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Preface

The author’s recent book Random Walk, Brownian Motion and Martingales broadly
provides an in-depth introduction to cornerstone elements of the theory of stochastic
processes and their applications, and might be viewed as a first course. The present
book, Stationary Processes and Discrete Parameter Markov Processes, singles out
two particularly prominent areas of the general theory of stochastic processes for
more focused investigations. Both treatments are stand alone, and otherwise depend
on one’s pedagogical goals and interests.

Two distinct theories of processes that evolve at random provide the dominant
theme of this book. The first focuses on mean zero processes for which no
distributional assumptions are made, except for the invariance under time shifts of
the second order moments. That there exists for these weakly stationary processes
an elegant and rather complete (stochastic) spectral representation theory, adequate
for prediction and filtering, should come as a pleasant surprise ! The second theory,
on the other hand, is based on the assumed Markov property which, given an initial
state and one-step transition probabilities, completely identifies the distribution of
the process. Still its breadth is enormous, with applications to most areas of physical,
biological, and social sciences, as well as engineering.

The prerequisite is a one-semester/quarter of graduate level probability. Some
familiarity with the standard models and methods introduced in Bhattacharya and
Waymire (2021) will be helpful to have as background. However, efforts were
made to make this book self-contained relative to the graduate level probability
prerequisite. Throughout the book, the authors provide references to the second
edition of their text Bhattacharya and Waymire (2016) A Basic Course in Probability
Theory denoted BCPT, as an appendix for prerequisite material in analysis and
probability as needed. However, there are many excellent texts and online resources
that can be used for this purpose as well.

Much of the first part of this book is devoted to aspects of weakly stationary
processes, or time series, and translation invariant random fields. The spectral theory
for weakly stationary processes is introduced, including the necessary and sufficient
condition of absolute continuity of the spectral measure for representing the process
as a (linear) two-sided moving average. A further condition on integrability of the
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viii Preface

logarithm of the spectral density is then shown to be necessary and sufficient for a
representation of a one-sided moving average, which leads to Kolmogorov’s theory
of prediction. This portion of the text is not used in the subsequent developments of
the text and, accordingly, may be omitted on first reading.

An introduction to the ergodic theory of strictly stationary stochastic processes
and dynamical systems, and their connections, is a major topic in this general
framework. The central theme of the latter is Birkhoff’s ergodic theorem.

The second part of this book concerns discrete parameter Markov processes.
Discrete parameter stochastic processes are often viewed as models of temporal
evolution for which there are definable past, present, and future periods of the
evolution. When, at any given time, the future distribution of the process depends
on the past and present only through the present state, the stochastic process is
said to be a Markov process. Such processes comprise a manifestly important
class of stochastic processes from points of view of both mathematical theory and
application. The first half of this book is primarily devoted to the case of Markov
processes taking values in a countable state space, referred to as Markov chains,
while the second half of this book concerns processes with general state space. Much
of the basic theory addresses questions pertaining to the time-asymptotic behavior
of these processes. In particular, one seeks conditions for the existence of a unique
invariant (steady state) distribution. Conditions for recurrence and ergodicity are
developed in this connection. Also, under an invariant initial distribution, the process
is stationary. Laws of large numbers and central limit theory are developed from the
perspectives of renewal decompositions and, another, using martingale theory.

In the final chapters, rates of convergence to steady state are developed for
possibly non-irreducible Markov processes on general state spaces by methods
of a theory of i.i.d. iterated random maps. Non-irreducibility in the context of
general state spaces provides exciting challenges and opportunities for the continued
development of the theory.

An extended Perron-Frobenius theorem is presented for application to the
Donsker—Varadhan theory of large deviations for Markov processes on a general
state space, extending Cramér’s large deviation theory for i.i.d. random variables,
and Sanov’s theorem on large deviations of empirical measures.

Special topics chapters include applications of the large deviation theory devel-
oped in Chapter 21. Others are a simple exposition of the Kalman filter, and another
on the theory of “positive dependence” of the type found in areas ranging from
reliability theory to statistical physics and interacting particle systems. This latter
chapter culminates with Newman’s central limit theorem for associated random
fields and Pitt’s theorem for positively correlated Gaussian random vectors. An
application to a two-dimensional bond percolation model is included for illustration.
Another special topics chapter on coupling methods includes proofs of Choquet—
Deny theorem for harmonic functions, Strassen’s theorem for stochastic ordering,
and the role of log-convexity in Holley’s inequalities and the FKG inequalities,
together with a proof of the FKG inequalities for Ising ferromagnets. The latter
has strong ties with the special topics chapter on associated random fields as well.
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Symbol Definition List

Special Sets and Functions:

In the classic notation of G.H. Hardy, one writes a(x) = O(b(x)) to mean that
there is a constant ¢ (independent of x) such that |a(x)| < c|b(x)]| for all x. Also
a(x) = o(b(x)) indicates that the ratio a(x)/b(x) — 0 according to specified limit.

Zy, setof non-negative integers
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R4, set of non-negative real numbers

R4y, setof positive real numbers

Z,, the group of integers modulo two

Z3',  m-dimensional hypercube (product space)
D(0:r), discofradius r centered at 0.

dA, boundary of set A

A°, interior of set A

A~, closure of set A

A, complement of set A

1g(x), indicator of the set B

[X € B], inverse image of the set B under X
#A, |A|, cardinality for finite set A

3y, Dirac delta (point mass)

®, o-field product

tgp, time of first arrival in B

rg), r > 1, r-threturn time to B

T|n, restriction of tree graph to first n generations
v|n, restriction of tree vertex to first n generations
¢, d, closed interval [c, d]

), product of o-fields

S ®”, the n-fold product o-field of S

B, Borel o-field

J, invariant o-field

@, orthogonal sum
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i — j, jisaccessible from i

i < j, iandjcommunicate, or graph connectivity in percolation

dA, boundary points of A

de, edge boundary in percolation

>, Sarkovskii order symbol for dynamical systems

[0,n]g=1{0,1,...,n—1,n}

[x], the ceiling function

[x], greatest integer function

R(y), therange of the map y

<, partial order

<*, stochastically less than or equal

p(x,dy), homogeneous (stationary) one-step discrete parameter transition prob-
ability

fx|r(xly), density of conditional distribution of X on [Y = y].

((pij)), countable state (one step) Markov transition probability matrix

(( pl.(]'.'))), countable state n-step Markov transition probability matrix

px,y),q(x,y),q(y|x), (variously) a one-step transition probability density

p(t; x,dy), homogeneous (stationary) continuous parameter transition probabil-
ity

p(s,t:x,dy), nonhomogeneous (nonstationary) continuous parameter transition
probability

pX’) (x, B), transition probability from x to B in n steps before reaching A

Ap(x, B), transition probability from x to B eventually and before reaching A

D(v||n), Kulback-Liebler divergence of v with respect to i

H(-), Shannon entropy

Hy(-), Renyi entropy

ARE, asymptotic relative efficiency

Ao B, disjoint occurrence of events A, B in percolation

AV, lattice min and max operations

Function Spaces, Elements and Operations:
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C([0, 00) : R¥),  set of continuous functions on [0, co) with values in R¥

Cp(S), set of continuous bounded, real-valued functions on a metric (or topolog-
ical) space S

B(S), set of bounded, measurable real-valued functions on a measurable space
($,9)

BL, the space of bounded Lipschitz functions

dp, Prohorov metric on P(S)

dpr, bounded-Lipschitz metric on P(S)

Cl?(S ), continuous functions on a metric or topological space vanishing at infinity

C(S:C), setof complex-valued functions on S

P(S), space of probability measures on S

[l - l;v, total variation norm
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Chapter 1 ®
Fourier Analysis: A Brief Survey oo

A few of the basic concepts and definitions from Fourier analysis that will be
used in the next few chapters are recalled.

As remarked in the Preface, throughout the text the authors’ footnote references to
the second edition of their text Bhattacharya and Waymire (2016), A Basic Course
in Probability Theory, denoted BCPT, are used as an Appendix for prerequisite
material in analysis and probability as needed. However there are many excellent
texts and online resources that can be used for this purpose.

The idea that general functions, including those with discontinuities, may be
expressed as superpositions, or linear combinations, of periodic functions with
different periods and amplitudes is due to the legendary French mathemati-
cian/physicist Joseph Fourier (1768-1830). Although exceptions were pointed out
by some other mathematicians, Fourier’s brilliant idea brought forth a revolution in
mathematics. Fourier analysis is a major tool used in this book, especially the first
few chapters comprising Part 1.

We begin with Fourier series, namely Fourier analysis on the unit circle T in the
plane represented as [—, ], with —m and 7 identified. One may also conveniently
represent T as the unit circle in the complex plane, T = {exp{if} : —7 <
6 < m}. A (Borel measurable complex-valued) function on T may be thought
of as a (Borel measurable complex-valued) periodic function on the real line R,
with period 2. The simplest such functions are exp{inx} and their superpositions.
One looks for representing, or approximating, a more general periodic function f
by such a superposition f ~ )" d,exp{inx}; a finite sum of this type is called
a trigonometric polynomial. According to a result of Weierstrass (Exercise 2),
such polynomials are dense in the set of all complex-valued continuous functions

© Springer Nature Switzerland AG 2022 1
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2 1 Fourier Analysis

C(T : C) endowed with the uniform norm: || f||, = sup,y|f(x)|. It follows
that trigonometric polynomials are dense in the Hilbert space L2(T) of square
integrable functions on T with squared norm || f 2 = % fT | f(x)|?dx. Tt is
simple to check that the functions exp{inx}, n € Z, form an orthonormal sequence
in L2(T), and, by the density in uniform norm of trigonometric polynomials in
C(T : C), they are a complete orthonormal sequence in L?(T) (Exercise 3). Thus

J©) =2 ezl fs explin-}) explin-} or

fx) = ch exp{inx}, (1.1)
nez
where
cn = (f,expfin-}) = L/ f(x)exp{—inx}dx (1.2)
2 [—7,7]

is the n-th Fourier coefficient of f, and the expansion (1.1) is the Fourier series of
f. The equality in (1.1) is in L2(T). It follows from this orthogonal expansion that

AP =) leal®,  f € LX), (1.3)

nez

Thus the Fourier series is an isometry between L%(T) and L2(Z), where L%(Z) is
the space of sequences {a, : n € Z} endowed with the squared norm ) _, |a, 2. This
immediately implies that (Exercise 4)

(f; &)t = {an}, {dn})z, (1.4)

where {a,} and {d,} are the Fourier coefficients of f and g, respectively. The
subscripts T and Z in (1.4) are used to distinguish the inner products in the two

Hilbert spaces: (f, g)T = % (=] f(x)g(x)dx and ({a,}, {du})z = Y,z Cndn.
We will drop these subscripts for the norms and inner products in the future
when there is no possibility of confusion. One may extend the notion of Fourier
coefficients to finite signed measures. The Fourier coefficients ¢, of a finite signed
measure p are defined by

1

= — exp{—inx}u(dx) (n€Z). (1.5)
27 [—m, 7]

Cn

By usual approximation by functions (see BCPT , Proposition 6.3), one can
show that the Fourier coefficients of © determine it. One may think of this as a
generalization of Fourier coefficients of integrable functions f by letting u(dx) =
f(x)dx, noting that square integrable functions on T are integrable. An important
question arises in the theory pursued in the following chapters: Which sequences



1 Fourier Analysis 3

{cn} are Fourier coefficients of a finite measure on T ? The answer to this question
is provided by the important theorem by Herglotz'

Theorem 1.1 (Herglotz). A sequence {c,} is the sequence of Fourier coefficients of
a finite measure w on T if and only if the sequence is positive-definite, i.e., if and
only if for every finite sequence z;(j = 1,...,n) of complex numbers, one has

D i<jken Cj—kZjZk = 0.
Turning to the Fourier analysis on R, one defines the Fourier transform of an
integrable function (with respect to Lebesgue measure) f as

ﬂ@zéfmﬁWQM&EGR (1.6)

If one used exp{—i&x} instead of exp{i§x}, it would correspond to the defini-
tion (1.2) of the Fourier coefficient. But we will rather follow the usual convention
in the probability literature here. If f and fboth are integrable with respect to
Lebesgue measure, then one has the inversion formula (BCPT, Theorem 6.7 (a))

1 —~
fm=7/ﬂmm4w@ xeR. (17)
7 Jr

This corresponds to the Fourier series representation (1.1), except for the sign in
the exponent of exp. Because L! (R, dx)) N L2(R, dx) is dense in L?(R, dx), with
respect to the L2-distance, one defines the Fourier transform (1.6) for functions
in L2(R, dx) also. One then has an isometry analogous to (1.3) (BCPT, Theo-
rem 6.7(b)):

ColfIB =713 f e L*R,dx). (1.8)

This is known as the Plancherel identity. One also defines the Fourier transform &
of a finite signed measure p as

/’I(S)=/Rexp{i§x}u(dxx £eR. (1.9)

In the case u is a probability measure, it is called the characteristic function of .

Corresponding to the theorem of Hergloz, Bochner’s theorem says that a
complex-valued function ¢ on R is the Fourier transform of a finite signed measure
if and only if it is positive-definite and continuous. Here a function ¢ is positive-
definite if and only if for any finite sequence of complex number {zy, ..., z,}, one
has Zlgj,kgn 2;Zk9(zj — zx) = 0 (BCPT, Theorem 6.13).

! For a proof, see BCPT, p. 111.



4 1 Fourier Analysis
Exercises

1. (Complex Stone-Weierstrass Theorem) Let S be a compact metric space and " a
subalgebra of C(S : C) which separates points, contains constant functions, and
is closed under complex conjugation. Prove that I" is dense in C(S : C). [Hint:
Let I'r denote the set of real and imaginary parts of f, forall f € I'. Since
forall f € I', Ref = (f + f)/2, Imf = (f — f)/2i, it follows that Iz is a
subalgebra of C(S : R) which satisfies the hypothesis of the Stone—Weierstrass
theorem for C(S : R) and is, therefore, dense init. But I = {g+ih : g, h € IR}
is then clearly dense in C(S : C).]

2. (Weierstrass Approximation Theorem for C(T : C)) Prove that the set
I' of trigonometric polynomials, i.e., finite linear combinations of functions
exp{inx},n € Z, is dense in C(T : C) in the uniform norm. [Hint: Show that I”
satisfies the hypothesis of Exercise 1.]

3. Prove that the sequence {exp{inx}, n € Z} is an orthonormal and complete basis
of L?(T). [Hint: Apply Exercise 2 to prove completeness. ]

4. (Polarization Identity) Give a proof of (1.4). [Hint: Use the fact that the inner
product (f, g) in a complex Hilbert space H satisfies the so-called polarization

identity: 4(f, g) = [|f + > — |If — gll®> —illf +igl® +illf —igll*]



Chapter 2
Weakly Stationary Processes and Their Qe
Spectral Measures

Stationary stochastic processes are analyzed at the level of their first and
second order characteristics, mean and covariance, using Fourier methods.

Some historic considerations that naturally lead to spectral considerations of the
type covered in the next few chapters often involved such phenomena as electrical
currents in a vacuum tube or components of turbulent fluid velocities in a wind
tunnel. In such arrangements, it is somewhat natural to at least formally view
the physical process as a sum of a mean process (the “signal”) and stochastic
fluctuations (the “noise”). The noise is often regarded to be stationary in the sense
that its distribution is invariant under translations in time. Second order quantities
such as the average electrical power dissipated by a current across a resistor (Joule’s
law) or the mean-square kinetic energy of the fluid after the mean is removed are
both proportional to the variance.

From a mathematical perspective, since the basic second order structure and
properties embodied in variances and covariances (correlations) can be conveniently
analyzed through the Fourier analysis, one may expect Fourier theory to provide the
appropriate framework. The survey of the basic notions and results from Fourier
analysis given in Chapter 1, and an occasional review of other concepts' as they
occur, should be sufficient background orientation for the development of spectral
theory to follow.

!'See BCPT, Chap. V1.
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6 2 Weakly Stationary Processes

Definition 2.1. Let T = Z*, Z, R* or R. A stochastic process {X; : t € T} with
values in a measurable space (S, S) is said to be stationary, or strictly stationary, if
for every finite set of indices 1] < < -+ < fx (k > 1) and every s > 0 such that
ti+s € T foralli, the distribution of (Xy,+s, Xs,+s, - - . » Xg+s) is the same as that
of (X;,, Xy, ..., Xg)-

The qualifying term “strictly” in Definition 2.1 is sometimes applied to a
stationary process to distinguish it from processes that are stationary in a much
weaker sense as follows.

Definition 2.2. Let T be as above, but take S = C with its Borel o-field for S. A
complex-valued process {X; = U; +iV; : t € T} is said to be weakly stationary if
its first two moment sequences are each finite and translation invariant, that is,

EX, =EXo=un, Cov(Xy, Xiys) =Cov(Xg, X;)=r(t) forall t,t+s5s€T,s>0.

Here EX; = EU; + iEV;, Cov(Xs, Xi4s) = E(Xy — u)(X¢45 — 1). In particular,
if the X;’s are real-valued, then one can omit V; and the conjugation sign in the
covariance.

Example 1. Let{X, : n € Z"} be areal- or complex-valued (uncorrelated) process
with constant mean p and Cov(X,,, X,) = (Sm,noz for some o2 > 0. Then {X, :
n € ZT} is weakly stationary. In particular, a weakly stationary sequence {X, : n €
7} of independent random variables will also be strictly stationary if and only if it
is an i.i.d. sequence.

Example 2 (Ornstein—Uhlenbeck Process). Let {B(t) : t > 0} denote standard
Brownian motion started at B(0) = 0. Since Var(B(¢)) = ¢t grows with t >
0, standard Brownian motion is clearly non-stationary on the linear time scale.
However, consider the process X, = e_%B(e’), —00 <t < o00.{X; : 1t €
R} is Gaussian with EX; = 0 and, recalling Cov(B(s), B(t)) = min(s,?),
Cov(Xy, X;) = e_%sl, s,t € R. In particular {X; : r € R} is a (strictly) stationary
process, referred to as the Ornstein—Uhlenbeck process.

Proposition 2.1. Let S be a Polish space with Borel o-field S. (a) If {X,, : n €
7} is a stationary process with values in S, one can construct a stationary process
{Y, : n € Z} such that {Y, : n € Z"} has the same distribution as that of {X,, :
n € ZT}. (b) If {X, : t € RT} is a stationary stochastic process with values in
S, one can construct a stationary process {Y; : ¢ € R} such that the distributions of
Yy, Yy, ... ) and (X4, Xy, ... ) are the same for every sequence 0 < 1] <1 < ---
inRT.

Proof. (a) The distribution of {X,, : n € Z%} is a probability measure on the
measurable space (SZ+, $®Z+), where S®Z" is the product o-field. Let iy n,,... 04
be the distribution of (X, ..., X;;),0 <ny <np < --- < ng. Forevery k-tuple of
integers ny < np < --- < nginZ (k > 1), define pyy ny,...onp = HO,00—n1,- ng—n; -
This defines a consistent family of finite dimensional distributions on (SZ, S®Z).
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By Kolmogorov’s existence theorem,” the coordinate projections {Y,, : n € Z} on
this space have the desired property. (b) The proof of part (b) is entirely analogous.
]

Remark 2.1. A different proof of Proposition 2.1(a) may be given by defining for
each m > 1 the left-shifted process X" as X,({") = Xp4m forn > —m and
extending it to indices n < —m by setting X ,(,m) = Xo. Then X" converges in
distribution as m — oo to the desired stationary process. A similar argument applies

to part (b) if X, has continuous sample paths (a.s.) on R*.

Let {X; : t € T} be a real- or complex-valued process with finite second
moments on an index set 7 contained in R or Z. The covariance function of the
process is

r(s,t) = Cov(Xy, X;) = E(X; — EX) (X, —EX,). 2.1)
It is clearly (i) Hermitian symmetric in the sense that r(s,¢) = r(¢,s), and it is
(ii) positive definite. In the sense that for n > 1 and arbitrary #;,...,#, € T, and
(a1, ap, ...,a,) € C", one has
n
> ajarty.n) =K1Y aj(X,, —EX;)* > 0. (2.2)
1<j.k=n j=1

Strictly speaking the term nonnegative definite is more appropriate here. However
this abuse of terminology is somewhat standard.

Remark 2.2. The term autocovariance function is also often used in reference to
r(s, t). Also, since variances are constant under (weak) stationarity, covariance and
correlation are in constant proportion to each other.

In the case T = Z or R and the process is weakly stationary, we often write
¢ = Cov(Xy, Xs4¢) = Cov(Xp, X;), teT.
One has foralln > 1

> ajacy—; 20 ((@r.....an) €C", t;eT forl <j<n (23)

1<j.k<n

One may check from (2.3) that (i) cg > 0 and (ii) c—; = ¢; (Exercise 3). The
normalized quantity p; = c;/co, where by weak stationarity Var(X;) = Var(Xp) =
co,t € T, defines the correlation function.

2 BCPT, p. 168.
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Since forany ¢;, t, tx —t; € T, COV(th, X)) = Cov(Xo, sz—zj), one sees that
{c; : t € T} satisfying (2.3) is also positive definite in the sense of Herglotz’ and
Bochner’s theorems. Let us first consider this in the case of real-valued processes
indexed by the discrete parameter set T = Z.

Theorem 2.2. There is a one-to-one correspondence between the set of all covari-
ance sequences {c; : j € Z} of real-valued weakly stationary processes {X, : n €
Z} and the set of all finite symmetric measures F on [—m, 7], with {¢; : j € Z} as
the sequence of Fourier coefficients of F, i.e., ¢; = % - e rF(dp), j € Z.

Proof. The existence of the measure F follows from (2.3) and Herglotz’ theorem®

symmetry of F is due to the fact that c;’s are real, so that c_; = ¢; for all j which,
since the Fourier coefficients determine the measure, holds if and only if F equals
the measure induced by the change of variable A — —A on [—m, ]. ]

Remark 2.3. For purposes of integration on the unit circle [—, 7) with respect
to F, it is convenient to integrate on [—, 7], treating 7 as distinct from —, but
always with F({rr}) = F({—m}), by splitting the mass at the point on the circle into
equal halves.

The finite measure F in Theorem 2.2 is called the spectral measure. Note that
the variance may be viewed as the accumulated total spectral mass,

Var(X,) = Var(Xo) = co = % | JF(d)L) - w

In the next chapter we will derive a representation of the process {X, : n € Z}
as a superposition of sinusoidal oscillations with random amplitudes for which
F(d\)/2m may be interpreted as the contribution to the variance from the variance
in amplitude of an oscillation in the frequency range A to A + dA.

From Theorem 2.2, one has the simple corollary.

Corollary 2.2. Finite symmetric (spectral) measures are in a one-to-one correspon-
dence with mean-zero real-valued stationary Gaussian processes. The covariances
are given by

1

¢j=— e UrF(d)) = if cos(jAF(dr) (j € 7). (2.4)
2 [—7,7] 2

[—7,7]

In particular, co = F([—7, 7])/27 = 0 = Var(X).

Example 3 (Dirac Point Mass Spectral Measure). If the support of F is {0}, i.e.,
F(d)\) = bdp(d2) for a positive constant b, then ¢, = F({0})/2n = b/2n = o2
for all n € Z. This implies Var(X,) = co = o2 and Var(X,, —Xo) = 2062—2¢, =0
for all n. Hence, with probability one, X, = Xo forall n. One may choose

3 See BCPT, p.110.
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X arbitrarily to be any random variable with variance o2, This is a case of
extreme dependence in the sense of no decay in the correlations with increasing
n. In particular, the sequence is “deterministic” in the sense that its value at one
n determines its values for all n. Note that the point mass of F at {0} may be
equivalently viewed as a jump discontinuity in the spectral distribution function
A— Fl—m,A], —m <A <m, atA=0.

Example 4 (Lebesgue Spectral Measure). Let F(dA) = bdi be a multiple b of
Lebesgue measure for some b > 0. Then 62=cy=b,c, =0 foralln # 0. Hence
the sequence {X, : n € Z} is uncorrelated. In particular, all i.i.d. sequences with
(common) variance o2 = b have this form of the spectral measure.

The previous two examples are somewhat extreme illustrations of a connection
between the smoothness of the spectral distribution function A — F(—m, A] and the
rate of decay of correlations, see Exercise 15.

Example 5 (Fractional Gaussian Noise Sequence). Fix 0 < h < 1 and consider
the (one-dimensional) continuous parameter fractional Brownian motion process
{Bt(h) : t > 0}. The fractional Brownian motion is defined by a mean-zero Gaussian
process starting at Béh) = 0 with stationary increments such that

2
o
Cov(B™, B®) = Iy(s. 1) = i’ {|s|2h e —s — z|2h} . (2.5)

Remark 2.4. The nomenclature, the reason for Gaussian, and the form of the
correlation function are suggested by a representation of this process as a “fractional
derivative of Brownian motion” to be developed in the next chapter. However, the
covariance function (2.5) characterizes fractional Brownian motion among mean-
zero Gaussian processes {X; : ¢ > 0} starting at zero, having stationary increments
and variance scaling as EX ,2 = ogtzh for an exponent & € (0, 1); see Exercise 7.
This is a modification of the original definition of fractional Brownian motion given

by Lévy (1953). Lévy’s definition is valid for all 2z > 0.
For the present, we wish to consider the discrete parameter process
wh =B" —BM:n=01,..}

This defines a stationary Gaussian sequence with, forn =0, 1,2, ...,

2
h h g
e =E{BY), = BB | = 20 (In 4+ 172 =20 4 — 1)

The computation of the spectral distribution F(dA) will be postponed to an
application of the spectral representation theory to be developed in the next chapter.
This stationary process defined by the increments of the fractional Brownian motion
may be extended backward to a process again denoted {W,gh) : n € Z} and referred
to as fractional Gaussian noise. In the case h = 1/2, this is simply an i.i.d. mean-
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zero Gaussian sequence. In particular one has a trivial “central limit theorem” in
1
the sense that the distribution of \/L;l Z;’-:l W;z) has a standard normal distribution

for any n and hence in the limit as n — oo. However, for h # %, although the
distribution of the sum is Gaussian, to obtain a non-degenerate limit distribution,
the corresponding scaling is by n™", not 1/./n. Since the fractional Gaussian noise
is a Gaussian process, this is a reflection of the statistical dependence exhibited in
the decay of the correlations. One may check that for & # 1/2 (Exercise 8)

en ~ ogh(2h — Hn*" ™2 asn — oo.

In particular, while ¢;, — 0 as n — oo for any value of 2 € (0, 1), the series
Y22 len| diverges for 1/2 < h < 1. Note also that the correlations are positive”
in the case 1/2 < h < 1. For future reference, let us also note that the fractional
Brownian motion has a natural extension backward in time to a process indexed by
t € R, defined via the Kolmogorov extension theorem, as a mean-zero Gaussian
process with covariance function defined by (2.5).

The absolute summability of the covariance function is more generally related to
the absolute continuity of the spectral distribution F'(dA) and associated continuous
positive density as follows: the proof is left as Exercise 15. However it is not used
in the remainder of this chapter.

Proposition 2.4. Let F(d)) denote the spectral measure of a covariance function
{cn :n € Z} suchthat ) . |c,| < oo. Then F(dA) is absolutely continuous with
respect to Lebesgue measure with a continuous positive density given by

fO)=) e, —m<i=zm

nez

In this context the following sample statistic provides a natural quantity associated
with the spectral distribution.

Definition 2.3. For a positive integer N, the N-sample periodogram of a discrete
parameter real-valued weakly stationary process {X, : n € Z} is defined for
frequencies of the form A; = 21’\11—’ €-n, 7l j€Zby

N
1 -y
SN 0) = | ;xne”“uz.

For A € [—m, 7], consider the partition of [—m, ] into subintervals of lengths
27 /N

4 According to a celebrated Theorem 23.9 in Chapter 23, this also provides an example of a special
type of associated statistical dependence.
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SN i T < T T g<h<m,

Sw@h) = {SN(—/\) if —7 <A<,

Observe that
| N
N 2
SN(O)—N|N Ean| .
n=

Moreover, since for A ; # 0 one has for the simple (geometric) sum

N N
§ elnk_i — § e*ln)»j — O,

n=1 n=1

it follows that the definition of Sy(A;) is unchanged by centering each term X,
of the sum by X, — % Z,ivzl X. For that matter, one may replace each term X,
by X, — m without changing the value of Sy (2 ;), and therefore Sy (1), A # 0. In
particular, the following form is convenient for computations:

N—|n|

1 .

SOy = > 5 > E(Xk — m)(Xggpn) — m)e™.
|n|<N k=1

Corollary 2.5. Suppose that {X, : n € Z} is a weakly stationary process with mean
m and absolutely summable covariance function {c, : n € Z} and spectral density
f. Then, in the limit as N — oo, one has

ESy(0) — Nm® — f(0),

ESy(A) — f(A) X #0.

If m = 0, then the second limit holds uniformly for all A € [—m, 7].

Proof. Note that

Jim (ESN 0) — Nm2) —

|
=
85
=
g
—
z|~
=
2
~—

k=1
= ngnoo% > (N —lIney (2.6)
In|<N
=Y = [0, 2.7)

nez
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where the last limit follows, for example, by the dominated convergence theorem
since ),z lcnl < 00.For0 < A < 7, choose the smallest positive integer jy (1) =
J to minimize |A — A |, and define jy (L) = —jn(—A) for —7 < A < 0. Then

ESy(A) = ESy (A jyn)

N—|n|

1 o
- Z N Z E(Xk _m)(Xk+|n\ —m)e”“‘uvw (28)

n|<N k=1
_ Z < |I’l|> cn eln)»JN(;h)
In|<N

Now, since Zn 7 |c,,| < 00, it follows, for example, using dominated convergence,
that Z\n\<N (1 — )c,,e no_s f () uniformly. Thus, since Aoy — A, it
follows that ESy (L) — f(A). The uniform convergence holds for all A € [—m, 7]
in the case m = 0 since the convergence A,y — A as N — 00 is uniform,

and the continuous function f on the compact set [—m, 7] must be uniformly
continuous. |

Remark 2.5. Unfortunately, the variance of Sy (1) does not go to zero as N — 00
and, indeed, Sy (X) is not a consistent estimate of f(A), as shown in Grenander
(1981, Theorem 1,p. 362). However, by smoothing it by convolution with a
continuous symmetric density yy(X) which converges slowly to §g as N — oo,
a consistent estimate can be obtained (Grenander 1981, Theorem 2, p. 367, and
Brockwell and Davis 1991, pp. 350-354). This useful result is known as the Wiener—
Khinchin theorem.

The following related proposition provides an alternative to the definition for
checking positive definiteness of an absolutely summable sequence of complex
numbers (see Exercise 5(c) for an application).

Proposition 2.6. A sequence {c, : n € Z} of complex numbers such that
Y nez lenl < oo is positive definite if and only if ) e/ is a positive (real)
number for each A € [—m, 7].

nez €

Proof. If f(A) = Y_,,cz cne™ > 0 foreach A € [—m, ], then positive definiteness
follows from Herglotz’ theorem, since {c, : n € Z} are the Fourier coefficients
of the continuous periodic function f. Conversely, if {c, : n € Z} is positive
definite and summable, then f(}) is the density of a positive measure F'(d)) on the
circle. ]

The fractional Brownian motion process is self-similar with exponent & in the
sense that for any #1,...,t, € R (m > 1), and A > 0, the distributions
of Xy, ..., Xos,) and (AhX,l, - AhXtm) coincide (see Example 5). The non-
stationarity of fractional Brownian motion is intimately tied to its self-similarity
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and sample path regularity’ in a manner which is made clear as follows. First we
introduce a very mild regularity condition, e.g., satisfied by the Poisson process for
which the sample paths are (discontinuous) step functions (Exercise 12).

Definition 2.4. A complex-valued stochastic process {X; : t € R} is said to have
stochastically continuous sample paths if for each t € R, X;, — X, in probability
whenevert, -t (t, e R,n > 1)asn — oo.

Definition 2.5. A complex-valued stochastic process {X; : t € R} is said to be
self-similar with exponent h if for any #1,...,t, € R(m > 1), and A > O, the
distributions of (X4, ..., Xu,) and (AhX[l, e, AhX,m) coincide.

Proposition 2.7. If X = {X, : t € R} is a stationary and self-similar stochastic
process with stochastically continuous sample paths, then X is a.s. constant.

Proof. By stationarity, X,; = X;4+u—1): and X; have the same distribution for each
n=1,2,....By self-similarity, therefore, n” X, and X, have the same distribution.
Thus h = O Thus X 1 and X, have the same distribution for each n. But X 1= Xo

as n — 0o by stochastlc continuity. Since limits in probability are a.s. unlque it
follows that for each ¢ € R, one has X; = X with probability one. |

Remark 2.6. The definitions of stationarity (translation invariance), self-similarity,
and stochastic continuity readily generalize to complex-valued random fields {X; :
t € R¥} indexed by T = RX. The proof of the above proposition readily extends to
this setting as well.

In the full generality of T = Z and S = C, Herglotz’ theorem also provides a rep-
resentation of covariance functions of complex-valued weakly stationary processes
or of complex-valued (strictly) stationary Gaussian process, on Z. However here one
must adopt a convention to resolve nonuniqueness of the processes associated with
a given spectral measure through the covariance function. To see this, let {X,, =
U, +1iV, : n € Z} be a weakly stationary process with EX,, = 0 +in (EU, = 0,
EVn = n), and o = COV(U(), Uj), ,3]' = COV(V(), Vj), 5j = COV(V(), Uj),
yj = Cov(Uy, V;). Then

c; = Cov(Xy, X4 j) = Cov(Xop, X;)
= Cov(Uy, U;) + Cov(Vp, V;) +i{Cov(U;, Vo) — Cov(Up, V;)}
=aj+Bj+ij —vj). (2.9)

The property c_; = ¢; yields

a_j+p_j=a;+Bj, S_j—y_j=-6;+y; (jel. (2.10)

3 Stationary (translation invariant) and self-similar phenomena are of rather widespread interest in
the sciences, especially in connection with critical phenomena. Thus the stochastic models for such
phenomena typically involve random measures and/or generalized functions.
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Since ¢; = aj +ibj, say, has only two parameters, while the right side in (2.9) has
four, it is clear that the correspondence between the Fourier coefficients {c; : j € Z}
of a spectral measure and the covariance function is unfortunately not one-to-one
in this case (Exercises 10 and 11). To make the correspondence one-to-one, one
generally restricts attention to those processes for which one has

aj = ﬂj = aj/2 (i.e., COV(U(), Uj) = COV(V(), Vj)),
8j =—y; =b;/2 (e, Cov(Vo,Uj) = —Cov(Up, V;)).  (2.11)

With these somewhat arbitrary restrictions, we have the following consequence of
Herglotz’ theorem.

Theorem 2.8.

(a) There is a one-to-one correspondence between the set of all finite measures F
on the unit circle (or, F on [—m, w] with F({—m}) = F({rr})) and the set of all
covariance sequences of complex-valued weakly stationary processes {X, : n €
7} satisfying (2.11), with the covariances given by Fourier coefficients of F:

1 ..
¢j =Cov(Xp, Xpyj) = —/ e MFdr) (e D). (2.12)
21 [—m,7]

(b) There is a one-to-one correspondence between complex zero-mean stationary
Gaussian sequences, satisfying ((2.11)), and finite (spectral) measures on
[-m, 7]

Remark 2.7. 1t is important to note that even for a symmetric measure F # 0
on [—m, ], the complex-valued (weakly) stationary process {X, : n € Z}
satisfying (2.11) has a nonzero imaginary part, as well as a nonzero real part. For,
by (2.11), Var(U;) = Var(V;) = ¢o/2 > 0 (also see Exercise 11). Thus, except for
trivial sequences X,, = 6 for alln (for some 8 € R), corresponding to F = 0, no
(weakly) stationary process considered in Theorem 2.8 is real-valued. Theorem 2.2,
therefore, provides a different representation from Theorem 2.8 when the spectral
measure is symmetric. However, the spectral representation of a process in the next
chapter depends on the process itself and is unaffected by this apparent ambiguity.

Example 6 (Dirac Point Mass Spectral Measure). Fix Ag € [—m, 7], b > 0, and
consider the spectral measure F'(d1) = bé,,. Then ¢, = %e‘i’\on. Just as in the
case Ao = 0, one arrives at E| X, —e_"’“\‘)Xo|2 =0,foralln € Z, where X; = U; +
iV; such that, under the uniqueness convention, Cov(Up, U;) = Cov(Vp, V;) =
% cos(roj), and Cov(Up, Vj) = —Cov(Vp, U;) = % sin(Agj). Notice that the

process X, = e """ Xy, n € Z, is determined by its value at a single value of .
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Now let us consider the continuous parameter case. In view of Bochner’s the-
orem,® Theorem 2.8 extends to continuous parameter weakly stationary processes.
The continuity requirement in Bochner’s theorem is met by the following rather
mild condition.

Definition 2.6. Suppose T is an interval in R. A complex-valued stochastic process
{X; : t € T}is mean-square continuous att € T if

2
X, L X, as s —t. (2.13)

A process is said to be mean-square continuous if it is mean-square continuous at
eacht e T.

Remark 2.8. One may easily check that since the increment X, — X, s < ft,
of a Poisson process has mean and variance proportional to r — s, the process is
mean-square continuous (Exercise 12). Notice that for any € > 0, by Chebyshev’s
inequality,

ElX; — X2 11X — X2

P(X: =Xl > €) = =~ S

so that mean-square continuity easily implies stochastic continuity.

Lemma 1. Let {X; : t € T} be a mean-zero square-integrable complex-valued
process on an interval T C R, finite or infinite. Let (s, 1) = EX.X; (s,t € T) be
its covariance function. Then (s, t) — r(s,t) is continuous on 7" x T if and only
if (2.13) holds.

Proof. (Suﬁ‘ic_iency). Suppose (2.12) holds. Then, writing < Y,Z >= EYZ,
|Y|> = EYY = E|Y|? by adding and subtracting terms and using the Cauchy—
Schwarz inequality, one has
[r(s +hy1,t +hy) —r(s,t)]
=| < Xgthys Xithy > — < X, Xt > |
<I< Xsthys Xethy > — < Xspy» Xt > [+1]< Xsan, Xe > — < X5, Xt > |
SN Xsphy U 11X ny — Xell + 1 X6l - 11 X540, — Xsll > 0 ashy — 0, hp — 0,
since || Xsn, — Xy > = ElXs1n, — X;* = Oand | X4, — Xl — 0.
(Necessity). Suppose (s, t) — r(s, t) is continuous. Fix t € T. Then
ElXih = XiI> = E[Xesnl® + EIX, > = EX 1 Xy — EXy 1 X,
=r@t+ht+h)+rit)—rit+h,t)—rit,t+h)—0

6 See BCPT, p.119.



16 2 Weakly Stationary Processes

ash — 0. |

As an immediate consequence of the lemma, it follows that the covariance
function t — r(t) = Cov(Xo, X;) of a weakly stationary process {X; : t € R}
is continuous if and only if (2.13) holds. Applying Bochner’s theorem, we get
the following analogues of Theorems 2.2 and 2.8. For complex-valued weakly
stationary processes X; = U; +iV;,t € R, we assume the analogue of (2.11):

1 1
Cov(Up, Up) = Cov(Vy, Vi) = S Rer (1); Cov(Vo, Ur) = = Cov(Uy, Vi) = 5 Tmr (1),
(2.14)
where Rer (¢t) and Zmr (t) are the real and imaginary parts of r(t), respectively.

Theorem 2.9.

(a) There is a one-to-one correspondence between the set of all covariance func-
tions r(-) of real-valued weakly stationary processes {X; : t € R} satisfy-
ing (2.13) and the set of all finite symmetric measures F on R, called the
spectral measure of {X; : t € R}, with r(-) being the Fourier transform of F:

r(t) = foo e F(dr) = foo cos(tA)F(d)r), (¢ € R). (2.15)

—00

(b) There is a one-to-one correspondence, via (2.15), between the set of all real-
valued mean-zero stationary Gaussian processes {X; : ¢ € R} satisfying (2.13)
and the set of all finite symmetric measures on R.

For complex-valued processes, one has the following.

Theorem 2.10. There is a one-to-one correspondence between the set of all covari-
ance functions r(-) of complex-valued weakly stationary processes {X; = U;+iV; :
t € R} satisfying (2.13) and (2.14) and the set of all finite measures F on R, called
the spectral measure of {X, : t € R}, with r(-) being the Fourier transform of F, as
given by the first equality in (2.15).

Remark 2.9. Once again (see Remark 2.7), one should note that Theorem 2.9 is
not a special case of Theorem 2.10, since the latter only yields complex-valued
processes with both real and imaginary parts nonzero, except in the trivial case F =
0.

Example 7. Let the spectral measure of a real-valued weakly stationary process be
F(d)) = bexp{—c|A|}dA, for some b > 0, c > 0. Then, using the Fourier inversion
formula or Cauchy’s residue theorem from complex variables, or simply recalling
the characteristic function of the Cauchy distribution, one has r(s) = 2b[c(1 +
s?/e)]!

Example 8. Let F(d)) = blc(1 + 2%*/c»)]7'dr (b > 0, ¢ > 0). Then r(s) =
bme~<B!. This follows by a direct evaluation of the integral or from the previous
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Example 7 through the Fourier inversion formula.” In the case this process is real
Gaussian, then, recalling the covariance structure in Example 2, it is referred to as
an Ornstein—Uhlenbeck process.

Example 9. Let F(d\) = bexp{—c)»z}dk (b > 0,c > 0). Then r(s) =
(b«/rr/c)exp{—s2/4c}.

Since finite dimensional distributions of mean-zero real-valued stationary Gaus-
sian processes are completely determined by their covariance functions r(s), and
since in Examples 7-9 one can derive versions of these processes with continuous
sample paths, the distributions of these processes on the space C(—o0, co) of
continuous functions (paths) are entirely determined (Exercise 8). It is instructive
to determine the corresponding mean-zero complex-valued stationary Gaussian
processes satisfying (2.11) (Exercises 13—14).

Exercises
1. (Trend Removal by Differencing) Suppose that X, = m(t) + Y, t =
.., —2,-1,0,1,2,..., where m(t) = Z];:() m jt’ is a polynomial trend of

degree k and Y is a mean-zero stationary process. Define a differencing operator
Af(t) = f(t)— f(t—1), with iterates defined iteratively by A™ f = A"~ 1 Af.
Show that AKX is a stationary process with mean k!my.

2. (Seasonality Removal by Lag-Differencing) Suppose that X; = m(t) + s(t) +
Yi,t = ... —2,-1,0,1,2,..., where m(¢) is a trend and s(¢) a periodic
component with period d > 2 and Y is a stationary process. Define a lag-d
differencing operator Ay by Ay f(t) = f(t) — f(t —d). Show that Az X; =
mg(t)+AqY:, where my(t) = m(t)—m(t—d), and A,Y is a stationary process.

3. Let T = Z or R, and suppose {c; : t € T} is positive definite in the sense (2.3).

(a) Show that cg is real and nonnegative. [Hint: Take n = la; = 1,
arbitrary.]

(b) Show that c_, = ¢; for all t. [Hint: Firsttaken =2, a; =a» =1,t; =0,
ty = t, to prove that Zmc_; = —ZImc,. Thentake n = 2, a1 =i, a =1,

t) =0, rp =t, to show that Rec_; = Rec;.]

4. Show that, for any real-valued X( with mean-zero and finite variance, the
process X, = (—1)"Xo, n € Z, is weakly stationary, and compute its
covariance function and spectral measure.

5. Determine which of the following is a covariance function. If so, compute the
corresponding spectral measure.

7 See BCPT, p. 112.
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10.

11.

12.
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(@) ¢, =sin(n),n € Z.
(b) ¢n =cos(n),n € Z.
(¢) ¢, =ba"™ neZ forfixedb > 0,anda € (—1, 1).

. Calculate the covariance function ¢, for the spectral distributions on the unit

circle U = [—7, ] given by F(dA) = 38z/m(d)) + 38_z/m(d)), for a fixed
positive integer m.

. Suppose that X = {X; : t+ > 0} is a mean-zero Gaussian process starting at

Xo = 0 having stationary increments with variance scaling as EX? = 002t2h

for some exponent & € (0, 1). Show that X is distributed as fractional Brownian

motion.

Show that for the fractional Gaussian noise with 7 # 1/2, one has ¢, ~

aozh(Zh — Dn?"=2 as n — oo. [Hint: Factor out n?* and use Taylor

expansions for (1 & x)?", respectively.]

Compute the covariance function {c, : n € Z} corresponding to the spectral

measure F having the triangular density f(A) = 7 — |A]| (|A| < ). [Hint:

The triangular distribution on [—m, 7] is the convolution of two uniform

distributions on [—m /2, 7 /2].]

(@) Let {U, : n € Z} and {V,, : n € 7} be both i.i.d. standard normal
sequences independent of each other. Show that the complex-valued Gaus-
sian sequence X, = U, + iV, (n € Z) satisfies the restrictions (2.11), and
compute its spectral measure.

(b) Let {(U,, V,) : n € Z} be an i.i.d. two-dimensional Gaussian sequence
with EU, = EV, = 0, EU? = EV? = 1, p = Cov(Uy, V,,). Show that
{X, +1iV, : n € Z} has the same spectral measure as in (a), no matter what
pis (—1 < p < 1), and that for p # 0, this process does not satisfy (2.11).

(c) Which real stationary Gaussian process has the same spectral measure as
in (a) and (b)?

(@) Let {U, : n € Z} and {V,, : n € Z} be both i.i.d. standard normal and
independent of each other. Define the stationary Gaussian sequence X, =
Uy +iVy + Uyy1 + iVyg1 (n € Z). Compute the corresponding spectral
measure.

(b) Consider now a two-dimensional i.i.d. Gaussian sequence {(U,, V;;) : n €
7} with EU, = BV, = 0, EU? = EV? = 1, but p = Cov(U,, V,,) # 0.
Show that the stationary process X, = U, + iV, + Up+1 + i V41 has the
same spectral measure as in (a), but that the two Gaussian processes have
different distributions.

(c) Construct a real-valued stationary Gaussian process with the same spectral
measure as in (a) and (b).

(d) Show that of all the Gaussian processes in (a)—(c), only the one in (a)
satisfies the restrictions (2.11).

Show that a homogeneous Poisson process is both stochastically continuous

and mean-square continuous.



Exercises 19

13.

14.

15.

16.

Use the Kolmogorov—Chentsov criterion® to prove that there exists a continuous
version of a mean-zero (stationary) Gaussian process with r(s) as specified in
each of Examples 7-9.

For each of Examples 7-9, specify the distribution of a mean-zero stationary

complex-valued Gaussian process {X; = U; +iV; : t € R} with the covariance

function as specified, obeying the restrictions (2.14). [Hint: For each n > 0,

specify the joint distribution of (Uy, Vo, Uy, V1, ..., Uy, Vyu).]

(a) Suppose the spectral measure F' on [—m, 7] (with F({—n}) = F({z}) is
such that >, lc,| < oo. Show that F is absolutely continuous, with a
version of the_density which is continuous on [—7, 7r]. [Hint: Consider the
function defined by the Fourier series f(A) = ),z cpe™, and compute

= Y AOSY /N
(b) Suppose the spectral measure F' on (—o0, 00) is such that r(s) is integrable
with respect to Lebesgue measure Show that F is absolutely continuous
and has a (version of the) density which is uniformly continuous. [Hint:

Consider Fourier transform in place of Fourier series.]

A stationary sequence {X, : n € 7} is said to be time-reversible’ if
for any integers m and ny, ..., n,, the finite dimensional distributions of
(Xnys .- Xp,)and (X_p,, ..., X_;,,) coincide.

(a) Show that any stationary Gaussian sequence is time-reversible.

(b) Assume {X,, : n € Z} is stationary and suppose that ¥,, = g(X,),n € Z,
where g is a one-to-one function. Show that {Y,, : n € Z} is time-reversible
if and only if {X,, : n € Z} is time-reversible.

8 See Bhattacharya and Waymire (2021) or BCPT, p.180.

9 A metaphor for a stationary sequence is a process viewed as a data stream movie for which
statistically it does not matter when one arrives at the theater. Time-reversibility permits it to also
be run backward without changing the stochastic structure.



Chapter 3 )
Spectral Representation of Stationary oo
Processes

The spectral representation of a stationary process or random field broadly
refers to a stochastic Fourier representation in a mean-square sense.

Our goal in this chapter is to exploit the second order spectral structure to represent
weakly stationary processes, as well as more general processes with finite second
moments, as stochastic integrals with respect to orthogonal processes. The basic
idea for such a representation is formally as follows. Suppose one wishes to
represent a centered (mean-zero) weakly stationary process X = {X; : t € T}, say
real-valued for purposes of illustration, as a superposition of sinusoidal elements
¢/ with random amplitudes Z(d) in the frequency range A to A + dA, i.e.,

X, = / e z(dr), teT.
A
Then, from the previous chapter, one has (formally)
[ e u(dr) = EXoX; = f f EME{Z(dN) Z(dM)),
A Ada
with
A=[-m 7n], wndr)=Fd)/2n
when T = Z, and, assuming continuity of the covariance function,
A =R, wudr)=F@d)r),
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when T = R. In particular, one needs to introduce a suitable notion of the
“stochastic integral” with respect to an additive random field Z (dA) with covariance
structure EZ(dA)Z(d)\) concentrated on the diagonal . = A’ with value u(d)).
With this as the goal, we proceed as follows.

Definition 3.1. Let (A, L, 1) be a o-finite measure space. An orthogonal random
field for this space is a family of complex-valued random variables

Z={Z(B):Be€ L, u(B) :=E|Z(B)]* < o0}

defined on some probability space (§2, F, P), satisfying

() EZ(B) = 0.
(i) Z(BiU By) = Z(B1) + Z(By) (as.), if B1 N By = 0.
(iii) (Z(B1), Z(B2)) :=EZ(B1)Z(B2) = u(B1 N By).

Let LZ(Z) denote the closure (in the complex Hilbert space L2(.Q, F, P)) of
the space of all finite linear combinations (with complex coefficients) of the
random variables Z(B), B € L. So, in particular, elements of L?*(Z) are (equiv-
alence classes of) random variables on §2 obtained as mean-square limits of
“integral sums” of the form Z;’;la jZ(Bj), equipped with the inner product
OV a;Z(Bj), Y | biZ(Cy)) = ik ajbgi(Bj N Cy). Extended by taking limits
(in L?(£2, F, P)), the resulting space L?(Z) is a complex Hilbert space.

We will use L?(11) to denote the Hilbert space of complex-valued square
integrable (with respect to 1) functions on A with the inner product

(fog) = /A Fgdu.

By a simple function in L?(u), we mean a function of the form

m
f= Zale.i’
i

with (B;) < oo forall j, B;’s pairwise disjoint, and a, . . ., a, complex numbers
(m=>1).

Theorem 3.1. The map ¢ defined on the class of all simple functions on A, by
m

<p<zaj13j> =ZajZ(Bj), (3.1)
1

1

extends to a linear isometry of L2(w) onto L%(Z):

()o@ =(fg), fgeL*w. (3.2)
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Proof. If f =} 1" a;1p, and g = )| b1, are two simple functions, then

(@(f), 9(2)) =Y _ajbiu(B; N Ci) = (£, g). (3.3)

Ik

Since simple functions are dense in L>(u), for any given f in L?(u), there exists a
sequence f, (n > 1) of simple functions such that f, — f in L?(u). Define ¢(f)
to be the limit in L2($2, F, P) of @(fn). This limit is well defined, and it is simple
to check (3.2) for this extension. |

We will write ¢ for the extension (of the map (3.1)) in Theorem 3.1. From here
on, for an orthogonal random field {Z(B) : B € L, u(B) := E|Z(B)|> < oo}, we
will also define

/deE/ FONZ(@X) = (f)  forall fe L*(n), (3.4)
A A

i.e., as an L2(.Q, F, P)-limiting form of (3.1). Thus, from this point of view, one
has the following:

Proposition 3.2. The stochastic integral defined by
f— / FZ@), f € L*(w)
A

is a linear isometry between the Hilbert spaces L%(u) and L%(Z) for a given
orthogonal random field Z.

It is sometimes also convenient to denote the orthogonal random field Z =
{Z(B) : B € L} simply by Z(dA) in this context.

The following general result will be used repeatedly in this chapter to obtain a
variety of representations. The spectral representations are important special cases,
where the essential idea for obtaining the orthogonal random field Z(dX), i.e.,
{Z(B) : B € L}, from the process X = {X, : t € t} is to first use the spectral
representation of the covariance function to define an isometry ¢ between L2(w)
and the Hilbert space L?(X) which is the closure in L2(£2, F, P) of the linear span
of {X, : t € T}. In particular,

X =o(f)

for a suitable f € L?(u) (depending on 7). On the other hand, owing to the spectral
representation of the covariance function, by defining

Z(B) =¢(p),B e L,
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such an isometry ¢ will induce an isometry between L?(w) and L2(Z). The isometry
so obtained, therefore, both defines the integral

/A FOIZ@r) = o(f), f € L*(w),

and links it to X, for a suitably chosen f € L?(u) (depending on 7).

Theorem 3.3 (General Orthogonal Representation of Processes). Let {X; :t € T}
be a mean-zero real- or complex-valued process with finite second moments on
T = Z, or Z, or a finite or infinite subinterval of R. Assume there exists a family
of functions ¥ (¢, -) € L%(w), forallz € T, such that

r(s,t)ECOV(XS,X,)zf Uis, Y@, Mu(dr)  forall s,t,eT. (3.5
A

Assume further that Lz(,u) is separable. Then there exists an orthogonal random
field Z(-) for L*(1) such that

X, =f w(t,\)Z(dr)  forall t € T. (3.6)
A

Proof. Define o(¥(t,-)) = X;,t € T. Let L>(X) be the closure (in L?(£2, F, P))
of the linear span of the random variables X; (+ € T). For functions of the form
f=2Vajv(sj,),sj € T,define p(f) = Y1 ajXy; I f =3 a;jpis;,),
g = Z’l" b (tx, -), then, denoting by (-, -) the inner product in L2(X), one has,
by (3.5),

(@(f), 9(2)) =Y ajbir(sj, i) = Y _ajbx fA V¥ (sj, MY (i, ()
Jj-k Jok
= /A FgGudr) = (f. g)- 3.7)
Suppose the set G of functions f (or g) of the above form is dense in L?(1). Then

one can extend the map ¢ to a unique linear isometry on L?(u) onto the Hilbert
space L%(X). Now define

Z(B)=¢(p)  (u(B) < o0). (3.8)

Clearly,

i) EZ(B)=0.
@ii) If By N By = @, then



3 Spectral Representation 25

Z(B1UBy) = ¢(1,uB,) = ¢(1p,+1p,) = ¢(1p,))+¢(1p,) = Z(B1)+Z(B2).

(iii) EZ(B1)Z(B2) = (p(1B,), 9(1p,)) = (1p,,1p,) = u(B1 N By) forall By, By
with u(Bj) < oo (j =1,2).

Since (¥ (¢, -)) = X;, by definition of ¢, (3.6) follows (as a limiting form of (3.1)).

Consider now the case when the set G of functions of the form > 1" a;¥ (s, -)
(m > 1) is not dense in Lz(,u). Separability of Lz(y,) is equivalent to the
existence of a countable orthonormal basis since any countable dense subset
yields an orthonormal basis by the Gram-Schmidt process' and, conversely,
any countable orthonormal basis yields a countable dense subset by taking finite
linear combinations with coefficients from a countable dense subset of C. Let Ay
(n =1,2,...) be a complete orthonormal sequence (finite or infinite, as the case
may be) for the Hilbert space G of functions orthogonal to G. The index set
T'" = {t],1),---} is chosen to be disjoint from T. Let Yo (n = 1,2,...) be
real-valued i.i.d. standard normal random variables independent of {X; : t € T}
(constructed, if necessary, by enlarging (§2, F, P)). First let

(p(ht;l)ZYt’/l (n=1727"')7
m m

¢ (Z anh,;,> =Y ¥y, (3.9)
n=1 n=1

noting that if fj = Y0 axhy, fo = Y k_ byhy, then

m k
(@(f1), 9(f2) =E (Z anYy - Zm;,) =" anbubuw = (1, f2).
n=1 n=1 n,n’

(3.10)
Now extend ¢ to G by taking limits in L2, using the isometry between L2(G*, )
and the subspace spanned by linear combinations of Yy (n = 1,2,...), which

follows from (3.10). Finally, for an arbltrary h e L2(/,L) let h = f + g be the
unique decomposition of & with f € G and g € G° = G, and define

o(h) = o(f) +¢(2). (G.11)

It is simple to check, by taking limits and using (3.7) and (3.10), and using the
orthogonality (¢(f), ¢(g)) = 0= (f, g) if f € G and g € G, that

(). p(@) =(f. g  forall f,geGdG"=L*n. (3.12)

I'See BCPT p. 249.
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Now apply the first part of the proof to the family of random variables {X; : t €
T U T’} with X;s := Y noting that

(U (s, DU@ My ifsteT
r(s,1)=10 ifs € T,t € T' or vice versa (3.13)
Sst = fhs()u)ht(k)u(d)») ifs,t €T’

The hypothesis of the theorem then holds with an extended family given by
J(s, A) = ¥(s,A) if s € T and ¢(s, 1) = hy(A) if s € T’, with the linear span
of {1;(5, A) :s € T UT’} dense in L2(u). So the orthogonal random field Z(-) is
constructed by (3.8) with the extension of ¢ defined by (3.9) and (3.11). |

Definition 3.2. For a given symmetric positive definite complex-valued function
r(s,t),s,t € T C R, a Hilbert space H(r) of functions on T such that for all
t € T,onehas (a)r(t,-) € H(r),and (b) (f,r(t, Du)y = f@), f € Hr),t €T,
is called a reproducing kernel Hilbert space.

Property (b) of the definition says that the pointwise evaluation of f at ¢ is via
a bounded linear functional, i.e., as an inner product with r(¢, -). In this context,
r(t, -) is referred to as the representative evaluator at t. This function is also called
a reproducing kernel for the Hilbert space. Applying (b) to r (s, -), one sees that

r(s,t) = (r(s, ), r(, ")), s,teT.

This is the origin of the terminology “reproducing kernel.”

The Moore—Aronszajn’ theorem asserts the existence of a unique reproducing
Hilbert space associated with a positive definite function (s, t) and conversely. In
particular, it can be stated as follows.

Theorem 3.4 (Moore—Aronszajn). The function r(s, t) is positive definite if and
only if it is a reproducing kernel. In particular, the reproducing Hilbert space H (r)
is uniquely determined by (a) and (b), as the closure of the set of functions of the
form f(s) = Y}_, a;r(t;, s),s € T, in the norm ||f||§,(r) = Dk o1 a7 (), )@k
induced by the inner product r (s, t) = (r(s, -), r(z, -)).

Although explicit use is not being made of this terminology, the previous
Theorem 3.3 may be viewed as an element of that framework with A = T, ¥ (s, t) =
r(s,t).

Theorems 3.5 and 3.6 below are immediate consequences of Theorem 3.3.

Theorem 3.5 (Spectral Representation of Weakly Stationary Processes on 7.). Let
{X, : n € Z} be a real- or complex-valued mean-zero weakly stationary process
with spectral measure F(dX) on A = U = [—n, 7] (F({—=n}) = F({r})). Then

2 Aronszajn (1950).
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there exists an orthogonal random field Z(-) for L2(w), with u(dr) := F(d)\) /2,
such that

X, :/ " Z(dn) forall n € Z. (3.14)
[—m,7]

Proof. The hypotheses of Theorem 3.3 are satisfied with 7' = Z, ¢(1, 1) = et
(t € Z)and u(dxr) = F(dA)/2m on [—m, m] = A (see (2.12)). Here go(e’“) =X,
(n € Z) extends to a linear isometry between Lz(u). and L2(X). |

Theorem 3.6 (Cramér’s Spectral Representation of Weakly Stationary Processes on
R). Let {X; : t € R} be a real- or complex-valued weakly stationary process, with
continuous covariance function and with spectral measure F on A = R. Then there
exists an orthogonal random field Z(-) for L2(F ) such that

X, = / e Z(d)) forall t € R. (3.15)
R

Proof. In Theorem 3.3, take T = R, u = F, (t,4) = ¢™""* (1 € R). Also,
@(e~"™) = X, (t € R) extends to an isometry between L?(w) and L2(X). |

Definition 3.3. A stochastic process {X; : t € T}, which admits a representation of
the form in Theorem 3.5 in the case T = Z or Theorem 3.6 in the case T = R, is
said to be (weakly) harmonizable.

Example 1 (Point Mass Spectral Distributions). It is interesting to consider the
case in which the spectral distribution has a point mass, i.e., jump discontinuity
at Ao, say b = F({Ao}) > 0. In the case T = Z, one has

X, = / e Z(dA) + (Z(ho) — Z(0p)) €™, n e Z.
[=m. 71\ {20}

Moreover,
Var (Z(ho) — Z(Ay)) = F({o}) = b.

The process Y, = (Z(ro) — Z(Ay)) €™, n € Z, is a sinusoidal process of
frequency Ag. Moreover, it is a deterministic function of time since its values are
known for all time if a value is known for one time point n. Similar considerations
apply to the case T = R and when F(dA) consists of a finite number of point
masses, say A, ..., Ak.

Theorem 3.7. For real-valued mean-zero weakly stationary sequences {X, : n €
Z}, (3.14) may be expressed in the following form:
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X, =U{0}) +/

O,7]

(2cosnAa)U(dAr) —f (2sinnA)V(dr), (3.16)
0,7]

where U (-) and V (-) are mutually orthogonal real-valued orthogonal random fields
on [0, 7] and

E(U(dA))? = E(V(dA))? = F(dA) /4.
Moreover,
V(o) =0as., EU{OH* = F({0}/2r.
Proof. Write Z(-) in Theorem 3.5 as
Z(B)=U(B)+iV(B),
where U (-) and V (-) are real-valued orthogonal random fields. The map (p(ei nhy =

X, (n € Z) extends to a linear isometry between L%(u) and L>(X). Hence if B is
Borel, one may express

L= Y ae

—o0o<n<©

i.e., the series converging to 15 in L*(11). Hence

Z(B) = Z an Xy, a.8.

—o0<n<o0

Since

a0 =10)0= ) ae ™= 3 ane™

—oo<n<oo —00<n<00
onehas Z(—B) = ) _ o peood—nXn = Z(B). That is,

U(—B)+iV(—B) = U(B) —iV(B),
and hence

U(-B)=U(B) and V(—B)=—-V(B) as. (3.17)
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If in particular, B C (0, ], then B and —B are disjoint and 13 and 1_p are
orthogonal, so that

0=EZ(B) - Z(-B) = EZ*(B) = E(U*(B) — V*(B)) + 2iEU(B)V(B),
implying (together with F(B)/2r = E|Z(B)|> = EU?*(B) + EV?(B))
EU%(B) = EV*(B) = F(B)/4n, EU(B)V(B) =0 forall Borel B C (0, 7].
Furthermore, if B and C are disjoint Borel subsets of (0, ], then fror(lf 1:12
orthogonality of 15, 1¢ and 15, 1_¢, it follows that

EZ(B)Z(C) =0, EZ(B)Z(C) =0,

so that EZ(B)U (C) = 0, which implies EV (B)U (C) = 0.
Now let B and C be arbitrary Borel subsets of (0, 7]. Then

EU(C)V(B) = E(UBNC)+U(C\BNC))-(V(BNC)+ V(B\BNC))

=EUBNC)-V(BNC)=0, (3.19)
by (3.18).
Finally, (3.14) leads to
X, = Z{0}) —i—/ [(cosnA) +i(sinxA) (U (L) + iV (dLr))
[—7,7]\{0}
=Z({0}) + / {(cosn )U(d)\) — (sinnA)V(d)\)}
[—7,7]\{0}

+i / {(cosnA)V (d)\) + (sinnA)U (d)\)}
[, 7 ]\{0}

(2cosnA)U(dA) —/ 2sinnA)V(dr).
0,7]

= zop+ |

0,7]
Z({0}) must be real, Z({0})) = U{0}), and V({0}) = 0. From this, the
representation (3.16) follows. |

An argument entirely analogous to the preceding yields (from Theorem 3.6) the
following:

Theorem 3.8. If {X; : t € R} is areal-valued mean-zero weakly stationary process,
then

X, = U({0}) + /

(2costA)U (X)) — / 2sintA)V(dr), (3.20)
[0,00) (0,00)
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where U(-) and V(-) are two mutually orthogonal real-valued orthogonal random
fields on [0, co) satisfying

E(U (d))? = E(V(dA)? = F(d))/2.
Moreover,

EV({0h* = V>({0h) =0, EU{0)* =EIZ{0H|* = F({0}).
Example 2. Let{X, : n € Z} be a mean-zero weakly stationary real-valued process
with spectral measure F* with finite support {A; : —k < j < k}, A_; = —A;
(1<j<k),and

T <A <Apq1 <--<r=0< A <--- <Xt <m,
with
F({)L,j}) = F({)\.j}) = pj > 0, (] = 0, 1, ,k)
Then (3.16) yields
k k
Xy =U{0) + Y 2cosnApUr;) + Y _@sinnr)V({r;}). (n €,
j=1 j=1

(3.21)

where U({0}), U({A;}) (1 < j < k),and V(A;) (1 < j < k) are uncorrelated

mean-zero random variables, and

EU({x)* = pj/4nr = EV({A,; D2, (1 < j < k), EU{OD? = po/27.

One may express (3.21) as

Xo= Y anjZj, (el (3.22)
—k=<j<k
where {Z; : —k < j < k} are orthonormal, i.e., mean-zero uncorrelated random

variables each with variance one, defined by

po.

Zo=U{OD/Vpo/2m . ano:=,/7";

Z; = UQh/Vpifor . any = Qeosnap) |72 (1= =0y
Z_i = VW DINP AT . an—j = Q2sinni)) /% (1<j<h.
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From equations such as (3.22), one may compute Z; in terms of X, (n €
Z). In general, one may expect an infinite series on the right in (3.22). Also,
(weak) stationarity would suggest that X, is a moving average as defined by the
representation:

X, = Z an-jZ; = Z ajZp—;  (nen). (3.23)

—00< j <00 —00< j <00

It turns out, however, that if {X,, : n € Z} has a discrete spectral measure F, then it
cannot be represented by moving averages!

Theorem 3.9. A weakly stationary process {X, : n € Z} has a moving average
representation if and only if its spectral measure is absolutely continuous.

Proof. (Sufficiency). Suppose (3.23) holds. Then ) |a; |2 < oo and

cm = Cov(Xp, Xpim) = Z An—jantm—j = Z ajam+j,

—00< j <00 —00< j <00

so that with

g()\‘) — Zaje—i,/)»’ |g()\')|2 — Zajaj/el(l =) — Zajam+jzinlk’
JJ’

J.m
(3.24)
one has

1

= — e MM gM)Pdh (m € 7). (3.25)
277.’ [—7m,7]

Cm

Hence the spectral measure F' is absolutely continuous with density |g(A)|2.

(Necessity). Suppose, conversely, that F' is absolutely continuous with density
f. Then, with g = ﬁ one has g € Lz([—n, 1), dx) with a Fourier expansion
g(A) = Y bjel* with Y |b;|* < co. Hence

1 .
Cov(Xy, Xntm) = Cm = =— eilmxlg()\”zd)‘
2 [—7,7]
_ (e—im)\g()\)7 gV) = (Z bjefi(mfj)k’ ij,eij/k>

- 27T [—m,7]
JsJ

= ijl;j—m = ZE]bm+] = ZEﬂ+jbn+m+j-
J j
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Therefore, the general representation Theorem 3.3 applies with T = A = Z, p
counting measure, ¥ (1, j) = by j. One may then write (3.6) as

Xp=3 busjZj= bujZoj =} anjWj,
j j i

withajzgj,and WjZZ_j. |

A linear transformation of {Z;} involved in the moving average representa-
tion (3.23) is referred to as a filter. Specific features of the filter depend on the
choice of the coefficients a;, j € Z. This and corresponding forms of covariance
functions and spectral densities are aptly illustrated by the examples below.

Example 3 (Autoregressive AR (1) Models). Consider first an autoregressive model
AR(1) of order 1 defined by

Yor1= BY, + Zyi1 (n>0), (3.26)

Wherg {Z, : n = 1} is a real- or complex-valued uncorrelated sequence, EZ, = 0,
EZ,Z, =02 > 0.1If | 8] < 1, then repeated iteration yields

n n—1
Yo=p"Yo+ Y BIZi=B"Yo+ Y B Zu;. (3.27)
j=1 j=0

which is easily checked to be a Cauchy sequence in LZ(Q, JF, P) and, therefore,
converges in L? to some Yoo, say, where

82 :=VarYs = 0° Z 181 =o?/(1 = |B). (3.28)
Jj=0

Now let Yy be a mean-zero random variable with variance 82, uncorrelated with
{Z; : j = 1}. Then it is simple to check that {Y,, : n > 0} is a weakly stationary
process with the (summable) covariance function

cm = Cov(Yy, Yoym) =8B =0°B" /(1= |BI>) (m =0). (3.29)

Motivated by (3.27), one may consider the process defined by
o
Xy:=Y BlZij (el (3.30)
j=0

where {Z, : n € 7} is a mean-zero uncorrelated sequence with variance o2 (|8| <
1). Then it is easy to check that {X,, : n € Z} is a weakly stationary process on
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Z with the same (summable) covariance function as that of {¥},, : n € Z} in (3.29)
(and ¢—,;, = ¢, for m < 0). Note that {X,, : n € Z} is a (one-sided) moving
average process in the sense of the representation (3.23), with coefficients a; = 0
forall j < 0. Note also that X, satisfies the same equation as Y, extended to all
n € Z. Namely,

Xnt1 = BXn + Zn+ (n €2). (3.31)

Finally, the spectral density is readily computed using either Proposition 2.4 or
Theorem 3.9, as a sum of a geometric series (also see Exercise 7)

2

_ imh _ o
f) = Zcme =7

meZ

The spectral density changes qualitatively in the parameter regimes —1 < 8 <
0,8=0,0 < B < 1, see Exercise 6.
In the case | 8| > 1, one may rewrite (3.26) as

Yo =0/B)Ynp1 + Wt (Wyi=—=(1/B)Zy), (3.33)

where {W,, : n > 1} is a sequence of uncorrelated mean-zero random variables,
Cov(Y,, Wy41) = 0 and Var(W,,) = 002 := | B| %0 2. Repeated iteration yields

n—1

Yo =B8"Ysy + Z,BijWyH_./q_l, n > 0.
j=0

This leads to the definition of the weakly stationary process given by

o
Xy =Y B Wapjp1 (el (3.34)
j=0

which has the covariance function ¢,, = Cov(X,, Xpim) = 028" (1> — 1)~}
(m > 0), c_, =y (m > 0). The process (3.34) satisfies

Xnt1 = BXn + Zn+i (n €2, (3.35)

and, by (3.34), is a one-sided moving average. However, unlike (3.30), the uncor-
related random variables {W,11y; : j > 0} in (3.34) are from the future,
as opposed to those in (3.30) which are from the past and the present. The
representation (3.30), corresponding to the case | 8| < 1, is called causal, while that
in (3.34), corresponding to |8| > 1, is said to be noncausal. In particular, causality
refers to the nature of the transformation (filter) of {Z, : n € Z} representing
{Xn:neZ)}.
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Example 4 (Autoregressive AR(p) Models). An autoregressive process {X, : n €
Z} of order p > 1 is one in which X, is a linear function of the past p values, plus
noise:

Xn = ,BOXn—p + ,len—p+1 - ﬂp—lxn—l +Z, (nel)), (3.36)
where By # 0, and {Z,, : n € Z} is a mean-zero uncorrelated sequence, Var(Z,) =
o2 > 0 forall n. In order to analyze conditions under which such a process may
exist as a (weakly) stationary process, and to represent it as a moving average, it is
useful to introduce the backward shift operator B:

BXn = Xn—l’ BZn = Zn—la (337)

and consider its linear extension to L2(X) and L%(Z), the closure of the linear span
of X, or Z,, (n € Z) in L>(82, F, P). Then

BIX, = BTN (BX,) =BT Xy = = Xuj(j 2 0), BYZy = Zy,
and one may express (3.36) as
(I =Y (B)NXy =2y (n=0), (3.38)

where 1/ (z) is a polynomial, say

p—1
Y@ =) g (ze0), (3.39)
0
and
p—1 .
Y(B)=Y_ BB/ (3.40)
j=0

Theorem 3.10. Let v/ (z) be the polynomial (3.39), and suppose the zeros of the
polynomial 1 — ¥/ (z) all lie outside the unit circle {z : z € C, |z| = 1}. Then there
exists a weakly stationary process {X, : n € Z} satisfying (3.36), which has the
one-sided moving average representation

o0
X, = Zajzn_j (n e, (3.41)
j=0

where ap = 1,and ) -|a;| < oo.
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Proof. The hypothesis means that the roots of the equation 1 — ¥ (z) = 0 all lie
outside the unit circle. Then there exists § > 0 such that 1 —(z) = 0 has no roots in
{z € C: |z| < 148)}. This implies (1 — ¥ (z))~! is analyticin {z € C : |z| < 148},
with an absolutely convergent power series Z(;'io a ij expansion around z = 0,
with radius convergence greater than one. This implies Z?O:O laj] < oo. Note that
ap = (1 — ¥ (0))~! = 1. Using the identity (I — ¥ (z))~'(1 — ¥ (z)) = 1, one can
now easily check that a solution to (3.38) is given for all n € Z by

o0 o0
Xo=U—y(B) ' Zy:=) ajB/Z,=) ajZ,j (nel).
j=0 j=0

Note that

oo oo
Var(Xy) = 0% ) lajlP, e = Cov(Xu, Xuwm) = ) aj@jem  (m = 0),

j=0 j=0
Com = Cm (m > 0). -
It now follows that one may compute the spectral density as (see Exercise 7)
o2
N=———"——, —-nm<AiA<Tm 3.42
IO =y eme == (42

Remark 3.1. The relation (3.36) implies that L>(Z) c L?*(X), while (3.41) implies
L%*(X) C L*(Z). Hence, under the hypothesis of Theorem 3.10, L%(X) = L*(Z).
The process {X,, : n € Z} is causal since it depends only on the past and present
values of Z,,. It is invertible, since Z, can be expressed in terms of the past and
present values of X,,. The backshift operator B is a linear isometry on

L*(Z): |BY|> =E(BY -BY) = |[Y||> = E(Y - V),
forall Y =3, b;Z;, (3 1bjlI* < 00). Hence
Bl :=sup{|BY| : |Y[| =1} = 1.
One may think of the expansion of (I — ¥ (B))~! in powers of B to be convergent
(with respect to this operator norm of B), noting that ||y (B)|| < 1, under the

hypothesis of Theorem 3.10.

Example 5 (Autoregressive-Moving Average Models ARMA(p, q)). An autoregressive-
moving average model ARMA (p, g) (p > 1, g > 1) satisfies
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p—1 qg—1
Xo=Y BiXoptj+tZu+ )Y 8jZnygrj (n€D), (3.43)
j=0 j=0

where o # 0, 8o # 0, and {Z,, : n € Z} are uncorrelated, with Var(Z,)) = 62>0
for all n. In terms of the backshift operator B, one may express (3.43) as

(I =¥ (B)X, = U +0(B))Zy, (n € Z), (3.44)

where 1 (B) is as in (3.40) and
qg—1
0(B) =Y 8;B!. (3.45)
j=0

Theorem 3.11. Suppose the equations 1 — ¥ (z) = 0 and 1 + 6(z) = 0 do not have
any common root. (a) If all roots of the equation 1 — ¥ (z) = O lie outside the unit
circle, then there exists a weakly stationary causal process {X, : n € Z} which
satisfies (3.43) and has the one-sided moving average representation

o0
X, = ijzn,j (n €7),
=0

where bg = 1 and Zj |bj| < oo.
(b) If the roots of 1 4+ 6(z) = 0, as well as those of 1 — i (z) = 0 all lie outside
the unit circle, then the ARMA(p, ¢) model is invertible.

Proof.

(a) The proof follows the same argument as in the proof of Theorem 3.10 and
expresses X, as

(I —yB) I +6(B)Z,

e . q_l .
=D ajB | 1+ 8;B" 7| Z,
=0 =0

Xn

o ) [e¢)
=D 6B | Zi=> bjZu; (n € 7).
=0 =0

For example, by = 1, by = a1 +apdq—1 = a1 +38;-1, b2 = ax +a1d;-1 +
apdy—» = az +ajdg—1 + 842, etc.
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(b) Under the given hypothesis, z — (1 4 6(z))~! is analytic in a circle {z € C :
|z] < 1+ &’} of radius greater than one. Hence one may express (3.44) as

Zy = +6B)"'U -y (B)X,

o0
=Y diX, ;. (n € ),
say, with Z?io dj| < oo.

It follows that in case (a) the spectral density is given by (see Exercise 7)
FR)=11+0EMP =y ™I —m<ism

Remark 3.2. The AR(p) and ARMA(p, q) models are among the most widely
used models in time series analysis, after some adjustments are made to remove
trends and cyclical effects, if necessary. A different approach to these models may
be based on iterated random maps, i.e., random dynamical systems. For example,
the AR(1) model is that of a first order linear difference equation driven by random
(noise) forcing, and similarly AR(p) is a p-th order linear difference equation
driven by noise. In the analysis of these and other iterated random maps, one also
considers the polynomial W(A) =po+Bir+ -+ By AP~L —\P and the roots
of the equation 1//(A) = 0. Since 1//()0 = )J’(w(l/)L) — 1), the zeros of 1//(k) are
the reciprocals of the zeros of 1 — ¥ (z). There the convergence to a steady state for
the random dynamical system involves the hypothesis that the zeros of J(A) are all
inside the unit circle. Finally, the assumption that there are no common roots of the
equations 1 — (z) = 0and 1 + 6(z) = 0 in Theorem 3.11 does not really restrict
the result since common factors can be canceled out. Indeed, its purpose is to make
sure that common zeroes (possibly lying on or inside the unit circle) are taken out
of consideration, and the moving average is economically derived.

It will be shown in the forthcoming Theorem 3.15 that a necessary and sufficient
condition for the one-sided moving average representation (3.30) is that, in addition
to absolute continuity of the spectral measure F(dA), the logarithm of the spectral
density f (1) be integrable. This is the case in most of the important examples,
such as the AR(p) and ARM A(p, q) models described above (Exercise 1). At the
moment, however, we present one of the most important results in the theory of
weakly stationary processes, namely a general representation of weakly stationary
processes due to H. Wold (1938). To state it involves a bit of nomenclature and
notation as follows.

Let M, denote the closure in L2(§2, F, P) of the linear span of {X,;, : —o0 <
m < n}, M_ooc = N_so<n<ocoMy, and let M = M, be the closure of the linear
space spanned by {X,, : —00 < m < 00}.
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Definition 3.4. The process {X,,} is said to be deterministic if M, = M_ for all n,
which implies (and is implied by) Py, X,,4+1 = X, for all n, where IP;, denotes the
orthogonal projection onto a closed linear subspace L of M.

Note that if the process is deterministic, then the expected squared error of
prediction is

0% =E|Xu41 — Py, Xnp1|* = 0.

A simple example of a deterministic process is X,, = Y forall n, where Y is a
mean-zero square-integrable random variable.

Definition 3.5. The process {X,} is purely nondeterministic if M_, = (0), the
zero subspace of L2(£2, F, P).

Theorem 3.12 (The Wold Decomposition). A weakly stationary process {X, : n €
Z} has a decomposition into two orthogonal components given by

Xy = Wy + Vi, (3.46)

where {W, } is purely nondeterministic and {V,,} is deterministic and {W,} and {V,,}
are mutually orthogonal.

Proof. One can express X, as Py, X, + ao&,, where &, is orthonormal to M
(and &, € M,), i.e., &, has mean zero, is orthogonal to M,,_1, and is of norm one.
Next, writing Py, , X,, = Y,,_1, one may express ¥, = Py, , Y1 +a1§,—1 =
Yoo+ a1&n—1, Xy = Yo + a1&,—1 + aoé,. Suppose a,, # 0. Continuing this
process indefinitely, one has the (one-sided) moving average representation

X, = Z aménm =Wy, nez, (3.47)

m=>0

where {§, : n € Z} is an orthonormal sequence and a,,, (m > 0) is a sequence
of constants, as specified above, ), . |am|2 = IElX0|2 = o2, say. In this case
V, = 0 for all n. If, on the other hand, the process of projections stops after ng
steps, say, i.e., PM,H.O Yo—ng+1 = Yn—no+1, then Y, = Y, forall n > ng, and
Y, _ny+1 is deterministic, belonging to M_ . In this case

Xo= D anbnom+Yoongr1 = Wa+ Vion € Z, (3.48)
0<m=<ng
where W, = Zosmfno amén—m and V,, = Y,_,,+1 are orthogonal to each other. l

Corollary 3.3. The one-step prediction error defined as

0 = E|Xn+1 — Pag, Xpi11?
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is given by lap|?, in the case ng > 1, i.e., the W component is nonzero. If ngp = 1 so
that W,, = 0 for all n, {X,,} is deterministic, X,, = V,, for all n, and 6 = 0.

Our next step is to determine conditions such that a one-sided moving average
representation (3.47) is possible for a weakly stationary process.

Proposition 3.14. A necessary and sufficient condition for representing a weakly
stationary process X,, —00 < n < 0o as a (one-sided) moving average (3.47) is
that its spectral measure is absolutely continuous with respect to Lebesgue measure
on [—m, ] with a density f satisfying f(A) = | g(1)|%, where g is of the form

g0y = bue™, Y |bnl* < 0. (3.49)

m=0 m>0

Proof. (Necessity). Let {X,} have the representation (3.47). Then

= EXOYH
= Z Amam-+n
m>0
1
=5 exp{—in\} Z am exp{—imi} Z am exp{imA} | dx
R m=>0 m=>0

since the integral vanishes for all terms in the product of the two sums except
the terms a,a,,+,. Letting g(X) be as in (3.49) with b,, = a,,, one then has
cp = % f[_mn] exp{—ink}|g(k)|2dk. That is, the spectral measure is absolutely
continuous with a density f(1) = |g()»)|2 with g(A) of the form (3.49).

