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Abstract Although it originated in the study of 4-dimensional spacetimes, the
Newman-Penrose formalism is also an effective tool in dimension three, provided
that a distinguished vector field is present. Here we show how a 3-dimensional ver-
sion of the Newman-Penrose formalism can be used to study both the local and global
geometry of Lorentzian 3-manifolds. Globally, we find obstructions to Lorentzian
metrics generalizing those of constant curvature; locally, we classify Lorentzian 3-
manifolds that admit a timelike Killing vector field. These results have appeared in
[1] and [3], the latter joint with R. Ream.
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1 Introduction

On three-dimensional Lorentzian manifolds, and in the presence of distinguished
timelike vector field, the Newman-Penrose formalism—when properly adapted to
such a setting—is a useful frame technique by which to derive results both global
and local. In this paper we give examples of both, to illustrate the method. We
start with the global setting first, where we generalize the nonexistence of positive
Lorentzian Einstein metrics in dimension 3, by proving the following:

Theorem 1 Let M be a closed 3-manifold, \ > 0 a constant, and f a smooth func-
tion that never takes the values 0, \. Then there is no Lorentzian metric g on M
whose Ricci tensor satisfies

Ric= fg+ (f—NT"®T", (1)

for any unit timelike vector field T. If (1) holds with A = 0, then (M, g) is isometric
to (S' x N, —dt*> @ h) with (N, h) a Riemannian manifold.
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Although Theorem 1 does not cover the case f = A, nevertheless this would
reduce (1) to the Einstein condition Ric = A\g with positive Einstein constant.
In dimension 3, this is equivalent to (M, g) having constant positive sectional
curvature—and it is well known that there are no such (closed) Lorentzian manifolds.
(Its proof came in two stages: [7] showed that there are no geodesically complete
such manifolds, in any dimension; [10] then showed that every closed constant cur-
vature Lorentzian manifold must be geodesically complete, with the flat case having
already been established in [5]. See [11] for a comprehensive account.) It is in this
sense that (1) generalizes the nonexistence of positive Einstein metrics. Notice that
the distinguished timelike vector field here is 7': it defines the direction of deviation
from the Einstein condition.

We now move to the local setting, together with a stronger condition on 7', namely,
that it be a timelike Killing vector field, L7 g, = 0. The Newman-Penrose formalism
here allows for a complete local classification of Lorentzian 3-manifolds admitting
timelike Killing vector fields:

Theorem 2 Let (M, g;) be a Lorentzian 3-manifold that admits a unit timelike
Killing vector field T. Then there exists local coordinates (t,r,0) and a smooth
Sfunction @(r, 0) such that

T=0 , g =—(T")+dr*+¢*do?, )
and where the quotient metric dr*> + ©*d0* has Gaussian curvature

_ Lrr
¥

= %(SL — Ric, (T, T)),

with S, and Ric, the scalar curvature and Ricci tensor of g,, respectively.

In both Theorems 1 and 2, we use the three-dimensional version of the Newman-
Penrose formalism [12], which we outline in Sect. 2. This is a frame technique which
has by now appeared in many guises in dimensions 3 and 4, both Lorentzian and
Riemannian; see, e.g., [2, 4, 9, 13, 20]. The principal virtue of the Newman-Penrose
formalism is that it converts second-order differential equations involving curvature
into first-order differential equations involving properties of the flow of our distin-
guished vector field, be it the vector field 7 in (1) or the one in (2). Doing so will, it
turns out, simplify the analysis in the proofs of Theorems 1 and 2 considerably.

2 The Newman-Penrose Formalism for Lorentzian
3-Manifolds

Let T be a smooth unit length timelike vector field defined in an open subset of a
Lorentzian 3-manifold (M, g) without boundary, so that V,T L T for all vectors v
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(V is the Levi-Civita connection, and we adopt the index — + + for the Lorentzian
metric g). Let X and Y be two smooth spacelike vector fields such that {7, X, Y}isa
local orthonormal frame, where by “timelike” and “spacelike” we mean simply that

gT.T)y=-1 , gX,X)=g¥,Y)=1.
For such a T, there is an endomorphism D defined on the normal bundle T+ C T M:
D:TH—TY v VT. (3)
As is well known, the matrix of D with respect to the frame {7, X, Y},

D= (g(vxT, X) g(WT, X))
9T, Y) g(WT,Y)

carries three crucial pieces of information associated to the flow of T':

1. The divergence of T, denoted div T, is the trace of D.
2. By Frobenius’s theorem, T is integrable if and only if the off-diagonal elements
of (6) satisfy

wi=g(T,[X,Y]) =g(WT, X) —g(VT,Y) =0. “4)

Since w? equals the determinant of the anti-symmetric part of D (see (6) below), w
is invariant up to sign, called the rwist of 7. We say that the flow of T is twist-free
ifw=0.

