Chapter 5 ®
Controlling the BMO Semi-Norm of the e
Unit Normal

In the previous chapter we have succeeded in estimating the size of a certain brand
of singular integrals operators (which includes the harmonic double layer operator;
cf. Theorem 4.7) in terms of the geometry of the underlying “surface.” A key
characteristic of these estimates (originating with Theorem 4.2) is the presence
of the BMO semi-norm of the unit normal to the surface as a factor in the right
side. In particular, the flatter said surface, the smaller the norm of the singular
integral operators in question. Similar results are also valid for a specific type of
commutators, of the sort described in Theorem 4.3.

By way of contrast, the principal goal in this chapter is to proceed in the opposite
direction, and control geometry in terms of analysis. More specifically, we seek
to quantify flatness of a given “surface” (by estimating the BMO semi-norm of its
unit normal) in terms of analytic entities, such as the operator norms of the harmonic
double layer and the commutators of Riesz transforms with the operator of pointwise
multiplication by the (scalar components of the) unit normals, or various natural
algebraic combinations of Riesz transforms (where all singular integral operators
just mentioned are intrinsically defined on the given “surface”).

In this endeavor, the catalyst is the language of Clifford algebras which allows us
to glue together singular integral operators of the sort described above into a single,
Cauchy-like, singular integral which exhibits excellent non-degeneracy properties
(i.e., up to normalization, such a Cauchy-Clifford operator is its own inverse; cf.
(5.20)). We therefore begin with a brief tutorial about Clifford algebras, which
are a highly non-commutative higher-dimensional version of the field of complex
numbers, where some of the magic cancellations and algebraic miracles typically
associated with the complex plane still occur. This chapter ends with Sect. 5.4 which
contains results characterizing Muckenhoupt weights in terms of the boundedness
Riesz transforms. The Clifford algebra formalism turns out to be useful in this
regard, both as tool and as a mean to bring into play other types of operators, like
the Cauchy—Clifford singular integral operator alluded to above.
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340 5 Controlling the BMO Semi-Norm of the Unit Normal
5.1 Clifford Algebras and Cauchy-Clifford Operators

The Clifford algebra with n imaginary units is the minimal enlargement of R" to a
unitary real algebra (C¢,, +, ©®), which is not generated as an algebra by any proper
subspace of R” and such that

x @x = —|x|* forevery x € R" < Cl,,. (6.1

In particular, with {e;}1<;<, denoting the standard orthonormal basis in R", we
have

e;Oe; =—1 forall je({l,...,n} and

(5.2)
e; Oe = —e, Oe; foreachdistinct j, ke ({l,...,n}.
This allows us to define an embedding R" < C¢,, by identifying
n
R'>x=(x.....%) = Y _xjej €Cly. (5.3)
j=1
In particular, {e;}1<;<, become n imaginary units in C¢,, and (5.2) implies
a®b+b®a=—2{a,b) forall a,b eR" — C,. (5.4)

Moving on, any element u € C{, has a unique representation of the form

n
MZZZ/L{]Q[, uy eR, (5.5)

=0 |1|=¢
where )" indicates that the sum is performed only over strictly increasing multi-
indices I,i.e., I = (i1, i2,...,ig) withl <i| <ip < --- < iy < n, and e; denotes
the Clifford algebra producte; :=e;; ©e;, © - - O e;,. Write ey := ey = 1 for

the multiplicative unit in C¢,. For each u € C¥{, represented as in (5.5) define the
vector part of u as

n
Uyeet 1= Zu jej eR", (5.6)
j=1

and denote by
Uscal = Ugey = Uy € R, the scalar part of u. (5.7)

We endow C¥¢,, with the natural Euclidean metric, hence
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1/2 .

n
lu| := Z Z/ |u[|2 for each u = Z Z/me[ e C¢,. (5.8)

0=0|1|=t 0=0|1|=¢

Next, define the conjugate of each e; as the unique element e; € C¢, such that
e;Oe; =e;Oe; =1.Thus,if I = (i1,...,ip) withl <ij <ip <---<iyg <n,
then the conjugate of e; is given by e; = (—1)Zeik O --- O ey ©ej. More generally,
for an arbitrary element u € C¢, represented as in (5.5) we define

=Y 3 uer. (5.9)

=0 |I|=¢t

Note that x = —x for every x € R" — C{,, and |u| = |u| for every u € C¢,. One
may also check that for any u, v € C¢,, we have

uov <2 ulll, wOV=T047, (5.10)
and, in fact,

lu © v| = |ul|v| if either
(5.11)
ueR"<— Ct, or veR"— Cl,.

For further details on Clifford algebras, the reader is referred to [101].

Consider an arbitrary UR domain 2 C R”". Abbreviate ¢ := ! |02 and
denote by v = (vq, ..., v,) its geometric measure theoretic outward unit normal.
For the goals we have in mind, it is natural to identify v with the Clifford algebra-
valued function v = vie; + - - - 4+ v, e,. Bearing this identification in mind, we then
proceed to define the action of the boundary-to-boundary Cauchy—Clifford operator
of any given C¢,-valued function f € L'(3 () ) ® CLy as

’ 1_Hx|n71
. 1 xX—y
Cf(x) := lim Ov(y) O f(y)do(y), (5.12)
e—>0F Wp—1 lx — y|*
yea2
[x—yl|>e

for o-a.e. point x € 9. In particular, with Riesz transforms {R;}1<;j<, on 9<2

defined as in (4.297), for each function f € L' (<, : +U\)(c)|C”)*I) ® Cl, we have

1
Cf = 3 Z e; Oer O Rj(v f) ato-ae.pointon 9. (5.13)

1<jk<n

Another closely related integral operator which is of interest to us acts on each given

function f € L'(02, lf‘i’fn),]) ® CL, according to
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Crw==lin —— [ o —tofmer) 61
=

for o-a.e. x € Q. Analogously to (5.13), for each f € L'(3Q, 1+T)(CT'3_1 ) ®Ct, we

have

1
C#fz_E Z e, Oe; O R, f ato-ae. pointon 0. (5.15)

1<j.k=n

As is apparent from (5.13), (5.15), both C and C* are amenable to Proposition 3.4.
Hence, whenever p € (1,00) and w € A,(9€2, 0),

C:LP(0Q,w)®CL, — LP(3Q, w) ® Cl, (5.16)
and

C*: LP(3Q, w) ® Ct, —> LP (32, w) ® CL,, (5.17)
are well-defined, linear, and bounded operators, with

ICllLr (992, w)@Ct— LP 02.w)@Ct > 1CF I Lr(92.1)@CE - LP (92.1)0CE,

(5.18)
controlled in terms of n, p, [w]a o and the UR constants of d0€2.
In fact (see [61, Sections 4.6-4.7] and [114, §1.6]),
the transpose of C from (5.16) is the operator C* acting in the
context of (5.17) with the exponent p replaced by its Holder (5.19)

conjugate p’ € (1, 00) and with the given weight w replaced
by w!'™F € A, (3Q,0).

