Lecture Notes in Mathematics 2308
Massimo Chiappini
Vincenzo Vespri Editors

Applied
Mathematical
Problems in
Geophysics

@E’."ﬁﬁ?&f @ Springer



Lecture Notes in Mathematics

C.I.ML.E. Foundation Subseries

Volume 2308

Editors-in-Chief
Jean-Michel Morel, CMLA, ENS, Cachan, France
Bernard Teissier, IMJ-PRG, Paris, France

Series Editors

Karin Baur, University of Leeds, Leeds, UK

Michel Brion, UGA, Grenoble, France

Alessio Figalli, ETH Zurich, Zurich, Switzerland

Annette Huber, Albert Ludwig University, Freiburg, Germany

Davar Khoshnevisan, The University of Utah, Salt Lake City, UT, USA
Ioannis Kontoyiannis, University of Cambridge, Cambridge, UK

Angela Kunoth, University of Cologne, Cologne, Germany

Ariane Mézard, IMJ-PRG, Paris, France

Mark Podolskij, University of Luxembourg, Esch-sur-Alzette, Luxembourg
Mark Policott, Mathematics Institute, University of Warwick, Coventry, UK
Sylvia Serfaty, NYU Courant, New York, NY, USA

Laszl6 Székelyhidi @, Institute of Mathematics, Leipzig University, Leipzig,
Germany

Gabriele Vezzosi, UniFI, Florence, Italy
Anna Wienhard, Ruprecht Karl University, Heidelberg, Germany


https://orcid.org/0000-0002-6307-9225

Fondazione C.I.M.E., Firenze SIwE

RosEgmvo ConT)

C.I.M.E.stands for Centro Internazionale Matematico Estivo, that is, International Mathematical
Summer Centre. Conceived in the early fifties, it was born in 1954 in Florence, Italy, and welco-
med by the world mathematical community: it continues successfully, year for year, to this day.

Many mathematicians from all over the world have been involved in a way or another in C..M.E’s
activities over the years. The main purpose and mode of functioning of the Centre may be sum-
marised as follows: every year, during the summer, sessions on different themes from pure and
applied mathematics are offered by application to mathematicians from all countries. A Session
is generally based on three or four main courses given by specialists of international renown,
plus a certain number of seminars, and is held in an attractive rural location in Italy.

The aim of a C.I.M.E. session is to bring to the attention of younger researchers the origins,
development, and perspectives of some very active branch of mathematical research. The to-
pics of the courses are generally of international resonance. The full immersion atmosphere of
the courses and the daily exchange among participants are thus an initiation to international
collaboration in mathematical research.

C.LLML.E. Director (2002 - 2014) C.LLML.E. Director (2015 -)

Pietro Zecca Elvira Mascolo

Dipartimento di Energetica “S. Stecco” Dipartimento di Matematica “U. Dini”
Universita di Firenze Universita di Firenze

Via S. Marta, 3 viale G.B. Morgagni 67/A

50139 Florence 50134 Florence

Italy Italy

e-mail: zecca@unifi.it e-mail: mascolo@math.unifi.it

C.ILM.E. Secretary

Paolo Salani

Dipartimento di Matematica “U. Dini”
Universita di Firenze

viale G.B. Morgagni 67/A

50134 Florence

Italy

e-mail: salani@math.unifi.it

CIME activity is carried out with the collaboration and financial support
of INdAM (Istituto Nazionale di Alta Matematica)

For more information see CIME’s homepage: http://www.cime.unifi.it



Massimo Chiappini ® Vincenzo Vespri
Editors

Applied Mathematical
Problems 1n Geophysics

Cetraro, Italy 2019

FONDAZIONE
@ SPr 1n g cr bl



Editors

Massimo Chiappini Vincenzo Vespri

Geomagnetism, Aeronomy and Environmental Department of Mathematics and Computer
Geophysics Science “Ulisse Dini”

Istituto Nazionale di Geofisica e Vulcanologia University of Florence

Roma, Italy Firenze, Italy

This work was supported by INDAM (Istituto Nazionale di Alta Matematica), Istituto Nazionale
di Geofisica e Vulcanologia (http://dx.doi.org/10.13039/501100008034), Strategic Initiatives for the
Environment and Security (S.I.E.S.)

ISSN 0075-8434 ISSN 1617-9692  (electronic)
Lecture Notes in Mathematics

C.I.LM.E. Foundation Subseries

ISBN 978-3-031-05320-7 ISBN 978-3-031-05321-4 (eBook)
https://doi.org/10.1007/978-3-031-05321-4

Mathematics Subject Classification: 86A, 65Z

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer Nature Switzerland
AG 2022

This work is subject to copyright. All rights are solely and exclusively licensed by the Publisher, whether
the whole or part of the material is concerned, specifically the rights of translation, reprinting, reuse
of illustrations, recitation, broadcasting, reproduction on microfilms or in any other physical way, and
transmission or information storage and retrieval, electronic adaptation, computer software, or by similar
or dissimilar methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or
the editors give a warranty, expressed or implied, with respect to the material contained herein or for any
errors or omissions that may have been made. The publisher remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


https://orcid.org/0000-0001-7433-9435
https://orcid.org/0000-0002-2684-8646
https://doi.org/10.1007/978-3-031-05321-4

Contents

1 Introduction to the CIME Series Volume .................................
Massimo Chiappini and Vincenzo Vespri

2 Optimal Control Strategies for Composting Processes in
Biocells with L;—Type and L,—Type Cost Objectives ..................
G. Martalo, C. Bianchi, B. Buonomo, M. Chiappini, and V. Vespri

3 Wave Interaction with Subwavelength Resonators ......................
Habib Ammari, Bryn Davies, Erik Orvehed Hiltunen, Hyundae Lee,
and Sanghyeon Yu

4 Variational Methods with Application to One-Dimensional
Boundary Value Problems and Numerical Evaluations .................
Marco Degiovanni

5 Electromagnetic Hypogene Co-seismic Sources ..........................
Giovanni Franzina

6 Conservation Laws in Continuum Mechanics ............................
Giuseppe Maria Coclite and Francesco Maddalena



Chapter 1 )
Introduction to the CIME Series Volume Chack for

Applied Mathematical Problems in Geophysics

Massimo Chiappini and Vincenzo Vespri

Abstract The present volume takes its title from the CIME-EMS Summer School
“Applied Mathematical Problems in Geophysics” held in July 2019 at Cetraro (CS)
in Southern Italy. This meeting was convened 2 years after the founding of the SIES
(Strategic Initiatives for the Environment and Security) initiative, a project funded
by the Italian Ministry of University and Research (MIUR) and carried out jointly
by the Istituto Nazionale di Geofisica e Vulcanologia (INGV) and Istituto Nazionale
di Alta Matematica (INDAM). The Summer School gathered all scientists including
postdoc fellows who had been involved in this research.

Featuring selected contributions based on lectures given at the CIME-EMS Summer
School “Applied Mathematical Problems in Geophysics”, this book will provide a
sound foundation for readers who intend to approach similar geophysical problems
in a multidisciplinary manner.

The contributions focus on five major topics identified by the SIES as having
significant societal impact: optimal control in waste management, in particular the
degradation of organic waste by an aerobic biomass, by means of a mathematical
model; recent developments in the mathematical analysis of subwave resonators;
conservation laws in continuum mechanics, including an elaboration on the notion
of weak solutions and issues related to entropy criteria; the applications of vari-
ational methods to 1-dimensional boundary value problems, in particular to light
ray-tracing in ionospheric physics; and the mathematical modelling of potential
electromagnetic co-seismic events associated to large earthquakes.

M. Chiappini (<)

Geomagnetism, Aeronomy and Environmental Geophysics, Istituto Nazionale di Geofisica e
Vulcanologia, Roma, Italy

e-mail: massimo.chiappini @ingyv.it

V. Vespri
Universita di Firenze, Florence, Italy
e-mail: vincenzo.vespri @unifi.it
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The challenges continuously faced by the scientific community are quite intrigu-
ing, both in the basic and applied sciences. The paradigm behind the SIES is to
adopt a synergistic and multidisciplinary approach, yielding an efficient way to
identify solutions and put in place the proper actions needed to deal with the
problems. It aims to resolve a series of issues related to environmental hazards
and security, with the objective of realizing simulation tools based upon innovative
mathematical methods and models. This initiative is inspired by the excellent results
and achievements obtained by the already existing infrastructures funded by other
means (PON, POR, FESR), which deal with still open problems that are not easily
solved solely with the competences present at INGV. The close cooperation with
INDAM is the key to bridging the gaps represented by the deep knowledge of
mathematical tools needed to obtain the solutions of complex problems.

The SIES adopts a modular structure to target environmental, industrial and civil
issues. The five modules are as follows:

1. The study of the evolution of a bio-reactor through models of production of
leachate during waste decomposition.

2. The prediction of the direction of waves due to sea conditions, to be validated
with radar techniques.

3. The multidimensional characterization of elastic wave propagation in the ground
when using metamaterials.

4. The characterization of the electromagnetic sources inside the Earth based upon
techniques of tensor gradiometry and the properties of characteristic tensors.

5. The analytical formulation of ray-tracing of electromagnetic waves in an ionized
environment aimed at the protection of national borders.

Module No. 1 has applications with a significant industrial and environmental
impact, including the generation of secure, clean and efficient energy. The outcome
of processing organic waste to produce energy is enormous, with great potential for
funding opportunities in applied science programs issued by national and European
agencies.

Module No. 2 offers the possibility of applications in the field of harbor security
(La Spezia Harbor is currently adopting a technological solution designed by
INGV), as well as opportunities related to renewable energy sources (tidal energy).

Module No. 3 represents the topic with the highest potential. New trends in
the study of metamaterials aimed at isolating infrastructures from vibrations are
affecting both industrial and social sectors. Enhancing the expertise on cloaking
in Italy improves the know-how of a sector with a growing strategic importance.
Applications in this field would attract various dual users, from civilian to military.
Potential stakeholders are, inter alia, the Department of Civil Protection of the Office
of the Prime Minister, and the Ministry of Defense.

While modules 1 to 3 are based upon applied research, modules No. 4 and 5
are more oriented toward basic research. In module No. 4, studying electromagnetic
signals as events associated to the preparatory phases of a large earthquake is consid-
ered a national duty for a developed country. The identification and characterization
of these signals can save lives in the future, allowing the development of appropriate
early warning systems.
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Module No. 5 deals with a detailed 3D characterization of the Earth’s ionosphere.
A deep knowledge of the structural properties of Maxwell, Navier—Stokes, and
Fermat equations is required. The capability to analytically formulate the ray-tracing
of electromagnetic waves in an ionized environment has a number of advantages,
with applications both in the military framework and in the field of homeland
security.

The SIES effort has an additional academic impact: it promotes industrial
mathematics as a sector not yet fully developed in Italy, with a high potential for
employment of young mathematicians and geophysicists.

The content of this book reflects the above modules. Readers will be able to get a
broader perspective of the various topics by consulting the bibliographies provided
at the end of each lecture.

The editors of the present volume wish to acknowledge the Istituto Nazionale di
Alta Matematica (INDAM) and the Istituto Nazionale di Geofisica e Vulcanologia
(INGYV) for their valuable support provided during the conduct of the research. The
CIME Foundation provided the unique opportunity to hold the Summer School in
an excellent location where senior and young scientists had the chance to fruitfully
interact, and also funded the work that led to the publication of the present book.



Chapter 2 )
Optimal Control Strategies for Shethie
Composting Processes in Biocells with

L1—Type and L,—Type Cost Objectives

Giorgio Martalo, Cesidio Bianchi, Bruno Buonomo, Massimo Chiappini,
and Vincenzo Vespri

Abstract We present a finite horizon optimal control problem for composting
in biocell. The problem is based on a mathematical model, which describes the
degradation of organic waste by an aerobic biomass. Solubilization of insoluble
substrate and biomass decay phenomena are also taken into account. The degrada-
tion is controlled by monitoring the effects of oxygen concentration in the cell.
The optimal strategy is determined by minimizing the total costs given by the
final size of soluble substrate and the operating cost. We consider two different
cases, where the operating cost is modeled by linear and quadratic function of
the effort, respectively. It is shown that the total costs over the considered time
interval are higher in the linear case than in the quadratic case. Moreover, when
compared to the quadratic case, the linear case results in a higher reduction of
soluble substrate concentration but it requires also a higher effort to control the
degradation.
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2.1 Introduction

Waste management is a current issue of great interest, especially for the identi-
fication of suitable intervention policies that allow to overcome some criticisms,
like the increasing requirement of new stocking sites, the risk of soil and aquifers
contamination, air pollution, formation and diffusion of leachate [8, 13, 21].

For such reason, nowadays a landfill is conceived as a biological active environ-
ment, called bioreactor [20], where the control of the biodegradation phenomenon
allows to improve the plant performance, in terms of reduced waste amount and of
compost and biogas production [9, 13].

In this framework, mathematical models for anaerobic [14, 27] and aerobic [12,
16, 25, 26] digestion processes and some related control problems [4, 6, 17, 18,
24] provide an useful tool to suggest suitable intervention policies to be adopted
and prevent the use of poorly efficient strategies. Moreover, the purely theoretical
approach allows to face and discuss many different scenarios, choosing from time
to time new processes to be controlled and goals to be achieved.

As regards the anaerobic digestion, in [4] the biogas production in a continuous
filled bioreactor is maximized by controlling the feeding process, while in [6]
and [24] the optimal leachate recirculation strategy is determined to control the
operating costs in a given time range and to reduce the total amount of substrate
in minimal time, respectively.

As concerns the aerobic process, some optimal control problems for composting
in biocells have been recently proposed [17, 18]. The main purpose of such control
problems is to provide some qualitative indications about aeration strategies that
allow to maintain appropriate levels of oxygen in the cell (and hence the aerobic
feature of the process), in addition to the maximization of compost production.
Moreover, some realistic features, like the inhibition effects due to over-aeration and
the economic cost of the aeration operating, have been taken into account and their
influence on the optimal strategy has been discussed, also in a real world scenario
[18].

A different model has been proposed in [19] to describe the composting process
in a biocell. Moreover, in [19] a time optimal control problem for the reduction
of solid waste in minimal time has been discussed. Such model preserves some
distinctive features, as already pointed outin [17, 18], like a two component (soluble
and insoluble) structure of the substrate and the main transformation phenomena:
(i) degradation of the soluble substrate by an aerobic bacterial population; (ii)
hydrolysis, i.e. solubilization of the insoluble component; (iii) biomass decay, that
produces new insoluble substrate.

We stress that in these modeling approaches the control is described through the
effects of oxygen on the degradation term, where the oxygen level (and hence its
effects) can be regulated by a suitable injection/aspiration system [23].

As further contribution to the analysis given in [19], here we propose an optimal
control problem on a finite horizon. The main aim is to minimize in a fixed
time range an optimality criterion, which averages the reduction of the soluble
component at the final time and the economic cost of the control operating. The
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first term can be used as a maturation index in composting, as suggested in [5, 7].
The second term is described first by a linear function of the effort and then by a
quadratic function. As it has been pointed out many times [3, 6, 15], there is not a
shared standard form of objective to be preferred, also because of the different cost
sources to be modeled [1, 10]. The main advantage of a quadratic function lies in
its mathematical simplicity and in the convexity of the corresponding Hamiltonian,
which guarantees the uniqueness of the minimum. Alternatively, the linear term is
easier to justify from a modeling point of view but it may lead to a more complicated
analysis, often due to the occurrence of bang-bang controls.

The paper is organized as follows: after recalling the mathematical model, we
state the optimal control problem and reformulate it by means of Pontryagin’s theory
[22] in Sect. 2.2; in Sect. 2.3 the optimal time profiles are obtained numerically and
the results obtained by using strategies with linear and quadratic cost, respectively,
are compared. Concluding remarks are given in Sect. 2.4.

2.2 The Optimal Control Problem

2.2.1 Formulation of the Problem

We set an optimal control problem on a fixed time range [0, 7] to improve the
performance of a composting biocell, i.e. a closed system for waste degradation
where no ingoing or outgoing flow of material is taken into account. The main
aim of the control problem is to minimize the total costs due to soluble substrate
concentration at final time 7 and the time averaged operating cost. This latter is
due to aeration and aspiration, which allow to regulate the level of oxygen in the
biocell atmosphere. The effect of the oxygen on the degradation of soluble substrate
(say, s) is described by the control variable u. The cost is modeled as a linear or
quadratic function of the control variable . We consider also the hydrolytic process
of solubilization of the insoluble component of the substrate (say, i) and the decay
phenomenon of the bacterial biomass (say, x), that degrades the soluble substrate.

Our goal is to determine the optimal control u(¢), ¢t € [0, T], in the admissible
control set

U = {v:][0,T] — [tmin, Umax], v Lesbesgue measurable} , 2.1

minimizing the objective functional

s(H\*  « (T,
Ji[u] = + u*(r)dr, (2.2)
m T 0
where k = 1,2, the quantity m > 0 is the constant total mass in the cell and

the parameter « > 0 averages the two contributions in the optimality criterion.
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We consider a quadratic term for soluble substrate concentration at final time T
in order to emphasize/demphasize large/small deviations with respect to the total
consumption, that represents the most desirable scenario.

Linear and quadratic cases are reproduced when k = 1 and k = 2, respectively
(they will be indicated sometimes as L1 and Lj, respectively). The optimal strategy
to be adopted depends mainly on the minimization of the final soluble substrate
when « is small, while it is mainly determined by the minimization of the operating
cost for large values of «.

The time evolution of the variables s, i and x is governed, under perfect mixing
conditions, by the following system of ordinary differential equations [19]

ds s

= — j 2.3
Ui /LS+CSM)C+Chl (2.3)
di
d; — —cpi+bx (2.4)
dx s

= —b , 2.5
dt *+u s+ ¢y e (2.5)

where 7 is the time variable, u > 0 is the maximal growth rate, ¢; > 0 is the half-
saturation constant, ¢, > 0 is the hydrolytic coefficient and b > 0 is the biomass
decay constant.

The control variable u is supposed to be non-negative and takes values in a given
range [Umin, “max] (0 < Umin < Umax)- The optimal operational concentration of the
oxygen in the cell atmosphere, w, is around 10% and a range around this value, say
5% = Wmin < © < wmax = 15%, guarantees the aerobic feature of the degradation
[9]. We model the effects of oxygen on the degradation term by a Monod response
function of the oxygen variable w as follows

w

flw) = (2.6)

w+cy’

where the half saturation constant ¢, is set equal to 2% [26].
From relation (2.6), it follows that the operational range [wmin, @max] corre-
sponds to the set of admissible values of the control
[#min, Umax] = [5/7,15/17] = [0.714, 0.882] . 2.7

It can be easily checked that the conservation of total mass holds

M) =s@)+i@)+x(@) = s0)+i(0)+x0) = M©O) = m, (2.8)
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and therefore the system (2.5) reduces to

B T )+ e 2.9)
d[ = 'us—|—csum S l cpl .
i

d;:—ﬂJ+Mm—s—U, (2.10)

where the variable x (¢) is replaced by m — s(¢t) — i(¢).
The minimization problem can be investigated in the positively invariant set

F = {(s,i) € [0, m] x [0, m] such that s +i < m} , @2.11)

since any solution of (2.9)-(2.10) with initial condition in ¥ remains in ¥ for any
positive time.

2.2.2 Analysis of the OC Problem

We reformulate the problem by means of Pontryagin’s minimum principle [22].
We introduce the Hamiltonian function

. a p . s .
Hi (s i, hg, Ay u, t) = _u @) +(m—s—i)[bri — uhs ) cpi(hs — Ai),
T s+ cs
2.12)

where k = 1, 2, and the time dependent adjoint variables (), A;) solve the adjoint
system of ordinary differential equations

. oH, " ;

Ay = — ask — G+ cs)z[CS(m —s—10)—s(s+c)urs +br;  (2.13)

. oH,

A= — .k = — <,bL s u+ Ch) As + (b +cp)hi, (2.14)
01 § + Cs

with given transversality condition at final time T
(As(T), 1i(T)) = 2s(T)/m>,0). (2.15)

We introduce the function

IH,
d)k: auk = ;uk—l_usjc (m—s—i))\‘y,kzl’z’ (216)
s
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that provides the following characterization of the optimal control

= Umin >0
U\ € (Umin, Umax) it gp1=0 . 2.17)
= Umax <0

As it is well known [11], if ¢x(¢) = O forany ¢ € [#1, 1] C [0, T] (1 < 12), then the
control is called singular and assumes values between umin and umax. If the optimal
control is not singular, then it must be constant or piecewise constant and is called
bang or bang-bang, respectively.

We observe also that a possible singular optimal control can be formulated in
terms of the state and adjoint variables when the cost term is a quadratic function,
since the condition ¢ = 0 gives

T s

u —=
'u2a s+ cg

(m—s—10)As(t). (2.18)

We discuss now the presence of a minimizing singular control when the cost term is
linear (k = 1).

Let u(t) be a singular control for t € [t1,] C [0, T] and (s(¢), i(¢)) be the
corresponding solution in such interval; the problem order is the smallest number g
such that the 2qg —th derivative

d* oH, . d* ,
dl2q au (Sala)"j‘a)"l.auat) = dt2q¢l(sala)"Sa)"iauat) (219)

explicitly contains the control variable u (if no derivative satisfies this condition then
q = 00).
In our analysis, from (2.16) with k = 1, it follows that

(07 S
= — m—s —1i)Ag, 2.20
?1 T 1% 5+ ¢ ( s —i)Ag ( )

and its second order derivative

&‘{Ab $ |2 @ (m—s—i) (2.21)
R e T e O O T S o R

) ) Cg e S 2 o
)\’bs—l—cs |:(s+cs)2(m s —1i) S+Csi|}'u m-—s—iu (2.22)

+R(s, i, As, Aj) (2.23)
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explicitly contains u. The quantity R is a collection of terms, which do not contain
u explicitly. It follows that our problem is of order 1.

A sufficient condition for a singular control to be minimizer is provided by the
Legendre-Clebsch condition [11], that reads as

9 d? aH, 9

£ .7 )\' S 9 )\' = == b S O 2.24

LG 25, i) ou dt? Ju 3u¢1 ( )
for problems of order 1.

In our case such derivative is given by
‘C(sv is )"Ss )"l) (2.25)
{)\ s 5 4 [ y O & }( ) (2.26)
= c cChl | — — m-—s —1 .
RS e N S N RS

P Cs s .
hib S+ Cs |:(S +Cs)2 (m=s=1i) N ‘|‘C5i| }/’L (m—s—i) (2.27)

In presence of a singular control, the function given in (2.20) is such that
¢1=¢ =0, (2.28)

where
‘ ( ) g ( ) o [ ( )
¢ = m-—s —1 b Ag —Aj) — chiA 5 2.29
1 " s X N i (S CS)Z hlis

therefore, for any configuration in the interior of 7, the derivative in (2.27) can be
rewritten as

-L(ssiv)\'sv)\'i) = 2a CS

T s+ )z[bs(m—s—i)—chi(2m—3s—2i)]. (2.30)
s+ ¢y

We observe that the Legendre-Clebsch condition (2.24) is fulfilled in the subset
F_ = {(s,i) € Fsuchthatbs(m—s—i)—cpi(@2m—3s—2i) <0} C F, (2.31)

and hence any singular control involving states in F_ is guaranteed to be a
minimizer.
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2.3 Numerical Results

In this section we solve the minimization problem for linear and quadratic cost
functionals, by using a numerical technique based on a gradient descent method
[2].
We consider the thermophilic phase of composting [9], lasting about 3 days
(72h); in this phase, the temperature is supposed to be maintained at around 55 °C.
We consider the following parameters given in [16]:

n = 036h"", ¢, = 0.0772Kg, (2.32)
cn = 1.764 x 107307, b = 0.191507 ", (2.33)

Such values correspond to a cell temperature of 55 °C.
For illustrative purposes we consider the following initial conditions

s(0) = 2200Kg, i(0) = 3600Kg, x(0) = 2Kg. (2.34)

2.3.1 Comparison of Strategies for Linear and Quadratic Cost
Terms

We first compare the optimal strategies for linear and quadratic cost terms, when the
two contributions in the objective functional have the same weight in the adopted
strategy (o = 1).

We observe (see Fig. 2.1d) that the optimal control in the linear case is given by

Umax when 0 <t <1y
u1 = j§singular whenty <t <11 (2.35)
Umin whent; <t <T,

where #p >~ 16.18 and #; ~ 17.23, while in the quadratic case the optimal control is

iy = :smgular when0 <t <1 (2.36)

Umin whent, <t <T,

where t, >~ 44.57.

In both cases the control is singular on a suitable subset of [0, T'], even if the
control trend in the linear case seems very close to a bang-bang profile. Moreover,
in any case, the optimal control in the very last time range is given by the constant
control umin and the main difference between the two cases is that the first time
instant at which the control takes its minimal value. This means that starting from
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Fig. 2.1 State variables profiles (first three panels) and optimal control (last panel) for the test case
(2.32)~(2.34) and @ = 1, when the cost is modeled by a linear or quadratic function

a given time it is optimal to consider the minimal control guaranteeing the aerobic
feature of the process and no additional effort is required.

As concerns the state variables, we notice that they present a similar behavior in
both cases (see Fig. 2.1a—c). In particular, soluble substrate slightly increases at the
beginning, since the action of a small concentration of bacteria is not sufficient to
balance the effects of hydrolysis. As soon as the bacterial concentration increases,
the soluble substrate concentration reduces and reaches a very small value at the
final time 7. The opposite trend governs the insoluble component, while the biomass
concentration strictly increases at any time.

The decrease of soluble concentration is compatible with the biological assump-
tions stated above, since a significant reduction of such component of substrate is
expected in the thermophilic phase. The increase of the other variables follows from
the conservation of total mass (2.8).

Although the time profiles of the variables are qualitatively comparable for
linear and quadratic cases, the corresponding state configurations at final time T
are significantly different from a quantitative point of view. In fact, as shown in
Table 2.1, the optimal control in the linear case leads to a higher reduction of soluble
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Table 2.1 Percentages of soluble substrate reduction, insoluble component increase and addi-
tional required effort for L| and L, cost terms in the test case (2.32)—(2.34) and « = 1

s(T) — 5(0) i(T) —i(0) Iy — Iin
5(0) i(0) [in
Linear cost term —87.3% +36.3% +5.46%
Quadratic cost term —78.3% +32.0% +5.04%
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Fig. 2.2 State variables profiles (first three panels) and optimal control (last panel) for the test case
(2.32)~(2.34) and @ = 1.5 and linear and quadratic cost terms

substrate than the one obtained in the quadratic case. Moreover, in the quadratic case
the mean effort, given by

1 T
h=, /O u(r)dr, (2.37)

takes a lower value than in the linear case. As a consequence, the same happens to
the difference between the mean effort and the minimal effort / fni“ =1L (u = Umin).
The qualitative and quantitative features discussed above are emphasized for
increasing values of «, as shown in Fig. 2.2 and Table 2.2 where o = 1.5.
The optimal time profiles of the control in both the L and L; cases are the same
as (2.35) and (2.36), but here 7o = 14.95, #; = 15.93 and 1, = 42.19. As expected,
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Table 2.2 Percentages of soluble substrate reduction, insoluble component increase and addi-
tional required effort for L and L, cost terms in the test case (2.32)—(2.34) and o = 1.5.

s(T) — 5(0) i(T) —i(0) Iy — [min
50 i(0) pin
Linear cost term —79.5% +32.8% +5.04%
Quadratic cost term —61.1% +24.4% +3.98%

the percentage of soluble substrate reduction and additional effort are lower than the
case « = 1, since now the minimization of the operating cost term has a dominant
role in determining the decision policy to be adopted. We observe also a higher
quantitative discrepancy between linear and quadratic cases than the one observed
in the test case with o = 1.

2.3.2 Analysis for Varying Balance Between Costs

As shown in the previous subsection, some differences between optimal profiles in
L1 and L, cases are emphasized for different choices of the parameter .

We remind here that such parameter averages the role of the two contributions in
the objective functional. More precisely, the optimal strategy is mainly determined
by the minimization of soluble substrate at time 7" when « is small; the minimization
of the (linear or quadratic) operating cost term is the key factor in the individuation
of the optimal control when « is large.

We discuss in this subsection the main differences between L and L; cases for
varying o, by investigating the trend of some performance indices. In particular, we
consider

— the value, denoted by Iy, of the corresponding objective functional Ji[u], k =
1,2, given in (2.2);

— the mean effort I introduced in (2.37);

— the soluble substrate concentration at final time 7: I, = s(T)/m;

— the first time instant at which the control assumes its minimal value constantly:
I3 = {min t such that T € [0, T] and u(t) = Umin}-

We observe that the value Iy of the objective functional increases monotonically
in both the linear and quadratic case (see Fig.2.3a). The total costs in presence
of a linear operating cost term are higher than the ones obtained with a quadratic
function.

The discrepancy between the two cases is quantified by

_ lotk=1) = Iotk =2)

Iotk = 2) ’ (2.38)
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Fig. 2.3 Trend of the performance index /y for L and L cases for the test scenario (2.32)—(2.34)
and parameter o varying in the range 10~#~10* (left panel) and the percentage difference iq in
(2.38) (right panel)

corresponding to the percentage difference between the two cases. We observe that
the total costs in the linear case are 30—40% higher than those of the quadratic case
(see Fig.2.3b).

The role of each term in the objective functional in such difference is discussed
by means of indices /; and I, whose trends are reported in Figs.2.4 and 2.5,
respectively. It is shown that, although the strategies corresponding to linear and
quadratic cost terms are deeply different, they both lead to similar results when the
parameter « is sufficiently small or it is sufficiently large. In fact, when « is small the
minimization of the operating cost term has a negligible role and in both cases the
strategies to be adopted have the aim to reduce the soluble substrate concentration,
regardless of limiting the operating costs. On the contrary, when o is large, the
minimization of the costs is the key factor in determining the optimal control and,
from a certain value of o on, any control operating is considered too expensive to
be taken into account. Therefore, in both cases, it is optimal to consider a constant
control with minimal value uy;p.
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Fig. 2.4 Trend of the performance index /; for L and L, cases for the test scenario (2.32)—(2.34)
and parameter « varying in the range 10~4~10 (left panel) and in the interval 0.1—2.5 (right panel)

The range of interest for parameter « is 0.1 < o < 2.5, where the differences
between linear and quadratic cases are appreciable (see panels (b) in Figs.2.4 and
2.5).

As already observed in the previous subsection, the strategy minimizing the
linear cost leads to a larger reduction of soluble substrate compared to the
quadratic case (see Fig.2.5b). Moreover, when the cost term is quadratic, the
effort required to control the system and optimize the objective functional is
lower when compared to the linear case (see Fig.2.4b). The differences between
L1 and L, cases are more and more significant for increasing values of the
parameter o.

As last remark, we notice also that the first value of « at which the control
assumes the minimal value constantly is not the same for linear and quadratic cost
objectives (see Fig.2.6) and the constant control strategy, u(f) = umpin for any
t € [0, T], occurs “later” in the linear case (see Fig.2.6b).
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2.4 Conclusions

We have proposed and discussed a finite horizon optimal control problem for a
biological system, in which an aerobic bacterial population degrades the soluble
component of the substrate. The solubilization of the insoluble component and a
biomass decay phenomenon are also taken into account.

The objective functional expresses the total costs due to the minimization of the
soluble substrate component at final time and to the minimization of operating costs.
This latter term has been modeled with a linear and quadratic function of the control
variable.

We have observed that the optimal profiles of the state variables for the linear
and the quadratic cases are qualitatively similar. The two cases significantly differ
from a quantitative point of view. Such discrepancy is evident in the value of the
objective function, since total costs in the linear case are 30-40% higher than ones
of the quadratic case. Moreover, in the linear case, we observe a major reduction of
soluble substrate and a higher effort is required to control the system.
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Such quantitative differences are more and more evident for increasing values
of the parameter o, when the operating cost minimization plays a more and more
influential role in determining the optimal strategy. An analysis for varying « has
confirmed such remark, up to a certain value of «. From this threshold on, any
operating is considered too expensive to be adopted in both cases, and the optimal
control is constantly equal to the minimal admissible value, guaranteeing the aerobic
feature of the degradation.

In view of the uncertainty concerning the suitable way to describe the operating
cost for composting in biocell, we believe that this theoretical approach could
be incorporated in future practice to provide insight into possible composting
strategies.

Acknowledgments This work was performed in the framework of INJAM-INGYV joint project
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Chapter 3 )
Wave Interaction with Subwavelength Shethie
Resonators

Habib Ammari, Bryn Davies, Erik Orvehed Hiltunen, Hyundae Lee,
and Sanghyeon Yu

Abstract The aim of this review is to cover recent developments in the mathemat-
ical analysis of subwavelength resonators. The use of sophisticated mathematics in
the field of metamaterials is reported, which provides a mathematical framework for
focusing, trapping, and guiding of waves at subwavelength scales. Throughout this
review, the power of layer potential techniques combined with asymptotic analysis
for solving challenging wave propagation problems at subwavelength scales is
demonstrated.

3.1 Introduction

The ability to focus, trap, and guide the propagation of waves on subwavelength
scales is of fundamental importance in physics. Systems of subwavelength res-
onators have, in particular, been shown to have desirable and sometimes remarkable
properties thanks to their tendency to interact very strongly with waves on small
length scales [26, 31, 33]. A subwavelength resonator is a cavity with material
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parameters that are greatly different from the background medium and which
experiences resonance in response to wavelengths much greater than its size. The
large material contrast is an essential prerequisite for the subwavelength resonant
response.

In this review, we consider wave interaction with systems of subwavelength
resonators. At particular low frequencies, known as subwavelength resonances,
subwavelength resonators behave as strong wave scatterers. Using layer potential
techniques and Gohberg-Sigal theory, we first derive a formula for the resonances
of a system of resonators of arbitrary shapes. Then, we derive an effective medium
theory for wave propagation in systems of resonators. We start with a multiple
scattering formulation of the scattering problem in which an incident wave impinges
on a large number of small, identical resonators in a homogeneous medium. Under
certain conditions on the configuration of the resonator distribution, the point
interaction approximation holds and yields an effective medium theory for the
system of resonators as the number of resonators tends to infinity. As a consequence,
below the resonant frequency of a single resonator, the obtained effective media
may be highly refractive, making the focusing of waves at subwavelength scales
achievable.

Then, we provide a mathematical theory for understanding the mechanism
behind the double-negative refractive index phenomenon in systems of subwave-
length resonators. The design of double-negative metamaterials generally requires
the use of two different kinds of subwavelength resonators, which may limit
the applicability of double-negative metamaterials. Herein we rely on media that
consists of only a single type of resonant element, and show how to turn the
metamaterial with a single negative effective property into a negative refractive
index metamaterial, which acts as a superlens. Using dimers made of two identical
resonators, we show that both effective material parameters can be negative near the
anti-resonance of the two hybridized resonances for a single constituent dimer of
subwavelength resonators.

Furthermore, we consider periodic structures of subwavelength resonators where
subwavelength band gap opening typically occurs. This can induce rich physics
on the subwavelength scale which cannot be understood by the standard homog-
enization theory. To demonstrate the opening of a subwavelength band gap, we
exploit the strong interactions produced by subwavelength resonators among the
cells in a periodic structure. We derive an approximate formula in terms of the
contrast for the quasi-periodic subwavelength resonant frequencies of an arbitrarily
shaped subwavelength resonator. Then, we consider the behavior of the first Bloch
eigenfunction near the critical frequency where a subwavelength band gap of the
periodic structure opens. For a square lattice, we show that the critical frequency
occurs at the corner of the Brillouin zone where the Bloch eigenfunctions are
antiperiodic. We develop a high-frequency homogenization technique to describe
the rapid variations of the Bloch eigenfunctions on the microscale (the scale of
the elementary crystal cell). Compared to the effective medium theory, an effective
equation can be derived only for the envelope of this first Bloch eigenfunction.

Defect modes and guided modes can be shown to exist in perturbed subwave-
length resonator crystals. We use the subwavelength band gap to demonstrate
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cavities and waveguides of subwavelength dimensions. First, by perturbing the size
of a single resonator inside the crystal, we show that this crystal has a localized
eigenmode close to the defect resonator. Further, by modifying the sizes of the
subwavelength resonators along a line in a crystal, we show that the line defect
acts as a waveguide; waves of certain frequencies will be localized to, and guided
along, the line defect.

Topological properties of periodic lattices of subwavelength resonators are also
considered, and we investigate the existence of Dirac cones in honeycomb lattices
and topologically protected edge modes in chains of subwavelength resonators.
We first show the existence of a Dirac dispersion cone in a honeycomb crystal
comprised of subwavelength resonators of arbitrary shape. The high-frequency
homogenization technique shows that, near the Dirac points, the Bloch eigenfunc-
tion is the sum of two eigenmodes. Each eigenmode can be decomposed into two
components: one which is slowly varying and satisfies a homogenized equation,
while the other is periodic and highly oscillating. The slowly oscillating components
of the eigenmodes satisfy a system of Dirac equations. This yields a near-zero
effective refractive index near the Dirac points for the plane-wave envelopes of the
Bloch eigenfunctions in a subwavelength metamaterial. The opening of a Dirac
cone can create topologically protected edge modes, which are stable against
geometric errors of the structure. We study a crystal which consists of a chain
of subwavelength resonators arranged as dimers (often known as an SSH chain)
and show that it exhibits a topologically non-trivial band gap, leading to robust
localization properties at subwavelength scales.

Finally, we present a bio-inspired system of subwavelength resonators designed
to mimic the cochlea. The system is inspired by the graded properties of the
cochlear membranes, which are able to perform spatial frequency separation. Using
layer potential techniques, the resonant modes of the system are computed and the
model’s ability to decompose incoming signals is explored.