(Sufficiency). Assume that the spectral measure is absolutely continuous having
a density f = |g|* with g of the form (3.49). Let the stochastic orthogonal measure
in the spectral representation of X,, be Z(dA) (Theorem 3.5),

Xy = / exp{inA}Z(dr), E|Z(dM)|> = F(dA) = f(L\)dA. (3.50)
[—m,7]
Consider the orthogonal stochastic measure { on [—, 7] defined by

1
dr) = ——Z(dx 3.51
¢(dr) = Z0 (dr). (3.51)

Note that E|¢(dA)|?> = dA. In particular, g(X) can be zero on at most a set of
Lebesgue measure zero since, otherwise, E|¢(dA)|?> = d would vanish on a set
of positive Lebesgue measure. Thus,
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exp{inA}Z(dAr)

—m,m]

H\_,H\a

exp{ini}g(A)¢(dr)

—m,m]

B / expli(n — m)A)E (d2)
[—7m,7]

vV

0

m

I
™

AmYn—m> (3.52)
0

3
v

where a,, = by, and y; = f[_ i exp{ikA}¢(d)) is a sequence of random variables
satisfying

EVer = (Sk,r-

That is, {yx : —00 < k < oo} is an orthonormal sequence, with

Xn = Z Am¥Yn—m-

m=>0

Our next task is to find a simple condition on the spectral density f such
that (3.49) holds. Its proof uses some results from complex variables, most of them
standard.”

Theorem 3.15. The (one-sided) moving average representation (3.47) holds for a
weakly stationary process {X,, : —0o0 < n < oo} if and only if the spectral measure
is absolutely continuous with density f satisfying

/ |In f(X)|dA < o0. (3.53)
[—7,7]

Proof. (Sufficiency). First, for each A € [—m, 7], consider the analytic function
7 — h(z; A) = (¢ +7)/(e'* — z) in the unit circle D(0: 1) = {z € C : |z] < 1}.
A little algebra shows that the real part of h(z; A) is the so-called Poisson kernel
(Exercise 12)

Reh(z; 1) = (1 — r?)/[1 — 2rcos(6 — A) +r*] := P(r,0 — )) (3.54)

3 An excellent source of all the results used is the complex variables part of the graduate text
(Rudin, 1974).
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forz = re’?(0 <r < 1,0 € [—m, w]). Also, w(z) = f[_mn] In f(A)h(z; A)dA is
analytic, as is easily shown by the convergent expansion of z — h(z; A) in D(0 : 1)
under the integral sign. The analytic function (z; 1) is a harmonic function in D(0 :
1) for each A, i.e., thought of as a function on the (x, y)-plane, with z = x + iy , its

Laplacian Aw(z) vanishes, where the Laplacian is defined as A = %22 + 3‘%. For

the real and imaginary parts of an analytic function are harmonic. Hence the real
part of %w(z), namely,

1

— In fRQ))P(r,0 — X)dA = u(r, 0), (3.55)
2 [—m,7]

say, is harmonic since In f (1) is integrable, by hypothesis. Here, once again one*

expresses the real part of w(z) as a function of (x, y), via the relation z = x+iy,r =
lz| = (x* + yz)%. By Jensen’s inequality,

u(r, ) < Lln/ FOOP(r, 6 — M)dh. (3.56)
2 [—m,7]

w@)

Define g(z) = exp{=.~}. Then, by (3.56) and Jensen’s inequality,

lg(re')* = 1g(2)* = exp{w(z)/27}|
= |exp{Rew(z)/2n +ilmw(z)/2r}]
= exp{Rew(z)/2r}

explu(r, 0} < % / FOP, 0 —Ndr.  (3.57)

[—m.7]

Since the Poisson kernel is a probability density function on [—m, ] (see
Remark 3.3), i.e., % f[_ﬂ - P(@r,0 — A)dr =1 for all 0, one has

1 1
—/ |g(reif)|>do < — f()dr < oo, forall0 <r < 1.
27‘[ [—7,7]

21 (=

(3.58)
Moreover, lim, 41 lg(re?))? = lim, 41 expu(r,0) = f(0) for almost all 6, with
respect to Lebesgue measure on [—m, w]. To understand this result, note that
P(r, 6 — 1) is the density of a distribution which converges weakly to the point mass
Sp(d)) on [—m, ], as r 1 1 (see Remark 3.3 below). Hence if In f is continuous,
u(r,0) in (3.55) converges to In f(6), so that lg(rei?)|? converges to f(0) =
lg(e!?)|?. If In f is just integrable, then the convergence is almost everywhere
(Rudin 1974, Section 11.12). The function g(z) is analytic in D(0 : 1), so it has

4 Rudin (1974), Sections 11.3-11.5.
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an expansion g(z) = ano b,7", the sum being absolutely convergent in D(0 : 1).

Therefore, g(re’?) = 200 byr'e"® converges to g(e'?) = Y ons0 be'"? as

r 1 1. The relation (3.58) now implies >, ., |b,|?> < oo, and the hypothesis of
Proposition 3.14 is satisfied. N

(Necessity). By Proposition 3.14, the spectral measure is absolutely continuous
with a density f of the form f(8) = |g(exp{if})|>, where g(exp{if}) =
> o0 bue™, with " 1by|* < 0o. Then

8(2) =) buz" =) bur"e" = g(rexplit))

n>0 n>0

is analytic. Let A = {# € [—m, ] : |g(rexpif)| < 1},and B = {6 € [—m, 7] :
|g(r exp{if}| > 1}. Assume for the moment g(0) = 1. Write

f |1n|g(rexp{i9}>||de=/+/ =2/ —/ . (3.59)
[—m,m] A B B [—m,m]

By Jensen’s formula (Rudin 1974, Theorem 15.18) (see Exercise 16),

/ lInlg(rexpi®)lldd =In [] — =0, 0<r<1, (3.60)
(.71

1<m<s [V |

where y,, are the zeros of g(z) in D(0 : r). Hence, from (3.59) and the fact’ that
Inx <x forall x >0,

/ [In|g(rexpif)||dO < 2/ In |g(r exp{if})|dO
[—7.7] B
=/ln|g(rexp{i0})|2d9
B
< [ 15 exptionas
B

< / 10 exp(i)) 26
[—7m, 7]

= 1Y bure12a0
[

n

< @m) Y |bal* < oo (3.61)

n>0

5 Rudin (1974), Sections 11.12, 15.18.
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As argued in the “sufficiency” proof, one then has lim, 41 | g(re'?)|? = £(6) almost
everywhere and, by Fatou’s lemma,

r

/ |In £(0)|d6 = / lim|In|g(r exp{i@})||2d9
[—m, 7] [—m, 7] T

< lim sup / | In |g(r exp(i6})]|d6
rtl [—m,7]

= 21imsup/ |In|g(rexp{if})||dO
rtl [—m,7]

<27 Z by |? < 0. (3.62)

n>0

It only remains to consider the case g(0) # 1. In this case if the first nonzero
term in the expansion of g(z) is axz¥, then apply Jensen’s formula to the function
2(z) = g(z)/axz*, so that §(0) = 1. Then, instead of the lower bound of 0, as
the last inequality of (3.60), one gets a lower bound of a finite number ¢, perhaps
negative, and the proof of finiteness of f[_mn] |In|g(r exp{if})]|dO in (3.61) goes
through (Exercise 16). |

Remark 3.3. The function A — P(r,0 — A) in (3.54) may be shown to be the
density of B, where t is the first time a two-dimensional standard Brownian motion
{B; : t > 0} hits the unit circle at a point (cos @, sin6), represented as exp{if},
starting from a point (r, 8) in polar coordinates or the point » exp{if} in complex
coordinates, 0 < r < 1 (Exercise 14).

It follows from the proof of Proposition 3.14 that the coefficients a, in the
moving average expansion of X, and the coefficients of b, in the expression for
g(%) determine each other, namely, a, = ~/27 - b,,. Especially, the prediction error
lag|? can be expressed in terms of the spectral density f using this relationship (see
Corollary 3.3).

Theorem 3.16 (Szego—Kolmogorov Formula). Under the hypothesis of Theo-
rem 3.15, the prediction error is given by

1
E|Xut1 — Py, Xnt11? = laol* = exp {5 / lnf(k)dk} ,
[_

7,7]

where f is the spectral density.

Proof. Recall from the proof of Theorem 3.15 the functions

g(2) = exp{w(z)/4r},
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and
w(z) = / In W™ +2)/ (e — 2)1dA. (3.63)
[—7,7]
Now,
=1+ zeikz Zefinkzn’ (3.64)
n>0
and
w(z) = f In fF(M)dr +2 / Inf(0)Y e ™z, (3.65)
[—m,7] [—m, 7] n>1
so that

1 1 4
g(z2) =ex {— / In f()»)d)»} . ex _ / In £ () efzn)»znd)L
P 47 [—m,7] p 2w (=77 Z

n>1
(3.66)
Equating this to g(z) = )~ bsz", one can express the coefficients b, in terms
of the spectral density f. As shown in the proof of Proposition 3.12, a, = by,
where a, are the coefficients a,, of the time series (3.47). In particular, a9 = by =
exp{% f[—rr,n] In f(A)d\}, and the prediction error is

lag|*> = exp {%[I llnf(k)dk}.
-, 7T [ ]

Remark 3.4. If a moving average is expressed as X, = ZO<m<oo am&n—m, Where,
instead of being orthonormal, {,} is an orthogonal sequence with common variance
o2, then the prediction error is |ag|>02, given by the Szego—Kolmogorov formula.

Remark 3.5. If one wishes to compute the h-step prediction error, then, provided
that the representation is in terms of an orthonormal error sequence, one has

0(h) = E|Xy — Py, , Xul = lao + a1 + - +ap—1] = |bo + b1 + -+ + bp-1].
These constants may be obtained by computing the coefficients of zX(k =
0,...,h—1)in (3.66).

Remark 3.6. Prediction theory, presented above in its most general form, is due to
Kolmogorov (1939, 1941a,b), with earlier contributions due to Wold (1938) and
Szegd (1920). In particular, Kolmogorov proved that the formula in Theorem 3.16)
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holds for arbitrary weakly stationary processes in the Wold decomposition, with
f being the absolutely continuous component of the spectral measure. Prediction
theory in the continuous parameter case was obtained by Wiener in 1941, indepen-
dently of Kolmogorov. We refer to Doob (1953), Chapter XII, for a comprehensive
presentation of prediction theory. Among other valuable references are Gihman and
Skokohod (1974), Chapter IV, Grenander (1981), Chapters 3-5, and Brockwell and
Davis (1991), Chapters 4,5.

Next we will obtain representations based on covariance structure for processes
which need not be weakly stationary. In this regard, the next result is the widely
used Karhunen—Logve expansion® of a mean-zero real- or complex-valued process
{X; : t € T} with a continuous covariance function (s,7) — r(s,t) on a finite
interval T = [c,d], ¢ < d or more generally random field (see remarks below).
Consider the integral operator K : L([c, d]) — L*([c, d]) defined by

(Kf)(s) =/[ " f@®r(s, t)dt. (3.67)

Then, by Mercer’s theorem (see Appendix A), K has a sequence of positive
eigenvalues Ay > Ay > ..., with corresponding orthonormal eigenfunctions
@1, %2, - -- such that Y 3° A2 < oo and

r ) =Y Magn(®)@at) (5.t € [c,dD), (3.68)

n=1

where the convergence is absolute and uniform. Observe also that K is a Hilbert—
Schmidt operator in the sense that Y, A2 < 0o, since

00 > Ir(s, 0)|?dsdt =Y A2,
[c,dl/[c,dl ; "

Theorem 3.17 (Karhunen—Loéve Expansion). Assume the covariance function
r(s, t) is continuous on [c, d] X [c, d]. Define

1 JE—
Zp =2y / Xipn(t)dt n=12...). (3.69)
[e.d]

Then {Z,};2 | is an orthonormal sequence of random variables (in L%(2, F, P)),
and

6 This theorem is due to Karhunen (1946) and Logve (1948).
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X = Z\/)ann(t)zn (teT =][cd), (3.70)
n=1

with the sum on the right converging in L?(£2, F, P).

Proof. In view of (3.68), the general orthogonal representation Theorem 3.3 applies
with u({n}) = r,on A ={1,2,...},and ¥ (s,n) = ¢,(s) (n = 1,2,...). Hence
there exists an uncorrelated sequence Z({n}),n = 1, 2, ..., such that IE|Z({n})|2 =
A, foralln > 1 and

Xi =) ga()Z(n)). (3.71)

n=1

Now let Z, = A, /*Z({n)). ]

Remark 3.7. The representation is also variously referred to as a principal com-
ponent decomposition, empirical orthogonal decomposition, or singular value
decomposition. The coefficients /A, are referred to as the singular values. The
above choice of T = [c, d] with Lebesgue measure provides a standard version
of the Karhunen-Loeve expansion. However the above proof carries over without
change to (centered) random fields {X; : ¢ € T'} indexed by a compact metric space
T and a finite measure 7 (df) on the Borel o-field of T and fully supported’ on T,
for the Hilbert space L?(r) with the inner product defined by

(frg) = /T FORDRD,  f.g € L2().

Such generality has applications to random fields indexed by compact manifolds
representing biological organs, for example. Also, viewed this way, one obtains
the classical version of the singular value decomposition from linear algebra
corresponding to a finite set T = {1,2,..., M} and n({j}) = 1, forall j € T,
i.e., counting measure. In this case the operator K has the matrix representation by
(@ 1<i,j<m-

Remark 3.8. If one has many independent realizations (samples) of {X, : t € T},
then, using the law of large numbers, one can estimate the mean m; = EX; for
purposes of centering and the covariance kernel r(s, t). If one has only a single
realization, say for t € T = [0, S], with S large, then one needs to assume
stationarity and ergodicity (to be treated in the next chapter), in order to properly
estimate r (s, 7).

7The full support is needed in order to obtain Mercer’s theorem in this generality; see the
Appendix.
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Remark 3.9. Pattern (or feature) extraction and dimension reduction are among
the most popular uses of Karhunen—Loeve decompositions. These naturally involve
analysis of the eigenfunctions (i.e., principal components) and truncations corre-
sponding to the largest eigenvalues.® Dimension reduction roughly occurs when
only a few of the eigenvalues are large and capture most of the variance.

Example 6 (Spectral Representation of Brownian Bridge and Brownian Motion).
Let {B; : 0 <t < 1} be the Brownian bridge defined by

B =B, —tB;, 0<t<l,

where {B; : 0 <t < 1} is standard Brownian motion started at zero. The covariance
function of {B;" : 0 <t < 1} is readily computed as

s(1—1)ifs <t,

t(1—ys)ifs >t. (3.72)

r(s,t) = {

Consider the integral operator K on the real Hilbert space L> = L>([0, 1], dr)
having the kernel function r (s, ¢). In view of Mercer’s theorem and Theorem 3.17,
one then has the Karhunen-Logve expansion of the Brownian bridge B;* in terms of
an i.i.d. standard Gaussian sequence {Z,}°>° | (noting that the right side of (3.69) is
Gaussian),

o .
t
Bf:zZ%Zn, 0<r<l. (3.73)
n=1

Using the Karhunen-Loeve expansion of the Brownian bridge, one may also
represent standard Brownian motion B;, 0 <t < 1, as

sin

o
B,=B] +1B =2)

n=1

t
g +iZe, O<i<1, (3.74)
nim

where {Z, : n = 0,1, ...} is an i.i.d. standard Gaussian sequence. We have used
the fact that {X; = B; —tB; : 0 < t < 1} is independent of B, to derive
the representations (3.73) and (3.74). However, the expansion (3.74) is not really
the Karhunen—Loeve expansion for Brownian motion, whose covariance function is
r(s,t) = min{s, t}. If K is the operator on L2([0, 11, dt) having this kernel, then
g(t) := Kf(t) (f € L*([0, 1], d1)) is easily shown to satisfy

§'1)=-g®), g0 =0, g1)=0. (3.75)

8 For applications in this connection, see Glavaski et al. (1998).
9 Wiener (1923).
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The functions sin(2”TJrl wt) (n = 0,1, ) are eigenfunctions of K (but sin(nrt),
n > 1, are not). In particular, it is straightforward to check that the Karhunen—Loeve
representation for standard Brownian motion starting at zero is given by

2sin(2f )

<t<l. (3.76)
2n+ D

oo
B, =22,
n=0

The corresponding calculations readily extend to the Karhunen—Loeéve representa-
tion of Brownian sheet!? as well (Exercise 3).

To conclude this chapter, we will consider further representations for the special
case of Gaussian processes. Again, we do not assume weak stationarity for this
development. In the end this will provide a way to compute the spectral density for
fractional Gaussian noise.

Proposition 3.15. Let (S, S, m) be a o -finite measure space such that L2(S ,S,m)
is separable. Then there is a family of random variables {Z(h) : h € L%(S, S, m)}
such that (i) Z(ahy + bhy) = aZ(h1) + bZ(hy) as. for hy, hy € L*(S, S, m),
a,b € R, and (ii) Z(h) is Gaussian with mean zero and variance EZ2(h) = ||h||> =
[g |h(s)[*m(ds), for each h € L*(S, S, m).

Proof. Let {@, : n > 1} be an orthonormal basis for L2(S, S, m). One may apply
the Kolmogorov construction'! to obtain an i.i.d. sequence Z1, Z», ... of standard
normal random variables on a probability space (2, F, P). Define

o0
Z(hy =Y (h.gn)Zn. heL*S.S.m),
n=1
noting the Lz—convergence of each such series to an element of L2(S, S, m). |

In the case that h = 1p, for B € S, with m(B) < 00, one writes Z(B) = Z(1p).
This defines an orthogonal random field {Z(B) : B € S}, sometimes referred to as
a Gaussian measure with intensity m. Although for disjoint By, By, ... in S such
that m(B;) < oo for each j > 1, one has Z(U;>1B;) = ijl Z(Bj) as., and
in L%(S, S, m), the null set on which equality does not hold can depend on B. The
term “measure” is a standard abuse of terminology which must be interpreted with
care in this context. One may also denote it by Z(ds) with the meaning defined by
Proposition 3.15.

Example 7 (Spectral Representation of Fractional Brownian Motion). Recall that
for fixed 0 < h < 1 the covariance function for fractional Brownian motion

10 See Adler and Taylor (2007). Also see Noda (1987), for the more difficult case of Lévy Brownian
motion indexed by R¥ and/or the k-dimensional sphere.

11 See BCPT, p.168.
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(h) . e ol
{B;" :t € R}is given by
1
ron = s {lsP 4 —ls =1} 0=sieR

Although fractional Brownian motion is not a stationary process, it is a Gaussian
process with stationary increments; see Example 5 in Chapter 2.

Letting Z(ds) denote a mean-zero Gaussian orthogonal random field with § =
R and m Lebesgue measure on the Borel o-field S = B, one has the following
“moving average” type representation for fractional Brownian motion. Positive and
negative parts of a € R are denoted by a; =a vOanda_ = —(a A 0) = (—a)4,
respectively.

Proposition 3.19. For0 < h < 1,h # 1/2, define
21 21
g(s, 1) = ((l -5 = (=97 ) , s,teR.
Then'?

1
B<h>:_/ (s,0)Z(ds), teR,
T Sy 8

where

c(h) = {/oo ((1+s)2/l{1 —szgl)zds+i}é
o 2nf

In the case h = %, this representation may be extended to include Brownian motion
with the convention that

)
t

t 0
B :/ 1[0700)(1‘)Z(ds)—/ 1—0.0)(t)Z(ds), teR.
0 t

Proof. Denoting the right side of the asserted representation by X,, one may
easily calculate EX tz = |t*" by explicit integration considering each of the cases
t > 0,1 < 0, separately, and checking square-integrability in neighborhoods of
singularities. For # > 0, one has

12 This representation is sometimes loosely expressed as B,(h) = ﬁ{ fioo(t — s)% Z(ds) —
f?oo(—s) Iz (ds)}, t e R;however such integrals do not exist separately. We prefer to avoid

this particular abuse of notation, and however it does motivate the definition since the first integral
may be viewed as a “fractional derivative” of the Brownian paths Z(ds), and the second integral
suggests a centering adjustment to get L2-convergence of the integrand.
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(t — )21 if0<s <t
- N2
g (s, 1) = ((z _o — (—s)%) ifs <0, (3.77)
0 if s > 1.

Making a change of variable r = t /s, one arrives at

cz(h)]ElXt|2=/g2(s,t)ds
R

1 00 _ —1\2
:ch{/ (1 —r)2h—1dr+f ((1+r)% —rZth) dr}-
0 0

= c2(h)t?". (3.78)

The case t < 0 is similar. Also, for 0 < #; < 1,

21 2-1\2 .
(=" = -9 ) ifs <n
(g(s. 1) — g(s.11))* = (ty — 5)2h=1 ift; <s <,
0 if s > 1.
(3.79)
This, together with a similar change of variables as above, first u = s — #; and then
r=u/(t, —t), yields
2
AME (X, — Xy)™ = () (1 — 1)

Thus, the desired calculation results from the identity
EX X, = - [EX? +Ex2 - E(X, - X%}
tAs — 2 t s t s .

In particular, therefore, {X; : t € R} is a version of {B,(h) :t € R}L |

Remark 3.10. Moving average representations of the general form

Xi = / g(s,)Z(ds), teR, (3.80)
R
with
g(s. 1) =9 —s)—¥(0—y)
for square-integrable functions ¢, ¥ also include, for example, an Ornstein—
Uhlenback process by taking ¢(t) = e¢~', ¢ > 0, and ¢(t) = 0,7 < 0, and ¥ = 0.

In particular, the representation defines a stationary (Markov) process in this special
case.
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A “Fourier dual” to this can be obtained (guessed then proven) by considering a
representation of the form Bt(h) = fR g(x, t)z(dk), where 2(dk) = 21(dk) +
i 22(dk), for a pair of real-valued independent mean-zero Gaussian orthogonal
random fields Z; (ds), Z>(ds) for L*(m), where m(ds) = Lds, and where Z1(B) =

21(—3), Zz(B) = 22(—3), B € B such that m(B) < oo. For a complex square-
integrable integrand ¢ = &1 + ig> such that g; is an even and & an odd function,
ie., (=) = g(1), the integral [ (1) Z(d1) is defined by

A@mﬂﬂw=A@men—A@m2wu (3.81)

Remark 3.11. These definitions are suggested by considering a formal Parseval-
like relation for which ng(k)i(dA) = Jp&(s)Z(ds). In addition, a further
heuristic argument leading to the next representation using these definitions will
be given following its proof.

Let us now see that such heuristics lead to a correct guess for the representation.
Namely,

Proposition 3.20. Let0 <h < 1,h # % Then

1 it 1 R
W:T/V AT Zdh), 1eR,
cth) Jg iXx

where

0 i o0 _ 2 %
¢(h) = {/ szrdr —I—/ {4 = cosr))” C(;S(r)) dr} .
o T 0 r

L’”)”—l
i

Proof. Since | | is bounded in neighborhood of A = 0 and decays as |A|~! as
A — Zo00, the integrand is clearly square-integrable. Thus the representation is well
defined. Denote it by X;. Then, noting that [e’* — 1|> = 4sin?(%) and using (3.81),
one obtains by a change of variable that

Ex? = (2 {/ = rdr+/ ﬂdr} = (382
0 0

E(h)? r2 r2

The computation of E|X,, — X/, |? is similar. One has

N |ei)»(t2—t1) _ 1|2 _
EMEIX,, — X, |* = /RTW 2ht1 g,

=l - r1|2h4/ (1 = cos(r)? r=?"~dr.
R
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So the desired covariance structure again follows from the identity

1
EX,X, = 5 [EX? + EX2 — ECX, - X, -

Remark 3.12. A heuristic basis for this representatlon as a “coloring” of Gaussian

(white) noise can also be obtained by noticing that £ is the Fourier transform

of 1j9,(s). The purely formal form of the (nonex1stent) Fourier transform of
2h—3 2h—3

5.2 would have the (divergent) form [p e*%s, % ds = |A|_% I ey dy

Expressing the Fourier transform of convolution as a product of Fourier transforms,

together with the above Parseval-like stipulations defining Z(d)) and the integration

formula, formally leads to the form of Proposition 3.20 that was rigorously proven

to be correct.

As an application of this representation, it can be used to compute the spectral
distribution for the fractional Gaussian noise W(h) B(h) — Bj(.h), j=0.

c; =EWwh, —EB"B" ., —EBMB®;

1 in 11?2
= — \/‘elk‘] - |)\.|_2h+ld)\,
c? Jr ix
1 = m2nn iAj| IA 2 2h—1
= — M et — 1122 an
C(/’l)2 n;oo /n+2n7r
1 l)\j i\ —2h—1
= Zf le'* — 11|A + 2nx| dr
i
1 r >
:7/ el =117 Y h+ 207 an (3.83)
c(h)= J_5 o0
Thus!?
T . 2 X
Fn = g R I D e N ]
C

n=—oo

13 For this and a much more extensive treatment of fractional Brownian motion representations,
see Samorodnitsky and Taqqu (1994). An application of the Karhunen-Loéve expansion for
fractional Brownian motion to problems in fluid flow, which includes formal asymptotic estimates
of eigenvalues and eigenfunctions for the fractional Brownian covariance kernel, is given in
Bronski (2003). An insightful analysis in the contact of financial mathematics is given by Rogers
(1997).
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Writing F(d)) = f(L)dA, then, since |e/* — 112 ~ |A2/2 as A — 0, splitting off
the n = 0 term yields

2 1-2h

1
A1
0 < 0 < 1 is often referred to as a %-noise. Thus one obtains a %-noise in the case

A stationary sequence with a spectral density of the form for an exponent

1/2 < h < 1. Notice that the convergence/divergence of ), |c,| is also reflected
in the behavior of the spectral density as A — 0. Recall also that the correlations are
positive, i.e., ¢, > 0, in the case 1/2 < h < 1. The fractional Gaussian noise
is sometimes said to exhibit long-range dependence when 1/2 < h < 1.1t is
sometimes said to be chaotic in the case 0 < h < 1/2. The case h = 1/2 of
uncorrelated increments is referred to as a white noise.

Finally one may note that when /& 7 1/2 the fractional Gaussian noise sequence
provides an example of non-diffusive scaling for stationary processes in the sense
that one must scale the partial sums Z?‘:] Y; by n" to obtain a (Gaussian) limit
distribution as n — o0, see Exercise 11.

Exercises

1. Compute the Wold decomposition for an AR (1) model. [Hint: See Example 3.]
2. (Poisson Random Field) Let (A, L, ) be an arbitrary measure space with u a
o -finite measure.

(a) Show that there exists a random field {N(B) : B € L, u(B) < oo} such
that (i) N (B) is Poisson with mean u(B), (ii) if By N B, = @, then N(B{ U
By) = N(B1)+N(By) a.s., and (iii) if BiNBy = @, then N(B;) and N (B,)
are independent. [Hint: First assume p is a finite measure, and let n; (i =
1,2, ) be ii.d. random variables with distribution u(du)/u(A), and let
Y be a Poisson random variable with mean p(S), independent of {n; : i >
0}. Check that N(B) := ZL] 13(n;) (1[y=1; has the desired properties by
using the moment generating function (mgf) of N(B) and the joint mgf of
N(B1) and N (By) for disjoint By and B;. For the general case, let D, be
pairwise disjoint sets in £ such that 0 < u(D,) < oo and U2, D, = A.

()

Then define an independent family of random variables {Y,,n;”” : n =

1,2,...;i=1,2,...} with distributions given by P(n}n) € B)=u(BN
Dy)/u(Dy), B € S,and P(Y, = k) = e *P0uk(D,)/k! (k =0, 1,---).
Let N(B) = Y02, 37 15(n") 1y, =11.]
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(b) Let {N(B) : B € L, u(B) < o0} be as in (a). Show that {IV(B) = N(B)—
w(B) : B € S, u(B) < oo} is a real-valued orthogonal random field for
(A, L, ). [Hint: Check EN (B))N(B2) = (B N By).]

(¢) Let A = [—m, ], and let u be a finite measure. Let U (dX) and V (d)) be
two independent real-valued orthogonal random fields as in (b). Define X,
by (3.16) (or by (3.14) with Z(-) = U(-) +iV(-)). Show that {X,, : n € Z}
is weakly stationary with spectral measure F' = 2w .

(d) For the case F has the two-point support: F({—7%}) = F({3}) = 2m,
compute U(-), V(-) as in (c), and show that {X,, : n € Z} is not
(strictly) stationary. [Hint: U({%}) = Ny — 3, V({%}) = N> — 5 and
U (o0, n]\{%}) = 0 = V{0, 7]\{m/2}) a.s., where N; and N, are
independent Poisson random variables each with mean % Show that, for n
even, X, = 2(—1)"/2(Ny — ) and, for n odd, X, = 2= (N, — ]

(e) Check that, if u(A) < oo, then N(-) and ﬁ(~), as defined in (a) and (b) are
random measures: N(Uy2 | B,) = Zfiil N (B,) for every pairwise disjoint
sequence {B,} C S. The same holds for N.If u(A) = oo, let N(B) = o0
a.s. if w(B) = oo. Then N (-) is a random measure on (A, £).

. (Brownian motion and Brownian sheet)

(a) Verify the Karhunen-Loeve expansion for Brownian motion by computing
the eigenfunctions and eigenvalues in the case of the kernel K (s, t) = s A
,0<s,t<1.

(b) The k-dimensional Brownian sheet is the mean-zero Gaussian random
field {B(t) : t € [0, 11* } having covariance kernel given by K(s,t) =
[T5—isj Atj.s = (s1....os0.t = (t1,.... %) € [0, 1]*. Compute the
Karhunen-Loeve expansion for the Brownian sheet. [Hint: The eigenvalues
and eigenfunctions are products of those obtained for the one-dimensional
problem.]

. (Gaussian Orthogonal Random Fields, White Noise)

(a) Let {X, : n € Z} be a stationary mean-zero complex-valued Gaussian
process. Show that the associated orthogonal random field Z(-) in the
representation (3.14) is Gaussian (i.e., Z(B) is a complex-valued Gaussian
random variable for all Borel B C [—m, ]).

(b) If {X,, : n € Z} is a real-valued stationary Gaussian process with
(symmetric) spectral measure F on [—m, 7], show that U(-) and V(.)
in (3.16) are two independent real-valued orthogonal Gaussian random
fields on [0, 7] and that for Borel By, By, --- , B, C (0, 7] the k random
variables U(Bj), 1 < j < k, are jointly (mean-zero) Gaussian with
covariances Cov(U (B;), U(By)) = F(Bj N By)/4m. The same is true for
V(-). However, U ({0}) is mean-zero Gaussian with variance F({0})/27,
while V ({0}) = 0 a.s. In the particular case F /47 is Lebesgue measure on
[0, ], U(-) (as well as V(-)) is called white noise on [0, 7r].
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10.

11.

12.

13.

14.

(c) Construct (Gaussian) white noise W (-) as an orthogonal real-valued ran-
dom field on R, and show that its restriction B; := W ([0, ]), t > 0, has
the same finite dimensional distribution as Brownian motion.

. Identify the random fields U(-) and V(:) in the representation (3.20) for the

Ornstein—Uhlenbeck process.

(Red, White, Blue AR(1) Spectra) Physicists assign colors to spectral distribu-
tions by considering colors displayed by equivalent frequency bands of light.
Red is displayed by decreasing power f(1)dA in bands of increasing frequency
|A], blue is displayed by increasing power f(A)dA in bands with increasing ||,
and white has constant power across equal frequency bands A = dA. Explain the
classification of the spectral distributions for AR(1) accordingly in each of the
casesof 0 < B < 1,8 =0,and —1 < B8 < 0, as red, white, and blue.

. (a) Show that the spectral density of the AR(p) process, under the hypothesis

of Theorem 3.10, is |1— (e ~**)|~2. [Hint: Spectral density of {Z,, : n € Z)}

is 1f—p.m), and 35 _gaje™* = (1 = yr(e7) 7]
(b) Show that the spectral density of the ARMA(p, q) process, under the

hypothesis of Theorem 3.11(a), is |1 + 6 (e ") |?|1 — ¥ (e"*)| 2.
Show that the hypotheses of Theorems 3.10 and 3.11(a) are satisfied if

p—1
i=0 1Bl < 1.

Use (3.73) to derive the identity 4 "0, S0 — (1 — 1) 0 <1 < 1.
Estimate E|X; — X,|* for the sum on the right in (3.73), and prove that X; has
continuous sample paths (a.s.). Then deduce the process defined by the series
in (3.74) has, with probability one, continuous sample paths.
Let {Y; : j € Z} denote the fractional Gaussian noise. Show that the finite
dimensional distributions of the partial sum process {n~" Sinr) 0 0 <t < 1}
converge to those of the corresponding fractional Brownian motion {Bt(h) :0<
t <1}
(Poisson Kernel) Show that in D(0 : 1) the real part of h(z, 1) = (e +
z)/(e'* — z) is the Poisson kernel P(r,0 — A). [Hint: h(z, ) = [1 — r> +
2irsin(@ — M)]/|1 — ze7*|2].]
Show how to modify the proof of “Necessity” of Theorem 3.15 for g(0) = 0.
[Hint: Use Jensen’s formula for the function g(z) = g(z) /akzk , where the first
nonzero term in the expansion of g(z) is axz*(k > 0). Apply Jensen’s formula
to g(z), with g(0) = 1. Then f[—n,n] |In|g(rexpif)||dd < oo. Use this to
prove the desired assertion.]
(Mean value property of the Poisson Integral) Let f be a continuous function
on the unit circle T, and ¥ f(x, y) = Ey , f(B;), where (i) B is a standard
Brownian motion on R?, starting at (x, y) in the unit disc D(0 : 1), and 7 is the
first time the Brownian motion reaches T.

(a) Show that ¥ f(x, y) is harmonic, and it has the mean value property:
Ufx,y) = f Uf(u,v)ua(du,v)), where (u,v) is (a random) point
on the circle with center (x, y) and radius a contained in D(0 : 1), and
Waq(d(u, v)) is the uniform distribution on this circle. [Hint: Use the strong
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15.

16.

(b)
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Markov property of Brownian motion, with stopping time 7, which is the
first time it reaches this circle.]

Using the property that AY f = 0in D(0 : 1), and ¥ f has the boundary
value f on T, check that the (unique) solution of this equation is the Poisson
integral ¥ f (x, y) of f with density function » — %P(r, 6 — A), where
r=(x2+y)2 Thatis, U f(2) = (1 - r?) & [ FOOP(r, 0 —1)da,

(z=(x,y) =r(cosb,sinb), f(k) = f(cosA,sin})).

Using the expansion of g in (3.62), calculate a; = by, and thereby, the step two
prediction error E|X,, — Py, , X,|?.
Let f be an analytic function in the disc D(0 : R) = {z : |z] < R}. Let
0 <r < R,andletay,...,a, be an enumeration (with possible multiplicities)
of the zeros of f in D(0 : r) and ay,+1, ..., ay be the zeros, if any, on {z :
|z| = r}. Assume also that f(0) # 0.

(a)

(b)

©

(d)

Show that the function g(z) = f(2)[[jcpem T — @n2)/(r(an —
DI, +1<n<n dn/(an — 2) is analytic in D(0 : r + ¢€) for a sufficiently
small € > 0 and has no zeros in D(0 : r + €). [Hint: The denominators of
g cancel out by factorization of f; also € > 0 may be chosen so that f has
no further zeros in D(0 : r + €).]

Show that log|g(z)| is harmonic in D(0 : r + ¢€) and therefore has
the mean value property log|g(0)| = f[—n,n] log |g(r exp{i6})|d6. [Hint:
There exists an analytic function w(z) = u(z) +iv(z) on D(0 : r 4€) such
that g(z) = exp{w(z)}. Now |g| = exp{u}, log|g| = u = Rew.]

(i) Show that |g(0)| = |f(0)] ngngm |;7, and (ii) log |g(r exp{if})| =
log | f (rexp{i®})| — Zm+l§n§N10g|l — exp{i(@ — 6,)}| where a, =
rexp{ifn}, form + 1 < n < N. [Hint: (i) follows from definition of g.
(ii) holds because on {z : |z| = r}, the modulus of each of the factors in the
first product in the expression for g(z) is one.]

Prove that f[_mn] log |1 —exp{if}|d6 = 0. [Hint: This is proved by contour
integration in Rudin (1974), Lemma 15.17. Another idea is the following.
For0<b < 1,

/ log |1 — bexp{if}|do
[—m.7]

1
= -/ log |1 — bexp{i6}|>do
2 [—7,7]

= %/ log(1 — bexp{if})(1 — bexp{—if})do
[—m,7]

/ > [(bk exp{ikt}/ k) + (bk exp{—ik0}/k)1do

[=7.7] >

1
2
0
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Now let b 1 1. Unfortunately, the justification for the interchange of
integration and limit is not clear here.]
(e) (Jensen’s formula). Prove that

FO1 T @¢/lanD)

1<n<N
=1f O J] ¢/laD
1<n<m
= exp{(1/2mr) log | f (r exp{i6}|d6.

[-7m.7]

[Hint: For the first equality, note that |r/a,| = 1 form + 1 <n < N. For
the second, use (b), (c), (d).]



Chapter 4 )
Birkhoff’s Ergodic Theorem oo

In the context of stochastic processes, ergodic theory relates the long-run
“time-averages” such as the sample mean of an evolving strictly stationary
process Xo, X1, ... toa “phase-average” computed as an expected value with
respect to a probability distribution on the state space. This is the perspective
developed in this chapter.

In addition to the examples of the previous chapters, Markov processes having
an invariant probability m also provide a broad class of examples in this regard.
The following is a useful re-formulation of the notion of stationarity given in
Definition 2.1 in the case of processes indexed by the nonnegative integers, as the
invariance of the distribution of the process under a time shift map 7 on the (path)
space S*°.

Definition 4.1. A discrete parameter stochastic process {X,, : n > 0} on (£2, F, P)
with values in a measurable space (S, S) is said to be (strictly) stationary if the
distribution of X := (Xq, X1, X»,...) is the same as that of T"X = X,J,j =
Xms Xm+1, Xm+2, ...) for all m > 0, where the transformation 7 = T!, called
the shift transformation, is defined on S*° into S as Tx = (xi,xp,...) for
X = (xg, X1, X2,...) € §%.

Note that the shift transformation is a measurable map on the sequence space
S with respect to the product sigma-field S generated by finite dimensional
projections.

The la\iv of large numbers for stationary processes refers to a.s. limits of sample

averages Z',;;lo ¢ (X;) to alimit [(¢) as n — oo for suitable functions ¢ : § —
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R. A far reaching generalization' of the law of large numbers is the main topic of
this chapter. For this, we take an alternative perspective on the above average and
express it as follows:

n—1

1 1=
;%w(xm) == [, (4.1)

m=0

where f : S — R is defined by f(x) = ¢(x9),x = (x0,x1,...), and
T : 8§ — 8% is the shift transformation. Recall that the distribution of
(Xm, Xm+1, . ..) is the probability measure P o (T”X)~! induced on (§°°, S®)
by the map v — (X, (), Xpy1(®), Xmy2(w),...). From the perspective of
dynamical systems, where iterates of T furnish the evolution, “stationarity” of X
means that the probability (distribution) PoX~! on sequence space S is preserved
under the dynamics 7. We will return to this perspective in Chapter 6.

Denote the o-field generated by {X,, : n > 0} by G. That is, G is the class of all
events of the form G = [X e C1=X"!1C ={w e 2 : X(w) € C}, C € §%®,

Definition 4.2. For anevent G = [X € C] € G, write TG := {0 € 2 :
TX(w) e C}=[(X1,X2,..0€C]=[X¢e T-1C]. Such an event G is said to be
invariant if P(GAT~1G) = 0, where A denotes the symmetric difference defined
by AAB = (AN B) U (A° N B).

Note that while AAB = @ if A = B, invariant events are allowed to differ by a
P-null event.

By iteration, it follows that if G = [X € C] is invariant, then P(GAT ™" G) =0
for all m > 0, where TG = [(X;, Xm+1, Xm+2,...) € C]. Let f be a real-
valued measurable function on (S, S®*). Then v — f(X(w)) is G-measurable,
and, conversely, all G-measurable functions are of this composite form.

Definition 4.3. Let f be a real-valued measurable function on (§%°, S®®). A G-
measurable function f(X) on (§2, F, P) is said to be invariant if f(X) = f(TX)
a.s.

Note that G = [X € (] is an invariant event if and only if 15 = 1¢(X) is an
invariant function. Again, by iteration, if f(X) is invariant, then f(X) = f(T"X)
a.s. forallm > 1.

In connection with the strong law of large numbers, we are interested in the
following invariant events and functions. Given any G-measurable real-valued
function f(X), the functions (extended real-valued)

FX) i=Timyoon ' (FX) + FTX) + -+ F(T"'X)),
£ i=1im, 0 (X)) +--+ £(T"X)) 4.2)

1 This result, which was motivated by considerations of the relationship between “time-averages”
and “phase-averages” in statistical physics and dynamical systems, is due to Birkhoff (1931).
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are invariant, and the event [ f(X) = S (X)] is invariant. The class Z of all invariant
events (in G) is easily seen to be a o -field.

Definition 4.4. The class Z of all invariant events (in G) is called the invariant o -
field. The invariant o -field Z is said to be trivial if P(G) = 0 or 1 for every G € .

Notice that a non-degenerate invariant event or function cannot depend on a finite
segment of the process.

Definition 4.5. The process {X,, : n > 0} and the shift transformation 7" are said to
be ergodic if 7 is trivial.

Example 1. Let {X, : n > 0} be an i.i.d. sequence of real-valued random variables.
By Kolmogorov’s zero-one law,? the tail o-field T := N> 0 (Xn, Xng1,--.)
is trivial. Since the invariant o-field is contained in 7, the sequence is therefore
ergodic.

Example 2. Suppose that Y = (Yo, Y1,...) and Z = (Zy, Z1,...) are two i.i.d.
sequences of Bernoulli 0—1 (coin tossing) random variables defined on a probability
space (£2, F, P), with P(Y, = 1) = o and P(Z, = 1) = B, fora, B € (0, 1).
Suppose A € F with P(A) = p € (0, 1). Define another process X by X(w) =
Y(w), w € A, and X(w) = Z(w), w € A°. Then X is a stationary process. However,
if o # B, then the strong law of large numbers, respectively, applied to Y and Z,
implies that the invariant event G = [lim,_, % ZZ;IO X = o] has probability
p € (0, 1). Thus X is not ergodic.

As noted in the previous chapter, the implementation of some of the representa-
tion theory there may require estimates of expected values for which f(x) = xo,
or variances/covariances for which, after centering, involves f(x) = xoxi (k fixed)
in the result below. In essence this is a generalization of the classical strong law of
large numbers.

Theorem 4.1 (Birkhoff’s Ergodic Theorem). Let {X, : n > 0} be a stationary
sequence on the state space S (having o-field S). Let f(X) be a real-valued G-
measurable function such that E| f(X)| < oco. Then

an! Zﬁ;lo f(T™X) converges a.s. and in L to an invariant random variable g(X)
b g(X) = Ef(X) a.s. if Z is trivial.

We first need an inequality.® Write

My (f) = max{0, f(X). fX)+ fTX),.., fX) 4o+ FT"'X)),
M,(f oT) = max{0, f(TX), f(TX) + f(T*X), ..., F(TX) +--- + f(T"X)},
M) = lim My(f) = sup My (). “3)

2 See BCPT, p. 87.
3 The derivation presented here follows Garcia (1965).
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Proposition 4.2 (Maximal Ergodic Theorem). Under the hypothesis of Theo-
rem 4.1,

/ fX)dpP >0 forall G € 1. 4.4
[M(f)>0ING

Proof. Note that f(X) + M, (f o T) = M, +1(f) on the event [M,+(f) > 0].
Since My,+1(f) = M,(f) and [M,,(f) > 0] C [M,+1(f) > 0], it follows that
FX) = My(f) = My(f o T) on[M,(f) > O]. Also, My (f) = 0, My(f o T) = 0.
Therefore,

FX)dP = / (My(f) = Mo (f o T))dP

(M (f)>0ING

> / My(f)dP — f Ma(f o T)dP
G [M,(f)>0ING

> / My(f)dP — / My (f o T)dP
G G

=0,

/[‘Mn(f)>0]ﬂG

where the last equality follows from the invariance of G and the stationarity of
{X, : n > 0}. Thus, (4.4) holds with [M,,(f) > 0] in place of [M (f) > 0]. Now let
n 1 oo. |

Now consider the quantities

1 1=
Au(f) = max{f(X), z(f(X)-i-f(TX)),--. - Z fa X)},

m=0

A(f) = Tim Ay(f) = sup Ay(f).

n>1

The following is a consequence of Proposition 4.2.

Corollary 4.3 (Ergodic Maximal Inequality). Under the hypothesis of Theo-
rem 4.1, one has, for every ¢ € R,

/ fX)dP = cP([A(f) > c]NG) forall G € 7. 4.5)
[A(f)>cING
Proof. Apply Proposition 4.2 to the function f — ¢ to get

/ F(X)dP > cP(M(f —¢) > 01N G).
[M(f—c)>0ING



4 Birkhoff’s Ergodic Theorem 63

But [M,(f —¢) > 0] C [Ax(f —¢) > 0] = [An(f) > cl,and [M(f —c) > 0] C
[A(f) > cl. [ |

We are now ready to prove Theorem 4.1, using (4.5).

Proof of Theorem 4.1. Write

n—1 n—1
X i=Timyoe & X fA7X), X i=lim, ok 3 f(T7X),
r=0 - r=0
Gea(N)=1fX)>¢c, fX)<d]l  (c,d eR). (4.6)

Since G, 4(f) € Zand G, 4(f) C [A(f) > c], (4.5) leads to

/ JX)dP = f JX)dP = cP(Gea(f)). 4.7)
Gea(f) [A()>cINGea(f)

Now take —jf in place of f and note that (—f) = —f, (=f) = —7,

G_g—c(—f) = Gcq(f) to get from (4.7) the inequality _fG“z(f) fX)dpP >
—dP(Gca(f)),ie.,

/ JX)dP <dP(Gea(f))- (4.8)
Gea(f)

Now if ¢ > d, then (4.7) and (4.8) cannot both be true unless P(G.4(f)) = 0.
Thus, if ¢ > d, then P(G.4(f)) = 0. Apply this to all pairs of rationals ¢ > d to
get P(fX) > J (X)) = 0. In other words, (1/n) Z;’;Ol f(T"X) converges a.s. to
h(X) := f(X). To complete the proof of part (a), it is enough to assume f > 0,
since n=! Y07 FHITTX) — FT(X) as.and n= ! Y07 FS(TTX) > T (X) as,,
where f = max{f, 0}, —f~ = min{f, 0}. Assume then f > 0. First, by Fatou’s
lemma and stationarity of {X,,},

n—1
Ef(X) =Ef(X) < lim,_, E (1 3 f(T”(X))) —Ef(X) < oc.
o n r=0

To prove the L!-convergence, it is enough to prove the uniform integrability of the
sequence {(1/n)S,(f) : n > 1}, where* Sp(f) = Zz;lo f(T™X). Now since
f(X) is nonnegative and integrable, given € > 0, there exists a constant N, such
that || f(X) — feX)|l1 < €, where f(X) := min{ f(X), N¢}. Then

4 See BCPT, p. 17 for this L'-convergence criteria.
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/ Lspap < / Lsu(f = fap + f Lsu(fap
[ en [

Ls,(H>ah Ls,(pH>nn

e NP (%Sn(f) > A)
< e+ NEFX)/A. (4.9)

It follows that the left side of (4.9) goes to zero as A — 00, uniformly for all n.
Therefore S, (f)/n converges in L' to h(X). To show that h(X) = E(f(X)|T),
let G := [X € C] € Z for some C € S®®, and observe that if we write 15 =
1c(X) = h(X), then /(T"X) = g(X) a.s. for every m = 1,2, .... Hence, using
the measure-preserving property of 7,

n—1 n—1
1 1
Elg= Y f(T"X) =~ 3 Be(T"X) f(I"X) = Eg(X) £ (X) = Elg £ (X).

m=0 m=0
(4.10)
Letting n — 0o, we get the desired relation [, h(X)dP = [, f(X)dP. Part (b) is
an immediate consequence of part (a). ]

Corollary 4.4. 1f {X, : n > 0} is a stationary process with state space (S, S) and f
is a real-valued measurable function on S such that E| f(X)| < oo, then a.s. and in
L]

n—1

1
=2 fXm) > E(f(X0)|D)

m=0

asn — oQ.

Example 3 (The Classical Strong Law of Large Numbers). Let {X, : n > 0} be
an i.i.d. sequence of real-valued random variables. As observed in Example 1, this
process is ergodic. If E|Xo| < oo, then it follows from the ergodic theorem that
% Z;lf:lo X, — EXgpasn — ocoas.andin L!.

Example 4 (Exchangeable Sequences of Random Variables). Suppose that {X,, :
n > 0} is a discrete parameter stochastic process with values in a measurable
space (S, S) defined on some probability space (£2, F, P). Assume for every m =
0,1,2,... the distributions of (X, X1, ..., X;,) and (X, ..., X,,,) for any set of
m 4+ 1 distinct indices ny, ..., n,. Such a process (or its distribution) is said to be
exchangeable. Clearly an exchangeable process is stationary. The “mixture” (convex
combination) of two, or any finite number, of i.i.d. sequences is exchangeable. More
precisely, let 1, ..., ux be probabilities on (S, &) and suppose that {X,,j :n > 0}
is an i.i.d. sequence on (£2, F, P) having distribution u; foreach j = 1,2, ... k.
Let J be a random index, independent of the processes {X, ; : n > 0} for
j=12... . kwith P(J = j) = pj, with 0 < p; < 1,35_, p; = 1. Then
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define X, = X,,,5,n =0,1,2,..., foreverym > 0, B € S®m+D and distinct
indices ng, ..., Ny,

P((Xpy, ... Xn,) € By =EP((Xpg, ..., Xn,) € B|J)

Il
™M~

P/EP(Xpy, - -, Xn,) € BlJ = )

~.
I

I
VM”

~
Il
-

ij((Xno,jw--anm,j) € B)

Il
M~

p]P((XO,]’ R} Xm,]) € B)

> g

= P((Xo,7,---»Xm,7) € B). “4.11)
Thus {X, : n > 0} is exchangeable. If f is a bounded real-valued measurable
function on (S, S), then as. 1370 £(X,) = LYV T0r(X, ) — [ fduy,
where | g fduy is a random variable which takes the value /. g fdu; with proba-
bility pj, j = 1, ..., k. In particular this shows that {X, : n > 0} is not ergodic.
More generally, let S be a Polish space and S its Borel o-field. Let P(S) be the set
of all probabilities on (S, S) and B(P) its Borel o-field for the weak topology.

According to the de Finetti theorem,’-° therefore, every exchangeable sequence
{X, : n > 0} with values in (S, S) may be represented as a mixture of i.i.d.
sequences: X, = X, ,n > 0, where J is a random index with values in
(P(S), B(P)), and for each v € P(S),{X,, : n > 0} is an i.i.d. sequence
with common distribution v. Thus if J is not a.s. constant, i.e., {X,, : n > 0}
is exchangeable but not i.i.d., then {X,, : n > 0} is not ergodic, and for every
measurable f : S — R such that E| f(X()| < 0o, one has a.s.

n—1
1
lim — " f(Xn) = /S fOps (dx). (4.12)
m=0

n—oon

The following provides an alternative description of ergodicity in a weak sense
of “asymptotic independence” of events of the form [X € A] and [T"X € B].

Definition 4.6. A stationary process X = {Xo, X1, ...} with values in a measurable
space (S, S) is said to be weak mixing if for all A, B € S®®, one has

5 Bhattacharya and Waymire (2021), p. 162.

6 An extension of de Finetti’s theorem to exchangeable Markov processes was initiated in Diaconis
and Freedman (1980) that is worthy of mention here. Especially see James et al. (2008) for
inspiring connections to transient random walk.
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n—1
lim + > P(XeAIN[T"X € B]) = P(X € A)P(X € B).
n—oon

m=0

Proposition 4.5. A stationary process is ergodic if and only if it is weak mixing.

Proof. For sufficiency, suppose X = {Xo, X1, ...} is stationary and weak mixing.
Let[X € A] € Z. Letting B = A, we get P(X € A) = P(X € A)P(X € A) and,
therefore, P(X € A) = 0 or 1. Thus X is ergodic. For the converse, suppose that X
is ergodic. Let A, B € S®. Then a.s.

1 n—1
lim 14(X)— ZIB(T’”X) =14X)P(X € B). (4.13)
n— 00 n
m=0
Taking expectations on both sides proves weak mixing. ]

One needs stronger conditions than weak mixing to derive a central limit theorem
(CLT) for partial sums of a stationary process. We briefly mention one of these
strong mixing conditions here and state the corresponding CLT without proof. For a
comprehensive account of the vast literature on strong mixing conditions and CLTs
under them, we refer to Bradley (2003). Among other references, one may mention
Billingsley (1968, Theorem 21.1), Ibragimov and Linnik (1971), and Denker (1986).

Let (£2, F, P) be a probability space on which is defined a stationary process
{X, :n=0,1,2,...} with values in some measurable (state) space. Consider the
sigma-fields 7l = o{X, :r <n <t}, F°* =o{X, :n>r}.

Definition 4.7. A stationary sequence {X,,} is said to be a-mixing, if
a(n) =sup{|P(ANB)— P(A)P(B)|:Ae F\,B e ff’jn,t >0}—0

asn — oQ.

A CLT originally derived by Rosenblatt (1956), with an additional moment
condition that was relaxed by Cogburn (1960), can be stated as follows.

Proposition 4.6 (Rosenblatt—Cogburn CLT). Let{X, :n=20,1,2,...} be areal-
valued «-mixing stationary sequence such that EX, = 0, EX 3 < 00. Denote S, =
Y o Xm.If o} =ES? — oo asn — oo, then S_Z converges in distribution to the
standard normal distribution N (0, 1) as n — oo.

The technique for the proof involves breaking up the sum S, into consecutive “large”
and “small” blocks, such that the large blocks are nearly independent of each other,
while the small blocks are negligible. The significance of the condition ES,% — 00
may be understood by considering the example in which X,, = Y,, — ¥;,_1, where
{Y,}is an i.i.d. sequence.
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The main emphasis of the present book in the context of such asymptotic limit
theorems is on specific dependence structures such as martingales and Markov
processes, as detailed in Chapters 15, 16, and 19. The corresponding results
generally do not require stationarity in their formulation.

Exercises

1. Suppose that Xi, X»,... is an i.i.d. sequence of random variables with
E|Xi] < oo. Let S, = X1+ -+ X;,n > 1. Use the ergodic maximal
inequality to prove the following for A > O:

(a) P(maxj<k<y 3¢ > ) < 25l

(b) P(limy o0 max| k<, 3 > 1) < 21,

2. Let X be a random variable on (§2, F, P). Define X,, = X,n =0,1,2,....1.
Show that {X,,} is a stationary process. ii. Show that {X} is ergodic if and only
if X is almost surely constant.

3. Suppose that Y = {Y, : n > 1} and Z = {Z, : n > 1} are two stationary
ergodic sequences of 0-1 valued random variables. Show that the distributions
of Y and Z are mutually singular if and only if P(Y7 = 1) # P(Z; = 1).
[Hint: Use the ergodic theorem to find a set C such that P(Y € C) = 1 and
P(Ze(C)=0]

4. (Symmetric Difference) Let (2, F, P) be a probability space.

(a) Show that P(AAB) < P(AAC) + P(CAB) forany A, B, C € F, where
AAB = (AU B)\(AN B).

(b) Suppose that F = o(C), where C is a w-system of subsets generating F.
Show that for any B € F and € > 0, thereis a C € C such that P(BAC) <
€. [Hint: Define C C L = {B € F : forany € > 0, there exists C €
C such that P(B N C) < €} C F and use Dynkin’s 7 — A theorem.”]

5. Let X = {X, : n > 0} be a stationary process on a probability space (£2, F, P)
with a measurable state space (S5, S). Show that X is an ergodic process if and
only if it has the property that the only invariant functions (see Definition 4.3)
f(X) € L2(82, F, P) are almost surely constant functions.

6. (Shannon Entropy) Let S = {1, 2, ..., k} be a finite set. Let 7 = (71, ..., %)
be a probability mass function and p = ((pi;))i, jes a stochastic matrix, i.e.,
Y kes Pik =1, pij = 0, forall i,j € S. Assume ) ;. ¢7;pij =m;,V j€S.
Apply the Kolmogorov extension theorem® to construct a stochastic process
{X, : n > 0} on the product probability space (£2 = S°, S®>, P;) such that

7 See BCPT p.4.
8 See BCPT p.168.
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Pr(Xo = io, X1 = it,..., Xn = in) = WiyPigiy =" Pin_tsin> 10515 -+, 0in €
S,n>0.

(a) Show that X = {X,,} is a stationary process.
log(xy [Tin—o PX. Xy 1)

(b) Show that the entropy, defined by H (X) = — lim,,— -
exists Pr-a.s. [Hint: View px, x, as a function of X. Then, px,, x,
said function of T™X, where T is the shift transformation.

(c) Show that if X can be proven to be ergodic, then H(X) = — Zi,jeS T Pij
log p;;. [Ergodicity will indeed be proven in Chapter 16 in more generality.]

i1 18 the

. Compute lim,— o % for the non-ergodic stationary process defined in Exam-

ple 2.

(Range of Random Walk)’ Let {X, : n > 1} be ii.d. Rf-valued random
variables and S, = X + --- + X,,n > 1,8 = 0, and consider the
number R, = |{So,S1,..., Sy}l of distinct sites visited by time n, i.e.,
the range of the random walk in time n. Use Birkhoff’s ergodic theorem
to show R,/n — P(S; # 0,j = 1,2,...) as. as n — oo. [Hint:
Write S,(w) = >  X1(T"w),n > 1,0 = (w1, w2,...) € (R¥)° for
X1(w) = w; and the shift map T. Check that for arbitrary k > 1, R,(w) <
k+ Z’;;If 115,20, j=1....k1(T/®), n > k. In particular, lim sup,, % < P(S; #
0,Vj > 1|J). Similarly, find a (simpler) lower bound for each n to show
lim inf}, % > P(S; #0,j =1,2,...|J). The result follows by calculating
the indicated conditional probability.]

(Doubly Stochastic Poisson Process/Cox Process) Suppose that A is a positive
non-degenerate random variable and, conditionally given A = A, T1, T3, ... is
an i.i.d. sequence of exponentially distributed random variables with parameter
A > 0. Show that lim,,_, oo ‘i—" = A with probability one, where S,, = T1+-- -+
Ty.

Prove deFinnetti’s representation of exchangable 0-1 valued stochastic pro-
cesses {X,, : n > 1} by using the Riesz representation theorem'" by completing
the following steps:

@ Letipp=PX1=1,....Xk =1L X441 =0,...,X, =0),1 <k <
h,h>2,withioo=1rk=PX1=1,.... Xk =1),210=PX1 =
0), and check that A, ¢ = Apy1k + A1 k+1-

(b) Define alinear functional £ on the dense subspace of polynomials in C[0, 1]
by linearity and Z(xk) = Aok, k > 0. Show that £ has a continuous
extension to a bounded linear functional on C[O, 1].

(c) Let u denote the probability measure in the Riesz representation of ¢, i.e.,

0f) = [} foux), f € C[0,1]. Show that P(X; = 1,..., X =

9 See Spitzer (1964), p. 38., where the result is attributed to Kesten, H., F. Spitzer, and W. Whitman.
This result had been obtained for the k-dimensional simple symmetric random walk in an earlier
paper by Dvoretzky and Erdos (1951).

10 See BCPT, p.237.
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1, X441 =0) = fol xk(l—x)u(dx). [Hint: [X1=1,..., Xk =1, Xp41 =
O=X1=1,.... Xk =1N\[X1=1,..., Xk =1, X441 = 1].]

(d) Extend (c) by inclusion—exclusion to show P(X; = €1,..., Xrex) =
fol xZi=1€ (1— )c)k_zlfc':1 idx forany ey, ..., e € {0, 1}~

(e) Consider an i.i.d. sequence {Y,, : —0o0 < n < oo}, EY,, =0, IEY,,2 = 1. Let
X, =Y, —Y,_,, m=0,1,...) for some fixed m > 1.

(i) Prove that {X,} is m-dependent, i.e., .7-';? =o{X, :j<n<k}is
independent, of F7 forevery j < k < oo.

(i1) Given any sequence of constants 8, — 0o, show that 515 0in

ﬂil
probability as n — oo.

(f) Consider an i.i.d. sequence {Y,} as in Exercise 10, and let X,, = Y, +
Yotm(n =0,1,2,...) for some fixed m > 1. Prove that the m-dependent
sequence {X,} satisfies the hypothesis of Proposition 4.6.



Chapter 5 ®
Subadditive Ergodic Theory oo

Subadditivity of a sequence of positive real numbers xp, ... refers to the
property Xm+n < Xm + Xx,, n > 1. For such sequences, it is a calculus
exercise to verify that lim,,_, oo ’% = inf,;>1 fn—"’ The extension of this notion
to almost sure convergence of a corresponding class of stochastic processes is
the objective of this chapter.

Subadditivity of sequences of non-negative numbers is easily seen to result in
asymptotic stability. Specifically, one has the following solution' to the calculus
problem raised in the abstract.

Proposition 5.1 (Fekete). Suppose that {a,}°2 | is a sequence of numbers with the
subadditivity property:

Auin < am +ay, n,m>1.

Then

. dap . Am
lim — = inf —.
n—oo n m>1 m

Proof. One has

ap _ M au N =M dppm

n " nm n n—m

! Fekete (1923).
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Thus, lim,, ‘;—” € [infy>1 ‘%, SUP,, =1 “7"] if the limit exists. In particular,

.. .an . am
liminf — > inf —.
n n m>1 m

Conversely, write n = km + £ for any m, 0 < £ < m. Then a, < ka,, + ay, so that

a km a ap
n < m

n T km+em  n’
Thus, form =1,2, ...,

. an am
limsup — < —,
n n m

and hence

. an . am
limsup — < inf —.
n n m>1 m -

An important stochastic version” can be stated as follows.” To distinguish the
subadditivity property a4, < an + a,, we will henceforth refer to the condition
(a) below as array subadditivity.

Theorem 5.2 (Kingman—Liggett Subadditivity Theorem). Let {Z,,, : 0 < m <
n,n=1,2,...}be a collection of random variables such that

a (Array Subadditivity): Zo, < Zom + Zmn, O<m<n,n=12,...
b Foreachm > 0, {Z,;, 4+« : kK > 1} has the same distribution as {Z 1, Zo 2, ... }.
¢ Foreach k > 1,{Zk 2k, Zok 3k, - . - } 1s a stationary process.

d EZ{, < oo, and inf, EZ € [—00, 00).

Then, letting y = inf, %EZ(),,,, one has

i limy— o0 s EZo,n = ¥

i lim, 120, =Z

exists a.s. for some random variable Z and, if y > —o0, then it exists in L! with

EZ = y as well. If the stationary process { Zx 2k, Z2xk 3k, - - - } 1s ergodic, then Z = y
a.s.

2 Kingman (1976) provided the initial breakthrough in exploiting subadditivity for an ergodic
theory of stationary processes. Liggett (1985) provided the strengthening given here and finds
applications for which the hypothesis of Kingman is too strong. The original version of Kingman
contains assumption (d), but he required the conditions that Z,, x +Zx , > Zpp,m =2,...,n—1,
and that the distribution of {Z,,, 4,4+« : m =0, 1, ..., n — 1} be independent of k. These prove to
be too strong for some applications.

3 The proof here follows Kallenberg (2002) and Durrett (1991).
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Proof. First, (a) implies Z§, < Z{,, + Z\ ,. Also, EZ} = EZ{, . by (b).
Hence EZ§, < EZ§, + H«:zjn = EZ+ +EZ§, | < <nEZj . Thus EZ,,
exists and is finite, and {EZp, : n > 1} and {IEZS:H : n > 1} are subadditive
(Exercise 5). In particular, by Proposition 5.1, lim;,— %EZo,n = y < oo. This
proves (i), with y € [—oo, 00). For (ii), assume y € (—o0, 0o) first. The array
subadditivity property implies that, for each k > 1, Zo, < Zouk + Zmkn =<
Zo,(n—1)k + Zou—1)k,mk + Zmk,n- Iterating repeatedly, with m = [%], the integer
part of %, one arrives at

—
3

] n

1 1

S; Z(jfl)k,jk‘l‘; E Zi1,j, kn=12 ... (5.1
j=1 j=l}k+1

ZO,n
n

By Birkhoff’s ergodlc theorem applied to the stationary process Z(j_iyk, jk, ] =

[ Z
1,2..., one has 1 - Z(j Dk jk — “p* as. and in L', where Zo is the

conditional expectation given the shift-invariant o-field 7;. In particular, EZo ; =
EZo k. Also, the second term is o(1) a.s. and in L! since, by the ergodic theorem,
1 Z i=1Zj j—1,j converges to Zo.; accordingly. Now, since the bound (5.1) con-

verges to % for each k = 1,2,..., letting n — o0 in (5.1), one obtains a.s.
and in L!
Z Z _
lim sup 20 <i nf 2% — 7 < 0. 5.2)
n— 00 n k k

Since convergence in L' implies* uniform integrability, it follows that

IEhmsup—<E1nf—’n<1 fE—_l fIE—_y<oo (5.3)
n—oo n n n

For the reverse inequality, first note that by subadditivity of the numerical sequence
EZo,j, j=1,2,...,one has

1 1
lim —{EZo 4k — EZox} =inf ~-EZo, =y, k=12, ... (5.4)
n—oon nn

Noting that % Z:;: 1 EZm+rx =EZy, u,+k, where Uy, is uniformly distributed on
{1,2,...n} and independent of Z; ;’s, it is convenient to define

Xin = Zu, Up+ks Yien = Zo,Up+k — Z0,Up+k—1- (5.5)

4BCPT, p.17.
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Then hypothesis (b) implies that for each n, {X1 ,,, X2, ...} and {Zo,1, Zo2, ...}
have the same distribution. Moreover, Yx ,, n > 1, is also uniformly integrable since
Yk n 1s distributed as Zo x+1 — Zox for all n > 1. It follows from (5.4) that a.s. as
n — 0o, one has

1 ¢ 1
EYin =~ D [EZomik — EZomit—1]= —[EZonsx — EZos] >y
n n

m=1

(see Exercise 2(d)). In particular, therefore, sup, E|Yy,| < o0, so that the
sequence Y ,,n = 1,2, ..., is tight for each k. Extracting a weakly convergent
subsequence,5 one has asn — oo,

(Xt omrs Wiontie) = (Xieey (Yedem)),

for some random variables Xg, Yi, k > 1, with {X;}?2, distributed as {Zo}72 ;.
By array subadditivity, one has

Yo+ +Yen=Zov,+k — Zou, < Zu,,Up+k = Xk,n-

Thus, letting n — o0, one has a.s. that Y| + - - - Y3 <% Xy for each k, and, therefore,
{Yx : k > 1} is a stationary integrable sequence. Here V' <®* W denotes that V is
stochastically smaller than W, i.e., P(W > t) > P(V > t) for all t € R. Also note
that the distribution of (Y7, ..., Y ,) is the same as that of (Y114, ..., Yjyi n)
forall j > 1,k > 1 (and n > 1). Thus, again using the ergodic theorem, one has
as.andin L', as n — oo,

—20n > ZYk -7, (5.6)

for some integrable random variable ¥ . It follows that the negative parts %ZO_ ol
1, and hence 1 wZon,n = 1, are uniformly integrable sequences (Exercise 2). With
this and unlform integrability of Y, k ,» one has

y = lim EY;, =EY; =EY
n—oo

L1

< Eliminf -Zy, (by (5.6))
noon
) 1

< Elimsup —Zo

n

n

<EZ<y (by(53). (5.7

5 BCPT, pp. 142-145.
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In particular, therefore, EZ = y. Moreover, it now follows that 0 <
ZO,n
n

E[lim sup,, %Zo,n —liminf, %Zo,n] =0, so lim, exists a.s. and, noting uniform

integrability (recall y is assumed finite), also in L' (see Exercise 2). Combining this
with 0 < E[Z — lim sup,, %ZO,n] = 0, one gets % — Zas.andin L' asn — oo.
In the case y = —oo0, a truncation argument outlined in Exercise 7 shows that
a.s. convergence in the previous theorem is still valid, but the uniform integrability
arguments for L' convergence are not applicable.
Finally, if {Zy 2k, Zok 3k, - . . } is ergodic, then Z),n =[EZy,, a.s. for each n and,

therefore, Z = y almost surely. ]

Example 1. For a very special case, consider an i.i.d. sequence X, Xs, ... with
finite first moment. Define Zpo = Oand Z,, , = X1 +--- + X,,0 <m < n.
Then one has the additivity property

ZO,n - ZO,m + Zm,n-

Almost sure convergence follows directly from the strong law of large numbers,
i.e., ergodic theorem in the i.i.d. case, and the other conditions provide uniform
integrability for convergence in L'. In this sense, one may view the theorems of
Kingman and Liggett as extensions of Birchoff’s ergodic theorem to subadditive
arrays.

Example 2 (Range of Random Walk). For a more substantive illustration, let {S,, =
Zj’:l :n=1,2,...}denote arandom walk on /s starting at So = 0, and consider
the number of lattice sites visited in steps j = m + 1, ..., n as defined by

Zm,n = |{S] :m < j <njl.
Then one has the subadditivity property

ZO,n = ZO,m + Zm,n~

It follows from the subadditive ergodic theorem that lim,,_, w exists,
where | - | denotes the cardinality of the enclosed set. To identify the limit, observe
that S; contributes a new point to the range if and only if S ¢ {0, S1, ..., Sk—1}.

By the time-reversal symmetries of lattice random walk sums, one has

1 n 1 n
—-E 1[S, 0,5,....8%-1}1=- P(Sy—S; #0 forall j <k-—1
. I;[Mé{ 1 k—1}] n}; (8x — §j #0 forall j )

1n k
:EZP D Xi#0 forall j<k-—1

k=1 i=j+1
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1 / ,
:;ZP ZX,-;&O forall j <k

k=1 i=1

— P(S; #0 forall j).

Example 3 (Branching Random Walk). A binary branching random walk is a
family of random variables X, indexed by v € U;’lozo{l, 2}", such that for each
v e {1,2}*, Xy, Xyj0, Xu1, ..., is a random walk on R starting at X,;0 = O,
say, where v|0 = ¥, v|j = (vo,v1,...,v;),j = 1. The distribution of Xy =
0, X410, Xuj1, ..., does not depend on the path defined by v € {1,2}*°. Assume
further that ¥ (1) := Ee~'XvI' < oo for some ¢ > 0. Let us observe here that a.s.
and L'-existence of the limit defining the speed is also assured by subadditivity. Let
Zy,n = inf}y=, X, denote the left-most position of a walker in the nth generation
of a binary branching random walk. Consider the minimum displacement over the
first k generations, and start there to compute the minimum displacement for that
subtree over the next n — k generations. The minimum over n generations may not
involve the minimum over the first k generations. So, although the shortest path in
n + k generations need not overlap the shortest paths in the first » and second k
generations, one clearly has

Zon+k < Zon + Zin,

where Zj , is independent of Z ,_x and identically distributed. It follows from the
subadditive ergodic theorem® that the speed of the left-most particle
len

. Zo .. E
lim =% = lim inf —2= =y
n—oo n n— o0 |v|=n n

exists a.s. and in L1.

Remark 5.1. The speed of an extremal particle in a branching random walk is
calculated in Bhattacharya and Waymire (2021), Chapter 21, under the assumption
that the limit exists. The result obtained is

y = —nllf@, (5.8)

where /(1) = In(2Ee~"X1) (assumed to be finite for some ¢ > 0). It is interesting to
consider this formula in the context of some of the large deviation rates in the i.i.d.
case in Chapter 21. In view of the one-sided nature of the deviation rates, for the
left-most particle, it is most reasonable to consider the deviation rate of —X, where
X is a generic displacement random variable. That is, let

6 From the perspective of subadditivity, this example illustrates the need for the generalization
provided by Liggett (1985,b).
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I(a) = sup {ah —1In Ee‘hx}. 5.9
h

Then an alternative formula to (5.8) may be expressed in terms of the large deviation
rate of — X via (Exercise 13)

y = —inf{a : I(a) > In2}. (5.10)

Interesting phenomena involving the speed of extremal particles also naturally arise
in the case that branching random walks are replaced by branching Markov chains.’

8

Example 4 (Products of Random Matrices). The following theorem® is an often

cited application’ of subadditive ergodic theory.

Theorem 5.3 (Furstenberg—Kesten). Suppose that A, = ((Ag.l))), n=12...,1s
an i.i.d. sequence of k x k matrices with positive entries. Assume E| In Ag?)l < 00

for all i, j. Then lim,_ o %ln(A(l) B A("))ij exists a.s. and in L'. Moreover the
limit does not depend on i, j.

Proof. Denote the negative logarithm of the element of the first row and column of
the matrix product []_,, ,; A®

Zmp = —In((APTD oAy 0<m <.

By hypothesis, E|Zg 1| < co. Moreover,

AOA =Y A Al = Tl
lfjnfl»m,jlfk r=1

Thus,
n n
Zon—(=DInk <y maxnAf <33 A7
i,j T
r=1 r=1 i,j

In particular,

1 )
;]EZO,n <Ink+ Z]EllnAij | < o0.
l’]

7 See Dascaliuc et al. (2022a) for related calculations.
8 Furstenberg and Kesten (1960).
9 This purely mathematical result has important consequences in physics where it is used to

quantify important notions of disorder and localization. Comtet et al. (2013) provide a readable
review from this perspective.
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Since Z,, , is subadditive and satisfies the stationarity requirements for the subad-
ditive ergodic theorem, it follows that there is an invariant random variable Z such
that lZOn — Z as.and in L' as n — oo. In view of the i.i.d. assumptions,
Z = 1y is an almost sure constant. Next consider —ln((A(z) CACTDy,; ;) for
arbltrary 1 <i,j <k.One has

ADAG . AD) ATHD < 4D 40D < AD AT )LD 404D,

By the strong law of large numbers, it follows that % In Ag’) — Oas.andin L' as
n — oo. Therefore

In(A® - AWy 1) +o(m) < In((AD - ATy <In(AD - ATy om). (511

Thus, one obtains a.s. and in L! that

1
lim —In(A@ ... ATy =y (5.12)

n—oon

Additional illustrative examples are given in the exercises.

Exercises

1. Suppose that the sequence {a, : n > 1} is superadditive, i.e., @+, > any, + an,
m,n=1,2,....Show that lim,,_, oo a” = SUpP,> | ‘Z’.
2. (a) Show that the array subadditivity property of {Z .} implies that of {Z}} ot
(b) Prove that, under the hypothesis of Theorem 5.2, {EZ + o) and {EZg, n} are
subadditive sequences (allowing the latter to assume the value —00).
(c) Assuming y to be finite, show that EZg , is finite for all n > 1, that
EZy., < nEZp, 1, and that the same holds for {Za:n.
(d) Assuming y finite, prove that {Y; , : n > 1} is uniformly integrable, for
each k. [Hint: Yy , has the same distribution as Zg x+1 — Zo k, whatever be
n.]
3. Prove that, in the case y is finite, the sequence {Zmi n}, with m = [%],
is uniformly integrable and Zmin goes to zero a.s. and in L! as n — oo.
[Hint: Zpkn = Zmkmk+r for some r = 1,...,k—1,0or Zyk, = 0if
n = mk, or if r = 0, in which case take ka,mk = 0]. Now Z,k mk+r has
the same distribution as Zy , (although r may depend on m). Hence |Z,,k |
is stochastically smaller than er‘;} | Zo,r|, proving uniform integrability. Also,

for any given € > 0, Zmz] P(|Znk.n| > ne) < Zmz] P(|Zy,j| > mke) <

Z
ZI; }IE' 0l oo
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4. Assume the hypothesis of Theorem 5.2, together with finiteness of y :=
ZO,n

lim;,— o0 E o

(a) Prove that Zo+, /1,1 > 1,1s uniformly integrable. [Hint: Use the analogue
of (5.1) for {Z’:k‘n /n} and use the analog of Exercise 3 for this sequence.]

(b) Using (5.6), prove that the sequence Z(I o/ 1,1 > 1,is uniformly integrable
and goes to zero, a.s. and in L 1 Use (a) to prove that {Zp ,/n} is uniformly
integrable and goes to zero, a.s. and in L'. [Hint: Z,.,/n is stochastically
smaller than the middle term in (5.6), which converges to integrable Y~ a.s.
and in L]

5. Prove subadditivity of {EZ¢ , : n > 1}, {IEZ({ , - 1 > 1} in part (a) of the proof
of Theorem 5.2.

6. (Gelfand Formula) Suppose that T : V — V is a nontrivial bounded
linear operator on a normed vector space V,|| - ||. Define [|T|lop =

1
supyyj=1 [ITx[|. Show that p(T) = lim,— oo [[T"|l5p exists and is given
1

by inf,>1 ||T”||gp. [Hint: Noting that if S and T are bounded linear operators,
then [|ST llop = supy=1 ISGEDI - ITx]] < [IS]lop - [ITl]op- and check
that n — In||T"||p, n > 1, is subadditive.]

7. Show that a.s. convergence continues to hold in the subadditive ergodic theorem
in the case that y = —oo by verifying the following steps. First define

truncations for integer m € Z
W = ZiwVmm —k), k=0,1,...,n—1

and y" = inf,, },E(Zo,n vV mn) > m.

(a) Verify that %(Zo,,, vV mn) = (%Zo,n) vm — W™ as. for some random
variable W), [Hint: Check that the conditions for the subadditivity
theorem hold with y replaced by y ).]

(b) Show that EW (") = ()

(c) Show that %ZO,n — inf,, W™ = W, say.

(d) Show that EW < inf,, y™ =y = —o0.

8. (Self-avoiding lattice path counts) A connected polygonal directed nearest
neighbor path y in the two-dimensional integer lattice is said to be self-avoiding
if y(s) # y(t) for s # t. Let k, denote the number of such paths with n

1

steps and distinct up to translation. The limit u = lim,_ .o &’ defines the
connectivity constant.

(a) Show that p exists. [Hint: Consider subadditivity of In k.
(b) Show that2 < u < 3. [Hint: Argue that 42" — 1) <k, <4- 31

9. (The Furstenberg—Kesten theorem)
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10.

11.

12.

13.

14.
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(a) Show that the Furstenberg—Kesten theorem remains valid for any stationary
sequence of k x k random matrices with almost surely positive elements
subject to the moment assumptions E|In Ag.’)| < oo for all i, j, but with a
possibly random limit.

(b) Define Z,, , = log AT ... A(”)||0p, where || - ||,y 1S a matrix operator
norm, i.e., ||Allop = supyj=; [|Ax]|| for a given norm || - || on R*. Show
that the subadditive ergodic theorem applies to Z,, ,, as well.

(First Passage Percolation)'” Consider the k-dimensional (k > 2) integer lattice
7K to be a graph whose vertices are the lattice points and (undirected) edges
e = e(x,y) are assigned to adjacent vertices x, y, |x — y| = 1. A fluid is
injected at a vertex x and requires time 7, to traverse the edge between x and
an adjacent vertex y. Assume that the respective times are i.i.d. with finite first
moment. Let 7 (m, n) denote a possible nearest neighbor path from vertex me

to vertex ne, e = (1,0, ..., 0), and consider the shortest time
Zmn = min Z Te,
w(m,n)
eem(m,n)

Zo.n

for fluid to travel along this path. Show that (a) lim,,_, oo exists a.s., and (b)
the limit is a.s. constant.

The overall rate at which the dynamics separate infinitesimally close initial
points is often measured by the maximal Lyapunov exponent'! of a continuous

transformation 7' : S — S, defined on a metric space (S, p), by the expression

A= lim,_ % limsup,, y)01n %. Show that the limit defining A
exists and is given by A = inf), %lim SUP (x, y)—0 %. [Hint: Check

the subadditivity of the sequence a, = % limsup,(, y)_01n %-]

Compute the speed of the left-most particle in the branching random walk with
displacements.

(a) X is normal with mean p and variance o2

(b) X = 1 almost surely.

Give a proof of the equivalence of (5.8) and (5.10). [Hint: Use the respec-
tive meanings of the greatest lower bound and least upper bound to show
(5.8)<(5.10) and (5.8)>(5.10). For the latter inequality, add € > 0 to (5.8).]
Compute the maximal Lyapunov exponent for (a) irrational rotations x — (x +
a)mod(1) and (b) the doubling map x — 2x(1). [Hint: p(x,y) = |x — y| A
I=lx—=yD.]

10 Hammersley and Welsh, (1965). Also see Auffinger et al. (2017) .

11'See Key (1987) and the references therein for examples and illustrative applications of the
maximal Lyapunov exponent.



Chapter 6 ®
An Introduction to Dynamical Systems Qe

Ergodic theory was originally developed to study the long time behavior of
dynamical systems, especially arising in statistical mechanics. Our aim in
this chapter is to analyze some basic features of dynamical systems, such as
attractive and repelling periodic orbits, bifurcations, and chaotic phenomena,
via some important families of one-dimensional maps. The logistic, or
quadratic, family provides an important example.

We first turn briefly to an alternative view of stationary processes as deterministic
dynamical systems in a state of equilibrium. Much of the focus of the chapter is,
however, on a dynamical system as a law of evolution of a process in time and on
the nature of this evolution.

Definition 6.1. A dynamical systemis a triple (T, £2, F) consisting of a measurable
map T : £2 — $2 on the measurable state space (£2, F). If u is a probability
measure on (§2, F) such that o T~1(B) = w(T~Y(B)) = u(B), forall B € F,
then T is said to be measure-preserving. A set G € F is said to be invariant if
w(GAT~'G) = 0. The class Z of invariant sets is said to be trivial if ©(G) € {0, 1}
forall G € Z, and, in such a case, the map 7" and measure p are said to be ergodic.

