Chapter 6 ®
Boundary Value Problems in Qs
Muckenhoupt Weighted Spaces

This chapter is devoted to studying the Dirichlet, Regularity, Neumann, and
Transmission boundary value problems in §-AR domains with boundary data in
Muckenhoupt weighted Lebesgue and Sobolev spaces. The technology that we
bring to bear on such problems also allows us to deal with similar boundary
value problems formulated in terms of ordinary Lorentz spaces and Lorentz-based
Sobolev spaces.

As a preamble, in Theorem 6.1 below we recall from [113, §4.4] a Poisson
integral representation formula for solutions of the Dirichlet Problem for a given
weakly elliptic second-order system L, in domains of a very general geometric
nature, which involves the conormal derivative of the Green function for the
transpose system LT as integral kernel. Stating this requires that we review a
definition and a couple of related results. Specifically, following [111, §8.9] we shall
say that a set Q2 is globally pathwise nontangentially accessible
provided €2 is an open nonempty proper subset of R” such that:

given any « > 0 there exist K > « along with ¢ € [I, 00)
such that o-a.e. point x € 02 has the property that any

y € I (x) may be joined by a rectifiable curve yy y such that ©.1)
Yx,y \ {x} C I't(x) and whose length is < c|x — y|.
It has been noted in [111, §8.9] that
any one-sided NTA domain with unbounded boundary 6.2)
is a globally pathwise nontangentially accessible set, ’
and that
any semi-uniform set (in the sense of Aikawa-Hirata; cf. 6.3)
[4]) is a globally pathwise nontangentially accessible set. ’
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366 6 Boundary Value Problems in Muckenhoupt Weighted Spaces

We are now ready to state the Poisson integral representation formula advertised
earlier (for a proof see [113, §4.4]).

Theorem 6.1 Let Q2 be an open nonempty proper subset of R" (where n € N with
n > 2) which is globally pathwise nontangentially accessible (in the sense of (6.1)),
and such that 02 is unbounded and Ahlfors regular. Abbreviate o = H! [0S2
and denote by v = (vy,...,V,) the geometric measure theoretic outward unit
normal to Q2. Next, suppose L is a weakly elliptic, homogeneous, constant (complex)
coefficient, second-order, M x M system in R". Fix a parameter k € (0, 00), along
with an arbitrary point xo € 2, and suppose 0 < p < }‘dist(xo, 02). Finally,
define K := B(xg, p).

Then there exists some ¥ > 0, which depends only on Q and «, with the following
significance. Assume G is a matrix-valued function satisfying

MxM
= (G"‘ﬂ)lsa,ﬂsM € [Llloc(Q,.[,")] xM

G
(LTG.p), = —8xap in [D'] forall a, e {l,..., M},
(v

G) B;;L exists (in C"‘Mz) at o-a.e. point on 9%2, (6.4)

K—n.t.
G|8Q =0eCM*M 416 — a.e. point on S,

N;z\K(VG) < 400 ato — a.e. point on 9L2,
and assume u = (Ug)1<g<pm IS a CM _valued function in Q satisfying

wel[e2@]", Lu=0in
K—n.t.

”|d§2 exists at o-a.e. point on 0€2,

Neu < +00 ato — a.e. point on 9%2, 6.5)

/ Neu 'NEQ\K(VG) do < 4o00.
Q2

Then for any choice of a coefficient tensor A = (agf) I<rs<n € UL one has the
1<a,p<M
Poisson integral representation formula

Kk—n.t. T
uﬁ(xo)z—/m(ﬂm L9 G.p)do, vBe{l,..., M}, (6.6)

T o . . ;
where 85‘ stands for the conormal derivative associated with AT, acting on the
columns of the matrix-valued function G according to (compare with (3.66))

K—n.t.
BfTG.ﬁ = (vra;’r“ (8SG)/,B)|8Q ) at o-a.e. point on 0,82, (6.7)

l<a<M

foreach p € {1,..., M}.
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One remarkable feature of this result is that the only quantitative aspect of the
hypotheses made in its statement is the finiteness condition in the fourth line of (6.5).
Not only is this most natural (in view of the conclusion in (6.6)), but avoiding to
specify separate memberships of N,u and Ng \K(VG) to concrete dual function
spaces on €2 gives Theorem 6.1 a wide range of applicability. In particular, the
various Poisson integral representation formulas this provides in a multitude of
contexts permit us to derive, rather painlessly, uniqueness results for the Dirichlet
Problem.

6.1 The Dirichlet Problem in Weighted Lebesgue Spaces

Theorem 6.2 below describes solvability, regularity, and well-posedness results for
the Dirichlet Problem in §-AR domains 2 € R" with boundary data in Mucken-
houpt weighted Lebesgue spaces for weakly elliptic second-order homogeneous
constant coefficient systems L in R" with the property that ‘ZICBS # & and/or
‘llgii # @. Examples of such systems include the Laplacian, all scalar weakly
elliptic operators when n > 3, as well as the complex Lamé system given by
Ly = pnA+ A+ pn)Vdivwith u € C\ {0} and A € C\ {—2u, =3u}. In
particular, the well-posedness result described in item (e) of Theorem 6.2 holds in
all these cases. Furthermore, we provide counterexamples showing that our results
are optimal, in the sense that the aforementioned assumptions on the existence of
distinguished coefficient tensors cannot be dispensed with.

Theorem 6.2 Let Q C R” be an Ahlfors regular domain. Set o = H0e,
denote by v the geometric measure theoretic outward unit normal to 2, and fix an
aperture parameter k > 0. Also, pick an exponent p € (1, 0c0) and a Muckenhoupt
weight w € A,(3K2, 0). Given a homogeneous, second-order, constant complex
coefficient, weakly elliptic M x M system L in R", consider the Dirichlet Problem

ue[e=@]",
Lu=0 in Q,

Neu € LP(0Q2, w), ©38)

K—

o =fe[Lrae,w].

u

The following claims are true:

(a) [Existence, Estimates, and Integral Representation] If QI‘zis #* Jand A € %[%is,
then there exists § € (0, 1) depending only on n, p, [wla,, A, and the Ahlfors
regularity constant of 92 with the property that if |vlipmopa.c)pr < 6 (a
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scenario which ensures that Q2 is a 5-AR domain; cf. Definition 2.15) then the
operator %I + K 4 is invertible on the weighted Lebesgue space [LP(BQ, u))]M
and the function u : Q@ — CM defined as

u(x) = (DA (%1 + KA)71 f)(x) forall x €Q, (6.9)

is a solution of the Dirichlet Problem (6.8). Moreover, there exists some constant
C € (0, 0c0) independent of f with the property that

I e oo, um < INcullLr@e,uw) < CIFlliLr oo, wym- (6.10)

(b) [Additional Integrability] Under the background assumptions made in item (a),
for the solution u of the Dirichlet Problem (6.8) defined in (6.9), one has the
following integrability result: For any given g € (1,00) and w € A,(382, 0),
after eventually further decreasing § € (0, 1) (relative to q and [w]a,), one has

Neu € L10R, 0) < f € [L(0Q, »)]" 6.11)
and if either of these conditions holds then
INcull ao.an ~ 1 20 o2 (6.12)

(c) [Regularity] Under the background assumptions made in item (a), for the
solution u of the Dirichlet Problem (6.8) defined in (6.9), one has the following
regularity result: For any given q € (1, 00) and w € A4(0L2, o), after eventually
further decreasing § € (0, 1) (relative to g and [w] s . ), one has

Ne(Vu) € LYOR, ) <= 3, f € [L102, o))", 1< jk<n,  (6.13)

and if either of these conditions holds then

(Vu)  exists (in C”'M) at o-a.e. point on 0%2,

K—n.t
a0 (6.14)
and ||NK(V'4)||Lq(aQ,w) ~ ||Vtanf||[Lq(3Q,w)]n-M-

In particular, corresponding to q := p and w ‘= w, if 6 € (0, 1) is sufficiently
small to begin with then

N (Vu) belongs to LP(0S2, w) if and only if f belongs to
[Lf(BSZ, w)IM, and if either of these conditions holds then (6.15)
INcullLr@,w + INe(VidllLr@.wy) = 1 liLp @0 w)m-
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(d) [Uniqueness] Whenever ?Ii‘% # &, there exists § € (0, 1) which depends only on
n, p, [wla,, L, and the Ahlfors regularity constant of 92 with the property that
if Ivlimo@q.o)p < 8 (e, if Q is a §-AR domain) then the Dirichlet Problem
(6.8) has at most one solution.

(e) [Well-Posedness] If A® £ & and WSS 3£ @ then there exists § € (0, 1) which
depends only on n, p, [wla,, L, and the Ahlfors regularity constant of €2 such
that if |vliBmo@@.o)yr < 8 (in other words, if Q is a 5-AR domain) then the
Dirichlet Problem (6.8) is well posed (i.e., it is uniquely solvable and the solution
satisfies the naturally accompanying estimate formulated in (6.10)).

(f) [Sharpness] If ?I‘I{is = O then the Dirichlet Problem (6.8) may not be solvable.
Also, if ‘Hiﬁ = O then the Dirichlet Problem (6.8) may have more than
one solution. In fact, there exists a homogeneous, second-order, constant real
coefficient, weakly elliptic n x n system L in R" with ‘lliis = ‘lliii = & and
which satisfies the following two properties: (i) the Dirichlet Problem formulated
for this system as in (6.8) with Q = R/} fails to have a solution for each
non-zero boundary datum belonging to an infinite dimensional linear subspace
of [LP(SQ, w)]n, and (ii) the linear space of null-solutions for the Dirichlet
Problem formulated for the system L as in (6.8) with Q := R!} is actually infinite
dimensional.

From Example 2.12 we know that, once a point xo € d<2 has been fixed, then for
each powera € (1 —n, (p — 1)(n — 1)) the function

w: 02— [0,00], wx):=|x—xp|¢ for x € 9L, (6.16)

is a Muckenhoupt weight in the class A,(0€2, o). Boundary value problems for
a real constant coefficient system L satisfying the Legendre—-Hadamard strong
ellipticity condition in a bounded Lipschitz domain 2 € R" with boundary data
in weighted (Lebesgue and Sobolev) spaces on 92 for a weight of the form (6.16)
have been considered in [128].

More generally, Proposition 2.21 tells us that, for each d-set E C 92 with d €
[0,n — 1) and each power a € (d +1—-—n(p-)n-1-— d)), the function
w := [dist(, E)]* is a Muckenhoupt weight in the class A,(d<2, o). Theorem 6.2
may therefore be specialized to this type of weights. A natural choice corresponds to
the case when E is a subset of the set of singularities of the “surface” 2. Weighted
boundary value problems in which the weight is a power of the distance to the
singular set (of the boundary) have been studied extensively in the setting of conical
and polyhedral domains, for which there is a vast amount of literature (see, e.g.,
[80, 81], and the references therein).

Finally, we wish to mention that, in the class of systems considered in Theo-
rem 6.2, the ensuing solvability, regularity, uniqueness, and well-posedness results
are new even in the standard case when = R’} .

Here is the proof of Theorem 6.2.

Proof of Theorem 6.2 To deal with the claims made in item (a) assume Ql‘zis * O
and pick some A € ‘lI‘i‘S. Then Theorems 2.3 and 4.8 guarantee the existence of
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some threshold § € (0, 1), whose nature is as specified in the statement of the
theorem, such that if |v{l[pmopq,o)p < 6 (i.e., if € is a 5-AR domain) then the
set 982 is unbounded, 2 satisfies a two-sided local John condition with constants
which depend only on the Ahlfors regularity constant of 92 and the dimension n
(in particular, the UR constants of 92 are also controlled solely in terms of the
dimension n and the Ahlfors regularity constant of 9€2), and the operator %I + Ka

is invertible on [Lp (02, w)]M. Granted this, from (3.23) and Proposition 3.5 (also
keeping in mind (2.575)) we conclude that the function u defined as in (6.9) solves
the Dirichlet Problem (6.8) and satisfies (6.10).

Consider next the claim made in item (b), regarding additional integrability prop-
erties for the solution constructed in (6.9). The right-pointing implication in (6.11)
together with the right-pointing inequality in (6.12) are simple consequences of the

fact that we have | f| = |u|’:mm| < Nu at o-a.e. point on 9$2. The left-pointing
implication in (6.11) along with the left-pointing inequality in (6.12) are seen from
(6.9), (4.340), and Proposition 3.5.

Let us now prove the claims made in item (c¢) pertaining to the regularity of the
solution u just constructed. Retain the background assumptions made in item (a)

and fix some exponent ¢ € (1, 00) along with some weight € A;(0R2,0). As
regards the equivalence claimed in (6.13), assume first that f € [Lp (012, w)]M is

such that arjkf € [Lq(asz, a))]M for each j,k € {1,...,n}. To proceed, define
g = (%I + KA)71 f € [LP D, w)]M where the inverse is considered in the
space [LP (02, w)]M. As noted in Remark 4.16 (assuming § > 0 is sufficiently
small), the operator %I + K4 is also invertible on the off-diagonal Muckenhoupt
weighted Sobolev space [L}* (39, w; a))]M (cf. (4.306)—(4.307)). Moreover, since
the latter is a subspace of [ L” (3S2, w)]M
[T (09, w; w)]M is compatible with the inverse of %I + K4 on[LP (32, w)]M.

. ) ) - M
In particular, since we are currently assuming that f € [L77(0Q, w; »)]", we

, it follows that the inverse of %I + K4 on

conclude that g € [LY9(09, w; w)]M. As a consequence of this membership
and (2.575), we have

¢ = hizazu € L' (02, %)]M and
(6.17)
o(x)

M
W)] forall j,k e {l,...,n}.
X

deug € [ L' (02
Granted these, we may invoke Proposition 3.1 and from (3.34) we conclude that the

nontangential boundary trace (Vu) |;;;[ = (VDag) |S;2m exists (in C""M) at o-a.e.
point on 92 (hence, the first property listed in (6.14) holds). Also, formula (3.33)
gives that for each index ¢ € {1, ..., n} and each point x € Q2 we have
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(deu) (x) = 3¢(Dag)(x)

= ( / al (8, Eyp) (x — ¥)(Br,,80) () do(y)) (6.18)
3% I<y<Mm
if the coefficient tensor A is expressed as (af‘f ) 1<r.s<n > and if the fundamental
1<a,B<M
solution £ = (Eug)i<a.p<m 1s as in Theorem 3.1. In concert with (3.85)

and (2.586), this proves that

INe (Vi) |l La(a92.0) < ClIVianglliza (9c2.0pH (6.19)

for some constant C € (0, co) independent of g.

In particular, N, (Vu) belongs to the space L9(9€2, w), which finishes the justifica-
tion of the right-to-left implication in (6.13). Also, from (4.343) we know that, for
some constant C € (0, oo) independent of f,

||Vtang||[Lq(ag,w)]n<M = C”Vtanf”[m(ag‘w)]nM- (6.20)

In light of (6.19), this justifies the left-pointing inequality in the equivalence claimed
in (6.14). To complete the treatment of item (b), there remains to observe that the
right-pointing implication in (6.13) together with the right-pointing inequality in
the equivalence claimed in (6.14) are consequences of Proposition 2.23 (bearing in
mind (2.585)).

Consider next the uniqueness result claimed in item (d). Suppose ‘lI‘I{i? # & and

pick some A € Ay such that AT € Ql‘z‘-sr Also, denote by p’ € (1, c0) the Holder

conjugate exponent of p, and set w’ := wl=? € A (082, o). From Theorem 4.8,
presently used with L replaced by LT, p’ in place of p, and w’ in place of w, we
know that there exists § € (0, 1), which depends only on n, p, [w]a s A, and the
Ahlfors regularity constant of €2, such that if €2 is a 6-AR domain then

K L0 09, w)]” — [LF 09, w)]” 6.21)

is an invertible operator.

By eventually decreasing the value of § € (0, 1) if necessary, we may ensure
that © is an NTA domain with unbounded boundary (cf. Theorem 2.3). In such a
case, (6.2) guarantees that 2 is globally pathwise nontangentially accessible.

To proceed, let E = (EO‘IB)1<01 <y be the fundamental solution associated with

the system L as in Theorem 3.1. Fix x, € R"\ Q along with xo € £, arbitrary. Also,
pick p € (0, }‘ dist(xg, 89)) and define K := B(xg, p). Finally, recall the aperture
parameter ¥ > 0 associated with € and « as in Theorem 6.1. Next, for each fixed
B €{l,..., M}, consider the CM _valued function
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FP0) = (Epalx = x0) = Epa (¥ = X)) epy VX €09 (6.22)

From (6.22), (2.587), (2.579), (2.572), (3.16), and the Mean Value Theorem we then
conclude that

P e L 0%, wH]™. (6.23)

-1
As a consequence, with (%I + K AT) denoting the inverse of the operator
in (6.21),

—1
v = (Vpa) geps = D (31 + Kar) P) (6.24)
is a well-defined CM -valued function in  which, thanks to Proposition 3.5, satisfies
vp e [¢2@]Y, LTvg=0in Q,
Nzvg € LY (09, w'), Nz(Vug) € LV (3R, w), (6.25)
and vﬁ‘;;u' = f® ato-ae. pointon 9.

