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Abstract Time series capture time dependent intra-individual variation within a
single participant. When data are collected from more than one subject, methods
developed for single subject intra-individual relationship may not fully work and
laws governing inter-individual relationship may not apply to intra-individual
relationship, especially when outcomes are categorical or ordinal data. These data
are usually collected by the Likert table. This article aims to investigate the
performance of four estimation methods for pooling time series data focusing on
categorical outcomes and to address related issues through an an autoregressive
model, AR(1). In this article, models for pooling time series were formulated,
estimation methods were derived, simulation studies were conducted, results were
summarized and compared.

Keywords Pooling time series - Autoregressive model - Categorical data -
Conditional likelihood - Exact likelihood - Maximum likelihood estimation

1 Introduction

The variation analysis in psychological, social, and behavioral researches has
many ramifications. Among them two main branches are inter-individual variation
and intra-individual variation. Inter-individual variation is the variation between
individuals, and also widely known as the analysis of cross-sectional data in many
researches. Intra-individual variation is the time dependent variation within a single
participant’s time series. It is also known as the analysis of time series data or P-
technique in Cattell’s (1952) data-box Cattell (1952). In this type of study, usually
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one subject is measured and the variables of interests are collected from each of
a large number of occasions. Many methods are available for single time series
analysis (e.g., Cattell et al., 1947; Molenaar, 1985; Nesselroade & Molenaar, 2003).

However, data collected in this way do not have inter-individual differences
since there is only one subject involved, but they can reflect changes across
occasions. Intra-individual analysis has become popular advanced by Nesselroade,
Molenaar, and colleagues. So many researches on intra-individual relationship, data
are collected from more than one subject. When multiple subjects are involved,
methods developed for single subject intra-individual relationship may not fully
work. Also, laws governing inter-individual relationship may not apply to intra-
individual relationship (Molenaar, 2004; Nesselroade & Ram, 2004, e.g.,). There are
few methods in literature dealing with the analysis of pooling multiple time series
(Cattell & Scheier, 1961; Daly et al., 1974; Molenaar et al., 2003; Nesselroade &
Molenaar, 1999, e.g.,). The attention of this article will be drawn to multiple subjects
intra-individual variation analysis. Also, the data in educational and social areas are
usually collected by Likert tables. But the research on multiple subjects time series
for categorical outcomes is very few. So we fill the gap by focusing our research in
this area.

This article aims to investigate the performance of different estimation methods
for pooling time series data focusing on categorical outcomes and to address
related issues through an AR(1) model. We focus on four estimation methods
for multiple time series: pooling conditional likelihood estimation, pooling exact
likelihood estimation, connecting data conditional likelihood, and connecting data
exact likelihood.

This article is organized as follows. In the next section some introductory remarks
about time series are given. First single series and multiple series focusing on
the AR(1) model are described and formulated. And then different estimation
methods for multiple time series are introduced and derived. Then follows a
section of simulation studies in which the performance of four estimating methods
are investigated under various conditions. Simulation results are provided after
simulation design and implementation. The closing part of this article summarizes
the simulation results, compares different estimation methods of aggregating time
series, and provides practical implication.

2 Autoregressive Model and Categorical Data

2.1 First-Order Autoregressive Model, AR(1)

We first consider a model for a single subject (or individual). And then we extend
it to the model for multiple subjects. Suppose we are interested in a first-order
autoregressive model, AR(1), as follows.
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y1 : the initial value
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where y; is the observed value at time point #, « is the model autoregressive
coefficient, u is a parameter correlated with the mean of y, z is a shock variable, or
a white noise sequence, satisfying a normal distribution with mean 0 and variance
¢. In this case, the vector of population parameters to be estimated consists of
0 = (u,a,¢). When |a| < 1, there is a covariance stationary process for y;
satisfying Eq (1). Thus, the remainder of this discussion of AR(1) assumes that
|| < 1. By algebra and Taylor expansion, we have the mean, the variance, and the
j'" autocovariance of y;.

EGy = @)
Var(y:) = %7 (3)
Coviyr, yi_j) = ol —2 @

1 —a?
So we have the following distribution of y;

i~ Ny 75,
Yelyi—1 ~ N(u+ay—1,9), ¢t > 1).

For multiple subjects, suppose there are N individuals, we can express the
constant coefficient AR(1) model as follows:

Yit = +ayig-1+zi, (=1, ,N; t=2,.,T)

where z;; i.i.d. ~ N(0, ¢) and the parameters u, o and ¢ are constants which
keep the same values across all individuals. This model is very useful when the
sample size (or number of participants) is small but with fairly large measurement
occasions.

2.2 Categorical Data

Let ¢ be the number of categories and T = (t1, ..., T.—1) be thresholds. Assume
yi; is a continuous normality distributed variable following AR(1) model y;; =
u + ayi¢—1) + zir. With the assumption of the normality distribution of y;, the
thresholds T can be created from the standardized thresholds t as

T = WUy + T;0y
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where u, = ﬁ and oy = ‘/ﬁ. With thresholds 7, categorical data y}, can be
created by

yl.*t =1, when y;; < 113
vl =k, when 51 < y;; < 1
v}, =c, when y;; > 1._1.