For this reason, it is natural to refer to C* as the “transpose” Cauchy—Clifford
operator. Moreover, with / denoting the identity operator, we have

C? =11 and (C*)’ =11, (5.20)

on L? (02, 0)RC¥, with p € (1, 0o) (cf. [61, Sections 4.6-4.7]). In view of (5.16)—
(5.18), a standard density argument then shows that these formulas remain valid on
LP (32, w) ® Cl, whenever p € (1,00) and w € A,(0R2, o).

Here we are interested in the difference C — C* which, up to multiplication by
2~!, may be thought of as the antisymmetric part of the Cauchy—Clifford operator C.
The following lemma elaborates on the relationship between the antisymmetric part
of the Cauchy—Clifford operator, i.e., C — C*, and the harmonic boundary double
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layer potential (cf. (3.29)) together with commutators between Riesz transforms (cf.
(4.297)) and operators of pointwise multiplication by scalar components of the unit
vector. For a proof see [61, Lemma 4.45].

Lemma 5.1 Let @ € R" be a UR domain. Abbreviate o := H" '9Q and
denote by v = (v1, ..., v,) the geometric measure theoretic outward unit normal
to Q2. For each index j € {1,...,n}, denote by M, the operator of pointwise
multiplication by v;. Also, recall the boundary-to-boundary harmonic double layer
potential operator K from (3.29) and the family of Riesz transforms {Rj}1<j<n
from (4.297). Then

€ —Chf =233 Kafie

=0 |I|=¢

+> Z/ D (M, Rl f1)ej Oex Oy (5.21)

€=0|1]=¢ j k=1

for each Cl,-valued function f =) ;_, ZI“:g f1 © ey belonging to the weighted

Lebesgue space L' (3, 1:';"‘3,1) ® Cly.

In turn, the structural result from Lemma 5.1 is a basic ingredient in the proof of
the following corollary.

Corollary 5.1 Let Q2 C R" be a UR domain. Abbreviate o = ! |02 and
denote by v the geometric measure theoretic outward unit normal to Q2. Also, fix
an integrability exponent p € (1, 00) and a Muckenhoupt weight w € A,(0R2, 7).
Then for each m € N there exists some constant Cy, € (0, 00) which depends only
onm, n, p, [wla » and the UR constants of 92 such that, with the piece of notation
introduced in (4.93), one has

lc-c| < CulV 005001 (5.22)

LP(0Q,w)®CLl,—LP(0Q,w)®CLl,;

Moreover, if |vliBmoa,o) i sufficiently small relative to n, p, [wla,, and the
Ahlfors regularity constant of 9Q2 one may take Cy,, € (0, 00) appearing in (5.22)
to depend only on said entities (i.e., n, p, [w]a,, the Ahlfors regularity constant of
d082), and m.

Proof This is a consequence of Lemmas 5.1, 2.15, (3.29), Corollary 4.2, (4.297),
Proposition 3.4, Theorems 4.3, and 2.3. m]
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5.2 Estimating the BMO Semi-Norm of the Unit Normal

The next goal is to establish a bound from below for the operator norm of C — C* on
Muckenhoupt weighted Lebesgue spaces on the boundary of a UR domain in terms
of the BMO semi-norm of the geometric measure theoretic outward unit normal
vector to said domain.

Theorem 5.1 Let Q C R” be a UR domain such that 02 is unbounded. Abbreviate
o = H! 02 and denote by v the geometric measure theoretic outward
unit normal to Q. Also, fix an integrability exponent p € (1,00) along with a
Muckenhoupt weight w € Ap(02, o). Then there exists some C € (0, c0) which
depends only on n, p, [wla,, and the Ahlfors regularity constant of 9S2 with the
property that

Ivlpsowe.ay = € €= €| (5.23)

LP(0Q,w)®CLly— LP (3Q2,w)RCL,

A couple of comments are in order. First, as a consequence of (5.23), definitions,
and a result from [111, §5.10] (based on work in [59]) to the effect that an Ahlfors
regular domain is a half-space if and only if its geometric measure theoretic outward
unit normal is a constant vector, we see that

given a UR domain 2 € R” such that 92 is unbounded, and given p € (1, 00)
together with w € A,(9L2, o), we have C = C* as operators on LP (32, w) ®

Ct, if and only if €2 is a half-space.
(5.24)

Second, estimate (5.23) may fail without the assumption that d€2 is unbounded.
Indeed, from (5.12)—(5.14) one may easily check that C = C*if Qis an open ball,
or the complement of a closed ball, in R" and yet ||[v|[smo9g,0)» > O in either
case. In fact, open balls, complements of closed balls, and half-spaces in R” are the
only UR domains for which C = C* (see [60] for more on this).

We now turn to the task of presenting the proof of Theorem 5.1.