One may note that the collection Z of invariant sets is always a o-field. In the
language of this definition, Birkhoff’s ergodic theorem may be recast as follows.

Theorem 6.1 (Birkhoff’s Ergodic Theorem). Let T be a measure-preserving map
on (£2, F, u). Then, for every f € LY, F, nw),
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1 n—1
lim — > f(T"w) = gw) p—as., andL', (6.1)
n—-oon ’n=0

where g : £2 — R has the invariance property g = g o T u—a.s. If in addition T is
ergodic, then g is the constant |, o fdu.

The dynamical systems version and stationary process version are equivalent in
the following senses. Assuming the dynamical systems version Theorem 6.1, one
may take (£2, F, i) to be a canonical model of a stationary process {X,, : n > 0}
with state space (S,S), ie., 2 = S®,F = S®® and u a probability on
(5%, §%%) such that the shift map Tw = (w1, w3, ...), w = (wg, W1, w2, ...) €
£2 = S%° is measure-preserving, and X, (w) = w,,n > 0. Then the canonical
version of Theorem 4.1 becomes a special case of Theorem 6.1, and a non-canonical
version follows immediately since its assertion depends only on the distribution
of X.

Conversely, given a measure-preserving transformation 7' on (£2, F, i), define
the stationary process X, (w) := T"w(n > 1), Xo(w) = T%w) = w, forw € 2.
Let P = ;o X! be the probability induced by . under the map X : 2 — 2%,
where X(w) := (Xo(w), X1(w), ...), w € §2. Then (i) {X,, : n > 0} is a stationary
sequence, i.e., the shift map Tw = (w1, w2,...),w = (wo,w1,...) € 2%, 1is
measure-preserving for (2%, F®®, P), (i) G = o(X) = o(Xg) = F, since
o = Xo(w) determines X(w) = (Xo(w), X1 (@), ...) = (0, Tw, T*w, ...), and
(iii) the invariant o-field Z of the dynamical system equals the invariant o-field,
say 7, of the stationary process {X,, : n > 0}. Hence Theorem 6.1 follows from
Theorem 4.1. Thus the two versions of Birkhoff’s ergodic theorem are equivalent.
In particular, the previous representation theory developed for stationary processes
is also available for the analysis of certain classes of dynamical systems.

Example 1 (Rotation Maps). Let 2 = [0, 1) and F its Borel o -field. Fix ¢ € [0, 1)
and define Tx = x + ¢ mod1, x € §2. Then T preserves the Lebesgue measure (1
on £2. One may also think of £2 as parameterizing the unit circle S' in the complex
plane by S! := {¢¥* : x € [0, 1)}. This gives T a geometric interpretation of
rotation U of the circle in the counterclockwise direction by an angle 2rwc, i.e.,
Uei%) = ¥rilito) = 2mico2mix - and 1 induces the normalized arc length
measure v, say, on the circle S L

Case i: (Rational Rotations). Assume that ¢ is a rational number. First consider
c = 1/q, where ¢ > 2 is a positive integer. In this case, T is not ergodic since the
set A, 1= U‘]Z:l[/q;l, /q;l + 2), 0 < r < 1, is invariant, but £(A,) = r. Note that
on the circle S', the set A, represents the union of g cyclically placed arcs each
of length r/g(< 1/q), and the rotation map moves one arc on to the next. Next
consider c = p/q,1 < p < q, with p, g relatively prime, positive integers. This
time the first interval is moved by T onto the p-th interval, the second onto the
p + 1—th, ..., the j—th interval onto the p + j modg-th interval, 1 < j < g. Note
that {p + jmod(q) : j = 1,2,...q} = {1,2,...,q}. To see that T is not ergodic
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in this case, simply note that every x has a periodic orbit {x + (j — l)gmod 1) :
j=12,...,q} of period ¢g. That is to say, ¢ is the smallest positive integer such
that 79x = x, and each x has the periodic orbit {x, Tx, T2x, ..., Tq’lx}. It is now
easily checked that for every real-valued function g on £2,

1n—l 1qfl .
lim —Zg(me)z—Zg(x+£>, x €. (6.2)
q q
m=0

n—oo n
Jj=0

Case ii: (Irrational Rotations). Let 0 < ¢ < 1 be an irrational number. We will
see in this case that T is ergodic. For this, let A be an invariant set. Then, 14(x) =
14(x +¢) n—a.s. Expand each of these in a Fourier series in L2([0, 1), u); being
Lebesgue measure.

lA(x) — Zane2ﬂinx’ lA (x + C) — ZaneZHinCezﬂinx’ (63)

nez nez

where a, = f[o 1 14(x)e 2" "%dx (n € Z = {0, £1,+2,...}). In view of the
invariance of A, one has a, = a,e*™ " for every n € Z. Since c is irrational,
e2rinc # lunlessn = 0. Thus a, = 0, forall n £ 0, and hence 14(x) = ag =
n(A) as., i.e., w(A) = 0 or 1. This proves T is ergodic. By the ergodic theorem,
one therefore has for every f € L'([0, 1), ) and irrational 0 < ¢ < 1,

n—oo n
m=0

1 n—1 1 n—1
lim — Z g(T"x) = lim — Z gx+mc) = / gydy wp—as. (64)
m=0
In the following we will often write f instead of 7 and f instead of T”, for the
nthiterate of f, f® = fo f, f® = fo fo f,....This is especially convenient
when §2 is an interval or a rectangle S. We first consider the class of contracting
dynamical systems. Such systems, even under this apparently stringent hypothesis,
are among the most widely applicable.

Theorem 6.2.

(a). (Contraction Mapping Theorem). If (S, p) is a compact metric space and T is
a strict contraction, i.e., p(Tx, Ty) < p(x,y),x,y € S, x # y, then there is a
unique fixed point x* of T'.

(b). (Banach Fixed Point Theorem). Let (S, p) be a complete metric space and T
a uniformly strict contraction, i.e., p(Tx, Ty) < co(x,y)x,y € §,x # Y,
where ¢ € [0, 1). Then T has a unique fixed point x*, say, and 7"x — x* as
n — oo forevery x € S.

Proof. (a) Let x* be a minimizer of the function x — p(x, Tx). Note that T is
continuous, and a real-valued continuous function on a compact metric space attains
its infimum. Then Tx* = x*; otherwise, p(Tx™*, T2x*) < p(x*, Tx*), which
contradicts the fact that x* is a minimizer of p (x, Tx). (b) Choose x € S arbitrarily.
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Then p(T"x, T"1x) < cp(T" 'x, T"x) < --- < "p(x, Tx) — Oasn — o0.
Thus {T"x},>0 is a Cauchy sequence (Exercise) and, by the completeness of S, the
sequence converges to a limit x*, say. Clearly, Tx* = x*; for T"T!lx = TT"x —
Tx*, but T"1x — x* as well. Next, let y # x. Then y* = lim,_, o, T"y is a fixed
point of 7. However, p(y*, x*) = p(Ty*, Tx*) < co(y*, x*), which is impossible
if y* # x*. |

The following result is simply a rewriting of Theorem 6.2(b), T = f,T" = ™,
the n-th iterate of f.

Corollary 6.1. Let (S, p) be a complete metric space and f a continuous function
on S such that T = f ® isa uniformly strict contraction for some k > 1. Then the
conclusion of Theorem 6.2(b) holds.

Example 2 (Contracting Quadratic Map). Let S = [0, 1], f(x : 8) = 6x(1 — x),
0 <0 < 1. Then f is a uniformly strict contraction, since | f'(x)| = 0|1 — 2x| < 1
on [0, 1] and Theorem 6.2(b) applies: " (x) converges to the unique fixed point
x* = 0asn — oo, uniformly on [0, 1].

Remark 6.1. Although the hypotheses of Theorem 6.2 and Corollary 6.1 appear
rather strong, they have many important applications. We will later consider
applications of the corollary to monotone Markov processes {X, : n = 0, 1,...}
on a closed subset C of R?, with S as the space of probabilities on C given an
appropriate metric, and f defined on S by f(u)(B) = fp(z, B)u(dz), where
p(z, B) is the transition probability of the process landing in the set B in one step if
it starts in state z:

p(z, B) = P(X; € B|Xo = 2); (6.5)

see Theorem 19.1 for a detailed treatment.

Remark 6.2. There are also important applications of fixed point theorems to
nonlinear partial differential equations, including the celebrated problem of the
existence and uniqueness of global solutions to the incompressible Navier—Stokes
equations in 3d for small initial data.'

Moving away from contracting maps, there are interesting examples of dynami-
cal systems (f, S), which have multiple fixed points as well as periodic points.

Definition 6.2. A point x™* is said to be periodic with period k, if there are k distinct
points x; = x*,x2 = f(x1),x; = f(xj—1),j = 2,...,k, such that f(xz) = x™.
In this case (x, ..., xx) is said to be a period k orbit. A fixed point is a periodic
point with period k = 1. A fixed point x* of f on a metric space (S, p) is said
to be attracting (or locally stable) if there exists an open set U containing x* such
that £ (x) — x* asn — oo, for every x € U. More generally, a periodic point

! See, for example, Bhattacharya and Waymire (2021) and the references therein.
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x* of f, or its orbit, is said to be attracting if there is an open set U containing
the orbit of x* such that, as n — oo, f ™ (x) converges to the orbit of x*, that is,
p(f™ (x), {orbit of x*}) — 0, forall x € U. A periodic point x* (including a fixed
point), or its orbit, is said to be repelling, if there exists an open set U containing
the orbit of x* such that if x € U\{orbit of x*}, then f® (x) does not belong to U
for some k = k(x) > 1.

Proposition 6.4. Suppose S is an interval of the real line, and x* is a fixed point
of a continuously differentiable function f on § into S. If | f/(x*)| < 1, then x* is
an attractive fixed point, and if | f'(x*)| > 1, then x* is repelling. More generally,
a periodic point x* of period k, or its orbit, is attracting if | f® (x*))’| < 1 and
repelling if |(f® (x*))| > 1.

Proof. First consider the case of a fixed point x* such that | f'(x*)| < ¢ < 1. Let
8 > 0 be such that | f'(x)| < con [x* — 8, x* +8] NS =1, say. Then for all x €I,
[f(x) —x*| = |f(x) — f(x™)] < c|lx — x*| < &, so that f(x) € I, implying by
iteration that £ (x) e I for all n. Also, | f™ (x) — x*| = |fP(x) — P (x*)| =
|fof® V@) —fof® V" <clf" V@)—fr D" < < x—x* >
0 as n — oo, uniformly on L If, on the other hand, x* is a fixed point such that
| f/(x*)| > 1, and c is such that | f'(x*)| > ¢ > 1, then there exists § > 0 such that
|f/(x)] > ¢ > 1forall x € [x* —38,x*+8] NS = I, and S\I has a nonempty
interior. Then the inequalities for | £ (x) — x*| = | f™ (x) — £ (x*)| above get
reversed, and for some n = n(x), f ™) (x) lies outside L. It may be noted that if
for some n > n(x),y = f®™(x) € I again, then there is an integer n(y) such that
F@OD(y) lies outside I, so that £@)+20) (x) lies outside L. It follows that £ (x)
lies outside I for infinitely many n. Next suppose x* is a periodic point with period
k > 1.Let {x* = x1,x2 = f(x1),...,xx = f(xx—1)} be the periodic orbit of x*.
Note that f ) (x*) = f(xx) and, more generally, each point in the orbit is a fixed
point of f£®). By the rule for differentiation of composite functions, one has, with
x1 = x¥,

DY@ = VD) - 2 - FEED o)) - e

= ) fxr—1) -+ f(x2) fr(x1). (6.6)
It follows from this that (f(k),)(xj) is the same for all j = 1,..., k. Assume
now that |(f® (x*))’| < 1. Then |(f®(x;))] < 1forall j = 1,...,k. Since
X1, ..., X; are then attractive fixed points of f &) there exists an open interval V;
around x; such that " (x) — x; asn — oo, forevery x € V;(j = 1,...,k).

Let V = UIJ?:le. Let [n/k] denote the integer part of n/k. If x € V, say

x € Vj, then the distance between f((x) = f@=In/kIb) o /K0 (x) and the
orbit of x* goes to zero as n — oo. For fU/KP(x) — x; asn — oo, and
fo-/kl ¢ (O g @0 pk=Dy where £ is the identity map. The proof
that x* is repelling if |(f ®x*)Y| > 1 may be similarly fashioned and is left as
Exercise 10. |
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For an important example, we consider again the quadratic family of maps, but
over a wider range of the parameter 6.

Remark 6.3. Below we often make use of the fact that if a subinterval I of § =
[0, 1] is left invariant by f, i.e., f(I) C I, and f is monotone increasing on I,
then f(”) is increasing on I for all n. If, in addition, f(x) < x for all x € I, then
FOtD(x) < fWx) foralln =1,2,..., ie., f™(x) is a decreasing sequence for
x € LIf, instead, x < f(x) on I, then f®D(x) < f™(x) foralln = 1,2,...,
i.e., £ (x) is an increasing sequence for x € L.

Example 3 (Logistic Map and The Quadratic Family). In studying the mechanism
of population growth from one generation to the next, in units of the so-called
carrying capacity of the environment, biologists have considered the model f(x) =
f(x,0) = Ox(1 —x) forx € [0,1] = S. For 0 < 6 < 4, the map defines
a dynamical system. In Chapter 18 on discrete time Markov processes, we will
consider random perturbations” of this model to take into account the effect of
external factors influencing the population size or concentration at time n + 1 given
that at time 7.

Proposition 6.5. (a) Let 0 < 6 < 1. Then f™(x,0) — 0, as n — oo, whatever
be x € [0, 1]. Thus O is an attracting fixed point, and it is the only fixed point of
f(x,0).(b)Let1 <@ < 3.Then f™(x,0) — pg =1 —1/6 forall x € (0, 1).
Hence there are two fixed points 0, pg, of which 0 is repelling and py is attracting.
(c) For 3 < 6 < 14 +/5, f(-,0) has an attracting period-two orbit and repelling
fixed points 0, pg =1 —1/6.

Proof. First note that a fixed point of f is a solution of the quadratic equation 6x (1 —
x) = x, provided this solution lies in [0, 1]. The two solutions are x = 0 and
x = pp = 1 —1/6. The second solution is in [0, 1] only if & > 1, and for 6 = 1 itis
0. Thus the quadratic family f(x) = f(x, ) has two fixed points 0, py =1 —1/0
for all 8 € (1, 4], and only one fixed point for 6 € [0, 1].

(@) For& =0, f(x,0) = 0 forall x, so that O is an attractive fixed point. Let
0 <6 <1.Then0 < f(x,0) < x forall x € (0,1], and x — f(x,0) is
increasing on [0, 1/2] and decreasing on [1/2, 1] (f(-, 8) is symmetric about
1/2). Also, [0, 1/2] is an invariant interval: f ([0, 1/2],0) C [0, 1/2]. Hence
0 < fOHD(x,0) < f™(x,0) forall x € (0,1/2]. Thus " (x,0) | asn 1,
and x* = lim,, " (x, 0) is a fixed point of f(-, #). But the only fixed point of
f(x,0)is 0. Hence x* = 0. If x € [1/2, 1], then f(x, 0) € [0, 1/2]. Hence, by
the preceding argument, £ (x,6) — 0 forall x € [0, 1] and O is attracting.

(b) Firstlet 1 < 6 < 2. Then f(x,0) < pg forall x € (0, pyp), and x —
f(x,0) is increasing on (0, pg), since ps < 1/2.Hence f(x,0) < f®(x,0) <
po forall x € (0, pg), and iterating, one obtains £ (x,0) < f+D(x,0) <

2 Also see Peckham et al. (2018) and the references therein for related applications to sustainability
of a biological population subject to random disturbances.
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(©)

pp for all x € (0, py). Let x* be the limit of the increasing sequence f ™ (x, 6).
But the only positive fixed point of f(x, 6) is pg, so that x* = py. Now let
x € [po,1/2]. Then f(x,0) is increasing and py < f(x,0) < x < 1/2.
Iterating, one gets pg < fOTD(x,0) < f™(x,0) < 1/2 forall n. Hence
the sequence f (x, 0) decreases to a limit y*, pg < y* < 1/2. Since y* is a
fixed point, it must equal pg. For x € (1/2, 1), f(x,0) € (0, 1/2). Hence, by
the convergence of £ (x,6) to py on (0, 1/2], it follows that f™(x,0) —
po forall x € (0, 1). This shows that py is an attractive fixed point and 0 is a
repelling fixed point.

Next, for 2 < @ < 1 4+ +/5, [1/2,6/4] is an invariant interval for f(-, 6).
To see this, note that f(x,0) < 6/4 for all x. Hence it is enough to show that
f(x,0) = 1/2on [1/2,0/4]. Since f is decreasing on [1/2, 6 /4], one needs
to show that f(6/4,0) > 1/2. To establish this, use the fact that the function
0 — g(0) = £(6/4,0) = 0(6/4)(1— 0/4) has the derivative §(1 — 32), which
is positive on [2, 8/3). Therefore, g(6) increases on [2, 8/3) with g(2) = 1/2.
Also, g(0) decreases for & > 8/3, and it is simple to check that it attains
the value 1/2 at & = 1 + +/5. This establishes the invariance of [1/2, 8/4].
[Note: This is the role of 1 + V3 in part (¢)]. Since x — f(x, 0) is decreasing
on [1/2,0/4], x — f@P(x,6) is increasing on [1/2, 8/4], which is invariant
under f(-,0) (and, therefore, under f @). 1t follows that f @n+2) (g /4,0) =
FE(f@0/4,0),0) < fCD@/4,0) (since fP(O/4,0) < 6/4). That is,
@ (6/4,0) is a decreasing sequence. Let M (0/4,0) | g;. Similarly,
£@(1/2,0) is an increasing sequence and has a limit go. Clearly, go and
g1 are fixed points of £ (x, ). Because 1/2 < pg < 0/4, f®M(1/2,0) <
D (pg, 0)(= pp) < f*(6/4,6), one gets 1/2 < qo < py < q1 < 6/4.

Now let 2 < 6 < 3. It may be shown that the fourth degree polynomial
f @ (x, ©) has no fixed points other than 0, py (Exercise 13). Hence gop = g1 =
poif2 <6 <3.If1/2 < x < 0/4, then fCV(1/2,0) < fP(x,0) <
£ (6/4,0). Hence f®)(x,0) — pg asn — oo for every x € [1/2,6/4].
Next note that f@"*D(x,0) = f(f®)(x,0)) = f(pg,0) = pg asn — oo.
We have proved that £ (x,0) — py asn — oo, for every x € [1/2,0/4].
One can easily check that 1/2 < py < 6/4 for 2 < 6 < 3. Hence py is an
attracting fixed point if 2 < 6 < 3, since (1/2, 6/4) is an open neighborhood
of pg. To prove that f(”)(x, 0) — po asn — oo for every x € (0, 1), let
x € (0, 1/2]. Since f(-, ) is increasing and f (x, #) > x on (0, 1/2], f™ (x, )
strictly increases with n as long as the sequence remains in (0, 1/2]. This is a
finite sequence; otherwise, the limit would be a fixed point in (0, 1/2]. Hence
there exists n = n(x) such that 1/2 < f™(x,0) < 6/4. It follows from
above that ™ (x,0) — pyasn — oo forall x € (0,0/4]. Since f(x,0) €
(0,6/4] for all x € (0, 1), the last assertion in italics is proved.

Finally, let 3 < 6 < 1+ +/5. Since f'(x,0) =6 —2x6, f/(0,6) =6 > 1, and
f'1—=1/6,0) =2 —0 < —1, both fixed points are repelling. The argument
in the second paragraph of the proof of (b) shows that f @) (x, 0) has attractive
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fixed points go and g satisfying 1/2 < go < pp < q1 < 6/4. Since pg is
repelling, one must have 1/2 < gy < pg < q1 < 0/4. |

Remark 6.4. One says that a bifurcation occurs at & = 1; for a new fixed point
po appears when 6 crosses 1 (0 > 1) and, further, this fixed point is attractive and
the previous fixed point 0 becomes repelling. It follows from Proposition 6.5 that the
threshold 6 = 3 is also a bifurcation point of the quadratic family, since an attractive
period 2 orbit appears for the first time when 6 crosses the value 3. It is known that
the next bifurcation occurs at @ = 14 /6, with a period 4 attracting orbit occurring
under each 0 in (1 + «/6, 1+V6+ €] for some € > 0, all other periodic points,
including fixed points, being repelling. This period doubling cascade continues,
and after its accumulation point, cascades of intervals of 6 appear giving rise to
new attractive periodic orbits whose periods are odd multiples of a power of 2, in
decreasing order of powers. The odd multiples (excluding 1) of the power of 2 in
such a cascade also appear in a decreasing order and end with an interval of 6 under
which the quadratic map has an attractive orbit of period 3 times the power of 2
(following one with orbits of period 5 times the power of 2). The last such cascade
of intervals of 6, corresponding to the smallest power of 2, namely 2, ends with
one having attractive orbits of period 3 x 2. Finally, a cascade of intervals with
attractive orbits of odd periods, other than 1, appears, again in decreasing order,
ending with one of period 3. After the appearance of this attractive period 3 orbit,
the maps with higher values of 8 cannot give rise to orbits with new periods since
all periods have already appeared in this scheme known as Sarkovskii’s theorem.”
Here is Sarkovskii’s scheme for the appearance of new periods, in reverse order:

365675 52:362-562- 75 - 52235225522 75 52336235523 . 76 5230220 1.

Each new period appears with an attractive periodic orbit which remains attractive
for a range of 0, while all previous periodic orbits become repelling. Sarkovskii’s
scheme is actually universal. That is, if a continuous map f has a periodic orbit of
period k, and if k > m, then f must have an orbit of period m. Later in this chapter,
we will consider the case of 6 = 4, where a new phenomenon appears. This new
phenomenon known as chaos is our next topic for discussion. It is a remarkable fact
due to Graczyk and Swiatek (1997) that the set of all 6 with attractive periodic orbits
is dense.

The notion that deterministic dynamical systems may “appear” to be random is
further quantified by the following notion without explicit reference to a probability
space.

Definition 6.3. Suppose that §2 is a metric space with metric p and Borel o-field F.
A dynamical system (7', £2, F) with the following properties is said to be chaotic:

3 For a simple proof of the theorem, we refer to Devaney (1989). A comprehensive treatment of
this complex and rich phenomenon is given in Collet and Eckmann (1980).
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1. Sensitive Dependence on Initial Conditions. There is a § > 0 such that for any
given w € £2 and neighborhood V of w, there is an o’ € V and n > 0 for which
o(T"w, T"w) > 6.

2. Periodic Points Are Dense in 2. The subset of points defined by Per(T") := {w €
2 : T"w = w for some n > 1} is dense in £2.

3. Topological Transitivity. For each pair of nonempty open sets V; and V, there is
ann > 0 such that (T" Vi) NV, #£ @.

Intuitively, sensitivity to initial conditions limits predictability of the evolution
in the sense that an arbitrarily small perturbation o’ from « will still lead to
a separation of states 7"w and T"® in time n by a fixed positive amount §.
Topological transitivity is a type of irreducibility of the evolution in the sense that
the evolution cannot settle into disjoint invariant subregions. The density of periodic
points provides some degree of repetitiveness in the evolution. Variations on the
precise definition of chaotic dynamics can be found throughout the mathematics
and physics literature.

Example 4 (Rotation Maps (Continued)). Let S = [0, 1] and fix f(x) = x + ¢ for
a constant ¢ € [0, 1). This dynamical system is not chaotic, whether c is rational or
not, since every rotation leaves the distance (arc length) between points invariant.

Example 5 (Infinite Convolution with Shift as a Chaotic Dynamical System). Let
S = {0, 1} be a two-point set and consider the space £ := S§° of binary
sequences. Then £2 is a compact metric space for the metric defined by p(w, @) :=
Yo 27wy — 0|, 0 = (01, w2, ...), 0 = (o)), &), ...). Let F be the Borel o-
field; equivalently F is the o-field generated by finite dimensional sets of the form
A= {(01,...,00)} x S, w; € §,1 < j < n.Let T be the shift transformation
To = (w2, w3,...),0 = (w1, w,...) € 2 = §%. Let us see that this dynamical
system (7, §2, F) is chaotic. To check sensitive dependence on initial conditions,
simply take § = 1/4. Letw = (w1, wp,...) € 2,andlet B, = {0’ € 2 : a); =w,
forall j < m} denote the open (and closed) ball of radius 27 centered at w.
Any open set containing @ must contain By, for suitably large m. Then choose
o' € B, with a);n+1 =1—wpriandn =m, so T"w = (W1, Omi2,...). Then
o(T"w, T"w') > 1/2 > 1/4. To prove density of periodic points, let @ € £ and
¢ > 0. Choose n such that )"32 ;277 < € and define ' to be the infinite periodic
extension of (@, w3, ..., w,). Then p(w, w’) < e. Finally, to prove topological
transitivity, we will show a stronger property known as topological mixing. Namely,
let us observe that there is an w* € £2 whose orbit {w*, Tw*, T?w*, ...} is dense
in £2. To construct w* proceed as follows: the first two bits of w* are 0 and 1,
followed by all possible two bit blocks 0,0, 0,1, 1,0, 1,1 in some order, and
then all three bit blocks in some order, and so on. Then given any w € §2, the
first m digits will eventually appear as a block of w*, say, starting from n. Thus,
the first m digits of T"w* will match (w1, ..., @), and hence p(T"w*, w) <
27™. Topological transitivity follows from this (Exercise 7). Finally let us note
that there are uncountably many mutually singular ergodic invariant probabilities
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(having infinite support) for T since, for each p € [0, 1], the infinite Bernoulli
product measure (i, is an invariant probability; i.e., for finite dimensional cylinder
sets 1y ({(@1, ..., wp)} x $°) = pXi=t®i(1 — p)Xi=1=@) 4 € {0,1). The
distribution of an i.i.d. coin tossing sequence (infinite product measure) is invariant
under a shift in the sequence. That the support of each i, is infinite for0 < p < 1

and that the measures are mutually singular can be seen from the strong law of large

numbers, i.e., the support of 1), is contained in {w € £ : lim,_ L= = p},

n
which is a closed set.

Remark 6.5. 1t is known that in the quadratic family f(x;0) = 6x(1—x),0 <x <
1, chaos first occurs at the end of the period doubling cascade at 6 = 3.56995. ..
and last on the Sarkovskii order. This marks the first appearance of a period 3 orbit
and the onset of chaos.* From here on until & = 3.82843, known as the Pomeau—
Manneville region, the dynamics are marked by stable periodic phases interrupted
by bursts of chaos, which have applications to semiconductor devices.’

The following definition is very useful for showing that two dynamical systems
are equivalent, one being the relabeling of the other.

Definition 6.4. Let S and S be two metric spaces and f and g two maps on them,
respectively. The dynamical systems (f, §) and (g, S) are topologically conjugate
if there is a homeomorphism 4 : § — S such that & o f = g o h or, equivalently,
g=hofoh

We now provide examples of a number of important one-dimensional chaotic
systems, especially the quadratic system (Example 7) with 8 = 4, known as the
Ulam—von Neumann map.

Example 6. Consider the map g : S' — S! given by g(6) = 260 (mod2). We will
show that this dynamical system is chaotic. For this, first note that 0 = 2w (mod2m)
is a fixed point, and a period n (n > 1) orbit (including orbits of periods that are
factors of n) is given by the solutions of g™ (0) = 2n6 (mod2w) = 6 (mod2rn), i.e.,
2n6 = 6 + 2k for some nonnegative integer k, so that 0 = 2kn/(2n — 1)(k =
0,1,2,...,2n — 2). Note that this is an equidistant set of 2n — 1 points in [0, 27).
This being true for all n > 1, it follows that the set of all periodic points is dense in
S'. To establish topological transitivity, note that if 6 belongs to an open arc C in S',
and 0’ (+ 0) lies in an open arc C’, there exists n > 1 such that g™ (C") = S!, since
after each iteration the length of C’ doubles (or equals S! ). In particular, g™ (C")
intersects C. Finally, in order to prove sensitive dependence on initial conditions, let
6 belong to an open arc C in S', and let n be such that g™ (C) = S!, which implies
that there exists a point  # 6 in C such that the distance between g () and
g™ (6") will be as large as half the arc length of S'. Hence the dynamical system is
chaotic.

4 See May (1976).
5 See Jeffries and Perez (1982).
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Remark 6.6. As the above arguments show, if for every nonempty open set U, there
exists a positive integer n such that £ (U) = S, and then the dynamical system
(f, S) is topologically transitive and has sensitive dependence on initial conditions.

Example 7 (Ulam—von Neumann map). Let g : S' — S' by g(0) = 20(mod2n).
Using Example 6, we will show that the Ulam—von Neumann map f(x) =
f(x,4) = 4x(1 — x) on [0, 1] is chaotic. For this, first note the map gi(x) =
2x2 — 1 on [—1, 1] is topologically conjugate to f (x, 4) via the homeomorphism
h:[—1,1] — [0, 1] given by h(x) = (1/2)(1 — x), since foh(x) =2(1 —x)(1 —
(1 =x)) = 1= x% = ho gy (x). Next consider the map ¢ : ' — [—1, 1] given by
@(0) = cos6, which is the projection of the circle ' = {(x, ) : x2 4y =
1}(x = cosf,y = sinf) onto the x-axis. Let ¥ = h o . This map is not a
homeomorphism because it is two-to-one (except at & = 0): cosf = cos(2m — 0).
But one still has the relation ¢ o g(8) = cos20 = 2cos?6 — 1 = g1 o ¢(0). (Such
systems Y are sometimes called semiconjugate). In the following discussion, we
make use of the relation f o h o (0)(= ho g1 o (@) = h o ¢ o g(0). Hence
foy = fohop =hogiop = hopog =\ og. Iterating, one obtains f(z)ow =
fofohop = foyog=1ogog=yog?, ... Moy =yog" n=12,.

To show that the Ulam—von Neumann system ( f [0, 1]) is topologically transitive,
let U, V be nonempty open intervals in [0, 1]. Then U=h" 1(U Yand V = h~1(V)
are open intervals in [—1, 1]. There exist open arcs U and V in the upper half of
the circle S! such that ¢ : U — U is one-to-one and onto go(U) = U, and the
same is true of ¢ : V>V, <p(V) =V. Thenhogo(U) =U andho<p(V) =V.
Using f™ o (ho ) = (hog)o g™, it follows that f®W)=hogo g™ (),
F™WV) = hogog™(V). Choose n > 1 such that g™ (V) = S! (Example 6).
Then £ (V) = [0, 1] because £ (V) = h o ¢(S') = [0, 1].

From the above argument and Remark 6.6, it follows that (f(x,4), [0, 1]) is
topologically transitive and has sensitive dependence on initial conditions, with §
any positive number smaller than 1/2. Finally, let V be a nonempty open interval in
[0,1]and 6y € V a periodic point of some period 7 for (g, '), where V isan open
arc in the upper half of S I'as described above. Then g<">(90) = 6p. Therefore, the
projection 1 o ¢ (6p) = xo, say, of Gy on [0, 1] satisfies f(") (x0) = f(") ohop(By) =
hogog™(6y) =hogp(By) = xo. That is, xg is a periodic point of f of period n.
Since the set of periodic points of g in S! is dense in S! , so is the set of periodic
points of g in the upper half of S!. Hence the set of periodic points of f = f(-,4)
is dense in [0, 1].

Example 8 (The Tent Map). The tent map (¢, [0, 1]) is defined by

L {2u if0<u<1)2 67

2—2u if1)2<u<l.

We will see that the tent map, and the Ulam—von Neumann map f(x) = f(x,4) =
4x(1 — x), x € [0, 1], are topologically conjugate. Consider the change of variable
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u — x, givenby x = sin? Tt = h(u), say, of [0, 1] onto [0, 1]. Note that 4’(x) > 0
on (0, 1), and 4’'(«) = 0 foru = 0, 1. Hence  is strictly increasing (and continuous)
on [0, 1]; also A~ (x) = %arcsin J/x. One has f o h(u) = 4sin? = cosz(”—z“) =
sinz(nu) and A1 ofoh(u)= % arcsin(sinu). For 1/2 < u < 1, formally this has
two values 2u and 2 — 2u (since sintu = sin(zw — wu)), of which 2u falls outside
[0, 1]. Hence

%arcsin(sin mu)=2u if0<u<1/2

h='o foh(u) =
2(r—muw)=2-2u ifl/2<u<l

(6.8)

Thatis,r = h~' o f o h, so that f and  are topologically conjugate. By Example 7,
it follows that the tent map is chaotic as well.

Finally, it is simple to check that the uniform distribution on [0, 1] is invariant
under the tent map ¢ (Exercise 11). Hence the density of the corresponding invariant
distribution of the Ulam—von Neumann map is given by m(x) = du/dx =
dh~'(x)/dx = d% arcsin(+/x)/dx. Thus,

1

Proposition 6.6. Let t be the tent map and let X have the uniform distribution A
on [0, 1]. The stationary process X, = t"Xo(n = 0, 1, ...) is ergodic with respect
to the shift transformation 7X = (X1, X;,,...), X = (Xo, X1,...).

Proof. First observe that X = (Xo, X1,...) is a Markov process with transition
probability p(x, dy) = 8:(x)(dy). Hence for every shift-invariant event F = [X €
C], C a Borel subset of [0, 1]°°, there exists a ¢-invariant Borel subset B of [0, 1]
(i.e., almost surely, 15(Xo) = 15(X1) = 15(¢(X0))) such that 15(Xp) = 1¢(X),
almost surely (Exercise 12). Therefore, to prove ergodicity, it is enough to show that
M(B) € {0, 1}. Suppose A(B) > 0, and consider the Fourier expansion

o0
1(x) = Z cr exp{2mikx}, <ck = / 1p(x) exp{—2mikx}dx, for all k) ,
k=—o00 0.1]
(6.10)
the convergence of the series being in L%([0,1],1). For 0 < x < 1/2, 1p(x) =
15(2x), A-almost surely. Hence, A-almost surely

o0 o0
> crexp2mikx) = Y cpexpldmikx}, (0 <x < 1/2), 6.11)
k=—o00 k=—o00

This implies ¢y = ¢y for all k. By iteration, one obtains c; = ¢,k for every positive
integer m. But for k # 0, cy;x — 0 as m — oo. Thus,

cr =0 forall k£ #0. (6.12)
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Since the Fourier series for 1p is thus identified, namely, 13 = cg, and the proof
of the proposition is complete, one could also use a similar argument for x > 1/2,
t(x) = 2(1 — x), to obtain

o o0 o0
> crexpemikx) = Y crexpldmik —4mikx) = > cpexp{—4mikx),
k=—o00 k=—00 k=—o00
(6.13)
This implies ¢y = c_o; = -+ = c_ymk for all integers m > 0, and copr — O as
m — oo, for k # 0. Hence again 1p5(x) = ¢ for 1/2 < x < 1 (rA-a.s.). Therefore,
15(x) = A(B) forall x (A-a.s.); thatis, A(B) = 1. |

In view of the conjugacy between the tent map and the Ulam—von Neumann map,
one obtains the following result.

Corollary 6.7. Let f be the Ulam—von Neumann map f(x) = 4x(1 — x) on [0, 1],
and let X have the distribution with density (6.9). Then the stationary process X, =
f™Xo(n=0,1,...)is ergodic; that is, the shift-invariant sigma-field is trivial.

Remark 6.7. The Ulam—von Neumann map or some modifications that are still
chaotic have many practical uses’®:’ in science and engineering, including random
number generation, cryptography, economics, population biology, social networks,
etc. Dynamical systems in continuous time are called flows which are governed by
smooth autonomous ordinary differential equations or systems of them in the case of
multidimension. In view of the Poincare«~Bendixson theorem,® chaotic phenomena
cannot arise in two dimensions (or less). Roughly, this theorem says that, apart from
fixed points which may be attractive, repelling, or saddle points, a flow (x(¢), y(¢))
that remains in a bounded domain for all times ¢ > 0 is either cyclic, i.e., lies on a
closed curve and moves periodically on it, or approaches such a cycle as t — 00.”

Exercises

1. Let T be a measure-preserving transformation on the probability space
(82, F, n). Define Xo(w) = w, X(w) =T"w,w € 2,n > 1.

6 Among many publications on the subject, we refer to the articles by Ulam and von Neumann
(1947), Derrida and Flyvbjerg (1987), and Yu et al. (1990).

7 Many applications of dynamical systems to economic theory may be found in Bhattacharya and
Majumdar (2007), Chapter 1, which also contains an expository account of the elements of chaos
theory in discrete time. The classic work of Samuelson (1947) (enlarged edition published in 1983),
based on his 1941 Harvard thesis, is a pioneering study of optimization of economic phenomena
governed by systems of differential equations, their equilibrium, and stability, as well as what
would now be called bifurcations.

8 See, e.g., Hurewicz (1958).

9 The first example of a chaotic flow in dimension three is due to Lorenz (1963).
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(a) Show that {X,, : n > 0} is a stationary process on (£2, F, i).
(b) Show that o (X, X1, ...) = F and that the invariant o-fields of 7" and of
{X,, : n > 0} coincide.

. Suppose T is an ergodic transformation on a probability space (£2, F, u). For

[{m<n:T"weB}|

B € F, show lim,_, m

= u(B), where | - | denotes cardinality.

. (Normal numbers)

(a) Show that any irrational real number x € [0, 1] has a unique expansion,
x:Z(;i]ij’/,toabasebeN. .

(b) Show that for any k € {0, 1,...,b — 1}, lim,_,oo LEENZH — L go
Lebesgue a.e. x € [0, 1], i.e., each digit in the base b expansion occurs
with equal frequency. Such numbers are said to be normal.'’

Let £2 = [0, 1) with Borel o-field F and Lebesgue measure p. Consider the
map Tx = x 4+ cmod(1l), with ¢ = p/q where p and ¢ are relatively prime
positive integers. Show that (a) each x € [0, 1) has a periodic orbit O, =

{x,Tx,..., T9 'x} of period ¢, and (b) T is measure-preserving and ergodic
with respect to the uniform distribution on O, (which assigns zero probability
on 2\ Oy).

If T is an ergodic measure-preserving transformation on (£2, F, ui),i = 1,2,
then either w; = wo or wq and wy are mutually singular. [Hint: Let A be such
that w1 (A) # u2(A). Use the ergodic theorem for 14.]

Let 2 = {x1,x2,...,x,} be a finite set and F the power set of £2. Let T be
a permutation, i.e., a one-to-one map of £2 onto itself. Let u be the uniform
distribution on £2, i.e., u({x;}) = 1/m,i =1,2,...,m.

(a) Show that T is measure-preserving on (£2, F, i).

(b) Show that T is ergodic if and only if it has no periodic point of period less
than m; a point x is a periodic point of period q if ¢ is the smallest integer
such that T9x = x, and {x, Tx, ..., T‘f_lx} is a periodic orbit.

(c) Suppose that T has two cycles, i.e., there exists x # y and ¢ < m such
that T9x = x, T™ 9y = y. Let u; be the uniform distribution on 2| =
{x,Tx, ..., Tq_lx} and up thaton 2o = {y, Ty, ..., T’”_q_ly}.

(i) Show that T is ergodic on §21 and on £25.
(ii) If 7t; denotes the extension of u; to §2 defined by i; = w; on £2; and
; (£2\82;) = 0, then show T is measure-preserving and ergodic on
(2. F, ).
(iii) Let v = aw; + (1 — a)ftp for some 0 < o < 1. Show that T is
measure-preserving on (§2, F, v) but not ergodic.

107t s conjectured that ﬁ e, 1, In 2 are normal numbers, but not proven. An example of a normal
number was computed by Sierpinski (1917). Also see Becher and Figueira (2002).
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7.

10.
11.

12.

13.

Show that topological mixing implies its topological transitivity for a dynamical
system (7', §£2) on a metric space 2, provided that (i) £2 is connected or, more
generally, (ii) every nonempty open subset of £2 has infinitely many points.
Show that irrational rotations of the circle are topologically transitive but do not
have sensitive dependence on initial conditions.

. Show that the chaotic shift map 7 on £2 = {0, 1}*° is expansive in the sense

that there is a § > 0 such that for any two distinct points w, o’ € £2 there is an
n such that |[T"w — T"'| > 8. Show that, in general, an expansive dynamical
system has the property of sensitive dependence on initial conditions.

Show that x* in Proposition 6.4 is repelling if | f® (x*))'| > 1.

Verify that the uniform distribution on [0, 1] is an invariant measure for the tent
map.

In reference to the proof of Proposition 6.6, show that there is a 7-invariant
Borel set B C [0, 1] such that 1¢(X) = 15(Xg) a.s. as asserted. [Hint: X =
(X0, X1,...) = (Xo, X0, 1> Xy, ...) depends only on X.]

Consider the quadratic map f(x;60) = 6x(1 —x),x € [0,1] (0 < 6 < 4).
Show that f @ (x: 0) has only two fixed points, 0 and pg = 1 — %.



Chapter 7 ®
Markov Chains Check for

This chapter focusses on a construction and parameterization of discretely
indexed Markov chains on a finite or countably infinite state space.

This chapter begins the theory of discrete parameter/time Markov processes which
is the subject matter of the rest of the book. In general, the (one-step) transition
probability p(x, dy), x belonging to the state space S, contains all the information
about the process. Each transition probability corresponds to a unique Markov
process. The asymptotic behavior of a wide variety of these Markov processes is
explored. The discrete parameter Markov processes on finite or countable state
spaces, called Markov chains, provide a fairly complete asymptotic theory to be
considered in this and a few later chapters.

Suppose that {X, : n = 0, 1,2, ...} is a discrete parameter stochastic process
defined on a probability space (£2, F, P) and having a countable, i.e., finite or
countably infinite state space S. Throughout this chapter the o-field of measurable
events S is naturally the power set 25 consisting of all subsets of S. Think of
Xo, X1, ..., X1 as “the past,” X,, as “the present,” and X, 11, X, 42, ... as “the
future” of the process relative to time n. The law of evolution of a stochastic process
is often viewed in terms of the conditional distribution of the future given the present
and past states of the process. In the case of a sequence of independent random
variables or of a random walk, for example, this conditional distribution does not
depend on the past. Various illustrative models with this structure are described in
the Exercises 13-20.

To simplify notation explicit reference to the underlying probability space
(82, F, P) will often be suppressed.
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Definition 7.1. A stochastic process {Xo, X1, ..., Xy, ...} with countable state
space S has the Markov property if, for each n and m, the conditional distribution of
Xnt1s -y Xnym given Xo, X1, ..., X, is the same as its conditional distribution
given X, alone. Such a process having the Markov property is called a discrete
parameter Markov chain.

From the definition of conditional probability it is enough to check that for each
B € 8®™" the conditional probability P((X,41, ..., Xp4im) € Blo(Xo, ..., X»))

is a function of X,, alone; i.e., if so, the function must be P((X;41, ..., Xn+m) €
Blo(Xy)), Exercise 4. An equivalent formulation of the Markov property may be
cast as the conditional independence of the future {X, 11, ..., X,,+»} and the past
{Xo, ..., Xn—1} given the present X,, for each n,m = 1,2,..., see Exercise 4.
The denumerability of S makes [(X,,11, ..., Xuym) € Bl = Uy, jmeB [ Xnt1 =
J1s+-+s Xnem = jm] a countable disjoint union for each B C S, i.e., B € S®",
Thus the Markov property may be expressed: For any ji,..., j, € S,m > 1,

P(XYIJrl = jlv R Xn+m = ]m'U(X07 R} Xn))
= P(Xnt1=J1s s Xntm = jmlo(Xn)) = fu(Xn). (7.1)
Here the dependence of the function f;, on the fixed quantities ji, ..., j, and m is
suppressed.
The property (7.1) may be stated in elementary terms as
P(Xn—H :jla-~-vXn+m :]'m|XO:iO7--~9Xn :in)
=PXpr1=j1s--» Xngm = jmlXn =1n), j1,.... jm€eS. (1.2)

In view of the next proposition, it is actually enough to take m = 1 in any of these
formulations.

Proposition 7.1. A stochastic process Xo, X1, X2, ... with countable state space
S has the Markov property if and only if for each n the conditional distribution of
X,+1 given Xo, X1, ..., X, is a function only of X,,.

Proof. The necessity of the condition is obvious. For sufficiency we use induction
on m. Observe that if P(Xg = ig, ..., X, = iy) > 0, then
P(Xpt1 =1 s Xntm = jm | Xo =10, .... Xn =in)
= P(Xpq1=j1 | Xo =10, ..., Xn = in)
XP(Xpy2 =2 | Xo=1i0,---, Xn =in, Xp41 =J1)
XP(Xpy3 = j3 | Xo =10, ..., Xn =in, Xpq1 = j1, Xny2 = J2)
X oo X P(Xpgm = jm | Xo =0, .., Xn =in, Xn41 =Jj1o - s Xnpm—1 = jm—1)
=PXpt1=j1 | Xn =in) PXpi2 = j2 | Xpt1=J1)

XP(Xp13=j3| Xpg2=j2) X+ X PXntm = jm | Xntm—1 = jm—1)-
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The first equality follows from general rules of probability, while the second (last)
uses the Markov property with only one immediate future state in place of an
arbitrary number of future states (i.e., the case m = 1 in Definition 7.1). Notice that
the last expression does not depend on the past states, but only on the “present” state,
namely that of X,,, proving the general Markov property given in Definition 7.1. W

Yet another equivalent formulation of the Markov property will be given in the next
chapter (cf. Proposition 8.3).

A Markov chain {Xo, X1, ...} is said to have a homogeneous or stationary
transition law if the conditional distribution of X, 41, ..., Xu+m given X,, depends
on the state at time n, namely X, but not on the time n. Otherwise, the transition
law is called nonhomogeneous. An i.i.d. sequence {X,},>1 on the integers Z or
k-dimensional integer lattice Z¥, and its associated (unrestricted) general random
walk on Z or ZK, {S, = So + Z?:] X j}n=0, possess time-homogeneous transi-
tion laws, while an independent nonidentically distributed sequence {X,},>1 and
its associated random walk have nonhomogeneous transitions. Unless otherwise
specified, by a Markov chain we shall mean a Markov chain with a homogeneous
transition law from here on.

It is convenient to introduce a matrix p to describe the probabilities of transition
between successive states in the evolution of the process. As a notational convention,
when the meaning is unambiguous, p;; is often used in place of p; ; to denote the
ith row and jth column matrix entry.

Definition 7.2. A transition probability matrix or a stochastic matrix is a square
matrix p = ((p;;)), where i and j vary over a countable set S, satisfying

1. pijj > Oforalli and j,
2. 3 jes pij = 1foralli.
The set S is called the state space and its elements are states.

Informally, think of a particle that moves from point to point in the state space
according to the following scheme. At time n = 0 the particle is set in motion either
by starting it at a fixed state i¢, called the initial state, or by randomly locating it
in the state space according to a probability distribution p on S, called the initial
distribution. In the former case, i is the distribution concentrated at the state i, i.e.,
wj = 1if j =i, uj = 01if j # ip. In the latter case, the probability is u; that at
time zero the particle will be found in state i, where 0 < u; < 1 and Zi uni = 1.
Given that the particle is in state ip at time n = 0, a random trial is performed, with
probabilities p; ;- of the respective states j* € . If the outcome of the trial is the
state i1, then the particle moves to state i1 attime n = 1. A second trial is performed
with probabilities p;, ;- of states j” € S. If the outcome of the second trial is i, then
the particle moves to state i, at time n = 2, and so on.

A typical sample point of this experiment is a sequence of states, say
(io, i1, 02, ...,10n, ...), rEepresenting a sample path. The set of all such sample
paths may be taken as the sequence space sample space 2 = S*°. The position X,
at time #n is a random variable whose value is given by X, (w) = i, if the sample
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path is w = (ip, i1,...,in,...) € §2. The precise specification of the probability
Py, on §2 for the above experiment is given by

PM({iO} X oo X {in} x Soo) = P/L(XOZiO,Xl =i1,..., Xp =in)
= Wiy Pigiy * " Pip_1in- (7.3)

More generally, for finite-dimensional events of the form

A = [(Xo, X1,..., Xn) € B]
EBXSOOC.QZSOO, (7.4)

where B is an arbitrary subset of (n + 1)-tuples of elements of S, the probability of
A is specified by

Pu(A) = P((Xo.....X) €B) == Y igPigiy " Pipin- (15

(i0,i1,.-,in)€B

By Kolmogorov’s existence theorem, P, extends uniquely as a probability measure
on the smallest o-field F = S®> containing the class of all events of the form
(7.4).

Definition 7.3. The probability space (£2, F, P,) with X, (w) = w,, 0 € £2,
is referred to as the canonical model for the Markov chain with (homogeneous)
transition probabilities ((p;;)) and initial distribution (1. A stochastic process {X,, :
n = 0,1,...} defined on a general probability space is said to be Markov with
transition probability p(x,dy) and initial distribution u(dx) if its distribution is
Py, as defined by the canonical model.

The Markov property will be established below at (7.9)—(7.12). In the case of a
Markov chain starting in state i, that is, u; = 1, we write P; in place of P, in the
canonical model.

To specify various joint distributions and conditional distributions associated
with this Markov chain, it is convenient to use the notation of matrix multiplication,
with p = ((p;;)). By definition the (i, j) element of the matrix p? is given by

2
P,-(j) = Z PikPkj- (7.6)
keS

The elements of the matrix p" are defined recursively by p” = p"~!

(i, j) element of p” is given by

P so that the

-1 -1
p =y pi Ve =Y pur V. n=23 (7.7
keS keS

It is easily checked by induction on 7 that the expression for pl.(f)is given directly in
terms of the elements of p according to
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Pl(jn)— Z Piiy Piriz *** Pin—sin—1 Pin_1j- (7.8)

01yeeey in—1€S

Now let us check the Markov property of this probability model. Using (7.3)
and summing over unrestricted coordinates, the joint distribution of Xo, X,,,
Xnyy ooy X WithO = ng < n1 < np < --- < ng, is given by

P(X0217Xn1 :j17Xn2:j2,~~7Xnk:jk)

= Z Z o Z(Mipiilpiliz T pi,zl—ljl)(pjlinlﬂPin1+1in1+2 e Pinz—ljz)
1 k

X X AP ting 41 Ping_y1ing_ 2 Ping—1ji) (7.9)
where ) is the sum over the rth block of indices iy, ,41,...,in, (r =1,2,...,k).
(nk nk—1)

The sum ), keeping indices in all other blocks fixed, yields the factor P i
using (7.8) for the last group of terms. Next sum successively over the (k — l)st, s
second, and first blocks of factors to get

P(Xo =i, Xn, = j1. Xny = jo. oo Xy = ji) = pip s p% " pli )
(7.10)
Now sum over i € S to get
P(an = j17 an = ].27 . nk = ]k) (Z /*Llp,(;zll)> pjflljz .. pﬁ:ﬁll/{zl{_l).
ieS
(7.11)

Using (7.10) and the elementary definition of conditional probabilities the following
proposition is obtained.

Proposition 7.2. Let {X, : n = 0,1...} be a Markov chain with arbitrary initial
distribution p and transition probability matrix p. The conditional distribution of
X4+m given Xo, X1, ..., X, is given by

PXpim =j | Xo=io, X1 =i1,..., Xpn—1 =in-1, Xpn =1)

_pl(jm)_P(XHm:j|X,,:i):P(Xm:j|X0:i), m=>1 jes.

Although by Proposition 7.1 the case m = 1 would have been sufficient to prove

the Markov property, Proposition 7.2 justifies the terminology that p™ := (( plm)))
is the m-step transition probability matrix. Note that p” is a stochastlc matrix for
all m > 1 (in the sense of Definition 7.2).

The calculation of the distribution of X, follows from (7.10), (7.11). We have

PuXm =)= Pu(Xm=j, Xo=1i) = ZP (Xo = i)Pu(Xp = j | Xo=1)

i

= Z uiny = @™ ;. (7.12)
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where p(’")/ denotes the transpose matrix, and (p(’”)/ w); is the jth element of this
column vector.

a 1—a

Example1. S =1{0,1}.p= |:1 b b

], 0 < a, b < 1. Excluding the case a +

b =2in whichp = |: 0], with, say, a < 1, one may check that p has two distinct

1
01
eigenvalues A1 = 1, Ap = a + b — 1 < 1 with corresponding eigenvectors |}i| and

1 . . . . .
|: h—1 :|; notice that a stochastic matrix will always have A = 1 as an eigenvalue,
=

and, since px averages X, the magnitude of the others cannot exceed 1, (Exercise 7).
Now, writing A for the matrix whose columns are these eigenvectors, one has

11 o 1 1—-bl—a
A= ., AT = ——— ,
[1ﬂ] 2—a—b[1—aa—1]

1—a

A0 A 0 _1 n A0 1
A=A , = A A7 =A™ 5 Al
P [0)\2} P [0 xz] P 0 A
Thus

p™ = 2—a—b)~! [1 —b+(1—-a)a+b—1)"1—a—(—a)a+b— 1)"]

1-b—A-Db)a+b—-1)"1—-a+{A—->b)(a+b—-1)

It is interesting to notice the behavior of p(”), as a function of n, in each of the
distinctcasesa +b=1,1<a+b<2,and0<a+b < 1.

Exercises

1. Consider the simple symmetric random walk on {0, 1,2} with reflecting
boundaries at 0 and 2.

(a) Show %Zle p") converges to the matrix whose rows are identically
(1/4,1/2,1/4).

(b) Show that mg = mp» = 1/4, m» = 1/2 is the unique invariant probability.

(c) Start {X,, : n > 0} with the invariant initial distribution. Show that {X,, :
n > 0} is ergodic, but { Xy, : n > 0} is not ergodic.

2. Consider the Markov chain {X,, : n > 0} on § = {1, 2, 3} with transition
probabilities p11 = 1, po3 = p32 = 1, and p;; = 0 otherwise. Determine
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the extremal ergodic invariant probabilities and the collection of all invariant

probabilities. Calculate lim,,_, oo % Z:f:lo X, for the initial distribution 7 =

(1/4,3/8,3/8).

3. (Random Walk on Integer Lattice) Show that any discrete parameter stochastic
process {X, : n = 0,1, ...}, having independent increments on the integer
lattice state space Z is a Markov chain.

4. (a) Show that if P(Alo(Xo,...,Xn)) = fu(Xn), then f,(X,) =

P(Alo (Xn)).

(b) Let A, B, C be events with C, B N C having positive probabilities. Verify
that the following are equivalent versions of the conditional independence
of Aand B givenC : P(ANB | C) = P(A | C)P(B | C) if and only if
P(A|BNC)=P(A|C).

(c) Prove that the Markov property (in Definition 7.1) is equivalent to the
property: Conditionally given X,,, the past {Xo, ..., X,,—1} and the future
{Xn+1, Xu42, ...} are independent.

5. (a) Let {X, : n = 0,1,2,...} be a sequence of random variables with

countable state space S. Call {X,, : n > 0} rth order Markov-dependent
if forig,...,inp, jE€S,n>r

PXpr1=j 1 Xo=1i0,..., Xn =1iyn)
= P(Xn+1 =J | Xn—r+1 = ln—rt1s > Xn = in)-

Show that ¥, = (X,;, Xy41, ..., Xug4r—1),n =0, 1,2, ... is a (first-order)
Markov chain under these circumstances.

(b) Take S = 7K, and let Vi = Xn41 — Xp,n =0,1,2,.... Show that if the
position process {X, : n > 0} is a Markov chain, then so is the position-
velocity process {(X,,, V) : n > 0}. [Hint: Consider first {(X,, X,,+1)} and
then apply a one-to-one transformation. ]

6. Let {Y, : n > 0} be an i.i.d. sequence of -1-valued Bernoulli random variables
with parameter 0 < p < 1. Define a new stochastic process by X, = (¥, +
Y,—1)/2,forn = 1,2, .... Show that {X, : n > 1} does not have the Markov
property.

7. Suppose that S is a finite state space and p a stochastic matrix indexed by S x
S. Show that |[A| < 1 for all eigenvalues of p, and that A = 1 must be an
eigenvalue. [Hint: View p as a matrix operator on a real vector space V :=
{x = (xj)jes : x; € R} with norm defined by [|x|| = max({|x;|: j € S}.]

8. Calculate pl.(’f) for the unrestricted simple random walk on Z (see Exercise 8).
[Hint: Add up probabilities of sample paths by counting.]

9. Letp = ((p;})) denote the transition matrix for the unrestricted general random
walk on Z.

)

(a) Calculate pl(j2 in terms of the increment distribution Q.

(b) Show that pg?) = Q*(j — i), where the n-fold convolution is defined
recursively by
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10.

11.

12.

13.

14.

7 Markov Chains
o"(H=) " Pwei-h. V=0
k

Let{Z, :n=0,1,2,...} beiid. £1-valued with P(Z, = 1) = p € (0, 1).
Define X,, = Z,Z,+1,n =0,1,2,....

(a) Show thatfork <n —1,P(Xp41 =j | Xpk =1i) = P(Xp+1 = J), ie,
X, +1 and Xj are independent for eachk =0, ..., n — 1, n > 1. Note that
k<n-—1.

(b) Show that {X,, : n > 0} is a Markov chain if and only if p = 1/2.

(a) Show that the transition matrix for a sequence of independent and identi-
cally distributed (i.i.d.) integer-valued random variables is characterized by
the property that its rows are identical; i.e., p;; = p; foralli, j € S.

(b) Under what further condition is the Markov chain an i.i.d. sequence? [Hint:
Consider the initial distribution.]

(a) Let {Y, : n > 0} be a Markov chain with a one-step transition matrix p.
Suppose that the process {Y,, : n > 0} is viewed only at every mth time step
(m fixed) and let X,, = Y,,,, forn =0, 1,2, .... Show that {X,, : n > 0}
is a Markov chain with one-step transition law given by p”*.

(b) Suppose {X,, : n > 0} is a Markov chain with transition probability matrix
p.- Letn; < ny < --- < ng. Prove that

P(Xpy = j | Xy = i1sooo Xy = ig—p) = pit %0

(Random Walks on a Group) Let G be a finite group with group operation
denoted by @ and e its identity element. If @ is commutative, i.e., x @y = yPHx
for all x,y € G, then G is called Abelian. Let X1, X», ... be i.i.d. random
variables taking values in G and having a common probability distribution Q

with Q({g}) = P(X, = 8), g € G.

(a) Show that the random walk on G defined by S, = Xo® X1 ® --- & Xy,
n > 0, is a Markov chain and calculate its transition probability matrix.
Note that it is not necessary for G to be abelian for {S,} to be Markov.

(b) (Top-In Card Shuffle) Construct a model for card shuffling as a Markov
chain on a (nonabelian) permutation group on N symbols in which the top
card of the deck is inserted at a randomly selected location in the deck at
each shuffle.

(c) Calculate the transition probability matrix for N = 3. [Hint: Shuffles are of
the form (¢, ¢2, ¢3) — (c3, c1, ¢3) or (¢3, ¢3, C1) only.]

(One-Dimensional Ising Ferromagnet) The one-dimensional Ising model
may be viewed as a doubly indexed stationary Markov chain {n,, : m =
0,+1,+2,...} on spin values S = {—1,+1} with invariant marginal

distribution (1/2,1/2), and having transition probabilities (p q), where
qp
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15.

16.

17.

Pl = p-1-1=p = ﬁ:ﬂl) is the Ising model parameterization with the
so-called inverse temperature parameter B > 0 and coupling constant J. The
ferromagnetic case in which neighboring spins are more likely to align (i.e.,
p > 1/2)is defined by J > 0.

(a) Show that if {—1, 41} is viewed as a multiplicative Abelian group, then
the Markov chain {n,, : m = 0, &1, £2, ...} is simply a random walk on
{—1, 4+1}; that is, the increments nmﬂn,;] = Nm+10m,m € Z are i.i.d.
[Hint: Let 0y, m € Z be i.i.d. £1-Bernoulli with parameter p = P (0, =
1) and show that the random walk defined by 1,,,+-1 = nom+1, m € Z, has
the appropriate transition probabilities, and invariant marginal distributions
(1/2,1/2).]

(b) Show that in the ferromagnetic case the distribution, say P, of the Markov
chain with invariant distribution 71 = w_; = 1/2 is infinitely divisible'
as a probability measure on the multiplicative Abelian product group G =
{—1, +1}% with coordinatewise multiplication; that is, for any positive inte-
ger m there is a probability measure Q,, on G such that P = Q}", where
"* denotes the m-fold convolution. [Hint: Show that the (coordinatewise)
product of two independent Markov chains with parameters, pj, p> is also
a Markov chain with parameter p3 = 2p1p> — p1 — p2+1 € (1/2, 1) for
pi, p2 € (1/2,1).]

A random number of individuals with a highly contagious disease enter an
infinite population of healthy individuals. During each subsequent period, either
one of these carriers will surely infect a new person or be discovered and
removed by public health officials. An unremoved infected individual becomes
a carrier. Each carrier is discovered and removed, independently of the others,
with probability ¢ = 1-p at each unit of time. The time evolution of the
number of infected individuals in the population is a Markov chain {X,, : n =
0, 1,2,...}. What are its transition probabilities?

Suppose that at each unit of time each particle located in a fixed region of space
has probability p, independently of the other particles present, of leaving the
region. Also, at each unit of time a random number of new particles having
Poisson distribution with parameter A enter the region independently of the
number of particles already present at time n. Let X,, denote the number of
particles in the region at time n. Calculate the transition matrix of the Markov
chain {X,, : n > 0}.

We are given two boxes A and B containing a total of N labeled balls. A
ball is selected at random (all selections being equally likely) at time n from
among the N balls and then a box is selected at random. Box A is selected
with probability p and B with probability ¢ = 1 — p independently of the
ball selected. The selected ball is moved to the selected box, unless the ball is

! This property was investigated in Waymire (1984) and Glaffig and Waymire (1987) for Ising
models.
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18.

19.

20.
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already in it. Consider the Markov evolution of the number X, of balls in box
A. Calculate its transition matrix.

Each cell of a certain organism contains N particles, some of which are of type
A and the others type B. The cell is said to be in state j if it contains exactly
J particles of type A. Daughter cells are formed by cell division as follows:
Each particle replicates itself and a daughter cell inherits N particles chosen
at random from the 2 particles of type A and the 2N — 2j particles of type
B present in the parental cell. Calculate the transition matrix of this Markov
chain.

(Length of a Queue) Suppose that items arrive at a shop for repair on a daily
basis but that it takes one day to repair each item. New arrivals are put on a
waiting list for repair. Let A, denote the number of arrivals during the nth day.
Let X,, be the length of the waiting list at the end of the nth day. Assume that
A1, Aa, ... isani.i.d. nonnegative integer-valued sequence of random variables
witha(x) = P(A, =x),x =0,1,2,.... Assume that A, 1 is independent of
X0, ..., Xp (n = 0). Calculate the transition probabilities for {X,, : n > 0}.

(A Renewal Process) A system requires a certain device for its operation that
is subject to failure. Inspections for failure are made at regular points in time,
so that an item that fails during the nth period of time between n — 1 and n is
replaced at time n by a device of the same type having an independent service
life. Let p,, denote the probability that a device will fail during the nth period of
its use. Let X, be the age (in number of periods) of the item in use at time n. A
new item is started at time n = 0, and X,, = O if an item has just been replaced
at time n. Calculate the transition matrix of the Markov chain {X,, : n > 0}.



Chapter 8 ®
Markov Processes with General State Creck fo
Space

The focus of this chapter is that of discrete parameter Markov processes on
a general (measurable) state space S. Some general considerations for the
existence and uniqueness of invariant probabilities are provided.

Consider a discrete parameter stochastic process {X,},>0 with general state space
S equipped with a o-field S of subsets of S. Here the measurable space (S, S) may
be a countable set and S its power set as in the previous chapter, or more generally,
S may be a metric space and S its (Borel) o-field generated by the open subsets
of S, for example. Unless stated otherwise, a map f on S into a metric space M is
(implicitly) referred to as measurable (or more explicitly, Borel measurable) if it is
measurable with respect to S on S and the Borel o-field on M, i.e., if f ’1(B) eS
V Borel sets B in M. Also, for any family {Y) : A € A} of random variables on a
probability space (§2, F, P), o{Y) : A € A} is the o-field generated by the family
i.e., it is the smallest o-field (C JF) with respect to which Y, is measurable for each
A€ A

Definition 8.1. A stochastic process {Xo, X1, ..., Xu, ...} having state space S
equipped with a o-field S has the Markov property with regular transition prob-
abilities if for eachn > 0,

P(Xn+l eB|G{X07X17~-,Xn}):pn(anB)v BES! (81)

where for each n,

1. For each B € B, x — py(x, B) is a measurable function on S.
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108 8 General State Space

2. Foreachx € S, B — p,(x, B) is a probability measure on S.

A stochastic process having the Markov property is called a Markov process with
transition probabilities p,(x,dy), n > 0. The Markov process is said to be
homogeneous if the transition probabilities p,(x,dy) are the same for all n =
1,2,...,say p(x,dy).

For the most part we will consider Markov processes with homogeneous
transition probabilities, and unless explicitly stated otherwise, by a Markov process
we will mean Markov process with homogeneous conditional probabilities from
here out.

The special case in which there is a o-finite measure v on (S,S) and a
nonnegative measurable function p(x, y) on § x § such that f g P(x, yvdy) =1
and p(x, B) = fB p(x, y)v(dy), for all x € S, occurs often. In this case, (8.7)
and (8.12) below are iterated integrals of p(xg, x1)p(x1, x2) ... p(xn—1, x,). This
was the case, for example, in Chapter 7, where § is finite or countable and v is the
counting measure.

The first task is to establish the following construction.

Proposition 8.1. Given an initial distribution g and a transition probability
p(x,dy), there is a unique probability measure P, on the canonical space
(S, S®*) with the property (8.1) for the coordinate projections X, (X) = x,(n =
0,1,2,...), where x = (x0, x1,%2,...) € §%° = S012} and S is the
product o-field; i.e., the smallest o-field on S°° for which each of the respective
coordinate projection maps is measurable. Moreover,

Py(Xu41 € Byyilo(Xo, ..., Xy)) = p(Xn, Buy1), Be S. (8.2)

Proof. To begin, one constructs a collection of probability measures Py ,,n =
0,1,2,..., on the finite dimensional product spaces (S”, S, where " = § x
xS, and S¥' =S ®---Q® S, (n-fold), to represent the respective distributions
of (Xo, X1,...,X,),n=0,1,2....
To this end, for a bounded S®"-measurable function f on S”, define integrations
on the product spaces iteratively, beginning with the innermost integral (with respect
to p(x,—1, dxy,)), keeping all variables except the last one, namely x,, fixed; that is,

/~~/f(xo,xl,...,xn_l,xn)p(xn_l,dxn)~~p(XO,dx1)M(dxo)
S S
:f"'/fl(XOJCl»---’xn—l)p(xn—Zadxn—l)"'p(xo’dxl)/i(dXO)
S S

= / o ./ f2(x05 x] LR ] xl‘l—2)p('xn—3a dxn—Z) e p(an dxl)ﬂ(dXO)
N N



8 General State Space 109

=/S/Sfn—l(xo,xl)P(xo,dxl)M(dxo)

= /S Sn(xo)(dxo), (8.3)

where

filxo, x1, ..., xp—1) = / F(x0, X1, ..oy Xn—1, Xn) p(Xn—1, dXp),
s

Hxo, x1, ..., x4—2) = f fixo, x1, ..., Xu—1) p(xp—2, dx,—1),
s

and so on. To justify this integration, first observe that y — f(xo, ..., Xx,—1,Y) is
S-measurable for any fixed (xg, ..., x,—1) € S"; namely, it is clear for indicators
of measurable rectangles C = By X --- X By, (B; € §,i =0, 1, ..., n), therefore,
by the w — X theorem for all C € S®". Since every bounded measurable function
is a pointwise (uniform) limit of a sequence of simple functions, the measurability
of y = f(x0,...,%u_1,y) follows for all bounded S®*-measurable functions f
on S”. The S®"-measurability of the map (xg, ..., X,_1) — f1(x0,...,Xn_1) =
Js f o, x1, ..., Xa—1, ) p(xn—1, dy) follows.

Now, to define P, ,, take f = 1¢, C € S®"*!. Writing Cy, ., , =1y € S :
(x0, ..., Xp—1,y) € C},and fi(x0, X1, ..., %p—1) = p(Xn—1, Cxq,....x,_,)> define

Puo =, Pu1(C) =/S/Slcxo(m)p(m,dm)u(dm)C e 5%, (8.4)
More generally, define for n > 2

Pun© = [ [ e Gnptour.dsn) plosa,di, ) ploo. diucdso)

:fs"'fgp(xn—lsCxo,...,x,,_|)P(xn—27dxn—l)"'P(XOvdxl)l/v(dx())~ (8.5)

In particular, for a measurable rectangle C = By x --- x By, (8.5) reduces to

Pu1(By x By) = / p(xo, B1)(dxo),
By

and

Pyn(By x -+ X By) =/B /;; Pn—1, Bp)p(xn—2,dxy_1) -+ p(xg, dx1)u(dxp).
0 n—1
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Finite additivity of P,, , follows by writing 1¢ = Z'/”: 1 1¢; for disjoint C; € s®n,
and countable additivity then follows by the monotone convergence theorem. This
completes the construction of the finite dimensional distributions. It is simple to
check that this collection of probability measures is consistent in the sense of the
Kolmogorov existence theorem.! Thus, by the Kolmogorov existence theorem
in the case that S is also a Borel subset of a Polish space or, more generally
by Tulcea’s theorem? for an arbitrary measurable space (S, S), one arrives at a
probability measure P, on ($°°, S®) such that the distribution of the projection

(X0, X1, .+, Xp) : 8 — §"is Py ,,n=0,1,2,....Forthis, let B, € S.If
C € S®"+D then it follows from (8.5) that

Py,n-i—] (C x Byy1)

= ,/_;‘ c /_; 1c(xp, ..., Xn)anH (xn+1)Pp.,n+l(dX0 X - Xdxpyy)
= / p(xpn, Bn+1)PpL,n(de X - X dxp). (8.6)
CxS

If one takes B, +1 = S, then the consistency is checked: Py ,,+1(C x §) = P, »,(C).
This completes the construction of P, on (S°°, S®), Finally, note that (8.6) also
expresses the Markov property in the form:

P,u(Xn+l € Byyilo(Xo, ..., Xu)) = p(Xy, Byt 1). |

With the construction carried out in the proof of Proposition 8.1, given a
transition probability p(x, dy) and an initial distribution u(dx), one may make the
following definition.

Definition 8.2. A stochastic process {Xo, X1, ...} on an arbitrary probability space
(82, F, P) is Markov with transition probability p(x, dy) and initial distribution
w(dx) if its distribution is P, on (§°°, S®). If 4 = §,, then we write Py for Ps,.

Note: To avoid a clutter of symbols, we will often abuse notation in probabilities
associated with Markov processes X = {X,, : n =0, 1, ...} defined on a (possibly
non-canonical probability space) (£2, F, P) as P, (X € B) to indicate that X has
distribution p. That is, we may use the expression for the corresponding probability
in canonical space, where X, is the nth coordinate projection on S*°.

Proposition 8.2. 1f {X,};2 has the Markov property, then one may obtain the
distribution at m > 1 time_points into the future inductively for By, B>, ..., By, €

S, as

P(X,41 € B1,..., Xn+m € Bplo{Xo, X1,..., Xn})

1 See BCPT p. 236 or Billingsley (1968), p. 235.
2 see BCPT p. 168 or Billingsley (1986), pp. 510-511.
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= P(Xn+l €By,..., Xn+m € Bm|U{Xn})
Z/ / P(Xm—1,dxp) ... p(x1,dx2) p(X,, dx1)
By m
=P (X1 €B1,...,Xm € By)lr=x,, (8.7)

where the integration is an iterated integral.

Proof. The first equality follows from the Markov property. The second follows
from (8.6), as does the last. To prove this in detail, simply condition the left hand side
of (8.7) on the larger o-field o (Xo, ..., X;4+m—1) and use the smoothing property
of conditional expectations. Since

/ P(Xm—1,dxp) = p(Xm—1, Bn),

the first integration yields

fl (Xn+ls ceey Xn+m—l) = 1[Xn+1 €By,..., Xn—i—m—l € Byu—1]- P(Xm—l, By),

in the notation introduced earlier. That is, the left side of (8.7) equals

E(fi(Xn+1, - -, Xngm—1D o (Xo, ..., Xn)). (3.8)
Next taking the conditional expectation of (8.8), given o (Xo, ..., X, 4m—2), one has
E(fZ(X;H»h v Xpgm—2o(Xo, ..., Xp))

=1UXy11 €81, Xyym—2 € Bm—z]/B P X1 Bm) p(Xyn—2, dxpm—1)-
m—1

Continuing in this way, the probability is ultimately given by a function of X,, of
the form:

P(Xytm € B, ..., Xpq11 € Bilo{Xo, X1, ..., Xp})
= E(fn-1XntDlo (Xo, ..., Xn)

=Efin-1Xnt1lo(Xy)) = Sm—1(x1) p(Xy, dxy). (8.9)
B
|
Observe that taking B, = B € S, By = B, = --- = B,,—1 = Sin(8.7), one has
P(Xpim € Blo{Xo, ..., Xp}) = p™ (X4, B), (8.10)

where the m-step transition probabilities are recursively given by
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p" D (x, B) = / p" (v, B)p(x,dy), BeS x€S, @.11)
S

with p(V(x, B) = p(x, B). Notice that by taking successive conditional expecta-
tions of 1[Xg € By, ..., Xn—1 € By—1, X, € By] given 0(Xo, ..., X,—1), 0 (Xo,
.., X,_2),...,o0ne obtains

PM(XO € Bo,...,Xu—1 € By—1, Xy € By)
= f / e / P(Xp—1,dxy) p(Xn—2,dx,_1) - -+ p(xg, dx1)u(dxp)
By J B; n
= M,n(BO X Bl X X Bn):
where p is the initial distribution of the process as defined by

w(B)=P(XoeB), BeS. (8.12)

The following is another equivalent version of the Markov property that is
commonly used.

Proposition 8.3. Let {X,},>1 be a Markov process with a transition probability
p(x,dy) and some initial distribution u. Then the conditional distribution of the
after-n process defined by X, := (X, Xu+1,-..), given a{Xo, ..., Xp}, is Py, .
That is, it equals Py on the event [X,, = x] C £2.

Proof. In view of (8.7), one has for finite dimensional events of the form C =
By x By X By x S®,B; € §,0 <i < m, that P(X;} € Clo{Xo,..., Xn}) =
Px,((Xo, X1,...) € C). Now observe that the collection of sets C € S®>
such that this equation holds is a A-system, which contains a w-system of finite
dimensional events. The assertion thus follows from an application of the 7 — A
theorem. |

Situations in which there is an initial probability v for the Markov process which
is invariant under the evolution are of particular interest, especially because when
unique it represents the long term behavior of the process regardless of how it is
initiated.

Definition 8.3. A probability 7 on S is said to be an invariant probability or
steady state distribution for a Markov process {X, },>0 with transition probabilities

p(x, dy) if
f p(x, Byw(dx) =n(B) forall B €S. (8.13)
s
Notice that if 7 is an invariant initial probability for {X,},>0, i.e., Xo has the

invariant distribution sz, then the left side of (8.13) is P(X; € B). One has that
P(X, € B) =n(B), B € S, that is,
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P(X,+1€B)= / p(x, B)P(X, €dx) = / p(x, Byn(dx) = n(B), (8.14)
N N

which for n = 0 is true by definition, and the general case follows by the Markov
property and induction. In addition to questions of

(i) Existence
(i) Uniqueness

of invariant probabilities, one also seeks
(iii) Basins of Attraction

i.e., initial distributions under which convergence to a given invariant probability
will hold, and

(iv) Rates of Convergence

to name a few of the central topics of the theory. In view of (8.7),

P(X,+1€B1,....,Xyym€eBy)=PX1€8By,...,Xn €By), Bi€S.
(8.15)
In particular, in this context the distribution of the after-n process X, = {X,1m :
m = 0,1,2,...} coincides with that of X; ={X, :m =0,1,2,...} for each
n = 1,2,..., a property referred to as stationarity of the process {Xo, X1, ...},
as discussed in the earlier chapters of the text. From this perspective, theorems
providing

(v) Law of Averages
and
(vi) Fluctuation Law

in the forms of a strong law of large numbers (ergodic theorem) and a central
¥imit theqrem for. averages of the form % Z?;(l) f(X) in the presence of a unique
invariant initial distributions are also essential to a complete theory.

For the next definition and elsewhere in the book, B(S) denotes the set of all real-
valued bounded measurable functions on S, equipped with the sup-norm | f| =

sup,cs | f(x)].

Definition 8.4. Given a transition probability p(x, dy) on (S, S), the transition
operator T is the map on B(S) (into B(S)) defined by

Tf(x) =/Sf(y)17(x7dy), f € B(S). (8.16)

Note that the measurability of x — p(x, B) for every B € S implies the
measurability of Tf (Exercise 1). The transition operator is a positive linear
contraction on B(S) such that 71 = 1, where 1 € B(S) is the constant function
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on S with constant numerical value one (Exercise 1). In particular, given any such
transition operator, one may recover p(x, B) = T1lp(x),x € S, B € S.

Note that for a Markov process {X,, : n =0, 1, 2, ...} with transition probability
p(x,dy), one has Tf(x) = E(f(X1)|Xo = x) = E(f(X1)]0(X0))|xo=x, Which
may be expressed as E, f(X1). In fact, by the Markov property and induction,

Ey f(Xps1) = ExEx[f (Xuy1) | 0(Xo, ..., Xp)]

= E«Ex, f (Xn+1)
=E.Tf(Xn)

= E.E(Tf(Xn)lo (Xn-1))

=B TTf(X1) =B T2 f(Xy1) = -+ = ET" f(X))

=T""'f(x), xeS,n=>0,

ie., T" is the transition operator defined by the n-step transition probability
p™ (x, dy). The relation (8.13) implies (and is, therefore, equivalent to)

/(Tf)(x)r[(dx) = / f)m(dx) forall f e B(S). (8.17)
N N

Thus (8.17) also defines the convenient notation “w (dy) = fs p(x,dy)m(dx).” Just
as (8.13) implies (8.17), (8.14) implies

/(T”f)(x)n(dx) = / f(x)m(dx) forall f € B(S), foralln >1. (8.18)
S S

One approach to obtain invariant probabilities is by consideration of long time
steady state distributions. In particular, one might anticipate that if for some x €
S, the distribution p(") (x,dy) of the state X, converges weakly as n — 00 to
some limit probability distribution ., then 7, should be invariant under continued
evolution. However, as the following example shows, one must be careful.

Example 1 (Liggett). Let S = {0, 1, %, %, %, e mL—H’ ...}, and let S be the power
set of S. Then § is a metric space with the usual distance on the line, d(x, y) =

|x — y|, and S is the Borel o-field. Fix 0 < 6 < 1 and define

p(0f)=0 oot =1
p miﬂ,{ﬁ—iz})=9,p(mlﬂ,{ﬁi§})= -0, m=1,2,....
p(1,{0) =9, p(1{])=1-e.

Then p™(x,dy) converges weakly to (1}, but this is clearly not an invariant
probability.
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Note that weak convergence requires convergence of the sequences of integrals
Js Fp D (x dy) = T f(x) = T"(Tf)(x), forall f € Cy(S), asn — o0;
recall Cp(S) C B(S) denotes the subset of all bounded continuous functions on the
metric space S. As usual whenever S is a metric space, we take S to be the Borel
o-field on S for the uniform norm on Cj(S).

Definition 8.5. A transition probability p(x, dy) on a metric space S is said to be
Feller continuous, or weakly Feller continuous, if for every f € Cp(S), Tf €
Cp(S). In this case one also says p(x, dy) has the (weak) Feller property.

Observe that Feller continuity of p(x, dy) means that the map x — p(x, dy), on
S into the set P(S) of all probability measures on (S, S), is weakly continuous.
Moreover, T is a positive, linear contraction operator on Cp(S) with T1 = 1.
Conversely, if S is a compact metric space, then any such operator on Cp(S)
uniquely determines Feller transition probabilities p(x, dy) by applying the Riesz
Representation Theorem® from analysis to the bounded linear functional f —
Tf(x), f € Cp(S), foreach x € § (Exercise 6).

Notice that since Cp(S) is measure—determining,4 the condition (8.17) defining
an invariant probability may be restricted to f € Cp(S).

Another obstacle to this approach to the determination of invariant probabilities
is evident in the simple two-state example po; = p1o = 1, poo = p11 = 0. In this
case, mp = 1 = 1/2 is the unique invariant probability, but p(()'{) oscillates between
1 and O as a function of n. However, these oscillations can be averaged out by
considerations of 2n1+1 Zfi 0 p(()rj) — 1/2,asn — oo, for j = 0, 1. So this example
suggests that time averaging may be required, and Liggett’s Example 1 shows that
the hypothesis of Feller continuity in Proposition 8.4 cannot in general be dispensed
with in the weak convergence approach to invariant probabilities (Exercise 5). From
a probabilistic perspective, note also that

i, i, "X, € B]
— > p"0 B =— 3 EdIX, € B =E, Zro 1K, € B] — (8.19)
r=0 r=0

is the expected proportion of visits to the set B € S in time 0 to m — 1, starting from
X.

Proposition 8.4. Suppose S is a metric space and p(x, dy) is a Feller continuous
transition probability on (S, ). (a) If for some x € S there is a sequence of integers
1 <n; <ny < ... suchthat,as k — oo,

1 ng—1
— Z p"(x, dy) converges weakly to 7y (dy) (8.20)
ng

r=0

3 BCPT p 237.
4 See BCPT, p. 11.
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for some probability measure 7y, then my is an invariant for p(x, dy).
(b) If, for some sequence 1 <n; < ns...,(8.20) holds for every x € S with the
same limit ;r, = 7 for all x, then 7 is the unique invariant probability.

