Nilpotent Structures of Neutral m)
4-Manifolds and Light-Like Surfaces L

Naoya Ando

Abstract Nilpotent structures of neutral 4-manifolds are analogues of complex
structures and paracomplex structures. Nilpotent structures give two-dimensional
involutive distributions and the integral surfaces are light-like and analogues of com-
plex curves and paracomplex curves. Light-like surfaces in neutral 4-manifolds with
local horizontal lifts are characterized in terms of the curvature tensors and such
surfaces are analogues of isotropic minimal surfaces in Riemannian 4-manifolds.
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1 Introduction

The purpose of this paper is to study almost nilpotent structures of neutral 4-manifolds
and light-like surfaces in neutral 4-manifolds.

Almost nilpotent structures of neutral 4-manifolds are analogues of almost com-
plex structures of Riemannian 4-manifolds. Almost complex structures on an ori-
ented Riemannian 4-manifold (M, k) which are h-preserving and compatible with
the orientation of M correspond to sections of a suitable one of the twistor spaces
associated with M. Such an almost complex structure / is parallel with respect to the
Levi-Civita connection V of % if and only if the corresponding section @ is horizontal
with respect to the connection V of the 2-fold exterior power of the tangent bundle
TM induced by V. Itis known that VI = 0 just means that (M, k, I) is a Kéhler sur-
face and then 7 is its complex structure. If (M, h, I') is a Kdhler surface, then integral
surfaces of involutive /-invariant 2-dimensional distributions are complex curves of
(M, I). A complex curve of a Kihler surface is just an isotropic minimal surface
compatible with the orientation of the space and equipped with at least one complex
point and notice that there exist totally geodesic surfaces in CP?, CH?, CP! x CP!,
CH' x CH! with no complex points ([1]). In general, an isotropic minimal surface
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in an oriented Riemannian 4-manifold compatible with the orientation of the space
is characterized by horizontality of a suitable one of the twistor lifts ([12]). See [7]
for the case where the space is S*. We can refer to [11] for the twistor spaces and
isotropic minimal surfaces.

On oriented neutral 4-manifolds, we can consider not only almost complex struc-
tures but also almost paracomplex structures. On such a 4-manifold (M, h), almost
complex (resp.paracomplex) structures which are h-preserving (resp. h-reversing)
and compatible with the orientation of M correspond to sections of a suitable one of
the space-like (resp. time-like) twistor spaces associated with M. See [3, 6] for the
space-like twistor spaces and [3, 13, 14] for the time-like twistor spaces. For almost
complex structures and almost paracomplex structures, we can find analogues of
results on almost complex structures of oriented Riemannian 4-manifolds ([3]). In
addition, for complex curves of neutral Kéhler surfaces and paracomplex curves of
paraKahler surfaces, we can find analogues of results on complex curves of Kihler
surfaces; for space-like or time-like surfaces in oriented neutral 4-manifolds with
zero mean curvature vector which are isotropic and compatible with the orienta-
tions of the spaces, we can find analogues of results on isotropic minimal surfaces
in oriented Riemannian 4-manifolds compatible with the orientations of the spaces
([3D.