Proof of Theorem 5.1 Fix a location xog € 92 along with a scale R > 0. Also,
pick a sufficiently large number A € (10, oo), which ultimately will depend only
on n and the Ahlfors regularity constant of €2, in a manner to be specified later. Let
C € [1, oo) be the Ahlfors regularity constant of 9€2 (cf. (2.32)) and choose

A= (2C)% =D, (5.25)

We may then write (making use of the fact that no smallness condition on the scale
is necessary since 92 is unbounded)

o (A(xo, H(AR)) \ A(xo, AR)) = 6 (A(x0, A(AR))) — o (A(x0, AR))

1 n—1 n—1
> (E’\ —C)(AR) 0. (5.26)



5.2 Estimating the BMO Semi-Norm of the Unit Normal 345

In turn, this guarantees that A (xo, A(AR))\ A(xp, AR) # &, hence we may choose
some point

Yo € A(xg, A(AR)) \ A(xg, AR). (5.27)
As a consequence,
AR < |x0 — yol < A(AR). (5.28)

Next, fix a point x € A(xp, R) and note that this entails |[xo—y| > (A—1)R > 0
for all y € A(yp, R). As such, we may write

/ {xo—Ov(y)+v(x)O—yn} do(y)
A(yo.R) X0 — ¥l

|xo — y["

=/ {x‘)—n@ () — —— ynov(y)}da(w
AGo.R) L1X0 — Yl |x — yl

+/ {’“ OV +vir) 0 22 }da(y)
AGoR) LIx —yI" | =y

+ ). {”(x)@ﬂ—vm@ — }dff(y)
A(yo.R) lxo =y lx = yI"
=14+ 11411 (5.29)
Note that for each y € A(yp, R) we have
AR < |x0 — yol < [xo — x|+ |x = y| 4|y = yol < [x — y[+2R. (5.30)

Based on definitions (cf. (5.12) and (5.14)), and the fact that, as seen from (5.30),
we have [x — y| > (A — 2)R for each y € A(y9, R), the second term in (5.29) is
identified as

I = w,—1 (C— CH1agy.r) (1) (5.31)

If for each u, w, z € R" with z & {u, w} we now abbreviate

u—z w—2z
E(u,w;z) = e — w2 (5.32)

and if we set

VA(r) 1= ][ vdo foreach z € 92 and r > 0, (5.33)
QNB(z,r)
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then, on account of (5.4),

[+ 1= / {E(x0,x:y) ©v(y) + v(x) © E(x0, x; y)} do(y)
A(yo.R)
= —2/ (E(x0, %3 ), va(xo. ) do ()
A(yo,R)
+/ E(xo,x:y) © (v(3) = vagu.k) do ()
A(yo.R)

+ / (v(X) = VAo, R)) © E(x0, x; y) do (y)
A(yo,R)

=:1IV+V+ VL (5.34)
Since
X0 — (x —x0) — (y — x0)
E(xo, x;y) = yn - p
lxo — ¥ |x — ¥l
X — Xxo 1 1
__ o) - (535)
=y Y (IXO—yI" |x—y|")

for each y € A(yo, R), it follows that

X — X0, V
IV=2/ Mdg(y)
A(O.R) lx — y|"

1 1
+2/ Y — X0, VA(x,R ( - )dU(y)
AGyo,R) | o) lxo —yI" |x—y"

=: IV, + IV, (5.36)

In view of (5.30) for each y € A(yo, R) we have (A/2)R < (A —2)R < |x — y|
which, together with Proposition 2.15, permits us to estimate

V4| = 2|(x = X0, Va0 do )

AGoR) |Xx = yI"
< CAT"vIiBMo®Q,5 (5.37)
where C € (0, 0o) depends only on n and the Ahlfors regularity constant of 9€2.

Also, since the Mean Value Theorem gives that for each point y € A(yp, R) we
have, for some purely dimensional constant C € (0, 00),
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1 CR

< = CA7"71R7", 5.38
x| = ARy ©-38)

‘ 1
l[xo — y["

we may use Proposition 2.15 and the fact that y € A(yp, R) C A(xo, a+ AA)R)
to conclude that

[IVy| < C(ARIn M) |vllBMOGR,0) 1 A" 'R0 (A(x0, R))
< C(A™"In A)|v[BMOGR.0)1» (5.39)

where C € (0, co) depends only on n and the Ahlfors regularity constant of 9S2.
Next, the Mean Value Theorem shows that for each y € A(yg, R) we have

CR

Xo—y oY | <
~ (AR)"

Eo, 501 = |, -

i e = CA"R'™", (5.40)
xXo—y X =y

for some purely dimensional constant C € (0, 00). In addition, (2.104), (2.105), and
(2.106) permit us to write

[VAGo.R) = VaGo.R)| < [Vawe.R) = Vameaar)| + |Vato.raR) = VAGo.aAR)|

+ [VAGoAAR) = VAGo.R)|
< C(InA)|IvliBMO®GR,0)1 (5.41)

for some C € (0, oo) which depends only on n and the Ahlfors regularity constant
of 9€2. Based on (5.40) and (5.41) we may then estimate

V| 5/ |E (x0, X3 I|(Y) = Va(o.p) | do ()
AGo0.R)
<CA™" ][ V() = VA, k)| do (v)
A(0.R)

<CA™" ][ |V(Y) - VA(yO,R)| do(y) + CA™" |va(xo.R) — VA(yO,R)|
A(yo,R)

< C(AT"In M) IvliMo@2.0)1s (5.42)
where C € (0, 0o) depends only on n and the Ahlfors regularity constant of 9€2.

Finally, (5.40) implies that for some purely dimensional constant C € (0, co) we
have

vi| < / |E o0 x: 9I|vx) — vag.ry| do ()
A(yo,R)



348 5 Controlling the BMO Semi-Norm of the Unit Normal

< CA7"|v(x) = vao,B)|- (5.43)
For further use, let us note here that (2.538) plus the John-Nirenberg inequality

(cf. (2.102)) allow to estimate (for some exponent ¢’ € (1, o) which depends only
on p, [w]a o 1 and the Ahlfors regularity constant of 9€2)

p
][ V) =vag,p|” dwx) = ][ ‘v —][ vda‘ dw
A(xo.R) A(xo.R) A(xo.R)

’ l/q/
rq
SC(][ ‘v—][ vda‘ da)
A(xg,R) A(xp,R)

= CIvlifspogpe.op (5.44)

for some constant C € (0, co) of the same nature as before. It is also useful to note
that we may use (2.535) to estimate

][ (€ = CHY a1 (17 dw(x)
A(xo,R)

HlA(yo,R) “ip(asz,w)@acz,, ||C _ C#“p

w(A()C(), R)) LP(02,w)QCL,— LP (02, w)RCL,
= (B0 R)) ”C - C#Hi,; Q2 0, — LP (32 0
w(A(xg, R)) (02, w)RCL, — LP (02,w)RCLy

w(A(x, 2.AR)
< WG ARy

w(A(xo, R)) LP(382,w)®Cly— LP (32, w)®CEy
o (A(xop, ZKAR)) p
S [w]AP (m) HC - C#Hip(aQvw)®czn—>Lp(BQ,w)®C€n
< CcA"Dr|c—ct|y (5.45)

LP(0Q,w)®Cl,— LP(0Q2,w)RCL,’

where C € (0, 0o) depends only on n, p, [w]a » and the Ahlfors regularity constant
of 9Q2.