Proof.
(a) The relation (8.20) says that

1 ng—1
a Z(Trf)(x) — /Sf(y)n’x(dy) forall f € Cp(S). (8.21)

=0

Replacing f by T f (which belongs to C;,(S) by hypothesis), one gets

ng
niZTrf(x) — / Tf(y)me(dy) forall e Cy(S). (8.22)
k= s

But the difference between the left sides of (8.21) and (8.22) equals in
magnitude |(T"™ f)(x) — f(x)|/nx < 2sup{|f(x)| : x € S}/ng, which goes
to zero as k — oo. Hence the limits in (8.21) and (8.22) are the same. Thus,
since Cp(S) is measure-determining, one has m, (dz) = fs p(y,dz)m(dy); see
Lemma 1 below.

(b) By (a), 7 is invariant. Suppose that, under the hypothesis of part (b), 7’ is
another invariant probability, and then integrating the two sides of (8.21) with
respect to 7', one obtains

nrp—1

1
— > / (T" )07’ (dx) — / [ / f(y)n(dy)} 7' (dx). (8.23)
L sLJs

By invariance of 7/, the left side equals | fdn’ (see (8.18)), while the right side
is [ fdr.Thus [ fdn' = [ fdn forevery f € Cp(S), implying 7’ = 7 since
Cp(S) is measure-determining. |

Lemma 1. If Q1 and Q; are probability measures on the Borel o-field of a metric
space S such that [ fdQ1 = [ fd Q> for all bounded continuous real-valued
functions f on S, then Q1 = Q>.

Proof. Let C be the collection of Borel sets B such that Q1(B) = Q2(B). Then
it is simple to check that C is a o-field. Since B the Borel o-field is the smallest
o-field containing all closed sets, it is sufficient to show that C contains all closed
sets. For this, it is enough to show that for each (closed) F C S, there exists a
sequence of nonnegative functions {f,} C Cp(S) such that f, | 1r asn 1 oc.
Since F is closed, one may view x € F in terms of the equivalent condition that
px, F) = 0, where p(x, F) := inf{p(x,y) : y € F}. Let h,(r) = 1 — nr for
0 <r < 1/n,h,(r) = 0forr > 1/n. Then take f,(x) = h,(p(x, F)). In
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particular, 17(x) = lim, f,(x),x € S, and Lebesgue’s monotone convergence
theorem applies to show F € C. |

As an immediate corollary, one gets the following corollary:

Corollary 8.5. 1f a transition probability p(x, dy) on a metric space has the (weak)
Feller property and there exists a Caesaro limit in the weak topology, namely,

n—1

1
lim =" p)(x, dy) = n(dy) (8.24)
n—oon =

such that the probability measure mw does not depend on x, then  is the unique
invariant probability.

Many important Markov processes do not admit an invariant probability, such as
the case, for example, of a random walk on R with an arbitrary step size distribution
QO # dy0) (Exercise 8). There is one case, namely that of a compact state space,
where every Feller transition probability admits at least one invariant probability.

Proposition 8.6. Let S be a compact metric space and S its Borel o-field. If
p(x,dy) is a Feller transition probability on (S, S), then it admits an invariant
probability.

Proof. Fix x € S and consider the sequence of probability measures p,, n > 1,
given by u,(B) = (1/n) Zzlzlp(’")(x, B), B € S. Since P(S) is a weakly
compact metric space,5 there exists a subsequence {u,, : k = 1,2, ...}, which
converges weakly to a probability measure m,, say. By Proposition 8.4, m, is
invariant. |

As a simple corollary, we get the following result for finite Markov chains.

Corollary 8.7. A Markov chain on a finite state space S has at least one invariant
probability.

Proof. This follows from Proposition 8.6 by making S a compact metric space with
the metric d(x,y) = 1 if x # y, d(x,x) = 0. Then S = B(S) is the class of all
subsets of S, and every real-valued function on § is continuous. |

Remark 8.1. A direct proof of Corollary 8.7, which does not use Proposition 8.6
will be given later (see Corollary13.8 in Chapter 13).

The next approach to invariant probabilities is based on symmetries. For the
definition below, consider a stationary Markov process {X,},>0 on a state space
(S, 8) with transition probability p(x, dy). Since the distribution of such a process
is invariant under time shift, i.e., {X,},>0 and {X,},>« have the same distribution,
one may use Kolmogorov’s existence theorem to construct a stationary Markov

5 See BCPT, p.142.
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process {Z,}_co<n<oco having the same transition probability p and the same
invariant probability 7.

Definition 8.6. A Markov process with a transition probability p and an invariant
probability 7 is said to be time-reversible if the stationary Markov process
{Z1} —co<n<oco, With this transition probability and this invariant distribution, has
the same distribution as the time-reversed process {Y;}—co<n<oco, Where ¥, := Z_,
(—o0 < n < o0). Werefer to {Z,,} —oo<n<oco as the double-sided version.

In the context of the “movie metaphor,” the statistics of a stationary data stream does
not depend on when viewing begins, while a time-reversible data stream sequence
is the same whether it is viewed forward or backward.

For the propositions below, assume that the transition probability p(x, dy) has
a density p(x, y) with respect to a o-finite measure u on (S, S), with (x, y) —
p(x, y) measurable (on (S x §,S ® S) into ([0, 00), Bjo,0)))-

Proposition 8.8 (Detailed Balance Condition). Let mw(dy) be a probability measure
on (S, S) with a density 7 (y) with respect to w. (a) If

T(X)plx,y) =m()pQy,x) ae (uxp), (8.25)

then 7 is a time-reversible invariant probability for the Markov process. (b) For a
Markov process with transition probability density p(x, y) and invariant probability
density m(y), (8.25) is necessary for the process to be time-reversible.

Proof.
(a) Let p and m satisfy (8.25). Then for every Borel measurable f,

[sTf@m(dx) = [(Tf@)rx)udx) = [¢ (fg fO)px, y)uldy)) 7 (x)u(dx)
= [s [g FOp&x, y)m(x)u(dy)u(dx)
=[5 ([s FO PG, 0)u(dx)) 7 (y)u(dy)
= [ fMr(yu@y) = [ f(y)r(dy),

implying 7 is invariant. Let {X,},>0 be a stationary Markov process with
transition probability p and invariant initial distribution 7. Then, by the Markov

property, the joint density of (X, X,+1, - - ., Xn+k), Withrespectto u x - - - x u,
at (yo, y1, .., y) € Stlis

g(yo, Y15 -+, k) =7 (yo) p(yo, Y p(¥1, ¥2) - - . P(YVk—1, Yi)» (8.26)
while the joint density of (X,4k, Xpn4k—1,..., Xn), at the same point

(V0s V1 -+ k) € S s
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h(yo, Y15 -+ k) = &(Vk» Yk—1, - - -+ Y1, Y0)

= () PV, Yk—1) P(Yk—1, Yk—2) - - - p(V1, Y0)
T (V-1 P k-1, YOI PYVk—15 Yk=2) - - p(Y1, Yo)
Pk—1, YOT Yk=1) PYk—1, Yk—-2) - - p(Y1, Yo)
= pOk—1, YT (Yk-2)p(Vk—25 Yk—1) - - p(Y1, Yo)

= pOk—1, YOI POk—2, Yk—1) - -- p(y1, y2)m (Y1) P(¥1, Y0)
POk—1, Y) P(Yk—2, Yk—1) - - p(y1, ¥2)7 (Yo) p (Y0, ¥1)
= g0, Y1, -+-» Yk)-

Since this is true for all £ > 1, the finite dimensional distributions of the double-
sided version {Z,} _oco<n<oo and {Y;} —co<n<oo With Y, := Z_,, (—00 < n <
00), described in Definition 8.6, coincide. Thus, using the & — A theorem,(’ it
follows that the process {Z,}—co<n<oco and its time-reversal {¥;} _co<n<oo have
the same distribution.

(b) For the stationary Markov process {Z,}_co<n<co t0 be time-reversible, it is
necessary that the distribution of (Zg, Z1) is the same as that of (Y, Y]) =
(Zo, Z_1). But the latter has the same distribution as (Z1, Zg). The left side
of (8.25) is the p.d.f. of (Zy, Z1) at (x, y), while the right side is the p.d.f. of
(Z1, Zp) at (x, y). Thus for time-reversibility, (8.25) must hold. [}

If 7 is an invariant probability, then by Jensen’s inequality,
[ 1ropeanizan = [ [ Popwaaan = [ Foman.
s Js sJs S

so that one may extend the transition operator 7 to L2(S, ) 2 B(S). We will now
show that, in analytical terms, time-reversibility of a Markov process means that the
transition operator 7 is self-adjoint on L2(S, m),ie.,

(Tf g) = (f, Tg) forall f,g e L*(S, 7). (8.27)

Here ( ) is the inner product on the Hilbert space L>(S, ),
(8. h) = /S gMh(y)m(dy).

We will denote by || g| the L*-norm: ||g||* = (g, g).

Proposition 8.9. Let m be an invariant probability of a Markov process. (a) The
transition operator 7' is a contraction on L2(S, 7). (b) If 7 is a time-reversible
invariant probability, then 7 is self-adjoint.

6 See BCPT, p. 4.
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Proof.

(a) This is proved in (8.28).

(b) Let f,g € L%(S,m), and assume 7 is time-reversible in the sense of
Definition 8.6. Then, conditioning on X, one has

(Tf.g) = /S ( /S f(y)p(x,dw) ¢ (OR(dx)

=E(E(f(X1)lo(X0)g(X0)) = Ef(X1)g(Xo)
=Ef(Xo)g(X1) =(f, Tg). -

Recall in the case of finite S that, given an initial distribution u for Xg, the
distribution w; of X; may be obtained by the transformation © — ©; = p'u,
where p’ is the transpose matrix, see (7.12). More generally, one may define an
adjoint operator as follows.

Definition 8.7. Given a transition probability p(x, dy) on (S, S), the adjoint linear
operator T* is defined on the linear space M (S) of all finite signed measures on
(S, S) by

(T*w)(B) = /Sp(x, B)u(dx) (B €S, neM(S)). (8.28)

In general, if u is a probability measure, then T*u is the distribution of X; where
Xo has distribution w. In particular, 7 is an invariant probability if and only if

T*m =m. (8.29)

To see the connection between the L2(S, r)-adjoint of T and this more general
operator, then, irrespective of (8.27), identify f € L>(S, ) with the signed measure
fdm, and note that T*( fdm)(dy) is given by

/S g T*(fdm)(dy) = fs /S ¢ p(x. dy) f (0 (dx) = /S Tg() f(x)(dx)

=(Tg, f)= (g, T*f), g € L*(S,7), (8.30)

where, by an obvious abuse of notation, T* f € L2(S, ) is given by the LZ(S, T)-
adjoint operator to T'. In the interpretation of T* as an operator on L>(S, ), 1 is an
eigenvalue of T* with the constant eigenvector f(-) = 1. For the adjoint operator
on M(S), this eigenvector corresponds to the invariant measure 7 (dy) = 1 - (dy).

Define T*"'u = T*(T**~' 1) iteratively on M(S). In the case j is a probability
measure, and Xo has distribution p, T*u is the distribution of X, T*2u is the
distribution of X5, ..., T*"u is the distribution of X,,. Thus, whereas iterates of the
transition operator 7' govern the “evolution of states” via T" f (x) = E, f(X}), the
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iterates of the adjoint T* govern the “evolution of probability distributions” of the
Markov process.

Now, T*" is a linear operator on M(S), as is T" on Cp(S). The term adjoint
operator given to T* (or, T*") is more fully justified in terms of the basic identities

/ Tf(x)u(dx) = / J T ) (dx), / T" f(x)p(dx) = / (T ) (dx).
S s s s 8.3D)
The first equality in (8.31) follows from (8.28), first for simple functions f and then
by approximating f € B(S) uniformly by simple functions. The second equality in
(8.31) follows by induction on n. When p is a probability measure, then the second
equality says E,[E(f(Xn) | Xo)] = E, f(X»), with X having distribution .
Example2. S = {0,1},p = [ a 1-
1-b b
with the discrete metric d(0,0) = d(1,1) = 0, d(1,0) = d(0,1) = 1, S is the
power set, and every function f : § — R is a bounded, continuous function. By
the computation at the end of the previous chapter, one has for a + b < 2, with

a+b#0,
1-b  _1-a
lim p(’l) — ZTzzb Zngb .

a . .
}, 0 <a, b < 1. § is a metric space

oo 2—a—b 2-a-b
In particular, the invariant probability (vector) m = (g, 7r1)’ is given by
() _ 1=b_

7o = limy—c0 Py = 32475
n 1— .
w1 = lim,— oo pl( ) — 2—aib , i=0,1.

Alternatively, one may determine g, 71 from time-reversibility via the detailed
balance and total probability one equations. In this case one could then use the
L2(S, m) theory for self-adjoint operators to obtain convergence (Exercise 7).

In the casesa +b = 2anda + b = 0, one has p = |:(1)(1)i| and p = |:(1)(1)],
respectively. In the former case every probability on S = {0, 1} is an invariant
probability, and hence there are infinitely many invariant probabilities. In the latter
case there is a unique invariant probability given by 79 = 7| = %; but p” does not
have a limit, although (8.24) holds.

Example 3. Suppose S = R with Borel o-field S. Let €1, &2, ... be an i.i.d.
sequence of standard normal random variables and let » € R. Consider the sequence
of random variables

Xpt1 =bXy +6ep41, n=0,1,2,....

Iterating the recursion, one has that
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n
Xp1 = D" X + ij8n+l—j~
=0

In particular, the m-step transition probability p(™ (x, dy) is given by the Gaussian
distribution with mean ™x and variance »_ j:_()l b = b;;":ll if || # 1. In the
case b = +1, p(m)(x, dy) is Gaussian with mean (+1)"x and variance m. In any
case p(x,dy) clearly has the (weak) Feller property, and in particular, if |b| <
1, then p(x,dy) converges (weakly) as m — oo to the invariant distribution

2
n(dy) = \/ﬁe_%yzdy, y € § = (—00,00), possessing a Gaussian
density with respect to Lebesgue measure. Note that for || < 1, if X is N(0, o2)
and Z is standard normal and independent of X, then X =%t pX + Z (equality
in distribution) if and only if 62 = (1 — b*)~'. One may check that 7 is also a
time-reversible invariant probability (Exercise 13).

Example 4 (Random Walk on a Finite Graph). A finite graph consists of a finite set
S = {v1, ..., vg} of k vertices together with a relation £ C {1, ...,k} x{1,...,k},
with the property that (i, j) € &£ if and only if (j,i) € &, defining edges as
follows: there is an edge e;; connecting vertices v; and v; if and only if (i, j) € &£,
denoted by means of the obvious abuse of notation e;; € £. The graph is said to
be connected if for any pair of distinct vertices v;, v; there is a path of m > 1
edges ¢;j,, €ijis, - - - €i,_yip, With iy, = j. For a fixed vertex v;, the integer d; :=
card{j : e;j € £} is called the degree of v;. A random walk on a finite connected
graph (S, £) may be defined as a Markov chain with state space S and transition
probabilities given by py, v, = 1/d; if and only if ¢;; € &, else py,,»; = 0. It
is straightforward to check that up to normalization, the vertex degrees define the
unique time-reversible invariant probability for a random walk on a finite connected
graph (see Exercise 12).

An approach to the construction of invariant probabilities, similar to that in
Proposition 8.4 but which is valid without the Feller property, is given below.

Proposition 8.10. Let p(x, dy) be a transition probability on a state space (S, S).

a If for some x € S there is a sequence of integers 1 < n| < ny < --- such that, as
k — oo,
1 ni—1
— > p"x.B) — 7 (B) forallBeS (8.32)
ng
r=0

for some probability measure 7, on (S, S), then 7, is an invariant probability
for p.

b If, for some sequence {ny : k > 1}, (8.32) holds for every x € § with the same
limit r,, = 7 for all x, then 7 is the unique invariant probability for p.
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Proof. The proof is essentially the same as that of Proposition 8.4, with Cp(S)
replaced by B(S)—the space of real-valued bounded measurable functions on S.
Note that (8.32) implies

ng—1
LY@ — [ f0midy)  forall 1 € B(S), .
L S— N

To close this chapter, let us note that a large class of examples of Markov chains
occur as functions of a given, perhaps more primitive Markov chain. Of course, one-
to-one functions are simply relabeling of the states and do not affect the dependence
structure. A more general class of functions can be obtained as follows’.

Definition 8.8. A measurable function ¢ on (S, S) to a measurable space (S', S’), is
said to be an invariant function of a group G of transformations on S if (i) ¢(gx) =
¢(x) forall g € G, x € S.If, in addition, (ii) every measurable invariant function is
a measurable function of ¢, then ¢ is said to be a maximal invariant.

Example 5.

1. For each x € S, the orbit of x under G is defined by o(x) = {gx : g € G}. Note
that each invariant function is constant on orbits. Let S and S’ be metric spaces
and ¢ : S — S’ a measurable surjection such that (a) ¢ is constant on orbits,
(b) p(x) # ¢(y) if o(x) # o(y), i.e., ¢ is a relabeling of o(x), and S’ may be
viewed as a relabeling of the space of orbits. Then ¢ is a maximal invariant since
(1) invariance is obvious by (a), and (ii) if (x) = @(y), then p(x) = p(y) for
any invariant function p by (b), i.e., p is a function of ¢.

2. ¢(x) = |x| is a maximal invariant of the reflection group {e, —e}, where ex =
x,(me)x =—x,xe S=R, S =[0, 00).

Proposition 8.11. Suppose X = {X,} is a Markov process on S whose transition
probabilities are invariant under the group G of transformations from S to S’, i.e.,

p(gx,g(B)) =p(x,B), VxeS,geG,BeS.

If ¢ is a maximal invariant, then {¢(X,)} is Markov.

Proof. Take conditional expectations with respect to the larger o (X,;, : m < n),
followed by the smaller o (¢(X,,) :m <n),n=1,2,...,to get

P(¢(Xp41) € Blo(Xpn), m < n) = E{p(Xn, ¢~ (B)|o(Xpn),m <n}.  (833)

By invariance of ¢, ¢ o g = ¢, and one has from (i),

7 The continuous parameter version of this result is given in Bhattacharya and Waymire (1990,
2009), pp. 502-503, for non-injective functions of a Markov process. Also see Bhattacharya and
Waymire (1990).
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px, o~ (B) = p(g~'x, g7 @ (B))

=p(g 'x. 07" (B)). (8.34)

That is, the function x — p(x, ¢~ '(B)) is invariant. By (ii), therefore, it is a
function g (¢(x), B), say, of ¢. Thus,

P(¢(Xp11) € Blo(Xp),m < n) = E{p(Xy, ¢~ (B)|@(Xpn), m < n)

= q(p(Xn), B). (8.35)

Thus, {¢(X,)} is Markov with one-step transition probabilities g (¢(x), B). |

Example 6 (Reflecting Simple Symmetric Random Walk). Consider the unrestricted

simple symmetric random walk on Z starting at the origin, defined by S, :=
" X;,n > 1, Sy = 0, where the displacements X, : n > 1 are i.i.d. +1-
j=14J P

valued symmetric Bernoulli random variables. Then, since p;; = %8,-_1( Jj) +
%8i+1(j), i,j € Z is invariant under the reflection group G = {e, —e} where
e(i) = i,i € Z, it follows that {R, := |S,]|}, is a Markov chain. (Also see

Example 11.1.)

Exercises

1. Prove that for a transition probability p the measurability x — p(x, B)
for all B € S implies that x — T f(x) is measurable for all f € B(S). Show
that (i) T is a linear operator on B(S), (ii) ||Tf|| < IfIl, f € B, || fll =
sup, g | f ()], (iii)T1 = 1, where 1(x) = 1, forallx € S, and (iv) Tf > O on
S if f € B(S) is a nonnegative function.

2. Let p(x, dy) be a transition probability on (S, S).

(a) Show that x — P, (B) is S-measurable for all B € S®*, and letting X
denote the identity map on $°°, the function y — E, f(X) is S-measurable
for all bounded measurable f : S*° — R.

(b) For every bounded S®"-measurable function f on S§”, show that the
function (xo, x1,...,X—1) — [g f(x0, X1, ..., Xn—1, ) p(Xn_1,dy) is
S®"_measurable.

3. Express time-reversibility and detailed balance without requiring densities.
[Hint: Detailed balance may be stated as n(dx)p(x,dy) = n(dy)p(y,dx),
suitably interpreted, and the consequent time-reversibility compares the joint
distribution of (Xo, ..., Xj) with that of (Xg, Xz—_1, ..., Xo).]

4. Prove that 7" f(x) = [ f(»)p™ (x,dy) = E(f(X,)|Xo = x),x € S, for all
bounded, measurable functions f on S, andn > 1.
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10.

11.

. Show that the transition probability p in Example 1 (i) is not Feller continuous,

and (ii) does not satisfy the hypothesis of Proposition 8.10. [Hint: (i) has the
relative topology of [0, 1] so that all points m/(m + 1),m = 0,1,..., are
isolated and only 1 is a point of accumulation. Hence a real-valued function
on S is continuous if and only if f(mLH) — f(1) as m — oo. For (ii),
p™(x,dy) — 8(dy) weakly as n — oo forall x € S.]

Let S be a locally compact separable metric space. Suppose that T is a
positive linear contraction operator on C,(S) with 71 = 1. Use the Riesz
Representation Theorem to show that 7' uniquely determines Feller transition
probabilities p(x, dy) such that T f (x) = fS f)px,dy).

. In the case of the two-state Markov chain in Example 2, use time-reversibility

to compute the invariant probability 7 and establish convergence by an appeal
to the spectral theorem for self-adjoint linear operators on L>(S, 7).

. Let Xo, X, ;== Xo+Z1+---+Z, (n > 1) be a(general) random walk § = Rk

with step size distribution Q, i.e., {Z, : n > 1} is an i.i.d. sequence with
common distribution Q on (R¥, BK), independent of X(. Show that (i) {X,, :
n > 0} is Markov and (ii) no invariant probability exists if Q # §0;.
(Birth—Death Chain with Two Reflecting Boundaries) Let S = {0, 1,2,...,d}
d=>1,px,x+1) =8, plx,x —1) =6 =1— B, with0 < By < 1
x=12,....d—1), 8 = p0,1) =1,86; = p(d,d —1) = 1. Prove
that there exists a unique invariant probability 7, and the Markov process with
this initial distribution is time-reversible. [Hint: There is a unique probability &
for which (8.25) holds (with u as counting measure). To solve for 7, note that
(8.25) implies w(x + 1)/ (x) = Bx/éx+1 (x = 0,1,...,d — 1). Check that
this must be true of the ratios for any invariant probability.]

(Time-Reversed Stationary Markov Process) Let {X,, : n > 0} be a stationary
Markov process on (S, S) with a transition probability density p(x, y) (w.r.t.
a o-finite measure w) and an invariant probability density w(y), y € S. Let
{Z, : —00 < n < o0} be a stationary Markov process such that {Z,, : n > 0}
has the same distribution as {X, : n > 0}. Show that {Y, := Z_, : n €
Z} is (i) stationary and (ii)) Markov with the transition probability density
q(x,y) := (@r(y)/m(x))p(y, x); note that this is simply “Bayes formula” for
(Xn, Xn+1)- [Hint: Check that 7 is an invariant probability for ¢, and then
construct a stationary double-sided Markov process {R;,}_co<n<oco With these
transition probabilities and invariant probability. Then check that the processes
{Y, : n € Z} and {R,, : n € Z} have the same distribution by considering finite
dimensional events.]

Let {X, : n > 0} be a Markov chain on the countable state space S. Assume
that for any i, j € S, one has pl.(}” > 0 for some n > 1. We say that p = ((p;;))
is irreducible in this case. Define V,, = (X, Xp41),n =0,1,2,....

(a) Show that {Y, : n > 0} is a Markov chainon §' = {(i, j)) € S x S : Dij >
0}.
(b) Show that if {X,, : n > 0} is irreducible, then so is {Y¥},, : n > 0}.
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(¢) Show that if {X,, : n > 0} has invariant distribution & = (7;), then { ¥}, :
n > 0} has invariant distribution (7; p;;).

(d) Show that an irreducible Markov chain on a state space S with an
invariant initial distribution = is time-reversible if and only if (Kolmogorov
Condition):

Diiy Piviy * * * Pigi = Piig Digig_y ** * Piyi foralli,iy,...,ix €S, k=>1.

(e) If there is a j € S such that p;; > O for all i # j in (d), then for time-
reversibility it is both necessary and sufficient that p;; pjk pxi = pik Pkj Pji
forall i, j, k.

(A General Finite State Space Graph) Let {X, : n > 0} be an irreducible
Markov chain on a finite state space S; i.e., for each i, j € S, thereisann > 1

(n)

such that p; ;> 0. Define a graph G having states of S as vertices with edges

joining 7 and j if and only if either p;; > O or p;; > 0.

(a) Show that G is connected; i.e., for any two sites i and j, there is a path of
edges from i to j.

(b) Show that if {X,, : n > 0} has an invariant distribution &, then for any
ACS,

SN mipi=Y Y wipji

icA jeS\A icA jeS\A

i.e., the net probability flux across a cut of § into complementary sub-
sets A, S \ A is in balance. [Hint: Notice that ) ;_, ZjeS Tipij =
Dica ZjeS 7ipji-l

(c) Show that if G contains no cycles of three or more vertices, i.e., m = 3
or more distinct vertices vy, ..., v, such that v; and v; 4 are joined by an
edge fori = 1,...,m and v, 4| = vy, then the process is time-reversible
started with w. A connected graph without cycles is called a tree graph.
[Hint: Proceed inductively on the number of states.]

(d) Give a graphical proof that an invariant probability for a birth—death
Markov chain on {0, 1, ..., N} with reflecting boundaries at 0, N must be
time-reversible.

Prove the time-reversibility of Example 3 when |b| < 1 and {€, : n > 1} is an
i.i.d. standard normal sequence.

Consider a Markov process {X, : n =0, 1,2, ...} on a metric space S defined
recursively by X, 11 = g(Xn, €n+1), n > 0, where (i) {€, : n > 1} is a sequence
of i.i.d. random variables with values in a metric space U, and independent of
Xop, and (i) g : § x U — S is continuous. Show that the Markov process
{X, :n=0,1,2,...} has the Feller property.



Chapter 9
Stopping Times and the Strong Markov oo
Property

Given a stopping time 7, the Markov property for discrete parameter Markov
processes is extended to the conditional distribution of the process “after” time
7 given the o-field generated by the process up to time t. This is referred to
as a strong Markov property.

One of the most useful general properties of discrete time Markov processes is that
the Markov property holds even when the “past” is given up to certain types of
random times. Indeed, we have tacitly used it in proving that the simple symmetric
random walk reaches every state infinitely often with probability 1. This argument
is more generally revisited below in Example 1.

A class of special random times, called stopping times or Markov times, may be
defined as follows. Let {X,, : n = 0, 1,2, ...} be a stochastic process having state
space S and defined on some probability space (£2, F, P). A positive (possibly
infinite) integer-valued random variable t is a stopping time if and only if [t <
n] € o({Xo,...,X,}),n = 0,1, .... Intuitively, whether or not to stop by time
T = m can be decided by observing the stochastic process up to time m. For an
example, consider the first time tp the process {X, : n > 0} reaches B (¢ S),
defined by

t5(®) = inf{n > 0: X, (») € B). 9.1)

If w is such that X,,(w) € B whatever be n (i.e., if the process never reaches B),
then take 73 (w) = 00. Observe that
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m
[tg <m] = {w: 15(w) <m}= | J{w: X,(0) € B}. 9.2)
n=0
Thus [tp < m] € Fp, := 0{Xo, ..., Xm}, m > 0. Hence tp is a stopping time, as

are the rth return times tg) to B defined recursively by

() = inffn > 1: X,(w) € B},
forr =2,3,...
19 (@) = inf{n > tJ 7" (0) : X,(0) € B}, 9.3)

(Exercise 1). Once again, the infimum over an empty set is to be taken as oco. If B is
a singleton {y} we will often write 7, for t(y}, and ty(r) instead of 7).

In view of Proposition 8.3, the Markov property may be expressed that given
the “past” and “present” F,, := o{Xp,..., X;,} up to time m, the conditional
distribution of the “after-m” stochastic process X} = {(X;))n : n > 0} := {Xppn
n = 0,1,...} is Px,,. In other words, if the process is re-indexed after time m
with m 4 n being regarded as time n, then this stochastic process is conditionally
distributed as a Markov chain having transition probability p(x,dy) and initial
state X,;.

Suppose now that 7 is a stopping time. Given the “past up to time T’ means given
the values of t and Xy, X1, ..., X;; that is, conditionally given the pre-t o-field
JF7 defined by the collection of events G € o {X,, : n > 0} such that

GN[t=m]eF, foral 0<m < oo. 9.4)

Equivalently for discrete parameter processes, this is the o-field generated by the
stopped process, i.e., Fr = 0 (Xnp :n=0,1,2,...), (see Exercise 2).
By the after-t process we now mean the stochastic process

X_j_ = {(X_—:—)n = X‘L’+n n= 0, 1, 2, . .},
which is well defined only on the set [t < co]. Observe that (9.4) is equivalent to
GNlt<mleF, forall0<m < oo. 9.5)

The use of the natural filtration F,, = o{Xop,..., X}, m = 0,1,2,... in
defining stopping times above can be easily generalized as follows.

Definition 9.1. 1et Fo C F1 C -+ Fpu C ---,m = 0,1,2,... be an arbitrary
filtration of a probability space (§2, F, P). An extended real-valued random variable
T : 82 — [0, oo] is called a {F;,, : m > 0}-stopping time if [t < m] € F;, for each
m=0,1,.... AMarkov process {X,, : n =0, 1,2,...} on a state space (S, S) is
said to be {F, }-adapted if (i) X, is F;,-measurable for all n, and (ii) the conditional
distribution of the after-n process X, given F,, is Py,
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Definition 9.2. A {F,}-adapted Markov process {X, : n > 0} has the strong
Markov property if for every {F,},° —stopping time 7 the conditional distribution
of the after-t process Xj , given the pre-t o-field F;, is Px, on the set [t < oo].
That is, for every C € S®* and G € F7,

P(IX} € CING N[t < o)) = EAgnfr <o) Px, (C)). (9.6)

Theorem 9.1. Every discrete parameter {F,}-adapted Markov process {X,, : n =

0, 1, 2, ...} has the strong Markov property.

Proof. Choose and fix a positive integer k along with &k time points 0 < m < my <
-<my,and By, ..., By € S.Let G € F;. Then,

P((X)pm; € Bi,1<i <kINGN[r < oa))

o
> P((Xpim € Bi1<i <kINGN [T =m))
m=0

o

EEQ(G N[t =mDI[Xmtm; € Bi, 1 =i < kDIFn)
0

3
Il

ol

E (1(G N[t = mDEA(Xm+m; € Bi, 1 <i < kDIFw))
0

m

Z E{1(G N[t =mDh(Xy)} = E{1(G N[t < ccDh(Xo)} (9.7)

m=0

where h(x) = Py(X,,, € B;, 1 < i < k). The desired Theorem 9.1 follows from
(9.7) by the m — X theorem. |

Remark 9.1. We will sometimes omit the term {F, }-adapted for a Markov process
{(X, :n=0,1,2,...}if /, = 0(Xo, X1, ..., Xy), or if the context makes the
filtration clear. There are many examples where the natural and more convenient
filtration is larger than that defined by the sequence itself. This is especially
true for function of Markov chains such as (a) {|S,|}, the modulus of simple
symmetric random walk (Exercise 6, Chapter 7), or (b) the residual life {R,} in
a renewal process for i.i.d. nonnegative integer valued random variables considered
in Proposition 8.4, Chapter 8, Bhattacharya and Waymire (2021).

Example 1. Consider the case of the simple symmetric random walk on Z defined
by X, =Xo+2Z1+---+ Z,,n > 1, where Z, Z>, ... are i.i.d. symmetrically
distributed £1 random variables, and X is an integer-valued random variable
independent of Zi, Z3,...v One wishes to prove that P(ry < oo) = 1 for
y € Z. This may be obtained from the (ordinary) Markov property applied to
p(x) = P(try < 14]Xo = x),a < x < y, by conditioning on o (Xo, X1) as
follows: For a < x < y, conditioning on o (Xg, X1), i.e., by o(Sf),
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px) = P([X?L reaches y before reaching a] N [X| = x + 1]| X = x)
—+—P([Xfr reaches y before reaching a] N [X| = x — 1]|Xg = x)

1 1
= 5o+ D+ e -1 ©-8)

with boundary values ¢(y) = 1, ¢(a) = 0. Solving one obtains ¢(x) = (x —
a)/(y — a), for all x < y. Thus P(ry, < 00Xy = x) = 1 follows by letting
a — —oo. Similarly, or by symmetry, P(t, < 00|Xo = x) = 1 forall x > y.If
x =y, then r)(l) = 1+ 7, and, noting that [r}(,l) < o] = [ry(X?L) < 00], condition

on o (Xg, X1) to get (by Proposition 8.1)
Px(t)(,l) < o0) = Ey PXlty(l) < 00)

1 1
= prfl(fy < o0) + EPerl(Ty <o0) =1

Since 7y = r)(,]) for x # y, we have shown that P(r)(,l) < o0o|Xg=x) =1, forall x.
While this calculation only required the Markov property, next consider the problem
of showing that the process will return to y infinitely often. One would like to argue
that conditioning on the process up to its return to y, it merely starts over. This of
course is the strong Markov property. So let us examine carefully the calculation to

show that ‘L'y(r) < ooas. foreveryr =1,2,.... Now let x # y. Then 7, = ry(l),

and ty(l) = inf{n > 1: (X;t,)n =y}, the first return time to y of the process X;;,

one has

Px(ry(z) < o0)E, Px (1)(1';,1) < 00) = IExPy(r}(,l) <o0) = 1. 9.9)
Ty

The second equality uses Theorem 9.1, the last equality follows from (9.8). Now this

argument remains valid if one replaces ‘L'}(,l) by ‘L'y(r_l) and r)(,z) by ry(r) and assumes

that ty(r_l) < oo almost surely. Hence, by induction, P(ty(r) < 00|Xg =x) =1 for
all positive integers r. This is equivalent to the recurrence of the state y in the sense

that
P (X, = y for infinitely many n|Xo = x) = P(ﬂf‘;l[ry(,’) < o0]|Xg=x) = 1.

The importance of the strong Markov property will be amply demonstrated through-
out the text.



Exercises 131
Exercises

1. (r-th Passage Time)

(a) Let T and 7 be stopping times with respect to a filtration F,,, n > 0. Which
of the following are stopping times? (i) T vV n = max{r, n}, (i) t A n =
min{z, n}, (iii) T + n, (iv) 72, V) r%.

(b) Show that for any » > 1, the r-th passage time to a set B € S defined by
(9.3) is a stopping time.

2. (Stopped Process) Suppose that {X, : n > 0} is a discrete parameter Markov
process and 7 is a stopping time. Let {Y,, = X, : n > 0} denote the stopped
process,ie., ¥, = X,,n <t,and Y, = X;,n > 1.

(a) Let T = tp be the first passage (or hitting time) of B € S defined at
(9.1). Then, 7 is a stopping time (recall (9.2)). Show that {¥,, : n > 0} is a
(homogeneous) Markov process.

(b) Give an example to show that, in general, the stopped process is not a
Markov process. [Hint: Consider the time t of the second visit to b in a
two—state Markov chain on S = {a, b}.]

3. For the stopped process defined in the preceding Exercise 2, show that F; =
oYy, Y1,...), where F,, = o (Xo, ..., Xp),n>1.

4. A balanced six-sided die is rolled repeatedly. Let Z denote the smallest number
of rolls for the occurrence of all six possible faces. Let Z; = smallest number
of tosses to obtain the jth new face after j — 1 distinct faces have occurred.
Then Z =71+ --- + Zs.

(a) Use the strong Markov property to give a proof that Zi,..., Z¢ are
independent random variables. [Hint: Let X1, X», ... be the respective
outcomes on the successive tosses. Check that each 7;, j > 2, denoting
the first time after 7;_; that X, is not among X1, ..., Xr,;p with 71 = 1,
defines a stopping time. Then Z; = 7; — 17,1, j > 2.]

(b) Calculate the distributions of Z, ..., Zg.

(¢) Calculate EZ and Var Z.

5. (Coupon Collector’s Problem) A box contains N balls labeled 0, 1,2, ..., N —
1. Let T = Ty be the number of selections (at random with replacement)
required until each ball is sampled at least once. Let T; be the number of
selections required to sample j distinct balls.

(a) Show that if X, is the outcome of the nth draw, i.e., X, = j if the ball
labeled j is selected at the nth draw, then 7 is a stopping time with respect

to the filtration F,, = o {X1, ..., X,},n > 1.
O T=0In—Tn-)+INn-1—Ty-2)+---+(T2—T1)+T1,where T1 =1,
h—-"T,...,Tix1 — T}, ..., Ty — Ty_; are independent geometrically

distributed with parameters (N — j)/N, respectively.
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(c) Let t; be the number of selections to get ball j. Then 7; is geometrically
distributed.
(d) P(T >m) < Ne ™N _[Hint: P(T > m) < Zyzl P(tj > m).]

N N k m
(e) P(T >m)=Z(—1)k+1<k) <1— —> . [Hint: Use inclusion—
k=1

N
exclusion on [T > m] = U;vzl[tj > m].]
(f) Let X, X5, ... be the successive labels on the balls selected. Is T a

stopping time for {X,, : n > 0}?

(Independent Coupling Process) Let {X,, : n > 0} and {Y,, : n > 0} be
independent Markov chains with common transition probability matrix p.

(a) Show that {(X,, Y,,) : n > 0} is a Markov chain on the state space S x S.

(b) Calculate the transition law of {(X,,, Y;,) : n > 0}.

(c) Let T = inf{n : X,, = Y,,}. Show that T is a stopping time for the process
{(Xn, Yu) :n >0}

(d) Let {Z, : n = 0} be the process obtained by watching {X,, : n > 0} up
until time 7" and then switching to {Y,, : n > 0} after time T'; i.e., Z, = X,,
n<T,and Z, = Y,, forn > T. Show that {Z,, : n > 0} is a Markov chain
and calculate its transition law.

(Record Times) Let X1, X2, ... be an i.i.d. sequence of nonnegative random
variables having a continuous distribution (so that the probability of a tie is
zero). Define Ry = 1, Ry = inf{n > Ry_1 +1: X, > max(Xy,..., X,—1)},
fork=2,3,....

(a) Show that {R, : n > 1} has the Markov property and calculate its

transition probabilities. [Hint: All ix! rankings of (X1, X2, ..., X;,) are
equally likely. Consider the event [R] = 1, Ry = i2,..., R = ix] and
count the number of rankings of (X1, X2, ..., X;,) that correspond to its

occurrence. |
(b) Let T, = Ry4+1 — R,. Is {T;; : n > 0} a Markov chain? [Hint: Compute
P(li=1|T=1,T1=Dand P(T3=1| T, =1).]

(Record Values) Let X1, X», ... be an i.i.d. sequence of nonnegative integer-
valued random variables. Define the record times Ry = 1, Ry, R3, ... as in
Exercise 7. Define the record values by Vi = Xg,, k =1,2,....

(a) Show that each Ry is a stopping time for {X,, : n > 1}.
(b) Show that {V}} is a Markov chain and calculate its transition probabilities.
(c) Extend (b) to the case when the distribution function of X is continuous.

Let S(’)‘ =x,8, =x+2Z1+---+Z,,n > 1, be a simple symmetric random
walk starting at an integer x, i.e., Z;, j > 1,is ani.i.d. sequence of £1- valued
random variables with equal probabilities. Let F,, = o{Z1, ..., Z,},n > 1,
and let Fq be the trivial sigmafield {#, £2}.
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(a) Prove that Q, = (Sjl‘)2 —n,n=0,1,2,... is a martingale' with respect
to the filtration F,,, n > 0.

(b) Lett =inf{n > 0: S; € {a, b}} be the first time the random walk reaches
integers a or b starting at x, a < x < b. Compute Et using the optional
stopping theorem.’

10. (Lazy Random Walk) Consider the lazy symmetric simple random walk starting
at x obtained by allowing the distribution of displacements Z;, j > 1, in
Exercise 9 to be £1,0 with P(Z; = 1) = P(Z; = —-1) = 4, and
P(Z;j=0)=1-26,j =1, forfixed § € (0, 1).

(a) Show that the corresponding lazy random walk Sy = x+Z1+---+Z,,n >
1,8y = x, is a martingale, and use this to compute the probability v (x)
that it reaches a before b starting from x, a < x < b. Show that v (x) does
not depend on § and, in particular, coincides with the probability obtained
in the case § = 1/2.

(b) Prove that Q,, = (S,)f)2 — n]EZ,zl, n = 0,1,2,..., is a martingale with
respect to the filtration F,, n > 0.

(c) Define the escape time t as in Exercise 9 and compute Et.

11. (Asymmetric Simple Random Walk) Consider the asymmetric simple random
walk starting at x obtained by allowing the distribution of displacements
Zj,j = 1, in Exercise 9 to be £1 with P(Z; = 1) = p, P(Z; = —1) =
g=1—p,j>1,forfixed p € (0, 1), p # g. Show that §, = (%)Si,n >0,
is a martingale and apply the optional stopping theorem, with t = inf{n : S}, €
{a, b}}, to compute the probability that S;;, n > 0, reaches a before b.

IBCPT p. 53.
2BCPT p. 61.



Chapter 10 ®
Transience and Recurrence of Markov Check for
Chains

Two fundamental long term properties of states of Markov chains on a finite
or countably infinite state space are those of fransience and recurrence,
respectively. The former refers to a class of unstable states in the sense that
the process will eventually no longer visit them, while the latter are sure to be
visited infinitely often. The recurrent states are further classified in terms of
the average time required to return. Those for which the expected return time
is finite are referred to as positive-recurrent, or ergodic states.

The unrestricted simple random walk {S,},>0 is an example in which any state
i € § can be reached from every state j in a finite number of steps with positive
probability. If p denotes its transition probability matrix, then p? is the transition
probability matrix of {Y,},>0 := {S2» : n =0, 1, 2, ...}. However, for the Markov
chain {Y,},>0, transitions in a finite number of steps are possible from odd to odd
integers and from even to even, but not otherwise. For {S, },>0 one says that there is
one class of “essential” states and for {Y},},,>0 that there are two classes of essential
states.

A different situation occurs when the random walk has two absorbing boundaries
onS ={c,c+1,...,d—1,d}, ie., the nonzero transition probabilities are specified
by pec = paa = 1, pxx+1 = PsPxx-1 =q=1—p,c+1<x <d—1.The
states ¢, d can be reached (with positive probability) fromc+1, ..., d — 1. However,
c+1,...,d — 1 cannot be reached from c or d. In thiscasec+ 1, ...,d — 1 are
called “inessential” states while {c}, {d} form two classes of essential states. The
“inessential” will not play a role in the long-run behavior of the process. If a chain
has several essential classes, the process restricted to each class can be analyzed
separately.
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Definition 10.1. Write i — j and read it as *j is accessible from i” if p{’ > 0
for some n > 1. Write i <> j and read “i and j communicate” ifi — j and j — i.
Say “i is essential” if i — j implies j — i (i.e., if any state j is accessible from
i, then i is accessible from that state). We shall let £ denote the set of all essential
states. States that are not essential are called inessential.

Since
(n)
P,,n Z Piiy Piriy =~ * Dip_1j» (10.1)
i1,i2,...,ip—1€S
i — j if and only if there exists a path of states i, i1, i2, ..., in—1, j such that p;;,
Piyins -+ +» Pi,_,j are strictly positive.
Proposition 10.1.

a For every i there exists (at least one) j such thati — j.

bi— j,j— kimplyi — k.

¢ “i essential” implies i < i.

d i essential, i — j imply “;j is essential” and i < j.

e On & the relation “<«” is an equivalence relation (i.e., reflexive, symmetric, and
transitive).

Proof.

(a) Foreachi, ) ;¢ pij = 1. Hence there exists at least one j for which p;; > 0;
for this j one hasi — j.

(b) i - j,j — k means that there exist m > 1,n > 1 such that p(m) > 0,

p;',? > 0. Hence,

+
(m n) Zp(m)pl(;:) pl(;n)p%)_i_zpl(lm)pl(z) > pl(jm)pﬂ) - 0. (10.2)
les I#j

Thus, i — k. Note that the first equality is a consequence of the relation p” ™" =
pmpn.
(c) Suppose i is essential. By (a) there exists j such that p;; > 0. Since i is

essential, this implies j — i, i.e., there exists m > 1 such that p(m) > 0.
But then

1
pi ™ =" pup” = pip + Y pap” > (103)
leS 1#]

Hence i — i and, therefore, i <> i.



10 Transience and Recurrence 137

(d) Suppose i is essential, i — j. Then there existm > 1,n > 1 such that pi(]r.") >0

and p(.'o > 0. Hence i <> j. Now suppose k is any state such that j — k, i.e.,

Ji
there exists m’ > 1 such that p%’ S 0. Then, by (b), i — k. Since i is essential,

one must have k — i. Together with i — j this implies (again by (b)) k — j.
Thus, if any state k is accessible from j, then j is accessible from that state k,
proving that j is essential.

(e) If £ is empty (which is possible, as, for example, in the case p; ;41 = 1,i =0,
1,2, ...), then there is nothing to prove. Suppose £ is nonempty. Then: (i) On £
the relation “<” is reflexive by (c). (ii) If i is essential and i <> j, then (by (d))
Jj is essential and, of course, i <> j and j <> i are equivalent properties. Thus
“<” is symmetric (on £ as well as on §). (iii) If i <> j and j <> k, theni — j
and j — k. Hencei — k (by (b)). Also, k — j and j — i imply k — i (again
by (b)). Hence i <> k. This shows that “<>” is transitive (on £ as well as on S).

From the proof of (e) the relation “<” is seen to be symmetric and transitive on
all of S (and not merely £). However, it is not generally true that i <> i (or, i — i)
foralli € S. In other words, reflexivity may break down on S.

Example 1 (One-Dimensional Simple Random Walk). S = {0,+£1,£2,...}.
Assume 0 < pjit1 = p < 1, pii—1 = 1 — p. Theni — j for all states
ieS,jeS. Hence & =S.

Example 2 (Simple Random Walk with Two Absorbing Boundaries). Here S =
{c,e+1,...,d}. pec = paa=1,piiv1 =p,pii-1=1—-—p,c+1<i<d-1
Then £ = {c, d}. Note that ¢ is not accessible from d, nor is d accessible from c.

Example 3 (Simple Random Walk with Two Reflecting Boundaries). Here S =
{c,c+1,...,d}. pe.ev1 = Paa—1 =1, piivs1=p € 0,1), pii-1 =1-p,c+1 <
i <d-—1.Then & =S.

Definition 10.2. A transition probability matrix p having one essential class and no
inessential states is called irreducible. A Markov chain with an irreducible transition
probability matrix is also called irreducible.

Since <> is an equivalence relation on &, i.e., it is reflexive, symmetric, and
transitive, as a general rule it may be decomposed into disjoint equivalence classes
of the form £(i) = {j : j < i} (Exercise 1).

Our last item of bookkeeping concerns the role of possible cyclic motions within
an essential class. In the unrestricted simple random walk example, note that p;; = 0
foralli =0, =1, +2, ..., but pfiz) = 2pq > 0. In fact pl.(:’) = 0 for all odd n, and
pl.(?) > ( for all even n. In this case, we say that the period of i is 2. More generally,
if i — i, then the period of i is the greatest common divisor of the integers in the
setA={n>1: pl.(?) > 0}. If d = d; is the period of i, then pi(?) = 0 whenever n
is not a multiple of d and d is the largest integer with this property.



138 10 Transience and Recurrence

Proposition 10.2.

a Ifi < j,theni and j possess the same period. In particular “period” is constant
on each equivalence class.

b Leti € &£ have a period d = d;. For each j € £(i) there exists a unique integer
q,Osrjgtr—mehmmpg>>(nmmmsn=rj(nmdd)@aJ1=0mmu,

orn =sd +r; withs > 0, aninteger,and 1 <r; <d —1).

Proof.
(a) Clearly,

(a+m+Db) (a) (m) (b)
Pii Z Pij Pjj Pji (10.4)

L. (a) (b)
for all positive integers a, m, b. Choose a and b such that p; i > Oand p i > 0.
(m) (2m) (m) _(m)
prjj > 0, thenpjj Z P Pjj > 0, and

(a+m-+b) (a) _(m) _(b) (a+2m+Db) (a) _(2m) _(b)
Pii > Pij Pjj Pji = 0, Pii > pPij Pjj Pji = 0'10 )
(10.

Therefore, d (the period of i) divides a +m +b and a +2m + b, so that it divides
the difference m = (a + 2m + b) — (a + m + b). Hence, the period of i does
not exceed the period of j. By the same argument (since i <> j is the same as
Jj < i), the period of j does not exceed the period of i. Hence the period of i
equals the period of j.

(b) Choose a such that p;f) > 0.If pl.(;") >0, pi(;.z) > 0, then pl.(;"ﬂ) > pl.(;") pﬁ.‘iz) >

0, and pi(?”) > 171'(}1)1’;?) > 0. Hence d, the period of i, divides m +a,n 4+ a

and, therefore, m —n = m 4+ a — (n + a). Since this is true for all m, n such that

pl.(]'.") > 0, pl.(j'.') > 0, it means that the difference between any two integers in

the set A{n : p{?’ > 0} is divisible by d. This implies that there exists a unique
integer r;j, 0 < ri <d—1,suchthatn = r;j( modd) foralln € A (ie,
n = sd + rj for some integer s > 0 where s depends on n). ]

It is generally not true that the period of an essential state i is min{n > 1 : pl.(;l) >

0}. To see this consider the chain with state space {1, 2, 3, 4} and transition matrix

0100
0010

1 1
0503
1000

Schematically, only the following one-step transitions are possible.
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4—1

a
1—-2—-3

N
2

Thus pﬁ) =0, pﬁ) > 0, pﬁ) > 0, etc., and pi'{) > (0 for all odd n. The states

communicate with each other and their common period is 2, although min{n :
p}'}) > 0} = 4. Note that min{n > 1 : pl.(?) > 0} is a multiple of d; since d;

divides all n for which p/” > 0. Thus, d; < minfn > 1: p’ > 0}.

Proposition 10.3. Let i € £ have period d > 1. Let C, be the set of j € £(i)
such that r; = r, where r; is the remainder term as defined in Proposition 10.2(b).
Then

a Co, Cy, ..., Cq— are disjoint, | J9Z} C, = £(i).
b If j € C,, then pj; > O implies k € C, 1, where wetake r +1 =0ifr =d — 1.

Proof.

(a) Follows from Proposition 10.2(b).
(b) Suppose j € C, and pg?) > 0. Then n = sd + r for some s > 0. Hence, if
pij > 0, then

1
pi™ = pl i >0, (10.6)

which implies k € C,41 (sincen +1 =sd +r + 1 =r + 1( mod d)), by
Proposition 10.2(b). |

Here is what Proposition 10.3 means. Suppose i is an essential state and has a
period d > 1. In one step (i.e., one time unit) the process can go from i € Cp only
to some state in Cy (i.e., p;j > O only if j € C;). From states in Cy, in one step
the process can go only to states in C;. This means that in two steps the process can
go from i only to states in C3 (i.e., pl.(?) > O only if i € C3), and so on. In d steps
the process can go from i only to states in Cy41 = Co, completing one cycle (of d
steps). Again in d + 1 steps the process can go from i only to states in Cp, and so
on. In general, in sd + r steps the process can go from i only to states in C,.

Example 4. In the case of the unrestricted simple random walk, the period is 2
and all states are essential and communicate with each other. Fix i = 0. Then
Co = {0,£2,£4,...},C; = {£1,£3,45,...}. If we take i to be any even
integer, then Cp, C; are as above. If, however, we start with i odd, then Cy =
{£1,£3,45,...},C; = {0, £2, +4,...}.
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Let {X,, : n > 0} be a Markov chain with countable state space S and transition
probability matrix p = ((p;;)). As in the case of random walks, the frequency of
returns to a state is an important feature of the evolution of the process.

Definition 10.3. A state j is said to be recurrent if

Pi(X, =jio) =1, (10.7)
and transient if

Pj(X, = jio) =0. (10.8)

In view of the Borel-Cantelli Lemma (Part II), an easy example of a recurrent
state j is provided by an i.i.d. (hence Markov) sequence Xo, X1, X2,... such
that P(X; = j) > 0. In particular, the second part of the Borel-Cantelli lemma
Z;’le P(X, = j) = oo holds. However, in what follows we will see this condition
does continue to be necessary and sufficient under Markov dependence.

Recall the successive return times to the state j defined by

r;O) =0, r](]) =inf{n > 0: X;, = j}, r;r) = inf{n > t;rfi) Xy =J},
(10.9)
forr = 1,2, ..., with the convention that r;r) = 00 if there isno n > r;r_l) for

which X,, = j. Write
pij = Pi(Xy = j forsomen > 1) = P;(z}" < 00). (10.10)

Using the strong Markov property (Theorem 9.1) we get by the same calculation as
in the example of the previous section that

P (r}” <o0) =Pt/ " <ocoand X -
‘ J

j , = J forsomen > 1)

+

<o0]

= Ei(lo-n_ o Px (o (Xn = j forsome n > 1))
J T

= Ei(len_y)pj; = Pt ™) < 00)pyj. (10.11)
J

<o0]
Therefore, by iteration,

P; (r]f’) <o) =P (r]f” <o)t =pypit r=2.3,..).  (10.12)

In particular, with i = j,

Pi(t]) <o) =pl;  (r=1,2.3...). (10.13)
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Now
Pi(Xn = ji0) = P02 [t <o) = lim Pz <o0y=] ' Hrij=1
jian e IV =1t r—oo 47 0 ifpj; <1.
(10.14)

Further, write N(j) = Y .~ 1{x,=;] for the number of visits to the state j by the
Markov chain {X,},>0, and denote its expected value by

G, ) =ENG{ =) p}=a-p" (10.15)
n=0

G (i, j) is also referred to as the (discrete parameter) Green’s function of the Markov
chain, (see Examples 5 and 6 below). Now using (10.12)

o0 o0 oo
ENG) =Y PNG) =) =8+ Y Pi(c/ " < o0) =8+ pi; ) 0}

r=0 r=0 r=0
(10.16)
where §;; is 1 or 0 according toi = j ori # j. Thus,
Sij ifi 7L> j, ie., Pij =0,
G, j)= 8ij +pij/(1 —pjj) ifi — jand pj; <1, (10.17)
00 ifi > jandpj; = 1.

This calculation provides two useful characterizations of recurrence; one is in terms
of the long-run expected number of returns and the other in terms of the probability
of eventual return.

Theorem 10.4.

a Every state is either recurrent or transient. A state j is recurrent iff p;; = 1 iff
G(j, j) = 0o, and transient iff p;; < 1iff G(j, j) = (1 — pjj)’] <oo. If jis

transient p§'7) — 0asn — oo foralli.

b If i is recurrent, i — j, then j is recurrent, and p;; = pj; = 1. Thus, recurrence
(or transience) is a class property. In particular, if all states communicate with
each other, then either they are all recurrent, or they are all transient.

¢ Let i be recurrent, and S(i) := {j € S : i — j} be the class of states which

communicate with i. Let 7 be a probability distribution on S(i). Then
Pz (X, visits every state in S(7) i.0.) = 1. (10.18)

Proof. Part (a) follows from (10.14), (10.15), (10.17). For part (b), suppose i is
recurrent and i — j(j # i). Let A, denote the event that the Markov chain visits
J between the r-th and (r + 1)st visits to state i. Then under P;, A,(r > 0) are
independent events and have the same probability 9, say. Now 6 > 0. Forif 6 = 0,
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then P;(X,, = j forsomen > 1) = P; (Ur>0 A,) = 0, contradicting i — j. It now
follows from the second half of the Borel-Cantelli Lemma that P;(A, i.0.) = 1.
This implies G (i, j) = oo and hence, by (10.17), pj; = 1. Hence j is recurrent.
Also, pjj = P;(A, i.0.) = 1. By the same argument, p;; = 1. Note that G(j, j) =
1+ pjj/(1 —pjj) =1/(1 — pj;) for transient states j € S.

To prove part (c) use part (b) to get for arbitrary i € S(j),

P; (X, visits i i.0.) Z 7 Pe(X,, Visits i i.0.) Z Tr=1. (10.19)
keS(j) keS(j)
Hence
Pr | () [Xuvisitsiio] | =1. (10.20)
i€s()

Theorem 10.4 shows that the difference between recurrence and transience is
quite dramatic. If j is recurrent, then P;(N(j) = co) = 1. If j is transient, not only
is it true that P;(N(j) < 00) = L butalso E;(N(j)) < oo.

Corollary 10.4. Every inessential state is transient.

Proof. If j is inessential, then there existi € S and m > 1 such that
pi’ >0 and  p’=0 foralln> 1. (10.21)
Hence, using the Markov property,

Pi(N(j) <0o0) = Pi(X;, =1, X, # jforn > m)

= pi"Pi(Xy # j forn > 0) = p;’?) >0.  (10.22)

ji
By Proposition 10.4, j is transient, since (10.22) says j is not recurrent. |

Corollary 10.5. Assume there exists an invariant probability & = {r; : j € S} for
p. (a) If w; > 0, then j is recurrent. (b) If the chain is irreducible, then all states are
recurrent.

Proof. (a) Suppose 7; > 0. If j is transient, then 7; = ), ¢7; - pi(;.l) — 0 as

n — 00, since pl.(}” — 0, a contradiction. (b) From (a) and the fact that there exists
some j such that 7r; > 0, it follows that j is recurrent. All states are then recurrent
by Theorem 10.4(b). |

Example 5. The Green’s function for the (transient) simple random walk with p >

% can be computed from the first passage time probabilities (Exercise 18) as
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N o
G, j) = (%) /(2” b fori> . (10.23)
1/2p — 1) fori < j.

Example 6 (Polya’s Theorem). Suppose p is the transition probability matrix for
the simple symmetric random walk {X,} 2 on the k-dimensional integer lattice
ZK. The i.i.d. increments of the random walk take 2k values te;,i =1,2,...,k,
with equal probability; here e; denotes the standard unit vector with 1 in the i-
th coordinate and O otherwise. The rather straightforward proof of recurrence in
one-dimension (Exercise 14) extends to two dimensions by a 45 degree rotation of
coordinate axes to render the coordinates as independent one-dimensional random
walks (Exercise 15). However, the transience of the random walk for k > 3 is a
distinct phenomenon. Although somewhat cumbersome, one can use combinatorial
arguments to show that pg o < en~5 fora positive constant' ¢. By irreducibility one
has G(x,y) < ooforall x,y € 7K, k > 3. Moreover, since G(x,y) = pxy/(1 —
prx) < (1 = per)™l = (1 = poo) ', where the last equality uses the translation
invariance py, = pgo, it follows that G (x, y) is uniformly bounded for all x, y €
7k, k > 3. An alternative proof of transience for the cases k > 3 can be obtained as
follows. Write S, = Z1+---+Z,,n > 1, where Z1, Z5, ... arei.i.d. &e;— valued
random vectors with equal probabilities ﬁ, j =1,2,...k, and the ith component
of e; is the Kronecker delta §;;. Since S, takes values in the integer lattice, its
characteristic function

¢"(€) = Ee'* 5 = (EeS 41y (10.24)

is periodic and its Fourier coefficients may be alternatively computed from

¢'(E) = B =) e SVP(S, =) (10.25)
y

according to (Exercise 5):

pfcr;’) = P(Sn =y - )C) = (zn)—k/( i e_ié'()’—x)wn(g)dS. (1026)
Thus
G(x,y) < (2n)"i/ lp(&)"dE = (2n)*’</ _ 4
np V.7l (—mnk 1= 1o(8)]
(10.27)

! See, e.g., Bhattacharya and Waymire (1990, 2009), pp. 13—15, or Bhattacharya and Majumdar
(2007), pp. 156-157.
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By definition of Z; one easily has |¢(§)] = |ﬁ Z@ l(e"é'" + e7Em)| =
| z Z —1 cos(&n)l. For convergence of the integral in (10.27) it is enough to check
convergence of |, U % for neighborhoods U C (—, 7] of the singularities

©,...,0), (£m, ..., £m) of the integrand. Since (1—cos(x))/x2 — 1/2asx — 0,

2
by continuity for sufﬁc1ently small € > 0, if |§,] < €, then 0 <cos&, <1-— é

and thus for £ € U = (—¢, e)F, |p(&)| = p(¢) < 1 — @ m=] ‘;‘,%1, and hence for
k>3,

fl—w(sn fz

for a positive constant ci(€) by a polar coordinate change of variables. Similarly
one may check convergence at the other singularities for £ > 3 (Exercise 6). Note
that in addition to finiteness of G (x, y) one again sees from (10.27) that G(x, y) is
uniformly bounded for all x, y € 7k k > 3.

1 rk_ldr
) A (10.28)

mlm

Remark 10.1. An interesting notion to capture highly transient phenomena was
introduced by James and Peres (1997), and explored further in James et al (2007),
in which there would be cut points j such that for some m, one has X, = j and the
set {Xo, ..., X;u}is disjoint from the set { X;;+1, Xm+2, - .. }. Lawler (1991) proved
that the simple symmetric random walk on Z*, k > 4, has infinitely many cut points
almost surely. This, and more, was extended to the case of random walks on Z> by
Blachere (2003).

Exercises

1. Let S be a countable set and <> an equivalence relation on it. Prove that S is
the disjoint union of equivalence classes of the form £(i) = {j € S : j < i}.
[Hint: £E() =E()or EG) NE) =]

2. Construct a finite state Markov chain such that

(a) There is only one inessential state.
(b) The set & of essential states decomposes into two equivalence classes with
periodsd = 1 andd = 3.

3. (a) Give an example of a transition matrix for which all states are inessential.
(b) Show that if § is finite, then there is at least one essential state.

4. Classify all states for p given below into essential and inessential subsets.
Decompose the set of all essential states into equivalence classes of commu-
nicating states.
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5.

10.

11.

12.

1000300
00010032
111111
6?666?
05000350
2000200
000200 ¢
1 3
1000030

Derive the formula (10.26). [Hint: Multiply by e~¢%, z € 7ZF, and integrate
(as iterated integrals) with respect to &. Note that for integral z, ffn e i de =
(2m)~"5:0.]

Check convergence of the integral [, % for neighborhoods U of
(£m, ..., £m).

Let p be the transition matrix on § = {0, 1, 2, 3} defined below.

= O NI—= O
O NI= O I=—
= O WI— O
O RI= O NI=

Show that S is a single class of essential states of period 2 and calculate p” for
all n.

Show by induction on N that all states communicate in the Top-In Card
Shuffling example of Exercises 13(b) of Chapter 7.

Prove that {R,,} = {|S, |} is Markov, where §,, is the simple symmetric random
walk on Z. Classify all states of {R,, : n > 0}.

(A Birth or Collapse Model) Consider the two cases:

(@) piiv1 = 775 Pi0 = 77- i=012,....

1 i .
®) pio= 7, Pii+l = 77 i>1, po1=1
Determine in each case whether the Markov chain is transient, null recurrent,
or positive recurrent. Can you generalize this to birth—collapse with pg; = 1,
and p12... ppn+1 — 0asn — o0?
Let piiv1 = p,. pio = q,i = 0,1, 2, .... Classify the states of § =
{0,1,2,...} as transient or recurrent (0 < p < 1,g =1 — p).
Fix i, j € S. Write

rm=PX,=)=pf =D, =1
fa=PiXpm#£jform<n,X,=j) (nn=>1).

(a) Using the strong Markov property show that r, = anzl fmtn—m (n > 1).
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13.

14.

15.
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(b) Sum (a) over n to give an alternative proof of (10.17).
(c) Use (a) to indicate how one may compute the distribution of the time of

the first visit to state j (after time zero), starting in state i, in terms of pl.(;’)
(n > 1). [Hint: Consider generating functions f ) = Y, fut", 7 () =

Do tat"]

An invariant measure for a transition matrix ((p;;)) is a sequence of nonneg-
ative numbers (m;) such that ), m; p; j = mj for all j € §. An invariant
measure may or may not be normalizable to a probability distribution on S.

(a) Let pijit1 = piand pjo = 1 —p; fori = 0, 1, 2, .... Show
that there is a unique invariant measure (up to multiples) if and only if
limy;— o0 ]_[Z: 1 Pk = 0; i.e., if and only if the chain is recurrent, since the
product is the probability of no return to the origin.

(b) Show that invariant measures exist for the unrestricted simple random walk
but are not unique in the transient case and are unique (up to multiples) in
the recurrent case.

(¢) Let poo = po1 = % and piji—1 = pii =272 and p; 41 = 1 — 2771,
i =1,2,3,.... Show that the probability of not returning to 0 is positive
(i.e., transience), but that there is a unique invariant measure.

For the one-dimensional simple symmetric random walk prove that (i) p(()r(’)) =0

1
for all odd n, and p(%") = cn™ 2 for a positive constant c, (ii) the random walk is

recurrent. [Hint: (1) p(()20") = (2,1")2’2”, (Stirling’s formula): n! ~ «/2mwnn"e™"
in the sense that the ratio is one in the limit as n — o0, (ii) Check that the
random walk is irreducible and apply Theorem 10.4(b).]

Let Z,,n > 0, be i.i.d. two-dimensional random vectors, with P(Z, =
(£1,0)) = P(Z, = (0, £1) = 1/4, respectively, for the four cases. Define the
two-dimensional simple symmetric random walk,, starting at x on the integer
lattice Z2 =Z x Zby S =x+ Zi+--+ Zy,n > 1, S =x € Z°.

(a) Show that the two-dimensional simple symmetric random walk is irre-
ducible.[Hint: Let (i, j), (k,1) € 72. There is a polygonal path of finite
lengthm = |i — k| + |l — j| from (i, j) to (k,[), in increments of (&1, 0)
and/or (0, £1), and the random walk can move along this with positive
probability, i.e., p(i"}) ;) = (1/4)" > 0.]

(b) Consider the transformed random vectors W,, = ﬁZnA, n > 0, where

11
A is the matrix (rotation) A = ( “/51 “?) Show that the coordi-
V22
nates of W, = (W,gl), W,gZ) are symmetrically distributed independent
Bernoulli +1-valued random variables, and use the estimate p((fg) for the
one-dimensional simple symmetric random walk to show that the two-
dimensional simple symmetric random walk is also recurrent.
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16.

17.

18.

Show that the two-dimensional random walk with increments W,,, n > 0, in
the previous exercise, is not irreducible. [Hint: Check that the random walk
with increments W, partitions the state space into two equivalence classes of
states (j, k) in which j and k are of the same parity, and another in which (j, k)
have opposite parity.] Show that every state is recurrent regardless of which
equivalence class it belongs.

Let £k > 3 be an integer, and suppose W, = (W,El), e, W,Ek)),n > 1,isa
sequence of i.i.d. k-dimensional random vectors with independent, symmetric
Bernoulli £1-valued coordinates. Show that 7, = z + Wy 4+ --- + W,,n >
1, T(f = x € ZF, is transient, but not irreducible having 2k-1 equivalence
classes. Show that for k > 3 there is no one-to-one map between 7, n > 0 and
the k-dimensional symmetric simple random walk Sy, n > 0, defined by the
2% possible independent equally likely displacements of the form (0, ..., 0 =+
1,0,...0)

Consider the one-dimensional simple asymmetric random walk, p # g = 1—p,
O<p<l1.ULetp>1/2

(a) Show that pyy = 1ifx < y,and pyy = (g/p)* Y ifx > y.

(b) Calculate py.

(¢) Calculate pyy for the case p < 1/2. Determine the Greens’ function for
this random walk.



Chapter 11 ®
Birth—-Death Chains Chock or

Birth—death Markov chains comprise a special class of Markov processes on
the integers which move to nearest neighbor states to the left or right, or stay
put, in single transitions. Simple random walks provide examples for which
the one-step transition probabilities do not depend on the states from which
transitions are made.

The birth—death Markov chains, which include simple random walk, may be
regarded as space-time discretizations of diffusion processes such as Brownian
motion. The transition law defining a birth—death Markov chain has the form

Bi ifj=i+1
8 ifj=i—1

py={" /7! (11.1)
o ifj=i

0  otherwise,

where «; + B; + 8; = 1. In particular, the displacement probabilities may depend
on the state in which the process is located. However, it has a special “pseudo-
continuity type”, or skip-free, property, in that it cannot skip over states in its
evolution.

For the unrestricted birth—death chain, i.e., S = Z, one assumes 8; > 0,§; >
0, foralli € S. Hence the Markov chain is irreducible. The state space for a birth—
death chain is either all of Z or a finite or semi-infinite “interval” of contiguous
states. The transition probabilities at left or right boundaries of the state space are
permitted to be zero or one. In any case, the long-run behavior of a birth—death chain
depends on the nature of its (local) transition probabilities p; j+1 = Bi, pi.i—1 = di
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at interior states i, as well as on its transitions at boundaries when present. In
this section our aim is to obtain explicit conditions on these parameters under
which, according to the more general theory of the preceding sections, various
long-run behaviors may occur, e.g., transience, recurrence, positive recurrence, and
convergence to steady state distributions.

Proposition 11.1 (Unrestricted Birth-Death Chain). Let S = Z = {0, +£l,
+2,...} and assume that 0 < B;,8; < 1,B; +6; <1, foralli € S. Letc,d € S,
¢ <d,and defineforc <i <d,i €S,
v(i) =P (er) = ¢, T¢,q) < 00) = P;({X,} reaches ¢ before d | Xo =1i)
= Pi(zc < 1), (11.2)

where 7; denotes the first time the chain reaches j, and t(c 4y = 7 A 74 is the first
hitting time of the set {c, d}. Then

—18c41

d—1 8,6y

X= /3 ﬁr 1 ﬁc-H
Z -1 8x8x—18c41
=c+1 ByBr_1-Ber1

v(y) = (c+l=y=d-1. (11.3)

Proof. One has
Y@ =A -6 =)V + v+ 1D +&yv0 —1),
or equivalently,
B+ —v@) =380 —yi—1) (c+l=<i<d-1. (114)

The boundary conditions for i are

Yo =1, v(d)=0. (11.5)
Rewrite (11.4) as
YE+1D)—y@) = ﬂ—(lﬂ(l)—lﬂ(l—l)) (11.6)
for (c+ 1 <i <d — 1). Iteration now yields
8 8x 1 c+1
1 — 1) — 11.7
Yx+1)—vix)= B By ﬂcH(l/f( c+1)—v() (11.7)

forc+1<x <d— 1. Summing (11.7) overx =y, y+1,...,d — 1, one obtains

d—1

8)(5)( C
Y(d)—y(y) = Zﬁ(w c+1) = Y(0). (11.8)
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Let y = ¢+ 1 and use (11.5) to obtain

Zd—l 5x5x—1“'5c+1

_ x=c+1 ByBr—1-Bet1

Y+ 1) = ST AT (11.9)
x=c+1 ByBr—1-Bet1

Using this in (11.8) (and using ¥ (d) = 0, ¥ (c¢) = 1) one gets the desired result. H

Corollary 11.2. Let {X, : n > 0} be an unrestricted birth—death chain on § = Z
under the conditions of the Proposition 11.1. For ¢ < y with y, ¢ € Z, define

Pye = Py(t. < 00) = Py (X, = ¢ for some n > 1). (11.10)
Then
o
. 8182 -+ Oy
Pye =1 forall y > ciff — =00,
Y xz::lﬂlng"',Bx
o
S5187-+:8
<1 forally>ciffZL<oo. (11.11)
= BB By

Similarly fory <d, y,d € Z,

0
pya =1 forally <diff Z M:OO’
=—00

X 5x8x+1 -+ 80
0 BiBril - B
<1 forally <diff Y L0 oo (1112)
L 8180
Proof. Observe that (Exercise 1),
o
. . 8x5x—1 "'5C+l
Pye = lim Y (y) =1 if —_— =00,
e dtoo x=§—l ,Bxﬂxfl T ,BC+1
o0
Y T
<1 if Y LTS o (e < ). (1113)
x=c+1 ﬁxﬁx—l te ,Bc+1
Since, forc +1 <0,
0 0
Z 8x3x—1 e 80+1 _ Z 80-‘1—186-‘1—2 e 5x
vty PeBx—1-Bevr T BerBeta - By

Scq18c42 80 i 8182+ 8y
Be+1Be+2 -+ Bo B1B2 - - Bx

(11.14)

x=1
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and a similar equality holds for ¢ 4+ 1 > 0. By relabeling the states i as —i (i =
0,+1,+£2,...), one gets (11.12) (Exercise 2). |

Corollary 11.3. Let {X, : n > 0} be an unrestricted birth—death chain on § = Z
under the conditions of the Proposition 11.1. (i) If both sums in (11.11) and (11.12)
diverge, then all states are recurrent, i.e.,

pyy =1, forally € S. (11.15)

(ii) If one of the sums (11.11) or (11.12) is convergent, then all states are transient,
ie.,

Py < 1, yeSs. (11.16)
Proof. By the Markov property, conditioning on X,

pyy e 8)7py—l,y + 5y,0y+l’y + (1 — 8_\) - ﬁy)py’y (11.17)

Py—1,y = 1, pyy1,y = 1, so that (11.17) implies (11.15). For (ii), say (11.11) is
convergent, then by (11.17) we get (11.16). |

Natural restrictions on birth—death chains may occur in the form of boundary
conditions at endpoints of finite or semi-infinite intervals. Possibilities include
absorption, and pure or partial reflection as illustrated in the following example.

Example 1 (The Bernoulli-Laplace Model). A simple model to describe the mix-
ing of two incompressible liquids in possibly different proportions can be obtained
by the following considerations. Consider two containers labeled box I and box II,
respectively, each having N balls. Among the total of 2N balls, there are 2r red and
2w white balls, 1 < r < w. At each instant of time, a ball is randomly selected
from each of the boxes, and moved to the other box. The state at each instant is the
number of red balls in box 1. In this example, the state space is S = {0, 1, ..., 2r}
and the evolution is a Markov chain on S with transition probabilities given for
1<i<2r-—1,

(w4+r—i)Q@2r —1i)

Prist = (w+7r)?
i2r—i) (wH+r—Dw—r+1i)
i = 11.18
pll (w+r)2 (w+r)2 ( )
S i(w—r+41i)
Pii—1 = (w +r)2
and
w—r 2r
P00 = P2r2r = POl = P2r2r—1 = (11.19)

w+r wH+r
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Definition 11.1. A state a will be called an absorbing boundary for the birth—death
chainife, =1—-6, — 8, = 1.If §, = 0 and B, > 0, then we will say that a is
a (left side) reflecting boundary. If 8, = 0 and §, > 0, then we will say that a is
a (right side) reflecting boundary. A reflecting boundary with 8, = l or §, = 1 is
said to be purely reflecting.

Remark 11.1. Let us note that a birth—death Markov chain {X,, : n = 0,1,...}
on § = {0, 1,2,...} with absorbing boundary at zero may be constructed from
an unrestricted birth—death chain {Y,, : n = 0, 1, ...} on Z, and having the same
birth—death probabilities on S, but otherwise arbitrary, by starting on S and defining
Xn = Yungy,n =0,1,..., where 7p = inf{n > 0 : ¥;, = 0} < oo (Exercise 13).
A more interesting case is that of constructing a birth—death Markov chain {X,, :
n=20,1,...} onS = {0,1,2,...}, with reflecting boundary at zero, from an
unrestricted birth—death chain {Y,, : n = 0, 1, ...} on Z. For this one extends the
birth and death probabilities by f—; = §;,6—; = Bi,i = 1,2, ..., leaving By, do
arbitrary, and defines X,, = |Y,|,n = 0, 1,2, .... One may apply Proposition 8.11
to show that {X,, : n =0, 1, 2, ...} is Markov (Exercise 14).

Proposition 11.4 (Two Reflecting Boundaries). Let S = {0,1,2,..., N}, and
suppose that 0 and N are reflecting boundaries, and 0 < §;,8; < 1,1 <i < N —1.
Then all states are recurrent.

Proof. Take ¢ = 0, d = N in (11.2). Then y(y) gives the probability that the
process starting at y reaches 0 before reaching N. The probability ¢(y), for the
process to reach N before 0 starting at y, may be obtained in the same fashion by
changing the boundary conditions (11.5) to ¢(0) = 0, ¢(N) = 1 to get that ¢(y) =
1 — ¥ (y). Alternatively, check that ¢(y) = 1 — ¥ (y) satisfies the equation (11.6)
(with ¢ replacing 1) and the boundary conditions ¢(0) = 0, ¢(N) = 1. We leave
it as an exercise to argue that such a solution is necessarily unique (Exercise 4). All

states are recurrent, by Corollaries 8.7, 10.5 (see Exercise 5 for an alternative proof).
[ |

Proposition 11.5 (One Absorbing Boundary). Let S = {0, 1,2, ...}, and suppose
that O is an absorbing boundary, but 0 < B;,6; < 1, fori = 1,2,.... Then 0 is
recurrent and each i > 1 is transient.

Proof. Forc,d € S, the probability v (y) is given by (11.3) and the probability pyo,
which is also interpreted as the probability of eventual absorption starting at y > 0,
is given by

o0
=1 iffy =00 (fory>0). (11.20)
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Whether or not the last series diverges,
Py0 = 8y8y_1---81 > 0, forally > 0 (11.21)
and

Pyd <1 —=256y8y_1---61 <1, ford >y >0,

11.22
poa =0, foralld > 0. ( )

By (11.17), py,y = (Gypy—1,y + Bypy+1,y)/(By + 8y). Since (11.21) implies
Py—1,y < 1, one has

pyy <1 (y > 0). (11.23)
Thus, all nonzero states y are transient. ]

Proposition 11.6 (One Reflecting Boundary). Let S = {0, 1, 2, 3, ...} and suppose
that 0 is a reflecting boundary, but 8; > Oforalli, and §; > Ofori > 1, 8; +6; < 1.
Then all states are recurrent if and only if the infinite series (11.20) diverges, i.e., if
and only if pyp = 1.

Proof. First assume that the infinite series in (11.20) diverges, i.e., pyo = 1 for all
y > 0. Then condition on X to get

poo = (1 = Bo) poo + Popio, (11.24)

so that

By Theorem 10.4, the chain is recurrent. On the other hand, if the series in (11.20)
converges, then p,o < 1 for all y > 0. In particular, from (11.24), we see pgo < 1.
Again, by Theorem 10.4, the chain is transient. |

The determination of conditions for recurrence and transience, under various
other boundary possibilities such as two absorbing, or one absorbing and one
reflecting boundary, are left to the exercises.

We next turn to the question of existence and uniqueness of invariant probabilities
of birth—death chains. Recall that a Markov chain with transition probability matrix
p an invariant probability is a probability & = (r; : j € S) on S such that

pr=m. (11.26)
Then p/(”)ar = g for each time n = 1,2, ... . That is, m is invariant under the

transition law p. Recall also that if {X,, : n > 0} is started with an invariant initial
distribution 7, then {X,, : n > 0} is stationary.
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Proposition 11.7 (Two Reflecting Boundaries). Let S = {0,1,2,..., N} and
assume that 0, N are both reflecting boundaries. If 0 < 8;,8; < 1,1 <i < N — 1,
then all states are recurrent and the unique invariant probability & is given by

o= P <=,
818,
N —1
Bob1---Bj-1
=11 _— . 11.27
o +y 5.0, b (11.27)

Proof. All states are recurrent by Proposition 11.4. The unique invariant probability
is easily obtained by solving
7o(1 — Bo) + 1181 = 7o,

mji_iBj—1+mi(l =B =8 +mjdj 1 =n; (=1L2....N-D, (11.28)
or
Tj-1Bj-1 = 7j(Bj +8;) +7j+18j41 =0, (11.29)

subject to r; > O forall j and ) = 1. The solutions are easily checked to be
given by (11.29). The solution as a probability measure is unique. |

Example 2 (Equilibrium for the Bernoulli-Laplace Model). For the Bernoulli—
Laplace model the invariant distribution # = (7; : i = 0,1,...,2r) is the
hypergeometric distribution calculated from (11.27) as

e BB @) ﬁ(w+r—i)(2r—i)ﬂ0
IR ) jw—r+p il iw—r+i)
2r 2w
_ D) ()25,"’3,)’) 0. (11.30)
w—+r

Proposition 11.8 (One Reflecting Boundary). Let S = {0,1,2,...} with 0 as a
reflecting boundary and 0 < B1,8; < 1,i > 1. Then there exists an invariant
probability given by

_ BoBr---Bj-1
e —'

L= i > 1 11.31
= G=D (1131)

if and only if
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o
3 Pobr---Pi-1 _ (11.32)
, 8182+ 8
j=1
in which case mgp = (1 + Z?O 1 ﬂl ﬂ - l) ! The invariant probability is unique

under the condition (11.32).

Proof. The system of equations p'r = & are

mo(1 — Bo) + w181 = 7o, (11.33)
TiaBj1+mi(l=B; =8 +mjpidj=m; (G =1).
The solution in terms of 7 is given by (11.31). In order that this may be a probability

distribution one must have (11.32). In this case one must take

-1

BoBi - ﬁj 1
) + E 518, - =

Proposition 11.9 (Unrestricted Birth—Death Chain). Let S = {0, £1, +2, ...} and
assume 0 < B;,8; < 1, for alli € S. Then the recurrent and an invariant probability

exists and is given by

Mno (=1,

R 81828
T[] - S +16 2 8o . (1134)
mﬂo (Jj =-D,
if and only if
Sii18iin -8 B
U D DS/ S (1135)
i< BiBj+1-+-B-1 = 81828
in which case
~1
§i116
- 1+Z% Z’%ﬁl ’3’1 . (11.36)
j<— ]ﬁ]ﬂ]-‘rl =1 8182 -

The invariant probability is unique.

Proof. The equations p'r = & are
mj—1Bj—1+m;j(1=B;j—8j)+mjr18j41 =7 (J=0,%x1,£2,...) (11.37)

which are uniquely solved in terms of g under the conditions as asserted. |
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Remark 11.2. One may notice that the convergence of the series in (11.35)
explicitly implies the divergence of the series in (11.11), (11.12). In other words,
one explicitly sees that the existence of an equilibrium distribution for the chain
implies its recurrence. The same remark applies to the birth—death chain with one
or two reflecting boundaries.

