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Abstract Time series capture time dependent intra-individual variation within a
single participant. When data are collected from more than one subject, methods
developed for single subject intra-individual relationship may not fully work and
laws governing inter-individual relationship may not apply to intra-individual
relationship, especially when outcomes are categorical or ordinal data. These data
are usually collected by the Likert table. This article aims to investigate the
performance of four estimation methods for pooling time series data focusing on
categorical outcomes and to address related issues through an an autoregressive
model, AR(1). In this article, models for pooling time series were formulated,
estimation methods were derived, simulation studies were conducted, results were
summarized and compared.

Keywords Pooling time series · Autoregressive model · Categorical data ·
Conditional likelihood · Exact likelihood · Maximum likelihood estimation

1 Introduction

The variation analysis in psychological, social, and behavioral researches has
many ramifications. Among them two main branches are inter-individual variation
and intra-individual variation. Inter-individual variation is the variation between
individuals, and also widely known as the analysis of cross-sectional data in many
researches. Intra-individual variation is the time dependent variation within a single
participant’s time series. It is also known as the analysis of time series data or P-
technique in Cattell’s (1952) data-box Cattell (1952). In this type of study, usually
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one subject is measured and the variables of interests are collected from each of
a large number of occasions. Many methods are available for single time series
analysis (e.g., Cattell et al., 1947; Molenaar, 1985; Nesselroade & Molenaar, 2003).

However, data collected in this way do not have inter-individual differences
since there is only one subject involved, but they can reflect changes across
occasions. Intra-individual analysis has become popular advanced by Nesselroade,
Molenaar, and colleagues. So many researches on intra-individual relationship, data
are collected from more than one subject. When multiple subjects are involved,
methods developed for single subject intra-individual relationship may not fully
work. Also, laws governing inter-individual relationship may not apply to intra-
individual relationship (Molenaar, 2004; Nesselroade & Ram, 2004, e.g.,). There are
few methods in literature dealing with the analysis of pooling multiple time series
(Cattell & Scheier, 1961; Daly et al., 1974; Molenaar et al., 2003; Nesselroade &
Molenaar, 1999, e.g.,). The attention of this article will be drawn to multiple subjects
intra-individual variation analysis. Also, the data in educational and social areas are
usually collected by Likert tables. But the research on multiple subjects time series
for categorical outcomes is very few. So we fill the gap by focusing our research in
this area.

This article aims to investigate the performance of different estimation methods
for pooling time series data focusing on categorical outcomes and to address
related issues through an AR(1) model. We focus on four estimation methods
for multiple time series: pooling conditional likelihood estimation, pooling exact
likelihood estimation, connecting data conditional likelihood, and connecting data
exact likelihood.

This article is organized as follows. In the next section some introductory remarks
about time series are given. First single series and multiple series focusing on
the AR(1) model are described and formulated. And then different estimation
methods for multiple time series are introduced and derived. Then follows a
section of simulation studies in which the performance of four estimating methods
are investigated under various conditions. Simulation results are provided after
simulation design and implementation. The closing part of this article summarizes
the simulation results, compares different estimation methods of aggregating time
series, and provides practical implication.

2 Autoregressive Model and Categorical Data

2.1 First-Order Autoregressive Model, AR(1)

We first consider a model for a single subject (or individual). And then we extend
it to the model for multiple subjects. Suppose we are interested in a first-order
autoregressive model, AR(1), as follows.
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y1 : the initial value

yt = μ + α yt−1 + zt (t > 1) with zt ∼ i.i.d. N(0, φ) (1)

where yt is the observed value at time point t , α is the model autoregressive
coefficient, μ is a parameter correlated with the mean of y, z is a shock variable, or
a white noise sequence, satisfying a normal distribution with mean 0 and variance
φ. In this case, the vector of population parameters to be estimated consists of
θ = (μ, α, φ)′. When |α| < 1, there is a covariance stationary process for yt

satisfying Eq (1). Thus, the remainder of this discussion of AR(1) assumes that
|α| < 1. By algebra and Taylor expansion, we have the mean, the variance, and the
j th autocovariance of yt .