The scale of yi*t is from 1 to c¢. Let & be a c-dimensional vector # = (7, ..., 7T¢)
which is defined as

T = P(11)
=P (tp) —P(r—1) 2L=<k=<c-1)
we=1—D(1.1),

then each m; (1 < k < ¢) is defined to be the probability of corresponding kth
category. With &, the mean of ¢ categories is

M. = in’k k
k=1

Therefore, the true p and ¢ of ¢ categories are

MHe = MC (1 - a)’

pe = [Z i (k — Mf] (1—a?),

k=1

3 Estimation Methods and Likelihoods

This study investigates two MLE estimation methods: (1) exact MLE estimation
method: the parameters are estimated by maximizing the exact log-likelihood
function including the distribution of deterministic y; which requires stationarity
assumption, and (2) conditional MLE estimation method: the parameters are
estimated by maximizing the conditional log-likelihood function without y;. For
multiple subjects we pool likelihood functions for all individuals. In practice, there
is another method to deal with time series data by connecting all similar time series
from multiple subjects together as from a single subject (reference here). It assumes
there is some relationship between y;r and y(;11)1. We have pooled data exact MLE
and pooled data conditional MLE.
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3.1 Exact MLE for Pooled Likelihood Function

The exact likelihood function of the stationary AR(1) model described in Eq. (1)
and its corresponding log likelihood function are

1 i1 — ﬁ)z}
Li(O{, u, ¢|Yz) = eXp | —
2 (L) [ 2(:%)

1—a?
r 2
1 ~ Qe = —ayig-1) }
X {E _27T¢ eXp|: 2¢ } .

1 —a?

2¢

| N
_ﬁ ZZ(M e ‘Xyi(t—l))2~

In order to obtain the maximum likelihood estimates (MLE) of parameters u,
a and ¢, we make all of their first order derivatives with respective to these
parameters 0 and their corresponding second order derivatives negative. The MLE
obtained through solving the exact likelihood function is called the exact MLE.
Unfortunately, there is no simple solution for € in terms of ({y;;},1 <i < N, 1 <
t < T). But with the help of computers, we can use iterative or numerical procedures
to solve the equation.

N N NT
log(L) = Slog(1 —a?) - Y0 = =) = S-log2)

i=1

3.2 Exact MLE for Pooled Data

The exact likelihood function of the connected stationary AR(1) model and its
corresponding log likelihood function are

1 1 — 1£)?
L@ . $ly) =~ exp [—y‘—;}
277(1_422) 2'(]7012)
y ﬁ . [_(yz—u—aym)z]
LT R 26 ’
1 1—a?
log(L) = Slog(1 —a?) — 2: o1 =1 I_LOl)2

NT
NT 1

——log((2 ——E - U — 2
5 0g (2 ¢p) 29 t=2(yt M—ay—1)
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By making the first derivatives zero equal to 0 to obtain the solution. Again,
unfortunately, there is no simple solution for 6 in terms of ({y;;},1 <i < N,1 <
t<T).

3.3 Conditional MLE for Pooled Likelihood Function

The conditional likelihood function of the stationary AR(1) model does not take the
distribution of y; into consideration, so the likelihood and its log likelihood function
are

Lo it — 1 — @ Yig—1)*
Li, . dly) = —exp[— ! ; } 5)
1:1_!«/27145 2¢

N
log(L (e 1, ly) = — (h@——ZZ(y,f 1= @y )2 (6)

1112

To obtain the MLE of parameters i, o and ¢, we make their first derivatives zero
and the second order derivatives negative, and we have

. 1 4 .

A=NT-1) ; ;(yiz — & Yi-1)) (7

P Z,N=1 25:2 [(;it —zﬂ)yi(z—l)] ®
Dimt 2i=2 Yig—1)

¢ = N(T Z Z(yu —a&yig-n)’ €

=1 t=2

We can also use the ordinal least square (OLS) estimation method to obtain u
and o,

N N T -1 N T
po|flo| NI i D iy izt D=2V |
a Dim1 2= Yit—1) 2oiz1 D=2 yiz(,_n Doin 2= Vit—1)Vir
And ¢ can be obtained by inserting the estimates of (u, ) into Eq. (9). The OLS
solution is exactly the same as the MLE solution.
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3.4 Conditional MLE for Pooled Data

The conditional likelihood function and its corresponding log likelihood function of
the connected stationary AR(1) model are

[ (Ot —u—ayzl)z}
exp | — ,

NT
L p. 9ly) =
I 2

1
: V2T

NT
NT — 1 1
log(L)  =-— lOg(ZJT(l’)—gZ()’t—l/«—a}’t—l)2~
=2

4 Simulation Study

We conduct a simulation study to investigate the performance of the exact MLE
estimation method and conditional MLE estimation method fitting different models
fitting categorical data. We use iterative or numerical procedures to solve the
equations which have no explicit solutions.