Altogether, from (5.29), (5.31), (5.34), (5.36), (5.37), (5.39), (5.42), (5.43),
(5.44), and (5.45) we conclude that

][A(xO,R)

P
dw(x)

X0 — X0 —
/ {O—yn(Dv(y)+v(x)®0—yn} do (v)
AGo,R) LIxXo — ¥l |xo — ¥l
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< ™" ) I laviomop + Cr f, €= O )
X0,

+ CA_””][ ‘v(x) - vA(xO,R)’p dw(x)
A(xo, R)

< CAT" I M) IVlligpo@e.o)p

(n—1) #| P
+CATTOP “C -C HLp(aﬁ,w)®cz,,»Lp(ag,w)®cgn (5.46)
where C € (0, 0o) depends only on n, p, [w]a e and the Ahlfors regularity constant
of 092.
Going further, define

X0 — Yy n
a:= ][ 207 4o(y) eR" <5 CO, (5.47)
Ao, R) [X0 = yI"
and
b= ][ 2 o vy do(y) € Cly. (5.48)
AGoR) [0 — ¥l
Note that
X0 — X0 — X0 —
= Xz y°n+][ (=2 - 2228 Y do () (5.49)
|xo — Yol Ao, R) X0 — Y lxo — Yol

and observe that the Mean Value Theorem gives, for some purely dimensional
constant C € (0, 00),

CR
~ (AR)"

X0 — Y X0 — Yo

lxo —yI"  |xo — yol"

=CA"R'™", (5.50)

for each y € A(yg, R). As a consequence of this and (5.28),

X0 — X0 — Yo
—][ > _ Y do (y)
A

Go.R) Hxo =y |xo — yol”

la| > X0 — Yo
~ Hxo — yol"

1

2 ﬁ _ CA—an—n 2 (AR)I—n _ CA—an—n
X0 = Yol™™

> 271 AR, (5.51)

if A > 2C. Hence, if we also introduce
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a
A=bO <W) € Cly, (5.52)

we may now estimate, using (5.6), (5.52), (5.51), (5.11), (5.1), (5.47), (5.48), and
(5.406),

][ [ (x) = Avect|” dw(x) < ][ lv(x) — Al” dw(x)
A(xo.R)

A(xo,R)

=][ b = b0 @/1aP)|” dwe
A(xo,R)

< C(AR)<”—1)P][

v = b0 @/1aP)| lal? dwe)
A(xo,R)

= C(AR)<"—1)P][

0@ -bo @/laPy ©a|” dw
A(xo,R)

_ cmm“”“’f () O a +bl? dw(x)
A(xp,R)

— C(AR)(H—U[’][

v(x) ® (][ Mda(y))
Ao, R) X0 — yI"

A(xo,R)
xX0—y P
+ ( AGOR) m ® v(y) dO'(y)) dw(x)
Yo,
= C(AR)“"‘“P][ ][ {v(x) o2
AQxo,R) | J Ao, R) |xo — y|"
p
Xo—y
o © v} do| dw(x)
< CA("*”P][ / {v(x) o=y
Alxo,R) | S AGo, R lxo — yI"
P
X0 —
+ ﬁ O v} do ()] dwo)

<C(A 'In A)p||V||FBMo(aQ,o)]”

+CAT P C - (5.53)

p
LP(0Q2,w)®CLl,— LP (02, w)RCE,’

for some C € (0, oo) which depends only on n, p, [w]a 20 and the Ahlfors regularity
constant of d€2. From this, (2.109), and Lemma 2.14 we then deduce that
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IvlliMo@e.0)r < C(A™ In A)|[v[IBMOGS.0)1

+cA*"Vc-ct (5.54)

“ LP(0Q,w)®Cly— LP (092, w)®CLy’
where C € (0, co) depends only on n, p, [w]a » and the Ahlfors regularity constant

of 0€2. By eventually further increasing the value of A as to ensure that we also have
A~ 'In A < 1/(2C), we finally conclude from (5.54) that

#
Ivlismowe.or < CC = C Lbog mect - Lr@2.mect: (5.55)

where C € (0, 0o) depends only on n, p, [w]a s and the Ahlfors regularity constant
of 092. |

Our next result contains estimates in the opposite direction to those given in
Theorem 4.6.

Theorem 5.2 Let 2 C R” be a UR domain. Abbreviate o := H ! |02 and denote
by v = (V)1<k<n the geometric measure theoretic outward unit normal to 2.
Also, fix an integrability exponent p € (1, 00) along with a Muckenhoupt weight
w € Ap(3K2, 0). Finally, recall the boundary-to-boundary harmonic double layer
potential operator K from (3.29), the Riesz transforms {R;}1<j<n on 0Q2 from
(4.297), and for each index k € {1, ..., n} denote by M, the operator of pointwise
multiplication by the k-th scalar component of v.

Then there exists some C € (0, 00) which depends only on n, p, [w]a » and the
Ahlfors regularity constant of 02 with the property that

Iviiemopa,o) < Ci IKAllLr (30, w)—Lr 392,w) (5.56)

+ max H[ka’Rj

1<) k<n ]”LI’(E)Q,w)—>LI’(E)Q,w) }

Proof If 092 is unbounded, then the estimate claimed in (5.56) is a direct con-
sequence of Theorem 5.1 and Lemma 5.1 (also bearing in mind Lemma 2.15).
In the case when 02 is bounded, we have Kxl = :t% (cf. [114, §1.5]) with
the sign plus if € is bounded, and the sign minus if € is unbounded, hence
IKAllLr(39.)— Lr(32.w) = % in such a scenario. Since from (2.118) we know that
we always have |[v|smos@,0)» < 1. the estimate claimed in (5.56) holds in this
case if we take C > 2. O

We conclude this section by presenting a characterization of §-flat Ahlfors regular
domains in terms of the size of the operator norms of the classical harmonic double
layer and commutators of Riesz transforms with pointwise multiplication by the
scalar components of the unit normal.

