds, the first
with a fixed interest rate and the other with a variable interest rate. In this case,
the value of the swap is given as follows [8]:

e In the case of a fixed payer swap:

V = Byar — Bria (1)
e In the case of a fixed receiver swap:

V' = Byiz — Buar (2)

where
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o By, value of the fixed rate bond associated to the swap.
e B,ur: The value of the floating rate bond associated to the swap.
o By, is given by:

> Ke it 4 Lemnin (3)
i=1

With:

t; : the duration until the i-th payment.

L: The notional principal.

r;: The zero LIBOR/Swap rate for each maturity ¢;.

K: The payment of the fixed leg at each date ;.

In return, the floating rate bond is considered a bond with a shorter maturity.
Just before the payment, the price of this bond is thereafter worth L 4+ K*, with
K*being the payment made on the variable leg of the swap. If we consider t;
the delay until the next payment we will have:

Buar — (L + K*)e "t (4)

3.2 Valuation of Swaps in Terms of FRA (Forward Rate Agreement)

The FRA [8] can be estimated assuming that forward rates [5] will actually be
future spot rates. We then proceed as follows:

e For each LIBOR rate determining the swap chashflows, the correspond-
ing fordward rate is calculated by the following relation Rp = (R2T» —
R1Ty)/(T> — T1) knowing that Ry and R; are the zero LIBOR/Swap rates
respectively observed in 75 and T3 .

e Each cash flow is estimated assuming that the future LIBOR rate will be the
forward rate observed today.

e The value of the swap is the sum of these discounted cash flows with the
LIBOR/swap curve.

3.3 Applications

By using“the swap as a bond portfolio” method:
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zero libor rate
fixed rate 8% 10%
Frenquency 2 10,50%
notional principal 100 000 000 11%
LIBOR rate 10,20%

Frenquency 2

fixed payer swap 4267 175,85
fixed receiver swap -4 267 175,85

Fig. 1. The swap as a bond portfolio

By using the “FRA “method:

term zero libor rate

fixed rate 8%
Frenquency 2
notional principal 100 000 000
LIBOR rate 10,20%
Frenquency 2

Payeur de fix 4267175,85
Receveur de fix -4 267 175,85

Fig. 2. The“FRA “method

The amount of the debt is 4 267 175.85 Euro for the fixed-payer swap and -4
267 175.85 Euro for the opposite case.

P.S

In the case of a speculative swap, the operator is exposed to unlimited risk in
the event of an unfavorable movement of rates. An initially expensive debt will
remain so even once the swap is concluded, because it cannot act on the past.
Hence the resort to swaption.

4 Swaptions

4.1 Concept and Operations

The interest rate swap option, or swaption [1], is a contract between the seller
and the buyer that gives the buyer the right but not the obligation to enter
a swap on a particular date. The interest rate swap characteristics are set in
advance. In return, the buyer pays a premium to the seller [3].
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Conclusion of the contrast Option Start date End of swap
“swaption” date swap
1 1 1 |

v

J

Swaption’s types:

— Cashsettlement: Start date
swap = Optiondate+ 1 or 2
days

— Swap settlement: Start date
swap = Option date

Fig. 3. The swaption process

5 Valuation of Interest Rate Swaption

5.1 Black 76 Model

Initially, the formula of Black and Scholes (1973) [4,12] was used to value the
options on financial index, shares ... Thus, in 1976 Fischer Black [11] extended
this model to value the options of the interest rate and which will be used mainly
to value the cap, floor, swaption... The diffusion equation of this model is given
by dry = rypodw knowing that w represents the Brownian motion. Remember
that a payer swaption is a contrast where the holder pays the fixed leg if the
option is exercised, i.e. the forward swap rate is greater than 7y, the strike price
or Strike. And we note his payoff as follows [7]:

%maw(rf(t) — 7k, 0) (5)

With

L: the notional principal amount
m: frequency of payments per year
r¢: The forward swap rate

ri: Strike.

The log-normality assumption swap rate using the Black model gives us the cash
flow value received in time T; is given by:

Z PO TN () — N (d)] (©

Knowing that:

e 79: The forward swap rate is expressed as follows 7% * Y-\ a; * P(0,T;) =
P(0,Ty) — P(0, Thpen) and a; is the accrual fraction corresponding to the time
period between T; and T;4.
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e N(d): The distribution function of the normal reduced center law given by:

1 e
/ —e 24y, (7)

oo 2T

"G, o2
ln(r—k)-i- 5

o dy=—2 and dy = di — oV/T.
e P(0,T;): the price of a zero-coupon bond covering the period [0, T3] So the total
value of the payout swaption after n years and m frequency of payments is:

m*n
L

> —P(0, T;)[r9N(d1) — re N (ds)] (8)

i=1

5.2 Hull-White (One-Factor) Model

The previous model, namely the Black model used for swaption valuation, is
based on the assumption of log-normality of the underlying which is our swap
rate. However, their interest is limited by the fact that it provides no description
of the evolution of rates over time because it considers the volatility is constant.
Hence the interest of stochastic models those are part of this evolution. The rate
process in this model is written as follows [8]:

dr =a(0(t)/a — r)dt + odw (9)

With a and o are constant.
The bond prices at time t by using the Hull-White model are given by:

P(t,T) = A(t,T)e  B&DIr®) (10)

1—ea(T—1)

where B(t,T) =

and In(A(t,T)) = In(pG 1) + B(t, T)F(0,T) — 0% (e™T — e (e~ — 1)
With: F (0, t) is the instantaneous forward rate for horizon t, seen on date 0.
The price at time zero of a call option that mature at time T on a zero-coupon

bond which maturity at time s is given by
LP(0,s)N(h) — KP(0,T)N(h — 0,) (11)

LP(0,s Ip _ —a(s— —e—2a
where h = éln(KPEO)T))) + % And o), = 2[1 — e 2= D]/ #

To obtain a and o, we need a calibration, this consists in a first step to look
for parameters that minimize:

n

> = (Ui - V)? (12)

i=1

where U; is the market price of instrument i and V; the price calculated by
the model. It is assumed here that n liquid assets are used for calibration.
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Assets used for calibration should be chosen as close as possible to the assets
that will be valued by the model.

Application. Take an example of a swaption carried out in Attijariwafa bank’s
trading room:

99 Produits - 9% Views 1
) Charger diter

4 Détails 9 Cour 8 Cazhflow.
Swaption Ce pPartic IRS CNTRPARTY

25,200,000

EUR

Européen
Recevoir long
7Y 1.69¢

Bilatéral (physiqu

2020
8D

Rewvoir
1.690000 %
Année
30U/360 . eCalcul ACT /360
MMonétaire i mestre
1 Pmt emestre
60 Amortize... 62 Détails... 63 Amortize...
yr¢ -
| % Valuation Results

Fig. 4. Bloomberg’s pricer (black 76 model)

SWAPTION PRICER

Type de Swaption Receveur z
Type de Valorisation | Black Europeen Ll
Notionnel 25 200 000,00
Strike 1,690%
Option
Debut de Maturité 05/09/2013
Fin de Maturité 27/12/2013
Swap St
Debut de Maturité 31/12/2013 Attijariwafa OO "] {(
Fin de Maturité 31/12/2020
Base de Calcul 30/360 ~ |
Fréquence JV Semestriel Z|
Fréquence JF Annued :l Avec Notionnel Sans Notionel
§ Premium 79 854,86 C
Delta(l bp) - 2807,79
Gamma(1%) 8 795,09
Vega(19%) 4833,13

Fig.5. VBA’s pricer (black 76 model)
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This pricer gives a premium of 0.317% or 79 854.86 EUR. This difference
in value with that of Bloomberg is often explained by the interpolation method

used for the yield curve.

GRAB

"9 Actions
P ver
& Dé&tails

| w Valuation Re=zults

Européen
Recevoir long

YR

<9 Produits - 99 Views -
) Cl :

® Calibration
IRS CNTRPARTY

25,200,000

EUR

1.690000 =

Bilatéral (physique)

Europe 2
o o

Fig. 6. Bloomberg’s pricer (hull-white (one factor) model)

Type de Swaption

Type de Valorisation

Notionnel

Strike

Debut de Maturiteé
Fin de Maturité

Debut de Maturitée
Fin de Maturité
Base de Calcul
Fréquence 3V
Fréquence JF

Receveur -

ol White - |

25 200 000,00

1,.690%

Option
05/09/2013
27/12/2013

Swap
31/12/2013
31/12/2020
30 /360 - |
Semestrie - |
Arveel - |
Premium

Delta(l bp)
Gamma(19%)
Veoal 1940

SWAPTION PRICER

Attijariwafa bank

Avec Notionnel Sans Notionel
82 347,87
3 352,25
10 705,01
124 1A A2

Fig. 7. VBA’s pricer (hull-white (one factor) model)

It is clear that the value obtained by the Hull-White model of our pricer
(0.327%) is very close to that obtained by Bloomberg’s pricer (0.32850%).
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Type de Swaption Payewr - | SWAPTION PRICER

Type de Valorisation Blad Europeen - |

Notionnel 150 000 000,00
Strike 2,530%
Option
Debut de Maturité 0o1/04/2014
Fin de Maturité 31/08/2014
Swap
Debut de Maturité 31/05/2014 Att“armafa ba nk
Fin de Maturite 31/05/2023
Base de Calcul 30/360 ~
Fréquence JVv Semestriel 7]
Fréquence J¥ Arwwsel :v_l Avec Notionnel Sans Notionel
23821292 0.492
l Delta(1 bp) 35 850,24 0.024% |
Gamma(1%) 118 000,86 0,0 ‘
Vega(1%) 40 629,77 [ |

Fig. 8. Greek sensitivity parameters

Note also that for the Greek sensitivity [10] parameters we get the following
values:

Delta (1 bps) = 0.024%, i.e. if the underlying varies by one basis point (0.01%)
then this implies a variation of 0.024% of the price of the swaption, i.e. an increase
of 35 850. 24 EUR whose principal amount is equal to 150 000 000 EUR.

Gamma (1%) = 0.079%, which means that when the Delta varies by 1%then
the price varies by 0.079% or 118 000.86 EUR.

Vega (1%) = 0.027%, that means when the volatility of the swaption varies by
1% implies that the price of the swaption varies 0.027% i.e. 40 629.77 EUR.

6 Implied Volatility

Implied volatility [9] can be defined as the value of o, such that if we replace it in
the expression of the call deduced from the example of the Black Scholes model,
we will find the numerical value of the call or of the put given by the market.
However, it remains very interesting to know, having the price, what would
have been the volatility that would have been necessary to enter in a theoretical
model to obtain the price as it is on the market. Thus, we can calculate the
volatility. Since the inverse of the expression of a FEuropean option defined by
Black Scholes appears difficult, we refer to an iterative search method such as
the Newton-Raphson algorithm. This algorithm allows to have the numerical
value of the implied volatility as follow:

Pmarket _ PBlack

On+1 = On + §pBlack (13)

dop
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The algorithm stops at iteration i once |o;11 — 0;] is less than a certain precision
that it is fixed in advance and finally retains the value o;41. Similarly and at the
level of our swaption price, the option to calculate the implied volatility (Fig. 9) by
knowing the price of the swaption is availabale, for example if the price is 750 000
euros with the precise characteristics then the corresponding volatility is 38,85%.

We will establish a volatility matrix (Fig. 10) according to the maturity of
the option (1MO, 3MO, ... ) and that of the swap “Tenor” (1Yr, 2Yr....), this
matrix will allow us to plot the surface of the volatility according to the maturity
of the option and that of the swap. It should also be noted that for almost all
strikes, implied volatility decreases with the strike, which is called the skew
phenomenon. However, for very large strikes, we sometimes observe a slight rise
in implied volatility, which is called the smile phenomenon.

7 Cover Strategies with Swaption

Generally, swaption is used when holding bonds [3] or eurobonds (bonds denom-
inated in a currency other than that of the issuer’s country). And these bonds
are valued by a zero coupon curve. The latter will depend on the currency with
which the bonds are issued, which can be for example a ZC Euribor curve if it
is the Euro and ZC Libor is the dollar. When constraining rate risks for these
bonds, we can set up a swaption for protection. Thus, the interest rate swaption
contract has a double advantage, which allows the buyer of the option to hedge
against an unfavorable market trend while benefiting from a possible favorable
evolution. So we can summarize the interest of the use of swaption for the case
of a lending and borrowing and with its strategy adopted in the following table:

SWAPTION:PRICER Données du marché

T -

Black 76 l

volatilité 41,76%
B8P | |

Hull-White : |

a 0,012

" T sigma 0,011
Pour le calcul de la volatilite Implicite

Anljadwafa bank s’ei:eveurlpayeur 150000,00

Devise et Date d'opération
Devise |evr [~
Date du calcul 01/04/2014

Vvolatilité implicite
Black 76 Vol impl 38,85%

Fig. 9. The implied volatility calculation
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Table 1. Cover strategies with swaption

Swaption operation Protection sought Strategy of the swaption

Floating Rate borrowing | Rising interest rates | Purchase of a right to
or Fixed rate lending pay a fixed rate

Floating Rate lending Falling interest rates | Purchase of a right to
or Fixed rate borrowing receive a fixed rate

8 Conclusion

In light of the above, we can say that swaptions are necessary tools to hedge
interest rate risk better than swaps, as these could generate counterparty risk in
the event of poor anticipation.

However, two models were used to value the swap options: the black 76 model
and the Hull-White model. Our two models used converge almost to the same
results as those of Bloomberg. The Hull-White model gives us the best result
compared to that of the Black, even if this Hull-White model is not a reference
pattern of the financial market. So the VBA’s pricer is a tool that could serve
for the Middle Office entity to undoubtedly control the premium given by front
office traders. And also a major utility in the context of mark to market, to
evaluate the swaption during its period of life to see the opportune and risky
moment of swaption.

The Hull-White model, despite being theoretically sound, uses the market
data offered by the black model, as it is the most used model on the market.

implied volatility

80 -
60 I T
40 25Yr
Zg . SYr
SYr
1Mo ———— /
BMo avr 3y o — |
7Yr 9YI’ o 1Yr

1T a5

HO0-20 W20-40 W 40-60 60-80

Fig. 10. Area of implied volatility as a function of the tenor and maturity of the option
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Abstract. Several models in population dynamics are governed by reaction-
diffusion equations or parabolic equations. In this work, we present a population
model containing both age-structure and spatial diffusion.

Our model is:

-+ 5= Au— Uy (a)u(x,t,a) — U (P(x,1))u(x,t,a).
P(x,t) =/0 u(x,t,a)da.

where u(x,f,a) is a positive function which represents the density in both age (a)
and space (x). P(x,r) represents the total population at position x.

Existence and uniqueness results are obtained, and also the asymptotic behav-
ior of the solution is studied.

1 Introduction

The simplest model of population dynamics is the Malthusian model [5],

P

dr
where P(t) is the total population at time ¢ and r is the growth rate. This law cannot
be applicable to situations in which population competes for resources like space and
food.

To overecome this problem, Verhulst [6] proposed the following model:

dpP P
— =r(1—-=)P.
dt r K )
where r is as before the growth rate and K is a carrying capacity of the environment
related to resources. The disadventage of the Malthus and Verhulst models is that they
are age independent.

Consider a population dispersing in a bounded domain of R” with n < 3. Let
u(x,t,a) be the density of population having at time ¢ > 0 the age a, and located at
the geographic position x € . We are going to study existence, uniqueness and the
asymptotic behavior of the solution of this equation:

du du

E+$ =Au— p(a)u(x,t,a) — to(P(x,t))u(x,t,a). (1)

rP.

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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where,

P(x,t) = /Owu(xﬁ,a)da. (2)

e P = P(x,t) is the total population at time ¢ and at position x.
e [,(a) is the probability of dying of natural causes at age a. U, (a) > 0.
e One defines the function 7 in the interval [0, [, by

a
n(a) =exp(~ [ u(o)do).
7(a) is the probability of living to age a.One remarks that: £(0) = 1, 7 is decreasing
and HT n(a)=0.
a— oo

e U, (P) is the probability of death due to environmental factors. (L, is a function of the
total population, such that 0 < p,(P) < [, where I is a minimum mortality rate.
e The birth low is given by

u(x,1,0) = /0 " B(a)u(x,1,a)da. 3)

e 3 is called the birth-modulus which represents the fertility of the population. One
assumes that 3 has a compact support in [0, e[, so that:

SuppB C [0,A].

Where
A =max{a;(a) >0} <eo,

is the minopause age.
We can consider several types of boundary value problems:
e Dirichlet boundary conditions:
u(x,t,a) =0 forx € do.

This type of boundary conditions corresponds to uninhabited spatial area.
e Neumann boundary condition:
du
on
which corresponds to spatial area without extrenel exchange, around which the pop-
ulation can be dense but through which there is almost no population flow.

0 x€odw, “4)

Here we analyze a model of the second type.
We give the initial condition:

u(x,0,a) = up(x,a). ®)

up(x,a) is the initial distribution of the population at position x € Q and age a. The
purpose of this work is to study the asymptotic behavior of the solution of the parabolic
problem 1, 2, 3,4, 5.
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The behavior will be expressed in term of the parameter A; which represents the
pure diffusion effect, it is the smallest eigenvalue of the Neumann problem for —A in
Q, (A1 > 0). And the parameter r* which represents the pure population growth effect,
which is root of the characteristic equation:

/Owﬁ (a)m(a)exp(—r*a)da = 1. (6)

In the following, we will establish some conditions on L, and L, to have the existence
of r*.

2 Assumptions and Notations

2.1 Assumptions

(H1) We assume that
0<B(a) < P1 <o on0,e.

where f; is a constant real. And,

/O " B%(a)da < . 7

(H2) We assume that,
0 < ty(a) < Uy <eo on 0,0

where ; is a constant real.

(H3) u,. is a positive, continuous and locally lipschitz function on [0,e[. We assume
also that it is an increasing function on [0, e[

(H4) We assume that,

0 < ug(x,a) < ip(a) with dig € L*(0, ),
and up € L*(Q x (0,0)) N L' (Q x (0,0).
(H5) 0<Py(x) <M < oo,
2.2 Notations
LetX =L*(Q xR),and A= —A : D(A) — X,

where

D(A) = {¢ € H*(Q x R);g—i =0sur dQ x R}.

Let o be a real number such that % < o < 1 and X the fractional space associated with
A, defined by X* = D(A%), and D(X*) = D(A%).
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3 Main Results

Proposition 1 [1]. For n <3 and % < a<1,we have,
X* CcHY(Q)NL”(Q).

With continuous injection.

Proof. According to Nirenberg-Gagliardo’s inequality [3], foru € H 2(.(2) and % <0<
1, we have
[?] -6
luall g1 < cllull gy lluel5° ®)

And from ([1] p. 177), for v € D(A), we have
Wlr < exllAvIIZa vl = ©)
where ¢ and ¢ are positive constants.

Let v € X%, then there exists w € L?>(£) such that v = A~ %w.
From the definition of A~%, we can write:

(e
v:m/()t T (t)wdt.

By replacing w with A%y, we obtain:

1 oo
Ay = —/ 191 (1) AV dr.

From the analiticity of the semigroup (7 (¢));>0, we deduce that, 3K > 0, such that
A~ Vg < KIA® ]
And according to 9, K’ > 0, such that
A= il < KAV 2 (1A% .
If u € X% then, Au € X%, and as a result
lullpgr = A" Aull < K'||A%Aul| > A% Aul | .

Which means,
]l g < KA ]| 2, [|A%u]| )5 °,

then,
ull g < K [lae]| G Nl

however, X®t! < X% Then, there exists a constant k > 0, such that

[l xor < Kl xasr-
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Finally, we have,
l[ul[ g1 < Cllul[xe.
Where C is a constant, as a result,
X% HY(Q).

Let us now show that, X% «— L.
Let u € X%, then, there exists w € Lz(Q) such that u = A~ %w.
According to ([1], p. 100), we can write

sinmwo
u =
T

/ 1% (tld +A) " twt. (10)
0

—A is a dissipative operator in L?(£2), then for every (tI+A)~'w € D(A), we have
AGT+A)" W] < [lw]. (11)

And Vvt >0, IM > 0;
(1 +A) " w|| < (e +M)~|w|. (12)

From Sobolev’s interpolation inequalities in the spaces L”(£2), we can write for 6 = le :
3 1
17 +A) " wlleo < cllAGT+A) " W]y x ([T +A4) ™ x| . (13)

From 10 and 13, we deduce that

sinwo
T

_ < 3 1 1
47w < eS| [Tl (e +-20) ),

then,
1A~ < k/ £ (14 M)t x w2,
0

where k is a positive constant, however,

t—(oﬁ—%)-&—l o
)

/ r—ax(wM)—%dtg/ et = [ —
0 0 —(a+1)+1

e 1
As o > %, then the integral / f(otg)dt converges.

So there exists K > 0, 0
[A™ W]l < KWl 2.
ie.
[Jull < KI[|A%u|| 2.

Finally,
X% — L”(Q).
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3.1 Separable Solution

We first define the notion of separable solution of the problem 1, 2, 3, 4, 5, which is a
solution that can be written as,

u(x,t,a) = y(a)P(x,1). (14)

With the normalisation,

/qub(a)da:l. (15)

3.1.1 Necessary and Sufficient Condition for the Existence of Separable Solution
For the existence of r*, the root of the characteristic equation 6; we assume that the
hypothesis (H1) and (H2) are satisfied. Consider the function

0() = [ Blaa@e da

this function is continuous, and satisfies,
lim ¢(r) = +ecand lin}r o(r)=0.
y—>—00 r—— oo
And according to the intermediate value theorem, there exists a unique real number r*,
such that ¢ (#*) = 1.

Lemma 1. Let r* be the root of 6. There exists a nontrivial separable solution of the
problem 1-5, if and only if

/ n(a)e™" “da < oo (16)
0
Remark 1. n(a) = exp(—/ Un(0)do), thus,

0

oo 00 a
/ n(a)exp(—r*a)da :/ exp [(r*aJr/ un(O')dG)] da.
0 0 0
If ¥* <0, then the condition 16 is satisfied.

Remark 2. If for every a > 0, 0 < < u,(a) (U,(a) can represent a minimum natural
mortality rate). Then, if ¥* > —I, the condition 16 is satisfied.
Indeed,

oo

/w w(a)exp(rra)da < / exp|—(r"+1)]da < +oe.
0 0

Proof. Let u(x,t,a) = y(a)P(x,t) be a separable solution, then / ¢(a)da = 1.
0
However, y(a) = yyr(a)exp(—r*a), thus,
W x/ n(a)exp(—r*a)da=1.
0

Terefore,
v :/ nt(a)exp(—r*a)da < e
0



246 K. Hilal et al.

Inversely, if/ mt(a)exp(—r*a)da < . Let
0

vo= (| la)exp(~r'ayda) ",

and,
y(a) = yom(a)exp(—r*a).
It remains to show the existence of a function P(x,f), such that the function
u(x,t,a) = y(a)P(x,t) will be a separable solution. We will define this function in the
following paragraph.

3.1.2 Equations Equivalent to the Problem 1, 2, 3,4, 5
Let u be a separable solution to the problem 1, 2, 3, 4, 5. By replaciny u with y X P, in
the Eq. 1, we obtain,

1dy 1 Ldp

—_— = =——AP+—-— P).

v da tn(a) P +Pat + U (P)
In this equality the left term depends only on a, while the right term depends only on
(x,1). Then these two terms are constant and equal to a constant r. This leads to the
following two equations.

—aa—un(a):r, (17)
and,
1 1dp B
— pAP T Gt e(P) =1 (18)

The Eq. 17 can be written as:

dy _
da

This equation has the solution,
v(a) = yom(a)exp(—ra). (19)
From 15, we deduce that
vo = ( / 7(a) exp(—ra)da)~". (20)
0

The condition 3

u(x,t,0) = /:ﬁ(a)u(x,t,a)da7

can be written as
VOP(r) = P(x) | B@)w(ada
= Plx.) [ Bla)(a)n(a) exp(—ra)da
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Thus, / B(a)r(a)e "“da = 1, and by uniqueness of the solution of the characteristic
0

equation 6,

r=r-.

Hence, the solution of the Eq. 17 is:

w(a) = yor(a)e™",
where yy is given by 20.

3.1.3 The Study of the Equation 18
We take r = r*. The Eq. 18 can be written as

% = AP+P(r* — [e(P)) in Qx]0,[.
P(x,0) = Py(x) in 2 (1)
% =0 for (x,t) €dQ X}Oa‘”['

Theorem 1. Under the assumptions made on r* and U,, the parabolic problem 21 has
a unique solution P.

Proof. Let f be the function defined by

F(P)=P(r* — u.(P)).

As the function U, is locally lipschitz in [0, e[, then f is also locally lipschitz. A = —A is
sectoriel. In addition f is boundning (i.e. it transforms a bounded set to a bounded set).
The conditions of the theorem (3.1.5) [4] are satisfied. Hence, the parabolic equation 21
has a unique solution.

In what follows, we will denote by 7 = [0, 3 ;! (+*)] and by f the function

F(P)=P(r* — u.(P)).

Theorem 2. We assume that Py € X* (3 < o < 1) and for every x € Q, Py(x) € I.
Then:

There exist two constants k > 0 and C > 0; such that the solution P(.,t,Py) of the
Eq. 21 and passing through Py, satisfies the following property:

|P(..t,Py) —P(t)||xe < Ke™, fort > 0. (22)
Where

1
P() = — / P(x,1,Py)dx. 23)
12| Ja
The function P satisfies the equation,

PO _ p(p)) +s0) e

With,
g(1)| < Ke™ ", fort > 0. (25)
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Remark 3. We have X® < H'NL=, as % < o < 1. For this reason we assumed that
Vx € Q, Py(x) €l.

Proof. We consider the following decomposition of the space X%,
X*=RoW.

where R is the set of constant functions (in space), and W is the orthogonal complement
of R in X%, with respect to the scalar product induced by L?.
IfP=v+weX* withveRand w & W, then,

v= ﬁ/QP(x,t)dx and/Q w(x)dx = 0.
Let P(t,.) be the solution of the Eq. 21 passing from Fy. We have,
P(.,t)=v(t)+w(.,1).
where v and w verify the following system of equations,

{ 35@ =R(v(t),w(.,1)) fort >0 o6

ng?x) =Aw+S(v(t);w(x,1)), fort >0, x € Q

where forve Randw e W,
1 "
R(,0) = 17 | fo+ o0, @7

and,
S,0)(x) =f(v+9o(x)) —R(v,9). (28)

we will need the following lemma.

Lemma 2. Under the assumptions of the Theorem 2, the function v defined by the sys-

tem 26 satisfies

3b
v(t) e 1 =10, 7], vt > 0.

where b= u; ! (r*).
Proof. For o > %, X% < L. Thus there exists K > 0, such that
19|z~ < KI|¢||xe for ¢ € X*. (29)

We consider the operator A, defined as,

U — ()in 9Q.

{Au: —Auin Q,
av

Let (T (t));>0 be the analytic semigroup generated by A in X*. From the analiticity of
(T (1))s>0, there exists a constant K; > 0 such that,

IT(1)Z||xe < Kie 47| Z||xe. (30)
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We define the constants M and L by,

M = sup|f'(v)].

vel

and,
L:/[J u=%e= =gy,

where 8 < A; is chosen in such away that,
1 —2KKiML|Q|? > 0.
Let b=, ' () and Kpp = —KL
1-2KK \ML|Q|2
In the assumptions of the lemma, we supposed that Vx € Q, Py(x) € I

3b b
Then, vo < % apd W] < oy
Let w be a solution of the equation,

a—vf =Aw+S(v,w) in Q X [0,0o].
o =0in dQ x [0,eo].
w(x,0) = wp(x) in Q.
If [[w(.,1)]|e < Kop||wol|e for every # > 0 such that maxg<s<; v(s) < 2b.

Then ||w||.. < % as long as v(f) < 2b.
Thus

b
V< 2b = |[we < X

Assume that,

3b
— < max v(s) <2b,t>0.
2 0<s<t

Then, there exists 7o > 0, such that,

3b
—_— = > .
5 < v(to) ({g?%(tv(s) <2b,t>0
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€29

(32)

(33)

(34)

On remarks that o > 0 since v(0) < 32. Hence v(to) +w(to) > b, which implies that,

Ue(v(to) +w(tg)) > r* since U, is increasing.

/W:O,SO/ a—W:O. P:v+w,and/AP:O.Thus
Q Q ot 0
0P v '
5= T = Pt —p(P))dx,
Q ot /Qal‘ /Q (" = he(P))dx
hence,

dv 1 .
i @/QP(V — Me(P))dx.

However, U, (v(to) +w(t9)) > r*. Then,

dv
dt

To conclude, we need the following lemma,

(l‘()) <0.
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Lemma 3. (Zygmund’s Lemma [2])
If v is a continuous function in an interval J = [a,b] and there exists M > 0 such that:

v(t+h) —v(1)
li <0
im sup A <0,
in every point t, where v(t) > M. And v(a) < M. Then, we have, v(t) < M for every

t>0.

By applying Zygmund’s Lemma, we obtain v(t) < 2 , for every t > 0, which con-
tradicts the assumption 34. Finally v(¢) € I, Vr > 0.

Let us go back to the proof of the theorem.

Let w € wand v € I, then,

N
¢

Thus, for ¢ € W, such that,

(55 000w = £+ 0w = 57 [ 7+ 00wy

v+o(x)el, Vx e Q.
From 31 and (29),
125 o), <2mK121% e
¢ lixe —

Hence,

Hg;<v,¢)wHw <2MK|Q[}. (35)

Using the formula of variation of contants, we can write,

w(t) =T ()wo+ /OIT(t —5)[S(v(s),w(s))]ds.
From 30 and 35, we obtain,
Iwio) e < Kie M wollxe +2KKi M1 [ MO (1 )= lyo(s) | xadDs.
We consider the function z(t), defined as,

2(t) = sup e®[|w(s)|xe.
0<s<t

Thus, from 32, we have
' w(t)||xe < Kie™®1 9 |lywo|lxa +2KK LM|Q|2 x z(t). ¥t > 0.

According to 33, we have

K
< r[[wollxe.
1-2KKML|Q|?
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We deduce that,
K

W (Ollxe < 7= wollye.

where y = 2KK\ML|Q|?.
With the choice made on vy, and wg, we have ||w(t)|| < Kop|/wollx=, and
tlim [[w(2)||xe = 0, exponentially.

In conclusion,

P2, o) = v(t)llxe = [lw(r)|lxe < Ke™®, Vi > 0.

with, 1
V(o) = g1 Pt PO
and d
‘;l(tt) = f(v(t)) + [R(v(2),w(t)) — f(v(1))]
and:

1
[R(v(2),w(t)) = f(v() | = SO (2), w(e)) || < 2KM[Q]Z|[w(2)]|xe.
This expression tends to O when t — co. Which ends the proof.

Proposition 2. Let P(t,.) = v(t) + w(t) be a non null solution of the Eq. 20. Then, we
have:
lim v(t) =b=pu, '(r).

t— oo

Proof. According to the Theorem 2, the function w satisfies: . lin+1 w(t,.) = 0 expo-

nentially.
The function v is bounded in [0, +oo].
Assume that:
t@w supv(r) > b. (36)

Then, 3¢ > 0, 3, — oo, such that, v(z,) > b+¢€.
However, ) linl w(t,.) =0, then,

Ing €N, Vn > ng, ||w(ts,.)|| <e.

Then, for every x € 2,
v(ty) +w(ty,x) >

b.
As U, is increasing, these for every x € Q, ,(v(t,) +w(ty,x)) > r*. However,

dv 1 .

T | 0w )0 = -+ )
Thus,

dv

Vn>n
= hQ, dt

(tn) < 0.



252 K. Hilal et al.

According to Zygmund’s Lemma,

I@m supv(t,) < b.
Which contradicts the assumption 36. Finally,

;Ime supv(r) < b.

Let us show that:
lim infv(r) > b.

[——0o0

Assume that tlim infv(r) < b. Then,

Je>0,3, >0, 1, — o0, v(t,) <b—E¢.

Applying the Zygmund’s Lemma leads to a contradiction. Then lim infv(z) > b.

t——o0

Hence,
limv(t) =b = pu,; ().

Proposition 3. If r* < A; + U.(0), and if P is a solution of the parabolic problem 21.
Then, P satisfies,
tlim P(.,t,Py) =0,

uniformly in Q.
Proof. Let P(t,.,Py) be a solution of the problem:

2 _ AP+ P(r — 1o(P)) in Qx]0, 0],
P(x70) :PO(x) in Q

9P = 0 for (x,1) € 92 x]0,os.
This equation can be written as:

P AP PO — 10(0)) — P(11e(P) — 1e(0)) in 2x]0,e0]

or
As U.(P) — u.(0) > 0, then,
0<P<P,
where P is the solution of the equation
%:AP+H#—mmD, 37
98 =0for (x,1) € 92x]0, 0.

1%

Let ¢ be an eigenfunction associated to A;, with the Neumann’s condition. We recall
that A; > 0, and that ¢ has a constant sign, we will chose ¢ > 0.
We define the function U () by,

v = /Q B(t,2)0 (x)dx.
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Then, we have

du op
Z(t) = rn (x,1) ¢ (x)dx.

As P is the solution of the Eq. 37, we deduce that:

‘%(r): /Q AP(x,1)0 (x)dx + /Q (7 — 1 (0))P6 (x)dx.

Which means
du

dr
Hence, if r* < A1 + . (0), then the solution of the Eq. 38 is the function:

(1) =[M+r —u(0))U ). (38)

U(t) = cexp(—A1 +r"— 1. (0))r.

This function tends to 0 when t — oo,
As ¢ > 0, the solution P is such that

lim P(x,t) =0.
t——00

Finally,
tlim P(x,t)=0.

Proposition 4. The previous proposition is still valid for r* = A; + 1, (0).

Proof. The Eq. 37 becomes:
JP

ot
Its solution P is then bounded. However, 0 < P < P, thus P is bounded.

In addition, as A; is the smallest eigenvalue of —A, then, the other eigenvalues of
A + M1 are negative. And hence,

=AP+ MNP

lim P(x,7) =0.

——o0
And P tends also to 0 when t — oo.

Corollary 1. For r* > A; + U.(0), the solution of the Eq. 20 satisfies:

lim P(x,1) =b=p, ' (r").

t——00

4 Conclusion

In this work, we proved the existence and uniqueness of the solution of the problem 1,
2, 3,4, 5, and we studied the asymptotic behavior of the solution.



254 K. Hilal et al.

References

1. Friedman, A.: Partial Differential Equations. Holt, Rinehart and Winston, New York (1969)

2. Ladzs, G.E., Lakshmikantham, V.: Differential Equations in Abstract Spaces. Academic Press
(1972)

3. Brezis, H.: Analyse fonctionnelle. Collect. Math. Appl. Masson (1983)

4. Hilal, K.: Contribution a I’étude des équations parabpliques a retard. Application a la
dynamique de population (1994)

5. Malthus, T.R.: An Essay on the Principle of Population (1878)

6. Verhulst, P.-F.: Notice sur la loi que la population poursuit dans son accroissement. Corresp.
Math. Phys. 10, 113-126 (1838)



®

Check for
updates

An Epidemiological Model *“Covid 19 British
Variant”

Khadija Channan, Khalid Hilal®™, and Ahmed Kajouni

Laboratory of Applied Mathematics Scientific Calculus, Sultan Moulay Slimane University,
BP 523, 23000 Beni Mellal, Morocco
hilalkhalid2005@yahoo.fr

Abstract. Everyone is talking about coronavirus from last of months due to its
exponential spread throughout the globe. So, in this work we are interested in the
study of an epidemiological model “covid 19 british variant”. More precisely, we
made the Numerical simulation of our model.

1 Introduction

The COVID-19 (coronavirus disease of 2019) pandemic represents a global public
health emergency unprecedented in recent history. Since the release of the first World
Health Organization report describing the COVID-19 outbreak centered in Wuhan,
China, a few months ago, the number of confirmed cases has risen sharply in all regions
of the world. More than that, The emergence of mutations in the disease is much more
serious and so far there are two mutations, the Indian mutation and the English variant
mutation. And in this article, we will study this latter.

A variant much more contagious than the classic covid 19, according to a new
English study published Wednesday, March 10, the English variant, which we already
knew to be more contagious, would also be 64% more deadly. For 1000 cases detected,
the English vary causes 4.1 deaths, against 2.5 for the original virus, conclude the
authors of this work published in the medical journal BMJ.

This work aims to present a model describing a transmissible and infectious disease
in epidemiology called Covid-19 british variant and its transmission factors.

2 Diagram Transmission of Covid-19 British Variant Between
Human

Currently our community is divided into two parts, a category that is already had covid-
19, so it has more immunity than the other class of individuals who did not get it.

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 255-258, 2023.
https://doi.org/10.1007/978-3-031-12416-7_21
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Description of Biological Parameters:

e Sc : The susceptible individuals who have already had covid-19
e Sy : The susceptible individuals who have not had the covid-19
e Icy : The individuals who have previously infected by covid-19 and are now infected

by the British variant of covid-19.
Ijs : The individuals infected by the covid-19 British variant and have not previously
infected with covid-19.

e R : The individuals withdrawn (healed or dead).
e [3: the rate of individuals who become infected by the covid-19 British variant and

who had already contacted by the classical covid-19.

e 7: the rate of individuals who become infected by the covid-19 British variant.
e A :recovery rate (for the people who are already immune by covid-19).
e § : recovery rate (for the people who are not already infected by the classical

covid-19).

e 01,0 : the re-injury rate (for both compartments Iy, and Iy respectively).
® hc,hy, Ucy, Up, v : Natural mortality rate (for the compartments Sc, Sy, Icy

Iy and R respectively).
An, Ac : Birth rate (for the compartments S¢, Sy respectively).

The dynamics of this model is given by the following system:

d‘sst(t) — AC _ ﬁSC(t>ICM(t) _hCSC<t>
dS;Vt(f ) A — ySw(0) (1) — S (1)
dICTAi(t) = BSc(t)lem(t) + 01R(t) — Aewm (t) — Hemlem (1)
(1) — lI/ICM
dIM(t) _ ’}/SN(t)IM(t) + 8R([) — Gle(t) - ,UMIM(t)
—yly(t)
dR(r) _ My (t) + 6Im(t) — orlem (t) — 02lm () — WR(t)

dt
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The system (1) is provided with the initial conditions:

Sc(0) =Sco >0, Sn(0) =Snvo >0 ,,Icp(0) = Icaro > 0,
Iy=Imo>0 and R(t)=Ryp >0

3 Numerical Results and Discussion:

In this section, we present the numerical simulation of our model of the dynamics of
“the British variant of covid-19” in a given population. In the following, we set a period

of three months to study the evolution of the disease.
60 ; . : : . . . .

50+

40
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+ 1 L 1 '
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The plots of Iy, Icas and R with respect to time t.

In this figure we see the evolution of infected cases of the covid-19 British variant.
We notice that the curve which is in black (which represents Ijs) is higher than the green
curve (which represents Icys) it comes down to acquired immunity following recovery
from covid-19 disease. Moreover, we know that nowadays and thanks to the vaccination
which plays a very important role in the reduction of the disease. On the other hand, the
curve which is in blue represents the individuals which are retrofitted.

We studied the evolution of infected cases of the British variant of covid-19 using
The parameter estimates are given in the following table:



258 K. Channan et al.

It

References

The settings | Estimate
B 0.004
Ac 0.01
AN 0.01
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A 1
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Abstract. Motivated by some papers treating the iterative differential equations,
we disscuss the existence and uniqueness of solution of the sencond-order itera-
tive fractional boundary value problem

{Dax(t) = f(t,x(t),x2 (1)), 1€]0,1],
x(0)=0, x(1)=1.

where, x2/(1) = x(x(1)), 1 < o < 2 and D% is the conformable derivative. The
main tools employed to establish our results are the Schauder and Banach fixed
point theorems. We give an example in order to illustrate this situation.

1 Introduction

During the past decades, fractional differential equations have attracted many authors
[4-7,11,13]. The differential equations involving fractional derivatives in time, com-
pared with those of integer order in time, are more realistic to describe many phenom-
ena in nature (for instance, to describe the memory and hereditary properties of various
materials and processes), the study of such equations has become an object of extensive
study during recent years.

The notion of the conformable derivative was introduced by Khalil and Al [16].
This new fractional derivatives quickly becomes the subject of many contributions in
sevral areas of science [5-7,11,13].

Iteration is a repeated action of the same operation. It exists extensively in mathe-
matics, in science, in the nature and in the world.

The iterative differential equations are the equations involving derivative and iterate
of unkown function. They can be used to describe infective disease processes and the
motions of charged particles with retarded interactions [1], but since iterative differ-
ential equations are quite different from the usual differential equations, therefore the
standard existence and uniqueness theorems cannot be applied.

The study of this equations can be traced back to papers by Petuhov [18] and Eder
[1].

In 1965, Petuhov [18] considered the existence of solutions of the functional differ-
ential equation

x'(t) = Ax(x(r)),
(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023

S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 259-266, 2023.
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under the condition that x(¢) maps the interval [—7, T] into itself and that x(0) =x(T') =
o. He obtained conditions on A and o for existence and uniqueness of solutions.
In 1984, Eder [1] considered the functional differential equation

and proved that every solutions either vanishes identically or is strictly monotonic.
In 1990 and 1993, Feckan and Wang [8, 12] studied the equation

and they showed the existence of solutions by using the fixed-point theorems of
Schauder and Banach.

In 2018, Kaufmann [2] established the existence and uniqueness of solutions of the
functional differential equation

by using Shauder’s fixed point.

Inspired by the above works and the fact that many dynamical systems are better
characterized by the fractional derivatives, in this paper we consider the existence and
uniqueness of solutions to the second-order iterative fractional boundary value problem

{D“x(t) = f(t,x(1),x? (1)), 1€]0,1], W
x(0)=0, x(1)=1.

where, x2 (1) = x(x(¢)), £ :[0,1] x R x R — R is a continuous map and the derivative
is the conformable fractional derivative, with 1 < o < 2.

Due to the iterative term x/2! (t), in order for solution to be well-defined, we require
that the image of x be in the interval [0, 1]; that is, we need 0 <x(¢) < I, for all 7 € [0, 1].

We arrange the rest of the paper as follows. In Sect. 2, we present some definitions
of fractional calculus related to our work. Section 3 contains the main results, while
example illustrating the main results are given in Sect. 4. Some interesting observations
are presented in the concluding section.

2 Preliminary Results and Definitions

This section recalls some fundamental definitions of the conformable fractional deriva-
tives and integrals and investigates their main characteristics as well.

Definition 1. [17] Let a € (1,2], the conformable fractional derivative of a function
f:[0,+e) — R, where f'() exists, is defined by

! 2—o /
£ ) = tim LETED 2O o0 ) = pim e ). @

e—0 ) t—0
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Remark 1. [17]

1. If the conformable fractional derivative of f of order o exists, then we say that f is
a differentiable.
2. If f is 2-time differentiable, then

FO@w) = f"(1). 3)
In [11], we find the following propereties

Proposition 1. [11] Let f et g two « times differentiable function on t > 0, then we

have
L (af+bg)< ()—af (1) +bg' ™ (1),
2. (£9) ™ (1) = £ (1)g(r) + £(1)g' ) (1),
3 (t”)< ):p

£\ fWUk@*f®§mm
4‘<gu>> = 20 ’

5. Ifc € R, then (@) = 0.

Next we give the definition of the fractional integral of any order o > 0.

Definition 2. [17] Let o € (1,2], then the fractional integral of a function f : [0, 4-00) —
R of order o is defined by

10 = [ (=952 (). @

Lemma 1. [17] Let o € (1,2], and f : (0,+e] — R be a continuous function. Then we
have

(£ ()™ = f(r). ©)

Lemma 2. [17] Let o € (1,2], and f : (0,+o0] — R be 2 times differentiable, Then we
have

1 (10 = £6) = (0) £ (O). ©

3 Main Results

We first convert the boundary value problem (1) to a fixed point problem. To do, apply-
ing the conformable fractional integral to the both sides of the first equation of (1), we
get

x(t) = x(0) +x'(0)r + /0 t (t — )% 2 f(5,x(s),x2 (s))ds. 7

Using the value conditions, we find that

X(0)=1— /0 (1= 5)5% 2 £(s,x(s). 22 (5))ds. @®)
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Intersecting (8) in (7), we find
t
() =1+ / (1 = 1)s% 2 £ (s, x(s),x2) (5))ds
0

—/tlt(l — )59 2 f(5,x(s),x (5))ds.

Then, x satisfies the integral solution.

1
() =1+ /0 G(t,5)f (5, x(s),x2(5))ds, ©)
where,
s e—1), 0<s<t<I,
G(t’s)_{—t(l—s)saz, 0<r<s<l. (10)

Motivate by the above calculus, we can introduce the following lemma.
Lemma 3. x is a solution of the problem (1) if only and if x is a solution of (9).
Proof. Suppose that x is a solution of the integral solution (9). It’s clear that x(0) =0
and x(1) = 1. Since f € C([0,1] x R x R,R), then by application of D*, we obtain
a(t) = 0% (0= looxs)x ) ) -0 ([ 15 26,2094 5 )
= f(t,x(1),xP(1)).
O

We donote X = C([0, 1], R) the Banach space of all continuous functions from [0, 1] into
R with the norm

Iyl = sup{ly(5)|;z € [0,1]}.
Define the operator 7' : X — X by

(Tx)(t) =1+ /0 1G(z,s) F(s,x(s),x?(s))ds. an

We have the following lemma.

Lemma 4. The function x is a solution of the problem (1) if only and if 0 < Tx(t) < 1
and x is a fixed point of T.

Proof. Just use the Lemma 3 and the fact that the solution is well defined.

To establish our existence and uniqueness results, we will need the following results
concerning the Green function.

Lemma 5. The Green’s function G(t,s) given by (10) satisfies the following properties

1. G(t,5) € C([0,1] x [0,1]),
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2. |G(t,s)| < |G(s,s)]|, forallt,s € [0,1],
1

3, / IGlt,5)| < 1.
0

Proof. 1. By expression of G, this function is belong to C([0,1] x [0, 1]).
2. e If0<s<t<1,wehave |G(t,s)|=s*(1—t). Then

a|G(t,s)|

— O(*l<0.
ot o=

Which implies that
G(2,9)] < |G (s, )]

e Now if 0 <t <s< 1, wehave |G(t,s)| = (1 —s)s* 2. Then

Which implies that
|G(2,5)] <|G(s,9)]-

Which complete the proof.

3. We have
1
/ G(s,s)d / I's—1d
0
=B(x

,2) < 1.

We set the following assumptions
(H1) There exists A > 0 such that

|f(t’ u7v)| <A’

forallz € [0,1],u,v€R,and 1-A (1 — L) > 0.
(H2) There exists M,N > 0 such that

|f(l‘,u1,v1)—f(t,u27v2)| < |Lt1 _M2|+‘V1 _v2|7

forall r € [0,1],u;,up,vi,v2 € R.
We are now ready to state our first result which will poved by Shauder fixed point.

Theorem 1. Assume that hypothesis (H1) holds. Then there exist a solution of the frac-
tional second-iterative boundary value problem (1).

Proof. We define a subset S by

>4

h — > 1.
where 12
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Obviously, S is a closed convex subset.
We split the proof in two steep.
Step 1: Let z € [0, 1]. Since (H1) holds,

(Tx)'(t) =1+ / 5@ f(s,x(s), ) ds - / S92 f(s,x(s), ) ds.
zkzﬁé—ﬁpo. ’
Consequently T'x is increasing, and since 7x(0) = 0 and Tx(1) = 1, then
0<Tx(r)<1, forall re][0,1].
Step 2: We show that 7(S) C S.
Letz €[0,1] and x € S,

1
[Tx(0)| < supi-+ | G{t,5)f(s.x(5),x)ds}

1
<1 +A/ |G(s,s)|ds
Jo

<1+A<N,
which, on taking the taking the norm of ¢ € [0, 1], yields

ITx]| <N.

An application of Schauder’s theorem yields a fixed point of the operator 7. O
By lemma (4), the function x is the solution of (1).

Now, we consider uniqueness of solutions of problem (1). To this end, we need the
Banach fixed point to show our second result.

Theorem 2. Suppose that (HI) and (H2) hold. Assume that M + N < 1. Then there
exists a unique solution of the problem (1).

Proof. Since (H1) holds, we have T'(S) C S.
Let consider x,y € X. Then for all 7 € [0, 1], we obtain

1
73() = Ty(0)] < [ 1691 (5.0 x) = £s.3(5). ) s

S/OlIG(t,S)I[MHx—yII+N||x—y|H

< (MAN)|x=yll,

which shows that T is a contraction. Hence we deduce by Banach contraction map-
ping principle that the operator has a unique fixed point which correspond to a unique
solution of problem (1) on [0, 1]. this complete the proof. O
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4 Illustrated Example

Consider the following fractional differential equation

Dix(t) = f(t.x(1), 52 (1)), 1 €]0,1],

associated to the boundary value

Where

flt,u,v) = v)+eul, 1€0,1].

\/t2 +144 {sin

which obviously continuous on [0, 1]. Hence there exist A > 0 such that
[f(t,u,v)] <A.

Thus f satisfies the hypothesis (H1)

By the mean value theorem, we have

1
|f(t,u1,v1)) = f(t,u2,v2)] < EHVI —va|+ |uy —ua]].

265

12)

13)

(14)

Which implies that the hypothesis (H2) holds. Thus all the asumptions of theorem (1)
and (2) are satisfied. Hence there exist a unique solution for the problem (12)—(13), with

[ is given by (14) on [0, 1].

5 Conclusion

We have discussed the solvability of a iterative fractional differential equation involving
conformable fractional derivatives with boundary conditions x(0) =0 and x(1) = 1. The
results obtained in this paper are new and strengthen the literature on iterative fractional
differential equations. Moreover, the results in this paper can be extended to boundary-

value problems of the form

{Do‘x(t) = f(t

x(1), x[2]( 1), x(0)), 1 €0,1],
(0)=0, x(1

)=
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Abstract. In this paper, we discuss the existence and uniqueness of solutions for
the new system of nonlinear mixed type impulsive fuzzy differential equation (1)
in the metric space of normal fuzzy convex sets with distance given by maximum
of the Hausdorff distance between level sets. Our analysis is fundamentally based
on fixed point theory. We obtain some new existence and uniqueness theorems of
solutions for this system of first-order impulsive fuzzy differential equations by
using Banach fixed point theorem.

1 Introduction

There has been a lot of research into the equations of existence and uniqueness of solu-
tions to differential equations boundary value problems in recent years [9]. Meanwhile,
impulsive differential equations [2-6] have received much interest as a useful method
for studying practical problems in biology, engineering, and physics. Many researchers
have studied differential equations with applications in Banach spaces and fuzzy dif-
ferential equations under various initial and boundary conditions. Chang and Zadeh [3]
were the first to present the definition of fuzzy derivative in 1972. Following that, a
framework for studying fuzzy differential equations was developed, as well as the basic
properties of fuzzy differential equation solutions (see, for example, [1,2,4-8,11] and
the references therein).

Recently, Nieto [10] proved a variant of the classical Peano existence theorem for
initial value problems for a fuzzy differential equation in the metric space of normal
fuzzy convex sets with the distance given by the maximum of the Hausdorff distance
between level sets for a fuzzy differential equation in the metric space of normal fuzzy
convex sets with the distance given by the maximum of the Hausdorff distance between
level sets. The effects of Nieto [10] add to Kaleva’s [7] existence and uniqueness result.

