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In memoriam of Professor Mikhail L. Novikov,
the inventor of the Novikov Gear System,

whose 110th anniversary is celebrated in 2025



Introduction

Knowledge is power (Scientia potestas est) –Francis Bacon (1561–1626)

Historical Background

Gears and gear drives have a long-lasting history of evolution. Cog wheels evolved
to a high precision involute gear capable of transmitting a huge amount of power at
high rotations.

Present-day gear designs are based on the latest accomplishments in the theory of
gearing. Ultimately, these yield a very high predictability of the designed gear-sets.

Novikov/conformal and high-conformal gearing represent a special and relatively
new kind of gearing. Gearing of this kind features a high-power-density gearing –
this is a present-day trend of in the gear design and production.

Invented in the mead of 1950s, gears of this design features “convex-to-concave”
contact between the tooth flanks of a gear and a mating pinion. Favorable tooth
contact of this kind enables favorable stress distribution at contact points of the tooth
flanks.

Despite of enormous amount of the research in the field has been carried out in the
past, the gear science and gear practice have been further evolved in the recent
decades.

Uniqueness of This Publication

This book is an invaluable source of information on the Novikov/conformal and
high-conformal gearing. Involute gears of conventional design are also considered
here. Gear experts all around the world have contributed their latest accomplish-
ments in the field of gearing.
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viii Introduction

The main features of Novikov/conformal and high-conformal gearing are covered
in this volume. This includes but is not limited to the specific design parameters of
gears of this particular design: Novikov boundary circle, one (or two) straight
pseudo-lines of action, pseudo-path of contact, instantaneous lines of action, and
so forth.

Intended Audience

High-power density (or, in other words, high power-to-mass ratio) is a key feature of
Novikov/conformal gearing, especially of high-conformal gearing. Therefore, gear
experts those involved in the design, production, inspection, and in application of
advanced design of gear transmissions are among those whom this book is addressed
to. Most of gear engineers and gear researchers from the industry, as well as graduate
students, will be benefited by the book.

Organization of This Book

This book is composed of eleven chapters. The list of the chapters, along with a brief
description of each chapter, can be found out immediately below. Also, several
appendices are appended at the end of the book.

Chapter 1: Titled as “Novikov Gearing Is a Kind of Involute Gearing,” this
chapter is contributed by Prof. Stephen P. Radzevich (USA).

This chapter of the book deals with Novikov gearing. Nowadays, gearing of this
kind is commonly referred to as Novikov/conformal gearing. If properly designed,
manufactured, and applied, Novikov gearing features the higher power density
compared to that in conventional involute gearing of a similar size. Therefore, the
usage of Novikov gearing allows for transmitting more power by means of gearboxes
of a smaller size. An increase of the power density is one of the strategic trends of
evolution in the gear industry.

A brief historical overview of Novikov gearing is presented in this chapter of the
book. It is shown that Novikov gearing is a reduced case of involute gearing. The
concept of the boundary Novikov circle (introduced by the author, and referred to as
the boundary N-circle, for simplicity) enables one clear analysis of the geometry and
kinematics of Novikov gearing. The necessary and sufficient conditions for perfect
operation of the conformal gearing (i.e., Novikov gearing) and high-conformal
gearing are outlined. Use of the concept of reversibly enveloping surfaces (or just
Re-surfaces, for simplicity) makes it possible to state that neither Novikov gearing
(more generally) nor high-conformal gearing can be finish-machined in continuous-
indexing machining process; that is, the gears cannot be finish-cut by hobs, by
shapers and rack-cutters, by worm grinding wheel, and so forth.
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Chapter 2: Titled as “Meshing Theory for Abnormal Novikov Helical Gears,” this
chapter is contributed by Prof. Yaping Zhao and by Siyu Liu (both of China).

The Novikov gear in the traditional sense is enveloped by a rack-cutter with an arc
tooth profile, and the tooth surface of the gear is very complex. This chapter presents
a new type of circular arc gear drive with circular tooth profile in the normal section.
The gear is designed as a new gear whose normal section is arc-shaped, and the tooth
surface equation of the arc-shaped gear is established by the spherical vector
function. The tooth profile is relatively simple.

Based on the transmission ratio condition, the augmented contact equations are
written to determine the datum point where the transmission ratio error is zero. The
instantaneous contact points are determined by solving nonlinear equations
established in the light of common point and common normal conditions, also
known as improved TCA method. The tooth width condition is used to determine
the endpoints of the contact paths of two tooth surfaces, and the internal contact
points are obtained. The calculation formula of relative principal curvature is also
derived.

The numerical cases show that the gears proposed are instantaneously in point
contact, tooth surface meshing belongs to point contact, and the contact trace is
roughly along the direction of tooth length. The gear pair can accomplish constant
ratio transmission, and its velocity ratio can completely be equal to the nominal
transmitting ratio.

Chapter 3: Titled as “Helical Bevel Novikov Gears,” this chapter is contributed
by Dr. Michał Batsch (Poland).

This chapter presents a mathematical model of convexo-concave helical bevel
Novikov gear meshing. A topological modification of this kind of gearing was
introduced. Results of tooth contact analyses aiming at the determination of the
effect of gear parameters on contact pattern and transmission error were presented. In
addition, a comparison between the Novikov gear and a conventional spiral bevel
gear generated with the aid of the duplex helical method was provided. It was found
that the Novikov gear displayed larger instantaneous contact pattern than the
conventional one.

Chapter 4: Titled as “Hyperboloidal-Type Normal Circular-Arc Gearing,” this
chapter is contributed by Dr. Houjun Chen, Zhilan Ju, Xiaoping Zhang, and Chang
Qu (all of China). Discussed in this chapter hyperboloidal-type normal circular-arc
gearing (HNCGing) is a latest development of Novikov gearing to transmit the
motion and power between two orthogonally crossed axes. The basic principle of
molding-surface conjugation, which represents the kinematics and the geometry of
conjugation by a pair of directrices of conjugate surfaces rather than the conjugate
surfaces themselves, was presented, and both the conditional equation of conjuga-
tion and the structural condition of conjugation were established to provide a
theoretical foundation for constructing novel types of gearings. The generation of
the pinion and the mating gear in HNCGing was analyzed, mathematical models of
conjugate tooth surfaces were established, and the induced curvature characteristics
of conjugate surfaces were explored. This helps people get ready to acquire the



relationship of design parameters, calculate the Hertzian contact between the two
mating teeth, and carry out the interfere-free tool-path programming for NC machin-
ing of tooth surface. In order to meet the needs of digital manufacturing, an
integrated manufacturing software system of HNCGing was developed, which
connects computer-aided design, computer-aided manufacturing, and computer-
aided engineering in a single application platform. This software system supports
three-dimensional modeling, adaptive tool-path programming for five-axis forming
milling of tooth surface, and simulation of meshing and contact for the tooth contact
analysis.

x Introduction

Chapter 5: Titled as “Modern Methods of Estimating and Increasing of the Load-
Bearing Capacity of Novikov Gearing,” this chapter is contributed by Dr. Viktor
I. Korotkin (Russia). The use of Novikov gearing with teeth of different hardness for
various purposes is considered.

For gearboxes of general machine-building application, variants of transmissions
with hardened teeth are offered, for which a special basic profile has been developed,
which is part of the state standard.

A fundamental approach to solving the problem of determining the main param-
eters for calculating the strength of these gears, consisting of two stages, is
presented:

(a) Determination of both the main bending, contact stresses and stiffness of the
teeth, and the phase, taking into account the coefficients of influence of the ends
of the gear rim

(b) Modeling of the process of real multi-pair engagement with finding criterial
stress in dangerous areas of the teeth that determine the load-bearing capacity
and service life of the gearbox

Implementing this approach, generalized results of solving the spatial problem of
the stress-strain state of the teeth at any position of the contact pad along their length
are obtained, and the way of obtaining partial forces at the contact sites and criterial
stress are indicated. An engineering method for calculating the strength of Novikov
gearing is proposed, on the basis of which gearboxes of general mechanical engi-
neering with high-hard Novikov gears of relatively low degrees of accuracy are
created. This made it possible to replace high-precision expensive involute gearing
on the strained output stages of the gearboxes with less time-consuming in the
manufacture hardened Novikov gearing of coarser degrees of accuracy and reduce
the specific gravity of the gearbox by 1.5 times compared to the involute analogues.
Preliminary calculations of the created promising hardened high-precision Novikov
gearing are given, and their significant advantage in comparison with involute
analogues is shown.

Known designs of modified Novikov gears with longitudinal modification of the
working surfaces of thermally improved teeth of drive gearboxes of widely used for
are oil pumping units described.

On the example of one of the models of the gearbox, it is shown that the use of the
proposed longitudinal modification of the working surfaces of the teeth in combi-
nation with an increase in the gear module provides a significant impact on reducing



contact and bending stresses as well as increasing the load-bearing capacity and
service life of the gearbox compared to the serial version produced by the domestic
industry. The achieved effect at different stages of the gearbox is to reduce the stress
of the teeth – from 1.75 to 2.54 times, increase the load-bearing capacity of the
gearbox – from 2.81 to 4.1 times, and increase the service life of the gearbox – by an
order of magnitude.

Introduction xi

Chapter 6: Titled as “Some Features of the Contact Strength of Novikov Gear-
ing,” this chapter is contributed by Dr. Viktor I. Korotkin and by Nikolay
P. Onishkov (both of Russia).

It is known that Novikov gears were created as having high contact strength,
which is mainly confirmed by the practice of their testing and operation. This allows
in many cases to replace involute analogues, which are often destroyed due to
progressive pitting of the working surfaces of the teeth.

Studies in recent years have shown that in some cases, with some geometric
parameters of the basic profile and gearing, breakdowns and chips of the teeth occur,
the type of which does not correspond to the classical picture of fatigue fractures.
Moreover, such destruction is observed also in the area of the tooth heads, where the
bending moments are insignificant. In addition, with the increase in tension at the
border of the contact pad, especially in materials with reduced plastic properties,
there are also radial microcracks that do not close when the load is removed and
grow with repeated, even insignificant, stresses.

The flat nature of the destruction assumed the possibility of inadmissible shear
stresses at the boundaries of local contact areas.

This assumption was tested with the involvement of the well-established
Lebedev-Pisarenko criterion about the limit state of the material. It has been
established that stress at the border of the contact pad increases with the decrease
in the plastic properties of the material. Thus, in the case of circular contact, the
excess of equivalent stresses according to the Lebedev-Pisarenko criterion at the spot
boundary compared to the center for plastic steels – normalized and thermally
improved – is about 12%, for hardened – up to 20%. In the case of quasi-elliptical
contact, this excess depends on the ellipticity coefficient.

Thus, there is reason to believe that the stresses at the border of the contact pad
may be limiting the working capacity of the transmission, and this requires more
in-depth additional research.

The study of the influence of the state of the surface layers of the material of teeth
on the contact strength allowed to recommend hardness material of teeth not more
58 by Rockwell, preventing the increasing embrittlement of the material, and to
provide for shot blasting for especially stressed gears.

In order to reduce the danger of chips of the teeth occur, it is desirable to porvide
the longitudinal modification of the working surfaces of the teeth, earlier proposed
by us the longitudinal modification of the working surfaces of the teeth.

Chapter 7: Titled as “The Tooth Relieving of Worm Hobs for Cutting Novikov
Gears with Double Lines of Action,” this chapter is contributed by Dr. Aleksander
Sandler (Russia).



xii Introduction

Worm hobs for cutting Novikov gears have the profile of a generating worm,
which varies not only in a radius but also in a sign of curvature. A technique for
relieving tooth flanks of these hobs by disk grinding wheel is developed. It allows for
bringing together grinding and ground profiles in an axial section of the generating
worm as close as possible. A method for calculating setting-ups and profile coordi-
nates of the grinding wheel is given for real production conditions.

Chapter 8: Titled as “Mikhail L. Novikov: The Inventor of Novikov Gear
System,” this chapter is contributed by Prof. Stephen P. Radzevich (USA). The
chapter presents the author’s point of view on the role and contribution of Dr. M.
L. Novikov in the development of a new type of gearing, later called Novikov Gear
System. Brief biographical information about Dr. M.L. Novikov and
Dr. E. Wildhaber, who is often and undeservedly called the co-developer of the
Novikov gearing, is provided. The geometry and kinematics of Novikov gearing,
both, are analyzed, and its fundamental difference from the gearing with a circular
tooth profile previously proposed by Dr. E. Wildhaber is shown. When writing this
text, the aim was to draw the attention of an interested reader to the issue of the
priority of Dr.M.L. Novikov in the development of a new type of gearing. To do this,
we briefly analyze the situation around the Novikov Gear System over 60 years after
it was invented. Possible ways to further improve the Novikov gearing are briefly
outlined.

Discussion of the issue of the priority by Dr. M.L. Novikov in the development of
a new type of gearing, namely, of Novikov Gear System, is currently acquiring
special meaning in connection with the upcoming 110th anniversary (in 2025) from
the birth of the inventor and scientist.

Chapter 9: Titled as “Poor Understanding of the Scientific Theory of Gearing by
the Majority of Gear Scientists and Engineers,” this chapter is contributed by Prof.
Stephen P. Radzevich (USA).

A brief discussion on the Scientific Theory of Gearing is represented in this
chapter of the book. “There is nothing more practical than a good theory,” J.-C.
Maxwell said. It is illustrated the advantage of what kind can be taken from a good
gear theory. It is also shown what troubles gear scientists and engineers are faced
with if ignoring the results obtained in the scientific theory of gearing. A recently
published article (May 2019) in Gear Solutions magazine is taken for this purpose
solely as an illustrative example.

Chapter 10: Titled as “Gear Manufacturing Accuracy Prediction, Control and
Management,” this chapter is contributed by Prof. Mykola E. Terniuk, Dr. Anatolii
V. Kryvosheia, Dr. Oleksandr M. Krasnoshtan, Dr. Pavlo M. Tkach, and Dr. Serhii
V. Lutsky (all of Ukraine).

The modelling of the main conformities of real teeth geometry generation process
is carried out. A method and algorithms for analytical prediction of teeth errors are
developed. A systemic model of real teeth geometry generation process is proposed.
General equations of the real teeth profiles of the machined gears are derived. The
correlation between the increments of coordinates and the rate gear accuracy indi-
cators is established. Direct measurement methods, diagnostics and factorial



methods, as well as computational-probabilistic and computational-adaptive
methods are proposed for the relative primary error functions values calculation.

Introduction xiii

Control methods and systems for real teeth geometry generation process are
described. A full set of possible ways of the gear accuracy control is established as
well as the classification of possible ways is made. The error changes analysis, and
the defective part missing riskiness estimation is carried out for various control
systems in relation to element error control, factor methods and for combined
systems.

Technological methods for the accuracy control of gears machining process are
considered as well as general description of the accuracy control methods of gears
machining process is given. The systematization of levels and types of accuracy
regulation is carried out. The possibilities of accuracy regulation at the technological
process level, including the possibility of accuracy control of two – and three-tool
processing methods within gears base surfaces position changes, are revealed. The
process initial parameters influence on the final gear accuracy established. The
analysis of accuracy control at the level of operations and transitions is carried out.
While analyzing, the factors allowing variation were established, and compensatory
methods of adaptive control were considered.

The principles of assurance of gears optimal accuracy according to the given
criteria are formulated.

Chapter 11: Titled as “Elliptical Gear Drives,” this chapter is contributed by
Dr. Boris M. Klebanov (Israel, USA). This chapter is devoted to gears with an
elliptical shape of centrode. The issues of geometry, kinematics, and dynamics of
gear drives with elliptical gears are considered. The method of designing elliptical
gears is proposed, including the dimensioning of centrodes and determination of
module and number of teeth depending on the load, rotational speed, and strength of
the material the gear rim is made of. The text is accompanied by design formulas and
diagrams that make the design process relatively easy and quick. Examples of design
and calculations contribute to better understanding of proposed method.

The appendices are contributed by Prof. Stephen P. Radzevich.
It is likely this book is not free from omissions or mistakes, or that it is as clear

and ambiguous as it should be. If you have any constructive suggestions, please
communicate them to the editors via e-mails: radzevich@usa.com.

Sterling Heights, MI, USA Stephen P. Radzevich
June 1, 2022
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Chapter 1
Novikov Gearing Is a Kind of Involute
Gearing

1.1 Introduction

Invented at the beginning of 1950, Novikov gearing has been extensively investi-
gated by both Soviet and Western scientists and engineers. A large body of
published scientific work on Novikov gearing is available in the public domain.
The gearing is successfully used in helicopter transmissions1 (see Fig. 1.1) [1, 2] as
well as in other applications.

Despite the several efforts taken to investigate Novikov gearing, numerous key
issues in the gear kinematics and gear geometry are still not clear to the majority of
gear experts all around the world. A lack of understanding of the kinematics and
geometry of Novikov gearing has resulted in confusions and even absurdity in this
relatively narrow area of mechanical engineering. Many scientists and researchers in
the field of gearing still loosely refer to Novikov gearing as Wildhaber–Novikov
gearing, or just W-N gearing, which is completely incorrect and indicates insuffi-
cient training in the theory of gearing, especially the absence of an understanding of
the kinematics and geometry of both Novikov gearing andWildhaber gearing. In this
chapter, the differences between the two gear systems are clearly outlined. It is
shown that Novikov gearing and Wildhaber gearing must only be considered
separately and that combining the two gear systems in a common system (that is,
W-N gearing) is a huge mistake. Potential improvements to Novikov gearing are
disclosed.

1These gears in Westland Helicopters, Ltd. were finish cut by a “disk-type” grinding wheel.
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Transmission and transformation of rotary motion are the two main purposes of
gearing of all kinds. The axes of the rotation of the driving and driven gears can be
arbitrarily oriented in relation to one another. From this perspective, three kinds of
gearings are commonly distinguished:

2 1 Novikov Gearing Is a Kind of Involute Gearing

Fig. 1.1 A Novikov gear
pair for helicopter
transmission. (Westland
Helicopters, Ltd.)

1.2 Historical Overview

The Novikov gear system was invented in the mid-1950s by Colonel Mikhail
L. Novikov. At that time, M.L. Novikov was a professor at the Zhukovsky Military
Aviation Engineering Academy (MAEA), Moscow, USSR. Dr. Novikov, M.L. was
carrying out extensive research and development of high-power-density gear trans-
mission systems.

• Parallel-axes gearing (or Pa- gearing, for simplicity)
• Intersected-axes gearing (or Ia- gearing)
• Crossed-axes gearing (or Ca- gearing)

For simplicity, but without loss of generality, the consideration below is limited to
only Pa- gearing.

In the past, pin gearing and other primitive kinds of gearings were in use. None of
them is capable of smoothly transmitting an input rotary motion. Born in Switzer-
land, the mathematician and mechanician Leonhard Euler2 proposed involute
gearing – the only kind of parallel-axes gearing that is capable of smoothly

2The proposed involute gearing by L. Euler (at around 1760) deserves to be called Euler gearing, or
just Eu-gearing, for simplicity.



transmitting a uniform rotation from a driving shaft to a driven shaft. This is because
the base pitches of mating gears are equal to one another. Gearing of no other kind is
capable of smoothly transmitting a uniform input rotation. The equality of the base
pitches of a gear and of its mating pinion is observed only in involute gearing.

1.2 Historical Overview 3

In external involute parallel-axes gearing, a convex involute tooth profile of the
driving member interacts with a convex involute tooth profile of the driven member.
In other words, external involute Pa- gearing features “convex-to-convex contact”
of the mating tooth flanks. As the contacting tooth profiles are convex, this imposes a
strong constraint on the bearing capacity of the involute gearing because of high
contact stress. It is highly desirable to replace two convex contacting tooth profiles of
the gear teeth with their convex-to-concave contact. In conventional involute gear-
ing, this is not permissible, as it inevitably entails violation of the three fundamental
laws of gearing [3].

As early as 1956,3 a breakthrough invention in the realm of gearing was made by
Dr. M.L. Novikov, who proposed a novel kind of gearing [4]. The concept of the
proposed gear system is illustrated in Fig. 1.2 [4]. Later on, Novikov gearing was
investigated in his doctoral thesis [5] and then summarized in a monograph [6].

Nr

instLA

t�
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Boundary Novikov circle

CL

Fig. 1.2 On the concept of Novikov gearing. (After Dr. M.L. Novikov; USSR Pat. No. 109,113,
1956), the boundary Novikov circle of a radius rN was introduced later (~2008) by Prof.
S.P. Radzevich

3It should be mentioned here that the first pair of Novikov gears made out of an aluminum alloy
(a pre-prototype) had been cut on April 25, 1954 by means of a disk-type mill cutter. In all, 15 gear
pairs for testing purposes had been machined in the summer of 1954 by means of a disk-type mill
cutter.
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Below, we do not follow the obsolete approach used by Dr. M.L. Novikov to
design a gear pair of novel design. Instead, the concept of Novikov gearing is
derived on the basis of conventional external parallel-axes involute gearing (Eu-
gearing). Euler gearing is chosen for the derivation, as it has been proven [3, 4] that
the “Novikov gear system” is a reduced case of the “involute gear system.”

1.3 Principal Design Features of Novikov Gearing

For designing a pair of Novikov gears, let us assume that the location and orientation
of the axes of rotation of the driving and driven members of the gear pair to be
designed have been specified and the gear ratio provided. The desirable value of the
transverse pressure angle is also known. With that said, a pair of Novikov gears can
be designed following the routine briefly outlined below.

1.3.1 Gear Vector Diagram of a Novikov Gear Pair

Designing a pair of Novikov gears begins with the construction of a gear vector
diagram of the gear pair to be designed. The rotation vector4 of the gearωg is pointed
along the axis of rotation Og of the gear. The magnitude ωg of the rotation vector ωg

equals to ωg= jωgj. The rotation vector of the mating pinionωp is pointed along the
axis of rotation Op of the pinion. The magnitude ωp of the rotation vector ωp is
ωp = ωp . The magnitudes ωg and ωp relate to one another as: u = ωp/ωg.

The axes of rotation Og and Op are at a certain center distance C. The rotation
vectors ωg and ωp form a crossed-axes angle Σ, that is: Σ= ∠ (ωg; ωp). In the case
of external Pa- gearing, the angle Σ always equals Σ = 180∘.

The principle of inversion of rotations can be implemented in the gear pair to be
designed.

Let us assume that both the axes of the rotations Og and Op are rotated together
with the rotation vector -ωg. Because the identity ωg + (-ωg) � 0 is observed, the
gear becomes stationary under the additional rotation -ωg. The pinion is rotated
with the rotation: ωpl = (ωp - ωg). The vector of instant rotation ωpl of the pinion in
relation to the gear is pointed along the axis of instantaneous rotation, i.e., Pln. The
gear vector diagrams are discussed in more detail in the study by Radzevich [3].

4It is instructive to remember here that rotations, by nature, are not vectors at all. However, if special
care is taken, then rotations can be treated as vectors.
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1.3.2 Plane of Action in Parallel-Axes Novikov Gearing

The plane of action PA in parallel-axes Novikov gearing is a plane through the axis
of instantaneous rotation Pln. This plane forms a transverse pressure angle ϕt, which
is perpendicular to the plane through the axes of rotation Og and Op of the gear and
pinion, respectively. The base diameter of the gear db.g and that of the pinion db.p can
be expressed in terms of the pitch radii rg and rp, respectively, of the pitch cylinders
and the transverse pressure angle ϕt:

db:g = 2 rg cosϕt ð1:1Þ
b:p p t :

Once the base cylinders are determined, the transmission of a rotation from the
driving member to the driven member of the gear pair can be interpreted with the
help of the so-called “equivalent pulley-and-belt transmission” shown in Fig. 1.3.

Either Eqs. (1.1) or (1.2) can be used for the derivation of an expression for the
calculation of the base pitch pb in a transverse section of the gear pair:

pb =
π db:g
Ng

=
π db:p
Np

ð1:3Þ

Fig. 1.3 The key elements
of the principal kinematics
of parallel-axes gearing
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where mp = Zpa/pb and mF = Fpa tan ψb/pb.
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Equation (1.3) is valid for parallel-axes gearing that is capable of smoothly
transmitting a rotation.

1.3.3 A Desirable Line of Contact in Parallel-Axes Gearing

The tooth flank of the gear G and that of the pinion P make contact along a desirable
line of contact, i.e., LCdes (see Fig. 1.3), or just a line of contact, i.e., LC. The line of
contact LC is a planar curve of a favorable geometry that is entirely located within
the plane of action PA. In Fig. 1.3, the straight-line segment ab is the line of contact.
The tooth flanks G and P of the gear and the mating pinion, respectively, interact
only within the active portion of the plane of action, as shown in Fig. 1.4.

As referred to in Fig. 1.4a, the straight-line segment NgNp is the total length of the
plane of action. In reality, the active portion of the plane of action PA is of a shorter
length Zpa (see Fig. 1.4b). In the case of Novikov gearing, the equality Zpa = 0 is
observed.

In involute helical parallel-axes gearing, the desirable line of contact LC between
the tooth flanks of the gear G and the pinion P (one should remember that the tooth
flanks G and P are not yet constructed) is a straight-line segment that forms a base
helix angle ψb with the axis of instant rotation Pln.

The total contact ratio mt in the gear pair can be expressed in terms of the
transverse contact ratio mp and the face contact ratio mF:

mt =mp þ mF ð1:4Þ

The inequality mt ≥ 0 must be observed for any and all parallel-axes gear pairs.
When the base cylinders of diameters db.g and db.p rotate, the desirable line of

contact LC travels (together with the plane of action PA) in relation to the reference
systems, one of which is associated with the gear and the other with the pinion. In
such a motion, the tooth flank of the gear G (as well as the tooth flank of the pinion P)
can be interpreted as a family of consecutive positions of the desirable line of contact
in the corresponding reference system.

In the example (see Fig. 1.4b), the active portion ab of the gear tooth profile5 is
shaped in the form of an involute of a circle. The profile ab is specified by the radii of
the outer cylinders of the gear and of the pinion, i.e., ro.g and ro.p, respectively. Point
a corresponds to the “start-of-active-profile” point (SAP- point), whereas point
b corresponds to the “end-of-active-profile” point (EAP- point).

5The tooth involute profile is called “involute” because the active portion of the tooth profile is
shaped in the form of an involute of a circle, regardless of whether the actual geometry of the rest of
the gear tooth profile (fillets, bottom lands) is involute.
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Fig. 1.4 The elements of a parallel-axes gear pair that features a zero transverse contact ratio
(mp = 0)
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For both members of a gear pair – that is, for the gear and the pinion – the radius
reap of the EAP- circle can be smaller than the outer radius of the gear ro.g
(or smaller than the outer radius of the pinion ro.p, for example) due to chamfering.
In such a scenario (see Fig. 1.4c), the active portion of the plane of action gets
narrower. The SAP- point c and the EAP- point d become closer to one another:
the active portion cd of the involute tooth profile is shorter than that of ab, as
illustrated in Fig. 1.4b. This gives a certain freedom to the gear designer when
selecting the geometry of the nonactive portions ac and bd of the tooth profile. As
these portions of the tooth profile do not interact with one another, the geometry of
the segments ac and bd is not restricted by conditions of meshing of the tooth profiles
(which is a must for the active portion cd).

In extreme cases, the EAP- circles of the gear and of the pinion can pass through
a certain point K within the straight-line segment PgPp. Because of this, the length
Zpa of the active portion of the plane of action becomes zero (Zpa = 0) and the active
portion of the involute tooth profile shrinks to point K. This point is referred to as the
“involute tooth point.” The nonactive portions aK and bK of the tooth profile meet
each other at point K. These portions of the tooth profile are not subjected to
conditions of meshing, and, thus, this gives additional freedom to the gear designer
when selecting the geometry of the nonactive portions aK and bK of the tooth profile
(see Fig. 1.4d).

As the width of the active portion of the plane of action is zero (Zpa = 0) and the
involute tooth profile is shrunk to a point, the transverse contact ratio mp results in a
zero value. In order to meet the inequality mt ≥ 0, the following inequality must
be met:

mt =mp þ mF = 0þ mF =mF > 0 ð1:5Þ

The point system of parallel-axes gearing (see Fig. 1.4d) gives much freedom
when designing the nonactive portions of the tooth profiles of the gear and the
pinion, as the geometry of these portions is free of constraints imposed by conditions
of the meshing of two conjugate tooth profiles.

1.3.4 Design Features of Novikov Gearing

The concept of Novikov gearing is based on the schematic depicted in Fig. 1.4d. For
this case, Dr. M.L. Novikov proposed replacing the convex-to-convex contact of the
tooth profiles with their convex-to-concave contact. This replacement is only possi-
ble in cases in which the active portion of the involute tooth profile is shrunk to a
point (and it is infeasible in cases in which the active portion of the involute tooth
profile is of a certain length [3]).

Shown in Fig. 1.2, the first (in time) schematic that illustrates the concept of
Novikov gearing [4] is far from being the best and most consistent.
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Fig. 1.5 Tooth profile sliding in parallel-axes Novikov gearing

The point of contact K of the tooth flanks G and P is located within the straight
line of action LA. The larger the distance of the contact point K from the pitch point
P, the more freedom there is for the gear designer in selecting the radii of curvature
of the interacting tooth profiles. At the same time, the larger the distance of the
contact point K from the pitch point P, the higher the losses on friction between the
tooth flanks G and P and the higher the tooth flanks are worn down (see Fig. 1.5).
Ultimately, the actual location of the contact point K is a tradeoff between the two
factors just mentioned.

Furthermore, let us assume that the pinion is stationary and that the gear performs
an instant rotation in relation to the pinion. The axis Pln of the instantaneous rotation
ωpl is a straight line through the pitch point P. When the pinion is viewed motionless,
the contact point K traces a “boundary Novikov circle”6 of a radius rN, which is
centered at the pitch point P as illustrated in Fig. 1.2.

The pinion tooth profile P can either align with a circular arc of the boundary
Novikov circle of a radius rN or relieve into the bodily side of the pinion tooth. The
pitch point is included in the interval, whereas the contact point K is not. On the other
hand, the location of the center of curvature of the concave gear tooth profile G

6It is instructive to mention here that Dr. M.L. Novikov did not use the concept of the “boundary
circle.” The concept of the “boundary N-circle” was introduced by Prof. S.P. Radzevich [3] in the
early 2000s. Prof. S.P. Radzevich also proposed referring to this circle as the “boundary Novikov
circle” or just as the N-circle of a limiting radius rN.
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within the straight line LA is limited to an open interval P → 1. Theoretically, the
pitch point P can be included in this interval for K. The radius of curvature rp of the
convex pinion tooth profile P is smaller than rg, which is the radius of curvature of
the concave gear tooth profile G. Thus, the inequality rp < rg is observed.

7

In Novikov gearing, both the pinion and the gear are helical. The helices are of the
opposite hand. No spur Novikov gearing is feasible at all. Due to this, when the gears
rotate, the contact point K “pseudo-travels” axially parallel to the axis of instanta-
neous rotation Pln. In this straight “pseudo-motion,” the contact point traces a
straight line Ppc, which is called the “pseudo-path of contact” Ppc (as the equality
Zpa = 0 is observed, the length of the path of contact Pc at every transverse section is
always zero (Pc 0)).

The radial position of the contact point K on both the gear and pinion tooth flanks,
i.e., G and P , respectively, remains the same. It is therefore fundamental to the
operation of gears that contact occurs nominally at a point and that the point of
contact “pseudo-travels” axially across the full face width of the gears during
rotation. It should be stated as a condition of the operation of Novikov gearing
that, for a given profile, the tooth surfaces should not interact before or after
culmination when rotated at angular speeds that are in the gear ratio.

The transverses contact ratio mp in Novikov gearing is zero (mp � 0). Because of
this, geometrically, the meshing of the gear teeth in the transverse section is
instantaneous. The face contact ratio mF of the gear pair is always greater than one
(mF = mt > 1).

1.3.5 Principal Design Parameters of Novikov Gearing

From a historical perspective, it is interesting to consider the calculation of the
principal design parameters of a Novikov gear pair following the approach proposed
by Dr. M.L. Novikov [6]. The calculation of the design parameters of a Novikov
gear pair with a circular-arc tooth profile is considered below as an example.

For the calculation of the design parameters of a Novikov gear pair, the center
distance C and the gear ratio u = ωp/ωg of the gear pair are required.

The radius of the pitch circles of a gear Rg and that of a mating pinion Rp can be
expressed in terms of the center distance C and the tooth ratio u, as follows:

Rg =C � u
1þ u

ð1:6Þ

7It should be pointed out here that there are no constraints to designing a gear pair with a convex
gear tooth profile and a concave pinion tooth profile.
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The addendum factor kpo of the pinion depends on the following:
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Rp =C � 1
1þ u

ð1:7Þ

The distance l at which the pseudo-path of contact Ppc is remote from the pitch
point P as well as the transverse pressure angle ϕt in the gear mesh must be specified.

The displacement8 l is the principal design parameter of a Novikov gear pair.
Many of the design parameters of a Novikov gear pair can be expressed in terms of
the displacement, l = KP.

For the calculation of the radii of curvature of the tooth profile of the gear rg and
that of the pinion rp, the following empirical formulas are used:

rg = l � 1þ krg
� � ð1:8Þ

p � þ rp ð : Þ

The actual value of the factor krp should fulfill the inequality krp ≥ 0. However, it
is practical to set the factor krp equal to zero; then, the equality rp= l is observed. The
factor krg is within the range krg = 0.03. . .0.10.

The radius of the outside circle of the pinion Ro.p is calculated from the following
formula:

Ro:p =Rp þ 1- kpo
� � � l ð1:10Þ

(a) The actual value of the pressure angle, ϕt

(b) The absolute dimensions of the gear pair
(c) The accuracy of machining
(d) Conditions of lubrication

It is common practice to set the pinion addendum factor kpo in the range:

kpo = 0:1 ÷ 0:2 ð1:11Þ

The radius of the root circle of the pinion Rf.p is calculated from the equation:

Rf:p =Rp - ag - δ ð1:12Þ

In Eq. (1.12), the following are designated:

ag as the dedendum of the mating gear (ag = (0.1. . .0.2) l )

δ as the radial clearance in the gear pair (δ = l kpo)

8It is instructive to note here that the equality l = rN is observed.
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following three design parameters:
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It is proven to be practical to set the fillet radius ρp in the range ρp = 0.3 l.
The radius of the root circle of the gear Rf.g is given as follows:

Rf:g =C-Ro:p ð1:13Þ

The radius of the outer circle of the gear Ro.g is calculated from the expression:

Ro:g =Rg þ ag ð1:14Þ

The corner of the gear tooth addendum needs to be rounded with a radius ρg, the
actual value of which is less than the fillet radius ρp of the pinion (ρg < ρp).

The following relations among the design parameters of a Novikov gear pair are
recommended by Dr. M.L. Novikov in his study [6]: rp = l, rg ≤ 1.10 � rp,
ρp = 0.3 � l, mt/l = 0.8, tp/tg = 1.5, ϕt = 30∘, λ = 60. . .80∘ (ψ = 10. . .30∘), and
circular pitch of the teeth p = tg + tp + B, where backlash B = 0.2. . .0.4 mm.

The effective face width Fpa in the gear pair is given by:

Fpa = 1:1 ÷ 1:2ð Þ � p � tan λ ð1:15Þ

For a preliminary analysis of a Novikov gear pair, the following empirical
expression returns a practical value for the displacement l:

l= 0:05 ÷ 0:20ð Þ � Rp ð1:16Þ

• The displacement l
• The transverse pressure angle ϕt

• The lead angle λ

It should be stressed here one more time that a smooth rotation of the driven shaft
under a uniform rotation of the driving shaft is possible only if the transverse contact
ratio of the Novikov gear pair is equal to zero (mp � 0) and the face contact ratio is
greater than one (mt = mF > 1).

The application of a Novikov gear pair (namely, that of Novikov gearing of Nby-
mesh, in particular), featuring geometries of the tooth profiles known so far, makes it
possible to increase the contact strength of the gear teeth by up to 2.0 ÷ 2.1 times and
the bending strength by up to 1.3 ÷ 1.5 times compared to involute helical gearing.
The friction losses are up to 2.0 ÷ 2.5 less, and the tooth wear is 3 ÷ 4 times less in
Novikov gearing [7]. All these application data are obtained for Novikov gearing
with the hardness of the tooth surfaces in the range up to HB 350. During the years
that Novikov gearing was actively being investigated, Novikov gearing with harder
tooth flanks was not profoundly investigated.
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Fig. 1.6 Gearbox
manufactured by Westland
Helicopters, Ltd. (After
Astridge, D. G., et al.,
“Tribology of High
Conformity Gears,”
Institution of Mechanical
Engineers, 1987,
pp. 819–825)

The application of Novikov gearing makes the weight reduction of gearboxes
possible by up to 1.3 times (on average).

A uniform rotation of the shafts in Novikov gearing is only attained due to the
face overlap of the gear teeth. Geometrically, meshing of the gear teeth in a
transverse cross section is instantaneous.

Geometrically, the functional portions of the tooth flanks of the gear and the
mating pinion in Novikov gearing are represented by two conjugate helices, that is,
by two spatial curves. Under the applied load, these portions spread over the helical
strips along the helices.

The nonfunctional portions of the tooth flanks are not conjugate to one another.
Moreover, they are not envelopes to one another. This gives more freedom to the
gear designer to make the gear teeth stronger.

An example of a Novikov gear pair is illustrated in Fig. 1.1. This is a gear pair
manufactured by Westland Helicopters, Ltd. and is implemented in the design of
gear transmission, as shown in Fig. 1.6 [8].

In current terminology and designations, the calculation of the principal design
parameters of a Novikov gear pair is considered in the study by Radzevich [3].

The approach disclosed in this chapter can be used to enhanc Novikov/conformal
gear pairs that feature other geometries of the tooth profile in the transverse section
of the gear pair.

1.4 High-Conformal Gearing

The condition under which a convex-to-concave contact between the tooth flanks of
a gear and a mating pinion becomes feasible is the fundamental achievement of
Dr. M.L. Novikov. Once the active tooth profiles in a parallel-axes involute gearing
shrinks to a point (namely, to the involute tooth point), then a favorable contact
between the tooth flanks G and P can be attained. A capability to accommodate for
the manufacturing errors and for the displacements under an operating load is the
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only consideration when determining the geometry of the interacting tooth profiles G
and P by Dr. M.L. Novikov.

1.4.1 Critical Degree of Conformity in Novikov Gearing

It was assumed by Dr. M.L. Novikov from the very beginning that a convex-to-
concave contact between the tooth flanks of a gear and a mating pinion is “sufficient”
for a significant increase of the bearing capacity of the contact area between the tooth
flanks G and P . A later analysis revealed that in the case of Novikov gearing, a
convex-to-concave contact is “necessary” but “not sufficient” for a significant
increase of the bearing capacity of parallel-axes gearing. A certain critical degree
of conformity at the point of contact K of the tooth flanks G and P must be attained in
order to make the convex-to-concave contact beneficial. An increase in the degree of
conformity below its critical value – that is, from δacnf to δbcnf – makes a limited
increase of the bearing capacity of the gear pair possible. A low increase of the
bearing capacity is because both the values of the degree of conformity (that is, δacnf
and δbcnf ) are smaller compared to its critical value [δcnf], and, thus, the inequalities
δacnf < δcnf and δbcnf < δcnf are observed.

However, when the actual degree of conformity δccnf becomes larger than the
critical value (δccnf > δcnf½ �), then even a small increase in the degree of conformity at
the point of contact of the tooth flanks G and P causes a significant increase in the
bearing capacity of the tooth flanks in Novikov gearing. Therefore, the substitution
of a convex-to-convex contact between the tooth flanks in parallel-axes gearing with
their convex-to-concave contact (as in Novikov gearing) is necessary but not
sufficient for a significant increase in the power capacity of a parallel-axes gear
pair. In addition to that, a certain critical degree of conformity, [δcnf], at the point of
contact between the tooth flank of the gear G and that of the mating pinion P must be
exceeded.

Gearing for the degree of conformity δcnf at the point of contact of the tooth flanks
G and P that exceeds its critical value [δcnf] – that is, the gearing for which the
inequality δcnf > [δcnf] is valid – is referred to as “high-conformal gearing.”

The intuitively understood qualitative term “degree of conformity” can be quan-
tified. For this purpose, a characteristic curve called the “indicatrix of conformity,”
CnfR G=Pð Þ , at the point of contact of the tooth flank of a gear G and that of its
mating pinion P is commonly used [3, 9]. The indicatrix of conformity CnfR G=Pð
is a planar, centrally symmetrical curve of the fourth order. The position vector of the
point rcnf of the indicatrix of conformity corresponds to the degree of conformity of
the tooth flanks G and P in a corresponding direction through the contact point
K [3, 9]. The smaller the radius rcnf, the larger is the degree of conformity at the point
of contact of the interacting surfaces, and vice versa.



In reality, the tooth flanks of a gear and its mating pinion in a high-conformal gear
pair are displaced from their desired position. The undesired displacements are
mostly because of the following:
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1.4.2 Minimum Required Degree of Conformity at the Point
of Contact of Two Interacting Tooth Flanks

Favorable conditions of the point of contact of the tooth flanks of a gear and a pinion
are the main anticipated advantage of a high-conformal gear pair. The higher the
degree of conformity, the higher is the load-carrying capacity of the contacting tooth
flanks. Therefore, a minimum possible mismatch in the curvature of the teeth of the
gear and pinion is desired.

(a) Manufacturing errors
(b) The elastic deflections of the gear teeth, of the gear shafts, of the housing (that

occur under the applied load), thermal expansions of the components, and so
forth.

High-conformal gearing is sensitive toward tooth flank displacements.
To accommodate for the inevitable displacements, a certain degree of mismatch

in the curvature of the teeth of the gear and pinion is required. An insufficiently small
mismatch can be incapable of accommodating the displacements. However, as the
mismatch increases, the contact stresses increase as well. High contact stress may
lead to various forms of surface failures such as heavy wear, pitting, or scuffing
damage. Therefore, a minimum required degree of mismatch in the curvature of the
teeth of the gear and pinion is necessary to be determined. Otherwise, one of two
scenarios could be observed.

First, the gear pair is capable of absorbing the inevitable displacements of the
tooth flanks, but the degree of conforming of the contacting tooth flanks is not
sufficient for the high load-carrying capacity of the gear pair.

Second, the gear pair features a sufficient degree of conformity of the tooth flanks
but is not capable of accommodating the tooth flank displacements.

In both cases, the gear pair has no chance of being successfully used in practice.
Shown in Fig. 1.7 is a three-dimensional (3D) plot of the function

δcnf = δcnf k, K
� �

. Fig. 1.7 relates to the cases of the convex-to-concave contact of
the tooth flanks of the gear G and the pinion P .

The performed analysis of the 3D plot allows for drawing the following
conclusions.

The sections of the surface δcnf = δcnf k, K
� �

by planes ki = Const (see Fig. 1.7)
are represented by curves that have asymptotes. For a particular curve ki = Const,
shown in Fig. 1.7 in bold line, the axis δcnf and the straight line δcnf = 1 are the
asymptotes.

The greatest possible degree of mismatch in the curvature of the teeth of the gear
and pinion corresponds to the parameter K→ -1. The interval of alteration to the
parameter K starting from-1 and going up to approximately K= - 2 is convenient
to accommodate any desired displacement of the tooth flanks G and P from their
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Fig. 1.7 A three-dimensional plot of the function δcnf = δcnf k, K
� �

constructed for the convex-to-
concave kind of contact between the tooth flanks of a gear G and its mating pinion P in a conformal
gear pair

correct configuration. However, within the interval (-1<K < - 2) of alteration
in the K- parameter, an increase of the degree of conforming of the tooth profiles G
and P is negligibly small. Within this interval of the K - parameter, the load-
carrying capacity of a conformal gear pair approximately remains in the same range.
Therefore, just the convex-to-concave contact between the tooth flanks of a gear and
its mating pinion provides a limited improvement in the load-carrying capacity of a
gear pair. Being convex-to-concave, an additional requirement needs to be fulfilled
in order to get not just conformal gearing but also high-conformal gearing.

On the other hand, even a small change to the actual value of the K- parameter
within the interval - 2<K < - 1 results in a significant increase of the degree of
conformity of the teeth flanks G and P . This immediately entails a corresponding
increase in the load-carrying capacity of the gear pair.

In the example considered above, the value of the K- parameter (that is, the
value of K ≈ - 2) can be referred to as its critical value Kcr (or “threshold,” in other
words). This allows for distinguishing between just conformal gearing (for which
- <K<Kcr) from high-conformal gearing (for which Kcr ≤K< - 1).

Without going into the details of the analysis, it is evident that gears for high-
conformal gearing require tighter tolerances for any possible displacements of the
tooth flanks G and P from their desirable location and orientation. Otherwise, there
could be no future for the applications of high-conformal gear systems.



Based on the results of the performed analysis, the following statement is
drawn up: conformal gearing and high-conformal gearing meet all the three funda-
mental laws of gearing [ , , ]. Gearing of both the gear systems is capable of
smoothly transmitting an input uniform rotation. As a consequence, both conformal
gearing and high-conformal gearing have the following features:

1093

�
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• The transverse contact ratio is identical to zero (mp 0).
• The total contact ratio mt is equal to the face contact ratio mF and is greater than

one (mt = mF > 1).
• The tooth profile of one member of the gear pair is convex, whereas that of the

mating gear is concave.
• The convex tooth profile of one member of the gear pair is entirely located within

the interior of the boundary N- circle, whereas the concave tooth profile of
another member of the gear pair is entirely located within the exterior of the
boundary N- circle.

• The difference between the magnitudes of the radius of curvature of the concave
tooth profile and that of the convex tooth profile in the gear pair is equal to or
smaller than the given threshold beyond which a higher conformity of the
interacting tooth profiles contributes much to the bearing capacity of the gear pair.

The principal difference between Novikov gearing and Wildhaber gearing is
clearly illustrated in Fig. 1.8.

In Novikov gearing, the common unit perpendicular ng is always aligned with the
instantaneous line of action LAinst, as illustrated in Fig. 1.8a. The gear tooth flank G

is properly configured in relation to the boundary N- circle of a radius rN – and,
thus, the fundamental laws of gearing are fulfilled.

In Wildhaber gearing, the common unit perpendicular ng is not aligned with the
instantaneous line of action LAinst, as illustrated in Fig. 1.8b. The gear tooth flank G�

is improperly configured in relation to the boundary N- circle in a gear pair – and,
thus, the fundamental laws of gearing are violated.

Helical gearing with a circular-arc tooth profile proposed by Dr. E. Wildhaber
[11] does not meet the three fundamental laws of gearing. An insufficient under-
standing of gearing of this particular kind clearly follows from the paper by T. Allen
[12]. The comparison between Novikov gearing [4] and Wildhaber gearing [11] that
started decades ago by Chironis [13] is incomplete. To the best possible extent, the
comparison was later accomplished in my own work as summarized in the studies by
Radzevich [3, 9, 10, 14, 15].

Two points need to be mentioned here.
First, neither gears for Novikov gearing nor gears for high-conformal gearing

can be finish cut by the continuous indexing method (generating method) of gear
machining. That is, the gears cannot be hobbed, shaped, or ground by a worm
grinding wheel.

This is because the fundamental laws of gearing are not fulfilled in the gear
machining mesh [9]. Only Re- surfaces can be accurately generated in the contin-
uous indexing method of gear machining. Cutting tools for machining gears for both
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1.5 Conformal Gearing with Intermediate Balls 19

Novikov gearing and high-conformal gearing are considered in the studies by
Radzevich [15] and [10].

Second, neither tooth profile modification nor longitudinal modification of the
tooth flanks of a gear and a mating pinion is permissible to Novikov gearing as well
as to high-conformal gearing in a more general case.

1.5 Conformal Gearing with Intermediate Balls

The theoretical analysis of the concept of Novikov/conformal gearing performed in
the previous sections of this chapter provides the readers with systemized knowledge
of the field and is helpful to gear designers. Of course, not all potential applications
of the obtained results are discussed here. The main goal of this chapter is to illustrate
a few more examples of implementation of the theory, which are slightly beyond a
straight interpretation of it. Certain examples can illustrate a possible way of
evolution of the concept of Novikov/conformal gearing.

A brief look at the schematic of a parallel-axes Novikov/conformal/high-confor-
mal gear pair with the boundary N- circle that overlaps the gears inspired the
author9 to investigate the possibility of replacement of sliding between the gear
tooth flanks with rolling of the interacting elements. Potentially, such a replacement
could be useful as the friction losses in rolling are commonly smaller compared to
that those in sliding.

As illustrated in Fig. 1.9, in a section by a transverse plane, both the driving
pinion and the driven gear feature a concave tooth profile (see Fig. 1.9a). For
simplicity, but without loss of generality, the radius of curvature ρg of the gear
tooth flank G and the radius of curvature ρp of the pinion tooth flank P are set equal
to the radius rN of the boundary N- circle. The line of action LA forms a transverse
pressure angle ϕt perpendicular to the centerline ℄ in the gear pair.

The balls of a radius rball = rN interact with the gear and the pinion tooth flanks G
and P at two points that are labeled as Kg and Kp, respectively. The parallel-axes
conformal gear pair with intermediate balls features two pseudo-paths of contact,
Ppc.g and Ppc.p. In the case under consideration, the pseudo-paths of contact are two
straight lines through the contact points Kg and Kp, which are perpendicular to the
plane of drawing in Fig. 1.9a.

When the gears rotate, the balls travel in the axial direction of the gear pair
parallel to the axis of instantaneous rotation Pln (the axis of instantaneous rotation Pln

is a straight line through the pitch point P and is perpendicular to the plane of
drawing in Fig. 1.9a). At this time, when the balls are situated within the face width
Fpa of the gear pair, they are solely supported by the tooth flanks G and P of the gear
and the mating pinion, respectively. After a ball is passed up through a channel
formed by two helical surfaces G and P , it is returned to its initial position by the

9On March 2, 2018.
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device shown in Fig. 1.9b. The device features a gap between the ends, the width of
which is equal to or slightly exceeds the face width Fpa. The length L in Fig. 1.9b can
be expressed in terms of the ball diameter 2rN, the face width Fpa, and the pitch helix
ψ . Other means to return the balls can be designed as well.

The forces that act over a ball when it is supported by the tooth flanks G and P are
analyzed in Fig. 1.10. Here, in Fig. 1.10, the driving pinion tooth flank P pushes the
ball with a certain resultant force FΣ. This force is resolved onto a normal component
Fn and a tangential component Ft. The components Fn and Ft of the resultant force
FΣ are considered (normal/tangential) in relation to the ball.

In order to ensure straight motion of a ball parallel to the axis of instantaneous
rotation Pln, the design parameters of the tooth flanks G and P of the gear and the
mating pinion, respectively, have to be designed so as to form the so-called “pocket”
for a ball that is currently interacting with the tooth flanks G and P. This can be done
considering the local geometry of the interacting surfaces G and P with the ball.

Every point of a ball is a convex umbilic point, for which the Dupin indicatrix
Dup (ball) can be graphically interpreted as a circle of a certain radius. The circle
centers at the contact point with the gear (from one side) and with the pinion (from
the opposite side). Every point of the helical tooth flanks G and P is a saddle-like
point (hyperbolic point) that features a section by a normal plane of both kinds, that
is, convex and concave plane sections are observed (depending on the actual
configuration of the section plane).
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Fig. 1.10 Forces that act in the gear mesh in conformal gearing with intermediate balls

The gear and the mating pinion tooth flanks G and P , respectively, have to be
designed so as to ensure a concave normal plane section of both surfaces G and P in
the direction that the ball travels. Under such a scenario, the ball is locked in the
pocket and travels exactly parallel to the axis of instantaneous rotation Pln. The said
is illustrated in Fig. 1.11.

The Dupin indicatrix Dup Gð Þ is constructed at point Kg of the gear tooth flank G

(see Fig. 1.11a). The point Kg is the point of contact of the ball with the gear tooth
flank G. The sector with positive (ρg > 0) and negative (ρg < 0) values of the radius
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tooth flank G, (b) Dupin indicatrix Dup Pð Þ at point Kp of the pinion tooth flank P, and (c) the Dupin
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of curvature ρg of the sections of the tooth flank G by normal planes are determined
by means of the Dupin indicatrix Dup G .

Similarly, a Dupin indicatrix Dup Pð Þ is constructed at point Kp of the pinion tooth
flank P (see Fig. 1.11b). The point Kp is the point of contact of the ball with the
pinion tooth flank P . The sector with positive (ρp > 0) and negative (ρp < 0) values
of the radius of curvature ρp of the sections of the tooth flank P by normal planes are
determined by means of the Dupin indicatrix Dup P .

Ultimately, the permissible directions of the pseudo-paths of contact Ppc.g and
Ppc.p in Novikov/conformal and high-conformal gearing with intermediate balls are
determined as illustrated in Fig. 1.11c. Viewing along the straight line KgKp, the
tooth flanks G and P are turned in relation to one another through an angle μ. The
angle μ is similar to the angle of the local relative orientation μ of two smooth regular
surfaces at the point of their contact10 [3].

It is clear from the analysis in Fig. 1.11c (together with Fig. 1.10) that when the
balls are located within the face width Fpa of the gear pair, they are spaced from one
another at a distance that equals to the axial pitch px of the tooth helix.

Determination of the instantaneous kinematics of a ball inside the “pocket” is
illustrated in Fig. 1.12.

The Dupin indicatrices Dup Gð Þ and Dup Pð Þ at points Kg and Kp of the tooth
flanks G and P , respectively, are employed for the derivation of the instantaneous

10The difference between the angles μ and μ is solely because of a plane within which the angles are
measured. The angle of the local relative orientation, μ, of two smooth regular surfaces G and Pat
the point of their contact is measured between the principal directions within a common tangent
plane to the surfaces. The angle μ is measured between the projections of the principal directions
onto a plane that is perpendicular to the straight line KgKp. This plane is parallel to a common
tangent plane in the contact “ball-to-G.” It is also parallel to a common tangent plane in the contact
“ball-to-P .”
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Fig. 1.12 Instantaneous
kinematics of a ball inside
the “pocket”
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kinematics of a ball inside the “pocket.” As that same ball makes contact with each
of the tooth flanks G and P, the Dupin indicatrix of the ball Dup(B) can be eliminated
from further analysis.

Consider a plane πg through the contact point Kg, which is perpendicular to the
common perpendicular ng. The Dupin indicatrix Dup Gð Þ is constructed within the
plane πg. Another plane πp is a plane through the contact point Kp, which is
perpendicular to the common perpendicular np. The Dupin indicatrix Dup Pð Þ is
constructed within the plane πp. The unit normal vectors ng and np are along a line
through the center of the ball. Therefore, the planes πg and πp are parallel to one
another.

The third plane πb is an arbitrary plane that is parallel to the planes πg and πp. In
particular, the plane πb can be a plane through the center of the ball. Furthermore,
both Dupin indicatrices Dup Gð Þ and Dup Pð Þ are projected onto the plane πb. The
“composite indicatrix of conformity, cnf G=B=Pð Þ” is constructed on the premise of
the projections of the Dupin indicatrices Dup G and Dup P onto the plane πb.

The direction of translation of the ball inside the “pocket” can be specified in
terms of the minimum diameter of the composite indicatrix of conformity
cnf G=B=P , constructed at points Kg and Kp of the tooth flanks G and P .

In polar coordinates, the point of the Dupin indicatrix Dup Gð Þ at a point of the
tooth flank G can be specified as:

rdup:g = rdup:g φð Þ ð1:17Þ



The main advantages of the discussed concept of Novikov/conformal and high-
conformal gearing with intermediate balls are summarized immediately below:
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Similarly, the point of the Dupin indicatrix Dup Pð Þ at a point of the tooth flank P
can be specified as:

rdup:p = rdup:p φ, μð Þ ð1:18Þ

Here, rdup.g is the distance at which the point of the Dupin indicatrix Dup Gð Þ is
remote from the origin of the polar coordinated, and rdup.p is the distance at which the
point of the Dupin indicatrix Dup Pð Þ is remote from the origin of the polar
coordinated; φ is the polar angle.

The point of the composite indicatrix of conformity cnf G=B=Pð Þ constructed at
points Kg and Kp is specified as:

rcnf φ, μð Þ= rdup:g φð Þ- rdup:p φ, μð Þ ð1:19Þ

The direction of translation of the ball is perpendicular to a straight line along
which the minimum diameter dmin

cnf is measured. In the particular case under
consideration, this straight line is a straight line through the points of intersection
of the Dupin indicatrices Dup Gð Þ and Dup Pð Þ . The latter yields certain
simplifications.

• The tooth addendum can be extremely short (reasonably, the shortest possible),
and the teeth can be made short and thick; the bending strength problem can be
reduced or even eliminated due to this.

• The ball diameter can be reduced, that is, the radius rN of the boundary N- circle
can be a smaller value compared to that in conventional Novikov/conformal and
high-conformal gearing: the smaller the radius rN, the less is the friction, and vice
versa.

• Besides there are two pseudo-paths of contact, Ppc.g and Ppc.p, a gearing of the
proposed design that is neither a Nbf- type of the conformal gear pair nor a Nby-
type of the conformal gear pair; this is a novel type of conformal/high-conformal
gearing; the pseudo-paths of contact Ppc.g and Ppc.p are not identical to the
pseudo-paths of contact Ppc.bf and Ppc.bf in conventional conformal/high-confor-
mal gearing with two pseudo-paths of contact.

• The applied load is shared between contact points Kg and Kp; therefore, the
contact strength can be doubled.

• As the balls are not rigidly connected either to a gear nor to a mating pinion, the
accuracy requirements can be drastically reduced.

• The smaller the ball diameter, the smaller is the axial dimension required for the
gear drive.

• The gear drive is geometrically accurate, that is, both the base pitches of a gear
and of a mating pinion are equal to the operating base pitch of the gear pair (like in
involute gearing).

• This gearing is designed to transmit a high torque at low and average rotations.
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• When necessary, the friction between the balls and the tooth flanks of a gear and
of a mating pinion can also be incorporated into the analysis.

• The tooth flanks can be hardened and precisely ground after the hardening
(hobbing can be used for roughing as a preliminary machining; finish grinding
is performed either by disk-type or by end-type grinding wheels).

• The tooth flanks of a gear and a mating pinion form a “pocket” for the ball; when
the gears rotate, the “pocket travels axially”; the ball travels together with the
pocket.

• When torque is transmitted by a ball, the ball is locked in the pocket that features
negative curvatures of the interacting surfaces at both contact points.

• The geometry of the pipe (of the “channel”) can be optimized: centrifugal forces,
acting over the balls; wear of the channel walls; semi-cubic parabola, and so forth.

• After the gears are worn down, the balls can be replaced with balls of a larger
diameter.

• Production of precision balls is well-established in the industry: in the production
of ball bearings, the balls can be machined to a high level of accuracy.

• The gears can be machined to a high level of accuracy based on the experience
gained in production screws for “ball screw-and-nut” pairs.

• No separator is required for the balls.
• One or two balls simultaneously are engaged in the transmission of power/

rotation/torque. If two are used, then the axial distance between the two balls is
equal to the axial pitch in the gear pair. The rest of the balls are located close to
one another.

• The forces act only within the plane of action PA. No forces act perpendicular to
the plane of action PA as there is no motion of the balls in a direction perpen-
dicular to the plane of action. (The direction of the acting forces can be altered if
the friction forces are taken into consideration.)

A more in-detail analysis can reveal the additional advantages of conformal/high-
conformal gearing with intermediate balls.

1.6 Conclusion

This chapter deals with Novikov gearing, or, more generally, with Novikov/confor-
mal, and high-conformal gearing. The key features of Novikov gearing are
discussed, and the kinematics and geometry of gearing of this kind are considered.

The differences between Novikov gearing andWildhaber gearing are described in
this chapter, making a case for why the two systems should “not” be combined as
Wildhaber–Novikov gearing or W-N gearing.

It is stressed here that a poor understanding of the kinematics and geometry of the
novel kind of gearing proposed by Dr. M.L. Novikov is the root cause of loosely
combining Novikov gearing with Wildhaber gearing. These two types of gearings
must be only considered separately from one another. The terms “Wildhaber–



Novikov gearing” and “W-N gearing” are incorrect by nature and thus must be
eliminated from scientific communications on gearing.
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It is a mistake to refer to the Novikov gear system as gears with a circular-arc
tooth profile. Novikov gearing is not a kind of gearing with a circular-arc tooth
profile like gears in the Wildhaber gear system. Novikov gearing is a reduced kind of
involute gearing. In Novikov gearing, the functional involute tooth profile is shrunk
to a point. This point is referred to as the “involute tooth point.” The rest of the tooth
profile is inactive and thus can be shaped with no constraints imposed by the
fundamental laws of gearing.

The acting standards on Novikov gearing (in Russia, China, and elsewhere) and
on gear cutting tools for cutting gears in Novikov gearing are generally incorrect.
Gears in Novikov gearing cannot be cut (finish cut) by hobs, shape cutters, shavers,
worm grinding wheels, and others. No generating finish machining of gear tooth
flanks are permissible. Only disk-type mill cutters, disk-type grinding wheels, and so
forth, can be used for this purpose.

High-conformal gearing has a huge potential for application in high-power-
density gear transmission systems and in low-noise gear transmissions.
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Chapter 2
Meshing Theory for Abnormal Novikov
Helical Gears

Yaping Zhao and Siyu Liu

2.1 Introduction

Since Euler put forward an involute tooth profile in 1765, involute gear transmission
has been widely used. With the development of production, there are higher require-
ments for gears under a high load state. In 1922, Vickers, Bostock, and Bramley
studied a gear with concave and convex tooth profile meshing and called it VBB.
The gear had a large radius of curvature, and the contact strength was much larger
than that of an involute gear. However, due to the small thickness of the concave
tooth addendum, the gear teeth broke when used. In 1926, Wildhaber proposed the
arc tooth profile, which also caused an accident.

In 1956, Novikov put forward a new circular-arc gear, which was cut by a
reference rack tool. Under the same parameters, the radius of curvature of the
circular-arc gear was 10 to more than 200 times larger than that of an involute
helical gear. The contact stress of the tooth surface was greatly reduced, and the
bearing capacity was greatly improved. The bearing capacity of a single-arc gear is
higher than that of an involute gear, but the bending strength of the tooth root is
lower than that of an involute gear. In order to improve the root strength of the
circular-arc gear, the former Soviet Union put forward a common tangent double-
circular-arc gear in the 1960s. This tooth profile was prone to pitting near the pitch
line, and, in order to avoid pitting and improve the root strength, a graded double-
circular-arc profile was proposed. Its bearing capacity was greatly improved than
that of a single-arc gear. The circular-arc gear used in industry is processed by a hob,
the normal tooth profile of the oblique rack cutter is an arc, and the processed gear
does not have an arc tooth profile. Due to the widespread use of gear grinding
machines, the strength of the hard involute tooth surface is higher than that of an arc
gear, which cannot be ground, and, so, arc gears are not widely used.
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This chapter presents a new type of circular-arc gear with a circular tooth shape in
its normal section. In the traditional sense, a circular-arc gear is enveloped by a rack
cutter, the tooth profile of which is circular. The tooth surface of a gear is extremely
complicated. Based on this, a mathematical model of the helical surface of a normal
circular-arc gear is established.

The meshing principle of normal circular-arc gear transmission is analyzed. First,
the coordinate system of the gear pair‘s relative motion is established, and the
meshing function of the gear pair is deduced by coordinate transformation. The
instantaneous contact point is determined by solving nonlinear equations based on
common points and common normal conditions.

In this chapter, the calculation principle of a normal circular-arc gear is studied
and numerical simulation of the conjugate region is carried out through concrete
examples. The calculation methods of contact reference points, points on the tooth
width boundary, and other contact points inside the boundary are determined. The
specific meshing parameters of each point are obtained through numerical examples.

2.2 Equation and Normal Vector for a Normal
Circular-Arc Helical Surface

The main aim of this chapter is to establish a mathematical model of the helical
surface of a normal double-circular-arc cylindrical gear. First, the formation princi-
ple of the helical surface of the normal double-circular cylindrical gear is introduced.
The helical surface equation of the concave and convex tooth profile of the gear is
written by the spherical vector and circular vector coordinates. Finally, according to
the knowledge of differential geometry, the corresponding unit normal vectors of the
helical surfaces of two gears are obtained. Since each side of the gear tooth has
concave and convex teeth, two points are in contact when they mesh. Because the
research method of meshing of the two parts is the same, here, we choose to study the
part that participates in meshing.

2.2.1 A Mathematical Model of the Left Convex Tooth
Surface of Normal Circular-Arc Gear 1

The design is carried out based on the basic tooth profile parameters of a GB/
T12759-1991 double-circular-arc cylindrical gear. The relative coordinate system
for calculating the tooth surface equation of a double-circular-arc gear is established.
Let the double-circular gear be located in the right-hand Cartesian coordinate system

σ1 O1; i
→

1, j
→

1, k
→

1

n o
. In this coordinate system, the axis direction of the double-

circular-arc gear is the axis k
→

1 and the center point on the axis of the gear is O1. The
spiral angle is set as β, where β is a positive value, and gear 1 is set as a right-handed



where

ð Þ ð Þ

gear. The working tooth profile on each side of a tooth of a double-arc gear is divided
into two sections: a convex arc (outside the pitch circle) and a concave arc (inside the
pitch circle), which are connected by a transition arc. The connecting arc is tangent to
the convex tooth arc and intersects the concave tooth arc. For details, please refer to
the study by Lu and Shang [1]. We can calculate its radius and center position
according to geometric relations:
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Fig. 2.1 A coordinate system diagram formed by a left convex tooth surface

rj =
t2 þ n2

2 t cos δ1 - n sin δ1ð Þ

t= 0:5πmþ l1 þ l2 - ρ1 cos δ1 - ρ2 cos δ2, n= ρ1 sin δ1 þ b1 þ ρ2 sin δ2 - b2

Figure 2.1 A right-hand gear. The tooth surface equation is deduced based on the
left convex arc tooth profile.

The tooth surface is a spiral tooth surface formed by the spiral motion of the
working arc tooth profile. In the coordinate system, the intersection point of the
convex tooth symmetric axis and indexing (node) cylinder is On, and On is taken as
the circle point. Using the knowledge of spherical vector function in differential

geometry, the normal coordinate system σn On; j
→

1, m
→

1, k
→

1

n o
can be obtained. At

the initial position, its basis vectors are j
→

1 and m
→

1 0, 90∘ - βð Þ, respectively. The
circular tooth profile is located on the surface to make a spiral motion to form the
tooth surface. When the angle parameter of the gear rotating along the axis is θ, point
On moves to point On

′ along the axis direction, and the axial distance between the

two points is OnOn
0���!��� ���= p1θ1, where p1 is the spiral parameter of the normal double-

circular-arc gear, p1 =
d1
2 cot β . After finishing the spiral motion, according to the

knowledge of sphere vector function and circle vector function, it can be concluded

that the vector j
→

1 of the unit basis becomes g
→

1 θ1 and the vector m
→

1 0, 90∘ - β



→

� �

�
d
�

of the unit basis becomes m1 θ, 90∘ - βð Þ. According to the geometric relationship
shown in the figure, in the right-handed Cartesian coordinate system

σ1 O1; i
→

1, j
→

1, k
→

1

n o
, point P1 is any point on the working tooth profile of the

convex teeth of the normal double-arc gear and the directed angle between the path
vector cP1

�!
and the m

→
1 θ1, 90∘ - βð Þ axis is set as ϕ1. The radial diameter of the

centerO1 to any point P1 of the working arc is the equation of the tooth surface of the
working arc (left convex tooth):
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r
→

1
1
=O1P1
���!

=O1On
���!þ OnOn

0���!þ On
0P1

���!
= ρ1 cosϕ1 - l1ð Þ cos β e

→
1 θ1ð Þ

þ ρ1 sinϕ1 þ b1 þ d1
2

� �
g
→

1 θ1ð Þ þ ρ1 cosϕ1 - l1ð Þ sin β½

þp1θ1� k
→

1 = x1 i
→

1 þ y1 j
→

1 þ z1 k
→

1 ð2:1Þ

where

x1 = ρ1 cosϕ1 - l1ð Þ cos β cos θ1 - ρ1 sinϕ1 þ b1 þ d1
2

�
sin θ1�

y1 = ρ1 cosϕ1 - l1ð Þ cos β sin θ1 þ ρ1 sinϕ1 þ b1 þ 1

2
cos θ1,z1

= ρ1 cosϕ1 - l1ð Þ sin β þ p1θ1

π� �
ϕ1 2 0,

2

It can be seen from the Eq. (2.1) of the helical surface of the normal double-
circular-arc gear that all parameters p1, ρ1, l1, b1, and β in the equation are constant
values, whereas parameters θ1 and ϕ1 are variables and serve as the binary coordi-
nates of the tooth surface. Therefore, the helical surface equation of a gear is a binary
equation about the angle parameter θ1 and the tooth profile parameter ϕ1.

According to the above-calculated tooth surface eqution (2.1), it can be seen that
the equation is about two variable parameters and continuous differentiability, so the
partial derivatives of the equation can be obtained with respect to these two param-
eters. The partial derivative of the left convex tooth of a normal double-circular-arc
gear is solved as follows:

∂ r
→

1

� �
1

∂θ1
= - ρ1 sinϕ1 þ b1 þ d1

2

� �
e
→

1 θ1ð Þ þ ρ1 cosϕ1 - l1ð Þ cos β g→ 1 θ1ð Þ þ p1 k
→

1

ð2:2Þ
→

� �
∂ r 1

1

∂ϕ1
= - ρ1 sinϕ1 cos β e

→
1 θ1ð Þ þ ρ1 cosϕ1 g

→
1 θ1ð Þ- ρ1 sinϕ1 sin β k

→
1 ð2:3Þ



d

d

= sin 2 C sin 2 cos sin cos
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According to the definition of a unit normal vector in gear meshing theory, the
normal unit vector of any point on the working tooth surface of this section can be
obtained as:

n
→

1

� �
1
=

∂ r
→

1ð Þ1
∂θ1

×
∂ r

→
1ð Þ1

∂ϕ1

ρ1D1

=

ρ1

e
→

1 θ1ð Þ g
→

1 θ1ð Þ k
→

1

- ρ1 sinϕ1 þ b1 þ d1
2

� �
ρ1 cosϕ1 - l1ð Þ cos β p1

- sinϕ1 cos β cosϕ1 - sinϕ1 sin β

���������

���������
ρ1D1

=
n1e e

→
1 θ1

n1g g
→

1 θ1
n1k k

→
1 2:4

D1
ð Þ þ

D1
ð Þ þ

D1
ð Þ

where we denote:

n1e = - ρ1 cosϕ1 - l1ð Þ sin β cos β sinϕ1 - p1 cosϕ1� �
n1g = - ρ1 sinϕ1 þ b1 þ 1

2
sin β sinϕ1 - p1 cos β sinϕ1� �

n1k = - ρ1 sinϕ1 þ b1 þ 1

2
cosϕ1 þ ρ1 cosϕ1 - l1ð Þ cos 2β sinϕ1

2 2 2D1 C10 ϕ1 þ ρ1 11 ϕ1 þ b1l1 β ϕ1 ϕ1

þ b1 þ d1
2

� �2

þ p21 ð2:5Þ

where

C10 = ρ1
2 sin 2β þ l1

2 - b21
� 	

cos 2β,C11 =
d1
2
þ b1sin

2β

The above is the calculation of the unit normal vector of the working tooth profile
curve of the left convex tooth engaged in meshing. It can be seen from Eqs. (2.4) and

(2.5) that the unit normal vector n
→

1

� �
1
contains only variables θ1 and ϕ1 and that its

three components n1e,n1g, and n1k contain only one variable ϕ1.



In the coordinate system σ2 O2; i 2, j 2, k 2 , the coordinate origin O2 is
→ → →

At any position, its normal section is spanned by the unit vectors g 2ð Þ- θ2 and
→
n 2 - θ2, β . According to the geometricn orelationship shown in Fig. , in the right-2.2

→

ð Þ
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2.2.2 Mathematical Model of the Left Concave Tooth Surface
of Normal Circular-Arc Gear 2

The analysis shows that the left rotary gear’s left concave tooth surface should mesh
with the left convex tooth surface of the gear, which should satisfy the same helical
angle and opposite direction. A similar method is used to solve the tooth surface
equation of the left concave tooth of gear 2, and the vector coordinate system is
established, as shown in Fig. 2.2.n o
located at the midpoint of the gear axis and the unit base vector k

→
2 is along the

direction of the gear axis. Gear 2 is a left normal double-circular-arc tooth surface,
and its helical angle is also β. Similar to gear 1, at the initial position, as shown in
Fig. 2.2, the base vector of the normal section of the curved normal double-circular-

arc helical plane is composed of unit vectors j
→

2 and n
→

2 0, βð Þ. The radius of the
concave tooth is ρ2, and the position parameters of the center of the circle are similar
to those of gear 1. Any position can be regarded as obtained by moving

OnOn
0���!��� ���= p2θ2 at the initial position, p2 is the spiral parameter of the normal

double-circular helical surface, and θ2 is the angle of rotation around the axis k
→

2.

handed Cartesian coordinate system σ2 O2; i
→

2, j
→

2, k
→

2 , point P2 is any point on

the left working tooth profile of the concave tooth of the normal double-arc gear and
the directed angle between the path vector cP2

�!
and the negative direction of the

Fig. 2.2 A coordinate system diagram formed by a left concave tooth surface



→

� �

i

�
πm d

�

n 2 - θ2, βð Þ axis is ϕ2. Then, the radial diameter of the origin O2 to any point P2 of
the working arc is the equation of the tooth surface of the working arc:
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r
→

2
2
=O2P2
���!

=O2On
���!þ OnOn

0���!þ On
0P2

���!
=

πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β e

→
2 - θ2ð Þ

- ρ2 sinϕ2 - b2 -
d2
2

� �
g
→

2 - θ2ð Þ

þ p2θ2 -
πm2

2
þ l2 - ρ2 cosϕ2

� �
sin β

h
k
→

2 = x2 i
→

2 þ y2 j
→

2 þ z2 k
→

2

ð2:6Þ

where

x2 =
πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β cos θ2 - ρ2 sinϕ2 - b2 -

d2
2

�
sin θ2

� � �
y2 = - 2

2
þ l2 - ρ2 cosϕ2 cos β sin θ2 - ρ2 sinϕ2 - b2 -

2

2
cos θ2

πm� �
z2 = p2θ2 -

2

2
þ l2 - ρ2 cosϕ2 sin β

π� �
ϕ2 2 0,

2

It can be seen from the Eq. (2.6) of the helical surface of the normal double-
circular-arc gear that all parameters p2, ρ2, l2, b2, and β in the equation are constant
values, whereas parameters θ2 and ϕ2 are variables and serve as the binary coordi-
nates of the tooth surface. Therefore, the helical surface equation of the gear is also a
binary equation about the angle parameter θ2 and the tooth profile parameter ϕ2.

According to the above-calculated tooth surface equation (2.6), it can be seen that
the equation is about two variable parameters and continuous differentiability. So,
the partial derivatives of the equation can be obtained with respect to these two
parameters. The partial derivative of the left concave tooth of a normal double-
circular-arc gear is solved as follows:

∂ r
→

2

� �
2

∂θ2
=- ρ2 sinϕ2 - b2 -

d2
2

� �
e
→

2 - θ2ð Þ

-
πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β g

→
2 - θ2ð Þ þ p2 k

→
2

ð2:7Þ



d

d πm �
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∂ r
→

2

� �
2

ϕ2
= ρ2 sinϕ2 cos β e

→
2 - θ2ð Þ- ρ2 cosϕ2 g

→
2 - θ2ð Þ

- ρ2 sinϕ2 sin β k
→

2

ð2:8Þ

According to the definition of a unit normal vector in gear meshing theory, the
normal unit vector of any point on the working tooth surface of this section can be
obtained as:

n
→

2

� �
2
=

∂ r
→

2

� �
2

∂θ2
×
∂ r

→
2

� �
2

∂ϕ2

ρ2D2

=

ρ2

e
→

2 - θ2ð Þ g
→

2 - θ2ð Þ k
→

2

- ρ2 sinϕ2 - b2 -
d2
2

� �
-

πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β p2

sinϕ2 cos β - cosϕ2 - sinϕ2 sin β

���������

���������
ρ2D2

→

=
n2e e

→
2 - θ2ð Þ þ n2g g

→
2 - θ2ð Þ þ n2k k 2

D2
ð2:9Þ

where

n2e =
πm2

2
þ l2 - ρ2 cosϕ2

� �
sin β cos β sinϕ2 þ p2 cosϕ2� �

n2g = - ρ2 sinϕ2 - b2 -
2

2
sin β sinϕ2 þ p2 cos β sinϕ2� � �

n2k = ρ2 sinϕ2 - b2 -
2

2
cosϕ2 þ 2

2
þ l2 - ρ2 cosϕ2 cos 2β sinϕ2

2 2 2 2D2 =C20sin ϕ2 -C21 sinϕ2 -C22 sinϕ2 cosϕ2 þ b2 þ r2ð Þ þ p2 ð2:10Þ

where

C20 = πm2
2 þ l2

� 	2 - b2
2

h i
cos 2β þ ρ2

2sin2β,C21 = 2ρ2 b2sin2β þ d2
2

�
,

C22 = 2b2
πm2

2
þ l2

� �
cos 2β

The above is the calculation of the unit normal vector of the working tooth profile
curve of the left concave tooth engaged in meshing. It can be seen from Eqs. (2.9)

and (2.10) that the unit normal vector n
→

2

� �
2
contains only variables θ2 and ϕ2 and

that its three components n2e,n2g, and n2k contain only one variable ϕ2.
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Above, we establish the relative coordinate system of the normal double-circular
spiral surface, deduce the corresponding equations of the concave and convex tooth
profile spiral surface, and obtain the unit normal vector of the surface. The theoretical
derivation and calculation in this chapter have established the foundation for study-
ing the meshing principle of a normal double-circular-arc gear pair and help calcu-
late the formula of the meshing performance parameters of gear pairs.

2.3 System of Nonlinear Equations to Determine
Instantaneous Contact Point

In the previous chapter, the helical surface equation of a normal double-circular-arc
gear was established. The equation is a binary equation composed of two variables,
and the basic parameters of the concave and convex surface on the left side are
provided. In this chapter, the meshing theory of the tooth surface equation is used to
further study the meshing of a normal double-circular-arc gear. A normal double-
circular-arc gear has point contact form, so it is necessary to establish the relative
motion coordinate system between them, calculate the relative motion parameters of
the two gears, then deduce the tooth surface meshing equation, and calculate the
nonlinear equations by the elimination method, which lays the foundation for
solving the contact point in the following.

2.3.1 Equation and Normal Vector of Surface Families
in a Static Coordinate System

In order to study normal double-circular-arc gear transmission, all coordinate sys-
tems related to the two meshing gears are shown in Fig. 2.3 during the meshing
analysis of a normal double-circular-arc gear pair.

According to the relative position relationship of meshing, two static coordinate

systems, namely, σo1 Oo1; i
→

o1, j
→

o1, k
→

o1

n o
and σo2 Oo2; i

→
o2, j

→
o2, k

→
o2

n
, are

established, and the initial position before meshing is represented by the
corresponding parameters related to the two tooth surfaces. The dynamic coordinate

systems σ1 O1; i
→

1, j
→

1, k
→

1

n o
and σ2 O2; i

→
2, j

→
2, k

→
2

n o
, connected with the gear

phase, are established to represent the current position of the meshing of the two
gears, respectively. The centers of the axes of the two gears are located at point O1

and point O2, respectively. The center distance of the gear pair is the straight-line

distance of two points: O1O2
���!��� ���= a. If gear 1 is a dextral gear, then gear 2 is left-

handed. When the two gears move relative to each other, they rotate along their axes

k
→

1 and k
→

2, respectively, and i
→

o1 = i
→

o2.
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Fig. 2.3 The relative
motion coordinate system of
a gear pair

In the precious chapter, the coordinate system in which the tooth surface equation
is established is located in the moving coordinate system, and the position
represented is the current position of two meshing gears. When two normal double-
circular-arc gears move relative to each other, they rotate around their respective
axes. Moreover, at any moment when the two gears are meshing, they rotate from
their initial position to their current position, and, at the current position, the rotation
angle relative to its initial position is expressed by angles φ1 and φ2, respectively. At
the same time, the two tooth surfaces contact each other at the unique contact
point M.

The moving coordinate system of the normal double-circular-arc gear 1 is the

equation after gear 1 rotates around its axis k
→

1 by an angle of φ1 at the initial
moment. Therefore, using the basic knowledge of coordinate transformation in
differential geometry, the left convex tooth surface equation of the normal double-
circular-arc gear 1 is converted from the driven coordinate system

σ1 O1; i
→

1, j
→

1, k
→

1

n o
to the static coordinate system σo1 Oo1; i

→
o1, j

→
o1, k

→
o1

n
.

Combined with the equation of the left convex tooth surface of the normal double-
circular-arc gear, we can get:

r
→

1

� �
o1

=R k
→

o1, φ1

h i
r
→

1

� �
1
=

cosφ1 - sinφ1 0

sinφ1 cosφ1 0

0 0 1

264
375 r

→
1

� �
1

= xo1 i
→

o1 þ yo1 j
→

o1 þ zo1 k
→

o1

ð2:11Þ

where



� �
Þ

d
�

Þ

z = z = ρ cosϕ - lð Þ sin β þ p θ

o1

o

d

o2
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xo1 = ρ1 cosϕ1 - l1ð Þ cos β cos θ1 þ φ1ð Þ- ρ1 sinϕ1 þ b1 þ d1
2

sin θ1 þ φ1ð�
yo1 = ρ1 cosϕ1 - l1ð Þ cos β sin θ1 þ φ1ð Þ þ ρ1 sinϕ1 þ b1 þ 1

2
cos θ1 þ φ1ð

o1 1 1 1 1 1 1h i
Matrix R k

→
o1, φ1 is the rotation matrix of the rotation angle φ1 of the vector

r
→

1

� �
around the axis k

→
1.

After the coordinate transformation of the tooth surface equation, it is necessary

to use the same method to convert the unit normal vector n
→

1

� �
1
of the left convex

tooth surface of the gear from the driven coordinate system σ1 O1; i
→

1, j
→

1, k
→

1

n
to

the static coordinate system σo1 Oo1; i
→

o1, j
→

o1, k
→

o1

n o
. The unit normal vector

n
→

1

� �
1
is a unit vector with bases e

→
1 θ1ð Þ, g

→
1 θ1ð Þ, and k

→
1. After the coordinate

transformation, the coordinate expression of the unit normal vector in the static
system is obtained:

n
→

1

� �
o1
=R k

→
o1, φ1

h i
n
→

1 =
nxo1
D1

i
→

o1 þ nyo1
D1

j
→

o1 þ nk1
D1

k
→

1 ð2:12Þ

where

nxo1 = n1e cos θ1 þ φ1ð Þ- n1g sin θ1 þ φ1ð Þ,nyo1 = n1e sin θ1 þ φ1ð Þ
þn1g cos θ1 þ φ1ð Þ� �

n1k = - ρ1 sinϕ1 þ b1 þ 1

2
cosϕ1 þ ρ1 cosϕ1 - l1ð Þ cos 2β sinϕ1

We can see from the above-transformed formula that the base vector of the unit
normal vector of gear 1 has changed after the coordinate transformation. It can be
seen that the coordinate system in which the unit normal vector is located is rotated
by an angle of (θ1 + φ1), and the unit normal vector will be represented by θ1, ϕ1,
and φ1, three unknown variables.

Then, using the same method, the equation of the tooth surface of the left
concave tooth of the normal double circular-arc gear 2 is transformed from the

driven coordinate system σ2 O2; i
→

2, j
→

2, k
→

2

n o
to the static coordinate system

σo2 Oo2; i
→

o2, j
→

, k
→

o2

n o
, which can be obtained as:
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d πm �

40 2 Meshing Theory for Abnormal Novikov Helical Gears

r
→

2

� �
o2

=R k
→

o2, -φ2

h i
r
→

2

� �
2
=

cosφ2 sinφ2 0

- sinφ2 cosφ2 0

0 0 1

64 75 r
→

2

� �
2

= xo2 i
→

o2 þ yo2 j
→

o2 þ zo2 k
→

o2

ð2:13Þ

where

xo2 =
πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β cos θ2 þ φ2ð Þ

- ρ2 sinϕ2 - b2 -
d2
2

� �
sin θ2 þ φ2ð Þ

πm� �
yo2 =- 2

2
þ l2 - ρ2 cosϕ2 cos β sin θ2 þ φ2ð Þ

- ρ2 sinϕ2 - b2 -
d2
2

� �
cos θ2 þ φ2ð Þ

πm� �
zo2 = z2 = p2θ2 -

2

2
þ l2 - ρ2 cosϕ2 sin β

h i
Matrix R k

→
o2, -φ2 is the rotation matrix of the rotation angle φ2 of the vector

r
→

2

� �
around the axis k

→
2.

Then, the coordinate expression of the normal vector in the static system is
obtained after coordinate transformation:

n
→

2

� �
o2
=R k

→
o2, -φ2

h i
n
→

2

� �
2
=

nxo2
D2

i
→

o2 þ nyo2
D2

j
→

o2 þ n2k
D2

k
→

2 ð2:14Þ

where

nxo2 = n2e cos θ2 þ φ2ð Þ þ n2g sin θ2 þ φ2ð Þ,nyo2 = - n2e sin θ2 þ φ2ð Þ
þn2g cos θ2 þ φ2ð Þ� � �

n2k = ρ2 sinϕ2 - b2 -
2

2
cosϕ2 þ 2

2
þ l2 - ρ2 cosϕ2 cos 2β sinϕ2

We can see from the above-transformed formula that the base vector of the unit
normal vector of gear 2 has changed after the coordinate transformation. It can be
seen that the coordinate system in which the unit normal vector is located is rotated
by an angle of (θ2 + φ2), and the unit normal vector will be represented by θ2, ϕ2,
and φ2, three unknown variables.

The relative motion of the two gears is analyzed, and the corresponding tooth
surface equations and unit normal vectors are transformed, which provides an
important basis for calculating the contact point.
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2.3.2 Derivation and Elimination of Tooth Surface Contact
Equations

As shown in Fig. 2.3, there is a contact point M between tooth surface 1 and tooth
surface 2 in the meshing process, and the position of the contact point M will
naturally change along the contact path within one meshing cycle of the gear pair.
In the meshing process of point contact gear, it is necessary to ensure the continuous
tangent of the two tooth surfaces. The condition of continuous tangent is that the two
tooth surfaces have a common normal at the contact point M at any time. Accord-
ingly, nonlinear contact equations for determining the contact point M can be
established according to a common point and common normal condition:

r
→

1

� �
o2
- r

→
2

� �
o2
þ O2O1

���!� �
o2
= 0

n
→

1

� �
o2
- n

→
2

� �
o2
= 0

8><>: ð2:15Þ

For the second equation in the system (2.15), we should judge the sign on the left
side of the equal sign. We should consider the positive sign if the two-unit normal
vectors point to the same point at the contact point. The negative sign is considered if
the direction is opposite at the contact point. Here, when judging the pointing of the
unit normal vector, we can observe the direction of the two first-order partial
derivatives and use the right-hand rule to judge the pointing of the normal vector.

We can see that the normal vector points to the outside of gear 1 from the internal
entity. Similarly, the normal vector can be seen pointing from the external space of
gear 2 to the internal entity. Therefore, we can conclude from the above inference
that the sign in the second equation in the system (2.15) is minus.

There are six unknowns in the system (2.15), which are θ1, θ2, ϕ1, ϕ2, φ1, and φ2.
When solving a nonlinear equation group iteratively, it is well-known that the less

amount of its unknowns, the easier is the implementation of its iterative solving
process. However, there are six unknowns in system (2.15), which are difficult to
solve directly. For the purpose of simplifying the solving process, we should
transform system (2.15) into its simplest equivalent form with the least unknowns
by means of the elimination artifice. The concrete eliminating steps are as follows:�

Substituting the expressions of the components of the normal vectors n
→

1
o2

and n
→

2

� �
o2

in the second equation of system (2.15), i.e., the alleged common

normal equation, yields three equations as follows:

n1e
D1

cos θ1 þ φ1ð Þ- n1g
D1

sin θ1 þ φ1ð Þ= n2e
D2

cos θ2 þ φ2ð Þ þ n2g
D2

sin θ2 þ φ2ð
n1e
D1

sin θ1 þ φ1ð Þ þ n1g
D1

cos θ1 þ φ1ð Þ= -
n2e
D2

sin θ2 þ φ2ð Þ þ n2g
D2

cos θ2 þ φ2ð
n1k
D1

=
n2k
D2

8>>>><>>>>:
ð2:16Þ
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The first two equations in (2.16) can be regarded as those containing unknown
trigonometric function variables, sin(θ1 + φ1) and cos(θ1 + φ1), and can be solved
and expressed as follows:

sin θ1 þ φ1ð Þ= D1 n1en2g - n2en1g
� 	

cos θ2 þ φ2ð Þ- n1en2e þ n1gn2g
� 	

sin θ2 þ φ2ð

D2 n1e2 þ n1g2

� 	
ð2:17Þ� 	 � 	


cos θ1 þ φ1ð Þ= 1 1e 2g 2e 1g 2 þ 2ð Þ þ 1e 2e þ 1g 2g 2 þ 2ð
D2 n1e2 þ n1g2

� 	
ð2:18Þ

Using the common point equation, the components of the tooth surface equation
are put into the first equation of the system (2.15), and three equations can be
obtained:

πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β cos θ2 þ φ2ð Þ- ρ2 sinϕ2 - b2-

d2
2

� �
sin θ2 þ φ2ð Þ

¼ ρ1 cosϕ1 - l1ð Þ cos β cos θ1 þ φ1ð Þ
- ρ1 sinϕ1 þ b1 þ d1

2

� �
sin θ1 þ φ1ð Þ þ a-

πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β sin θ2 þ φ2ð

- ρ2 sinϕ2- b2 -
d2
2

� �
cos θ2 þ φ2ð Þ ¼ ρ1 cosϕ1 - l1ð Þ cos β sin θ1 þ φ1ð Þ

þ ρ1 sinϕ1 þ b1 þ d1
2

� �
cos θ1 þ φ1ð Þp2θ2 - πm2

2
þ l2 - ρ2 cosϕ2

�
sin β

¼ ρ1 cosϕ1 - l1ð Þ sin β þ p1θ1

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
ð2:19Þ

By substituting the previously solved expressions (2.17) and (2.18) in the first
two equations of (2.19) respectively, the following two equations can be obtained:

πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β-A

h i
cos θ2 þ φ2ð Þ

- Bþ ρ2 sinϕ2 - b2 -
d2
2

� �� 

sin θ2 þ φ2ð Þ- a ¼ 0

-
πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β-A

h i
sin θ2 þ φ2ð Þ

- Bþ ρ2 sinϕ2 - b2 -
d2
2

� �� 

cos θ2 þ φ2ð Þ ¼ 0

8>>>>>>>>>><>>>>>>>>>>:
ð2:20Þ

where



� 	 � 	� 	
 �
cos - cos - sin

	�

� 	 �
l - ρ cosϕ cos β-A

� 	�

i
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A ¼ D1 ρ1 cosϕ1 - l1ð Þ cos β n1en2e þ n1gn2g - ρ1 sinϕ1 þ b1 þ d1
2 n1en2g - n2en1g

D2 n1e2 þ n1g2
� 	

� 	
d1

� 	�

B ¼ D1 ρ1 ϕ1 l1ð Þ β n1en2g n2en1g þ ρ1 ϕ1 þ b1 þ 2 n1en2e þ n1gn2g

D2 n1e2 þ n1g2
� 	

Through the above steps, we eliminate the trigonometric function variables sin
(θ1 + φ1) and cos(θ1 + φ1) in (2.19) so that the first two equations of (2.19) contain
only (θ2 + φ2). Then, it can be solved through Eq. (2.20):

sin θ2 þ φ2ð Þ= - a
Bþ ρ2 sinϕ2 - b2 - d2

2

� 	

Bþ ρ2 sinϕ2 - b2 - d2

2

� 	
 �2 þ πm2
2 þ l2 - ρ2 cosϕ2

�
cos β-A


 2

ð2:21Þ
πm2
� 	


cos θ2 þ φ2ð Þ= a 2 þ 2 2 2

πm2
2 þ l2 - ρ2 cosϕ2

� 	
cos β-A


 �2 þ Bþ ρ2 sinϕ2 - b2 - d2
2

�
 2

ð2:22Þ

Here, using the trigonometric function that the sum of squares is one, that is,
sin2(θ2 + φ2) + cos2(θ2 + φ2) = 1, we can obtain:

Bþ ρ2 sinϕ2 - b2 -
d2
2

� �� 
2
þ πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β-A

h 2
- a2 = 0

ð2:23Þ

So far, we eliminated (θ1+ φ1) and (θ2+ φ2), leaving only two unknowns ϕ1 and
ϕ2 in the equivalent equation (2.23) after elimination. Since one equation cannot be
solved with two unknowns, we observe that the third equation in (2.16) also contains
only two unknown parameters ϕ1 and ϕ2. Therefore, by combining the third term in
Eq. (2.16) with Eq. (2.23), we can obtain a binary nonlinear system of equations
about ϕ1 and ϕ2:

f 1 ϕ1, ϕ2ð Þ ¼ Bþ ρ2 sinϕ2- b2 -
d2
2

� �� 
2
þ πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β

"
- A

#2

- a2 ¼ 0

f 2 ϕ1, ϕ2ð Þ ¼ D2 ρ1 cosϕ1 - l1ð Þ cos 2β sinϕ1

"
- ρ1 sinϕ1 þ b1 þ d1

2

� �
cosϕ1

#

-D1 ρ2 sinϕ2 - b2 -
d2
2

� �
cosϕ2 þ πm2

2
þ l2- ρ2 cosϕ2

� �
cos 2β sinϕ2

�
¼ 0

8>>>>>>>>>><>>>>>>>>>>:
ð2:24Þ
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So far, there are still three unknown parameters and two angle sum equations in
the contact equation, and the solution of the new system is the same as that of the
original system. Therefore, to make the system well-conditioned, we need to add
an equation or assign a specific value to one of the three variables, θ1,φ1, and
φ2, to obtain the other parameters to determine each contact point.

