Chapter 4 )
Boundedness and Invertibility of Layer Qs
Potential Operators

The key result in this work is Theorem 4.2 which elaborates on the nature of the
operator norm of a singular integral operator T defined on the boundary of a UR
domain €2 whose integral kernel has a special algebraic format, through the presence
of the inner product between the outward unit normal v to 2 and the chord, as a
factor. Proving this theorem requires extensive preparations and takes quite a bit of
effort, but the redeeming feature of Theorem 4.2 is that said operator norm estimate
involves the BMO semi-norm of v as a factor. This hallmark attribute (which is
shared by the double layer operator K 4 associated with a distinguished coefficient
tensor A) entails that the flatter 92 is, the smaller ||T'|| is. In particular, having 92
sufficiently flat ultimately allows us to invert %I + K4 on Muckenhoupt weighted
Lebesgue spaces via a Neumann series, and this is of paramount importance later
on, when dealing with boundary value problems via the method of boundary
layer potentials. Subsequently, via operator identities relating the single and double
layers, we also succeed in inverting the single layer potential operator in a similar
geometric and algebraic setting.

4.1 Estimates for Euclidean Singular Integral Operators

We begin with a few generalities of functional analytic nature. Given two normed
vector spaces (X - X) and (Y -l y), consider a positively homogeneous mapping
T:X — Y,ie,afunction T sending X into Y and satisfying T'(Au) = AT (u) for
each u € X and each A € (0, 0o) (note that taking u := 0 € X and A := 2 implies
T(0) = 0 € Y). We shall denote by

ITlx—y :=sup {[Tully : ue X, Julx =1} € [0, o0] (4.1)
the operator norm of such a mapping T'; in particular,
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242 4 Boundedness and Invertibility of Layer Potential Operators

ITully = ITlIx>yllullx foreach u e X. (4.2)

It is then straightforward to see that a positively homogeneous mapping 7 : X — Y
is continuous at 0 € X if and only if T is bounded (i.e., it maps bounded subsets of
X into bounded subsets of YV) if and only if | T||x—y < +00.

Consider now the special case when X, Y are Lebesgue spaces (associated with a
generic measure space) and 7 is a sub-linear mapping of X into ¥ (i.e., T : X = Y
satisfies the property T (Au) = |A|T (u) for each scalar A and each function u € X,
aswell as T (u + w) < Tu + Tw at a.e. point, for each u, w € X). Then, for each
u,w e X wehave |[Tu — Tw| < |T (u — w)| at a.e. point, which further implies that
ITu —Twlly < IT@w—w)lly < ITllx-vyllu — w|x. Consequently,

a sub-linear map T : X — Y is continuous 43)
if and only if ||T || x_y < +o0. ’

Let us now start in earnest. To facilitate dealing with Theorem 4.1 a little later,
we first isolate a useful estimate in the lemma below.

Lemma 4.1 Fix an integrability exponent p € (1, 00) along with a Muckenhoupt
weight w € A,(R", L"). Then there exists a constant C € (0, 0o) which only
depends on n, p, and [w]a,, with the property that for each point x € R", each
radius r € (0, 00), and real-valued function A € Wli)’cl R™) with

VA € [BMO®R", £M)]" (4.4)
one has
[A®) — A0 = (VA ¥ —»)|” | o)
|x_y|(n+l)p wly
yeR”
|x—y|>r
p

< Cr?w(B(x,r)) HVAH [BMOGR" . £")]n - 4.5)

Proof Fix a function A as in the statement of the lemma. From Lemma 2.13 and
(4.4) we see that

VA e [Li, R, w)]". (4.6)

Next, recall from (2.533) that there exists € € (0, p — 1) which depends only on p,
n, and [w]AP, such that

we A, (R", L"), %))

Fix x € R" and r € (0, 00). By breaking up the integral dyadically, estimating the
denominator, and using the doubling property of w € A,_(R", L") (cf. item (5) of
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Proposition 2.20) we may dominate

|A<x>—A<y>—<VA(y>,x—y>|”d o)
|x_y|(n+1)P Wiy
yER"
[x=y|>r
o0 H o0 i
w(B(x,2/r)) 2/~ (B(x, r))
Scn,pigwl] an,p,wz; 2/(71-‘1—1)[7 1]5 (48)
j= j=
where, for each j € N,
im0 A0 = A0) = (VA x = )P du)
T w(B(x, 27r)) ’ '
2i-lr<|x—y|<2/r
4.9)
To proceed, for each j € N introduce
Aj(z) == A(x) — (][ VA dw) .z foreach z e R" (4.10)
B(x,2/r)

(making use of (4.6) to ensure that this is meaningful), and observe that I, originally
defined in (4.9), does not change if the function A is replaced by A ;. Consequently,
for each j € N we have

I, <Cp-1; +C, -1, (4.11)

1

2i=lr<|x—y|<2/r

and

I := 2 BG.27) / [VA; (0] dw(y). (4.13)

20l <|x—y|<2/r

Fix an integrability exponent g € (n, 00) and pick j € N arbitrary. Then for each
y € R" such that 2/=!r < |x — y| < 2/r we may estimate

1
14500 = 4001 = Cbe —31( VA;@I7dz)

[x—z]|<2|x—y]|
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. 1/(pq)
< Cymw .2Jr(][ VAP dw)
B(x,2x—y))
. rq 1/(pq)
< Cqunu - 277 ( va- vadu|" dw)
B(x.2lx—y)) B(x,2lx—y])
+cq,n,w.zfr‘][ VAdw—][ VAdw‘
B(x,27r) B(x,2|x—y])
< Cymw - 227 VAllBMO®" w)p
< Cqnw - 27| VAl BMo®, £ (4.14)

Above, the first estimate is provided by Mary Weiss” Lemma (cf. [24, Lemma 1.4,
p- 144], or [58, Lemma 2.10, p. 477]), the second estimate uses the fact that we have
|x — y| < 2/r and Lemma 2.12, the third estimate is implied by (4.10) which gives
VA; = VA — fB(x 2iyy VAdw, the penultimate estimate is a consequence of the
John-Nirenberg inequality, (2.103) (written with w in place of o), and the doubling
property of w, while the final estimate in (4.14) comes from Lemma 2.14. In turn,
(4.12) and (4.14) yield

I; <C-2/rr P||VA|| [BMO®" . L))" (4.15)
By combining (4.13) and (4.10) we also see that
) p
I; < 2“”rP][ VA —][ VAdw| dw
’ B(x,2/r) B(x,2ir)
< C-27PrP||VAl|mo@,wyp < C - 2]prp”VA” [BMO(R", £)]** (4.16)

where the last inequality is once again provided by Lemma 2.14. From (4.15)—(4.16)
and (4.11) we then conclude that

1j < C-2PrP | VA v on gnyp foreach j € N, 4.17)

LH
Using this back in (4.8) now readily yields (4.5), since Z?’;l 27 < 0. O

The next result, dealing with boundedness for certain type of singular integral
operators in the Euclidean context, refines work in [61, Theorem 4.34, p. 2725].

Theorem 4.1 Pick an integrability exponent p € (1, 0o) along with a Muckenhoupt
weight w € AP(R”_I,L"_I). Denote by p' € (1,00) the Hélder conjugate
exponent of p and by w' the dual weight w' = w'™P" € Ay @®R"L LY of
w. Next, fix three numbers n,m,d € Nwithn > 2, andlet N = N(n,m) € N be
a sufficiently large integer. Let A € Wli)’cl (R™™ Y be a complex-valued function with
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the property that

VA € [BMO®"!, £/~ H]" . (4.18)
Also, for each j € {1, ..., m} consider a real-valued function B; € WIL’CI R" 1
with the property that

VB; € [BMO®"~!, £/~H]""", (4.19)
and set B := (By, ..., By). In addition, consider a function ® : Rl — R4 for
which there exists ¢ € (0, 1] such that

clx’ =y | < 1@ — DY) < x| forall X',y e R, (4.20)

hence, ® is bi-Lipschitz. Going further, suppose F € €Nt2(R™) is a complex-
valued function which is even, has the property that 3% F belongs to L'(R™, L™)
for every multi-index a € Ng with |a| < N + 2, and

sup [(1+|XDIF(X)|] < +oo. 4.21)
XeR™

Finally, for each function g € LP(R"~', wL"") and each point x' € R*~" define

A,B .
Ty g(x") :=sup
>0

X

/ A(X) — AQ) —(VAQ). x" =)
|x/ _ y/|n
y’eR”’l
[P(x)=@()|>e

» F<B(X)—B(y)

/ d/
=] )g(y) y

. (4.22)

Then Tqi ’*B is a well-defined, continuous, sub-linear mapping of the Muckenhoupt
weighted Lebesgue space LP(R"™', wL"™ ) into itself, and there exists some
constant C(n, p, w) € (0, 00) which depends only on n, p, and [wla, with the
property that

A,B
HTij

4.23
LP@®" w Y pp e w el ( )

< Coupw) (Y [0F | paggm gy + sup (14 IXDIFCO)
|a|SN+2 XeRM

m

N

< IV Allgyogr -t (14 D 1VB) | saogrt oyt ) -
j=1
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Theorem 4.1 is an intricate piece of machinery allowing us to estimate, in a rather
detailed and specific manner, the maximal operator associated with integral kernels
that exhibit a certain type of algebraic structure. We shall put this to good use in
Lemma 4.2 which, in turn, is a basic ingredient in the proof of Theorem 4.2 (the
main result in this section). This being said, Theorem 4.1 is useful for a variety of
other purposes.

To give a significant example in this regard, work in the one-dimensional setting
and recall the Hilbert transform H on the real line from (1.24). Consider a complex-
valued function A € Wli)’cl (R) with the property that A’ € BMO(R, LY. Let
M 4 stand for the operator of pointwise multiplication by A, and denote by D the
one-dimensional derivative operator f + d f/dx on the real line. Also, fix an inte-
grability exponent p € (1, co) and a Muckenhoupt weight w € A, (R, £"). Then
the commutator [H, M 4 D], originally defined on functions from %3°(R), extends
to a bounded linear mapping on L? (R, w) with operator norm < C ﬁA’ ”BMO ®.LYH
where C € (0, 0o) is an absolute constant. Indeed, given any function f € %000 ®),
at £'-a.e. differentiability point x € R for A (hence, at £'-a.e. x € R) we may write
(keeping in mind that, since the Hilbert transform is a multiplier, H commutes with
differentiation):

d
[H, MaD]f(x) = H(Af')(x) — A(X)E(Hf(X)) = H(Af")(x) = A)(Hf")(x)

— lim l / Mf’(y)dy

=0t T x—y
yeR
e =yl>e
AQ) —AE) P
=—lim (S22 )
e—>01 X —Yy y=x—¢

.1 d (A(y) — Alx)
imy | SRS
258
x—y|>e

~ lim 1 / Alx) — AQy) — Az(y)(x - y)f(y) dy.
e—0t T (x—y)
S
x—y|>¢

(4.24)

(The fact that the limit in the third line of (4.24) vanishes is ensured by the
differentiability of A at x, and the continuity of f at x.) Granted this formula,
Theorem 4.1 applies with n = 2, m = 1, ® the identity, B = 0, and taking
F € ¢;°(R) to be an even function with F(0) = 1. The desired conclusion then
follows from (4.23).
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To offer another example where Theorem 4.1 plays a decisive role, fix some
»x € (0,00) and suppose X is a »-CAC passing through infinity in C. Recall the

7!
Cauchy integral operator on the chord-arc curve ¥ acts on f € L (E, dllfr (i))
according to
o f(§)
(Cs @) = 81331 I / = -ae zeX. (4.25)
LeX
lz=¢|>e

Since from Proposition 2.10 we know that X is the topological boundary of a UR
domain, Proposition 3.4 guarantees that Cy, is a well-defined, linear, and bounded
operator on the space L” (%, w) whenever p € (1,00) and w € A,(X, o), where
o=H" 2. Let us indicate how Theorem 4.1 may be used to show that

the flatter the chord-arc curve ¥ becomes, the closer the corre-
sponding Cauchy operator becomes (with proximity measured in
the operator norm on Muckenhoupt weighted Lebesgue spaces)
to the (suitably normalized) Hilbert transform on the real line.

(4.26)

A brief discussion on this topic may be found in [33, pp. 138-139]. In order to
facilitate a direct comparison between the two singular integral operators mentioned
in (4.26), it is natural to consider the pull-back of C; to R under the arc-length
parametrization R 3 s — z(s) € C of ¥. After natural adjustments in notation, this
corresponds to the mapping sending each f € L?(R, w) into

€@ = lim — / L)(s) F(s)ds for £lae. 1 R,

e—0t+ 27 z(t) — z

seR
|z(t)—z(s)|>€
4.27)
where p € (1,00) and w € A, (R, L. Recall from (2.219) that the function z(-) is

bi-Lipschitz, specifically,
(A +x)7 Y —s| < jz(t) —z(s)| < |t — 5| forall t,5 €R. (4.28)

Keeping this in mind, a suitable application! of [62, Proposition B.2] allows to
change the truncation in (4.27) to

. Z/(S) 1-

(Co H) = hm _27r /R —Z(t)—z(s) f(s)ds for L -ae. t €R, (4.29)
se
|[t—s|>¢

! While [62, Proposition B.2] is stated for ordinary Lebesgue spaces, the same type of result holds
in the class of Muckenhoupt weighted Lebesgue spaces (thanks to the fact that the phenomenon in
question is local in nature, and (2.576)).
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for each f € LP(R, w) with p € (1,00) and w € A, (R, LY. We wish to compare
the operator written in this form with the (suitably normalized) Hilbert transform on
the real line, acting on arbitrary functions f € LP (R, w), where p € (1, 0o) and
w e Ap(R, Lh, according to

f()

r—s

(Hf) (1) == lim+l / ds for L'-ae. 1 eR. (4.30)

e—>0T T
seR

|t—s|>¢

Fix p € (1,00), w € A,(R, L"), and f € LP(R, w). Then at L!-a.e.t € R we may
express

. o Jde 1
(€. —aH) 0= tm o= [ (s ) e
seR
[t—s|>¢

~ lim / A = 2l) Z eSO =9) o g
e—0+ 271 (z(t) — z(s))(t — 5)
|ti§]|R>e
431
Pick an even function ¢ € 6;°(C) satisfying (with x as in (4.28))
0<¢ =<1 and suppg < B(0,2),
¢=1 on BO,1)\B(0,(1+x)"), (4.32)

¢=0 on B(0, 2+2x)7"),
along with a function ¥ € %5 (R) which is even and satisfies
0<y <1, suppy C[-4,4], and ¥y =1 on [-2,2]\[-1.5] (433)
We may then invoke Theorem 4.1 with n := 2, m := 3, and

(1) =1, A@r):=z(t), B@t):=(Rez(r),Imz(r), 1) forall 7 €R,

c ] 3 (4.34)
F(a,b,c) := a—i——ib(p(a +ib)y(c) forall (a,b,c) € R,

and conclude from (4.23) and (2.228) that there exist some integer N € N and some
constant Cp, , € (0, 00) such that, with x as in (4.28), we have

|Ce = G/DH gy 1@y < Craw( 400V (4.35)
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This lends credence to (4.26) since it implies
I1Ca = WDH| gy Loy = OWX) as x — 0T (4.36)
After this preamble, we are ready to present the proof of Theorem 4.1.

Proof of Theorem 4.1 Throughout, let us abbreviate

_AGD - AG) = (VAR ¥ =) F<B(X’) - B(y/))

K&,y
) X =T =]

“4.37)
for each x’ € R"~! and £" '-ae. y/ € R"!. Having T*A’Bg(x’) in (4.56) well

defined foreach g € LP(R"~!, wL"~") and each x’ € R"~! is ensured by observing
that

K(-, ) isan £ ' ® £ !-measurable function on R" ™' x R 7!, (4.38)
which is clear from (4.37), and
foreach g € LP(R" 1, wL'™ 1), e > 0,x e R*,

one has / IK(x', y)|lg(¥)]dy < 4o0. (4.39)

/ERn—I
|i)/_ /
y'|>e

The finiteness property in (4.39) is a consequence of Holder’s inequality, (4.37),
the fact that F is bounded, and Lemma 4.1 (used with n replaced by n — 1, p’ in
place of p, and with w’ in place of w). In concert, these give that for each function
g€ LP (R, wL"_l), each ¢ > 0, and each x’ € R"~! we have

[ RGOl = Cefw (B )] sup 1FCON)x  @do)
7/E]Rn—l Xer™

w=y1=e X gl @t e | VAl pmog-t g1yt < 00

To proceed, for each function g € L” (R”’l, wL”_]), each truncation parameter
e > 0, and each point x’ € R"~! define

Tyl g(x') == / K&, yHg(y)dy' (4.41)
y'err-1

PGNP ()I>e

Thanks to (4.20) and (4.38)—(4.39), the above integral is absolutely convergent,
which means that qu’ ;Bg(x/ ) is a well-defined number. If Q_ denotes the collection
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of all positive rational numbers, we next make the claim that for each arbitrary
function g € LP(R"~', wL") we have

(Tq‘;‘,fg)(x/) = sup |(T£’;§Bg)(x/)| for every x' € R" 1. (4.42)

ecQy
To justify this, pick some g € LP(R*~', wL"~!). The idea is to show that if

the point x’ € R"*~! is arbitrary and fixed then for every ¢ € (0, oo) and for every
sequence {€;}jen C (0, 00) such that e; \( € as j — oo we have

jlirr;o (Tg;f_ g) () = (T5: ) (). (4.43)
To justify (4.43) note that

O eRTH D) — D) > g} S Y eRT [0 — ()| > ¢}

(4.44)
as j — oo, in the sense that
O eR7OW) — DY) > &)
=Jt er 0@ — @) > &) (4.45)
jeN
and
O eRH0W) - ()| > &)}
cly eR"™ O — @O > €41} (4.46)

for every j € N. Then (4.43) follows from (4.44) and Lebesgue’s Dominated

Convergence Theorem (whose applicability is ensured by (4.38)—(4.39)). Having

established this, (4.42) readily follows on account of the density of Q in (0, 00).
Moving on, we claim that

for each fixed threshold ¢ > 0, the function
R R 2 () = (Lyerrt, o) -o(ni=e) () €R (4.47)

is lower-semicontinuous, hence L' @ £ _measurable.

To justify this claim, observe that for every number A € R the set of points in
R"~! x R*~! where the given function is > A may be described as
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g if A >1,
[ y) e R X RY™H: @) — @(Y)| > e} if A €0, 1), (4.48)
R x R if A <O.

Thanks to the fact that & is a continuous function, all sets appearing in (4.48)
are open in R"~! x R"~!. This proves that the function (4.47) is indeed lower-
semicontinuous.

We next claim that

. P n—1 n—1 3 AB .
given any g € LP(R"™', w/L"™"), the function TQ* g is (4.49)

L' _measurable.

To see that this is the case, granted (4.42) and since the supremum of some countable
family of £"~!-measurable functions is itself a £"~'-measurable function, it
suffices to show that

TQ’ B¢ is a £"~'-measurable function, for each fixed 450,
¢ € (0, 00) and each fixed g € LP(R"~!, wL"1). :

With this goal in mind, fix ¢ € (0, oo) along with g € L? (R”*I, wL”*l), and for
each j € N define

Gj R xR — R givenatevery (x, y) e R""! x R""! by

Gj(x/, y/) = (lB(O’,j))(x/)K(x/, y/)g(y/)(l{y/e]gnfl’ |q>(x/)_q>(y/)\>g})(y/)o
4.51)
Then, thanks to (4.38) and (4.47), it follows that G ; is an L '@ £ -measurable
function for each j € N. In addition, from (4.51), (4.39), and since balls have finite
measure, we see that

/Rn_l o 1Gj(x', yHdx'dy" < +o0. (4.52)
X

Granted these properties, Fubini’s Theorem (whose applicability is ensured by the
fact that (R”_l, L”_l) is a sigma-finite measure space) then guarantees that

GRS R, g :=/ Gi(x',y)dy, Vx er' 1
8j gj(x") - j,y)dy 4.53)

is an £"~!-measurable function, for each integer j € N.

On the other hand, from (4.51), (4.53), and (4.41) it is apparent that for each j € N
we have
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gj =1p0.j Tp.' g everywherein R"'. (4.54)
In particular, this implies

lim g; = Teﬁ ’SB g pointwise everywhere in R (4.55)
j—o0 ’

At this stage, the fact that Tq/i’sB g is an £"~'-measurable function follows from
(4.55) and (4.53). The claim in (4.49) is therefore established.

We next turn our attention to the main claim made in (4.23). The special case
when d := n — 1 and ®(x') := x’ for each x’ € R"~! has been treated in [61],
following basic work in [58]. Specifically, from [61, Theorem 4.34, p.2725] we
know that if for each g € LP (R"~!, wL"~") we define

T Bg(x') := sup

e>0

/ K(x',y)g(y)dy'| ateach x’ e R"!, (4.56)

y’ER"il
|x'—y|>¢

then

T*A’B is a well-defined sub-linear operator (4.57)

from the space L? R w1 into itself

and there exists a constant C(n, p, w) € (0, oo) with the property that

(4.58)

*

TA,B’

L,;(Rnfl,w‘l:n—l)_)Lp(Rn—lqw[’n—l)

=Copw( Y [0F | pan o + sup (0 +IXDIFCO)
la|<N+2 XeR™

m

N

x [IVAll gvogn—1 gn—1yp-1 (1 + Z IvB;] [BMOR"~1, 7= 1)1 ) )
j=1

To deal with the present case, in which the truncation is performed in the more
general fashion described in (4.22), for each ¢ > 0 and each x” € R*~! abbreviate

D:(x") :={y e R" i |@(x)) — ®(y)| > & and |x' — )| < ¢}
U [y eR'T () — d(y) < e and |x' — )| > e}. (4.59)

Fix an arbitrary g € LP (R"~, wL"~1) and define
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Re(x') i= Sup/ A(X)—A(y)/—W/z‘l(y),x —y>x (4.60)
e>0J Da(x') |x" — '
B(x) — B(y'
F( (X)/ /(y)>g(y,) dy’
[x" =y’

at each point x’ € R"~!. The above definitions now imply that for each given
function g € LP(R"~', wL") we have

TQ’B g(x") < TABg(x) + Rg(x) forevery x' e R"L. (4.61)
To estimate the last term appearing in the right-hand side of (4.61), pick some
y € (0, p— 1) suchthat w € A4, R, L7, (4.62)

fix an arbitrary point x’ € R"~!, consider an arbitrary threshold & > 0, and select a
function g € LP(R"~!, wL"1). Also, abbreviate

Q= 0v, =y eR": x'—y|<e} (4.63)
and introduce

Ap(@) = A(Z) — ( ][Q VA dL'H) .7 foreach 7/ e R"1. (4.64)

Observe that the number Rg(x"), originally defined in (4.60), does not change if the
function A is replaced by A . Consequently,

Rg(x") < Rig(x") + Ryg(x"), (4.65)
where
A N—A ! B(x") — B(y'
Rig(x) im Sup/ Q(x/) /Q(y) ( (x)/ ,(y))g(y,) dy’
£>0J D.(x") lx" — y'|" lx" — y'|
(4.66)
and
VA /, / / B / _B /
Rog(x) ::Sup/ ( Q(/y))f y)F( (x)/ /(y)>g(y/) dy’.
£>0J D, (x") |x = y'|" |x" =y’
(4.67)

Note that, thanks to (4.20) and (4.59), we have
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ce <|x'—y|<c e foreach y' € D.(x"). (4.68)
Having fixed an integrability exponent ¢ € (n—1, 00), for each y' € D, (x") we may
rely on Mary Weiss’ Lemma (cf. [24, Lemma 1.4, p. 144]) in concert with (2.102),
(2.103), (4.63), and (4.68) to estimate

Ao(x) — Ap(y 1/
400D = 400l _ . IVAo()9de)
|x/ / q, 0
x' =y ¥/ —z/|<2]x'—y'|

= Cyun( ][
[x"—z'|<2|x" =y

][ vAdL ! —][ VA de!
0 v/ —¢'| <2l —y'|

<Cyn- c20=1/q ||VA”[BMO(R“",.E”’I)]"*I' (4.69)

9  N\la
dz)

VA®Z) —][ VA dg’
g/ <2lx—y|

+ Cq,n

Choosing g := 2(n — 1) it follows that there exists a constant C;,, € (0, co), which
depends only on n, such that

[Ag(x") — Ao (Y] < (Cu/o)|x" — Y'IIVA n=1_pn—1lyn—1
o 0 n [BMO®R"~1, £~ 1] (4.70)
for each point y’ € Dg(x").