We are concerned with the existence and uniqueness of solution to the following
nonlinear implicit impulsive fuzzy differential equations

X (1) = f(t.x(0),Y' (1), t#1
V(1) =g(t, Ay(t), (1)), t #1
AX == L(x(t;)), i=1,2,---,m (1)
AY = =Ti(x(1;)), i=1,2,---,m
x(to) =xo, ¥(t0) = yo,
(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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where f, g : J X E" X E" — E™ are continuous, J = [fy, o+ a] C R and E" is the family
of all fuzzy sets u : R" — [0, 1], xo, yo € E", I, Iie C(E",E") fori=1,2,---,m, and
A, y>0.

The rest of this paper is organized as follows: In the next section we introduce the
functional setting and gather some preliminary facts in connection with the problem.
The existence and uniqueness of the problem (Theorems 1 and 2) by the Banach fixed
point theorem are stated in Sect. 3.

2 Notations and Preliminaries

In this section we shall fix the notations and introduce the functional framework, which
will be used through this paper. Let P(R") denote the family of non-empty compact,
convex subsets of R". If a, B € R and A, B € B.(R")

0(A+B)=0A+ 0B,

o(BA) = (o)A, 1.A=A.
For A, B € P.(R"), the Hausdorff metric is defined as

d(A, B) = max{sup inf ||x — y||, sup inf ||x — y||}.
xeA YEB yeBXeA

A fuzzy set in R” is a function with domain R” and values in [0, 1], i.e., an element
of [0, 1]%".
Let u, v € [0,1]%". Then we have

a) u is contained in v denoted by u < v if and only if u(x) < v(x) for all x € R";
b) uAv € [0,1%" by (uAv)(x) = min{u(x),v(x)} for all x € R” (intersection);
¢) uVvve [0, 1] by (uVv)(x) = max{u(x),v(x)} for all x € R” (union);

d) u¢ €[0,11%" by u(x) = 1 —u(x) for all x € R",

Definition 1. Denote by E" = {u : R" — [0,1] such that u satisfies (1) to (4)
mentioned below }:

1. uis normal, that is, there exists an xg € R” such that u(xp) = 1;

2. u is fuzzy convex, that is, for x,y € R” and 0 < v < 1, u(vx+ (1 —v)y) >
min{u(x), u(y) }:

3. uis upper semi continuous;

4. [u]®={xeR" : u(x) >0} is compact.

If u € E" , then it follows from (1)-(4) that, for each a € (0, 1], the o-level set
[u*={xeR" : u(x) > a}.

is a non empty compact convex subset of R”, that is, [u]* € P,(R") for all 0 < o < 1.
Moreover, if u,v,w € E" and ¢ > 0, then the addition and (positive) scalar multiplication
in E" are defined in terms of the A-level sets by

[u+v]* =[u]*+[v]% [A.u]* =A% Vo e€]0,1].
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We define D : E" X E" — [0, +o0) as
D(u,v) = sup{d([u]*,[v]*) : o €[0,1]}.

D is a metric in E" and (E",D) is a complete metric space. Moreover, D has a linear
structure in the sense that

D(u+w,v+w) =D(u,v) and D(Au,Av) = AD(u,v).

LetJ = [tg,t0+a] witha >0 and x,y € E". A mapping F : J — E" is differentiable
atr € J if there exists a F'(r) € E" such that the limits

fim F(t+h)eF()
h—0+ h

and F . N
i FOEF(@=h)
h—0— h

exist and are equal to F'(t)
The integral of F over J denoted by / F(t)dt, is defined levelwise by
J

[0 .
[ / F(t)dt} _ / F (1)) %1 = / Fo(t)dt
Ju Js Ju
= {/F(t)dt | F : J — R" is a measurable selection for Fa} .
J

Lemma 1. If F : J — E" is continuous, then it is integrable and the function

t
G(t)= [ F(s)ds, VteJ

Ip

is differentiable and G'(t) = F (t). Furthermore,

F(t)—F(to) = lF'(s)ds.

fo
LetJ = [fy,t0+a] (a>0), 00 <t] < -+ <ty <fy+a< oo, Jo=[to,t1],J1 = (t1,52],
e, Ji= (l‘i,tHﬂ, eI = (tm,to—Fa}. We define
PC'(J,E™) = {x : x is a map from J into E" such that is is continuously
differential on (#;,7;11),left continuous at 7;,

and x(;), ¥ (17), X' (") exists ,i=1,2,--- ,m},

where x(t;") represents the right limits of x(¢) at 1 = #;, and x'(¢;"), ¥'(#;") represent,
respectively, the left and right derivatives of x(¢) atz =1¢;.
We define H(x,y) by

H(x,y) = sup{D(x(t),y(t)) + D(X'(t),y (1))},

te]

for all x,y € PC'(J,E"™). Moreover (PC'(J,E"),H) is a complete metric space.
The following lemma is important in our result.
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Lemma 2. For any p € PC'(J;B), uy € B and v; € B, i = 1,2,--- ,n, the following
initial value problem

W (1) +aw(t) = f(t),

Au ‘[:ti:‘}h i:1a2a"'an (2)

u(l‘()) = Uug
has a unique solution u € PC'(J; B) given by
t
u(t) = uge 200 4 [ o )+ Y, e a(1=ti)y,.
fo to<t;<t

where o« > 0 is a constant.

3 Main Results

Now, we are in a position to prove our main results concerning the solutions of the
nonlinear mixed type impulsive differential equation system (1) in Banach spaces.

Lemma 3. Assume that f,g:J X E" X E" — E" is continuous. Then a mapping (x,y) :
J xJ — E" x E" is a solution of the problem (1) in PC'(J,E") if and only if x and y
satisfies the following impulsive integral equation

x(t) = xpe~ M(r—10) 4 t M(t”)[f(s?x(s)y/(s))-|—Mx(s)]ds

fo

+ z e tt’ , l,’)),

to<ti<t

3(0) = yoe M) 4 [ e M o(s 2y(s), 1 (5)) + My(s)]ds

J1o

4 ze lt, ))’

to<t;<t
where M > 0 is a constant.

Now, let us first list the following assumptions:
H1 : f and g are continuous, and there exist non negative constants p, i, @ and w
such that

D(f(t,x1,y1), f(t,%2,52)) < pD(x1,x2) + uD(y1,y2)

D(g(f,Z1,V1),g(l,Zz,V2)) < wD(ZhZZ)_"wD(VlvVZ)v vied
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H?2 : there exist non negative constants b and b, such that

D(I;(x1 (1)), Ii(x2(2)) < b1D(x:(2),x2(t))

D(f(yl( ))7E(y2(t)) < bZD(yl(t)’yZ(t))7 Vi= 1,2,-- m

H3
o =max{mb; + h(p+M)+M(1 —mby —h(p +M);h(AD + M)
+mby+M(1—h(A@+M)—mby)+ A0);
hwy+yw(1—hM);hm +n(1—hM)} <1,
where s
e® —1
h= YR

Theorem 1. Suppose that the conditions (H1) — (H3) hold. Then problem (1) has a
unique solution.

Proof. Let (11,x(t),y(t)) € J x E" x E" be arbitrary and 6 > 0 be a constant. We will
first show that the initial value problem

X (1) = f(t.x(0),Y' (1), t#1
V(1) =g(t, Ay(t), ¥ (¢ )),t#ti

Ax o= Hx(n), 1= 1.2, G)
Ay |i=y= (x(t,)), i=1,2,-
x(m) =% y(n)=

has a unique solution on J; = [1y, 71 + J].
For any x,y € PC'(J,E™), define F (x,y) = (Ax,Gy) on J; x J; by

Ax(r) =xe Mi=7) 4 M= [f(s,x(s),Y (s)) +Mx(s)]ds

T

+ Y e MU (x(n)),

Gy(e) =56 M)+ 1M g5, Ry (5) 7 (0) + My (o)
+ 3 M (x(w),

and for any given(x,y) € PC'(J,E") x PC'(J,E") and t # t;, i = 1,2,--- ,m, we have
(Ax)'(t) = —MA(x(t)) + Mx(t) + £ (t,x(1),¥ (1)),

(Gy)'(t) = =MG(y(1)) +My(t) +g(t, Ay(r), 7' (1))
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In the sequel, we prove that F : PC'(J,E") x PC'(J,E") — PC'(J,E") x
PC'(J,E") is a contraction mapping. for any (x1,y1), (x2,y2) € PC'(J,E") x
PC'(J,E"), we have

D(A(x1(1)),A(x2(1))) < [mby +h(p +M)|D(x1(1),x2(t)) + huD(y1 (¢),¥5(1)),

T1+6

D(A(x1(1)),A(x2(1))) < / e M D (f(s,21(5), 01 (5)), £ (5,%2(5), ¥ (5)) +MD(x1 (s),x2(s)] ds

T

+ Y e MDD (1), B (1)

T <t;<t

< [M(1—mby —h(p +M))D(x1 (t),x2(t)) + (1 = Mh)D(y| (£),33(1)),
and we have

D((Ax1)' (1)), (Ax2)' (1)) < [M(1 —mby —h(p +M))|D(xi (t),x2(t))
+u (1= Mh)D( (1), ¥5(t))-
Using de same calculus, we obtain

T|+06

D(G(31(1)),G(3(1)) < / e M) D (g(s,y1(s), 0} (5)), 8(5,2(5), axh (5)) +MD(y1(s),y2(s)] ds

J T

+ Y e MDD (v (1), T2 (1)

T <t;j<t
7+6
< e’M’/ 1O s (@A +M)D(y1(s),y2(5)) + waD(x| (s),%5(s)] ds
+mbaD(y1(t),y2(t))
< hwyD(¥, (£),%3(1)) + (h(A® + M) + mb2)D(y1 (t),y2(1))
Using de same calculus, we obtain

D((Gx1)'(1)),(Gx2)' (1)) < yw(1 —Mh)D(¥ (1), x5(t))
+M(1 —h(A® +M) —mby) +A®]D(y1(t),y2(t))

Therefore, we have

H(F (x1,51),F (x2,2)) = sup {D(F (1 (6),31(1)), F (2 (1), y2(6)) + D (F' (x1 (1), 31 (), F (x2(2),32(1)) }

< D((Ax1)(1)), (Ax2) (1)) + D((Gx1) (1)), (Gx2) (¢)))
+D((Ax1)' (1)), (Ax2)'(1))) + D((Gx1) (1)), (Gx2)' (1))-

Then
H(F(x17Y1)aF(x27)’2)) g GH((XIJI),(XZJZ)),
where

o =max{mb; + h(p+M)+M(1 —mb; —h(p +M);h(AT + M)
+ mby+M(1 —h(AD+M) —mby) + A0);
hwy +yw(1 —hM); hn +n(1—hM)}.
Therefore, by Banach fixed point theorem, F has a unique fixed point, which by Lemma

3 is the desired solution to the problem (1). Express J as a union of a finite family of
intervals J; with the length of each interval less than § this completes the proof.
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Theorem 2. Let f,g : J X E" X E" — E" be continuous mappings. Assume that for
all xp, Y, 7k, vk - J — E" (k= 1,2), there exist non negative constants p,®,by and b
such that, forallt € J, o € [0,1] and i =1,2,--- ,m,

{d([f(fm,yl)]a’[f(fvxmyz)]a) d(]%, [2]®) + pd([y1]%, [y2])

<p
< @d([21]%, [22]%) + @d([v1]%, [2]),

d([g(tazlavl)}av [g(t7Z2’V2)]a)

~ o~

d([Li(yi ()% Li(y2(0)]*) < bad ([y1(1)]%, [y (1)]%)-

Then the problem ((1) has a unique solution.

{d([li(m(t))]OC (a2 (0)]%) < brd (P (0], pea(1)]%)

Proof. For o € [0, 1], We have

D(f(t,x1,y1), f(t,x2,y2)) = sup{d([f (t,x1,y1)]%, [f(£,%2,2)])}
< psup{d([x1]%, [x2]®) +pd([y1]%, [v2]*)}
= pD(Xl,X2)+pD(y1,y2)7

D(g([,Z17V1),g(l,ZQ,V2)) = Sup{d([g(t7zl’v1)]av [g(tvzzvvz)]a)}
< osup{d([z1]%, [22]*) + pd([v1]*, [v2]“) }
= ®D(z1,22) + ®D(v1,12),

D(I(x1(1)), £i(x2(2)) = sup{d([Z;(x:1 (¢
< by sup{d([x; (¢
= b1D(x1(1),x2(t)),

and

D(Ti(y1 (1)), Ii(y2(2)) = sup{d ([T:(y1())]*, [T:(y2(1)]*)}
< bysup{d([y1(t)]”, [y2(t)]*)}
= baD(y1(1),y2(7))-

By Theorem 1, we know that the problem (1) has a unique solution.

4 Conclusion

In the present work, we studied a system of nonlinear mixed type implicit impulsive
fuzzy differential equation, We obtained some new existence and uniqueness theorems
of solutions for a system of nonlinear first-order impulsive fuzzy differential equations
in Banach spaces under some weaker conditions.
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Abstract. This work is devoted to study the existence and uniqueness
of weak solution for a class of nonlinear degenerate elliptic problems of
the following form

—div [w1.A(x, Vu) + weB(z, u, Vu)] +wsH(z,u) = ¢(x),

where w1, we and ws are Ap-weight functions and the operators A, B
and H are Caratéodory functions that satisfy some conditions and the
right-hand side term ¢ € L*’ (2, wifp/)A Our technical approach is based
on the Browder-Minty Theorem and the weighted Sobolev spaces theory.

Keywords: Nonlinear degenerate elliptic problems - Dirichlet
problem - Browder-Minty Theorem - Weighted Sobolev spaces - Weak
solution

1 Introduction

Our aim in this work is to prove the existence and uniqueness of weak solution
in the weighted Sobolev space Wy (£2,w1) (p is not necessarily equal 2) for the
Dirichlet problem associated to the nonlinear degenerate elliptic equation of the
form
—div {wla(x, Vu) + wab(z, u, Vu)} +wsg(x,u) = ¢(x) in £2,
(1)
u(z) =0 on 012,

where, (2 is a bounded open set in RV, wy, wy and w; are A,-weight functions,
and the functions b : 2xRxRY — RN a: 2xRY — RN andg: 2xR — R
are Caratéodory functions that satisfy the assumptions of growth, ellipticity and
monotonicity, with ¢ € L? (12, wifp/).

Problems such as (1) have been studied by several authors in the case w; =
we = w3z = 1. For w; = wy = w3 = 1 (the non weighted case) and the term
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a(x, Vu) is equal to zero, existence results for problem (1) have been shown in
[3] (see also [6]). The degenerate case with various conditions conditions have
been studied by many authors, we mention some works in this direction [1,2, 15—
17).

In [5] the author proved the existence of solution, when the term g(z,u) is
equal to zero and in [4] when the term a(x, Vu) is equal to zero.

The paper is divided into five sections. In Sect. 2 we present the definitions
and basic results. In Sect. 3, we make precise all the assumptions on a, b, g and
we introduce the notion of weak solution for the problem (1). Our main result
and his proof are collected in Sect. 4. In Sect. 5, we give an example.

2 Mathematical Preliminaries

In what follows, we recall some definitions and basic properties of Lebesgue and
Sobolev spaces with weight. Complete expositions can be found in the mono-
graphs by J. Garcia-Cuerva and J. L. Rubio de Prancia [9] and A. Torchinsky
[18].

Let w be a weight function in RY, that is w measurable and strictly positive
a.e. in RY. For 0 < p < oo, we denote by LP(£2,w) the space of measurable
functions f on {2 such that

1fllzr ) = ( / If(z)lpw(w)dx)p < o0,

where w is a weight, and {2 be open in RY. It is a well-known fact that the space
L?(£2,w), endowed with this norm is a Banach space. We also have that the dual
space of LP(£2,w) is the space L¥ (2, w ).

We now determine conditions on the weight w that guarantee that functions
in LP(§2,w) are locally integrable on (2.

Proposition 1 [12,13]. Let 1 < p < co. If the weight w is such that
Wit € L. (92) if p>1,

1
ess sup —— < +oo  if p=1,
zeB w(x)

for every ball B C §2. Then,
LP(2,w) C L},.(£2).

A class of weights, which is particularly well understood, is the class of A,-
weight. These classes have found many useful applications in harmonic analysis
[18].
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Definition 1. Let 1 < p < co. A weight w is said to be an A,-weight, or w
belongs to the Muckenhoupt class, if there exists a positive constant § = 6(p, w)
such that, for every ball B C R"”

(151 [ wtore) (i [ <w<x>>v—3dx>p_1<0 it p> 1,

1 1
— sup —— < if =1,
(|B| /Bw(x)da:> ess zlelg o) 0 if p

where |.| denotes the n-dimensional Lebesgue measure in RY.

The infimum over all such constants @ is called the A, constant of w. We denote
by Ay, 1 < p < oo, the set of all A,-weights. We refer to [10,11,19] for more
informations about A,-weights.

Ezample 1. (Example of A,-weights)

(i) I C <w(y) < D for a.e. y € R, such that C' and D two positive constants,
then w € 4, for 1 < p < oo.
(ii) Suppose that w(y) = |y|?, y € RN. Then w € A4, iff —n <n < N(p—1) for
1 < p < oo (see Corollary 4.4 in [18]).
(iii) w(z) = MW € Ay, with v € WHN(2) and X is sufficiently small (see
Corollary 2.18 in [14]).

The weighted Sobolev space WP (£2,w) is defined as follows.

Definition 2. Let {2 C R™ be open, and let w be an Ap,-weight, 1 < p < oo.
We define the weighted Sobolev space WP (£2,w) as the set of functions u €
LP(02,w) with Dyu € LP(£2,w), for k = 1,...,n. The norm of u in WP (2, w) is

»

N
[ ( | m@pe@is+ 3 [ |Dku<x>|pw<x>dx> E)
k=1

We also define W, *(£2,w) as the closure of C§°(£2) in WP (£2,w) with respect
to the norm ||.|[y1.p (0w Note that C§°(£2) is dense in Wy (02,w).

The spaces WP (£2,w) and W, *(£2,w) are separable and reflexive Banach
spaces with respect to the norm (2) (see Proposition 2.1.2. in [12] and see
[11,13] for more informations about the spaces WP (£2,w)). The dual of space

Wol’p(ﬁ,w) is the space Wo_l’p/(Q,wl_p/), where

N
Woilyp,(ﬂ,wlfp,) = {fO - ZDkfk : L €LP (w), k= 07"'?”}'

w
k=1
In this paper we use the following results.

Theorem 1 [8]. Letw € Ay, 1 < p < oo, and let 2 be a bounded open set in RY.
If upy — w in LP(2,w), then there exist a subsequence (ug,) and ¢ € LP(2,w)
such that
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(i) ug, (r) — u(x), ki — o0, w-a.e. on §2.
(i) |ug,(2)] < ¥(z), w-a.e. on .

Theorem 2 [7]. Let w € A,, 1 < p < o0, and let 2 be a bounded open set in
RN, There exist constants Cq and € positive such that for all v € Wol’p(.Q,w)
and all k satisfying 1 < kK < % + ¢,

[[v]|rr(2w) < CallVol|Lr (2w,
where Cq depends only on n, p, the A, constant of w and the diameter of (2.

The Browder-Minty Theorem is stated as follows

Theorem 3 [20]. Let A: W — W™ be a coercive, hemicontinuous and mono-
tone operator on the real, reflexive and separable Banach space W. Then the
following assertions hold:

(a) For each T € W*, the equation Av =T has a solution v € W.
(b) If the operator A is strictly monotone, then equation Av =T has a unique
solution v € W.

3 Basic Assumptions and Notion of Solutions

In the sequel, we make precise all the assumptions on a, b, g and we introduce
the notion of weak solution for the problem (1).

3.1 Basic Assumptions

Let us now give the precise hypotheses on the problem (1), we assume that the
following assumptions: {2 be a bounded open subset of RY (N > 2), 1 < ¢ <
p < 00, let wy, wy and w3 are a weights functions, and let a; : {2 x RY — R,

bj: OxRxRY — R (j=1,...,N), with b(x,n, &) = (bl(:zr,n,ﬁ), ...,bN(z,n,g))

and a(z,§) = (al(a:,g), ...,aN(x,E)) and g : 2 xR — R satisfying the following

assumptions:

(A1) For j =1,...,N, b;, a; and g are Caratéodory functions.

(A2) There are positive functions hq, ho, hg, ha € L*°(f2) and f; €
L7 (2,w1) (with% + 1= 1), fo € L7 (2, w0) (mh% T 1) and

fs € L¥ (02, ws) (With% +41= 1) such that:

s’ T

7

la(z, &) < fu(@) + ha(2) €,

[b(2,m, )| < fale) + ha(2)|n|T~" + ha(2)€]7,
and
lg(z,m)| < f3(x) + ha(z)n* "
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(A3) There exists a constant o > 0 such that:
(a(2,6) —a(,€),6 ~€) > alg ~ €7,
(b, n,€) = b,y ,€),€ =) 20,

and

(ﬂ%m—M%ﬁD@—#)>&

whenever (1,€), (,€') € R x RN with n # 7 and £ # ¢ .
(A4) There are constants (31, B2, 83 > 0 such that:

<(L(CE7£),§> 2 Bl|§‘p7
<b($,7‘],€)7§> P 62|£|q + ﬂ3|77|q7

and
g(x,m)n = 0.

3.2 Notions of Solutions
The definition of a weak solution for problem (1) can be stated as follows.
Definition 3. A function u € W, (£2,w;) is said to be a weak solution to (1)
if
/ (a(z, Vu), Vo)wrdx +/ (b(z,u, Vu), Vo)wadz+ [, g(x,u)vwsdz
Q

Q
= / ¢vdr,
Q

for all v € Wy (£2,w;).
Remark 1. For all wy, we, wz € A, we have

(i) If 22 € L™ (£2,w1) where = p%q and 1 < ¢ < p < oo, then, by Holder
inequality we obtain
HUHL‘I(Q,wg) < Cp,qHuHLP(Q.,wl)v
1
where C), , = H%HL/T?(Q’M).
(ii) Analogously, if &3 € L™ (f2,w;) where rp = -E~and 1 <'s <p < oo, then

—S

[lul

Lo (2uws) S CP75||U||LP(Q,w1)a

1
where C), s = H%‘;’”L/rsz((z,wl)'
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4 Main General Result

The main result of this article is given in the next theorem.

Theorem 4. Let w; € A, fori =1,2,3,1< ¢q,5 < p < co and assume that
the conditions (A1)—(A4) holds. Then the problem (1) has exactly one solution

u < WOLP(Q,wl).

Proof. The essential concept of our proof is to abate the (1) to an operator

problem Aw = T, in order to apply the Theorem 3.
We define
O : WP (02,w) x WyP(2,w,) — R

and
T : W, *(2,w;) — R,

where O and T are defined below.
Then u € Wy (£2,w;) is a weak solution of (1) if and only if

O(u,v) = T(v), for all v e WyP(2,w;).

The proof of Theorem 4 is divided into several steps.

Step 1: Equivalent Operator Equation

In this step, we use the some tools and the condition (A2) to prove an existence
the operator A such that the problem (1) is equivalent to the operator equation

Au=T
Using Hélder inequality and Theorem 2, we obtain

T(v)| < /Q % |v|wy dx

< l¢/will o (@ IVlLr (2,01
< CQH(ZS/leLP'(Q,wl)'|’UHW&’T’(Q,W1)'

Since ¢ € L' (2,w! ™), then T € Wy ¥ (2,w!77).
The operator O is broken down into the from

O(u,v) = O1(u,v) + Oz(u,v) + Oz(u,v),

where
'W (2,w XWO’p(le)—>R

/ a(x, Vu), Vuywidz,

'W (2w xW’p(le)—>R
u), Vowadz,

\
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O3 : WP (2,w1) x Wy (2,w1) — R
O;3(u,v) = Qg(x,u)vwgdx.
Then, we have
0(u,v)| < [01(w, 0)[ +|O2(u, v)| + [Oz(u, v)]. (3)

On the other hand, we get by using (A2), Holder inequality, Remark 1 (i) and
Theorem 2,

101 (u, v)| g/ la(z, V)| [Volwr da
(9]

S/ (f1+h1\VU|p71)|Vv|w1dw
2
<Al o (o 1Vl L0 (2,01) + ]| oo (@) [Vl [T ) V0l L2 (2,00)

< (14 + sl anllul ) ) Mol oy

and

|O2(u,v)] S/ |b(x, u, Vu)||Vo|wadz
i)

< / (fz + holul?T + h3|Vu|q_1> |Vov|wadz

< 2ll e (@um) 190l 2o 2a) + [1h2ll = () [l Fa 9 o [Vl 202,00

sl o (o IV 52y [0 2320
< [Coallfell o aum) + € (CE Al )

sl )l g | 0t (.00

Analogously, using (A2), Holder inequality, Remark 1 (ii) and Theorem 2, we
obtain

105 (u, )] < / g, 1) [o|ws e
k94

< [CaChallfallyer oy + CosCollhal i llulliyin g | olltoge ey

Hence, in (3) we obtain, for all u,v € Wy (£2,w:)

10Gu,0)] < (Il .00y + Il sl g + CConiellfall ot
s+ Coall ol + ConCllallmcn 1

Wy P (£2,w1)

1
Oy (CF Il e + [1hsll o)l g | 1ol 2
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Then O(u,.) is linear and continuous, for each u € WyP(2,w;). Thus, there
exists a hnear and continuous operator on I/V0 P(£2,w1) denoted by A such that

(Au,v) = O(u,v), for all u,v € Wy P(2,w;).

Moreover, we have

lAulle < 11l (@uny + tl @0l 1) + CaCosllfall o ()
+ Cpallfollpe (2w +Cp CQ|\h4\|L°o(n)||u\|S11p (@)
1
+ Oty (C8 Ihlli= o) +||h3||L°o(m) s gy
where

|Aul. = sup{|<Au, o)) = [0, )] - v € WaP(Q,w1), ol gy = 1}7

is the norm in Wo_l’p/(Q,wi_p/). Hence, we obtain the operator

A WEP(2,w)) — Wi (2,077

u — Au.
However, the problem (1) is equivalent to the equation of the operator

Au=T, uecWyP(2,w).

Step 2: Monotonicity of the Operator A

We will we prove that the operator A is strictly monotone.
Let uq,us € Wol’p(Q,wl) with u; # us. We have

<A’LL1 — AUQ, uy — U2>

= O(ug,u; —uz) — O(ug, us — us)
= / (a(z,Vur), V(u1 — ug))widx — / (a(z, Vua), V(us — ug))wrdx
Q Q
+ /()(b(x,ul,Vul),V(ul — Uug))wadx — /Q<b(a:,uQ, Vus), V(ur — ug))wadx
+ /Qg(a;ul)(ul — Ug)wsdx — /Qg(x,ug)(ul — ug)wsdx
= /Q<a(x7Vu1) —a(z,Vuz), V(u1 — ug))wdz
+ /Q (g(:mul) - g(m,ug)) (u1 - ug)wgdx

+ / (b(x,u1, Vuy) — b(z, u2, Vua), V(u; — ug))wadz.
Q
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Thanks to (A3), we obtain

(Auy — Aug,uy — ug) > / alV(uy — ug)|Pwide
0
> af[V(u — UZ)Hip(Q,wl)»

and by Theorem 2(with k = 1), we conclude that

(67

Au; — A — >
< Ui Uz, U1 U2>_ (Cf«’z—l—l)

p
HUl - u2||W01’p(Q,w1).

Therefore, the operator A is strictly monotone.
Step 3: Coercivity of the Operator A

In this step, we prove that the operator A is coercive. To this purpose let u €
Lp
WyP(£2,wn), we have

(Au,u) = O(u,u)

:/<a(z,Vu),Vu)w1dx+/(b(x,u,Vu),Vu>wgdx+/ g(x,u)u wydx.
Q 7} Q

Moreover, from (A4) and Theorem 2(with x = 1), we obtain
(Au,u)y > 61/ |Vu|pw1dx+ﬁ2/ |Vu|qw2dac+53/ |ulfwadx
o) 2 Q
> min(B1, A1) {/ |Vu|Pwidz +/ u|pw1dx}
7 2

+mz’n(,62,63) |:/ |Vu|qw2dx+/ |UqLU2d£L':|

= min(By, A ullyss g,y +min(Be, Bs)llullfia, )

> mm(ﬁh)\zl)”UH WhP(Q,w1)

Hence, we obtain

(Au,u)

T = min(B1, \) [ull? .
||UHW01”7(Q,0J1)

Wlp le)

Therefore, since p > 1, we have

(Au,u)
Ty, Foo 88 lullwgr @) — +oo
WO’ (Q,wl)
that is, A is coercive.
Step 4: Continuity of the Operator A

We need to show that the operator A is continuous. To this purpose let uy — u
in W,P(£2,w1) as k — oo. Then uj, — u in LP(2,w;) and Vuy — Vu in
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(LP(£2,w1))". Hence, thanks to Theorem 1, there exist a subsequence (uy,),
functions ¥y € LP(£2,w1) and ¢ € LP(f2,wq) such that

ug, (r) — u(z), a.e.in 2

|U}€Z($)| < ¢1($), a.e. in 2 (4)
Vug, (z) — Vu(z), a.e.in 2
[Vug, (z)| < 2(x), a.e. in £2.

We will show that Awuy — Au in Wy "7 (2,wi "), In order to prove this
convergence we proceed in several steps.

Step 1:
We define the operator

B;: Wol’p(.Q,wl) — LpI(.Q,wl)
(Bju)(z) = a;(z, Vu(z)).

We now show that /
Bjuy — Bju in  LP (£2,w).

(i) Let u € Wy (2,w;). Using (A2) and Theorem 2(with x = 1), we obtain

1Bl ) = /Q |Byu(@) [P wnde — /Q Ja; (2, Vo) [P wn dee
S/ (f1 +h1|Vu|p71)p wrdx
2
< Cp/ (ff/ + h’f/|Vu|p> wrdz
2
< Cy (11 gy + 11 ) V0 )]
< Cp (1118 gy + WM i NI ]

where the constant C,, depends only on p.
(ii) By (A2) and (4), we obtain

|1Bjur; — Bju||ip,(n}w1> = /Q | Bjug, (z) — Bju(z)|” widae
p/
< [ (st Vel +1as (2, 90)]) wrdo
2

<G [ (laj(e, Tur )P + lo(o, Vo)) wrda

2
< Cp/ {(fl + h1|Vaug, PP + (f1 + ha|VuP~1)P :| widz

2

_1\? _1\?

<a {(fwhlwg N+ (B ) ]wld:c

2
< 20,,0;/ (7" + 1Y v wrde

2

< 26,0, [, ) + IR 1020 )]



Existence and Uniqueness of Weak Solution 285

Hence, thanks to (A1), we get, as k — o0

Bjuy, (z) = aj(z, Vug, (z)) — aj(z, Vu(z)) = Bju(z), for almost all x € (2.
Therefore, by Lebesgue’s theorem, we obtain
| Bjur, — Bju||LP'(Q,w1) — 0,

that is, )
Bjug, — Bju in LP (£2,w1).

Finally, in view to convergence principle in Banach spaces, we have
Bjux — Bju  in L (2,w). (5)
Step 2:
We define the operator

Gy Wy P(02,w1) — LY (2, wy)
(Gju)(z) = bj(z,u(x), Vu(x)).

We also have that ,
Gjuk — Gju in L (.Q,UJQ). (6)

In fact,

(i) Let u € WyP(2,w;). Using (A2), Remark 1 (i) and Theorem 2 (with
k= 1), we obtain

’
||Gju||%q’(9’w2)

= /Q \bj(:r,u,Vu)|q/de:r
< /Q <f2 + hg|u|q_1 + h3|Vu\q_1)ql wodx
< C’q/ [fgl + hg/|u|q + hg,|Vu|q]dea:
Co (1215 gy + W2 ey il 1) + Wl e ) IV
Co 121y + Cia (Cr B2y + Hhan;m)) el ]
where the constant C; depends only on g.
(ii) According to (A2), Remark 1 (i) and the same arguments used in Step 1

(i), we obtain analogously,

Gjup — Gyu  in LY (2,w,). (7)
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Step 3:
We define the operator

H:W)P(2,w) — L¥ (2,ws)
(Hu)(z) = g(z, u(x)).

In this step, we will show that
Hujy — Hu in L° (02,ws). (8)
(i) Let u € Wy (£2,w;). Using (A2) and Remark 1 (ii), we obtain
10 gy = [ )]
S/ (f3 +h4|U|571)S wsdx
2
< C’S/ (f?f/ + hj/|u|s) wsdx
Q
< O 1ol gy + NRal

Co (115 () + Cis

Cu (1531 () + GOl ol gy

}

[l sy 1l

where the constant Cs depends only on s.
(ii) By using (A2) and Remark 1 (ii), we get

| Huy, — Hu||‘z/s,(g,w3) = /Q |Hug, (x) — Hu(z)|" wsda
< / (loCe, i) + lo(e,w))) wsda
g, )l + lg(e, )| Jwada

<G

\\

/

<, / (f3+h4|1/;1s 1) (f3+h4¢;*1)‘ ]W3dx
<2050, ||f3||Ls (2uws) T Hh4||Loo(9)||1/)1||L5(rz wg):|
< 205C [||f3||Ls’(Q,w3) + p,s||h4||L°°(n)||7/)1||Lp(9,u1)]7

,
(s o ) T (o halul ) e
[
[

then, using condition (A1), we deduce, as k — o0
Hug, (z) = g(x, uk, (z)) — g(z,u(z)) = Hu(z), ae. x€ L.
Therefore, by the Lebesgue’s theorem, we obtain

[Hug, — Hull 1 (0,05 — 0s
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that is, )
Huyp, — Hu in L° (2,ws).

We conclude, from the convergence principle in Banach spaces, that
Huy — Hu in L° (02,ws). (9)

Finally, let v € VVO1 P(£2,w1) and using Holder inequality, Theorem 2(with k = 1)
and Remark 1, we obtain

|01 (uk, v) — O1(u,v)| = |/Q(a(x,Vuk) —a(z, Vu), Vo)wi dz|

< g /|aj(a:,Vuk)—aj(x,Vu)||Djv|w1dx
j=1"%

:E /|Bjuk—Bju||Djv|w1d:ﬂ
j=1"%

<> Bjur = Bjull 1ot (.o 1DV | 2o (200)
j=1

n
< | Do IBjuk = Biull o (g | 10l o ()0

Jj=1

|02 (ug, v) — O2(u,v)| = |/ (b(x, ug, Vug) — bz, u, Vu), Vo)wedz|
o

< Z/ b (z, uk, Vug) — bj(z, u, Vu)||Djv|wedx
e

= Z/ |Gju, — Gju||Djv|wade
j=1"%

Z HGjuk - Gju”Lq/(.Q7w2) HVUHL‘I(Q,wz)

j=1

IN

n
< Cp,q ||Gjuk - Gju||L<I’(Q,w2) HVUHLP(Q,M)
j=1

IN

n
Chyq Z 1Gjur — Gju”Lq’(Q,wz) HU”W(}'I’(QMI)’
j=1

03 (uk, v) — Os(u,v)| S/ l9(z, ur) — g(z, u)||v|wsdz
Q

= / |Huy, — Hul|v|wsdz
7

S N Hue = Hull o (.0 1V
< Cpsl|Hux — Hul Ls/(Q,wg)\
< Cp sCol|Hup — Hu|

L#(2,w3)

V]l Le(2,0)

L' (2,w3) ||U||W01vp(g,w1)-
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Hence, for all v € WyP(£2,w;), we have

|O(ug, v) — O(u,v)| <[01(uk,v) — O1(u,v)| + |O2(ur, v) — Oz (u, )|
+103(uk, v) — O3(u, v)|
< [Z (||Bjuk - Bju”Lp/(Q,wl) + Cp.allGiur — GjU”Lq’(Q,wz))
j=1

+C,.Col Huy, — Hu||LS/(Q’w3)} ol 00y
Then, we get
n
Ay, — Aull, < (||Bjuk = Bjull v (0,0,) + CpallGjur — Gju”Lq'(Q,wg))

j=1
+Cp sCol||Huy, — Hul

L' (2,ws)"
Combining (5), (7) and (9), we deduce that

|Aug — Aull, — 0 as m — oo,

that is, Aug — Awu in Wy ' (2,w) ). Which implies A is continuous.
Thus, the operator A is hemicontinuous, coercive and strictly monotone and

T € Wy 7' (2,wi ™), so all the conditions of Theorem 3 are satisfied.

Consequently, by Theorem 3, the operator equation Au = T has exactly one
solution u € VVO1 P(02,w1) and it follows that u is the unique weak solution of
problem (1). Thus, the proof of Theorem 4 is finished.

5 Example

We get 2 = {(z,y) € R? : 22 + y? < 1}, and consider the weight functions
wi(@,y) = (22 +92) 7% waley) = (22 +92) 7 and wy(a,y) = (22 +42) 7
(We have that wy,ws, w3 € A4, p = 4, ¢ = 3 and s = 2], and the functions
b:N2xRxR>—R2 qg:2xR2—R?and g: 2 xR — R defined by

a((2.9).€) = b (@ p)IP sgn(©).
where hq(z,y) = 2e@*+¥*) and

b((w,9),m.€) = [€Psgn(€).

and
9((@.9),n) = ha(z,y) Inlsgn(n),

where hy(z,y) = 2 — cos®(zy).
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Let us consider the problem

Lu(z,y) = cos(x + y) in (2,
u(z,y) =0 on 012,

where,

Lu(z,y) = — div [wm((m,y), Vu(amy)) + u&b((@y),u(x,y), Vu(x,y))}

+ wag( (@), u(@.y)).

Hence, by Theorem 4, the problem (10) has exactly one solution u € W(}A(Q, w1).

6

Conclusion

In this work, we use the main theorem on monotone operators and the weighted
Sobolev spaces theory to prove the existence and uniqueness of weak solution of
weak solution in the space W, (§2,w;). We hope in a future work to solve other
similar problems in spaces with weight and variable exponents.
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Abstract. In this paper, we consider optimal control of infinite dimensional
bilinear systems evolving in a spatial domain 2 C R”, n > 1 using unbounded
control. Then, we minimize a functional cost constituted of the deviation between
the desired state and the final one at time 7', the effort term and the energy one.
The purpose of this study is to prove that an optimal control exists, and character-
ized as a solution to an optimality system. Numerical algorithm for the computa-
tion of an optimal control is given and successfully illustrated through simulations
for the heat equation.

1 Introduction

Bilinear systems constitute an important subclass of nonlinear systems. The nonlinear-
ity in mathematical models of bilinear systems appears in the multiplication of state
and control in the dynamical process. The major importance of bilinear systems indeed
lies in their applications to real word systems, and represent many physical processes,
for example: the basic law of mass action [13] and dynamics of heat exchanger with
controlled flow [12].

Controllability of a class of infinite dimensional bilinear systems has been stud-
ied by many authors using different control techniques. In [3], the authors considered
the approximate controllability of the bilinear beam equation in the mono-dimensional
case. In [8], the author proved the multiplicative controllability of various parabolic and
hyperbolic equations of semilinear type using asymptotic qualitative methods. He stud-
ied the controllability of bilinear parabolic equations with the reaction-diffusion term
satisfying Newton law [7].

Optimal control of infinite dimensional bilinear systems has been developed in
many works. In [9], the author proved the existence and gave characterization of an
optimal control of a convective-diffusive fluid bilinear equation. In [6], the author dis-
cussed optimal control of a bilinear heat equation with distributed bounded control. In
[1], the authors discussed unbounded optimal control for a class of bilinear systems. In
[10], the authors studied optimal control problem of a wave equation excited by bound-
ary controls. In [4], the authors considered optimal control of Kirchoff plate equation
using distributed bounded controls. In [11], the author proved optimal control problem

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 291-301, 2023.
https://doi.org/10.1007/978-3-031-12416-7_25
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of the bilinear wave equation using bounded controls, and in [5], the authors consid-
ered optimal control of the bilinear Kirchoff equation using bounded spatial controls.
In [15], the authors discussed optimal control of a class of infinite dimensional bilinear
systems with distributed bounded and unbounded controls and in [2], the authors stud-
ied constrained optimal control of the bilinear plate equation with distributed bounded
controls and acting on the velocity term. The used approach is based essentially on the
differentiability in the Gateaux sense.

The present work deals with optimal control of a large class of infinite dimensional
bilinear systems where the functional cost is constituted of the deviation between the
desired state and the final one at time 7', the effort term and the energy one. Then, we
prove the existence of a solution of such problem and we give characterization of an
optimal control. Moreover, we develop a numerical approach that leads to an algorithm
and simulations. The used approach is mainly based on the Frechet differentiability and
the characterization of the normal vector to the set of admissible controls.

More precisely, let £2 be an open bounded domain of R"(n > 1), and we consider
the following bilinear system

2(t) =Az(t)+u(t)Bz(t) 0<t<T |
2(0) = z0 € L*(Q) (1)

where A : D(A) C L*(Q) — L*(Q) is the infinitesimal generator of strongly contin-
uous semigroup (S(¢)),>0 on state space L>(£2), whose norm and scalar product are
denoted, respectively, by ||.|| and (.,.), u € U,y is the control function, where U,y is
the set of admissible controls, assumed to be a nonempty, closed and convex subset of
L%(0,T), and B : L*(Q) — L*(Q) is a linear bounded operator.

For all u € L*(0,T) and zo € L>(Q), the system (1) has a unique weak solution in
the space C(0,T;L*(Q)) (see [14]) and z is the solution of

2(t) =8S(t)zo + /Ot S(t — s)u(s)Bz(s)ds. )

Consider the following functional

T
0= G1e) =2+ 5 [0~z S, ®

where o, 3, and € are nonnegative constants, and z; € L2(.Q) indicates the desired state.

Our problem consists in finding a control u that steers the state close to z;, over
the time interval [0, 7] with a reasonable amount of energy. This may be stated as the
following minimization problem

{min 7 0 @

ucUy

The paper is organized as follows: in Sect. 2, we prove the existence of an optimal con-
trol solution of problem (4). In Sect. 3, we establish a characterization of an optimal
control solution of problem (4). In Sect. 4, we develop a numerical algorithm for the
computation of such optimal control. The approach is successfully illustrated by simu-
lations.
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2 Existence of an Optimal Control
This section is devoted to the existence of an optimal control solution of problem (4).
Theorem 1. There exists an optimal control u € Uy, solution of problem (4).

Proof. The set {_#(u) ; u € Uyg} is non-empty and nonnegative, and thus it has a
nonnegative infimum.
Let (uy)nen be a minimizing sequence in U,y, as € > 0 we have

2
H”nHi2(01T) < E/(”n)y vneN

It follows that (u,),en is bounded. Then, there exists a subsequence, still denoted by
(tn)nen that converges weakly to a limit u*. Since U, is closed and convex, it is closed
for the weak topology, which implies that u* € U,;.

Let z, and z* be the unique solutions of systems (1), associated to u, and u* respec-
tively. From (2), we have

2al) =210 = (o =5)uns)Ban(5) = (6182 (s
_ / S(t — 5)[(un(s) — " (5))BZ*(5) + un(s) (Ban(s) — BZ*(s))]ds

Then
()~ ||<H/sz—s<un<s>—u<>>Bz<>d

+/ 15 = 5)[[un($)[1IBl[lIza(s) =" (s) | ds

Using Gronwall Lemma, the above inequality becomes

Jeut =201 < | tso—s)(uﬂ(s)—u*<s)>3z*(s>dsHeB/o I =) lln(s)1ds

There exist constant M > 1 and p € R such that ||S(¢)|| < MelP!", then

1

' 1S(— )] u(s) s < MelP T TIM(S)Ist ’
! (f werres)

The above inequality yields

1
2a(t) = 2* ()] < [|As (1t — u*) | M€” T UBIT2 )y € N 5)

where & = sup ||| ;2 (o 7, and the operator A, : L?(0,T) — L*(Q) is defined by
t
A= / S(t — s)u(s)Bz* (s)ds, Yu e L*(0,T)
0

Let us prove that for all ¢ € [0,T], A, is compact.
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To this end, we prove that for any sequence (¢, ), in L?(£) that weakly converges
to 0 in L*(Q), (A; @), converge with norm to 0 in L?(£).

Let us calculate the adjoint of the operator A;.

Letu € L*(0,T) and y € L*(Q), we have

< Au),y> = /(: < S(t — s)u(s)BZ(s),y(s) > ds
=/, <u(s),S*(r—s)y(s)B*Z*(s) >120,1) dx

= <ul), [ S (= 9y(x Bz (5 )dx >
Thus A" : L>(Q) — L*(0,T) is given by

. [ <S8(@t—s5)B(.),z>if 0<s<t
[A‘Z](S)_{O if t<s<T

Let (¢y);en be a sequence in L?(Q) such that ¢, = 0. Without loss of generality, we
can assume that [|¢;|[;2(o) < I, VI €N, then
0 = 0 = [A70)(5)| — Oacon[0.T]
Thus, for all s € [0,T], we have
A7 9)(5)] < 1SG =) NIBII* () 191 (5)]| < MePT]IBI[[|*(s)]], Vs € [0,7]
Applying the dominated convergence theorem allows
A7 01(s)]| — 0, in£2(0,7)
We conclude that A; is compact.
It follows from the weak convergence (u, —u*) — 0 that
n—oo
Jim [[A; (up = u")|2() = O-
Therefore, by the inequality (5), we obtain
lim lzn(t) —2"(t) [l 12(@) = 0, a.e ont € [0,T]
* 2 — Tim 2
We have ||z*(T) deHLzm) = ,}I_I,I}omf”Z"(T) —zd||L2(Q).
Applying Fatou Lemma, gives

T T
() = zalPde < tim i [ (T =zl %t
Since the norms are lower semi-continuous for the weak topology, it follows that the
weak convergence of (u,) — u” yields that [[u*[| 2o 7) < lim inf [[uy | 120 7)-
’ N—c0 )
Then
J(u*) < liminf ¢ (u,) = 7.
n—o0

We conclude that u* is solution of problem (4).
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3 Characterization of an Optimal Control

In this section, we give characterization of an optimal control solution of problem (4).
First, we characterize the differential of the functional cost (3).

Proposition 1. The functional (3) is differentiable in the Frechet sense, and its differ-
ential for all u € L*(0,T) is given by

{du/ = (7" w), k) ) (6)
S u)(1) =< ¢(1),Bz(1) > +eul(1)

where 7 is the solution of system (1), and @ is the solution of the following adjoint

equation
{ ¢(1) = —A"@(t) —u(1)B z(1) o (t) — B (=(T) — 24) 7
@(T) = ou((T) = z4)

Proof. The adjoint operator A* generates a %-semigroup (S*(¢)),~0 on L?(Q).
For u € Uy, the Eq. (7) has a unique weak solution ¢ € €([0,7],L*()), ¢ is also
the solution of the following equation

¢(1) =S (T —1)eu(z(T) —za) + /tT §*(s = 0)[u(t)B"2(1)(@(t)) = B(=(T) — z4)lds (3)

Let us show that _¢ is Frechet differentiable.
The mapping u — z,, is Frechet differentiable in L?(0,T') and d,z(¢) its differential
at u. We have z;,(r) = d,z(¢)h is the solution of the integral equation

/ S(t —5)h(s)Bzy(s) +u(s)Bz,(s)zn(s)ds )

For all u,u+ h € U,,, we have

lzusn(T) = 2all 2 = < 2urn(T) = 2as2usn(T) = 2a >12(q)
= <zu(T)+z1(T) = za,2(T) +2n(T) — 24 >12(q2)
= <z(T)- Zdvzu( )+2n(T) —za >12() + < zn(T),2u(T) >
+ 2n(T) =24 >12(0)
= <zu(T) —za,2(T) — 24 >12(@) + < 2n(T),2u(T) — 24 >12(0)
+ <z(T),z2u(T) =24 >p2(0) + <zn(T),20(T) >12(q)
= llau(T) = zall2 () +2 < 2n(T),2u(T) = 2a >12() +ollhll20.1)

Then
| zu+n(T) _Zd”i2(g) — |lzu(T) _Zd”iZ(Q) =2 <zy(T),2u(T) — 24 >12(0) +ollll 20,7

Using similar calculations to those given above, we obtain

T
/qu+h ~ 2l — ) = zallyde =2 [ < 24l0),2u0) =2 >0 di +oll]
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o ~ iz =2 <uwh>por tolkllzon.

Then, 7 is Frechet differentiable over U,q, and its derivative at u is given by

and it is easy to see that |lu+ h||

T T
J () -h=<z(T),02(T) —zq >12(q) +/o <zn(1),B(T) —24) >12(q) df+€/0 u(t)h(t)dt
where z;, solution of (9) is the solution of the equation

{Zh(t) = Az, (t) + h(t)Bz(t) + u(t)Bz(t)zu(t) (10)
z(0) =0

For n € p(A) (the resolving set of A), let A, = nA(nl —A)~!, and A} = nA*(nl — A*)~!
be the Yosida’s approximations of A and A*.
Let ¢, and z, the solutions of Egs. (7) and (10), with A, and A}, instead of A and A*.

Since A, and A}, are bounded, we have z, € L*(0,T;L*(Q)) and ¢, € L*(0,T;L*(Q2)).
Then

[ <BET) 2 e > di=— [ < 0ule) + (43 + ) BE))] o) 20(0) >

- _/OT[< Gn(),2n(t) > + < @u(t), Anza(£)u(t)B(2(t))2a(r) >]dt
= _/OT < Pu(t),2n(t) > dt_/OT < Qu(t),20(t) —h(1)Bz(t) > dt

Integrating by part,as z, € L*(0,T;L*(Q)), ¢ € L*(0,T;L*(Q)), gives

T T
/0 < Pu(t),zn(t) > dt+/0 < Qu(t),20(t) > dt =< @u(T),20(T) > — < ¢(0),24(0) >
Since z,(0) = 0 and @,(T) = a(z(T) — z4), the above equality becomes

T T
/0 < @u(t),zu(t) >dt+/0 < @Qu(t),2u(t) > dt =< a(z(T) — z4),22(T) >

Thus

/OT < B(2(t) —zq),za(t) > dt = — < ot(2(t) — 24),2u(T) > +/0T < @u(t),h(t)Bz(t) > dt.

Or again

T T
<o(zT)—zq),zn(T) > +/O < B(z(t) —zq),zn(t) > dt :/o < @u(t), h(1)Bz(t) >p2(q) dt.

Let ¢ be the solution of the adjoint equation (7), we have lirf 120 = znllg(o,r1.2(02)) =

Oand lim ||@,— ¢
n—-oo

¢(o,r].12(2)) = 0-
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The above calculation allows

<oa(z(T) —zq4),zn(T) > +/()T < B(a(t) —za),zn(t) > dt =< B z(t)9(t),h(t) > 120 1)

and

T T
< a(z(T)—zq),z4(T) > +/0 < B(z(t) —zq),zn(t) > dt :/o < @u(t),Bz(t) >p2(q) dt.

Therefore the derivative of _# is given by

S0 h= [ 100,820} 2+ euto o)

Hence d, # -h=< 7'(u),h>p2o 1) -
Now, we give the necessary optimality conditions.

Proposition 2. Let u* be an optimal control solution of problem (4). Then u* satisfies
< W) v—u">p07)> 0, Vv € U (11)
where ' (u") is the Frechet derivative of ¢ at u*, given by (6).
Proof. Let u* be an optimal control, and v € U,4, the convexity of U,; implies that
w4+ Av—u") €Uy, VA €]0,1].
Then
S W) < W +A(v—u")), (12)
So
JW)< JW)+A< FW)v—u > +[Av—u)|0(A(v—u))
where Hlﬁmo 0(z) =0.
Z||—
< J'w),v—u*>>—|lv—u*|0(A(v—u*)), VA €]0,1].