This review is organized as follows. In Sect. 3.2, after stating the subwavelength
resonance problem and introducing some preliminaries on the layer potential
techniques and Gohberg-Sigal theory, we prove the existence of subwavelength
resonances for systems of resonators and show a modal decomposition for the
associated eigenmodes. Then, we study in Sect. 3.3 the behavior of the coupled
subwavelength resonant modes when the subwavelength resonators are brought
close together. In Sect. 3.4 we derive an effective medium theory for dilute systems
of subwavelength resonators. Section 3.5 is devoted to the spectral analysis of
periodic structures of subwavelength resonators. After recalling some preliminaries
on the Floquet theory and quasi-periodic layer potentials, we prove the occurrence of
subwavelength band gap opening in square lattices of subwavelength resonators and
characterize the behavior of the first Bloch eigenfunction near the critical frequency
where a subwavelength band gap of the periodic structure opens. In Sect. 3.6, we
consider honeycomb lattices of subwavelength resonators and prove the existence
of Dirac cones. We also study a chain of subwavelength resonators which exhibit a
topologically non-trivial band gap. Finally, in Sect.3.7, we present a graded array
of subwavelength resonators which is designed to mimic the frequency separation
proprieties of the cochlea. The review ends with some concluding remarks.
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3.2 Subwavelength Resonances

We begin by describing the resonance problem and the main mathematical tools we
will use to study a finite collection of subwavelength resonators.

3.2.1 Problem Setting

We are interested in studying wave propagation in a homogeneous background
medium with N e N disjoint bounded inclusions, which we label as

Dl,Dz,...,DNCR3.

We assume that the boundaries are all of class C'" with 0 < n < 1 and write
D=DiU---UDpy.

We denote the material parameters within the bounded regions D by pp, and «p,
respectively. The corresponding parameters for the background medium are p and
« and the wave speeds in D and R\ D are given by v, = +/kp/pp and v = /x/p.
We define the wave numbers as

w w

k=", ky= . @3.1)
v vp

We also define the dimensionless contrast parameter

Pb

§="". (3.2)
0

We assume that
8 < 1 while vy, = O(1) and v = O(1). 3.3)

This high-contrast assumption will give the desired subwavelength behaviour, which
we will study through an asymptotic analysis in terms of §.
For w € C, we study the scattering problem

Au+ku=0 inR3\ D,
Au+kju =0 in D,

uly —ul-=0 ondD,
0 0 34
52" — %"l =oonap, G9
|, . av|_
u(x) —u(x) satisfies the Sommerfeld radiation

condition as |x| — oo,
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where |, and |_ denote the limits from the outside and inside of D. Here, u'" is the
incident field which we assume satisfies Au’™ + k?u’™ = 0 in R? and Vu'"| ) =
O(w). We restrict to frequencies such that Re(k) > 0, whereby the Sommerfeld
radiation condition is given by

a
lim |x| —ik)u =0, (3.5)
|x|—o00 d|x|
which corresponds to the case where u radiates energy outwards (and not inwards).

Definition 3.2.1 (Subwavelength Resonant Frequency) We define a subwave-
length resonant frequency to be w = w(§) such that Re(w) > 0 and:

(i) there exists a non-trivial solution to (3.4) when u’" = 0,
(i1)) o depends continuously on § and is such that w(§) — 0 asé — 0.

The scattering problem (3.4) is a model problem for subwavelength resonators with
high-contrast materials. It can be effectively studied using representations in terms
of integral operators.

3.2.2 Layer Potential Theory on Bounded Domains and
Gohberg-Sigal Theory

The layer potential operators are the main mathematical tools used in the study
of the resonance problem described above. These are operator-valued holomorphic
functions, and can be studied using Gohberg-Sigal theory.

Layer Potential Operators

Let Slz) be the single layer potential, defined by
Splolx) == fd G'(x =P do(y), xeR’, (3.6)
D

where G¥(x) is the outgoing Helmholtz Green’s function, given by

elk\x\

, xeR? Rek) >0.
4 |x|

GrF(x) == —

Here, “outgoing” refers to the fact that G* satisfies the Sommerfeld radiation
condition (3.5). For k = 0 we omit the superscript and write the fundamental
solution to the Laplacian as G.
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For the single layer potential corresponding to the Laplace equation, S%, we
also omit the superscript and write Sp. It is well known that the trace operator
Sp : L*2(dD) — HY(3D) is invertible, where H!(d D) is the space of functions
that are square integrable on d D and have a weak first derivative that is also square
integrable. We denote by L(L%(dD), H' (3 D)) the set of bounded linear operators
from L2(d D) into H'(d D).

The Neumann-Poincaré operator ICIB* : L2(dD) — L%(3D) is defined by

. 3
’CIB [p1(x) := /8D 90 G*(x = y)p(y) do(y), xe€dD,

where d/dv, denotes the outward normal derivative at x € dD. For k = 0 we omit
the superscript and write K7,.

The behaviour of S]L‘) on the boundary d D is described by the following relations,
often known as jump relations,

Shiel|, = Shlel|_. 3.7)
and
ask[m‘ = j:11~|—le’* (9] (3.8)
v D + 2 D : :

When £ is small, the single layer potential satisfies
Sk =8p +kSp1 + K- Spo+kSps+ OKY), (3.9)

where the error term is with respect to the operator norm ||| 2125 ). #' (9 p))» and
the operators Sp p : L*(dD) — H'(8D) forn =1,2,3 are given by

in

Spaldlx) =—

A ,/ k= yI"'¢() do(y)  x €dD.
Tn: Jop

Moreover, we have
K* = K% + kK2Kpa + K Kp s + O, (3.10)

where the error term is with respect to the operator norm |||l 2123 p).22(s py) and
where

x—=y)v

Y (y)do(y),
lx — yl

1
Kpalolx) = 87 /BD
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and
Kpaldl = ) / (x = ) - vep(») do(¥),
T JaD

for x € 9 D. We have the following lemma from [11].

Lemma 3.2.1 Let N = 2. For any ¢ € L*>(dD) we have, fori = 1,2,

1 1
- 1+IC*>[ ]do =0, / ( 1+IC*)[ ]dng do,
/au,-( 2t TRD ) ap, \2 D) o, "
@

D (3.11)
/ Kpleldo = —/ Spleldx, / Kpalpldo =" " / do.
aD; D; aD; 47 Jap

A thorough presentation of other properties of the layer potential operators and
their use in wave-scattering problems can be found in e.g. [10].

Generalized Argument Principle and Generalized Rouché’s Theorem

The Gohberg-Sigal theory refers to the generalization to operator-valued functions
of two classical results in complex analysis, the argument principle and Rouché’s
theorem [10, 23, 24].

Let B and B’ be two Banach spaces and denote by £(3, B’) the space of bounded
linear operators from B into B’. A point z¢ is called a characteristic value of the
operator-valued function z > A(z) € L(B, B’) if A(z) is holomorphic in some
neighborhood of zg, except possibly at zo and there exists a vector-valued function
¢ (z) with values in B such that

(1) ¢(z) is holomorphic at zg and ¢ (z0) # O,
(i) A(z)¢(z) is holomorphic at zg and vanishes at this point.

Let V be a simply connected bounded domain with rectifiable boundary 9V
An operator-valued function A(z) is normal with respect to dV if it is finitely
meromorphic and of Fredholm type in V, continuous on 9V, and invertible for all
z€dV.

If A(z) is normal with respect to the contour dV and z;, j = 1,..., 0, are all
its characteristic values and poles lying in V, the full multiplicity M(A; dV) of
A(z) for z € V is the number of characteristic values of A(z) for z € V, counted
with their multiplicities, minus the number of poles of A(z) in V, counted with their
multiplicities:

M(A; V) =Y M(A(z))),

j=1
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with M (A(z;)) being the multiplicity of z;; see [10, Chap. 1].
The following results are from [24].

Theorem 3.2.2 (Generalized Argument Principle) Suppose that A(z) is an
operator-valued function which is normal with respect to 0V. Let f(z) be a scalar
function which is holomorphic in V and continuous in V. Then

1 4 d _ Z . .
o /8 T@AQ | Az = ;Mm&,))f(z,),

where zj, j = 1,...,0, are all the points in 'V which are either poles or
characteristic values of A(z).

A generalization of Rouché’s theorem to operator-valued functions is stated
below.

Theorem 3.2.3 (Generalized Rouché’s Theorem) Let A(z) be an operator-
valued function which is normal with respect to V. If an operator-valued function
S(z) which is finitely meromorphic in V and continuous on 0V satisfies the
condition

IA@ ' S@ e <1 zedV,
then A + S is also normal with respect to dV and

M(A;0V) = M(A+S;0V).

3.2.3 Capacitance Matrix Analysis

The existence of subwavelength resonant frequencies is stated in the following
theorem, which was proved in [1, 8] using Theorem 3.2.3.

Theorem 3.2.4 A system of N subwavelength resonators exhibits N subwavelength
resonant frequencies with positive real parts, up to multiplicity.

Proof The solution u to the scattering problem (3.4) can be represented as

in k 3
s Z:u +85[v1x), x eR3\ D, 512

S 1(x), x €D,

for some surface potentials (¢, V) € L?(dD) x L*(3D), which must be chosen
so that u satisfies the transmission conditions across d D. Using the jump relation
between S’Z) and ICIB*, we see that in order to satisfy the transmission conditions on
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d D the densities ¢ and ¥ must satisfy, for x € dD,

SpI9100) = SHII() = u" (x), | G13)
(—1+ KB )il = (31 + K ) i = 8% ).

Therefore, ¢ and i satisfy the following system of boundary integral equations:

A, §)[W] =F, (3.14)
where
Sy — Sk <¢> ui"
A B S) = D D , U = , F = .
% <_;1 + (KRt =831 + (K’;)*)) v 5o
(3.15)

One can show that the scattering problem (3.4) is equivalent to the system of
boundary integral equations (3.14). It is clear that A(w, §) is a bounded linear
operator from H := L?(dD) x L*>(dD) to H1 := H'(dD) x L*(dD). As defined
in Theorem 3.2.1, the resonant frequencies to the scattering problem (3.4) are the
complex numbers @ with positive imaginary part such that there exists a nontrivial
solution to the following equation:

Alw, $)[¥] =0. (3.16)

These can be viewed as the characteristic values of the holomorphic operator-valued
function (with respect to w) A(w, §). The subwavelength resonant frequencies lie in
the right half of a small neighborhood of the origin in the complex plane. In what
follows, we apply the Gohberg-Sigal theory to find these frequencies.

We first look at the limiting case when § = w = 0. It is clear that

(3.17)

Ao :=A(0,0)=< Sp _SD),

1
— I +K5 0

where Sp and K7}, are respectively the single layer potential and the Neumann—
Poincaré operator on d D associated with the Laplacian.

Since Sp : L2(dD) — H'(3D) is invertible in dimension three and Ker(— él +
K7,) has dimension equal to the number of connected components of D, it follows
that Ker(Ap) is of dimension N. This shows that w = 0 is a characteristic value for
the holomorphic operator-valued function A(w, 0) of full multiplicity 2N. By the
generalized Rouché’s theorem, we can conclude that for any 4, sufficiently small,
there exist 2N characteristic values to the holomorphic operator-valued function
A(w, 8) such that w,(0) = 0 and w, depends on § continuously. N of these
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characteristic values, w, = w,(8),n = 1,..., N, have positive real parts, and
these are precisely the subwavelength resonant frequencies of the scattering problem
(3.4). |

Our approach to approximate the subwavelength resonant frequencies is to study
the (weighted) capacitance matrix, which offers a rigorous discrete approximation
to the differential problem. The eigenstates of this N x N-matrix characterise, at
leading order in §, the subwavelength resonant modes of the system of N resonators.

In order to introduce the notion of capacitance, we define the functions v;, for
j=1,...,N,as

¥ =8y [xop, . (3.18)
where x4 : R® — {0, 1} is used to denote the characteristic function of a set A C
R3. The capacitance matrix C = (Cj;) is defined, fori, j = 1,..., N, as
Cij = —/ ¥ do. (3.19)
dD;

In order to capture the behaviour of an asymmetric array of resonators we need to
introduce the weighted capacitance matrix CY°! = (C"Ol) given by

1
|Di

C= Cij, (3.20)

which accounts for the differently sized resonators (see e.g. [11, 16, 17] for other
variants in different settings).
We define the functions S?, forn =1..., N, as

; 3
Sy (x) = {Sg[’»”n](x), xeR>\ D,
SD [Wn](x), X € D

Lemma 3.2.2 The solution to the scattering problem can be written, for x € R>, as

N
u@) U@ = Y anSP @) = Sh [ 51| (0 + O),

n=1

for coefficients g = (q1, . . ., gn) which satisfy, up to an error of order O (8w + w>),

11 Jop, Sp' "] do
(a) — 28 CVOI) =28

\D1N| faDN 81_)1[””11 do
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Proof Using the asymptotic expansions (3.9) and (3.10) for SZ and ICIB* in (3.13),
we can see that

Y =¢ —Sp'u"+ Ow),

and, further, that
1 w? 1
— 1+K% Kpr—68 I +K% =
( 2 + D+v§ D,2 (2 + D>>[¢]
1 .
—8(21+IC*D)SD1[M’"]+(’)(8a)+a)3). (3.21)

At leading order, (3.21) says that (— él + IC*D> [¢] = O so, in light of the fact that

{1, ..., ¥} forms a basis for Ker (— % I+ IC*D), the solution can be written as
N
= quin + O +9), (3.22)
n=1
for coefficients ¢ = (g1, ..., gn).

Finally, integrating (3.21) over d D;, for 1 <i < N, gives us that
—w2/ Spleldx — v,f@/ pdo = —vgsf Sp'[u'"] do,
D; aD; 0D;

up to an error of order O(8w + w?). Substituting the expression (3.22) gives the
desired result. |

Theorem 3.2.5 As § — 0, the subwavelength resonant frequencies satisfy the
asymptotic formula

oy = \/vgxna —it.8 + O8?),
forn=1,..., N, where A, are the eigenvalues of the weighted capacitance matrix
C°! and t, are non-negative real numbers that depend on C, v and vp.

Proof 1f u" = 0, we find from Lemma 3.2.2 that there is a non-zero solution to the
resonance problem when w?/ v,%S is an eigenvalue of C¥°!, at leading order.
To find the imaginary part, we adopt the ansatz

0, = \/vgxns —it,8 + O@32). (3.23)
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Using a few extra terms in the asymptotic expansions for S’l‘) and ICIB*, we have that

kp — k N
_ 2
v =¢+ i (HEZII/f,,>/a ¢ do + O(w?),

and, hence, that
1 * 2 3 1 *
_21+K:D +kh’CD,2+kaCD,3_8 21+ICD [¢]

S(kh —k) (Z‘/fn)/ ¢ do = OG* + ).

We then substitute the decomposition (3.22) and integrate over aD;, for i =

1, ..., N, to find that, up to an error of order O(8w2 + a)4), it holds that
2 3 Swif/1 1

(— © = CLIC+8C + “”( = )CVO‘Jc>q =0,
v, 4mv;, 4w \vp v

where J is the N x N matrix of ones (i.e. J;; = 1foralli,j =1,..., N). Then,
using the ansatz (3.23) for w, we see that, if v, is the eigenvector corresponding to
A, it holds that

2
vy v, -CJCv
= 0 (3.24)
8mv v, I
where we use the norm ||x|p := (Zl L IDj|x?) Y2 for x € RN. Since C is
symmetric, we can see that 7, > 0. m]

It is more illustrative to rephrase Lemma 3.2.2 in terms of basis functions that
are associated with the resonant frequencies. Denote by v, = (v, ..., Un,) the
eigenvector of C"°! with eigenvalue A,,. Then, we have a modal decomposition with
coefficients that depend on the matrix V = (v;, ;), assuming the system is such that
V is invertible. The following result follows from Lemma 3.2.2 by diagonalising the
matrix CV°!,

Lemma 3.2.3 Suppose that the resonators’ geometry is such that the matrix of
eigenvectors V is invertible. We define the functions

N
n(x) =Y vin Splyil(x), (3.25)

i=1
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forn=1,...,N. Then if © = O(+/8) the solution to the scattering problem can be
written, for x € R3, as

N
0 () = () = w00 = Y ann () = Sp [ ' 4" () + O(@),

n=1
for coefficients which satisfy, up to an error of order O(w?),
an(@® — wy) = —Av, Re(wn)?,
where v, = Zjv:l [V_l],,,j, i.e. the sum of the n row of V1.
Remark 3.2.1 When N = 1, the subwavelength resonant frequency w is called the
Minnaert resonance. By writing an asymptotic expansion of A(w, §) in terms of §

and applying the generalized argument principle (Theorem 3.2.2), one can prove
that w; satisfies as § goes to zero the asymptotic formula [8]

Cap, . Cap%vl% 3
= 8 — 3] +0(@2), 3.26
1 \/|D| vp/ 1<8M|D| +0(82) (3.26)
::-Z)-M h Z:‘;‘M -
where
Capp, := —/ Sp'lxap] do (3.27)
aD

is the capacity of dD. Moreover, the following monopole approximation of the
scattered field for w near wys holds [8]:

u (x) = g(@. 8, D)(1+ o(1)u"(0)G* (), (3.28)
with the origin 0 € D and the scattering coefficient g being given by

Capp

w,8,D) = N
N e

(3.29)

where the damping constant yyy is given by

__ (w+w)Cappw  (v—1up) vbCap2D5
Ym = 8oy v  87|D|w’

This shows the scattering enhancement near wjy.
When N = 2, there are two subwavelength resonances with positive real part for
the resonator dimer D. Assume that D and D, are symmetric with respect to the



36 H. Ammari et al.

origin 0 and let C;;, for i, j = 1, 2, be defined by (3.19). Then, as § — 0, by using
Lemma 3.2.1 it follows that [11]

w1 = (C11 + Cr2)upV/8 —it1 8 + O(8%/?), (3.30)
=om,1
wr = /(C11 — C1o)upV/s +8320 +18%7 + O(8/?), (3.31)
=wM 2

where 7)) and 7, are real numbers determined by D, v, and vp, and

U}% 2
T = (C11 4+ Cr2)".
4mv

The resonances w; and w; are called the hybridized resonances of the resonator
dimmer D.

On the other hand, the resonator dimer can be approximated as a point scatterer
with resonant monopole and resonant dipole modes. Assume that D; and D, are
symmetric with respect to the origin. Then for @ = O(§'/%) and § — 0, and |x|
being sufficiently large, we have [11]

w(x) = g% (0)G* (x)

monopole
. 3.32
+ VU (0) - g (@) VG (x) +O(61x| ), (332)

dipole

where the scattering coefficients g%w) and g (w) = (gl.lj (w)) are given by

1,1
gw) = c 5 : , (14 06'%), €1, 1) :=Ci1+ Cia+ Ca1 + Ca2,
1 —owi/o
(3.33)
gj;(@) =/ Sy Ixil)y; — o P?5;18)1, (3.34)
Y on T DIl - w}/w?) !
with

P = /au Y — ¥2)(y) do(y), (3.35)

Vi, fori =1, 2, being defined by (3.18), and §;; and § 1 being the Kronecker delta.
As shown in (3.28)—(3.29), around wjy, a single resonator in free-space scatters
waves with a greatly enhanced amplitude. If a second resonator is introduced,
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coupling interactions will occur giving according to (3.32) a system that has both
monopole and dipole resonant modes. This pattern continues for larger number N
of resonators [1].

Remark 3.2.2 The invertibility of V is a subtle issue and depends only on the
geometry of the inclusions D = Dj U --- U Dy. In the case that the resonators
are all identical, V is clearly invertible since C¥°' is symmetric.

Remark 3.2.3 In many cases 7, = 0 for some n (see for instance formula (3.31)),
meaning the imaginary parts exhibit higher-order behaviour in §. For example, the
second (dipole) frequency for a pair of identical resonators is known to be O(5?)
[11]. In any case, the resonant frequencies will have negative imaginary parts, due
to the radiation losses.

3.3 Close-to-Touching Subwavelength Resonators

In this section, we study the behaviour of the coupled subwavelength resonant
modes when two subwavelength resonators are brought close together. We consider
the case of a pair of spherical resonators and use bispherical coordinates to
derive explicit representations for the capacitance coefficients which, as shown in
Theorem 3.2.5, capture the system’s resonant behaviour at leading order. We derive
estimates for the rate at which the gradient of the scattered wave blows up as the
resonators are brought together.

For simplicity, we study the effect of scattering by a pair of spherical inclusions,
D1 and Dy, with the same radius, which we denote by r, and separation distance
¢ (so that their centres are separated by 2r 4 ¢). We refer to [17] for the case of
arbitrary sized spheres.

We choose the separation distance ¢ as a function of § and will perform an
asymptotic analysis in terms of §. We choose ¢ to be such that, for some 0 < 8 < 1,

e~e 8 ass 0. (3.36)

As we will see shortly, with € chosen to be in this regime the subwavelength resonant
frequencies are both well behaved (i.e. ® = w(§) — 0 as § — 0) and we can
compute asymptotic expansions in terms of §.

From Theorem 3.2.5 (see also Remark 3.2.1), there exist two subwavelength
resonant modes, u1 and up, with associated resonant frequencies w; and w, with
positive real part, labelled such that Re(w;) < Re(wy).
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3.3.1 Coordinate System

The Helmholtz problem (3.4) is invariant under translations and rotations so we are
free to choose the coordinate axes. Let R; be the reflection with respect to dD;
and let p; and p; be the unique fixed points of the combined reflections R; o Ry
and Ry o Ry, respectively. Let n be the unit vector in the direction of p, — p;. We
will make use of the Cartesian coordinate system (x1, x2, x3) defined to be such that
p = (p1 + p2)/2 is the origin and the x3-axis is parallel to the unit vector n. Then
one can see that [27]

P1 = (07 05 _Of) and p2 = (05 07 a)a (337)
where
4
o Ve ;+€). (3.38)

Moreover, the sphere D; is centered at (0, O, ¢;) where

¢ = (—=1)ivVr? +a2. (3.39)

We then introduce a bispherical coordinate system (£, 8, ¢) which is related to
the Cartesian coordinate system (x1, x2, x3) by

o sinf cos @ o sin 6 sin @ o sinh &
x| = , X2 = , X3 = , (3.40)
cosh& — cos 6 cosh& — cos 6 cosh& — cos6

and is chosen to satisfy —0o < £ < 00,0 <6 < w and 0 < ¢ < 2m. The reason
for this choice of coordinate system is that d D and d D, are given by the level sets

D = (£ = —sinh~! (‘:) }, 9D, = (£ =sinh”! (‘:) L (341

This is depicted in Fig. 3.1 (for arbitrary sized spheres). The Cartesian coordinate
system is chosen so that we can define a bispherical coordinate system (3.40) such
that the boundaries of the two resonators are convenient level sets.

Fig. 3.1 Two
close-to-touching spheres,
annotated with the bispherical
coordinate system outlined in
Sect.3.3.1
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3.3.2 Resonant Frequency Hybridization and Gradient
Blow-Up

Firstly, the resonant frequencies are given, in terms of the capacitance coefficients,
by (see (3.30) and (3.31))

3v£
w1 =48, 5 (Ci1+ Cr2) + 00),
or

(3.42)
3v§
wr =48 ", (Ci1 — C12) + O().
dmr
Further to this, the capacitance coefficients are given by
> (2n+1éo
~ e
Cll = C22 = 87'[0{2(:) 62(2n+1)§0 _ 1,
" (3.43)

(0.¢]
- 1
Cio = Co1 = —87G ) | Q22+ _ 1
n=0

where
q = /e(r+¢/4), £ := sinh™! <a>.
,

From [30], we know the asymptotic behaviour of the series in (3.43) as &y — O,
from which we can see that as ¢ — 0,

C = 27:;7 [y +2In2 +1In(Vr) —In(Ve)] + OCe),
0 (3.44)

Ci» = —271;; [¥ +1In(Vr) —In(Ve)] + O(e),

where y &~ 0.5772 ... is the Euler-Mascheroni constant.
Combining (3.42) and (3.44) we reach the fact that the resonant frequencies are
given, as § — 0, by

3v71In2
W] =4/6 2 + O ¢),

(3.45)
wp = \/5;:’3 <ln (;) +2y +21n2) +0O (Ja) .
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Thus, the choice of & ~ o187
that w; ~ +/8 and w, ~ 8P/,

The two resonant modes, 11 and u2, correspond to the two resonators oscillating
in phase and in antiphase with one another, respectively. Since the eigenmode u»
has different signs on the two resonators, Vi, will blow up as the two resonators
are brought together. Conversely, u; takes the same value on the two resonators
so there will not be a singularity in the gradient. In particular, if we normalise the
eigenmodes so that for any x € D

, where 0 < 8 < 1, means that as § — 0 we have

lim ~ 1, lim ~ 1, 3.46
lim 1 () lim Jux(x)| (3.46)
then the choice of ¢ to satisfy the regime & ~ e~/ """ means that the maximal

gradient of each eigenmode has the asymptotic behaviour, as § — 0,

1
max |Vui(x)| ~ 1, max |Vuy(x)| ~ . (3.47)
xeR3\D xeR3\D &

By decomposing the scattered field into the two resonant modes, we can use (3.47)
to understand the singular behaviour exhibited by the acoustic pressure. The solution
u to the scattering problem (3.4) with incoming plane wave u'" with frequency
w= (’)(51/2) is given, for x € R3 \ D, by

u(x) = u"(x) + aui (x) + bur(x), (3.48)

where the coefficients a and b satisfy, as § — 0, the equations
2 2 8 ”13 1y, in B
a(w” — wy) = Sp [u'"]do + O(S7),
ID| Jap

2 A
b(wz _ w%) _ _(va (/ Sgl[uin] dU _ |Dl| SBl[uin] dU) + O(Sﬁ),
IDI \Jap, |D2| Jop,

With,é :=min(2 — B, 3/2) and | D| being the volume of D = D; U D».

3.4 Effective Medium Theory for Subwavelength Resonators

3.4.1 High Refractive Index Effective Media

We consider a domain §2 which contains a large number of small, identical
resonators. If Dg is a fixed domain, then for some r > 0 the N resonators are
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given, for 1 < j < N, by

DSIJV —rDo+Z

for positions z . We always assume that r is sufficiently small such that the

resonators are not overlapping and that Dr N = U =1 Dr Neg.
We find the effective equation in the spe01ﬁc case that the frequency w = O(1)
and satisfies

1— ("24 )2 = Bor®, (3.49)

for some fixed 0 < g9 < 1 and constant Sg. We note that there are two cases
depending on whether w > wys or < wy. In the former case, By > 0 while in the
latter case we have By < 0.

Moreover, we assume that there exists some positive number A independent of
N such that

rITN = A and A is large. (3.50)

Since the resonators are small, we can use the point-scatter approximation from
(3.28) to describe how they interact with incoming waves. To do so, we must make
some extra assumptions on the regularity of the distribution {z? : 1 < j < N}
so that the system is well behaved as N — oo (under the assumption (3.50)). In
particular, we assume that there exists some constant 7 such that for any N it holds
that

n
min |z

minlz!' — 2l s (3.51)

and, further, there exists some 0 < &1 < 1 and constants C1, C» > 0 such that for
allh > 2yN~1/3,

1
> Jp = <C|N|h|™®,  uniformlyforallx € 2,  (3.52)
le—z |zh | |
> v, <CaNIh|,  uniformly forall x € 2. (3.53)
N1 <|x Y| <3h o=l
Finally, we also need that
o= 0 oy (3.54)
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If we represent the field that is scattered by the collection of resonators

N
rN _ r,N
oy =J b5
j=1
as

y w0+ SE NI, x e RO\ DY,
u'(x) = 0
S5 n oV, x e DG,

0

for some ¥V, oM € L%(d DS’N), then we have the following lemma, which follows
from [6, Proposition 3.1]. This justifies using a point-scatter approximation to
describe the total incident field acting on the resonator D(r)’]}/ and the scattered field

due to D(’)’]]\.] , defined respectively as

i N =4 3 Syt and Y = S,
i#] ’ ’

Lemma 3.4.1 Under the assumptions (3.49)—(3.54), it holds that the total incident
field acting on the resonator D(r)ljv is given, at zﬁy , by

: . rCapp, .
D =G Dy oy O =D,
i#] ®

up to an error of order O(N~2). Similarly, it holds that the scattered field due to
the resonator DSIJV is given, at x such that |x — zﬁ.vl >r, by

) rCapp, .
Wy @) = G = DD,
w

up to an error of order O(N 2 4+ r|x — zj.vlfl).

In order for the sums in Lemma 3.4.1 to be well behaved as N — oo, we make
one additional assumption on the regularity of the distribution: that there exists a
real-valued function V € C'(£2) such that for any f € C®%(£2), with0 < « < 1,

there is a constant C3 such that

maxi<jen | § Xig; GGY =GN = [o G = V() F() dy

1
=G o llcoeg)-
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Remark 3.4.1 Tt holds that V > (). If the resonators’ centres {zj.v :j=1,...,N}
are uniformly distributed, then V will be a positive constant, V=1 /182].

Under all these assumptions, we are able to derive effective equations for the
system with an arbitrarily large number of small resonators. If we let 3 € (0, é),
then we will seek effective equations on the set given by

Y = {x eRY:x— 2] = No forall 1 < j < N}, (3.56)

which is the set of points that are sufficiently far from the resonators, avoiding the
singularities of the Green’s function. The following result from [6] holds.

Theorem 3.4.1 Letw < wy. Under the assumptions (3.50)—~(3.55), the solution u™

to the scattering problem (3.4) with the system of resonators DS’N = Ujv:l D(r)]jv
converges to the solution of

AC ~
(A+k2— ;fDOV(x))u(x)zo, xeQ,
(A+k*)ux) =0, x e R3\ 2,
uly =ul- onds2,

as N — oo, together with a radiation condition governing the behaviour in the far
field, which says that uniformly for all x €Y, 51;] it holds that

i 1—¢ 1—¢
¥ ) — uy) < oy o0 e
By our assumption, k = O(1), V = O(1), and iy < 0. When
—ACapp, /fo > 1,

we see that we have an effective high refractive index medium. As a consequence,
this together with [5] gives a rigorous mathematical theory for the super-focusing
experiment in [29]. Similarly to Theorem 3.4.1, if @ > wy, to the scattering
problem (3.4) with the system of resonators DS’N converges to the solution of the
following dissipative equation

(a+82= "0 Tw)uw =0, xee.
(A+k*)ux) =0, x eR3\ 2,

uly =ul- on ds2,
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x as N — o0, together with a radiation condition governing the behaviour in the far
field, which says that uniformly for all x € Yg it holds that

N 7min{ 17680 162,63, 1383 }
lu™ (x) —ux)| < CN .

Remark 3.4.2 At the resonant frequency @ = wyy, the scattering coefficient g
defined by (3.29) is of order one. Thus each scatterer is a point source with
magnitude one. As a consequence, the addition or removal of one resonator from
the medium affects the total field by a magnitude of the same order as the incident
field. Therefore, we cannot expect any effective medium theory for the medium at
this resonant frequency.

3.4.2 Double-Negative Metamaterials

In this subsection, we show that, using dimers of identical subwavelength res-
onators, the effective material parameters of dilute system of dimers can both be
negative over a non empty range of frequencies [11]. As shown in (3.32), a dimer
of identical subwavelength resonators can be approximated as a point scatterer
with monopole and dipole modes. As seen before, it features two slightly differ-
ent subwavelength resonances, called the hybridized resonances. The hybridized
resonances are fundamentally different modes. The first mode is, as in the case of
a single resonator, a monopole mode, while the second mode is a dipole mode.
The resonance associated with the dipole mode is usually referred to as the anti-
resonance.

For an appropriate volume fraction, when the excitation frequency is close to the
anti-resonance, a double-negative effective p and « for media consisting of a large
number of dimers with certain conditions on their distribution can be obtained. The
dipole modes in the background medium contribute to the effective p while the
monopole modes contribute to the effective «.

Here we consider the scattering of an incident plane wave u” by N identical
dimers with different orientations distributed in a homogeneous medium in R3. The
N identical dimers are generated by scaling the normalized dimer D by a factor
r, and then rotating the orientation and translating the center. More precisely, the
dimers occupy the domain

DN = UlsjsNDj-V,

where D;V = z?] +rRyyDforl < j <N, with zj.v being the center of the dimer
J
D;V , I being the characteristic size, and R v being the rotation in R? which aligns

the dimer DY in the direction d%. Here, d¥ is a vector of unit length in R3. For
simplicity, we suppose that D is made of two identical spherical resonators. We also
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Fig. 3.2 Illustration of the dilute system of subwavelength dimers

assume that 0 < r < 1, N > 1 and that {zi.V 11 < j < N} C £2 where 2 is a
bounded domain. See Fig. 3.2.

The scattering of waves by the dimers can be modeled by the following system
of equations:

o v w? N .3
V. Vu' 4+ u” =0 inR’\DV,

0 K

1 N »? N . N
V. Vu' + u' =0 in D",

b Kb
uf —u¥ =0 on BDN, (3.57)
1 dul 1 auV

N - N =0 ondD",
p Ov +  Pb v |_
uV — u™ satisfies the Sommerfeld radiation condition,

where 1" is the total field.
We make the following assumptions:

(i) 8 = wu?r? for some positive number > 0;
() o = om2 + ar? for some real number a < M3ﬁ1, where w)y > is defined in
(3.31);
(iii) ¥ N = A for some positive number A > 0;
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(iv) The dimers are regularly distributed in the sense that

IiI;Ei?IZ,N — N =N,
for some constant n independent of N;

(v) There exists a function Vec 1(£2) such that for any f e C%*(£2) with
0 < a < 1, (3.55) holds for some constant C independent of N;

(vi) There exists a matrix valued function B € CY(£2) such that for f €
€% (2))3 with0 <o < 1,

1 ~
max | ;(f(zfv) M@l - vera) - - fg FOBY,GH(y —2f) dy]

1
<C , o
=N £ llco (2)

for some constant C independent of N;
(vii) There exists a constant C > 0 such that

1 1 1 1
max Z <C max Z <C
j N N, — ’ . N N — ’
I<jsN N oy lz; =z | 1<j<sN N vy |2 — 2] 2
foralll < j <N.
We introduce the two constants
~ _ 2(Cn+Cn) ~1_ nvi )
L —wjy /oy, 2|Dlwy 2 (131 — a)

where P is defined by (3.35), was,1 and w2 are the leading orders in the asymptotic

expansions (3.30) and (3.31) of the hybridized resonant frequencies as § — 0, and
the two functions

I inR3\ £,
M, = oy )
I1—Ag B in £2,

and
k> inR3\ 2,
M, = -
k> — AV in .

The following result from [11] holds.
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effective properties

_6 1 1 1 1 1 1 1 1
4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6

frequency w

Fig. 3.3 Effective properties of the homogenized medium

Theorem 3.4.2 Suppose that there exists a unique solution u to
V- -Mi(x)Vu(x) + My(x)u(x) =0 in R3, (3.58)

such that u — u™ satisfies the Sommerfeld radiation condition at infinity. Then,
under assumptions (i)—(vii), we have u™ (x) — u(x) uniformly for x € R3 such that
|x —ijl > N~ foralll < j <N.

Note that from (3.43), it follows that wps 2 > wp,1. Therefore, for large A, both
the matrix M) and the scalar function M> are negative in £2. See Fig. 3.3.

3.5 Periodic Structures of Subwavelength Resonators

In this section we investigate whether there is a possibility of subwavelength band
gap opening in subwavelength resonator crystals. We first formulate the spectral
problem for a subwavelength resonator crystal. Then we derive an asymptotic for-
mula for the quasi-periodic resonances in terms of the contrast between the densities
outside and inside the resonators. We prove the existence of a subwavelength band
gap and estimate its width.
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3.5.1 Floquet Theory

Let f(x) forx € R?, d = 1,2, 3, be a function decaying sufficiently fast. We let
l1,...,14 be linearly independent lattice vectors, and define the unit cell Y and the

lattice A as
d d
Y:{anln O<sn<l}, A::anln qneN}.
n=1 n=1
ULFIx ) =) flx —n)e™. (3.59)

The Floquet transform of f is defined as:
neA

This transform is an analogue of the Fourier transform for the periodic case. The
parameter « is called the quasi-periodicity, and it is an analogue of the dual variable
in the Fourier transform. If we shift x by a period m € A, we get the Floquet
condition (or quasi-periodic condition)

ULF1(x +m, ) = UL f(x, «), (3.60)

which shows that it suffices to know the function Y[ f](x, &) on the unit cell Y in
order to recover it completely as a function of the x-variable. Moreover, U[ f](x, )
is periodic with respect to o:

ULf1x,a+q) =U[fl(x,a), q € A*. (3.61)

Here, A* is the dual lattice, generated by the dual lattice vectors o1, . . ., ag defined
through the relation

liaj = 2mé;j, 0<i,j<d.

Therefore,  can be considered as an element of the torus R? /A*. Another way of
saying this is that all information about U[ f](x, ) is contained in its values for
in the fundamental domain Y* of the dual lattice A*. This domain is referred to as
the Brillouin zone and is depicted in Fig. 3.4 for a square lattice in two dimensions.

The following result is an analogue of the Plancherel theorem when one uses
the Fourier transform. Suppose that the measures do and the Brillouin zone Y* are
normalized.

The following theorem holds [28].

Theorem 3.5.1 (Plancherel-Type Theorem) The transform

U: L*RY — L2(Y*, L*(Y))
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Fig. 3.4 (First) Brillouin A
zone for a square lattice in

two dimensions, with the a 2
symmetry points I", X and

M . The highlighted triangle is
known as the reduced
Brillouin zone

y

is isometric. Its inverse is given by
U-'lglx) = / g(x, @) da,
Y*

where the function g(x, &) € L*>(Y xY*) is extended from Y to all x € R according
to the Floquet condition (3.60).

Consider now a linear partial differential operator L(x, d,), whose coefficients
are periodic with respect to A. Due to periodicity, the operator commutes with the
Floquet transform

UILf1(x, @) = L(x, 0)U[f1(x, o).