2.4 Instantaneous Transmission Ratio of a Gear Pair

In gear transmission, the instantaneous transmission ratio i�12 should be equal to the
nominal transmission i12. The instantaneous transmission ratio we can obtain from
the movement condition of gear transmission is expressed as follows:

V
→ Mð Þ

12 � n→ 1 = 0 ð2:25Þ

Since the axial positions of the two gears are relatively unchanged, O1O2
!

is a
constant vector and the relative velocity at the contact point M is:

V
→ Mð Þ

12 = ω
→

1

� �
o1
× r

→
1

� �
o1
- ω

→
2

� �
o2
× r

→
2

� �
o2

ð2:26Þ

According to the relationship shown in Fig. 2.3, it can be seen that:

ω
→

1

� �
o1
= ω

→
1

��� ��� k→ o1, ω
→

2

� �
o2
= - ω

→
2

��� ��� k→ o2 ð2:27Þ

In combination with (2.44), (2.45), and (2.46), the instantaneous transmission
ratio i�12 can be expressed as:

i�12 =
ω
→

1

��� ���
ω
→

2

��� ��� = -
k
→

o2, r
→

2

� �
o2
, n

→
2

� �
o2

h
k
→

o1, r
→

1

� �
o1
, n

→
1

� �
o1

h ð2:28Þ

� � � � � � � �
By bringing in the various components of r

→
1

o1
, r

→
2

o2
, n

→
1

o1
, n

→
2

o2
,n1e,

n1g,n2e,n2g,p1,p2 we can get:

i�12 = -
k
→

o2 × xo2 i
→

o2 þ yo2 j
→

o2 þ zo2 k
→

o2

� �h
� nxo2

D2
i
→

o2 þ nyo2
D2

j
→

o2 þ n2k
D2

k
→

2

�
k
→

o1 × xo1 i
→

o1 þ yo1 j
→

o1 þ zo1 k
→

o1

� �h
� nxo1

D1
i
→

o1 þ nyo1
D1

j
→

o1 þ n1k
D1

k
→

1

�



�
�

y - x

Þ�

Þ�

"

Þ�

Þ�

		
- - cos cos sin - sin - -
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= -
yo2 i

→
o2 - xo2 j

→
o2

� �
� nxo2

D2
i
→

o2 þ nyo2
D2

j
→

o2 þ n2k
D2

k
→

2

�
yo1 i

→
o1 - xo1 j

→
o1

� �
� nxo1

D1
i
→

o1 þ nyo1
D1

j
→

o1 þ n1k
D1

k
→

1

�
nxo2 nyo2

= -
o2 D2

o2 D2

yo1
nxo1
D1

- xo1
nyo1
D1

= -
D1

D2

yo2nxo2 - xo2nyo2
yo1nxo1 - xo1nyo1

ð2:29Þ

where

yo2nxo2 - xo2nyo2 ¼ -
πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β sin θ2 þ φ2ð Þ

"

- ρ2 sinϕ2 - b2 -
d2
2

� �
cos θ2 þ φ2ð Þ

#
n2e cos θ2 þ φ2ð Þ þ n2g sin θ2 þ φ2ð


-
πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β cos θ2 þ φ2ð Þ

"

- ρ2 sinϕ2 - b2 -
d2
2

� �
sin θ2 þ φ2ð Þ

#
- n2e sin θ2 þ φ2ð Þ þ n2g cos θ2 þ φ2ð


,

yo1nxo1 - xo1nyo1 ¼ ρ1 cosϕ1- l1ð Þ cos β sin θ1 þ φ1ð Þ

þ ρ1 sinϕ1 þ b1 þ d1
2

� �
cos θ1 þ φ1ð Þ

#
n1e cos θ1 þ φ1ð Þ þ n2g sin θ2 þ φ2ð


- ρ1 cosϕ1 - l1ð Þ cos β cos θ1 þ φ1ð Þ
"

- ρ1 sinϕ1 þ b1 þ d1
2

� �
sin θ1 þ φ1ð Þ

#
n1e sin θ1 þ φ1ð Þ þ n1g cos θ1 þ φ1ð


So, (2.29) can be written as

i�12 = -
D1

D2

- πm2
2 þ l2 - ρ2 cosϕ2

� 	
cos βp2 cos β sinϕ2 - ρ2 sinϕ2 - b2 - d2

2

�
p2 cosϕ2

ρ1 cosϕ1 - l1ð Þ cos βp1 cos β sinϕ1 - ρ1 sinϕ1 þ b1 þ d1
2

�
p1 cosϕ1

πm2
� 	

2 d2
�

= -
D1

D2

d2
d1

2 þ l2 ρ2 ϕ2 β ϕ2 ρ2 ϕ2 b2 2 ϕ2

ρ1 cosϕ1 - l1ð Þ cos 2β sinϕ1 - ρ1 sinϕ1 þ b1 þ d1
2

� 	
cosϕ1

ð2:30Þ

In combination with the third equation in (2.16), it can be concluded that:



� 	 � 		
D d - n d

�

Þ ð

�
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i�12 = -
D1

D2

d2
d1

- πm2
2 þ l2 - ρ2 cosϕ2 cos 2β sinϕ2 - ρ2 sinϕ2 - b2 - d2

2 cosϕ2

ρ1 cosϕ1 - l1ð Þ cos 2β sinϕ1 - ρ1 sinϕ1 þ b1 þ d1
2

�
cosϕ1

= - 1

D2

2

d1
2k

n1k
= 2

d1
ð2:31Þ

According to the Eq. (2.31), we can see that the transmission type of a double-
circular-arc gear pair is continuous ratio transmission. Moreover, the instantaneous
transmission ratio is equal to the nominal transmission ratio.

2.5 Fundamental Quantities of Two Tooth Surfaces

According to Eqs. (2.2) and (2.3), the first and second fundamental quantities of the
helical surface of the left convex tooth of the normal double-circular-arc gear can be
obtained as follows:

E1 =
∂ r

→
1

� �
1

∂θ1
�
∂ r

→
1

� �
1

∂θ1
= ρ1 sinϕ1 þ b1 þ d1

2

� 2

þ ρ1 cosϕ1 - l1ð Þ2 cos 2β1 þ p1
2

ð2:32Þ

→
� �

→
� �

F1 =
∂ r 1

1

∂θ1
�
∂ r 1

1

∂ϕ1
= ρ1 cos β b1 sinϕ1 - l1 cosϕ1 þ ρ1ð 2:33Þ

→
� �

→
� �

G1 =
∂ r 1

1

∂ϕ1
�
∂ r 1

1

∂ϕ1
= ρ1

2 ð2:34Þ

The second partial derivatives of θ1 and φ1 can be obtained through the tooth
surface equations:

∂2 r
→

1

� �
1

∂θ1
2 = - ρ1 cosϕ1 - l1ð Þ cos β e

→
1 θ1ð Þ- ρ1 sinϕ1 þ b1 þ d1

2

�
g
→

1 θ1ð Þ ð2:35Þ

2 →
� �

∂ r 1
1

∂θ1∂ϕ1
= - ρ1 cosϕ1 e

→
1 θ1ð Þ- ρ1 sinϕ1 cos β g

→
1 θ1ð Þ ð2:36Þ

2 →
� �

∂ r 1
1

∂ϕ1
2 = - ρ1 cosϕ1 cos β e

→
1 θ1ð Þ- ρ1 sinϕ1 g

→
1 θ1ð Þ- ρ1 cosϕ1 sin β k

→
1 ð2:37Þ
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According to the relevant theories of differential geometry and according to
(2.35), (2.36), and (2.37), the second fundamental quantity of the convex tooth
helical surface can be obtained by the dot product:

L1 =
ρ1E1 sin β sinϕ1 þ p1F1

D1ρ1
,

M1 =
F1 sin β sinϕ1 þ ρ1p1

D1
,

N1 =
- ρ1n1g
D1 sinϕ1

ð2:38Þ

According to (2.7) and (2.8), the first fundamental quantity of the helical surface
of the left concave tooth of the normal double-circular-arc gear can be obtained as
follows:

E2 =
∂ r

→
2

� �
2

∂θ2
�
∂ r

→
2

� �
2

∂θ2
= ρ2 sinϕ2 - b2 -

d2
2

� 2

þ πm2
2 þ l2 - ρ2 cosϕ2

� 	2
cos 2β þ p2

2

ð2:39Þ

→
� �

→
� �

F2 =
∂ r 2

2

∂θ2
�
∂ r 2

2

∂ϕ2

= - ρ2 cos β ρ2 - b2 sinϕ2 -
πm2

2
þ l2

� �
cosϕ2

h ð2:40Þ

→
� �

→
� �

G2 =
∂ r 2

2

∂ϕ2
�
∂ r 2

2

∂ϕ2
= ρ2

2 ð2:41Þ

Similarly, the second partial derivative of the concave tooth surface can be
obtained according to the above steps.

∂2 r
→

2

� �
2

∂θ2
2 = -

πm2

2
þ l2 - ρ2 cosϕ2

� �
cos β e

→
2 - θ2ð Þ þ ρ2 sinϕ2 - b2 -

d2
2

�
g
→

2 - θ2ð

ð2:42Þ
2 →
� �

∂ r 2
2

∂θ2∂ϕ2
= - ρ2 cosϕ2 e

→
2 - θ2ð Þ- ρ2 sinϕ2 cos β g

→
2 - θ2ð Þ ð2:43Þ

2 →
� �

∂ r 2
2

∂ϕ2
2 = ρ2 cosϕ2 cos β e

→
2 - θ2ð Þ þ ρ2 sinϕ2 g

→
2 - θ2ð Þ- ρ2 cosϕ2 sin β k

→
2

ð2:44Þ
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The second fundamental quantity of the concave tooth helical surface can be
obtained as:

L2 =
- ρ2E2 sin β sinϕ2 þ p2F2

ρ2D2
,M2 =

-F2 sin β sinϕ2 - p2ρ2
D2

, N2 =
ρ2n2g

D2 sinϕ2

ð2:45Þ

2.6 Moving Frames on Two Tooth Surfaces

At any contact point M, we can use the relative positions of the two coordinate
systems to calculate the relative principal curvature of the gear pair. They are

σ 1ð Þ M; α
→ 1ð Þ� �

, α
→ 1ð Þ� �

, n
→

1

� �n o
and σ 2ð Þ M; α

→ 2ð Þ� �
, α

→ 2ð Þ� �
, n

→
2

� �n
.

The two main directions on the spiral plane are solved as follows. In the frame

σ1 O1; i
→

1, j
→

1, k
→

1

n o
, in order to obtain the normal curvature and short-range

torsion on the helical surface of the normal double-circular-arc gear more easily, it
is necessary to determine two mutually perpendicular principal directions, i.e.,

α
→ 1ð Þ

ξ

� �
1
and α

→ 1ð Þ
η

� �
1
, on the helical surface. Since the helical surface is a binary

equation about θ1 and ϕ1, the unit tangent vector α
→ 1ð Þ

ξ

� �
1
of the fixed surface is

taken as the unit tangent vector of its line ϕ1; then, at any point M on the helical

surface, the principal direction α
→ 1ð Þ� �

can be obtained by the following formula:

α
→ 1ð Þ

ξ

� �
1
=

∂ r
→

1ð Þ
1

∂ϕ1

∂ r
→

1ð Þ
1

∂ϕ1

���� ���� = - sinϕ1 cos β e
→

1 θ1ð Þ þ cosϕ1 g
→

1 θ1ð Þ- sinϕ1 sin β k
→

1

ð2:46Þ

Then, the other base vector α
→ 1ð Þ

η
1

of the movable mark frame

M; α
→ 1ð Þ

ξ

� �
1
, α

→ 1ð Þ
η

� �
1
, n
→

1

n o
on the helical surface of the gear, that is, the other

unit tangent vector of the helical surface of the gear, can be determined according to
the right-hand helical rule:

α
→ 1ð Þ

η

� �
1
= n

→
1 × α

→ 1ð Þ
ξ

� �
1
= α 1ð Þ

ηx

� �
1
e
→

1 θ1ð Þ þ α 1ð Þ
ηy

� �
1
g
→

1 θ1ð Þ þ α 1ð Þ
ηz

� �
1
k
→

1

ð2:47Þ

where



� � � � � �
�

�

ξ
2

� �

�
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α 1ð Þ
ηx

1
= - cosϕ1

n1k
D1

þ sinϕ1 sin β
n1g
D1

, α 1ð Þ
ηy

1

= sinϕ1 sin β
n1e
D1

- sinϕ1 cos β
n1k
D1

�
, α 1ð Þ

ηz

� �
1

= sinϕ1 cos β
n1g
D1

þ cosϕ1
n1e
D1

�
The two main directions on the spiral plane are solved as follows. In the frame

σ2 O2; i
→

2, j
→

2, k
→

2

n o
, in order to obtain the normal curvature and geodesic torsion

on the helical surface of the normal double-circular-arc gear more easily, it is
necessary to determine two mutually perpendicular principal directions, i.e.,

α
→ 2ð Þ

ξ

� �
2
and α

→ 2ð Þ
η

� �
2
, on the helical surface. Since the helical surface is a binary

equation about θ2 and ϕ2, the unit tangent vector α
→ 2ð Þ

ξ

� �
2
of the fixed surface is

taken as the unit tangent vector of its line ϕ2; then, at any point M on the helical

surface, the principal direction α
→ 2ð Þ� �

can be obtained by the following formula:

α
→ 2ð Þ

ξ

� �
2
=

∂ r
→

2ð Þ
2

∂ϕ2

∂ r
→

2ð Þ
2

∂ϕ2

���� ���� = sinϕ2 cos β e
→

2 - θ2ð Þ- cosϕ2 g
→

2 - θ2ð Þ- sinϕ2 sin β k
→

2

ð2:48Þ

Then, the other base vector α
→ 2ð Þ

η
2

of the movable mark frame

M; α
→ 2ð Þ

ξ

� �
2
, α

→ 2ð Þ
η

� �
2
, n
→

2

n o
on the helical surface of the gear, that is, the other

unit tangent vector of the helical surface of the gear, can be determined according to
the right-hand helical rule:

α
→ 2ð Þ

η

� �
2
= n

→
2 × α

→ 2ð Þ
ξ

� �
2
= α 2ð Þ

ηx

� �
2
e
→

2 - θ2ð Þ þ α 2ð Þ
ηy

� �
2
g
→

2 - θ2ð Þ þ α 2ð Þ
ηz

� �
2
k
→

2

ð2:49Þ

where

α 2ð Þ
ηx

� �
2
= cosϕ2

n2k
D2

- sinϕ2 sin β
n2g
D2

,

α 2ð Þ
ηy

� �
2
= sinϕ2 cos β

n2k
D2

þ sinϕ2 sin β
n2e
D2

,

α 2ð Þ
ηz

� �
2
= - sinϕ2 cos β

n2g
D2

þ cosϕ2
n2e
D2

�



� � � � � �

ξ
o2

ξ
o2

ð Þ ð Þ
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Given that n
→

1
o2
= n

→
2

o2
at the contact point M, the four vectors α

→ 1ð Þ
ξ

o2
,

α
→ 1ð Þ

η

� �
o2
, α

→ 2ð Þ
ξ

� �
o2
, and α

→ 2ð Þ
η

� �
o2

lie on the common tangent plane of the two

meshing tooth surfaces. Therefore, the relative positions of the two frames can be

determined by the directed angles from α
→ 1ð Þ� �

to α
→ 2ð Þ� �

.

The principal directions are the expressions after a coordinate transformation. The
transformation is as follows:

α
→ 1ð Þ

ξ

� �
o1
=R k

→
o1, φ1

h i
α
→ 1ð Þ

ξ

� �
1
= α 1ð Þ

ξx i
→

o1 þ α 1ð Þ
ξy j

→
o1 þ α 1ð Þ

ξz k
→

o1 ð2:50Þ

Because the coordinate system is parallel,

α
→ 1ð Þ

ξ

� �
o2
= α

→ 1ð Þ
ξ

� �
o1
= α 1ð Þ

ξx i
→

o2 þ α 1ð Þ
ξy j

→
o2 þ α 1ð Þ

ξz k
→

o2 ð2:51Þ

where

α 1ð Þ
ξx = - sinϕ1 cos β cos θ1 þ φ1ð Þ- cosϕ1 sin θ1 þ φ1ð Þ,

α 1ð Þ
ξy = - sinϕ1 cos β sin θ1 þ φ1ð Þ þ cosϕ1 cos θ1 þ φ1ð Þ,

α 1ð Þ
ξz = - sinϕ1 sin β

2
� � →h i

2
� � → → →

α
→

ξ
o2
=R k o2, -φ2 α

→
ξ

2
= α 2ð Þ

ξx i o2 þ α 2ð Þ
ξy j o2 þ α 2ð Þ

ξz k o2 ð2:52Þ

where

α 2ð Þ
ξx = sinϕ2 cos β cos θ2 þ φ2ð Þ- cosϕ2 sin θ2 þ φ2ð Þ,

α 2ð Þ
ξy = - sinϕ2 cos β sin θ2 þ φ2ð Þ- cosϕ2 cos θ2 þ φ2ð Þ,

α 2ð Þ
ξz = - sinϕ2 sin β

2
� � →h i

2
� � → → →

α
→

η
o2
=R k o2, -φ2 α

→
η

2
= α 2ð Þ

ηx i o2 þ α 2ð Þ
ηy j o2 þ α 2ð Þ

ηz k o2 ð2:53Þ

where

α 2ð Þ
ηx = α 2ð Þ

ηx

� �
2
cos θ2 þ φ2ð Þ þ α 2ð Þ

ηy

� �
2
sin θ2 þ φ2ð Þ,

α 2ð Þ
ηy = - α 2ð Þ

ηx

� �
2
sin θ2 þ φ2ð Þ þ α 2ð Þ

ηy

� �
2
cos θ2 þ φ2ð Þ,

α 2ð Þ
ηz = α 2ð Þ

ηz

� �
2



þ þ

α
→ 1ð Þ

ξ

� �
1
can be obtained as:

� �
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2.7 Curvature Parameters of Two Tooth Surfaces

According to the solution method of the curvature parameters in gear meshing
theory, the normal curvature and mean curvature of any point on the surface can
be obtained by two fundamental quantities of this point:

kn =
Ldθ2 þ 2Mdθdϕþ Ndϕ2

Edθ2 2Fdθdϕ Gdϕ2 ð2:54Þ

H=
LG- 2MF þ NE
2 EG-F2
� 	 ð2:55Þ

In (2.54), let dθ = 0; then, the principal curvature along the principal direction

k 1ð Þ
ξ =

N1

G1
=

- n1g
D1 sinϕ1ρ1

ð2:56Þ

According to the relationship between the normal curvature and average curva-

ture, the principal curvature along the principal direction α
→ 1ð Þ

η

� �
1

can be

expressed as:

k 1ð Þ
η = 2H1 - k 1ð Þ

ξ ð2:57Þ

Given that dθ = 0, the expression of the main direction α
→ 1ð Þ

ξ
1

can be

rewritten as:

α
→ 1ð Þ

ξ

� �
1
=

d r
→

1

� �
1

ds
=

∂ r
→

1

� �
1

∂θ
dθ
ds

þ
∂ r

→
1

� �
1

∂ϕ
dϕ
ds

=
∂ r

→
1

� �
1

∂ϕ
dϕ
ds

ð2:58Þ

Dotting both sides with dϕ
ds :

dϕ1

ds
=

α
→ 1ð Þ

ξ

� �
1
� ∂ r

→
1ð Þ1

∂ϕ1

∂ r
→

1ð Þ1
∂ϕ1

���� ����2
=

∂ r
→

1ð Þ1
∂ϕ1

� ∂ r
→

1ð Þ1
∂ϕ1

ρ1
∂ r

→
1ð Þ1

∂ϕ1

���� ����2
=

1
ρ1

ð2:59Þ

Therefore, the geodesic torsion on the helicoid of the convex teeth along the main

direction α
→ 1ð Þ

ξ

� �
1
can be obtained:



� �2
�� ��

#

α
→ 2ð Þ

ξ

� �
2
can be obtained:

� �

ξ
2 	 #

o
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τ 1ð Þ
ξ =

1
ρ1D1

dϕ1
ds 0 0

E1 F1 G1

L1 M1 N1

������
������=

dϕ1

ds

� �2
F1N1 - ρ1

2M1

ρ1D1

=
- 1

ρ12D
2
1

F1 n1g þ ρ1 sin β sin
2ϕ1

� 	
sinϕ1

þ ρ1
2p1

" ð2:60Þ

Similarly, the curvature parameters of the concave tooth surface can be obtained
according to the above steps.

In (2.54), let dθ = 0; then, the principal curvature along the principal direction

k 2ð Þ
ξ =

N2

G2
=

- n1g
D1 sinϕ1ρ1

ð2:61Þ

The principal curvature along the principal direction α
→ 2ð Þ

η
2

can be

expressed as:

k 2ð Þ
η = 2H2 - k 2ð Þ

ξ ð2:62Þ

Therefore, we can calculate the geodesic torsion of the concave tooth along the

main direction α
→ 2ð Þ� �

:

τ 2ð Þ
ξ =

dϕ2

ds

� �2
F2N2 - ρ2

2M2

ρ2D2
=

1
ρ22D

2
2

F2 n2g - ρ2 sin β sin
2ϕ2

�
sinϕ2

- p2ρ2
2

"
ð2:63Þ

2.8 Relative Curvature Parameters of the Gear Drive

At any contact point M, we can use the relative positions of the two coordinate
systems to calculate the relative principal curvature of the gear pair. They are

σ 1ð Þ
M M; a

→ 1ð Þ
ξ

� �
1
, a

→ 1ð Þ
η

� �
1
, n

→
1

� �
1

n o
and σ 2ð Þ

M M; a
→ 2ð Þ

ξ

� �
2
, a

→ 2ð Þ
η

� �
2
, n

→
2

� �
2

n
,

the relative position of which is shown in Fig. 2.4.

The directed angle γ from α
→ 1ð Þ

ξ to α
→ 2ð Þ

ξ , measured along the common normal n
→

1,

can be used to determine the relative location between the two frames σ 1ð Þ
M and σ 2ð Þ

M .



�
ð Þ ð Þ

ξ ξ

bð Þ

Obviously, the value range of the directed angle is [0, 2π), and its sine and cosine
values can be respectively obtained by the following two formulas:
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Fig. 2.4 The relative
position between two tooth
surfaces

sin γ= - a
→ 1ð Þ

ξ

� �
o2
� a

→ 2ð Þ
η

� �
o2
= - a 1ð Þ

ξx a
2ð Þ
ηx þ a 1ð Þ

ξy a
2ð Þ
ηy þ a 1ð Þ

ξz a
2ð Þ
ηz

�
ð2:64Þ

1
� �

2
� �

cos γ= a
→

ξ
o2
� a

→
ξ

o2
= a 1ð Þ

ξx a
2ð Þ
ξx þ a 1ð Þ

ξy a
2ð Þ
ξy þ a 1ð Þ

ξz a
2ð Þ
ξz ð2:65Þ

Through the generalized Euler formula and Bertrand formula, we can calculate

the relative curvature along α
→ 2ð Þ

and α
→ 1ð Þ

at the contact point M of the gear pair:

bk 1ð Þ
ξ = k 1ð Þ

ξ cos 2γ þ k 1ð Þ
η sin 2γ þ 2τ 1ð Þ

ξ sin γ cos γ ð2:66Þ
1

kη = k 1ð Þ
ξ sin 2γ þ k 1ð Þ

η cos 2γ- 2τ 1ð Þ
ξ sin γ cos γ ð2:67Þ

1 1
� �

1 � 	bτð Þ
ξ = k 1ð Þ

η - kð Þ
ξ sin γ cos γ þ τð Þ

ξ cos 2γ- sin 2γ ð2:68Þ

The relative curvature parameters of the gear pair along with α
→ 2ð Þ

ξ and α
→ 2ð Þ

η can
be solved as follows:

k 12ð Þ
ξ =bk 1ð Þ

ξ - k 2ð Þ
ξ ,k 12ð Þ

η =bk 1ð Þ
η - k 2ð Þ

η ,τ 12ð Þ
ξ =bτ 1ð Þ

ξ - τ 2ð Þ
ξ ð2:69Þ
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2.9 Relative Principal Curvature and the Relative Principal
Direction of the Gear Drive

Calculating the relative principal curvature of the contact surface can provide a
theoretical basis for judging whether there is curvature interference in point contact
gear pairs and can help determine the contact ellipse at the contact point. In the
previous chapter, we defined the angular position relation of the two moving
coordinate systems at the contact point. In this section, we propose a more reason-
able and effective method to calculate the relative principal curvature based on the
traditional local synthesis method.

Based on the generalized Euler formula, two relative principal curvatures k 12ð
1

and k 12ð Þ
2 of gear pairs along their principal directions g

→ 12ð Þ
1 and g

→ 12ð Þ
2 , respectively,

can be obtained. The results are as follows:

k 12ð Þ
1 = k 12ð Þ

ξ cos 2ε1 þ k 12ð Þ
η sin 2ε1 þ τ 12ð Þ

ξ sin 2ε1 ð2:70Þ
12 12 2 12 2 12k2 = kξ cos ε2 þ kð Þ

η sin ε2 þ τξ sin 2ε2 ð2:71Þ

in which the angles ε1 and ε2 are the directed angles from the vector α
→ 2ð Þ

ξ to the two

relative principal directions g
→ 12ð Þ

1 and g
→ 12ð Þ

2 of the gear pair measured along the
common normal, respectively. The values of ε1 and ε2 are determined according to
their value ranges as:

ε1 =

1
2
arctan 2

τ 12ð Þ
ξ

k 12ð Þ
η - k 12ð Þ

ξ

�����
�����, τ 12ð Þ

ξ

k 12ð Þ
η - k 12ð Þ

ξ

≤ 0

90∘ -
1
2
arctan

2τ 12ð Þ
ξ

k 12ð Þ
η - k 12ð Þ

ξ

,
τ 12ð Þ
ξ

k 12ð Þ
η - k 12ð Þ

ξ

≥ 0

8>>>>><>>>>>:
, ε2 = ε1 þ 90∘ ð2:72Þ

Moreover, the two relative principal directions g
→ 12ð Þ

1 and g
→ 12ð Þ

2 can be obtained

by means of the two unit vectors α
→ 2ð Þ

ξ , α
→ 2ð Þ

η and the two directed angles ε1 and ε2,
respectively, as below:

g
→ 12ð Þ

1

� �
o2
= cos ε1 α

→ 2ð Þ
ξ

� �
o2
þ sin ε1 α

→ 2ð Þ
η

� �
o2

ð2:73Þ
12

� �
2

� �
2

� �
g
→

2
o2
= cos ε2 α

→
ξ

o2
þ sin ε2 α

→
η

o2
ð2:74Þ

Since the direction of n
→

1 is from the inside to its outside, the two relative
principal curvatures k 12ð Þ

1 and k 12ð Þ
2 must satisfy k 12ð Þ

1 ≤ 0 and k 12ð Þ
2 ≤ 0 to avoid the

curvature interference around the contact point M.
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Theoretically, the momentary contact of the gear drive at a contact point will
extend to an elliptical region due to the elasticity of its tooth surfaces. From Hertz
theory, the size (semi-major axis ae and semi-minor axis be) of a contact ellipse can
be determined as follows:

ae =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Δζ

min k 12ð Þ
1

��� ���, k 12ð Þ
2

��� ���� �vuut =

ffiffiffiffiffiffiffiffiffiffiffiffi
2Δζ

k 12ð Þ
1

��� ���
vuut ð2:75Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiv ffiffiffiffiffiffiffiffiffiffiffiffiv
be =

2Δζ

max k 12ð Þ
1

��� ���, k 12ð Þ
2

��� ���� �ut =
2Δζ

k 12ð Þ
2

��� ���ut ð2:76Þ

in which the symbol Δζ is a constant, the value of which is usually taken to be
Δζ = 0.00635 mm for the gear drive. Moreover, the contact ellipse with the solid line

(the major axis coincides with g
→ 12ð Þ

1 ) corresponds to the case of k 12ð Þ
1 < k 12ð Þ

2 as
shown in Fig. 2.4, whereas the contact ellipse with the double dots line (the major

axis coincides with g
→ 12ð Þ

) corresponds to the case of k 12ð Þ > k 12ð Þ.
So, the corresponding radius vectors of the two end points A and B of the long

axis of the instantaneous contact ellipse are:

r
→

1A

� �
o2
= r

→
1

� �
o2
þ ae g

→
1

� �
o2
, r

→
1B

� �
o2
= r

→
1

� �
o2
- ae g

→
1

� �
o2

ð2:77Þ
→

� �
→

� �
→

� �
→

� �
→

� �
→

� �
r 2A

o2
= r 2

o2
þ ae g 1

o2
, r 2B

o2
= r 2

o2
- ae g 1

o2
ð2:78Þ

2.10 Numerical Example Study

This chapter determines the helical surface equation of a normal double-circular-arc
gear, and the corresponding theoretical formula of tooth surface meshing of a gear
pair is established. This chapter will introduce how to calculate the contact path
boundary of a gear pair, determine the meshing reference point, analyze the method
of obtaining each contact point, and put forward the corresponding calculation
principle.

2.10.1 Main Technical Parameters

Based on the results of tooth contact analysis, a numerical example of the meshing
characteristics of normal double-circular-arc gear transmission is provided. The
main parameters of the normal double-circular-arc tooth profile are designed by
referring to the basic tooth profile parameters of the double-circular-arc gear GB/
T12759-1991 in the gear manual.
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Table 2.1 The basic parameters of a normal double-arc gear pair

Parameter Code and formula The numerical

Center distance a (mm) 181

Normal module m (mm) 5

The number of teeth in gear 1 Z1 24

The number of teeth in gear 2 Z2 46

Drive ratio i12 23/12

Helical angle β= arc cos m z1þz2ð Þ (∘7.) 14.7937

Diameter of indexing circle of gear 1 d1 = mz1
cos β (mm) 124.1143

Diameter of indexing circle of gear 2 d2 = mz2
cos β (mm) 237.8857

Helical parameters of gear 1 p1 = d1 cot β/2 234.9791

Helical parameters of gear 2 p2 = d2 cot β/2 450.3766

Coefficient of tooth width ϕa 0.8

Tooth width b = ϕaa (mm) 144.8

Arc radius of convex tooth surface ρ1 = 1.3m (mm) 6.5

Arc radius of concave tooth surface ρ1 = 1.68m (mm) 8.4

Center offset of convex profile l1 = 0.5298m (mm) 2.6445

Center offset of concave surface l2 = 0.6994m (mm) 3.4970

Displacement of center of convex surface b1 = 0.02m (mm) 0.12

Displacement of center of concave surface b2 = 0.03m (mm) 0.15

In this chapter, a set of circular-arc gear transmission parameters are selected to
carry out a numerical example study of transmission. The basic parameters of the
gear pair in the calculation example are shown in Table 2.1.

2.10.2 Calculating Method for Instantaneous Contact Point

According to the binary nonlinear equation (2.24) obtained above, two unknowns ϕ1

and ϕ2 can be solved. By substituting the results in (2.21) and (2.22), the values of
sin(θ2 + φ2) and cos(θ2 + φ2), respectively, can be obtained. Thus, (θ2 + φ2) can be
obtained using the inverse trigonometric function. Then, by substituting the values
of sin(θ2+ φ2) and cos(θ2 + φ2) in Eqs. (2.17) and (2.18), the values of sin(θ1 + φ1)
and cos(θ1 + φ1), respectively, and the value of (θ1 + φ1) can be obtained.

Then, through the last equation in the common point equation (2.19), the relation
between θ1 and θ2 can be obtained as follows:

θ2 = f θ1ð Þ= ρ1 cosϕ1 - ρ2 cosϕ2 - l1 þ l2 þ πm2
2

�
sin β þ p1θ1

p2 �
= 1

p2
θ1 þ p2

ρ1 cosϕ1 - ρ2 cosϕ2ð Þ þ
p2

2

2
- l1 þ l2 ð2:79Þ
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So far, there are still three unknown parameters and two angle sum equations in
the contact equation, and the solution of the new system is the same as that of the
original system. Therefore, to make the system well-conditioned, we need to add an
equation or assign a specific value to one of the three variables, θ1,φ1, and φ2, to
obtain the other parameters to determine each contact point.

Before the numerical simulation, we should determine the tooth surface boundary
equation. First, we should establish the plane Cartesian coordinate system O1 -
xR1yR1, where point Oo1 is located at the center of the gear, the xR1 axis is the axis
direction of the gear, and yR1 is the radial direction of the gear. ra1, r1, and rf1
represent the radius of the gear apex circle, indexing circle, and root circle, respec-
tively. ha and hf represent the gear’s apex height and root height, respectively.

The coordinates of any point on the helical surface of the gear satisfy the
following mapping:

xR1 = zo1 = ρ1 cosϕ1 - l1ð Þ sin β þ p1θ1 ð2:80Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffis
yR1 = x2o1 þ y2o1 = ρ1 cosϕ1 - l1ð Þ2 cos 2β þ ρ1 sinϕ1 þ b1 þ d1

2

2

ð2:81Þ

Two major boundary equations of the tooth surface can be obtained:
Left-hand side boundary equation:

xR1 = - Lb=2 ð2:82Þ

Right-hand side boundary equation:

xR1 = Lb=2 ð2:83Þ

A single variable ϕ1 determines the values of the addendum and root equations. In
the previous chapter, we solved the binary nonlinear equation and obtained the value
of ϕ1 to determine the position of the contact point in the direction of the tooth
height.

The contact end of the contact path is along the tooth length direction. Therefore,
we can determine the value range of variable θ1 using the tooth width equation as
follows:

θ maxð Þ
1 =

Lb=2- ρ1 cosϕ1 - l1ð Þ sin β
p1

ð2:84Þ

θ minð Þ
1 = b= 1 1 1

p1
ð2:85Þ

Equations (2.84) and (2.85) are the equations for determining the two end points
of the contact path, which we should guarantee to be within the range of the desired
contact points during numerical calculation.
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After determining the two contact end points of the contact path, we can assign
values within the value range of variable θ1 and determine the internal contact points
by solving contact equations. Then, we can get the values of θ2,φ1, and φ2.

2.10.3 Numerical Results

When solving nonlinear contact equations, there are generally two critical problems
to be solved: one is to determine the existence of the solution and the other is how to
provide an appropriate initial value for an iterative solution. If the technical param-
eters are set improperly, then their answers will not exist in the given solution
domain. This means that the two tooth surfaces are separated and that the scheme
is unreasonable. After the process parameters are reset, the nonlinear contact equa-
tions need to be solved again. Even if the system has no solution result, it may have
obvious physical significance and the judgment of the existence of the solution can
provide a theoretical basis for the selection and setting of parameters.

First, the nonlinear equation (2.24) are solved. By putting each parameter value
into the formula and using MATLAB to plot the intersection of two nonlinear
equations, the initial iteration value can be determined. Then, the F solve function
is used for iteration to obtain the exact value of the solution. So, we can find the
nominal pressure angles ϕ1 and ϕ2. As shown in Fig. 2.5 below:

Fig. 2.5 A graph of the intersection of two nonlinear equations
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The data of ϕ1 and ϕ2 are shown in Table 2.2:
The values of sin(θ2 + φ2) and cos(θ2 + φ2) can be obtained by substituting the

results in Table 2.2 in (2.21) and (2.22), respectively. Then, combined with (2.17)
and (2.18), we can get the values of sin(θ1 + φ1) and cos(θ1 + φ1), which are listed
in Table 2.3:

After obtaining the result of θ1 using (2.84) and (2.85), the numerical result of θ2
can be obtained by combining Eq. (2.79), which is listed in Table 2.4:

The meshing interval is determined according to the maximum and minimum
values. We can obtain multiple instantaneous contact points by bisecting the area
with the reference points as the center. Therefore, the contact points are numbered,
and the numerical solution is solved iteratively using MATLAB. So, we can get the
values of φ1 and φ2 at particular points. The calculation results of each point are
displayed in Table 2.5.

Each point is plotted on the coordinate diagram of the gear, and the contact trace
is plotted by the interpolation method. The results are displayed in Figs. 2.6 and 2.7.

Besides, the sizes of the instantaneous contact ellipses are determined from (2.77)
and (2.78) based on the relative principal curvatures obtained above. The major axes
of contact ellipses are also drawn in Figs. 2.6 and 2.7. Not only that, the values of the
directed angle γ at all the contacts are obtained from (2.64) and (2.65). Here,
sinγ = 0.0277 and cosγ = 0.9994. The value of γ is constant at every contact
point, γ = 1.5876∘.

We have expounded that, in the proximity of a contact point, the condition of
avoiding curvature interference is that both of the relative principal curvatures k 12ð

1

and k 12ð Þ
2 be less than 0. Consequently, the values of the relative principal

curvatures in Table 2.5 indicate that the bearing contact patterns of the gear pair
do not have curvature interference. After observing Figs. 2.6 and 2.7, it is easy to
discover that the contact paths of the tooth surface couples can cover the whole
thread length of the gear. This further implies that this kind of a gear pair has a
larger contact ratio.

Table 2.2 The numerical
results of ϕ1 and ϕ2

ϕ1(°) 28.1494

ϕ2(°) 21.0791

Table 2.3 Sine and cosine
values of two tooth surfaces

Tooth face 1 sin(θ1 + φ1) cos(θ1 + φ1)

0.9966 0.0829

Tooth face 2 sin(θ2 + φ2) cos(θ2 + φ2)

0.9986 0.0504

Table 2.4 The values of θ1
and θ2 at particular points

The left endpoint The right endpoint

θ1(°) -17.8476 17.4638

θ2(°) -9.0986 9.3278



① ② ③ ④ ⑤ ⑥

k 1 (μm)

k 2 (μm)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiþp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiþp

⑦ ⑧ ⑨ ⑩ ⑪ ⑫

k 1 (μm)

k 2 (μm)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiþp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiþp

Table 2.5 The parameter calculation results of contact points on two tooth surfaces

Contact point

ϕ1(°) 28.1494 28.1494 28.1494 28.1494 28.1494 28.1494

ϕ2(°) 21.0791 21.0791 21.0791 21.0791 21.0791 21.0791

θ1(°) -17.8476 -14.3171 -10.7865 -7.2559 -3.7254 -0.1948

θ2(°) -9.0980 -7.2559 -5.4139 -3.5719 -1.7298 0.1122

φ1(°) 104.9601 101.4296 97.8990 94.3684 90.8379 87.3073

φ2(°) 94.3426 92.5006 90.6586 88.8165 86.9745 85.1325
→ 12ð Þ -0.6085 -0.6085 -0.6085 -0.6085 -0.6085 -0.6085

→ 12ð Þ -35 -35 -35 -35 -35 -35

zo1(mm) -72.4 -57.9272 -43.4478 -28.9683 -14.4889 0

x2o1 y2o1(mm) 65.3029 65.3029 65.3029 65.3029 65.3029 65.3029

zo2(mm) -72.4 -57.9272 -43.4478 -28.9683 -14.4889 0

x2o2 y2o2(mm) 116.1718 116.1718 116.1718 116.1718 116.1718 116.1718

Contact point

ϕ1(°) 28.1494 28.1494 28.1494 28.1494 28.1494 28.1494

ϕ2(°) 21.0791 21.0791 21.0791 21.0791 21.0791 21.0791

θ1(°) 2.7483 5.6914 8.6345 11.5776 14.5207 17.4638

θ2(°) 1.6477 3.1833 4.7188 6.2543 7.7898 9.3254

φ1(°) 84.3642 81.4211 78.4780 75.5349 72.5918 69.6487

φ2(°) 83.5969 82.0614 80.5259 78.9904 77.4548 75.9193
→ 12ð Þ -0.6085 -0.6085 -0.6085 -0.6085 -0.6085 -0.6085

→ 12ð Þ -35 -35 -35 -35 -35 -35

zo1(mm) 12.0606 24.1307 36.2008 48.2708 60.3409 72.4

x2o1 y2o1(mm) 65.3029 65.3029 65.3029 65.3029 65.3029 65.3029

zo2(mm) 12.0606 24.1307 36.2008 48.2708 60.3409 72.4110

x2o2 y2o2(mm) 116.1718 116.1718 116.1718 116.1718 116.1718 116.1718

Fig. 2.6 A projection drawing of the contact path on gear 1
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Fig. 2.7 A projection drawing of the contact path on gear 2

The lengths of the major axes of the contact ellipses and their orientations in
Figs. 2.6 and 2.7 are determined from (2.82) and (2.83), respectively. Figures 2.6 and
2.7 depict that the orientations of the major axes of the contact ellipses are roughly
along the contact path. Moreover, the length difference between the contact paths of
the two tooth surface couples is almost 0, which indicates that the meshing of these
two tooth surface couples is almost symmetric.

2.11 Conclusion

This chapter presents a new type of a circular-arc gear drive with a circular tooth
profile in its normal section. The gear is designed as a new gear, the normal section
of which is arc-shaped, and the tooth surface equation of the arc-shaped gear is
established by the spherical vector function. The tooth profile is relatively simple,
and its point-contact meshing theory is well-established and investigated. The tooth
surface equations, the normal vector equations, the meshing equations, and so on, are
all acquired for this type of a circular-arc gear drive. In accordance with the tooth
contact analysis principle, the contact equation groups are established to ascertain its
momentary contact points. To expediently solve the preceding equations with six
unknowns, the elimination artifice is adopted to transform it into its equivalent form
with three unknowns, thus making the angular position relationship between the two
moving frames located at the contact point clear, and, based on this, the relative
principal curvature of the gear pair is correctly determined.
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The numerical cases show that the gears proposed are instantaneously in point
contact, tooth surface meshing belongs to point contact, and the contact trace is
roughly along the direction of the tooth length. The gear pair can accomplish
constant ratio transmission, and its velocity ratio can be completely equal to the
nominal transmitting ratio by rigorous derivation. The calculation results of the
relative principal curvature show that there is no curvature interference in tooth
surface meshing. Its meshing behavior is good in terms of its geometry using its
bearing contact pattern.
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Another unconventional profile employed in bevel gear pairs is the eccentric-
cycloid profile [8] in which the pinion teeth’s profile is a circular arc in the frontal
section, whereas the gear teeth’s profile is an equidistant curve of an epicycloid. The
fundamentals of mathematical modeling and tooth contact analysis in reference to
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Chapter 3
Helical Bevel Novikov Gears

Michał Batsch

3.1 Introduction

Bevel gears are widely used in high-power drives in which shaft axes cross at a
specific angle. They are implemented, e.g., in drive trains of aircraft propulsion
systems (e.g., as the main rotor or tail rotor gears) as well as in the automotive
industry (in drive axles). Helical bevel gears are the most commonly used due to
their durability. Tooth surface topography largely depends on the machining
method. Leading bevel gear machine tool manufacturers such as Gleason and
Klingelnberg have developed software (GEMS or KiMOS) to aid in the design of
such gears. These software feature modules enabling tooth contact analysis and
geometry optimization for the correct contact pattern (VHJ analysis) and strength.

There have been repeated attempts to improve bevel meshing performance by
making topological modifications by means of machining with a positive feedback
loop [1–3] as well as application of nonconventional tooth profiles. One such profile
is the Wildhaber profile, in which circular arcs are present in the normal section
[4]. The mathematical framework for modeling this mesh form, generalized over
three different gear types, is presented in the study by HouJun et al. [5]. An example
of the application of this type of meshing in a bevel gear pair is a nutation drive, in
which double circular-arc gearing is used [6]. The bevel gears in the study featured a
loxodromic flank pitch line, which offers certain benefits when machined on 5-axis
milling centers [7].
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n

cylindrical gears are presented in the study by Li et al. [9]. The profile was also
applied in bevel gear pairs used in machines and cable railways [10, 11].
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Another profile type is the convexo-concave Novikov profile, in which circular
arcs appear in the frontal section [12]. The application of the profile in cylindrical
gears enables the enhancement of load capacity [13], durability [14], or a reduction
of the gear pair’s overall dimensions [15]. In the literature, we may find early
attempts to implement this type of profile in bevel gears with a circular-arc flank
pitch line [16]. Studies such as those by Korotkin et al. [17] and Radzevich [18]
provide fundamental information on the geometry and its selection for this type of
gear teeth.

This chapter presents a mathematical model of a bevel convexo-concave
Novikov-type mesh. Based on this model, tooth mesh simulations were carried
out, designed to determine the effect of modifications and the gear axis position
error on the contact pattern and transmission error. The results were compared with
those of a conventional spiral bevel gear pair of the DUPLEX helical type.

3.2 Mathematical Model of a Gear Mesh

3.2.1 Coordinate Systems

This study analyzes an external bevel gear pair with an axis intersection angle Σ and
a helical tooth pitch line in which the pinion has a concave profile and the gear has a
convex profile (Fig. 3.1).

The fixed coordinate system f is related to the gear housing, and moving systems
1 and 2 are related to the pinion and the gear, respectively. The convex and concave
surfaces of the pinion teeth Σ1cx and Σ1cv are represented in system 1 by position
vectors r 1ð Þ

1cx and r 1ð Þ
1cv, respectively. Similarly, the surfaces of the gear teeth Σ2cx and

Σ2cv are represented in system 2 by position vectors r 2ð Þ
2cx and r 2ð Þ

2cv, respectively. The
pinion rotates around axis z1 by angle φ1, whereas the gear rotates around axis z2 by
angle φ2. Ideally, in a deviation-free gear pair, the gear axes intersect at the apex
point of their pitch cones A. Tooth flanks may be presented in a fixed coordinate
system as (3.1) and (3.2):

r fð Þ
1cx,cv =Rs 1� fð Þ � r 1ð Þ

1cx,cv, ð3:1Þ
f 2r2cx,cv =Rs 2� fð Þ � r2cx,cv, ð3:2Þ

where Rs(1 � f ) is a homogeneous matrix of transformation of system 1 to f and
Rs(2 � f ) is a homogeneous matrix of transformation of system 2 to f. A
additional coordinate system h (Fig. 3.2) was introduced in order to allow for gear
position errors resulting from, e.g., assembly or manufacturing errors.

Accordingly, the gear will rotate around the new axis zh, shifted by vectors V, H,
J of the coordinate system h. Considering Figs. 3.1 and 3.2, transformation matrices
from systems 1 and 2 to f are given as (3.3) and (3.4), respectively:



Rs =Rt

Rs 2� fð Þ=Rs h� fð Þ � Rs 2� hð Þ, ð3:4Þ

Rs h� fð Þ=Tr H, Xð Þ � Tr V , Yð Þ � Tr J, Zð Þ�
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Fig. 3.1 Coordinate systems in bevel meshing analysis

1� fð Þ φ1, Zð Þ, ð3:3Þ

where matrices Rs(2 � h) and Rs(h � f ) are expressed by formulas (3.5), (3.6),
respectively:

Rs 2� hð Þ=Rt -φ2, Zð Þ, ð3:5Þ

�Tr re1 - re2 cos π-Σð Þ, Xð Þ � Tr re2 sin π-Σð Þ, Zð Þ � Rt -Σ, Yð Þ, ð3:6Þ

and re1, re2 are the outer pitch radii of the pinion and the gear, respectively. The
rotation operator Rt and the translation operator Tr are defined in Appendix D [18].
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Fig. 3.2 An additional
coordinate system

3.2.2 Tooth Surfaces

The tooth profile was defined in the outer transverse section, as shown in Fig. 3.3.
The location of the profile contact point B is defined in the outer transverse

section by the external pressure angle αt. The O’ point is the center of the convex
profile with radius ρe1, whereas O is the center of the concave profile with radius ρe2.
Point C is the central point of meshing, which corresponds to the contact point of the
back cone pitch circles. Depending on the assumed drive side of the pinion, the
contact is made between the convex surface of the pinion tooth and the convex
surface of the gear tooth or between the concave surface of the pinion tooth and the
convex surface of the gear tooth.

The tooth profile for the concave side of the pinion tooth may be expressed by
vector (3.7)

r 1ð Þ
pr1cv =Rt - δ1, Yð Þ �

ρe1 cos θ1 - dCO0 sin αt
ρe1 sin θ1 þ dCO0 cos αt

0

1

2
6664

3
7775, ð3:7Þ

where θ1 is the tooth profile parameter. The teeth are tapered. Therefore, the defined
profile should be re-scaled so that tooth height and thickness at apex point A equals
zero. Furthermore, in order to determine the helical bevel surface, the profile will be



shifted along axes x1, y1, z1 by appropriate coordinates of the bevel helix and rotated
around axis z1. In view of the above, the concave surface of the pinion tooth is given
as (3.8)
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Fig. 3.3 A Bevel Novikov gear in its initial position (φ1 = φ2 = 0): (a) a view, (b) axial section,
and (c) outer transverse section
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r 1ð Þ
1cv =Rt - ζ1, Zð Þ � Tr xhx1, Xð Þ � Tr yhx1, Yð Þ � Tr zhx1, Zð Þ � Sca rz1=re1ð Þ � r 1ð Þ

pr1cv,

ð3:8Þ

where ζ1 is the helix parameter, xhx1, yhx1, zhx1 are the coordinates of the helix
wrapped around the pitch cone of the pinion (3.9), rz1 is the pitch radius in the
current section (3.10), and Sca is the scale operator (3.11),

xhx1 = re1 -
H1ζ1
2π

tan δ1

� �
cos ζ1

yhx1 = re1 -
H1ζ1
2π

tan δ1

� �
sin ζ1

zhx1 =
H1ζ1
2π

8>>>>>><
>>>>>>:

, ð3:9Þ

rz1 = re1 -
1 1

2π
tan δ1, ð3:10Þ

2 3
Sca kð Þ= 0 k 0 0

0 0 k 0

0 0 0 1

6664
7775, ð3:11Þ

where H1 = 2πrm1
cos δ1
tan βm

is the spiral lead on the pitch cone, re1 is the external pitch

radius, rm1 is the mean pitch radius, and βm is the mean spiral angle.
The profile of the gear tooth’s convex surface is given by vector (3.12)

r 2ð Þ
pr2cx =Rt δ2, Yð Þ �

ρe2 cos θ2 - ρ2 - ρ1 þ dCO0ð Þ sin αt
ρe2 sin θ2 þ ρ2 - ρ1 þ dCO0ð Þ cos αt

0

1

2
666664

3
777775: ð3:12Þ

The helical bevel surface of the gear tooth is determined similarly to that of the
pinion (3.13)

r 2ð Þ
2cx =Rt ζ2, Zð Þ � Tr xhx2, Xð Þ � Tr yhx2, Yð Þ � Tr zhx2, Zð Þ � Sca rz2=re2ð Þ
� r 2ð Þ

pr2cx, ð3:13Þ

where ζ2 is the helix parameter, xhx2, yhx2, zhx2 are the coordinates of the helix
wrapped around the pitch cone of gear (3.14), and rz2 is the pitch radius in the current
section (3.15),



� �8

H ζ
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xhx2 = - re2 -
H2ζ2
2π

tan δ2 cos ζ2

yhx2 = re2 -
H2ζ2
2π

tan δ2

� �
sin ζ2

zhx2 =
H2ζ2
2π

>>>>>><
>>>>>>:

, ð3:14Þ

rz2 = re2 -
2 2

2π
tan δ2, ð3:15Þ

where H2 = 2πrm2
cos δ2
tan βm

is the helix lead on the pitch cone, re2 is the external pitch

radius, and rm2 is the mean pitch radius.
The profile of the convex side of the pinion tooth may be expressed by vector

(3.16)

r 1ð Þ
pr1cx =Rt - δ1, Yð Þ � Rfy xv1zv1ð Þ �

ρe1 cos θ1 - dCO0 sin αt
ρe1 sin θ1 þ dCO0 cos αt

0

1

2
6664

3
7775, ð3:16Þ

where Rfy(X Z) is the symmetry operator relative to plane XZ (Appendix D,
Eq. (D.51) in [18]). Thus, the convex surface of the pinion tooth is represented by
vector (3.17)

r 1ð Þ
1cx =Rt - ζ1, Zð Þ � Tr xhx1, Xð Þ � Tr yhx1, Yð Þ � Tr zhx1, Zð Þ � Sca rz1=re1

� � � r 1ð Þ
pr1cx:

ð3:17Þ

The gear tooth profile for the concave side is given by the formula (3.18)

r 2ð Þ
pr2cv =Rt δ2, Yð Þ � Rfy xv2zv2ð Þ �

ρe2 cos θ2 - ρ2 - ρ1 þ dCO0ð Þ sin αt
ρe2 sin θ2 þ ρ2 - ρ1 þ dCO0ð Þ cos αt

0

1

2
666664

3
777775 : ð3:18Þ

The concave surface of the gear tooth is therefore given as (3.19)

r 2ð Þ
2cv =Rt ζ2, Zð Þ � Tr xhx2, Xð Þ � Tr yhx2, Yð Þ � Tr zhx2, Zð Þ � Sca rz2=re2ð Þ � r 2ð Þ

pr2cv:

ð3:19Þ

The unit normal values to the tooth flanks may be determined by Eqs. (3.20) and
(3.21):



ð Þ ð Þ
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n 1ð Þ
1cx,cv =

∂r 1ð Þ
1cx,cv

∂ζ1
×

∂r 1ð Þ
cx,cv1

∂θ1

∂r 1ð Þ
1cx,cv

∂ζ1
×

∂r 1ð Þ
1cx,cv

∂θ1

����
����
, ð3:20Þ

2 2

n 2ð Þ
2cx,cv =

∂r2cx,cv
∂θ2

×
∂r2cx,cv
∂ζ2

∂r 2ð Þ
2cx,cv

∂θ2
×

∂r 2ð Þ
2cx,cv

∂ζ2

����
����
, ð3:21Þ

although they are not shown here in their expanded form due to their complexity.

3.2.3 Modifications

Tooth flank modifications are conveniently defined and presented against a curvi-
linear coordinate grid, provided they are connected with the tooth profile and flank
the pitch line. The modification is introduced in the calculations by means of
relationship (3.22)

r� ið Þ
i = r ið Þ

i -Cin
ið Þ
i , ð3:22Þ

where r� ið Þ
i is the vector of the modified surface, r ið Þ

i is the vector of the nonmodified
surface, n ið Þ

i is the unit normal to the nonmodified surface, and Ci is the amount of
modification, with i = 1,2 referring to the pinion and the gear, respectively. In this
case, instead of the nonmodified surface, the analyses make use of the surface with
modification described by vector (3.22). It should be noted that a positive modifica-
tion is one that goes deep into the material (toward the tooth), whereas a negative
modification is one that is applied to the outside of the material (toward the tooth
space). This chapter describes the modification proposed in the study by Batsch [19],
shown using the example of the pinion tooth surface in Fig. 3.4.

The amount of modification at any grid point is calculated by parabolic interpo-
lation based on the nodes presented in Fig. 3.4.

3.3 Tooth Contact Analysis

3.3.1 Meshing Equations

To achieve consistent contact between surfaces at a given point, the condition in
vector equation system (3.23) must be fulfilled.
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Fig. 3.4 A topological modification of the pinion tooth surface in a bevel Novikov gear

r fð Þ
1 θ1, ζ1, φ1ð Þ= r fð Þ

2 θ2, ζ2, φ2ð Þ
n fð Þ
1 θ1, ζ1, φ1ð Þ= n fð Þ

2 θ2, ζ2, φ2ð Þ
, ð3:23Þ

where n fð Þ
1 and n fð Þ

2 are the unit normal values to the tooth surface in system f. The
first equation in the system ensures that the mating surfaces have a common point.
The tangency of the surfaces is ensured by the equality of the unit normal values.
Considering the identical length of vectors n fð Þ

1 and n fð Þ
2 , system (3.23) may have the

form of a system of five Eq. (3.24)

x fð Þ
1 θ1, ζ1, φ1ð Þ= x fð Þ

2 θ2, ζ2, φ2ð Þ
y fð Þ
1 θ1, ζ1, φ1ð Þ= y fð Þ

2 θ2, ζ2, φ2ð Þ
z fð Þ
1 θ1, ζ1, φ1ð Þ= z fð Þ

2 θ2, ζ2, φ2ð Þ
n fð Þ
x1 θ1, ζ1, φ1ð Þ= n fð Þ

x2 θ2, ζ2, φ2ð Þ
n fð Þ
y1 θ1, ζ1, φ1ð Þ= n fð Þ

y2 θ2, ζ2, φ2ð Þ

8>>>>>>>>>><
>>>>>>>>>>:

, ð3:24Þ

This system of usually nonlinear algebraic equations may be solved for consec-
utive discrete values of the pinion rotation angle φ1, numerically by means of, e.g.,
the Levenberg–Marquardt algorithm [20, 21] or the trust region algorithm [22]. In
such a case, we obtain solutions in the form of (3.25)



Þ

ð Þ ð Þ

ð Þ ð Þ
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θ1 φ1ð Þ,ζ1 φ1ð Þ,θ2 φ1ð Þ,ζ2 φ1ð Þ,φ2 φ1ð Þ: ð3:25Þ

The use of the above relationships in formulas (3.1) and (3.2) allows us to
determine the line of action in the form of (3.26)

r fð Þ
LA = r fð Þ

1 θ1 φ1ð Þ, ζ1 φ1ð Þ, φ1ð Þ= r fð Þ
2 θ2 φ1ð Þ, ζ2 φ1ð Þ, φ2 φ1ð Þð : ð3:26Þ

Their inclusion in vectors r 1ð Þ
1 θ1, ζ1ð Þ and r 2ð Þ

2 θ2, ζ2ð Þ yields the path of contact
on the surface of the pinion tooth (3.27) and the gear tooth (3.28):

r 1ð Þ
PC1 = r 1ð Þ

1 θ1 φ1ð Þ, ζ1 φ1ð Þð Þ, ð3:27Þ
2 2rPC2 = r2 θ2 φ1ð Þ, ζ2 φ1ð Þð Þ: ð3:28Þ

Moreover, relationship φ2(φ1) makes it possible to determine the transmission
error. This error may also be established by other methods. One of them, more
conveniently applied to complex surfaces, is described in Sect. 3.3.2.

Differentiation of the first equation in system (3.23) with respect to time t helps
determine the kinematics of the meshing. The application of the theorem of the
complex total derivative [23] leads to the absolute velocity (observed in the fixed
coordinate system f ) of contact point (3.29)

vabs =
∂r fð Þ

1

∂t
=

∂r fð Þ
1

∂φ1
� ∂φ1

∂t
þ ∂r fð Þ

1

∂θ1
� ∂θ1
∂t

þ ∂r fð Þ
1

∂ζ1
� ∂ζ1
∂t

=

=
∂r fð Þ

2

∂t
=

∂r fð Þ
2

∂φ2
� ∂φ2

∂t
þ ∂r fð Þ

2

∂θ2
� ∂θ2
∂t

þ ∂r fð Þ
2

∂ζ2
� ∂ζ2
∂t

, ð3:29Þ

where ∂φ1
∂t =ω1 is the pinion’s angular velocity and ∂φ2

∂t =ω2 is the gear’s angular
velocity. Each component of absolute velocity (3.29) is interpreted as relative
velocity vri (3.31) connected to the motion relative to the tooth surface and as
transfer velocity vti (3.30) connected to the motion of the pinion and tooth coordinate
systems:

vti =
∂r fð Þ

i

∂φi
� ∂φi

∂t
, ð3:30Þ

f f

vri =
∂ri
∂θi

� ∂θi
∂t

þ ∂ri
∂ζi

� ∂ζi
∂t

, ð3:31Þ

where index i = 1,2 refers to the pinion and the gear, respectively. The difference
between transfer velocity for individual gears corresponds to sliding velocity
(3.32) is



v = v - v
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12 t1 t2, ð3:32Þ

which is the velocity of the contact point assigned to the pinion tooth surface relative
to the contact point assigned to the gear tooth surface.

3.3.2 Ease-Off Topography and Transmission Error

Determining the transmission error using the method described in Sect. 3.3.1 at times
proves problematic, since it involves solving equation system (3.24). The equation
system is often complex due to elaborate analytical expressions describing tooth
flanks. Therefore, a method was developed for determining the transmission error of
surfaces considered discrete. This concept is presented in the study by Klingelnberg
[24]. The method was designed to analyze bevel and hypoid gear pairs and was
implemented in KiMOS, a computer-aided bevel and hypoid gear pair design system
by Klingelnberg. This subsection discusses the author’s implementation of the
method.

It assumes a perfect mesh between the pinion tooth surface Σ1 and the gear tooth
surface Σ2, i.e., one in which the gears are rotated by angles resulting from the
theoretical gear ratio i12 = z2/z1 = φ1/φ2. Surfaces in the nth position are shown in
Fig. 3.5.

It is assumed that the pinion rotation axis z1 is aligned with axis zf of the fixed
coordinate system f and the surfaces in that system are given by vectors (3.1) and
(3.2). In each position n resulting from the discretization of gear rotation angles,
between the surfaces there is a certain distance measured along the arc with radius

R fð Þ
M2c =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x fð Þ
1

� 	2
þ y fð Þ

1

� 	2
r

corresponding to the length of arc kkor =M1M2
_

, where

M1 is a point on the surface Σ1 with coordinates z fð Þ
1 and M2 is a point on the surface

Fig. 3.5 Tooth flanks in the
nth position



Σ2 with coordinates z fð Þ
1 = z fð Þ

M2c. Angle φkor, by which surface Σ1 would have to be
rotated in order for pointsM1 andM2 to overlap, is the central angle corresponding to

the length of arc kkor =M1M2
_

and can be determined based on coordinates as (3.33)
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φkor = 2 arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x fð Þ
1 - x fð Þ

M2c

� 	2
þ y fð Þ

1 - y fð Þ
M2c

� 	2
r

2R fð Þ
M2c

0
BB@

1
CCA: ð3:33Þ

The distance between the flank surfaces is expressed as (3.34)

kkor =R fð Þ
M2cφkor: ð3:34Þ

In each nth position, there is a certain minimum distance kmin
kor with its

corresponding angle φmin
kor . The relationship between the minimum angle φmin

kor and
the gear rotation angle φ2 determined discretely for all n positions constitutes the
transmission error. In addition, in a specific nth position, the distribution of distances
kkor on surface Σ1 is referred to as an instantaneous Ease-Off. The Ease-Off is
generated in the form of the lowest-lying envelope of instantaneous Ease-Offs for
all n positions. The greatest challenge of the method is to specify the location of
point M2 on surface Σ2 that corresponds to coordinate z fð Þ

1 = z fð Þ
M2c and radius R fð Þ

M2c.
The issue may be easily solved by interpolation in the cylindrical coordinate system
θ fð Þ
2c ,R

fð Þ
2c ,z

fð Þ
2 .

3.3.3 Contact Pattern

In a gear pair, the contact pattern is the area where the contact takes place between
the mating tooth surfaces. It is created by the elastic deformation of teeth due to
forces exerted on the meshing. A “geometric contact pattern” is defined as an
approximation of the actual contact area exclusively based on the geometric prop-
erties of the surfaces in contact. In other words, it is determined without taking into
account the relationship between the deformation and forces applied or the type of
material used.

There are many methods of determining the geometric contact pattern. They
include, among others, methods based on mathematical models [3, 25–27] and
methods using computer-aided design (CAD) systems [28, 29]. The use of CAD
systems involves the mutual penetration of three-dimensional (3D) tooth models to a
depth corresponding to the thickness of the gear marking compound applied in gear
pair testing or expected deformations. The contact pattern has the form of a flaky
construct generated through logical multiplication of thus positioned solid shapes.
To visualize the movement of the contact pattern, the above operation must be



where k is the distance between the tooth flanks measured along the unit normal to
the pinion tooth surface. The above equation can be solved based on the distance
k and the gear tooth surface parameters θ2, ζ2 for all discrete pinion tooth surface
parameters θ1, ζ1. The points for which the distance k is smaller than the assumed
value form the contact pattern. Assuming that the gears revolve around axis z, the

performed for consecutive discrete positions arising from the gear solids’ rotation
angles. This method has been detailed in the study by Sobolak [30]. Its equivalent is
the method that involves finding the curve of the intersection of tooth surfaces
supplied in an analytical manner [3]. Another method is the one proposed in the
study by Litvin et al. [26]. The contact pattern is determined as the area for which the
distance between the points on the surfaces in contact, measured along the common
normal, is lower than the set amount. In order to determine the contact pattern, the
method uses an approach similar to determining Hertz contact stress for point contact
[13, 31]. It is only based on the main curvatures of surfaces, and the contact pattern
resulting from the local approximation of surfaces is always elliptical [27]. The main
drawback of the method is the possibility of performing only a local analysis,
without taking into account, e.g., the edge contact. Moreover, it is of limited use
for nonelliptical contact patterns, which occur, e.g., in gears with an eccentric-
cycloid profile [32] or in Novikov gears with a convexo-concave profile [33]. The
last method, described in more detail in this chapter, is the one in which the contact
pattern is determined as a set of points for which the distance between tooth flank
surfaces, measured along the unit normal to the pinion tooth flank, is lower than the
set value [25]. The method makes it possible to determine edge and nonelliptical
patterns, as experimentally verified for cylindrical Novikov gears [34] and eccentric-
cycloid meshing [32].
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Let us consider a gear for which the mating tooth surfaces Σ1 and Σ2 are given in a
fixed coordinate system f by vectors (3.1) and (3.2), respectively. The contact pattern
is determined on the basis of vector equation (3.35), resulting directly from Fig. 3.6.

r fð Þ
1 θ1, ζ1ð Þ þ kn fð Þ

1 θ1, ζ1ð Þ= r fð Þ
2 θ2, ζ2ð Þ, ð3:35Þ

Fig. 3.6 Determining
distances between mating
tooth surfaces



contact pattern is conveniently presented as a projection on plane ry1, zf where

ry1 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x fð Þ
1

� 	2
þ y fð Þ

1

� 	2
r

is an arbitrary radius of the pinion.
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Fig. 3.7 The proposed
method for determining
distances between mating
tooth surfaces

Solving vector equation (3.35), representing a system of three algebraic, usually
nonlinear equations, is problematic and time-consuming even if numerical methods
are employed [20, 21]. For this reason, it is recommended that the solution should be
approximated by means of a geometric method. The author proposes a method
(Fig. 3.7) in which the gear tooth surface is presented as a grid of triangles, which
can be accomplished using a common method of triangulation by Delaunay [35].

Next, for each point on the pinion tooth surface M1, we determine point M2, at
which the gear tooth surface triangle intersects with a straight line normal to the
pinion tooth surface, which can be accomplished by the algorithm described in the
study by Möller and Trumbore [36]. The point for which the distance |M1M2| is
lower than the set distance is plotted on the chart, forming the gear pair’s contact
pattern.

3.4 Results

The results of the calculations are presented for a Novikov gear pair with a gear ratio
i12 = 1 and an axis intersection angle Σ = 120°, the data of which are listed in
Table 3.1. Gear pairs of this type are used, e.g., in milling cutters as well as in
intermediate tail gearboxes in helicopters.

3.4.1 Ideal Gear Pair

The results of tooth contact analysis for the ideal gear pair (free from axis position
errors and flank surface modifications), rotating at pinion’s angular velocity
ω1 = 104.72 rad/s (1000 rpm), are shown in Fig. 3.8. They were obtained by solving
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Table 3.1 Data of the analyzed Novikov helical bevel gear pair

Parameter Pinion Gear

Mean normal module, mm mnm = 2.5

Number of teeth z1 = 35 z2 = 35

Shaft angle, ° Σ = 120

Overlap ratio εβ = 1.33

Face width, mm b = 20

Mean spiral angle, ° βm = 30

Hand of spiral right Left

Normal pressure angle, ° αn = 25

Translation of the convex tooth profile, mm dCO’ = 0

Profile convex concave

Outer profile radius, mm ρe1 = 5.32 ρe2 = 5.43

Outer pitch diameter, mm de1 = 118.35 de2 = 118.35

Outer tip diameter, mm dae1 = 122.58 dae2 = 118.52

Outer root diameter, mm dfe1 = 117.61 dfe2 = 113.55

Pitch angle, ° δ1 = 60 δ2 = 60

two equation systems (3.24) for the concave and convex side of the pinion, for all
discrete values of its rotation angle. In this manner, the line of action (3.26) and
sliding velocity (3.32) were determined (Fig. 3.8).

If the concave surface of the pinion tooth is the drive side (Fig. 3.8a), then the
teeth begin to mate at point B for angle φ1 = 0, where the sliding velocity is
maximum and equals |v12| = 0.56 m/s. As the gears rotate, the point of contact
moves along the meshing line to point B’ for angle φ1 = 0.2286 rad, at which the
sliding velocity drops to |v12| = 0.40 m/s and the tooth contact is terminated.
Meanwhile, for the convex drive side of the pinion (Fig. 3.8b), the teeth begin to
mate on the small modules side at point B’ for angle φ1 = 0.2286 rad, at which the
sliding velocity assumes a minimum value |v12| = 0.40 m/s. Teeth mating ends at
point B for angle φ1 = 0, at which the sliding velocity increases to |v12| = 0.56 m/s.
The meshing line in this type of gear pair is a straight line, the direction of which
corresponds to the direction of segment AB, with A being the apex point of the pitch
cone. As in a helical Novikov gear pair, the path of the contact point on tooth flanks
is the ζ-line of those surfaces, corresponding to the position of point B. The gear pair
maintains a constant gear ratio; no transmission error occurs. For Ease-Off charts and
contact patterns determined for the thickness of the marking compound k = 4 μm,
refer to Fig. 3.9.

Contact patterns are elliptical, making an edge contact as they enter and leave the
mesh. Moreover, Ease-Off charts allow us to observe areas of potential tooth
interference (marked with a red ellipse). The phenomenon is visible in the form of
long and narrow contact patterns at the pinion tooth base.
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Fig. 3.8 The line of action and sliding velocity in a bevel Novikov gear for the following drive
sides: concave side of the pinion (a) and convex side of the pinion (b)

3.4.2 Effect of Tooth Surface Modifications

In order to visualize the effect of tooth flank modifications, tooth contact analyses
were carried out for the Novikov gear pair characterized by the data listed in
Table 3.1 with the following modification parameters (according to Fig. 3.4):
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Fig. 3.9 Results of tooth contact analysis for the Novikov gear pair without modification: Ease-Off
chart for the drive on the concave side of the pinion (a), Ease-Off chart for the drive on the convex
side of the pinion (b), contact patterns for the drive on the concave side of the pinion (c), and contact
patterns for the drive on the convex side of the pinion (d)

ζ1imod = ζ1emod = 0.0171 mm, Cβi1 = Cβe1 = 0.01 mm, θ1amod = 0.1745 rad,
θ1fmod= 0.0463 rad,Cαa1= 0.01mm,Cαf1= 0.02mm, ζ2imod= ζ2emod= 0.0171mm,
Cβi2= Cβe2 = 0.01 mm, θ2amod= 0.1745 rad, θ2fmod= 0.0873 rad, Cαa2 = 0.05 mm,
Cαf2 = 0.01 mm. The modification grid is shown in Fig. 3.10.

Applying a tooth flank modification led to an evenly distributed shape of the
Ease-Off chart, which assumed minimum values in the areas of the expected tooth
contact (Fig. 3.11c, d).

The transmission error does not occur: the gear pair maintains a constant trans-
mission ratio, with transmission charts at the beginning and the end of mesh
assuming a shape approximating that of a parabola (Fig. 3.11a, b). Moreover,
tooth line modifications helped avoid an edge contact pattern at the beginning and
end of the tooth contact (Fig. 3.12).

Due to profile modification, the minor axis of the ellipse is shortened, moving the
pattern away from the gear and pinion addendum, thus preventing interference.
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Fig. 3.10 Tooth flank modification in the Novikov a gear pair: pinion (a) and gear (b)

Fig. 3.11 Results of tooth contact analysis for the modified Novikov gear pair: transmission error
for the drive on the concave side of the pinion (a), transmission error for the drive on the convex
side of the pinion (b), Ease-Off for the drive on the concave side of the pinion (c), and Ease-Off for
the drive on the convex side of the pinion (d)
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Fig. 3.12 Tooth contact pattern in the modified Novikov gear pair: pinion’s concave side (a) and
pinion’s convex side (b)

Fig. 3.13 Transmission errors and contact patters in the Novikov gear pair, with axis transmission
errors, determined for the concave side of the pinion tooth: V = 0.05 mm (a), H = 0.05 mm (b),
J = -0.05 mm (c)

3.4.3 Effect of Gear Position Errors

The effect of gear position errors is exemplified by their three values: V = 0.05 mm,
H = 0.05 mm, and J = -0.05 mm. The results of the tooth contact analysis for the
concave side of the pinion tooth as the drive side are shown in Fig. 3.13.
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Fig. 3.14 Transmission errors and contact patters in the Novikov gear pair, with axis transmission
errors, determined for the convex side of the pinion tooth: V = 0.05 mm (a), H = 0.05 mm (b),
J = -0.05 mm (c)

The hypoid offset error V has the greatest impact on motion transmission quality.
For V = 0.05 mm, the transmission error was 250 μrad. The gear position error
H= 0.05 mm generates a transmission error of 47 μrad and a reduction in the contact
area due to its shift toward the pinion’s tooth root. The gear mounting distance error
J = -0.05 mm causes an inconsistent motion transmission of 93 μrad and shifts the
contact pattern toward the pinion’s tooth addendum, which also results in a reduction
of its surface area. The same relationships are observed with the convex side of the
tooth pinion as the drive side (Fig. 3.14).

3.4.4 Comparison with a Conventional Helical Bevel
Gear Pair

This section contains a comparison between a Novikov gear pair and a DUPLEX
helical spiral bevel gear pair. The macrogeometry of the conventional gear pair
corresponds to that of the Novikov gear pair, with data listed in Table 3.2.

The choice of its microgeometry as well as its configuration parameters
(Table 3.3) was aided by the KiMOS software.

Tooth flank surfaces were generated with the use of one of many available
mathematical models [3]. The surfaces obtained in this manner made it possible to
apply the methods described in Sects. 3.3.2 and 3.3.3 to analyze the tooth contact.
The results are displayed in Fig. 3.15.

The transmission error was 81.8 μrad for the concave side and 62.5 μrad for the
convex side. They correspond to the values obtained with the use of the commercial
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Table 3.2 Data of the
analyzed DUPLEX helical
spiral bevel gear pair

Parameter Pinion Gear

Mean normal module, mm mnm = 2.5

Number of teeth z1 = 35 z2 = 35

Shaft angle, ° Σ = 120

Face width, mm b = 20

Mean helix angle, ° βm = 30

Hand of spiral Right Left

Outer pitch diameter, mm de1 = 118.35 de2 = 118.35

Outer tip diameter, mm dae1 = 121.32 dae2 = 121.34

Outer root diameter, mm dfe1 = 114.33 dfe2 = 114.63

Pitch angle, ° δ1 = 60 δ2 = 60

Table 3.3 Machine settings for a DUPLEX helical spiral bevel gear pair

Parameter Pinion Gear

Radial setting, mm 56.8575 57.3172

Blank offset, mm 0.5612 0

Machine root angle, ° 52.7893 58

Sliding base, mm 3.0510 5.7013

Ratio of the gear roll 1.138497 1.153997

Helical motion 1-ord., mm/rad 4.389823 0

Swivel angle, ° 24.0198 -23.2722

Tilt angle, ° 1.1917 7.0247

Start roll position, ° -48.8120 42.5192

Machine center to cross-point, mm -0.4465 0

Tool profile angle, ° Concave 14.3330 12.0002

Convex 29.4913 28.0002

Tool radius, mm Concave 57.9744 57.9399

Convex 56.3255 56.3601

software KiMOS: 79.5 μrad and 61.6 μrad, which confirms the correct implemen-
tation of the method of determining transmission error as well as surfaces generated
by simulated machining. The shapes and locations of the contact patterns (Fig. 3.15)
approximate those determined with the help of commercial software.

Figure 3.17 compares the surface areas of instantaneous contact patterns as a
function of the pinion rotation angle for the modified Novikov gear pair (Fig. 3.12)
and the DUPLEX helical gear (Fig. 3.15).

The Novikov gear is characterized by a larger contact area than that of the
conventional gear, regardless of whether the concave side or the convex side is the
drive side. For maximum values, the contact area in the Novikov gear pair is
approximately 80% greater (for the concave side of the pinion tooth) and approxi-
mately 60% greater (for the convex side of the pinion tooth) than the contact area of
the DUPLEX helical gear pair. The results are in line with those of earlier analyses
for bevel gears of different geometries [19]. Considering the above as well as the fact



A series of simulations were carried out on the basis of the mathematical model of
Novikov bevel gear teeth and the proposed calculation methods. It was demonstrated
that the designed modification of tooth flanks enables the elimination of the edge
contact pattern and tooth interference. Moreover, simulations were carried out aimed
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Fig. 3.15 Results of tooth contact analysis for the DUPLEX helical bevel gear pair: transmission
error for the drive on the concave side of the pinion (a), transmission error for the drive on the
convex side of the pinion (b), Ease-Off for the drive on the concave side of the pinion (c), and Ease-
Off for the drive on the convex side of the pinion (d)

that the maximum sliding velocity in the DUPLEX helical gear pair, which is equal
to 0.803 m/s, is approximately 1.5 times that of the maximum velocity in the
Novikov gear (0.557 m/s), we may expect that the gear with the convexo-concave
tooth profile offers greater durability or load capacity. This was proved in experi-
mental studies with regard to spur gear teeth [14].

Figure 3.18 lists the transmission error values for comparable gear pairs
depending on the values of the gear position error.

An analysis of Fig. 3.16 reveals that the greatest impact on the transmission
quality of the bevel Novikov gear pair is exerted by the hypoid offset error V and
negative values of errors H and J. Even minimal values of those errors cause the
transmission error to rise significantly. For positive errors H and J, the values
approximate those of the DUPLEX helical gear pair, which maintains an almost
constant value of the transmission error. Consequently, the Novikov gear pair is
more sensitive to gear position errors than is the conventional gear pair.

3.5 Conclusion
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Fig. 3.16 Tooth contact pattern in the DUPLEX helical gear pair: pinion’s concave side (a) and
pinion’s convex side (b)

Fig. 3.17 Surface area of the contact pattern as a function of the rotation angle of the pinion in the
Novikov gear pair and the DUPLEX helical gear pair: the pinion’s concave side (a) and the pinion’s
convex side (b)



at a comparison between a bevel Novikov gear pair and a conventional (DUPLEX
helical) gear pair. Following an analysis of the results, the following conclusions
were formulated:
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Fig. 3.18 Transmission
errors for the Novikov gear
pair and the DUPLEX
helical gear pair depending
on the hypoid offset error
V (a), gear position error
H (b), and gear mounting
distance error J (c)

• Instantaneous contact patterns in the bevel Novikov gear pair are larger
• The maximum sliding velocity is lower in the Novikov gear pair
• The Novikov gear is more sensitive to gear axis position errors

Based on the above conclusions, we may formulate a thesis that the bevel
Novikov gear pair will be characterized by a greater surface load capacity
(or durability arising from such a load capacity) than the DUPLEX helical gear
pair, as long as the following conditions are met:
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Fig. 3.19 A sample 3D
CAD model of the helical
bevel Novikov gear

• The gear case is accurately manufactured
• Gear datum surfaces, as well as gear teeth, are machined with precision
• Bearing rigidity

The above thesis should be experimentally verified in further research. To this
end, the mathematical model designed here may be used for developing a 3D CAD
model of gear teeth (Fig. 3.19) and subsequently used in finite element method
(FEM) simulations and gear tooth machining programming in a computer-aided
manufacturing (CAM) system.
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Chapter 4
Hyperboloidal-Type Normal Circular-Arc
Gearing

Houjun Chen, Zhilan Ju, Xiaoping Zhang, and Chang Qu

4.1 Introduction

The conception of a normal circular-arc tooth profile was first presented in
Wildhaber’s helical gearing, which features a convex-to-concave line contact of
tooth flanks in the gear drive with parallel axes. The absence of knowledge in the
theory of gearing may be the root cause of why the manufacturing of Wildhaber’s
helical gearing failed. Fortunately, considering a transverse circular-arc tooth profile,
Novikov gearing was proposed and successfully manufactured to achieve convex-
to-concave point contact of mating tooth surfaces. Both Wildhaber’s helical gearing
and Novikov gearing were loosely unified with a new incorrect name, Wildhaber–
Novikov gearing.

What are the essential attributes of Novikov gearing? First, is the tooth profile on
each a normal circular arc or a transverse circular arc? This is a significant difference
between the ideas of these two inventors, and, especially, though the modulus is the
same, a set of special hob cutters are required for the generation of the pinion and
gear in Novikov gearing with a different number of teeth and different spiral angles,
respectively. It increases the difficulty of the production, and, actually, both the
design of the special cutters and the machining of Novikov gearing are usually
carried out based on a normal circular arc in the manufacturing process. Obviously,
the theory is divorced from practice. This would seem to show that a normal circular
arc is one of the significant characteristics of Novikov gearing. Second, is it on a line
meshing or a point meshing? Wildhaber proposed designing a line meshing gear pair
but by applying the principle of mismatching of generating surfaces to generate
gears with a localized bearing contact; however, Novikov directly constructed a pair
of mating gears with point contact and was the first one to apply mismatched tool
surfaces to achieve the generation of helical gears [1]. Actually, both are the same,
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and, viewed from different perspectives and understandings, the two can be unified
under the framework of the mismatching principle of conjugation, i.e., the point-
contact processing of the line meshing pair.
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Following the principle of molding-surface conjugation, hyperboloidal-type nor-
mal circular-arc gearing is proposed as a novel improved version of Novikov gearing
to transmit motion and power between two orthogonally crossed axes. The basic
principle of molding-surface conjugation is introduced in detail, and the general
principle of normal circular-arc gearing is systematically discussed to establish the
theoretical basis for constructing novel types of gearings. The generation of the
pinion and mating gear in HNCGing is presented, mathematical models of conjugate
tooth surfaces are established, and the curvature properties of mating tooth surfaces
are analyzed. An integrated manufacturing software system for HNCGing is devel-
oped, which connects computerized design, generation, simulation of meshing and
contact, and the tool path planning and cutting simulation of NC machining in a
single application platform.

4.2 Basic Principle of Molding-Surface Conjugation

4.2.1 Molding Surface

Definition 4.1 Suppose that R(s) is the radius vector of a point on a C2 continuity
spatial curve, d(s, θ) is the offset distance function describing the distance of a point
from a C1 continuity planar curve to the spatial curve. In this chapter, the spatial
curve is called the directrix and the planar curve is called the generatrix. S(s, θ)
defines a molding surface by the radius vector function:

S s, θð Þ=R sð Þ þ d s, θð Þ sin θe3 sð Þ þ cos θe2 sð Þð 4:1Þ

where

s is the arc-length parameter of the directrix;

θ is the profile angle parameter of the generatrix; and

e2(s),
e3(s)

are the orthogonal unit vectors that are both perpendicular to the unit tangent vector of
the directrix.

As shown in Fig. 4.1, {P; e1, e2, e3} is a moving frame of reference set in the directrix
Cd, in which e1 is the unit tangent vector of Cd; then, the locus of the generatrix Cg in
the normal plane {P; e2, e3} of Cd, moving with the moving frame along Cd, forms
the molding surface ψ . The sets {S(s, θ), s = const} and {S(s, θ), θ = const} are two
families of curves Cg, Cn on the surface ψ , which constitute the orthogonal system of
lines of curvature of the surface.

The geometry of the molding surface is mainly governed by the shapes of the
generatrix and directrix, and molding surfaces with various shapes can be
constructed by the shape change and relative motion of the two to satisfy different



requirements. In engineering practice, three kinds of familiar structural surfaces can
be placed in the same category as molding surfaces, namely,
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Fig. 4.1 A representation
of a molding surface

(i) Surface of revolution: Here, the generatrix is coplanar with a fixed axis of
rotation and the directrix is a circle, the center of which is at the axis and lies on
the plane perpendicular to the axis.

(ii) Developable surface: Here, the generatrix is a straight line and the molding
surface is the envelope of a one-parameter family of planes.

(iii) Normal circular-arc surface (also known as tubular surface): Here, the gener-
atrix is a circle, the center of which is at the directrix, and the molding surface is
the envelope of a one-parameter family of spheres.

4.2.2 Conditional Equation of Molding-Surface Conjugation

Definition 4.2 The case that a pair of molding surfaces is always in tangential
contact along a commonly owned generatrix in their rotating process about two fixed
axes is called molding-surface conjugation [2].

As shown in Fig. 4.2, a pair of conjugate molding surfaces ψ (1), ψ (2) is in tangential
contact along the generatrix Cg and their directrices C 1ð Þ

d ,C 2ð Þ
d are simultaneously

tangent at the point P, which is called the conjugate point of the directrices. A shared
moving frame, {P;α1,α2,α3}, is set at point P, and, thereinto, α1 is the common unit
tangent vector of C 1ð Þ

d ,C 2ð Þ
d . The rotational axes A_1, A_2 of ψ (1), ψ (2) are placed with

the center distance A and the shaft angle Σ. A fixed orthogonal right-handed
coordinate system, {O(1); i(1), j(1),k(1)}, is established at the axis A_1, and, thereinto,
i(1) is the unit directional vector of the common normal line O(1)O(2) of the axes A_1,
A_2, and k(1) is the unit directional vector of the axis A_1.

Let Ω(1), Ω(2) be the angular velocities of ψ (1), ψ (2) about the axes A_1, A_2,
respectively; the following relationships can be obtained from the theory of gearing:



� �
Ω 1ð Þ�� ��= dφ 1ð Þ

dt
, Ω 2ð Þ�� ��= dφ 2ð Þ

dt
,I=

Ω 2ð Þ� �
Ω 1ð Þ�� �� ,Ω 21ð Þ =Ω 2ð Þ -Ω 1ð Þ ð4:2Þ

where
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Fig. 4.2 Sketch of
molding-surface
conjugation

φ(i) is the rotational angle of ψ (i) about the axis A_i, and the superscript i = 1, 2 denotes the
quantities pertaining to ψ (1) and ψ (2) of the pinion and gear, respectively. Similarly,
hereinafter;

t is the time variable;

I is the speed ratio; and

Ω(21) is the relative angular velocity between ψ (1) and ψ (2).

Without loss of generality, the following discussions on the kinematics and
geometry of conjugation are based on the assumption that I is constant and |Ω(1)|= 1.

According to Definition 4.2, a pair of conjugate molding surfaces is tangentially
located along the generatrix, and their directrices are usually in tangential contact at
the conjugate point (except developable surface conjugation). Because the moving
frame can be flexibly chosen so long as the unit tangent vector of the directrix is one
of three coordinate vectors of the frame, a shared moving frame associated with the
directrices can be appointed to uniformly describe the kinematics and geometry of
conjugation. In this case, the offset distance functions and the profile angles, which
define the common generatrix of ψ (1), ψ (2), will be identical in form in this shared
frame. According to Eq. (4.1), the families of surfaces ψ (1), ψ (2), which are generated
by the rotations about the axes A_1, A_2, respectively, can be described by the radius
vector functions:



� � � � � � � �

� � � �

Þ

ψ 1ð Þ : s 1ð Þ s 1ð Þ, θ, φ 1ð Þ =B φ 1ð Þ S 1ð Þ s 1ð Þ, θ = r 1ð Þ s 1ð Þ, φ 1ð Þ

þd sin θα3 þ cos θα2ð Þ ð4:3Þ

ψ 2ð Þ : s 2ð Þ s 2ð Þ, θ, φ 2ð Þ� �
=B φ 2ð Þ� �

S 2ð Þ s 2ð Þ, θ
� �

= r 2ð Þ s 2ð Þ, φ 2ð Þ� �
þd sin θα3 þ cos θα2ð Þ ð4:4Þ

where
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B(φ(i)) is the rotation group about the axis A_i (i = 1,2), as seen in Chen et al. [2];

s(i) is the radius vector of the surface ψ (i) in the rotating process;

r(i) is the radius vector of the directrix C ið Þ
d in the rotating process, which is equal to B(φ(i))

R(i); and

α2,α3 are the coordinate vectors of the shared frame, which are equal to B φ ið Þ e ið Þ
2 ,B φ ið Þ e ið Þ

3 ,
respectively.

The significant feature of molding-surface conjugation is that the kinematics and
geometry of conjugate surfaces are discussed by means of a pair of directrices of the
conjugate surfaces rather than the conjugate surfaces themselves. According to
Fig. 4.2, the basic equations of molding-surface conjugation can be established as
follows:

r 1ð Þ - r 2ð Þ =Ai 1ð Þ

αj =α 1ð Þ
j =α 2ð Þ

j j= 1, 2, 3ð Þ

(
ð4:5Þ

Differentiating Eq. (4.5) with respect to φ(1) and simplifying the expression, the
differential equations of molding-surface conjugation are obtained:

α1 ds 1ð Þ - ds 2ð Þ� �
= v 21ð Þ

P dφ 1ð Þ

ω 1ð Þds 1ð Þ -ω 2ð Þds 2ð Þ =Ω 21ð Þdφ 1ð Þ

(
ð4:6Þ

where

ds(i) is the arc differential of the directrix C ið Þ
d (i = 1,2);

v 21ð
p

is the relative linear velocity of point P, which is equal to Ω(21) × r(1) - A(Ω(2) × i(1)); and

ω(i)
is the angular velocity of infinitesimal rotation of the shared frame at C ið Þ

d .

Taking the vector product of the first expression in Eq. (4.6) and α1, as well as the
dot product of the second expression and α1, the conditional equations of molding-
surface conjugation are obtained:



(
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v 21ð Þ
P ×α1 = 0

Ω 21ð Þ � α1 = 0
ð4:7Þ

Here, the first expression indicates that the directrices of the conjugate surfaces
are tangent at the conjugate point, and their common unit tangent vector must be
collinear with the relative linear velocity of the conjugate points of the directrices.
The second expression indicates that the common unit tangent vector must be
orthogonal to the relative angular velocity of the directrices.

Case 1: Conjugate condition of developable surfaces

Definition 4.3 The case that the line of contact of conjugate molding surfaces is a
straight line in the movement is called developable surface conjugation.