The space-like (resp. time-like) twistor spaces associated with an oriented neutral
4-manifold (M, h) are fiber bundles such that fibers are hyperboloids of two sheets
(resp. one sheet). They are contained in subbundles /\iTM of rank 3 in the 2-fold
exterior power /\*TM of TM. We can find fiber bundles Uo(/\iTM ) in /\iTM
respectively such that fibers are light-like cones. Our main objects of study in the
present paper are almost nilpotent structures and they correspond to sections of
either Uy( /\iTM ) or Up( /\2_ TM). We will see that an almost nilpotent structure N
is parallel with respect to V if and only if the corresponding section © is horizontal
with respect to V.IfVN = 0, then (h, N) is called a nilpotent Kdhler structure of
M, and M equipped with (k, N) is called a nilpotent Kdihler 4-manifold. Neutral
hyperKahler 4-manifolds have almost nilpotent structures parallel with respect to
V and we can refer to [10, 15] for neutral hyperKéhler 4-manifolds. An almost
nilpotent structure N of M gives a light-like 2-plane of the tangent space at each
point of M. Therefore we have a light-like two-dimensional distribution 2. We will
see that Z is involutive if and only if for the section & corresponding to N and
each tangent vector V of M contained in 2, the covariant derivative Vv O is given
by ® up to a constant. In particular, if VN = 0, then & is involutive. In the case
where VN = 0, we can consider integral surfaces of Z to be analogues of complex
curves and paracomplex curves. Since Z is light-like, we naturally have interest in
light-like surfaces of M. Referring to the discussions on whether & is involutive, we
will study a light-like surface in M with a nonzero horizontal section of a suitable
one of the pull-back bundles of Uy( /\i TM) on a neighborhood of each point and
we will see that a light-like surface in M has such a section if and only if V induces
a connection of the surface such that the curvature tensor of V vanishes. We can
consider light-like surfaces in M with local nonzero horizontal sections as above
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to be analogues of isotropic minimal surfaces in oriented Riemannian 4-manifolds
compatible with the orientations of the spaces.

Remark 1 In [5], nilpotent Kihler structures of an oriented vector bundle E of rank
4 over S' =R/277Z or T? = S! x S' were studied. Let / be a neutral metric of
E. Let V be an h-connection of E, which means VA = 0. Suppose that E is over
S!'. Then we can find a nowhere zero, horizontal section @ of /\iE ([5D. If ® is
light-like, then @ gives a nilpotent structure N of E and therefore (h, V, N) is a
nilpotent Kihler structure of E. Suppose that E is over T2. Then for a light-like,
partially horizontal section ® of /\iE , there exists an s-connection V' related to V
such that z, V' and @ give a nilpotent Kihler structure of E ([5]).

2 Complex Structures and Paracomplex Structures of
4-Dimensional Neutral Vector Spaces

Let X be an oriented 4-dimensional vector space and &y a neutral metric of X, i.e.,
an indefinite metric of X with signature (2, 2). Let /\2X be the 2-fold exterior power
of X and & x the metric of /\2X induced by hy:

hx(x1 A X2, X3 A X4)

= hx(x1, x3)hx(x2, x4) — hx(x1, x4)hx(x2, x3)

(x; € X). Let By be the set of ordered pseudo-orthonormal bases of X giving the
orientation of X. Then (ey, e», €3, e4) € PBx satisfies

1 i=j=1or2),
hx(ei,ej) =4 —1 (i=j=3o0r4),
0 (otherwise).

For (e1, e2, €3, e4) € PBx, we set

91‘]‘ =e Nej (l,j € {1,2,3,4}, l;ﬁ])

and 1
Oi = 3(912 =+ 034),

1
Oy = 3(913 =+ 0s),

1
Ox3 = —=(014 £ 0p3).

V2
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Then @4 |, @4, @4 3 form a pseudo-orthonormal basis of /\2X and therefore we
see that /1y has signature (2, 4). Let /\iX , /\2_X be subspaces of /\2X generated
by ©@_ 1, ©4,, O 3and O, |, O_,, O_ 3, respectively. Then by the definitions of
/\iX , we have

AX = A2 Xo A\2X

and we see that /\2+X , /\3X are orthogonal to each other and that the restriction of
h x on each of them has signature (1, 2). In addition, noticing the double covering

S00(2,2) — S0O0(1,2) x SOy(1, 2),

we see that /\ziX do not depend on the choice of (ey, ez, €3, e4) € AByx.
We set

U.(NX) ={© e Nix | hx©.0) =1},
Then each ® € U, ( /\2+X ) corresponds to a unique % x-preserving complex struc-
ture I of X satisfying
1
V2

where e is a space-like and unit vector of X and e is a time-like vector of X satisfying

O = (enI(e)—et AI(eh)), (1)

hy(et,et) = —1, hx(e,et) =hx(U(e),et) =0.

Then we have (e, I (e), e*, I (e*)) € ABx, which means that I is compatible with the
orientation of X. Conversely, each hx-preserving complex structure / of X com-

patible with the orientation corresponds to a unique element of U ( /\iX ) by (D).