For each «, the operator L(x, d,) now acts on functions satisfying the corresponding
Floquet condition (3.60). Denoting this operator by L(«), we see that the Floquet
transform U/ expands the periodic partial differential operator L in L*(R?) into the
direct integral of operators

(&)
/ L(e) do. (3.62)

*

If L is a self-adjoint operator, one can prove the main spectral result:

(L) = U o(L(a)), (3.63)

aeY*



50 H. Ammari et al.

where o denotes the spectrum.

If L is elliptic, the operators L (o) have compact resolvents and hence discrete
spectra. If L is bounded from below, the spectrum of L («) accumulates only at +oco.
Denote by ., (o) the nth eigenvalue of L(«) (counted in increasing order with their
multiplicity). The function o + p, () is continuous in Y*. It is one branch of the
dispersion relations and is called a band function. We conclude that the spectrum
o (L) consists of the closed intervals (called the spectral bands)

[min (@), max wy (Ol)} ,

where miny p, () — +00 whenn — +o0.

3.5.2 Quasi-Periodic Layer Potentials

We introduce a quasi-periodic version of the layer potentials. Again, we let Y and
Y* be the unit cell and dual unit cell, respectively. Let § be the Dirac delta function.
For a € Y*, the function G*¥ is defined to satisfy

(A +E)G (x, ) = Y 8(x —y —n)e™,

meA

where G** is a-quasi-periodic, i.e., e ¥ *G*K(x, y) is periodic in x with respect
to Y. It is known that G*¥ can be written as

el@+q)-(x—y)

Ga,k(x’ y) o Z

Lk = lat gl

if k # |a + g| for any g € Y*. We remark that

k 0 # 0 20 ellerart=y)
G*(x,y) =G0, y) =GP (x — y) == G0, y) = D K Y

2(1+1)
21 gearlxtdl

(3.64)
when o # 0, and k — 0.

We let D be as in Sect.3.5.4 and additionally assume D & Y. Then the quasi-
periodic single layer potential SO‘D’k is defined by

S Ip1) = /aD G (x, () do(y), xeR’. (3.65)
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It satisfies the following jump formulas:

Sy1], = S5'le)| .
and

0

1 —a *
avsjg"[qs]‘i - (:tzl + (gt )[¢] on dD,

where (ICB“’k)* is the operator given by

B 0]
K80 = [0 G e o)

p Ovx

We remark that Sg’o : L>(dD) — H'(3D) is invertible for « # 0 [10]. Moreover,
the following decomposition holds for the layer potential S“D’k:

S5t =Sy + K288+ O%*)  with 8% |[¥] = /aD GY*(x — )Y (y) do (y),
(3.66)

where the error term is with respect to the operator norm .l 2 24py. #'(9D))-
Furthermore, analogously to (3.10), we have

Kp™y" = (K" + 12K, | + O, (3.67)

where the error term is with respect to the operator norm ||| £ (123 p). L2(a Dy)-
Finally, we introduce the a-quasi capacity of D, denoted by Capp, ,,

Capp, = /Y I

where u is the «¢-quasi-periodic harmonic functionin ¥ \ D with u = 1 on dD. For

—1
o # 0, we have u(x) = S%° (3;;0> [xsp](x) forx € Y \ D and

.0\ !
Capp == [ (55°) Daanlon do). (3.68)
oD

Moreover, we have a variational definition of Capy, ,. Indeed, let C3°(Y) be the set
of C* functions in ¥ which can be extended to C* a-quasi-periodic functions in
R3. Let H, be the closure of the set CX(Y)in H'(Y),andletV, :={veHy:v=
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1 on 0 D}. Then we can show that

Capp , = rnin/ |Vol* dy.
’ Y\D

veV,

3.5.3 Square Lattice Subwavelength Resonator Crystal

H. Ammari et al.

(3.69)

We first describe the crystal under consideration. Assume that the resonators occupy
U, ez4 (D + n) for a bounded and simply connected domain D € Y with dD € C!-"
with 0 < n < 1. See Fig.3.5. As before, we denote by pp and k; the material
parameters inside the resonators and by p and « the corresponding parameters for
the background media and let v, vp, k, and k;, be defined by (3.1). We also let the
dimensionless contrast parameter § be defined by (3.2) and assume for simplicity

that v, /v = 1.

To investigate the phononic gap of the crystal we consider the following

o —quasi-periodic equation in the unit cell ¥ = [—1/2, 1/2)3:

1 w? .
V- Vu+ u=0 in Y\D,
0 K
1 w? .
V. Vu+ u=0 in D,
Pb Kp
ul —ul-=0 on 9D,
10 10
o " =0 on 0D,
pov|, ppdv|_
e '“*u is periodic.

(3.70)

By choosing proper physical units, we may assume that the resonator size is of
order one. We assume that the wave speeds outside and inside the resonators are

comparable to each other and that condition (3.3) holds.

O O 0
O10]0
O O O

Fig. 3.5 Illustration of the square lattice crystal and quantities in Y’
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3.5.4 Subwavelength Band Gaps and Bloch Modes

As described in Sect. 3.5.1, the problem (3.70) has nontrivial solutions for discrete
values of w such as

0<of <o <--

and we have the following band structure of propagating frequencies for the given
periodic structure:

[0, max w}] U [minw§, max 0§ ] U [min w7, max w3 ]U--- .
o o o o o

A non-trivial solution to this problem and its corresponding frequency is called
a Bloch eigenfunction and a Bloch eigenfrequency. The Bloch eigenfrequencies
a):?‘, i = 1,2,... with positive real part, seen as functions of «, are the band
functions.

We use the quasi-periodic single layer potential introduced in (3.65) to represent
the solution to the scattering problem (3.70) in ¥ \ D. We look for a solution u

of (3.70) of the form:

_|s3fw1 v\ D,

- 3.71
:s’g’[wb] in D, G710

for some surface potentials v/, ¥, € L?(d D). Using the jump relations for the single
layer potentials, one can show that (3.70) is equivalent to the boundary integral
equation

Alw, §)[¥] =0, (3.72)

where

kp _Qu.k
Alw,8) = 1SD Ky, 1 SDfak* ’W:(wb).
M+ KT =81+ () v
As before, we denote by

H =L*@D) x L>(D) and H;= H'(3D) x L>(D).

It is clear that A(w, &) is a bounded linear operator from H to H;, i.e. A(w, §) €
L(H, Hy). We first look at the limiting case when § = 0. The operator A(w, §) is a



54 H. Ammari et al.

perturbation of

(s s
Alw, 0) = (—él . /Clg”* 0 ) . (3.73)
We see that wg is a characteristic value of A(w,0) if and only if (wov, 1)2
is a Neumann eigenvalue of D or (wov~!)? is a Dirichlet eigenvalue of Y\D
with a-quasi-periodicity on 0Y. Since zero is a Neumann eigenvalue of D, O is
a characteristic value for the holomorphic operator-valued function A(w, 0). By
noting that there is a positive lower bound for the other Neumann eigenvalues of D
and all the Dirichlet eigenvalues of Y\ D with «-quasi-periodicity on Y, we can
conclude the following result by the Gohberg-Sigal theory.

Lemma 3.5.1 For any § sufficiently small, there exists one and only one charac-
teristic value wy = wo(8) in a neighborhood of the origin in the complex plane to
the holomorphic operator-valued function A(w, §). Moreover, wy(0) = 0 and wy
depends on § continuously.

Asymptotic Behavior of the First Bloch Eigenfrequency w‘l"

In this section we assume « # 0. We define

SD _Sa,O
Ap := A(0,0) = ( . D ) , (3.74)
-3 +Kp 0

and let Aj : H1 — H be the adjoint of Ag. We choose an element ¥y € L2(3D)
such that

1
(— 31+ Kpwal=0. [ wo=t.
aD

We recall the definition (3.27) of the capacity of the set D, Capp,, which is equivalent
to

1
Splvol = _Cap onaD. (3.75)
D

Then we can easily check that Ker(Ag) and Ker(.Aj) are spanned respectively by

we(3) m ()
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where {ﬁo = (8‘2‘)’0)’18 pl¥ol. We now perturb A by a rank-one operator Py from

H to H1 given by Po[¥] := (¥, ¥)) Do, and denote it by :AH) = Ao + Py. Then the

followings hold:

(i) Ao[%ol = [[¥o]I>Po. Ao” [Po] = || Poll*%o:

(ii) The operator Ap and its adjoint A~ are invertible in L(H, H1) and L(H1, H),
respectively.

Using (3.9), (3.10), (3.66), and (3.67), we can expand A(w, §) as

A, 8) := Ay + B(@, 8) = Ag + 0 A1 0 + 0> Az + 0 Az 0 + 8401 + S0* Az
+O(jol* + [80’)).

(3.76)
where
-1 -2 -2 ca -3
v, Sp10 v, “Spa —v~°S v, " Sp3 0
Aio=|(""? ’ , Aro=|[ " ’ D), A= "2 ’ ,
1o ( 0 0) >0 <Ub_2’CDs2 0 30 vy, 3/CD,3 0

0 0 0 0
o= (o ~(+ (/c;“*‘))*))’ s (0 —sz%,l)‘

From the above expansion, it follows that

. -1
icicov, Capp
— ) 1)
Cap) by T (3.77)
+O0(wl* + 18] lo|* + 181,

Alw, §) = —w?

where
Ioll?
Cl = ~ . (378)
1¥oll* + 1¥oll?
and
o ::/ wo (1/2+ K" [xap] do. (3.79)
oD

We now solve A(w, §) = 0. It is clear that § = O(»?) and thus wo(8) = O(V$).
We write

w0(8) = a182 + azs + O(82),
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and get
v, 2|D| | 5 \2 e, | D | 3\3
_ (a182 s+ 0(52)) - (a182 s+ 0(52))
Capp 4
iclczvlleapD 3 2 5 9
tos+ (@63 +a28? + 063)) + 0@ =0.
TT

. 3 .
From the coefficients of the § and §2 terms, we obtain

-2
v, “ID|
- % b +c=
Capp
and
-2 . -3 . -1
—v, 7| D| sicivy 7| D] icicov, " Capp
2a1a3 —a 1 =0,
Capp 4 4
which yields

From the definition (3.68) of the a-quasi-periodic capacity, it follows that

CapD,a
cy = .
Capp

Therefore, the following result from [7] holds.

Theorem 3.5.2 For o # 0 and sufficiently small §, we have

Ca
0¥ = wM\/ Poo o532,
Capp
where wyy is defined in (3.26) by

8Capp
wpy = Vp.
\/ D)

(3.80)
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Now from (3.80), we can see that

3 \/CapD,a
OM .o ‘= OM -0
Capp

as a« — 0 because
(/21 + K (S5 xan] = 0,

and so CapD’a — 0 as o — 0. Moreover, it is clear that wy o lies in a small
neighborhood of zero.

We define a)}< = maxy Wy . Then we deduce the following result regarding a
subwavelength band gap opening.

Theorem 3.5.3 For every ¢ > 0, there exists 8o > 0 and & > a)}< + & such that
[w! + &, @] C [max f, min w§] (3.81)
o o

for§ < .

Proof Using a)(l) = 0 and the continuity of @{ in « and 8, we get ap and §; such
that of < a)}6 for every |o| < ap and 6 < &;. Following the derivation of (3.80),
we can check that it is valid uniformly in « as far as |«| > «p. Thus there exists
8o < 81 suchof < wi + ¢ for |a| > ap. We have shown that max, f < a)}6 + ¢ for
sufficiently small §. To have miny @5 > a)}< + ¢ for small §, it is enough to check
that A(w, ) has no small characteristic value other than a)‘f. For « away from 0, we
can see that it is true following the proof of Theorem 3.5.2. If « = 0, we have

Alw, §) = Alw, 0) + O($), (3.82)

near a)g with § = 0. Since a)g # 0, we have a)g ) > a)}ﬂ + ¢ for sufficiently small
8. Finally, using the continuity of w§ in «, we obtain min, @5 > o) + ¢ for small
8. This completes the proof. O

As shown in [12], the first Bloch eigenvalue a)‘f attains its maximum a)}ﬂ at oy =
(r, , ) (i.e. the corner M of the Brillouin zone). The proof relies on the variational
characterization (3.69) of the quasi-periodic capacity.

Theorem 3.5.4 Assume that D is symmetric with respect to {x; = 0} for j =
1,2, 3. Then both CapD,a and w?‘ attain their maxima at o, = (7w, 7T, ).

The results of Theorems 3.5.3 and 3.5.4 are illustrated in Fig. 3.6.

Next, we consider the behavior of the first Bloch eigenfunction. In [12] a
high-frequency homogenization approach for subwavelength resonators has been
developed. An asymptotic expansion of the Bloch eigenfunction near the critical
frequency has been computed. It is proved that the eigenfunction can be decomposed
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Fig. 3.6 Subwavelength band gap opening

into two parts: one is slowly varying and satisfies a homogenized equation, while the
other is periodic and varying at the microscopic scale. The microscopic oscillations
explain why these structures can be used to achieve super-focusing, while the
exponential decay of the slowly varying part proves the band gap opening above
the critical frequency.

We need the following lemma from [12].

Lemma 3.5.2 For e > 0 small enough,
Cappa,+e5 = Capp.a, + Af + O,

where A%, is a negative semi-definite quadratic function of a:

2
v ~ ~ ~
|Db|A‘Z)=— E Aijoioj

1=i,j<3

with (A;j) being symmetric and positive semi-definite.

Assume that the resonators are arranged with period 7 > 0 and § = O(r?). Then,
by a scaling argument, the critical frequency !, = (1/ r)a)}k =0)asr — 0.
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Theorem 3.5.5 For w near the critical frequency w),: (a)iN)2 — w? = O@F?), the
following asymptotic of the first Bloch eigenfunction u‘f’*/ " holds:

o /r+e id-x x)
w0y = ¢ S(r +00).

macroscopic behavior

~ -

microscopic behavior

The macroscopic plane wave ¢'** satisfies:

(0)1)2 _ 0)2

Z A,»ﬁ,»&fﬁ(x)—l— w(x)=0.

1<i,j<3

If we write (a),’ﬂ)2 — w? = B6, then

Z Ajaid; = B+ O@r?).

1=i,j<3

Moreover, for 8 > 0, the plane wave Bloch eigenfunction satisfies the homogenized
equation for the crystal while the microscopic field is periodic and varies on the
scale of r. If B < 0, then the Bloch eigenfunction is exponentially growing or
decaying which is another way to see that a band gap opening occurs above the
critical frequency.

Theorem 3.5.5 shows that the super-focusing property at subwavelength scales
near the critical frequency w/, holds true. Here, the mechanism is not due to effective
(high-contrast below  and negative above w]) properties of the medium. The
effective medium theory described in Sect. 3.4 is no longer valid in the nondilute
case.

Figure 3.7 shows a one-dimensional plot along the x;-axis of the real part of the
Bloch eigenfunction of the square lattice over many unit cells.

3.6 Topological Metamaterials

We begin this section by studying existence and consequences of a Dirac cone
singularity in a honeycomb structure. Dirac singularities are intimately connected
with topologically protected edge modes, and we then study such modes in an array
of subwavelength resonators.



60 H. Ammari et al.

0-2 T T a T T T

-0.1F | Jf .

-0.2L L I It _ 1y 1
-60 -40 -20 0 20 40 60

Fig. 3.7 Real part of the Bloch eigenfunction of the square lattice shown over many unit cells

3.6.1 Dirac Singularity

The classical example of a structure with a Dirac singularity is graphene, where this
singularity is responsible for many peculiar electronic properties. Graphene consists
of a single layer of carbon atoms in a honeycomb lattice, and in this section we study
a similar structure with subwavelength resonators.

In the homogenization theory of metamaterials, the goal is to map the meta-
material to a homogeneous material with some effective parameters. It has been
demonstrated in the previous section that this approach does not apply in the case
of crystals at “high” frequencies, i.e., away from the centre I" (corresponding to
o = (0,0, 0)) of the Brillouin zone. In Theorem 3.5.5, it is shown that around the
symmetry point M (corresponding to « = (i, 7, 7)) in the Brillouin zone of a
crystal with a square lattice, the Bloch eigenmodes display oscillatory behaviour on
two distinct scales: small scale oscillations on the order of the size of individual
resonators, while simultaneously the plane-wave envelope oscillates at a much
larger scale and satisfies a homogenized equation.

In this section we prove the near-zero effective index property in a honeycomb
crystal at the deep subwavelength scale. We develop a homogenization theory that
captures both the macroscopic behaviour of the eigenmodes and the oscillations in
the microscopic scale. The near-zero effective refractive index at the macroscale is
a consequence of the existence of a Dirac dispersion cone.

We consider a two-dimensional infinite honeycomb crystal in two dimensions
depicted in Fig. 3.8. Define the lattice A generated by the lattice vectors

31 3 1
l1:L J, ,12:L \/7_ 9
2 2 2 2
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Fig. 3.8 Illustration of the honeycomb crystal and quantities in ¥

where L is the lattice constant. Denote by Y a fundamental domain of the given
lattice. Here, we take

Y ={4+th|0<s,1t=<1}.
Define the three points xg, x1, and x> as

h+h h+1h 2 + 1)
Xp = , X = , X = .
2 3 3
We will consider a general shape of the subwavelength resonators, under certain
symmetry assumptions. Let Rg be the rotation around x¢ by 7, and let Ry and R; be
the rotations by — 2_;’ around x; and x;, respectively. These rotations can be written
as

Rix =Rx+1l;, Ryx =Rx+2l;, Rox=2xy—x,

where R is the rotation by — 2?7’7 around the origin. Moreover, let R3 be the reflection
across the line p = xo+Rez, where e; is the second standard basis element. Assume
that the unit cell contains two subwavelength resonators D, j = 1, 2, each centred
at x; such that

RoDy =D, R\Dy=Dy, RyD;=D;, R3D=D:.

We denote the pair of subwavelength resonators by D = D1 U D;. The dual lattice
of A, denoted A*, is generated by ] and «p given by

27‘[(1 1) 27‘[(1 1)
a] = s , o) = ,—1]).
T \ys T L \\»3
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Fig. 3.9 Illustration of the
dual lattice and the Brillouin
zone Y*

Q2

The Brillouin zone Y* := R?/A* can be represented either as
Y* >~ {sa; +tay |0 <s,t <1},
or as the first Brillouin zone Y, which is a hexagon illustrated in Fig. 3.9. The points

ot — 201 + oo
1 — 3 )

" o] + 20
az = N
3

in the Brillouin zone are called Dirac points. For simplicity, we only consider
the analysis around the Dirac point ay := ai‘, the main difference around a; is
summarized in Remark 3.6.1.

Wave propagation in the honeycomb lattices of subwavelength resonators is
described by the following a-quasi-periodic Helmholtz problem in Y:

1 w? .
V. Vu+ u=0 1inY\D,
P K

1 w? .
V. Vu+ u=0 inD,

Pb Kb
uly —ul-=0 ondD, (3.83)
19 1

- ou =0onadD,
pAV|, ppdv|_

ulx +1) = e*ly(x) foralll € A.
Lety% e L*(3D) be given by

S5y = xop, ondD, j=1,2. (3.84)
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Define the capacitance matrix C¢ = (C f‘j) by

ct = _/ Y do, i j=1,2, (3.85)
dD;

Using the symmetry of the honeycomb structure, it can be shown that the capaci-
tance coefficients satisfy [18]

o L o o (0N o o
cp =Cl =0y, ¢ =Ch =0,

= <_11> , (3.86)

and

a=uo*

where we denote

o
. ac)

C =
0o

a=u*

as proved in [18, Lemma 3.4].

It is shown in [18] that the first two band functions w{ and w§ form a conical
dispersion relation near the Dirac point a.. Such a conical dispersion is referred
to as a Dirac cone. More specifically, the following results which hold in the
subwavelength regime are proved in [18].

Theorem 3.6.1 For small §, the first two band functions a);‘, Jj = 1,2, satisfy

4 \/8)»‘}‘ O) (3.87)
w: = vp + R .
! | D1l
uniformly for a in a neighbourhood of oy, where )\‘}‘,j = 1,2, are the two

eigenvalues of C* and | D1| denotes the area of one of the subwavelength resonators.
Moreover; for a close to oy and § small enough, the first two band functions form a
Dirac cone, i.e.,

Wf =y — Mo — al[1+ Ol — )],

(3.88)
oY = oy + Ao — ax|[1+ O(la — o)) ],
where w,. and )\ are independent of o and satisfy
8¢ 1 'U2
1 b
Wy = v+ OG) and A =|c|VSr+ OF), i =
" \/ID1I 2V Dyt
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Fig. 3.10 Band gap structure upon zooming in the subwavelength region for a honeycomb lattice
of subwavelength resonators
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Fig. 3.11 The band gap structure upon zooming in the subwavelength region for a rectangular
array of subwavelength dimers

as § — 0. Moreover, the error term O(la — a) in (3.88) is uniform in 8.

The results in Theorem 3.6.1 are illustrated in Fig.3.10. The figure shows the
first three bands. Observe that the first two bands cross at the symmetry point
K (corresponding to o) such that the dispersion relation is linear. Figure 3.11
shows the band gap structure in the subwavelength region for a rectangular array
of subwavelength dimers. For such arrays, the two first bands cannot cross each
other.

Next we investigate the asymptotic behaviour of the Bloch eigenfunctions near
the Dirac points. Then we show that the envelopes of the Bloch eigenfunctions
satisfy a Helmholtz equation with near-zero effective refractive index and derive
a two-dimensional homogenized equation of Dirac-type for the honeycomb crystal.
These results are from [19].

We consider the rescaled honeycomb crystal by replacing the lattice constant L
with rL where r > 0 is a small positive parameter. Let »%, j = 1, 2, be the first
two eigenvalues and u‘;‘ be the associated Bloch eigenfunctions for the honeycomb
crystal with lattice constant L. Then, by a scaling argument, the honeycomb crystal
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with lattice constant r L has the first two Bloch eigenvalues

afr 1 o
Wy, = rwﬂ:f

and the corresponding eigenfunctions are
X
uy; w0 =ut (7).

This shows that the Dirac cone is located at the point o, /r. We denote the Dirac
frequency by

aofr

jroJ = 1,2, for

We have the following result for the Bloch eigenfunctions u
a/r near the Dirac points o /r [19].

Lemma 3.6.1 We have
o /rHa, iG-x X id-x x
W () = Ase®rs) (r) + Biel@rs, (r) FOG+ 1),
where
Sj0) =Sy, =12

The functions S| and S describe the microscopic behaviour of the Bloch eigenfunc-

ay/r+a

tion u", while Ayel®*

and B1e'* describe the macroscopic behaviour.

Now, we derive a homogenized equation near the Dirac frequency . Recall that
the Dirac frequency of the unscaled honeycomb crystal satisfies wy = O(+/8). As
in Theorem 3.5.4, in order to make the order of ), fixed when r tends to zero, we
assume that § = pr? for some fixed & > 0. Then we have

1
o, = w,=0() asr—0.
r

So, in what follows, we omit the subscript r in ], namely, w, := w}. Suppose the
frequency o is close to ws, i.e.,

w— Wy = ,3\/8 for some constant S.

We need to find the Bloch eigenfunctions or @ such that

= wi,i}{r+a
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We have that the corresponding & satisfies
0 clay —ian) | | A+ Ax
A - = O(s).
0 |:C(051 + i) 0 By & By +0G)
So, it is immediate to see that the macroscopic field
li1, ii2]" := [Aze'®", By )"

satisfies the system of Dirac equations as follows:

5 [ 0 (—ci)(01 — 132)} [Lh} .y I:ﬁl:|
O (—ci) (@) +idn) 0 i i |

Here, the superscript 7 denotes the transpose and 9; is the partial derivative with
respect to the ith variable. Note that the each component i;, j = 1,2, of the
macroscopic field satisfies the Helmholtz equation

‘32
Auj+ uj=0. 3.89
J |C | 2 )\'(2) J ( )
Observe, in particular, that (3.89) describes a near-zero refractive index when g is
small.
The following is the main result on the homogenization theory for honeycomb
lattices of subwavelength resonators [19].

Theorem 3.6.2 For frequencies w close to the Dirac frequency wy, namely, @ —
oy /r+a

wy = B8, the following asymptotic behaviour of the Bloch eigenfunction u;
holds:

up ) = ad sy (T) + Be™s () + 00),
s s
where the macroscopic field
[a1, 2] = [Ae*, BT

satisfies the two-dimensional Dirac equation

[ 0 (—ci) (31 — 182)} [u1i| W — Wy I:uli|
Ao . . .| = i I
(—ci) (91 +102) 0 75 NIRRT

which can be considered as a homogenized equation for the honeycomb lattice of
subwavelength resonators while the microscopic fields S and Sy vary on the scale

of r.
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Fig. 3.12 Real part of the first Bloch eigenfunction of the honeycomb lattice shown over many
unit cells

Figure 3.12 shows a one-dimensional plot along the x;—axis of the real part of
the Bloch eigenfunction of the honeycomb lattice shown over many unit cells.

Remark 3.6.1 Theorem 3.6.2 is valid around the Dirac point ey = aJ. Around the
other Dirac point, analogous arguments show that Theorem 3.6.2 is valid with all
quantities instead defined using oy = o5 and the macroscopic field now satisfying

[ 0 (—ci)(01 + iaz):| [ft1:| W — Wy I:ft1:|
) . . - | = - |-
(—ci)(91 —102) 0 i75) V8 Lo

3.6.2 Topologically Protected Edge Modes

A typical way to enable localized modes is to create a cavity inside a band gap
structure. The idea is to make the frequency of the cavity mode fall within the band
gap, whereby the mode will be localized to the cavity. However, localized modes
created this way are highly sensitive to imperfections of the structure.

The principle that underpins the design of robust structures is that one is
able to define topological invariants which capture the crystal’s wave propagation
properties. Then, if part of a crystalline structure is replaced with an arrangement
that is associated with a different value of this invariant, not only will certain
frequencies be localized to the interface but this behaviour will be stable with respect
to imperfections. These eigenmodes are known as edge modes and we say that they
are topologically protected to refer to their robustness.
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Fig. 3.13 Illustration of the defect crystal and the defect mode

Sensitivity to Geometric Imperfections

Subwavelength metamaterials can be used to achieve cavities of subwavelength
dimensions. The key idea is to perturb the size of a single subwavelength resonator
inside the crystal, thus creating a defect mode. Observe that if we remove one
resonator inside the crystal, we cannot create a defect mode. The defect created
in this fashion is actually too small to support a resonant mode. In [9], it is
proved that by perturbing the radius of one resonator (see Fig.3.13 where D, is
the defect resonator) we create a detuned resonator with a resonant frequency that
fall within the subwavelength band gap. Moreover, it is shown that the way to shift
the frequency into the band gap depends on the crystal: in the dilute regime we
have to decrease the defect resonator size while in the non-dilute regime we have to
increase the size.

In [20], a waveguide is created by modifying the sizes of the resonators along a
line in a dilute two-dimensional crystal, thereby creating a line defect. It is proved
that the line defect indeed acts as a waveguide; waves of certain frequencies will be
localized to, and guided along, the line defect. This is depicted in Fig. 3.14.

In wave localization due to a point defect, if the defect size is small the band
structure of the defect problem will be a small perturbation of the band structure of
the original problem. This way, it is possible to shift the defect band upwards, and a
part of the defect band will fall into the subwavelength band gap. In [20] it is shown
that for arbitrarily small defects, a part of the defect band will lie inside the band
gap. Moreover, it is shown that for suitably large perturbation sizes, the entire defect
band will fall into the band gap, and the size of the perturbation needed in order to
achieve this can be explicitly quantified. In order to have guided waves along the line
defect, the defect mode must not only be localized to the line, but also propagating
along the line. In other words, we must exclude the case of standing waves in the
line defect, i.e., modes which are localized in the direction of the line. Such modes
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Fig. 3.14 Illustration of the line defect and the guided mode
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Fig. 3.15 Frequencies of the defect modes and guided waves

are associated to a point spectrum of the perturbed operator which appears as a flat
band in the dispersion relation. In [20], it is shown that the defect band is nowhere
flat, and hence does not correspond to bound modes in the direction of the line.

One fundamental limitation of the above designs of subwavelength cavities and
waveguides is that their properties are often very sensitive to imperfections in
the crystal’s structure. This is due, as illustrated in Fig.3.15, to the fact that the
frequencies of the defect modes and guided waves are very close to the original
band. In order to be able to feasibly manufacture wave-guiding devices, it is
important that we are able to design subwavelength crystals that exhibit stability
with respect to geometric errors.

Robustness Properties of One-Dimensional Chains of Subwavelength
Resonators with Respect to Imperfections

In the case of one-dimensional crystals such as a chain of subwavelength resonators,
the natural choice of topological invariant is the Zak phase [35]. Qualitatively, a non-
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Vs Interface

Fig. 3.16 When two crystals with different values of the topological invariant are joined together,
a topologically protected edge mode exists at the interface

zero Zak phase means that the crystal has undergone band inversion, meaning that
at some point in the Brillouin zone the monopole/dipole nature of the first/second
Bloch eigenmodes has swapped. In this way, the Zak phase captures the crystal’s
wave propagation properties. If one takes two chains of subwavelength resonators
with different Zak phases and joins half of one chain to half of the other to form
a new crystal, this crystal will exhibit a topologically protected edge mode at the
interface, as illustrated in Fig. 3.16.

In [15], the bulk properties of an infinitely periodic chain of subwavelength res-
onator dimers are studied. Using Floquet-Bloch theory, the resonant frequencies and
associated eigenmodes of this crystal are derived, and further a non-trivial band gap
is proved. The analogous Zak phase takes different values for different geometries
and in the dilute regime (that is, when the distance between the resonators is an
order of magnitude greater than their size) explicit expressions for its value are
given. Guided by this knowledge of how the infinite (bulk) chains behave, a finite
chain of resonator dimers that has a topologically protected edge mode is designed.
This configuration takes inspiration from the bulk-boundary correspondence in the
well-known Su-Schrieffer-Heeger (SSH) model [34] by introducing an interface, on
either side of which the resonator dimers can be associated with different Zak phases
thus creating a topologically protected edge mode.

In order to present the main results obtained in [15], we first briefly review the
topological nature of the Bloch eigenbundle. Observe that the Brillouin zone Y* has
the topology of a circle. A natural question to ask, when considering the topological
properties of a crystal, is whether properties are preserved after parallel transport
around Y*. In particular, a powerful quantity to study is the Berry-Simon connection
A, defined as

. 0
Ay () ::1/Duzaaug dx.

1 6

For any a1, iy € Y*, the parallel transport from a1 to a3 is uy' — €?uly?, where 0

is given by

a
0 =/ Ay (o) da.

1

Thus, it is enlightening to introduce the so-called Zak phase, ¢7, defined as
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) a
5 ::1/*/Duffaau‘,§ dx de,

which corresponds to parallel transport around the whole of Y*. When ¢ takes a
value that is not a multiple of 2, we see that the eigenmode has gained a non-
zero phase after parallel transport around the circular domain Y*. In this way, the
Zak phase captures topological properties of the crystal. For crystals with inversion
symmetry, the Zak phase is known to only attain the values 0 or 7 [35].

Next, we study a periodic arrangement of subwavelength resonator dimers. This
is an analogue of the SSH model. The goal is to derive a topological invariant
which characterises the crystal’s wave propagation properties and indicates when
it supports topologically protected edge modes.

Assume we have a one-dimensional crystal in R? with repeating unit cell ¥ :=
[— 12‘, 12‘ ] x R?. Each unit cell contains a dimer surrounded by some background
medium. Suppose the resonators together occupy the domain D := D; U D;. We
need two assumptions of symmetry for the analysis that follows. The first is that
each individual resonator is symmetric in the sense that there exists some x; € R
such that

RiDy =Dy, RyD;= D3, (3.90)

where R; and R; are the reflections in the planes p; = {—x1} % R? and P2 =
{x1} x R?, respectively. We also assume that the dimer is symmetric in the sense
that

D =-D. (3.91)

Denote the full crystal by C, that is,

C:= U (D + (mL,0,0)). (3.92)

mez

We denote the separation of the resonators within each unit cell, along the first
coordinate axis, by d := 2x; and the separation across the boundary of the unit cell
byd := L —d. See Fig.3.17.

Wave propagation inside the infinite periodic structure is modelled by the
Helmholtz problem

Au+o*u=0 inR3\ aC,

ulg —ul- =0 on aC,
8814 B ou — 0 on dC. (3.93)
av|, adv|_

u(xi, x2, x3) satisfies the outgoing radiation condition as \/ x5 +x3 — oo.
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Fig. 3.17 Example of a two-dimensional cross-section of a chain of subwavelength resonators
satisfying the symmetry assumptions (3.90) and (3.91). The repeating unit cell Y contains the
dimer Dy U Dy

By applying the Floquet transform, the Bloch eigenmode u (x) := Ulu](x, ) is
the solution to the Helmholtz problem

Ay + 0*ug =0 inR3\ acC,
Ugly —ug|l- =0 on dC,

Uy Uy
) — =0onadC,

av n v | (3.94)
e "My (x1, x2, x3)  is periodic in xj,
Uy (x1, x2, x3) satisfies the «-quasi-periodic outgoing radiation condition

as \/x% + x32 — 00.

We formulate the quasi-periodic resonance problem as an integral equation. Let
S5 be the single layer potential associated to the three-dimensional Green’s
function which is quasi-periodic in one dimension,

ok iklx—y—(Lm.0.0)|
G"*(x,y) = —
(x. ) Z4n|x—y—(Lm,0,O)|e

meZ

iaLm

The solution u,, of (3.94) can be represented as
o = SF 19,

for some density ¥* € L?(dD). Then, using the jump relations, it can be shown
that (3.94) is equivalent to the boundary integral equation

A% (w, §)[¥*] =0, (3.95)
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where
_ * 146
A%w, 8) = —l (/c wo)" = . 3.96
(@, 8) + (K57) 21 8) (3.96)
Let VJ‘?‘ be the solution to
AVE =0 in Y\D,
V}x = §jj on dD;,
Vi'(x 4+ (mL,0,0)) = &MV (x) Vm e Z, (3.97)
V&(x1,x2,x3) = O ! as\/x2+x2—>oo, uniformly in x1,
7 (x1, x2, x3) <\/x§+x32 2+ X% yinx

where §;; is the Kronecker delta. Analogously to (3.85), we then define the quasi-
periodic capacitance matrix C% = (Cj j) by

o ;Z/ VS VVE dx, i j=1,2. (3.98)
Y\D

Finding the eigenpairs of this matrix represents a leading order approximation to the
differential problem (3.94). The following properties of C* are useful.

Lemma 3.6.2 The matrix C% is Hermitian with constant diagonal, i.e.,
o __ o o o
n=CpeR, (=06 eC

Since C* is Hermitian, the following lemma follows directly.

Lemma 3.6.3 The eigenvalues and corresponding eigenvectors of the quasi-

pEI iOdiC Capacitance matr i.x are given by
b \/ 1 ’

()= 0 ()

where, for a such that C{, # 0, 0y € [0, 27) is defined to be such that

o __ o o
)‘1 _C11_|C12 ’

o _ o o
§=CH+|[C,

. cY
el = 712 (3.99)
ICH|

In the dilute regime, we are able to compute asymptotic expansions for the band
structure and topological properties. In this regime, we assume that the resonators
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can be obtained by rescaling fixed domains By, B as follows:

d d
D1=€Bl—<2,0,0), D2=€Bz+<2,0,0>, (3.100)

for some small parameter &€ > 0.

Let Capp denote the capacity of B = B; fori = 1 ori = 2 (see (3.27) for the
definition of the capacity). Due to symmetry, the capacitance is the same for the two
choices i = 1, 2. It is easy to see that, by a scaling argument,

Cap,p = ¢Capp. (3.101)
Lemma 3.6.4 We assume that the resonators are in the dilute regime specified by

(3.100). We also assume that o # 0 is fixed. Then we have the following asymptotics
of the capacitance matrix Cl‘."j ase — O:

(sCapB)2 eimaL ;
fi = eCapp — > m O(3), (3.102)
m=#0
(SCapB)z imoalL 3
o =— @) . 3.103
12 4w 2e imL+dl + 0O(”) ( )

Taking the imaginary part of (3.103), the corresponding asymptotic formula holds
uniformly in o € Y*.

Define normalized extensions of V]‘?‘ as

1 .
Sii xeD;j,i=1,2
o L \/lD‘ J Ly 9 ’
Sj(x) = 1

1 o
oy VE®) xeY\D,

where | D1 | is the volume of one of the resonators (| D1| = | D, | thanks to the dimer’s
symmetry (3.91)). The following two approximation results hold.

Theorem 3.6.3 The characteristic values a)j‘ = a)j‘ (8), j = 1,2, of the operator
A%(w, §), defined in (3.96), can be approximated as

j \/ " v ow
w; = + ’
! | D1l

where )L‘}‘, Jj = 1,2, are eigenvalues of the quasi-periodic capacitance matrix C“.



3 Wave Interaction with Subwavelength Resonators 75

/
1

N AT N %\

Fig. 3.18 Reflections taking D to D’

Theorem 3.6.4 The Bloch eigenmodes u‘}‘, j = 1,2, corresponding to the
resonances w7 can be approximated as

uf(x) = a; Sy (x) +b;85 (x) + 0@),

where (b], ), Jj = 1,2, are the eigenvectors of the quasi-periodic capacitance

matrix C%, as given by Lemma 3.6.3.

Theorems 3.6.3 and 3.6.4 show that the capacitance matrix can be considered to
be a discrete approximation of the differential problem (3.94), since its eigenpairs
directly determine the resonant frequencies and the Bloch eigenmodes (at leading
order in §).