3. The third piece of information is the shear o of T} it is given by the trace-free
symmetric part of D, whose components o, 0, we combine here into a complex-
valued quantity, for reasons that will become clear below:

L VT, X Lgwmr.x VxT,Y
0= 3 (9WT.¥) = 9T X)) +1 5 (9T, X) + 9(%T. 7)) .

g1 02

®)

Although o itself is not invariant, its magnitude |0 | is: by (6) below, it is minus the
determinant of the trace-free symmetric of D. We say that the flow of T is shear-
free if 0 = 0. As with being twist-free, being shear-free is a frame-independent
statement. In terms of div T, w, and o, D is

D= %diVT—O’l 02—}—% ) 6)
o 0’2—% %diVT—I—O']

Note that (3) has been applied to arbitrary n-dimensional Lorentzian manifolds,
yielding integral inequalities via Bochner’s technique, in particular when D is
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skew-symmetric, or (in dimension 3) when the vector field of interest is spacelike,
in [17] and [18].

We now present the Newman-Penrose formalism for Lorentzian 3-manifolds,
which is well known; see [9], and more recently, [13]. Our presentation here parallels
the three-dimensional Riemannian treatment to be found in [2], and is meant to fix
notation; in what follows, any sign changes that arise due to the Lorentzian index, as
compared to the Riemannian case in [2], are indicated by red text—we will in fact
need the Riemannian version in Sect.4. Let {T, X, Y} be as above and define the
complex-valued quantities

R Ry
V2 V2

Henceforth we work with the complex frame {7, m, m}, for which only ¢(T, T) =
—land g(m, m) = 1 are nonzero. The following quantities associated to this complex
triad play a central role in all that follows.

m .= (X —-1iY) , m:= (X +1iY).

Definition 1 The spin coefficients of the complex frame {7, m, m} are the complex-
valued functions

k=—g(VrT, m) , p=—9VgT,m) , oc=—9g(VpT,m),
e=g(Vrm,m) , 3=g(Vpm,m).

Note that the flow of T is geodesic, V; T = 0, if and only if x = 0; that
e=ig(VrX,Y)

is purely imaginary; that o is actually the complex shear (5); and finally that the spin
coefficient p is given by

—2p=divT +iw. 7)

It is clear that &, p, o directly represent the three geometric properties of the flow of
T discussed above. In terms of the five spin coefficients in Definition 1, the covariant
derivatives of {T', m, m} are given by

ViT=—km — xm,
Vo T=—pm — om,
Vrm=—xT +cm,
Vaom=—c T + (m,
Vum=—pT — m,

while their Lie brackets are
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[m, ml=—(p—p) T + Bm — Bm. )

All other covariant derivatives, as well as the Lie bracket [T, m], are obtained by
complex conjugation. Now onto curvature; begin by observing that the Riemann and
Ricci tensors

R, v, w, 2)=g(V;Vyaw — V,V,w — V[u,v]w: z),
Ric(-, )=—R(T,-,-,T)+ R(m, -,-,m) + R(m, -, -, m),
satisfy the following relationships in the complex frame {T', m, m}:
Ric(m, m)=+R(T,m, T, m),
Ric(T,T)=—2R(T,m, T, m),
Ric(T,m)=—R(T,m, m, m),
Ric(m, m) =—%Ric(T, T)— R(m,m,m, m).

Using these, and expressing the Riemann tensor as

R, v, w, 2)=ug(Mw, z) — g(Mw, Vuz) — vg(V,w, 2)
+ 9w, Vy2) — g(Mu,nw, 2),

leads to the following equations; along with (15) and (16) below, play the crucial
role in the Newman-Penrose formalism:

T(p) —m(k)=—|k]> + |o|® + p* + kB + %Ric(T, T), (10)
T(0) — m(k)=—k? + 20¢ + o(p + p) — kB — Ric(m, m), (11)
m(p) —m(o)=203— (p — p)k + Ric(T, m), (12)
T(B) — m(e)=0 (% — ) + k(=& — p) + (e + p) — Ric(T, m), (13)

_ 1
m(B) +m(3)=—|o|* + |p|* = 2IB1* — (p — p)e — Ric(m, m) — FRie(. 7). (14)

Finally, there are two nontrivial differential Bianchi identities,

VM RYT,m,m,m) + (Vi R)Y(T,m, m, T) + (VgR)(T,m, T, m) =0,
(VrRY(m, m, m,m) + (VuyR)@,m,m,T) + (VgR)m, m, T, m) =0,

which, in terms of spin coefficients, take the following forms:
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T (Ric(T, m)) — %m(Ric(T, T)) — m(Ric(m, m)) = (15)
— & (+Ric(T, T) 4+ Ric(m, m)) + (¢ + 2p + p)Ric(T, m)

+ o Ric(T, m) — (& —2/3)Ric(m, m)
and

m(Ric(T, m)) + m(Ric(T, m)) — T (Ric(m, i) + (1/2)Ric(T, T)) =
— (p+ p)(Ric(T, T) 4 Ric(m, )) — 6Ric(m, m) — oRic(m, m)  (16)
— (=2F + B)Ric(T, m) — (—2k + B)Ric(T, m).