In concert, (4.66), (4.68), and (4.70) allow us to conclude that

Rig(x) < Cp- ' 7" ( sup |FX)N)IV Al gpoge-1 g1yt X
XeR™

x sup ( 50NIY). @71
[x/—y'|<c~le

e>0

To estimate Rg(x’), bring in a brand of the Hardy-Littlewood maximal operator
which associates to each £"~!'-measurable function f on R”~! the function M, f
defined as

1/(1+y)
M, f(x) = sup<][ [ FOOHIFY dy/) for each x' e R* 1.
|x"—y'|<r

r>0
4.72)
Then, using (4.67), (4.64), Holder’s inequality, and (2.103) we may write

Rog(x)) < Cy- ¥ ( sup |F(X)|)x
XeR™

X sup (][
>0 [x'—y'|<c~le

vA) - £ VAdL g0y
Q
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< Cy- ¥ sup |F(X))M, g(x")x
XeR™

X sup (][
>0 [x'—y'|<c~le

< Cpy -7 Xsuﬂg |F(X)|)||VA||[BMO(W*1’ et My g (). (4.73)
c m

+n/y  N\v/(+y)
)

VA —][ VAdL !
0

Collectively, (4.65), (4.71), and (4.73), and Holder’s inequality imply

Rg(x') < Chny 'Ci?m( sup |F(X)|)||VA”[BMO(Rﬂ*l,L"*l)]nflMyg(x/)-
XeR™

4.74)
In turn, from (4.74) and (4.61) we conclude that for every x’ € R"~! we have
0<Ty () (4.75)

<TABg(x')+ Cpy - " ( sup [FCON IV All gyvoge-1_pn—1yp-1 My g(x).
XeR™

Granted (4.62), the maximal operator M, is a well-defined sub-linear bounded
mapping from LP(R"~!, wL""!) into itself. Bearing this in mind, from (4.75),
(4.57), (4.58), and (2.575), and the fact that the space L” (R" !, wL" 1Y is a lattice,
the estimate claimed in (4.23) now follows. As a consequence, TQ’*B is a sub-linear
mapping of finite operator norm on L? (R"~!, w£"~"). Hence, as remarked in (4.3),
the operator T, is continuous from LP@®R"1, wL") into itself. O

The next step is to transfer the Euclidean result from Theorem 4.1 to singular
integral operators on Lipschitz graphs, a task accomplished in the following lemma.

Lemma 4.2 Having fixed an arbitrary unit vector i € S"7', consider the
hyperplane H := (i)~ € R"~! and suppose h - H — R is a function satisfying

h(x)—h
M = sup M < 4o00. 4.76)
x,yeH |)C - y|
XF#Yy

Fix an arbitrary point xo € R" and let
G = {x0+x+h(x)ﬁ: er}gR” 4.77)
denote the graph of h in the coordinate system X = (x,t) & X = xo+x +ti, with

x € Handt € R. Abbreviate o := H" "' |G and denote by v the unique unit normal
to G satisfying v - ii < 0 at o-a.e. point on G. Also, fix some integrability exponent
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p € (1,00). Given a complex-valued function k € €~ +2(R” \ {0}), for some
sufficiently large integer N = N (n) € N, which is even and positive homogeneous
of degree —n, consider the maximal singular integral operator T acting on each

felLl(Go)as

T @) = sup / (x =y VG =N O do (], VxeG. (@T8)
E> | y€|g
x—y|>e

Then T, is a well-defined continuous sub-linear mapping from the space
LP(G, o) into itself and there exists a constant C(n, p) € (0, 00), which depends
only on n, p, with the property that

||T*||Lp(g,a)w<g,g)sC(n,p>M(1+M>4"+N< > sup|a“k|>. 4.79)
| <N+2 5"

Moreover, corresponding to the end-point case p = 1, the operator Ty induces a
well-defined continuous sub-linear mapping from the space L' (G, o) into the space
L1-%°(G, o) and there exists a constant C,, € (0, 00) along with some large exponent
N, € N, which depend only on n, with the property that

1Tl L1 g0y L1 (G.0y < Ca(l +M)N"< > sup |8"‘k|). (4.80)
| <N, $" 7

Proof Recall that {e; }<;<, stands for the standard orthonormal basis in R". Let us
first treat the case when xg = 0 € R” and # := e,, a scenario in which H = (en)L
may be canonically identified with R”~!. Assume this is the case, and consider an
even function ¥ € ¥°°(R") with the property that

0<y <1, 4 vanishes identically in R" \ B(0,2v1+ M?),
¥ =1 on BO,+/1+ M%)\ B(0,1), ¥ =0 on B(0,1/2),

(4.81)
and for each o € Njj there exists Cy € (0, 00), depending only
on the given multi-index «, so that sup, cgn [(3%¥)(x)] < Cy.
Then F := vk is an even function belonging to NV *2(R"), and satisfying
D Ny + sup (1 + [xF (x)]
la| <N+2 xeR
<Gyl +M)"< > sup |8°‘k|>, (4.82)

la|<N42 5"
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for some purely dimensional constant C, € (0, 0c0). Moreover, if for each point
x e R we set (x’) := (x/, h(x')) then ® : R*~! — R” is a bi-Lipschitz
function and (4.81) implies that

k(cb(x/) - @(y’)) _ F<<b<x/> - <1><y’>)

[x" — y'] lx" — ¥ (4.83)

foreach x’,y e R"™! with x’ #y'.

To proceed, note that for each o-measurable set E C G and each g € L! (E,o0)
we have

/ ¢do = / g RO+ I(VOHPAY,  (4.84)
E {y/eR™ 1 (v ,h(y))EE)}

(cf., e.g., [136, Proposition 12.9, p. 164]) and

(Vi (), =D

VIV

Also, fix f € LP(G, o) and define f~(x/) = f(x’, h(x")) for each x’ € R""!. In
particular, from (4.84) we conclude that

v(y, h(y) = for £ ae. y e R"L. (4.85)

ferr@ L™ and | f] pgo-t gty < I fllLeg.o)- (4.86)

Then based on (4.78), (4.84), (4.85), the homogeneity of k, and (4.83) we may write

(T ', h(x)

= sup
e>0

/ (VRGN x" =) + h(Y") = h(x")) x

y'eR"™! with
VI =y P —h(y)?>¢

X k(x/ -y, h(x") — h(y/))f(y/) dy’

X

/ h(x") —h(y") = (VA x" =)

= Su
p |x/_y/|n

e>0

y/eRn—l
() =D (y)|>e
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F(w)ﬂ dy'|.

(4.87)

From (4.87), Theorem 4.1 (used withm :=n,d :=n,A:=h,B := ®,andw = 1),
(4.82), and (4.84) we then conclude that (4.79) holds in this case.

To treat the case when xg = O but 7 € §"~! is arbitrary, pick an orthonormal
basis {v;}1<j<s—1 in H and consider the unitary transformation in R" uniquely
defined by the demand that Uvj = e for j € {1,...,n— 1} and Un = e,. Then
g = UG becomes the graph of h=hoU™! R” i — R, which is a Lipschitz
function with the same Lipschitz constant M as the original function 4. Since the
Hausdorff measure is rotation invariant, for each g € L'(G, o) we have

/ g(y)dO(y)z/NN(goU*I)(i)dE(i), (4.88)
YEG yeg

where & o = Lg Moreover, the unique unit normal v to Q satlsfymg v-e, <0
at H' '-ae. pomt on g isT = U(w o U™"). Consider k := ko U~! and note
that this is a complex-valued functlon of class VT2 (R" \ {O}) which is even and
positive homogeneous of degree —n. Finally, fix some function f € L?(G, o) and
abbreviate f = f o U~!. Bearing in mind the fact that U is a linear isometry
satisfying U~! = UT, from (4.78) and (4.88) we see thatif x € Gand ¥ := Ux
then

Tef () = sup / { =V, VONEE -G d5 )| (4.89)
_yeG
[x=Yy|>e
Hence,
T, f(x) = T, f(¥) whenever x € G and ¥ = Ux, (4.90)

where T, is the maximal operator associated as in (4.78) with the Lipschitz graph é
and the kernel k. In particular, given that (4.90) and (4.88) imply

/Q(T*f)(X)P do(x) = /é(ﬁkf)(f)p do (%), (4.91)

the estimate claimed in (4.79) becomes a consequence of the corresponding estimate
for the maximal operator T, established in the first part of the current proof.

The case when both xo € R” and 71 € S"~! are arbitrary follows from what we
have proved so far using the natural invariance of the maximal operator (4.78) to
translations.
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Finally, the estimate claimed in (4.80) becomes a consequence of (4.79) (with,
say, the choice p = 2), and standard Calderén—Zygmund theory (based on the
classical Calderén—Zygmund Lemma, and Cotlar’s inequality). See, for example,
[56, Theorem 8.2.1, p. 584] for more details in the standard Euclidean setting. O

4.2 Estimates for Certain Classes of Singular Integrals on
UR Sets

Theorem 4.2, which is central for the present work, is the main result regarding
the size of the operator norm of certain maximal integral operators acting on
Muckenhoupt weighted Lebesgue spaces on the boundary of UR domains. In turn,
this is going to be the key ingredient in obtaining invertibility results for the brand
of boundary double layer potential operators considered in this work.

To facilitate stating Theorem 4.2 we first introduce some notation and make
some remarks. Specifically, with e denoting the base of natural logarithms, for each
number m € Ng and ¢ € [0, co) let us define

AR (4.92)
and, if m > 1,
0 if + =0,
t- (/) ) f 0 <i < ()
m) . , (4.93)
m natural logarithms
(me)~1 if 1> (") L,

where e is the m-th tetration of e (involving m copies of e, combined by
exponentiation), i.e.,

m e’

e:= ¢ , the m-th fold exponentiation of e. 4.94)
——

m copies of e

We also agree to set %e := 1. Hence, inductively, for each integer m € Ny and each
t € [0, o0) we have
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0 if t=0,
(D = Tt In (1 /1) if 0 <1 < (Tl (4.95)
(m+le)—1 if t> (m+le)—l.

For further reference, it is useful to note that elementary calculus gives that this
function enjoys the following properties:

[0,00) 21 +—> A= [0, 0co0) is continuous, non-decreasing, (4.96)

plm) < plm=1) < . < ) < (egfl/s) pl-e

(4.97)
foreach r € [0,00), meN, € (0,1),

r < max({1, "e)t} - 1™ forall € [0,00) and m € N, (4.98)

)™ < At forall t €[0,00), m € Ny, and A € [1, 00), (4.99)

(%)M <. In ( ..1n (ln(l/min{t, (me)_l})) e )

—_— (4.100)
m natural logarithms

forall t € [0,00), meN, and o € (0, 1]

(with the convention that the value at t = 0 for the function in the right-hand side
of the inequality in (4.100) is its limit as # — O™). In particular,

(" <t In (I (In("e/n) - ) forall 1€[0,1], meN.  (4.101)

—
m natural logarithms

In fact, up to a multiplicative constant, the opposite inequality in (4.101) is true as
well. Specifically,

("o tn(dn(InCe/n) - ) < o) forall £ € (0,1, m T,

—
m natural logarithms

(4.102)
hence for each fixed m € N we have

1" x~t. In ( --In (ln(me/t)) . ), uniformly for ¢ € [0, 1]. (4.103)

—
m natural logarithms
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Here is the basic result mentioned earlier. Its proof is inspired by that of [61,
Theorem 4.36, pp. 2728-2729].

Theorem 4.2 Let 2 C R" be a UR domain. Abbreviate o := G |02 and denote
by v the geometric measure theoretic outward unit normal to Q2. Fix an integrability
exponent p € (1, 00) along with a Muckenhoupt weight w € A (02, o), and recall
the earlier convention of using the same symbol w for the measure associated with
the given weight w as in (2.509).

Next, consider a complex-valued function k € €N (R" \ {0}) which is even and
positive homogeneous of degree —n, where N = N (n) € N is a sufficiently large
integer. Associate with this function and the set Q2 the maximal operator T, whose
action on each given function f € LP (02, w) is defined as

T.f(x) :=sup |T, f(x)| foreach x € 3R, (4.104)

e>0

where, for each ¢ > 0,

T. f(x) = / (x — y, vk — ) f(y)do () forall x € 3Q.  (4.105)

yea2
[x—y|>¢

Then for each m € N there exists some C,, € (0, 00), which depends only on
m, n, p, [w]a » and the UR constants of 92 such that, with the piece of notation
introduced in (4.93), one has

1Tl Lr 202,y — L (32.w) < Cm( > sup |aak|>”””fgﬁaowg,a>1”' (4.106)
la|<N S"7

Moreover, when ||v|[BMO(3Q,0)" IS sufficiently small relative to n, p, (wla,, and
the Ahlfors regularity constant of 02 one may take C, € (0,00) appearing in
(4.106) 1o depend itself only on said entities (i.e., n, p, [wla,, the Ahlfors regularity
constant of 92) and m.

Before presenting the proof of this theorem, several comments are in order.

Remark 4.1 1t is of interest to compare the estimate in the above theorem with the
corresponding estimate from Proposition 3.4. Specifically, estimate (3.79) applied
with ¥ := 9% gives that for 7, as in (4.104) we have

1Tl 3Q,w)—LP3Q.w) < C(0L2, p, [w]Ap)”k @GN (sn-1)» (4.107)

sn—1
where C(3€2, p, [w]a,) € (0, 00) depends on 92 solely through its UR constants.
We observe that, in sharp contrast to this estimate, (4.106) features in the right-hand
side ”"”E]n;li/m(asz oy 82 multiplicative factor, something which the UR constants
of 92 cannot control.
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Indeed, for (3.79) no provisions are in place to take advantage of the specific alge-
braic format of the present integral kernel (x —y, v(y))k(x —y). For Proposition 3.4
to apply, this integral kernel needs to be dismantled into its most primordial building
blocks, i.e., as Z?:l k;(x—y)v;(y) withk;(z) := zk(z) for each point z € R"\ {0}
and j € {1,..., n}. Since multiplication by v; may be absorbed with the function
f (without changing its membership, or increasing its size, in the Muckenhoupt
weighted Lebesgue space L?(9€2, w)), Proposition 3.4 may then finally be invoked
in relation to each maximal operator associated with the kernel k ;. Estimate (3.79),
the end-product of such an approach, is then rendered insensitive to the flatness of
Q2.

As an example, consider the scenario in which €2 is a half-space in R”. While
is apparent from (4.104)—(4.105) that in this case ||Tx|lzrQ,w)—Lr0Q.w) = 0,
estimate (3.79) only gives || Tx|lLr (@, w)—LP(0Q,w) < +00. By way of contrast,
since in this case ||[v|[[BMo®2,0))* = O given that v is a constant vector, (4.106)
accurately predicts || Ty |l Lr 02, w)— LP (02,w) = 0.

Remark 4.2 In view of (2.118) and (4.103), in the estimate recorded in (4.106) we
could use

Ivlsyogg.o - 1n(+In (InC"e/Ivlpyoae.0m) - ) (4.108)

~—
m natural logarithms

in place of ||v|| Eglz/[O(asz, o In particular, if we abbreviate

Ivils == llvliBMO®GQ,0)1"» (4.109)

then corresponding to m = 1 we thus obtain

1Tl Lr 3, w)—Lr (3Q,w) = CQ( Z sup |30[/<|>||V||*ln (e/lvil+), (4.110)
el <N S" 7!

corresponding to m = 2 we have

1702 oo < Ca( Y2 sup 107kl )Ivll<In (In (/v]1)).
<N "7
(4.111)

etc., where in each case Cq € (0, 0o) depends only on n, p, [w]a s and the UR
constants of d€2. In particular, all the aforementioned operator norms have at most
linear growth in ||v||4, up to arbitrarily many iterated logarithms.

In the same vein, we may rely on the property recorded in (4.97) and we deduce
from (4.106) that for each € € (0, 1) we have
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_ 1—
1Tl Lr @2, w)—Lr @2, < (€° 1/“9)'&2( D sup |aak|)”””[13&o<m,a)]"’
le|<N S" 7!
“.112)

where Cq € (0, co) depends only on n, p, [w]Ap, and the UR constants of 9€2.

Remark 4.3 1In the context of Theorem 4.2, estimate (4.106) continues to hold with
a fixed constant C,, € (0, oo) when the integrability exponent and the Muckenhoupt
weight are allowed to vary with control. Specifically, an inspection of the proof of
Theorem 4.2 given below shows that for each compact interval I C (0, co) and each
number W € (0, co) there exists a constant C,, € (0, co), which depends only on
m, n, I, W, and the UR constants of 9<2, with the property that (4.106) holds for
each p € I and each w € A,(0L2, o) with [w]Ap < W.

Remark 4.4 From Proposition 3.4 we already know that 7, is bounded on
L? (02, w), with norm controlled in terms of n, k, p, [w]Ap, and the UR constants
of 0€2. The crux of the matter here is the more refined version of the estimate of the
operator norm of T, given in (4.106).

Remark 4.5 We focus on establishing the estimate claimed in (4.106) in the class of
operators whose integral kernel factors as the product of (x —y, v(y)), i.e., the inner
product between the unit normal v(y) and the “chord” x — y, with some matrix-
valued function k € €N (R" \ {0}) which is even and positive homogeneous of
degree —n, since it has been noted in (1.50) that this is the only type of kernel (in
the class of double layer-like integral operators) for which said estimate has a chance
of materializing.

Remark 4.6 The class of domains to which Theorem 4.2 applies includes all NTA
domains with an Ahlfors regular boundary.

Remark 4.7 In the unweighted case, i.e., for w = 1 (or, equivalently, when the
measure w coincides with o), estimate (4.106) simply reads

1Tl e (902,01 Lr (902.0) < Cm( > sup |3ak|)”"”fgﬁao<asz,o>]"' (4.113)
la|<N "

It turns out that whenever (4.113) is available one may produce a weighted version

of such an estimate via interpolation. Specifically, recall the interpolation theorem

of Stein-Weiss (cf. [14, Theorem 5.4.1, p. 115]) according to which for any two

o-measurable functions wg, wy : 32 — [0, oco] and any 6 € (0, 1) we have

= LP(0Q, wo) where w = w(])fe . w?.
(4.114)

(Ll’(asz, woo), LP (09, wlo))9 »
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Now, given a Muckenhoupt weight w € A,(3€2, o), from (2.533) we know that
there exists some t € (1, oo) (which depends only on n, p, [w]a » and the Ahlfors
regularity constant of 9€2) such that w* € A,(9€2, o). Upon specializing (4.114) to
the case when 9 :=1—1t7! ¢ (0, 1), wo := wT", and w; := 1 we therefore obtain

(LP0OQ,w o), LP(0R,0)), = LP (0, w). (4.115)

0.p
As aresult, since T is a sub-linear operator which is bounded both on L? (092, w¥ o)
(given that w* € A, (092, 0)), and on L? (32, o) we may write

I Tl e (992, uw)— LP (392, w)

1-6 0
S Tl v o0 wror—>r@e,wre) 1Tl Lr(0.00>Lr (32.0)

0
= Cvav”,P’k»[w]Al, (||V||E§K40(m’g)]n) ) (4.116)

with the last inequality provided by (4.113).

While the weighted norm inequality established in (4.116) is in the spirit of
(4.106), the manner in which the BMO semi-norm of the outward unit normal
vector v is involved is less optimal, as the small exponent 6 tempers the rate at
which the right-hand side of (4.116) vanishes as ||v|[[BMO®Q,0)) — 0% (indeed,

we have lim+(t<m))9/t<m> = +oo for each fixed 6 € (0, 1)). Hence, a two-step
t—0

approach consisting first of proving the plain estimate (4.113) and, second, deriving
a weighted version based on the procedure based on interpolation described above,
only yields a weaker result than the one advertised in (4.106). Given this, in the proof
of (4.106) presented below we shall devise an alternative approach, which deals
with the weighted case directly, incorporating the weight in all relevant intermediary
steps.

We are ready to proceed to the task of providing the proof of Theorem 4.2.

Proof of Theorem 4.2 We shall write the proof of Theorem 4.2 using an approach
designed to shed light on the specific manner in which the right-hand side of (4.106)
depends on the BMO semi-norm of the geometric measure theoretic outward unit
normal vector v to the set €2.

The bulk of the proof is occupied by the justification of the following result
(strongly reminiscent of an induction step, that allows us to boot-strap a weaker
bound on (|7l 1r (90, w)—Lr(0,w) tO & stronger one): knowing that there exists a
function

¥ : [0, 00) —> [0, 00) 4.117)

which is quasi-increasing near the origin, i.e.,
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there exist ¢, > 0 and C € [1, 0o) such that @.118)
Y (to) < Cy(t1) whenever 0 < 1y < t] < 14, '

such that for each exponent p € (1, 00) and each weight w € A,(3L2, o) there
exists a constant C € (0, 00), depending only on n, p, [w]a " the UR constants of
0€2, and v, with the property that

1Tl e (92, w)—Lr (992,w) = C( Z sup |3ak|)w(||V||[BMO(BS2,a)J")v (4.119)
la] <N $"!

implies that for each given integrability exponent p € (1, co), each Muckenhoupt
weight w € A,(3€2, o), and each function

¢ : [0, 0c0) —> [0, 00) (4.120)
satisfying
inf{¢p(z): t >7} >0 foreach 7> 0,

¢(7) > liminf¢(¢) foreach 7> 0,
o “.121)
$(0) = li%l d(t) =0, ¢(0) := 11%1 1)/t = o0,
t—0t t—0+

and Y (1) - ¢()"1 e ?D/' = 0(1) as 1 — 0T,

there exists a constant C € (0, oo) depending only on n, p, [w]a o the UR constants
of 0Q2, ¥, and ¢, such that we also have

1Tl Lr (90, w)—LP (3Q,w) = C( Z sup |8ak|>¢(”V”[BMO(BQ,G)]”)- (4.122)
<N 5"

Henceforth we shall summarize the above claim by simply saying that “(4.119)
implies (4.122).”

In connection with (4.121) we wish to make two remarks. Our first remark
pertains to the case when we assume

lim ¥ (¢)/t = oo. (4.123)
t—07t

In particular,
te :=sup {1, € (0,00) : Y(t)/t > e forall 1 € (0,1,)} € (0, ] (4.124)

is well defined and
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Y()/t >e forall ¢t € (0,1,). (4.125)
Then among all functions ¢ : [0,00) — [0, c0) satisfying the last property in
(4.121) the smallest (up to multiplicative constants) in terms of behavior near the

origin is actually the function

1’/7 : [0, 0c0) — [0, 00) given for each t > 0 by
VO0):=0, ¢@) :=tln@y@)/t) if t € (0,1,), (4.126)
and I/ﬂ\(l‘) =t,In(Y¥(t)/t,) forall ¢ € [t, 00).

To justify the minimality of (4.126), observe that the property in the last line of
(4.121) implies that there exist #,, M € (0, 0o) such that

(1) < Mg(r) - e?D/! foreach 1 € (0, 1). (4.127)
Elementary calculus gives
xe* < e foreach x € [0, 00). (4.128)
From this used with x := ¢(¢)/¢ and (4.127) we then obtain
()t < MO/~ foreach 1 € (0, ). (4.129)
In turn, this forces
stin (e (1)/Mt) < ¢(t) foreach 1 € (0,1,), (4.130)
and since thanks to (4.123) we have

Itin(ey (r)/Mt) i 3 In(e/M) + S In(y(1)/1)

m =
—0+  tIn(y(r)/1) 1—0+ In(yr(2)/1)
—1+11 M) li 1 4.131
=g T/ im o — 2 D

we ultimately conclude that

given any ¢ : [0,00) — [0, c0) satisfying the last property
in (4.121) it follows that ¢ (¢) dominates, up to a multiplicative 4.132)
constant, ¥ (¢) for all + > 0 sufficiently close to 0.

This justifies the claim about the minimality of @ made in the previous paragraph.
The second remark we wish to make in connection with (4.121) is that if in
addition to (4.118) and (4.123) we also assume that
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Y is continuous and 1im+ tIn(y(t)/t) =0, (4.133)
t—0

then

the function fﬁ defined in (4.126) is continuous, quasi-increasing
near the origin (in the sense of (4.118)), liI})l+ tIn(y()/t) =0, (4.134)
t—

and the function ¢ := @ satisfies all properties listed in (4.121).
That 1///\ is continuous is clear from (4.126) and (4.133). In particular, ¢ := 1/#\

satisfies the second property listed in (4.121). To check the second claim made in
(4.134), observe that

(0,00) > y —> x1In(y/x) is a strictly increasing function for
each fixed x € (0, c0), and each fixed y € (0, co) the function (4.135)
(0, y/e) > x —> x In(y/x) is also strictly increasing.

Ift, > 0and C € (0, o0) are as in (4.118), if £, € (0, c0) is as in (4.125), and if
t* > 0 is small enough such that

max{C,e/C} < ¥ (t)/t foreach € (0,1%), (4.136)

(something we may always arrange, thanks to the property assumed in (4.123)) then
whenever 0 < fy < t; < min{t,, t*, t,} we may write (using (4.126), (4.118),
(4.125), (4.135), and (4.136))

¥ (10) = to In(¥ (0)/10) < 10 In(CY (1) /10) < 11 In(C Y (11)/11)
=1, In(C) + 11 In(y (11)/11) < 21 In(yr (11)/11) = 29 (11), (4.137)

ultimately proving that 1///\ is, as claimed, quasi-increasing near the origin. In fact,
the same type of argument as in (4.137) (with C := 1) shows that

if the original function ¥ is genuinely non-decreasing, then the
function v associated with ¥ as in (4.126) is strictly increasing (4.138)
on (0, t,) and constant thereafter.