We now introduce notation which, thanks to the assumed symmetry of the
resonators, will allow us to prove topological properties of the chain. Divide Y into
two subsets ¥ = Y| U Y, where Y; = [—é, 0] x RZ and let Y5 := [0, L] x R2,
as depicted in Fig. 3.18. Define g1 and g» to be the central planes of Y7 and Y3, that
is, the planes g1 := {— ﬁ} x R? and q2 = {ﬁ} x RZ. Let R and R, be reflections
in the respective planes. Observe that, thanks to the assumed symmetry of each
resonator (3.90), the “complementary” dimer D’ = D| U D), given by swapping
d and d’, satisfies le = R;D; for i = 1, 2. Define the operator 7, on the set of
a-quasi-periodic functions f on Y as

e 9l f(R1x), x eV,

Ty f (x) =
F(Rax), x e,

where the factor e~'*L is chosen so that the image of a continuous (a-quasi-
periodic) function is continuous.
We now proceed to use Ty to analyse the different topological properties of the

two dimer configurations. Define the quantity C$," analogously to C{, but on the
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dimer D’, that is, to be the top-right element of the corresponding quasi-periodic
capacitance matrix, defined in (3.98).

Lemma 3.6.5 We have
Cly' = eekC,.

Consequently, ifd = d' = 5 L then C”/L 0.

Lemma 3.6.6 We assume that D is in the dilute regime specified by (3.100). Then,
for & small enough,

(i) ImCy, > 0for0 < a < n/L andIm C}, < O for —n/L < a < 0. In
particular, Im CY, is zero if and only if a € {0, /L}.
(ii) CY, is zero if and only if bothd = d" and o = 7w /L.
(iii) sz/l‘ < Owhend < d' and CE/L > 0 when d > d'. In both cases we have
C?z < 0.

This lemma describes the crucial properties of the behaviour of the curve {CY, :
a € Y*} in the complex plane. The periodic nature of Y* means that this is a closed
curve. Part (i) tells us that this curve crosses the real axis in precisely two points.
Taken together with (iii), we know that this curve winds around the origin in the
case d > d’, but not in the case d < d’. The following band gap result is from [13].

Theorem 3.6.5 Ifd # d’, the first and second bands form a band gap:

max 0)1 < m1n 0)2,
aeY* ey*

for small enough € and §.

Combining the above results, we obtain the following result concerning the band
inversion that takes place between the two geometric regimes d < d’ and d > d’ as
illustrated in Fig. 3.19.

Proposition 3.6.1 For ¢ small enough, the band structure at « = mw/L is inverted
between the d < d' and d > d' regimes. In other words, the eigenfunctions

associated with the first and second bands at « = m/L are given, respectively,
by

o) = ST @) + 85w +00), Wb o) = ST @) - S5 ) + 00),
when d < d' and by
W70 = ST = SFF) + 0, WP = ST + 5700 + 00,

whend > d’.



3 Wave Interaction with Subwavelength Resonators 77

d<d d>d

20 a0 00w MW A w8 W om

Fig. 3.19 Band inversion: the monopole/dipole natures of the 1st and 2nd eigenmodes have
swapped between the d < d’ and d > d’ regimes

The eigenmode S;T/ L (x) + Sg /L (x) is constant and attains the same value on
both resonators, while the eigenmode Sf/ L (x) — S; /L (x) has values of opposite
sign on the two resonators. They therefore correspond, respectively, to monopole
and dipole modes, and Proposition 3.6.1 shows that the monopole/dipole nature
of the first two Bloch eigenmodes are swapped between the two regimes. We will
now proceed to define a topological invariant which we will use to characterise the
topology of a chain and prove how its value depends on the relative sizes of d and
d’. This invariant is intimately connected with the band inversion phenomenon and
is non-trivial only if d > d’ [15].

Theorem 3.6.6 We assume that D is in the dilute regime specified by (3.100). Then
the Zak phase goj, Jj = 1,2, defined by

. 0
¢; ;:1/*/[)14‘;80[14‘; dx do,

satisfies

ot — 0, ifd<d,
oo m, ifd>d,

for g and § small enough.

Theorem 3.6.6 shows that the Zak phase of the crystal is non-zero precisely when
d > d'. The bulk-boundary correspondence suggests that we can create topolog-
ically protected subwavelength edge modes by joining half-space subwavelength
crystals, one with go; = 0 and the other with goj =.

Remark 3.6.2 A second approach to creating chains with robust subwavelength
localized modes is to start with a one-dimensional array of pairs of subwavelength
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resonators that exhibits a subwavelength band gap. We then introduce a defect by
adding a dislocation within one of the resonator pairs. As shown in [13], as a result
of this dislocation, mid-gap frequencies enter the band gap from either side and
converge to a single frequency, within the band gap, as the dislocation becomes
arbitrarily large. Such frequency can place localized modes at any point within the
band gap and corresponds to a robust edge modes.

3.7 Mimicking the Cochlea with an Array of Graded
Subwavelength Resonators

In [1] an array of subwavelength resonators is used to design a to-scale artificial
cochlea that mimics the first stage of human auditory processing and present
a rigorous analysis of its properties. In order to replicate the spatial frequency
separation of the cochlea, the array should have a size gradient, meaning each
resonator is slightly larger than the previous, as depicted in Fig.3.20. The size
gradient is chosen so that the resonator array mimics the spatial frequency separation
performed by the cochlea. In particular, the structure can reproduce the well-known
(tonotopic) relationship between incident frequency and position of maximum
excitation in the cochlea. This is a consequence of the asymmetry of the eigenmodes
u,(x), see [1] and [3] for details.

Such graded arrays of subwavelength resonators can mimic the biomechan-
ical properties of the cochlea, at the same scale. In [2], a modal time-domain
expansion for the scattered pressure field due to such a structure is derived
from first principles. It is proposed there that these modes should form the
basis of a signal processing architecture. The properties of such an approach
is investigated and it is shown that higher-order gammatone filters appear by
cascading. Further, an approach for extracting meaningful global properties from
the coefficients, tailored to the statistical properties of so-called natural sounds is
proposed.

The subwavelength resonant frequencies of an array of N = 22 resonators
computed by using the formulation (3.14)—(3.15) are shown in Fig. 3.21. This array
measures 35 mm, has material parameters corresponding to air-filled resonators
surrounded by water and has subwavelength resonant frequencies within the range

< wavelength

sound

3 00000000 (CK

Pbs Ky

Fig. 3.20 A graded array of subwavelength resonators mimics the biomechanical properties of the
cochlea in response to a sound wave
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Fig. 3.21 The resonant frequencies {w, : n = 1,..., N} C C lie in the right-hand complex
plane, shown for an array of N = 22 subwavelength resonators. The Helmholtz problem also has
singularities in the left-hand plane, which are symmetric in the imaginary axis. The imaginary parts
are all negative, due to energy losses

500 Hz—-10kHz. Thus, this structure has similar dimensions to the human cochlea, is
made from realistic materials and experiences subwavelength resonance in response
to frequencies that are audible to humans.

This analysis is useful not only for designing cochlea-like devices, but is also
used in [2] as the basis for a machine hearing procedure which mimics neural
processing in the auditory system. Consider the scattering of a signal, s : [0, T] —
R, whose frequency support is wider than a single frequency and whose Fourier
transform exists. Consider the Fourier transform of the incoming pressure wave,
given for w € C and x € R? by

0 .
u(x, w) = / s(x1/v — e dt

—00

= 1§ () = §(w) + O(w),

where §(w) = ffooo s(—u)e!®* du. In Theorem 3.2.1, we defined resonant
frequencies as having positive real parts. However, the scattering problem (3.4) is
known to be symmetric in the sense that if it has a pole at @ € C then it has a
pole with the same multiplicity at —w [21]. As depicted in Fig. 3.21, this means the
resonant spectrum is symmetric in the imaginary axis.

Suppose that the scattered acoustic pressure field # in response to the Fourier

transformed signal § can, for x € 3D, be decomposed as

A +)2
w(r,w) = 3 HORAODT @), (3.104)

—r (0 — wy) (@ + wy)
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for some remainder r. We are interested in signals whose energy is mostly
concentrated within the subwavelength regime. In particular, we want that

sup /00 |r(x, )| dw = OF). (3.105)

xeR3 J—00

Then, under the assumptions (3.104) and (3.105), we can apply the inverse Fourier
transform [2] to find that the scattered pressure field satisfies, forx € dD and ¢ € R,

N

PG, t) =" anlsi(Oun(x) + OE), (3.106)

n=1

where the coefficients are given by the convolutions a,[s](¢) = (s * hy) (t) with the
kernels

0, t <0,
hn(t) = (3.107)
cpe™@) sin(Re(wy)t), ¢ >0,

for ¢, = v, Re(wy).

Remark 3.7.1 The assumption (3.105) is a little difficult to interpret physically. For
the purposes of informing signal processing approaches, however, it is sufficient.

On the one hand, note that the fact that s,(f) = O for t < O ensures the
causality of the modal expansion in (3.106). Moreover, as shown in Fig.3.22, h,
is a windowed oscillatory mode that acts as a band-pass filter centred at Re(wy).
On the other hand, the asymmetry of the spatial eigenmodes u, (x) means that the
decomposition from (3.106) replicates the cochlea’s travelling wave behaviour. That
is, in response to an impulse the position of maximum amplitude moves slowly from
left to right in the array, see [1] for details. In [2], a signal processing architecture

10 +
6+ ‘ ’ ‘ ‘ } J |
| |
i T
2F - | I L] I
0 — i AV WAV VAVAVATATATAVAVAVAV AW WA : Ny ]
0 2 4 6 8 10 12

Fig. 3.22 The frequency support of the band-pass filters 4, created by an array of 22 subwave-
length resonators
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is developed, based on the convolutional structure of (3.106). This further mimics
the action of biological auditory processing by extracting global properties of
behaviourally significant sounds, to which human hearing is known to be adapted.
Finally, it is worth mentioning that biological hearing is an inherently nonlinear
process. In [3] nonlinear amplification is introduced to the model in order to
replicate the behaviour of the cochlear amplifier. This active structure takes the
form of a fluid-coupled array of Hopf resonators. Clarifying the details of the
nonlinearities that underpin cochlear function remains the largest open question in
understanding biological hearing. One of the motivations for developing devices
such as the one analysed here is that it will allow for the investigation of these
mechanisms, which is particularly difficult to do on biological cochleas.

3.8 Concluding Remarks

In this review, recent mathematical results on focusing, trapping, and guiding waves
at subwavelength scales have been described in the Hermitian case. Systems of sub-
wavelength resonators that exhibit topologically protected edge modes or that can
mimic the biomechanical properties of the cochlea have been designed. A variety of
mathematical tools for solving wave propagation problems at subwavelength scales
have been introduced.

When sources of energy gain and loss are introduced to a wave-scattering system,
the underlying mathematical formulation will be non-Hermitian. This paves the way
for new ways to control waves at subwavelength scales [22, 25, 32]. In [14, 16],
the existence of asymptotic exceptional points, where eigenvalues coincide and
eigenmodes are linearly dependent at leading order, in a parity—time-symmetric pair
of subwavelength resonators is proved. Systems exhibiting exceptional points can be
used for sensitivity enhancement. Moreover, a structure which exhibits asymptotic
unidirectional reflectionless transmission at certain frequencies is designed. In [4],
the phenomenon of topologically protected edge states in systems of subwavelength
resonators with gain and loss is studied. It is demonstrated that localized edge
modes appear in a periodic structure of subwavelength resonators with a defect
in the gain/loss distribution, and the corresponding frequencies and decay lengths
are explicitly computed. Similarly to the Hermitian case, these edge modes can
be attributed to the winding of the eigenmodes. In the non-Hermitian case the
topological invariants fail to be quantized, but can nevertheless predict the existence
of localized edge modes.

The codes used for the numerical illustrations of the results described in this
review can be downloaded at https://people.math.ethz.ch/~hammari/SWR.zip.
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Chapter 4 )
Variational Methods with Application Shethie
to One-Dimensional Boundary Value
Problems and Numerical Evaluations

Marco Degiovanni

Abstract A Lagrangian system is considered, under one-sided growth conditions
on the Lagrangian function. The existence of a critical point of mountain pass type
is proved. An application to light rays is shown, with some numerical evaluations.

4.1 Introduction

After the intuitions of Gauss, Lord Kelvin, Dirichlet and Riemann in the nineteenth
century and the first rigorous results, about the turn of the century, by Hilbert and
Lebesgue, the direct methods of the calculus of variations took their modern form
in the twentieth century with the work of Tonelli. The first purpose was to prove that
a functional of the form

Flu) = / " Lis,u(s), ' (5)) ds

50

admits a global minimum ug,, when u varies in a suitable set of functions. If we
suppose that

L:[so,s1] x RN x RN > R

is continuous and that {£ — L(s, x, £)} is convex, then the usual growth condition
to obtain such a result is one-sided, typically a suitable lower estimate of L. We refer
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the reader to [5] for an exhaustive presentation of the problems and the techniques
involved in the study of global minima of the functional f.

A related question, when L is, say, of class Cl,isto prove that each minimum u
of f satisfies the associated Euler-Lagrange equation

— [VeL(s. u, u’)]/ + ViL(s,u,u’) =0 in [so, s1].

This is an easy task, under suitable assumptions on V. L and V¢ L, but in general it
is a hard question, also related to the regularity properties of u. We refer the reader
to [10] for this aspect of the problem.

The study of critical points of f, not only local minima, also started in the twenti-
eth century with the work of Birkhoff and was first developed by Morse, Ljusternik
and Schnirelman. Concerning this topic, we refer the reader e.g. to [23, 26, 27].
However, when critical points are involved, the typical growth conditions on L are
two-sided. This is due to the fact that, in the study of minima, f is usually assumed
to be lower semicontinuous while, in the study of critical points, f is supposed to
be of class C. For this reason, the classic study of critical points does not appear as
a generalization of the study of minima.

In this exposition we will impose only one-sided growth conditions on L, exploit-
ing some ideas from [17], and the functional f will be only lower semicontinuous.
The structural assumptions will be described in Sect.4.2. Nevertheless, we will
obtain results in the line of critical point theory, taking advantage of the metric
critical point theory developed independently in [13, 15] and in [20, 22], which will
be recalled in Sect.4.3. In Sect.4.4 we will adapt to our setting some basic result
from [5]. The main results of this exposition will be proved in Sect. 4.5, where we
will show how the metric critical point theory can be actually applied to the setting
described in Sect. 4.2.

A possible application concerns the variational approach to the study of light
rays, according to Fermat’s principle. In such a case the functional f is naturally
coercive, but it may admit more local minima, which raises the question of the
existence of further critical points, for instance of mountain pass type. For this
reason, in Sect. 4.6 we will focus on a coercive case and prove Theorem 4.6.3, which
is related to a result obtained in [19, 25] when the functional f is differentiable.
Finally, in Sect. 4.7 we will consider a simple example, concerning the propagation
of light in a nonhomogeneous medium, and we will provide some numerical
evaluations.

4.2 Setting of the Problem

Let N > 1 and assume that

L:[s0,s1] x RY xRY - R
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satisfies:
(L) foreverys € [so,s1], the function {(x, &) — L(s, x, £)} is of class C' and
the functions
L:[so,s1]xRY xRY > R,
ViL, VL :[s0,s1] x RY x RN — RV
are continuous;
moreover, for every (s, x) € [s0, s1]1 x RN, the function {§ — L(s, x, &)} is

strictly convex;
(Lp) forevery R, M > 0, there exists Cr,y > 0 such that

L(s,x,&) > M|&| — Cr.m

foralls € [so,s1]and x, & € RY with x| < R;
(L3) forevery R, e > 0, there exists 6g ¢ > 0 such that
L(s, xo + t(x1 — x0), §o + 1 (51 — &0)) < L(s, xo0, $0)
+t [L(S, X1, él) - L(S, X0, go)]
+et[1+[L(s, x0,80)| + |L(s, x1, 8]

forallt e [0, SR,S], s € [s0,s1] and xo, x1, &0, &1 € RN with |xo| < R,
[x1] < R and |x1 — xo| < 0R.e-

In Proposition 4.5.1 we will provide a sufficient condition to guarantee assump-
tion (L3).
Given ug, u; € RN, we are interested in the solutions u of the problem

u e C'([s0,511; RY), VeL(s,u,u') € C'([s0,511; RY),
—[VeL(s, u,u)] + ViL(s,u,u’) =0 in[so,s1], (P)
u(so) = ug, u(sy)) =uj .

Problem (P) has a variational structure. Consider the Banach space C([sg, s1]; RY)
endowed with the sup norm || - || . Taking into account (L) and (L>), we can define
a functional

f:C(s0,511; RY) =] — 00, +00]
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51

L(s,u(s), u’(s))ds ifu e Whi(so, si; RN), u(s0) = uo

and u(sy) = uy,

+00 otherwise .

We will see in Sect. 4.5 how to obtain solutions u of (P) as “critical points” of f.

Remark 4.2.1 In the variational methods, also for nonsmooth functionals, each
minimum is considered as a “critical point”. Therefore, in order to obtain solutions
of (P) by variational methods, it is reasonable to assume hypotheses that ensure that
each minimum u of f is a solution of (P), at least in some weak sense.

Let us point out that assumptions (L1) and (L7) are not sufficient to guarantee
that each minimum u of f satisfies the equation in (P) in the usual distributional
sense, namely

VeL(s,u,u') € L}, (Is0, 1 RY),  ViL(s,u,u') € L}, (50, s1[; RY),
S1
f [VeL(s,u,u') - w' + ViL(s,u.u') - w] ds =0 @D
50
forall w € C!(Iso, s1[; RY) .

Actually, let
L:[-1,1]xRxR—R
be defined as
L(s,x, &) = (s* =x°)?&% 4+ ¢8?
andletug = —1,u; = 1.

According to [3, Theorem 5.1], if ¢ > 0 is small enough, then the functional f
admits minima and each minimum u satisfies

DeL(s,u,u’) & LyS.(1—1,1D),

so that u is not a solution of (4.1).

It is easily seen that L satisfies assumptions (L) and (L), while assump-
tion (L3) is not satisfied, as Corollary 4.5.4 guarantees that each minimum u of
f is a solution of (P).
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4.3 Nonsmooth Critical Point Theory

In this section we recall some useful tools. We refer the reader to [6, 12, 13, 15, 20,
22] for proofs and more details.

Let X be a metric space endowed with the distance d. We denote by Bs (1) the
open ball of center u and radius §. We will also consider the set X x R endowed
with the distance

172
d((w.2). v.) = (dw v + G =n?) .
Let f : X — [—00, +0o0] be a function and let
epi (f) = (@, ) € X xR: f(u) <A} .

Definition 4.3.1 A pointu € X is said to be a local minimum of f, if there exists a
neighborhood U of u such that

f(w) > f(u) forallw e U .
The next notion has been independently introduced in [13, 15] and in [22], while

a variant has been developed in [20]. Here we follow the equivalent approach of [6].

Definition 4.3.2 For every u € X with f(u) € R, we denote by |df| (u) the
supremum of the ¢’s in [0, +00o[ such that there exist § > 0 and a continuous
map

H: (Bs (u, f(u)) Nepi(f)) x[0,8] > X
satisfying
d(H((w, 1), 1), w) <1, fH(w,2),0) <A —ot,

whenever (w, ) € Bs (u, f(u)) Nepi(f) and ¢ € [0, §].
The extended real number |df| (1) is called the weak slope of f at u.

Remark 4.3.3 Letu € X be alocal minimum of f, with f(u) € R. Then |df| (u) =
0.

Remark 4.3.4 Let X be an open subset of a normed space and let f : X — R be of
class C!'. Then we have |df]| (1) = || f/(u)]|| forall u € X.

Remark 4.3.5 Letu € X with f(u) € R and let (u;) be a sequence in X converging
to u with (f (ux)) converging to f(u).
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Then we have

liminf |df] (ue) = |df] (u).

Definition 4.3.6 We say that u € X is a (lower) critical point of f if f(u) € R and
|[df| (u) = 0. We say that ¢ € R is a (lower) critical value of f if there exists u € X
such that f(u) = ¢ and |df]| (u) = 0.

Definition 4.3.7 Let ¢ € R. A sequence (1) in X is said to be a Palais-Smale
sequence at level ¢ ((PS).-sequence, for short) for f,if

lim fu) = limldf| () =0.

We say that f satisfies the Palais-Smale condition at level ¢ ((PS)., for short), if
every (PS).-sequence for f admits a convergent subsequence in X.

The next concept was first introduced in [7], when f is smooth, and then analyzed
in detail in [12], in the general case.

Definition 4.3.8 Let u € X and ¢ € R. A sequence (1) in X is said to be a
Cerami-Palais-Smale sequence at level ¢ ((C PS).-sequence, for short) for f, if

lim fg) =c.  lim [1 4 d(ug, )] ldf] ) =0.

We say that f satisfies the Cerami-Palais-Smale condition at level ¢ ((CPS),, for
short), if every (C P S).-sequence for f admits a convergent subsequence in X.

Since
[T+ di, )] ldf| ue) < [1+d@, D][1+ duk, w)] |df] ),

it is easily seen that condition (C P.S). is independent of the choice of the point u.

Of course, every (C PS).-sequence is a (P.S).-sequence and so condition (P S),
implies (CPS)..

Several results of critical point theory can be extended to the case in which f is
real valued and continuous, by means of such concepts. In view of our purposes, let
us mention an extension of the celebrated mountain pass theorem (see [1, 19, 25, 26]
when f is smooth).

Theorem 4.3.9 Let X be a complete metric space and let f : X — R be a
continuous function. Let u;,, € X be a local minimum of f, letv € X with v # u;y
and f(v) < f(upy,) and set

O ={pecC(0,11: X) : ¢(0) =um, ¢(1) =v}.
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Assume that ® # ) and that f satisfies (CPS). at the level

c= inf sup f(p(?)).
PP o<r<1

Then there exists a critical point u of f with u # up,, u # v and f(u) = c.

Proof Mountain pass theorems when f is continuous were first proved in [13, 15]
and in [22]. For this formulation, see [16, Theorem 2.9]. O

Example 4.3.10 Consider the function f : R> — R defined by
Fle,y) =3x* —4x® — 1202 433 +12y2.

It turns out that f has a local minimum at u;,, = (—1, 0) with f(u;,) = 28 and
a global minimum at ug,, = (2,0) with f(ug,) = 1. According to Theorem 4.3.9,
there is a further critical point u, actually a “mountain pass point”, which is u =
(0, 0) with f () = 33 (Figs. 4.1 and 4.2).

While [20, 22] were devoted to the case in which f is continuous, in [13, 15] also
the general case was considered, taking advantage of the function G introduced
in [14].

Fig. 4.1 The graph of the function f
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o

Fig. 4.2 The level lines corresponding to f =25, f =29, f =33 and f = 37

For a general f : X — [—o0, +00], define a function

Gr: X xR —]—o00,+00]

if (u, 1) € epi(f) ,
otherwise .

+00

Then denote by G ¢ the restriction of G ¢ to epi (f), which is Lipschitz continuous of
constant 1, so that we have |dgf| (u, ) = |dgf| (u, ) < 1forall (u, A) € epi(f).

Proposition 4.3.11 For every u € X with f(u) € R, we have
|dGr| (u, f(u))

df1 @) = 1 |dGs| @, f@w)?
00 if |dGy| @, fa) =1.

if |dGr| (u, fw) <1,

Proof See [6, Proposition 2.3]. O
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By means of the previous result, the study of a general f can be reduced, to some
extent, to that of the continuous function G¢. In view of the natural correspondence
u < (u, f(u)), a key point is to have a control on pairs (1, A) € epi(f) with

fu) <A

Definition 4.3.12 Letu € X with f(u#) € R and let c € R. We say that f satisfies
condition (epi)., if there exists & > 0 such that

inf{[l +d((u, M), (u, fF@ON] |dG |, 1)

(u,2) eepi(f), fu) <ir, |A—c| <€} >0.

Again, it is easily seen that condition (epi). is independent of the choice of u.

Remark4.3.13 If f : X — R is continuous, then |dgf| (u, ) = 1 whenever
fu) <A

Proof See [15, Proposition 2.3], where f is supposed to be lower semicontinious,
but the assumption is not used. O

Proposition 4.3.14 For every ¢ € R, the following facts hold:

(a) if Gy satisfies (CPS)., then f satisfies (CPS).;
(b) if f is lower semicontinuous and satisfies (C PS). and (epi), then G ¢ satisfies
(CPS),.

Proof Let u € X with f(u) € R. To prove assertion (a), consider a (CPS),-
sequence (ux) for f. We have that

Wm Gy (ug, f ) = lim f(up) = c,

li;n[l +duk, u)] |df| (ug) =0.

Since

y L+ d((ui, f(ur), (u, f(u)))
im sup <

+OO,
X 1+dug, u)

from Proposition 4.3.11 we infer that

Hm [T+ d(Que, f (), (@, f@))] |G| (ur, f(ur))

ldf | (ur)

= lim 1 +d (g, f @), . f@)] >
k VI+1df] (up)?
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Therefore, (ux, f(ur)) is a (C PS).-sequence for G¢. Since Gy satisfies (C PS)., it
follows that (uy, f(ux)) admits a convergent subsequence in epi (f), so that (uy)
also admits a convergent subsequence in X.

To prove assertion (b), consider a (C PS).-sequence (uy, Ar) for Gr. We have
that

li]in)»k = li]I(ngf(ukv Ak) =c,

lim [1 4 d (. 26, (0, £ @))] |dG | (ux, ki) =0.

From condition (epi). we infer that f(ux) = Ak eventually as k — o0, so that

lim f (ue) = lim kg = c.

On the other hand, by Proposition 4.3.11 it follows that

[+ dug, )] 1df | ) < [1+d(ui, £ @), G f@ONTIAS] ()
|dG ¢ |k, fwr)

= [1+d((ux, £, @, f@))] ,
JU= 146 ] G, f@i?

whence
li]gl[l +d(ug, w]ldf| (ur) =0,

namely (ux) is a (C PS).-sequence for f. Since f satisfies (CPS)., we infer that
(u) admits a subsequence (ug;) converging to some u in X, while (A¢) is already
convergent to ¢. Moreover, we have f(u) < c, as f is lower semicontinuous.
Therefore (ug;, Ak;) is convergent to (u, ¢) in epi (f) and G satisfies (CPS)..

By the way, from Remark 4.3.5 it follows that |dg f| (u,c) = 0, hence that
f(u) = c by condition (epi).. |

Theorem 4.3.15 Let X be a complete metric space and let f : X —] — 00, +00]
be a lower semicontinuous function. Let u;,, € X be a local minimum of f with
fupm) < 400, let v e X withv # upy, and f(v) < f(uiy,) and set

D ={peC(0,1]; X): ¢(0) =upm, ¢(1) =vand f o ¢ is bounded} .
Assume that ® # () and that f satisfies (C PS). and (epi). at the level

c=1inf sup f(p(?)).
#e®p<r<]

Then there exists a critical point u of f with u # ujy,, u # v and f(u) = c.
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Proof Consider the complete metric space X = epi(f). We aim to apply
Theorem 4.3.9 to the continuous function G : X — R. We set

fm = (s fQum)) ., 0= (. f(v),
®={peCq0,1:X): G(O0) =dim. (1) = b}

so that iy, is a local minimum of Gr and

Gr() = f(v) < flupm) = Grm) .

If o € ®and
b= sup f(p(),
0<r<l1
we can define ¢ € ® by
(uim, (1 = 30) f (uim) + 3tb) if0<r=<1/3,
o) = { (o3t — 1), b) if1/3<r<2/3,
(v, 3=30b+ 3t —=2) f(v)) if2/3<t<1.

Since

sup Gr(@(t)) =b = sup f(p()),

0<r<l1 0<r<l1

it follows that

inf sup G (@) <c.
ped0<r<1

On the other hand, if ¢ € ® and ¢ = (@1, ¢2), we have
f(@1(1) < 92(t) =G (@),

so that f o ¢y is bounded, ¢; € ® and

sup f(@1(1) = sup Gr(@(1),

0=r=<1 0=<r<1

whence

c < inf sup Gr(@(1)).
Ped 0<r<I1
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Therefore, we have

c=inf sup Gr(¢(1)).
ped 0<r<1

From Proposition 4.3.14 we infer that G, satisfies (CPS).. Then, from Theo-
rem 4.3.9 we deduce that there exists a critical point (u, ¢) € epi(f) of G with
(u,c) # im, f(um)) and (u,c) # (v, f(v)). Again from (epi). we infer that
f(u) = c, sothat u # uj,, and u # v. By Proposition 4.3.11, u is a critical point of

f. O

When dealing with the weak slope |df| (1), an auxiliary concept is sometimes
useful. From now on in this section, we assume that X is a normed space over R
and f : X — [—o00, +0o0] is a function.

The next notion has been introduced in [6].

Definition 4.3.16 For everyu € X with f(u) €e R,v € X and ¢ > 0, let fgo(u; V)

be the infimum of ’s in R such that there exist § > 0 and a continuous map
Vi (Bs (u, f(u)) Nepi(f)) x]0,8] = Be (v)
satisfying
fw+1tV({(w,A), 1) <A+rt

whenever (w, A) € Bs(u, f(u)) Nepi(f) and ¢ €]0, 5].
Then let

fo (u; v) = sup fgo(u; v) = lir% fgo(u; V).
>0 £~

Let us recall that the function fO (u; ) : X - [—o00, +00] is convex, lower
semicontinuous and positively homogeneous of degree 1. Moreover f° (u;0) €
{0, —o0}.

Definition 4.3.17 For every u € X with f(u) € R, we set
of (u) = iu €X't (u,v) < fOu;v) forallv e X} i

It is easily seen that df (1) is convex and weak* closed in X’.

Remark 4.3.18 1If f is convex, then df agrees with the subdifferential of convex
analysis. If f is locally Lipschitz, then f° and df agree with Clarke’s notions [9],
while in general d¢c f (1) € df (u), where d¢ f (#) denotes Clarke’s subdifferential.
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20

Fig. 4.3 The graph of f

Consider, for instance, the continuous function f : R — R defined by
1 2 3
fuy=u —5u—9Vu?.

It is easily seen that the assumptions of Theorem 4.3.9 are satisfied with u;,, =
—1 and v = 8. By the way, v = 8 is the global minimum of f. The further critical
point is # = 0 and in fact |df]| (0) = 0. It follows that 0 € df(0), according to the
next Theorem 4.3.19, while d¢ f (0) = @ (Fig. 4.3).

Theorem 4.3.19 For every u € X with f(u) € R, the following facts hold:

(a) |df](u) < 400 <= df (u) # 0;
(b) |df|(u) <400 = [df] (u) = min{||u]l : n € df (w)}.

Proof See [6, Theorem 4.13]. O
When f is continuous where it is finite, the Definition 4.3.16 can be simplified.

Proposition 4.3.20 Assume there exists D C X such that f | p is real valued and
continuous, while f = +o0oon X \ D.

Then, for everyu € D, v € X and ¢ > 0, we have that fso(u; v) is the infimum
of r’s in R such that there exist § > 0 and a continuous map

V: (Bs (u) N D) x]0, 8] = B¢ (v)
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satisfying
fw+tV(w, 1) < f(w)+rt

whenever w € Bs (u) N D and t €]0, 8].

Proof See [6, Proposition 4.4]. O

4.4 Compactness and Lower Semicontinuity

Throughout this section, we assume that L satisfies assumptions (L1) and (L>).

Theorem 4.4.1 Let (vy) be a sequence in Wi(so, s1; RN such that

sup [l vk [loo < +00, sup f(vr) < 400.
k k

Then there exist u € W1 (s0, 51; RN) and a subsequence (Ukj) weakly converg-
ing touin Wl’l(so, S1; RN) with

lim g, —ulloo =0, liminf f(u,) = ).
J : J
Proof Let R > 0 be such that

stgp lv Il oo » stgpf(vk)-

By replacing L(s, x, &) with L(s,x,&) 4+ Cg,1, where Cg 1 is given by (L3), we
may assume that L(s, x, &) > |&| whenever |x| < R. We infer that (vi) is bounded
in whl (so, $1; RN ), hence convergent, up to a subsequence we still denote by (vi),
to some u in L' (sg, s1; RN).

Again by (L»), for every ¢ > 0 there exists C R.e > 0 such that

2R ~
L(s,x,&) > |&] — CRr.e whenever |x| < R.
£
In particular, if ¢ satisfies Rc > eC R.e» We have

R
L(s,x,&) > |&] whenever |x| < Rand |&| > c.
&
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It follows that

51
RZ/ L(s, v, vy) ds
S

50

> / L(s, vk, v;) ds
{lvg]=c}

R
/ lvglds,
& Jiplzc)

v

whence

/ loglds < e whenever Rc > sz,S andk € N.
{lvp1=c}

According to [5, Theorem 2.12], we have that u € whl (s0, 513 RN) and that (vg)
is weakly convergent to u in Wl’l(so, S1; RN), so that u(sg) = ug and u(s1) = uj.
From [5, Theorem 3.6] we also infer that

S1 S1
lin}{inf/ L(s, vk,v,’{)dszf L(s,u,u’)ds,
S

50 50

whence
lin}cinff(vk) > f(u).

Moreover, if (o) is convergent to o in [sg, s1], then

o Ok
/ (v, —u')ds + / (v, —u')ds
50 o

51
/ Xlso,o[ (U]/( - u/) ds
S

50

lur (o) — u(ox)| =

<

+

Ok
/ (vl + u'Dds| .
o

Again from [5, Theorem 2.12] it follows that

li,?l [vg(ox) — u(op)| =0,

whence

lim v — utfloo = 0.

Let us point out two obvious consequences.
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Corollary 4.4.2 The functional
[ C(0s0, 511, RY) =1 — 00, 4-00]

is lower semicontinuous.

Corollary 4.4.3 Let ¢ € R and let (vg) be a (PS).-sequence for f such that

sup ||vklleo < +00.
k

Then there exist u € Wl’l(so, S1; RN) with f(u) < c and a subsequence (Ukj)
such that

lim vk, —u]locc =0.
j J

Theorem 4.44 Let u € WV1(so,s1;RY) and let (vy) be a sequence in
Wl’l(so, S1; RN) such that

lim flop = ulleo = 0. limsup f(vi) = f(u) < +o00.
k

Then (vi) is strongly convergent to u in Wb l(sg, s1; RN) and (L(s, vy, v,’{)) is
strongly convergent to L(s, u, u’) in Ll(so, 51).
Proof By Theorem 4.4.1 we have that (vg) is weakly convergent to u in
Wt 1(so, s1; RN). First of all, we aim to show that (vy) is convergent to u’ in

measure, following an argument similar to that of [4, 28].
Let

R = sup [|vgloo -
k

Arguing as before, we may assume that L(s, x, £) > 0 whenever |x| < R.
We claim that, for every ¢ > 0, there exists C; > 1/¢ such that

1 1 1 1
lim sup / [ L(s,vk,v,/()—i— L(S,Uk,u/)—L<S,Uk, v,/(-i- u/>i| ds <¢.
ko Jwi=cy L2 2 2 2
“4.2)

Actually, for every ¢ > 0, there exists C; > 1/¢ such that

51
/ L(s,u,u’)ds</ L(s,u,u’)ds +¢.
S

50 {lu'|<C¢}
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Since L(s, vk, v;) > 0, it follows

s1
lim sup / L(s, v, v) ds < limsup / L(s, v, vp) ds
k {lu'|=Ce} k 50

51
< / L(s,u,u’)ds
S

50

</ L(s,u,u’)ds + ¢,
{lu'1=Cs}
while it is easily seen that

lim L(s,vi,u')ds :/ L(s,u,u’)ds.
ko Jjwi<ce) {lu'|<Ce}

Taking into account [5, Theorem 3.6], we also have

1 1
lim inf / L <s, Uk, U+ u’) ds > / L(s,u,u’)ds
ko Jur=ce) 2 2 {lw/|=C)

and (4.2) follows.
Now we claim that

1 1 1 1
h/?l [ZL(S, Uk, V) + 2L(s, v u') — L <s, Uk, zvl’c + 2u’)i| =0 in measure.
“4.3)

Actually, from (4.2) we infer that, for every m > 1, there exists C,, > m such that

li / [IL( O+ L " L( b4 ! ’)]d !
im sup S, Vg, U S, Vg, U') — S, Vg, U u s < .
ko Jwi=cn L2 Y2 2872 m

Then there exists k;,, > m such that

/ [1L( ’)+1L( b L( Ly +1’>}d !
S,V , VU S,V ,U)— S,V , U u s < s
{lu'|<Cm) L2 b Shon? Fin kino o %k o m

whence

. 1 / 1 / 1 / 1 /
llrzn X{)u'|<Cpm} 2L(s,vkm,vkm)+2L(s,vkm,u)—L S’vkm’zvkm+2” =0
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in L' (so, s1). It follows that

. 1 , 1 , 1, 1,
llrzn X{u'|<Cp} 2L(s,vkm,vkm)+2L(s,vkm,u)—L S’vkm’zvkm+2” =0

in measure, whence
li 1L( /)—l—lL( "Y—L L +1/ =0
im S, Vg, , VU S, Vg, , U S, Vg, , U u =

in measure and (4.3) follows.
Now let o > 0. By the boundedness of (v,’() in Ll(so, S1; RN), for every ¢ > 0
there exists ¢ > 0 such that

L) =) <5

3 c! ({lvgl > ¢}) < ; forallk e N. (4.4

On the other hand, by the strict convexity of {§£ — L(s, x, £)}, there exists § > 0
such that

1 1 1 1
2L(S,x,$0)+2L(S,x,$1)_L<S,x, 250_'_251)28
whenever |x| < R, [§o] < ¢, [§1] < cand|§ — &1l > 0.

From (4.3) we infer that

! lL( ’)~|—1L( . 1,+1, - ¢
S, Uk, vV S, Vk,u)—L|s, v, v u | > <

P BTy B T LTy 3

eventually as k — oo, whence
€
L' (gl se, Wl<e, lyp—ulzo)) <
eventually as k — co. Combining this fact with (4.4), we infer that
L ({lyg—u'|z0}) <e

eventually as k — oo, whence the convergence in measure of (v} ) to u’.