Example 3 (The Ehrenfest Model of Heat Exchange). The Ehrenfest model illus-
trates the process of heat exchange between two bodies that are in contact and
insulated from the outside. The temperatures are assumed to change in steps of
one unit and are represented by the numbers of balls in two boxes. The two boxes
are marked I and II and there are 2d balls labeled 1, 2, ..., 2d. Initially some of
these balls are in box I and the remainder in box II. At each step a ball is chosen at
random (i.e., with equal probabilities among ball numbers 1, 2, ..., 2d) and moved
from its box to the other box. If there are i balls in box I, then there are 2d — i balls
in box II. Thus there is no overall heat loss or gain. Let X,, denote the number of
balls in box I after the nth trial. Then {X,, : n = 0, 1, ...} is a Markov chain with

state space S = {0, 1,2, ..., 2d} and transition probabilities
i i .
pi’iflzg, pi”'*l:l_ﬁ’ fOI‘l:l,Z,...,Zd—l,
por = 1, P2d.2d—1 = 1,
pij =0, otherwise. (11.38)

This is a birth—death chain with two reflecting boundaries at 0 and 2d. The transition
probabilities are such that the mean change in temperature, in box I, say, at each step
is proportional to the negative of the existing temperature gradient, or temperature
difference, between the two bodies. We will first see that the model yields Newton’s
law of cooling at the level of the evolution of the averages. Assume that initially
there are i balls in box I. Let Y,, = X,, — d, the excess of the number of balls in
box I over d. Writing e,, = [E;(Y},), the expected value of Y,, given X¢ = i, one has

en = Ei(Xp —d) = Ei[Xp—1 —d + (X — Xp—1)]

= (X d) + B (Xy — Xn_1) = +E (A Xt o
= Ei(Ap—1 ilA&n n—1) = €én—1 i 2d 2d

d—X,_ en— 1
=e,—1 + E; (Tnl) =é€én—1— ndl = <1_E) €n—1-

Note that in evaluating E; (X, — X,,—1) we first calculated the conditional expectation
of X,, — X,,—1 given X,,_1 and then took the expectation of this conditional mean.
Now, by successive applications of the relation e, = (1 — 1/d)e,—1,

\" " 1\"
e,,:(l—E) 80=<1_E> E(Xo—d)=(—4d) <1_E) . (11.39)
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Suppose in the physical model the frequency of transitions is T per second. Then in
time ¢ there are n = ¢7 transitions. Write v = ( —log(1 — 1))z. Then

en=(>—d)e™", (11.40)

which is Newton’s law of cooling. The equilibrium distribution for the Ehrenfest
model is easily seen, using (11.27), to be

2d
n]:(j)z—m, j=0,1,...,2d. (11.41)

Thatis, 1 = (r; : j € S) is binomial with parameters 2d, L Note that d = E. X,
is the (constant) mean temperature under equilibrium in (11.40).

The physicists P. and T. Ehrenfest in 1907, and later Smoluchowski in 1916, used
this model in order to explain an apparent paradox that at the turn of the century
threatened to wreck Boltzmann’s kinetic theory of matter. In the kinetic theory, heat
exchange is a random process, while in thermodynamics it is an orderly irreversible
progression toward equilibrium. In the present context, thermodynamic equilibrium
would be achieved when the temperatures of the two bodies became equal, or at
least approximately or macroscopically equal. But if one uses a kinetic model such
as the one described above, from the state i = d of thermodynamical equilibrium the
system will eventually pass to a state of extreme disequilibrium (e.g., i = 0) owing
to recurrence. This would contradict irreversibility of thermodynamics. However,
one of the main objectives of kinetic theory was to explain thermodynamics, a
largely phenomenological macroscopic-scale theory, starting from the molecular
theory of matter.

Historically it was Poincaré who first showed that statistical-mechanical systems
have a recurrence property. A scientist named Zermelo then forcefully argued that
recurrence contradicted irreversibility. Although Boltzmann rightly maintained that
the time required by the random process to pass from the equilibrium state to a
state of macroscopic nonequilibrium would be so large as to be of no physical
significance, his reasoning did not convince other physicists. The Ehrenfest and
Smoluchowski finally resolved the dispute by demonstrating how large the passage
time may be from i = d to i = 0 in the present model.

It follows from (11.27) that the expected return times for the Ehrenfest model are

E(zr;(1)|Xo = j) = 1 22d/(2fi>, (j=0,...,2d). (11.42)
JTj ]
To compute the expected time to reach one state from another (e.g., from the
“equilibrium state” d to extreme disequilibrium 0), we consider more generally a
birth—death-chainon S = {0, 1, ..., N}, N > 2, with reflecting boundaries {0, N}.
Thus we take 8; +6; = 1 forall j, 0 < B; < 1forj=1,...,N—1,6 =
1,8y = 1. We now turn to the computation of expected times of reaching one state
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from another. Let 7y = inf{n > 0 : X,, = y}. m(@) := E(ro|Xo =i)for0 < j < N.
ForO < j < N,onehasm(j) =1+ 8;jm(j+1)+8m(j—1).Forl < j <N,
this may be expressed as B;(m(j + 1) —m(j)) —§;m(j) —m(j — 1)) = —
Multiplying through by By --- 8;_1/81 - - - §; one obtains

pi-- ,3] _ Br--Bj— o BB
5 [ (G+D=m()H] - e [m(j) —m(j — DI = RIS
(11.43)
Summing these over j = N — 1,...,i, (i > 1), one obtains
N—1
Pr---Bn-1 o g BB Bi---Bj-1
5oy MmN =D]= e m (O —m = D] = /Z R
(11.44)
or, noting that m(N) = 1 +m(N — 1),6y =1,
N
-8 Br---Bj-1 .
m(z)—m(z—l)— ;3 ﬁl 12 ST i>1. (11.45)
In particular,
m@) —m(1) = (al/ﬂl)z% (11.46)
J

On the other hand, one has m(1) = 1 4+ gym(2) + §;m(0) = 1 + Bym(2), since
m(0) = 0, so that 81 (m(2) —m(1)) = §ym(1) — 1. Using this in (11.44) one obtains

Y BB Y BBy L
m(1)=(ﬂ1/81)(m(2)—m(1))+1/51ZZm =2 S5
j=2 J j=1

(1 1.47)
Summing (11.45) overi =k, ..., 2, and using (11.47), one obtains

N
- 8y -8 Br---Bj-1
m(k) = m(l)—i-;ﬂ] - Bi_i 2181 ~8j-10;

N k
ZZ/BI"'IBJ—I _I_Z 3i—1 Z IBJ 1 (11.48)
P Ty B 5, 18;"

Next, for a state 0 < d < N, we calculate E(ty|Xo = j) = m(j), say. Then
(11.43) holds for m(j),0 < j < d. Also, note the boundary conditions: m(0) —
m(l) =1,and m(d) = 0,sothatfor j =2,...,d — 1,
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Br---Bj _, . . Br...Bj-1 Bi...Bj- L
/7P 1 — _ et _ D= ==
Ty m(j +1) —m(j)] . [m(j) —m(j — D] = 51,
(1149)
and
1
ﬁ[m(2) m(H]+1=—-—— = —@. (11.50)
81 81
Summing over j = i,i — 1,...., 1, one has, using By = 1, to write the sum
compactly,
B Bi Bi---Bj
1) — 1=-— _— 11.51
51”51[(z+) m(i)] + Zal oy (11.51)
or
_ . _ . 81---6; i Br...Bj-1
m@+1)—m@) = [—1— _— 1, (11.52)
Bi---Bi ;51"'51‘—15]'
fori = 1,...,d — 1. Thus summing this over i = 1,...,d — 1, and recalling
m(d) = 0, one gets
ey N L Bi-Bio
m(d) —m(l) = —m(l) = — T4y T, (11.53)
Zﬁl"‘ﬂi 251-'-5]'715]'

i=1 j=1

This gives the value of m(1). Using this in (11.52) (i.e., summing up from i =
k—1,..., 1) one may obtain m (k). In particular, using the boundary condition at 0,
one has

m(0) = 1 +m(1)
d—1 i
81+ 8 ,3].../3].71
=M e | VT T s | 11.54
;ﬁl"'ﬂi ; 818, ( )

We now apply these computations to the Ehrenfest model where S

0,1,....2d}, 8 = 2.8 = 4 (i = 1,2,....,2d = 1), pp = 1,60 = 1.

Letting k = d in (11.48), we get the first sum as

2d ) ' 2d 2d
dl@d—1)...2d —i+1)/Qd) /1Y) = ( ; ) =22 _1,
B = (11.55)
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Similarly, the second (double) sum in (11.48) equals Z?:z % Z%ii (2;1) =

Y () X3 (2;'1)' Therefore,
d

2d 24 \ 7' {5 (2d 2d
m(d) = E(to|Xo = d) = 2 —1+Z[< ) Z(j)>2. (11.56)
i=2

i—1 —
Jj=i
For the computation of E(74|Xo = 0), (11.54) yields

m(0) = E(rq|Xo = 0)

d—1 i
515

pr ﬂl"'ﬂi P

d—1

=1+ ilQd—i—1/Qd— D 1+ @Qd)/@2d — j)j!
i=1 j=1

d—1 i

2d 2d — 1

=1+ Z(j) /( ; ) (11.57)
i=1| j=0

which is smaller than 1 4+ d(d — 1)/2. Indeed, a careful calculation shows yields
(Exercise 19)

m(0) =d +dlogd +0(1) asd — oo. (11.58)

Remark 11.3. For d = 10000 balls and rate of transition one ball per second, it
follows that

m(0) < 102215 seconds < 29 hours,
m(d) > 100000 years, (11.59)

Thus it takes only about a day on the average for the system to reach equilibrium
from a state farthest from equilibrium but takes an average time inconceivably large,
even compared to cosmological scales, for the system to go back to that state from
equilibrium. For d = 10 000 one gets, using Stirling’s approximation for the second
estimate,

E(z{"1Xo = 0) = 22000 E{V|1Xy = d) ~ 100y/7. (11.60)
Thus, within time scales over which applications of thermodynamics make sense,

one would not observe a passage from equilibrium to a (macroscopic) nonequilib-
rium state. Although Boltzmann did not live to see it, this vindication of his theory
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ended a rather spirited debate on its validity and contributed in no small measure to
its eventual acceptance by physicists.

The spectral representation for p is left as an Exercise. The 2d eigenvalues that
one obtains are given by «; = j/d, j = £1,£2, ..., &d (Exercise 18).

Example 4 (Random Walk on the Hypercube 7' and the Ehrenfest Model). Con-
sider the group generated additively modulo 2 by m + 1 basis elements given by
the column vectors e; having 1 in the ith coordinate and zeros in the remaining
m — 1 coordinates (i = 1, ..., m), together with the identity element given by ey
and having zeros in all m coordinates. The group operation is (coordinate wise)
Euclidean addition modulo 2. The group has 2" elements, and can be viewed as the
m-dimensional hypercube G = Z7'. The uniform distribution / (Haar measure) on
this group assigns mass 27" to each element of G. The nearest neighbor random
walk on Z7' is a Markov chain {X,, : n > 0} defined by

1
PXyt1=x+¢ (mod2)|X, =x)= —— (@ =0,1,...,m),x € Z5.

m+1
(11.61)
It is simple to check that the m-step transition probability of this Markov chain
satisfies p™ (x, y) > mLm, forall x, y € G, so that, by Doeblin’s theorem, one has

(Exercise 20)

sup [|p™ (x, )= Hllry < (1—(2/my™t/™ ~exp{—’% (3> } (11.62)

xeZy m

A much improved cut-off phenomena, pioneered by Persi Diaconis' and colleagues
and students, shows the following (Diaconis (1988), p.28):

1 ,
sup |[p®(x, ) — Hllry < E(exp{e*‘} — 1), fork = (1/4)(m + 1)(logm + ¢),

m
X€Ly

(11.63)

and given any € > 0, there exists C < 0 such that for ¢ < C, with k as in (11.63)
and all sufficiently large m,

inf [|p*(x,) — H||lry > 1 —e. (11.64)
xeZf

Note that, with ¢ positive and large, the right side of (11.63) can be made arbitrarily
small. But if one takes ¢ < C(< 0), C depending on €, then the left side of (11.64)
is greater than 1 — € for all sufficiently large m. Thus there is a sharp cutoff atc = 0
in (11.63), i.e., for k on either side of }T(m + 1) log m. The proof, given by Diaconis

1 See Diaconis (1996) for historical background.
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(1988) loc. cit, uses group representation theory, or Fourier transform on Abelian
groups.

Let us now observe that the Markov chain in this example for m = 2d on the
hypercube Zg is the same as the Ehrenfest model, except that the underlying birth—
death chain in the present example has a probability of 1/(2d + 1) of staying at its
present state; referred to as a lazy random walk. This corresponds to the possible
occurrence of the identity eg of the group as an increment. Thus, instead of (11.38),
the parameters are

8 2d 2d —i 1 0<i<2d—1
;= P = — . ii =0 = ———, <1 =< — 1,
EEPLE TS a0 PR T T o
2d i .
8 = pii—1 1<i=<2d, prz=0a= (11.65)

T 2d+12d 2d +1°

This does not change the invariant probability = (See (11.41)). But the Ehrenfest
model is periodic with period 2, and therefore convergence in total variation norm
to equilibrium only happens separately on the set of odd integers and on the set
of even integers, i.e., p<")(x, dy) does not converge in total variation norm to 7.
On the other hand, the (lazy) random walk on Z%d is aperiodic. This variant on the
Ehrenfest model is the one treated above.

Along these lines, it is also interesting to compare the expected time to the
equilibrium state, defined by the average d of m, starting from the farthest
nonequilibrium states O (or 2d), with the exponent k for the speed of convergence
in the modified model given by (.86)"/*!, where k = §(2d + 1)(log2d + 1). The
latter is also indicative of the order of time at which the steady state equilibrium is
reached (approximately).

Exercises

1. Let Ay be the set {w : Xo(w) = y, {X,(w) : n > 0} reaches ¢ before d}, where
y > c.Show that Ay 1 A = {w : Xo(w) =y, {X,,(w) : n > 0} ever reaches c},
asd 1 oo.

2. Prove (11.12) by using (11.11) and looking at {—X,, : n > 0}.

3. Prove (11.4), (11.17), and (11.24) by conditioning on X| and using the Markov
property.

4. Suppose that ¢ (i) (¢ < i < d) satisfy the equations (11.4) and the boundary
conditions ¢(c) = 0, ¢(d) = 1. Prove that such a ¢ is unique.

5. Consider a birth—death chain on § = {0, 1,..., N} with both boundaries
reflecting.

(a) Prove that P;(T; > mN) < (1 —éydy—1---8)™ifi > j,and < (1 —

BoBr---Bn-1)"ifi < j.Here T; =inf{n > 1: X;, = j}.
(b) Use (i) to prove that p;; = P;(T; < o0) = 1foralli, j.
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6.

7.

10.

11.

12.

13.

14.

15.

11 Birth-Death Chains

Consider a birth—death chain on S = {0, 1, ...} with O reflecting. Argue as in
Exercise 5 to show that pp, =1 for all y.

Consider a birth—death chain on S = {0,1,..., N} with 0, N absorbing.
Calculate

n
: -1 (m) :o
nll)rrolon Zpij , forall i, j.
m=1
Let O be a reflecting boundary for a birth—death chainon S = {..., =3, =2, —1,

0}. Derive the necessary and sufficient condition for recurrence.

If 0 is absorbing, and N reflecting, for a birth—death chain on S
{0, 1, ..., N}, then show that O is recurrent and all other states are transient.
Let p be the transition probability matrix of a birth—-death chain on § =
{0,1,2,...} with

j+2 J

bTagen TG

j=0,1,2,....

(a) Are the states transient or recurrent?
(b) Compute the probability of reaching c before d, ¢ < d, starting from state
i,c<i<d.

Suppose p is the transition matrix of a birth—death chainon § = {0, 1,2, ...}
suchthat 8o =1,8; <§; =1—B;for j =1,2,....Show that all states must
be recurrent.

Let {X,, : n > 0} be the asymmetric simple random walk on S = {0, 1, 2, ...}
with 8; = p < %, Jj =1,2,... and (partial) reflection at 0 with po o = po,1 =
1

3
(a) Calculate the invariant initial distribution 7.
(b) Calculate E; X, as a function of p < %

Show that the construction of a birth—death process with absorbing boundary
at zero in Example 11.1 is a Markov process with the given birth—death
probabilities.

Show that the construction of a birth—death process with reflecting boundary
at zero in Remark 11.1 is a Markov process with the given birth—death
probabilities.[Hint: Express the (extended) unrestricted transition probabilities
as pjj = 8;6i—1,j + Bidi+1,j,1, J € Z, where g is the Kronecker delta. See
Example 6.]

(A Birth—Death Queue) During each unit of time either one customer arrives for
service and joins a single line or no customers arrive for service. The probability
of one customer arriving is A, and no customer arrives with probability 1 — A.
Also during each unit of time, independently of new arrivals, a single service is
completed with probability p or continues into the next period with probability
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16.

17.

18.

19.

1 — p. Let X, be the total number of customers (waiting in line or being
serviced) at the nth unit of time.

(a) Show that {X,, : n > 0} is a birth—death chainon S = {0, 1, 2, ...}.

(b) Discuss transience, recurrence, positive recurrence.

(c) Calculate the invariant initial distribution when A < p.

(d) Calculate E; X, when A < p, where = is the invariant initial distribution.

Suppose that balls labeled 1, ..., N are initially distributed between two boxes
labeled I and II. The state of the system represents the number of balls in box 1.
Determine the one-step transition probabilities for each of the following rules
of motion in the state space.

(a) Ateach time step a ball is randomly (uniformly) selected from the numbers
1,2, ..., N. Independently of the ball selected, box I or II is selected with
respective probabilities p; and pp = 1 — p;. The ball selected is placed in
the box selected.

(b) At each time step, if possible, a ball is randomly (uniformly) selected
from the numbers in box I with probability p;, or from those in II with
probability p» = 1 — p;. If the box selected is empty, then a ball is selected
from the other box. A box is then selected with respective probabilities in
proportion to number of balls in it, which could be zero. The ball selected
is placed in the box selected.

(c) Ateach time step a ball is randomly (uniformly) selected from the numbers
in box I with probability proportional to the current size, of I, which could
be zero, or from those in IT with the complementary probability. A box is
also selected with probabilities in proportion to current number of balls in
it. The ball selected is placed in the box selected.

Calculate the invariant distribution for Exercise 16(a) where

o, ifj =i+1,

L+ &0 ifj=i,i=0,1,...,N
Pij= Np1 N P2, J=L1=0U1,..., y
’ & P2, ifj=i—1,

0, otherwise.

Discuss the situation for Exercise 16(b) and (c).
(Ehrenfest Model)

(a) Compute the unique invariant probability 7 for the Ehrenfest model.

(b) Show that the transition operator 7 of a birth-death Markov chain on
S =1{0,1,..., N} with reflecting boundaries is a self-adjoint operator on
L%(S, 7).

(c) For the Ehrenfest model show that the eigenvalues of the transition operator
area; =4, j=+1,..., +d.

Verify the asymptotic formula (11.58).
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20. Verity (11.62).

21. (A Cut-Off Phenomena) Suppose that a deck of N cards is shuffled by
repeatedly taking the top card and inserting it into the deck at a random location.
Let Gy be the (nonabelian) group of permutations on N symbols and let
X1, Xa, ... beii.d. Gy-valued random variables with

PXe=(i,i—1,...,1)=1/N  fori=12,...,N,

where (i,i — 1, ..., 1) is the permutation in which the card in the ith location
from the top movestoi — 1,i —1toi —2,...,2to 1, and I to i. Let So be
the identity permutation and let S,, = X - - - X,,, where the group operation of
composition of maps is being expressed multiplicatively. Let T denote the first
time the original bottom card arrives at the top and is inserted back into the
deck. Then

(a) T is a stopping time.

(b) T has the additional property that P(T = k, Sy = g) does not depend on
g €Gy.
[Hint: Show by induction on N that at time 7' — 1 the (N —1)! arrangements
of the cards beneath the top card are equally likely.]

(c) Property (ii) is equivalent to P(Sx = g | T = k) = 1/|Gn/|; i.e., the deck
is mixed at time 7.”

(d) Show that

4] i
max |P(S, € A) — ——| < P(T >n) < Ne .
A G N

[Hint: Write P(S,, € A) = P(S, € A, T <n)+ P(S, € A,T > n) and
condition.]

2 This property is referred to as the strong uniform time property by Aldous and Diaconis (1986),
who introduced this example and approach to cut-offs.



Chapter 12 ®
Hitting Probabilities & Absorption Qe

Absorbing boundary conditions can be imposed on (sets of) states of a discrete
parameter Markov chain by simply modifying the transition probabilities to
make the states inescapable once reached. Calculations of time to absorption,
i.e., hitting times of the absorbed states, will be formulated as boundary value
problems.

Let {X,, : n > 0} denote a discrete parameter Markov chain with countable state
space S, starting in state i € S. Consideration of the time at which a state or set of
states will be reached may also be made as follows. Suppose that p is a transition
probability matrix for {X, : n > 0}. Let t; denote the time required to reach j,

7; =inf{n : X, = j}. (12.1)

To calculate the distribution of z;, consider that

*
Pi(tj >m) = Z Diiy Pivia *** Pim—tim > (12.2)

where Z* denotes summation over all m-tuples (iy, i2, ..., iy) of elements from
S\{j}. Now let p° denote the matrix obtained by deleting the jth row and jth
column from p,

P’ = ((pix i, k € S\{j}). (12.3)
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The matrix p° is the transition probability law for the killed process {X, : n <
7;}; i.e., the process can only be observed prior to its arrival in state j, where it is
removed from the state space S. Then, by definition of matrix multiplication, the
calculation (12.2) may be expressed as

0(m)

Pi(z; > m) = J 2 (12.4)
k
and, therefore,
Pirj=my=Y pim N plm s 1 (12.5)
k k

The proof of the following result is left as Exercise 1.

Proposition 12.1. Let p be a transition probability matrix for a Markov chain {X, :
n > 0} starting in state ;. Let B be a nonempty subset of S,i ¢ B. Let

g =inf{n > 0: X, € B}. (12.6)
Then,
0(m)
P(tp<m)y=1-— Dir s m=1,2,..., (12.7)
k

where p? is the matrix obtained by deleting the rows and columns of p correspond-
ing to the states in B.

While the matrix p° is not a proper transition probability matrix on the state space
S, if, instead, each of the rows in p corresponding to states j € B is replaced by
rows e/j having 1 in the jth place and O elsewhere, then the resulting matrix p, say,
is a proper (stochastic) transition probability matrix and

Pi(tg <m)=1-Y pe. (12.8)
k¢B

The matrix p is the transition probability matrix of the stopped process {Xcyan :
n=0,1,2,...}.

The reason (12.8) holds is that up to the first passage time tp the distribution of
Markov chains having transition probability matrices p® and p (starting at i) are the
same. In particular,

o = po™  fori,k ¢ B. (12.9)

Notice that the states belonging to B are absorbing and hence recurrent under p.
It will be convenient for what follows to consider the operators
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Tf@) = Zf(j)mj, Af@) =TfG) — f@O) =pfi)— f@), i€,
jes
(12.10)
for any bounded, or possibly unbounded nonnegative function f on S.

Corollary 12.2. Let B C S and suppose that p = p such that all states in B¢ are
transient. Then given a nonnegative function f on S which is superharmonic on B¢,
ie.,, Tf < f on B¢, there is a unique pair g > 0, 2 > 0 such that Af = —g on B¢,
Af =g=0onB,Ah =0onS,and f = Gg+honS, where G = (I —p)~!is
the Greens function of the (transient) Markov chain restricted to B€.

Proof. Note that since p = P, any function is harmonic on B in the sense that
Tf(G) = ZjeS fHpij = ZjeS f()dij = f(i), foralli € B. Under the stated
conditions G(i, j) < oo foralli, j € S (see (10.15), (10.17)). Define g = 0 on
Band g = —Af on B®. Then, Gg(i) = }_;cpe G(i, j)g(j) is well-defined and
f = Gg on B€. Define h = lim,_, oo T" f. The limit exists, since 7" f = f on B
foralln,and 0 < T" f < f is a decreasing nonnegative sequence on B¢, deceasing
to zero. As already noted, since p = P, one has &7 = f on B. The remainder of the
proof is left as part of Exercise 1. |

Proposition 12.3. Within the framework of the above corollary, let tp = inf{n >
0: X, € B}andlet f(i) =E;trp,i € S. Then

f=0onB, Af=—1onB". (12.11)
Proof. On B¢ one has using the Markov property and the fact that 75 = 75(X T) +1

f@) =E;tp = E/E;(tplo(Xo, X1))
—EEx,tp+1=Ef(X)+1=TfG)+1. (12.12)

Thus Af = —1on B€. Also f =0on Bsince [t =0] D [Xg=i]fori € B. A

In addition to the hitting probability problem for a subset B C S, it is natural to
consider the hitting distribution of the state upon arrival in B, namely

fi@) = Pi(tp <00, X¢p = J) (jeB,iel). (12.13)
Of course, if P;(tp < 00) < 1, then X, is a defective random variable under P;,
being defined on the set [tp < 0o] of P;-probability less than 1. For this probability
observe that f;(i) = §;;,i € B. On the other hand, if i € B¢, then

fi) =E;Pi(tp <00, Xey = j) =E; f;(X1) =Tf;(@i),i € B. (12.14)

In other words, for fixed j € B, the function u = f; solves the following exterior
Dirichlet problem with ¢ = §.; on B.
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Definition 12.1. Let B C S and suppose let ¢ : B — R is a bounded function. A
solution to the (exterior) Dirichlet problem for T (or for A = T — I) is a bounded
function u such that Au(i) = 0,i € B¢, and u(i) = ¢(i), i € B. The term exterior
is used when B¢ is unbounded.

Example 1. Recall that for the one-dimensional simple symmetric random walk
starting at x € [a, b] this is precisely the boundary value problem solved for
uix) = Px(tg < w) = Pe(tjapy < 00, X, = a), with boundary values
u(a) =1,u(d) =0.

The (exterior) Dirichlet problem stipulates that the function should be “harmonic
on B¢” with prescribed values on B. Notice that by the Markov property, (condition
on X1 in (12.13)),

fi@ =Y pufik)  (jeB,i€s). (12.15)
k

Denoting by f; the function (f;(i) : i € §), one may express (12.15) as follows:
For fixed j € B,

f; = pf;. (12.16)
Equivalently, f; is harmonic on S with respect to the transition matrix p of the

stopped process. We have thus proved part (a) of the following proposition.

Proposition 12.4. Let p be a transition probability matrix and B a nonempty subset
of S.

a Then foreach j € B, f;j(i) = Pi(tp < 00, X¢; = j),i € §, is a solution to the
exterior Dirichlet problem with ¢ (i) = §;;,1 € B.
b This is the unique bounded solution if and only if

Pi(tg <o0) =1 foralli € S. (12.17)

Proof. Since (a) has been proven it is enough to establish (b). Let i € B¢. Then for
i,k € B¢

<> p<"> Pi(tg >n) | Pi(tp =00)  asn } oo. (12.18)
jeB¢

Hence, if (12.17) holds, then

lim p% =0  foralli,k € B. (12.19)

n—oo
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On the other hand, if i € B¢, k € B, then
P = Pi(tg < n, Xopy = k) 1 Pi(tp < 00, Xy = k) = fiD). (12.20)

Moreover, ﬁfz) = Six foralln, ifi € B,k € S. Now, for fixed j € B, leta
be another solution with same values on B, a(i) = §;j,i € B, besides f;. Then a
satisfies (12.16), which on iteration yields a = p"a. Taking the limit as n 1 oo, and
using (12.19), (12.20), one obtains for each i € B¢, using Scheffé’s Theorem,

a(i) = lim " pipla(k)
k

=Y fildak) = f; () (12.21)

keB

forall i € B¢, since a(k) = 0 for k € B\{j} and a(j) = 1. Hence f; is the unique
solution with f;(i) = §;;,i € B. Conversely, if P;(tp < 00) < 1 for some i € B,
then the function h = (h(i) : i € S) defined by

h(i):=1— Pi(tp <o0) = Pi(tg =00) (i €), (12.22)

may be checked to be p-harmonic in B¢ with (boundary-) value zero on B. The
harmonic property is a consequence of the Markov property (Exercise 6),

h(i) = Pi(tp = 00) = Zpikpk(TB = 00)
k
= puh(y =Y puhk) (i€ BY). (12.23)
k k

Since P;(tp = 0) = 1fori € B, h(i) = O fori € B. It follows that both f; and
f; + h satisfy (12.16). Since h # 0, the solution of (12.16) is not unique. |

Corollary 12.5. Assume that P;(tp < oco) = 1 for alli € S. Then the exterior
Dirichlet problem for B and bounded ¢ : B — R has the unique (bounded) solution

u(i) == Eip(Xyy). (12.24)

Proof. One may directly verify that E;¢(X.;) = Zj V(NP Xy = j) =
» o) fj (@) solves the problem from the corresponding result for f;. Similar
limit arguments used in the proof of Proposition 12.4 may be applied to obtain
uniqueness. ]

Remark 12.1. One may notice that {u(Xznn) : n = 0,1,2...} is a bounded
martingale if u# solves the exterior Dirichlet problem for B. This can be used to
give an alternative proof of the corollary as follows. P;(tp < oc0) = 1, then with
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probability one X;,,, = X, for all n sufficiently large, so that u(X.zrn) —
u(X¢z) as. as n — oo. Thus, since martingales have constant expected values
u(i) = Eju(Xezan) — Eiu(Xy;) as n — oo by the dominated convergence
theorem.

Remark 12.2. Tt may seem somewhat surprising given the transience/recurrence
dichotomy for random walk according to dimension, but according to the Choquet—
Deny theorem the only bounded harmonic functions for the simple symmetric
random walk on Z* are the constants. The proof is postponed to Chapter 24 where
it is provided as an application of coupling methods.

We will conclude this section with an absorption probability calculation for a
popular model in population genetics.

Example 2 (Wright—Fisher and Cannings’ Gene Frequency Models). A general
class of gene frequency models was identified by Cannings (1973) that includes
some of the more well-known models of mathematical biology, such as the Wright—
Fisher model which will serve as motivation here.

To reduce the more technical biological' jargon, consider a system of 2N
individual highly capricious voters. Let X, denote the number of individuals in favor
of the issue at times n = 0, 1, . ... In the evolution, each one of the individuals will
randomly re-decide their position under the influence of the current overall opinion
as follows. Let 6, = X,,/2N denote the proportion in favor of the issue at time
n. Then given Xo, X1, ..., X,, each of the 2N individuals, independently of the
choices of the others, elects to favor the issue with probability ,, or oppose it with
probability 1 — 6,,. That is,

2N
Paﬂ4=mxmxhuwxm=(k>%a—&ﬁ”ﬁ (12.25)

fork =0,1,...,2N. So {X, : n > 0} is a Markov chain with state space § =
{0, 1,...,2N} and one-step transition matrix p = ((p;;)), where

AV i\
= — ) (1-= . ,j=0,1,...,2N. 12.26
=) ) (-5e) - o 1229

Notice that {X,, : n > 0} is an aperiodic Markov chain. The “boundary” states {0}
and {2 N} form closed classes of essential states. The set of states {1,2,...,2N —1}
constitute an inessential class. One may easily check that absorption is sure to
occur (Exercise 14), so the main objective of this example is the calculation of
P;(t(0,2ny > m). For this we use Cannings’ observation that one may express
(Exercise 17)

Xn
Xnr1 =) Y. (12.27)
k=1

! For the biological interpretations and approach presented here see Cannings (1974) and Durrett
(2008).
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where (Y1, ...,Yon)isa{0, 1, ..., 2N}2N-Valued random vector having a symmet-
ric multinomial distribution, independently of X,,. That is,

2N
(2N)! 1\
PYi=y1,...., N =yn) = —— Z}’kZZN-
k=1

ity \2N
(12.28)
More generally, Cannings (1973) observed that extensions of this class of models to
those in which the distribution of (Y7, ..., Yay) is invariant under permutations of

the indices, i.e., exchangeable, will include a number of gene frequency models that
occur in mathematical biology.

Proposition 12.6. Assume that the random vector (Y7, ..., Yx) has an exchange-
able distribution and that Z,%Zl Yy = 2N in the model (12.27). Let A1, A2, ..., Aon
denote the eigenvalues of the transition probability matrix p = ((p;;)). Then
Ajo= IE]_[,{:1 Yi,j = 0,1,2,...,2N. Moreover, A\g = A1 = 1 < A, and
Aj=>Ajy1,j=3,...,2N — L.

Proof. Define a matrix V. = ((v;;)) by v;; = i/, (0° = 1). Then (pV)ij =
Zk pikkj = IE(X,{Jrl | X, = i). On the other hand, one may write (Exercise 16)

J
E(X) (|Xy =1) = (VU)ij = i*uy, (12.29)

k=0
where U = ((u;;)) is an upper triangular matrix. Therefore, pV = VU and,
hence p = VU V! since V is invertible (Exercise 15). It follows that since

VUV~ —AI = V(U — AI)V~!, the matrices p and U have the same eigenvalues.
Since U is upper triangular, its eigenvalues are simply its diagonal elements. In view
of (12.29) the diagonal elements are the coefficients u ;; of the highest powers of i

in the polynomial expansion for E(Xf;H |X, = i). But expanding E(Z,{zl V)
and using (exchangeability) permutation invariance of IEYIJ ! ~-~Yi]i, as well as

Ziﬁ 1 Y& = 2N, one sees that the coefficient of the highest power of i is E ]_[,{:] Y.
To see that the eigenvalues appear in decreasing order, consider

j -1
E[]vi=E][% (21\/21@)
i=1 i=1 k#j

j-1 j—2 j
:NIEHYi—(j—l)IE(H Yk) Y}_l—(zN—jﬂE]_[Y,-. (12.30)
i=1 i=1

i=1
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Therefore
j J-1 : =2 2
Eli[Y' _ NE[T;o; =G — DETT YiY;
L 2N —j+1
Jj—1
_EHY,- = Aj1. (12.31)
i=1
|
Corollary 12.7 (Wright-Fisher Fixation Rate). For the Wright-Fisher model one
has® Ao = A = 1,4, = (‘ZZNZ‘?;N, j=2,...,2N.

. m
Pi(ti02n) > m) ~ (1 - ﬁ) as m — oo.

Proof. Since 2N = EZ%L\I] Y; = 2NEYy, it follows that A; = EY; = 1. For
2 < j < 2N one has with a change of variable and multinomial theorem from
algebra,

j
rj=E[]%

k=1
=enN Y ]_[yl il

21\'1 y;=2N i=1 1_[1 1 yi!

(2N)! 1
=anw X o
Z,ZL yi=2N—j i=1Yi'

_ @N)! @N)*NJ (2N);
QNN 2N -l @2N)I’

Thus,
(2N); 1 j—1 ,
== (o) (1-L22), 1sj<aN. (1232
2N)J 2N 2N
Noting that Ao = A1 = 1, the largest nontrivial eigenvalue is Ay = 2N)g — 1 —

2N )2
To see that this is the fixation rate, first note that since U is upper trlangular, the

2 This computation had been made previously by Feller (1951) by other methods.
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diagonal elements of U™ are u’j"j = )L;’?. Therefore, writing V=1 = ((v)), one has

2N-1 2N—1 2N 2N [2N-1 _
p; (1:{0,21\/} > m) = Z Him) — Z kavlkka = Z Z Vi 0N A
j=1 j=1 k=0 k=0 \ j=1

(12.33)
Since the left side of (12.33) must go to zero as m — oo, the coefficients of A =1
and A7" = 1 must be zero. Thus,

2N 2N—1
Pi(rioony >m) =Y Y oMy
k=0 j=1
2N—1 2N—-1 -
S| (X ) 5 (X ) (2)
j=1 j=
~ (const.)A%' for large m. (12.34)
Taking logarithms one obtains the asserted rate. ]

Example 3 (Discrete Gaussian Free Field). The main purpose of this example is to
illustrate a role for the two-dimensional simple symmetric random walk on a finite
domain in Z? with absorbing boundary for the calculation of the covariance of a
Gaussian random field arising from physics,” variously referred to as the (discrete)
Gaussian free field (DGFF), the discrete massless free field, or the harmonic crystal.
The DGFF is defined by a Gaussian random field of mean zero real random variables
D, = {@,(x) : x € A}, indexed by a subset A, = [0,n]g x [0, n]p of the
two-dimensional integer lattice, and taking zero values on the boundary d A,,. (Here
[0,n]o ={0, 1,...,n—1, n}, and the boundary d A, consists of sites x € A, having
a nearest neighbor x & u outside of A,. The interior of A, is defined by A,\0A4,.)
The distribution of @, is defined as a Gibbs distribution with energy Hamiltonian
given by

1
Hi@) =2 Y, @e—o)” (12.35)

x,yeA,:lx—y|=1

More specifically,

Definition 12.2 (Discrete Gaussian Free Field). The discrete Gaussian free field
(DGFF) on A,, with Dirichlet boundary is the random field @, = {®,(x) : x € A,},
indexed by A, with values in the product space (R4», B247), such that @, (x) = 0

3 For the physics and more general related models defined by random walks on finite graphs see
the expository papers by Sheffield (2007), and by Berestycki and Powell (2021).
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Fig. 12.1 Discrete Gaussian
Free Field

for x € 9A,, and having the pdf Zn_1 exp{—H,(@)}y,=0,xcon,, ¢ € R4, with
respect to Lebesgue measure on R, where Z, is the normalization (constant) to a
probability.

Remark 12.3. One may picture the discrete Gaussian free field as a model of a
pixelated random surface (see Figure4 12.1) where @, (x) is the (signed) height
of the pixel location x € Aj,. It serves a role in the analysis of the continuum
Gaussian free field model formally analogous to that played by the random walk in
the analysis of the limiting Brownian motion.

A simple equivalent definition of the DGFF could be made based on a pre-
scription of the covariance function. For this calculation observe that the energy
Hamiltonian may be equivalently expressed in terms of the transition probabilities
of a simple symmetric random walk on A, = [0,n]yp x [0, n]p with absorbing
boundary. These transition probabilities are given by p(x,x + u) = 1/4 for
x =, j),—n<ij<nu=(,0),(0,1),and p(x,x) = 1if x € 9A,.
Therefore,

1
Hig) =7 > . y)ex— gy (12.36)
X, yEA,

4 This figure is a sample realization generated by Eric Roon, using code written by Samuel S.
Watson https://math.mit.edu/~sswatson/code.html.
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As a consequence the covariance can be obtained as the Greens function G, of the
random walk with Dirichlet boundary as follows.

Proposition 12.8.

oA, —1
Cov(®y(x), Bu()) =Ex Y lis,my1 = — P}, x,y € A\dA,,
m=0
12.37)
where {S,, : m = 0,1,...} is the random walk, 754, = inf{m : S, € dA4,}
denotes the time to reach the (absorbing) boundary, P is the (defective) one-step
transition probability matrix for the absorbing random walk with the rows and
columns corresponding to absorbing states removed, and [/ is the identity matrix.

Proof. To see this observe that, ignoring normalization, with a little matrix algebra
one may express the quadratic form defining the pdf as

1 1
eXp )~ ¢ Y. (- =exp {—Ew’(l - P)w} ; (12.38)
X, yEA,:|x—y|=1

where ¢’ denotes the transpose of the vector ¢ = (¢x)xea,, P is the (defective)
one-step transition probability matrix for the absorbing random walk with the rows
and columns corresponding to absorbing states removed, and [ is the identity
matrix. Thus, ((G,(x,y))) = ((({ — P);ly)) is the covariance matrix for the (non-
normalized) Gaussian pdf (12.38) and, denoting the x, y matrix entry by subscript,
one has

Cov(®y(x), Pu(y)) = (I — P);}

The following is a direct argument that (I — P)~! can serve to define a covariance
matrix.

Proposition 12.9. (I — P)~! is symmetric and positive-definite.

Proof. Let (-, -) denote the usual Euclidean inner product. While symmetry is
obvious from that of I — P, for positive-definiteness let ¢ = (¢x)xea, 7 0 € RA»,
and first note that since
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((I—P) g, 0) = (U - P)§, ),

where ¢ = (I — P)g, it is sufficient to check positive-definiteness for / — P. Now,

(=P, ) =lpl* =) (Z pix, y>¢y> ¢x (12.39)
>

X

is positive since, by Lyapunov’s inequality’, the double sum is no more than

> (Zy p(x, y)|<py|2)% |@x| which, in turn, using the Cauchy—Schwarz inequality
and symmetry of P, is bounded above by

1

1
2 2
(ZZp(y,xypi) |¢|=<Z|¢y|2> ol = lol,
x y y

since ), p(y,x) = 1. |
An alternative proof is sketched as an Exercise 11.

Remark 12.4. Higher (and lower) dimensional generalizations of this definition are
made possible by simply replacing A, by a d-dimensional integer lattice [0, n]g,
and replacing the two-dimensional simple symmetric random walk accordingly.
However, it is also interesting to consider the one-dimensional model obtained by
replacing A, by [0, n]o. The one-dimensional Gaussian free field (discrete) and
its limiting relation to the Brownian bridge® is considered in the exercises. (See
Exercise 19).

Exercises

1. Prove Proposition 12.1, and complete the proof of Corollary 12.2.

2. Let {X, : n > 0} be a two-state Markov chain on § = {0, 1} and let 7o be the
first time {X,, : n > 0} reaches 0. Calculate P|(tg = n),n > 1, in terms of the
parameters pio and poi.

3. Let {X,, : n > 0} be a three-state Markov chain on § = {0, 1, 2} where 0,
1, 2 are arranged counterclockwise on a circle, and at each time a transition
occurs one unit clockwise with probability p or one unit counterclockwise with
probability 1 — p. Let 79 denote the time of the first return to 0. Calculate
P(tg > n),n > 1.

SBCPT p. 13.
6 See Bhattacharya and Waymire (2021) for Brownian bridge background.
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10.

11.

12.

Let 79 denote the first time starting in state 2 that the Markov chain in Chapter
6, Exercise 8, reaches state 0. Calculate P, (to > n).

. Verify that the Markov chains starting at i having transition probabilities p and

P, and viewed up to time t4 have the same distribution by calculating the
probabilities of the event [Xg = i, X1 = i1,..., Xy = im, T4 = m] under
each of p and p.

Write out a detailed explanation of (12.23).

Let p be the transition probability matrix on S = {0, =1, £2, ...} defined by

I ifi>0,j=0,1,2...i-1

ﬁ ifi <0,j=0,—1,-2,...,—i+1
pij = . :

1 ifi=0,j=0

0 ifi=0,j#0.

(a) Calculate the absorption rate.
(b) Show that the mean time to absorption starting at i > 0 is given by

S 1 (1/6).

Let {X, : n > 0} be the simple branching process on S = {0, 1,2, ...} with
offspring distribution { f;}, Z?io Jjfi <L

(a) Show that all nonzero states in S are transient and that lim,,_, o P (X, =
k)=0,k=1,2,....
(b) Describe the unique invariant probability distribution for {X, : n > 0}.

Consider the simple symmetric random walk {X,, : n > 0} on Z*. Show that for
any subset A C ZF the function i (x) = Py (X, € Ai.o0.) is a bounded harmonic
function (and, hence, constant by the Choquet—Deny theorem 24.1 to be proven
in Chapter 24).

Let G, denote the Greens function of the two-dimensional discrete Gaussian
free field with Dirichlet boundary. Show, for each fixed x € A,,, y - G,(x, y)
solves the Poisson equation

AGu(x,y) = _8)(,)‘7 y € AN\0A, Gu(x,y) =0,y €dA,,

where A denotes the discrete graph-Laplacian A¢(x) = }sz:|x_y|=1(<px -
@y). [Hint: Condition the expected number of visits to y on the first displace-
ment of the random walk and then use a symmetry argument. |

Show that the Greens function (matrix) (I — P)~! for the discrete
Gaussian free field is positive-definite by defining a weighted inner-product
(p,0)xy = Zy @y0yp(xy) on the real L? space of functions ¢,6 on A,.
Write (Zy p(x, y)tpy)2 = (o, 1))2(, where 1 is the constant vector on A, with
value one. Use the Cauchy—Schwarz inequality to show (Zy p(x, y)(py)2 <
Y, orp(x, y).

Consider the generalization of the discrete Gaussian free field with Dirichlet
boundary on the d-dimensional lattice with A, = [0, n]g(d > 1), obtained
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13.

14.

15.
16.

17.

18.

19.
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by replacing the two-dimensional random walk by the corresponding simple
symmetric random walk, as described in Remark 12.4. Show that in the limit
asn — 0o, G,(x,x) ~ cnford = 1, Gy,(x,x) ~ colnn ford = 2,
and G, (x,x) ~ ¢4 for d > 3. [Hint: Recall Polya’s theorem for the simple
symmetric random walk.]

Show that the Wright—Fisher process {X,, : n = 0,1, ...} is a nonnegative
martingale.

Consider the Wright—Fisher model, and let f;(i) denote the probability of
ultimate absorption at j = 0 or at j = 2N starting from state i € S.

(a) Show that fy satisfies the (exterior) Dirichlet problem: fon(i) =
Zk Pik fan (k) forO <i < 2N,
Jan(2N) =1, Jan(0) = 0.

(b) Derive a similar boundary value problem for fo.

(c) Show that fon (i) = 5, fo(i) = 20t i =0,...,2N,

(d) Show that P(zjp2n) < 00) = 1.

Show that the matrix V = ((i/)) is invertible.

Show that there is an upper triangular matrix U such that (12.29) holds. Show
also that the leading coefficient of the resulting polynomial is E ]_[{:1 Y;. [Hint:
For a start, compute E(Xi-q—l | X, = i) in the cases j = 0, 1, 2 as a polynomial
in i. Use exchangeability and the constraint leivl Y; = 2N to gather together
common polynomial coefficients.]

Suppose that (Y1, ..., Y2n) has the symmetric multinomial distribution given
by (12.28). Show that forany 1 <i < 2N, > ;_, Y; has a binomial distribution
with parameters 2N, p = ﬁ

(Alternative Construction of Discrete Gaussian Free Field) Define a Dirichlet
inner product (@1, ¢2) = % erAn Vo1(x)-Vea(x), where the ith component
of the gradient vector V(x) is defined as ¢(x + u;) — ¢(x), and u; the
standard unit ith coordinate unit vector. Let {h; : j = 1,2,...,(n + l)d }
be an orthonormal basis for the finite dimensional Hilbert space H = {¢ :
A, — R,ypx) = 0,x € 0A4,} with the Dirichlet inner product. For
i.i.d. standard normal random variables Z, Z, ..., Z(n T1yds define @, (x) =

> j":]l)d Zjhj(x),x € A,. Show that @, is distributed as the discrete Gaussian
free field with Dirichlet boundary.

(One-dimensional Gaussian Free Field) The one-dimensional discrete Gaus-
sian free field with Dirichlet boundary may be defined as the mean zero Gaus-
sian process @, = {®,(x) : x € [0, n]p}, where [0, n]p = {0, 1, 2, ..., n}, such
that @,,(0) = @, (n) = 0, and for x, y € [0, n]o\{0, n}, Cov(®,(x), D,(y)) =
Yoo o P(Sm = y,m < tonylSo = x), where {S,, : m =0,1,2,...}is the
simple symmetric random walk on [0, n]o with absorbing boundaries 0, n.

(a) Compute the covariance function of @,,. [Hint: Recall the spectral (eigen-
value) diagonalization in Chapter 11 for simple symmetric random walk
with absorption and compute (I — P);,‘y.]
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(b) Show that {ﬁ@n([xn]) : 0 < x < 1} converges weakly to V2BO  where

B© is the standard Brownian bridge’ [Hint: Check that conditionally on
the event [Z’;;é(cpn(x +1)—-&,(x)) =0],op(x +1) — P,(x) : x =
0,1,...,n — 1} are i.i.d. Gaussian with mean zero and variance 2.]

(c) Use the Hilbert space construction in Exercise 18 for dimension d = 1
to describe the limit in terms of the Lévy-Ciesielski construction® of the
Brownian bridge in the limit.

(d) Let 2, ={w: Ay > Z:|lox —wy| =1,x,y € Ay, 0 =0,x € 0A,}.
Assume all w € £2, to be equiprobable. Show” that in dimensions d = 1,
the sequence of random fields ¥, (w, x) = n’%w[m], x €[0,1]g, w € £2,
converges in distribution to Brownian bridge.

7 See Bhattacharya and Waymire (2021).
8 See BCPT, Chapter IX.

9 The corresponding weak convergence problem is open for d = 2. A limit is expected to exist as
a generalized random field on [0, 1](2).



Chapter 13 )
Law of Large Numbers and Invariant Qe
Probability for Markov Chains by

Renewal Decomposition

The renewal decomposition refers to a decomposition of the sample paths of
a countable state Markov chain into i.i.d. recurrent “cycles” of the process
between returns to a given state. The long term behavior of the process is then
computed in terms of (i.i.d.) averages over these cycles.

For Markov chains with countable state space S, the existence of an invariant dis-
tribution is intimately connected with the limiting frequency of returns to recurrent
states. For a process in steady state, one expects the equilibrium probability of a state
J to coincide with the fraction of time spent on the average by the process in state
Jj . To this effect, a major goal of this chapter is to obtain the invariant distribution as
a consequence of a (strong) law of large numbers.

Assume from now on, unless otherwise specified, that S comprises a single class
of (communicating) recurrent states under p for the Markov chain {X, : n > 0}.
Let f be a real-valued function on S, and define the cumulative sums

Sp=> fXw) (=12 (13.1)
m=0

For example, if f(i) = 1fori = jand f(i) = O0fori # j, then S,/(n + 1) is
the average number of visits to j in time O to n. As in (10.9), let ") denote the time
of the rth visit to state j. Write the contribution to the sum S,, from the rth block of

time (r;r), r(,r'H)] as
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LD

Zy= Y fXw) (r=0,1,2,..). (13.2)

_. M
m=t; +1

Proposition 13.1. The sequence of random variables {Z{, Z,, ...} is i.i.d., no
matter what the initial distribution of {X,, : n =0, 1, 2, ...} may be.

Proof. By the strong Markov property, the conditional distribution of the process

. . r) - .
{er(_r), Xr;r>+l,...,Xr](r>+n,...}, given the past up to time T, e, ]-'r](r), is
Pj, which is the distribution of {Xo, X1,..., X,,...} under X9 = j. Hence,
the conditional distribution of Z, given the process up to time ‘L';r) is that of
Zo=fX)+---+ f(XT“)), given Xy = j. This conditional distribution does not
j

change with the values of X, X1, ..., Xt(r) =7, r;r). Hence, Z, is independent
J ’

of all events that are determined by the process up to time r;r), i.e., independent of

‘7:1(*)' In particular, Z, is independent of Zy, ..., Z,_1. ]
J

The decomposition in the preceding proof will be referred to as the renewal
decomposition. The strong law of large numbers now provides that, with proba-
bility 1,

L
Jim -~ Z Z, =EZ,, (13.3)

s=1

provided that E|Z;| < oo. In what follows, we will make the stronger assumption
that

@

E Z | f(Xm)| < o0. (13.4)

_.(D
m=t; +1

The objective is to relate the reciprocal of the asymptotic proportion of time spent
at a given state j with the average recurrence time of j. We will make use of the
following elementary fact along the way.

Lemma 1. If for a sequence of numbers a,, (r = 1,2,...), % Zf\]: | @y converges
to a finite limit ¢, say, as N — oo, thenay/N — 0as N — oo.

Proof. To see this, simply note that

1 N-1 1 N-1

an
Wzﬁzar‘zv—l ;ar+N(N—1>Z“"

r=1
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Clearly, the right side goes to 0 as N — 00, and thus the left side as well. |

Theorem 13.2. Assume the condition (13.4), and let NV,, denote the number of visits
to state j by time n given by

N, =max[r >0: 7" 511}. (13.5)
Then,
(Nn) (Nn)
T, +n—r1;
lim — = lim -2 ] =1E(z‘.2’ _ zﬁ“). (13.6)
n—oo N, n—00 N, J J
Proof. Start with the decomposition
(I) (Nn+1)
Sy = Z fXm) + Zz - Z F(Xm). (13.7)
m=n+1

For each sample path, there are a finite number, D 4 1, of summands in the first
sum on the right side, except for a set of sample paths having probability zero.
Therefore,

1 r; ;
lim = > f(X,,) =0, with probability 1. (13.8)
n
m=0
The last sum on the right side of (13.7) has at most ‘L'(N n ) (N summands, this
number being the time between the last visit to j by time n and the next visit to j.
Although this sum depends on n, under the condition (13.4), we still have that

(Nn+1) LNt D)

J
Z F(Xm) <— > 1f(Xm)| = 0as.  asn — oo. (13.9)
m=n+1 m= T(Nn)-‘rl

For this, we use Lemma 1. In particular, noting that: (i) N, — oo a.s. asn — 00,

(ii) % Zr | Zm_ 041 | f(X,)| converges to the finite limit given by (13.4), and
>iii) n > Ny, it follows that (13.9) holds. Therefore,

S, 1o N, 1 &

n n

7:; Elzr+Rn:<7>Fn§12r+Rns (1310)
r= r=
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where R, — 0 as n — oo with probability 1 under (13.4). Also, for each sample
path outside a set of probabilities 0, N, — oo as n — oo and therefore by (13.3),

lim —Zz =EZ, (13.11)

n—oo N,

if (13.4) holds. Now, replacing f by the constant function f = 1 in (13.11), we
have

LNt _ (D)

. J J o _ @ _M
Jim S = (zj ! ) (13.12)
() Na—1
assuming that the right side is finite. Similarly, JN; = N]"vzl an_ T2 Zr +

D

1}
1(]—n—>ET

a.s. as n — oo. Thus

_ (Nn) (Nn+1) (Nn) _
n—rt; T; T; = o(N,),

a.s. as n — 0o, and one has
(Nn ( Ny)

)
L T i _IE((Z) f”).

n—oo N, n—00 N, J

Remark 13.1. Note that the right side, IE(‘[](»Z) — r}l)), is the average recurrence time

E; ‘L';l) of the state j, and the left side is the reciprocal of the asymptotic proportion
of time spent at j; here, for simplicity, we write E;(-) for E(:|Xo = j), without
explicitly requiring that the X ;’s are coordinate projections of the canonical model.

Definition 13.1. A state j is positive recurrent if

E;t j“) < 0. (13.13)

We will eventually obtain that positive recurrence is a class property (also see
Theorem 13.6). Combining (13.10)—(13.12) gives the following result.

Proposition 13.3. Suppose j is a positive recurrent state under p and that f is a
real-valued function on S such that

Ej{|f(Xl)|+"'+|f(Xr,(1))|}<OO. (13.14)

Then the following are true:
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(a) With Pj-probability 1,

n—oon

1 n
lim =3 f(X) = E;(f(XD) 4+ fX )/Ejr . (13.15)
m=0 !

(b) If S comprises a single class of essential states (irreducible), then the limit in
(13.15) holds with probability one regardless of the initial distribution.

Theorem 13.4. Suppose S consists of a single recurrent class of communicating
states, and there exists a positive recurrent state j. (a) Then the function 7 defined by

m(B) =E; (Number of visits to B during [1, T./('l)D /]Ejrjl), jes, BcCS,
(13.16)
is a probability measure on S. Also, whatever the initial state or initial distribution
of the Markov chain {X, := 0, 1, ...}, for every function f integrable with respect
to 7, one has

1 n
- Z F(Xm) — / fdm asn — oo, (13.17)
n N
m=1
with probability one, and for every bounded f,

lim lX:[f(y)p(m)(i,dy) :/fdn, foralli € S. (13.18)
=1 S

n—oon

(b) This measure 7 is the unique invariant probability for p.

Proof. (a) First note that = defined by (13.16) is a probability measure on S. Next, it
has been shown, see (13.1)—(13.6) and Proposition 13.3, that (13.17) holds for every
function f on § that is integrable with respect to 7, no matter what the initial state
i (or initial distribution) may be. By Lebesgue’s dominated convergence theorem,
(13.17) implies (13.18) when the initial state is i. (b) Specializing to f = 1p in
(13.18), one has forevery B C S,i € S,

1 n
. L (m) ¢+ _
Jim > p"™. B) =n(B). (13.19)

m=1

By Proposition 8.10, it now follows that 7 is the unique invariant probability. |

Remark 13.2. 1t will be shown later (Theorem 13.6) that if one state in a recurrent
class is positive recurrent, then all states in the class are positive recurrent.



188 13 Law of Large Numbers and Invariant Probabilities by Renewals

Remark 13.3. In combination with Proposition 16.1, it will follow that the notion
of an irreducible positive recurrent Markov chain on a countable state space is equiv-
alent to that of an irreducible stationary ergodic Markov chain, see Corollary 16.2.

Remark 13.4. Under the hypothesis of Theorem 13.4, one has the important
formula

1
mp=aih=g—. JeS (13.20)
J "]

Also, m; > 0 for all k, since the probability of a visit to k starting from j in time
[1, r}l)] is positive.

The next problem is to determine what happens if S comprises a single class of
recurrent states that are not positive recurrent.

Definition 13.2. A recurrent state j is said to be null recurrent if
()]
Ejr;” = oc. (13.21)

Proposition 13.5. 1f j is a null recurrent state, then limy o0 557 Y m—o pl.(;”) =0

foranyi € S.

Proof. 1fi - j, then p,(m)

= 0 for all m. Assume i — j. The sequence {Z, : r =
1,2, ...} defined by (13.2) with f = 1 is still an i.i.d. sequence of random variables,
but the common mean is infinity. It follows from the strong law of large numbers

(Exercise 4) that, with P;-probability 1,

700
lim = 0.
n—oo N,
Since n > I;N”), we have
. n
Iim — =0
n—oo Nn
and, therefore,
lim —— =0  with P; — probability 1. (13.22)
n—oon + 1

Since 0 < N,/(n + 1) < 1 for all n, Lebesgue’s dominated convergence theorem
applied to (13.22) yields

n—o00

lim E,-( N ):o. (13.23)
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But

n
EiN, =E; (Z X, = ,]> Zp(’”), (13.24)

m=0 m=1

and (13.23), (13.24) lead to

Z p('”) (13.25)

n—)oon—l—]
m=0

Remark 13.5. Note that (13.18) holds if S comprises a single class of positive
recurrent states. Moreover, recall in the case that j is transient, and (10.17) implies
that the Green’s function G (i, j) < oo, i.e.,

Z p(m)

In particular, therefore,

lim p’ =0 (€S, (13.26)
n—oo’ Y

if j is a transient state.

Example 1. Consider the cyclic two-state Markov chain on S = {0, 1} with

por = pio = 1, poo = p11 = 0 If f: S — R, then observe that almost surely

7D — 1 = 2 and lim o0 1 Zm o fXp) = LOHD — Lry+Lra) =

Yies f()m;, where my = 1 = § is the unique invariant probability.
The main results of this chapter may be summarized as follows.

Theorem 13.6. Assume that all states communicate with each other. Then one has
the following results:

(i) Either all states are recurrent, or all states are transient.
(ii) If all states are recurrent, then they are either all positive recurrent or all null
recurrent.
(iii) There exists an invariant distribution if and only if all states are positive
recurrent. Moreover, in the positive recurrent case, the invariant distribution
7 is unique and is given by

) = (E,-r}”)_l (j €5). (13.27)
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(iv) In case the states are positive recurrent and the invariant distribution is 7, and
Ex|f(X1)| < oo, then regardless of the initial distribution u

1 n
lim — 3" f(Xw) = Y mif (i) = Ex f(X1) (1328)
m=1

n—-oon ics
1

with Py -probability 1.

Proof. Part (i) follows from Theorem 10.4. (ii) Let S be a recurrent class of states.
If j is positive recurrent, then, by Theorem 13.4, there exists a unique invariant
probability m. If possible, suppose k is a null recurrent state in the essential class
S, then one has, by Proposition 13.5, % - pg(") — Qasn — ooforalli € S.
Integrating with respect to m, i.e., multiplying by 7; and summing over i, the left
side equals my for every n, while the right is zero in the limit as n — oo. This is
a contradiction, see Remark 13.4. Hence, all states are positive recurrent if one is.

Parts (iii) and (iv) now follow from Theorem 13.4. |

Remark 13.6. If the assumption that “all states communicate with each other” in
Theorem 13.6 is dropped, then S can be decomposed into a set J of inessential
states and (disjoint) classes S, Sz, ..., S; of essential states. The transition
probability matrix p may be restricted to each one of the classes Sy, ..., S, and the
conclusions of Theorem 13.4 will hold individually for each class. If more than one
of these classes is positive recurrent, then more than one invariant distribution exist,
and they are supported on disjoint sets. Since any convex combination of invariant
distributions is again invariant, an infinity of invariant distributions exist in this case.
The following result takes care of the set 7 of inessential states in this connection.

Corollary 13.7. Every invariant distribution assigns zero probability to inessential,
transient, and null recurrent states.

Proof. Recall that every inessential state is transient, so there is some redundancy
in the statement of the corollary. Suppose 7 is an invariant probability. Use (13.26),
(13.25), and invariance of 7, and argue as in the proof of part (b) of Theorem 13.6
to conclude that 7r; = 0 if j is either transient or null recurrent. n

Corollary 13.8. 1f S is finite, then there exists at least one positive recurrent state
and therefore at least one invariant distribution s. This invariant distribution is
unique if and only if all positive recurrent states communicate.

Proof. Suppose that all states are either transient or null recurrent. Then

n
Y op =0 foralli,jes. (13.29)

m=0

lim
n—oon + 1

Since (n + 1)_1 Z” pf;.") < 1 for all i, j, and there are only finitely many states

m=0
J, by Lebesgue’s dominated convergence theorem,
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1O 1O
. m\ _ . (m)
> (7 i) = pm X (i 27
jes m=0 jes m

=0
n
= i | 33 (13.30)
n—oo \ n+1 — £ L
m=0 je§
R 1
= lim 3o — im "L o
n— 00 n+1m70 n—oon 4+ 1

But the first term in (13.31) is zero by (13.29). We have reached a contradiction.
Thus, there exists at least one positive recurrent state. The rest follows from
Theorem 13.3 and the remark following its proof. ]

The approach based on renewal decompositions requires “point recurrence” that
is generally not available on general state spaces. So proofs of law of large numbers
for Markov processes on general state spaces will require alternative methods. An
approach based on Birkhoff’s ergodic theorem will be given in Chapter 16.

Exercises

1. Provide a detailed case-by-case analysis of the summary results given in
Theorem 13.6 in the context of the general two-state transition probabilities of
Example 1 in Chapter 7.

2. Let p be the transition probability matrix for the asymmetric random walk on
S =1{0,1,2,...} with 0 absorbing and p; ;+1 = p > % fori > 1. Show for fixed
i>0,

n

. 1 .
pn () =~ Yo, jes,

m=1

does not converge weakly to the unique invariant probability §o({j}) as n — oo.
3. Let Yy, Ys, ... be ani.i.d. sequence of nonnegative random variables with EY| =
00, S, =Y1+---4+Y,,and then §,,/n — ocoas.asn — oo. [Hint: Use S, > Y,
and Borel-Cantelli lemma on P (Y, > nBi.o.) for arbitrary B > 0.]
4. Prove

r;v”
lim
n—oo Nn

=00

P;—a.s. for a null recurrent state j such thati <> j.
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5. (General Birth—Collapse) Let p be a transition probability matrix on S = {0, 1,
2,...}of the form p; ;41 = pi, pio=1—pi,i =0,1,2,...,0 < p; <1,
i > 1, po = 1. Show:

(a) Al states are recurrent

k o0
iff i =0 it Y (1—p;) =oc.
i kggojlj[]p, i ;( pj) = 00

(b) If all states are recurrent, then positive recurrence holds

ook
iff Y " []p; < oo

k=1 j=1

(c) Calculate the invariant distribution in the case p; = 1/(j + 2).

6. Calculate the invariant distribution for the renewal model of Chapter 7, Exer-
cise 20, in the case that p, = p"‘l(l —p),n=1,2,... ,where0) < p < 1.

7. (Large Sample Consistency in Statistical Parameter Estimation) Let X, = 1
or 0 according to whether the nth day at a specified location is wet (rain) or
dry. Assume {X, : n > 0} is a two-state Markov chain with parameters § =
PXpr1=11X,=0andé =PXp+1=0]X,=1),n=0,1,2,...,0 <
B < 1,0 <8 < 1. Suppose that {X,} is in equilibrium with the invariant initial
distribution & = (1, mg). Define statistics based on the sample X¢, X1, ..., X,
to estimate B, i, respectively, by frﬁ") = Sy/(n+1) and g = T,/n, where
Sp = Xo+- - -+ X, is the number of wet days and T,, = Zz;é 1[(Xk»Xk+1)=(0>1)] is
the number of dry-to-wet transitions. Calculate lim;,—, o 7%(1") and lim,,_, o /§ (),

8. (One-Dimensional Nearest Neighbor Ising Model) The one-dimensional nearest
neighbor Ising model of magnetism consists of a random distribution of +1-
valued random variables (spins) at the sites of the integers n = 0, 1, £2, ....
The parameters of the model are the inverse temperature p = % > 0, where
T is the temperature and k is a universal constant called Boltzmann’s constant,
an external field parameter H, and an interaction parameter (coupling constant)
J. The spin variables X,,, n = 0, =1, £2, 3, ..., are distributed according to
a stochastic process indexed by Z on the state space {—1, 1} with the Markov
property and having stationary transition law given by

exp{BJon + BHn}
2cosh(BH + BJo)

PXpp1=nlX,=0)=

foro,n € {+1,—1},n = 0, 1, £2, .. .; by the Markov property is meant that
the conditional distribution of X, given {X; : k < n} does not depend on
{Xk, k<n-—1}.
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(a) Calculate the unique invariant distribution x for p.
(b) Calculate the large-scale magnetization (i.e., ability to pick up nails), defined
by

My =[X_N+- -+ Xn]/CN+ 1),

in the so-called bulk (thermodynamic) limit as N — oo.

(c) Calculate and plot the graph (i.e., magnetic isotherm) of EX( as a function
of H for fixed temperature. Show that in the limit as H — 0" or H —
07, the bulk magnetization EX( tends to 0, i.e., there is no (zero) residual
magnetization remaining when H is turned off at any temperature.

(d) Determine when the process (in equilibrium) is reversible for the invariant
distribution.



Chapter 14
The Central Limit Theorem for Markov ez
Chains by Renewal Decomposition

This chapter builds on the renewal decomposition of the previous chapter to
obtain a central limit theorem for fluctuations in the i.i.d. cycles under second
moment assumptions.

Let us suppose that {X, : n = 0,1,...} is an irreducible positive recurrent
Markov chain on a countable state space S with invariant probability 7. For a
function f : § — R such that E;|f(Xo)| < oo, one has the SLLN for S,/n =
%an:l f(Xm) > u = E;z f(Xo) as. as n — oo. It is natural to consider the
asymptotic fluctuation law for /n(S,/n—u) = j—"z where S, = > | f(Xy) ==

Yo 1 (f(Xm) — @), ie., f is replaced by f = f — u. We will see that the same
“point recurrence (renewal) decomposition” as used in Chapter 12 can be applied to
this problem. Specifically, fixing j € S, we will see that a CLT for a (random) sum
of i.i.d. random variables Z1, Z», . .. may be applied under a finite second moment
hypothesis, where

r<.r+1)

Z, = Z fFXm),r=1,2,..., (14.1)

_.n
m=t; +1

and we assume

2
< . (14.2)

DX

m=1

2., 72
O'j = EZl = Ej
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Observe that EZ; = (E;{)Er f(Xo) =0  (r = 1,2,...). Thus {Z, : r =
1,2,...} is an ii.d. sequence with mean zero and finite variance O’IZ = EZ%.
Now by the classical central limit theorem for i.i.d. sequences with finite second
moment, n — 00, (1/4/n) Z;’zl Z, converges in distribution to the Gaussian law
with mean zero and variance ajz. One may easily check that the limit distribution of

of (1//n)S,, is the same as that of (Exercise 1)

N

an _ N 1/2 1 B
—N 'z, == Z. 14.3
A27=(3) wmL 143)

=1

Thus we need an extension of the classical central limit theorem for i.i.d. summands
that applies to sums of random numbers of i.i.d. random variables.

Proposition 14.1. Let {Y,, : m > 1} beiid., EY, =0,0 <02 := EY? < oco. Let
{v, 1 n > 1} be a sequence of nonnegative integer-valued random variables with

lim Un _ o in probability (14.4)

n—oo n

for some constant & > 0. Then > " Y, /./v, converges in distribution to
N(0, o).

Proof. Without loss of generality, let o = 1. Write S,, := Y| + - - - + Y,,. Consider
that

Sv,l [no] ( S[not] Sun - S[mx])
= + . 14.5
JVn v, \A/[na] NI ( )

Choose € > 0 arbitrarily. Then, for 0 < a, — o0 to be determined,

P(|Sy, — Stnall = €([na)'/?)

{m:lm—[na]l<an}

< P(lvy — [nall > ay) + P ( max  [Sy — Spa)| = e([na])”z) :

The first term on the right will go to zero asn — oo if we take a,, = cn, some ¢ > 0,
by (14.4). The second term is estimated by Kolmogorov’s maximal inequality,' as
being no more than

2 (6([na])1/2)_2 ap = € (14.6)

!'See BCPT p.160.
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by taking a, = €3[na]/2 (Exercise 1(b)). Thus,

Sy, — S
2o =~ 2o g in probability. (14.7)
([na])!/?
Since S[,,o,]/([nw])l/2 converges in distribution to N (0, 1), it follows from (14.7)
that so does §,,, / ([nee])'/2. The desired convergence now follows from (14.4). W

By Proposition 14.1, N, 172 Zf’;l Z, is asymptotically Gaussian with mean

zero and variance crjz. Since N, /n converges to (E; t;l))’l = mj, it follows that
the expression in (14.3) is asymptotically Gaussian with mean zero and variance
E jr]m)_lajz. This is then the asymptotic distribution of n~!/25,. Moreover,
defining

i

[nt]

vn+1

Wa(t) = Wy(t) +

Wa(t) =

1
(nt — [nt]X (r=0), (14.8)
NS [nt]+1)
all the finite dimensional distributions of {W,, (1)}, as well as {W, (1)}, converge in
distribution to those of Brownian motion with zero drift and diffusion coefficient

-1
D= (EJ-T;”) o? (14.9)
(Exercise 3). In fact, the convergence of the full distribution can also be obtained
by consideration of the above renewal argument. The precise form of the FCLT for
Markov chains may be stated as follows.

Theorem 14.2 (Functional Central Limit Theorem (FCLT)). If S is a positive
recurrent class of states and if (14.2) holds, then, as n — oo, W, (1) = (n+1)"1/2§,
converges in distribution to a Gaussian law with mean zero and variance D given
by (14.9). Moreover, the stochastic process {W,(¢)} (or {Wn (t)}) converges in
distribution to Brownian motion with zero drift and diffusion coefficient D.

Proof. First consider

1 - _
(Z1+ -+ Zu-

x" .=
o/n

Since Z 1 22,. .. are i.i.d. with finite second moment, the FCLT? provides that
{X ,(”)} converges in distribution to standard Brownian motion. The corresponding
result for {W,,(¢)} follows by an application of the maximal inequality to show

2 See e.g., BCPT Theorem 11.8.
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sup | X" — Wy, )(1)| — 0 in probability as n — oo, (14.10)
0<r<l
where 7 is the first return time to j. |
Exercises
1. (a) LetYy,Ys,... beii.d. with IEle < 00. Show that max (Y1, ..., Y,)//n — 0

a.s. as n — 00. [Hint: Show that P(Yn2 > ne i.0.) = 0 for every € > 0.]
(b) With the notation (14.1)—(14.8), verify that n~!/25, has the same limiting
distribution as (14.3).
(c) Use Kolmogorov’s maximal inequality to justify (14.6), (14.7) to complete
the steps in the proof of Proposition 14.1.
2. Consider the two-state Markov chain {X,, : n > 0} with § = {—1, +1} having
transition probabilities p_1 1 = p11 =¢qg =1 — p, p_1.1 = p1,—1 = p, with
0 < p < 1. Calculate the asymptotic variance (as a function of p) for the CLT
applied to %ﬁ S X
3. Let {W,(¢) : t > 0} be the path process defined in (14.4). Lett; <t < --- <
tt, k > 1, be an arbitrary finite set of time points. Show that (W,, (1, ..., W, (%))
converges in distribution as n — oo to the multivariate Gaussian distribution
with mean zero and variance—covariance matrix ((D min{t;, ¢;})), where D is
defined by (14.9).
4. Suppose that {X,, : n > 0} is a positive recurrent Markov chain with state space
S ={1,2,...,r} having unique invariant distribution (7 ;). Let

No(i) =#k: Xe =i, 1<k<n}, ie€S.

(a) Show that

ﬁ(Nn(l) S Na(r) —m)
n n

is asymptotically Gaussian under P, with mean 0 and variance—covariance
matrix I = ((y;;)), where

k
Yij = 8ij771 T +Z(P,(j)ﬂz — T j)

o0
—i—Z(pﬂ T — njn,-), forl <i,j<r
k=1
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[Hint: Express N, (i) = ZZ:O 1;x,=i) for the calculations of mean and
variance—covariance. For centering the latter, note that ) ;_, an_:ll MM =
In(n — Dmim;.)

(b) Show how this formula reduces in the case of a two-state Markov chain with
symmetric transition probabilities. [Hint: See Example 1 of Chapter 7 with
a=b=pel0,1).]

5. Let {X,} be a Markov chain on S and define ¥, = (X, Xs+1),n = 0, 1, 2,
...Let p = ((pi;)) be the transition matrix for {X,}.

(a) Show that {Y, : n > 0} is a Markov chain on the state space defined by
S'={@,j)eSxS:pj>0}.

(b) Show that if {X,, : n > 0} is irreducible and aperiodic, then so is {Y,, : n >
0}.

(c) Suppose that {X,, : n > 0} has invariant distribution = = (sr;). Calculate the
invariant distribution of {Y,, : n > 0}.

(d) Let (i, j) € S, and let T,, be the number of one-step transitions from i
to j by Xo, X1, ..., X, started with the invariant distribution x. Calculate
lim,,_, 5 (7}, /n) and describe the fluctuations about the limit for large n.

6. Use the result of Exercise 5 of Chapter 7 to describe an extension of the SLLN
and the CLT to certain rth order dependent Markov chains.

7. In reference to Exercise 5, assume that {X,, : n > 0} is irreducible and positive
recurrent with invariant probability 7. Let g € [>(S, ) be arbitrary and consider
f) = fO1, y) := g(y2)—g(y1). Calculate the asymptotic variance parameter
D for ﬁ S o fYm).

8. For the one-dimensional nearest neighbor Ising model of Exercise 8 in Chap-
ter 13, calculate the following:

(a) The pair correlations p,,,, = Cov(X,, X,,).

(b) The large-scale variance (magnetic susceptibility) parameter Var(X).

(c) Describe the distribution of the fluctuations in the (bulk limit) magnetization
(cf. Chapter 13, Exercise 8(b)).



Chapter 15 ®
Martingale Central Limit Theorem Qe

The martingale central limit theorem provides convergence of suitably cen-
tered and scaled sums of martingale difference sequences having finite second
moments that encompass a wide range of applications that extend well beyond
the classical formulations for i.i.d. summands. The approach is based upon
infinitesimal conditions for a stochastic process to be a Gaussian process of
interest in their own right.

Let {Xt, : 1 < k < ky} be, for each n > 1, a square-integrable martingale
difference sequence, with respect to an increasing family of o-fields {Fr, : 0 <
k < k,}, with k, — oo as n — 00. Write

k kn
‘7k2,n =K (X,%n | ]-'k_l,,,) , s,%yn = Zojz’n, Sk, = ZXJ;,,,
j=1 j=1
M,, := max {o,i”; 1<k< kn} ,
k
Lin(©) =Y E (Xinl[‘xj_n‘x] | fj,],n) . (15.1)

j=1

Theorem 15.1 (Brown’s Martingale CLTY). Assume that, asn — oo, (i) s,f”,n — 1
in probability and (ii) Lk, ,(¢) — O in probability, for every € > 0. Then S,
converges in distribution to N (0, 1).

I Brown (1971).
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Proof. Consider the conditional characteristic functions

@rn(§) == E(exp{i§ Xi.n} | Fk—1,n), (£ € R). (15.2)
It would be enough to show that:

(exp{isskn,n}

aE ——

G
kn

b nfﬂk‘n(é) — exp{—&2/2} in probability.
1

Indeed, if |(TT)" ¢x.n(§))~"] < 8(£), then (a), (b) imply

) = 1, provided | ]_[lf” (Pk.n (5))_1| < §(£), a constant.

|E exp{i& Sk,.n} — exp{—&2/2}|
Eexp{i& Sk, .} _E exp{i& Sk,.n}
exp{—£2/2} 15" @r.n(€)
1
exp(—£2/2)  [T% gen(®)

= exp{—§°/2)E

< exp{—£2/2)E

— 0.

Now part (a) follows by taking successive conditional expectations given Fi_1 p

—1
k=ky, ky,—1,...,1),if (]_[]" (pk,,,(é)) is integrable. Note that the martingale

difference property is not needed for this. It turns out, however, that in general

]1(” ¢k.n (&) cannot be bounded away from zero. Our first task is then to replace

Xk n by new martingale differences Y ,, for which this integrability does hold and
whose sum has the same asymptotic distribution as Sk, ,. To construct Yy ,, first
use assumption (b) to check that M,, — 0 in probability. Therefore, there exists a
nonrandom sequence &, |, 0 such that

PM, =6, — 0 asn — oo. (15.3)
Similarly, there exists, for each € > 0, a nonrandom sequence &, (¢) | 0 such that

P(Lg,n(€) = Op(e)) = 0 asn — 00. (15.4)

Consider the events
Agnle) == [a,in <8, Lin < On(e),s¢, < 2], (1 <k <ky). (15.5)

Then Ag ,(€) is Fix—1 ,-measurable. Therefore, Y} , defined by

Yin = Xk,nlAkﬂ(e) (15.6)
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has zero conditional expectation, given Fi_1 ,. Although Y , depends on €, we will
suppress this dependence for notational convenience. Note also that

Fon
P(Ypn = Xkn forl <k <k,)>P (ﬂ Ak,n(e)) (15.7)
k=1 ’
= P(My < 8, L, n(€) < Op(e), 55, <2) > L

We will use the notation (15.1-15.2) with a “filde” symbol to denote the correspond-
ing quantities for {Y ,}. For example, using the fact E(Y; , | Fx—1,,) = 0 and a
Taylor expansion,

\wkn@ (1-532)
. i)°
E|exp(i&Ye ) — (14 &Yk, + - Ykn | Fr—1,n

(15.8)

> Yknf (1 — ) (expliut Vi) — Vdu | Fo 1n]

I/\
I\J|m

+§2]E(Ykn1[\yk,l|>e | Fk—1,n)
HE 2
<e€ 7 wté& ]E(an 0Yenl>el | Fk—1n)-

Fix £ € R!. Since M, < 8,,0 <1 — (g2/2)&,§n <1 <k < k) for all large n.
Therefore, using (15.5, 15.8),
kn
£ £2
T1(-Sa)| < Shoo- (-S| s
k=1 ’
< |EPe +E2On(e),

and
kn 2 .
E‘Hl (1 -5 kzn) _eXP{_%sk k,,}
kn 52 n
~2 ~2
=E ]_[(1—7 k,n>—]_[exp{—7 kn} (15.10)
1 1
g4 - gt g4
= §Z l?,n =< gtsns,ikn < =&y
Therefore,
kn %-2 5:4
[Téa® —exp{—; Sk} < El§Pe +£20,(c) + = (15.11)
1
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Moreover, (15.11) implies

? 3 g
5 nk,,} E(l&Pe + & On(€) + - 8n)

T @ (€)] > exp {—
4
> exp{—£2} — £ — (s Onle) + 5—5 >

(15.12)

By choosing € sufficiently small, one has for all sufficiently large n (depending on
€), | ]_[lf" @k n(£)] is bounded away from zero (uniformly in n). Therefore, (a) holds
for {Y ,}, for all sufficiently small € (and all sufficiently large n, depending on €).
By using relations as in (15.3) and the inequalities (15.11, 15.12) and the fact that
Erzl r, — 1in probability, we get

limy— 00

o5
Eexpli€ Sy k) —exp | =5
21\ (&
(exp{—2}> —(TTécn®™
1
g2 g2 g2 -
conlS o5 (on] 5] )

kn

2
[Txn@ —e /2
1

o )

2
Timy— oo ‘Eexp{iéSkn n} — exp {—%}

< Tim,, oo |E expli& Sk, n} — Eexpli& Sy, )|

+ limy, 0o ‘]Eexp zESk n} —exp {—S—H

=0+ hm,l_>OO ‘]E exp{zgSkn,n} — exp {—%}
< (exp {5~ 1ePe) " kePe.

The extreme right side of (15.13) goes to zero as € |, 0, while the extreme left does
not depend on e. n

< Gl e
< exp -5 lim; o0 E

limy o0 E

Finally,

The classical Lindeberg CLT is an immediate consequence of Theorem 15.1
(Exercise 1). Condition (ii) of the theorem is called the conditional Lindeberg
condition.
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We next derive an important versatile theorem” whose consequences include
(a) an interesting property of a class of Markov processes known as diffusions.
What is also remarkable is that, with the verification of its criteria and a tightness
condition, Theorem 15.2 also yields (b) the Billingsley—Ibragimov functional central
limit theorem (FCLT) for square-integrable martingales with stationary increments
over equidistant intervals (Theorem 15.5). The latter result plays an important role
in the derivation of the FCLT for functions of ergodic Markov processes in the next
chapter. It may be emphasized that Donsker’s FCLT and invariance principle are
immediate offshoots of (b), whose proof here does not require the use of the central
limit theorem, neither for the classical case for i.i.d. sequences nor for the martingale
CLT derived above (Theorem 15.1). Indeed, the latter CLTs just follow as simple
consequences!