Next, (4.125) and ({.\ 126) readily imply (bearing in mind that theA function i is
continuous) that inf{y () : + > 7} > 0 foreach? > 0. The fact that ¥ is continuous
at the origin is seen from (4.126) and (4.133). Furthermore, (4.123) implies

lim @(t)/t = lim In(y(¢)/t) = oo. (4.139)
t—0t t—0t

Let us also note here that (4.139), (4.126), the fact that In(In x) < Inx for each
x > 1, and (4.133) allow us to write
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0< lim(i)r+1ft ln(i//f\(t)/t) < lim suptln(f/f(t)/t) = limsup?In (ln(w(t)/t))
t—

t—0t t—0t

<limsuptIn(y¥(z)/t) =0, (4.140)

t—0t

ultimately proving that, as claimed, lirngtln(l’ﬁ\(t) /t) = 0. Finally, (4.126) and
t—
(4.123) give

~ =~ 1
. -1 v/t _ P | (4 (V2D
Y@ -y @ e Y () I O/0) e

_ 1 _ +
= O/ o(l) as + — 07 (4.141)

This completes the proof of (4.134).

Assuming for the time being that (4.119) implies (4.122), let us explain how
this inductive step may be used to establish (4.106). From Proposition 3.4 (which
guarantees that the maximal operator T is bounded in L? (d€2, w) for each exponent
p € (1, 00) and each weight w € A,(9€2, o) with norm controlled solely in terms
of n, p, [w] Aps and the UR constants of 9€2) we conclude that (4.119) holds for the
constant function

Yo(t) := 1 foreach r € [0, 00). (4.142)

Incidentally, we may recast this as () = 0 for each ¢ € [0, 00) (cf. (4.92)).
This choice of function satisfies (4.118) (in fact, ¥ is non-decreasing), as well as
(4.123) and (4.133). Granted these, we may then conclude from (4.134) and the
working hypothesis, according to which (4.119) implies (4.122), that (4.122) holds
with

Y1 = o (4.143)

playing the role of the function ¢. This selection of the function ¢ is actually
optimal, since % enjoys the minimality property described in (4.132). Specifically,
given any ¢ : [0,00) — [0, 00) satisfying the last property in (4.121) with
¥ = g it follows that ¢ () dominates, up to a multiplicative constant, the quantity
Y(t) = %(z) for all + > O sufficiently close to 0.

In addition, from (4.134) and (4.138) we see that

the function ¥ is continuous, strictly increasing near the origin,
globally nondecreasing, and satisfies lim+ Y1(t)/t = oo as well
t—0

as lir(r)l tIn(y1(1)/t) = 0.
t—0t

(4.144)
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In fact, according to (4.124)—(4.126), we have

Y1 1 [0, 00) —> [0, 00) is given for each t > 0 by
Y1(0):=0, ¢1(t):=tIn(1/1r) if t € (0, 1/e), (4.145)
and ¥1(¢) :=1/e forall t € [1/e, 00),

hence (cf. (4.93))
Y1) =tV foreach 1 € [0, 00). (4.146)

In view of the aforementioned properties of ¥; and the fact that (4.122) holds with
Y1 playing the role of the function ¢, the present working hypothesis (according to
which (4.119) implies (4.122)) shows that (4.122) also holds with ¥, := @ playing
the role of the function ¢, and that v satisfies similar properties to those listed in
(4.144). Actually, (4.145) and (4.124)—(4.126) yield a concrete description of v,
namely:

Y 1 [0, 00) —> [0, 00) is given for each t > 0 by
Y2 (0) :=0, Yn(r) = tln(ln(l/t)) if e (0,1/e°), (4.147)
and yYp(¢) := 1/e° forall ¢ € [1/e®, 00).

Equivalently (cf. (4.93)),
Yo (t) =12 foreach 1 € [0, 00). (4.148)

Iterating this scheme m times then proves (see (4.95)) that (4.122) holds with ¢
replaced by the function described (using notation introduced in (4.93)—(4.94)) as

Y 2 [0, 00) —> [0, 00) given by

(4.149)
VUm (1) = Y for each r € [0, 00).

This induction establishes (4.106), modulo the proof of the fact that (4.119)
implies (4.122) (which we shall deal with momentarily). The above line of reasoning
explains the format of the conclusion in (4.106), while it also makes it clear that
(4.1006) is the best outcome one can produce working under the assumption that
(4.119) implies (4.122).

On to the proof of the fact that (4.119) implies (4.122). Our working hypothesis
is that there exists some function v : [0, c0) — [0, co) which is quasi-increasing
near the origin (in the sense of (4.118)) such that for each exponent p € (1, c0)
and each weight w € A,(92, o) the estimate recorded in (4.119) holds for some
constant C € (0, co) depending only on n, p, [w]Ap, the UR constants of 9€2, and
Y. Having fixed a function ¢ as in (4.120)—(4.121), the goal is to prove (4.122).
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To get started, it is visible from (4.104)—(4.105) that the maximal operator
T, depends in a homogeneous fashion on the kernel function k. As such, by
working with k/K (in the case when k is not identically zero) for the choice
K = Z|a\5 ~ Supgn—1 |0%k|, matters are reduced to proving that whenever (4.118)
holds for any p € (1, co) and, in addition, we have

Z sup |3%| < 1 (4.150)
o] <N S" 7!

then for each integrability exponent p € (1, oo) and each Muckenhoupt weight w
in A, (32, o) itis possible to find a constant C € (0, co) which depends only on n,
P, [w]Ap, Y, ¢, and the UR constants of 92 such that

ITell Lo (92, w)— L2 (32,w) < CO(IIVIIBMOGSR.0)1")- (4.151)

Henceforth, assume (4.150).

To proceed, fix an integrability exponent p € (1, co) and a Muckenhoupt weight
w € A,(0R,0). Pick a parameter 8, € (0, 1). Along the way, we will impose
further restrictions on the size of §4, depending only on n, p, [w] Aps the UR
constants of 9€2, and the functions v, ¢. In the case when [|v{|[gmoQ.0)p = O+
the estimate claimed in (4.151) follows directly (simply by adjusting constants) from
the first line in (4.121) and Proposition 3.4, which ensures that the maximal operator
T, is bounded in L? (02, w). Therefore, there remains to consider the case when
IvliiBMOQ,0))r < O+ Assume this is the case and pick some & such that

”V”[BMO(BQ,U)]" << 8* (4152)

Recall that our long-term goal is to prove (4.151) for some constant C € (0, c0)
which depends only on n, p, [w]a e Y, ¢, and the UR constants of 9€2. Since we
may assume that 8, is sufficiently small relative to the Ahlfors regularity constant
of €2 and the dimension n, we may invoke Theorem 2.3 which guarantees that

the set d€2 is unbounded and €2 satisfies a two-sided local John

condition with constants which depend only on the Ahlfors

regularity constant of d€2 and the dimension 7; in particular, the (4.153)
UR constants of d€2 are also controlled solely in terms of the

dimension n and the Ahlfors regularity constant of 9€2.

In addition, Proposition 2.15 ensures that there exists some constant Cq € (0, 00),
which depends only on n and the Ahlfors regularity constant of 92, such that for
each dilation factor u € [1, o) we have

sup sup  sup  R'|(x — y,vaw)| < Ca - n( +log, w)s. (4.154)
z€dR R>0x,yeA(x,uR)
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For reasons which are going to be clear momentarily, in addition to the truncated
operators T, from (4.105) we shall need a version in which the truncation is
performed using a smooth cutoff function (rather than a characteristic function).
Specifically, fix a function { € €°°(R) satisfying 0 < ¢ < 1 on R and with the
property that ¢ = 0in (—oo, 1] and ¢ = 1 in [2, 00). For each ¢ > 0 then define the
action of the smoothly truncated operator T on each f € L? (92, w) by setting

Tofe = [ e(") - yomnke - nrmen) @)
0 €

for each x € 9. Let us also define a smoothly truncated version of the maximal
operator (4.104) by setting, for each f € LP (02, w),

T f(x) = sup |T(s) f (x)| atevery point x € IQ. (4.156)
e>0

For the time being, the goal is to compare roughly truncated singular integral
operators with their smoothly truncated counterparts. To accomplish this task, for
each fixed y > 0 bring in a brand of Hardy—Littlewood maximal operator which
associates to each o-measurable function f on 9<2 the function M, f defined as

1/(1+y)
M, f(x):=su (7[ |f|1+y do) foreach x € 092, 4.157)
Asx A

where the supremum is taken over all surface balls A C 92 containing the point x.
On to the task at hand, having fixed some ¢ > 0, for each f € L? (92, w) and each
x € 02 we may estimate

[(x =y, v | kG = WILF ()] do ()

(T f = T )] < /

A(x,2e)\A(x,¢)

<o ][ lx — vy v 1£ D) dor(y)
A(x,2¢)

<o ][ o = 7 v() — vagee)| £ ()] do ()
A(x,2¢)

e ][A( 2) ¥ =¥, vaw20)llF ()1 do ()
X,2E

1

y+1 % T+y
<C (][ v(y) — VA(x,28)|% da(y)) (][ FAS)]knzd do(y)>
A(x,2¢) A(x,2¢)
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1

T+

+C( sup e o= yovacan)l) (][M 2)|f(y)|1+ydo(y)> '
x,2¢

yeA(x,2e)

<Cs- inf M,f, (4.158)
A(x,2¢)

using Holder’s inequality, (2.102), (4.152), (4.154), and (4.157). Ultimately, the
estimate recorded in (4.158) implies that there exists some C € (0, oo), which
depends only on y, n, and the Ahlfors regularity constant of €2, with the property
that for each function f € L? (92, w) we have

| T, f(x) — Ty f(X)| < C8- M,, f(x) foreach x € IQ. (4.159)

Henceforth we agree to fix y € (0, p — 1), which depends only on n, p, [w]Ap,
and the Ahlfors regularity constant of 92, such that w € Ap/14,)(d€2, o), with
[w]a /47 controlled in terms of n, p, [w]a s and the Ahlfors regularity constant
of Q2. From (2.533) we know that such a choice is possible.

To proceed, consider a dyadic grid D(d€2) on the Ahlfors regular set Q2 (as
in Proposition 2.19, presently used with ¥ := 0€). Also, choose a compactly
supported function f € LP(0%2, w). Note that for each ¢ > 0 the function T(g) f
is continuous on 92, by Lebesgue’s Dominated Convergence Theorem (whose
applicability in the present setting is ensured by Lemma 2.15). Since the pointwise
supremum of any collection of continuous functions is lower-semicontinuous, we
conclude that for each A > 0 the set

{x €9Q: Ty f(x) > A} isrelatively openin 9<. (4.160)

Next, fix a reference point xg € 92 and abbreviate Ay := A(xg, 27") for some
m € Z chosen so that

supp f C 2Ay. (4.161)

We emphasize that all subsequent constants are going to be independent of the
function f, the point x(, and the integer m. Upon recalling (2.500), define

Q = {QEDm(E)Q): Qﬂ2A0;£®} (4.162)
then introduce
Qe

By design, Iy is a relatively open subset of 0€2. Recall the parameter a; > 0
appearing in (2.502) of Proposition 2.19. We claim that
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Ip CalAg where a :=2(1+ap) > 2. (4.164)

Indeed, if x € Iy then x € Q for some Q € Q. In particular, Q N 2Ag # & so we
may pick some y € QN2Ag. Thenx,y € Q € A(xg, a;2™™) by (2.502), where x¢o
denotes the “center” of the dyadic cube Q. Consequently, |x — y| < a127"*! which
permits us to estimate |x —xg| < |x — y|+ |y —xo| < @27t 4 27mFl = 4.2,
Thus x € B(xp,a -27™) N 32 = aAy, proving the inclusion in (4.164).

We also claim that

there exists a o-measurable set N € 92 with the property that

o(N)=0and2A¢\ N C I. (4.165)
To justify this, recall from (2.504) that
N = 9Q\ (UQeDm(aQ) Q) is a o-measurable set satisfying (4.166)

o(N) = 0and 02\ N = Upep, ae) ©-

Intersecting both sides of the last equality in (4.166) with 2Ag while bearing in mind
(4.162)—(4.163) then yields

2A0\ N = U (QN2Ag) = U (0N24g) € U 0=1y, (4.167)
0€Dy, (092) 0eQq 0eQ

ultimately proving (4.165).
Let us now define

A:=0- ¢(8)_1 € (0, 00) for some fixed small 6 € (0, 1). (4.168)

At various stages in the proof we shall make specific demands on the size of 6,
though always in relation to the background geometric parameters, the weight, and
the function ¢, namely n, p, [w]a e ¢, and the Ahlfors regularity constant of 92
(the final demand of this nature is made in connection with (4.240)). We find it
convenient to abbreviate

n(, ) (4.169)

:= C{@”V n yw%% .e—¢(5>/a)1”/2 n e—<3+y+2/y>¢(a>/s}’

where C € (0, 00) is a constant which depends only on n, p, [w]Ap, ¥, ¢, and
the Ahlfors regularity constant of d€2. We agree to retain the notation 1 (6, §) even
when C € (0, 0c0) may occasionally change in size (while retaining the same nature,
however).

Since w € A,(02,0) C Ax(3L2, 0), there exists some small number 7 > 0
such that (2.537) holds. Our long-term goal is to obtain the following type of good-
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A inequality: there exists C € (0, oo) as above (entering the makeup of the entity
n(0, §) defined in (4.169)) such that for each A > 0 we have

w({x €lo: Tof(x) >4x and M, f(x) < Ak})

<10, 8)" - w({x elo: T f(x) > ,\}).
4.170)

Here and elsewhere, we employ our earlier convention of using the same symbol
w for the measure associated with the given weight w as in (2.509). The reader is
also alerted to the fact that the maximal operator appearing in the right-hand side of
(4.170) employs smooth truncations (as in (4.156)).

To prove (4.170), fix an arbitrary A > 0 and abbreviate

Fri={x€lo: T.f(x) > 4L and M, f(x) < AL} 4.171)

Proposition 3.4 implies that T, f is a o-measurable function. Since so is M,, f (cf.
[7] or [111, §7.6] for a proof), it follows that F, is necessarily a o-measurable
set. From (4.160) and the fact that I is a relatively open subset of 92 we also
conclude that {x € Iy : T(s) f(x) > A} is a relatively open subset of 92 (hence, o~
measurable). As such, the good-A inequality is meaningfully formulated in (4.170).

Clearly, it is enough to consider the case F, # & since otherwise (4.170) is
trivially satisfied by any choice of C € (0, co). For the remainder of the proof,
assume this is the case. Since ¥, C Iy and Iy € a/g, we conclude that

F. S 1lo SaAg and sup M, f < AX. 4.172)
Fa

To proceed, decompose Iy = P; U S, (disjoint union) where, with the smoothly
truncated maximal operator 7(,) as in (4.156),

Pri={xely: Toyf(x) <A} and Sy :={x €lo: Ty f(x) > A}. (4173)

As a consequence of (4.160) and the fact that [y is a relatively open subset of €2, the
set S is itself a relatively open subset of d€2. Moreover, using (4.159) and (4.172),
for each point x € ¥, we may estimate

M < Tof(x) < T f () + C8 - My f(x) < Ty f (x) + CSAN

5
= Ty f(x) + ce(m)x < Tpo f(x) + 31, (4.174)

by our choice of A in (4.168), the fact that 6 € (0, 1), and taking 4, small enough
to begin with (while keeping in mind that lim,_, o+ /¢ (¢) = 0; cf. (4.121)). From
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(4.174) we see that T(4) f (x) > A, hence x € S which ultimately goes to show that
¥ € S,. Thus,

S, is a nonempty relatively open subset of

0%, with the property that 7, € Sy C 1. (4.175)

We first treat the case in which there exists Qg € Qg such that P, N Qg = & or,
equivalently,

Qo C 8. (4.176)

Apply Theorem 2.6 to the (center and radius of the) surface ball aAg. This
guarantees the existence of three constants Cp, C1,Cy € (0,00) of a purely
geometric nature (i.e., depending only on n and the Ahlfors regularity constant of
d€2) with the following significance. Take

_ (1+y)(1+7//2)¢:3+y+2/7/

b - 4.177)
¢ Ca(y/2) Cy ¢
to play the role of the function in (2.360)—(2.361)). Assuming 8, € (0, 1) to be

sufficiently small to begin with, we then have the decomposition
alhg S GUE, (4.178)

where G and E are disjoint o-measurable subsets of 92 satisfying properties
implied by (2.363)—(2.368) (relative to xg and the scale r := a27"™) in the present
setting. Also, G is contained in the graph G = {xo +x+h(x)n: x € H} of a
Lipschitz function 4 : H — R (where i € §"~1 is a unit vector and H = (1) is
the hyperplane in R" orthogonal to 7) such that

h(x) —h -
10 ZhOV 5 0s). (4.179)
x,yeH |x - yl
by
whereas E satisfies
o (E) < C1e=C?O85 (any). (4.180)

Since supp f € 2A¢ and a > 2 it follows that f = f1,4,. Based on this
observation and the fact that Iy € aAg (cf. (4.172)), we may then estimate

o) < o({x €ato: To(flaay)0) > 421}). (4.181)

By further decomposing f1,a, = f1c + f1E (cf. (4.178) and the fact that we have
f = f14a,), then using the sub-linearity of T, as well as (4.178), (4.180), and
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(4.177) we obtain
a({x € aly :T*(flaAo)(x) > 4)\})
=o(fxeG: T(f16)0 > 21})

+o(fxeG: T(f15)) > 22})
+ C1e~ CTr2mMe® /o5 a Ap). (4.182)

To bound the first term in the right-hand side of (4.182), the idea is to use the fact
that G is contained in the graph G of the function %, then employ Lemma 4.2 while
taking advantage of (4.179). Turning to specifics, denote by & the surface measure
on G, and by ﬁ the maximal operator associated with G as in (4.78) (much as T in
(4.104)—(4.105) is associated with 9€2). That is, for each f € LP(G, o) set

T, f(x) = sup |T. f(x)

e>0

, Yxeg, (4.183)

where for each ¢ > 0 we have set

e

e f(x) = / (x =y, VOMk(x — ) f(»)d5(y), Vxeg, (4.184)
yeg

[x—=y[>¢

with ¥ denoting the unit normal vector to the Lipschitz graph G, pointing toward the
upper-graph of the function /. From (2.377) we know that

v(x) =V(x) ato-a.e. point x € G. (4.185)

We continue by fixing a point X € ¥, (which, according to (4.172), also places
X into aAp). As regards the first term in the right-hand side of (4.182), we may rely
on (4.185), the fact that the measures o and & agree on 92 N G (as they are both
manifestations of H" ! ), (4.183)—(4.184), (4.104)—(4.105), Chebyshev’s inequality,
Lemma 4.2, (4.177), (4.161) (and the fact that a > 2), (4.178), (4.157), (4.172), and
(4.168) to estimate

o({x € G:T(f16)) > 22}) =5 ({x € G : Tu(f16) () > 22})

=5({xe6: T(/16)w > 21})

1

i I 10) ket .
- m)—”y/g'T*(ﬂG)'w do = C,\l—+y/g|flc|1+y d5
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@' a(alo)
=Com / £ do < Co@) 7 ZE A0 |f1'7 do
A 1+
< Co3)" USWO) [Mr®] " = € ape)™* o@ag
=Co" o(aAy), (4.186)

for some constant C € (0, oo) which depends only on n, p, [w]a » ¥, ¢, and the
Ahlfors regularity constant of 9€2.

As regards the second term in the right-hand side of (4.182), once again fix a
point X € ¥, (which then also belongs to aAgp). Also, assume that 8, € (0, t,). We
may then use Chebyshev’s inequality, the hypothesis made in (4.119) (used with
p =1+ y/2 and w := 1), the assumption (4.150), (4.118), (4.152), the fact that
0 < 84 < tx, Holder’s inequality, (4.180), (4.157), (4.177), (4.172), and (4.168) to
obtain?

o(fr e G T.(f1p) @) > 22])

o(fr 09 T(r15)0) > 22})

1
= i /M2 (:(f1£)) " do

)1+y/2

(1Tl v 2 92,00 L1472 (92.0) 14y /2
< , J 1 " 4o
3 ot /d (111)

(Cy () 7/
=< W/A |17 1 do
alo

1+y/2

(Cy@)'r/2 2 i+
= i o ®F (| 1t de
alo
14+y/2

14+7/2 22 +
_ COOITR (B ) (][ |f|1+”do)1 0 (ato)
(lAO

Alty/2 o(alg)

21t is from the format of (4.187) that the value of having the last property in (4.121) is most
apparent. Indeed, since the left-most side of (4.187) is obviously dominated by o (G) < o(alp)

(cf. (4.178)), the estimate derived in (4.187) is only useful if YS! - exp{ — @} stays
bounded for § close to 0.
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14+y/2 é
VOIE ol - LIy ) o

=ETan A +7)3
< C(aw @) 72 exp| - LHV220) ng)d’(’” lo@an
14y/2
= C91+V/2[w(8)¢(8)1 -exp{ _ %‘S)}] oahy), (4.187)

where C € (0, co) depends only on n, p, [w]a e ¥, ¢, and the Ahlfors regularity
constant of 9€2. Gathering (4.182), (4.186), and (4.187) then yields

U({x €ang: To(flaa,)(x) > 4x})

- C{91+y +91+y/2<1(/;((§)) ,efaS(a)/s)“””/2 +e(3+y+2/y)¢(a)/a} o(ahy)

= (8, 8)o (alo), (4.188)

where (0, 6) € (0, co) is as in (4.169). Finally, from (4.188) and (4.181) we see
that

o (F1) =10, §)o(alo), (4.189)
where n(60, §) € (0, co0) is as in (4.169).

Moving on, observe that (2.502) implies that there exists a point xg, € 02 with
the property that

A(xgy.a02™™) € Qo € A(xgy. a127™). (4.190)

From this inclusion and (4.162) we then conclude that there exists some ¢ € (0, 00),
which only depends on the Ahlfors regularity constant of d€2, with the property that
alg € cA(xg,,a;27™). As a consequence of this inclusion we may write (for
some C € (0, co) which depends only on n, p, [w]s » and the Ahlfors regularity
constant of 9€2)

w(aAg) < w(cA(xQo, a12_m)) <C w(A(xQO, aOZ_m)) < Cw(Qp), (4.191)

where we have also used the fact that w is a doubling measure (cf. (2.535)) and
(4.190). With this in hand, we may now estimate

w(F) =10, 8)" - walo) <n(®,8)" - w(Qo)

<n0,8)" - w(S), (4.192)
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where the first inequality uses (2.537), the fact that 7, € aAy (cf. (4.172)), and
(4.189), the second inequality is based on (4.191), while the last inequality is a
consequence of (4.176). Therefore (4.170) holds whenever there exists Qg € Qp
suchthat Py N Qg = &

To complete the proof of (4.170), it remains to consider the case P, N Q # &
for each Q € Q. In this scenario, consider an arbitrary dyadic cube Q € Qp. From
(4.163) we know that Q C Iy. Subdivide Q dyadically and stop when P, N Q' = @.
This process produces a family of pairwise disjoint (stopping time) dyadic cubes
{0/ }/EJQ C D(3K) such that 9/ NP, = @, Q) € Q but Q/ # Q (since we have
Q' NP, =@but Q NP, # @), and Q' NP, # & for all Q' € D(3L) such that
0/l C o co. In particular Q7 C Q for every j € Jo and Q/ the dyadic parent
of O/, satisfies QJ C Q. With the o-nullset N as in (2.505), we now claim that

U QJESMQQ(U Qf>UN. (4.193)

Jj€Jo Jj€Jo

To justify the first inclusion above, observe that if j € Jgp then Qf c SN,
since 0/ € Q € Iyand O/ NP, = @ imply that Q; € Q \ P» = Q N S,. This
establishes the first inclusion in (4.193). As regards the second inclusion claimed in
(4.193), consider an arbitrary point x € (S,\ N Q) \ N. Then T f(x) > A which,
in view of (4.160), ensures that we may find a surface ball Ay := A(x, ry) such that
T f(y) > Aforevery y € A,. Thanks to (2.502) and (2.504) we may then choose
a dyadic cube O, € D(9€2) such that x € O, and Q, € Ay N Q < Iy. This forces
0. € 8,NQ, hence O, NP, = &. By the maximality of the family chosen above,
Q, C Q/ forsome j € Jg which goes to show that x € Q7. Ultimately, this proves
the second inclusion in (4.193).