4.1 Data Generation

The true values in this simulation are set as u = ., « = 0.5, ¢ = ¢.. The
replication number is 1000. We use the following 3 steps to generate the categorical
data yx*;;.

Step 1:  Generate the continuous data according to the constant coefficients AR(1)
model y;r = u + ayic—1) + Zir-

Step 2:  Generate thresholds T = (rq, ..., Tc—1). With the assumption of the
normality distribution of y;, the thresholds 7 are created by (1) obtaining the
standardized thresholds T, by dividing the segment [—2, 2] into ¢ — 2 parts
evenly, and then (2) transform t; to T according to the original data scale. For
example, if ¢ = 5, the standardized thresholds are 7, = (t;1, 772, 723, Tz4) =
(=2,-2/3,2/3,2),then T = puy + 7.0y.

Step 3:  Generate the categorical data y7; by

yi, =1, when y;; < 713
yi =k, when 5_1 < yiy < T;
yj; = c, wheny;; > 7._1.

Simulation condition factors in this study include the initial value, the number
of categories, the lengths of series, and the number of subjects. (1) The initial value
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y1 has 3 cases: (i) a fixed yc; based on a fixed y; = 0; (ii) a random yc; based
on a random y; from N (0, ¢); and (iii) a random yc; based on a random y; from
N({%. ﬁ). (2) The number of categories is ¢ = (5,7, 9). (3) The lengths of
series is set as T = (5, 10, 15, 20, 30, 40, 50) to catch the change patterns. (4) The
number of subjects is N = (50, 100, 150, 200). In total, there are 3% 3 %7 x4 = 252
conditions, with each condition having 1000 replications.

4.2 Model Estimation and Evaluation

When the categorical data are ready, we use four estimation methods: pooled
likelihood exact MLE, pooled likelihood conditional MLE, pooled data exact MLE,
and pooled data conditional MLE. We use MSE, the mean square error of the
estimate, to compare accuracy of estimates.

MSE = Bias.abs® + SE.emp2

where Bias.abs is the absolute bias of the estimate, and SE.emp is the empirical
standard error across 1000 replications.

R language was used to generate data, estimate parameters, and summarize
results. The main R functions for data generating and model estimation are attached
in Appendix 1.

5 Results, Conclusions and Discussion

5.1 Results

In total, there are 252 (= 3 initial values x 3 numbers of categories x 7 lengths of
series X 4 number of subjects) simulation conditions. For each condition, there are 4
estimation methods. Part of simulation results are summarized and shown in Tables
1, 2, and 3. For example, Table 1 summarized part of the estimation results from
1000 replications with ¢ = 5 categories, including sample size N = 50 or N = 200
individuals, time series length 7 = 5 or T = 50 observations per individual, and
the initial value of y from y; = 0, y; ~ N(0, ¥) or y; ~ N(ﬁ, 11/17)'

From Table 1, we see that the max value of MSE under all conditions of
N = 200 and T = 50 is 0.0516 and the min value is 0.0009. But under the
conditions with fewer individual participated N = 50 and shorter time series
T =5, the max and min values of M SE are 0.3596 and 0.0021, respectively. The
smaller M SE value, the more accurate the estimate. So the longer the time series
or the more individual participated, the more accurate the estimate. By comparing
all three Tables Tables 1, 2, and 3 with difference categories, we can also see
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a pattern that the more categories, the more accurate the estimate. Within each
table, by comparing the pooled likelihood methods (PL.) and the pooling data
methods (P.D.), the M S E values obtained from P.L. are in general smaller than those
obtained from P.D., which indicated that the P.L. methods perform better than the
P.D. methods. We further compare the exact-likelihood estimation method and the
conditional-likelihood estimation method within each table. For the case of random
y1 ~ N (%, %), the pooled likelihood exact MLE are the best. For the other
two initial values, the pooled likelihood conditional MLE are the best. In other word,
the pooled likelihood conditional MLE is not sensitive to initial values.

5.2 Conclusions

Through the simulation, we have the following conclusions: (1) The pooled
likelihood methods perform better than the pooling data methods. (2) For the case
of random y; ~ N (ﬁ, ILPT), the pooled likelihood exact MLE are the best. For
the other two initial values, the pooled likelihood conditional MLE are the best. In
other word, the pooled likelihood conditional MLE is not sensitive to initial values.
(3) The more categories, the more accurate the estimate. (4) The longer the time
series, the more accurate the estimate. (5) The more individual participated, the
more accurate the estimate.