We now provide infinitesimal conditions for a process to be a Gaussian process
with time-dependent mean and variance function. The original idea goes back to
Khinchin (1933) and was made use of by Rosén (1967) and Billingsley (1968).

Let {X(¢) : 0 <t < T} be areal-valued stochastic process on (§2, F, P) having
continuous sample paths. Assume that 8(¢) and o (¢) are continuous on [0, T'], and
forall0 <t <th <--- <t <t <T,andreal numbers ui, us, ..., ui, one has

}Li?&(l/h)E{eXP< > iMjX(tj)>[X(tk+h) —X(tk)—hﬁ(tk)X(lk)]} =0,

1<j<k
(15.13)
lim(l/h)E{ exp ( > iqu(t.,')>[(X(tk +h) — X (1)) — haz(tk)]} =0.
o 1<j<k
(15.14)
Further, suppose
sup EX2(1) < co. (15.15)
0<t<T
Also either assume: (i) there exists K such that, forall 1] < t, < 13,
() E(X (1) — X(11)*(X (13) — X (12))* < K (13 — 11)?, (15.16)

or, for every 1.

(id) lim limsup ! (X(t+h)—X1)2dP =0.  (15.17)

=00 p10 h/[.(X(t+h)—X(t))2>kh]

For fixed 0 < t; <t < --- < t and (uy, ua, ...uy), consider the characteristic
function of (X (#1), ..., X(#), X(¢)), as a function of ¢ > #; and u given by

2 See Rosén (1967), Billingsley (1968) for original versions.
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y(t,u) =Eexp{iui X(t1) + - +iug X (tx) + iuX (1)}
=Eexp{iZ+iuX()}, (15.18)

say. One has
%y(t, u) =E@X@)exp{iZ +iuX()}). (15.19)

Theorem 15.2. Under the above hypotheses (15.13)—(15.17), and notation,

y(t,u) = Eexp{i Z + iua(t) X ()} exp{—(1/2)u’b*}, (15.20)
where
a(t) =exp { ,B(s)ds}, bz(t) = / az(r) exp {2 ,B(S)ds}dr,
[tk,1] [tk.1] [r.1]
(15.21)

which implies that Y (#) = X (t) — a(¢) X (#) is normally distributed with mean zero
and variance b (¢) and independent of (X (1), ... X (#%)).

Proof. The main idea of the proof is to derive the equation

0 0
2w = uBO)——y(t,u) = (1/2uPe* )yt u) (> 1) (15.22)
u
and solve it. To derive (15.22), note that its left side is the limit, as & | 0, of

(1/WEexp{i Z 4+ iuX (1)} [expliuX (t + h) — iuX (1)} — 1]
= (1/W)Eexp{i Z + iuX ()}[iu(X (t + h) — X (1)]
+(1/2)u (Xt +h) — XN + R, )], (15.23)
say, where the remainder is estimated, using | exp(iux) — 1 — iux + u’x?/2| <
min{u®x?, [u3x3|}, as
[R(t, )| < (1/WEmin{|u(X (¢ +h) — X)), [u(X(t +h) — X0}
< (I/WE{u(X(t +h) — XO)PUu(X (¢ +h) — X (©)* < 1h]}
+ (1/RWEu(X (t +h) — X(@)P1u(X (¢ + h) — X(1))|> > Ah]
< [PA32RY2) + A/ uE(X (1 + h) — X ()41
X +h) — X@)]> > Ah].
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By (15.17ii), R(t, h) goes to zero as h | 0 and then A — oo. By assumptions
(15.13), (15.14), one now has the limit of (15.23) given by (15.22). It remains to
solve (15.22), written as

iy(t, u) — uﬁ(;)iy(t, u) = —(1/2)u’c(0)y(t, u). (15.24)
Jat Ju

The left side is the directional derivative of y(¢, ) in the direction (1, —uf(t)) in
the (¢, u)-plane. Letting o (¢ : v) = vexp{— f[tk . B(s)ds}, v € R. The directional
derivative of y along the characteristic curve (¢, « (¢ : v)), along with (15.24), yields

d 0
Zy(tv a(t :v)) = (0/0)y(t, w)|w:o¢(r:v) - %)’(l" w)|w:a(t:v)

Bt)a(t : v) = —(1/2)a(r : )22 ()y(t, alt : v)),

%logy(t,oz(t 1) = —(1/2)a(r : v)>0% (1), (15.25)

which on integration over [fx, t] yields, with y(#;, v) = Eexp{iZ + ivX (t)} (see
(15.18)),

y(t, alr : v)) = y(x, v)exp{ —(1/2) als v)zaz(s)ds}. (15.26)

[7x,1]

Now choose v = uexp{f[tk h B(s)ds} = ua(t), so that a(¢r : v) = ua(t). Then
(15.26) reduces to

y(t,u) = y(t, ua(t)) exp { - W?/2) a2<s>oz(s>ds}
[t,2]
= Eexp{iZ + iua(t)X (1x)} exp{—u’b>/2}. (15.27)
This completes the proof. ]

Corollary 15.3. Under the hypothesis of Theorem 15.2, {X(t) : 0 <t < T},isa
Gaussian process.

Proof. Firsttake k = 0,1.e.,t] = --- =ty = 0 < ¢. This proves X (¢) is normal
for every t > 0. Nextlet k = 1,0 < #; < t. Then X(#1) and X (¢) — a(t) X (#1)
are independent with X (f) — a(¢) X (1) normal. Together with the case k = 0, this
implies X (1) and X (¢) are jointly normal. Continuing in this way (or, by induction),
one shows that X (#1), ... X (#), X (¢) are jointly normal. |

Our next task is to derive an asymptotic version (limit theorem) of Theorem 15.2.
Let {X,,(¢) : 0 <t < T} be a sequence of processes with continuous sample paths
satisfying the following asymptotic versions of (15.13)—(15.17).



208 15 Martingale Central Limit Theorem

lim lim sup(1/ ) |E exp ( E iujXn (tj)>[Xn (T + 1) — Xn () — hB ) Xn ()] = 0,
hl0 n—oo 1<) <k
(15.28)

lim lim sup(l/h)lEexp( Z iqun(tj))[(Xn(tk—l-h)—Xn(tk))2_h02(tk)]| =0.
hl0 n—soo0 15k

(15.29)
Further, suppose

sup limsupIEXﬁ(t) < 00. (15.30)

0<r<T n—>00
Also assume either: (i) there exists K such that for all #{ < t, < t3, and all n,
(i) EXn(12) = X (11)*(Xn(13) = Xn(12)* < K (13 — 11)?, (15.31)
or, for every ¢,

(ii) limsuplimsup E, [(X,(t + h) — X,,(t))z/h] — 0as A — oo, (15.32)

R0 n—>o0

where E, U = E(U1[U > A]).

Theorem 15.4. Let {X,,(r) : 0 <t < T} be a sequence of processes with con-
tinuous sample paths satisfying (15.28)—(15.32). If, in addition, their distributions
on C[0, T] are a tight sequence, then they converge in distribution to a continuous
process {X (¢) : 0 <t < T}, satisfying the conclusions of Theorem 15.2.

Proof. Because of tightness, there exists a process X in C[0, T], such that a subse-
quence {X,}, say, of {X,}, converges in distribution to X. One may now check that
the conditions (15.28)—(15.32) imply that X satisfies all the assumptions (15.13)—
(15.17) of Theorem 15.2 (Exercise 2). Therefore, X, converges in distribution to a
process X characterized by Theorem 15.2. ]

We are now ready to prove the Billingsley—Ibragimov FCLT for martingales.

Theorem 15.5 (FCLT for Martingales with Stationary Increments). Let {Z,
n = 1,2,...} be a sequence of stationary ergodic square-integrable martingale
differences, i.e., denoting by F,, the sigma-field generated by {Z1, ..., Z,}, one has

E(Zy|Fao1) =0, E(Z3) =0%>0 foralln=1,2,... (15.33)
Then, writing S, = Z1 4+ ---+ Z,(n > 1), So = 0, the polygonal process X, (¢) =

Stnr1//n + (nt — [nt]) Zip+1/+/n (¢ > 0) converges to a Brownian motion with
mean zero and variance parameter o <.
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Proof. First, let us construct a doubly infinite sequence (Zy : —00 < n <
oo} such that {Z, : j 4+ 1 < n < j 4 m} has the same distribution as
{Z1,Z2,....Zp}, (00 < j < oo,m = 1,2,...). This being a consis-

tent specification, Kolmogorov’s existence theorem provides a doubly stationary
sequence whose consecutive m terms have the same joint distribution as that of
(Z1, Za, ..., Zy), for every m > 1. With a minor abuse of notation, let us denote
this doubly infinite sequence also as {Z,}. Let G, be the sigma-field generated by
{Z; : —o0 < j < n} for all integers n, positive, negative, or zero. One may now
check that

E(Zp411Gn) = 0, for all n. (15.34)

By stationarity, E(Z,y1l0{Zp11-j : j=1,...,m}) = E(Znt1lo{Z1,..., Zn}) =
0. This being true for all m = 1,2, ..., one arrives at (15.34). We will now verify
the hypotheses of Theorem 15.4 with 8(¢) = 0 and o2(t) = o2 for all ¢. In order to
verify the hypothesis of Theorem 15.4, note that

Xt + 1) — X (1)
= Y Zj/Nn+ i+ h) — [+ DD Znaerny o1 /0

[nt]<j<[n(te+h)]
—(ntx — 0D Zin( i1 /1 — (it — 00D Zingge1/v/n
= > Zi/Nn+En, h), (15.35)

[nx]<j<[n(t+m)]+1

where EE2(n, h) goes to zero as n — 00, uniformly for all 2. Then, recalling Gu/) =

o{Z; : j < [nt]}, one has E(Z[ntk]<j<[ntk+h] zj/ﬁ|g[n,k,) = 0, so that (15.28)
holds. To verify (15.29), fix an & > 0. In view of (15.35), it is enough to prove

E(l/h)< Z Zj/ﬁ)2|glntk]) — o2, (15.36)

[ni] <j <[n(t+h]

in L' as n — oo. Using (15.34), the left side of (15.36) equals

E( > Zf/”hlg[mk]), (15.37)

[nti]l<j<I[n(tx+h)]

which has the same distribution as the sequence E(D ,_ j<m(n) Z? /[nh]|Go), where
m(n) = [n(ty + h)] — [ntx] differs from [nh] by at most 2. Hence, (15.37) differs in
distribution from E(ZO<j<[nh] ij./[nh]lgo) by a quantity that goes to zero in L.
But by Birkhoff’s mean ergodic theorem (see Theorem 4.1), the latter sum divided
by nh converges in L' to E(le) = ¢2. Thus, (15.29) follows, with 62 = o2(1).
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As to (15.30), one has sup, EX, (t)2 < (T + 1)(72. We now proceed to the proof
of (15.32) and tightness of the sequence {X,(f) : 0 < ¢ < 1}. First, consider the
estimate of IES;‘,' assuming |Z | is bounded by a constant C. Of the n* terms in the
expansion, the expectation vanishes of every term in which the term with the highest
index k, say Zy, occurs once as one of the four factors. The remaining terms yield
ESt =Y (EZ}+4 > i<k EZ; Zi+6 > j<kEZiZ; Z. The number of summands
in the first two terms together is no more than n + 4n(n — 1)/2 < 2n?. The third
term is bounded by

6C* Y E(S{_) =6C*> Y (k—1) =3C*n(n — 1) < 3C*n”.
k>1 k>1

Hence,
E(SH < 5C*n. (15.38)

One may use this estimate to prove tightness® and also the condition (15.32) for
bounded Z; (Exercise 3). To prove them under the second moment condition, we
will use the following truncation argument. For every nonnegative random variable
U and every A > 0, let E,U = E(U1[U > A]). Define the truncated variable
Ziw = ZiMZy <ul,and Yi , = Zi,y — E(Zk,u|Gk—1), and the remainder Wy, =
Zi—Yku = Zk—Zku—E(Zk—Zk u|Gk—1), since E(Zy|Gr—1) = 0. Both sequences
{Yk.u}, {Wk_,} are martingale differences. Their respective partial sums are denoted
by Sk = Zlfjfk Yjuand Ry, = lejfk W . We will prove that

lim E;(1/n) max S} = 0. (15.39)
L—00 1<k<n

The tightness of the sequence of processes {X,} will then follow from Lemma 3
below. Observe the following inequalities, for some A > 0,

2 2 2 .
1/n) 11;1}(21; S, < @2/n) 121]?1; Siu+ 2/n) 11;1151;(’1 R s
Ea(l/n) max S7, < (1/A)E(1/n%) max S}, < (1/A)(4/3)*52u)*.
1<k<n ™ 1<k<n ™
(15.40)
The second relation above follows from a Chebyshev type inequality, while the
last inequality is just Doob’s maximal inequality for 4th moments using (15.38)

for the martingale {Sk ,}, recalling that E|Y) ,| < 2u. Also, using Doob’s maximal
inequality for second moments for the martingale { Ry, }

3 See BCPT Lemma 3, p. 150.
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1 4
E— max R,%u < -ER?,
n 1<k<n ’ n ’

= 4E(Z) — Z1 4 — B(Z1 = Z1,u|G-1))* < 4E(Z) = Z1.4)°

= 4E, Z3. (15.41)
From (15.40) and (15.41), and Billingsley’s inequality (Exercise 4) Eo(U + V) <
2(EapU+EA/2V), one obtains E4(1/n) max|<x<y S,% <8E, Z12—|—Au4/A, where

A is an absolute constant. Let u = A/ (o get the desired result (15.39), with
A = A. Theorem 15.5 now follows from Lemma 3 below, since

1 2,2
P(max |Sgyj — Sj| = ho/n) <Ep2 = max /0% ). (15.42)
1<j<n nl1<j<n
This completes the proof. n

The following are useful tools for establishing tightness under quite general
conditions.* For the first two lemmas, let {P, : n > 1} be a sequence of
probability measures on (C[0, 1], B). Then the Arzeld—Ascoli theorem provides a
useful identification of compact sets in C[0, 1] for purposes of checking tightness
as follows.>

Lemma 1. The sequence {P, : n > 1} is tight if:

a For each n > 0, there is an a such that P,(w € C[0, 1] : |w(0)| >a) <n, n=>
1.

b For each ¢ > 0,n > 0, there exist §, 0 < § < 1, and integer ng such that
Py(w € C[0, 1] : wy(3) := sup|;_; s lw(s) —w(@)| =€) <n, n=no.

Remark 15.1. One may use the Arzeld—Ascoli theorem to show that the conditions
in Lemma 1 are also necessary for tightness.

Lemma 2. The sequence {P, : n > 1} is tight if:

a For each n > 0, there is an a such that
Py(w e Cl0, 1] (@) >a) =n, n=1

b Foreach e > 0,n > 0, there exist a0 < § < 1, and integer no such that for all
0<r<l,

Py(w e C[0,1]:  sup |w(s) —w(@)| =€) <y, n=>no.
t<s<(t+8)Al

4 See Billingsley (1968) for a more comprehensive treatment of such conditions.
5Fora proof, see BCPT (Errata), p. 149, Lemma 2.
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Proof. Fix § > 0, and define A; = {w € C[0, 1] : sup,o,, 541 l@(s) — 0 ()] =
€}. Each s, ¢ belong to an interval of the form [j§, (j 4+ 1)8]. So, in particular, if
|s — t| < &, then the two such intervals either coincide or abut. Hence, P,(w €
C[0,1] : wy(8) = 3€) < Py(Uj<1/54s). Now, condition (b) implies that P, (w €
C[0,1] : wy(S) = 3¢) < (1 + [8’1])517 < 27n. Lemma 1 applies to complete the
proof. ]

For the case that P, is the distribution of a polygonal process, let Z;, Z», ...
be an arbitrary sequence of real-valued random variables on a probability space
KR,F,P),S,=Z1+---+Z,,n>1,85 =0, 0 > 0 a constant, and define

1 1
Xu(t, w) = ms[m](a)) + (nt — [m])mz[m]—&-l(w)- (15.43)

Lemma 3. The sequence X, € C[0, 1] defined by (15.43) is tight if for each € > 0
there is a A > 1, and integer n such that for n > ng

€
P(max |Sgtj — Skl = Aov/n) < —, k=0,1,2,...
j<n A

Proof. Since X,(0) = 0, the tightness of (distributions of) {X,(0)} is trivial. In
view of Lemma 2, it is sufficient to show for € > 0,7 > 0, thereis0 < § < 1 and
integer ng such that for 0 <r < 1,n > no,

P( sup  [Xu(s) — Xn(t)] > €) < 8n. (15.44)
1<s<(t+8)Al

Fort =k/nandt+ 68 = j/n,ie., t,§ integral multiples of 1/, this is the same as
requiring

1
P(max f|sk+i — Sl > e) < 8. (15.45)

i<én o./Nn

More generally, if k/n <t < (k+ 1)/nand (j — 1)/n <t + %8 < j/n, the
polygonal path satisfies

1
sup [ Xn(s) = Xn ()] =2 max ——=|Sti — Sil. (15.46)

r<s<t+1s sisj—ko/n

Thus, taking n > 4/8, one has j — k < né, so that the maximum on the upper bound
is not larger than the maximum over i < én. Thus, for tightness of the sequence (of
distributions) of {X,}, it suffices to check for €,n > 0, thereisa 0 < § < 1, and
integer ng, such that (15.45) holds for all £ and all n > ng. Note that if n = m is
an integer, then (15.45) simplifies to
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P(max |Sxi; — Sk| = eo/m/+/8) < 8. (15.47)
i<m

Let A = €/+/8. Then one has the further simplification

2
P(max |Sisi — Skl = ho/m) < 15 (15.48)
i<m A

With ne? in place of €, the condition of the lemma yields A > 0 and n; such that for
n>nypk=>1,

2
€

P(max |Sesi — St = Ao /) < 1o
i<n A

Write § = i—i € (0, 1). Take an integer ng > n1/§, so that [n8] < nj. Then it now
follows for n > ng, and hence, [dn] > ny,

2
€

P(max |Spy; — Skl = hoy/[on]) < =
i<[én] A2

Since A/[6n] < €/n, and ne?/A* = &, the desired condition (15.45) is
satisfied. |

Remark 15.2. As mentioned before, the statement of Theorem 15.2, Donsker’s
Theorem (and, therefore, the classical CLT), for sums of i.i.d. random variables is
an immediate consequence of Theorem 15.5, whose proof depends on Prokhorov’s
theorem on tightness® that, in the present context, depends on Doob’s maximal
inequalities. Paul Lévy’s martingale characterization of Brownian motion also
follows, but with the additional assumption of stationarity (Exercise 5). The result
without stationarity can be established using stochastic differential equations.’

Exercises

1. Show how each of the following classical limit theorems for independent random
variables follows from the more general martingale central limit theory.

(a) (Lindeberg CLT) For each n, X1 ,, ..., Xk, » are independent random vari-
ables such that EX;, = 0, aﬁn = EX?,H < oo,zl;”:l U/%n = 1, and

k, — oo as n — 00. Assume the

6 See the Lemma 3, or BCPT, Theorem 7.11, p. 145.
7 See Ikeda and Watanabe (1981), Theorem 6.1, p-74.
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kn
[Lindeberg Condition] ,}LHC}OZE(X%HIHX.W' >€e])=0
j=1

(15.49)

for each € > 0. Then Z’;": | Xj,n converges in distribution to the standard
normal as n — oo.
(b) (Lyapunov CLT) For each n, Xy ,, ..., X, » are independent random vari-

ables such that Zl;"zl Xjin=u, ZI;”ZI VarX, = o? > 0. Assume that

kn
[Lyapunov Condition] nl_i)rr;oZEXj,n — EXj,nIZ'HS =0,
Jj=1
(15.50)
for some § > 0. Then ZI;”: | Xj.n converges in distribution to the mean

and variance o2 normal distribution as n — 00.

(c) (Classical LI.D. CLT) Assume X1, X, ... is an i.i.d. sequence of ran-
dom variables with EX% < oo. Let p = EXi,0% = VarX;. Then
\/Lﬁ Z:’: 1(X; — p) converges in distribution to the standard normal distri-
bution as n — o0.

2. In reference to the proof of Theorem 15.4, verify that the conditions (15.28)—
(15.32) imply that X satisfies all the assumptions (15.13)—(15.17) of the theorem.

3. Use this estimate (15.38) to prove tightness (see BCPT, Lemma 3, p. 150) and
also the condition (15.32) for bounded Zj in the proof of Theorem 15.5.

4. (Billingsey’s Inequality) Show that for nonnegative random variables X, Y, and
t >0,

E{(X + Y)l[X+YZt]} < ZE{XI[XZ%]} + Z]E{YI[YZ%]}’ t > 0.

[Hint: Use [X + Y > t] C [X > ¢t/2] U [Y > t/2] and inclusion—exclusion to
see that 1x 1y~ < 1[x>/21 + 1{y>/2]- Then consider the cases [X > /2, Y >
t/2],[X > t/2,Y <t/2],[X <t/2,Y > t/2] individually.]

5. Let X = {X; : t > 0} be a continuous parameter martingale with (a) continuous
sample paths, (b) finite second moments, and (c) stationary ergodic increments
over disjoint intervals of the same length. Prove that X is a Brownian motion.
[Hint: Use Theorem 15.5.]

6. (Ornstein—Uhlenbeck Process) Let X = {X(¢) : r > 0} be a stochastic process
with continuous sample paths, satisfying (15.13)—(15.17), with B(t) = B,
UZ(I) = o2 > 0, constants. Show that X is Gaussian as well as Markov.



Chapter 16 ®
Stationary Ergodic Markov Processes: Qe
SLLN & FCLT

For discrete parameter Markov processes on a general state space, Birkhoff’s
ergodic theorem provides a natural approach to the existence of invariant
probabilities and the corresponding strong law of large numbers in some
generality. In addition, it is shown that the notion of an irreducible positive
recurrent Markov chain on a countable state space is equivalent to being
irreducible ergodic stationary Markov chain having a unique invariant initial
distribution.

The strong law of large numbers (SLLN) and the functional central limit theorem
(FCLT) for stochastic processes are of great significance in theory and applications.
A complete treatment of these for Markov processes with countable state spaces
(Markov chains) was given in Chapter 12 using the renewal method. The present
brief chapter is devoted to the SLLN and FCLT for Markov processes on general
state spaces via Birkhoff’s ergodic theorem and martingale theory, respectively.

Proposition 16.1. Let X = {Xo, X1, ...} be a Markov process on a state space
(S, S) with transition probability p(x, dy) and invariant probability 7. If for every
x outside a 7r-null set, one has

1 n
lim — Z p"™(x,B) =n(B), forallBesS, (16.1)
n—-oon
m=1
then the stationary process X = {Xo, X1, ...} is ergodic for the initial distribu-
tion 7.
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Before we prove this proposition, let us recall that (16.1) is equivalent to the
statement that for all x outside a 7-null set

n—0oo

1 n
tim [ 0023 P dy) = /S FImy) (16.2)
m=1

for all f € B(S). The proof of (16.2) is by the method of approximation by simple
functions

Proof. Since S® is generated by finite dimensional sets of the form A = C x
§%,C e 8%+ m > 0, by the  — A theorem, it is enough to prove the proposition
with A of this form. For such A, letting B € S®*® and r > m, we have

P(X € AIN[T"X € B]) = P([(Xo. ... Xm) € CIN[(X,. X, 11.....) € B])
= E{lc¢(Xo, ..., Xm) Px, (B)}

— E{1c(Xo, - ., Xn) /S Py(B) " (X, dy)).

where Py is the distribution of the Markov process with initial state y and transition
probability p(x,dy) and P, E denote the distribution of X, and expected value

under the initial distribution 7. Summing over » = m+-1, ..., n and lettingn — oo,
one gets
1 n—1
- Y P(X e AIN[I"X € B))
n r=0
m n—1
1 , 1 ,
=-> P(XeAlN[T'Xe B+~ > P(XeAlN[T'Xe B))
n n
r=0 r=m+1

n—m—1
n—m

1 1 .
:TE[IA(X)m Z Py(B)p()(Xmde)

r=1

— E {IA(X)/ P),(B)rr(dy)} =PXeAPXeBhB), (16.3)
S

where =~ indicates that the difference between the two sides goes to zero as
n — oo. The convergence in (16.3) derives from (16.2) with f(y) = Py(B). By
Proposition 4.5, X is ergodic. |

Combining Proposition 16.1 and Theorem 13.3, one may conclude that positive
recurrence and ergodicity are equivalent notions for irreducible Markov processes
having a countable state space. Namely, one has the following.



16 Stationary Ergodic Markov Processes: SLLN & FCLT 217

Corollary 16.2. Let {X,} be an irreducible Markov chain on a denumerable state
space. Then {X,} is positive recurrent with invariant probability r if and only if
{X,} is a stationary ergodic Markov process with invariant initial distribution 7.

Proof. In view of Corollary 8.5, see (13.19), positive recurrence implies ergodicity
of {X,}. Conversely, if {X,} is an irreducible ergodic Markov chain, then positive
recurrence follows from Birkhoff’s ergodic theorem by taking f(X) = 1;x,=;1(X)
for fixed but arbitrary j € S, for then f(T"X) = 1(x,,=;1(X). |

Remark 16.1. Out of this theory, one has an alternative characterization of ergod-
icity of stationary Markov chains on a finite state space as the property that 1 is a
simple eigenvalue of the transition probability matrix p (see Exercise 16).

The following result is now a consequence of Birkhoff’s ergodic theorem
(Theorem 4.1).

Corollary 16.3 (SLLN for Markov Processes on General State Spaces). Suppose
the transition probability p(x, dy) has an invariant probability 7 and that (16.1)
holds for every x outside a 7r-null set. Let f € L!(S, ), and define

. 1 n—1
B:= x:(xo,xl,...)eS‘X’:hmZZf(xm)szdn . (16.4)
" m=0 S

Then Py(B) = 1 for every y outside a 7r-null set.

Proof. By Birkhoff’s ergodic theorem (Theorem 4.1(b))
1=PXeB)=EPXeB|Xo) =EPx,(B) = / Py(B)m(dy). (16.5)
N

Hence, Py(B) = 1 outside a 7-null set. |

In the next few chapters, we will find broad classes of Markov processes
that have invariant probabilities 7w for which the hypothesis of Proposition 16.1
holds. Ergodicity of the Markov process equivalently refers to the existence of an
invariant probability 7 under which the stationary process with initial distribution
7 is ergodic in the sense of Definition 4.5. The following Definition 16.1 and
Theorem 16.4 capture this essential role of the invariant measure 7.

Definition 16.1. An invariant probability 7 for a transition probability p(x, dy) is
said to be ergodic if the stationary Markov process with the transition probability
p(x, dy) and initial distribution 7 is ergodic.

Remark 16.2. 1t should be noted that Birkhoff’s ergodic theorem (Theorem 4.1(b)),
applied to a stationary ergodic Markov process, implies the hypothesis of Proposi-
tion 16.1 (Exercise 16).

Example 1. This example shows that, for a given transition probability, the exis-
tence of an ergodic invariant probability does not imply uniqueness nor preclude
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the existence of an infinite o -finite invariant measure. Let S = [—2, 2] and define
Xn+1 = f(Xp) + €pt1,n = 0,1,2,..., where f(x) = (x + Dlj—2,0(x)+
(x — D12 (), x € S,and €,,n > 1 is ani.i.d. Bernoulli &1 sequence with equal
probabilities. Then, for each fixed x € (0, 2], if one starts in state Xo = x, the two-
point state X1 (x) is identically distributed as X1 (x — 2). In particular, X;(x) and
X5 (x) are independent with the same two-point distribution given by the ergodic
invariant probability (for x € (0, 2])

1 1
w5 = S8 + 58-2)

2 2
and similarly, for x € [-2, 0],
| 1
Te =50 + 50042

are mutually singular ergodic invariant probabilities. In addition, for fixed but
arbitrary 0 < a; < ap < --- < 2, the infinite o -finite measure

(o)
m= (a) +a,-2)

n=1

is a o-finite invariant measure. (See Exercise 10 for the case €,,n > 1, are i.i.d.
uniform on [—1,1].)

We next present an elegant alternative approach to the SLLN for Markov
processes whose proof shows, in particular, that the invariant sigma-field may be
identified with a sub-sigma-field of S.

Theorem 16.4 (Ergodicity, SLLN, and the Uniqueness of Invariant Probabilities).
Suppose X = {X,, : n > 0} is a stationary Markov process on a state space
(S, S) having a transition probability p(x, dy) and invariant initial distribution 7.
The process is ergodic if and only if there does not exist an invariant distribution
7’ # 7 suchthat w’ << 7.

Proof. The crucial step in the proof is to first identify the shift-invariant events. For
this, let us show that every shift-invariant bounded measurable 4 (X) is a.s. equal to
a random variable g(X() where g is a bounded measurable function on (S, S). Let
T denote the shift transformation, and let Z denote the shift-invariant sigma-field.
If h(X) is invariant, then 2(X) = h(T"X) a.s. for all n > 1. Then, by the Markov

property,
E(hX)|o(Xo, X1, ... X)) = EQW(T"X)|o (X0, X1, ... X4))
= E(h(TnX)|a(Xn)) = g(Xy),

where g(x) = E(h(Xp, X1, ...)|Xo = x). By the martingale convergence theorem
applied to the martingale g(X,) = E(h(X)|o (Xg, X1, ... X,), it follows that g(X,,)
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converges, a.s. and in L', to E(h(X)|o (X, X1, ...)) = h(X). But g(X,,) —h(X) =
g(Xn) — h(T"X) has the same distribution as g(Xo) — h(X) for each n > 1. Thus,
letting n — o0, it follows that g(Xo) — #(X) = 0 a.s. In particular, for G € Z, there
is B € S such that G = [X € B] a.s. This implies 7(B) = P(Xg € B) = P(G).
If X is not ergodic, then there exists G € Z such that 0 < P(G) < 1 and, therefore,
0 < w(B) < 1 for a corresponding set B € S as above. But the probability g
defined by mp(A) = 7(AN B)/7n(B), A € Z, is invariant. To see this, observe that

1
m/]gp(x,f\)ﬂ(dx)
= P(Xo € B, X, € A)/7(B)
= P(X| € B, X, € A)/n(B),

fsp(x, A)mp(dx)

by invariance of the event [ Xy € B]. In particular, by stationarity,

/p(x, A)mp(dx) = P(Xo € AN B)/7(B)
N
=n(ANB)/7(B) = np(A).

Since 7p(B) = 1 > n(B), and mp << 7, the contrapositive is proven.

To prove the other half, suppose that X is ergodic and 7’ is also invariant and
absolutely continuous with respect to 7. Fix A € §. By Birkhoff’s ergodic theorem,
and conditioning on Xo, one has as n — oo, & ?;(1) pD(x; A) — 7 (A) for all x

outside a 7w-null set, and hence outside a 7r’-null set. The invariance of 7’ implies
1 n—1 ‘
/ = PV (e A (dx) = 7' (4)
N

for all n > 1. Thus w(A) = =w'(A). Since A € & is arbitrary, the proof is
complete. |

We saw above that the strong law of large numbers extends to Markov processes
with general state spaces, even if point recurrence does not hold. That is, even for
Markov processes having a unique invariant distribution, there may not be any point
in the state space to which the process returns (infinitely often) with probability
one. Thus a more general approach than the renewal decomposition will also be
required in order to obtain a central limit theorem. One such more general approach
that applies to all ergodic Markov processes is via martingales. So let us now see
how to apply the martingale central limit theorem (Theorem 15.5) to an ergodic
Markov process {X,, : n > 0} on a state space S (with o-field S), having a
transition probability p(x, dy) with invariant probability w. As usual, write T for
the transition operator, Tg(x) = fg(y)p(x,dy). Then for f € LS, ), with
w=[gfdrn, T" f(x) =T" f(x) — p forallm > 0, where f = f — p.
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As will be clear from the proof below, the key to this application is the
following representation of sums of the form Z:;lo f (X for suitable functions
f e L2(S,71). Namely, assume (centering) fS fdr =0, 1ie., f € 1+ = {f €
L2(S,7) : (f, )y = fS fdm = 0}, and that f belongs to the range of —A := I —T
as an operator on L2(S, m), ie., f=U—-T)g forsome g € L?(S, ). Then

n—1 n—1 n
D FXw) = [eXm)=Te(Xm) = Y _[8(Xm)—Tg(Xpn—1)1+8(X0)—g(Xy)
m=0 m=0 m=1

(16.6)

for which Z, = Z’fn:l[g(Xm) — Tg(X,;,—1] defines a martingale, i.e., g(X,,) —
Tg(Xm—1),m = 1,2,...,1s a martingale difference sequence and, by Chebyshev
inequality, (g(Xo) — g(X,)) = o(y/n) in probability as n — oo (Exercise 16).

To obtain a sufficient condition for the range requirement, suppose for f € 1+,
the series g, (x) := Y (7™ f)(x) converges in L*(S,m) to g, ie.,

f(gn —¢)dn —> 0 asn — oo. (16.7)

In this case, g satisfies the “Poisson equation”

Tgx) —gx) =—f(x), or (T -Ig=—f, (16.8)

i.e., f belongs to the range of I — T regarded as an operator on L%(S, 7).

Theorem 16.5 (Gordin—Lifsic FCLT for Discrete Parameter Markov Processes').
Assume that p(x, dy) admits an invariant probability 7 and that under this initial
invariant distribution the stationary process {X, : n > 0} is ergodic. Assume X has
distribution 7, and let f be a real-valued function on S such that Ef2(Xo) < oo.
Also let u = [ fdm, and assume that f := f — wisin the range of I — T, as an
operator on L2(S, ), with Ag = —f, g€ L2(S, m),where A=T — I. Let

n—1
Su= Y (f(Xm) = ).

m=0

Then the polygonal process {Z,(t) = S%] + (nt — [nt])X[L\/l];+l 2t > 0}, with
values in C[0, 00), converges in distribution to o B where B := {B; : t > 0}
denotes the standard Brownian motion starting at 0 and o2 =||g| |]2T — ||ITg| |721 =

2g, fle = (f> Fhx-

! Gordin and Lifsic (1978). Also see Bhattacharya (1982).
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Proof. Suppose that g € L*(S, ) satisfies

g) —Tgx) = f(x), or (I-T)g=F, (16.9)

i.e., f belongs to the range of I — T regarded as an operator on L>(S, 7). Now it is
simple to check that

g(Xn) — Tg(Xu—-1) (n>1) (16.10)

is a martingale difference sequence. It is also stationary and ergodic (Exercise 16).
Write

Zy =) (8(Xpm) = Tg(Xpn-1)). (16.11)

m=1

Then, by the Billingsley—Ibragimov FCLT (Theorem 15.5), one obtains the asserted
convergence in distribution to o B where

o2 =E(g(X1) — Tg(X0))? = Eg*(X1) + E(Tg)*(Xo) — 2E[Tg(X0)g(X1)].
(16.12)

Since E[g(X1) | {Xo}] = Tg(Xo), we have E[Tg(X0)g(X1)] = E(Tg)*(Xo). so
that (16.12) reduces to

o? = EE(g*(X1) — E(Tg)*(Xo) = / gldm — / (Tg)*dm =2(g, [z —(f. F)x-

B (16.13)
The last equality is obtained by writing Tg = g — f. Also, by (16.9),

n n—1

Zn=Y (eXm) = TegXp_1) = Y (&(Xm) — Tg(Xm)) + g(Xn) — g(Xo)

m=1 m=0
n—1

=Y F(Xm) +g(Xn) — 8(X0).
m=0

(16.14)
Since

n

2 4
[Eg(X,) — g(Xo0))/+/nl* < - (Bg*(X,) + Eg*(Xo)) = — / g'dm — 0.
]

Example 2. Recall that the (deterministic) cyclic motion on the two-state set S =
{0, 1} defined by the transition probabilities pg; = pjo = 1 is irreducible with
unique invariant probability mp = 71 = 1/2. However, the average of any function
over a cycle and the return time are both a.s. constants. Thus the asymptotic normal
distribution obtained above is degenerate, i.e., the asymptotic variance is o> = 0.
Also see Exercise 14.



222 16 Stationary Ergodic Markov Processes: SLLN & FCLT

A special case of Theorem 16.5 with countable state space S stated below is of
much interest.

Proposition 16.6. Consider an irreducible positive recurrent Markov chain {X,, :
n =0,1,2,...} with countable state space S. It has a unique invariant probability
. If f belongs to the range of T — I, then the conclusion of Theorem 16.5 holds.
Moreover, if Y ;2 , Tk f converges in L%(S, ), then f belongs to the range of T — I
(Exercise 16).

Remark 16.3. Knowing when 0 < 02> < 0o is tantamount to knowing that /7 is

the correct scaling for the fluctuations. The central limit theorem provides finiteness
of o2, but not necessarily its positivity. In particular, note that for the above example
of deterministic cyclic motion on two states S = {0, 1}, a time-reversible Markov
process for which T is self-adjoint with eigenvalues £1, f belongs to the range
if and only if f(0) = — f(1). But this condition is equivalent to centering. This
example is ruled out by the convergence of the numerical series defining y, but not
a range condition on f.

Corollary 16.7. In addition to the hypothesis of Theorem 16.5, assume that 7 is
time-reversible and A = —1 does not belong to the spectrum of 7. Then one has
o2 > 0if and only if f is not constant.

Proof. Consider the contrapositive statement that o> = 0 if and only if f is
constant. Clearly, if f is constant, then f = 0 and one already obtains 6> = 0
from the variance in Theorem 16.5. Conversely, suppose that o> = 0. Then one
has (g, g)x = (Tg, Tg)x. We have f belonging to the range of A = T — I with

Ag=f.

Since T is a self-adjoint contraction on the Hilbert space L*(S, 7r) with T'1 =
1, we may apply the functional calculus associated with the spectral measure for
self-adjoint bounded operators, see Appendix B. Let vo(dA) = d(E)g, &), where
T = f[fl)l] A E, is the spectral decomposition of 7. Then

/ @) = (. 8)r = (T8 Te)r = (T, )r = / | auan,
[—1,1] [—1,1]

so that
/ (1 — A%)ve(dr) = 0. (16.16)
[-1.1]

Since —1 does not belong to o (T'), 1 —A% > 0 forall A € o (T)\{1}. It follows from
(16.16) that g is an eigenvector of T with A = 1. Hence, T?g = Tg = g, and

(f’f)ﬂ = <Tg_g’Tg_g>r[
= (T%g,8)x — 2(Tg. &)z + (8. 8)x
=(T?g—2Tg+g.8)r =0, (16.17)

and hence, f =0, and f is a constant r-a.s. |
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Remark 16.4. An important case for positivity of o2 is provided in Exercise 16,
for the case when p™ (x, dy), is mutually absolutely continuous with respect to the
invariant measure 7.

Remark 16.5. Note that

(f, T* ) = Covalf (X0), F(X0)Y, Y (F. T ha =) Covalf (X0), f(Xp)}-

k=1 k=1

The convergence condition of Proposition 16.6 is the condition that the correlation
decays to zero at a sufficiently rapid rate for time points k units apart as k — 00.

Exercises

1. (Simple Eigenvalues) Let {X,} be a Markov chain on a finite state space S =
{1,2, ..., k} with positive invariant measure 7 = (7, ..., ) and transition
probability matrix p = ((p;i;))i, jes- Show that ergodicity of {X,} is equivalent
to the property that 1 is a simple eigenvalue of p. [Hint: Simple implies that
the invariant initial distribution 7 for the stationary process is unique as an
eigenvector (with eigenvalue one) and hence as an mvariant probability. On the
other hand, an ergodic process implies lim, L . Zm o P™ = ¢, a matrix with
identical rows 7. An eigenvector v of p (with eigenvalue one) is an eigenvector
of g. Constant rows imply v is a multiple of 7, i.e., 1 is simple.

2. (a) In the context of Proposition 16.1, prove that if g = Yrco Tk f converges

in L>(S, ), then f belongs to the range of I — T and (I — T)g = f.

(b) Suppose S is finite and the Markov chain on § is aperiodic, positive
recurrent. Prove that the conclusion of Theorem 16.5 holds for all f €
L%(S, ), with f = f — fs fdr, and that 6% > 0 if f is not a constant.
[Hint: I — T has a bounded inverse on 1+.]

3. (a) Check that 7 is self-adjoint on L2({0, 1}, $8(0 + 38(1)) in Example 2, but

A = —1 is an eigenvalue.
(b) Extend the example to a finite state space S = {0, 1, ..., k}(k > 1), with
a cyclic motion p(i, (i + I)modk) = 1 (i = 0,1, ..,k), with unique

invariant probability uniform on S.
4. Suppose 7 is an invariant probability for a Markov process with transition
probability p(x, dy).

(a) Assume that for somen > 1, p(”)(x, dy) is mutually absolutely continuous
with respect to 7, for each x € S. Prove that & is the unique invariant
probability, and

(b) The variance parameter o> in Theorem 16.5 is strictly positive if f €
L2(S, ) is non-constant w-a.s. [Hint: Say f = (T — I)g. Consider
contrapositive with 6> = 0. For n = 1, ||Tg||>2 = ||gl|? if and only if
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(fggp(x, dy))? = fs g2 p(x,dy), for m-a.e. x € S. Argue that this
holds iff g(y) is a constant, say c(x), on a set A(x), p(x, -)-a.s. Next fix
xo € S, and explain that p(x, A(xg)) = 1 for all x € S. Deduce that
(g = c(xp)) =1, fS gdn = 0, and therefore, g = 0, 7 a.s. Conclude that

f =0m-as.Forn > 1, use the (contraction) property T"g||2 < ||Tg||>.]

. Consider the simple symmetric random walk on {0, 1,2} with reflecting

boundaries at 0 and 2.

(a) Show %Z’:zl p") converges to the matrix whose rows are identically
(1/4,1/2,1/4).

(b) Show that myp = m» = 1/4, m» = 1/2 is the unique invariant probability.

(c) Start {X,, : n > 0} with the invariant initial distribution. Show that {X,, :
n > 0} is ergodic, but { Xy, : n > 0} is not ergodic.

Consider the Markov chain {X, : n > 0} on S = {l, 2, 3} with transition
probabilities p;; = 1, po3 = p32 = 1, and p;; = 0 otherwise. Determine
the extremal ergodic invariant probabilities and the collection of all invariant
probabilities. Calculate lim,— % Zf;_:lo X, for the initial distribution 7 =
(1/4,3/8,3/8).

. Suppose that a stationary Markov process satisfies the SLLN, i.e., assume that

lim,, s 00 % 22;10 f(Xm) = fS fdm almost surely for every f € B(S). Show
that the hypothesis of Proposition 16.1 holds.

. Let X = (Xo,X1,...) be a Markov process satisfying the hypoth-

esis of Proposition 16.1. Let f e LY(§%,8%%, P;). Prove that
lim,, s 00 % 22;10 f(T™X) = fsm f(x) Py (dx) Py-almost surely for every
y € S outside a -null set.

For g € L*(S, n), show that Z,, = g(X,u) — Tg(Xm—1),m = 1,2,...,isa
stationary and ergodic martingale difference sequence and (g(Xo) — g(X,)) =
o(/n) in probability as n — oo.

Let a Markov process on S = [—2, 2] be defined by the equation X,+; =
f(Xn)+e€n41,n = 0, with f as in Example 1, but €,41, n > 0, i.i.d. uniform on
[—1, 1]. Show that the triangular distribution 7 with density 7 (y) = (2—|y|)/4,
is the unique invariant probability on S, and that the stationary process with
initial distribution 7 is ergodic.



Chapter 17 ®
Linear Markov Processes Check for

The linear Markov processes are most readily described in terms of evolutions
obtained by i.i.d. iterated affine linear maps. This chapter addresses the
ergodic theory for such processes.

The canonical construction of Markov chains on the space of trajectories is based on
Kolmogorov’s or Tulcea’s existence theorem'. In the present and next few sections,
another widely used general method of construction of Markov processes by i.i.d.
iterated random maps on arbitrary state spaces is illustrated. Markovian models in
this form arise naturally in many fields, and they are often easier to analyze in this
noncanonical representation.

Example 1 (The Linear Autoregressive Model of Order One, or the AR(1) Model).
Let b be a real number and {¢, : n > 1} an i.i.d. sequence of real-valued
random variables defined on some probability space (§2, F, P). Given an initial
random variable X( independent of {¢,}, define recursively the sequence of random
variables {X,, : n > 0} as follows:

Xo, X1 :=bXp + €1, Xnt1 :=bXy + €441 (n>0). (17.1)
Equivalently, this may be viewed as a composition of “random maps”

X, =oy---01(Xp), 17.2)

I'See BCPT pp. 167-170.
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where a1, a2, ... is an i.i.d. sequence of random maps «; : R — R defined by
o;(x):=bx+¢,x €eR,i =1,2,....Fornow, also observe that X, X1, ..., X,
are determined by { Xy, €1, ..., €,}, and €,41 is independent of the latter. One has,

for all Borel sets C,
P(Xn+l E C | U{X07 Xla LR ) Xn}) - P(bx +€l’l+1 e C)|.X:X,l
= P(ent+1 € C — bx)lx=x,

= Q(C —bXy), (17.3)

where Q is the common distribution of the random variables €,. Thus, {X,, : n > 0}
is a Markov process on the state space S = R, having the transition probability (of
going from x to C in one step)

p(x, C) = Q(C — bx), 17.4)

and the initial distribution given by the distribution of X¢. The analysis of this
Markov process is, however, facilitated more by its representation (17.1) than by
an analytical study of the asymptotics of n-step transition probabilities as evidenced
by the proof of the following proposition.

Proposition 17.1. Let b be a real number with |b| < 1. Then
Elog" |e| < o0 (17.5)

is necessary and sufficient that the Markov process {X,, : n = 0, 1,2, ...} defined
by the random iteration (17.1) converges weakly (in distribution) to a unique
invariant probability 7 given by the distribution of the a.s. limit of the random series

(o)
Zn:() bn6n+1-

Proof. (Sufficiency) First note that successive iteration in (17.1) yields

X1 =bXg+ ey, Xy =bX| + e =b*Xo + bey + &
X, =b"Xo+b" e+ 2er+ - +bepi+e,  (m>1). (17.6)

The distribution of X, is, therefore, the same as that of
Y, :=b"Xo+ el +ber +biez+---+b" e, (> D). (17.7)
Equivalently, Yy, Y», ... is defined by the backward iteration
Y,=a1 - -a,(Xg), n=>1. (17.8)
We assume that

|b] < 1. 17.9)
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First consider the case |€,] < ¢ with probability 1 for some constant c. Then it
follows from (17.7) that

o0
Yo = > bleniias., (17.10)
n=0

regardless of X¢. Let w denote the distribution of the random variable on the right
side in (17.10). Then Y, converges in distribution to m as n — oo (Exercise).
Because the distribution of X, is the same as that of Y;,, it follows that X, converges
in distribution to 7. Therefore, 7 is the unique invariant distribution for the Markov
process {X, : n > 0}, i.e., for p(x, dy). Next consider the more general hypothesis
(17.5). Note that this is equivalent to assuming > P(|€,41| > ¢8") < oo for some
¢ > 0,8 > 1 (see Exercise 17) so that, by the Borel-Cantelli lemma,

P(l€p+1| < ¢8" for all but finitely many n) = 1.

Now choose § such that 1 < § < 1/|b|. Then, with probability 1, |b"€,41| <
c(|b]8)" for all but finitely many n. Since |b|6 < 1, the series on the right side of
(17.10) is convergent and is the limit of Y,,.

(Necessity) Assume Elog™ |e;| = oco. Let § > (1/]b|) Vv 1. Then, writing Z,, =
log+ l€n|/log$, one has P(le,| > &) = P(Z, > n) = P(Z; > n),and 1 +
Z;il P(Z) > n) >EZ| = co. Since the Z,, n > 1, 1is an i.i.d. sequence, it follows
by Borel-Cantelli II* that is P(Z,, > ni.0.) = 1. Thus P(b"|e,| > (b8)" i.0.) = 1,
and therefore, the series ) | b" €, diverges almost surely. |

Remark 17.1. The role of the moment condition (17.5) cannot be overemphasized.
If this moment is infinite, then no matter how small |b| may be, barring the case
b = 0, the process does not have an invariant probability® (Exercise 6(c) below).

Next, Example | has an extension to multidimensional state space.

Example 2 (General Linear Time Series Model). Let {¢, : n > 1} be a sequence of
i.i.d. random vectors with values in R” and common distribution Q, and let B be an
m x m matrix with real entries b;;. Suppose X is an m-dimensional random vector
independent of {e¢,}. Define recursively the sequence of random vectors

Xo, Xpi1:=BX, +ep1 (n=0,1,2,...). (17.11)

As in (17.3), (17.4), {X,, : n > 0} is a Markov process with state space R” and
transition probability

px, C) = Q(C — Bx) (for all Borel sets C C R™). (17.12)

2 BCPT p. 34.
3 See Bhattacharya and Majumdar (2017), Theorem 2.1, pp. 290-302
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Recall that the norm of a matrix H can be defined by

H]| := sup [Hx|, (17.13)

|x|=1

where |x| denotes the Euclidean length of x in R™. For a positive integer n > no,
write n = jng + j/, where 0 < j’ < ng. To state some sufficient conditions for the
hypothesis of this general result to apply, let us recall the definition of the spectral
radius r(B) of a matrix B as the maximum modulus of the eigenvalues of B. The
following lemma from linear algebra shows that if »(B) < 1, then

IB"| <1 for some positive integer ng. (17.14)

Lemma 1. Let B be an m x m matrix. Then the spectral radius r (B) satisfies
r(B) > Tim |B"|"/". (17.15)
n—oo

Proof. Let A1, ..., Ay, be the eigenvalues of B. This means det(B — AI) = (A1 —
A)(A2 —A) - - - (Ay — A), where det is shorthand for determinant and I is the identity
matrix. Let A, have the maximum modulus among the A;, i.e., |A;,| = r(B). If
|| > |Am|, then B — Al is invertible, since det(B —AI) # 0. Indeed, by the definition
of the inverse, each element of the inverse of B — Al is a polynomial in A (of degree
m — 1 or m — 2) divided by det(B — AI). Therefore, one may write
B=2D"' =G =) G =V B+ ABy -+ 2" By)
(A > AmD),  (17.16)

where B; (0 < j < m — 1) are m x m matrices that do not involve A. Writing
z = 1/A, one may express (17.16) as

m—1
(B—=aD "= (=)0 = a/0)7 e (= a0y Ay UB;
j=0

m—1
= (=D"z(1 =12 (A= a) ' Y "B
j=0

00 m—1
= (ZZM”) ZZm*l*ija (2] < 1Aml™). (17.17)
n=0 j=0

for appropriate constants a,. On the other hand,

_ _ ad 1
B-AD"'=—zA—zB)"' = —sz::Oszk <|z| < m). (17.18)



17 Linear Markov Processes 229

To see this, first note that the series on the right is convergent in norm for |z] <
1/ Bll, and then check that term-by-term multiplication of the series Y - Z*BF by

I — zB yields the identity I after all the cancelations. In particular, writing bg.() for
the (i, j) element of B, the series

o0
—zy &b (17.19)
k=0

converges absolutely for |z| < 1/||B]||. Since (17.19) is the same as the (i, j)
element of the series (17.17), at least for |z| < 1/|/B]|, their coefficients coincide
(Exercise 17) and, therefore, the series in (17.19) is absolutely convergent for
lz| < |Am|~" (as (17.17) is).

This implies that, for each € > 0,

1651 < (Al + ) forall sufficiently large . (17.20)

For if (17.20) is violated, one may choose |z| sufficiently close to (but less

than) 1/|A,,| such that |zk/bg.(/)| — oo for a subsequence {k’}, contradicting the
requirement that the terms of the convergent series (17.19) must go to zero for
Iz < 1/1Aml.

Now |B¥|| < m!/? max{|b§;€)| .1 <i,j < m) (Exercise 17). Since m'/% — 1
as k — oo, (17.20) implies (17.15). |

Remark 17.2. The indicated limsup in (17.15) is actually a limit, with equality®,
referred to as Gelfand’s formula (see Exercise 17). A version is proven for bounded
self-adjoint operators on a Hilbert space in Appendix B.

Proposition 17.2. Assume that r(B) < 1. Also assume
Elog™ |e;] < oo. (17.21)

Then the Markov process {X,, : n > 0} defined by the random iteration (17.11)
converges weakly (in distribution) to a unique invariant probability r given by the
distribution of the a.s. limit of the random series

o
Y:i=) Bl (17.22)
n=0

Proof. Using the fact |B1B;| < |B1]|||B2|| for arbitrary m x m matrices B, B,
(Exercise 17), one gets

4 See Halmos (2017), p- 182.
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IB" || = |B/™B/|| < IB" ||/ |B/|| < c|B"|. c:=max{|[B"|| : 0 < r < no)}.
(17.23)
From (17.14) and (17.23), it follows, as in Example 1, that the series Y B¢,
converges a.s. in Euclidean norm if (17.21) holds. Write, in this case,

o0
Y = ZB"en+1. (17.24)
n=0

It also follows, as in Example 1, that no matter what the initial distribution (i.e.,
the distribution of Xp) is, X, converges in distribution to the distribution = of Y.
Therefore, 7 is the unique invariant distribution for p(x, dy). |

Two well-known time series models will now be treated as special cases of
Example 2, special due to the respective structures of the coefficient matrix B.
These are the pth order autoregressive (or AR(p)) model and the autoregressive
moving average model ARMA(p, q). These models typically arise in the statistical
time series analysis of highly fluctuating data in a wide variety of fields. Questions
pertaining to the stationarity of the model are fundamental to such analysis.

Example 3 (AR(p) Model). Let p > 1 be an integer, By, B1, ..., Bp—1 real
constants. Given a sequence of i.i.d. real-valued random variables {5, : n > p}, and
p other random variables Uy, Uy, ..., Up_1 independent of {7}, define recursively

p—1
Unip =Y BiUnti +tmsp  (n=0). (17.25)

i=0

The sequence {U, : n > 0} is not in general a Markov process, but the sequence of
p-dimensional random vectors

Xy == Un, Upt1, - - Un+p71)/ (n>0) (17.26)
is Markovian. Here, the prime () denotes transposition, so X,, is to be regarded as
a column vector in matrix operations. To prove the Markov property, consider the
sequence of p-dimensional i.i.d. random vectors

€, :=(0,0,...,0,Myqp-1) (n=>1), 17.27)
and note that

Xn+1 = BXn + €n+1, (1728)

where B is the p x p matrix
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0100 0 0
0010 0 0

Bi=| @ o | (17.29)
0000-- 0 1

Bo B1 B2 B3 - Bp—2 Bp—1

Hence, arguing as in (17.3), (17.4), or (17.12), {X,, : n > 0} is a Markov process on
the state space R”. Write

%100 0 0
0210 0 0
B—il=| @ i i
0000 —x 1

Bo B B2 B3 Bp—2 Bp—1—2A

Expanding det(B — AI) by its last row, and using the fact that the determinant of a
matrix in triangular form (i.e., with all zero off-diagonal elements on one side of
the diagonal) is the product of its diagonal elements (Exercise 17), one gets

det(B — AD) = (=D)P* ' (Bo+ Bir + -+ Bp1 AP = AP). (17.30)
Therefore, the eigenvalues of B are the roots of the equation
Bo+ Bir+ -+ Bp1A? T — AP = 0. (17.31)

Finally, in view of (17.15), the following proposition holds (see (17.21) and
Exercise 17).

Proposition 17.3. Suppose that the roots of the polynomial equation (17.31) are all
strictly inside the unit circle in the complex plane and that the common distribution
G of {n, : n > 1} satisfies

Elog™ |n,| < oo. (17.32)

Then, (i) there exists a unique invariant distribution 7 for the Markov process {X, :
n > 0} and (ii) no matter what the initial distribution, X,,, converges in distribution
to 7. In particular, the time series {U,, : n > 0} converges in distribution to a steady
state 7ty given, for all Borel sets C C R, by

my(C) =n({x=(x1,...,xp,) e RP : x1 € C}). (17.33)
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Proof. To see that the last statement follows, simply note that U, is the first
coordinate of X,,, so that X, converges to m in distribution implies U,, converges
to 7ty in distribution. |

Corollary 17.4. Assume that the roots of the polynomial equation (17.31) are all
strictly inside the unit circle in the complex plane and that E|n,|” < oo some order
r > (. Then the conclusion of Proposition 17.3 holds.

Proof. Simply observe that this implies (17.32) holds by Jensen’s inequality.” W

Example 4 (ARMA(p, q) Model). The autoregressive moving average model of
order (p, q), in short ARMA(p, gq), is defined by

p—1 q
Unip =Y BiUnti+ Y 8jnipj+lutp  (n>0), (17.34)
i=0 j=1

where p, g are positive integers, 8;(0 < i < p — 1) and d;(1 < j < q) are real
constants, {n, : n > p — g} is an i.i.d. sequence of real-valued random variables,
and U; (0 < i < p — 1) are arbitrary initial random variables independent of
{n, : n > 1}. Consider the sequence {X,, : n > 0}, {€, : n > p — g} of (p + q)-
dimensional vectors

Xy =Wy, ..., Un+p—l’ NMn+p—qs -+ 77n+p—l)/v
6n = (07 07 "'707 7]n+p—l, Os "-709 77n+p—1)/ (n 2 0)1 (17'35)

where 1,11 occurs as the pth and (p + g)th elements of €.
Xn+1 = HXp + €541 (n=0), (17.36)

where H is the (p 4+ q) x (p + ¢g) matrix

biy - --bip 0 - 200
bt - - bpp 8 8g—1 - -+ 8281
H— 0 -0 0 1 0---00
1o -0 0 0 1---00]}|"
00--- - - 0 0---01
00--- - - 0 0---00

the first p rows and p columns of H being the matrix B in (17.29).

SBCPT p. 13.
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Note that Uy, ..., Up—_1, Np—g, - .., Np—1 determine Xy, so that Xy is independent
of 1, and, therefore, of €. It follows by induction that X, and €,,41 are independent.
Hence, {X,, : n > 0} is a Markov process on the state space RP14,

In order to apply the lemma above, expand det(H — AI) in terms of the elements
of its pth row to get (Exercise 17)

det(H — AI) = det(B — AI)(—2)9. 17.37)

Therefore, the eigenvalues of H are g zeros together with the roots of (17.31). Thus,
one has the following proposition.

Proposition 17.5. Under the hypothesis of Proposition 17.3, the ARMA(p, q)
process {X, : n > 0} has a unique invariant distribution 7, and X,, converges in
distribution to 7w no matter what the initial distribution is.

Corollary 17.6. Under the hypothesis of Proposition 17.5, the time series {U,, : n >
0} converges in distribution to 7ry; given for all Borel sets C C R by

my(C) :=m({x = (x1,...,Xp4q) € RPY : x; € CY), (17.38)

regardless of the distribution of (Ug, Uy, ..., Up_1).

In the case that €, is Gaussian, it is simple to check that under the hypothesis
(17.14) in Example 2 the random vector Y in (17.22) is Gaussian. Therefore, 7 is
Gaussian, so that the stationary vector-valued process {X, : n > 0} with initial
distribution 7 is Gaussian. In particular, if 7, are Gaussian in Example 3, and the
roots of the polynomial equation (17.31) lie inside the unit circle in the complex
plane, then the stationary process {U, : n > 0}, obtained when (U, Uy, ..., Up_1)
have distribution 7 in Example 3, is Gaussian. A similar assertion holds for
Example 4.

Exercises

1. (a) Show that the a.s. convergence of the backward iteration implies the con-
vergence in distribution of the corresponding Markov process X,,, n > 0.

(b) Let {€, : n = 1,2,...} be an i.i.d. sequence of symmetric £1-valued
Bernoulli random variables. Define a Markov process by X, 11 = .5X,, +
€nt1,n =0,1,2,.... (1) Show that the uniform distribution = on [—2, 2]

is the unique invariant probability. (ii) Calculate the asymptotic variance in
the CLT for —= 377 Xn-

2. (a) Let By, By be m x m matrices (with real or complex coefficients). Define
IB]|| as in (17.13), with the supremum over unit vectors in R”* or C"*. Show
that
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(B1B2fl < [IBy[lIB2]-.
(b) Prove that if B is an m x m matrix, then
IBIl < m'* max{|bij| : 1 < i, j < m}.

(c) (Gelfand Formula) If B is an m x m matrix and ||B|| is defined to be the
supremum over unit vectors in C”, show that |B"|| > r"(B). Use this
together with (17.15) to prove that lim |[B" /" exists and equals r(B).
[Hint: Let A,, be an eigenvalue such that |A,,| = r(B). Then there exists
x € C", |x|| = 1, such that Bx = 4,,x.]

. Suppose > a,z" and >_ b,z" are absolutely convergent and are equal for |z| <

r, where r is some positive number. Show that a,, = b, for all n. [Hint: Within
its radius of convergence, a power series is infinitely differentiable and may be
repeatedly differentiated term by term.]

Suppose €/ is a random vector with values in R¥. Prove that if § > 1 and ¢ > 0,

then Y50, P(le;| > ¢8") < E|Z|, where Z = %

. Assume that €,, n > 1, of Example 2 are i.i.d. with common mean vector u

and finite covariance matrix D.

(a) Calculate the mean and the covariance matrix of the limiting distribution of
X.[Hint: Use (17.22).]
(b) If each €, is Gaussian N (u, D), determine the limiting distribution of X,.

(a) In Example 1, show that |b| < 1 is necessary for the existence of a unique
invariant probability. [Hint: Consider separately the cases || > 1 and
|b] = 1.]

(b) Show by example that |b| < 1 is not sufficient for the existence of a unique
invariant probability. [Hint: Find a distribution Q of the noise €, with an
appropriately heavy tail.]

(c) Suppose (17.5) does not hold, but 0 # |b| < 1. Show that {X,,} does not
converge in distribution and does not have an invariant probability. [Hint:
Show that Z?io P(blejqi| > €) = Z?‘;l P(logle| > —jlogl|b|) +

P(loglei| > 0) = E]fgl:gl‘elljll + P(log le1| > 0) = oo. Apply the Borel—
Cantelli lemma.]
In Example 1, assume Eeﬁ < 00, and write a = Ee,,, X, 41 = a+bX, + 6,41,

where 6, = ¢, —a (n > 1). The least squares estimates of a, b are ay, l;N,
which minimize 2111\/:—01 (Xp41 —a — bX,)? with respect to a, b.

(a) Show thatay = ¥ —byX, by = Y0 ' (Xpy1—aY) (X, — X)/ SV (X, —
X)2, where X := N~ Y01 x,, Y .= N YV X,

(b) In the case |b| < 1, prove that ay — a and 13N — bas.as N — oo.

(c) Suppose (17.5) does not hold, but |b| < 1, b # 0. Show that {X,} does
not converge in distribution and does not have an invariant probability.
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10.

11.

[Hint: 352 P(Ibleja] > 1) = 352, P(logler| > —jloglbl) =
. +

Y52, Ploghlei] > —jloglb)) + P(loglei| > 0) = EXE 4

P(logler| > 0) = co. Apply the Borel-Cantelli lemma, Part 2, from here.]

. In Example 2, let m = 2, b;; = —4, b1a = 5, by1 = —10, byy = 3. Assume

€1 has a finite absolute second moment. Show that ||B]|| > 1. Does there exist
a unique invariant probability?

. (a) Prove that the determinant of an m x m matrix in triangular form equals the

product of its diagonal elements.
(b) Check (17.30) and (17.37).
(Yule—Walker equations) Consider a (non-degenerate) stationary mean-zero
(centered) AR(p) process Ui, = Zf;é BiUntj + Mutp,n = 0,1,....
Show that the first p autocorrelations defined by pr = JEUon/EUg, k =
0,...,p — 1, satisfy the so-called Yule-Walker equations p = Rf, where
p = (po,....0p-D"s B = (Bo,....Bp—1), and R = ((0ji—j|))o<i,j<p—1-
In particular, R is of full rank and symmetric, hence invertible, and the model
coefficients are determined from the autocorrelations via § = R~ p.
Show that Propositions 17.1, 17.2 extend to the case of affine linear random
maps: (i) Xy41 = ¢ +bX, +€,,n >0, (ii) X141 =c+BX, +€,41,n > 0,
for constants ¢, ¢. [Hint: Absorb the constants into ¢,,.]



Chapter 18 ®
Markov Processes Generated by Qe
Iterations of I.I.D. Maps

While all discrete parameter Markov processes on a Polish state space can
be represented as i.i.d. iterations of random maps, the properties of the maps
obviously play a significant role in their long-run behavior. Non-decreasing
monotonicity is one such property for which definitive results can be
obtained, as illustrated in this chapter.

The method of construction of Markov processes by i.i.d. iterated random maps,

illustrated for linear time series models in Chapter 17, extends to more general

Markov processes. The present chapter is devoted to the construction and analysis of

some nonlinear models. Before turning to these models, recall that one may regard

the process {X,, : n > 0} defined in the AR(1) example of the previous chapter to

be generated by successive iterations of an i.i.d. sequence of random maps o1, o,
.., 0y, ... defined by

X —> o, x =bx + €, n=>1)),

{en : n > 1} being a sequence of i.i.d. real-valued random variables. Each «,, is a
random (affine linear) map on the state space R! into itself. The Markov sequence
{X, : n > 0} is defined by successive compositions, or iterations,

Xp=op---1Xo (nz1), (18.1)

where the initial X is a real-valued random variable independent of the sequence
of random maps {&, : n > 1}. A similar interpretation holds for the other examples
of Chapter 17. Indeed, Theorem 18.1 below says that, under a mild condition on
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the state space, every Markov process in discrete time may be represented as (18.1).
Thus the method of the last chapter and the present one is truly a general device
for constructing and analyzing Markov processes on general state spaces. We begin
with a precise definition of a random map.

Let (S, S) be a measurable (state) space, and (§2, F, P) be a probability space.

Definition 18.1. A random map o« on S is a measurable function on £2 such that,
for each w € £2, a(w) is a map on § into itself and

(w, x) — a(w)x is measurable (18.2)

on (2 xS, F®S)into (S,S).

The measurability condition (18.2) guarantees that
p(x,B):=Plax € B), (x€S§8,BeS) (18.3)

is a transition probability. For: (i) given x, ® — a(w)x defines a measurable map
on £2 into S, so that {w : a(w)x € B} € F and the right side of (18.4) is
well defined and (ii) given any B € S, x — p(x, B) is measurable due to the
measurability of e(w)x on the product space (£2 x S, F ® S), by a Fubini type
argument (Exercise 18).

A canonical model of a random map may be given as the identity map y — y
on a probability space (I, G, Q), where I" is a set of maps on § into itself, G is a
o-field on I" such that the map

(y,x) — yx is measurable (18.4)

on (I' x §,G®S) into (S, S), and Q is an arbitrary probability on (I", G). On the
other hand, given an arbitrary random map «, let I’ = {a(w) : w € £2}, and let G be
the o-field on I" generated by a. Then (18.4) follows from (18.2), and denoting by
Q the distribution of & on I, a canonical model for « is furnished by the identity
mapy — yon (I, G, Q).

Theorem 18.1. Let S be a Borel subset of a complete separable metric space and
S its Borel o-field. Given a transition probability p(x, dy) on (S, S), there exists a
random map & on some probability space (£2, F, P) such that (18.3) holds.

Proof. We will prove the theorem for the case S is a Borel subset of the real line.
The general case follows from the fact that there exists a one-to-one map 4 on S
onto a Borel subset C of R such that / and £ ~! are both measurable; in other words,
(S, S) and (C, B' N C) are isomorphic, where B N C = {B N C : B Borel subset
of R}, see Appendix C.

Assume S is a Borel subset of the real line, and let p(x, dy) be a transition
probability on (S, S). Let F, denote the distribution function of p(x, dy) (for each
given x), i.e., Fy(y) := p(x; (—o00, y]). Define the inverse of Fy by
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Fx_l(u) =inf{t : Fx(t) > u} ue(,]1). (18.5)

Let U be a random variable on a probability space (§2, F, P) such that U is
uniformly distributed on (0, 1). As is well known, the random variable F_~ Ly
has the distribution function F, (Exercise 18). Now define the random map & by

ax:=F '(U) (x eR). (18.6)

The measurability condition (18.2) is easily checked (Exercise 18 4(ii)). |
The following result is an immediate consequence of Theorem 18.1.

Corollary 18.2. Under the hypothesis of Theorem 18.1, one can construct, on an
appropriate probability space (£2, F, P), ani.i.d. sequence of random maps {o, },>1
and a random variable X independent of this sequence such that X,,+1 := &, 11X,
(n = 0), Xy, is a Markov process having the given transition probability p(x, dy)
and a given initial distribution of Xj.

There are in general many different random maps « such that (18.3) holds for
a given transition probability p(x, dy). This is illustrated by Example | below. In
many applications, however, the specific representation X, 11 = o,4+1X, (n > 0)
arises from statistical, dynamical, or physical considerations. The ARMA models
are also of this kind.

Example 1 (Tivo-State Markov Chain). Let S = {0, 1} with transition probabilities
pij = p, {j} (,j = 0,1). Assume, for simplicity, 0 < poo < p1o < 1. Let
I' = {y1, y2, y3}, where

i) =y() =0 »nO)=rl)=1L p0 =1 y()=0. (18.7)

Let O({y1}) = poo, Q{y2}) = p11, Q({y3}) = p1o — poo- Then p;j = P(ai = j),
where « is a random map on S with distribution Q. For example, take a to be the
identity map y — y on (I, G, Q) with G = class of all subsets of {0, 1}. One may
check that the (noncanonical) & given by (18.6) has this distribution Q. A different
representation is given by taking I" = {y1, ¥, ¥3, y4} with

10) = yi(1) = 0; 72(0) = y2(1) = L;3(0) = 0, y3(1) = L;14(0) = 1, (1) = 0. (18.8)

Take Q({yi}) = ¢i (i = 1,2,3,4), where g1 +92+¢q3+q4 = 1 and g1 + g3 = poo,
q1 + g4 = p1o. Note that the preceding representation is a special case of this, with
g4 = 0; but one may obtain a one-parameter family of distributions Q of the present
form, with ¢ arbitrarily chosen from [0, min{poo, p10}]-

As mentioned earlier, the representation of Markov processes by iterated maps
is often an effective means for analyzing them. In Chapter 17, this representation
is made use of to provide geometric rates of convergence to equilibrium for several
general classes of Markov processes. We conclude this chapter by showing how the
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so-called method of backward iterations may sometimes be used to prove existence
of and convergence to an invariant probability.

Let {ac,,}»>1 be a sequence of i.i.d. random maps on §, and X independent of
{a}n>1. By the process obtained by backward iteration, we mean

Yo=Xo, Yu=a1ar...00,X9 (n>1). (18.9)

Unlike the forward iterated process {X, : n > 0} given by (18.1), the pro-
cess {Y,}n>0 is not in general Markov; in particular, the (joint) distributions of
(Xo, X1,...,Xp) and (Yo, Y1,...,Y,) are generally not the same if n > 1
(Exercise). On the other hand, for each n, the (marginal) distribution of Y, is clearly
the same as that of X,,. Thus if one can show that Y, converges in distribution to
some probability, then so does X,. For certain classes of Markov processes, the
sequence {Y,},>0 actually converges almost surely to some random variable Y, so
that Y;, converges in distribution to (the law of) Y. This is indeed true of the linear
processes considered in Chapter 17 (see (17.7)—-(17.10), (17.22)).

Example 2 (1.1.D. Monotone Increasing Maps). Let {a,},>1 be a sequence of i.i.d.
random maps on an interval § = I, with «,(®w) monotone increasing for every w
outside a P-null set N. That is, for all x < y in I, one has

o (w)x <ay(w)y if wogN @n=>1). (18.10)

Assume that I has a smallest element a. For each x € I, consider the backward
iterated sequence {Y, (x)},>0 starting at x,

Yox) =x Y,(x) =oajar...0,x (n>1). (18.11)
The sequence {Y,(a)},>1 is increasing almost surely. That is, if & N, then

Yi(a) = aj(a) > a=Yy(a),

Yor1(@) =ar...apapri(@) >a)...a,(@) =Y,(@) (m>1). (18.12)

Let Y denote the (a.s.) limit of Y, (a). If Y < oo a.s., and «, is continuous a.s.,
then the distribution 7, say, of Y is an invariant probability for the Markov process
{Xn}n>0 (Exercise 18). If, in addition, Y, (x) converges a.s. to the same limit Y for
every x € I, then & is the unique invariant probability of {X,},>0, since in this
case the distribution p™ (x, dy) of X, (x) converges weakly to 7 for every x € I
(see Corollary 8.5). We next consider an important class of examples of this.

Example 3 (A Class of Markov Processes on S = [0, 00) Generated by IID
Monotone Maps). Let the Markov process on S = [0, co) be defined by

Xp+1 = max{0, X,, + €,41}, n=0,1,..., (18.13)
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where {¢,, : n > 1} are i.i.d. random variables with values in (—o0, c0), independent
of X¢ € [0, 00). Consider the family of maps

fo(x) =max{0,x +0} = (x +0)",0 € (—o0, ). (18.14)
One may represent (18.13) as
Xp=dpody_10---0a1Xg, oyx:=fo,(X)=x+e)T, n>1. (18.15)

For each 8 € (—o0, 00), fp is an increasing map (i.e., if x < y, then fy(x) <
fo(¥)), so that {&,, : n > 1} is a sequence of i.i.d. monotone maps on S = [0, 00),
whose iterations generate the Markov process {X,, : n = 0, 1,2, ...}. Once again,
let us consider the nth backward iteration

Ypo(z) =ajoazo---00yXo= fq o f,0--0 fe,(2),n=0,1,..., (18.16)

noting that Y, has the same distribution as X, starting with Xy = z. Also note that
Y,(0) 1 as n 1 oo, and if the limit, Y, say, of ¥, (0) is finite (almost surely), and
7 is the distribution of Y, then & is an invariant probability, since the distribution
p(") (0, dy) (of X,,(0)) converges weakly, i.e., in distribution, to 7 as n — oo (see
Proposition 8.4). We now explore the following important result.

Theorem 18.3. For the Markov process defined by (18.13), assume [Ee; < 0. Then
the Markov process has a unique invariant probability 77, and p™(z, dy) converges
to w weakly as n — oo, for any z € [0, 00).

Before proving the theorem, we consider a number of important applications.

1. (G/G/I Queue) In this popular queuing model with a single server, customers
arrive one after another at times 7,,, (n = 1,2, ...), Tp = 0, such that the inter-
arrival times U,, = T,, — T,,_1 are i.i.d. and independent of the service times V,,
(for the nth customer), n > 1, which are also i.i.d. Then the waiting times W,, for
the nth customer, n > 1, satisfy the recursive relation

Wyt1 = max{W, + V,, — Uy, 0} = max{0, W, + €.}, €441 := Vi — Upy1.
(18.17)

Thus the waiting time approaches a steady state if the expected service time of a
customer is less than the expected inter-arrival time.

2. (Lindley-Spitzer Process of Resource Management) Consider a resource, such
as ground water, fish, etc., whose amount at time n (say in year n) is X,, > 0.
At time n + 1, a random input R, (rainfall, hatchery, etc.) arrives, R,, n > 1,
ii.d. nonnegative random variables. A desired consumption level is ¢ > 0. If
X, + Ry41 > c, then an amount ¢ is consumed, and if X,, + R,4+1 < ¢, then
X, + Ry41 is consumed. In either case, the remaining amount of the resource at
time n 4+ 1 is X, 41 = max{0, X,, + R,+1 — c}. Writing €,41 = R, 41 — ¢, one
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has the Markov model (18.13). If Ee; < 0, thatis, ER, 1 < c, then the Markov
process {X,, : n > 0} has a unique invariant distribution.

3. (Problem of Ruin in Insurance) In the general renewal model of insurance,
also known as the Sparre—-Andersen model, claims of strictly positive sizes
Z1, Z3, ... arrive at random times 771, T3, ..., and a constant premium ¢ > 0
per unit of time is collected. The sequences {Z, : n > 1} and {T,, : n > 1}
are assumed to be independent. It is also assumed that the inter-arrival times
Ai =T, —Ti—1(i = 1,2,...) are i.i.d. with Ty = 0, and EA; = 1/ is finite.
For an insurance company with an initial cash reserve u > 0, the probability of
ruin is

n n
Y(u) = P(Z Zi >u+ cZAi for some n) = P (S, > u for some n),
i—1 i=1
(18.18)
where S, =Y ', Zi, € = Zi — cA;, (n > 1), Sp = 0. The insurance company
requires the following net profit condition (npc):

Ee; < 0. (18.19)

The (npc) implies that M := sup{S, : n > 0} is finite almost surely, and one may
express the ruin probability (18.18) as

V(W) =PM > u). (18.20)
Note that M is the same as Y in the proof of Theorem 18.3, so that
Y (u) = m(u, 00), (18.21)

where 7 is the unique invariant distribution of the Lindley—Spitzer process. If
one defines a Markov process {X,, : n = 0,1,...} on § = [0,00) as in
Theorem 18.3, with X9 = x > 0, then of course 7 is its unique invariant
probability, and (18.21) holds.

In the problem of this application to insurance, that Markov process is rather
contrived. In the present application, the objective is to find the probability of ruin
as a function of the initial asset u. However, this formal link allows one to find
many details about the invariant probability of the Markov process in the general
context of Theorem 18.3, and in the special contexts of the queue and resource
applications, simply because of the huge existing literature on ruin probabilities
in insurance. Also see Exercise 18.

In order to prove Theorem 18.3, we first prove a simple lemma.

Lemma 1. With the notation and (18.14) as above, one has for all n > 1 and all
0;,1<i<n,
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J
foofoy 00 fa,(0)=max 0. 6. 1<j<nt. (18.22)
i=1

Proof. We use induction. The result is obvious for n = 1, since fy (0) =
max{0, 61 + 0} = max{0, 61}. Assume that (18.22) holds for some »n. Then

for 0 far 00 fog, 0 fo 1 (0) = fo, (max{0, 1,6, 2 < j <n+1})
= max{0, max{0, Y /_,6;,,2 < j <n+1}+6;}
=max{0,>/_ 6;,1<j<n+1}.

Proof. Consider the backward iteration Y, (z) in (18.16) that has, for each n, the
same distribution as X, (z). For z = 0, one has by the above lemma,

J
Y,(0) = max{0, Y €. 1< j <n}. (18.23)

i=1

It is easy to check directly using monotonicity and fe,.,(0) > O that ¥,,(0) 1 Y for
some Y asn — oo. This is also clear from (18.23). We will show that Y < oo almost
surely under the hypothesis [Ee; < 0. It follows by the strong law of large numbers
that 27:1 €; — —oo almost surely as n — oo. Hence, there exists N = N (w) such
that Z?:l €; < 0 foralln > N(w) and, therefore,

n J
Y (w) = max{0, sup(Z €i,n > 1)} = max{0, Zei, 1<j<N®} < oo.

= = (18.24)
Letting 7 denote the distribution of Y, one then has Y;,(0) converges in distribution
to 7. Therefore, X, (0) converges in distribution to 7 as n — o0, i.e., p(")(O, dy)
converges weakly to w(dy). Since the Markov process has the Feller property, it
follows that 7 is an invariant probability of the process {X,, : n > 0}. To prove that
it is the unique invariant probability, consider that, for an arbitrary z > 0, Y, (z) that
may be represented by the lemma, noting that f¢, (z) = max{0, z +¢€,} = fe,+:(0),
as

Yu(z) = fel ° fez ©---0 feu(Z)
= fél o féz ©---0 fenfl o fen+z(0)

n—1

=max{0, Y & + e, + 2} (18.25)
i=1
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Once again, there exists N = N’(w) such that Z?Z_ll €i+e,+z <0foralln > N/,
so that (18.25) reduces to Y, (z) = max{0, Z:’:—f €;} for all n > N’. Thus the limit
of Y,(z) is Y, the same as that for Y, (0), as n — oo. Thus Y, (z) converges in
distribution to  for every z, and so does X}, (z). In particular, p(”) (z,dy) = n(dy),
by Corollary 8.5. |

Remark 18.1. 1t is noteworthy that the limit distribution 7 of the Markov chain
{X,} is reached in a finite number of backward iterations. In a Monte Carlo
simulation context, this phenomenon is referred to as a perfect simulation.

To conclude, let us consider the nature of the invariant probability r of the Lindley—
Spitzer process.

Proposition 18.4. Let (S,S) be a measurable space and p(x,dy) a transition
probability on S. Let p be a o-finite measure on (S, S). Suppose that for some n,
the n-step transition probability measure p (x, dy) is absolutely continuous with
respect to p(dy), for every x € S. (i). If r is an invariant probability for p(x, dy),
then 7 is absolutely continuous with respect to p. (ii). Let xo be a recurrent point
and p™ (xo, dy), absolutely continuous with respect to p for every n > 0. Then 7
is absolutely continuous with respect to p as well.

Proof. Suppose p(B) = 0 for some B € S. (i) Since p (x, B) = Oforall x € S,
by hypothesis, 7(B) = fS p™(x, B)m(dx) = 0. (ii) In this case, p™ (xo, B) = 0
forevery n = 1,2, .... Starting from any given x € S, the process {X,, : n > 0}
reaches xg with probability one, but the probability is zero that from xq the process
ever enters B. Since the expected amount of time the process spends in B in a single
cycle starting at xo and returning to x is zero, 7 (B) = 0. |

Turning to the Lindley—Spitzer process satisfying EZ; < 0, note that O is a
positive recurrent state. Denote by G the distribution of Z;. Let p be a sigma-
finite measure on (S, S) such that (i) p(0) > 0 and (ii) for every B € B(0, o0)
for which p(B) = 0, one has G**(B) = 0 for every n = 1,2, .... We will show
that 7 is absolutely continuous with respect to p. To see this, let p(B) = 0 for some
B € B(0, o0). Then, foreveryn = 1,2, ...,

p™0.B)=P(maxS;:j=1,....neB)< Y  P(S;€B)=0.