Going further, the idea is to carry out the stopping time argument just described
for each dyadic cube Q € Q. For ease of reference, organize the resulting collection
of dyadic cubes { @/ : Q € Qy and j € Jp} (which is an at most countable set) as
a single-index family {Q¢},_; of mutually disjoint dyadic cubes; in particular,

U U e =1e. (4.194)

Qe jelg el

with the latter union comprised of pairwise disjoint dyadic cubes in 9€2. Note that
S N O might be empty for some Q € Qp and in this case Jo = @ (i.e., the family
of cubes {0/} jedo 1s empty, since there are no stopping time dyadic cubes produced
in this case). However, (4.163) and (4.175) imply that S N Q cannot be empty for
every Q € Qp and, as a consequence, J #* @. Going further, using (4.163) and the
fact that S; C Ij (cf. (4.173)) we may write

U Gino=s (4.195)
Qe
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which further entails, on account of (4.194) and (4.193), that

Uercsic(Ueo)un. (4.196)

tel tel
By construction, for each index £ € I there exists a point x; such that
x; € 0enNPi=0,N(I\Ss), (4.197)
where Qg denotes the dyadic parent of Qg (cf. item (4) in Proposition 2.19). For

eachf € T welet Ay := Ag, and Ay := Aéz be as in (2.502). Pressing on, split
the collection {A}¢cr into two sub-classes. Specifically, bring in

Ty :={teTI: thereexists x;* € Ay suchthat M, f(x;*) < AL}
and I :=71\171;.

(4.198)

Hence, by design, ¥, N Ay = & for each £ € I,. Recall now from (4.175) that
Fr € S,. From this, (4.196), and (2.502) we then obtain (bearing in mind that
o(N) = 0; cf. (2.505))

w) =Y wNQ) < Y wFNA. (4.199)
tel el

Let us also consider
Fo:={x € Ag: T f(x) > 4)} foreach ¢ € I, (4.200)
and observe that this entails
FrN Ay C Fp foreach £ € 1. (4.201)
Our next goal is to prove that
o(Fy) <n@,68)-o(Ay) foreach £ € 1. (4.202)
Granted this, using (2.537) it would follow that
w(Fp) <n,8)" - w(Ap) foreach £ € 14 (4.203)

which, in concert with (4.199), (4.201), (2.502) plus the fact that w is a doubling
measure, and (4.196), would then imply

w(F) < Y wFNA) < Y wFe) <n@.8)" - Y w(Ay)

lel lel lel
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<00, 87 Y w(Qe) 06,8 -y  w(Qr)

lel tel
=1(0,8)" - w(Sy), (4.204)

finishing the justification of (4.170).

We now turn to the proof of (4.202). Fix £ € 1| and, in order to lighten notation,
in the sequel we agree to suppress the dependence of Ay, Av, Fo, x;,and x;* on the
index ¢, and simply write A, A, F, x*, and x**, respectively. With this convention
in mind, observe first that

A C2A. (4.205)

To justify this inclusion, recall from (2.502) that we may write A = B(xg, rg)N9$2
and A = B(xg. r5)N9as2; moreover, since Q is the parent of Q, we have rg = 2rg.
Then for each x € A we have

|x —x§| <l|x —xgl+Ixg — x§| <ro+rz= (3/2)r§ < 2r§ (4.206)

which ultimately proves (4.205). Going forward, let us also denote by A* the surface
ball of center x* and radius R := A -rg, for a sufficiently large constant A € (2, c0)
(depending only on the implicit constants in the dyadic grid construction, which in
turn depend only on the Ahlfors regularity constant of d€2) chosen so that

2A C A% (4.207)
We then decompose

f=/i+ f2 where fi:= flyzs and fo:= flyg 555 (4.208)

By virtue of the sub-linearity of T, and the fact that A C A* C 4A* (cf. (4.205)-
(4.207)) this implies

o(F) < a({x eA: T fi(x) > 2,\}) +a<{x eA: T olx) > 2A}>

< o({x € 4N Ty fi(x) > 2/\}) +a({x cA: T olx) > 2x}).
(4.209)

The contribution from fj in the last line above is handled as in (4.178)—(4.180),
(4.182)—(4.188) by performing a decomposition of 4A* as in Theorem 2.6. Indeed,
al, X, f,and X are replaced by 4A*, x**, f1, and %A, respectively, and we use the
fact that M, f(x™) < AX (cf. (4.198)), supp f1 C 2A* C 4A* (cf. (4.208)), and
0 (4A*) < c-a(A) for some ¢ € (0, c0) depending only on the Ahlfors regularity
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constant of 92 (since 92 is Ahlfors regular and the surface balls 4A*, A have
comparable radii) to run the same proof as before. The conclusion is that

U({x € 4N Tofi(x) > 2x}) <00,8) - o(A). (4.210)

In view of the conclusion we seek (cf. (4.202)), this suits our purposes.

As for f,, recall that R is the radius of the surface ball A*, and for each & > 0 set
¢’ := max{e, 2R}. Based on this choice of ¢’, the definition of the truncated singular
integral operators in (4.105), the truncation in the definition of the function f>, the
estimate in (4.158) (presently used with x* in place of x and &’ in place of ¢), the
fact that x™ € A C A* C A(x*,2¢") (cf. (4.198) and (4.205)—(4.207)), the fact
that M, f(x*) < AX (cf. (4.198)), the definition of T(y) f(x*) (cf. (4.156)), the
membership of x* to P, (cf. (4.197)), and the first formula in (4.173), we may write

|T: ()| = [ Ter f )| < T f(5F) = Tery f )| 4 | Tery f (6]

< C8- My f(X™) + T f (x*) < CSAL+ 1

_ 8 3
_Ce(m>k+k <3, 4211)

with the last line a consequence of our choice of A in (4.168), the fact that9 € (0, 1),
and the ability of taking 6, € (0, 1) small enough to begin with (while bearing in
mind that lim,_, g+ /¢ (t) = 0; cf. (4.121)). With ¢ > 0 momentarily fixed, consider
now an arbitrary point x € A and bound

|T. fo(x) = Te fo(x™)| < T+ T+ 1L, (4.212)
where
t= [ feesoonke -y
yEIQ\IAF
—yl=e, l*—y|=e
= (X" =y, vOMkG® = IS do(y),
II:= / [(x =y, v Ik(x = WL da(y),

yEIQ\2A*
lx—yl>e, |x*—y|<e
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I = / [(x* =y, vODKGT = DI )] do (v). (4.213)

YEIQ\2A*
[x*—y|>e, [x—y|<e

In preparation for estimating the term I, we will first analyze the difference
between I and a similar expression in which v(y) has been replaced by the integral

average vax 1= fA* vdo. To set the stage, for each fixed y € 92\ 2A* consider the
function

Fy(z) :==(z—y,v(y) —vax)k(z —y) foreach z € B(x*, R). 4.214)
Then
V — VA*
(VF)()| < ( 3 sup |8“k|)% foreach z € B(x*, R).  (4.215)
<1 sn—1 =Yy

Keeping in mind that x € A € A* = B(x*, R) N9 (cf. (4.205)—(4.207)), we have
|x —x*| < R. (4.216)

Also, (recall that [x, x*] denotes the line segment with endpoints x, x*),
|x* —y| < 2| —y| foreach y € 32\ 2A* andeach & € [x, x*]. 4.217)

Hence, by (4.214)—(4.215), the Mean Value Theorem (bearing in mind (4.150)),
(4.216)—(4.217), and Holder’s inequality it follows that

/ag\zA*

= [ IR RElI0l e
IQ\2A*

(x =y, v(y) —vasdk(x —y) — (x* — y, v(y) —vas)k(x™ — Y)|| f ()| do (y)

5/ lx —x*]- sup ]|(VFy)(S)||f(y)Id0(y)

AQ\2AF £e[x.x*

[f(MIdo(y)

R
< C/ ———|[V(y) — vax
a\2ax [X* —y|" |

<cy i (3 = va-
=172

JHAR\2J A

|f(M]do(y)
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14y ™
+ [vyiripe —va]) 7 da(y)) X

oo
—j ) |
- nglz <]£j+lA* (|v(y) Vi1 A

1 ﬁ
X (7[ | fI' ™ da(y))
2/ 1A%

oo
(DG +2277 ) Ivlmvoae.om My £ (™)

j=1
< CAéA, (4.218)

for some C € (0, oo) which depends only on n, p, [w]4 e and the Ahlfors regularity
constant of 2. Above, the fifth inequality relies on (2.102) and the fact that

|v2_,~+1A* —va+| = C (G + D IvliBmo@a.o)pr foreach j € N 4.219)
for some C € (0, 0o) depending only on 7 and the Ahlfors regular constant of 9€2,
which is a direct consequence of (2.105). The fifth inequality in (4.218) also uses
the fact that x** € A € A* C 2/ A* for each integer j € N. The last inequality
in (4.218) is a consequence of the fact that M,, f(x**) < AX (cf. (4.198)).

On the other hand, from the properties of the kernel k and the Mean Value
Theorem we obtain

/asz\zA*

(x =y, vandk(x —y) — (x* — y, vas )k (x™ — y)‘lf(y)l do(y)

B /BQ\ZA*

+ (5= v, vae) (kG = 3) = kG = ) [IF 0] do )

((x =y, vas) = (& =y, va0)) k(3™ — y)

)C*’])A*H |(x_y’
=C +R ) do
nZ/H'IA*\Z/A* | *_y|n |x |n+1 |f()’)| ()’)
<C Z/ le(y)ldo(y)
! 2t An2iAr X =y
— Y, VAax — V2_i+lA*>|
+CuR / "
n Z /+1A*\2/A* |x* _ y|n+] |f(y)| (y)
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+CnRZ// el p)ldoty)

2/+1 AR\ 27 A* X
=1L +0L+Is. (4.220)

To estimate I;, write

o0

I < CuR™ I —x%, wae)| 3 27 ][ f()ldo ()
. 2/ FLA*
j=1

< C8Y 27T My f(x*) < COM,, f (x™)

j=1
< CAéx, (4.221)

where C € (0, co) depends only on #, and the Ahlfors regularity constant of 9S2.
The second inequality above is a consequence of (4.154) used here with z := x*,
y = x*, u := 2 (a valid choice given that x € A(x*, 2R) since, as seen from
(4.205)—~(4.207), we have x € A € A* = A(x*, R)) and x* € A C A* C 2/ FIA*
for each j € N. The last inequality (4.221) uses M, f(x**) < AX (cf. (4.198)).

To treat I, we write (for some C € (0, co) which depends only on 7, and the
Ahlfors regularity constant of 9€2),

L < CRZ/ e Z ol £ )1 doy)

2tiAn2iax X = yI"

oo
<CY G+ DIvipvowe.or 2™ ]i,w |f ()l do(y)

j=1
< CSM, f(x™) < CASA, (4.222)

where the first inequality uses the definition of I (given in (4.220)) as well as the
estimate [x —y| < (3/2)|x* — y| valid for each y € 9\ 2A*, the second inequality
takes into account (4.219) and the Ahlfors regularity of 0€2, while the remaining
inequalities are justified as in (4.221).

As regards I3, write (again, with C € (0, co) depending only on n, and the
Ahlfors regularity constant of 9€2)

I < czz f]l ey Varadll ) o)

2+ A% 2/+1R
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5@322—./]5 L NFO1do ) = CoMy 7™
=1 JHLA*

< CAGA. (4.223)

The second inequality in (4.223) is based on (4.154) used with z := x* and R
replaced by 2/F! R. The remaining inequalities in (4.223) are then justified much as
in (4.221).

At this stage, by combining (4.218) and (4.220)—(4.223) we conclude that there
exists some C € (0,00) which depends only on n, and the Ahlfors regularity
constant of 0€2, such that

[<CASL. (4.224)

To bound II in (4.213), recall that x, x™* € A and assume y € 92 \W is such
that [x* — y| < e and |x — y| > &. Then, 2R < |[x* — y| < & and since x, x** €
A C B(xg,rg) (where xp and rg are, respectively, the center and radius of the
surface ball A)and R = A - rg with A > 2, we have [x —x™| <2rg < R < ¢/2.
Hence, the point x** belongs to the surface ball A(x, £/2). Moreover, on account
of (4.216) we may write |[x — y| < |[x — x*| + [x* — y| < R+ ¢ < (3/2)e which,
in particular, guarantees that y € A(x, 2¢). Consequently, € < |x — y| < 2¢ hence
lk(x — y)] < 7" and (for some C € (0, oo) which depends only on depends only
on n and the Ahlfors regularity constant of 92),

< ce! ][ & — v v 1) dar ()
A(x,2¢)
< Ce! ][ (= v, v(3) = a2 1f )] do ()
A(x,2¢)

4+ Ce! 7[ [ = v vage2o)] LF O] do ()
Alx,2¢)

=:1I; + II,. (4.225)
Using Holder’s inequality, (2.102), (4.198), and (4.152) we obtain that there exists

some C € (0, oo) which depends only on n, p, [w]a 2 and the Ahlfors regularity
constant of 9€2, such that

Ly i 1+ T
1 < c(f W) = vaganl 7 da(y)) (7[ O] Vda(y))
Ax.26) A(x.2¢)

< Clvlimows.opp My f(x*) < CASA, (4.226)
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since x** is contained in A(x,&/2) € A(x,2¢) and M, f(x™) < CAA, as
already noted earlier. As for II,, invoking (4.154), Holder’s inequality, and (4.198),
it follows that (with C € (0, co) as above)

o= c( s e ix = yovseao)
yeA(x,2¢) A(x,2.

: |f () do(y)

1

soo(f 1o o)™
A(x,2¢)

<C5- M, f(x*) < CASA. 4.227)

From (4.225)—(4.227) we see that there exists C € (0, co) which depends only on
n, p, [w]a e and the Ahlfors regularity constant of 9€2, such that

Il < CAS. (4.228)

Turning our attention to III, recall that x, x** € A and suppose y € dQ \ 2A* is
such that [x* — y| > ¢ and |x — y| < e. Then [x* — y| > 2R > R + |x — x*| by
(4.216) which further entails ¢ > |x — y| > |x* — y| — |[x — x*| > R. In particular,
R < . If we now abbreviate R := R + ¢ then, on the one hand, we may write the
estimate [x* — y| < x* — x|+ |x —y| < R+¢& = R, while on the other hand
having |x* — y| > ¢ and |x* — y| > 2R implies |x* — y| > R + (¢/2) > %I? As
such, [k(x™* — y)| < R and

< C,R™! ][ =y, v f () do (v). (4.229)
AG*,R)

Granted this, the same type of argument which, starting with the first line in (4.225)
has produced (4.228) (reasoning with R /2 replacing ¢ and with x* replacing x)
will now yield (for some C € (0, co) which depends only on n, p, [w]Ap, and the
Ahlfors regularity constant of 9€2)

Il < CA S, (4.230)

as soon as we show that x** € A(x*, R). To justify this membership, start by
recalling that |[x — x**| < 2rp < R and then use (4.216), the triangle inequality,
and the fact that R < ¢ to estimate |x* — x™*| < |x — x*| 4+ |[x — x™] < 2R < R.
The proof of (4.230) is therefore complete.

Let us summarize our progress. From (4.212), (4.224), (4.228), (4.230), and our
choice of A in (4.168) we conclude that there exists some C € (0, co), which
depends only on n, p, [w]a,, and the Ahlfors regularity constant of 9€2, such that
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8
T o(x) — T. fo(x)| < C AsA = ce(m>x, VieA, Veso0.
(4.231)
In view of the fact that & € (0, 1), and taking §, € (0, 1) small enough to begin
with (again, keeping in mind that lim,_, o+ ¢ /¢ (t) = 0; cf. (4.121)), from (4.231) we
conclude that

T, fr(x) — T, fo(x®)| < %)\, VxeA, Ve>D0. (4.232)

By combining (4.211), (4.232), and (4.104) we thus obtain
Ty fo(x) <2 forall x € A, (4.233)

whenever §, € (0, 1) is small enough. Therefore, for this choice of §,, we conclude
that

a({x €A Tfo(x) > 2,\}) —=0 (4.234)

which, in concert with (4.209) and (4.210), establishes (4.202). This finishes the
proof of the good- inequality (4.170).

Once (4.170) has been established, we proceed to prove (4.151). First, using
(4.159), by our definition of A, and by possibly choosing a smaller 8, € (0, 1)
(again, bearing in mind that lim,_, o+ t/¢ () = 0; cf. (4.121)), for each point x € I
with T(y) f(x) > A and M,, f(x) < AX we may write

ho< Ty f(x) < Tuf (1) +C8 - My f ()

< T f(x)+ CSAL = To f(x) + ce((pf—a))x

< T f(x) + %A (4.235)
Hence, for such a choice of 8, € (0, 1) we have

%)\ < T, f(x) whenever the point x € Iy is (4.236)
such that T4 f(x) > A and M,, f(x) < AA. ’

Consequently,
{xely: Ty f(x) > and M, f(x) < AL}
clxely: Tfx) > 5} (4.237)

which, in turn, permits us to estimate
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w({x €lo: T fx) > A}) < w({x €lo: Tayf(x) > A and M, f(x) < AA})
+w({xelo: My f() > Ar})
sw(fvel: Trw = 4})
+w({xel: Myf() > Ar}).  (4238)
From (4.169) and (4.121) it is clear that for each fixed 6 we have

n0,8) = CO™ +6'2.0(1) +o(1)) as § — 0F. (4.239)

This makes it is possible to first choose the threshold 8, € (0, 1), then pick the
coefficient & € (0, 1) small enough depending only on n, p, [w] Aps ¢, and the
Ahlfors regularity constant of 0€2, so that

n@,8)" < 2-87)7L, (4.240)

This is the last demand imposed on 8., 6, and the totality of all these size
specifications imply that the final choice of these parameters ultimately depends
only on n, p, [w] Aps ¢, and the Ahlfors regularity constant of 9€2. Combining
(4.238) with (4.170) and keeping (4.240) in mind we then get

w({x e lo:Tuf (0 > 42})
< w({x €lo: Tof(x) > 4% and M, f(x) < Ak})
+w({xelo: My f(x) > Ar})
<06, 8) - w({x €lo: T f(x) > x})
+w({velo: My f > A2))
<@-8n " w({rel: Trw > 3))
+(1+@-87)7 w({x elo: My, f(x) > Ak}). (4.241)

Recall that y € (0, p—1) has been chosen so that w € A /(14,)(92, o), hence M,,
is bounded on L? (32, w). Multiply the most extreme sides of (4.241) by pA?~! and
integrate over A € (0, 00). Bearing in mind that A = 6 - ¢(8) ™!, after three natural
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changes of variables (namely, % := 4X in the first integral, n o= %)\ in the second
integral, and A := 6¢ (8)" ! in the third integral) we therefore obtain

T f1P dw =< % T, f1P dw + ¢ (8)P67P (2% +2_p_l)/ My, /)P dw
Iy Iy )

IA

1
— | Ty f1? dw + C ¢(8)? / | f17 dw, (4.242)
2/ IQ

for some constant C € (0, co) which depends only on n, p, [w] Aps ¢, and the
Ahlfors regularity constant of €2 (hence, in particular, independent of the function
f, the quantity &, as well as the parameters xp, m defining the set Ip). Since
f € LP(092, w) and the operator T, maps the space L? (92, w) into itself (cf.
Proposition 3.4), it follows that flo [T f1P dw < IIT*f||ip(397w) < 00. Hence, the
first integral in the right-most side of (4.242) may be absorbed in the left-most side.
By also taking into account (4.165), we therefore obtain

/ T f 1P dw 5/ T f 1P dw < c¢<s>"/ \£17 duw. 4.243)
280 Io 90

Recall that 2A¢ = A(xg, 2~™*!) and the only constraint on the integer m € Z
has been that supp f < 2A¢. Upon letting m — —oo and invoking Lebesgue’s
Monotone Convergence Theorem we arrive at the conclusion that, for some constant
C € (0, c0) which depends only on n, p, [w]a e Y, ¢, and the Ahlfors regularity
constant of 02, we have the estimate

/ IT*prdeC¢(3)p/ | f17 dw,
a2 Q2

for every f € LP(9S2, w) with compact support.

(4.244)

To treat the case when the function f € LP(9$2, w) is now arbitrary, for each
J € Ndefine f; := 1a(x, j)f- Then Lebesgue’s Dominated Convergence Theorem
implies that f; — f in LP(0R2, w) as j — 00, and since T is continuous on
LP (32, w) we also have T, f; — T.f in LP(dQ2, w) as j — oo. Writing the
estimate in (4.244) for f; in place of f and passing to limit j — oo then yields

/ T, 717 dw §C¢(8)”/ |f|Pdw foreach f e LP(3Q,w),  (4.245)
Q2 I

where C € (0, co) depends only on n, p, [w] Aps Y, ¢, and the Ahlfors regularity
constant of d€2. Sending & \y [|vll[BMo(3%,0)p (cf. (4.152) and the second line in
(4.121)), then finishes the proof of (4.151).

Finally, the very last claim in the statement of Theorem 4.2 follows from (4.153).
The proof of Theorem 4.2 is therefore complete. O
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Recall the notion of chord-arc domain introduced, in the two-dimensional setting,
in Definition 2.16.

Corollary 4.1 Fix x, € (0, 00) and let 2 C RZbea x-CAD for some x € [0, x,).
Abbreviate o = H' |92 and denote by v the geometric measure theoretic outward
unit normal to Q2. In addition, select some integrability exponent p € (1, 00) along
with a Muckenhoupt weight w € A,(0S2, o). Consider next a complex-valued
function k € €N (R>\ {0)), for a sufficiently large integer N € N, which is even and
positive homogeneous of degree —2, and define the maximal operator T, acting on
each function f € LP (02, w) according to

Tof(x) :=sup |T, f(x)| foreach x € 3R, (4.246)
>0
where, for each & > 0,

T f(x) := / x =y, vONk(x — y)f(y)do(y) forall x € 0%2. 4.247)

yea2
lx—yl>¢

Then for each m € N there exists some C,, € (0, 00), which depends only on m,
Ay, P, and [wla, such that

1Tl Lr 0@ wy—LrQw) = Cm( Z supIB“k|>x (4.248)
le|<N S

x /% - ln<-~ln(ln(1/min{x, (me)—l}))...),
—
m natural logarithms

Of course, the crux of the matter is the presence of /x as a multiplicative
factor in the right-hand side of (4.248). As a consequence, || Txll L (30, w)— L2 (92,w)
is as small as we please if 2 C R? is a »-CAD whose constant x € 0,1) is
sufficiently small (relative to the integral exponent p, the characteristic [w]a,, of the
Muckenhoupt weight, and the integral kernel k).

Proof of Corollary 4.1 From (2.229) and (2.118) we deduce that

IvlBMo@a.0yp < min{1,2yx(242x) } <4+ 20 V. (4.249)

Also, Proposition 2.10 implies that 2 is a UR domain, with the UR constants of 92
controlled in terms of x,. Granted these properties, Theorem 4.2 applies and (4.106)
together with (4.100) give (4.248). |

Theorem 4.2 readily implies similar operator norm estimates for principal-value
singular integral operators whose integral kernel has a special algebraic format, in
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that it involves the inner product between the outward unit normal and the chord, as
a factor. This is made precise later on (see Theorem 4.7). Specifically, for a given
second-order, homogeneous, constant complex coefficient system L with ‘Hiis #* O,
and a given UR domain 2 € R”, we shall employ Corollary 4.2 below with T
either the boundary-to-boundary double layer potential operator K 4 associated with
a coefficient tensor A € ﬂl‘fs or its “transpose” version K j, acting on Muckenhoupt
weighted Lebesgue spaces on 0€2.

Corollary 4.2 Let @ C R" be a UR domain. Abbreviate o := H*19Q and
denote by v the geometric measure theoretic outward unit normal to Q. Fix
an integrability exponent p € (1,00) along with a Muckenhoupt weight w in
Ap(0Q2, 0), and recall the earlier convention of using the same symbol w for
the measure associated with the given weight w as in (2.509). Also, consider a
sufficiently large integer N = N(n) € N and suppose k € €N R" \ {0}) is a
complex-valued function which is even and positive homogeneous of degree —n. In
this setting consider the principal-value singular integral operators T, T* acting on
each function f € LP (02, w) according to

Tf(x):= SEI})L / (x =y, v(M)k(x — y) f(y) do(y), (4.250)
yeaQ2

lx—yl>¢

and

T f(x) == lirgl+ / (y =x, v(x))k(x = y) f(y) do(y), (4.251)

E—>
yeo2
|x—yl>¢

at o-a.e. point x € dQ2. Then for each m € N there exists a constant Cp, € (0, 00),
which depends only on m, n, p, [w]a » and the UR constants of 9S2 such that, with
the piece of notation introduced in (4.93), one has

1Tl oo < Cn( Y sup 10K IV Ifivopa oy 4252)
ja] <N 5"
and
Tﬂ <cC ( Wk) m) .. (4253
H LP@Qw)—>LP@Quw) — 2 sup 13K )V lisvoqe. o) ( )

lel<N S"7!

Also, if |lvliBmoaQ.0) is sufficiently small relative to n, p, [w]a,, and the Ahlfors
regularity constant of Q2 one may take C,, € (0, 00) appearing in (4.252)—(4.253)
to depend only on said entities (i.e., n, p, [w]a,, the Ahlfors regularity constant of
0Q2) and m.