5.3 Discussion

In this article, the intra-individual variation for multiple subjects with categorical
outcomes are examined. In reality, when multiple subjects are involved, methods
developed for single subject intra-individual relationship may not fully work.
Also, laws governing inter-individual relationship may not apply to intra-individual
relationship, especially when outcomes are categorical, which are very common in
social and behaviorial fields. The categorical or ordinal data are usually collected
by the Likert table. There are few methods in literature dealing with the analysis of
pooling multiple time series. Fewer for categorical data. This article fill the gap by
investigating the performance of four estimation methods for pooling time series
data focusing on categorical outcomes and to address related issues through an
AR(1) model.
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Appendix 1

Bl ##
## Data Generation Functions ##
## Random yl~ N(mu/l-a, sig”2/1-a’2) ##
2 ##

arl.ranI2.sim <- function(T, a, mu, sig, nc) {
ymean <- mu/(l-a)
ysig <- sig/(sqrt(1-a”*2))

et <- rnorm(T, 0, sig)

y <- rep(1l,T)

y[1] <- rnorm(l,ymean,ysig)

yc <- rep(1l,T)

HH-mmmm o ##

## Categorical data

i ##

th <- seq(-2, 2, length=nc-1)*ysig + ymean ## thresholds
categ <- seq(l, nc) ## categories

## For yc[1] when time=1
if (y[1] <= th[1]) ({ycl[1l] <- categll]} ## s=1
if (y[1] > thlnc-11){yc[1] <- categlnc]} ## s=nc
for (s in 2:(nc-1)){

if ((th[s-1] < y[1])&(y[1

(y[ <= thl[sl]))
{ycl1] <- categls]}

]
}
## For yc[2:T]
for (i in 2:7T){

temp <- mu+axy[i-1]+et[i]

if (temp <= th[1]) ({ycli] <- categll]} ## s=1

if (temp > thlnc-1]1){ycli] <- categlnc]} ## s=nc

for (s in 2:(nc-1)){

if ((th[s-1] < temp)&(temp <= th[s]))
{ycli] <- categls]} }

return (yc) }

B m e #i#
## Model Estimation Functions ##
## Exact-likelihood Estimation H##
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exactllike <- function (par, y) {
mu <- par[l]
a <- par[2]
psi <- par[3]
N <- nrow(y)
T <- ncol (y)

Y1 <- as.vector(y[,1])
Yt <- as.vector(y/[, 2 T]1)
Ytl <- as.vector(y[,1:(T-1)1)

sum <- (1-a”2)*t(Y1l- mu/(l—a))%*%(Yl—mu/(l—a))

+ t(Yt-mu-a*Ytl) $*% (Yt-mu-a*Ytl)
11ik <- -.5%N*Txlog(2*pi*psi) + .5%Nxlog(l-a”2) - sum/
(2#psi) -11lik}

H#---- - ##
## Model Estimation Functions ##
## conditional-likelihood Estimation ##
e ##

condllike <- function (par, y){
mu <- par[l]
a <- par[2]
psi <- par([3]
N <- nrow(y)
T <- ncol (y)

Yt <- as.vector(y[,2:T])
Ytl <- as.vector(y[,1:(T-1)])
sum <- t(Yt-mu-a*Ytl)%*%(Yt-mu-a*Ytl)
11ik <- -.5%N#*(T-1)*log (2*pi*psi) - sum/ (2*psi)
-11ik}
- ##
## Core Code in Main Program of Estimation ##
#l-- ##

result <- nlm(exactllike, ¢(0,1/2,1/2), y, hessian=T)
result <- nlm(condllike, c(0,1/2,1/2), y, hessian=T)
se <- sqgrt(diag(solve(result$hessian)))

y.conn <- as.vector(t(y))
result <- arima(y.conn, c¢(1,0,0), include.mean=T)
se <- sqgrt(diag(result$var.coef))



Z. (Laura) Lu and Z. (Johnny) Zhang

069€°0 | 02000 | 8LI00 | LLIOO| OFE0D0| OIH00| €9%TT| 05960 | 6¥10°0 SETI'O| €8IT0| SHTO0| 96200 6¥ETT| €S0TT | 4

0871°0 | 80000 | 68000| 68000 | I¥SO0| 0LZO0| 0ELY'O| 0S16°0| LSO0'0 | 0S90°0| 6€90°0, €1800 90¥0°0 | ¥65+°0 so| »

OLLT'0| 0€10°0| ¥LEOO| PLEOO| 6€SO0°0| LLOT'O| LLOT'CT| OLI6°0| SOO1°0| SILTO| ¥vLTO| ¥6LO0| L8SI'O| LBSI'C ¢| m| puop

019%'0 | 9100°0 | 9L10°0| SLIO0| S6T0°0| SSE0'0| 80FCT | OLS6'0 | +OTI0°0| SLOT'O| SOOI'0| OvIO0| 89100 S88I°'T| €50T'T |

0S80°0 | 60000 | 8800°0| 88000 | T8S0'0| 1620°0| 60LY'0| 01980 0L000| 96S0°0| 98500, <TO6IT'0| 96500 00 o »

0SIT°0 | 8%710°0| OLL00| 0LEOO| 08S00| I9IT°0| I911°C| 0S98°0| OLIT'O| 6S¥YTO| 8S¥TO| 68110 8LETO| 8LETT | M| wexg| Td
(I ON ~ 1«

002L°0 | 60000 | #LI00| OLIO0| SOTO0| L¥TOO| 00ETT| 06950 | ¥SE0'0 | 8€60°0| TLIOL'0| 9IET0| 98ST°0| LOVO'T| €S0TT | 4

01200 | ¥100°0| 68000 | 16000 | TELOO| 99¢0°0| ¥€9¥°0 | 061T0| 66200 L6SO0| 98500 +STE0O| LTIT'O| €LEEO o »

