Chapter 7 ®)
Handling of Road Cars i

Ordinary road cars are by far the most common type of motor vehicle. Almost all of
them share the following features relevant to handling:

four wheels (two axles);

two-wheel drive;

open differential;

no wings (and hence, no significant aerodynamic downforces);

no intervention by electronic active safety systems like ABS or ESP under ordi-
nary operating conditions.

IS

Moreover, in the mathematical models it is also typically assumed that the vehi-
cle moves on a flat road at almost constant forward speed u, thus requiring small
longitudinal forces by the tires.

The handling analysis of this kind of vehicles is somehow the simplest that can
be envisaged.! That does not mean that it is simple at all.

The vehicle model developed in Chap. 3 is employed. However, owing to the above
listed features of road cars, several additional simplifications can be made, which first
lead to the double track model and eventually to the celebrated single track model.
All the steps that lead to the single track model are thoroughly discussed to clarify
when it is a suitable model for vehicle dynamics.

The original version of this chapter was revised: Figures 7.12, to 7.19 has been updated with high
resolution. The correction to this chapter is available at https://doi.org/10.1007/978-3-031-06461-
6_12

! Some sports cars and all race cars have a limited-slip differential. Several race cars also have wings
that provide fairly high aerodynamic downforces at high speed. The handling of these vehicles is
somehow more involved than that of ordinary road cars and will be addressed in Chap. 8.
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240 7 Handling of Road Cars

7.1 Additional Simplifying Assumptions for Road Car
Modeling

The vehicle model introduced in Chap. 3, and whose equations were collected in
Sect. 3.14, is simplified hereafter, taking into account the distinguishing features
relevant to handling of road cars (Fig. 7.1).

7.1.1 Negligible Vertical Aerodynamic Loads

Aerodynamics of road cars is mostly concerned with attaining low drag, because of its
impact on fuel consumption. Therefore, road cars normally do not have aerodynamic
devices to generate significant vertical loads, that is Z{ >~ 0 and Z§ >~ 0. Basically,
this means that the handling features of a road car are (almost) speed insensitive.

7.1.2 Open Differential

The main simplification is that the vehicle is equipped with an open differential.
Since there is almost no friction inside an open differential mechanism, in (3.178)
we have that its internal efficiency 1, >~ 1, and hence M; >~ M, In other words, both
driving wheels receive always the same torque from the engine. Therefore, in the
global equilibrium equations (3.94), the tire longitudinal forces Fy,; (Fig. 7.1) are
suchthat Fy, = F;,, and Fy,, = F;,,, and hence do not contribute to the yaw moment
N applied to the vehicle. Summing up, in (3.87)

AX] = —I:Fyl2 Sil’l(512) — Fy“ sin(8]1)]/2
(7.1)
AX, =0

Basically, this means that the handling features of a road car are (almost) insensitive

to the radius of curvature of its trajectory, provided the radius is not too small.
A look at Fig. 3.28 can be useful to better understand AX; = (X2 — X11)/2.

7.1.3 Almost Constant Forward Speed

If the forward speed u is almost constant (&z >~ 0, and hence a, =~ 0), and the aerody-
namic drag is not very high (like in ordinary cars, but not in a Formula 1 car, which,
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however, does not have an open differential),? the tire longitudinal forces are quite
small (Fig. 7.1). That means that also the longitudinal slips are small and can be
neglected. Therefore,

Fy, ~0 (7.2)

oy, =0 '

)
which means that all wheels are almost under longitudinal pure rolling conditions.
As a consequence, we have

U > wyrs (7.3)

where ), is the angular velocity of the differential housing, and r, is the rolling
radius of the rear wheels.

2 The left and right wheels of the same axle are normally equipped with the same kind of brake.
Therefore, the braking torque is pretty much the same under ordinary operating conditions, and,
again, (7.1) holds true. However, there are important exceptions. The left and right braking forces
can be different if: (a) the grip is different and at least one wheel is locked; (b) the friction coefficients
inside the two brakes is different (for instance, because of different temperatures, which is often the
case in racing cars); (c) some electronic stability system, like ESP or ABS, has been activated.
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7.2 Mathematical Model for Road Car Handling

The equations collected in Sect. 3.14 for the fairly general vehicle model described
in Chap. 3 are now tailored to the case of road cars with open differential, no wings,
and almost constant forward speed.

The general definitions (3.87) for the horizontal (in-plane) forces acting on the
vehicle now become (Figs. 7.1 and 7.2)

X1 >~ —[F,, sin(é11) + F},, sin(812)]

X2 ~0
Yy >~ F,, cos(é11) + Fy,, cos(12) (7.4)
Y2 = F)’Zl + Fy22

AX] = _[Fylz Sin(512) - Fyn Sin(sll)]/z

AXZ ~0

7.2.1 Global Equilibrium

Since the forward speed u in (3.94) is given, the vehicle has basically only lateral
and yaw dynamics (often simply called lateral dynamics), described by the following
system of two differential equations (Fig. 7.2)

may, =m(V+ur)=Y =Y +1,
(7.5)
sz =N =Yia1 — ra, + AX 1

while X
Xy = m(it — vr) + [F,, sin(81)) + F,,, sin(812)] + EpaSaCxuz (7.6)

is now an algebraic equation, the unknown being the tire longitudinal force X,
(see (7.4)).

It looks like we are playing a dirty game. First we say X, ~ 0, and now we are
computing it. This is indeed to check whether X is actually very small.

We recall that u is the vehicle longitudinal velocity, r is the vehicle yaw rate, v is
the lateral velocity of G, ay is the longitudinal acceleration of G, and a, is the lateral
acceleration of G. The vehicle has mass m and moment of inertia J, with respect to
a vertical axis located at G. It is worth noting that u and r are not affected by the
position of G.
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Fig. 7.2 Global dynamics of Y
the double track model A -

7.2.2 Approximate Lateral Forces

In all two-axle vehicles with an open differential, it is possible to solve (7.5) with
respect to the front and rear lateral forces (cf. (3.100))

may sz' — AX1h may
1= —ay+—— = —ay
[ l l
. 7.7
maj Jr— AX ma,
Y2=Tay—f2Tay

where, in the last terms, we took into account that |J.7| < |maya;|, since in a car
J; < maja; and |ia;| < |ay|. The other term AX ¢, becomes relevant if the wheel
steer angle is at least 15 degrees. It is common practice to ignore this contribution.
In most cases it is hardly mentioned, and almost always neglected, although it can
be far from negligible. The main reason for this “ostracism” is that the analysis is
much simpler if AX#; is set to zero. Well, not quite a reasonable reason...
Moreover, under ordinary operating conditions |v| < |ur| (Fig. 3.7), and we can
use
ay =ur = u’p (7.8)

already defined in (3.28), instead of the full expression a, = v + ur of the lateral
acceleration, to approximately evaluate the axle lateral forces (cf. (3.100))

ma; . ma; .
Y >~ T ay and Y, >~ T ay (79)

Therefore, in a two-axle vehicle with open differential, the axle lateral forces are
approximately l/inear functions of the lateral acceleration a,. This is a simple, yet



244 7 Handling of Road Cars

fundamental result in vehicle dynamics of road cars, which greatly impacts on the
whole vehicle model.

Equations (7.9) hold true only when v = 7 = 0, that is when the vehicle is in
steady-state conditions. However, they are sufficiently accurate when employed to
estimate lateral load transfers and roll angles, as will be shown. Actually, we should
never forget that in the present analysis there is no roll dynamics (except in Chap. 9).
Therefore, the roll angle is always assumed to be the angle at steady state.

7.2.3 Lateral Load Transfers and Vertical Loads

According to (3.151) and (3.155), both lateral load transfers AZ; and AZ, are linear
functions of both lateral forces Y; and Y>.

Inserting (7.9) into (3.151), we obtain the following simplified equations for the
lateral load transfers in vehicles with open differential and linear springs

kg, k h—gq axqi ar(q axq1 + ai1qa - .
an = e T, I | mdy = mma,
likg # o ¢2 lky,
(7.10)

ke kg, (h—q aiqp aiqp aqi+aq\ . .
AZ, =~ ¢lk¢~ - 7 e 5 may, = 1ymd,
12ke 3 i ¢ Ly,

or, equivalently

1 k¢ aqi k¢ k¢ aiqz aqi - ~
AZy >~ — | 2 (h—q)+ + == - ma, = nymd,
! f |:k¢ ( ) l kgl kgz kgl Ay = mimd,

1|k a kg k a a . .
AZy >~ — [% (h—q)+ 22 4 Tooe < 291 _ 1612>:| ma, = nyma,
¢

1) l k¢l kg] kgz
(7.11)
where [ = a; + a; is the wheelbase, ¢ = (a»q; + ai1¢2)/!, and
K kY k5 kY
ky = kg, + kg, = i b2 ¢ (3.148)

s P K p
k¢| +k 1 k¢2 + k¢z

is the global roll stiffness.
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Fig. 7.3 Geometric parameters that affect lateral load transfers

The two quantities ; and 7, and hence the ratio AZ;/AZ, = n;/n,, depend in a
peculiar way on the track widths 7;, on the roll stiffnesses of the suspensions kj , on
the roll stiffnesses of the tires kq’; , on the heights g; of the no-roll centers Q; ,3 on the
longitudinal position (a;, a,) and height £ of the center of gravity G (Fig. 7.3). The
roll stiffnesses are defined in Sect. 3.10.6, and in particular in (3.148). The no-roll
centers are defined in Sect. 3.10.9.

If the tires are supposed to be perfectly rigid, that is k(‘;’ — ooand kj = kg, the
expressions of the lateral load transfers (7.11) become much simpler

1 [ ky (h—
t_ |: ¢]( q) + el i| m&y = mm&y
1

kg )
L (7.12)
1k -
AZy ~ — [ 0(h—q) n aléh] mii, = moma,
15 k¢ l ;
as in (3.158).
Taking (7.9) into account we also obtain that
[ [
AZy=m—Y1 and AZy,=m—Y (7.13)
a ay

The total vertical loads (3.109) on each tire can be further simplified because, in
the present case, the longitudinal load transfer AZ is negligible. Moreover, cars with
an open differential are not so sporty to have significant aerodynamic vertical loads.
Therefore, combining (3.109) and (7.10), we obtain

3 We call no-roll center what is commonly called roll center.
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Fig. 7.4 Roll angle ¢; due
to suspension deflections
only, roll angle q)ip due to tire
deformations only, and total
vehicle roll angle ¢ (front
view)
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0
2 A7) =
2 J

0
71 + AZl(a_v) =

z9 -
7 - AZZ(ay) =

%

) + AZZ(&y) =

mga, -
— m
o My
mga o
§l 2 + mma,
(7.14)
mga -
— ma.
o P
mga -
7 + namay

which shows that the variations of vertical loads are (linear) functions of the lateral

acceleration @, = ur.
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7.2.4 Roll Angles

Also the (steady-state) roll angles due to suspension deflections (3.147) depend
upon Y| and Y,, and hence, according to (7.9), can be set as functions of the lateral
acceleration only*

1 kpkg, | h—q aqi  aiqa| ~
¢S:T ! — + may, = pymad,

VR, ke | ke, IKp kb | TP
(7.15)

s 1 k¢1k¢‘2 |:h —q aiqz aqi -
¢’2 = 5 -

5 5 | ma, = pyma,
ky, ko kg, lky, lky, :|

The same applies to roll angles ¢! due to tire deformations. According to (3.144)
and (7.10) we obtain

AZity mb -
p p
¢ = 7 = k—pmay = pyma,
1 (]
(7.16)
p Al mb o,
¢, = 7= k—pmay = p,ma,
(033 (033

If the tires are supposed to be rigid, we have p{ = py =0, and pj = pj = (h —
q)/ kg

The roll angles (Fig. 7.4) are important because they affect camber angles and
steer angles of the wheels, as shown hereafter.

7.2.5 Camber Angle Variations

Let, y5 = —y) = ¥ be the camber angles under static conditions (Fig. 7.5), and let
Ay;1 = Ayin = Ay; be the camber variations due to vehicle roll motion (Fig. 7.6).
The camber angles of the two wheels of the same axle are thus given by

vii=—v'+ Ay  va=yl+ Ay (7.17)

where the camber variation Ay;, according to (3.113), (7.15) and (7.16), depends on
the roll angles, and hence on the lateral acceleration a,

/2 —¢ |~ ~
Ay ~ |:— <¥> P+ pf]may = xima, (7.18)

Ci

4 In this model the roll inertial effects are totally disregarded.
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Fig. 7.5 Positive static
camber yl.o (front view)

Fig. 7.6 Positive camber Ay,

variations Ay; due to roll k
motion (front view, left turn) j

since the term £z7 /c; is usually negligible in road cars on flat roads.

Three suspensions with the same ¢;, but with different values of ¢;, are shown in
Fig. 7.7. We see that, as expected, the same amount of vehicle roll angle ¢; yields
different camber variations (tire roll angle q)ip not considered). In all cases the roll
angle is due to a left turn. Camber variations are negative in the first case.

7.2.6 Steer Angles

According to (3.210) and taking into account (7.15), we obtain the following (approx-
imate, but very good) expressions for the steering angles of the two wheels of the
same axle

i1

tA
_8,0 + Ti(sv + 8i2_ll(fi8v)2 + TzP,Ym&y = Sil (8\/’ &y)

. (7.19)
Sin= 8 +mus, — s,»z—’l(r,»sv)z + Yipimay, = 8;2(8,, y)

which are, obviously, functions of the steering wheel rotation §, imposed by the
driver and, possibly, of the lateral acceleration a, = ur.

In (7.19), as discussed in Sect. 3.4, 5? is the static toe angle, t; is the first-order
gear ratio of the whole steering system, ¢; is the Ackermann coefficient for dynamic
toe, 7; is the roll steer coefficient and p;ma, is the suspension roll angle ¢;. If
the tires are supposed to be rigid, we have pj = p; = (h — q)/ky. The analysis is
considerably simpler if 7; = 0, that is if there is no roll steer. Most cars have 7, = 0,
that is no direct steering of the rear wheels.
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Fig. 7.7 Front view of three different suspensions (right), and their camber variations (left) due to
the same positive vehicle roll angle ¢; (tire roll angle q,')ip not considered)

7.2.7 Tire Slips

As already stated in Sect. 7.1.3, in the model under investigation all wheels are almost
under longitudinal pure rolling conditions, that is oy,; =~ 0. Therefore, according to
(3.59) '

onry = (u —rt/2) cos(d11) + (v + ray) sin(é11)

wipr = (U +rt1/2) cos(812) + (v + ray) sin(812) (7.20)
wa1ry = (U — r12/2) cos(831) + (v — ray) sin(81) '

wyry = (U +riz/2) c0s(822) + (v — raz) sin(82)
where w;; is the angular velocity of the corresponding rim and 7; is the wheel rolling

radius, as defined in (2.38).
Under these assumed operating conditions, the tire lateral slips (3.60) become
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_ (v+rap)cos(éin) — (u—rt/2)sin(d11)

TN T W= r1y/2) cos@1y) + (v + ray) sin(d1p)

o, = (v +ray)cos(812) — (u+rt/2) S%H(fslz)
’ (u +rt1/2) cos(812) + (v + ray) sin(d12) 7.21)

o — (v —rap) cos(8z1) — (u — rtp/2) sin(82;1)

P (= rn/2) cos(8a1) + (v — raz) sin(8a)

o — (v —rap) cos(82) — (u + rtp/2) sin(82,)

(A r12/2) cos(822) + (v — raz) sin(82)

where §;; = §;;(8,, ur) as in (7.19).
Therefore, more compactly

Oy, = Oy, (v, riu, 8 (8, ur)) (7.22)

It will turn useful to have these very same slips expressed in terms of 8 = v/u
and p =r/u

o _ (B paycos@i) — (1 = p1n/2) sin(d11)
(1= pty/2) cos(811) + (B + pay) sin(S11)

o (B + pay) cos(812) — (1 + pt1/2) sin(812)
M (1 + pty/2) cos(812) + (B + pay) sin(812)

) (7.23)
o — (B — paz) cos(821) — (1 — ptp/2) sin(821)
(1= p1a/2) cos(8a1) + (B — paz) sin(8a1)
o (B — paz) cos(822) — (1 + ptp/2) sin(d22)
(14 p2/2) c05(822) + (B — pa) sin(82)
and, more compactly
Oy, = Oy, (,3, 05 8 (8y, ur)) (7.24)

We see that the “main” dependence on u has disappeared.

7.2.8 Simplified Tire Slips

Equations (7.21) can be simplified without impairing their accuracy too much. More
precisely, taking into account that u > |v], u > |rt;], |8;;] < 1, and w;;r; >~ u, we
obtain (see (3.55) and (3.57))
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V+ra
Oy, = 1 —dn =p1—dn
u
Vv +ra;
Oyp = ==~ 312 =B1 —dn2
7.25
V—ra ( )
Oy X ——— =& =fr—dn
u
vV —ra
Oyp = —dn =% —n
u
More explicitly, according to (7.19), we have
vV+ra t 3
oy, ML 718, — 8? + 81—1(118v)2 + T pjmur
u 21
vV+ra t !
Oy, = Tl — (7:15V + 8? — 812—11(71502 + Tmfmur)
(7.26)
Vv—ra t .
Oy, 2 _ 8, — 53 + 82—2(1'25‘,)2 + Yhpsmur
u 21
vV —rap 15 s
Oy, ” — <128V + 8(2) — 825(‘[23‘,)2 + sz‘zmur>

Most cars have 1, = 0, that is no direct steering of the rear wheels.

Equations (7.21)—(7.26) show how the lateral tire slips o;; are related to the global
vehicle motion, to the kinematic steer angles, to the toe-in/out angles, and to the roll
steer angle. None of these contributions can be neglected, in general.

We can also look at the actual tire slip angles «;; (Fig. 7.8), defined in (3.55) and
(3.58). In this model (not to be taken as a general rule) we have

Oy X - (7.27)

Just compare (3.58) with (7.25).

7.2.9 Tire Lateral Forces

The lateral force exerted by each tire on the vehicle depends on many quantities, as
shown in the second equation in (2.82). For sure, there is a strong dependence on
the vertical loads Z;; and on the lateral slips Oy, while, in this vehicle model, the
longitudinal slips o,,, are negligible. The camber angles y;; need to be considered
as well, since they are quite influential, even if small. According to (3.212), the spin
slips ¢;; are directly related to y;;. Therefore, a suitable model for the lateral force
of each wheel with tire is (Fig. 7.1)
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Fig. 7.8 Actual slip angles 5 o
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(see also Fig. 3.13) \/1
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Fy, = Fy,(Zij. vij» oy,) (7.28)

Of course, extensive tire testing is required to make these functions available.
Needless to say, many other parameters affect the tire performance: road surface,
temperature, inflation pressure, etc.
The lateral force Y; for each axle of the vehicle is obtained by adding the lateral
forces of the left wheel and of the right wheel (cf. (3.85) and (7.4), with F,,, >~ 0)

Y, = Fy“ cos(817) + Fylz cos(812)
Y2 = F)’21 + Fyzz (729)
AX] = [Fy“ sin((S”) — Fylz sin(812)]/2

In general, the two wheels of the same axle undergo different vertical loads,
different camber angles, and different lateral slips. Therefore, the two lateral forces
are very different, as shown, e.g., in Fig. 3.28 and also in Fig 7.12. Equations (7.14)
and (7.18), when inserted into (7.28), allow to take all these aspects into account.
Therefore (Fig. 7.1)
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Y, = Fy, (Zn(ur), yi(ur), ay“> cos(811(8y, ur))
+ Fy, (le(ur), Yiz2(ur), ay,z) cos(812(8y, ur))
= Fy,(0y,,, Oy, 8y, ur),

Y2 = F)’Zl (ZZl (Mr)7 )/21 (Mr), G)’z]) + Esz (ZZZ(’/”’)» VZZ(W’)v Uyzz)

= F)’2 (U_\'zl » Oy ur),
A%y = Fy, (201, yun), oy, ) sin(8113,, ur)

- Fy, (le(ur), yia(ur), ay,z) sin(812(8,, ur))

(7.30)

= AX(0y,,, Oy, by, Ur)

It should be clearly understood that the functions in (7.30) are known algebraic
functions.