E(yt ) = μ

1 − α
, (2)

Var(yt ) = φ

1 − α2 , (3)

Cov(yt , yt−j ) = αj φ

1 − α2
(4)

So we have the following distribution of yt{
y1 ∼ N(

μ
1−α

,
φ

1−α2 ),

yt |yt−1 ∼ N(μ + α yt−1, φ), (t > 1).

For multiple subjects, suppose there are N individuals, we can express the
constant coefficient AR(1) model as follows:

yit = μ + α yi(t−1) + zit , (i = 1, ..., N; t = 2, ..., T )

where zit i.i.d. ∼ N(0, φ) and the parameters μ, α and φ are constants which
keep the same values across all individuals. This model is very useful when the
sample size (or number of participants) is small but with fairly large measurement
occasions.

2.2 Categorical Data

Let c be the number of categories and τ = (τ1, ..., τc−1) be thresholds. Assume
yit is a continuous normality distributed variable following AR(1) model yit =
μ + αyi(t−1) + zit . With the assumption of the normality distribution of yt , the
thresholds τ can be created from the standardized thresholds τ z as

τ = μy + τ zσy
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where μy = μ
1−α

and σy =
√

φ

1−α2 . With thresholds τ , categorical data y∗
it can be

created by

⎧⎨
⎩

y∗
it = 1, when yit ≤ τ1;

y∗
it = k, when τk−1 < yit ≤ τk;

y∗
it = c, when yit > τc−1.

The scale of y∗
it is from 1 to c. Let π be a c-dimensional vector π = (π1, ..., πc)

which is defined as

π1 = Φ(τ1)

πk = Φ(τk) − Φ(τk−1) (2 ≤ k ≤ c − 1)

πc = 1 − Φ(τc−1),

then each πk (1 ≤ k ≤ c) is defined to be the probability of corresponding kth
category. With π , the mean of c categories is

Mc =
c∑

k=1

πk k

Therefore, the true μ and φ of c categories are

μc = Mc (1 − α),

φc =
[

c∑
k=1

πk (k − Mc)
2

]
(1 − α2),

3 Estimation Methods and Likelihoods

This study investigates two MLE estimation methods: (1) exact MLE estimation
method: the parameters are estimated by maximizing the exact log-likelihood
function including the distribution of deterministic y1 which requires stationarity
assumption, and (2) conditional MLE estimation method: the parameters are
estimated by maximizing the conditional log-likelihood function without y1. For
multiple subjects we pool likelihood functions for all individuals. In practice, there
is another method to deal with time series data by connecting all similar time series
from multiple subjects together as from a single subject (reference here). It assumes
there is some relationship between yiT and y(i+1)1. We have pooled data exact MLE
and pooled data conditional MLE.
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3.1 Exact MLE for Pooled Likelihood Function

The exact likelihood function of the stationary AR(1) model described in Eq. (1)
and its corresponding log likelihood function are

Li(α, μ, φ|yi ) = 1√
2π(

φ

1−α2 )

exp

[
− (yi1 − μ

1−α
)2

2 (
φ

1−α2 )

]

×
{

T∏
t=2

1√
2πφ

exp

[
− (yit − μ − α yi(t−1))

2

2φ

]}
,

log(L) = N

2
log(1 − α2) − 1 − α2

2φ

N∑
i=1

(yi1 − μ

1 − α
)2 − NT

2
log(2πφ)

− 1

2φ

N∑
i=1

T∑
t=2

(yit − μ − α yi(t−1))
2.

In order to obtain the maximum likelihood estimates (MLE) of parameters μ,
α and φ, we make all of their first order derivatives with respective to these
parameters 0 and their corresponding second order derivatives negative. The MLE
obtained through solving the exact likelihood function is called the exact MLE.
Unfortunately, there is no simple solution for θ in terms of ({yit }, 1 ≤ i ≤ N, 1 ≤
t ≤ T ). But with the help of computers, we can use iterative or numerical procedures
to solve the equation.