I<j=n

Therefore, the hypothesis of Proposition 18.4 is satisfied. In particular, if G is
absolutely continuous with respect to Lebesgue measure, then one may take p to
be the measure that assigns a unit mass to {0} and Lebesgue measure on (0, 00).
Hence, if G is absolutely continuous on R, then 7 has a point mass at zero and a
density on (0, 00).

Remark 18.2. 1t is known from Spitzer (1956) that a necessary and sufficient
condition for the conclusion of Theorem 18.3 to hold is Y -, %P(el +e+---+
€, > 0) < oo (see Exercise 18).
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Remark 18.3. In Bhattacharya and Waymire (2021), the ruin problem was intro-
duced, and a treatment of ruin probabilities was given for the general renewal model
when the claim sizes are light tailed, i.e., having a finite moment generating function
in some neighborhood of zero, and in the so-called heavy-tail case. In the former
case, Feller’s approach using Blackwell’s ladder heights, as well as Blackwell’s
renewal theorem, plays crucial roles.! Recent work has focused on the latter case
where Blackwell’s ladder heights are not applicable.

The results on linear Markov processes in Chapter 17 may be extended to
processes obtained by iterations of general i.i.d. contracting maps on a Polish
space (S, p). Amap f : § — S is Lipschitz (with coefficient L) if there exists
L > 0 such that p(f(x), f(y)) < Lp(x,y), for all x,y in S. The map f is a
contraction if it is Lipschitz with the coefficient L = 1, and it is a strict contraction
if p(f(x), f(3) < p(x,y), forall x, yin §S. Let o, n > 1, be an i.i.d. sequence of
random contractions defined on a probability space (£2, F, P).

We begin with a result on compact metric spaces (S, p) due to Dubins and
Freedman (1966).

Theorem 18.5. Let (S, p) be a compact metric space and I” the set of all contrac-
tions on §, endowed with the supremum norm || - ||. Let Q be a probability on the
Borel sigma-field of I". If a strict contraction belongs to the support of Q, then the
Markov process X, (x) := oy, ...op01x (n > 1), Xo(x) = x (x € S), converges in
distribution to its unique invariant probability, whatever be the initial state.

Proof. Let y be a strict contraction in the support of Q. Then, writing y/ for the
Jjthiterate of y, one has:

@) diarnﬂOSj<oo ¥/ (S) = asingleton, say, {xo}.
(i) diam(y/(S)) | Oas j 1 oo.

To prove (i), recall that by the finite intersection property,” Sy := Mo< j<oo I (9))
is nonempty. If this set has more than one point say, xo and yg, that would contradict
the fact that y(Sp) = So. For, diam of Sy is p(xp, yo), while that of y(Sp) is
p(yx0, ¥yy0) < p(xo0,y0). Note that x¢ is the unique fixed point of y. To prove
(ii), suppose, if possible, there exist § > 0 and a positive integer jo such that for all
j > jo, diam(y/(S)) > 8. Then diam Mjo<j<oo yI(S) = diam Mjo<j<oo v (S) >
8, which contradicts (i). We next prove that, given x,

P(sup{p(X,(x), Xp(y)) : y€ S}) —» 0asn — oo. (18.26)
For this, fix € > 0. By (1)(ii), there exists j(¢) such that diamyj(e)(S) < €. By

the support property, 8(¢) := Q(y’ € I : ||y’ — vI|| < €/j(€)) > 0. Consider the
sequence of independent events

I'See the specific subject matter texts by Ramasubramanian (2009) and by Rolski et al. (2010) for
comprehensive treatments of the ruin problem and much more.

2 BCPT, p. 242.
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A = {llaje)m-n+k — VIl <€/jle) forallk =1,..., j(e)}(m = 1).
Then Q(A,,) = 5(€)/© > 0. By Borel-Cantelli Lemma 1L’
P (A,,occurs for infinitely manym) = 1.

Buton A4,,,

|t e)m—1)+12j ) m—1)42 - - - X ) m—1)+j(e) — V! Nl < j(€)e/j(€) =€,

as is shown by the bound €/j (¢) obtained by replacing the «’s successively by y.
Hence, on A, sup{p (X, (x), X, (¥)) : x, y € S} < €. The proof of (18.26) is now
complete, recalling that all the «’s are contractions. Finally, in view of compactness
of the space P(S) of probabilities with the topology of weak convergence, and Feller
continuity (Proposition 8.6), there exists an invariant probability 7. If one takes the
initial state to be X having distribution m, then it follows from (8.6) that, whatever
be the initial state y, X, (y) converges in distribution to 7 as n — o0. In particular,
7 is the unique invariant probability (Corollary 8.5). ]

For the next result, due to Silverstrov and Stenflo (1998), define the bounded
Lipschitzian distance dp;, on the space P(S) of probability measures on (S, S) by

daL (. v) =sup” / fdu - / fdv
S S

L fe BL}, (18.27)

where

BL:={f:S— R,|f(x) = f(y)] < min(p(x, y), D}.* (18.28)

The space BL of bounded, Lipschitz functions is endowed with the topology of
uniform convergence on compact subsets. A sequence of i.i.d. Lipschitz maps o,
n > 1, is defined on a probability space (§2, F, P) as random maps into BL.
We consider the Markov process X, = o,o,—1...21X0, n > 0, where Xg is
independent of {«,, n > 1}. In particular, denote it by X,,(x) if X is the constant
x € S. As before, Y,,(x) = ajan...a,x, n > 1, denotes the backward iteration.
The random Lipschitz coefficient of axorx—1 ... o x is defined, for j < k, by

L’]‘- = sup{p(ok0tk—1...0;x, Qpog—1...0;¥)/p(x,y) 1 x,y € S,x # y}.
(18.29)

Theorem 18.6. Let (S, p) be a Polish space and {&,, n > 1}, {X,,, n > 0}, {Llj‘.}, as
above. If for some r > 1

3 BCPT, p. 34.
4BCPT p.242, p. 34.
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E(og L) <0, (18.30)

and, for some point x¢ in S,
Elog® p(a,0,_1 ...a1x0, x0) < 00, (18.31)
then the Markov process X, n > 0, has a unique invariant probability , and X,

converges in distribution to & as n — 00, no matter what the initial state is.

Proof. First assume (18.30) holds for r = 1. We will establish the following two
assertions (a),(b) and then show that the desired result follows from them: (a)
sup{p (Y, (x), Y, (»)) : p(x,y) < M} — 0 in probability as n — oo, for all M > 0.
(b) For some x¢ in §, the sequence of distributions of p(X,(x0), x9), n > 1, is
relatively weakly compact. Assume (a), (b) hold. Let f € BL and M > 0. Then

sup  |Ef (X, (x)) — Ef(Xu(y))l (18.32)
px,y)<M

=supp(x,y) < MIEf(¥n(x)) — Ef(¥n(y))l

< sup E(Tn(x), Ya(y) AL
px,y)<M

— O0asn — o0
by (a). Also,

[Ef(Xn +m(xo)) — Ef(Xn(xo0))] (18.33)
= [Ef (Y, + m(x0)) — Ef(Yu(x0))l
= |Ef(a102...0000+10042 - .. QptmXo) — Ef(a1an..00x0)]
< Elp(ajon...0p0n 1042 .. 0 pmXo, @12 . .. 0tpX) A 1)
< P(B1) +E(p,.0(a102...@nlu 1042 ... Oy X0, €102 . .. 0y X0) A 1),
where
By = {p(apy10042 ... aypmXo, X0) > M}
and
By = {p(apy10n42 ... cyymXo, X0) < M}.
Note that P(B1) = P(p(xj02 . . . opyxg, X0) > M) — Ouniformlyinm = 1,2, ...,
as M — oo, in view of (b). Given € > 0, and m > 1, choose M = M (¢) such

that P(B1) < €. Writing X = o, 410,42 - . . ¢p+mX0, the second summand in the
last line of (18.33) may be expressed as Elp,(0(Y,,(X), Y, (x0)) A1) < EZ A1,
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where Z = sup{p(Y,(x), Y,(y) : p(x,y) < M(€)}. Now, givend > 0,E(Z A1) =
Eiz=6yZ A1) + EQiz<ssZ A1) < P(Z > §) +6.By (a) P(Z > §) — O as
n — oo. Thus for all sufficiently large n, the first line of (18.33) can be made as
small as one likes. In other words,

SUp{|E f (X;4m (x0)) —Ef (X, (x0))|: f € BL} - O0asn —->o00 (m=1,2,...).
(18.34)
Thus {X,,(xp) : n > 0} is Cauchy in the dp distance, and the transition probability
is Feller continuous. Therefore, p™ (x, dy) converges weakly to a unique invariant
probability = (See Lemma 2 and Theorem 18.7).
It remains to prove (a) and (b). To prove (a), let L,, (n > 1) be the i.i.d. Lipschitz
coefficients of o, (n > 1), with L = L1,

Ly = sup{p(an(x), an(¥))/p(x,y) :x #y}(n=1,2,...), Ly(x,x) =0.

(18.35)
Then
p(Yn(x), () = plarar...apx, o102 ...y y)
< Lip(ay...onx,02...0,Y)
<--<LiLy---Lyp(x,y),
so that
sup{o(Yn(x), Yu(3) : p(x,¥) <M} < L1Ly...L,M, (18.36)

and, by (18.30) and the strong law of large numbers, with probability one,

(logLy+logLly+...4+1logL, +logM)/n — ElogL; <0, asn — o0;
(18.37)
logLy +logLly + ...+ 1logL, — —oo.
Therefore, the right side of (18.36) goes to zero almost surely, as n — oo.
This proves (a). We next turn to the verification of (b). Note that, by the triangle
inequality,
lp(a102 ... Oy 1042 - . . Oy X0, X0) — p(a102 . . . X0, X0)| (18.38)

< p(@1Q) . .. 0Oy 1042 « - Ol XQ, Q1O . . . Ol X(Q)

< Z Ay .. 0yt jX0, O . Oy j—1X0)
1<j<m

< Z LiLy...Lytj—10(0n+j—1%0, X0)-

l<j<m
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First assume 0 < ¢ = —ElogL; < oo. Let 0 < € < c. By (18.30)
and the strong law of large numbers, outside a P-null set Ny, there exists n =
ni(w) such that log(L1Ly ... Ly)V" = (1/n) Yo, log Ly < —(c — €/2), i.e.,
(L1Ly...L,)"" < exp{—(c — €/2)}, and

LiLy...L, <exp{—n(c—¢€/2)}foralln > nl(.). (18.39)

In view of (18.31), one now has
> P((log" plarxo. x0))/(€/2)) > k)
1<k<oo

= Y P((log" p(eix0, x0))/(€/2)) > k)

1<k<oo

<EV < o0, (18.40)

where V. = log" p(a1x0, x0))/(€/2). By the first Borel-Cantelli lemma, it now
follows that outside a P-null set N», there exists ny = n(w) such that

p(agxo, x0) < expke/2 forall k > ny(-). (18.41)

Applying (18.39) and (18.41) to (18.38), it now follows that outside a P-null set
N = Nj U N,, one has

sup [p (102 . .. 0Oy g1 - - QpmX0, X0) — P(@1Q2 - - - 0y X0, X0)|
m>1

< Y exp{—(n+j—Dic—e/2)+ 1+ j)e/2}

1<j<oo

= > exp{—(n+j)(c—e)+ (c—e/2)}foralln > na()
I<j<oo

= max(n(-), n2(-)). (18.42)

Since the last sum goes to zero as n — 00, it follows that {p (a1 . . . oy X0, X0), 1 >
1}, is a Cauchy sequence and, therefore, converges outside a P-null set N. This
clearly implies (b) in case c is finite, i.e., —Elog L} = —Elog L1 < oo. If c equals
00, then (18.39) and (18.42) hold for any ¢ > 0.

Finally, suppose (18.30) holds for some r > 1. The argument above may now
be applied to the transition probability p"(x, dy). It follows that, for every x € S,
p*)(x, dy) converges to an invariant probability 7, say, in the distance dp; as
k — oo and, therefore, weakly. This implies that the distribution of X}, with initial
distribution s, namely, 7" 11, converges weakly to 7, for every probability measure
w, as k — oo. Letting u = pW(x,dy), j > 0, one then gets p*+7(x, dy)
converges weakly to 7, for every j=1,2,.., as k — oo. On a Polish space (S, p),
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(P(S), dp) is a complete separable metric space. In particular, a Cauchy sequence
in the Prokhorov distance dp converges. A proof of this and of the completeness
of the dpy distance is given in Theorems 18.7 and Proposition 18.8 below. This
completes the proof of Theorem 18.6. ]

The distance function dp; may be obtained as a special case of Kantorovich—
Rubenstein—Wasserstein metrics (Rachev (1991)) and is independent due to Dudley
(1968). The following lemma implies that P(S) is Cauchy under the Prokhorov
distance dp, since it is so under the dpg; distance.

Lemma 2. Let (S, p) be a metric space. On P(S), the following relation holds:
dp(u,v) < (dpp(m, V)2

Proof. Fix 0 < € < 1. For a Borel set B, the function f(x) = max{0, 1 —
e 1p(x, B)} satisfies | f(x) — f(y)| < € 'p(x,y), sothat ef € BL : |ef(x) —
efMI =1, lef(x) —ef ()| < plx, y). Now

/;fdvze_lfsefdv
=e‘1[ fs efd(v—p) + fs efdu}

< e 'dpr (i, v) + u(BS), (18.43)

v(B)

IA

where B¢ = {x : p(x, B) < €} > 0 on S. The first inequality in (18.43) holds
because f = 1 on B and f > 0 on S. The last inequality follows from the facts that
€f € BL,and f = O outside B, 0 < f < 1 on S. Interchanging the roles of v and
w in (18.43), it now follows that dp (i, v) < € 'dpr (i, v). Letting dpr (1, v) =

€2, one getsdp(u, v) <€, whateverbe e, 0 < € < 1. |

Remark 18.4. One importance of Theorem 18.6 is that it truly extends the linear
theory presented in Chapter 17. In other words, all the main results of Chapter 17
follow from Theorem 18.6 almost as immediate corollaries (Exercise 9).

Remark 18.5. Theorem 18.5, due to Dubins and Freedman (1966), cannot be
obtained as a special case of Theorem 18.6. One can easily construct contractions
with Lipschitz constant 1, perhaps with a strict contraction in the support, but not
an atom, for which Theorem 18.5 holds, but Theorem 18.6 does not. On the other
hand, Theorem 18.6 only requires Elog L < 0, allowing larger Lipschitz constants
than 1 in the support.

Let (S, p) be a complete separable metric space. We will show that the space
P(S) of all probability measures on the Borel sigma-field S of S is complete under
the Prokhorov distance dp and also under the bounded Lipschitz distance dp; . That
dp metrizes the weak topology is a standard fact.” It is simple to check that dp; is a

3 BCPT, Proposition 7.14, pp. 146,147.
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metric on P(S). From Lemma 2, it follows the metric topology under dpy, P(S) is
at least as strong as the weak topology; the arguments below will show that the two
topologies are the same.

Theorem 18.7. On a complete separable metric space (S, p), the space (P(S), dp)
is a complete separable metric space.

Proof. The proof will involve two steps.

Step 1. Let us begin by proving that, under dp, a sequence P, (n > 1) in P(S) is
tight if, for each € > 0, 8 > 0, there exist a finite set {B; : j = 1, ..., m} of spheres
of radius & such that Pn(Ulstm Bj) > 1 — € for all n. For this, fix € > 0. By
the italicized condition, for each k, there exist a set of my spheres {Bx1, . .., Bimk}
of radius 1/k such that Pn(Ulstmk Bj) > 1—¢€/2k (k = 1,2,...). The set
D = (>1(Ui<j<mk Bj) is totally bounded, since given n > 0, letting k be such
that 1/k < n, the mk balls of radius 1/k cover D: D C [ < < Bj- On the other
hand, P, (D) < Y| ;o0 €/2k = €, so that P,(D) > 1 — € for all n. Let K be the
closure of D. Then K is compact6 and P,(K) > 1 — € for all n. This proves that
{P, : n > 1} is tight.

Step 2. We now show that if {P, : n > 1} is a Cauchy sequence under dp, then
it is tight. We need to check the italicized condition in Step 1. Let ¢ > 0 and § >
0. Consider n < min{e, §}/2, and find n(n) such that dp(P,, P,) < n for all
n,n’ > n(n). Because (S, p) is a separable metric space, there exist a finite number
of spheres Bj (j =1, ..., m) of radius n such that Py Bj:1<j<m)>1-
n.Let Gy, ..., Gy, be the spheres with the same centers as By, ..., By, respectively,
but with radius 2. Then (| Bj:1=<j=<m"cC (¥ Gj:j=1,.,m),and, by
definitionof dp, P,((UB; : 1 < j <m)"+n > Pyop(UBj: 1 <j<m)>1—n
foralln > n(n). Thatis, P,(\UG; : j=1,....m) > P,(IUBj : 1 < j <m)") >
1 —-2n>1—¢,forall n > n(n). Since G are spheres of radius 25 < 4, it follows
from Step 1 that {P, : n > n(n)} is tight. One may include the other finitely many
P, by using the separability argument to find a finite number of §-spheres satisfying
the italicized requirement of Step 1 by enlarging the family G, still with a finite
union. |

Proposition 18.8. On a complete separable metric space (S, p), the distance dpr.
metrizes the weak topology as a complete metric.

Proof. From Theorem 18.7 and Lemma 2, it follows that if P, is Cauchy in the
distance dpy, then it converges weakly to a probability P. However, it does not
immediately follow that P, converges to P in dpr, ie., dpr(P,, P) — 0. A
natural proof of this comes from the fact’ that BL is a uniformity class for weak
convergence; that is, whatever be P and a sequence P, converging weakly to P,
sup{| [¢ fdP, — [¢ fdP| : f € BL} — 0asn — oo. To see this, fix € > 0.

6 BCPT, Lemma 4, p. 244.
7 See Bhattacharya and Ranga Rao (2010), p. 17.
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Let P, converge weakly to P and K a compact set such that P,(K) > 1 — € for
all n, P(K) > 1 — €. The set BL restricted to K is a compact metric space under
the supnorm || - ||x (by the Arzela—Ascoli Theorem).® Hence, there exist functions
fi, .., fm, in BL with support contained in K such that || f — fj||[x < € for all
f € BL and forall f; (j = 1,...,m). Then, writing the restriction of f to K as
7K (.., fX = f on K, and zero outside), one has

‘/dePn—/deP
S S

foralln > ny, where ny is such that [, | fjd P, — [5 fjdP| < eforall j=1,....m
for all n > ny. Next,

'/dePn—/fdP
S S
forall f € BL,and | [ fKap — [ fdP| < 2e. Finally, for all n > nj,
‘/fdP,,—/fdP /dePn—/deP‘
S S S N
K K
—l—‘/f dPn—ffdPn —i—‘/f dP—/fdP'
S S S S

< 3¢ +2¢€ + 2¢ = Te.

ffde,l—/ fde‘ 1j = 1,..,m}+2€ < 3¢,
S S

< max{

=< 2||f||Pn(Kc) <2e

=<

Since these estimates hold for all f in BL,

sup”/sfdPn—/SfdP‘:feBL}—>O,

asn — 00. |

Exercises

cosf —sinf

1. (A One-Step Cut-off Map) Let Ug = | .
sinf cosf

), 0 <6 < 2w, denote the

group of counterclockwise rotation matrices on the unit circle S in R?. Define
X, = ]_[?=1 Uo;Xo,n = 1,2,..., where Xo € S, and ©1, @3, ... are i.id.
uniform on [0, 277) under addition modulo 2.

8 BCPT, pp. 244245, or Folland (1984), p. 131.
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10.

(a) Show that X; is uniformly distributed on S after one iteration (see
Example 4 for another cut-off phenomena).

(b) Show that the uniform distribution on S is the unique invariant distribu-
tion. [Hint: Reformulate the problem in the complex plane using Euler’s
formula, and check that the distribution of the sum modulo 27 of two
independent uniform random variables is uniform on [0, 277).]

. Prove that (18.3) is a well-defined transition probability on (S, S) if « is a

random map according to Definition 18.1.

. For the function F! defined by (18.5), check that ax := F_!(U) satisfies

(18.2) and has the distribution function y — Fy(y) := p(x; (—o0, y]).

Prove that the process {X,(x) := &, ...01x : n > 0}, where {a, : n > 1}
are i.i.d. random maps on (S, S), is a Markov process having the transition
probability (18.3). Show that this remains true if the initial state x is replaced
by a random variable X independent of {e,, : n > 1}.

. Show that the hypothesis E¢; < 0 in Theorem 18.3 implies that Spitzer’s

condition holds: Y72 , %P(el +---+€ >0) < oo
Suppose €; in Theorem 18.3 has the shifted exponential distribution with
density h(x) = B! exp{—xT#}l(c,oo)(x), (c > B > 0). Show that the
invariant distribution 7 has a point mass at 0 and a density on (0, co) given
by (0) = B/0, w(x) = 0" exp{—2F<}, x > 0, where § > B is the solution

of the equation 1 — 7 = €7 7.
Apply Exercise 18 to each of the following models:

(a) The Lindley—Spitzer resource management model in the case when the
distribution of the random input R, has the exponential distribution with
mean 8 < c.

(b) The G/G/1 queuing model when the distributions of the inter-arrival
time U and the service time V are both exponential with means 8, 6,
respectively, with 8 < 0. Show that 7 ({0}) = 1 — 8/0, n(x) = g(ﬂ_l -
0~ exp{—(B~" — 67 )x}1(0,00)(x).

(c) The insurance model with exponential with mean g claim size distribution,
exponential with mean 1/A inter-arrival times of claims, and the premium ¢
per unit time satisfying & = c¢/X > f. Show that the probability of ruin with
initial asset u is ¥ (u) = f(u,oo) m(x)dx = gexp{—(ﬂ_1 -0 YHu},u > 0.

In reference to (18.12), show thatif Y < oo a.s., and &, is continuous a.s., then
the distribution 7, say, of Y is an invariant probability for {X, : n > 0}.

. Adapt the Lindley—Spitzer model to a non-profit organization (NP0) with

initial capital u and i.i.d. random donations (in dollars) each year. Assume a

commitment by the NPO to spend an annual amount of ¢ dollars/year in support

of its cause. How do such models compare to the insurance models?

(a) Show that the results of convergence to a unique invariant probability of
the linear models AR(p) and ARM A(p, q) of Chapter 17 follow from
Theorem 18.6.
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(b) Show that the convergence results extend to affine linear maps as well, i.e.,

if one adds a constant vector to the deterministic part Hx.
Consider a Markov process generated by iterations of an i.i.d. sequence o, (n >
1) with common distribution Q (on a space I" of functions on a metric space).
Give an example where the process converges to a unique invariant probability
irrespective of the initial distribution, with Q having a finite support and only
one element a strict contraction, while the others have Lipschitz coefficients
larger than 1.



Chapter 19 ®
A Splitting Condition and Geometric oo
Rates of Convergence to Equilibrium

This chapter builds on the representation of Markov processes in terms of i.i.d.
iterated maps by developing the so-called “splitting techniques’’that capture
the recurrence structure of certain iterated maps in a novel way.

The questions of whether a Markov process has a unique invariant probability and,
if so, how fast the process converges to this invariant probability starting from an
arbitrary initial state are of basic interest. In this chapter, a “splitting” criterion
is shown to imply the existence of a unique invariant probability and to yield
geometric, or exponentially, fast rates of convergence to equilibrium in appropriate
distances. The main result is first derived for Markov processes generated by the
iteration of i.i.d. maps satisfying such a criterion, and then it is applied to different
classes of Markov processes.

The results of this chapter may be used to derive important limit theorems such
as the central limit theorem in a broad range of contexts.

Let (S, S) be a measurable state space and {a,},>1 an i.i.d. sequence of random
maps on S. Thus each «, is a measurable map on a probability space (§2, F, P)
into a measurable space of functions (I", G), such that (y, x) — yx is measurable
on(I" x S,G®S) into (S, S), as in (18.4). Let the distribution of &, be Q. Then
(I', G, Q) is a probability space, and, for each n, the distribution of (e, ..., a;)
is the product probability measure Q x Q x --- x Q@ = Q" on (I'", G®"). In this
setting, the transition operator 7' of the Markov process and its iterates 7" on the
space B(S) of real-valued bounded measurable functions on S may be expressed as
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Tfx) =Ef(arx) = /r fyx)Q(dy). 19.1)
T"f(x) =Ef(an...aix)= /F flrx)Q"dy), xeS, feB(),n=1

As usual, the adjoint operator 7* and its iterates 7*" are defined, on the space
P(S) of all probability measures on S, by letting 7*u be the distribution of o1 Xo
when Xo has distribution p (Xo is independent of {et,,},>1). Forn > 1, T*" is
the distribution of a,, . . . & X. Hence, denoting by p™ (x, dy) the n-step transition
probability of the Markov process X,, = a, ... a1 Xo, n > 1, one has

(T*"w)(A) = P(atp ... 01 Xg € A) = /S "y eI' tyn...y1x € Ahu(dx)

= /S p™(x, Ap(dx), e PS). (19.2)

Note that a probability measure 7 is invariant for the Markov process generated by
the iterated maps if 7 is a fixed point of T* : T*n = m. That is, 7 is an invariant
initial distribution if X1 = o1 X has distribution 7 when X has distribution 7.

The main result of this chapter, Theorem 19.1 below, estimates the distance
between p™ (x, dy) and an invariant probability 7 in suitable metrics on P(S) of
the form

d(p, v) == sup |u(A) —v(A)l, (u,v e P(S)), (19.3)
AeA

where A C S must be selected such that under d, P(S) is a complete metric space,
that is, if d(un, m) — 0 asn, m — oo for a sequence {u,}n>1 C P(S), then there
exists v € P(S) such that d(u,, v) — 0. Two typical selections are (i): A = S,
in which case d is called the fotal variation distance and (P(S), d) is a complete
metric space (Exercise 19), and (ii) in the case S is an interval of R, with S the
Borel o-field, the Kolmogorov metric is defined by the supremum distance between
distribution functions and is obtained here by taking A to be the class of all sets
S N (—o0, x], x € R. Again one may check that this defines a complete metric on
an interval S C R (Exercise 19).

For the statement below, recall that o ¥~ is the image (measure) of u under
the map y (on S into S), i.e., (u oy~ (B) = u(y "' (B)), B € S. Write R(y) for
the range of y,i.e.,

1

R(y) :={r(x):x €S8}, (19.4)
and also write yj, for the composition

Yin '="Va¥Yn-1-..71 fory =Ly, ....,vm)el™ m=1). (19.5)
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The splitting theorem will feature three basic hypotheses: (1) the complete metric
space hypothesis described above, (2) a contractive hypothesis, and (3) a splitting
condition. For the two metrics noted above, the complete metric space condition is
always implied. The second condition always holds for the total variation metric
and, in the case of monotone, maps on an interval. That the second condition holds
is also implied for the Kolmogorov metric. To gain some insight into the splitting
condition (3), let us first consider the “most ergodic” Markov process conceivable,
namely that of a sequence of i.i.d. random variables.

Example 1. Suppose that X, X, ... is an i.i.d. sequence with state space (S, S)
and defined on a probability space (§2, F, P) with a common distribution PoX, I =
. Then one may represent this Markov process by iterations of the i.i.d. constant
random maps defined for w € £2,n > 1, by ap(w) : § — § via o (w)(x) =
X, (w), forallx € S.SoI' ={n, : n,(x) =z forall x,z € S},withG =o{{n;:
z € B} : B € S§}. Now observe that the range of the maps 7, is the singleton set {z},
so for any A € S, the range of 7, is either a subset of A or a subset of A¢. It is in
such a sense that we say the maps “split” the class A := S.

Theorem 19.1. let «, (n > 1) be ii.d. random maps on S with common
distribution Q. Suppose there exists A C S with the following properties:

1. (P(S), d) is a complete metric space, where d is defined by (19.3).

2. d(woy Y voy™l) <d(u,v)forall u,v e P(S) and for Q-almost all y € I".

3. (Splitting) There exist 8§ > 0, N € N, and for every A € A aset [y C ry
belonging to G®V, such that: (i) OV (I'y) > § and (ii) either R(y1n) C A or
R(yin) C A% forally = (y1,y2,....¥N) € T'a.

Then the Markov process generated by the iteration of {c,},>1 has a unique
invariant probability , and the distribution 7**u of X,, = &, . . . &1 X0, with initial
distribution u, satisfies

AT, ) < (1= 8"NMdu, 1) <1 =N (> 1,1 € PS)),
(19.6)
where [x] denotes the integer part of x € R.

Proof. Let A € A. By assumption (3), if y € I'4, then either ;L(yl_Nl (A)) = 1 for
all u or M(nyl (A)) =0 forall u (u € P(S)). Therefore, for all u, v € P(S),

(TN ) A) = (T )(4)] = ‘ /F (o yiy)(A) = (vo VI_NI)(A)QN(dy)‘

+

/F (o yiy)(A) = oy )(A)Q" dy)
A

= ‘/rc(“ o yin)(A) = (voy (AN QY (dy)
A

< (1-=298)d(u,v). 19.7)
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We have used here the facts: (a) QN(I"X) <1-—4and (b)d(uo yl_Nl, Vo yl_Nl) <
d(u,v) (ae. QN ). Note that (b) follows from assumption (2) by induction on N.
The inequality (19.7) implies that

d(T*N p, T*Nv) < (1 = 8)d(, v), (1, v € P(S)), (19.8)

that is, the map 7" on the (complete) metric space (P(S), d) is a strict contraction.
It now follows from the contraction mapping principle (see lemma below) that 7*V
has a unique fixed point & € P(S) and that, withk = n—[n/N]N,n = k+[n/N]N,

AT 1) = d(T . T ) =d<T*k (T*[%]N@ ek (T*[%]Nn»
<d (T*[%]N,u,, T*[%]Nn)
< (1 =8Flage, 7), 1w ePs)). (19.9)

The first inequality in (19.9) makes use of the assumption (2), implying
d(T*, T*v) < d(u,v), since forall A € A,

[(T*)(A) — (T*v)(A)| = ‘/F(uoy_l)(A)Q(dV)—fr(voy_l)(A)Q(dV)
<d(u,v). (19.10)

Finally, if one takes u = T*m in place of w in (19.9), one gets d(T*n, ) =
d(T*"* D7 7) — 0asn — oo. Hence, T*m = m. That is, 7 is a fixed point of
T*. To prove that 7 is the unique fixed point of 7*, simply note that every fixed
point of T* is a fixed point of 7*V, and 7*V has a unique fixed point.

Before deriving some important corollaries of Theorem 19.1, let us restate the
“splitting” condition 3 as the following:
3/ There exist § > 0 and N such that, for each A € A, there is a set Fo C $2 with
the properties:

(@) P(Fa) = 4.

(b) Forevery w € Fa,the range of a1 N = ay - - - @1 is contained either in A or in
A°€.

The statement (3) in the theorem is the canonical version of this with (£2, F, P) =

(I"™°, G®>°, 0%).

Corollary 19.2 (Doeblin Minorization Theorem'). Let p(x,dy) be a transition

probability on (S, S). Assume there exists a nonzero measure A on (S, S) such that

! See Bhattacharya and Majumdar (2007), Bhattacharya and Waymire (2002) for this and related
refinements.
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p™(x,B) > A(B) forall BeS,x €S, (19.11)

for some m > 1. Then there exists a unique invariant probability 7 for p(x, dy),
and one has, for every u € P(S),

sup |(T*' )(B) —w(B)| < (1 =)™ (n > 1), (19.12)
BeS

where § := A(S) > 0.

Proof. We will prove the assertion under the additional assumption that S is a Borel
subset of a Polish space and S is its Borel o-field. A different proof applicable
without this extra assumption is sketched in Exercise 19. The result is simple to
check for the case § = 1, in which case w = A. Assume 0 < § < 1. Then p(’") can
be represented as the sum

p"™(x,B) = Su(B)+ (1 —8)q(x,B) (x€S,BeS), (19.13)

where © = A/A(S) is a probability measure, and ¢ is the transition probability
given by ¢(x, B) = (p"™ (x, B) — A(B))/(1 — A(S)). Now a Markov process with
transition probability p™, thought of as a one-step transition probability, may be
generated by iterations of i.i.d. random maps {e, },>1 as follows. Let (2, F, P) be
a probability space on which are defined three independent i.i.d. sequences {8, },>1,
{Z,}n>1, and {&,},>1 with the following properties: (i) P(B,x € B) = q(x, B) for
allx € S, B € S, (ii) Z, (n > 1) have the common distribution i, and (3) &, (n > 1)
have the common Bernoulli distribution, P(¢, = 1) = §,and (¢, = 0) = 1 — 6.
Define a, (w) to be the (constant) map o, (w)x = Z,(w) (x € S) if ¢,(w) = 1 and
a,(w) = B, (w)if e, (w) = 0. Then P(a,x € B) =86P(Z,, € B)+(1-8§)P(B,x €
B) = 81(B) + (1 —8)q(x, B) = p™(x, B).

We claim that {a,},>1 so defined satisfies the hypothesis of Theorem 19.1 with
A =38, N = 1. To see this, first note that d is the toral variation distance d (i, v) =
le—vlry := sup{|u(B) —v(B)| : B € S}, under which P(S) is a complete metric
space. Also, d(p oy~ voy™!) = sup{lu(y~'(B) —v(y~'(B))| : B € S} <
d (i1, v). Finally, we will prove “splitting” in the form of the italicized statement 3’
preceding the statement of the present theorem. For every A € S, choose Fy =
{w : e1(w) = 1}. Then P(F4) = 4, and for every w € Fj4, the range of o1 (w)
is the singleton {Z|(w)}, which is contained either in A or in A€. If one writes
the adjoint operator 7" corresponding to the (one-step) transition probability pm
(e, (T7w)(B) = [ p"™ (x, B)u(dx) = (T*"w)(B)), then, by Theorem 19.1 with
N = 1, there exists a unique fixed point 7 of 7|" and d (Tl*ku, 1) < (1 —98)F
for every i € P(S). That is, d(T*"* ) < (1 — §)X. Also, d(T*" +7) 7)) =
d(T*™ /' ) < (1 —8)k, with u/ = T* pu.

A simple application of Corollary 19.2 is to possibly non-irreducible Markov
chains on countable state spaces.
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Corollary 19.3. Letp = ((pij))i, jes be a transition probability on a countable state
space S. Suppose there exist m > 1 and j € S such that p(m) > € > 0 foralli.

Then the Markov process has a unique invariant probability rr and

sup Y )pf;’) - nj‘ <21 =& (> 1), (19.14)
i jes ‘

where § = Zjesinf{pi(;") ci e S}, mpoi= mw({j}. Thus if § > 0, one has
exponential convergence to equilibrium in total variation distance.

Proof. Use Corollary 19.2 with A({j}) = §; : 1nf{p(m) :i € S}, j € Stoprove
the existence of a unique invariant probability 7 and to get the estimate

sup | p™ (i, B) — w(B)| < (1 — &)I"/m], (19.15)
BCS

since A(S) = ZjeS 8; = 8. Itis simple to check that ZjeS |pl.(]'.') — 7] is twice the
left side of (19.15) (Exercise 19).

Corollary 19.4 (Convergence to Equilibrium of Finite State Irreducible Chains).
Let p be an irreducible transition probability matrix on a finite state space S. Then
(a) p has a unique invariant probability # = {7; : j € S}, and (b) if d is the period
of the chain, there exist § > 0, and a positive integer v such that

d—1
1
> v Zpi(]'.’d*“) —7;l <A = (=1, (19.16)
jes u=0
In particular,
[N/d]

Zp(m x| <

~IN/d] =

sup Z

ieS jes

—s =0 <%) ., (N>1).

(19.17)

Proof. 1f p is aperiodic, then, by the lemma below, there exists an integer v > 1
such that p(”) > 0 for all i, j, and Corollary 19.3 applies. Assume now that p is
periodic w1th period d > 1 and with the cyclical sets C,, 0 < r < d — 1 (see
Proposition 10.3(b)). Then, for each r, p? is an aperiodic and irreducible transition
probability matrix on C,. Let v, be the smallest integer such that p(v”’) > 0 for
all i, j € C,. Then, by Corollary 19.3, p4 has a unique invariant probabllity T, =
{m;,j : j € C;} on Cp, and one has

sup Z

ieC, jeC,

pi ¥ - r,j‘f(l_sr)[ﬁ] (n>1), (19.18)
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where 8, = min{p{"” : i, j € C;} > 0.1t follows that if i € Cy, j € C, with

p§7d+“> =0ifu #r — s(mod d),

d d
> [pG —dmy| = 30| ol - drp

jeC, jeC, |keC,
(u) (nd)
<> ri ). ‘Pk./ _d”f)
keC, jeC,

< (1 =38V ify = r — s(mod d).

Letd =min{§, : 0 <r <d — 1}.
Define the probability measure w = {rr; : j € S} as

d—1

m=(1/d)) =, (19.19)

r=0

where &, is extended to S by setting & (S\C,) = 0.

Summing (19.19) overu =0, 1, ..., d — 1, one then obtains
14 1
d d ..
v pr;? ) _ Epf;? (= j — i (mod d)), (19.20)
u=0

so that for all i, j,

d—1

d—1

1 (nd+u) 1 ayry 1
T F T ) < XX [ = g
=N u=0 r=0 jeC,

d—1

1
<) A=< a -y, (19.21)
r=0

where v = max{v, : 0 < r < d — 1}. This proves (19.18). The inequality (19.17)
follows by breaking up the sum (over m) into consecutive blocks of d summands
and applying (19.16) to each block.

The invariance of & and its uniqueness follow from (19.17), using Corollary 8.5.

Part (b) of the following lemma was used in the above proof.

Lemma 1. Let p be an irreducible aperiodic transition probability matrix on a
countable state space S.

(a) Then, for each pair (i, j), there exists an integer v(i, j) such that p,.(}l) > 0 for
alln > v(i, j).
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(b) If S is finite, there exists vy such that pi(]'.’) > Oforalli, j,ifn > vg.
Proof.

(@) Let Bjj ={v>1: pl.(;) > 0}. For each j, Bj; is closed under addition, since

p;j.l+v2) > pgl) p;‘j’?). By hypothesis, the greatest common divisor (g.c.d.) of

Bjj is 1. We now argue that, if B = Bj; is a set of positive integers closed
under addition, then the smallest subgroup G of Z (which is a group under
addition) is Z. Note that G equals {u — v : u, v € B}. If B does not equal Z,
then 1 ¢ G, sothat G = {rn : n € Z} for some r > 1. But, since B C G, this
would imply that the g.c.d. of B > r, a contradiction.

We have shown that 1 € G, i.e., there exists an integer » > 1 such that
b + 1, b both belong to Bj;. Let v; = (2b + D2 Ifn > Vj, one may write
n=q2b+1)+r,wherer and g are integers, 0 <r < 2b+1,andg > 2b+ 1.
Thenn =g{ib+b+ 1} +r{ib+1—-b}=(@—-r)b+(@q@+r)b+1) € B.
Thus b?;.) > 0 for all n > v;. Find k = k;; such that pl.(jl.‘) > 0 and then

pl.(]'.'+k) > ps.c)p;";) > Oforalln > v;. Now take v(i, j) = k;; + v;.

(b) If S is finite, let vo = max{v; + k;; : i, j € S}. Then, for all i, j, one has
pi(]'.’) > 0 provided v > vy.

Example 2 (A Non-irreducible Markov Chain with Unique Invariant Probability).

Consider the following transition probability matrix p on the state space S =

{1, 2, 3} in the context and notation of Corollary 19.3.

qp0
p=|0gp O<p<l,g=1-p). (19.22)
0pgq

Then, withm =1, j = 2,8; = 63 = 0and § = § = min{p, g}. Also, it is easy
to solve for the invariant probability = to get 11 = 0, 1, = 73 = % Then (19.14)
yields

3
3o —71]-‘ <2(1 —min{p,¢)" (n=>1). (19.23)
j=1
Note that the state 1 is inessential or transient. That is, if the initial state is 2 or 3,
then the Markov process will remain in {2, 3} and never visit 1; on the other hand,

if the initial state is 1, then, with probability one, the process will enter the set {2, 3}
and never return to 1 again.

The next example is that of a finite irreducible aperiodic Markov chain, namely,
the case pl.(;.")
Example 3 (A Birth-Death Chain with Two Reflecting Boundaries). Let § =
{1,2,..., L}, and p = ((pij)) = ((pi.j)) is given by

> (Qforalli, j € S, forsomem > 1.
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Pii-1=6; >0, pii=vi >0, pjiy1=6>0, 8+ +B=12=<i<L-1),

P1,1=7>0, pp=B=1-y1>0, pi,p-1=38.>0, prp=yL=1-6L >0.

It is simple to check that pl.(;.") > Oforalli, jifm = L — 1, so that (19.14) holds.

The study of the existence of unique invariant probabilities and stability is often
relatively simpler for those cases in which the transition probabilities p(x, dy) have
a density p(x, y), say, with respect to some reference measure ((dy) on the state
space. In the case of Markov chains on a countable state space, this measure may
be taken to be the counting measure, assigning mass 1 to each singleton in the state
space.

Example 4 (Maps on the Real Number Line). For a class of simple examples with
an uncountable state space, let S = R and f a bounded measurable function on
R,a < f(x) < b. Let {¢,} be an i.i.d. sequence of real-valued random variables
whose common distribution has a strictly positive continuous density ¢ with respect
to Lebesgue measure on R. Consider the Markov process

Xnt1 = f(Xn) + €np1 (n=0), (19.24)

with X arbitrary (independent of {¢,,}). Then the transition probability p(x, dy) has
the density

p(x,y) =9y = f(x)). (19.25)

Note that

oy — f(x)) = y¥(y) forallx € R, (19.26)

where
Y (y) :=min{p(y —2) :a <z < b} > 0.

Now Corollary 19.2 applies with A as the measure with density ¢ and m = 1.

In contrast to this class, when p(x, dy) are mutually singular for all or most x,
one may have infinitely many mutually singular invariant probabilities. This may
happen, e.g., if in (19.24), the ¢, are discrete. The example below and Exercises 2—
19 demonstrate the dramatic difference in behavior of X,, such as governed
by (19.24), that may arise with the same f but with ¢, having a positive density
in one case and being discrete in the other case. Assumptions such as monotonicity,
or contraction, of f are therefore invoked to guarantee stability in distribution, i.e.,
the convergence in distribution to a unique invariant probability, irrespective of Xg.

Example 5 (An Erdos Problem). Let {€, : n = 1,2,...} be an i.i.d. sequence of
symmetric Bernoulli +1-valued random variables, and let 0 < b < 1. According
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to Proposition 17.1, the distribution 7, of the random series Ziio +b" =
Y s g €nt1b" is the unique invariant probability for the Markov chain X, 41 =
bX, + €py1,n = 0,1,2... Inthe case b = 1/2, define T : [0,1) — [-2,2)
by T(x) := Y 02 g(20p+1 — 1)27", where x := Y .7, 6,27" is the unique binary
expansion of x € [0, 1) having 6, = O for infinitely many n. Then 7 1= roT™ 1,

where A is Lebesgue measure on [0, 1). But Tx =4 > 6,277 — Y ™ 27" =

n=1

4x — 2,x € [0,1). Thus n% is the normalized Lebesgue measure on [—2, 2).
Next consider the case b = % Let K denote the standard Cantor subset of
[0, 1] obtained by successively removing middle one-third intervals, or equivalently,
K :={x=3Y0% 03" :0a, €{0,2} foralln}. Define T : K — [-3/2,3/2]
by T(x) := > o2 o(nt1 — )37, x € K. Then TL=po T—1, where u is the
continuous singular Cantor distribution supported on K C [0, 1]. But T(x) =
3x —3/2,x € K. Thus « 1 is supported on a Cantor subset.” A famous conjecture
by Paul Erdos that j, is absolutely continuous remained unresolved for nearly sixty
years until Solomyak (1995) proveditfor 1/2 < b < 1.

Example 6 (Markov Chain Monte Carlo/MCMC). 1In the Metropolis—Hastings
algorithm, one considers estimating an unknown strictly positive probability density
f on a state space (S, S, u), with respect to a sigma finite measure w, specified
up to a normalizing constant that is not computable, but the ratio f(x)/f(y) is
computable. For this, the algorithm constructs a Markov chain on S whose unique
invariant probability, and asymptotic distribution, is f. For this purpose, consider a
distribution given by a positive Markov kernel (proposal distribution), i.e., strictly
positive transition probability density g(x, y) = ¢g(y|x) from which it is easy to
select an observation y, given x. Beginning with an initial state Xy = xg, one
draws an observation Yy with distribution g (-|x)u(dy). One lets X; = Yy (as the
state of the Markov chain at time 1) with probability given by the acceptance ratio
a(Xop, Yp), where

ax.y) = min{f(y)q(xly)
' F@)gylx)’

and let X; = X with probability 1 — a(Xo, Yo). The transition probability of this
Markov chain is given by

1, (19.27)

p(x,dy) = q(ylx)ax, y)u(dy) + [/S(l —a(x, 2))q(z|x)u(dz)18x (dy).

(19.28)
Letting

2 For further results on the problem of delineating the structure of 7, beginning with early results
of Erdos (1937), see Peres et al. (1999).
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R(x) := /S(l —a(x, y)q(ylx)u(dy), (19.29)
one has

p(x, B) = /B p(x, y)u(dy) + R(x)8x(B), 1= px,S)= /SP(L yu(dy) + R(x).

(19.30)
That is, the chain has a density component p(x,y) = p(y|x) = g(y|x)a(x, y) on
{y € S: ¥y # x} and a point mass at {x} with probability R(x). Setting p(x,x) =0
for all x, the transition density component p(x, y) satisfies the detailed balance
condition

fpy,x)=f&x)px,y) foralx,yes. (19.31)

To see this, note that if f(y)g(x|y) > f(x)q(y|x), then a(x,y) = 1, and
the right side in (19.31) equals f(x)g(y|x). But in this case, a(y,x) =
fFx)gx)/Lf (»)g(x]y)], and the left side of (19.31) is given by the ratio

FMq&1y) f)g)/Lf (g xIy)] = f(x)p(x,y). The case f(y)g(x]y) <
f(x)g(y|x) is similar.

Theorem 19.5. The pdf f is an invariant probability density with respect to u for
the Markov chain:

/Sp(x, B) f(x)u(dx) = /B fu(dy) forallBeS. (19.32)
Proof. First use (19.30) and then (19.31) to obtain that
‘/Sp(x, B)f(x)u(dx) = /; [ B(p(x, y)/t(dy)} F@upldx) + /S R(x) f(x)8x(B)u(dx)
= /s [fB Py, X)f(y)u(dy)] p(dx) + _/B R(x) f(x)p(dx)
-l

N /B US Py, X)u(dx) + R(y)} FOudy)

p(y,x)u(dx)] f(y)u(dy)+/BR(y)f(y)u(dy)

= / Fudy).
B

For the last equality, we have used the last relation in (19.30).

Proposition 19.6. In the Metropolis—Hastings algorithm, assume f(y) >
0 forall y and g(x,y) = ¢g(y|x) > O (u-ae. in y, for every x). Then, if h

is a bounded measurable function, %Zz;loh(Xm) converges almost surely to
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fS h(y)m(dy) for p-almost every initial state X = x. Here w(dy) = f(y)u(dy) is
the invariant measure of the Markov chain {X,, : n = 0, 1, ...} constructed above.
(That is,  has the density f with respect to ).

Proof. Consider the stationary Markov process starting with initial distribution .
We denote by P, the distribution of the Markov process with initial distribution
and by P, its distribution starting at x (Xo = x). According to Birkhoff’s ergodic
theorem, we need to show that the shift-invariant o-field Z is trivial. First note that,
since f is strictly positive (i-a.e.), i and 7 are absolutely continuous with respect
to each other (i.e., #(B) = 0 if and only if u(B) = 0). Suppose now, if possible,
that Z is not trivial so that there exists G € Z such that 0 < P;(G) < 1. From
the proof of Theorem 16.4, it follows that there exists a set B € S such that [X( €
B] = G almost surely (with respect to Py) and that the probability 7p defined
by ng(A) = (AN B)/n(B), A € S, is an invariant probability for the Markov
process. In particular 7p(B¢) = 0. However, since 7 (B€) > 0, u(B¢) > 0. This
leads to the contradiction

0= (8 = [ ptr BOmptan = [ [ / _p(x,y>u<dy>] 7B (dx) > 0.
(19.33)

Here p(x, y) is the strictly positive density component of the transition probability
p(x, dy), see (19.30). The second equality in (19.33) follows from the invariance of
7 g, while the last (strict) inequality follows from the positivity of the integral within
brackets [ ], for every x. Thus Z is trivial, and the stationary Markov process with
distribution Py is ergodic. Therefore, by Birkhoff’s ergodic theorem, % Z’}zl h(X;)
converges m-almost surely to f ¢ h(y)m(dy). Conditioning on Xy, it then follows
that for w-almost all x, % Z'}zl h(X ;) converges to fs h(y)m(dy) almost surely,
with respect to Py. |

Remark 19.1. A simple illustration is obtained by taking g(x, y) = g(y), y € S,

independent of x, i.e., independent sampling, and then y = m/g is bounded. Note

that in this case, the acceptance ratio is a(x, y) = min{ ]ffg ; % A 1} (Exercise 19).

We now turn to the so-called Gibbs sampler” as an alternative to the Metropolis—
Hastings algorithm. The latter is difficult to apply directly to state spaces S
of dimension d > 1 partly because of the problem with directly generating
random vectors and partly because of the slow rate convergence to stationarity of
multidimensional chains. The Gibbs sampler alleviates these problems by using
several one-dimensional problems to manage a multidimensional problem. To
illustrate this, consider the two-dimensional problem with (X, Y) having density
f(x,y), on S C RZ?, with respect to the product i x v of two sigma-finite
measures on (S, S). Let fyx(y|x) denote the conditional density of Y (at y) given

3 See Gelman et al. (1995) for an early exposition. Also see Chib and Greenberg (1995).
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[X = x]. Similarly, define fx|y(x|y). Assume that it is possible to sample from the
conditional distributions.
Algorithm:

(i) Generate X with density fx|y (:|yo).
(ii) Generate Y1 with density fy|x(:|X1).
(iii) Given (X, Y,), generate X, with density fx|y(:|Y,), and generate Y,
with density fy|X(-|Xn+1), n=12,...

Theorem 19.7. Assume S is an open rectangle in R> and f(x,y) > 0 for all
(x,y) € S. Then (a) the Markov chain {(X,, ¥;) : n > 0} has the invariant density
f(x,y), and (b) for every bounded, measurable real-valued function 4 on S,

1 n—1

SO (X Y) = fs hix, y)p(dx)v(dy), (19.34)
=0

almost surely for all initial states (xq, yp) outside a ;# x v-null set as n — oo.

Proof. (a) The transition probability density of the Markov chain (X, ¥,),n > 0,

is given by

f&x1,y0) f(x1, y1)

, s = = , 19.35
q(x1, y11x1, y0) = fxjr (x11yo0) frix (volx1) 00 TxGn ( )
so that
/SQ(Xl, y1lx1, yo) f (xo, yo)u(dxo)v(dyo)
S 1, yo) f(x1, 1)
= , d d
/s(/s T 00, o x°)> oo frtn A
_ / fro) f(x1, yo) f (x1, yl)v(dyo)
s fr (vo) fx (x1)
= f(x1,y1). (19.36)

This establishes part (a). For (b), the proof of convergence is similar to that of
Proposition 19.6 and left as Exercise 19.

The next application of Theorem 19.1 is to Markov processes generated by
iterations of i.i.d. monotone maps already introduced in Chapter 18. Indeed, the
basic notion of “splitting” in this chapter may be thought of as a generalization
of that appearing on iterations of i.i.d. continuous monotone maps on a compact
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interval,* originally due to Dubins and Freedman (1966). We will say y is monotone
increasing if yx < yy whenever x < y. Similarly, y is monotone decreasing if
yXx > yy whenever x < y.

Corollary 19.8 (Convergence of Iterations of I.I.D. Monotone Maps). Let S C R
be an interval, finite or infinite, and S its Borel o -field. Suppose {e;, },>1 is an i.i.d.
sequence of monotone random maps on S with the following property:

(Splitting) There existm > 1, xg € S, and § > 0, such that

P(oyy,...01x > xg forall x, or o...a1x <xg forall x) >46. (19.37)

Then the Markov process {X,(x) := &, ...a1x},>0, x € S, has a unique invariant
probability 7w and

sup | P(X,(x) < 2) — (=00, zIN )| < 1 =)™ (> 1). (19.38)

xesS

Proof. One applies Theorem 19.1 with A = {(—o0,z]NS :z € R}, N = m.In
this case, d(u, v) is the supremum (or, uniform) distance between the distribution
functions of p and v and (P(S), d) is a complete metric space. Also, if y is a
monotone increasing map on S, then d(woy !, voy ™) = sup{u(y "' ((—o0, z]1N
$) — vy N ((=o00,z1 N 8)| : z € R}. If y is monotone increasing, then
¥y (=00, z1N S) is an interval of the type (—o0, z'1N S or (—oo, ') N S (the latter
may arise if y is not continuous). Clearly, | ((—00,z2'1N S) — v((—o00, TN 8)| <
d(u, v). Since the distribution function is right continuous, and d is the uniform
distance, it follows that |pu((—00,z’) N'S) — v((—00,Z) N S)| < d(u,v). If y
is monotone decreasing, then the same argument works on taking the u and v-
measures of the complement of y (=00, 21N S).

It remains to check the “splitting” condition 3. We will check the version of
3’ appearing in italics preceding the statement of Corollary 19.2. For each A =
(—o00,z] N S, let F4 be the set appearing in parentheses in (19.37). Fix w € Fy,
and write y 1= oy (w) ... 01 (w). If yx < xo for all x, then yx € A = (—o00,z] N
S forall x if z > xp, and yx € A = (z,00) N S forall x if z < x¢. Similar
argument applies if yx > xo for all x.

An important generalization of Corollary 19.8 to multidimension is provided by
Theorem 19.9 below. For its statement, define two metrics on the space P(S) of all
probability measures on the Borel sigma-field S of a Borel measurable subset S of
R¥ (S is nonempty and not a singleton). Consider A C S comprising all sets A of
the form

A={yeS:o@l) =x} (19.39)

4 The Corollary 19.8 also extends to closed sets S C R¥, with a coordinatewise partial order.
For this, see Bhattacharya and Lee (1988). Also see Bhattacharya and Majumdar (2010a), and
Chakroborty and Rao (1998).



19 A Splitting Condition and Geometric Rates of Convergence 269

where ¢ a non-decreasing continuous function on S into Rk, x € R¥, and define
da(u,v) = {sup|u(A) —v(A)|: A € A}, u,v € P(S). (19.40)

Also define fora > 0, u, v € P(S),

dg(p, v) = supf| / hdu — / hdv| : h € Hg}, (19.41)
s s

where H,, is the class of all real-valued non-decreasing Borel measurable functions
hon S,0 < h < a. The (partial) ordering < on R¥ used here is the coordinatewise
order: x < yifx(i) < y@ foralll <i <k, (x = (x(1),...,xk)),y =
(y(1), ..., y(k))). Note that d,(u, v) = ad;(u,v). Let I' denote the class of all
non-decreasing Borel measurable functions on S into S, and G a sigma-field on I"
such that (y, x) — y(x) is measurable on (I" x S, G ® S) into (S, S).

Theorem 19.9 (Convergence to Equilibrium of Monotone Markov Processes in
Multidimension). Assume S is a closed subset of R¥. Let Q be a probability
measure on (I", G) with the following splitting property: (H): There exist a positive
integer N, 8; > 0, and measurable subsets F; of (I'N,G®N)(i =1,2),and xg € S
such that:

1. QN(F)) =81, where Fy :={y € I'N : yx < xo forall x € S}
2. ON(Fy)) =85, where F, :={y e 'V : yx > xq for all x € S}

where y is the composition
7=ynyn—1-nfory =i, ....yn) e I'V. (19.42)
Then, letting § = min{d1, 62}, one has
di(T* w, T*v) < (1 =8N forall u,veP(S),n> 1. (19.43)

Also, there exists a unique invariant probability 7 of the Markov process generated
by i.i.d. iterations with common distribution Q, and the following holds:

di(T"w, ) < (1 =8N forall u e P(S),n> 1. (19.44)

Proof. For h € H1, one has

/ hd (TN ) / hd(1*Vv) = f { f h(?X)QN(dV)}/L(dx)
S S N N

- / { / h(?X)QN(dV)}V(dX)
S N
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= ¥ | [ meman - [ menan).

1<i<4
(19.45)
Here
hi(x) = / 170" (dy),
FI\(F1NFy)
ha(x) = / 00N dy).
F2\(FINF2)
ha(x) = / G (dy),
(FIUF2)°
ha(r) = / K0 0" (). (19.46)
FiNF,

Since yx = yxp on F| N F», the difference between the two integrals in (19.45)
for i = 4 vanishes. Now h; and h3 are non-decreasing and 0 < hi(x) <
h(x0)(Q"N (F1) — QN(F1 N Fy)) := a1, hi(x) € Hg,. Hence,

| /S i (op(dx) — /S I V)] < ardy (2, v). (19.47)
Also, 0 < h3(x) <1 — QN (F1 U Fy) = a3, h3(x) € Has, so that
I/Shs(x)u(dx)—/Shz(x)v(dx)l < azdi (i, v). (19.48)
Next, consider the nonincreasing function
h’z(x)=// (1 —h(Fx) QN dy). (19.49)
S J IR\ (F1NF)

0 < hy(x) = (1 — h(x)(QN(F) — ON(F1 N F)) = ay, say, ay — h)(x)
being a non-decreasing function, 0 < ap; — h/z(x) < ap, belonging to Hg,.
Hence, | [ h)(x)u(dx) — [ h5(x)v(dx)| < azd;(u, v). But the left side equals
| [¢ ha(x)v(dx) — [ ha(x)pu(dx)], so that

I/Shz(X)M(dX)—/Shz(X)V(dX)I < azdi (1, v). (19.50)

The relations (19.47)—(19.50) yield
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di (TN, T*Nv) < sup (a1 + az + az)di (1, v)
heH;

= sup {h(x)(QN (F1) — QN (Fi N F»)
heH,

+ (1= h(xo))(QN (F2) — QY (Fi N Fy)
+1—(1—0Y(F1U F))di(u, v)
< max{Q"(F)) — @V (F1 N Fy), @V (Fy) — QN(Fi N Fy))
+ ON(F1 U Fody (i, v) = 8dy (11, v). (19.51)

Iterating the inequality dy(T*¥u, T*Nv) < &8dj(uv) with w, v replaced by
7*Nw, T*Nv, and so on, and using

di(T* . T*) = sup {] [ 1 / h(y)p(x. dy)lp(dx) — / [ / By p(x. dy)v(dol)
heH, S JS S JS

= sup | / / h(7x) Q(dy )u(dx) — / / h(Fx) 0(dy)v(d)|
heH, SJr SJIr

<di(u,v),

we arrive at (19.43). Note that the inner integral f rh(yx)Q(dy) above is a
non-decreasing function of x bounded between O and 1. If one could prove that
(P(S),d;) is a complete metric space, then the proof of the theorem would be
complete, letting 7 be the limit of the Cauchy sequence {T**v} with v = T*"n
in (19.43). Unfortunately, that is a rather complex issue (see Remark 19.2). Instead,
we consider the metric d 4, and note that d; > dyq. h = 1 — 14 € H; for every
A € A. Hence, (19.43) holds with d 4 replacing d;. Lemma 2 below proves that
(P(S), d 4) is a complete metric space. Hence, the Cauchy sequence {7*" 1} under
d 4 converges to a limit , say, which is easily seen to be the unique invariant
probability of the Markov process. The relation (19.44) follows.

Lemma 2 (Completeness of (P(S),d4)). If S is a closed subset of R¥, then
(P(S), d ) is a complete metric space.

Proof. Let {P,} be a Cauchy sequence in (P(S), d4). Due to the completeness of
R, Py (A) converges uniformly on A to some function Py(A), 0 < Py (A) < 1.

Let P be the extension of P, to R, i.e., P (B) = P,(BNYS) for all Borel sets B
in R, Taking ¢ to be the identity map on S, ¢(y) = y, as one of the functions in
the definition of A, the sequence {F,(x) : x € R¥} of distribution functions of {ﬁ }
is a Cauchy sequence converging uniformly on R* to a distribution function F of a
probability measure P on R*. Since S is closed and P,(S) = 1 for all n, it follows



272 19 A Splitting Condition and Geometric Rates of Convergence

from Alexandrov’s Theorem”® that 1 > ﬁ(S) > limsup,, P,(S) = 1 so that ﬁ(S) =
1. Let P be the restriction of P to S. Then P € P(S). We will show that Py, = P.
Let O be an open subset of S. Then O = G N §, where G is an open subset of
R¥. Now liminf, P,(0) = liminf, £,(G) > P(G) = P(0), proving the desired
result that P, converges weakly to P. Note that the two equalities here follow from
the definition of P and P, while the inequality follows from Alexandrov’s Theorem,
using the weak convergence of P, to P. We have proved that P, converges weakly to
P. This implies that for every non-decreasing continuous function ¢ on S (into R¥),
P,op~! (on R¥) converges weakly to Pog ™!, so that the distribution function F), (x)
of P, o ¢~! converges to that of P o ¢!, say F(x), uniformly (as argued above).
With A as defined in (19.39), this says that P,(A) = F,(x) — F(x) = P(A), as
n — oo. Hence, P(A) = Py (A) forall A of the form (19.39).

The following example® shows that the hypothesis that S is closed, or some such
restriction is necessary for the result of Theorem 19.9.

Example 7. Let C C [0, 1] be the Cantor “middle-third” set, P be the Cantor
distribution with support C, and X be a random variable with distribution P. The
distributions P, of X + 37" satisfy P, ([0, I]\C) = 1, with distribution functions
converging uniformly to the distribution function of P, but P ([0, 1]\C) = 0. Hence,
(P([0, 11\C), d 4) is not complete.

Remark 19.2. One can extend Theorem 19.9 to state spaces that are open or semi-
closed rectangles, finite, or infinite.” But completeness of P(S) under the metric d;
seems to be a delicate issue.”

Definition 19.1. A Markov process on a Borel subset S of R¥ having the transition
probability p(x, dy) is said to be monotone increasing if p(x, dy) is stochastically
larger than p(x’, dy) whenever x’ < x.

This definition means that if X and X’ have distributions p(x, dy) and p(x’, dy),
respectively, then X is stochastically larger than X': P(X > y) > P(X' > y)
for all y € RX. Equivalently, writing F, as the distribution function of a random
variable with distribution p(z, dy), a monotone increasing Markov process satisfies
Fy(y) < Fu(y) forall y,if x’ < x.In this sense, the Markov processes generated by
iterations of i.i.d. monotone non-decreasing maps are monotone increasing. Further
results pertaining to monotone Markov processes are presented in Chapter 24 in the
context of coupling.

5 See BCPT Theorem 7.1, pp. 137-139; Billingsley (1968): pp. 11-14.

6 [Personal communication (1994)] This example was kindly furnished by Professor B.V. Rao, ISI
Kolkata, India.

7 See Bhattacharya and Lee (1997).

8 Some general insights and detailed analysis for subsets S of R and R? may be found in
Chakroborty and Rao (1998).
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We leave the proof of the following corollary to Exercise 19. Note that there is a
certain symmetry in the splitting hypothesis (H).

Corollary 19.10 (Convergence to Equilibrium of Monotone Decreasing Markov
Processes). Theorem 19.9 holds for iterations of monotone nonincreasing i.i.d.
maps.

Remark 19.3. When the state space is an interval, the above corollary follows as
a special case of Corollary 19.8. However, a dramatic difference between non-
decreasing and nonincreasing cases is that the necessity condition for the existence
of a unique equilibrium in Proposition 19.7 may fail in the nonincreasing case. We
cite an example of randomly iterated quadratic maps yy, (x) = 0;x(1 —x)(i = 1,2)
on [0, 4], with 6; = 3.18, 6, = 3.20. The maps leave the interval [u, v] invariant,
where ¥ = min{l — 1/61}, yp,(62/4)} = 0.5088, v = 6/4 = 0.80. The maps
ve; (i = 1,2) are decreasing on [u, v]. They are also periodic, each with a two-
period stable orbit. An even number of random iterates are increasing satisfying the
splitting condition on a subinterval [u, q1] of [u, v], and also on [g2, v], while an
odd number of iterations take the first subinterval to the second and vice versa. The
Markov process is periodic, or cyclical, and the transition probability p®™ (x, dy)
converges only in Cesaro mean to a unique invariant probability, although no
splitting condition holds.’

The final result of this chapter is an FCLT for monotone Markov processes.

Theorem 19.11 (FCLT for Monotone Markov Processes). Let the hypothesis of
Theorem 19.9 hold for a Markov process {X,, : n > 0} generated by i.i.d. monotone
non-decreasing maps. (a) (One-dimensional Case). Let S be an interval. If f may
be expressed as the difference between two monotone non-decreasing functions in
L2(S, 7), then the FCLT holds for the polygonal process Y, () = (1//n)S,(t) =
A/ XD + -+ fKp) + 01 = D f Kpp] © < 1 < 1). (b)
(Multidimensional Case). For k > 1, let the state space be a closed subset S of R,
The FCLT holds for f that may be expressed as the difference between two bounded
measurable monotone increasing functions on S. (¢) The variance parameter o2 for
the limiting Wiener measure in (a), (b) is given by 02 = [( g%dmw — [((Tg)*drm,
where (I —T)g = f — [ fdm.ie., f — [ fdm belongs to the range of / — T in
LZ(S , 7).

Proof. (a) First let us state a simple result: for all probability measures © on R such
that fR x2u(dx) < oo, the following equality holds

/ Kuldx) — ( / xu(d0)? = (12) / / (x = Pudopdy),  (1952)
R R RJR

? For the details, we refer to Bhattacharya and Majumdar (2007), p. 315.
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which is easily proved by expanding the square on the right side and integrating.
Next, let f be monotone non-decreasing on S, f € L%(S, 7). By (19.52), u(dy) =
p™(x, dy), where p(x,dy) is the transition probability of the Markov process.
Writing f = fs fdm and || - || for the L, norm in Ly (S, ), one has using (19.52)

NN =PI

2
_ fs { fs (f(y)—?>p<N><x,dy)} 7(dx)
= / [ / (fO) = H*pM(x, dy)
S S
—(1/2) /S /S ) = £ p™x, dy)p™(x, dz):| 7(dx)

—f—TFIE— /2 fg [ /S () — £ PN (x, dy)p™a, dz)} ().
(19.53)

The splitting condition now yields (see (19.42))
fs /S (FO) = F@p™x, dy)p™(x, d2)]
> / / (o) = £ p™(x, dy)p™ (x, d2)
zzx0 Jy=xo
+ / / (fO) = Fxo)?p™ (x,dy) p™M(x, dz)
Z=<x0 Jy>Xxq
> 0Y(F) (fO) = fxo)*p™ (x, dy)

Y=X0

+ 0N (Fy) (fO) = fxo)*p™ (x, dy)

y>Xxp
> min{Q" (F}), OV (F»)) fs (fO) = Fao)?p™ (x, dy). (19.54)
Therefore,

fs [ /S fs (f(Y)—f(Z))ZP(N)(X,dy)P(N)(x,dz)]n(dx)

= min {0V(F). (B0 [ [ (F0) = F02p ™ x, i)
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= nin {0V (F). V(P [ (70 = fxoymay)
= min { Q¥ (F), @V (P} 11/ = F1B = ol = 71B. (19.55)

The relations (19.53) and (19.55) imply that

_ 1 _
IITN(f—f)II%S(I—ES)IIf—fH%- (19.56)
So,

NTY (= Pll2 < 61Lf = Flla, (19.57)

where 6 := (1 — %5)1/ 2 1. 1f f is non-decreasing, then 7 f is non-decreasing,
and T" f is non-decreasing for all n; it follows on iteration that ||T"(f — f)||> <
e*/N1 for all n, so that g := D 0<n<oo TM(f — f) is well defined and belongs to
L*(S,m), and one has (I — T)g = f — f. Thatis, f — f belongs to the range
of I — T. The proof of the convergence in distribution to Brownian motion of
the process {Y,(t) : 0 < t < 1} now follows from the Billingsley—Ibragimov
FCLT (Theorem 15.5), provided the initial distribution is 7. If f = f; — f> with
f1. f>, both monotone non-decreasing functions in L2(S , ), then both functions,
minus their means, are in the range of / — T', and so is their difference. Hence, the
Billingsley-Ibragimov FCLT applies for this f as well. It remains to prove (a) under
an arbitrary initial distribution. Assume for now that f € L2(S, 7r) is monotone
non-decreasing. Let X;(x), j = 0, 1, ... denote the Markov process starting at x,
while, as above, X;, j = 0,1, ..., is the process under initial distribution 7. For
simplicity, write f = f — f and

S (¥) = (1//n) > F(X;(x)),

m<j<m’

S = (1//n) Y F(X)). (19.58)

m<j<m’

Thus So,,(x) = So,19—1(x) + Spu,n(x), and similarly for Sp ,(n9 < n). Note that
S0,n0(x), So.ny — 0 as n — oo (for every ng). Also, for every r € R,y —
hu(y) := P(S0,n—ny(y) > r) is monotone non-decreasing, and P (S, ,(x) > r) =
Ehy(Xny(x)) = [ ha(y)p™ (x, dy). Therefore, by Theorem 19.9,

sup | [ 7(0)p® (x, dy) - fs (N (dy)|

n>nq S

= sup |P(So,n(x) > 1) — P(So,n—ny > 1) = 0, (19.59)

n>ng
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as ng — oo. Hence, given € > 0, one may choose ny = ng(€) such that the left side
of (19.59) is less than € /3, and then choose n(€) such that for all n > n(e), one has

[P(Son(x) > r) — P(Son > r)l
=< |P(S0,n(x) >7r)— P(SO,nfno >r)|+ |P(S0,n >r)— P(SO,nfno > )]
< ¢, foralln > n(e). (19.60)

Note that Sp, and So,—,, differ by a sum of ng consecutive terms whose
distribution is that of Sp_,,—1, which goes to zero asn — oo. By (19.60), for every x,
S0.n(x) converges in distribution to the corresponding limiting normal distribution
of Sp . An entirely analogous argument shows that all finite dimensional distribu-
tions of the process {Y, }, starting at x, say {¥; (x)}, converge to those of the limiting
Brownian motion (Exercise 19). For the tightness of {Y,,(x) : n =0, 1, ...}, define,
for each r > 0, and positive integers ng < ny =no+1 <np=np+2 < --- <
ny41 = n, the sets

A(y) = [OIEELXN Sno+ing+i+1(y) > r] , B(y) = [OIEELXN Sno+ing+i+1(y) = —V] .
(19.61)

Let A, B be the corresponding events for the stationary sequence {X;}. Since
P(A(y)), P(B(y)) are non-decreasing in y, Theorem 19.9 yields as n — oo,

P(A(Y) — P(A) = fs P(AO) P (x, dy) — fs P(A)p®™ (x, dy) — 0

P(B(y)) — P(B) = /S P(B(y)p™ (x. dy) — /S P(B)p™ (x. dy) — 0,
(19.62)

uniformly for all r > 0. Because the process {Y,}, corresponding to the sequence
{X;},ie., with X having the distribution 7, converges in distribution to Brownian
motion, (19.62) implies that {Y,(x) : n = 0,1,...} is tight (Exercise 19) and,
therefore, converges in distribution to Brownian motion with variance parameter o2
(see Theorem 15.5 for the computation of o). On integration of the distribution
of Y,(x) with respect to x, it now follows that {Y,} converges in distribution
to Brownian motion under every initial distribution. If f = f; — f>, both
f1, f» are monotone non-decreasing elements of LZ(S,TL'), and let Yn(l), Y,§2)
be the two processes as above corresponding to f1, fa, respectively. Letting
SO mm (¥), S (@ = 1, 2), be the quantities corresponding to those in (19.58).
In place of A(y), consider the set AV (y) = [maxo<j<n S(Dngtin0+i+1(y) >
ril, AP(y) = [maxo<i<y S@ugting+i+1(y) > ral. 1 > 0,r2 > 0, and
similarly define B (y)(i = 1,2). Apply the above results separately to these
quantities for i = 1, 2 (Exercise 19).
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(b) Unfortunately, for k > 1, the relation (19.55) does not hold.'"

But the boundedness assumption simplifies much. It is enough to consider the
case f bounded, ¢ < f(x) < d,c < d, by translation, if necessary, one may
assume ¢ > 0. Then, writing f=f- fS fdr, D) ={y: f(y) > u},

T f(x)| = I/[ a P(f(Xn(x)) > w)du —/[ a P(f(Xy) > u)dul
= |/ p(")(x, D(u))du —/ m(Du))du| < (1 — 5)[n/N]’
[c,d] [c,d]

by Theorem 19.9. Note that 1p(,) belongs to H;. It follows that the infinite
series D g, oo " f(x) converges uniformly to define a bounded non-decreasing

function, say g(x),on S,and (/ — T)g = f The rest of the proof of part (b) is the
same as that of the proof of part (a).

The following result of Dubins and Freedman (1966) indicates the important role
of splitting for monotone Markov processes.

Proposition 19.7. Let {a,},>1 be an i.i.d. sequence of increasing continuous maps
on a closed bounded interval [a, b]. Then the condition (19.37) is necessary as well
as sufficient for the existence of a unique non-degenerate invariant probability 7.

Proof. Define a backward iteration by
Yo(x) = x, Y,(x) =ajar---a,x (n>1). (19.63)
Then Y, (x) and X, (x) have the same distribution. Also,

Yi(a) > a, Y2(a) =Yi(aza) = Yi(a), ...

Yit1(a) = Yy(opy1a) > Yy(a), ...

i.e., the sequence of random variables {Y,,(a) : n > 0} is increasing. Similarly,
{Y,(b) : n > 0} is decreasing. Let the limits of these two sequences be Y, Y,
respectively. As Y, (a) < Y,(b) foralln,Y < Y.If P(Y < Y) > 0, then Y and ¥
cannot have the same distribution. In other words, Y, (a) (and, therefore, X, (a)) and
Y, (b) (and, therefore, X,, (b)) converge in distribution to different limits 1, 72, say,
both invariant probabilities by Proposition 8.4(a). On the other hand, if Y = Y a.s.,
then these limiting distributions are the same, say 7. Also, Y, (a) < Y, (x) < Y,(b)
for all x, so that in this case Y, (x) converges in distribution to the same limit m,
whatever x may be. Therefore, r is the unique invariant probability. The assumption
of non-degeneracy of m, i.e., w, does not assign all its mass at a single point, and

10 [Personal Communication (2019)] This was kindly pointed out by Dr. Eduardo A. Silva of the
Universidade de Brasilia, Brazil.
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rules out the case that with probability 1 all «(w) have a common fixed point. Then
there exist ¢ < d such that P(Y < ¢) > 0 and P(Y > d) > 0. There exists
m such that P(Y,,(b) < ¢) > Oand P(Y,(a) > d) > 0. Now any xo € [c,d]
satisfies (19.37).

Remark 19.4. Example 3, Chapter 18, and Theorem 18.3 provide instances of
Markov processes on [0, co) generated by i.i.d. continuous, monotone maps that
have unique invariant probabilities'' although, in general, splitting does not hold.

Example 8 (Iterates of Quadratic Maps'?). Consider the random quadratic (logis-
tic) maps on [0, 1] of the form

Yo(x) =60x(1 —x),0 <x <1, (19.64)

for parameters 6 € (0, 4). One may check (Exercise 19) that if 1 < 6; < 6, < 4,
then for any 6 € [61, 6>], the interval [a, b] = [(1 — %) A Ve, (%2), %2] is invariant
under yy. Moreover for 1 < 61 < 6, < 3, yp, have attractive fixed points located
at pj = 1 — 9 ,i = 1,2, respectively. Consider the case 1 < 0] < 6, < 2,
Where Ve, 18 selected with probability u;,0 < u; < l,u; +ur = 1,i = 1,2. Let

= [p1, p2] C [0, 1/2] and choose xo € (p1, p2) such that for m sufficiently
large )/0’7 (p2) < xo and 7/0"21 (p1) > xo. In particular, the maps yy,,i = 1, 2, are
both increasing on S = [py, p2], and splitting holds in Corollary 19.8 with § =
min{u’l", ug"}. Moreover, since for any x € (0, 1)\[p1, p2], the successive iterates
will enter [ py, p2]in a finite number n(x) of steps. Thus one obtains the existence of
a unique invariant probability 7 on (0, 1) with an exponential rate of convergence
starting from any x € (0, 1). Although the maps yy, are decreasing in the case
2 < 01 < 6 < 3, the composites g, Yo, are increasing. Thus the conclusions are

similar with the details left as Exercise'® 19.
The following example'* from economics provides an application of Corollary 19.8.

Example 9 (A Descriptive Model of Capital Accumulation). Consider an economy
that has a single producible good. The economy starts with an initial stock Xo =
x > 0 of this good that is used to produce an output Y7 in period 1. The output Y|
is not a deterministic function of the input x. In view of the randomness of the state
of nature, Y takes one of the values f;(x) with probability p, > 0 (1 <r < N).
Here, f, are production functions having the following properties:

" For the speed of convergence to the invariant probability in these examples, see Lund and
Tweedie (1996) and Bhattacharya and Majumdar (2010a) (with polynomial rates).

12 Markov processes generated by i.i.d. iterations of quadratic maps were considered by Bhat-
tacharya and Rao (1993). Also see Athreya and Dai (2000), Bhattacharya and Majumdar (2004),
(2007).

13 These examples and much more are presented in Bhattacharya and Majumdar (2007).
14 This example may be found in Mirman (1980).
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(a) f; is twice continuously differentiable, f/(x) > 0, and f/(x) < Oforallx > 0.
(b) limy o fr(x) = 0, limy o f/(x) > 1, limype0 f;(x) = 0.
(¢) Ifr > 7/, then f,(x) > f(x) forall x > 0.

The strict concavity of f; in (i) reflects a law of diminishing returns, while (iii)
assumes an ordering of the technologies or production functions f;., from the least
productive fj to the most productive fy.

A fraction 8 (0 < B < 1) of the output Y is consumed, while the rest (1 — )Y
is invested for the production in the next period. The total stock X at hand for
investment in period 1 is 6 Xy 4+ (1 — B)Y;. Here, 6 < 1 is the rate of depreciation
of capital used in production. This process continues indefinitely, each time with an
independent choice of the production function f, with probability p,, 1 <r < N.
Thus, the capital X, at hand in period n + 1 satisfies

Xnp1 =0Xp + (1 = B)gnr1(Xy) (0 =0), (19.65)
where ¢, is the random production function in period n,
P(gn=fr)=pr>0 (I=r=<N),

and the ¢, (n > 1) are independent. Thus the Markov process {X,(x) : n > 0} on
the state space (0, o) may be represented as

Xn(x) =y - oyx,
where, writing
gr(x) :==0x + (1 = B) fr(x), 1<r <N, (19.66)
one has
Ploy = gr) = pr (I1<r=<N). (19.67)
Suppose, in addition to the assumptions already made, that

0+1—-p) liﬂ} flx) >1 (1<r<N), (19.68)

ie., limy o g7y (x) > 1forall r. Aslimy_ o g/ (x) = 60 + (1 — B) limy— 00 £ (x) =
6 < 1, it follows from the strictly increasing and strict concavity properties of g,
that each g, has a unique fixed point a, on the state space S = (0, 00)

gr(ay) = ay (I<r=<N), (19.69)

namely, a, is the point where g, crosses the line y = x. Note that by property (iii)
of fr,a1 <ay <--- <ay.Ilf y > ay, then g,(y) = gr(a1) = gi(a1) = ay, so that
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X,(x) = ay foralln > 0if x > ay. Similarly, if y < ay, then g,(y) < g-(ay) <
gn(an) = an, so that X,,(x) < ay foralln > 0if x < ay. As a consequence, if
the initial state x is in [a1, ay], then the process { X, (x) : n > 0} remains in [a1, ay]
forever. In this case, one may take S = [a1, ay] to be the effective state space. Also,
if x > ay, then the nth iterate of g1, namely gln)(x), decreases as n increases. For
if x > aj, then g1(x) < x, g 2(x) = g1(g1(x)) < g1(x), etc. The limit of this
decreasing sequence is a fixed point of g; (Exercise 19) and, therefore, must be a;.

Similarly, if x < ay, then g,(\’;)(x) increases, as n increases, to ay. In particular,

lim ¢ (ay) = a, lim ¢\ (a1) = ay.
n—oo n—>0o0

Thus, there exists an integer ng such that
(no) (no) 19.70
g lan) < gy (ap). (19.70)
This means that if xo € [¢\"” (a,), ¢4 a1)], then

P(Xpy(x) < xo forall x € [a1,an]) = P(et, = g1 for 1 <n <np) = p}° >0,
P(Xpy(x) = xo forall x € [ar,an]) = P(a, =gy forl <n < np) = p7V° > 0.
Hence, the condition (19.37) of Corollary 19.8 holds, with m = ng, and there exists

a unique invariant probability r, if the state space is taken to be [a1, ay].
Next fix the initial state x in (0, aq). Then g%")(x) increases, as n increases. The

limit must be a fixed point and, therefore, a;. Since g,(a;) > a; forr =2,... N,
there exists € > O such that g,(y) > a; 2 <r < N)ify € [a; — €, a;]. Now find
ne such that ¢ (x) > a; —e. If 71 := inf{n > 1 : X,(x) > a1}, then it follows

from the above that
P(ti >ne+k) > pb k=1,

because 71 > n, + k implies that the last kK among the first n. + k functions «,, are
g1. Since pll‘ goes to zero as k — 00, it follows from this that 7 is a.s. finite. Also
Xi(x) <an as g-(y) < gr(ay) < gn(an) =ay (1 <r < N)fory < ay, so that
in a single step it is not possible to go from a state less than a; to a state larger than
ay . By the strong Markov property, and the result in the preceding paragraph on the
existence of a unique invariant distribution and stability on [a, ay], it follows that
X+, 4+r(x) converges in distribution to , as r — oo (Exercise 19). From this, one
may show that p (x, dy) converges weakly to 7 (dy) for all x, as n — oo, so that
7 is the unique invariant probability on (0, co) (Exercise 19).