E.g., to derive (16), expand the second differential Bianchi identity, beginning
with its first term:

(VrRY(m,m,m,m) = T(R(m,m,m,m)) — R(Vym,m, m, m)

—R(m,Vim,m,m) — R(m,m,Vrm,m) — R(m,m, m, Vrm).
In terms of spin coefficients and the Ricci tensor, each term is
_ _ . _ I_.
T(R(m,m, m,m))=—T (Ric(m, m) + lec(T, T)),

R(Vim,m,m,m)=—k R(T,m,m,m) +cR(m,m,m, m) ,

—Ric(T,m) —Ric(m,m) — 1Ric(T.T)
=R(m,m, m, Vrm),

R(m,Vrm,m, m)=—x R(m,T,m,m) +cR(m,m, m, m) ,

—Ric(T,m) —Ric(m,m) — iRic(T.T)

=R(m, m,Vrm, m),

Thus the term (Vy R)(m, m, m, m) simplifies to
—T (Ric(m, m) + (1/2)Ric(T, T)) — 2kRic(T, m) — 2&Ric(T, m),

where two terms cancel because € + € = 0. Repeating this process on the remain-
ing terms in the second differential Bianchi identity yields (16); the first differen-
tial Bianchi identity (15) is similarly derived. This concludes the derivation of the
Newman-Penrose formalism for Lorentzian 3-manifolds.
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3 The Newman-Penrose Formalism and Global
Obstructions

3.1 Evolution Equations for Divergence, Twist, and Shear

To prove Theorem 1, we first need to gather some information regarding the flow of
T appearing in (1); the first-order differential equations appearing here exemplify
“what the Newman-Penrose formalism is good for.”

Proposition 1 Let (M, g) be a Lorentzian 3-manifold whose Ricci tensor satisfies
Ric= fg+(f —mT’ T,

for some unit timelike vector field T, constant u, and smooth function f which never
takes the value p. Then T has geodesic flow, and its divergence, twist, and shear
satisfy the following differential equations:

w? 1
T (div T)=7 —2lo)* - 5(div 7)Y + p, (17)
T (W)=—2(divT) w?, (18)
T(|o|)==2(divT) |o|*. (19)
Furthermore, f satisfies
T(f —p) =—divT)(f — ), (20)

and, recalling (6), the function H := det D — ’5’ satisfies

T (div T)=2H — (divT)* + 2, (21)

T(H)=—(divT)H. (22)

Proof Let {T, X, Y} be an orthonormal frame, with X, Y possibly only locally

defined, and let {T', m, m} be the corresponding complex frame (recall that div 7', w?,

and |o|? are globally defined, frame-independent quantities). Then the Ricci tensor
in this complex frame satisfies

Rie(T, T) = —p Ric(m, m) = f,
—
3 Ric(X, X) + Ric(Y,Y))

with all other components vanishing. That 7 has geodesic flow, V;T = 0, now
follows from the differential Bianchi identity (15), which reduces to
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k (Ric(m,m) + Ric(T, T)) =0,
f—p#0

hence k = 0. Since x = 0 if and only if V7T = 0, this proves the geodesic flow of
T. Next, (17) and (18) are the real and imaginary parts of (10), respectively, after
setting x = 0 therein. With x = Ric(m, m) = 0, (11) also simplifies, to

T(o) =20e+o0(p+p),
N —’

—divT

from which (19) follows because |¢|> = ¢& and € + € = 0. The second differential
Bianchi identity (16) yields

—T(f —p/2) =@ivT)(—p+ f),
which is (20), since T (f — u/2) = T(f — ). Finally, as

w? , . (div T)?
detD = — — |o|” + ,
4 4

Equation (21) and (22) both follow from (17)—(19).

An immediate consequence of these evolution equations is the following

Corollary 1 Assume the hypotheses of Proposition 1. If n > 0 and M is closed, then
T is also divergence-free.