By [18, Theorem IV.8.12] we have that (v;) is strongly convergent to u’ in

LY (s0, s1: RV). Since

[L(s, vk, vy) — L(s,u,u')| < L(s, v, vp) + L(s,u, u’),
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from the (generalized) Lebesgue theorem we conclude that (L (s, vk, v;)) is strongly
convergent to L(s, u, u’) in L' (so, s1). O

Proposition 4.4.5 Letu € W1 (so, s1; RY) with
VeL(s,u,u’) € L' (so, s1; RY), ViL(s,u,u’) € L'(s0, s1; RY).

Then the following facts hold:
(a) if u belongs to the dual space of (C([s0, s11; R™), || lleo) and

51
/ [VeL(s,u,u') - w' 4+ ViL(s,u,u') - w] ds = (u, w)
\Y

S0

forallw € C!(Iso, s1[; RY),
then we have u € Wl’oo(so, S1; RN), VeL(s, u, u') € BV (sg, 51; RN) and
1
/ [VeL(s,u,u’) - w' + ViL(s,u,u) - w] ds = (u, w)
)
forallw € Wol’l(so, S1; RN) ;
(b) ifz € C([s0, s11; RY) and
S1 S1
/ [VgL(s, w,u')-w + VieL(s,u,u')- w] ds = / w-zds
S0 S0
1 . N
SJorallw e C.(Iso, s1[; R™),
then we have
ueCl'(so,s1;RY),  VeL(s,u,u’) € C'([s0,51]; RY),
—[VeL(s,u,u)] + ViL(s,u,u'y =z in[so, 511

if, furthermore, L is of class Clon[so, 511 x RY x RN, then we also have

[LGs,uu') = VeL(s, u,u)] € C'(Iso. 1)
[LGs,uu') = VeL(s,u,u)] = DoLis,u,u) +u' -z inlso, s1].
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Proof To prove (a), observe that of course Vg L(s, u, u") € BV (sg, s1; RN) and

51
/ [VeL(s,u,u') - w' + ViL(s,u,u') - w] ds = (u, w)
S

50

forall w € W(}’l(so, S1; RN).

In particular, there exists K > [|u||oo such that |V L(s, u, u')| < K/2a.e.in]sg, s1[.
According to assumption (L3), there exists Cx > 0 such that

K
) |u'| > VeL(s,u,u’) -u" > L(s,u,u’) — L(s,u,0) > K|u'| — Cx — L(s, u,0),

whence u’ € L®(so, s1; RY) and assertion (a) follows.

To prove (b), observe that now Vg L(s, u, u') € W1’°°(so, S1; RN). Then there
exist a continuous map V : [so, s1] — RY, K > 0 and a subset E of ]sg, s1[ such
that

£'(s, s11\E) =0, VeL(s,u(s),u'(s)) =V(s), [u'(s)| < K foralls € E.

If (sx), (ox) are to sequences in E with (sy — ox) — 0, then up to subsequences
we have s; — s and oy — s in [so, s1] and «’(sx) — & and u/(o}) — n in RV. It
follows

VeL(s,u(s),§) = V(s) = VeL(s, u(s),n),

whence & = 75, namely (u’(sx) — u’(or)) — 0, by the strict convexity of L(s, x, ).
Therefore the restriction of u’ to E is uniformly continuous. We infer that u’ agrees
a.e. with a continuous map on [sg, s1], hence that u € Cl([so, s1]; RN). It follows
that Vy L(s, u, u’) € C([s0, 511; RY), VeL(s, u, u') € C'([s0, 51]; RY) and

—[VeL(s,u,u)] + ViL(s,u,u) =z in[so, 51].

Assume now that L is of class C! on [s0, s1] x RV x RN. We consider first
the case in which L(s, x, &) is independent of x and z = 0. Then we have that
Ve L(s, u’) is constant and, for every v € Cl([so, s1]; RY) with v(sg) = wuo and
v(s1) = u1, we have

S1 S1 S1 S1
/ L(s,v)ds z/ L(s,u/)ds—l—/ VSL(s,u/)-(v/—u/)dszf L(s,u’)ds.
S

50 50 S0 50

Let w € C2(]s0, s1[) and let § > 0 be such that §||w’|l < 1. Then there exists one
and only one smooth function

1 : [s0, 1] X [=6, 8] — [s0, 51]
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such that
o =n(o,t) —twn(o,t)) whenever (o, t) € [so, s1] X [—§, 6],
whence
n(o,0) =0, Din(o,0) = w(o) whenever o € [s, s1] -

If we set v(s) = u(s — tw(s)), it follows
/Sl L(s, (1 —rw' ()i’ (s — tw(s))) ds = /S K L(s,u'(s))ds .

50 50

l L(s, V' (s))ds > /

S0

On the other hand, we have

/‘” Lis. v/ (s)) ds = /‘” L(s, (1 — tw'(s)u’(s — tw(s))) (1 = 1w/ (s)) ds

. s 1 —tw'(s)
= /Sl L(n(o, 1), A — 1w’ (o, ))u'(0))
1= 1w (n(0, 1)

If we set

9

o = /Sl L(n(o, 1), (1 —tw'(n(o, ))u' (o)) o
0 1 —1w'(n(o, 1))

then 7 is differentiable and + = 0 is a minimum point for /. On the other hand, we
have

s1
1'(0) =/ [DXL(H(O,O),u/(U))Dm(O,O)
50
—VeL(n(0,0),u'(0)) - (w'(n(o, 0)u’ (0))
+L(n(0,0), u'(0)) w' (n(o, 0))] do

= /SI [DSL(U, u'(0)) w(o) — Ve L(o,u'(0)) - (w'(0)u'(6)) + L(o, u'(0)) w/(a)] do
50

whence

/Sl |:(L(s, u)—u'- Ve L(s, u/)) w' 4+ DsL(s, u’) wi| ds =0

50

for all w € CX°(Iso, s1[) -
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Since DgL(s,u’) € C([s0,s1]), we have that (L(s, u —u - VgL(s,u’)) €
C!(ls0, 51]) and

(L(s,u")y —u'"- VeL(s, u/))’ = DyL(s,u’) in [so, s1].
In the general case, let V € C 1 ([so, s1]; RY) be such that
V' =V,L(s,u,u’) —z
and let
L(s.&) = L(s.u(s),§) = - V(s).
Then we have
VeL(s.8§) = VsL(s,u(s),§) = V(s)
whence
[VeL(s, /' (s))] = [VeL(s, u(s), ' ()] = (VaL(s,u,u’) —2) =0,
Since
DyL(s. &) = DyL(s. u(s), &) + Vi L(s, u(s), £) - u'(s) — & - (Va L(s, u(s), 1/ (5)) — 2(5)) .
from the previous step we infer that

L(s,u’) —u' -VeL(s,u') = L(s,u,u')y —u' -V —u' - (VeL(s,u,u') — V)
=L(s,u,u’)—u' - VeL(s,u,u’)

belongs to c! ([so0, s1]) and that

[L(s,u,u')y —u'-VeL(s, u, u’)]/ = [Z(s, w') —u' - VeL(s, u/)]/
= DyL(s, u)
= DL(s,u,u’)+ ViL(s,u,u’)-u
—u - (VXL(S, wu,u') — Z)
= DyL(s,u,u’)+u' -z,

so that the proof of assertion () is complete. O
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4.5 The Variational Approach

In this section we will see how to apply the general concepts of Sect.4.3 to the
setting described in Sect. 4.2. Here the assumption (L3) will play a crucial role. Let
us first provide a sufficient condition to guarantee such a hypothesis.

Proposition :I.S.l Assume that L satisfies (L1), (L2) and that, for every R > 0,
there exists Cr > 0 such that

IV L(s, x, £)| < Cr (1 + |L(s, x,£)|)

foralls € [so,s1]and x,& € RN with x| <R.

Then L satisfies assumption (L3).

Proof Let R > 0. According to (L), we may again assume, without loss of
generality, that L(s, x, §) > 0 whenever |x| < R.
Let now xg, x; € RY with |[xo| < R and |x1| < R. If we set

@(t) = L(s, xo + t(x1 — x0), &)
whenever 0 < ¢t < 1, we infer that

@' (1) = Vi L(s, xo + 1 (x] — x0), &) - (x1 — x0) < [V L(s, x0 +1(x1 — x0), &) [x1 — xol

< Crlxi = xol(1 + L(s, x0 + 1 (x1 = x0), §0)) = Cr Ix1 = x0(1 + ¢ (1)),
whence

L(s, x0 + 1 (x1 — x0), &) < (L(s, x0, £0) + 1) exp(tCg |x1 — xol) — 1.
Since

exp(tCr |x1 — xol) < 1+ 1Cg [x1 — x| exp(2RCr)
there exists C R > 0 such that
L(s. x0 + 1 (x1 — X0). &) < L(s. x0. &) + Cret|x1 — xo|(1 + L(s, x0. &))
whenever) <t < 1.

Of course, we also have

L(s,xo +t(x1 — x0),61) = L(s, x1 + (1 — 1) (x0 — x1), &1)
< L(s,x1,&) + Cr(1 — 1)|x1 — xo|(1 + L(s, x1, £1)) ,
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whence

L(s, (1 — D)xg + tx1,(1 — )& + 1§1)
< (I =1)L(s,xo +t(x1 — x0), 0) + L (s, xog + 1(x1 — x0), &1)
= =1)L(s, x0, §0) +tL(s, x1,§1)
+Crlxy — xolt (1 — 1) 2+ L(s, x0. &) + L(s. x1. 1))

and the assertion easily follows. O
From now on in this section, we assume that L satisfies assumptions (L1)—(L3).

Theorem 4.5.2 For every u € Whl(so, s;; RN) with f(u) < +oo, there exists
o > 0 such that the following facts hold:

(a) we have

1" e Lo, 51,

[VgL(s, w, ')V —u')+ Ve L(s,u,u') - (v —u)

/‘Sl [VgL(s, w,u') - —u')+ Ve L(s,u,u') - (v— u)] ds > fo (u;v—u),
)

forall v e Wl’l(so,sl; RN) with f(v) < +ooand ||[v — u|lecc < 0}
(b) if u € df (u), then we have
[VeL(s,u,u') - v/ — ') + Vi L(s,u,u') - (v —w)] € L' (50, 51)
/Sl [VeL(s,u,u') - (V' —u) + ViL(s,u,u’) - (v —w)] ds = (u, v —u),
50
forallv e Wl’l(so, S1; RN) with f(v) < +ooand ||[v—ul|leo <0;
moreover, we also haveu € W (so, s1; RY), VeL(s,u,u’) € BV (so, s1; RM)

and

51
/ [VeL(s,u,u') - w' 4+ ViL(s,u,u') - w] ds = (u, w)
\Y

50

forall w € W(}’l(so, S1; RN) .
Proof Let R > 1 + ||u||so- By (L3) there exists §g > 0 such that
L(s, xo +1(x1 — x0), &0 + 1 (61 — 60))

=< L(s7 X0, 50) + t[L(Sa X1, Sl) - L(Sa X0, %‘0)]
+ 1 [1+|L(s, x0, §0)| + [L(s, x1, 6D (4.5)
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whenever 0 <t < g, |xo] < R, |x1| < R and |x; — xo| < 8g, whence

Ve L(s, x0, §0) - (61 — &0) + Vi L(s, x0, &0) - (x1 — x0)
< L(s, x1,&1) — L(s, x0, &0) + [1 + |L(s, x0, &0)| + |L(s, x1,ED]]. (4.6)

Let o = min {8g, 1} and let v € W' (s, s1; RY) with f(v) < +oo and |Jv —
ullso < 0, whence |v|looc < R. First of all, since L(s,u,u’) € L'(so,s1) and
L(s,v, V') € L'(s0, s1), from (4.6) we infer that

[VeL(s,u,u') - (V' —u') + VoL (s, u,u') - (v —w)]" € L' (s, 51) -

Now let

r> /sl [VeL(s,u,u') - (V' —u') + ViL(s,u,u’) - (v —u)] ds.

50

We claim that there exists o > 0 such that

/51 L(s,z+t(v—2),7 +t(v' —2)) —L(s,z,7) ds < r
S

0 t

whenever

ce WG siRY) il <o, f@=fWto. O<i<o.

To prove it assume, for a contradiction, that there exist 7z — 0t and zx — u in
C([s0, s1]; RY) with limsup f(zx) < f(u) satisfying
k

/S‘ L(s, zk + te(v — 2i), 7 + (W' — 23)) — L(s, 2k, ;)
ds >r.

S0 173

From Theorem 4.4.4 we infer that (zx) is strongly convergent to u in

Wl l(sg, s1; RY) and that (L(s, zk, z;)) is strongly convergent to L(s,u,u’) in
L! (s0, 51). Moreover, we have

L(s, zk + (v — 2x), 2p + tx (V' — 2})) — L(s, 2k, 2})
179
< L(s,v, V) — L(s, zk, zp) + [1 + [L(s, 2k, 2)| + [L(s, v, v)]]
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eventually as k — oo by (4.5). From the (generalized) Fatou lemma, we infer that

SUL(s,ze +ti(v — z), 2, + (V' — 20)) — L(s, z, Z,
rflimsup/ (s, 2k + (v — z1), 7p + 1 ( Z3)) (8, Zk»> 23) ds
\Y

k 50 173

< /Sl [VgL(s, u,u') - (W —u')+ViL(s,u,u') - (v — u)] ds

50

and a contradiction follows, proving the claim.
Then we have that

f@+tw—2) < f@)+rt,

whenever z € C([so, 511; RY), lz — ulloo <0, f(2) < fu) + o and0 <t < 0.

Given ¢ > 0, we may also assume that o < ¢. Then, if we set
V((z, ), t) =v—2z,
it follows that ||V ((z, 1), 1) — (v — u)|lec < € and
f@+V((z, M), 1) = f@)+rt <i+rt,

whenever (z,A) € Bgs ((, f())) Nepi(f) and 0 < ¢t < o. According to
Definition 4.3.16, we have that

fouv—uy<r
and assertion (a) follows by the arbitrariness of € and r.
Assume now that u € df (u). From assertion (a) and Definition 4.3.17 it readily

follows that

VSL(S, u, M/) : (U/ - I/l/) + VXL(S7 u, I/l/) : (U - I/l) € Ll(S07 Sl) ’

S1
/ [VSL(sﬂ u, M/) : (U/ - I/l/) + VXL(S’ u, I/l/) : (U - I/l)] dS Z <I’L7 v — I/l> 5
S0

forall v e W1 (s0, s1; RY) with f(v) < 400 and [[v — ulleo < 0.

In particular, there exists vg € Cl([so, s11; RY) such that vg(sg) = ug, vo(si) = uy
and |lvg — ulleo < 0/2, whence

VSL(S, u, M/) : (U(/) - M/) + VXL(S’ u, I/l/) : (UO - I/l) € Ll(s()a Sl) .
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Given w € Cl([so, s1]: RY) with lwlleo < 1, from (4.6) we also infer that

VeL(s,u,u') - (/2w + vy — ') + Vi L(s,u,u') - (0/2)w + vo — u)
<L (s, (/2w + vo, (0/2)w’ + v(/)) — L(s,u,u’)
+ [T+ LG, u, u')| + |L (5. (0/2)w + vo, (o/2w + vp)|] .

whence
[VgL(s, w,u')-w + VeL(s,u,u) - w]+ IS Ll(so, 51) .
By the arbitariness of w, it follows that
VeL(s,u,u') € L' (so, s1; RY), ViL(s,u,u’) € L'(so, s1; RY).

If, more specifically, w € Ccl. (Is0, s1[; RY) with [|w|ls < 1, then we have

/sl [VeL(s,u,u') - ((0/2)w" + vy —u') + Vi L(s,u,u') - (/2w + vo — u)] ds
S0

> (. (@/2w +vo — u),

whence

51
/ [VeL(s,u,u') - w' + ViL(s,u,u') - w] ds — (u, w)
S

50
é{

v

/Sl [VsL(S, w,u') - (u — v(/)) + Vi L(s,u,u')- (u— vo)] ds

50

—(u,u—vo>}-

It follows that Ve L(s, u, u’) € BV (so, s1; RY) € L (sp, s1; RM).
Let now (vr) be a sequence in C 1([so, s1]: RM) converging to u in
W 1(so, s1; RN) with v (so) = uo and vi(s1) = u;. We have

51
/ [ L(s. u, ') - (/2w + v} — ) + Ve L(s. ') - (/2w + vg — w)] dis
50

= (. (@/2)w + v — u)
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eventually as k — oco. Going to the limit as k — oo, we get

s1
/ [VSL(s, u,u')-w + VieL(s,u,u’) - w] ds > (1, w)
S

50

forall w € C!(Iso, s1[; RY) with |w]eo < 1,

whence
51
/ [VeL(s,u,u') - w' + ViL(s,u,u') - w] ds = (u, w) forall w € C!(Iso, s1[; RY)
50
and assertion (b) follows by Proposition 4.4.5. O

Corollary 4.5.3 Letu € Wh1(so, s1; RV) with f(u) < +o0 and 0 € 3f (u). Then
u is a solution of (P). If, furthermore, L is of class C' on [so, 511 x RN x RN, then
we also have

[L(s, u,u') —u' - VeL(s, u, u’)] e C'([s0,51]),
[L(s, u,u') —u' - VeL(s, u, u’)]/ = D;L(s,u,u’) in [s0, s1] .

Proof 1t follows from assertion (b) of Theorem 4.5.2 and Proposition 4.4.5. O

Corollary 4.5.4 Letu € Wh1(so, s1; RN) be a local minimum of f. Then f(u) <
400 and 0 € of (u). In particular, the assertion of Corollary 4.5.3 holds.

Proof Since f(v) < +oo whenever v € C'([s0, s1]: RN) with v(sg) = ug and
v(s1) = u1, we have f(u) < +oo. Then the assertion follows from Remark 4.3.3
and Theorem 4.3.19. |

Theorem 4.5.5 Let (u, 1) € epi (f) with f(u) < A. Then (gf)o ((u, A); (0, =1)) =
—1. In particular, we have |dgf| (u, ) = |dgf| (u, M) = 1 and, for every c € R,
the function f satisfies condition (epi)..

Proof Since G is Lipschitz continuous of constant 1, it is easily seen that

0
(Gr) (,2); (0, 1)) = —1.
To prove the opposite inequality, it is equivalent to show that
0
(Gr) (@, )5 0, fw) =) < fw) — 4, 4.7
as (gf)o ((u, X); -) is positively homogeneous of degree 1.

Let R > 1+ ||ullco- As before, we may assume without loss of generality that
L(s, x,&) > 0 whenever |x| < R.
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Given ¢ > 0, let ¢’ > 0 be such that

¢ 2+ A+ f) 52

and let §g . be as in assumption (L3). If o > 0 satisfies

&

0<1, o0 =<6y, 054,

we have ||zl < R and ||z — #llec < g, whenever ||z — u|ooc < o. From

assumption (L3) it follows that

fe+tw—2)<f@Q+1t(fw)— f@)+e1d+ f)+ fu)
<n+t(f@ —n+et(4+n+ fw)
<n+iffw)—r+o+eA+r+0+ fw)]

<n+ir[fw-2+7].

forall (z,n) € Bs (u, ) Nepi(f) and ¢t € [0, o].
In particular, if we set

V@mn=(u—z f@—r+ )
forall (z,n) € By (u, X)) Nepi(f) and ¢ €]0, o], we have

1V((z, 1), — O, fw) =Ml <&,
(z,m) +tV((z,m),t) €epi(f),

Gr((zom) + V(. 0) = Gp @+ [fw =it ]

whence by Proposition 4.3.20

G0 2): (0, f(u) — 1) < fu) —»+ ; .

Going to the limit as ¢ — 0, formula (4.7) follows, whence
(G7)" (. 2 0, ~1) = —1.
If o € 3G (u, A), we have
—lleell = (e, (0, =1)) < (Qf)o ((u,2); 0, —1)) = -1,

whence ||| > 1forall u € 9G(u, A).
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From Theorem 4.3.19 we infer that |dgf| (u,r) = |dgf| (u,r) = 1. In
particular, for every ¢ € R, the function f satisfies condition (epi).. m]

4.6 A Coercive Case

Throughout this section, we assume that L satisfies assumptions (L1) and (L3).
Moreover, instead of (L), we require a global coercivity, namely that:

(Ly)  there exist C© > 0 and, for every M > 0, C\;) > 0 such that
L(s,x,&) > M|g| - C\)) — O |x|

foralls € [sg,s1]and x, & € RN
Of course, assumption (L4) implies (L7).

Proposition 4.6.1 For every c € R, there exists R > 0 such that

lulloo < R forallu € Wl’l(so,sl; RN) with f(u) <c.

Proof Let C © be as in assumption (L4) and let M > 0 be such that

S1 M S1
cw)/ ulds < <|M0|+/ |u’|ds)
50 2 S0

forallu € Wh!(so, s1; RY) with u(so) = uo and u(s1) = u; .

If Cl(é) is given by assumption (L4), we infer that

S1 S1 M S1 M
fu)>M / W'l ds—C\)) —c© / lulds > / /| ds—C\) =" luo|

S0 S0 2 S0 2
forallu Wl’l(so, S1; RN) with u(sg) = ug and u(s1) = u;

and the assertion follows. m]

Theorem 4.6.2 The functional f admits a global minimum ug, € Wl’l(so, S1;
RM). In particular, ugy, is a solution of (P).

Proof Since f(v) < +oo whenever v € Cl([so, s1]; RY) with v(sg) = uo and
v(s1) = u1, there exists ¢ € R such that the set

fu e whleo, s RY) ¢ £ < c

is not empty.
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From Proposition 4.6.1 and Theorem 4.4.1 we infer that f admits a global
minimum ug,; € whl (50, s1; RN). From Corollaries 4.5.4 and 4.5.3 it follows that
Ugm 1s a solution of (P). O

Theorem 4.6.3 Let ujy, ugn € Wl’l(so,sl; RN)Y be such that up, is a local
minimum of f, ugy is a global minimum of f and gy # uym.

Then there exists upy, € Wh(so, s1; RN) with fump) < +00,0 € of (ump),
Ump 7 Uim and Uyp # Ugm. In particular, upy,, gy and uy, are three distinct
solutions of (P).

Proof By Corollary 4.4.2 the functional
f+Cllso. 511 RY) =] — 00, +00]

is lower semicontinuous and, by Proposition 4.6.1, Corollary 4.4.3 and Theo-
rem 4.5.5, the functional f satisfies (PS). and (epi). for all c € R.

Taking into account Corollaries 4.5.4 and 4.5.3, we have that uy,, ug, are two
distinct solutions of (P) and f(ugm) < f(uim) < +oo. In particular, we have
Ulm, Ugm € Cl([SOa s1l; RN)-

If we set

@) = (1 = Duim +tugm,

we have that ¢ € C([0, 1]; C([s0, s1]; RM)) with ©0) = uym, (1) = ugy and
f o ¢ bounded.
From Theorem 4.3.15 we infer that there exists u,,, € Wl’l(so, s1; RY) with

f(ump) < +o0, |df| (Ump) = 0, Ump F Ulm and Ump 7 Ugm.-
By Theorem 4.3.19 we have 0 € df (u,p) and by Corollary 4.5.3 uy,), is a further
solution of (P). |

4.7 Fermat’s Principle and Numerical Evaluations for Light
Rays

Consider R? as an isotropic, possibly nonhomogeneous, medium whose refractive
index n is described by a function

n:R> - [1, +oo[

of class C!.

Given ug,u; € R¥and g € R, a light ray, starting from u( at the time #y and
reaching u1, is described by a map (u, 1) € whho, 1; R% x w10, 1) which
makes stationary the time functional

T, 7)=1(1)—19
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defined on the space

E= {(u, )e Wwh0, 1: R x whl,1):
u(0) =ug, u(l) =uy, 1(0) =t9, ct'(s) =nu(s))|u'(s)| fora.a.s €]0, 1[} ,

where c is the speed of light in vacuum (Fermat’s principle, see e.g. [11]).
Because of the expression of E, it is clearly equivalent to make stationary the
optical length functional

1
E(u)=/ n(u(s))|u'(s)| ds
0
on the space
{u e Wh, ;R : u(0) =uo, u(l)= ul}
and then recover the function t through the relation
1 s
ww=n+) [ nweynlds.
0

So far, there is no 1 — 1 correspondence between maps (u, ) and physical light
rays, because of the invariance of £ by change of parametrization. Such a 1 — 1
correspondence can be obtained, as it is well known, by adding the further condition

n(u(s))|u'(s)]| is constant for a.a. s €]0, 1].

At this point it is equivalent, and more comfortable, to make stationary the
functional

1 1
Ew =, / [n@u(s)]* [/ (5)[* ds
0
defined on the space
{u e WH200, 1; R 1 w(0) =ug, u(l)= ul},

while the further condition

n(w(s))|u' (s)| is constant for a.a. s €]0, 1]
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is automatically satisfied, if © makes £ stationary (see also Proposition 4.4.5). In
such a case, we have £(u) = /2 £(u) and the function 7 is recovered as

T(s) =t + E(CM) s.

In the end, if L£(u) > 0 the light ray is also described by the space-time relation

(et —10)
x(t) = u( L) ) ,

L(u)

where the time ¢ ranges over the interval [to, o+ 7,

To provide a precise mathematical setting in the line of the previous sections, let
us extend £ to C([0, 1]; R?) by the value +oc. Then, we get the functional

f:C(0,11; R®) —] — 00, +00]

defined by
1 1
) f P ©Pds it e W20, 1R, 1(0) = uo
0
fw) = and u(1) = uy,
+00 otherwise ,

which is of type we have already considered with
1
L(s,x,6) = PR, VeL(s,x,8) =[n()* &, ViL(s,x,&) =n(x) [E]* V().

Since n is of class C!, the assumptions (L1), (L3) and (L4) are satisfied (see
also Proposition 4.5.1). A fortiori, condition (L>) holds. In particular, the results
of Sects. 4.5 and 4.6 apply.

If u is a solution of (P), we have

[n()?u' = VeL(s,u,u’) € C'([0, 11; R?)

whence, in this case, u € C2([0, 1]; R?) and
[P+ 2nw) (V@) -u)u' = |G u/}’ = n(u) [u' 2 Vn(u) |

namely

2 Vn(u(s))

PINNA ICI0)
= ( ' n(u(s)

nGu(s) " (S)) w(s) 4 u (s)]
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Moreover, since
/ / N o 1 20,712
L(s,u,u’) —u -VsL(s,u,u)——z[n(u)] lu'|”,

from Proposition 4.4.5 we infer that the function

{s = n@u)lu' ()1}

is constant.
As an example, let us consider a two dimensional case. More precisely, let N = 2
and let

1
5 3 2
n(x) = ( — 7 arctan (50x(2))) . x= (xa),x(z)) '
2 7

This choice of n corresponds to a “regularization” of a discontinuous refractive
index which takes the value 2 where x? < 0 and the value 1 where x® > 0
(Fig.4.4). Let us refer the reader to [2, 21] for a study of the discontinuous case on
Riemannian manifolds.

We aim to study the case in which ug = (—d, —2) andu; = (d, —2) withd > 0.
Since n(x) is almost constant when x® is close to —2, we may expect that the
functional f admits a local minimum u;,, with

upm(s) ~ (I = s)uo +suj .

A more precise evaluation of the local minimum u;,, can be obtained by a steepest
descent method (see e.g. [8, Section 3]), starting from

(I —s)uo+sup.

However, for certain values of d, uj,, cannot be a global minimum, because one
obtains a lower value of the functional f by means of a trajectory which increases
x@ to the level where n has a lower value, moves in that area and finally comes
back to the level x® = —2.

This is the case, if ug = (—4,—-2), u; = (4, —2), and again, by a steepest
descent method, one can obtain a numerical evaluation of the global minimum ug,,.
An approximate description of u;,;, and ug, is given by (Fig.4.5)

u),, (0) ~ (7.999969,0.019204) [ (uym) ~ 127.6942 L (uz) ~ 15.9809
1), (0) ~ (3.910207, 6.545254)  f (ugm) ~ 115.9823 L (ugm) ~ 15.2304

According to Theorem 4.6.3, there is a further critical point u,,, of f, of
mountain pass type, which represents a light ray of total internal reflection. A
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1

5 3 2
n= (— — — arctan (50 x(2>)>
2 7

0.8

0.6

0.4

0.2

Fig. 4.4 The graph of the refractive index n

numerical evaluation of u,,, is more complicated, but can be performed using the
technique introduced in [8] (see also [24]).
Let us collect some approximate descriptions (Fig. 4.6):

up = (—4, -2) uy = 4, -2)

uy,, (0) ~ (7.999969, 0.019204) S (uim) = 127.6942 L (um) = 15.9809
u;,m(O) ~ (3.910207, 6.545254) f (ugm) ~ 115.9823 L (ugm) ~ 15.2304
u;np(O) ~ (7.903412, 4.062619) f (ump) ~ 157.5607 L (ump) ~ 17.7517

When d decreases from 4 to 3, so that ug and u approach, for a certain value of
d the local minimum close to

(I —s)uo+sup
becomes global, so that

”gm(s) A —s)uo+sug.
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0.5

-0.54

225

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3 35 4

Fig. 4.5 The images of the local minimum u;,, (the lower curve) and of the global minimum u g,
(the upper curve), in the case ug = (—4, —2) and u; = (4, —2)

0.5

-0.5

2.5

-4 -3.5 -3 2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

Fig. 4.6 The images of uy,, (the lower curve), u,,, (the middle curve) and ugy, (the upper curve),
in the case ug = (—4, —=2) and u; = (4, —2)

However the old global minimum moves and becomes in fact a local minimum.
Again, there is also a further critical point of mountain pass type.

This is the case if ug = (—3,-2), u1 = (3,—2). Let us provide some
approximate descriptions (Fig. 4.7):

up = (=3, =2) uy = (3, -2)

Uy, (0) ~ (5999987, 0.010787) f (ugm) ~ 71.8280 L (ugm) ~ 11.9857
), (0) ~ (3.410880, 5.644203)  f (usm) ~ 86.7746 L (um) ~ 13.1738
Uy, (0) ~ (5.912067,4.047692) [ (ump) ~ 1024277 L (upp) ~ 14.3128
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Fig. 4.7 The images of ug, (the lower curve), u,,, (the middle curve) and u;,, (the upper curve),
in the case ug = (—3, —2) and u; = (3, —2)

When d is still decreasing, the local minimum and the mountain pass point
approach. Let us see the situation when ug = (—1.7, —-2), u; = (1.7, —2) and
provide some approximate descriptions (Fig. 4.8):

o = (~1.7,-2) w = (1.7, -2)
), (0) & (3.399998,0.003460) [ (1gm) ~23.0648 L (igm) ~ 6.7919

1},,(0) ~ (2.868803, 4.370040)  f (uim) ~ 545242 L (um) ~ 10.4426
), (0) ~ (3.239072,4.112322)  f (ump) ~ 54.6749 L (mp) ~ 10.4570

If d is too small, hence up and u too close, the global minimum close to
(I —=s)up+su;

is the unique critical point of f.
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Fig. 4.8 The images of ug, (the lower curve), u,,, (the middle curve) and u;,, (the upper curve),
in the case ug = (—1.7, =2) and u; = (1.7, =2)
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Chapter 5 )
Electromagnetic Hypogene Co-seismic Shethie
Sources

Giovanni Franzina

Abstract We survey some mathematical models for electro-magnetic emission due
to electro-mechanically generated sources in heterogeneous materials. Because of
the applications in geophysics, we focus our attention on parabolic approxima-
tions of Maxwell’s equations; also, we estimate under various assumptions the
discrepancy with respect to the complete set of classical electrodynamics. Then,
we introduce a related inverse problem.

5.1 Introduction

The task of predicting time, location, and energy, of a seismic event in advance
enough to deliver warnings is a tough task to undertake. Deterministic predictions
are out-of-reach. Some estimation of earthquake probabilities is however possible.
Long-term chances that an earthquake of magnitude larger than a threshold will
(or will not) take place in a given area within a given time period are sometimes
provided by research groups. For example, magnitude and location of the 2004
Parkfield earthquake were correctly predicted [7], without however a precise
prediction of its time of occurrence; the same section of the San Andreas fault is still
the object of long-term probabilistic prediction [20]. Besides the specific example,
in general this kind of prediction usually regards a rather large time window, and
short-term precursors are very difficult to detect.

Instead, the advance notice that a shock is going to hit an area, within several to
tens of seconds, does not only involve inferential statistics, but also physics. Is called
early warning and is sometimes made possibile by the difference in propagation
velocity between primary waves and secondary waves: for instance, seismic wave
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propagation in elastic homogeneous isotropic media is described by a vector-valued
displacement function u obeying the PDEs

0%u

a2 =A+2W)V(V-u)—uVxVxu,

4
where A, u are Lamé’s coefficients [23]. Recalling the vector calculus identity
VV-u)—V xVxu=Vu,

where V? is the componentwise Laplace operator, we deduce that V - u and V x u
solve wave equations with propagation speed respectively given by

A+2u \/,u
and ,
Q Q

whose ratio is +/2 at least. The earlier arrival of “P-waves”, oscillating parallel
to propagation, can be used to warn in advance of the imminent effect of the “S-
waves”, travelling slightly more slowly along the same direction but shaking in the
orthogonal directions, and being therefore likely to carry a larger energy.

It makes sense to wonder if other “imminent” seismic precursors exist: In
particular, if it makes sense to seek electromagnetic seismicity-related signals that
might provide advance notice of an imminent earthquake: the possibility of links
between subsurface electric currents and earthquake physics have been investigated
for occasionally in the literature. Yet, little is known, nonetheless.

Here, we present an elementary magneto-quasistatic model aiming to study hypo-
gene co-seismic source reconstruction starting from subsurface measurements of
magnetic signals. There is no pretence of originality, nor is this paper supplemented
by data or any specific material.

5.1.1 Magnetic Anomalies of Possible Coseismic Nature

Telluric electric currents, flowing throughout Earth’s crust, can be measured; in
particular, it is sometimes conjectured that those acting as sources for signals
with frequency ranging between 10~ and 10° Hz may admit some relation to
seismology [19]. Possible meaningful causal explanations are indicated in friction
and piezoelectric effects within rocks, due to the relative movement of fault blocks.

Measurements in experimental seismo-electromagnetic research were carried out
to figure out about evidences of aperiodic changes in electromagnetic fields, with
controversial results; in fact, claims of magnetic anomalies in the low-frequency
band are sometimes asserted. The first instances in literature of papers supporting
with some data these hypothesises seem to be those concerning two seismic events,
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one in Spitak, in Armenia, and another one in Loma Prieta, in California in 1989;
an anomalous electromagnetic emission in the ULF range was measured in both
cases; the instruments were believed to reveal a transient signal for hours before
and after the earthquake [13]. As a matter of fact, other scientists [24] refuse to
acknowledge significance to the findings about Loma Prieta earthquake, suggesting
that they would be due to a sensor malfunction. Also, a recent surge in research
in geophysics in this topic is related to the DEMETER mission; in this case, the
magnetic measurements are taken in orbit rather than at the surface; some authors
related their findings to earthquakes in Sichuan [25] and Haiti [6].

Thenceforth, a number of experts started investigating the matter, with the object
of understanding if the simultaneous occurrence of seismic activity in the crust and
of electromagnetic anomalies in ULF bands does take place, and if this happens
by chance, with no cause-effect relation, or if instead the two phaenomena are
linked by a causal relationship [9, 12, 15, 17]. For instance, in [17] the authors
conjecture a source-generating mechanism based on micro-crack propagation. Their
considerations are based on a simple dimensional analysis. According to findings
based on geometric deep sounding, the macroscopic crustal dielectric permittivity
¢ is small relative to the average conductivity o of rocks: precisely, the ratio ¢/o
is estimated to range between 10~7 s and 107 s. Since changes in geomagnetic
fields, geoelectric potentials, and electrokinetic potential on the water-solid contact
are not expected to cause fast ULF variation, a possible stress-induced mechanism
with this time-scale is the opening of cracks with lengthscale between 10~* and
10~" m at the seismic velocity of 103 m/s. In this picture, the consequent EM noise
would dissipate within the region interested by the phaenomenon, producing ULF
emission under a cut-off at 1 Hz.

5.1.2 General Electrodynamic Models in Seismology

At the occurrence of a seismic event, and in correspondence with its preparatory
phase, the scalar parameters (azimuth, dip and depth) describing the (affine) fault
plane, the local crustal strain, and the width of the portion of plane interested by
yield stress, cope with ground motion, friction and crack opening. The induced
movement of electrically charged particles generates an electromagnetic signal.
Subsurface charge motions take place along the field lines for a vector field v. By
charge consevation, J = p~!v compensates the rate of change in time of the electric
charge distribution in Earth’s crust denoted by p(-, ¢) at time ¢, so that

ap
V.-J=0. 5.1
o +V.J (5.1)
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By causality, J must be a non-stationary function; this yields a time-varying
magnetic field. Indeed, (5.1) and Gauli’s law V- D = p for the electric displacement
field D imply (up to harmonic fields)

-D+VxH=]. (5.2a)

Also, in view of Faraday’s induction law, a non-stationary magnetic induction field
B induces a non-conservative electric field E satisfying

IB
,, TYXE=0. (5.2b)

In addition to (5.2a) and (5.2b), Maxwell’s equations include Gauss’s law
V.-D=p, (5.2¢0)
and the constraint of absence of magnetic sources:

V.B=0. (5.2d)

5.1.3 Constitutive Properties of the Propagation Medium

The medium filling Earth’s crust is described by the constitutive relations
D=¢E, B=puH, J=Jo+oE. (5.3)

where ¢ is the electric permittivity g9 = 8.8541878128(13) x 10712 F-m~! and u
is the magnetic permeability o = 4w x 10~7 H-m~! in vacuum. The last equation
in (5.3) includes a vector field J, interpreted as the source, concentrated in region
several to tens of kilometers deep and generating the EM signal, and the induced
volume eddy currents, that depend on the crust stratification according to a linear
Ohm-type law: the electric conductivity o is a known piecewise scalar function [19],
but anisotropic media can also be considered (in that case o is tensor-valued).
Inserting the constitutive laws (5.3) in the complete set of Maxwell’s equations (5.2),
we arrive at the system of equations

E
VxH—(oE—i—sat):Jo

(5.4a)

v E+u 2 _o
X =0,
Hoar

subject to the differential constraint

V.(uH)=0. (5.4b)
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Initial conditions, in this model, must be imposed both on the electric and on the
magnetic field
E0) = E, (5.5a)
H(0) = H, (5.5b)

with E¢, and H . being given,and V - (uH ;) = 0.