Hence we have a one-to-one correspondence between U ( /\iX ) and the setof A x-
preserving complex structures of X compatible with the orientation. Similarly, we
have a one-to-one correspondence between U ( /\2_ X ) and the set of i x-preserving

complex structures of X which are not compatible with the orientation.
We set

U_(/\ix) - {@ e A2X ‘ hy (O, 0) = —1}.

Then each ® € U_ ( /\iX ) corresponds to a unique hyx-reversing paracomplex
structure J of X satisfying

1

ﬁ(e AJ(e) — et A J(eh)), )

e =
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where e, e+ are as above. Then we have (e, J (et), J(e), e*) ¢ By, which means that
J is not compatible with the orientation of X. Conversely, each hx-reversing para-
complex structure J of X which is not compatible with the orientation corresponds to

aunique element of U_ ( /\iX ) by (2). Hence we have a one-to-one correspondence

between U_ ( /\iX ) and the set of h x-reversing paracomplex structures of X which
are not compatible with the orientation. Similarly, we have a one-to-one correspon-
dence between U_ ( /\3X ) and the set of i x-reversing paracomplex structures of X
compatible with the orientation.

3 Nilpotent Structures of 4-Dimensional Neutral Vector
Spaces

In the present paper, our main objects of study are closely related to the light-like
cones of A2 X:

Uo(/\ix) - {o e A2LX\ {0} | hx(@, @) = 0}.

Foreach ® € U, ( /\iX ), there exists an element (ey, e, €3, e4) of By satisfying
©=6_,+6,; (3)

We call such a basis as (e1, ez, €3, e4) an admissible basis of ®. Let G be a subgroup
of SO (2, 2) defined by

by —by by by

bz b] —b4 b3 b], bz, b3, b4 € R,

by —bs by by blz-i—b%—b%—bi:l
by by —by by

This is isomorphic to SU (1, 1). Let H be a subset of SO (2, 2) defined by

1.0 0 O
0 " 42 h _h_z
— — 2 2
H=1Ch=|,2 | _Z heR
h? h2=2
0 5 h-%

We see that H is a subgroup of SO (2, 2). Let (e}, €5, €5, e;) be another admissible
basis of @ than (e, ey, €3, e4). Then there exist B € G, h € R satisfying

(€], €, €5, €4) = (e1, €2, €3, e4) BC(h). )
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We set
1

1
0
1

— O = O
— O = O

0

1 0—

0 0
Then wehave AB = BAforany B € G and AC(h) = C(h)Aforany i € R. There-
fore we see that a linear transformation N of X can be defined by

(N(e1), N(e2). N(e3), N(es)) = (e1, €2, €3, e4) A S

for an admissible basis (e, e, e3, e4) of @ and that N is determined by ® and does
not depend on the choice of an admissible basis (ej, €2, e3, e4) of @. We call N a

nilpotent structure of X corresponding to ® € U ( /\iX ) We denote by #x  the

set of nilpotent structures of X corresponding to the elements of Uy ( /\2+X ) We

have 1
O = \{5(61 A N(e;) —e3 A N(ez)) ©
= E(e2 A N(ey) — ey A Ney)).
We set

Vii=e —e3, Vy:=er+ ey

Then we have © = (1/4/2)V; A V5. We see that Im N is generated by light-
like vectors Vi, V, and that it coincides with Ker N. We have hyx (N (x),x) = 0
forany x € X.

Foreach ® € U, (/\2_X>, there exists an element (e, e, €3, e4) of By satisfying
O =0,1,+06_3.
We call such a basis as (e, 2, e3, e4) an admissible basis of ©. Let (e}, €5, €5, €})
be another admissible basis of @ than (eq, e,, €3, e4). Then thereexist B € G,h € R
satisfying
(€], €5, —€5, ey) = (e1, e, —e3, e4) BC(h).
Therefore we see that a linear transformation N of X can be defined by

(N(e1), N(ez2), —N(e3), N(es)) = (e1, e2, —e3,e4) A

for an admissible basis (ey, ez, e3, e4) of @ and that N is determined by ® and does
not depend on the choice of an admissible basis (ey, e, €3, e4) of ®. We call N a

nilpotent structure of X corresponding to ® € Uy ( /\2_X ) We denote by .#x _ the
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set of nilpotent structures of X corresponding to the elements of U (/\2_X ) We

have (6). We set
Vii=e +e3, Vy:i=er+ ey

Then we have ©@ = (1/+/2)V} A V. We see that Im N is generated by light-like vec-
tors Vi, V; and that it coincides with Ker N. We have hx (N (x), x) = Oforany x €
X.