Thus
< J'w)v—ut>> —Hv—u*H/{irr})B(l(v—u*))

As %im O(A(v—u*)) =0 we deduce that < #'(u*),v —u* >> 0.
—0

Proposition 3. Letr u* be an optimal control, solution of problem (4), then

J'(u*)=0
S (u)

or u* € dU,y and — —Z4—————is a normal vector to U,y at u*

17" ()

13)
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Proof. Let u* be an optimal control. We suppose that #'(u*) # 0, then u* € dUy,.
Indeed, if u* € U,y, then there exists r > 0 such that B(u*,r) C U4, where B(u*,r) the
open ball with centre #* and radius r.

Applying the inequality (11) to the elements of B(u*,r), we obtain #'(u*) =0
which is absurd. Then u* € dU,,.

1(, %
Using (11), we deduce that —# is the normal vector to U,y at u*.
17" ()
We apply the optimality condition (13), to characterize the optimal control.
Theorem 2. The optimal control solution of problem (4) is given by the formula

u'(t) = 7% < @(t),Bz(t) > . (14)

Proof. Let u* be an optimal control, then u* € Int(U,y) = Uy, so, the condition (13)
1
becomes _#’'(u*) = 0. We deduce that u*(t) = =< o(1),Bz(t) >.

Remark 1. For oo = 0, we retrieve the result established in [15] and in [2] for the plate
equation.

4 Numerical Approach and Simulations

We have seen that an optimal control solution of problem (4) is solution of the Eq. (13)
that gives by the formula (14). The computation of such a control may be achieved
considering the following algorithm.

e Step 1: Initialization: yy initial state, uy € U4, k¥ > 0 the precision.
e Step 2:
Solving the system (1) gives z,.
Solving the adjoint system (7) gives @,.
e Step 3:
The control u,(¢) is computed by the formula (14).
e Step 4:
It H Un+1 — Uy || < K, stop.
elsen=n+ 1, go to step 2.

Example: Heat equation
On |0, 1], we consider the following bilinear heat equation

%Z(x,t) = c%z(x,t) +u(t)z(x,t) x €]0, 1], ¢ €]0,T],
2(0,) = z(1,1) =0 1 €]0, T (15)
7(x,0) =29 x€)0,1]
(92
where A = €52 ¢ € R with domain D(A) = H?(0,1)NH} (0, 1) and control operator

B = I. The operator A generates a Cy semi-group (S(t));>0 on L?(£2) and is given by

S(t)z= i ei(nn)26[<¢n7z>¢n
n=0
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where ¢ = 1, ¢,(x) = v/2sin(nmx), Vn € N*.
Consider the problem (4) with U,y = L*(0,T) and

o 2 B [T 2 e [T 2
/(u):§||z(.,T)—zd||Lz(0,1)+§/0 ||Z(.,t)—ZdHLz(o’l)dt—i-E/O |u(t)|*dt  (16)

The differential of the functional cost is given by
S u)(t) =< @(1),2(t) >12(0,1) +eulr) (17)

where ¢ is the solution of

2
D) = e 2y —ult)=(0)]ple) ~ B(E(T) ~24) as)
o(T) = a(z(T) ~ )

We consider the following data zo(x) = x(1 —x%),z4(x) = 0.2x(1 —x)(x* +x+1),c =
0.001, T=1,a=10°, B=10>e=1, k=10"3.
The optimal control is given by

and the simulations give the following figures:

05

t=0
t=1 ]
zd ||

0451

04

0351

03

z{x.)
o
N
[43]

02f
0.15¢
01f

e

0 01 02 03 04 05 06 07 08 08 1
x

Fig. 1. Final state on 0, 1]

Figure 1 shows that the final state is very close to the desired one with error ||z(T) —
Zd||L2(Q) = 4.4133 x 107° and the evolution of control is given by Fig. 2.
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0.08

0.07
0.06 q
005F 1

20041 B

0 01 02 03 04 05 06 07 08 08 1

Fig. 2. Evolution of control function

5 Conclusion

Optimal control of a class of infinite dimensional bilinear systems is considered using
unbounded control. The existence of an optimal control is proved and characterized by
optimality conditions. The obtained results are illustrated by examples and successfully
tested through simulations. Questions are still open, for instance the case of optimal
control of linear systems acted by bilinear boundary controls.

Acknowledgments. This work was carried out with the help of the Academy Hassan II of Sci-
ences and Technology.
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Abstract. This paper is concerned with the Bayesian estimation of the
parameters of an epidemic agent-based model. The proposed model sim-
ulates the classic SEIR epidemiological model at the agent level. The
estimation of parameters of the introduced model is based on Approxi-
mate Bayesian Computation (ABC). Simulated datasets are used to test
the proposed methodology.

Keywords: Approximate Bayesian Computation - Agent-based
models - Seir epidemic model

AMS Subject Classification: 62F15 - 60E05 - 60J10 - 60J60 - 92D30 -
65C05

1 Introduction

The modeling of complex systems generates models that are difficult to estimate
by classical inference methods. The likelihood for this kind of models is often
computationally intractable. Free likelihood methods offer a promising way to
deal with this kind of problem. Approximate Bayesian Computation (see Sisson
et al. [16]) is a family of free likelihood algorithms widely applied in disciplines
that rely on genetics, ecology ...etc. This paper aims to propose an approximate
Bayesian computation algorithm to estimate the parameters of an agent-based
model in epidemiology. The paper is structured as follows. Section 2 formalises
the agent-based model; Sect. 3 present an MC simulation study of the dynamics
of the introduced model; Sect. 4 is devoted to the presentation of an approximate
Bayesian estimation proposed to estimate the parameter of the agent based
model introduced; the evaluation of the estimation algorithm is given in Sect. 5;
finally, Sect. 6 conclude the paper.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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2 Agent-Based Model Proposed

Agent-based models date back to the work of modeling complex systems in the
years 1969-1985 (see, Axelrod and Hamilton [1], Langton [14] and Thomas C.
Schelling [15] among others). The literature on the application of agent-based
models in epidemiology shows two main classes of models (see, Hunter et al. [9]).
The first class contains general models whose objective is to show how diseases
spread according to the different parameters of the models. The second class
includes models specific to given disease.

As noted by Hunter et al. in [9], four components are distinguished in agent-
based models applied in epidemiology: the structure of agents, the environment
of agents, the mobility of agents and the transmission dynamics of disease.

Hence, the specification of an agent-based model requires the precision of the
following elements (see, Hunter et al. [9]): the structure of the agents, the space
in which the agents evolve (discrete or continuous), time (discrete or continuous),
the mobility of the agents, the environment and the dynamics of contagion.

The model proposed here is a general type model. The time is assumed to
be discrete and divided into days.

The agents live in households of random size. We assume that the household
size follows a Poisson probability distribution of parameter . The choice of
this probability distribution is motivated by [11] and [12], more precisely, the
household size ny, is generated as follows:

np = 1 4 e whereey, ~ Poisson(\).
We modeled the household size by a Poisson probability distribution shifted by 1
to ensure that each household contains at least one agent with probability equal
to 1.

Here we use X ~ P to indicate that X is a random variable following the
probability distribution P.

From this specification, the number of agents is a random variable with mean
N(1+ A) and variance N where N is the number of households.

Each agent is characterized by a state with 4 possible values: 0 (susceptible),
1 (exposed), 2 (infected) and 3 (recovered).

Every day, agents make contacts modeled by Erdés-Rényi random network
(see [7] and [5]).

The dynamic of contagion is based on the classic SEIR model (see, [2] and
[13]). SEIR model is a compartmental model used to model infectious diseases
with a latent phase during which the individual is infected but not yet infec-
tious. In this model, the population is affected to 4 compartments: Susceptible,
Exposed, Infectious and Recovered (noted respectively: S, E, T and R). Each
member of the population transits from susceptible to exposed to infectious and
finally to recovered as shown in the Fig. 1 below:

B 4 u
T \/’ﬂ | ’

Fig. 1. SEIR model



304 M. Zbair et al.

The parameter 3 is the infectious rate, it controls the rate of spread of epi-
demic which is the probability of transmitting disease between a susceptible and
an infectious individual. The rate  is the incubation rate, it is the rate of latent
individuals becoming infectious. The average duration of incubation is 1. The
parameter u is the recovery rate, this rate expresses the average duration of
infection.

The model is expressed by the following set of ordinary differential equations:

ds, __BSiI,
dt M
% = —Ey — ply
% = —pl

where M = S; + E; + I; + R; the total population.

Inspired from this model, we assume that a susceptible agent in contact with
an infected agent can be infected with a probability B. The incubation time
is assumed to be random with a Poisson probability distribution of mean %
An infected agent recovers after a random period with a Poisson probability
distribution of mean L.

More formally, the model is expressed as follows:

Let A be a set of agents of size N. For a € A and ¢t € N (time is represented
by natural numbers), let 2,(¢) the state of agent a on day t.

Let R; = (A, E¢,p) the random network of contacts on day ¢. The vertices
are the set of agents and the edges are specified by the adjacency matrix E;
defined as follow:

Ei(a,d') = 1, if agentsa and a’ come from the same househould
0 u ~ Binomial(1, p), otherwise.

Here, p is the probability that a contact will be established between two agents
who do not come from the same household. We assume that the probability p is
independent of time.

2.1 Mechanism of Disease Spread

In this subsection we present how the epidemic state of an agent evolves over
time.

Initially, only one agent is infected. For an agent a € A, let n, = inf{t €
N, z4(t) = 1} the day on which the agent a is contaminated. Let 7, the incubation
period of agent a.

The spread of the disease is as follows:

Let a,a’ € A
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o if 2,(t) = 0, z,(t) = 2 and Ei(a,a’) = 1, then a becomes infected with
probability 3.

e if 2,(t) = 1, let v be a realization of the Poisson distribution of parameter %,
ift —7, > v then z,(t +1) = 2.

o if x,(t) = 2, let v be a realization of the Poisson distribution %u ift—71y >0
then z,(t + 1) = 3.

Proposition 2.1. The probability that a susceptible agent on day t will become
infected knowing his contacts and the status of his contacts and the epidemic
states of his contacts, is given as follows:

Let Lo = {2a(t); (xar (t))ara; (Ei(a, a'))aren}
Ploa(t+1) = 1[Ip,] = 1 (1= )=V

where 14 (t) = card{a’ € N, Ey(a,a’) =1 and xz,(t) = 2} the number of infectious
contacts of agent a at t.

Proof. Let a € A susceptible at t, the agent remains susceptible at ¢t + 1 if it
isn’t infected by its infectious contacts.

As every a' € {a’ € N,E;(a,a’) = 1 and z,(t) = 2}, can infect the agent
with probability 5. Then

Plza(t+1)=0] 1, = (1 - B)®

as the agent is in state 0 (susceptible), at ¢ + 1 it cannot transit to states 2
(infected) and 3 (recovered).
So,

Pleg(t+1)=2|1,] =Plza(t+1) =3I =0

and

Plza(t+1) = 0| Ia,t|+Plza(t+1) =1 | I t]+Plra(t+1) = 2| Ia,t]+Plza(t+1) =3 | Io¢] =1

then
Plaat+1)=1]I,4]=1-(1—-p)k®

O
In the following subsection, we propose an algorithm to simulate the evolution
of agents states.
2.2 Simulation Algorithm

To simulate the evolution of agents states over time we propose the following
algorithm.
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Algorithm 1. Simulation algorithm
Input:
N number of households
p, 3,7, p and A
T=Simulation duration
(Ta)a, (Na)a: vectors initialized to 0
A: agents set
Output:
(a(t))a,t
Initialization:
at t =0,
Generate the agents given the number of households and A
Choose ag a random in A, put z,,(0) = 2 and 7., =0
Disease spread:
fort=0:T-1
forae A
case (zq(t) = 0)
compute lq
r = random
if (r<1—(1-p3)®)
za(t+1)=1
Ta=1t+1
end if
case (zq(t) = 1)
draw v ~ Poisson(2)
if (t+1)— 74 >0)
zTa(t+1) =2
Ne =1+ 1
end if
case (zq(t) = 2)
draw v ~ Poisson(+)
if ((t+1)—ne>u),z(t+1)=3
end for
end for

3 Dynamic of the Introduced Model: Simulation Study

We study the model introduced in the cases of the A/HIN1 influenza pandemic
(see [3]) and Covid 19 (see [10]). The behavior of the system is simulated for
several values of (.

The Table 1 shows the parameters v and p considered for Poisson distribu-
tions.
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Table 1. The parameters v and p

A/HINI influenza | Covid 19
v |1/2days™" [3] 1/6days™" [10]
p | 1/4days™" [3] 1/14days™" [10]

The simulations are conducted for a population of 1000 households with
A = 2, which gives a household of average size equal to 3, and p = 10915]71/\/’) where
N’ is the number of agents.

In the Table 2, we summarize for some beta values, the estimate of the
maximum number of infectious agents reached noted MI and the duration in
days to reach the maximum of active cases (infected cases minus recovered cases)

noted DMA. These results are obtained after 100 simulations.

Table 2. Simulations result

MC mean | MC confidence interval
Covid 19 8 =0.01 | MI(%) 0.79% [0.02%, 5.13%]

DMA (days) | 44.31 [1,172.15]

B =0.02 | MI(%) 90% [89%, 92%)
DMA (days) | 94 (92,116]

B =0.05 MI(%) 99.67% | [99.51%, 99.80%]
DMA (days) | 65.87 [60,74]

B=0.1 | MI(%) 99.99% [99.98%, 100%]
DMA (days) | 48.5 [45.96,52.03]

B=0.5 | MI(%) 100% [100%, 100%)
DMA (days) | 29.8 [28.98,31]

A/HIN1 influenza | 8 = 0.01 | MI(%) 0.02% [0.02%, 1%)

DMA (days) |1 [1,10]

B =0.05 | MI(%) 45.15% [0.02%, 80.71%]
DMA (days) | 36.57 [1.72]

B =10.06 | MI(%) 91.21% [90.7%, 92.76%)]
DMA (days) | 42.77 [37.4,47.6]

B=0.1 | MI(%) 95.35% [94.97%, 98.07%]
DMA (days) | 33.10 [29.28,40]

B=05 MI(%) 100% [100%, 100%]
DMA (days) | 17.27 [16.73,18]

These results suggest the existence of a critical value of beta, from which the
infectious disease can spread in population. For Covid 19, the critical value is
about 0.02. Concerning A/HINT1 influenza, it is about 0.05.
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4 Estimation of Model Parameters

Usually, agents level data are not available, only aggregates data are available.
Inference on parameters from theses aggregates is very complicated. It is almost
impossible to compute the probability law governing the model. To overcome this
problem, we propose the use of Approximate Bayesian Computational methods.

Approximate Bayesian Computation methods are a family of algorithms
developed to perform Bayesian inference in the case of computationally
intractable likelihood function. The steps of the basic ABC algorithm (see[17])
are as follows:

Algorithm 2. Basic ABC algorithm
Input: Observed data Dy, prior distribution 7, threshold error e and discrepancy
measure A
Output: a sample of size n from approximate posterior P, (6]|Do)

Draw 6 from the prior distribution ().

Simulate D from the model p(D|0), using parameters 6 to get data D.
If A(D, Do) < e accept 6 otherwise reject.

Repeat 1.,2. and 3. until n values 0 are accepted.

R

To improve the efficiency of the basic algorithm, several algorithms have been
developed such as ABC-MCMC, ABC-SMC (see [3] and [16]).

The simulation of agent-based models is very expensive in terms of compu-
tation. This limits the number of simulations that can be generated. To remedy
this problem, we propose an algorithm inspired by the ABC methods based on
the modeling of the discrepancy measure (see, [8]).

Let Ay = A(D, Dy) where D the simulate data under p(D|0) and Dy the
observed data. We model (log(Agp))g as a Gaussian process with mean function
m(0) and covariance function ¢(6,6’). The standard choice of m and ¢ are (see,

[8]):
P
= Zaiaf +bi0; +c
i=1

and

P
c(0,0)y =0 exp< Z (6 9 > + 0319=g:y for 0 = {61,...,0,}

=1

The estimation of the parameters of m and ¢ can be done by the maximum
likelihood method. From a sample (6;, A, )i=1,... k., let m and ¢ the estimates
obtained.
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For new value of 6, the prediction of Ay is done as follow:
Ag = m(0) +b(0) Ve (%)

where b(8) = (c(6,60"),i = 1,...,K), V = (¢(6:,6;),5,j = 1,..,K) and é =
(Aei - TATL(GZ),’L = ]-7 ) K)/

The estimation algorithm consists of two steps. In the first step (the most
expensive part in terms of computation) we apply the basic ABC algorithm
without rejecting any generated value. We thus obtain a sample of size K of
parameters 6 and the associated discrepancies. From this sample we estimate a
Gaussian process modeling the logarithm of the discrepancy depending on 6.

In the second step, we apply Basic algorithm without simulating the model.
Discrepancies are predicted using the Gaussian process estimated in the first
step.

So, the proposed algorithm is as follow:

Algorithm 3
Input: Observed data Dy, prior distribution 7, threshold error e and discrepancy
measure A, K, m
Output: a sample of size n from approximate posterior Py (6]Dy)

1. Draw a sample (0;);=1,..,k from the prior distribution ().

2. For each 6;, simulate data from the model, using parameters 6; to get data D;
and Az = A(D,,Do)

3. From the sample (0;,A;):=1,...x, estimate a Gaussian process to obtain m and

¢.

Draw 6 from the prior distribution m(6).

Compute Ay according to (*¥)

If Ap < e accept 0 otherwise reject.

Repeat 4,5,6 m times.

N o

5 Evaluation of the Estimation Algorithm

We use a Gaussian process with polynomial mean function on 6, m(0) = P(0)

’
110: =0, |l
l

and covariance function c(,0’) = o2exp ( > + 031{9:9/}. The degree of

the polynomial m is chosen so as to minimize the Bayesian information criterion
of the model.
Two discrepancy measures were tested, namely:

A =max; (| I — I} |,| R — R} |)

Al:Z|It—I?\+Z|Rt—Rg|
t

t
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where I? and RY are respectively: observed infected cases, and observed recovered
cases. We perform the approximate Bayesian computation with a noninformative
prior on §: the uniform probability distribution on [0,1]. The error was set to
accept a fraction « of the generated sample of 6. Several values of « have been
tested. We perform the algorithm with K = 100 and m = 10000.

The estimates obtained are close to the true values. Indeed, the average
absolute error compared to the true value of 3 varies between 1.3% (value reached
for 8 = 0.9) and 22% (value reached for § = 0.1). By decreasing the alpha
acceptance rate the performance of the estimation algorithm improves. Indeed,
by going from o = 15% to o = 5%, the gain in terms of average absolute error
varies between 55% and 73%.

By comparing the two discrepancy measure adopted, it turns out that A
perform better.

Tables 3 and 4 summarize the results obtained according to the various values
of a and the discrepancy measures adopted.

Table 3. Results obtained with discrepancy A

True value of 3 | Estimation | Mean absolute | Credible interval
error

As and a =5% |8 =0.05 0.045 0.012 [0.023,0.068]
6=0.1 0.108 0.014 [0.085,0.134]
6=0.3 0.284 0.018 [0.261,0.308]
8 =0.6 0.602 0.013 [0.579,0.628]
6=0.9 0.912 0.012 [0.877,0.924

A and a = 10% | 8 = 0.05 0.072 0.030 [0.024,0.119]
6=0.1 0.113 0.027 [0.065,0.159]
8=0.3 0.275 0.032 [0.228,0.324]
8=0.6 0.564 0.038 [0.517,0.610]
6=0.9 0.911 0.026 [0.864,0.960]

A and a = 15% | 8 = 0.05 0.081 0.044 [0.009,0.153
6=0.1 0.122 0.040 [0.050,0.192]
8=0.3 0.28 0.040 [0.208,0.349]
8 =0.6 0.564 0.046 [0.492,0.635]
8=0.9 0.906 0.036 [0.838,0.974]
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Table 4. Results obtained with discrepancy A

True value of 8| Estimation | Mean absolute | Credible interval
error

Ar and a« =5% |8 =0.05 0.051 0.012 [0.027,0.074]
5 =0.1 0.129 0.029 [0.105,0.153]
68=0.3 0.280 0.020 [0.256,0.305]
B8=0.6 0.717 0.117 [0.692,0.742]
=09 0.974 0.074 [0.951,0.998]

Ay and a = 10% | 8 = 0.05 0.055 0.024 [0.010,0.101]
B8 =0.1 0.134 0.036 [0.089,0.179]
£5=0.3 0.282 0.028 [0.234,0.329]
B8 =0.6 0.717 0.117 [0.666,0.766]
£5=09 0.951 0.051 [0.905,0.997]

Ay and a = 15% | 8 = 0.05 0.074 0.041 [0.005,0.143
B8 =0.1 0.146 0.052 [0.072,0.216]
=03 0.287 0.039 [0.214,0.357]
£ =0.6 0.715 0.115 [0.643,0.788]
B8=0.9 0.921 0.041 [0.846, 0.996]

Figs. 2, 3, 4, 5 and 6 represent the approximate posterior distributions accord-
ing to the different values of beta. The dashed line refers to the approximate
posterior mean. We note that these probability distributions are concentrated
around the true values of the parameters beta.

Fig. 2. Case 8 = 0.05 (acceptancy rate = 5%) and dicrepancy mesure A
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Fig. 3. Case 8 = 0.1 (acceptancy rate = 5%) and dicrepancy measure A

B approximate posterior distribution

Fig. 4. Case 8 = 0.3 (acceptancy rate = 5%) and dicrepancy measure Ao

B approximate posterior distribution

Fig.5. Case 3 = 0.6 (acceptancy rate = 5%) and dicrepancy measure Ao,

B approximate posterior distribution

Fig. 6. Case 3 = 0.9 (acceptancy rate = 5%) and dicrepancy measure Ao,
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6 Conclusion

This paper aimed to apply Bayesian approximation methods to estimate the
parameters of an agent-based model in epidemiology. First, an agent-based model
was formalized, and its dynamic properties were studied by simulation. Then,
we proposed an estimation algorithm based on Bayesian approximation methods
to infer parameters of the introduced model. The algorithm has been tested on
simulated data and has given very satisfactory results.

For the future studies, a possible extension of the introduced agent based
model is to take into account the heterogeneities of agents, for example: age,
morbidity, etc. These characteristics will influence the contact network and the
parameters of the epidemic model: 3, u, .
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Abstract. In this work a GaSe/CdS thin layers structure of a solar cell was digi-
tally processed by the SCAPS-1D simulation program where GaSe is the absorbent
material and CdS is the buffer layer; the study of this cell mainly consists in ana-
lyzing the effect of the different parameters of the two GaSe and CdS layers such
as thickness, concentration career, temperature and Ry, Ry, resistances. The P-N
junction is covered by an ITO layer acting as an OTC; the simulation results led to
good values photovoltaic parameters: more than 1 V for the open circuit voltage,
more than 12 mA/cm2 for Jg¢, an excellent fill factor which exceeds 90%, with
an efficiency around 16%.

1 Introduction

The production of energy is a challenge of great importance in the future. Today, a large
part of the world’s energy production comes from fossil sources. The sun is a green,
clean, renewable and sustainable source of energy, it has a very high potential to meet
the world’s electricity demand, and the sunlight can be directly converted into electricity
through the solar cell using the principle known as the photovoltaic effect. Researchers
are working on many different solar materials such as: Si, CdTe, CIGS, CGS, CZTS and
organic resources [1—10], with the goal of obtaining low cost and high efficiency solar
cells.

The GaSe compound (III-VI), is a more promising semiconductor because of its opti-
cal and electrical properties, it has a lot of capacities in the field of optoelectronic devices.
Studies concerning technological applications of crystals have shown that GaSe has
potentials for the use in optoelectronics [11, 12], non-linear optics [13], portable devices,

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 315-325, 2023.
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energy storage [14, 15], photovoltaics [16, 17] (Has a high absorption coefficient in the
visible range [18]), the objective of this work is the simulation of a GaSe-based solar cell
with the CdS emitter by the SCAPS simulator, and analysis their photovoltaic parameters
as a function of variation of the parameters, thickness, concentration, temperature and
resistance of the GaSe and CdS layers.

2 Methodology

In this work the results were obtained by SCAPS-1D simulator, it is a one dimensional
solar cell simulation software developed at the Department of Electronics and Informa-
tion Systems (EIS), University of Ghent, Belgium, their purpose is the digital analysis
of solar cells [19]. To achieve the desired structure, several physical properties of the
different layers composing the cell can be changed such as band gap, electron affinity,
dielectric permittivity, etc.

The necessary specification of the working point can be indicated in the action
panel. The software supports the classification of all physical parameters and also the
specification of the properties of the front and rear contact. A large number of AC and DC
electrical measurements, including short-circuit current density Jy., fill factor FF, open-
circuit voltage V., conversion efficiency v, quantum efficiency QE, response spectral,
generation and recombination profile [20-22]. Figure 1 shows the structure of the solar
cell used in this study.

The illumination of the light was through the side of the ITO layer with a light output
of 1000 W/m? at room temperature. The values of the physical parameters used in this
study are illustrated in Table 1 [17, 23-28].

The observation of the effect of thickness and concentration of GaSe and CdS layers
on the performance of GaSe-based solar cell was carried out by the following method:
the thickness (concentration) of the buffer layer was modified from 0.05 pm to 0.15 pm
(1017 cm 3 to 102! cm™>) while keeping the absorbent layer set at 2 pm (107 cm™3).
In the following, the buffer layer was set at a thickness (concentration) in which PCE is
maximum and the GaSe absorbent layer thickness was changed in the range of 0.2 pm
t0 2.0 wm (103 cm—3 to 10'7 cm™3). To observe the temperature effect of this structure,
the simulation was done in a range of temperature going from 280 to 400 K with a step
of 20 K. the effect of resistors R, and Ry also was simulated.

left contact right contact
back front _

Fig. 1. Solar cell structure of ITO/CdS/GaSe/Mo layer



Table 1. Physical parameters used in the simulation
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Parameters p-GaSe n-CdS n-ITO
Thickness(pm) 0.2-2 0.05-0.15 0.1

Eq(eV) 2.1 2.4 3.6

x(eV) 4.6 4.5 4.1

&r 8 10 10
Nc(em™3) 2.2 x 1018 2.2 x 1018 2.2 x 1018
Ny(em™3) 1.8 x 1019 1.8 x 10!° 1.8 x 1019
Wy (cm?/Vs) 250 100 50
wp(cm>/Vs) 25 25 75
Np(em=3) - 1017 — 102! 1018
Na(em™3) 1013 — 1017 - -

V osn(c/s) 107 107 107

V pen(cm/s) 107 107 107
Ni(em™3) 1014 1014 1014

3 Results and Discussions

3.1 Effect of Variation of Buffer Layer Thickness and Carrier Concentration

An N-type buffer layer was used between the absorbent layer and the optical window
layer so that the generated charge carriers would be directed to the electrode before
recombination occurred. Figure 2 shows the influence of the thickness and the concen-
tration of the CdS layer on the photovoltaic characteristics of the simulated solar cell.
The concentration and thickness of the CdS were varied from 107 cm™3 to 10?! cm ™3
and from 0.05 to 0.15 pwm, respectively. The increase in the number of donors results
in a slight decrease in V,., and a slight increase in Jy.. Figure 2 also shows that the
photovoltaic parameters of the simulated structure is independent of the thickness of

CdS.
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Fig. 2. Thickness and carrier concentration variation curve for CdS buffer layer

3.2 Effect of Variation of Absorption Layer Thickness and Carrier Concentration

In this work Fig. 3 shows that the increase in the thickness of the GaSe absorber, increased
the parameters PCE, J. and V,. and reach up to 15.24%, 12.32 mA/cm? and 1.37 V
respectively at 2 wm. The FF decreases due to the increase in series resistance with an
increase in the thickness of the absorber [26]. We varied the acceptor concentration value
between 103 cm™3 and 10'7 ¢cm™3 in the p-GaSe absorbent layer, here PCE increased
from 15.04% to 16.46%, which reveals that proper doping of the absorbent layer would
produce greater efficiency. Likewise, V,,. also increase with increasing values of N4.
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Fig. 3. Thickness and carrier concentration variation curve for GaSe absorption layer

Figure 4 shows the illuminated current density-voltage and quantum efficiency (EQ)
for the simulated solar cell. Figure 4-a presents the current-voltage density curves for
different thicknesses of absorbent layer varying from 0.2 wm to 2 wm. As a result of
the increase in the thickness of the absorbent layer, photons with longer wavelengths
were also absorbed. This effect is associated with improving the collection of photo-
generated carriers. Figure 4-b shows the current-voltage density curves with a variable
GaSe doping concentration varying from 10’3 cm=3 and 10'7 cm™3. According to this
figure, the higher concentrations produce the best charge transport.
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Quantum efficiency (Fig. 5) is the ratio of the number of charge carriers passing
through the external circuit to the number of incident carriers. For a given wavelength,
the external quantum efficiency is equal to 1 if each photon generates a pair of hole
electron. The effect of the thicknesses of the GaSe layer on the quantum efficiency was
also analyzed. Figure 5-a displays the quantum efficiency (QE) of the structure of the
solar cell ITO/CdS/GaSe/Mo) with different thicknesses of GaSe layer. Note that the
QE of this structure increases with increasing thickness of the absorbent layer. In fact,
more photons are absorbed when the thickness of the absorbent layer is increased. The
quantum efficiency is also observed to be reduced for higher acceptor densities due to
enhanced recombination process (Fig. 5-b).
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Fig. 5. QE characteristics curve of a) Thickness b) carrier concentration variation of GaSe
absorption layer

3.3 Effect of Variation of Temperature

We analyzed the device for various working temperatures from 280 K to 400 K, for
a better understanding of their behavior in the environment. Figure 6 shows that with
increasing operating temperature in the range from 280 K to 400 K, deterioration occurs
for V, from 1.60 V to 1.40 V. This is caused by increasing saturation current and the rate
of recombination with increasing temperature [29, 30]. On the other hand, J,. increases
from 11.64 mA/cm? to 12.10 mA/cm? due to thermal generation of carriers. the FF
goes from 88.93% to 88.19% and therefore PCE decreases from 16.60% to 14.97%.
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3.4 Effect of Variation of Resistance R; and Ry,

The performance of the cell was observed by varying the R from 2 to 20 Q - cm? as

shown in Fig. 7-a indicates that the V,. and the J,. are independent of Ry. It can also
be seen from the figure that the FF and the PCE decrease with the increase in Ry due to
the increase in power loss [26]. For the Ry, it was varied from 100 to 1000 €2 - cm? to
explore its effect on the performance of the cell as shown in Fig. 7-b. We observe from
the figure that the V,. decreases with the decrease of the Ry, due to the loss of current
towards Rgj,. Figure 7-b shows that low Ry, has a massive impact on cell performance.
We can conclude that good performance of solar cells is obtained for low values of Ry
and high values of Rg,.
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Fig. 7. Cell performance of ITO/CdS/GaSe/Mo as a function of a) series resistance b) shunt
resistance.

4 Conclusion

In the present study, thin films of GaSe, CdS, ITO, were used to simulate the solar
cell. Efficiencies in the order of 15% and more, and fill factors exceeding 90% were
recorded, the study began with the analysis of the effect of thickness and concentration
of the dopants of the first two layers on cell performance which showed that increasing
career concentration positively affects cell function for both layers, however the variation
in thickness did not cause a big change in the case of CdS; then the change in temperature
and resistors R and Ry, was also treated.
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Abstract. Let A and B be commutative rings, let J be an ideal of B, let f: A — B
be a ring homomorphism and we note by J(B) the Jacobson radical of B. The
purpose of this paper is to study the graduation of the amalgamation A b/ J
and A > [ introduced by D’ Anna and Fontana in 2007. We investigate also some
homological properties of the amalgamation over a graded ring and we show that
if (A,m) is a Noetherian local ring with dimension d, f : A — B a ring homomor-
phism and 0 # J C J(B) an ideal such that J is a finitely generated A-module,
then H;‘;Nf ,(A >l J) is FP — gr-injective if and only if H%(A) and HZ(J) are
F P — gr-injective.

Keywords: Amalgamation - Primary ideal - Graded ring - Graded module -
F P — gr-injective

1 Introduction

The notion of amalgamation of A with B along J with respect to f was introduced by
D’Anna et al. see [12]. Let f : A — B be a ring homomorphism. The subring of A x B:
A<l J={(a,f(a)+j)|acA,jecJ}is called the amalgamation of A with B along
J with respect to f. Certain properties of the rings (resp. ideals) have been transferred
to the amalgamation A </ J (resp.I </ J) see [1,12]. This notion of amalgamation of
A with B along J with respect to f is a generalization of the notion of amalgamated
duplication defined by D’ Anna and Fontana as follows A1/ = {(a,a+i) |a €A,i €
I} see [11]. Several authors have studied the theory of graded rings and modules see
[5,14,16]. Primary ideal, graded ideal and graded primary ideal have been studied in [2,
19,20]. In this paper we show that the amalgamation preserves the graduation of rings,
modules, ideals and primary ideals. We investigate also some homological properties
of the amalgamation over a graded ring. This paper is organized as follows:

In Sect. 2 we study the graded ideal, grade primary ideal amalgamated and we show
that if 1 is a graded ideal of A, then I </ J is a graded ideal of A </ J. We show also
that I is a graded primary ideal of A if and only if 7 >/ J is a graded primary ideal of
A</ J.In Sect. 3 we investigate also some homological properties of the amalgamation
over a graded ring and we show that if (A, m) is a Noetherian local ring with dimension
d, f : A — B aring homomorphism and 0 # J C J(B) an ideal such that J is a finitely
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generated A-module, then HY . (A b/ J) is FP — gr-injective if and only if Hij(A)
and H%(J) are FP — gr-injective. In this section we show also that if (A,m) is a graded
Noetherian local ring with dimension d, f : A — B a ring homomorphism and 0 # J C
J(B) an ideal such that J is a finitely generated A-module, then H;’Mf (A >/ J) is flat
(resp. free, resp. projective) if and only if H%(A) and H¢(J) are flat (resp. free, resp.
projective).

2 Graded Ideal and Graded Primary Ideal in Amalgamated
Algebra Along an Ideal

Definition 1. A ring A is called graded (or Z-graded) if there exists a family of sub-
groups {A, } ez of A such that:

1. A =&,czA, (as abelian groups)
2. Ay Ay CAyry forall nym € Z.

The elements of A, are called homogeneous of degree n. If x € A, then x can be written
uniquely as Y,z x,, where x,, is the component of x in A,,. We write A(R) = U,czA,.

Example 1. Consider K[x] = ®,czKx", where Kx" = 0 if n < 0. Then K[x] =---0®
- DODkDKxD--- is a graded ring.

Definition 2. Let A be a graded ring and M an A-module. We say that M is a graded
A-module (or has an A-grading) if there exists a family of subgroups {M, },cz of M
such that:

1. M = ®,czM, (as abelian groups)
2. Ay M, C My, forall n,m € Z.

Definition 3. Let / be an ideal of A. Then I is a graded ideal of A if I = ®,cz(INA,).
clearly we have @®,cz(INA,) CIand so [ is a graded ideal of A if I C @,z (INA,).

Definition 4. Let / be a graded ideal of A.

1. The graded radical of I (Gr(I)) is the set of all x € A such that for each n € Z there
exists k > 0 with xX € I. Note that, if r is a homogeneous element of A, then r € Gr(I)
iff * € for some n € Z.

2. We say that [ is a graded primary ideal of A if I # A, and whenever a,b € h(A), with
ab eI, thena el orb e Gr(I) so.

Example 2. Let A = Z[i] (The Gaussian integers). Then A is a Zp-graded ring with
Ao =7Z,A; =iZ. Let I =2A be a graded prime ideal. Then / is agraded primary ideal.
But / is not a primary ideal because 2 is not irreducible element of A = Z[i].

Theorem 1. [. Let A be a graded ring, I be an ideal of A. Then A <1 is a graded ring,
where
(Aal), =A, <] = {(ap,i)|a, €Anand i €T}.
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2. Let f: A — B be aring homomorphism and J be an ideal of B. If A is a graded ring,
then A</ J.

Proof. e Tt is not difficult to show that (A 1), is an additive subgroup for all n € Z.
e Show that (A, 1) (A ><1) C (Apgm=<1),V n,meZ.
Let (ay,a,+1i) € Ay I and (ap,am + j) € Ay < 1.
We have (an,an +1i) - (am,am + j) = (n@m, anam + anj + iam +ij),
since A, - Ay C Aptm, then ayay, € Ay and since a, j + iay +ij € 1,
80 (an,an+10) - (am,am+j) € Apym < 1.
Hence (A, > 1) - (A, <) C (Apgm < ).
e Show that A<l = ®,ez (A, < 1).
Let (a,a+i) €A = a €A =®,czAy, = a=Y,cza, and i = Y, c7 iy, Where
a, €Ay, i, €1.
So (a,a+1i) = (Xnez an: nez(an+in)) = Xnez(an, an+in) € Gnez(An >1).
S0 AT C Byuez(An ).
Let x € ®uez(An < I) = J a, € A, and i, € I such that x = Y, cz(an,a, +1i) =
(Znez An, ZnEZ an+ l) €A
So Ppez (A< I) C Al and therefore A <] = @,c7 (A, <1).
e Show that (A, <) N (A, 1) ={(0,0)}.
Let x € (A, 0 1) N (A b0 1) = ¢ AT <§Zaii;§ N
in =iy = Iy = i, = 0, since n # m.
Therefore A <1 is a graded ring.
e The second result is shown in the same way as 1.

Proposition 1. Let I be a graded ideal of A. Then I </ J is a graded ideal of A >/ J.

Proof. Let (a,f(a)+j) el J=a€l

Since [ is graded we have I C @&,z (INAy), s0 a € Bpez(INA,) = a =Y,c7 Xz, where
x, €INA,.

We have (a’f(a) +J) = (znGanaZrlGZf(xﬂ) +J) = 2n€Z<xnaf(xn) +J) € EBnGZ(Im
Ayl ).

Therefore I >/ J is a graded ideal of A >/ J.

Proposition 2. Let I an ideal of A, H an ideal of f(A)+J such that f(I)J CH C J. If
I/ H:={(i,f(i)+h)|i € I,h € H} is a graded ideal of A></ J, then I is a graded
ideal of A.

Proof. After [17] 1</ H is an ideal of A </ J.
Assume that I </ H is a graded ideal of A </ J.
Letiel,
S0 (i, /(1)) € 10 H = s (I H) O (A5 H),)

= Buea (100 H) N (Ay o H))

= ez ((INA,) > H).
So (i, f(¥)) = Xpez (Xn, f (xn) + hp), Where x, € INA, and h € H

= (ZnezXns Znez(f (Xn) +hn)).

Soi=7Y,cz%xn, Where x, € INA,, 801 € Dpez(INAL), 01 C Bpez(INA,).
Therefore I is a graded ideal of A.

{ a,=a, €A, NA, = a,=a,=0
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Theorem 2. I is a graded primary ideal of A if and only if I </ J is a graded primary
ideal of A</ J.

Proof. e Assume that [ is a graded primary ideal of A.
Let (a, £(a) + j1), (b, £(b) + j2) € h(A s/ ) = h(A) b/ J
such that (a, £(a)+ i) (b, f(B) + 2) = (ab, f(ab) + jof (a)+ i f(b) + j1 j2) €[5/ ]
=abecl=aclorbeGr(I) since I is a graded primary ideal.
So (a, f(a)+ j1) € I< Jor (b, f(b) + j2) € Gr(I) </ J = Gr(I </ J).
Hence I >/ J is a graded primary ideal of A >/ J.

e Leta,b € h(A) such thatab € I.

We have (a, f(a))(b,f(b)) = (ab, f(ab)) € I >/ J and since I >/ J is a graded
primary ideal, then we have:
(a,f(a)) € I/ Jor (b, f(b)) € Gr(I) </ J < a €T orbe Gr(l),sol is a graded
primary ideal.

3 Homological Properties of Amalgamation over a Graded
Module

Definition 5. A graded A-module M is called FP — gr-injective if Ext}(N,M) = 0 for
any finitely presented graded A-module N.

Theorem 3. Let (A,m) be a Noetherian local ring with dimension d, f : A — B be
ring homomorphism and 0 # J C J(B) an ideal such that J is a finitely generated A-
module. Then Hsz (A >/ J) is FP — gr-injective if and only if H%(A) and H%(J) are
F P — gr-injective.

Proof. e We have dimA = dim(A >/ J) = d. Then we have the following isomor-
phisms

HY (Al 1) = HE(As J) = HE(A®T) = HE(A) & Hi(J).

m

Since H? . (A<l J) is a FP — gr-injective A-module, for any finite presented A-

module M we have,
0=Exty(M,H® ; (Av</ J)) = Exty (M, HE(A)) & Exty (M, Hy (J)).-
So Ext\(M,H%(A)) = Ext}(M,H%(J)) = 0, hence H%(A) and HZ(J) are FP — gr-
injective.
e The converse is showed in the same way.

Corollary 1. Let (A,m) be a Noetherian local ring of dimension d and let 0 # I be an
ideal of A. Then H%,_;(A 1) is FP — gr-injective if and only if HS(A) and H%(I) are
F P — gr-injective.

Proof. If (A,m) is a Noetherian local ring of dimension d, then A < I is a Noetherian
local ring with maximal ideal m < I of dimension d.
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Proposition 3. Ler (A,m) be a graded Noetherian local ring with dimensiond, f: A —
B be ring homomorphism and 0 # J C J(B) an ideal such that J is a finitely generated
A-module. Then Himf ; (A <! J) is flat (resp. free, resp. projective) if and only if H%(A)
and H%(J) are flat (resp. free, resp. projective).

Proof. Since H:fmf (A >/ J) is flat (resp. free, resp. projective) we have

vl J),Afm) = Tor (HE(A), A /m) & Tort (HA(1), A /m).
So Tor{ (HL(A),A/m) = Tor{ (HL(J),A/m) =0, hence H%(A) and H%(J) are flat (resp.
free, resp. projective).

Acknowledgements. I thank the organizers of the International Conference on PDE and Appli-
cations, Modeling and Simulation which is an opportunity for us to share and receive new ideas.
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Abstract. Given B and C two associative unital algebras over A not necessar-
ily commutative which are finitely generated, we show that if f is a generalized
derivation of B® C and (f;)er a basis of C, then for all i € I, there exists a gener-
alized derivation f; of B such that for all x € B we have f(x®1) =Y;¢; fi(x) @ B;.
By denoting by Der®(B) the set of generalized derivations of all B and Der(B) the
set of derivations of all B and considering the left multiplier L, : B — B defined
by Ly (x) = bx, ¥V b,x € B, the right multiplier R;, : B — B defined by Rj,(x) = xb,
Vb,x€Bandadb=L,—Rp,VbeB.

We show also in this paper that every generalized derivation f of B® C can be
written in the form, f = adu+ Z?:l L, @dj+ Z?Zl 8gi®Ly,,, whereu € BQC,
z; € Z(B),w; € Z(C),d; € Der(C), g; € Der®(B) and adu : B C — B&C defined
by adu(x) = ux—xb,¥Yx € B®C.

Keywords: Derivation - Generalized derivation - Algebra - Tensor product

1 Introduction

The notion of generalized derivation was introduced by BreSar in 1991. Given an A-
algebra B, a linear mapping f : B — B is a generalized derivation if there exists a
derivation d of B such that the generalized rule f(xy) = f(x)y+xd(y) is satisfied for all
x,y € B. We denote by Der®(B) the set of generalized derivations of all B and Der(B)
the set of derivations of all B.

Matez Bresar in his article entitled “Derivation of Tensor Product of Nonassociative
Algebra” has shown that any derivation d of B® C can be written in the form d = adu+
S L@ fi+ 3L, 8i®Ly,, whereu € N(B)@N(C), zj € Z(B),w; € Z(C), f; € Der(C)
and g; € Der(B) (see [2]). By taking inspiration from this result and considering the left
multiplier L, : B — B defined by L,(x) = bx, V b,x € B, the right multiplier R, : B— B
defined by Ry(x) = xb, ¥V b,x € B and adb = L, — Ry, V b € B, we show that every
generalized derivation f of B® C can be written in the form, f = adu+ 27:1 L;®dj+
> 8 ®L,, where u € B®C,z; € Z(B),w; € Z(C), d; € Der(C) and g; € Der%(B).

It should be noted that this result does not exist to our knowledge in the literature,
but we use the same demonstration techniques as in [2]. This paper is structured in two
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parts, in the first part entitled “preliminary results” we recall some basic results of the
generalized derivation. We also recall in this part the results in [2] to use it to establish
our results. In the second part of this paper we present our main results.

2 Preliminaries Results

Definition 1. Let B an A-algebra. A linear mapping f : B — B is a generalized deriva-
tion, if there exists a derivation d of B such that the generalized rule

fOy) = f(x)y+xd(y)
is satisfied for all x,y € B.

Notation: We denote by Der®(B) the set of derivations of all B.

Example 1. The maps of the form f(x) = bx+ d(x), where b is a fixed element of B
and d € Der(B), are generalized derivations.

Definition 2. We call left multiplier any map L : B — B defined by
L(xy) = L(x)y,Vx,y € B.

Definition 3. We call right multiplier any map R : B — B defined by
R(xy) = yR(x),Vx,y € B.

Example 2. 1. The map L;, : B— B defined by L, (x) = bx, V b,x € B is a left multiplier.
2. The map R, : B — B defined by R,(x) = xb, ¥V b,x € B is a right multiplier.

We can easily see that adu = L, — R, € Der(B).
Proposition 1. Let d a derivation of C. Then the map

d,: B&C—B®C
xQy+— zx®d(y),Vz € Z(B).

is a derivation of BQ C.
Proof. See [2].
Proposition 2. Let d a derivation of B. Then the map

d,: BRC— B®C
x®y+—d(x) @2zy,Vz € Z(C).

is a derivation of BR C.

Proof. See [2].
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Lemma 1
Proof. See [2].
Lemma 2. Letey,---,e, € U be linearly independent. If vi,--- ,v, € V such that

e1@vi+ - +e, v, =0,
thenv;i=0,V1<i<n.
Proof. Let f;: U — V the linear map defined by fi(e;) = &;;,V j=1,---,n
Consider themap g: U xV —V

(x,y) — fi(x)y.

It is not difficult to see that g is bilinear, so according to the universal property of
the tensor product it exists /; : U @ V — V such that

hi(x®Y) = fi(2)y.

So on the one hand we have

n

n
D hilej@v)) = Z

T M=

IJVJ—VU
j=1
on the other hand we have
2 (ej®@v)) = Ze/®vj hi(0) = 0.
=1

Hence v; = 0.

Lemma 3. Letey,--- e, € U be linearly independent. If vi,--- ,v, € V such that

1@Vt +e Qv = QW1+ +E QW

for some €1, ,&, € U and wy,--- ,wy,, € V. Then each v; is a linear combination of
Wi, s W
Proof. Since the elements ey,--- ,e, € U are linearly independent, then we can com-
plete it in one basis of vect{ej, - ,en, €1, ,Em}-

Let B={ei, - ,en,€nt1, - ,€p} such basis.

Sowe have g; = Y7 a/e;.
Using the bilinearity of the tensor product we have

P P
LRV +- - Fe v, = izlailei@)wl+---+zi:1a{"ei®wm
=y7 ei®ocilw1+---+2f:lei®a,-’"wm

i=1

- " "
—el®zj:1a1w]+ +ep®zj:1apwj
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So we have

61®V1—€1®2 1051W]+ “tenvy — en®2 1OCnWJ €n+1®2,1 n+1wj_

€p®2j:1 Otpwj —O

® 1= oqw)) - en® (v — L Gaw)) —ens1 ® XSy Oy wj— e —

M ahw; =0.
So after the Lemma 2 we have v; = Z’]-"Zl otl-j w;, hence the result.

3 Results: Generalized Derivation and Tensor Products
of Algebras

3.1 Generalized Derivation and Tensor Products
Theorem 1. Let f a generalized derivation of C. Then the map

f.: B&C— B®C
xRyr—zx® f(y),Vz € Z(B).

is a generalized derivation of B& C.

Proof. Letx,x’ € Bandy,y € C.

335

Since f € Der®(C), then it exists d € Der(C) such that f(yy') = f(y)y' +yd(y').

We have

/

L(xey) ' @y) =il oy) =200)@ f() = 2() @ (f(v)y +yd(y))
Z

—Z(XX)®f(y) (') @ yd ()
= ()X @ f(y)y +x(zx') @ yd(y'), because z € Z(B)
= () f)Fey)+(x2y)((x)@d)))

= f(x@y) (¥ @)+ (x@y)d(X ®Y).

y+
y +

Therefore f, € Der®(B@C).
Theorem 2. Let g a generalized derivation of B. Then the map

g:: BRC—BR®C
x®y+— g(x)®@2zy,Vz € Z(C).

is a generalized derivation of B& C.
Proof. The proof is similar to that of the previous theorem.

Proposition 3. Let g € Der®(B) and z € Z(C). Then g®@ L, € Der®(B® C).



336 M. Thiaw

Proof. Letx,x € Bandy,y' €C.
Since g € Der®(B), then it exists d € Der(B) such that g(xx') = g(x)x' +xd ().
We have

(L) ((x@y) (¥ ®Y)) :(g® L) (xx' @yy') = g(xx’) @ L (')
'+xd(x') @ (z(»))
)@ (z(0y)) + (xd(x)) @ (z(»y"))

’) @ (z(»)) + (x@y)(d() @ (2y)),z € Z(C)
L(y)(¥ ®@Y) + (x®y)d(X ®))
z)(X®y))( @Y+ (x@y)d (X ®y')

Therefore g ® L, € Der®(B® C).
Proposition 4. Let f € Der®(C) and z € Z(B). Then L, ® f € Der%(B®C).

Proof. The proof is similar to that of the previous proposition.

4 Results: Generalized Derivation and Tensor Products
of Algebras

4.1 Generalized Derivation and Tensor Products

Theorem 3. Let f a generalized derivation of C. Then the map

f.: B&C— B®C
x®y+— 2x® f(y),Vz € Z(B).

is a generalized derivation of B& C.

Proof. Letx,x’ € Bandy,y €C.
Since f € Der®(C), then it exists d € Der(C) such that f(yy') = f(y)y' +yd(').
We have

/\

Loy e)y) =L ey) =z20x) o f(vy) =

() @ (f()y +yd(y))
=z2(xx) @ f(y)y' +z(xx) @ yd(y')
fy

/

<

= (20)X ® f(y)y' +x(zx') @ yd(y'), because z € Z(B)
= (@)@ f)E @)+ (x®y) () @d())
= f(x@y)(¥ ®)) + (x@y)d:(x' @)).

Therfore f; € Der®(B®C).
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Theorem 4. Let g a generalized derivation of B. Then the map
g8 B&C—B®C
xRy r— g(x)®zy,Vz € Z(C).
is a generalized derivation of B& C.
Proof. The proof is similar to that of the previous theorem.
Proposition 5. Let g € Der%(B) and z € Z(C). Then g® L, € Der®(B@ C).

Proof. Letx,x' € Band y,y € C.
Since g € Der%(B), then it exists d € Der(B) such that g(xx') = g(x)x' +xd ().
We have

(®L)((x@y)(¥ ®Y)) = (g@L:)(xx' @yy') = g(xx') ® L.(»)
= (g()x' +xd(x)) & (z(»))
= (g(0)x") @ (z(»)) + (xd (') @ (z(»»"))
= (8()x) ® (z(»y) + (x@y)(d(¥) ® (2Y)),z € Z(C)
= () ®L(y) (¥ @) + (x@y)d:(x' @)
= ((g®L)(x®y)) (¥ @))+ (x®y)d(x ®))

Therefore g ® L, € Der®(B®C).
Proposition 6. Let f € Der®(C) and z € Z(B). Then L, ® f € DerS(B&C).