A general comment on this vehicle model is in order here: some quantities depend
(linearly) only on the lateral acceleration a, = ur. However, it must be remarked that
this peculiarity needs an open differential, no aerodynamic forces, almost constant
forward speed.

7.3 Double Track Model

7.3.1 Governing Equations of the Double Track Model

Summing up, the double track vehicle model for studying the handling of road cars
is governed by the following three sets of equations:

e two equilibrium equations (lateral and yaw), as in (7.5)

m(v—i—ur):Y] —|—Y2=Y
(7.31)
J.7 =Ya — Yha + AX 1ty = N

e three constitutive equations, as in (7.30), which are affected by several setup param-
eters and by the vertical loads

Y, = Fyl (oyll » Oyips 8y, ur)
Yy = F,(0y,,, Oy, ur) (7.32)

AXy = AX(0y,,, Oy, 8y, Ur)
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e four congruence equations (tire lateral slips), as in (7.21), which take care, among
other things, of the Ackermann coefficient

Oy, = Oy, (V, riu, Bll(aw MV))

UYIZ = O:\’12 (V, riu, 812(8V9 Mr))
(1.33)
O’,VZI = U}‘z] (V, riu, 821(8\2’ ur))

Uyzz = 6}’22 (V, ryu, 822(8\/» ur))

We have simply §;; = §;;(8,) if there is no roll steer.

This vehicle model for road vehicle handling is fairly general, and it is usually
called double track model. A more classical formulation of the same model is obtained
taking (7.27) into account. However, using o;; instead of «;; is conceptually clearer.

7.3.2 Dynamical Equations of the Double Track Model

The dynamical equations for road vehicle handling are now promptly obtained. As
a final step, it suffices to insert (7.32) and (7.33) into (7.31)

mWV+4+ur)y=YW,r;u,s,)
(7.34)
Ji =N, r;u,d,)

This is a dynamical system with two state variables, namely, but not necessarily, v(¢)
and r(t), as discussed in Sect. 7.3.3. The driver controls the steering wheel angle
8, (¢) and the forward speed u.

The double track model can be used to simulate and investigate the vehicle han-
dling behavior under steady-state or transient conditions (i.e., nonconstant §,(¢)).

Unfortunately, the double track model is not as popular as the single track model
(often and mistakenly also named “bicycle model”). The effort required to build a
computer program and to run simulations with the double track model is comparable
to the effort required by the less accurate single track model (introduced and discussed
in Sect. 7.5).

7.3.3 Alternative State Variables ($ and p)

The use of v(¢) and r(¢) as state variables is not mandatory, and other options can be
envisaged. Other state variables may provide a better insight into vehicle handling,
if properly handled.
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The state variables B(¢) and p(¢) have been already introduced in (3.16) and
(3.17). They are repeated here for ease of reading

v S
=—-=—— 3.16/
B . R (3.16")
and
_r_! (3.17)
P=UTR '

They are just v and r normalized with respect to u.
The corresponding three sets of equations of the double track model become:

e equilibrium equations (cf. (3.23), (3.27) and (7.31))

mBu+Pi+u’p) =Y =Y +7,

. . (7.35)
J.(pu + pi) = N = Y1a1 — Yhar + AX 11y
e constitutive equations (as in (7.32), with a, = ur = u?p)
Yl = F)’l (J,Vll ’ O-ylzv 8\)7 u2,0)
Yy = F, (04, 0y, 47 P) (7.36)
AXI = AXI(GYl] ’ 6}’12’ 8\1’ u2p)
e congruence equations (cf. (7.33), with @, = ur = u?p)
Oy, = 0y, (B, 03 81105y, MZ,O))
Oy, = O—ylz(:B’ P 812(8\;, MZ/O))
(7.37)

Oy, = Oy, (:87 P; 821 (5\1’ MZ,O))
Oyp = Oyy (ﬁ’ 05 622(8y, MZ,O))

Therefore, in this case, the two dynamical equations (7.34) of the double track

model become .
m(Bu + Bit + u”p) = Y (B, p; 8,, u’p)
(7.38)
J(pu + pit) = N (B, p; 8, u’p)

where || >~ 0 and can be discarded. The dependence of ¥ and N on the lateral
acceleration u”p, and hence on the forward speed u, disappears if there is no roll
steer. This is the main advantage in using 8 and p as state variables in the double
track model for road cars.
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Quite remarkably, we will see in (7.75) that in the single track model, when 8
and p are used as state variables, there is no dependence of Y and N on u even if roll
steer is taken into account.

7.4 Vehicle in Steady-State Conditions

An essential step in understanding the behavior of a dynamical system, and therefore
of a motor vehicle, is the determination of the steady-state (equilibrium) configura-
tions (vp, rp,). In physical terms, a vehicle is in steady-state conditions when, with
fixed position §, of the steering wheel and at constant forward speed u, it goes around
with circular trajectories of all of its points.

After having set 8, = 0 and i = 0, the mathematical conditions for the system
being in steady state is to have v = 0 and 7/ = 0 in (7.34). Accordingly, the lateral
acceleration drops the v term and becomes at steady state

u?
, — = = — 7.39
Ay =ur =u"p 2 ( )
This equation was already introduced in (3.28).
Finding the equilibrium points (v,, 7,), that is how the vehicle moves under given

and constant §, and u, amounts to solving the system of two algebraic equations

mur =Y, r;u,d,)

(7.40)
0=N@,r;u,d)
or, equivalently and more formally
0=YW,r;u,é) —mur = f,(v,r;u,s,)
(7.41)
OZN(V,F;M,SV) = f,(v,r;u,c‘iv)
to get (v, rp) such that
fp,rpiu,8,)=0 and  fr(vp,7piu,8,)=0 (7.42)

Because of the nonlinearity of the tire behavior, the number of possible solutions
(vp, ¥p), for given (u, §,), is not known a priori. Typically, if more than one solution
exists, at most only one is stable.

Equations (7.42) define implicitly the two maps

vy =0, 8,) and r,=F,®u,b,) (7.43)
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that is, the totality of steady-state (equilibrium) conditions as functions of the forward
speed u and of the steering wheel angle §,.. Given and kept constant the forward speed
u and the steering wheel angle §,, after a while (a few seconds at most) the vehicle
reaches the corresponding steady-state condition, characterized by a constant lateral
speed v, and a constant yaw rate 7.

For a more “geometric”, and hence more intuitive, analysis of the handling of
vehicles, it is convenient to employ 8 = v/u and p = r/u instead of v and r, as done
in Sect. 7.3.3. Therefore, (7.43) can be replaced by

By =PBp,8,) and p,=p,u,s) (7.44)

The steady-state handling behavior is completely characterized by these handling
maps of B and p, both as functions of two variables, namely, but not necessarily, u
and §,

w,8,) = (Bp.pp) (7.45)

Indeed, it is common practice to employ (8,, dy), instead of (u, 4,), as parameters
to characterize a steady-state condition. This is possible because

ay =ur,(u,d,) which can be solved to get u = u(é,, a,) (7.46)

Therefore, (7.43) becomes

Il
<>

Vp p((s\u u (8, ay)) = Vp((gva ay)
(7.47)
rp="Fp(8y, u(Sy, ay)) =ry(d, ay)
and, accordingly, (7.44) becomes
By = Bp (80, u(6,.@y)) = Bp(8y. dy)
(7.48)

Pp = b\p (5V7 u(dy, &))) = pp(dy, ay)

At first it may look a bit odd to employ (§,, a,) instead of (u, é,), but it is not, since it
happens that in most road cars a few steady-state quantities are functions of a, only.
This is quite a remarkable fact, but it should not be taken as a general rule.’

Similarly, we could use (u, a,) as parameters to characterize a steady-state con-
dition.

Equations (7.44) or (7.48) provide a fairly general point of view that led to the
new global approach that we called Map of Achievable Performance (MAP) in
Chap. 6. Additional, relevant information are provided in Sects. 7.7 and 7.8. These
MAPs can be obtained experimentally or through simulations. Therefore, they are not
limited to mathematical models. Actually, as will be discussed in the next chapter,

5 For instance, vehicles equipped with a locked differential and/or with relevant aerodynamic down-
forces always need (at least) two parameters.
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they exist also for race cars, including Formula cars with very high aerodynamic
downforces.

Now we address more classical topics, like the single track model and the asso-
ciated handling diagram.

7.5 Single Track Model

The goal of this Section is to present a comprehensive analysis of the single track
model [2, 5, 6, 8, 12, 17, 19], thus showing also its limitations. In many courses
or books on vehicle dynamics (e.g., [8, p. 199]) the single track model, shown in
Fig. 7.9, is proposed without explaining in detail why, despite its awful appearance,
it can provide in some cases useful insights into vehicle handling, particularly for
educational purposes. Vehicle engineers should be well aware of the steps taken to
simplify the model, and hence realize that in some cases the single track model may
miss some crucial phenomena, and the double track model should be used instead.

7.5.1 From Double Track to Single Track

The double track model is shown in Figs. 7.1 and 7.2. Of course, it has four wheels.
In the corresponding schematic representations of the single track model shown in
Fig. 7.9 it looks like there are only two wheels. It is not so. It is not a bicycle. In the

a
rk 1 . U1k

k., X,

Fig. 7.9 Equivalent schematic representations of the single track model (with 8, = 0)
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single track model we look at each axle as a whole. Therefore, better names would
be “four wheel” model and “two axle” model, respectively.

To go from the double track model to the single track model (Fig. 7.9) we need
to further simplify (7.26): the Ackermann corrections have to be set equal to zero,
that is

&1 =& = 0 (749)

which is consistent with small steering angles. Indeed the Ackermann correction is a
second order contribution in (7.26) and, important as it can be, it cannot be included
in the single track model. You see that we are missing something.

This (not necessarily true) hypothesis (7.49) on the Ackermann coefficients, if
combined with the simplified expressions (7.26), leads to the following (first-order)
expressions for the lateral slips of the four wheels

v+ ra "
Oy, ( P 118v> +8Y — 11 pima,

Vv +ra; N
Oy ( - 118v> —8) — 11pima,

(7.50)

vV —ra
oy, 2 08, ) +8° — Thpima
Va1 = p 20y 2 20may

o, ~ (2212 s, ) — 80 — Topima
v = p 20y 2 20,may

where we can still take into account the toe-in/toe-out terms 8?, and also the roll steer
contributions.

In (7.50) it is convenient to define what may be called the apparent slip angles o
and a, of the front and rear axles, respectively (Fig. 7.20)

V+ra;

ap = 116, — =18 — B — pa

(7.51)

vV —rap

ay = 126, — =10, — B+ par

Combining (7.50) and (7.51), we obtain that both front lateral slips o,, and o,
are known functions of the same two variables o and a,. Similarly, both rear lateral
slips oy,, and oy,, are known functions of the same two variables o, and a,
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Oy, = —0p + 5(1) — Tipimay, = oy, (a1, ay)

~ 0 5o P
Oy, = =1 = & — Nipymay = oy, (@1, dy)
o (7.52)
Oy, X —0p + 8, — Vapymay = oy, (a2, dy)

~ 0 S~ ~
Oy, = —0y — 8 — Vapymay = oy, (a2, ay)

The two wheels of the same axle undergo the same apparent slip angle, but not
necessarily the same lateral slip. The key point for the model to be single track is that
the difference between left and right lateral slips must be a function only of a, = ur.
This is the peculiar feature of the single track model (cf. (7.26)). It is the fundamental
brick for the next step.

But before doing that, it is worth noting the crucial difference between the actual
slip angles «;; of each wheel, defined in (3.58) (and also in (7.26)), and the apparent
slip angles «; of each axle, defined in (7.51).

t
an =ay — 8 + Yipimur + 812_11(r18v)2

‘ t
ap =ay +8) + Vipjmur — 812—11(t15v)2
(7.53)
0 s 2 2
oy = oy — 85 + Vapsmur + sza(fzav)

0 s 2 2
ay =ay + 68, + hp,mur — 822—Z(T25v)
In general, the two apparent slip angles «; can be defined only in the single track
model (Fig. 7.20). In real vehicles there are four actual slip angles o;;.
Itis very common in traditional (oversimplified) vehicle dynamics not to take into

account toe-in/toe-out and roll steering, thus having

Oy = Oy, = —01
(7.54)

Oy, = Oy = =002

7.5.2 “Forcing” the Lateral Forces

Owing to (7.52), the first two equations in (7.30) become
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Y= B (200G i @), 0y, @1.8) ) + Fra(Z02(@). 712(@y). 0, (@1.d)))
= F), (a1, 51),) + Fy,(aq, Ely)
= Fyl (011, Zly);

Y2 = F,Vzl (ZZI(ay)a 7/21(&}')7 Oy, (a27 LNI})) + Fy22 (ZZZ(ay)a )/22(&)1): Oyn (0‘2» Zly))

= F)’Zl (a27 é}’) + Fy22 (a2a éy)

= Fy, (o, &,\’ ’

(7.55)
while the third equation in (7.30) is set to zero because of the assumed very small
steer angles

AX1 =0 (7.56)

It is really crucial for a vehicle engineer to understand and keep in mind the
differences between (7.30) and (7.55). In the final expressions of Y; in (7.55) there
appear only variables associated to the corresponding axle, not anymore to the single
wheel.

As already obtained in (7.9) at the beginning of this chapter, we have that the
lateral forces are basically linear functions of @, (open differential)

Y) ~ @ay and Y, @ay (7.57)

Therefore, Fy, (a1, ay) and Fy, (a2, a,) must be such that

~ may . - maj .
Fy (a1, dy) = Tzay and  Fy (2. dy) = T‘ay (7.58)

which can be solved with respect to the lateral acceleration, to obtain®
ay=gi()) and a, = g(x) (7.59)

These relationships are affected by many setup parameters, like camber angles, roll
steer, toe-in/toe-out, etc., as discussed in detail in Sect. 7.5.3.

The final, crucial, step is inserting (i.e., “forcing”) these results back into (7.55),
thus obtaining the axle characteristics of the single track model

Yi(a)) = Fy, (a1, g1(@n))  and  Ya(ap) = Fy, (2, g2(e)) (7.60)

that is, two functions, one per axle, that give the axle lateral force as a function of only
the corresponding apparent slip angle. In other words, each axle behaves formally
as an equivalent single wheel with tire.

6 This step would not be possible with Fy, as in (7.30).
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Fig. 7.10 Tire tested under symmetric vertical loads with respect to the static load Z(/2

Forcing the lateral forces to be as in (7.60) is an approximation when the vehicle is
in transient conditions. Moreover, to go from (7.30) to (7.55) we made assumptions
(7.49) about the steer kinematics (parallel steering) and small steer angles.

The double track model provides more accurate results when running simulations.
On the other hand, the single track model is a useful tool for educational purposes
and for investigating steady-state conditions. It is less accurate, but more intuitive.

Equation (7.59) implies that in the single track model there is a link between «;
and o

gi(ay) = a, = ga(a2) (7.61)

and that this link is not affected by u or §,. In a real vehicle this is not necessarily
true. Vehicle engineers should be aware that the single track model is somehow an
inconsistent model, albeit very appealing.

7.5.3 Axle Characteristics

As done in (7.60), by axle characteristics we mean two algebraic functions (one per
axle) of the form
Yi = Fy, =Yi() (7.62)

which provide the total lateral force as a function of the apparent slip angle only,
with the effects, e.g., of the lateral load transfers already accounted for. They were
obtained in (7.60), but the topic is so relevant to deserve an in-depth discussion.
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Fig. 7.11 Basic graphic construction of the axle characteristic and influence of changing the roll
stiffness

7.5.3.1 The Basics

The basic procedure to obtain the axle characteristics is described here. The goal is
to provide an intuitive and physical approach to the construction of the axle charac-
teristics in the single track model. “Basic” means that only the effects of the lateral
load transfers AZ; are taken into account. Of course, lateral load transfers cannot be
omitted. They must necessarily be included in the analysis (unless linear tire behavior
is assumed, Fig. 7.62).

The first step is to test the tire under symmetric vertical loads with respect to the
reference value Z? /2, as shown in Fig. 7.10. “Symmetric” means that tests have to
be carried out in pairs, that is with F, = Z?/Z + AZ;. In Fig. 7.10 two such pairs are
shown.

The second step is to add the two tire curves obtained with symmetric vertical
loads, as shown in Fig. 7.11(top), thus getting a sort of axle curve for each value of
the lateral load transfer. To legitimate this second step it is mandatory that the inner
wheel and the outer wheel of the same axle undergo the same apparent slip angle ¢;.
As expected, the higher the lateral load transfer AZ;, the lower the corresponding
axle curve.
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The third step is to draw a straight line according to (7.13), to linearly relate the
lateral load transfer AZ; to the axle lateral force F,.

The fourth and final step is to pick the unique point on each axle curve that
corresponds to a real operating (steady-state) condition for the vehicle, as shown in
Fig. 7.11(top). As a matter of fact, each axle curve was obtained testing the tire with
given and constant £ AZ;, but this amount of lateral load transfer requires a definite
value of the lateral force F), in the vehicle, and hence a definite value of «;.

The sought axle characteristic Y;(c;) is just the curve connecting all these points,
as schematically shown in Fig. 7.11.

Changing the value of ; in (7.13) results in a different straight line and hence in
different axle characteristics, as shown in Fig. 7.11(bottom). The axle curves are not
affected by n;, but the points corresponding to real operating conditions are.

7.5.3.2 The General Case

Now we are ready to address the construction of the axle characteristics with greater
generality. It means that we will use the lateral acceleration a, as a parameter.

According to (7.30), (7.52), (7.55) and (7.57), the general framework, at steady
state, for a given vehicle is that:

1. each axle lateral force Y; is determined solely by the lateral acceleration a,,
see (7.9) (open differential);

2. there is a one-to-one correspondence between the lateral acceleration a, and the
following quantities:

e lateral load transfers AZ;, see (7.10);
e camber angles y;;, see (7.17) and (7.18);
e roll steer angles 7;¢ay, see (7.19);

3. both left and right tire lateral forces are known functions of the lateral acceler-
ation a, and of the same apparent slip angle «;, see (7.55).

Therefore, as discussed in Sect. 7.5.2, for any given value of a, we can obtain the
corresponding load transfers, camber angles and roll steer angles. Consequently, we
can plot (measure) the lateral forces F), (a;) of each wheel as functions only of the
apparent slip angle o;

Yi(a) = Fy, (a1, gi(ar)

(7.63)

)
Yia(a) = Fy, (1, g1(@))
)
Yo (o) = Fy,, (02, g2(2))

(
Ya1(2) = Fy,, (o2, g2(a2)
(

This way we can single out the contribution of each wheel. Typical curves for the
inner and the outer tires of the same axle are shown in Fig. 7.12. As expected, the
outer wheel (green plot) provides a lateral force larger than the inner wheel (red plot).
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Fig. 7.12 Lateral forces exerted by the inner wheel (red), by the outer wheel (green) of the same
axle, and resulting axle characteristic (blue). Maximum lateral force is 5 kN at 10.34 deg

Each axle characteristic is given by (Fig. 7.12, blue plot)
Yi(a;) = Yir (o) + Yia (i) (7.64)

Of course, any calculation of this type assumes the availability of tire data.

As shown in Fig. 7.12, the maximum lateral forces of the two wheels are not
attained, in general, for the same apparent slip angle. This is not desirable, if we are
interested in maximising the lateral acceleration. To mitigate this phenomenon we
can resort on tuning some setup parameters. We have to understand the effects on
the axle characteristics of changing these setup parameters. This extremely relevant
practical topic is discussed hereafter, taking into account the effects of changing the:

. lateral load transfer;
. static camber angles;
. roll camber;

. toe-in/toe-out;

. roll steer.

| O R S

All plots in this section are for a car making a left turn (a, > 0). In all plots in
this section, the apparent slip angles are in degrees and the lateral forces are in kN.

