Chapter 8 )
Elliptic Problems Qe

8.1 The Laplacian

The Laplacian, defined by

. 0%u 92u
AM:dIVVM:—2++—2,
0x; oxy

is related to the mean of functions.

Definition 8.1.1 Let £2 be an open subset of RY and u € L}OC(Q). The mean of u
is defined on

D={x,r):xe€,0<r <d(x,d82)}

by

M(x,r) = VIGI/B u(x +ry)dy.
N

Lemma 8.1.2 Ler u € C2(£2). The mean of u satisfies on D the relation

N+2
)

1iﬁ)12 [M(x,r) —u(x)] = Au(x).

Proof Since we have uniformly for |y| < 1,

2
w(x +ry) = u(x) +rvux) -y + %Dzuu)(y, ) + o),
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198 8 Elliptic Problems

we obtain by symmetry

. 2 VN
/Bijdx—O,/BNx]xkdx—O,] ;ék,/Bijdx— N2
and
2
Mx,r) =u(x) + — Au(x) + o(r?). O
2 N+2

Lemma 8.1.3 Ler u € C2(82). The following properties are equivalent:

(a) Au <0;
(b) forall (x,r) € D, M(x,r) < u(x).

Proof By the preceding lemma, (a) follows from (b).
Assume that (a) is satisfied. Differentiating under the integral sign and using the
divergence theorem, we obtain

1—1|y)?

oM
W(x,r) = V,\Tlf Vu(x +ry)-ydy =rV/\71/ Au(x +ry) dy <0.
By

By

‘We conclude that

Mx,r) <limM(x,r) = u(x). |
rl0

Definition 8.1.4 Let u € Llloc(.Q). The function u is superharmonic if for every
v € D(£2) such that v > 0, / uAvdx < 0.

The function u is subharmgnic if —u is superharmonic.

The function u is harmonic if for every v € D(£2), | uAvdx = 0.

2
We extend Lemma 8.1.3 to locally integrable functions.

1
loc

Theorem 8.1.5 (Mean-Value Inequality) Letu € L
ties are equivalent:

(£2). The following proper-

(a) u is superharmonic;
(b) for almost all x € 2 and forall0 <r < d(x,082), M(x,r) < u(x).

Proof Letu, = p, * u. Property (a) is equivalent to
(c) forevery n, Au, < 0on £2,.

Property (b) is equivalent to

(d) forall x € £2, andforall 0 < r < d(x, 082,), VIQI/ uy(x +ry)dy < u,(x).
By
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We conclude the proof using Lemma 8.1.3.

(a) = (c). By Proposition 4.3.6, we have on £2,, that
Ay (x) = Apy * u(x) = / (Apa(x = y))u(y)dy < 0.
2

(c) = (a). It follows from the regularization theorem that for every v € D(2),
v>0,

f uAvdx = lim u,Avdx = lim / (Auy)vdx < 0.
0 n—>0o0o 0

n—o0 Q

(b) = (d). We have on £2,, that

V,;‘/ Uy (x +ry)dy = Vﬁ‘/ dz/ Pn(Du(x +ry — z2)dy
By B(.1/n)  JBy

< / on(DQu(x — 2)dz = u,(x).
B(0,1/n)

(d) = (b). For j > 1, we define

wj={x€2:dx,08)>1/jand |x| < j}.

Proposition 4.2.10 and the regularization theorem imply the existence of a sub-
sequence (u,,) converging to u in L' (w ;) and almost everywhere on w;. Hence

for almost all x € w; and for all 0 < r < d(x,0w;), M(x,r) < u(x). Since
o

2= Ua)j, property (b) is satisfied. O
j=1

Theorem 8.1.6 (Maximum Principle) Let $2 be an open connected subset of RN

andu € Llloc(.Q) a superharmonic function such that u > 0 almost everywhere on

§2 and u = 0 on a subset of §2 with positive measure. Then u = 0 almost everywhere
on §2.

Proof Define

Ui = {x € 2 : there exists 0 < r < d(x, 9§2) such that M (x, r) = 0}.
Uy = {x € 2 : there exists 0 < r < d(x, 9§2) such that M (x, r) > 0}.

It is clear that U; and U, are open subsets of §2 such that £2 = U; U U,. By the
preceding theorem, we obtain
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Uy={xe R :forall0 <r <d(x,08), M(x,r) > 0},
so that Uy and U, are disjoint. If £2 = U,, then u > 0 almost everywhere on £2 by

the preceding theorem. We conclude that £2 = Uj and # = 0 almost everywhere
on £2. |

8.2 Eigenfunctions

En nous servant de quelques conceptions de I’analyse
fonctionnelle nous représentons notre probleme dans une forme
nouvelle et démontrons que dans cette forme le probleme admet
toujours une solution unique.