Corollary 5.2 Let Q C R" be a UR domain. Abbreviate o := ?("_1L8§2 and
denote by v = (Vi)1<k<n the geometric measure theoretic outward unit normal to
Q. Also, fix an integrability exponent p € (1, 00) along with a Muckenhoupt weight
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w € Ap(30R2, o). Finally, recall the boundary-to-boundary harmonic double layer
potential operator Ka on 0$2 from (3.29), the Riesz transforms {R}1<j<n on 0$2
from (4.297), and for each k € {1, ..., n} denote by M,, the operator of pointwise
multiplication by the k-th scalar component of v.

Then there exists some C € (0, 00) which depends only on n, p, [w]a » and the
Ahlfors regularity constant of 0S2 with the property that if

”KA”Ll’({)Q,w)aLl’(aQ,w) + lfnjl,%cxfn ” [ka’ Rj]“L/’(BQ,w)»LI’(BQ,w) <6
(5.57)

then Q2 is a (C8)—flat Ahlfors regular domain.

Proof All desired conclusions follow from Theorem 5.2 and Definition 2.15. |

5.3 Using Riesz Transforms to Quantify Flatness

Recall from (1.16) that for each j € {l,...,n} the j-th Riesz transform R;
associated with a UR domain 2 C R” is the formal convolution operator on 92
with the kernel k;(x) := ﬁ \i{n for x € R" \ {0}. From Proposition 3.4 we
know that these are bounded operators on L? (92, w) for each p € (1, 00) and
w € Ap(9R,0). The most familiar setting is when Q = R’jr, in which case it is

well known that

n
ZR?:—I and R;Ry = RyR; forall j ke{l,...,n}, (5.58)
j=1

when all operators are considered on Muckenhoupt weighted Lebesgue spaces.
Indeed, in such a setting, for the integrability exponent p = 2 and the weight
w = 1 these are immediate consequences of the fact that each R; is a Fourier
multiplier in 3 = R"~! corresponding to the symbol i& j/1&1, then said identities
extend to L”(0€2, w) via a density argument. For ease of reference, we shall refer
to the formulas in (5.58) as being URTI, i.e., the usual Riesz transform
identities.

Remarkably, Theorem 5.3 below provides a stability result to the effect that if
©Q € R”" is a UR domain with an unbounded boundary for which the URTI are
“almost” true in the context of a Muckenhoupt weighted Lebesgue space, then 92
is “almost” flat, in that the BMO semi-norm of the outward unit normal to €2 is
small.

Theorem 5.3 Let 2 C R" be a UR domain with an unbounded boundary.
Abbreviate o = H''|0Q and denote by v the geometric measure theoretic
outward unit normal to Q2. Also, fix an integrability exponent p € (1, 00) along with
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a Muckenhoupt weight w € A, (02, o), and recall the Riesz transforms {R}1<j<n
on 02 from (4.297). Then there exists some C € (0, 00) which depends only on n,
p, [wla,, and the UR constants of 9S2 with the property that

(5.59)

n
v . < C{HI RZ-‘
IviiiBMo@Q.0)p < +X; 71 L0120 G20
]:

+ lé?f}(’;n I(R;. Rk]”Ll’(aQ,w)—)Ll’(aQ,w)}'

It is perhaps surprising (but nonetheless true; cf. [60]) that URTI are also valid
in the context of Muckenhoupt weighted Lebesgue spaces when €2 is an open
ball, or the complement of a closed ball in R”. This shows that, in the context of
Theorem 5.3, our assumption that 92 is unbounded is warranted, since otherwise
(5.59) may fail.

Proof of Theorem 5.3 Formula [61, (4.6.46), p.2752] (which is valid in any UR
domain, irrespective of whether its boundary is compact or not) tells us that for each
f e LP(0R,0)® Cl, we have

C—Chf=C(I+XR)f+ Y C(IR; Rele; O e ® f). (560
j=1 1<j<k<n

Since (L”(E)Q, oc)NLPR, w)) ® C¢, is a dense subspace of LP (92, w) ® Cl,
and since all operators involved are continuous on L? (02, w) ® C¢,, we conclude
that formula (5.60) continues to hold for each f € L?P (32, w) ® Cf,. From this
version of (5.60) we then see that

©-Chf=c(1+X3R)f+ Y C(R; R 0e0f) (56D
j=1

1<j<k<n
foreach f € LP (092, w) ® CL,. In concert with (5.18), this implies

4
1C — C7llLr9,w)®Ct,— LP (32, w)®Cty

n
< CHI+ZR?‘
=1

LP (32, w)— LP (32, w)

+C Y R R ooy 00 (5.62)
I<j<kzn
Then (5.59) becomes a consequence of (5.62) and Theorem 5.1. O

Our next result contains estimates in the opposite direction to those from
Theorem 5.3. Collectively, Theorems 5.4 and 5.3 amount to saying that, under
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natural background geometric assumptions on the set €2, the URTI are “almost”
true in the context of a Muckenhoupt weighted Lebesgue space if and only if 9<2 is
“almost” flat (in that the BMO semi-norm of the outward unit normal to 2 is small).

Theorem 5.4 Let @ C R" be a UR domain. Abbreviate o = Y G |02 and
denote by v the geometric measure theoretic outward unit normal to Q2. Also, fix
an exponent p € (1, 00) along with a Muckenhoupt weight w € A,(3$2,0), and
recall the Riesz transforms {Rj}1<j<n on 0S2 from (4.297).

Then for each m € N there exists some constant C,, € (0, 00) which depends
only on m, n, p, [wla,, and the Ahlfors regularity constant of dS2 such that, with
the piece of notation introduced in (4.93), one has

n
2 < (m)
|-+ 2} | o2 rraa.w = S IV IBMOGER.0 )1 (5.63)
]:
and
(m)
max ” [Rj’ Rk] HLf’(aﬂ,w)—)Ll’(ag,w) = Cm ”U”[BMO(BQ,U)]” . (564)

1<j<k<n

Furthermore, if |vll[Bmo(a,0) 1 IS sufficiently small relative to n, p, [wla,, and
the Ahlfors regularity constant of 92 one may take C, € (0,00) appearing in
(5.63)—(5.64) to depend only on said entities (i.e., n, p, [wla,, the Ahlfors regularity
constant of 92) and m.