0S20°0 | 62200 | ILEO0| 6L£00| TELOO| P9PI'0| ¥OVI'T| 0SSTO| 9¥8%'0 | SLYTO| TLYTO | +STE0| 80S9°0| 80S9'C | M| puop

0TCL'0 | 60000 | ¥L10°0| OLIO0| +0TO'0| 9¥T0°0| 66CT 1| 06550 | 99€0°0| €£60°0| LOOI'0O| OSEI'0| 8T91°0| STHO'1| €50T'T | /7

00200 | ¥100°0| 68000 | 16000 | €€L00| 99¢00| ¥€9¥°0| 0LOTO | €0£0°0 | +6S0°0| €8S0°0| 08CE0| O0O¥91°0| 09¢€0 go| »

0S20°0 | 6CC00| ILEO0| 6LE00| €€L00| SOPI'0| SOVIT| 06€C0| CI6V0 | €9¥C0| 19¥C°0 | 18CE0| T9S9°0| 99T | 7| wexg| ‘ad

0SIE€0| 12000 | 8LI00| €LI00| €SE0°0| STHO'O| SLFCTT| 09960 | ISIO0 9€TI'0| 06I1°0| SSTO0| LOLO0| 09ET'T| €S0TT| 4

Orr1°0 | 8000°0| 06000 | €6000| 6£S0°0| 69200 T€LY'0| 0S16°0| 8L00°0 | 6SLO0| T6LO0 | TLLOO| S8E00| SI9F0 o »

0¥81°0 | I€10°0| 8L£00| LBEOO| 6£S00| LLOT'O| LLOI'T| 09160 | LYEI'0| SEIE0| LTEEO | SLLOO| 6¥SI'0| 6¥SIT | m| puop

0L£8°0 | 90000 | €L10°0| 6910°0| L¥IO0| LLIOO| OSTTT| 066€0 | SISO'0| 00600 LS60°0 SOLI'0O| 8SOTO| S666°0| £50T'T | /7

02200 | ¥100°0| 88000 | 16000 | LTLOO| +9€0°0| 9€9¥°0| 0SLEQ | STCO0O| 06500 ¥C90°0| SCLTO| €9¢1'0| LE9EO go| »

0S20°0 | 92200 | 89¢0°0| 6L£00| LTLOO| ¥SPI'O| ¥SYIT| 0€6€0| SS9€0 | LTPTO| SO9C0 | 8TLTO| 9S¥SO| 9S¥ST ¢ M| wexg| T1d

0= I«
I0A0D) 7 ASIN 7 Saegs 7 dwo'gs 7 [orserg 7 sqe'serg IS | 10A0D 7 SN 7 Saegs 7 dwogg 7 [orserg 7 sqe'serg 1sq aniy,
=1 0S=N =1 0S=N

198

SO1103918D £, = 2 10] S)NSAY T dqeL

7 Xipuaddy



199

Pooled Categorical AR

1 9IQEL UI SB SUOTIBIOU SWIES AY) YIIA\ :9ION

0760°0 | #€00°0 | 8L10°0 | 69100 | 99%0°0 | 19S0°0 | ¥19TT | 0£8L°0 | 10¥0'0 | TTTI'0| STTI'O| €IET'0| €8SI°0 | 9€9€°T | €S0T'T | 4
0L10°0 | ¥100°0 | 6800°0 | 0600°0 | CELO'0 | 99€0°0 | ¥€9¥°0 | OLEY'O | COCO0 | L8SO'0| TO90'0 | CLSTO| 98CI'0 | vILED S0

3

0€20°0 | 8¢C00 | CLEO'O| SLEOO | T€LOO| TOVI'O| COVI'C| O8LY'O | SSCEO | 6S¥C0| LTSTO | 8SSTO| 911S°0 | 9I1SC ¢| M| puop
0¥60°0 | ¥€00°0 | 8L10°0 | 69100 | 99%0°0 | 19S0°0 | ¥19T'T | 06LL'0 | 00¥0'0 | 0TTI'0| €2C1'0| TIET'0 | T8SI0 | SE9ET | €S0T'T | 4

0910°0 | #100°0 | 6800°0 | 0600°0 | CELO'0 | 99€0°0 | ¥€9¥°0 | 09¢v'0 | COCO0 | LBSO'0| €090°0 | €LST°0| 98CI0 | ¥ILEO S0l »

0€20°0 | 8CCO'0 | CLEO'O| SLEOO| T€LO0| COVI'0| COVI'C| OCTLY'O | 8STE0 | 9S¥C0| LTSTO | 6SSTO| 81150 | 8IIST | 7| wexg| ad
0T€E0 | 02000 | 8L100 | 9910°0 | L¥€0°0| 61700 | TLYTT| 0096°0 | €STO0 | OETI'0| ¥1TI'0| 661070 | 0¥Z00 | €6TCT | €S0T'T | 4