Si la solution cherchée existe dans le sens classique, alors notre
solution se confond avec celle-ci.

S.L. Sobolev

Let £2 be a smooth bounded open subset of RY with frontier I". An eigenfunction
corresponding to the eigenvalue A is a nonzero solution of the problem

{ —Au=Xlu in £2, P)

u=~0 on .

We will use the following weak formulation of problem (P): find u € HOl (£2)
such that for all v € HO1 (£2),

/VLPVUdX:X/ uv dx.
2 2

Theorem 8.2.1 There exist an unbounded sequence of eigenvalues of (P)
O<Ar=hp=<--,

and a sequence of corresponding eigenfunctions that is a Hilbert basis of H& (£2).

Proof On the space H(} (£2), we define the inner product
a(u,v) = / Vu-Vovdx
2

and the corresponding norm ||u||, = a(u, u).
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For every u € Hé (£2), there exists one and only one Au € HOl (£2) such that for
allv € H} (2),

a(Au,v) = / uv dx.
2
Hence problem (P) is equivalent to
A = Au.

Since a(Au, u) = f u’dx, the eigenvalues of A are strictly positive. The operator
2
A is symmetric, since

a(Au,v) = / uv dx = a(u, Av).
2
It follows from the Cauchy—Schwarz and Poincaré inequalities that

I Aull =/ u Audx < |lullp2g)l|Aull2(@) < cllull 2@yl lAulla-
2

Hence
Aulla < cllullp2p)-

By the Rellich-Kondrachov theorem, the embedding H (£2) — L?($2) is compact,
so that the operator A is compact. We conclude using Theorem 3.4.8. O

Proposition 8.2.2 (Poincaré’s Principle) For everyn > 1,

An:min{/ |Vu|2dx:ueH(}(Q),/ uzdle,/ ueldx:...:f uen_ldx:O}.
2 2 2 2

Proof We deduce from Theorem 3.4.7 that

1 {a(Au,u). . L _}
L, =max|——— :u € Hy(2),u #0,a(u,e;) =...=au,e,—1) =0¢.
a(u, u)

Since ey is an eigenfunction,

a(u,er) =0« / uerdx = 0.
2
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Hence we obtain

a7l Jo 1dx H () 750/ d / dx =0
=max{-———“———:uc Ju , | ueydx=...= | uep,_1dx=0¢,
n o IVuldx 0 a2 e !
or
| Jo 1VulPax |
An = min 72:146H0(.Q),u7$0,/ueldx=...:/uen_1dx=0 .0
o u-dx 2 2

Proposition 8.2.3 Leru € Hé (£2) be such that ||ull, = 1 and ||Vu||% = A1. Then
u is an eigenfunction corresponding to the eigenvalue A1.

Proof Letv € HO1 (£2). The function

g(e) = [IV(u + ev)|3 — Allu + evl|3

reaches its minimum at ¢ = 0. Hence g’(0) = 0 and

/Vu-Vvdx—)q/uvdxzo. a
Q Q

Proposition 8.2.4 Let 2 be a smooth bounded open connected subset of RN. Then
the eigenvalue L1 of (P) is simple, and e\ is almost everywhere strictly positive
on 2.

Proof Let u be an eigenfunction corresponding to A; and such that |[u|l, = 1.
By Corollary 6.1.14, v = |u| € H}(£2) and [|Vv||} = [|[Vu||} = Aj. Since
[lvll2 = |lull2 = 1, the preceding proposition implies that v is an eigenfunction

corresponding to A;. Assume that u™ # 0. Then u™ is an eigenfunction correspond-

ing to A, and by the maximum principle, ™ > 0 almost everywhere on £2. Hence
u=ut. Similarly, if u~ # 0, then —u = u~ > 0 almost everywhere on £2. We
can assume that e; > 0 almost everywhere on 2. If e; corresponds to A1, then e; is

either positive or negative, and / e1exdx = 0. This is a contradiction. O
2

Example Let 2 = ]0, m[. Then (P) becomes

—u” =Xy in]0, x|,
u(0) = u(r) = 0.