Moreover, from (6.23)—(6.24) and (3.114) we see that

(Vvﬂ) |';;:‘ exists (inC"M) at o-a.e. pointon 0S2. (6.26)
Subsequently, for each pair of indices o, 8 € {1, ..., M} define

Gap(x) == vga(x) — (E,ga (x —x0) — Ega(x — x*)), Vx e Q\{xo}. (6.27)
If we now consider G := (Gap),_, gy Tegarded as a CM>*M _yalyed function
defined £"-a.e. in 2, then from (6.27) and Theorem 3.1 we see that G belongs to

the space [L (2, .E”)]MXM. Also, by design,

1
loc

MxM

LTG = =8 Iyxyu in [D(Q)] and
K—n.t.
G a0 = 0 at o-a.e. pointon 92, (6.28)
K—n.t.
(VG)|,, exists at o-a.e. point on 9S2,
while if v := (v,ga)lfa’ g< then from (2.8), (3.16), and the Mean Value Theorem

it follows that at each point x € 92 we have
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(MK G) () < (Nzv)(¥) + Cagop(1 + xD! ™" and 020
(6.
(N (VG)) () < Nz (V) (x) + Crg o (1 + XD,

where Cy,., € (0, 00) is independent of x. In view of (6.25), (6.29), and (2.572) we
see that the conditions listed in (6.4) are presently satisfied and, in fact,

N WVG) e LV (99, w') = (LP(0Q, w))*. (6.30)
Suppose now that u = (ug)1<g<m isa CM _valued function in € satisfying
wel[e=@]", Lu=0in Q,
”|a;2” exists at o-a.e. point on 92, (6.31)
and N,u belongs to the space LP (092, w).

Since (6.30) implies

/ Neu - N2 (VG) do < 400, (6.32)

Q2

we may then invoke Theorem 6.1 to conclude that the Poisson integral represen-
K—n.t.

tation formula (6.6) holds. In particular, this proves that whenever ”|a§z =0 at

o-a.e. point on 92 we necessarily have u(xg) = 0. Given that x( has been arbitrarily
chosen in €2, this ultimately shows such a function u is actually identically zero in
Q2. This finishes the proof of the claim made in item (d).

Next, the well-posedness claim in item (e) is a consequence of what we have
proved in items (a) and (d). Finally, the two optimality results formulated in
item (f) are seen from (3.381), (3.393), and (3.406) (cf. also Proposition 3.10 and
Example 3.5 in the two-dimensional setting). O

Remark 6.1 The approach used to prove Theorem 6.2 relies on mapping properties
and invertibility results for boundary layer potentials on Muckenhoupt weighted
Lebesgue and Sobolev spaces. Given that analogous of these results are also valid on
Lorentz spaces and Lorentz-based Sobolev spaces (cf. Remark 4.16, and the Lorentz
space version of (3.85) obtained via real interpolation), the type of argument used to
establish Theorem 6.2 produces similar results for the Dirichlet Problem with data
in Lorentz spaces, i.e., for
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ue[e=@]",

Lu=0 in €,
Neu € LP1(0R2, o), (6.33)

K—n.t. M

ul,g =fe[LP10RQ,0)]

More specifically, for this boundary problem existence holds in the setting of item
(a) of Theorem 6.2 whenever p € (1,00) and ¢ € (0, co], whereas uniqueness
holds in the setting of item (d) of Theorem 6.2 provided p € (1, co0) and ¢ € (0, o0]
(see [55, Theorem 1.4.17, p. 52] for duality results for Lorentz spaces).

In particular, corresponding to ¢ = oo, whenever “l[iis # @ and 91%@ #+ it
follows that for each p € (1, co) the weak-L” Dirichlet Problem

ue [ @]",
Lu=0 in Q,

Neu € LP°(0Q,0), 6.34)

ule = fe[Lreme, o]

is well posed assuming €2 is a §-AR domain for a sufficiently small § € (0, 1),
relative to n, p, L, and the Ahlfors regularity constant of 9€2. As in the proof of
Theorem 6.2, uniqueness is obtained relying on the Poisson integral representation
formula from Theorem 6.1. This requires checking that the Green function with
components as in (6.27) is well defined and satisfies Ng\K(VG) e LV (02,0),
where p’ is the Holder conjugate exponents of p. Once this task is accomplished,
the fact that we presently have N,u € LP-*(0Q,0) = (L”/’I(BSZ, U))* (cf. [55,
Theorem 1.4.17(v), p. 52]) guarantees that the finiteness condition (6.32) presently
holds, and the desired conclusion follows. In turn, the membership of NEQ \K (VG)

to LP"! (0€2, o) is seen from (6.29) and (6.24), keeping in mind that the operator
%I + K, 7 (where A € A is such that AT € ‘lI‘i‘%) is invertible on the Lorentz-

based Sobolev space [Lf 1 (092, a)]M and, as seen from standard real interpolation
inclusions, (1 + |x|)™ e LP9(32, o) whenever N > n — 1, p € (1, 00), and
q € (0, oo].

See Theorem 8.18 (and also Examples 8.2, 8.6) for a more general perspective
on this topic.

To offer an example, let 2 C R” be a §-AR domain and fix an arbitrary aperture
parameter ¥ > 0 along with a powera € (0,n — 1). Set p := (n — 1)/a € (1, o0).
Then, if § € (0, 1) is sufficiently small (relative to n, a, and the Ahlfors regularity
constant of 9€2, it follows that for each point x, € 92 the Dirichlet Problem
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ueeE>*(RQ), Au=0in Q, Nue€LP>*0R,0),
Kk—n.t. (635)
<”|as2 )(x) = |x —x,|7% ato-a.e.point x € €2,

is uniquely solvable. In addition, there exists a constant C (2, n, k,a) € (0, 00)
with the property that if u,, denotes the unique solution of (6.35) then we have the
estimate ||Ncuy, llLr>pe,0) < C(2,n, k, a) for each x, € 0Q2. Indeed, since the
function fy, (x) = |x — x,|7“ for o-a.e. point x € 92 belongs to the Lorentz
space L7*°(dL2, o) and sup, cyq Il fx,lILr=@0.0) < 00, the solvability result in
Remark 6.1 applies. This example is particularly relevant in view of the fact that the
boundary datum | - —x,| ™% does not belong to any ordinary Lebesgue space on 92
with respect to the “surface measure” o . In addition, since foreach j, k € {1,...,n}
the boundary datum f,, satisfies

Oz fr, € LY°(3R,0) and sup, cyq |0z, [,

L4°@EQ,0) = (6.36)

where ¢ :=(n—1)/(a+ 1) € (1, 00),

given that, if (v;)1<;<, are the components of the geometric outward unit normal
vector to €2,

o = Xo)jvi¥) = (¢ — %o)iv; (x) foro-a.e. x € 02,
|x — x,[F2

(6.37)
then the analogues of (6.13)—(6.14) in the current setting imply that the unique solu-
tion uy, of the Dirichlet Problem (6.35) enjoys additional regularity. Specifically, if

6 € (0, 1) is sufficiently small to begin with, then

(arjkfxo)(x) =a

for each x, € 9%2, the nontangential boundary trace

(Vuxo)

and sup || Nie(Vuy,)
1Y)

X,

:);zm. exists (in R") at o-a.e. point on 9€2, (6.38)

< 400 ifq::%.

L4:>°(0%2,0)

In relation to the Dirichlet Problem with data in weak-Lebesgue spaces formu-
lated in (6.34), we also wish to note that, in contrast to the well-posedness result in
the range p € (1, 00), uniqueness no longer holds in the limiting case when p = 1.
Indeed, if we take Q = R’i and u(x) := x,/|x|" for each x = (x1,...,x,) € Q
then, since under the identification 9Q = R"~! we have (N,u)(x) ~ |x/|'™"
uniformly for x’ € R”~! \ {0}, we see that
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u € (),
Au=0 in Q,
Neu € L2 0Q, o),

K—n.t.

Q2

(6.39)

u =0 ato-ae.point x € 992,
and yet, obviously, u # 0 in .

We may also establish solvability results for the Dirichlet Problem formulated
for boundary data belonging to sums of Muckenhoupt weighted Lebesgue spaces,
of the sort described below.

Theorem 6.3 Let Q C R” be an Ahlfors regular domain. Set ¢ := H 199 and
fix an aperture parameter k > 0. Also, pick po, p1 € (1, 00) along with a pair of
Muckenhoupt weights wg € Ap (02, 0) and wy € Ay (082, o). Finally, consider
a homogeneous, second-order, constant complex coefficient, M x M weakly elliptic
system L in R".

Then similar results, concerning existence, integral representation formulas, esti-
mates, additional integrability properties, regularity, uniqueness, well-posedness,
and sharpness, as in Theorem 6.2, are valid for the Dirichlet Problem:

e [e=@]",
Lu=0 in Q,
Neu € L3R, wo) + LP1 (92, ),

K—n

Q2

(6.40)

"= f e [Lm0Q. wo) + L7 (32, w)]¥

u

Proof Assume 91%15 # @ and A € ?I‘I{is. Then, as noted in the proof of
Proposition 4.2, if €2 is a §-AR domain with § € (0, 1) small enough matters
may be arranged so that €2 satisfies a two-sided local John condition with constants
which depend only on the Ahlfors regularity constant of 92 and the dimension n
(in particular, the UR constants of d€2 are also controlled solely in terms of the
dimension n and the Ahlfors regularity constant of 9€2), and the operator %I + K4
is invertible when acting on the space [L”O (082, wo) + LP' (02, wl)]M. Granted
this, we claim that the function u : © — CM defined as in (6.9) (with this
interpretation of the inverse and for the current boundary datum f) solves (6.40).
Thanks to (3.23), (3.31), (2.575), this function u satisfies the conditions in the first,
second, and last line of (6.40). To verify the condition stipulated in the penultimate
line of (6.40), decompose

(A1 +Ka) "' f € [L7 @R, wo) + L7 (32, w)]" (6.41)
as

(A1 +Ka) ™' f = g0+ g1 with g; € [LP (32, w)]" fori € {0,1}.  (6.42)
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Thenu = Dago+Dag1 so Neu < N (Dago) + N (Dagr) on a2, Consequently,

Uo := (Nett) - LN, (Dag0)=Ne Dagn) € LI (02, wo), (6.43)
Ut i= (Niett) - LN, (Dago)<Ne(Dagn) € L7 (02, wy), (6.44)

and
Neu =Uy+ Uy € LP(02, wo) + LP1 (02, wy). (6.45)

This establishes the membership in the third line of (6.40). Incidentally, the
argument above also yields a naturally accompanying estimate, namely

INcull Lo, wo)+Lr1 @92,w) < ClIfIlLro @2, we)+L71 (392,w1) (6.46)

for some C € (0, oo) independent of f.
"To prove uniqueness for the boundary problem (6.40) under the assumption that
*II(}“? # @ and Q is a §-AR domain with § € (0, 1) sufficiently small, we reason as

in the proof of item (d) of Theorem 6.2. The chief novel aspect is that since for £
as in (6.22) we have

P e [L o, wy nLi o, wp]” (6.47)
(where p(, p; are the Holder conjugate exponents of po, p1, and w, w] are the
dual weights for wg, wy), from the compatibility property recorded in (4.341)
we conclude that the function vg defined as in (6.24) enjoys additional regular-
ity/integrability properties compared to (6.25), namely:

vp e [€°@]Y, LTvg=0 in Q,

Nzvg € LPo(32, w)) N LP1 (32, w)),
) , (6.48)
Nz(Vug) € LPo(3Q, w)) N LY (3R, w)),

K—n.t.

o = f® ato-ae. pointon 9.

and vg

In turn, this permits us to improve (6.30) to
N2 (VG e LP0dQ, wh)NLP1 (09, w))

— (LM09, wo) + L7 (0, wy))" (6.49)
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which ultimately goes to show that the finiteness condition from (6.32) continues to
hold in the present setting. As such, we may once again rely on the Poisson integral
representation formula from Theorem 6.1 to conclude that the solution u of (6.40)
vanishes in 2 whenever f = 0.

All other claims in the statement of the present theorem have proofs very similar
to their counterparts in Theorem 6.2. O

Moving on, it is remarkable that the solvability results described in Theorem 6.2
turn out to be stable under small perturbations. This is made precise in the next
theorem.

Theorem 6.4 Retain the original background assumptions on the set Q2 from
Theorem 6.2 and, as before, fix an integrability exponent p € (1, 00) along with
a Muckenhoupt weight w € A, (092, o). Then the following statements are true.

(a) [Existence] For each given system L, € qdis (cf. (3.195)) there exist some small
threshold § € (0, 1) and some open neighborhood U of L, in £, both of which
depend only on n, p, [wla,, Lo, and the Ahlfors regularity constant of 32, with
the property that if |v| Mo,y < 0 (i.e., if Q is a §-AR domain) then for
each system L € U the Dirichlet Problem (6.8) formulated for L is solvable.

(b) [Uniqueness] For each given system L, € £ with LI € 95 there exist some
small threshold § € (0, 1) and some open neighborhood U of L, in L, both of
which depend only onn, p, [wla,, Lo, and the Ahlfors regularity constant of 92,
with the property that if |v|l[gmoq.0)p < 6 (i.e., if Q2 is a 3-AR domain) then
for each system L € U the Dirichlet Problem (6.8) formulated for L has at most
one solution.

(c) [Well-Posedness] For each given system L, € 95 with L;',— e 95 shere exist
some small threshold § € (0, 1) and some open neighborhood U of L, in L, both
of which depend only on n, p, [w]a,, Lo, and the Ahlfors regularity constant of
0S2, with the property that if |v|l[Bmo@q.0)p < 6 (i.e., if Q2 is a 5-AR domain)
then for each system L € U the Dirichlet Problem (6.8) formulated for L is well
posed.

Proof To deal with the claim made in item (a), start by observing that the
assumption L, € €9 guarantees the existence of some A, € Qld” Theorem 4.9
(used with, say, ¢ := 1/4) ensures the existence of some small threshold 8 €(0,1)
along with some open neighborhood O of A, in U, both of which depend only on
n, p, [wla,, Ao, and the Ahlfors regularity constant of 9€2, with the property that
if |[vliBMo(9g,0)» < & then for each A € Othe operator %I + K is invertible on
[LP(Z)Q, w)]M. Pick ¢ > O such that {A € A : |[A — A,|| < €} € O, and define

={L € £ : ||[L — Ly|| < ¢}. Choose now an arbitrary system L € U. By
demgn there exist A € Az, and B € AN such that ||A — A, — B|| < ¢. Hence, if we
now introduce A:=A—B,then A € A, and the fact that ||A Ayl < e implies
that A € O.In particular, the latter property permits us to conclude (in light of our
earlier discussion) that the operator %I + Ky is invertible on [Ll’ (0€2, w)]M. Given
that we also have A € Ay, it follows (much as in the proof of Theorem 6.2) that the
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function u : Q@ — CM defined as
-1
u(x) = (1); (%1 + K;) f)(x) forall x € (6.50)

is a solution of the Dirichlet Problem (6.8) formulated for the current system L. This
finishes the proof of the claim made in item (a). '
On to the claim in item (b), pick some A, € A, with A] € 91‘11% Running

the same argument as above (with L] playing the role of L,, A} playing the role
of A,, and keeping in mind that transposition is an isometry) yields some small
threshold § € (0, 1) along with some open neighborhood U of L, in £, both of
which depend only on n, p, [w]a,, Ao, and the Ahlfors regularity constant of 9¢2,
with the property that if ||V||[BMO(asz o) < & then for each system L € U we may

find a coefficient tensor A € Az with the property that the operator 5 i+ kK (AT 18

invertible on the Muckenhoupt weighted Sobolev space [Lf 0, w )] . This is a
perturbation of the invertibility result in (6.21) and, once this has been established,
the same argument as in the proof of item (c) of Theorem 6.2 applies and gives the
conclusion we presently seek. Finally, the claim in item (c) is a direct consequence
of what we have proved in items (a)—(b). |

6.2 The Regularity Problem in Weighted Sobolev Spaces

Traditionally, the label “Regularity Problem” is intended for a version of the
Dirichlet Problem in which both the boundary datum and the solution sought are
more “regular” than in the standard formulation of the Dirichlet Problem. For
us here, this means that we shall now select boundary data from Muckenhoupt
weighted Sobolev spaces and also demand control of the nontangential maximal
operator of the gradient of the solution. Given that this involves an inhomogeneous
Sobolev space, we shall label it the Inhomogeneous Regularity Problem.

The specific manner in which we have formulated the solvability result for
the Dirichlet Problem in Theorem 6.2, in particular, having already elaborated on
how extra regularity of the boundary datum affects the regularity of the solution
(cf. (6.13)), renders the Inhomogeneous Regularity Problem a “sub-problem” of
the Dirichlet Problem. As seen below, this makes light work of the treatment
of the Inhomogeneous Regularity Problem. Later on, in Theorem 6.8, we shall
consider what we call the Homogeneous Regularity Problem which is related to,
yet fundamentally distinct, from the Inhomogeneous Regularity Problem dealt with
in the following theorem:

Theorem 6.5 Let Q C R" be an Ahlfors regular domain. Set o := ! |02,
denote by v the geometric measure theoretic outward unit normal to 2, and fix an
aperture parameter k > 0. Also, pick an exponent p € (1, 00) and a Muckenhoupt
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weight w € A,(0R2, o). Given a homogeneous, second-order, constant complex
coefficient, weakly elliptic M x M system L in R", consider the Inhomogeneous
Regularity Problem

ue[e>@]",

Lu=0 in 2,

Nett, Nie(Vu) € LP (92, w),
K—n.t.

ulyg = fe[LP@ee,w]".