3.2 Exact MLE for Pooled Data

The exact likelihood function of the connected stationary AR(1) model and its
corresponding log likelihood function are

L(α,μ, φ|y) = 1√
2π(

φ

1−α2 )

exp

[
− (y1 − μ

1−α
)2

2 (
φ

1−α2 )

]

×
{

NT∏
t=2

1√
2πφ

exp

[
− (yt − μ − α yt−1)

2

2φ

]}
,

log(L) = 1

2
log(1 − α2) − 1 − α2

2φ
(y1 − μ

1 − α
)2

−NT

2
log(2πφ) − 1

2φ

NT∑
t=2

(yt − μ − α yt−1)
2.
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By making the first derivatives zero equal to 0 to obtain the solution. Again,
unfortunately, there is no simple solution for θ in terms of ({yit }, 1 ≤ i ≤ N, 1 ≤
t ≤ T ).

3.3 Conditional MLE for Pooled Likelihood Function

The conditional likelihood function of the stationary AR(1) model does not take the
distribution of y1 into consideration, so the likelihood and its log likelihood function
are

Li(α, μ, φ|yi ) =
T∏

t=2

1√
2πφ

exp

[
− (yit − μ − α yi(t−1))

2

2φ

]
, (5)

log(L(α,μ, φ|y)) = −N(T − 1)

2
log(2πφ) − 1

2φ

N∑
i=1

T∑
t=2

(yit − μ − α yi(t−1))
2. (6)

To obtain the MLE of parameters μ, α and φ, we make their first derivatives zero
and the second order derivatives negative, and we have

μ̂ = 1

N(T − 1)

N∑
i=1

T∑
t=2

(yit − α̂ yi(t−1)) (7)

α̂ =
∑N

i=1
∑T

t=2

[
(yit − μ̂)yi(t−1)

]
∑N

i=1
∑T

t=2 y2
i(t−1)

(8)

φ̂ = 1

N(T − 1)

N∑
i=1

T∑
t=2

(yit − μ̂ − α̂ yi(t−1))
2 (9)

We can also use the ordinal least square (OLS) estimation method to obtain μ

and α,

β̂ =
[
μ̂

α̂

]
=

[
N(T − 1)

∑N
i=1

∑T
t=2 yi(t−1)∑N

i=1
∑T

t=2 yi(t−1)

∑N
i=1

∑T
t=2 y2

i(t−1)

]−1 [ ∑N
i=1

∑T
t=2 yit∑N

i=1
∑T

t=2 yi(t−1)yit

]
.

And φ can be obtained by inserting the estimates of (μ, α) into Eq. (9). The OLS
solution is exactly the same as the MLE solution.
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3.4 Conditional MLE for Pooled Data

The conditional likelihood function and its corresponding log likelihood function of
the connected stationary AR(1) model are

L(α,μ, φ|y) =
NT∏
t=2

1√
2πφ

exp

[
− (yt − μ − α yt−1)

2

2φ

]
,

log(L) = −NT − 1

2
log(2πφ) − 1

2φ

NT∑
t=2

(yt − μ − α yt−1)
2.

4 Simulation Study

We conduct a simulation study to investigate the performance of the exact MLE
estimation method and conditional MLE estimation method fitting different models
fitting categorical data. We use iterative or numerical procedures to solve the
equations which have no explicit solutions.

4.1 Data Generation

The true values in this simulation are set as μ = μc, α = 0.5, φ = φc. The
replication number is 1000. We use the following 3 steps to generate the categorical
data y∗it .

Step 1: Generate the continuous data according to the constant coefficients AR(1)
model yit = μ + αyi(t−1) + zit .

Step 2: Generate thresholds τ = (τ1, ..., τc−1). With the assumption of the
normality distribution of yt , the thresholds τ are created by (1) obtaining the
standardized thresholds τ z by dividing the segment [−2, 2] into c − 2 parts
evenly, and then (2) transform τ z to τ according to the original data scale. For
example, if c = 5, the standardized thresholds are τ z = (τz1, τz2, τz3, τz4) =
(−2,−2/3, 2/3, 2), then τ = μy + τ zσy .