Sobolev’s embedding theorem and the du Bois—Reymond lemma imply that u €
C%(10, =) N C([0, ]). Hence A, = n? and e,, = \/ZM The sequence (e,) is a

T n
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T
Hilbert basis on HO1 (10, 7 [) with scalar product / u'v' dx, and the sequence (ne,)
0

T
is a Hilbert basis of L2(]0, 7[) with scalar product / uvdx.
0

Definition 8.2.5 Let G be a subgroup of the orthogonal group O(N). The open
subset 2 of RV is G-invariant if for every g € G and every x € £, g~ 'x € £2. Let
§2 be G-invariant. The action of G on HO1 (£2) is defined by gu(x) = u(g~'x). The
space of fixed points of G is defined by

Fix(G) ={u € HOI(.Q) :forevery g € G, gu = u}.
A function J : HO1 (£2) — Ris G-invariant if forevery g € G, Jo g = J.

Proposition 8.2.6 Let 2 be a G-invariant open subset of RN satisfying the
assumptions of Proposition 8.2.4. Then e € Fix(G).

Proof By a direct computation, we obtain, for all g € G,
llgeill2 = llerlla = L, IVgeill; = [IVerll3 = 1.
Propositions 8.2.3 and 8.2.4 imply the existence of a scalar A(g) such that
e1(g7'x) = Agler (x).

Integrating on £2, we obtain A(g) = 1. But then ge; = e;. Since g € G is arbitrary,
e € Fix(G). |

Example (Symmetry of the First Eigenfunction) For a ball or an annulus
R={xeR":r<|x| <R},

we choose G = O(N). Hence e is a radial function.

We define v(]x|) = u(x). By a simple computation, we have

92 ” x,% , 1 x,%
—u(x) = v (|x]) + v (Ix]) —= -

ox2 [x|? [EEE
Hence we obtain
Au=v" 4+ (N — Dv'/|x|.

Let 2 = B(0, 1) c R3. The first eigenfunction, u(x) = v(|x]), is a solution of
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v =20 /r = Av.

The function w = rv satisfies

so that
w(r) = asin(v/Ar — b)
and

sin(v/Ar — b)
v(r) = af.

Since u € HJ(2) C L%(82), b = 0 and A = 7. Finally, we obtain

() = a sin(7r |x])
x|

It follows from Poincaré’s principle that
72 = min {||vu||iz(m/||u||iz(m tu € Hy(2)\ {0}} .

Let us characterize the eigenvalues without using the eigenfunctions.
Theorem 8.2.7 (Max-inf Principle) For everyn > 1,
An = max inf / |Vu|?dx,

VeV,—1 uevl
llaell; 2 =1

where V,_1 denotes the family of all (n — 1)-dimensional subspaces of H(} (£2).

Proof Let us denote by A, the second member of the preceding equality. It follows
from Poincaré’s principle that A,, < A,,.
Let V € V,_;. Since the codimension of V< is equal to n — 1, there exists

n
x € RV \ {0} such that u = » "xje; € V. Since
j=1

n
/ |Vu|2dx ZZ)‘jsz'/ e?dx gkn/ u*dx,
2 i Q Q

we obtain
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inf |Vul?dx < hy.
ueVl
llull 2 =1
Since V € V,_ is arbitrary, we conclude that A, < A,,. O

8.3 Symmetrization

La considération systématique des ensembles Ela < f < b]
m’a été pratiquement utile parce qu’elle m’a toujours forcé a
grouper les conditions donnant des effets voisins.

Henri Lebesgue

According to the isodiametric inequality in R?, among all domains with a fixed
diameter, the disk has the largest area. A simple proof was given by J.E. Littlewood
in 1953 in A Mathematician’s Miscellany. We can assume that the domain £2 is
convex and that the horizontal axis is tangent to §2 at the origin. We obtain

1 3 2 2 T 2
A_E/o p7(0)+p (9+E)d9§n(d/2)-

We will prove the isoperimetric inequality in RN using Schwarz’s symmetriza-
tion.

\-’I;.f’ 209 :'_-_,r_r'_f E _,—_:_}

‘\L \1\\‘\

Fig. 8.1 Isodiametric inequality
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In this section, we consider Lebesgue’s measure on RN . We define

Ki@®RYY = {u e CRY) : forall x € RV, u(x) > 0},
LY @®RY) = {u € LP(R") : for almost all u(x) > 0},
WP @®Y) = whP@®N) 0 LY ®RY),
BV, (@RY) = BV(RY)nLLR").

Definition 8.3.1 Schwarz’s symmetrization of a measurable subset A of R¥ is
defined by A* = {x € RV : |x|YVy < m(A)}. An admissible function u : RY —
[0, 400] is a measurable function such that forall > 0, m, (t) = m({u > t}) < oo.
Schwarz’s symmetrization of an admissible function  is defined on RY by

u*(x) =sup{t e R: x € {u > t}*}.