6.51)

The following statements are true:

(a) [Existence, Estimates, and Integral Representation] If ‘ll‘z“ + @ and A € IS,
then there exists 5 € (0, 1) which depends only on n, p, [wla,, A, and the
Ahlfors regularity constant of 9$2 with the property that if |v|BmoQ,0)) < 0
(a scenario which ensures that 2 is a §-AR domain; cf. Definition 2.15) then
%I + K 4 is an invertible operator on the Muckenhoupt weighted Sobolev space

[Lf(BQ, w)]M and the function

u(x) = (@A (%1 + KA)fl f)(x), VreQ, (6.52)

is a solution of the Inhomogeneous Regularity Problem (6.51). In addition,

INcullro.w = 1 liLe@o,wms (6.53)
and
INe(Vi)llLro,w) = I Vian f iz a0, wypm - (6.54)
In particular,
INcullLe@@w) + INe(ViDllLra.w) = I liLr a0 wym - (6.55)

(b) [Uniqueness] Whenever 91‘11-? # &, there exists § € (0, 1) which depends only on
n, p, [wla,, A, and the Ahlfors regularity constant of 92 with the property that
if IvliiBMopg.0) < 8 (i.e, Q2 is a §-AR domain; cf. Definition 2.15) then the
Inhomogeneous Regularity Problem (6.51) has at most one solution.

(c) [Well-Posedness] If ‘21‘1{15 #+ O and ‘21‘1111-3r # O then there exists § € (0,1)
which depends only on n, p, [wla,, A, and the Ahlfors regularity constant of
02 with the property that if |[v|l[BmoaQ.0) < & (hence Q2 is a §-AR domain; cf.
Definition 2.15) then the Inhomogeneous Regularity Problem (6.51) is uniquely
solvable and the solution satisfies (6.53)—(6.55).
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(d) [Sharpness] If?l‘zls = O the Inhomogeneous Regularity Problem (6.51) may fail
to be solvable (actually for boundary data belonging to an infinite dimensional
subspace of the corresponding weighted Sobolev space) even when Q is a half-
space, and if ‘212‘? = O the Inhomogeneous Regularity Problem (6.51) may
possess more than one solution (in fact, the linear space of null-solutions may
actually be infinite dimensional) even when Q is a half-space. In particular, if
either ‘JI(}}S = Jor ‘212‘? = &, then the Inhomogeneous Regularity Problem (6.51)
may fail to be well posed even when 2 is a half-space.

Under the assumption that €2 is a §-AR domain for some sufficiently small § €
(0, 1) (which is in effect for items (a)—(c) of the theorem), it follows from Proposi-
tion 2.24, Theorem 2.3, Proposition 2.23, and (2.576) that the first three assumptions
in (6.51) always imply that u ‘QQM exists and belongs to [Lfi7 (0€2, w)]M. It is there-
fore natural that the boundary datum f is currently taken from this Muckenhoupt
weighted boundary Sobolev space.

Proof of Theorem 6.5 All claims made in items (a)—(c) are direct consequences
of Theorem 4.8 and Theorem 6.2. As regards the sharpness results formulated in
item (d), the fact that the Inhomogeneous Regularity Problem (6.51) may fail to be
solvable when ‘21‘}}5 = & is seen from Proposition 3.11 and (3.268). Finally, that the
Inhomogeneous Regularity Problem (6.51) for L may have more than one solution
if ‘JICLhi = @ is seen from (3.383), (3.392), and (3.406) (cf. also Example 3.5 and
Proposition 3.10 in the two-dimensional setting). O

Remark 6.2 From Remark 6.1 we see that the Inhomogeneous Regularity Problem
with data in Lorentz-based Sobolev spaces, i.e.,

ue[e>@]",
Lu=0 in £,
Neu, Ne(Vu) € LP1(0Q2, o),

K—n.t.

a2

(6.56)

= fe[LMo0, 0],

u

enjoys similar solvability and well-posedness results to those described in Theo-
rem 6.5. Concretely, for this boundary problem we have existence in the setting
of item (a) of Theorem 6.5 whenever p € (1,00) and ¢ € (0, 0o], and we have
uniqueness in the setting of item (b) of Theorem 6.5 whenever p, g € (1, 00).

See Theorem 8.19 (as well as Examples 8.2 and 8.6) for more general results of
this nature.

Remark 6.3 An inspection of the proof of Theorem 6.5 reveals that similar solvabil-
ity and well-posedness results are valid in the case when the boundary data belong
to the off-diagonal Muckenhoupt weighted Sobolev spaces discussed in (4.306)—
(4.307). More specifically, given two integrability exponents pi, p2 € (1, 0o) along



382 6 Boundary Value Problems in Muckenhoupt Weighted Spaces

with two Muckenhoupt weights wy € A (02, 0) and wy € A),(3$2, o), the off-
diagonal Inhomogeneous Regularity Problem

ue [>@]",
Lu=0 in ,
Neu € LP1(02, wy), (6.57)

N, (Vu) € LP2(0R2, wa),

K—n.t. M
1",

ulyg = fe[LYP0Q, wiswo)

continues to enjoy similar solvability and well-posedness results to those described
in Theorem 6.5. Of course, this time, the a priori estimates (6.53)—(6.54) read

Nt Los gy 2~ 1LF L oy (6.58)

and

IN (Vi) Lr2 92, wp) = I Vian £ llizr2 (a2 wnype - (6.59)

Remark 6.4 Once again, in the class of systems considered in Theorem 6.5,
the solvability, uniqueness, and well-posedness results for the Inhomogeneous
Regularity Problem (6.51) are new even in the standard case when Q =R} .

As in the case of the Dirichlet Problem, it turns out that the solvability results
presented in Theorem 6.5 are stable under small perturbations, of the sort described
below.

Theorem 6.6 Retain the original background assumptions on the set 2 from
Theorem 6.5 and, as before, fix an integrability exponent p € (1, 00) along with
a Muckenhoupt weight w € A, (092, o). Then the following statements are true.

(a) [Existence] Given any system L, € gdis (cf- (3.195)), there exist a threshold
8 € (0, 1) and an open neighborhood U of L,, in &, both of which depend only on
n, p, [wla,, Lo, and the Ahlfors regularity constant of K2, with the property that
iflvlismoe,e)r < 8 (i.e., if Qis a §-AR domain) then for each system L € U
the Inhomogeneous Regularity Problem (6.51) formulated for L is solvable.

(b) [Uniqueness] Given any system L, € £ with L;r € 298 shere exist a threshold
8 € (0, 1) and an open neighborhood U of L, in &, both of which depend only
onn, p, [wla,, Lo, and the Ahlfors regularity constant of 92, with the property
that if |vlBMo@a,0) < 0 (i.e., if Q is a §-AR domain) then for each system
L € U the Inhomogeneous Regularity Problem (6.51) formulated for L has at
most one solution.
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(¢) [Well-Posedness| Given any system L, € 2% with LoT e 9 there exist a
threshold § € (0, 1) and an open neighborhood U of L, in &, both of which
depend only on n, p, [w]Ap, L, and the Ahlfors regularity constant of 92, with
the property that if |[v|[BMmo@q.0)p < 8 (i-e., if Q2 is a §-AR domain) then for
each system L € U the Inhomogeneous Regularity Problem (6.51) formulated
for L is well posed.

Proof The same type of argument used in the proof of Theorem 6.4 continues to
work in this setting. O

The integral representation contained in the theorem below, itself proved in [113,
§1.5], is going to be of great relevance in dealing with the issue of uniqueness in
boundary value problems where only assumptions on the nontangential maximal
operator of the gradient of the solution are made.

Theorem 6.7 Let 2 C R", where n > 2, be an Ahlfors regular domain with
02 unbounded. Abbreviate o = 'H"_lLBQ and denote by v = (v1,..., V)
the geometric measure theoretic outward unit normal to 2. With the summation
convention over repeated indices understood throughout, let

L = (a??9,9;) (6.60)

1<a,B<M

be a homogeneous, weakly elliptic, second-order M x M system in R”", with
complex constant coefficients, and denote by E = (E,g)1<y,g<M the matrix-valued
fundamental solution associated with L as in Theorem 3.1.

In this setting, assume u = (ug)1<p<m € [%“(Q)]M
which, for some k > 0, satisfies

is a vector-valued function

K—n.t.
Lu=0 in Q, (V”)|asz exists at o-a.e. point on 0S2,

(6.61)
and N¢(Vu) € L' (3, 1;]3,},1).
Then for each £ € {1,...,n}and eachy € {1, ..., M} one has
K—n.t.
(et ) (x) = /8 @By = o) (@l ) (6.62)

— 5@ty )} do ()

= /d GeEy) (= W e (D) |y )0 dor ()

at every point x € 2, and

0= /d o al* (3, E,p)(x — y){ve(y)((asua)|;;”‘)(y) (6.63)
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K—n.t.
— v (Petta) [y )} dor(v)

- /a ey = W 0a (@sup)e )3 do ()

at every point x € R" \ Q.

We are now ready to formulate and solve the Homogeneous Regularity
Problem. Compared to its inhomogeneous counterpart, considered in (6.51), this
boundary value problem involves boundary data from homogeneous Muckenhoupt
weighted Sobolev spaces and only requires control of the nontangential maximal
operator of the gradient of the solution. This being said, it turns out that the Homoge-
neous Regularity Problem “contains” the Inhomogeneous Regularity Problem in the
sense that the latter becomes equivalent to the former whenever the boundary data
are prescribed from the (smaller) inhomogeneous Muckenhoupt weighted Sobolev
space. Here is a formal statement of our result, which sheds light on the issue singled
out as Question 2.5 in [137]:

Theorem 6.8 Ler Q@ C R" be an Ahlfors regular domain. Set o = H 0,
denote by v the geometric measure theoretic outward unit normal to 2, and fix an
aperture parameter k > 0. Also, pick an exponent p € (1, o) and a Muckenhoupt
weight w € Ap(0R2,0). Given a homogeneous, second-order, constant complex
coefficient, weakly elliptic M x M system L in R", consider the Homogeneous
Regularity Problem

ue[e=@]",
Lu=0 in Q,
Ne(Vu) € LP (99, w),

K—n.t.

Q2

(6.64)

ul,g =fe[LPeQ,w]Y,

where Lf (092, w) is the homogeneous Muckenhoupt weighted boundary Sobolev
space defined in (2.598). The following statements are true:

(a) [Existence, Estimates, and Integral Representations] If ‘EI?}S # & then there exists
§ € (0, 1) which depends only on n, p, [wla,, L, and the Ahlfors regularity
constant of 92 with the property that if ||vlBmMo@Q.0))r < 9 (a scenario
which ensures that 2 is a 5-AR domain; cf. Definition 2.15) then the following
properties are true. First, the operator

[S.0a] - [L7 02, w)]" — [LP 02, w)/ ~ " (6.65)

mod

is surjective and the Homogeneous Regularity Problem (6.64) is solvable. More
specifically, with [ f] € [Lf(asz, u))/ ~ ]M denoting the equivalence class
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(modulo constants) of the boundary datum f, and with

g€ [L”(BQ, w)]M chosen so that [Smod]g =[f], (6.66)

there exists a constant ¢ € CM such that the function

u:=.9

mod

g+c in Q (6.67)

is a solution of the Homogeneous Regularity Problem (6.64). In addition, this
solution satisfies (with implicit constants independent of f)

||NK(VM)||LP(6§2,w) ~ ||Vtanf||[Lp(aQ,w)]n-M' (6~68)

Second, for each coefficient tensor A € ‘lI‘l{iS the operator

I4[K, o] [LP0Q,w)/ ~ 1" — [LP 09, w)/ ~ " (6.69)

1=

is an isomorphism, and the Homogeneous Regularity Problem (6.64) may be
solved as

u:=9 h+4+c in Q, (6.70)

A,mod

for a suitable constant ¢ € CYM and with

he [L7@Q, w)]" such thar [h] = (%1 + [KA‘mod])il[f]. (6.71)

Moreover, this solution continues to satisfy (6.68).

(b) [Uniqueness] Whenever 91‘11-? #* @, there exists 6 € (0, 1) which depends only
onn, p, [wla,, L, and the Ahlfors regularity constant of d$2 with the property
that if [vllBMo@3Q.0) < 0 (i.e., if 2 is a 5-AR domain) then the Homogeneous
Regularity Problem (6.64) has at most one solution.

(c) [Well-Posedness and Additional Integrability/Regularity] Whenever Qliis #* O
and ‘21%‘% # & it follows that there exists 5 € (0, 1) which depends only on n,
p, [wla,, L, and the Ahlfors regularity constant of 92 with the property that
if Ivllipmoq.oyp < 8 (e, if Q is a 5-AR domain) then the Homogeneous
Regularity Problem (6.64) is uniquely solvable. Moreover, for each q € (1, 00)
and w € Ay(382, o), the unique solution u of (6.64) satisfies (in a quantitative
fashion)

Neu € L1(0Q, 0) <= f € [L¥7 (0%, w; w)]¥ (6.72)
with the off-diagonal weighted Sobolev space L‘li;p (092, w; w) defined as
in (4.306), as well as
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Ne(Vu) € LI(0Q, 0) <> [ € [L1 02, »)]", (6.73)

provided § € (0, 1) is sufficiently small to begin with, relative to q and [@]a,,.-

In particular, corresponding to q := p, the equivalence in (6.72) proves
that the unique solution of the Homogeneous Regularity Problem (6.64) for

a boundary datum f belonging to [Lf(aQ, w)]M (which is a subspace of

[Li7 (092, w)]M; cf. (2.600)) is actually the unique solution of the Inhomogeneous

Regularity Problem (6.51) for the boundary datum f.

(d) [Sharpness] If ‘JI(ES = & the Homogeneous Regularity Problem (6.64) may fail
to be solvable (actually for boundary data belonging to an infinite dimensional
subspace of the corresponding weighted homogeneous Sobolev space), and if
‘llcﬁ = O the Homogeneous Regularity Problem (6.64) may possess more than
one solution (in fact, the linear space of null-solutions may actually be infinite
dimensional), even in the case when Q = R} In particular, if either Qliis =Qor
‘21?? = &, then the Homogeneous Regularity Problem (6.64) may fail to be well
posed, again, even in the case when Q = R'}..

In the context of the Homogeneous Regularity Problem (6.64) it is natural that the
boundary datum is selected from a homogeneous Muckenhoupt weighted boundary
Sobolev space. More concretely, from Proposition 2.24 we see that if 2 C R” is
an NTA domain with an unbounded Ahlfors regular boundary then for any weight
w e Ay(0€2,0), with p € (1,00) and 0 := 1 L0€2, any aperture k € (0, 00),
and any truncation parameter ¢ € (0, oo) we have:

K—n.t.
Ulyq exists o-a.e.on 9%2,
ue () u|;;;t belongs to Lf(Z)Q, w),
=
Nc(Vu) € LP(3Q, w) N:u belongs to LfZ)C(E)SZ, w),
Kk—n.t.
Juf5q |if(agz,w) < CINe V| Lo oy iy

(6.74)
for some dimensional constant C € (0, 0o). In particular, Theorem 2.3 gives that
(6.74) holds whenever 2 € R" is a §-AR domain with § € (0, 1) sufficiently small
(relative to the dimension n and the Ahlfors regularity constant of 0€2).

We now present the proof of Theorem 6.8.

Proof of Theorem 6.8 To deal with the claims in item (a), work under the assump-
tion that ‘21%15 # . Theorem 4.11 then implies that there exists § € (0, 1) (whose
nature is as in the statement of the theorem) such that if ||v||;pmose,¢)r < & (Which
we shall henceforth assume) then the operator (6.65) is onto. In particular, there
exists a function g € [L? (0L, w)]M as in (6.66). In fact (cf. (4.386)), matters may
be arranged so that this function satisfies

||g||[Lp(aQ,w)]M =< C”Vtanf”[[,l’(aQ,w)]"‘Ma (6-75)
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for some C € (0, 00) independent of f. Also, since [S, ,g] = [Sma]g = [f]. it
follows that ¢ := f — S__,g is a constant in CM (since d<2 is a connected set; cf.
Theorem 2.4). If we then define u as in (6.67) for this choice of ¢, from (3.124),
(3.127), (3.47), and (2.575) we see that all conditions in (6.64) are satisfied.
Collectively, (6.67), (3.127), (6.74), and (6.75) also guarantee that (6.68) holds.

If A e ‘Zliis, then taking 6 € (0, 1) sufficiently small also allows us to invoke
Theorem 4.12 which guarantees that the operator (6.69) is an isomorphism. In turn,

this implies that there exists a unique function % as in (6.71). In particular, we have

1= (31 4+ [K ] )11 = [ (3T + Ky )] (6.76)
S0
ci=f— (3 +K,, ,)h isaconstantin C¥. (6.77)

If we now define the function u as in (6.70), we conclude from Theorem 3.5 that
u solves the Homogeneous Regularity Problem (6.64) and satisfies (6.68). This
completes the treatment of item (a).

To deal with the uniqueness issue claimed in item (b), assume ‘lIi‘% # O. Let
u = (uy)1<y<m solve the version of the Homogeneous Regularity Problem (6.64)
corresponding to f = 0. From Theorem 3.4, (2.48), and (2.576) we see that

(Vu) ;;;L exists at o-a.e. point on 92, and (6.78)
is a o -measurable function on 9.

Granted this, if v = (vq, ..., v,) denotes the geometric measure theoretic outward
unit normal to 2, we may then invoke Proposition 2.22 (whose applicability in the
present setting is ensured by Proposition 2.24) to write

vi(@lg ) —w(@mwlig ) =00 (uhg ) =0 6.79)

foreach j, k € {1, ..., n}.