Step 3: Generate the categorical data y∗
it by

⎧⎨
⎩

y∗
it = 1, when yit ≤ τ1;

y∗
it = k, when τk−1 < yit ≤ τk;

y∗
it = c, whenyit > τc−1.

Simulation condition factors in this study include the initial value, the number
of categories, the lengths of series, and the number of subjects. (1) The initial value
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y1 has 3 cases: (i) a fixed yc1 based on a fixed y1 = 0; (ii) a random yc1 based
on a random y1 from N(0, φ); and (iii) a random yc1 based on a random y1 from
N(

μ
1−α

,
φ

1−α2 ). (2) The number of categories is c = (5, 7, 9). (3) The lengths of
series is set as T = (5, 10, 15, 20, 30, 40, 50) to catch the change patterns. (4) The
number of subjects is N = (50, 100, 150, 200). In total, there are 3∗3∗7∗4 = 252
conditions, with each condition having 1000 replications.

4.2 Model Estimation and Evaluation

When the categorical data are ready, we use four estimation methods: pooled
likelihood exact MLE, pooled likelihood conditional MLE, pooled data exact MLE,
and pooled data conditional MLE. We use MSE, the mean square error of the
estimate, to compare accuracy of estimates.

MSE = Bias.abs2 + SE.emp2

where Bias.abs is the absolute bias of the estimate, and SE.emp is the empirical
standard error across 1000 replications.

R language was used to generate data, estimate parameters, and summarize
results. The main R functions for data generating and model estimation are attached
in Appendix 1.

5 Results, Conclusions and Discussion

5.1 Results

In total, there are 252 (= 3 initial values × 3 numbers of categories × 7 lengths of
series × 4 number of subjects) simulation conditions. For each condition, there are 4
estimation methods. Part of simulation results are summarized and shown in Tables
1, 2, and 3. For example, Table 1 summarized part of the estimation results from
1000 replications with c = 5 categories, including sample size N = 50 or N = 200
individuals, time series length T = 5 or T = 50 observations per individual, and
the initial value of y from y1 = 0, y1 ∼ N(0, ψ) or y1 ∼ N(

μ
1−α

,
ψ

1−α2 ).
From Table 1, we see that the max value of MSE under all conditions of

N = 200 and T = 50 is 0.0516 and the min value is 0.0009. But under the
conditions with fewer individual participated N = 50 and shorter time series
T = 5, the max and min values of MSE are 0.3596 and 0.0021, respectively. The
smaller MSE value, the more accurate the estimate. So the longer the time series
or the more individual participated, the more accurate the estimate. By comparing
all three Tables Tables 1, 2, and 3 with difference categories, we can also see
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a pattern that the more categories, the more accurate the estimate. Within each
table, by comparing the pooled likelihood methods (P.L.) and the pooling data
methods (P.D.), the MSE values obtained from P.L. are in general smaller than those
obtained from P.D., which indicated that the P.L. methods perform better than the
P.D. methods. We further compare the exact-likelihood estimation method and the
conditional-likelihood estimation method within each table. For the case of random
y1 ∼ N(

μ
1−α

,
ψ

1−α2 ), the pooled likelihood exact MLE are the best. For the other
two initial values, the pooled likelihood conditional MLE are the best. In other word,
the pooled likelihood conditional MLE is not sensitive to initial values.

5.2 Conclusions

Through the simulation, we have the following conclusions: (1) The pooled
likelihood methods perform better than the pooling data methods. (2) For the case
of random y1 ∼ N(

μ
1−α

,
ψ

1−α2 ), the pooled likelihood exact MLE are the best. For
the other two initial values, the pooled likelihood conditional MLE are the best. In
other word, the pooled likelihood conditional MLE is not sensitive to initial values.
(3) The more categories, the more accurate the estimate. (4) The longer the time
series, the more accurate the estimate. (5) The more individual participated, the
more accurate the estimate.