Let N be a linear transformation of X satisfying

i) ImN =Ker N,
(i) Im N is a light-like 2-plane Py of X,
(iii) Ax(N(x),x) = Oforanyx € X.
Let V, be a nonzero vector of Py. Since Py = Ker N, we have N(V,) = 0. Since
Py =Im N, there exists a light-like vector U; of X satisfying

N(Uy) =V2, hx(U, V2) =0.
Then there exists a vector V| of Py satisfying
hx(Uy, Vi) = 1.

We see that Vi, V, form a basis of Py and that the orientation given by the ordered
basis (Vi, V) is determined by N. Therefore we define the positive orientation of
Py by (Vy, V,). There exists a light-like vector U, satisfying

NU) =Vi, hx(U, Vi) =hx(U,y, Up) =0.

We set
¢ :=hx(U,, Vo).

Whether c is equal to —1 is determined by N. We call N a nilpotent structure of X
ifc =—1.

Let N be a nilpotent structure of X. We see that U, U, Vi, V, as above form
a basis of X and that whether an ordered basis (U;, U,, Vi, V) is contained in the
positive orientation of X is determined by N. Suppose that (U, U, V1, V2) gives
the positive orientation of X. We set

1 1

e = 5(2U1 —+ V]), ey = 5(_2U2 + VZ)?
1 1

ez = 5(2(]1 — V]), [ E(ZUQ + Vg).

Then (e, e;, €3, e4) is an element of Ay satisfying (5). We call such a basis as
(e1, e, e3, e4) an admissible basis of N . For another admissible basis (¢}, €5, €}, €})
of N than (e, ey, €3, e4), there exist B € G, h € R satisfying (4). Therefore we have
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Vl/ AN VZ/ =V AV, e,
(e] —e3) A (e +ey) = (e —e3) A(ex+es).

This means that @ as in (3) does not depend on the choice of an admissible basis
(e1, ez, e3,e4) of N and that it is determined by N. In addition, we see that N is

a nilpotent structure corresponding to ©® € U, (/\iX ) Hence we have a one-to-

one correspondence between Uy ( /\iX ) and A% . Similarly, considering the case
where (Uy, U,, Vi, V») does not give the positive orientation of X, we have a one-

to-one correspondence between U ( /\2_X ) and Ay _.

4 Almost Complex Structures and Almost Paracomplex
Structures of Neutral 4-Manifolds

Let M be an oriented neutral 4-manifold and 4 its neutral metric. An almost com-
plex structure 1 of M is a (1, 1)-tensor field of M satisfying I> = —Id. There

exists a one-to-one correspondence between the set of sections of U, ( /\iTM )

(resp. U+ /\3 TM )) and the set of almost complex structures which are /-preserving

and compatible (resp. not compatible) with the orientation of M.
Let V be the Levi-Civita connection of 4 and V the connection of /\2 TM induced
by V. Then V induces connections of /\iTM .

Proposition 1 ([3]) An almost complex structure 1 which is h-preserving and com-
patible with the orientation of M is parallel with respect to V if and only if the

corresponding section © of U, ( /\iTM ) is horizontal with respect to V.

If I as in Proposition 1 is parallel with respect to V, then (h, I) is a neutral Kdhler
structure of M and M equipped with (k, I) is a neutral Kdéhler surface. Let (h, I)
be a neutral Kihler structure of M. Then integral surfaces of involutive [-invariant
2-dimensional distributions are complex curves of (M, I).