In this case, a pair of conjugate molding surfaces is the developable surface, the
generatrix of which is the straight line, and their directrices can slide along the line of
contact at the conjugate position, while the conjugate surfaces are still tangent
without the effect of the sliding, as shown in Fig. 4.3. In the shared moving frame
{P;α1,α2,α3}, α1 is the unit tangent vector of the directrix C 1ð Þ

d , α2 is the unit
directional vector of the straight generatrix Cg, and, naturally, α3 is the common
normal vector of the conjugate developable surfaces. Combining Figs. 4.3 with 4.2,
and referring to Eq. (4.5), the basic equations of developable surface conjugation can
be arranged as follows:

r 1ð Þ - r 2ð Þ - lsα2
� �

=Ai 1ð Þ

αj =α 1ð Þ
j =α 2ð Þ

j j= 1, 2, 3ð Þ

(
ð4:8Þ

where

Fig. 4.3 Sketch of
developable surface
conjugation
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ls is the relative sliding quantity between C 1ð Þ
d and C 2ð Þ

d along Cg, i.e., the distance from P to P′.

Differentiating Eq. (4.8) with respect to φ(1) and simplifying the expression, the
differential equations of developable surface conjugation are obtained as:

α1 ds 1ð Þ - 1þ lsk
2ð Þ
g

� �
ds 2ð Þ

h i
þ α2dls = v 21ð Þ

P dφ 1ð Þ

ω 1ð Þds 1ð Þ -ω 2ð Þds 2ð Þ =Ω 21ð Þdφ 1ð Þ

8<
: ð4:9Þ

where

k 2ð Þ
g is the geodesic curvature of C 2ð Þ

d in the shared moving frame {P;α1,α2,α3}.

Taking the dot products of the first expression in Eq. (4.9) and α3, as well as
the second expression and α1, the conditional equations of developable surface
conjugation are acquired after the simplification as follows:

v 21ð Þ
P � α3 = 0

Ω 21ð Þ � α1 = 0

(
ð4:10Þ

Here, the first expression indicates that the common unit normal vector of the
conjugate surfaces must be orthogonal to the relative linear velocity of the conjugate
points of the directrices. The second expression indicates that the common unit
tangent vector of the directrices must be orthogonal to their relative angular velocity.

Case 2: Conjugate condition of normal circular-arc surfaces

Definition 4.4 The case that the line of contact of conjugate molding surfaces is a
circular arc in the movement and that the directrices of conjugate surfaces are the loci
of the centers of the circular-arc generatrix in the generation process of the surfaces is
called normal circular-arc surface conjugation.

In this case, a pair of conjugate molding surfaces is a normal circular-arc surface
and they can make the relative rotation about the common tangent line of the
directrices at the conjugate point. The basic equations and the differential equations
of normal circular-arc surface conjugation are consistent with Eqs. (4.5) and (4.6) in
form, respectively; then, the conditional equation of normal circular-arc surface
conjugation is acquired after taking the dot product of the first expression in
Eq. (4.6) and α1 as follows:

v 21ð Þ
P ×α1 = 0 ð4:11Þ



This indicates that the directrices of conjugate surfaces are tangent at the conju-
gate point and that their common unit tangent vector must be collinear with the
relative linear velocity of the conjugate points of the directrices.

4.2.3 Structural Condition of Molding-Surface Conjugation

The conditional equations of conjugation described above are nonlinear, which
means that the condition of molding-surface conjugation is stricter than that of
traditional conjugation of surfaces. When the kinematic and positional parameters
are given, there may not necessarily be another molding surface, which can conju-
gate with a known molding surface to comply with the specified requirements of
molding-surface conjugation.

Definition 4.5 The restriction on the directrices of conjugate surfaces, which
supports the achievement of molding-surface conjugation, is called the structural
condition of conjugation.
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1. The structural condition of developable surface conjugation

Expanding and rearranging Eq. (4.10), a system of equations can be obtained as
follows:

F � j 1ð Þ cosφ 1ð Þ þ F � i 1ð Þ sinφ 1ð Þ =G �Ω 1ð Þ

I sinΣ cosφ 1ð Þj 1ð Þ � e 1ð Þ
1 þ I sinΣ sinφ 1ð Þi 1ð Þ � e 1ð Þ

1 = I cosΣ- 1ð ÞΩ 1ð Þ � e 1ð Þ
1

F= I sinΣ R 1ð Þ × e 1ð Þ
3

� �
þ AI cosΣe 1ð Þ

3

G= I cosΣ- 1ð Þ R 1ð Þ × e 1ð Þ
3

� �
-AI sinΣe 1ð Þ

3

8>>>>>><
>>>>>>:

ð4:12Þ

Here, F, G, and e 1ð Þ
1 , e 1ð Þ

3 are all one-variable functions with respect to arc-length

parameter s(1), and the parameter φ(1) is the rotational angle of the directrix C 1ð Þ
d with

the rotation of ψ (1) about the axis A_1. The function φ(1) = φ(1)(s(1)) can be solved
only when the system of equations is compatible, and the compatibility condition
would then be the structural condition of conjugation.

Substituting the solutions of cosφ(1) and sinφ(1) in Eq. (4.12) in the identical
equation cos2φ(1) + sin2φ(1) = 1 and rearranging it, the structural condition of
developable surface conjugation is obtained:



� �h i
io

�

(ii)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

I sinΣΩ 1ð Þ � F× e 1ð Þ
1

2

= Ω 1ð Þ × I cosΣ- 1ð Þ Ω 1ð Þ � e 1ð Þ
1

� �
F- I sinΣ Ω 1ð Þ �G

� �
e 1ð Þ
1

hn 2
ð4:13Þ

Obviously, this restricts the kinematic parameter I, the positional parameters
A and Σ, and the radius vector R(1). That is to say, only when the structural condition
of conjugation is satisfied, molding-surface conjugation can be achieved in theory.

Case 1: Developable surface conjugation with parallel axes (Σ = 0, π and A ≠ 0)

In this case, Eq. (4.13) can be calculated and simplified into:

Ω 1ð Þ � e 1ð Þ
1

� �2
Ω 1ð Þ × e 1ð Þ

3

� �2
= 0 ð4:14Þ

The condition that Eq. (4.14) holds is Ω 1ð Þ × e 1ð Þ
3 = 0 or Ω 1ð Þ � e 1ð Þ

1 = 0. The former
demands that the normal vector of the developable surface should always be parallel
to the axis A_1, which makes no sense to the engineering practice. The latter
demands that the directrix C 1ð Þ

d should be a planar curve, which lies on the plane

perpendicular to the axis A_1. At this time, a line, which passes through C 1ð Þ
d and

forms a constant inclined angle with the axis A_1, can be appointed as the common
straight generatrix of developable surface conjugation.

Case 2: Developable surface conjugation with intersecting axes (A= 0 and Σ ≠ 0, π)

In this case, Eq. (4.13) can be calculated and simplified into:

I2 sin 2Σ R 1ð Þ � e 1ð Þ
1

� �
Ω 1ð Þ � e 1ð Þ

3

� �h i2
= I cosΣ- 1ð Þ2 R 1ð Þ � e 1ð Þ

1

� �2
1- Ω 1ð Þ � e 1ð Þ

3

� �2
�

ð4:15Þ

The conditions that Eq. (4.15) holds can be summarized into two aspects:
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(i) R 1ð Þ � e 1ð Þ
1 = 0 Given that e 1ð Þ

1 = dR 1ð Þ=ds 1ð Þ, where R(1) is a vector with a

constant length, the directrix C 1ð Þ
d is a spatial curve on the spherical surface,

the center of which is at the intersecting point of the axes A_1 and A_2.

I sinΣ
I cosΣ- 1 = ±

1- Ω 1ð Þ�e 1ð Þ
3ð Þ2

Ω 1ð Þ�e 1ð Þ
3

It can be found from the theory of gearing that the

left side of this equation denotes the tangent of the pitch cone angle of the
driving gear in the gear pair with intersecting axes, whereas the absolute value
on the right side is the tangent of the included angle between the surface normal
and the axis A_1 of the driving gear. Thus, we see that developable surface can
be applied as the tooth surfaces of a gear pair when the included angle between
the surface normal and the axis A_1 is the pitch cone angle of the driving gear.



o

Case 3: Developable surface conjugation with orthogonally crossed axes (Σ = π/2
and A ≠ 0)

In this case, Eq. (4.13) can be calculated and simplified into:

I2 R 1ð Þ � e 1ð Þ
1

� �2
Ω 1ð Þ � e 1ð Þ

3

� �2

= R 1ð Þ � e 1ð Þ
1

� �
Ω 1ð Þ × Ω 1ð Þ × e 1ð Þ

3

� �h i
þ AI e 1ð Þ

1 ×Ω 1ð Þ
� �

Ω 1ð Þ � e 1ð Þ
3

� �n 2
ð4:16Þ

Although it provides the possibility of obtaining developable surface conjugation
with orthogonally crossed axes, the decision-making process of the directrix is
highly complicated.
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2. The structural condition of normal circular-arc surface conjugation

Equation (4.11) can be rewritten in the scalar form, i.e., v 21ð Þ
P � α2 = v 21ð Þ

P � α3 = 0.
Using the method of spreading out and calculating, the system of equations is
obtained as follows:

P � e 1ð Þ
2 cosφ 1ð Þ þQ � e 1ð Þ

2 sinφ 1ð Þ =U � e 1ð Þ
2

P � e 1ð Þ
3 cosφ 1ð Þ þQ � e 1ð Þ

3 sinφ 1ð Þ =U � e 1ð Þ
3

P= I sinΣ j 1ð Þ ×R 1ð Þ
� �

þ AI cosΣj 1ð Þ

Q= I sinΣ i 1ð Þ ×R 1ð Þ
� �

þ AI cosΣi 1ð Þ

U= I cosΣ- 1ð Þ Ω 1ð Þ ×R 1ð Þ
� �

-AI sinΣΩ 1ð Þ

8>>>>>>>>>><
>>>>>>>>>>:

ð4:17Þ

Similar to the operation method of Eq. (4.13), the structural condition of normal
circular-arc surface conjugation is obtained in the form of Pythagoras’ formula:

U ×Qð Þ � e 1ð Þ
1

h i2
þ P ×Uð Þ � e 1ð Þ

1

h i2
= P×Qð Þ � e 1ð Þ

1

h i2
ð4:18Þ

Case 1: Normal circular-arc surface conjugation with parallel axes (Σ = 0, π and
A ≠ 0)

In this case, Eq. (4.18) can be calculated and simplified into:

1∓ Ið Þ2 Ω 1ð Þ � e 1ð Þ
1

� �2
Ω 1ð Þ ×R 1ð Þ

� �2
= AIΩ 1ð Þ � e 1ð Þ

1

� �2
ð4:19Þ

Obviously, the conditions that Eq. (4.19) holds can be summarized into the
following aspects:



(ii)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffir

i

(ii)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

i
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(i) Ω 1ð Þ � e 1ð Þ
1 = 0 The directrix C 1ð Þ

d is a planar curve, which lies on the plane
perpendicular to the rotational axis A_1.

AI
1∓ I = ∓ Ω 1ð Þ ×R 1ð Þ

� �2
It can be found from the theory of gearing that the

left side of this equation is the pitch radius in parallel-axis gearing, whereas the
right side is the projection length of the radius vector R(1) onto a plane

orthogonal to the axis A_1. It is certain that the directrix C 1ð Þ
d is a spatial curve

wrapped around the pitch cylinder.

Case 2: Normal circular-arc surface conjugation with intersecting axes (A =0 and
Σ ≠ 0, π)

In this case, Eq. (4.18) can be calculated and simplified into:

I sinΣ Ω 1ð Þ � R 1ð Þ
� �

R 1ð Þ � e 1ð Þ
1

� �h i2
= I cosΣ- 1ð Þ2 R 1ð Þ � e 1ð Þ

1

� �2
Ω 1ð Þ × Ω 1ð Þ ×R 1ð Þ

� �h 2
ð4:20Þ

Obviously, the conditions that Eq. (4.20) holds can be summarized into two
aspects:

(i) R 1ð Þ � e 1ð Þ
1 = 0 Similar to the previous description, the directrix C 1ð Þ

d is a spatial
curve on the spherical surface, the center of which is at the intersecting point of
the axes A_1 and A_2.

I sinΣ
I cosΣ- 1 = ±

Ω 1ð Þ × Ω 1ð Þ ×R 1ð Þð Þ½ �2
Ω 1ð Þ�R 1ð Þ It can be found from the theory of gearing that

the left side of this equation denotes the tangent of the pitch cone angle of the
driving gear in intersecting-axis gearing, whereas the absolute value on the right
side is the tangent of the included angle between the vector R(1) and the axis

A_1. It is certain that the directrix C 1ð Þ
d is a spatial curve wrapped around the

pitch cone. Its engineering application can be seen in the study by Duan
et al. [3].

Case 3: Normal circular-arc surface conjugation with orthogonally crossed axes
(Σ = π/2 and A ≠0)

In this case, Eq. (4.18) can be calculated and simplified into:

I Ω 1ð Þ � R 1ð Þ
� �

R 1ð Þ � e 1ð Þ
1

� �h i2
= AI Ω 1ð Þ � R 1ð Þ

� �
Ω 1ð Þ × e 1ð Þ

1 þ R 1ð Þ � e 1ð Þ
1

� �
Ω 1ð Þ × R 1ð Þ ×Ω 1ð Þ

� �h 2
ð4:21Þ



Similarly, it provides the possibility of achieving normal circular-arc surface
conjugation with orthogonally crossed axes, but the solution of the directrix is also
complicated. As a valuable improved version of Novikov gearing, hyperboloidal-
type normal circular-arc gearing is proposed to transmit motion and power between
two orthogonally crossed axes, and a detailed discussion on how to achieve
hyperboloidal-type normal circular-arc gearing is presented in Sect. 4.3.

4.2.4 General Principle of Normal Circular-Arc Gearing

Definition 4.6 The locus of the conjugate points of the directrices of conjugate
molding surfaces in a fixed space is called the meshing line. The surface generated
by the rotation of the directrix (or the meshing line; the two are identical in the effect
on the generation of surface) about the rotational axis is called the datum surface.
The outline of the smallest cross section of the datum surface is called the gorge
circle.

Definition 4.7 The gearing that complies with the principle of normal circular-arc
surface conjugation is named normal circular-arc gearing.
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1. Basic relationship of the directrix, the meshing line, and the datum surface

As shown in Fig. 4.4, when the meshing line Cm is given, a pair of datum surfaces
Γ(1), Γ(2) can be obtained by the rotations of Cm about the axes A_1, A_2, respec-
tively, and the two are tangent at the meshing line. The locus of a movable point P,
which moves along Cm with a predetermined rule of movement and rotates simul-
taneously with Cm, forms a pair of conjugate directrices C 1ð Þ

d and C 2ð Þ
d and are always

Fig. 4.4 A diagram of the directrix, meshing line, and datum surface



tangent at point P at any instant. A fixed orthogonal right-handed coordinate system,
{O(2); i(2), j(2), k(2)}, is established at the axis A_2, and, thereinto, the coordinate
vector i(2) is in the opposite direction to i(1). The convention of other symbols is the
same as before.
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Let ρ be the radius vector of the meshing line Cm and

Cm : ρ= ρ uð Þ= x uð Þi 1ð Þ þ y uð Þj 1ð Þ þ z uð Þk 1ð Þ ð4:22Þ

where

x(u),y(u),z(u) are the coordinate components in {O(1); i(1), j(1),k(1)}.

According to Definition 4.6, a pair of datum surfaces Γ(1), Γ(2) can be described
with the radius vector equations:

Γ 1ð Þ : Ρ 1ð Þ =B λ 1ð Þ
� �

ρ uð Þ ð4:23Þ

Γ 2ð Þ : Ρ 2ð Þ =B λ 2ð Þ
� �

ρ uð Þ-Ai 1ð Þ
� �

ð4:24Þ

where

λ(i) is the rotational angle of the meshing line Cm about the axis A_i (i = 1, 2).

Referring to Chen et al. [2], Eqs. (4.23) and (4.24) can be rewritten as:

Γ 1ð Þ : Ρ 1ð Þ = x uð Þe λ 1ð Þ
� �

þ y uð Þe1 λ 1ð Þ
� �

þ z uð Þk 1ð Þ ð4:25Þ

Γ 2ð Þ : Ρ 2ð Þ = x� uð Þe λ 2ð Þ
� �

þ y� uð Þe1 λ 2ð Þ
� �

þ z� uð Þk 2ð Þ ð4:26Þ

where

e(λ(i)), e1(λ
(i)) are the unit circle vector functions, which denote the rotations of i(i), j(i) about k(i)

with the rotational angle λ(i) (i = 1,2), respectively, as seen in Chen et al. [4] and

x�(u),y�(u),
z�(u)

are the coordinate components in {O(2); i(2), j(2), k(2)}.

If the functions λ(1) = λ(1)(u) and λ(2) = λ(2)(u) exist and satisfy the predetermined
rule of movement for the conjugate point, then a pair of conjugate directrices C 1ð Þ

d ,

C 2ð Þ
d , which are wrapped around the datum surfaces Γ(1),Γ(2) can be obtained from

Eqs. (4.25) and (4.26), respectively. Now, we differentiate Eq. (4.25) with respect to
u and let dλ(1)/dt = 1; then, the tangent vector of C 1ð Þ

d can be denoted as:



� � � �� �8
106 4 Hyperboloidal-Type Normal Circular-Arc Gearing

dΡ 1ð Þ

du
=B λ 1ð Þ _ρþ Ω 1ð Þ × ρ λ 1ð Þ

:

_ρ= dρ
du

, λ 1ð Þ
:

=
dλ 1ð Þ

du

>><
>>: ð4:27Þ

2. Conjugate condition and restrictive condition based on the meshing line

In Sect. 4.2.2, both the conjugate condition and the structural condition are
directed against a pair of directrices at the conjugate point, whereas the loci of the
conjugate points form the meshing line; therefore, it is simple and convenient to
discuss the problems on the conjugation by means of the meshing line.

According to Eq. (4.6), the relative linear velocity v 21ð Þ
P of the conjugate point P at

the meshing line Cm can be rewritten as:

v 21ð Þ
P = v 2ð Þ

P - v 1ð Þ
P =Ω 21ð Þ × ρ-A Ω 2ð Þ × i 1ð Þ

� �
ð4:28Þ

where

v 1ð Þ
P

is the linear velocity of point P about the axis A_1, which is equal to Ω(1) × ρ and

v 2ð Þ
P

is the linear velocity of point P about the axis A_2, which is equal to Ω(2) × (ρ - Ai(1)).

When λ(1) = 0,B(0) = E (E is the identical deformation), Eq. (4.27) denotes the
tangent vector of C 1ð Þ

d at the conjugate point P, i.e.,

dΡ 1ð Þ

du λ 1ð Þ = 0

�� = _ρþ v 1ð Þ
P λ 1ð Þ

:

ð4:29Þ

As a result, the conditional Eq. (4.11) of normal circular-arc surface conjugation
can be rewritten as:

v 21ð Þ
P ×

dΡ 1ð Þ

du λ 1ð Þ = 0

�� = v 21ð Þ
P × _ρ- v 1ð Þ

P × v 2ð Þ
P

� �
λ 1ð Þ
:

= 0 ð4:30Þ

The prior condition that Eq. (4.30) holds is that the vectors v 21ð Þ
P × _ρ and v 1ð Þ

P × v 2ð Þ
P

must be linearly dependent, i.e.,

v 21ð Þ
P × _ρ

� �
× v 1ð Þ

P × v 2ð Þ
P

� �
= 0 ð4:31Þ

By double vector product, it can be simplified into:

v 1ð Þ
P × v 2ð Þ

P

� �
� _ρ= 0 ð4:32Þ



It is the restrictive condition of the meshing line and is equivalent to Eq. (4.18). If
Eq. (4.32) is not standing, then Eq. (4.30) is certainly false, and, thus, Eq. (4.32) is
also the necessary condition for conjugation.

Because the datum surfaces Γ(1), Γ(2) are the surface of revolution, v 1ð Þ
P and v 2ð Þ

P
can be regarded as the tangent vectors of the parallels of Γ(1) and Γ(2), respectively, at
the conjugate point P, and the restrictive condition of the meshing line of normal
circular-arc conjugation can be interpreted as follows: the tangent vector of the
meshing line must lie on the common tangent plane between the two datum surfaces.
Furthermore, Eq. (4.32) can be rewritten in an expanded form as:

A ρ � j 1ð Þ
� �

Ω 2ð Þ � _ρþ I sinΣ ρ � i 1ð Þ
� �

ρ-Ai 1ð Þ
� �

� _ρ= 0 ð4:33Þ

Case 1: Normal circular-arc gearing with parallel axes (Σ = 0, π and A ≠0)

In this case, the conditions that Eq. (4.33) holds can be summarized into two
aspects:
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(i) Ω 2ð Þ � _ρ=Ω 1ð Þ � _ρ= 0 The meshing line Cm lies on the plane, which is perpen-
dicular to the axes A_1, A_2.

(ii) ρ � j(1) = 0 The meshing line Cm lies on the plane, which is determined by the
parallel axes A_1, A_2, and it is the instantaneous axis in the gear pair with
parallel axes; the datum surfaces are a pair of pitch cylinders.

Case 2: Normal circular-arc gearing with intersecting axes (A =0 and Σ ≠ 0, π)

In this case, the conditions that Eq. (4.33) holds can be summarized into two
aspects:

(i) ρ � _ρ= 0 The meshing line Cm is a spatial curve on the spherical surface, the
center of which is at the intersecting point of the axes A_1 and A_2, and the
spherical surface is used as a pair of coinciding datum surfaces.

(ii) ρ � i(1) = 0 The meshing line Cm lies on the plane determined by the intersecting
axes A_1, A_2; it is the instantaneous axis in the gear pair with intersecting axes,
and the datum surfaces are a pair of pitch cones.

Case 3: Normal circular-arc gearing with orthogonally crossed axes (Σ = π/2 and
A ≠0)

In this case, Eq. (4.33) can be simplified into:

x-Að Þ dm
2

du
þ x

dz2

du
= 0

m2 = x2 þ y2

8<
: ð4:34Þ



�

where
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m is the distance between the projection of point P on the plane perpendicular to the axis A_1
and the axis.

Let u= x; then, the following expression can be obtained by the transposition and
the integral of Eq. (4.34) as:

z2 =
Z

A
x
- 1

� � dm2

dx
dxþ C ð4:35Þ

where

C is the integration constant.

m = m(x) can be freely chosen to satisfy the practical requirements, and, subse-
quently, z = z(x) is solved from Eq. (4.35), and, finally, a spatial curve defined by
m, z is the meshing line Cm.

3. Determination of the directrix

According to the previous discussion, Eq. (4.11) is equivalent to two independent
scalar equations, and, thereinto, one is the restrictive condition of the meshing line,

and only when λ 1ð Þ
:

is properly chosen can another scalar condition hold. Only in this
manner can the function λ(1) = λ(1)(u) be obtained, and, then, the directrix C 1ð Þ

d is

solved. Thus, the condition that λ 1ð Þ
:

meets is sufficient for normal circular-arc surface
conjugation.

Taking the scalar product of Eq. (4.30) and k(1), another scalar condition can be
acquired after the simplification as follows:

λ 1ð Þ
:

= -
_x I cosΣ- 1ð Þx-AI cosΣ½ � þ _y I cosΣ- 1ð Þyþ Iz sinΣ½

Ixz sinΣþ AIy cosΣ ð4:36Þ

Case 1: Normal circular-arc gearing with parallel axes (Σ = 0, π and A ≠0)

λ 1ð Þ
:

=
1∓ Ið Þ x_xþ y _yð Þ±AI _x

±AIy
ð4:37Þ

Case 2: Normal circular-arc gearing with intersecting axes (A =0 and Σ ≠ 0, π)

λ 1ð Þ
:

= -
I cosΣ- 1ð Þ x _xþ y _yð Þ þ Iz_y sinΣ

Ixz sinΣ ð4:38Þ

Case 3: Normal circular-arc gearing with orthogonally crossed axes (Σ = π/2 and
A ≠ 0)
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λ 1ð Þ
:

=
x _xþ y _y- Iz _y

Ixz
ð4:39Þ

Theoretically, the function λ(1)= λ(1)(u) can be obtained by the integral of λ 1ð Þ
:

and by
substituting it in Eq. (4.25), we have the directrix C 1ð Þ

d . Because λ(i) is equivalent to
φ(i), there is a relationship λ(2)/λ(1) = I between a pair of directrices. By substituting
λ(2) = Iλ(1)(u) in Eq. (4.26), the directrix C 2ð Þ

d is obtained.

4.3 Geometry of Hyperboloidal-Type Normal Circular-Arc
Gears

Definition 4.8 A kind of normal circular-arc gearing in which the datum surfaces
are a pair of hyperboloids of one sheet is named hyperboloidal-type normal circular-
arc gearing.

4.3.1 Determination of Conjugate Directrices

For normal circular-arc gearing with orthogonally crossed axes, the case x = x0
(const) in Eq. (4.34) is highly valuable. By substituting it in Eq. (4.35), the meshing
line Cm, which lies on the plane x = x0, is obtained as:

z2 = y2 cot 2δ 1ð Þ þ C

tan 2δ 1ð Þ = x0
A- x0

8<
: ð4:40Þ

As shown in Fig. 4.5, Eq. (4.40) can represent three kinds of meshing lines: when
C= 0,z= ± y cot δ(1), the meshing lines are a pair of straight lines with the included
angle δ(1) relative to the k(1) axis (i.e., the axis A_1); when C=C2

0 > 0 , z2 =
y2 cot 2δ 1ð Þ þ C2

0, the meshing lines are a pair of hyperbolas, which are symmetrical
with respect to the j(1) axis; and when C= -C2

0 < 0 , z2 = y2 cot 2δ 1ð Þ -C2
0 , the

meshing lines are a pair of hyperbolas, which are symmetrical with respect to the k(1)

axis. It should be noted that the vectors j(1), k(1) in Fig. 4.5 originate from the
translation of j(1), k(1) from the plane x = 0 to the plane x = x0.

These three kinds of meshing lines can be uniformly described with the following
equation:

z= z yð Þ= ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 cot 2δ 1ð Þ þ C

q
x= x0

(
ð4:41Þ



�
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Fig. 4.5 Three forms of
meshing lines

When the meshing line is a straight line, i.e., C = 0, the surfaces of revolution
generated by the meshing line about the axes A_1, A_2 are a pair of hyperboloids of
one sheet and hyperboloidal-type normal circular-arc gearing is named after it. In
this case, the vector equation of the meshing line Cm can be represented in {O(1); i(1),
j(1),k(1)} as:

Cm : ρ= ρ uð Þ= x0i
1ð Þ þ u sin δ 1ð Þj 1ð Þ - cos δ 1ð Þk 1ð Þ

�
ð4:42Þ

where

u is the length variable of the meshing line Cm and

x0 is the interception of the meshing line at the i(1) axis.

Referring to the above description, the datum surface Γ(1) of the pinion can be
described by the vector equation:

Γ 1ð Þ : P 1ð Þ = B - λ 1ð Þ� �
ρ uð Þ=R 1ð Þe - λ 1ð Þ� �

þu sin δ 1ð Þe1 - λ 1ð Þ� �
- cos δ 1ð Þk 1ð Þ� ð4:43Þ

where

R(1) is the gorge radius of the datum surface Γ(1), which is equal to the interception x0.

According to Eqs. (4.22), (4.42), and (4.43), Eq. (4.39) can be simplified and
arranged into:

du

dλ 1ð Þ =
IR 1ð Þ

sin δ 1ð Þ þ I cos δ 1ð Þ� �
tan δ 1ð Þ ð4:44Þ

By the integral, we can obtain the function u = u(λ(1)) defining the motion of the
conjugate point, i.e.,



� �

�

u= p 1ð Þ λ 1ð Þ þ λ 01ð Þ p 1ð Þ = IR 1ð Þ

sin δ 1ð Þ þ I cos δ 1ð Þ� �
tan δ 1ð Þ ð4:45Þ

where

4.3 Geometry of Hyperboloidal-Type Normal Circular-Arc Gears 111

λ(01) is an integration constant, generally zero.

Similarly, we can also obtain the function u = u(λ(2)), i.e.,

u= p 2ð Þ λ 2ð Þ þ λ 02ð Þ
� �

p 2ð Þ = 1
I
p 1ð Þ = R 2ð Þ tan δ 1ð Þ

sin δ 1ð Þ þ I cos δ 1ð Þ ð4:46Þ

where

λ(02) is an integration constant, generally zero and

R(2) is the gorge radius of the datum surface Γ(2), which is equal to A - x0.

Because p(1), p(2) are constant, the functions u = u(λ(1)), u = u(λ(2)) are linear and
the directrices C 1ð Þ

d , C 2ð Þ
d are a pair of spirals wrapped around the datum surfaces Γ(1),

Γ(2) with the pitches p(1), p(2), respectively.
According to Chen et al. [4], the noninterference condition of hyperboloidal-type

normal circular-arc gearing is tan δ 1ð Þ =
ffiffi
I3

p
, and, therefore, the following relation-

ships between the kinematic parameters and the positional parameters can be
summarized from the above discussions:

R 1ð Þ =A sin 2δ 1ð Þ, R 2ð Þ =A cos 2δ 1ð Þ,
p 1ð Þ =R 1ð Þ sin δ 1ð Þ, p 2ð Þ =R 2ð Þ cos δ 1ð Þ ð4:47Þ

Then, the rule of movement of the conjugate point of the directrices is
u = λ(1)R(1) sin δ(1) = λ(2)R(2) cos δ(1). Substituting it in Eq. (4.43), the directrix
C 1ð Þ
d of the pinion tooth surface in HNCGing with line contact is obtained by

the vector equation:

C 1ð Þ
d : R 1ð Þ = R 1ð Þe - λ 1ð Þ� �

þλ 1ð ÞR 1ð Þ sin δ 1ð Þ sin δ 1ð Þe1 - λ 1ð Þ� �
- cos δ 1ð Þk 1ð Þ� ð4:48Þ

To reduce the effect of manufacturing errors and the misalignment of mating
members, the principle of mismatching of generating surfaces is used to achieve the
point of -contact of the gear pair, in which the profile radius of the gear is slightly
greater than that of the pinion. In such a case, the center of a normal cross section of
the gear tooth surface at any position will depart from the directrix C 1ð Þ

d so long as the
pinion and gear tooth surfaces are in contact.



�
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Fig. 4.6 Diagram of real directrices applied to HNCGing with point contact

To comply with the basic principle of molding-surface conjugation, the directri-
ces of the pinion and gear tooth surfaces in HNCGing with point contact must be
adjusted in accordance with some rules. As shown in Fig. 4.6, the real directrix
C 1, rð Þ
d of the pinion is obtained by rotating the theoretical directrix C 1ð Þ

d about the
axis A_1 with the angle △λ(1), i.e.,

C 1, rð Þ
d : R 1, rð Þ = B ±△λ 1ð Þ� �

R 1ð Þ =R 1ð Þe - λ 1ð Þ ±△λ 1ð Þ� �
þλ 1ð ÞR 1ð Þ sin δ 1ð Þ sin δ 1ð Þe1 - λ 1ð Þ ±△λ 1ð Þ� �

- cos δ 1ð Þk 1ð Þ�
ð4:49Þ

where

r denotes the quantities pertaining to the real tooth surface in HNCGing with point contact;

△λ(1) is the modification angle, which is equal to lp/(R
(1) sin δ(1)). Here, lp is the transverse offset

of the tooth profile of the pinion; and

± denotes the counter-clockwise (or clockwise) rotation viewed against the direction of k(1)

and is used to describe the quantities pertaining to the right (or left) tooth flank of the tooth
in the next derivation.

HNCGing is planned to transmit motion and power between orthogonally crossed
axes, and, thus, the inclined angle of the meshing line with respect to the axis A_2 of
the gear is 90- δ(1). Similar to the operation of the pinion, the real directrix C 2, rð Þ

d of
the gear tooth surface can be arranged into:



� � �

�i

Þ
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C 2, rð Þ
d : R 2, rð Þ = R 2ð Þe - λ 2ð Þ ±△λ 2ð Þ

þλ 2ð ÞR 2ð Þ cos δ 1ð Þ cos δ 1ð Þe1 - λ 2ð Þ ±△λ 2ð Þ� �
- sin δ 1ð Þk 2ð Þ�

ð4:50Þ

Here, the modification angle△λ(2) is determined by the magnitude of the backlash
and is less than I △ λ(1). The upper (lower) sign of “±” is used to describe the
quantities pertaining to the right (left) flank of the gear tooth space (viewed against
the direction of k(2)). As pointed out earlier, to comply with the meshing relation-
ships of conjugate directrices, the real directrix C 2, rð Þ

d is not the set of the arc centers
of all cross sections of the working tooth surface of the gear but is the inner
equidistant curve of this set, the offset distance of which is the radius difference of
the tooth profiles of the mating pinion and gear.

4.3.2 Mathematical Models of Conjugate Tooth Surfaces

Taking the derivative of Eq. (4.49) with respect to λ(1), the tangent vector t(1, r) of the
directrix C 1, rð Þ

d can be represented as:

t 1, rð Þ ¼ dR 1, rð Þ

dλ 1ð Þ

¼ R 1ð Þ λ 1ð Þ sin 2δ 1ð Þe λ 1ð Þ ±△λ 1ð Þ
� �

þ cos δ 1ð Þ cos δ 1ð Þe1 λ 1ð Þ ±△λ 1ð Þ
� �

þ sin δ 1ð Þk 1ð Þ
�h

ð4:51Þ

Because the meshing line rotates with the rotation of the directrix C 1, rð
d ,

according to Eq. (4.42), the tangent vector m(r) of the real meshing line C rð Þ
m can

be denoted as:

m rð Þ =
d B λ 1ð Þ ±△λ 1ð Þ� �

ρ uð Þ� �
du

= sin δ 1ð Þe1 λ 1ð Þ ±△λ 1ð Þ
� �

- cos δ 1ð Þk 1ð Þ ð4:52Þ

Taking a dot product between Eqs. (4.51) and (4.52) and referring to Chen
et al. [4], we can find that:

t 1, rð Þ �m rð Þ = 0 ð4:53Þ

This shows that the family of the directrix and the family of the meshing line
constitute the orthogonal system of lines of the datum surface. On the basis of this,

the moving frame P; e 1, rð Þ
1 , e 1, rð Þ

2 , e 1, rð Þ
3

n o
set along the directrix C 1, rð Þ

d can be

constituted by:



�

�
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e 1, rð Þ
1 ¼ t 1, rð Þ

t 1, rÞð�� ��
¼ λ 1ð Þ sin 2δ 1ð Þe - λ 1ð Þ ±△λ 1ð Þ� �

- cos δ 1ð Þ cos δ 1ð Þe1 - λ 1ð Þ ±△λ 1ð Þ� �þ sin δ 1ð Þk 1ð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2δ 1ð Þ þ λ 1ð Þ sin 2δ 1ð Þ� �2q

e 1, rð Þ
2 ¼ m rð Þ

m rÞðj j ¼ sin δ 1ð Þe1 - λ 1ð Þ ±△λ 1ð Þ
� �

- cos δ 1ð Þk 1ð Þ

e 1, rð Þ
3 ¼ e 1, rð Þ

1 × e 1, rð Þ
2

¼ cos δ 1ð Þe - λ 1ð Þ ±△λ 1ð Þ� �þ λ 1ð Þ sin 2δ 1ð Þ cos δ 1ð Þe1 - λ 1ð Þ ±△λ 1ð Þ� �þ sin δ 1ð Þk 1ð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2δ 1ð Þ þ λ 1ð Þ sin 2δ 1ð Þ� �2q

>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð4:54Þ

Obviously, e 1, rð Þ
3 is the unit normal vector of the datum surface Γ(1) along the real

meshing line C rð Þ
m and is directed toward the outside of the entity of the pinion.

According to previous descriptions, a pair of conjugate directrices is tangent at
the conjugate point, which means that the two directrices have the common tangent
line at that point, and, additionally, a pair of datum surfaces of HNCGing is tangent
at the straight meshing line, which shows that the two datum surfaces share the
common normal line along the meshing line. These two characteristics provide a
chance to set a shared moving frame for describing the kinematics and geometry of

conjugation, and, thus P; e 1, rð Þ
1 , e 1, rð Þ

2 , e 1, rð Þ
3

n o
is used as the base of the shared

moving frame {P;α1,α2,α3} in the discussion. n
Similar to the above operation, the moving frame P; e 2, rð Þ

1 , e 2, rð Þ
2 , e 2, rð Þ

3 set at

the directrix C 2, rð Þ
d can be constituted by:

e 2, rð Þ
1 = -

λ 2ð Þ cos 2δ 1ð Þe - λ 2ð Þ ±△λ 2ð Þ� �
- sin δ 1ð Þ sin δe1 - λ 2ð Þ ±△λ 2ð Þ� �þ cos δ 1ð Þk 2ð Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin 2δ 1ð Þ þ λ 2ð Þ cos 2δ 1ð Þ� �2q

e 2, rð Þ
2 = cos δ 1ð Þe1 - λ 2ð Þ ±△λ 2ð Þ� �

- sin δ 1ð Þk 2ð Þ

e 2, rð Þ
3 = -

sin δ 1ð Þe - λ 2ð Þ ±△λ 2ð Þ� �þ λ 2ð Þ cos 2δ 1ð Þ sin δe1 - λ 2ð Þ ±△λ 2ð Þ� �þ cos δ 1ð Þk 2ð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin 2δ 1ð Þ þ λ 2ð Þ cos 2δ 1ð Þ� �2q

8>>>>>>>>>>><
>>>>>>>>>>>:

ð4:55Þ

It should be noted that e 2, rð Þ
3 is the unit normal vector of the datum surface Γ(2)

along the real meshing line and is directed toward the inside of the entity of the gear,
but e 2, rð Þ

2 keeps the direction with e 1, rð Þ
2 at the conjugate position. This operation

ensures the uniformity of P; e 1, rð Þ
1 , e 1, rð Þ

2 , e 1, rð Þ
3

n o
and P; e 2, rð Þ

1 , e 2, rð Þ
2 , e 2, rð Þ

3

n
,

and, thus we can choose the former as the base of the shared moving frame



�
�

�

{P;α1,α2,α3}, and the profile angles defining the tooth profiles of the pinion and the
gear are consistent in the shared frame. As shown in Fig. 4.7, when the pinion tooth

engages with the gear tooth, the working tooth profiles BC
_

of the pinion and the gear
contact at a predetermined point (location) by the pressure angle, and, then, the two
moving frames coincide at the conjugate point P, which is the contacting point of the
real directrices C 1, rð Þ

d , C 2, rð Þ
d at that position.
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Fig. 4.7 Schematic illustration of basic tooth profiles

It must be pointed out that Fig. 4.7 is achieved by viewing the tooth of the pinion
and the tooth space of the gear against the direction of k(1) and k(2) and that the left
sides of the tooth of pinion and the tooth space of the gear are considered to be the
driving side and the driven side, respectively, in the process of conjugation. Now, the
sign “-” is chosen to describe the quantities pertaining to the sign “±.” According to
Eqs. (4.1), (4.49), and (4.50), the contacting tooth surfaces ψ (1), ψ (2) of the pinion
and the gear can be described as:

ψ 1ð Þ : S 1ð Þ =R 1, rð Þ þ rp sin θpe
1, rð Þ
3 þ cos θpe

1, rð Þ
2

�
ð4:56Þ

ψ 2ð Þ : S 2ð Þ = R 2, rð Þ -△r sin αne
2, rð Þ
3 þ cos αne

2, rð Þ
2

�
þrg sin θge

2, rð Þ
3 þ cos θge

2, rð Þ
2

� ð4:57Þ

where

rp, rg are the radii of the working tooth profiles of the pinion and the gear, respectively.

θp, θg are the profile angles of the working tooth profiles of the pinion and the gear, respectively.

△r is the radius difference between the working tooth profiles and △r = rg - rp.

αn is the pressure angle.

According to the conclusion drawn from Eq. (4.53), the directrices of the adjacent
teeth of the gear (or the pinion) must be perpendicular to the same meshing line, and
the length of the intervals of the adjacent teeth are equal; thus, the normal pitch can



�

be defined as Pn = πmn (mn is the normal module of the gear pair). On the basis of
this, the following parameter relationships can be obtained as follows:

R 1ð Þ = z1mn

2 sin δ 1ð Þ , R2 =
z2mn

2 cos δ 1ð Þ , A=
mn

2
z1

sin δ 1ð Þ þ
z2

cos δ 1ð Þ


 �
, tan δ 1ð Þ =

ffiffiffiffi
z1
z2

3

r
ð4:58Þ

where
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z1 and z2 are the number of teeth of the pinion and the gear, respectively.

Obviously, the normal module mn is an important parameter that standardizes the
design and machining of HNCGing. When mn is given, the basic parameters of
HNCGing can be acquired by Eq. (4.58), and, then, the rest of the structural
parameters can be determined by means of the current standards of Wildhaber–
Novikov gearing.

Figure 4.8 is a three-dimensional (3D) representation of a pair of right-handed
pinion and gear in HNCGing with point contact. When the pinion makes a positive
rotation about the k(1) axis as a driving member, the gear is driven to rotate positively
about the k(2) axis through the engagement of the tooth surfaces ψ (1), ψ (2).

4.3.3 Induced Curvatures of Mating Tooth Surfaces

According to Sect. 4.2.1, the tangent direction of the generatrix and its orthogonal
direction (i.e., the tangent direction of the directrix) are the principal directions of the
tooth surfaces of HNCGing and the normal curvatures at the two directions are the
principal curvatures. On the basis of this property, two principal directions and the
surface normal direction (pointing to the center of the circular-arc generatrix) can be

used to define a moving frame, S 1ð Þ; e 1ð Þ
s1 , e

1ð Þ
s2 , e

1ð Þ
s3

n o
, of the pinion tooth surface

ψ (1). According to differential geometry, the principal curvatures k 1ð Þ
s1 , k 1ð Þ

s2 of the
tooth surface ψ (1) can be denoted as:

k 1ð Þ
s1 = -

k 1ð Þ
g cos θp þ k 1ð Þ

n sin θp

1- rp k 1ð Þ
g cos θp þ k 1ð Þ

n sin θp
�

k 1ð Þ
s2 =

1
rp

8>>>><
>>>>:

ð4:59Þ

where

k 1ð Þ
s2 ,k

1ð Þ
s1

(continued)



�

4.3 Geometry of Hyperboloidal-Type Normal Circular-Arc Gears 117

Fig. 4.8 Schematic
illustration of one tooth of
the pinion and one tooth
space of the gear in
HNCGing

are the principal curvatures of ψ (1) in the tangent direction of the generatrix and its
orthogonal direction, respectively.

k 1ð Þ
g , k 1ð Þ

n are the geodesic curvature and the normal curvature of the directrix C 1, rð Þ
d in the

shared moving frame {P;α1,α2,α3}, respectively.

Similarly, according to Eq. (4.59), the principal curvatures k 2ð Þ
s1 , k

2ð Þ
s2 of the tooth

surface ψ (2) can be denoted as:

k 2ð Þ
s1 = -

k 2ð Þ
g cos θg þ k 2ð Þ

n sin θg

1- rg k 2ð Þ
g cos θg þ k 2ð Þ

n sin θg
� �

þ△r k 2ð Þ
g cos αn þ k 2ð Þ

n sin αn
�

k 2ð Þ
s2 =

1
rg

8>>>><
>>>>:

ð4:60Þ

where



�

�i
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k 2ð Þ
s2 , k

2ð Þ
s1

are the principal curvatures of ψ (2) in the tangent direction of the generatrix and its
orthogonal direction, respectively.

k 2ð Þ
g , k 2ð Þ

n are the geodesic curvature and the normal curvature of the directrix C 2, rð Þ
d in the

shared moving frame {P;α1,α2,α3}, respectively.

For a pair of conjugate tooth surfaces ψ (1),ψ (2), two circular-arc tooth profiles
with constant radii rp,rg are in tangential contact at the direction of the pressure angle
in the common normal plane of the tooth surfaces, and, thus, the induced principal
curvature k 21ð Þ

s2 of mating tooth surfaces in the tangent direction of the generatrix is
constant, i.e.,

k 21ð Þ
s2 = k 1ð Þ

s2 - k 2ð Þ
s2 =

1
rp

-
1
rg

=
rg - rp
rprg

=
△r
rprg

ð4:61Þ

In the shared moving frame {P;α1,α2,α3}, the profile angles are θp = θg = αn
when they are used to define the contact position of the tooth surfaces. According to
Eqs. (4.59) and (4.60), the induced principal curvature k 21ð Þ

s1 of the conjugate tooth
surfaces ψ (1), ψ (2) at that contact position in the common tangent direction of the
directrices C 1, rð Þ

d , C 2, rð Þ
d can be denoted as:

k 21ð Þ
s1 = k 1ð Þ

s1 - k 2ð Þ
s1

= -
k 1ð Þ
g cos αn þ k 1ð Þ

n sin αn

1- rp k 1ð Þ
g cos αn þ k 1ð Þ

n sin αn
� �þ k 2ð Þ

g cos αn þ k 2ð Þ
n sin αn

1- rg -△r
� �

k 2ð Þ
g cos αn þ k 2ð Þ

n sin αn
�

= -
k 21ð Þ
g cos αn þ k 21ð Þ

n sin αn

1- rp k 1ð Þ
g cos αn þ k 1ð Þ

n sin αn
� �h i

1- rp k 2ð Þ
g cos αn þ k 2ð Þ

n sin αn
�h

k 21ð Þ
g = k 1ð Þ

g - k 2ð Þ
g

k 21ð Þ
n = k 1ð Þ

n - k 2ð Þ
n

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð4:62Þ

where

k 21ð Þ
g , k 21ð Þ

n are the induced geodesic curvature and the induced normal curvature of C 1, rð Þ
d ,

C 2, rð Þ
d , respectively.
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4.4 An Integrated Manufacturing Software System
for HNCGing

Design, engineering, and manufacturing are undergoing a digital transformation, and
the need for a collaborative product development environment is becoming an ever-
growing requirement. The integrated manufacturing software system of HNCGing
meets this need by connecting CAD, CAM, and CAE in a single application platform
and can be used as a primary expert system for the design and machining of
HNCGing [5].

4.4.1 Functional Framework

The idea of an integrated manufacturing software system of HNCGing builds upon
digital manufacturing trends, which connect CAD, CAM, and CAE together through
3D modeling, simulation of meshing and contact, and adaptive tool path program-
ming, as shown in Fig. 4.9. In CAD systems, according to the mathematical models
of HNCGing and parameter relationships, a 3D model generation program that
outputs 3D models of pinion and gear is developed by means of computer graphics
and commonly used programming languages. The 3Dmodels of pinion and gear will
be used as the criterion model for error analysis, tooth contact analysis, and machin-
ing simulation. In CAM systems, selection of the blank, design of the cutting tool,
and determination of the cutting regime are brought into the tool path planning, and a
file of NC code can be automatically generated with the change of the specification
parameters and cutting parameters. This system provides the machining simulation
and the human–computer interaction of the machining parameters. In CAE systems,
the measurement data of real tooth surfaces, achieved by CAM or 3D scanning, can
be imported and fitted and the surface deviation can be calculated by comparing
between the fitting model of the real tooth surface and the criterion model. On the
basis of this, tooth contact analysis can provide the effect of errors on the path of
contact and the area of contact. This system is extendible and reserves the interface
to enhance functions for the dynamics and redesign of HNCGing.

4.4.2 Three-Dimensional Modeling

The basic method of computer representation of the pinion and gear of HNCGing is
presented in the study by Zhang et al. [6].

According to the structural characteristics of teeth arrangement, the tooth ele-
ment, which is the key substructure extracted from the gear (the pinion), is used as
the foundation for constructing a model of the gear (the pinion). The main steps
comprise:
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Fig. 4.9 Functional framework of an integrated manufacturing software system of HNCGing

(1) Determining the boundary condition of the tooth element; (2) dividing the
tooth element into five parts, i.e., the left fillet arc at the root of the tooth, the left
working tooth profile, the addendum circle, the right working tooth profile, and the



right fillet arc, and calculating the connecting condition between the five parts;
(3) solving discrete points on the surfaces of the five parts, and fitting these points
with triangular or quadrilateral patches to generate the tooth element; and
(4) establishing a three-dimensional solid model of HNCGing by arraying the
tooth element according to the number of teeth and merging it with the dedendum
circle. The three-dimensional models of a pair of pinion and gear with point contact,
generated by CAD systems embedded in the integrated manufacturing software
system of HNCGing, are shown in Fig. 4.10.
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Fig. 4.10 Three-dimensional models of HNCGing

4.4.3 Adaptive Tool Path Programming

The basic idea of adaptive tool path programming for NC machining of HNCGing is
presented in the study by Yan et al. [7].

To quickly respond to the changes of design and machining parameters, an
adaptive tool path programming is applied to automatically compute the tool path,
conduct the post-processing, and generate the G-codes for the 5-axis form milling of
HNCGing with different specifications, as shown in Fig. 4.11. The CAM systems
embedded in the integrated manufacturing software system of HNCGing support the
selection of the blank, the design of the cutting tool, and the tool path planning. On
one hand, the tooth width and the maximum radius of the addendum are calculated
from the input design parameters and the specifications of the blank can be selected,
and, then, the machining parameters, set by the rough and finish machining process
of the addendum surface, can be input into the CAM system to calculate the tool path
and generate the G-codes of NC turning. On the other hand, according to the input
design parameters, the size of the tooth space can be calculated, the forming cutter
profiles can be designed, and the machining parameters can be input to meet the
production requirements; the tool paths of the rough and finish machining of the
tooth surface can be calculated, and, based on the coordinate transformation of the
tool paths, they are rearranged in accordance with the NC file template to generate
the G-codes. In adaptive tool path programming, the cutting cycle parameters,
determined by the feed rate and the finish allowance, are considered to be the
cycle indices of program execution.
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Fig. 4.11 Flowchart of adaptive tool path programming in the integrated manufacturing system of
HNCGing

In the program implementation of machining simulation, the blank of the work-
piece is regarded as a positive geometric solid and the swept volume of the cutter is
regarded as a negative geometric solid; the point set of the blank on the path the
cutter passes is removed, and the boundary surface of the blank is replaced by the
envelope of the cutter, as shown in Fig. 4.12. Let {Pblank} be the point set of the
blank, {PCSB} be the point set of the swept volume of the cutter, and {PCES} be the



Þ [

point set of the envelope of the cutter, then the point set {PRE} of the reconstruction
model satisfies the following equation:
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Fig. 4.12 Machining simulation in the integrated manufacturing software system of HNCGing

Fig. 4.13 Photograph of
the prototype machine of
hyperboloidal-type normal
circular-arc gearing

PRef g 2 Pblankf g- Pblankf g \ PCSBf gð PCESf g ð4:63Þ

Referring to the Chinese standards on circular-arc gears, a prototype machine of
hyperboloidal-type normal circular-arc gearing was designed with the main design
parameters as follows: the normal module mn = 3 mm, the number of teeth of the
pinion z1= 9, the number of teeth of the gear z2= 23, the radius of the working tooth
profile of the pinion rp = 4.5 mm, and the radius of the working tooth profile of the
gear rg = 4.95 mm. The generation of the pinion and gear tooth surfaces were
completed on a five-axis computer numerical control (CNC) machine, and the
prototype machine of HNCGing was achieved by assembling all the components,
as shown in Fig. 4.13.
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4.4.4 Simulation of Meshing and Contact

The basic idea of computer simulation of meshing and contact of HNCGing is
presented in the study by Chen et al. [8].

The error is the difference between the actual position and the theoretical position
that the gear pair would occupy if they were perfectly conjugated, such as the
misalignment error, shape error, and kinematic error. The variation denotes the
deviation of the transmission process and the meshing performance, such as the
position variation of the contact point, the variation of the speed ratio, etc. If the error
is considered to be the input disturbance, then the variation can be regarded as a
response to this disturbance. Using the moving frame of conjugated tooth surfaces,
the errors and variations were quantified, and, then, the response relationship
between the variations and errors was established by means of the conditional
equation of conjugation. According to the Hertz contact hypothesis, the instanta-
neous contact area of conjugate tooth surfaces is calculated on the basis of induced
curvatures of the conjugate tooth surfaces presented in Sect. 4.3.3 and is represented
on the common tangent plane of the conjugate surfaces. Applying the method of
center projection, the instantaneous contact area is projected onto the tooth surface,
and, thus, a relationship is established between the two-dimensional (2D) contact
area and the three-dimensional (3D) contact area. In CAE systems embedded in the
integrated manufacturing software system of HNCGing, tooth contact analysis is an
important component to directly reflect the contact performance of the gear pair.
Because the errors cannot be avoided absolutely, the path of contact may deflect to
the tooth root or the tooth top land, and, then, the loading capacity of the teeth will be
impacted. Here, the simulation of meshing and contact is achieved by application of
the TCA computer program developed by the authors and is used to demonstrate the
shift of the bearing contact caused by the misalignment. Figure 4.14 presents the
result of the influence of the angle error of the k(2) axis (i.e., the axis A_2) on the path
of contact.

4.5 Conclusion

Under the guidance of the basic principle of molding-surface conjugation,
hyperboloidal-type normal circular-arc gearing (HNCGing) is proposed to be the
latest improved version of Novikov gearing to transform motions between orthog-
onally crossed axes. The tooth geometry of the pinion and mating gear in HNCGing
is generated, and the curvature characteristics of conjugate tooth surfaces are
explored. This helps in calculating the Hertzian contact between the two mating
teeth and implementing tool path planning for NC machining. An integrated
manufacturing software system of HNCGing is developed, which connects 3D
computer-aided design, 3D computer-aided manufacturing, and tooth contact anal-
ysis in a single application platform.
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Chapter 5
Modern Methods of Estimating
and Increasing the Load-Bearing Capacity
of Novikov Gearing

Viktor I. Korotkin

Analysis of the performance comparison between involute gears and Novikov gears
[1] convinces of the effectiveness of the widespread use of the latter in both general
and special purpose drive, in the design of transmission for oil pump in particular.

Thus, it is known that Novikov gears with standard basic profiles are widely used
in gearboxes of general and special purposes. At the same time, Novikov gears with
chemically and thermally hardened, cemented, and nitrocarburized tooth surfaces are
developed based on the standard basic profile BP1 [2] and those with thermally
improved (sometimes with additional nitriding) teeth are made on the basis of the
standard basic profile BP2 [3].

Currently, the industry is facing a situation in which there are no uniform
(standard) methods and computational programs for the geometric and strength
calculations of Novikov gearings, which forces consumers to use outdated imperfect
methods, often contradicting each other. This makes designing gearings and drives
with rational parameters that ensure both high quality and competitiveness of
products difficult.

Briefly, the shortcomings of the previous methods (including the current GOST
17744-72 for the calculation of geometry and the methodological recommendation
MR 221-86 for the calculation of strength) are as follows:

• There is no unified methodological approach to the calculation of Novikov gears
with any hardness of the tooth surfaces.
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Gears with nonzero displacement of the basic profile, which are widespread in
gearbox construction, are not covered.

• The calculation of the contact endurance of the tooth surfaces is based on the
definition of not effective but normal contact stresses, that is, the shape of the
contact pad is not taken into account, which leads to contradictory results.

• Changes in the geometry of the teeth in the process of a run-in are not taken into
account.

• There is no calculation of the deep contact strength of surface-hardened teeth.
• There is no accounting of the “edge effects” when the contact spot comes out on

the edges of the teeth and their connection with the adaptive ability of the real
gearing is made with given errors.

• Gears with a new modern basic profile [2], providing a high load-bearing capacity
of the drive, as well as modified gears are not covered.

• There are no calculations of the geometric limiting factors and quality of engage-
ment of gears, which determine the rational scope of applicability of the latter.

• Many of the most important design parameters (coefficients of stress concentra-
tion, unevenness of load distribution, gearing dynamics, etc.), which must take
into account the real conditions of the manufacture and operation of gears, are
adopted from the methods of calculations for involute gears, which completely
ignore the specifics of Novikov engagement, and, as a result, the reliability of
calculations is significantly reduced.

• Permissible stresses and safety factors are not consistent with the structure of the
formulas for calculating the active stresses and with the results of tests of Novikov
gears, which often leads to unreliable conclusions.

Other shortcomings could be noted, but the above, in our opinion, is enough to
judge the unacceptability of the widespread use of the indicated methods.

In this chapter, on the basis of a new approach to eliminate the above shortcomings,
a generalization of the results of determining the main parameters necessary for
calculating the strength, load-bearing capacity, and service life of Novikov gears with
the basic profile BP1 is provided and the method developed by us to radically increase
the load-bearing capacity of Novikov gears with basic profile BP2 is described.

It should be noted that the basic profiles of BP1 and BP2 are fundamentally
different from each other: the first near-pole zone is turned off from work, which
prevents increased contact stresses in the gear, but, at the same time, there is an
additional concentrator of bending stresses. The second has a weak contact relation in
the near-polar involute-forming zone, but there is no additional stress concentrator.

It should be emphasized that the teeth of Novikov gears are in a complex volu-
metric stress state, which, moreover, when hooked, constantly changes from one phase
of engagement of teeth to another. The task is to find the “dangerous” aspects of the
strength phases with maximum contact and bending stresses. These stresses, which we
will later call permissible (critical), ultimately determine the load-bearing capacity and
durability of the gear transmission and, often, the service life of a gearbox as a whole.

In order to find the permissible stresses, it is necessary:

1. To three dimensionally simulate the solution of the stress-strain state of the
contact problem with previously unknown shapes and sizes of the contact
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spots, provided that the theoretical point (spot) of contact is located anywhere
along the width of the gear rim (along the length of the tooth) up to the end of the
tooth at the time of axial switching of the teeth

2. To simulate the process of a real engagement, in which the rigidity is taken into
account for the contacting teeth and accompanying parts of the drive (shafts,
bearings, housing) as well as the inevitable technological errors (in the probabi-
listic aspect) of the manufacture and assembly of gears, depending on the
specified accuracy

When solving the first problem, the so-called basic parameters such as contact,
bending stresses, and stiffness of the teeth when the theoretical point (spot) of
contact is located in the middle of the gear rim where the influence of the end of
the gear rim is absent, the phase values of these parameters and their relationship
with the base ones, and the coefficients of influence of the end of the gear rim, when
the contact spot shifts from the middle of the gear rim to its end, are determined. The
stresses must be brought to a form that allows them to be compared with the
permissible stresses established by the standards [4] for involute transmissions,
that is, for theoretically linear contact. When solving the second problem, partial
loads (fractions of the total input load) are in various phases of engagement of gears
calculated, and, thus, permissible stresses and “dangerous” phases of engagement
are defined.

Let us first look at the basic parameters.

5.1 Bending Stresses

Here, it was necessary to determine the volume coefficient YV of the tooth shape
under the action of the concentrated force on it as well as the parameter Ya that takes
into account the influence of the longitudinal length of the contact spot on bending
stresses.

The approximation dependence obtained during statistical processing of model-
ing results in the ANSYS system and has the YV form:

YV =Azav ±B xj jbzcv, ð5:1Þ

where the coefficients are accepted according to Table 5.1 depending on the
equivalent number zv of the teeth of the gear and the relative (to the module m)
value x� of the displacement of the basic profile when cutting the teeth.

To determine the parameter Ya, the simulation was based on the contact of the
studied equivalent straight tooth with an elastic indenter representing the equivalent
straight tooth of a paired wheel, the surface of which consists of theoretical points of
contact of the hyperbolic type, in which the radius of the concave part of the surface
is equal to the profile radius ρf of the tooth leg and the radius of the convex part of the
surface is equal to the main longitudinal radius ρβ of curvature of the contacting
surfaces of the tooth with the indenter.
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Table 5.1 Values of coefficients in the formula (Eq. 5.1)

Range x� Zv
-0.6 ≤ x� ≤ 0 Zv ≤ 18 1.17 17.5 -0.312 1.268 -1.262

Zv ≥ 18 0.436 37.7 0.03 1.268 -1.522

0 ≤ x� ≤ 0.6 Zv ≤ 18 1.17 -29 -0.312 0.766 -2.07

Zv ≥ 18 0.436 0.024 0.03 1.387 0

In the process of modeling, the number z of the wheel teeth, the main radii of
curvature – profile ρα and longitudinal ρβ [5], the tangential force Ft, and the value
aH of the length of the semi-major axis of the conditional ellipse of contact,
determined from Viktor et al. [5] were adopted. The parameter Ya was calculated
as the ratio of the bending stress of the distributed load to the stress of the
concentrated force.

The approximation formula obtained from the results of processing a wide range
of variations in the geometric and force parameters of the simulation data is as
follows (the asterisk means the ratio of magnitude to modulo):

Ya = 1-
0:0544 a�H

� �2 � z0:12v

1þ 0:14a�H þ 0:07 a�Hð Þ2 , ð5:2Þ

Taking into account the so-called stress factor λ [6], it is possible to write a
formula for determining the basic bending stress σF:

σF =
YVYaFt

m2 ð5:3Þ

5.2 Effective Contact Voltages

When calculating gears with theoretically point (practically local) contact, which
include Novikov gearing, the contact strength is estimated not by normal σH but by
effective (equivalent) stresses σHe, determined in accordance with the fourth theory
of strength. Of course, the permissible normal contact voltages [4] must be converted
into effective ones.

As it is known [7], effective contact stresses are calculated by the formula (with
the Poisson coefficient μ = 0.3):

σH =
0:6Fn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1- β þ β2

p
πaHbH 1þ βð Þ , ð5:4Þ



where F is the normal force, β = b /a , a is the ellipticity coef cient, and b is the

5.3 Stiffness of the Teeth 131

n H H H fi H

value of the small semi-axle of the conditional contact ellipse.
It should be borne in mind that in the process of operation, the teeth of the

Novikov gear wheels undergo run-ins, in which the contact spot grows in width to a
certain value l depending on the hardness of the contacting surfaces, while the main
profile’s radius ρα of curvature increases. Taking into account this circumstance, the
basic effective contact stress can be recorded in the form [8]:

σHe = 19:93l- 1:074F0:69
n ρ- 0:31

β : ð5:5Þ

The results of modeling the contact of two surfaces are well-consistent with the
theoretical dependencies, (Eqs. 5.4 and 5.5). However, when simulating the contact
of a real tooth with an indenter, the values σHe differ between (Eqs. 5.4 and 5.5). This
is due to the fact that the contact is also accompanied by a bend of the tooth, which
makes some adjustments, taken into account by the correction factor Kψ included as
a multiplier in (Eq. 5.5):

Kψ = - 933:33ψ4 þ 706:67ψ3 - 189:67ψ2 þ 20:63ψ þ 0:13, ð5:6Þ

where ψ = aH/bw (bw is the tooth length).
It should be emphasized that for gearings with teeth hardened to high hardness, it

is necessary to take into account the characteristics of the surface layer as well as, in
some cases, to assess the deep contact stresses.

5.3 Stiffness of the Teeth

The stiffness of the teeth in our studies is conveniently characterized by the value
W of the total (contact and shear) displacement of the center of the contact spot under
load, determined in the process of modeling the solution of the contact problem.
Knowledge of these movements is necessary to get a complete picture of the
distribution of the load and stresses on the contact sites when modeling a real
multi-pair engagement.

Statistical processing of a large amount of information has made it possible to
obtain dependencies for determining the base value W:

W = 0:359F0:77
t m- 0:585 ρ�β þ 100

� �- 0:294
0:111zvð Þγ , ð5:7Þ

where γ = - 0.294(0.111zv)
-0.423.

Let us now proceed to the report on the results of the study of the phase values of
the considered parameters obtained by shifting the contact spots along the length of
the teeth from the middle part of the gear rim to one of its ends in the process of
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Table 5.2 Values of coefficients in the formula (Eq. 5.8)

D00 D01 D02 D03 D04

1.481304 -0.923358 20.93405 -38.70766 19.43515

D10 D11 D12 D13 D14 D15

-0.392466 0.487538 -10.61498 -2.137028 99.47423 -128.8717

D20 D21 D22 D23 D24 D25

0.0896951 -0.177547 3.738188 -8.708485 -2.723311 16.54621

D30 D31 D32 D32 D34

-0.00625611 0.0136604 -0.308048 1.041986 -1.045351

Table 5.3 Values of coefficients in the formula (Eq. 5.9)

B00 B01 B02 B03 B04

1.004276 18.10111 71.25582 -744.2869 1201.738

B10 B11 B12 B13 B14 B15

-0.0913205 -40.02436 -123.5507 1167.931 -310.1259 -3255.421

B20 B21 B22 B23 B24 B25

0.101049 21.95774 46.85895 -335.5927 -1309.902 3864.673

engagement. The closer the contact spot is to the end, the stronger is the influence of
the latter on the stress and stiffness of the teeth. The designations of the phase
parameters obtained during modeling, in further presentation, will be provided with
an additional index “s,” and the influence of the ends of the teeth on them will be
evaluated through the so-called coefficients of influence representing the ratios of the
phase parameters to the corresponding baseline.

In previous works [6, 9] typical computer graphs of bending stresses and effective
contact stresses and contact spots for their basic positions and in the zone of the ends
of the teeth are provided. Processing of the obtained data in the entire range of
displacements of the contact spot from the base position to the end of the teeth has
made it possible to obtain the values of the coefficients of influence of the ends
expressed by the developed polynomials for software calculations and Tables 5.2,
5.3, and 5.4:

• Coefficient KFs of influence of the tooth ends on phase bending stresses

KFs =
X4
0

D0qS
q þ ψ þ 0:1ð Þ- 1

X5
0

D1qS
q þ ψ þ 0:1ð Þ- 2

X5
0

D2qS
q þ ψ þ 0:1ð Þ- 3

X4
0

D3qS
q

ð5:8Þ

Coefficient KWs of influence of the tooth ends on shift in different phases

KWs =
X4
0

B0q S- 0:05ð Þq þ ψ þ 1ð Þ- 1
X5
0

B1q S- 0:05ð Þq þ ψ þ 1ð Þ- 2
X5
0

B2q S- 0:05ð q

ð5:9Þ
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Table 5.4 Coefficient KHes of
influence of tooth ends on
phase effective contact
stresses

ψ

0.05 0.10 0.15 0.20 0.25

0.500 3.15 2.45 2.51 2.63 2.65

0.475 2.46 2.20 2.37 2.53 2.57

0.463 1.66 1.97 2.21 2.43 2.49

0.450 1.52 1.72 2.05 2.32 2.39

0.425 1.31 1.26 1.82 2.09 2.22

0.400 1.19 1.18 1.41 2.03 2.05

0.375 1.12 1.11 1.17 1.72 1.85

0.350 1.06 1.08 1.12 1.34 1.80

0.325 1.02 1.04 1.09 1.13 1.54

0.300 1.01 1.04 1.06 1.08 1.26

0.275 1.00 1.03 1.05 1.05 1.13

0.250 1.00 1.02 1.03 1.03 1.09

0.200 1.00 1.01 1.02 1.02 1.05

0.150 1.00 1.01 1.01 1.02 1.02

0 1.00 1.00 1.00 1.00 1.00

Based on the above, it is possible to present the final formulas of the main
parameters of the strength calculation of Novikov gearing:

• Phase bending stress

σFs = YVYasKFsFts=m
2 ð5:10Þ

Phase effective contact stress

σНes = 19:93l- 1:074KψsKНesF
0:69
ns ρ- 0:31

β , ð5:11Þ

Phase total (contact shear) displacement

W s = 0:359KWsF0:77
ts m- 0:585 ρ�β þ 100

� �- 0:294
0:111zvð Þγ,

γ = - 0:294 0:111zvð Þ- 0:423,
ð5:12Þ

where Fts, Fns are the tangential and normal partial forces, respectively, on the
contact spots in different phases of engagement, determined in the process of
modeling the real multi-pair gear engagement. In polynomials and tables S- the
distance of the theoretical point of contact to the middle of the gear rim (of base
position) is expressed in fractions of the length of the tooth.

Thus, the solution of the spatial contact problem for Novikov gear teeth with the
standard basic profile BP1 at the position of the contact spot in any zone along the
width of the gear rim makes it possible to obtain working formulas for determining
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bending and effective contact stresses, as well as the stiffness of the teeth, including
the coefficients of the influence of the ends of the gear rim on the main parameters of
the contact. The data obtained are the basis for finding permissible stresses and for
the definition of the operability of the gear and the resource of the gearbox as a
whole.

Using the working formulas (Eqs. 5.10–5.12) for determining phase stresses and
displacements, it is possible to proceed to modeling the process of a real multi-pair
gear engagement to find permissible stresses.

For this purpose, a system of equations containing equations of the elastic balance
and shared displacement of the contact teeth has been compiled:

W1 þ δu1 þ δl1 =W2 = δu2 þ δl2 =⋯=Wn þ δun þ δln
Pn
i= 1

Fti =FtΣ; i= 1 . . . n:

8<
: : ð5:13Þ

Here, FtΣ is total tangential force, Fti is the partial tangential force on the i the
contact spot, and δu is a set of technological errors in the manufacture and assembly
of gears of the pair, expressed in the probabilistic aspect, which also includes errors
caused by deformations of the related parts (shafts, bearings, etc.) of the drive. The
solution is implemented by a specially developed program in the MAPLE-17
system. As a result, the tensest sections of the teeth and, accordingly, the load-
bearing capacity of the gearbox are determined.

Figure 5.1 shows two-stage gearboxes: serial 1Ts2U-200 with nitro-cemented
involute wheels and experimental 6Ts2-160 with nitro-cemented Novikov wheels,
calculated according to the developed technique. With the same torque
T = 2500 Nm, the experimental gearbox is almost 1.5 times lighter than the serial
one. With the same specific gravity G/T, which is one of the main indicators of the
technical and economic characteristics, an experienced gearbox transmits torque
35% higher than a production gearbox.

Fig. 5.1 (a) Gearbox 1Ts2U-200 (involute gearing): T = 2500 Nm, G = 170 kg; G/T = 0.068 kg/
Nm; (b) Gearbox 6Ts2-160 (Novikov gearing): T = 2500 Nm, G = 120 kg; G/T = 0.048 kg/Nm
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The gearbox 6Ts2-160, with our active participation, has passed many years of
factory tests. A large experimental series has been manufactured, which has been
successfully operated for many years in the drives of machines and mechanisms for
various purposes.

The technique described above was applied to the assessment of the technical
characteristics of special purpose gearboxes, in particular, drive gearboxes of oil
pumping units equipped with thermally improved Novikov gears with the initial BP2
circuit, which are widely produced in the industry. At the same time, a study of the
effectiveness of the longitudinal modification of the working surfaces of the teeth,
created by us to radically increase the load-bearing capacity of Novikov gears, was
carried out.

The technique described above was applied to the assessment of the technical
characteristics of special purpose gearboxes, in particular, drive gearboxes of oil
pumping units equipped with thermally improved Novikov gears with the initial BP2
circuit, which are widely produced in the industry. At the same time, a study of the
effectiveness of the longitudinal modification of the working surfaces of the teeth,
created by us to radically increase the load-bearing capacity of Novikov gears, was
carried out.

The task of improving the technical characteristics of the drive system of oilfield
equipment is highly relevant. One of the solutions to this problem is to reduce the
stresses of the teeth wheels in the drive gearboxes. This makes it possible to increase the
load-bearing capacity of the gearboxes and the resource of their operation. At the same
time, it is extremely important to preserve the radial and axial dimensions, as well as the
general gear ratios of the gears, which makes it relatively easy to achieve the goal
without performing any significant design and technological additional works in the
production of manufactured products. In the same sense, it is important to fundamen-
tally preserve the type of tooth-cutting and control tools for the manufacture of gears.

Oil pumping units (see Fig. 5.2), produced by the domestic industry by major
series, are widespread in the oil industry, working throughout the country under a
variety of climatic conditions.

It should be noted that the authoritative American company DARCO (USA),
which produces oil pumping machines and exports them to many countries of the
world, also uses Novikov gears, which the company considers the best variant,
confirmed by tests in China and by the National Aeronautics and Space Adminis-
tration (NASA), of equipping gearboxes serving oilfield equipment.

In order to modernize the gearbox of an oil pumping unit, we first considered it
expedient to replace the serial chevron gears with helical gears with special thrust
rings [10] and perceived axial loads, which allows the use of radial bearings without
requiring axial adjustment. Such a design has successfully passed a multi-year test
while operating the gearbox model TsNK250 and the series Ts3NK, producing
highly positive results [11]. In addition, it was necessary to preserve the basic profile
[3] as well as to not increase the radial and axial dimensions of the gearbox structure
while maintaining its total gear ratio, which, as mentioned above, contributes to a
significant facilitation of the use of the proposed modernization in production.

As the object of the study, the widespread three-stage gearbox Ts3NSH-450-40
was chosen (see Fig. 5.3).
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Fig. 5.2 General view of an
oil pumping unit

Gearbox

Fig. 5.3 Serial chevron
gearboxTs3NSH-450-40
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At the initial stage of the study, designing Novikov gears with a module exceed-
ing that used in a serial variant was proposed. In comparison with the existing serial
version, this led to a decrease in the stresses of the teeth along the contact strength by
approximately 1.12 times, an increase in the load-bearing capacity of the gearbox by
1.45 times, an increase in the service life by 2 times, and an increase in the bending
strength from 1.3 to 1.6 times, 1.74 times, and 4 times. Along the way, it was
possible to reduce the working width of the gear rims at various stages of the gearbox
from 1.26 to 1.64 times, which helped improve the weight and size characteristics of
the gearbox [12]. Thus, only the increase in the module significantly increased the
technical characteristics of the gearbox, which under the above conditions, as shown
in the study by Korotkin and Onishkov [12], could not be achieved in principle if
involute gears were used instead of Novikov gears.

Our research has revealed another significant reserve for reducing the stresses of
Novikov gear teeth, which is advisable to use together with the increase in the
module – this is a longitudinal modification of the barrel-shaped type of the working
surfaces of the teeth [5].

Figure 5.4a conditionally depicts a pair of the basic gear racks of gear 1 and the
wheel 2, which do not have errors according to the contact norms (δa= 0) and are in
contact with each other in a straight line, and, in Fig. 5.4b, the same pair with errors
according to the norms of contact, leading to a kinematic gap δa ≠ 0 at one of the
ends of the gear rim, is displayed.
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Fig. 5.4 Diagram of tooth contact variants
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Figure 5.4c shows the longitudinal flanking of the teeth. With this method, at one
of the elements of the pair (more convenient at the gear), the flanks at the ends of the
teeth with a depth of δf and a length of c are removed. There are various methods of
longitudinal flanking of Novikov gear teeth, in which the line of flank is straight or
close to a straight line. With this method, the end of the teeth, as expected, is
completely turned off from work, but the main engagement cycle (on the
nonflanking part) remains the same, and the alignment of stresses along the contact
spots does not occur, which sometimes leads to not only a decrease but also an
increase in stresses [13]. Achieving significant stress equalization with the simulta-
neous exclusion of the end of the teeth from the engagement, as studies have shown,
is possible by performing a longitudinal modification, giving the surfaces of the teeth
a slightly barrel-shaped shape (see Fig. 5.4d).

A longitudinal modification is deviation of the contacting surfaces of the gears
from each other by a certain value δl, called the modification parameter, which,
according to the parabolic law δl= b2w=8ρ, decreases along the length of the tooth up
to zero in the middle part of the gear rim (ρ is the longitudinal radius of curvature of
the tooth surface). The removal δl is best carried out on one of the elements of the
toothed pair. As known, a similar method has been successfully used for involute
gearings.

Technologically, longitudinal modification of teeth does not present difficulties
and can be carried out in production in the same manner as it is performed to obtain
barrel-shaped teeth of involute gears, that is, either by diagonal gear milling [14] or
with the help of removable copiers to serial gear cutting machines or on tooth-
shaving machines with a swinging table [15], in which the radius of the copier is
rk = ρ tgαk (αk is the angle of the basic profile at the nominal theoretical point of
contact). The latter method is simpler and more preferable.

The results of the study presented below are obtained when the system (Eq. 5.13)
is solved with the addition of a modification parameter, δl.

Table 5.5 shows a comparison of contact (σH) and bending (σF) permissible phase
stresses of the modified teeth of Novikov helical gears with an enlarged module and
the teeth of serial wheels on the stages of the gearbox Ts3NSH-450-40, at a rated
torque Tвых = 40, 000 Nm on the output shaft of the gearbox. On the left part of the
table are the values for the serial (unmodified) teeth and on the right are the values
obtained for the modified teeth. All gears in the compared gears are shown variants
are made without displacements of the basic profile when cutting teeth, from the
same material, with the same heat treatment and have really achievable in practice
technological deviations corresponding to approximately 9–10 of accuracy grade
(if you focus on GOST 1643-81).

Longitudinal modification in combination with an increased module leads to a
significant reduction in the stresses of the teeth, and, for the input stage, it was also
possible to further reduce the width of the gear rim by 1.27 times.

Similarly, the efficiency of longitudinal modification of the teeth is shown in
Fig. 5.5, where λσ is the ratio of the permissible stress of the serial gearing to the
permissible stress of the modified teeth at the same torque T= 40,000 Nm (curves A)
and λT is the ratio of the load-bearing capacity of the modified gearing to the load-
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Table 5.5 Strength characteristics of Novikov gears of three-stage gearboxes of the Ts3Sh-450-40
model with unmodified (serial version) and modified teeth with definition of the optimal ranges of
parameters δl

Parameter Serial variant Modified variant

Gear ratio 40 63 90 125 40 63 90 125

Input (1) m, mm 6.3 8

σH, МPа 476 442 441 449 268 250 253 262

σF, МPа 258 220 201 189 99 90 85 81

δl, mm 0 0 0 0 0.06 . . . 0.07

Intermediate (2) m, mm 7.1 9.0

σH, МPа 759 299

σF, МPа 399 165

δl, mm 0 0.09 . . . 0.11

Output (3) m, mm 8.0 10.0

σH, МPа 1023 420 . . . 455

σF, МPа 662 325 . . . 350

δl, mm 0 0.1 . . . 0.3
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Fig. 5.5 Schedules of the ratio λσ, λT on the stages of the gearbox Ts3NSH-450-40

bearing capacity of the serial gearing at the equality of the permissible stresses
(curves B). Figure 5.5a shows the contact strength and Fig. 5.5b demonstartes
bending.

The high efficiency of the modification is clearly visible. So, for the most loaded
(output) stage of the gearbox, we have λσ = 2.25 . . . 2.44, λT = 3.9 by contact and
λσ = 1.89 . . . 2.04, λT = 2.8 by bend. A similar effect is visible for other gear stages.
Of course, it is possible to implement it, apparently, only partially, otherwise it
will be necessary to modernize the shafts and bearings. However, it is safe to say
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that modified Novikov gearing will not be a limiting link at all stages of the gearbox
Ts3NSH-450-40 and also in the rest of the gearboxes of the oil pumping units
produced.

The effect of reducing stress at the request of consumers can be obtained in
another manner. If the gearbox is operated with a serial load (40,000 Nm on the
output shaft), then with the obtained reduced stresses of the modified teeth, the
resource of the gearbox in accordance with the fatigue curves [4] will increase
significantly, based on both contact and bending strength.

Considering the question of increasing the resource of the gearbox, it is necessary
to use the well-known universal dependence of the type σqN = const [16], arising
from the Wohler fatigue curve, where σ is the stress, q is an indicator of the degree of
the fatigue curve, and N is the number of cycles of the gear wheel.

According to GOST 21354-87 [4], the contact fatigue curve has two inclined
sections with a degree index of q = qH = 6 and q = qH = 20 and the bending
endurance curve, in our case, has one inclined section with a degree index of
q = qF = 6, before passing into a horizontal section with long durability. Thus,
reducing the contact and bending stresses at constant load will increase durability by
at least 1–2 orders of magnitude.

The developed computational program determines not only the permissible
stresses in the areas but also looks for the optimal modification parameters at
which these voltages will be minimal. Such parameters are indicated in Table 5.5.
It should be noted that it is not desirable to markedly deviate from the recommended
ranges of the modification parameters specified in the table, within which the
reduced voltages are obtained because, otherwise, the permissible stresses will
begin to grow, as can be seen from Fig. 5.6.
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Fig. 5.6 Graphs of changes in bending stresses (A) and effective contact stresses (B) of the
modified teeth of Novikov gears at the output stage of the gearbox Ts3NSH-450-40 depending
on the values of the modification parameter δl
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Analysis of the results shows that an increase in the module of the teeth basically
leads to a decrease in the bending tension of the teeth and that the longitudinal
modification dramatically reduces their contact tension.

In summary, it can be argued that the longitudinal modification of the teeth of
Novikov gears in combination with an enlarged module is a highly effective and
fundamentally technologically simple way to radically improve the technical and
economic characteristics of drive gearboxes produced by the domestic industry of oil
pumping machines, ensuring their high competitiveness in the world market.
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Chapter 6
Some Features of the Contact Strength
of Novikov Gearing

Viktor I. Korotkin and Nikolay P. Onishkov

Theoretically, the contact point of the interacting teeth of Novikov gears under load
turns into local contact with an instantaneous contact pad (ICP) of an elliptical, or
close to it, form provided during the design. At the same time, effective contact
stresses determined in accordance with the Fourth theory strength, σe (which in some
sources are called stress intensity), regardless of the hardness of the working surfaces
of the teeth, have traditionally been determined in the center of the ICP and were
considered as permissible stresses—that is, determining the load-bearing capacity of
the gearing [1, 2].

For the plastic material of steel teeth of relatively low hardness (i.e., normalized,
thermally improved) with a coefficient ellipticity, β≤ 0:45, which is the ratio of the
sizes of the small (b) to the large (a) semi-axle of the ICP; this approach is quite
justified. When β> 0:45 , the maximum effective stresses σe are shifted to the
periphery side of the contact pad [2], and when β= 1 (i.e., circular contact pad)
one has on the periphery the largest excess over stress σe in the center the; however,
such cases in the gears practically do not occur.

As for teeth hardened by chemical heat treatment (CHT), then, as will be shown
in the following, permissible contact stresses, σcr, can occur at the end of the large or
small semi-axel of the ICP at some value, β. This is because of the fact that stretching
stresses appear at the boundaries of the ICP, leading to pure shift; and a rather fragile
hardened CHTmaterial, unlike plastic, is much more sensitive to tensile stresses than
to compressive ones, which is usually characterized by the plasticity parameter
χ = σ+/σ-, where σ+, σ- —uniaxial stress of destruction, respectively, stretching
and compression. Obviously: for absolutely plastic materials, χ = 1; for absolutely
fragile, χ = 0.
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Fig. 6.1 Example of
destruction of
nitrocarburized teeth of
Novikov gears

Note that for Novikov gearing, contact calculations for the strength of the teeth’s
working surfaces with convex–concave local contact reliability was considered to be
secondary. Surface contact strength was supposed to be a priori provided, and
failures, as it was believed, were associated with fractures and chips from excessive
bending stresses.

Still, analysis of some published data [3] on the occurrence at the border of the
ICP (especially in materials prone to embrittlement) of radial microcracks growing
with repeated (even insignificant) stresses, makes one pay serious attention to the
detected phenomenon. An additional impetus to the need to study the stress–strain
state (SSS) of the teeth in the area of the boundaries of contact spots was given by the
following circumstance.

During the tests of Novikov’s nitrocemented gears [1], no cases of pitting corro-
sion were recorded, the destruction of Novikov’s teeth was in the nature of end
breakage and in most cases the primary surface defects were localized in the active
zone near the boundaries of the contact spot, and the fracture surface was close in
some cases to a flat surface (see Fig. 6.1). This implies a pure shift under the action of
tangential stresses.

The purpose of this work is to substantiate the possibility of destruction of gear
teeth in the area of the boundaries of the ICP and to assess the influence of the
contact conditions of high-stressed surface-hardened gears with the teeth’s local
contact on the initiation of alternative (i.e., noncontact) types of their destruction.

It is known that for heat-improved steels there is a close to linear dependence of
tensile strength on the σв+ hardness H according to Brinell: σв+ ≈ 0, 34НВ and the
conditional yield strengths under tension (σ0, 2+) and compression (σ0, 2-) are taken
to be equal. Yet, the increase in hardness over (450...500)HB leads to a violation of
these ratios—a clear display of differences in tensile strength (σв+) and compression
(σв-): σв- >> σв+, σ0, 2+approaching σв+, σ0, 2- << σв- [4, 5]. The role of
tangential stresses in the process of destruction with the growth of the fragility of
the material decreases, destruction will be brittle or mixed (i.e., brittle-plastic)
depending on the stiffness of the load. Under these conditions, the use of plasticity
criteria (i.e., Treck,Mises) in assessing the strength leads to incorrect results. Studies
have shown that the use of the Lebedev–Pisarenko limit state criterion for structur-
ally inhomogeneous material [5] was more objective, in which the current permis-
sible (i.e., critical) stresses are σcr determined by the formulas:

σcr = χσe þ 1- χð Þσ1A1- σ1þσ2þσ3ð Þ=σe ≤ σ½ � ð6:1Þ



Here σ1, σ2, σ3 = the main stresses; A = 0,7...0,8 = statistical parameter of
defectiveness; [σ] = some allowable stress for a uniaxial stress state—of stretch =
[σ]+ or of compression [σ]= [σ]- ≈ [σ]+/χ. For plastic materials χ = 1, σcr= σe, and
evaluation of strength assessment can be made according to the criterion of plasticity
of Treck, Mises.

The shear stress is maximum at the circular contact area and decreases as the
elliptic coefficient, β, decreases. Accordingly, the permissible stresses at the bound-
aries of the ICP decrease and increase in its center. Comparative graphics of changes
in tension [σ] (stresses are normalized by p0) depending on β on the elliptical ICP
shown in Fig. 6.2. (The components of the stress tensor are defined by [6, 7]). From
Fig. 6.2 follows:
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The limit state criterion allows one to consider the effect of load stiffness on the
decrease or increase [σ] depending on the sign σ1. Within the framework of the
proposed model, the change in these properties is considered by a change in the
plasticity parameter. The processing of available experimental data, summarized in
Reference [1], made it possible to accept χ = 1 for thermal improvement of steels in
the first approximation, and for a high-quality alloyed tool and bearing steels at
H= (62 ... 64) HRCe to accept χ = 0.6...0.7. For hardened structural carbon steels, it
is possible to reduce the parameter χ to 0.45...0,55.

The use of calculation models based on the criterion of the limit state made it
possible to make significant clarifications in the assessment of the deep contact
strength of Novikov’s surface-hardened gears) [1, 6] and to substantiate the inexpe-
diency of overestimating the hardness of working surfaces H0 over (58...60)
HRCe; whereas, the recommendations of GOST 21354-87 allow up H0 to
65HRCe. Consider, for example, the features of SSS in the field of theoretical
point contact “sphere-to-plane” with a circular contact pad.

The stresses on the entire surface of the contact area are compressive, except for
the area of its boundary. At the ends of the radius r, there are equal voltages
modulo—radial (tensile) and circumferential (compressive). The effective stresses
σe, according to the Mises criterion at the Poisson coefficient of 0.3 in this case for
the circular region of the ICP, are equal σe0 = 0, 2p0 in the center of the IPC and σer
= 0.231p0 at the border of the ICP ( p0 = pressure in the center of the ICP, the lower
index “0” refers to the center of the IPC, the index “r” = the border of the ICP).
Consequently, the congestion of the ICP boundary relative to the center is 15.5%.
For hardened alloy structural steels at H0 ≈ (60...62) HRCe and at the parameter of
plasticity χ ≈ 0.7, according to the Lebedev–Pisarenko permissible stresses, will be:
in the center σcr0= 0, 143p0 of the ICP and at the border σcr0= 0, 186p0 of the ICP—
that is, the relative tension of the border zone increased approximately 12–13%. But
in addition to the increase in relative tension, it is important to keep in mind that the
level of permissible stresses in the center of the ICP is because of the compressive
strength of the material, while at the edge of the ICP it is tensile strength (in the first
approximation, the corresponding permissible stress can be considered proportional
χ) [7, 8].



146 6 Some Features of the Contact Strength of Novikov Gearing

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.40

0.35

0.30

0.25

0.20

0.05

0.10

0.15

0p�

4

5

6

1

2

3

b

Fig. 6.2 The tension on the elliptical ICP depending on the elliptic coefficient β; 1.2 – σe0, σcr0,
respectively, the effective stresses and permissible stresses at the plasticity parameter χ = 0.7 in the
center of IPC; 3,4 – σcra, σcrb- permissible stresses at borders respectively of large and small semi-
axles of contact ellipse; 5 – σcra/χ; 6 –σcrb/χ

(a) for all values β – σcr0 < σe0
(b) when β≥ 0,2 one has σcra/χ > σcr0, which increases the danger of end breakage
(c) at β ≥ 0.35 the permissible stresses at both boundaries of the semi-axles of the

ICP become determinative of the danger of the slice

Studies conducted for Novikov gearings in a wide range of parameters of the basic
profile and geometry of the gears showed that by varying these parameters, it is
possible, by changing the elliptic coefficient, to control the ratio of permissible
stresses in the center and at the borders of the contact pad and thereby identify the
teeth’s dangerous areas .

The increase in hardness determines the increase in the contact strength of steel
parts, but at the same time there is a decrease in the plastic properties of the material
with the opposite tendency. Consequently, there is, as mentioned earlier, some
threshold value of the hardness of steel, after which its further increase will give a
negative effect. As part of the study of deep contact strength of chemically–ther-
mally hardened gears based on the Lebedev–Pisarenko criterion, the acting stresses
were determined by formula (6.1), and allowable stress by the formula in Reference
[9]:

σ½ �= σ½ �- = χ χ- 0, 11128ð ÞHHVD ð6:2Þ



where D = ZNKK1K2K3K4K5: ZNK = longevity coefficient, K1 – K5 = coefficients
taking into account the nature of contact, the number of potentially dangerous zones,
the effect of tangential load, the quality of the material and CHT, and the dispersion
of material properties in the layer.

Source data:
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The dependence shown in formula (6.2) was obtained in the study of deep contact
strength and resolved with respect to destroying compression stresses. On the
surface, at the border of the ICP, there is a shift and destructive stresses (i.e.,
stretching). Hardened steels have various resistances to tension and compression,
therefore the allowable stresses for the boundary zone are, taken in the first approx-
imation, reduced by proportionally, χ:

σ½ �= σ½ �þ = χ2 χ- 0, 11128ð ÞHHVD ð6:3Þ

The approximation of the dependence (6.3) is explained by the fact that the
parameter D does not consider the possible decrease in the mechanical characteris-
tics of the material caused by inevitable surface defects, estimated by several authors
as 10–15%. Let’s analyze the effect of hardness on the bearing capacity of the
contact on the example of the case discussed previously—the sphere–plane contact.

• In the center of the IPC: σ10 = σ20 = - 0, 8p0, σ30 = - p0, σe0 = 0, 2p0,
• On the border of the IPC: σ1r = 0, 133p0, σ2r = 0, σ3r = - 0, 133p0, σer = 0,

231p0
• Considered interval of change of hardness: H0 = (650 - 800)HV

As the calculations showed, and with the equality of the operating and permissi-
ble stresses (6.1) and (6.2) for the center of the ICP and (6.1) and (6.3) for the
boundary of the ICP, one understands that in the central zone of the ICP the change
in hardness does not lead to a noticeable fluctuation in pressures. On the border of the
same spot, where there is a σ1r > 0 decrease (with increasing hardness) of the
plasticity parameter, one gets a significant decrease, p0 (up to 30%). Thus, increasing
the hardness above 700HV (58HRCe) is impractical.

6.1 Conclusions

1. For the first time it was found that stress for a hardened gear of the CHT at local
elliptical contact on its the periphery can exceed the stress in its center and initiate
alternative types of failures (e.g., the observed fracture of the teeth).

2. It is necessary to conduct additional research and clarify the levels of permissible
stresses within the contact area.

3. To prevent a possible decrease in the contact strength of the teeth, especially
along the boundary area of the ICP, it is desirable to limit the hardness of their
working surfaces to the level of 58HRCe.
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Chapter 7
Tooth Relieving of Worm Hobs for Cutting
Novikov Gears with Double Lines of Action

Aleksandr Sandler

7.1 Introduction

The peculiarity of the formation of screw and relieved surfaces by disk grinding
wheels lies in the inevitable deviation of the profile of the ground surface from the
profile of the wheel, which is called an organic error. For a straight basic rack, this
organic error is minimized as much as possible, or, at the attained degree of
minimization, an obtained profile is taken as the basic rack [1–3]. For screw and
relieved surfaces with a profile of substantial and variable curvature, this organic
error must be eliminated to the maximum degree.