To proceed, pick a coefficient tensor A = (af‘s’S )i<a.p<m € Uy such that
1<r,s<n

AT e uy. (6.80)

Theorem 4.8 then ensures (cf. (4.311) with z := 1/2 and with A replaced by AT)
that, if § is sufficiently small to begin with, it follows that

1 # M M
I+ K"+ 1 |LP(0%2, — | LP (022,
3+ K D [LP (02, w)] [LP (09, w)] 6.81)
is an invertible operator.
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From (6.78), (2.13), and (3.66) we also see that
A p M
o, u € [L (02, w)] . (6.82)
Next, let E = E be the fundamental solution associated with the system L as

in Theorem 3.1. Keeping in mind (6.79) and (3.66), formula (6.62) implies that for
each pair of indices, say £ € {1,...,n}and y € {1, ..., M}, we have

ety () = — /8 @uya)x = ) (2), ) dor () (6.83)

at every point x € 2. Going nontangentially to the boundary in (6.83) then yields
(on account of (3.86)) that at 0-a.e. x € €2 we have

(Gl )0 = — 50 By (b)) (271), )

~ lim, / @ Eye)(x — ) (00u), (0 do () (6.84)
| )GB‘Q
x—y|>¢

foreach £ € {I,...,n}and y € {1,..., M}. Based on this and (3.66), at o-a.e.
point x € 02 we may then write

(0,00 = et (@) 0
= _%@(”(X))(af”)a(x)vr(x)a;‘f

~dim [ e 6B (o~ (3], ) do )

e—01
yeaIQ2
lx—y|>e
(6.85)
for each u € {1, ..., M}. Note that, thanks to (3.17),
—%@(v(x))(afu)a(x)vr(x)aff

1

= =5 (@ (s () Epa (v)) (8 w) ()
1 _

=S[00y [L )]y (05110), )
_ Ly (02 _ L 6.86
=5 e (05 00) , (X) = 5( su), (), (6.86)
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at o-a.e. point x € 02, for each u € {1, ..., M}. Also, from (3.25) and the first
equality in (3.20) we see that

lim / v ()alf (95 Epa) (x — ) (0f'u) , () do ()
e—071

yeo2

lx—y|>¢

= (K§i (o) 0 687

at o-a.e. point x € 9%, for each u € {1, ..., M}. Altogether, from (6.85), (6.86),
and (6.87) we conclude that

1
3% = 53{,414 — K% (8'u) ato-a.e. pointon 9L. (6.88)

Hence,
(31 + Kji7) (85'u) =0 (6.89)

which, in view of (6.81) and (6.82), forces B,j“u = 0. In concert with (6.83), this
ultimately implies that

Vu=0 in Q. (6.90)

Hence, u is a constant in €2 (since the latter is a connected set if § € (0, 1) is small

Kk—n.t.

enough; cf. Theorem 2.4). The fact that we are currently assuming ”‘aQ =0 at
o-a.e. point on 9€2 then allows us to conclude that u = 0 in €2. This proves the claim
in item (b).

Another proof of the claim made in item (b) is as follows. Pick a coefficient
tensor A € A, such that AT € ‘II‘{‘?. Choosing § € (0, 1) small guarantees
(cf. Theorem 2.3) that © is an NTA domain with an unbounded connected
boundary. As such, Corollary 3.1 applies. In particular, for any null-solution u of
the Homogeneous Regularity Problem (6.64) the conormal derivative 8/ u belongs

to [L” (0€2, w)]M and the integral representation formula (3.75) presently becomes

u=-

mod

(9u) +c in Q, (6.91)

for some constant ¢ € C¥. Taking the conormal derivative 8(;‘ of both sides of (6.91)
yields (in light of the jump-formula (3.126))

Otu=—(— 51+ K*)(3'u) (6.92)
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or, equivalently,
(31 + K*%5)(9:'u) = 0. (6.93)

Since %I+K1’;T is an invertible operator on [Lp (092, w)]M (cf. (6.81)), we conclude
that Bfu. When used back in (6.91) this ultimately proves that u = ¢ in €, as
wanted.

Next we turn attention to item (c). Thus, we work under the assumption 91‘?5 + O
and ‘21%? # @&. Choose § € (0, 1) small enough so that all the conclusions so
far hold. Then from item (a)—(b) we conclude that the Homogeneous Regularity
Problem (6.64) is uniquely solvable. Next, the right-pointing implication in (6.72)
is a direct consequence of the last property in (6.64) and (2.13). As for the converse
implication, start by assuming that f € [L7 (09, o; w)]M. Choose A € A% and
observe that if § € (0, 1) is small enough to begin with, then (see Remark 4.16)

%I + Ky [LTP(BQ,(U; w)]M — [L?;p(E)Q,a); w)]M

(6.94)
is an invertible operator.
In particular, it is meaningful to consider
g:=(1+k4)7 e[LTP09, w; w)]M. (6.95)

Then (3.23), (2.575), (3.112), Propositions 3.1, 3.4, and (3.123) guarantee that the
function & := Dy g in Q satisfies

ie[e>@]",

Li=0 in Q,

Nii € L1(3RQ, o). (6.96)
N (Vi) € LP(0Q, w),

K—n.t.

Q2

~

u

= f ato-ae.pointon 9.

The uniqueness in the Homogeneous Regularity Problem established in item (b)
then allows us to conclude that u = u. Hence, N,u = N, i € L1(32, w), finishing
the proof of (6.72). Finally, the right-pointing implication in (6.73) is a consequence
of (6.74), while the left-pointing implication in (6.73) follows from Remark 4.21.
Lastly, the claims in item (d) are seen from (3.391), (3.385), and (3.406) (cf.
also Proposition 3.12 and Example 3.5 in the two-dimensional setting). The proof
of Theorem 6.8 is therefore complete. O
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We next discuss a variant of the Homogeneous Regularity Problem (6.64),
dubbed the Tangential Derivative Problem, which involves as boundary data tan-
gential derivatives of functions from homogeneous Muckenhoupt weighted Sobolev
spaces.

Theorem 6.9 Ler  C R be an Ahlfors regular domain. Set o = H"~' |92 and
denote by v = (v1, ..., v,) the geometric measure theoretic outward unit normal to
Q. Also, for some M € N, consider a homogeneous, second-order, constant complex
coefficient, weakly elliptic M x M system L in R”, fix an aperture parameter k > 0,
pick an integrability exponent p € (1, 00), and select a Muckenhoupt weight w €
Ap (092, 0). In this setting, consider the Tangential Derivative Problem

ue[e>@)]",

Lu=0 in Q,

Nie(Vu) € LP (32, w), (6.97)
vj ((3k“)’;;zn‘t') - vk((aju)g;'l') =0y f

o-a.e. on 0%, for each j,k € {1,...,n},

where f belongs to [Lf (092, w)]M, the homogeneous Muckenhoupt weighted
boundary Sobolev space defined in (2.598). The following statements are then valid:

(a) [Existence, Estimates, and Integral Representations] If ‘lI%iS %+ O then there exists
8 € (0, 1) which depends only on n, p, [wla,, L, and the Ahlfors regularity
constant of 92 with the property that if |vlmo@e,e)» < 8 (a scenario
which ensures that Q2 is a §-AR domain; cf. Definition 2.15) then the Tangential
Derivative Problem (6.97) is solvable for each given f € [I:f(BQ, w)]M.
Moreover, a solution u may be found so that

N (Vi) ooy 2~ [ Vean £ 20 052,04 (6.98)

where the implicit constants are independent of f. Specifically, one may take u
as in (6.66)—(6.67), or as in (6.70)—(6.71).

(b) [Uniqueness (modulo constants)] Whenever 91‘2‘? # O, there exists § € (0, 1)
which depends only on n, p, [wla,, L, and the Ahlfors regularity constant of
02 with the property that if |vllmosQ.o) < & (hence Q2 is a 5-AR domain;
cf. Definition 2.15) then any two solutions of the Tangential Derivative Problem
(6.97) differ by a constant (from CM).

(c) [Well-Posedness and Additional Integrability/Regularity] Whenever QI‘iis #* O
and ‘21%‘} #+ & it follows that there exists 5 € (0, 1) which depends only on n,
p, [wla,, L, and the Ahlfors regularity constant of 92 with the property that
if IvlliemMo@@.0)pr < 6 (i.e, 2 is a §-AR domain; cf. Definition 2.15) then
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the Homogeneous Regularity Problem (6.64) is always solvable and any two
solutions differ by a constant from CM . In addition, for each q € (1, 00) and
w € Ag(0R,0), if § € (0, 1) is sufficiently small relative to q and [w]a, then
any solution u of (6.97) satisfies (in a quantitative fashion)

Ne(Vu) € LYORQ, ) <= f € [L1(09, »)]", (6.99)

as well as

there exists ¢ € CM such that N, (u — ¢) € L1(3S2, w) if and only
if there exists ¢ € CM such that f — ¢ belongs to the off-diagonal (6.100)

weighted Sobolev space [LKII;P(GQ, w; w)]M.

(d) [Sharpness] If ‘IIiis = O the Tangential Derivative Problem (6.97) may fail to
be solvable, whereas if ‘11‘2‘? = O the Tangential Derivative Problem (6.97) may

possess infinitely many solutions, even when Q = R}..

Thanks to Theorem 3.4, (2.576), and Theorem 2.3 we see that whenever Q is
a §-AR domain with 6 € (0, 1) sufficiently small (as assumed in items (a)—(c) in
the statement of the theorem) then the first three assumptions in (6.97) guarantee

that the nontangential boundary trace (Vi) ];Qn ) exists at o-a.e. point on 9€2. This
ensures that in all these cases the boundary conditions in (6.97) are meaningfully
formulated, without having to a priori demand that the first-order partial derivatives
of u have nontangential traces at o -a.e. point on 9€2.

Proof of Theorem 6.9 To deal with the claims in item (@), work under the assump-
tion that ‘JI‘I{IS # &, and suppose ||[v|lipmo(s.0))r < 6 where § € (0, 1) is sufficiently
small relative to n, p, [w]a oo Ls and the Ahlfors regularity constant of 9€2. Given

f e [Lhoe, w)]M let u solve the Homogeneous Regularity Problem (6.64)
constructed in (6.67). From (6.74) we see that Nou € LY (3Q, w) for each

loc
K—n.t.

truncation parameter ¢ > 0, the nontangential trace ”|asz exists at o-a.e. point

on 92 and, in fact, u |;;”' € [Lf(BSZ, w)]M. We may then rely on Proposition 2.22
(bearing (2.576) in mind) and the last condition in (6.64) to write

i (0fi) (0l = o (i) = s

at o-a.e. point on 02, for each j, k € {1,..., n}.

(6.101)

Hence, the boundary conditions in (6.97) are satisfied, which goes to show that
u is a solution of the Tangential Derivative Problem (6.97). That this solution
satisfies (6.98) is then clear from (6.68).
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Assume next that 91%‘? # . Let uy,ur be two solutions of the Tangential
Derivative Problem (6.97) and set # := 11 —u>. Then the same proof which, starting
with (6.79) has let to (6.90), shows that if § € (0, 1) is small enough then u is a
constant in €2. The claim in item (b) then follows from this. Finally, the claims in
the current items (c)—(d) are consequences of items (c)—(d) in Theorem 6.8. |

Remark 6.5 Retain the background assumptions made in Theorem 6.9 and recall
that the tangential gradient operator has been defined in (2.585). In light of (2.585)—
(2.586) we may then equivalently reformulate the Tangential Derivative Prob-
lem (6.97) as

u e [e=@)]".
Lu=0 in 2,
Nie(Vu) € LP (022, w), (6.102)

K—n.t. K—n.t.
00)ye —viu(@0lg ) = Vanf);
o-a.e.on 02, foreach j e {l,...,n},

where, as before, f belongs to [Lf (02, w)]M. Then, for this boundary value
problem, the same results as in Theorem 6.9 are valid.

We continue by discussing the following notable consequence of Theorem 6.8:

Corollary 6.1 Let 2 C R" be an Ahlfors regular domain. Denote by v the geomet-
ric measure theoretic outward unit normal to Q and abbreviate o := H" ™! L0€2.
Also, fix an aperture parameter k > 0. Next, suppose L is a homogeneous, second-
order, constant complex coefficient, weakly elliptic M x M system in R", with the
property that ‘ZI‘iis #+ O and ‘lI‘Ii"% %+ O&. Finally, pick an integrability exponent
p € (1, 00) and a Muckenhoupt weight w € A, (092, ).

Then there exists § € (0, 1) which depends only on n, p, [w] Ap L, and the
Ahlfors regularity constant of 92 with the property that if |v|mo@o.0)pr < 0
(hence 2 is a 6-AR domain; cf. Definition 2.15) it follows that each function u

satisfying
ue[e=@]",
Lu=0 in , (6.103)
N¢(Vu) € LP (02, w)

may be represented as

u=.

mod

f+cinQ (6.104)
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for some function f € [LP(Z)Q, w)]M and some constant ¢ € CM. Moreover, both
f and c are uniquely determined by u, and there exists C € (0, 00) independent of

u such that
I f e oo.umm < CINe(Vu)llLr o w)- (6.105)

Additionally, for any given coefficient tensor A € ‘II‘;}S there exists some function

he [1:1’(89, w)]M and some constant ¢ € CM with the property that

u=90D, h+cin Q. (6.106)

A,mod

Once again, both h and c are uniquely determined by the function u, and there exists
a constant C € (0, 0o) independent of u such that

10 25 s, = CINeTO N Lo a2, (6.107)

Proof Assume |v|[smopa,0)» < 0, for some threshold § € (0, 1) sufficiently
small so that the conclusions in Theorem 4.11 and Theorem 6.8 hold in the
current setting. From (6.74) we know that ¢ = u|,, exists o-a.e. on 9Q

and belongs to [Lf %, w)]M. Since, tautologically, u solves the Homogeneous
Dirichlet Problem (6.64) with the boundary datum g, Theorem 6.8 implies that there

exists a function f € [LP(E)Q, w)]M along with a constant ¢ € CM such that u may
be represented as in (6.104). Note that (6.105) holds by virtue of (6.65)—(6.68). To

show that f and c are uniquely determined by u, assume f1, f> € [L" (0€2, w)]M
and cq,cp € CM are such that

Sl 1= ot in Q. (6.108)
Then, with f := fi — f» € [LP(E)Q, u))]M and ¢ := ¢y — ¢; € CM, we have
S =c in Q. (6.109)
From (6.109), (2.575), and (3.47) we next conclude that

S..af =c ato-ae.pointon 9%, (6.110)

hence [Smod]f = [Smﬂdf] = [c] =1[0] € [l.,f(BQ, w)/ ~ ]M. Since ?Iiﬁ #* O,
by virtue of item (2) in Theorem 4.11 this implies that f = 0. Once this has been
established then (6.110) gives that ¢ = 0. Thus,

f=0and ¢ =0, (6.111)

from which we conclude that f; = f> and ¢; = c3.
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Finally, the fact that u solves the Homogeneous Dirichlet Problem (6.64) formu-
lated for the boundary datum g implies, in light of (6.70)—(6.71) and Theorem 4.12
(with z = %), that # may be uniquely represented as in (6.106) for some constant

¢ € CM and some function i € [l.,P(BQ, w)]M satisfying (6.107). |

As with the Dirichlet Problem and the Inhomogeneous Regularity Problem (cf.
Theorem 6.4 and Theorem 6.6), the solvability results derived in Theorem 6.8 are
stable under small perturbations. We leave the formulation of such a result to the
interested reader and, instead, prove the following brand of stability result, which
does not require flatness for the underlying domain, nor does it explicitly ask for the
existence of a distinguished coefficient tensor.

Theorem 6.10 Let Q@ C R” be an NTA domain with an unbounded Ahlfors regular
boundary. Abbreviate o := H 102 and fix an aperture parameter k > 0.
Also, pick some integrability exponent p € (1, 00) and some Muckenhoupt weight
w € Ap(0R2, 0). Finally, consider a homogeneous, second-order, constant complex
coefficient, weakly elliptic M x M system L, in R" with the property that the
Homogeneous Regularity Problem formulated for L, in Q as in (6.64) is solvable.

Then there exists an open neighborhood U of L, in & which depends only on n,
P, [wla,, Lo, and the Ahlfors regularity constant of <2, with the property that for
each system L € U the Homogeneous Regularity Problem formulated for L in Q2 as
in (6.64) continues to be solvable.

Proof For each coefficient tensor A € U, define the operator
[7P M p M TP M
Ta:[L7OQw)/~]" &[LPOQ w)]" — [L7(0R, w)/ ~] (6.112)

given by

Tagh ) i= (314 [K o] )81+ [Spa ]

: (6.113)
forall [g] € [L7 @R, w)/ ~]" and h € [LP (32, w)]".

With the piece of notation introduced in (3.13), from (6.113) and (3.143) we see that

the operator-valued assignment mapping each A € U into

7y € BA([L7 02, w)/ ~ " @ [Lr o2, w)]" — [Lf 02, w)/ ~]")
(6.114)

is continuous. To proceed, pick an arbitrary A, € Ay, . From Proposition 3.6 we see
that the solvability of the Homogeneous Regularity Problem formulated for L, in
2 as in (6.64) is equivalent to having T4, surjective. Since the set of linear bounded
surjective operators between two Banach spaces is open (cf. [70, Lemma 2.4]), we
conclude from (6.114) that there exists some small ¢ > 0 such that T4 in (6.112) is
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surjective whenever A € U satisfies |[A — A, || < €. Having established this, another
appeal to Proposition 3.6 then proves that there exists an open neighborhood U of
L, in £, which depends only on n, p, [w]a s L,, and the Ahlfors regularity constant
of 92, with the property that for each system L € U the Homogeneous Regularity
Problem formulated for L in 2 as in (6.64) continues to be solvable. |

6.3 The Neumann Problem in Weighted Lebesgue Spaces

To set the stage, recall the definition of the conormal derivative operator from (3.66).

Theorem 6.11 Let Q C R" be a UR domain. Denote by v the geometric measure
theoretic outward unit normal to 2, abbreviate o := ! 102, and fix an
aperture parameter k > 0. Also, pick an integrability exponent p € (1, 00) and
a Muckenhoupt weight w € A, (092, o).