Let (M, h) be an oriented neutral 4-manifold. Let S, be a Riemann surface and
F :S8; — M a space-like and conformal immersion with zero mean curvature
vector. Let Q be a complex quartic differential defined on S by F (see [2, 4]). Then
F is isotropic if and only if Q vanishes. Let I be the complex structure of the pull-

back bundle F*TM of TM by F corresponding to the lift of F into U, ( /\iF ™ )

Then by definition, F is strictly isotropic, that is, F' is isotropic and compatible with
the orientation of M if and only if F satisfies Iro (T}, T1) = o (T}, T»), where o is
the second fundamental form of F and 7} := d/0du, T, := d/dv for a local complex
coordinate w = u + /—1v.

The following proposition gives a characterization of complex curves in terms of
isotropicity of space-like surfaces with zero mean curvature vector.
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Proposition 2 ([3]) A surface in a neutral Kéiihler surface is a complex curve if and
only if it is a space-like surface with zero mean curvature vector which is strictly
isotropic and equipped with at least one complex point.

In general, we obtain

Proposition 3 ([3]) Let F : S, —> M be a space-like and conformal immersion of
Sy into an oriented neutral 4-manifold M with zero mean curvature vector. Then F

is strictly isotropic if and only if the lift of F into U (/\iF*TM) is horizontal.

An almost paracomplex structure J of an oriented neutral 4-manifold M is a
(1, 1)-tensor field of M satisfying J # Id and J? = Id. There exists a one-to-one

correspondence between the set of sections of U_ (/\2_ TM) (resp. U— (/\iTM ))

and the set of almost paracomplex structures which are A-reversing and compatible
(resp. not compatible) with the orientation of M.

Proposition 4 ([3]) An almost paracomplex structure J which is h-reversing and
compatible with the orientation of M is parallel with respect to V if and only if the

corresponding section ® of U_ ( /\% ™ ) is horizontal with respect to V.

If J as in Proposition 4 is parallel with respect to V, then (&, J) is a paraKdhler
structure of M and M equipped with (h, J) is a paraKdhler surface. Let (h, J)
be a paraKéhler structure of M. Then integral surfaces of involutive J-invariant
2-dimensional distributions are paracomplex curves of (M, J).

Let (M, h) be an oriented neutral 4-manifold. Let S_ be a Lorentz surface and F :
S_ —> M a time-like and conformal immersion with zero mean curvature vector.
Let Q be a paracomplex quartic differential defined on S_ by F (see [3, 4]). Then F
is isotropic if and only if Q vanishes. Let J be the paracomplex structure of the pull-
back bundle F*TM of TM by F corresponding to the lift of F into U_ ( A2 F*TM).
Then by definition, F is strictly isotropic if and only if F satisfies Jpo (T}, T1) =
o (T, T;), where Ty := 90/0du, T, := d/dv for a local paracomplex coordinate w =
u—+ ju.

The following proposition gives a characterization of paracomplex curves in terms
of isotropicity of time-like surfaces with zero mean curvature vector.

Proposition 5 ([3]) A surface in a paraKihler surface is a paracomplex curve if
and only if it is a time-like surface with zero mean curvature vector which is strictly
isotropic and equipped with at least one paracomplex point.

In general, we obtain

Proposition 6 ([3]) Let F : S_ —> M be a time-like and conformal immersion of
S_ into an oriented neutral 4-manifold M with zero mean curvature vector. Then F

is strictly isotropic if and only if the lift of F into U_ ( /\% FT™M ) is horizontal.
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5 Almost Nilpotent Structures of Neutral 4-Manifolds

Let M be an oriented neutral 4-manifold and /% its metric. Let N be a (1, 1)-tensor
field of M. We call N an almost nilpotent structure of M if N gives a nilpotent
structure of the tangent space of M at each point. Each almost nilpotent structure of

M corresponds to a section of either Uy (/\iTM) or Uy (/\3 TM).

Theorem 1 An almost nilpotent structure N of M is parallel with respect to the
Levi-Civita connection V of h if and only if the corresponding section © of either

U0</\1TM) or Uy (/\2_TM) is horizontal with respect to the connection V of
AN’TM induced by V.