5.1.4 Grounds for Magneto-Quasistatic Models

In time-harmonic regime, the collection of all bulk terms between round brackets in
the first equation of the system (5.4a) is given by multiplication of the electric field
(in frequency domain) by the complex tensor

o +iwe.

Assuming smallness of the complex modulus |@| would be consistent with findings
of magnetic anomalies in ULF band. Also, the smallness of the time-scale é (see
Sect.5.1.1) makes ¢ negligible, relative to o. Thus, the interest in ULF magnetic
anomalies in signals due to hypogene sources suggests one to consider the magneto-
quasistatic model

VxH-cE=]yp (5.6a)
VxE—i—/LaaftI:O, (5.6b)

with the constraint
V-(unH)=0. (5.6¢)

In this case, we may provide an initial condition for the sole magnetic field, requiring
that

H(0)=Ho, (5.7

where the vector field H( is given and satisfies the compatibility condition V -
(wH() = 0. Some comments on the singular limit as ¢ — 07, in passing from
(5.4) to (5.6), are made in Sect. 5.4. The loss of an initial condition may induce a
boundary layer problem in time.



130 G. Franzina

We point out that the limit problem (5.6) is or parabolic type. Indeed, multiplying
(5.6a) by o1 and using the result to cancel the electric field from (5.6b) we arrive
at the equation

MaailJer(0_1V><H)=V><(0_1Jo)~ (5.8)

This equation involves the differential operator H — V x (G’IV x H), that is of
elliptic type under natural assumptions on the coefficients (see Sect. 5.2.4).

5.1.5 Boundary Conditions

Let Q@ C R3 be an open region with smooth boundaries, filled with a medium
having permittivity ¢, magnetic permeability u, and electric conductivity o, with
appropriate assumptions on p and o being in force (we postpone the details to
Sect. 5.2.4). In order to match the degrees of freedom in components of Jo, E, H,
both (5.4) and (5.6) list a number of equations that lack two scalar conditions. A
convenient choice is to impose the boundary condition

Hxn=0, on 92 5.9

That, supplemented with these tangential boundary conditions, the magneto-
quasistatic model (5.6) be well-posed is assured by suitable assumptions, that are
discussed in Sect. 5.3.

The choice of limiting ourselves to consider homogeneous tangential boundary
data is a mathematical artifice that causes no real restriction in Sects. 5.3, 5.4, and
5.5.

5.1.6 Parabolic Inverse Source Problems

Notwithstanding, it may be interesting to consider solutions attaining inhomoge-
neous data at the boundary. Those data may model measurements, at least in
some subregion of the boundary surface; in this spirit, we point out that, under
some circumstances, partial measurements are enough to recover the constitutive
properties of the medium [5]. But the relevant inverse problem in this context is
different, because it points to recover the source appearing in Egs. (5.6), that we
couple with (5.9), from the knowledge of suitable data 6.

In time-harmonic regime [4] there exist non-radiating sources, i.e., non-trivial
right hand sides J¢ in (5.6) that are consistent with the homogeneous conditions
(5.6). Thus, even a complete knowledge of the boundary data H x n = 6 would
not be sufficient to determine Jo. Due to this ill-posedness, it is essential to subject
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the inverse source problem to some a priori assumptions on geometric and analytic
structure of the source. Both in hyperbolic and in parabolic setting [1, 4], tangential
boundary measurements uniquely dictate the source if the source is a priori known
to be concentrated along a surface. Uniqueness holds for dipole sources, too. In
Sect. 5.6, we survey this results in the time-dependent model.

Of course source reconstruction from the knowledge of tangential boundary
measurements is not the only inverse source problem that can be considered,
and there are a number of variants of the same idea. Another inverse problem
that we introduce in Sect.5.6 is that of determining the source in (5.6), under
homogeneous boundary conditions (5.9), by assuming the complete knowledge of
the magnetic field at the endpoints of a time interval [22]. Yet another example is
provided by inverse source reconstruction for (5.6) with (5.9) from boundary normal
measurements: the method of [21] for (5.4) can be adapted verbatim to the parabolic
setting.

5.2 Mathematical Framework

Unless otherwise specified, here and henceforth the spaces of L? scalar-valued,
vector-valued, and tensor-valued functions will be denoted by Lz(Q), Lz(Q; R3),
and L?($2; R3*3), respectively. Also, we shall denote throughout the paper by
(-, *)g2 and by || - ||;2 the scalar product and the norm in all these spaces.
Occasionally, we may opt for notation || - || 2(r) when referring to the weighted

L?-norm with the function f as a density.

5.2.1 Energy Space
We recall that
H'(curl, Q) = {¢¥ € L>(: R?) : V x ¢ € L*(Q2: RY))

is a Hilbert space with the scalar product defined for all ¢, ¥ by (¢, ¥);2 +
(V x @,V x ¥);2. For all smooth surfaces X, in particular for all smooth portions
of 0€2, we set

H™2(divy: &) = {x CH 2(Z:R%: A-n=0, divyh =0}. (5.10)

We recall that the Gauss Green-type formula

(q»,vxwﬁ)Lz—(w,Vx«p>Lz=fBQ<o~(nxr/r)dS, (5.11)
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holds for all ¢, ¥ € C 1(Q; R3). As a consequence, the tangential trace ¥ +——
n x ¥ from C'(2; R?) to C(Q; R3?) extends to a bounded linear operator from
H'(curl, ) to the dual space H ™2 (92: R?) of H2 (32; R3) (see, e.g, [10]), whose
kernel is denoted by HO1 (curl, ).

We shall occasionally abbreviate H 1(curl , Q) to 1, for ease of notation. We
also set

AL =¥ e H(curl, Q) : V- (uy) =0}, (5.12)

which defines a closed vector subspace of 7 ! In view of assumptions made in
Sect. 5.1.5 the open set 2 supports the so-called Gaffney inequality [8] (a Friedrichs-
Poincaré type functional inequality)

/|¢|2dxgcf IV x ¥|?dx, forall g € ),
Q Q

and ji”(l) is a subspace of H'(Q:; R3), and with the equivalent norm ¢ — ||V x
¥ll;2,and %é is contained in L?(£2; R?) with a compact embedding (see, e.g, [14,
§2]). By induction, we also define

Ay ={ped  Vxyes, V.y=0)

forn € {1, 2, 3}.

5.2.2 Time-Dependent Spaces

We recall that, given p > 1 and a Hilbert space Z, a function ¢ belongs to
L?(0, T; Z) if we have

T
/0 lp 1% dt < 400

and, in that case, the p-th root of left hand side is denoted by [|¢||zr (0,1, z). We also
recall that this defines a complete norm on L” (0, T'; Z). The same conclusion holds
in the borderline case p = oo, provided that the p-th root of the integral is replaced
by the essential sup norm.

If 9,¢ belongs to L?(0, T; Z) then so does ¢, and in that case we write ¢ €
WbLr(0, T; Z). Assume that Z C L%(Q2: R3) c Z*, where Z* is the dual of Z,
with continuous inclusions having dense images. Then, we recall Lions-Magenes
Lemma (see [11, §5]): if ¢ € L?*(0,T; Z) and d:¢ belongs to the dual space
L?(0,T; Z*), then ¢ € C([0, T]; L*(2: R3)) and the function ¢ > ||¢>(t)||i2 is

absolutely continuous, with } & ()12, = (¢(1) , dp(1)) forae. 0 <t < T,
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where (-, -) denotes the duality pairing. The same conclusions hold also if ¢ €
W1’2(O, T; Lz(Q; R3)), because of one-dimensional Sobolev embedding.

5.2.3 Regularity of the Boundaries

For all points x € R? and for all » > 0, we denote by B, (x) the ball of radius
r centred at x. An open set  in R? is said to satisfy a uniform two-sided ball
condition if there exists a positive » > 0 with the property that, for every boundary
point & € 0%, there exist a ball B,(x) contained in 2 and a ball B,(y) contained
in its complement, such that & belongs both to the closure of B, (x) and to that of
B, (y). Throughout this paper, we shall make the following assumptions:

2 is a bounded open set in R3. (5.13a)
Q2 is either convex or it satisfies a uniform two-sided ball condition. (5.13b)
The closure €2 of €2 has the same boundary as €2. (5.13c¢)

Incidentally, we point out that, under the assumption (5.13c), condition (5.13b) is
equivalent to a uniform bound on the C!'! constants of the functions describing
locally €2 as a subgraph.

5.2.4 Assumptions on the Coefficients

We assume that o be a bounded measurable function with values in the set of (3 x 3)-
symmetric matrices with real coefficients such that

<7()|§|2 <ox)E&- &< a(;1|g|2, fora.e.x € 2, and forall § € R3,  (5.14a)
for an appropriate constant oy > 1. Here, for all £, 7 € R3 we are denoting by

& -  the standard scalar product in R?. By u we shall denote a fixed positive smooth
scalar function, satisfying

o0 < inf{u(x) . [Vu(x)} < sup{u(x) . [Vu@)} < o; (5.14b)

forall x € Q.
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5.2.5 Total Basis and Magnetic Eigenvalues

Assuming (5.13) and (5.14b), the eigenvalue-type boundary value problem

VXVxy=, in ,
V-(ny)=0, in , (5.15)
nxy=0, on 92

admits non-trivial (weak) solutions for a discrete set of real numbers A, called
eigenvalues. If A > 0 is an eigenvalue, any non-trivial (weak) solution of (5.15) is
called an eigenfield. The eigenvalues form an unbounded non-decreasing sequence,
that is completely described by the variational principle

f IV x ¢ (x)% dx
max 2

1 : ¥ € Span{@q,...,9,}\ {0}
Pl @€ / ¥ (x)|? dx
Q

(5.16)

If Q is simply connected with a connected boundary 9€2 then A; > 0. In general,
Aj = 0 for all positive integers j smaller than the number of degrees of freedom
behind conditions

Vxy =0,V -(uy)=0,nxy|,,=0,

which is however always finite (it is the second Betti number of 2 as a Euclidean
manifold).

5.3 Well-Posedness for the Forward Problem

5.3.1 Parabolic Estimates

In this section we provide solutions of the quasi-static Maxwell equations, under-
stood in the following sense.

Definition 5.3.1 Given Jo € L2(0, T; L?>(€; R3)) and Hy € L?(Q2; R3), with V -
(wHo) = 0in Q, we say that H € L>(0, T; 5#}), with & H € L*>(0, T; (s})*)
and H(0) = Hy, is a weak solution of (5.6) with the boundary conditions (5.9) if
we have

T ()¢ T Ty
- H, d “IVxH,V dt = “1Jo,V dr,
[ (o 580, [ o) = [ o9 ),

0 0 0
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for all ¢ € C*°(Q2 x [0, T]) with support contained in 2 x [0, T], forall 0 < Ty <
T, < T.

Note that, under the assumptions made in Definition 5.3.1, the initial condition
on weak solutions makes sense because of Lions- Magenes Lemma. If certain better
regularity criteria are met, the weak solutions are solutions in the following stronger
sense.

Definition 5.3.2 Given Jo € L*©0,T;L*(Q;R%) and Hy € ), with
V. (uHyp = 0in Q, we say that H ¢ L2(0, T; %ﬂ(l)), with o, H €
L2(0, T; Lz(Q; R3)), is a strong solution of (5.6), with boundary conditions (5.9),
if

OH _ _
(470 8) 09 8) 1091 ),.
(5.17)

forall y € %”(1) andforae. 0 <1 <T.

To construct solutions, we follow a specific Galerkin-type method. To do so, for
all m € N, we denote by =, the projection from .77 (1) onto the vector space ¢ ém
generated by the eigenfields associated with the eigenvalues Aq, . . ., A;, introduced
in (5.16). Given Hy € 3¢ (1), the standard results for linear systems of ordinary
differential equations imply the existence of a (unique) H,, € C 1 ([0, T1; 22 (l)m )
for which

VxH,—cE, =a,J0
OH (5.18)
VxE,+u at’" =0

for an appropriate E,, € C Lo, 11; # ém ), under initial conditions H,,(0) =
7 Ho. Multiplying the first equation in (5.18) by E,,; and the second one by H ,,
we arrive at the identity

1d

2 dt (WHy, , Hm)L2 + @©Ey,;, Em)L2 =—(TnJo, Em)L2 . (519)

Using Cauchy Schwartz inequality and the first equation in (5.18) again, from (5.19)
we deduce

d _ _
o Hn Hy)p+ (07 x By V x Hy) = (07 mndo mndo) -
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Integrating in time, we get

T T
sup ||¢uHm||§2+/ IV x Hpll7,dr < C1(A) ||Ho||iz+f IToll72d7 ) .
t€l0,T] 0 0

(5.20)

Also, recalling that (5.15) with A = A; holds for an appropriate ¥; € 7 })m , wWe
have

m

IV x Hy )72 =Y (Hu(©) . ¥;) 2 (Hu(0). ;) (Vx¥; .V x¥;),,

i, j=1
Vv .
<V x Hy , X]I,l)
\/)w‘ L?

=ZM(H0,'/’;)L2 ? = Z
izl

i<m

2i>0

2
=V x Holl7,

(5.21)

where in the last passage we also used Bessel’s inequality. We differentiate the first
equation in (5.18) and we multiply the result by E,,, then we multiply the second
equation in (5.18) by 9; H ,,. Doing so, we arrive at

1

! _ aJo aJo\2

) + éj] (UEm 5 l’:m)[‘2 < (GEIH 5 Em)iz (U 1nm s Tm )
L2

oH,, 0H,
ot ot )2

TR

where we also used Cauchy-Schwartz inequality. By a Gronwall-type argument, we
infer that

T d d
OEn,Epn)2 <2(E;,Q0), Em(o))L2+T/ O'iln'm Jo » Tm Jo dt.
0 at at L2

Using the first equation in (5.18) with # = 0 and recalling (5.21), after an integation
in time from the last two inequalities we deduce
2
d r) .
L2

[)T
(5.22)

IfV x (67'V x Hg) € L*(R), the system (5.18) at initial time gives

oH,,
ot

aJo

N o

2 T
dr+ sup [V x Hpll7, < C2(A) <||v x Hol?, +/
L2 7€[0,T] 0

13 Hpy(0) = =V x (67'V x Ho) +V x (671 Jo(0)).

By (5.18) we also have

32 oH )
(Matsz,l//) +(O'_1V>< ‘tm’VX'/,> =<a_l7rm ;U,quh) , forallqhef%ﬁ(l).
LZ

12 ad 12
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oH
Then, for V x (6 'V x Hy) € L3(R), choosing ¥ = atm and integrating in time

we arrive at
2 T 2
0(VxH
sup " (1) —i—/ (VX Hun) dt

7€[0,T] ot L2 0 ot L2

T 2

_ aJ
< C3(A) <||o— ly x H0||f(1) _|_/0 3t0 i dz').
L

(5.23)

The energy estimates obtained during the procedure imply the following fact.

Theorem 5.3.3 Let @ C R3 satisfy (5.13), let 0 € L®(Q;R>3) and let
w € CHR3) be such that (5.14) holds. Given Jo € L*(0,T: L*(Q2; R3)) and
Hy € L*(Q), with V - (wHo) = 0 in 2, there exists a unique weak solution
H e L>0,T; 7)), with 3 H € L*>(0, T; (5})*), and we have

HH [ Lo 0,722 + 1 H 200,708y = €1 (I1Holl L2 + 1T ol z20.7: 1202))) -
(5.24)

Ifalso Hy € 5} and Jo € W'2(0, T; L>(Q; R?)), then H is a strong solution
and

aJo
ot

LZ(O,T;LZ(Q))) .
(5.25)

”H”WLZ(O,T;LZ(Q)) + ”H”LOO((),T;{%&(I)) < (”H”}f(l) + H

Eventually, if in addition c='V x H € jf(l) then

daJo
at

LZ(O,T;LZ(Q))) ‘
(5.26)

I H 00,7220y + 1 H Ly roeh ) < €3 <||a—‘v x Holl 1 + H

In the estimates, the constants c1, c2, ¢3 depend on oy, T, and 2, only.

Proof Uniqueness follows at once by the estimates. The existence of a field solving
the weak equation, with the first estimate, is a consequence of (5.20) and of a routine
compactness argument. In case Hyg € J7 (1) , we can use (5.22), too: as a consquence,
we obtain the second estimate; also, choosing a test function of the form ¢ (x, 1) =
Y (x)h(t), with h € Cé (0, T), in the weaker equation and integrating by parts,
we deduce the stronger equation for almost all times ¢ € (0, T) because of the
arbitrariness of /. Eventually, under the additional assumption that V x (o ~!V x
Hy) e 7 (1) we can use also (5.23) and that implies the last statement. |
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Remark 5.3.4 If the initial data satisfy the assumption V x (6 ~'V x Hg) € (1) ,
then by Aubin-Lions Lemma the convergence of the Galerkin method holds, at least,
is in the following sense:

T
lim [ [Hu(.0)—HC 0l,dt =0

m—0oQ 0

The case of heterogeneous media with conductivities that include discontinuities
is interesting in applications. The following regularity-related result is proved in
[14, Theorem 4.1]. The proof presented there is based on the method introduced in
[2], which combines elliptic Campanato-type estimates and the classical De Giorgi-
Nash regularity with the relevant Helmholtz decompositions.

Theorem 5.3.5 (Regularity) Ler Q@ C R3 satisfy (5.13), let 0 € L®(2; R3*3)
and let @ € CY(R3) be such that (5.14) holds. Then, there exists oo € (0, é], only
depending on oy, such that for every a € (0, ap] the following holds: for every
Hy € C%%(Q; R3) and for every Jo € L*(0, T ; CO*(Q; R3)), if (E, H) is a weak
solution of (5.6), then H € L*(0, T ; C%%(Q ; R3)), and we have

”H”LZ(().T;COJJ(Q;]R?)) SC|:”H0”C0-LY(Q;]R3) + ||H||W1.2(0.T;,%ﬂ(l)) + ”JO”LZ(().T;COﬂ(Q;]R?))} >
(5.27)

where the constant C depends on oy, T, and on 2, only.

Remark 5.3.6 If the initial data satisfy also the assumption that 0 "'V x Ho € (1)
then

I 0,7:c00 (2:3)) fc[”H0||CO~~<Q;R3> Iy o,y + ”JO”LW(OJ:CO&(Q:H@))] :

The appropriate assumptions on the conductivity coefficients ¢ do include the
possibility of discontinuities, as said. Nonetheless, it can however be legit to
consider simplified situations in which the singularities are concentrated along
smooth geometric objects.

For example, a relevant situation is that of an heterogeneous isotropic medium
described by a piecewise constant conductivity, jumping across a plane. In this
simpler case, the magneto-quasistatic field solves a system of three scalar heat
equations mildly coupled by the presence in the right hand side of the components
of a given forcing term: in each level set of o, we have

oH
o = VZH=V x J,. (5.28)
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In (5.28), V? denotes the vector-valued Laplace operator defined componentwise by

O f + 05 f +0%f f
Vi =| 02 g+dig+dig |, forally =g
OFch+ 05 h 4+ 02h h

Theorem 5.3.7 (Transmission Conditions) Letr > 0, let R > 0, and let e € R3
and let

Q:{xeR3:|x-e|§R, Ix — (x -e)e| <r},
Q={xeQ: x-e>0}, and Q ={xeQ:x-e<0}.

Letoy,0- > 0,letoc = oy - 1g, +0_ - 1q_, and let [-] denote the jump across
Y = {x € R3: x - e = 0} in the sense of traces. Then, for every Hy € jf(l) and
forevery Jo € L2(0, T; Lz(Q; R3)), a vector field H is a weak solution of (5.6) if,
and only if, it solves (5.28) in Q4 U Q_ and the transmission conditions

[H] =0 (5.29a)
[ex (c7'VxH)]=0 (5.29b)

hold along X fora.e.0 <t <T.

Proof Because Hg € %é , a vector field H is a weak solution if and only if it is a
strong one, i.e., (5.17) holds for all ¥ € J7 (1) . In that case, choosing first test fields
¥ with support either contained in 24 or in 2_ we see that equations (5.6a) and
(5.6b) hold in 4 U 2_ = Q \ X. Combining those equations with (5.17) when
the support ¥ has non-empty intersection with X, after an integration by parts we
arrive at

/q&-ex(uaH)dSzo, /1/f-ex(a_1VxH)dS=0.
) ot )

As ¥ can be any element of .77 (1) , we infer that

oH
|[e>< 8tﬂ:o, [ex (07'Vx H)] =0,
and (5.29b) is proved. Because, by assumption, Hy must not jump across X, the
first identity in the latter implies [e x H] = 0. That [e - H] = 0 too, follows from
(5.6¢) by divergence theorem. This proves also (5.29a) and concludes the proof. O

Remark 5.3.8 When in force for solutions, condition (5.29a) is valid not just in the
sense of traces, because H is continuous across X in view of Theorem 5.3.5. On
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the other hand, condition (5.29b) limits the regularity of H in the scale of Holder
spaces, and indicates that it must not be continuously differentiable: any jump in the
coefficient o must be compensated by the curl of H.

5.4 Hyperbolic Estimates and Their Singular Limit

We devote this section to some comments on the asymptotic behaviour of electro-
magnetic fields in media with vanishing dielectricity. This issue, in the case of
homogeneous media, has been already considered in literature, even for quasi-
linear models: we refer the interested reader to [16]. The problem in heterogeneous
media does not give rise to particular additional issues, at least if the conducivity is
described by a smooth function; for sake of simplicity, in the present section we will
limit our attention to this simpler case.

Let E., H. solve the complete set of Maxwell equations (5.4) under the
boundary conditions (5.9). From (5.4a), we arrive at the estimate

T T
2 2 2 2 2
/0 1Bl di + max [NEels, + I Helz, | < € /0 1J0l2, dr +2L3,
(5.30)
where the constant C is independent of €, and Loe = || Eog|lz2 + |[Hoell 2 where

E(. and H, are the data involved in the initial conditions (5.5).
Differentiating in time equations (5.4a), multiplying the first one by d; E . and the
second one by d; H ., integrating by parts, and using (5.9), by a similar argument we

may also get
2 T
e
L2 () 0

N I
dt + max
0

L2(6) 0<t<T ot
with a constant C that is also independent of ¢. In this case, the right hand side
involves the quantity Mo, = [|0; E¢(0)||;2 + ||0; H¢(0)||; 2, which does not depend
on the data directly, but rather through the solutions.

Note that both L, and Mg, depend on &. When considering the limit as ¢ — 07
it is therefore natural to dictate some additional requirement on the initial data so
as to provide uniform bounds for these quantities. In particular, a uniform bound
for Lo, in (5.30) is a minimal requirement. This would be ensured, for example, by
conditions

2

IE
¢ dr +2M;,
L2

at

aJo

2 9H,
at at

+
L%(e)

(5.31)

Ho. € A7, Ego € A (5.32)
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and

Ag :=timsup (Il Hoe ey + 1 Eocll g ) < +00. (5.33)

e—01

In fact, if (5.32) and (5.33) hold then we further have that

lg(l)gfllHos — Holl ;yn-1 =0, (5.34)

for a suitable Ho € J7; .

Here and henceforth, we make use of a fixed p € Cgo (R3), withO < p <1 and
[ p(x)dx = 1, assumed to be even and have compact support in the unit ball, and
for every 6 € (0, 1) we set ps(x) = §73p (x/8), for all x € R3. For every single
& > 0 and for all (scalar, vector-, or tensor-valued) functions (or distributions) u we
shall denote by

u * ps(x) =/Pa(x —yu(y)dy, xeR},

the (componentwise) convolution product of u by the mollifier ps. We recall that
uxps € C°°(]R3), and that u € %8 implies that u x ps — u, as § — 0t, strongly
in 7 .

Theorem 5.4.1 (Weak Convergence) Let Q2 C R3 satisfy (5.13), let o be a smooth
function, satisfying (5.14a), with ||G||C3(Q;R3X3) < 00_1, and let u be a positive
constant, with ;@ > og. Letn € {1,2,3}, let Jo € W1’2(0, T; %ﬂg ), and let Hg €
. Forall e > 0, let (Eog, Hog) satisfy (5.32) and (5.33), and let (E¢, H;) be
a solution of Maxwell’s equations (5.4) with boundary conditions (5.9) and initial
conditions (5.5). Then, as ¢ — 07T,

H, ~ H weakly- % in L0, T; ), (5.352)

E. —~E weakly in L*(0, T; ), (5.35b)
9H, 9H

8t£ — B weakly in L*(0, T %8_1 ), (5.35¢)

where (E, H) is the solution of (5.6) with boundary conditions (5.9) and initial
conditions (5.7).

Proof Let s = (s1, 52, 53) be a multi-index of lentgth |s| = s1 + 52 + 53 < n.

We use notation 9° = 3{_’:»:1 a‘r_’:fz 88:33' Let 5§ > 0, and let J; = 90°J¢ % ps. Then
1 1 1

E; =0°E; x ps and Hy; = 3° H; x ps are weak solutions of the system

VxH;—¢)Es —ooE; = f, inQ x (0,7),
oH
" ats +VxE;=0, inQ x (0, 7), (5.36)

nx H; =0, ond2 x (0, 7T),
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with the source being defined by f; = J; — (0 — 00)¥; — R, where

Ry =Y. (;) @ Podl )« ps

B<s
B#s

As a consequence of the energy identity

d
o (1B + 1H2) +2 @B, B =2+ Ry Eo)p

after a finite recursion argument we arrive at

d 2 2 2 2
Do | o (FNEG + HIT:) + 1T, | < enlldaliyy

Is|<n

where ¢ depends on g and on 7, only. We recall that for every ¢ € J7;

—1 2 g 2 2
WISy < D0 18°WIZ < call ¥l

loe|<n

where ¢, only depends on . Hence, in view of (5.33),

T T
3 [ sup_(ellEsl2, + IHs 12, ) + fo ||Es||§2dr} <2y fo 1713 di +2c243 .

Is|<n 0<t<T

where ¢; is an absolute constant. Thus, by setting

T
. \/zcz (clf 1712, dt+A3)ﬂ
0

the mapping that takes every pair of fields (¢, ¥), with ¢(0) = E, and ¢y (0) = H.,
to the solution of system (5.4), with (5.9), subject to the initial conditions (5.5),
maps the space

{09 e X IVeplimorm) + W20 +ll@lore <)
(5.37)

where X = C([0, T1; 8 x A8)NC ([0, T]; A5~ x 287" ), into itself. Also,
itis easily seen that this mapping is a contraction if we equip the vector space (5.37)

with the distance induced by the norm

(@.9) — [(Ve@ , )l Lo0.7: 12 (2R3 xR)) -
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By uniqueness, we infer the estimate

T
hmsup[ sup (el Bl + I Hellyy ) + /0 IE< 1% dr}

e—0 0<t<T
T

§2c1c2/ ||J||§fg dt 4 2¢y - A}
0

By Banach-Alaouglu theorem, we deduce that (5.35) holds, along a suitable
sequence ¢; — 07, for an appropriate limit (E, H). The fact that the limit solves
(5.6) with (5.9) is a consequence. By uniqueness, (5.35) holds then for any sequence
gj — 0T, as desired. ]

Remark 5.4.2 As a consequence of the proof of Theorem 5.4.1 and of the second
equation in (5.4a), there exists a constant ¢ > 0, depending only oy, such that the
solution satisfies the estimate

9H, |?

ot

T T
sup (el Bl + 1 Hel2,s ) +/ 1Ecll,s dt+/
{ , , Bl A

0<t<T ,{(2)

forall ¢ € (0, c’l), provided that

T
/0 112y dt + Af < c.

The material above suggests one to consider the formal expansion of solutions of
the hyperbolic Maxwell system (5.4)

E;. = E+ Jeo +o(\/e), H.=H + /ey +0(Ve),

in which the solution of the magneto-quasistatic Maxwell system (5.6) is the first
term. We see that the higher order term (¢, ¥) is provided, formally, by equations

Vxy¥—o0¢=ehE,

Y
VX¢+M8t =0, (5.39)
nxy=0.

In particular, by applying the parabolic estimate (5.24) of Theorem 5.3.3 to the
system (5.39), and by combining the result with (5.38), we see that for the hope of
giving rigour to the expansion to be legit it becomes relevant to consider the limit
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The existence of the limit, with respect to an appropriate topology, may be useful in
order to give an initial value to ¥ and solve (5.39). This is related to the following
theorem.

Theorem 5.4.3 (Singular Convergence) Under the assumptions made in Theo-
rem 5.4.1, and under the additional assumption that

||H05—Ho||%;(l) =0We), ase — 0%, (5.40)
as e — 07 we have
[ P H”LOO((),T;{%&(I)) = 0(Ve) and E: — E”LZ(O,T;,%(I)) = 0(e).
Moreover, for every Ty € (0, T)

sup |Ec(t) — E@)l 1 = 0", ase — 0T,
te[Ty,T] 0

Proof In view of Remark 5.4.2, after the limit procedure we know that

EcCO,T; 5 nW20,T; #)), (5.41)
and that
T
tmswp sup |Eclpg <cr. [ WEOP, dizc. (54
e—0+ t€[0,T] 0 0 70

for appropriate positive constants ¢ and c». Setting&, = E.—E and x, = H.—H,
wesee thaty, =V x &, and {, = V X yx, solve the system

o, oE )
ng‘g—ang—sat =8ant, in 2 x (0, T),
a
Mais~|—Vxng=0 inQ x (0, 7),
nx¢, =0 ondQ2 x (0, 7),

whence if follows that

d JIE
3y (EIM 2 + 152 + (omecmo) e = —e (V x o ,ng) L (543

Then, thanks to (5.42), from this energy identity we deduce that

T
2 2 2 2
su e "+ M)—I— L dt <cr-e4¢ 0l- . + 0Ol -
,e[o,pn<”§5”%’$ wlxely, 00/0 1€l di < ca-e+elE O + X013,
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Using now (5.40) and recalling the first inequality in (5.42), we infer

T
2 2
su e + + dt <c4- +c+ -e
te[o%](”gs”fé 1x:1%,1) /Ousgufé <y (c1+ertea)

where the constant ¢4 > 0 is independent of &, which ends the first part of the proof.

In order to prove the last statement, we use (5.41) and (5.42) to estimate the right
hand side in identity (5.43). By doing so, we find a constant c5 > 0, independent of
&, such that

Cd e d oo _d ) ) .
eet (1B ) + 3 IOy = 5 (162 X0 ) + 1B < eselBE]Ly

Integrating in time, by Theorem 5.4.3 we arrive at
2 2 '
¢TNE DI, < 18O, +cs /O P NHE @]y dr.
By (5.42) and Cauchy-Schwartz inequality, the latter implies

18O, < 1O,y +esy/ - ¢/ e (5.44)

whence the conclusion. O

Theorem 5.4.4 (Non-singular Convergence) Under the assumptions of Theo-
rem 5.4.3, and assuming furthermore that

IV x Hoe — 0 Eoe = Jo(O) 1 = O(e), ase — 0F, (5.45)
we have
sup [ Ec(1) — E(D)l2q.r2) = OWe) ., ase — 0T,
t€l0,7T]

Proof By triangle inequality, (5.40) and (5.45) imply
lo EO) — o Eocll y = 0%, ase— 0"

Then, repeating the proof of Theorem 5.4.3 all the way up to (5.44), we finally
obtain

IEe() = EMI%,, < Cie™'/%e 4+ Cre'?,

for suitable constants C1, C» > 0. a
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5.5 A Forward Model with Singular Sources

We introduce in this section a model that suites the case of sources very concentrated
in limited regions, rather than being spread over a wide area. To this aim, we
consider sources described by vector-valued (current) distributions Jo € & "(R3 x
R)? with compact support in € x (0, T). In this case, solutions to the magneto-
quasistatic Maxwell equations (5.6) are understood in the sense of distributions,
viz.

//H.VxVx(a*1¢)dxdt—//MH-a"’dxdt:(Jo,q;), (5.46)
Q Q ot

forall ¢ € Cgo (2 x (0,7T)), where (-, -) denotes the distributional duality pairing.

5.5.1 Subsurface Sources

In particular, Jo may be concentrated along, and tangent to, a given surface X. If
in addition it belongs to the space defined in (5.10), then formally a vector field
H e W12(0, T; L*(Q; R?)) solving Eq. (5.8) is such that

oH -1 -1 Ty
o +Vx(0T'VxH)=Vx(0 " Jo), inD((Q\Z)x(0,T)) (547

together with the transmission conditions
[nx H] = Jo across X. (5.48)

To see that (5.48) holds, we introduce the electric field by setting E = o~ 1(V x
H — Jo). Then

/H-Vx<pdx—/aE~<pdx=/Jo-<pdE (5.49)
Q Q =

for any arbitrary test field ¢ € C§°(S2; R3). Considering a region D C £, with
D C , that is split into un upper part D" and a lower one D~ by X, the validity of
the previous equation for all field supported in D \ X implies that (5.6a) and (5.6b)
hold locally in DT and in D~. Thus, we have

VxH-0cE=0, in(Q\X) x(,T),

oH (5.50)

M&t +VXxE=0, in 2 x (0, 7).



5 Electromagnetic Hypogene Co-seismic Sources 147

Therefore, if in (5.49) we choose ¢ with support intersecting ¥, then integrating by
parts and using the first equation in (5.50) we get

/(p~[[Hxn]]dE=/<p~J0dE,
b b

and that implies (5.48) because ¢ can have any arbitrary trace along X.

5.5.2 Signals in Free Homogeneous Space

Incidentally, we consider a fictitious model in which signals are free to propagate
in a free space, without boundary conditions, filled with a homogeneous isotropic
medium.

We fix k > 0 and we recall that the function I', € C®(R3 x R) defined by

3
KoN2 k(2200 e 3
I(x,1) = (47_”) e 4 , ifx=(x,y,2) e R°andt > 0,
0 ifx=(x,y,z)eR3andt§0,
(5.51)
solves
d 2 w3
/catI‘—V r=0, in R’ x (0, 4+00),
where V2 denotes the Laplace operator, with
lim / C'x,)¢px)dx =¢(0).
=0t JR3
As a consequence, given constants u > 0 and o > 0, a particular solution of
0 2 _ . /3
,u-o-atH—VHJO_VXJO, in D' (R’ x R),
is provided us setting H,, = I'x *» (V x Jo), where «k = p - o and the vector

valued convolution in space-time is defined for all u € C* (R3 x R) and for all
T € £ (R? x R)? componentwise, according to the formula

u*T(x,t):// ux—y,t —s)T(y,s)dyds.
R JR3

We make the assumption that the source is concentrated in a region where
the electric conductivity introduced in (5.14a) is isotropic and homogeneous, say
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o(x) = op at all points x belonging to the support of Jo. Then, by the material
above the auxiliary system

VxH,—0cE.=Jy, inD®R xR),

3
\% xEK+uatHK =0, inD R xR),

is equipped with a solution (E,, H,) € C®((R3 x R) \ supp(Jo)) given by
H,=T,*x(VxJo, (5.52a)
E, = i(V x H¢ — Jo). (5.52b)
Eventually, since V - Jo = 0 we have

VxHe =T x(VxVxJg)=Tex(=V2]Jo) = —(V T )« Jo. (553)

5.5.3 Renormalised Signals

Now we consider the signals propagating, virtually, in the medium defined by
difference between the real medium and the fictitious one that was introduced in
the previous section.

Given a solution of (5.6) in the sense of distributions, the fields defined by
difference settingu = H — H, and v = E — E solve a system of the form

Vxu—-—ocv=f,

a _01

in D'(Q x (0, T)). Equivalently, the magnetic part u is dictated by the magneto-
quasistatic problem

9
i al: _Vx@ 'Vxu=f (5.55)

In both (5.54) and (5.55), we set

AT, .
Fay = O =) 5 *do in{o # oo} (5.56)

0 in {o = oy}
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By [3, Appendix A.1], the boundary values u x n = —H x n belong to the space
H -3 (divy; 0€2), defined in as in (5.10) with ¥ = 02, because their tangential
divergenceequals —V-H, xnand V- H, =T xV - (V x Jo) = 0. Hence they
extend to a suitable function F, € LZ(O, T; %ﬂ(l) ). Setting w = u — F, we then
have

Vxw—ov=f+VxF,, inQ x (0,7),

9
VXH“;:O’ inQx (0,7), (5.57)

wxn=0, ondQ x (0, 7).

Equivalently, we have that w € L2(0, T; A (1) ) and

uaa':’ +Vx(0'Vxw) =V x (c7'(f+V x F). (5.58)

Since we are assuming the singular source J to be supported in the level set
{o(x) = o}, (5.56) implies f € L*°(Q2 x (0, T)), whence it follows that f €
LZ(O, T; LZ(Q; R3)), because €2 is bounded. Hence, by Theorem 5.3.3, there exists
a unique w € wh2(, T; %”(1)) solving (5.58), with w(0) = 0. Then, setting v =
o NV xw— f+V x F,), we have

/w-VX(pdx—/ov-(pdxzf(f—l-vxF:c)"ﬂdx
Q @ @ (5.59)

d
/v~Vx1/rdx+/,u w-¥ydx =0,
Q Q O0f

forall ¢ € 21, for all ¥ e %é ,and for a.e. r € (0, 7). We thus have proved the
following.