7.5.3.3 Lateral Load Transfer AZ;

Two additional basic examples are shown in Fig. 7.13. They are basic in the sense
that it is assumed that the lateral acceleration a, affects only the lateral load transfer
AZ;. More precisely, it is assumed that y;; = 8? =7, =0.
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Fig. 7.13 As in Fig. 7.12, but with lower load transfer (left: max force 5.15 kN at 8.20 deg) or
higher load transfer (right: max force 4.97 kN at 10.95 deg)

The two cases in Fig. 7.13 have different values of n;, and hence different load
transfers for the same lateral acceleration, with respect to the case in Fig. 7.12. One
has lower 7; (left: max force 5.15 kN at 8.20 deg) and one has higher 7, (right: max
force 4.97 kN at 10.95 deg).

A very relevant fact in vehicle dynamics, as stated in Sects 2.10.2 and 2.12, is that
the lateral force exerted by a single tire grows less than proportionally with respect
to the vertical load. This is clearly shown in Fig. 7.13, where the higher the lateral
load transfer, the lower the resulting curve of Y;.

7.5.3.4 Static Camber y

The definition of static camber is given in Fig. 7.5 and in (7.17). The effects of
negative and positive static camber angles, i.e. yio # 0, are shown in Fig. 7.14, left
and right, respectively. If the top of the wheel is farther out than the bottom (that is,
away from the axle), it is called positive static camber. If the bottom of the wheel is
farther out than the top, it is called negative camber. We see in Fig. 7.14 that there are
lateral forces on each wheel (camber thrust) when the car is going straight. We also
see that the peak (max) value of the ax/e lateral force is higher with negative static
camber. The main reason is that the inner and outer wheel reach their peak values
for apparent slip angles that are less far away from each other.
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Fig. 7.14 As in Fig. 7.12, but with negative static camber (left: max 5.03 kN at 10.23 deg) or
positive static camber (right: max 4.97 kN at 10.47 deg)

7.5.3.5 Roll Camber Ay;

As shown in Fig. 7.15 and in (7.18), roll camber Ay; is an anti-symmetric setup
modification. Therefore, it also affects the slope in the origin of the axle characteristic.
Negative and positive camber variations due to roll motion are shown in Fig. 7.6.
Also useful may be Fig. 7.7, which shows how the suspension architecture strongly

affects roll camber.
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Fig.7.15 AsinFig. 7.12, but with negative roll camber (left: max 5.02 kN at 10.29 deg) or positive
roll camber (right: max 4.98 kN at 10.40 deg)
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7.5.3.6 Toe-in/Toe-out &

The definition of toe-in/toe-out is given in Fig. 3.15 and in (7.19). The effects of toe-
in (87 > 0) and toe-out (87 < 0), are shown in Fig. 7.16, left and right, respectively.
We see that also in this case there are lateral forces on the wheels when the car is
going straight.

The beneficial cumulative effects of negative static camber, negative roll camber
and toe-in are shown in Fig. 7.17. We see that the peak value from 5 kN reached
5.09 kN. This result was achieved because the inner and outer wheel reach their peak
values for apparent slip angles that are now closer to each other.

Fy(kN) Fy,(kN)
6 6
5 5
4f 4
3 3/
ot 2
1 1
(1) 2 4 6 8 10 127 (1) 2 4 6 8 10 127

Fig. 7.16 As in Fig. 7.12, but with foe-in (left: max 5.03 kN at 9.40 deg) or toe-out (right: max
4.97 kN at 11.42 deg)

FykN)
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0 | ‘ ‘ ‘ ‘ | aga
2 4 6 8 10 12
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Fig. 7.17 As in Fig. 7.12, but with the cumulative effects of negative static camber, negative roll
camber, and toe-in (max 5.09 kN at 9.24 deg)
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7.5.3.7 Roll Steer Y;pima,

Also interesting is the case of roll steer, i.e. 7; 7 0, shown in Fig. 7.18. While most
effects are symmetric with respect to the vehicle axis, and hence the contributions
of the two wheels cancel each other at low lateral acceleration, the roll steer is anti-
symmetric, and hence it affects the axle characteristic also at low lateral accelerations.
However, contrary to all other setup parameters here considered, it does not affect
the peak value of the axle lateral force.

Fy,(kN) Fy,(kN)
- &
5¢ 5
4f 4t
3t 3f
2t 2!
1] 1}
(1) 2 4 6 8 10 127 ? 2 4 6 8 10 127

Fig. 7.18 As in Fig. 7.12, but with positive roll steer (left: max 5 kN at 9.12 deg) or negative roll
steer (right: max 5 kN at 11.61 deg)

7.5.3.8 General (Mixed-up) Case

As already shown in Fig. 7.17, in general all these effects may very well coexist in a
real car. The axle characteristics are what most characterize vehicle dynamics. They
may differ in the initial slope (slip stiffness) and in the maximum value. Both aspects
have a big influence on vehicle handling.

We remark that the axle characteristics, under an apparent simplicity, contain a
lot of information about the vehicle features and setup (see also [12, Chap. 6]).

7.5.3.9 Look at the Peak Positions

For just a moment, let us assume the grip coefficient being not dependent on the
vertical load. More precisely, set a; = 0 in (2.99). Even in this case, the amount of
lateral load transfer does affect the peak value of the axle lateral force, as shown in
Fig. 7.19. Therefore, we should do our best to keep the apparent slip angles of the
inner and outer peaks as close together as possible. This issue is rarely discussed,



270 7 Handling of Road Cars
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Fig. 7.19 Higher load transfers lower the peak value of the axle characteristic even if assuming
(erroneously) load independent grip

maybe because it is unusual to draw Figures like 7.12, 7.13, 7.14, 7.15, 7.16, 7.17,
7.18 and 7.19.

7.5.4 Governing Equations of the Single Track Model

Summing up, the single track model is governed by the following three sets of fairly
simple equations:

e two equilibrium equations (lateral and yaw), as in (7.5)

m@v4ur)=Y=Y+Y,
(7.65)
sz’ =N= Y1a1 — Y2a2

e two constitutive equations (axle characteristics, which include the effects of several
setup parameters), as in (7.60)

Yy =Yi(o)
(7.66)
Y, = Ya(a2)
e two congruence equations (apparent slip angles), as in (7.51)
o = 118, — v+ raj
u
(7.67)
Vv —rdap
0y = 'C25v -

u
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rk

Fig. 7.20 Single track model

A comparison with the governing equations of the double track model (Sect. 7.3.1)
shows that in the single track model:

e the term AX ¢, has disappeared from the equilibrium equations;
e there are two, instead of four, constitutive equations;
e there are two, instead of four, congruence equations.

A pictorial version of the single track model is shown in Fig. 7.20, where

61 =116, = (1 +«k)s
(7.68)
52 = Tz(sv = X‘L’](SV =«

with
=261 — & = (11 —1)é = (1 — )16, = 76, (7.69)

Reasonably, but also arbitrarily, we call §; the steer angle of the front axle. A similar
thing can be done for the rear axle.

The angle & is called net steer angle of the (single track model of the) vehicle.
Usually, ¥ = 0 and hence § is just the steering angle §; of the front axle. However,
k # 0 leaves room for rear steering §, as well, without affecting §.

In this single track model there is a one-to-one relationship between é and §,, that
is we have a rigid steering system. A vehicle model with compliant steering system
is developed in Sect. 7.16.
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Indeed, the equations governing the dynamical system of Fig. 7.20 are precisely
(7.65), (7.66) and (7.67). Therefore, Fig. 7.20 can be used as a shortcut to quickly
obtain the simplified equations of a vehicle. However, the vehicle model still has four
wheels, lateral load transfers, camber and camber variations, roll steer, as discussed
in Sect. 7.5.3 on the axle characteristics.

The main feature of this model is that the two wheels of the same axle undergo
the same apparent slip angle ¢;, and hence can be replaced by a sort of equivalent
wheel, like in Fig. 7.20. However, that does not imply that the real slip angles of the
two wheels of the same axle are the same. Neither are the camber angles, the roll
steer angles, the vertical loads. Therefore, the single track model is not really single
track! It retains many of the features of the double track model.

It is not necessary to assume that the center of mass G of the vehicle is at road
level [11, p. 170], neither that the lateral forces of the left and right tires to be equal
to each other [1, p. 53]. Actually, both assumptions would be strikingly false in any
car.

Assuming the total mass to be concentrated at G, as if the vehicle were like a
point mass [18, p. 223], is another unrealistic, and unnecessary, assumption.

7.5.5 Dynamical Equations of the Single Track Model

Among the governing equations, only the two equilibrium equations are differential
equations, and both are first-order. The other four algebraic equations must be inserted
into the equilibrium equations to ultimately obtain the two dynamical equations of
the single track model

m©W + ur) = YI(SV‘Q Y + Vd]) + YZ((SVTQ _rz l"le)

u u
(7.70)
sz' = da Y1<8V‘L’] — vt ra > — GQYZ((SV‘Q — Y= Fdz)
u u
or, more compactly
m@+ur)=Y,r;u,s,)
(7.71)

Ji =N, riuéy)

Therefore, the single track model is a dynamical system with two state variables,
namely, but not necessarily, v(¢) and r(¢), as discussed in Sect. 7.5.6. The driver
controls the steering wheel angle §,(¢) and the forward speed u.

7.5.6 Alternative State Variables ($ and p)

As already done in Sect. 7.3.3, instead of v(¢) and r(¢), we can use 8(t) = v/u and
p(t) = r/u to describe the handling of a vehicle.
The corresponding governing equations of the single track model become:
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e equilibrium equations (cf. (7.65))

m(Bu+ pi+u’p) =Y =Y, + 1,

(7.72)
J.(pu + pit) = N = Yia; — hay
e constitutive equations (cf. (7.66))
Y) = Yi(ar)
(7.73)
Y, = Ya(a)
e congruence equations (cf. (7.67))
o) =8,T1 — B — pay
(7.74)

ay =68, — B+ pay

Combining these three sets of equations, we obtain the dynamical equations, that
is the counterpart of (7.70)

m(Bu + it + u*p) = Y (B, p; 8,)
J.(pu + pit) = N(B, p; 8,)

(7.75)

where |it] ~ 0.

It is worth noting that, differently from (7.38) of the double track model, the axle
lateral forces Y| and Y;, and hence also the total lateral force Y and the yaw moment
N, do not depend explicitly on the forward speed u, even if roll steer is taken into
account. All the effects of the lateral acceleration @, = ur = u?p on Y and N are
already included in the axle characteristics. Moreover, the expressions of ¥ and N
in (7.75) are even simpler than those in (7.71).

7.5.7 Inverse Congruence Equations

The state variables v and r appear in both congruence equations (7.67). However, it
is possible to invert these equations to obtain two other equivalent equations, with
p = r/u appearing only in the first equation and 8 = v/u only in the second equation

r 81—8 op—ow
PEYT T T T
(7.76)
v S1ay + Sray ajay + orag
B=—-= _
u l l

where the more compact notation §; = §,7; and §, = §, 7, has been used.
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Itis important to realize that all these inverse congruence equations are not limited
to steady-state conditions, although they are mostly used for the evaluation of some
steady-state features.

Another very common way to rewrite the first equation in (7.76) is as follows

l [
(Xl—()l2=(81—82)—E=5—E (777)

where R = u/r. Should «; = o, = 0 (very low speed), then § = [/ R, which is often
called Ackermann angle (not to be confused with Ackermann steering geometry,
discussed in Sect. 3.4).

7.5.8 1 and B, as State Variables

Another useful set of state variables may be the vehicle slip angles at each axle
midpoint (Fig. 7.20)

Bi=B+par =8 —a =16 —a; =(14+k)té —a;

(7.78)
Br=B—pay=258 —ar =108 —ar =K1, — 02
The inverse equations are
o= Br—fB 1
R
(7.79)
Biax + Bray
p=
The corresponding governing equations of the single track model become:
e equilibrium equations
. . u? Y N
piu+piu+ B —p)—=—+—a
l m J;
(7.80)
. . u? Y N
Bou+ poit + (B —f)— = — — —a
l m J,
e constitutive equations (from the axle characteristics)
Y1 =Yi(a)
(7.81)
Y; = Ya(an)

e congruence equations



7.5 Single Track Model 275

a; =68,17 — 1 =20 — B

a=686T— B =30m—FH

(7.82)

The two first-order differential equations (7.70) or (7.75), governing the dynamical
system, become

2+ ma? J; —

. . u . —majay

Bru+ Bri+ (B — B)— = =——L Y1871 — B) + Z—— = V2 (812 — B)
l mJy mJy
2 J;+m

2
a J; —majay

2126w — f2) + = V1Tt — B1)
mJ; mJ;

Bau + Boit + (B1 — ﬂz)MT =
(7.83)
where, again, the terms on the r.h.s. do not depend on u.

These equations highlight an interesting feature. The terms (J, — ma;a,), which
appear in both equations, are often very small in road cars, and could even be pur-
posely set equal to zero. Therefore, the coupling between the two equations is fairly
weak

‘We observe that (7.77) becomes

ap —ay = (8 — &) — (B1 — B) (7.84)
and we also have

aiay + ara; = (81a2 + 8ra1) — (Brax + faar) (7.85)

7.5.9 Driving Force

At the beginning of this chapter, and precisely in (7.2), we made the assumption of
small longitudinal forces. But small does not mean zero. Indeed, a small amount of
power is necessary even for keeping a vehicle in steady-state conditions. To make
this statement quantitative, let us consider a rear-wheel-drive single track model
(Fig. 7.20, with F,, = 0). The power balance

1
(Fey — Fyy 80 + Fy, (v + rpar) + Fyy (v — rpaz) — <§pscxu2> u=0 (7.86)

provides the following driving force F,
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v, +rya vV, — Fpa 1
sz = FyI (51 — prl> + Fyz (_prZ) + E,OSCXM2

1 2
= Fy a1 + Fya + EpSCxu (7.87)

and, assuming linear tire behavior:

1
= Cla%p + Cza%p + E,OSCXMZ

This force F,, has to counteract the aerodynamic drag (obvious) and also the drag
due to tire slips (maybe not so obvious at first). Indeed, lateral axle forces F), are not
orthogonal to the corresponding velocity and hence absorb mechanical power.

That tire slips induce drag can be better appreciated from Fig. 7.21 (where, for
simplicity, the aerodynamic drag is not considered). Points C and A do not coincide
because of the apparent slip angles «; and «,. Therefore, a longitudinal driving force
F,, is required to achieve the dynamic equilibrium (cf. [12, p. 67]).

Of course, Fig. 7.21 is just a scheme. In real cases, slip angles are much smaller.
The last line in (7.87), which is valid for about |«;| < 0.05 rad, clearly shows that
F,, is much smaller than Fy,, as assumed in (7.2).

By

F—"1+ Fy2

Fig. 7.21 Graphical evaluation of the driving force F, at steady state
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7.5.10 The Role of the Steady-State Lateral Acceleration

As already stated in Sect. 7.4, it is common practice to employ (8,, a,), instead of
(u, 6,), as parameters to characterize a steady-state condition. In the single track
model some steady-state quantities are functions of a, only.

The reason for such a fortunate coincidence in the case under examination is
promptly explained. Just look at the equilibrium equations at steady state, with the
inclusion of the constitutive equations (axle characteristics), that is for the single

track model 3
may = Y (o) + Ya(az)

(7.88)
0=Yi(aa — a(w)az
They yield this result (already obtained in (7.9) and (7.57))
Y [ Y. l
hedt s ama 2O _; (7.89)
may : mag
which can be more conveniently rewritten as
Y l Y a, Y l Y. a,
(o) _ 1(%!1) _ Y 2(02) _ 2(%!2) _ 4 (7.90)
mgay Z g mgai Zy 8

where Z? and Z9 are the static vertical loads on each axle.

Therefore, if we take the monotone part of each axle characteristic, there is a
one-to-one correspondence between a, and the apparent slip angles at steady state
(Fig. 7.24)

o) = Oll(gly) and Oy = Olz(gly) (791)

This is the key fact for using a, as a parameter.

Both apparent slip angles «; and o, only “feel” the lateral acceleration, no matter
if the vehicle has small u and large §, or, vice versa, large u and small §,. In other
words, the radius of the circular trajectory of the vehicle does not matter at all (in
this model). Only G, matters to the lateral forces and hence to the apparent slip
angles. Actually, this very same property has been already used to build the axle
characteristics. Equations (7.91) are just the inverse functions of (7.59).

We remark that (7.91) must not be taken as a general rule, but rather as a fortunate
coincidence (it applies only to vehicles with two axles, open differential, no wings
and parallel steering).

Another very important result comes directly from (7.90)

Yi(ay)  Ya(a)
zy Z

(7.92)
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that is, at steady state, the lateral forces are always proportional to the corresponding
static vertical loads. Therefore, the normalized axle characteristics

) % . Y
() = 1;1) and V() = 2;52) (7.93)
1 2

are what really matters in the vehicle dynamics of the single track model. The nor-
malized axle characteristics are non-dimensional. Their maximum value is equal to
the grip available in the lateral direction and is, therefore, a very relevant piece of
information.

7.5.11 Slopes of the Axle Characteristics

It turns out that vehicle handling is pretty much affected by the slopes (derivatives)
of the axle characteristics
dY] dYZ

and @, =— (7.94)

&) = —
! dog doy

Obviously, @; > 0 in the monotone increasing part of the axle characteristics.
According to (7.91), in the single track model we have that the slopes @; of the
axle characteristics are functions of the lateral acceleration only

D =P (o)) = P (a1 (ay))

~ (7.95)
Dy = D () = Da(aa(ay))
From (7.89)
da, [oh da, (D,
— =——  and — = —7F (7.96)
dory ma, doy ma
and hence
dory mas das mai
fa _ma g Se_nma (7.97)
day 1D, da, [P,

7.6 Double Track, or Single Track?

Equations for the double track model and equations for the single track model are
quite similar. Therefore, the effort for building a numerical model and running simu-
lations is pretty much the same. Of course the double track model is more general. It
does not require the assumptions of parallel steering and open differential. Moreover,
it can deal with cases in which u > |rt;| does not hold.
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The single track model is less realistic, but simpler, and hence more predictable for
a human being. Almost all the complexity boils down to the axle characteristics. As
already mentioned, the single track model can provide in many cases useful insights
into vehicle handling, particularly for educational purposes. But “many cases” does
not mean “all cases”.

7.7 Steady-State Maps

We have already stated that the two functions (7.48) define all steady-state conditions
of the double track model. However, the topic is so relevant to deserve additional
attention and discussion.

From (7.46),(7.47),(7.68), (7.76) and (7.91) we have, at steady state, the following
maps

- r T — T ar(ay) — ar(ay)
Pp:l)p(av’ay):;p:< ll 2) (Sv_%

(7.98)

. v T4 + Ta ai(ay)as + on(ay)a
,8[7 = ﬂpww ay) = 71; = < / ) (Sv - 2 / ?

A vehicle-road system has unique functions p,(8,, a,) and B8,(8,, a,). As will be
shown, they tell us a lot about the global vehicle steady-state behavior. In other
words, these two maps fully characterize any steady-state condition of the vehicle.
Of course, the r.h.s. part of (7.98) is strictly related to the single track model, and it
is useful to the vehicle engineer to understand how to modify the vehicle behavior.