A well-known example of a solution to this problem is the method of forming a
profile of an unruled worm of the ZT2 type, proposed by F.L. Litvin in 1961 (later, in
the monograph by Litvin and Fuentes [4], such worms were considered as worms of
the ZF-II type). In this example, the axial profile of a grinding wheel was set in the
form of a circular arc. Then, based on the condition that this arc is the contact line of
the wheel and the ground surface, the angle of installation of the grinding wheel axis
and the axial profile of the worm thread were sought. Obviously, to obtain a worm
hob with the relieved surfaces of the teeth close in profile to the found worm threads,
a solution for the inverse problem is required.

In the studies by Sandler et al. [2] and Sandler and Lagutin [5], the authors
proposed a solution for a similar problem with respect to the convex thread profile of
the worm and the hob for cutting the teeth of gears with liquid friction. They
specified a substantially curvilinear axial profile of the working worm (or the
hob’s generating worm) and also took the profile of the grinding wheel in the axial
section of the worm. The setting angle of the grinding wheel axis is determined on
the basis of the condition that this axis intersects two normal lines to the thread axial
profile and lies on a plane parallel to the axis of the worm. The proposed method
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ensures minimization of the organic error in the profiling of the worm thread and,
taking into account a similar organic error in tool profiling, the necessary identity of
the profile of the hob’s generating worm.
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In the work by Sandler and Lagutin [6], the authors made the first attempt to apply
the general principles of this method to the study of the relieving process of worm
hobs for cutting Novikov gears. In this case, two significant factors were taken into
account. First, the curvature of the profile of the generating rack of these worm hobs
is a variable in terms of not only its radius of curvature but also its sign. Second, the
possibilities of the relieving machine allow setting the axis of the grinding wheel on
a plane not parallel to the axis of the ground product that improves the grinding
conditions for a number of parameters.

In this work, this research is developed and continued. This has solved the main
issues of the relieving technique, which are functionally oriented to solving the
following problems: providing the rear angles of the teeth necessary for the wear
resistance of the cutting edges of the hob, minimizing the organic error of the profile
of the generating rack, and determining the main parameters for setting up the
relieving machine and the profile of the grinding wheel.

7.2 Novikov Gearing: Parameters of the Basic Rack

For the first time, helical gears with an initial point tangency of the circular-helical
surfaces of the teeth were proposed by the eminent American inventor E. Wildhaber
in 1926 with a US patent no. 1,601,750.1 However, at that time, this invention went
unnoticed, and such gears underwent rapid development only after the Soviet
engineer M.L. Novikov formulated the general principle of their formation and
showed that they will have an increased load capacity, primarily in contact endur-
ance [7]. The fundamental novelty of Novikov’s invention was analyzed in the
works by S.P. Radzevich [8, 9].

Initially, M.L. Novikov proposed a version of helical overcentrode gears, in
which tooth profiles, convex on the pinion and concave on the wheel, were delin-
eated with the circular arcs in the face section of the gears. Later on,
V.N. Kudryavtsev showed that the same effect can be achieved in gears synthesized
on the basis of two incongruent basic racks with the circular-arc profiles and cut by
two worm hobs: one for the pinion with convex teeth and the other for the wheel with
concave ones [10].

1A comment from the editor: It is proven [8] that the invention by E. Wildhaber (1926) is not
workable at all, as the fundamental laws of gearing are violated in this invention. It is also proven [8]
that the fundamental laws of gearing are fulfilled in Novikov gearing, and, therefore, Novikov
gearing is workable. It is a wrong practice to combine Novikov gearing with the helical gearing by
E. Wildhaber in a common term – the terms “Wildhaber–Novikov gearing” and “W-N gearing” are
meaningless by nature.
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Fig. 7.1 Basic rack for
Novikov gears according to
GOST 15023-76

However, at present, basic racks are standardized and widely used in production
with a full tooth profile, which provides, in gears, two lines of action and allows for
cutting the pinion and the wheel by one worm hob [11]. In particular, according to
the Russian Standard GOST 15023-76, a basic rack consists of a convex addendum,
a concave dedendum, and a short straight section between them. The geometry of
Novikov gears with two lines of action is calculated according to the Russian
Standard GOST 17744-72. Figure 7.1 shows the main parameters of a basic rack,
the values of which depend on a range of modules.

The pressure angle αk at the predetermined contact points on the tooth addendum
and dedendum is equal to 27° for any case. These points are also characterized by
parameters such as the distance hk from the pitch line, the hob tooth width ek at its
addendum, and the space width Sk at its dedendum; the difference jk = ek - Sk
provides a backlash between the teeth of the wheels to be cut. The pressure angle α in
the straight section of the tooth depends on the module and is equal to ≈8°.

The hob tooth in the normal section is formed according to the dimensions of the
space of the basic rack. Similarly, the space between the hob teeth forms the tooth of
the wheel to be cut.

The convex profile of the hob tooth is outlined by the radius rf, the center of
curvature of which is located at a distance lf from the axis of symmetry of the head
and is shifted relative to the pitch line to the hob axis by xf. The center of the concave
arc radius ra of the hob tooth space is located on the pitch line, at a distance la from
the axis of symmetry of the space. Dimensions along the pitch line are the thickness
e of the hob tooth and the width S of the hob space. The height hf of the hob tooth
head is equal to the dedendum of the gear to be cut. The depth of the space is equal to
the sum of the addendum ha of the gear and the radial clearance c between the gear
and the hob when cutting. Moreover, in Fig. 7.1, the height hw of the tooth active
profile in the gear and the radii ri of the arc transition curves on the head and in the
space of the hob tooth are indicated.
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7.3 Worm Hob Parameters

The main parameters of any worm hob are the axial module m, the radius rF of the
pitch cylinder, the number of treads z0, the screw parameter р = 0.5m z0 of the
generating surface, and the number of teeth zf in the face section. From these data,
the lead angle γ1 of the helical surface of the cutting edges on the hob pitch cylinder
is determined from the expression:

tan γ1 = р=rF ð7:1Þ

The worm hob design profile (a generating rack) is considered in the normal
section of the generating worm, which is tangent to the screw front surface. For
single-thread hobs, this section and the front surface practically coincides in the
profiling zone.

When cutting the teeth on a gear hobbing machine, the plane of the generating
rack is installed perpendicular to the direction of the teeth of the cut wheel, while the
hob axis is set, taking into account the lead angle of the hob front surface.

When the teeth of the worm hob are relieved, its axis is installed in the centers of
the grinding-relieving machine, that is, in the horizontal plane. For a reliable
reproduction of the profile of the generating rack in the normal section of the hob,
with the adopted profiling method, it is necessary to recalculate the parameters of the
profile of the generating rack into the axial section of the tooth surface to be relieved.

First of all, it is necessary to determine the axial profile of the helical surface, on
which the cutting edges of the hob teeth are located. To do this, the prescribed angle
α of the normal profile of the straight section should be replaced by an angle α1 of the
axial profile according to the formula:

tan α1 = tan α= cos γ1 ð7:2Þ

The curvature radii ra and rf of the two parts of the active profile in the normal
section are replaced by the corresponding radii ra0 and rf0 in the axial section. For
single-thread hobs, these radii with a sufficient approximation are determined by the
Meusnier theorem from the expression:

ra0, f0 = ra, f= cos γ1 ð7:3Þ

The arc radius ri on the head of the hob tooth, which is a processed fillet of the
wheel tooth, in the normal section is replaced with the corresponding radius r0 in the
axial section of the hob. According to Euler’s formula, these radii are related by the
expression:

r0 = ri= cos
2 γ1 ð7:4Þ
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The thread thickness b in the axial section should be determined on the minimum
ground radius rmin of the hob, proceeding from the thickness bn of the normal section
at the end point of machining:

b= bn= cos γ rminð Þ ð7:5Þ

where γ rminð Þ = atan ( p/rmin) is the lead angle on the hob dedendum cylinder.
The calculated coordinates of the axial profile of the helical surface of the cutting

edges are related to the coordinates of the generating rack profile by the
dependencies:

• For point А1 on the tooth dedendum:

х01 = хn1; z01 = zn1= cos γx01
tan α01 = tan αn1= cos γx01,

where:

zn1 = 0,5πmn þ la– rF–xn1ð Þ cot αn1
γx01 = atan p=x01ð Þ,

• For point А2 on the tooth addendum

х02 = хn2
z02 = zn2= cos γx02
tan α02 = tan αn2= cos γx02,

where:

zn2 = xn2–rF þ xfð Þ cot αn2–lf
γx02 = atan p=x02ð Þ

The found parameters of the axial section of the helical surface of the cutting
edges of the hob teeth are also parameters of the axial section of the relieved surfaces
of the teeth.

For clarity, let us consider Fig. 7.2, which shows an example of the basic rack for
gears with the module mn = 12 mm.

For full-profile Novikov gears, the pitch line of the basic rack divides the tooth
height in half. The active parts of the hob tooth profile are limited by the dimensions
10.2 and 10.32 mm from the pitch line. At the same points, there is a joint of the
radius sections of the profile. The tooth thickness in the normal section at the
minimum machining diameter is bn = 31.7 mm.
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Fig. 7.2 An example of the basic rack of the hob for gears with the module mn = 12 mm

The “predesigned parameters” of the worm cutter are as follows: the outer
diameter is 180 mm; the number of hob threads z0 = 1; the number of teeth in the
face section zf = 10; the pitch diameter is 155.55 or its radius rF = 77.775 mm; and
the fall of the relieving cam on the outer cylinder K = 10 mm.

The “calculated parameters” are as follows: the axial module m = 12.038; the
screw parameter of the generating worm p = 6.019; the lead angle on the pitch
cylinder γF= 4.425°; the parameter of relieving k= K zf/2π = 15.915; the minimum
radius of grinding on the cylinder of hob spaces rmin = 66.215; the lead angle on this
cylinder is 5.194°; and the maximum tooth thickness b = 31.83.

The parameters of the axial profile of the hob generating surface are as follows:
the minimum pressure angle on the straight section α1 min= 7.7523°; the concave arc
radius on the tooth head r0f = 14.823; the convex arc radius in the space
r0a = 13.938; and the radii of transitive curves on the tooth head ri f = 7.096 and
in the space ri a= 7.002. The pressure angles at special points of the work area are as
follows:

• At a point of conjugation of the radii r0f and rif on the head of the tooth
α0f = 46.95°

• At the contact point on the head of the tooth α01 = 27.35°
• At a point of conjugation of the radii r0a and ria in the space α0а = 47.34°
• At the contact point in the space α02 = 27.08°
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7.4 Parameters of Radial–Axial Relieving

The hobs for cutting the involute gears have an almost straight tooth profile with the
pressure angle α0 ≈ 20°. The relieving of such hobs is usually carried out by the
radial method.

The tooth of hobs for cutting Novikov gears has a substantially curved profile
with a large difference in pressure angles. The pressure angle in the straight section
of the tooth profile near the line is α0 ≈ 8°, and, therefore, the rear angles in this
section are minimal, which, during cutting, significantly reduces the wear resistance
of the cutters as a whole, since it is precisely in this section that they are intensively
formed wear sites [12]. In addition to the arc sections with large pressure angles, a
large shift of the profile relief surface relative to the pitch line will occur, which will
appear at re-sharpening of the hob. So, such hobs cannot be relieved with only a
purely radial method, and, therefore, radial–axial relieving must be used.

In the general case of radial–axial relieving of the teeth of the worm hob [1–3], the
direction of relieving motion is perpendicular to the hob axis an angle φс, which
ensures obtaining a necessary rear angle λб near the cutting edges of the hob teeth.

The grinding wheel axis Оw–Оw is turned (in the projection to the horizontal
plane) at an angle φ0 to the hob axis О1–О1 (see Fig. 7.5) and is simultaneously
inclined to this plane by the angle βw. Such a method of setting the axis of the
grinding wheel eliminates the large differences in the curvature of the grinding
surface of the wheel, improves the grinding conditions, and increases the life of
the grinding wheel.

During the relieving, the hob rotates around its axis О1–О1 with the angular
velocity ω1, the grinding wheel moves along the hob axis at a speed pω1 and
performs reciprocating motion with a speed kω1, where k = K zf/2π is the relieving
parameter and K is the recession of the Archimedean spiral of the cam of the
relieving mechanism on the angular pitch of the hob teeth. The relieving carriage
slides are turned perpendicular to the hob axis by an angle φс, which allows
increasing the rear angle λb on the lateral surface of the tooth.

The current radius rw of the grinding wheel is determined at the point of its
contact with the tooth of the hob on its current cylinder. For the initial position of the
wheel, it is advisable to take the tangency of its maximum radius rwm with the
minimum radius of the work piece surface ri min.

With radial–axial relieving, the lead angle γ0 of the relieved surface at each of the
two selected points (i1,2) is determined from the expression [1, 2]:

tan γ0i = p± k sin αi þ φcð Þ= cos αi½ =x0i ð7:6Þ

where the radius x0i of the location of the selected point on the ground surface is
determined from the drawing of the product.

The sign “+” in square brackets refers to the teeth side where the lead angle of the
relieved surface is greater than the lead angle of the generating surface of the hob,
sign “-”, respectively, to the opposite side of the teeth.



From formula Eq. (7.6), it follows that the values of the angles γ0i depend on the
angle φc of the installation of the relieving support, which is determined by the
required rear angle near the cutting edge of the tooth. For hobs with variable profile
curvatures, this angle is determined in the area with the smallest value of the angle
α0i, that is, in the considered example for a straight-line segment near the pitch line,
where α0 min = 7.7523°.

7.5 Calculation of the Angle φc Installation of the Relieving
Support of the Machine

For worm hobs intended for finish cutting of involute gears with module 12 mm of
the thermally hardened steel, the Russian State Standard 9324-80 recommends
parameters of radial relieving providing a normal relief angle of ≈4° on a pitch
cylinder. Based on this recommendation, for the considered type of hob, we establish
the following dependence, which ensures the determination of φc with sufficient
accuracy for practical calculations:

tan γ0F - tan γxFð Þ cos α0min = tan 4 ° ð7:7Þ

Expanding the meanings of tan γ0F from Eq. (7.6) and tan γxF = p/rF, we obtain
the following expression for determining the value of φс:

sin α0min þ φсR,L

� �
= 0:44 rF= Kzф

� � ð7:8Þ

The subscript “R,L” relates to the right and left sides of the hob tooth. For the
example considered above with α0 min = 7.7523°, we obtain φсR,L = 12.229°, taking
into account the price of the rotation angle scale that we set according to the rounding
rules. φсR,L = 12°.

Table 7.1 shows the calculated parameters of the profile of the hob tooth and the
lead angles of the relieved surface of the teeth at seven key points of the profile i= 1
. . . 7:
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1. The boundary of the active section of the profile on the tooth leg
2. The point of contact on the leg of the hob tooth
3. The conjugation of the arc concave section with a rectilinear section
4. The point on the hob pitch cylinder
5. The conjugation of the rectilinear and arc sections on the tooth head
6. The point of contact on the head of the hob tooth
7. The boundary of the active section of the profile on the tooth head

In Figs. 7.3 and 7.4, the graphs of the dependence of the lead angles γ0i of the
relieved surface on the radius x0i = ri of the profile point, taking into account the
pressure angle α0i at φс = 12°, are shown for both sides of the tooth.
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Table 7.1 Parameters of hob tooth profile in key points (for the given example)

Numbers of
profile points

Radius of
point, mm
xi = ri

Pressure angle in
axial section, α0i°

Lead angle of screw
surface of cutting
edges, γi°

Lead angles of
relieved surface on
the tooth sides:

Right,
γ0iR° Left, γ0iL°

1 67.575 47.338 5.09 21.207 -11.853

2 71.467 27.079 4.814 13.598 -4.200

3 75.906 7.752 4.587 8.576 0.446

4 77.775 7.752 4.425 8.373 0.435

5 79.25 7.752 4.343 8.219 0.427

6 84.083 27.35 4.094 11.679 -3.635

7 88.095 46.951 3.909 16.439 -9.001

0
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0iR

ri мм

Fig. 7.3 Graph of the function γ0iR = f(ri) – right tooth side

Analysis of the calculated data shows that the lateral surfaces of the teeth of such a
hob are organically characterized by the presence of paired points with equal lead
angles of the relieved surface, but the values of these angles differ significantly from
the lead angle of the helical generating surface. In this regard, still one task when
choosing the relieving parameters is to exclude pruning of the cutting edges of the
teeth.
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Fig. 7.4 Graph of the function γ0iR = f(ri) – left tooth side

7.6 Choice of the Designed Points to Construct Designed
Normals

The choice of two points of the axial profile of the relieved surface with the
parameters A1(x01, z01, α01) and A2(x02, z02, α02) must satisfy two conditions. First,
as much as possible, the part between the selected points should cover the active part
of the tooth profile, including contact points (α0 ≈ 27°). Second, undercutting of the
tooth cutting edges should be excluded.

To do this, on the right side of the teeth of the hob with right-hand threads, the
angle βw of setting the axis of the grinding wheel in a plane parallel to the hob axis
should not significantly exceed the maximum lead angle of the generating surface.
When relieving of the opposite side of the tooth, the angle βw should not be
substantially less than the lead angle of the helical surface of the cutting edges on
the tooth head.

Point A1 should be selected on the tooth leg of the hob and point A2 on its head. A
study conducted with concrete examples (see the calculation example below)
showed that these conditions are most fully satisfied if, as point A1, we select the
design contact point in the tooth space on a concave arc at α01 ≈ 27° (point 2 in the
Table 7.1). As point А2, we should choose the conjugation of the convex arc section
with the transition curve on the tooth head at α02 ≈ 47° (point 7 in Table 7.1). In this
case, the angle βw of the inclination of the wheel axis is less than the smaller of the
values of the angle γ0i at the selected design points.
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7.7 Determination of the Angle βw of Inclination
of the Grinding Wheel Axis

The design scheme for determining the angle βw of setting the axis of the grinding
wheel for radial–axial relieving of surfaces with a variable curvature profile is shown
in Fig. 7.5.

In the coordinate system XYZ (see Fig. 7.5), the Z-axis is directed along the axis of
the hob, the X-axis is aligned with the axis of symmetry of the thread, XZ is the plane
of the axial section of the hob, and the Y-axis is perpendicular to this section. The
plane of the axis of the grinding wheel is parallel to the Y-axis and intersects the X-
axis at a distance a to the Z-axis under an angle φ0 ≠ 0.

Fig. 7.5 The design scheme
for determining the angle
βw of the installation of the
axis of the grinding wheel
for radially axial occultation
of surfaces with a profile of
variable curvature
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As shown in the lower projection of Fig. 7.5, the value of distance a is
determined as:

а= ri min þ 0:5b tan φ0 þ rиm= cos φ0 ð7:9Þ

where b is the thickness of the worm thread being ground with a minimum radius ri
min.

The equation of the plane containing the axis of the grinding wheel is written in
the form:

x zð Þ= а–z tan φ0 ð7:10Þ

The coordinate zi of the intersection of normals restored from points А1 and А2

with the plane of the axis of the grinding wheel is:

zi 1, 2ð Þ = a–x0i þ z0i tan αið Þ= tan αi þ tan φ0ð Þ 7:11Þ

The two other coordinates xi(1.2) and yi(1.2) of each of the intersection points of the
normals with this plane are determined through zi. When determining the coordinate
yi(1.2) we should consider the frontal projection (view C):

xi 1:2ð Þ = a–zi tan φ0; yi 1:2ð Þ = zi–z0ið Þ tan γ0i ð7:12Þ

The angle β of the inclination of the axis of the grinding wheel is determined in
the tangent function (from top view on the plane of the axis of the grinding wheel) by
the formula:

tan βw =
y1 - y2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 - x2ð Þ2 þ z1 - z2ð Þ2
q ð7:13Þ

7.8 Choice of the Angle φ0 for Relieving the Tooth Flanks

As mentioned above, turning the hob axis by the angle φ0 improves grinding
conditions by increasing the curvature of the surface of the wheel at the points of
contact with a processed surface and reduces the difference between the angle βw of
the inclination of the wheel axis and the lead angles of the helical line of the cutting
edges of the hob teeth. The choice of the angle φ0 is determined by two restrictions.
On the one hand, it is necessary to minimize the mentioned difference of angles
βw and γ0i. On the other hand, the value φ0 should not lead to pruning of the cutting
edges of the teeth on the opposite side of the thread of the generating surface, i.e., the
grinding wheel should enter the space without damaging the adjacent tooth.
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Now, we consider the issue of pruning prevention in more detail. The minimum
distance between the back (flat) side of the grinding wheel and the opposite side of
the thread of the generating surface takes place opposite to the most protruding point
on the head of the hob tooth. Such a point is a contact point on the tooth head with a
pressure angle α0i ≈ 27°.

Due to the difference between the angle βw of the wheel inclination and the lead
angle γi of the generating surfaces, the dangerous zone of approach of the surfaces is
shifted from the horizontal plane (down when processing the right side of the tooth).
The dangerous approach reaches its maximum value at the extreme point of inter-
section of the face sections of the outer wheel cylinder (radius rwm) and the cylinder
of the hob radius (rF + hk) at the contact point on the tooth head. For simple
geometric reasons, the distance from this point to the horizontal plane is determined
by the formula:

lmax = rwm sin ψ , ð7:14Þ

where:

ψ = a cos
r2wm þ rwm þ rminð Þ2– rF þ hkð Þ2

2rwm rwm þ rminð Þ

 
ð7:15Þ

The linear displacement Δ of the back surface of the grinding wheel to the middle
of the space at a length lmax in a screw projection onto the axial plane of the cutter to
both tooth sides will be:

ΔR,L ≈ ± lmax tan βwR,L cos φ0–p= rF þ hkð Þ� ð7:16Þ

where the sign “+” relates to the right side of the right-hand hob and the sign “-” to
its left side.

In the angular dimension, this displacement is determined from the expression:

tan φβ =Δ= rF þ hkð Þ 7:17Þ

The pruning of the cutting edges of the opposite side of the thread is guaranteed to
be excluded to satisfy the condition φ0 + φβ ≤ α0i, where the value α0i is accepted for
the key point 6 from Table 7.1. For a preliminary calculation of the relieving
parameters, the angle φ0 should be considered as φ0= 18°. Then, having determined
the angle φβ by formula Eq. (7.17), it is possible to correct the angle φ0 by increasing
it to the maximum permissible value:

φ0max = α0i–φβ: ð7:18Þ
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Given that increasing φ0 reduces the desired value of the angle β, such an
adjustment is advisable.

As an example, we will calculate the relieving parameters βw and φ0 as applied to
the hob considered above and study the features of the resulting side surfaces.

As the initial points for constructing the designed normals, we take the points: on
the leg А1 at the contact point with the pressure angle α01 ≈ 27° (key point 2 from
Table 7.1) and, on head А2 at the conjugation between the active profile and the
transition curve with the angle α02 ≈ 47° (key point 7). For the coordinates of these
points and the exact values of the pressure angles, see Table 7.1.

The maximum radius of the grinding wheel is assumed to be rwm = 60 mm, the
minimum radius of the relieved surface on the space rmin = 66.215 mm, and the
height of the grinding profile of the hob tooth H1 = 23.785 mm, for both sides of the
teeth of the manufacturing surface. The value of the turning angle of the relieving
support to provide a rear angle in the middle section of the profile φс = 12° for both
sides of the teeth. The angle φ0 is preliminarily considered to be equal to 18°.

The lead angles γ0i of the relieved surface at points А1 and А2 are shown in
Table 7.1 for each side of the tooth of the right-hand hob. On the right side of the
tooth, at which the lead angle of the relieved surface is greater than that of the
generating worm, they are γ01 = 13,598° and γ02 = 6439°. On the opposite left tooth
side, correspondingly, we have γ01 = -4200° and γ02 = -9001°.

The negative values of the lead angles γ0i of the relieved surface at the points of
the arc sections of the profile indicate its transformation in these sections into an
analogue of the left helical surface, which is a characteristic for single-thread hobs
with a standard lateral rear angle of 4° or more, with the number of modules in the
pitch diameter of 12 or more.

Table 7.2 summarizes the main stages of the calculations with a mention of the
needed formulas.

For the right side, the difference between the values of the initial φ0 and the
adjusted φ0max angles in the preliminary calculation is less than 1°, and, therefore, a
change in φ0 is not required. For the left side, the final calculation is carried out by
increasing the angle φ0 to 19° and recalculating βw, which has changed very slightly
and, in practice, in both cases, is rounded to the value -0.1°.

In the studies by Lagutin and Sandler [1] and Sandler et al. [2], it was shown that
the discrepancy between the profiles of the grinding wheel surface and the hob tooth
flank to be ground will be minimal if in the vicinity of the calculated contact point,
the line of their contact will not cross the axial section of the hob but touch it.

This condition is satisfied in the case when the axis of the grinding wheel is
inclined to the axial plane at an angle βw, which is determined depending on the
pressure angle α0, the lead angle γ0i, and the radius ri of the relieved surface, taking
into account the installation angle φ0 of the wheel axis in the projection onto the
horizontal plane, by the expression:

tan βw = tan γ0i cos α0= cos α0 þ φ0ð Þ 7:19Þ
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Table 7.2 Calculation of the
parameters βw and φ0 of the
hob teeth

Data Formula number

Estimated values

Preliminary Final

Right Left tooth side

φ0° Entering values 18.0 18.0 19.0

а (9) 134.47 134.47 135.15

x1 (12) 107.76 107.76 107.21

z1 (11) 82.21 82.21 81.14

y1 (12) 17.17 -5.17 -5.13

x2 (12) 122.47 122.47 122.44

z2 (11) 36.94 36.94 36.91

y2 (12) 9.47 -5.09 -5.08

βw° (13) 9.19 -0.095 -0.064

ψ° (15) 34.64 34.64 34.64

lmax (14) 34.11 34.11 34.11

Δ (16) 2.81 2.49 2.47

φβ° (17) 8.93 7.95 7.89

φ0max° (18) 18.42 19.40 19.46

Table 7.3 Values of the angle βw calculated for the different sides of the hob tooth

Point numbers 1 2 3 4 5 6 7

x0i, mm 67.575 71.467 75.906 77.775 79.25 84.083 88.095

α0i° 47.34 27.08 7.75 7.75 7.75 27.35 46.95

γ0i° (right side) 21.207 13.598 8.576 8.373 8.219 11.679 16.439

βw° (right side) 32.22 16.96 9.42 9.198 9.029 16.641 25.441

γ0i° (left side) -11.853 -4.20 0.446 0.435 0.427 -3.625 -9.001

βw° (left side) -18.882 -5.29 0.491 0.479 0.470 -4.590 -14.325

Table 7.3 shows the values of the angle βw calculated according to this depen-
dence for seven key points of the axial section of the right and left sides of the hob
teeth:

In Fig. 7.6 (the upper part), a graphical interpretation of the dependence
Eq. (7.19) of the angle βw on the hob radius r1 is displayed for the right side of the
teeth. Let us draw two boundary straight lines: one through the starting points А1 and
А2 of the designed normals and the second horizontal line at a minimum value
βw = 9.19° (from Table 7.3) until they mutually intersect at some point C.

The sections of the profile that fell into the sector between the boundary lines
have practically no organic error, since any straight line drawn through the intersec-
tion point C inside the sector also passes through two points of the axial profile of the
relieved surface. Outside the obtained sector, the relieved profile has a small organic
deviation from the given profile of the grinding wheel.

In the lower part of Fig. 7.6, a similar dependence of the angle βw on the hob
radius r1 is shown for the left side of the teeth. We also draw two boundary straight
lines. One of them passes through the points of the graph corresponding to the values
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Fig. 7.6 The dependence of the angles βw from the current radius r1 of the hob

of the radius at points А1 and А2. The second line runs horizontally, touching the
graph at its upper point with a value of βw = -0.1°. The intersection of these lines
forms a sector in which there is practically no organic deviation of the relieved
profile.
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7.9 Profiling of Grinding Wheels

Significant difficulties in the manufacture of worms and worm hobs with a profile of
substantial and variable curvature are due to the fact that the wheel dressing copiers
included in the delivery of grinding machines are not suitable for reproducing such a
profile [1, 2]. Therefore, it is necessary to design a special knurling roller or create a
special ruling device. At present, with the development of computer numerical
control (CNC), ruling devices with diamond rollers and programmed control of
their movements relative to the working surface of the grinding wheel have gained a
certain distribution.

The characteristic of the surface of the grinding wheel, i.e., the line of its contact
with the surface to be ground, is oriented along the axial section of the latter.
Therefore, profiling of the wheel in its axial section with a sufficient degree of
approximation reproduces the section of the surface being ground that is normal to a
helical line with an inclination angle equal to βw. That is, the axial profile of the
grinding wheel for single-thread hobs practically repeats the profile of the basic rack.
In this case, the value of the angle αw of the wheel profile in a rectilinear section is
determined from the expression:

tan αw = tan α0 min þ φ0ð Þ cos βw ð7:20Þ

In general, the coordinates of the axial profile of the grinding wheel, based on the
coordinates of the axial section of the relieved surface of the hob teeth, the lead
angles of this surface, and the found angle of inclination of the wheel axis, are
determined by the following expressions:

zw = z0i= cos βw þ tan γ0i sin βwð Þ
xw = x0i þ z2n sin 2βw tan γ0i= 4x0ið Þ ð7:21Þ

7.10 Sensitivity to the Hob Regrinding

If the relieving of surfaces with a variable curvature profile is performed by the
radial–axial method, then the axial component of the relieving parameter kх = k sin
(α0i + φc)/cosα0i included in formula Eq. (7.6) is variable along the profile. In this
case, strictly speaking, the profile distortion that occurs during regrinding of the hob
teeth on the front surface is inevitable. However, the considered profile has points
with identical pressure angles α0i (for example, at the conjugate points of large and
small radii on the tooth’s head and leg) and the lead angles γ0i of the relieved surface,
and, therefore, at these points and in the areas between them, the profile deviations
during regrinding are minimal.
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1. The technology of relieving of the tooth flanks of the worm hobs for cutting gears
with Novikov gearing should provide the necessary rear angles of the hob teeth
and the quality of the implementation of the basic rack of gears by the generating
worm of the hob.

2. Changing the lead angle of the relieved surface of the tooth hobs with a basic rack
for Novikov gears with two lines of action has a parabolic dependence on the
radius and pressure angle of the tooth profile, and the relieved tooth surfaces of
such hobs are organically characterized by the presence of paired profile points
with equal lead angles.

3. A technique has been developed for calculating the parameters of installation,
movement, and profile of the grinding disk wheel when grinding the tooth flanks,
which allows obtaining at least four contact points between the wheel and the
grinding surface in the axial section of the hob. Thus, the organic error of grinding
when profiling the grinding wheel is minimized, as close as possible to the basic
rack profile.

4. It was determined that the minimum rear angle of the hob teeth takes place near
the hob pitch cylinder and that the installation angle φс of the relieving support of
the grinding-relieving machine is necessary to calculate based on the minimum
value of the rear angle of 4°. The technique for calculating this angle is provided.

5. It was revealed that when grinding both the right and left sides of the teeth, it is
preferable to assign the angle φ0 of the installation of the axis of the grinding
wheel to 18° and clarify it from the condition to prevent pruning of the cutting
edges on the opposite side of the space between the teeth. The technique for
refining this angle is provided.

6. When relieving the left side of the teeth of the right-hand cutter, the directions of
the lead angles of the grinding surface and the helical surface of the cutting edges
have different signs. Accordingly, the angle βw of inclination of the axis of the
grinding wheel to the horizon can also have a sign opposite to the lead angle γ1 of
the generating surface of the hob.

7. The above technique is also proposed for use in the development of control
programs for setting up a grinding-relieving machine and the dressing mechanism
of a grinding wheel in the manufacture of worm hobs on relieving machines with
numerical program control.
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Chapter 8
Mikhail L. Novikov: The Inventor
of Novikov Gear System

8.1 Introduction

Novikov gearing has long since firmly entered the practice of mechanical engineer-
ing. It has proven itself well in cases in which relatively soft gears with a hardness of
the working surfaces of the teeth up to HB 350 are used to transmit rotation. The
situation is not so good with the use of Novikov gearing with hardened gears. The
existing difficulties with the use of Novikov gears with harder wheels are a conse-
quence of both an insufficiently deeply understood essence of this type of a gear and
an unacceptably poor technology for the manufacture of gears. An example of the
successful use of Novikov gear transmission in the design of a helicopter transmis-
sion from Westland Helicopters, Ltd. is shown in Fig. 8.1.

A new type of gearing, developed by Dr. M.L. Novikov, is often called
Wildhaber–Novikov gearing, or W-N gearing, which is incorrect. The author
adheres to the point of view that the name Wildhaber–Novikov gearing is incorrect.
Novikov gearing is the only correct name for this type of gearing. Below, this point
of view is substantiated on the basis of both materials published in an open domain
and materials that became known to the author from conversations with specialists
who personally knew Dr. M.L. Novikov and Dr. E. Wildhaber.

8.2 Novikov Gear System

Novikov gearing was developed by Dr. M.L. Novikov and systematically presented
in his doctoral dissertation [8]. As the author pointed out, the type of gearing
proposed by him can be used to design gears “with parallel, intersecting and crossing
axes, with external and internal gearing, with constant and variable gear
ratios, . . .” [11].

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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Fig. 8.1 Use of Novikov
gearing in the design of
helicopter transmission
(Westland Helicopters, Ltd.)

It is appropriate to start the discussion of Novikov gearing with a brief biograph-
ical note of the inventor, especially since his 110th anniversary will be celebrated
very soon.

8.2.1 A Brief Biographical Sketch of Dr. M.L. Novikov

About Mikhail Leontievich Novikov, Colonel-Engineer, Doctor of Technical
Sciences, Professor, Former Head of the Department at the Zhukovsky Military
Aviation Engineering Academy (MAEA), winner of the Lenin Prize (1959),
most readers know little. Therefore, a summary of the available facts from his
biography is of interest, especially for those who are beginning their path in science.

Mikhail Leontievich Novikov was born on March 25, 1915 in the city of Ivanovo
into a working-class family [9]. He began working as a locksmith apprentice at the
age of 15. In 1934, M.L. Novikov entered the first year of the MVTU – Bauman
State Technical University. After completing his second year at the MVTU, he was
enrolled as a student of the Zhukovsky Military Aviation Engineering Academy
(MAEA), after graduating from which (in 1940) he left to work at one of the leading
special departments. In a short time, M.L. Novikov worked his way up from being a
junior teacher to the head of this department.

Along with the educational and methodological work assigned by his position,
Mikhail Leontievich was engaged in scientific research and invention. More than ten
of his inventions are important for the development of aviation technology.
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Mikhail Leontievich Novikov (1915–1957)

Novikov, M.L. paid attention to the problem of increasing the bearing capacity of
gears. This research topic was of great importance, both for aircraft engine manu-
facturers and for mechanical engineering as a whole. The result of many years of
hard work in this direction was the development of a new type of gearing by
M.L. Novikov. The developed type of gearing is defended by a certificate on
invention (that is an equivalent of a patent on invention) [11].

Finally, for the development of a new type of gearing, M.L. Novikov was
awarded the Lenin Prize1.

Despite his great fame and wide popularity, Dr. M.L. Novikov remained a modest
man. Here is an example from the memoirs shared by Dr. A.S. Yakovlev, (city of
Oryol, Russia), who personally knew Dr. M.L. Novikov: “Mikhail Leontyevich was
possessed, infinitely devoted to science, and above all a modest, noble and attentive
person and an objective interlocutor, without a shadow of arrogance and ambition.
Here are some typical examples. Arriving for the first time at MAEA, I brought two
variants of the factory transmission with Novikov gearing, and one of the variants
was DLZ (which was not known from his dissertation). On the gears of both variants,
I calculated the common normals, having seen which Mikhail Leontyevich said that
there was no common normal in his gearing. I stood my ground and argued the
existence of the normal. His assistants who were present at the same time, amicably
and noisily began to prove the absence of a normal.

Mikhail Leontyevich calmly said to me, ‘Well, okay, prove it.’ After a short
discussion, Mikhail Leontyevich thought about it, called the audience to silence
and said: ‘He is right, the common normal exists.’ He said calmly and everyone
agreed.

1According to Ms. I.M. Averina, Dr. Novikov’s daughter, in 1957, The Lenin’s Prize Council
considered and rejected Novikov’s project: 11 votes against, 10 in favor, 0 to reject. In 1959, when
the application of Novikov gearing was going on at many factories of the Soviet Union, the decision
was revised.
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And further. During one of our conversations, the secretary came up to him and
said that he was urgently summoned by the Lieutenant General, the head of the
Academy. Mikhail Leontyevich told me: ‘Sorry, Anatoly Sergeevich, I will try to
free myself as soon as possible’ and, addressing the assistants: ‘Roman Vasilyevich,
Viktor Alekseevich, please take Anatoly Sergeevich.’He, at that time the head of the
department, Colonel MAEA, Doctor of Technical Sciences, Professor, and I am just
a young cocky engineer! Have you met many leaders who treat their interlocutors so
many ranks lower?”

Novikov, M.L. suddenly died on August 19, 1957, at the age of only 42 years.

8.2.2 Kinematics and Geometry of Novikov Gearing

The concept and theory of a new type of gearing was presented by Dr. M.L. Novikov
in his doctoral dissertation [8] and defended by the certificate on invention (the
patent on the invention) of the USSR [11]. A monograph [9] was subsequently
published based on the materials of the dissertation (without the direct participation
of M.L. Novikov).

The title page of the first official certificate issued on the Novikov gear system is
depicted in Fig. 8.2.

The USSR author’s certificate issued for Novikov gearing [11] is illustrated by
the diagram of the contact of the convex profile of the pinion tooth with the concave
profile of the tooth of the gear (see Fig. 8.3). In the text of the description of the
invention, the following explanation is given: “The essence of the invention is as
follows.

In the space in which the axes of rotation of the gears are fixed, the line of action is set in the
form of a straight or smooth curve passing in the immediate vicinity of the instantaneous axis
of relative rotation-sliding. Along the line of action, the movement of the point of engage-
ment with a constant, or smoothly changing speed is assigned. A moving point of engage-
ment describes contact lines in spaces associated with rotating gears. A number of some
surfaces can be drawn through these lines, which can be conjugate working surfaces of the
teeth, if they have a common normal at each current position of the point of engagement and
the main theorem of engagement is satisfied if the curvatures of the surfaces satisfy a given
gear ratio and if, finally, there is there is no mutual intersection of surfaces within their
working shifts.

The proposed types of teeth working surfaces fulfil the stated conditions and provide
high contact strength of teeth.

In planes perpendicular to the instantaneous axis of relative rotation-sliding, and passing
through the current position of the point of engagement, circular arcs are drawn from the
centers located on a straight line passing through the point of engagement and the instan-
taneous axis, and in the immediate vicinity of this axis. Circular arcs can be thought of as
tooth profiles.
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Fig. 8.2 The first certificate issued on the Novikov gear system. (Courtesy of Ms. I.M. Averina)

A continuous set of profiles for all current positions of the point of engagement forms
mating surfaces of the teeth, while the working surface for one of the gears will be convex,
and for the other – concave (in the direction perpendicular to the instantaneous axis). In a
particular case, the radii of the profiles of the teeth can be the same in magnitude and equal to
the distance from the point of engagement to the instantaneous axis.

When designing teeth, preference should be given to point gearing with a small differ-
ence in the values of the profile radii.

The profiles of the teeth can have a shape that differs from the circular arc, however, the
curves of the profiles of a different shape (passing through the point of engagement) must be
inside the mentioned circular profile with the center at a point located on the instantaneous
axis (they must go into the “body” of the teeth).



The description of the invention [11] as well as the diagram illustrating the
concept of Novikov gearing are not composed in the best possible manner. It
would be better to focus more clearly on the following fundamental differences
inherent in Novikov gearing (e.g., a gear train with parallel axes):
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Fig. 8.3 The concept of Novikov gearing (Pat. No. 109,113, 1956 (USSR); the concept of the
boundary circle of radius, rN, was introduced (~2008) by Prof. S.P. Radzevich)

The law ofmotion of the contact point (namely, the speed and trajectory of its movement) is
chosen so that the friction and wear losses are insignificant. Friction and wear losses are
proportional to the relative sliding speed in the engagement, therefore, it is necessary to strive
to decrease the latter, and for this the engagement line should not be significantly remote from
the instantaneous axis. However, an excessive approach of the line of engagement to the
instantaneous axis is impractical, since it is associated with a decrease in the contact strength.

The width of the rim of the gear wheels, or the length of the teeth, should be in such a
ratio with their pitch, at which the specified overlap ratio would be ensured when the pairs of
teeth are re-engaged. The gears can be single-point mesh, that is, only one pair of teeth can
participate in the work (except for the re-pairing period), and there can be transmissions with
multi-point gearing, when several pairs of teeth are in simultaneous operation.

In the case of gears with parallel axes, it is most convenient, based on design and
technological considerations, to choose a line of engagement in the form of a straight line
parallel to the axes of the wheels, and the speed of movement of the point of engagement is
taken constant. In this case, the radii of the profiles of the teeth in all planes perpendicular to
the axes will be the same, the working surfaces of the teeth will be regular helical surfaces.



located in the plane of the drawing in Fig. 8.3 and has zero length.
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(a) Through the pole of engagement P, there is a straight line making up with the
center perpendicular O1O2 and the face angle of engagement αt.

(b) At some distance from the pitch point P on the straight line, a point A is chosen.
(c) Through the point A, parallel to the axes O1 and O2 (and, therefore, perpendic-

ular to the plane of the drawing in Fig. 8.3), there is a straight line – the line of
action.2

(d) An arc of some smooth curve is drawn through the point A so that the center of
curvature of this curve at the point A is located on a straight line PA.

(e) An arc of some other smooth curve is drawn through the point A so that the
center of curvature of this curve at the point A is also located on a straight
line PA.

(f) The constructed arcs are used as profiles of the gear and pinion teeth (for this, the
curvature of the arcs must exclude the possibility of interference of the teeth both
in the differential vicinity of the point A and within the entire height of the gear
and pinion teeth).

(g) When transmitting rotation, the contact point A moves along the line of engage-
ment at a constant speed, whereas the projection of the point A in the end plane
does not change its position.

(h) The contact ratio mt in a Novikov gear pair is equal to its axial contact ratio mF,
that is, the relation mt = mF holds while the end overlap coefficient is equal to
zero (mp = 0) (since there is equality, mt = mp + mF; in this case, the equality is
simplified to the form mp = 0).

The equality of the component mp = 0 is fundamental to Novikov gearing. If we
assume that mp ≠ 0, then this completely kills the concept of the gearing developed
by M.L. Novikov.

Shown in Fig. 8.4 (see Fig. 62 on page 146 in Novikov [9]) is a more complete
(in comparison with Fig. 8.3) idea of the concept of a new type of gearing proposed
by Dr. M.L. Novikov.

2It was later shown by the author of this chapter [14] that this is not a line of action, as indicated in
the description of the invention, but a pseudo-line of action instead. The actual line of action is



Ernst Wildhaber worked on the problem of increasing the bearing capacity of gears.
He drew attention to the fact that in the well-known and widely used involute gears,
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Fig. 8.4 Illustration. (Fig. 62 on page 146 in Novikov [9]) explaining the concept of Novikov
gearing

8.3 Wildhaber Gearing

the contacting teeth of the wheels have convex profiles. This contact results in high
contact stresses, which limits the power density delivered by the gear train. It was
natural to strive to replace the contact of two convex profiles with a contact of



Wildhaber, E. is also the author of a series of interesting theoretical works4

published in 1945–46 in the American Machinist journal.

one of the most prolific specialists who has ever worked in the field of gear design
and manufacture of gear wheels.

3The author of this chapter has strictly proved that the gear transmission proposed by E. Wildhaber
is inoperative in principle. It may be that the inventor himself understood this. An indirect
confirmation of this point of view is the following.

Suppose that E. Wildhaber, who understood the importance of his invention, succeeded (as he
claims in Chironis [1]) to make a workable gear train, made up of wheels with a circular tooth
profile. As a talented and advanced engineer, why did he not bring the invention to practical use?
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profiles, one of which is convex and the other is concave. Ultimately, this led
E. Wildhaber to the invention of a new type of gear with a circular tooth profile.3

In total, 279 patents for inventions related to the design and manufacture of gear
wheels were issued in the name of E. Wildhaber (the total number of patents issued
in the name of E. Wildhaber exceeds 320). The design of the hypoid gear proposed
by him, as well as the method of cutting spur bevel gears, are known to almost all
engineers and researchers working in the field of gear drives.

8.3.1 A Brief Biographical Sketch of Dr. E. Wildhaber

The information available to the author about Dr. Ernest Wildhaber is extremely
scanty. It is known that he was born in 1893 in Switzerland. In 1919, he graduated
from the Higher Technical School of the University of Zurich (Technische
Hochschule of Zurich University). In 1924, he joined The Gleason Works (Roches-
ter, NY). Many (including the author of this chapter) consider E. Wildhaber to be

Did he not have the opportunity for this? No, he had them, which is convincingly confirmed by the
successful implementation of his other less promising inventions. The author of this chapter adheres
to the point of view that the only gear pair, which was made by E. Wildhaber, turned out to be
inoperative, which cooled the excitement of the inventor. Otherwise, where was he all this time
(from 1926 to the late 1950s and early 1960s)? Why he did not raise the question of his importance
in the development of a new type of gearing for almost 30 years?
4At around 1945–46, E. Wildhaber’s theoretical articles were written and published in the Amer-
ican Machinist journal, coming out with an interval of about 1 month.

Here, it will not be superfluous to also pay attention to the following interesting fact. In the
USSR, great interest was shown in the theoretical works of E. Wildhaber. His articles (1945–46)
were translated from English into Russian, after which they were published as a separate book:
Wildhaber, E., Fundamentals of Meshing of Bevel and Hypoid Gears, Translated from English and
the comments of Eng. A.V. Slepak. – M.: Mashgiz, 1948, 176 pages. Such a book has never been
published in English.
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Ernest Wildhaber (1893–1979)

8.3.2 Kinematics and Geometry of Wildhaber Gearing

A gear set with parallel axes, for which E. Wildhaber was issued a US patent [10]
(see Fig. 8.5), is made up of wheels with a circular tooth profile. In this chapter, there
is no need to consider all the details of E. Wildhaber’s gear transmission. Let us only
dwell on those features of this gear set that are related to Novikov gearing.

At the very end of the first page of the description of the invention, E. Wildhaber
states that: “In gearing according to my invention, the contact point between two
normal profiles passes over the whole active profile during a turning angle, which
corresponds to less than one half the normal pitch, and usually to much less than
that . . .” The meaning of this statement by E. Wildhaber is that in the process
of engagement, the contact point runs through the entire height of the active profile
of the teeth. This is confirmed by the analysis of Fig. 8.5, which shows that the
contact point moves from position 11 to position 11′ during engagement. This
feature of E. Wildhaber’s gear transmission is repeated many times in the description
of the invention [10] and is especially reflected in the claims. Thus, it should be
concluded that the transverse contact ratio mp in E. Wildhaber’s gear transmission is
greater than zero (mp > 0) and not mp � 0 as in Novikov gearing. This difference is
fundamental by nature.

8.4 Fundamental Differences Between Novikov Gearing
and Wildhaber Gearing

The discussion of this issue should begin with the fact that at first no information
about Novikov gearing was published. For a long time, information about this
engagement could only be obtained from the source [8]. Serious shortcomings in
the preparation of the description of the invention [8] led to a complete
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Fig. 8.5 Illustrations from Pat. No. 1.601.750 (USA) [10] explaining the concept of Wildhaber
gearing

misunderstanding of the essence of Novikov gearing in the West. In the overwhelm-
ing majority of cases, the emphasis, unfortunately, is erroneously placed on the fact
that the tooth profiles are circular (and this is not fundamental) while the fundamen-
tal differences (mp = 0 and mt = mF > 1) have faded into the background. This
ultimately served as a disservice to the importance of Novikov gearing. In this
regard, a single but illustrative example is sufficient. In their study [3], Dyson
et al. analyze both Novikov gearing and Wildhaber gearing in sufficient detail. In
this case, the authors [3] refer to USSR Pat. No. 109750,5 which has nothing to do
with Novikov’s invention (a highly common mistake in the Western literature

5Pat. No. 109750, (USSR), Water spray./P.F. Pisulin, Declared January 2, 1957, Cl. 36d 1, 28b,
801.
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relating to Novikov gearing). This unambiguously indicates that for a long time,
neither Dyson, A. et al. nor the majority of specialists in the West were familiar with
the original works of M.L. Novikov; these works were not available and they were
forced to use secondary sources of information, the correctness of which, as it turned
out, was questionable.

Repeated attempts to understand how different Novikov gearing and Wildhaber
gearing are from one another are available in the literature. Chironis [1] came close
to understanding this issue. However, he did not reveal the fundamental difference
between one program and another.6

Here, it is appropriate to return to the above-mentioned characteristic features of
Novikov gearing.

Since the point of contact travels along the profile of the teeth of the gear and
pinion, the transverse contact ratio mp in E. Wildhaber’s gear transmission is
necessarily different from zero (mp > 0). From what has been said, the conclusion
unambiguously follows that the existence of a gear train in which the transverse
contact ratio mp (as in Novikov gearing) is necessarily equal to zero (mp = 0) and at
the same time (as in Wildhaber gearing) is not equal to zero (mp > 0) is physically
impossible. Therefore, the combination of M.L. Novikov’s invention with
E. Wildhaber’s invention is absurd from the outset – it is impossible to combine
the non-unified (there cannot be a gear pair that fulfills the conditions mp = 0 (like in
Novikov gearing) and mp > 0 (like in Wildhaber gearing) at the same time). It
follows that the terms “Wildhaber–Novikov gearing” and “W-N gearing” are incor-
rect, and, moreover, they are absurd.

The difference between Novikov gearing and Wildhaber gearing has been well-
traced from the standpoint of recent advances in the theory of gearing [13]: Novikov
gearing fulfills all three fundamental laws of the theory of gearing, whereas
Wildhaber gearing does not meet these laws, which is well-illustrated in Fig. 8.6.

In Novikov gearing, the unit normal vector ng is always pointed along the
instantaneous line of action (in other words, along the instantaneous line of engage-
ment) LAinst, as shown in Fig. 8.6a. In this case, the profile of the tooth of the wheel
G is correctly located in relation to the “boundary N- circle” of radius rN (in other
words, to the “Novikov boundary circle” of radius rN).

In contrast to Novikov gearing, in Wildhaber gearing, the direction of the unit
normal vector ng does not coincide with the direction of the instantaneous line of
action LAinst, as shown in Fig. 8.6b. In this case, the profile of the tooth of the wheel
G is incorrectly positioned in relation to the “boundary N- circle” of radius rN.

6An interesting fact, on page 135 in the study by Chironis [1], the following reaction of
E. Wildhaber to a discussion of the similarities and differences between Wildhaber gearing and
Novikov gearing is cited: “According to Ernest Wildhaber, who received the U.S. patent in 1926 on
a circular tooth form, ‘All the characteristics of the Novikov gearing are completely anticipated by
my patent. My gearing never had a real test here, although a pair of gears was made in the 1920s. It
would be wrong to dismiss the Russian development as old and known. My gear was never really
put to the test here, although a pair of gears were made in the 1920s. It would be wrong to reject
Russian developments as old and well-known’”].
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Fig. 8.6 Correct G (a) and incorrect G� (b) configurations of the circular-arc tooth profile of a gear
in Novikov gearing (the common perpendicular ng is aligned with the instantaneous line of action
LAinst) and in Wildhaber gearing (the common perpendicular ng does not align with the instanta-
neous line of action LAinst)



8.5 Probable Reasons for the Appearance of the Wrong
Term “Wildhaber–Novikov Gearing”

Revealing the reasons that led to the fact that Novikov gearing in the West is called
Wildhaber–Novikov gearing, or W-N gearing, may be useful for establishing the
importance of M.L. Novikov in the new type of gearing developed by him.

A new type of gearing was developed by M.L. Novikov when he served at the
Zhukovsky Military Aviation Engineering Academy (MAEA). Zhukovsky MAEA
is a regime institution. It is clear that a thesis, completed in a secure institution, could
not be accessible to a wide range of specialists in the USSR. The atmosphere of
secrecy around this invention was intensified in connection with the consideration of
the issue of possible patenting of M.L. Novikov abroad.

For a wide range of specialists outside the USSR, the published works of
M.L. Novikov including his:
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(a) Dissertation [8]
(b) Descriptions of the invention in the certificate [11]
(c) Monograph [9]

were practically inaccessible. Scientific contacts between specialists from the USSR
and the West were extremely limited. Western experts did not have the opportunity
to obtain reliable first-hand information about Novikov gearing. Therefore, in the
West, transmissions with Novikov gearing were reproduced based on fragmentary
and incomplete information. In the overwhelming majority of cases, the emphasis,
unfortunately, was placed on the fact that the tooth profiles are circular (and this is
not fundamental) while the fundamental differences (mp = 0 and mt = mF > 1) have
faded into the background.

An incomplete/incorrect understanding of the kinematics and geometry of
Novikov gearing led to an incorrect comparison of this type of gearing with
Wildhaber gearing (such a comparison is incorrect). An incorrect conclusion
drawn from such a comparison was “the first reason” that the incorrect term “W-N
gearing” came into use in the West. Thus, the excessive “secrecy” regime around
Novikov gearing played a cruel joke on this indisputable achievement of
M.L. Novikov.

The importance of M.L. Novikov was widely promoted in the USSR. So, on
November 13–16, 1957, the Institute of Mechanical Engineering of the Academy of
Sciences of the USSR together with the Zhukovsky Military Aviation Engineering
Academy (MAEA) held the All-Union Scientific and Technical Conference “Expe-
rience of introducing gear drives with Novikov gearing into the industry.” To
commemorate the great contribution of M.L. Novikov to the development of a
new type of gearing, the conference decided to assign the name of their author to
the new gears and henceforth refer to them as the Novikov gear system or abbrevi-
ated as Novikov gearing [9]. All the specialists, who were even to the slightest
degree connected with gears, knew about it. At the same time, the position of
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Fig. 8.7 Fragment from Memoirs by Prof. Ya.S. Davydov [2]

scientists and specialists, both in the USSR and in modern Russia in relation to
Novikov gearing in many cases was and remains far from what it should have been.
Let us give a fairly illustrative example.

A skeptical (if not deeply dismissive) attitude toward Novikov gearing is given in
Memoirs [2]. The author of Memoirs explains his position on this issue with the
following remark: “... In one of his conversations with me, F.L. Litvin very correctly
compared Novikov’s work with a stone thrown into a swamp and caused a wave of
water” (see Fig. 8.7). If the scientific achievement of Dr. M.L. Novikov is compared
with a “stone,” then should not it also be clarified what is the “swamp”? The author
of the Memoirs is silent about this.

Another example, on page 46 in the journal Reducers and Gear Drives
(No. 5, 7/2006) published a letter from Prof. F.L. Litvin, in which, in particular, an
extremely simplified interpretation of the essence of Novikov gearing is given: “The
meaning of Novikov’s idea is that he proposed cylindrical gears with point gearing,
that is, with a localized working contact of surfaces . . .” and further: “I do not agree
that Novikov turned the theory of links upside down.” As Dr. M.L. Novikov has
stressed in Pat. No. 109,113 [11], gears with a new type of engagement can be made
“with parallel, intersecting and crossing axes, with external and internal engage-
ment, with constant and variable gear ratios, . . .” Does this mean that Prof.
F.L. Litvin is not familiar with the works of Novikov [8, 9] and Pat. No. 109,113
[11]?

For what purpose did F.L. Litvin distort the essence of M.L. Novikov and limit
his scientific result to only cylindrical gears? Either F.L. Litvin did not understand
the idea of Novikov gearing or he deliberately distorted the concept of Novikov
gearing – there is simply no other way. This is something to seriously think
about here.

There is no reason to doubt that adhering to this position, neither the author of
Memoirs nor Prof. F.L. Litvin will defend the importance of Novikov gearing.
Therefore, it is not surprising that in the well-known books of F.L. Litvin (1960,
1968) [5], Novikov gearing is correctly called “Novikov gearing,” but, in the books
published later (1994, 2004) [6, 7] this same gearing is called “Wildhaber–Novikov
gearing.” Litvin, F.L. did not consider it necessary to take advantage of the oppor-
tunity and enlighten Western specialists, convincingly showing them the fundamen-
tal difference between Novikov gearing and Wildhaber gearing. Was it a lack of
professionalism or were there other reasons?

There are many examples of the undeservedly dismissive attitude on the part of
some of the specialists toward the work developed by Dr. M.L. Novikov for a new
type of gearing.
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Therefore, the inadequate position of scientists and specialists, both in the USSR
and in present-day Russia in asserting the importance of M.L. Novikov’s develop-
ment of a new type of gearing should be considered as “the second reason” that the
incorrect term “W-N gearing” has come into use in the West.

The author of this chapter ok was in a full sense discouraged to learn that even
now, not all researchers of Novikov gearing are familiar with the invention of
E. Wildhaber. This ignorance is found even among specialists who have devoted
decades of their work to the study of Novikov gearing. In other words, along with the
lack of awareness of foreign researchers about Novikov gearing, the symmetrical
lack of awareness of Soviet/Russian specialists with the invention of E. Wildhaber is
widespread [10]. Therefore, insufficient awareness of E. Wildhaber’s invention is
“the third reason” for the ambiguities encountered in the interpretation of
M.L. Novikov’s invention.

This list of reasons could be continued.
The author of this chapter adheres to the position that the invention of Novikov

gearing is comparable, in its importance, to the involute gearing invented by
L. Euler. Euler, L. solved the problem for the case of a spur gear (mF = 0), when
the transverse contact ratio mp in the gear set is greater than one, i.e., mp > 1 (this
technical solution was later developed into the field of helical gears). Novikov,
M.L. solved a similar problem for the case when the transverse contact ratio mp in
the helical gear is zero, i.e., mp = 0, and the condition of meshing of the teeth is
fulfilled due to the axial overlap of the teeth, the face contact ratio of which is greater
than one (mF> 1). Here, I will allow myself a pun: “Let us reward Euler with what is
attained by Euler, Novikov – with what is attained by Novikov, and Wildhaber –
with what is attained by Wildhaber.”

8.6 Future Developments in the Realm
of Conformal/Novikov Gearing

The potential of the Novikov gear system is far from being exhausted. This system of
gearing has a large reserve to increase the power density transmitted by the gear
transmission system.

Novikov gearing is an example of the so-called conformal gearing. Conformal
gears include those with a small difference in the radii of curvature of the profiles of
the teeth at the point of contact: the smaller this difference, the higher is the degree of
conformity of the functional surfaces of the gear teeth. So, the degree of conformity
of the profiles of the teeth of the internal involute gear transmission is higher (with
other conditions being the same) than the transmission with external gearing. Those
interested can refer to the studies by Radzevich [12] and [14], in which the questions
of conformity of the contacting surfaces are considered in detail.

An increase in the degree of conformity of the functional surfaces of the teeth of
the gears makes it possible to increase the power density of the gear transmission
system.
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Developed by Dr. M.L. Novikov, this gear system allows designing gears, for
which the convex surfaces of the pinion teeth contact the concave surfaces of the
gear teeth. The difference between the radii of curvature of the interacting profiles is
assigned in order to “absorb” the manufacturing errors, mounting errors, and elastic
deformations of the entire gear transmission system (taking into account the elastic
deformations of the body, shafts, gear fields, etc.) under load. In this setting, the
solution to the problem of increasing the power density transmitted by the gear
transmission system should be considered as necessary but not sufficient.

While studying the materials on Novikov gearing published over the past
~50 years, it was impossible not to pay attention to the unacceptably simplified
idea of the importance of the geometry of contact of the surfaces of the teeth and its
effect on the output parameters of the gear transmission system. A serious, if not the
most important, omission in the study of Novikov gearing was ignoring the contact
geometry of the side surfaces of the teeth of the wheel and gear. The transition from
the contact of the convex surfaces of the teeth of the wheels to the contact of the
convex and concave surfaces in itself is only a necessary, but not sufficient,
condition for increasing the bearing capacity of the functional surfaces of the teeth
of the wheels. At the same time, it is important to ensure a certain minimum required
degree of conformity (the threshold) of the contacting surfaces of the teeth, starting
from which the effect of increasing the bearing capacity begins to manifest itself (see
Fig. 8.8). For “soft” wheels, this disadvantage was leveled out by the quick running-
in of the teeth and their self-adaptation to the operating conditions. For highly hard
wheels, running-in does not save the day. The hardened wheels must initially
(a) have the required shape and (b) the correct positioning under load. In the
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Fig. 8.8 Impact of the degree of conformity δcnf at the current point of contact of the gear tooth
flank G and of the pinion tooth flank P on the bearing capacity of the tooth flanks



literature, there is no answer to the question of what the “required form” is. The
answer to this question can be obtained on the basis of the results presented in the
studies by Radzevich [12, 14], etc.

Back in 2006, the author of this chapter shared with the lead gear experts of
Russia my own considerations and some research results on this issue. It was about
the conceptual essence of Novikov gearing, more precisely – Novikov gearing using
high hardness (for example, carbonized and ground) wheels, that is, when the
running-in of wheels is practically impossible: “The main reason for failures with
this type of transmission is a lack of understanding of what is happening in the very
local contact area of the surfaces of the teeth of the wheels. For me, it is strange why
they immediately began to develop the profiles of the basic rack, without under-
standing thoroughly the physics of what is happening in the contact zone of the
surfaces of the teeth. Contact is extremely essential!

The required tooth profiles of the gears are a consequence of the required local
geometry of the contacting surfaces, but not vice versa. The geometry of the contact
of the surfaces of the teeth of the wheels is the key to solving fundamental issues
related to the operability of gears.” Furthermore, the following conceptual tasks can
be solved analytically:
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(a) “For the given transmission conditions, tolerances can be calculated so that a
functional transmission can be guaranteed

(b) According to the accuracy of the existing gear-cutting machine and tool, it is
possible to answer the question whether it is possible on this machine and with a
given tool to machine the wheels for a guaranteed working transmission

(c) With known rigidity . . ., that is, of all that determines the resulting displacement
of one wheel in relation to another wheel under load, to answer the question
whether it is possible to apply Novikov gearing in principle under these
conditions.”

It should be noted that not all of what was produced by the industry under the
name Novikov gearing was (and still is) such. Under the flag of Novikov gearing,
something was often produced that vaguely resembled Novikov gearing but, upon
closer examination, was not. In other words, much of what they unsuccessfully tried
to introduce into the industry, in fact, had (and has) a remote relation to Novikov
gearing. All the gear wheels for Novikov gearing, finish cut in the generating method
of gear cutting (namely, cut with hob cutters, shapers, etc.), are not Novikov gear
wheels (wheels for Novikov gears cannot be finish cut under generating machining
conditions). From this, we can draw a conclusion about the reported successes and
failures of the industrial use of gears by Novikov gearing.

Of course, what was done by Dr. M.L. Novikov deserves to be investigated in
detail. Based on the results of such research, a monograph can be written. The author
of this chapter had extremely limited material at his disposal about Dr. M.L. Novikov
and Dr. E. Wildhaber.
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8.7 Concise Information About the Private Life
of M.L. Novikov

The author of this chapter had an opportunity to communicate with Ms. Irina
M. Averina, the daughter of Dr. M.L. Novikov. It is worthy to begin this portion
of this chapter with an excerpt from one of the numerous letters the Ms. I.M. Averina
sent to me: “I – your son – will try to continue your path to the level of advanced
people of human society, to the level of the creators of new technology, to the level
of an engineer, not an engineer, “hat”, which unfortunately is now, but a real
engineer – designer – creator . . . .” (Private communication on March 9, 2020).

Ms. I.M. Averina kindly shared with the author some pictures, those taken of
Dr. M.L. Novikov, his family, and his friends. Unfortunately, not many of such
pictures are available to the author at this time.

1948 tea party with Alekseyev family. (Courtesy of Ms. I.M. Averina)

A 1948 tea party with the Alekseyev family is the oldest available picture of
M.L. Novikov. Here, M.L. Novikov is shown third from the left. His wife,
Ms. Galina S. Novikova, is sitting next to M.L. Novikov.

In 1969, a memorial plaque was opened in the apartment building where
M.L. Novikov used to live for several years. In the center, Ms. Galina
S. Novikova is pictured.
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1969 Memorial plaque. (Courtesy of Ms. I.M. Averina)

1960 Fediakin, Chesnokov, and Shtoda. (Courtesy of Ms. I.M. Averina)
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In the next picture, Novikov’s friends, R.V. Fedyakin, V.A. Chesnokov (both at
rear), and Shtoda, A.V. (in front), are pictured. “Andrey Vladimirovich Shtoda
served with my father. After the death of my father, he became the head of the
department, previously headed by my father. Shtoda, V.A. did a lot to create a
special laboratory for Novikov gearing at the Academy, in which R.V. Fedyakin and
V.A. Chesnokov worked actively. I note that R.V. Fedyakin and V.A. Chesnokov
are talented engineers, extremely devoted to my father, his work and our family.”

Much work on the preservation and popularization of the heritage of
M.L. Novikov is being held by his daughter, Averina Irina Mikhailovna.

2018 – Averina, I.M. – Novikov’s daughter. (After T. Gogoleva, [4])

She was 5 years old when her father died and does not have many memories of
him. Much more information has been preserved in the funds of various archives and
museums of the country. The museum of the Air Force Academy also contains many
documents, one way or another, related to the activities of Dr. M.L. Novikov.
Recently, Irina Mikhailovna has visited there, and, for several days, she carefully
studied the certificates, extracts, reports, etc. – everything that could add information
about the great scientist, whose work and life, by the way, was classified “top secret”
for a very long time.

Ms. I.M. Averina says that: “Two years ago I wrote a Book about my father,
which included some letters from my father, his father, relatives and workmates.
Separate documents, family and official photos, memoirs, my comments were given.
But since the Book contained many personal, family stories, this Book was
published by me in a small edition and donated to the relatives and children,
grandchildren (already adults) of my father’s comrades.”

The author of this chapter had made an offer to Ms. I.M. Averina to join this
project and share her memories about her dad M.L. Novikov. The response is
immediately below: “I have already received offers from historians, writers, script-
writers of the Russian Federation to provide information about my father, but I



always refused. And now I cannot make a decision to tell strangers from my father”
(private communication on March 13, 2020). A few days earlier: “My father’s life
story is very complex. Many facts in open sources are not true. So far, I cannot make
a decision to publicly describe my father’s life. I was very young when we were left
alone. But the memory of keeping the joyful days when dad was with us” (private
communication on March 9, 2020).
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I would like to end this portion of this chapter with the following excerpt from
Ms. I.M. Averina‘s letter:

“Dear Stepan Pavlovich, good morning!
Thank you for your work on the further development and application of the

theory of spatial gearing with point contact, set out in the doctoral dissertation “Basic
questions of the geometric theory of point gearing intended for high-power gear
wheels” by my father, Mikhail Novikov, and defended in December 1955. Father
started working since 1950.

After the tragic death of my father in 1957, the employees of the Zhukovskii
Military Aviation Engineering Academy (MAEA), where my father studied and
worked, moved ALL scientific documents (manuscripts, drawings, business papers
and notes, service letters) that were in our home to the Archives of this Academy.

I am sending you a film made in 1961 about the works of my father – I legally
bought this film from the Archive of Documentary Films of the Ministry of Culture
of the Russian Federation. The authors of this film were probably the well-known to
you V.R. Fedyakin, V.A. Chesnokov, and A.V. Shtoda. When creating the film, the
manuscripts of my father were used, which were at that time in the Academy – these
documents can be used, since they are officially featured in the film.”

8.8 Conclusion

A brief biography about M.I. Novikov and E. Wildhaber is provided.
The features of Novikov gearing are briefly considered in comparison with the

cylindrical gearing proposed by E. Wildhaber. The fundamental difference between
these two types of gears is shown. The latest advances in gear theory are used for this
comparison. The possible reasons for the appearance of the incorrect term
“Wildhaber–Novikov gears” are analyzed. It has been convincingly shown that
Dr. M.L. Novikov is the only author of a new type of gearing and that the name
Novikov gearing is the only correct name for the invented gearing. The possible
ways of development of Novikov gearing are shown.
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Chapter 9
Poor Understanding of the Scientific Theory
of Gearing by the Majority of Gear
Scientists and Engineers

In this monograph, the modern scientific theory of gearing is disclosed to the best
possible extent [1]. This is a new theory in the realm of gear science and arts. Despite
the fact that the origin of the scientific theory of gearing can be traced back to the
fundamental research carried out by Leonhard Euler in the eighteenth century, rapid
growth of this theory began only in the early twenty-first century. Through the first
two decades of the twenty-first century, most (but not all) of the key problems in the
proposed theory of gearing have been solved. It is the right time now to study what
has already been achieved in this area of mechanical engineering and to implement
these results in every-day gear practice. Unfortunately, the latest achievements in the
scientific theory of gearing are ignored by the majority of gear scientists and gear
engineers. It is likely that a poor understanding of the scientific theory of gearing by
the majority of gear scientists, engineers, and practitioners is the root cause of this.

It takes time for the considerable number of gear experts to get familiar with the
theory, to study it, and begin to use it in every-day practice. Evidently, this cannot be
done instantly.

To properly evaluate the advantages and benefits of the usage of the proposed
scientific theory of gearing, an in-depth knowledge of the theory along with a
reasonably extensive experience of its implementation in practice are necessary.
Otherwise, it is impossible to evaluate the theory properly and to draw benefits from
it. Moreover, a toxic environment can be formed in the gear community due to the
poor knowledge about the proposed scientific theory of gearing.

Nowadays, some well-known gear experts, who pose as gear theoreticians,
commit huge mistakes when trying to evaluate the gear theory, as they are not
qualified to conduct such an evaluation.
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Fig. 9.1 Facsimile of the article: Stadtfeld [2]

As an illustrative example, let us consider a recently published article [2] in the
Gear Solutions magazine. The author of this article made a weak attempt to review
some key accomplishments in the scientific theory of gearing, thus demonstrating
the absence of an understanding of the cornerstone ideas of gear science (see
Fig. 9.1).
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)
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Fig. 9.1 (continued)



1The original version of the entire August 2020 issue of the Gear Solutionsmagazine (that contains
the article [3]) is available upon request.
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The article [2] is instructive, as it clearly shows the poor knowledge of gear
experts when they make an attempt to participate in a discussion on the theoretical
aspects of the gear art in a general sense of the term.

More than a year later, another article was published in the Gear Solutions
magazine [3]. The author’s attention in the article [3] was mainly focused on the
analysis of the principal mistakes committed in the article [2].

This article appeared in the August 2020 issue of the Gear Solutions magazine.
Shortly thereafter, the article was removed from the magazine. The August 2020
issue of the Gear Solutions magazine does not contain the earlier published article
anymore [3]. This is unacceptable, but the already published article was withdrawn
from the issue of the magazine1 (evidence of this can be found on page 6 of this issue
of the Gear Solutions magazine – for details, see Fig. 9.2, where the name of the
author of this article is mistakenly retained). Scientific problems cannot be solved in
this manner.

The article [3] is important, as it reports the numerous common mistakes made by
other gear experts. However, because the article [3] was removed from the August
2020 issue of the Gear Solutions magazine and, as such, it is no longer available in
the public domain, a facsimile of this article can be found in Fig. 9.3 immediately
below.

In this second article [3], the author’s comments about all the mistakes and
inconsistencies in the article [2] pertaining to gear science are concisely outlined.

9.1 Conclusion

In this monograph, it has been outlined that the scientific theory of gearing is an
efficient means for solving sophisticated problems in gear design, gear production,
gear inspection, and gear application.

Only proficient, experienced, and knowledgeable gear experts are allowed to use
the proposed theory of gearing. This theory has not been developed for amateurs or
for inexperienced gear experts.
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Fig. 9.2 Facsimile of page 6 in the August 2020 issue of the Gear Solutions magazine, where the
marks of the removed article [3] are still available
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Fig. 9.3 Facsimile of the article: Radzevich [3]
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Fig. 9.3 (continued)
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Fig. 9.3 (continued)
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Fig. 9.3 (continued)
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Fig. 9.3 (continued)
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Fig. 9.3 (continued)
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Fig. 9.3 (continued)
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Fig. 9.3 (continued)
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Chapter 10
Gear Manufacturing Accuracy Prediction,
Control, and Management

Mykola E. Terniuk, Anatolii V. Kryvosheia, Alexander M. Krasnoshtan,
Pavlo M. Tkach, and Sergey V. Lutskii

10.1 Introduction

The difference between real shaping and nominal (ideal) shaping is the presence of
the geometrical deviations of the real profile compared with the nominal ones.

The main final problems, to be solved in the research of the regularities of real
shaping, are those of forecasting with a given reliability of arising errors as well as
the problems of control, including the optimal one, by these errors.

Controlling is impossible without control. Therefore, the tasks of optimizing
processes and control schemes should also be studied.

In accordance with the current standards for the methods of standardizing the
errors of a gear, the conditions for ensuring accuracy, not lower than the required
one, can be modeled by the following inequalities:

Πni½ �+ ≥ f 1i Δnp, Πnp, P
� �

≥ Πni½ �- ;
Πсi½ �+ ≥ f 2i Δсp, Πсp, P

� �
≥ Πсi½ �- ;

i 2 J,

ð10:1Þ

where

Πni, Πсi are the limiting and average values, respectively, of the ith standardized
error.
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f1i, f2i are the analytical or algorithmic functions.
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Πnp, Πсp are the vectors of the limiting and average values, respectively, of primary
errors and process factors that determine the errors of the gear.

P is the given forecast reliability.
J is the number of standardized errors that determine the kinematic accuracy,

smoothness of operation, contact pattern, and backlash in the transmission.

Section 10.2 contains general equations of real tooth profiles, dependencies of the f1i
and f2i types are obtained, and methods of information support of the obtained depen-
dencies are developed. Sections 10.3 and 10.4 present the possible methods and
technical means of control and consider the possible ways to enforce conditions (10.1).

The resulting dependencies are common to all methods of shaping teeth by
machining. The generality is necessary for implementation of the principle of
completeness of information when solving problems of optimization synthesis.

The prerequisites for carrying out general studies are the proposed thesis on the
isomorphism of the processes of real shaping as well as the previously obtained
fundamental results in the field of geometry of gears, the theory of shaping of
surfaces [5, 6, 21, 22, 26, 27, 44], and the theory of accuracy [2, 3, 36].

10.2 Modeling the Main Regularities of the Processes
of Real Shaping of Teeth and Development
of the Methods for Analytical Forecasting of Errors

10.2.1 Development of a System Model of the Process of Real
Shaping of Teeth

The model of the real shaping process should reflect the factors causing errors,
taking into account the connections between them.

The methodology of the general approach adopted in this work requires, at the
first stage of research, the advancement of the assumption that all elements of a
technological system affect the processing accuracy. Therefore, potentially valid
initial objects are established: blanks, technical means, environment, performers, and
the details themselves.

It is obvious that errors occur at different stages of the life cycle of a technological
system, but they usually come about at the stage of work. Moreover, a number of
primary errors of technical means and blanks materialize at the stages of manufacture
(restoration) and adjustment. Therefore, it can be argued that the process of real
shaping is influenced by operators and the workpiece, the manufacture (restoration)
and adjustment of technical means, the environment, parts, and the process of the
system itself, which directly affects the environment, the workpiece, and the part.

From the above-listed factors, we will select those that significantly affect the
geometric deviations.

Based on the analysis of the physical processes occurring in technological
systems, carried out in the study by Bazrov [3], it can be considered that they



significantly affect the geometric deviations: the initial geometric characteristics and
the thermal, power, kinematic, and wear phenomena.

These phenomena are the sources of possible geometric inaccuracies, internal
stresses, forces, wear, temperature fluctuations, and distortions of the trajectories of
the working parts of systems. As a result, the so-called primary errors of a system
arise: geometric, power, thermal, kinematic, and wear errors.

All of these types of primary errors, as a result, materialize initially in the form of
geometric deviations of the machine–fixture–tool–part (MFTP) system and then in
the form of geometric deviations of the profiles of the teeth of a machined gear.

Geometric deviations of an MFTP system can be emphasized with varying
degrees of detail.

For practical use, a system for detecting the geometric errors of an MFTP system
is desirable, which would make it possible to separately identify the degree of
influence of the main elements of this system on the total error of gears. In addition,
it is advisable to isolate errors that would make it possible to reveal their physical
meaning and make a direct measurement.

The above conditions are reached by a system that distinguishes the following:
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(a) Generalized errors of the machine are errors of doubling of the final links; there
may be six such errors according to the number of the possible degrees of
freedom of the final links in relative motion, like any material body.

(b) Errors in setting the tool and parts as the displacement of the latter in relation to
the end links of the machine; each of the errors, in the general case, contains six
linearly independent components according to the number of the possible
degrees of freedom of solid parts.

(c) Errors of the instrument itself as deviations of real (actual) coordinates in relation
to the nominal ones; there can be three such linearly independent errors in
accordance with the number of coordinates.

(d) Errors of the part itself as recoverable deformations (elastic and thermal), which
always occur during processing; there can be three errors, like the errors of the
tool, in accordance with the number of coordinates.

Thus, the geometric errors of an MFTP system can be reduced to a full set of
errors, consisting of 24 components. These 24 components, due to the fact that the
entire multitude of any error of an MFTP system can be reduced to them, are called
cited primary errors.

By being aware of the abovementioned primary errors, it is possible, by devel-
oping a system for their accounting, to calculate the normalized errors of a ring gear:
indicators of kinematic accuracy, smoothness of operation, contact patch, and side
clearance.

If we take quaternions of errors as elements of reduction, then, on the basis of the
above, the general system model of the occurrence and accounting of errors, as the
main model of the process of real shaping, can be represented in the form of a block
diagram as shown in Fig. 10.1.

The resulting model reflects the general patterns of the processes of real shaping
of teeth and allows one to proceed to drawing up the general equations of their
profiles.



Þ

218 10 Gear Manufacturing Accuracy Prediction, Control, and Management

Fig. 10.1 System model for the occurrence and accounting of errors

10.2.1.1 Derivation of the General Equations of the Real Profiles
of the Teeth of Machined Gears

To obtain the general equations of real tooth profiles, we associate the coordinate
system with the nominal end links of a machine tool

S01H X1H , Y1H , Z1Hf g И S02H X2H , Y2H , Z2Hf g:

Let us give these systems a relative motion that realizes all six degrees of freedom
and coordinate the components of the motion with the parameters, as shown in
Fig. 10.2.

The nominal axis I–I, around which a tool can rotate with the parameter ϕ1, is
crossed with the nominal axis II–II of the workpiece rotation with the parameter ϕ2 at
an angle γ. The center-to-center distance as well as the displacements of the I–I axis
in a plane parallel to the plane Y 0

1HO
0
1HZ

0
1H are indicated by the parameters aw, ψy

and ψ z, respectively. The quantities γ, aw, ψy, ψ z, and ϕ2 are functions of the
envelope parameters and, in turn, ϕ1 and ψ are the functions of time, i.e.,

γ= γ ϕ1, ψð Þ, aw = aw ϕ1, ψð Þ, ψ y =ψ y ϕ1, ψð Þ, ψ z =ψ z ϕ1, ψð Þ, and ϕ2 =ϕ2 ϕ1, ψð

The relationship between the coordinate systems S01H and S02H (Fig. 10.2) exclud-
ing the rotations of the end links can be expressed by a matrix compiled by the
method described in the study by Litvin and Fuentes [16]:

eMH =

0 cos ξ - sin ξ aw
- sin γ cos γ sin ξ cos γ cos ξ ψ y

cos γ sin γ sin ξ sin γ cos ξ ψ z

0 0 0 1

0
BBB@

1
CCCA ð10:2Þ
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Fig. 10.2 Nominal position
of coordinate systems

In accordance with the general model (Fig. 10.1), the errors of a machined gear
can be presented as a result of the disturbance of the shaping movement [3] as well as
a result of the transfer of the primary errors of the tool to the workpiece and the
manifestation of recoverable deformations of the part.

Violation of the shaping movement occurs due to deviations from the nominal
positions of the axes of the end links of the machine as well as the mismatch of the
geometric axes of the tool and workpiece with these axes.

In accordance with the obtained results [3], we describe such violations by the
matrices: eMΔH ,reflecting the possible displacements of the real axes of the end
links of the machine in relation to the nominal ones, and eMΔ1 and eMΔ2, taking
into account the installation errors, namely, the displacement of the base surfaces of
the tool and part, respectively, in relation to the real axes of the end links of the
machine, on which the tool and part are installed.

It is possible to find the structure and values of the matrix elements eMΔ1, eMΔ2,
and eMΔH due to the fact that these matrices describe the possible displacements of
one body with respect to another, and, thus, they can realize all six degrees of
freedom.

Based on the study by Litvin and Fuentes [16], we have

eMΔi = eMΔiz � eMΔiy � eMΔix; i 2 H, 1, 2f g, ð10:3Þ

where



0 1

eMΔix =
0 cosΔϕxi sinΔϕxi 0

0 - sinΔϕxi cosΔϕxi 0

0 0 0 1

BBB@
CCCA:
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eMΔiz =

cosΔϕzi sinΔϕzi 0 0

- sinΔϕzi cosΔϕzi 0 0

0 0 1 Δzi
0 0 0 1

BBB@
CCCA;

eMΔiy =

cosΔϕyi 0 - sinΔϕyi 0

0 1 0 Δyi
sinΔϕyi 0 cosΔϕyi 0

0 0 0 1

0
BBB@

1
CCCA;

1 0 0 Δxi
0 1

Here, Δϕzi, Δϕyi, and Δϕxi are excessive turns, and Δzi, Δyi, and Δxi are
excessive displacements of real axes (bases) with respect to the nominal ones. The
accepted sequence of the offsets of the coordinate systems is illustrated in Fig. 10.3,
where the subscripts r and p indicate the coordinate axes of the auxiliary systems.

Taking into account the possible rotations of the tool and the workpiece, and the
resulting matrices (10.2) and (10.3), the relation between the technological axes is
expressed by the matrix:

eM21 = eM2H � eMΔH � eMH � eMH1, ð10:4Þ

where

Fig. 10.3 Intermediate coordinate systems



0 1
-

0

1

0 1
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Fig. 10.4 Structural
element diagram of the
simplest MFTP system

eM2H =

cosϕ2 sinϕ2 0 0

- sinϕ2 cosϕ2 0 0

0 0 1 0

0 0 0 1

BBB@
CCCA; eMH1 =

cosϕ1 sinϕ1 0 0

sinϕ1 cosϕ1 0 0

0 0 1

0 0 0

BBB@
CCCA:

Here, ϕ1 and ϕ2 are the angles of rotation of the tool and the gear around the
axes Z 0

1 and Z 0
2, respectively.

Matrix (10.4) does not reflect all the factors that violate the required law of
relative motion of the elements of the AIDS system, since it does not take into
account the possible displacements of the base surfaces of the tool and part with
respect to the technological axes. However, it is necessary for further derivation of
the equation of the real surfaces of the teeth of machined gears. This matrix was
compiled for a case in which the structure of the MFTP system is the simplest and
corresponds to Fig. 10.4.

With regard to this case, the general matrix of the relationship between coordinate
systems that are rigidly connected to the tool surface and the structural base of the
machined gear, reflecting the violation of the shaping movement in full, has
the form:

eMΣ = eMΔ2 � eM2H � eMΔH � eMH � eMH1 � eMΔ1: ð10:5Þ

Due to the fact that the matrices eMΔ2, eMΔ1, and eMΔH contain six linearly
independent (albeit correlated in modulus) elements, the total number of parameters
reflecting the violation of the shaping movement is 18.

The resulting matrices (10.5), jointly with expressions for determining the radius
vector of the tool surface, make finding the equations of the real profiles of the teeth
of the gear being machined possible. However, these equations will not highlight
those parameter changes that can be accepted for active control of machining
accuracy.

If we take into account the above evidence that a full set of the given primary
errors contains 24 components, 18 of which reflect the violation of the shaping
movement and the remaining 6 are the errors of the instrumental surface itself and
the recoverable deformations of the gear, then it can be argued that a full set of all
possible methods of error compensation should contain 3 groups of techniques. One
is to compensate for errors in shaping movements, the second is to compensate for
errors on the instrumental surface itself, and the third one is to compensate for
recoverable deformations of the gear. Error compensation issues are discussed in



detail below. Here, on the basis of the aforementioned, we note that an MFTP
system, in the general case, may contain devices for changing the movements of
the machine during processing – compensation mechanisms for small
displacements – as well as devices for controlling the size and shape of the tool
surface and devices for controlling the recoverable deformations of the part, in
particular, the deformations of its teeth. The structural diagram of such an MFTP
system is shown in Fig. 10.5.

In Fig. 10.5,
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Fig. 10.5 Block diagram of an MFTP system containing a full set of devices for compensating
errors

CM is the compensation mechanism, which, in the general case, can be two – one at
each of the output links of the machine.

CU is the control unit.
CCU is the common control unit.
TCU is the tool dimensions and shape controlling unit – a device for controlling the

size and shape of the tool.
PCU is the part recoverable strain controlling unit – a device for managing the

recoverable strain of the part.
M is the machine.
F is the fixture.
T is the tool.
P is the part.

In general, each of the compensation mechanisms can have six linearly indepen-
dent controlled movements. These movements can be described by a matrix having a
matrix structure eMΔi, the elements of which are indicated by the indices K1 and K2.

The function of devices for controlling the dimensions and shape of the tool, as
well as the recoverable deformations of the part, can be described by the
corresponding three-component increments of the radius vectors Δr1K and Δr2K .

The above allows one to proceed to the derivation of the general equation of real
tooth profiles, taking into account the possible actions to manage errors by compen-
sating for errors. In this case, we additionally take into account that due to the
appearance of processing absence zones and large initial errors (for example, when



∂r ∂r ∂r

∂r ∂r ∂r

∂r ∂r ∂r

shaving or grinding), adjustment errors for size, the phenomenon of “edge loss”
[12, 36], and other reasons, the case in which only a part of the surface is processed
(and remains “black“) can be considered common. From this, as a specific case, the
case of complete surface treatment of the teeth follows.
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In the general case, the processing of toothed ears can be carried out according to
a two-parameter scheme. The one-parameter processing scheme is a special one.
Formally, multi-parameter schemes, by replacing parameters, can be reduced to
two-parameter schemes [22].

The estimation of the errors of gears should be made not from a technological but
from an operational (constructive) base, although the processing is carried out from a
technological one. The relationship between these bases is expressed by a matrixeMΔ2.

Let the nominal tool surface S1{X1, Y1, Z1} be specified in the coordinate
system

r1H = r1H u, vð Þ: ð10:6Þ

Then, the coordinates of the real instrumental surface on the ith pass, taking into
account the errors described by the increment of the radius vector Δr1i , and the
compensation of errors due to the input Δr1K , taking into account (10.6) will be

r1i = r1H þ Δr1i þ Δr1K : ð10:7Þ

The envelope (if it exists) of the family of surfaces formed by the instrumental
surface described by (10.7), when it moves with parameters ϕ1 and ψ , can be set by
the equations:

r2i = r2i u, v, Δr1i, Δr1K , ϕ1, ψð Þ; ð10:8Þ� �
2i

∂u
, 2i

∂v
, 2i

∂ϕ1
= 0; ð10:9Þ

� �
2i

∂u
, 2i

∂v
, 2i

∂ψ
= 0: ð10:10Þ

Equations (10.9) and (10.10) can be transformed. To do this, we will rewrite them
in the form:

∂r2i
∂u

×
∂r2i
∂v

� �
∂r2i
∂ϕ1

= 0; ð10:11Þ
� �

2i

∂u
× 2i

∂v
2i

∂ψ
= 0: ð10:12Þ

For the case of reference r2i relative to the technological axis, we write:



e

∂r ∂r

e
e

e
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r2i =MΣHr1i, ð10:13Þ

where eMΣH = eM2H � eMΔH � eMH � eMH1 � eMΔK � eMΔ1:
In accordance with the structure of the matrix eMΣH, its elements are functions ϕ1

and ψ ; therefore, using (10.13) we find:

∂r2i
∂u

= eMΣH � ∂r1i
∂u

ð10:14Þ

2i

∂v
= eMΣH � 1i

∂v
ð10:15Þ

∂r2i
∂ϕ1

=
∂MΣH
∂ϕ1

� r1i þ eMΣH � ∂r1i
∂ϕ1

ð10:16Þ

∂r2i
∂ψ

=
∂MΣH
∂ψ

� r1i þ eMΣH � ∂r1i
∂ψ

ð10:17Þ

it is known [5, 14], that

∂r2i
∂u

×
∂r2i
∂v

= n2 = eM - 1
ΣH

� 	T
� n1, ð10:18Þ

where

n1 =
∂r1i
∂u

×
∂r1i
∂v

; ð10:19Þ

«Т» is the transposition sign and the superscript “-1” means an inverse matrix.
Substituting (10.18) and (10.19) in (10.11) and (10.12) and taking into account

(10.14), (10.15), (10.16), and (10.17), like it was done in the study by Erikhov [5],
we obtain:

∂r1i
∂u

×
∂r1i
∂v

� � eM - 1
ΣH

∂eMΣ
∂ϕ1

� r1i þ ∂r1i
∂ϕ1

� �
= 0; ð10:20Þ

� �� �
∂r1i
∂u

×
∂r1i
∂v

eM - 1
ΣH

∂MΣ
∂ψ

� r1i þ ∂r1i
∂ψ

= 0; ð10:21Þ

Thus, the envelope of the surfaces of the teeth relative to the technological axis
will be described by Eqs. (10.8), (10.20), and (10.21).

Let us introduce and consider the definite unit functions of the asymmetrically
positive U+(x) and negative U-(x). Their graphs are shown in Fig. 10.6.
 


Then, if these functions are considered as an argument х= r2ij j- r2 i- 1ð Þ
 
, then
one can write:





 

� � 

 

� �

r = r U ± r - r
 
 r U ± r
 
- r
�
; 10 24

e
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Fig. 10.6 Asymmetric unit function plot

Fig. 10.7 Real surface
formation diagram

r2Φ = r2i � U ± r2ij j- r2 i- 1ð Þ þ r2 i- 1ð Þ � U ± r2 i- 1ð Þ - r2ij j : ð10:22Þ

Here, the “+” sign refers to the processing of the external engagement profiles,
and the “–” sign refers to the internal engagement profiles.

Equation (10.22), which is essentially nonlinear, reflects the presence of “blacks,”
i.e., areas of the surface described by the radius vector r2 i- 1ð Þ . Thus, this equation
describes the actual surface obtained, taking into account the areas of nontreatment.

This is illustrated in Fig. 10.7, where line 1 specifies the original surface, i.e., the
surface described by the radius vector r2 i- 1ð Þ; line 2 is the surface obtained on the ith
considered passage, i.e., the surface described by the radius vector r2i ; and the
contour line marks the actual surface formed on the ith pass and is described by
Eq. (10.22).

Thus, taking into account the change in the bases noted above, the general
equations of the real surfaces of the teeth can be written in the following forms:

r2p = eMΔ2 r2Φ -Δr2YT þ Δr2Kð Þ; ð10:23Þ
 
� � 
 
�
2Φ 2i � 2ij j 2 i- 1ð Þ þ 2 i- 1ð Þ � 2 i- 1ð Þ 2ij j ð : Þ

r2i =MΣHr1i; ð10:25Þ



e
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∂r1i
∂u

×
∂r1i
∂v

� � eM - 1
ΣH

∂eMΣ
∂ϕ1

� r1i þ ∂r1i
∂ϕ1

� �
= 0; ð10:26Þ

� �� �
∂r1i
∂u

×
∂r1i
∂v

eM - 1
ΣH

∂MΣ
∂ψ

� r1i þ ∂r1i
∂ψ

= 0; ð10:27Þ

MΣH =M2H �MΔH �MH �MH1 �MΔK �MΔ1; ð10:28Þ
1i 1H þ 1i þ 1K : ð : Þ

Considering the independence of r1H from ϕ1 and ψ , we represent

∂r1i
∂ϕ1

=
∂Δr1i
∂ϕ1

þ ∂Δr1K
∂ϕ1

; ð10:30Þ

1i

∂ψ
= 1i

∂ψ
þ 1K

∂ψ
: ð10:31Þ

From the obtained general Eqs. (10.23), (10.24), (10.25), (10.26), (10.26),
(10.27), (10.28), (10.29), (10.30), and (10.31), the equations of the real teeth profiles
of all existing processing schemes are derived as special cases. For example, when
shaped by the one-parameter envelope method in the reduced system of equations,
Eqs. (10.26) or (10.27) turns into an identity and is dropped from consideration.
When processing by the copying method, both of these equations become identities.