The following properties are clear:

(@) xax = X1

(b) m(A*\ B*) =m(A\ B);

(c) u*isradially decreasing, |x| < |y| = u*(x) > u*(y);

(d) u <v=u* <v*

Lemma 8.3.2 Let (A,) be an increasing sequence of measurable sets. Then
00 00 *

U A¥ = ( An> )

n=1
o0 *
Proof By definition, AY = B(0,ry,), (U A,,) = B(0,r), where r,I,VVN =
n=1

o0
m(A,), r¥vy = m(U A,,). It suffices to observe that by Proposition 2.2.26,

n=1
o0
m (U An> = lim m(Ap). O

n=1

Theorem 8.3.3 Let u be an admissible function. Then u* is lower semicontinuous,
and forallt > 0, {u > t}* = {u* > t} and m, (t) = m,=(t).

Proof Lett > 0. Using the preceding lemma, we obtain

(u>1}*= <U{u > s}) = U{u >sf c{ut >t} C{u>t)*.

s>t s>t

In particular, {u* > ¢t} is open and m{u > t} = m{u* > t}. O
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Proposition 8.3.4 Let 1 < p < coand u,v € LY (RY). Then u*, v* € LY (RV)
and

N [1p = Nullp, Hu™ = v*|lp < llu = vllp.

Proof Using Cavalieri’s principle and the preceding theorem, we obtain
o oo
W = [ mnpdr = [ marrde =il
0 0

Assume that p > 2, and define g(t) = |¢|?, so that g is convex, even, of class c?,
and g(0) = g’(0) = 0. For a < b, the fundamental theorem of calculus implies that

b b
g(b—a):/ ds/ g’ (t — s)dt.

Hence we have that
o0 o0
g —v) = / ds / &'t — ) Dt (= Xioms) + X (= Xpumsp)] .
0 K

Integrating on RY and using Fubini’s theorem, we find that

/]RN gu—v)dx = /Ooods /oog”(t—s)[m({u > t\{v > sh+m{v > t}\{u > s})]dt.

Finally, we obtain

/ g™ — v )dx < / g(u —v)dx.
RN RN

If 1 < p < 2, it suffices to approximate |f|” by g¢(t) = (t> + &2)P/> — P, ¢ > 0.
|

Approximating Schwarz’s symmetrizations by polarizations, we will prove that

ifu € WP (RY), then u* € WP (RY) and || Vu*||, < [|Vul|,.

Definition 8.3.5 Let oy be the reflection with respect to the frontier of a closed
affine half-space H of RY. The polarization (with respect to H) of a function u :
RN — R is defined by

ufl (x) = max{u(x), u(op(x))}, x¢€H,
= min{u(x), u(oy(x))}, xeRN\H.
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The polarization A of A ¢ RY is defined by x,n = x f . We denote by H the
family of all closed affine half-spaces of R" containing 0.

Let us recall that a closed affine half-space of R" is defined by
H:{xeRN:a-be},
where a € S~ and b € R. It is clear that
og(x)=x+4+2(b —a-x)a.

The following properties are easy to prove:
(a) if A is a measurable subset of RV, then m(AH) = m(A);
®) {u >t} ={u > 1},
(c) if u is admissible, (u)* = u*;
(d) if moreover, H € H, (u*) = u*.
Lemma 8.3.6 Let f : R — R be convex anda < b, c < d. Then
f—=d)+ fla—c) < fla—d)+ f(b—o).

Proof Definex =b—d,y =b —a,and z = d — c. By convexity, we have

fO—fx=—»=f&x+2)—-fx+z-y). O

Proposition 8.3.7 Let 1 < p < oo and u,v € LP(RN). Then uf, v e LP(RY),
and

H

H H
Nu™lp = lullp, [u™ =07, < [lu—vllp.

Proof Observe that

/ |u(x)|Pdx =/ luC)I” + lu(on (x))|Pdx
RN H

= / ™ @)1P + u™ (o (x))Pdx = / ju™ ()P dx.
H RN
Using the preceding lemma, it is easy to verify that for all x € H,

luf (x) — v ()P + [ul (op (x)) — v (oh (x))|P
< ux) —vX)|? + lu(oa(x)) — viog (x))|?.

It suffices then to integrate over H. O
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Lemma 8.3.8 Let u : RN — R be a uniformly continuous function. Then the
functionu® : RN — R is uniformly continuous, and for all § > 0, w,1(8) < wy(5).