P’
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In addition, with p' € (1, o) denoting the Hélder conjugate exponent of p and
withw' = w!™P ¢ A, (K2, 0), it follows that

the (real) transpose of T : LP (02, w) — LP(0R2, w)

, ; 4254
is the operator T* : LP (32, w') — L? (32, w). (4.254)

Proof Fix m € N. In view of the fact that
T Lroe.w—Lr@Q.w < 1TlLroQ.wy—Lroo.w) (4.255)

the estimate claimed in (4.252) follows directly from (4.106). The claim in the
subsequent paragraph in the statement follows from Theorem 2.3. Next, observe
that (4.254) is implied by (4.250)—(4.251) and (3.83). To justify the claim made in
(4.253), we write

|

= ”T”LP/(BQ,w/)aLI’/(aQ,w’)

LP(0Q2,w)—LP(IQ,w)

<Cu( Y sup 10%K1) IV lighopa oy (4256)
<N "7

thanks to (4.252) used with p’, w’ in place of p, w. O

Remark 4.8 Of course, in the special case when w = 1, Theorem 4.2 and Corol-
lary 4.2 yield estimates on ordinary Lebesgue spaces, L? (02, o) with p € (1, 00).
Via real interpolation, these further imply similar estimates on the scale of Lorentz
spaces on 9€2. Specifically, from (4.106), (4.252)—(4.253), and real interpolation (for
sub-linear operators) we conclude that foreachm € N, p € (1, 00), and g € (0, 00]
there exists a constant C,,, € (0, 00), which depends only on m, n, p, ¢, and the UR
constants of €2, with the property that

1Tl Lra (92,0)— LPa (992,0) = Cm( Z sup Ia"‘kl)llvllfﬁf’ﬁﬁo(m,g)ln, (4.257)

lel<N 5"
ITr a0 Lrainor < Co( D2 509 10°K1) IV oo.ope (4258)
la|<N "7
and
# o (m)
| ]”_q(agvmw(m) = G Y sup 10°KI) IVl og.op:  (4259)

la] <N 5"

More general results of this type are discussed later, in Theorem 8.8 (cf. also
Examples 8.2 and 8.6).
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Remark 4.9 In the context of Corollary 4.2, estimates (4.252)—(4.253) remain valid
with a fixed constant C,, € (0,00) when the integrability exponent and the
corresponding Muckenhoupt weight are allowed to vary while retaining control.
Concretely, Remark 4.3 implies that for each compact interval I C (0, oo) and each
number W € (0, co) there exists a constant C,, € (0, o), which depends only on
m,n, I, W, and the UR constants of 92, with the property that (4.252)—(4.253) hold
for each p € I and each w € A,(0%2, o) with [w]Ap < W.
Similar considerations apply to the estimates in (4.257)—(4.259).

4.3 Norm Estimates and Invertibility Results for Double
Layers

We first recall a result (cf. [61, Theorem 2.16, p.2603]) which is a combination
of the extrapolation theorem of Rubio de Francia and the commutator theorem of
Coifman et al., [31], suitably adapted to the setting of spaces of homogeneous type.

Theorem 4.3 Make the assumption that ¥ C R" is a closed Ahlfors regular set,
and abbreviate o = H" ™! LX. Fix po € (1, 00) along with some non-decreasing
function ® : (0, 00) — (0, 00) and let T be a linear operator which is bounded on
LPO(X, w) for every w € Ap (X, o), with operator norm < CD([w]APO).

Then for each integrability exponent p € (1, 00) there exist C1, C» € (0, 00)
which depend exclusively on the dimension n, the exponents po, p, and the Ahlfors
regularity constant of X, such that for any Muckenhoupt weight w € A, (X, o) the
operator

T:LP(Z,w) — LP(Z, w) (4.260)
is well defined, linear, and bounded, with operator norm
R R (Y ) P § (4.261)

In addition, given any p € (1, 00) along with some w € A,(X, o), there exists
a constant C = C(X%,n, po, p, [wla,) € (0, 00) with the property that for every
complex-valued function b € L*°(X, o) one has (with C| as before)

ItMp, Tl Lr(z.w)>Lr®aw) < C1 - () I1blBMO(E.0) » (4.262)

where [Mp, T is the commutator of T considered as in (4.260) and the operator
My, of pointwise multiplication on LP (X, w) by the function b, i.e.,

My, T1f := b(Tf) — T(bf) foreach f € LP(X,w). (4.263)



4.3 Norm Estimates and Invertibility Results for Double Layers 295

In particular, from (4.262) with w = 1 and real interpolation it follows that, for
any p € (1,00) and q € (0, 0o}, there exists some C = C(X,n, p,q) € (0,00)
with the property that for every complex-valued function b € L*°(X, o) one has

IMp, Tl Lracs.0)>Lra(s,0) = C1 - @(C) [[bllBMO(E,0) - (4.264)

Theorem 4.3 is a particular case of a more general result proved in Theorem 4.4,
stated just after the following remark.

Remark 4.10 Even though Theorem 4.3 suffices for the purposes we have in mind,
it is worth noting that there is a version of (4.262) in which the pointwise multiplier
b is allowed to belong to the larger space BMO(X, o). The price to pay is that we
now no longer may regard [Mj, T] as in (4.263) and, instead, have to interpret this
as an abstract extension (by density) of a genuine commutator. Specifically, given a
real-valued function b € BMO(X, o), for each N € N define

by := min { max{b, —N}, N} — max { min{b, N}, —N}, (4.265)
and note that there exists C € (0, co) such that

by € L®(XZ,0), thus by € BMO(Z, o), and
&N IBMO(2.0) < 2IIbllBMO(S.0) forall N €N,

(4.266)
by (x)] < |b(x)| forall x € £ and N €N,

Nlim by (x) = b(x) for each x belonging to X.
—00

Fix an exponent p € (1, 00) along with a Muckenhoupt weight w € A,(Z, 0)
and pick a function f € LP(X, w) with the property that bf € LP(X, w). Then
Lebesgue’s Dominated Convergence Theorem implies by f — bf in LP (X, w) as
N — oo, hence also T'(by f) — T(bf) in LP (X, w) as N — oo by (4.260). Since
we also have byT(f) — bT(f) at each point in ¥ as N — oo, we ultimately
conclude that

for each function f € LP (X, w) such that bf € L? (X, w) there
exists a strictly increasing sequence {N;}jen € N for which (4.267)
[Mij, T]f — [M;,, T]f at o-a.e. pointin ¥ as j — oo.

For example, the fact that we have BMO(Z, 0) € LY (X, w) (cf. Lemma 2.13)

means that the pointwise convergence result in (4.2671())Cis valid for each function
f belonging to L, (X, w) = LZ,,(X,0), the space of essentially bounded
functions with compact support in X.

Granted (4.267), for each such function f € L? (X, w) suchthatbf € L? (2, w)

we may now write (bearing in mind that w and o have the same nullsets)
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p .. p
My, T1f|” dw = [ liminf|[Mpy , T]f| dw
) x Jjooo J

.. P
< hmlnf/ ‘[M;,Nj, T]f‘ dw
=

j—o0
liminf P
< timint (€1 90 [, Liyors.o) ) 1/ s

p
= (2€1- ®©) bllvo.o) ) 1 I nsy  4268)

where the equality comes from (4.267), the first inequality is implied by Fatou’s

Lemma, the second inequality is a consequence of (4.262) (bearing in mind the first

property in (4.266)), and the last inequality follows from the second line of (4.266).
In turn, (4.268) proves that

the operator [Mp, T] := b(T-) — T (b-) maps the linear space
{f € LP(S, w): bf € LP(S, w)} boundedly into L (X, w). (4.269)
Given that {f e LP(Z,w) : bf € LP(X, w)} is dense in L? (X, w) (since, as
already noted, this contains ngmp(E, w) which is itself dense in LP (X, w)), we
finally conclude that [M}, T'], originally acting as a commutator in the manner
described in (4.269), extends by density to a linear and bounded mapping from
LP (X2, w) into itself.

Here is a generalization of Theorem 4.3, involving the “maximal commutator”
associated with a given family of linear and bounded operators.

Theorem 4.4 Suppose ¥ C R" is a closed Ahlfors regular set, and abbreviate
o = H"! 2. Fix po € (1,00) and let {T}}jen be a family of linear operators
which are bounded on LP°(X, w) for every w € Ap (X, o). Define the action of
the maximal operator associated with this family on each function f € LP°(X, w)
withw € Ap (2, 0) as

Tax f (x) :==sup |T f(x)| foreach x € X. (4.270)
N

je

Assume that for each w € A, (X, o) the sub-linear operator Tmax maps LP(X, w)
into itself, and that there exists some non-decreasing function ® : (0, co) — (0, 0o0)
with the property that

| Timax | 7o (£, w)— LP0 (5 ,w) < Q([w]Apo) foreach w e A, (%, 0). 4.271)

Then the following statements are true.
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(i) For each integrability exponent p € (1, 00) there exist C1, C2 € (0, 00) which
depend exclusively on the dimension n, the exponents pg, p, and the Ahlfors
regularity constant of X, with the property that for any Muckenhoupt weight
w € Ap(X, o) the operator

Tmax : LP(Z, w) — LP(Z, w) 4.272)
is well defined, sub-linear, and bounded, with operator norm
1 -1 —1
ez Loza < €1 @(Co [wlr P e=0). 0 @273)

In particular, for each j € N the operator T; is a well-defined, linear, and
bounded mapping on LP (X, w) with operator norm satisfying a similar estimate
to (4.273).

(ii) Pick an arbitrary p € (1,00) along with some w € A,(X,0), and fix an
arbitrary complex-valued function b € L°°(X, o). Define the action of the
“maximal commutator” (associated with the given function b and the family
{T;}jen) on each function f € LP (X, w) as

Cmax f (x) := sup |[[M}, T;1f (x)| foreach x € =, (4.274)
jeN

where My, denotes the operator of pointwise multiplication by the function b.
Then there exist two constants C; = C; (X, n, po, p, [w]Ap) € (0,00),i €{1,2},
independent of the function b and the family {T;} jen, with the property that

|Coaxll e (2. w)y— Lo (zw) < C1 - P(C2) 1DllgMO(S.0) - (4.275)

The particular case when all operators in the family {7} jen are identical to one
another corresponds to Theorem 4.3.

Proof of Theorem 4.4 The fact that for each p € (1,00) and w € A,(%, o) the
sub-linear operator Tp,,x induces a bounded mapping on L? (%, w) whose operator
norm may be estimated as in (4.273) follows from Rubio de Francia’s extrapolation
theorem, in the format presented in [111, §7.7] (this is responsible for the specific
format of the constant in (4.273); see also [34, Theorem 3.22, p.40] and [42,
Theorem 3.2] for the Euclidean setting). This takes care of item (7).

To deal with item (ii), we shall adapt the argument in [31], [69], [61], [13].
First, from simple linearity and homogeneity considerations, there is no loss of
generality in assuming that b € L*°(X, o) is actually real-valued and satisfies
I1bllBMO (2,0) = 1 (the case when b is constant is trivial). Fix now p € (1, oo) and
w € Ap(Z, o). From item (8) of Proposition 2.20 we know that there exists some
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small & = ¢(X, p, [w]a p) > 0 with the property that for each complex number z
with |z| < & we have

w-e® e 4,(2,0) with [w-e®I] <, (4.276)

P

where the constant C = C(Z, p, [w]a,) € (0, 00) is independent of z.

To proceed, denote by .Z’(L1) the space of all linear and bounded operators from
LP (X, w) into itself, equipped with the operator norm || - [|Lr(s,w)—Lr(s,w)- The
idea is now to observe that, for each j € N,

®;:{zeC: |z| <&/2} — ZL(L}) defined as
4.277)
®i(z) :=MeTjMy—» foreach z € C with 7] <¢&/2

is an analytic map which, for each z € C with |z| < ¢/2 and each f € L7 (X, w),
satisfies

/§u§|®j(z)f(x)|p w(x)do(x)
j€
)

= / sup | Tj (e £)(x)|” w(x) - eReDP dg (x)
JjeN

- / | Toax (e )] w(x) - eREDP dor (1)
>

p
= ” TmaX ”LP(Z‘,w~e(ReZ)b)—>LP(Z,w~e(ReZ)b) X

X / |e_zb(x)f(x)|p w(x) - e®eDPW i (3)
>

p
<c’. @(C2 . C1+(p0—1)/(17—1)> L1 4278)

thanks to (4.277), (4.270), (4.276), and (4.273). In addition, from (4.277) and
Cauchy’s reproducing formula for analytic functions we see that for each j € N
we have

D;(2)
2

1
(M, Tj] = @(0) = -— / dz. (4.279)
|z|=¢/4

2mi z

Consequently, for each f € L?(X, w) and x € X, we have
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8
Cinax f (x) = sup |[Mp, Tj1f (¥)| < — sup [ (2) f (¥)| dH' (2),
jeN TTE™ Jiz|=¢/4 jeN
(4.280)
hence
8
Cont 0" = (555)" [ sulo@ | a o). (4.281)
e lz|l=¢/4 jeN

From the last property in item (i) and (4.274) we see that for each f € L? (X, w) the
function Cpyax f is o-measurable. In concert with (4.281) and (4.278), this permits
us to estimate

/ icmaxf(x)}p dw(x)
z

8 \»
= (@) /< / jg§|¢j(z)f(x)|pd7-(l(z)) dw(x)

z |z|=¢/4
8 \» » '
= <_2) sup [®;(2) f(0)|" dw(x) ) dH' (2)
TTE jeN
|z|=¢/4 X
—23[7_1 p 1+(po—1/(p=D\ #1172
(np—ISZp—l)Cl (D(CZC 0 ) ”f”LI’(E,w)’
(4.282)
and (4.275) readily follows from this. 0

We next discuss a companion result to Theorem 4.2, the novelty being the
consideration of a maximal “transpose” operator as defined below in (4.283).

Theorem 4.5 Let Q C R” be a UR domain. Abbreviate o = Y G |02 and denote
by v the geometric measure theoretic outward unit normal to Q2. Fix an integrability
exponent p € (1,00) along with a Muckenhoupt weight w € A,(082,0), and
recall the earlier convention of using the same symbol w for the measure associated
with the given weight w as in (2.509). Also, consider a sufficiently large integer
N = N(n) € N. Given a complex-valued function k € €~ (R* \ {0}) which is even
and positive homogeneous of degree —n, consider the maximal operator Tf whose
action on each given function f € LP (392, w) is defined as

Tff(x) 1= sup ’Tg#f(x)| foro-a.e. x € 0L, (4.283)
>0

where, for each ¢ > 0,
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Ts#f(x) = / (y —x,vx))k(x —y)f(y)do(y) foro-a.e. x € 0R2.
yeo2
[x=y|>¢
(4.284)
Then for each m € N there exists some C,, € (0, 00), which depends only on
m, n, p, [wla,, and the UR constants of 02 such that, with the piece of notation
introduced in (4.93), one has
|72

*

<C ( B“k) ;) 4285
LPOQu)—LPOQw) — |Z<N::lp1| | ”v“[BMO(r)Q,a)] ( )
o=

Furthermore, when ||v||[BMO(9Q,0))" is sufficiently small relative to n, p, [w]Ap,
and the Ahlfors regularity constant of 02 one may take C,, € (0, 00) appearing
in (4.285) to depend itself only on said entities (i.e., n, p, [w]a,, and the Ahlfors
regularity constant of 0S2) and m.

In particular, Theorem 4.5 may be used to give a direct proof of (4.253), without
having to rely on duality.

Proof of Theorem 4.5 To get started, we observe that if Q, denotes the collection
o(x)

of all positive rational numbers, then for each f € L! (89, T

) we have

(T £)(x) = sup [(TF f)(x)| forevery x € 3*Q. (4.286)

e€Qy

To justify this, pick some f € L'(3Q, 1+"‘$|‘,?,1 )- We claim that if x € 0*Q is
arbitrary and fixed then for each ¢ € (0, o) and each sequence {¢;};en < (0, 00)

such that &; \( € as j — oo we have

lim / (v — 2. VWK — 3) £() do (3)

j—o0
yea2
[x=y|>¢;
= [ ke = 3£ 6) o). (4.287)
| yEB‘Q
x—y|>e

To justify (4.287) note that
{yeadQ: |x—yl>¢;j} /{y€od: |x—y|l>¢} as j— oo, (4.288)

in the sense that
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{yeo: |x—y|>£}=U{y€E)Q: |x —y| > ¢;} and
jeN
{(yedQ:|x—y|l>¢e;}S{yed: |x —y|>ejy1} forevery j e N.
(4.289)
Then (4.287) follows from (4.288), the properties of k, and Lebesgue’s Dominated

Convergence Theorem. What we have just proved amounts to saying that for every

; 1 o(x)
function f € L (BQ, 1+\xl"“) we have

lim (T f)(x) = (T f)(x) forevery x € 8*Q, (4.290)
j—oo Y

whenever ¢ € (0, 00) and {¢;}jeny € (0, c0) are such that &; \( € as j — oo.
Having established this, (4.286) readily follows on account of the density of Q, in
(0, 00).

To proceed, let {€} jen be an enumeration of Q. Also, bring back the operators
(4.105) and observe that for each j € N, each f € L? (092, w), and each x € 3*Q2

we have

T:;f(X)JrTs,-f(X): / (y=x,v(x) =vMk(x—y) f(y)do(y). (4.291)

yea2
|x—yl>¢;

Write (v;)1<i<n for the scalar components of the geometric measure theoretic
outward unit normal v to 2 and, for every i € {1, ...,n}, every j € N, and every
f e LP(0R2, w) set

TV f(x) = / (yi — x)k(x — y) f(y)do(y) foreach x € Q.  (4.292)

yeo2
[x—y|>e;

Then, for each j € N and each f € L? (02, w) we may recast (4.291) as

n

T @) + T, f0) = Y [My,, TV ] f(x) foreach x € 9*Q. (4.293)
i=1
If foreachi € {1,...,n}and each f € LP (02, w) we now define
O f(x) = sug‘[MUi,T;i)]f(x)‘ for each x € 9*Q, (4.294)
JjE
then, thanks to Proposition 3.4, foreach i € {1, ..., n} we may invoke Theorem 4.4

for the family {Ty) }jeN to conclude that
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c®

H max

< c( su B“k) v .. (4295
LP(@Qw)—LP(Quw) %:N S,,_pl| ) IWlemoea.o (4:299)
o=

where C € (0, oo) depends only on n, p, [w]a s and the UR constants of 9€2. Also,
from (4.293), (4.294), (4.286), and (4.104) we deduce that for each f € L? (02, w)
we have

TIf(x) S T f(x)+ Y CU f(x) foreach x € 9*Q. (4.296)

max
i=1

At this stage, the estimate in (4.285) becomes a consequence of (4.296), (4.106),
(4.295), (4.98), and (2.118), keeping in mind that, as is apparent from (4.286), the
function Tf f is o-measurable, and that we currently have 0(852 \ 8*9) = 0 (cf.
Definition 2.4 and (2.24)). Finally, the very last claim in the statement is seen from
Theorem 2.3. m|

To discuss a significant application of Theorem 4.3 let us first formally introduce
the family of Riesz transforms {R} <<, on the boundary a UR domain 2 C R".
Specifically, with o := ! |0€2, for each j € {1, ..., n} the j-th Riesz transform
R; acts on any given function f € L'(3<2, —2%)11) according to

’ l+\x|”*1
N Xj—Yj
R;f(x) := lim L f(y)do(y) (4.297)
g0+ Wp_| lx =yl
yea2
li—yl>e

at o-a.e. point x € 9€2.

Theorem 4.6 Let Q@ C R" be a UR domain. Abbreviate o = H"~! 02 and
denote by v = (Vi)1<k<n the geometric measure theoretic outward unit normal
to Q. Also, fix an integrability exponent p € (1, 00) and a Muckenhoupt weight
w € Ap(3K2, 0). Finally, recall the boundary-to-boundary harmonic double layer
potential operator K from (3.29), the Riesz transforms {R;}1<j<n from (4.297),
and for each index k € {l,...,n} denote by M, the operator of pointwise
multiplication by vy, the k-th scalar component of the vector v.

Then there exists some C € (0, 00) which depends only on n, p, [w]AP, and the
UR constants of 02 and, for each m € N, there exists some Cy,, € (0, 00) which
depends only onm, n, p, [w]a,, and the UR constants of 92 with the property that,
with the piece of notation introduced in (4.93), one has

I1KallLro9.wy—1r@0,w < lelvllf&o(ag,a)]n and
(4.298)

1, |y, )1 Lr (92w Lr (2. = ClVIBMOGR.0)1-
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Also, when ||v|[[BMO®3Q,0))* is sufficiently small relative to n, p, [w]Ap, and the
Abhlfors regularity constant of 02 one may take the constants C,C, € (0, 00)
appearing in (4.298) to depend only on said entities (i.e., n, p, [w]a,, and the
Ahlfors regularity constant of 0S2) and, in the case of Cy,, also on m.

Proof The estimate claimed in (4.298) is implied by (3.29), Corollary 4.2, (4.297),
Proposition 3.4, and Theorem 4.3. The very last claim in the statement is implied by
Theorem 2.3. O

We shall, once again, see Theorem 4.3 in action shortly, in the proof of Theo-
rem 4.7. In the latter result the focus is obtaining operator norm estimates for double
layer potentials associated with distinguished coefficient tensors on Muckenhoupt
weighted Lebesgue and Sobolev spaces, exhibiting explicit dependence on the
BMO semi-norm of the geometric measure theoretic outward unit normal to the
underlying domain.

Theorem 4.7 Let 2 C R”" be a UR domain. Set o = (H"ALBQ and denote
by v the geometric measure theoretic outward unit normal to Q. Also, let L be a
homogeneous, second-order, constant complex coefficient, weakly elliptic M x M
system in R" for which ‘ll‘iis # @. Pick A € ‘II‘ziS and consider the boundary-
to-boundary double layer potential operators K 4, KZ associated with Q2 and the
coefficient tensor A as in (3.24) and (3.25), respectively. Finally, fix an integrability
exponent p € (1, 00) and a Muckenhoupt weight w € A, (092, o).

Then for each m € N there exists some Cy, € (0, 0c0) which depends only on m,
n, A, p, [wla,, and the UR constants of d$2 such that, with the piece of notation
introduced in (4.93), one has

(m)
IKallir@@,wy—Lr@2umm < Cnllvilpmopa.op (4.299)
(m)
”KA”[L’l’(aﬁ,w)]M—>[Llp(3$2,w)]M = Cullvliispmoaa.o) (4.300)
and
# (m)
&4 e —Lreo.uw = Cnlvlimoma,e)r- (4.301)

In addition, when ||v|[BMoQ,0)) IS sufficiently small relative to n, p, [w]Ap,
and the Ahlfors regularity constant of 92 one may take Cp, € (0, 00) appearing in
(4.299)~(4.301) to depend itself only on said entities (i.e., n, p, [wla,, the Ahlfors
regularity constant of 02) and m.

Note that the estimate in (4.299) implies that the operator K 4 becomes identically
zero whenever 2 is a half-space in R”. From (i) <> (ii) in Proposition 3.9 we know
that this may only occur if A € ‘ll‘zis. Hence, the assumption ‘ll‘iis # @ is actually
necessary in light of the conclusion in Theorem 4.7.
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Proof of Theorem 4.7 The estimates claimed in (4.299) and (4.301) are direct
consequences of Corollary 4.2 and Proposition 3.9, bearing in mind (3.24) and
(3.25).

Turning to the task of proving (4.300), it is apparent from (3.35) that each U jx
is a sum of operators of commutator type. Then, given any integer m € N along

with any function f € [Lf(BSZ, w)]M, based on (3.37), (4.299), Theorem 4.3, and
(4.98) we may write

n
1K a s oamp = 1Kaflizeaguwmm + D 100 Ka Dl Loag.wm
Jk=1

= ||KAf||[Lp(3Q,w)]M

n
+ Z (H KA(arjkf) H[L”(‘()Q,w)]M + H Ujk(vtanf) || [L”(aQ,w)]M)
j.k=1

(m)
= Cm”V”[gMQ(aQ,U)]n ”f”[LP(aQ,w)]M

n
"‘Cm”"”glim(asz,a)]n Z Harjka[Lp(agz,w)]M
j.k=1

+ C Ivlimo@e.o)r Vian f lizra,w
< CulllMowa.on 1122 o, - (4.302)

which establishes (4.300). The very last claim in the statement is a consequence of
Theorem 2.3. o

Remark 4.11 The unweighted case (i.e., the scenario in which w = 1) of Theo-
rem 4.7 gives norm estimates for the double layer operator and its formal transpose
on ordinary Lebesgue and Sobolev spaces. By relying on (4.258)—(4.259), Propo-
sition 3.2, (4.264), and (2.589) we may also obtain similar estimates on Lorentz
spaces and Lorentz-based Sobolev spaces (cf. (2.590)—(2.591)). Specifically, in the
same setting as Theorem 4.7, the aforementioned results imply that for eachm € N,
p € (1,00) and g € (0, oo] there exists some C,, € (0, oo) which depends only on
m, n, A, p, g, and UR constants of 92, such that

1K a ||[Lp,q(aQ,g)]M_)[Lp,q(39,0)]M = Cullvi Eg"ﬁ/lo(m,o)]n > (4.303)

(m)
KA ||[Lf‘q(({‘JQ,O')]M%[L{’#((‘)Q,U)]M < Culvll [BMO(392,0)]"° (4.304)
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and

# (m)
| &% | (L7920 Lrape.oM = CmlViiBMo@a.o) (4.305)

More general results of this type are discussed later, in Theorem 8.9 (see also
Examples 8.2 and 8.6).