Theorem 5.5.1 Let Q@ C R3 satisfy (5.13), let ., o be positive constants and set
k = |- 0. Let 0 be a piecewise constant positive bounded function, and let Hy €
H (1) Let J € £&(R3 x R) be a vector-valued distribution with support contained
in the level set {o(x) = o}. Then there exist a unique solution (E, H) of (5.6) in
D'(Q2 x (0, T)), that takes the form E = E, + v, and

H=H.+F.+w, (5.60)

where

(i) (E, H,) is defined as in (5.52),
(ii) F is any element osz(O, T; jf(l)) agreeing with —H, on 02 x (0, T'), and
(iii) w is the solution of (5.58), with f being defined by (5.56), under the initial
condition w(0) = 0.
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Theorem 5.5.1 provides a split formula (5.60) that can be used to compute
the values of the magnetic field H due to the singular source Jo. The first two
summands in the right hand side are the result of representation formulas involving
convolution with explicit kernels, see (5.52a). The extra term w is the solution
of the magneto-quasistatic system (5.59), with a diffuse source (also defined by
convolution, see (5.56)), that falls in the theory discussed in Sect. 5.3.

We now report some basic strategy for the methods in numerical approximation
of w. The following material does not make, by any means, any pretence of
completeness. For a modern and comprehensive exposition of the topic, we refer the
interested reader to the book [3]. For an introduction to the more general magneto-
hydrodynamic setting we mention the nice treatise [18].

5.6 Inverse Source Problems

5.6.1 Nonuniqueness of Volume Currents

It is known since the work of Helmholtz that the reconstruction of electric sources
from tangential boundary measurements is generally an ill-posed problem. For the
existence of non-radiating volume source currents in time-harmonic regime, we
refer to [1] in the complete hyperbolic setting and to [4] in the eddy current case.
There are little differences between the problem considered in the literature and the
one surveyed in these pages, but we present however some details on this topic. An
expedient integral identity holds: denoting by ®* the adjoint mapping to the linear
“Dirichlet-to-Neumann” map

anr—>n><(a_leH)

we see that the forward parabolic equation (5.8) with initial condition H (0) = 0,
implies the identity

T T T
/ /H-P*(s)dxdz+/ (a_lV><§+(~)*(§),an)dt:/ /Vx(a‘llo)-dedt,
0 Q 0 0 Q
(5.61)

for all smooth vector fields & such that £&(7) = 0. We introduced the backward
parabolic operator

P &) = —udE+Vx(07'VxE). (5.62)
Thus, tangential boundary measurements will be blind to any source that is

orthogonal, in a suitable fractional Sobolev space, to the kernel of the adjoint
operator P* with vanishing final data

K(Q) ={& e W20, T; #)) : P*&) =0, &T)=0}.
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For a more precise appreciation of this point, it is convenient to introduce the space
7 (L2) of radiating sources, consisting of the closure in L2(0, T; L3(2: R3)) of the
vector space

[6€K(Q): §=V x (0 'v) forsome v € L*(0, T; L*(; R?))} .
It can be seen that
N(Q) ={g e L*0,T; L*(:R¥) : (g, f)2=0, forall f e.7(Q))

is not a trivial space. .47 (€2) is said to collect non-radiating sources because of the
following result.

Theorem 5.6.1 Let Q C R3 satisfy (5.13), let u > 0, let 0 € L>®(2; R3*3), and
assume that (5.14) holds. Let Jo € L*(0, T; L*(Q; R?)), with V x (6~ J¢) =
f+ g where f € () and g € N (2), and let (E, H) be the solution of (5.6),
with (5.9), subject to the initial condition H(0) = 0. Then

(i) the knowledge of n x H on 92 x (0, T) uniquely determines f;
(ii) if f=0,thenn x H=00n0dQ2 x (0, T).

Proof If n x H = 0 on 922 x (0, T), then by (5.61) we have (f, &);2 = 0 for
all ¢ € () and that implies (i). As for (ii), we note that, for every element 5
of the trace space defined by (5.10) with ¥ = 9€2, the backward-in-time parabolic
problem

P*(&) =0 inQ x (0,7),
§T)=0 in Q x {T},
oIV XxE+O%E) =17 on 32 x (0, T),

has a unique solution, for which (5.61) implies

T
/ (n,nx H)=0.
0

Since n was arbitrary, we obtain thatn x H = 0. m]

5.6.2 Uniqueness for Atomic Sources

In view of non-uniqueness of volume currents, when considering the inverse
problem one is lead to postulate a priori assumptions on the structure of the source.
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In particular, we restrict our attention to sources that satisfy precise properties
related to

* the geometry of their support;
¢ the vector-valued information on their orientation
* the scalar information about their intensity as currents.

The simplest situation is related to a source with a trivial orientation, which
brings one to consider scalar equations, rather than systems. Also, we may assume
a uniform electric current density. Then, we are led to the consider the following
equation

ou ) 3
/L()G()at(x,t)—Vu(x,t)z(), (x7t)€R X(07T)
N (5.63)
u(x,00=>» s(x—a;). inR,
j=1
where the positive integer N and the pointsay, ..., @y are unknown, and § is Dirac’s

delta.

Toy PROBLEM Given points x1, X2, X3 € R? x {0} in general position, and given
a sequence (t;); C (0,T) determine N and ay, ..., ay from the knowledge of
u(x, ), u(x, ), u(x, 13), etc. assuming that (5.63) holds.

The toy problem is easier to consider if we further assume that N = 1. Then,
given a and b in the horizontal plane, the corresponding solutions of (5.63) are
given by

u(xvt) :F(x_a1 /LGOI), U(x,t) :F(x_b, /Laot),

where I' is as in (5.51) with k = poog. Then, by assumption, the three points x1,
X7, and x3 are at the same euclidean distance r to a: in particular, as in Fig. 5.1, the
point a belongs to the vertical circle obtained intersecting the spheres of radius r
centred at x; and x», respectively. If x3 is not on the line joining x| and x3, then
the sphere of radius centred at x3 hits the circle exactly at two points, among which
the relevant one is a.

If N > 1 is unknown, we assume that there exist two unordered sets of points
A=\{ay,...,ay}and B = {by, ..., by} and we denote u, v the signals generated
by A, B, respectively. The limit as # — oo in the following identity between analytic
functions

2 2
N lx1 —ajl M |x1 —bj]

— 1000 — 4000
§ :e 4t = E e 4t (5.64)
Jj=1 j=1
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Fig. 5.1 Thecase N =1

gives N = M. Before sending + — 0T, we may arrange the points in increasing
distance to, say, the first reference point x|

la; — x| <laz —x1| <... < |ay — x1]

b1 —x1] < |by —x1] < ... < |by — x|

Denoting by n; (resp, m1) the maximal integer n (resp. m) for which |a, — x| =
la; — x1| =: Ry (resp., for which |b,, — x1| = |b1 — x1| =: S1), we have

2 2

Ry _ i +
eXp | —H090 (n1 +0(1)) = exp | —po00 4 (my1 +o(1)), ast — 07,

whence it follows that Ry = S7 and n; = m. Then from (5.64) we have arrived at

N ey a2 N ey —b; 12
E e Moo 4t — E e M0 (5.65)

j=ni+1 j=ni+1

We can repeat this argument starting, this time, from (5.65) rather than from (5.64).
By a finite descent, we conclude that there exist k < N, k positive integers n| <

. < ng, and k positive numbers Ry, ..., Ry such that all points a; and b;, with
ng < j < ng41, are at the same distance Ry to x1, for =1,...,k — 1.
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Also, we can arrive at similar conclusions arguing as done above except for
replacing x; by either of x> and x3. Therefore, for every single j € {1,..., N}
we have

lx1 —aj| =|x2—a;| = |x3 —aj| (5.66)

As the points x1, x2, and x3 are in general position by assumption, as seen
previously in the case of a single source (5.66) determines @ ;. Thus, A = B.

Remark 5.6.2 For the purposes of applications, it would be interesting to consider
the inverse problem under the “dipole assumption” in the case of non-constant
conductivities: we do not consider this issue here.

5.6.3 Uniqueness of Subsurface Currents

It might be relevant to consider sources that are concentrated along surfaces
such as fault planes, and to reconstruct them from boundary measurements. We
mention a result that applies to media described by smooth constitutive coefficients.
Uniqueness in this case results are available for surface currents that are a priori
concentrated on the boundaries of subdomains: the following result, for example,
requires the knowledge of a continuous set of measurements, that holds for sources
of the “separable” form

Jo(x, 1) =h(t) f(x). (5.67)

Theorem 5.6.3 Let 2 satisfy (5.13), and let u and o be smooth positive functions
satisfying (5.14). Let B C 2 be a connected open set with a Lipschitz regular
boundary . Assume that Jo € WV-2(0, T; L*(R2)) is of the form (5.67) and that H
is a solution of (5.6), with (5.9), subject to the initial conditions H(0) = H. Then,
the knowledge of

m(t, ¥) =/):uH xv-Ydy (5.68)

forallt € [0, T] and forall ¥ € %é, uniquely determines J .

Proof To replicate the proof done in [21] in hyperbolic setting, one needs the
estimates (5.24), (5.25) for the magnetic field and the higher order estimate

T 2
”H”WI»OQ(O,T;J’Y’(I)) + ”H”WI.Z(()’T;%(Z)) <c(¥) (/0 h? dt)

that holds under the additional assumption that ¢ is smooth (for, see the proof of
Theorem 5.4.1). |
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5.6.4 Inverse Source Problems with Controllability

A different class of inverse source problems presuppose the complete knowledge of
the initial and final state of the system, and the full knowledge of the initial value
of the source. For the following result, we refer to [22] (which focus on the electric
field, with unessential changes).

Theorem 5.6.4 Let 2 satisfy (5.13), let ., o be positive functions satisfying (5.14),
let Hy € L*(), and let Jo € W2(0, T; L*(Q)) and let H € L*(0, T; 7)), with
o0H € LZ(O, T, (%é )*), be a weak solution of (5.6) and (5.9), with (5.7). Then,
there exists Ty € (0, T) such that, for every t© < Ty, the knowledge of the final state
H (t) and of the initial source Jo(x,0) determine uniquely J .
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Chapter 6 )
Conservation Laws in Continuum Check for
Mechanics

Giuseppe Maria Coclite and Francesco Maddalena

Abstract A general fundamental mathematical framework at the base of the
conservation laws of continuum mechanics is introduced. The notions of weak
solutions, and the issues related to the entropy criteria are discussed in detail. The
spontaneous creation of singularities, and the occurrence of diffusive limits are
explained in view of their physical implications. A particular emphasis is given to
the applications of hyperbolic conservation laws in the models of gas dynamics,
nonlinear elasticity and traffic flows.

6.1 Introduction

The conceptual structure informing continuum physics rests on two fundamental
pillars: balance laws (or conservation laws) and constitutive laws. While the
constitutive laws, ruling the specific properties of the material in which the physical
phenomenon occurs (e.g. viscous fluids, elastic solids, elastic dielectric, etc. ) are
exposed to a great variety of possible relations (may be escaping any tentative of a
definitive general theory), conservation laws admits a clear mathematical statement
in the format of partial differential equations. In the general multidimensional spatial
setting, an homogeneous hyperbolic conservation law takes the form [3, 19, 21]

d
o u +Zaa Fy(u) =0, 6.1)

a=1
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where the state variable u, taking values in R™ depends on the spatial variables
(x1,...,xq) and time ¢, Fy, ..., F; are smooth maps from R to R™, 9, denotes
d/dt and 9y denotes 3/0x,.

In these notes we shall focus on the one-dimensional spatial case, governed by the
first order partial differential equation

oru + dx f(u) =0, (6.2)

where f € C2(RV;RN), u : [0,00) x R = RV, and N > 1. The function u =
u(t, x) is termed conserved quantity, f = f(u) flux. If N = 1 we say that (6.2) is a
scalar conservation law, if N > 1 we say that (6.2) is a system of conservation laws
and it stays for

oru1 + 0x fi(uy, ..., un) =0,

un + Ox fn(ur, ..., uy) =0,

where

u=u(t,x)=w(t,x),...,un(,x)),

f:f(u):(fl(uls~-~qu)v"'7fN(ulv-~'suN))'

In this section we try to answer the following questions:

(Q.1) Why do we use the terms conservation law, conserved quantity, and flux for
(6.2), u, and f, respectively?

(Q.2) Which kind of physical phenomena is (6.2) able to describe?

(Q.3) Which are the mathematical features of the solutions of (6.2)?

Let us answer to (Q.1). If # is a smooth solution of (6.2) and a < b we have that
(see Fig. 6.1)

d b b
/ u(t, x)dx :/ ou(t, x)dx
dat J, P

b
= —/ Ox f(u(t, x))dx = f(u(t,a)) — f(u(t, b))

a

= [inflow at x = @ and time ¢]

— [outflow at x = b and time ] .

Fig. 6.1 Flow trough the end - -
points — > — >
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In other words, the conserved quantity u is neither created nor destroyed, the amount
of u in the interval [a, b] changes in function only of the flow through the two end
points.

To answer to (Q.2) we proceed by showing some paradigmatic models founded
in continuum mechanics, expressed in terms of conservation laws.

Rarefied Gas The simplest model of gasdynamic in one space dimension considers
a material made of non interacting particles, idealizing a low dense gas. In the
Lagrangian description, we can identify the particles using their initial position y.
Let ¢(t, y) be the position at time ¢ of the particle that at time + = 0 was in Y,
its velocity and acceleration are 9;¢ and 8,2,<p, respectively. Since the particles do
not interact within themselves, we cannot have two different particles in the same
position at the same time, therefore ¢(t, -) is increasing and, in particular, invertible.
Let ¥ (¢, -) be the inverse of ¢(z, -), i.e.,

y =¥, o, y)
and
X =@, y) = y=v({ x).

Let u(z, x) be the velocity of the particle at time ¢ is in x, namely

x =, y),
u(t,x) =u(t,(t,y)) = ot y),
u(t,x) = op(t, Y(t, x)).

The acceleration of the particle that at time ¢ is in x is

000, y) = 0, (0. ) = o1 (u(r. 01, )

= Qeu(t, @(t, y)) + oxu(t, o(t, y))orp(t, y)
= dru(t, x) + O u(t, x)u(t, x).

Since the particles do not interact within themselves, there are no forces acting on
them. Then, the balance of linear momentum delivers the equation

2
1t + 0, (”2 ) —0, (6.3)

that is termed Burgers equation [5, 6, 18].

Traffic Flow 1 We begin with the road fluid-dynamic traffic model introduced by
Lighthill, Whitham, and Richards [15, 17]. We consider a one way one lane infinite



160 G. M. Coclite and F. Maddalena

road. Let p = p(¢, x) be the the density of vehicles at time ¢ in the position x.
Assuming that the vehicles behave as fluid particles we have [8, 9]

0o + 0x(pv) =0, (6.4)

where v is the velocity of the vehicles. The key assumption of Lighthill, Whitham,
and Richards is that the velocity depends only on the density, namely

v =v(p), (6.5)

that is somehow reasonable in case of highways. The drivers regulate their velocity
in function of the number of vehicles in front of them. Therefore writing

f(p) = pv(p),

(6.4) reads
dp+0xf(p)=0. (6.6)
On v = v(p) it is reasonable to assume that
v(0) = Vmax, V(Pmax) = 0, v is decreasing.

In particular, Lighthill, Whitham, and Richards proposed

P
v(0) = Umax (1 - ) .
Pmax

Compressible Non-viscous Gas The Lighthill-Whitham-Richards traffic model and
the Burgers equation are model expressed in terms of scalar conservation laws, we
continue by showing more models expressed in terms of systems of conservation
laws.

The Euler equations for a non-viscous compressible gas in Lagrangian coordi-

nates are

0;v — dyu =0, (conservation of mass)

oru+ dyp =0, (conservation of momentum) (6.7)

2
0y (e + uz ) + 0y (up) =0, (conservation of energy)
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where v is the specific volume (i.e., 1/v is the density), u is the velocity, e is the
energy, and p is the pressure of the gas. Since we have three equations in four
unknowns, we need a constitutive equation

p = ple,v),

which selects the specific gas under consideration.

Nonlinear Elasticity Let us consider a one-dimensional elastic material body whose
configuration in the Lagrangian description is represented by the displacement field
w(x, t). Then the strain measure is given by u = d,w and assuming the constitutive
equationo = f(u) giving the Piola-Kirchhoff stress o in terms of the strain measure
u, the balance of linear momentum delivers the wave equation of motion [6, 10, 16]

2w — 8y f(u) =0. (6.8)

Setting v = 9, w the velocity field, the previous wave equation takes the form of
the following system of conservation laws

du — v =0,
dv — 3y f(u) = 0.

Shallow Water Equations Let h(x,t) be the depth and u(x, ¢) the mean velocity
of a fluid moving in a rectangular channel of constant breadth and inclination o
of the surface. Let also Cy be the friction coefficient affecting the friction force
originating by the interaction of the fluid with the bed and g the gravity acceleration.
The equations governing the motion of the fluid are given by

0th +udyh + hoyu =0,
Ooru + udyu + gcosaoyh = gsina — C%(uz/h).

In the shallow water theory, the height of the water surface above the bottom
is assumed to be small with respect to the typical wave lengths and the terms
representing the slope and the friction are neglected giving rise to the simplified
equations [20]

0rc +udyc + (coyu/2) =0,
oru + uodyu + 2coyc =0,

where c(x, t) = /gh(x, t).
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Fig. 6.2 Spontaneous creation of discontinuity in finite time

Traffic Flow 2 Finally, we have the traffic model proposed by Aw and Rascle [1]

o+ 0x (y+p7t) =0,
2 (6.9)
3y + B <y2 _ y,oy) -0,

where p is the density, y this the generalized momentum of the vehicles, and y is a
positive constant.

Regarding (Q.3), one of the main features exhibited by hyperbolic of conserva-
tion laws is the possible creation of discontinuities. Indeed, even scalar problems
with analytic flux and initial condition, like

u2
8,+8x< ):O, t >0, xeR,
2 (6.10)

1
u(O,x)=1+ x € R,

x2’
experience the creation of discontinuities in finite time [5, 6, 18], see Fig. 6.2.

The next sections are organized as follows. In Sect. 6.2 we introduce weak and
entropy solutions and prove the classical uniqueness result of Kruzkov. In Sect. 6.3
we introduce and solve the Riemann problem. In Sect. 6.4 we present one of the
many different approaches to the existence issue: the vanishing viscosity. Finally,
some elementary facts on BV functions are collected in the Appendix.

6.2 Entropy Solutions

We pointed out in Sect. 6.1 that even a Cauchy problem of the type

u2
9 a =0, 0,x) = )
ﬂ/l+ x<2> I/l( )C) 1+x2
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with analytic flux (u +— u? /2) and analytic initial condition (x — 1/(1 + xz)) may
experience discontinuities in finite time. It appears evident that additional physical
and mathematical conditions must be required in order to reach a meaningful
concept of solution. As a consequence we develop a wellposedness theory for
conservation laws in the framework of entropy solutions, that are special distri-
butional solutions satisfying suitable additional inequalities (or E-conditions). The
definition is inspired by the Second Law of Thermodynamics, we consider only the
distributional solutions along which the entropies decrease. Note that the physical
entropies are all concave maps, in the mathematical community the entropies are
assumed to be convex, this explain the discrepancy between the usual Second Law
of Thermodynamics and the ones considered here.

6.2.1 Weak Solutions

Consider the scalar conservation law
oru + ox f(u) =0, t>0, xeR, (6.11)

endowed with the initial condition

u(0, x) = up(x), x € R, (6.12)
and assume
fe CZ(R), up € Ly (R). (6.13)

Definition 6.2.1 A function u : [0, 00) X R — R is a weak solution of the Cauchy
problem (6.11) and (6.12), if

(1) u € LSL.((0, 00) X R);

loc

(i1) u satisfies (6.11) and (6.12) in the sense of distributions in [0, co0) x R, namely
for every test function ¢ € C*°(R?) with compact support we have

/ / (uodrp + f(u)oxp)dtdx +/ uog(x)p(0, x)dx = 0.
0 JR R

We say that u is a weak solution of the conservation law (6.11) if /) holds and

(iii) u satisfies (6.11) in the sense of distributions in (0, c0) x R, namely for every
test function ¢ € C*°((0, co) x R) with compact support we have

/OO/ (ot + f(u)dxp)dtdx = 0.
0 JR
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Direct consequence of the Dominate Converge Theorem is the following.

Theorem 6.2.1 Let {u.}.~0 and u be functions defined on [0, 0c0) x R with values
inR.If

(i) there exists M > 0 such that ||ug|| oo (0,00 xr) < M for every & > 0;
(ii) u € L*((0, 00) x R);
(i) up — uin L} ((0,00) x R) ase — 0;
(iv) every u is a weak solution of (6.11);

then

u is a weak solution of (6.11).

6.2.2 Rankine-Hugoniot Condition

The introduction of the notion of weak solution opens the possibility to deal
with discontinuous functions which, as above remarked, naturally occur in the
mathematics of conservation laws. Then in this section we analyze the shocks, that
are the simplest discontinuous weak solutions of (6.11).

Letu_, uy, 2 € R be given and consider the function

_, if A,
U:[0,00) xR —R, U(t,x)=1{" = (6.14)
Uy, if x > At.

Since we are not interested to the trivial case ¥+ = u_ in the following we always
assume

Uy FuU_.

Theorem 6.2.2 (Rankine-Hugoniot Condition) The following statements are
equivalent:

(i) the function U defined in (6.14) is a weak solution of (6.11);
(ii) the following condition named Rankine-Hugoniot condition holds true, i.e.,

flup) = flu) =ruy —u_). (6.15)

Proof Let ¢ € C*((0, 00) x R) be a test function with compact support. Consider
the vector field

F=Ugp, f(U)p)
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and the domains
Qy = {x > A}, Q_ = {x < At}.

The definition of U gives

F(t,x) = (uto, fus)ep),

(t,x) e Qy = { .
div ) (F)(t, x) = uy 09 + f(u1)0x@,

F(t,x) = g, fu_)p),
div(e ) (F) (1, x) = u_dy + f(u_)d¢.

(t,x) e Q. =

Since
04 =0Q_ = {x = A},

and the outer normals to 2 and 2_ are (A, —1) and (—A, 1) we have
o0
/ /(U&,(p + f(U)oxp)dtdx
0 Jr

_ f f (s drp + f(up)dpg)didx + / / (B + fu_)dr@)didx
Q. Q

:// diV(F)dtdx—i—// div(F)dtdx
o Q_

=f0 (Ut fuy)) - (K,—l)f/)(t,?»t)dﬂr/o (—, fu-)) - (=2, Do, At)dt
=[Auy —u_) = (f(uy) — f(uf))]/o @(t, At)dt.
Therefore

fm/(Ua,cp + f(U)de@)dtdx =0, Vo
0 JR

51>
Slus) — flus) =rluy —u-),

that concludes the proof. O
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Remark 6.2.1 The Rankine-Hugoniot condition (6.15) is a scalar equation that links
the right and left sates u, u_ and the speed A of the shock. In particular, if f is
Lipschitz continuous with Lipschitz constant L, (6.15) gives

|f ) = fudl _

Al =
g —u_|

In other terms, the speed of propagation of the singularities is finite and varies
between —L and L.

Theorem 6.2.3 Letu : [0,00) xR — R, 7 >0, § e RandU : [0,00) xR — R
as defined in (6.14). If

(i) u e L2 ((0,00) x R);

loc
(ii) u is a weak solution of (6.11);
& &

(iii) lim / lu(t +1,x + &) — U(t, x)|dtdx = 0;
e—>0¢ —e

—&

then (6.15) holds.
Proof For every u > 0 define

u,(t, x) =u(ut + 1, ux +§), tz—;,xeR.
Since u is a weak solution of (6.11), the same does u,,. We claim that
u, — U, fluy) — fU), in L}OC((O, o0)xR), asu — 0. (6.16)
Let R > Oand u < . Since
U(ut, ux) = U(t, x), t>0, xeR,

we get

R R
/ / luy(t, x) — U(t, x)|dtdx
—R J—R

1 Ru Ru
= 2/ / lut+t,x+&) — U, x)|dtdx — 0,
128 —Rpu J—Ru

namely

uy — U, in L'((=R, R) x (—R, R)), as u — 0.
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Therefore the Dominated Convergence Theorem gives (6.16). Finally, Theo-
rem 6.2.1 and (6.16) implies that U is a weak solution of (6.11). Then, the claim
follows from Theorem 6.2.2. O

6.2.3 Nonuniqueness of Weak Solutions

In this section we show with a simple example that the Cauchy problem (6.11)-
(6.12) may admit more than one weak solution.
Let us consider the Riemann problem for the Burgers equation

2 0, ifx <o,
dut + By (” ) =0, u0x) = nr= (6.17)
2 1, ifx>0.

Thanks to Theorem 6.2.2 we know that the function

0, ifx<t/2,

U(t,x) =
1, ifx>1/2,

is a weak solution of (6.17).
Consider the function

0, ifx <0,
v(t,x) = yx/t, if0<x <t,

1, ifx >1t.

Since for every test function ¢ € C*(R?) with compact support

o] v2 o]
//(v&,g&—i— 8x<p)dtdx+/ 00, x)dx
0 Jr 2 0
00 © 00 t x2
= orpdt | d Oxepdx ) dt
/ </ " ) &y (/o 22" x)
o0 X o0 o0 o0
~|—/ (/ Btgodt) dx~|—/ (/ 8x<pdx> dt+/ 00, x)dx =0,
0 0 0 t 0

then v is also a weak solution of (6.17).
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6.2.4 Entropy Conditions

We showed in the previous section that the Cauchy problem (6.11)-(6.12) may
admit more than one weak solution. In this section we introduce some additional
conditions that will select the unique “physically meaningful” solution within the
family of the weak solutions. Those conditions are inspired by the Second Law of
Thermodynamics.

Definition 6.2.2 Let n,q : R — R be functions. We say that 5 is an entropy
associated to (6.11) with flux g if

n,geC*®), n'>0, nf =4

Remark 6.2.2 If u is a smooth solution of (6.11) and 7 is an entropy with flux g we
have

0rm(u) + dxq(u) = 0.
Indeed
On(u) + dxq () = n' (u)dsu + g’ (u)dxu

=n'(u) (3ru + f'(u)dxu)
= n'(u) (du + 3 f (u)) = 0.

Definition 6.2.3 A function u : [0,00) x R — R is an entropy solution of the
Cauchy problem (6.11) and (6.12), if

(1) u € LSL.((0, 00) X R);

loc
(i) for every entropy n with flux ¢, u satisfies

9 (u) + dxq(u) <0, n(u(0, ) = n(uo), (6.18)

in the sense of distributions in [0, 00) x R, namely for every nonnegative test
function ¢ € C*°(R?) with compact support we have

/0 /R(n(u)aﬂp +qW)orp)drdx +/R'7(MO(X))</>(0,X)dx >0.  (6.19)

We say that u is an entropy solution of the conservation law (6.11) if i) holds and

(iii) for every entropy n with flux g, u satisfies

dn(u) + 0xg(u) <0 (6.20)
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in the sense of distributions in (0, c0) x R, namely for every nonnegative test
function ¢ € C*°((0, co) x R) with compact support we have

/ f(n(u)8z¢+q(u)8x<p)dtdx20.
0 Jr

The apparent contradiction of the above definitions with the Second Law of
Thermodynamics is soon solved by noticing that the physical entropies are concave
functions while the ones we are using here are convex.

As a direct consequence of the Dominate Converge Theorem we can state the
following result.

Theorem 6.2.4 Let {u;}o~0 and u be functions defined on [0, 00) x R with values
inR.If

(i) there exists M > 0 such that ||ue|| poo(0,00)xr) < M for every e > 0;
(ii) u € L*((0, 00) x R);

(iii) ue — win L},.((0,00) x R) as & — 0;

(iv) every u. is a entropy solution of (6.11);

then
u is a entropy solution of (6.11).

A fundamental class of entropies are the ones introduced by Kruzkov [12]

nE) =1§ —cl, q(&) =sign (€ —c) (f (&) — f(0), §€R, (6.21)
for every constant ¢ € R.
Since the Kruzkov entropies are not C? the following theorem is needed.

Theorem 6.2.5 Letu : [0, 00) x R — R be a function. If
u € Ly ((0,00) x R),

then the following statements are equivalent

(i) u is an entropy solution of (6.11)—(6.12);
(ii) for every ¢ € R and every nonnegative test function ¢ € C*®(R?) with compact
support

/ / (lu — cldrp + sign (u — ) (f(u) — f(c))drp) dtdx
0 IR (6.22)

~|—/ lug(x) — cle(0, x)dx = 0.
R
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Remark 6.2.3 The set of the entropies
{ne CZ(R); n convex}

is an infinite dimensional manifold. On the other hand the set of the KruZkov
entropies

{I- —cliceR]}

is a one-dimensional manifold. Therefore the previous theorem says that if we have
to verify that a function is an entropy solution of (6.11) we can use just the KruZkov
entropies and the “amount” of inequalities to verify is “much lower” than the one
required in Definition 6.2.3.

Proof (of Theorem 6.2.5) Let us start by proving (i) = (ii). Letc € Rand ¢ €
C°(R?) be a nonnegative test function with compact support. For every n € N\ {0},
consider the functions

o —cC

[

1
M (§) =\/(-’E—C)2+n, qn(§) = f’(a)da, £ €R.

Since
m €C*(R),
e = 5
Je—or+ ]
14 1
n, &) = , =0,
n(€-o02+1)
gy, =n,f'
we have

/o /R(nn(u)azf/’-i-qn(u)axf/)) dtdx +/Rnn(uo(x))</’(0, x)dx = 0.

As n — oo thanks to the Dominated Convergence Theorem we get (6.22).
Let us prove ii) = i). Let n be an entropy with flux ¢ and ¢ € C>®(R?) be a
nonnegative test function with compact support. Define

M = sup |ul.
supp(¢)
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We approximate 1’ with piecewise constant functions in [—M, M]. For every n €
N\ {0} consider
§
N (§) =/ kn(o)do +n(=M),
-M
2n—1

M
k(o)=Y ( i M) X5, o) ©:

j=0

&
(&) = / F'(0)kn(0)do.
M

We have

n—1
kn(o) = Zaj [sign (o — b;) + cj] X[ZMij,2M(j+1)7M](O‘)’
j—o n n

where

1/, (M _. (M
aj=2<n(n(21+1)—M)—n<n2J—M>>,

M .

1/, (M _. (M
Cj=2<'7<n(zj+1)—M>+77(an_M>>-

Since n” > 0 we have a; > 0 and then

/o /R(nn ()09 + qn(u)dx ) dtdx + /R 1 (o (X))@ (0, x)dx > 0.

As n — oo thanks to the Dominated Convergence Theorem we get (6.19). O

It is clear that a smooth solutions is both an entropy and a weak solution (see
Remark 6.2.2). We conclude this section proving that the entropy solutions are weak
solutions. In the next section we will show that there are weak solutions that are not
entropy ones.

Theorem 6.2.6 Letu : [0, 0c0) X R — R be a function. If
u € Lpy.((0,00) x R)

and u is an entropy solution of (6.11)—(6.12), then u is a weak solution of (6.11)—
(6.12).
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Proof Let ¢ € C?(R?) be a test function with compact support. Define
¢+ =max{p,0}, ¢ =max{—gp,0},
clearly
=901+ —¢-. ¢, 9-=0.

Using a smooth approximation of ¢ and then passing to the limit we get

/ / (lu — c|0rp+ +sign (u — ¢) (f(u) — f(c))oxp+) dtdx
0 (6.23)
+/ lug(x) — clo+(0, x)dx > 0,

R

forevery c € R.
Define

M = sup |ul.
supp()
Choosing c = M + 1 in (6.23) we get
o
/ / (M +1—-u)drpx + (f (M + 1) — f(u)orpx) dtdx
0 JR
+/(M + 1 —uo(x))¢+(0, x)dx = 0,
R
and integrating by parts (since M + 1 is a classical solution of (6.11)) we get
o
/ / (udrp+ + f(u)dyp+) dtdx +/ uo(x)p+(0, x)dx < 0. (6.24)
0 JR R
On the other hand, if we choose c = —M — 1 in (6.23) we get

/0 /l;((u + M+ Dot + (f ) — f(=M — 1))dr¢x) drdx

+/(uo(x) + M + D+ (0, x)dx >0,
R
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and integrating by parts (since —M — 1 is a classical solution of (6.11)) we get

/ / (udrp+ + f(u)dyp+) dtdx +/ uo(x)p+(0, x)dx > 0. (6.25)
o Jr R

Adding (6.24) and (6.25) we get (6.19). |

6.2.5 Entropic Shocks

In Sect. 6.2.2 we introduced the shock U (see (6.14)) and proved that it is a weak
solution of (6.11) if and only if the Rankine-Hugoniot Condition (6.15) holds. In
this section we prove a similar result giving a necessary and sufficient condition for
the shock to be an entropy solution.

Theorem 6.2.7 The following statements are equivalent:

(i) the function U defined in (6.14) is an entropy solution of (6.11);
(ii) the Rankine-Hugoniot Condition holds true, i.e.,

Flur) = fus) = Mus —u), (6.26)

and

:f(0u+ + (1 =0u) = 0fu)+ A —0)fu-), ifu_ <uy, (6.27)

JOuy+A—=0Ou) <O0fuy)+A-0)f(u), ifu_>uy,

forevery0 <6 < 1.

The inequalities in (6.27) have a simple geometric interpretation. If u_ < u the
graph of f has to be above the segment connecting (u—, f(u_)) and (u+, f(uy)),
that is always true if f is concave. On the other hand if u_ > u the graph of f has
to be below the segment connecting (u4, f(u4)) and (u—_, f(u—)), that is always
trues if f is convex. In particular, if f is concave the entropic shocks are upward
and if is convex they are downward.

Moreover, we can rewrite (6.27) in the following way

F) = f) _ fus) = fw)

Uy — U_ Uy — Uy

(6.28)

for every min{u4, u_} < uy, < max{u4,u_}.
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Indeed, if u_ < u4 (in the case u_ > u the same argument works) and u, =
Ouy + (1 —O)u_ forsome 0 < 6 < 1 we have

flu) = flu)  fluy) — flus)

Uy — U_ Uy — Uy
S @y —u_) _ fu-) _ fuy)
- (U —u_)(Uy —Uyx)  Usx —U_ Uy — Uy
o Ofu) + A= fuNws —u) - flu) - fluy)
- (g —u_)(u4 —uy) Us —U—  Up — Uy
B Ouy —u_) — (Ux —u_) A=) (uy —u) — (uy —us)
A T S N NP TR S

Let us observe that (6.28) represents a stability condition. Indeed, if u_ <
Uy < u4 we can perturb the shock (¥_,u) and split it in the two shocks
(u—, uy), (ux, us). The two quantities in (6.28) give the speed of these two shocks:
the one on the left is faster than the one on the right. Then the two waves will interact
in finite time and generate again the initial shock (u—, u) (see Fig. 6.3).

Lemma 6.2.1 The following statements are equivalent:

(i) the function U defined in (6.14) is an entropy solution of (6.11);
(ii) for every entropy n with flux q the following inequlity holds

Amuy) —nw-)) = quy) —qu-); (6.29)
(iii) for every constant ¢ € R

AMluy —cl =fu——cl)
Zsign (uy — ¢) (f (uy) = f(c)) (6.30)
—sign(u- —¢) (fu-) — f(c).

A A

u+

vV
=V

Fig. 6.3 Shock wave (u_,uy) withu_ < uy
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Proof Let ¢ € C°°((0,00) x R) be a nonnegative test function with compact
support and 1 be an entropy with flux g. Consider the vector field

G =m)¢,qU)e)
and the domains
Qp ={x > A}, Q_ = {x < At}
The definition of U gives

G(t,x) = (mu)e, guy)e),

(t,x) € Qp = { _
div(r,)(G)(t, x) = n(u4)0¢ + q(u+)dx ¢,

G(t,x) = (mu-)p, qu-)p),
div( ) (G)(#, x) = n(u—_)0:rp + q(u_)oxe.

(t,x) e Q. —>

Since
0y = 0Q_ = {x = A},

and the outer normals to €24 and ©_ are (A, —1) and (—A, 1) we have
o
/0 /R(n(U)azcﬂqu(U)axgﬂ)dtdx

2//9 (n(u+)8ﬂp+q(u+)8x<p)dtdx+//Q Mw=)dr¢ + qu—)dxp)dtdx
+ _

= / / div(G)dtdx + / / div(G)dtdx
Q. Q-

o (e.¢]
= _/(; @), g(uy)) - (A, —De(t, At)dt +/0 W), g@-)) - (=, De(t, At)dt

o]

= [Au4) = n(@-)) — (qu4) — (J(u—))]/o @(t, Ar)dt.

Therefore

/ /(U(U)8z¢+61(U)3x§0)dtdx >0, Vo
0o Jr

(2
Amuy) —n@-)) > quy) —qu-).

Therefore we have proved that i) < ii). The same argument works for i) < iii).
O
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Proof (of Theorem 6.2.7) We begin by proving that (i) = (ii). Since U is an
entropy solution of (6.11), Theorem 6.2.2 gives (6.26). We have to prove (6.27). We
distinguish two cases. We assume u_ < uy. Let0 < 6 < 1 be fixed. We choose

c=0ur+1—-0)u_.
Since
u_ <c<ug,
(6.30) gives
Fus) + Fus) = 2£(e) < Mug +u_ —20). (6.31)
Using (6.26) and (6.31)
2 Ous + (1 —0)u_) =2 ()

> fus) + fs) = Mus +u_ —2¢)

= fup) + fus) = Ay +u_ —20uy + (1 —0u_))

= ) + fu) = A(1—20)(uy —u_)

= flup) + flu-)—A=20)(fuy) — fu-))
=200f )+ (1 —=0)f(u-)).
Since the case u4 < u is analogous (6.27) is proved.