Proof. The proof is similar to that of the previous proposition.

4.2 Main Results
The following lemma and the following theorem are the main results of this paper.

Lemma 4. Let B and C two associative A-algebras not necessarily commutative, f a
generalized derivation of B& C and (J3;)ier a basis of C. Then for all i € I, there exists
a generalized derivation f; of B such that for all x € B we have

fx@1) =3 filx)® B (1)

iel

Proof. As in Lemma ?? for every x € B, there exists f;(x) € B such that (1) holds.

The linearity of f; comes from the linearity of f.

Letx,y € B.

On the one hand we have:

fyel)=f(xeh)yel))
=fx)(ye)+(x®1)d(y®1), where d € Der(B&C),
= QL fiD@BI )+ (x@1) Y, di(y)® B, it's after (??) and (1)

=Y i @B)(ye1)] +Z,€, x® 1)di(y) Bl
=Dt Fi)Y @ Bi+ Y xdi(y) © By = Y (filx)y +xdi(v) @ Bi+).
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On the other hand we have:

fyel)= Zielﬁ(Xy) ® Bi, it’s after (1)(xx).

So after (x) and (**) we have

Yier filxy) @ Bi = Lies (fi(x)y +xdi(y)) © Bi

S0 Yies (filxy) = fi(x)y — xdi(y)) @ Bi = 0.

Since the vectors f3; are linearly independent, then we have

fi(xy) = fi(x)y — xdj(y)) = 0.
So we have
fi(xy) = fi(x)y+xd;(y)), with d; € Der(B),Vi € I.

Therefore f; € Der®(B).

Theorem 5. Let B and C two associative A-algebras not necessarily commutative
which are finitely generated. Then every generalized derivation f of B C can be writ-
ten in the form

p q
f=adu+ ZLZ_/.@)dj—&-Zgi@Lw”
=1 i=1

where u € BRC, z; € Z(B),w; € Z(C), d; € Der(C) and g; € Der%(B).

Proof. Let (w;)i<i<q a basis of Z(C). So by completing this one we get a basis
(wi1<i<gU (Bi)1<i<i of C.

Let f € Der®(B®C),x € Band y € C.

So it exists d € Der(B® C) such that

frey) =f((xe)(1@y) = ko)1 ey)+ @2 )d(1y).

Since f € Der®(B®C), then after the Lemma 4 it exists g;, ; € Der®(B) such that

q /

fxe1) =Y gi(x)@wi+ Y, hix)® B 2)
=1 i=1

Also since d € Der(B®C), then after the Lemma ?? it exists d;, d; € Der(C) such that
m

d(1®y) = 2z,®d y)+ > ri@di(y), 3)

Jj=1

where z; € Z(B) and rj € B.
So from (2) and (3) we have:

fx®y) = [Z?:lgi(m@wd(l®y)+[2ﬁ:1hi(x)®ﬁi]<1®y)+(x®1)2 127 ®dj(y)
Hr@ )Y redjy)

=2 &) ®le+zz 1 ®ﬂzY+z —1%2j ®djy +Z (X1 @d(y
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So we have:

q ] )4 m

f(x@y) =Y 8ix) @ Ly, (v)+ X hi(x) @ Lg, (v) + X R, (x) @4 (y) + X R, (x) D} ().

i=1 i=1 j=1 j=1

Since z; € Z(B), then we have R;, = L.
So we have
q / P m
f=28i®Ly+ Y hi®Lg+ Y L, @dj+ Y R @d; “)
i=1 i=1 j=1 j=1
After the Proposition 3, g; ® L,,, € Der®(B®C) and L;;®d;j € Der(B®C).
We have § := f—37_| L;; ®d; — X1, g ®Ly, is a generalized derivation of B® C.
From (4) we have
l m
0= zhi@l‘ﬁi + erj ®d;.
i=1 j=1
So it remains to show that § = adu, for some u € B® C to show the theorem.
Suppose it exists 1 < i <[ such that h; # 0.

Let {hy,--- ,hs} a maximal linearly independent subset of {h;,-- ,h;}.
We have

! : ! : -
Y hi®Lg =3 hi@Lg+3, hi®Lg =3 hi®Lg+¥, 2;:1 ojhj ©Lp,
=2 @l X O Lyt op

So 25:1 h; ®Lg = i1 hi ® L,;, where n; are linearly independent elements in
VeCt{Bla"' aﬁl}'
In the same way, we suppose that {d},---,d/} is a maximal linearly independent

subset of {d{,--- ,d,,}.

We have Z;”Zl Rrj ®d ; = ’j:l ij ®d j», where m; are linearly independent elements
invect{ry, -+ ,rm}.

Hence we have

N t
5:2hl®Ln,+ZRmJ®d;a (5)
i=1 j=1
where hy,- -+ ,hs € Der®(B) and are linearly independent, d},--- ,d, € Der(C) and are
linearly independent, ny,--- ,ng are elements of C which are linearly independent and
my,--- ,m; are elements of B which are linearly independent.

furthermore we have
vect{ny, -~ ,n;}NZ(C) =0 (6)

vect{my,--- ,m;}NZ(B) =0. (7
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Since § € Der%(B®C), then § € Der(B® C), so we have:

S((1@y)(x@1) =(18y)8Ex1)+8(10y)x® 1)+ X, Ru()@dj()](x@1)
= (1@)[X; () @ Ly (D] + X, Ruy (N @dj(0)](x@ 1)
=Y @@+ Y mpxedi(0)( hi©R) @) + (X Ln, ©dj) (x@).

So we have .
s

5:2]’11'®R11,-+2Lmj®d} (8)
i=1 j=1

i=

From (5) and (8) we have
N t N t
2;':1 hi @ Ly, +Zj:1 R, ®d} = Zizl hi @ Ry, +Z,-:1 Ly, ®d;'

So we have

N t t
S hi®Ly— Y hi @Ry =Y, Ly, ®@d;— Y Ry, @d
i=1 i=1 j=1 j=1

A

Hence we have
5

1
> hi® Ry, —Ly,) = 3 (Ri; — L) @ .
i=1 j=1

So we have
t

N
h; ® adn; = 2 adm; ®d}.
i=1 j=1
* Let o; € A such that ¥, cyadm; =0 = ad(Y; oum;) =0 = Y, oym; € Z(B), so after (7)
we have Y; o;m; = 0 = o; = 0 because the n; are linearly independent.

So {admy,--- ,adm,} is a linearly independent set.

So after the Lemma 3 each d;- is a linear combination of the vectors adn; = 3 4;; €A
such that s

d; = z lijad,,i.
i=1

Therefore we have

3 ' ] 3 ; '
2?:] hi ®adn; = 2./’:1 admj ®Z?:1 l,-jad,,, = 2?:] h; ® adn; — (2?:1 (z_/:l lfjadmj) ®adn,-)
= (ijl hi — z;:| Z;ZI lijadmj) ®adn; = 0.

So we have .
N
Z(h,‘ — 2 ),,-jadmj) ®adn; = 0.
i=1 j=1
From (7) {adn;,--- ,adny,} is a linearly independent set, so we have

t
hi = 2 lijadmj.
Jj=1
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So from 8 we have:

§ =X (X Ajadm) @ R+ Y L, @ %0 Aijady,
=2 th:l (Aijadm;) @ Ry)) + 3, ztjzl (Ln; @ Aijady,)
=X 2 Aijladm; @ Ry, + Ly, @ ady,)
=2 Zt/'=1 Aij[(Lin; = Ron;) @ Ry + Lin; @ (L — Ry )]
- zf:l ztj:] Aij(Lmj @ Ly = Rinj © Ray) = Zle ztj:] Aijad(m;@n;)
- ad(z;:l thzl Aijmj @ n;).

Pose
s t
u= Z Z 7L,-jmj®ni
i=1j=1

From the above we have § = f — 3", L;; ®d; — 31, 8 ® L, s0 we have

14 q
adu=f— Zsz-®dj—zgi®Lw,-
=1 i=1

Hence we have

q
zgi®LW,‘a

P
f=adu+ Y L, ®dj+
=1 i=1

=
with f € Der®(B®C), g; € Der®(B) and d; € Der(C).
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Abstract. In this work we are interested to prove a general fixed point
theorem of multi-valued mappings satisfying a new type relation in
G —metric spaces. The results in this paper generalize the results obtained
in [3]. An example and application integral equation are given to illus-
trate the usability of the main results.
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1 Introduction and Preliminary

In analysis, the fixed point theorems turn out to be very useful tools in math-
ematics, especially in solving differential and functional equations. In 1922,
Banach [2] proved that each contraction map in a complete metric space has
a unique fixed point. Mustafa and Sims [16] introduced a new notion of gen-
eralized metric space called a G-metric space. Mustafa, Sims and others stud-
ied fixed point theorems for mappings satisfying different contractive conditions
[11,14,16,18-21]. Several authors have introduced a new class of generalized
metric space, obtained several results in fixed point theory, (see [1-21]).

As a consequence of our work we obtain some results known in the case of
multi-valued mappings that we will point out, and we give an application for an
integral equation.

Let X be a G-metric space. We shall denote B(X) the set of nonempty closed
bounded subsets of X. Let Hg(., .,.) be the Hausdorff G-distance on B(X), in [4]
Kaewcharoen and Kaewkhao defined Hausdorf G-metric as, for A, B,C € B(X)
we have

Hg(A, B,C) = max{sup G(z, B,C), sup G(z, A,C), sup G(z, B, A)}
T€A rzEB zeC
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where

G(z,B,0C) = da(z,B) + da(B,C) +da(z,0), da(z,B) =inf{de(z,y),y € B},
da(B,C) = inf{da(z,y),z € B,y € C}, G(z,y,C) =inf{G(z,y,2),z € C}.
Note that (see [17]) dg(z,y) is given as dg(x,y) = G(z,y,y) + G(x, z,y) which

defines a metric on X. A mapping T : X — B(X) is called a multivalued
mapping. A point x € X is called a fixed point of T" if x € T'z.

Definition 1 ([12]). Let X be a nonempty set. Suppose that G: X x X x X —
R satisfies:

(Gl) G(z,y,2) =0 if x=y=z,

(G2) 0 < G(z,z,y), forall z,ye€ X,with x#vy,

(G3) G(z,z,y) < G(z,y,2), for all z,y,z € X, with z # y,

(G4) G(z,y,2) = G(z,2,y) = G(y,z,z) = ... (symmetry in all three variables),
and

(G5) G(z,y,2) < G(x,a,a) + G(a,y,2),Yx,y,z,a € X ( triangle inequality).

Then G is called a generalized metric and the pair (X, G) is called a G-metric
space.

Ezample 1. [12] Let (X, d) be a metric space, then (X,G) is a G-metric space
with:
G(x,y,2) = max{d(z,y), d(z,2),d(y,2)},  Va,y,z€ X,

Proposition 1 ([12]). Let (X, G) be a G-metric space, then for each x,y, z,a €
X, we have:

(1) If G(z,y,2) =0 thenx =y =z,

(2) G(x,y,2) < Gz, 2,y) + G(z, 2, 2),

(3) G(z,y,y) < 2G(y, x,x),

(4) G(x,y,2) < G(z,a,2) + G(a,y, 2),

(5) G(z,y,2) < 3(G(x,y,a) + G(z,a,2) + G(a,y, 2)),

Definition 2 ([12]). Let (X, G) be a G-metric space. A sequence (x,) in X is
said to be

(1) G-Cauchy sequence if, for each € > 0, there exists a positive integer ng such
that, for all m,n,l > ng, G(xp, xm, 1) < €.

(2) G-convergent to a point z € X if, for each € > 0, there exists a positive
integer ng such that, for all m,n > ng, G(xn, Tm,x) < €.

Proposition 2 ([12]). Let (X, G) be a G-metric space. Then, the following are
equivalent:

(1) the sequence (x,) is G-Cauchy;
(2) ¥Ye >0, Ing € N such that, Vm,n > ng, G(Tn,Tm, Tm) < €.
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Proposition 3 ([17]). Let (X, G) be a G-metric space. Then, the following are
equivalent:

(1) (z,) is G-convergent to x.
(2) lirf G(zp,ZTn,x) = 0.
(3) liril G(zp,z,z) = 0.
(4) lim G(zp,zm,x)=0.
n,m—-+oo
Definition 3 ([12]). A G-metric space X is called G-complete if every G-
Cauchy sequence is G-convergent in X.

Definition 4 ([12]). Let (X,G) and (X', G’) be two G-metric spaces. Then a
function T : X — X is G-continuous at a point x € X if and only if it is G-
sequentially continuous at x, that is, whenever (x,,) is G-convergent to z, (Tx,)
is Gl—convergent to Tz.

Mustafa and Sims proved that each G-metric function G(x,y, z) is jointly con-
tinuous in all three of its variables (see, Proposition 8 [12]).

2 Main Results

Definition 5. Let % be the set of all functions F'(¢1,to,...,t11) : Rf — R
such that:

(£1) : F is continuous in variables t1, to, t3, tg, t7, t10, t11 and non increasing
in variables t37 t47...7t11.

(%3) : 3h € ]0,1], such that Yu,v >0 :

Fu,v,v,u,u,u + v,0,u,u,0,u +v) < 0 or F(u,u,0,0,0,u,v,0,0,v,u) <0 =
u < hv.

(Z#3) : o, B > 0 such that Yu,v,w > 0:

F(u,v,0,u +w,u+ w,u,w,u+w,u+w,w,u) <0=u<av+ fuw.

Ezample 2. F(t1,ta,...,t11) = t1 — Amax{ts, ts,t5} with 0 < X < 1.

Ezample 8. F(t1,ta,...,t11) = t1 — Atg with A € [0,1).

Ezample 4. F(ti,ta,....,t11) = t; — Amaz{ta, 3, ta, t5, ts, ts, t10} with 0 < X < 3.
Ezample 5. F

Ezample 6. F(t1,ta,....,t11) = t1 — Amax{ts + te,t7 + t10} with 0 < X < %
Ezample 7. F(t1,ta,...,t11) = t1 —Amaz{te+t7, ts+to, tio+t11} with 0 < X < 3.

(
(
(
(t
(
(
(

)

)
1 )
Lito, e tin) =t — A(tg + t7) with 0 < A < 1.
1 )

)

)

Example 8. F(t1,to,...,t11) = t1—)\max{t6+tg,t7—|—t10,t8—|—t11} with0 < A\ <

W=
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Theorem 1. Let (X, G) be a G-complete G-metric space, T:X — B(X) such
that Ve,y,z € X:

Ho (T (2), T(y), T(2)), G (&, , ), G, T(2), T(x)),
p | G0 T0).T0).CETE).TE).CwTW.I0). | o ()
Gly, T(), T(2)), Gy, T(), T(2)), Gz T(y), T(y)), | ="
G(= T(x), T(x)), Gz, T(), T(2)

with F € %. Then, T have a fized point x € X. Moreover, if x is absolutely fized
for T (which means that T'(x) = {x}), then the fized point is unique.

For the proof of this theorem we need two lemmas.

Lemma 1. Let (X,G) be a G-metric space and A,B € B(X). Then for each
a € A, we have

G(Q,B,B) < HG(A7B7B)

Proof.

Hq (A, B,B) > sup G(z, B, B) > G(a, B, B).
€A

Lemma 2. Let (X,G) be a G-metric space. If A,B € B(X) and x € A, then
for each € > 0, there exists y € B such that

G(z,y,y) < Hq(A,B,B) +¢

Proof.
By Lemma 1 and the characterization of inf we have, for each € > 0, there exists
y € B such that

G(z,y,y) <inf{G(z,z,2),2 € B} +¢
<2 ig}fg(G(m,z,z) +G(z,z,x)) + €

=2dg(x,B)+e¢=G(z,B,B)+¢
< Hg(A,B,B) +e.

Proof of Theorem 1.

Existence.

For zp € X, and 21 € T(x¢). According to (1), with z = 29 and y = z = x1 we
have

He(T(z0)
1

G(xl, T(LU ,T
G(.Tl, T(Jjo), T
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According to (G5) we have

G(z0, T (20),T(20)) < G(x0, 21, 21) + G(x1,T(20), T (20))
= G(an x, xl)

by Lemma 1 and (G5) we have
G(zo, T(21),T(21)) < G(xo, 21, 21) + G(21,T(21), T (21))
< G(zo, 21, 21) + Ha(T(x0), T(21), T(21)).

By Lemma 1, (&%) and (2) becomes:

Hg(T(z0), T(21), T(21)), G(z0, 71, 21) + Ha (T (v0), T(x1), T(1)),
0, Hg(T (o), T(x1), T (1)), Ha(T(x0), T(x1), T (1)),
0,G(z0,z1,21) + Ha(T(20), T(21), T(21))

<0.

(Hc;(T(:E()),T(CIH), T(Jl1)), G(zo,21,71), G(J}(), T1, 1‘1), HG(T(J:O)? R(xl)vT(xl))v)
F

According to (F3) we have:
Hg(T(mo), T(Q?l), T($1)) S h G(l‘m 1, $1).

By Lemma 2 we have for ¢ = (1 — h)G(zo,z1,21), there exists x5 € T(z)
such that:

G(l‘l,ZEQ,IQ) S Hg(T(SC()),T(Il),T(Il)) + €
1
S hG(iC(hl'l,l'l) + 5(1 — h)G(CL’Q7£L'1,,CL'1)
1
= 5(1 + h)G(!E(},.’El,xl)
= h1G(xg,x1,21) with hy = %(1 +h) <1

According to (1), with x = 27 and y = z = x5 we have

He(T(21),T(22), T(22)), G(21, 72, 2), G(21, T(1), T(21)),
G(22,T(x2), T(22)), G(2, T(22), T (w2)), G(a1, T (w2), T(22)), | ()
G(z2,T(21), T(21)), G(22, T (22), T(22)), G(22, T(22), T (22)), | =
G(x2,T(x 1)7T($1) ,G(21,T(x2), T(22))
by Lemma 1, (Gps), (Z1) and (3) becomes:
He(T(x1), T(z2), T(x2)), G(z1, 22, 22), G(21, 22, 22), HG(T(21), T'(22), T'(22)),
T(z2)),

r HG(T(xl)vT(IQ)rT(xQ))vG(x17x27x2)+HG( ( )vT
0, Hg(T'(x1), T(w2), T(22)), Ha(T(x1), T (2), T
0,G(CE1,CE2,QZ2)+HG(T(x1),T(Ct2) T( ))

(22),
(z2)),
According to (%2) we get:

Hg(T(.rl),T(JZQ),T(.TQ)) S h G($1,Z‘2,JJ2)
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By Lemma 2 we have for e = (1 —h)G(z1, x2, x2), there exists 3 € T(x2) such
that:

G(xg,l’g,l'g) < HG(T(xl)aT(x2)7T(x2)) +e

1
5(1 — h)G(x1, 22, x2)

1
= 5(1 + h)G(.’El,ﬂ?Q,mg)
1
= hlG(xl,.’L‘g,l‘g) with hy = 5(1 + h) <1

< hG(x1, 22, 72) +

By recurrence, we construct a sequence (x,,) as x, € Tx,_1, for every n € N*,
we have
G(fEn, Tn+1, anrl) S hl G(fnflu Tn, xn)

from where
G(xn, Tng1,Tny1) < BT G(xo, 21, 21).

Now we have to show that (x,,) is a Cauchy sequence. Let m,n € N*, then

G(Zn, Tntm, Tntm) < G(@n, Tnt1, Tnt1) + G(@nt1, Tny2, Tny2) + G(Tni2, Tni3, Tnis) +
et G(x7L+7n727 Tn+m—1, 1'n+m—1) + G(xn#»anl:ﬁn-l»my xn-‘rm)

On the other hand, we have :

G(Tn, Tntms Tnpm) < hiG(zo, 21, 21) + AT G(wo, 21, 21) + hi TG (w0, 21, 21) +
.+ h?+m_2G(x0, x1, 331) + h?+m_lG($o, x1, wl)

<hP(1+hi+hi+ ...+ B2+ AP HG (w0, 1, 71)

w(1—hp
= hl < 1— hll ) G(mo,xl,wl)

ht
< .
< (1 — h1> G(xo,x1,21)

from where lim G(zn, Zptm, Tnim) = 0 for m € N*. By Proposition 2, then

n—oo
(z,,) is a Cauchy sequence. As the G—metric space (X, @) is complete, there
exists x € X such that lim G(x,,x,,x) = 0. Next we show that © € Tz,
n—oo

indeed, by (1) we have

He(T(xn-1), T(x), T(x)), G(@n-1,7,2), G(@n-1,T(2n-1), T(2n-1)),
Gz, T( ) T(x)), Gz, T(x), T(x)), G(xn-1, T(x), T(x)), <0.(4)
T(zn-1),T(xn-1)),G(z, T (2),T(x)), -
Gz, T(z), ( )) Gz, T(wn-1), T(wn- 1)) G(zn-1,T(), T(x))

According to (G5) we have
G(xn-1,Tz,Tz) < G(xp_1,z,2) + Gz, Tz, Tx),

G(@n-1,T(xn-1), T(xn-1)) < G(xp_1,Tn,2n) + G(xpn, T(€n_1),T(xn-1))

G(Z‘n 1, xn; xn)
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and

Gz, T(xp-1),T(xn-1)) < G(x,2n,Tn) + G(Xpn, T(xn-1),T(n-1))
= G(x,Tpn, Ty).

So by (%#1), (4) becomes:

Gl ) ), Gl T P Gl ) 5 Gl ),

x s ) T(x)),Glxp_1,z,2) + Gz, Tx, Tx

F G, 2. 2,). G, T(x). T(x)). =0
Gz, T(z),T(x)), Gz, zpn, zpn), G(xn_1,2,2) + Gz, Tz, Tx)

letting n — oo we obtain

p (Mt He(T(2n—1), T(2), T(2)),0,0, Gz, T(2), T(2)), G(z, T(x), T(x)), G(z, Tz, Tx), | _
0,G(z, T(x), T'(2)), G(=, T(x), T'(2)), 0, G(z, Tz, Tz)) -

because we have Hg(T(pn-1),T(xn),T(xy)) < hG(@p-1,Tn,Zn), Tnt1 €
T(xy)
Ho(T(n1), T(@), T(2)) < Ho(T(@n-1), {zns1h {as}) + Ho({zns1}, T@), T(2))
(T(zn-1), T(zn), T(zn)) + Ho({zn+1}, {2}, {z})
a({z}, T(z), T (z))
hG(irn—h Tn, mn) + G($n+1,$,$) + HG({m}vT('T)v T(:Ij’)),

so we deduce that the sequence (Hg(T(zp—1),T(x),T(z)))n is bounded.
Now, by (£#2), 3h € [0,1], such that:

lim inf He(T(zn-1),T(2),T(x)) < hG(z, Tz, Tx). (5)
On the other hand we show that G(x, Tz, Tz) = 0. Suppose that G(z, Tz, Tx) >
0, then

Gz, Tz, Tx) < G(z,zp,x,) + Gy, Tz, Tx)
< Gz, zn,zn) + Ho(T(xp-1), T(x),T(x)).
By (5) we have
G(z,Tz,Tx) < limniilgo(G(:zr,xn, Zn) + Ho(T(xp-1),T(x), T(x)))
< hG(z,Tz,Tx) < G(z,Tx,Tx)

which is a contradiction, then G(z,Tx,Tz) = 0 from where z € Tx.
Unicity
Suppose that Tz = {z} and y € X is an other fixed point of T' then by (1) we
have

He(T (),
rl G T(y),
Gy, T(z),

T(y), T(y)), G(z,y,y), Gz, T(
T ,
T

—_—~
&

(y, T(x),
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implies

G(z,y,y),G(x,9,9),0,0,0,G(x,y,y),
F( G(y,7,7),0,0,G( <0.

According to () we have G(z,y,y) < hG(y,x,x), in the same way by (1) we
find G(y, z,2) < hG(z,y,y). Then G(z,y,y) < h? G(z,y,y) then G(z,y,y) =0
from where x = y.

Ezample 9. Let X = [0, 4-o0[. Define a mapping T’ : X — B(X) by T'z = [0, 7].
Define a G-metric on X by

Ga,y,2) =lz—y[+]y—z[+[z—2].

We prove that T check

1
Ho(Tx, Ty, Tz) < 3
Indeed, we have dg(z,y) = G(z,y,y) + G(y,z,z) = 4|x — y| for all z,y € X.

Let 2,y,z € X. If £ = y = z = 0 then Hg(Tz, Ty, Tz) = 0. Thus we may
assume that z,y and z are not all zero. Without loss of generality we assume
that z < y < z. Then

max{G(z, Tz, Tx),G(y, Ty, Ty),G(z,Tz,Tz)}

sup G (a, [0, %] [0, i]) )

0<a< g
Hg(Tz,Ty,Tz)) = Hg ([0, z] , [0, %] , [0, Z]) = max 02}51 G (b’ [0’ %] ) [07 i]) )
2 Gl 0.5].0.4])

=C€>7

Since z <y < z, then [0, %] C [0,%] C [0,

]
do (03] [0 5]) =do ([0 5 [0 5)) = o (05 [0 5)) =0

For each 0 < a < § we have
G (o [0.3].[03]) = do (o [0 ]) + da ([0.5]. [0.3]) + do (. [0.5]) =0
Also for each 0 < b < ¥ we have

G (0.5 [0:3]) = do (0. 0.3]) +de ([o. 5. 0. 3]) e (o [0. 3))

] which implies that

NI

Implies
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Moreover, for each 0 < ¢ < £ we have

G (e [0.3)[0.5]) = o (e 0.3]) +o (0.

—
=
e
1
N——
+
U
Q
/N
o
—
=
<
[S—)
SN—

0, if 0<e<?2
={4(c—19), if §<c<y
de—7)+4(c—f), iff<c<i

Implies

(3] 02]) = -+

0<e<Z
Thus we deduce that
He(Tx, Ty, Tz) = max {0, (y — z),[(z — 2) + (z — y)]}
=[(z—2)+(z2—-y)
<[(z-2)+ (2 — 2)]
=2(z —x). ()

On the other hand, we have

191 = (10.2]) o ([02].o2]) o o 0]

= 2d¢ (w, [0, Z]) = QOgigi%dg(x,e) =8(x — z) = 6z.

From where
maz{G(z, Tz, Tz),G(y, Ty, Ty),G(2,Tz,Tz)} = 62. (xx)
By (%) and (xx) we have
Ho(Tx, Ty, Tz) =2(z — x)

1
<2z= 3 X 6z
1
= gmax{G(x,Tx,Tm), Gy, Ty, Ty),G(z,Tz,Tz)}

All the conditions of Theorem 1 are satisfied with F' as in Example 2, then 0 is
the unique absolutely fixed point of T'.

If T single mappings, the we obtain the following :

Corollary 1 (Theorem 27 [3]). Let (X,G) be a complete G-metric space,
T :X — X such that Vx,y,z € X. :

G(T(x ) T(y)vT( ), G(x,y,2), Gz, T(x), T(x)),
p| Gw.TW),T(y)), G2 T(2),T(2)), Gz, T(y), T(y)), | ()
Gy, T(x). T(x)), Gly. T(2), T(=)), Gz T(y). T(y). | ="

G(2T(2), T(x)), G, T(2), T(2))
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with F € F. Then, T have a unique fized point, and T is G-continuous at this
point.

Proof.
The unique fixed point of T" becomes from Theorem 1.

The Continuity
Let (yn) is G-Convergent to x. For all n € N, by (1) we have

( G(T(:v),T(yn),T(yn)),G(x, ynyyn)yG(fE’ T(z),T(x)),G(yn,T(yn),T(yn)), )
F | G( <0

Yn, T(yn)v T(yn))v G(mv T(yn)v T(yn))7 G(y’m T(:L‘), T(x))7 G(yna T(yn)v T(yn))v
G, T(yn), T(yn)), Glyn, T(2), T'(2)), G(z, T (yn), T(yn))

As  GWn,T(n):T(yn)) < GYn,z,x) + G(x,T(yn), T (yn)). We have

G2, T(Yn), T(yn)) G(%,Yns Yn), 0, G(yn, z,2) + G(z,T(yn), T(yn)),
pl Glnz2) + G, T(yn), T(yn)), G2, T(yn) T (yn)), Glyn, 2, 2), | _
G(Yn, 7, 7) + G2, T(Yn), T(Yn)), G(Yn, T, ) + G(2, T (yn), T(yn)), -
G(yn, z,2), G(@, T(yn), T (yn))

According to (F3) we have G(z,T(yn), T(yn)) < aG(2,yn,yn) + BG(Yn, v, z)
from where

lim G(z,T(yn),T(yn)) = 0, then (T(y,)) is G-convergent to x = T'(x). Then T
n—oo

is G-continuous at x.

3 Consequences of the Main Result

From Corollary 1 and Example 4 a we obtain [Theorem 2.1 [14]].
From Corollary 1 and Example 6 a we obtain [Theorem 31 [3]].
From Corollary 1 and Example 6, y = z a we obtain [Theorem 2.6 [14]].
From Corollary 1 and Example 7 a we obtain [Theorem 2.4 [14]].
From Corollary 1 and Example 8 a we obtain [Theorem 2.8 [14]].

4 Applications

Let X = C([a,b], R) be the set of real continuous functions defined on [a, b].
Take the G-metric G: X x X x X — R™ given by

G(z,y,2) = sup |x(t) —y(t) |+ sup |xz(t) —=2(t) [+ sup |y(t) —2(t) | (7)
te(a,b] t€la,b] te(a,b]

For all z,y,z € X. Then (X, @) is G-metric spaces with.
Consider the following integral equation

b
x(t) = P(t) +/ M(t,u) f(u, x(u))du, t € la,b], (8)

where f : [a,b] x R — R and P : [a,b] — R are two continuous functions
and M : [a,b] x [a,b] — RT is a function such that M(t,.) € L([a,b]) for all
tela,b).
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Consider the operator T: X — X defined by
b
Tz(t) = P(t) —|—/ M(t,u) f(u,z(u))du, t € a,b]. (9)

Theorem 2. Suppose that the following conditions are satisfied:
(Hy) there exists 0 : X x X — R for all u € [a, ]

| flu,z(u) = flu,y(w) [< 0z, y) | 2(u) —y(u) | Yo,y e X,
(Hs) there exists A € [0,1), such that
b
sup / M(t,u)0(x,y)du < .
t€la,b]
Then the integral Eq. (8) has a unique solution in X.

Proof.

It is clear that any fixed point of (9) is a solution of (8). By conditions (H;) and
(Hs3), we have

b b
sup | Tz(t) —Ty(t) | = sup [ [ M(t,u)f(u,2z(u))du —/ M (t,u) f(u, y(u))du |
t€a,b] t€[a,b] a a

sup | [ M(t, w)[f (u, z(u)) = f(u, y(uw))]du |

t€(a,b] a
b
< sup / M(t,u)0(x,y) | z(u) — y(u) | du
t€la,b] Ja
< sup |z(t) — \Xsup/Mtu (z,y))du
t€(a,b] t€a,b]

<A sup [a(t) —y(t) |

t€(a,b]
Similarly we find

sup |Tz(t) — Tz(t)| < X sup |z(t) — 2(t)] and sup |Ty(t) — Tz(t)| < X sup |y(t) — 2(¢)].
t€la,b] €la,b] t€la,b] t€la,b)

Therefore
G(Tx(t), Ty(t), T=(t)) < AG(x(t),y(t), 2(1)).

Then all conditions of Theorem 1 are satisfied with F' as in Example 3 . Thus the
operator 7" has a unique fixed point, that is the integral has a unique solution
in X.

Ezample 10. The following integral equation has a solution in X = (C[1, €], R).

x(t) = cos(t) + /e 1n(wf)yc(u)du, telel. (10)

1 e?
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Proof.
Let T: X — X defined by

In(ut)
o2

Tz(t) = cos(t) + /16 z(u)du, te](l,e].

In(ut)
2

By specifying M (t,u) =
2, we get :

(1) For all z(.),y(.) € X, it is clear that the condition (H;) in Theorem 2 is
satisfied with 6 = 1.

(2)

, f(u,z) =2 and P(t) = cos(t) in Theorem

¢ In(ut 1 ©
sup / n(z; )duz — sup / (In(w) + In(t))du
te[l,e] J1 € €7 tel,e] J1
1
= — sup [uln(u) —u+uln(t)]]
€7 te[1,e]

1
= — sup (In(t)(e—1)+1)
€7 tefl,e]

1

e

Therefore, all conditions of Theorem 2 are satisfied, hence the mapping T has a
fixed point in X, which is a solution to Eq. (10).
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Abstract. In this paper, we introduce a result for the intuitionistic
fuzzy Sumudu transform. The related theorems and properties are proved
in detail and we propose a procedure for solving first-order intuitionis-
tic fuzzy differential equations by using the intuitionistic fuzzy Sumudu
transform method. Finally, we present an example to illustrate this work.

1 Introduction

In 1965, Zadeh [20] first introduced the fuzzy set theory. Later many researchers
have applied this theory to the well known results in the classical set theory.

The idea of intuitionistic fuzzy set was first published by Atanassov [7,8] as a
generalization of the notion of fuzzy set. The notions of differential and integral
calculus for intuitionistic fuzzy-set-valued are given using Hukuhara difference
in intuitionistic Fuzzy theory [9]. The authors of papers[14,15] are discussed dif-
ferential and partial differential equations under intuitionistic fuzzy environment
respectively. The existence and uniqueness of the solution of intuitionistic fuzzy
differential equations by using successive approximations method have been dis-
cussed in [11], while in [9] the theorem of the existence and uniqueness of the
solution for differential equations with intuitionistic fuzzy data are proved by
using the theorem of fixed point in the complete metric space, also the explicit
formula of the solution are given by using the a-cuts method.

In the literature there are numerous integral transforms and widely used in
physics, astronomy as well as in engineering. The integral transform method
is also an efficient method to solve the differential equations. Watugala intro-
duced in 1993 a new transform and named as Sumudu transform who used it
to solve engineering control problems [18,19]. Sumudu transform based solu-
tions to convolution type integral equations and discrete dynamic systems were
later obtained by Asiru [4-6]. This work has motivated the authors to study the
classical Sumudu transform in the intuitionistic fuzzy set theory.

This paper is organized as follows: in Sect. 2 we give preliminaries which we
will use throughout this work. In Sect. 3 a result for intuitionistic fuzzy Sumudu
transform is presented. In Sect.4 we construct a procedure for solving first-
order intuitionistic fuzzy differential equations. In the last section, we present
an example for illustrate this work.
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2 Preliminaries

Let us [a,b] C R be a compact interval.

Definition 1. we denote by
IF, = IF(R) = {(u,v> DR —[0,1]%,|V 2 € R|0 < u(z) + v(z) < 1}

An element (u,v) of IF; is said an intuitionistic fuzzy number if it satisfies the
following conditions

(i) (u,v) is normal i.e. there exists xg, 1 € R such that u(xo) =1 and v(x1) =
1.
(ii) w is fuzzy convex and v is fuzzy concave.
(iii) w is upper semi-continuous and v is lower semi-continuous
(iv) supp{u,v) =cl{z € R : | v(z) < 1} is bounded.

so we denote the collection of all intuitionistic fuzzy number by IF;.

Definition 2. [12] An intuitionistic fuzzy number (u,v) in parametric form
is a pair (u,v) = (((u,v>+, (u, ) ), ((u,0) 7, (u,v>_)> of functions (u,v) (),

(u,v) (), (u,v)" (@) and (u, v>+(a), which satisfies the following requirements:
>+

)
)

(u,v)" (a) is a bounded monotonic increasing continuous function,

+
«) is a bounded monotonic decreasing continuous function,

(@)
(@)
(c) is a bounded monotonic increasing continuous function,
(@)
(@)

<

)

=TT
<

)

«) is a bounded monotonic decreasing continuous function,
< Tw,0) (a) and {u,v)"(a) < {w,0) (a), forall 0 < a < 1.

<

)

CU N =
o~

g =

)
)
Example

A Triangular Intuitionistic Fuzzy Number (TIFN) (u,v) is an intuitionistic fuzzy

set in R with the following membership function v and non-membership function
v

<
Q

)

r—ap .
1fa1§x§a2
ag — a1
= asz — T
u(@) if az < < as,
as — as
otherwise
ags — I ’
-ifa; <z <a
az — aq
= T —az . ’
v(x) if ag <z < ag,

as — as
1 otherwise.




358 R. Ettoussi et al.

where a/l <ay<as<az< a;,
This TIFN is denoted by (u,v) = <a1, ag, as; a/l, as, a;,> )

Its parametric form is

(u,v) " (a) = a1 + alaz — a1), <u,v>+(a) = a3 — afaz — az)

(u,0)" (@) = ay + alaz — @), (u,v) (a) = as — a(ds — az)

For o € [0,1] and (u,v) € IFy, the upper and lower a-cuts of (u,v) are defined
by
[(u,v)]* ={z €R:v(z) <1—a}

and
[(u,v)], ={r e R:u(z) > a}

Remark 1. If (u,v) € IFy, so we can see [(u,v)], as [u]” and [(u,v)]" as [1 — v]"
in the fuzzy case.

We define 01,y € IF; as

o= {5 128

For (u,v), (z,w) € IF; and A € R, the addition and scaler-multiplication are
defined as follows

[(u,v)@(z,w)}a:[(u,v)}a—i—{(z,wﬁa, [A(z,w)] :)\{<z,w>r
[(u,v)@(z,w}} :[(u,v}}a—k[(z,wﬁa, {A(z,w)}a:/\[@,w)]a

[e3%

Definition 3. Let (u, v) an element of IF; and « € [0, 1], we define the following
sets:
+ +
[(@v)] (@) =inffe € R [u(@) 2 a}, [(wv)] (@) =suple € R | u(x) = a}

[(u,v)];(a) =inf{z €R | v(z) <1—al}, [<u,v>]:(a) =sup{z €R | v(z) < 1—a}

Remark 2.

+

[wo)] = [[two)] @[] @]

T

[wo]" =[] @ [wo)]
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On the space IF; we will consider the following metric,

dm(<u,v>,(z,w>> _ ! sup [(u,v)

B 4 0<a<l
1
— sup
4 0<a<l
4 0<a<l

1
+ — sup

[
—I—E sup [(u,v>
4 g<a<i [

Theorem 1. ([13])
The metric space (IF1,d) is complete.

Proposition 1. For all a, 3 € [0,1] and (u,v) € IF,
(@) [ww)] @]
(i) [<u, ”>L and [(u,v}]a are nonempty compact convex sets in R
(iii) if o < 3 then [@,@L} c [<u,u>}a and [(u,v>]6 c [<u,v>r
(iv) If an /o then [(u,v)]a =N [wo)]  and [<u,u>]a =N, [<u,v>]a"

Qn

Let M any set and « € [0, 1] we denote by
My={z€eR : ulz)>a} and M*={zeR : v(z)<1-a}

Lemma 1. [13] let {Ma, a € [0, 1]} and {MO‘, a € [0, 1]} two families of
subsets of R satisfies (i)—(iv) in Proposition 1, if u and v define by

0 Zfl' ¢ M()

u(z) = )

sup{a €[0,1] : x € M,} ifz e My
1 if v ¢ M°
v(x) = , 0

1—sup{a€l0,1] : z€M*} ifzeM

Then (u,v) € IFy

Definition 4. [9] Let F : [a,b] — IF; be an intuitionistic fuzzy valued mapping
and tg € [a,b]. Then F is called intuitionistic fuzzy continuous in ¢y iff:

(Ve > 0)(35 > 0) (w € Tsuch as | t — o |< 5) = doo(F(t), F(ty)) < e.
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Definition 5. [9] A mapping F : [a,b] — IF; is said to be differentiable at
to € (a,b) if there exist F'(ty) € IF; such that limits:

lim F(to + At) © F(to) and lim F(to) O F(to — At)
At—0+ At At—0+ At

exist and they are equal to F'(tg).

If F: [a,b] — IF; is differentiable at ¢y € [a,b], then we say that F’(to) is the
intuitionistic fuzzy derivative of F(t) at the point to. Here the limit is taken
in the metric space (IF1,dy). At the end points of [a,b] we consider only the
one-sided derivatives.

Proposition 2. ([17], p. 82, Lebesgue’s Theorem). Let f be a bounded function
on [a,b]. Then f is Riemann-integrable on [a,b] if and only if f is continuous
a.e. on [a,b].

Proposition 3. ([3], p. 276, Theorem 10.33). Assume f is Riemann-integrable
on [a,b] for every b > a, and assume there is a positive constant M such that
faoo |f(®)|dt < M for every b > a, Then both f and |f| are improper Riemann
integrable on [a,00). Also, f is Lebesgue-integrable on [a,00) and the Lebesgue
integral of f is equal to the improper Riemann integral of f.

Definition 6. Let f(¢) be an intuitionistic fuzzy-valued function on [a, b]. Sup-
pose that f;'(t,a), f(t, a),

fi (t,a) and f (t,«) are Riemann-integrable on [a,b] for all o € [0, 1].

Let

A, = [/b fiF(t, a)dt, /bfj(t,a)dt}
and ’ ’

A = [/ab £t a)dt, /ab f;(m)dt]

Then we say that f(t) is intuitionistic fuzzy Riemann-integrable on [a, b] denoted
as IFRI on [a, b] and the membership function and the nonmembership function

of ff f(t)dt are defined by,

u = Ssu .
7° () JSup X4 (Y)

vpe pary) = Inf axas(y)

for all y € AY.

Theorem 2. [10] Let f(t) be an intuitionistic fuzzy-valued function on [a,c0)
represented by

fﬁ(t,a),f;“(t,a),fl(t,a),f;(t,a)), for any fired o € [0,1], assume that

[Tt o), [t ), f7 (t,a) and f;(t,a) are Riemann-integrable on [a,b] for
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every b > a, and assume there are four positive constants M;t(a), M (a),
M; (o) and M («) such that

| ol < v, [ 1 el < M7 o)

a

/ TV (o) de < My (@), / V(0 de < M (@)

Then f(t) is an improper intuitionistic fuzzy Riemann integrable on [a,00) and
the improper intuitionistic fuzzy Riemann-integral is an intuitionistic fuzzy num-
ber.

Furthermore, we have:

/ flt,)dt = </ fltadt/ thozdt/ fltadt/ thadt>

3 Intuitionistic Fuzzy Sumudu Transform

In order to establish results, some definitions are needed. G(u) and S[f(¢)] will
be used as the notation for intuitionistic fuzzy Sumudu transform throughout
this paper.

Definition 7. Let f(t) be continuous intuitionistic fuzzy-value function on
[0, 00).

Suppose that f(ut)e™! is improper intuitionistic fuzzy Riemann-integrable
on [0,00), then fooo f(ut)e~tdt is called intuitionistic fuzzy Sumudu transform
and is denoted as

G =SIf0) = [ flute'dt, ue [-n.m)
0
where the variable u is used to factor the variable ¢ in the argument of the

intuitionistic fuzzy-valued function.
We have

v/ooof(ut, a)eitdt = </Ooof,+(ut, a)e”tdt, /Oocfj (ut, a)eitdt, v/oooff (ut, a)e” tdt, /Uoof; (ut, a)eitdt>

Also by using the definition of classical Sumudu transform
S (uta)) = [ f (b )e e, S ata)) = [ g Gt c)e
0 0

(7 (ut, ) = / f (ut, a)e~tdt, S(f7 (ut,0)) = / £ (ut, a)et
Then, we get

S[f (ut, )] = <S(fl+(ut,a))vs(ff(uta))a«?(fl (ut, @), S(f, (utﬂ)))
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3.1 Duality Properties of Intuitionistic Fuzzy Laplace Transform
and Intuitionistic Fuzzy Sumudu Transform

IFLT has a close relationship with IFST. It is necessary for us to be able to link
between the two transforms in order to prove theorems and properties of the
IFST. The definition for IFLT is given as follows.

Definition 8. [10]
Let f(t) be continuous intuitionistic fuzzy-value function on [0, c0).

Suppose that f(t)e*! is improper intuitionistic fuzzy Riemann-integrable on
[0,00), then [ f(t)e*'dt is called intuitionistic fuzzy Laplace transform and
is denoted as

F(9) = L) = [ £ dt,s >0 1)

Theorem 3. Let f(t) be continuous intuitionistic fuzzy-value function. If F is
the intuitionistic fuzzy Laplace transform of f(t) and G is the intuitionistic fuzzy
Sumudu transform of f(t), then

G(u) = (2)

Proof. By the definition of the intuitionistic fuzzy Sumudu transform of f(t) we
have

G(u) =S[f(@)] = /000 flut)e™tdt, we [~ 7]

We put w = ut or t = ¥, then we have

u?

G(u)

/OO f(UJ)efﬁdfw, u € [—71,71]
0 u

1 [ ¢
f/ fw)e wdw, u € [—m,71].
U Jo

Thus,

In the following corollary, we show that the roles of F and G in Eq. (1) can be
interchanged.

Corollary 1. Let f(t) be continuous intuitionistic fuzzy-value function, hav-
ing F and G for intuitionistic fuzzy Laplace transform and intuitionistic fuzzy
Sumudu transform, respectively. Then

P(s) = == (3)

Proof. The proof of Eq. (3) can be obtained by changing u to Z in Eq. (2).
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3.2 Fundamental Theorems and Properties of Intuitionistic Fuzzy
Sumudu Transform

Theorem 4. Let f,g : R — IF be two continuous intuitionistic fuzzy valued
functions. Suppose that ¢ and co are arbitrary constants, then

Slerf(t) @ cag(t)] = 1 S(f(1)) @ c28(g(t))

Proof. By the definition of the intuitionistic fuzzy Sumudu transform of f(t) we
have

S[e1f () @ cag(t] = | " (evf(ut) ® eaglut))etdt, u € [~71, 7]

= /Ooo(clf(ut)e_t @ cag(ut)e™")dt

By the Theorem 4.3 in [11], we have the linearity of the integral that allows us
to write

(oo}

/oo(clf(ut) @ cag(ut))e tdt = /OO c1f(ut)e tdt ® / cag(ut)e”tdt,u € [—71, 7]
0 0 0
=a “ldt @ co ~d
c /0 flut)e "dt @ c /0 g(ut)e™ "dt

Then, we get

/00(61f(ut) @ cag(ut))e"dt = e1S[f(t)] @ c2S[g(t)] (4)

0

Thus,
Sle1 f(t) © cag(t)] = c1S[f(t)] © c2S[g(2)].

Theorem 5. Let f : R — [F; be continuous intuitionistic fuzzy valued function,
and f is the primitive of ' on [0,00). Then

Proof. By the definition of the intuitionistic fuzzy Sumudu transform of f/(t)
we have

S[f'(t)] = /0(X> f(ut)e™tdt, u € [~7,7]

By using integration by parts formula, we have

oo

S[f’(t)]:i/ooo Flut)etdt & [if(ut)e‘t} e [—m,m]

0
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Thus,

4 Procedure for Solving First Order Intuitionistic Fuzzy
Differential Equations

In this section,we consider the following first order intuitionistic fuzzy initial
value problem in general form

y'(t) = f(t,y(t))

y(to) = (u7" (to. @)y (to. @) 7 (t0. ), 5 (t0. ) ©

where f : [tg,T] x IF; — IF; is a continuous intuitionistic fuzzy mapping.
By using intuitionistic fuzzy Sumudo transform method we have:

Sly'(t)] = S[f(t,y(1))] (6)
By using Theorem 11, Eq. (6) can be written as follows:

Sly()] ©y(to) _ S[f(t, y(1))]

u
Thus,
S[y;r(t,a)]u*y;r(to,a) _ S[fl+(t, y(t), )],
Sy (1)l =y (to,0) _ S[fH(t,y(t),a)l,
el r )
S[yl (t’a)]iyl (tg,a) = S[fli(tvy(t)va)]’
Slys (t,a)u—yﬂtw) = S[f7 (t,y(t),a)].
To solve the linear system (7), for simplicity we assume that:
Sy (t, )] = Hi(s, ),
Sy (t, )] = Ha(s, a), (8)
Sly, (t,a)] = Ki(s, ),
[ (s, )

where Hi (s, ), Ha(s, o), K1(s,a) and K(s,«) are solutions of system (7).
By using inverse classical Sumudu transform, y," (¢, ), y,7 (¢, @), y; (¢, @) and
Y, (t,a) are computed as follows

y (t,a) = ST [Hi(s,a)],
yi_(t’a) = 8:1[H2(87a)}7 9)
U (t,a) = STHK1(s, )],
yr_(taa) = 8_1[[(2(3,05)].
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5 Example

We consider the following intuitionistic fuzzy initial value problem (IFIVP)

y'(t) = 3y(t)

(10)
y(0) = <3+a,5—a,2+2a,6—2a)
the parametric form of the IFIVP is given by the following form:
y'(t o) = 3y(t, )
ie. ,
yl+(t7a) = Syj(tva)v
'+ — 3yt
Yy, (T, o) =3y, (1, o),
/ (t, ) (t, ) an)
yl_(tv a) = 3yl_ (ta a)’
y;‘_ (t,a) = 3y, (t, ),
Applying intuitionistic fuzzy Sumudu Transform
S[y'(t)] = 3S[y(t)]
ie.,
Sly, " (t, a)] = 3S[y," (t, )],
Syt (t, )] = 38[y;t (t, o),
[ / (¢, a)] [y, (¢, )] 12)
Sly,~ (¢, )] = 38y, (¢, )],
Sly, (t, )] = 38y, (t, ).
Therefore,
+
(el B0 — 3S[yf (¢ a)],
Syt (t,a)] -~y (0,2) 38y (¢, )]
u T ) ) (13)
S a)]— @ _
LB = 38y (1, )
Sly, (t,a)]—y, (0,a) _
TR 3S[y, (t,a)].
Thus,
Sly (t, )] = =54, (0, @),
Slyf ()] = =547 (0, 0), 14)
Sly, (t,0)] = =57, (0, 0),
Sy (t.a)] = 5,9, (0,).
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After that we replace the value of parametric form of y(0) in the system (14),
we have

Sy (t,a)] = 3u<3 a),

S[y;f(t,a)] = =5 (5 —a), (15)
Slyy (t, )] = 175, (2 + 2a),

Sly (t, )] = 775, (6 — 20).

Now, After performing partition of fractions and by using inverse classical
Sumudu transform, y;" (¢, a),y;} (t,@),y; (t,@) and y, (t,a) are computed as
follows

y?(tva) = (2a4+7)8_1[1 13u]
+ _ (—2a+11 1
yr (t701)—( )‘S [ — u]7
— 4041:15 —1 11 ’ (16)
yr (ta) = (F2)S 5
Yy (t,a) = (FH23) S ]
Thus,
yi(tva) = (2a47+7> 3t’
+ _ (—2a+11\ 3t
Y (t, o) = ( )
. I (17)
Y (taa):( 1 )e )
Y, (t, @) = (=2of2)ed

We remark that vy (t,a) < y(t,a); y; (t,a) < y, (t,a) also the func-
tions y;" (¢, ), y; (t,«) are increasing with respect to « and the functions
y(t,a),y, (t,«) are decreasing with respect to a.

So, this we shown that (y;r(t, a),y (t o),y (¢ a),y: (t, a)) is the paramet-

ric form of the solution of the problem (11).
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Abstract. In this paper, we prove the existence of an entropy solution for a class
of nonlinear nonlocal elliptic problem associated to the following equation

b(u) — diva(x,u, Vu) — divé (u) = fin Q
u=0 ondQ,

where the operator —diva(x,u, Vu) is called p(u)-Laplacian.