Proof From the Muckenhoupt version of (5.20) and (5.61) we see that for each
function f € LP(0R2, o) ® C¢, we have

Cct-Of =41+ R)f =4 D (R Rele; 0 € © /),
j=1 1<j<k<n

(5.65)

Fix a scalar function f € L”(9S2, w) normalized so that || fllzr@Q,uw) = 1. In
particular, this shows that the function f belongs to the space L” (32, w) ® C¢,
and || f|lLr3e,w)ece, = 1. Bearing this in mind, for each m € N we may then write

n
1 2 1
L+ Y Ry : LR, Rl |
max{H4< +Zl i)t LP(39,w) 151;131?5;1 alRjs Rilf LP(3Q,w)
]:
n 5 ) 1/2
< ‘}1(1+ZRJZ)f‘ + 3 ‘;{[Rj,Rk]f‘
Jj=1 1<j<k<n LP(382,w)
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:Hi(”i’??)fﬁ > (R Rel e O
j=1

LP(9Q,w)®CE
1<j<k<n (082, &CLy

= IC(C* = O) fllrwo,wmece,

#

< NCllLr 30, w)@Ct— L (92, w)RCE,

LP(3Q,w)RCL,— LP (02, w)RCE,
(m)
= Cm”v”[BMO(()Q,U)]"’ (5.66)

where the first inequality is trivial, the subsequent equality is implied by (5.8),
the second equality is seen from formula (5.65) (since f is scalar-valued), the
penultimate estimate uses the normalization of f, while the last inequality is
provided by (5.18) and (5.22). With estimate (5.66) in hand, the claims in (5.63)—
(5.64) readily follow (in view of the arbitrariness of the scalar-valued function
f € LP(0R,w) with ||fllLrq.w)y = 1). The final claim in the statement is a
direct consequence of Theorem 2.3. O

5.4 Using Riesz Transforms to Characterize Muckenhoupt
Weights

Assume X C R", where n € N with n > 2, is a closed UR set and abbreviate

o =H"! |X.For j € {1,...,n}, the j-th Riesz transform R; on X is defined as
o(x)

the operator acting on each f € L! (2, T

) according to

2 Xji—yj
R;f(x) ;== lim Ay f(y)do(y) foro-ae. x € X. (5.67)
e—>0t Wp—1 [x — y|?
yeX
lx—yl>¢

From Proposition 3.4 we know that these Riesz transforms are well defined in this
context, and that for each integrability exponent p € (1, 00) and Muckenhoupt
weight w € A, (X, o) they induce linear and bounded mappings on L? (%, w). The
goal in this section is to show that the class of Muckenhoupt weights is the largest
class of weights for which the latter boundedness properties hold.

As a preamble, we note that for a variety of purposes it is convenient to glue
together all Riesz transforms {R;}1<;<, from (5.67) into a unique operator now

acting on Clifford algebra-valued functions f € L'(%, 5 :lf“,f,l) ® C¢,, according
to
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. xX—y
Rf(x) := lim / © f(y)do(y)
e—>0t wy—| lx — y|"
yeX
l[x—y|>e
=e ORI f(x)+ - -+e, OR,f(x) foro-ae. x € X. (5.68)

Theorem 5.5 Suppose ¥ C R" is a closed UR set and abbreviate o := H! LZ.
Fix p € (1, 00) and consider a weight w on X which belongs to LIIOC(E, o) and
has the property that, for each j € (1,...,n}, the j-th Riesz transform R; on
X originally defined as in (5.67) extends to a linear and bounded operator on
LP(Z, w). Then necessarily w € A,(%,0) and there exists C € (0, 00) which
depends only on the Ahlfors regularity constant of ¥, n, and p with the property

that

2p .
maxi<j<n IR (s wysrrs.u I = unbounded,
[wla, < C 5,,( e (5.69)
maxlfjfn ”Rj”Lp(E’w)*)Lp(z’w) l_fE bounded.

From assumptions and (2.508) we know that o is a complete, locally finite
(hence also sigma-finite), separable, Borel-regular measure on X. Since the weight

w belongs to Llloc(E, o), it follows that

the measure dw := w do is complete, locally finite (hence also

sigma-finite), separable, and Borel-regular on X. (5.70)

Granted this, results in [7], [111, §3.7] then guarantee that the natural inclusion
X = {¢|2 ¢ € 65°(R"M)} — LP(Z, w) has dense range. (5.71)

From the preamble to Theorem 5.5 we know that the Riesz transforms (5.67) act in
a meaningful fashion on 2", and this is the manner in which the R;’s are originally
considered in the context of Theorem 5.5. The point of the latter theorem is that
if the R;’s originally defined on 2" extend via density (cf. (5.71)) to linear and
bounded operators on L? (X, w) then necessarily w € A,(XZ, o).

Let us now present the proof of Theorem 5.5.

Proof of Theorem 5.5 The fact that all Riesz transforms on X originally defined as
in (5.67) on functions f € 2" := {¢|5 : ¢ € €z°(R")} induce (via density; cf.
(5.71)) linear and bounded mappings on L? (¥, w), implies that the operator R from
(5.68), originally defined on functions f € 2 ® C{, induces (via density) a linear
and bounded mapping on L? (2, w) ® C¢,. Henceforth abbreviate

Co = IR|lLr(z,w)@Cly— LP(Z,w)RCE) (5.72)
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and note that there exists a dimensional constant C,, € (0, oo) with the property that

Co < Cp- max [|RjllLr(s,w)y—LP(S,w)- (5.73)
1<j=<n

To proceed in earnest, denote by C,, € [1, 0o) the Ahlfors regularity constant
of ¥ and fix a number A € (1, oo) which is sufficiently large relative to the Ahlfors
regularity constant of X as to ensure that

A, p)\ A(x,p) # @ foreach x € ¥ and p € (0, diam(E)/k). 5.74)

For example, any A > C2/(*=1) will do. Fix r € (0, diam(X)/(101)) and suppose
X1, X € X are such that

107 < |x1 — x2| < 200Ar. (5.75)