With complex movements of the machine, it is difficult to “manually” perform
calculations of coordinates according to the reduced system of equations. It is
advisable to use a computer. At the same time, the use of the method of structural
modeling of shaping processes, first proposed by Prof. B.A. Perepelitsa, is especially
effective [21, 22], since all matrices and radius vectors can be modeled by a set of
unified operators. The differences that should be taken into account in the programs
are the account of nonlinearities in dependence (10.26) and strictly specified types of
matrices.

The resulting system of equations for the real surfaces of the teeth allows
determining the actual coordinates of these surfaces:

X2p =X2p ϕ1, ψ , Δn, Π, ΔK

� �
;

Y2p = Y2p ϕ1, ψ , Δn, Π, ΔK

� �
;

Z2p = Z2p ϕ1, ψ , Δn, Π, ΔK

� �
:

ð10:32Þ

where X2p, Y2p, Z2p are the Cartesian coordinates of the system associated with the
design center distance such that the axle O2p Z2p coincides with the direction of the
geometric axis of the gear and the axis O2p X2p и O2p Y2p located in the base end
plane.

Δn is the 24-component vector of reduced primary errors.
Π is the vector nominal geometric parameter of the MFTP system.
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ΔK is the vector that takes into account the parameter increments in order to control
the accuracy by the above methods.

From (10.32), one can obtain the equations for the nominal surfaces of the teeth
by setting Δn = 0 and ΔK = 0:

X2H =X2H ϕ1, ψ , Π
� �

; Y2H = Y2H ϕ1, ψ , Π
� �

; Z2H = Z2H ϕ1, ψ , Π
� �

: ð10:33Þ

Based on Eqs. (10.32) and (10.33), the increment coordinates ΔX2p, ΔY2p, and
ΔZ2p of the real profiles are calculated in relation to the nominal:

ΔX2p =X2p -X2H ; ΔY2p = Y2p - Y2H ; ΔZ2p = Z2p - Z2H : ð10:34Þ

Being aware of (10.34), one can proceed to determining the relationship between
these increments and the normalized errors of the gears.

However, before doing this, we will note the features of the obtained equations of
real tooth profiles.

The features, in addition to generality, will include the following:

• Accounting for precision control in all possible ways, the total set of which has
cardinality equal to three

• Dependence on the full set of reduced primary errors, the cardinality of which
is 24

• Taking into account the functional nature of the given errors (i.e., the approach to
considering the formation of errors as a process and not as a phenomenon)

• Nonlinearity of the equations obtained, which excludes the application of the
principle of independence of the action of primary errors and agrees with the
results obtained in the nonlinear theory of the accuracy of mechanisms

• Taking into account the simultaneous impact of all factors and not each sepa-
rately, and the ability to take into account the correlation of error modules

These features allow one to proceed to the consideration of qualitatively new
problems in the theory of the accuracy of gears:

• Development of methods for optimal accuracy assurance of any kind of gear
• Development of methods for predicting the accuracy of gears at any stage of

production with the required forecast reliability
• Creation of systems for optimal regulation of the accuracy of the elements of an

MFTP system: machine tools, fixtures, tools, and blanks of machined gears
• Identifying methods for diagnosing the accuracy parameters of the elements of an

MFTP system
• Systematic presentation of the theory of control over the accuracy of gears (and

other details) on the basis of the revealed methods of compensatory control of
system errors
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• Systematization of research in the field of accuracy of gears by replacing the study
of the entire set of specific errors (more than 200 [4]) with a one-time study of the
24 given primary errors and the extension of the results obtained for all specific
cases

• Synthesis of real engagement with given quality indices, taking into account
possible engagement errors and others

Most of these tasks will be discussed below.

10.2.1.2 Establishing the Relationship Between Coordinate Increments
and Standardized Accuracy Indicators of Gears

The solution to this problem can be obtained in several ways. The difference
between the methods lies in the choice of the base accuracy indicator, which, on
the one hand, is connected by certain dependencies with the increment of the radius
vector

Δr2p =ΔX2piþ ΔY2pjþ ΔZ2pk,

and, on the other hand, with standardized values for the accuracy of the teething.
There are four known ways to identify these dependencies. The first one provides

a direct calculation of standardized accuracy indicators by increments of the radius
vector Δr2p [4]. The second one is based on the use of the increment of the line of
action ΔF [36], the third one is based on the use of the “increment of the radius of
curvature”ΔρK [2], and the fourth one is based on the arc deviation Δg [13, 39].

To ensure the effective use of the already developed dependencies applying each
of the named indicators, we will find the relationship between these indicators, based
on the definitions introduced in the studies by Alikulov [2], Khlus and Ternyuk, [13],
and Taits [36].

The nature of the increment ΔF of the line of action is illustrated in Fig. 10.8,
where index 1 denotes the real gear, index 2 is the measuring (reference), and L–L is
the line of action.

Fig. 10.8 Scheme for
identifying the line of action
increment
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Fig. 10.9 Scheme for
identifying the “curvature
radius increment”

Fig. 10.10 Scheme for identifying arc deviation

In the study by Alikulov [2], the parameter “increment of the radius of curvature”
actually represents the deviation of the point of the real profile from the nominal one
in the direction of the normal N–N (Fig. 10.9) to the nominal profile.

The arc deviation Δg (Fig. 10.10) means the distance measured along the arc of a
circle radius ry in the considered end plane A–A of the gear at a distance Z2T from the
origin (base), enclosed between the points of intersection of this circle with the actual
(solid line) and nominal (contour line) tooth profiles [13].

Considering that the contact of surfaces is always carried out at the point through
the common normal, the following relationship between ΔF and ΔρK can be written:

ΔF= max
bN

ΔρKf g cos ξ, ð10:35Þ

or for flat gearing:

ΔF= max
bN

ΔρKf g, ð10:36Þ

where ξ is the angle between the normal to the nominal profile and the end plane and
the effective (maximum within the limits of the contact line bN) valueΔρK is marked
with a sign max .
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Based on the consideration of the directions of the increment of the line of action
and arc deviation, an extreme nature of ΔF, and taking into account the smallness of
the error moduli, it is possible to write:

ΔF= max
bN

Δgf g sin ξ1 cos ξ, ð10:37Þ

where ξ1 is the angle between the normal and the direction of the radius vector at the
point under consideration.

Similarly, taking into account (10.35), we obtain:

ΔρK =Δg cos α, ð10:38Þ

The presence of extrema in (10.35), (10.36), (10.37), and (10.38) does not allow
establishing a single-value inverse function among ΔρK, Δg, and ΔF.

A relationship between Δg and Δr2p can be established on the basis of Fig. 10.11,
where it is indicated that M is a point on the nominal profile, for which the arc
deviation is identified asΔg, and τ–τ is the tangent to the actual (real) profile at point
K (x2 + Δx2p; y2 + Δy2p). The designations of the remaining quantities can be seen in
the figure.

Fig. 10.11 Scheme for identifying the relationship of the arc deviation with the increment of the
radius vector



= x2HþΔx2p ffi x2H
=

d x2H Δx2p
ffi dx2H
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Projecting both Δx2p and Δy2p on the direction MM1 and calculating the actual
length MM1, taking into account the smallness of the errors, we write:

Δg=Δy2p cos β-Δx2p sin β þ Δy2p sin β þ Δx2p cos β
� �

sin β- γð Þ, ð10:39Þ

where β arctg
y2HþΔy2p arctg y2H ; γ arctg

d y2HþΔy2pð Þ
arctg dy2H.þð Þ

The obtained expressions (10.35), (10.36), (10.37), (10.38) and (10.39) make
automating one of the stages of calculating (predicting) errors possible, since, if they
are available, it is possible to calculate errors on a computer using the general
equations of real tooth profiles as well as the information about the place of an
error occurrence on a real profile.

All the information necessary for the machine calculation of normalized errors
can be obtained by presenting the accuracy indicators discussed above in a form that
would reflect not only the value of the error modulus but also the coordinates of its
application.

One of these types can be quaternionic [14]:

V Δð Þ=Δþ x2Hiþ y2Hjþ z2Hk: ð10:40Þ

In (10.40), it is considered Δ = ΔF [ ΔρK [ Δg. In the quaternionic represen-
tation of errors, information about gear errors can be described by the matrices

eM Vð Þi =

Δ1i x2H1i y2H1i z2H1i

Δ2i x2H2i y2H2i z2H2i

. . . . . . . . . . . .

Δni x2Hni y2Hni z2Hni






















, i= L, Rf g ð10:41Þ

The degree of discreteness in the presentation of information is determined by the
required accuracy of calculating the errors. Performing the necessary actions on the
components of the matrices eM Vð Þi , one can calculate any of the standardized
accuracy indicators.

We will provide several examples so that one can identify the structure of the
calculation formulas and, in terms of the structure, proceed to considering the laws of
error distribution.

Let us calculate, using arc deviations, the values of the greatest kinematic error,
profile error, tooth direction error, and tooth thickness deviation along a constant
chord, thus covering all groups of accuracy indicators (norms). Based on the
definition of a kinematic error and the previously given definition of an arc deviation,
we find:

Δϕ=Δg cos α
rb

, ð10:42Þ

where Δϕ is the kinematic error.



r is the radius of the base circle of the gear.

�

F = max Δg - min Δg , ϕ= const; 10:45

Δg -Δg

Þ
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b

α is the pressure angle.

Consequently, the largest kinematic error of the gear is:

F0
ir =Δϕmax -Δϕmax =

1
rb

max Δg cos αð Þ- min Δg cos αð Þ½ , 0≤ϕ≤ 2π:

ð10:43Þ

Similarly, we obtain other normalized accuracy indicators:

f fr = max Δg cos αð Þ- min Δg cos αð Þ, Δτn ≤ϕ≤Δτ nþ1ð Þ; ð10:44Þ
βr ð Þ ð Þ ð Þ

Ace = L R

cos α
: ð10:46Þ

The above mentioned equations show the presence of an unambiguous relation-
ship between Δg and standardized accuracy indicators. Consequently, there is a
functional relationship and other reduced errors with the normalized indicators of
accuracy [13].

Thus, the calculation of the numerical values of the actual errors at each point of
the gear and the normalized errors according to dependencies of the form (10.42),
(10.43), (10.44), (10.45), and (10.46) can be performed if the actual values of the
radius vector Δr2p are known in order to determine the values of the matrices eM Vð i

and, from them, the required errors.
The actual values of the radius vector Δr2p based on the general Eqs. (10.23),

(10.24), (10.25), (10.26), (10.27), (10.28), and (10.29) can be calculated only if the
methods for determining the reduced primary errors and other parameters included
in the matrices eMH, eMΔH, eMΔ1, eMΔ2, and eMΔK and the radius vectors r1H, Δr1i, and
Δr1K are known.

Information support, when searching for elements of the specified matrices and
radius vectors, is determined by the nature of the problem being solved as well as by
the types of matrices and radius vectors.

Matrix eMH elements are determined by known methods [16] by assigning
parameters γ, aw, ψy, and ψ z particular values corresponding to specific gear cutting
schemes. For example, for the hobbing and broaching processes, the matrix eMH

elements are as follows:

eMH hð Þ =

1 0 0 0

0 cos γ - sin γ 0

0 sin γ cos γ kϕ1

0 0 0 1

0
BBB@

1
CCCA; eMH bð Þ =

1 0 0 0

0 1 0 0

0 0 1 ψ

0 0 0 1

0
BBB@

1
CCCA,

where γ = const, aw = const, and k = const.



The values of the radius vector r1H can be determined by the well-known methods
of analytical geometry or mapping methods [21, 22] as the values of the radius
vector of the nominal surface (line) of the tool – in the event that the main donation
(i.e., movement with cutting speed) is carried out by changing one or more param-
eters from γ, aw, ψy, ψ z, ϕ1, and ϕ2 – and as the values of the radius vector of the
envelope of the cutting edges with the parameter defining the main ghost otherwise.

The elements depending on the reduced primary errors can be found in several
ways, depending on the methods for determining the numerical values of the reduced
errors, considered as functions.

10.2.1.3 Methods for Determining the Numerical Values
of the Functions of Reduced Primary Errors

The given errors included in the matrices eMΔH, eMΔ1, and eMΔK and the increments of
the radius vectors Δr1i and Δr2YT are geometric objects caused by various factors.
Therefore, the methods for their determination can be:
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(a) Geometric objects that appear on the geometry of the gear – the method of direct
measurements and the method of geometric diagnostics.

(b) Objects caused by various factors and having certain connections with these
factors (in accordance with the model shown in Fig. 10.1) – based on the results
of controlling the parameters of the factors with their subsequent calculation
according to the dependencies between the parameters of the factors and the
given primary errors – according to the results of the forecast of the parameters
of the factors affecting the accuracy of processing, with the subsequent calcula-
tion of the reduced primary errors.

Let us take a look at these methods.

Direct measurement method
The direct measurement method includes determining the numerical values of the
reduced primary errors using special or universal instruments for linear and angular
measurements. Its advantage lies in its ability to obtain information with high
accuracy. Serious disadvantages of the method are the following: the need to stop
the processing process, the need to use a large number of special devices, and the
complexity of measurement automation.

The most expedient area of application of this method is considered as the control
of the given primary errors in the processes in which the shaping is carried out by a
limited number of fixed points on the tool surface.

Diagnostic Method
The derivation of the general equations of real tooth profiles in Sect. 10.2.1.1 made
formulating and solving, in general, the problem of obtaining information about the
given primary errors by diagnostics based on the results of monitoring the processed
gear possible.



e
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The advantages of the diagnostic methods are the following: they do not require
stopping the production process, have high productivity, and require the use of only
one gear measuring device, which can be quite versatile.

It is known that the solution of any identification problem, to which the consid-
ered diagnostic problem also belongs, presupposes setting the structure of equations
describing the phenomenon under consideration and then determining the parame-
ters of these equations.

Since Eqs. (10.23), (10.24), (10.25), (10.26), (10.27), (10.28), and (10.29) are
general and describe the process of occurrence of errors on the profiles of the teeth of
a machined gear, depending on the values of the given primary errors, they are the
necessary basis for solving the first and second stages of the identification problem.

The problem of diagnosing the abovementioned primary errors is always solved
for a specific gear cutting machine and tool.

Therefore, the matrices eMH , eM2H , and eMH1 and also the radius vectors r1H and
r2H are known. As a result of monitoring the machined gear, arc deviations or
increments of the radius of curvature are determined at different points of the gear,
i.e., matrices of the form (10.41) are also known.

The unknown are the components of the matrices eMΔH , eMΔ1, and eMΔ2 and the
components of the increments of the radius vectors Δr1i and Δr2YT – a total of
24 functions of the envelope parameters. In some cases, when controlling a gear, it is
removed from the machine, its angular position relative to the selected coordinate
systems is not fixed, and one more angular parameter is added to these 24 functions –
the initial phase of the gear rotation angle.

The aforementioned determines the formulation of a diagnostic problem. The
methodology for its solution is based on the following:

Without limiting the generality of the statement of the problem, we can assume
that information about Δg or ΔρK can be obtained from the points that have
undergone processing. In addition, measurements Δg or ΔρK can be made at the
points of actual tangency of the real polyline, obtained by a limited number of
cutting edges of the tool, with the envelope of these cut marks. Therefore, operator
(10.22) can be ignored when specifying the structure of the equations of the
diagnostic process.

Taking this into account, the initial equations describing the structure of the
model of the occurrence of errors can be written in the following forms:

r2p = eMΔ2 r2i -Δr2YTð Þ; ð10:47Þ
r2i =MΣHr1i; ð10:48Þ� �� �

∂r1i
∂u

×
∂r1i
∂v

eM - 1
ΣH

∂MΣH
∂ϕ1

� r1i = 0; ð10:49Þ
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∂r1i
∂u

×
∂r1i
∂v

� � eM - 1
ΣH

∂eMΣH
∂ψ

� r1i
� �

= 0; ð10:50Þ

MΣH =M2H �MΔH �MH �MH1 �MΔK �MΔ1; MΔK =E; ð10:51Þ
1i 1H þ 1i: ð : Þ

Let us presume:

eMΔi = eE þ ΔeMΔi, ð10:53Þ

where eE is the unit matrix and ΔeMΔi is a matrix, all elements of which are equal to
the corresponding elements of the matrix eMΔi, except for the diagonal ones, which
are equal to zero.

Taking (10.53), with the possibility of neglecting the terms of the second order of
smallness, into account, we transform matrix (10.51) to the form:

eMΣH = eM2H eE+ΔeMΔH
� � � eMH � eMH1 eE+ΔeMΔ1

� �
=

= eM2H � eMH � eMH1 + eM2H � eMH � eMH1 � ΔeMΔ1 + eM2H � ΔeMΔH � eMH � eMH1 =

= eMΣH0 + eMΣH0 � ΔeMΔ1 + eM2H � ΔeMΔH � eMH � eMH1:

ð10:54Þ

Here, eMΣH0 is the nominal value of the matrix eMΣH .
Taking into account (10.52) and (10.54), the expression for the calculation of

(10.48), also up to small second-order smallness, can be written as:

r2i = eMΣH0 � r1n + eMΣH0 � ΔeMΔ1 � r1H + eM2H � ΔeMΔH � eMH � eMH1 � r1H + eMΣH0 � Δr1i =
= r2H + eMΣH0 � ΔeMΔ1 � r1H + eM2H � ΔeMΔH � eMH � eMH1 � r1H + eMΣH0 � Δr1i:

ð10:55Þ

As a result, we obtain (10.47) in the form

r2p = r2H + eMΣH0 � ΔeMΔ1 � r1H + eM2H � ΔeMΔH � eMH � eMH1 � r1p
+ eMΣH0 � Δr1i +ΔeMΔ2 � r1n -Δr2YT :

ð10:56Þ

To reveal the constraint Eqs. (10.49) and (10.50), at the first stage, we find
intermediate expressions for calculating the partial derivatives using dependence
(10.55).

Considering that the given primary errors, reflecting the violation of the shaping
movement, in the general case, are functions of the envelope parameters, and the
given primary errors of the instrumental surface also depend on the coordinates of
this surface, after differentiation, we get the following:
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∂r2i
∂ϕ1

=
∂r2H
∂ϕ1

+ eMΣH0 � ∂ΔMΔ1
∂ϕ1

� r1H +
∂MΣH0

∂ϕ1
� ΔeMΔ1 � r1H +

+ eM2H � ΔeMΔH � ∂
eMH � eMH1 � r1H
� �

∂ϕ1
+ eM2H � ∂ΔeMΔH

∂ϕ1
� eMH � eMH1 � r1H +

+
∂eM2H

∂ϕ1
� ΔeMΔ1 � eMH � eMH1 � r1H +

∂eMΣH0

∂ϕ1
� Δr1i = ∂r2H

∂ϕ1
+K;

ð10:57Þ
∂r2i
∂ψ

=
∂r2H
∂ϕ1

+ eMΣH0 � ∂ΔMΔ1
∂ψ

� r1H +
∂MΣH0

∂ψ
� ΔeMΔ1 � r1H +

+ eM2H � ΔeMΔH � ∂
eMH � eMH1 � r1H
� �

∂ψ
+ eM2H � ∂ΔeMΔH

∂ψ
� eMH � eMH1 � r1H +

+
∂eM2H

∂ψ
� ΔeMΔ1 � eMH � eMH1 � r1H +

∂eMΣH0

∂ψ
� Δr1i = ∂r2H

∂ψ
+ L;

ð10:58Þ
2i

∂u
= 2H

∂u
+ eMΣH0 � ΔeMΔ1 � 1H

∂u
+ eM2H � ΔeMΔH � eMH � eMH1 � 1H

∂u

+ eMΣH0 � ∂Δr1i∂u
=

∂r2H
∂u

+M;
ð10:59Þ

2i

∂v
= 2H

∂v
+ eMΣH0 � ΔeMΔ1 � 1H

∂v
+ eM2H � ΔeMΔH � eMH � eMH1 � 1H

∂v

+ eMΣH0 � ∂Δr1i∂v
=

∂r2H
∂v

+N:
ð10:60Þ

The constraint equations in the coordinate system S2{X2,Y2, Z2} are as follows:

∂r2
∂u

×
∂r2
∂v

� �
∂r2
∂ϕ1

= 0; ð10:61Þ
� �

2

∂u
× 2

∂v
2

∂ψ
= 0: ð10:62Þ

Substituting the expressions for the partial derivatives from (10.57) to (10.62) in
these equations, we obtain:

∂r2H
∂u

þM

� �
×

∂r2H
∂v

þ N

� �� �
∂r2H
∂ϕ1

þ K

� �
= 0; ð10:63Þ

� � � �� �� �
2H

∂u
þM × 2H

∂v
þ N 2H

∂ψ
þ L = 0: ð10:64Þ

Making transformations of (10.63) and (10.64) and taking into account that



� �

∂r ∂r ∂r
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∂r2H
∂u

×
∂r2H
∂v

∂r2H
∂ϕ1

= 0;

� �
2H

∂u
× 2H

∂v
2H

∂ψ
= 0,

we obtain

∂r2H
∂u

×N � ∂r2H
∂ϕ1

+M ×
∂r2H
∂v

� ∂r2H
∂ϕ1

+M ×N � ∂r2H
∂ϕ1

+
∂r2H
∂u

×
∂r2H
∂v

� K +

+
∂r2H
∂u

×N � K+M ×
∂r2H
∂v

� K+M ×N � K = 0;

ð10:65Þ
∂r2H
∂u

×N � ∂r2H
∂ψ

+M ×
∂r2H
∂v

� ∂r2H
∂ψ

+M ×N � ∂r2H
∂ψ

+
∂r2H
∂u

×
∂r2H
∂v

� L+

+
∂r2H
∂u

×N � L+M ×
∂r2H
∂v

� L+M ×N � L= 0:

ð10:66Þ

In the above equations,

K= eMΣH0 � ∂Δ
eMΔ1

∂ϕ1
� r1H +

∂eMΣH0

∂ϕ1
� ΔeMΔ1 � r1H +

+ eM2H � ΔeMΔH � ∂
eMH � eMH1 � r1H
� �

∂ϕ1
+ eM2H � ∂ΔeMΔH

∂ϕ1
� eMH � eMH1 � r1H +

+
∂eM2H

∂ϕ1
� ΔeMΔ1 � eMH � eMH1 � r1H +

∂eMΣH0

∂ϕ1
� Δr1i;

ð10:67Þ

L= eMΣH0 � ∂Δ
eMΔ1

∂ψ
� r1H +

∂eMΣH0

∂ψ
� ΔeMΔ1 � r1H +

+ eM2H � ΔeMΔH � ∂
eMH � eMH1 � r1H
� �

∂ψ
+ eM2H � ∂ΔeMΔH

∂ψ
� eMH � eMH1 � r1H +

+
∂eM2H

∂ψ
� ΔeMΔ1 � eMH � eMH1 � r1H +

∂eMΣH0

∂ψ
� Δr1i;

ð10:68Þ

M= eMΣH0 � ΔeMΔ1 � ∂r1H∂u
+ eM2H � ΔeMΔH � eMH � eMH1 � ∂r1H∂u

+ eMΣH0 � ∂Δr1i∂u
;

ð10:69Þ

N= eMΣH0 � ΔeMΔ1 � ∂r1H∂v
+ eM2H � ΔeMΔH � eMH � eMH1 � ∂r1H∂v

+ eMΣH0 � ∂Δr1i∂v
:

ð10:70Þ
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The Eqs. (10.65), (10.66), (10.67), (10.68), (10.69), and (10.70) are nonlinear and
do not allow finding a solution to the diagnostic problem in an explicit form.
Therefore, the method of approximate solution can be applied, which consists of
the following:

Earlier it was indicated that, due to the dependence of forces, kinematic param-
eters, temperatures, wear, etc. on the values of the envelope parameters, the given
primary errors are considered as their functions. Therefore, the following dependen-
cies are accepted:

Δϕxi =Δϕxi ϕ1, ψð Þ; Δϕyi =Δϕyi ϕ1, ψð Þ; Δϕzi =Δϕzi ϕ1, ψð Þ;
ΔXi =ΔXi ϕ1, ψð Þ; ΔYi =ΔYi ϕ1, ψð Þ; ΔZi =ΔZi ϕ1, ψð Þ: ð10:71Þ

Considering the relationship between the parameters, ϕ1, ψ and u, v, similarly,
one can write:

Δrx1 =Δrx1 u, vð Þ; Δry1 =Δry1 u, vð Þ; Δrz1 =Δrz1 u, vð Þ;
Δrx2YT =Δrx2YT ϕ1, ψð Þ; Δry2YT =Δry2YT ϕ1, ψð Þ; Δrz2YT =Δrz2YT ϕ1, ψð :

ð10:72Þ

The expressions for the functions (10.71) and (10.72) are unknown. Therefore,
they must be approximated either by polynomials or the Fourier series. Experience
shows that it is advisable to approximate the expressions for calculating the incre-
ments of the angles of rotation by the Fourier series and the increments of linear
displacements by power polynomials.

The degree of the polynomial and the number of Fourier series are set proceeding
from the fact that the total number of functions of the reduced primary errors to be
identified is 24. Therefore, taking into account the phase uncertainty of the measured
errors in matrix (10.41) as well as the fact that the degree of the polynomial or the
number of terms of the Fourier series cannot be more than the number N of points
over which the approximation is performed, one can get the upper bounds:

n≤ N
24

- 1: ð10:73Þ

The lower limit is 1, so

n≥ 1: ð10:74Þ

It should be noted that the modern theory of the accuracy of gears considers the
parameters of the primary errors as constants, i.e., as a special case of (10.73) and
(10.74), which corresponds to n = 1 for polynomials and to n = 3 for the Fourier
series.

Thus, choosing n on the basis of the indicated constraints and expanding
Eqs. (10.56), (10.65), and (10.66) into a coordinate form, after finding the partial
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derivatives of the approximating functions and substituting them in (10.65) and
(10.66), we obtain a system of scalar equations with unknown coefficients of poly-
nomials and Fourier series.

Based on this system, for example, by the least squares method [14, 25], it is
possible to establish the values of the unknown coefficients of the approximating
functions.

In future, each function of the primary error can be decomposed into components:
geometric, kinematic, power, temperature, and wear. This is explained by the fact
that four out of five components of the total error can be predicted (forecast methods
will be discussed below). The fifth term is defined as the difference between the total
error and the four terms.

Based on the aforementioned, the general algorithm for solving the problem of
diagnosing the accuracy of the elements of an MFTP system based on the results of
monitoring a processed gear is shown in Fig. 10.12.

The algorithm is presented in an iterative form, which provides an increase in the
accuracy of determining the functions of the given primary errors and can be
implemented on a computer.

Devices that provide initial data for the implementation of the algorithm can
operate both by the rolling method and by other methods arising from possible
technological impact schemes. They are constructed proceeding from the provision
of obtaining the information described by matrix (10.45).

A diagram of a device that provides the necessary information for solving the
diagnostic problem (working by the run-in method) is shown in Fig. 10.13.

Fig. 10.12 Algorithm for solving the diagnosis of the accuracy of the elements of an MFTP system
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Fig. 10.13 Diagram of a diagnostic device that works by the run-in method

The device contains a frame on which adjustable axles are manteled for installing
two measuring gears 1 and 2 as well as for installing controlled gear 3.

Measuring gears 1 and 2 are integral (Fig. 10.13b). They consist of coaxially
mounted blocks with the possibility of angular displacement of thin toothed discs,
the number of which is more than two.

In the process of testing, each disc must contact controlled gear 3. Therefore, each
disc of the measuring gears, except the one on each gear, is spring-loaded in the
direction of rotation. The non-spring-loaded discs are rigidly connected to the hubs.

During control, one of the measuring gears is the driving one and the other is the
driven one. This ensures the engagement of the measuring gears with the opposite
profiles of the teeth of the controlled gear. The possibility of angular displacement of
the gear disks of the measuring gears relative to each other ensures the control of the
error functions in different axial sections, which corresponds to different rows of
matrix (10.41).

By attaching one of the toothed discs to the hub on each measuring gear, a
rotation transmission and a single measurement base are provided for each disc. The
toothed discs are equipped with sensors 4 and 5 with mutual angular displacement.
In addition, the device provides sensors 6 and 7 for measuring the angles of rotation
of the driving toothed disk of gear 1 and the driven toothed disk of gear 2 as well as
sensor 8 for measuring the angle of rotation of the controlled gear. For receiving,
converting, and analyzing signals from sensors, there is multichannel electronic
device 9 and recording device 10. By comparing the signals of sensors 6 and
8, the single-profile kinematic error of the left tooth profiles and by comparing the
signals of sensors 7 and 8, the single-profile kinematic error of the right tooth profiles
are estimated.

The one-profile kinematic error is divided into two components – radial and
tangential. For this, the tangential component obtained by comparing the signals
from sensors 6 and 7 is vectorially subtracted from the total kinematic error. The
difference between the signals from sensors 6 and 7 is proportional to the tangential
component of the total kinematic error if the angle between the center transmission
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Fig. 10.14 Diagram of a device for diagnosing errors in an MFTP system, working in a discrete-
contact way

lines formed by the measuring gears with the controlled gear is equal to the doubled
angle of engagement in these gears. This was proved earlier in the studies by
Ternyuk [38] and Ternyuk and Khlus [43].

The advantages of a device made according to this scheme include the following:
the ability to obtain all the necessary information in one cycle of the gear control; the
possibility of readjustment (versatility); the possibility of building on the basis of
commercially available kinematometers.

Another example of a device for diagnosing errors in an MFTP system is the one
shown in Fig. 10.14.

The device implements a scheme of technological influence with a class
K = 6 � 2 � 3 � 1, which is the most productive when controlling a gear. The point
measurement method allows to directly determine the values of the errors included in
matrix (10.41).

The device contains annular housing 1, mounting and clamping device 2 with
drive 3, made, for example, in the form of a power cylinder with a rod, recording
device 4, and composite measuring gear 5. This gear is equipped with gear blocks
6 and 7 with plates of the right and left profiles teeth. The blocks are installed with
the possibility of angular displacement around the axis of adjusting clamping device
2. The shape of the plates is congruent with the profiles of the teeth of the controlled
gear. However, this requirement is not mandatory since the placement of the sensors
on plates of other shapes is also possible. Sensor 8 is evenly spaced on the active
surface of the tooth. It has linear characteristics and can be capacitive, inductive,
strain gauge, etc. The outputs of the sensors are connected by conductor 9 to switch
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10 connected to computing device 11 containing a program input unit and connected
to recording device 4. If necessary, between the switch and the computing device,
converters and amplifiers can be turned on to match the characteristics of the system.

The mechanism for orientation of the controlled gear is fixed on the body, which
can be made, for example, in the form of two plates 13 with grooves for the passage
and direction of the controlled gear.

For the angular displacement of the gear blocks, in order to adjust the width of the
cavity of the composite measuring gear and, thereby, install the blocks in the
working and loading (nonworking) positions, drive 14 for the angular displacement
of these blocks is provided, which is made, for example, in the form of a simple cam
mechanism containing wedge-shaped plates – cams 15 and 16 (Fig. 10.14) –
interacting by means of lever 17 with drive 3 of setting clamping device 2.

On the body, there are stops 18 for fixing the toothed blocks in the nominal
(reference, working) position.

To automate the removal of a controlled gear, the device can be equipped with
ejectors. Switch 10 can be configured as single-row or multi-row (Fig. 10.14). The
switch contains contacts located along the annular perimeter, connected by means of
conductors with linear displacement transducer 8 and a slider installed coaxially with
the ring with contact elements, equipped with a rotation drive. The slider is
connected to computing device 11 by conductors pointed in the figure by arrows.

A single-row commutator allows entering information about errors at various
points of the controlled gear sequentially, which is necessary if a single-input
computing device is used, and a multi-row one is parallel-sequential. This provides
the use of a multi-input computing device and an increase in the speed of the device.

The highest productivity of the device is achieved when each sensor 5 is
connected to its own input of the computing device. In this case, switch 10 has the
structure of a conventional interface device.

The device works as follows:
All sensors are preliminarily adjusted to a zero signal either by the reference gear

or by a special template. Then, the gear to be inspected is set and fixed on the setting
jig. After that, the drive is switched on and the angular displacement of the toothed
discs is made until they stop in special projections (basic position). This ensures
contact of the sensors with the surfaces of the teeth and the pickup of signals from
them through the commutator to the computing device. According to the program
entered from block 12, the computing device calculates the necessary coefficients of
the approximating functions of the primary reduced errors and takes further actions
to identify errors in accordance with the algorithm shown in Fig. 10.12. The results
obtained are recorded by device 4.

The advantages of the device include its high performance. The disadvantage is
its low versatility.

It is obvious that it is possible to use other diagnostic devices to implement other
classes of technological impact schemes.

The main advantages of the diagnostic method are the abovementioned high
productivity, the possibility of automation, and the ability to control without



stopping the production process of the next gear. However, it cannot be directly
carried out at the time of processing, which makes it difficult to use it in adaptive
precision devices.

The factorial method is devoid of this disadvantage.

Factorial Method
In accordance with the developed model of the occurrence and accounting of gear
errors (Fig. 10.1), the values of the primary errors are the result of the influence of
strictly defined factors. This serves as the basis for the development of a factorial
method for assessing the values of the reduced primary errors. To develop a method,
it is necessary to determine the relationship between the parameters characterizing
the factors and the values of the reduced primary errors and then to establish possible
methods for assessing these parameters for various processes.

Determination of the dependencies between the parameters of the factors and the
given primary errors, like any other dependencies of the functional type, can be
carried out using two approaches:
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• By conducting experiments
• By modeling (analytically)

The establishment of dependencies by conducting experiments, including
methods based on the rational planning of experiments, is described in detail in
the literature [1, 9]. Experimental methods can be used to establish all the necessary
dependencies. However, the disadvantage of these methods is the need for experi-
mentation. In addition, the results obtained can only be applied under conditions in
which the experiments were performed, i.e., they have a limited scope.

An analytical approach is free from these drawbacks. Appropriate models are
required for its application. The fundamental approach to the construction of models
was developed by Prof. B.M. Bazrov [3].

When applied to the problem under consideration, the use of analytical models
can be provided as follows:

Let us represent the ith given primary error as an additive function:

Δi =
Xn
j= 1

f ij Πj

� �
, ð10:75Þ

where fij is the function of the influence of the jth factor on the –th reduced primary
error; Πj is the vector of parameters of the jth factor; and n is the number of factors.

In accordance with the general model of the occurrence and accounting of errors
(Fig. 10.1) when processing gears, the disturbing factors can be geometric inaccu-
racies, the parameters of which are the vector Πg of geometric deviations of the
MFTP system’s elements; kinematic deviations, characterized by deviations of
speeds ΔVk and trajectories from their nominal values; temperature errors, the
parameters of which are temperatures T° at various points of the MFTP system;
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elastic deformations ΔY,as a result of the impact of forces P; wear, characterized by
the parameters of its distribution on the elements of the MFTP system; and internal
stresses, characterized by the tensors of their components.

244 10 Gear Manufacturing Accuracy Prediction, Control, and Management

Considering that internal stresses, as a destabilizing factor, can be removed by
98% or more by appropriate heat treatment, which is always carried out in the
processing of high-quality gears [9], the component of the reduced primary errors
caused by residual internal stresses, due to its small absolute value, is excluded from
consideration.

Taking this into account, we obtain n= 5, and dependence (10.75) is transformed
to the form:

Δi = f g Πg

� �þ f k ΔVk

� �þ f t Tt

� �þ f f Pf

� �þ f w Ww

� �
, ð10:76Þ

The indices “g,” “k,” “t,” “f,” and “w“in (10.76) denote the functions of the
influence of geometric inaccuracies, kinematic errors, temperature factor, forces, and
wear, respectively.

Considering the MFTP system as a common mechanism, the influence of the
vector Πg on Δi can be determined in a general matrix way [24]:

Δif g= eMij � Π, ð10:77Þ

where eMij is the matrix of the influence of the parameters of geometric inaccuracies
on the primary errors of the MFTP system, the elements of which reflect the
geometric interaction of mechanisms, aggregates, and system parts. Methods for
compiling the matrix eMij are described in the study by Portman [24].

The type and parameters of the function f k ΔVk can be found by considering the
MFTP system as a mechanical system with many masses, moving under the influ-
ence of time-varying forces. The main issues of the influence of kinematic factors on
the arising errors in the processing of gears under conditions of free rolling,
including those with attached masses, are discussed in detail in the works of
Prof. Yu. N. Sukhorukov [33, 34]. Based on these works, it is possible to write, in
a general form, a matrix differential equation of the second order, which makes it
possible to determine the influence of kinematic factors (ΔVk) on each of the given
primary errors:

em _V þ eηΔV þ ecs= eF, ð10:78Þ

where

em is the mass matrix of the MFTP system.
_V is the acceleration matrix.
ΔV is the velocity matrix.
s is the matrix of displacements.eη is the matrix of damping coefficients.



ec is the stiffness matrix.
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eF is the matrix of acting forces.

System (10.78) can be solved by determining it for a specific MFTP system, as a
rule, only by numerical methods.

There are many heat sources operating in an MFTP system: the cutting process,
friction units, etc. Therefore, its temperature field is not uniform, but it is character-
ized by different temperatures at different points.

Having chosen the characteristic points within the dimensional chain, including
the jth primary error, the influence of the temperature factor on the given primary
errors can be determined based on the model of thermal expansion of bodies:

Δjt =
Xm
i= 1

αtili Ti - T0ð Þ-
Xp
j= 1

αtjlj Tj - T0
� �

, ð10:79Þ

where

li is the length of the ith section of the MFTP system’s dimensional chain, which has
a temperature Ti.

αti is the coefficient of linear expansion.
T0 is the temperature baseline at which temperature errors are assumed to be zero

(usually T0 = 20 ° C).
m is the number of increasing links of the dimensional chain.
p is the number of reducing links of the dimensional chain.

The influence of forces on the reduced primary errors can be determined on the
basis of matrix Eq. (10.78) by solving it and establishing dependencies of the form:

Δif =Pi

Xn
i= 1

1
ci
: ð10:80Þ

In other words, Eq. (10.80) from the general solution of Eq. (10.78) includes the
terms containing the compliance coefficients of the elements of the MFTP system.

The impact of wear on these primary factors can be assessed in two ways: direct
and indirect.

In direct assessment, the wear at the ith point of the jth element of the MFTP
system can be considered as a common geometric inaccuracy and its effect on the
reduced primary error in this case is described by Eq. (10.77).

The indirect evaluation system is based on the established fact that the amount of
wear is closely correlated with forces, temperatures, vibrations [18], and the duration
of their exposure.

With this approach, the effect of wear on the given primary errors can be reflected
as follows:
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dwi

dt
= aPq

i þ bTl
i þ cMs

i ; wi =

t

0

aPq
i þ bTl

i þ cMs
i

� �
dt ð10:81Þ

where

a, b, and c are the coefficients.
q, l, and s are the indicators of the degree of influence of forces, temperatures, and

vibration level on the amount of wear at the ith point of the system, respectively.
Mi is the level of vibrations at the ith point of the system.

Thus, knowing the parameters of the factors, according to Eqs. (10.79), (10.80),
and (10.81), detailed for each specific MFTP system, it is possible to calculate the
given primary errors and, from them, the directly normalized errors of gears. Factors,
in turn, can be either measured or calculated (predicted). Measurement of factor
parameters can be carried out by well-established traditional methods:

• Geometric inaccuracies – devices for linear and angular measurements
• Kinematic inaccuracies – kinematometers
• Temperature parameters – temperature sensors
• Parameters of forces – dynamometers
• Wear – devices for linear and angular measurements for direct methods of control

and devices for measurement of the level of vibrations, thermometers, and
dynamometers (strain gauges, inductive, etc.) for indirect control methods

The advantage of the factor parameter measuring method is the possibility of
implementation in the processing, which is an important prerequisite for creation of
adaptive accuracy control systems. The disadvantage is the difficulty of controlling
geometric inaccuracies due to their large number. However, this shortcoming can be
overcome by taking into account the important property of individual components of
errors – systematic – to retain their values for a sufficiently long time (i.e., to
maintain stability over time).

The obtained results allow one to proceed to the consideration of methods of
analytical error forecasting.

10.2.2 Methods of Analytical Forecasting of Normalized
Errors of Gears

Methods of analytical forecasting of normalized errors of gears are used for the
calculation of a range of errors of a certain kind (10.1) or for the calculation of values
of actual errors with a set degree of reliability.

Therefore, the main prerequisite for their implementation is to obtain dependen-
cies of form (10.1) and dependencies that allow calculating the values of actual
errors with the required degree of reliability.
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Of all the possible formulations of analytical error forecasting, we single out and
solve the two most general formulations, which consist of developing error fore-
casting techniques for the case of taking into account all possible sources of errors in
forecasting error scattering ranges (calculation-probability method and adaptive
errors).

10.2.2.1 Calculation-Probability Method

Based on the analysis of the dependencies of types (10.43), (10.44), (10.45), and
(10.46) [13], we can establish that the whole set of indicators of the accuracy of gears
is divided into two groups. The first one includes indicators that take into account the
direction of deviation from the face value with its sign, for example, indicators of
lateral clearance, known as step deviation. The second one includes the indicators
considered without their sign and defined as the module of a difference of extreme
values.

Accordingly, one can write the following general dependencies to determine the
indicators:
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(a) The first group:

• Current value

ΗΠl = UiΔKi þ UjΔKj

� �
; ð10:82Þ

• Limit (normalized) value

ΗΠl½ �r = UiΔKi þ UjΔKj extremum; ð10:83Þ

(b) The second group:

• Current value

ΗΠm = UiΔKi -UjΔKj

� �
; ð10:84Þ

• Limit (normalized) value

ΗΠm½ �r = UiΔKi -UjΔKj extremum; ð10:85Þ

where



O O O

N

ξ =M U ΔK -M U ΔK ; 10 90

ΔKi jð Þ =V Δ1ð Þ V Δ2ð Þ . . . V Δnð Þ ð10:86Þ

Ui( j) is the transfer coefficient of influence ΔKi( j ) on the normalized accuracy index,
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determined in a similar manner as (10.43), (10.44), (10.45), and (10.46).
is the sign of multiplication of quaternions [14].

Based on the properties of the compositions of the laws of error distribution [42]
and taking into account the obtained expressions (10.83) and (10.85) and the fact that
ΔKi( j ) depends on the 24 primary errors, each of which is a function of 5 groups of
parameters, we can say, on the basis of the limit theorems of probability theory [25],
that the values ΗΠl and ΗΠm will be distributed according to Gauss’s laws (shifted)
and the modulus of difference (also shifted due to the presence of time constant –
systematic – components).

Thus, we can write:

q ΗΠlð Þ= 1

σ1
ffiffiffiffiffi
2π

p exp -
1
2

ΗΠl - ξ1
σ1

� �2
" #

; ð10:87Þ

q ΗΠmð Þ= ΗΠm

σ22
exp -

1
2

ΗΠm - ξ2
σ2

� �2
" #

, ð10:88Þ

where

q is the density of distribution.
ξ1 and ξ2 are the mathematical expectations.
σ1 and σ2 are the variances of the considered quantities.

Expressions for calculating mathematical expectations and variances, established
by taking into account the correlation of error modules, have the form:

ξ1 =M UiΔKið Þ þM UjΔKj

� �
; ð10:89Þ� �

2 i ið Þ j j ð : Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq
σ1 = σ2UiΔKi

þ σ2UjΔKj
þ 2ρUiΔKiUjΔKj

σUiΔKiσUjΔKj ; ð10:91Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

σ2 = σ2UiΔKi
þ σ2UjΔKj

- 2ρUiΔKiUjΔKj
σUiΔKiσUjΔKj , ð10:92Þ

where ρUiΔKiUjΔKj
is the correlation coefficient between UiΔKi and UjΔKj.

The obtained expressions allow solving the problems of predicting normalized
errors with the required reliability. Based on (10.87) and (10.88) and taking into
account (10.89), (10.90), (10.91), and (10.92), we can write:
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� � #

� �
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P ΗΠl½ �- <ΗΠl < ΗΠl½ �þ =Φ ΗΠl½ �þ - ξ1
σ1

-Φ ΗΠl½ � - ξ1
σ1

; ð10:93Þ

þ� �2
"

P ΗΠm < ΗΠm½ �þ =
1
σ22

exp -
1
2

ΗΠm½ � - ξ2
σ2

, ð10:94Þ

where

Φ(x) is the Laplace integral.
P(x) is the probability of exceeding the value x of the calculated value.

The use of dependencies (10.93) and (10.94) makes it possible to implement a
computational-probabilistic analytical method for predicting errors. As a result of
calculations, a range of distribution of errors are defined.

Example Let us consider the prediction of the radial beating of a ring gear for spur
gears milled by a single-pass worm cutter. To obtain a solution in an analytical form,
we assume that all factors, except base errors, are constant. Then,

ΔFR =ΔY2 sin ϕ2 þ αð Þ þ CR; ΔFL = -ΔY2 sin ϕ2 - αð Þ þ CL,

where

CR = const and CL = const;
Frr = 2ΔY2 и P Frr ≤Fð Þr =P ΔY2 ≤ Frr

2 , т.к. M(ΔY2) = 0, ξ2 = 0.

σ Frrð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ΔY2ð Þ þ σ2ΔY2ð Þ þ 2σ ΔY2ð Þσ ΔY2ð Þ

q
= 2σ ΔY2ð Þ:

Information on the range of error distributions is sufficient to solve the main
optimization problems using the traditional approach to product accuracy, based on
the establishment of restrictions on the elements of the process and the MFTP system
from condition (10.1).

However, with adaptive accuracy methods, being aware of only the error scatter-
ing ranges is not enough. It is necessary to know the actual value of the error at each
point of the tooth of the machined gear.

The latter is provided using the computational-adaptive method of error
prediction.

10.2.2.2 Computational-Adaptive Method

The error prediction computational-adaptive method is based on the following:
All errors are classified into two types: changeable over time (discrete or func-

tional) and unchangeable over time (within the period Tc; under review). Thus, errors
with graphs of change over time, similar to those shown in Fig. 10.15, are
highlighted.
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Fig. 10.15 Graphs of changes in errors over time

Examples are errors that change discretely over time including errors in the
basing of workpieces and errors in adjusting a machine to size when milling. Such
errors have a graph of change as shown in Fig. 10.15a. Errors that change function-
ally over time (Fig. 10.15b) include temperature errors, wear errors of the blade tool
made of high-speed steel, and others. The constant changes within the considered
period (systematic) errors include the actual collisions of the machine and usually
appear idle (geometric and part of the kinematics). These errors are characterized by
the graph shown in Fig. 10.15c.

The outcome of this classification of errors can be determined by

Δn =Δd þ Δf þ Δc, ð10:95Þ

The terms “Δd, Δf, Δc” in (10.95) are errors that change discretely and function-
ally and those that do not change, respectively.

Values Δc can be determined once before processing the first gear and are
considered constant over time Tc.

The types of functional dependencies can also be determined a priori. To calcu-
late functional dependencies, one needs to know the parameters that act as argu-
ments. These parameters (forces, temperatures, vibration levels, etc.) can, in turn, be
either predicted or monitored. The prediction of parameters is performed according
to the correlation and regression equations commonly used in the theory of material
cutting or on the basis of these equations using the methods of similarity theory [30].

Control can be performed in the same manner as with the factor method of
determining the given primary errors. Similarly, information can be obtained about
the components that change discretely. Given that the parameters characterizing the
functional and discrete change of errors are relatively few, the sensors for the rapid
acquisition of information about their values can be constantly on the machine.

As a result of entering a priori information, functions (10.82), (10.83), (10.84),
(10.85), and (10.86) change from probabilistic to deterministic. This means that the
reliability of the forecast on them will be equal to that of the supplied source
information. For example, in the case of entering a priori information about the
value ΔY2 (from the previous example), the value will be determined as Frr = 2ΔY2
with a reliability equal to that of the information about ΔY2. As this information can
be obtained as a result of direct control, the reliability of the prediction of coins
should be as high as desired and determined by the accuracy of measurements ΔY2.
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Fig. 10.16 Scheme for calculation-probability forecasting of errors

Fig. 10.17 Scheme for computational-adaptive method of error prediction

Based on the above, the general scheme for implementation of computational-
probabilistic and computational-adaptive methods of error prediction can be
depicted as shown in Figs. 10.16 and 10.17, respectively.

The main result of the research conducted in Sect. 10.2 was the development and
study of a system model of the process of real tooth formation, reflecting the general
laws of this process. As a result, the general equations of the real surfaces of the teeth
of machined gears are obtained. It is established that the whole set of primary errors
of any MFTP system can be reduced to the 24 listed primary errors, linearly
independent but correlated in modulus. To determine such errors, methods of direct
measurements, diagnostics, and factorial are proposed. The problem of diagnostics
(identification) of errors of an MFTP system is set in the general form and solved.
New gear measuring tools have been proposed for its implementation. It is proved
that the nonlinear nature of the equations of real tooth surfaces with respect to the
given primary errors necessitates the use of special methods for summation of errors
and excludes the possibility of applying the principle of independence of errors.
Methods for forecasting errors with a given forecast reliability have been developed.
It is proved that when entering operational information, it is possible to predict not
only the ranges of distribution of normalized errors but also the values of the actual
deviations of the real points of the tooth profiles from the nominal ones.

For development of forecasting methods in the case of multifactorial processes,
one can also use the relatively recent methodology of the system information
approach [19, 20].



The obtained results are the basis for the following studies of the methods of
control and management of the accuracy of gears.

10.3 Methods and Systems for Controlling the Accuracy
of Gears

10.3.1 A Full Range of Possible Ways to Control
the Accuracy of Gears

Traditional gear control systems [2, 9, 35, 36] are based on two methods:
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• Direct method, providing information on the accuracy of the part by measuring
the actual errors of a machined gear

• Indirect method, based on periodic verification of the accuracy of the elements of
an MFTP system

The scheme for obtaining information using the first method of control is shown
in Fig. 10.18.

The advantages of control systems based on the first method are high accuracy
and reliability of the information obtained. However, there are significant disadvan-
tages, which are as follows:

• Difficulties of control directly at the moment of processing of a detail
• Impossibility of application for the decision of problems of optimum operational

control of accuracy “on indignation”
• The need to introduce special operations (transitions) of control, requiring addi-

tional complexity and the use of many complex gear tools, which do not always
have sufficient performance and the required level of automation

The scheme for obtaining information using the second method of control is
shown in Fig. 10.19.

Fig. 10.18 Scheme for obtaining information using the direct method of control
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Fig. 10.19 Scheme for obtaining information using the indirect method of control

Systems based on the second method of obtaining information, although less
time-consuming than the first one, cannot be considered optimal, as they often do not
allow both ensuring the permitted degree of risk of missing a defective part and
obtaining information on the current error values, and, therefore, they cannot be used
in adaptive accuracy control systems.

Analysis of connections in the general model of occurrence of errors (Fig. 10.1)
shows that the possibilities of control of gears are not limited to two considered ways
of receiving information. The vector of normalized accuracy indicators ΗΠ is related
to the vector Δn of the given primary errors:

ΗΠi = f i Δnj
� �

, i 2 n, j 2 1, 2, . . . , 24f g: ð10:96Þ

Therefore, control systems can be based on obtaining information about primary
errors (10.96). Given that in this case, the information about the normalized accuracy
consists of separate information about the accuracy of the elements of the MFTP
system, control systems based on this method of control can be called an element-by-
element one (unlike the previously considered system, which provides direct mea-
surement). The scheme for obtaining information using the element-by-element
method of control is shown in Fig. 10.20.

According to Fig. 10.1, each of these primary errors is the result of the influence
of strictly defined factors, the parameters of which can be measured. Therefore, one
can establish the relation:

Δnj =ϕj Πk

� �
, ΗΠi = f i ϕj Πk

� �� 

, k 2 N: ð10:97Þ

It follows from (10.97) that, knowing the types of functions fi and ϕj and
controlling the parameters of the factors Πk, one can univocally assert the accuracy
of the gear. Control systems based on this method of obtaining information can be
called factorial (Fig. 10.21).
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Fig. 10.20 Scheme for obtaining information using the element-by-element method of control

Fig. 10.21 Scheme for obtaining information using the factorial method of control

These control methods correspond to three different levels of relationships in the
model shown in Fig. 10.1. It is not possible to select other levels corresponding to
these methods. Therefore, given that the method of indirect control (Fig. 10.19) is a
special case of the element-by-element method of control, based on research, three
fundamentally different methods of control that are possible to implement can be
asserted: direct, element-by-element, and factorial.

The last two methods of control can be directly carried out at the time of tooth
formation, and, therefore, they can be used as the basis for adaptive accuracy control
systems that implement the principles of control of both “perturbation” and
“deviation” [17].

Based on the first method of control, it is possible to build only such accuracy
control systems that implement the principle of control of “deviation” (i.e., using
feedback) and, therefore, require additional workflows to correct the detected devi-
ations in accuracy.

The three listed methods of control, which can be called simple, correspond to the
four combined ones.

A list of all possible control methods classified by the method of obtaining
information is provided in Table 10.1. It also provides information on the possible
principles of accuracy control that can be implemented using the applied control
methods.



(class) Information-obtaining method type

of control on parameters Control method class

10.3 Methods and Systems for Controlling the Accuracy of Gears 255

Table 10.1 Ways to control the accuracy of gears

№. Control mean
Control mean,
possible for
realization

1 Measurement of the normalized parameters of the
accuracy of a ring gear

Simple
(direct)

By feedback

2 Measurement of the primary errors Simple (ele-
ment-by-
element)

Outraged

3 Measurement of the parameters of the factors
causing errors

Simple
(factorial)

Outraged

4 Measurement of the normalized indicators of
accuracy of a ring gear + measurement of the
resulting primary errors

Combined By feedback or
combined

5 Measurement of the normalized indicators of
accuracy of a ring gear + measurement of the
parameters of the factors causing errors

Combined By feedback or
combined

6 Measurement of the given primary errors + mea-
surement of the parameters of the factors causing
errors

Combined Outraged, by
feedback or
combined

7 Measurement of the normalized indicators of
accuracy of a ring gear + measurement of the
resulting primary errors + measurement of the
parameters of the factors causing errors

Combined By feedback or
combined

Table 10.2 List of classes of methods of control of gears

Degree of completeness
of control over time
(volume of gears produced)

Degree of completeness

Full Full Deterministic

Partial Probabilistic

Partial Full Probabilistic

Partial Probabilistic

Using one or another method of gear control, one can measure either all or some
of the parameters that ultimately determine the accuracy of a gear and control either
in full, at the time of production (or its volume), or not in full.

If we put the degree of completeness of control by factors and volume in a batch
of gears on the basis of classification, the list of the possible classes of methods of
control will be as shown in Table 10.2.

The classes of control methods given in Table 10.2 cover all possible control
systems. Those classes that do not provide complete information on time or param-
eters are classified as probabilistic. One control class that provides complete infor-
mation is classified as deterministic.

Let us move on to consider the degree of risk of missing a defective part for the
specified set of control methods, taking into account their organization into different
classes: deterministic or probabilistic.
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10.3.2 Analysis of Measurement Errors and the Degree
of Risk of Missing a Defective Part in Various Control
Systems

Let us first consider the general methodology and then specify it for each method of
control. The degree of risk will be assessed by the probability of missing a
defective part:

P=P ΗΠΦ > ΗΠK½ �ð Þ \ ΗΠΦ >ΗΠKð Þ½ 10:98Þ

where ΗΠΦ and ΗΠK are the actual and measured values of the monitored param-
eters, respectively.

By choosing the parameters to be inspected and the frequency of inspections, as
well as the accuracy of measuring instruments, one can control the degree of risk of
missing a defective part (10.98). In order to study the possibilities of this manage-
ment, we will develop models of real control processes.

The most common method of control is the factor method. Having matched each
level of connections of the model shown in Fig. 10.1 to its corresponding operator,
taking into account that the primary information for each method is obtained by
measurement, we find a general operator model of the factor control process

J ΔΠi½ �=R 1ð Þ
Πi

\24
j= 1

\5
k= 1

R 2ð Þ
Πjk R 3ð Þ

U3Πk

� 	" #(
, ð10:99Þ

where

J is the sign of information about the object specified in parentheses.

R 3ð Þ is operator of measurement of the ith parameter.
RΠ is the recalculation operator.

The upper index of the operator indicates the level of communication in the model
shown in Fig. 10.1. The number of operators is determined by the number of the
types of factors and the primary errors given, respectively.

From formula (10.99), by limit transition, it is possible to obtain models
corresponding to the element-by-element and direct control methods:

J ΔΠi½ �=R 1ð Þ
Πi

\24
j= 1

R 2ð Þ
U3jΔΠj

� 	" #
ð10:100Þ

J ΔΠi½ �=R 1ð Þ
U3iΗΠTi, ð10:101Þ

Equations (10.99), (10.100), and (10.101) are models of ideal control processes.
Models of real control processes are built on their basis, and structures of control



	 #)

subsystems are also synthesized. The synthesis of structures is performed by taking
into account the fact that:
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• To each operator in dependencies (10.99), (10.100), and (10.101), the subsystem
should be put in accordance.

• Subsystems can be combined.
• Equations (10.99), (10.100), and (10.101) reflect only the target actions

implemented at the stage P.

Therefore, in order to obtain full-fledged control subsystems (their structures), it
is necessary to include in their composition those technical means and performers
that can perform auxiliary and preparatory functions.

Since Eqs. (10.99), (10.100), and (10.101) describe all possible methods of
control, on the basis of such a technique, the full range of the possible structures
of control systems is revealed, including the synthesis of new systems. Construction
of models of real control processes is performed based on the following:

Each measurement or recalculation operator makes an error in the error value to
be determined. These errors are different in magnitude for different operators and for
different parameters within the same operator. The error of measurements Ωu is
determined by the accuracy of measuring instruments and the error of recalculation
Ωn – the quality of the applied mathematical model – by the degree of its adequacy to
the process.

The dependencies provided in Sect. 10.2 on the relationship between the incre-
ments of coordinates (as a function of the above primary errors) and the normalized
accuracy of the gears allow calculations be performed with arbitrarily high accuracy,
as they are based on strict geometric relationships. Therefore, the operator error R 1ð Þ

ni

can often be neglected. The task is to evaluate the impact of measurement errors and
errors in the conversion operator R 2ð Þ

ni .
Let us denote the actual value of the operator as

R jð Þ
Π U3ð Þi =R jð Þ

ΗΠ U3ð Þi þ ΔR jð Þ
Π U3ð Þi, ð10:102Þ

where R jð Þ
ΗΠ U3ð Þi and ΔR jð Þ

Π U3ð Þi are the nominal (exact) values of the operator and its

increment (error), respectively.
Then, taking into account that dependence (10.102) reflects the most general type

of control, from which others follow as special cases, we can write:

ΗΠKi = R 1ð Þ
ΗΠi þ ΔR 1ð Þ

Πi

� 	 \24
j= 1

\5
k= 1

R 2ð Þ
ΗΠK þ ΔR 2ð Þ

ΠK

� 	
× R 3ð Þ

ΗU3K þ ΔR 3ð Þ
U3K

�
ΠK

"(
:

ð10:103Þ

Up to small second-order smallness, Eq. (10.103) can be transformed as follows:
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ΗΠKi =ΗΠΦ þ ΔR 1ð Þ
Πi

24

j= 1

R 2ð Þ
ΗΠK � R 3ð Þ

ΗU3K � ΠK þ R 1ð Þ
ΗΠi

24

j= 1

5

k= 1

ΔR 2ð Þ
ΠK � R 3ð Þ

ΗU3K � ΠK

þR 1ð Þ
ΗΠi

\24
j= 1

\5
k= 1

R 2ð Þ
ΗΠK � ΔR 3ð Þ

U3K � ΠK

� 	" #( )
,

ð10:104Þ

where

ΗΠΦ =R 1ð Þ
ΗΠi

\24
j= 1

\5
k= 1

R 2ð Þ
ΗΠK � R 3ð Þ

ΗU3K � ΠK

� 	"(
: ð10:105Þ

Based on (10.104) and taking into account that expression (10.105) is the exact
value of the parameters, we can find the total control error:

ΩKi =ΔR 1ð Þ
Πi

\24
j= 1

R 2ð Þ
ΗΠK � R 3ð Þ

ΗU3K � ΠK

� 	h i( )
þ R 1ð Þ

ΗΠi

\24
j= 1

\5
k= 1

ΔR 2ð Þ
ΠK � R 3ð Þ

ΗU3K � ΠK

�"(
þ

þR 1ð Þ
ΗΠi

\24
j= 1

\5
k= 1

R 2ð Þ
ΗΠK � ΔR 3ð Þ

U3K � ΠK

� 	" #( )
,

ð10:106Þ

This error corresponds to the factor control method. In the case of the
corresponding element-by-element control, it is necessary to put

R 3ð Þ
ΗU3K = 1, ΔR 3ð Þ

U3K = 0:

Under direct control

R 1ð Þ
ΗΠi =R 2ð Þ

ΗKi = 1, ΔR jð Þ
Πi =ΔR jð Þ

ΠK = 0:

Given the large number of components included in (10.106), it can be argued that
the total control error will be distributed according to the normal law with parameters

M ΩKið Þ=
X24
j= 1

M ΔR 1ð Þ
Πj

� 	
R 2ð Þ
ΗΠK R 3ð Þ

ΗU3K � ΠK

� 	h i
þ
X24
j= 1

R 1ð Þ
ΗΠj

X5
k= 1

M ΔR 1ð Þ
ΠK

� 	
R 3ð Þ
ΗU3K � ΠK

"
þ

þ
X24
j= 1

R 1ð Þ
ΗΠj

X5
k= 1

R 2ð Þ
ΗΠKM ΔR 3ð Þ

U3K

� 	
ΠK

" #
;

ð10:107Þ
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σ ΩKið Þ=
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j= 1

σ ΔR 1ð Þ� �
R 2ð Þ
ΗΠK R 3ð Þ

ΗU3K � ΠK

� 	h i( )2

þ
X24
j= 1

R 1ð Þ
ΗΠj

X5
k= 1

σ ΔR 2ð Þ� �
R 3ð Þ
ΗU3K � ΠK

"( 2

þ
vuut

þ
X24
j= 1

R 1ð Þ
ΗΠj

X5
k= 1

R 2ð Þ
ΗΠKσ ΔR 3ð Þ� �

ΠK

" #( )2

;

ð10:108Þ

where M(x) and σ(x) are the signs of mathematical expectation and variance,
respectively.

Assuming independence of control errors from gear errors, the degree of risk of
missing a defective part can be calculated depending on

eΡ=P ΗΠΦ > ΗΠK½ �ð Þ � P ΗΠΦ >ΗΠKð Þ 10:109Þ

From dependence (10.109), it follows that the degree of risk depends not only on
the accuracy of control but also on the stability of the technological process that
determines the value of P. To obtain a degree of risk not greater than the specified
one, in the case of an unstable process, one should use more sophisticated measuring
instruments.

The obtained dependencies are the basis for solving direct and inverse problems
related to the organization of optimal gear control systems. On the basis of general
equations, we will consider the features of various control systems. In this case, due
to the deep study of direct control systems in the works by Taits and Markov [35]
and Taits [35], we exclude them from consideration.

10.3.3 Element-by-Element Control Systems

In accordance with Eq. (10.100), systems implementing the element-by-element
method must perform the function (operator) of measuring the given primary errors.
These systems can be built on the basis of the sensors of linear and angular
measurements. The task is to use such sensors to measure all 24 (in deterministic
systems) or some (in probabilistic systems) of these primary errors. In accordance
with the functions associated with obtaining, converting, and transmitting informa-
tion on Eq. (10.100), the required technical means (subsystems), and combining
them, we obtain a variant of the structural scheme of technical means implementing
the element-by-element control system in the most general form, i.e., determined
(Fig. 10.22).

The figure shows:

Si – sensors of the linear and angular measurements
Pi – parameters
A – converter amplifier



CU – calculating unit

)
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ð
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Fig. 10.22 A variant of the
structure of the technical
means that implements the
element-by-element method
of control

RD – recording device
AIIB – a priori information input block
CB – control block
ES – energy source

Based on dependencies (10.106) and (10.109), it is possible to find a measure-
ment error for this type of system and the degree of risk of missing a defective part:

ΩKi =ΔR 1ð Þ
Πi

\24
j= 1

R 2ð Þ
ΗΠK � ΠK

h i
þ R 1ð Þ

ΗΠi

\24
j= 1

ΔR 2ð Þ
ΠK � ΠK

h i(
; ð10:110Þ

� �eΡ=P ΗΠΦ > ΗΠK½ �ð Þ � 2Φ K Kð Þ
σ ΩKð Þ ð10:111Þ

The dependencies are provided for a deterministic class of systems; in the case of
probabilistic systems, the following should be taken into account. Depending on
(10.110), the measured values of the parameters should be replaced by the predicted
values of those parameters that are not measured, and, instead of the measurement
error for the same parameters, the forecast error should be substituted.

The probability

P ΗΠΦ > ΗΠK½ �ð Þ 10:112Þ

in (10.111) should be determined on the basis of the fact that the process at the
previous stage of control is in working order and therefore (10.112) is:

P ΗΠΦ > ΗΠK½ �ð Þ=Py ΗΠΦ > ΗΠK½ �ð Þ 10:113Þ

where Py is the conditional probability of the occurrence of a defective part,
calculated in view that at the time t - Δt, the process was operational.
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Fig. 10.23 An example of the technical means that implement the element-by-element control
system

Dependence (10.113) is general and suitable for all control systems. An example
of the element-by-element control system obtained by specifying the scheme in
Fig. 10.22 in relation to the tooth grinder is shown in Fig. 10.23.

The system is intended for an operative assessment of accuracy and is directly
located on the machine. The machine is composed of frame 1 on which Table 10.2 is
mounted with clamping device 3 having a geometric axisO-O. Tool headstock 4 is
also attached to the frame, carrying tool 5, the axis of which is marked as O1 - O1.
Synchronization of the movements of the part and the tool is provided by kinematic
circuit 6 equipped with drive 7. The tool rotates from independent drive 8.

The error in determining the increment of the radius vector Δr1i is monitored by
the sensor S1. This is possible due to the point method of forming with a constant
position of the point of contact on the tool surface. The same sensor also determines
the components of the matrix eMΔ1 because the base of rotation is the axis of the tool.



The position of the axis of rotation of the tool relative to the axis of the part is
determined by sensors S2, S3, S4, S5, S6, and S7, which are paired with each other and
determine the coordinates of the axes relative to three mutually perpendicular planes
(positions 9, 10, and 11 in Fig. 10.23). Jointly with the sensors S8 and S9 that
determine the degree of consistency of tool and workpiece movements, the sensors
S2–S7 provide information about the components of the matrix. To determine the
components of the matrix eMΔ2, there are sensors S10–S15 that measure the position of
the part eMΔ2 relative to the axis of rotation. The increment components of the radius
vector Δr2YT can be measured with a multi-input sensor S16.

Thus, the listed sensors determine all the received primary errors, which are
shown on the processed gear using the considered method of forming. The results
of their readings, after appropriate conversion and amplification, are processed in
device 12.

An essential advantage of a system of this type is its ability to obtain the necessary
information about the accuracy of the machined gear directly at the time of
processing using only two types of sensors (linear and angular measurements).
However, such systems are difficult to implement in the case of methods of forming
with linear or surface contact in the pair “tool surface–workpiece” due to the
complexity of the operational assessment of the components of the increment of
the radius vector Δr1i at each point of contact. Therefore, in such cases, it is
necessary to build either an incomplete system, in which the assessment of the
accuracy of the tool is given a priori, or combined systems.

10.3.4 Factor Control Systems

According to the previous definition, factor systems are based on the control of the
parameters of the factors that cause errors. In this case, either all parameters or their
individual groups can be controlled. Given that each group of parameters corre-
sponds to its own instrumentation, it is advisable to identify a complete set of
different types of factor systems with different groups of controlled parameters.

Given that a purely predictive control system based on a priori error estimation is
a system with a number of controlled parameter groups equal to zero, and if we take
into account that there can be only five different groups of parameters, we can
establish that factor systems can be of six types: 0-factor (prognostic), 1-factor, ...,
5-factor (full-factor).

The variants of structural schemes of control systems obtained on the basis of
dependence (10.101) are displayed in Fig. 10.24 – prognostic – and in Fig. 10.25 – n-
factor, n = 1, 2, . . ., 5.

The figures show:
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Si – sensors of groups of factor parameters
tc – control time; t – current time corresponding to the moment of processing
AIIB – a priori information input block



FD – forecasting device
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Fig. 10.24 Block diagram
of a 0-factor control system

Fig. 10.25 Block diagram of the n-factor control system

RD – recording device
PCS – system of preliminary control (forecasting)

The free arrow shows the input of the source information.
Obviously, there can be only one prognostic and full-factor system. The number

of types of factor systems is equal to the number of combinations without repetitions
from 5, i.e., one-factor – 5, two-factor – 10, three-factor – 10, four-factor – 5.

If we mark the action of control by the sign C, and the groups of parameters
related to factors:

G – geometric
K – kinematic
F – force
T – temperature
W – wear
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Table 10.3 Types of factor
control systems

№. Structural model Name (type)

1 C 0-factor

2 C(G) 1-factor

3 C(K) 1-factor

4 C(F) 1-factor

5 C(T) 1-factor

6 C(W) 1-factor

7 C(G) + C(K) 2-factor

8 C(G) + C(F) 2-factor

9 C(G) + C(T) 2-factor

10 C(G) + C(W) 2-factor

11 C(K) + C(F) 2-factor

12 C(K) + C(T) 2-factor

13 C(K) + C(W) 2-factor

14 C(F) + C(T) 2-factor

15 C(F) + C(W) 2-factor

16 C(T) + C(W) 2-factor

17 C(G) + C(K) + C(F) 3-factor

18 C(G) + C(K) + C(T) 3-factor

19 C(G) + C(K) + C(W) 3-factor

20 C(G) + C(F) + C(T) 3-factor

21 C(G) + C(F) + C(W) 3-factor

22 C(K) + C(F) + C(T) 3-factor

23 C(K) + C(F) + C(W) 3-factor

|24 C(F) + C(T) + C(W) 3-factor

25 C(T) + C(W) + C(K) 3-factor

26 C(G) + C(T) + C(W) 3-factor

27 C(G) + C(F) + C(T) + C(W) 4-factor

28 C(G) + C(F) + C(T) + C(K) 4-factor

29 C(G) + C(F) + C(W) + C(K) 4-factor

30 C(G) + C(T) + C(W) + C(K) 4-factor

31 C(F) + C(T) + C(W) + C(K) 4-factor

32 C(G) + C(K) + C(F) + C(T) + C(W) 5-factor

Then we can identify the types of factor control systems as shown in Table 10.3.
Thus, Table 10.3 indicates that there may be 32 types of factor control systems

that differ in the completeness of the information received. One of them, i.e., 0-factor
is completely probabilistic (prognostic), and the other one – full-factor – is deter-
mined. Other systems are partially probabilistic.

The choice of one or another type of factor control system is determined by the
characteristics of the machining process: the nature of contact between the tool
surface and the workpiece, the heat of the process, the magnitude of forces, the
complexity of kinematics, requirements for gear accuracy, and others.

It follows from the analysis of dependence (10.106) that with an increasing
number of groups of controlled parameters, the reliability of the accuracy estimates
increases.
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In the case of a 0-factor system, the probability P = P(ΩK < ξ) of obtaining a
prediction error with a value smaller than that can be determined on the basis of
(10.107) and (10.108)

P ΩK < ξð Þ= 2Φ ξ-M ΩKð Þ
σ ΩKð Þ

� �
, ð10:114Þ

considering

q ΩKð Þ= 1

σ ΩKð Þ ffiffiffiffiffi
2π

p exp -
1
2

ΩK -M ΩKð Þ
σ ΩKð Þ

� �2
"

: ð10:115Þ

Since, in (10.114), P→ min while sn (10.115) σ(ΩK)→ max, use of the 0-factor
system is appropriate only for coarse gears in sustainable production.

The system of type C(G) is characterized by the presence of sensors of geometric
inaccuracies of the elements of an MFTP system. Such a system is effective in all
processes because geometric inaccuracies always comprise a significant proportion
of the total error. However, due to the complexity of controlling geometric inaccu-
racies at the time of processing, the most appropriate area of its application are
processes with relatively simple kinematics of movements during formation, espe-
cially in the simplified version of the system, when only unstable deviations are
controlled, i.e., those that change discretely or functionally during the processing of
each gear, and stable deviations (systematic errors) are taken into account a priori.

The system type C(K) contains sensors of kinematic errors occurring in the
kinematic circuits of an MFTP system. It is effective in processes with complex
kinematics of movements or in processes carried out by free-running methods.

The type C(F) system uses force sensors. The actual elastic deformations in an
MFTP system are determined by the magnitudes of the forces. In addition, the
amount of wear is correlated with the amount of wear. Such a system is
recommended for use in processes in which high cutting forces occur or in the
case of a nonrigid MFTP system.

The type C(T) system requires the inclusion of temperature sensors at various
points in an MFTP system’s dimensional circuit. At a known temperature, temper-
ature deformations are determined and the amount of wear is more accurately
predicted. This system is recommended for processes with a large proportion of
temperature components in the total error.

Finally, the system type C(W) provides control of tool wear parameters. This
control can be direct or indirect (see Sect. 10.2). The system is recommended for
processes with unstable wear of tools, for example, hard alloy, which are brittle.

Two-, three-, and four-factor control systems increase the amount of operational
information about gear errors. Therefore, they increase the reliability of the assess-
ment of accuracy.

Each of these systems has the advantages and disadvantages of combined single-
factor systems. Therefore, it has a field of application corresponding to those of
combined single-factor systems, slightly expanded in the range of the degrees of
accuracy due to the increase in operational information.
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Fig. 10.26 General scheme for factor control

In a full-factor system having the form C(G) + C(K) + C(F) + C(T) + C(W), the
measurement error is minimal. In accordance with dependence (10.106), it is
determined by the accuracy of factor measurements and that of the models used to
calculate the components of these errors. Theoretically, following from dependence
(10.106), the probability of a measurement error can be reduced to any arbitrarily
small value by increasing the accuracy of the measuring instruments used and
reducing ΔR ið Þ.

Both full-factor and n-factor n 2 {1, 2, 3, 4, 5} systems can have different designs.
The following is an example of a five-factor system. Since systems with a smaller
number of controlled parameter groups can be obtained on the basis provided by
excluding the corresponding groups of sensors from consideration, due to their
particularity, examples of such systems are not considered in this chapter. The
general scheme for the factor control process is shown in Fig. 10.26.

A variant of the scheme for the structure of technical means implementing the
factor control method, obtained on the basis of the general methodology, is shown in
Fig. 10.27.
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Fig. 10.27 A variant of the
structure of technical means
that implement the factor
control method

The symbols in Figs. 10.26 and 10.27 correspond to those previously adopted.
According to Fig. 10.26, when organizing factor control processes, some informa-
tion can be introduced a priori. This is appropriate due to the stability of certain
groups of geometric and kinematic errors and the difficulty of organizing control in
the processing of all components. However, most of the information is directly
obtained at the time of processing.

Thus, the process of factor control can be rationally organized as follows:
persistent errors must be identified before processing. These are usually machine
idling errors and static primary tool errors. The information obtained can be
converted into electrical signals and amplified by the required amount in proportion
to the coefficients of influence on the determined errors of the ring gear. These
signals must then be transferred to a multi-channel computing device.

Furthermore, directly in processing, the measurement of variable components is
performed: envelope parameters, to determine the actual coordinates of the points of
occurrence of temperature deviations, cutting force, vibration level (in the case of an
indirect assessment of tool wear); deviations of the running speed (if rolling
processing is used); and variables on each gear of geometric errors (setting of details
and adjustment of a strike on the size).

Information about these parameters must be also translated into electrical signals,
which are amplified and entered into a multi-channel computing device. In a multi-
channel computing device, the signals are summed up and the desired values of the
controlled errors are calculated, for example, in accordance with the dependencies
previously provided in Sect. 10.2.

The values of the calculated accuracy indicators are entered into either the
recording device or the executive body that controls the accuracy of the device.
Since this method provides current information about errors at any point of the ring
gear, the computing device by conversion receives actual information about any
indicator of the accuracy of the ring gear, such as radial runout, radial error, profile
error, tooth direction error, etc.

As an example, Fig. 10.28 shows a diagram explaining the factor control of errors
Frr, f

0
fr , Fβr, and AHr at the time of gear forming.



•
For Frr : ΔFR ϕ2ð Þ→K1ΔFR ϕ2ð Þ=

2 sin α
ΔFR ϕ2ð Þ;

ΔFL ϕ2ð Þ→K2ΔFL ϕ2ð Þ= 1
2 sin α

ΔFL ϕ2ð Þ;

•
For f fr : ΔFR ϕ2ð Þ→K3ΔFR ϕ2ð Þ=

2 sin α
ΔFR ϕ2ð Þ;

ΔFL ϕ2ð Þ→K4ΔFL ϕ2ð Þ= 1
2 sin α

ΔFL ϕ2ð Þ;

•

For AHr : ΔFR ϕ2ð Þ→K7ΔFR ϕ2ð Þ=
2 sin α

;

ΔFL ϕ2ð Þ→K4ΔFL ϕ2ð Þ= ΔFL ϕ2ð Þ
2 sin α

;

ΔΦx ψð Þ→K9ΔΦx ψð Þ= 1 � ΔΦx ψð Þ:

In the diagram and in the following calculations, individual, insignificant details
are skipped for simplification. In Fig. 10.28, the tool is marked by position 1 and the
machined gear is position 2. In the considered processing method (Fig. 10.28), the
envelope parameters are ψ and ϕ2. The width of the gear is indicated by bw and the
center distance by aw.

To implement the method before shaping, the idle errors of the machine (stable
components) are determined: non-parallelism of the tool stroke relative to the axis of
the device in the radial and tangential planes ΔΦx(ψ) and ΔΦy(ψ), respectively. The
static primary errors of the tool on the right and left lines of action – ΔFR(ϕ2) and
ΔFL(ϕ2), respectively – are measured directly relative to the axis of rotation.

The received information is converted into electrical signals and amplified for the
subsequent calculation of errors on the values:

268 10 Gear Manufacturing Accuracy Prediction, Control, and Management

Fig. 10.28 Scheme for factor control of errors in the gear shaping process

1

0 1

• For Fβr : ΔΦx(ψ) → K5ΔΦx(ψ) = sin αΔΦx(ψ);
ΔΦy(ψ) → K6ΔΦy(ψ) = cos αΔΦy(ψ);

ΔFR ϕ2ð Þ



(a)

� �

K11ΔY2 = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ 2 +Δ 2

p ΔY2;

Δa ϕ →K Δa ϕ = 1 Δa ϕ ;

(c)

� �

K18Δψ y = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δψ2

xþΔψ2
y

p Δψ y;
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where K1–K9 are the gain coefficients equal to the coefficients of the influence of
primary errors on the controlled indicators of the accuracy of the gear. These
coefficients, as well as the following in the example, are taken from the work by
Ternyuk [38].

Additionally, directly at the time of formation, the values of the envelope
parameters ψ and ϕ2 are controlled, for example, by the photoelectric method.
These parameters are the values of the arguments in the functions of primary errors,
including the given ones. The following are also monitored:

• Part Tp and tool Tt temperature, e.g., by artificial or natural thermocouple methods
• Radial component of cutting force Pz = Pz(ϕ2) as a function ϕ2

• Vibration level μ = μ(ϕ2,ψ) as a function of ϕ2 and ψ
• Deviation of running speed ω = ω(ϕ2) as a function ϕ2

• Errors in the base of the workpiece: turns at angles Δψx and Δψy around the axes,
mutually perpendicular to each other and perpendicular to the axis of the device,
as well as displacements ΔX and ΔY along these axes

• Machine setting error ΔaH = ΔaH(ϕ2)

Being a priori, the received operational information is converted into electric
signals, for example, by sensors, and, then signals are amplified to values as follows:

For calculation of Frr: ΔX2 →K10ΔX2 =
ΔX2 cosϕ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔX2

2 +ΔY2
2

p ΔX2; ΔY2 →

ΔY2 cosϕ2

� �
X2 Y2

Pz ϕ2ð Þ→K13Pz ϕ2ð Þ= jp � Pz ϕ2ð Þ;

Tt →K14Tt =
1
Tt

f ϕ2ð Þ � b
Z t

0

Tl
tdt

0
@

1
ATt;

Pz ϕ2ð Þ→K15Pz ϕ2ð Þ= 1
Pz

f ϕ2ð Þ � a
Z t

0

Pq
z dt

0
@

1
APz ϕ2ð Þ;

H 2ð Þ 12 H 2ð Þ � H 2ð Þ

μ ϕ2, ψð Þ→K16μ ϕ2, ψð Þ= 1
μ
f ϕ2ð Þ � c

Z t

0

μcdt

0
@

1
Aμ ϕ2, ψð Þ;

(b) For calculation of f 0fr: the same as for Frr

For calculation of Fβr: Δψ x →K17Δψ x =
ΔX2ψffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δψ2

xþΔψ2
y

p Δψ x; Δψ y →

Δψyψ
� �



Pz ϕ2ð Þ→K19Pz ϕ2ð Þ= cψ Pz ϕ2ð Þ;

�
�

f = max K ΔF ϕ +K ΔF ϕ +K Δa ϕ +K T +K P ϕ +K μ ϕ �-
�

F = max K ΔΦ ψ K ΔΦ ψ K Δψ K Δψ K P ϕ


-


K ΔF ϕ +K ΔF ϕ +K ΔΦ ψ +K ΔX
�
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3

(d) For calculation of AHr: the same as for Frr and additionally:

Tp →K20Tp = -
mzp
2

αTpTp; Tt →K21Tt = -
mzt
2

αTtTt;

The received signals are transferred into a multi-channel computing device, in
which of the relevant components and the issuance of information about the current
errors or the definition of normalized errors is summed up. In the latter case, the
calculation is based on:

Frr = max
ϕ2

K1ΔFR ϕ2ð Þ þ K2ΔFL ϕ2ð Þ þ K10ΔX2 þ K11ΔY2 þ K12ΔaH ϕ2ð Þ þ K13Pz ϕ2ð Þ½ -

- min
ϕ2

K1ΔFR ϕ2ð Þ þ K2ΔFL ϕ2ð Þ þ K10ΔX2 þ K11ΔY2 þ K12ΔaH ϕ2ð Þ þ K13Pz ϕ2ð Þ½ ;

0≤ϕ2 ≤ 2π; ψ = 0,5bw;

0
fr ϕ2

1 R 2ð Þ 2 L 2ð Þ 12 H 2ð Þ 14 t 15 z 2ð Þ 16 2ð Þ½
- min

ϕ2

K1ΔFR ϕ2ð Þ+K2ΔFL ϕ2ð Þ+K12ΔaH ϕ2ð Þ+K14Tt +K15Pz ϕ2ð Þ+K16μ ϕ2ð Þ½ ;

i- 1ð Þτ≤ϕ2 ≤ iτ; i= 1, . . . ,z; ψ = 0,5bw;�
βr ψ 5 xð Þ þ 6 yð Þ þ 17 x þ 18 y þ 19 z 2ð Þ

- min
ψ

K5ΔΦx ψð Þ þ K6ΔΦy ψð Þ þ K17Δψ x þ K18Δψ y þ K19Pz ϕ2ð Þ�
;

ϕ2 = iτ; i= 1, . . . ,z; ψ = bw;�
AHr = min

ϕ2

7 R 2ð Þ 8 L 2ð Þ 9 xð Þ 10 2

+K11ΔY2 +K12ΔaH ϕ2ð Þ+K13Pz ϕ2ð Þ+K20Tp +K21Tt
;

0≤ϕ2 ≤ 2π; ψ = 0,5bw:

This example does not use rolling speed deviation information. However, it is
required when calculating fluctuations in the length of the general normal, run-in
errors, and other errors.

Thus, according to the proposed method of factor control, any error of a gear can
be controlled. At the same time, the need to control the gear outside the machine is
eliminated, which saves time and reduces the number of used measuring instru-
ments. In addition, it is possible to organize adaptive accuracy control.

These benefits should ensure that the factor control systems are more widespread
in future. For this purpose, it is expedient to organize the release of gear processing
machines equipped with the corresponding measuring, converting, amplifying, and
computing tools.
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10.3.5 Combined Control Systems

With the correct combination, combined control systems can realize the main
benefits of all simple control systems. In addition, this type of system is the only
one that allows obtaining redundant information about errors and thus provides an
opportunity to build highly effective control tools that allow control “themselves.”
Block diagrams of combined systems are a combination of schemes of simple
systems, and they are not given separately.

Each type of control system produces its own measurement error ΩK. This error
appears with the probability P(ΩK ≤ ξ). Therefore, the probability q(ξ) of obtaining
objective information about errors with an error not exceeding ξ is

q ξð Þ= 1-P ΩK ≤ ξð Þ; ð10:116Þ

The measure of information corresponds to the probability obtained from
(10.116)

J ξð Þ= log 2
1

q ξð Þ : ð10:117Þ

Let J 1ð Þ
ξð Þ correspond to the measure of information obtained in the process in

which the first type of control system is used; J 2ð Þ
ξð Þ corresponds to the second and J

3ð Þ
ξð Þ

corresponds to the third. Then, if all three types of control systems are simulta-
neously implemented, then the total information instead of (10.117) will be:

J Σð Þ
ξð Þ = J 1ð Þ

ξð Þ þ J 2ð Þ
ξð Þ þ J 3ð Þ

ξð Þ : ð10:118Þ

This type of system, in which three methods of control are used, is called a three-
species system. In the particular case, one species may be missing, which will
correspond to two species. Commonly used systems (simple) are one-species.
Since J 1ð Þ

ξð Þ , J
2ð Þ
ξð Þ , and J 3ð Þ

ξð Þ are a measure of information obtained in different ways,

but with the same value, it becomes obvious that these measures can be judged by
comparing them on the basis of the serviceability of control devices.

Taking into account the different accuracy of control, the condition of correctness
of realization of three-type control can be written in the form:

J 1ð Þ
ξ1ð Þ - J 2ð Þ

ξ2ð Þ



 


≤ ξ
� 	

\ J 2ð Þ
ξ2ð Þ - J 3ð Þ

ξ3ð Þ



 


≤ ξ
� 	

\ J 1ð Þ
ξ1ð Þ - J 3ð Þ

ξ3ð Þ



 


≤ ξ
�

: ð10:119Þ

The same can be done for the two-species:

J 1ð Þ
ξ1ð Þ - J 2ð Þ

ξ2ð Þ



 


≤ ξ: ð10:120Þ
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Fig. 10.29 Schemes for information-redundant three- and two-type processes of gear control

Since complete information about errors can be provided by each of the simple
systems, according to (10.118), three- and two-type control systems can be redun-
dant in the information sense. This allows using inequalities (10.119) and (10.120) to
build highly reliable and high-precision complex systems. Such systems implement
the processes shown in Fig. 10.29.

Figure 10.29a displays a two-species system, and Fig. 10.29b shows a three-
species system. When using redundant information systems, an increase in reliability
is achieved due to the possibility of failure indication using inequalities (10.119) and
(10.120). Improving accuracy is carried out by averaging errors. Thus, the value can
be taken as a measure of information in combined systems

J Kð Þ
ξð Þ =

Pn
i= 1

KiJ ξð Þ
Pn
i= 1

Ki

, ð10:121Þ

where Ki, i 2 {1, 2, 3} is the reduction factor (weights).
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The values of these coefficients can be selected inversely proportional to the error
variances of the respective control systems. In view of the need for rationing Ki, one
can write:

Ki =

ffiffiffiffiffiffiffiffiffiffiffiffiPn
i= 1

σ2i
n

s

σi
:

In this approach, taking into account the obtained equation from (10.121), it
follows that

J Kð Þ
ξð Þ > J ið Þ

ξð Þ, i 2 1, 2, 3f g:

This is proof of the possibility of improving the accuracy of measurements
(obtaining more reliable information) about the errors when using two- or three-
type gear control systems.

By studying the general system model of the process of errors and by applying the
general method of the synthesis of structures, a full range of possible methods and
control systems can be identified, their capabilities can be evaluated for recommen-
dations for applications, and a method of synthesis of the new control systems can be
developed. The complete set of control methods includes seven elements, three of
which are simple and four are combined. In addition to methods based on direct
control of normalized accuracy, the measurement of gear errors can be performed by
element-by-element, factor, simple, and combined methods. Element-by-element,
factor, and combined methods (based on them) of control can provide information
about errors directly at the time of their occurrence, which provides an opportunity to
build, on their basis, adaptive accuracy control systems implementing the principle
of “perturbation” control. Systems of direct control, which are delayed in relation to
the process of formation, do not allow building such systems, but can only ensure the
implementation of the principle of management “feedback.” This requires extra
effort to correct mistakes. To calculate the actual measurement errors, as well as
the degree of risk of missing a defective part, a general model is proposed, from
which the dependencies for the calculation of these values using certain methods and
control systems follow as a special case. The possibility of building information-
redundant gear control systems has been proven, which allows creating highly
reliable and high-precision control systems that provide the required performance.

The obtained results are the basis for the synthesis of highly efficient gear control
systems.



Πj

ξ

10.4 Technological Methods of Controlling the Accuracy
of Machining Gears

10.4.1 The General Characteristics of the Methods
of Controlling the Accuracy of Machining Gears

A general description of the methods of controlling the accuracy of machining gears
can be obtained by highlighting the objectives and levels of control, control variables
and the nature of their change over time, and the stages of implementation. It is
known [4] that in the engineering practice of creating and operating systems, it is
possible to set two types of optimization problems:
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• Obtaining the desired effect at a minimum cost
• Obtaining the maximum effect when using the specified limited resources

Therefore, in the problems of optimal control of the accuracy of machining of
gears, we can identify two possible goals:

• Ensuring the specified accuracy at a minimum of costs (first of all, labor intensity)
• Achieving maximum accuracy while limiting costs (including labor intensity)

Many possible levels of accuracy control can be identified by considering the
technological process as a hierarchical formation, and it can be divided into opera-
tions, transitions, and passes [9]. Based on this, the general symbolic model of the
structure of the technological process can be represented as:

Tnj j=
\n
i= 1

Oi

\m
j= 1

Π ið Þ
j

\k
ξ= 1

P ijð Þ
ξ

 !" #
,

where

Tn is the technological process.
Oi is the ith operation.

ið Þ is the jth transition of the ith operation.

P ijð Þ is the ξth passage transition of the jth operation.
n, m, and k are the number of operations, transitions, and passes, respectively.

According to this model, the power of many possible levels of control of the
accuracy of machining of gears equals four. Obviously, the general process control
scheme (actions) shown in Fig. 10.30 can be implemented at each level.

Considering accuracy as one of the outputs of the system, in accordance with
dependence (2.3) and Fig. 10.30, it can be claimed that accuracy control at each
level, in general, can be provided by changing at time t1 its system input U(t1) and
system state Ct1 = (|XS|t1,RSt1), which is characterized by its |XS|t1 structure and
many connections between its parameters RSt1 and processing time t2. At any given



)

time, management may cover all or only some of the factors that allow variation, i.e.,
it can be complete or partial. Depending on the nature of the change in control effects
over time, we can differentiate between static control based on a priori process
information and dynamic control based on operational process information. In
addition, there can be combined control, when a part of the parameters or structure
changes statically and the other part changes dynamically.
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Fig. 10.30 General control
scheme

Depending on the implemented principle [7], it is possible to identify the control
of accuracy “by deviation” and “by perturbation.” The implementation of these
principles is ensured, in general, by the actions of technical means.

It should be noted that Fig. 10.31 covers the characteristics of both of the possible
methods of ensuring the required accuracy by satisfying conditions (10.1): restric-
tive, consisting of a restriction, i.e., static change of all factors effecting errors, and
adaptive (or compensatory), consisting of operational, i.e., dynamic change of these
factors.

The obtained results allow moving to a systematic study of accuracy management
at all possible levels. Equations (10.23), (10.24), (10.25), (10.26), (10.27), (10.28),
and (10.29) can be used as a general model of the achieved results.