Remark 4.12 By reasoning much as in the proof of Theorem 4.7, we may also
obtain operator norm estimates for the double layer K4 with A € ‘21‘}415 on off-
diagonal weighted Sobolev spaces, i.e., when the integrability exponents and the
weights for the Lebesgue spaces to which the actual function and its tangential
derivatives belong to are allowed to be different. Specifically, given two integrability
exponents py, pa € (1, 00) along with two Muckenhoupt weights w; € A, (3€2, o)
and wy € A), (382, 0), define the off-diagonal weighted Sobolev space

LYV (09, wy; wy) = [f eLP (3, w)) : (4.306)
e, f € LT, w), 1< jk <n},

equipped with the natural norm defined for each f € Lf P2 (02, wi; wy) as

n
”f”Llpl;pz(aQ,uu;wz) = ”f”Lp'(aﬂ,wl) + Z Haf./kf”LPZ(aQ’qu)‘ (4.307)
jk=1
Then much as in (4.302), for each m € N we now obtain

m)
1Kl rie: oo w2077 o, = CnlllBMo@gop (4-308)

for some C,, € (0, co) which depends only on m, n, A, p1, p2, [w]]AP1 , [wala
and the UR constants of <.

P2’

Remark 4.13 1In the setting of Theorem 4.7, estimates (4.299)—(4.301) continue to
hold with a fixed constant C,,, € (0, 00) when the integrability exponent and the
corresponding Muckenhoupt weight are permitted to vary with control. Specifically,
from Remark 4.9 and the proof of Theorem 4.7 we see that for each m € N, each
compact interval I C (0, oo), and each number W € (0, 0o) there exists a constant
Cy € (0, 00), which depends only on n, I, W, and the UR constants of 92, with the
property that (4.299)—(4.301) hold for each p € I and each w € A,(3%2, o) with
[wla, = W.

Having proved Theorem 4.7, we may now establish invertibility results for
boundary double layer potentials associated with distinguished coefficient tensors,
assuming €2 is a é-flat Ahlfors regular domain with § suitably small relative to n
and the Ahlfors regularity constant of d€2. By means of counterexamples we show
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that assuming that the double layer potentials are associated with distinguished
coefficient tensors is a hypothesis one cannot simply omit. Also, as explained a
little later, in Remark 4.19, the flatness condition imposed on the domain is actually
in the nature of best possible as far as the invertibility results from Theorem 4.8 are
concerned.

Theorem 4.8 Let Q C R" be an Ahlfors regular domain. Set o = ‘H”_ILBQ
and denote by v the geometric measure theoretic outward unit normal to Q2. Also,
let L be a homogeneous, second-order, constant complex coefficient, weakly elliptic
M x M system in R" for which Qliis #+ &. Pick A € ‘lI‘,{iS and consider the boundary-
to-boundary double layer potential operators K 4, K f‘ associated with Q2 and the
coefficient tensor A as in (3.24) and (3.25), respectively. Finally, fix an integrability
exponent p € (1,00), a Muckenhoupt weight w € A,(0R2, o), and some number
e € (0, 00).

Then there exists some small threshold 6 € (0, 1) which depends only on n, p,
[wla,, A, & and the Ahlfors regularity constant of <2, with the property that if
IvliiBMo,0) < 8 it follows that for each spectral parameter z € C with |z| > ¢
the following operators are linear, bounded, and invertible:

d 4Ky [LP02,w)]Y — [LP02, w)]", (4.309)
d+ Ky [LP02,w)]Y — [LP 02, w)]Y, (4.310)
d+ K4 [P0, w)]Y — [LP02, w)]Y. (4.311)

Furthermore, the above result is optimal in the sense that if A ¢ ‘Jliis then either
of the operators (4.309)—(4.311) may fail to be invertible even when z = 1/2 and
Q=R1.

Proof Let C denote the constant appearing in estimates (4.299)-(4.301), for the
choice m := 1, and choose #; € (0, 1/e) small enough so that 7, - In(1/¢#) < ¢/C.
To get going, pick 6 € (0, #;). By decreasing § if necessary, we may insure that
2 is a UR domain, with the UR constants of €2 controlled solely in terms of the
dimension n and the Ahlfors regularity constant of 92 (cf. Theorem 2.3). Granted
this, Theorem 4.7 applies and gives that

1K alliLr . - (Lr@aumm < C8N < Ct)! <. (4.312)
Analogously,
”KA”[Lf(HQ,w)]Mﬁ[Lf(BQ,w)]M <e, 4.313)

[ K} I [LPOQ,uw)M—>[LP(HQ,u)M = & (4.314)
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In particular, the operators in (4.309)—(4.311) are invertible for each given z € C
with |z| > € using a Neumann series, i.e.,

o]

@+ Ka) =2t (— 27 K" (4.315)

m=0

with convergence in the space of linear and bounded operators on [L” (0€2, w)]M
as well as on [Lf(BQ, w)]M, and

o
I+ K% =2 Z KA (4.316)

with convergence in the space of linear and bounded operators on [Lp (092, w)]M

There remains to address the optimality claim in the last part of the statement.
To this end, recall the second-order, weakly elliptic, constant (real) coefficient,
symmetric, n X n system Lp defined in (3.371). From (3.23), (3.31), (2.575),
(3.112),and (3.377) we see that if K4, K ﬁ are the boundary layer potential operators
associated as in (3.24), (3.25) with Q := R’} and any coefficient tensor A € A,
then

{Gr+Kka) s fefr@ w]')
n—1

cHhn o e [LP@ LW £ = Rifs}
j=1

(4.317)

Thus, [(O, .0, ) fe LP @R w)} is an infinite dimensional subspace of
[LP(®"~!, w)]" whose intersection with {(%I +Ka)f: fe[LP®T, w)]n} is
{0}. Consequently, %I + K4 acting on [LP(R”_l, w)]" has an infinite dimensional
cokernel for each p € (1,00) and each w € AP(R"_I,.E”_I). By duality
(cf. (3.119)), it follows that 37 + K% acting on [LP(R"~!, w)]" has an infinite
dimensional kernel for each p € (1,00) and each w € A,,(R”_I,L"_l). In
particular, the operators in (4.309), (4.311) corresponding to z = 1/2 and = R/,
fail to be invertible in this case.

Likewise, from (3.23), (3.31), (2.575), (3.112), (3.113), and (3.378) it follows

that if K 4 is the double layer potential operator associated as in (3.24) with € := R/,
and any coefficient tensor A € U, ,, then

(b1 Ka) S e e[Li@ " w]'}
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n—1
e [Ll@w]': f =Y Rif).
j=1
(4.318)

Much as before, this shows that %I + K4 acting on [LY(R"~!, w)]" has an infinite
dimensional cokernel for each p € (1,00) and each w € A, @®*1, £, In
particular, the operator in (4.310) corresponding to z = 1/2 and 2 = R/} also fails
to be invertible in this case.

In all cases, the source of the failure for invertibility is the fact that any coefficient
tensor A € Ay, fails to be distinguished (cf. (3.406)). O

In Remarks 4.14—4.15 we continue to elaborate on the nature of the optimality
claim in the last portion of the statement of Theorem 4.8.

Remark 4.14 Work with a scalar operator in the two-dimensional setting (i.e., when
n =2and M = 1). Specifically, take L := A, the Laplacian in the plane, written as
A = aj 00y for the matrix A = (ajx)1<jk<2 given by

A= ( li i) e X2, (4.319)

Then, as noted in (1.23)—(1.24), the boundary-to-boundary double layer potential
operator K4 associated as in (3.24) with this coefficient tensor and the domain
Q = Ri is K4 = (i/2)H where H is the Hilbert transform on the real line.
Fix an integrability exponent p € (1, 00) along with a Muckenhoupt weight
w € ApR, Ll). Since —H? = I, the identity operator on L? (R, w), it follows

that we currently have (K A)2 = 4717 on L?(R, w). This further entails
(31 4+ Ka)(— 31 +K4)=0 on LP(R, w) (4.320)

which, in view of the fact that K4 # :t%l , ultimately proves that the operator

%I +K 4 is not invertible® on any Muckenhoupt weighted Lebesgue space L” (R, w).

From what we have just proved and duality (cf. (3.119)) we then see that the
operator %I + Kj fails to be invertible on any Muckenhoupt weighted Lebesgue
space L”(R"~!, w) as well. Finally, given that (4.320) implies

1 1 _ p
A = s s .
(L1 +Ka) (=11 +K4)=0 on LYR, w) 4.321)

we also infer that the operator %I + K 4 fails to be invertible when acting on any
Muckenhoupt weighted Sobolev space Lf R, w).

31In fact, %I + K4 acting on LP(R, w) has an infinite dimensional kernel and an infinite
dimensional cokernel.
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Since A # I« and QI‘XS = {szz}, the above analysis shows that for coefficient
tensors A € Ap \ ‘ll‘iis it may actually happen that the conclusions in Theorem 4.8
corresponding to z := 1/2 and Q := R? fail.

The following is a higher-dimensional version of Remark 4.14.

Remark 4.15 Fix n € N with n > 2 and define M := 2". Bring back the M x M
second-order system L := A - Iy;xp in R" (cf. (1.31)). In particular, from (3.396)
and Proposition 3.9 we see that ‘21‘}“5 = {Ipmxm}. Consequently, the coefficient tensor

A= (ajéf)lsa,ﬂgM with entries as in (1.33) satisfies
1<j,k<n

A e\ uds, (4.322)

To proceed, let K4 be the boundary-to-boundary double layer potential operator
associated as in (3.24) with the coefficient tensor (4.322) and the domain Q := R’} .
Given some arbitrary integrability exponent p € (1, co) along with some arbitrary
Muckenhoupt weight w € A, R, £, the same type of argument as in (1.39)
gives

(Ka)? =11 on [LP@®" w)]", (4.323)

where [ is the identity operator on [LP (R"~!, w)]M. Thus,

(A1 4+ Ka)(= 31+ Ka)=0 on [LP@®"", w)]".

(4.324)
In view of the fact that* K, # :l:%l , the above identity ultimately proves that the
operator 5/ + K 4 is not invertible’ on [L? (R"~!, w)]M.

Ultimately, this discussion shows that for coefficient tensors as in (4.322) it
may well happen that the operator %I + K4 is not invertible on any Muckenhoupt
weighted Lebesgue space [LP(R"!, w)]M. Via duality (cf. (3.119)) we conclude
that the operator %I + Kz fails to be invertible on any Muckenhoupt weighted

Lebesgue space [L” (R"~!, w)]M as well. Finally, since (4.324) implies
(A1 4+ Ka)(= 31+ Ka) =0 on [LZ®"", w)]¥, (4.325)
4 Since K 4 is a Fourier multiplier operator with symbol m (£) := %En Ejfor& e R™1\ {0}.

51In fact, %I + K4 acting on [L”(R”_l, w)]M has both an infinite dimensional kernel and an
infinite dimensional cokernel.
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we also conclude that the operator %I + K4 is not invertible when acting on any

Muckenhoupt weighted Sobolev space [Lf R, w)]M. Hence, all conclusions in
Theorem 4.8 corresponding to z := 1/2 and Q := Rﬁ_ fail.

Remark 4.16 In view of (4.303)—(4.305), and (4.308), invertibility results which are
similar to those proved in Theorem 4.8 may be established on Lorentz spaces and
Lorentz-based Sobolev spaces, as well as on the brand of off-diagonal Muckenhoupt
weighted Sobolev spaces defined as in (4.306)-(4.307).

Remark 4.17 Tt is of interest to contrast Theorem 4.8 with the precise invertibility
results known in the particular case when €2 is an infinite sector in the plane, with
opening angle 6 € (0, 27) and when L = A (the two-dimensional Laplacian). In
such a setting, it is known (cf. [48], [115, §4.2], [126, Theorem 5, p. 192]) that

given p € (1, 00), the operators :i:%l + K are invertible on
LP(0K2, o) if and only if p # 1+ |7 — 6|/ (which amounts to
saying that necessarily p # 2”7_9 for6 € (0, ) and p # % for
0 € (m,2m)).

(4.326)

When 6 = & (i.e., when € is a half-plane) then, of course, any p € (1, o0) will
do. In this vein, see also [105, Lemma 4.5, p. 2042]. Consider next the case of the
two-dimensional Lamé system in an infinite sector of aperture 6 € (0, 27), and
recall from the discussion at the end of Example 3.4 that the pseudo-stress double
layer potential operator for the Lamé system is denoted by K. Then there are two
critical values of the integrability exponent p € (1, 00), which depend on 6 and a
specific combination of the Lamé moduli, for which the invertibility of the operators
j:%l + Ky on [L”(BQ, 0)]2 fails. See [110, Theorem 1.1(A.2) on pp. 153-154, and
Theorem 1.3 on pp. 157-158] for more precise information in this regard (including
the location of these critical values, which are no longer as explicit as in the case of
the Laplacian, and certain monotonicity properties with respect to the angle 6 and
the Lamé moduli). We shall revisit the case of the two-dimensional Lamé system in
Sect. 4.5.

Remark 4.18 In the context of Theorem 4.8, the operators in (4.309)—(4.311)
continue to be invertible when the integrability exponent and the corresponding
Muckenhoupt weight are permitted to vary while retaining control. More specif-
ically, from Remark 4.13 and the proof of Theorem 4.8 it follows that for each
compact interval I C (0, co) and each number W € (0, co) there exists a threshold
8 € (0, 1), which depends only on n, I, W, and the Ahlfors regularity constant of
0%2, with the property that if

IviiiBmMo@Q,0)n < 8 (4.327)
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then the operators (4.309)—(4.311) are linear, bounded, and invertible for each p € 1
and each w € A,(0L2, o) with [w]Ap < W.

Remark 4.19 The more general version of Theorem 4.8 from Remark 4.18 is in
the nature of best possible, in the sense that the simultaneous invertibility result
described in Remark 4.18 forces ||v{l[pmo(aq,o)p to be small (relative to the other
geometric characteristics of €2). To illustrate this, consider the case when Q2 = g,
an infinite sector in the plane with opening angle 6 € (0, 27) (cf. (2.289)), and
when L = A, the two-dimensional Laplacian. We are interested in the geometric
implications of having the operators :I:%I + K invertible on L? (02, o) (Where
oy = H! [0€2) for all p’s belonging to a compact sub-interval of (1, c0).

Specifically, suppose said operators are invertible whenever p € I, := [1+n, 2]
for some fixed n € (0, 1). From (4.326) we see that this forces 6 # w(2 — p) if
0 € O,mr)and 6 # mpif O € (m,2m). As p swipes the interval [1 + n, 2], the set of
prohibited values for the aperture 6 becomes SO, (1=mm|U[(1+n)m, 2). Hence,
we necessarily have 0 € ((1 — n)m, (1 + n)mr) which further entails

—sin (n%) = cOos ((I—H;)%) < cos(6/2) < cos ((l—n)%) = sin (n%) (4.328)

If v denotes the outward unit normal vector to g, then from (4.328) and (2.290)
we conclude that

T

IVl BMO (3200012 = | €08(0/2)] < sin (nF) —> 0t as n — 0. (4.329)

This goes to show that, in general, the smallness of the BMO semi-norm of the
geometric measure theoretic outward unit normal stipulated in (4.327) cannot be
dispensed with, as far as the invertibility of the operator in (4.309) (in this case,
with z € {:I:%}, L = A, A the identity matrix, M = 1, and w = 1) for each p € I,
is concerned.

The invertibility results from Theorem 4.8 may be further enhanced by allowing
the coefficient tensor to be a small perturbation of any distinguished coefficient
tensor of the given system. Concretely, by combining Theorem 4.7 with the
continuity of the operator-valued assignments in (3.120)—(3.122), we obtain the
following result.

Theorem 4.9 Retain the original background assumptions on the set 2 from The-
orem 4.8 and, as before, fix an integrability exponent p € (1, 00), a Muckenhoupt
weight w € Ap(0R2,0), and some number ¢ € (0,1). Consider L € qdis (cf.
(3.195)) and pick an arbitrary A, € QI‘ES. Then there exist some small threshold
8 € (0,1) along with some open neighborhood O of A, in Wy, both of which
depend only on n, p, [wla,, Ao, € and the Ahlfors regularity constant of 92, with
the property that if ||vlBmo@q.0)» < & then for each A € O and each spectral
parameter z € C with |z| > ¢, the operators (4.309)—(4.311) are linear, bounded,
and invertible.
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In the last portion of this section we discuss the issue of the compatibility
of the inverses of the integral operators from Theorem 4.8 when simultaneously
considered on different spaces. This requires that we briefly digress for the purpose
of bringing in useful language and basic results of general functional analytic
nature. Specifically, call two linear normed spaces, Xo = (Xo, Il - ||X0) and
X = (Xl, I - ||X1), compatible if there exists a Hausdorff topological vector
space X such that

X; — X continuously, i € {0, 1}. (4.330)

Note that, in this scenario, we can talk about the algebraic sum Xo+ X (< X). This
becomes a linear normed space when equipped with

X1 x0+x, = inf  (llxollx, + Ix1llx,), Vx € Xo+ X1, (4.331)

X=x0+xX]
x0€Xp, x1€X1

and X9 + X|; — X continuously. Furthermore, X; < X + X continuously, for
i € {0, 1}. One may check that if Xo, X are complete then so is Xo + X equipped
with |- || xo+x, - Hence, X+ X turns out to be a Banach space if X, X are Banach
spaces to begin with.

We continue by recording two useful basic results of functional analytic nature.
To state the first such result, suppose Xo = (Xo, || - lx,) and X1 = (X1, || |Ix,) on
the one hand, and Yy = (Yo, Il - ||Y0) and Y| = (Y1, Il - ||yl) on the other hand, are
two pairs of compatible linear normed spaces. Then

having a linear mapping T : Xo+ X1 — Yo+ Y1 which satisfies
TX; C Y, fori € {0, 1} is equivalent to having two linear maps
T; : X; — Y; fori € {0, 1} that are compatible with one another, (4.332)

in the sense that T0|x0mx. =T |xomxl; in this case one has

||T||X0+X1~>Y()+Y1 = maX{HTOHXo%Yos ”Tl ||X1*>Y1}'

To state our second result alluded to above, assume now that X, Y are two Banach
spaces with the property that Y € X. One may check without difficulty that

if T : X — X is a linear isomorphism with the property that
T(Y) €Y and T|Y : Y — Y is also an isomorphism, then (4.333)

T-(Y) C Y and (T‘y)_1 = T~!|, as operators on Y.

We are now ready to establish norm estimates for double layer operators acting
on sums of Muckenhoupt weighted Lebesgue and Sobolev spaces.

Proposition 4.1 Let Q C R" be a UR domain. Abbreviate o := H ! |02 and
denote by v the geometric measure theoretic outward unit normal to Q. Also, let
L be a homogeneous, second-order, constant complex coefficient, weakly elliptic
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M x M system in R" for which ‘l[‘zis # @. Pick a coefficient tensor A € QI‘iis
and consider the boundary-to-boundary double layer potential operators K 4, Kﬁ
associated with Q2 and the coefficient tensor A as in (3.24) and (3.25), respectively.
Finally, fix some pair of integrability exponents pgy, p1 € (1, 00) along with some
pair of Muckenhoupt weights wo € A, (082, 0) and w1 € Ap (082, 0).

Then for each m € N there exists some constant C € (0, 0c0) which depends only
onm, n, A, po, p1, [wO]Apo’ [w1]Ap1, and the UR constants of 02 such that, with
the piece of notation introduced in (4.93), one has

I K All[£Po (982, w0)+LPY (392w )TM —[LPO (32, w0)+LP1 (982, w )M

< Culvlffopn.oy:  (4.334)

I1K ||[Lf°(agz,wo)+Lf' OQ,w) M —[LT @9,wo)+L (02, w)1M

< Culvlimopg.op: (4339

#
H K “ [LPO (K2, wo)+LP1 (32, w1)]M —[LPO (32, wo)+LP1 (32, w1)]M

< Culvlisopa.oy-  (4336)

Also, if IVliiBmoaq,o)r i sufficiently small relative to n, p, [w]a,, and the
Ahlfors regularity constant of 92 one may take C,, € (0, co) appearing in (4.334)—
(4.336) to depend only on said entities (i.e., n, p, [w]a,, the Ahlfors regularity

constant of 92) and m.

pr’

Proof This is a consequence of Theorems 4.7, (4.332), and 2.3. In the case of

(4.334) and (4.336) take X; :=Y; := [LI"' (022, wi)]M fori € {0, 1}, in which case
M

(4.330) is satisfied if we choose X := [Ll(asz, %)] (cf. (2.575)). Finally,

for the estimate claimed in (4.335), take X; = Y; = [Lfi (092, wi)]M for each

M
i € {0, 1), s0 now the inclusion in (4.330) holds if X := [L} (3%, 55)]

where

| W . I W .
L} (2, 724) ._{f e L'(09, 28) : (4.337)

A, f € Ll(aﬁ, 1+"‘)(C)|Cn)_1) foreach j, k€ {1,...,n}},

equipped with the norm
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171 (g o2y = Wl (g, oy + > [0 1 (32, o001

RN N k=1 14 x|n—1
(4.338)

for each f € L{(3Q, l_fl)(c)‘c;g—l)' .

Here are the compatibility results for the inverses of integral operators from
Theorem 4.8 when simultaneously considered on different Muckenhoupt weighted
Lebesgue and Sobolev spaces.

Proposition 4.2 Let Q C R”" be an Ahlfors regular domain. Denote by v the geo-
metric measure theoretic outward unit normal to Q and abbreviate o := H" ™! L0S2.
Also, let L be a homogeneous, second-order, constant complex coefficient, weakly
elliptic M x M system in R" for which ‘lI‘iiS # . Pick A € ‘JI%iS and consider the
boundary-to-boundary double layer potential operators K 4, Kf; associated with
Q and the coefficient tensor A as in (3.24) and (3.25), respectively. Finally, fix
some pair of integrability exponents po, p1 € (1,00) along with some pair of
Muckenhoupt weights wo € A, (02, 0) and wy € Ay, (082, o), and some number
e €0, D.