5.3 Discussion

In this article, the intra-individual variation for multiple subjects with categorical
outcomes are examined. In reality, when multiple subjects are involved, methods
developed for single subject intra-individual relationship may not fully work.
Also, laws governing inter-individual relationship may not apply to intra-individual
relationship, especially when outcomes are categorical, which are very common in
social and behaviorial fields. The categorical or ordinal data are usually collected
by the Likert table. There are few methods in literature dealing with the analysis of
pooling multiple time series. Fewer for categorical data. This article fill the gap by
investigating the performance of four estimation methods for pooling time series
data focusing on categorical outcomes and to address related issues through an
AR(1) model.
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Appendix 1

##-----------------------------------##
## Data Generation Functions ##
## Random y1~ N(mu/1-a, sig^2/1-a^2) ##
##-----------------------------------##

ar1.ranI2.sim <- function(T, a, mu, sig, nc){
ymean <- mu/(1-a)
ysig <- sig/(sqrt(1-a^2))
et <- rnorm(T, 0, sig)
y <- rep(1,T)
y[1] <- rnorm(1,ymean,ysig)
yc <- rep(1,T)

##----------------------------##
## Categorical data
##----------------------------##
th <- seq(-2, 2, length=nc-1)*ysig + ymean ## thresholds
categ <- seq(1, nc) ## categories

## For yc[1] when time=1
if (y[1] <= th[1]) {yc[1] <- categ[1]} ## s=1
if (y[1] > th[nc-1]){yc[1] <- categ[nc]} ## s=nc
for (s in 2:(nc-1)){

if ((th[s-1] < y[1])&(y[1] <= th[s]))
{yc[1] <- categ[s]} }

## For yc[2:T]
for (i in 2:T){

temp <- mu+a*y[i-1]+et[i]
if (temp <= th[1]) {yc[i] <- categ[1]} ## s=1
if (temp > th[nc-1]){yc[i] <- categ[nc]} ## s=nc
for (s in 2:(nc-1)){

if ((th[s-1] < temp)&(temp <= th[s]))
{yc[i] <- categ[s]} }

}
return(yc)}

##-----------------------------------##
## Model Estimation Functions ##
## Exact-likelihood Estimation ##
##-----------------------------------##
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exactllike <- function(par, y){
mu <- par[1]
a <- par[2]
psi <- par[3]
N <- nrow(y)
T <- ncol(y)
Y1 <- as.vector(y[,1])
Yt <- as.vector(y[,2:T])
Yt1 <- as.vector(y[,1:(T-1)])
sum <- (1-a^2)*t(Y1-mu/(1-a))%*%(Y1-mu/(1-a))

+ t(Yt-mu-a*Yt1)%*%(Yt-mu-a*Yt1)
llik <- -.5*N*T*log(2*pi*psi) + .5*N*log(1-a^2) - sum/
(2*psi)-llik}

##-----------------------------------##
## Model Estimation Functions ##
## conditional-likelihood Estimation ##
##-----------------------------------##
condllike <- function(par, y){

mu <- par[1]
a <- par[2]
psi <- par[3]
N <- nrow(y)
T <- ncol(y)
Yt <- as.vector(y[,2:T])
Yt1 <- as.vector(y[,1:(T-1)])
sum <- t(Yt-mu-a*Yt1)%*%(Yt-mu-a*Yt1)
llik <- -.5*N*(T-1)*log(2*pi*psi) - sum/(2*psi)
-llik}

##-----------------------------------------##
## Core Code in Main Program of Estimation ##
##-----------------------------------------##
result <- nlm(exactllike, c(0,1/2,1/2), y, hessian=T)
result <- nlm(condllike, c(0,1/2,1/2), y, hessian=T)
se <- sqrt(diag(solve(result$hessian)))

y.conn <- as.vector(t(y))
result <- arima(y.conn, c(1,0,0), include.mean=T)
se <- sqrt(diag(result$var.coef))
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