1 Introduction

Let Q be a bounded domain of R¥,N > 2, with Lipschitz boundary 9. In the present
paper, we consider the following nonlinear problem

—diva(x,u,Vu) —divg (u) = f in Q
(1
u=0 on dQ2,

The operator diva(x,u,Vu) is more complicated than the p(x)-Laplacian in the
term of nonlinearity, it is called p(u)-Laplacian. A prototype of this operator is
div (\Vu|1’<”)*2 . Vu) . The variable exponent p depend both on the space variable x and

on the unknown solution u. We were inspired by the work of Ouaro and Sawadogo (see
[1]), where they considered the following nonlinear Fourier boundary value problem

b(u) —diva(x,u,Vu) = f inQ
a(x,u,Vu) - n+Au=g ondQ,

it is a generalization of the following nonlinear problem

b(u) —diva(x,Vu) = finQ
a(x,Vu)-n+Au=g ondQ

studied by Nyanquini and Ouaro in [11], where the authors used an auxiliary result due
to Le in [12] to prove the existence of the weak solution when f € L*(Q),g € L*(dQ)
and by approximation methods they obtained the entropy solution when f € L!(2),¢ €

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 368-392, 2023.
https://doi.org/10.1007/978-3-031-12416-7_32
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L'(99). In recent years, the study of partial differential equations and variational prob-
lems with variable exponent involving p(u)-Laplacian has received considerable atten-
tion in many models coming from various branches of mathematical physics, such as
electrorheological fluid dynamicsn elastic mechanics, computer vision and image pro-
cessing (see [15-18]). The p(.)-Laplacian type models with the exponent of nonlinear-
ity p depending on the solution u itself have been used in the image analysis and com-
puter vision (see [13]). By approximation method and convergent sequences in terms
of Young measure. Ouaro and Sawadogo in [14] studied the existence and uniqueness
results of weak solution and the structural stability result of nonlinear p(u)-Laplacian
problem with homogeneous Neumann boundary condition. The notion of entropy solu-
tions was introduced by Ph. Bénilan, L. Boccardo, T. Gallouet, R. Gariepy, M. Pierre,
J.L. Vazquez in [19], it was adapted by many authors to study some nonlinear elliptic
and parabolic problems with a constant or variable exponent and with Dirichlet, Fourier
or Neumann boundary conditions (see [20-24]).

This paper is organized us follow. In Sect. 2 we introduce the basic assumptions and
we recall some definitions, basic properties of generalised Sobolev spaces, also we give
a brief review on Young measures [9, 10] that we will used later. The Sect. 3 is devoted
to show the existence results of the entropy solution when the data are in L'.

2 Preliminaries

In order to discuss problem (1), we must work in Lebesgue and Sobolev spaces
with variable exponent, that depend on x and on u(x). We need the Sobolev spaces
whr()(Q) where 7(-) = p(.,p(+)). Let Q be a bounded open subset of RN (N > 3)
with the Lipschitz boundary 0Q. We define

p-:=ess inf p(x,z)and py:=ess sup p(x,z).
(x,2)eQ xR (x,2)eQxR

Definition 1. L™()(Q) is the space of all measurable function f : & — R such that
the modular

Pr()(f) = /Q |fI" ¥ dx < +oo.

If p. is finite, this space is equipped with the Luxembourg norm

Iy =it {250 pugy (4) <1},

W) () is the space of all functions f € L) (£2) such that the gradient of f belongs
to L™)(£2). The space W'*()(Q) is equipped with the norm

el z(y == Nulleey + Vil

When 1 < p_ < m(.) < p;y < +eo, all the above spaces are separable and reflexive
Banach spaces.
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Proposition 1. (See [2], Proposition 2.3)
For all measurable function 1w : Q — [p_, p+], the following properties hold.

i) L™0) (Q) and wiz() (Q) are separable and reflexive Banach spaces.
i) L™ (Q) can be identified with the dual space of L™)(Q), and the following Hider
type inequality holds:

v erV@uget?O@). | [ foas| <2l el
iii) One has pg()(f) =1 if and only zf||f||L,r = 1; further,
if Py (f) < 1 then I fll}z) o) < Pr()(f ) < 1170 ) ¥ Pry(f) = 1, then
||f| < Pr()(f) < Hf|| . In particular, if (fn) cN IS a sequence in

L )(Q), then I fall 12030 (@) tends to zero (resp., to infinity) if and only if pr () (fn)
tends to zero (resp., to infinity), as n — +oo.

Proposition 2. (See [3,4])
If f € W'PO(Q), the following properties hold:
i) N flyrae @) > 1= 1717, (@) <Pra) () <A1

i) Py < 1= 170 ) < Prac () < anwm
iii) ||f||W1‘,[(,)(Q) <1 (respectively = 1;> 1) < py 7 (f) < 1 (respectively =1;>1).

We give now some embedding results.

Proposition 3. (See [2])
Assume that T : Q — [p_, p| satisfying the log-Hlder continuity assumption:

E|L>Oa vxayegrx#ya —(10g|x—y\)|7r(x)—7r(y)|§L

i) Then, 2(R) is dense in W) (Q).

i) Wh0)(Q) is embedded into L™ ) (Q), where m*(.) is the Sobolev embedding
exponent defined below. If q is a measurable variable exponent such that ess
infecq (7°(.) —q(.)) > 0, then the embedding of W'™)(Q) into L1)(Q) is com-
pact. For a given 7(.), a function taking values in [p_,p|,7*(.) denotes the opti-
mal Sobolev embedding defined for any x € Q by

o if m(x) <N
7" (x) =< any real value if w(x)=N
400 if m(x)>N.
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We will use the so-called truncation function

Tils) = ksigng(s) if [s| >k where signg(s) := (11 iii 28

The truncation function possesses the following properties.

Ti(—s) = =Ti(s), |Ti(s)| = min{|s|,k}.

We also need to truncate vector valued-function with the help of the mapping

A, if|A|<m

m% if[A] > m, where m > 0.

By i RY — RN (1) —{

A Brief Review on Young Measures

As stated in the introduction, the tool we use to prove the needed result is the Young
measure. For the reader not familiar with this concept we recall some basic notions and
properties (see [5—7] and references therein).

Theorem 1.

(i)

(ii)

(iii)

Let Q C RN N €N, and a sequence (Vi) nen of R? -valued functions, d € N such
that (vy),cn is equi-integrable on Q. Then, there exists a subsequence (ny)ycy
and a parametrized family (Vy), .o of probability measures on R4 (d € N), weakly
measurable in x with respect to the Lebesgue measure in €2, such that for all
Carathodory function F : Q x R? = R! 1 € N, we have

tim [ F (xv,) dx= /Q /]R F(x A)dvi(A)dx. )

k—too,

If | Q2| < o and vy is the Young measure generated by the sequence (v,) then

there holds

neN’

Vp — Vin measure <= Vy =0, fora.e. x € Q.

If the sequence (uy), oy generates the Young measure 8,y), then (un,vy),cn gen-
erates the Young measure 3, (y) ® Vy.

the Young measure (5u<x) ® vx)x6 o on R4 Whenever a sequence (vy),cy gen-
erates a Young measure (Vy) ..o, following the terminology of [7] we will say that
(Vi) ey nonlinear weak-* converges, and (Vy),.q is the nonlinear weak-* limit
of the sequence (v,),cn. In the case where (vy,),cx possesses a nonlinear weak-*
convergent subsequence, we will say that it is nonlinear weak-* compact. It means
that any equi-integrable sequence of measurable functions is nonlinear weak-*
compact on £2.
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Basic Assumptions
In this paper, we consider the following basic assumptions on the data for the study of
the problem (1).
(A1) fis a function such that f € L'(Q).
Problem (1) is adapted into a generalized Leray-Lions framework under the assumption
thata: Q x (R x RY) — RY is a Carathodory function with:
(A2) b is nondecreasing surjective and continuous function defined on R such that
b(0) =
(A3) a(x z,0)=0forallz € R, and a.e. x € Q.
(Aq) (alx,z,8) — (x zm)-(§—n)>0forallé,n eRY.E#n.
(45) la(x, 2, &P 02 < €y (16602 +.4(x) ).
)

(As) alr.2,€) - & = L|gP6),
Here, C; and C, are positive constants and .# is a positive function such that
M ELN Q). p: QxR — [p_,p.] is a Carathodory function, 1 < p_ < p; < oo

and p'(x,z) = p&(i’fll is the conjugate exponent of p(x,z).

3 Main Results

In this section we formulate and prove the main result of the paper.
Now, we give a definition of entropy solutions for the elliptic problem (1).
We consider

T Q) = {u : Q — R, meas. such that T; (1) € W) (Q), for any k > 0} .

Definition 2. A measurable function u for w(.) = p(.,u(.)) is said to be an entropy
solution for the problem (1), if

ue 7V(Q), b(u) e LN(Q)
and for all k > 0,

/Qb(u)Tk(u—v)dx—ﬁ—'/ga(xm,Vu)VTk(u—v)dx—l—/g¢(u)VTk(u—v)dx§/Qka(u—v)dx,
3)
e W (Q)nL(Q).

Theorem 2. Assume that (H) — (Hz) hold. Then there exists at least one entropy solu-
tion in the sense of the Definition 2 of the problem (1).

The proof of Theorem (2) is divided into three parts.

Part 1: The Approximate Problem
We consider the following approximate problem

T.(b(un)) —diva(x,un, Vu,) — dive (T, (un)) — €Ap, + €lun|P+ 2u, = f, in Q
(Pn)
u, =0 on 0Q,
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where
uy,

A P+=20u,
—eann==3 2 (|50 5),

and £, =T, (f). Then, f, € L™ (£2). Moreover, (fy),.cr; converges strongly to f in L! (€2)
such that || fu[| < || £]-

Theorem 3. There exists at least one weak solution uy, for the problem 22, in the sense
that u, € WhHP+(Q),

/H(b(un))vdx—i—/ a(x,un,Vun)Vvdx+/ & (T, (uy))Vvdx

Q Q Q )

8/ (|Vun\p+_2Vuan+|un|p+_2unv) dx:/ fovdx.
Q Q

We define the operator A, by
Ayu=Au+ Bu,

where

<Au,v>:/ a(x,u,Vu)Vvdx,
Q

and
(B,,u,v):/QTn(b(un))vdxqt/g(p(Tn(u))Vvders/Q (\Vu|p+_2Vqu+\u\p+_2uv) dx,

with u,v € W' (Q).
Proof of the Theorem 3. The proof is organized in three Steps.

Step 1: A, is bounded.
By using Holder type inequality and (As) with constant exponent p, we deduce that A
is bounded.

Letu e W' (Q)

{Bnu,v):/ T.(b vder/ o(T, Vvdx+£/ (IVulP+= VuVv+ |uP+2u v) dx,
Q
< [, tlviare ([ locrnl-ax) ™ 1ol e [ 019

. e 23
s
<Clvli+ (/Q P l9( )p*dX> Vvllp, +& (lVMI V¥ + lall |V|p+> ,

s|<

1
Lo\ A r
<Clvlip + (/(Sup¢()+1)”+dX> IVVIp++8<|Vu|p e T .

[s|<n
P+ by
<ClVlhp. + (flup 0(5)] + 1) (meas(Q) + 1)7 |V, +& <|V'4p+ 9], + a5 V|p+> )
s|<n

<C)Wlhp, -

‘We deduce that A,, is bounded.
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Step 2: A, is coercive.

We have
(Au,u)z/ a(x,u,Vu)Vudx,
Q
1
> o [ [Vupax,
G Ja
ZC3||M||I1);;+-
Therefore,
<Anu7u>
s e as g, — e
o

Step 3: A, is pseudo-monotone.
Let (u;); be a sequence in W7+ (£2) such that

e —u in WHr+(Q)
Api — x in WHPH(Q)
limsup(Lu, uy) = (3, u).
k—eo
We will prove that y = A,u.
As T, (b (ux)) ux > 0, by Fatou’s Lemma, we deduce that

liminf [ T, (b(uk))ukdxz/QT,,(b(u))udx.

k—oo JQ

Using the Lebesgue dominated convergence Theorem, we have

kEToo </Q T,,(b(uk))vdx+/(2¢(Tn(uk))Vvdx+e/Q<|Vuk|p+_2Vuva+|uk\”+_2ukv>dx)

— p+—2 p+—2
—'/Q Tn(b(u))vdx-i-/g¢(Tn(u))Vvdx+£/Q <|Vu\ VuVv+ |u| uv> dx.
Therefore, for k large enough,

T, (b(”k))+¢(Tn(uk))+8(\Vuk\m_zVukJr|uk|1’+_2uk)
— T (b)) + (T (u)) + & (|VaulP* 2V + [u?+2u)  in LP4(Q).

Thus,
Aug — y — (Tn(b(u)) +o(Th(u) +e (|vu|P+*2vu+ |u|P+*2u)) in LP+ (), as k — oo,

Let us Prove that A is of Type of Calculus of Variation
Let us set

al(u7v,w):/ a(x,u, Vu)Vwdx.
Q
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Then, w — ay (u,v,w) is continuous on WP+ (Q), Thus

ay(u,v,w) = (A(u,v),w), A(u,v) € Wﬁl’pg(!)),
and verify,

A(u,u) = Au, where Au:= —diva(x,u,Vu).

e As A(u,.) is bounded, we prove that v — A(u,v) is hemi-continuous from
WP (Q) — W75 (Q). Since a(x,u, V(v) +1v2)) = a(x,u, Vi) in LP' (Q) as
t — 4o and u,vy,vy € WHP+(Q) then, aj (u, v +1tvy,w) — ai (u,vi,w) as t — oo,
In the same manner we prove that u +— A(u, v) is hemi-continuous from W7+ (Q) —
WP (Q).
Moreover, for all u,v € W!P+(Q), we have

(A, u) = Au,v),u—v) = (A(u,u),u—v) — (A(u,v),u—v)

=ay(u,u,u—v) —ay(u,v,u—v)

/ a(x,u,Vu)V —v)dx—/ga(x,va)V(u—v)dx
= /Q (a(x,u,Vu) —a(x,u, Vv)) V(u —v)dx > 0.

e Let us suppose that uy — u in WP+ (Q) and (A (ug, u) — A(ug,v),ux —v) — 0. We
prove that

Vv e WhPH(Q), Aug,v) = A(u,v) in WP (Q).
As up — u, we have
a(x,ug, Vv) — a(x,u,Vv) in i (Q).

Thus, )
A(ug,v) = A(u,v) in WHPH(Q).

e We suppose that u; — u in W'+ (Q) and A(uy,v) — © in W14 (Q). We prove
that
(A(ug,v),ur) — (O, u).

Then a(x, ug, Vv) — a(x,u, Vv) in L7+ (), and thus, a; (g, v, u) — ay (e, v, u).
Therefore,

(A(ug,v),ur) = ar (ug,v,ug) — (A(u,v),u) and © =A(u,v).

Hence, A is of type Calculus of variation. Therefore, A is of type (M).
So, we have immediately

Au=y — (T,(b(u))+ ¢(T(u)) + € (\Vu|p+*2Vu+ \u|p+*2u)) )

Therefore, we deduce that A,u = ¥.
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Thus, T,(f) C W1+ (Q), there exist at least one solution u, € W'+ (£2) of the prob-
lem

(Anttn,v) = (T,(f),v) WweW'r+(Q).

That’s completes the proof of Theorem 3.

Part 2: A Priori Estimates and Convergence Results
This part is done in three steps, we make a priori estimates, some convergence results
and other based on the Young measure and nonlinear weak-* convergence.

Step 1: A priori estimates.

Lemma 1. Suppose that (A3) — (A¢) hold with variable exponent m,(.) and f, €
L=(Q). Let uy, be a weak solution of (Z,) . Then, for all k > 0,

/ VT ()" Odx < Clk + 1), 5)
Q

[T ] dr <. ©
JQ

Proof of Lemma 1.
We take v = Ty (u,) as a test function in the weak formulation (4), we get

[ b o) e+ [ i, Vi) VTyCun)d+ [ 9(Th). Vi)
Q ‘ Q Q
te /Q(|Vun|"+*2vu,,vn(un)+|un|"+*2unTk(u,l))dx= /Q Fliw)dx. ()

Since the first and the last term of the left hand side of (7) are nonnegative, we deduce
that

/a(x,un,Vu,,).VTk(un)dxg/ |¢(Tn(un))\.\VTk(u,,)|dx+/ FTu)de.  @8)
Q Q Q

Thanks to Young’s inequality, we obtain

’ o
. e, Vi) Vi) < € [ 10T )| = av+ 5 [ VTk<un>|”"<'>dx+k|f|u(s(z;)

By using (Ag), we get

/

Py
/QVTk(u,,)|”"(')dx§C1(sup|¢(s)|+1> dx+K[|fll 1 ) (10)

Is|<n

Hence,

/Q|VTk(un)|”"<-)dx§C(k+1). (an
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From (7), we obtain
| T ) Tl dr < [ £t [ 10T ()] IVTi ) s

<kl fllp @) +Ck).

Dividing by k and letting k goes to 0, we obtain

/ T, (b () signg (1) dx < C.
Q

Hence,
| 1T b wn)ldx<ca

Lemma 2. Assume that (Az)—(Ag) hold. If uy is a weak solution of the problem (22,)
and f, € L*(Q). Then, for all k > 0,

/ VT (1n)[P~dx < C'(k+1). (12)
Q

Proof of Lemma 2
We have

/Q VT ()| Vdx < Ck+C'. (13)

we know that

/ \VTk(un)V’*dx:/ |VTk(un)|”*dx+/ VT3 ()P~ dx
0 (VT ()51} (VT ()] <1}

<

/ VT (un)|P~ dx+ meas(€2)
SV (un)[>1}

g/ VT ()| dx + meas(Q)
Q
By using (13), we get

/ VT |P-dx < C'(k+1). (14)
JQ

Lemma 3. For any k > 0, we have

1T (un)l1,7, ) < Clk+1), (15)

and forallk > 1,
meas ({|u, > k|}) <C. (16)
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Proof of Lemma 3
By (5), we have

/ VT ()™ O < Clk + 1).
Q

We also have

/ |Tk(un)|”"('>dx=/ |77<(un)|”"(')dx+/ ‘Tk(un)‘n"(‘)dx
@ {lun| <k} {un| >k}

< / KO dx + / k%) dx
{Jun| <k} {lun| >k}

< (14kP*)meas(2) + (1 + k+)meas(L2)
<2(1 4k )meas(Q).

We deduce that
1) (Tk(un)) < Clk+1) +2(1 4 kP* )meas(R).
For ||Ti(un)]]1 7,() > 1, we have
ITic(n) 1Y 7, ) < Pry ) (Tic(ttn)) < Clk+ 1) +2(1 kP meas(Q),

which implies that

1

I Tic(un) 1,7, () < [Clk+1) +2(1+kP* Jmeas(L2)] 7~
=C(k, f,pt,p—,meas(Q)).

Therefore

”7}((“")"17[,,() < 1+C(k,f,p+,p,,meas(.Q)).

a7

From the Lemma 3, we deduce that the sequence (7j(uy)), < is uniformly bounded in

W) (Q) and also in WP~ (Q). Then there exists a subsequence still denoted 7 (i),
we can assume that for any k > 0, T (u,) weakly converges to s; in WP~ () and also

Ty (uy) strongly conerges to s; in LP~ (). Step 2: The convergence results.
The proof of the following proposition use the Lemma 3.

Proposition 4. We suppose that (Az) — (A¢) hold and let u, be a weak solution of the
problem (), then the sequence (uy),cy is Cauchy in measure. In particular, there
exists a measurable function u and a subsequence still denoted u, such that u, — u in

measure, as n — oo,

As (uy)n € Nis a Cauchy sequence in measure, so (up to a subsequence) it converges

almost everywhere to some measurable function u.

As for any k > 0, Ty is continuous, then Ty (u,) — T (u) a.e x € Q, s0 5 = T (u).

Therefore,
Tii(un) — Ti(u) in WHP=(Q).

Hence,
Ti(un) — T(u) in LP~ () and a.ein Q.
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Step 3: The convergence in term of Young measure.
The following assertions are based on the Young measure and nonlinear weak—x* con-
vergence results.

Assertion 1.
The sequence (V7 (un)),cy converges to a Young measure V¥(1) on RV in the sense
of the nonlinear weak—* convergence and

Vi (u / AdvE( (18)

Proof.

Using Lemma 2, VT;(u,) is uniformly bounded in L~ (£2), so, equi-integrable on Q.
Moreover, VT (u,) weakly converges to VT;(«) in LP~(£2). Therefore, using the repre-
sentation of weakly convergence sequences in L!(£2) in terms of Young measures, we
can write

VTk / )idv

Assertion 2.

|A|™() is integrable with respect to the measure v¥(A)dx on RN x Q, moreover,
Ti(u) e W'H(Q).

Proof.

We know that p(.,u,(.)) — p(.,u(.)) in measure on Q. Using Theorem 1 (if), (iii)
(P (-sun(.)), VTi (un)),cn converges on R x RN to Young measure puf = §; () © Vi
Thus, we can apply the weak convergence properties (22) to the Carathodory functlon
Fn (x,40,4) € 2 x (R X RV) = |, ()| with m € N. Then, we obtain

L I aviyax= | (A dyt (0, 2) d
QxRN

Qx(RxRN)
L L B 20,2) dutt (R0, 2)
Q JRxRN

= lim Fm (x, p (1 (%)), VT (un (%)) dx

n—r+oo

= lim / i (VT (1)) ]P0 dx

n— oo

< lim / VT (10) P

n— oo

<Clk+1).

hn(A) — A, as m — +oo and m — hy,(A) is increasing. Then, using Lebesgue conver-
gence Theorem, we deduce from last inequality that

/Q AP avi Q) < e+ ).
X
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Hence, |A|" () is integrable with respect to the measure vE(L)dx on RN x Q. From (18),
the last inequality and Jensen inequality, we get

VT () "™ dx = AdvE(A)
Q Q| JRN

Thus, V7Tj(x) € L™)(Q). Moreover, / \Tk(u)|”<'>dx < max (k*, kP~ ) meas(Q).
Q
Hence, Tj (1) € L™)(Q) and we conclude that T; (1) € WH0)(Q).

m(x)

dx < / AP0 dvdx < oo
QxRN

Assertion 3.

i) The sequence ((D,’,‘)n < defined by ®F .= a(x,u,,VT; (u,)) is equi-integrable on
Q.

ii) The sequence (®F) _ . weakly converges to @ in L' (2) and we have

neN

() :/ alx, 1, )dvE(L). (19)
RN
Proof.

i) Using the growth assumption (As) with variable exponent p (.,u,(.)) and relation
(3.4), we deduce that (®F) is bounded in L™()(€2), so, L™() — equi-integrable on
Q. Moreover, as 7, (.) > 1, we obtain

(VT ()| < 1+ [t (5, VT (1)) 0.

Thus, for all subset E C €2, we have
/ |a (x,, VT (un))| dx < meas(E) —|—/ la (x, un, VT (un))|”',’<')dx.
Q Jo

Therefore, for meas(E) small enough, ((15,’1‘) is equi-integrable on €.

ii) We set @F = a(xu(x),Vv,) with Vv, = VT(u,) - x5, Where
Sp={x€Q,|n(x) —m(x)| < 3}
Applying (As) with variable exponent 7(.) on a (x,u(x), Vv, ), we have for all sub-
set E C Q

/Ela(x,u(x),an)|dx§C./E. (1+<//f(x)+|an|”(')*l)dx

< c/ (4t ())dxt+ [ VT ()™
E ENS,

The first term of the right hand side of the last inequality is small for meas(E) small
enough. For x € Sy, 7(x) < m,(x) + 3, thus

/ WT’C(”")V('HCIXS/ (14 V7 ) PO ) s
ENSn ENS,
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and | )
VB () S O=2CO e [ VT, ) 2O <
Q

which is equivalent to saying |V T (u,,)\””(')*7 € Lem(0)) (Q). Now, using Holder type
inequality,

/ |VTf<(un>\”(‘)‘1dx§/(1+\VTk(un)|ﬂn<-)—%)dx
ENSy 5

< meas(E) + 20|V T (1) |zt | 22 20 -

(20)

From Proposition 1

HXE|L2"”('>(Q)Smax{(l’2ﬂn (XE)) s (P2 () () 7+ 5 }
:max{(meas(E))zpl7(meas(E))z,§+}

The right-hand side of (20) is uniformly small for meas(E) small, and the equi-
integrabi]ity of cﬁ,’f follows. Therefore, (up to a subsequence) @,’f weakly converges
in L'(Q) to &%, as n — +oo.

Now, we prove that ®* = ®*; more precisely, we show that <Dk ®F strongly con-

verges in L!'(Q) to 0. Let § > 0, by (3.4), / IVT ( u,,)|””()dx is uniformly bounded,
Q

which implies that / |VT; (uy)| dx is finite, since
JQ

/|VTk(un)|dx§/ (1+|VTk(un)|ﬂn(x))dx.
Q Q

By Chebyschev Inequality, we have

/ VT ()| dx
Q .

meas ({IV (ur) | > L}) < 72—

Therefore, sup,,cymeas ({|V7; (u,)| > L}) tends to O for L large enough. Since &} —
@F is equiintegrable, there exists § = §(f3) such that for all A C ,meas(A) < § and
Iy | @K — Df|dx < % Therefore, if we choose L large enough, we get M < 8§,

so meas ({|VT; (u,)| > L}) < 8. Hence,

ék—cb,k dx < —
/{WTk<un>|>L}‘ v 4

By Lemma 2.21, we also have

meas <{x € Q;sup la (x,un(x),A) — alx,u(x),A)| > a}) —0

A€EK
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as n — +oo. Thus, by the above equi-integrability, for all ¢ > 0, there exists ny =
no(o,L) € N such that for all n > ny,

B

dx < =

&~ afar < 8

~/J£er;sup;L<La(x,un (x),k)—a(x,u(x)l)\zc}

Using the definition of ®* and ®*, we have

(D,lf — Cb,/; = a(x,up(x), VT (un)) — a (x,u(x), VT (u,)) onS,

Now, we reason on

SnLo = {x € Q; sup |a(x,uy(x),A) —alx,u(x),A)| < 0,|VI; (uy)] < L}

IAl<L
/Sn,L.o‘

We observe that

Js

@, -,

dxg/s sup|a (x,un (x),A) —a(x,u(x),A)|dx

,L.GM"SL n

< omeas(Q).

B — ot dx:/ P B — ot dx
Snmsn,L‘O'

Sn\Sn‘L‘cr

and

Su\Sn.L.c C {xe Q; sup |a(x,un(x),A) —a(x,u(x),A)| > G} U{|VTi (un)| > L}.

[Al<L
Consequently, by choosing 6 = o () < %s(!))’ we get
sk B B B_3B
/Sn B~ Py|dx< T+ =

for all n > ng(o,L). Since meas ({x € Q,|r(x) — m,(x)| > 1}) — 0 for n large enough;
which means that meas (£2\S,,) converges to 0 for n large enough. Thus,

folot-toce [, Jotoc<
\S, Q\S,

dx <™
=y
Therefore, for all B > 0 there exists ng = no(f) such that for all n >

no, [ | @~ ok
Q
that

@, - @, @,

dx < B. Hence, @ — ®F strongly converges to 0 in L' (£2). We prove

D (x) = /RN a(r,u(x),A)dvE(L)  ae.x € Q and dF € LFO(Q).
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Notice that

lim / VT ()| (1= g5, ) dx = lim VT (1) dx = 0
n——+eo n—+tee JQ\§,

n

since (VTj (un)),cn is equi-integrable and meas (2\S,) converges to 0 for n large
enough. Therefore, (V7j (u4)),cny and V7i (u,) xs, converge to the same Young
measure v)'; (1). Moreover, by applying Theorem 1 i) to the Carathodory function
F (x,(A,A)) :=a(x,A9,A), we infer that

B(x) = B(x) = /RNa(x,u(x),l)dvﬁ(l)a.e. xeQ.

Using (As), it follows that |a(x,u(x),1)|" ) < C (///(x) + \M”(')). Thus, with Jensen
Inequality, it follows that

/Q‘d)k(x) nl(I)dx:/Q
< [ Jaleu(). )/ Vdviads

<c/ A ) dvE(R)dx < oo

Hence, ®F € L7 0)(Q).
Assertion 4.

(a) Forall ¥ > k > 0, we have @ = @* X{\u|<k}
(b) For all k > 0,

/ (Dk~VTk(u)dx2/ ax,u(x), A) - AdvE(A)dx @1
Q QxRN

(c) The div-curl inequality holds:

/QXRN (a(x,u(x)JL) —a(x,u(x), VT (u(x))) (A — VTk(u(x)))dv)’f(l)dx <0.

(22)
(d) Forall k >0,

@ = a(x,u(x),VIi(u))forae. x € Q

and VT (u,) converges to VT;(«) in measure on €, as n — +-oo.
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Proof.

(@) Let K >k >0 and g* := a(x,u,,VITy (un)) X(ju<k)- By Assertion 3-ii), (gﬁ)neN
weakly con- verges to ol Xlju|<k] 10 L' (Q). If we prove that (gﬁ)n oy Weakly con-

verges to @F in L' (), then the wished result will come of the uniqueness of the
limit. Let us put

hﬁ =a (xvun’ VY}C/ (u"))xuunkk]
As VT (un) = VT () X|ju,|<k» for all K > k > 0, then, we get

hﬁ i=a(x,u,, VIy (un))X[lu,,Kk] = a(x, un, VI (un))
s0, (h}), . Weakly converges to @F in L' () by Assertion 3-ii). Set

dy = gh — hy = a (x,un, VT (1n)) (Xju)<k) = Xjun <k])

On the one hand, thanks to Assertion 3-i), ( )n eN
hand d¥ — 0 ae. on Q. Indeed, Xllunl<k] = X(—kk) (un) and if |u,| # k a.e. on
Q, X(—k)(-) is continuous on R. In other words Y(_)(.) is continuous on the
image of €2 by u a.e. k > 0. Moreover, u, — u a.e. on £2, then ¥[j,,|<x] = X[ju|<k]

is equi-integrable. On the other

a.e. in 2. Now, using Vitali’s Theorem (d,’f) strongly converges to 0 in L! (Q),
so it weakly converges in L! (£2). Hence, (gﬁ) and (h¥)
the same limit @ in L' (Q).

(b) Let .7 be a set of W™ functions S : R — R such that §'(.) has a compact support.
We construct a sequence (Sm)pren C -7 such that
e §), and Sj; are uniformly bounded,;
. forallME N,S), =1lon[-M+1,M—1], suppS’ C [-M,M];
e the sequence (b(z)Sjw(z)) wen 18 non-decreasing for all z € R.

1cn Weakly converge to

For all ¢ € C*(Q),v = ¢S}, (1) is an admissible test function in the weak formu-
lation (4). We have

/ Ty (b (1)) Shy (i) 9l + / Sty (tn) @ (%, tn, Vg (1)) .V @dlx

+/ S! (un)a xu,,,VTM(un))-VTM(u,,ypdxf/QsM(unm(TM(M,,)).Vq)dx

+ [ St )0 (Ths () Vi (1) 9 23)
e [ (Va2 Vi,V (9830 ) + il Sl () @]

= [ £uShe () .

Since u, converges to u a.e. in Q, by continuity of b,S), and the compacteness of
supp S}, we obtain

/' Ty (b (1)) Sy () @l — / b(u)S) () @dx, as n — oo, (24)
JQ JQ
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Moreover, we have | £} (1n) 9| < (IS}l =z [ £1l0] € L'(2), /a8y (un) @ — £ S} ()@
a.e. in Q. Thus, by Lebesgue dominated convergence Theorem

/ FuShy (1) pdx — / FShy () @dx, as n— oo 25)
Q Q
Let us prove now, that
/ S;VI (tn) a(x,un, VI (n)) - Vodx — / SﬁVI(”) oM. Vodx,asn — oo (26)
Q Q

For all L > 0, we have

/ Sty () @ (%, s Vg (1)) - Vepdx = / Sy (1) @M - Vpdx
Q {IVol<L}
(27)
+/ Shy () @M - Vdx
(vel>Ly
For the first term of the right-hand side of (27), we have
Shy () DM . Vpdx — S () @M -V pdx,as n — +oeo (28)
/{\V¢\<L} . (vol<ty

Thanks (D,]ZM — ®M in L1 (.Q) and V(PS;VI (Mn) X{WWSL} —* V(PSEVI(u)X{W(P\SL} in
L=(Q). Furthermore, the second term of the right hand-side of (27) converges to zero
for L large enough, uniformly in n. Indeed, using Hlder type inequality and the fact that
LP+(Q) — L™0)(Q), we get

DNV @Sy, (uy)d
‘/{ku P (n)x
< CIShall ey 190" |0 @) VO X901 23 20 0

<C p—aHSMHLw ) »meas(Q ||<1)r’l"’|‘m’,[(_) o ||V‘P||LP+(Q)meaS({|V(P| >L})
(R) (Q)

From (As), (5) we obtain

1Dl ) 2y < C-

Moreover, ¢ € C*(Q) and C~(Q) is dense in the space WP+ (Q). Then, by the fact
that Llirn meas({|Vep| > L}) =0, we get
—> 00

meas({[V9] > L}) [ @ s g IV0llir (@) = 0, asL— o

Hence, the second term of the right hand-side of (27) converges to zero, as L tends to
infinity. Thus, as n — 40 and L — 4o in (27), we deduce (26). Let us consider the
third term of left hand-side of (23), we obtain

/ 14, (1) @ (¥, 6, Vg (1)) - Vit (1) @dx < C { } Sl (1) | @ (%, t, VT () - Vg (1) dix
Q |un| <M

gc’/{M oy 5 Vi () Vg ) s

+c/ S () | @ (5, thn, Vo () - VTt (1) i,
{lun| <M~ I}W-’

(29)
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where C = C(||¢[|;~)), C =C (||S;(4\|Lm(R) ) ||(p|\Lw(Q)) and a (x,un, VT (up)) .
VTuy (uy,) is finite. Otherwise,

/ a(x,un, VI (40)) VT (uy)dx — 0, asM — +oo
J{M—1<|up|<M}

Since, Mlin+1 meas ({M — 1 < |u,| <M}) =0 and a (x,u,, VI (uy)) VI (1) is equi-

integrable.
In the same way, we show that

[ S 12) 6 (T (1)) Vg — [ 4410 (Tis 1) Vo, as n— -+, 30)
Q Q
and
/sg; () & (Tor (1)) - Vit (1) @ddx — 0,25 1 — oo 31)
Q
Finally, using (24), (25), (26), (29), (30), (31) and passing to the limit in (23), as n tends

to infinty and as € goes to 0, we obtain

/ b(1)Shy (1) @dx + / Shy (1) DMV el + / Shy ()6 (Tog (1)) - Vepdx = / £Shy(w)odx.

Q Q Q Q 32)
For k > 0 fixed, Ti(u) € W()(Q) and the exponent 7r(.) verify the log-Hlder conti-
nuity assumption. Therefore, C**(Q) is dense in W'7()(£), so, we replace ¢ by T (u).
Now, for M > k, thanks to (a), we replace @ VT (u) by @ - VT;(u) in (32).

"y converges a.e. to 1 on R, as M — oo, then using the monotone convergence the-
orem in the first term of left hand-side of (32) and the dominated convergence theorem
in the other terms of (32), we get

/ (b)) + @ V()] dx + / 0 () - VT(u)dx = / Fhwdx  (33)
Q Q Q
The relation (7) is equivalent to
[ Tutbe) i)+ [ s, Vi) Vi) + [ (T (). Vi)
Q Q Q
te / (VP 2V it VT (1) + 100 P2, Ti(11)) dx = / Flu)dy.  (34)
Q Q
By Fatou’s Lemma, we have

liminf | T, (b (un)) Tr (un) dx > /Q b(u) Ty (u)dx. (35)

n—-+e JQ

Now, we consider the right hand side of (34). We have |f,T; (u.)| < k|f| € L'(Q),
JuTi (uy) — fTi(u) a.e. in Q. Thus, by Lebesgue dominated convergence Theorem

| fiTiw)dx— [ T, asn - +oe (36)
Q Q
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Using (34), we get

/Qka(u)dx— (/Qb(u)Tk(u)dx—i—/Qq)(u)-VTk(u)dx)

> liminf | a(x,un, VI () Vi (uy) dx
n—-+too Q

+£/ [|u,,v’+*2unrk(u,,)+|vunv’+*2vu,,vrk (un)} dx
Q

> liminf

a (x,u, VTi () VT (1) dx.
Nn— oo o)

Thus, by using (33), we obtain

/ DV (u)dx > Timin [ a(x, 1, VT (1)) VTi (1) dx (37)
Q

a
n—-+oo Q

(c) We have m +— a (x,up, hyy (Vi (4y))) - i (VT (uy,)) is increasing and converges to
a(x,un, Vi (uy)) .VTi (uy,) for m large enough. Thus, we deduce that

a (x,up, Py (VT () - o (VT () < a (X, 140, VT (u)) - VT (1) = d),lf VT (uy)

Therefore, using (b) and Theorem 1, we get

/ @ . VT (u)dx > liminf [ @ VT, (u,)dx
Jo n—te Jq

> 11111 a (%, My (VT () - o (VT (u)) dx
n—-+oo /)

[ a(uha(3) B(R)dvER)dx
QxRN

Using Lebesgue convergence Theorem, we get for m large enough
| @ Viwdr> [ atuu)-Advi)dx. (38)
Q QxRN
We have

./ngN (H(X;M(XM) —a(ox,u(x), VTi(u(x))) (A = VTi(u(x))) dv (A)dx

a(x,u(x),A) -)Ldvjf(?u)dxf/ Na(x,u(x),?L) VT (u(x))dvE(A)dx

QxRN QxR

- /Q @), VI (u(x)) - 2avi (A )dx-+ /Q | @), VI () - VI () avE ()
- /Q (), 2) - AdVE(L)dx— /Q ( /R ) a(x,u(x),mdvm)) Vi (u(x))dx
_./Qa(x7u(x)7VTk(u(x)))‘ (/RN xdvf> dx—&-/ga(x,u(xLVn(u(x)))~VTk(u(x)) (/RN dvf> dx
= a(xu(x),n) Advi(L)dx— / @ - VT (u(x))dx < 0.

QxRN Q

We pass from the first equality to the second equality by using Fubini-Tonelli Theorem
and from the second equality to the third one by using (18), (19) and the fact that v, is
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probability measures on R" . Finally (38) give us the desired inequality. (d) Using (22)
and the strict monotonicity assumption (A3), we deduce that

(a(x,u(x),A) —a(x,u(x), VT (u(x))) (A — VIi(u(x))) =0ae.x € 2, AR

Thus, A = VT (u(x)) a.e. x € Q with respect to the measure V¥ on RV, Therefore, the
measure V¥ reduces to the Dirac measure OV, (u(x)- Using (3.20), we obtain

ot = /M“(x’“(x)vl)d%'i (A) = a(x,u(x), VTi(u(x))) ae. x € 2

Now, by using Theorem 1 — (i) we deduce that VT}(u,,) converges in measure to VT (u).
Part 3: Passage to the Limit

Lemma 4. u is an entropy solution of (1).

Proof.
Let u, be a weak solution of the problem (3.2). Then, by Assertion 4
—(d), (VT (uy)),en converges to VT (u) in measure, thus (up to a subsequence still
denoted (VT (tn))yen) » (Vi (un)),cry converges to VIi(u) ae. Q. Moreover, we
deduce from Lemma 3.4 that VT (u,) is uniformly bounded in LP- (), so, p_ — equi-
integrable on Q. Then, by using Vitali’s Theorem V7 (u,) — VT;(u) in L~ (), which
implies that VT}, (u,) — VTi(u) in L' (Q).

Furthermore, thanks to Assertion 2, u € .7 17() (Q).

Since T, (b (u,)) — b(u) a.e. in Q, it follows from Fatou’s Lemma that

/ Ib(u)| gnminf/ T, (b ()| dx < C.
JQ n—-+e JQ

Hence, b(u) € LI(Q)
Let ¢ € €*(£2), then we can choose T (u, — @) as a test function in (4) to get

/. T (b (up)) Ty (uy dx+/ (x,un, Vuy) VTi (u dx+/ () )VTi (un — @) dx
Q
te /Q (192”2 VitV (11— 0) + "2 0Ty (0 — )]

= [ Al —g)dx. (39)

For the first term of the left hand side of (39), we have
Tl ) Tt = @) = [ [T, (b (1)) = T (b(9))) i (i — @)
+ /Q T (b(9)) Tk (un — ) dx.

Using Fatou’s Lemma, we obtain

n——oo

liminf T (b (un)) T (up — @) dx > /Q b(u)T(u— @)dx. (40)
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For the third term of the left hand side of (39), we prove that

lim 6/ {|Vun|P+72VunVTk(un—(p)+|un|p*72unTk (un — @)| dx > Oas € — 0.
Q

n— oo
(4D
Setting [ = k+ [|¢|| = () We have,

e [ Vil Vi VT (= @)dx=e [ VT ()" 2V () V (T} ()~ )
JQ J{un—o| <k}

VT (“n)|p+72 VT, (un) Vpdx

:8/ |VT1(un)|p+dx—€/
{lun—opl<kc} I{[un—o| <k}

> | VT ()P 2V} (1) Vigal.
{lun—o| <k}

(42)
The sequence €VT;(u,) is uniformly bounded in LP+(€). From, Assertion 4
—(d),VT; (u,) converges a.e. in Q (up to a subsequence) to V7;(u). So, by Vitali’s
Theorem, €V7;(u,) converges to €VT;(x) in LP+(Q). Thus, €|VT (u,)|P* > VT
(u,,)x{‘un_(pkk} converges to € |VT1(14)|”+72 VTl(u)x{‘u_q,Kk} in LP+(Q). Using (42),
we obtain

lim & / Vit P2 Vi VT (10 — @) dx > —€ / VT ()P 2 VT () V.
nte Jo {u—p|<k}
Therefore,
liT 8/ \Vu,,|p+72 Vu, VT (up — @)dx > 0,as € — 0. (43)
n—+e  JO

Now, we prove that

lim 8/ lun|”* 2wy T (1 — @) dx > 0,258 € — 0.
Q

n——-oco
We have
/ |’/’n‘p+_2 u, Ty, (un - (P) dx = / (|”n|p+_2 Up — |q0|p+—2(p) T; (un - q)) dx
Q Q
+ [ 1ol 20T (un — @) dx (44)

> [ lol" 20T (i, — 9)d
Q

since <|un|p+_2 Uy — |(p|p+_2(p) Ty (un — @) is nonnegative. Furthermore, Tj (u, — @)

converges weakly* to Ty (u — @) in L=(2) and |@|P+2¢ € LP* (Q), so

tim [ |pl" 20T (,—p)dx= [ |o/" 2oTilu—g)dx  @5)
Q Q

n— oo

Combining (44) and (45), we obtain

Nn— oo

lim 8/ \un|p+72unTk(u”—(p)deO,ase—>0 (46)
Q
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Combining (43) and (46), we get (41).
For the first term of the left hand side of (39), we recall that [ = k + [|¢||~(q) and
we get

/Q a(x,un, Vi) VTi (up — @) dx = /Q a(x,un, VT (un)) .V (T; (un) — @) X{ju,—p|<k}dX

:/Qa(x,un,VTl (un))-VT, (un)x{‘ur(pkk}dxf/Qa(x,un,VT, (“n))‘V(PX{|u,Z—(p\<k}dx-
47
Moreover, a (x,un, VTj (un)) - VIi () X{|u,— | <k} is nonnegative and converges a.e. in
Q to a(x,u, VT;(u)) VT; (1) X{ju—p| <k} - Thanks to Fatou’s Lemma, we get

liminf Qa(xaumVTz (un)) - Vi (tn) X{u,— | <kydX = /Qa(xthTz(u))'VY}(M)X{\u—¢|<k}dX-

' ’ (48)
For the last term of (47), first we prove that a (x,un, VT; (un)) -V QX (|, —g|<k} 1S €qui-
integrable. Let E be a subset of Q.

[0 VT 02) - V9t gty < [ (e, VI (1)) Vo

1
< [ et VI ) dr [ Vol

< Cl /E <%(x)+ ‘VT} (Mn)lﬂn() d}C+/E |V(p‘n” : d)c

Moreover,

[ vorOax— [ Vo™ dx+ [ Vol
E En{|Vel<1} EN{|Ve|>1}

gmeas(E)—&-/ |Vo|P+dx,
E
since |Vo|P+,.4# € L'(Q) and |VT; (u,)|™") is equi-integrable. Then, we obtain

lim a (x,tn, Vi (un)) VO Xy — | <kydx = 0.

meas(E)—0JE

Furthermore,

a (x,un, VI; (n)) VO {4y <ky — @ (x,u, VT () - VOY[1ug)<ky 2. in Q.
By applying Vitali’s Theorem, we obtain

Jim ¢ (1, VT (t40)) VO X — 0| <k dX = /Q a(x,u, VTi(u)) VO x{ju-p|<kydx.
(49)
From (47)-(49) we obtain

liminf | a(x,upn, Vuy) - VTi (unp — @) dx >

n—-+e JQ

a(x,u, VIj(u)) V(T (u) — @) X{ju—g|<kydx
50)

b\b\

a(x,u, Vu)VTi(u— ¢)dx.
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For the second term of the left hand side of (39), we have @, (un) = ¢ (Tiy ||, (un)),
then

lim [ 0(T, () VTi (1 — @) dx = /Q¢(u)vrk (u— ) dx. 51)

n—-—oo Q

For the right hand side of (39), since f, — f in L'(Q) and T; (u, — ¢) —* Ty (u— @) in
L~(Q), we have

lim / FoT (0 — @) dx = / FT(u—@)dx. (52)

n—oo

From (39), (40), (41), (50), (51), (52), we obtain
/ b(u) T (u— (p)dx—|—/ a(x,u,Vu) -V (u— (p)dx—l—/ O(u)VT (u—@)dx
Q Q Q

<liminf (/ Tn(b(u,,))Tk(un—(p)dx+/ga(x7u,,,vun)-VTk (uy — @)dx

n— oo

+/ To () )V T (1 — @) dx
e [ [Vl ViV T (= )+l T 1~ ) dx)
:/Qka(u—(p)dx,ass—>0,
then
/K'Zb( W T (u— 0 dx+/ alr,u,Vu)-VTi(u— @ dx+/ V]}C(uf(p)dxg/éj'Tk(uf(p)dx (53)

for ¢ € C(Q).

As () verifies the log-Hlder condition, € (£) is dense in the space W1 7()(Q).
Moreover, W) (Q) < WP~ (Q) < L=(Q). Therefore, the inequality (53) holds
true for ¢ € W) (Q) NL=(Q). Hence, u is an entropy solution of (1).
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Abstract. In the light of the current research, we propose a more gen-
eral and realistic model based on approximative fractional Brownian
motion studies. This framework presents an option pricing model under
the double Heston Jump-Diffusion model, including approximative frac-
tional motion with stochastic interest rate and stochastic intensity. The
stochastic interest rate is determined using a two-factor Vasicek model.
The negative interest rate is allowed for this model. Therefore, we are
constructing a multi-factor model with a stochastic interest rate struc-
ture. We derive a closed-form pricing formula with an analytical solution
for European options. Finally, some numerical results are presented to
illustrate the value of a European call option comparing to other classical
models.

1 Introduction

In 1997 Black & Scholes [4] published a groundbreaking paper in which they pro-
posed an elegant model focused on Brownian motion to explain the complexities
of the underlying asset price and presented a closed-form formula for European
options. According to Duan and Wei [7], the Black-Scholes model cannot explain
the phenomena of the asymmetric leptokurtic and also the volatility smile that
is observed in the real market. Since That point, academic researchers have cre-
ated different models by joining in the Black-Scholes model the non-constant
volatility . The Scott [19] model, Hull and White [13] model, the Stein and Stein
[22] model and the Wiggins [26] model. However, the majority of these stochastic
volatility models are unsuitable for use. In 1993 Heston [11] describe the vari-
ance (the square of volatility) by Cox-Ingersoll-Ross process [5] and deriving a
closed-form formula for European options.

On the other side, a single factor model cannot describe the shapes of the
volatility smile with precision. Multi-factor stochastic volatility models are useful
for expressing return data in various ways, such as using a stylized effect or
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fitting the implied surface. We choose to investigate option pricing under two-
factor stochastic volatility in this study since it is more appropriate for practical
applications.

Otherwise, the financial market owns long-range persistence and self-
similarity traits, and fractional Brownian motion has these two essential prop-
erties. Moreover, fractional Brownian motion is not a Markov process or semi-
martingale; the classical Ito calculus cannot be used in this case. Wick products
have been created by Hu and Oksendal [12] for analyzing it. In addition, Xiao
and Al [27] used the Wick products to define a fractional stochastic integral.
Bjork and Hult [3] demonstrated that the model lacks an economic interpreta-
tion. To solve this problem is appropriate to use the mixed fractional Brown-
ian motion [8,17,23,28]. Approximation Fractional Brownian motion [24] can
also be used instead of fractional Brownian motion. Thao [24] showed that
Approximation Fractional Brownian motion is a semi-martingale. Furthermore,
many researchers (see [6]) adopted Approximation Fractional Brownian motion
in building stochastic volatility models.

Many authors have worked on a hybrid model in recent years by incorporat-
ing the stochastic interest rate into stochastic models [9,10,14,21]. In addition,
empirical studies show that using stochastic interest rates into option pricing
models will contribute to improved model results [18].

Roughly speaking, permitting for changes in volatility and interest rate and
the presence of jumps and the jump intensity changing over time indicate realistic
asset return dynamics. In a parallel development, incorporating jump into models
for pricing option also proposes describing the discontinuous behavior of the
underlying asset (see [1,2,15,16,20]).

The rest of the paper is organized as follows. We adopt the double-Heston
jump-diffusion (DHJD) model with approximative fractional Brownian motion,
stochastic intensity, and interest rate follow a two-factor model in Sect.2. In
Sect. 3, we derive analytical pricing formula for European call option. In Sect. 4,
we present some numerical illustrations. Finally, we conclude in Sect. 5.

2 The Model

We present some basic information on approximative fractional Brownian
motion. At the first, we present an analysis of fractional Brownian motion
(Bf1);>0 with the Hurst index H € (0,1). It is a Gaussian process with zero
mean and the following covariance:

1

BB 521 = 5 (1 + 18P 71— o1 M)

The decomposition of a fractional Brownian motion B is as follows:

B - F(Hi) [Zt + (i s>H%dWs] 2)
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where

Z :/0 <(t—s)H‘é - (—s)H‘5>dWs, (3)

—00

Wy indicates standard Brownian motion, and I' indicates the gamma function.
It is sufficient to focus exclusively on the term:

Y VA
&‘A“ ) (4)

that has a long-range memory. Note that The approximation of B; is Bf H which
can be expressed as [26]

t
Bf’H:/ (t—s—+e) T 2dw, (5)
0

where H is a long-memory parameter, € is non negative approximation factor.
Thao [24] proved that for ¢ — 0, (BS"). converges uniformly to a non-Markov
process. In addition, if ¢ > 0 then B is a semi-martingale [24]

~ 1 1
By = (H = S)ydt + 2wy (6)

1y is a stochastic processes expressed as
¢ 3
Y = /0 (t—s+e)f2dwy, (7)

where(Wtw)te[O,T] and (W)e(0,77, are independent standard Brownian motions.