10.4.2 Accuracy Management at the Process Level

In accordance with the model presented in Sect. 10.4.1 related to the process level, it
can be written

ΗΠi = ηi Ct1, Ui t1ð Þ, t2½ �= ηi
\n
i= 1

Oi t1ð Þ, Ri t1ð Þ
" #

, U3 t1ð Þ, t2
(

: ð10:122Þ

Thus, at the process level, accuracy can be controlled by changing the type,
number, and order of operations as well as input parameters related to the workpiece
and time. The introduction of an operation in the process is provided by the need to
change the parameters of accuracy ΗΠ or roughness Ra, Rz of the teeth. Therefore,
the decisive rule for forming the structure of the process can be written in the form



� 	 � 	
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Fig. 10.31 Signs of accuracy control methods

∃ε Δð Þ
ij ε Δð Þ

ij < 1 [ ∃ε zð Þ
ij ε zð Þ

ij < 1 : ð10:123Þ

where

ε Δð Þ
ij =

ΗΠi- 1

ΗΠi
; ε zð Þ

ij =
Rzi- 1

Rzi
[ Rai- 1

Rai
: ð10:124Þ

Conditions (10.123) and (10.124) mean that it is not necessary that all indicators
of accuracy or roughness are improved at the same time at each operation. The
possibility of compensating for individual components of errors in different
operations, as well as the unequal efficiency of these operations, creates the pre-
conditions for solving the problem of choosing the optimal values ε Δð Þ

ij and ε zð Þ
ij :Since

ΗΠi = f Δr2ð Þ, in accordance with (10.23), (10.24), (10.25), (10.26), (10.27),
(10.28), and (10.29), is affected not only by the actual deviations of the shape and
size of the real surface compared to the nominal but also by the position of the



emeasuring (operational) base reflected by the elements of the matrix MΔ2 , we can
identify two fundamentally different types of operation machining, which affects the
final accuracy:
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Fig. 10.32 Example of a process scheme with a variable structure

• Operations on processing of the teeth influencing Δr2n or on Δr2n and eMΔ2 at the
same time

• Base surface treatment operations affecting eMΔ2

The process can generally include any kind and any type of operation. Therefore,
it can be claimed that at the process level, within the conditions of the physical
feasibility of a system, there are no restrictions on the accuracy achieved. However,
in the synthesis of real systems, when time constraints, applicability constraints, and
cost constraints take effect, such constraints on the achieved accuracy are available.
The accuracy that is actually realized is always provided by the capabilities of the
operations, which are parts of the process.

The dependence analysis (10.122) shows that, in order to control accuracy, the
process can have both a constant (

Tn
i= 1 Oi = const) and a variable (

Tn
i= 1 Oi = var)

structure. Examples of processes with a constant structure indicating the achieved
efficiency are described in many works, including the studies by Jeff and Hamada [9]
and Ponomarev [23]. However, they are not considered here. The possibilities of the
control of accuracy at the process level, by changing the structure the diagram of the
technological process with a variable structure, are illustrated in Fig. 10.32.

The process includes gear cutting (GC), heat treatment (HT), and gear sharping
(GS) and, if necessary, a second finishing operation – gear honing (GH). The control
is marked with the letter “C.”

According to the scheme, some parts that meet the requirements of accuracy and
quality of the lateral surfaces of the teeth may not undergo gear honing. According to
the practical implementation of the process, it is established that this part can reach
80% of the total volume of processed gears. Thus, in this example, the management
of the process structure is provided in order to reduce labor intensity. The latter
reaches 80% of the total labor intensity for gear honing, designed for the entire
program of gear production.

Minimum composition processes – single-operation – have the least ability to
control accuracy. In addition, their use is limited to the fact that modern gears, as a
rule, require intermediate chemical–thermal treatment. However, their use is desir-
able, as such processes require the simplest technological systems in general. The



possibility and expediency of application of single-operational processes are defined
at the stage of synthesis in a technological system.

Let us move on to consider the possibilities of accuracy control by choosing
the kind and type of operation. In this case, since the traditional operations are
well-studied [36], we will consider multi-instrumental and database processing
operations.

10.4.2.1 Possibilities of Accuracy Control Using Two- and Three-Tool
Processing Methods

In multi-tool machining, each tool forms the tooth surfaces described by
Eqs. (10.23), (10.24), (10.25), (10.26), (10.27), (10.28), and (10.29). Moreover,
operator (10.24) selects from all possible cuts those that actually remain on the
gear in the form of a real surface. In this regard, there is no fundamental difference
between single and multi-tool processing (in the context of the laws of error).
However, from the point of view of the possibilities of error management, it is
expedient to consider finishing methods with the use of several tools, with the aim of
revealing the patterns of different types of connections to the transformation of the
original workpiece errors.

In practice, two- and three-tool processing methods are often implemented using,
usually, disk multi-toothed tools such as rollers, shavers, and hons [9, 34]. There are
many designs of machines that implement these methods, which are fundamentally
different from each other with regard to the kinematic connections between tools as
well as between tools and gears.

Based on practice [9], each variant has its own patterns of error conversion in the
processing. Therefore, the choice of optimal options for newly designed machines or
the establishment of rational areas of operation of the existing equipment should be
made with due regard to the achieved accuracy of processing.

The most common and some new schemes of two- and three-tool processing are
shown in Fig. 10.33.

In Fig. 10.33, the circles indicate the machined gears and tools. The heavy solid
lines show rigid kinematic connections. The thin short arrows show the possible
movements of the elements of the MFTP system during processing. The absence of a
symbol of support in the center of the gear means that the processing is performed
without fixing the position of the axle in space.

The values of the connection parameters characterizing the scheme are provided
in Table 10.4.

In this case, the scheme number in the table corresponds to the figure number in
Fig. 10.33. The following marks are accepted:
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Φ – angular coordinate parameter (Fig. 10.33)
e, β – eccentricity parameters
Δa – offset parameter
1–2, 2–3, ..., 1–4 – connections, the presence of which is reflected by one
O, T – one- and two-profile processing
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Fig. 10.33 Schemes for two- and three-tool processing

Considering the features introduced in Table 10.4, it can be determined that other
processing schemes are possible, which, however, have not yet become widespread
due to the complexity of their implementation or lack of significant advantages over
the above.
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Let us analyze the processing schemes listed in Table 10.4, based on the follow-
ing assumptions: In finishing methods of processing teeth, the cutting forces directed
tangentially to the profiles (tangential) are small compared to the normal one
[29]. Therefore, their influence, in order to simplify the calculations, will be ignored.
The flexibility of an MFTP system affects the conversion of errors in gear processing
[40]. However, it does not change the nature of these transformations but only causes
quantitative differences between the calculated values of the amplitudes [41]. There-
fore, we will ignore the elastic deformations of the MFTP system. Provided that only
the low-frequency components of the total error will be considered in the future – as
its main part, determined by the scheme of multi-tool processing, forces of inertia
and damping, due to their small influence [38], we will also ignore.

When studying the regularities of error transformation, we take into account the
following conditions that are met with rationally organized processing [41]:
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1. A closed circuit of the dimensional circuit of an MFTP system. This closure is
ensured by rigid kinematic connections and the presence of sufficient allowance,
by continuous pressing of the tools to the workpiece, or by stabilizing the center
distance and providing sufficient allowance

2. Power (dynamic) balance of an MFTP system, due to the presence of force
interactions between the elements of the MFTP system

3. Continuity of the gear, provided by its relatively high mechanical properties that
do not allow significant deformation of the teeth and rim

Let us write the expressions that reflect these conditions in general. The relation-
ship between the increments of the lines of action is derived from the closed
condition of the MFTP system [36, 41]:

ΔT ið Þ =
ΔF ið Þ

R -ΔF ið Þ
L

2 cos α
; ð10:125Þ

ið Þ ið Þ
ΔH ið Þ =

ΔFR -ΔFL

2 sin α
; ð10:126Þ

ið Þ ið Þ ið ÞΔFR1 =ΔFR0 -ΔtR ð10:127Þ
ið Þ ið Þ ið ÞΔFL1 =ΔFL0 -ΔtL ð10:128Þ

where

ΔT(i) is the tangential increment of the lines of action of the processed gear.

Δt ið Þ
R,L is the allowance; the lower index indicates the pass number (stroke) and profile
(R – right, L – left) and the upper index indicates the tool number.

The relationship between allowance and cutting force (N ) based on the study by
Samoilov and Syromyatnikov [29] is assumed to be linear:

NR =CpΔtR; NL =CpΔtL, ð10:129Þ

where Cp = const.



N -N Δt -Δt
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Fig. 10.34 Scheme for applied coordinate systems

On the basis of (10.125), (10.126), (10.127), (10.128), and (10.129), we obtain
for two-profile processing:

Pr =
NR þ NL

2 sin α
=Cp

ΔtR þ ΔtL
2 sin α

; ð10:130Þ

Pt =
R L

2 cos α
=Cp

R L

2 cos α
; ð10:131Þ

The index “r“in (10.130) denotes the radial cutting force “t“in (10.131), which is
tangential.

Equation (10.131) confirms the legitimacy of the assumption that the tangential
components of the cutting forces are small (Pt = 0 at ΔtR = ΔtL).

Let us consider the coordinate system: SH{XH,OH,YH} – fixed (Fig. 10.34) and
movable coordinate system S{X,O, Y}, which does not rotate, but has a center O that
coincides with the geometric center Op of the workpiece.

The axes of the coordinate systems are parallel, and the centers are shifted by
e and phase β. The angular positions of the axes on which the centersOu2 andOu3 are
located are determined by the parameters β2 and β3, respectively. These parameters,
in general, can be variable. The offsets of the workpiece centers are determined by
the parameters aw1, aw2, and aw3. The directions of possible offsets are displayed in



g

Fig. 10.34. Dependencies for the calculation of increments of lines of action in
coordinate systems SH and S can be obtained, taking into account the influence of
geometric eccentricity on these increments [36] as well as the angular positions of
the gears, set by the parameters β2 and β3:
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ΔF 1ð Þ
LH =ΔF 1ð Þ

L þ e sin β þ αð Þ; ð10:132Þ
1ð Þ 1ð ÞΔFRH =ΔFR - e sin β- αð Þ; ð10:133Þ

2ð Þ 2ð ÞΔFLH =ΔFL þ e sin β þ αþ 90 ° þ β2ð Þ; ð10:134Þ
2ð Þ 2ð ÞΔFRH =ΔFR - e sin β- αþ 90 ° þ β2ð Þ; ð10:135Þ
3ð Þ 3ð ÞΔFLH =ΔFL þ e sin β þ αþ 270 ° - β3ð Þ; ð10:136Þ
3ð Þ 3ð ÞΔFRH =ΔFR - e sin β- αþ 270 ° - β3ð Þ: ð10:137Þ

Conditions that reflect the synchronicity of rotation of the tool and the workpiece
can be presented in the form

ΔT ið Þ
i = const: ð10:138Þ

The constancy of the center distance is expressed

ΔH ið Þ
i = const: ð10:139Þ

The condition reflecting changes in center distance can be written as:

ΔH ið Þ
jþ1 =ΔH ið Þ

j -Δa ið Þ
w jþ1ð Þ =ΔH ið Þ

j -
Δt ið Þ

R jþ1ð Þ þ Δt ið Þ
L jþ1ð Þ

2 sin α
: ð10:140Þ

The power equilibrium conditions of the elements of an MFTP system, like any
other solids, should reflect the equality of the zero sums of the moments of cutting
forces and reactions of the supports relative to the workpiece axis and the sums of the
projections of forces and reactions on two mutually perpendicular axes OX and OY.

A scheme for forces and reactions operating in general is provided in Fig. 10.35.
Based on this scheme, the condition of the zero sum of moments can be

written as:

Cp

Xn
j= 1

ΔF jð Þ
L0 -ΔF jð Þ

L1

� 	
-Cp

Xn
j= 1

ΔF jð Þ
R0 -ΔF jð Þ

R1

� 	
-
Xn
j= 1

Rj; n= 2, 3f ,

ð10:141Þ



Pn

i
i

-
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Fig. 10.35 Scheme for acting forces and reactions

where
j= 1

Rj is the sum of the reactions of the rigid bonds. In the absence of

connections, -
Pn
j= 1

Rj = 0.

Similarly, we can write the condition of the zero sum of moments relative to the
centers of each instrument as:

Cp ΔF ið Þ
L0 -ΔF ið Þ

L1

� 	
-Cp ΔF ið Þ

R0 -ΔF ið Þ
R1

� 	
-Ri = 0: ð10:142Þ

In the absence of connections or drive, Ri = 0. The condition of equality of zero
land projections of forces and reactions on the axes OY and OX can be written in the
following form (see Fig. 10.35):

Cp ΔF 1ð Þ
L0 -ΔF 1ð Þ

L1

� 	
- ΔF 1ð Þ

R0 -ΔF 1ð Þ
R1

� 	h i
sin α- ΔF 2ð Þ

R0 -ΔF 2ð Þ
R1

� 	
- ΔF 2ð Þ

L0 -ΔF 2ð Þ
L1

� 	h
cos α cos β2

n
-

- ΔF 2ð Þ
R0 -ΔF 2ð Þ

R1

� 	
+ ΔF 2ð Þ

L0 -ΔF 2ð Þ
L1

� 	h i
sin α sin β2- ΔF 3ð Þ

L0 -ΔF 3ð Þ
L1

� 	
- ΔF 3ð Þ

R0 -ΔF 3ð Þ
R1

� 	h
cos α cos β3

- ΔF 3ð Þ
L0 -ΔF 3ð Þ

L1

� 	
+ ΔF 3ð Þ

R0 -ΔF 3ð Þ
R1

� 	h i
sin α sin β3

o
+Ry = 0;

ð10:143Þ



i
	i

+

Cp ΔF 1ð Þ
L0 -ΔF 1ð Þ

L1 - ΔF 1ð Þ
R0 -ΔF 1ð Þ

R1 cos α- ΔF 2ð Þ
R0 -ΔF 2ð Þ

R1 - ΔF 2ð Þ
L0 -ΔF 2ð Þ

L1 cos α sin β2 -

- ΔF 2ð Þ
R0 -ΔF 2ð Þ

R1

� 	
+ ΔF 2ð Þ

L0 -ΔF 2ð Þ
L1

� 	h i
sin α cos β2+ ΔF 3ð Þ

L0 -ΔF 3ð Þ
L1

� 	
- ΔF 3ð Þ

R0 -ΔF 3ð Þ
R1

�h
cos α sin β3

+ ΔF 3ð Þ
L0 -ΔF 3ð Þ

L1

� 	
+ ΔF 3ð Þ

R0 -ΔF 3ð Þ
R1

� 	h i
sin α cos β3

o
+Rx = 0;

ð10:144Þ

Finally, the condition of gear continuity, fulfilled in the conditions of application
of rigid communication between tools, can be represented by the following
dependencies:

ΔF 1ð Þ
Li =ΔF 2ð Þ

Li =ΔF 3ð Þ
Li ; ð10:145Þ

ΔF 1ð Þ
Ri =ΔF 2ð Þ

Ri =ΔF 3ð Þ
Ri ; ð10:146Þ

The obtained equations are enough to analyze the basic regularities of error
transformations for any of the multi-tool processing schemes shown in Fig. 10.33.
Graphs of change of initial errors depending on the processing time for the consid-
ered schemes are displayed in Fig. 10.36 (solid lines indicate graphs of initial errors
and dotted lines show emerging errors).

In two-tool machining of gears with two (Fig. 10.33, diagram 1) or three
(Fig. 10.33, diagram 7) tools with a rigid kinematic connection between each, the
tool and the gear at a fixed position of the gear axis in space during machining tools
and workpiece rotate synchronously; therefore, ΔFRi = const and ΔFLi = const.
This is why in the considered processing schemes, the initial errors are always
corrected regardless of their type (Fig. 10.36a).

When a free to rotate gear, is rotated by several gear-finishing tools with motion-
less axis of rotation (Fig. 10.33, Schemes 2 and 8) for each tool the same conditions
are fulfilled, as at one-tool processing when the gear is leading that for the first time
prof. B.A. Thaits [36]. Therefore, the nature of the error transformation in this case
will be the same as in single-tool processing: the geometric eccentricity will be
corrected by transforming it into kinematic eccentricity. The original kinematic
eccentricity will not change (Fig. 10.36b).

When machining two (Fig. 10.33, diagram 3) or three (Fig. 10.33, diagram 9)
tools with a rigid kinematic connection of tools with each other, free rotation of the
gear when fixing the position of its axis in space is performed:
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� 	 � 	h i � 	 � 	hn

• The condition of constancy of the center distance between each of the tools and
the gear

• The condition of equality, zero moments of forces acting on the right and left
profiles of the teeth

• The condition of continuity of a gear

Taking into account the previously obtained equations that reflect these condi-
tions and solving them together, we will get

• For two-tool processing:
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Fig. 10.36 Graph of error change

ΔF 1ð Þ
Li =

1
4

X2
i= 1

ΔFLi -ΔFRið Þ; ð10:147Þ

ΔF 1ð Þ
Ri = -

1
4

X2
i= 1

ΔFLi -ΔFRið Þ; ð10:148Þ



X
X

ΔF = - l sin k ϕ- α β , 10 154

g

g

ΔT 1ð Þ = 1
2

X2
i= 1

ΔTi; ð10:149Þ

• For three-tool processing:
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ΔF 1ð Þ
Li =

1
6

X3
i= 1

ΔFLi -ΔFRið Þ; ð10:150Þ

3

ΔF 1ð Þ
Ri = -

1
6

i= 1

ΔFLi -ΔFRið Þ; ð10:151Þ

3

ΔT 1ð Þ = 1
3

i= 1

ΔTi; ð10:152Þ

The analysis [41] of Eqs. (10.147), (10.148), (10.149), (10.150), (10.151), and
(10.152) taking into account (10.138) shows that when processed according to the
considered scheme, the initial errors with the period 2π are completely corrected

regardless of their type, since, in this case,
P3
i= 1

ΔTi = 0 for n = 2 and n = 3, so

ΔF 1ð Þ
L =ΔF 1ð Þ

R = 0. The graph of error changes is shown in Fig. 10.36c. Errors with a
period other than 2π may not be corrected at all (for example, in the case of two-tool
machining with a period (2k + 1)π, where k, an arbitrary positive integer, is required)
or may be partially corrected.

To completely correct the errors of any frequency, it is necessary to change the
phases of the location of the tools during processing. This is achieved using Scheme
6 shown in Fig. 10.33. When processing gears with two tools, by changing their
angular position to the gear (Fig. 10.33, Scheme 6), the demonstrations for
calculations – increments of line of action (10.147) and (10.148) – remain valid
because they are derived for the general case.

The initial errors are as follows:

ΔFL0 = lη sin k ϕþ αð Þ½ �; ð10:153Þ
R0 η þ ið Þ½ � ð : Þ

where lη is the amplitude of error of the kth frequency.
Substituting (10.153) and (10.154) in (10.147) and (10.148), we obtain:

ΔFL1 =
lη
4

sin k ϕþ αð Þ½ � þ sin k ϕ- αþ βið Þ½ �f ; ð10:155Þ

ΔFR1 = -
lη
4

sin k ϕþ αð Þ½ � þ sin k ϕ- αþ βið Þ½ �f : ð10:156Þ

Assuming ΔFL1 = 0 and ΔFR1 = 0 in (10.155) and (10.156), we can find:



i

Δ Δ Δ Δ Δ

k βi þ 2αð Þ= 180 ° ð10:157Þ

It follows from (10.157) that the choice of βi, for example, by its continuous
change, can compensate for any initial errors. This is a condition for the synthesis of
a new method of processing gears.

Free running of a gear with three tools and an unfixed position of its axis in
space (Fig. 10.33, diagram 11), in addition to the condition of force equilibrium

in accordance with Eqs. (10.141), (10.143), and (10.144), performed at
Pn
i= 1

Ri = 0,

Ry = P, Rx = 0, provides conditions of continuous two-profile engagements for each
tool given by Eq. (10.140) as well as the equilibrium conditions of the tools given by
Eq. (10.142).

Solving these equations together, we obtain:

ΔHi =ΔH01 -Δaw; ð10:158Þ
ΔT 1ð Þ

1 =ΔT 0ð Þ
1 ; ð10:159Þ

ΔF 1ð Þ
Li =ΔF 0ð Þ

L -
P
3Cp

; ð10:160Þ

ΔF 1ð Þ
Ri =ΔF 0ð Þ

R -
P

3Cp
: ð10:161Þ

Analysis of Eqs. (10.158), (10.159), (10.160), and (10.161) shows that the initial
kinematic errors do not change with this processing scheme. There is only the
removal of the allowance on both lines of action. The graph of change in initial
errors is illustrated in Fig. 10.36d.

When machining gears with three tools with a rigid kinematic connection of the
tools with each other, having free movement of the gear with an axis not fixed in
space (Fig. 10.33, diagram 12), the following conditions are met:
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• Power balance of the workpiece (10.141), (10.143), and (10.144)
• Continuity of the gear (10.145) and (10.146)
• Constancy of center distances between tools (10.139)

Solving these equations, in view of the conditions (10.132), (10.133), (10.134),
(10.135), (10.136), and (10.137), we obtain the following equations for calculating
the increments of the lines of action of the processed gear:

ΔT 1ð Þ
1 =

1
3

2ΔT1 -ΔT2 -ΔT3ð Þ cos 2α-
ffiffiffi
3

p
ΔH2 -ΔH3ð Þ sin 2α+ΔT1 +ΔT2 +ΔT3

h
;

ð10:162Þ
2

ffiffiffip
2

ΔH 1ð Þ
1 =

2 H1 sin α- H2 + H3ð Þ sin α+ 3 T2 - T3ð Þ cos α

2 sin α+ 3 cos 2α+ sin 2α
; ð10:163Þ



�
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ΔF 1ð Þ
R =

- 2ΔH1 sin α- ΔH2 +ΔH3ð Þ sin 2α+
ffiffiffi
3

p
ΔT2-ΔT3ð Þ cos 2α

2 sin α+ 3 cos 2α+ sin 2α

�
sin α-

-
cos α
3

2ΔT1-ΔT2 -ΔT3ð Þ cos 2α-
ffiffiffi
3

p
ΔH2 -ΔH3ð Þ sin 2α+ΔT1+ΔT2 +ΔT3

h
;

ð10:164Þ
2

ffiffiffip
2

�
ΔF 1ð Þ

L =
2 H1 sin α+ H2 + H3ð Þ sin α+ 3 T2- T3ð Þ cos α

2 sin α+ 3 cos 2α+ sin 2α
sin α-

-
cos α
3

2ΔT1-ΔT2 -ΔT3ð Þ cos 2α-
ffiffiffi
3

p
ΔH2 -ΔH3ð Þ sin 2α+ΔT1+ΔT2 +ΔT3

h
:

ð10:165Þ

Analyzing Eqs. (10.162), (10.163), (10.164), and (10.165), we can show [41] that
when processing gears according to the considered scheme, the geometric eccen-
tricity is not completely corrected (ΔH ið Þ

i ≠ 0). These practices confirm this [9]. The
initial radial error can be increased by converting the kinematic eccentricity into the
geometric one. This means that the considered processing scheme exerts a reverse
effect on the observed one when machining with one, two, or three tools in free-
running conditions and a fixed gear axis. The graph of change in the initial errors is
shown in Fig. 10.36d.

The analysis shows that the schemes of multi-tool processing differ significantly
in terms of the nature of the transformation of the original errors. The most complete
error correction can be achieved when machining gears with a rigid connection
between the tools and the gear when fixing the gear axis during machining. How-
ever, tools for machining with a rigid kinematic connection between tools and the
gear are usually complex, rigid, and inaccurate, given that in their dividing circuits,
as a rule, there is a spatial transmission or a complex electronic device such as an
“electric shaft.” Therefore, in many cases, it is more expedient to use methods of
processing by two or three tools with a rigid kinematic connection, with free running
in of a gear and a fixed position of its axis in space. Such methods, as the tool axes
can be parallel, are implemented by simple devices that contain high-precision gears
in their dividing circuits. In some cases, in order to control the relationship between
tangential and radial errors, it is advisable to use functionally redundant devices that
would implement some or all of the described processing schemes.

10.4.2.2 Precision Control by Changing the Positions of the Base
Surfaces of Gears

The accuracy of gears controlled by changing the position of the base surfaces is
usually performed after chemical heat treatment operations [23]. The task is to
restore the positions of the base surfaces (central hole and end face, necks, center
holes) so that the errors of the ring gear measured relative to these (restored) surfaces
are minimal. If the bases are incorrectly restored, then the center of the ring gear may
shift from its optimal position along three mutually perpendicular axes, namely, ex,



x y

ey, and ez, as well as rotations around the same axes by the angles ψx, ψy, and ψ z.
Offsets along the axes OX and OY will cause increments of the lines of action
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ΔFR =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2x þ e2y

q
sin ϕþ ξþ αð Þ; ð10:166Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiq
ΔFL = - e2x þ e2y sin ϕþ ξ- αð Þ; ð10:167Þ

These increments, in turn, will increase the magnitude of the kinematic error

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 þ e2

q
.

The offset ez along the axis OZ will not increase the kinematic error, as measured
in the axial plane of the gear; however, it can change the size, shape, and location of
the contact spot in spatial transmissions that prevent movement “by themselves”
along the central axis, such as conical hypoid, spherical, and others.

Rotation around the axis OZ also does not cause any additional errors in round
gears due to the fact that their dividing surface is the body of rotation. However,
rotations around the axes OX and OY will cause changes in the contact spot in all
cases and kinematic errors in the case of an asymmetric location of the crown on the
hub. These changes will be as follows: let X2T = f1(u2, v2), Y2T = f2(u2, v2), and
Z2T= f3(u2, v2) be the equations of the surfaces of the teeth received for the operation
of restoring the bases, for example, after chemical–thermal treatment. Then, for
round gears, we can write the equation of the radius vector of the coordinates of the
teeth relative to the new base

r2H = eMΔψr2T , ð10:168Þ

where

eMΔψ =

cosΔψ 0 sinΔψ
0 1 0

sinΔψ 0 cosΔψ
















; ð10:169Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq
Δψ = Δψ2

x þ Δψ2
y : ð10:170Þ

From Eq. (10.168), taking into account (10.169) and (10.170), up to small first-
order smallness, we can find [38]:

ΔFL = -ΔFR = f 3 u2, v2ð ÞΔψ sin τn þ βcð Þ; ð10:171Þ

where

τ is the angular pitch of the teeth.
n is the number of the tooth on which the error is measured.
βc = const is the error phase.
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Increments (10.171) cause changes in the error of the direction of the tooth by the
size

Fβ2 L, Rð Þ = - bwΔψ , ð10:172Þ

On the other hand, increments of the lines of action will increase the kinematic
error by [38]:

F0
i2 = enΔψ , ð10:173Þ

In Eqs. (10.172) and (10.173), bw is the gear width and en is the distance from the
center of the skew to the center of the gear.

The shape and relative position, as well as the size of the teeth when changing the
position of the base surfaces, do not change, so the smoothness and backlash in the
transmission also do not change (although the gap itself, as seen from (10.166) and
(10.167) changes), measured independently of the positions of the bases (for exam-
ple, on tooth thickness, the size on rollers, length of the general normal). Based on
the above, we can draw a conclusion that the optimal performance of operations to
change the position of the base surfaces will happen if the errors characterizing the
kinematic accuracy and contact spot in the transmission are minimized.

The reference surface of a real gear can be significantly different from a round
one. Its contour can be described with sufficient accuracy by the Fourier equation
[23]:

rΦ = rH þ a0 þ
Xn
i= 1

ai sin iϕ2 þ βið Þ, ð10:174Þ

where rH is the nominal value of the radius of the dividing surface in the calculated
cross section of the end plane and ai, i 2 {0, 1, . . ., n} is Fourier series coefficient.

The contour of the longitudinal line of each tooth can be described similarly

ΔFβrT0 = a0 þ
Xn
k= 1

ak sin kϕ2 þ βkð Þ: ð10:175Þ

The equation of a circle of radius r0H shifted relative to the center by a quantity eT
with phase βT has the form:

r0H = rH -Δþ eT sin ϕ2 þ βTð Þ: ð10:176Þ

Taking into account Eqs. (10.174), (10.175), and (10.176), as well as dependen-
cies (10.166), (10.167), (10.169), and (10.170), the problem of optimal control of the
accuracy of tooth processing in the considered operations (passes) can be written to
find eT, βT, Δψ , and βψ based on the conditions:



-

e
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Fig. 10.37 Device for centering and clamping of gears

max
ϕ

rΦ rHð Þ→ min ; ð10:177Þ
� �� 


max
ϕ

MΔψ � r2T - rH → min : ð10:178Þ

The problem has a numerical solution. Various devices can be used for the
technical implementation of this task [23]. In accordance with Eqs. (10.177) and
(10.178), devices must provide a choice of extreme points and base them on the
workpiece. If a gear element (subsystem) is proposed at each point to make a
potentially possible contact and these elements can be combined with a single
drive, then using 7.1, an automatic device can be synthesized, the general view of
which is shown in Fig. 10.37 in two mutually perpendicular projections.

The device comprises shank 1, which is fastened to housing 2. Three gear disks
3, 4, and 5 are coaxially mounted on the housing. A wedge mechanism is provided
for the angular displacement of toothed disk 4 around its axis. Cam 6 of this
mechanism has the shape of a trapezoid in the tangential plane, i.e., a plane passing
through the cam perpendicular to the radius. Cam 6 is mounted with axial movement
onto the grooves of the housing and is connected by rod 7 to rocker arm 8. Rocker
arm 8 is hinged to rod 9 of the drive, which can be, for example, a pneumatic
cylinder. To unclip installed gear 10, spring mechanism 11 is provided, which
returns toothed disk 4 to its original position at the upper position of cam 6.
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Centering and clamping of the gear of the chuck is performed as follows: gear
10 is installed in the cavities of the gears with emphasis on the end surface of the
device. Then, the drive is switched on. The drive receives axial movement of rod
9 with rocker arm 8. Rocker arm 8 moves cam 6. This cam, resting on one side of the
housing with the other interacting with toothed disk 4, makes it rotate around its axis.
Due to the rotation of disk 4, a choice of the gap between the teeth of gear 10 and the
teeth of gears 3, 4, and 5 is provided. As a result, gear 10 is centered and clamped by
the teeth of the gears. Because clamping disk 4 rotates relative to its axis and the
pressure angles at all possible points of contact, determined by the tooth groove
profile of discs 3, 4, and 5, exceed the friction angles, self-centering is ensured at any
position of gear 10. The grooves of the gears can have a trapezoidal shape, which
minimizes the radial beating of the ring gear or a shape congruent with the tooth
profiles of the machined gear, which minimizes the oscillation of the measuring
center distance for gear rotation. After clamping gear 10, the bases are processed and
changed relative to their original position.

In some cases, when there are no devices as described above, the optimization of
base recovery operations is performed by taking into account the use of traditional
multi-cam cartridges [23]. The task of minimizing errors in these cases is to solve
two problems: reducing the radial errors of the chuck surface and eliminating or
minimizing the influence of the initial errors of the workpiece on the centering
process. Methods for solving this problem are described in detail in the studies by
Ternyuk et al. [37] and Ternyuk [38]. It was experimentally proved that, by
optimizing the processes of restoration of base surfaces, it is possible to increase
the accuracy by 2–3 degrees (for carburized gears) [23]. Studies show the possibility
of significant changes in errors in operations for the treatment of base surfaces.

10.4.2.3 Influence of Process Input Parameters on the Final Accuracy
of Gears

In relation to the process, the input parameters are those that characterize the
workpiece as well as the technological environment. The influence of the environ-
ment is taken into account in each pass of the tool. Therefore, at the process level,
this factor can be studied by summing up the effects of each pass (stroke), which is
discussed below. The parameters characterizing the workpiece have direct and
indirect effects on accuracy. The direct effect can be detected by the errors of the
base surfaces directly determine the values of the errors of basing (matrix compo-
nents eMΔ2), and that in case of insufficient allowance, according to Eq. (10.24), the
tooth profiles will be “black”. Indirect influence is expressed through the influence of
force, temperature, wear, and kinematic errors.

Based on the study of the direct influence of the parameters of the workpieces on
the errors of basing [36], one should consider the influence of these parameters on
the possibility of processing without “blacks.” Based on the method in the study by
Ternyuk [38], we consider two offset diagrams of changes in the mean ΔHΦ radial



increments within the gear speedΔH, with the lines of action of the gears entering the
operation from (i- 1)th during the sub-adjustment period TM. Here, ΔHΦ is the error
of the size of the machine.

These diagrams are shown in Fig. 10.38, which, in turn, shows the coordinate
systems ΔHOϕ and graphs of changes in the angle of rotation of the gear of the
periodic components of the radial increments of the lines of action of the gear.

The location of the coordinate systemsΔHOϕ corresponds to the boundary points
of the chart at the time of processing (t = 0)at time t = TM.

From the upper point of the graph ΔH= f(ϕ), the possible error of adjustment ΔH

of the machine realizing i-th operation, on the size is postponed, and from the
bottom – depth of defective layer of surfaces of teeth hg. The closing link of the
constructed dimensional chain corresponding to the general-type MFTP system is
the ultimate calculated (not actual) allowance hp, which must be adjusted to remove
the machine to process the entire batch of gears without traces of blackness. It
follows from Fig. 10.38 that the value of the calculated allowance is affected by
the following errors:
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Fig. 10.38 Determination of the estimated allowance
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• Periodic increments of the lines of action caused by errors of both the previous
operation and the installation on the considered operation

• Scattering field of medium-sized gears coming from the (i - 1)th operation
• Errors of adjustment of the size of the machine
• Depth of the defective layer of the tooth surfaces

By detailing the structure of the MFTP system and setting dimensional prices
between elements, each of these errors can be presented through others. Thus, the
periodic increments of the lines of action of the treated gear are affected by:

• The initial periodic increments of the lines of action, arising on the (i - 1)th
operation ΔFn(i-1)

• The radial error of basing the workpiece epi directly on the machine performing
the ith operation

• The radial beating of the adjusting and clamping device – eni
• The part Fβz(i-1) of the error of the direction of the tooth of the gear (taper and

other components), having a period of manifestation for the rotation of the gear
less than 2π

• The duration of the inter-adjustment period TM

The scattering field of medium-sized workpieces depends on:

• The error ΔH(i-1) of adjustment to the size of the machine performing the (i - 1)
th operation

• The error Δb(i-1) of execution of the size by the preconfigured machine
• The duration of the inter-adjustment period TM

The error of setting up the machine to the size can be determined if the following
are known:

• Error of setting the center distance Δaw
• Non-parallelism of the machine table in the radial plane ΔΦp

The depth of the defective layer hg is determined by the requirements for the
quality of the tooth surfaces and is usually determined by the condition:

hg = max Δhp, Δh0
� �þ Δhc, ð10:179Þ

In Eq. (10.179),Δhp, Δh0 are the values of “ripples” [36] and cut profiles,
respectively, and Δhc is the depth of a continuous layer of material with inadmissible
structural transformations.

These components are summarized in Table 10.5, which shows their transfer
coefficients and distribution laws.

The table shows ui1, ui2 – the transfer coefficients of the influence of the primary
errors on the radial and tangential planes, respectively, which are the calculated
allowances. The first is necessary for the organization of processes with a two-profile
machining scheme, including the free-run method, and the second for processes with
a single-profile machining scheme by methods that provide a rigid connection
between the tool and the gear.



F00
ir -

bΦTM

2

� �
; epi = max Δδi;Δψ ieHf g; eni;

№. Name of the primary error Designation

1 2

1 2

1 2
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Table 10.5 The characteristics of the primary errors affecting the estimated allowance

Gear ratios Law of
distributionui1 ui2

Vector errors

1 Fluctuation of the measuring center
distance

F00
1r i- 1ð Þ 1 – Rayleigh’s law

2 Single-profile kinematic error F0
1r i- 1ð Þ – 1 Rayleigh’s law

3 Radial base error epi 1 1 Rayleigh’s law

4 Radial beating of the device eni 1 1 Rayleigh’s law

Scalar errors

1 Size execution error on (i - 1)th
operation

ΔH(i - 1) tgα Gaussian law

2 Size execution error on (i - 1)th
operation

ΔB(i - 1) tgα Gaussian law

3 Effective part of the tooth direction error F00
βr i- 1ð Þ 1

2 sin α
1 Gaussian law

4 Error of machine settings on the ith
operation

ΔHi tgα Gaussian law

5 Nonparallel movement of the machine
table

In the radial plane
In the tangential plane �

ΔΦp

ΔΦT

1
–

–
1

Gaussian law
Gaussian law

Systematic errors

1 Depth of the defective layer hg 1
sin α

–

As known, when summing up the vector errors, the total errors will be distributed
according to Rayleigh’s law, and, when summing up the scalar errors,the total errors
will be distributed according to Gauss’s law. Therefore, based on the study by
Ternyuk [38], the law of distribution of the allowance can be represented by a
composition of the laws of Rayleigh and Gauss, and, then, the probability density
of the distribution of the permitted allowance Πp is:

q Πp

� �
=

σp Πp -ΔΣ- hg
2 sin α

� 	
σ2p þ σ2r

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2p þ σ2r

q exp -
Πp -ΔΣ- hg

2 sin α

� 	2
2 σ2p þ σ2r

� 	
2
64

3
75, ð10:180Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffis
where σp = 1

36

Pn
i= 1

6, 48h2gi þ 1- hgi
� �2h i2

Δ2
i , here,Δi are the error values that are

numerically equal:

• When calculating the allowance for processing gears by free-running methods
according to the two-profile scheme:



�
�

the study by Krivchenko [15].

2 sin
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• When calculating the allowance for machining gears on machines with a rigid
kinematic connection between the part and the tool:

� �
F00 bΦTM tg α ; e max δ tg α; ψ e tg α ; e tg αir - 2 pi = Δ i Δ i Hf g ni :

Here,

bΦ is the coefficient of the influence of time TM on F00
ir in the regression equation;

Δδi, Δψ i are the algebraic differences of radial errors of basing and angles of the
skew of preparation on (i - 1)th and ith operations, respectively;

e is the greatest distance from the center of the ring gear to the point of intersectionH

of the axes of the mandrel and the gear

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� �2 b

� � F�
r i 1ð Þ

� 2
s

σr = 6
Δ2

B i- 1ð Þ þ ΔH i- 1ð Þ þ bHTM þ Δ2
Hi þ

ΔΦp

LbH
þ Δ -

2 sin α
;

ΔΣ=
1
2

ΔB i- 1ð Þ þ ΔH i- 1ð Þ þ bHTM þ ΔHi þ ΔΦpb
LbH

þ
F�
Δr i- 1ð Þ
2 sin α

�
;

Here, LbH is the base length determined by ΔΦp and
bH is the coefficient of influence TM on ΔHi in the regression equation.

Dependencies for the calculation of σp, σr, and ΔΣ are made taking into account
the linear change of primary errors over time, which was experimentally proved in

Integrating expression (10.180) and solving it relatively, we obtain the value of
Πp as follows:

Πp =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 σ2p þ σ2r

� 	
ln

100σpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq
vuut þ ΔΣþ hg , ð10:181Þ

P σ2p þ σ2r
α

where P is the permitted probability of the actual value of the allowance beyond the
calculated value.

Dependence (10.181) is the basis for calculating the optimal allowance for
finishing gears. On the basis of this dependence, it is possible to analyze the possible
schemes of arrangement of allowances and tolerances on them. Figure 10.39 shows
the traditional layout of allowances for multi-operational processes.

A feature of such a scheme is the presence of a guaranteed minimum allowance,
which must be removed. However, it can be established that such a layout is not
optimal for either the achieved accuracy or the complexity of machined gears. Given
condition (10.24), as well as the linear relationship between the allowance [hg] and
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Fig. 10.39 Traditional layout of allowances

Fig. 10.40 Optimal layout of allowances

labor intensity and the need to obtain a defective layer on the surfaces of the teeth
that is no more than permissible, the most rational layout of allowances can be
depicted as shown in Fig. 10.40.

Ways to ensure the implementation of the scheme in Fig. 10.40 can be identified
by analyzing Eq. (10.181) to calculate the allowance. It is obvious that the allowance
can be reduced by minimizing all errors included in Eq. (10.181). In order to develop
measures to reduce these errors, it is necessary to know the patterns of their
occurrence. The main factors causing the harmonic increments of the lines of action
of the processed gear, especially radial, are the errors of basing. Therefore, an
important measure to reduce the allowance is to minimize the harmful effects of
basing errors.

When machining different parts, it is often advisable to use the principle that all
operations involve the use of the same surfaces as a base. When machining gears,
this principle is often irrational or impossible due to the geometric features of the
crown, the presence of operations to restore the base surfaces, and the conditions of
formation [9].

It follows from Eq. (10.144) that if the conditions eMΔ2i = eMΔ2 iþ1ð Þ, i 2
1, . . . , nf gare observed in multi-operational (multi-transition, multi-pass) processes
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and in base recovery operations to ensure eMΔrn = - eMΔ2δ, where eMΔrn = - eMΔ2δ is
the matrix reflecting the skew and displacement of the part in these operations, then

Δr2p → min , hp → min : ð10:182Þ

To ensure eMΔ2i = eMΔ2 iþ1ð Þ , i.e., Eq. (10.182), it is necessary to have the same
installation errors (basing and fixing) at each tooth machining operation. Moreover,
they do not have to be minimal. This makes it possible to significantly expand the
tolerances on the base surfaces of the workpieces during their intermediate
processing. For example, if this principle is not met, then the tolerances on the
workpieces are limited by the kinematic errors and the errors of the contact spot. For
the most common medium-modular gears of 6–8 degrees of accuracy, they are
0.02–0.05 mm.

At the same time, in compliance with this principle, the limiting factor is not
the accuracy of the gear but the consistency of the depth of the carburized
(nitrocarburized) layer on the base surfaces. For medium-module gears, the permis-
sible fluctuation in the depth of the carburized layer is 0.2–0.5 mm. This means that
the implementation of the principle of optimal basing allows one to expand the
tolerances on the base surfaces of the gears by up to 10 times. Due to the expansion
of these tolerances, it is possible to significantly build up the procurement
subsystem.

The principle of optimal basing can be made possible in two ways: active and
passive. The active path involves measuring installation errors in the previous
operation and then reproducing them in the subsequent one. Its implementation
requires appropriate measuring tools and mechanisms for small movements, which
can provide an accurate restoration of the position of the technological axis. The
passive path involves the processing of gears in intermediate operations relative to
the same technological axis. With great accuracy, the passive path is realized through
the use of satellite mandrels as well as combined instruments. An example of the
effective use of satellite mandrels is the processing of gears on the ROTA-FZ-200
system [30]. A general view of a high-rigidity satellite mandrel is shown in
Fig. 10.41.

The figure shows: 1 – base surface and 2 – installation cone.
An example of the use of combined tools is a circular broach with internal teeth,

equipped with profile spring-loaded rollers.

Fig. 10.41 Satellite
mandrel with increased
rigidity



• Reduction of inter-adjustment periods

The optimal size adjustment of gear cutting machines can be performed according

The scattering field of a medium-sized gear can be reduced by [38]:

• The optimal setting of machines performing the (i - 1)th operation
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• Use of one setting to perform the (i - 1) th and i th operations
• Adaptive control settings

to universal methods [32]. Algorithms for calculating the optimal levels of tuning
of certain types of gear processing machines are described in the study by
Ternyuk [38].

Most gear machines allow many limb parameters to be adjusted. The methods for
reducing sizing errors, when setting limb distances, are the same for all machines.
Therefore, to address this issue, applying the recommendations provided in the study
by Solomentsev et al. [32] is required.

Shortening of the inter-tuning periods reduces the length of the scatter plot.
Optimality is provided at the automatic sub-adjustment of the machine after
processing each detail. The calculation of the optimal parameters of the
sub-adjustment can be performed by known methods, for example, those described
in the study by Solomentsev et al. [32].

Using the same setting to perform the (i- 1)th and ith operations is possible when
using combined tools, for example, in the aforementioned circular broach.

Adaptive control of the setting of gearing machines can be provided by the use of
special devices, for example, such as those in the study by Solomentsev et al.
[32]. The method of controlling the adjustment of gear processing machines is not
fundamentally different from the method of controlling the adjustment of other
machines. Therefore, the results presented in the study by Solomentsev et al. [32]
and other works can be used.

The depth of the defective layer hg can be adjusted by changing the processing
modes, tool geometry, coolant, and a fundamental change in the type of operation
performed before the considered. This determines the ability to control the value of
the allowance in order to minimize it. The minimum value of the allowance (Πpmin)
is provided by the integrated implementation of these measures. Moreover, the value
Πpmin required for machining parts without traces of blackness is not the same for
different processing methods. It can be as small as desired with a corresponding
reduction in the parameters included in the dimensional chain containing Πp.
Therefore, it must be determined by the general parametric optimization of the
technological system.

Thus, the studies presented in Sect. 10.4.2 show that the possibilities of control-
ling the accuracy of gear processing at the level of the technological process are
determined by the capabilities of the operations included in the process and the
parameters of the original workpiece.

Now, we proceed to considering the operation level of accuracy control.



10.4.3 Operational Accuracy Control

Both at the process level and the operation level, accuracy control can be achieved
by changing the structure and parameters. The elements of the structure of the
machining operation include the following:
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• The type of transition used (elements Xi)
• The number of transitions used
• The connections between transitions, determined by the order of succession of

transitions as well as the interaction of their parameters

The parameters of the operation are as follows: parameters of structure, modes,
input and output parameters of the workpiece, and others.

The types of transitions used in gear machining operations are strictly limited. As
a rule, these are the transitions of installation (Πy), removal (Πc), machining (ΠM),
and control (ΠK). A reinstall transition (Πn) is also possible.

The general structure of the operation can be described by a symbolic model:

On =\
i
Πi, i 2 y, c, M, K, nf g: ð10:183Þ

From this model, one can obtain any particular kind of transition sequence.
Machining transitions have the greatest influence on the formation of accuracy.

The nature and content of machining transitions determine the nature and the name
of the operation. The minimum composition of the operation follows from (10.183):

On =Πy \ ΠM \ Πc: ð10:184Þ

Processes with gear reinstallation are practically not used in the practice of gear
processing. However, they are possible, and, in some cases, they are appropriate.

In view of Eq. (10.184), it can be noted that the main possible way to control the
accuracy of machining gears at the level of operation is the choice of machining
transitions.

10.4.4 Precision Control at the Machining Transition Level

The structure of a transition is determined by the type, number, and sequence of
passes as well as the relationship between them and their parameters. The transition
parameters are structure, mode, and input and output parameters of the workpiece.
The type of passage (working stroke) is determined by the level of concentration of
the technological impact. A large number of different types of passes allow control-
ling the accuracy within a wide range. The number of passes affects the accuracy of
processing due to two factors arising from the analysis of the general model of
occurrence and accounting of errors (Fig. 10.1) as well as Eqs. (10.23), (10.24),
(10.25), (10.26), (10.27), (10.28), and (10.29):
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• Changes in cutting forces and temperatures, which lead to changes in the recov-
erable deformations and wear of the tool within the processing of all teeth of the
gear

• Changes in the magnitudes and phases of tool errors, which lead to a change in
the position of points with extreme values ΔF and cutting sections of the profiles
of the teeth of the gear’s most protruding parts of the tool when moving the
contact point on the tool surface

With regard to the processing of gears, one can write:

Δres =
f tp þ Δuc
� �

Cnp
, ð10:185Þ

In (10.185):

Δres is the residual error.
Δuc is the initial error.
Cnp is the reduced rigidity of the MFTP system.
f(x) is a function of dependence of force Pp on the depth tp of cutting.

Figure 10.42 illustrates the change in residual deformation from the number of
tool passes.

The graph of change of the recovered thermal deformations described by depen-
dence has a similar character:

Δres =
Xn
i= 1

2πei ϕ tp þ Δuc
� �

- T0
� 


, ð10:186Þ

In Eq. (10.186), ϕ(x) is a function of the dependence of temperature on the depth
of cutting.

The only difference is the relatively smaller effect of temperature deformations
compared to that of force deformations.

Fig. 10.42 Graph of
change in residual
deformation
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Fig. 10.43 Graph of
functions on two passes of
the tool

The mechanism of change of accuracy of gears due to a change of a phase and/or
amplitude of errors of an MFTP system at repeated passes works differently. It is
shown at a rather small giving on incision or their absence. It is explained as follows:
each pass of the tool corresponds to its function of excessive increments of the line of
action:

ΔFin3δ =Φi ϕþ βið Þ: ð10:187Þ

In general, function (10.187) changes both in shape and in phase when
performing repeated passes, i.e., Φi(ϕ + βi) ≠ Φ(i + 1)(ϕ + β(i + 1)), where i, (i + 1)
are pass numbers.

Figure 10.43 shows two functions corresponding to two tool passes for a partic-
ular case in which the type of function does not change.

The kinematic error of the processed gear (F0
ir) is characterized by the scope of the

function Φi(ϕ + βi). Given the periodicity of this function by the angle of rotation,
one can write:

F0
ir1 = maxΦ1 ϕþ β1ð Þ- minΦ1 ϕþ β1ð Þ;

F0
ir2 = max Φ1 ϕþ β1ð Þ \Φ2 ϕþ β2ð Þ½ �- min Φ1 ϕþ β1ð Þ \Φ2 ϕþ β2ð½ ;

. . .

F0
irn = max

\n
i= 1

Φi ϕþ βið Þ
" #

- min \n
i= 1Φi ϕþ βið Þ� 


,

ð10:188Þ

where n is the passage number.
Cyclic errors are characterized by the same dependencies but within the range of

angle ϕ change by one angular step. If we take into account that the protruding
sections of the profiles are cut during repeated passes, as the other sections are
already cut (Fig. 10.43), it is not difficult to see that by changing the phase βi of



function relative to the function Φi(ϕ + βi) phase Φi - 1(ϕ + βi - 1) and not
significantly changing the function F0

irn values in accordance with Eq. (10.188).
Figure 10.44 shows two examples of changes in a single-profile kinematic error F0

irn

for cases in which the functions Φi(ϕ + βi) are described by sinusoids of the form
ai sin (ϕ + βi).

Figure 10.44a corresponds to the case in which the period of the function
corresponds to 2π, whereas Fig. 10.44b corresponds to 3

4 π . The first case can be
implemented on any gear machine by reinstalling the workpiece, sequentially
rotating it by 90° on each pass. The second one can be implemented when gear
shaping with the numbers of teeth of the tool z1 and the processed gear z2 determined
from the ratio z1

z2
= 1

3.

These examples show that the practical implementation of the effect of improving
the accuracy of repeated passes can be performed in many operations. In some cases,
optimization is achieved by measuring or predicting the function Φi(ϕ + βi) on each
pass and then by finding and implementing the optimal phase βi of displacement of
the tool or gear according to the condition F0

irn → min . In other cases, accuracy can
be automatically increased by carrying out nursing work moves without interrupting
the processing.

Let us find the conditions under which the specified effect of an increase of
accuracy on repeated working moves of the tool is realized. Based on the analysis of
Fig. 10.43, we can establish that to implement the effect, it is necessary to ensure:
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Fig. 10.44 Examples of changes in a single-profile kinematic error depending on the number of
passes of the tool

• Changes in the shape or phase of the function Φi(ϕ + βi)
• No cutting at points corresponding to minΦi(ϕ + βi) to a depth greater than

maxΦi(ϕ + βi) - max [Φi(ϕ + βi)
T

Φ(i + 1)(ϕ + β(i + 1))]

Changing the shape of the function Φi(ϕ + βi) is characteristic of abrasive
machining processes in the best manner possible, when each stroke significantly
changes the shape of the tool due to its re-editing. Changing phase βi of the function
Φi(ϕ + βi) can be carried out in almost all gear processes. The absence of cutting at
the points corresponding to minΦi(ϕ + βi) to the specified depth can be carried out
only in processes in which technical means for stabilizing synchronous rotation or



io

mutual angular position of the tool and preparation (rigid kinematic communication,
connected masses, etc.) are used. For processes that do not have such devices
(carried out by free-rolling methods or with braking of the workpiece or tool),
cutting occurs at all points of the profiles, at least on one side of the teeth. Therefore,
for such processes, the considered effect cannot be fully realized. Obviously, the
smaller the difference, the less accurate the process will be
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Δ� = maxΦi ϕþ βið Þ- max Φi ϕþ βið Þ \Φ iþ1ð Þ ϕþ β iþ1ð Þ
� 	hn

- tmin ,

ð10:189Þ

where tmin is the depth of cut at the corresponding points minΦi(ϕ + βi).
When Δ� < 0, the process of formation will be unstable, i.e., diverging in

accuracy. Instability is inherent in the processing of the involute and other profiles
by methods of free running or braking of the workpiece. This is due to the fact that
with such processing methods, the cutting conditions that determine the cutting
forces are not the same at different points of the tooth profiles [34, 41]. The greatest
removal of metal with a constant force of pressing the tool to the workpiece occurs at
the foot of the tooth. Therefore, in such cases, even when processing absolutely
accurate workpieces, the errors of the tooth profile may increase along with increas-
ing the number of passes. Figure 10.45a illustrates what has been said.

According to previous studies [41], it can be stated that the absolute value of the
error asymptotically tends to its limit, which provides dynamic stability (not
corresponding to the minimum processing error).

Improving the accuracy of the gear profile during machining by free-running and
braking of the workpiece can be achieved by eliminating the factors causing
condition (10.189) or by changing the beginning of the development phase of the
unstable process. Elimination of the factors causing condition (10.189) is possible at
the expense of management of the sizes entering into dependence.

The value t is the easiest element to control. A change in t can be achieved by
forcible rotation, creating uneven braking of the workpiece or by changing the

Fig. 10.45 Error change diagrams



design of the tool so that at a constant pressing force, the tool at different points of
contact with the workpiece profile provides constant removal of material.

It is possible to change the beginning of the phase of unstable development of the
molding process, for example, by pre-modifying the workpiece allowance [41]. The
graph of change in the error of the tooth profile during repeated passes of the tool in
this case has the form shown in Fig. 10.45b. The graph is drawn for the case of
processing the workpiece with an increased allowance at the foot of the tooth.

Various measures to increase the stability of the molding process when machin-
ing gears by free rolling or braking the workpiece (tool) are described in detail in the
studies by Sukhorukov [34], Ternyuk [41], and other works. The method of
processing that provides the highest accuracy in the implementation of a partially
stable process is described in the study by Ternyuk [41].

The obtained laws are the basis for choosing the kind and type of machining pass
as well as the purpose of its number.

10.4.5 Control of Accuracy at the Level of Passage during
Mechanical Processing of Teeth

10.4.5.1 Analysis of Factors that Allow Variation

It is possible to identify the factors that allow variation at the level of the machining
passage of teeth on the basis of the model of occurrence and accounting of errors
(Fig. 10.1), general equations of real tooth profiles (10.23), (10.24), (10.25), (10.26),
(10.27), (10.28), and (10.29), and Sect. 10.4.1. It follows from the latter that a
passage is an elementary structural formation of the process and is not structured
itself. At its level, accuracy can be controlled only by changing the parameters.
Based on Eqs. (10.23), (10.24), (10.25), (10.26), (10.27), (10.28), and (10.29), it can
be established that at the level of passage, the control parameters are those that
determine:
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• Movement of the end parts of the machine
• The shape of the producing surface
• The recoverable deformations of the teeth of the processed gear
• The blank

These parameter groups can be controlled in many ways implemented by differ-
ent devices. The first three groups of parameters allow variation to directly counter-
act the abovementioned primary errors. Therefore, many methods of adaptive
accuracy control based on the principle of compensation can be built on their
basis. The fourth factor – the initial parameters of the workpiece – determines the
magnitude of the primary errors, the possibility of processing the gear without traces
of “blackness” (Eq. (10.24)), and the position of the measuring axis.
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10.4.5.2 Compensatory Methods of Adaptive Accuracy Control

Using the general equations of real tooth profiles, we obtain the basic equations that
reflect the laws of error compensation.

It is obvious that the system of Eqs. (10.23), (10.24), (10.25), (10.26), (10.27),
(10.28), and (10.29) is valid for any values of the given primary errors and param-
eters of compensatory effects, including equal to zero. This meets the conditions of
nominal shaping and can be written as:

r2p = r2Φ; ð10:190Þ
2Φ 2i ð : Þ

r2i =MΣHHr1i, ð10:192Þ� �� �
∂r1H
∂u

×
∂r1H
∂v

eM - 1
ΣHH

∂MΣHH
∂ϕ1

� r1H = 0; ð10:193Þ
� �� �
∂r1H
∂u

×
∂r1H
∂v

eM - 1
ΣHH

∂MΣHH
∂ψ

� r1H = 0; ð10:194Þ

MΣHH =M2H �MH �MH1: ð10:195Þ

Taking into account Eqs. (10.190), (10.191), (10.192), (10.193), (10.194), and
(10.195), based on the account of the components of the first order of smallness, we
will look for the required equations as follows: convert the matrix eMΣ to the form:

eMΣ = eMΣH0 þ eMΣH0 � ΔeMΔ1 þ eM2H � ΔeMΔH � eMH � eMH1 þ ΔeMK1

þeMΣH0 � ΔeMK2,
ð10:196Þ

In Eq. (10.196) ΔeMΔi = eM0i - eE, where eE is a single matrix.
Then, the expression for r2Φ will look like

r2Φ = r2H þ eMΣH0 � ΔeMΔ1 � r1H þ eM2H � ΔeMΔH � eMH � eMH1 � r1H þ eMΣH0 Δr1i þ Δ
þΔeMK1 � r1H þ eMΣH0 � ΔeMK2 � r1H þ ΔeMΔ2 � r2H -Δr2YT þ Δr2K :

ð10:197Þ

The equations of relations after transformations can be reduced to the form:

∂r2H
∂u

×N1 � ∂r2H∂ϕ1
þM1 ×

∂r2H
∂v

� ∂r2H
∂ϕ1

þM1 ×N1 � ∂r2H∂ϕ1
þ ∂r2H

∂u
×
∂r2H
∂v

� K1þ

þ∂r2H
∂u

×N1 � K1 þM1 ×
∂r2H
∂v

� K1 þM1 ×N1 � K1 = 0;

ð10:198Þ
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∂r2H
∂u

×N1 � ∂r2H∂ψ
þM1 ×

∂r2H
∂v

� ∂r2H
∂ψ

þM1 ×N1 � ∂r2H∂ψ
þ ∂r2H

∂u
×
∂r2H
∂v

� L1þ

þ∂r2H
∂u

×N1 � L1 þM1 ×
∂r2H
∂v

� L1 þM1 ×N1 � L1 = 0:

ð10:199Þ

where the dependencies for calculating K1, L1, M1, и N1 are in the following forms:

K1= eMΣH0 � ∂Δ
eMΔ1

∂ϕ1
� r1H +

∂eMΣH0

∂ϕ1
� Δ eMΔ1 � r1H +

+ eM2H � Δ eMΔH � ∂
eMH � eMH1 � r1H
� �

∂ϕ1
+ eM2H � ∂Δ eMΔH

∂ϕ1
� eMH � eMH1 � r1H +

+
∂eM2H

∂ϕ1
� Δ eMΔ1 � eMH � eMH1 � r1H +

∂eMΣH0

∂ϕ1
� Δr1i + ∂eMΣH0

∂ϕ1
� Δr1K + eMΣH0 � ∂Δ

eMΔK2
∂ϕ1

� r1H +

+
∂eMΣH0

∂ϕ1
� ΔeMΔK2 � r1H +

∂eM2H

∂ϕ1
� Δ eMΔK2 � eMH � eMH1 � r1H +

∂ΔeMΔK1
∂ϕ1

� r1H ;

ð10:200Þ

L1 = eMΣH0 � ∂Δ
eMΔ1

∂ψ
� r1H +

∂eMΣH0

∂ψ
� ΔeMΔ1 � r1H +

+ eM2H � Δ eMΔH � ∂
eMH � eMH1 � r1H
� �

∂ψ
+ eM2H � ∂Δ eMΔH

∂ψ
� eMH � eMH1 � r1H +

+
∂eM2H

∂ψ
� Δ eMΔ1 � eMH � eMH1 � r1H +

∂eMΣH0

∂ψ
� Δr1i + ∂eMΣH0

∂ψ
� Δr1K + eMΣH0 � ∂Δ

eMΔK2
∂ψ

� r1H +

+
∂eMΣH0

∂ψ
� ΔeMΔK2 � r1H +

∂eM2H

∂ψ
� Δ eMΔK2 � eMH � eMH1 � r1H +

∂ΔeMΔK1
∂ψ

� r1H ;

ð10:201Þ

M1 = eMΣH0 � ΔeMΔ1 � ∂r1H∂u
+ eM2H � ΔeMΔH � eMH � eMH1 � ∂r1H∂u

+ eMΣH0

�∂Δr1i
∂u

+ eMΣH0 � ∂Δr1K∂u
;

ð10:202Þ

N1 = eMΣH0 � ΔeMΔ1 � ∂r1H∂v
+ eM2H � ΔeMΔH � eMH � eMH1 � ∂r1H∂v

+ eMΣH0

�∂Δr1i
∂v

+ eMΣH0 � ∂Δr1K∂v
:

ð10:203Þ

In special cases, the equations of connection can be simplified by equating to zero
the terms containing the products of derivatives or errors and derivatives. Such cases
correspond to the consideration of the conditions for compensation of low-frequency
errors, for which small errors and their first derivatives are provided. At high
frequencies (h ≥ 3 and more), these terms can no longer be neglected. Equa-
tions (10.197), (10.198), (10.199), (10.200), (10.201), (10.202), and (10.203) pro-
vide answers to the main questions of the error compensation theory considered
below. In this theory, which underlies adaptive methods of accuracy control, the



Þþ

central task is to determine the structures and elements (parameters) of the matrices
ΔeMK1 and ΔeMK2, as well as the increments of the radius vectors r1K and r2K , the
known values of other parameters included in Eqs. (10.23), (10.24), (10.25), (10.26),
(10.27), (10.28), and (10.29), based on the condition of obtaining the highest
accuracy of processing.

Since the highest accuracy corresponds to Δr1p = 0, the validity of the equations
of relations, the general equations of the theory of compensation of errors can be
written in the form

eMΣH0 � ΔeMΔ1 � r1H þ eM2H � ΔeMΔH � eMH � eMH1 � r1H þ eMΣH0 Δr1i þ Δr1Kð
þΔeMK1 � r1H þ eMΣH0 � ΔeMK2 � r1H þ ΔeMΔ2 � r2H -Δr2YT þ Δr2K → 0;

ð10:204Þ
∂r2H
∂u

×N1 � ∂r2H∂ϕ1
þM1 ×

∂r2H
∂v

� ∂r2H
∂ϕ1

þM1 ×N1 � ∂r2H∂ϕ1
þ ∂r2H

∂u
×
∂r2H
∂v

� K1þ

þ∂r2H
∂u

×N1 � K1 þM1 ×
∂r2H
∂v

� K1 þM1 ×N1 � K1 = 0;

ð10:205Þ
∂r2H
∂u

×N1 � ∂r2H∂ψ
þM1 ×

∂r2H
∂v

� ∂r2H
∂ψ

þM1 ×N1 � ∂r2H∂ψ
þ ∂r2H

∂u
×
∂r2H
∂v

� L1þ

þ∂r2H
∂u

×N1 � L1 þM1 ×
∂r2H
∂v

� L1 þM1 ×N1 � L1 = 0:

ð10:206Þ

On the basis of the received equations, it is possible to implement simple ways of
management (compensation) of the errors carried out at the expense of change:
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• Movements of the end links of the machine (change of elements of the matrices

ΔeMK1 and ΔeMK2)
• Shape and size of the producing surface (change Δr1K )
• Recoverable deformations of a detail (change Δr2K)

With three simple ones, four combined control methods are possible:

• Additional movements of the end parts of the machine + the shape and size of the
producing surface

• Additional movements of the end parts of the machine + the restored deforma-
tions of a detail

• Shape and dimensions of the producing surface + the recoverable deformations of
the part

• Additional movements of the end parts of the machine + the shape and size of
recoverable deformations of the part of the producing surface r

In the general case, the elements of the matrices ΔeMK1 and ΔeMK2 and the
increments of the radius vectors Δr1K and Δr2K can change over time in accordance



D

D

D

with changes in the envelope parameters. This case can be called dynamic. In the
particular case, the named elements, once installed before processing, may not
change. This case determines the static type of compensation method. In general,
the concept of type (dynamic or static) covers a method that is multi-circuit due to
the need to control the indicators of kinematic accuracy, smoothness, contact spot,
and lateral clearance in the transmission. It is obvious that within the method, if it is
covered in parts, it is possible that some indicators are controlled on the basis of a
dynamic method and others on the basis of a static one. The method, in which
dynamic and static controls are applied together, can be called mixed.

Based on this and taking into account the possibility of covering only a part of the
parameters, it is possible to distinguish classes, kinds, types, groups, and subgroups
of the methods of error compensation, as shown in Table 10.6.

The table indicates the following:
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(a) The types of methods: D – dynamic, S – static, M – mixed (combined)
(b) The groups of methods: C – complete, P – partial

Some of the methods listed in Table 10.6 are new. In particular, the methods
based on dynamic control of tool size and shape, as well as some combined methods,

Table 10.6 Classification of ways to compensate for errors

Class Kind Type Group

Simple Control of formation movements D P

S P/C

M P/C

Gear tooth deformation control D P

S P/C

M P/C

Dimension control to tool shape D P

S P/C

M P/C

Combine Control of formation movements + control of deformations of the
teeth of a gear

P

S P/C

M P/C

Control of formation movements + control of the sizes and the form
of the tool

P

S P/C

M P/C

Gear tooth deformation control + tool size and shape control D P

S P/C

M P/C

Control of formation movements + control of deformations of the
teeth of a gear + control of the sizes and the shape of the tool

P

S P/C

M P/C



	

e e �

e e �

have not been used before. Let us consider the possibilities of the selected methods
of compensation. The condition of optimality of the compensation method based on
the introduction of additional movements of the end parts of the machine can be
written in the form:
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ΔK= Δr1p -Δr gð Þ
2

� 	
→ min , ð10:207Þ

where Δr gð Þ
2 is the required amount of profile modification.

It is obvious that the global extremum corresponds to ΔK = 0. However, as will
be shown below, such a condition is not always feasible. Based on Eqs. (10.204),
(10.205), and (10.206), in general, we can write:

ΔK = f ΔeMΔ1, Δ eMΔH , ΔeMΔ2, Δr1i, Δr2YT , Δr
gð Þ
2 +ΔeMK1 � r1H + eMΣH0 � ΔeMK2 � r1H

�
→ 0;

ð10:208Þ�
F1 ΔeMΔ1, Δ eMΔH , ΔeMΔ2, Δr1i, Δr2YT , Δr

gð Þ
2 , ΔeMK1, ΔeMK2,

∂ΔMK1

∂ϕ1
,
∂ΔMK2

∂ϕ1
= 0;

ð10:209Þ�
F2 Δ eMΔ1, ΔeMΔH , ΔeMΔ2, Δr1i, Δr2YT , Δr

gð Þ
2 , ΔeMK1, ΔeMK2,

∂ΔMK1

∂ψ
,
∂ΔMK2

∂ψ
= 0:

ð10:210Þ

Each of the matrices ΔeMK1,ΔeMK2 can generally contain six unknown elements.
At the same time, Eq. (10.208) gives three scalar equations and Eqs. (10.209) and
(10.210) give one. Therefore, the problem does not have a single solution.

If we consider that the elements of the matrices ΔeMK1 and (or) ΔeMK2 are
functions of the two envelop parameters ϕ1 and ψ , then we can establish that, if
Eqs. (10.208), (10.209), and (10.210) are valid, which corresponds to the nature of
the point of contact between the tool surface and the workpiece, three linearly
independent components of the movements of compensation mechanisms are nec-
essary for an unambiguous solution of the compensation problem. Such motions can
be, for example, motions along any three mutually perpendicular coordinate axes.
This is the case with the simplest compensation mechanism with three degrees of
freedom (generalized controlled coordinates). An example of such a case is shown in
Fig. 10.46, which illustrates a diagram of grinding cylindrical gear 1 with barrel-
shaped teeth by disc wheel 2, for example, on a machine equipped with mechanism
3 of error compensation.

The figure shows: S – sensor and C – converter. The mechanism (Fig. 10.46)
provides small controlled movements along three mutually perpendicular axes: one
vertical and two horizontal, one of which is directed along the axis of the gear.
Obviously, using additional movements from this mechanism, it is possible to



provide any tooth profile (within the feasibility of an MFTP system, in general, and
the conditions of formation [28], in particular).
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Fig. 10.46 Error control scheme for grinding gears with longitudinal crowning

For the special case corresponding to the machining of gears with straight teeth
and the setting of the machine for machining with zero machine engagement, due to
the possibility of moving the tooth surfaces to a flat producing surface parallel to
themselves, the compensation mechanism can be simplified. In this particular case,
only one controlled coordinate is required for full compensation – movement along
the general normal of the tool and the gear being machined.

In the case of shaping with contact along a line corresponding to the transforma-
tion into the identity of one of the equations, for example, (10.210), we have only
four equations in total to determine the compensatory motions. The fifth equation
connecting the two curvilinear coordinates of the surface is missing. Therefore,
taking into account that the components of the motions included in the matrices
ΔeMK1 and (or) ΔeMK2 are functions of the envelope parameters ϕ1 and ψ , and do not
depend on u and v, it can be established that a full compensation of all component
errors is impossible. Uncompensated errors are those of the producing surface,
which are functions of u and v. In this case, the compensation problem is solved
as an optimization.

When forming contact on the surface, both coupling Eqs. (10.209) and (10.210)
become identities. Therefore, we have only three equations (scalar), on the basis of
which we can determine the required parameters of compensatory motions. In such
shaping, the envelope parameters are absent and, therefore, there are no equations
that would link the equations of the generating surface to the envelope parameters.



Therefore, only a partial compensation of errors is possible during shaping with
contact on the surface. Thus, on the basis of Eq. (10.208), one can determine the
setting parameters as functions of the curvilinear coordinates u and v.
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It is obvious that both linear and surface contact of the tool surface with the
workpiece increasing the number of free parameters in the motion matrices ΔeMK1

and ΔeMK2 up to the maximum number of six increases the compensation possibil-
ities, as it expands the possibilities of the best approximation of function (10.208)
to zero.

Similarly, it can be shown that, regardless of the nature of the contact of the tool
surface with the workpiece, in the case of two-profile machining, only a partial
compensation of errors is possible. Tool surface errors are uncompensated. That is, it
can be argued that with an increasing level of concentration of the technological
impact on each tooth of the gear, the possibility of an error compensation decreases.

This refers to the methods of dynamic full error compensation. These methods
require the use of special adaptive monitoring and control systems.

Most gear machines are not currently equipped with such systems. Therefore,
from a practical point of view, it is interesting to identify ways to improve accuracy
by compensating for movements or other techniques without the use of special
adaptive systems. These methods are of the static type and provide only a partial
compensation of the individual components of errors. Let us consider examples of
such methods.

Example 1 Improving the accuracy of gears by eliminating the influence of the
shape of the tool on the shape of the treated surface. As it follows from the general
equations of the real profiles of the teeth (10.23), (10.24), (10.25), (10.26), (10.27),
(10.28), and (10.29), Δr2 = f Δr1ið Þ= const at r1H = r1j = const. Therefore, under
this condition, the shape of the resulting envelope does not depend on the shape of
the tool surface and, while maintaining this shape within the machining cycle, the
errors of the tool will not affect the errors of the machined gears. The condition of
maintaining the shape of the tool surface within the machining cycle can be ensured
with high accuracy using high-strength tool materials, such as superhard synthetics,
or using tool surfaces that allow high-speed travel parallel to themselves (e.g., disc
wheels). In this case, the condition r1H = r1j = const means that the entire surface of
each tooth of the gear must be machined by the same point of the tool surface. The
specified conditions at the time of processing of involute gears are realized on the
machines working using a disk tool with zero angle of a profile. At the same time, an
increase in accuracy in comparison with processing by a circle αu ≠ 0 at 0.5–1 degree
according to the norms of smoothness is provided.

Example 2 Improving the accuracy of gears by introducing time constant radial
displacements of the tool (control of the movements of the end parts of the machine).
The scheme of the method is shown in Fig. 10.47.

Gear 2 is machined by hob 1 mounted eccentrically with eccentricity eΦ and
phase βΦ. The method is based on the creation due to the eccentric installation of the
cutter such increments of lines of action, which compensate for the individual



components of the total error. The possibilities of the method are derived from the
following: the function of the total error of the gear on the increment of the line of
action during machining without its displacement can be expressed by the Fourier
equation:
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Fig. 10.47 The scheme of a milling gear’s eccentrically installed hob

ΔF0δ = a0 þ
Xn
i= 1

ai sin iϕi þ βið Þ: ð10:211Þ

Improving accuracy is possible if at least one harmonic component of the ith
frequency is provided due to the tool offset:

ΔFu = eΦ sin iϕ1 þ βΦð Þ: ð10:212Þ

Functions of form (10.212) can be obtained for many rotating tools with a
nonzero profile angle by providing the tools with appropriate eccentricities. When
gear milling with a worm cutter, the two-profile error can be decomposed into a
Fourier series of type (10.211).

From the general error (Fig. 10.48), we can distinguish the component of the
tooth frequency (curve “a”), which, in almost all cases, when using machines that
meet the standards of kinematic accuracy, is dominant due to errors in the manufac-
ture and installation of the cutter.

The component of the tooth frequency error is described by the expression:

ΔHz = az sin zϕ1 þ βz
� �

:

If the cutter is given a radial offset with eccentricity phase βi (Fig. 10.47), then
this offset will cause radial increments of the lines of action of the machined gear
equal to



Δ =
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Fig. 10.48 Error diagram

HΦ e sin zϕ1 þ βið Þ:

Under the condition e= az and βi= π + βz, the error of the tooth frequency will be
compensated, as in this case

ΔHΣ =ΔHz þ ΔHΦ = az sin zϕ1 þ βz
� �þ e sin zϕ1 þ βið Þ:

Similarly, when gear shaping, by displacing the tool in the radial direction, it is
possible to change the increments of the lines of action of the machined gear
according to the law:

ΔFL Rð Þ = ± eu sin
zk
zu
ϕ1 ∓ αþ βu

� �
,

where

eu is the eccentricity (displacement) of the gear shaper cutter.
zu is the number of teeth of the tool.
zk is the number of teeth of the processed gear.
βu is the eccentricity phase.

By varying the parameters eu, zu, and βu within the allowable values, it is possible
to compensate for the various components of the total error of the gear. For example,
for zu = zk, we get the ability to compensate for the geometric eccentricity of the
gear. With single-profile processing in this case, a compensation of kinematic
eccentricity is also possible, as it is known [11, 36] that kinematic eccentricity
causes increments of the lines of action with the period 2π.

Thus, the general method of compensating for errors by introducing time constant
displacements of the tool is as follows: it is necessary to identify the frequency of
errors that can be caused by tool misalignment. Then, from the total error, the
component of the selected frequency is selected by setting its amplitude and



phase. Thereafter, the instrument is provided with an eccentricity equal in magnitude
to the amplitude of the selected component and opposite in phase. For the practical
implementation of the above, the tools must be installed on the mandrels (devices)
that provide precise continuous control of the magnitude of the eccentricity and its
phase. The achieved increase in accuracy when milling gears of accuracy class “B” is

equal to the ratio f 00ir1
f 00ir1

= 1,5:::2,0, which corresponds to an increase in accuracy by

2–3 degrees in terms of smoothness of the transmission.
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Example 3 Improving the accuracy of gears by compensating for the high-
frequency components of the oscillations of the running speed. This method is
feasible when processing gears by methods of incomplete (partial) [22] shaping,
for example, with a blade tool. For the first time, it was proposed for gear milling in
the study by Khlus [11]. It can be applied to operations of gearing, gear planing of
spur gears, and others carried out by running in with interruption of the process. The
essence of the method is that the profiling cuts are carried out with a frequency equal
to or the multiple of the frequency of high-frequency fluctuations of the running
speed. Frequency control is performed by selecting the number of profiling edges
(chip grooves) of the cutter [11], machining modes (number of double strokes –
when gnashing and planing), and other factors.

Figure 10.49 [11] illustrates a graph of the tool rotation angle ϕu depending on the
angle of rotation of the part ϕ2 in the presence of high-frequency oscillations of the
run-in speed (curve “a”).

In the case fp = fv of frequency cuts (in the figure, the cuts are marked by straight
vertical segments), they are located on the curve “a” and at the same time on the line
“b,” parallel to the line “c,” representing the nominal dependence of rotation angles
ϕu = iϕ2 + c1, where c1 = const. It is obvious that due to the roundness of the gear,
the shift of the straight line along the axis Oϕu does not affect the cyclic error.

Fig. 10.49 Dependency
chart ϕu = f(ϕ2) with
indication of cuts
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For the scheme of technological influence with a class K = 1 � 2 � 1 � 1 � 1
(realized, for example, by gear milling by a worm mill), in this case, a full compen-
sation of the high-frequency components of the fluctuations of speed of run-in of one
frequency is provided. For other schemes, such as K= 2 � 2 � 1 � 1 � 1 � 1 of a gearing
class, only a partial compensation will be provided, as the profiling cuts have a
length along the angle of rotation of the gear (Sections 1-1, 2-2, ..., II-II in
Fig. 10.49).

The optimal condition of the compensation method based on the control of the
shape and size of the producing surface is described, as in the first case, by
dependence (10.207). However, in this case, due to the fact that changes in the
size and shape of the generating surface can be a function of the curvilinear
coordinates u and v, based on Eqs. (10.204), (10.205), and (10.206), it can be argued
that a full compensation of any type of initial error is possible, regardless of the level
of concentration of the technological impact.

In this case, the equations that allow determining the required changes in the
shape and size of the producing surface have the forms:

eMΣH0 � ΔeMΔ1 � r1H þ eM2H � ΔeMΔH � eMH � eMH1 � r1H þ eMΣH0 Δr1i þ Δr1Kð
þ ΔeMΔ2 � r2H -Δr2YT → 0:

2H
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×N

�
1 � 2H

∂ϕ1
þM

�
1 ×

2H

∂v
� 2H

∂ϕ1
þM

�
1 ×N

�
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þ 2H
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× 2H

∂v
� K�

1þ
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×N
�
1 � K�

1 þM
�
1 ×
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1 = 0;

2H
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∂ψ
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�
1 ×

2H

∂v
� 2H

∂ψ
þM

�
1 ×N

�
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∂ψ
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∂u
× 2H

∂v
� L�1þ

þ∂r2H
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×N
�
1 � L�1 þM

�
1 ×

∂r2H
∂v

� L�1 þM
�
1 ×N

�
1 � L�1 = 0:

where K
�
1 , L

�
1 , M

�
1 , и N

�
1 are values of K1 , L1 , M1 , и N1 , calculated considering

ΔeMK1 =ΔeMK2 = 0 и r2K = 0.
A theoretically predictable possibility of a full compensation of any type of error

due to control of the size and the form of a producing surface till now does not have
sufficiently developed technical maintenance. Additional work in this direction is
required. Methods are known to compensate for gear errors by controlling the shape
and size of the tool surface, for example, using corrected sharpening of cutters,
changing the profile angle of gear tools, and other parameters. However, devices for
a full dynamic error compensation have not been described in the literature.

The creation of methods that would provide a full compensation for errors has
recently been facilitated by the new research works on changes in the geometry of
various materials based on the phenomena of the “memory” of metals and alloys,
“giant magnetostriction,” and others. The third of the considered simple ways
consists of giving to teeth of a gear of the restored deformations equal in size and
return on a sign to the arising errors.
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Since the real surface of each tooth of a machined gear is two-parameter, due to
the fact that the radius vector r2K receives the necessary increments, it is obvious that
it is possible to provide full compensation for any initial errors.

The system of equations obtained from (10.204) to (10.206) in this case has the
forms:

eMΣH0 � ΔeMΔ1 � r1H þ eM2H � ΔeMΔH � eMH � eMH1 � r1H þ eMΣH0Δr1i þ ΔeMΔ2 � r2H
-Δr2YT þ r2H = 0:

2H

∂u
×N

��
1 � 2H

∂ϕ1
þM

��
1 × 2H

∂v
� 2H

∂ϕ1
þM

��
1 ×N

��
1 � 2H

∂ϕ1
þ 2H

∂u
× 2H

∂v
� K��

1 þ

þ∂r2H
∂u

×N
��
1 � K��

1 þM
��
1 ×

∂r2H
∂v

� K��
1 þM

��
1 ×N

��
1 � K��

1 = 0;

2H

∂u
×N

��
1 � 2H

∂ψ
þM

��
1 × 2H

∂v
� 2H

∂ψ
þM

��
1 ×N

��
1 � 2H

∂ψ
þ 2H

∂u
× 2H

∂v
� L��1 þ

þ∂r2H
∂u

×N
��
1 � L��1 þM

��
1 ×

∂r2H
∂v

� L��1 þM
��
1 ×N

��
1 � L��1 = 0:

The technical implementation of this method by the existing technical means in
full is still impossible due to the peculiarities of the physical and mechanical
properties of the materials from which the gears are made: steel, plastics, and others.
However, a partial error compensation based on the control of the recoverable
deformations of the part is possible, for example, by modifying the teeth of the
blanks for shaving, in order to equalize the elastic deformations. This determines the
need for further research into the field of technical means that would allow the full
implementation of the last two ways of controlling the accuracy of gears at the level
of the aisle.

Obviously, each combined method of accuracy control has the capabilities of the
simple methods included in it. Therefore, there is no need to consider each of them
separately. Taking into account the fact that a number of the considered methods can
provide a theoretically complete compensation of errors, the maximum realized
reserves of an increase in accuracy of processing of gears are established. According
to (10.204), these reserves can no longer be limited by the whole set of sources of
MFTP errors but by errors in testing control actions. The latter are performed by
special monitoring and regulating devices, for example, similar to those described in
the study by Ehrlenspiel et al. [4]. Therefore, the maximum achievable accuracy of
the gears will be equal to the accuracy of these devices. The accuracy of tracking and
adjusting devices is determined by errors of measuring subsystems and errors of the
mechanisms of small movements. It is at the level of tenths of a micrometer.

The results obtained above on the study of multilevel accuracy control allow
proceeding to the development of the principles of optimizing the accuracy of gears.



10.4.6 The Principles of Optimization of the Accuracy
of Gears
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1. The principles of optimization of the specified accuracy of gears come from the
following. In accordance with the presented results, the fulfillment of conditions
(10.1) entails the limitation of the structures, parameters, and laws of change of
the producing subsystem. Therefore, the problem of optimization of accuracy can
be solved only within the solution of the general problem of complex optimiza-
tion of technological systems.

2. Since accuracy management is purposeful, it is rational to identify and rank the
factors that have a significant impact on the achievement of the goal under
conditions (10.1).

3. In order to formalize the solution process and implement it on a computer, it is
necessary to discretize the levels of the change of parameters.

4. Restrictive methods of ensuring accuracy, providing static control of the struc-
tures and parameters, as a rule, do not require the inclusion of additional sub-
systems in an MFTP system. Therefore, due to the simplicity and availability of
implementation, static control methods are preferable to dynamic ones. However,
in view of ensuring high accuracy, dynamic methods are more effective.

5. Since the area of the base surfaces of gears, in most cases, is less than the total
area of the teeth and their configuration is simpler in multi-operational processes,
it is advisable to introduce operations to restore the base surfaces that affect

ΔeMΔ2:

The control of gear errors differs in terms of purpose, level of implementation,
control variables, stage and nature of implementation, degree of completeness, the
principle of generating control action, and the law of its change over time. The total
management is multilevel. Technological methods of controlling the accuracy of
machining gears can be implemented at the level of the technological process as a
whole, operation, transition, and stroke (passage). Many ways to control accuracy at
each level are closed. The possibilities and areas of rational application of methods
are various. In general, accuracy can be controlled by changing the structure and
parameters (including input) at all levels. Adaptive-compensatory control by chang-
ing the parameters can be carried out at the level of the working stroke. There are
seven ways to adaptively compensate for accuracy control, including three simple
ones that involve changing the movements of the MFTP end points, tool sizes and
shapes, and recoverable gear deformations. The required parameters of compensa-
tory effects can be determined on the basis of the solution of the general equations
provided in this section. When using the method based on changing the movements
of the end links of an MFTP system, a full error compensation is possible only in the
case of point contact in the “tool–workpiece” pair and single-profile processing.
When using other methods, a full compensation of errors is possible, regardless of
the level of concentration of the technological impact. However, devices for the
technical implementation of these methods in full have not yet been developed. An



extremely high accuracy can be achieved by methods that theoretically provide a
complete compensation of errors and is determined by the accuracy of measuring
instruments and the accuracy of the mechanisms of small movements. Theoretical
principles have been developed to solve the problems of optimization accuracy.
Their implementation is possible within the framework of solving the general
problem of complex optimization of a technological system.
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10.5 Conclusion

The general laws of the processes of real shaping can be reflected by the common-
for-all methods of machining equations of the real profiles of teeth, containing a
closed set of linearly independent, but modularly correlated, given primary errors.

Based on these equations, new forecasting methods with the required reliability of
error distribution ranges and necessary for adaptive accuracy of the actual values of
deviations of real points of profiles from nominal ones are considered, the problem
of an MFTP system’s error identification is considered and solved, and ways of
systematization of research in the field of accuracy of gears of various, including
new, kinds are planned.

Many ways to control the accuracy of gears, which are distinguishable by the
methods of obtaining information, include three simple and four combined methods.
The simple ones include direct, element-by-element, and factorial methods. Com-
bined methods are combinations of simple ones. Element-by-element, factorial, and
combined methods can provide information directly at the time of shaping, which
provides an opportunity to build highly efficient adaptive control systems for the
accuracy of dental processing. On the basis of the combined methods of control, it is
possible to build information-redundant systems that allow not only an increase in
the accuracy of control but also in the control themselves, to ensure a given
reliability of the measurement results.

The control of gear errors differs in terms of purpose, level of implementation,
control variables, stage and nature of implementation, degree of completeness, the
principle of generating control effects, and the law of its change over time. Total
management is multilevel. Many ways to control accuracy at each level are closed.
The possibilities and areas of rational application of methods are various. A number
of methods can theoretically provide a complete compensation for errors. Such
methods include control of the size and shape of the tool and control of the
recoverable deformations of the part. In special cases, when a single-profile machin-
ing with point contact of the tool and the workpiece is used, a method based on the
control of the movements of the final links of an MFTP system can also provide a full
compensation.

An extremely high accuracy can be achieved by methods that theoretically
provide a complete compensation of errors and is determined by the accuracy of
measuring instruments and the accuracy of small displacement mechanisms (at the
level of tenths of a micrometer).
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Chapter 11
Elliptical Gear Drives

Boris M. Klebanov

11.1 Introduction

Among the noncircular gears intended for gear drives with a cyclically changing
gear ratio, elliptical gears are the simplest in analytical interpretation and the most
producible. The aim of this chapter is to improve the method of calculating the
strength of elliptical gears, published by the author earlier [1].

11.2 Geometry: Basic Equations

In an elliptical gear, the centrode in mesh with the cutter (a hob, a rack, or a shaper) is
elliptical. This means that the ellipse is the reference curve (pitch curve) of an
elliptical gear, and the gear drive comprised of two such gears can be schematically
represented by two identical ellipses. Ellipses 1 and 2 are located as shown in
Fig. 11.1a and touch each other at point P, which is the instantaneous center of
rotation of one ellipse relative to the other. The ellipses rotate around their fixed foci
F1 and F2 while touching each other permanently, and, during rotation, the point of
their tangency P is always located on the center line F1F2. There is no slippage
between the ellipses at point P.

The ellipse is characterized by the following dimensions: major axis length 2a,
minor axis length 2b, and the distance between the foci (points F and F*) that equals
2c, where

c=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 - b2

p
:
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Factor e= c=a is called the “eccentricity of ellipse.” The smaller the minor axis as
compared with the major axis, the bigger is the focal distance 2c and the greater is the
eccentricity e of the ellipse. With c = 0, e = 0, a = b, the ellipse turns into a circle.
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Fig. 11.1 Elliptical gear drive centrodes

In polar coordinates, with the center in the focus of the ellipse, the radius vector r1
of any point M on the ellipse equals [2]:

r1 =
a 1- e2ð Þ
1- e cosφ

ð11:1Þ

Line 3 that is tangent to the ellipse at point M makes with the extension of radius
vector of this point angle μ that is given by

tan μ=
1- e cosφ
e sinφ

ð11:2Þ



From Fig. we obtain several useful parameters:11.1b,
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As stated earlier, the elliptical gears rotate around the fixed axes passing through
the foci points F1 and F2 of their reference ellipses, and, so, the center distance
aw = 2a.

The instantaneous gear ratio at each angle of rotation equals the ratio of distances
between point P and the centers of rotation F1 and F2 (see Fig. 11.1b):

u=
ω2

ω1
=

F1P
F2P

:

Since F1P = r1 can be obtained from Eq. (11.1) for each angle φ1 and F2P =
2a – F1P, the instantaneous gear ratio can be calculated for any angular position
of the gears.

In the position shown in Fig. 11.1a (φ1 = 0), the gear ratio is maximal:

umax =
ω2max

ω1
=

aþ c
a- c

=
1þ e
1- e

: ð11:3Þ

At φ1 = 180°, the gear ratio is minimal:

umin =
ω2min

ω1
=

a- c
aþ c

=
1- e
1þ e

: ð11:4Þ

The radius of curvature R of the ellipse at point M is determined as follows:

R=
r1r2ð Þ1:5
ab

: ð11:5Þ

Here, the radii r1 and r2 are the distances from point M to the foci; see Fig. 11.1a:
r1 =MF2 and r2 =MF�

2: The distance r1 is obtained from Eq. (11.1) and r2 = 2a – r1.
Line 3 that is the tangent to the ellipse at pointM is obtained as a perpendicular to

line 4, which is the bisector of the angle between r1 and r2 ∠F2MF�
2

� �
: The angle μ

between the extension of the radius vector r1 of the point M and line 3 is used for
determining the working pressure angle αwt (see Sect. 11.3).

Figure 11.1b demonstrates the graphical layout of the elliptical centrodes at any
angle of rotation. In this case, centrode 1 is rotated clockwise (CW) from its initial
position by angle φ1 about the fixed focus point F1. Then, a line is drawn between
focus F�

1 and point P, which is the intersection of ellipse 1 with the center line F1F2,
and ellipse 2 is rotated counter-CW (CCW) about its fixed focus F2 in such a way
that focus F�

2 lies on the extension of line F
�
1P:After that, we draw bisector line 4 and

tangent line 3.



328 11 Elliptical Gear Drives

• Angle φ2 at given φ1

• Angle μ at given φ1

• Instant gear ratio at given φ1:

uφ1 =
ω2

ω1
=

F1P
F2P

:

From Fig. 11.1b, we can also see that the distances from point P to the foci of both
ellipses are pairwise equal: PF1 =PF�

2 and PF
�
1 =PF2. Hence, the radii of curvature

of both ellipses at point P are equal. In the generating process, the motion of the
cutter is determined by the varying radius of curvature of the centrode, and, so, the
right and the left profiles of each tooth are slightly different. To simplify the
calculations, we will proceed from the assumption that the working profiles of two
engaged teeth are identical and that their radii of curvature at point P correspond to
the radius of curvature R of the ellipse at this point.

Note: The shape of the teeth flanks is not involute because the centrode is
noncircular. The variation of the centrode curvature leads to the formation of a
complex surface of the tooth flank that can hardly be expressed by a short mathe-
matical formula. However, there is no fundamental difference with involute gears for
which the radius of curvature of the involute profile also varies from the top to the
root of the tooth, and only the curvature radii at the pitch point are usually considered
in the design formula. We are going to apply the same approach when designing
elliptical gear drives.

Based on the generating method of tooth cutting, the following relations can be
stated (by analogy with involute gears):

• The nominal tooth thickness measured along the arc of the centrode equals the
space width of the basic rack, that is, 0.5πm.