00%1°0 | 80000 | 6800°0 | 06000 | T¥SO'0| 1L20°0 | 6CLY0| 0026°0 | €500°0 | €290°0| S¥90°0 | 9900 | 1€€0°0 | 699%°0 0| o

0€91°0 | TE€10°0 | €£€0°0| 9L£0°0 | €¥SO'0| €801°0 | €801°C| 09160 | 80600 | 809C0| ¥ILLO| ¥590°0 | 80€1'0 | BOEIC ¢| 7| -puop
082€0 | 02000 | 9L10°0 | S910°0 | LYE0'0| 81¥00 | TLYTT| 0£96°0 | 8TI00 | 8I11°0| S601°0 | 1¥20°0 | 06200 | €¥ETT | €S0T'T | 4

0€€1°0 | 8000°0 | 8800°0 | 0600°0 | C¥SO'0 | 1L200| 6CLY0 | 01€6°0 | 6¥00°0 | 16S0°0| 9190°0 | #S90°0 | LTEO0 | €L9Y'0 So| »

0€S1°0 | T1€10°0| [LEO'0| €L£0°0 | I¥#SO'0| €801°0 | €801'C| 0CC6'0 | €180°0 | 6€¥C0| ¥¥STO | ¥¥90°0 | 88CI'0 | 88CI'C | 7| wexg| Td

Nd\}lﬁ ,ﬁvz ~ 1

0¥2T0 | 9200°0 | LLIOO| LLIOO | 00¥0'0 | 8700 | SESTT| 00T6'0 | SOTO0 | 9STT°0| #SIT'0| €0L0°0 | 8%80°0 | 106TT | €S0T'T| 4

0L00°0 | #100°0 | 6800°0 | 88000 | TELO'0 | 99€0°0 | ¥€9¥°0 | 019€°0 | TTLTO0 | 06S0°0 | LLSOO | OSLTO| SLEL'O | ST9E0 0| o

0910°0 | LZTO0 | CLEOO | 69€0°0 | 0€LO0 | 09%1°0| O9¥1°C| 00I¥°0 | TI9C'0 | 99%C°0 | CSYTO | vvLT O | L8YSO| LBYST ¢| 7| -puop
0¥2T’0 | 92000 | LLIOO| LLIO'O | 00F0'0 | T8Y0'0 | SESTT| 00T6'0 | €000 | €STI0| ISIT0| 9690°0 | 6€80°0 | T68TT| €501 |

0L00°0 | #100°0 | 6800°0 | 8800°0 | CELO'0 | 99€0°0 | ¥€9¥°0 | 0SSE'0 | €CCO0 | 68S0°0 | LLSOO | SSLT'O| LLETO | €29€°0 S0l »

0L100 | LTCO0 | CLEO'O| 69€0°0 | 0£LOO| 19¥1°0 | 19¥1°C| 001+°0 | ¥C9€°0 | TO¥T0| 6¥¥C0 | 6VLTO| 66¥S0 | 66¥ST | 7| wexg| dd



Z. (Laura) Lu and Z. (Johnny) Zhang

200

009S°0 | 9¥00°0 | 0££0°0 | LOSO'0| L9TO0| 80900 | 8SEET| OLE6'0 | 6290°0 | SOTTO| 180T0| 91900 T10¥I°0| ISIFT| 0SLTT|

0L81°0 | £000'0 | 88000 | 1600°0| OISO0| SSTO0| SKLP'O| 08vF'0 | S610°0 | L8SO'0| +6S00| 9TSTO| €921°0 | LELEO g0 ©

01€2°0 | 98100 | 99v0°0 | LLYO'O| TISO0| LLZIO| LLTYT| OSLY'O| 1€0S°0 | 660€0 | TTIEO| LVSTO| 89€9°0 | 89¢I°E ¢ 1| puop

0195°0 | 9¥00°0 | 0£€0°0 | LOEO'O| L9TO'O| L0900 | LSEET| OFEE0| 9290°0 | 091T0| 180T0| T190°0| 68€1°0| 6€1HT| 0SLTT | 4

0981°0 | L0000 | 88000 | 1600°0| OISO0| SSTO0| SPLF'O| OLVFO | S610°0 | 98500 | +6S0°0 | 0£STO| S9TI'0| SELED g0 ©

0TET0 | 98100 | 99v0°0 | LLYO'O| TISO0| 8LTI'0| 8LT9T| 09LY'0 | ¥¥0S0 | S60€0 | LITEO| TSSTO| 18€9°0| I8EI'E ¢ 1| wexd | "Add

OI¥L'0 | 0£00°0 | TEEO'0 | 90£0°0| TOTO0| 09700 | OITET| 0960 | 65700 | +6TTO| +vEITO| 08000 ¢T8I00| TE6CT| 0SLTT|

01850 | €000°0 | 68000 | 1600°0| €1€0°0| LSIO0| €¥87°0| OLV60 | LV0OO'0 | ¥¥90°0 | THI0'0 | 98%0°0 | €¥C0°0 | LSLYO g0 ©

0619°0 | S800°0 | 69v0°0 | I8Y0°0| +I€O0| S8LO0| S8LST| OLV6'0 | S6TI'0 | 66£€0 | I1LEE0| #0SO0| 1921°0| 1929°C ¢z 1| puop