Proof Let § > 0 and x,y € RY be such that |x — y| < 8. If x,y € H orif
x,y € RN\ H, we have

lor (x) —on(y)| = |x —y[ <6
and
" (x) — uf ()] < max(Ju(x) — u), u(on ) — ulon () < wu6).
If x € Hand y € RY \ H, we have
lx —on(| =loux) =yl <log(x) —ou(y)| = |x —y| <6
and

luf? (x) — uf (y)| < max(Ju(x) — u(op ()|, lulonx)) —u@)l,
lu(op (x)) —ulog (), [u(x) —u@)) < w,(d).

We conclude that

wn(®) = sup |uf(x) —uf ()| < 0, (8). O
[x—y|=<8

Lemma83.9 Ler1 < p < oo, u € LP(RY), and H € H. Define g(x) = e~ .

Then
/ ug dx < / uflg dx. (%)
RN RN
If, moreover, 0 eI; and
/ ug dx = / qu dx, ()
RN RN
then ufl = u.

Proof For all x € H, we have

u(x)g(x) + u(op (x)glon(x) < u ()gx) +u (o (x))glon(x)).

It suffices then to integrate over H to prove ().
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If (s) holds, we obtain, almost everywhere on H,
u(x)g(x) + u(on (x))gon (x)) = u™ ()g(x) + u™ (on (x))g(on (x)).
If0 € F7, then g(op (x)) < g(x) for all x €1, so that
u(x) = u™ @), u(op(x)) = u (o (x)). O

Lemma 8.3.10 Let u € LP(RN) N CERM1 < p < 00) be such that, for all
HeH,u! =u. Thenu > 0andu = u*.

Proof Let x, y € RY be such that x # y and |x| < |y|. There exists H € H such
that x € H and y = oy (x). By assumption, we have

u(y) = uH(y) < uH(x) = u(x).
Hence
x| < |yl = u(y) < u(x).

We conclude that there exists a (continuous) decreasing function v : [0, +oo[— R
such that #(x) = v(|x]). Since u € L?(RY), it is clear that

lim v(r) =0.
r——+00

Hence u > O and for all t > 0, {u > t} = {u™* > t}, so that u = u*. O

Consider a sequence of closed affine half-spaces
H,={xeR" :q, x <by)

such that ((a,, b,)) is dense in S¥~1x 10, 4+o0].
The following result is due to J. Van Schaftingen.
Theorem 8.3.11 Let 1 < p < co andu € LY (RN). Define
uo =u,

Hy.oHypst
Up4+1 = Up B

Then the sequence (u,,) converges to u* in LP (RM).

Proof Assume that u € Ky (RV). There exists » > 0 such that spt u C B[O, r].
Hence for all n,

sptu, C B[O, r].
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The sequence (u,) is precompact in C(B[0, r]) by Ascoli’s theorem, since

(a) forevery n, [lunlloo = |lt]loo}
(b) forevery e > 0, there exists 6 > 0, such that for every n, w,,(§) < w,(8) < e.

Assume that (u,, ) converges uniformly to v. Observe that
sptv C B[O, r].
We shall prove that v = u*. Since by Proposition 8.3.4,
lu* = v*lh = [luy, — vl < llug, —vlh > 0, &k — oo,
it suffices to prove that v = v*.

Let m > 1. For every ny > m, we have

Hi...Hy...H,

_ k1
Unppy = Ung .

Lemma 8.3.9 implies that

ufl“'H’"g dx < Up, 8 dx.
RV K RV

It follows from Proposition 8.3.7 that

f le“'H’”gde/ vg dx.
RN RV

By Lemma 8.3.9, v = v, and by induction, v =y,

Leta € S "L b > 0, and H = {x € RY :g.x < b}. There exists
a sequence (ny) such that (a,,,b,) — (a,b). We deduce from Lebesgue’s
dominated convergence theorem that

H -l = ||vH —UH"k||1 — 0, k— oo

v
Hence for all H € H, v = v. Lemma 8.3.10 ensures that v = v*.
Letu € LY(RY) and ¢ > 0. The density theorem implies the existence of
w € Ky (RN) such that ||u — wl|p, < &. By the preceding step, the sequence

wo = w,
Hi..H, 11
Wyl =w, T,

converges to w* in L”(R"). Hence there exists m such that for n > m, ||w, —
w*||, < &. It follows from Propositions 8.3.4 and 8.3.7 that for n > m,
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Hutn —u*llp < |lttn = wallp + llwn —w*|], +lw* —u*|], <2l|lu—wll,+e < 3e.
Since ¢ > 0 is arbitrary, the proof is complete. O

Proposition 8.3.12 Let 1 < p < co andu € WHP(RYN). Then ufl € whH-r(RV)
and ||Vu® ||, = ||Vul|p.