Proof Let (e, e2, €3, e4) be alocal ordered pseudo-orthonormal frame field of TM.
We set

4
Ve; = Zw;ei (j=1,2,3,4).

i=1

Then we have

(1) wj =0fori =1,2,3,4,
(ii) ] = —o, for {i, j} = {1,2} or {3, 4},
(iii) ] = o for {i, j} = {1, 3}, {1,4}, (2.3} or (2. 4}.

Let N be an almost nilpotent structure of M corresponding to a section & of
Uy (/\iTM) Suppose that (ey, ez, e3, e4) gives an admissible basis of N to the
tangent space of M at each point. Then we have (5). Therefore we obtain (3) and

VO = —(0} — )0 + () + w) + &3 + 0]) O, 5. (7)
Therefore VO = 0 if and only if {w}} satisfies

2 4 1 1
=0l =w] =wy, wy+wy+w+o)=0. (8)

W —

)

We see that VN = 0 is equivalent to
V(N(e))) = N(Ve;) (i=1,2,3,4).

Therefore we see by (5) that VN = 0 is equivalent to (8). Hence we see that VN = 0
is equivalent to VO = 0. In the case where @ is a section of Uy ( /\3 ™ ), we can
obtain the same result and we have finished the proof of Theorem 1. (]

If N is parallel with respectto V, then (k, N) is called a nilpotent Kdhler structure
of M, and M equipped with (h, N) is called a nilpotent Kdihler 4-manifold.
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Example 1 Let M be a neutral hyperKihler 4-manifold. Then either /\iTM or
/\27 TM is a product bundle. Suppose that /\2+TM is a product bundle. Then we can
suppose that sections ©_ 1, &, », O 3 of /\iTM are horizontal and that they form

a psuedo-orthonormal frame field of /\iTM . In particular, ® as in (3) is horizontal.
Therefore an almost nilpotent structure N of M corresponding to @ is parallel with
respect to V and (4, N) is a nilpotent Kéhler structure of M.

Remark 2 Let M be a manifold and E an oriented vector bundle over M of rank
4 with its neutral metric 4. Let N be a section of End (E). We call N a nilpotent
structure of E if N gives a nilpotent structure of the fiber of E at each point of

M. Each nilpotent structure of E corresponds to a section of either Uy ( /\2+E ) or

Uy ( /\% E ) Let V be an h-connection of E and V the connection of /\2E induced
by V. Then V induces connections of /\iE . Referring to the proof of Theorem 1,
we can prove that a nilpotent structure N of E is parallel with respect to V if and
only if the corresponding section ® of either U ( /\iE ) or Uy ( /\2_ E ) is horizontal
with respect to V. We call (h, V, N) anilpotent Kdhler structure of E if N is parallel
with respect to V.

Let N be an almost nilpotent structure of M. Then at each point of M, N gives
its light-like 2-plane of the tangent space of M. Therefore we have a light-like two-
dimensional distribution Z.

Theorem 2 The distribution 9 given by N is involutive if and only if for the section
O of either Uy (/\3r TM) or Uy (/\2_ TM) corresponding to N and each tangent

vector V of M contained in 9, the covariant derivative Vy O is given by ® up to a
constant. In particular, if N is parallel with respect to V, then 9 is involutive.

Proof Suppose that @ is a section of Uy ( /\i ™ ) Then Z is locally generated by

e1 — e3, e3 + e4. Therefore & is involutive if and only if the bracket [e; — e3, €2 + e4]
is contained in &. The latter condition is rewritten into

h(le; —e3,ex +e4], e —e3) =0,

h(ler — e3,e2 +es], e2 +e4) = 0. ©)
Since V is torsion-free, we have
[er —e3,ex+es] = Ve _oy(e2 +e4) — Ve pe, (€1 — e3).
Therefore (9) is rewritten into
h(Ve,_e,(e2+e4),e1 —e3) =0, (10)

h(ve2+e4 (el - 63)5 €2 + 64) = 0'
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Noticing (7) and that (10) is equivalent to
h(Vy(ez +es), e1 —e3) =0 (11)

for any tangent vector V in &, we see that Z is involutive if and only if for each
V € 9, Vy® is given by ® up to a constant. In the case where ® is a section of