Proof By Proposition 1, T has geodesic flow; because M is closed, this flow is
complete. We now consider the cases 1 > 0 and p = 0 separately:

1. p > 0: To show that div T = 0, we will use (22), by showing that H is in fact a
nonzero constant on M. Indeed, suppose that H(p) = 0 at some point p € M,
and let 7P () be the (complete) integral curve of T starting at p. By (22),
the function H o y”: R — R is identically zero; by (21), 8(¢) := (div T o
~P))(¢) satisfies

do
— =0 +2u. 23
7 +2u (23)

With 1 > 0, this has complete solutions 6(r) = v/2yitanh(y/2p1t 4 ¢) and
0(t) = +/2u. But in fact all of these solutions are impermissible, as can be
seen by restricting (20) to v”. Indeed, substituting 8(¢) = %./2p into (20)
yields the solutions

FO) = = (f0) = pe¥V,

Likewise, the solution 6(r) = y/2pitanh(y/2t + ¢), when it is inserted into
(20), yields the solution
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f@®) — = () — p)sech(y/2ut +c).

But in either case, the right-hand side goes to zero whereas the left-hand side is
bounded away from zero (recall that M is closed and f never takes the value
). Thus H must be nowhere vanishing on M, in which case, consider 1/H: by
(22), we have that T(1/H) = %, and hence

@

rrasmy @ o 2

73 (24)
The latter equation has solution
1
(I/H)(1) = == + c1eV! 4 cre ™V,
I

but unless ¢; = ¢, = 0, this solution is unbounded. We therefore conclude that
the function H is a nonzero constant on M, which immediately implies that
divT = 0 by (22).

2. p = 0: Once again, suppose that H(p) = 0, so that H o ") : R — R is iden-
tically zero, in which case (21) now becomes

do
— =0
dt

This has () = 0 as its only complete solution. If H(p) # 0, so that H o
4P : R — R is nowhere vanishing, then applying (24) along ~? yields
(1/H)"(t) = 2, hence (1/H)(t) = t> + ¢t + ¢, and thus, by (24),

2t + ¢y
0(t) = ——,
®) 2+cit+c

with ¢? < 4¢3 to ensure that (1/ H)(t) is nowhere vanishing. But then (20) would

yield
f) = 52

24cit+c’

which is impossible because f, never taking the value . = 0, must be bounded
away from O on closed M. We conclude that H must be the zero function, and
so divT = 0 once again.

This completes the proof.

(As an aside, it is instructive to consider what happens when p < 0. In this case,
if Hoy": R — R is identically zero, then

do
— =—0"+2
dt +em
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has no complete solutions. Thus H must be nowhere vanishing on M, but this time
(24) yields
1 .
(/H)(@) = T + c18in(y/2|pl 1) + 2 cos(y/ 2|l 1)

and (20)
c3

—ﬁ ~+ ¢y sin(\/2|p] 1) + ¢z cos(v/2| ] t).

f@O) =p+

But both of these are well behaved for appropriate constants, so there is no contra-
diction.) In any case, when p > 0, then a distinguished orthonormal frame appears,
which plays a crucial role in the proof of Theorem 1:

Proposition 2 Assume the hypotheses of Proposition 1. If ;v > 0 and M is closed
and simply connected, then there exists a global orthonormal frame {T, X, Y} with
respect to which the spin coefficients k, p, o take the form

k=p+p=0 02—\/g+i§- (25)

Proof By Proposition 1, T has geodesic flow, so that x = 0; by its Corollary, T is
also divergence-free, so that p = —i% (recall (7)). Now we show the existence of a
local orthonormal frame {7, X, Y} with respect to which the shear o takes the form
(25). Begin by observing that when x = divT = 0, (17) reduces to

w2

2o — = = p.
lo| y =M

This in turn implies that the endomorphism D: T+ — T, whose matrix is given
by (6), has the two distinct eigenvalues ++/u/2 (note that D is self-adjoint with
respect to the induced (Riemannian) metric g|7: on T+ if and only if w vanishes).
Therefore, consider the respective kernels of the two bundle endomorphisms D +

/2l T L TLhifMis simply connected, then these line bundles have smooth
nowhere vanishing global sections X, Y,

D(X)=vyu/2X , DX)=—/p/21,

which we can take to have unit length, and which are both spacelike because they
are orthogonal to T'. If necessary, modify Y so that it is orthogonal to X, by defining

Y = —g(X, Y])X + Yl

and normalizing Y to have unit length. Then the global orthonormal frame {7, X, Y}
now has shear o given by (25); indeed, substituting (6) into D(X) = /11/2 X yields
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< a1 ) =/p/2 (é) => o =—/u/2 , o= % (26)

gy — %)
completing the proof. (I

Armed with Corollary 1 and Proposition 2, we now prove Theorem 1, starting
with the A > 0 case:

Proof (Proofof A > 0 case of Theorem 1) Suppose a closed Lorentzian 3-manifold
(M, g) exists satisfying (1), with A > 0. By the Corollary to Proposition 1,div 7" = 0.
Now assume that M is simply connected; then by Proposition 2, there exists a global
orthonormal frame {7, X, Y} satisfying