The two functions p,(8,, a,) and 8, (6., a,) can also be obtained experimentally
[4], once a prototype vehicle is available, by performing some rather standard tests
on a flat proving ground. With the vehicle driven at almost constant speed u and a
slowly increasing steering wheel angle 8, (Slow Ramp Steer, often performed at 80
km/h), it suffices to measure the following quantities: r,,, v,,, u, a, and é,. It is worth
noting that none of these quantities does require to know whether the vehicle has
two axles or more, or how long the wheelbase is. In other words, they are all well
defined in any vehicle, including race cars.
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Fig. 7.22 Curves at constant Ay (m/s?)
p (1/m) in the plane (8, ay),
for an understeer vehicle 10

0.09

0 ‘ 15 ) (deg)
Fig. 7.23 Curves at constant y (m/s*)
B (deg) in the plane (8, ay),
for an understeer vehicle 10

8

6

4

2

5 (deg)

A key feature, confirmed by tests on real road cars (with open differential and no
wings), is that the §,-dependence and the a,-dependence are clearly separated.’

As shown in Figs. 7.22 and 7.23, both maps in (7.98) are (in the single track model)
linear with respect to the steering wheel angle §,, whereas they are nonlinear with
respect to the steady-state lateral acceleration a,. The linear parts are totally under
control, in the sense that both of them are simple functions of the steer gear ratios
and of a; and a,. The nonlinear parts are more challenging, coming directly from
the interplay of the axle characteristics.

Figures 7.22 and 7.23, where § = 14,, anticipate the Map of Achievable Per-
formance (MAP) approach, discussed in Sect. 7.8.

7 We remark that this is no longer true in vehicles with limited-slip differential and/or aerodynamic
vertical loads.
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7.7.1 Steady-State Gradients

Itis informative, and hence quite useful, to define and compute/measure the gradients
of the two maps 8, (4., a,) and p,(3,, a,), defined in (7.98)

ap, 0dp
d = _p N p = '
grad p,, <8&y 33, ) (0y, s)
(7.99)
aB, 9B
d = _p N p = N
grad B, <851y BSV) (Bys Bs)

As well known, gradients are vectors orthogonal to the level curves.
For the single track model, the explicit expressions of the components of the
gradients grad p, and grad 8, are as follows

__m (Pra; — Pia U0
Py 2 ‘151@2 Ps = i
(7.100)
m (@a} + ®ra3 By =1 Tiay + ay
ﬂy = ——2 _—m S l
l @D,

where, to compute 8, and p,, we took into account (7.97).

It is worth noting that, for a given single track model of a vehicle, the two gradient
components 85 and p; are constant, whereas the other two gradient components S,
and p, are functions of a, only.

As will be discussed shortly, only one out of four gradient components is usually
employed in classical vehicle dynamics,® thus missing a lot of information. But this
is not the only case in which classical vehicle dynamics turns out to be far from
systematic and rigorous. This lack of generality of classical vehicle dynamics is the
motivation for some of the next sections.

7.7.2 Alternative Steady-State Gradients

Although not commonly done, we evaluate the gradients of the front and rear slip
angles B, (8,, a,) and B,(8,, a,), which were defined in (7.78)

81t is the well known understeer gradient K, defined in (7.117). Unfortunately, it is not a good
parameter and should be replaced by the gradient components (7.99), as demonstrated in Sect.
7.14.1.
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may
Biy = o, Bis = (1 +x)T
(7.101)
ma;
Bay = o, Bas = kT

A fairly obvious result, but that can turn out to be useful in some cases.

7.7.3 Understeer and Oversteer

For further developments, it is convenient to rewrite (7.98) in a more compact form

- T — T -
10[7 = 10[7(5\/’ ay) = l (Sv - fp(ay)
(7.102)
- Tiay + Tha -
By = By(8.dy) = (%) b — fp(@)
where, in the single track model
~ ay(ay) — as(ay)
fo@@,) = %
_ _ (7.103)
o) = aj(ay)as Jlroez(ay)al

The two known functions f,(a,) and fg(a,) are nonlinear functions, peculiar to
a given road vehicle. They are called here slip functions.

Let us discuss this topic by means of a few examples.

First, let us consider the normalized axle characteristics (7.93) (multiplied by g)
shown in Fig. 7.24(left). In this example, it has been assumed that both axles have
the same lateral grip equal to 1. Moreover, to keep, for the moment, the analysis as
simple as possible, we also assume that 1}1 (x) = 1?2 (kx), with k > 0. When inverted,
they provide the apparent slip angles o (a,) and o (a,) shown in Fig. 7.24(right).
Assuming a wheelbase / =2.5m, a; = 1.125m, and a, = 1.375m, we get from
(7.103) the two slip functions f, and f3 of Fig. 7.25.

In all figures, angles are in degree, accelerations in m/s2, and ay should be read
as ay.

A vehicle with a monotone increasing slip function f,(a,), as in Fig. 7.25, is said
to be an understeer vehicle. A more precise definition is given in (7.108).
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Fig. 7.24 Normalized axle characteristics (multiplied by g) of an understeer vehicle (left) and

corresponding apparent slip angles (right)

Fig. 7.25 Slip functions of an understeer vehicle

deg/m

As a second example, let us consider the normalized axle characteristics (multi-
plied by g) shownin Fig. 7.26(left). They are like in Fig. 7.24, but interchanged. When
inverted, they provide the two functions «; (a,) and a2 (a,) shown in Fig. 7.26(right).
In this case the two slip functions f, and fg are as in Fig. 7.27.

A vehicle with a monotone decreasing function f,(a,), as in Fig. 7.27, is said to
be an oversteer vehicle. A more precise definition is given in (7.110).
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7.7.4 Handling Diagram

Usually, only the function f,(ay) is considered in classical vehicle dynamics, while
fg(ay) is neglected.
Since, at steady state, p, = Ezy/u2 =r/u = 1/R, the first equation in (7.102)

becomes - ~ a
ay _ (Tl T Tz) 5, — 2@ — (@) (7.104)

u? l
which, for given u and 8,, is an equation for the unknown a, = a,(u, 8,). See also

(7.46).
Another, most classical, way to recast (7.104) is

l
s — i ai(ay) —as(ay) = fr(ay)l (7.105)

where
8= (11 — 1) 6, (7.106)

is the net steer angle, already defined in (7.69).
It is customary [13—15] to rewrite (7.104) as a system of two equations

T — T gly
y=(——2)6-=
u

l
(231 (a\) - a2(éy)

y = folay) = ]

(7.107)

Solving this system amounts to obtaining the values of (a,, f,) attained under
the imposed operating conditions (u, §,). Geometrically, that can be seen as the
intersection between a straight line (i.e., the first equation in (7.107)) and the so-
called handling curve y = f,(ay) (i.e., the second equation in (7.107)).

Together, the handling curve and the straight lines form the celebrated handling
diagram [13-15]. Examples are shown in Figs. 7.28 and 7.29 (where a, is indeed a,
and y is in deg/m).

The handling curve y = f,(a,) is peculiar to each vehicle-road system (in the
single track model it depends on the normalized axle characteristics only). Therefore,
for a given vehicle-road system it has to be drawn once and for all.

On the other hand, the straight line depends on the selected operating conditions
(u, 6,). For instance, in Fig. 7.28 the two intersecting lines correspond to two operat-
ing conditions with the same value of §,,, while the two parallel lines share the same
value of u.

Perhaps, the best way to understand the handling diagram (Figs. 7.28 and 7.29)
is by assuming that the steering wheel angle §, is kept constant, while the forward
speed u is (slowly) increased.



286 7 Handling of Road Cars
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Fig. 7.28 Handling diagram of an understeer vehicle (y in deg/m)
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Fig. 7.29 Handling diagram of an oversteer vehicle (y in deg/m)

In Fig. 7.28, an increasing u, with constant §,, results also in an increasing y.
Therefore, from (7.105) with constant §, (and hence constant §), the higher the
forward speed u, the larger the radius R of the trajectory of the vehicle. This is called
understeer behavior. More precisely, we have understeer whenever

df,

da,

>0 (7.108)

where, in the single track model

dfp _ m (452612 — ‘1’1&1)

= — 7.109
da, I? D9, ( )
On the contrary, if the handling curve is, e.g., like in Fig. 7.29, the higher the

forward speed u, with constant §,, the smaller the radius R. This is called oversteer
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behavior. More precisely, we have oversteer whenever

% <0 (7.110)
da,

Actually, when the straight line becomes tangent to the handling curve, as shown
in Fig. 7.29, the vehicle becomes unstable. It means that the vehicle has reached the
critical speed associated to that value of §,. The concept of critical speed will be
discussed in Sect. 7.13 in a more general framework.

A less classical, but maybe more interesting formula is (see (7.84))

§d—(ag—ax) =PI — B (7.111)

The relevance of this result is that it combines a very weak term § — (o] — «) with
a very robust term 8; — B,. The first one is not well defined in real vehicles, whereas
the last one is. Understeer/oversteer should be defined and evaluated using the robust
term.

Vehicles with aerodynamic devices and/or limited-slip differential do not exhibit
a handling curve [13, p. 172], but a handling surface [7], instead. More precisely,
(7.105) still holds true, but with f,(ay, 1/R). Therefore, definitions (7.108) and
(7.110) of understeer/ovesteer become meaningless. This topic is addressed in
Sect. 8.5.2.

Classical vehicle dynamics stops about here. In the next section a fresh, more
comprehensive, global approach is developed. It brings new insights into the global
steady-state behavior of real vehicles, along with some new hints about the transient
behavior.

7.8 Map of Achievable Performance (MAP)

The handling diagram [13-15], although noteworthy, does not provide a complete
picture of the handling behavior. Just consider that the use of a, as input variable, that
is one variable instead of two, hides some features of the vehicle handling behavior.

It would be better to have a more general approach, able to unveil ar a glance the
overall steady-state features of the vehicle under investigation, thus making it easier
to distinguish between a “good” vehicle and a “not-so-good” one.

As already stated in (7.44), the steady-state handling behavior is completely
described by the handling maps

n T —T ai(u, 8,) — oo (u, §,)
pp = ppu,d,) = (%) 8, — 1 ] 2 i

(7.112)

. 8, , 8y
By = Byu, 8,) = (ﬁaz -}- Tzal) 5 — ai(u, 8,)as -;-Oéz(u )ai
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where the last terms are peculiar to the single track model.
In the single track model, it is convenient to define the net steer angle §, as already
done in (7.69) and in (7.106)

(I+1)d =68 =16,
(7.113)
Ké = 82 = 'L'28V

Usually, k = Oandhence § = §; is just the steering angle of the front wheel. However,
k # 0 leaves room for direct rear steering as well. In general,

8§ =81 —8 = (11 — 1)8, (7.114)

With this notation, the handling maps (7.112) become

3§ a(u,d) —ax(u,d)

[ /

(1+«x)ar + Ka]> 5— o (u, 8ar + ar(u, §)a;
l l

p=pwu,d) =
(7.115)

ﬂ=f3<u,8>=(

where, for the sake of compactness, we dropped the subscript p.

These two maps fully characterize the steady-state behavior of the vehicle. This is
a fairly general point of view that leads to the global approach presented in Chap. 6,
that we called Map of Achievable Performance (MAP).

Actually, under the acronym MAP we will present several types of possible graph-
ical representations of the handling maps, each one on the corresponding achievable
region. This is another key concept.

Figures in this section are for road cars with the following features: mass m =
2000 kg, wheelbase [ = 2.5m, a; = 1.125m, a; = 1.375m, grip coefficient u = 1,
maximum speed Umax = 40m / s, maximum steer angle of the front wheels dyax =
15°. The understeer version has normalized axle characteristics as in Fig. 7.24. The
oversteer version has normalized axle characteristics as in Fig. 7.26. In all figures,

angles are in degree, accelerations in m/s?, and p in m L

7.8.1 MAP Fundamentals

The main idea behind the MAP approach is simple: the driver controls (u, §), the
vehicle reacts with (p, 8). That is

w,8) = (©.p) (7.116)

The input values (u, &) that a given vehicle can really achieve are subject to three
limitations:
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Fig. 7.30 Achievable input region (left) and achievable output region (right) for an understeer
vehicle
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Fig. 7.31 Lines at constant lateral acceleration a, for an understeer vehicle

e maximum steer angle Syax;
e maximum speed umayx, Or critical speed ucy, if Uer < Umax;
e maximum lateral acceleration (grip limited).

This is shown in Fig. 6.1 (left). Each achievable point (8, «) results in the vehicle
performing with precise values (o, 8). Therefore, the achievable input region of
Fig. 6.1 (left) is mapped onto the achievable output region shown in Fig. 6.1 (right).

Quite interesting are the MAPs (Maps of Achievable Performance) that can be
drawn inside these achievable regions. For instance, curves at constant a, are drawn
on both regions in Fig. 7.31. In an understeer vehicle without significant aerodynamic
vertical loads, the grip-limited bound is just the curve at constant a, = ug.

While the yaw rate r,, has typically the same sign as §, the same does not apply
to the lateral speed v,. As shown in Fig. 7.32, in a left turn the vehicle slip angle
B = v, /u can either be positive or negative. As arule of thumb, at low forward speed
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(a) (b)
Fig. 7.32 Steady-state behavior: a nose-out (low speed), b nose-in (high speed)
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Fig. 7.33 u-6 MAP with curves at constant vehicle slip angle g for an understeer vehicle

the vehicle goes around “nose-out” (8 > 0), whereas at high speed the vehicle goes
around “nose-in” (B < 0). This statement can be made quantitative by drawing the
curves at constant 8 on the achievable input region, as shown in Fig. 7.33. The almost
horizontal line 8 = O clearly splits the region into a lower part with 8 > 0, and an
upper part with § < 0.

Drawing curves at constant curvature p also highlights the overall understeer/
oversteer behavior of a vehicle. For instance, it is quite obvious that the pattern of
Fig. 7.34 is typical of an understeer vehicle: the faster you go, the more you have
to steer to keep p constant. Moreover, it is worth comparing Fig. 7.22, which is the
contour plot of p(8, a,), and Fig. 7.34, which is the contour plot of p(u, §). For
instance, the first MAP is linear with respect to §, whereas the second one is not. The
reason is that the other independent variable is different: linear behavior with respect
to & requires constant lateral acceleration a,, not constant forward speed u.



7.8 Map of Achievable Performance (MAP) 291

Fig. 7.34 u-§ MAP with U (m/s)
curves at constant curvature

. 40
p for an understeer vehicle

30

20

0 (deg)

Fig. 7.35 p-p MAP with 18 (deg)
curves at constant # and lines 10

at constant § for an
understeer vehicle

Curves at constant speed u, and also lines at constant steer angle &, are shown in
Fig. 7.35 for an understeer vehicle. As expected, moving top to bottom along each
line at constant steer angle, that is with increasing speed, brings smaller values of the
curvature p. Also interesting is to observe that at low speed the slip angle 8 grows
with §, whereas at high speed it is the other way around. The same phenomena can
be observed more clearly in Fig. 7.33.

These MAPs can be obtained experimentally or through simulations. Therefore,
they are not limited to the single track model. Actually, as will be discussed in the
next chapter, they exist also for race cars, including cars with very high aerodynamic
downforces.
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Fig.7.36 Effects of rear steering on the achievable region: rear wheels turning opposite of the front
wheels (left), rear wheels turning like the front wheels (right)

B

101

—10+

—15¢

Fig.7.37 p-B MAP for a vehicle with rear wheels turning opposite of the front wheels at low speed
and like the front wheels at high speed

The effects of rear steering (in addition to front steering, of course) are shown in
Fig. 7.36. The picture on the left is for the case of rear wheels turning opposite of the
front wheels with 6, = —0.15;, whereas the picture on the right is for rear wheels
turning like the front wheels, with §; = 0.15;. The vehicle slip angle g is affected
pretty much. Basically, a positive x = §,/5; moves the achievable region upwards,
and vice versa. On the other hand, rear steering does not impinge on the achievable
region in the plane (8, p), as will be discussed in Sect. 7.8.2.

Vehicles behave in a better way if the vehicle slip angle 8 spans a small range. To
have a narrower achievable output region in the plane (p, 8) we have to move down
the upper part and move up the lower part. This is indeed the effect of a steering
system with rear wheels turning opposite of the front wheels at low speed, and
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Fig. 7.38 Example of the effects of rear steering on f: front steering only (top); front and rear
steering (bottom). All cases have the same ay, and hence the same o} and a2
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Fig. 7.39 Oversteer vehicle: u-5§ MAPs with curves at constant p (both), constant a, (left) and
constant B (right)

turning like the front wheels at high speed. That is a steering system (7.113) with,
e.g., k(u) = —kocos(mu/umax). The net result can be appreciated by comparing
Fig. 7.37 with Fig. 7.35. The MAP approach provides a better insight into rear
steering effects than by looking at, e.g., Fig. 7.38.
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Fig. 7.40 Oversteer vehicle:
p-B MAP with curves at
constant speed # and lines at
constant steer angle 8

— 15 L
Fig. 7.41 Vehicle with too
much understeer: p-8 MAP 10
with lines at constant u, ay
and §

—10+

The achievable region in case of an oversteer vehicle is limited by the critical
speeds, not by grip. A typical achievable input region, with noteworthy lines, is
shown in Fig. 7.39.

The achievable region in the plane (p, B) for an oversteer vehicle is shown in
Fig. 7.40, along with curves at constant speed u and lines at constant steer angle §.
As expected, moving top to bottom along the lines at constant steer angles, that is
with increasing speed, entails larger values of the curvature p.

Very instructive is the comparison between Figs. 7.35 and 7.40, that is between
an understeer and an oversteer vehicle. The two achievable regions have different
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Fig. 7.42 Constant speed lines on the p-6 MAP for an understeer vehicle

shapes also because an oversteer vehicle becomes unstable for certain combinations
of speed and steer angle. These critical combinations form a sort of stability boundary
which collects all points where the u-curves and 8-lines are tangent to each other, as
shown in Fig. 7.40.

On the opposite side, a vehicle with roo much understeer has an achievable region
like in Fig. 7.41 (see also Fig. 7.45 for a more intuitive MAP).

7.8.2 MAP Curvature p Versus Steer Angle §

A central issue in vehicle dynamics is how a vehicle responds to the driver input
commands (namely, the steering wheel angle §, and the forward speed u). Well, let
us map it. The plane (8, p) suits the purpose in a fairly intuitive and quantitative way.

Let us consider again a vehicle with the front and rear normalized axle charac-
teristics (multiplied by g) shown in Fig. 7.24.° We recall that it is an understeer
vehicle and that the corresponding slip functions and handling diagram are shown in
Fig. 7.25 and Fig. 7.28, respectively.

If we draw the lines at constant speed u in the plane (8, p), we get the plot shown
inFig. 7.42,if p > 0. In the same achievable region, we can draw the lines at constant

9To keep, for the moment, the analysis as simple as possible, we also assume that I?l (x) = 1?2 (kx),
with & > 0.
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Fig. 7.43 Constant lateral
acceleration lines on the p-6
MAP for an understeer
vehicle

Fig. 7.44 p-5 MAP for an
understeer vehicle
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7 Handling of Road Cars

lateral acceleration a,, as shown in Fig. 7.43. According to (7.98), they are parallel
straight lines. In Fig. 7.44, both lines at constant # and constant a, are drawn on the

whole achievable region.

The achievable region is bounded by:

L=

maximum speed (dashed line in Fig. 7.43);

maximum lateral acceleration (dashed line in Fig. 7.42);
zero lateral acceleration;

maximum steer angle.



7.8 Map of Achievable Performance (MAP) 297

Fig. 7.45 p-5 MAP for a P
vehicle with too much

understeer 0.10r
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0.00 I I I I I I I
p 0

We see that the driver must act on both u and § to control the vehicle, that is to
drive it on a curve with curvature p and lateral acceleration a,. But, the key feature is
that it can be done fairly easily because the lines at constant speed are “well shaped”,
that is quite far apart from each other and neither too flat, nor too steep (Fig. 7.42).

In Fig. 7.44, all lines at constant speed intersect all lines at constant lateral accel-
eration. This is typical of all vehicles without significant aerodynamic vertical loads.
This is another piece of information that is provided by this kind of maps on the
achievable region.

An example of a not-so-nice achievable region is shown in Fig. 7.45. A vehicle
with a map like in Fig. 7.45 shows too much understeer: the lines at high speed are
too flat, showing that the driver can increase § without getting a significant increase
in p. Not a desirable behavior.