Then there exists some small threshold § € (0, 1) which depends only on n,
DPo, P1, [wO]Apo’ [wl]Am’ A, &, and the Ahlfors regularity constant of 92, with the
property that if ||vllpmopq.o)y < 8 it follows that for each spectral parameter
z € Cwith |z| > ¢ the following properties hold:

the operator 7I + K 4 is invertible both as a mapping from the
space [L”O(aQ, wo) + LP1(0L2, w1)]M onto itself and also (4.339)
from the space [LfO(BQ, wo) + Llfl (042, w1)]M onto itself;

the operator zI + K 4 is invertible both as a mapping from

[LPO (0L2, wo)]M onto itself and also as a mapping from (4.340)
[LPI (022, wq )]M onto itself, and the two inverses are in fact '
compatible with one another on the intersection;

the operator zI + K 4 is invertible both as a mapping from
[Lf0 (092, wo)]M onto itself and also as a mapping from

” M ) ] ] (4.341)
[L1 (092, wl)] onto itself, and the two inverses are in fact
compatible with one another on the intersection;
the operator zI + K f; is invertible both as a mapping from
M ; )
[LPO (092, wo)] onto itself and also as a mapping from (4.342)

M . . .
[Lp1 (0€2, wl)] onto itself, and the two inverses are in fact
compatible with one another on the intersection.
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Proof Bring in the constant C appearing in estimates (4.334)—(4.336) (correspond-
ing to m := 1), and denote by f, € (0, 1) the unique solution of the equation
t-In(e/t) = ¢/ max{C, 1}. Pick § € (0, t,) and, if necessary, further decrease § as to
insure that 2 is a UR domain, with the UR constants of 9<2 controlled solely in terms
of the dimension n and the Ahlfors regularity constant of d<2 (cf. Theorem 2.3).
Then, via a Neumann series argument (much as in the proof of Theorem 4.8)

it follows that zI 4+ K 4 is invertible when considered from [Lpo (02, wo)]M onto
itself, from [Lpl (092, wl)]M onto itself, from [LPO (092, wo)+LPL(0L, wl)]M
itself, and also from [L‘fO (092, wo) + Lf' (02, wl)]M onto itself. Invoking (4.333)
with X := [LP(3Q, wo) + LP (3R, w)]" and with ¥ either [LP0 (32, wo)]" or
[LP1 (0, wl)]M, then proves that both the inverse of z/ + K 4 on [ L7 (02, wo)]M

and the inverse of z/ + K4 on [LP1(8§2, wl)]M arise as restrictions to these
respective spaces of a common operator, namely the inverse of the operator z/ + K 4
on the bigger space [LPO(MZ, wo) + LP1 (092, w1)]M. As such, they agree with
one another so the conclusion in (4.340) follows. The claims in (4.341)—(4.342) are
proved in a similar fashion. O

onto

Remark 4.20 Compatibility results similar in spirit to the ones proved in Propo-
sition 4.2 are also valid for other spaces of interest. For example, in the context
of Proposition 4.2, taking the threshold § € (0, 1) sufficiently small ensures that
the operator z/ + K 4 is invertible on the hybrid space [L}""*(3Q, wi; wz)]M (cf.
Remark 4.12) and its inverse continues to be compatible with the inverse of zI 4 K 4
on any other (a priori) given Muckenhoupt weighted Lebesgue space or Sobolev
space on 9€2. In this vein, we also claim that there exists some constant C € (0, c0)
with the property that

whenever f € [LT"7 (09, wy; w)]"
and g:= (zI +Ka)~' f € [LY"7?(0Q, wy; w2)]M (4.343)

then  [IViangllizr2 o, w)pm < C Vian f llizr2 9wy -

To justify this, use (3.37) to write, for each j, k € {1, ..., n},

arjkf = arjk[(zl + KA)g] = (ZI + KA)(arjkg) + Ujk(vtang)

= (2l + Ka) @ru8) + Usi( (v 00, 80) 1<z ) (4.344)

1<s<n

at o-a.e. point on 92, where v = (v,)1<,<, 1S the geometric measure theoretic
outward unit normal to 2. Using the abbreviations

Vef = 0 f)1<jizn Vo8 = (9048) 1< hzns (4.345)
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we find it convenient to recast the collection of all formulas as in (4.344),

corresponding to all indices j, k € {1, ..., n}, simply as
Vef = (zd + R)(V:g). (4.346)
2
where [ is the identity and R is the operator acting from [LI’2 (092, wz)]M " into
itself according to
R:=Ka+ (Ujk o (My, 078 )1<asm) . (4.347)
I<s<n’/ 1=j.k=n

]Aﬁn

2
Above, we let K 4 acton each F = (F%)j<q<m € [L72(0Q, w2) by setting

rs
1<r,s<n

KaF = (Ka(F3),) 2oy (4.348)

1<r,s<n

Also recall that, much as in the past, each M,, denotes the operator of pointwise
multiplication by v,, the r-th scalar component of v. Finally, in (4.347) we let each
7/, be the “coordinate-projection” operator which acts as 7% (X) := X7, for every
X = (X%)1za<m € cM " From (4.347), (4.299), (3.35), Theorem 4.3, and (3.81),

1<r,s<n
we then conclude that

IRl (4.349)

(1)
[LP2 (32, wp)IM 1% = [LP2 (32, wy)]M 7 = C”””[BMO(aQ,n)]n
for some C € (0, co) which depends only on n, A, pa, [wa]a . and the Ahlfors
regularity constant of 9€2. As a consequence of this, if we assume § > 0 to be
sufficiently small to begin with, a Neumann series argument gives that

2
2l + R isinvertible on [L7? (32, wy)]"™”

(4.350)
and provides an estimate for the norm of the inverse. At this stage, the estimate
claimed in (4.343) follows from (4.346), (4.350), (4.345), and (2.585)—(2.586).

We conclude this section by proving estimates for the operator norm of the
modified boundary-to-boundary double layer operator acting on homogeneous
Muckenhoupt weighted Sobolev spaces in terms of the BMO semi-norm of
the geometric measure theoretic outward unit normal to the underlying domain,
complementing results in Theorem 4.7.

Theorem 4.10 Let Q@ < R" be a two-sided NTA domain whose boundary is
an unbounded Ahlfors regular set. Abbreviate o := H! |02 and denote by
v the geometric measure theoretic outward unit normal to Q2. Also, let L be a

homogeneous, second-order, constant complex coefficient, weakly elliptic M x M
system in R" for which 91%‘5 # @. Pick A € ‘lI‘I{ls and consider the modified
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boundary-to-boundary double layer potential operator [K Ao d] associated with Q
and the coefficient tensor A as in (3.142). Finally, fix an integrability exponent
p € (1, 00) and a Muckenhoupt weight w € A, (082, o).

Then for each m € N there exists some C,, € (0, 0c0) which depends only on m,
n, A, p, [w]a » and the Ahlfors regularity constant of 02, such that

(m)
| (K s e (£ 0Q.w)/~M S [L (3Q.w) /~ 1M = Cnllvlismopg.o- (4.351)
Furthermore, the above result is optimal in the sense that, given any A € Up,
having (4.351) valid for every half-space in R" implies that actually A € ‘JI%‘S.

Proof From (2.88) we know that 2 satisfies a two-sided local John condition. Pick
an arbitrary function f € [Lf (0€2, w)]M. In particular, from (2.598) and (2.576)
we see that

fe [L?oc(asz,a)]’” for some ¢ € (1, 00). (4.352)

Keeping this in mind, we may rely on (3.142), Propositions 2.26, 3.3, (4.299),
Theorem 4.3, and (4.98) to write, for each given m € N,

1K pnoa A1 (L} @Q.w)/~M = I pea 11 (L] (992.w)/~1M

n
= Z Hafjk(KA,modf) ||[LP(3Q,w)]M
J.k=1

n

= (” KA(afjkf) ” [LP (32, w)]M + || Ujk(vtanf) H[Lp(ag,w)]M>
J.k=1

n
= Cm||"||éll;112/[0(as2,o)]n Z Haf.fka[Lp(aQ,w)]M
jk=1

+ Clvliemo@.0)1 I Vian fll 1p 9. wypt
(m)
<Cn ”v”[BMO(HQ’U)]n ”[f]”[i]P(aQ’w)/N]M ) (4.353)

bearing in mind that each U j; is a sum of operators of commutator type (cf. (3.35)).

There remain to address the optimality claim made in the last portion of the
statement of the theorem. To this end, suppose A € Ay is such that (4.351) is valid
in every half-space 2 in R". In view of the fact that the BMO semi-norm of the
normal vanishes in such cases, this amounts to having the modified boundary-to-
boundary double layer operator K, . map each function from [%600(89)]’” into
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a constant in CM Granted this, the implication (iii’) = (i) in Proposition 3.9 gives
that actually A € %I‘zls. O

4.4 Invertibility on Muckenhoupt Weighted Homogeneous
Sobolev Spaces

Earlier in (3.132), we have considered the boundary-to-boundary single layer
operator [S,.,] : [LP@Q,w)]" — [LF@Q,w)/ ~ Y. Its invertibility
properties are going to be of basic importance in the context of boundary value
problems for the system L in 2. For example, under suitable geometric assumptions
on the set €2, if [Smod] is injective then the Homogeneous Regularity Problem for L
in Q has at most one solution, and if [S, ] is surjective then the Homogeneous
Regularity Problem for L in € is solvable. In particular, having [S, ] bijective
guarantees the well-posedness of the Homogeneous Regularity Problem for L in €.
Lemma 4.3 and Proposition 4.3 elaborate on this topic.

Lemma 4.3 Let Q C R" be a UR domain and abbreviate o := ! [0€2. Fix
an aperture parameter k > 0, an integrability exponent p € (1,00), and a
Muckenhoupt weight w € A, (092, o). Also, suppose L is a homogeneous, second-
order, constant complex coefficient, weakly elliptic M x M system in R". Consider
the Homogeneous Regularity Problem for L in 2, with boundary data prescribed in
homogeneous Muckenhoupt weighted Sobolev spaces, i.e.,

u e [e>@]",
Lu=0 in Q,

N (Vu) € LP (02, w),

ulo =1 elLle2.w]",

(4.354)

where Lf (092, w) is the homogeneous Muckenhoupt weighted boundary Sobolev
space defined in (2.598). Also, consider the operator (cf. (3.132))
P M *p M
[S,0a] o [LPOQ, w)]" — [LYOQ, w)/ ~]". (4.355)

mod

Then the following statements are true:

(a) If [Smnd] as in (4.355) is surjective then the Homogeneous Regularity Problem
(4.354) has a solution.

(b) If Q2 is actually an NTA domain with an unbounded Ahlfors regular boundary
and if [Smod] as in (4.355) is injective then the Homogeneous Regularity Problem
(4.354) has at most one solution modulo constants.
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Proof Suppose the operator in (4.355) is surjective and let f € [l.,f(Z)Q, w)]M be
arbitrary. Then there exists ¢ € [L”(3%2, w)]" such that S, ,g = f + ¢ for some
c € CM_If we now define u := . .18 — ¢ then item (¢) in Proposition 3.5, (3.47),

and (2.575) imply that this is a solution of (4.354) for the boundary datum f.

To deal with the claim in item (b), strengthen the original hypotheses on € by
assuming now that €2 is actually an NTA domain with an unbounded Ahlfors regular
boundary (in particular, 2 is connected; see (2.65)). Also, suppose [Smod] defined
as in (4.355) is an injective operator. To proceed, denote by v = (v, ..., V)
the geometric measure theoretic outward unit normal to Q2 and pick an arbitrary

coefficient tensor A = (af‘sﬁ ) 1<rs<n € Up. Let u be a solution of (4.354)
1<a,B<M

corresponding to f := ¢ € C. From the current assumptions and the Fatou-type
result recalled in Theorem 3.4 (whose present applicability is ensured by (2.576))
we conclude that

the trace (Vu) |;;:L exists and belongs to [LP(BQ, w)]Mxn. (4.356)
In view of this and (3.66), the conormal derivative
04y = (v a“ﬂ(a u )|K_M.) exists o-a.e.on 0£2
v rers \SEEe ) ca<m - (4.357)

and belongs to [L” (<, w)]M.

Kk—n.t.
Based on (4.354), (2.575), (3.54), Proposition 2.24, the fact that u’m = ¢, the
integral representation formula (3.69), and the fact that we are presently assuming
that €2 is connected, we may write

u=-<

mod

(92u) + ¢y in Q, (4.358)

for some constant ¢, € CM (depending on u). By taking the nontangential trace to
the boundary (recall (3.47)) the latter implies ¢ = —S,, (3 u) + c,, hence

[Sea] (3u) = 0. (4.359)
Since 0{'u € [LP (99, w)]M and since we are assuming that the operator [ S, ,] is
injective in the context of (4.355), this forces Blf‘u = 0. When used back in (4.358),
this proves that u is constant in 2. The claim in (b) is therefore established. m|

Our next result builds on Lemma 4.3 by establishing a two-way street between
invertibility of the single layer potential operator and the well-posedness of the
Homogeneous Regularity Problem.

Proposition 4.3 Let 2 C R”" be a two-sided NTA domain with an unbounded
Ahlfors regular boundary, and abbreviate o = 7’{”_1|_8§2. Fix an aperture
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parameter k > 0, an integrability exponent p € (1, 00), and a Muckenhoupt weight
w € Ap(d2, 0). Next, assume L is a homogeneous, second-order, constant complex
coefficient, weakly elliptic M x M system in R" and denote by (HRP) and (HRP_)
the Homogeneous Regularity Problems formulated as in (4.354) corresponding to
Qp = Qandto Q_ = R"\ Q, respectively. Finally, recall the operator [Smod]
from (4.355). Then the following statements are true:
(a) The operator [S

mod] is injective in the context of (4.355) if and only if (HRP)

and (HRP_) have at most one solution modulo constants.

(b) The operator [Smu d] is surjective in the context of (4.355) if and only if (HRP,.)
and (HRP_) have a solution.

(c) The operator [Sm d] is an isomorphism in the context of (4.355) if and only if

(HRP..) and (HRP_) are well-posed.

Proof Suppose (HRP,) and (HRP_) have at most one solution modulo constants

and let f € [LP (32, w)]M be such that S, ,f = ¢ € C¥. Then u* := 7, f
in Qyand u™ := 7, f in Q_ solve (HRP,) and (HRP_), respectively, for the
boundary datum ¢ (see item (c) in Proposition 3.5, (3.47), and (2.575)). In view
of the current working hypothesis, this forces u™ to be constant functions in Q..
Picking A € A and invoking (3.126) as well as (6.191)—(6.192), we obtain that
f = 82u= — 32ut = 0, where the last equality is implied by the fact that the
functions u™ are constant in Q4 and (3.66). Hence, [S..0¢] is injective in the context
of (4.355). The converse implication stated in (a) is a consequence of item (b) in
Lemma 4.3 (used both for €2 and Q_).

Moving on to the claim made in item (b), suppose (HRP,) and (HRP_) are

solvable and pick f € [L{7 02, w)]M arbitrary. Denote by ™ and u~ a solution
of (HRP4) and of (HRP_), respectively, for the boundary datum f. Also, fix a
coefficient tensor A € U;. Collectively, the current assumptions, the Fatou-type
result recalled in Theorem 3.4 (whose present applicability is ensured by (2.576)),
(2.575), and Proposition 2.24 guarantee that the integral representation formula
(3.69) holds both for u™* in  and for u™~ in Q_. Specifically,

K—n.t.

u+ = DA.mod(u+|‘c)Q ) -

mod

(8“,414"') + Cyq in Q+,
(4.360)

K—n

so )+

mod

um ==, . (uf (8;414’) +c_ in Q_,
for some constants c+ € CM (keep in mind that both €, and _ are connected; cf.
(2.65)). Taking nontangential boundary traces in (4.360) yields

= (%I + KA,mod)f - Smod(afu+) +cy on 09,
(4.361)
f=-(- %I + Ky noa) [+ Soa(32u™) +c— on 3Q,

on account of (3.61) and (3.47). After adding the two equalities in (4.361) we arrive
at
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f=Sma( =3 ut +82u") +cp +c_ on 3, (4.362)

hence [ f] = [Smod]( —3tut + 85‘14_). The latter proves that the operator S, , is
surjective in the context of (4.355), since —8§u+ + Bfu_ € [L”(ZJQ, w)]M. The
converse implication stated in (b) is a consequence of Lemma 4.3 (used both for
Q4 and Q_). Finally, the claim in item (¢) follows from (a)-(b), so the proof of the

proposition is complete. O

We next turn our attention to the issue of invertibility (or lack thereof) for the
operator [S,,,] in the context of (4.355). We begin with the following proposition,
which offers an example of the failure of the operator (4.355) to be Fredholm (in
every single respect: S, ] has an infinite dimensional kernel, as well as an infinite
dimensional cokernel) even when the underlying domain is a half-space and when
the system involved is symmetric. As we shall see a little later, in Theorem 4.11, the
source of this failure is the lack of a distinguished coefficient tensor for said system.

Proposition 4.4 Consider the second-order n x n system Lp := A — 2Vdiv in R"
with n > 2. Fix an integrability exponent p € (1, 00) along with a Muckenhoupt
weight w € A,,(]R”’l,.["*l). Then the single layer potential operator [Smod],
associated as in (3.42) with the system Lp and the domain Q = R}, acting in
the context
[S

mod

1 [LP@ L w] — [LP®™ L w) ) ~ ] (4.363)

has an infinite dimensional kernel and an infinite dimensional cokernel.

Proof Denote by Ker(HRPL D) the space of null-solutions of the Homogeneous
Regularity Problem for the system Lp in the upper half-space, i.e., the space of
functions u satisfying

ue[¢*®RY)]",
Lpu=0 in R%,

Ne(Vu) € LP(R" 1, w), (4.364)

Kk—n.t.

“|R"—‘ =

Also, denote by Ker[S,,,] the kernel of the operator (4.363) and fix a coefficient
tensor A € Uy ,. Then, as seen from the proof of part (b) in Lemma 4.3 (see the
reasoning leading up to (4.359)), the mapping

Ker(HRP, ) > u — 3;'u € Ker[S,, | (4.365)
is well defined and injective. Being also linear, this entails
mod

dim(Ker[S,,,]) > dim(Ker(HRPy,)). (4.366)
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The later when combined with (3.391) shows that dim(Ker[S,,,]) = +oc.

Also, much as in the proof of item (@) in Lemma 4.3, from item (c¢) in
Proposition 3.5, (3.47), and (2.575) we see that Im[Smnd], the image of the operator
(4.363), is a subspace of

{” 'z;ﬁ_RZ sue [%M(Ri)]n, Lpu=0in R, N.(Vu) € LP(R"_I, w)}.
(4.367)

Recalling (3.385), this proves that dim(CoKer[S, ,]) = +o0, where CoKer[S,,, ]
denotes the cokernel of the operator (4.363). |

We now turn our attention to the issue of identifying concrete algebraic and
geometric conditions guaranteeing the injectivity, surjectivity, and the eventual
invertibility of the modified single layer potential operator in the context of (3.132).

Theorem 4.11 Let 2 C R" (where n € N satisfies n > 2) be a UR domain.
Abbreviate o = H'! |02 and denote by v the geometric measure theoretic
outward unit normal to Q2. Also, let L be a homogeneous, second-order, constant
complex coefficient, weakly elliptic M x M system in R"*. Consider the modified
boundary-to-boundary single layer potential operator S, , associated with Q and
the system L as in (3.42). Fix some exponent p € (l,00) along with some
Muckenhoupt weight w € A,(0%2, o).

Finally, recall that [l.,f(BQ, w)/ ~ ]M denotes the M -th power of the quotient
space of classes [ -] of equivalence modulo constants of functions in Lf (092, w),
equipped with the semi-norm defined in (2.601) and, additionally, recall the
operator [Smod] : [Ll’(afz, w)]M — [Lf(asz, w)/ ~ ]M defined as in (3.132).
In relation to this, the following statements are valid.

(1) [Surjectivity] Whenever ‘II‘Ij‘iS # O, there exists some small threshold § € (0, 1)
which depends only onn, p, [wla,, L, and the Ahlfors regularity constant of 92,
with the property that if |V BMo(aQ,0) < 9 it follows that (2.601) is a genuine
norm and the operator (3.132) is surjective.

(2) [Injectivity] Whenever 9121? # O, there exists some small threshold § € (0, 1)
which depends only onn, p, [wla,, L, and the Ahlfors regularity constant of 92,
with the property that if |vil[BmoaQ.0)» < 8 it follows that the operator (3.132)
is injective.

(3) [Isomorphism] Whenever both Qliis #+ & and ‘21‘?? % @, there exists some small
threshold § € (0, 1) which depends only on n, p, [wla,, L, and the Ahlfors
regularity constant of 92, with the property that if |v||[BmoaQ.0) < 8 it follows
that [l.,f (0€2, w)/ ~ ]M is a Banach space when equipped with the norm (2.601)
and the operator (3.132) is an isomorphism.

(4) [Optimality] If‘)lgis = O then the operator (3.132) may fail to be surjective (in
fact, may have an infinite dimensional cokernel) even in the case when Q2 is a
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half-space, and if ‘212‘? = O then the operator (3.132) may fail to be injective
(in fact, may have an infinite dimensional kernel) even in the case when Q is a
half-space.

We wish to note that, corresponding to the case when €2 is the upper-graph of a
real-valued Lipschitz function defined in R"~!, the operator L is the Laplacian A
in R” (hence, M = 1), and for the integrability exponent p = 2, the invertibility of
the harmonic single layer has been treated in [35, Lemma 3.1, p. 451] using Rellich
estimates.

Proof of Theorem 4.11 To deal with item (/), assume Ql‘iis # @. Pick a coefficient
tensor A € ?I(I{‘S then select some threshold § € (0, 1) small enough so that if
IviliemMo(9.6)1» < § (a condition which we shall henceforth assume) then

Q is a two-sided NTA domain with an unbounded boundary, (4.368)
and

the operators =+ %I + K 4 are invertible on [ LY (9€2, w)]M. (4.369)
Theorem 2.3 together with Theorems 2.4 and 4.8 ensure that this is indeed possible.
To proceed, choose a scalar-valued function ¢ € ‘55’0 (R™) with ¢ = 1 on B(0, 1)

and supp¢ < B(0, 2). Having fixed a reference point xo € 9€2, for each scale
r € (0, 0o) define

o (x) = ¢(x_r—x°) for each x € R, (4.370)

and use the same notation to denote the restriction of ¢, to 2. Suppose now some
arbitrary function g € [LV (92, w)]M has been given. Hence, from (2.598) we have

g € [L (092, w) N L'(92, 24)]" and
(4.371)
dc,g € [LP@Q,w)]" for 1< jk<n.

For each r € (0, 00) set A, := 92 N B(xp, r) and define ga, := fAr gdo e CM
then set

g =¢, - (§—8n,) on Q. (4.372)

From Proposition 2.25 (whose applicability in the current setting is ensured by

(4.368) and (4.371)) we know that there exists C = C(2, p, w, x9) € (0, 00),
independent of the function g, with the property that

1
sup—(/ g —ga,
r>07F Ay

1/p "
’ du)) =C Z ” afjkg“ [LP(OQ,w)M" 4.373)
J.k=1
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Also, from (4.371)—(4.372) we see that for each radius r € (0, co) and all indices
Jj. ke{l,...,n} wehave

M

g e [L7 @2 w)]" and 3,8 = (3c,0r) - (8 — 8ay) + ¢ - 0cpg. (4374

Since there exists a constant C € (0, co) such that for each j, k € {1,...,n} and
each r € (0, co) we have

supp (BTjkqb,) C Ay and |8,jkq§,| < C/r ato-ae.pointon 92, (4.375)
it follows that for each j,k € {1,...,n} and each r € (0, c0) we may estimate,
making use of the version of the Poincaré inequality recorded in (4.373),

1/p
_ -1 _ P
H (3¢ ) - (2 — 8s,) L2V = Cr (/Az g — gas dw)
n
=C |92¢ [LP(OQ,w)M° (4.376)

J.k=1

for some constant C € (0, oo) independent of g and r. In turn, from (4.374), (4.376),
(2.585)—(2.586), and (2.576) we conclude that

| Vian & ”[Lp(asz,w)]n-M < €[ Vian g“[Lp(agz,w)]n-M (4.377)

for some C € (0, 0o) independent of g and r. If for each r € (0, co) we now define

he= (A1 +Ka) (=31 +K4) g (4.378)

then from the membership in (4.374) and the invertibility results in (4.369) it follows

that /, is a meaningfully defined function which belongs to [L (92, u))]M. In
addition, from (4.378), (4.343), and (4.377) we conclude that there exists a constant
C € (0, 00), independent of g, such that

||vtanhr||[Lp(39’w)]n-M < C ||V[ang||[Lp(BQ’w)]n-M foreach r € (O, OO)
(4.379)
Going further, for each » € (0, co) define

fr =8 (Dah,) ato-ae.pointon IQ. (4.380)

Since h, € [L} (39, w)]M, the boundedness result recorded in (3.115) together
with (4.379) imply that f, € [L? (32, w)]M and for each r € (0, co) we have
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||fr||[Lp(aQ,w)]M = C||Vtanhr||[Lp(aQ,w)]n-M <C ||Vtang||[Lp(aQ,w)]n-M ,
(4.381)

where C € (0, 0o) is independent of g and r. Collectively, (3.130), (4.378), (4.380),
and Theorem 2.4 also ensure that for each r € (0, co) there exists some constant
¢ € CM such that

S . fr=g +c on Q. (4.382)

Select now a sequence {r;}jen € (0, 00) which converges to infinity. Since from
(4.381) we know that {fy;}jen is a bounded sequence in [LP(BQ, w)]M, we may
rely on the Banach—Alaoglu Theorem to assume, without loss of generality, that
{/fr;}jen is actually weak-* convergent to some f € [Ll’ (092, w)]M. On account of

(3.46), (4.382), and (4.372), for each test function v € [Lip(a Q)]M with compact
support we may write

/asz (Spoa f: ¥)do = lim [ (Smodf,j,w)do=jlirrgo/89(grj+crj,w)da

= lim [ (6, (8= 8ns,) +ry. ¥)do

Jj—0 Jj

= lim (g — 8y, T Crjs 1/f>da
J—© JaQ J

/ (g, ¥)do + lim (cr,- —gAzr.,/ Wda). (4.383)
Q J—>00 I Jaq

In view of the arbitrariness of v, this forces the sequence {cr i —8A,, }j e © cM
' J

to converge to some constant ¢ € C¥ . Bearing this in mind, we may then conclude
from (4.383) that

/ (Spoa S/ V) do = / (g +c, ¥)do (4.384)
Q2 Q2

for each function ¢ € [Lip(8 Q)]M with compact support. Ultimately, from (4.384)
and (2.578) we obtain

S.af =8+ c ato-ae.pointon 0%. (4.385)

Hence, [Smod]f = [Smod f] = [g] and since [g] € [L”(SQ, w)/ ~ ]M is arbitrary,
it follows that the operator (3.132) is surjective. Moreover, from (4.381) we see that
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||f||[Lp(ag,w)]M = limSUP ||frj||[L1J(aQ,w)]M =<C ||Vtan8||[LP(3Q,w)]”'M
Jj—00

< CIEM 7oy (4.386)

for some constant C € (0, co) independent of g, so the surjectivity of (3.132) comes
with quantitative control.