Suppose L is a homogeneous, second-order, constant complex coefficient, weakly
elliptic M x M system in R". Select A € Ny, and consider the Neumann Problem

ue [ @]",

Lu=0 in Q,

Ne(Vu) € LP(3S2, w),
3tu = f e [Lr@Q, w)]".

(6.115)

Then the following statements are valid:

(a) [Existence, Estimates, and Integral Representations] Whenever AT € ‘l[‘iii there
exists some threshold § € (0, 1) which depends only on n, p, [w]a » A, and
the Ahlfors regularity constant of 32 such that if ||vlemopa.o)pr < 0 (a
scenario which ensures that Q is a 5-AR domain; cf. Definition 2.15) then

—%I + Kfﬂ is an invertible operator on the Muckenhoupt weighted Lebesgue

space [Lp(asz, w)]M and the function u : Q2 — CM defined as

u(x) == (ym, (—%1 + ijT)_l f)(x) forall x €Q (6.116)

is a solution of the Neumann Problem (6.115) which satisfies
INe(Vi)llLro,wy = 1 fliLr o, wm (6.117)
where the implicit proportionality constants are independent of f. Also, the

operator 32D, . in (4.392) is surjective which implies that, for some constant
C € (0, 00),
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there exists g € [L‘{’(E)Q, w)]M with 32D, ...8) = f
d such that . <C Y (6.118)
and such tha ”g”[L’l’(aQ,w)]M = ||f||[Lp(aQ,w)]M-
Consequently, the function
u:=90, .8 in Q (6.119)

is a solution of the Neumann Problem (6.115) which continues to satisfy (6.117).

(b) [Additional Integrability] Under the background assumptions made in item (a),
for the solution u of the Neumann Problem (6.115) defined in (6.116), one has
the following integrability result: For any given q € (1, 00) and w € A4(3L2, 0),
further decreasing § € (0, 1) (relative to g and [a)]Aq) one has

Ne(Vu) € L1039, ) < f € [L10R, )" (6.120)
and if either of these conditions holds then
INe(Vi)llLa 30,0y = NS 14 002,0)4 - (6.121)

(c¢) [Uniqueness (modulo constants)] Assume A € 91‘?5. Then there exists § € (0, 1)
which depends only on n, p, [wla,, A, and the Ahlfors regularity constant of
0S2 such that whenever ||v|Bmoo,0)» < 8 (hence, whenever 2 is a §-AR
domain; cf. Definition 2.15) it follows that any two solutions of the Neumann
Problem (6.115) differ by a constant from CY.

(d) [Well-Posedness] Whenever A € ‘Zl‘zis and AT € ‘ll‘zii there exists § € (0,1)
which depends only on n, p, [wla,, A, and the Ahlfors regularity constant of 92
such that if v IBmMoan,0) < 0 (i-e., if Q is a §-AR domain; cf. Definition 2.15)
then the Neumann Problem (6.115) is solvable, the solution is unique modulo
constants from CM | and each solution satisfies (6.117).

(e) [Sharpness] If AT ¢ ‘21%? then the Neumann Problem (6.115) may not be

solvable. In addition, if A ¢ ‘II(,]}S then the Neumann Problem (6.115) may
have more than one solution. In fact, even the two-dimensional Laplacian may
be written as A = div AV for some matrix A € C>*? (not belonging to
‘ZI‘XS = {I>x2}) such that the Neumann Problem formulated for this as in (6.115)
for this choice of A and with Q = Ri fails to have a solution for each non-
zero boundary datum belonging to an infinite dimensional linear subspace of
LP(082, w), and the linear space of null-solutions for the Neumann Problem
formulated as in (6.115) for this choice of A and with Q = R%r is actually
infinite dimensional.

Remark 6.6 In view of (2.576), (3.66), and the Fatou-type result described in
Theorem 3.4 it follows that the conormal derivative 34u is well defined in the
context of (6.115).
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Remark 6.7 In special circumstances, the statement of Theorem 6.11 may be further
streamlined. For example, Theorem 3.8 gives that if the system L actually satisfies
the strong Legendre—Hadamard ellipticity condition then for the well-posedness
formulated in item (d) it suffices to assume that A € Ql‘iis, andifn >3, M =1, it
suffices to assume that the matrix A € 2, is symmetric.

Remark 6.8 The solvability result presented in Theorem 6.11 is relevant in relation
to the issue singled out as Question 2.5 in [137].

We now turn to the task of presenting the proof of Theorem 6.11.

Proof of Theorem 6.11 Assume first that the coefficient tensor A € Uy is such that
AT € Qlilé From the current assumptions and Theorem 4.8 we know that there
exists some threshold § € (0, 1), whose nature is as specified in the statement of the
theorem, such that if || v [smos0,0)» < 0 then the operator —%I +K f\T is invertible

on [Lp (02, w)]M. Granted this, item (c) in Proposition 3.5 then guarantees that the
function (6.116) solves the Neumann Problem (6.115) and satisfies (6.117).

Next, the claims in (6.118) are consequences of the surjectivity of the operator
(4.392) (itself implied by item (2) of Theorem 4.13), and the Open Mapping
Theorem. In turn, (6.118) and Theorem 3.5 guarantee that the function « in (6.119)
solves the Neumann Problem (6.115) and satisfies (6.117). This takes care of the
claims in item (a).

Let us now turn our attention to the claim made in item (b), concerning additional
integrability properties for the solution constructed in (6.116). The right-pointing
implication in (6.120) together with the right-pointing inequality in (6.121) are
simple consequences of the fact that we have | f| = |8{,“u| < CN¢(Vu) at o-a.e.
point on 9€2. The left-pointing implication in (6.120) along with the left-pointing
inequality in (6.121) are seen from (6.116), (4.342), and Proposition 3.5.

To prove uniqueness modulo constants in the case when A € ‘lliis, suppose u
solves the homogeneous version of the Neumann Problem (6.115) (corresponding
to f = 0). Also, fix two arbitrary indices £ € {1,...,n}and y € {1,..., M}. Since
by (3.66) the second integral in (6.62) involves v,af (dyup)[,0 = (94u), =0
foreacha € {1, ..., M}, we conclude that we presently have

(Bguy ) (x) = /dQ al (3, E,p)(x — y)[ue(y)((asua)g;"')(y) (6.122)

=0 (Qette) [y )} do(m)

at every point x € 2. On account of (3.86), going nontangentially to the boundary
in (6.122) then yields

Kk—n.t. 1 — K—n.t.
(@ulag )0 = 0l 8 By (v) fre) (@ua g )00 (6.123)
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— 0, 0(@eta) [y )0}

+ lim / a3, Eyp) (x = ] ve(Gst) sy ) )

e—0t
yeo2
[x—=y|>¢
— 0 (@etta) 1 )} do(v)
at 0-a.e. x € 0Q. Foreachr € {l,...,n} and B € {1,..., M} we may rely
on (3.17) to write
@(v(x)) =i, () Ep(vx) = ivr(x)[L(v(x))];/; (6.124)

at o-a.e. x € 9L2. For ease of notation, henceforth we agree to abbreviate

(97,0100) () 1= 0 () (k)0 ) ) = k() (@100 | ) () 6125

foreach j,ke{l,...,n},a e {l,..., M}, and o-a.e. x € 0L2.

Bring in an additional index ¢ € {1, ..., n}. If we now multiply (6.123) by v, (x)
then subtract from the resulting formula its version with £ and ¢ interchanged we
then arrive, bearing in mind (6.124), (6.125), (3.2), at the identity

1 -
(81,0) ) = S [L(v0) o [L(v0) ] (37, 00) () (6.126)

- lim / v (AP (3, Eyp) (x = ) (07,,100) () dor ()

£—>
yeoQ
lx—yl>e

dlim [ () = v 0)a 0By (o = ) (07,100) () dr )

yea2
K—yl>e

#lim [ () = v 0)a 6By = ) (07,10 ) do (),

yeo
lx—yl>e

valid foreacht, £ € {1,...,n},eachy € {l,..., M},ando-a.e. x € 9L2. Inrelation
to (6.126), we make several observations. For starters, the first line in the right-hand
side of (6.126) is
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%[L (v(x))]ﬁﬁt [L(v(x))];/; (8 Trz”a)(x)

1 1
= ESW(BTMMQ)()C) = E(amuy)(x). (6.127)
This may be absorbed in the left-hand side of (6.126), which subsequently becomes
%(8 T,@My)(x) The second observation is that, as is visible from (3.24), the second
line in the right-hand side of (6.126) is precisely

(KA(BT,[u)>y(x), where a7, 1= (97,,1a), - (6.128)

The final observation we wish to make with regard to (6.126) is that the third and
fourth lines in the right-hand side of (6.126) are commutators of the form

([M.. T](07u) ) 0. (6.129)

Above, M, denotes the operator of pointwise multiplication by generic scalar
components of v. Also, T stands for the principal-value singular integral operator
of formal convolution type with a suitable matrix-valued kernel whose entries are
linear combinations with coefficients which are entries from A of generic first-order
partial derivatives of generic entries of the matrix E. Finally, dru stands for generic
functions of the form 97, uq with1 < ¢, <nand1 <a < M.

In view of these observations, we may recast (6.126) as

L0, = Ka(07,0) + [My. T (0ru)

at o-a.e. point on 9<2, foreach ¢, € {1, ..., n}.

(6.130)

Since we are currently assuming that A € A from (6.130), (4.299), and
Theorem 4.3 (whose applicability in the present context takes into account the
format of 7' specified above as well as Proposition 3.4) we then conclude that for
eacht, £ € {1,...,n} we have

1 n
EHaTt@M”[LP(BQ,w)]M =GCs ||3Ttlu||[LP(852,w)]M +Cs Z HaTjku”[LP(BQ,w)]M
Jok=1
where Cs = o(1) as § — 0. (6.131)
After summing upin all ¢, £ € {1, ..., n} we conclude from (6.131) that

1 n n
D) Z ||8Ttlu||[LP(BQ,w)]M =Gs Z ||8th”||[Lp(aQ,w)]M
t,¢=1 t,0=1
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with Cs = o(1) as § — 0. (6.132)

Assuming § € (0, 1) is sufficiently small to begin with, it follows from (6.132) that

n
Z ”aTte”” [LP (392, w)]M <0 (6.133)
t, =1

hence, necessarily,
ot uq =0 foreach t,£e{l,...,n} and @ €{1,..., M}. (6.134)
In concert with (6.125) and (6.122) this ultimately shows that
oy =0 in Q foreach £e€({l,...,n} and y €({1,..., M}. (6.135)

Thus, the function u is locally constant in 2. Since the latter is a connected set (cf.
Theorem 2.4), we conclude that there exists a constant ¢ € CM such that u = ¢ in
Q.

An alternative proof of uniqueness modulo constants in the case when A € ‘21‘11}5
goes as follows. Suppose u € [¢ 00(Q)]M is a function satisfying Lu = 0 in Q,
as well as N, (Vu) € LP(0€2, w), and afu = 0. Then Corollary 3.1 implies that

K—n.t.

. . M
g =ul,, existso-a.e.on d£2, belongs to [Lf(Z)Q, w)] ,and

u=9D, q.8&+c in Q, (6.136)

for some constant ¢ € CM (recall that the present assumptions ensure that € is
a connected set; cf. Theorem 2.4). In light of the jump-formula (3.134), going
nontangentially to the boundary in (6.136) then yields ( — %1 + K\ nod)8 = —C,
hence

[el € [LP@Q, w)]"/ ~ satisfies (— 11 +[K, .])le]=0. (6.137)

Since we are currently assuming that A € 91‘215, from this and Theorem 4.12 (with

7 = —%) we conclude that [g] = 0 € [Lf(asz, w)]M/ ~, i.e., g is a constant on
d€2. Having established this, from (6.136) and (3.54) we then conclude that « is a
constant in €2, as wanted.

Next, the claims in (d) are direct consequences of results established in items (a)
and (c). As regards the claims made in item (e), consider the Laplacian A in R? = C,
written as A = a;d;dx, where the coefficient tensor A = (a jk) isthe 2 x 2
complex matrix

1<j.k=2
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A= (1 _i>. (6.138)
i1

Fix an aperture parameter x € (0, 00), an integrability exponent p € (1, 0o0), and
a Muckenhoupt weight w € A, (R, LY. We claim that the space of admissible
boundary data for the L”-Neumann boundary value problem for the Laplacian in
the upper-half plane where the prescribed conormal derivative is the one associated
with the matrix A may be described as

[ofu: ued>®), Au=0in B2, Ne(Vu) e LV(®, )]
- {feLP(R, w) : Hf:—if}, (6.139)

where H is the Hilbert transform on the real line (cf. (1.24)). Given that the latter
space has infinite codimension in L? (R, w) (since H 2 = —J on this space), the
identification in (6.139) suits our present purposes.

To prove the left-to-right inclusion in (6.139), pick a complex-valued function u
satisfying

u€EC®RL), Au=0 in R2, N,(Vu) e LP(R, w). (6.140)

On account of the Fatou-type result recalled in Theorem 3.4, these properties
K—n.t.

guarantee that (Vu)|3R2 exists at £'-a.e. point on 8Ri. In particular, f := 8vAu
+

is a well-defined function in L? (R, w). More specifically, bearing in mind that the

outward unit normal for the upper-half plane is v = (vi,v2) = (0,—-1) = —i,
from (3.66) we see that

K—n.t.

f= 8{,414 = vrars(asu) oR2

K—n.t. Kk—n.t.

= 1 (0120 [ — ivl(azu)|;g;+'“ v ivz(alu)\gg‘g + v (020) [

K—n.t. K—n.t. Kk—n.t.
= (Ul + iVZ) ((a] u)‘aRi - 1(3214) ’Z)Ri ) = zv(azu) }aRi
= —2i(9.u)| > at L'-ac. pointon IR =R, (6.141)
+

where 9, := %(Bx —1dy) is the complex conjugate of the Cauchy—Riemann operator
0z := %(ax +1idy). Hence, if we define

U :=23u in R%, (6.142)
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upon recalling that A = 49;9,, the properties in (6.140) imply
Ue?€®®RY), #w=0in RY, Newe L R, w). (6.143)

These simply amount to stating that U is a holomorphic function belonging to
the Muckenhoupt weighted Hardy space H” (R%., w) associated with the Cauchy—
Riemann operator in the upper-half plane. In addition, (6.141) tells us that

K—

n.t.
2 =
9RZ

if atL'-ae. pointon dR2 =R. (6.144)

Together with Cauchy’s reproducing formula for holomorphic functions in the
aforementioned Hardy space, this gives

1 t
U(z) =— & dr foreach z € C,. (6.145)
27 Jpt—2

After taking the nontangential trace to the boundary in (6.145) we arrive at the
conclusion thatif = i(%] + —ﬁH ) f at £'-a.e. point in R. This ultimately proves
that f must satisfy the compatibility condition

Hf = —if at £L'-ae. pointin R. (6.146)

The left-to-right inclusion in (6.139) is therefore established.
To justify the converse inclusion, consider f € LP (R, w) satisfying Hf = —if
at L!-ae. point in R. Bring .7, ,, the modified boundary-to-domain harmonic

single layer potential operator associated with the Laplacian in the upper-half plane
(cf. (3.38)), and note that

1 t
210, (S, )2 = — & dr foreach z € C,. (6.147)
2wi Jpt — 2

If we define u := .7, , f in R%, then this function belongs to ¥>°(R%), satisfies
Au =0in Rﬁ_, has N, (Vu) € LP(R, w), and (6.147) permits us to compute

O = 20(0.0) g2 = 20Ty Dl

=3f—FHf=5f+3f =1 (6.148)

as wanted.

As regards the space of null-solutions for the L”-Neumann Problem (6.115) in
the case whenn = 2, M = 1, L = A (the two-dimensional Laplacian), Q = RZ,
and A as in (6.138), we claim that
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[uew>®): Au=0in B2, Nu(Vi) e LP®w), 0fu=0]  (6.149)
- {U: U holomorphic in R2, with N, (VU) € L”(R, w)}.

To justify this identification, pick an arbitrary function belonging to the space
in the left side of (6.149). Then d,u is holomorphic in Ri (since 0z0;, = JTA),
and satisfies N, (d,u) € LP(R,w). As such, d,u belongs to HP(R2, w), the
Muckenhoupt weighted Hardy space in the upper-half plane for the Cauchy—
Riemann operator. Since from (6.141) we have

@)y =0 at £'-ac. pointon JR2 =R, (6.150)
T

we may rely on Cauchy’s reproducing formula to conclude that d,u vanishes
identically in R%r. Hence, U := u is a holomorphic function in Ri. This places U
(and, ultimately, ©) in the space in the right side of (6.149). In the opposite direction,
given any holomorphic function U in R2+ satisfying N (VU) € LP(R, w), the
function u := U is harmonic in Ri, has N,(Vu) € LP(R,w) and, much as
in (6.141), we see that

—n.t.

K=t NN
0} u = —=2i(:u) |52 = —20(3:0)] ;2

= —2i(85U)|;£;L =0 at £'-a.e. pointon dR> =R, (6.151)
+

given that U is holomorphic in Ri = C,.. This completes the proof of (6.149). The
space in the right side of (6.149) is infinite dimensional since, for example, for each
m € N the function C; 3 z — (z —1)™" € C belongs to this space. We therefore
conclude that the space of null-solutions for the L”-Neumann Problem (6.115) is,
as claimed, infinite dimensional. m]

Remark 6.9 For similar reasons as in past situations, a solvability result which
is analogous to the one described in Theorem 6.11 also holds for the Neumann
Problem with data in Lorentz spaces, i.e., for

ue [ @]",

Lu=0 in Q,

Ne(Vu) € LP9(3RQ, o),
3hu = f e [Lr13Q,0)]",

(6.152)

with p € (1, 00) and g € (0, o<].
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See Theorem 8.21 (and also Examples 8.2, 8.6) for more general results of this
flavor.