Abbreviate
Aq:=A(xq,r) and Ay := A(xp,r). (5.76)
Next, select a real-valued function f € 2 and set fi := max{£ f, 0}. We then

have 0 < fu < |f| = f+ + f—on X, and f1 € LP(X, w) since Z~ C LP(Z, w).
For each y € X define

X2 — .
- ~f() if y e Ay,
ge(y) =1 2=l (5.77)
0 if yeX\Aj,
so g+ belong to L? (X, w) ® C{, and are supported in A;. Consequently,
2 X — —(x2 —
Rgi(x) = / yn O] (x2 = ) f+(y)do(y) foreach x € A.
wn—1 Jap |x =l lx2 — vl

(5.78)

Recall that the scalar component ug, of a Clifford algebra element u € C¢, is
defined as in (5.7). For each x € A and y € A we may use (5.1), (5.8), (5.11), as
well as (5.75) to compute

X — —(x2 — X — —(x -
( yG(z y)) =( y®( y))
lx — y|" |x2 — y| /scal lx —y|* 7 |xp —y| /scal
X — X — X
+( ’ o 2)
lx —y[* ~ |x2 — y|/scal

1 xX—y )
= n—2 +( n )
lx = y"== - |x2 =y lx — yl |x2 — y[/scal
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1 |[x — x2|

>
X —yI" 2 o=yl Ix—y" e xo —yl

|x — y| =[x — x2]
Ix — "1 xp —

- r 1-n
= C - .
= (2000r + 2112000 +7)

(5.79)

where the last equality defines ¢, ;. Based on (5.78) and (5.79) we then conclude
that we have the pointwise lower bound

|Rg+| > (Rg+) oy = - Cop + frdo on As. (5.80)
A

In concert with the boundedness of R on L? (X, w) ® C¢, (mentioned in the first
part of the proof) and the piece of notation introduced in (5.72), this permits us to
estimate

P oc»p b ! / p 1 / p
cha O (][Alfid0> Sw(Az) Az’Rgi‘ dew(A2) Z’Rgi’ dw

< P4 rPq
—w<Az)/|gi| (A)/ T dw-
(5.81)
Combining the two versions of (5.81), corresponding to f1 and f_, yields
p 2r-l.cl
clo.cop ][ Ifldo) <=—9 [ [£]? duw. (5.82)
’ AR<A1f ) = wds) o

Specializing (5.82) to the case when the real-valued function f € 2 is chosen such
that f = 1 on A then yields

-1 pw(AI)

S i) (5.83)

P .c—p p
Coa CAR <2

Running the same type of argument as above but with the roles of x| and x, (which
are interchangeable) reversed then produces, in place of (5.83),

pw(AZ)
O w(Ay)

o, Ccr=<2tC (5.84)
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From (5.84) and (5.82) we then conclude that for each real-valued function f € 2

we have
I/p
Fono=a(f i)’ (5.85)
Aq Aq

with

2

Cy = (21—1/17 - Co - Cn_lx C) ™ (5.86)

Consider now an arbitrary function & € L]I;C(E, w). In particular, the extension
of h | A by zero to the rest of ¥ belongs to L? (X, w). Granted this, (5.71) guarantees
the existence of a sequence of functions {f;}jen S £ such that

Fila, = hls, in LP(A1w) as j — oo. (5.87)
By eventually passing to sub-sequences there is no loss of generality in also

assuming that lim f;(x) = h(x) for o-a.e. x € Ay. Based on this, Fatou’s lemma,
Jj—o0

and (5.85) we may then write

1/p
][ |h|da§11_minf][ |fj|do§C1-liminf<][ |f,-|1’dw)
Al J—00 Al J—>00 A

1

< cl(f |h|? dw)l/p. (5.88)
Aq

P
loc

. y
][ |h|da§C1<][ |h|”dw> " (5.89)
At Ay

with C; € (0, 00) as in (5.86) (hence, in particular, independent of 4, x1, and r).

Start now with an arbitrary point x € X, and continue to assume that the scale
r belongs to (0, diam(E)/(lOA)). We may then employ (5.74) with p := 107 to
conclude that there exists some X € A(x, 10Ar) \ A(x, 10r). For such a choice we
then have 10r < |x — X| < 10Ar which, in light of (5.75), shows that we may run
the argument so far with x; := x and x, := X. In place of (5.89) we then arrive at
the conclusion that, with C| € (0, co) as in (5.86),

1/p
][ lh|do < C, (][ \h|P dw) for each
A(x,r) A(x,r) (5.90)

helL?

loc

Ultimately, this goes to show that for each & € L; (X, w) we have

(Z,w), x €5, r e (0,diam(X)/(101)).
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In the case when X is unbounded, from (5.90) (which now holds with no
restriction on the size of the scale r since diam(X) = o0) and the second part
of Lemma 2.12 we conclude that

w € Ap(S,0) and [wla, < CY. (5.91)
There remains to treat the scenario in which X is bounded. When this is the case,

starting with (5.90), the argument in the proof of Lemma 2.12 that has led to (2.529)
presently gives (with p’ denoting the Holder conjugate exponent of p)

’ pi]
(][ wda) <][ w!=P da) < Cf
Axr) AGr) (5.92)

foreach x € ¥ and r € (0, diam(E)/(lOk)).
To obtain a similar inequality in the regime
diam(X)/(101) < r < diam(X%), (5.93)

observe that for each x € ¥ we may estimate, using the Ahlfors regularity of ¥ and
the fact that r is comparable with diam(X),

’ p71
(][ wda> <][ w!=? do) (5.94)
Ax,r) A(x,r)
’ p—l
< C¥ . (100" ~P (][ wda) <][ w!'=P da) )
D) )

At this stage, there remains to bound the right-hand side of (5.94) by a suitable
finite constant which is independent of w. To this end, introduce the following
threshold rg := diam(X) / (201). We claim that there exist an integer

N eN with N <C2 - @on)"! (5.95)
along with a family of points {x; };V: | € X satisfying

|xj — xx| > roforevery j,k € {1,..., N} with j # k

N
5.96
and T C U A(x;, o). (5:56)

j=1

To justify this claim, observe that
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A= {A C¥: lx—x'| >r forall x,x' € A with x # x’} (5.97)

is a partially ordered set with respect to the canonical inclusion of sets. It is also clear
that any totally ordered subset 8 of A has an upper bound in A, namely | Jz g B.
By Zorn’s lemma, there exists a maximal element Ap,x in A. By maximality we
necessarily have

zc |J Ao (5.98)