—0 =2 = \F+'” @7)
K= s p= 12 s o= > 12

Using this information, we now show the existence of a vector field Z and a smooth
function ¢ on M satisfying

Z(p) = f, (28)

which is impossible, as f never takes the value O and M is closed. This will be
shown by inserting the spin coefficients (27) into (11), (12), and (14). Indeed, (11)
simplifies to

T(0) ‘Y 20,

———’
0

where T (0) = 0 because divT = 0, hence T (w?) =0 in (18); in particular, € =
0 since o # 0. Next, because [ = \%(g(VyX, Y) —ig(VxY, X)) = %(diVX —
idivY) (since V; T = 0),
_ (12) o 3
m(p) —m(oc) = 200,
———,

- ﬁX(w)
which in turn yields the pair of equations

{ V2AdivX +wdivY =0, (29)

V2AdivY —wdivX = X(w).

Finally, (14), when simplified using € = 0, yields
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m(B) +m(B) = —lol>+1p> —2|8° — (p— p)e
——
X (divX) + Y (divY) —)\/2 0
1
— Ric(m, i) — = Rie(T, T)
f -\
= —(divX)? — divY)> — f. (30)
This further simplifies,
(29) w .
X(divX) = ——X(w)dle— X(divY)
V2 2\

D _(divY)? + ——(divX)(divY) — —— X (divY),

V2A V2X

—(div X)?
so that (30) reduces, finally, to
(ix - Y) divy) = f. G1)
V2
WithZ := —=X — Y and ¢ := div Y, thisis precisely (28). This proves the Theorem

NEN
in the case when M is simply connected. If M is not simply connected, then pass

to its simply connected universal cover (1\7 , §); it is locally isometric to (M, g) via
the projection 7: M —> M, and therefore its Ricci tensor Ric will satisfy (1), with
f om in place of f, and with T the (complete) lift of 7'. Repeating step-by-step
our argument on (M, g), we arrive once again at (31). Although M need not be
compact, a contradiction is still obtained because f o 7 is bounded away from zero,
because div Y is also bounded (since d7(Y) is well defined up to sign, |divdm(Y)|
is continuous on M), and because Z is complete on M. This completes the proof. [

Proof (Proof of A = 0 case of Theorem 1) (This proof parallels that of Theorem 3
in [2], but generalizes it: due to our Corollary above, the function f is not assumed
to be constant, as it was in [2]; furthermore, (35) below is a necessary step that was
not required in [2].) When A = 0,

o= =0, (32)
4

which implies that D has only the eigenvalue 0. As there are no longer two distinct
eigenvalues, we cannot call upon Proposition 2; instead, we prove that if (32) holds
then T must be parallel. Doing so will then allow us to draw two conclusions: first,
that (M, g) must be geodesically complete, by [16]; second, that the universal cover
of (M ¢g) must be isometric to (R x N —dt* ® h) for some Riemannian 2-manifold
(N h), by the de Rham Decomposition Theorem for Lorentzian manifolds [29]. To
begin with, observe that T being parallel is equivalent to the condition
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k=p=0c=0.

By Proposition 1 and its Corollary, V; T = divT = 0, so that we need only show
that w? = 0; we’ll do this by showing that the open set

U={peM:u*p) #0)

is empty. Assume for the moment that U is simply connected. Then over U, D has
constant rank 1 (recall (6)), so that its kernel is a line bundle over U as the latter
is simply connected, this kernel has a nowhere vanishing section X on U. Now let
{T, X, Y} be an orthonormal frame, with Y perhaps only locally defined in U. Then

the analogue of (26) is now
—0 _ 0
gy — % - 0/’

so that 0y = 0 and 02 = w/2. Thus the analogue of (25)is p = —i% and 0 =i
Proceeding as in the proof of the A > 0 case above, (29) becomes

SIS

wdivY) =0 , Xw)=—w(divX). (33)
Now div Y = 0 because w is nowhere vanishing in U, in which case (30) reduces to
X(divX) = —(div X)? — f. (34)