We have to prove that (ii) = (i). If is enough to verify that (6.30) holds for
every ¢ € R. We distinguish four cases.

If
c <min{uy,u_},
(6.26) gives
Mg — ¢l = lu— — cl) = Aug —u_)
= fluy) — flu-) = (fug) — f(0)) = (f(u-) — f(c))
=sign(uq —¢) (f(ug) — f(c)) —sign (- —¢) (f(u-) — f(c)).
If

c > max{ut,u_},

the same argument applies.
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If
U_ <c <y,
there exists 0 < 6 < 1 such that
c=0ur+{1—-0)u_.
(6.27) guarantees
f@©)=0f(uy)+ A —=0)f(u),
then using (6.26)

AMlug —c| = lu— —c|) = AMug + —u— —2c)
=r(1=20)(uy —u-) =1 =20)(f(uy) — f(u-))
= flup) + fu-) =20f(uy) + 1 = 0) f(u-))
> flug) + fu-) —=2f(c)

= sign (u4 — ) (f(uy) — f(c)) —sign (- —¢) (f(u-) — f(c)).

Finally, if
u_ <c<uy,

the same argument works. Then (6.30) holds for every ¢ € R.
Theorem 6.2.8 Letu : [0,00) xR—> R, 7 >0, & eR.If
(i) ue L ((0,00) x R);

loc
(ii) u is an entropy solution of (6.11);

1 & &
(iii) lim / / lu( +7,x +§&) — U, x)|dtdx = 0;
e—=0¢&° J_oJ_¢

then (6.26) and (6.27) hold.
Proof For every u > 0 define

wu(t,x) = uw(ui + T pux +8), 12— . xek
7

Since u is a weak solution of (6.11), the same does u,,. We claim that

u, — U, fluy) — fU), inLllUC((O, o) xR), asu — 0.

177

(6.32)
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Let R > 0and u < t/R. Since
U(ut, ux) = U(t, x), t>0, x eR,

we get

R R
/ / luy (2, x) — U(t, x)|dtdx
—R J—R

1 Ru Ru
= 2/ / lu(t+t,x +&)—U(t, x)|dtdx — O,
H —Ru J—Rpu

namely

uy, — U, inL'((=R, R) x (—R, R)), as u — 0.

Therefore the Dominated Convergence Theorem gives (6.32). Finally, Theo-
rem 6.2.4 and (6.32) implies that U is a entropy solution of (6.11). Then, the

claim follows from Theorem 6.2.7.

Example 6.2.1 The function

“2(r+3x ) ifdx 2 >0,

u(t,x) =
ifdx +12 <0

is an entropy solution of the Cauchy problem

u,—i—(";) =0, t >0, x eR,
X

2 .
L
0

if x <0.

Introduce the notation
2 12
u-(t,x) =0, wuy(t,x)= ~3 (t +/3x +t2), A1) = — 4
Since

1
_x/3x+t2’

2 t
atu+(t7-x)=_3 <1+\/3x+t2>’

Oxuy(t,x) =

O

(6.33)

(6.34)

_¢
& =",
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2 t
uy(t, x)oyuy(t,x) = 3 («/3 P + 1)
X

u_ and u are a classical solution of the Burgers equation.
We have only to verify that (6.26) and (6.27) hold along the curve x = A(?).
Since

u_(t,A(t)) =0,
uy(t,A(t)) = —t <0,
Flus (6, 1(0)) — fu—(r, (1)) = X' () (uy (1, A(2)) — u—(t, 1(1))) =0,

the Rankine-Hugoniot Condition is satisfied and the jump is downward (note that f
is convex).

6.2.6 Change of Coordinates

One of the features of the weak and entropy solutions is that they are not
invariant under changes of coordinates. These ones transform smooth solutions in
smooth solutions but in general they do not transform weak/entropy solutions in
weak/entropy solutions. Let us consider the following simple example based on the
Burgers equation. We know that the shock

1, ifx<1/2
w.xy = b =12, (6.35)
0 ifx>1)2

provides an entropy solution of the Riemann problem

2 1, ifx<0
et + By (” ):o, u@,xy=1° "*=% (6.36)
2 0 ifx>0.

Consider the new unknown

(6.35) and (6.36) become

1, if 2
o(tx) = 410 X =172 (6.37)
0 ifx>1/2
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and

3 I, ifx <0,
v + 0, ( v4/3> =0, wO0.x)={  "'7 (6.38)
4 0 ifx>0.

respectively. Since v does not satisfy the Rankine-Hugoniot condition, it does not
provide a weak solution of (6.38).

6.2.7 Uniqueness and Stability of Entropy Solutions

In this section we prove the classical KruzZkov theorem [12]. It has three main
consequences: the uniqueness of the entropy solutions, the L! Lipschitz continuity
with respect to the initial condition of the entropy solutions, and the finite speed of
propagation of the waves generated by conservation laws.

Theorem 6.2.9 (Kruzkov [12]) Let u,v : [0,00) x R — R be two entropy
solutions of (6.11). If

u,v € L0, 00) x R),

then

R R+L(t2—11)
/ lu(t2, x) — v(t2, x)|dx < / lu(tr, x) — v(r, x)|dx, (6.39)
—R —R—L(tr—t1)

for every R > 0 and almost every 0 < t; < tp, where

L= sup (If'@)|+1f WD.

(0,00) xR

A fundamental consequence of Kruzkov theorem is the following.

Corollary 1 (Uniqueness and Stability of Entropy Solutions) Let u,v
[0, 00) X R — R be two entropy solutions of (6.11). If

u,v € L%((0, 00) x R),
u(0, ) —v(0,-) € LY(R) (or u(0, -), v(0, -) € L'(R)),
then

u(t,) —v(t, ) € L'"R) (oru(t, ), v(t,-) € L'(R)),
”M(l, ) - U(t, ')”LI(R) =< ”M(O, ) - U(Os ')”LI(R) 5

(6.40)
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for almost every t > 0. In particular
u, ) =v00,) = u =v.

The proof of the KruZzkov theorem is based on the following lemma.

Lemma 6.2.2 (Doubling of Variables) Letu, v : [0, 0c0) xR — R be two entropy
solutions of (6.11). If

u,v € L0, 00) x R),
then
Orlu — v| + 0y (sign (u —v) (f(u) — f(v))) <0 (6.41)

holds in the sense of distributions on (0, 00) x R.

Proof Letp = ¢(t, s, x, y) be a C* nonnegative test function defined on (0, co) x
(0, 00) x R x R. Since u and v are entropy solutions of (6.11) we have

f f(m(t,x)—v(s,y)|a,<p(r,s,x,y)
0 JR

+ sign (u(t, x) —v(s, y)) (f (u(r, x)) — f(v(s, y))oxo(t, s, x, y)>dtdx >0,

f f(|v(s,y)—u(t,x>)|as<p(r,s,x,y)
0 JR

o sign (v(s, ¥) = u(t, X)) (f (s, ¥)) = @t ))dyp(t, 5,5, 7)) dsdy = 0,

and then
L] ] (0= v piae + a0
0 J0o JRJR
+ sign (u(t, x) — v(s, y)) x (6.42)

X (fu(t, x)) — f(s, ) (@xp + Bygo))dtdsdxdy > 0.

Let Y € C°°((0, oo) x R) be a nonnegative test function and § € C*°(R) be such
that

1) > 0, ”6”L1(R) = 1, Supp(5) C [_1, 1]
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Define

Sn(x) = né(nx),

_ _ (6.43
wn(t’s’x’y):]p(t;s’x;y)én<s2t)(sn(yzx). )

We use ¢, as test function in (6.42)

oo fo0 s —t y—Xx t+s x+y
fOfO/R/Ra( , >a< ; )(uu(t,x)—v(s,ynatw( A )

+ sign (u(t, x) — v(s, y)) x

t+s x+Yy

X (@t x)) = f (s, ) ( et )) drdsdxdy > 0.

Asn — oo we get

/ /(Iu—vlazlﬁJrSign(u—v) (f ) — f(v)dx¥)dtdx = 0,
0 JR

that gives the claim. O

Proof (of Theorem 6.2.9) Let R > 0 and 0 < 1] < 1. Define

ay(x) = /x Sn(y)dy, x €R,

—00

where §, is defined in (6.43). Consider the test function

@n(t, x) = (an(t = 11) = an(t — 1)) (1 — (/szr i —R—-L(r— t))) ,

that is a smooth approximant of the characteristic function of the set
{(.x)€10.00 xR =1 =0, v = R+ L2 — 1)},

Testing (6.41) with ¢, we get

/oo/ lu —v| (6,(t — 1) — 8,(t — 1)) (1 —ay <\/x2 + ! —R—L(r —t))) dtdx
0 Jr n

—L/oo/ lu — v| (@, (t — t1) — a,(t — 1)) 8, <\/x2+ ! —R—L(tz—t)> dtdx
0o Jr n
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+/0 /RSigH(u—v)(f(u)—f(v))(an(t—tl)—Otn(t—tz))-
X 1
. 8 \/x2+ —R—L(tz—t)> dtdx > 0.
\/x2+,1, ( "

Since

<1

X
\/xz—i-,l, B

|f@) — f)] < |u—vl,

we have

/oo/ lu —v| (8,(t —t1) — 6,(t — 12)) (1 —ay (\/)C2 + ! —R—-L(r —t))) dtdx
0 R n
z/ f (Llu—vl—sign(u—v)(f(u)—f(v)) ¥ )

0o Jr \/ 1

x2+n
(ot — 1) —an(t — 1)) 8, <\/x2 + rll —R—-L(t» —t)) dtdx > 0.

As n — 00, using the fact that, due to the Lusin Theorem, the map ¢t > 0 >

u(t,) —vl(t,-) € L}UC (R) is almost everywhere continuous, we get (6.39). |

6.3 Riemann Problem

In Sect. 6.2.7 we proved the uniqueness and stability of entropy solutions of Cauchy
problems. Here we focus on the existence of entropy solutions. We analyze the
simplest cases: the Riemann problems, that are Cauchy problems with Heaviside
type initial condition

oru + dx f(u) =0, t>0,xeR,
if x > 6.44
u(0, x) = uy, ifx =0, ( )
u_, ifx <0,

where f € C>(R) and u_ # u, are constants.

In the following sections we first consider the case in which f is convex. Indeed
the solutions obtained under that assumption are the building blocks of the solutions
of the general case [5, 6, 11].
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6.3.1 Strictly Convex Fluxes

We assume that f is a convex function, the concave case is analogous.
We distinguish two cases. If (see Fig. 6.4)

Uy <u—

then the entropy solution of (6.44) is the shock wave (see Fig. 6.5)

flup) = flu)

uy, ifx >

_ Uy —u—
i, x) = o fs) — fuo)
u_, ifx < t.
uy —u—
f
>
u+ u-
Fig. 6.4 Convex flux f
A A
u_
> u-
u+ u+
| |
X X

Fig. 6.5 Shck wave (u_, uy) withuy < u_
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If (see Fig. 6.6)
Uy > u—

then the entropy solution of (6.44) is the rarefaction wave (see Fig. 6.7)

uy, ifx > f'(uyt,
u(t,x) =10, ifx=f'(o)t, u_ <o <uy, (6.45)
u_, ifx= f'(u_)z.

Observe that the definition makes sense because f is convex and then f’ is
increasing.

f
>
u- u+
Fig. 6.6 Shock wave (u_,uy) withu, > u_
A A'
u+
—/
_> u-
_>
u- u+
L >
X X

Fig. 6.7 Rarefaction wave
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We claim that
0rm(u) + dxq(u) =0, (6.46)

for every entropy n with flux g, where u is the rarefaction wave defined in (6.45).
Consider the sets
Q1 ={(t,x) € (0,00) x Ry x < f'(u_)t},
Q= {(r,x) € (0,00) x R; f'(u_)t <x < f'(up)t},
Q3 = {(t,x) € (0,00) x R; x > f'(uy)t},

whit outer normals ny, ny, n3, and a nonnegative test function ¢ € C°°((0, 0o0) x
R). We have

/ /(n(u)at(p + q(u)drp)dtdx
0 JR

3
- Z / o @m(u) + 0xq (w)) @dtdx
i=1 i ~ 2

1 . .
=0 (because u is smooth in each ;)

3
+ Z/ (mw)e, gw)e) -nido = 0.
i=1 0%

~ - -
=0 (because u is continuous)

Therefore (6.46) holds and then (6.45) is the entropy solution of (6.44).
When f is concave we have a completely symmetric case, a shock when u_ <
u4 and a rarefaction when u_ > u.

Example 6.3.1 The entropy solution of the Riemann problem

w+ (%) =0 1>0, xeR
X

”(va):{l_l ifx <0,

if x >0,
is the rarefaction wave

1 ifx < —t,
ut,x)=1o ifx=o0t, -1 <0 <1,

1 if x > t.
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Example 6.3.2 The entropy solution of the Riemann problem

ur + W)y =0,

1

u(0, x) = {0

is the shock

u(t,x) =

t>0, x eR,

ifx <2,

ifx >2,

1 ifx <t+2,
0 ifx >1t+2.

Example 6.3.3 The entropy solution of the Riemann problem

up+ W)y =0,
u(0, x) = {0
1

is the rarefaction wave

0
u(tv-x): o

1

t>0, x eR,

ifx <2,

sex > 2,

ifx <2,
if x=30%2+2,0<0 <1,
if x > 3¢ + 2.

Example 6.3.4 The entropy solution of the Riemann problem

ur + (€")x =0,

2

u(0,x) = {0

is the shock

u(t,x) =

t>0, x eR,

ifx <0,

ifx >0,

2

. 2_

2 ifx < <1y,
. 2

0 1fx2‘21t.

187
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6.3.2 General Fluxes

In the case of convex or concave fluxes the solution of the Riemann problem (6.44)
consists of only one wave, a shock or a rarefaction wave. In the case of fluxes that
are not convex or concave we can have several waves of both types. Moreover, the
waves may also be glued together.

We have to distinguish again two cases. If

u_ <uy

we consider the convex hull f; of f in the interval [u_, u4], i.e., fi is the largest
convex map such that

fx(§) = f(8), u- <& <uy.
Let consider the points wy, . .., w, such that (see Fig. 6.8)

U_=wo < Wy <...<Wy =U4,
f(wl)zf*(wl)a iZOa'-'ana
wi <u <wiyr = fulu) < f)or fiw) = fQ@), i=0,....n—-1
We solve separately the n — 1 Riemann problems obtained in correspondence of
the values (w;, wiy1), i =0,...,n — L. If f < fi in (w;, w;+1) we have a shock
otherwise a rarefaction (see Fig. 6.9). This algorithm provides clearly the entropy

solution of (6.44) because we are gluing entropy solutions.
If

U_ > Uy

Fig. 6.8 Nonconvex flux f A
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<yt

Fig. 6.9 Nonconvex flux with shock (u_, u4) withu_ < u4

A

/
\x
\/

Fig. 6.10 f(u) = (> — 3u)

we consider the concave hull f* of f inthe interval [u_, uy],i.e., f* is the smallest
concave map such that

F&) < f ), u_- <& <uy,

and we argue in the same way.

Example 6.3.5 Consider the Riemann problem (see Fig. 6.10)

8,u+8x(u3—3u)=0, t>0,xeR,
i 6.47
40, x) = 2, if x >0, ( )
-2, ifx <O,
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A" A

2 shock

" rarefaction

-2 rarefaction

shock 2

o

2

Fig. 6.11 Solution of (6.47)

The solution of (6.47) is (see Fig.6.11)

2, ifx > 91,
u@,x) =10, ifx=@0Bc2=3r1<0 <2,
-2, ifx <0,

where the shock connecting —2 and 1 is attached to the rarefaction from 1 to 2.
The same feature can be found in

du + 9y (u® — 3u) =0, t>0,xeR,
-2, ifx>

(0, x) = , ifx >0,
2, ifx <.

Example 6.3.6 Let us solve the Cauchy problem

u,+(”22) =0, t>0, x eR,
X

1 if0<x <1 (6.48)

0 otherwise.

u(0,x) = !

The wave generated at x = 0 is a rarefaction wave with speeds between 0 and 1,
the one generated at x = 1 a shock with speed 1/2, they interact at + = 2, and we
have (see Fig.6.12)

ifx <0,

ifx=o0t,0<0 <1,
ifr<x</5+1,
ifx>5+1,

u(t,x) = 0<r<2. (6.49)

© ~ a o
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. A A
t=0 0<t<2
—
P P
Fig. 6.12 Solution of (6.48)
u A t‘
t>2 0 0
t=2
0 0
- 1 -
T "

Fig. 6.13 Solution of (6.48)

For t > 2 we have a structure of the type (see Fig. 6.13)

0, ifx <O,
u(t,x) =10, ifx=o0t,0<0 <Ai(t), t>2.
0, ifx>A@),

We have to determine A (7). We know that
A(2) =2.
The Rankine-Hugoniot condition gives

u(t, A(1)7)
NOE .
(1) )
Finally, from (6.50) we know

u(t, \(t)") = M)

x

191

(6.50)

(6.51)

(6.52)

(6.53)
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Therefore, (6.51), (6.52), and (6.53) imply that A(z) is the unique solution of the
ordinary differential problem

A = A0

. A2 =2,
o 2

namely
A1) = V21, r>2.

Example 6.3.7 Let us solve the Cauchy problem

ut—i—(";) =0, t>0, x eR,
X
1 sex < —1,
1(0, x) = 0 se —1l<x<0 (6.54)
2 se0<x <1
0 sex > 1.
The wave generated at x = —1 is a shock with speed 1/2, the one generated at

x = 01is ararefaction wave with speeds between 0 and 2, the one generated at x = 1
a shock with speed 1. The first interaction is between the second and the third wave
att = 1, and we have (see Fig. 6.14).

ifx <
LA
1f2—

ifx=o0t,0

-1,

<x

—_ o~

A IA

O,
o

u(t,x) = 2, 0<r<l. (6.55)

IA

T

if2t <x <t
ifx>t+1,

11

[=E IS BE=

u u
A t=0 L o

_‘ L

Fig. 6.14 Solution of (6.54)

< ¥
o /
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ua ua

1<t<2 o<t< "‘;"3

< Y
< Y

Fig. 6.15 Solution of (6.54)

ui A

A
—~ S

t>'.i +4v2

=< ¥

Fig. 6.16 Solution of (6.54)

The second interaction is between the first and the second wave at ¢t = 2, and for
1 <t <2andt > 2 we have a structure of the type (see Figs. 6.15 and 6.16)

1, ifx <0,

ut,x) =10, ifx=ot, 0<o <Ai(), 1<t=<2, (6.56)
0, ifx > A1),
I, ifx <y(),

u(t,x) = Vo, ifx=ot, y@) <o <ir@), t>2. (6.57)
0, ifx > A1),

We have to determine y (¢) and A(z). We know that

y(2) =0, Al) =2. (6.58)
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The Rankine-Hugoniot condition gives

+ -
V() = 1+u(té)/(t) )’ W (t) = M(t,)»z(t) ). 6.59)
Finally, from (6.56) we know
u(t,y(r) = ygt)’ u(t, (1)) = )\it). (6.60)

Therefore, (6.51), (6.52), and (6.53) imply that y (#) and A(¢) are the unique solution
of the ordinary differential problems

o1 20) Y0

V(t)—2<1+ t), () = 5

y(2) =0, M1 =2,
namely

y(t) =1 — /21, A1) = 24/1.

Since, y and A interact at 9+‘2“/2, (6.57) holds only for 2 < ¢ < 9+‘2“/2. For ¢t >

9+‘2“/2 we have only a shock connecting 0 and 1 with speed é

1, ifx <! +V18+8V2, 9+ 442
u(t,x) = ) ; t > .
0, ifx>5+v18+8v2, 2

6.4 Vanishing Viscosity

In this section we discuss the parabolic approximation

Orug + 0y f(ue) = safxua, t>0, x eR, 6.61)
uE(Oa x) = MO,S(-X)a X € Ra
of the scalar hyperbolic conservation law
oru + ox f(u) =0, t>0, x eR, (6.62)
u(0, x) = uo(x), x € R.

The mean feature of such an approximation relies in the regularity property of the
solutions. Indeed due to its parabolic structure (6.61) does not experience shocks.
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For the initial data of (6.62) we assume
uo € L'R) N BV (R).
On the other hand, for every ¢ > 0, ug . is a smooth approximation to u¢ such that

uoe € C®R) N W>(R), e >0,

uo.e —> Uo, inL’(R), 1 < p <oo, ase — 0,
Huo,é‘”Loo(R) < lluollzeow HMO,SHLI(R) < luoll 1wy e >0, (6.63)
[xo.c] 1wy = TV@o), e |o5uoe],, =C >0,

for some constant C > 0 independent on ¢. Under these assumptions (6.61) admits
a unique solution u, such that [7, 14]

ug € C2([0, 00) x R) N W>P((0, 00); WHP (R)), 1<p<oo.

The main result of this Section is the following [6, 11, 18].
Theorem 6.4.1 If

uo € L'R) N BV (R).
then

Ug —> U inLl[Z}C

((0,00)xR), 1 < p < 00, anda.e.in (0,00)xR,  (6.64)

where u is the entropy weak solution of (6.62) and u. is the solution of (6.61).
Moreover, the following estimate holds

||u6‘(t1 ) - M(l, ')”LI(R) = C\/Et TV(”O) + Huo,é‘ - MOHLI(R) s (665)

forevery e > 0 andt > 0, where c is a positive constant independent on € and t.

The convergence part of this result has been proved in [12] for scalar equations
and in [4] for systems of conservation laws. The error estimates has been proved in
[13].

Let us conclude this introduction with the following observation. In our statement
all the family {u.}:~0 converges to u and not just a subsequences, this result is due
to the uniqueness of the entropy solutions of (6.62) and to the following equivalence

Ug —> U
¢ (6.66)

V {ug Jken subsequence 3 {u% }hen subsequence s.t. Ugy, —> U.
i i
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6.4.1 A Priori Estimates, Compactness, and Convergence

The aim of this section relies essentially in the proof of (6.64). Let us start with a
technical lemma that will play a key role in the following a priori estimates.

Lemma 6.4.1 ([2, Lemma 2]) Let v : R — R be a function. If

veClR), v e L'(R),

then

lim [v'|dx = 0.

=0+ Jjy|<s
Proof We write

vs = [V |xqpi<sy,  8>0
and observe that
lus| < [v'], vs —> 0 ae.inR.

Indeed, if [{v = 0} = 0 we have x{jyj<sy — O otherwise v’ — 0 on {v = 0}.
Therefore the claim follows from the Dominated Convergence Theorem. O

Remark 6.4.1 Since the solutions of (6.61) are smooth, the previous lemma allows
us to use the identity

sign (v)’ = 5{U=0}v/ (6.67)

in our computations, where §{,—¢) is the Dirac delta concentrated on the set {v = 0}.
In particular, if v € C*(R) N L¥(R) N W>1(R),

/ f()’sign (v') dx =0, / v”sign (v) dx < 0, (6.68)
R R

that follow integrating by parts and using (6.67).
Let us give a rigorous proof of them. We have

lim/f(v)”n;(v/)dxzff(v)”sign (v') dx,
a—0 Jr R
(6.69)

a—0

lim v”n&(v)dx:/v”sign(v) dx,
R R
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where

Te® = /82402, acR

For every a # 0

2
eeC®.,  a®= " . we=_, % . >0
VE2 4+ a2 (% +a2)¥
We have
‘/ f)n,hdx| = ‘/ fv'n,wH'dx
R R
O{ZU/v//
/A / 4
SL/R|U UMCRLY |dx=L/R (V)2 + )2 dx
2.0,
av'
= L/ dx
(l<da) | (V)2 4+ a?)3/2
+L/ a2v/v// J
x
(zvay | (V)7 +a?)3/2
3
< L/ |v"|dx
8 Jiwi<va) )
—0 by L-;;ma 6.4.1
o
+L / V' dx — 0,
A4 Sz vy 1
—0
/ v, (v)dx = —/ i (v)(v')2dx < 0,
R R
where L = sup | f/(&)|. Therefore, (6.68) follows from (6.69).

&=Vl Loo m)

Let us continue with some apriori estimates on u#, independent on ¢.

Lemma 6.4.2 (L°° Estimate) We have that

el Loo (0,00 xr) = U0l Loo(R) » e>0.

Proof Due to (6.63) the maps with constant values |lugllzg) and — [luollzoo(r)
provide a super and a sub solution to (6.61), respectively. Therefore, the claim
follows from the comparison principle for parabolic equations. O
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Lemma 6.4.3 (L' Estimate) The function
t >0 |lug(t, ')”L‘(R)
is nonincreasing. In particular,
llue (2, ')”LI(R) =< ||”O||L1(R), e>0, t>=0.

Proof Due to the regularity of u., we have

d
/luﬂdx:/sign(ug) Orltedx
dt R R

=g/ sign (ug)afxugdx—/sign () f'(ug)dxuedx
R R

= —8/ 8{us=0) (axug)2 dx
R

~ -~ -

<0

ue(t,x)
— / Oy (/ sign (s) f/(s)ds) dx <0,
R 0

- — -
=0

where 8y,,—0) is the Dirac’s delta concentrated on the set {u, = 0}. Finally, an
integration on (0, ¢) gives (see (6.63))

[l (2, ')”LI(R) =< ”uO,SHLl(R) =< ””0”L1(R)-

Lemma 6.4.4 (BV Estimate in x) The function
t2 0 — [3eue(t, )l 1w
is nonincreasing. In particular,
0xue (2, 1wy < TV (uo), e>0, t>0.
Proof Due to the regularity of u,, we have

Btzxug + 0y (f/(us)axus) = gagxxuf
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and then

d
/|axu£|dx=/sign(axu£)afxu£dx
dt R R
:g/ sign (dyuz) foxugdx—/sign (Dxue) dc (f (ue)dyue) dx
R R

2
= _5/ 8{8Xu£:0} (a)%xua) dx"‘/ S{GXME:O}afxusf/(”s)axusdx <0,
R R

~ -~ -
=0

<0

where 8(5,,,=0) is the Dirac’s delta concentrated on the set {01, = 0}. Finally, an
integration on (0, ¢) gives (see (6.63))

||8Xu£(ta ')”LI(R) S Hax”O,s”U(R) S TV(”O)

Lemma 6.4.5 (BV Estimate in ) The function
1 >0 [[uet, )l 1w
is nonincreasing. In particular,
0sue(t, M 1wy < TV (wo)L + C, e>0, >0,
where C is the constant that appears in (6.63) and

L=| f/”L°°(*HM0HL°°(1R)’HMOHLOO(]R)) :

Proof Due to the regularity of u,, we have
Oue + 0y (f'(ue)dup) = €3] ue

and then

d
/|8tu€|dx
dt R

= f sign (d,ue) 02ucdx
R

—¢ f sign (1) > uedx — f sign (1) dx (f'(ue)dyus) dx
R R

2
= —8/ 8(,1,=0} <3t2xu£) dx+/ 8{3tu5:o}3t2xu£f’(us)atu£dx <0,
R R

~ -

- - -

<0 =0
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where 8,4, =0 is the Dirac’s delta concentrated on the set {0;u, = 0}. Finally, an
integration on (0, 1), (6.61), (6.63), and Lemma 6.4.2 give

0rue (2, )l L1y < 10:ue (0, ) L1(r)

= H&‘a UQ,e — (uo,e)axuo,e I
L' (R)

ey 1 @0 ey [0 1,

<C + TV (ugp)L.

O

Proof (of (6.64)) Let {ug, }ren be a subsequence of {ug}e~0. Since {ug, }ren is
bounded in L*°((0, 00) x R)YN BV ((0, T) xR), T > 0, (see Lemmas 6.4.3, 6.4.4,
and 6.4.5), there exists a function u € L*°((0,00) x RYNBV((0,T) xR), T > 0,
and a subsequence {u £k, }hen such that

Ugy, —> U in Lfoc

((0,00) x R) and a.e. in (0, c0) x R.

We claim that u is the unique entropy solution of (6.62). Let € C(R) be a
convex entropy with flux ¢ defined by ¢" = ' f". Multiplying (6.61) by 1’ (us;, ) we
get

0 (g, ) + g ey, ) = &x, 0yt 0 (ttey, )

= &1, 07 ey, ) =1 ey, ) (Oritey, )

<0
< Ek 32 ”(I/l )
h“xXx Ekp /)

For every nonnegative test function ¢ € C°(R?) with compact support we have
that

f / (nuteyorg + ey e ) drdvt / N0, (1)@ (0, x)dx
0 JR R

o
> —skh/ /n(uskh)afxq)dtdx.
0 JR

As h — oo, the Dominated Convergence Theorem gives

/0 /R(n(u)azw +qW)drp) dtdx +/R77(M0(3C))<p(0,X)dx =0,

proving that u is the unique entropy solution of (6.62).
Finally, thanks to (6.66), (6.64) is proved. |
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6.4.2 Error Estimate

In this section we complete the proof of Theorem 6.4.1 showing (6.65).
Let ¢, ¢ > 0. We “double the variables”, using (z, x) for (6.62) and (s, y) for
(6.61). We have

O u(t, x) —ue(s, y)|

(6.70)
+ Ox[sign (u(T, x) — ue(s, ¥)) (f (u(z, x)) — fue(s, y))] <0,
and
Oslu(t, x) — ue(s, y)l
+ Oy[sign (u(t, x) — us(s, y)) (f(u(zr, x)) — f(ue(s, y))1 (6.71)

<695 lu(t, x) — ue (s, y)l,

in the sense of distributions. Let w € C®(R) be a nonnegative function with
compact support such that

lwlizig = 1.
We define
L (&
we(€)= w , EeR, a>0.
o o
By testing (6.70) with the function
(T’X)Hwﬂ(f_s)wa(x_Y)a a, ﬂ>07

we get

t
[ [0 = s e = ywate =)
0 JR
o sign (u(r, ¥) — s (5, ) (f (u(r.3)) = Flas(s, 1))

x wg(t — s)w,, (x — y)]drdx
- /RW(L x) —ug(s, Y)|wg(t — s)we(x — y)dx

+ /RWO(X) —ue(s, Ywp(=s)we(x — y)dx = 0,
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that is

t
///|u(t,x)—ug(s,y)lwlg(t—s)wa(x—y)dsdxdy
0 JRJR

13
= / / / luo(x) — ue(s, y)lwg(—s)we(x — y)dsdxdy
0 JRJR

[ (6.72)
~|—/ / / / [Iu(t, x) — e (s, )| wp(t — $)we (x — )
0o Jo JrRJR

+ sign (u(t, x) — ue(s, y)) (f (u(z, x)) — fuels, y)))x
x wa(r — s)wl, (x — y)]dsdtdxdy.
By testing (6.71) with the function
(8, y) = wp(T = $Hwe (x — y), a, p >0,

we get

t
_/ /[|u(t,x) — e (5, YW (T — Hwelx — y)
0 JR
+sign (u(t, x) —ug(s, y)) (f (u(z, x)) — fue(s, y)))x

x wg(t — s)w,, (x — y)]dsdy
- /RW(T,X) —ug(t, y)|wg(t — HHwe (x — y)dy
[ e ) = un g oy s = )y

t
> —e[ / (T, %) — e (s, W|wp(x — Hwll(x — y)dsdy,
0 R

that is

t
///|u(r,x)—ue(t,y)lw,g(t—t)wa(x—y)dtdxdy
0o JRJR
t
5/ //|u(t,x)—uo,s(y)lw,s(r)wa(x—y)dtdxdy
0o JRJR
t t
_/ / //I:|M(T,)C)—u5(s,y)|w;3(f_s)wa(x_y)
o Jo JrRJR

+ sign (u(t, x) —ue(s, y)) (f (u(z, x)) — fuels, y)))x

x wg(t — s)w,, (x — y)]dsdrdxdy

t ot
+ 8/ / / / lu(t, x) — ue(s, y)|wg(t — s)w, (x — y)dsdrdxdy.
0 Jo JRJR
6.73)
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We add (6.72) and (6.73)
t
///|u(t,x)—ug(s,y)|w,g(t—s)wa(x—y)dsdxdy
0 JRJ/R
13
+/ //|u(t,x)—u€(t,y)|wﬁ(r—t)wa(x—y)drdxdy
0 JRJR
t
< [ [ [ o) = st lws-sywax = y)dsdndy
0o JRJR
13
+/ //IM(T,X)—uo,e(y)lwﬁ(f)wa(x—y)dfdxdy
0 JRJR

t ot
~|—£/ / / / lu(t, x) —ue(s, y)|wg(t — s)wy (x — y)dsdrdxdy
0o Jo JrJr

andsend 8 — 0

//|M(I,X)—Ms(t,y)|wa(x—y)dxdy
\R R -

-~

I

- 3 o - dxd
< fR /I; 000 = o )tts = Yy 6

-

163
& t
+ ///|M(S,X)—Ms(S,y)Iwg(x—y)dsdxdy.
2Jo JrJr

- -

I3

We estimate /1 and /> in the following way (see (6.63) and Lemma 6.4.4)
Bz [ (0 = 00 = e e0) = e, 30 e = )dndy
RJR
= f lu(t, x) — ug(t, x)|dx — f f lug(t,y + &) —ue(t, y)lwa (§)dédy
R RJR

we (§)dE

§
> ut, ) — ue(t, ->||L1(R)—/ V /|axus(r,y+a>|dyda
RI1JO JR
= lut, ) = e, M iy — 10ruet, g1y /R 1€ wa (§)dE
> ut, ) — ue(t, )l 1y — @T V(o) fR £ w(&)ds,

b= [ [ (1000 = w0001+ 0. 0) = 0,00 Y = vy
RJR
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=/ Iuo(X)—uo,s(X)ldy~l-/ / luo,e(y +8) — uo,e (V) lwa (§)dédy
R RJR

we (§)d§

&
<Juo =l + [ | [ [ 100+ iavao

o R PSSR DX By PG
< [uo = o] 1, +aTV(uo)/R|€|w(€)d§.

We have to estimate /3. Thanks to (6.64) we know

I3 = lim I3,
u—0
where

e [
L, = 2/ / / [ty (s, x) — ug(s, y)|wg(x — y)dsdxdy, w > 0.
0 JRJR

Since (see Lemma 6.4.4)

t
Iz, f;/ //(|3xuu(S,X)|+|3yu£(s, y)|)|w;(X—y)|dsdxdy
0 JRJR
t
22/ //(|3xuu(s,y+€)|+Iayug(s,y)l)lwfx(é)ldsdédy
0 JRJR

t
- /O /R (0t 5. )1y + Ntae . ) 1y ) 1l

et
oy = V@0 ]

<etTV (up) Hwoz HLI(R) -

R)”
we have
1 < TV o) ||
=~ LI(R) .
Using the estimates on 11, I, and I3 in (6.74) we have

”I/l([, ) - MS(tﬂ .)”LI(R) = HMO - MO,S”LI(R)

t /
+ (a + Z) TV (uo) (z/R Elw(E)dg + [w ||L1(R>) :

Since the minimum of the map

et
oa+— o+
o

is attained in 4/¢t, (6.65) is proved.
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Appendix: BV Functions

In this section we collect some elementary facts about functions with bounded
variations since their relevance in the study of conservation laws.

Definition 6.4.1 Let I C R be an interval and let u : I — R. The total variation of
f over [ is defined by

q
TV () =sup»  |ulter1) — u(t)l (6.75)
k=0
where the supremum is taken over all finite sequences fp < .... < f; so that#; €

I, for every i. The function u is said to be of bounded variation on I, in symbol
u e BV(),if TV(u) < oo. It is easy to verify that the sum of two functions of
bounded variations is also of bounded variation. Before proving the converse, let us
introduce the notation V,, (a; x) to denote the total variation of the function u on the
interval (a, x). Observe that if u is of bounded variation on [a, b] and x € [a, b],
then

lu(x) —u(@)| = Vula; x) < Vy(a; b) =TV (u).

Theorem 6.4.2 If u is a function of bounded variation on [a, b], then u can be
written as

U=uy—up

where uy and uy are nondecreasing functions.

Proof Letx; <xp <bandleta=1y <t <... <ty =x;.Then
k
Vi(x2) > [u(x) — uGe)+ Y fu(t) — ulti1)l.
i=1
Since by definition
k
Vi) =sup ) |u(t;) — uti-1)|
i=1
over all the sequencesa =ty < ] < ...t = x1, we get
Vu(x2) = lu(x2) — u(x1)| + Vi (xr)-
Therefore

Vu(x2) —u(x2) = Vy(x1) —u(x1), Vi) +ulxz) = Vy(x1) + ulxy).
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Hence V,, — u and V,, + u are nondecreasing functions. The claim follows by taking

1 1
up = 2(Vu +u), ux= 2(Vu —u).

O

Theorem 6.4.3 Let u be a function of bounded variation on [a, b]. Then u is Borel
measurable and has at most a countable number of discontinuities. Moreover, the
following statements hold true

(i) u' exists a.e. on [a, b];
(ii) u' is Lebesgue measurable;
(iii) for a.e. x € [a, b]

' (x)| = V, (x);

(iv)
b
/ lu’ (x)| dx < Vi (b);

(v) ifu is nondecreasing on [a, b], then

b
/ W' (x)dx < ub) — u(a).

The following theorem due to Helly is a fundamental result in the theory of
bounded variation functions.

Theorem 6.4.4 Let u, : [a,b] — R be a sequence of functions satisfying the
condition

sup TV (u,) < oo. (6.76)
n

Then there exists a subsequence, still denoted by u, and a function u of bounded
variation such that u,(x) — u(x) as n — oo for every x € [a, b] and

TV (u) <liminf TV (uy). 6.77)
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