Remark 6.10 In light of the remarks made in (3.228)—(3.229), Theorem 6.11 applies
in the case of the Lamé system L, = puA + (A + w)Vdiv in R” with n > 2,
assuming u # 0, 2 + A # 0, and 3u + A # 0. Specifically, if 2 € R” is a §-AR
domain, and w € A, (92, o) with p € (1, 00), then if § € (0, 1) sufficiently small
(relative to u, A, p, [w]a s and the Ahlfors regularity constant of d€2) the Neumann
Problem (6.115), which in this case reads

ue[¢°@]".
uAu + (A 4+ pw)Vdivu =0 in Q,
Nie(Vu) € LP (092, w),

v+ (u+Ar— ;)(divu)r;;z“v =f

(6.153)
is solvable (in the explicit manner described in (6.116)) for each given function
f € [LP(392, w)]", provided the coefficient tensor A(¢) is as in (3.226) with

0! Ou = [T+ (V)

082

¢ BT (6.154)
3u+A

Moreover, the solution is unique modulo constants from C" and each solution

satisfies (6.117) (with M := n).

By way of contrast, in the two-dimensional case, Corollary 4.3 ensures that the
Neumann Problem (6.153) is actually solvable (again, in the manner described in
(6.116), the solution being unique modulo constants from C? and each solution
satisfying a naturally accompanying estimate) for each given function f in the space

[LP(BQ, w)]z, in the larger range

;eC\{—u,%ﬁ“}. (6.155)
In particular, if we also demand that & + A # 0 then ¢ := © becomes an admissible
value, as far as (6.155) is concerned, and from (4.438), (6.116) we see that the
Neumann Problem (6.153) with ¢ := u is solvable uniquely (modulo constants)
for each given function f € [LP(E)Q, w)]z. This is of interest since said problem
involves the so-called traction conormal derivative,i.e.,

—n.

t —n.t.
v+ A(divin 5o v, (6.156)

AWy = M[(W)T + (vu)] m

which is particularly relevant in physics and engineering.
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It is also of interest to note that the solvability result from Theorem 6.11 is
stable under small perturbations. Specifically, by reasoning similarly as in the proof
of Theorem 6.4 (while also bearing in mind Theorem 3.9) yields the following
theorem.

Theorem 6.12 Retain the original background assumptions on the set Q2 from
Theorem 6.11 and, as before, fix an integrability exponent p € (1, 00) along with a
Muckenhoupt weight w € A,(3$2, o). Then the following statements are true.

(a) [Existence] Given any system L, € L with L;r e gdis (cf. (3.195)), it follows
that for each A, € U, with AT € ‘lId' there exist a threshold § € (0, 1)

and an open neighborhood U of A, in 91 both of which depend only on n, p,
[wla,, Ao, and the Ahlfors regularity constant of 9S2, with the property that if
IvliiBMo@@,0) < 8 (ie., if Qis a §-AR domain) then for each coefficient tensor
A € U the Neumann Problem (6.115) formulated for the system Lz (cf. (3.7))
and the conormal derivative associated with A (cf. (3.66)) is actually solvable.

(b) [Uniqueness] Assume L, € L9 and fix some A, € ‘Hd“ Then there exist a
threshold 6 € (0, 1) and an open neighborhood U of AO in A, both of which
depend only on n, p, [wla,, Lo, and the Ahlfors regularity constant of 32, with
the following significance: Whenever |v|smo@a,o) < 9 (i.e, Q2 is a §-AR
domain) then for each coefficient tensor A € U it follows that any two solutions
of the Neumann Problem (6.115) formulated for the system L 4 (cf. (3.7)) and the
conormal derivative associated with A (cf. (3.66)) differ by a constant in CM

(c) [Well-Posedness] Assuming L, € 2% and L] € Q9is, fix some A, € Qld“ Then
there exist a threshold § € (0, 1) and an open neighborhood U of A, in ‘lI both
of which depend only on n, p, [wla,, Lo, and the Ahlfors regularity constant
of 92, with the following significance: Whenever ||v|smo@e.o) < 9 (i.e., 2
is a 5-AR domain) then for each coefficient tensor A € U it follows that any
two solutions of the Neumann Problem (6.115) formulated for the system L
(cf. (3.7)) and the conormal derivative associated with A (cf. (3.66)) is solvable,
and any two solutions differ by a constant from CM.

In addition to Theorem 6.12, there is yet another type of stability result for the
Neumann problem which does not require flatness for the underlying domain, nor
does it explicitly ask for the existence of a distinguished coefficient tensor (compare
with Theorem 6.10).

Theorem 6.13 Let Q C R” be an NTA domain with an unbounded Ahlfors regular
boundary. Abbreviate o = H! 02 and denote by v the geometric measure
theoretic outward unit normal to Q2. Also, fix an aperture parameter k > 0, pick
an integrability exponent p € (1, 00), and choose some arbitrary Muckenhoupt
weight w € A,(0Q2, o). Finally, consider a coefficient tensor A, € Wy with the
property that the Neumann Problem formulated for the system L := L4, (cf. (3.7))
and the conormal derivative associated with A, (cf. (3.66)) as in (6.115) is solvable.

Then there exists an open neighborhood U of A, in A which depends only on
n, p, [wla,, Ao, and the Ahlfors regularity constant of 92, with the property that



6.3 The Neumann Problem in Weighted Lebesgue Spaces 407

for each coefficient tensor A € U the Neumann Problem formulated for the system
L := Lx (cf. (3.7)) and the conormal derivative associated with A (cf. (3.66)) as
in (6.115) continues to be solvable.

Proof For each coefficient tensor A € U, define the operator
[P M p M p M
Oa:[LY0Q,w)/ ~]" & [LP(OQ, w)]" — [LP (02, w)] (6.157)
given by

Qa(lgl h) = [01D, a]lgl + (= 31 + K* )i

. u W (6.158)
forall [g] € [LY(3Q,w)/ ~]" and h € [LP(0Q, w)]".
Recall the piece of notation introduced in (3.13). From (6.158), (3.139), and (3.122)
we see that

the operator-valued assignment mapping each A € 2 into

04 e BA([L 02 w)/ ~ 1" @ [Lre2, w)]" - [Lre2, w]")
(6.159)

is continuous. To proceed, fix A, € U, as in the statement. From Proposition 3.7
it follows that Qg4, is surjective. Since the set of linear bounded surjective
operators between two Banach spaces is open (cf. [70, Lemma 2.4]), we conclude
from (6.159) that there exists an open neighborhood U of A, in A (whose nature
is as in the statement of the theorem) with the property that Q4 continues to be
surjective in the context of (6.157) for each A € U. We may then once again employ
Proposition 3.7 to conclude that the Neumann Problem formulated for the system
L := L4 and the conormal derivative associated with A as in (6.115) is solvable.

O

Solvability results for the Neumann Problem formulated for boundary data
belonging to sums of Muckenhoupt weighted Lebesgue spaces are described in the
theorem below.

Theorem 6.14 Letr Q C R” be a UR domain. Abbreviate o = ! |02 and fix
an aperture parameter k > 0. Also, pick po, p1 € (1, 00) along with a pair of
Muckenhoupt weights wo € Ap (02, 0) and wi € Ap (082, 0). Finally, consider
a homogeneous, second-order, constant complex coefficient, M x M weakly elliptic
system L in R", and select some coefficient tensor A € Ay,

Then similar results, concerning existence, integral representation formulas, esti-
mates, additional integrability properties, and well-posedness, as in Theorem 6.11,
are valid for the Neumann Problem
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ue [e>@]",

Lu=0 in Q,

Ne (Vi) € LP(3Q, wo) + L7 (992, wy),
dfu = f e [LP©dK, wo) + L1 (32, w)] ™.

(6.160)

Proof This is seen by reasoning as in the proof of Theorem 6.11, now making use
of (4.336) and bearing in mind that the commutator estimates from Theorem 4.3
also extend to sums of Muckenhoupt weighted Lebesgue spaces (cf. (4.332)). O

We conclude with a result to the effect that solvability of the Neumann problem
for a system L implies uniqueness (modulo locally constant functions) for the
Neumann problem formulated for the transpose system L .

Proposition 6.1 Let Q@ C R”, withn > 3, be an NTA domain with an unbounded
Ahlfors regular boundary. Denote by v the geometric measure theoretic outward unit
normal to Q, abbreviate o := H" ! 0K2. Also, fix an aperture parameter k > 0 and
consider two integrability exponents

p.q € (1,n—1) satisfying % +§ =1+ 1. (6.161)

Finally, pick a coefficient tensor A € Uy, with the property that the Neumann
Problem

ue [ @]",
Lau=0 in Q,

(6.162)
N,(Vu) € LP (02, 0),
B‘éu = f ato-a.e. pointon 052
is solvable for each f € [LP(SSZ, a)]M. Then having
w e [¢2@)]",
LATw =0 in Q,
(6.163)

Ne(Vw) € L1(0R2, 0),

T .
3 w =0 ato-a.e. pointon IQ

forces w to be a locally constant function in Q.

Proof Fix an arbitrary f € [LP (09, U)]M and assume that u solves (6.162) for
this choice of boundary datum. Also, let w be as in (6.163). Granted the present
assumptions, Proposition 2.24 implies that the nontangential boundary traces
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K—n.t. K—n.t.

”|asz » Wigg

exist o-a.e.on 0%2. (6.164)

Also, work in [114, §2.2] guarantees that there exist two constants ¢, ¢ € CM guch
that

uly —ce[Lr"@2,0)]" and Ne(u—c) e L' (02, 0)
(6.165)
where p i= (£~ 7)™ < (1 00)
as well as
wi;;;l' ~Ze L7 02.0)]" and Ne(w—7) e L9 (99, 0)
(6.166)

where g* := (37 — n]Tl)_l € (1, 00).

Let (ajlf ) 1<jk<n be the entries of the given coefficient tensor A € A,. Also,

1<a,B<M
denote by (1¢)1<¢<m and (wg)1<p<m, Tespectively, the scalar components of the

vector-valued functions u, w. Define the vector field

Fi= (a‘;,f(akuﬂ)(w — ) — ag‘f (u — c)ﬁ(akwa)> o (6.167)

I<j<n

where the summation convention over repeated indices is in effect. Then
Fel[e™@)] (6.168)
and
div F = a% (8 0cup) (w — T)e + a5 (9up) (0 we)
— a®P(3:ug) (Bwa) — a®P (u — ¢)5(d;
ki \OjUp k Wer) A j (u —)p(9;0kwy)
= (Lau)g(w — E)a — (u— C)ﬁ(LATw)ﬁ
=0-0=0 in Q, (6.169)

thanks to (6.162) and (6.163). Also, from (6.167), (6.165), (6.166), and the fact that,
as seen from (6.161), we have

=1 and §+L* =1, (6.170)

we conclude that
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N.F e L'3Q, 0). 6.171)
Finally, from (6.167) and (6.164) we see that the nontangential boundary trace
- k—n.t
Fl, existsat o-a.e. point on 9€2 and, in fact,
- k—n.t. Olﬂ K—n.t. K—n.t. ~
Flyo = (ajk (8ku/3)|852 (w 90 —c)a
Kk—n.t. Kk—n.t.
_a,‘jf<u|m - c) we) |5, ) . (6.172)
p 1<j=n

In particular, (6.172) and (3.66) imply that at -a.e. point on 92 we have

K—n.t.

- k—n.t. aﬁ K—n.t. ~
v.<F|m ) =vjajk(8ku5)|m <w|8§2 —c)a
K—n.t. K—n.t.
_Vjagf(“bg _C>ﬁ(8kwa)|39

K—n.t. N K—n.t. T
:<8‘f\u,w —c>—<u —c, 94 w>

9] 082 y

_ <f, w\;;'t' _ g>, (6.173)

where the last equality takes into account the boundary conditions in (6.162)
and (6.163). Granted (6.168), (6.169), (6.170), (6.172), and the current assumptions
on €2, a version of the Divergence Theorem proved in [111, §1.2] applies and gives

/BQ v (Flyg )do=0. (6.174)

In concert with (6.173) this further implies

fowl —&do =0 (6.175)
[ {roha =7

K—n.t.
which, in view of the arbitrariness of f € [L”(E)Q, o)]M forces w|3s2 =Cato-
a.e. point on 9€2. With this in hand, the integral representation formula from (3.75)
gives that, for some CY -valued locally constant function ¢, in 2, we have

k—n.t.
w= DAT.mod (w|3Q ) - ymod (811)4T w) + Cw
=D, (D) +cu in Q. (6.176)
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Thanks to (3.54) we then conclude that w is indeed a locally constant function in
the set €. O

6.4 The Transmission Problem in Weighted Lebesgue Spaces

The trademark characteristic of a Transmission Problem is the fact that one now
seeks two functions, defined on either side of an interface, whose traces and
conormal derivatives couple in a specific fashion along the common interface.

Theorem 6.15 Let 2 C R" be a UR domain. Denote by v the geometric measure
theoretic outward unit normal to Q, abbreviate o = ! |02, and set

QL =Q, Q_:=R'\Q (6.177)

In addition, pick an integrability exponent p € (1, 00), some Muckenhoupt weight
w € Ap(0R,0), an aperture parameter k € (0,00), and a transmission (or
coupling) parameter n € C.

Next, assume L is a homogeneous, second-order, constant complex coefficient,
weakly elliptic M x M system in R". Finally, select some coefficient tensor A € Ay,
and consider the Transmission Problem:

ut e [e @],
LuT =0 in Qq,
N (Vu®) € LP(0Q, w),

(6.178)
K—n.t. _ K—n.t. . M
qu|asz —u |8§2 =ge[L70Q w)]",
dput — - opu = f e [Lr@R,w)]".
Then, in relation to this, the following statements are valid:
(a) [Uniqueness (modulo constants)] Assume that either
AT €S andn e C\ (-1} (6.179)
or
Ae?l‘zis andn € C\ {0, —1}. (6.180)
Then there exists 6 € (0, 1) which depends only on n, p, [w]Ap, A, n, and

the Ahlfors regularity constant of 92 so that whenever |v|smope.0)p < 8 (a
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(b) [Well-Posedness, Integral Representations, and Additional Regularity] Assume

scenario which renders 2 a 5-AR domain; cf. Definition 2.15) it follows any two

solutions of the Transmission Problem (6.178) differ by a constant (from CM).
1

AeuP AT e AT, andn e C\ {—1}. (6.181)
Then there exists some § € (0, 1) which depends only on n, p, [wla,, A n,
and the Ahlfors regularity constant of 92 such that if |[vlBmo@e,0) < 6 (a
scenario which ensures that Q2 is a 5-AR domain; cf. Definition 2.15) it follows
that the Transmission Problem (6.178) is solvable. Specifically, in the scenario
described in (6.181), the operator —"THI + (1 — 17)I(§T is invertible on the
Muckenhoupt weighted Lebesgue space [Lp (092, w)]M, the operator [Smod] is
invertible from [LP(E)Q, w)]M onto the space [L{’(asz, w)/ ~ ]M, and the
functions u* : Q4 — CM defined as

ut =% ho+ .t hi—c in Qy,
U = ym_odho in Q_,

(6.182)

where the superscripts £ indicate that the modified single layer potentials are
associated with the sets Q4 and

- -1 P M . M

hi = [8,a] [gl € [LPOQ,w)]", c:=8,,h —geCY,

I (6.183)
ho = (<5 4+ A=K ) T (F = (= 44 KA,

solve the Transmission Problem (6.178) and satisfy, for a finite constant C > 0
independent of f and g,

+
INe VU | Loy = c(||f||[Lp<ag,w)]M + ||g||[ilp(m,w>]M). (6.184)

Moreover, any two solutions of the Transmission Problem (6.178) differ by a con-
stant (from CM). In particular, any solution of the Transmission Problem (6.178)
satisfies (6.184).

Alternatively, under the conditions imposed in (6.181) and, again, assuming Q2
is a 5-AR domain with § € (0, 1) sufficiently small, a solution of the Transmission
Problem (6.178) may also be found in the form

! According to Theorem 3.9, the set of demands made in (6.181) is further equivalent to ‘lI‘[{is #* @,
AT AT, and y € C\ {—1}, and also equivalent to A € AT*, ATS 5 @, and n € C\ {—1}.
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+._ ot ;
ut = Z)A,modwo—‘rc in Q,

(6.185)
u- = Z);modwl in Q_,

where the superscripts + indicate that the modified double layer potentials are
associated with the sets Q+, where ¢ € CM is a suitable constant, and where

Yo, Y1 € [I:f(BQ, w)]M are two suitable functions satisfying

||llf0||[l:[li(89’w)]M + ||1/f1 ”[I:{'((’)Q,w)]M

= C(IF Nieromm + 180 0g oy ) (6.186)

for some constant C € (0, 00) independent of f and g. In particular, u™

in (6.185) also satisfy (6.184).
Finally, for any given q € (1, 00) and w € A,(02, o) (after possibly further
decreasing 6 € (0, 1) relative to g and [a)]Aq) one has

Ne(VuT), Ne(Vu™) € L1(0R, w)
— fe[L1092 0)]" and ge[liOQ,»]", (6187
and if either of these conditions holds then
HNK(VM+)||L‘1(8Q,LU) + ”NK(Vui)”Lq(asz,w)
~ N flliraoo,om + ”g”[i‘{(agz,w)]M' (6.188)

(c) [Sharpness] Fix some transmission parameter n € C\{—1}. Then even for L = A
and Q =R}, if A ¢ ?I‘i‘s it may happen that the Transmission Problem (6.178)
fails to be solvable when p =2 and w = 1.