Another example of undesirable behavior, but for opposite reasons, is shown in
Fig. 7.46. This is a vehicle with too little understeer. It has a very narrow achievable
region, which means that the driver has a very heavy task in controlling the vehicle:
the lines at zero and maximum lateral acceleration are very close together.

An oversteer vehicle (whose corresponding slip functions and handling diagram
are shown in Fig. 7.27 and Fig. 7.29, respectively) has an achievable region as in
Fig. 7.47. The lines at constant a,, shown in Fig. 7.47, are quite far apart like in
Fig. 7.43, but the lines at constant speed u are very badly shaped. At high speed they
are too steep, meaning that a small variation of § drastically changes o and a,.

Moreover, the vehicle becomes unstable when the u-lines have vertical slope.
Accordingly, the truly achievable region becomes smaller, as shown in Fig. 7.48,
where the truly achievable region is bounded by the stability boundary (long-dashed
line).
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Fig. 7.46 Constant lateral P
acceleration lines on the p-6
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All these examples show how the map curvature versus steer angle provides a very
clear and global picture of the vehicle handling behavior. It makes clear why a well
tuned vehicle must be moderately understeer. Too much or too little understeer are
not desirable because the vehicle becomes much more difficult to drive (for opposite
reasons).
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Fig. 7.48 Constant speed p
lines and truly achievable o.10k
region on the p-§ MAP for '
an oversteer vehicle
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The difference between understeer and oversteer is laid bare (Figs. 7.44 and 7.47).
Both have far apart a,-lines, but covering achievable regions on opposite sides. In
fact, the u-lines are totally different.

The more one observes these handling MAPs on the corresponding achievable
regions, the more the global handling behavior becomes clear.

7.8.3 Other Possible MAPs

So far we have discussed the fundamental MAPs (8, u) and (p, B), and also the fairly
intuitive, and very useful, MAP (p, §).

Of course, several other MAPs are possible. For instance, in Fig. 7.49, curves at
constant § are drawn in the planes (o, u) and (8, u) for an understeer vehicle. The
same kind of MAPs, but for an oversteer vehicle, are shown in Fig. 7.50. The onset of
instability is clearly indicated, e.g., by the vertical tangent of the curves at constant
d in the plane (B, u).

Moreover, the MAP (8, a,) was introduced in Sect. 7.7 and is extensively
employed in Sect. 7.10.

7.9 Weak Concepts in Classical Vehicle Dynamics

Some “fundamental” concepts in vehicle dynamics are indeed very weak if addressed
with open mind. They are either not well defined, particularly when we look at real
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Fig. 7.49 Constant steer curves for an understeer vehicle
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Fig. 7.50 Constant steer curves for an oversteer vehicle

vehicles, or they are commonly defined in an unsatisfactory way. This is a serious
practical drawback that can lead to wrong results and conclusions.

7.9.1 The Understeer Gradient

According to the SAE J266 Standard, Steady-State Directional Control Test Proce-
dures For Passenger Cars and Light Trucks

understeer/oversteer gradient K is defined as the difference between steer angle gradient and
Ackermann steer angle gradient.

This definition of K is equivalent to the following formula



7.9 Weak Concepts in Classical Vehicle Dynamics 301

| |
| |
| |
| |
Fig. 7.51 Case not covered by the classical theory
d [ df,(a,
K=T<8——)=1M (7.117)
da, R da,

which comes directly from (7.105). See also (7.109).

Therefore, to compute/measure K we need both the net steer angle 5 and the
Ackermann steer angle [/ R. Unfortunately, none of them is clearly defined in a real
vehicle. In fact, they are well defined only in the single track model, as it is done,
e.g., in Figure Al in the SAE J266 Standard.

In a real vehicle, the two front wheels have typically different steer angles
(Fig. 7.51). Therefore, the net steer angle § is not precisely defined.

The Ackermann steer angle // R also gets in trouble whenever a vehicle has three
or more axles, as the wheelbase / is no longer a clear concept (Fig. 7.51). One may
object that almost all cars have two axles. Nonetheless, we cannot ground a theory
on such a weak concept.

The understeer gradient K has been an important performance metric in analyzing
the handling behavior of vehicles. Unfortunately, it should not have been. It will be
demonstrated in Sect. 7.14.1 that it is not a good parameter to measure the handling
behavior of a vehicle. Nor even of a single track model. A much better parameter is
Py, discussed in Sect. 7.13.

7.9.2 Popular Definitions of Understeer/Oversteer

Perhaps, the most astonishing case of use of unclear concepts is the popular way to
“define” understeer and oversteer:

Oversteer is what occurs when a car steers by more than the amount commanded by the driver.
Conversely, understeer is what occurs when a car steers less than the amount commanded
by the driver.!?

10 Erom Wikipedia.
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AR A

Fig. 7.52 What did the driver intend to do?

Understeer: a tendency of an automobile to turn less sharply than the driver intends (or would
expect).

The term understeer means that you have to give your car more steering input than the corner
should require to get it to go around.

What is the “amount commanded by the driver”? What is the scientific, quantitative
meaning of what “the driver intends”? What does “than the corner should require”
mean?

Figure 7.52 exemplifies this paradoxical situation. Three different curves, three
identical trajectories, only one is fine in each case. What about the understeer/oversteer
behavior of the car? What did the driver intend to do?

7.10 Double Track Model in Transient Conditions

Steady-state analysis cannot be the whole story. Indeed, a vehicle is quite often in
transient conditions, that is with time-varying quantities (forces, speeds, yaw rate,
etc.). Addressing the transient behavior is, of course, more difficult than “simply”
analyzing the steady state. More precisely, the steady-state conditions (also called
trim conditions) are just the equilibrium points from which a transient behavior can
start or can end.

The general way to study the transient behavior of any dynamical system is through
in-time simulations. However, this approach has some drawbacks. Even after a large
number of simulations it is quite hard to predict beforehand what the outcome of the
next simulation will be.

One way to simplify the analysis of a non-linear dynamical system is to consider
only small perturbations (oscillations) about steady-state (trim) conditions. This idea
leads to the approach based on stability derivatives and control derivatives (as they
are called in aerospace engineering [12, p. 151]).

The nonlinear equations of motion of the double track model of the vehicle are
(cf. (7.38))
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mup +up +u*p) =Y(B, p;u,s,)
J (up +ip) = N(B, p; u, 8,)

(7.118)

We prefer to use (p, B) as state variables, instead of (v, r), because they provide a
more “geometric” description of the vehicle motion. Since § = v/u and p = r/u, it
is pretty much like having normalized with respect to the forward speed u.

7.10.1 Equilibrium Points

At steady state we have, by definition, v = 7 = 0, that is /3 = p = 0. The driver has
direct control on # and §,, which are kept constant and whose trim values are named
u, and §,,. The subscript a is introduced here to distinguish clearly between the
generic and the trim values (i.e., assigned values).

The equations of motion (7.118) become

muip = Y(,B, P Uy, avu)
O = N(ﬂv 107 uua Sva)

(7.119)

which can be solved to get the steady-state maps (exactly like in (7.44) or (7.112))

5 as (Sva
ﬂp = ﬂp(uuv Svu) = %
¢ (7.120)
~ rp(ua: 8va)
Pp = pp(uas dva) = T

These maps have been thoroughly discussed in Sect. 7.8, where the new concept of
MAP (Map of Achievable Performance) was introduced.

Actually, when applying the MAP approach to the vehicle transient behavior it is
more convenient to do like in (7.98), thatistouse a, = u,r, (g, 8,4), Which provides
(exactly like in (7.46))

g = Uq(Sya, Gy) (7.121)

and hence )
:317 = ﬂp(avav ay) = ﬁp(uu(avu’ &y)a 8va)

Pp = pp(sva’ a_v) = ﬁp(ua(avav Zly)v Sva)

(7.122)

An example of achievable region in (8, a,) is shown in Fig. 7.53 for an understeer
vehicle, along with lines at constant § (left) and constant p (right). In a real vehicle,
these maps can be obtained by means of classical steady-state tests. Therefore, they
do not require departing from the traditional way of vehicle testing.
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Fig. 7.53 MAPs in the plane (3, ay) with curves at constant 8 (left) and constant p (right) for an
understeer vehicle

7.10.2 Free Oscillations (No Driver Action)

The basic idea is to linearize around an equilibrium point to obtain information in
its neighborhood about the dynamical behavior. It is a standard approach for almost
any kind of nonlinear dynamical systems.

Assuming that the driver takes no action (i.e., both u = u, and §, = §,, are con-
stant in time), the first-order Taylor series expansion of the equations of motion
(7.118) around the equilibrium point (7.120) are as follows

muap +ulp) = Yo+ Ys(B — Bp) + Yo(p — pp)
Jouap = No + Nﬂ(ﬁ - ,Bp) + Np(p - pp)

(7.123)

where
Yo = Y(/SP’ 'Op;uasava) =m”§,0p, Ny = N(ﬂpv Pps Ua, 3va) =0 (7.124)
The stability derivatives Yg, Y,, Ng and N, are simply the partial derivatives

Y Y oN oN 712
Yﬁ_ﬁ’ Yp—%, Nﬂ_ﬁ’ Np—%, ( 5)
all evaluated at the equilibrium (trim) conditions (8, pp; U4, 6va). Like Y and N, each
stability derivative depends on the whole set of chosen coordinates. When evaluated
at an equilibrium point, they depend ultimately on the two input coordinates.

According to Maxwell’s Reciprocal Theorem

Y, =Ng (7.126)
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and hence there are only three independent stability derivatives. See Sect. 7.14 for

an example.
It is convenient to introduce the shifted coordinates

B()=B1)— B, and p () =p(t) - p, (7.127)
into the linearized system of Eqs. (7.123), thus getting
mua/ér = Y,B,Bl + (Y,o - mui)ﬂt
(7.128)

‘]Zullpf = N,BIBI + Nppt
where B = f; and p = g,. The shifted coordinates are just the distance of the current
values from the selected trim values.
The same system of two first-order linear differential equations with constant

coefficients can be rewritten in matrix notation as

) Yg Y, —mu?
Bi| _ m_ua mu, Bi| _ Br
|:pt] N Ng N, |:,Oz] =A |:,Ot] (7.129)

Jug Joug

where the matrix A is not time dependent.
As a possible further analytical step, we can reformulate the problem as two

identical second order linear differential equations, with constant coefficients, one

in p;(¢) and the other in B,(¢) (see Sect. 7.18.6 for details)

.. . {-mN,—JY YgN, — Y,Ng + mu>N

B+ pr P 1B + 0 BVp P /32 B
J.mu, J.mu;

= py — tr(A) o, + det(A) p; (7.130)
= Pr + 28 wn +wﬁpt =0
= B.t + 2§'0)n,3[ + w,zl,Bz =0
where N+ LY
2tw, = —tr(A) = UMt ol R —(A +A2)
J.mu,
voN v N 2y (7.131)
w2 = det(A) = FpNp = Yo Np) +mu,Ng _,
J.mu?

The solutions of (7.129) depend on two initial conditions, i.e. 8,(0) and p,(0).
From the system of equations (7.128) we get $(0) and /(0), which are the two
additional initial conditions needed in (7.130). Therefore, the two state variables
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have identical dynamic behavior (i.e., same ¢ and w,) and are not independent from
each other.

From (7.130) and (7.131) we see that the vehicle behaves as a mechanical vibrating
system with

equivalent mass = Jm uZ
equivalent damping = —u,(mN, + J.Yp) (7.132)
equivalent stiffness = (Y3N, — Y,Ng) +mu>Ng

The derivatives Yg and N, are always negative and act as viscous dampers. Appar-
ently, the quantity YgN, — Y, Ng is always positive (see (7.194)). The derivatives
Y, = Ng can be positive or negative. Understeer vehicles have Ng > 0, oversteer
vehicles have Ng < 0. It is important to understand the physical significance of each
stability derivative [12, p. 151].

The matrix A in (7.129) has two eigenvalues

Aji=—Co, w2 -1, j=1,2 (7.133)
From (7.131) we can obtain the damping ratio ¢

mN, + J. Y

{=— (7.134)
2/ Tom\/YsN, — (Y, — mu2)Ng
If ¢ < 1, the two eigenvalues are complex conjugate
A= —Cw, iwyy1 — % = —fw, £ iw; (7.135)

and the system has a damped oscillation with natural angular frequency wy

Wy = wyy/1 — 2 (7.136)

It is kind of interesting to observe that all these relevant dynamic parameters ¢,
w, and w; depend on the following four quantities

YsN, — Y,Ng + mu>Nyg mN, + J.Yg J.m Ug (7.137)

Of course, the eigenvalues depend on (u,, 8,4), as shown in Figs. 7.54 and 7.55 for
(the single track model of) an understeer vehicle. In these figures, the real part (gray
lines) and the imaginary parts (black lines) are plotted as functions of the forward
speed u,. In Fig. 7.54 the car is going straight, that is with § = 0. In Fig. 7.55 the
car has a net steer angle § = 5° (defined in (7.68)). In both cases, the eigenvalues are
complex conjugate for speeds higher than about 4 m / S.
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Interestingly enough, when the car goes straight (Fig. 7.54), the real part —¢w,
and the imaginary part w; are almost constant for u, > 25m / s, that is for about
u, > 90km / h. Indeed, itis at u, >~ 100 km / h that car makers typically perform the
steering harmonic sweep test, in which the steer input is a harmonic function but
with a slowly increasing frequency.

As expected, Fig. 7.55 is almost like Fig. 7.54 for low speeds, say u, < 10 m/s.
For higher speeds, the two figures are very different. The maximum speed is limited
by grip when a vehicle is making a turn.

A clearer picture of the global dynamical features of the vehicle is provided by the
MAP approach (7.122) when applied to the damping ratio ¢ (8, a,) and to the damped
natural frequency wy (8, ay), as in Fig. 7.56. It immediately arises that the closer the
vehicle is to the grip limit (maximum lateral acceleration), the lower both ¢ and w;.
Therefore, the dynamical behavior of the vehicle changes significantly. Perhaps, an
expert driver may take advantage of these phenomena to “feel” how close the vehicle
is to the grip limit.

Summing up, we have seen that the dynamical features of the vehicle in the
neighborhood of an equilibrium point depend on the four stability derivatives (7.125),
besides m, J; and u,. Actually, we know that ¥, = Ng, and hence there are only
three independent stability derivatives. See also Sect. 7.14.
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Fig. 7.56 MAP in the plane
(8, ay) with curves at
constant damping ratio ¢
(dashed lines) and constant
damped natural angular
frequency w; (solid lines)
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The characterization of the vehicle requires knowledge of these stability deriva-
tives.

7.10.3 Stability of the Equilibrium

An equilibrium point can be either stable or unstable. The typical way to assess
whether there is stability or not is by looking at the eigenvalues (7.133). As well
known

stability <= Re(A;) <0 and Re(i;) <0 (7.138)

that is, both eigenvalues must have a negative real part. A convenient way to check
this condition without computing the two eigenvalues is

stability <= (A +4=1tr(A)) <0 and (AA; =det(A)) >0 (7.139)

Typically, vehicles may become unstable because one of the two real eigenvalues
becomes positive. From (7.131), the mathematical condition is

(YgN, — Y,Ng) +mu2Ng <0 (7.140)

As already mentioned, instability may occur only if Ng < 0.
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7.10.4 Forced Oscillations (Driver Action)

Linearized systems can also be used to study the effect of small driver actions on
the forward speed and/or on the steering wheel angle to control the vehicle. More
precisely, we have u = u, + u, and 6, = 8,4 + ;-

The linearized inertial terms in (7.118) are

mpB + i + up) =~ m@uyp + if, + ulp, + uip, + 2uqu;pp)

(7.141)
Jo(up +up) = J (w0 + l;l,Op)
where mu?p, = Y, according to (7.119).
The linearized system becomes
m(uaBr + ﬂ/sp + ”ipr + zualoput) = Y/S/St + Yppt + Y u; + Y56, 142)
(7.

Jz(ua)ét + Mpp) = Nﬁﬂt + Nppt + Nyu; + Nsdy,

where, in addition to the four stability derivatives (7.125), there are also four control
derivatives

Y IN Y aN
>0, Ny=—>0, Y,=-—20 N,=—2>0 (7.143)

Ys = LA
38, 35, du du

evaluated, like the others, at the equilibrium point (8,, pp; U4, 8y4). A better way to
write (7.142) is

muafr = Y + (Y, — mu)p, + (Y — 2mugpp)u, + Ysdy — mpyits 714
Jougpr = NgBi + Nppr + Nyuy + Nsbyy — Jz:op’/'lt

which generalizes (7.128).
The most intuitive case is the driver acting only on the steering wheel, which is
described by the simplified set of equations

muaﬂ.t = Y,B,Bt + (Y,o - mui)ﬂt + Y56y,
(7.145)
Jzucl;éf = N,B,Bt + Nppt + Néavt

since u; = 1t = 0. Moreover, u = 0 is consistent with the assumptions made at the
beginning of this chapter.
In matrix notation, (7.144) become

. U,
[/ﬂ —A [’3’} +B|s, | =A [ﬁ’} +b (7.146)
Pr Pt i, Pr
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or, in an even more compact notation
w=Aw+b (7.147)
where the entries of matrix A are, exactly as in (7.129)
an = Yp/(muy,) a = (Y, — mu})/(muy,) (7.148)
a1 = Ng/(J;ua) axn = N,/(J;ug)
and the components of vector b are

1 .
bl = [(Yu - zmuapp)ut + Y(S(Svr - m,B,,u,]
muyg

(7.149)

1 .
bZ = [Nuuf + Né(svt - leoput]
Jou,

Like in (7.130), we can recast the problem (7.144) as two second-order linear
differential equations, only apparently independent from each other

Bi +2¢wu B + @2, = —anbi + anby + by = Fp

. (7.150)
Br + 2L wnfy + W2 p = azby — anby + by = F,
where |
I;l = i [(Y, — 2muapp)’/"t + Y5(§V - mﬂpuz]
¢ (7.151)

, 1 ) ..
bZ = [Nuut + Nﬁav - szput]
Jou,

Again, if the driver acts only on the steering wheel, like in (7.145), all these expres-
sions become much simpler. More precisely

Y N, . Ys . . Ns .
by = 8, by=—"8,, b =—"b, b=-—"0 (7.152)
mu, Jou, mug Jou,

and hence

—N,Ys + (Y, — mu?)Ns Ys
Fe = ( mJ u? du
¢ (7.153)

Foo (Ne¥s —YeNs ) o Mo
? mJu? v Jug
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The two differential equations (7.150) have identical values of ¢ and w,, but
different forcing terms Fg and F),. However, in (7.153) we still find the four quantities
listed in (7.137).

The fundamental result of this analysis is that the transient dynamics of a vehicle
in the neighborhood of an equilibrium point is fully characterized by a finite number
of normalized stability derivatives and control derivatives:

e normalized stability derivatives Yg/m, Y,/m, Ng/J,, and N,/ J;
e normalized control derivatives Y, /m, Ys/m, N, /J,, and Ns/J,.

It will be discussed shortly that in most cases Y, = N, = 0, thus leaving six deriva-
tives. It is worth noting that the equality ¥, = Ny does not reduce the number of
relevant derivatives to five. Indeed, we still have Y,/m # Ng/J..

The key point is how to measure (identify) all the stability derivatives and all the
control derivatives. Their knowledge would be very relevant practical information.
The next section presents indeed a novel method to extract these data from the results
of steady-state tests. This approach appears to be simpler and more reliable than direct
measurements.

7.11 Relationship Between Steady-State Data
and Transient Behavior

Most classical vehicle dynamics deals with steady-state data. Understeer and over-
steer are steady-state concepts. Or they are not? This is a crucial question. What
does a professional driver mean when he/she complains about his/her car being
understeer or oversteer? Does it have anything to do with the classical definition of
understeer/oversteer as discussed in Sect. 7.7?