Let (2, F, (Ft)teo,1), Q) be a complete probability space with a filtration and
Q presents a risk-neutral measure.The stock price S; is expressed by the following
dynamic system:

B = (r1+ 2 = M)tk o dWy + VodWy + (J = 1)dN,
dvy = ky(0 — vp)dt + o\ Jo;d BT

doy = k(0 — 9)dt + ooV/odW}

A\ = kx(Ox — A1) dt + oxdW (8)
dri = ai (81 — r)dt + o1 dW,?

dro = as(fB2 — ri)dt + oodW,?

where W5, Wg, W2, W/, W2 and W} are the standard Brownian motions. We
assume that Wy is correlated with W, dWy.dWy = p1dt, W correlated with
W2 dWdW = pedt and W] correlated with W,2, dW/*.dW,? = p,.dt. Any

other Brownian motions are pairwise independent.
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vt, U are variances, and A; is the jump intensity. k,fc and k) are mean rever-
sion rates, 6, 6 and # are mean reversion levels, o, 0; and oy are the volatilities
of the variances. and the short rate is follow two-factor Vasicek model where the
short rate is given as a sum of two factors r; and ro, where (31, G2 are their mean-
reversion , ay, as are theire mean-reversion speed, o1, oo are their volatilities, N;
represents Poisson process with intensity A; and J represents the jump size, and
we suppose that InJ has an asymmetric double exponential distribution with
density function pdf,(z) :

pdfu(z) = pme™*1so + qn2e™*1, <o, 9)

where 177 > 1,72 > 0,p,q > 0, and p + ¢ = 1, where q and p represent the
probabilities for positive and negative jumps, respectively. As a result we can
obtain that u; = E®(J — 1) = (pm/m — 1) + (gn2/m2 +1) — 1.

Weset 7 =T —t, Xy = InS;, Y = InJ, the interest rate r are determined
by the sum of the two factors rq and ro (r =71 + ro) and k = InK, where T is
the maturity date, and K is the strike price. In the risk-neutral world, the price
of a call option C(S,V1,V2 r A t) at time ¢t € [0,T] with strike price K and
maturity date T is given by

C(S,v,0,r1,r2, A\, 1) = EQ (eff; ”dsmax(ST - K, O)|]-"t> (10)

we convert measure Q to the measure Q% and the T forward measure Q7. By
applying Radon-Nikodym derivatives,

X
i SR (11)
dQS o= J§ rsds+Xr
dQ  P(t,T)
d@T - e~ fo{ reds (12)
where
S =eX =EQ <e S radst X ]:t), (13)

P(t,T) := E? (e‘ I 7”Sds"’|}"t), is the price at time t of a zero-coupon bond

which matures at time T (see appendix). Then, we can have the following
expression:

C(S,v,9,7r1,79, A\, t) = SIEQS(l{XT>k}\]-}) - KP(t,T)IEQT(l{XT>k}\]-}) (14)

we define .
ps(u) :=E¥ ("X |F), (15)

pr(u) =EY (X7 |F,), (16)
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gp(u,) — ]EQ(eftT rsds+iuXr |ft)7 (17)

where pg(u) denotes the characteristic function under Q°, @7 (u) denotes the
characteristic function under Q7, and o(u) denotes the discounted characteristic
function under Q. Furthermore, by using Radon-Nikodym derivatives we can
have the following expression:

C(S,v,0,71,7r9, A\, t) = s(%+% /OOO R(%)du) —KP(t,T)<%+% /OOO R(m%du))
18

all we need to do is to derive the formula of p(u) to have the pricing formula.

Theorem 1. If the asset price is governed by the dynamic system (1), the dis-
counted characteristic function o(u; X, v,0,r1,719, X\, T) takes the following form:

@(U;X7U7@,T1,T27 )\7 7_) _ eC(u,T)«l»D,U(u,T)'u«&»D@(u,'r)v«l»E(u,T)'rl+F(u,T)'r2+G(u,T))\+qu

(19)
where
. H-1
2k 64 (ky — iuproye 2 —d)r 2d
C(u, ) = 5 2H71[ 2 +in 71 }
TuE 2d + (ky — duproye 2 —d)(1 —ed7)
280 [ (k— i o —d 2d
, 2 [< ez —dyr A -
o 2 2d + (k — iupgog — d)(1 — e—4dT)

0 0
+ (Gu — 1)((—1(k1t 1o emRity L 2 o 1 — e*’“ﬂ))
k1 ko

2 2
o _ _ o — —
- ﬁ(iu71)2<e 2k1t _ ge k1t72k1t+3) 7ﬁ(iufl)2(e 2k2t _ 4e k2t72k2t+3)
1 2

1

— . 1
o~ ootk _ L

1 1
+ proioa(iu — 1)2 (t + k—eith + ekt
2

kika ki1 k24 k1 ko
1

)

k1 + k2

2k 0 k) — tupgoy —<)T 25
n >\2 A {( A A—S) tin ‘ _

ox 2 25 + (kx — dupgoy —s)(1 —ed7)
1—e 9"

Dy(u,7) = ((iv)? —iu T
(w,7) = () )2d+ (ky — iupro,e=2 —d)(1 — e—d7)

1— e—d‘r

2ds + (k — iupyoy — d)(1 — e=d7)

Dy(u,7) = ((iu)? — iu)
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1—e™°7

G(u,7) = 2w(u) SR A p——

E(u,7) = kil(zu —1)(1—eh7)

Flu,7) = k%(iu S )1 — e

d= \/(kv —iupro,e2)2 — g2e2H-1((ju)? — iu),

A=\ (k — iupa0s)? — 02 ((i)? — i)

M(u) = pm + a2y
n —iu N2 +iu

w(u) = M(u) —iupy,s = \/ k3 — 205w(u)

Proof. o(u; X, v,0,7r1,7r9, A\, 7) satisfies a PIDE by applying the Feynman-Kac
theorem:

2

Dy 1 Oy 1 0% 1 Dy
**+(T1+T2*>\HJ*5(U+U>>g+5(v+ﬂ)@+(kv(9v*”)JF(H*E)UIJ\E)E

or

1 5 o1 0%¢ . . dp 1 5 0% g_1 82 8% dp
+ —o,¢€ v— + k(0 —0)— + —0L0—— + Oy VE 2 + o5 + k1(601 —7r1)—
27w oz T Voo T 2900552 T 1w wow T P20 gppp TR — ) 5T
1 28290 dp 1 2824p 20 Do 1 2824p
+ —0]—5 + k201 —1r2)— + —05 —5 +o102pr ———— + k (O —A)— + -0 —
27192 2001 —r2) 5+ 5 202 TP o oy MO =Nt SN e

+A /joo(ea(z +y) — @) f(y)dy —re =0

(20)
If we assume that ¢(u; X, v, 0,717,729, A, 7) takes the form of

C(u,7)+Dy (u,7)v+Dg (u,7)0+E(u,7)r1 +F(u,7)ro+G (u,7) A\ +iuX

(21)

@(U;X7U7@7T1,7’2,)\7T) =e€
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and substitute into Eq. (20), we can obtain

ac

or
oD, _ 1
or T 2
agf’ = %O’?}D?} + (p2oyiu — ky) Dy + %zu(zu —-1)
g—f = %UiGQ — kxG + M(u) — pyiu
9L — | E4iu—1
9L — —fpF+iu—1

399

= koOy Dy + kODg + k1601 E + ko0 F + 203 E? + L02F? + pro102 EF + Gk0y

cr%eQH—ng + (plcrveréiu — ky)Dy + %zu(zu —-1)

(22)

with boundary conditions C(u,0) = D, (u,0) = Dy(u,0) = E(u,0) = F(u,0) =
G(u,0) = 0. by applying some algebraic calculations, we will obtain the result.

3 Numerical Discussion

We’ll analyze European option prices under DHJDF with two-factor stochastic
interest rate model parameters in this section. The parameters we use are listed

in Table 1.

Table 1. Values of parameters.

Parameter | Value Parameter | value

k. 9.9772k1 | k 2.3388

0o 0.0189 6 0.001

O 0.8379 |os 0.9957

p1 —0.9764 | p2 —0.8178

v 0.0002 |© 0.0633
0.00005 | pr 1

i 0.3322 | e 0.26594

B 0.1 B2 0.1

o1 0.02 o2 0.02

1 0.001 ) 0.012

ke 2 o 0.1

0x 0.001 A 0.001

kry 0.02 kry 0.02

m 1.0333 | n2 19.7482

S 100 K 100
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Fig. 3. The model price, the Heston price and double Heston price with respect to the
underlying asset price (a) and time to expiry (b).

Figure 1 shows that changes in the mean-reversion level 8y have a significant
effect on call option prices, while changes in the mean-reversion rate k) have
little effect on call option prices. The obtained results show that an increase in
the value of 6y leads to an increase in the value of the call option price.
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Figure 2 illustrate the effect of the presence of the jump intensity process on
call option prices. It shows that the price of a call option with stochastic jump
intensity is greater than the price of a call option with a constant jump intensity.

On the other hand. By using theoretical results of pricing formula, we can
investigate the impact of incorporating a two-factor stochastic interest rate into
DHJD model with approximative fractional Brownian motion and stochastic
intensity under the chosen set of parameters. It can be distinctly observed that
our price model’s is high that the Heston’s price. Specifically, depicted in Fig. 3 is
the option prices with different time to expiry. Clearly, our price and the price of
Heston are about the same when the time of expiry increases, the gap between
our price and the Heston price increases. The reason that this phenomenon
happens is increasing time to expiry implies a longer period of time for the
interest rate changes which can thus definitely rate that can reflect the widened
divide.

4 Conclusion

This paper introduces the European option under double Heston jump-diffusion
hybrid model based on approximative fractional Brownian motion by adding
interest rate follow two-factor Vasicek model and jump intensity follow a stochas-
tic process. We derived a closed pricing formula for European option under this
model by used the Radon-Nikodym derivative. The numerical results show that
European call option prices under this model are higher than those under the
double Heston model and Heston model.

Appendix

If the risk-free interest rate follows the Two-Vasicek model, then P(ry,rq,t,T)
should satisfy the following PDE problem:

aP oP oP 1.209%p | 1,_28%P 22p
{ Sc tk1(02 — 7'1)3T1 + k2 (62 — TQ)ETI + 507 or2 + 502@ + o102 gl (ro +7m2)P =0

P(ry,re,T,T) =1

If we assume that P(ry,r9,¢,T) takes the form of =
P(ry,r9,t,T) = elA(TM)=B1(T)r1=B1(7)r2] (24)
and substitute it into PDE (23), we can obtain:
9B, — 1 — k1 By
952 =1 — kB, (25)

% = —]{)19131 — k29232 + %U%B% + %O’%B% + ,070'10'23132
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with the terminal condition By (0) = B3(0) = A(0) = 0 Then we have :

_ kit
Bi(r) = 1-(1- M) (26)
1
1 kl'r
By(r) = —(1 =€) (27)
k1
A(T):791(7'+—e_k1‘r )792(T+—5_k2‘r )+—1( + e~ k1t ! e 2kt 3
1 1 2 k k2 2k 2k
1 1 1 1 1 1
+ progos (t+ —e Pt 4 — k2t e (Fitho)t | -——-—)
k1ka k1 k2 k1 + ka2 ki +ka ki k2
2
n %(t+ 2 —kpt _ Y —2kpr 3
k2 k2 2ks 2ks
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Abstract. The aim of this work is devoted to study the existence of weak solu-
tions for the nonlinear p(x)-elliptic problem,

—diva(x,u,Vu) = b(x)|ulPY " 2u+AH(x,u,Vu) in €,

in the Weighted Sobolev spaces Weighted-withe Exponent Variable.The existence
is proved by using the topological degree, introduced by Berkovits.

1 Introduction

In this paper we discuss the existence of weak solutions for the following type Neumann
problem given by

—diva(x,u, Vi) = b(x)|ulP™"2u+ AH(x,u,Vu) in Q,
(1)
a(x,u,Vu)-n=0 on 0Q,

In the problem (2 is a bounded domain of RN, N > 2, A is a real parameter and 7 the
outer unit normal vector on dQ.

We assume also that p(.) is log- Holder continuous function (in a sense to be pre-
cised in section 2 below) and 2 < p~ < p(x) < p* < oo, we mention that the b € L(£2),
b(x) > 0 a.e. in Q. The operator —diva(x,u,Vu) is a Leray-Lions operator defined
from WP (Q, w) to its dual (W' (Q, w))*, where a: Q x R xRN — R, is
a Carathéodory’s function who satisfaid assumptions of growth, ellipticity and strict
monotonicity (see assumption (7), (8) and (9) of section 3), who the nonlinear term H :
Q xR x RY — R is a Carathéodory’s functions has the growth condition (see assump-
tion (10). When a(x,u, Vu) = A(x,Vu) and H(x,u, Vu) = f(x, Vi) +s(x)|u|?~'u, T. He
et al. have proved in [12] for all large A. Some important and interesting results can
be found in [1,3, 11, 16]. In the case a(x,u, Vi) = |Vu|P~2u and H (x,u, Vi) = f(x,Vu)
with Dirichlet boundary conditions, has been established by S. Liu [15]. Furthermore
in [2], A. Abbassi, C. Allalou and A.Kassidi solved problem (1) by topological degree
methods in the case were p is constant (i.e. p(.) = p) within the framework of clas-
sical sobolev space W!”(€). In recent years, the research of differential aquation
with variable exponent has been a particularly active field, with applications in electro-
rheological fluid (see [17,19]) and image processing (see [8,9].

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 404-417, 2023.
https://doi.org/10.1007/978-3-031-12416-7_34
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Our goal in this article is to study the existence of weak solution of problem (1).
The method used to solve the issue (1) is the topological degree, which is frequently
utilized in the study of nonlinear equations, particularly elliptic equations. Brouwer cre-
ated the first topological degree in 1912 for continuous mappings in finite dimensional
Euclidean spaces [7]. then Leray and Schauder generalized it in 1934 for compact oper-
ators in Banach spaces of infinite dimension [14]. Later, the theory was constructed by
Berkovits [5,6]. is organized as follows: in Sect. 2,we state some basic results for the
weighted variable exponent LebesgueSobolev spaces and an outline of Berkovits degree
theory. In Sect. 3, we give our basic assumption and some related lemmas to prepare for
the proof of the main theorem. Finally, in the fourth section, we prove the existence of
weak solutions of (1).

2 Mathematical Preliminaries

2.1 Classes of Mappings and Topological Degree

In this subsection, we recall some results and properties from the theory of topological
degree, Let X be a real separable reflexive Banach space with dual X* and with contin-
uous dual pairing (-, -) between X* and X in this order, and given a nonempty subset
Q of X, let Q and Q2 denote the closure and the boundary of € in X, respectively. The
symbol — (—) stands for strong (weak) convergence.

Definition 1. Let Y be another real Banach space. A operator F : Q C X — Y is said to
be

1. bounded, if it takes any bounded set into a bounded set.
2. demicontinuous, if for any sequence (u,) C 2, u,, — u implies F(u,) — F(u) .
3. compact, if it is continuous and the image of any bounded set is relatively compact.

Definition 2. A mapping F : Q C X — X* is said to be

1. of type (S ), if for any sequence (u,) C £ with u,, — u and limsup(F u,,u, —u) <0,
n—oo

we have u,, — u.
2. quasimonotone, if for any sequence (u,) C Q with u, — u, we have
limsup{Fuy, u, —u) > 0.
n—oo
Definition 3. Let 7 : 2; C X — X* be a bounded operator such that £2 C €2;. For any
operator F : 2 C X — X, we say that

1. F satisfies condition (S )7, if for any sequence (u,) C Q with u,, — u, y, := Tu, —
y and limsup(Fu,, y, —y) <0, we have u,, — u.

2. F has the property (OM)7, if for any sequence (u,,) C Q with u,, — u, y, :=Tu, —y,
we have  limsup(Fuy,,y —y,) > 0.

n—oo
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Let & be the collection of all bounded open set in X. For any £2 C X, we consider the
following classes of operators:

F1(Q2) :={F : Q — X*\F is bounded, demicontinuous and satifies condition (S )},
Frp(Q):={F :Q — X\F is bounded, demicontinuous and satifies condition (S+ )7},
Fr(Q) :={F : Q — X\F is demicontinuous and satifies condition (S1)r},
Fp(X):={F € Frp(E)\E€ 0, Te Z (E)}.

Throughout the paper T € % (E) is called an essential inner map to F.

Lemma 1 ([6], Lemmas 2.2 and 2.4). Lets T € F1(E) be continuous and S : Dg C

X* — X be demicontinuous such that T(E) C Dy, where E is a bounded open set in a
real reflexive Banach space X. Then the following statements are true:

1. If S is quasimonotone, then I+ SoT € Fr(E), where I denotes the identity
operator.
2. If S isof class (Sy), then SoT € Fr(E).

Definition 4. Suppose that E is bounded open subset of a real reflexive Banach space
X, T € Z (E) be continuous and let F,S € .Zr(E). The affine homotopy A : [0,1] x
E — X defined by

Aty u):=(1—t)Fu+1tSu for (t, u) €[0,1] xE

is called an admissible affine homotopy with the common continuous essential inner
map 7.

Remark 1 [6]. The above affine homotopy satisfies condition (S4 ).

Now, we introduce the Berkovits topological degree for the class %#p(X) for more
details see [5,6].

Theorem 1. There exists a unique degree function
d:{(FE,h\E€ O, T € Z(E), Fc ZrpE), h¢ FOE)} — Z
that satisfies the following properties:

1. (Normalization) For any h € E, we have d(I,E,h) = 1.

2. (Additivity) Let F € Zrp(E) . If E| and E, are two disjoint open subsets of E
such that & € F(E\(E; UE,)) then we have

d(F,E,h) = d(F,Eq,h) +d(F,Ex, h).

3. (Homotopy invariance) If A : [0,1] x E — X is a bounded admissible affine homo-
topy with a common continuous essential inner map and A: [0,1] — X is a con-
tinuous path in X such that h(t) ¢ A(¢,dE) for all ¢ € [0,1], then the value of
d(A(t,-),E,h(r)) is constant for all # € [0,1].

4. (Existence) if d(F,E,h) # 0, then the equation Fu = h has a solution in E.
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2.2 Weighted Variable Lebesgue and Sobolev Spaces

407

Now we give some definitions and elementary properties for the spaces of Lebesgue

and Sobolev with Weight and to variable exponents L) (Q, @), W'"*™)(Q, o),

Let €2 be a bounded open subset of RN (N > 2), we say that a real-valued continuous

function p(.) is log-Hélder continuous in € if

C
lp(x) —p()| < Tloglx—y|

Vx,y € Q such that |x — y| < %, with possible different constant C.
Denote o o
C(@) = {p e C(@) s minp(x) > 1}.
xeQ

We define

p"=maxp(x), p~ =minp(x).
X€EQ xeQ
For any p € C, (L), we introduce the variable exponent Lebesgue space by:
LPY(Q) = {u : Q — R;u is measurable with : / |u(x)|PWdx < 00},
Q

the space L") (Q) under the norm “Luxembourg norm”

. uix X
el @ = el = n {2 > 0 [ "5 e < 1},

which is a separable and reflexive Banach space.

2)

Definition 5. A function @ defined on 2 is called a weigh function if it is measurable

and strictly positive a.e. in €.

We introduce for any p € C;(Q), the weighted variable exponent Lebesgue space

LP¥(Q, o) that consists of all measurable real-valued functions u such that
LPY(Q, 0) = {u: Q — R, measurable, / |u(x) [P @ (x)dx < oo}
Q

The dual space LP%)(Q,®) denoted L” ¥ (Q, ®*) where o* = o' 7' with
p%(x) = 1 The Luxemburg norm of L") (Q, o) is
|| inf{a > 0: [ 1" p0odr< 1)
L0 (Q,0) — “Jo A =
becomes a normed space. When o(x) = 1, we have L’ (Q, o) = L'™(Q).
X

The weighted variable exponent Sobolev space W !7( >( , ) is defined by

WP (Q, 0) = {u € LP)(Q);|Vul € 'Y(Q, 0)},

W—F
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where the norm is

lull = el (0.0) = Ntll o @) + Vel o) (,) 3)
or, equivalently
\%
llull 1.0 )(Q,0) =inf{A >0: / | = PY) + (x)| MA(X) POdx <1}

for all u € W'"9)(Q, o).
Lemma 2 (See [10]). (Generalised Holder inequality)

i) For any functions u € L’ (Q, ) and v € L'V (Q, ©*) we have
|]Q qux| < (p% ""__p%)'|u|‘p(x),w”v||p’(x),w* < 2||”Hp(x).w||vl|p’(x) )

ii) Forall p, q € C1(Q) such that p(x) < q(x) a.e. in Q, we have
LY Q 0) — LPYQ, ) and the embedding is continuous.

Lemma 3 (See [10]). Denote p(u) = [, o(x)|u(x)|?Wdx for all u € LM (Q, ).
Then,

|M‘LP(X) Q.0) < I(=1L>1)if and only ifp(u) <1(=1;>1), “4)
+

if [l ot () > 1 then [ul] g o <P < lul] g 4 (5)

if |l (@) < 1then Iul‘;m(g,w) <p() < Jul} g 0 (6)

Let introduce the integrability conditions used on the framework of these spaces
-1

WD weL,,q g and @ PO € L, (9Q);

(W2) 00 € L(Q,0) with 5(x) € (;25,00) N [17.00).

Remark 2 [10].

(i) If o is a positive measurable and finite function, then L™ (Q, ®) is a reflexive

Banach space.
(ii) Moreover, if (W;) holds, then W!-»(x) (Q, w) is a reflexive Banach space.

Proposition 1 ([13], Proposition 2.3). W'7)(Q, ®) << LP¥(Q).

Proposition 2 [10]. Let p € C, (Q) satisfy the log—Holder continuity condition. If (W;)
and (W») hold, then the estimate

||u||LP(X)(Q) < C”V“”LP(X)(Q@)

holds, for every u € Cg (£2) with a positive constant C independent of u.
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3 Basic Assumptions and Technical Lemmas

Throughout the paper, we assume that the following assumption hold true.

ASSUMPTION (H1)

Let Q is a bounded open set of RV (N >2), p € C,(Q).

a: QxRxRY S Risa Caratheodory function, i.e., (measurable with respect to x
in Q for every (s,€) in R x RN and continuous with respect to (s,&) in R x RV, for
almost every x in £2) which satisfies the following conditions there exist k € L'<Y (Q)
and & > 0, B > 0 such that for almost every (x) € Q all (5,£) € R x RV

la(e,s, )] < B!/ P (x) [k(x) + 5170~ 4 0! 0 ) P01, ™
las.&) —atvs,m)] - (6 —m) >0 ¥E £ n eRY, ®)
a(x,5,8)- & > aw|EPY. ©

where o, B are some positive constants and k(x) is a positive function in LP/(X)(Q) ,
(p'(x) is the conjugate exponent of p(x)).

ASSUMPTION (H2)
Let H: Q x R xRN — R is a Carathéodory function such that H satisfies the gowth
condition

[H(x,1,5,8)] < pex) +[sP0 " + 0 /PO ()70, (10)
where p is a positive constant, e(x) is a positive function in L/’ ().

Definition 6. We say that u € W'»() (Q,w) is is a weak solution of (1), if
/ a(x,u, Vu)Vvdx = / b(x) u[P) " 2uvdx + A / H(x,u,Vu)vdx, YveWw'"()(Q o).
Jo Jo Jo

Lemma 4 [4]. Let g € LPY)(Q, @) and let g, € LP™(Q, ), with ||ga 1 .0) < ©
1 < r(x) < oo If gn(x) — g(x) a.e. in Q, then g, — g in L’ (Q, ), where @ is a
weight function on €.

Let us consider the nonlinear operator T from W!'?™)(Q, o) into its dual of the
form
Tu = —diva(x,u,Vu),

then X
(Tu,v>=/ a(x,u, Vu)Vvdx,
Ja

for all v in W'*)(Q, ).
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Lemma 5 Assume that (7), (8) and (9) hold. Then

e T is bounded, coercive and continuous.
e T is a mapping of type (S+).

Proof:

e The operator T is bounded. Inded,
Let u,v € Wh?W(Q, @), by using the Holder’s inequality and (7) we have

: | -1
‘(Tu,v}\ = ‘/ a(x,u,Vu)Vvdx = ’/ a(x,u, Vu)o(x) 0 Vv (x) 76 dx‘

11 o e
< (= + ) a(e,u, V)@ 1 [y | Vvo I [

P

(1+1)\|( V)Tll IV (e

_ ax,u,vu

p- P "

1
<2 /\axuVu (x)r@|? ()dx) YHVH
=L 1
<2( [ [Bo00 ) (k0 + 1+ o) 7w @ | V)

, . 1/
<2200 ( / (k) ">+|u|1’<*>+w<x)|w\f’<”dx) "
Q

<o [ 10 D [ 1)+ o)V Oae)
Q Q
< Co.(Cy+|[ul ) 1]
<Crll,
=
) if Jalx,u, Vu)or® ||, () < <1
tif  Verta(x,u Vu)cop Il

Hence the operator T is bounded.
e The operator 7T is coercive.Inded for all v € W) (Q), we get from 9

(Tv,v)  [ga(x,v,Vv)Vvdx
vl vl

/ o (x) [V

> ap]* = e if v]] oo

were

Hence T is coercive.
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Now, we show that T is continuous, let u,, — u in Wl”’(x)(Q, o). Then Vu, — Vu
n (Lp<x)(Q,w))N. Hence there exist a subsequence (uy) of (u,) and measurable
functions 4 in LP¥)(Q, ®) and g in (LP™ (2, ®))N such that

up(x) = u(x) and Vug(x) — Vu(x),

()| < h(x)  and - [Vig(x)] < [g(x)],

for a.e.x € 2 and all k € N. Since a satisfies the Carathéodory condition, we obtain

a(x,ug, Vug) — a(x,u, Vu) ae. x € Q. (11
According to (7), we have

1
707 -1
|a(x, e, Vaag) | < B 7 (k(x) + [(x) [P ' g [P0,
for a.e. x € Q. Since
1 1 7 7
[, BP0 [kx) + 1P+ @76 Jg(a) 0P D ax <€ [ k)04 1)) + olg(a) e < o

(because K € LV’ (Q), h € LPW(Q, w) and g in (LPY)(Q, 0))V),then

BoT ((x) + () P! + 070 [g(x) P 1) € L0 (2,07),

and by using (11) we have

/ |a(x, ug, Vuy) — a(x,u,Vu)\pl(x)w*dx —0.
Q

The dominated convergence theorem imply that

, N
a(x,ug, Vug) — a(x,u, Vu) in (Lp (x)(Q,a)*)) i

Therefore, for all v € W™ (Q, @) we have (Tu,,v) — (Tu,v), which implies that
the operator 7 is continuous.

It remains to prove that the operator T is of type (S ).

Let (u,), be a sequence in W7 (Q, ) such that

Uy —u in W9 (Q, w)

limsup(Tu,,u, —u) <O0. 2)
n—oo
We will show that u, — u in W'"?0)(Q, o).
lim (Tuy, u, —u) = lim (Tu, — Tu, u, —u) =0. (13)

n—oo n—o0

Hence
D, —0 inLY(Q)asn— oo,
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where D, = [a(x,uy, Vup) — a(x,u,Vu)| (Vu, — Vu). thanks to (8), we have D,, is
a positive function. Since u, — u in WL”()‘)(.Q, ) then, u, — u a.e. in Q and since

D, — 0 a.e. in , there exists a subset B in €2 with measure zero such that for all
x € Q\B,

lu(x)| < oo, |Vu|<oo, K(x)<o, u,—u, D,—0.

Taking &, = Vu,, and & = Vu , we have

Da(x) = [al,ttn, &) = al,0n,€)] - (60— €)
= a0, &)+ (50, &) — a0, E0)E — alx,tn, )
> 2|6 + co()g "
— B! () ((x) ! 4+ 017 ()] &, ) |
*ﬁwl/"(")(x)(k(x)ﬂunl” ' oM )[g ) g
> a(x)|&f" — 1+ o) P OE PO+ o) PG,

where C, depending on x, without dependence on n. (since u,(x) — u(x), then (uy,),
is bounded), we obtain

1

_1
G G0 Gom )
&, |P) |Enl |EaP)=

by the standard argument (&,), is bounded almost everywhere in Q. Indeed, if
|€x| — o in @ measurable subset E € €, then

D,(x) 2 &7 (@e(x) -

1

1
Cy _ Cxa)z”U Cywr )
| &, |P() &l &P

which is absurd since D, (x) — 0 in L' (). Let &* an accumulation point of (&,),,
we have |£*| < o and by continuity of a, we obtain

aw.u(0), &) —alx,u(x),€)| - (&= &) = 0,

lim [ Dy(x)dx > lim / &7 (o) -
n—oo Jp

n—oeo |0

thanks to (8), we have &* = &, the uniqueness of the accumulation point implies
that Vu,(x) — Vu(x) a.e. in Q. Since the sequence a(x,u,Vu,) is bounded in
(L7 @(Q, 0*))N and a(x,u, Vu,) — a(x,u, Vu) a.e. in £, Lemma 4 implies

a(x,un, Vu,) — a(x,u,Vu) in (Lp,(x)(Q, o*))V.

Let us taking ¥, = a(x,u, Vu,)Vu, and 5 = a(x,u, Vu)Vu, then 5, — ¥ in L' (),
according to A3 the condition (9), we have

ow(x) | Vitn[PY) < a(x,u, Vity) V.
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Let z, = |Vu,l|”(x)co, 7= |Vu|” o and y, = % y= é Then, by Fatou’s Lemma,
we obtain
/ 2ydx < liminf/ Wn+y—|zn —z|)dx
Q n—ee O

i.e., 0 <limsup,_..., [ |z» —z|dx, hence

0< llmmf \zn —z|dx < limsup |zn —zldx <0,

n—soo

this implies
Vi, — Vu  in (LPY(Q, 0))Y

we deduce that
Uy —u  inW'P9(Q, ),

which completes our proof.

Lemma 6. Suppose that the hypothese (10) holds. Then the operator S :
whre(Q, ) — (Wl”’(x)(.Q,a)))* defined by

(Su, vy = —/ (b(x)|u|P(x)72u—|—lH()@u,Vu))vdx, Yu, ve WY (Q, o)
Q

is compact.

The proof was divided into three steps.

Step 1 /
Let ¢ : W70 (Q, w) — L) (Q) be the operator setting by
Qu(x) := —b(x)|u(x)"¥2u(x) for ueWw'"PY(Q ©) and xeQ.

It is obvious that ¢ is continuous. Next we show that ¢ is bounded.
For all u € W'"W(Q, o), we have

lullyy = [ |=b) 2

Spr Hm/ |u|(p<X)—1)p’(X)dx
Q

<17 Yo [ Jupr
Q

<Cllu|”,
where
_{ it [loullym <1
it floulyp =1
and
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This implies that ¢ is bounded on W'?W(Q. o) .

Step 2. We show that the operator y defined from W'?™)(Q, @) into L' (Q) by
yu(x) ;= —AH(x,u,Vu) for ueW'""W(Q 0) and xeQ

is bounded and continuous.
Let u € W' (Q, o), by using the growth condition 10 we obtain,

lyul g/ L (oo, Vi) [P D

/;{I’ ) pP' (@)

S/Q(p/l)f’ 27" (e (@) [P0 4 (|ufP= 1| o7® 7 |V P )’(X))dx

P'x)

A 1
e(x) + [ulP9 1 4 7@ Vi [P~ dx

< /Q(pfl)””zf”“l (Je() |7 427" =1 (Ju| PP ®) 4 | V| (P~ 1P ) g
< [y 20 (el 4 a1+ 0] V)
< € [ e [l + o[Vulr dx
< Cllelly} ) +Cllu]| *
< cmax(uun"z 1),
where Cyuqx = max (CHe||§}(x)7c), and

9:{ Pyl <1
ity > 1

T o) < i <
o — {,, it el <1 g {i;f Jull <1

Pt lell e = 1. it [fuf > 1.

Therefore v is bounded on whpl) (Q, ). Next, we show that v is continuous,
let u, — uin WH*W(Q, ),

then u, — u in LP®)(Q) and Vu, — Vu in (U’(")(Q,w))N. Thus there exist a
subsequence still denoted by (u,,) and measurable functions ¢ in L”<x)(!2) and o in
(L”(x) (Q, a)))N such that

up(x) —u(x) and Vu,(x) — Vu(x),
ua(¥)| < @(x) and  [Vu,(x)| <[o(x)],

fora.e. x € Q2 and all n € N. Since H satisfies the Carathéodory condition, we obtain
H (x,uy(x),Vun(x)) — H(x,u(x),Vu(x)) ae.xe€ Q. (14)

Thanks to (10) we obtain

H 0y (x), Vi, () < p () + o ()P + 07 o(x)P)
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for a.e. x € € and for all £ € N. Since

o) +19(x) ")+ |07 o () P! € 17(@2)
and from (14), we get
/Q |H (x,ug (x), Vg (x)) — H(x, u(x), Vu(x))|p Jdx — 0,
by using the dominated convergence theorem we have
Yuy — Yu in e (Q).

Thus the entire sequence (yu,) converges to Yu in LF'® (€2) and then y is continuous.

Step 3
Since the embedding 1 : W'?()(Q, @) — LP™(Q) is compact, it is known that the
adjoint operator I* : LV’ 9(Q) — (W'"()(Q, ®))" is also compact. Therefore, the com-
positions I*o@ and I*oy from W'»W(Q) into (W!*™)(Q,®))" are compact.
Finally, the composition
S=T'o¢p+I"op

is compact. which completes the present proof.

4 Main Results

Theorem 2. Assume that the assumptions (7)—(10) hold. Then, the problem (1) has a
weak solution u in W"%) (Q, w).

Proof. Let T, S be two operators from W!-» @) (2, w) into its dual as defined in Lemmas
5 and 6 respectively. Then u € Wl*f’(")(Q, ) is a weak solution of the problem (1) if
and only if

Tu=—Su (15)

According to Lemma 6 the operator S is bounded, continuous and quasimonotone. On
the other hand, in light of the properties of the operator T given in Lemma 5 and since
the operator T is strictly monotone. Moreover, note by using the Minty-Browder The-
orem (see [18], Theorem 26 A), the inverse operator G := T’l:(Wl*”(x)(.Q,a)))* —

WP (Q, w) is bounded, continuous and satisfies condition (S, ).
Hence, Eq. (15) is equivalent to the abstract Hammerstein equation

u=Gv and v+SoGv=0 (16)

To solve Eq. (16), we will using the Berkovits topological degree introduced in
Sect. 2. For that, we first proove that the set

B:={ve W'"W(Qw)"\ v+1S0Gv=0 forsome 7€ [0,1]}

is bounded. Indeed, let v € B and take u := Gv.
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Thanks to (7), (10), the Young’s inequality, we have
||Gv|\9’§/ |u|”(">dx+/ o[ Vi|P® dx
Q Ja
g/ |u|p(x)dx+l/ a(x,u,Vu)Vudx
Q oo
§/ |u|p(x)dx+i<Tu,u>:/ \u\”<x)dx+l<v,Gv>
Ja a Ja o
g/ uP® dx+ L [(S0 Gr,Gv)|
Q o
g/ |u|P<X>dx+i/ b(x)|u|f'<x)dx+i/ A H (x,u, Vir) |udx
Q oo alo
S/ |u|p(x)dx+M/ |u|p(x)dx+icpl/ |H(x,u,Vu)|P/(x)dx+iCp/ \u\p(x)dx
Q o Jo a ¥ Ja a "Jo
<C1 [ e +Co ) ® + 1)
Q
<cst(||6v]]® +[1Gv]|% +1),
where '
o [pif o<1
pif ||Gv] >1.

This implies that {Gv \ v € B} is bounded.
Since the operator S is bounded, it is obvious from (16) that the set B is bounded in
(WLP(X) (Q, a)))* . Therefore, we can choose a positive constant R such that

[Iv]] (Wl,p(x)(gﬁm)* <R forall veB.

It follows that
v+1SoGv#0 forall vedBg(0) andall r€][0,1].

By Lemma 1 we get

I+ S0G € Fr(Bg(0)) and I=ToG € %r(Bg(0)).
Since the operators I, S and G are bounded, I 4 SoG is also bounded. We conclude that

[+ SoG € Frp(Br(0)) and [I€ Zrp(Br(0)).

Consider an affine homotopy A : [0,1] X Bg(0) — W17 (Q, @) given by

A(t,v) :=v+1SoGv for (t,v) €0,1] x Bg(0).
Applying Theorem 1, we have
d(I+ SoG, Bg(0),0) = d(I, Bg(0),0) = 1
then, there exists a point v € Bg(0) such that
v+ SoGv = 0.

which says that u = Gv is a weak solution of (1). This completes the proof.
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Abstract. In this paper, we study the existence and uniqueness result of weak
solution for nonlinear elliptic problems with non-local boundary conditions in
the Weighted variable exponent Sobolev spaces W'7()(Q, o).

1 Introduction

Let Q be an open bounded domain in RN (N > 2) with a Lipschitz boundary dQ such
that dQ = I'p UIy, and Ip NIy, = 0. We aim to study the following problem

Bu)—V-a(x,Vu)=f inQ,

u=0 on Ip,
P(B.p.f.d) p(u)+ f, a(x,Vu)-n =d on I,
u = constant on Iy,

we denote by 1 the outward unit normal vector on dQ, 3 and p two continuous non-
decreasing functions on R satisfying p(0) = $(0) =0, a is a Leray-Lions type operator,
deRand f € L7(Q).

Our understanding of real world phenomena and our technology now are largely
based on boundary values problems involving PDEs which allow us to approach from
a mathematical point of view phenomena observed for example in the fields of physics
and chemistry. These equations model many physical phenomena such as non linear
elasticity, image processing...

In some of these problems, non local boundary conditions are imposed, it is of great
interest in several areas of application by now. In typical non local problem, the PDE for
an unknown function u at any point in domain €2 involves the non local behavior of u
elsewhere in D, add to the local behavior of  in a neighborhood of that point. In addition
to the mathematical interest of non local condition, this type of boundary condition arise
in petroleum engineering model for well modeling example in a stratified petroleum
reservoir of a 3D arbitrary geometry (see [1] and [2]).

In this work, we consider variable exponent, we have many applications to problems
involving variable exponents as elastic mechanics, electrorheological fluids or image
restoration (see [8—11]). Indeed, in our main problem in this paper, non local boundary
conditions act on the average of the flux on the boundary, in contrast to the standard
(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023

S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 418-432, 2023.
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case where the boundary conditions is given on the local values of the flux to be more
precise, u verify the Dirichlet boundary condition on I'p

u=0onIp, (1)

and u should also satisfy this non-local condition

p(u)+ | a(x,Vu)-n =don Ij,. 2)
FNe

It is well-known that under only conditions (1) and (2),our problem P(f3, p, f,d) is ill-
posed (see [4,7]). In order to make this problem well-posed, the unknown function u
should be constant on Iy,.

This problem was treated by Ouaro and Soma in 2017 in a Sobolev space (see [6]),
and they proved the existence and the uniqueness of the same problem but this time in
a Sobolev space with variable exponent in 2018 (see [5]).

In this article, we study a nonlinear elliptic problem with non local boundary con-
ditions. We prove an existence and uniqueness result of weak solution to this problem
in weighted sobolev space with variable exponent.

We introduce the theorem, which will be essential to establish the existence weak
solutions to this main problem.

2 Preliminaries

In this section, we state some elementary properties of the (weighted) variable exponent
Lebesgue-Sobolev spaces L) (2, ») which will be used in the next sections. The basic
properties of the variable exponent Lebesgue-Sobolev spaces W”’(")(Q, o), that is,
when w(x) = 1 can be found in [12]. Let €2 be a bounded open subset of R, (N > 1).
Let

c.(@ = {pec@:minp) > 1},

For any p € C; (Q2), we define

pt =maxp(x), p~ =minp(x).
xeN xe

For any p € C; (L), we introduce the weighted variable exponent Lebesgue-Sobolev
space L) (Q, ) with weight @ on £, that consists of all measurable real-valued func-
tions u such that

10(Q,0) = {u=u(x) ;w7 € 170(2) }.

In this space, we define the Luxemburg norm

lll 0 2.0 = 1l .20 = inf{O’ >0: [ o
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We denote by W'7()(Q, w) the space of all real-valued functions u € L”() (Q, @) such
that the derivatives in the sense of distributions satisfy

d
a—; e’V (Q,w;) foralli=1,...,N

ie.
w'rO(Q,0) = {u € LP<->(Q,wo)/§—” e L) (Q,w;) for alli = 1,...,N}.
Xi

This set of functions forms a Banach space under the norm

u(x) [P

N r
+ Y wilx) |2 | de<d
=1 u

p(x)

u(x)

[ ap—— u>0:/g wo(x)

is a norm on W'?()(Q, w) equivalent to || - ||W1,,,<.)<Q_W). The theory of such spaces was

developed in [4-8]. When p(x) is a constant function, some results were proved in [1,3].
If wo(x) =wi(x) = ... = wy(x) = 1, we write W'P()(Q) instead of W1»()(Q,w) and
[[lly1.00) () instead Of [|ully1p0) (g -

Lemma 2.1. 1 Let p(u) = [ 7(x)|u|P¥dx for u € LPO)(Q,y). We have

(i) 4l 00y < 1= 1,> 1) if and only if p(u) < 1(=1,> 1),
.o . + -
(”) lf”u”L[l(-)(Q”) S 1: then HMHP’(‘)(Q«,Y) § p(”) § HM”Z/J(«)(Q7

e . B +
(iii) tf||uHU,<A)(Q,y> > 1, then ||uHZp(,>(Q7y) <pu) < HMHZ,(,)(Q

v
Y)

Finally, we recall that for k > 0 and s € R, the truncation function 7;(.) given by

—k, ifs < —k,
Ti(s) = ¢ s, if]s| <k,
k, ifs> k.

For r € R: Let r — r* := max(r,0)

_ 1 if r>0
rﬁszgng(r)::{o if r<o

For k > 0 we define H," : R — R by

0 if r<o0
Hf =1 if 0<r<k
1 if r>k
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3 Essential Assumption and Main Result
3.1 Assumptions
Where ever the paper, we suppose that the following assumption hold true.

Assumption (H1)
Further, we assume in all our considerations that for 0 <i <N,

—1
w; € L}OC(Q) and @rM-1 EL}OC(.Q).

Assumption (H2)
We consider © a bounded open set of RV (N > 2).

The function a : 2 x R x RN — R is a Carathéodory function satisfying the follow-
ing conditions

N
lai(x,&)| < B () [k() + T, )" (1)1 (M
j=1
[a(v,&) —atem)] - (E=m) >0 VE £ e R, @
a(x,£)-& > aolg PV, (3)

for all (n &) € RN x RN and for almost every x € Q, where k(x) is a positive function
in LV'0)(Q) and o, B are two positive constants.

3.2 Existence Results

In what follows, we consider the following spaces:
Wg’p(')(Q,w) = {(p ew(Q,m): ¢ =00n FD}

and
WAl,’ep(‘)(Q,w) = {(p € W,;’p(‘)(Q,w) : @ = constant on I‘Ne}.

For any v € WN <>(Q ), let vy == v|p, .

The concept of a solution for main problem P(B,p, f,d) is given as follow:
Definition 3.1. A solution of P(B,p, f,d) is a measurable function u : Q — R satisfy-
ing

{ ue W,\l,’ep('>(£2,w),[3(u) € L'(Q)and for every ¢ € WAI,"EM')(Q, 0)NL*(Q) )

Jaa(x,Vu).Vodx+ [o B(u)pdx = [ fedx+ (d — p(u)ne) Pre-

The next theorem represents the main result in this work.
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Theorem 3.2. Assume that (H1),(H2) hold and let f € L*(Q). Then the problem
P(B,p, f,d) admits a unique solution u.

Proof.
In order to prove Theorem 3.2, let us introduce an auxiliary problem, in order to deduce

useful a priori estimates.
This paper is organized as follow. In Step 1, we study the auxiliary problem, then
in Step 2, we show the existence and uniqueness of solutions to the main problem

P(B.p.f.d).
STEP 1: Approximate Problem:
We consider a Leray-Lions type operator d@(x, &) : @ x RN — RN satisfying (1)—(4). Let
us consider the problem
L B(x,u) —V-a(x,Vu) = f in Q
P(B?ﬁ7f7 ) u=0 . OIIFD
p(u)+ad(x,Vu)n=d only,

where the functions ﬁ,ﬁ, f and d are given by the following expressions:

o B(x,5) = B(s)xa(x) for all (x,s) €~f2 x R. 3
o p(s) = ﬁ p(s), Vs € R, where |Iy.| denotes the Hausdorff measure of ..

o flx)= (fjm) (x) for all x € Q.
e d is a function in L™ (F Ne) such that

~ ddo =d. (3)

Ine

Obviously, we have f € L=(Q). 5
The notion of a solution for the problem P(j3,, f,d) is given in the next definition.

Definition 3.3. A measurable function u: Q — R is a solution for P(B, p.f.d)if

ue WDI’”(X> (Q,0),B(u) € L'(Q)and for every § € WNZ;"[)()C)(Q, 0)NL>(Q) ©)
Joa(x,Vu) - Vodx+ o B(u)pdx = [o f@dx+ [, (d —p(u))pdo.

The existence result for the problem P(B ,p,f.d) are given by the following theorem.

Theorem 3.4. If we assume that the functions B, p,f and d are given as previous. So,
the problem P(B,p, f,d) admits at least one solution in the sense of Definition 3.3.

Before proving Theorem 3.4, we need to study first an existence result to the following
problem. For any k£ > 0 we consider

[n(Brw) - V-a (Vi) = Fin @
Pk(ﬁaﬁ>f7d) u, =0 onlp
Tk(ﬁ(uk))+[i(x,Vuk)~n:cf Oane.

Hence, we show the following theorem.
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Theorem 3.5. If we assume that ﬁ p.f and d are given as previous. Then, for any
k > 0 the problem P(B,p, f,d) admits at least one solution uy. in the sense

uy € W1 p<'>(f2 ) and for allp € WDLP(')(Q, o) 3
Jaalx, V“k) Vodx+ o Tic (B (u)) pdx = [o f@dx+ [5, (d—Ti (p (w))) @do.
@)

Furthermore, for any k large enough, we have some estimates on the solution uy of the

problem Pk(B,ﬁ,f,Ci)

B )] < 01 = max {[1£ . (Bopy ') (el ]-) } ae. in2
1P ()| < 62 = max {||dl|e. (p o By ") (II£]l)} e in .

Proof. In (7) we set § = He (u — M), € > 0, where M > 0 is to be fixed later. We have

®)

fQ ()C Vuk) VHg (uka)dx+I_QTk(ﬁ (uk))Hg (uka)dx 9
= Jo FHe (e~ M)dc+ [ (4= T (p () He (g~ Mdo.

The first term in (9) is non-negative.
Indeed,

/d(x,Vuk).VHg(uk—M)dx:l/ a(x,Vug) - Vuy dx > 0.
Q {0<u;—M<e}

From (9), we have,
/Tk () He (s — M dx</ng e — )dx—i—/}_ (d— Ty (p (ux))) He (u — M) do.

Then, we get
Jo (Tic (B (u)) = Te(B(M))) He (we — M) dx + [, (Tic (P (ui)) — Ti(p(M))) He (e — M) do
< Jo (f = T(B(M))) He (uy — M) dx+ [ (d —Ti(p(M))) He (uy — M) do.

When € — 0 in the previous inequality, we obtain
L (7B ()~ Tu(B(8)))signi (1 — M) dx

I (Tic (P (mi)) — Tr(p(M))) signg (ux —M)do

< [ =T signg (1~ M) ax

+ [ (d=T(p () signg (s~ M) do.

Equivalently we obtain

Jo (Tic (B (ux)) = Te(B(M)))" dx+ [, (Tic (p () — Te(p(M))) " do
< Jo (f = T(B(M))) signg (we —M)dx+ [ (d—Ti(p(M))) signg (1 — M)do
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Since Im(f3) =Im(p) =R, we can fix M = My = max {[30 (15 Nlee) ‘FN6| |d]l) }
From the previous inequality we have

Jo (T (B (u) = T (B (Mo))) " dx+ [, (Tic(p (ur)) =T (P (~M0)))+ do
< Jo (f =T (I f]l)) signg (ux —Mo)dx+ [z, (d —Ti (||d||)) signg (ux —Mo)do

For k > ko := max {|| f||, [|d]| } , it follows that

[ (B ) = Ti (B (0))) e+ [ (71 (p () ~ Tk (6 (M0))) " do < 0. (10)

Ine

Thus

This means that

Jo (Ti (B (u ))*Tk(ﬁ(MO))de:O (11
p(u p Tdo =0.

Jre (T (

From (11) we conclude that

(Ti (B () — T (B (Mp)))" =0a.e. in Q
(Te (P () — Tk (P (Mp)))™ = Oa.e. on Iye.

Then, for any k > ko := max { || ||, [|d]|-. } we get

Ti (B () < Ti (B (Mo)) a.e. inQ

T (B (1)) < Ty (p (Mo)) a.c. on . (12)

From (12) we deduce that for every k > ki := max {|| ||, |||, B (M) ,p (M)} we
get

B (u) <B(Mp)ae.inQ

B (ux) < p (Mo) a.e. onTie.
Note that with the choice of Mo and the fact that Z(B) = Z(p) =R, for every k > k; :=
max {[| ||, |d]l, B (Mo) , p (Mo) } we get

B () < max {||fll, (Bopy ") (|Tne| lldl|c) } ae. in €2

13
p () < max {|d]. (o By ) (/1) } ac. on . 4

We need to prove that for any k large enough
B () = —max {[[f]l, (Bopg ) (| Tve| I]l) } ac. in ©2 1

p (u) > —max {[|d], (5o By ") (/1) } a.e. on e,

we can easily see that if iy is a solution of P(B,p, f,d), then (—uy) is a solution of

o (ﬁ( u))—V-a(x,Vu) = J in©
(B.5,7.d) oty
n(ﬁ(“)) +a(x,Vu)-n=d only,,
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where

Zl\(x>§) = _d<x7_€)uﬁ(-x7s) = _B()C7 —S),fj(S) = —[)(—s),f: —fanddAZ _J'
Therefore, for every k > k := max { || f[|os, ||d]o0, —B (—Mo) , —p (—Mo) } we get

B () < max {7l (B o pg ) (| Tie| l-) } e in @2
5 () < max { ] (5 By ") (I1F]=)} ae. on i

Which implies (14).
Thanks to the relations ( 13) and (14) we deduce (8).

As uy is a solution of P,(B3,p, f,d), using (8) and the fact that © is bounded, we
obtain 3 (uy) €~Ll (Q). For k = 1+max{0;,0,} fixed, by (8) we can see that the prob-
lem P(B,p, f,d) admits at least one solution .

Remark 3.6. From the relations (8) and the fact that the functions B and p are non-
decreasing, one sees that for k large enough the solution u of the problem P(3,p, f,d)

belongs to L= (Q)NL” (fNe) and

lul <C(B,61) ae.in Q

and
lu| <C(p,62) a.e. on Iy,.

Now, we consider

1
gP(X)

a(x,€) 1= alx. &)t (@) + - &P 2E g o () for all (r.€) € 2 x BY

and we consider the following problem

B (x,us)—V- (a (x,Vug) + ﬁ |Vug|p(x)72Vung\Q(x)> =finQ

PE ~7~7~7d Mg:() ~
PPLDN o)+ (0l 5ue)) - = d onlp

on Iy,.