Uy ( /\i ™ ), we obtain the same result. u

Remark 3 We see from the above proof that 2 is involutive if and only if (11)
holds, that is, the covariant derivatives of the local generators e; — e3, e; + ¢4 of
by V € 2 are contained in Z. Therefore & satisfies this condition if (M, h, 2) is a
Walker manifold, that is, if the covariant derivatives of the local generators e; — e3,
e, + e4 of Z by any tangent vector of M are contained in Z. See [8, 9, 16] for Walker
manifolds.

6 Light-Like Surfaces in Neutral 4-Manifolds

Let L be a 2-dimensional manifold and F : L — M an immersion of L into M. We
say that F is light-like if for any nonzero tangent vector V of L, d F (V) is light-like.
Let F : L —> M be a light-like immersion of L into M. Let V|, V, be vector fields
on a neighborhood O of each point of L which form a local frame field. Then V| A V,

gives a local section of either Uy ( /\3r F*TM ) or Uy ( /\2_ F*TM ) We consider V, V
to be connections of F*TM, /\zF *TM, respectively (e € {+, —}).

Proposition 7 The Levi-Civita connection V of h induces a connection of L if and
only if for Vi, V, as above and each tangent vector V of O, there exists a number ¢
satisfying

VyVi AV =cVi A Vs (12)

Proof We see that V induces a connection of L if and only if for any vector field W
on L, VW gives a section of End (TL). Let (e}, ez, e3, e4) be alocal ordered pseudo-
orthonormal frame field of F*TM satisfying V| = e; — e3, Vo = ep + ¢4. Then V
induces a connection of L if and only if

h(V(ey +es),e; —e3) =0,

that is, ) + @} + @3 + w3 = 0. Therefore V induces a connection of L if and
only if for each V, there exists a number ¢ satisfying (12). Hence we obtain
Proposition 7. (]

Remark 4 Let M, E and & be as in the previous remark. Let N be a nilpotent
structure of E. Then at each point of M, N gives its light-like 2-plane of the fiber
of E. Therefore we have a subbundle Ey of E of rank 2. Referring to the proof of
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Proposition 7, we can prove that an h-connection V of E induces a connection of
Ey if and only if for local sections &;, & of Ey on a neighborhood O of each point
of M which form a local frame field and each tangent vector V of O, there exists a
number c satisfying @Vgl A & = c& A& Inparticular, if N is parallel with respect
to V, then V induces a connection of E .

Let L beAa 2-dimensional manifold and V a connection of L. Then V induces a
connection V of A\” TL. Let (u', u?) be local coordinates of L and I’l’]‘ G, j k=1,2)
the Christoffel symbols of V with respect to (1!, u*). We set

fii=Th+ 15 (k=1,2)

and
R :=d(fidu' + frdu®).

Lemma 1 The 2-form 2 does not depend on the choice of (u', u?). It is defined on
L and determined by V.

Proof We have

a a

A d
Vijouk — N — = fi

out Mo~ g N k=1L (13)

Let (&', i1?) be local coordinates of L other than (u', u?). Let 1:/]‘ @, j,k=1,2)be

the Christoffel symbols of V with respect to (ii', &%) and set f; := I}} + [}3. Then
noticing (13), we obtain

dlog|D| o' . i’ .
szwﬁ-ﬁfl-i-mfz (k=1,2),
where
~1 ~2 3l it
:=8(u,u)= %g‘-‘ﬁ
au', u?) .

This yields y 5
fidu' + frdu® = dlog|D| + fidi' + frdi®.

Therefore we obtain
d(fidu' + frdu®) = d(fidi' + frdii?)

and we have proved Lemma 1. O
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Remark 5 Let L be an /-dimensional manifold and V a connection of L. Let
', ..., u") be local coordinates of L and Fl’j‘ @i, j,k=1,...,1) the Christoffel

symbols of V with respect to (', ..., u'). We set
fi —Zr,z, k=1 (kadu)
j=1
Then £2 does not depend on the choice of (u!, ..., u').