Proof Define v = u o oy. Observe that

H 1(—i—)-i-ll |, onH
u? = —(u+v)+ —lu—v|, ,
2 2

1(+) 1| | RN\ H
== ——|lu—v|, on .
2Lt v 214

Since the trace of |u — v| is equal to 0 on dH, u? ¢ WLP(RN). Let x € H.
Corollary 6.1.14 implies that for u(x) > v(x),

Vul (x) = Vu(x), Vu (o4 (x)) = Vulon (x)),
and for u(x) < v(x),

Vull (x) = Vox), Vull (o (x)) = Vu(og (x)).
We conclude that on H,

IVuf? ()7 + |Vul (0n ()P = [Vux)|P + |Vu(on (x))|P. O

Proposition 8.3.13 Leru € BV(RN). Thenu® € BV (RN) and ||Du®|| < ||Dul]|.

Proof Let u,, = p, * u. Propositions 4.3.14 and 8.3.7 imply that u, — u and
uf — u in L'(R"). Theorem 7.3.3 and Proposition 8.3.12 ensure that

1D, 1| = IVu! 11 = [ Vunl|1.
We conclude by Theorem 7.3.2 and Lemma 7.3.6 that

[IDu’?|] < lim ||Duf || = lim || Vu,||1 = ||Dull. O

Theorem 8.3.14 (Polya—Szegd Inequality) Ler 1 < p < co and u € WP (RV),

Then u* € WL”(RN) and ||Vu*|], < ||Vull,.

Proof The sequence (u,) given by Theorem 8.3.11 converges to u* in L”(RV). By
Proposition 8.3.12, for every n, ||[Vu,||p = [[Vullp. It follows from Theorem 6.1.7
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that
[IVu*||p < im||Vugll, = [|Vull,. o

Theorem 8.3.15 (Hilden’s Inequality, 1976) Let u € BV, (RM). Then u* €
BV, (RN) and || Du*|| < ||Dul].

Proof The sequence (u,) given by Theorem 8.3.11 converges to u™ in L " (RM). By
Proposition 8.3.13, for every n,

[|1Dupt1ll < [|1Duyll < [IDull.
It follows from Theorem 7.3.2 that
[|Du*|| < lim||Duy,|| < ||Dul]|. o

Theorem 8.3.16 (De Giorgi’s Isoperimetric Inequality) Let N > 2, and let A be
a measurable subset of RN with finite measure. Then

NV N (A=Y < p(A).

Proof If p(A) = 400, the inequality is clear. If this is not the case, then x4 €
BV, (RM). By definition of Schwarz’s symmetrization,

A* = B(0,r), Vyr" = m(A).
Theorems 7.4.1 and 8.3.15 imply that
NVNr¥=t = p(A") = [IDxasllpy = [IDx]Iey < [1Dxallpy = p(A).

It is easy to conclude the proof. O

Using scaling invariance, we obtain the following version of the isoperimetric
inequality.

Corollary 8.3.17 Let A be a measurable subset of RN with finite measure, and let
B be an open ball of RN. Then

p(B)/m(B)' VN < p(A)/m(A)!~VN,

The constant N Vl\l/ N, corresponding to the characteristic function of a ball, is the
optimal constant for the Gagliardo—Nirenberg inequality.



214 8 Elliptic Problems

Theorem 8.3.18 Let N > 2 and u € LN/~ sych that ||Du|| < 4+00. Then
1/N
NV ullvyv—1) < ||Dul|.

Proof

(a) Let p=N/(N —1),v e LP(RV), v > 0,and g € L RN). If ||g||» = 1, we
deduce from Fubini’s theorem and Holder’s inequality that

o0 o0 o0
/ gudx :/ dxf gXv>rdt =/ dt/ gXv>rdx 5/ m({v > tHPdz.
RN RN 0 0 RN 0

Hence we obtain

o0
llv]], = max f gvdxf/ m({v > tHPdr. (%)
lgll, =1 Jr¥ 0

(b) Letu € D(£2). Using inequality (x), the Morse—Sard theorem (Theorem 9.3.1),
the coarea formula (Theorem 9.3.3), and the isoperimetric inequality, we obtain