Thanks to Theorem 3.4, P, (B, P, f, d~) has at least one solution. Hence, there exists at
least one measurable function u; : 2 — R such that

Ug € WDl’p<'>(.§~27 ®),B (ue) € L' (Q)and for every ¢ € Wg’p(')(.@, 0)NL=(Q)
Joa(x,Vue) - Vodx+ [5 g ﬁ |Vite |p(x)_2 Vue -Vodx+ o B (ue) pdx

= Jo f@dx+ [g, (d—p (ue)) pdo.
(15)

Using Remark 3.6 we get ue € L*(Q)NL™ (1:1\19)
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Remark 3.7. If u; is a solution of P, (ﬁ P, f.d), by using the following test functions
(S Wl\l,’ep(')(Q,(o) NL=(Q) such that ¢ = constant on @\, on sees that in (15)

1
/fz\g () |Vu£|P(X)72Vu8.V¢dx —o

and the last term is equal to (d I, P (ue) dG) (@ne which implies

/a(x,Vug).V(Z)dx-i-/ ﬁ(ug)qbdx:/f(bdx+ (d— ] ﬁ(ug)do') Fre. (16)
Q Q Q Ine

A priori estimates on the solution u, of the problem P (B,p, f,d)is given by the next
result.

Proposition 3.8. Let consider ue a solution of P:(B,p,f,d). Hence, the following
statements hold true:

; ) 7
@) Vel wdct [ Vel o d < € x (Il + 1 )

where C is a positive constant independent of €

(i) [ 1B we)lde [ 15 (e)ldo < 1oy + 17l
Ne
Proof. We set ¢ = u, in (15) to get

/Q (x,Vug). V”tsdx_*_/\Q (x) | u£|px 2VM8 V“edx+/ B (ue) uedx

dx d Vited )
7/qu8 +/F_Ne( — p (1) do) Vuedo.

() Clearly, one has
1
/ B (ue) uedx > 0, /~ — |Vug|"’(x)72 Vue - Vuedx >0
Q o\ ert)
and
| suear < [ |fllucldx
Q Q
<CB.0) £l a)

d—pus)do= | duedo— | p(ue)uedo
FN@ FN@ FNe

< /| dNMSdG
FNe

[ dlucido
Ine

c(p,62)|d| ‘LI(I:NE)‘

IN

IN
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In (17) for the last term, knowing the relation a(x, &) - & > aw|E|P™), we get

/ a(x7Vu£) -Vuedx ZOC/ |Vbt£|p(x) o dx,
Q Q

we have
/Q |Vug|p(x> é/ (x,Vug) - Vuedx
< 1 (/ fusdx—&—/ (d—p(ug)) ung')
o Tie (18)
< B0 s+ L i

<Cx <||dHL1 (fve) + ||f||L1(Q)>

WithCZmax{%7M}.

o

The terms / a(x,Vu,).Vu, dx and / B (ue) ue dx in (17), are non-negative so that
Q Q
we have

/Q\Qgp Vie " @ dx < Cx (1 5y + 1)) - (19)

Adding (18) and (19), we have (i).
(ii) In (15), we set ¢ = Ty (ug) ,k > 0, to have

/Q (x, Vitg) - VT (g )dx + / |Vu£|P<X>*2vug-VTk(ug)dH/Q B (ue) Ty (e ) lx

2\ erl)

+_/f p (i) T () dc:v/Q ka(u,,»dxf/r FTi(ue)do. (20)

The first two terms in (20) are non-negative.
For the terms on the right-hand side of (20), we get

/Qka(Ms)der/fNechk(ug)dGSk(/ﬂ f|dx+/fNed~dG)
=k (Il (5, + 1l )

So, thanks to (20), we have

[ Blue)Tiue)dv+ [ (ue) T (ue)do < k (1l 5, + 1S s )

I:Ne

We divide the previous inequality by &, as k — 0 we obtain
/ﬁ ug ) sign (ug dx—i—/ P (ug)sign(ug)do = / |B (ue |dx+/ (ue)|do
SOWNmﬁWM@)

The following result presents useful convergence.
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Proposition 3.9. As € — 0, we get

(i) ug — ua.e. in Q and a.e. on Iy, with u € Wll,’pi(.é, a))ﬂWA’m')(Q, o).
(ii) B (ug) — PB(u) in L'(Q).
(iii) Vug — Vuin (L'~ (2\Q, )" and Vu=0in O\ Q.

(iv) p (ue) — p(u) in L' (fN)
(v) a(x,Vu,) — a(x,Vu) in (Lp/<')(!27a)))N.

Proof. (i) VO < &€ < 1 we get

/~ \vugw’wdx:/ |vu£|ffwc1x+/~ Ve o dx
Q

/|Vu€|p a)dx+/ 7\vu£v’ o dx.

< / Viug|P” odx + \Viue|?” wdx
QNO[|Vue|>1] QN[|Vue|<1]

1
—|—/~ —|Vu8|p wdx+/ ——|Vue|? wdx
(Q Q)N[|Vue|>e] €P (8 Q)N Vue|<e] EF

1
|V | PO (odx—O—cH—/ |u\p ) wdx + ¢,

<),
QN[|Vue[>1] N[|Vu|>¢] gplx

<e (Idllgs 7+ 1)) +er+e (Hduw + ||f\lu(g>) o

then, using Proposition 3.8 (i), the sequence (|Vug|).- is bounded in L” (€, ®). Since

ue € WP (Q, ) the sequence (u,),-, is bounded in W)* (2, ). Up to a subse-
quence, when € — 0 we get

. lLp=, = .~ ~
ug = uinWy? (Q,®),us — ua.e. inand a.e. onIy,.

From Proposition, we can see that the sequence (|Vue|)e=o is bounded in L) (Q, w)

and then the sequence ug~¢ is bounded in WDI"’7 ) (Q,w).
Then, as € — 0,

Ug —u in WDl’p<‘)(Q, o).

Using the fact that Q C f), we conclude (i).
(ii) As ug — u a.e. in Q and f is continuous, we deduce that 3 (ue) — B(u) a.e. in
€. By using Fatou’s lemma we get

/Qﬁ(u)dx:/liminfﬂ(ug)§1iminf/g[3(ug),

and thanks to Proposition 3.8 (ii), we obtain
|| Bdx <[l + 1l

we have B(u) € L'(Q).
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Knowing that |B (u¢)| < 6; a.e. in £, and the fact that S(ue) — B(u) a.e in Q,
thanks to Lebesgue dominated convergence theorem (as €2 is bounded), one sees that

B (ue) — B(u) in L'(Q).
(iii) since ue — u in Wp”~ (2, ®) we have Vg — Vu in (L~ (€, a)))N and then
Vue — Vuin (LP*(Q\Q,w))N. From Proposition 3.8 (i) we assert that (1 |Vu£|)‘€>0

is bounded in LP~ (Q\ 2, a))N. Which means that, there exists © € (L7~ (Q\Q), w)N
such that

1 .
_Vie = ©in (L7~ (Q\Q,0))" ase — 0.

, o~ N
Foranyve (L") (Q\Q, 0 we have
y

/~ Vug~vdx:/~ s(qug)mdx: . (qug—@)~(£v)dx—§—£/~ O.v dx.
Jona a\Q \& \Q \ € Jaa

;o N
As (€v)e>0 converges strongly to zero in (L(p J(Q\Q, (u)) , passing to the limit, as
€ — 0, in (4.24) it yields

Vitg — 0in (LP<—)(fz\.Q, w))N

therefore, we obtain Vg — Vu = 0in (LP~(2\Q, a)))N
(iv) As ug — u a.e. on Iy, and p is continuous, one has p (u:) — pP(u) a.e. on I'y,. By
using Fatou’s lemma and Proposition 3.8 (ii)

 pludo <timinf [ pue)do < 1l gy, + 1@
I, Ine

we obtain p(u) € L! (fNe) . By the estimate |p (u)| < 6, a.e. in Iy, and the Lebesgue
dominated convergence theorem, we get (iv).
, N
(v) The sequence (a (x, Vug)),~ is bounded in (L” (@, w)) . According to (1.1) we
, N

can extract a subsequence such that a (x, Vug) — ® in (L” (Q, a))) . We need now to
show that ® = a(x, Vu) a.e. in Q. The proof is divided into two steps.
Step 1: We prove that

limsup [ a(x,Vug).V(ug —u)dx <0. (21)

e—0 Q

Let us set(Z):ug—uasatestfunctionin(15), we get
Vite) -V (e — ) dx /
/Qa(x ug) - V(ug —u)dx+ \QSP
+/ ﬁ(ug)(ug—u)dx—k/f B () (e — u) do
Ne

= | flue—wdv+ | d(ug —u)do. 22)
JINe

| ue|"Y 72 Vg -V (1 — u) dx
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We have in mind

[ B ) e =)= [ (B ue) = Bu)) (e =) s+ | B (e~ )
Since [ (B (ue) — B(u)) (ue —u)dx > 0, it yields

[ B ) (e =)= [ Bl (e — ).

By using the Lebesgue dominated convergence theorem we deduce that

lim/Qﬁ(u) (e —u)dx =0,

£—0

which means that

limsup [ B (ue) (e —u)dx > 0. (23)
e—0 Q

As Vu=0in Q\Q, one has

" 1
lim sup na 70 Ve P2 Vg - V (ug — u) dx

e—0 JQ 1 , (24)
= limsup/~ —— |Vue P92 Vug - Vu dx > 0.
£0 o\Q gl’(x)

We get also

P ) (ne—wdo = [ (p ()~ plw)) (e ~w)do + [ p) (we —u)do

Ine Ine Ine

> [ pu)(ug —u)do.

- INe

Since uz — u a.e. on Iy, we obtain by using the Lebesgue dominated convergence
theorem that

lim | p(u)(ug —u)do =0.

£—0 Ine
So,
limsup [ P (ue) (ug —u)do > 0. (25)
e—0 JIne

Using once more the Lebesgue dominated convergence theorem, we have

1m/f%_@w:o (26)
e—0JQ
and
lim [ d(ue —u)do =0. 27)
=0 FNe

We passe to the limit in (22) when € goes to zero and from (23)—(27), we have (21).
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Step 2 : By the standard monotonicity arguments we show that ® = a(x,Vu) a.e. in Q.
We consider ¢ € 2(Q) and A € R*. From (21) and (2) we get

A lim ‘a(x,Vug) V(pdx>11msup a(x,Vug)-V(ug —u+Ag)dx

e—0J/Q e—0 -

> lirr(l)sup a(x,Viu—A¢9))-V(ug—u+Ag)dx
E— Q

Hence,

llin}) . a(x,Vue) Vodx > A / a(x,V(u—2A¢))-Vodx. (28)
e-0J0 Ja

Let us divide (28) by A > 0 and by A < 0 respectively, passing to the limit as A — 0 we
obtain

lim [ a(x,Vug) .V(pdx:/ a(x,Vu) - Vedx.
Q

e—0./0Q
Then / O.Vodx = / a(x,Vu) - Vodx this means that div(®) = diva(x, Vu) in 2'(Q)
Q Q
, N
Therefore, ® = a(x,Vu) a.e. in Q and we get a (x,Vue) — a(x,Vu) in (UJ (Q, a)))
ase — 0.

STEP 2: Existence and uniqueness of solutions to P(3,p, f,d)
Now we can show Theorem 3.2.

Proof. We get u = constant on Q\Q because Vu = 0 in LP0)(2\Q, w), then u €
Wl\l,ep ( )(Q,a)) moreover, we have already prove that B(u) € L'(€) in the proof of
Proposition 3.9 (ii). Before proving that u is a solution of P(B,p, f,d), it suffices to
prove the equality in (4).

Yo € W,\l,;p('>(!2,a)) NL=(L), let us consider the function ¢ € Wg’m')(f),w) N
L>(£2) such that ¢ = @) + @neX ) o- Thus, ¢ = constant on f)\Q Thanks to Remark
3.7, such function @ in the equality in (15) gives us

| ate.Vue) - Vods+ [ Bue)ods= [ fodr+ (d— /fNeﬁ(us)dcr) one. (29)

Letting € go to zero in (29) and thanks to the convergence in Proposition 3.9, one has

/Q (x, Vi) - Vo + / B () pdx = / Fodx+doy, — (lm}) AN p(ug)dc7> One

=/£2f<pdx+d<pzve ( )@Ne
= / fodx+done — ( U)Ne d6> Pne
= [ fodr+(d=plwn) owe

this means that u is a solution of P(f3,p, f,d).

Now, we prove the uniqueness part of Theorem 3.2. This proof is a straightforward
consequence of the following lemma.
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Lemma 3.10. If we suppose that uy and up are two solutions for the problems
P(B,p, f1,d1) and P(B,p, f2,da), respectively. Then

(P (0)ye =P (u2)) + [ (B ) =B (1)) e < i — folluy o+l —dal . (30)

Proof. Thanks to Lemma 2 in [6] the uniqueness has proved.
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Abstract. In this paper we introduce the concept of intuitionistic
fuzzy field, the intuitionistic Fuzzy field extensions and the intuitionistic
fuzzy algebraic field extensions. and we have investigated these notions
and shown some results using the intuitionistic fuzzy points and the

(a, B)—cut.

Keywords: Intuitionistic fuzzy subfield - Intuitionistic fuzzy field
extension and the intuitionistic fuzzy algebraic field extensions

Introduction

The intuitionistic fuzzy sets are being studied extensively and being used in
different fields, like environment, medical science, economics, some branch of
engineering, etc. And it’s thanks to the Bulgarian engineer K.T. Atanassov that
the IFS have been introduced in 1983 [3], like a generalisation of the of Zadeh’s
fuzzy sets [8]. and in 1989 the notion of fuzzy subgroups, anti-fuzzy subgroups,
fuzzy fields and fuzzy linear spaces was introduced by Biswas.R [4,5]. In 2017
B.Anandh and R. Giri introduced the notion of intuitionistic fuzzy subfield of
a field with respect to (T,S)-norm [1]. In this paper, we introduce the notion
of the intuitionistic fuzzy subfield and intuitionistic fuzzy field extension and
intuitionistic algebraic field extensions and gave some of its properties using the
intuitionistic fuzzy point and the («, 5)—cut.

1 Preliminaries

We denote X the universe First we give the concept of intuitionistic fuzzy subset
defined by Atanassov as a generalization of the concept of fuzzy set given by
Zadeh.

Definition 1. [2,3] The intuitionistic fuzzy subsets (in shorts IFSS) defined on
X as objects having the form

A={<z,ulz),v(z) >z e X}

where the functions p : X — [0,1] and v : X — [0,1] denote the degree of
membership and the degree of non-membership of each element z € X to the
set A respectively, and 0 < p(x) + v(z) <1 for all z € X.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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For the sake of simplicity, we shall use the symbol < u,v > for the intuition-
istic fuzzy subset A = {< z, u(x),v(z) >z € X}.

Definition 2. [3] Let A =< pa,v4 > and B =< upg,vp > IFSS of X. Then
ACBiff uys <pupand vy >vp

A=Biff AcBand BC A

A =<wva,pua >

ANB =< paApugp,vaVuvg>

AUB =< paV pup,vaANvg >

OA=<pa,l—ps> <>A=<1—vg,vy>

Definition 3. [6] Let «, 5 € [0, 1] with e+ < 1. An intuitionistic fuzzy point,
written as x4 ) is defined to be an intuitionistic fuzzy subset of F', given by

_ (avﬁ) if =Y
Hen )= {(0, )i aty

An intuitionistic fuzzy point x(, g) is said to belong in IFS < p,v > denoted by
T(a,8) €< p,v > if p(z) < a and v(z) > [ and we have for every z,y € F

T(t,5) T Ya,8) = (T +Y)(tra,5vB):

Tt Y(a,8) = (TY) (tra,sva)-

Definition 4. [7] Let A be Intuitionistic fuzzy set of a univers set X. Than
(o, B)—cut of Ais a crisp subset A, ) of the IFS A is given by:

Ao,y ={z 1 € X such that pa(x) > a,va(z) < B}
where a, 8 € [0,1] with a + 8 < 1

Definition 5. Let F' be a field. An intuitionitic fuzzy set A of F' is called an
intuitionistic fuzzy subfield of F' if and only if, Va,y € F

i) p(x—y) = p@) Apy),
i) v(zy) <v(z)Vr(y),
i) p(zy) = p(@) A py),
iv) v(zy) < v(z)Vr(y),

v) ule™h) = (), # 0,
vi) v(z™1) <wv(z),z #0.

e If A and B are intuitionistic fuzzy fields of F' such that A O B, then we write
A /B and call A/B an intuitionistic fuzzy field extension.

e Let A/B be an intuitionistic fuzzy field extension and C' an intuitionistic
fuzzy field of F such that A O C' O B. Then C is called an intuitionistic fuzzy
intermediate field of A/B.
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Definition 6. Suppose that ¢, gy € A. Then ¢4 g) is said to be intuitionistic
fuzzy algebraic over B if and only if there exists n € N, k; € F, and \; € [0,1]
with (Ki)(a,,5,) € B fori =1,..., n and k, # 0 such that k,(,, 3,)(ca,p)" +
+ Kigan,60)¢(0,8) T Roao,po) = Ota,p)-

A /B is said to be Intuitionistic fuzzy algebraic if and only if every c(,3) C A is
intuitionistic fuzzy algebraic over B.
Example: Let A =< pa,v4 > and B =< up,vp > defined by:
and
vg:R —[0,1]

xﬂ{ 0 ifxeQ

iifnot
pp R —[0,1]
x—>{ 1 sizeQ

%if not
pa: C—[0,1]

- 1 sizelR
%ifnot

vg:C—[0,1]

- 0 ifzeR,
%z’fnot’

A /B is an intuitionistic fuzzy field extension. i( 2.1 is an intuitionistic fuzzy
algebraic over B (because i, 1, + 1(1,0) = 02,1 et X + 11 € Blx]).

(g»g) ’ (3’3)
Proposition 1. Suppose that c( gy € A. Then ¢, g) is intuitionistic fuzzy alge-
braic over B if and only if ¢ is algebraic over B, g)-

Proof Now
Kn(an,8.) (C(a,3)" -+ Ki(ar,8)Ce.) + Fo(ao.60) = O(a.8)
if and only if
(knc™ + -+ k1c + ko) ((aoA...AanAa), (BoV..vBavB)) = O(a,B)
and the latter condition is equivalent to k,c" + --- 4+ kic + ko = 0 and
agN...NapNa=aand By V..V 3,V 5=/
=) Suppose that c(, g) is Intuitionistic fuzzy algebraic over B. Then with
the notation in the Definition 1.6, o < «; < pp(k;) and 8 > 5; > vp(k;) so
ki € B(a,py for i =0,1,..., n. Hence c is algebraic over B(,, g)-
<) Conversely suppose that c is algebraic over B(, ). Then there exists
ki € Bia,g),i = 0,1,...,n, such that k,c" +---+kic+ko = 0. Thus pp(k;) > a
and vp(k;) < 8 and the desired result holds with «; = pg(k;) and 8; = ve(k;)
fori=0,1,...,n.
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Proposition 2. Suppose that ¢ € A and lhat 0 < A < o < 1 and 1 >
v 2= B 2 0. If ca,p) is an intuitionistic fuzzy algebraic over B, then c(y ) is
intuitionistic fuzzy algebraic over B.

Proof.

k() (€)™ + k100 71)C(0,8) + Ko = 0a,p)

implies

K ) (€Om)™ + 0+ K10 ) €00 T Fo(rome) = 0 since A < a < A
and v > 3>~ fori=0,1,..., n.

Theorem 1. A/B is intuitionistic fuzzy algebraic if and only if A p)/B(a,p)
is algebraic for all « € Im(u) and B € Im(v)

Proof

=) Suppose that A/B is intuitionistic fuzzy algebraic. Let ¢ € A4, gy. Then
C(a,3) © A and so ¢(, gy is intuitionistic fuzzy algebraic over B. Thus c is algebraic
over B(, g) by proposition 1.1.

<) Suppose that A, 3)/B(a,p) is algebraic for all € Im(u) and 8 € Im(v).
Let c(q,5). Let a = p(c) and g = v(c). Then o € I'm(u) and § € Im(v) and
¢ € A(a,p)- Hence c is algebraic over B, g). Thus ¢ 5 € A is intuitionis-
tic fuzzy algebraic over B by proposition 1.1. By proposition 1.3, c(, ) is
intuitionistic fuzzy algebraic over B.
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Abstract. The heat transfer by natural convection in a vertical cylindri-
cal enclosure filled with a porous medium and saturated by a nanofluid
with different nanoparticles shape is studied in the present work. The
enclosure is maintained at a constant heat flux along its axis, the side wall
is maintained at a constant temperature while the base walls are imper-
meables and isolated. The scalar equations system that governing the
problem are solved by the use the finite difference method. The results
obtained, presented in the term of a stream lines, isotherms and heat
transfer expressed by the Nusselt number, showed that the flow patern
of the nanofluid as well as the rate of heat transfer on the active walls are
influenced by the nanoparticles concentration and shape of nanoparticles
added to the base fluid. With cylindrical nanoparticles shape, the heat
transfer is improved compared to with spherical nanoparticles.

1 Introduction

Several studies have focused on improving heat transmission through convec-
tion. Although the ideas for improvement have mostly influenced the geometry
of systems and the physicochemical character of convective media, the study has
only touched on the macroscopic or occasionally microscopic order of the pro-
cess in terms of chronology. However, with the advent and rapid development of
nanosciences and nanotechnologies in the second half of the 20th century, con-
vection has reaped a large share of this new wealth and taken on a new facet
of improvement: recent research has focused on the nanometric level of the con-
vective medium’s matter. Nanofluids are one of the byproducts of such richness.
Nanofluids have unique physicochemical qualities, such as high thermal conduc-
tivity, that make them superior to traditional coolants in terms of heat transfer
coefficient. The research conducted in this new approach has produced a large,
but diverse bibliography:

In 1995 Choi [1] coined the term nanofluid. Heat exchangers, microchan-
nels, cooling of electronic systems, vehicle cooling, nuclear reactors, buildings,
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grain storage, and other examples are used because of their high thermal per-
formance. In recent years, a great number of investigations on mixed convection
using nanofluids have been conducted. Wen and Ding [2] used a similar exper-
imental approach in an evenly heated circular tube, but they used aluminum
trioxide (A1203) nanoparticles with diameters ranging from 27 to 56 nm. In the
laminar regime, the use of the nanofluid considerably boosted the heat transfer
coeffici nt. Behzadmehr et al. [3] investigated turbulent forced convection in
a circular tube with 1% copper (Cu) nanoparticles in water.They established
that an increase in the Reynolds number led Nusselt’s number to grow in value.
Khanafer et al. [4]] investigated the heat transmission of nanofluids in an
enclosure using numerical simulations. For varied Grashof numbers, their results
demonstrate that the mean Nusselt number increased with the volume fraction
of the nanoparticles. Xuan et al. [5] investigated convective heat transfer and
nanofluid flow properties experimentally. The convective heat transfer coefficient
of the nanofluid increases with the speed flow rate and the volume fraction of
nanoparticles, and it is greater than that of pure water, according to their results.
There are just a few studies on the effect of particle shape on nanofluid viscos-
ity in the literature. The viscosity of nanofluids, on the other hand, is strongly
influenced by the form of the nanoparticles [6,7]. Timofeeva et al. [7] report
that elongate particles, such as platelets and cylinders, have increased viscosity
at the same volume percentage. Spherical particles or spheroids with a lower
aspect ratio should be employed for lower viscosities. According to Jeong et al.
[8] ], the viscosity and thermal conductivity of the nanofluid with almost rect-
angular shape particles were 7,7% and 5,9% higher than that of the nanofluid
with sphere shape particles, respectively.

2 Problem Configuration

Figure 1 shematically shows the problem under investigation. A vertical cylin-
drical enclosure of height H, radius R filled with a porous medium and saturated
by a nanofluid with different nanoparticle shape is studied in the present work.
The enclosure is maintained at a constant heat flux along its axis, the side wall
is maintained at a constant temperature while the base walls are impermeables
and isolated.

Fig. 1. Probleme shematic
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3 Gouverning Equations and Boundary Conditions

A steady, laminar and incompressible flow is considered. Under these conditions
the gouverning equations are expressed in cylindrical coordinate as :
The continuity equation:

LoGU) | ow

— 1
r or 0z 0 (1)

The vorticity equation :

1(8(UQ)+8(WQ)> ( )\Z‘Prﬂ )\AEPTfl CF |‘_/2|>Q

€2 or 0z Da v Da
orT C o1V |V |
-2 F
— N'I'Rag, Prp 2> — —w
A R U <U 0z o )

— 020 920 100
AP (arﬁa*r ar)

The energy equation:

or  o(UT) N o(WT) N Ur o0°T 0°T 10T

54— or 0z o2 T o 022 o ror 3)
The vorticity function
0% 0% 10y
“= (8r2 = 7’57") )

Velocity field:
10y 10y
- 27 : - -z 5
r 0z r or (5)
where Cp, Wps Angs 02, U, W, X\, A, X and I are respectively the inertial
coefficient, the thermal diffusivity effective, the thermal conductivity effective,
the vorticity function, the radial velocity, the axial velocity. Which are difined by:

1.75 ~  Any w
Cp = ; A= ; A= 6
" /15063 ey ins ©)
Anp = €ng+(1—€)As (7)
(pBrh)

(1= ) + ¢ Lom:
I'= ( G fff> 2 (8)

Ppr At

(( -+ ¢,,ﬂ) <(1—¢)+¢§’;§)f;§ >
- (pC)
(1=0)"" ((1—¢) + oo™

- ( (pC)fl) (9)

2t (a-0)+o)
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In the previous equations, the expressions of dimensionless numbers are given by:

4 K
Pro - o ; Ragy, = prgBrrQR; , Da

PFIOTH KFLOTRAfI 7 a R?

(10)

Assuming a uniform dispersion of nanoparticles in the base fluid, the density of
nanofluids are generally calculated using Pak and Cho’s relation:

Py = (1= 0) ppi + dppr (11)

The heat capacitance and the thermal expansion coefficient of the nanofluid are
defined as:

(PB)y = (1= 8) (pB) sy + ¢ (pB),,, (12)
(/’Cp)nf = (1 - QJ)) (pCP)fl +¢ (Pcp)pr (13)

Hamilton and Crosser (1962) offered the following relation to calculate the ther-
mal conductivity coefficient of the solid-liquid mixture:
Anf _ dpr (= DA+ (0= 1) Apr = Ap1) &

Tfl a )‘pr + (n - 1))‘fl - ()‘pr - >‘fl) ¢ (14)

Krieger et Daugherty (1956) offered the following relation to calculate the vis-
cosity coefficient:

2

S — 1
om0 1302 )

¢ -2
Hnf = Hfl (1 — 5 ) whither ¢m

¢m 1s the packing fraction and ¢ is the aspectration of nanoparticles. Where n
is the empirical shape factor of nanoparticles defined by n = 2 where x is the
nanoparticle sphericity and it is defined as the ration of the surface area of an
equal volume sphere to the actual surface area of the particle.

Boundary Conditions:

For the Stream Lines

oy oY _ _ —
V=o-=5-=0 en Z=0Z=Hr=R (16)
o 81/111:66 _ —
Vage = 5 = 0 en r=20 (17)

For the Vorticity: At the Side Wall

2
2 |r:R: Ww ‘r:Rfdr (18)
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For the Vorticity: At the Lower and Upper Wall

1 2
? |z:O: ;@1# |z:dz (19)
1 2
N |z:H: ;@w |z:H7dz (20)

For the Vorticity: On the Axis

2
? |7‘:O: ﬁw |T:d7‘ (21)

The local and global Nusselt numbers are given by

*

N1 1
Nujocar = ARrTﬂT ‘heatflum 5 Nuglobal = ; o Nujocardz (22)

4 Numerical Methods

The space discretization of the transport equations of the vorticity and energy
will be done using the precise centered differences. Once discretized, the method
of ADI (Alternation Direction Implicit) is used to solve the equations of energy
and of vorticity. The equation of stream function is solved by the means of the
method of S.O.R (Susccessive over Relaxation) [9], this method directly gives
the value of stream function at the moment n+1 in the considered node. We
consider that the convergence is reached if, with each step of time, the following

test is checked. o
22 LA - 1
i T

f refers to vorticity {2 and Temperature T

<107° (23)

5 Results and Discussion

The aim of this study is to investigate the effect of nanoparticles shape and
nanoparticles concentration on the improvement of convective heat transfer.

For the cylindrical shape we notice that for a Rayleigh number (Ra = 10)
Fig. 2, the flow intensifies (] ¢ |= 0.26) and the isotherms are tighter on the
upper side, and almost vertical. If we further increase the Rayleigh number to
Ra = 10° Fig. 2, the flow becomes more intense (| ¢ |= 1.14). Indeed, the
increase in the Rayleigh number can be explained by an increase in the heating
energy, the wire becomes hotter than the vertical walls, the fluid tends to move
away from the hot zone to transfer the energy. from the hot side to the cold
side. On the other hand for the spherical shape Fig. 3, we notice that the flow
intensity becomes a little greater than the cylindrical shape.
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Stream fucntion Stream function

-0,2650
-0,2319
-0,1987
-0,1656
01325
-0,09937
-0,06625
-0,03312

Temperature Temperature

0,000
0,007975
0,01595
0,02393
0,03190
0,03988
0,04785
0,05583

0,000
0,007525
0,01505
0,02258
0,03010
0,03763
0,04515
0,05268

Fig. 2. Isotherms and stream function for a cylindrical shape and for a) Ra = 10°,
¢ =0.03, b) Ra =10°% ¢ =0.03

The Fig. 4 shows a comparaison between a cylindrical and a spherical shape
effect for the improvement of heat transfer, we remark that the hight values of
Nusselt number come back to cylindrical shape, thus enhanced that the nanopar-
ticles in a cylindrical shape has more influenced the heat transfer.

The Fig. 5 shows that the average Nusselt number increases for the cylindrical
shape with the increase of Rayleigh number, also we remark that the low values
of average Nusselt number for ¢ = 0.01 and the hight ones for ¢ = 0.05 that
shows the heat transfer depends the nanoparticles concentration, thus the heat
transfer is more important for the cylindrical shape.
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Stream function

10
-0,2990 -1,220
-0,2616 1,067
-0,2243 -0,9150
-0,1869 ) 0,7625
-0,1495 [ 2610
-0,1121 -0,4575
-0,07475 L -0,3050
-0,03738 -0,1525
N
02
00

Stream function

N
0,00 0,01 0,02 0,03 0,04 0,05
r r
Temperature Temperature

0,000 0,000
0,008600 0,008000
0,01720 0,01600
0,02580 0,02400
0,03440 0,03200
0,04300 0,04000
0,05160 0,04800
0,06020 0,05600

N N

Fig. 3. Isotherms and stream function for a spherical shape and for a) Ra = 105,
¢ =0.03, b) Ra = 10%, ¢ = 0.03

‘Spherical shape Spherical sha
26 —8—Ra=10'5, phi=0.05 . o
—8—Ra=105, phi=0.01 324
Cylindrical shape
] —A—Ra=10'5, phi=0.05
2 —¥— Ra=10%, phi=0.01 307
284
22
264

Nusselt number
3 8
! I
Nusselt number
NN
[N
N

Fig. 4. Comparaison between the cylindrical and spherical shape of nanoparticles by
Nusselt number for differents value of Rayleigh and nanoparticles concentration
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30

Cylindrical shape
—m— For Ra=10"5
@ For Ra=10"6
Spherical shape
—&— For Ra=10"5
—w— For Ra=10"6

28

Average Nusselt
N
1

T T T T T
0,01 0,02 0,03 0,04 0,05
Concentration of nanoparticles

Fig. 5. The average Nusselt number for differents value of Rayleigh and concentration
of nanoparticles

6 Conclusion

The numerical investigation was carried out using a numeric code to study the
effect of shape and volume fraction on the flow field and the temperature field
on natural convection in a vertical cylinder. The results obtained show that:

e Increasing the Rayleigh number and the concentration of nanoparticles leads
to an increasement on the thermal conductivityof the nanofluid and that’s
means an improvement of heat transfer.

e The cylindrical shape of nanoparticles enhanced the heat transfer more than
the spherical shape ones.
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Abstract. This paper studies the existence of solutions for a mixed system of
hybrid fractional differential equations, it is a coupled hybrid fractional differ-
ential equations of first and second type. We make use of the standard tools of
the fixed point theory to establish the main results. The existence and uniqueness
result is elaborated with the aid of an example.

1 Introduction

Hybrid differential equations is a rich field of differential equations. It is quadratic per-
turbations of non linear differential equations. It has lately years been an object of
increasing interest because of its vast applicability in several fields. For more details
about hybrid differential equations, we refer to [1,3,5,6,8—11]

Motivated by [3,7]. The propose of this paper is to study the following coupled
system of hybrid fractional differential equations with perturbations of first and second

type.

x(t) B B
D¢ {fl (t,x(l),y(t))} = hi(t,x(t),y(r)), O0<p<l1, teJ=1]0,d],
DEy(t) = folt,x(1),y(1)] = ha(t,x(1),¥(r)), 0<q<1, tel, (1)
x(0) = xo,

where f| € €(J x RxR;R\ {0}) and f1, iy, by € €(J x R x R; R).
We first start by recalling Lery Schauder alternative.

2 Preliminaries

In this section, we introduce some definitions and results which are used throughout
this paper.
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Definition 1. ([10]) Let x € C"[0,0) and n — 1 < o < n, where n € N*, the Caputo’s
derivative of order o for function x : [0,e0) — R can be written as

1

D) = ro— g /0t<’—5>”‘°“1x(”> (s)ds. 2)

Definition 2. ([10]) The fractional integral of order « is defined as

I(r) = —) / ()% x(s)ds, 3)

I'(e) Jo
which is called the Riemann-Liouville integral.

The following Lemmas are useful in what follows.

Lemma 1. (/3]) Assume that hypothesis x — _ is increasing in R, for each

S (tax)
t €J. Then foranyh € L'(J,R,) and 0 < p < 1, the function x € € (J,R,) is a solution
of the fractional hybrid differential equation

W0 1
De [fl(AX(t))} =m0, rel

x(0) = xo,
if and only if x satisfies the hybrid integral equation

)= Aa() [fl(();(»)XO)+1"(1p)/ot(t_s)p_lhl(S)ds , el

Lemma 2. ([7]) Assume that hypothesis y — y — f>(t,y) is increasing in R for each
t €J. Then forany h:J — R and 0 < q < 1, the functiony € € (J,R.) is a solution
of the fractional hybrid Differential Equation

Diy(r) = fo(t,y(0)] = ha(), 1€,
y(0) =y € R.

if and only if y satisfies the hybrid integral equation

¥(t) =yo— f2(0,y0) + f2(t,¥(t)) + F(lq)/ot(ts)q‘lhz(s)ds, ted.

Lemma 3. (Lery Schauder alternative, [4])

Let A : X — X be a completely continuous operator (i.e., map that is restricted to any
bounded set X is compact). Let p = {x € X : x = §Ax for some 0 < § < 1}. Then
either the set &, is unbounded or A has at least one fixed point.
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3 Existence Result

In this section, we prove the existence and uniqueness result for (1) by using Banach
fixed point theorem. Then we discuss the existence of solutions for this problem by
means of Lery Schauder alternative.

To establish our results, we introduce the following assumptions:

fl (t7 X, y)
(b)— The map y — y — fa(¢,x,y) is increasing in R for each 7 € J, x € R.
(A1) There exists positive numbers ;, Uy, v such that

(Ag) (a)— The map x — is increasing in R foreachr € J, y € R.

v < \fl(t,x7y)| < Ui, |f2(t7xa)’)| < U,

forall (r,x,y) € J x RxR.
(Ay) There exists positive numbers A, A2, A3, A4 such that

Lf1(t,x,y) = f1(t,xX )] < Afx— x|+ Aoy — |,
|f2(t7x7y) _fZ([axlay/” S 2’3|x_'x/| +)’4‘y_y/|’

forallf € J and x,y,x’,y € R.
(A3) There exists a constants 1, 12, &1, & such that

|1 (t,,y) = b (8,2, Y) | < milx =X |+ maly =¥,
|ha(t,3,y) = ha (8,2, < & x =X + &y =,
forallt € Jandx,y, ¥,y €R.
Denote E = € (J,R) x €(J,R), equipped with the norm
1) = llxll + l1vll,
where ||x|| = sup |x(¢)].
reJ

Notice that the space E with this norm is a Banach space. Seeing that as in lemma 1 and
2 we define on E the operator A by

Ar(x,y)(t)
Alx,y)(t) =
A (x,y)(1)
where
X0 1

A (x,y)(t) = filt,x(2),5(1))

t P~ (s),x(s),y(s))ds
f1<o,xo,yo>+r<p>/o(f—S> i (s), x(s), y(s))ds| .

Aol 3)(0) =30 = F(0.30.30)-+ olo.5(0)y0) + F5 [ (1= halox(0) (0
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As aresults A is a solution to our problem under the assumption (Ay).

Let us set

_ p Mt N q§1+5z

Vi=a , a
: r(p+1) 7 I'(g+1)

afuym <|xo| alk >
o =——=+M|—+vir+ —— |,
! L'(p+1) v 1 L'(p+1)

14 14
ﬁl :%4_22 (|);0|+vlr+ak1)7

I'(p+1) I'(p+1)
a’éy
o0 =Mh+—-—m,
PP g+
a’é
=M+ =—",
Bo=24 T+ 1)
Y1 = max(oq,B1) and p = max(on,B;), where ki = suplh(,0,0)|, kr =
€]
sup |h2(2,0,0)|,
teJ
and
apulkl aqkz

[xo!
= +2uy +
|5y [vol +2u2 T+l Tq+D)

rz
l—(,u1V1+V2)

; “4)
Now we are in a position to state our first existence results. This result is based on
Banach fixed point theorem.

Theorem 1. Let assumptions (Ag) — (A3) be satisfied. Suppose, in addition that the
following property is verified:
n+tr<l

Then the problem (1) has a unique solution.

Proof. Proof Let us define the closed ball

B, ={(xy)€E: |[(x,y) <r},

Then we shall check that AB, C B,.
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For (x,y) € B, and t € J, we have
[A1(x,9)(1)]

= |fi(t,x(), — )P hy (5,x(s),(s))ds

|'f (0,30,30) +F(1p) L

< (b s [ 977 (hax(9) (60~ 5:0.0) 1 5:0.0) s

| /1(0,x0,y0)] F(P) Jo

1
sH (‘xv0| (= s)”I(Th\x()I+nz|y(5)\+k1)ds>
< (‘LO 1Hx||+nz|\yH+k1/(t s),,_lds>
v 0
xo ni IIXH +m2llyll + ki )
< LG R Bl 28 || L 21 B4 | B N B
7M( v C(p+1)
Hence
ol 771V+nzr+k1) (| x| alk; >
A 1 < pMrTMrrr) ol o |
PSSTATE (. s Sy E (P

On the other hand, we have

A2 (x,y) (1))

- yO*fz(O,XO,yo)+fz(t7x(f)7y(t))+ﬁ IO OO

< ol 15(050050) + ale-5(0). 5 0)] + s [ (=9 liasxts) ()l

(&)

< |yo| +2u2 + %/Ot(t—s)q_l (|h2(s,x(s),y(s)) — ha(s,0,0)| + | h2(s,0,0)|) ds

1 t B
< Dol + 22+ s [ (0577 B (o) + &ay(9)] + o) ds
I'(q) Jo
- th [ B
S |y0‘+2“2+<§1||x|| 52”)}” 2/(2‘—S)q ldS
I'(q) 0
Sullxl[ + Syl + k2
< +2Uyr +a?
< ol +2u2 +a s D)
Hence
Ao (e) ()] < ol + 2+ @S TEI TR 1o v SR
T T(g+1) INCE)

From (4), (5) and (6), we deduce that

[AG Y <

(6)
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Thus AB, C B,.
For (x,y), (X',y') € B, and ¢ € J, we have
A1 (x,3)(6) = A () (1)

= |1 x0)5()) ( e !

/t (t—s)P"'hy (&x(s),y(s))ds)

+
0,x0,y0)  T'(p)Jo

— f1(t,x(2),y(1)) < tfs)pflhl(s,x/ K 7y/(s))ds>

X0 1 t
AiOx0y0)  T(p) X
X0 1 't
ArAA
1

) /Ot (t—s)P'hy (va,(5)7yl(s))ds)

5
A x05(0)) ( z—s)P*‘hl(s,x'<s>./y'<s>>ds)

£1(0,x0,¥0
X0
0,x0,y0) T'(p

+

A0 0) ( -~
|f1 (¢,x(¢

Ol / (£ = 5)P i (s,(s), 9(5)) — I (5, (5), (5))|ds

X0

! 1
f1<0,xo,yo>+r<p)/o(f S (5,2 (5), 5/ ())ds

Lfi(e,x(0), y(6)) = f1 (.4 (2),5 (1))

i (ﬂ1\|x—xl|\+n2|\y—)’\|)/’ 1
< t—s)P"ds
< ) 0( )
+(M+v1 L@k )(alnx ¥+ Aally =)
T'(p+1)
<a p 1 (M llx =X+ maly =) alky

Xo
+(¥+V1r+ )(/11|\x—xl||+/12|\y—y/\\)

I'(p+1) I'(p+1)
a’um <| xo a’k )) /
< (&m g (ol -
< (F(p+l)+ 1 +vir +F(p+1) [lx —x'||

alym |xo] alk, )) /
A (2O _
+(r<p+1)+ ( vt ) P

= aylx—x'[|+Billy |l
<7 (=2l +ly=y1).

which yields

[A1(x,y) = AL ) <7 (=X 1+ ly=Y]l) - (7)

And we have

A2 (x,3) (1) = Az (', Y) (1)

= |yo — f2(0,x0,y0) + f2(t,x(t),(t)) +

ﬁ JAEDRCRORIB)Y

- yo+f2(0,XO7yo)—fz(hx/(f)’y/(f))—ﬁ / (0= )T (5,2 (), (s))ds
< faltx(6) 5(0)) — o6, (0), 5 ()]
[ =97 (s, 9),5(5) — a5, (5), () s

I'(q) Jo
o oy Sl =+ Gy =yl /t ol
< Aslle =X+ Aally =yl + @) (t—s)7"ds

+
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—x[+ &Iy =y
< A3|lx =X 4 Aglly = +aq§1”x
< Dalle— |+ Aally— | S

< (Mmool (et s ) o=

= ol —x'[[+Bally =l
<p(lx=2+ly=y1)-
Then

142(x,3) = Ao (Y| < 9 ([l =1+ [[y =[] -

This implies by (7) and (8) that we have

1A (x,y) =AY = 1410, y) = Ar(x )+ 142 (x,y) = Aa ()|
<m+r) (lk=x1+ly=y1)-

Finally, we find that A is a contraction. This completes the proof.

Example 1. We give an example to illustrate our abstract results.
Consider the following coupled system

% x(t) _l lx 1 -
D61+1wsM+1|ﬂN‘ﬁ@“” y(e), 1€J=[01],
2710 M 20 T o)

D} [s0)— (3 + 1 b0) + 35 T )| = 1+ 5510+ 0, 1€

This problem can be abstracted into

DLT [f](t);g)),yt)} hi(t,x(2),y(2)), t€J=]0,1],
D¢ [y(t) = fo(t,x(1),y()] = ha(t,x(1),(1)), t€J,
x(0) = xo,

¥(0) = yo,

i00).300)) = &+ 1 cosloeo)] 5 2O (1.x(0),5(0) = £+ Lt + 0,

20 T+ (O]’ 7o 0
Fltx0)3(0) = § + g5 0]+ 357 gy (K 03(0) = 5+ 5500+ 00

and X0 = 0, Yo = 0.

(®)
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It is easy to check that

1 1 1 1 1 2 1 1
n1—§7n2—E7§1—ﬁ,§2—§7k1—k2—7,u1—#2—57/11—14—E>12—/13—%-
We have

a”,ulkl a"kz

.UI‘XTO‘-&-UO\+2.U2+

I'(p+1) TI(g+1)

~ 1.46.
1-— ([,L1V1 + Vz)

Then, for r = 1.5, we have
oy ~0.303, B ~0.03, 0p ~0.162, B, ~ 0.225.
Consequently
Y=1n+7r~0529 <1

Thus, all assumptions in Theorem 1 are satisfied and the problem (9) has a unique
solution on J.

By using Lery Schauder alternative we obtain the second existence result.

Theorem 2. Let assumptions (Ao) and (A1) be satisfied. Suppose in addition that

|1 (2,%,)| < po+pullxl[ +p2lyll, [h2(2,x,y)| < 60+ o1 [|x]| + o2y,

foreach (t,x,y) € I x RxR.
And

af Ly py alo a?lyp2 aloy

T+ " Tar) <V Tt TTgen <&

Then the problem (1) has at least one solution.
Proof. Proof Let .# C E be bounded.
Then we can find positive constants Nj,N; such that
[ (,2(0),3(1))] < N, (e, (), ()] < N2

for each (x,y) € .4 andt € J.
For (x,y) € 4 ,t € J, we have

A1 (x,y) (1))

= 050 |0t [ =9 ()50

< ('xvol - F]&)/Ol(t—s)“dg

ol )
= H v T(p+1))°
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‘)C()| ale
o) < (B Y (10)

In a similar manner, we obtain

alN,

Ay (x, < +2Up + ——F—.
[ A2, ¥) || < [yol Ho g+ 1)

(1)

From (10) and (11), we deduce that A is uniformly bounded.
We will show that the operator A is equicontinuous.
Lett;, 1, € J with t; < 1. For (x,y) € E, we have

IN

“I'(p+1)

80~ At )0)
= [ie2x(0) 50 >>( fOXO yo) Fioi =9 i Gsx6)5(9)as )

= Al 3(0) (s o [ =9 (9,500 )
) 0) (152 s [0 -9 a(0) (6 )
1

— Altrt o) (752 F(p =9 isa(0) (0
Al (12 =5)"1) I 5,5(5),3(5)) | s

N |f1(t2, f2 y(t2) |/ $)P 7 Ry (s,x(s),¥(s))| ds
1

- (| f(O!))Cc(;l,yON T ./0“ (11— 8)P 1| (s,x(s), y(s))ds)
X | f1(t2,x(t2),y(82)) — f1(t1,x(t1),y(11))]

t T
< Wil /1 (=) — (12— s)P~") ds + 11 /z(zz—s)"*lds
3|

r'(p)Jo
+ (PC‘?'JFFZUNI )> |f1(t2,x(12),y(t2)) — f1(t1,x(t1),y(t1))]
U1V

I'(p)

_ [)7 I’l'lNl _ p
((l‘z l]) +1 l2)+r(p+l)(t2 l])

* (lva|+1"? = )) |f1(t2,x(12),y(t2)) — f1(t1,x(t1),y(t1))| — O

ast) — 1.
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Similarly, we have
|A2(x7y)(t2) _Az(xay)(“)'

— [yo— 200, 0.30) + folt2,x(12).3(12)) + —

F [ s (0,36

1

— yo+/2(0,%0,y0) — fa(t1,x(t1),y(t1)) — @ /Otl (t1 — S)q_lhg(s,x(s),y(s))ds

< Uata,3(02),5(02)) — ot 3(0). ()
i o (0= (=5 ia(o.x(9). 59 s

1

+ﬁ54<@ﬁwwmcm><»m

< faltnsx(t2) y(12)) — foltrx(er) y(e0))| 4 =2

Ta+1) (a—1)?+11-1])

+———(tr—11)T = 0astr — 1.
F(q+1)(2 1) ) — 1

Finally, we find that A is equicontinuous.
In the next step. Denote

Pr={(x,y) €EE: (x,y) =8A(x,y),0< 6 < 1}.

And

. a’ 1 py alo a1y p2 aloy >
P mm( T(p+1) T(g+1) T(p+1) T(g+1)

2, is bounded. Indeed
Let (x,y) € Z4. Thus for any t € J

x(t) = 6A;1(x,y)
y(t) = 6A2(x,y).

Then
%o, ,Po+pillx]l+ Pyl

x(0)| < +a” )

) < (B R
Also

0y + o1 |x[| + o2 ||y ||
Nl < +2Uy +a?

()] < yol +2u2 T+ D)

Which imply that

ol . pPotpilx] +pz||y||))
< P .
IIx_m( +a T(1)
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And

09 + o1 [|x]| + o2 ||y ||
I'(g+1)

IVl < [yl + 242 + o

As a consequence, we have

a’ i pi aloy > < a’pipa aloy >
+ il < + + +
x| + Iyl < <F(p+1) Fg+1) o] Tp+1)  Tlgs1) [l

x|~ a’po ) aloy
| s ) ol F2pe
Hi ( Iy T+l ol + 242 g+ 1)

Thus we obtain

(1 alwpr  alo >||x||+<l aiwp,  dloy )” ”
C(p+1) T(g+1) T(p+1) T(g+n)"”

|xo a’ po > aloy
< — =]+ +2Uy + ———.
S U < v T+ 1) ol Ho Tq+1)

It follows that

0] a? po ) alop
PO 2P0 ) o] + 240 + s
i < v T+ ol +2u2 gt 1)

X)) =[xl =yl <
1Ge )= [l + [y 5

Thus, all assumptions of Lemma (3) are satisfied and this permits us to conclude that A

has at least one fixed point. Which is a solution of the problem (1).

Conclusion

In this paper, extending the models given by [2] and [11],it has suggested a model which
brings together the two situations. It is a coupled system of mixed Hybrid fractional
differential equations: Linear perturbations of first and second type. we proved the exis-
tence of a solution for this problem using two fixed point theorems namely Banach fixed
point theorem and Lery Schauder alternative. The main result is well illustrated by two

examples.
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Abstract. The purpose of this paper is to investigate the vector-matrix
functional equation

g(zy) +glo(y)z

SN TIOWD _ 4y)ga), 2.y €,

where G is a group, g is a vector-valued function, ® is a matrix-valued
function, and o : G — G is an involutive automorphism.
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1 Set Up, Notation and Terminology

To formulate our results we work with the following set up, notation and termi-
nology that will be used throughout the paper: G is a group and M is a monoid
(a set with an associative composition rule with an identity element denoted by
e). The map o : G — G is an involutive automorphism of G. That o is involu-
tive means that o(o(z)) = = for all z € G. We denote by M,,(C) the algebra
of all complex n x n matrices and I, its identity matrix, and we will view the
elements of C™ as column vectors. By M(G) we denote the set of all characters
X : G — C*, by A(G) the vector space of all additive maps from G to C and we
put A*(G) :={a € A(G):a00 =a}.
For any complex-valued function f on GG we use the notation
PRNESLY. _f-foo
2 2
We say that f is o-even (resp. o-odd) if foo = f (resp. foo = —f). The
function f is central means f(xy) = f(yz). Finally we denote by F the set
g1
of all vector-valued functions g = | : | : G — C" with linearly independent

In

and f:

components.
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2 Introduction

The purpose of the present paper is to study the following functional equation

x o(y)z
9( y)+éq( (y)z) — B(y)g(x),
where the vector-valued function g : G — C? and the matrix-valued function
® : G — M3(C) are the unknown functions to be determined.

The Eq. (2.1), that can be viewed as a 2-dimensional version of the scalar
Wilson functional equation introduced in [12], has been treated, when o is the
group inversion, by Sinopoulos [7] under the assumption that G is a 2-divisible
abelian group. It has been studied by Stetkaer [8] on an abelian group that need
not be divisible by 2 and with a general involutive automorphism.

Recently, Aissi et al. [2] determined on groups the 2 x 2 matrix-valued solu-
tions of the equation

(2.1)

O(zy) + (o (y)z)
2

As continuation of [7,8], we will extend the setting of the solutions (g, ®) of (2.1)
from an abelian group to a group that need not be abelian.
Let g: M — C" and ® : M — M,,(C). We ask in Lemma 3.4 when ® satisfies

O(z)P(y) = O(x)P(y) for all x,y € M. (2.3)

— B(2)0(y). (2.2)

This is a crucial key for solving (2.1).