If the flow of X was complete in U, then we would obtain a contradiction because
(34) has no complete solutions when f > 0. Our task is therefore done if we can
prove that the flow of X is complete. Thus, let v: [0, /) —> U be an integral curve
of X that is maximally extended to the right, and suppose that b < oo (the case
(—b, 0] will follow from this one by letting X — —X, which leaves (33) and (34)
unaltered). To begin with, there is a sequence 7, — b such that {(#,)} converges
to some g € M\U (if ¢ were in U, then the integral curve v would be extendible,
contradicting our assumption that it was maximally extended; see, e.g., [15, Lemma
56]). (Though such a sequence is obvious because M is compact, let us give an
alternative proof that will also suffice should we need to pass to the universal cover
of M below: consider the Riemannian metric 7 on M defined by

h=g+2T"QT". (35)
Since M is closed, & is complete; as X has A-unit length,

dp(¥(0), ¥(1)) < Ly(Yljo,) =,

where dj, is the Riemannian distance associated to /. This implies that

Y([0,0)) € {p € M : d;(7(0), p) < b}.
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By the completeness of (M, h), the latter set is compact, hence any sequence {v(z,)}
with #, — b has a convergent subsequence; cf. [8, Proposition 3.4].) Now set 6(¢) :=
(div X 0 )(t) and w?(t) := (w? o y)(¢); in particular, observe that lim,,_, o, w?(t,) =
0 because g ¢ U. By (33),

W) = wé e 20 ds  forallt ¢ [0, b).

By (34), 6(t) is nonincreasing (f > 0), in which case —2f0t 0(s)ds > —26yt for all
t € [0, b). But then w?(r) > wie 2" > 0, so that

lim w?(z,) > 0,

n—00
a contradiction. Thus we must have b = oo; this proves that U, if simply connected,
must be empty. If U is not simply connected, then pass to the universal covers of
(U, gly) C (M, g) and repeat the argument (with w? o, and noting that the lift of
the Riemannian metric (35) will be complete), noting that any integral curve of T
startingin U staysin U, because T (w?) = 0 via (18). This completes the proof that the
universal cover of (M, g) is isometric to (R x N, —df’ & h), in which case (M, q)
itself is isometric to (S! x N, —dt? @ h) with (N, h) a Riemannian 2-manifold. This
establishes the A = 0 case of Theorem 1. (Il

4 The Newman-Penrose Formalism and Local
Classifications

We now move to the local setting. Simply put, the reason why the Newman-Penrose
formalism is so effective when 7 is a unit timelike Killing vector field is because,
although divergence and shear are not enough to characterize unit length Killing
vector fields in general, they do when dim M = 3. (For reasons that will become
clear below, we first start in the Riemannian setting.)

Lemma 1 A unit length vector field T on a Riemannian 3-manifold (M, g) is a
Killing vector field if and only if its flow is geodesic, divergence-free, and shear-free.

Proof The Killing condition, Lrg = 0, is equivalent to
gV, T, w) +g(V,T,v) =0 forallv,w € TM, 36)

from which it follows that any Killing vector field T is divergence-free and shear-
free, via (5). Finally, (36) also implies that any unit length Killing vector field must
have geodesic flow:

VT =0.
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Conversely, suppose that a unit length vector field T is geodesic, divergence-free,
and shear-free, and consider (36). Writing v, w with respect to an orthonormal frame
{T,X,Y}as

v=ayl +a;1 X +arY s w = byT + b1 X + byY,
we have

g T, w) + g(V, T, v)=a19(VxT, w) + a2g(W T, w)
+ alg(VwTa X)+ QZQ(VwT, Y)
=2a1b19(VxT, X) + (a1by + b1a)g(Vx T, Y)
+ (a1by + bi1a))g(WT, X) + 2a2b; g(WT,Y)
—_—
g(VxT,X)
=2(a1by + axby) g(VxT, X)
—_—
1divT
+ (ar1by + biaz) (9(VxT,Y) + g(WT, X)) .

2(72
This vanishes by our assumptions, completing the proof. (]

Our plan of attack is as follows: as we have just seen, if 7 is a unit length Killing
vector field, then div T, o, and VT all vanish, so that only 7’s twist function w?
is unknown. With half of the spin coefficients vanishing, the hope is that this will
simplify things enough to allow a full determination of the metric. And it turns out
that it will—even in the Riemannian setting, from which the Lorentzian case will
then follow easily.

4.1 The Riemannian Case

Staying in the Riemannian setting, we begin with the following Lemma to set the
stage:

Lemma 2 Ler (M, g) be a Riemannian 3-manifold admitting a unit length Killing
vector field T with twist function w?*. With respect to any complex frame {T, m, m),
the Ricci tensor Ric and scalar curvature S satisfy

2
Tw) =0 |, Ric(T,T):% . Rictm,m) =0,

2

) +m(B) = —21BP — iwe — +(s—
m(@) +m(©B) = =218 —iwe = 5 (5= 5 ) (37)
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When (37) is written in terms of the underlying orthonormal frame {T, X, Y} of the
complex frame, it is
. . . 2 . 2 . 1 w2
XdivX)+Y(divY) = —(divX)  — (divY)" —iwe — E(S — 7) 38)