1/N 1/N -
NV Ml < NV U + 1]

o0 0
<nv/N [/ m({u > t}))V/Pdr +/ m({u < t})l/pdt]
0 —00

oo 0
5/ dt/ dy+/ dt/ dy :/ [Vuldx.
0 u=t —00 u=t RN

(c) By density, we obtain, for every u € DLI(RY),
1/N
NV ullp < 11Vulh.
We conclude using Proposition 4.3.14 and Lemma 7.3.6. O

Definition 8.3.19 Let £2 be an open subset of RY. We define

7(@2) = inf {IVull3/llull3 : u € Wi (2)\ (0}

Theorem 8.3.20 (Faber-Krahn Inequality) Let $2 be an open subset of RN with
finite measure. Then A1 (2%) < L1($2).
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Proof Define Q(u) = ||Vull3/||ull3. Let u Wé’Z(.Q) \ {0} and v = |u|. By
Corollary 6.1.14, Q(v) = Q(u). Proposition 8.3.4 and the Pélya—Szegd inequality
imply that Q (v*) < Q(v). It is easy to verify that v* € Wé’z(.Q*) \ {0}. Hence we
obtain

M(27) < Q") < 0(v) = Q).

Since u € W(}’z(.Q) \ {0} is arbitrary, it is easy to conclude the proof. O

Using scaling invariance, we obtain the following version of the Faber—Krahn
inequality.

Corollary 8.3.21 Let 2 be an open subset of RN, and let B be an open ball of RV .
Then

M BYM(BYN < ri(2)m(2)¥N.

Remark Equality in the isoperimetric inequality or in the Faber—Krahn inequality is
achieved only when the corresponding domain is a ball.

8.4 Elementary Solutions

There exists no locally integrable function corresponding to the Dirac measure.

Definition 8.4.1 The Dirac measure is defined on IC(RY) by

(8, u) = u(0).

Definition 8.4.2 The elementary solutions of the Laplacian are defined on RV \ {0}
by

1 1
En(x) = — log —, =2,
2 x|
En() ! LIRS
X) = 3 =
N (N—2)NVy [x[N-2

Theorem 8.4.3 Let N > 2. In D*(R"N), we have
_AEy =36.

Proof Define v(x) = w(|x]). Since
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Av=w"+ (N — Dw'/|x|,

it is easy to verify that on RV\{0}, AEy = 0. Itis clear that Ey € L1 (RV).

loc

Let u € D(RV) and R > 0 be such that spt u C B(0, R). We have to verify that

—u(0) = / EnAu dx = lim EnAu dx.
RN

>0 Je<|x|<R

We obtain using the divergence theorem that

fle) = / (ExAu — uAEy) dx = / <uVEN Y EnVu. 1|> dy.
e<|x|<R 3B(0,¢) ly| ly
By a simple computation,
Yy . .
VEy - — =—1, lim Endy =0,
9B(0.¢) [y e=>0J3B(0.e)
so that lim f(g) = —u(0). |
e—0

Definition 8.4.4 Let f, g € D*(£2). By definition, f < g if for every u € D(£2)
such thatu > 0, (f, u) < (g, u).

Theorem 8.4.5 (Kato’s Inequality) Let g € L} (£2) be such that Ag € L}, (£2).
Then

(sgng) Ag < Algl.
Proof Let u € D(£2) and w CC £2 be such that ¥ > 0 and spt u C w. Define
gn = pn* g, and for e > 0, fo(t) = (1> + £2)!/2. Since g, — g in L' (w), we can
assume, passing if necessary to a subsequence, that g, — g almost everywhere on

.
For all ¢ > 0 and for n large enough, we have

/ fg/(gn)(Agn)” dx S/(Afs(gn))u dx:/ Sfe(gn)Au dx.
2 2 2

When n — oo, we find that

/ L&) (Ag)u dx S/ fe(g)Au dx.
2 2

When ¢ | 0, we obtain
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/(sgng)(Ag)u dxf/ |g| Au dx. O
2 2

8.5 Comments

The notion of polarization of sets appeared in 1952, in a paper by Wolontis [87].
Polarizations of functions were first used by Baernstein and Taylor to approximate
symmetrization of functions on the sphere in the remarkable paper [3]. The
explicit approximation of Schwarz’s symmetrization by polarizations is due to Van
Schaftingen [84]. See [73, 85] for other aspects of polarizations. The proof of
Proposition 8.3.4 uses a device of Alberti [2]. The notion of symmetrization, and
more generally, the use of reflections to prove symmetry, goes back to Jakob Steiner
[79].