X€Amax

Since X C R” is currently assumed to be compact, there exist {x j}?lz1 C Amax such
N
that . € A(xj, o). This takes care of (5.96). To estimate N as in (5.95), start
j=1
by observing that the balls {B (xj,ro/ 2)};\]: | are, thanks to the first line in (5.96),
mutually disjoint. Bearing this in mind, we may use the Ahlfors regularity of X to
write

N
Cpp - (diam(2))" ' > o(2) > > o (B(xj.r0/2) N ) (5.99)
j=1

>N-Cl (/" '=N-C (diam(E)/(40A))n_1

from which (5.95) readily follows.
Moving on, note that for every j, k € {1,..., N} with j # k one has

ro < |xj — x¢| < diam(X) = 20Arg. (5.100)

Thus, (5.75) holds with r := r¢/10 = diam(X)/(2004), and x, x; playing the role
of x1 and x». As such, (5.76) and (5.83) yield

A(xg, ro/10 -
w(AG%. ro/10)) <or bl cr. (5.101)
w(A(xj, r9/10)) ’

On the other hand, Ahlfors regularity and (5.90) applied to A(xg,ro) and the
function 2 = 1A (x,ry/10) Teadily gives

=2p . 10—(m—Dp
Cr-10 <

(M):cf’ WA 0/10) 5 405

o (A(xx, 10)) o w(AGk )

Collecting then (5.101) and (5.102) we conclude that
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w(A(xk, ro)) w(A(Xk,VO/lo))

(B0 70) <100V el w(B0r0/10) < Cy, (5.103)
with

Cp =273 100 DP . C3p P )P (5.104)

Since the latter estimate holds for every j, k € {1,..., N} with j # k we obtain

that for every j € {1,..., N}

N
w() 52 (A(xk, r0)) < N - Ca - w(Alxj, 1)) < C3 - w(A(x;, r0)),

(5.105)
where

C3:=2°P73 100707 ony" 1. €32 P e3P (5.106)

From (5.105) and (5.90) used with r := ry € (0, diam(X)/(101)) we then obtain
that for each h € L? (X, w) we have

1
/ |h|da§a(2)-C1~C3l/p(][ |h|”dw) " for jefl,....N}.
A(xj,ro) )

(5.107)
Summing up in j further yields

. y
]l lh|do < N - C -CQ/P(][ |h|”dw> " foreach h e LP(S,w). (5.108)
)] D)

Having established (5.108), the argument in the proof of Lemma 2.12 that has
produced (2.529) (used with A := X) then currently gives

/ p71
(7[ wdo) (f w!=P do) <(N-C-Cy/"Y? =NP.Cl .y
) D)

< 2575100 =DP L (4op) V@ADL P2 coP o3P, (5.109)

Together with (5.94) this finally proves that w € A,(X, o) and that

[w]A[; S C“R”LP(E w)@Cen Lp(z’w)®cen (5.110)

for C € (0, co) depending only on the Ahlfors regularity constant of X, n, and p.
Finally, from (5.91), (5.86), (5.110), and (5.73) we conclude that (5.69) holds.
O
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In concert with earlier results, Theorem 5.5 yields the following remarkable
characterization of Muckenhoupt weights.

Theorem 5.6 Let 2 C R”" be a UR domain and abbreviate o := ! |0K2. Fix
a function w € LIIOC(BQ, o) which is strictly positive o-a.e. on 32, along with an

integrability exponent p € (1, 00). Then the following statements are equivalent.

(1) The weight w belongs to the Muckenhoupt class A, (082, o).

(2) For each j € {1,...,n}, the j-th Riesz transform R; on 02 (cf. (4.297))
induces a linear and bounded operator on LP (92, w).

(3) The Cauchy-Clifford operator C from (5.12) induces a linear and bounded
mapping on LP (02, w) ® CL,,.

(4) The “transpose” Cauchy—Clifford operator C* from (5.14) induces a linear and
bounded mapping on LP (02, w) ® Cly,.

(5) For each complex-valued function k € €*° (R" \ {O}) which is odd and positive
homogeneous of degree 1 — n, the integral operator originally defined for each

function f € L'(082, lflifr?fl) as

Tf(x):= 1iI(I)1+ / k(x —y)f(y)do(y) foro-ae x € 0Q (5.111)

—
yea2
|x—y|>e

induces a linear and bounded mapping on LP (02, w).

Proof The implications (1) = (2) and (1) = (5) are direct consequences of Propo-
sition 3.4 and (4.297). From (4.297) it is also clear that (5) = (2). To proceed, let
v = (v, ..., ;) denote the geometric measure theoretic outward unit normal to
Q. Then (5.13) and (5.15) imply that the Cauchy—Clifford operator C from (5.12)
as well as the “transpose” Cauchy—Clifford operator C* from (5.14) induce linear
and bounded mappings on L? (€2, w) ® C¢, whenever all Riesz transforms on 9€2,
ie., R;j asin (4.297) with 1 < j < n, induce linear and bounded operators on
LP (02, w). This takes care of the implications (2) = (3) and (2) = (4).

Going further, bring in the integral operator R defined as in (5.68) for ¥ := 9€2,
ie, Rf =€ OR(f+-+e OR,f foreach f € L'(dC, 1+"|f|‘,2,1) ® Cly,
where {R;}1<j<n are Riesz transforms on €2 defined in (4.297). From definitions
and the fact that v © v = —1 at o-a.e. point of 92 (cf. (5.1)) we then see that for

each f € L'(3Q, H”lflc,?_]) ® Ct, we have

voCff=1Rf, -Cvo f)=1iRf, Cf=voC*O f),

1 1 (5.112)
C'f=-3vORf, CfF=3RVO[), C'f=vOCLO/).
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It is also clear that the statement in item (2) is equivalent to the demand that R
induces a linear and bounded operator on L” (32, w) ® C¢,,. On account of this and
(5.112) we then conclude that the implications (3) = (2) and (4)=>(2) are valid.
Finally, Theorem 5.5 gives the implication (2) = (/). The proof of Theorem 5.6 is
therefore complete. O
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