• In an involute gear, the radius of curvature ρ of the tooth profile on the pitch
radius rp = 0.5mz is given by:

ρ= rp sin αP,

where αP is the profile angle of the basic rack. The same equation can also be
used for elliptical gears, but the radius of curvature of the elliptical centrode
R (see Eq. (11.5)) shall be substituted for the pitch radius of the round centrode rp:

ρ=R sin αP: ð11:6Þ

The magnitude of radius R depends on the location of the tooth defined in the
polar coordinates by angle φ. This angle cannot be exactly calculated until the gear
data, such as the centrode dimensions a and b, module m, and number of teeth z, are



�

known. Tentatively, for design calculations, the angle φ can be taken equal to, for
example, the angle of the rotation of the gear, in which the maximum force is applied
to the teeth.
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The approach to calculating the profiles of the teeth of noncircular gears can be
found in the study by Radzevich [3].

Obviously, the length L of the perimeter of the centrode must satisfy the follow-
ing equation:

L= π m z, ð11:7Þ

where m = module and z = number of teeth.
The length L of an ellipse is given by a quickly convergent series:

L= π aþ bð Þ 1þ λ2

4
þ λ4

64
þ λ6

256
þ 25λ8

16,384
þ 49λ10

65,536
þ 441λ12

1,048,576
þ . . .

�
, ð11:8Þ

where λ = (a - b)/(a + b).
Usually, the first three terms of the series (after 1) provide the deviation from the

true value, which can be neglected.

11.3 Kinematics and Dynamics of Elliptical Gear Drives

The equations of motion are slightly different for the half-turn starting from position
umax shown in Figure 11.2a (let us call it “first half-turn”) and the half-turn starting
from position umin shown in Figure 11.2b (“second half-turn”). In the calculations,
the initial position of the gears in each half-turn is characterized by φ1 = 0.

The relationship between φ2 and φ1, called the transmission function of an elliptic
gear drive, has an analytical expression [4]:

tan
φ2

2
=C tan

φ1

2

� �
,

or, that is the same as

φ2 = 2 arc tan C tan
φ1

2

� �h i
, ð11:9Þ

where factor C= 1þe
1- e for the first half-turn and C= 1- e

1þe for the second half-turn.
The angular speed of the driven gear ω2, provided that the angular speed of the

driving gear ω1 is constant and hence φ1 = ω1�t, equals:



C ω
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a

b

1= 0

1
= 0

Fig. 11.2 The initial positions of the 1st (a) and the 2nd (b) half-turns

ω2 = _φ2 =
1

1þ C2 - 1
� �

sin 2 φ1=2ð Þ : ð11:10Þ

The rotational acceleration of the driven gear equals:

ε2 = €φ2 = -
C C2 - 1
� �

2
sinφ1

1þ C2 - 1
� �

sin 2 φ1=2ð Þ	 2 ω2
1: ð11:11Þ

In Eqs. (11.10) and (11.11), factor C shall be substituted like in Eq. (11.9):
separately for the first half-turn and the second half-turn.

Diagrams of φ2; φ2 -φ1; ω2=ω1; and ε2=ω2
1 as functions of angle φ1 are

presented in Figs. 11.3, 11.4, 11.5, and 11.6, respectively.
Note: In these and subsequent diagrams, two half-turns are combined into one full

turn where the interval from 0° to 180° represents the first half-turn and that from
180° to 360° the second half-turn.
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11.4 Pressure Angles in Elliptical Gear Drives

Pressure angle is the angle between the direction of motion of a driven body and the
direction of the force applied to it by a driving body. In the best-case scenario, when
these directions coincide (i.e., the pressure angle equals 0), the efficiency of mech-
anism is maximal. As the pressure angle grows, the forces in the mechanism and the
energy losses grow, and, finally, if the pressure angle nears (90 ° - αf), where αf is
the angle of friction, the translation of motion between the bodies becomes impos-
sible due to friction forces.



Since point P is located on the center line at any angular position of the elliptical
gears, the direction of motion at this point is always perpendicular to the center line.
The direction of the tooth force that is perpendicular to the tooth profile is determined
by two components. The first, obviously, is the angle of the tooth profile, and, at
point P, it equals αP. The second component, which determines the angular position
of the tooth with respect to the center line, is the angle of inclination of the common
tangent to the center line (angle μ; see Fig. 11.1). Examples of the combinations of
angles αP and μ adding up to the pressure angle αwt are given in Fig. 11.7 (for the first
half-turn) and in Fig. 11.8 (for the second half-turn). Here, the direction of motion is
denoted by “v,” the common tangent by “t,” and the normal to the working profile of
the driving tooth by “n.”

Angle μ can be calculated as follows [2]:
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• For the first half-turn:

μ1 = arctan
1- e cosφ1

e sinφ1
ð11:12Þ

where φ1 is the angle of rotation from position umax shown in Figure 11.2a;
• For the second half-turn:

μ2 = arctan
1þ e cosφ1

e sinφ1
ð11:13Þ

where φ1 is the angle of rotation from position umin shown in Figure 11.2b.

From Figs. 11.7 and 11.8, one can see that the pressure angle equals

• For the first half-turn:

αwt1 = 90 ° - μ- αPð Þ: ð11:14Þ

• For the second half-turn:
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αwt2 90 ° μþ αPð Þ: ð11:15Þ

Here, αP = angle of the basic rack profile.

Diagrams of angles μ and αwt (at αP = 20°) are presented in Figs. 11.9 and 11.10,
respectively. It is recommended [2] not to exceed αwt = |50°|.

Note: Is there any difference in essence between the positive and negative values
of the pressure angle αwt? There is no difference in this case. The “plus” or “minus”
is obtained when the angle is calculated using Eqs. 11.14 and 11.15. In
two-dimensional problem, if αwt = 0, then the vectors of motion and of applied
force are collinear. If αwt ≠ 0, then the force vector deviates from collinearity by
angle αwt in the CW (we are free to sign it as “positive”) or CCW direction (then it
will be “negative”). However, only the modulus |αwt| matters in our case.

Example 11.1 The eccentricity of the ellipse e = 0.5 and αP = 20°. What is the
pressure angle at φ1 = 160° in the second half-turn?
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From Eq. (11.13):

μ2 = arctan
1þ 0:5 cos 160 °
0:5 sin 160 °

= arctan 3:1= 72:12 ° :

From Eq. (11.15):

αwt2 = 90 ° - 72:12 ° þ 20 °ð Þ= - 2:12 ° :

As stated above, the sign “minus” does not matter.
From Figs. 11.9 and 11.10, we can see that, in order to not exceed the pressure

angle of 50°, the ellipse eccentricity should not exceed e = 0.5.

11.5 Tooth Load in Elliptical Gear Drives

Figure 11.11 presents an elliptical gear pair in the first half-turn (a) and in the second
half-turn (b). Here, 1 and 2 are the driving and the driven gears, respectively, 3 is the
common tangent to the centrodes at point P, 4 is the normal to the center line F1F2,
and 5 is the normal to the working profiles of the driving teeth at point P.

Force Fn applied to the engaged teeth originates from the resistance torque on the
driven shaft and is found as follows:
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Fig. 11.11 Pressure angle αwt and the arm of the tooth force h2
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Fn =
T2

h2
N: ð11:16Þ

Here, T2 = torque on the driven shaft, N mm:

T2 = TS þ TJ:

TS is the part of T2 caused by the useful service torque on the output member of
the driven mechanism. Torque TJ is caused by inertia forces of the driven parts,
including the driven elliptical gear, which may increase or reduce the torque applied
to the meshing teeth.

Torque TJ is given by

T J = Jeq:
ε2
ω2
1

ω2
1 N �mm: ð11:17Þ

• ε2=ω2
1 values can be calculated using Eq. (11.11) or taken from Fig. 11.6 and

• Jeq. is the equivalent mass moment of inertia determined as follows:

Jeq: =
Xk
i= 1

Ji
ωi

ω1

� �2

N �mm � s2, ð11:18Þ

ω1 = angular speed of the driving gear.Example 11.2 Here are the formulas to
determine the mass moments of inertia J for two typical rotating elements:

ωi = average angular speed of member i.

where Ji = mass moment of inertia of the rotating member i of the driven
mechanism.

• For a solid cylinder with diameter d and face width b:

Jcyl: =
γ
g
πd4

32
b N �mm � s2,

where γ = specific weight of the material (for steel, γ = 7.7�10-5 N/mm3).

g = acceleration of gravity (g = 9.81�103 mm/s2).
d and b are in mm.

• For a solid elliptical body, the mass moment of inertia about the axis passing
through the focus point equals:
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where a = semi-major axis of the ellipse (mm);

Jell: =
γ
g
πa4

4
bg 2þ 3 e2

� � ffiffiffiffiffiffiffiffiffiffiffiffi
1- e2

p
N �mm � s2, ð11:19Þ

e = eccentricity of the ellipse.
bg = face width of the gear (mm).
γ and g are the same as above.

The mass moments of inertia of more complicated shapes can be calculated using
well-known methods.

Member h2 in Eq. (11.16) is the arm of force Fn about the center of rotation of the
driven gear (focus point F2). From Fig. 11.11, one can see that for both the first and
the second half-turns,

h2 = r2 cos αwt:

Since r2 = 2a - r1 and the r1 value is determined for the first half-turn from
Eq. (11.1),

r2 = 2a-
a 1- e2ð Þ

1- e cosφ1
:

Hence, for the first half-turn,

h2
a

=
1þ e2 - 2e cosφ1

1- e cosφ1
cos αwt:

For the second half-turn,

r1 =
a 1- e2ð Þ

1þ e cosφ1
,

and, hence,

h2
a

=
1þ e2 þ 2 e cosφ1

1þ e cosφ1
cos αwt:

The functions h2/a = f(φ1) are diagrammed for the full turn in Fig. 11.12.
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11.6 Calculation of the Tooth Strength of Elliptical Gears
Using the Colloquial Calculations of Involute Spur
Gears

In practice, the strength of moderately loaded gear drives is estimated using simpli-
fied formulas. For the assessment of resistance to pitting, factor K is often used for
involute gears:

K=
2 T1 uþ 1ð Þ

bg d
2
1u

N
mm2 : ð11:20Þ

Here, T1 = torque applied to the pinion (N mm).
d1 = reference diameter of the pinion (mm).
bg = gear face width (mm).
u = gear ratio.
The value of factor K obtained by this formula should not exceed a certain

admissible limit that depends on the strength of the gear material. For spur gears
of tempered steel, Kadm ≈ 0.008HB - 0.87 N/mm2; for spur gears with teeth
induction hardened to HRC ≥ 50, Kadm ≈ 3.5 N/mm2 [1].

To understand how to adopt factor K to strengthen the calculation of elliptical
gears, let us analyze from where Eq. (11.20) comes.

Pitting is the fatigue failure of the working surfaces of the teeth flanks caused by
cyclic loading with a high contact stress σH. For a linear contact, the contact stress is
determined by the Hertz formula:



ffiffiffiffiffiffiffiffiffiffiffiffiffis

�

ρ = 0:5d sin α = 0:5ud sin α :
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σH = 0:418
Fn E
ρeq: bg

N
mm2 : ð11:21Þ

Here, Fn = 2 T1/(d1�cosαP) = normal force transmitted by the engaged pair of
teeth (N);

T1 = torque applied to the pinion shaft (N mm).
d1 = reference diameter of the pinion (mm).
E = modulus of elasticity (N/mm2).
bg = length of the contact line, for straight teeth equals the gear face width (mm).
ρeq= equivalent radius of curvature of the contacting surfaces (mm) that equals in

external engagement:

ρeq: =
ρ1ρ2

ρ1 þ ρ2
:

The curvature radius of the involute obtained in generating roll depends on the
curvature radius of the centrode. In involute spur gear pairs with the sum of profile
shifts x1 + x2 = 0, the centrodes are the reference circles d1 and d2, and the curvature
radii of the involute profiles ρ1 and ρ2 in point P equal:

ρ1 = 0:5 d1 sin αP:

2 2 P 1 P

hence,

ρeq: =
d1 u
1þ u

0:5 sin αP:

Substituting expressions for Fn and ρeq. in Eq. (11.21), we obtain after
rearrangement:

2 T1 uþ 1ð Þ
d21 bg u

= σ2H
sin 2αPð Þ
0:7 E

= σ2H � C=K:

Here, C is constant for most gears because αP = 20° and the modulus of elasticity
E is approximately the same for steel used in gear production. Thus, the value of
factor K reflects the admissible contact stress and mainly depends on the strength of
the material of the teeth (see above).

It was noted above that the shape of the teeth flanks of the elliptical gears is not
involute because the centrode is noncircular. The variation of curvature of the
centrode leads to the formation of a complex surface of the tooth flank. It is
necessary to take into consideration that the calculation of gears (involute and
non-involute) for resistance to pitting in principle cannot be mathematically accurate



#

due to the complexity of both the tooth geometry and the processes occurring in the
contact zone of the teeth. Let us start from the contact stress that is determined by the
Hertz formula, with the radius of curvature of the involute in the pitch point. First,
the radius of curvature of the involute varies throughout its length. Second, rough-
ness and tooth profile errors lead to significant deviations of the tooth surface
curvature from the calculated value. Third, the combination of rolling and sliding
in the contact of the teeth with high contact stresses causes wear and plastic
deformation of the surface layers of the metal. This not only changes the geometry
of the teeth flanks but also changes the microstructure of the thin surface layers. For
these reasons, it makes no sense to enter all the complexities of the geometry of the
tooth profile of the elliptical gears because the admissible value of factor K in any
case should be determined experimentally, just like it is done for involute gear
drives.

Note: Other factors, such as speed, required service life, operating regime (for
example, heavy duty of light duty), etc. influence the Kadm value remarkably. Here,
we use the recommendations for moderate working conditions.

Let us go back to the question of the adaptation of Eq. (11.20) to the strength
calculation of elliptical gears:
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• For elliptical gears, in Eq. (11.20), the expression 2T1/d1 that determines the
peripheral (tangential) force in the contact of teeth shall be replaced by Fn�cosαP
to get the physical equivalent.

• Member d1 that determines the radius of curvature of the tooth profile shall be
replaced by the doubled radius of curvature R of the gear centrode; see Eq. (11.5).

• u = 1 because in each angular position, the radii of curvature of the elliptical
centrodes at point P are equal.

As a result, Eq. (11.20) and the pitting strength condition take the following form
for elliptical gear drives:

K =
Fn cos αP
R bg

≤Kadm
N

mm2 : ð11:22Þ

The radius of curvature of the centrode R at point P obtained from Eq. (11.5) can
be transformed as follows:

R
a
=

1ffiffiffiffiffiffiffiffiffiffiffiffi
1- e2

p 1- e4 - 2e 1- e2ð Þ cosφ1

1- e cosφ1ð Þ2
" 1:5

:

Function R/a = f(φ1) is diagrammed in Fig. 11.13.
The difference between Eqs. (11.20) and (11.22) is that in Eq. (11.20), torque T1

is given independently of the gears dimensions, whereas in Eq. (11.22), force Fn

(i.e., torque T2; see Eq. (11.16)) depends on the dimensions of the driven gear whose
mass moment of inertia influences torque T2. This fact makes the process of
dimensioning of elliptical gears iterative. For the first approximation, the position



� �

342 11 Elliptical Gear Drives

3600 3202802402001601208040
0

1

0.8

1.2

1.0

R
/a

0.9

0.7

1.1

e=0.5

0.4
0.3
0.2
0.1

Fig. 11.13 Diagrams of (R/a) = f(φ1)

shown in Fig. 11.2a can be chosen. In this angular position, there are no inertia forces
and the arm h2 of force Fn is close to minimum (see Fig. 11.12). The next iteration
should be calculated for the position of maximum acceleration.

11.7 Example of the Design of an Elliptical Gear Drive

It is required to design an elliptical gear drive, which has the maximal angular speed
of the driven shaft seven times higher than its minimal angular speed. The service
torque applied to the driven shaft is TS = 100 N�m and the rotational speed
n1 = 600 rpm (ω1 = 62.83 s-1). The straight teeth with core hardness
280–320 HB are induction hardened to 50–52 HRC, so Kadm = 3.5 N/mm2. The
mass moment of inertia of the parts connected to the driven gear, such as the shaft,
coupling, cam, and others is: JM = 5 N mm s2.

From Eqs. (11.3) and (11.4):

ω2max

ω2min
=

umax

umin
=

1þ e
1- e

� �2

:

From Fig. 11.14, we find for ω2max/ω2min = 7, e≈ 0.45. From Fig. 11.12, we find
for e = 0.45 and φ1 = 360°, h2/a ≈ 0.52.

Since ε = 0 in this angular position, the inertia torque is also zero and the tooth
force equals:

Fn =
TS

h2
=

105

0:52 a
N:

From Fig. 11.13, we find for e = 0.45, R/a ≈ 0.8. At this stage, we are to choose
the face width of the gear as part of its biggest diameter, which equals 2a. Let us set
bg = 0.5a. In this case, from Eq. (11.22):
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Fig. 11.14 The kinematic
effect of elliptical gear
drives depending on the
ellipse eccentricity e
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3:5=
105

0:52a
� cos 20 °
0:5a � 0:8a =

4:518 � 105
a3

:

Here, we obtain a= 50.5 mm and bg = 0.5a= 25.25 mm. This is the result of the
first approximation that provided us with the dimensions of the driven gear required
for the calculation of inertia forces.

Now, we calculate “the first iteration” for the position with the highest inertial
load. The mass moment of inertia of the driven gear can be calculated using
Eq. (11.19):

Jell: =
7:7 � 10- 5

9:81 � 103 � π � 50:54
4

25:25 2þ 3 � 0:452� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1- 0:452

p
= 2:357 N �mm

� s2:

From Fig. 11.6, we can see that the maximal positive acceleration at e = 0.45
takes place between φ1 = 330° and φ1 = 340°. Suppose φ1 = 335°. The maximum
acceleration rate can be taken from Fig. 11.15 based on Fig. 11.6:

ε2max ≈ 2 ω2
1 = 2 � 62:832 = 7:9 � 103 s- 2:

Hence, the torque created by the acceleration of the driven gear equals:

TJ = JM þ Jell:ð Þε2max = 5þ 2:357ð Þ � 7:9 � 103 = 5:8 � 104 N �mm:

Hence, the total torque in the position of maximum acceleration, i.e., at
φ1 = 335°, equals:
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Fig. 11.15 Diagrams of
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Fig. 11.16 An elliptical gear pair

T2 = TS þ T J = 105 þ 5:8 � 104 = 1:58 � 105 N �mm:

From Figs. 11.12 and 11.13: at φ1 = 335°, h2/a ≈ 0.65, and R/a ≈ 0.92. From
Eq. (11.16):

Fn =
1:58 � 105
0:65a

:

From Eq. (11.22):

3:5=
1:58 � 105
0:65a

� cos 20 °
0:5a � 0:92a =

4:966 � 105
a3

:

Here, we obtain a = 52.2 mm and bg = 26.1 mm.
“For the second iteration,” we calculate the moment of inertia of the gear very

quickly because, while maintaining geometric similarity, it is proportional to the fifth
grade of the scale:



� �

2 R 2 � 42

Jell: =
52:2
50:5

5

� 2:357= 2:78 N �mm � s2:

T J = 5þ 2:78ð Þ � 7:9 � 103 = 6:15 � 104 N �mm:

T2 = 105 þ 6:15 � 104 = 1:615 � 105 N �mm:

Because the relations h2/a, R/a, and bg/a are the same as in the first iteration,

3:5=
1:615 � 105

0:65a
� cos 20 °
0:5a � 0:92a =

5:076 � 105
a3

:

Here, a = 52.5. We can see that the iterative process converges very quickly
because the dimension obtained in the second iteration is only 0.5% bigger than that
in the first iteration. The designer, however, has other ways to satisfy the strength
requirement: for example, it is possible to reduce the Jell. value by removing the
excessive metal from the driven gear body, to increase the b/a value, etc. So, for
now, let us stop the iterations and set a= 52.5 mm. Other parameters of the elliptical
centrode: c = ea = 0.45�52.5 = 23.625 mm;

b=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 - c2

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52:52 - 23:6252

p
= 46:884 mm:

Now, we continue designing the gear.
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(a) Choice of the tooth module.

The maximal module is calculated from the condition of no undercutting of teeth.
It is known that in gears produced with a standard cutting tool (profile angle
αP = 20°, addendum height haP = 1 m) without profile shifting, the minimal number
of teeth without undercutting zmin = 17. In our case, the minimal radius of curvature
of the centrode (see Fig. 11.13) Rmin ≈ 0.8a = 0.8�52.5 = 42 mm. The module for
zmin = 17 is found from the following relation:

2 π Rmin = π m zmin ;

m= min

zmin
=

17
= 4:94→ 5 mm:

(an extremely small undercut is admissible.)
The minimal tooth module is determined based on the reasoning of the fracture

resistance of the teeth. For preliminary estimation of the minimal tooth module of a
spur gear, the following formula can be used [1]:



10 T

�



346 11 Elliptical Gear Drives

m≥ 1

d1bgσb
mm, ð11:23Þ

where T1 = maximal torque on the pinion shaft (N�mm).
d1 = reference diameter of the pinion (mm).
bg = gear face width (mm).
σb = allowable bending stress (N/mm2).
As applied to our case,

T1

d1
= 0:5 Fn cos αP:

Force Fn shall be calculated for the second iteration (at φ1 = 335°):

Fn =
T2

h2
=

1:615 � 105
0:65 � 52:5 = 4733 N:

The minimum limiting bending stress σb for the induction hardened teeth with a
core hardness of HB280 equals 230 N/mm2. Substituting these data in Eq. (11.23),
we obtain the minimum module:

m≥ 10 � 0:5 � 4733 � cos 20 °
26:25 � 230 = 3:68→ 4 mm:

Thus, the module shall be between 4 and 5 mm.

(b) Calculation of the tooth number.

From Eq. (11.7):

z=
L
π m

=whole number: ð11:24Þ

The length L of the centrode is determined from Eq. (11.8), where
a + b = 52.5 + 46.884 = 99.384 mm and

λ=
a- b
aþ b

=
52:5- 46:884
52:5þ 46:884

= 0:056508;

L= π � 99:384 1þ 0:0565082

4
þ 0:0565084

64
þ 0:0565086

256
þ⋯

�
= 312:224 1þ 7:983 � 10- 4 þ 1:59 � 10- 7 þ 1:27 � 10- 10

	
= 312:224þ 0:2492þ 0:0496 � 10- 3 þ⋯
= 312:473mm:



= 5 2 839 7 9 10 = 6 27 10 N mm

= =

1 627 10

One can see that in this case, already the second term of the series (after 1) is
negligible.

Returning to Eq. (11.24), we find the number of teeth at m = 4 mm:

z=
312:473
π � 4 = 24:865811→ 25:

Note: The number of teeth should be odd for ease of manufacture and assembly
(see Fig. 11.16). If, according to Eq. (11.24), z turns out to be even, then it shall be
increased or reduced by 1.

To fulfill Eq. (11.7), the centrode perimeter Lmust be brought in accordance with
the real number of teeth. Since the length L is directly proportional to a (at the same
ellipse eccentricity e), the final values of the semi-axes of the elliptical centrode are
found as follows:

a= 52:5
25

24:865811
= 52:7833 mm:

c= 52:7833 � 0:45= 23:7525 mm:

b=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52:78332 - 23:75252

p
= 47:1370 mm:

The center distance aw = 2a = 105.561 mm.
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(c) Design testing.

Let us control the strength of the teeth in the position of maximal acceleration.
The mass moment of inertia of the driven gear is increased, and its mass moment of
inertia finally equals:

Jell: =
52:78
50:5

� �5

� 2:357= 2:939 N �mm � s2:

3 4TJ þ :ð Þ � : � : � � :

5 4 5T2 10 þ 6:27 � 10 1:627 � 10 N �mm:

5

Fn =
T2

h2
=

: �
0:65 � 52:78 = 4742 N:

From Eq. (11.22):

K =
4742 cos 20 °

0:92 � 52:78 � 26:4 = 3:48<Kadm
N

mm2 :

The bending strength of the teeth is checked using Eq. (11.23):



10 0 5 4742 cos 20 °
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m≥ � : � �
26:25 � 230 = 3:67 mm:

This requirement is fulfilled as well.

11.8 Conclusion

The method of the design and calculation of elliptical gears proposed here is based
on the method commonly used in the practice of designing circular involute gears in
which the load level of the gear teeth is determined by the value of factor K. The
proposed method, with the help of diagrams, is quite simple. When the gear
parameters are defined and the location of each tooth is known, a more accurate
calculation of teeth for bending strength and resistance to pitting can be made.

However, the process of pitting of the tooth surfaces is highly complicated, and
the simplified calculations are not reliable enough without experimental checks. The
admissible values of factor K (Kadm) for involute gears are based on the results of
testing gear drives in laboratories and in operation. The same, obviously, should be
done for elliptical gear drives. The Kadm values recommended for involute gear
drives can be used for elliptical gear drives as a first approximation.
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Appendix A: Elements of Vector Calculus

A “vector,” the key to all the theories of part surface generation, is a triple real
number (in most computer languages, these are usually called “floating point
numbers”) and is noted in a bold typeface, that is, A or a.

Care must be taken to differentiate between two types of vectors:

• Position vector: A position vector runs from the origin of coordinate (0, 0, 0) to a
point (X, Y,Z ), and its length gives the distance of the point from the origin. Its
components are given by (X, Y,Z ). The essential concept to understand about a
position vector is that it is anchored to specific coordinates (points in space). A set
of points that are used to describe the shape of all part surfaces can be considered
as position vectors.

• Direction vector: A direction vector differs from a position vector, in that it is
“not” anchored to specific coordinates. Frequently, direction vectors are used in a
form in which they have unit length; in this case, they are said to be “normalized.”
The most common application of a direction vector in the theory of part surface
generation is to specify the orientation of a surface or ray direction. For this, we
use a direction vector at right angles (“normal”) and pointing away from the part
surface. Such “normal” vectors are also the key in many calculations in the theory
of part surface generation.

Vector calculus is a powerful tool for solving many geometrical and kinematical
problems that pertain to the design and generation of part surfaces. In this book,
“vectors are understood as quantities that have magnitude and direction and obey the
law of addition.”

© The Editor(s) (if applicable) and The Author(s), under exclusive license to
Springer Nature Switzerland AG 2023
S. P. Radzevich, Novikov/Conformal Gearing,
https://doi.org/10.1007/978-3-031-10019-2
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A.1 Fundamental Properties of Vectors

The distance-and-direction interpretation suggests a powerful way to visualize a
vector, that is, as a directed line segment or an arrow. The length of the arrow
(at some predetermined scale) represents the magnitude of the vector, and the
orientation of the segment and placement of the arrowhead (at one end of the
segment or the other) represents its direction.

Vectors possess certain properties, the set of which is commonly interpreted as
the set of the fundamental properties of vectors.

A.1.1 Addition

Given two vectors a and b, their sum (a+ b) is graphically defined by joining the tail
of b to the head of a. Then, the line from the tail of a to the head of b is the sum
c = (a + b).

A.1.2 Equality

Two vectors are equal when they have the same magnitude and direction. The
position of the vectors is unimportant for equality.

A.1.3 Negation

The vector -a has the same magnitude as a but an opposite direction.

A.1.4 Subtraction

From the properties of “addition” and “negation,” the following a - b = a + (-b)
can be defined.

A.1.5 Scalar Multiplication

The vector k a has the same direction as a, with a magnitude k times that of a. k is
called a scalar as it changes the scale of the vector a.



a+ b+ cð Þ= a+ bð Þ+ c ðA:2Þ
k tað Þ= k ta ðA 3Þ

k+ tð Þa= ka+ ta ðA:4Þ
k a+ bð Þ= ka+ kb ðA:5Þ

cos β= a ðA 9Þ
cos γ= a ðA 10Þ

Appendices 351

A.2 Mathematical Operations over Vectors

The following rules and mathematical operations can be determined from the above-
listed fundamental properties of vectors.

A.2.1 Components of Vectors

Let us assume that a set of three vectors a, b, c and two scalars k and t are given.
Then, vector addition and scalar multiplication have the following properties:

a+ b= b+ a ðA:1Þ

:

The magnitude a of a vector a is:

a= j a j =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x + a2y + a2z

q
ðA:6Þ

where ax, ay, and az are the scalar components of a.
A unit vector a in the direction of a vector a is:

a=
a

j a j =
a
a

ðA:7Þ

The components ax, ay, and az of a unit vector a are also the direction cosines of
the vector a:

cos α= ax ðA:8Þ
y :

z :

It is common practice to denote the components ax , ay , and az by l, m, and n,
respectively.



a � b= b � a ðA 15Þ
a � b+ cð Þ= b � a+ b � c ðA 16Þ
kað Þ � b= a � kbð Þ= k a � bð Þ ðA:17Þ
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A.2.2 Scalar Product (or Dot Product) of Two Vectors

The formula:

a � b= axbx + ayby + azbz = ja
���bj cos∠ a, bð Þ ðA:11Þ

is commonly used for calculation of the scalar product of two vectors a and b.
Equation (A.11) can also be represented in the form:

a � b= a½ �T � b½ �= ax ay az
� � � bx

by
bz

2
64

3
75 ðA:12Þ

The angle ∠(a,b) between the two vectors a and b is calculated as:

∠ a, bð Þ= cos - 1 a � b
ja
���b j

0
B@

1
CA ðA:13Þ

The scalar product of the two vectors a and b features the following properties:

a � a= aj j2 ðA:14Þ
:

:

If a is perpendicular to b, then:

a � b= 0 ðA:18Þ

A.2.3 Vector Product (or Cross Product) of Two Vectors

The vector product of two vectors can be calculated from the formula:

a× b= aybz - azby
� �

i+ azbx - axbzð Þ j+ axby - aybx
� �

k ðA:19Þ

Here, in Eq. (A.19), i, j, and k are the unit vectors in the X, Y, and Z directions,
respectively, of the reference system XYZ, in which the vectors a and b are specified.



�

a× b= - b × a ðA 24Þ
a× b+ cð Þ= a × b+ a × c ðA 25Þ
k að Þ× b= a× kbð Þ= k a× bð Þ ðA:26Þ
i× j= k, j× k= i, k× i= j ðA 27Þ
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The vector product possesses the following property: in case a × b = c, then the
vector c is perpendicular to a plane through the vectors a and b.

The vector product of two vectors a and b features the following properties:

a× b=

i j k

ax ay az

bx by bz

�������
������� ðA:20Þ

�
a× b= ja�bjn sin∠ a, bð Þ ðA:21Þ

where the unit normal vector to the plane through the vectors a and b is denoted
by n:

ja× bj= ja
���bj sin∠ a, bð Þ ðA:22Þ

Coordinates of the vector product a × b can also be expressed in the form:

ja× bj=
0 - az ay
az 0 - ax
- ay ax 0

2
64

3
75 �

bx
by
bz

2
64

3
75=

- azby + aybz
- axbz + azbx
- aybx + axby

2
64

3
75 ðA:23Þ

:

:

:

If a is parallel to b, then:

a × b= 0 ðA:28Þ

A.2.4 Triple Scalar Product of Three Vectors

The product (a × b) � c is commonly referred to as the “triple scalar product” of the
three vectors a, b, and c.

The triple scalar product of the three vectors a, b, and c features the following
properties:



a b c= b c a= c a b

b × cð Þ � a= a � b× cð Þ ðA 30Þ
a × bð Þ � c= a � b× cð Þ ðA:31Þ

a a a� �
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×ð Þ � ×ð Þ � ×ð Þ � ðA:29Þ
:

� �
a � b× cð Þ=

x y z

bx by bz
cx cy cz

�����
����� ðA:32Þ

A.2.5 Triple Vector Product of Three Vectors

The product (a × b) × c is commonly referred to as the “triple vector product” of the
three vectors a, b, and c.

The product (a × b) × c can be evaluated by two vector products. However, it can
also be evaluated in a more simply manner by use of the identity:

a× bð Þ × c= a � cð Þb- b � cð Þa ðA:33Þ

It should be mentioned here that, in general, the triple vector products (a × b) × c
and a × (b × c) are not equal:

a × bð Þ× c≠ a × b× cð Þ ðA:34Þ

Analytical interpretations of many problems and results in the field of geometry
of surfaces are much simpler when vector calculus is used.

A.2.6 Lagrange Equation for Vectors

For the purposes of calculation of the mixed product of vectors a and b, an equation:

a × bð Þ � a× bð Þ= a � að Þ b � bð Þ- a � bð Þ2 ðA:35Þ

can be used.
Equation (A.35) is due to Lagrange.1

1Joseph-Louis Lagrange (January 25, 1736–April 10, 1813), a famous French mathematician,
astronomer, and mechanician.



a

1 0 0 a

� �

Appendices 355

A.3 Similarity and Difference Between Vectors and Matrices

A vector a is commonly represented in the form:

a= ia+ jb+ kc ðA:36Þ

The same vector a allows for a matrix representation in one of the following
forms:

a=

a

b

c

2
64

3
75 ðA:37Þ

2 3
a=

b

c

1

6664
7775 ðA:38Þ

2 3
a=

0 1 0 b

0 0 1 c

0 0 0 1

6664
7775 ðA:39Þ

Operations over vectors in a matrix representation (see the form Eq. (A.39)) is
preferred as multiple coordinate system transformations are often required.

Vectors obey the commutative law, that is, the equalities a × b = b × a and
a b = b a are valid for vectors. This is not always applicable to matrices.

Two kinds of products are valid for vectors, that is, the dot product (a � b) and the
cross product (a × b) of vectors, which are not valid with respect to matrices.

Appendix B: Elements of the Differential Geometry
of Surfaces

The discussion in this book is primarily focused on the elements of the theory of gear
cutting tool design.

A gear and pinion tooth flank and their motion in space in relation to one another
are analytically described in a reference system. An orthogonal Cartesian2 reference

2René Descartes (March 31, 1596–February 11, 1650) (Latinized form: Renatus Cartesius;), a
French mathematician, philosopher, and writer.



system is a major kind of reference system that is commonly used for this purpose.
The mutually perpendicular coordinate axes of a Cartesian coordinate system are
conventionally labeled as X, Y, and Z.
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In a Cartesian reference system, the axes can be oriented in either a left- or right-
handed sense. A right-handed Cartesian reference system is preferred, and all
algorithms and formulae used in this book assume a right-handed convention.

A coordinate system provides a numerical frame of reference for the three-
dimensional space in which the theory is developed. Two coordinate systems are
particularly useful to us: the ubiquitous Cartesian (XYZ) rectilinear system and the
spherical polar (r, θ, φ) or angular system. Cartesian coordinate systems are the most
commonly used, but angular coordinates are often helpful as well.

B.1 Specification of a Gear Tooth Flank

A gear tooth flank could be uniquely determined by two independent variables.
Therefore, we give a gear tooth flank, G (see Fig. B.1), in most cases, by expressing

Fig. B.1 Principal
parameters of the local
topology of a gear tooth
flank, G

gr

gX

gv

gV+

gU+

curvegV –

G

gn
Tangent plane

gu
gZ

gY

curvegU –

m



U ≤U ≤U ; V ≤V ≤V

its rectangular coordinates Xg, Yg, and Zg as functions of two Gaussian3 coordinates
Ug and Vg in a certain closed interval:4
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G ) rg = rg Ug, Vg

� �
=

Xg Ug, Vg

� �
Yg Ug, Vg

� �
Zg Ug, Vg

� �
1

2
6664

3
7775 ðB:1Þ

1:g g 2:g 1:g g 2:g

where

rg is the position vector of a point of the gear tooth flank G.
Ug and Vg are the curvilinear coordinates (Gaussian coordinates) of the gear tooth

flank G.
Xg, Yg, Zg are the Cartesian coordinates of the point of the gear tooth flank G.
U1. g and U2. g are the boundary values of the closed interval of the Ug- parameter
V1. g and V2. g are the boundary values of the closed interval of the Vg- parameter.

The parameters Ug and Vg must enter in Eq. (B.1) independently, which means
that the matrix:

M=

∂Xg

∂Ug

∂Yg

∂Ug

∂Zg

∂Ug

∂Xg

∂Vg

∂Yg

∂Vg

∂Zg

∂Vg

2
6664

3
7775 ðB:2Þ

has a rank of 2.
Positions at which the rank is 1 or 0 are singular points; when the rank at all points

is 1, then Eq. (B.1) represents a curve.
Other methods of surface specification are also known. Specification of a gear

tooth flank by

• An equation in explicit form
• An equation in implicit form
• A set of parametric equations

are among the most frequently used methods of surface specification in practice.
It is assumed here and below that for any given kind of a gear tooth flank, G, its

specification can be converted either into a vector form or into a matrix form as it
follows from Eq. (B.1).

3Johan Carl Friedrich Gauss (April 30, 1777–February 23, 1855), a famous German mathematician
and physical scientist.
4All the equations that are valid for the gear tooth flank G are also valid for the pinion tooth flank P.



∂r

V
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B.2 Tangent Vectors and Tangent Plane; Unit Normal Vector

The following notation is proven to be convenient in the consideration below.
The first derivatives of rg with respect to Gaussian coordinates Ug and Vg are

designated as:

∂rg
∂Ug

=Ug ðB:3Þ

P

∂VP
=VP ðB:4Þ

and for the unit tangent vectors:

ug =
Ug

jUgj ðB:5Þ

vg =
g

jVgj ðB:6Þ

correspondingly.5

The direction of the tangent line to the Ug- coordinate line through a given point
m on the gear tooth flank G is specified by the unit tangent vector ug (as well as by
the tangent vector Ug). Similarly, the direction of the tangent line to the Vg-
coordinate line through the same point m on the gear tooth flank G is specified by
the unit tangent vector vg (as well as by the tangent vector Vg).

The significance of the unit tangent vectors ug and vg becomes evident from the
following considerations.

First, the unit tangent vectors ug and vg yield an equation of the tangent plane to
the gear tooth flank G at a specified point m:

Tangent plane )
rt:p - rmg
h i

ug
vg
1

2
66664

3
77775= 0 ðB:7Þ

where

rt. p is the position vector of a point of the tangent plane to the gear tooth flank G at a
specified point m.

rmg is the position vector of the point m on the gear tooth flank G.

5It is right to underline here that the unit tangent vectors uP and vP are dimensionless values as it is
follows from Eqs. (B.5) and (B.6).



v� = v × n ðB 11Þ

g
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Second, the tangent vectors yield an equation of the perpendicular Ng and of the
unit normal vector ng to the gear tooth flank G at a given point m:

Ng =Ug ×Vg ðB:8Þ

and

ng =
Ng

jNgj =
Ug ×Vg

jUg ×Vgj = ug × vg ðB:9Þ

When the order of the multipliers in Eqs. (B.8) and (B.9) is properly chosen, then
the unit normal vector ng (as well as the normal vector Ng) is pointed outward of the
bodily side of the surface G.

B.3 Local Frame

Two unit tangent vectors ug and vg along with the unit normal vector ng comprise a
local frame ug, vg, ng, having the origin at a current pointm on the gear tooth flank G.
The unit tangent vector ug is perpendicular to the unit normal vector ng (that is,
ug⊥ ng) and the unit tangent vector vg is also perpendicular to the unit normal vector
ng (that is, vg ⊥ ng). In general, the unit tangent vectors ug and vg are not
perpendicular to one another, and they form a certain angle ωg. In order to construct
an orthogonal local frame, either the unit tangent vector ug in the local frame (ug, vg,
ng) must be substituted with a unit tangent vector u�g or the unit tangent vector vg in
the same local frame (ug, vg,ng) must be substituted with a unit tangent vector v�g .
For the calculation of the newly introduced unit tangent vectors u�g and v�g , the
following equations can be used:

u�g = ug × ng ðB:10Þ

g g g :

It is convenient to choose that order of the multipliers in Eqs. (B.10) and (B.11),
which preserves the orientation (the hand) of the original local frame (ug, vg,ng),
namely, if the original local frame (ug, vg,ng) is right-hand-oriented, then the newly

constructed local frame (either the local frame u�g, vg, ng
	 


or the local frame

u�, vg, ng
	 


) should also be a right-hand-oriented local frame, and vice versa.
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It should be pointed out here that another possibility to construct an orthogonal
local frame is also available. A local frame of this kind is commonly referred to as a
“Darboux6 frame” and is briefly considered below in this section of this book.

The unit tangent vectors ug and vg to a surface G at a point m are of critical
importance when solving practical problems in the field of gearing. This statement is
proven by the numerous examples shown below.

B.4 Fundamental Forms of a Surface

Let us consider two other important issues concerning the gear tooth flank
geometry – both are related to intrinsic geometry in the differential vicinity of a
current surface point m.

The first fundamental form of a surface The first issue is the so-called “first
fundamental form” Φ1. g of a gear tooth flank, G. The metric properties of the gear
tooth flank G are described by the first fundamental form Φ1. g of the surface.
Usually, the first fundamental form Φ1. g is represented in a quadratic form as
follows:

Φ1:g ) ds2g =Eg dU
2
g + 2Fg dUg dVg +Gg dV

2
g ðB:12Þ

where

sg is the linear element on the gear tooth flank G (sg is equal to the length of a
segment of a certain curve on the gear tooth flank G).

Eg, Fg, Gg are the fundamental magnitudes of the first order at a surface point.

Equation (B.12) for the first fundamental form Φ1. g is known from many
advanced sources. In the theory of gearing, another form of the analytical represen-
tation of the first fundamental form Φ1. g is proven to be useful:

Φ1:g ) ds2g = dUg dVg 0 0½ � �

Eg Fg 0 0

Fg Gg 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 �

dUg

dVg

0

0

2
6664

3
7775 ðB:13Þ

This kind of analytical representation of the first fundamental form Φ1. P was
proposed by Prof. S.P. Radzevich (~2008).

6Jean Gaston Darboux (August 14, 1842–February 23, 1917), a French mathematician.



The practical advantage of Eq. (B.13) is that it can be easily incorporated into
computer programs when multiple coordinate system transformations are used. The
last is vital for the theory of gearing.

The fundamental magnitudes of the first order Eg, Fg, Gg can be calculated from
the set of the following equations:

Eg =Ug � Ug ðB:14Þ
Fg =Ug � Vg ðB:15Þ
Gg =Vg � Vg ðB:16Þ

Equations (B.14) through (B.16) can be represented in an expanded form as
follows:

Eg =
∂rg
∂Ug

� ∂rg
∂Ug

=
∂Xg

∂Ug
� ∂Xg

∂Ug
+

∂Yg

∂Ug
� ∂Yg

∂Ug
+

∂Zg

∂Ug
� ∂Zg

∂Ug
ðB:17Þ

Fg =
∂rg
∂Ug

� ∂rg
∂Vg

=
∂Xg

∂Ug
� ∂Xg

∂Vg
+

∂Yg

∂Ug
� ∂Yg

∂Vg
+

∂Zg

∂Ug
� ∂Zg

∂Vg
ðB:18Þ

Gg =
∂rg
∂Vg

� ∂rg
∂Vg

=
∂Xg

∂Vg
� ∂Xg

∂Vg
+

∂Yg

∂Vg
� ∂Yg

∂Vg
+

∂Zg

∂Vg
� ∂Zg

∂Vg
ðB:19Þ

The fundamental magnitudes of the first order Eg, Fg, Gg are functions of the Ug-
and Vg- coordinates of a point of the gear tooth flank G. In their general form, these
relationships can be represented in the form:

Eg =Eg Ug, Vg

� � ðB:20Þ
Fg =Fg Ug, Vg

� � ðB:21Þ
Gg =Gg Ug, Vg

� � ðB:22Þ

It is important to point out here that the fundamental magnitudes Eg and Gg are
always positive (that is, Eg > 0, Gg > 0) and that the fundamental magnitude Fg can
be equal to zero (Fg ≥ 0). This indicates that the first fundamental form Φ1. g at a
point of the gear tooth flank G is always positively defined (Φ1. g ≥ 0) and cannot be
of a negative value.

By use of the first fundamental form Φ1. g, the following major parameters of the
geometry of the gear tooth flank G can be calculated:
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(a) The length of a curve-line segment on the gear tooth flank G

(b) The square of the gear tooth flank G portion that is bounded by a closed curve on
the surface

(c) The angle between any two directions on the gear tooth flank G



V =V tð Þ ðB 24Þ

t ≤ t≤ t

H

H

g

362 Appendices

The length sg of a curve-line segment:

Ug =Ug tð Þ ðB:23Þ
g g :

on the gear tooth flank G is given by the equation:

sg =
Z t

t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eg

dUg

dt

� �2

+ 2Fg
dUg

dt
dVg

dt
+Gg

dVg

dt

� �2
s

dt ðB:25Þ

0 1

For calculation of the square Sg of the gear tooth flank G patch Σ, which is
bounded by a closed curve on the surface G, the following equation can be used:

Sg =
ZZ
Σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q
dUg dVg ðB:26Þ

Ultimately, the value of the angle ωg between two given directions through a
certain point m on the gear tooth flank G can be calculated from one of the equations
below:

cosωg =
Fgffiffiffiffiffiffiffiffiffiffiffi
EgGg

p ðB:27Þ

sinωg =
gffiffiffiffiffiffiffiffiffiffiffi

EgGg
p ðB:28Þ

tanωg =
g

Fg
ðB:29Þ

For the calculation of the discriminant Hg of the first fundamental form Φ1. g, the
following equation can be used:

Hg =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q
ðB:30Þ

It is assumed here that the discriminant Hg is always non-negative – that is,

Hg = +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

q
.

The first fundamental form Φ1. g represents the length of a curve-line segment,
and, thus, it is always non-negative – that is, the inequality Φ1. g ≥ 0 is always valid.

The first fundamental form Φ1. g remains the same when the surface is banding.
This is another important feature of the first fundamental form Φ1. g.
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Fig. B.2 Definition of the second fundamental formΦ2. g at a point of a smooth gear tooth flank, G

Second fundamental form of a surface The “second fundamental form” Φ2. g of
the gear tooth flank G is another of the two abovementioned issues. The second
fundamental form Φ2. g describes the curvature of a smooth regular surface, G.

Let us consider a point K on the smooth regular part surface G (see Fig. B.2). The
location of the point K is specified by two coordinates, Ug and Vg. A line through the
point K is entirely located within the surface G. A nearby point m is located within
the line through the point K. The location of the point m is specified by the
coordinates Ug + dUg and Vg + dVg as it is infinitesimally close to the point K.
The closest distance of approach of the pointm to the tangent plane through the point
K is expressed by the second fundamental form Φ2. g. Torsion of the curve Km is
ignored. Therefore, the distance a is assumed to be equal to zero (a = 0).

The second fundamental formΦ2. g describes the curvature of the smooth, regular
part surface G. Usually, it is represented in a quadratic form (see Fig. B.2) as follows:
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Φ2:g ) - drg � dng = Lg dUg + 2Mg dUg dVg +Ng dVg ðB:31Þ

Equation (B.31) is known from many advanced sources.
In the theory of gearing, another analytical representation of the second funda-

mental form Φ2. g is proven to be useful:

Φ2:g ) dUg dVg 0 0½ � �

Lg Mg 0 0

Mg Ng 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 �

dUg

dVg

0

0

2
6664

3
7775 ðB:32Þ

This analytical representation of the second fundamental formΦ2. Pwas proposed
by Prof. S.P. Radzevich (~2008).

Similar to Eq. (B.13), the practical advantage of Eq. (B.32) is that it can be easily
incorporated into computer programs when multiple coordinate system transforma-
tions are used. The latter is vital for the theory of gearing.

In Eq. (B.32), the parameters Lg, Mg, and Ng designate the fundamental magni-
tudes of the second order.

By definition, the fundamental magnitudes of the second order are equal:

Lg = -Ug � ∂ng
∂Ug

= ng � ∂Ug

∂Ug
ðB:33Þ

� �
Mg = -

2
Ug � g

∂Vg
+Vg � g

∂Ug
= ng � g

∂Vg
= ng � g

∂Ug
ðB:34Þ

Ng = -Vg � g

∂Vg
= ng � g

∂Vg
ðB:35Þ

For the calculation of the fundamental magnitudes of the second order of the smooth
regular gear tooth flank G, the following equations can be used:

Lg =

∂Ug

∂Ug
×Ug � Vgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EgGg -F2
g

q ðB:36Þ

∂Ug ∂Vg

Mg =
∂Vg

×Ug � Vgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q =
∂Ug

×Ug � Vgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q ðB:37Þ

∂Vg

Ng =
∂Vg

×Ug � Vgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q ðB:38Þ
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Equations (B.36) through (B.38) can be represented in an expanded form as
follows:

Lg =

∂2Xg

∂U2
g

∂2Yg

∂U2
g

∂2Zg

∂U2
g

∂Xg

∂Ug

∂Yg

∂Ug

∂Zg

∂Ug

∂Xg

∂Vg

∂Yg

∂Vg

∂Zg

∂Vg

��������������

��������������ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q ðB:39Þ

2 2 2
� �

Mg =

∂ Xg

∂Ug∂Vg

∂ Yg

∂Ug∂Vg

∂ Zg

∂Ug∂Vg

∂Xg

∂Ug

∂Yg

∂Ug

∂Zg

∂Ug

∂Xg

∂Vg

∂Yg

∂Vg

∂Zg

∂Vg

������������

������������ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q ðB:40Þ

2 2 2
� �

NP =

∂ Xg

∂V2
g

∂ Yg

∂V2
g

∂ Zg

∂V2
g

∂Xg

∂Ug

∂Yg

∂Ug

∂Zg

∂Ug

∂Xg

∂Vg

∂Yg

∂Vg

∂Zg

∂Vg

������������

������������ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q ðB:41Þ

The fundamental magnitudes of the second order Lg, Mg, and Ng are also
functions of the Ug- and Vg- coordinates of a point of the gear tooth flank G . In
general, these relationships can be represented in the form:

Lg = Lg Ug, Vg

� � ðB:42Þ� �
g g g g ð : Þ� �
g g g g ð : Þ

The discriminant Tg of the second fundamental form Φ2. g can be calculated from
the following equation:
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Tg = LgNg -M2
g ðB:45Þ

We now come to a theorem, which is an essential justification for considering the
differential geometry of surfaces in connection with the six fundamental magnitudes.
It was first proven (1867) by Bonnet7 and may be enunciated as follows:

Theorem B.1 When six fundamental magnitudes Eg, Fg, Gg and Lg, Mg, Ng are
given, and when they fulfill the Gauss characteristic equation and the two
Mainardi8–Codazzi9 relations, they determine a gear tooth flank, G , uniquely say
as to its position and orientation in space.

This theorem is commonly referred to as the “main theorem in the theory of
surface” or simply as the “Bonnet theorem.” According to the main theorem, two
surfaces that have identical first and second fundamental forms must be either
congruent or symmetrical to one another.

By the use of the six fundamental magnitudes, all parameters of local geometry of
a given part surface can be calculated.

B.5 Principal Directions on a Gear Tooth Flank

The direction of vectors of the principal directions T1. g and T2. g at a point of a gear
tooth flank, G, can be specified in terms of the ratio dUg/dVg. For the vectors T1. g

and T2. g of the first and second principal directions, respectively, at a point m of a
smooth, regular part surface G , the corresponding values of the ratio dUg/dVg are
calculated as the roots of the quadratic equation:

Eg dUg +Fg dVg Fg dUg +Gg dVg

Lg dUg +Mg dVg Mg dUg +Ng dVg

����
����= 0 ðB:46Þ

The first principal plane section C1. g is perpendicular to the gear tooth flank G at a
current surface point m and passes through the vector of the first principal direction
T1. g. The second principal plane section C2. g is orthogonal to the gear tooth flank G
at a current surface point m and passes through the vector of the second principal
direction T2. g.

The principal directions T1. g and T2. g can be identified at any and all points of
the smooth, regular gear tooth flank G, except for umbilic points and flat points of the
surface. At umbilic points of a surface, as well as at flat points, the principal
directions cannot be identified.

7Pierre Ossian Bonnet (December 22, 1819–June 22, 1892), a French mathematician.
8Gaspare Mainardi (June 27, 1800–March 9, 1879), an Italian mathematician.
9Delfino Codazzi (March 7, 1824–July 21, 1873), an Italian mathematician.
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In the theory of gearing, it is often preferred to not use the vectors T1. g and T2. g

of the principal directions but, instead, to use the unit vectors t1. g and t2. g of the
principal directions. The unit tangent vectors t1. g and t2. g are calculated from the
equations:

t1:g =
T1:g

jT1:gj ðB:47Þ

t2:g =
2:g

jT2:gj ðB:48Þ

respectively.
The unit tangent vectors t1. g and t2. g of the principal directions at a pointm on the

gear tooth flank G along with the unit normal vector ng at the same point m comprise
an orthogonal local frame (t1. g, t2. g, ng). All three unit vectors t1. g, t2. g, and ng are
mutually perpendicular to one another. The local frame (t1. g, t2. g, ng) is commonly
referred to as a “Darboux frame.”

B.6 Curvatures at a Point of a Part Surface

The first and second principal radii of curvature, i.e., R1. g and R2. g, respectively, at a
point of the gear tooth flank G are measured within the first and second principal
plane sections C1. g and C2. g, respectively. For the calculation of values of the
principal radii of curvature, the following equation is commonly used:

R2
g -

EgNg - 2FgMg +GgLg
Tg

Rg +
Hg

Tg
= 0 ðB:49Þ

One should remember that algebraic values of the radii of principal curvature R1. g

and R2. g relate to one another as R2. g> R1. g. In particular cases, at umbilic points on
the gear tooth flank G , no principal curvatures can be identified as all normal
curvatures of the tooth surface G at an umbilic point are equal to one another.

Another two important parameters of the local topology of the gear tooth flank G

are as follows:

• The mean curvature M g

• The intrinsic curvature (Gaussian curvature or full curvature) curvature Gg

For the calculation of the curvatures M g and Gg , the following equations are
commonly used:

M g =
k1:g + k2:g

2
=

EgNg - 2FgMg +GgLg

2 � EgGg -F2
g

	 
 ðB:50Þ



= k � k ðB 53Þ

1
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Gg = k1:g � k2:g =
LgNg -M2

g

EgGg -F2
g

ðB:51Þ

The expressions for the mean curvature M g and for the Gaussian curvature Gg:

M g =
k1:g + k2:g

2
ðB:52Þ

Gg 1:g 2:g :

considered together yield a quadratic equation with respect to the principal curva-
tures k1. g and k2. g:

k2g - 2M g kg +Gg = 0 ðB:54Þ

The following formulae

k1:g =M g +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M 2

g -Gg

q
ðB:55Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

k2:g =M g - M 2
g -Gg ðB:56Þ

are the solutions to Eq. (B.54).
Here, in Eqs. (B.55) and (B.56), the first principal curvature of the gear tooth flank

G at a current point m is designated as k1. g, and k2. g is designated as the second
principal curvature of the gear tooth flank G at the same point m.

The principal curvatures k1. g and k2. g are the reciprocals of the corresponding
principal radii of curvature R1. g and R2. g:

k1:g =
1

R1:g
ðB:57Þ

k2:g = R2:g
ðB:58Þ

The first principal curvature k1. g is always larger than the second principal
curvature k2. g of the gear tooth flank G at a current point m – that is, the inequality:

k1:g > k2:g ðB:59Þ

is always valid.
This brief consideration of the major elements of part surface geometry makes it

possible to introduce two definitions that are of critical importance for further
discussion.
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As already mentioned earlier in this section of the book, it was proven by Bonnet
that the specification of the first and the second fundamental forms determines a
unique surface if “Gauss’ characteristic equation” and the “Mainardi–Codazzi rela-
tions of compatibility” are satisfied and those two surfaces that have identical first
and second fundamental forms are congruent.10 The six fundamental magnitudes
determine a surface uniquely, except as to its position and orientation in space.

Specification of a surface in terms of the first and second fundamental forms is
usually called the “natural kind” of surface representation. In general form, this kind
of part surface representation can be expressed by a set of two equations:

Natural form

of surface G representation

���� ) G=G Φ1:g, Φ2:g
� �

� Φ1:g =Φ1:g Eg, Fg, Gg

� �
Φ2:g =Φ2:g Eg, Fg, Gg, Lg, Mg, Ng

�
(

ðB:60Þ

Equation (B.60) can be derived from Eq. (B.1). A given gear tooth flank G can be
expressed in both forms, namely, either by Eq. (B.19) or by Eq. (B.1).

B.7 Illustrative Example

Let us consider an example of how an analytical representation of a surface in a
Cartesian reference system can be converted into the natural representation of the
same surface.

A Cartesian coordinate system XgYgZg is associated with a gear tooth flank G as
schematically shown in Fig. B.3.

The position vector of a point rg of the gear tooth flank G can be represented as
the sum of three vectors:

rg =A+B+C ðB:61Þ

Each of the vectors A, B, and C can be expressed in terms of projections onto the
axes of the reference system XgYgZg. Then, Eq. (B.61) is cast into the equation:

10Two surfaces with the identical first and second fundamental forms might also be symmetrical.
Refer to the literature – Koenderink, J.J., Solid Shape, The MIT Press, Cambridge, MA, 1990,
699 pages – on the differential geometry of surfaces for details about this specific issue.
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Fig. B.3 Derivation of the
natural form of the
representation of a gear
tooth flank, M
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6664
7775 ðB:62Þ

This yields the calculation of two tangent vectors Ug(Ug,Vg) and Vg(Ug,Vg),
which are correspondingly equal:

Ug Ug, Vg

� �
=

cos τb:g sinVg

- cos τb:g cosVg

- sin τb:g
0

2
6664

3
7775 ðB:63Þ

2 3
Vg Ug, Vg

� �
=

b:g g g b:g g

rb:g cosVg +Ug cos τb:g sinVg

rb:g tan τb:g
0

6664
7775 ðB:64Þ

By substituting the derived vectors Ug and Vg in Eq. (B.14), one can come up
with the formulae for the calculation of the fundamental magnitudes of the first
order:
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U cos τ + r
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Eg 1 ðB:65Þ
rb:gFg = -

cos τb:g
ðB:66Þ

2 4 2

Gg =
g b:g b:g

cos 2τb:g
ðB:67Þ

These expressions can be directly substituted in Eq. (B.12) for the first funda-
mental form Φ1. g of the gear tooth flank G:

Φ1:g ) dU2
g - 2

rb:g
cos τb:g

dUgdVg +
U2

g cos
4τb:g + r2b:g

cos 2τb:g
dV2

g ðB:68Þ

The derived expressions for the fundamental magnitudes Eg, Fg, and Gg (see
Eqs. (B.65) through (B.67)) can also be substituted in Eq. (B.13). In this manner, a
corresponding matrix representation of the first fundamental form Φ1. g of the gear
tooth flank G can be calculated. The interested reader may wish to complete these
formulae on his or her own.

The discriminant Hg of the first fundamental form of the gear tooth flank G can be
calculated from the expression:

Hg =Ug cos τb:g ðB:69Þ

In order to derive an equation for the second fundamental form Φ2. g of the gear
tooth flank G , the second derivatives of the position vector of the point rg(Ug,Vg)
with respect to the Ug- and Vg- parameters are necessary. The above-derived
equations for the tangent vectors Ug and Vg (see Eqs. (B.63) and (B.64)) make the
following expressions for the derivatives under consideration possible:

∂Ug

∂UP
=

0

0

0

1

2
6664

3
7775 ðB:70Þ

2 3
∂Ug

∂Vg
� ∂Vg

∂Ug
=

b:g g

cos τb:g sinVg

0

1

6664
7775 ðB:71Þ

2 3
∂Vg

∂Vg
=

b:g g g b:g g

- rb:g sinVg +Ug cos τb:g cosVg

0

1

6664
7775 ðB:72Þ



M = 0 ðB 74Þ
N = -U sin τ cos τ ðB 75Þ

g cos τb:g
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Furthermore, these expressions (see Eqs. (B.70) through (B.72)) are substituted in
Eqs. (B.36) through (B.38). After the necessary formula transformations are com-
plete, Eqs. (B.36) through (B.38) are cast into the set of formulae for the calculation
of the fundamental magnitudes of the second order of the gear tooth flank G. This set
of formulae is as follows:

Lg = 0 ðB:73Þ
g :

g g b:g b:g :

Furthermore, after substituting Eqs. (B.73) through (B.75) in Eq. (B.31), an
equation for the calculation of the second fundamental form of the gear tooth flank
G can be represented in the form:

Φ2:g ) - drg � dNg = -Ug sin τb:g cos τb:gdV
2
g ðB:76Þ

Similar to Eq. (B.68), the derived expressions for the fundamental magnitudes Lg,
Mg, and Ng of the second order can be substituted in Eq. (B.32) for the second
fundamental formΦ2. g. In this manner, a corresponding matrix representation of the
second fundamental formΦ2. g of the surface G can be derived. The interested reader
may wish to complete this formula transformation on his or her own.

For the calculation of the discriminant Tg of the second fundamental formΦ2. g of
the gear tooth flank G, the following expression can be used:

Tg =Ug sin τb:g cos τb:g ðB:77Þ

The natural representation of the gear tooth flank G can be expressed in terms of
the derived set of six equations for the calculation of the fundamental magnitudes of
the first Eg, Fg, Gg and second Lg, Mg, and Ng orders (see Table B.1).

All major elements of the local geometry of the gear tooth flank G can be
calculated based on the fundamental magnitudes Eg, Fg, Gg and Lg, Mg, Ng of the
first Φ1. P and second Φ2. g fundamental forms, respectively. The location and
orientation of the gear tooth flank G are the two parameters that remain indefinite.

Once a part surface is represented in its natural form – that is, it is expressed in
terms of the six fundamental magnitudes of the first and second orders –further
calculation of the parameters of a gear tooth flank, G, becomes much easier. In order
to demonstrate the significant simplification of the calculation of the parameters of a
gear tooth flank, G, several useful equations are presented below as examples.

Table B.1 The fundamental
magnitudes of the first and
second orders of the involute
gear tooth flank G

Eg = 1 Lg = 0

Fg = - rb:g
cos τb:g

Mg = 0

G =
U2

g cos
4τb:gþr2b:g
2

Ng = - Ug sin τb. g cos τb. g



B.8 Few More Useful Equations

Many calculations of the parameters of geometry can be significantly simplified by
use of the first and second fundamental forms of a smooth, regular part surface, G.
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1. For the calculation of the radius Rg of normal curvature within a normal plane
section through a current point m on a gear tooth flank G and at a given direction,
the following equation can be used:

Rg =
Φ1:g

Φ2:g
ðB:78Þ

2. Euler’s formula for the calculation of the normal curvature kθ. g at a point m in a
direction that is specified by the angle θ can be represented as follows:

kθ:g = k1:g cos
2θ+ k2:g sin

2θ ðB:79Þ

Here, in Eq. (B.79), θ is the angle that the normal plane section Cgmakes with the
first principal plane section C1. g. In other words, θ = ∠ (tg, t1. g); here, tg is the unit
tangent vector within the normal plane section Cg.

Equation (B.79) is also a good illustration of the significant simplification of the
calculations when the fundamental magnitudes Eg, Fg, Gg and Lg,Mg, Ng of the first
and second orders, respectively, are used.

In order to gain a profound understanding of the differential geometry of surfaces,
the interested reader may wish to refer to advanced monographs in the field.
Systematic discussions of the topic are available from many sources. The author
would like to turn the reader’s attention to the books by doCarmo, Eisenhart, Stuik,
and others.

Appendix C: Contact Geometry of the Tooth Flanks of a
Gear and a Mating Pinion

In the theory of gearing, the kinematics of gearing is considered as the prime element
of a gear pair. Other important elements of gearing, namely, (a) The shape and
geometry of a gear tooth flank, G (b) The shape and geometry of a mating pinion
tooth flank, P (as well as numerous others) are considered as the secondary elements
of gearing. This does not mean that the importance of the secondary elements is
lower than that of the primary element. No, this is incorrect. This just means that the
most favorable parameters of the secondary elements can be expressed in terms of
the parameters of the prime element. Ultimately, an entire gear pair can be synthe-
sized on just the premise of the prime element – that is, on the premise of the



desirable kinematics of the gear pair. In other words, having just the desirable
kinematics of the gear pair to be designed, it is possible to synthesize the rest of
the design parameters of the gear pair. Only the kinematics of gearing is used for the
purposes of synthesizing the best possible gear pair for transmitting the input
rotation and torque.
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In order to solve the problem of synthesizing the most favorable gear pair, an
appropriate analytical description of the contact geometry of the gear tooth flank G

and the mating pinion tooth flank P is required. The problem of an analytical
description of the contact geometry between two smooth regular surfaces in the
first order of tangency is a sophisticated one.

Investigation of the contact geometry of curves and surfaces can be traced back to
the eighteenth century. In considerable detail, the study of the contact of curves and
surfaces was undertaken by J.L. Lagrange11 in his Theorié des Fonctions
Analytiques (1797) and by A.L. Cauchy12 in his Leçons sur les Applications du
Calcul Infinitésimal á la Geometrie (1826). Later on, in the twentieth century, an
investigation into the realm of the contact geometry of curves and surfaces was
undertaken by J. Favard13 in his Course de Gèomètrie Diffèrentialle Locale (1957).
A few more names of the researchers in the field are to be mentioned.

The results of the research obtained from the field of contact geometry of two
smooth regular surfaces are widely used in the theory of gearing. The problem of
synthesizing the most favorable gear pair can be solved on the premise of the
analysis of the topology of the contacting surfaces in the differential vicinity of the
point of their contact.

Various methods for the analytical description of the contact geometry between
two smooth regular surfaces have been developed by now. The latest achievements
in the field are discussed in numerous papers and monographs available in the public
domain.

An in-detail analysis of the known methods of the analytical description of the
geometry of contact between two smooth regular surfaces has uncovered the poor
capability of the known methods to solve problems in the field of designing efficient
gear pairs. Therefore, an accurate method for the analytical description of the contact
geometry between two smooth regular surfaces, G and P , in the first order of
tangency, which fits the needs of the theory of gearing, is necessary. Such a method
is worked out in this chapter.

It is convenient to begin the discussion starting from an analytical description of
the local relative orientation of the gear tooth flank G and that of the mating pinion
tooth flank P . The proposed analytical description is relevant to the differential
vicinity of the point of contact K of the tooth flanks G and P .

11Joseph-Louis Lagrange (January 25, 1736–April 10, 1813), an Italian-born (born Giuseppe
Lodovico (Luigi) Lagrangia) famous French mathematician and mechanician.
12Augustin-Louis Cauchy (August 21, 1789–May 23, 1857), a famous French mathematician.
13Jean Favard (August 28, 1902–January 21, 1965), a French mathematician.
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Fig. C.1 Local configuration of two quadrics that are tangent to a gear tooth flank G and to a
mating pinion tooth flank P at a contact point K. (After S.P. Radzevich, ~2008)

C.1 Local Relative Orientation at a Point of Contact
of the Tooth Flanks of a Gear and a Mating Pinion

When the gears rotate, the gear tooth flank G and the mating pinion tooth flank P are
in permanent tangency to one another. The contacting surfaces G and P can be
locally approximated by the corresponding quadrics as schematically illustrated in
Fig. C.1. The requirement to be permanently in tangency to each other imposes a
kind of restriction on the relative configuration (location and orientation) of the tooth
flanks G and P on their instantaneous relative motion.

In the theory of gearing, a quantitative measure of the relative orientation of a gear
tooth flank, G, and of the mating pinion tooth flank, P , is established.

The relative orientation of a point of contact of a gear tooth flank, G , and of a
mating pinion tooth flank, P , is specified by the angle μ of the local14 relative
orientation of the surfaces. By definition, angle μ is equal to the angle that the unit
tangent vector t1. g of the first principal direction of the gear tooth flank G forms with
the unit tangent vector t1. p of the first principal direction of the mating pinion tooth
flank P . This same angle μ can also be determined as the angle that makes the unit

14The surface orientation is “local” by nature, as it relates only to the differential vicinity of point
K of contact of the tooth flanks G and P .



cos μ= t � t = t � t , ðC:2Þ
t × t� � t × t� �

tangent vectors t2. g and t2. p of the second principal directions of the surfaces G and
P at contact point K. This immediately yields equations for the calculation of the
angle μ:
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sin μ= jt1:g × t1:pj= jt2:g × t2:pj, ðC:1Þ
1:g 1:p 2:g 2:p� � � �

tan μ=
1:g 1:p

t1:g � t1:p � 2:g 2:p

t2:g � t2:p ðC:3Þ

where

t1. g, t2. g are the unit vectors of the principal directions on the gear tooth flank G

measured at contact point K.
t1. p, t2. p are the unit vectors of the principal directions on the mating pinion tooth

flank P at the same contact point K of the tooth flanks G and P .

The directions of the unit tangent vectors t1. g and t2. g of the principal directions
on the gear tooth flank G (as well as the directions of the unit tangent vectors t1. p and
t2. p of the principal directions on the pinion tooth flank P) can be specified in terms
of the ratio dUg/dVg (or in terms of the ratio dUp/dVp in the case of the pinion tooth
flank P). The corresponding values of the ratio dUg( p)/dVg( p) are calculated as roots
of the quadratic equation:

Eg pð Þ
dUg pð Þ
dVg pð Þ

+Fg pð Þ Fg pð Þ
dUg pð Þ
dVg pð Þ

+Gg pð Þ

Lg pð Þ
dUg pð Þ
dVg pð Þ

+Мg pð Þ М g pð Þ
dUg pð Þ
dVg pð Þ

+Ng pð Þ

��������

��������
= 0 ðC:4Þ

In the case of point contact of the surfaces G and P, the actual value of the angle μ
is calculated at the contact point K. If the tooth flanks G and P are in line contact,
then the actual value of the angle μ can be calculated at every point within the line of
contact.15 The line of contact of the tooth flanks G and P is commonly referred to as
the “characteristic line” E or just as the characteristic E, for simplicity.

Determination of the angle μ of the local relative orientation of the tooth flanks G
and P of a gear and a mating pinion, respectively, is illustrated in Fig. C.1.

In order to calculate the actual value of the angle μ of the local relative orientation
of the tooth flanks G and P , the unit vectors of the principal directions t1. g and t1. p
are employed.

15It is worthy pointing out here that in the case of line contact, the relative orientation of the two
surfaces G and P is predetermined in a “global” sense. However, the actual value of the angle μ of
the surface “local” relative orientation at different points of the characteristic E is different.



Let us consider the tooth flanks G and P in point contact, which are represented in
a common reference system. The surfaces make contact at a point K. For further
analysis, an equation of the common tangent plane to the tooth flanks G and P at the
contact point K is necessary (see Figs. C.1 and C.2).

rtp - rK
� � � ug � vg = 0 ðC:5Þ

Here,
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Fig. C.2 Local relative orientation at the contact point of the tooth flanks of a gear, G, and a mating
pinion, P , considered in a common tangent plane

rtp is the position vector of a point of the common tangent plane.
rK is the position vector of the contact point K.
ug and vg are the unit vectors that are tangent to the Ug- and Vg- coordinate lines,

respectively, on the gear tooth flank G at the contact point K.

The angle ωg is one that is formed by the unit vectors ug and vg. The actual value
of the angle ωg can be calculated from one of the following equations:



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

F

cos ε= v � v ðC 10Þ

∂Vg
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sinωg =
EgGg -F2

gffiffiffiffiffiffiffiffiffiffiffi
EgGg

p ðC:6Þ

cosωg =
gffiffiffiffiffiffiffiffiffiffiffi

EgGg
p ðC:7Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

tanωg =
EgGg -F2

g

Fg
ðC:8Þ

Equations similar to Eqs. (C.6) through (C.8) are also valid for the calculation of
the angle ωp at a point of the pinion tooth flank P .

The respective tangent directions ug and vg to the Ug- and Vg- coordinate lines
at a point of the gear tooth flank G as well as the respective tangent directions up and
vp to the Up- and Vp- coordinate lines at a point on the pinion tooth flank P are
specified in terms of the angles θ and ε, respectively. For the calculation of the actual
values of the angles θ and ε, the following equations can be used:

cos θ= ug � up ðC:9Þ
g p :

The angle ξg is one that the first principal direction t1. g on the gear tooth surface G
forms with the unit tangent vector ug (see Fig. C.2). The equation for the calculation
of the actual value of the angle ξg was derived by Prof. S.P. Radzevich:

sin ξg =
ηgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ηg2 - 2ηg cosωg + 1
q sinωg ðC:11Þ

where ηg is the ratio ηg =
∂Ug.

In the event Fg = 0, the equality tanξg = ηg is observed. Here, the ratio ηg is equal
to the root of the quadratic equation:

FgLg -EgMg

� �
η2g + GgLg -EgNg

� �
ηg + GgMg -FgNg

� �
= 0 ðC:12Þ

which immediately follows from the equation:

Eg dUg +Fg dVg Fg dUg +Gg dVg

Lg dUg +Mg dVg Mg dUg +Ng dVg

����
����= 0 ðC:13Þ

The equation for the calculation of the actual value of the angle ξg allows for
another representation. Following the chain rule, d rg can be represented in the form:



r =U +V

U � d r

U � V =F ðC 19Þ
� �
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d g g dUg g dVg ðC:14Þ

By definition, tan ξg =
sin ξg
cos ξg

. The functions sinξg and cosξg yield representations

such as:

sin ξg =
jUg × d rgj
Ug

�� �� � jd rgj ðC:15Þ

cos ξPg=
g g

Ug

�� �� � jd rgj ðC:16Þ

The last expressions yield:

tan ξg =
sin ξg
cos ξg

=
jUg × d rgj
Ug � d rg =

jUg × d rgj
Ug � UgdUg +VgdVg

� �
=

jUg × d rgj � dVg

Ug � UgdUg +Ug � VgdVg

ðC:17Þ

By definition:

Ug � Ug =Eg ðC:18Þ
g g g :� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

Ug ×Vg = EgGg -F2
g ðC:20Þ

Equations (C.14) through (C.20) yield the formula:

tan ξg =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q
ηg � Eg +Fg

ðC:21Þ

for the calculation of the actual value of the angle ξg.
Equations similar to Eqs. (C.11) and (C.21) are also valid for the calculation of

the actual value of the angle ξp that the first principal direction t1. p at a point of the
pinion tooth flank P forms with the unit tangent vector up.

The performed analysis makes possible the following equations for the calcula-
tion of the unit vectors of the principal directions t1. g and t2. g:

t1:g =Rt ξg, ng
� � � ug ðC:22Þ

π	 
h i
t2:g =Rt ξg + 2

, ng � ug ðC:23Þ

for the gear tooth flank G and similar equations for the calculation of the unit vectors
of the principal directions t1. p and t2. p:



� �
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t1:p =Rt ξp, ng � up ðC:24Þ
π	 
h i

t2:p =Rt ξp + 2
, ng � up ðC:25Þ

for the pinion tooth flank P .
The operator of rotation Rt (φA,A0) through an angle φA about an axis A0 is

employed for the calculation of the operators of rotation in Eqs. (C.22) through
(C.25).

C.2 The Second-Order Analysis: Planar Characteristic Images

For a more accurate analytical description of the contact geometry of the gear tooth
flank G and the pinion tooth flank P, consideration of the second-order parameters is
necessary. A second-order analysis incorporates elements of both the first- and
second-order analyses. For performing a second-order analysis, familiarity with
the “Dupin indicatrix” is highly desirable.16 This is a perfect starting point for
consideration of the second-order analysis.

C.2.1 Preliminary Remarks: Dupin Indicatrix

At any point of a smooth regular gear tooth flank, G (as well as at any point of a
smooth regular pinion tooth flank, P ), a corresponding Dupin indicatrix can be
constructed. The Dupin indicatrix Dup Gð Þ at a point of the gear tooth flank G as well
as the Dupin indicatrix Dup Pð Þ at a point of the pinion tooth flank P are planar
characteristic curves of the second order. They are used for graphical interpretation
of the distribution of the normal radii of curvature of a surface in the differential
vicinity of a surface point.

A Dupin indicatrix at a point of the tooth flank G (as well as at a point of the tooth
flank P ) is of critical importance in the theory of gearing. Generation of this planar
characteristic curve is illustrated with a diagram shown in Fig. C.3.

A plane W through the unit normal vector ng to the gear tooth flank G at a point
m rotates about the unit normal vector ng. While rotating, the plane occupies
consecutive positions W1, W2, W3, and others. The radii of normal curvature of the
line of intersection of the gear tooth flank G by the normal planes W1, W2, W3 are
equal to Rg, 1, Rg, 2, Rg, 3, respectively, and so forth. The gear tooth flank G is
intersected by a plane Q. The plane Q is orthogonal to the unit normal vector ng. This
plane is at a certain small distance δ from the point m. When the distance δ
approaches zero (δ → 0) and when the scale of the line of intersection of the gear
tooth flank G by the plane Q approaches infinity, the line of intersection of the gear

16Fransua Pier Charles Dupin (October 6, 1784–January 18, 1873), a French mathematician.
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surface G by the plane Q approaches the planar characteristic curve that is commonly
referred to as the Dupin indicatrix Dup Gð Þ.

In the differential geometry of surfaces, a surface is construed as a zero-thickness
film. Because of this, the Dupin indicatrices of the following five different types are
distinguished in the differential geometry of surfaces (see Fig. C.4):
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Fig. C.3 A Dupin indicatrix at a point of a smooth regular gear tooth flank, G

• Elliptic (see Fig. C.4a)
• Umbilic (see Fig. C.4b)
• Parabolic (see Fig. C.4c)
• Hyperbolic (see Fig. C.4d)
• Minimal (see Fig. C.4e)

A Dupin indicatrix for a plane local surface patch does not exist. In the case of a
plane, all points of the Dupin indicatrix are remote to infinity.

For local surface patches having a negative full curvature (Gg < 0), the phantom
branches (that is, the branches that are not intersected by a plane perpendicular to the
unit normal vector ng to the gear tooth flank G at a point, m) of the characteristic
curve Dup G , in Fig. C.4d and e, are shown in dashed lines.

An easy way to derive an equation of the characteristic curve Dup Gð Þ is discussed
immediately below.

Euler’s formula:

k1:g cos
2φ+ k2:g sin

2φ= kg ðC:26Þ

yields a representation in the form:



k k

y = ρ sinφ ðC 29Þ

)
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Fig. C.4 Five different kinds of Dupin indicatrices, Dup Gð Þ, at a point m of a smooth regular gear
tooth flank, G

1:g

kg
cos 2φ+ 2:g

kg
sin 2φ= 1 ðC:27Þ

The transition from polar coordinates to Cartesian coordinates can be performed
using well-known formulas:

xg = ρ cosφ ðC:28Þ
g :

These formulas make the following expressions for cos 2φ= x2g=ρ
2 and

sin 2φ= y2g=ρ
2 possible. After substituting the last formulas in the above equation

(C.27), one can come up with the equation:

k1:g
kg

� x
2
g

ρ2
+

k2:g
kg

� y
2
g

ρ2
= 1: ðC:30Þ

ffiffiffiffiffiffiffiffiffiq
It is convenient to designate ρ= k- 1

g . The principal curvatures k1. g and k2. g

are the roots of the quadratic equation:



- -
�� ��

ð Þ

17The same equation of the Dupin indicatrix could be derived in another way. Coxeter considers a
pair of conics obtained by expanding an equation in Monge’s form z = z(x, y) in a McLaurin series:

�
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Lg Egkg Mg Fgkg
Mg -Fgkg Ng -Ggkg

�� ��= 0 ðC:31Þ

Substituting the calculated values of the principal curvatures k1. g and k2. g in
Eq. (C.30), and after performing the necessary formula transformations, an equa-
tion17 for the Dupin indicatrix Dup G can be represented in the form:

k1:g x
2
g + k2:g y

2
g = 1 ðC:32Þ

Equation (C.32) describes a particular case of the Dupin indicatrix, which is
represented in a Darboux frame.18

The general form of the equation of a Dupin indicatrix at a point m of a gear tooth
flank, G, is often represented as:

Dup Gð Þ ) Lg
Eg

x2g +
2Mgffiffiffiffiffiffiffiffiffiffiffi
EgGg

p xg yg +
Ng

Gg
y2g = 1 ðC:33Þ

In Eq. (C.33), the characteristic curve Dup Gð Þ is expressed in terms of the
fundamental magnitudes Eg, Fg, and Gg and Lg, Mg, and Ng of the first Φ1. g and
second order Φ2. g fundamental magnitudes, respectively, at a point of the gear tooth
flank G.

C.2.2 Matrix Representation of the Equation of a Dupin Indicatrix
at a Point of a Gear Tooth Flank

Like any other quadratic form, the equation of a Dupin indicatrix of the gear tooth
flank G can be represented in matrix form:

z= z 0, 0ð Þ+ z1x+ z2y+
1
2

z11x
2
1 + 2z12xy+ z22y

2
� �

+⋯=
1
2

b11x
2 + 2b12xy+ b22y

2
�

:

This gives the equation (b11x
2 + 2b12xy + b22y

2) = ± 1 of the Dupin indicatrix.
18Jean Gaston Darboux (August 13, 1842–February 23, 1917), a French mathematician.
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19Similar to the Dupin indicatrix Dup Gð Þ , a planar characteristic curve of another type can
be introduced. The equation of this characteristic curve can be postulated in the form:
rDup:k φð Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffijkg φð Þjp � sgnΦ- 1

2:g . Application of the curvature indicatrix in the form rDup. k(φ)
makes avoiding uncertainty in cases of the plane surface possible. For a plane surface, the
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Dup Gð Þ ) xg yg 0 0
� � �

Lg
Eg

Mgffiffiffiffiffiffiffiffiffiffiffi
EgGg

p 0 0

2Mgffiffiffiffiffiffiffiffiffiffiffi
EgGg

p Ng

Gg
0 0

0 0 ∓ 1 0

0 0 0 1

666666664

777777775
�

xg
yg
0

0

2
6664

3
7775= ± 1

ðC:34Þ

In a Darboux frame, this equation reduces to:

Dup Gð Þ ) xg yg 0 0
� � �

Lg Mg 0 0

Mg Ng 0 0

0 0 ∓ 1 0

0 0 0 1

2
6664

3
7775 �

xg
yg
0

0

2
6664

3
7775= ± 1 ðC:35Þ

It is convenient to implement a matrix representation of the equation of the Dupin
indicatrix (see above), for instance, when investigating spatial gearings, that is,
crossed-axis gearings, when multiple coordinate system transformations are
required.

The equation of the Dupin indicatrix can be represented in the form:

rDup φð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rg φð Þ�� ��q

� sgnΦ- 1
2:g ðC:36Þ

This equation reveals that the position vector of a point of the Dupin indicatrix
Dup Gð Þ in any direction is equal to the square root of the radius of curvature in the
same direction.19

characteristic curve Dup Gð Þ does not exist, whereas rDup. k(φ) exists. It shrinks to the point m on
the gear tooth flank G.
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C.3 Degree of Conformity at a Point of Contact of the Tooth
Flanks of a Gear and a Mating Pinion (in the First Order
of Tangency)

For an accurate analytical description of the contact geometry of the gear and mating
pinion tooth flanks in the first order of tangency, it is necessary to perform a higher-
order analysis.

The method discussed below of a higher-order analysis targets the development
of an analytical description of the degree of conformity of the pinion tooth flank P to
the gear tooth flank G at a current point K of their contact. The higher the degree of
conformity of the tooth flanks G and P , the closer are these surfaces to each other in
the differential vicinity of the point K. This qualitative (“intuitive”) definition of the
degree of conformity of two smooth regular surfaces needs a corresponding quan-
titative measure.

C.3.1 Preliminary Remarks

Implementation of the resultant deviation lcnf (see Fig. C.5) of two smooth regular
surfaces in contact for an analytical description of their contact geometry is a type of
straightforward solution to the problem under consideration. This approach is proven
to be computationally ineffective. However, the approach provides an insight into
how an effective method for solving the problem under consideration can be
developed.

gO

* 0gKm �
*
gmK

gR

gm

Tangent plane

*
g g cnfm m l�

gt

Fig. C.5 Transition from the resultant deviation lcnf to the indicatrix of conformity Cnf G=Pð Þ at the
contact point K between two smooth regular tooth flanks G and P



As seen in Fig. C.5, three geometrical parameters are interrelated when a devia-
tion of a surface from the tangent plane is considered in the differential vicinity of a
surface point. They are as follows:
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(a) The measure of the deviation mgm�
g of a gear tooth flank, G , from the tangent

plane lcnf
(b) The distance Km�

g of a current point mg from the contact point K
(c) The radius of normal curvature Rg of the gear tooth flank G at the contact point K

As a consequence of this relationship among the parameters mgm�
g, Km

�
g, and Rg,

any one of them can be used for the purposes of quantitative evaluation of the degree
of conformity of the contacting tooth flanks G and P of the gear and mating pinion,
respectively. It follows from Fig. C.5:

mgm
�
g =Rg -

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
g - Km�

g

	 
2
r �����

mg →K

� lcnf ðC:37Þ

Inversely, for the radius of normal curvature Rg at a point of the gear tooth flank
G, the following expression is valid:

Rg =
mgm�

g

	 
2
+ Km�

g

	 
2

2 � mgm�
g

ðC:38Þ

Ultimately, one may conclude that any legitimate analytical function of the
normal radii of curvature Rg and Rp at a point of contact of the gear tooth flank G

and the pinion tooth flank P can be used for this particular purpose.
Let us consider two smooth regular tooth flanks G and P in the first order of

tangency that make contact at a point K. The degree of conformity of the tooth flanks
G and P can be construed as a function of the radii of normal curvature Rg and Rp of
the contacting surfaces. The radii of normal curvature Rg and Rp of the tooth flanks G
and P, respectively, are taken in a common normal plane section through the point K.
For a specified radius of normal curvature Rg of the tooth flank G , the degree of
conformity of the tooth flanks depends upon the corresponding value of the radius of
normal curvature Rp of the pinion tooth flank P .

In most cases of gear meshing, the degree of conformity at a point of contact of
the tooth flanks G and P is not constant and changes as the coordinates of the contact
point change. The degree of conformity of the surfaces relative to one another
depends on the orientation of the normal plane section through the contact point
K and changes as the normal plane section turns about the common perpendicular ng.
This statement immediately follows from the above-made conclusion that the degree
of conformity at a point of contact of the tooth flanks G and P yields interpretation in
terms of the radii of normal curvature Rg and Rp, respectively.
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Fig. C.6 Sections of two smooth regular tooth flanks G and P in contact by a plane through the
common perpendicular ng

The change of the degree of conformity of a gear tooth flank G and a mating
pinion tooth flank P due to turning of the normal plane section about the common
perpendicular ng is illustrated in Fig. C.6. Here, in Fig. C.6, just two-dimensional
examples are shown, for which the same normal plane section of the gear tooth flank
G makes contact with different plane sections P i of the pinion tooth flank P .

In the example shown in Fig. C.6a, the radius of normal curvature R1
p of the

convex plane section P 1 of the pinion tooth flank P is positive (R1
p > 0). The convex

normal plane section of the pinion tooth flank P makes contact with the convex
normal plane section (Rg > 0) of the gear tooth flank G. The degree of conformity of
the pinion tooth flank P to the gear tooth flank G in Fig. C.6a is relatively low as both
the contacting surfaces are convex.

Another example is shown in Fig. C.6b. The radius of normal curvature R2
p of the

convex plane section P 2 of the pinion tooth flank P is also positive (R2
p > 0 ).

However, its value exceeds the value R1
p of the radius of normal curvature in the

first example (R2
p >R1

p). This indicates that the degree of conformity of the pinion
tooth flank P to the gear tooth flank G (Fig. C.6b) is greater compared to that shown
in Fig. C.6a.
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In the next example depicted in Fig. C.6c, the normal plane section P 3 of the
pinion tooth flank P is represented with a locally flat section. The radius of normal
curvature R3

p of the flat plane section P 3 approaches infinity (R3
p →1). Thus, the

inequality R3
p >R2

p >R1
p is valid. Therefore, the degree of conformity of the pinion

tooth flank P to the gear tooth flank G in Fig. C.6c, also increases.
Finally, for a concave normal plane section, P 4, of the pinion tooth flank P that is

illustrated in Fig. C.6d, the radius of normal curvature R4
p is of a negative value

(R4
p < 0). In this case, the degree of conformity of the pinion tooth flank P to the gear

tooth flank G is the greatest of four examples considered in Fig. C.6.
The examples shown in Fig. C.6 qualitatively illustrate what is known intuitively

regarding the different degrees of conformity of two smooth regular surfaces in the
first order of tangency. Intuitively, one can realize that in the examples shown in
Fig. C.6a–d, the degree of conformity at a point of contact of the two tooth flanks G
and P is gradually increased.

A similar observation is made for a given pair of the tooth flanks G and P , when
different sections of the surfaces by a plane surface through the common perpen-
dicular ng are considered (see Fig. C.7a). When rotating the plane section about the
common perpendicular ng, it can be observed that the degree of conformity of the
gear and the pinion tooth flanks, i.e., G and P , respectively, is different in different
configurations of the cross-sectional plane (see Fig. C.7b).

The above examples provide an intuitive understanding of what the degree of
conformity at a point of contact of two smooth regular tooth flanks, G and P, means.
These examples cannot be directly employed to quantitatively evaluate the degree of
conformity at a point of contact of two smooth regular tooth flanks, namely, G and P.
The next necessary step is to introduce an appropriate quantitative evaluation of the
degree of conformity of two smooth regular surfaces in the first order of tangency. In
other words, how can a certain degree of conformity of two smooth regular surfaces
be described analytically?
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K
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Fig. C.7 An analytical description of the contact geometry of two smooth regular tooth flanks, G
and P , of a gear and a mating pinion, respectively
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C.3.2 The Indicatrix of Conformity at a Point of Contact of the Tooth
Flanks of a Gear and a Mating Pinion

This section is aimed at introducing a quantitative measure of the degree of confor-
mity at a point of contact between two smooth regular surfaces. The degree of
conformity at a point of contact of two tooth flanks, G and P , indicates how the
pinion tooth flank P is close to the gear tooth flank G in the differential vicinity of a
point K of their contact, i.e., how much the surface P is “congruent” to the surface G
in the differential vicinity of the contact point K. This particular type of congruency
between the contacting surfaces G and P can also be construed as the “local
congruency” of the contacting surfaces.

Quantitatively, the degree of conformity at a point of contact of a smooth regular
surface, P, to another surface, G, can be expressed in terms of the difference between
the corresponding radii of normal curvature of the contacting surfaces. In order to
develop a quantitative measure of the degree of conformity of the tooth flanks G and
P , it is convenient to implement Dupin indicatrices, Dup Gð Þ and Dup Pð Þ ,
constructed at a point of contact of the gear tooth flank G and the pinion tooth
flank P , respectively.

It is natural to assume that the smaller difference between the normal curvatures
of the surfaces G and P , in a common cross section by a plane through the common
normal vector ng, results in a greater degree of conformity at a point of contact of the
tooth flanks G and P .

The Dupin indicatrix Dup Gð Þ indicates the distribution of the radii of normal
curvature at a point of the gear tooth flank G, as it had been shown, for example, for a
concave elliptic patch of the surface G (see Fig. C.8). For a gear tooth flank, G, the
equation of this characteristic curve in polar coordinates can be represented in
the form:

Dup Gð Þ ) rg φg

� �
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jRg φg

� �jq
ðC:39Þ

where

rg is the position vector of a point of the Dupin indicatrix Dup Gð Þ at a point of the
gear tooth flank G.

φg is the polar angle of the indicatrix Dup G .

The similar is true with respect to the Dupin indicatrix Dup Gð Þ at a point of the
pinion tooth flank P , as was shown earlier, for instance, for a convex elliptical patch
of the pinion tooth flank P (see Fig. C.8). The equation of this characteristic curve in
polar coordinates can be represented in the form:

Dup Pð Þ ) rp φp

� �
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jRp φp

� �jq
ðC:40Þ

where



r is the position vector of a point of the Dupin indicatrix Dup at a point of the

ð Þ

ð Þ ð Þ
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Fig. C.8 The indicatrix of conformity CnfR P �Gð Þ at a point of contact of the tooth flanks G and
P . (After Prof. S.P. Radzevich: Radzevich, S.P., Differential-Geometric Method of Surface Gener-
ation, Dr. Sci. Thesis, Tula, Tula Polytechnic Institute, 1991, 300 pages)

p Gð Þ
pinion tooth flank P .

φp is the polar angle of the indicatrix Dup P .