(d) [Well-Posedness for n = 1] In the case when

n =1 and Q is a two-sided NTA domain with an unbounded

Ahlfors regular boundary (6.189)

the Transmission Problem (6.178) is solvable, and any two solutions of the
Transmission Problem (6.178) differ by a constant. Any solution is given by

ut = Z)Xmodg — St fHcin Q,
(6.190)
u =-0D, & S JfHein Q.
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for some ¢ € CM, where the superscripts % indicate that the modified layer
potentials are associated with the sets Q2 introduced in (6.177). In addition, any
solution satisfies (6.184).

A few clarifications pertaining to the nature of the above theorem are in order
here. First, Lemma 2.3 and definitions imply that

Q_ is a UR domain whose topological boundary actually coin-

cides with 9€2, and whose geometric measure theoretic boundary

agrees with that of Q2 (hence, 9(2_) = 02 and 0, (2_) = 9,LQ); (6.191)
also, the geometric measure theoretic outward unit normal to 2_

is —v at o-a.e. point on 9S2.

In particular, this makes it meaningful to talk about the nontangential boundary

K—n.t. K—n.t.

9 |;(;‘;). Second, the existence of u* ™
o-a.e. point on 92 is an implicit demand in the formulation of the Transmission
Problem (6.178). Third, the conormal derivative 8(;‘14“' is defined as in (3.66), while
in light of the last property in (6.191) we take /'u~ to be the opposite of (i.e.,—1
times) the conormal derivative operator from (3.66) for the domain €2_ acting on
the function u—, i.e.,

here understood as u~ at

trace u—

— . A —

Ofu = —al u". (6.192)

Collectively, (2.576), (2.48), (3.66), and the Fatou-type result from Theorem 3.4

imply that the conormal derivatives Bfui are well defined in the context of (6.178).
We now turn to the task of proving Theorem 6.15.

Proof of Theorem 6.15 As regards item (a), we need to address the issue of
uniqueness (modulo constants) in either of the scenarios specified in (6.179)—
(6.180), assuming that €2 is a §-AR domain for some sufficiently small § € (0, 1).
In all cases, the goal is to show that

if u* solve the homogeneous version of the Transmission Prob-
lem (6.178) (corresponding to having f =0 and g = 0) then
there exists a constant ¢ € CY with the property that u™ = ¢ in
Q.

(6.193)

Let us first justify (6.193) in the case when (6.179) holds. Suppose u™ solve the
homogeneous version of the Transmission Problem (6.178). Assuming that €2 is a
6-AR domain with § € (0, 1) sufficiently small, Theorem 2.3, Propositions 2.24,
2.22 (keeping in mind (2.576)), and the homogeneous version of the first boundary
condition in (6.178), to the effect that

K—n.t. K—n.t.

”+|as2 =U g

at o-a.e. pointon 0€2, (6.194)
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foreach j, k € {1, ..., n}, allow us to write

vi(@ah)lig ) = w(@ulg ) =0 (1 g ) (6.195)

=0y, (u—yﬁé) =, ((aku—)\;;"') - uk((a,-u—)|;;”')

at o-a.e. point on 9€2. In terms of the abbreviation introduced in (6.125) we agree

to recast this as
dr,ug = dr,u, ato-ae. pointon 9<,

(6.196)
foreach j,ke{l,...,n}anda € {1,..., M}.

Also, from (6.62) (written for u™ and €), (6.196), the fact that we are presently
assuming

3uT =n-0tu, (6.197)
and (6.63) (written for u~ and ©2_) we see that for each integer £ € {1, ...,n} and
each y € {l,..., M}, and each point x € 2 we have

@) () = /a a0 By = (07,108 3) do ()
- /o @y = ) (0), ) o)

- /a a0 By = ) (07,0,) () 4o )

- /a GeEya)(x »(@fu7),(y) do(y)

=0-n /BQ(alEya)(x —»(0'u7), () do (). (6.198)

Granted this, the same type of argument which, starting with (6.83), has pro-
duced (6.88) presently yields

tut =0 —n(— 3+ K ) (9u™) (6.199)

which, given that we are currently assuming Bfu‘L =n- 8,f‘u’ (cf. (6.197)), further
implies
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(-5 1+ a = mKhc) () =o0. (6.200)

Since we are presently assuming AT € ‘lI‘zi-sr and n € C\ {—1}, Theorem 4.8 ensures
(taking 6 € (0, 1) sufficiently small, to begin with) that —"T'HI + (1 - n)Kf;T is an
invertible operator on [L? (322, w)]M. Together with (6.200) this forces

3u~ =0. (6.201)
Going back with this in (6.198) then yields Vu™ = 0 in Q.. In concert with

Theorem 2.4 this goes to show that u™ is a constant in Q, say uT = ¢ € CY
in €24. Based on this and (6.194) we then conclude that

K—n.t. K—n.t.

u‘\m :14+|8Q = ¢ ato-a.e.pointon 0%2, (6.202)

hence also

v (@) hg ) = (@ )lhg ) =0 (v g ) =0 (6.203)

for each j, k € {1,...,n} (cf. (6.195)). Keeping (6.201) and (6.203) in mind and
writing (6.62) for u~ and 2_, we then see that Vu~ = 0 in Q_. By once again
relying on Theorem 2.4, we infer that ™~ is a constant in 2_. In concert with (6.202)
this shows that u~ = ¢ in Q_, finishing the proof of (6.193) under the assumptions
made in (6.179).

Going further, the goal is to prove (6.193) when 2 is a 6-AR domain for
some sufficiently small § € (0, 1), under the assumptions made in (6.180). As
before, (6.194)—(6.196) and (6.197) are presently true. Also, from (6.62) (written
for ut and Q4), (6.196), (6.197), and (6.63) (written for u~ and Q_) we see that
for each pair of indices, £ € {I,...,n}and y € {1, ..., M}, and each point x € Q2
we have

Q) () = /d a0y 5 = ) (0, ) ) dor ()
- /3 OBy = ) (o) ) do ()
- /3 a0 )5 = ) (07,07) ) do )

- /BQ(azEya)(x - »@u7), () do(y)
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=- n)/ af¥ (0, Eyp)(x — ) (07,15 ) (») do(y)
Q2

=(-=mn /asz af¥ (0, Eyp)(x — y)(07,u8) () do (). (6.204)

Having established this, the same type of argument which, starting with (6.122), has
produced (6.130) currently gives (with the factor 1 — n absorbed in T)

dr,ut =(1~— 77)(%1 + KA)(aTzz”+) + [MV’ T](aT”Jr)

(6.205)
at o-a.e. point on 92, foreach t, £ € {1, ..., n}.
Hence, foreach t, £ € {1, ..., n} we have
(52)anut = (A = mKa(dn,u") + [Mo, T](0ru™) on 92.  (6.206)
Sincen # —land A € ‘Hfs, much as in (6.131)—(6.134) this forces
dr,uf =0 foreach t,£e{l,...,n} and a« €{1,..., M} (6.207)

if § € (0, 1) is sufficiently small to begin with. Feeding this back into (6.204) then
proves that Vu* = 0in Q. , hence (cf. Theorem 2.4), u™ is a constant in Q, say

ut=ctecM in Q. (6.208)
Based on this, (6.197), (6.195), and keeping in mind that  # 0, we then obtain

3tu= =n~1.82ut =0 ato-ae. pointon 9,
and Br_/ku; =0 ato-a.e. pointon 9€2, (6.209)
foreach j,ke{l,...,n}anda € {1,..., M}.

With this in hand, the integral representation formula (6.62) written for #~ in Q_,

then shows that Vu~ = 0 in Q_ thus, as before, the function u~ is a constant in

Q_,sayu~ = ¢~ € CM in Q_. The final step is to invoke equality (6.194) to write
K—n.t. K—n.t.

ct =ut|,, =u|,q = c,which completes the proof of (6.193) under the

assumptions made in (6.180). This completes the treatment of item (a).

To deal with the claims in item (), work under the assumptions made in (6.181),
ie, A€ ‘21‘55, AT € ‘ZI‘LH:?, and n € C\{—1}. Then Theorems 4.8 and 4.11 ensure the
existence of some threshold § € (0, 1), whose nature is as specified in the statement

of the present theorem, such that if || v||[smo(sg,0) < § it follows that the operators



418 6 Boundary Value Problems in Muckenhoupt Weighted Spaces

— "T“I +(— I)ng ([LP R, w)]M — [LP (3%, w)]M, (6.210)
and

[S

mod

1: [P, w]" — [Lr o, w/ ~]", (6.211)

are invertible. Assuming this is the case, it is meaningful to define u™ as in (6.182)—
(6.183). In view of (6.191) and item (c) in Proposition 3.5 (used both for €2
and Q_), these functions satisfy the first three conditions in (6.178), the estimates
claimed in (6.184), and we have (keeping (6.192) and (6.191) in mind)

fut —n-9tuT = (= I+ Ki)ho+ (= 51+ Kio )y
—n(=D(— 31 =K% )ho
_ (_"7“1 +— n)KjT) ho+ (= A1+ K% )
=f— (= + K + (=31 + KA
= f ato-ae. pointon J<. (6.212)

Finally, thanks to (3.42)—(3.47), (2.575), and (6.191), we see that

K—n.t.

+

u" g ho+ S

K—n.t.
—u |3$'2 = Smod modh1 +c— Smodh0

=S, +c=g ato-ae. pointon 9. (6.213)

Hence, the functions u® defined as in (6.182)—(6.183) solve the Transmission
Problem (6.178) and satisfy the estimates demanded in (6.184).

An alternative proof of the solvability of the Transmission Problem (6.178) in
the case when A € A%, AT ¢ Ql‘f-sr, and n € C\ {—1}, which now employs double
layers in the integral representation of the solution, goes as follows. First, item (2)
in Theorem 4.13 guarantees that the operator (4.392) is surjective. Together with the

Open Mapping Theorem this implies that, for some constant C € (0, 00),

there exists k € [L7(9Q, w)]" with 92(D, ,..,k) = f and such 6.214)
that ||k||[ilp(39’w)]/w = Clfllizr oo, wym- .
Also, since A € ‘ZI‘iiS and n € C\ {—1}, from Theorem 4.12 we see that

B (= [Ky ] [EP R w) ~ ] — [EP 09, wy ~ M
(6.215)
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is an invertible operator. Consequently, there exists yr; € [L{7 (0€2, w)]M such that
(- I+ A -mK, )V =g — AT+ K, )k —c¢ (6.216)
for some constant ¢ € C¥ , and
1
(Y TR~ CHg ~(r+ KAvmnd)kH ram 6.217)

for some constant C € (0, co) independent of f, g. To proceed, introduce

Yo =k —n-y1 € [LP0Q, w)]" (6.218)

and, finally, define the functions u* as in (6.185) for these choices of v, Y1, and

c. Then Theorem 3.5 gives that u™ € [%‘X’(Qi)]M
N, (Vut) € LP(92, w). Moreover,

satisfy Lu™ = 0 in Q4 and

Kk—n.t.

Wy — ”7|;;2m = (31 + Ky o) W0+ ¢ = (31 = K, ) V1
= (31 + Kod) k=191 o= (31 = K, 00) V1
= (31 + Kok + (= T+ (=K o)1+
=@g—-0o+c=g, (6.219)
by (6.185), (3.134), and (6.216) (keeping in mind (6.191)). In addition,
0 u™ — - 0tu™ = (8D oa) Y0 + (8D, ) V1

= (al‘f‘DA,mod)(wO + n- I/fl) = (afDA,mod)k = f’ (6220)

thanks to (6.192), (3.135), and (6.214). This goes to show that (u*,u™) is, as
claimed, a solution of the Transmission Problem (6.178). Furthermore, the estimate
recorded in (6.186) is a consequence of (6.214), (6.217), (6.218), and Theorem 3.6.

At this stage, all claims pertaining to existence and estimates in item (b)
have been established. The fact that, in the current setting, any two solutions of
the Transmission Problem (6.178) differ by a constant is a consequence of the
assumptions in (6.181) and item (a). As regards additional integrability properties
for the solution of the Transmission Problem (6.178), the right-pointing implication
in (6.187) together with the right-pointing inequality in (6.188) are consequences
of (6.74) and the fact that we have
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1fl = [0ftu™ —n - 88u=| < C(Ne(Vu™) + Ne(Vu™))
(6.221)
at o — a.e. point on 92.

The left-pointing implication in (6.187) along with the left-pointing inequality in
(6.188) are seen from (7.290), (6.182), (4.342), Remarks 4.21, 4.22, Theorem 3.5,
and Proposition 3.5.

Let us now justify the claim made in item (c). Fix some arbitrary transmission
parameter 7 € C \ {—1}. Also, pick a coefficient matrix A = (ax)1<jk<n € C"*"
whose entries satisfy

ajk +axj =28, foreach j, ke ({l,...,n}. (6.222)
This condition simply ensures that
A=ajd;og. (6.223)

The goal is to show that we may choose a coefficient matrix A as above together with
some boundary datum f € LZ(R”_I, L' _1) such that the Transmission Problem

ut e € RL),
AuT =0 in RL,

Ne(VuF) e L2®R*L, L1,

(6.224)
K—n.t. _ K—n.t. n—1 . 1
U |ggn = U [ =0 atL" "-ae.pointon R"°,
dAut —n-8tu” = f at £L" '-ae. pointon R"~!

does not have a solution. To this end, observe that the first three conditions above
guarantee that there exists a function & € L2Rr-L Ln_l) such that

ut =

"ol in R (6.225)
Indeed, if A, := I,xn, then the function f, := af”uJ“ —-n- 8f”u_ belongs to
L2(Rr—L L”_l) and u™ solve the Transmission problem (6.178) in the case when
L = A Q = R’i, p = 2, w = 1, and corresponding to the boundary data
g :=0and f := f,. Then what we have proved in item (b) (cf. (6.182)—(6.183))
implies (6.225). Granted (6.225), using the last boundary condition in (6.224) and
reasoning as in (6.212) shows that we have

f=lut—n-9tu = (=3I +Ki)h—n(=D)(— 31— K%)h

— (—”THI +(— U)Kj;'r) h at £"'-ae. pointon R (6.226)
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Thus, in order for the Transmission Problem (6.224) to be solvable, f must
necessarily be in the range of the operator 2( I +K #T acting on LZ(R"~1, £*71).
As such, in order to find an example for Wthh the Transmission Problem (6.224)
may not be solvable for arbitrary boundary data f in LZ(R"~!, £"~1), it suffices
to produce an example of a coefficient matrix A = (ajx)1<jx<n € C"" whose

entries satisfy (6.222) for which the operator 2(":11) I+ jT fails to be surjective

on Lz(R” 1 pn= 1). In this regard, first note that, straight from definitions, for any
function ¢ € LZ(R"~!, £~1) we have

(KA 9)) = lim / @ ENG — ¥ 00p () dy’

/ n—1
eR
Iy/ /
x'—y'|>¢e

n—1
=—Zaj,,(R o)) at L7 'ae. x e R (6.227)
j=1

where E A is the standard fundamental solution for the Laplacian (cf. (3.404)), and
where R; is the j-th Riesz transform in R*~!, In view of this, we may reformulate
our goal as the task of finding a coefficient matrix A = (ai)1<j,k<n € C"*" whose
entries satisfy (6.222) for which the operator

n+1 !
1+Zajn j (6.228)

fails to be surjective on L2(R"~!, £"~1). Bring in the Fourier transform % in R"~!.
Since, as is well known (see, e.g., [102, (4.9.15), p. 183]), for each given function
¢ e LR, £ andeach j € {1,...,n — 1} we have

F(R;$)(E") = (—i)%(f¢)(§’), g eR"\ {0}, (6.229)
it follows that
F(Tp) = mF ¢ foreach ¢ e L*R"~', L7, (6.230)
where, for each xi’ = (&1, ..., &,—1) € R"~1\ {0}, we have set

NS i
=0T . 6.231
m(e) =115+ () i§:lj = (6.231)
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Thanks to (6.230) and Plancherel’s theorem, the operator T is surjective if and only
if m only vanishes of a set of Lebesgue measure zero in R”~! and 1/m is essentially
bounded in R”~!. To prevent T from being surjective, it therefore suffices to choose
A so that m vanishes somewhere in R” !\ {0}. For example, this is the case whenever

A=I,x,+C with C = (Cjk)lgj,kgn c qnxn
(6.232)
satisfying CT =—C aswellas (Cjn)lsjsn—l cisn2

In particular, this precludes A from being the identity, hence from being a
distinguished coefficient tensor for the Laplacian. Ultimately, the conclusion is that,
evenfor L=Aand Q =R/ ,if A ¢ ‘ZI(I{iS then the Transmission Problem (6.178)
may fail to be solvable when p = 2 and w = 1. This concludes the treatment of
item (c).

To deal with the claims in item (d), suppose for the remainder of the proof that
n = 1 and that Q is a two-sided NTA domain with an unbounded Ahlfors regular
boundary. Consider u* defined as in (6.190). Since we are presently assuming that
2 is a UR domain, from Theorem 3.5 and item (c) in Proposition 3.5 we see that

ut € [6°(Qe)]Y satisty Lu* = 0 in Qx as well as N (Vu®) € LP(9Q, w). In
addition,
K—n.t. _ K—n.t. 1
u o u i (21 + KA,mod)g - SA.modf

~ (=3l + K ye)8 + s f =8 (6:233)
by (3.134) and (3.47) (also keeping in mind (2.575)). Also,
0wt = 0u™ = (07D, )8 — (= 31 + Kjr) f
— (08D, a)8 + BT+ KAL) f = f. (6.234)

thanks to (6.192), (3.126), and (3.135). The conclusion is that (¥, ™) is indeed a
solution of the Transmission Problem (6.178).