Proof By Lemma 1, we know that
k=0c=p+p=0;

inserting these into (10) and (11) directly yields the first line of equations; e.g.,
W2
Ric(7,T) = 5 T (w) =0,

are, respectively, the real and imaginary parts of (10). Meanwhile, (37) follows from
(14), which has no imaginary part, and the fact that the scalar curvature S in terms
of the complex frame {7, m, m} is

2
S = Ric(T, T) + 2Ric(m, m) = % + 2Ric(m, m).

Finally, (38) follows from the fact that, when V; T = 0,

1 1
0=—(g(WX,Y)+ig(VxX,Y)) = —(divX —idivY), 39)
ﬁ (g Y gl Vx ) ﬁ
which completes the proof. O

We have not yet considered the differential Bianchi identities; let us do so now.
Inserting the contents of Lemma 2 into (15) and (16), as well as p = —p, yields

T(m(p)) = (= + pm(p)

for (15); but this is precisely the Lie bracket (8) applied to p (bearing in mind that
T (p) = 0), and therefore carries no new information. As for (16), it yields

—m(m(p)) +m(m(p)) = —BFm(p) + Bm(p),

where 7'(S) = 0 and p = —p have been used. But this is precisely the Lie bracket
(9) applied to p, so that (16) also yields no new information.
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4.2 Local Coordinates

The goal of this section is to establish the “right” local coordinates in which to prove
Theorem 3 in the next section. To begin with, recall that because

the only spin coefficients remaining are € and 3. Observe that the former is in fact
purely imaginary,

e=ig(VrX,Y), (40)

and the latter, when V; T = 0, is given by (39). The following “gauge freedom”
simultaneously enjoyed by these two spin coefficients will prove useful in the proof
of Theorem 3:

Proposition 3 Let T be a unit length Killing vector field with twist function w* and
{T, m, m} a complex frame. Then there exists a smooth real-valued function ¥ such
that the complex frame {T, m,, m.} defined by the rotation

m, =e’m , m,:=e"m

has spin coefficients k. = 0, = 0, p, = p,
ex=p , Re(B)=0, T(B)=0. 41)
Proof By definition, -
Ko =—g(VrT,m,) ="k =0;

2V 5 — (), and psx = p (in particular, w? = w?). Next,

similarly, o, = e :

e:=g(Vrm,, m,)
=e " g(Vr(e'm), m)
=+ e T (")
= +iT (). (42)

Similarly,

ﬁ*zg(Vm*m*, m)
=g(Vu(e''m), m)
=" (B + im(9)).

By (40) and (42), we may choose a locally defined function ¥ so that
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Ex = Ps = P-

Now, choose any other function v satisfying 7' (v) = 0 and rotate m,, m, by ;
let {T, m,, m,} denote the corresponding frame. Then the analogue of (42) for the
frame {T', m,, m,} shows that €, remains unchanged,

Eo = Ex = Px = P,
so that our task would be complete if we can find a 1) satisfying
T() =0 and Re(B,) =0. (43)

To do so, observe that when €, = p,, then

(7. m,] £ o. (44)

Let {T, X,, Y.} denote the underlying orthonormal frame corresponding to the com-
plex frame {T', m,,m.}. Since [T, X,] = 0, there exist local coordinates (¢, u, v)
and functions p, g, r such that

Tzaf ) X*Zau ) Y*:pat"i_qau"i'rava

with p, g, r functions of u, v only, since [T, Y,] = 0, and with r nowhere vanishing.
The coframe metrically equivalent to {T', X, Y.} is therefore

1
7" =di—Lav . X' =du—2av |, v’ =-av.
r r r

Next, since (X 2)2 + (Y, ? )? defines a Riemannian metric on the 2-manifold with coor-
dinates {(u, v)}, and since any Riemannian 2-manifold is locally conformally flat
(see, e.g., [6]), it follows that there exist coordinates (x, y) and a smooth function
A(x, y) such that

(X2 + (¥)* = Mdx® + dy?).

By a rotation in x, y if necessary, we may further assume that
XP =eMdx |, Y =eMdy.
In the new coordinates (¢, x, y), we thus have that

T=0 , Xe=eOc+ad) , Y.=e N0 +bd),

for some smooth functions a(x, y), b(x, y). With these coordinates in hand, we now
return to the task of satisfying (43), namely, finding a function ¢ (x, y) satisfying
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Re(ﬁo) = Re(eiw(ﬁ* + lm*(w))) =0, o0r

¢V (By 4 imy () + eV (B, — i ML (1Y) = 0. (45)

When expanded, and using the fact that

A Ay
divX, = —; , divY, = —;
e e

(45) is a quasilinear first-order PDE in 1),

(sin i)y — (cos Ph)1hy = (Cos ) Ax + (sinh)Ay,

which has a solution by the method of characteristics. Finally, (12) and (13) together
yield
T(3) — m(e,) ‘= —Ric(T, m,),
——’ — ——

m.(ps) m.(ps) by (12)

which gives T'(3,) = 0, completing the proof. (]
The following Corollary collects together what we’ve established so far:

Corollary 2 Let (M, g) be a Riemannian 3-manifold and T a unit length Killing
vector field with twist function w?*. Then there exists an orthonormal frame {T, X, Y}
satisfying

k=0c=0, p=e=—=w , ﬁ:—l—divY, (46)

V2
and with T (w) = T(8) = 0. In this frame, (38) takes the form

. R w?
Y(divY) = —(divY)? — 5(S n 7) 47)
Notice that (47) implies that such a frame may not always exist globally; e.g., if M
is compact and S is nonnegative and positive somewhere, then a standard Riccati
argument yields that in such a case the only complete solution to (47) is one where
divYy =S+ %2 = 0, which is impossible. We now proceed to our local classification.

4.3 The Local Classification

One further modification to the orthonormal frame satisfying (46) will, it turns out,
give us a complete local classification in the Riemannian setting, from which the
Lorentzian analogue will then follow easily:
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Theorem 3 Let (M, g) be a Riemannian 3-manifold that admits a unit length Killing
vector field T. Then there exist local coordinates (t,r, 8) and a smooth function
p(r, ) such that

T=0 , g=T")+dr*+p*do*, (48)

and where the quotient metric dr* + ©*d0* has Gaussian curvature

. L %(S + Ric(T, T)), (49)

with S and Ric the scalar curvature and Ricci tensor of g, respectively.

Proof Let (M, g) be a Riemannian 3-manifold and 7' a unit length Killing vec-
tor field with twist function w?. By Corollary 2, there exist a local orthonormal
frame {7, X, Y} satisfying (46) and coordinates (z, x, y) in which T = 0/0¢. Let
{T", X°, Y} denote the dual coframe. We now modify the coordinates (¢, x, y) while
keeping T = 0/0t unchanged. The key is that (8) and (9) satisfy

[T,X]=[T,Y]=0 , [X,Y]=wT +{divY)X,
from which it follows that Y” is closed, dY®* = 0; hence

Y =dr

for some smooth function r(x, y). Similarly,

dX’ = ([divY)Y’ A X"

implies that X” = d6 for some smooth functions (x, y) > 0and (x, y), with the
former satisfying

Y(p) = divY)yp (50)

(recall that T'(3) = 0). Since X (r) = Y (0) = 0, we can define new coordinates
(t, r, 0), in terms of which the frame {7, X, Y} takes the form

1
T=(9, 5 X=h6[+—89 5 szat+ar, (51)
¥

for some smooth functions %, k; furthermore, o, = h;, = k, = 0 (recall that [T, X] =
[T, Y] = 0), so that ¢, h, k are all functions of r, 6 only. Thus

9= T+ X+ ") = (") +dr’ + g*d6?,
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confirming (48). Now, the quotient metric dr? 4 >d#? has scalar curvature —2, /¢,
hence Gaussian curvature —¢,, /. To relate this to the curvature of (M, g), we take
a Y-derivative of (50), make use of (47), and note that J,(divY) = 0 by (41), to
obtain ¢,, = Y (div Y)¢ + (div Y)?¢p, which yields

2

Prr (47)1 w
oo, )
") 2( + 2

Since Ric(T, T) = ”72 by Lemma 2, this confirms (49).

It is now an easy step to the Lorentzian setting and a proof of Theorem 2.

4.4 The Lorentzian Setting

Before proceeding to a proof of the Lorentzian analogue of Theorem 3, first observe
that if a timelike 7" has unit length, g, (T, T) = —1, then the metric

gr =g+ 2T (52)
defines a Riemannian metric on M (here T° = g, (T, -)). The following properties

now hold between g, and g, :

1. T is a unit length Killing vector field with respect to g, if and only if T is a unit
timelike Killing vector field with respect to g, (see, e.g., [14]).
2. If T is a g,-unit length Killing vector field, then

Ricy(T, T) = Ric, (T, T)

(consult [14]; this follows because V{T = —V; T for any unit length X that is
gg- or g,-orthogonal to T, where V* and V" are, respectively, the Levi-Civita
connections of g, and g, ), while their scalar curvatures S, and S, satisfy

S, = Sz + 2Ric, (T, T).

In particular, S; + Ric,(T, T) = S, — Ric, (T, T).

With these facts established, the Lorentzian analogue of Theorem 3 now follows
easily:

Proof (Proof of Theorem?2) By our remarks above, T is a unit length Killing
vector field with respect to the Riemannian metric g, with S, 4+ Ric (T, T) =
S, — Ric, (T, T); thus Theorem 2 follows immediately from Theorem 3. O
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