0S€8°0 | TTOO'0 | LTEO'O| TOLO'0| LSTO0| 9SE0°0 | 90IET | 0E€6°0 | 1000 | 8661°0| 9881°0| L6TO0| SL9OO| SLOTT| 0SLTT|

069%°0 | +000°0 | 8800°0 | 06000 | 9S€0°0 | 8LIO0 | TT87'0| 00060 | SSO0'0 | 68500 | 96500 | LL80'O| 6E70°0 | 19SH0 g0 ©

090S°0 | TOTO0 | €9Y0°0 | ¥LVO'O| LSEOD0| +680°0| ¥685T| 09160 | SSFI'0| 6S0€0 | +80€0| 86800 ¥vCT 0| ¥¥ILT g 1| wexdg| Id
(N ~ I«

00S6°0 | TT00°0 | +T€0'0| LOEO'O| SSO0'0| 92100 | 9L8TT| 08TS'0| L9ST'O| LSLI'O| 8€61°0| ¥8ET0| 6YIEO| T096'T| 0SLTT |

OPLT'0 | L0000 | 88000 | L8000| TISO0| 9STO0| ¥rLy'0| OLITO| 08C0°0 | 96S0°0 | 6SS00 | SSIE0| 8LST'O| TTHED g0 ©

06120 | €810°0 | SOY0'0 | €9v0°0| 80SO0| TLTI0| 1LZ9°T| 0SLTO| 9T0L'0 | LOTEO| SI6TO| IVIE0| €S8L0| €S8TE ¢z 1| puop

0I1S6'0 | 11000 | ¥CE00 | LOSO'O| +S000| +TI00| ¥L8TT| OISO | ¥I¥1°0 | LPLI'O| 0E61°0| 8110 LTTEO| €CS61| 0SLTT| 4

0TLT'0 | L0000 | 8800°0 | L800°0| €IS0°0| 95200 ¥Ly'0| 0LOTO | ¥8T0°0 | €650°0| LSSO'0| €8I€0| 16S1°0| 60¥€0 so| »

09120 | #8100 | SO¥0'0 | €9¥0°0 | 60SO0| €LTI0| €LT9°T| 0T9TO | LITLO| €60€0| €06T0| 89I€0| I1T6LO| 16TE g¢ 7| wexg | ‘Ad

09%L°0 | 0£00°0 | TEE0°0| TIE00| L6IOO| 6¥P0°0 | 661€T| OFVS60| €€S0°0| TIETO| 08TTO| 09100 | S9€0°0| SITET| 0SLTT | 4

0L85°0 | £000°0 | 06000 | 6800°0| +I€00| LSIO0| €480 | 06260 | 89000 | 9SL0'0 | 8SLOO| #9900 CTEEO'0| 899%°0 g0 ©

0ST9°0 | €800°0 | €LV0°0 | TLYOO| TI€00| LLLOO| LLLST| OLE6'0| 96L1°0 | 8T6E0 | TT6E0 | THI0'0| 9091°0 | 9099°C ¢z 1| puop

08S6°0 | 60000 | TCEO'0 | SOLO'0| SO000| TIOD0 | 8ELTT| 00SE0 | 8L61°0 | ¥891°0| 6€81°0| 08LI'0| 6v0V'0| T0L81| 0SLTC| 4

0891°0 | L0000 | L800°0 | L800°0| LOSO'0| €STO0 | LyLY'O| OV6E0 | 60T0°0 | 88S0°0| L6SO0| €€9T0| 9IET'0| #89€0 so| »

09120 | 08100 | I9¥0°0 | I9¥0°0| €0SO0| 6STI'0| 65T9°T| 00EF0 | TTTSO | 8EOE0 | 990€0 | 819T0 | #¥S9°0| #¥SI°E g | wexg| Id

0= I«
Hu>oU7 Mm—\/; w>m.m_m7 mEu.m_mi ﬁ&.wﬁmi sqeserg 189 Hu>oUi Mm—\/; m>m.m_m7 mEv.m_mi ﬁ&.wﬁml sqeserg 1sq aniy,
S=1I 0S=N S=1 0S=N

SOL1039)BD G = 2 10J SINSAY € dqeL



201

Pooled Categorical AR

1 9[qQEL UI SB SUONBIOU WIS Y YA :QION

0L6£0 | 19000 | ze€0'0 | v0£0°0| STE0°0 | L120°0] L9¥ET| 00£8°0| 99210 682T0 | 80220 | 92T 0| 06,20 | OvssT| 0sLzT] At

0161'0 | £000'0 | 8800°0 | L8000 66v0°0 | 0STO'0 | 0SLY'O| 08LYO | LLIOO | S8S00 | T8S00 | I6€T0 96110 0860 S0 »