Two aspects should be carefully taken into account. While the concepts of veloc-
ity, acceleration, mass, stability etc. arise in any branch of mechanics, why do the
concepts of understeer and oversteer only belong to vehicle dynamics? This is rather
surprising. Why are vehicles so special dynamical systems that they need concepts
conceived uniquely for them?

The other aspect is somehow more practical. Why should steady-state tests tell
us anything about the transient behavior of a vehicle? In more technical terms, why
should steady-state data be related to stability derivatives? Are they or not? If they are
related, what is the relationship? Indeed, in [3] it is admitted “Transient responses are
related to understeer to some extent, but there is no one-to-one relationship between
steady-state and transient response”.

This section is devoted to the investigation of the link between the universe of
steady-state data and the universe of the dynamical, hence transient, behavior of a
vehicle. It will be shown that a link does indeed exist, but it is not direct, not to
mention obvious.

It is worth noting that this section is not strictly related to the single track model.
The theory developed here is applicable to real road vehicles.
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7.11.1 Stability Derivatives from Steady-State Gradients

The starting point is a sort of mathematical trick. At steady state, the lateral force Y
and the yawing moment N have very simple values

Yo=ma, and Ny=0 (7.154)

Nevertheless, by combining (7.119), (7.121), and (7.122), they can be given, as
functions, the following expressions

YO(ava, Ely) = Y(ﬁp(avm Zly), pp(svaa &y); ua(avav Zly)’ 8va) = méy

NO((SV(I’ av) = N(ﬂp((svaa ay)’ pp(Sva, &y); “a(Sm’ &y)’ Sva) =0

(7.155)

Now, the key idea is to take the partial derivatives of the just defined function
Yo(8yq, dy), thus obtaining

Y, 0 0 dug da
aay aay da, da, aa,
) ) ) (7.156)
Y, 0 0 du, aa,
0y, By, Pr oy Oy 0
98va 98va G 38va 96va
The same steps can be taken for the yawing moment No(8,4, a,), getting
N, 0 0 g
ALY VAR R VA R VR LR |
aay da, da, da,
) (7.157)
N, a a o,
LI VA G VAL G VLR VA
G Gl 98va 3dya

In a road vehicle, that is without significant aerodynamic vertical loads, it is
reasonable to assume
Y,=N,=0 (7.158)

if we take B and p as state variables to describe the vehicle motion.!'! In other words,
Y and N do not change if we modify only u, keeping constant 5, p and §,, that is
keeping constant ; and « (cf. (7.51)). It would not be so in Formula cars, that is in
cars with aerodynamic devices.

The two equations in (7.156), with Y,, = N, = 0, yield the system of linear equa-
tions

11 Actually, as discussed right after (7.38), these partial derivatives are not zero if there is roll steer
in a double track model. However, they should be very small. See also (7.75).
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Y 9Bp app
Poa, " "oa,
v dy (7.159)
y, By 90 _
980, " 380a
and, similarly, from (7.157)
a 3
e N, 22—
3 da, (7.160)
N o8, N, 2
TR T

These two systems of equations

ml =[] e (][] =1 %]
) = d ) = 7.161
[,38 os | Y —y;| Bs ps| | N, —Ns ( )
have the same matrix, whose coefficients are the four components of the gradients
defined in (7.99)

app 9p,
d = —_—, = s
grad p,, ( RET (oy, ps5)
98, 98 (7.99)
d = p’ p = 9
grad 8, (Ede 85m> (By, Bs)

of the two steady-state maps (7.122). After having performed the standard steady-
state tests, all these gradient components (already introduced in Sect. 7.7.1) are
known functions.

The four stability derivatives are the solution of the two systems of equations
(7.161)

Ve — Yspy + mps :_Ysﬁy + mp;s
g ﬂypé - ,Bépy ’ IBypB - ,Bépy (7 162)
N(S)Oy _ NB,By .

Ng= —"—— = ———
:Bypé - ,Bépy ﬂypa - /35,0y

Therefore, they are known functions of the gradient components and of the control
derivatives Y5 and Ns. This is a fundamental original result, as it shows why steady-
state data can indeed provide information about the transient behavior, although not

in an obvious way.
Moreover, from (7.126) (i.e., Y, = Np) and (7.162) we have that
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ByYs + pyNs = —mps

which means (7.163)

Népy +m/38 N YS,By +m/38
) = ——

Ys =
By Oy

The transient behavior of the vehicle is characterized by the stability derivatives.
This is well known. What is new is that the stability derivatives are strictly related
to the gradients of steady-state maps. This result opens up new perspectives in the
objective evaluation of the handling of vehicles (cf. [10]).

7.11.2 Equations of Motion

Now, we can go back to the linearized equations of motion (7.145). The stability
derivatives can be replaced by the expressions in (7.162), thus obtaining

. Yspy + mps ) ( YsBy +mpBs 2>
muBi=(———\B+————mu; | p, + Y56
o (ﬁypa — Bspy ) Byps — Bspy “ " "

. Nspy ) NspBy
Tty =(— B+ (——22 ) o, + Nys,
et Byps — Bsoy ) Byos — Bsoy ) oo

where 8, and p, are the shifted coordinates defined in (7.127).
In some cases it is convenient to define and use the generalized control derivatives

(7.164)

.Y . N
s==2 and N;j=-2 (7.165)
m

thus obtaining

. Yspy + ps YsBy + Bs 5
U= ——— | B+ [ —u2 ) o + Vsdu
Byos — Bsoy Byos — Bsoy

. ]\75,0,, NBﬂv N
Uapr =\ ——— | B+ —5——— ) 0 + Nsb,
' </3yp5 - /38:0,\' ' /3)7105 - /38:0}* ' '

This is quite a remarkable (and original) result. It shows how the equations of motion
can be given in terms of data collected in steady-state tests. It is the link between the
realm of steady-state gradients and the realm of transient behavior.

(7.166)
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7.11.3 Estimation of the Control Derivatives

The control derivatives Y5 and Nj can be estimated by means of standard dynamic
tests. For instance, let us consider a generalized step steering input, that is a sudden
increase §,, of the steering wheel angle §, applied to a vehicle in a steady-state
(equilibrium) configuration. We say “generalized” since it should and can be done
from any steady-state configuration, not necessarily from a straight-line trajectory.
Since, by definition 8,(0) = 0 and p,(0) = 0, from (7.166) we obtain

. 3, (0 " 5 (0
7 = ””g’( N A ”“f;’( ) (7.167)
vt vt

Combining this result with (7.163), we also get that in a step steering input

3 JZ . svt
ByBi(0) + —py 0 (0) = ——ps (7.168)
m Uy

7.11.4 Objective Evaluation of Car Handling

The two coefficients 2¢ w, = — (A1 + X2) and a)ﬁ = A1 A of the differential equations
(7.130), can now be expressed as combinations of steady-state gradient components
and control derivatives

1 A A -
2w, = m [(N(S,By - Yapy) — /05] = —tr(A) = n1(8ya, dy)

N 1

2 8 -
w=—" " (p,— — ) =det(A) = ny(8,0. dy)
(Bys — Popy) ( ’ u%) 2 Ty

(7.169)
or, equivalently
1 NsBy — J.Ys50y) — J. ~
2, = N ZITO) LI () = 5,0
szua (ﬂypé - ﬂrspy)
(7.170)

1 mN(;(ug,oy —1)
J.mu, ua(:BleB - ﬂspy)

= det(A) = ny(8yq, &))

wl’l

Exactly like in (7.132), we have the physical interpretation as a vibrating system
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equivalent mass = szug
. . (mNBﬂy - JZYSIOy) — J.mps
equivalent damping = i,
Byps — Bspy (7.171)
NsuZp, — 1
equivalent stiffness = mNo oy = 1)
Byps — Bspy

Once again, the dynamic features of the vehicle are strictly related to the gradients
of data obtained in steady-state tests.
From (7.169), we see that the vehicle becomes unstable (det(A) < 0) if

1
py—— >0 (7.172)
>

which requires p, > 0 (oversteer). This condition is completely equivalent to (7.140)
(see also Sect. 7.13). From (7.162), we obtain that Ng and p, have opposite signs

Nspy

= - (7.173)
.ByPB - .Bépy

Ng

since N5y > 0 and (B, 05 — Bspy) < 0.
Following the same path of reasoning, the two forcing terms Fg and F), in (7.153)
can be rewritten as

N Ys .
u; yPs — PsPy Ug
= n3(8va’ &y)‘svt + n4(8vaa ay)(iv (7174)

and

A

N, Ns .
Fp = ——28 (L) 8vt + _58‘}
u, :Bypé - ,B(Spy Uqg

Typical patterns are shown in the MAP in Fig. 7.57 for Fg, and in the MAP of
Fig. 7.58 for F,.

= n5(8va, @y)8y + 16(8va» @y)8, (7.175)
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Fig.7.57 MAP in the plane (8, a,) for Fg, with curves at constant n3 (left) and constant n4 (right)
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Fig.7.58 MAP in the plane (8, ay) for F,,, with curves at constant n5 (left) and constant n¢ (right)

7.11.4.1 Vehicle “DNA”

Equations (7.169), (7.174) and (7.175) show that the dynamical behavior of a road
vehicle in the neighborhood of any equilibrium point is fully described by six maps
ni(8va, ay). These maps (functions) can be seen as a sort of “DNA” of the vehicle, in
the sense that they determine the vehicle transient behavior. To help the reader, these
six maps are listed below:
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nl(avav av) =

ZﬂﬂffEESKﬁww—%m)—m]zan

(Bya- dy) il ( 1) 2
n va,Ay) = —————_— IO’__ Za)n
PO Byos — By T u

n3(8vav &y) = _& L + Mz
ug /3)7105 - ﬂ&oy “

(7.176)

A

- Y
14(Sva; ay) = M_
a

A

ns(8 g,)__% P
dovae uz \ Byps — Bspy

Ny
16(va; ay) = M_

However, all these quantities are, ultimately, combinations of the following six fun-
damental “handling bricks”:

si=PBy, S2=py, $3=Ps, s1=ps s5=Ns 56=7s (7.177)

all of them, in general, functions of two variables like, e.g., a, and §,.

Two vehicles with the same s;, and hence with the same n;, have identical transient
handling behavior, notwithstanding their size, weight, etc. In other words, the two
vehicles react in exactly the same way to given driver input. Therefore, there is indeed
a strong relationship between data collected in steady-state tests and the transient
dynamical behavior of a vehicle.

Objective measures of car handling should be based on the quantities defined in
(7.176).

On the practical side, we see that the components of the gradients (7.99) of the
steady-state maps 8, (6., a,) and p, (é,, a,) provide four out of six “handling bricks”,
the other two being the generalized control derivatives. Basically, we have found a
more feasible way, based on the gradient components of the steady-state MAPs, to
measure the six stability and control derivatives listed on Sect. 7.11.

7.12 Stability (Again)

According to (7.139), an equilibrium point is stable if and only if tr(A) < 0 and
det(A) > 0. These two conditions, after (7.169), can be expressed in terms of the
six fundamental handling bricks (7.177) and the forward speed. However, provided
@1 > 0 and @, > 0, the onset of instability is given by (7.172).
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7.13 New Understeer Gradient

Let us discuss in detail the component p, of the new understeer gradient introduced
in (7.99). In general it is a function of two variables

py = 0y (Srar @y) (7.178)

except in some special cases, like the single track model with open differential,
where, according to (7.102), py, = py(a,) = —d f,/da,.

More explicitly,
pyzaﬂ:i l :_5 (7.179)
Y da,  da, \R ! '

This is similar to the definition (7.117) of the classical understeer gradient K, but
with a few fundamental differences.

The definition of p, does not involve any weak concept, like the wheelbase / or
the Ackermann steer angle, as discussed in Sect. 7.9. Therefore, it is much more
general. This new understeer gradient is defined for any vehicle.

Moreover, it is the correct measure of understeer/oversteer, while K is not. This
may look surprising, but that is the way it is, as will be shown in Sect. 7.14.1 (see in
particular Table 7.1).

Of course, the partial derivative in (7.179) requires the steer angle to be kept
constant, according to (7.178).12

But there are other reasons that support p, as a good handling parameter. Let us
consider a constant steering wheel test and monitor the yaw rate r, = r,(u4; 8,4) as
a function of the forward speed u,, keeping constant the steering wheel angle §,,.
For brevity, let r; = dr,/du,. Equation (7.179) can be rewritten as

dpy _ drp/us) _ dlrp/ua) (d(rpu)\™" _ 1 [rypa—rp
gzd(ru)z du ( du ) ~ w2 \ru +r = £y (ta; va)

y p %a a a a V4 a P

(7.180)
This general equation provides a way to obtain the critical speed and the characteristic
speed.

If p, < O (understeer), the characteristic speed ucy, is, by definition [12, pp. 181-
185], the speed at which r;, = 0, thatis the yaw velocity gain r ,(ua; 8,4) is maximum.
By letting r), — 0in (7.180), we obtain that the characteristic speed must satisfy the
following equation

1 1
— = —py(Ua; 8ya that i Oyg) = [ ———— 7.181
I/t(% Py (u ) at1s uch(Bva) py(uch; ) ( )

12 Tests with constant steer angle are the most general: they can be performed on any kind of vehicle.
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Similarly, if p, > O (oversteer), the critical speed u, is, by definition [12, p. 177],
the speed at which r[/, — 00, which means

1 1
— = Py (a; 8va) that is uer(8ya) = DTS (7.182)
u; Py (ucr» 8va)

Summing up:

e p, has been defined without any recourse to weak concepts, like a reference vehicle
having Ackermann steering [16];
e p, can be easily measured in constant steering wheel tests;

e the critical speed and the characteristic speed come out naturally as special cases.'3

A similar treatment applies to the other gradient component S, . In this case v, =
Vp(Ua; 8yq), thus obtaining

d d 1 (Viug—v
gy = Lo _ 0o/t _ 1 (Mple =V (7.183)
. day d(”arp) u% r,’,ua +rp
In general
By = By(bvas ay) (7.184)

except in cases like the single track model with open differential, where, according
to (7.102), B, = B,(a,) = —d fg/da,.

7.14 The Nonlinear Single Track Model Revisited

The general approach presented in Sect. 7.11, which explains why steady-state data
are also relevant for the transient behavior, is applied here to the single track model.
The goal is to clarify the matter by a significant worked-out example.

For simplicity, we assume u = u, and ## = 0 and hence start with the linearized
equations of motion (7.145).

In the single track model (with open differential), the stability derivatives (7.125)
can be obtained directly (cf. (7.88)), taking into account the congruence equations
(7.51) and the axle characteristics (7.73)

13 Actually, the real critical speed can be lower than the value predicted by (7.182), as shown in
Sect. 7.16.3 [9, pp. 216-219]. Basically, (7.182) may not predict the right value because in real
vehicles we control the longitudinal force, not directly the forward speed. Therefore, a real vehicle
is a system with three state variables, not just two. This additional degree of freedom does affect
the critical speed, unless the vehicle is going straight.
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dY1 80[1 de 30[2 dY1 dY2

/S:__ ——:————:—¢1—¢2
dOl] aﬂ dO(z 8,3 dOl] dOlz
(7.185)
dY1 80(1 i de 30[2 le + de o+ @
=t ——=—a— tay— =—a a
P day 9p | das dp Yday " P das PR
and
N dY] 8051 dY2 8052 dY] + dY2 @ + @
= qQ— — — ) — — = —q] — ad)— = —d a
p ldotl ap 2da2 ap ldo{l 2dotz el 272
dy; 9 dy, 9 dy dy. (7.186)
1 00 2 002 ! 2402 2 2
i aldal 00 azdaz ) a'dal azdaz aF TG
where
dY; dYy,
| = — and @, =—> (7.187)
dOt] dOtz

are the slopes of the axle characteristics at the equilibrium point, defined in (7.94).
Obviously, @; > 0 in the monotone increasing part of the axle characteristics. These
slopes are simple to be defined, but not so simple to be measured directly.
It is also worth recalling that
Y, = Ng (7.188)

To proceed further, as already done in (7.68), let
81 = (1 +«)7é, and 5, = k714, (7.189)

thus linking the rear steer angle §, to the front steer angle §; in such a way to keep
constant the net steer angle 8, = §; — 8, = §. To have front steering only it suffices
tosetk = 0.

We can now obtain also the explicit expressions of the control derivatives

Ys = [(1 + k)P + «Ds]7, Ns =[(1+x)Dra; — kDrar]T (7.190)

In this vehicle model, all stability derivatives and all control derivatives are func-
tions of a, only, that is Ys = Yg(a,), and so on.
The linearized equations of motions (7.145) become

mUuafr +ulp) = —(®1 + @), — (Pra; — Pra2) pr + (1 + k) Py + Kk P2) TS,

Lutafy = —(P1a) — Pra2) By — (P1a; + P2a3)pi + (1 + K)Pray — kD2a2) T8,
(7.191)
Similarly, (7.131) becomes, in this case
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1 (& +Py Da’ + Dra
2§wn=—tr(A)=—( 1+ P n 1aj + 2a2>
U, m J;
(7.192)
_ CDI(JZ + ma%) + (pZ(Jz + ma%)
- J.mu,
and
2 1 2 2
o, = det(A) = —— [P1Da(a) + a2)* — mu(Pra) — Prar) ] (7.193)
J.mu;
Quite remarkable is that in (7.131)
YsN, — Y,Ng = @, P5(a) + a2)* (7.194)

Therefore this quantity is always positive, provided the vehicle operates with positive
@, and D,.
The damping ratio (7.134) has the following expression

_ (@1 + D)) J. + (Pia] + Praz)m
2«/sz\/¢>1¢2(a1 + 612)2 — mu5(¢1(11 — Dray)

¢ (7.195)

and the natural angular frequency (7.136) becomes

2 ¢2‘12 - @1611
W, =———F—
J:
! 252 )
B (2]171—14)2 (®l + (Dz) Jz + 2(@2“2 - @1(11) sz
—2(a) + @)’ &, Dy J.m 4 (Pa? + ¢2a§)2m2:| (7.196)
or, equivalently
2 Pia;  DPran
w, = —
5 Jz Jz
—®d ‘122 - (6112 + 4aya; + a%)jzm + a%a§m2
o 2(J,mu,)?
J. 2\ 2 J 2\ 2
2 (TN _ g2 (LML) (797
2J.mu, 2J.mu,

These parameters characterize the handling behavior in the neighborhood of an equi-
librium point. More explicitly, like in (7.132), we have that the vehicle behaves as a
mechanical vibrating system with
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equivalent mass = szug
equivalent damping = u,[D(J; + ma%) + &,(J, + ma%)] (7.198)
equivalent stiffness = @,P,(a; + 612)2 — muZ((blal — Dray)

It is a kind of interesting comparing (7.132), (7.171), and (7.198). They provide the
same information with very different tools.

In the single track model, the explicit expressions of the two forcing functions
(7.153) can also be obtained

[(al +a)P1Po((1 +K)ay +kay) (1 +Kx)aydy — Ka2<152:|
Fﬂ - - TSW

J.mu? J,
1 D by .
+ (I+1)® +« 205
mig
DD 1 b — b, .
sz(al+a2)21 2T5w+( +K)a Py — kay 205
J.mu; Jou,

(7.199)
with obvious simplifications if x = O (front steering only).
All the equations obtained in this section show that for a single track model there
are seven design parameters

D, D,

J
ai, @, =, Kk, T (7.200)
m m m

in addition to the control parameters u and §,(¢), with constant u = u,,.

Now, we can relate these design parameters to the six fundamental “handling
bricks” of (7.177).

The components of the gradients grad 8, and grad p,,, defined in (7.99), have been
obtained for the single track model in (7.100)

m d>1a% + Q§2a§ (I +x)ar + ka;
b= "a b= ra
l DDy a + ay
(7.100")
m [ Dra, — P1ay T(l—i—K)—K
="\ T g0, po a+a

As already stated, all these components can be measured experimentally from stan-
dard steady-state tests, and without having to bother about Ackermann steer angle
and the like.