We will prove

Theorem 3 Let L be a 2-dimensional manifold and V a connection of L. Then the

following are mutually equivalent:

(a) ona nezghborhood of each point of L, there exists a nonzero horizontal section

of N*TL with respect to v;
(b) the curvature tensor R of \Y vanishes;
(c) 2=0.

Proof We obtain
A a 0 0 . d
oul” u? ) ou!  du?

o ad d A ad a
= Vi /ou — A — =V | i A =
a/ou! <f2 ; 8u2> 8/ (f1 o Buz)

) 0 d d 0
=< f2 +f2f1) W_< fi flfz) —

8142

() a

dul  Au? ) ou' " du?’

Let ® be a local nonzero section of /\2TL. We locally represent © as

a a

=2 A2
f8u1 ou?

(14)

5)

If ® is horizontal with respect to @, that is, if Vo = 0, then we obtain af/ dur +
ffi = 0(k =1, 2) and therefore we have 3f>/du' = df,/du’. Therefore by (14), we
obtain (b) from (a). If R vanishes, then by (14), we obtain 8f>/du' = df,/du?, which
means £2 = 0. Therefore we obtain (c) from (b). Suppose §£2 = 0. Then there exists
a function ¢ defined on a neighborhood of each point of L satisfying ¢ /ou* = f;
(k =1,2).Weset f := e~%. Then for ® asin (15), we obtain 68/814" ® = 0. Therefore

® is horizontal and we obtain (a) from (c).

O

Remark 6 Let L, V and £2 be as in the previous remark. Then we can prove that

the following are mutually equivalent:
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(a) ona nelghborhood of each point of L, there exists a nonzero horizontal section
of A'TL with respect to V;

(b) the curvature tensor R of V vanishes;

(c) 2=0.

Corollary 1 Let M be an oriented neutral 4-manifold. Let h be the neutral metric
of M and V the Levi-Civita connection of h. Let L be a 2-dimensional manifold and
F : L — M a light-like immersion of L into M. Then the following are mutually
equivalent:

(a) on a neighborhood of each point of L, there exists a nonzero horizontal section
of either Uy (/\iF*TM) or Uy (/\%F*TM) given by a local section of N\*TL;

(b) on a neighborhood O of each point of L, there exists a nilpotent structure N of
F*TM|o with Ey = F*dF(TL)|o parallel with respect to V;

(c) Vinduces a connection of L such that the curvature tensor R of V vanishes;

(d) V induces a connection of L satisfying §2 = 0.

Remark 7 Let M be an m-dimensional manifold and E a vector bundle over M of
rank n. Let V be a connection of E. Then V induces a connection V of N"E. Let
&1, ..., &, form alocal frame field of E on a neighborhood O of each point of M. Let
(', ..., u™) be local coordinates on O. Let F(fj (a=1,....,m, j,k=1,...,n)
be functions on O given by

n
Vajaue€j = Z Fof,fk-

We set

fa=)Y Tk (@=1,....m), @ :=d<ifadu“>.
a=1

Then referring to the proof of Lemma 1, we can prove that £2 depends neither the
choice of (u', ..., u™) nor the choice of (&, ..., &,). In addition, referring to the
proof of Theorem 3, we see that the following are mutually equivalent:

(a) on aneighborhood of each point of M, there exists a nonzero horizontal section
of \"E;

(b) the curvature tensor Rof V vanishes;

(c) 2=0.

Suppose n = 4 and that E is oriented and equipped with a neutral metric 4 and an
h-connection V. Let E’ be a subbundle of E of rank 2 such that each fiber is light-like.
Then the following are mutually equivalent:

(a) on a neighborhood of each point of M, there exists a local nonzero horizontal
section of either Uy (/\iE) or Uy (/\3 E) given by a local section of A\*E’;
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(b) on aneighborhood O of each point of M, there exists a nilpotent structure N of

E|o with Ey = E’|¢ parallel with respect to V;

(¢c) V induces a connection of E’ such that the curvature tensor R of V vanishes;
(d) V induces a connection of E’ satisfying 2 = 0.
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