The elegant proof of Theorem 8.3.18 is due to O.S. Rothaus, J. Funct. Anal. 64
(1985) 296-313.

8.6 Exercises for Chap. 8
1. Letu € C(£2). The spherical means of u are defined on D by
S(x,r) = (NVN)_I/ u(x + ro)do.
SN-1
Verify that when u € CZ(Q),
l'mZN[S( ) —u(x)] = Au(x)
im —-[S(x,r) —u(x)] = Au(x).
rl0 r2

2. Let u € C(£2) be such that for every (x,r) € D, u(x) = M(x, r). Then for
every x € §2,, pp * U = u.
The argument is due to A. Ponce:

P u(x) = / pulx — Yu(y)dy = / dr / u(y)dy
RN 0 px—y)>t

= u(x)/ dt/ dy = u(x).
0 p(x—y)>t

3. (Weyl’s theorem.) Letu € Llloc(.Q). The following properties are equivalent:

(a) u is harmonic;
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(b) for almostall x € £2 and forall0 < r < d(x,08),u(x) = M(x,r);
(c) there exists v € C*°(£2), almost everywhere equal to u, such that Av = 0.

. Let u € C2(£2) be a harmonic function. Assume that u > 0 on B[0, R] C £2.

Then for every 0 < r < R and |y| < R — r, we have

lu(y) —u0)| =

1 /
u(x)dx
INVN r—lyl<lx|<r+ly|

N _ (. N
=(r+|y|) rN(V (h4)) 1(0).

Hint: Use the mean-value property.

. (Liouville’s theorem.) Let u € C*°(R¥) be a harmonic function, bounded from

below on RY. Then u is constant.
Let £2 be an open connected subset of RY, and let u € C°°(£2) be a harmonic
function such that for some x € 2, u(x) = igf u. Then u is constant.

2 T
— uldx =/
0

min / ‘_u dx =
0

ueHO] 10,7D)
[lullp=1

. If u € D(]0, [), then

du 2

dx

du  cosx

dx sin x

u X.

r

Hence

. (Min—-max principle.) For every n > 1,

Ay = min max / |Vu|2dx,
VeV, usvV - Jo
llullp =1

where V), denotes the family of all n-dimensional subspaces of H(} (£2).
Let us recall that

2(G) = inf {IVul B/11ull3 : u € Wy (G) \ (0}

Let £2 be an open subset of RM, and w an open subset of RY . Then:
(@) A(£2 x ©) =11(£2) + 11 (0);

(b) 11 (RY) =0;

(©) A2 x RN) = 2;(£2).
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11.

12.

13.

14.

15.

Exercises for Chap. 8 219

Define u € D, (R") such that for every y € RV, Tyu # u*,andfor 1 < p <
00, [|Vullp = ||Vu*||,. Hint: Consider two functions v and w such that v = v*,
w = w* v=1onB(0,1),and spt w C B[O, 1/2], and define u = v + t,w.

(Hardy-Littlewood inequality.) Let 1 < p < oo, u € L[J;(RN ), and v €

L” (RM). Then
/ uvdx < / u*v*dx.
RN RN

Letl <p<ocandu,v € Li(RN).Then
llu 4 vllp < |Ju™ 4 v*[],.

Hint: Assume first that p > 1. Observe that

[lu +v|lp, = sup / (u~+v)wdx.
weLV/ RN
lwll

Let £2 be a domain in RY invariant under rotations. A function u : 2 — R is
foliated Schwarz’s symmetric with respect to e € S¥ ! if u(x) depends only on
(r,0) = (|x|, cos_l(ﬁ - ¢)) and is decreasing in 6.

Let e € SV~1. We denote by H, the family of closed half-spaces H in R
suchthat0 € 9H ande € H.

Prove that a function # : 2 — R is foliated Schwarz’s symmetric with
respect to e if and only if for every H € H,, ufl = u.
Letu € LP(RV)(1 < p < 00), and let the closed affine half-space H c RY
be such that u” = u. Then, for everyn > 1, (p, * u)H = pp *U.
Hint. For every x, y € H, we have

Ix =yl = lon(x) —ouWM| = [x —ou(®)|= |oux) -yl

Hence we obtain, for every x € H,
on * u(x) — pp x u(op (x))
= /H[u(y) - M(UH()’))] [on(x = ¥) = pu(on (x) — y)]dy > 0.

Letu € LP(RVN)(1 < p < o0) be such that, for all H € H,u! = u. Then
u>0and u = u*.
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