Also interesting is that

14 6)®ay — k® N,
Byps — Bspy = o LK) P10 2B P o (7.201)
’ D1 Ps (a1 + az) YN, —Y,Ng




324 7 Handling of Road Cars

In case of no rear steering (i.e., k = 0) it becomes

TTma,

- 7.202
D, (a) + ar)? ( )

:Bypé - :B(Spy =

The generalized control derivatives I?,g = Ys/mand ]\75 = N;/J, are immediately
obtained from (7.190).
Summing up, for the single track model the six “handling bricks” s; (8,4, dy) in

(7.177) are
m @251% +q§1a12
Sl = ﬁy = — 2
(a1 + a2) PP,
m <@2a2 — @1(11)
Sy = y = —
2=h (a1 + a)? DD,
(1 +x)ay + ka;
SE b =T
e (7.203)
(I1+x)—« T
Sq4 = =T =
=P a +a a +ax
~ 1+ x)Dra; — kDran
S5 = Ns =T
J
A A4+k)D, + kD,
se=Ys=1—"—"F"——=
m

Therefore, we have six “handling bricks” depending on seven design parame-
ters. This means that there exist infinitely many different vehicles sharing the same
handling transient behavior. This observation opens up many new paths of reasoning.

One of these paths of reasoning is worked out in the next section. The results are
quite surprising.

7.14.1 Very Different Vehicles with Identical Handling

As a test of the new theory presented in Sect. 7.14, we are going to compare the
transient handling behavior of, say, three linear single track models. These vehicles
will be very different, and identical at the same time. How is it possible?

These three vehicles will share exactly the same values of all the six handling
bricks listed in (7.203). Therefore, they will have the same handling behavior. How-
ever, they need not to be exactly alike, since we can play with seven design parameter
to fulfill the six handling requirements.

A good test is to define a first vehicle with front steer only, a second vehicle with
also negative rear steer, and a third one with also positive rear steer. This can be
easily done by means of parameter «, introduced in (7.189)



7.14 The Nonlinear Single Track Model Revisited 325
6 =1 +«)rd, and 8, =«74, (7.189)

Parameter « controls the amount of rear steer with respect to front steer, while keeping
constant the net steer angle § = 76, = §; — 8,. The rear wheels turn opposite to the
front wheels if « < 0, while both front and rear wheels turn alike if ¥ > 0. Typically,
|k| < 0.1, that is the rear wheels cannot turn as far as the front wheels.

But, let us do some numerical examples. Let us consider a vehicle with front
steering only (k = 0), with the following features:

e 7 =1/20;

e m = 1300 kg;

e J. =2000kgm?;

e a; = 1m;

e a = 1.60m;

e & = @ (0) = 70000 N/rad;

o &, = &,(0) = 90000 N/rad.

From (7.203) we can compute all six handling bricks s; for this vehicle, and then
use them for the other two vehicles. This way, it is possible to create vehicles that
look very different, but which ultimately have exactly the same handling behavior.

The vehicle features for « 0.1, that is two very high amounts of rear steer,
are shown in Table 7.1. The three vehicles there reported are strikingly different
(Fig. 7.71), yet they have the same handling behavior, and not limited to steady state.
For the driver, they behave exactly the same way under any transient conditions.

For instance, starting from a straight trajectory, let us impose a step steering input
8, = 60°, the forward velocity being u = 30 m / s. Figures 7.59 and 7.60 show the
lateral velocity v(¢) and the yaw rate r(t), respectively. They are identical for the
three vehicles, thus confirming the theoretical claims.

Of course, the slip angles are not identical, as shown in Fig. 7.61. The three
vehicles are indeed different. It is left to the reader to figure out which curve is for
k = 0.1, etc.

Just out of curiosity, the most extreme vehicles that can be obtained with this
algorithm are shown in Table 7.2. Of course, we are not suggesting that they
are feasible vehicles. They are reported here because they provide some rigorous

Table 7.1 Design parameters of vehicles with different amounts of rear steering «, but with iden-
tical transient handling behavior. Note that the classical understeer gradient K conveys misleading
information

K D Dy ap ar J; m T K —py
[-] [N/rad] | [N/rad] | [m] [m] [kg m*]| [kg] [—] [deg/g] | [deg/(mg)]
—0.10 | 86332 |73668 |0.73 1.86 2000 1300 0.99/20 | 3.28 1.27
0.00 70000 | 90000 | 1.00 1.60 2000 1300 1.00/20 | 3.30 1.27
+0.10 49065 |110935|1.48 1.32 2000 1300 1.08/20 | 3.55 1.27
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Fig. 7.59 Lateral velocity v(¢) of any of the three vehicles after a step steering input
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Fig. 7.60 Yaw rate r(¢) of any of the three vehicles after a step steering input
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Fig. 7.61 Front and rear slip angles of the three vehicles after a step steering input
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Table 7.2 Design parameters of vehicles with extreme amounts of rear steering «, but with identical
transient handling behavior

K D D) al ap Jz m T K —pPy
[-] [N/rad] | [N/rad] | [m] [m] [kg m?]| [kg] [—] [deg/g] | [deg/(mg)]
—0.60 | 141316 | 18684 |0.01 4.01 2000 1300 1.55/20|5.10 1.27
0.00 70000 | 90000 | 1.00 1.60 2000 1300 1.00/20 | 3.30 1.27
+0.166 | 22426 | 137574 |2.73 0.98 2000 1300 1.42/20 | 4.71 1.27

evidence that rear steer must be kept small to have good handling behavior, as intu-
itively everybody knows.

But perhaps the most astonishing result obtained in this section is that all these
vehicles of Tables 7.1 and 7.2, although with identical handling behavior, do not have
the same classical understeer gradient K. Just have a look at the next to last column
in Table 7.1. In other words, they would have been classified as very different if
evaluated in terms of their classical understeer gradient K [16].

The conclusion is that the classical understeer gradient K is not a good parameter
and should be abandoned. It should be replaced by the gradient components proposed
in (7.99) and discussed in Sect. 7.13, which have proven to really provide a measure
of the dynamic features of a vehicle. In particular, the gradient component p,,, shown
in the last column in Tables 7.1 and 7.2, is the real measure of understeer/oversteer.

7.15 Linear Single Track Model

The simplest dynamical systems are those governed by linear ordinary differential
equations with constant coefficients. The single track model of Fig. 7.20 is governed
by the nonlinear ordinary differential equations (7.162), unless the axle characteris-
tics are replaced by linear functions

Y1 = C1a1 and Y2 = Cg()lz (7204)
where
dr dar.
Ci=—t =¢,0 and C,=-—2 — &,(0) (7.205)
doy a1=0 day =0

The axle lateral slip stiffness C; is usually equal to twice the tire lateral slip stiffness,
firstly introduced in (2.88). It is affected by the static vertical load (Fig. 2.23), but
not by the load transfer, neither by the amount of grip. The influence of roll steer is
quite peculiar (Fig. 7.18).

However, as shown in Fig. 7.62, this linear approximation is acceptable only if
loe;| < 2°, that is for very low values of a,.
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The main advantage of the linear single track model lies in its simplicity, the
main disadvantage is that it does not model the vehicle behavior at all, unless the
lateral acceleration is really small (typically, a, < 0.2g on dry asphalt). In some
sense, it is a “dangerous” model because one may be tempted to use it outside its
range of validity. Indeed, too often it is the only handling model that is presented and
discussed in detail.

However, in some cases it is useful to have a model where everything can be
obtained analytically. For this reason, the linear single track model is included in this
book as well, albeit not in a prominent position.

7.15.1 Governing Equations

The linear single track model differs from the more general nonlinear model only
in its constitutive equations. However, we list here all relevant equations, that is
equilibrium equations (7.5)

m@V+ur)=Y=Y,+1,

. (7.206)
JZV =N= Y1a1 — Y2a2
congruence equations (7.67) (with | x| < 1, and often equal to zero)
o =78, L@
(7.207)
vV —ra
ay = X118, — ————

u
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and the just defined linear constitutive equations (7.204) [12, Chap. 5]

Yl = C10{1
(7.208)

Y, = G

Combining congruence and constitutive equations we get
Vv+ra
Y]:Cl(X]:Cl (T]SV— 1)
u

(7.209)

Y, =Con =C, <T1X5v - v—raz)
u

which are linear in v and r, but not in u.
Inserting these equations into the equilibrium equations, we obtain the governing
equations, that is two linear differential equations

C C C - C C C
‘.}:_( 1+ 2)\)—( 141 2a2+u)r+ 1+ X 2T15v

mu mu m
) , (7.210)
. Cia; — Crap C1a1 + C2a2 Ciay — xCray
F=— v — r+ —144,
Jzu Jzu JZ
In matrix notation, (7.210) becomes
W = Aw + b, (7.211)

where w(t) = (v(t), r(t)) is the vector of state variables, the r.h.s. known vector is

Ci+xC
b®) =11 | cia; Iy Crar (7.212)
J:
and
Ci+C  Cia — Ca
+u
mu mu
A= A(u(t)) = — Clal _ C2a2 Clalz + Cza% (7213)
J.u J.u

is the coefficient matrix. It is important to note that A depends on the forward speed
u, but not on the steer angle §,, which multiplies the known vector b.
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7.15.2 Solution for Constant Forward Speed

As well known, the general solution w(¢) of (7.211) is given by the solution w, of
the homogeneous equation plus a particular solution w,

w(t) = w,(t) +w,(t) (7.214)
Unfortunately, analytical solutions are not available if u(¢) 7 const.
If u is constant (u = 0), the system (7.211) has constant coefficients and the
homogeneous solution must fulfill

W, = Aw, (7.215)

with a constant matrix A. Assuming constant  is therefore a very relevant assump-
tion. We look for a solution among the exponential functions

Wo (1) = (vo(t), (1)) = xe* (7.216)
which implies w,(¢) = Axe*, and consequently yields an eigenvalue problem for
the matrix A

Ax = Ax (7.217)
The eigenvalues are the solutions of the characteristic equation
det(A —AI) =0 (7.218)
which, for a (2 x 2) matrix, becomes

A2 —tr(A)A + det(A) = 0 (7.219)

The two eigenvalues A; and A, are

A2

Jir(A)2 — 4det(A)
_ @) £ tr(l;) 44t _ i £ /21 (7.220)

If the discriminant is negative, thatis if { < 1, the dynamical system is underdamped
and the eigenvalues are complex conjugates.
From (7.213) we get the trace

1(Ci+C  Cia?+ Crd?
tr(A) = —— < 1+C Gt 2“2> <0 (7.221)
u m J;

and the determinant
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1
det(A) = ——- [C1Ca(ar + a2)* — mu*(Cray — Crar)] (7.222)
Z

These two quantities are very important because they provide handy information
about the two eigenvalues A and A, of A, since

det(A) = Ay (7.224)

These two relationships can be obtained easily writing the characteristic equation as
(A=A —22) =0.

Once the two eigenvalues have been obtained, we can compute the two eigenvec-
tors x; and x,.

Therefore, the solution of the homogeneous system is

Wo (1) = yixie™’ + yrxpe (7.225)
where y; and y, are constants still to be determined. In components we have

Vo(t) = yixne™’ + yaxppe™! (7.226)
ro(t) = yixae! + yrxpe '

where X| = (x”, le) and Xy = (xlz, x22).

The particular integral w, (t) = (v, (¢), r,(¢)) depends on the known vector b and
on the steering wheel angle 8, (¢). The simplest case is for constant §,, but analytical
solutions are available also when 6, (¢) is a polynomial or trigonometric function.

Summing up, the general solution of the system (7.211) is

At

W(t) = W,(t) + w,(t) = yixieM + yaxpe™ + w, (1) (7.227)

in which the two constants y; and y» are to be determined from the initial conditions
w(0) = (v(0), r(0)), that is solving the system

Sy = w(0) — w,(0) (7.228)

where y = (y1, y»2) and S is the matrix whose columns are the two eigenvectors of
A.

7.15.3 Critical Speed

The two parts w, and w, of the general solution have distinct physical meanings.
The particular integral is what the vehicle does asymptotically, that is basically at
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steady-state. The solution of the homogeneous system shows how the vehicle behaves
before reaching the steady-state condition, if the vehicle is stable.

As already discussed in Sect. 7.10.3, the stability of the vehicle is completely
determined by the two eigenvalues A and A,, or better, by the sign of their real parts
Re(X;) and Re(A;). The rule is very simple: the system is asymptotically stable if
and only if both eigenvalues have negative real parts

stability — Re(A;) <0 and Re(ry) <O (7.229)

If just one eigenvalue has a positive real part, the corresponding exponential solution
grows without bound in time, and the system is unstable.

Fortunately, we can check the stability without computing the two eigenvalues
explicitly, but simply looking at (7.223) and (7.224). To have an asymptotically stable
vehicle it suffices to check that

stability <— tr(A) <0 and det(A) >0 (7.230)

From (7.221) we see immediately that tr(A) < 0 is always fulfilled. Stability is
therefore completely due to the second condition in (7.230). Setting det(A) = 0 in
(7.193) yields an equation in the unknown forward speed u, whose solution, if it
exists, is the critical speed uc,

C,C,l2
Uy = | ——— 2 (7.231)
m(Cia; — Craz)

Beyond the critical speed the vehicle becomes unstable. It is worth noting that u.,
does not depend on J,.
In the linear single track model, the critical speed exists if and only if

C]Cl] — C2(l2 >0 (7232)

that is, if the vehicle is oversteer. In this vehicle model (which, we recall, has a very
limited range of applicability), the critical speed is not affected by the steer angle.

7.15.4 Transient Vehicle Behavior

It may be of some interest to know how the eigenvalues evolve as speed changes. To
this end, it is useful to plot tr(A) vs det(A), which, according to (7.221) and (7.222),
can be compactly expressed as'*

14 Here a, 8 and y are just constants. They have no connection with slip and camber angles.



7.15 Linear Single Track Model 333

det(4) det=tr/4
\ 7
,/
Ucr oversteer tI‘(A)
Fig. 7.63 Evolution of det(A) and tr(A) when u grows
o )4
det(A) = -+ B, tr(A) = — = (7.233)
u u

where « and y are always positive, while 8 = (C,a, — Ca;)/J, can be either posi-
tive or negative, depending on the vehicle being understeer or oversteer, respectively.
Both functions are monotone in u (if # > 0). They can be combined to get

det(A) = % tr(A)2 + B. (7.234)

Moreover, it is easy to show that

lim tr(A) =0, lim det(A) = B (7.235)
u——+00 u——+00

Therefore, as u grows, we draw parabolas, as shown in Fig. 7.63, up to their vertex
in (0, B).

Also plotted in Fig. 7.63 is the parabola det = tr? /4. According to (7.220), it
corresponds to the points where 1| = A,. Below this parabola, i.e. u < u,, the two
eigenvalues are real, whereas above it they are complex conjugates.

It can be shown that

o C1C2k212 1
27 e 2 ) =2 (7.236)
y [k*(Cy + C2) + Craj + Caaj] 4

where J, = mk?. Since it attains its maximum value 1/4 when C,a; = C,a, (neutral
vehicle) and J, = maja,, we see that all vehicles at sufficiently low speed have real
negative eigenvalues.

As the speed increases, the following evolutions are possible. An oversteer vehicle
(actually, an oversteer linear single track model) has always two real eigenvalues.
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When the parabola in Fig. 7.63 crosses the horizontal axis (det = 0), one eigenvalue
becomes positive and the vehicle becomes unstable. That happens for u = u,,.

An understeer vehicle has two negative real eigenvalues at low speed. For
speeds higher than u = u,, they become complex conjugate with negative real parts
(Fig. 7.63): M| = —Cwy, +iwyy/1 — 2, Ay = —Lw, — iwy+/1 — £2. Therefore, at
sufficiently high speed, the transient motion is a damped oscillation (very damped,
indeed). The speed u;, is given by

y? —4a [J.(C1 + C2) + m(Cra} + Cra3)? — 4J.mC, C,l2
“ENTag T 4m?J.(Caar — Cray)
(7.237)

From Fig. 7.64, we see that the imaginary part of the eigenvalues, that is the
angular frequency w; = w,+/1 — ¢2, is almost constant up to relatively high speeds.
This is typical and makes the classical sine sweep test quite insensitive to the selected
speed.

The general solution is given by (7.227). However, when the eigenvalues are
complex conjugates, also the eigenvectors x; and X, and the constants y; and y, are
complex conjugates. Having to deal with so many complex numbers to eventually
get a real function w(¢) is not very convenient. Fortunately, we can rearrange it in



7.15 Linear Single Track Model 335

a way that it involves only real numbers. As well known, e 1) = e'[cos(wt) +
isin(wt)], and the general solution can be written as

w(t) = W,(t) + W, (1)
= yixie"’ + yaxe™ + w, (1)
= e f"[(y1x1 + y2X2) cos(wst) + i(y1X1 — yaXo) sin(wst)] + W, (1)
= e *“"[z) cos(wyt) + Za sin(wst)] + W, (1)

where w; = w,/1 — ¢2.

To obtain z; and z, we can proceed as follows. Vector z; is simply obtained setting
t = 0 in the last expression in (7.238)

(7.238)

z; =w(0) —w,(0) (7.239)

where w(0) is the vector of the initial conditions. To obtain the other vector, just
consider that
Ww,(0) = Aw,(0) = —Cw,2) + wsZ; = 7 (7.240)

and hence 1
7z = —(A+ tw, Dz (7.241)
w;

7.15.5 Steady-State Behavior: Steering Pad

As already stated, the particular integral w, () = (v,(¢), r,(t)) is determined, in this
linear model, by the known vector b, and hence by the function §,(¢). The simplest
case is when 8§, = const.

Keeping the steering wheel in a fixed position and driving at constant speed makes
the vehicle go round in a circle. This is called steering pad. To obtain the steady-state
solution, we have to solve the system

— Aw, =Db$, (7.242)
thus getting

b = [C\Cal(ay 4 arx) — mu?(Cras — Czazx)]uf 5
P mJ.u? det(A) 1o
_ C1C21(1—X)u C1C2l(1 —X)M

T T detA) T CLGAl? — mu(Cray — Coan)

(7.243)

8y.

Once we have obtained v, and r,, we can easily compute all other relevant quan-
tities, like the vehicle slip angle B, and the curvature p,
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Cia? + Cra? S
ﬂp:v_pz a+arx flSV—% 1a; + Caa; d, =L
u l [ CiC Ry

_r _ I—X s m Czag—Clal s~ 1
=y =T )T E Tl )Y TR,

According to (7.207), we can compute the steady-state front and rear slip angles

]

v, +ry,a; may .
alp = ‘518\, — % = Fay
1
(7.245)
Vv, — Fpn ma .
@)y = 118, — T—= up = ngay

A non-zero lateral speed v, at steady state may look a bit strange, at first sight. It
simply means that the trajectory of G is not tangent to the vehicle longitudinal axis,
as shown in Fig. 7.32.

The speed ug that makes 8, =v, = 0 is given by (7.243) and is equal to (if
x=0)

Czazl
am

up = (7.246)

It is called tangent speed [12, p. 174].

7.15.6 Lateral Wind Gust

It is of some practical interest to study the behavior of a vehicle (albeit a very linear
one) when suddenly subjected to a lateral force, like the force due to a lateral wind
gust hitting the car when, e.g., exiting a tunnel. As shown in Sect. 7.15.7, the same
mathematical problem also covers the case of a car going straight along a banked
road.

We have only to modify the equilibrium equations (7.206) by adding a lateral
force ; = —F; j, applied at a distance x from G

mOWV+ur)=F, +F, —F
( )=Eyt+ By =R (7.247)
er = Fy]al — Fyzaz — sz.

where x > 0 if F is applied between G and the front axle. The other equations are
not affected directly by E.
The equations of motion are like in (7.211), with the only difference that the term

_ 1/m
br = — [x/]j F (7.248)
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must be added to the known vector.