Assume now that the pair g : G — C? and ® : G — M,(C) with g € F is
a solution of (2.1). We will prove that ® is o-even, that both g¢ and ¢° satisfy
(2.1) with the same ® as for g and we derive the connection between (2.1) and
(2.2) that if g is odd or in particular central (see Lemma 3.4) then ® satisfies
(2.2). With these results we express, in terms of characters of G and additive and
bi-additive functions on G, all solutions of (2.1) under one of the two conditions:
® : G — My(C) satifies (2.3) or g : G — C? is central.

Note that results about the complex-valued functional equations

flzy) + flo(y)z) = 2f(x)f(y), z,y€G, (2.4)
f(zy) + flo(y)z) = 2f(2)9(y), =,y €G, (2.5)
fzy) + flo(y)z) = 2f(z) +2f(y), z,y€G, (2.6)
f(a:y) + f(a(y)x) = 2f(x)7 T,y € G, (27)
the sine addition law
flzy) = f(2)g(y) + f(y)g(2), z,y€G, (2.8)
and the symmetrized additive Cauchy equation

that were treated in [3-5,10], [9, Chap.4], and [9, Chapter 2|, respectively, are
essential in finding the solutions of the functional Eq. (2.1). General results about
similar scalar functional equations on groups are summarized in the monographs
[1,9,11] that contains many references.
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3 Basic Results

In this section we derive some properties of solutions of (2.1) on a monoid, which
enable us to provide a connection between the Eqs. (2.1) and (2.2).
To deal with, let us recall some new tools, which will be used further on.

Lemma 3.1. Let ® : M — M5(C) be a function and let ¢1, 2,91 : M — C be

such that ® = (%1 75;1) Then, ® is a solution of (2.2) if and only if
2

o1(xy) + d1(o(y)r) = 2¢1(2)¢1(y)
P2(zy) + ¢2(0(y)x) = 2¢2()P2(y
Y1(xy) +P1(o(y)z) = 261(2)Y1(y) + 201 (x)Pa(y)

Proof. Can be trivially shown. O

, T,y € M. (3.1)

—_ —

Lemma 3.2. If ® : M — M,(C), g : M — C™ with g € F is a solution of
(2.1), then

(1) ®(e) =

(2) g ((I)wzz)) ((3}) gz )q) (¢)(w)(g()o'(y))7 z,y € M.
o y _&Ho o(p

9 { oty = waiot e

(4) If g: M — C™ is central, then ® : M — M, (C) satisfies

, x,y € M.

O(2)P(y) = O(y)P(x), z,y € M.
(5) If g: M — C™ is odd, then g : M — C™ is central.
Proof. Let ® : M — M,(C), g: M — C™ with g € F be a solution of (2.1).

(1) Putting y = e in (2.1) we get (P(e) — I,)g = 0. Since g € F then ®(e) = I,,.
(2) Making the substitution (o(y),«) in (2.1), we obtain

9(o(y)z) + glo()o(y)) = 2@(x)g(a(y)), =,y € M. (3.2)

If we subtract (2.1) from (3.2) we deduce easily the claimed result.
(3) We have

9°(zy) + g°(o(y)z) = g(zy) + glo(y)z) — 9°(zy) — g°(o(y)),
for all ,y € M. So, from (2.1) and Lemma 3.2 (2) we get that

9°(zy) + 9°(o(y)z) = ®(y)g(x) + B(o(y))g(o(x)), z,y € M.
This is equivalent to

g°(zy) + g°(a(y)z) = [@°(y) + 2°(y)][g°(x) + ¢°(x)]
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With simple computation we get

PN HIOWD _ g (4)g () +- 07" w), wye M (33)

Changing = and y by o(y) and x, respectively, in (3.3) we get

PN HIOWD _ g ()~ 0@l ), ey e M. (34)

From (3.3) and (3.4) we infer that

()9 (z) + °(y)g°(x) = ©(x)g°(y) — 2°(2)9°(y), =,y € M.
This means that

°(x)g°(y) + ©°(y)g°(x) = ©(x)g°(y) — 2°(y)g° (), @,y € M.

Hence,

{‘I"’(a:)g“(y) =—2We"@) e

¢(x)g°(y) = ©°(y)g°(x)
Assume that g : M — C™ is central. Replacing x by xz and xzo(z) separately
in (2.1), we get

glzzy) + g(o(y)zz) = 20(y)g(xz), z,y € M, (3.5)
and
g(za(2)y) + g(o(y)za(2)) = 2®(y)g(zo(2)), z,y € M. (3.6)
Since g : M — C™ is central, then (3.5) and (3.6) are equivalent to
9lyxz) + g(o(y)rz) = 2®(y)g(22), x,y € M, (3.7)
and
9(o(2)yz) + g(0(2)o(y)r) = 2@(y)g(o(2)x), x,y € M, (3.8)

respectively. Adding the last two equations, we obtain
l9(yz2) + g(o(2)yx)] + [9(o(y)z2) + g(o(2)o(y)z)] (3.9)
=2®(y)[g(z2) + g(o(2)7)],

for all z,y,2 € M. So, by using (2.1) and the fact that g is central in (3.9)
we obtain

(2)2(y)g(z) = (y)P(2)g(x).

As g € F then ®(z), © € M commute pairwise.
Suppose that g : M — C™ is odd. From Lemma 3.2 (2) we get

g(wy) = ®(x)g(y) + ®(y)g(z), =,y € M. (3.10)

Hence, g : M — C" is central. This completes the proof.
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We shall recall the definition of the triangularizability of a collection of linear
transformations and prove an auxiliary lemma concerning a connection between
Egs. (2.1) and (2.2).

Definition 3.3. ([6]) A collection of linear transformations is triangularizable if
there is a basis for the vector space such that all transformations in the collection
have upper triangular matrix representations with respect to that basis.

Lemma 3.4. Assume that ® : M — My(C) (i.e. the collection {®(x) | x € M})
is triangularizable. If the pair g : M — C? with g € F and ® is a solution of
(2.1) then

(1) ® is o-even.
(2) Both g¢ and g° satisfy (2.1) with the same ® as for g.
(3) ® is a solution of (2.2).

Proof. Let ® : M — M5(C), g =: <§1> : M — C? with g € F be a solution of
2

o1 ¢1).

(2.1). Since ® is triangularizable then we may assume that ® = ( 0 o
2

(1) To prove (1) we distinguish between two cases:

Case 1: If ¢; # ¢2, then we may assume that ¢ = 0. Since (g1, ¢1) and
(92, ¢2) are solutions of (2.5) and g1,g> are non-zero, then from [3, Lemma
3.2 | we derive that ¢; and ¢, are o-even, which imply that ® is o-even.
Case 2: If ¢1 = ¢2 =: ¢, we have from [3, Lemma 3.2] that ¢ is o-even,
because the pair (g2, ¢) is a solution of (2.5) and g2 # 0. From Lemma 3.2
(3) we see that ¥?(x)g3(y) = —¥(y)gs(x) for all x,y € M. This implies
from [9, Exercise 1.1] that ¢ =0 or g9 = 0. If ¢)§ = 0 then it is clear that
® is o-even. It remains to discuss the other case. Suppose that g5 = 0 i.e.
g2 is o -even. From Lemma 3.2 (2) we get

92(zy) = S)91(x) + 1 (1)g2(2) — )01 (0(9) — ¥ (@)g2(), 2,y € M.

(3.11)
Since (g2, ¢) is a solution of (2.5) and gs is o -even, then from [3, Lemma
3.2] we have g = ga(e)¢ with ga(e) # 0, because otherwise go = 0 which is
in contradiction with g € F. Thus, (3.11) becomes

91(zy) = ¢(W)[91(x) — ga(e)thr(x)] + () [g2(e)th1(y) — g1(o ()], =,y (631\1/12)
Putting y = e in (3.12) we get by using Lemma 3.2 (1) that .

91(x) = 91(x) — g2(e)Y1(x) — ga(e)(x), © € M. (3.13)
Replacing x by o(z) in (3.13) we get

—91(2) = g1(0(2)) = g2(e)r(0(2)) — g1 (e)¢(x), = € M. (3.14)
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If we subtract (3.13) from (3.14) we obtain

g7 (x) = g7 (x) — g2(e)yi(x), x € M,

which implies that ¢¥¢ = 0, because ga(e) # 0. Hence, ® is o-even.
From Lemma 3.4 (1) and (3.3) we infer that

9°(xy) + g°(o(y)x)
2

= ®(y)¢°(x), z,y € M. (3.15)
Since

9°(xy) + 9°(o(y)z) = g(ay) + g(o(y)x) — g°(zy) — g°(o(y)x), z,y € M.
Then, from (2.1) and (3.15) we get easily that

g°(xy) + g°(o(y)x)
2

which implies the claimed result.

In order to show (3) we will distinguish between two cases:

Case 1: If ¢ # ¢, then we may assume that 11 = 0, hence the Eq. (2.1)
is equivalent to

=®(y)g°(x), z,y € M,

g1(xy) + g1 (0 (y)x) = 261 (y) g1 (2)
{gz(l’y) + go(o(y)z) = 22 (y)ga(z) * TV € M. (3.16)

Thus from [3, Proposition 3.4] we get that ¢; and ¢5 are solutions of (2.4).
By using Lemma 3.1 we deduce that ® is a solution of (2.2).
Case 2: Here ¢1 = ¢ =: ¢. Then, the Eq. (2.1) is equivalent to

g1 (zy) + g1 (o (y)x) = 26(y)g1 () + 201 (y)ga(x)

Since (g2,¢) is a solution of (2.5), then from [3, Proposition 3.4] ¢ is a
solution of (3.18). So, to conclude the claimed result it suffices, from Lemma
3.1, to show that the pair of functions (¢, ¢) satisfies the symmetrized sine
addition formula, i.e.,

fxy) + flo(y)x) = 2f(x)g(y) + 2f(y)g(x), =,y € M, (3.18)

where f,g : M — C are complex valued functions. From Lemma 3.2 (3)
and Lemma 3.4 (1) we have ®(z)g°(y) = ®(y)g°(z) for all z,y € M. This
implies with simple computations that

o(2)g7(y) + ¥1(2)g5(y) = d(y)gi () + Y1 (y)gs(x), x,y € M. (3.19)

From Lemma 3.4 (2) we have (¢g°, ®) is a solution of (2.1). Since g5(e) =
g2(e) # 0, then we deduce from [3, Lemma 3.2] that g5 = g5(e)¢. Replacing
g5 by its expression in (3.19) we obtain

o(2)g1(y) + g5(e)¥1(2)d(y) = d(y)gi (@) + g5(e)1(y)p(x), =,y € M. (3.20)



464 Y. Aissi and D. Zeglami

This is equivalent to

P(2)lg1(y) — 95(e)v1(y)] = d(Y)lg1 (x) — g5(e)¥r(x)], x,y € M.
Since ¢ # 0, then there exists A € C such that

g5(e)ir = gf — .

So we have

95(&)[¥1(zy) + 1 (o (y)z)]
1(@y) = Ap(2y) + g1 (0(y)x) — Ap(o(y)z)

P(y)gi(x) + 2¢1(y)g5(x) — 2Ap(2)d(y)

o(y)lgs(e)¥1(z) + Ap(x)] + 2g5(€)p(z)¥1(y) — 2A(2)p(y)

5(e)[20(y)Y1(z) + 26(2) Y1 (y)], 2,y € M.

Since g5(e) = g2(e) # 0 then we get easily the claimed result.

g
2¢
2 x
9o

m

Remark 3.5. Let ® : M — M, (C) and g : M — C" be functions.

(1) If (g, ®) is a solution of (2.1) such that g € F and is central then ® is o-even.
(2) If ® is a solution of (2.2), then the collection {®(x) | x € M} is triangular-
izable.

4 Main Results

To determine the solutions (g, ®) of (2.1) on a group with g : G — C? is a central
function such that g € F, we need to know the solutions ® of the functional Eq.
(2.2) satisfying ®(e) = Io. They are listed in [2, Theorem 5.1] that we cite here:

Theorem 4.1. [2] The solutions ® : G — Ms(C) of the matriz functional Eq.
(2.2) satisfying ®(e) = Iy are the functions of the three forms below in which P
ranges over GLo(C):

(1)
X1txioo 0
-1
o=P C o xetxos P (4.1)
2
where x1 and X2 are characters of G.
(2)
X+tXxoo X+X°O'a++X_XOUa_
d—PpP (2) 2 X+X002 P, (4.2)
2

where X is a character of G such that x # x o o and a* € A*(Q).
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(3)

o= P (é s Jlr ¢> P, (4.3)

where x is a character of G such that x = x o o, ¥ is a solution of the
symmetrized additive Cauchy Eq. (2.9 ) such that vy € N(G,c) and S : G —
C is a map of the form S(z) = B(z,z), x € G, where B: G x G — C is a
bi-additive function of G such that B(x,o(y)) = —B(y, ).

The main result of the present paper reads as follows.

Theorem 4.2. The functions ® : G — M(C) and g : G — C?, with g € F
and is central, satisfy (2.1) if, and only if there exist u,v € C? and P € GLy(C)
such that

o=p———p1
g=P(Eu+ Eoov) ’
where E : G — M3(C) has one of the following siz forms:

(1)
x1 0
E= ,
( 0 X2>
where x1 and X2 are characters of G such that x1 00 # x1 and x200 # Xa2.

(2) -
E— ((1 +81 xa )?2) 7

E+Foo
{ (4.4)

where x1 and xo are characters of G such that x1 00 = x1 and x200 # X,
and ay € A7 (G).
(3)

b= ((1 T +22>><2> ’

where x1 and X2 are characters of G such that x1 00 = x1 and x2 00 = X2,

and ay ,a; € A~ (Q).
_ (lat+a”

(4)
where a* € A*(Q), and x is a character of G such that x o o # X.

(5) )
E=x<és+w1+a3>,

where X is a character of G such that x oo = x, a3 € A~ (G), ¢ € AT(G)
and S : G — C is a map of the form S(x) = B(z,z), * € G, where
B : GxG — C is a bi-additive function of G such that B(z,0(y)) = —B(y,x)
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(6)
7oy (a2 Bleg)’ +38(e;)° + v +ay ¢ +ay
=X — )
0 1+a,
where x is a character of G such that xyoo = x, ¥ € AT(G), a5 ,a; € A~ (G)
and B € C.

Proof. Let ® : G — M(C), g : G — C? be a solution of (2.1) such that g is a
central function satisfying g € F. Since g : G — C? is central, then from Lemma
3.2 (4) and [6, Theorem 1.1.5] we infer that ® : G — M3(C) is triangularizable,
i.e., there exists an invertible matrix P such that

o 1 (1n
U= PP = (0 ¢2>,

where ¢1, P2, %1,G1,G2 : G — C. Using the notation G := Pg =: (gl>, (2.1)
2

G
becomes
KNI _ ()62, 2y < @, (45
which is equivalent to
Gi(zy) + Gi(o(y)z) = 2¢1(y)G1(2) + 2¢1(y)G2(2)
{%(acy) + Galo(y)r) = 2602(y)Ga () By eG (19)

From Lemma 3.2 (1) and Lemma 3.4 (3) we deduce that ¥ is a solution of (2.2)
satisfying W(e) = I5. So, according to Theorem 4.1 we will break the job into
three cases:

X1+Xx100
Case 1: If ¥ = 5 Yo+ xa 00 |» Where x1,x2 € M(G), then (4.6)
2
becomes
+
Gi(zy) + Gi(o(y)z) = 2%(@/)91@) ceo )
—+ , T,Y . .
Ga(zy) + Ga(o(y)z) = ZM(Q)%(%)

2

Based on [3, Theorem 3.6] there exist (o, 3;) € C* \ (0,0) and a; € A= (G),
i € {1,2} such that

2 ¢ 2 if Xioa?éXi,ie{l,2}.

{giaiXi+XiOU+ﬂ'XiXiOU
G; = (i +a; )xi if xioo = xy

Subcase 1.1: If x; 00 # x1 and x2 0 0 # X2, then we obtain

+ oo — oo
G :a1X1 X1 +51X1 X1

2+ X200 2 — X200 °
gzzoézx ;C +52X ;C
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Hence, we have the desired result with

x1 0 1 (o + B 1 (o — B
E= _ - _ 1 .
(0 Xz)’u 2<az+52> and v 2 \a2 — B2

Subcase 1.2: If x; oo = x1 and x2 0 0 # X2, then we have

Gi = (a1 +a7)x1
+ oo — oo .
Gy = (s X2 ;(2 + 52 X2 ;{2

So, we get the claimed result with

1+a7)X1 0 1 041—|—1 1 041—1

E = ( 1 = = dv=—- .

( 0 X2> T2 \ae 4 8:) VT 2 an - B
Subcase 1.3: If x; o0 # x1 and x2 0 0 = X2, then as in Subcase 1.2 we can
easily show that we have the desired result with

1+agy)x2 0 1 /fas+1 1 fay—1
E= ( 2 = - dv=-= .
( 0 Xl)7 Y79 ai + fr Mmev=g ap — 3

Subcase 1.4: If y; oo = x1 and 2 0 0 = X2, then we have
Gi1 = (a1 +ay)xa
G2 = (a2 +ay )x2

So, we obtain the desired result with
. (1+a1_)X1 0 _1 a; +1 _1 a; —1
E_< 0 (+ayne) “T2\a+1) V=5 0 -1)

X+Xxoo x+xo00 ., X—X©°0 _
2 p ¢ T :
Case 2: If U = 0 Y+xoo , where x is a charac-
2
ter of G such that x # x o o and a* € A% (G), then we obtain

Gi(y) + Gu(o(y)r) = 2152200 + X2 X20 07 (y)Ga(a)

XFXOT (4G4 (w), (4.8)

2
+ 2

and
X+ xoo

2

Since x o 0 # x we deduce from [3, Theorem 3.6] that there exists (as, 52) €
C2%\. (0,0) such that

Ga(zy) + G2(o(y)z) =2 (y)Ga(z), z,y €G.

X+Xxoo
2

X Xo°0o
2 .

Go = g + o
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As a particular solution of (4.8) we have

Hi=a, XXt g XZXOO

5 5 a++a27X_§oaa 7x+xooa_.

ie.,

—— W H(z). (4.9)

Subtracting (4.8) from (4.9) then we get with I" := G; — H that T is a solution
of the equation

= 92X X7 )

Day) + T(oly)a) =22

x), =,y € G. (4.10)

Then, from [3, Theorem 3.6] there exists (dy, ds) € C? \ (0,0) such that

F:d1X+XOU+d2X—XOU
2 2

Hence,

+yoo o _ +xoo0
gl_a2X X a++ﬁX X a++ax X +ﬁX X

2 2 2 2

+voo —Xo0o

+d X ; +dp X ;

So, in this case we get the claimed result with
E— lat +a~ ’U,_l di + ds andv—l dy — da
~Xlo 1 T 2 \ag+ B 2 \a2— )
15+

Case3:If\le<0 1

a solution of the symmetrized additive Cauchy Eq. (2.9 ) such that ¢ € N(G, o)
and S : G — Cis amap of the form S(z) = B(z,z), z € G, where B: GxG — C
is a bi-additive function of G such that B(z,o(y)) = —B(y, z), then G; and G,
satisfy the following equations:

Gi(zy) + Gi(o(y)z) = 2G1(z)x(y) +2G2(x)x(y)(S(y) + ¥ (¥)), .y € G, (4.11)

and

> , where Y is a character of G such that y = yoo, ¥ is

Ga(zy) + Ga(o(y)z) = 2G2(x)x(y), x,y € G.

Since (Ga,x) is a solution of (2.5) and x o o = ¥, then from [3, Theorem 3.6]
there exist ag € C and a; € A~ (G) such that

Go = (a2 + a5 )x.
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Dividing the Eq. (4.11) by x(z)x(y) we get
H(zy) + Ho(y)z) = 2H(z) + 2oz + a5 (2))(S(y) + ¢ (), 2,y € G, (4.12)

where H := % Putting = = e in (4.12) we get
X

H(y) = H(e) + a2(S(y) +¥(y), y €G. (4.13)

Since g is central, we deduce from (4.13) that ¢ : G — C is a o-even additive
function. Replacing = and y by o(z) and o(y) respectively in (4.12) we obtain

H(o(zy)) + H(o(o(y)z)) = 2H(o(2)) + 2(a2 — a5 (2))(S(y) + ¢(y),  (4.14)
for all z,y € G. Subtracting (4.12) from (4.14) we get
HO(zy) + H°(0(y)x) = 2H(x) + 205 (2)(S(y) + ¥(y)), z,y € G (4.15)
Replacing x and y by o(y) and z respectively in (4.15), we see that
H(o(y)z) — H(zy) = =2H°(y) — 205 (y)(S(z) + P(2)), z,y € G.  (4.16)
Subtracting (4.15) from (4.16) we obtain that
H(zy) = H(x) + HO(y) + ay (2)(S(y) + ¥ (y)) + ag (¥)(S(2) + (), (4.17)
for all z,y € G.
Subcase 3.1: If a5 = 0, then the equality (4.17) becomes

HO(zy) = H(x) + H°(y), =,y € G. (4.18)
Thus,
H=H+H’="H(e) + az(S+¥¢)+ a3, (4.19)
where a; € A7 (G). Hence,
G1 = [H(e) + a2 (S + ) + a3 |x. (4.20)

Then we get with

_ 1S+v+az 1/ H(e) 1 [/ H(e)
E—X(O 1 3),U—2(a2+1> andv—2(a2_1>.

that the solution of (2.1) has the form (4.4).

Subcase 3.2: If a;, # 0, so, according to the associativity of the addition rule
and (4.17) we have

HO((zy)z)
H(zy) + H(2) + ay (2y)[S(2) + ¥ (2)] + a5 (2)[S(zy) + ¢ (zy)]
HO(z) + H(y) + HO(2) + ay (2)[S(y) + ¥ (y) + S(2) + ¥(2)]
ay (Y)[S(x) + P(x) + S(2) + ¥ (2)] + ay (2)[S(z) + S(y)

+ B(z,y) + B(y,z) + ¢(zy)], =,y € G,

+
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and
H(2(yz))
=H°(x) + H(yz) + ay (2)[S(y2) + ¥ (y2)] + ag (y2)[S (@) + ¢ ()]
=H(x) + H°(y) + H°(2) + a5 (y)[S(2) + ¥ (2) + S(x) + (2)]
+ay (2)[SW) + () + S(@) + ¥ ()] + ag (2)[S(y) + S(2)
+ B(y,z) + B(z,y) + ¥(yz)], z,y € G.
Hence,

0="H"((zy)z) — H(x(yz))
= ay (2)[¥(y) +¥(2)] + a3 (2)[B(z,y) + By, z) + (zy)]
—ay (2)[B(y, 2) + B(z,y) + ¥(yz)] — ay (2)[¥(y) + ¥ (z)].
Since 1 is additive we infer that
ay (2)[B(z,y) + B(y,z)] = a3 (z)[B(y, 2) + B(z,9)], z,y,2 € G.
Choosing zp € G such that a; (z0) # 0 we get
B(z,y) + B(y,z) = ay ()Q(y), v,y € G, (4.21)

where Q(y) = (a3 (20)) " [B(y, 20) + B(20,9)] for all y € G. From (4.21) we
deduce that ay ()Q(y) = a5 (y)Q(x) for all z,y € G, which yields that there
exists § € C such that Q = 68a, . Substituting this into (4.21) we get S =
33(ay )?. Replacing S by its expression in (4.12) we get

H(zy)+H(o(y)z) = 2H(2)+2(az+ay (2))(36(ay (1))*+¥(y)), v,y € G. (4.22)
Simple computations show that
Fi=a3¢ + B(ag)* + aa(¥ +35(a;)?)
is a particular solution of (4.22), which means that

F(zy)+F(o(y)a) = 2F(x)+2(az+a; () (30(az (y))* +¥(y)), =,y € G. (4.23)

Subtracting (4.22) from (4.23) and putting Y := H — F, we see that YV is a
solution of (2.7), then from [4, Theorem 3.2] there exist a; € A~ (G) and £ € C
such that

H=ay ¥+ Play)* +az(v +36(ay)?) +ag +¢&.
Hence,
Gi = lag ¥ + Blay )’ + ca(v +38(az )*) + ag +¢&]x-
So the solution of (2.1) has the form (4.4) with

B 1+ay Blay)®+3B8(ay)? + v +as v+ ay
X 0 1+ay
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Conversely, simple computations prove that the formulas above for (g, ®)
define solutions of (2.1) with g : G — C? is a central function such that g € F.
O

As consequences of Theorem 4.2 we have the following corollaries.

Corollary 4.3. Let G be a compact group. The continuous solutions ® : G —
M5(C) and g : G — C? of (2.1) such that g € F and is central are the functions
of the following forms

1 (xi+xi00 0 “1
d=_P P
2 ( 0 X2+ X200

_ x1 0 x1oco0 0 ’
g_P(<OX2>u+< 0 XQOO')U)
where u,v € C%, P € GLy(C) and x1, X2 are continuous characters of G.

Proof. The proof deduces easily from Lemmas 3.2 (1), 3.4 (3), [2, Corollary 6.3]
and the proof of Theorem 4.1. a

Corollary 4.4. The functions ® : G — My(C) and g : G — C? such that g € F
and s central satisfy the functional equation

g(zy) = ®(y)g(z), x,y € G, (4.24)
if and only if, there evist u € C? and P € GLo(C) such that

& =PEP!
g= PFEu ’

where E : G — Ms(C) has, with x,x1,x2 characters of G, and ¥ € AT(G) ,
one of the following two forms:

_(x1 0 (1%
E<O Xz) orEx(()l),xEG.

Proof. The proof follows easily from Theorem 4.2 by taking ¢ = id. a

Remark 4.5. If the pair of functions ® : M — M, (C) and g : M — C"™ with
g € F satisfies (4.24), then @ is a solution of the equation

O(zy) = O(y)®(x), z,y € M. (4.25)

Indeed, for all z,y,z € M we have g(z(yz)) = ®(yz)g(z) and g((zy)z) =
D(2)g(zy) = P(2)P(y)g(x). These give (4.25) because g € F.
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Abstract. In this work, we study the existence of solution of transport equation
with intuitionistic fuzzy data in cases of homogeneous and non-homogeneous
approach, besides in the case of velocity parameter is fuzzy Intuitionistic, based
on concept of generalized differentiability, and Zadeh’s extension principle.

Keywords: Intuitionistic fuzzy differential equations * Generalized hukuhara
difference - Intuitionistic fuzzy solution - Transport equation

1 Introduction

The concept of Intuitionistic Fuzzy Sets (IFS) are a significant part of the Fuzzy Set
Theory [10], in 1983s Atanassov generalized the fuzzy set theory by presenting the
basic elements of Intuitionistic Fuzzy Sets [1-3]. The Intuitionistic Fuzzy Differential
Equations (IFDE) have drawn much attention from scientists and engineers at the end of
its applicability in various fields, as artificial intelligence, robotics, fluid mechanics, heat
and mass transfer, economics and social sciences for modeling and solving their respec-
tive problems. In [6] S. Melliani and L. S. Chadli introduce the concept of intuitionistic
fuzzy differential equations, the sense of Hukuhara’s difference in Intuitionistic Fuzzy
Theory is giving in [9], the authors in [5] discussed the global existence of solutions to
fuzzy hyperbolic function differential equation with generalized hukuhara derivatives.
From this idea we investigate to study the existence of solution for particular case of
hyperbolic equation such as Transport Equation under generalized differentiability in
different cases.

The structure of this manuscript is organized as follows: In Sect.2, a few basic
results on intuitionistic fuzzy sets and the metric space, which have been examined
in [7,8]. In Sect.3 we study the transport equation with intuitionistic fuzzy data in
homogeneous case. The transport equation in non-homogeneous case and with non-
precise speed are studied in Sect. 4 and 5, respectively, and finally conclusion in Sect. 6.

2 Preliminaries

2.1 Intuitionistic Fuzzy Sets
An intuitionistic fuzzy set A € X is given by

A={(x,us(x),va(x))|x € X}

(© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
S. Melliani and O. Castillo (Eds.): ICPAMS 2021, LNNS 476, pp. 473484, 2023.
https://doi.org/10.1007/978-3-031-12416-7_40
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where the function u4 (x),v4(x) : X — [0, 1] define respectively the degree of member-
ship and degree of non-membership of the element x € X to the set A, which is a subset
of X, and for every x € X, 0 < u(x) +v(x) < 1.

Obviously, every fuzzy set has the form

{ O, ua (x), uac (x))|x € X}
For each intuitionistic fuzzy set A € X, we will call
A(x) =1 —ug(x) —va(x)

The intuitionistic fuzzy index of x € A. It is obviously that 0 < s (x) < 1.

2.2 Intuitionistic Fuzzy Numbers

An element (u,v) of IF; is said an intuitionistic fuzzy number if it satisfies the following
conditions:

(i) (u,v) is normal i.e. there exists xo, x; € R such that u(xp) =1 and v(x;) = 1.
— ) >

(ii) The membership function u is fuzzy convex i.e. u(Ax; + (1
min(u(x;),u(xz)).

(iii)) The non-membership function v is fuzzy concave
ie. v(Ax; + (1 —A)x2) < max(v(xy),v(x2)).

(iv) u is upper semi-continuous and v is lower semi-continuous.

(v) Supp{u,v) =cl{x € R:|v(x) < 1} is bounded.

We denote the collection of all intuitionistic fuzzy number by IF;.
For o € [0,1] and (u,v) € TF!, the upper and lower a-cuts of (u,v) are defined by

[(u,v)]* = {x € Rd: vix) <1—a}
[(u,v)]q = {xeR:u(x) > o}

Remark 1. If (u,v) € IF, so we can see [{(u,V)]q as [u]* and [(u,v)]* as [1 —v]* in the
fuzzy case.

We define O ) € IIF; as

1,0 —0
Oa.0(t) = {Eo,lg i;éo

Let (u,v), (u',v') € IF| and A € R, we define the following operations by:

((u,v) @ (' V') (2) = (supzmxrymin(u(x),u (y)), infomrpymax(v(x),V' ()

_J (Au,Av) ifA#0
M”’W—{o(m) ifA=0
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For (u,v), (z,w) € IF| and A € R, the addition and scalar-multiplication are defined
as follows:

Definition 1. Let (u,v) an element of IF; and o € [0.1], we define the following sets:

)i (o) = inf{x € Rlu(x) = o, [, )] (@) = supfx € Rlu(x) > o}
)] (@) = inflx € Riv(x) < 1 -}, [(w,)]; (o) = sup{x € Rlv(x) < 1 -}

Remark 2. [(uv)]la = [[{uv)]] (o), [{u,v)]F ()] [(wv)]* = [[{u,v)]; (),
[(w,v)] (a0)].

Proposition 1. For all o, € [0,1] and (u,v) € IF,
(i) [<uvv>}a - [<uvv>]a
(ii) [(u,v)]q and [(u,v)]* are nonempty compact convex sets in R
(iti) If o < B then [(u,v)]g C [(u,V)]o and [(u,)]B C [(u,v)]*
(iv) If o /" o then [(u,v)]o = M [(tt, V)], and [(u,v)]* = Np[{u,v)]%

Let M any set and o € [0, 1] we denote by

My={xeR:ulx)>atand M* ={xeR:v(x)<1—o}

Lemma 1. Let {My,a € [0,1]} and {M*, a € [0, 1]} two families of R satisfies (i)—(iv)
in Proposition 3.1, if u and v define by

ulx) = 0 ifx¢M0
| sup{oe[0,1]:x €My} if x €My

v(x):{l if xd Mo

1—sup{a€0,1]:xeM*} ifxeM
then (u,v) € IF|.

Lemma 2. A mapping d : 1F; x F1 — R is said to be an intuitionistic fuzzy metric on
IIFy if it satisfies the following conditions

] d((ul,vl) <Lt2,V2>) >0, V<u17V1> <u2,V2> clF.

d((ur,v1), (u2,v2)) = 0 iff (ur,v1) = (u2,v2).
(<u1,V1> (ug,v2>) (<u2,VQ> (u17v1>) V(ul,v1>7<u2,v2> EFl.
d((ur,v1),(uz,v3)) < d(Qui,vr), (u2,v2)) + d((uz,v2), (u3,v3)).  V{ur,vi),
<u2,Vz> (u3,v3).
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On the space [IF| we will consider the following metric.

e ({0}, (2 w)) = gsupocast | ) (@)~ () () |

+ isupwgl | () () = (2, w) () |

+asupocazy | ) (@) (ew); (@) |

1 _ _
+ ZS"‘P()«XSI H <“7V>1 (OC) - <ZaW>1 (O‘) ||
where || . || denotes the usual Euclidean norm in R".
Proposition 2 [4]. (IFy,d,) is a metric space.

Definition 2. The generalized Hukuhara difference of two fuzzy numbers (u,v),
(u',V') € TF; is defined as follows

<M7v> OgH <M/7V/> = <W,Z>

- {<u,v> = (W) + (w.2)

or (' V') = (u,v) + (—1)(w,z)
Definition 3. Letbe G : (a,b) — W' and xy € (a,b). It is said that F is strongly gener-
alized differentiable on xo, if 3 G *(xo), 3 G~ (x0) € E', such that
(i) for all 2 > 0 sufficiently small, 3 GT (xo +h) — Gt (x), G (x0) — GT (xo — h)
and the limits (in the metric D)
GJr (X()) — GJr ()C() — /’l)

Gt h)—G* /
(xo + })l (x0) _ limy, o p =G " (xo)

limhﬂo

Or
(ii) for all & > 0 sufficiently small, 3 G*(xg) — G (xg + h), GT (xo — h) — G (xp)
and the limits
G+()C0) —G+()C()+h) . G+()C0 —h) —G+()C())
= limp, o

_ A+
—h —h =G (XO)

limh_,o

Or

(iii) for all & > O sufficiently small, 3 G* (xo +h) — G (xg), G (xo — h) — G (x0)
and the limits

G (x) =G (xo—h) . G*(xo —h) — G (xo)

= limy,_9
h —h

(iv) for all A > 0 sufficiently small, 3 G* (xg) — G (xo + h), Gt (x0) — G (xo — h)

and the limits

=G *(x0)

litho

G*(x0) = G" (x0 +h) _ G*(x0) = G" (x0 —h)

_ o+
“h “h =G ()

limh~>0
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Lemma 3. Let g : R x (0,00) — IF' be strongly generalized differentiable w.r.t
x. Suppose there exists a continuous real-valued function W¥(x,t) such that

D(% (x,2), x101) < W(x,1) for x € R, t > 0. Then G(x,t) = [yg(x,s)ds is strongly
generalized differentiable w.r.t x and we have 28 ( 1) = ft 98 £ (x,5)ds.
Proof. Letg: Rx (0,00) — TFy with [g(5,0)}% = [g; (@) (x.1), g5 (@)(x,1)] and [g(x,0)]

= (g (00)(x,1), g () (x,1)] be (i)-differentiable. We first observe that because of our
hypothesis, we have uniformly the next derivatives w.r.t ct.

t t Qo t t —

2 [ @sas= [P a2 o sgas= [ %60 i gas
t t 9o 't )ot

aax/ 8 ( )( 7S)d5:/0 glaixm(xvs)dsv ax/ gr X s ds*/() w(-xwy)d&

where we have

G(x+h,t) ©G(x,1)
h

Jog(x+h,s)dsO [3g(x,s)ds
h
Jo(g(x+h,s) O glx,s))ds
h

t
) / ) Ol
0 h
_ ['98
0 dx

limh_@ = limh_@

= limh_@

== (x,8)ds.

in the same sense we can show easily for G(x,7) © G(x — h,t), and we can demonstrate
the assertion for the (ii)-differentiability.

Lemma 4. Consider g : R x (0,00) — IIFy be a continuous intuitionistic fuzzy-valued
Sfunction and b € (0,0). Then

1 [tt+h
limy,_ E/ g(x+ (t—s)b+bh,s)ds = g(x,t)
t
Proof. Let (x,t) € R x (0,e0), for given € > 0 there exists p; > 0 such that for all

< 1< p1, we have | &(a) (1) — 2(00)(x,5) |< €.
Let p = min{5t,pi}. For | h |[< p, we have

t+h
h/ Q) (x+ (1 — $)b+ hb,s) — §(a) (x,1) | ds < e,
It illustrates that
lim,_0 D( h/ g(x+ (t —s)b+bh,s)ds,g(x,t)) =0.

This completes the proof.
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It is widely established that a intuitionistic function g : (a,b) — IF;.

g is (i)-differentiable if and only if the functions [g]%, [g]o are continuously
differentiable with respect to x, uniformly with respect to o € [0,1], as long as
[(g; (e))'(x). (g7 (@))'(x)] and [(g] (@))'(x), (g () (x)] defines a intuitionistic fuzzy
number g (x) € IF;.

Likewise, g is (ii)-differentiable if and only if the functions [g]%, [g] are continu-
ously differentiable with respect to x, uniformly with respect to o € [0,1], as long as
[(g; (o)) (x), (g (@) (3)] and [(g; (@))'(x), (g (@))'(x)] defines a intuitionistic fuzzy
number g’ (x) € IF;.

In the next sections, we submit a result only for existence of Hukuhara differences
related to strongly generalized differentiability.

Theorem 1 [3]. Assume that g : (a,b) — IF| be such that [g]* = [g; (&), g; (a0)] and
(gl = [g] (), ().

Suppose that real valued functions g; (o), g, (@), g () and g () are differen-
tiable w.r.t x.

1. If the intervals [(g[(a)))’( x), (8 (@))'(x)] and [(g] (@)’ (x), (g (@) (x)] for all

o €[0,1] and x € (a,b determme valid o-cuts of a fuzzy number; then the H-
differences g(x+h) ©g(x) and g(x) © g(x— h) exist for all h > 0 sufficiently small.
2. If the intervals [(g; (o))" (x), (g; (@) (x)] and [(g (e¢))'(x), (g ()" (x)] for all
o € 10,1] and x € (a,b), determine valid o-cuts of a fuzzy number, then the H-
differences g(x) © g(x+h) and g(x —h) @ g(x) exist for all h > 0 sufficiently small.

3 Homogenous Transport Equation

In this chapter our focus is to investigate the transport equation of a mass with no
sources with a intuitionistic fuzzy initial value and a positive/negative speed (it can be
negative t0o):

{U, —kU,  in Rx (0,e) 0

U(x,0) = P(x)

where P is intuitionistic fuzzy valued function, and k is a constant real number.

We say that U(x,t) is a solution of (1) on R x (0,ee) if U is strongly differentiable
w.r to X, t and it verifies (1).

Our method is based on the constructive method in which we introduce the solution
and examine that if checks the problem.

Theorem 2. Suppose P is strongly generalized differentiable function on R.
Then U (x,t) = P(x+kt) is a solution of (1), where be is a constant positive real
number.
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Proof. First, let P be (i)-differentiable, then P(x +tk +th) © P(x +tk) and P(x+tk) ©
P(x+tk— bh) for h sufficiently small exist and we have:

U(x,t+h)OU(x,1)

U = lim,_ Y
P tk+kh)oP tk
P tk+kh)OP tk
~limy ok (x+tk+kh) © P(x+tk)
kh
=KkP' (x+1k)
As well as:
t t—h
P tk)©OP tk—kh
T (x+1k)© h(X+ )
P P —~
limyok (x+1k) © P(x+tk — kh)
kh
= kP (x+1k)
In addition, we have:
U, = limy_g U(x+h’t2l©U(x’t)
T P(x+tk+h)©P(x+tk)
h
=P (x+1k)

. . . . U(x,t)oU (x—h,t
Likewise we give limj,_,q %

These conclude the (i)-differentiability of U with respect to x and t.
It is clear that U verifies the equation and initial condition, when P is (ii)-
differentiable in the same way, we can prove that it is a solution.

4 Nonhomogeneous Transport Equation

In this chapter we concentrate on the following non homogeneous intuitionistic fuzzy
transport equation for which the second member and initial value may be intuitionistic
fuzzy.

U =kUs+cU in Rx(0,) 2
U(x,0) = P(x)
where P is intuitionistic fuzzy valued function.

Theorem 3. Let U : R x (0,0) — IF be (i)-differentiable w.r.t x,t and let P : R — TF;
and let k and c are a positive real number.
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1. If g is (i)-differentiable, then: Uy (x,t) = P(x+tk) + [y cU(x+ (t — s)k,s)ds is a
(i)-differentiable solution of (2).

2. If g is (ii)-differentiable, then: Us(x,t) = P(x+1k) © (—1) [ cP(x + (t — 5)k,s)ds
is a (ii)-differentiable solution of (2) provided the H-difference exists.

Proof. e First we suppose g is (i)-differentiable. We show that Uj(x,t) is (i)-
differentiable and verifies the problem
% — hmh*)() U (x-‘rh,t})lOUl (x,1)
fim (P(x+thk+h)+ [§cU(x+h+(t —s5)k,s)ds) 5 (P(x+tk)+ [§cU(x + (t — )k, s)ds))
= h—0 h = h
~limy_o (P(x+rk+ h})Z OP(x+tk)) limy JocU(x+h+(t— s)k.:l) OU(x+(t—9)k,s))ds

= P (x+tk) +limy_0 % /(:((U()H— h+(t —s)k,s) QU (x+ (t — )k, s))ds

W = P (x4 th) + [§ e 2U (x+ (1 — 5)k, 5))ds.
For derivative w.r.t t, from Lemma 4, we have

3U| _ U, (X,t-‘rh)OU] (x,1)
or =limy,_o h

i (P(x+(t+h)k)+f6 cU(x+ (t+h—s)k,s)ds) (P(x+tk)+f(§ cU(x+ (t—s)k,s)ds))
= hmy,_,o h ©

te(U(x+(t —s)k+hk,s) OU (x+ (1 — s)k,s))ds+
h

=KP (x+1b) +1imy_g /
0
t+h —
- / cU(x+ (t — s)k+ hk,s)ds
t

h

Wi~ kP (x+1k) + ek f§ W (x+ (1 — s)k,s)ds + U (x,1).
As aresult, U; is a (i)-differentiable solution of (2).

e Now let P is (ii)-differentiable, from Lemma 3, U, is (ii)-differentiable w.r.t x and

wehave/
U2 = P (x+1k) + (1) 3 —e % (x+ (1 — s)k,)ds.

‘We now calculate (ii)-derivative of U, w.r.t t, first we have

U, (x,t) ©Up(x,t 4+ h)
1 t+h
= [P(x+t1k) O/O —cU(x+ (t — s)k,s)ds) © [P(x + tk + kh) @/0 —cU(x+ (t — s)k + kh, s)ds]
= [P(x+1b) O P(x+tk+kh)| + [/OHh —cU(x+ (t —s)k+kh,s)ds © /Ot —cU(x+ (t —s5)k,s)ds]

t t t+h
= [P(x+1k) © P(x+tk+kh)) +/ —cU(x+(t—s)k+ kh7s)ds®/ —cU(x+(t —s)k,s)ds+ /
0 0 Ji

—cU(x+ (t — s)k+kh,s)ds.

The multiplying with —; and passing to limit with 4 — 0", we obtain:

U, B Us(x,t) © U (x,t +h)
5 (x,¢) = limy_¢ 5

av,
ot

f t
(x,1) = kP (x+tk)+c.k/0 %—Z()ﬂr(tfs)k,s)derc.U(x,t).
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5 Equation by Non-precise Speed

In this part, we investigate the following homogeneous intuitionistic fuzzy transport

equation for which the speed and initial value can be intuitionistic fuzzy.

U =kU, in Rx(0,00) 3)
U(x,0) = qP(x)

where k, q € [IF| and P is a real valued function.

In the following theorem, using Zadeh’s extension principle, we intuitionistic
fuzzify the real function P : R — R to intuitionistic fuzzify function P IF, — IF,.
Since P is a continuous function. We have [P(X)]* = P([X]%) and [P(X)]¢ = P([X]«)-

For instance, let X = x4tk and P, k creasing function.

Then we have: Vo € [0, 1]

[P(x+1tk)]* = P([x+1k]%), [P(x +1tk)] o = P([x +tk]q).
So
[P(x+tk)]* = P([x +tk]*) = [P(x+tk, (c)), P(x+1k, (a))]
and
[P(x+tk)|q = P([x +1k|o) = [P(x+tk;“(a)),P(x+tk:r(oc))]

Theorem 4. Suppose P € C2(R) is an integrable nonnegative monotone function and
k, g € IF let P :1F| — I be the Zadeh’s extension of P, consider:

U: R x (0,00) — IF,
U(x,1) = qP(x+1k)

1. Ifk q € ]HFI+ and P, P’ are nondecreasing functions, then U is (i)-differentiable
w.r.t both t, x and it is a solution of (3)

2. IfkellfF |, g€ ]HBT and P nonincreasing and P’ is nondecreasing function, then
u is(i)-differentiable w.r.t t and (ii)-differentiable w.r.t x and satisfies (3).

3. If k € IF,}, q € IF, and P. P’ are nondecreasing functions, then U is (i)-
differentiable w.r.t both t, x and satisfies (3).

4. If k, q € IF,, and P is nonincreasing and P’ is decreasing function, then U is
(i)-differentiable w.r.t t and (ii)-differentiable w.r.t x and satisfies (3).

Proof. Case (i): It is easy to check that o-cuts:

[U1% = lg; (0)P(x+1k; (), q, (@)P(x + 1k, ()]
[Ule = lg; (0)P(x+ 1k (1)), g () P(x + 1k ()]

Satisfy conditions is case (i) Theorem 1.

In fact, [g; (@)k; (a)P'(x + tk; ()),q; (a)k; (a)P'(x + tk; (er))] and
g7 () (@)

P (x+tk (a)),q} (o0)k;t ()P (x+1k; ()] are valid o-cuts of intuitionistic

fuzzy number.
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Then H-differences U (x,7 +h) © U (x,t) and U (x,t) © U (x,t — h) exist.

In the same manner, since [g, (a)P'(x +tk; (@), q; (a)P'(x + tk; (x))] and
lg; ()P (x+1tk] (), q; (00) P'(x+1k;f (x))] forms a intuitionistic fuzzy number, H-
differences U (x+ h,t) © U (x,t) and U (x,t) © U (x — h,t) exist.

Now we illustrate that limits are uniformly with respect to o € [0, 1]:

q; (0)P(x+(t+h)k; (o)) —q; (a)P(x+1tk; ()

%Lr% p =q; (0)k; ()P (x+1k; (0t))
“4)
lim qr_(a)P(er(tJrh)k?(Oﬂ})l)—617(0¢)P(X+tk7(06)) (k- ()P (x4 1k (@)
&)
}lif(l) QT(OOP(XJF(”Fh)szF(O‘;)*QT(‘X)P(X*”‘T(O‘)) = g (K (0)P (x+ 1k (at))
(6)

lim i — g7 (k5 ()P (x+1k; (@)
(®)

}1111(1) q;(a)P(x+tk;(oc)) —C];:(a)P(X—‘r (t_h)k;(a)) _q;(a)k;(a)])/(x_’_tk;(a))
©))

}lij}) g ()P(x+1k () — q;‘:(oc)P(x—&- (t—h)k;' (o)) _ g (@) ()P (r+ 1k (@)
(10)

— g (@)K} ()P (x+ 1k (0))
(11)
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For (4) we have

q; (Q)P(x+(t+h)k; (o)) —q; (o) P(x+1k; (ax))
h
P(x+ (1 +h)k; (o)) — P(x+1tk; (t))
i (@)
= limy g supacio,) | a7 (k7 (o) | P/ (x+ 1k (@) + L (h, ) = P (x+ 17 (o) |
= limp—osuPacio,y) | 4; () (@) || P”(x+1tk; () +n(h, ) (h, @) |
< Timy, 0 qokgQ(x,1)h =0,

limy, o supgefo,1) | —q/’((x)k[’(ot)P’(x-i-tkf(oc)) |

= limy o supeeioy) | 47 (k7 (@) | P (et (@) |

where {(h, o) is a point on the line segment between 0, ik, (o) and 1 (h, &) is a point
on the line segment between 0 and {(h, a). An also, | k; (o) |< max{k; (0),k; (0)} =
ko and | g, () |< max{q; (0),q, (0)} = qo, for all a € [0,1]. Then x + (t + h)ko <
x+tk, (a) +n(h,a)) <x+(t+hko, | P(x+1k; (o)) +1(h, o)) |< O(x,1).

This concludes that

(U (x,0)]* = [g; (@)ky ()P (x+thy (@0)). 4, (o), ()P (x+ 1k, (cx))]
and
[Ur(x,1)] o = g (0)k] (o) P (x +th; (@), g, (00)k, ()P (x + k. (ex))].
Case (ii): As per Zadeh’s extension principle, o level sets U is defined as:
U] = lg; (a)P(x+1k (), q, (@)P(x+1k ()]
U] = lg/ () P(x+1k; (@), (0)P(x+1k, (ct))]
Also since g’ is non positive function, then:
g, (a)k" ()P (x+ 1k (@), q, (00)k; (o) P (x+ 1k, (ex))]

and
g (o)k; ()P (x +thy (et)), g, (@)K, ()P (x + 1k, (ex))]
forms a intuitionistic fuzzy number, by Theorem 1, H-differences U(x,t + h) ©
U(x,t) and U(x,t) © U(x,t —h) exist. In a similar way, since [g, (0)P'(x +
thy (@), g (Q)P'(x + th; ()] and [g; (@)P'(x + tb)" (), q; (@)P'(x + th;7 (00))]
forms a intuitionistic fuzzy number, by theorem H-differences U (x,¢) © U (x+ h,t) and
U(x—h,t)OU (x,t) exist.
Case (iii): As per to Zadeh’s extension principle, a level sets U is defined as:

[U]% =g/ (@)P(x+1k; (@), g, (o) P(x+ 1k, (@))]
Ule = [g; (0)P(x+1b) (a0)),q, () P(x+ 1k ()]

Also since P’ is non negative function, then:

;" (@)ky ()P (x+thy (@), ¢, (o) ()P (x+ 1k, (cx))]
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and
9 ()K" ()P (x + 1k} (e0)), g, (00)k, ()P (x + 1k, (ex))]
forms a intuitionistic fuzzy number, by Theorem 1, H-differences U(x,t 4+ h) ©
U(x,t) and U(x,r) © U(x,t — h) exist. In a similar way, since [q, (ot)P'(x +
ik (), q; ()P (x + tk: ()] and (g7 (@)P'(x + ik (@), g7 (@)P'(x + tk; (@)
forms a intuitionistic fuzzy number, by theorem H-differences U (x+ h,t) © U (x,t) and
U(x,t) ©U (x— h,t) exist.
Case (iv): As per to Zadeh’s extension principle, o level sets U is defined as:

(U1 = lg; (0)P(x+1k; (), q, ()P(x+ 1k, ()]
[Ule = lg; (0)P(x+ 1k (1)), q/ () P(x + 1k ()]

On the other hand, since P’ is non-positive function, then [g, (a)k; (ct)
P'(x + thy (). q; ()k; (a)P'(x + 1k, (@))] and g/ (o)k" () P'(x + 1k (at)),
g (ko) P! (x+tk+( o))] forms a fuzzy number. By Theorem 1, H-differences
U(x,t +h)©U(x,t) and U(x,t) ©U(x,r — h) exist. In similar way, since [g;" (a)P'(x+
th (a)),q; ()P'(x + thy ()] and gy (0)P'(x + thy (@), ¢ (@)P'(x + 1k ()]
forms a fuzzy number, H-differences U (x,#) O U (x+ h,t) and U (x — h,1) © U (x,) exist.

6 Conclusion

In this paper, we have studied the existence of a solution of transport equation in homo-
geneous and non-homogeneous cases with intuitionistic fuzzy data and we have present
the solution in case when speed parameter is a intuitionistic fuzzy number.
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