In the coordinate plane xgyg of the local reference system xgygzg, the equalities
φg= φ and φp= φ+ μ are valid. Therefore, in the coordinate plane xgyg, Eqs. (C.39)
and (C.40) are cast into:

Dup Gð Þ ) rg φð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jRg φð Þj

q
ðC:41Þ

Dup Pð Þ ) rp φ, μð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jRp φ, μð Þj

q
ðC:42Þ

When the degree of conformity at a point of contact of the gear tooth flank G is
greater, the difference between the functions rg(φ) and rp(φ, μ) becomes smaller, and
vice versa. The last part makes the following conclusion valid:

Conclusion C.1 The distance between the corresponding20 points of the Dupin
indicatrices Dup G and Dup P constructed at a point of contact of a gear tooth

20The corresponding points of the Dupin indicatrices Dup(P) and Dup(T ) share the same straight
line through the contact point K of the tooth flanks G and P and are located at the same side of the
point K.



ffiffiffiffiffiffiffiffip

ð Þ ð Þ

flank, G , and a mating pinion tooth flank, P , can be employed for the purpose of
indication of the degree of conformity at a point of contact of the gear tooth flank G

and of the pinion tooth flank P at the contact point K.

The equation of the indicatrix of conformity CnfR G=Pð Þ at a point of contact of a
gear tooth flank, G , and a mating pinion tooth flank, P , is defined to be of the
following structure:

CnfR G=Pð Þ ) rcnf φ, μð Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijRg φð Þjp
sgnRg φð Þ+ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijRp φ, μð Þjp

sgnRp φ, μð Þ
= rg φð Þ sgnRg φð Þ+ rp φ, μð Þ sgnRp φ, μð Þ

ðC:43Þ

Because the location of a point aφ of the Dupin indicatrix Dup Gð Þ at a point of the
gear tooth flank G is specified by the position vector rg(φ) and the location of a point
bφ of the Dupin indicatrix Dup Pð Þ at a point of the pinion tooth flank P is specified
by the position vector rp(φ, μ), the location of a point cφ (see Fig. C.8) of the
indicatrix of conformity CnfR G=Pð Þ at a point of contact K of the tooth flanks G
and P is specified by the position vector rcnf(φ, μ). Therefore, the equality
rcnf(φ, μ) = Kcφ is observed, and the length of the straight-line segment Kcφ is
equal to the distance aφ bφ.

Here, in Eq. (C.43),
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rg =
ffiffiffiffiffiffiffiffijRgj

p
is the position vector of a point of the Dupin indicatrix of the gear tooth

flank G at a point K of contact with the pinion tooth flank P and
rp = jRpj is the position vector of a corresponding point of the Dupin indicatrix of

the pinion tooth flank P .

Here, in Eq. (C.43), the multipliers sgnRg(φ) and sgnRp(φ, μ) are assigned to each
of the functions rg φð Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijRg φð Þjp

and rp φ, μð Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijRp φ, μð Þjp
, respectively, for

just retaining the corresponding sign of the functions, that is, for retaining the same
sign that the radii of normal curvature Rg(φ) and Rp(φ, μ) have.

Ultimately, one can conclude that the position vector rcnf of a point of the
indicatrix of conformity CnfR G=Pð Þcan be expressed in terms of the position vectors
rg and rp of the Dupin indicatrices Dup G and Dup P , respectively.

For the calculation of the current value of the radius of normal curvature Rg(φ) at
a point of the gear tooth flank G, the equality:

Rg φð Þ= Φ1:g

Φ2:g
ðC:44Þ

can be used.
Similarly, for the calculation of the current value of the radius of normal curvature

Rp(φ, μ) at a point of the pinion tooth flank P , the equality:



Φ
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Rp φ, μð Þ= 1:p

Φ2:p
ðC:45Þ

can be employed.
Use of the angle μ of the local relative orientation of the tooth flanks G and P

indicates that the radii of normal curvature Rg(φ) and Rp(φ, μ) are taken in a common
normal plane section through the contact point K.

Furthermore, it is well-known that the inequalities Φ1. g ≥ 0 and Φ1. p ≥ 0 are
always valid. Therefore, Eq. (C.43) can be rewritten in the following form:

rcnf = rg φð Þ sgnΦ- 1
2:g + rp φ, μð Þ sgnΦ- 1

2:p ðC:46Þ

For the derivation of an equation of the indicatrix of conformity CnfR G=Pð Þ, it is
convenient to use the Euler equation for the normal radius of curvature Rg(φ) at a
point of the gear tooth flank G:

Rg φð Þ= R1:g � R2:g

R1:g � sin 2φ+R2:g � cos 2φ
ðC:47Þ

Here, the radii of principal curvature R1. g and R2. g are the roots of the quadratic
equation:

Lg � Rg -Eg Mg � Rg -Fg

Mg � Rg -Fg Ng � Rg -Gg

����
����= 0 ðC:48Þ

One should recall that the inequality R1. g < R2. g is always observed.
Equations (C.47) and (C.48) allow for expression of the radius of normal curva-

ture Rg(φ) at a point of the gear tooth flank G in terms of the fundamental magnitudes
of the first order Eg, Fg, and Gg and those of the second order Lg, Mg, and Ng.

A similar consideration is applicable to the pinion tooth flank P. Omitting routine
analysis, one can conclude that the radius of normal curvature Rp(φ, μ) of a point of
the pinion tooth flank P can be expressed in terms of the fundamental magnitudes of
the first order Ep, Fp, and Gp and those of the second order Lp, Mp, and Np.

Finally, on the premise of the above-performed analysis, the following equation
for the indicatrix of conformity CnfR G=Pð Þ at a point of contact of the tooth flanks G
and P can be derived:

rcnf φ, μð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EgGg

LgGg cos 2φ-Mg
ffiffiffiffiffiffiffiffiffiffiffi
EgGg

p
sin 2φ+NgEg sin

2φ

�����
�����

vuut sgn Φ- 1
2:g

+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EpGp

LpGp cos 2 φ+ μð Þ-Mp
ffiffiffiffiffiffiffiffiffiffiffi
EpGp

p
sin 2 φ+ μð Þ+NpEp sin

2 φ+ μð Þ

�����
�����

vuut sgn Φ- 1
2:p

ðC:49Þ
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Equation (C.49) of the characteristic curve21 CnfR(P/T ) is known from the late
1970s.

Analysis of Eq. (C.49) reveals that the indicatrix of conformity CnfR G=Pð Þ at a
point of contact of a gear tooth flank G and the mating pinion tooth flank P is
represented by a planar centro-symmetrical curve of the fourth order. In particular
cases, this characteristic curve also possesses a property of mirror symmetry. Mirror
symmetry of the indicatrix of conformity is observed, for example, when the angle μ
of the local relative orientation of the tooth flanks G and P is equal to μ = ± π � n/2,
where n is an integer.

It is important to observe here that even for the most general case of gearing, the
position vector of a point, rcnf(φ, μ), of the indicatrix of conformity CnfR G=Pð Þ is not
dependent on the fundamental magnitudes Fg and Fp. The independence of the
indicatrix of conformity CnfR G=Pð Þ of the fundamental magnitudes Fg and Fp is
because of the following:

The coordinate angle ωg at a point of the gear tooth flank G can be calculated from
the formula:

ωg = arccos
Fgffiffiffiffiffiffiffiffiffiffiffi
EgGg

p ðC:50Þ

It is natural that the position vector rcnf(φ, μ) of a point of the indicatrix of
conformity CnfR G=Pð Þ is not a function of the coordinate angle ωg. Although the
position vector rcnf(φ, μ) depends on the fundamental magnitudes Eg, Gg and Ep, Gp,
the above analysis makes it clear why it does not depend upon the fundamental
magnitudes Fg and Fp.

Two illustrative examples of the indicatrix of conformity CnfR G=Pð Þ at a point of
contact of a gear tooth flank, G , and a mating pinion tooth flank, P , are shown in
Fig. C.9. The first example (see Fig. C.9a) relates to the cases of contact of a saddle-
like local patch of the tooth surface G and of a convex elliptic-like local patch of the
tooth surface P. The second one (see Fig. C.9b) is for the case of contact of a convex
parabolic-like local patch of the tooth surface G and of a convex elliptic-like local
patch of the tooth surface P . For both cases (see Fig. C.9), the corresponding
curvature indicatrices Crv Gð Þ and Crv Pð Þ at the point of contact of the tooth flanks
G and P , respectively, are also depicted in Fig. C.9. The imaginary (phantom)
branches of the Dupin indicatrix Dup Gð Þ (not labeled in Fig. C.9a) for the saddle-
like local patch of the gear tooth flank G are shown as a dashed line (see Fig. C.9a).

The gear tooth flank G and the pinion tooth flank P can make contact geomet-
rically; however, the physical conditions of their contact could be violated. Violation

21The equation of this characteristic curve is known from:
(a) Pat. No.1249787, USSR, A Method of Sculptured Part Surface Machining on a Multi-Axis

NC Machine, S.P. Radzevich, B23C 3/16, Filed: December 27, 1984, and (in hidden form) from:
(b) Pat. No.1185749, USSR, A Method of Sculptured Part Surface Machining on a Multi-Axis

NC Machine, S.P. Radzevich, B23C 3/16, Filed: October 24, 1983.



)

G

of the physical conditions of the contact indicates that the bodies bounded by the
contacting surfaces G and P interfere with one another. Implementation of the
indicatrix of conformity CnfR G=Pð Þ immediately uncovers the surface interference
if there is any. Three illustrative examples of the violation of the physical conditions
of contact are illustrated in Fig. C.10. When the correspondence between the radii of
normal curvature of the contacting tooth flanks G and P is inappropriate, the
indicatrix of conformity CnfR G=Pð Þ either intersects itself (see Fig. C.10a) or all
of it diameters become negative (see Fig. C.10b and c).
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Fig. C.9 Examples of the indicatrix of conformity CnfR G=Pð Þ at a point of contact K of a smooth
regular gear tooth flank, G, and a mating pinion tooth flank, P
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Fig. C.10 Examples of violation of the physical conditions of contact of a smooth regular gear
tooth flank, G, and a mating pinion tooth flank, P

Another interpretation of satisfaction and violation of the physical conditions of
contact of two smooth regular tooth flanks, G and P , is illustrated in Fig. C.11. The
physical condition of contact is fulfilled when all diameters of the indicatrix of
conformity CnfR G=Pð Þ are positive. In this case, the gear tooth flank G and the
mating pinion tooth flank P may contact one another like two rigid bodies do. An
example of the indicatrix of conformity CnfR G=Pð Þ for such a case is depicted in
Fig. C.11a. In cases in which this planar characteristic curve has negative diameters,



ð Þ ð Þ

+ 2 + = ± 1 C 52

)

as schematically shown in Fig. C.11b, the physical contact between the tooth flanks
G and P is infeasible.
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Fig. C.11 Another interpretation of satisfaction (a) and violation (b) of the physical conditions of
contact of a smooth regular gear tooth flank, G, and a mating pinion tooth flank, P

The value of the current diameter22 dcnf of the indicatrix of conformity
CnfR G=Pð Þ indicates that the degree of conformity to each of the gear tooth flank
G and the mating pinion tooth flank P is in a corresponding cross section of the
surfaces by a normal plane through the common perpendicular. The orientation of
the normal plane section with respect to the tooth flanks G and P is specified by the
corresponding central angle ϕ.

For the orthogonally parameterized gear tooth flank G and the mating pinion tooth
flank P , the equation of the Dupin indicatrices Dup G and Dup P is simplified to:

Lgx
2
g + 2Mgxgyg +Ngy

2
g = ± 1 ðC:51Þ

2 2Lpxp Mpxpyp Npyp ð : Þ

After being represented in a common reference system, use of Eqs. (C.51) and
(C.52) makes a simplified equation of the indicatrix of conformity CnfR G=Pð Þ at a
point of contact of the tooth flanks G and P possible:

22The diameter of a symmetrical curve that possesses a property of central symmetry can be defined
as a distance between two points of the curve, measured along the corresponding straight line
through the center of symmetry of the curve.
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rcnf φ, μð Þ= Lg cos 2φ-Mg sin 2φ+Ng sin
2φ

- 0:5
sgn Φ- 1

2:g

+ Lp cos 2 φ+ μð Þ-Mp sin 2 φ+ μð Þ+Np sin
2 φ+ μð Þ� - 0:5

sgn Φ- 1
p:T

ðC:53Þ

Equation (C.53) is valid for the orthogonally parameterized tooth flanks G and P.

C.3.3 Directions of the Extremum Degree of Conformity at a Point
of Contact of the Tooth Flanks of a Gear and a Mating Pinion

The directions along which the degree of conformity at a point of contact of a gear
tooth flank, G, and a mating pinion tooth flank, P, is extremum – that is, the degree of
conformity reaches either its maximal or minimal value – is of prime importance for
engineering applications. This issue is especially important for synthesizing a
favorable gear pair.

The directions of the extremal degree of conformity of the contacting smooth
regular tooth flanks G and P , that is, the directions pointed along the extremal
diameters dmin

cnf and dmax
cnf of the indicatrix of conformity CnfR G=Pð Þ, can be found

from the equation of the indicatrix of conformity CnfR G=Pð Þ . For the reader’s
convenience, the equation of this characteristic curve is transformed and is
represented in the form:

rcnf φ, μð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jr1:g cos 2φ+ r2:g sin

2φj
q

sgnΦ- 1
2:g

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jr1:p cos 2 φ+ μð Þ+ r2:p sin

2 φ+ μð Þj
q

sgnΦ- 1
2:p

ðC:54Þ

Two directions within the common tangent plane are specified by the angles φmin

and φmax. These directions feature an extremum degree of conformity of the pinion
tooth flank P to the gear tooth flank G . Actually, the angles are the roots of the
equation:

∂
∂φ

rcnf φ, μð Þ= 0: ðC:55Þ

It can be easily proved that in the general case of contact of two smooth regular
tooth flanks, G and P, the difference between the angles φmin and φmax is not equal to
0.5π. This means that the equality

φmin -φmax = ± 0:5πn ðC:56Þ

is not always observed, and, in most cases, the relationship:



- ≠ ±
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φmin φmax 0:5πn ðC:57Þ

is valid (here, n is an integer). The condition (see Eq. (C.56)): φmin= φmax ± 0.5πn is
fulfilled only in cases in which the angle μ of the local relative orientation of the
contacting surfaces G and P is μ = ± 0.5πn, and, thus, the principal directions t1. g
and t2. g of the gear tooth flank G and the principal directions t1. p and t2. p of the
mating pinion tooth flank P are either aligned with each other or are oppositely
directed.

This enables one to making the following statement:

Statement C.1 In the general case of contact of two smooth regular tooth flanks, the
directions along which the degree of conformity of the tooth flanks G and P is
extremal are not orthogonal to one another.

This statement is important for engineering applications.
The solution to equation ∂rrel(φ)/∂φ = 0 returns two extremal angles φmin and

φmax = φmin + 90° (here, rrel(φ) denotes the position vector of a point of the Dupin
indicatrix at a point on the surface of relative curvature). Equation (C.55) allows for
two solutions, φ�

min and φ�
max . Therefore, the extremal difference:

Δφmin =φmin -φ�
min ðC:58Þ

as well as the extremal difference:

Δφmax =φmax -φ�
max ðC:59Þ

can be easily calculated.
Generally speaking, neither the extremal difference Δφmin nor the extremal

difference Δφmax is equal to zero. They are equal to zero only in particular cases,
e.g., when the angle μ of the local relative orientation of the surfaces G and P fulfills
the relationship μ = ± 0.5πn.

Let us consider an example that illustrates Statement C.1.

Example As an illustrative example, let us analytically describe the contact geom-
etry of two convex parabolic patches of the contacting tooth flanks G and P (see
Fig. C.12). The example pertains to finish cutting a helical involute gear by a
disk-type shaving cutter. In the example under consideration, the design parameters
of the gear and of the shaving cutter, along with the specified corresponding
configurations, yield the following numerical data for the calculation: At the point
K of the tooth flanks’ contact, the principal curvatures of the gear tooth flank G are
k1. g = 4mm-1 and k2. g = 0. The principal curvatures of the mating pinion tooth
flank P are k1. p = 1mm-1 and k2. p = 0. The angle μ of the local relative orientation
of the tooth flanks G and P is μ = 45°.

Two approaches can be implemented for the analytical description of the contact
geometry of the tooth flanks G and P. The first one is based on the implementation of
the Dupin indicatrix of the surface of relative curvature. The second one is based on



)

the application of the indicatrix of conformity CnfR G=Pð Þ constructed at the contact
point K of the interacting tooth flanks G and P .
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Fig. C.12 Example: determination of the optimum instantaneous kinematics in a gear shaving
operation

The first approach In the case under consideration, the normal curvature kR of the
surface of relative curvature R can be analytically expressed as:

kR = k1:g cos
2φ- k1:p cos

2 φ+ μð Þ ðC:60Þ

Therefore, the following equality:

∂kR
∂φ

= - 2k1:g sinφ cosφ+ 2k1:p sin φ+ μð Þ cos φ+ μð Þ= 0 ðC:61Þ

is valid for the directions of the extremum degree of conformity of the tooth flanks
G and P at every point of their contact.

For the directions of the extremal degree of conformity at the point of contact of
the gear tooth flank G and the mating pinion tooth flank P, Eq. (C.61) yields extremal
values φmin = 7° and φmax = φmin + 90 ° = 97° of the angles φmin and φmax,
respectively.

The direction that is specified by the angle φmin = 7° indicates the direction of the
minimal diameter of the Dupin indicatrix of the surface of relative curvature. This
same direction corresponds to the maximal degree of conformity at the point of



contact of the tooth flanks G and P . Another direction that is specified by the angle
φmax = 97° indicates the direction of the minimum degree of conformity of the
contacting tooth flanks G and P at the same contact point.

The second approach For the case under consideration, use of Eq. (C.49) of the
indicatrix of conformity CnfR G=Pð Þ at a point of contact of the gear tooth flank G

and the mating pinion tooth flank P makes calculation of the extremal angles
φ�

min = 19 ° and φ�
max = 118 ° possible.

Imaginary branches of the indicatrix of conformity CnfR G=Pð Þ at the point of
contact of the tooth flanks G and P in Fig. C.12 are depicted by a dashed line.

It is important to focus the readers’ attention here on two issues.
First, the extremal angles φmin and φmax, which are calculated using the first

approach, are not equal to the corresponding extremal angles φ�
min and φ�

max , which
are calculated using the second approach. The relationships φmin ≠φ�

min and
φmax ≠φ�

max are generally observed.
Second, the difference Δφ� between the extremal angles φ�

min and φ�
max is not

equal to half of π. Therefore, the relationship φ�
max -φ�

min ≢ 90° between the
extremal angles φ�

min and φ�
max is observed. In the general case of contact of two

sculptured surfaces, the directions of the extremal degree of conformity of the gear
tooth flank G and the mating pinion tooth flank P are not orthogonal to one another.

The discussed example reveals that in general cases of contact of two smooth
regular tooth flanks, the indicatrix of conformity CnfR G=Pð Þ can be implemented for
the purpose of an accurate analytical description of the contact geometry of the
surfaces. The Dupin indicatrix of the surface of relative curvature can be
implemented for this purpose only in the relative orientation of particular cases of
the surfaces G and P . Application of the Dupin indicatrix of the surface of relative
curvature enables only an approximate analytical description of the geometry of
contact of the surfaces. The Dupin indicatrix of the surface of relative curvature
could be equivalent to the indicatrix of conformity only in degenerate cases of
contact of the surfaces. Advantages of the indicatrix of conformity over the Dupin
indicatrix of the surface of relative curvature are because this characteristic curve
CnfR G=Pð Þ is a curve of the fourth order.

C.3.4 Important Properties of the Indicatrix of Conformity CnfR G=Pð Þ
at a Point of Contact of the Tooth Flanks of a Gear and a Mating
Pinion

The performed analysis of Eq. (C.49) of the indicatrix of conformity CnfR G=Pð Þ at a
point of contact of a gear tooth flank and a mating pinion tooth flank reveals that this
characteristic curve possesses the following important properties.
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1. The indicatrix of conformity CnfR G=Pð Þ at a point of contact of the tooth flanks G
and P is a planar characteristic curve of the fourth order. It possesses the property
of central symmetry and, in particular cases, also the property of mirror
symmetry.
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2. The indicatrix of conformity CnfR G=Pð Þ is closely related to the second funda-
mental forms Φ2. g and Φ2. p of the surfaces G and P , respectively. This
characteristic curve is invariant with respect to the kind of parameterization of
the tooth flanks G and P but not its equation. A change in the parameterization of
the surfaces G and P leads to a change in the equation of the indicatrix of
conformity CnfR G=Pð Þ, whereas the shape and parameters of this characteristic
curve remain unchanged.

3. The characteristic curve CnfR G=Pð Þ is independent of the actual value of the
coordinate angle ωg that forms the coordinate lines Ug and Vg on the gear tooth
flank G. It is also independent of the actual value of the coordinate angle ωp that
forms the coordinate lines Up and Vp on the mating pinion tooth flank P .
However, the parameters of the indicatrix of conformity CnfR G=Pð Þ depend
upon the angle μ of the local relative orientation of the tooth flanks G and P .
Therefore, for a given pair of the tooth flanks G and P, the degree of conformity of
the surface varies correspondingly to the variation of the angle μ, whereas the
pinion tooth flank P spins around the unit vector of the common perpendicular.

More properties of the indicatrix of conformity CnfR G=Pð Þ at a point of contact
of a gear tooth flank, G, and a mating pinion tooth flank, P , can be outlined.

C.3.5 Converse Indicatrix of Conformity at a Point of Contact
of the Tooth Flanks of a Gear and a Mating Pinion

For the Dupin indicatrix Dup G=Pð Þ at a point on the surface of relative curvature
R there exists a corresponding inverse Dupin indicatrix, Dupk G=Pð Þ. Similarly, for
the indicatrix of conformity CnfR G=Pð Þ, at a point of contact of the tooth flanks G
and P , there exists a corresponding converse indicatrix of conformity Cnfk G=Pð .
This characteristic curve can be directly expressed in terms of the normal curvatures
kg and kp of the surfaces G and P , respectively:

Cnfk G=Pð Þ ) rcnvcnf φ, μð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkg φð Þj

q
� sgnΦ- 1

2:g -
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkp φ, μð Þj

q
� sgnΦ- 1

2:p

ðC:62Þ

For derivation of an equation of the converse indicatrix of conformity
Cnfk G=Pð Þ, Euler’s formula for a surface normal curvature is used in the following
representation:

kg φð Þ= k1:g cos
2φ+ k2:g sin

2φ ðC:63Þ
2 2kp φ μð Þ k1:p φ μð Þ k2:p φ μð Þ ð : Þ
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Here, in Eqs. (C.63) and (C.64), the principal curvatures of the gear tooth flank G
are designated as k1. g and k2. g, whereas k1. p and k2. p are the principal curvatures of
the mating pinion tooth flank P .

After substituting Eqs. (C.63) and (C.64) in Eq. (C.62), one can come up with the
equation:

rcnvcnf φ, μð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk1:g cos 2φ+ k2:g sin

2φj
q

sgnΦ- 1
2:g

-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk1:p cos 2 φ+ μð Þ+ k2:p sin

2 φ+ μð Þj
q

sgnΦ- 1
2:p

ðC:65Þ

for the converse indicatrix of conformity Cnfk G=Pð Þ at a point of contact of the tooth
flanks G and P in the first order of tangency.

Here, in Eq. (C.65), the principal curvatures k1. g, k2. g and k1. p, k2. p can be
expressed in terms of the corresponding fundamental magnitudes Eg, Fg, and Gg of
the first and Lg,Mg, and Ng of the second orders of the gear tooth flank G and in terms
of the corresponding fundamental magnitudes Ep, Fp, and Gp of the first and Lp,Mp,
and Np of the second orders of the mating pinion tooth flank P . In this manner,
Eq. (C.65) of the converse indicatrix of conformity Cnfk G=Pð Þ can be cast into a
form that is similar to Eq. (C.49) of the ordinary indicatrix of conformity CnfR G=Pð
at a point of contact of the tooth flanks G and P .

It can be shown that similar to the indicatrix of conformity CnfR G=Pð Þ , the
characteristic curve Cnfk G=Pð Þ also possess the property of central symmetry. In
particular cases of surface contact, it also possesses the property of mirror symmetry.
The directions of the extremal degree of conformity of the gear tooth flank G and the
mating pinion tooth flank P are orthogonal to one another only in degenerate cases of
surface contact.

Equation (C.65) of the converse indicatrix of conformity Cnfk G=Pð Þ is conve-
nient for implementation when:

(a) The gear tooth flank G

(b) The mating pinion tooth flank P

(c) Both of them

feature point(s) or line(s) of inflection. In the point(s) or (line(s)) of inflection, the
radii of normal curvature Rg( p) of the surfaces G and P are equal to infinity. Points/
lines of inflection cause indefiniteness when calculating the position vector rcnf(φ, μ)
of a point of the characteristic curve CnfR G=Pð Þ. Equation (C.65) of the converse
indicatrix of conformity Cnfk G=Pð Þ is free of the disadvantages of such kind and is
therefore recommended for practical applications.
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Appendix D: Applied Coordinate Systems and Linear
Transformations

Consequent coordinate system transformations can be easily described analytically
with implementation of matrices. The use of matrices for coordinate system trans-
formation23 can be traced back to the mid-1940s24 when Dr. S.S. Mozhayev25 began
describing coordinate system transformations by means of matrices.

Below, coordinate system transformation is briefly discussed from the standpoint
of its implementation in the theory of gearing.

D.1 Coordinate System Transformation

Homogeneous coordinates utilize a mathematical trick to embed three-dimensional
coordinates and transformations into a four-dimensional matrix format. As a result,
inversions or combinations of linear transformations are simplified to inversions or
multiplication of the corresponding matrices.

D.1.1 Homogeneous Coordinate Vectors

Instead of representing each point r(x, y, z) in three-dimensional space with a single
three-dimensional vector,

r=

x

y

z

2
64

3
75 ðD:1Þ

homogeneous coordinates allow each point r(x, y, z) to be represented by any of an
infinite number of four-dimensional vectors:

23Matrices were introduced to mathematics by A. Cayley in 1857. They provide a compact and
flexible notation particularly useful in dealing with linear transformations, and they presented an
organized method for the solution of systems of linear differential equations.
24Application of matrices for the purposes of analytical representation of coordinate system
transformation should be credited to Dr. S.S. Mozhayev (Mozhayev, S.S., General Theory of
Cutting Tools, Doctoral Thesis, Leningrad, Leningrad Polytechnic Institute, 1951, 295 pages).
Dr. S.S. Mozhayev began using matrices for this purpose in the mid-1940s. Later on, the matrix
approach to coordinate system transformation was used by Denavit and Hartenberg as well as by
many other researchers.
25S.S. Mozhayev is a soviet scientist mostly known for his accomplishments in the theory of cutting
tool design.
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r=

T � x
T � y
T � z
T

6664
7775 ðD:2Þ

The three-dimensional vector corresponding to any four-dimensional vector can
be calculated by dividing the first three elements by the fourth element, and a four-
dimensional vector corresponding to any three-dimensional vector can be created by
simply adding a fourth element and setting it equal to one.

D.1.2 Homogeneous Coordinate Transformation Matrices
of the Dimension 4 × 4

Homogeneous coordinate transformation matrices operate on four-dimensional
homogeneous vector representations of traditional three-dimensional coordinate
locations. Any three-dimensional linear transformation (translation, rotation, and
so forth) can be represented by a 4 × 4 homogeneous coordinate transformation
matrix. In fact, because of the redundant representation of a three-dimensional space
in a homogeneous coordinate system, an infinite number of different 4 × 4 homo-
geneous coordinate transformation matrices are available to perform any given linear
transformation. This redundancy can be eliminated to provide a unique representa-
tion by dividing all elements of a 4 × 4 homogeneous transformation matrix by the
last element (which will become equal to one). This means that a 4 × 4 homogeneous
transformation matrix can incorporate as many as 15 independent parameters. The
generic format representation of a homogeneous transformation equation for map-
ping the three-dimensional coordinate (x1, y1, z1) to the three-dimensional coordinate
(x2, y2, z2) is:

T� � x2
T� � y2
T� � z2
T�

2
6664

3
7775=

T� � a T� � b T� � c T� � d
T� � e T� � f T� � g T� � h
T� � i T� � j T� � k T� � m
T� � n T� � p T� � q T�

2
6664

3
7775 �

T � x2
T � y2
T � z2
T

2
6664

3
7775 ðD:3Þ

If any two matrices or vectors of this equation are known, then the third matrix
(or vector) can be calculated, and, then, the redundant T element in the solution can
be eliminated by dividing all elements of the matrix by the last element.

Various transformation models can be used to constrain the form of the matrix to
transformations with fewer degrees of freedom.
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Fig. D.1 Analytical description of the operators of translations Tr(ax,X), Tr(ay,Y ), and Tr(az,Z )
along the coordinate axes of a Cartesian reference system XYZ

D.1.3 Translations

The translation of a coordinate system is one of the major linear transformations used
in the theory of part surface generation. Translations of the coordinate system X2Y2Z2
along the axes of the coordinate system X1Y1Z1 are depicted in Fig. D.1. Translations
can be analytically described by the homogeneous transformation matrix of dimen-
sion 4 × 4.

For an analytical description of translation along the coordinate axes, the opera-
tors of translation Tr(ax,X), Tr(ay, Y ), and Tr(az,Z ) are used. These operators yield
a matrix representation in the form:

Tr ax, Xð Þ=

1 0 0 ax
0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 ðD:4Þ

2 3
Tr ay, Y

� �
=

0 1 0 ay
0 0 1 0

0 0 0 1

6664
7775 ðD:5Þ

2 3
Tr az, Zð Þ= 0 1 0 0

0 0 1 az

0 0 0 1

6664
7775 ðD:6Þ

Here, in Eqs. (D.4) through (D.6), the parameters ax, ay, and az are assigned
values that denote the distance of the translation along the corresponding axis.
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Let us consider two coordinate systems, X1Y1Z1 and X2Y2Z2, displaced along the
X1- axis at a distance ax as schematically depicted in Fig. D.1a. A point m in the
reference system X2Y2Z2 is given by the position vector r2(m). In the coordinate
system X1Y1Z1, the same pointm can be specified by the position vector r1(m). Then,
the position vector r1(m) can be expressed in terms of the position vector r2(m) by
the equation:

r1 mð Þ=Tr ax, Xð Þ � r2 mð Þ ðD:7Þ

Equations similar to Eq. (D.7) are valid for the operators Tr(ay, Y ) and Tr(az,Z )
of the coordinate system transformation. The latter is schematically illustrated in
Fig. D.1b and c.

Use of the operators of translation Tr(ax,X), Tr(ay, Y ), and Tr(az,Z ) makes an
introduction of the operator Tr(a,A) of a combined transformation possible. Sup-
pose that the point p on a rigid body goes through a translation describing a straight
line from a point p1 to a point p2 with a change of coordinates (ax, ay, az). This motion
of the point p can be analytically described with a resultant translation operator
Tr(a,A):

Tr a, Að Þ=

1 0 0 ax
0 1 0 ay

0 0 1 az
0 0 0 1

2
6664

3
7775 ðD:8Þ

The operator Tr(a,A) of the resultant coordinate system transformation can be
interpreted as the operator of translation along an arbitrary axis having the vector
A as the direct vector.

An analytical description of the translation of the coordinate system X1Y1Z1 in the
direction of an arbitrary vector A to the position of X2Y2Z2 can be obtained from
Fig. D.2. The operator of translation Tr(a,A) of that particular kind can be expressed
in terms of the operators Tr(ax,X), Tr(ay,Y ), and Tr(az,Z ) of elementary
translations:

Tr a, Að Þ=Tr az, Zð Þ � Tr ay, Y
� � � Tr ax, Xð Þ ðD:9Þ

Evidently, the axis along the vector A is always the axis through the origins of
both the reference systems X1Y1Z1 and X2Y2Z2.

Any and all coordinate system transformations that do not change the orientation
of a geometrical object are referred to as “orientation-preserving transformation” or
“direct transformation.” Therefore, transformation of translation is an example of a
direct transformation.
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Fig. D.2 Analytical description of an operator, Tr(a,A), of translation along an arbitrary axis
(vector A is the direct vector of the axis)

D.1.4 Rotation About a Coordinate Axis

Rotation of a coordinate system about a coordinate axis is another major linear
transformation used in the theory of part surface generation. A rotation is specified
by an axis of rotation and the angle of the rotation. It is a fairly simple trigonometric
calculation to obtain a transformation matrix for a rotation about one of the
coordinate axes.

Possible rotations of the coordinate system X2Y2Z2 about the axis of the coordi-
nate system X1Y1Z1 are illustrated in Fig. D.3.

For an analytical description of rotation about a coordinate axis, the operators of
rotation Rt(φx,X1), Rt(φy,Y1), and Rt(φz,Z1) are used. These operators of linear
transformations yield representation in the form of homogeneous matrices:

Rt φx, X1ð Þ=

1 0 0 0

0 cosφx sinφx 0

0 - sinφx cosφx 0

0 0 0 1

2
6664

3
7775 ðD:10Þ
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Fig. D.3 Analytical description of the operators of rotation Rt(φx,X), Rt(φy,Y ), and Rt(φz, Z )
about a coordinate axis of a reference system X1Y1Z1

Rt φy, Y1
� �

=

cosφy 0 sinφy 0

0 1 0 0

- sinφy 0 cosφy 0

0 0 0 1

2
6664

3
7775 ðD:11Þ

2 3
Rt φz, Z1

� �
=

z z

- sinφz cosφz 0 0

0 0 1 0

0 0 0 1

6664
7775 ðD:12Þ

Here, φx, φy, and φz are assigned values that denote the corresponding angles
of rotations about a corresponding coordinate axis: φx is the angle of rotation
around the X1- axis (pitch) of the Cartesian coordinate system X1Y1Z1; φy is the
angle of rotation around the Y1- axis (roll); and φz is the angle of rotation around the
Z1- axis (yaw) of the same Cartesian reference system X1Y1Z1.

The rotation about a coordinate axis is illustrated in Fig. D.3.
Let us consider two coordinate systems X1Y1Z1 and X2Y2Z2, which are turned

about the X1- axis through an angle φx, as shown in Fig. D.3a. In the reference
system X2Y2Z2, a point m is given by a position vector r2(m). In the coordinate
system X1Y1Z1, the same pointm can be specified by the position vector r1(m). Then,
the position vector r1(m) can be expressed in terms of the position vector r2(m) by
the equation:

r1 mð Þ=Rt φx, Xð Þ � r2 mð Þ ðD:13Þ

Equations similar to Eq. (D.13) are also valid for other operators Rt(φy,Y ) and
Rt(φz, Z ) of the coordinate system transformation. These elementary coordinate
system transformations are schematically illustrated in Fig. D.3b and c, respectively.
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D.1.5 Rotation About an Arbitrary Axis Through the Origin

When a rotation is to be performed around an arbitrary vector based at the origin, the
transformation matrix must be assembled from a combination of rotations about the
Cartesian coordinates.

Two different approaches for an analytical description of a rotation about an
arbitrary axis through the origin are discussed below.

Conventional Approach

An analytical description of rotation of the coordinate system X1Y1Z1 about an
arbitrary axis through the origin to the position of a reference system X2Y2Z2 is
illustrated in Fig. D.4. It is assumed here that the rotation is performed about the axis
having a vector A0 as the direction vector. The operator Rt(φA,A0) of a rotation
of this kind can be expressed in terms of the operators Rt(φx,X), Rt(φy, Y ), and
Rt(φz, Z ) of elementary rotations:

Rt φA, A0ð Þ=Rt φz, Z
� � � Rt φy, Y

� � � Rt φx, Xð Þ ðD:14Þ

Evidently, the axis of rotation (a straight line along the vector A0) is always an
axis through the origin.

The operators of translation and of rotation also yield linear transformations of
other kinds as well.

1X
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��������
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Axis of rotation
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Fig. D.4 Analytical description of the operator Rt(φA,A) of rotation about an arbitrary axis
through the origin of a Cartesian coordinate system X1Y1Z1 (the vector A is the directing vector
of the axis of rotation)
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Fig. D.5 Euler angles

Eulerian Transformation

“Eulerian transformation” is a well-known kind of linear transformation used exten-
sively in mechanical engineering. This kind of linear transformation is analytically
described by the operator Eu(ψ , θ,φ) of Eulerian26 transformation.

The operator Eu(ψ , θ,φ) is expressed in terms of three Euler angles (or Eulerian
angles), namely, ψ , θ, and φ. The configuration of an orthogonal Cartesian coordi-
nate system X1Y1Z1 in relation to another orthogonal Cartesian coordinate system
X2Y2Z2 is defined by the Euler angles ψ , θ, and φ. These angles are shown in
Fig. D.5.

The line of intersection of the coordinate plane X1Y1 of the first reference system
by the coordinate plane X2Y2 of the second reference system is commonly referred to
as the “line of nodes.” In Fig. D.5, the line OK is the line of nodes. It is assumed here
and below that the line of nodes OK and the axes Z1 and Z2 form a frame of the same
orientation as do the reference systems X1Y1Z1 and X2Y2Z2.

The Euler angle φ is referred to as the “angle of pure rotation.” This angle is
measured between the X1- axis and the line of nodes OK. The angle of pure rotation
φ is measured within the coordinate plane X1Y1 in the direction of the shortest
rotation from the axis X1 to the axis Y1.

26Leonhard Euler (April 15, 1707–September 18, 1783), a famous Swiss mathematician and
physicist who spent most of his life in Russia and Germany.
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The Euler angle θ is referred to as the “angle of nutation.” The angle of nutation θ
is measured between the axes Z1 and Z2. The actual value of this angle never exceeds
180°.

The Euler angle ψ is referred to as the “angle of precession.” The angle of
precession ψ is measured in the coordinate plane X2Y2. This angle lies between the
line of nodes OK and the X2- axis. The direction of the shortest rotation from the
axis X2 to the axis Y2 is the direction in which the angle of precession is measured.

In case the angle of nutation is either θ = 0° or θ = 180°, then the Euler angles are
not defined.

The operator Eu(ψ , θ,φ) of Eulerian transformation allows for the following
matrix representation:

Eu ψ , θ, φð Þ ¼

- sinψ cos θ sinφ+ cosψ cosφ cosψ cos θ sinφ+ sinψ cosφ sin θ sinφ 0

- sinψ cos θ cosφ- cosψ sinφ cosψ cos θ cosφ- sinψ cosφ sin θ cosφ 0

sin θ sinφ - cosψ cos θ cos θ 0

0 0

2
6664

3
7775

ðD:15Þ

Here, it is important to stress the difference between the operator Eu(ψ , θ,φ) of
Eulerian transformation the operator Rt(ψA,A0) of rotation about an arbitrary axis
through the origin.

The operator Rt(ψA,A) of rotation about an arbitrary axis through the origin
can result in the same final orientation of the coordinate system X2Y2Z2 in relation
to the coordinate system X1Y1Z1 as does the operator Eu(ψ , θ,φ) of Eulerian
transformation. However, the operators of the linear transformations Rt(ψA,A0)
and Eu(ψ , θ,φ) are of a completely different nature. They can result in identical
coordinate system transformation, but they are not equal to one another.

D.1.6 Rotation About an Arbitrary Axis Not Through the Origin

The transformation corresponding to the rotation of an angle φ around an arbitrary
vector not through the origin cannot be readily written in a form similar to the
rotation matrices about the coordinate axes.

The desired transformation matrix is obtained by combining a sequence of
elementary translation and rotation matrices (once a single 4 × 4 matrix has been
obtained, representing the composite transformations, it can be used in the same way
as any other transformation matrix).

Rotation of the coordinate system X1Y1Z1 to a configuration, which the coordinate
system X2Y2Z2 possesses, can be performed about a corresponding axis that features
an arbitrary configuration in space (see Fig. D.6). The vectorA is the direction vector
of the axis of the rotation. The axis of the rotation is not a line through the origin.



The operator of linear transformation of this particular kind Rt(ψA,A) can be
expressed in terms of the operator Tr(a,A) of translation along and of the operator
Rt(ψA,A0) of rotation about an arbitrary axis through the origin:

Rt φA, Að Þ=Tr - b, B�ð Þ � Rt φA, A0ð Þ � Tr b, Bð Þ ðD:16Þ

Here, in Eq. (D.16),
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Fig. D.6 Analytical description of the operator Rt(φA,A) of rotation about an arbitrary axis not
through the origin (vector A is the direct vector of the axis of the rotation)

Tr(b,B) is the operator of translation along the shortest distance of approach of the
axis of rotation and origin of the coordinate system.

Tr(-b,B�) is the operator of translation in the direction opposite to the translation
Tr(b,B) after the rotation Rt(ψA,A) is completed.

In order to determine the shortest distance of approach B of the axis of rotation
(that is, the axis along the directing vector B) and the origin of the coordinate system,
let us consider the axis (B) through two given points rB.1 and rB.2.

The shortest distance between a certain point r0 and the straight line through the
points rB.1 and rB.2 can be calculated from the following formula:



r - r r - r

ð
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B=
j 2 1ð Þ× 1 0ð Þj

jr2 - r1j ðD:17Þ

For the origin of the coordinate system, the equality r0 = 0 is observed. Then,

B= jr1j � sin∠ r1, r2 - r1ð Þ½ � D:18Þ

Amatrix representation of the operators of translation Tr(ax,X), Tr(ay,Y ), Tr(az,
Z ) along the coordinate axes, together with the operators of rotation Rt(φx,X),
Rt(φy,Y ), Rt(φz, Z ) about the coordinate axes, is convenient for implementation of
the theory of part surface generation. Moreover, use of the operators is the simplest
possible way to analytically describe the linear transformations.

D.1.7 Resultant Coordinate System Transformation

The operators of translation Tr(ax,X), Tr(ay, Y ), and Tr(az, Z ) together with the
operators of rotation Rt(φx,X), Rt(φy,Y ), and Rt(φz,Z ), respectively, are used for
the purpose of composing the operator Rs (1 � 2) of the resultant coordinate
system transformation. The transition from the initial Cartesian reference system
X1Y1Z1 to other Cartesian reference system X2Y2Z2 is analytically described by the
operator Rs (1 � 2) of the resultant coordinate system transformation.

For example, the expression:

Rs 1� 5ð Þ=Tr ax, Xð Þ � Rt φz, Z
� � � Rt φx, Xð Þ � Tr ay, Y

� � ðD:19Þ

indicates that the transition from the coordinate system X1Y1Z1 to the coordinate
system X5Y5Z5 is executed in the following four steps (see Fig. D.7):

• Translation Tr (ay,Y )
• Rotation Rt (φx,X)
• Second rotation Rt (φz, Z )
• Translation Tr (ax,X)

Ultimately, the equality:

r1 mð Þ=Rs 1� 5ð Þ � r5 mð Þ ðD:20Þ

is valid.
When the operator Rs (1 � t) of the resultant coordinate system transformation

is specified, the transition in the opposite direction can be performed by means of the
operator Rs (t � 1) of the inverse coordinate system transformation. The following
equality can be easily proven:

Rs t� 1ð Þ=Rs- 1 1� tð Þ ðD:21Þ
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Fig. D.7 An example of the resultant coordinate system transformation analytically expressed by
the operator Rs (1 � 5)

In the above example illustrated in Fig. D.7, the operator Rs (5 � 1) of the
inverse resultant coordinate system transformation can be expressed in terms of the
operator Rs (1 � 5) of the direct resultant coordinate system transformation.
Following Eq. (D.21), one can come up with the equation:

Rs 5� 1ð Þ=Rs- 1 1� 5ð Þ ðD:22Þ

It is easy to show that the operator Rs (1 � t) of the resultant coordinate system
transformation allows for representation in the following form:

Rs 1� tð Þ=Tr a, Að Þ � Eu ψ , θ, φð Þ D:23Þ

The linear transformation Rs (1 � t) (see Eq. (D.23)) can also be expressed in
terms of rotation about an axis Rt (φA,A) not through the origin (see Eq. (D.16)).

D.2 Complex Coordinate System Transformation

In particular cases of complex coordinate system transformations that are repeatedly
used in practice, special purpose operators of coordinate system transformation can
be composed of elementary operators of translation and operators of rotation.
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D.2.1 Linear Transformation Describing a Screw Motion About
a Coordinate Axis

Operators for an analytical description of screw motions about an axis of the
Cartesian coordinate system are a particular case of the operators of the resultant
coordinate system transformation.

By definition (see Fig. D.8), the operator Scx(φx, px) of a screw motion about the
X- axis of the Cartesian coordinate system XYZ is equal to:

Scx φx, pxð Þ=Rt φx, Xð Þ � Tr ax, Xð Þ ðD:24Þ

After substituting the operator of translation Tr (ax,X) and the operator of
rotation Rt (φx,X) (see Eq. (D.10)), Eq. (D.24) is cast into the expression:

Scx φx, pxð Þ=

1 0 0 px � φx

0 cosφx sinφx 0

0 - sinφx cosφx 0

0 0 0 1

2
6664

3
7775 ðD:25Þ

for the calculation of the operator of the screw motion Scx(φx, px) about the X- axis.
The operators of the screw motions Scy(φy, py) and Scz(φz, pz) about the Y- and

Z- axes are correspondingly defined in a manner similar to that in which the
operator of the screw motion Scx(φx, px) is defined:

Scy φy, py
� �

=Rt φy, Y
� � � Tr ay, Y

� � ðD:26Þ� � � �
z z z z � zð Þ ð : Þ

Fig. D.8 Analytical
description of the operator
of screw motion Scx(φx, px)
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Using Eqs. (D.5) and (D.6) together with Eqs. (D.11) and (D.12), one can come
up with the expressions:

Scy φy, py
� �

=

cosφy 0 - sinφy 0

0 1 0 py � φy

sinφy 0 cosφy 0

0 0 0 1

2
6664

3
7775 ðD:28Þ

2 3
Scz φz, pz

� �
=

z z

- sinφz cosφz 0 0

0 0 1 pz � φz

0 0 0 1

6664
7775 ðD:29Þ

for the calculation of the operators of the screw motion Scy(φy, py) and Scz(φz, pz)
about the Y- and Z- axes, respectively.

Screw motions about a coordinate axis as well as screw surfaces are common in
the theory of part surface generation. This makes it practical to use the operators of
the screw motion Scx(φx, px), Scy(φy, py) and Scz(φz, pz) in the theory of part surface
generation.

In case of necessity, an operator of the screw motion about an arbitrary axis either
through the origin of the coordinate system or not through the origin of the
coordinate system can be derived following the method similar to that used for the
derivation of the operators Scx(φx, px), Scy(φy, py), and Scz(φz, pz).

D.2.2 Linear Transformation Describing the Rolling Motion of a
Coordinate System

One more practical combination of a rotation and a translation is often used in the
theory of part surface generation.

Let us consider a Cartesian coordinate system X1Y1Z1 (see Fig. D.9). The
coordinate system X1Y1Z1 is traveling in the direction of the X1- axis. The velocity
of the translation is denoted by V. The coordinate system X1Y1Z1 is rotating about its
Y1- axis simultaneously with the translation. The speed of the rotation is denoted by
ω. Assume that the ratio V/ω is constant. Under such a scenario, the resultant motion
of the reference system X1Y1Z1 to its arbitrary position X2Y2Z2 allows interpretation
in the form of rolling with no sliding of a cylinder of radius Rw over the plane. The
plane is parallel to the coordinate X1Y1- plane, and it is remote from it at a distance
Rw. For the calculation of the radius of the rolling cylinder, the expression Rw = V/ω
can be used.

Because rolling of the cylinder of a radius Rw over the plane is performed with no
sliding, a certain correspondence between the translation and the rotation of the
coordinate system is established. When the coordinate system turns through a certain



�
angle φy, the translation of the origin of the coordinate system along the X1- axis is
ax = φr Rw.
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Fig. D.9 Illustration of the
transformation of rolling
Rlx(φy,Y ) of a coordinate
system
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The transition from the coordinate system X1Y1Z1 to the coordinate system
X2Y2Z2 can be analytically described by the operator of the resultant coordinate
system transformation Rs (1 � 2), as follows:

Rs 1� 2ð Þ=Rt φy, Y1
� � � Tr ax, X1ð Þ ðD:30Þ

Here, Tr (ax,X1) is the operator of the translation along the X1- axis and Rt (φy,
Y1) is the operator of the rotation about the Y1- axis.

The operator of the resultant coordinate system transformation of the kind (see
Eq. (D.30)) is referred to as the “operator of rolling motion over a plane.”

When the translation is performed along the X1- axis and the rotation is
performed about the Y1- axis, the operator of rolling is denoted by Rlx(φy, Y ). In
this particular case, the equality Rlx(φy, Y ) = Rs (1 � 2) (see Eq. (D.30) is valid.
Based on this equality, the operator of rolling over a plane Rlx(φy,Y ) can be
calculated from the equation:

Rlx φy, Y
� �

=

cosφy 0 - sinφy ax � cosφy

0 1 0 0

sinφy 0 cosφy ax � sinφy

0 0 0 1

2
6664

3
7775 ðD:31Þ

While rotation remains about the Y1- axis, the translation can be performed not
along the X1- axis but along the Z1- axis instead. For rolling of this kind, the
operator of rolling is:



- -
2 3

cosφ sinφ 0 a � sinφ
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Rlz φy, Y
� �

=

cosφy 0 sinφy az � sinφy

0 1 0 0

sinφy 0 cosφy az � cosφy

0 0 0 1

6664
7775 ðD:32Þ

For the cases in which the rotation is performed about the X1- axis, the
corresponding operators of rolling are as follows:

Rly φx, Xð Þ=

1 0 0 0

0 cosφx sinφx ay � cosφx

0 - sinφx cosφx - ay � sinφx

0 0 0 1

2
6664

3
7775 ðD:33Þ

for the case of rolling along the Y1- axis and

Rlz φx, Xð Þ=

1 0 0 0

0 cosφx sinφx az � sinφx

0 - sinφx cosφx az � cosφx

0 0 0 1

2
6664

3
7775 ðD:34Þ

for the case of rolling along the Z1- axis.
Similar expressions can be derived for the case of rotation about the Z1- axis:

Rlx φz, Z
� �

=

cosφz sinφz 0 ax � cosφz

- sinφz cosφz 0 ax � sinφz

0 0 1 0

0 0 0 1

2
6664

3
7775 ðD:35Þ

2 3
Rly φz, Z

� �
=

z z y z

- sinφz cosφz 0 ay � cosφz

0 0 1 0

0 0 0 1

6664
7775 ðD:36Þ

Use of the operators of rolling Eqs. (D.31) through (D.36) significantly simplifies
the analytical description of the coordinate system transformations.
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D.2.3 Linear Transformation Describing the Rolling
of Two Coordinate Systems

In the theory of part surface generation, combinations of two rotations about parallel
axes are of particular interest.

As an example, let us consider the two Cartesian coordinate systems X1Y1Z1 and
X2Y2Z2 shown in Fig. D.10. The coordinate systems X1Y1Z1 and X2Y2Z2 are rotated
about their axes Z1 and Z2, respectively. The axes of the rotations are parallel to each
other (Z1 k Z2). The rotations ω1 and ω2 of the coordinate systems can be interpreted
so that a circle of a certain radius R1 that is associated with the coordinates system
X1Y1Z1 is rolling with no sliding over a circle of the corresponding radius R2 that is
associated with the coordinate system X2Y2Z2. When the center distance C is known,
the radii R1 and R2 of the circles (that is, of the centrodes) can be expressed in terms
of the center distance C and of the given rotations ω1 andω2. For the calculations, the
following formulae:

R1 =C � 1
1+ u

ðD:37Þ
u

R2 =C �
1+ u

ðD:38Þ

can be used. Here, the ratio ω1/ω2 is denoted by u.
In the initial configuration, the X1- and X2- axes align with each other. The Y1-

and Y2- axes are parallel to each other. As shown in Fig. D.10, the initial config-
uration of the coordinate systems X1Y1Z1 and X2Y2Z2 is labeled as X�

1Y
�
1Z

�
1 and

X�
2Y

�
2Z

�
2, respectively.

When the coordinate system X1Y1Z1 turns through a certain angle φ1, the coor-
dinate system X2Y2Z2 turns through the corresponding angle φ2. When the angle φ1

is known, the corresponding angle φ2 is φ2 = φ1/u.

Fig. D.10 Derivation of the
operator of rolling Rru(φ1,
Z1) of two coordinate
systems
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The transition from the coordinate system X2Y2Z2 to the coordinate system
X1Y1Z1 can be analytically described by the operator of the resultant coordinate
system transformation Rs (1 � 2). In the case under consideration, the operator
Rs (1 � 2) can be expressed in terms of the operators of the elementary coordinate
system transformations:

Rs 1� 2ð Þ=Rt φ1, Z1ð Þ � Rt φ1=u, Z1ð Þ � Tr -C, X1ð Þ D:39Þ

Other equivalent combinations of the operators of elementary coordinate system
transformations can result in the same operator Rs (1 � 2) of the resultant coordi-
nate system transformation. The interested reader may wish to exercise his or her
own way of deriving the equivalent expressions for the operator Rs (1 � 2).

The operator of the resultant coordinate system transformations of the kind (see
Eq. (D.39)) are referred to as the “operators of rolling motion over a cylinder.”

When rotations are performed around the Z1- and the Z2- axes, the operator of
the rolling motion over a cylinder is designated asRru(φ1,Z1). In this particular case,
the equality Rru(φ1,Z1) = Rs (1 � 2) (see Eq. (D.39)) is valid. Based on this
equality, the operator of rolling Rru(φ1,Z1) over a cylinder can be calculated from
the equation:

Rru φ1, Z1ð Þ=

cos φ1 � u+ 1
u

	 

sin φ1 � u+ 1

u

	 

0 -C

- sin φ1 � u+ 1
u

	 

cos φ1 � u+ 1

u

	 

0 0

0 0 1

0 0 0

2
6666664

3
7777775

ðD:40Þ

For the inverse transformation, the inverse operator of rolling of two coordinate
systems Rru(φ2,Z2) can be used. It is Rru φ2, Z2ð Þ=Rr- 1

u φ1, Z1ð Þ . In terms of
the operators of the elementary coordinate system transformations, the operator
Rru(φ2,Z2) can be expressed as follows:

Rru φ2, Z2ð Þ=Rt φ1=u, Z2ð Þ � Rt φ1, Z2ð Þ � Tr C, X1ð Þ ðD:41Þ

Other equivalent combinations of the operators of elementary coordinate system
transformations can result in the same operator Rru(φ2,Z2) of the resultant
coordinate system transformation. The interested reader may wish to exercise his
or her own way of deriving the equivalent expressions for the operator Rru(φ2,Z2).

For the calculation of the operator of rolling of two coordinate systems
Rru(φ2,Z2), the equation:



u+ 1	 
 u+ 1	 


0

1

2 3
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Rru φ2, Z2ð Þ=

cos φ1 � u
- sin φ1 � u

0 C

sin φ1 � u+ 1
u

	 

cos φ1 � u+ 1

u

	 

0 0

0 0 1

0 0 0

6666664
7777775

ðD:42Þ

can be used.
Similar to that, the expression (see Eq. (D.40)) is derived for the calculation of the

operator of rolling Rru(φ1,Z1) around the Z1- and Z2- axes, and the corresponding
formulae can be derived for the calculation of the operators of rolling Rru(φ1,X1)
and Rru(φ1,Y1) about the parallel axes X1 and X2 as well as about the parallel axes
Y1 and Y2.

Use of the operators of rolling about two axes Rru(φ1,X1), Rru(φ1,Y1), and
Rru(φ1,Z1) substantially simplifies the analytical description of the coordinate
system transformations.

D.2.4 Coupled Linear Transformation

It can be observed here that a translation, Tr (ax,X), along the X- axis of a Cartesian
reference system XYZ and a rotation Rt (φx,X) about the X-axis of the same
coordinate system XYZ obey the commutative law, that is, these two coordinate
system transformations can be performed in different order equally. It makes no
difference whether the translation Tr (ax,X) is initially performed, which is followed
by the rotation Rt (φx,X), or whether the rotation Rt (φx,X) is initially performed,
which is followed by the translation Tr (ax,X). This is because the dot products
Rt (φx,X) � Tr (ax,X) and Tr (ax,X) � Rt (φx,X) are identical to one another:

Rt φx, Xð Þ � Tr ax, Xð Þ � Tr ax, Xð Þ � Rt φx, Xð Þ ðD:43Þ

This means that the translation from the coordinate system X1Y1Z1 to the inter-
mediate coordinate system X�Y�Z� followed by the rotation from the coordinate
system X�Y�Z� to the final coordinate system X2Y2Z2 produces the same reference
X2Y2Z2 as in a case in which the rotation from the coordinate system X1Y1Z1 to the
intermediate coordinate system X�Y�Z� followed by the translation from the coordi-
nate system X�Y�Z� to the final coordinate system X2Y2Z2.

The validity of Eq. (D.43) is illustrated in Fig. D.11. The translation Tr (ax,X)
that is followed by the rotation Rt (φx,X), as shown in Fig. D.11a, is equivalent to
the rotation Rt (φx,X) that is followed by the translation Tr (ax,X) as shown in
Fig. D.11b.

Therefore, the two linear transformations Tr (ax,X) and Rt (φx,X) can be coupled
into a linear transformation:



Cp =Rt Tr Tr Rt
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Fig. D.11 Equivalency of the linear transformations Rt (φx,X) � Tr (ax,X) and Tr (ax,X) � Rt (φx,
X) that comprise the operatorCpx (ax,φx) of a coupled linear transformation of a Cartesian reference
system XYZ

x ax, φxð Þ φx, Xð Þ � ax, Xð Þ � ax, Xð Þ � φx, Xð Þ ðD:44Þ

The operator of linear transformation Cpx (ax,φx) can be expressed in a matrix
form (see Fig. D.12a) as follows:

Cpx ax, φxð Þ=

1 0 0 ax
0 cosφx sinφx 0

0 - sinφx cosφx 0

0 0 0 1

2
6664

3
7775 ðD:45Þ

This expression is composed based on Eq. (D.4) for the linear transformation
Tr (ax,X) and on Eq. (D.10) for the linear transformation Rt (φx,X).

Two reduced cases of the operator of the linear transformation Cpx (ax,φx) are
distinguished.

First, it could happen that in a particular case, the component ax of the translation
is zero, that is ax = 0. Under such a scenario, the operator of linear transformation
Cpx (ax,φx) reduces to the operator of rotation Rt (φx,X), and the equality
Cpx (ax,φx) = Rt (φx,X) is observed in the case under consideration.

Second, it could happen that in a particular case, the component φx of the rotation
is zero, that is φx = 0°. Under such a scenario, the operator of linear transformation
Cpx (ax,φx) reduces to the operator of translation Tr (ax,X), and the equality
Cpx (ax,φx) = Tr (ax,X) is observed in the case under consideration.

The is valid with respect to the translations and the rotations along and about the
axes Y and Z of a Cartesian reference system XYZ. The corresponding coupled
operators Cpy (ay,φy) and Cpz (az,φz) for linear transformations of these kinds can
also be composed (see Fig. D.12b and c):



2 3

cosφ sinφ 0 0
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Fig. D.12 Equivalency of linear transformations Rt (φx,X) � Tr (ax,X) and Tr (ax,X) � Rt (φx,X),
which comprise the operator Cpx (ax,φx) of the coupled linear transformation of a Cartesian
reference system XYZ

Cpy ay, φy

� �
=

cosφy 0 sinφy 0

0 1 0 ay
- sinφy 0 cosφy 0

0 0 0 1

6664
7775 ðD:46Þ

2 3
Cpz az, φz

� �
=

z z

- sinφz cosφz 0 0

0 0 1 az

0 0 0 1

6664
7775 ðD:47Þ

In the operators of linear transformations Cpx (ax,φx), Cpy (ay,φy), and
Cpz (az,φz), the values of the translations ax, ay, and az, as well as the values of
the rotations φx, φy, and φz, are finite values (and not continuous). The linear and
angular displacements do not correlate with one another in time; thus, they do not
comprise a screw. They are just a kind of translation along and a rotation about a
coordinate axis of a Cartesian reference system.

Introduction of the operators of linear transformation Cpx (ax,φx), Cpy (ay,φy),
and Cpz (az,φz) makes the linear transformations easier as all the operators of the
linear transformations become uniform.

The operators of linear transformation Cpx (ax,φx), Cpy (ay,φy), and Cpz (az,φz)
do not obey the commutative law. This is because rotation is not a vector by nature.
Therefore, special care should be taken when treating rotations as vectors – when
implementing coupled operators of linear transformations in particular.

The operators of coupled linear transformations Cpx (ax,φx), Cpy (ay,φy), and
Cpz (az,φz), (see Eqs. (D.45) through (D.47)) can be used for the purpose of an
analytical description of a resultant coordinate system transformation. Under such
the scenario, the operator Rs (1 � t) of a resultant coordinate system transformation
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can be expressed in terms of all the operators Cpx (ax,φx), Cpy (ay,φy), and
Cpz (az,φz) by the following expression:

Rs 1� tð Þ=
Yt- 1

i= 1
j= x,y,z

Cpij aij, φ
i
j

	 

ðD:48Þ

In Eq. (D.48), only operators of coupled linear transformations are used.

D.2.5 An Example of Non-orthogonal Linear Transformation

Let us consider a non-orthogonal reference system X1Y1Z1 having a certain angle ω1

between the axes X1 and Y1. The axis Z1 is perpendicular to the coordinate plane
X1Y1. Another reference system X2Y2Z2 is identical to the first coordinate system
X1Y1Z1 and is turned about the Z1- axis through a certain angle φ. The transition
from the reference system X1Y1Z1 to the reference system X2Y2Z2 can be analytically
described by the operator of linear transformation:

Rtω 1→ 2ð Þ=

sin ω1 +φð Þ
sinω1

sinφ
sinω1

0 0

-
sinφ
sinω1

sin ω1 -φð Þ
sinω1

0 0

0 0 1 0

0 0 0 1

2
6666664

3
7777775

ðD:49Þ

In order to distinguish the operator of rotation in the orthogonal linear transfor-
mation Rt (1 → 2) from the similar operator of rotation in a non-orthogonal linear
transformation Rtω(1 → 2), the subscript “ω ” is assigned to the latter.

When ω = 90°, Eq. (D.49) is cast into Eq. (D.12).

D.2.6 Conversion of a Coordinate System Hand

Application of the matrix method of coordinate system transformation presumes that
both the reference systems “ i ” and “(i ± 1) ” are of the same hand. This means that it
is assumed from the very beginning that both of them are either right-hand- or left-
hand-oriented Cartesian coordinate systems. In the event the coordinate systems
i and (i ± 1) are of an opposite hand, e.g., one of them is a right-hand-oriented
coordinate system, whereas the other is a left-hand-oriented coordinate system, then
one of the coordinate systems must be converted into the oppositely oriented
Cartesian coordinate system.
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For the conversion of a left-hand-oriented Cartesian coordinate system into a
right-hand-oriented coordinate system, or vice versa, the operators of reflection are
commonly used.

In order to change the direction of the Xi axis of the initial coordinate system i to
the opposite direction (in this case, in the new coordinate system (i ± 1), the
equalities Xi ± 1 = - Xi, Yi ± 1 � Yi, and Zi ± 1 � Zi are observed), the operator of
the reflection Rfx(Yi Zi) can be applied. The operator of the reflection yields repre-
sentation in a matrix form:

Rfx Yi Zið Þ=

- 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 ðD:50Þ

Similarly, implementation of the operators of reflections Rfy(XiZi) and Rfz(XiYi)
changes the directions of the Yi and Zi axes onto opposite directions. The operators of
reflections Rfy(XiZi) and Rfz(XiYi) can be expressed analytically in the form:

Rfy XiZið Þ=

1 0 0 0

0 - 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 ðD:51Þ

2 3
Rfz XiYið Þ= 0 1 0 0

0 0 - 1 0

0 0 0 1

6664
7775 ðD:52Þ

A linear transformation that reverses the direction of the coordinate axis is an
“opposite transformation.” Transformation of reflection is an example of an “orien-
tation-reversing transformation.”

D.3 Useful Equations

The sequence of the successive rotations can vary depending on the intention of the
researcher. Several special types of successive rotations are known, including
Eulerian transformation, Cardanian transformation, two kinds of Euler–Krylov
transformations, and so forth. The sequence of the successive rotations can be
chosen from a total of 12 different combinations. Even though the Cardanian
transformation is different from the Eulerian transformation in terms of the combi-
nation of the rotations, they both use a similar approach to calculate the orientation
angles.
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D.3.1 RPY Transformation

A series of rotations can be performed in the order roll matrix (R), by the pitch matrix
(P), and finally by the yaw matrix (Y ). The linear transformation of this kind is
commonly referred to as RPY- transformation. The resultant transformation of this
kind can be represented by the homogeneous coordinate transformation matrix:

RPY φx, φy, φz

� �

¼

cosφy cosφz + sinφx sinφy sinφz cosφy sinφz - sinφx sinφy cosφz cosφx sinφy 0

- cosφx sinφz cosφx cosφz sinφx 0

sinφx cosφy sinφz - sinφy cosφz - sinφx cosφy cosφz - cosφy sinφz cosφx cosφy 0

0 0

2
666664

3
777775

ðD:53Þ

RPY- transformation can be used to solve problems in the field of part surface
generation.

D.3.2 Operator of Rotation About an Axis in Space

A spatial rotation operator for the rotational transformation of a point about a unit
axis a0(cosα, cosβ, cosγ) passing through the origin of the coordinate system can be
described as follows, with a0 = A0/|A0| designating the unit vector along the axis of
rotation A0.

Suppose that the angle of rotation of the point about a0 is θ, then the “rotation
operator” is expressed by:

Rt θ, a0ð Þ=

1- cos θð Þ cos 2α+ cos θ 1- cos θð Þ cos α cos β- sin θ cos γ

1- cos θð Þ cos α cos β+ sin θ cos γ 1- cos θð Þ cos 2β+ cos θ

1- cos θð Þ cos α cos γ- sin θ cos β 1- cos θð Þ cos β cos γ+ sin θ cos α

0

2
6664

1- cos θð Þ cos α cos γ+ sin θ cos β 0

1- cos θð Þ cos β cos γ- sin θ cos α 0

1- cos θð Þ cos 2γ+ cos θ 0

0

3
7775

ðD:54Þ

Solutions to a problem in the field of part surface generation can be significantly
simplified by implementation of the rotational operator Rt (θ, a0) (see Eq. (D.54)).
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D.3.3 Combined Linear Transformation

Suppose a point, p, on a rigid body rotates with an angular displacement, θ, about an
axis along a unit vector, a0, passing through the origin of the coordinate system at
first and then followed by a translation at a distance, B, in the direction of a unit
vector, b. The linear transformation of this kind can be analytically described by the
homogeneous matrix

Rt θa0, Bbð Þ=

1- cos θð Þ cos 2α+ cos θ 1- cos θð Þ cos α cos β- sin θ cos γ

1- cos θð Þ cos α cos β+ sin θ cos γ 1- cos θð Þ cos 2β+ cos θ

1- cos θð Þ cos α cos γ- sin θ cos β 1- cos θð Þ cos β cos γ+ sin θ cos α

0

2
6664

1- cos θð Þ cos α cos γ+ sin θ cos β B cos α

1- cos θð Þ cos β cos γ- sin θ cos α B cos β

1- cos θð Þ cos 2γ+ cos θ B cos γ

0

3
7775

ðD:55Þ

More operators of particular linear transformations can be found in the literature.

D.4 Chains of Consequent Linear Transformations
and a Closed Loop of Consequent Coordinate System
Transformations

Consequent coordinate system transformations form chains (circuits) of linear trans-
formations. The elementary chain of coordinate system transformation is composed
of two consequent transformations. Chains of linear transformations play an impor-
tant role in the theory of part surface generation.

Two different kinds of chains of consequent coordinate system transformations
are distinguished:

First is the transition from the coordinate system XgYgZg associated with the gear
tooth flank G to the local Cartesian coordinate system xgygzg having the origin at a
point K of contact of the gear tooth flank G and of the pinion tooth flank P . This
linear transformation is also made up of numerous operators of intermediate coor-
dinate system transformations (XinYinZin). It forms a chain of direct consequent
coordinate system transformations illustrated in Fig. D.13a.

The local coordinate system xgygzg is associated with the gear tooth flank G. The
operator Rs G→Kg

� �
of the resultant coordinate system transformation for a direct

chain of the linear transformations can be composed using a certain number of the
operators of translations (see Eqs. (D.4) through (D.6)) and a corresponding number
of the operators of rotations (see Eqs. (D.10) through (D.12)).
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Fig. D.13 An example of a direct chain (a), a reverse chain (b), and a closed loop (c) of consequent
coordinate system transformations

Second is transition from the coordinate system XgYgZg to the local Cartesian
coordinate system xpypzp with the origin at a point K of contact of the tooth flanks G
and P. The local coordinate system xpypzp is associated with the pinion tooth flank P.
This linear transformation is also made up of numerous intermediate coordinate
system transformations (XjYjZj), for example, transitions from the coordinate system
XhYhZh associated with gear housing, to numerous intermediate coordinate system
XiYiZi. The linear transformation of this kind forms a chain of inverse consequent
coordinate system transformations shown in Fig. D.13b. The operator Rs G→Kp

�
of the resultant coordinate system transformations for the inverse chain of trans-
formations can be composed using a certain number of the operators of translations
(see Eqs. (D.4), (D.5), and (D.6)) and a corresponding number of the operators of
rotations (see Eqs. (D.10) through (D.12)).

Chains of the direct and reverse consequent coordinate system transformations
together with the operator of transition from the local coordinate system xpypzp to the
local coordinate system xgygzg form a closed loop (a closed circuit) of the consequent
coordinate system transformations depicted in Fig. D.13c.

If a closed loop of the consequent coordinate system transformations is complete,
then implementation of a certain number of the operators of translations (see
Eqs. (D.4), (D.5), and (D.6)) and a corresponding number of the operators of
rotations (see Eqs. (D.10) through (D.12)) produces a result that is identical to the
input data. This means that an analytical description of a meshing process specified
in the original coordinate system remains the same after implementation of the
operator of the resultant coordinate system transformations. This condition is the
necessary and sufficient condition for the existence of a closed loop of consequent
coordinate system transformations.

Implementation of the chains, as well as of the closed loops of consequent
coordinate system transformations, makes it possible to consider the meshing pro-
cess of the teeth flanks G and P in any and all of reference systems that make up the
loop. Therefore, for consideration of a particular problem of part surface generation,
the most convenient reference system can be chosen.

In order to complete the construction of a closed loop of consequent coordinate
system transformations, an operator of transformation from the local coordinate
system xpypzp to the local coordinate system xgygzg must be composed. Usually,
the local reference systems xgygzg and xpypzp are a kind of semi-orthogonal



1

coordinate systems. This means that the axis zP is always orthogonal to the coordi-
nate plane xgyg, whereas the axes xg and yg can be either orthogonal to each other or
not. The same is valid with respect to the local coordinate system xpypzp.

Two possible ways for performing the required transformation of the local
reference systems xgygzg and xpypzp are considered below.

Following the first way, the operator Rtω(p → g) of the linear transformation of
semi-orthogonal coordinate systems (see Fig. D.14) must be composed. The operator
Rtω(p → g) can be represented in the form of the homogeneous matrix:

Rtω p→ gð Þ=

sin ωp + α
� �
sinωp

-
sin ωg -ωp - α

� �
sinωp

0 0

-
sin α
sinωp

sin ωg - α
� �
sinωp

0 0

0 0 - 1 0

0 0 0

2
666666664

3
777777775

ðD:56Þ

Here,
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Fig. D.14 Local coordinate
systems xgygzg and xpypzp
with the origin at a contact
point K
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ωg is the angle that makes the Ug and Vg coordinate lines on the gear tooth flank G.
ωp is the angle that makes theUp and Vp coordinate lines on the pinion tooth flank, P.
α is the angle that make the axes xg and xp of the local coordinate systems xgygzg and

xpypzp.

The auxiliary angle β in Fig. D.14 is β = ωT + α.
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The inverse coordinate system transformation, that is, the transformation from the
local coordinate system xgygzg to the local coordinate system xpypzp, can be analyt-
ically described by the operator Rtω(g → p) of the inverse coordinate system
transformation. The operator Rtω(g → p) can be represented in the form of the
homogeneous matrix:

Rtω g→ pð Þ=

sin ωg - α
� �
sinωg

sin ωg -ωp - α
� �
sinωg

0 0

sin α
sinωg

sin ωp + α
� �
sinωg

0 0

0 0 - 1 0

0 0 0

2
666666664

3
777777775

ðD:57Þ

Following the second way of transformation of the local coordinate systems, the
auxiliary orthogonal local coordinate system must be constructed.

Let us consider an approach, according to which a closed loop (a closed circuit) of
the consequent coordinate system transformations can be composed.

In order to construct an orthogonal normalized basis of the coordinate system
xgygzg, an intermediate coordinate system x1y1z1 is used. Axis x1 of the coordinate
system x1y1z1 is pointed along the unit vector ug that is tangent to theUg- coordinate
curve (see Fig. D.15). Axis y1 is directed along the vector vg that is tangent to the
Vg- coordinate line on the gear tooth flank G . Axis z1 aligns with the unit normal
vector ng and is pointed outward of the gear tooth body.

For a gear tooth flank G having orthogonal parameterization (for which Fg = 0
and therefore ωg = π/2), an analytical description of coordinate system transforma-
tions is significantly simpler. Further simplification of the coordinate system trans-
formation is possible when the coordinate Ug- and Vg- lines are congruent to the
lines of curvature on the part surface G. Under such a scenario, the local coordinate
system is represented by a Darboux frame.

In order to construct a Darboux frame, the principal directions on the gear tooth
flank Gmust be calculated. Determination of the unit tangent vectors t1. g and t2. g of
the principal directions on the gear tooth flank G is considered in Appendix B.

In the common tangent plane, orientation of the unit vector t1. g of the first
principal direction on the gear tooth flank G can be uniquely specified by the
included angle ξ1. g that the unit vector t1. g forms with the Ug- coordinate curve.
This angle depends on both the geometry of the gear tooth flank G and the
parametrization of the gear tooth flank G. Depicted in Fig. D.16 is the relationship
between the tangent vectors Ug and Vg and the included angle ξ1. g. From the law of
sine’s,
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Fig. D.15 Local coordinate system xgygzg associated with the gear tooth flank G
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Fig. D.16 Differential relationships between the tangent vectors Ug and Vg, the fundamental
magnitudes of the first order, the included angle, ξ1. g, and the direction of the unit tangent vector t1. g
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Gg

sin ξ1:g
=

Eg

sin π- ξ1:g - π-ωg

� �� � = Fg

sin ωg - ξ1:g
� � ðD:58Þ

� �
Here, ωg = cos - 1 Fg= EgGg .
Solving the above expression for the included angle ξ1. g results in:

ξ1:g = tan - 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgGg -F2

g

q
Eg +Fg

ðD:59Þ

Another possible way of constructing an orthogonal local basis of the local
Cartesian coordinate system xPyPzP is based on the following consideration.

Let us consider an arbitrary non-orthogonal and not normalized basis, x1x2x3 (see
Fig. D.17a). Let us construct an orthogonal and normalized basis based on the initial
given basis, x1x2x3.

A cross product of any two of three vectors x1, x2, x3, for example, a cross product
of the vectors x1 × x2 determines a new vector x4 (see Fig. D.17b). Evidently, the
vector x4 is orthogonal to the coordinate plane x1x2. Then, using the calculated
vector x4 and one of two original vectors x1 or x2, for instance, vector, x2 yields the
calculation of a new vector x5= x4 × x2 (see Fig. D.17c). The calculated basis x1x4x5
is orthogonal. In order to convert it into a normalized basis, each of the vectors x1, x4,
and x5 must be divided by its magnitude:

e1 =
x1
x1j j ðD:60Þ
x4e4 = x4j j ðD:61Þ
x5e5 = x5j j ðD:62Þ

The resultant basis e1e4e5 (see Fig. D.17d) is always orthogonal and normalized.
In order to complete the analytical description of a closed loop of consequent

coordinate system transformations, it is necessary to compose the operator
Rs (Kp → Kg) of transformation from the local reference system xpypzp to the local
reference system xgygzg (see Fig. D.13c).

In the case under consideration, the axes zg and zp align with the common unit
normal vector ng. The axis zg is pointed out from the bodily side to the void side of
the gear tooth flank G. The axis zg is pointed oppositely. Due to that, the following
equality is observed:

Rs Kp →Kg

� �
=Rt φz, zp

� � ðD:63Þ

The inverse coordinate system transformation can be analytically described by
the operator:



� � � � � �
Rs Kg →Kp =Rs- 1 Kp →Kg =Rt -φz, zp ðD:64Þ

The implementation of the discussed results allows for:
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Fig. D.17 A normalized and orthogonally parameterized basis, e1e4e5, which is constructed from
an arbitrary basis, x1x2x3

(a) Representation of the gear tooth flank G and the pinion tooth flank P of the form
cutting tool as well as their relative motion in a common coordinate system

(b) Consideration of meshing of the gear tooth flank G in any desired coordinate
system that is a component of the chain and/or the closed loop of consequent
coordinate system transformations
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The transition from one coordinate system to another coordinate system can be
performed in both of two feasible directions, e.g., in direct and in inverse directions.

D.5 Impact of the Coordinate System Transformations
on the Fundamental Forms of the Surface

Every coordinate system transformation entails a corresponding alteration to the
equation of the gear tooth flank G and/or pinion tooth flank P . Because of this, it is
often necessary to recalculate the coefficients of the firstΦ1. g and of the secondΦ2. g

fundamental forms of the gear tooth flank G (as many times as the coordinate system
transformation is performed). This routine and time-consuming operation can be
eliminated if the operators of coordinate system transformations are directly used to
the fundamental forms Φ1. g and Φ2. g.

After being calculated in an initial reference system, the fundamental magnitudes
Eg, Fg, andGg of the firstΦ1. g and the fundamental magnitudes Lg,Mg, and Ng of the
second Φ2. g fundamental forms can be determined in any new coordinate system
using the operators of translation, of rotation, and of the resultant coordinate system
transformation. A transformation of such kinds of the fundamental magnitudes Φ1. g

and Φ2. g becomes possible by implementation of a formula, which can be found
immediately below.

Let us consider a gear tooth flank, G, which is given by equation rg = rg(Ug,Vg),
where Ug, Vg

� �
G.

For the analysis below, it is convenient to use the equation of the first fundamental
form Φ1. g of the gear tooth flank G, represented in the matrix form:

Φ1:g
� �

= dUg dVg 0 0½ � �

Eg Fg 0 0

Fg Gg 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 �

dUg

dVg

0

0

2
6664

3
7775 ðD:65Þ

Similarly, the equation of the second fundamental form Φ2. g of the gear tooth
flank G can be given by:

Φ2:g
� �

= dUg dVg 0 0½ � �

Lg Mg 0 0

Mg Ng 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 �

dUg

dVg

0

0

2
6664

3
7775 ðD:66Þ

The coordinate system transformation that is performed by the operator of linear
transformation Rs (1 → 2) transfers the equation rg = rg(Ug,Vg) of the gear tooth



	 


�

�

�

�

� �

� �

flank G, initially given in X1Y1Z1, to the equation r�g = r�g U�
g, V

�
g of the same gear

tooth flank G in a new coordinate system X2Y2Z2. It is clear that rg ≠ r�g.
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In the new coordinate system, the gear tooth flank G is analytically described by
the following expression:

r�g U�
g, V

�
g

	 

=Rs 1→ 2ð Þ � rg Ug, Vg

� � ðD:67Þ

The operator of the resultant coordinate system transformation Rs (1 → 2) casts
the column matrices of variables in Eqs. (D.65) and (D.66) to the form:

dU�
g dV�

g 0 0
� �T =Rs 1→ 2ð Þ � dUg dVg 0 0½ T

: ðD:68Þ

Substitution of Eq. (D.68) in Eqs. (D.65) and (D.66) makes the expressions for
the fundamental forms Φ�

1:g and Φ�
2:g possible in the new coordinate system:

Φ�
1:g

h i
= Rs 1→ 2ð Þ � dUg dVg 0 0½ �T
h iT

� Φ1:g
� � � Rs 1→ 2ð Þ � dUg dVg 0 0½ T

ðD:69Þh i h iT � �
Φ�

2:g = Rs 1→ 2ð Þ � dUg dVg 0 0½ �T � Φ2:g � Rs 1→ 2ð Þ � dUg dVg 0 0½ T

ðD:70Þ

The following equation is valid for multiplication:

Rs 1→ 2ð Þ � dUg dVg 0 0½ �T
h iT

=RsT 1→ 2ð Þ � dUg dVg 0 0½
ðD:71Þ

Therefore,

Φ�
1:g

h i
= dUg dVg 0 0½ �T � RsT 1→ 2ð Þ � Φ1:g

� � � Rs 1→ 2ð Þ
 � dUg dVg 0 0½
ðD:72Þh i

T T
� �


Φ�
2:g = dUg dVg 0 0½ � � Rs 1→ 2ð Þ � Φ2:g � Rs 1→ 2ð Þ � dUg dVg 0 0½

ðD:73Þ
h i h i

It can be easily shown that the matrices Φ�
1:g and Φ�

2:g in Eqs. (D.72) and

(D.73) represent the quadratic forms with respect to dUg and dVg.
The operator of transformation Rs (1 → 2) of the gear tooth flank G having the

first Φ1. g and the second Φ2. g fundamental forms from the initial coordinate system



X1Y1Z1 to the new coordinate system X2Y2Z2, indicates that, in the new coordinate
system, the corresponding fundamental forms are expressed in the form:
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Φ�
1:g

h i
=RsT 1→ 2ð Þ � Φ1:g

� � � Rs 1→ 2ð Þ ðD:74Þh i � �
Φ�

2:g =RsT 1→ 2ð Þ � Φ2:g � Rs 1→ 2ð Þ ðD:75Þ

Equations (D.74) and (D.75) reveal that after the coordinate system transforma-
tion is completed, the first Φ�

1:g and the second Φ�
2:g fundamental forms of the gear

tooth flank G in the coordinate system X2Y2Z2 are expressed in terms of the first Φ1. g

and the second Φ2. g fundamental forms initially represented in the coordinate
system X1Y1Z1. In order to do that, the corresponding fundamental form (either the
form Φ1. g or the form Φ2. g) must be pre-multiplied by Rs (1 → 2) and after that it
should be post-multiplied by RsT(1 → 2).

Implementation of Eqs. (D.74) and (D.75) significantly simplifies formula
transformations.

Equations similar to Eqs. (D.74) and (D.75) are valid with respect to the pinion
tooth flank P .

In case of use of the third Φ3. g and fourth Φ4. g fundamental forms, their
coefficients can be expressed in terms of the fundamental magnitudes of the first
and second orders.

Appendix E: Closest Distance of Approach Between
the Tooth Flanks of a Gear and a Mating Pinion

Generally, the problem of the calculation of the closest distance of approach between
two smooth regular surfaces is a sophisticated and challenging one. As per the
author’s knowledge, no general solution to the problem of calculation of the closest
distance of approach between two smooth regular surfaces is available in the public
domain. For the purpose of calculation of the deviation δg of the actual gear tooth
flank G ac with respect to the desired (nominal) gear tooth flank G nom, the problem
under consideration can be reduced to the problem of computation of the closest
distance of approach between two torus surfaces Trg and Trp.

Let us consider a gear tooth flank, G, and a mating pinion tooth flank, P , which
are initially given in a common coordinate system XhYhZh, associated with the gear
housing, as illustrated in Fig. E.1. The tooth flanks G and P are locally approximated
by portions of the torus surfaces Trg and Trp, respectively. Again, not all points of the
torus surfaces Trg and Trp can be used for the local approximation of the gear and the
pinion tooth flanks G and P , respectively. Only points that are located either within
the biggest meridian or within the smallest meridian of the torus surface are
employed for this purpose.
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Fig. E.1 Calculation of the
closest distance of approach
of a gear tooth flank, G, and a
mating pinion tooth flank, P
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The points Kg and K�
p are chosen as the first guess points on the torus surfaces Trg

and Trp, respectively. For the analysis below, it is convenient to relabel the points Kg

and K�
p as gi and pi, respectively.

For a given configuration of the torus surfaces Trg and Trp, the closest distance of
approach between these surfaces can be used as a first approximation to the closest
distance of approach between the original gear and the pinion tooth flanks G and P ,
respectively.

The closest distance of approach between the torus surfaces Trg and Trp is
measured along the common perpendicular to these surfaces. The following equa-
tions can be composed on the premises of this property of the closest distance of
approach.
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The unit normal vector nTr. g to the torus surface Trg is located within a plane
through the axis of rotation of the surface Trg. In the coordinate system Xtr. gYtr. gZtr. g
that is associated with the torus surface TrP, the equation of a plane through the axis
of rotation of the torus surface Trg can be expressed in the form:

rτg - r 0ð Þ
tr:g

h i
× ktr:g ×Rtr:g = 0 ðE:1Þ

where

rτg is the position vector of a point of the plane through the axis of rotation of the
torus Trg.

r 0ð Þ
tr:g is the position vector of a point within the plane rτg (it is assumed below that this
point coincides with the origin of the coordinate system Xtr. gYtr. gZtr. g).

ktr. g is the unit vector of the Ztr. g- axis.

Equation (E.1) is expressed in terms of the radius Rtr. g. This indicates that the set
of all planes through the fixed Ztr. g- axis forms a pencil of planes. The equation of
the pencil of planes rτg in the common coordinate system XhYhZh can be represented
in the form:

rτg Z tr:g, V τr:g, θtr:g
� �

=Rs Trg � h
� � �

V tr:g � cos θtr:g
V tr:g � sin θtr:g

Z tr:g

1

2
6664

3
7775 ðE:2Þ

The unit normal vector nTr. p to the torus surface Trp is located within a plane
through the axis of rotation of the surface Trp. In the coordinate system Xtr. pYtr. pZtr.
p, which is associated with the surface Trp, the equation of a plane through the axis of
rotation of the torus surface Trp can be represented in the form:

rτp - r 0ð Þ
tr:p

h i
× ktr:p ×Rtr:p = 0 ðE:3Þ

where

rτp is the position vector of a point of the plane through the axis of rotation of the
torus Trp.

r 0ð Þ
tr:p is the position vector of a point within the plane rτp (it is assumed below that this
point coincides with the origin of the coordinate system Xtr. pYtr. pZtr. p).

ktr. p is the unit vector of the Ztr. p- axis.

Equation (E.3) is expressed in terms of the radius Rtr. p. This indicates that the set
of all planes through the fixed Ztr. p- axis forms a pencil of planes. The equation of
this pencil of planes rτp in the common coordinate system XhYhZh can be represented
in the form:
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rτp Z tr:p, V tr:p, θtr:p
� �

=Rs Trp � h
� � �

V tr:p � cos θtr:p
V tr:p � sin θtr:p

Z tr:p

1

6664
7775 ðE:4Þ

A straight line through the points d ið Þ
g and d ið Þ

p , along which the shortest distance of
approach dmin

gp of the torus surfaces Trg and Trp is measured, is the line of intersection
of the planes rτg and rτp. Therefore, this line dmin

gp must be aligned with both unit
normal vectors ntr. g and ntr. p.

In the coordinate system XhYhZh, the equation for the unit normal vector ntr. g to
the torus surface Trg yields representation in the matrix form:

ntr:g =Rs Trg � h
� � �

Ctr:g + cosφtr:g

� � � cosφtr:g � cos θtr:g
Ctr:g + cosφtr:g

� � � cosφtr:g � sin θtr:g
Ctr:g + cosφtr:g

� � � sinφtr:g

1

2
66664

3
77775 ðE:5Þ

where Ctr. g is the parameter Ctr:g = 1- R2:g

R1:g
.

Similarly, in the coordinate system XhYhZh, the equation for the unit normal
vector ntr. p to the torus surface Trp yields the matrix representation in the form:

ntr:p =Rs Trp � h
� � �

Ctr:p + cosφtr:p

� � � cosφtr:p � cos θtr:p
Ctr:p + cosφtr:p

� � � cosφtr:p � sin θtr:p
Ctr:p + cosφtr:p

� � � sinφtr:p

1

2
66664

3
77775 ðE:6Þ

where Ctr. p is the parameter Ctr:p = 1- R2:p

R1:p
.

Evidently, the points Otr. g, Otr. p, d
ið Þ
g , and d ið Þ

p (see Fig. E.1) are located within the
straight line through the centers Otr. g and Otr. p. The position vector rcd of this
straight line can be calculated from the equation:

rcd - rcg
� �

× rcp - rcg
� �

= 0 ðE:7Þ

where

rcg is the position vector of a point of the circle of a radius Rtr. g.
rcp is the position vector of a point of the circle of a radius Rtr. p.

It is necessary that the straight line rcd be along the unit normal vectors ntg and ntp
to the torus surfaces Trg and Trp.
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Considered together, Eqs. (E.2), (E.4), and (E.7) make the calculation of the
closest distance of approach between the torus surfaces Trg and Trp possible. Then,
the straight line dmin

gp intersects the part surface G and the generating surface P of the
form cutting tool at the points gi + 1 and pi + 1, respectively. The points gi + 1 and
pi + 1 serve as the second guess to the closest distance of approach between the
surfaces G and P .

The cycle of the recursive calculations is repeated as many times as necessary for
making the deviation of the calculation of the closest distance of approach between
the surfaces G and P smaller than the maximal permissible value.

There is an alternative approach to the calculation of the closest distance of
approach between two torus surfaces. The direction of the unit normal vector to an
offset surface to Trg is identical to the direction of the unit normal vector ntr. g to the
torus surface Trg. This statement is also valid for the unit normal vector ntr. T to the
torus surface Trp. This property of the unit normal vectors ntr. g and ntr. p can be used
for the modification of the method of calculation of the closest distance of approach
between two torus surfaces.

The equation of the circle of radius Rtr. g yields the matrix representation:

rcg θtr:g
� �

=Rs G� hð Þ �

Rtr:g � cos θtr:g
Rtr:g � sin θtr:g

0

1

2
6664

3
7775 ðE:8Þ

The equation of the circle of radius Rtr. p can be analytically described in a similar
manner:

rcp θtr:p
� �

=Rs P � hð Þ �

Rtr:p � cos θtr:p
Rtr:p � sin θtr:p

0

1

2
6664

3
7775 ðE:9Þ

The distance dgp between two arbitrary points on the circles rcg(θtr. g) and rcp(θtr. p) is
as follows:

dgp θtr:g, θtr:p
� �

= jrcg θtr:g
� �

- rcp θtr:p
� �j E:10Þ

The distance dgp is minimal for a specific (optimal) combination of the parameters
θtr. g and θtr. p. The favorable values of the parameters θtr. g and θtr. p can be calculated
from the solution of the set of two equations:

∂
∂θtr:g

rcg θtr:g
� �

= 0 ðE:11Þ
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∂
∂θtr:p

rcp θtr:p
� �

= 0 ðE:12Þ

From the solution of Eqs. (E.11) and (E.12), the optimal values θ optð Þ
tr:g and θ optð

tr:p ,
respectively, can be determined. These angles specify the direction of the closest
distance of approach of the torus surfaces Trg and Trp, respectively.

Following this method, the three-dimensional problem of the calculation of the
closest distance of approach of two torus surfaces is reduced to the problem of
calculation of the closest distance of approach between two circles. Under a certain
scenario, the latter approach could possess an advantage over the previous one.

The convergence of the disclosed algorithms for the computation of the closest
distance of approach between two smooth regular surfaces is illustrated in Fig. E.2.
The computation procedure is convergent regardless of the actual location of the first
guess points on the surfaces G and P .
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Fig. E.2 The convergence of the methods of calculation of the closest distance of approach of a
gear tooth flank, G, and a mating pinion tooth flank, P



It is instructive to draw attention here to the similarities between the disclosed
iterative method for the computation of the closest distance of approach between two
smooth regular surfaces and Newton–Raphson’s method, the iterative method of
chords, and so forth. Many similarities can be found on this comparison.

Appendix F: Selected Bibliography on Novikov/Conformal
Gearing

Immediately below in this section of the book, a list of publications on Novikov/
conformal gearing is presented. The monographs, scientific papers, conference pro-
ceedings, patents on inventions, and so forth are covered by this list of publications.
The list will be helpful, first of all, to those who are about to start new research in the
field of Novikov/conformal gearing.
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