OLET0 | LLIOO | 99500 19v0'0 | 66V0°0  LVTIO| L¥TOT | 061S0 | ISSH0| 960£0 | €60£°0 86£T0 | S665°0 | S660€  §T| " 'puod

010¥'0 | 19000 | TEEO'0 | OO0 | SIE00 | LILOO| LOVET 0TE8'0 | S9TI'0| S8TTO| LOTTO | 9TTIO| 88LTO | 8ESST 0SLTT

0161'0 | 000'0 | 8800°0 | L8000 | 66¥0°0 | 0STO'0 | 0SLY'O| 08LKO | LLIOO | $8SO0 | T8S00 | I16€T0 96110 0860 S0 »

0LETO | LLIOO| 99%0°0 | T9%0°0 | 6600 LPTI'0| LVTIT 08ISO| 0SSP0 TE0E0 | 660€0 96€T0 16650 1660€ ST 7| wexd “ad

0ZLL'O | 8TO0'0 | TEE00| Y000 | 1610°0 | ¥EPO0| PRIET OLS60 | LOVOO | 96TTO | TSITO | 68000 $0TOO | ¥S6TT | 0SLTT A

0L6§'0 | £000°0 | 88000 88000 Y000 TSIO0 $¥8Y0 | 0ES60 | I¥000 | 0Z900 86500 | ¥SPO'0 | LTT00| ELLVO| SO

OPE9'0 | 6L00°0 | 89700 99Y00 | OO0 | 6SL00 | 6SLST | 09v60 | OSII'0| 08TE0 | I61€0 65v00 | LYII'0| Lp19T  §T| 7| 'puod

099L°0 | 82000 | 8TE0'0 | 10£0°0| 1610°0 €00 €BIET 09S6°0 | ¥6£0°0 | $80T0 | $9610 | €T100 | 6LT00 | 6Z0€T 0SLTT

05650 £000°0 | 8800°0 | L8000 | SOE0°0 | TSIO0 | 8¥8Y'0 | 0TS60 | 6£000 | 98500 | 08500 | ¥SPO'O | LTTO0 | ELLVO| SO

0£T9'0 | 6L00°0 | ¥9¥0'0| T9¥0°0| ¥OE0°0 | 09L0°0| 09LST| OLV60| SSOI'0| SYOE0 | 8E0E0 | 09Y00 | OSITO| 0SI9T | §T| 7| wexd | "Id
(TN ~ 1<




202 Z. (Laura) Lu and Z. (Johnny) Zhang

References

Cattell, R. B. (1952). The three basic factor-analytic research designs-their interrelations and
derivatives. Psychological Bulletin, 49, 499-520.

Cattell, R. B., Cattell, A. K. S., & Rhymer, R. M. (1947). P-technique demonstrated in determining
psychophysical source traits in a normal individual. Psychometrika, 12, 267-288.

Cattell, R. B., & Scheier, I. H. (1961). The meaning and measurement of neuroticism and anxiety.
New York: Ronald Press.

Daly, D. L., Bath, K. E., & Nesselroade, J. R. (1974). On the confounding of interand intraindivid-
ual variability in examining change patterns. Journal of Clinical Psychology, 30, 33-36.

Molenaar, P. (1985). A dynamic factor model for the analysis of multivariate time series.
Psychometrika, 50, 181-202.

Molenaar, P. C. M. (2004). A manifesto on psychology as idiographic science: Bringing the person
back into scientific psychology — this time forever. Measurement: Interdisciplinary Research
and Perspectives, 2,201-218.

Molenaar, P. C. M., Huizenga, H. M., & Nesselroade, J. R. (2003). The relationship between
the structure of interindividual and intraindividual variability: A theoretical and empirical
vindication of developmental systems theory. In U. M. Staudinger & U. Lindenberger (Eds.),
Understanding human development: Dialogues with lifespan psychology (pp. 339-360).
Norwell: Kluwer.

Nesselroade, J. R., & Molenaar, P. (2003). Quantitative models for developmental processes. In
J. Valsiner & K. Connolly (Eds.), Handbook of developmental psychology (pp. 622-639).
London: Sage.

Nesselroade, J. R., & Molenaar, P. C. M. (1999). Pooling lagged covariance structures based on
short, multivariate time-series for dynamic factor analysis. In R. H. Hoyle (Ed.), Statistical
strategies for small sample research (pp. 224-250). Newbury Park: Sage.

Nesselroade, J. R., & Ram, N. (2004). Studying intraindividual variability: What we have learned
that will help us understand lives in context. Research in Human Development, 1, 9-29.



	Pooled Autoregressive Models for Categorical Data
	1 Introduction
	2 Autoregressive Model and Categorical Data 
	2.1 First-Order Autoregressive Model, AR(1)
	2.2 Categorical Data

	3 Estimation Methods and Likelihoods
	3.1 Exact MLE for Pooled Likelihood Function
	3.2 Exact MLE for Pooled Data
	3.3 Conditional MLE for Pooled Likelihood Function
	3.4 Conditional MLE for Pooled Data

	4 Simulation Study
	4.1 Data Generation
	4.2 Model Estimation and Evaluation

	5 Results, Conclusions and Discussion
	5.1 Results
	5.2 Conclusions
	5.3 Discussion

	Appendix 1
	Appendix 2
	References