Let us next justify (6.193) in the case when (6.189) holds (hence n = 1 and Q is a
two-sided NTA domain with an unbounded Ahlfors regular boundary). To this end,
assume uT solve the homogeneous version of the Transmission Problem (6.178)
formulated with n = 1. The off-diagonal Carleson measure estimate of reverse
Holder type from Proposition 2.5 ensures the existence of a constant C € (0, 0o0)
with the property that for every point x € 9$2 and every radius r € (0, co) we have

n

-1 1
(][ VuEFaLn) " < c(f (Ne (V) do )"
QiLNB(x,r) dQNB(x,Cr)
(6.235)



6.4 The Transmission Problem in Weighted Lebesgue Spaces 423

In concert with (2.525), this permits us to estimate

1

n— 1
(][ (V| dL”) "< C[w]i{”(][ (Nie (Vt))? dw) »
QiNB(x,r) ’ IQNB(x,Cr)

1/p
Clw]
+
= - T | Nie (Vu )”Lp(asz,w)
w(BSZ N B(x, Cr))”
(6.236)
for every x € 02 and every r € (0, 00); in particular,

Vu* € [LP/0=D Qe 0 B(x, r), £1)]""

[ ] (6.237)

foreach x € 9 and r € (0, 00).

Likewise, from Proposition 2.5 and (2.525) we see that there exists some constant
C € (0, 0o) such that for every point x € 92 and every radius r € (0, co) we have

n—1

Q4+NB(x,r)

< C[w]}{”(][ (NEru*)? dw) < +oo, (6.238)
3QNB(x,Cr)

S| =

P
since (cf. (6.178) and (6.74))

NCu e L (02, w). (6.239)

loc

In particular,

u* e [LP/0=D(Qy N Bx, r), £H]Y

(6.240)
foreach x € 9 and r € (0, 00).
Also, if we consider the function defined L"-a.e. in R" as
M+ in Q+,
u = (6.241)
u- in Q_,

then u is £"-measurable and (6.238) implies that

we [LVwr oM o [LL.®?, )M, (6.242)

loc
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Let (v, ..., v,) denote the scalar components of the geometric measure theoretic

outward unit normal v to €2. Then for each index j € {l,..., n} and each vector-

. M . .
valued test function ¢ € [%OW(R”)] , we may compute (with the first two pairings
considered in the sense of distributions in R")

. 9) = {09 == | (00,0002

:—/ ", djp) dL”—/ (u=,0;p)ydL"
QL Q

:/ (8.,~u+,<p)d£"—/ v.,'((u+
Q4 FI9)

+/ (aju_,w)dL"-i-/ vi((u™
Q_ Q2

K—n.t.

FIo) )"p>d‘7

K—n.t.

a0 )"P>d‘7

=/ (8ju+,<p)d.£"+/ (dju—, p)dL". (6.243)
Q4

Above, the fourth equality is provided by the integration by parts formula proved
in [111, §1.7], whose present applicability is ensured by (6.178), (6.74), (6.237),
(6.240), and the fact that (6.239) together with (2.576) imply

Ngru € Llloc(aQ, o) foreach r € (0, 00). (6.244)

Also, the last equality in (6.243) uses (6.191) and the fact that we are currently

K—n.t. Kk—n.t.
assuming u™ |, = u" |asz . In turn, from (6.243) and (6.237) we conclude that,
with the derivatives computed in the sense of distributions, for each j € {1, ..., n}
we have
dju e [Lr/ " Vwe, Lo (6.245)
and, in fact,
ajqu in Q+,
dju = (6.246)

Bju* in Q_.

Moreover, combining (6.246) with (6.236) shows that there exists some constant
C € (0, oo) with the property that for every x € 9€2 and every r € (0, oo) we have
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n—1

(. o)
B(x,r)
n—1

§C<][ |Vu+|%d£”)W
QiNB(x,r)

n—1

+ C(f Vi~ |7 dL") " (6.247)
Q_NB(x,r)

Clwly”

= T (||NK(VM+)||LP(BQ,w) + ”NK(V“_)”LP(aQ,w))'
w(dQ2N B(x, Cr))”

To proceed, consider now an arbitrary point x € R” and pick some x, € 92 such
that dist(x, 02) = |x — x,|. Since B(x,r) € B(xy, 2r) for each r > dist(x, 02),
we conclude from (6.247) that there exists C € (0, co) such that

n—1

(][ V| dL”)W
B(x,r)

< c( ][ \Vu|ilt dL”) " (6.248)
B(x4,2r)

n—1

C[w]‘ltl/pp

IA

(IMe P o+ 1T 0,

S=

w(dQ N B(x, Cr))

for every point x € R” and every radius r > dist(x, 3€2), where x,, € 92 is such
that dist(x, 02) = |x — x,]|.
We next claim that

Lu = 0 in the sense of distributions in R”. (6.249)

To justify this, pick an arbitrary vector-valued test function ¢ € [CK(;’O (R")]M and

write (with the first two pairings considered in the sense of distributions in R")

(Lu, @) = (u, L ¢) = / (u, LTp)dL"
Rn

= / wh, LTg)dL" + / (™, LT)dL"
Q4



426 6 Boundary Value Problems in Muckenhoupt Weighted Spaces

= [ watipar s [ "ol o~ [ (ot g)do
Q. Q Ele}

+/ (Lu~, p) dL”—/ (u™ ;;:"',a;“go)dwr/ (02u~, ¢)do
Q2 a2

—0. (6.250)

The fourth equality in (6.250) is a consequence of the Green type formula for
second-order systems established in [113, §1.7], whose present applicability is guar-
anteed by (6.178), (6.74), Theorem 3.4, (6.237), (6.240), and the fact that (6.239)
together with (2.576) entail

Ne(Vu) € LI (392, 0) and N"u € L) (882, 0) forall r € (0, 00).
(6.251)
In addition, the last equality in (6.250) uses (6.178), (6.191), plus the fact that we

K—n.t K—n.t
are now assuming u™ |, =u" and 34u™ = 82u~. This establishes (6.250)

which, in turn, proves (6.249).

As a consequence of (6.249) and elliptic regularity, u € [‘K“(R”)]M. In
]M

Q

particular, for each index j € {1,...,n} we have d;u € [‘Koo RM [ as well as
L(dju) = 9;(Lu) = 0, since L has constant coefficients. Bearing this in mind,
interior estimates for weakly elliptic systems proved in [102, Theorem 11.12, p. 415]
give

n—1

[(Vu) ()] < C<]i< ) Vit dL") " (6.252)

for every point x € R" and every radius r € (0, oo0). Together with (6.248) this
implies

|(Vu) (x)] (6.253)

C[w]lA/pp
<

T w(3Q N Blxy, €))7

(N oy + NV ooy )

for every point x € R” and every radius r > dist(x, dQ2), where x, € 92 is such
that dist(x, 02) = |x — x,|. At this stage, upon recalling (2.540) and the fact that
N (Vut) € LP(3Q2, w) (cf. (6.178)), after passing to limit  — oo in (6.253) we
arrive at the conclusion that

(Vu)(x) = 0 for each point x € R". (6.254)
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Hence, u is constant in R", from which (6.193) readily follows on account
of (6.241). This finishes the proof of (6.193) under the assumption made in (6.189).
The proof of Theorem 6.15 is therefore complete. O

We continue by making a series of remarks aimed at further exploring the nature
of Theorem 6.15.

Remark 6.11 1In various special circumstances, the statement of Theorem 6.15 may
be further streamlined. For example, Theorem 3.8 gives that if the system L actually
satisfies the strong Legendre—-Hadamard ellipticity condition then in place of either
set of conditions specified in (6.179), (6.180), (6.181) we may simply assume

AeWBandpeC\ {1} (6.255)

Also, if n > 3, M = 1, and the matrix A € Uy is symmetric then, thanks to (3.223),
either set of conditions specified in (6.179), (6.180), (6.255) may simply be replaced
by just the demand that n € C\ {—1}.

Remark 6.12 There is another boundary value problem, closely related to the
Transmission Problem (6.178), in which the transmission parameter shows up in
the formulation of the Dirichlet boundary condition (as opposed to the Neumann
boundary condition, as was the case in (6.178)). Specifically, retaining the back-
ground assumptions made in Theorem 6.15 now consider

ut e [eo@u)]",
Lu* =0 in Q4,

Ne(Vu®) e LP(3Q, w),

(6.256)
4 K—n.t. ket . p M
wtlyg —n-u|yg =g e [LTOQw)]",
ot —otu = f e [LP2, w)]".
When n # 0, working with the functions v := ¥ in Q4 and v~ := n-u~ in

Q_, matters are readily reduced to the “standard” Transmission Problem (6.178)
written with 7~ in place of . When n = 0 it follows that (6.256) decouples into
a Homogeneous Regularity Problem for the function u* in €., and a Neumann
Problem for the function #~ in Q2_ with boundary datum afqu — f. In particular,
we have solvability results for (6.256) which are similar to those in Theorem 6.15.

Remark 6.13 Much as in the case of the Tangential Derivative Problem (6.97), we
may re-fashion the Transmission Problem (6.178) as
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ut e [eo@u)]",
LuT =0 in Qu,

N, (Vut) € LP(32, w),

{vj ((aku+)];;'t‘) -~ Vk((aju-’—)‘;;“‘)} (6.257)
_H"j <(3k“7)|;;znln) B "k<(aj”7)}ggh>} = Oz 8,
ato —a.e. point on <2, foreach j, ke {l,...,n},

oAt —n-9tu— = f e [LPOQ, w)]Y,
where the function g is arbitrarily specified in [L{7 0%, w)]M, the homogeneous

Muckenhoupt weighted boundary Sobolev space defined in (2.598). For this
boundary value problem, similar results as in Theorem 6.15 continue to be valid.

Remark 6.14 Under the same background assumptions made in Theorem 6.15
(and with the same conventions adopted there), it is of interest to single out the
special case corresponding to having g = 0 in (6.178), i.e., consider the following
Reduced Transmission Problem:

ut e [eo@n)]",
LuT =0 in Qq,

N, (Vut) € LP(9Q, w),
Kk—n.t. K—n.L.

“ﬂasz =U g

(6.258)

ato-a.e. pointon 9€2,

ofut —n-9tu~ = f e [LPOQ, w)]".

Running the same argument as in the proof of Theorem 6.15, this time we no
longer need to assume that the operator in (6.211) is an isomorphism, ultimately
allows us to impose lighter demands on the nature of the system L and the coefficient
tensor A. Specifically, now working under the sole assumption that AT € Qliii and
n € C\ {—1}, the same proof as before shows that there exists § € (0, 1) which
depends only on n, p, [w]a b A, n, and the Ahlfors regularity constant of €2 such

that if [|v][[smoq.0)pr < 8 (hence the set €2 is a §-AR domain) then the operator
—”THI + {1 -nK jT is invertible on the Muckenhoupt weighted Lebesgue space
[Lp(8$2, w)]M and the functions u* : Q1 — CM defined as

ut(x) == (ymod (—"T“I +(1- n)KjT)_l f)(x) for x e Qe (6.259)
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solve the Reduced Transmission Problem formulated in (6.258) and satisfy, for some
constant C € (0, oo) independent of f,

INe VU | Loy < CIF lizro@uwm- (6.260)

Moreover, the result established in item (a) of Theorem 6.15 working under
the hypotheses in (6.179) gives uniqueness (modulo constants) for the Reduced
Transmission Problem (6.258). Hence, well posedness follows by simply assuming
that AT e A%

Remark 6.15 Once again, for familiar reasons, a similar solvability result to the one
established in Theorem 6.15 turns out to be true for the Transmission Problem with
data in Lorentz spaces, i.e., for

ut e [e )],

Lu* =0 in Q4,

N (Vut) e LP9(3Q, o), (6.261)
K—n.t. _kent . M
utlg —u |, =g€[L?0R.0)]",

dAut — - 9u = f e [LP1dQ, )],

with p € (1,00) and ¢ € (0, oc], where Lf’q (02, o) is the Lorentz-based
homogeneous Sobolev space defined in an analogous fashion to (2.598). The reader
is referred to Theorem 7.23 (and also Examples 8.2, 8.6) for more general results of
this type.

Remark 6.16 Thanks to (3.228)—(3.229), Theorem 6.15 is applicable to the Lamé
system L, 3 = uA+ A+ p)Vdivin R withn > 2, assuming p # 0, 2u 4+ X1 # 0,
3u+ X # 0, provided we work with the coefficient tensor A(¢) defined as in (3.226)
for the choice ¢ = % In addition, when n = 2, we may rely on the invertibility
result from Theorem 4.14 (and duality) to conclude that the transmission boundary
problem for the two-dimensional Lamé system in sufficiently flat Ahlfors regular
domains in the plane is solvable when formulated in a similar fashion to (6.178)

with A := A(¢) and n € C\ {£1}, for a larger range of ¢’s, namely

" n+1[2u(2u+k)] u«(u+k)].

e
e 1l 30+ 3+ A

(6.262)

Remark 6.17 The case of the Transmission Problem for the Laplacian in upper-
graph Lipschitz domains in R", with n > 2 arbitrary, has been treated in [46]. In the
two-dimensional setting, for L = A the Laplacian and 2 an infinite sector in the
plane, counterexamples to the well-posedness of the Transmission Problem (6.178)
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for certain values of p (related to the aperture of €2 and the transmission parameter
appearing in the formulation of the problem) have been given in [105].

Remark 6.18 1t is of interest to observe that

lack of uniqueness (modulo constants) for the Homogeneous
Regularity Problem for the system L in Q2_ (cf. (6.64)) implies

lack of uniqueness (modulo constants) for the Transmission (6.263)
Problem (6.178) in the case when 1 = 0.
Indeed, if ™ is such that
u= e [ @o]",
Lu= =0 in Q_,
(6.264)

N (Vu™) € LP(3Q, w),

K—n.t.

082

u

= ¢ ato-a.e.pointon 9%,

for some constant ¢ € CM | then setting u™ := ¢ in Q yields a pair (u*, u™) which
is a null-solution of the Transmission Problem (6.178) formulated for n = 0.

There are two scenarios under which uniqueness (modulo constants) for the
Transmission Problem (6.178) has been established in item (a) of Theorem 6.15.
First, it was assumed that (6.179) holds and, in this case, condition ‘21‘2‘% #* o alone
ensures uniqueness (modulo constants) for the Homogeneous Regularity Problem
for the system L in ©2_, as noted in item (b) of Theorem 6.8. Second, when (6.180)
is assumed, in principle it may happen that the Homogeneous Regularity Problem
for the system L in €2_ lacks uniqueness (modulo constants). However, this time (as
opposed to (6.179)), we are asking that n # 0, so the issue singled out in (6.263)
becomes a moot point. This is a heuristic explanation of the perceived asymmetry
in the manner in which the sets of hypotheses (6.179) and (6.180) have been
formulated.

It is possible to enhance the solvability result from Theorem 6.15 via perturba-
tions, and our next theorem elaborates on this aspect.

Theorem 6.16 Retain the original background assumptions on the set Q2 from
Theorem 6.15 and, as before, fix an integrability exponent p € (1, 00) along with a
Muckenhoupt weight w € A, (02, o) and a transmission parameter n € C\ {—1}.
Consider a system L, € 8% with L] € Q9IS (¢f: (3.195)), and fix some A, € ?I‘I{los
Then there exist a threshold § € (0, 1) and an open neighborhood U of A, in
A, both of which depend only on n, n, p, [wla,, Ao, and the Ahlfors regularity
constant of 3$2, with the property that if |[v|smoq.0) < 8 (i.e., if 2 is a §-AR
domain) then for each coefficient tensor A € U the Transmission Problem (6.178)
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formulated for the system L, (cf. (3.7)) and the conormal derivative associated
with A (cf. (3.66)) is actually solvable, and any two solutions differ by a constant
from CM.,

Proof This is seen by reasoning as in the proofs of Theorems 6.4 and 6.15, keeping
in mind Theorem 3.9. O

We may also establish solvability results for the version of the Reduced
Transmission Problem (6.258) now formulated for boundary data belonging to sums
of Muckenhoupt weighted Lebesgue spaces.

Theorem 6.17 Let Q C R” be a UR domain. Abbreviate o = ! |02 and
fix an aperture parameter k > 0. Also, pick a pair of integrability exponents
po, p1 € (1,00) along with a pair of Muckenhoupt weights wy € A, (3$2,0)
and wy € Ap, (02, 0). Finally, consider a homogeneous, second-order, constant
complex coefficient, M x M weakly elliptic system L in R", and select some
coefficient tensor A € Ay,

Then similar results, concerning existence, integral representation formulas, esti-
mates, additional integrability properties, and well-posedness, as in Theorem 6.15,
are valid for the Reduced Transmission Problem

ut e [eo@u)]",
LuT =0 in Qy,

N (V) € LI @9, wp) + LM (02, wy), (6.265)
k—n.t. K—n.t
”ﬂag = u_‘agz at o-a.e. point on 92,

dput — - 0fum = f e [LPBR, wo) + L7 (32, w)]".

Proof Existence, estimates, and an integral representation formula are all estab-
lished reasoning as in the proof of Theorem 6.15, using the fact that the operator
—”T“I +1 - n)Kf;T is invertible on the space [ L0 (392, wo) + LP1 (9L, wl)]M
under the assumption made in item (b) of Theorem 6.15 (see Proposition 4.2). For
uniqueness (modulo constants), we reason much as in the treatment of item (a)
in Theorem 6.15, working under the hypotheses in (6.179). Specifically, (6.194)—
(6.200) goes through since LP0(9$2, wg) + LP1 (92, wi) embeds into the space
L'(09, ;’I‘j,l) (cf. (2.575)), and then (4.336) used in concert with (6.200) gives
(6.201). The rest is as before, and the conclusion is that any null-solution of (6.265)
is a pair of identical constants. O
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