If we assume §, = 0, the steady-state conditions w, are obtained, as usual, by
solving the system of equations —Aw, = by, with A as given in (7.213). Accord-
ingly, we have the following quantities at steady-state

_ [x(Cra1 = Coay + mu?) — (Cra7 + Cra3)lu

Fy,
'p C1Cl2 — mu2(Ca; — Caay) !
[Cia1 — Crap — x(C1 + C)Ju (C1 + Co)u
rp = 3 3 Fi=—-(x—e) 3 5 F,
C1C2l» —mu=(Cray — Crap) C1Crl# —mu=(Cray — Caap)
(7.249)
where c c
a; — Cha
— i et (7.250)
Ci+C

Should the steer angle be non-zero, it suffices to superimpose the effects. This is
legitimate because of the linearity of the equations.

This quantity e in (7.250) is often called static margin. The yaw rate is zero, that
is r, = 0, if and only if the lateral force is applied at a distance e from G. This is
the distance that makes the vehicle translate diagonally under the action of a lateral
force, as shown in Fig. 7.65. The point N, on the axis of the vehicle at a distance e
from G is called neutral steer point.

Fig. 7.65 Lateral force 4
applied at the neutral point /
N, (ie,x =e)
/!
/
F /
/
// 4
/ /
/
//
o,/ //
/
/
/
/
/
/
//
%
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Fig. 7.66 Lateral force applied at a point ahead of the neutral point (x > e)

Obviously, the condition r, = 0 with §, = 0 is equivalent to o1, = a2, = .
Inserting this condition into (7.247) we get

0=(Ci+Ca, — F

(7.251)
0= (Cia; — Crax)a, — Fee,
which provide another way to obtain e.
An oversteer vehicle has e > 0, whereas e < 0 in an understeer vehicle.
If §, = O, the steady-state distance R, is
CiCol% — mu?*(Ciay — C
R, = L = CQOL mui(Cias = Coar) (7.252)

rp —(x—=e)(Ci1+C)F

The numerator is always positive if # < uc.. Therefore, R, > 0 if x < e, and vice
versa.

If the point of application of the lateral force is located ahead of the neutral point
N, the vehicle behaves like in Fig. 7.66, turning in the same direction as the lateral
force. This is commonly considered good behavior.

If the point of application of the lateral force is behind the neutral point N, the
vehicle behaves like in Fig. 7.67. This is commonly considered bad behavior.

Of course, since an oversteer vehicle has the neutral point N, ahead of G, the
likelihood that a wind gust applies a force behind the neutral point is higher, much
higher, than in an understeer vehicle.
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Fig. 7.67 Lateral force applied at a point behind the neutral point (x < e)

Fig. 7.68 Lateral force applied by means of a rocket (General Motors Corporation, circa 1960)
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To understand why the first case is considered good, while the second is considered
bad, we have to look at the lateral forces that the tires have to exert. In the first case,
the inertial effects counteract the wind gust, thus alleviating the tire job. In the second
case, the inertial effects add to the lateral force, making the tire job harder.

Figures 7.66 and 7.67 show a lateral force constantly perpendicular to the vehicle
axis, pretty much like if a rocket were strapped on the side of the car. Indeed, in
some cases a rocket has been really employed as shown in Fig. 7.68, taken from
a presentation by Tom Bundorf at the SAE Automotive Dynamics and Stability
Conference (2000).

7.15.7 Banked Road

A car going straight on a banked road is subject to a lateral force due to its own
weight. Therefore, it is a situation somehow similar to a lateral wind gust, but not
equal. The main difference is that the lateral force is now applied at G.

Understeer and oversteer vehicles behave differently, as shown in Fig. 7.69. Both
axles must exert lateral forces directed uphill to counteract the weight force mg sin €.
Therefore, both must work with positive slip angles «¢; and «, if the banking is like in
Fig. 7.69. However, due to the different locations of the neutral point N, with respect
to G, the two front axles cannot have the same slip angle. To go straight, we must
steer the front wheels uphill in an understeer vehicle and (apparently) downhill in an
oversteer vehicle, as shown in Fig. 7.69. More precisely, in both cases a; — §; = oo,
where §; > O if the vehicle is understeer, while §; < O if the vehicle is oversteer.

7.16 Compliant Steering System

Many modern cars use rack and pinion steering mechanisms. The steering wheel
turns the pinion gear, which moves the rack, thus converting rotational motion into
linear motion. This motion applies steering torque to the front wheels via tie rods
and a short lever arm called the steering arm.

So far we have assumed the steering system to be perfectly rigid, as stated on
Sects.3.1 and 7.5.4. More precisely, equations (3.210) have been used to relate the
steer angles §;; of each wheel to the angle §, of the steering wheel.

In the single track model (Fig. 7.20) we have taken a further step, assuming that
the left and right gear ratios of the steering system are almost equal, that is

(tn=tm2)=7n and (i=m)=1n (7.49")

thus getting (7.68)
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Fig. 7.69 Understeer and
oversteer vehicles going
straight on a banked road
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X8 =8, = 120,

Now, in the framework of the linear single track model, we relax the assumption of

rigid steering system. This means to make a few changes in the congruence equations
(7.207), since §; and 7,8, are no longer equal to each other.

7.16.1 Governing Equations

As shown in Fig. 7.70, the steering system now has a finite angular stiffness k;, with
respect to the axis about which the front wheel steers. In a turn, the lateral force Y

4 T3,

k ’ ' t51

51 te,

Fig. 7.70 Single track model with compliant steering system
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exerts a vertical moment with respect to the steering axis A because of the pneumatic
trail ., and also of the trail £, due to the suspension layout (see Fig. 3.1). The effect
of this vertical moment Y; (¢, + ;) on a compliant steering system is to make the
front wheel steer less than t,8,. More precisely, we have that (Fig. 7.70)

Y] (tcl + t.&‘])

7.253
ko ( )

31 = T18V —

The computation of the pneumatic trail 7., is discussed on page 512.
Accordingly, the congruence equations (7.207) of the linear single track model

become
Vv+rag

O[]I(Sl—

Y ras (7.254)

ay = X116, —
u

with the additional equation (7.253).
On the other hand, the equilibrium equations

m@4ur)=Y=Y+Y,

Rk (7.206")
J.r =N =Ya — ha

and the constitutive equations
Yl =C 101

(7.208")
Yz = CzO[Q

do not change at all.

7.16.2 Effects of Steer Compliance

Equation (7.253) can be rewritten taking the first equation in (7.208) into account

Cit, +1t,

81 =18, — %al =18, — e (7.255)
S1
where c
Ie, T 1

& = Cilte +15,) (7.256)

ks,

The first congruence equation becomes

(4 )y =18, — L4 (7.257)



7.16 Compliant Steering System 343
which leads naturally to define a fictitious slip angle

a = ({+e&)a (7.258)
and, consequently, a fictitious slip stiffness

- C,
C, =
1+e¢

(7.259)

Summing up, the linear single track model with compliant steering system is
governed by the set of equations

m@V+ur)=Y=Y,+1,
JZI.' =N-= Ylal - Yzaz

- v+ra;
a; = 116, —
u
(7.260)
vV —ra
ay = X118, —
Y, = Cié
Y2 = CQCQ

which is formally identical to the set governing the single track model with rigid
steering system. Therefore, the analysis developed in Sect. 7.15 applies entirely,
provided we take into account that C; — (:’1 and o] — .

Since C; < Cy, a compliant steering system makes the vehicle behavior more
understeer.

7.16.3 There Is Something Unsafe

Apparently, the critical speed of the linear single track model is not affected by the
steer angle, as shown in Sect. 7.15.3. However, according to (7.243), if det(A) =0
the model predicts unlimited values of lateral velocity v, and yaw rate r,, unless
8, = 0. These unrealistic results suggest that in the analysis something relevant is
missing.

Indeed, instead of imposing the forward speed u, it would more realistic to impose
the longitudinal force F,,, thus having also u as a state variable. Of course, the steady-
state results (7.243) do not change. But what about stability?

This more general single track model, with three state variables (u, v, r), is gov-
erned by the following differential equations
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! 1
= — |:mvr+C1 <v+alr)51 _ —,OSaCxuz + sz _ C1812i|
m u 2
1
V= — [ mur — (Cy + Cz) + (Crap — Cldl)i + C151] (7.261)
n u
1
7

.
[(Czaz clal); ~ (€1} + Caad)= + clalal]

Even with linear tires, the governing equations are no longer linear.
The counterpart of matrix A in Sect. 7.10.2 is this matrix B

_ C151(Vp+dlrp)+PSaCxu?, C81+mupr, Ciaidi+muyv,

mu?, mu, mu,
B= (C1+Co)v,—(Crar— C1a1+mu12))r,, G+ Crar—Chay mu (7 262)
mu?, mu, mu, .
—(Crar— Clal)Vp-‘r(Cla +C2ad)r,  Crar—Cia _C1a12+C2a§
J; u Joup Joup

which contains A as a submatrix. It is worth noting that the new entries (first raw
and column) depend on v,, ¥, and §;.

Stability requires the real part of all eigenvalues of B to be negative.

In case of straight running §; = 0 and, obviously, v, = r, = 0. Two eigenvalues
are exactly the same of A. The third eigenvalue A3 = —pSCu, is always negative.
Therefore, the classical critical speed u,, in (7.231) is confirmed.

What happens when §; # 0? The characteristic equation is something like

bor®> + biA2 + bah + b3 =0, with by > 0 (7.263)

According to Routh criterion, all eigenvalues have negative real part if and only if
b] > O, b3 > 0, and blbz — b0b3 > 0.

Since analytic expressions are very complex, we prefer to perform just a numerical
test. For instance, let m = 1000 kg, a; = 1.4 m, a; = 1.2 m, J, = 1680 kg m2,
C, = C, = 100000 N/rad. Moreover, p = 1.3 kg/m3, S, = 1.8m?2, C, = 0.35.

This vehicle has, in straight running, a critical speed u., = 58.14 m/s = 209 km/h.
However, if, e.g., §; = 6 deg, the quantity b;b, — byb; becomes negative at the speed
e = 53.21 m/s = 191 km/h, which is quite lower than u,. Therefore, imposing u
may not be a safe assumption!

7.17 Road Vehicles with Locked or Limited Slip
Differential

The handling of cars equipped with either a locked or a limited-slip differential is
addressed in Chap. 8, that is in the chapter devoted to the handling behavior of race
cars. This has been done because the limited-slip differential is a peculiarity of almost
all race cars, whereas very few road cars have it.
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7.18 Exercises

7.18.1 Camber Variations

As shown in (7.18) and in Fig. 1.7, camber variations due to vehicle roll motion are
determined by some suspension parameters. Given the track length t;, find the values
of ¢; to have:

1 A/ =—1;
2. Ayi/¢] =05
3. Ayi/¢f = 1.
Solution

It is a simple calculation to obtain

1. ¢, = t,'/4;
2. ¢ = t,-/2;
3. C; = —+00.

Quite a big difference.

7.18.2 Ackermann Coefficient

According to (7.19), and assuming 8? =0,l=2.6m,t, =1.6m, and &1 = 1 (Ack-
ermann steering), compute 811 and 81, when 1,6, is equal to 5 deg, 10 deg, and 15 deg.

Solution

It is a simple calculation to obtain

1. 811 = 5.13deg, 61, = 4.87 deg;
2. 811 = 10.54 deg, 61, = 9.46deg;
3. 811 =16.21 deg, 812 = 13.79 deg.

We see that the Ackermann correction is relevant, with respect to parallel steering,
only for not so small steer angles.

7.18.3 Toe-In

Repeat the previous calculations now with 1 deg of toe-in.
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Solution

1. 811 =4.13deg, §;», = 5.87deg;
2. 811 = 9.54deg, 51, = 10.46deg;
3. 811 =15.21 deg, 512 = 14.79 deg

Quite influential.

7.18.4 Steering Angles

With reference to (7.68), obtain the relationship between x and « for any steering
system.

Solution

From the following system of equations

l+x)t=1
I+ =mn (7.264)
KT = XT1
we obtain «
= 7.265
X 1+« ( )

7.18.5 Axle Characteristics

Axle characteristics are very important in vehicle dynamics. In Sect.7.5.3, the effects
of the following setup parameters were discussed (not in this order):

1. roll stiffness;

2. static camber angles;
3. roll camber;

4. roll steer;

5. toe-in/toe-out.

Some of these parameters have similar effects on the axle characteristics. Before
going back to Sect. 7.5.3, think about the physics of each parameter and try to figure
out the similarities.

Solution

Have a look at Sect. 7.5.3.
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7.18.6 Playing with Linear Differential Equations

Find out how to go from (7.128) to (7.130), that is, from a system of two first-order
linear differential equations with constant coefficients to two second-order equations.

Solution

Like in (7.128), the starting point is

Bt =anp +anp:
(7.266)

Or = a1 B + anp;

where q;; are the entries of matrix A, as in (7.148).
We can see (7.266) as a system of two algebraic equations and solve it with respect
to B; and B, thus getting

B = —azzc,zOz + 0
21
_ (7.267)
4, = (anaz; — anan)p + anpr
=

asy

Differentiating the first equation in (7.267) and setting it equal to the second
equation in (7.267) provides the sought second-order linear differential equation

pr — (a1 + axn)pr + (anaxn — apaz)p; =0 (7.268)

exactly like in (7.130).

7.18.7 Static Margin

Compute the static margin for the single track model defined on Sect. 7.14.1.
Solution

To compute the static margin we have to use (7.250). The result is e = —0.46 m. A
negative value is typical of understeer vehicles.
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7.18.8 Banked Road

The same vehicle is travelling on a straight road with 6 deg of banking. Compute the
steering wheel angle required to have a trajectory parallel to the road (that is to go
straight ahead).

Solution

With the aid of Fig. 7.69, we see that the rear axle has to counteract a lateral force
Y, = mgsin(6deg)a; /] = 452.8 N. That means that the rear axle operates with a
slip angle oy = Y, /®,(0) = 0.29 deg.

Similarly, the front axle has to balance a force Y| = mg sin(6 deg)a, /Il = 724.4 N,
which needs a slip angle «; = Y;/®(0) = 0.59 deg.

Therefore, the front steer angle hastobe §; = 0.59 — 0.29 = 0.3 deg. The steering
wheel angle is §, = 20 x 0.3 = 6deg.

Of course, the vehicle slip angle is 8 = —a; = —0.29 deg.

7.18.9 Rear Steer

Repeat the calculations of the banked road for the two vehicles with rear steer whose
features are listed in Table 7.1.

Solution

First we consider the vehicle with ¥k = —0.1. We have Y, = 331.8 N and hence
ay = 0.26 deg. Similarly, Y, = 845.4 N, and «; = 0.56 deg.
To obtain the net steer angle § we have to solve the equation

o — (14+Kk)d =0, —«é (7.269)

with k = —0.1, which provides § = 0.3 deg, and hence a steering wheel angle §, =
0.3 x 20/0.99 = 6.0 deg.

The vehicle slip angle is § = —(0.26 4+ 0.1 x 0.3) = —0.29 deg.

Then we consider the vehicle with x = 0.1. We have Y, = 622.2 N and hence
ar = 0.32deg. Similarly Y; = 555.0N, and «; = 0.65 deg.

To obtain the net steer angle § we have to solve (7.269), with ¥ = 0.1, which pro-
vides § = 0.33 deg, and hence a steering wheel angle §, = 0.3 x 20/0.99 = 6.0 deg.

The vehicle slip angle is 8 = —(0.32 — 0.1 x 0.33) = —0.29 deg.

As expected, for the driver the three vehicles behave exactly the same way: same
steer wheel angle §,, same vehicle slip angle 8. The three vehicles also have the same
static margin e = —0.46 m.
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Fig.7.71 Comparison of the

three vehicles of Table 7.1
under a lateral wind gust

(a) (b) (©)

7.18.10 Wind Gust

Are the three vehicles of Table 7.1 fully equivalent with respect to a lateral wind gust?
Solution

These three vehicles are compared in Fig. 7.71. The point of application of a lateral
force F; due to a wind gust depends on the shape of the vehicle. However, we can
reasonably assume F; be applied like in Fig. 7.71. Should this be the case, the three
vehicles would behave very differently.

Vehicle (a), which has k = 0, would do like in Fig. 7.65. Vehicle (b), which has
k = —1, would do like in Fig. 7.67. Vehicle (c), which has x = 1, would do like in
Fig. 7.66.

Therefore, the three vehicles are not equivalent with respect to a lateral wind gust.
Actually, their behaviors can be completely different.

7.19 Summary

Road cars are characterized by having an open differential and no significant aerody-
namic downforces. These two aspects allow for some substantial simplifications of
the vehicle model. With the additional assumption of equal gear ratios of the steering
system for both front wheels, we have been able to formulate the single track model.
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Quite contrary to common belief, we have shown that the axle characteristics can
take into account many vehicle features, like toe in/out, roll steering, camber angles
and camber angle variations.

The steady-state analysis has been carried out first using the classical handling
diagram. Then, the new global approach MAP (Map of Achievable Performance),
based on handling maps on achievable regions has been introduced and discussed in
detail. This new approach shows the overall vehicle behavior at a glance.

Stability and control derivatives have been introduced to study the vehicle transient
behavior. Moreover, the relationship between data collected in steady-state tests and
vehicle transient behavior has been thoroughly analyzed in a systematic framework.
To prove the effectiveness of these results, a number of apparently different vehicles
with almost the same handling characteristics have been generated.

7.20 List of Some Relevant Concepts

Section7.1.1—road cars are normally equipped with an open differential;

Section 7.4—some steady-state quantities are functions of the lateral acceleration
only because of the open differential and no significant downforces;
Section7.5—to go from the double track to the single track model we need the
following additional assumption: the left and right gear ratios of the steering system
are almost equal;

Section 7.5.4—the main feature of the single track model is that the two wheels of
the same axle undergo the same apparent slip angle;

Section 7.9—some “fundamental” concepts in classical vehicle dynamics are indeed
very weak if addressed with open mind;

Section 7.12—the classical understeer gradient is not a good parameter and should
be dismissed.

7.21 Key Symbols

ai distance of G from the front axle
a distance of G from the rear axle
an centripetal acceleration

a; tangential acceleration

ay longitudinal acceleration

a, lateral acceleration

ay steady-state lateral acceleration
C velocity center

C; lateral slip stiffness of ith axle
C,, C,, C, aerodynamic coefficients

d diameter of the inflection circle
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Ng, N,

lateral force (wind gust)

tire longitudinal force

tire lateral force

tire vertical force
gravitational acceleration
center of mass

height of G

moments of inertia
acceleration center

classical understeer gradient
total roll stiffness

global roll stiffness of ith axle
tire roll stiffness

suspension roll stiffness
wheelbase

mass

yaw moment

stability derivatives

control derivative

height of the front no-roll center
front no-roll center

height of the rear no-roll center
rear no-roll center

yaw rate

lateral coordinate of C

rolling radii

longitudinal coordinate of C
frontal area

front track

rear track

longitudinal velocity

lateral velocity

longitudinal force
aerodynamic drag

lateral force

lateral force on the ith axle
stability derivatives

control derivative

vertical force

vertical load on ith axle

static vertical load on ith axle
aerodynamic vertical load on ith axle
longitudinal load transfer
lateral load transfer on ith axle
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apparent slip angles
tire slip angles
ratio v/u

vehicle slip angle
shifted coordinate

,Bs)  gradient components

camber angles

steer angle of the wheels

steering wheel angle of rotation

Ackermann coefficient

damping ratio

internal efficiency of the differential housing
ratio r/u

air density

shifted coordinate

(py, ps)  gradient components

Oy, tire longitudinal slips

Oy, tire lateral slips

T steer gear ratio

¢ roll angle

P; slope of the axle characteristics
®ij spin slips

4 yaw angle

w;j angular velocity of the rims

Wy, natural angular frequency

oy damped natural angular frequency
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