Let us also observe that the fact that (2.601) is, as claimed, a genuine norm is
clear from (4.368) and Proposition 2.26.

Moving on, we treat item (2), now working under the assumption that 91?? # J.
Select a coefficient tensor A € A; such that AT € 91‘11}%, then choose § € (0, 1) small
enough so that if ||v|lsmope,s)r < & (something we shall henceforth assume)
then

the operators £17 + K%T are invertible on [LP (02, w)]M.
(4.387)
That this is indeed possible is guaranteed by Theorem 4.8. The goal is to show that
the operator (3.132) is injective. To this end, suppose f € [LP(BQ, w)]M is such
that [S,.4]f = [0]. Hence, [S,.,f] = [0] which implies that there exists some
constant ¢ € CM for which

S.af =c ato-ae. pointon 9. (4.388)

In concert with (3.129), this further implies
(31 + Kfﬁ)<( -3+ Kfﬁ)f) =0 ato-a.e. pointon 9§ (4.389)

which, in view of (4.387), forces f = 0. Since the operator (3.132) is linear, it
follows that this is indeed injective.

As far as the claims in item (3) are concerned, assume that ‘JI%iS #+ & and
*ll‘iii # . Results established earlier then guarantee that the operator (3.132)

is a continuous bijection. Since [Li7 @Q,w)/ ~ ]M is a Banach space (cf.
Proposition 2.26 and (4.368)) it follows that the operator (3.132) is a linear
isomorphism.

Finally, the claims in item (4) are clear from Proposition 4.4 and (3.406). The
proof of Theorem 4.11 is therefore complete. O

Here is a useful variant of Theorem 4.11:

Remark 4.21 Let €2, L, be as in Theorem 4.11 and assume ‘21%15 # . Fix some pair
of integrability exponents pg, p1 € (1, co) along with some pair of Muckenhoupt
weights wo € Ap(022,0) and wy € Ap (02, 0). From (4.341) and the proof
of Theorem 4.11 (cf. (4.378)) it follows that there exists some small threshold
6 € (0, 1) which depends only on n, pg, p1, [wO]APO’ [wl]Am’ L, and the Ahlfors
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regularity constant of 9€2, with the property that if |v|smo@a,e)» < & then
for every given function g in [Lfo(asz, wo) N l.,f‘(E)Q, wl)]M there exist some
function f € [LP(dQ, wo) N LP1 (3L, wl)]M and a constant ¢ € CM such that
S.af=8+c

As a consequence of Theorem 4.10 we shall prove the invertibility result
contained in the next theorem, for modified boundary-to-boundary double layer
operators associated with weakly elliptic systems possessing a distinguished coeffi-
cient tensor acting on homogeneous Muckenhoupt weighted Sobolev spaces on the
boundary of sufficiently flat Ahlfors regular domains. Moreover, we show that this
is optimal in the sense that in the absence of a distinguished coefficient tensor the
modified boundary-to-boundary double layer operator may actually have an infinite
dimensional cokernel, even when the underlying domain is a half-space.

Theorem 4.12 Assume Q C R” is an Ahlfors regular domain. Denote by v the geo-
metric measure theoretic outward unit normal to Q2 and abbreviate o := H' ™! [0S2.
Also, let L be a homogeneous, second-order, constant complex coefficient, weakly
elliptic M x M system in R" for which ‘JI‘I{iS # &. Pick A € Ql‘zis and consider the
modified boundary-to-boundary double layer potential operator [K A mo d] associated
with Q and the coefficient tensor A as in (3.142). Finally, fix an integrability
exponent p € (1,00), a Muckenhoupt weight w € A,(0R2, o), and some number
e € (0, 00).

Then there exists some small threshold § € (0, 1) which depends only on n, p,
[wla,, A, & and the Ahlfors regularity constant of 952, with the property that if
IviieMoQ,0) < 8 it follows that for each spectral parameter z € C with |z| > ¢
the operator

d+ (K, 0] [EP 02, w)/ ~ " — [LP 02, w)/ ~]Y (4.390)

is invertible. Moreover, this conclusion may fail when ngis = O even when Q is
a half-space (in fact, in such a scenario it may happen that %I + [K Ao d] has an

o . . . M
infinite dimensional cokernel when acting on the space [Lf (082, w)/ ~ ] ).

Proof Theorems 2.3 and 2.4 imply that there exists some threshold § € (0, 1) small
enough so that if ||v|[[smo(sg,0) < 0 then €2 is a two-sided NTA domain with an
unbounded boundary. Granted this, the desired invertibility result pertaining to the
operator (4.390) follows from Theorem 4.10, via a Neumann series argument.

In addition, from (3.133)—(3.134), (3.385), and (3.406) we conclude that the
operator %I + [K s moa] associated with the n x n system Lp defined in (3.371)
and the set  := R/} has an infinite dimensional cokernel when acting on the space

[LY @, w)/ ~]". O
Here is another useful version of Theorem 4.12:

Remark 4.22 Let @, L, be as in Theorem 4.12 and assume %I‘zis # . Fix some pair
of integrability exponents pg, p1 € (1, 00) along with some pair of Muckenhoupt
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weights wg € A,,(0R2,0) and w; € A, (022, 0), and some number ¢ € (0, 1).
From the proof of Theorem 4.12 (which produces a Neumann series representation
for the inverse) we see that there exists some small threshold § € (0, 1) which
depends only on n, po, p1, [wo] Apy> [wq] Ap, > L, e, and the Ahlfors regularity
constant of 9€2, with the property that if ||v||[smo(s,s)» < J then for each spectral
parameter z € C with |z| > ¢ it follows that

the operator z/ + [K,, .| is invertible both as a mapping
from [l:fo 0K, wg)/ ~ ]M onto itself and also as a mapping 4.391)

. M . .
from [L{7 'R, wy)/ ~ ] onto itself, and the two inverses
are in fact compatible with one another on the intersection.

See the proof of Proposition 4.2 for details in similar circumstances.

We next discuss invertibility results for the conormal of the double layer operator
acting from homogeneous Muckenhoupt weighted Sobolev spaces.

Theorem 4.13 Let @ < R" be a UR domain. Abbreviate o = H'~' |92 and
denote by v the geometric measure theoretic outward unit normal to Q. Also, let
L be a homogeneous, second-order, constant complex coefficient, weakly elliptic
M x M system in R". Fix some exponent p € (1, 00) along with some Muckenhoupt
weight w € A,(0RQ, o). Pick some coefficient tensor A € U and consider the
modified conormal derivative of the modified double layer operator in the context
of (3.138), i.e.,

[04D, 0] : [P0, w)/ ~ 1" — [LP(32, w)]" defined as

. u (4.392)
[02D, . oallf1:= 02D, ,oaf) foreach f e[L7(02,w)/~]".

From Theorem 3.5 this is known to be a well-defined, linear, and bounded operator

when the quotient space is equipped with the norm (2.601). In relation to this, the

following statements are valid.

(1) [Injectivity] Whenever QICLHS # and actually A € ‘JI‘}}S it follows that there exists
some small threshold § € (0, 1) which depends only on n, p, [wla,, L, and the
Abhlfors regularity constant of 9$2, with the property that if |v|Bmo@@.0)p < 8
then the operator (4.392) is injective.

(2) [Surjectivity] Whenever ‘llili # @ and actually AT € ‘Hiii it follows that there
exists a small threshold § € (0, 1) which depends only on n, p, (wla,, L, and the
Abhlfors regularity constant of 9$2, with the property that if |v|pmo@Q.0)p < 8
then the operator (4.392) is surjective.

(3) [Isomorphism] If?l‘zis #* &, ‘2I‘11$ #+ &, and A € WIS, it follows that there exists
some small threshold § € (0, 1) which depends only on n, p, [wla,, L, and the
Abhlfors regularity constant of 9$2, with the property that if |v|Bmo@.0)p < 8
then the operator (4.392) is an isomorphism.
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Proof To deal with the claim made in item (/), assume A € ?I‘Ii‘is. From Theo-
rems 2.3, 2.4, and 4.12 we know that it is possible to pick some threshold § € (0, 1)
small enough so that if ||v[|[pmo9Q,0)» < & then

Q is a two-sided NTA domain with an unbounded connected

boundary, (4.393)

and

:I:%I + [K A'mod] are invertible operators

. Iy (4.394)
on the Banach space [L} (09, w)/ ~]".
Granted these, (3.149) then implies that the operator (4.392) is injectiye.

To justify the claim made in item (2), suppose next that AT € Ql‘lil-sr By relying
on Theorems 2.3 and 4.8 we may choose § € (0, 1) small enough such that if
IvileMo@Q.0) < J then € is a two-sided NTA domain with an unbounded
boundary and

+ %I + KjT are invertible operators on [L” (02, w)]M. (4.395)

Once these properties are satisfied, we may invoke (3.153) to conclude that the
operator (4.392) is surjective. Finally, the claim made in item (3) is a direct
consequence of the current items (/)-(2) and Theorem 3.9. |

Remark 4.23 Let 2, L, be as in Theorem 4.13. Also, assume A € ‘ZI‘I{iS is such that
AT € 91‘11}?. Finally, fix some pair of exponents pg, p; € (1, c0) along with some
pair of Muckenhoupt weights wo € A,,(32,0) and wy € A, (02, o). From the
proof of Theorem 4.13 (cf. (4.394), (4.395), Remark 4.22, and Proposition 4.2) it
follows that there exists some small threshold § € (0, 1) which depends only on
n, po, P1, [wo]Apo, [wl]Am, L, and the Ahlfors regularity constant of 92, with the
property that if ”v”[BMO(BQ,U)]" < § then

the operator [01!D, . .
[I:fO(BQ, wo)/ ~ ]M onto [L{°(9Q, wo)]" and as a mapping
from [L}' (082, wi)/ ~ ]M onto [L”1(3L, wl)]M, and these
two inverses are compatible with one another on the intersec-
tion.

] is invertible both as a mapping from
]M
(4.396)

Remark 4.24 An alternative proof of Theorem 4.11 can be obtained by taking
collectively, (3.149), Theorem 4.12 (with z = :I:%), (3.153), Theorem 4.8 (with

z = £3), (3.138), Theorems 2.3, and 2.4.
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4.5 Another Look at Double Layers for the Two-Dimensional
Lamé System

Throughout this section, we shall work in the two-dimensional case, i.e., in the case
n = 2. As a preamble, we introduce a singular integral operator which is going to
be relevant shortly. To set the stage, suppose €2 € R? is a UR domain, abbreviate
o:=H 0€2, and denote by v = (v1, v2) the geometric measure theoretic outward

unit normal to 2. Then for each function f € L! (BQ, %) define
V() (y2 — x2) — v2 () (y1 — x1)
Raf( = tim o [ A F o),
e—0+ 27 [x — |
yea2
[x—y|>e

(4.397)

at o-a.e. point x € d€2. Let us fix an integrability exponent p € (1, 0o) along with
a Muckenhoupt weight w € A,(d€2, o). It has been proved in [113, §2.5] that the
singular integral operator R, introduced in (4.397) is bounded on L? (92, w) and
satisfies

(Ra)? = (31 + Ka)(— 3T+ Ka) on LP(3Q, w), (4.398)

KARA + RAKA =0 on LP(0Q,w), (4.399)

where K 5 is the harmonic double layer potential operator in this setting (i.e., Ka is
as in (3.29) with n := 2).

Our main result in this section is Theorem 4.14 below, which elaborates on the
spectra of double layer potential operators, associated with the two-dimensional
complex Lamé system, when acting on Muckenhoupt weighted Lebesgue and
Sobolev spaces on the boundary of a §-AR unbounded domain in the plane.

Theorem 4.14 Let Q C R? be an Ahlfors regular domain. Abbreviate o := H' 99
and denote by v the geometric measure theoretic outward unit normal to 2. Fix two
Lamé moduli v, A € C satisfying

L#£0,  2u+r#0, (4.400)

and bring back the one-parameter family coefficient tensors from (3.226) (corre-
sponding ton = 2), i.e.,
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A) = (a?f (;)) 1<j.k<2 defined for each ¢ € C according to
I<a,p=<2

ajf(é“) = Udjrdap + (U + A —8)djadkp + £3j80kas (4.401)
forl < j,k,a B <2,

which allows to represent the 2 x 2 Lamé system L ; = A + (A + p)Vdiv in R2
as

Ly = (aj‘,'f(;)ajak)w por foreach ¢ € C. (4.402)

Fix some integrability exponent p € (1, 00) along with some Muckenhoupt weight
w € Ap(dR2, 0). Finally, suppose z, ¢ € C are such that

m(p+2) —¢@Bu+A)
7# £ IS, , (4.403)

and associate the double layer potential operator K 4y with the coefficient tensor
A(¢) and the domain Q2 as in (3.24).

Then there exists some small threshold 5 € (0, 1) which depends only on |, A,
p, [wla,, z, ¢, and the Ahlfors regular constant of 92, with the property that if
IviiBMo@@,0)p2 < § it follows that

the operator zlpxo + Ka(r) is invertible
5 5 (4.404)
bothon [LP(3Q, w)]” andon [LY(OQ, w)]".

Before presenting the proof of this theorem, a few clarifications are in order.
From (4.309)—(4.310) in Theorem 4.8 and (3.228)—(3.229) we already know that,
under suitable geometric assumptions, the conclusion in (4.404) holds (and this is
true in all dimensions n > 2) when

mp +2)
3u+A#0 and ¢ = —F—. 4.405
n+xr#0 and ¢ 31 ( )

The point of Theorem 4.14 is that, for the two-dimensional Lamé system, the
invertibility results from (4.309)—(4.310) holds with A = A(¢) as in (3.226) for a
much larger range of ¢’s than the singleton in (4.405). (Parenthetically we wish
to note that what is special about the scenario described in (4.405) is that this
makes i% zero, so (4.403) simply reads z € C \ {0} in this case,
as was assumed in Theorem 4.8.) It should be also remarked that, in the setting
on Theorem 4.14, the double layer K 4(;) does not necessarily have small operator
norm, and this is in stark contrast with the case of the double layer operators
considered in Theorem 4.8. References to other related results may be found in

[82, Chapter 7]; in this vein, see also [99].
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We are now ready to present the proof of Theorem 4.14.

Proof of Theorem 4.14 From Theorem 2.3 we know that it is possible to pick some
threshold § € (0, 1) small enough so that if ||v[[gmo@sq.0)2 < 6 then @ is a UR
domain, with the UR constants of 92 controlled solely in terms of the Ahlfors
regularity constant of 2. Henceforth, assume this is the case.

Recall the numbers C(¢), C2(¢) € C associated with ¢, i, A as in (3.234). From
(3.29), (3.235), (3.236), and (4.397) we see that for each ¢ € C we have

0 R
Kaigy =Ci(§)Kalaxo — (1 = C1(£) Q + C2() ( R 0A> (4.406)
—IRA

as operators on [L? (02, u))]z. Note that (4.398) implies

2
0 R
( A) = (41 = (Ka)?) ua on [LP(02, w)]*. (4.407)
“Ra 0

Staring with (4.406) and then using (4.407), (4.399) we may write, with all operators
acting on the space [Lp(asz, w)]z,

(zhx2 + Ka)) (= 2hx2 + Ka@)) = (Ka)* — 2212
=[1C20)* = b2 + T, (4.408)
for all z, ¢ € C, where T; is the operator
T; = (C1(©)* = C2(©)}) Kaaxa + (1 — C1(£))* 0 (4.409)

—Ci1(O)A = C1ENKADLX2) O — C1(0)(A = C1(£)) Q(Kalrx2)

0 Ra 0 Ra
—Cz(é)(l—C1(C))Q< )—Cz(s“)(l—Cl({))( >Q-
—RA 0 —RA 0

Fix now ¢ € C along with & > 0 arbitrary. Note that 7 in (4.409) is a finite linear
combination of compositions of pairs of singular integral operators such that, in each
case, at least one of them falls under the scope of Corollary 4.2. As a consequence of
this and Proposition 3.4, it follows that there exists § € (0, 1) small enough (relative
tou, 2, ¢, ¢, p,[wla,, and the Ahlfors regularity constant of 9£2), matters may be
arranged so that, under the additional assumption that

Ivlimo@e.0)p < 0 (4.410)

we have
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1T N Lrog.wPoLroo.mp < &2/2. (4.411)
Consider now
1 1
zeC\{B(zcz(g),s)UB(—ECZ({),e)}, (4.412)
which entails
11C2(0)? = 22| = |3C2(0) — 2||3C2(0) + 2| = &% (4.413)

Then from (4.413), (4.411) it follows that

1 2 2 .. . 2
7C2(8)” — 27 |Iax2 + T; isinvertibleon [LP(9€2, w)
[:e2¢ Jiox ‘ [ ] (4.414)
for each z as in (4.412),

and

1 22 —IH 2 1y —1
=C — I T, < 2
H([“ 28)" ~z ] 2+ 1) [LP(0Q,w)P—[LP(0Qw)]> /2 (4.415)
for each z as in (4.412).

Since the operators zI>x2 + K4(;) and —zl>x2 + K 4(;) commute with one another,
from (4.408) and (4.414) we ultimately conclude that

2l + Kag) is invertible on [LP (392, w)] for each z as in (4.412).
(4.416)

In relation to (4.416) we also claim that there exists some small number
c:=c(Q,¢¢, p.[wla,) € (0, 1], (4.417)

where the dependence of ¢ on €2 manifests itself only through the Ahlfors regularity
constant of 9€2, with the property that

clflipraoume < |(zlax2 + Kaw) f| [LP(3Q,w)]

R (4.418)
for each z as in (4.412) and each f € [LP(0Q, w)]".

To prove this, first observe that
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whenever [z| > 1+ | KA(C)“[LP(BQ,w)]2—>[LP(652,w)]2 then

zhx2 + Ka(p) is invertible on [LP(3€2, w)]2 and (4.419)

—1
! K H < 1.
H (Z 2x2 + A(Z)) [Lp(aQ’w)]z—>[Ll’(aﬂ,w)]z

Hence, as long as |z| > 1+ || Kaw || [LP (09.w) 2 [LP (3. w) ]2 the estimate in (4.418)
is true for any choice of ¢ € (0, 1]. As such, there remains to study the case in which

z is as in (4.412) and also satisfies
(4.420)

|zl < 1+ | KA(()”[LF(BQ,w)]ZH[LI’(BQ,w)]z'

Henceforth assume z is as in (4.420). From (4.408) and (4.415) we know that

-1 -1
I K —zI K ”
” (z 2x2 + A(;)) ( zhx2 + A(;)) (L%, w)PP—s [LP 3C,0)]2

G (4.421)
Write (252 + KA(;))_l as

[(zlzxz + KA(;))_I( —zhxa + KA({))_I:I( —zhyo + Ka)), (4.422)

then use this formula and (4.421) to estimate

-1
ot Kao) |
H (Z 2x2 + A(;)) [LP (3R, w)]2—[LP (3R, w)]?

2 =1
= (e7/2) H -zl + KA(C)” [LP (32, w)]2—[LP (32, w)]2

2 -1
= (e7/2) <|Z| + ” KA({)”[Lp(aQ,w)p_)[Lp(ag,w)p)
< C(R,8,¢, p,[wla,), (4.423)
where the last inequality comes from (4.420), and

C(Q.e.¢.p, [w]Ap) =267 4 4s70 [ KA@)”[LP(E)Q,w)]z—>[LP(BQ,w)]2'
(4.424)

Hence, if we define
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ci=c(Q 6,0, p,(wla,) = min{l, [C@.e ¢ p, [w]Ap)]_l} €0, 1],
(4.425)

we may rely on (4.423) to write
clfllizrao.wp < ” (ZIsz + KA(!))fH[Lp(g)Q,w)]27

for all £ € [LP (3%, w)]’, (4.426)

finishing the proof of (4.418).
We next claim that, if the threshold § € (0, 1) appearing in (4.410) is taken
sufficiently small to begin with, we also have

. . 2
z2lrx2 + K ao¢ry invertibleon [LP (892, w)
X ©) [ 1 ] (4.427)
for each z as in (4.412).

For starters, observe that for each point z € C, and each f € [Lf (02, w)]z,
Proposition 3.2 gives

dria[(zlox2 + Ka)) ] = (2hax2 + Ka)) (9e, ) + Ulgz(vtanf)v (4.428)

where the commutator Ufz is defined as in (3.35) withn = 2, j = 1, k = 2, and
the coefficient tensor A(¢) as in (4.401). If z is as in (4.412) then, on account of
(4.428), (4.418), and Theorem 4.3 (also keeping in mind Proposition 3.4) for each

f e [Lf (02, w)]2 we may estimate

9, fllizrag.uwp < | (2hax2 + Kaw)) @, ) H[LI’(SSZ,w)]z

= ” aflz[(112x2 + KA(s“))f] H[Lp(asz,w)]z + ” Ufz(vtanf) H[Ll’(aﬂ,w)]z
< | (zl2x2 + Ka) | wroguwp T C80m flliraa,wpe: (4.429)

(since we presently have d;,, = 9, = 0 and 9d;,, = —0y,,), where C € (0, c0)
depends only on u, A, ¢, p, [w] Aps and the Ahlfors regularity constant of 9€2.
Assuming § < ¢/(2C) to begin with, the very last term above may be absorbed
in the left-most side of (4.429). By combining the resulting inequality with (4.418)
we therefore arrive at the conclusion that if § in (4.410) is small enough then we
may find some small n > 0 with the property that
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Ml ao.uwe = | (zL2x2 + KA(C))f“[L{’(asz,w)]Z

) (4.430)
for each z as in (4.412) and each f € [Lf(BQ, w)] .

In such a scenario, (4.430) implies that the operator z/>x2 + Ka() acting on
[Lf(BQ, w)]2 is injective and has closed range for each z as in (4.412). Conse-
quently, the operator zIx2 + K () acting on [Li7 (042, w)]2 is semi-Fredholm for
each z as in (4.412). Since this depends continuously on z, the homotopic invariance
of the index on connected sets then ensures that the index of zIrx2 + K() on

[L{7 (092, w)]2 is independent of z in said range. Given that, via a Neumann series
argument,

zlx2 + K () 1s invertible on [Lf(BQ, w)]2
(4.431)

if 2| > | KA@)”[Llp(E)Q,w)]za[Lf(BQ,w)]z’

we may therefore conclude that the index of z/5x2 4+ K 4(z) on [Lf (092, w)]2 is zero
for each z as in (4.412). In view of the fact that, as already noted from (4.430), the

operator zlax2 + K a) is injective on [L? (9Q, w)]” for each z as in (4.412), this
ultimately proves that z/>x2 4+ K 4(¢) is invertible on [L] (02, w)]2 for each z as in

(4.412). Hence, the claim made in (4.427) is true. At this stage, the claim made in
(4.404) readily follows from (4.416) and (4.427). O

It is of interest to single out the case z = :I:% in (4.404), and in Corollary 4.3
stated next we do just that.

Corollary 4.3 Let Q C R? be an Ahlfors regular domain. Abbreviate o := H! [0S2
and denote by v the geometric measure theoretic outward unit normal to 2. Fix two
Lamé moduli u, » € C satisfying

w#0,  2u+Ar#£0,  3u+Ar#0, (4.432)

and recall the one-parameter family coefficient tensors A(¢) defined for each { € C
as in (4.401). Fix an integrability exponent p € (1, 00) along with a Muckenhoupt
weight w € A, (382, o). Finally, pick some

;e@\{—u,%ﬁ“ (4.433)
and associate double layer potential operator K sz with the coefficient tensor A(L)
and the domain 2 as in (3.24).

Then there exists some small threshold 5 € (0, 1) which depends only on |, A,
p, [wla,, ¢, and the Ahlfors regularity constant of 02, with the property that if
IviiBMo@a@,0)p2 < § it follows that
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the operators =+ %IZXZ + Ka() areinvertible
) 5 (4.434)
bothon [LP(0Q, w)]” andon [LY(OQ, w)]",

and

the operators + %szz + Kﬁ(g) are invertible on [Lp(E)Q, w)]z. (4.435)

As seen from (4.433) (also keeping in mind (4.432)), under the additional
assumption that u + A # 0 the value ¢ := pu becomes acceptable in the formulation
of the conclusions in (4.434)—(4.435). This special choice leads to the conclusion
that, if  is sufficiently flat (relative to u, A, p, [w]a s and the Ahlfors regularity
constant of 9€2) then the operators

+ b+ Kag : [LP02, w)]" — [LP (32, w)], (4.436)
+ b + Kag : [LY 02, w)] — [LP 02, w)], (4.437)
+ 1o+ kY,  [LP09,w)] — [LP02. w)]’, (4.438)

are all invertible whenever
un #0, n—+Ar#0, 2u+ 1 #0, 3u+ X1 #O. (4.439)

This is relevant in the context of Remark 6.10.

Proof of Corollary 4.3 The claim in (4.434) is a direct consequence of Theo-
rem 4.14, upon observing that when z = +1/2 the demand in (4.403) becomes
equivalent to the condition stipulated in (4.433). The claim in (4.435) then follows
from (4.434) and duality. |
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