In the same manner, it may be checked that X,, (x) converges in distribution to
if x > ay. Thus, no matter what the initial state x is, X, (x) converges in distribution
to 7. Therefore, on the state space (0, 00), there exists a unique invariant distribution
7 (assigning probability 1 to [a;, an]), and stability holds. In analogy with the case
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of Markov chains, one may call the set of states {x;0 < x < aj or x > ap}
inessential.

The theory presented here, and in the previous Chapter 19 on iterations of
monotone maps, extends to monotone maps on general partial ordered spaces S.
We will illustrate this by an important example.

Example 10 (Propp—Wilson Algorithm and the Gibbs Sampler for an Ising Model:
Coupling from the Past). Consider the problem of random sampling from a
distribution 7 on a finite but enormously large state space S, where m is given
only up to a normalizing constant that is extremely difficult to calculate. A basic
approach here is Gibbs sampling, in which an appropriate Markov chain X, is
constructed having 7 as an invariant distribution and such that the distribution of
X, converges to 7 (say, in total variation distance) as n — oo. Then an observation
of X, for a large enough n may be viewed, approximately, as an observation from
. Having a large number of independent observations of this kind enables one
to obtain an empirical distribution that is a good estimate of . Example 6 above
also deals with this problem, but under somewhat different assumptions. In the
present example, S is the space of configurations on the finite two-dimensional
lattice L = {(i,j) : 1 <i,j < M},ie., S = {—1,+1}L. For all considerations
below, one may alternatively choose S to be a subset {—1, +1}1 of {—1, +1}L by
fixing the signs at all sites in L\Lj, referred to as the boundary of Li. Thus an
element s = {s;; : (i, j) € L} of S is an assignment of —1 or +1 to each of the M?
lattice sites of L. The probability measure'> 7 of interest is given by

n({s}) = cpef, ses (B> 0), (19.71)

where B is a real-valued parameter and

Hs)= Y sijsij (19.72)
@)

the sum being over neighboring sites (i, j), (i’, j'), i.e., either |{ —i’| = 1 and
Jj=j',ori =i"and|j— j'| = 1. The Markov chain we construct has the following
transition probabilities p(s, {s'}): given a configuration s € § and a site (k, £) € L,
let s**+ denote the element of S that is the same as s at all sites (i, j) except perhaps
at (k, £), and at (k, £) the value of s¥‘* is 4-1. Similarly, s~ is obtained by setting
—1 at the site (k, £), but keeping it the same as s at all other sites. Define

151n the physics literature, both in the definition of H (s) and the exponent, defining , each, has
a minus sign. The signs are included there to make alignment of spins the least energetic (ground
states), as well as to make them the most likely in the case 8 > 0. However, since they cancel, we
omit them for convenience.
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1 1
P (s, {s"“}) = kel p (s, {s“—}) = om-(ktls), (kO eLiseS.

(19.73)
where

m({s*+}
T ({ske+)) + m({ske=})’

w4 (kl]s) = m_(kl]s) = 1 — my (ke]s). (19.74)

All other transitions have zero probabilities. Note that the normalizing constant cg
cancels out from the numerator and denominator in (19.74). Indeed, since the signs

of only the sites neighboring to (k, £) are affected by switching from s to s*/* one
has
p (s ) = - Bl —T (19.75)
M=\ exp{B > """ sij} + exp{—B X" sij}

where Z*M is the sum over all sites (i, j) in L neighboring to (k, £). Similarly,
p(s, {s¥7}) is given by (19.75) with B replaced by —f in the numerator. One may
now check that

p (s 4554)) mls) = pHE tsp (1554)).

P (s, {s"‘f—}) 2(s) = p (s"‘f—, {s}) p ({s“—}) , forall (k, ) € L,s € S.(19.76)

Observe that s = skt if sy = +1 and s = s¥¢~ if sy = —1. Thus if s = +1,
the first relation in (19.76) is trivially true. If sz = +1, then the numerator on
the left side of the second relation equals (cg /M?) exp{Bax¢}, say, where ay, =
H(s) — Z*kz sij, and the same is true for the right side; the denominators of both
sides are obviously the same. An entirely analogous argument applies to the case
sk¢ = —1. From Proposition 8.8, it now follows that 7 is invariant and the chain is
time-reversible.

Assume henceforth that 8 > 0, referred to as the ferromagnetic model. We now
construct monotone increasing i.i.d. maps &, (n > 1) whose iterations give rise to a
Markov process with the above transition probability. For (k, £) € L and u € (0, 1),
define the map fi;, on S by setting fre,(s) = s’, where s’ equals s at all sites
(i,J) # (k,£) and with s;, = +1if 0 < u < 7y (k|s), sl(j = —1lifny(klls) <
u < 1. Let us show that fi, , is monotone increasing on S with respect to the usual
partial order: s < s if 5;; < slfj forall (i, j) € L.If s < t, then, for every
(i, J) # (k. 0), one has (fie.u(9))ij = sij < tij = (frew(n))ij. At the site (k, €), if
u > my(klls), then (fieu(s))ke = —1 < (fxe.u(t))ke. Thus it remains to show that
wy(kl|s) < my(kL|t), ie., if freu(s) is +1 at (k, £), sois fre,(t). Now, mwy (k€]s)
is an increasing function of Y *k¢ sij since B > Oand u — e"/(e" +e7") =
2 /(e*+1) is increasing on (0, 00). Using the fact that 3 *¢ ; i < Yy ;, it now
follows that w4 (k€|s) < w4 (k£|t). Thus fie, is increasing on S for all (k, £), u.
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Let (§2, F, P) be a probability space on which are defined two independent i.i.d.
sequences {U,},>1 and {&,},>1, where U, are uniform on (0, 1) and &, is uniform
on L. Define o, = f;, y, (n > 1). Then (1) @, (n > 1) generate, by iteration,
the Markov process whose transition probability is given by (19.73), or (19.75), and
(2) o, are monotone increasing on S. This is true whether S is unrestricted, i.e.,
S={-1,+1}F orS={-1,4+1}t1, L, C L.

Consider the backward iterations starting at the smallest element a and the largest
element b of S. Thus, a is the constant function assigning —1 to all sites (except
at boundary points, if there is a boundary). Similarly, b is the constant function
assigning +1 to all sites (excluding the boundary). Let

(@) =ay...apa, Y,(b)=oa1...0,b (n>1). 19.77)

Now Y, (a) increases as n increases, since Y,i+1(a) = Y,(opy1a) > Yy(a);
similarly, Y, (b) decreases as n increases, and Y, (a) < Y, (b) for all n. Since there
are only finitely many sites, and the probability that Y, (a) remains constant for
infinitely many 7 is zero (Exercise 19), it follows that there is a finite (random) time
T such that'® Y7 (a) = Y7(b). Also, as shown in the proof of Proposition 19.7, the
distribution of Y7 (a) (= Yr (b)) is the unique invariant probability 7 of the Markov
chain. Thus one has achieved an exact random sampling of one observation from
the distribution m, by recording Y7 (a) = Yr(b). By repeating this procedure, each
time independently of all the preceding, one may take a random sample of any size.

Remark 19.5. While the ferromagnetic case rests on monotonicity of the maps for
the Propp—Wilson algorithm, an extension has been developed for the so-called anti-
monotone models with some success as well.!”

Exercises

1. (Doeblin Minorization Theorem) Use the following steps to give an alternate
derivation of Corollary 19.2:

(i) Letting d denote the total variation metric, show that dj(u,v) :=
sup{| [ fdp — [g fdvl = f € B(S),|fl < 1} = 2d(u,v), for
all w,v € P(S). [Hint: Here is an outline of an argument. Let f =
Z?:l cilja,), where |¢;| < 1, and the A}s are disjoint. Then | [ fdu —
Jg fdvl =Y+ ci(u(A) —v(A)) + X - ci((Ai) —v(A;)), where
I :=1{i <k:ul) > v(Ap)}and I~ := {1,2,...,k}\I". Thus,

16 A version of this so-called coupling from the past method already appears in the proof of
Proposition 19.7. The application to Monte Carlo simulations was effectively developed by Propp
and Wilson (1998).

17 See Haggstrom and Nelander (1998) for an extension exploiting earlier ideas of Wilfrid Kendall.
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| [ fdn — [ fdv] < n(AT) = v(AT) + w(A7) —v(A7) < 2d(u,v),
where AT = Ujer+Ai, A7 = U;er-A;. Thus di(u,v) < 2d(p,v).
Conversely, for A € S, take f = 14 —1s\a, sothat | [ fdu— [ fdv| =
2{pu(A) —v(A)[.

(i) Use (19.13) to show d{(T*"w, T*™v) < (1 — 8)d;(u, v).

(iii) Iterate (ii) (by induction) to prove

di (T e, T 0y < (1 = §)*dy (, v), k > 1.

(iv) Show that forall u € P(S), the sequence {T*™ . : k > 1} is Cauchy
for the metric d; and therefore has a limit 7 that is the unique invariant
probability.

(v) Use (iii) and (iv) with v = & to complete the proof of (19.12).

. Consider the mixture p(x, dy) = aA(dy)+Bq(x,dy),x,y € S,a > 0,8 >0,

a + B = 1, where A(dy) and ¢g(x, dy) are probability measures on (S, S) for
each x € S. Show that p(x, dy) satisfies Doeblin minorization.

. (1) Show that P(S) is a complete metric space under the total variation metric.

(i) Show that the Komogorov metric makes P(S) a complete metric space
when S is an interval.

. In the context of Corollary 19.3, show that

S 1p il =2 sup [p™Gi. B) — 7 (B).
es BCS

. Calculate the invariant probability and acceptance ratio in the case of indepen-

dence sampling, where g(x,y) = g(y), y € S is independent of x € §S.

Verify that the probability that Y, (a) remains constant for infinitely many » is
zero where Y, (a) is given by (19.77).

Let S =[-2,2], X;+1 = f(X,) + en+1 (n > 0), Xo independent of the i.i.d.
sequence {¢, : n > 1} on[—1, 1],and f(x) = (x +1)1[—2,01(x) + (x — 1)1 (0,2}
Suppose P(e, = 1) = P(g, = —1) = %

(i) Show that with Xg = x € (0, 2], {X,,(x) : n > 1} is i.i.d. with common
distribution 77y = 18 + 18x—2 (ie., m: ({x}) = 7w ({x — 2}) = 1), s0 that
7Ty is invariant.

(i) If Xg = x € [-2,0], show that {X,,(x) : n > 1} is i.i.d. with common
distribution y, = %(Sx + %8x+2, which is, therefore, invariant.

(iii)) Show that the Markov process has uncountably many mutually singular
invariant probabilities.

(iv) Show that the uniform distribution 7 (with p.d.f. }‘) on [—2, 2] is invariant,
and prove that if X has distribution 7, (Xo+- - -+ X;,)/(n + 1) converges
a.s. to a nonconstant random variable Z as n — o00. Find the distribution
of Z.

In Exercise 19, assume ¢,, are i.i.d. uniform on [—1, 1].
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10.

11.

12.

13.

14.

(1) Prove that {X5,(x) : n > 1} is i.i.d. with common p.d.f. given by 7 (y) =
(1/4)2 — [yD Y22 () if x € [2,2].

(i) Show that 7 is the unique invariant probability, and (Xo + X1 + --- +
Xy,)/(n + 1) converges a.s. to a constant as n — 00, no matter what the
initial distribution is.

(iii) Show that the sequence {X, : n > 1} is 2-dependent. [A sequence {X,, :
n > 1} is m-dependent if, for every k > 0, {X; : 1 < j < k} and
{X; : j = k + m} are independent.]

. In Exercise 19, modify f as follows. Let 0 < § < % Define f5(x) := f(x) for

—2 < x < —4,and § < x < 2, and linearly interpolate between (—34, §), so
that f; is continuous.

(i) Show that, for x € [§, 1] (or, x € [—1, =6)), {X,,(x) : n > 1} isi.i.d. with
common distribution 7 (or, yx).
(i) For x € (1,2] (or, [-2, —1){X,(x) : n > 2} is i.i.d. with common
distribution 7, (or, yy).
(iii) Forx € (=4, H){X, (x) : n > 1} isi.i.d. with common distribution w_, 1.

In reference to the capital accumulation example 9, complete the argument that
X1, 4+ converges in distribution to 7 and, consequently, p"(x, dy) converges
weakly to 7 as well.

Let{Z, : n > 1} be ani.i.d. sequence with values in a measurable space (A, A).
Let X,, = ¢(Zy, Zn+1, - - -, Znym—1), n = 1, where g is a measurable function
on (A", A%¥) into a measurable state space (S, S). Show that {X,, : n > 1} is
m-dependent.

Let {e, : n > 1} be i.i.d. random contractions on a compact metric space
(S,p) : plapx,any) < p(x,y) for all x,y (a.s.), defined on a probability
space (£2, F, P). Suppose there exists F € F such that: (i) P(F) > 0 and
(i1) a1 (w) is a strict contraction for w € F,i.e., p(x1(w)x, a1(w)y) < p(x,y)
for all x, y € S. Prove that there exists a unique invariant probability 7 for
X, i =o, ---a1Xg (n > 0) and that X;, converges in distribution to 7, whatever
be Xo.

In reference to Example 8, assume 1 < 67 < 6 < 4. Show that: (a) For
any 0 € [0y, 62], the interval [a, b] = [(1 — 91—1) A )/gl(%z), %2] is invariant
under yy. (b) For 1 < 61 < 6, < 3, yp, have attractive fixed points located
atp;, =1— eli,i = 1, 2, respectively. (c) For 1 < 61 < 6, < 2, both maps
are increasing. (d) For 2 < 0; < 6, < 3, both maps are decreasing, but 6;0;
is increasing for i, j = 1, 2. Complete the proof of the existence of a unique
invariant probability for i.i.d. random iterates of the maps in this case.

Suppose that S comprises a single essential class of aperiodic states. Show that
there is an integer v such that p”) > 0 forall i, j € S by filling in the details

ij
of the following steps:

(a) Forafixed (i, j),let Bj; = (v > 1: p

) .
i > 0}. Then for each state j, Bj;
is closed under addition.
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15.

16.
17.

18.

19.
20.
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(b) (Basic Number Theory Lemma) If B is a set of positive integers having
greatest common divisor 1 and if B is closed under addition, then there is
an integer b such that n € B for all n > b. [Hints:

(i) Let G be the smallest additive subgroup of Z that contains B. Then
argue that G = Z since if d is the smallest positive integer in G, it will
follow that if n € B, then, since n = gd +r,0 < r < d, one obtains
r =n —qd € G and hence r = 0, i.e., d divides each n € B and thus
d=1.

(i) If 1 € B,theneachn =14+ 14+---4+1 € B.If 1 ¢ B, then by
(@), ] = a — B fora, B € B. Check b = (o + B)> + 1 suffices; for
if n > (¢ + B)%, then writing n = g(@ + B) +7r,0 <r < a + B,
n=qla@+p)+r(e¢—pB)=(q-+r)x+ (g —r)B, and in particular
ne€ Bsinceg+r >0andg —r > Obyvirtueofn > (r+ 1) (o + B).]

(c) For each (i, j), there is an integer b;; such that v > b;; implies v € B;;.
[Hint: Obtain b; from (ii) applied to (i) and then choose k such that pi(f) >
0. Check that b;; = k + bj; suffices.

(d) Check that v = max{b;; : i, j € S} suffices for the statement of the

exercise.

Complete the proof of part (b) of Theorem 19.7. [Hint: Follow similar argument
as that for Proposition 19.6.

Provide a proof for Corollary 19.10.

Show that all finite dimensional distributions of the process {Y,}, starting at x,
say {Y,(x)}, converge to those of the limiting Brownian motion as asserted in
the proof of Theorem 19.11.

In the context of Theorem 19.11, show that convergence in distribution (to
Brownian motion) of the process {Y,} corresponding to the sequence {X},
when X has the distribution m, implies that the sequence {Y,(x) : n =
0, 1,...}is tight in the case Xo = x.

Complete the proof of part (a) for Theorem 19.11 as indicated.

Let I be a finite set, say I" = {y1, 2, ..., ¥k}, and assume the support
of Q is I'. Show that if U’jzlyj(S) is a finite set {xi, x2,..., X}, then d
defined by (19.3) is not a metric on P(S) if P(S) includes a u for which
wl{xy, x2, ..., xm}) =0.



Chapter 20 ®
Irreducibility and Harris Recurrent Qe
Markov Processes

Unlike discrete parameter Markov processes on a finite state space where
notions of irreducibility and recurrence properties may be defined pointwise
on the state space, for Markov processes on a general state space this may not
be possible. Various notions of “neighborhood recurrence” become possible
either through topological considerations or measure theoretic considerations
relative to some reference measure. The notion of Harris recurrence consid-
ered in this chapter is of the latter type.

Suppose that {X,}7 ; is a Markov process taking values in a measurable state space

(S, S) and having transition probabilities
P(Xn+1 € AlXo, X1,..., X)) = p(X,, A), AE€eS.

When S is a finite or countably infinite set with power set S then irreducibility and
recurrence refer to the properties that for each x, y € §

P = p™(x, {y}) = Pe(Xy = y) > 0 forsomen > I, (20.1)
and
P.(X, =y forsome n>1)=1, (20.2)

respectively. Such “point—recurrence” is illustrated by the simple symmetric random
walk on the integers. However, considerations of a general random walk on § = R,
say, having continuously distributed increments makes it clear that this is not always
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an appropriate way to describe regenerative structures. As it would be for these
examples, without any significant loss of generality we will assume throughout this
chapter that S is Borel subset of a Polish space without explicitly repeating it.

A quite natural generalization' is given as follows.

Definition 20.1. Let ¢ be a nonzero o -finite measure on (S, ). A Markov process
{Xn},2 is said to be g-irreducible if for each x € S, A € S with ¢(A) > 0,

pW(x,A) = P(X, € A|Xg=x) >0 forsomen =n(x) > I.

If {X,,}72 is g-irreducible and for each x € S, A € S with ¢(A) > 0, it is also true
that

P(X, €A forsome n>1|Xg=x)=1,

then {X, }i’,io is said to be @-recurrent, or Harris recurrent.

In the case when S is finite or countably infinite, the notions of ¢-
irreducibility/recurrence coincide with the pointwise notions with counting measure
¢(A) = cardinality of A C S.

Another form of irreducibility and recurrence is given by the following definition.

Definition 20.2. Suppose that {X,}°°, is a Markov process with values in a
measurable state space (S, S) having transition probabilities p(x, dy). If there is
aset Ag € S such that

P(X, € Agforsomen > 1|Xg=x)=1 forallx €S,
then Ag is said to be a recurrent set, and {X, : n = 0,1,2,...} is said to be
Ag—recurrent.
Definition 20.3. If there exists aset Ag € S, a probability v on (S, S) with v(Ap) =
1, a positive integer N, and a positive number A such that

pM(x,A) = 1-v(A), forallAeS, x e A, (20.3)
then we say {X,,},2, is locally minorized, and the set Ay is called a small set (with
respect to v).

Notice that in the case Ag = S Definition 20.3 is simply Doeblin’s minorization
(See Corollary 19.2).

! The basic ideas in this generality are due to Harris (1956).
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Example 1. Consider the Markov process” X = {X, : n > 0} on [0, o) defined
by iterated maps of the form y, ,(x) = ux +t,x > 0, where u € [0, 1] and
t > 0. Specifically, suppose that (U,,T,),n = 1,2,..., is an i.i.d. sequence
independent of X, for which U, is uniform on [0, 1] and 7, is, independently of
U,, exponentially distributed with mean 1/2. Then X,, = y,, - - - y1(Xo), n > 1, i.e.,
Xn+1 = Ups1Xn+Ty+1, n > 0. One may check that X has an absolutely continuous
2(xAy)71

transition probability with continuous density p(x, y) = 2e=2Y¢ > %y = 0.

Moreover the probability 7, with pdf 7(x) = 4xe™%*,x > 0, is easily checked
to be a time-reversible invariant probability (Exercise 5). For sufficiently large
k > 1,0 < § < 1, the interval Ag = Agk,8) = [Jk, k] is a small set
with respect to the probability measure mg s(dy) = {(26k + 1)e‘23k — 2k +
De 2K}~ 1ye 2 15 4(y)dy with N = 1 since, for x € Ag, A € B[0, o), one
has upon splitting the integral over [k§, k] = [kd, x] U (x, k] for k6 < x < k,

p(x, A) > / p(x, y)dy
AN[8k,k]

1

> — 4ye_2ydy
2k Janiks.x)
= Ag,s7k,5(A), (20.4)
where 7y 5(A) = ”2/22?)0) , and
A : (Ao)
=—
k8 = op 0
2k +1 o5 2k+1 5
2k 2k
2k +1
== (e‘z“" - e"‘) <1, (20.5)
for k sufficiently large such that e 2% < % Also see Exercise 5(c).

Remark 20.1. Clearly, an Ag-recurrent locally minorized Markov process is v-
irreducible and Harris recurrent. It may be shown? that the converse is also true if S
is countably generated, e.g., if S is a Borel subset of a Polish space with S = B(S).
Indeed, if the Markov process on S is g-irreducible, then for every B with ¢ (B) > 0
there is an Ag C B such that ¢ (Ag) > 0 and Ag is a small set.*

2 This example arises naturally in the analysis of the Le Jan-Sznitman cascade associated with
the Navier—Stokes equations in the case of the Bessel majorizing kernel; see Bhattacharya and
Waymire (2021),Chapter 28, and Dascaliuc et al. (2022a,b).

3 See Orey (1971).
4 See Meyn and Tweedie (1993) page 109. Also see Orey (1971), Chapter 6.
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Let us see how to use the local minorization and recurrence of Ay by observing
the motion at times when it reaches Ay. We first consider the case N = 1.
Specifically, starting with Xo € Ay, let

1@ = t/g(())) =0, W= tf{o) = inf{n > r/({()_l) X, € Ao}, j=12,...,
(20.6)
denote the successive times at which the process {Xn},‘;o=0 visits Ag. Then, by the
strong Markov property the process X, = x € Ao, X;m, X;®,..., viewed

only on its visits to Ag is a Markov process with state space Ao having transition
probabilities (Exercise 12) given, for x € Ag, B € AgN S, by

Pay(x. B) = P(X 1 € BIXp =)
0

_ i P (Xn € Bt =n|Xo = x) . (20.7)

n=1

First notice that if { X, }30:0 is Ap-recurrent and locally minorized on Ag with N = 1,
say, then

pa,(x, B) > P(X| € B|Xo=x) > Av(B) forall Be AyNS,x € Ap.
(20.8)
That is, the process viewed on its visits to Ag satisfies Doeblin’s minorization and
therefore there is a unique invariant probability measure 7y on (Ag, Ag N S) such
that (see Corollary 19.2)

sup {pl) (x. B) — mo(B)| = (1 — 1)". (20.9)
x€eA
BEA()(QWS

Similar considerations apply for N > 1 by observing the process on a time scale of
every N steps and as it visits Ag. In the case N = 1 the locally minorized Harris
recurrent process is called strongly aperiodic.

Consider the extension of pa,(x, -) in (20.7) to a nonnegative set function on
(S, S) by defining, foreachx € S, B € S, (B # (),

o0
Pa,(x, B) := ZP(Xn €B,Xje Al 1<j<nXo=x)

n=1

o0
= > 4,p"(x. B), (20.10)
n=1

where 4,p™(x, B) := P(X, € B,X; € Aj,1 < j < n|Xo = x). Note that
DAy (x, B) is the expected number of visits to B by {X,, : n > 0} during the cycle
[1, T4, (= [1, 00) if T4, = 00), that is, it equals E(N (B)|Xo = x), where
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o
N(B) =) 1[x,eB.X,eAS for 1<j<n]- (20.11)

n=1

One might guess that averaging p(x,-) over Ap with respect to an invariant
probability w4, say, for the process viewed on its returns to Ag might produce
an invariant measure for the process. That this is the case and, moreover, that it is
a unique (up to constant multiples) o -finite invariant measure is the objective from
here.

The following lemma estimates EN (B) for a particular class of sets, without the
requirements of irreducibility or recurrence.

Lemma 1. Define B(m, ) := {x € A§: p"™(x, Ag) > 8},m > 1,8 > 0. Then
for x € Ay,

pay(x, B(m,8)) <m (1 + %) (m>1,8>0). (20.12)

Proof. First consider B = B(1, §), x € Ap. Let 7® denote the time of the k-th visit
to B = B(l, §) before returning to Ap. Then

o0 o0

Pagx. B)=ENB) <1+ P(NB)=k+1) =1+ P, (r“‘“) < oo) .
k=1 k=1

(20.13)

Note that [N(B) > k + 1] = [t%*D < oo0], k > 0, and, noting B C A¢, so
that [t**tD < oo] c [t® < oo, X, w41 € Agl. Therefore, by the strong Markov
property with stopping time 7, one has

Po(r® ) < 00) < Pe(t® < 00, Xpw4y € AGIF,w0)

<Pt <00)(1-8) <1 -8P.V < x0)

<1 -k (20.14)
Hence,
> 1
E,N(B(1,8)) <1+ 2(1 —oHF =142, (20.15)
k=1 §

Next let m > 1 and apply the same argument to the m-step time scale process
Xmj,J=0,1,2,....

Harris recurrent Markov processes admit a nontrivial o-finite invariant measure
which is unique up to scalar multiples, though not necessarily a probability. We
prove this under the alternative characterization of Harris recurrence indicated in
Remark 20.1.
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Before embarking on the main tasks of this chapter, the following simple but
useful result may be noted.

Lemma 2. Let ¢ be a nonzero o-finite measure. Consider a ¢-irreducible and ¢-
recurrent Markov process with transition probability p(x, dy). If 7 is a nonzero
o -finite invariant measure for p(x, dy), then ¢ is absolutely continuous with respect
to 7.

Proof. If w(B) = 0, then [ p™(x, B)w(dx) = 0. Thus, for each n > 1,
p™(x, B) = 0 m-a.s. This implies that B is not a p-recurrent set, and therefore
¢(B) =0.

Theorem 20.1. Assume that there exists a recurrent set Ag € S which is also
a small set. Then the following hold: (a) The transition probability pa,(x,-) on
(Ap, Ap N S) admits a unique invariant probability 74, and

sup  Ip (. B) —may(B) = (1 —0F, k=12, (20.16)

x€Ag,B€EAINS

where N > 1 and A > 0 are as in Definition 20.3. (b) The measure 7 defined by
m(B) := / Pay(x, B)ma,(dx), BeS (20.17)
Ao

is o -finite and it is, up to scalar multiples, the unique o -finite invariant measure for
px,dy).

Proof. We first derive two general identities for every nonempty A € S. Note that
the quantities 4 p”+ (x, dy) satisfy (see (20.10)), upon conditioning with respect
to F, = o{Xo, X1, ... Xy},

ap" ™V (x,B) = P(Xy41 € B,Xj € Afor1 < j <n|Xo=x)
=E(p(Xn, B)I[X, € ANNI[X; € A, 1 < j <n—1]|Xo=x)

=/ p(y, B)ap™ (x.dy), n=>1 (20.18)
AL‘

From this one gets (see (20.10))

palx, B) = p(x, B) +/ p(y,B)pa(x,dy), xe€8, BeS. (20.19)
AC

Hence, under the given assumption for x € Ao, applying (20.14) to the N-step
transition probability, one has

pa,(x, B) = p™M(x,B) > A (B), BeANS, (20.20)



20 Harris Recurrent Processes 293

where N, 1 > 0 and the probability measure v are as in Definition 20.3. Part (a)
now follows from the Doeblin minorization theorem (Corollary 19.2). To prove (b),
observe that due to recurrence of Ag, one has § = UJ° |, U, B(m, %), where
Bm, 1y ={x € §: p™(x,Ag) > 1}. By Lemma 1, m(B(m, 1)) < m(1 + n).
Hence 7 is o-finite. The invariance of 7w follows from (20.19) and the fact that
T = ma, on (Ag, Ag N'S). Namely,

/p(y, B)m(dy) =/ r(y, B)nAO(dy)+/\p(y, B)/ PAy(x, dy)ma,(dx)
S Ao AQ Ao

= [p(x,B)+/‘p(y, B)pa,(x, dy)lma,(dx)
Ao A6

=_/A Pag(y, B)ma,(dy) = n(B). (20.21)
0

For the proof of uniqueness, let 77’ be a nonzero o -finite invariant measure. Let
us first show that the restriction of ©’ to Ay is invariant for the process on Ay, i.e.,
with respect to pa,(x, dy). For this we derive the following sequence of identities
(see (20.10) for notation)

n
7'(C) = Z/ A0p<’<>(x,C)n’(dx)+/ 4, P (x, O’ dx), CeS,n=1,2,....
k=1740 s

\Ao
(20.22)
Forn = 1,4, p™(x, C) = p(x, C) so that (20.22) is just the invariance of 7’. As
induction hypothesis, assume (20.22) holds for some n. Using the invariance of 7,
and (20.18), one obtains

/ a0 ™ (x, ) (dx) = / / a0 ™ (x, C)p(y, d)’ (dy)
S\Ag S JS\Ag
=// 40P (x, O)p(y, dx)r' (dy)
Ap Y S\Ag
+ / / AP (x. O)p(y. dx)'(dy)
S\Ag J5\Ap
_ f o™y, )’ (dy)
Ao
+ / 4,V (y, O)x'(dy). (20.23)
S\ Ao

Replace the second integral in (20.22) by this to derive the desired relation for n 41,
completing the induction argument. Letting n — oo in (20.22), using (20.10), and
using the fact that the second term in (20.22) goes to zero as n — 00, because of
recurrence of Ag, we have
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7' (C) =f DAy (X, O)7'(dx), CeS. (20.24)
Ao
In particular,
7' (C) = / DA, (x, C)n'(dx), CeAgNS. (20.25)
Ao

This proves the invariance (with respect to pa,) of the restriction of 7’ to Ao.

7'()

Moreover, this makes an invariant probability on Ay, so that by uniqueness

7' (Ao)
of the invariant probability 7 on Ag N S, one has 7/'(:) = 7/(Ag)7(-) on Ap N S.
From (20.25), and with 7’ = n/(Ag)m, the uniqueness of 7’ up to a constant

multiple (7’ (Ag)) follows.

As an important consequence we note some conditions under which the invariant
measure 7 obtained under Harris recurrence is normalizable to an invariant proba-
bility.

Corollary 20.2. Assume that there exists a recurrent set Ag which is also a small
set. If sup, . Ao Ey 14, < 00, then the Markov process {X,, : n > 0} with transition
probability p(x, dy) has a unique invariant probability 7.

The corollary follows using (20.10), (20.11), and the statement following them.
Due to the significance of this last result, we present another proof, which will

further show that %ZZ:] p™ (x, dy) converges to m(dy) in the total variation

metric as n — oo, for every initial state x, under the assumption of Corollary 20.2.

Proposition 20.1 (Regeneration Lemma). Let {X,,},Cjozo be a Markov process on

(S,S). Assume that the process is Ap—recurrent and locally minorized on Ag
with N = 1. (a): {X,};2, has a representation by i.i.d. random cycles between
regeneration times p(", p® | ... namely

Us = (Xprars oo X, p740 = p0) - j=0,1,2,. (2026)

are independent for j > 0 and identically distributed for‘ Jj = 1. (b): If, in addition,
¢ :=sup,c 4, BTV X0 = x) < 00, then E(pUTD — pW) < ¢/1.

Proof. The idea of the proof is simple. When the current state is x then in the next
step it moves to y following the transition probability p(x, dy). For x € A, the
transition probability has the representation on Ag x S, with 0 < A < 1 (see
Definition 20.3), x € Ay, given by

px,dy) = av(dy) + (1 — Vg (x,dy), q(x,dy) = (1 — 1) {p(x,dy) — rv(dy)).
(20.27)

That is, when x € Ay, in the next step with probability A it has distribution v(dy),
and with probability 1 — A it has distribution g(x, dy). So one way to construct
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a Markov process with transition probabilities p(x, dy) starting at any initial state
Xo is to first let 6,, n > 0, be an iid sequence of Bernoulli random variables with
P, =1)=Ax, P, =0) =1—A. Then the process moves according to p(x, dy)
until X,, € Ao, in which case X, has distribution v(dy) if 6, = 1, and has
distribution ¢ (X, dy) if 6, = 0.Let 1@ = 0,7V = 74, = infln > 1 : X, €
Ao}, TVHD = inf(n > ¢ : X, € Ag},n = 0,1,2.... By the recurrence of A,
) < 00 as. for all Jj. The process (X,60) = {(X,,6,) :n =0,1,2,...}isa
Markov process on S x {0, 1}, with the obvious product o-field S= {Bx{0}:Be
S}U{B x {1} : B € S} (Exercise 6). For this process define the stopping times

/0(0) =0, p(j) = inf{n > ,O(j_l) c Xy € Ap, 0 =1}, j=1,2,.... (20.28)

It is simple to check that p¢) < oo a.s. for all j (Exercise 6). By the strong Markov
property, at time p/), the process (X, #) starts afresh with initial distribution v x
Sy, X o) has distribution v and Gp( » = 1, independently of the past, i.e., the pre-
pVsigma-field G0 say, for j = 1,2, ... This proves part (a).

To prove part (b) observe that for j > 1, E(pU+D) — pW)) = E(pM — p©1Xg e
Ag,0p=1) = E(p(1)|X0 € Agp, 8y = 1), since in this case ,0(0) = 0 and

o0
P —p@ =pM =3"tD1y . ~0 for 12i<j. 0,y =11, (20.29)
j=1

the first term on the right being ‘C(l)l[@r(l): 17- Taking expectations and noting that
(1) 6, 1s independent of ﬁr(j—l) =0{(X,,0,) :n < r(/_l)}, and of T, and (ii)
E(W) —tU=D|F, ;) < ¢ i= supyep, BV Xg = x), one has

o0
Ep) = ZE (1[9r(,<):0,1§i§j—1]f(’)E(1[9r(,):1]))
Jj=1

o0
=) EE (l[er(,-)=0,1§i§j71]{f(j71) +E@Y - T(jfl)lfﬂ.f—w)

<
|
-

L

<x) E (1[9f(i)=0,15i5_i71]{f(./‘71) 4 c})

J

[o¢] [o¢]
Jj=1 j=1
[o¢]
=ct+i) E (1[910'):0,151'51'—2]{7(]_2) +E{1pg, =0y (zV Y =V |ff(f—2>)})
=1
0 =9}

=ty (=27 420 =)D E (Lo gm0, 12125277 7?)
j=2 j=3
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< sctel =N +el =27+

=c) A=n/"=¢/n

j=1
This completes the proof of part (b).

Theorem 20.4 (Ergodicity of Strongly Aperiodic Harris Recurrent Processes). Let
p(x,dy) be a transition probability on (S, S). Assume that a Markov process
{X; : n > 0} with this transition probability is Ag-recurrent and locally minorized,
according to Definition 20.3, and that the process is strongly aperiodic, i.e., N = 1.
If, in addition,

sup Exr(l) < 00,
XEA()

then there exists a unique invariant probability = and, whatever the initial distribu-
tion of {X,, : n > 0},

sup |Q™(A) — 07 (A)| — 0 as n — oo, (20.30)
AcS®®

where Q is the distribution of the after-n process X;F == {Xp4m : m > 0}, and
QO is the distribution of the process with initial distribution . In particular,

sup{|p™(x, B) —n(B)|: B€ S} — 0 forallx € S. (20.31)

Proof. The proof of the existence and uniqueness of an invariant probability follows
from Corollary 20.2. The proof of (20.30) follows by a coupling argument. We will
first show that the measure | defined by

o

mB):=E, Y lixes (BeS) (20.32)
n=pO-+1

is invariant under p(x, dy). Here E, denotes expectation of events in o{X, : n >
0} when X has distribution v. Note that the right side in (20.32) also equals the
expectation of the sum over ,o(j J+l1<n< p(j +D whatever be the distribution of
Xo. Now for nonnegative bounded measurable f on (S, S), define

p(j)
Vilf)= Y f(Xp). (20.33)

n=pU-D41
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By Proposition 20.1, V;(f), j > 1, are i.i.d. with expected value fs fdm. By the

strong law of large numbers, N~ Z;v:l Vi(f) — fS fdm as.as N — oo. In
particular, with f = 1, a.s. as N — oo one has

(N) _ (0 (N)
Jo P Jo
— " E(p" — p©@) = 7,($), T (20.34)

Foreachn =1, 2, ..., define
N, :=sup{j > 1:pY <n}. (20.35)

Then by (20.34) one has a.s. as n — oo,

(Nn)
— m1(S). 20.36
N, 1(8) ( )
(Nn+1) _ (Nn) . (k1) _ (k)

But0 < n—p®n) < pWath _ pMn) and 2250, 045, since 22" =
Pk g DR
e e 0 a.s. as k — oo. Hence (20.36) implies a.s. as n — 00,

n

— > 7(8). (20.37)

Ny

In the same manner for all n > p(l), if f is bounded and measurable, then a.s. as
n— oo,

p(l)

1 n
S f(Xm) =~ Z fXm) + = Z Vith+~ Z f(Xm)
m=1 m=N,
1 p<1>
1 N,
= =7 Zf(xm>+ Z f(Xm)
n j=1 m=N,
— o 0S) /Sfdm. (20.38)

Hence 7 (B) := m1(B)/m1(S) is the unique invariant probability for {X, : n > 0},
i.e., for p(x, dy).

We will complete the proof by a coupling argument. One may construct a (com-
mon) probability space (£2, F', P’), say, on which are defined two independent
families {(X,, 6,) : n > 0} and {(X,,, 6,) : n > 0} as above with {(6, : n > 0} and
{5,, :n > 0} iid Bernoulli 0 — 1 (1 — X, A) and independent of X and )?0. Let Xg
have (an arbitrary initial) distribution @ and let )?0 have the invariant distribution.
Let {p) : j > 0} and {5 : j > 0} denote the corresponding independent
sequences of regeneration times, and let {Yy = p©O v, = p® — p&=D (k> 1)},
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~

{170 =p0, Yk = p® —5*=D (k > 1)} be the corresponding sequences of lifetimes
of two independent renewal processes. Under the hypothesis, Yk, or Y; (k > 1)
has a lattice span 1, and EY;, = Ef;k = E(p(Z) — ,0(1)) < 00. Hence, as in the
coupling proof of the Renewal Theorem 8.5 in Bhattacharya and Waymire (2021),

=inf{(n >0: R, = ﬁn =0} < oo a.s., where {R,, : n > 0} and {ﬁn :n > 0}are
the two residual lifetime processes corresponding to {Yy : kK > 0} and {Y} : k > 0},
respectively. Note that p is the first common renewal epoch, i.e., there are m, i such
that p™ = 5™ = p. Now define

X f,, if p > n,

n -

(20.39)
X, ifp<n.

Since p is a stopping time for the Markov process {(W, Wn) n > 0}, with W, :=
(Xn, 6n), W, = (Xn, 6,), one may use the strong Markov property to see that {X, :
n > 0} and {X, : n > 0} have the same distribution. Hence, for all A € S®x,

IP(X,f € A)— P(X} € A < |P(X)} €A, p<n)—P(X] €A, p=<n)
+IP((XF e A p>n) —PXXS €A p>n)
< P(p > n). (20.40)

Here we have used the fact (X); = X, on [p < n].

Remark 20.2. For the case N > 1, one first constructs Xg, X1, ..., Xy_1 with
transition probabilities p(x, dy). Then apply the above proof to the N (N-skeleton)
Markov processes given by {Xnx : k > 0}, {X14nk 1k >0}, .., {XN_14n8k k>
0}, each having transition probability p™) (x, dy). Let 7o, . .., mn_1, respectively,
be the invariant probabilities to which these Markov processes converge in total
variation distance. Then the Markov process { X, : n > 0} converge in total variation
distance to 7 = + Z]/V;Ol ;.

Remark 20.3. Theorem 20.4 is due to Athreya and Ney (1978), and Nummelin
(1978). In the context of Harris recurrence, the bivariate regenerative model
(X, 6) introduced here is often referred to as a  splitting model.’ An essentially
identical construction that exploits local minorization, often referred to as Nummelin
splitting,® provides an approach to results of the type given here based on the
construction of a representation of the process having an arom; that is a set of states
B for which transition probabilities from states x € B do not otherwise depend on
x. For this purpose one defines a bivariate Markov process on $* = § x {0, 1} as
follows. Assume local minorization by a small set Ap with respect to a probability
measure v on (S, S), concentrated on Ao, i.e., for some 0 < A < 1, p(x, A) >

5 Athreya and Ney (1978).
6 Nummelin (1978).
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Mpv(A),x € S,A € S.Forx € S, A € S, define x© = (x,0), xV = (x, 1),
AQ = A x {0}, AD = A x {1}, A* = A x {0, 1}. A® and AD are considered to
be (coded) copies of A. Let S* = o{A@ AD : A € S}. Give S* the product
o-field. If y is a probability measure on (S,S), then the splitting of y is the
probability y* on (S*, S$*) defined by y*(A©) = (1 =)y (AN Ag) + Ay (AN A),
y*(AM) = Ly (AN Ap). The transition probabilities of X* are then defined as above
by splitting transition probabilities in such a way that X* = (X, 0) € S* inherits
Harris recurrence from X. Moreover, X is a Markov process with the transition
probabilities p(x, A),x € S,A € S. The set B = A(()l) is an atom of X™* since
p(xD, ) does not depend on x! € B. From here techniques from renewal theory
developed for countable state Markov chains can be extended and applied.

We conclude this chapter by consideration of conditions for an exponential rate
of convergence for the total variation convergence (20.31) provided in the preceding
Ergodic Theorem 20.4, referred to as geometric ergodicity.

Definition 20.4 (Geometric Ergodicity). A Markov process on (S, S) with invari-
ant probability & is geometrically ergodic if

1P ) =7 Ollry = sup [p™(x, B) = n(B)| < Cor", n=12,...,
BeS

for some r < 1, where C(x) < oo for m-a.e. x € S. The process is said to be
uniformly ergodic in the case that C is a constant.

The obvious first question is to provide some condition under which local minoriza-
tion of a Harris recurrent Markov process provides geometric ergodicity. A standard
approach to this problem borrows a notion of Lyapunov function V : S — [1, o0],
with V(x) < oo for x € Ay, to control the drift of the Markov process as follows.

Theorem 20.5 (Foster-Tweedie Drift Condition). Suppose that X is a ¢-
irreducible, aperiodic Markov process with invariant probability 77 on a state space
(S, S). Assume the local minorization condition p(x, A) > Alg,(x)v(A),x € S,
for some 0 < A < 1 and probability v. If there is a Lyapunov function V > 1, with
V(x) < oo for x € Ay, such that for some 0 < 8 < 1,

E,V (X)) < BV (x) + bl (x), forallx €S, (20.41)

then X is geometrically ergodic.

We will prove an alternate version of this theorem’ using coupling with the

advantage of providing a computable rate of convergence, but under somewhat
stronger conditions. The coupling is an independent coupling of two Markov

7 See Rosenthal (2002), Roberts and Rosenthal (2004), for both this and its extension to the more
general Foster—Tweedie Theorem 20.5.
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processes X, X' that occurs when the two processes enter the small set Ag and an
independent coin toss is “head”, (an outcome with probability A).

Theorem 20.6. Let X = {X, : n = 0,1,...} be a Markov process on the state
space (S, S) starting at Xg = x € S and having transition probabilities p(x, dy) and
invariant initial probability . Assume that there is a small set A9 C S, a Lyapunov
function V > 1 satisfying the drift condition (20.41) with parameters 8 < 1,b € R,
a probability measure v on S, and A > 0 such that local minorization (20.3) holds
with parameters N = 1, A. Assume also that

(i) sup V(x) < 00, and (ii)d = inf V(x) > [L} ~ 1 (20.42)
x€Ao xeAg 1— ﬂ

Leta = B + % < 1,and B = max{l,a~ (1 — %) SUD(x, y)eAg x Ao ‘Rv}, where,

v(x,y) = w, and for (x, y) € Ag X Ao,

Rv(x,y) = (1 - /\)_2/ / v(z, w)(p(x, dz) — Av(d2))(p(y, dw) — Av(dw)).
sJs

(20.43)
Then, forany 1 < j <n,
1Pc(Xn € ) =mO)llry < (1= 1) +a"Bf—1/Sv(x,y)n(dy). (20.44)
In particular,
[[Pe(Xn € ) —wOllry < c()r”, (20.45)

for r = max{(1 — 1), Ba}, c(x) =2B~! fS v(x, y)m(dy).

Proof. The proof is by a coupling that encompasses the type of “splitting”of
probabilities involved in the use of local minorization. Next let us define the Markov
processes (X, X') to be coupled. To start, fix arbitrary x € S. Let Xo = x and
X, = x’ be a sampled value from the invariant distribution 7. The process is defined
recursively as follows: Let6,,n = 0, 1, 2, ... be ani.i.d. sequence of Bernoulli 1, 0
random variables with respective probabilities A, 1 — A, independent of X, X6. If
x = x/, then couple X; = X| with value sampled from the distribution p(x, dy).
Suppose x # x’, but (x,x’) € Ag x Ag. If 6o = 1, then sample X from v,
but if §p = 0, then sample X/ from ¢(x’, dy) = w. If 6 = 1, then
take X1 = X ’1, but if 6y = 0, then sample X from ¢ (x, dy), independently from
X' Finally, if x # x’, (x,x") ¢ Ag x Ao, then independently sample X and X
from p(x, dy) and p(x’, dy), respectively. Now repeat this sampling beginning with
X1, X| inplace of x, x’, and so on. One may readily check that X and X" are Markov
processes starting from §, and m, respectively, and having the common transition
probability p(x, dy).
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We first check that the technical condition (20.42) implies that the coupled
processes satisfy a (bivariate) drift condition outside Ag x Ag with Lyapunov
function v(x, x’) = w for the small set Ag x Ag and parameter «; by
assumption, v(x, x") is bounded on Ay x Ag. Specifically, if (x, x") ¢ Ag x Ao, then
either x € Ajorx’ € A, or both; thus, v(x, x) > # and E, V(X)) +E, V(X)) <
BV (x) + BV (x") + b. Then,

1
Eqanv(X1, X)) = E[ExV(XI) +EoV(X)]

1
= SIEV (X)) +EeV(X))]

IA

1
S8V ) + BV (x') +b]

, b
=,3v(x,x)+§

W bu(x,x)
S ﬂU()C, X ) + EF
2
= (B+b/(+d)v(x,x")
=av(x,x), (x,x)¢ Agx Ao. (20.46)
In view of (ii) of (20.42), one has@ = B+ b/(1 +d) < 1 as required for a bivariate

Lyapunov function.
Coupling occurs at time

T, =inf{n : X, = X,,} = inf{n : (X,, X)) € Ao X Ao, 6, = 1}, (20.47)
the almost sure finiteness of which will follow from the bound on P(X, # X)) as
follows. Let N,, denote the number of visits to Ag x Ag by (X, X,’() in time k£ < n.
Then, forany 1 < j <n,

P(X, # X,) =P(Xy # X, Nuo1 = j) + P(Xy # X, Nuo1 < )
<A =2+ P(Xy # X, Nuo1 < ). (20.48)
since the event [X,, # X|,, N,—1 > j] implies that [6; = 0] for j distinct values of i

corresponding to visits to Ag x Ag; else X, = X,. To bound the second term define
of (20.48)

My = "B N0 (X, X)) x,2x,, n=0,1,2...,(N.y =0).  (20.49)

We will first show that M,,, n > 0, is a supermartingale, and therefore has decreasing
expected values with increasing n. This will be accomplished by considering the
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cases [(Xp, X)) ¢ Ao x Aol and [(X,, X)) € Ag x Ag], separately. Observe that
for (X,, X}) ¢ Ao x Ao, N, = N,_1, so that, recalling that (X, X') is Markov and

noting that [X,4+1 # X, 1 C [Xn # X, 1,

E[Myi1lo((Xj, X)), 1 < j <n)]
=a "I BTN Ev(X g, X )1 F o (X, X1
nt+l> A 1) HX 11 #X,, ] n> Sp
<o "' BTNy Ly Blv(Xng1, Xy lo (Xa, X))
= MyE[v(Xnt1. X))o (Xn, X))1/0v(Xn, X))

< My, (20.50)

where this final inequality uses the bivariate Lyapunov drift bound outside Ay x Ayg.
On the other hand, if (X,,, X)) € Ag x Ag, then N,, = N,,—1 + 1, so that

IE[1‘/In+1|(7((Xja X;')a 1 <j=<n)]

=a "' BTN B 0(X g, X}/1+1)1[X71+15£X o (X0, X;)]

!
n+l]

<o " BTN B [u(X g1, Xy D x,x 110 (X, X))

=a "BV N (1 — MRY(X, X)) x,2x1)

= Mua 'B7' 1 = MHRu(X,, X)) /v(Xp, X)) < My, (20.51)

by definition of B. Thus, M, is a supermartingale. As a consequence, one has the
following bound on the second term of (20.48), using B > 1 and the property v > 1,

P(Xy # Xy, Nu—1 < j) = P(Xp # X5, Nym1 < j = 1)
< P(Xy # X, BNt = B7U7Y)
< Bj*lE[l[X,ﬁéx;l]B*N’H]
< BBy, 2x BN (X, X))
=o"B/'EM,
< o"B/T'EMy = «" B/ Eu(Xo, X}). (20.52)
The theorem now follows from (20.48) using the Borel-Cantelli lemma.

Remark 20.4. If the local minorization and the Foster—Tweedie drift condition hold
for p(N ) (x,dy) for some N > 1, rather than for p(x, dy), then apply the above
argument to the N-skeleton Markov processes {Xyr : & > 0}, ..., {XN—_14Nk :
k > 0}, each with transition probability p(N ) (x, dy) as described in Remark 20.2.
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It follows that % Z?:OI pINEED (x ) converges to 7 in the total variation norm as
k — oo.

Remark 20.5. The assumption sup, .4, V(x) < oo is redundant since it can be

deduced® from the other conditions of the theorem. Also the condition (ii) of (20.42)
makes the choice of the bivariate Lyapunov function simpler, but is otherwise not
necessary.”

Observe that it follows from the exponential bound in the above proof that,
choosing j = [8n] for sufficiently small § > 0, lim,—oc P(X, # X)) = 0 at
an exponential rate. In particular, the coupling time is almost surely finite (i.e.,
successful coupling). Moreover, since the time 74, to reach Ag starting at x € §
is smaller than the coupling time one obtains the following corollary.

Corollary 20.7. Let T4, be the hitting time of the small set Ag. Then, under the

conditions of Theorem 20.6, one has

E,s™ < o0, xe¢€bS, (20.53)

Ina

where 1 < s < max{(1 —A)~%,aB %)}, for0 < & < B

Proof. Simply observe that 74, < T,, where T is the coupling time (20.47). So, for
s> 1

E,s™0 < E,sTe

00
= S+ZSHPX(TC =n)

n=1

:S—I—ZS"{X(TC >n—1)— Py(T; > n)}

n=1

o0
L4s+ (=1 s"P(T. > n)

n=1

IA

l+s+(s—1) Zs"c(x)r" < o0, (20.54)

n=1

IA

for r = max{(1 — A),aB} < 1, ¢(x) = 2B~} fs v(x, y)r(dy), 1 <s < %

8 See Roberts and Rosenthal (2004) for proof.
9 See Roberts and Rosenthal (2004) for a more general statement.
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Remark 20.6. Tt is actually true'” that under geometric ergodicity for every A such
that 7(A) > 0, there is an r = r4 > 1 such that E;r™ < oo.

We now turn to an important consequence of Theorem 20.6.

Definition 20.5. A real-valued sequence {X,, : n > 0} is a nonlinear autoregressive
process of order k > 1, if it is of the form

Xpr1 =h(Xng1-ks oo, X1, X)) +Mp1 1 =0, (20.55)

where £ is a real-valued measurable function on R¥ and {n, : n > 0} is an i.i.d.
sequence.

Theorem 20.8 (Geometric Ergodicity of a Class of Nonlinear Autoregressive Pro-
cesses). Let {X, : n > 0} be a nonlinear autoregressive sequence of order k of the
form (20.55), with & bounded on compacts, and on the set {y = (y1, ..., yx) : |¥| =
Zl;':l |y;| = R} one has

)< D ailyil +e, (20.56)

1<i<k

where a;’s, ¢, and R are positive constants, Zl<i<k a; < 1, and the distribution of
1, has an absolutely continuous component g (with respect to Lebesgue measure
Ak), which is positive a.e. Also, assume E|n,| < oo. Then (a) the Markov process
Yo = Xnt1-ks----» X)) : n > k — 1} is geometrically ergodic, and (b) the
distribution of X, converges to a steady state distribution exponentially fast in total
variation.

Proof. We will show that the k-tuple (X,, Xp41, ... Xntk—1),n = k —1,1is a
geometrically ergodic Markov process. To simplify notation we take k = 2. The
general case is entirely analogous with a little messier notation (Exercise 7). Define
the Lyapunov function (for k = 2)

V(y) =max{lyil, y21} +1 y= (1, ) € R~ (20.57)

One has, defining the norm on R? by |y| = |y| + |y2], ¥y = (y1, y2)', and writing
Yy = (Yu.1, Yn.2)' to denote the components of of the random (column) vector Yy,

Yn+1 = [Xpn, h(Yy) + nn+1]/ = [Yn,Zv h(Y,) + 77/1+1]/’
Yoi2 = [ +0ns1, h(Yny D 41042) = [V +00p1, A([Yn2), R ) 4001 D+1042]

|Yn+2,l| =< |h(Yn) + 77n+1| + |Yn+2,2| = |[h(Yn,2a h(Yn) + 77n+1) + 7In+2|-

10 Nummelin and Tuominen (1983).
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One then has on the event [|Y,| > R],

[Yina2,11 < ailYu, 1| + a2|Yn 2| + ¢ + [0n41l, (20.58)

and

[Yot2.2] < ns2l + [a11Ya 2| + a2 (1R (Yy) + ta1| + Oy, 51 +aslh (V) 41 =R + @2 R + €
< g1l + g2l + ¢ + a1lY 2| + aa(ar| Y 1| + a2l Yy 2] + ¢) + R. (20.59)

Therefore, on [Y,, > R], one has

V(Yp42) = max{|Yn12.1l, [Ynt2.2[} + 1
< 1l + Inng2l + 14 2¢ + R + max{ai |Yn, 1] + a2|Yn 21, a11Yy 2|
+az(ai|Yn 1| + a2l Yn 2]}
< 1| + g2l +2¢ + R+ 14 (a1 + a2) V(Yy). (20.60)

Now let 6 > 1 be chosen so large that
(a1 +a2) +2QE|m|+2c+1+R)/IR=1—-€ < 1.

In the part of (20.60) without V (¥},) as a factor, multiply and divide by V (¥,,). Using
the lower bound V (Y,) > 6 R/2, for this € > 0 one then obtains,

E[V (Yu42)|Yn = y] < (1 — €)V(y) forall |y| > OR. (20.61)

Thus the relations (20.41) or (20.42) are easily verified with § = R2, Ag = {y €
R2 . ly] < 6R}, b = 0, for the Markov process {Y2, : n = 0, 1,...}, i.e., on the
time scale Yy, Y2, Y4, .... Next, note that this Markov process has an a.e. positive
density component no smaller than (Exercise 8)

u(x,y) =g —h() [] e0j—htxj, . ox ...y, (k=2).
2<j<k

(20.62)
In the case that the distribution of 7] is absolutely continuous with density g, u(x, y)
is the transition probability density of the Markov process {Y>, : n > 0}. Because
of the a.e. positivity assumption for g, it is now straightforward to check that the
Markov process {Y2, : n > 0} is (i) aperiodic and (ii) Ag is a recurrent set with
respect to Lebesgue measure Ay (Exercise 9).

It remains to show that Ag is a small set. For the proof of this we make the
simplifying assumption that 4 is continuous and g is bounded below by a positive
(Az-a.e.) function f (See Remark 20.7). Let G(x) = onu(x, y)A2(dy). Then
G(x) = F(x), where F is obtained by replacing in the last integral of g by f in
the expression for u#(x, y) in (20.61). Here X, is Lebesgue measure on RZ2. Then
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8 :=inf{G(x) : x € Ap} = inf{F(x) : x € Ag} > 0.

Let v(B) = A (AoN B)/A(Ap) for all Borel subsets B of R2. Then v is a probability
measure on R?, and denoting by ¢ the transition probability of {¥», : n > 0},
one has g(x, B) > v(B)14,(x). Hence the Markov process {Y2, : n > 0}
is geometrically ergodic by Theorem 20.5 or 20.6. The same proof applies to
the process {Y2,41 : n = 0,1,...}. Also, the existence of a a nonzero density
component 7, (with full support) implies that the process is aperiodic (see (20.62)).
The geometric ergodicity of the process {Y,, : n > 0} follows easily from this
(Exercise 11). This proves part (a) of the theorem. Part (b) is an easy consequence
of this. |

Remark 20.7. Theorem 20.8 is a slightly extended version of Theorem 1 in
Bhattacharya and Lee (1995) (Correction, ibid, 1999). It implies several other
results, as described in the following example.

Example 2 (SETAR Model'"). The so-called self-exciting threshold autoregressive
model (SETAR) is defined by

Xpt1 = h(Xil—k+17 o Xp) + NMn+1, (20.63)

where {1, : n > 0} is an i.i.d. sequence with an absolutely continuous common
distribution with a positive density (a.e.) and & : R — R is specified as one of m
different linear autoregressive models depending on which of m regimes (intervals)
a random variable Z takes its values. Typically Z is one of the k coordinates, say
vj(j =1,..., k), or some function of the k coordinates, or a variable independent
of {n, : n > 1}. Thus,

h(y) =ci + Z aijyj, ifrici<Z<=<r,i=1,....,my=1...,Y)

1<j<k
(20.64)
where —0c0 = r9p < ri < --- < r, = oo. Under the condition that
maxi<j<m Zk,-_lfj<k,- la;j| < 1, the conclusions of Theorem 20.6 hold. One may
use the same Lyapunov function V(y) = max{|y;| : i = 1,...,k} + 1, as in the

proof of Theorem 20.8, on each regime, and arrive at the desired inequality on the
time scale Yo, Yi, Yo, .. ., E[V (Y| Yk—1)n = y]1 < (1 =€)V (y); first for k = 2 for
simplicity, and then generally (Exercise 11). This result holds if 7, has an absolutely
continuous component which is a.e. positive, somewhat extending the original result
of Chan and Tong (1985).

I Chan and Tong (1985).
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Exercises

et

10.

. LetY; =X 7 Jj = 0, be the process defined on a recurrent set Ag (see (20.6)).

Use the strong Markov property to prove that {Y; : j > 1} is a Markov process
on (Ao, Ap N'S) with the transition probability p,(x, dy) given by (20.7).
Suppose that p(x, dy) has, for each x € R, a density with respect to Lebesgue
measure on R. Show that p™ (x, {y}) = 0 for each singleton {y}.

Prove the regeneration lemma (Proposition 20.1) in the case A = 0

Assume that Ag is recurrent and locally minorized (Definitions 20.2, 20.3).
Define, as in the proof of Theorem 20.1 (a), F; := {X,, € B forsome n €
[zj, Tj+1)}. J = 0, with Yo = Xo € Ap having distribution m4,. (i) In the
strongly aperiodic case (N = 1) show that the tail o-field of the stationary
Markov process {Y; : j > 0} is trivial. (ii) Show P,(N72, Uj?';n Fj) =
1 forall y € Ag. [Hint: Use (20.16) with N = 1. (iii) For general N > 1,
show that {Y; : j > 0} is a stationary ergodic Markov process. [An alternative
procedure for proving ergodicity of Y;, j > 0, is to use Theorem 16.4.]

. (a) Show that w(dy) = 4ye_2y1[oyoo) (y)dy is a time-reversible invariant

probability.[Hint: Consider Ag = [8k, k] fork > 1 and V(x) = ¢“*,0 < ¢ <
I, x > 0. (b) Recall Example | and prove geometric ergodicity of the Markov
process on [0, co) defined by iterated maps X, = yw,,1,) - - V.. 11)(X0), n >
1, of the form yu,t)(x) = ux + t,t > 0, where, independently of X,
Uy, Uy, ... is an iid sequence of uniformly distributed random variables on
[0, 1], and T3, T, ... is an ii.d. sequence, independent of U,,n > 1, of
exponentially distributed random variables with mean 1/2. (c) Show that one
may take the small set in Example 1 as Ag = (0, @] for some a > 0, and v
having density 26‘23'1[&00) (y).

(a) In the context of the proof of Proposition 20.1, (i) show that {(X,,, 6,) : n >
0} is a Markov process, (ii) for the proof of part (b) of the proposition show that
6, is independent of F,-n = o {(Xn,6,) : 0 < n < =D} and of (/).
(b) In the context of the proof of Theorem 20.4, show that both X and X’ are
Markov processes with the transition probability p(x, dy).

Extend the proof of Theorem 20.8 to the case of general k¥ > 2 under
the simplifying assumption in the last paragraph on 4 and on the absolutely
continuous component of the distribution of 7,,.

Show that the density component of the transition probability of the process
{Yin : n > 0}, on the time scale 0, k, 2k, ..., is no smaller than u(x, y)
in (20.62).

Under the hypothesis of Theorem 20.8 show that the Markov process {Yj, :
n > 0} satisfies the hypothesis of Theorem 20.5 or 20.6. You may assume the
simplifying assumption to prove that A is a small set made in the last paragraph
of the proof of the theorem.

Fix0 <a < 1 and define X,y1 =aX,+Ty+1,n=0,1,...,where T,,,n > 1,
is an i.i.d. sequence of mean one exponentially distributed random variables.
Then, p(x, dy) = e* e " 114x,00)(y)dy. The objective is to establish geometric



308

11.

20 Harris Recurrent Processes

ergodicity for this example. Let Ag = [0, k]. (i) With N = 1, determine k such
that Ag is a small set for v given by vx(B) = me[ak k] e Vdy/ i, Mk = e~k _
e~*. [Hint: For x € Ag, B C Ao, show that p(x, B) = e%* fBﬂ[ax,k] e Vdy >
Mve(B). Let Va(x) = €. (ii) For x > k, show E, V.(X;) = e4*(1 —¢)~1 <
Bek Ve(x), where Be i = e_(l_“)Ck(l — c)_1 < 1 for k sufficiently large, i.e.,
k> ﬁlnﬁ. (iii) For x € [0, k], show that E, V.(X1) < Bc.x V.(x)+b, for
b sufficiently large. [Hint: Consider b > maxo<y<x €*“*(1 — o)~ = etck(1 —
¢)~!. (iv) Determine 0 < ¢ < 1 such that the condition (20.42)(ii) for the

bivariate drift holds. [Hint: Check k¢ > ([ 1_%( k] — 1), or equivalently, refine

k so that €k¢ > 29K /(1 — ¢) k > ﬁ In(+%) is sufficient.
(a) Show that Theorem 20.5 applies to the the proof of Theorem 20.8, and so
does Theorem 20.6. (b) Write out a proof of the geometric ergodicity of the

SETAR model (Example 2).




Chapter 21

An Extended Perron-Frobenius Theorem oo
and Large Deviation Theory for Markov
Processes

An extension of the Perron—Frobenius theorem to compact linear operators
on Cp(S) for locally compact and o-compact metric spaces S is presented.
This yields some of the basic large deviation theory originating with Cramér,
Sanov, Donsker, and Varadhan presented in three parts. In the first part
the extended Perron—Frobenius theorem is used to obtain a large deviation
theorem of the Cramér—Chernoff type for a class of Markov processes. In
the second part the large deviation framework is extended to large deviations
for the empirical distributions of a class of Markov processes originally
obtained by Donsker and Varadhan. As a corollary the third part involves large
deviations for empirical distributions of i.i.d. random variables originating
with Sanov.

Throughout this chapter (S, p) is a locally compact and o -compact Polish space,
and for each x € §, let g(x, dy) be a finite measure on the Borel o-field S of S,
and such that sup, g(x, §) < 0o, and x — ¢(x, B) is measurable for every B € S.
Define a bounded linear operator T;; : Cp(S) — Cp(S) by

T, f(x) = fsf(y)q(x,dy), xeS. (21.1)
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The notion of the support of a finite measure often appears in this chapter. Here is
the definition.

Definition 21.1. The support of a finite measure o on (S, S) is the smallest closed
set Cy, such that u(C,) = u(S), ie., Cy := NcecC, where C is the class of all
closed subsets of S such that £(C) = (S). Equivalently, C;, = S\ UgeoG where
O is the class of all open G C § with u(G) = 0.

Theorem 21.1 (Extended Perron—Frobenius Theorem for Compact T;). Assume
that the operator 7T;; defined by (21.1) is compact, i.e., 7; maps bounded subsets
of Cp(S) to relatively compact subsets of C,(S) for the uniform norm. Let I" =
Tq(Bfr) U {1} be the closure of the set of images of Bl+ ={f € Cp(S) : [ >
0, || f1I = 1} under T, with added constant function f = 1.

Define

A+={k>0:quzkfonSforsomefeF}. (21.2)

Assume infy g(x, S) > 0, sup, g(x, ) < oo. Also assume the Doeblin minoriza-
tion condition: there is a finite nonzero measure ¥ on (S, S) such that g (x, dy) >
¥ (dy), for all x € S, and ¢ is fully supported. Then

a AT #£ @, and AT has a maximum element A", which can be paired with a function
ft e suchthat T, fT(x) = AT fT(x) forallx € S,
b There is a unique probability measure 7 such that

M (x d +
lim | IO 2l —o, 21.3)
n—00 f+ (x))ﬁ‘”
tv
where || - ||z, denotes the total variation norm. Moreover the convergence in total

variation norm is exponentially fast, uniformly in x € S. Also, 7 is the unique

invariant probability of a Markov chain with transition probability p(x, dy) =

. dy) f(y)

o In particular,

. () ) _f ~
Jim [ 50wy o E Do = [ @1.4)

for all bounded measurable g, the convergence being uniform in x.

Proof. (a) Clearly, A™ is nonempty, since A, := inf{g(x, S) : x € S}is an element;
for one may take f = 1 and A = A,, in (21.2). Also AT is bounded above by
Am = sup{g(x, S) : x € S}. Denote the supremum of AT by AT, and let A, € AT
increase to AT as n 1 oo. Also let f;, be corresponding elements of I" paired with
An. There exists a subsequence of {f, : n > 1} which convergesto f = f* e I,
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by the Arzela—Ascoli Theorem.' To reduce notation, we let this paired subsequence
be denoted {(A,, f,)}. Then (21.2) leads to

T,ft(x) =2t fH(x) forallx €S. (21.5)

We now show that there is equality in (21.5). For otherwise, there is some x = xg
such that 7, ™ (x0) > A" f T (x0). In view of continuity, this implies that there exists
an open neighborhood U of xg such that 7, f*(x) > AT fT(x), or, T, fT(x) —
ATfT(x) >0, forallx € U,and T, f*(x) — AT fT(x) > 0 outside U. Applying
T, to the difference T, f*—1™ T, and using the fact that ¢ (x, dy) > ¥ (dy) has full
support, it follows that 7, (T, f* =A% fH)(x) > [((T, [T () =AT fT ()Y (dx) >
Oon S. Writing € = infyes 7, (T, fT —AT fT)(x), onehas T, (T, f ) = AT T, f T+
e > (M + 8)qu+, where § = m Also, ”jf—i” € B]+ implies that g =
T, fT/Ilf Tl € I'. So, dividing the extreme sides by || f*||, one gets a contradiction
to the maximality of A*. Hence T, f* = A" fT on S. This proves (a). For (b),
first note that under the hypothesis for (a), f*(x) > 0 forall x € S. Therefore,
p(x,dy) = q(x,dy) A{;fry(l),x € S, defines a transition probability on S. That
is, apart from obvious measurability, 5(x, dy) is a probability measure for every
x € S. By the additional hypothesis imposed, this transition probability satisfies
Doeblin’s condition. Hence 5 (x, dy) converges in variation norm to a unique
invariant probability 7 (dy) for p (See Corollary 20.2). One also has the relation

~n) _ 0D _
p'(x,dy)=g¢q (x’dy)k+”f+(x)’ n=1,2.... (21.6)

This is easy to check for n = 2:

PP (x,dy) = /S 15(2) p(z, dy) p(x, dz)

T @

el e

o
A+2f+(x)

_ /S 15(2)q (2, dy)

_ /S 15()(q(z dy)q (x. d2))

o

— 4@ _ 7
_q (x’dy))\’-‘rz‘f-‘r(x)'

217

The general formula (21.6) now follows by induction on n (Exercise 2). To check
that p(x, dy) satisfies Doeblin’s condition, note that

! Folland (1984), p. 131.
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) JAIC))

WW(G’)’) > mlﬂ(fi)’)- (21.8)

plx,dy) =

Hence p™ (x, dy) converges in total variation norm to the unique invariant prob-
ability w(dy), say, uniformly for all x € S. Hence part (b) of the theorem holds.
Therefore, for all bounded measurable functions g on S,

lim / g(y)q“”(x,dy)M = / gF(dy), (21.9)
n—oo [¢ AT fF(x) s
uniformly in x € S. ]

Remark 21.1. 1t appears that part (a) of Theorem 21.1 may also be proven by an
application of a general theorem” due to Krein and Rutman (1948). However the
statement and proof provided here is self-contained and particularly suited to its
application in large deviation theory.

Remark 21.2. We call A in Theorem 21.1 the largest eigenvalue of 7,.

The following corollary is an immediate consequence of Theorem 21.1, and
relation (21.6). (Exercise 1)

Corollary 21.2. Let q(x,dy) = p(x,dy)e’?) satisfy the hypotheses of Theo-
rem 21.1, where p(-, dy) is a transition probability of a Markov process Xy = x,
X1, X», ..., and v is a measurable function. Then (i) g™ (x, §) = E,exp{v(Xy) +
...+ v(X,)}, and (ii) one has

1
lim —logg™(x, S) = loga™, (21.10)
n—-oon

where AT denotes the largest eigenvalue of the operator 7, defined by ¢ (x, dy) =
p(x,dy)e’™).

Remark 21.3. 1t is enough for the theorem to hold if the hypotheses hold for
g (x, dy) for some ng > 1 (Exercise 3). Also, Theorem 21.1 holds if ¢ (x, dy)
has a density g(x, y) with respect to a measure w(dy) with full support such that
y — g¢q(x,y) is continuous in y and g(y) := inf, g(x,y) > O for all y, and
sup, q(x,y) < oo. In this case one takes ¥ (dy) = g(y)u(dy).

Remark 21.4. In Theorem 21.1 the assumption that the measure v has full support
is only used to show that there is equality in 7, f* = A" T for the maximum
element of AT. There are cases where this assumption is not needed to prove the
equality. For example, in the case ¢(x,dy) = e¢"® u(dy), where u(dy) is the
common distribution of i.i.d. random variables, it is simple to check that the equality

2 The authors thank Patrick De Leenheer for this resource.
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holds with AT = m(v) = [ e’ u(dy), and f* = 1. Here ¥ (dy) may be taken to
be u(dy).

Remark 21.5. In case the X ;’s are i.i.d. with common distribution 7, taking hv in
place of v(h € R), (21.10) is just the statement that the moment generating function
m(h) of v(X1) satisfies %logm(h)” — logm(h),ie., A\t =m(h).

The so-called first-level large deviation problem can be stated as follows.
Let X¢, X1,... be a stationary ergodic Markov process on S having transition
probability kernel p(x, dy) and unique invariant probability 7. Let v be measurable
function on S and assume that E,e"**1) < oo forall # € R, and xo = x € S.
Then, just as in the i.i.d. case of the Cramér—Chernoff theorem,? one seeks the
large deviation rate I (a) = — lim;,_, % log P(Z;l‘:l v(X;) > na) for a deviation
from the sample mean given by a > m := f g V(x)7(dx). The size-bias approach
given here is precisely along the same lines as that of the classical Cramér—Chernoff
theorem for i.i.d random variables.

Remark 21.6. The proof that h — A1 (h) is differentiable and ﬁ)ﬁ'(h) #0
appears to require perturbation theory. A direct proof for finite S is indicated
in Exercise 18. For the i.i.d. case of the Cramer-Chernoff theorem, it is also
simple to show, using moment generating functions, that the kernel g (x, dy) =
p(x, dy)e™) satisfies the hypothesis of Theorem 21.1 for all 4 € R.

Lemma 1. Assume that the kernel ¢, (x, dy) = p(x, dy)e"™) satisfies the hypoth-
esis of Theorem 21.1 for all # € R. Let AT (k) denote the largest eigenvalue of
the transition operator for the (non-normalized) kernel g (x, dy). Let Xo, X1, ...
be a Markov process with transition probability kernel p(x,dy) > ¥ (dy) sat-
isfying the Doeblin minorization with respect to a nonzero measure ¥, and let

Xo, X1, ... be the Markov process with transition probability kernel p(x, dy) =
+
W%
in £ on h* for notational convenience, £ is the normalized positive eigenfunction
of the operator T, f (x) = [ F (e VY p(x, dy) corresponding to A+ (h*). Then
the respective diim'butions, Py, and ﬁx,n, of (Xop,...,X,) and ()?0, . ..,)?n),

starting at Xo = X(¢ = x, are mutually absolutely continuous with

e"V0) p(x, dy) for a given h = h*, where, suppressing the dependence

dﬁxn f+(xn) h*z'f Lu(xj)
: e, = = s 21.11
dPey O S GLb
and
F (T AT (* n -
d]:x’" Roy oy X)) = Me_h*zj‘:l v(x)) (21.12)
dPx,n f+(xn)

3 See BCPT p. 94.
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If X is stationary and ergodic with transition probability kernel p(x, dy) and unique
invariant probability = with E;v(X¢) = m, then X has transition probabilities
P(x, dy) with a unique invariant probability 77 (dy) with [ v(y)7 (dy) = a, say.

Proof. Consider the Markov process {)N(n :n > 0} on § defined by the consistent
specification (xg = x),

n
ﬁx(io € dxy, il € dxl,...,in € dxy,) = Hﬁ(xj'_l,dxj')

f+(x0))"+n(h*) i J J
ST 0)

= i P o € dxo Xy € iy Xy € d).

Similarly, or by inversion,
n
Pu(Xy €dxy, ..., Xy €dxy) = [ | p(xj-1,dx;))

_ P, dx)e VO f () plan, dxp)e V) f () prast, dx)et VO £ ()

M o) P Y e R T Py e
[HEOAT ) s e T
= We Zl—l J Jl:[lp(xj_l’dxj)
+ +n g% . . B ~ i
a % e~ X 6D p (X € dxo, Xy € dxy, ..., X, € dxy).

This estabhshes the mutual absolute contmulty of the distributions of (Xo, X1,
, Xn) and (Xo, X1, .. X n), with X¢o = Xo = x, as asserted.

That (X0, X1....} has an unique invariant probability 7 follows from Theo-

rem 21.1, or Corollary 21.2. |

Remark 21.7. In the case that w is a time-reversible invariant probability for
p(x,dy), one may readily check that 7(dx) = Z’](h*)(f*(x))zeh*"(x)n(dx)
is the time-reversible invariant probability for p(x,dy), where Z(h*) =
[s(f +(x))2e" "™ 7 (dx) is the normalization constant. (Exercise 4)

Remark 21.8. Under the hypothesis of Lemma 1, h — A" (h) is continuous. Let
A ={y :v(y) > a} for some a > 0. If infy p(x, A) > 0, then one can show that
At (h) — oo exponentially fast as h — oo. (Exercise 19)

Theorem 21.3 (Large Deviations for a Class of Markov Processes on Locally
Compact & o-compact Polish S). Assume the conditions of the framework leading
up to Lemma | and that E;v(X1) = 0. Then, for a > 0, the large deviation rate is
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given by

] n
T - . — + _
I(a) = nhm " log Py E lv(Xj) > na égg{logk (h) — ah}
J:

= ah* —log At (h*).
Define h* = oo if the infimum is not attained, i.e., the infimum is co.

Proof. First consider the case h* < oco. Observe that for 4 > 0,

q}in)(-x, S) = ]Exeh Z’}=1 U(Xj)

n
> " P D v(X)) = na . (21.13)
j=1

Now one has, using (21.6), the general relation

)C"”f*’(x)

AT (x) )
770y =S < GG

supy, fH(y) ~
In particular,

n

1 1
- log Py Z v(Xj)=na| < - (logq,(l")(x, S) — nha)

j=1
1 wn,, Supy fT(x)
- {log (A (h)—> — nha}

IA

infy f*(x)
1. sup, fH(x)
<logit(h) + —log —22 "2 _ ha.(21.14
< log ()+noginfxf+(x) a.(21.14)
Thus,
1 n
;long Zv(Xj)zna
j=1
< inf logatny + 11 maxe [T 21.15)
mn (0] —10g—/——F7—7—"F7— —hay¢, .
=20 %8 n gminnyf(y)

and, foreach & > 0,
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n

hmsup log Py [ Y v(X;) = na | <logat(h) — ha, (21.16)

so that

n
hmsup ! log P, (Z v(X;) > na | < inf {log)ﬁ'(h) - ha} = log)\"'(fz) —
n— 00 =1 h>0

(21.17)
say. For the lower bound we consider the mutually absolutely continuous size-
bias change of distribution of X, 2( Iy oo defined in Lemma 1, under which
the transformed Markov process Xo, X1,... is an ergodic Markov process
with umque invariant probability 7 for the transition probability p(x, ,dy) =
FTe v p(x, dy), where h* is the size-bias parameter such that Ex v(Xo) = a.

Then, for any € > 0, one has by the ergodic theorem that P-as.

n

1 ~ ~
lim —Zv(Xj) :/v(y)n(dy) =a. (21.18)
n—-oon = S
Define
1 n
Dy={0n -y ;Zv(yj) €a—ca+el. (21.19)
j=l1

Then, writing A, = —Z/ (X)), Ay = —Zl lv(X ), Py for the distribution

of (Xo, X1,...), 13 for the dlstrlbutlon of (Xo, X 1 ..), and recalling that under
the invariant dlstrlbutlon 7 for {X :n > 0}, v(X ) has mean a, one has using
Lemma 1,

P(A,>a—e€)>P(A, € (a—e a+e)=Ep1[(Xy,..., X,,) € Dy]
> B, 1[(Xy,..., X,) € Dplexp{—nh*(a+e€) +h* Y v(X)}
j=1

1 * n )
= exp{—nh*(a + €) + nlog AT (W)E1[(X1,..., X)) € Dn]Weh Yjr (X))

£+ (Xo) ~
= exp{—nh*(a + €) + nlog AT (h)}E, 10X, ..., X,) € Dy
exp{—nh*(a +¢€) + nlogA™ (h™)} T8 [( ) ]

fH(Xo)
FHX)

= exp{—n[h*(a + €) — log AT (W*)]E, 1[A, € (@a—e,a+6)] (21.20)

By the property of Harris positive recurrent Markov processes (see Chapter 20)
l[A €@—e,a+e)] -1 P -a.s. as n — 00. Also, it follows from Lebesgue
dominated convergence that
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= X))~ fH(X0), ~
Jim {Ex Xy )‘f+(X,,)1[A’Z €la-ea +€)]}
~ + Xa ~
— lim Exf (XO)l[An ¢ (a—e a+e)]=0. (21.21)

n—oo = fH(Xpy)

It follows from the bound (21.20) that lim inf,,_, % log P7 (A, > a —€)+ h*e >
log AT (h*) — h*a. Since the left side is an increasing function of ¢, it follows that

N + 7% *
liminf — log Pz (A, > a) > logA™ (k™) — h™a.

n—oo n

Thus,
NS | + 7% *
liminf — log Pz (A, > a) > logA™ (k™) — h™a.
n—-oo n

Since the lower bound cannot exceed the upper bound, and the infimum in (21.17)
is no more than At (h*) — h*a, one has h = h*.

Now consider the case h* = o0o. The proof for the upper bound holds with the
infimum equal to —oo in (21.17), which implies that the “limit” is —oo. |

Remark 21.9. From Theorem 21.3, one obtains an indirect proof of the relation

dlogh™ (h)
—an - m(h) = Ezpyv,

assuming h — A1 (h) is differentiable.
Remark 21.10. By changing signs one may derive a large deviation rate for

n

li 11 P X E <
Jim —log le( ;) —Ezv) < —na
Jj=

for all a > 0. (Exercise 18)

Remark 21.11. If S is compact the boundedness condition on p(x,y) will be
satisfied if p(x, y) is jointly continuous in (x, y).

The proof of the following corollary is left as Exercise 5.

Corollary 21.4. The conditions of Theorem 21.3 are satisfied if (i) x —
f s ") p(x, dy) is continuous in total variation norm for every & > 0, (ii)
infres [ p(x,dy) > 0, (iii) p(x,dy) > ¥(dy) forall x € S, where the
minorizing measure ¥ (dy) has full support, and (iv) sup, . ¢ f S O p(x, dy) < .
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Corollary 21.5 (Cramér—Chernoff Large Deviations). Suppose that X1, ... is an
i.i.d. sequence of random variables, and v a measurable function on S such that
m(h) = Ee"X1D < oo forall h € R. Then, At (h) = m(h) and, for a > Ev(X)),

n

1
lim —log P Xi) > = inf{l h) — ha}.
im og Zv( j) = na ér>10{ ogm(h) a}

n—oo n
j=1

Proof. Let S be the support of the distribution p(dy) of X1 on R. The conditions of
the theorem are easily checked for the canonical distribution on S (Exercise 21).
In particular, Tf(x) = fs F(0e"O) p(dy) maps to constants, and 7T1(x) =
[s €™ p(dy) = m(h)1(x),x € S, for the constant function 1(x) = 1Vx € S.
Thus AT (h) = m(h), and f+ = 1 (Exercise 21). [ |

Remark 21.12. While we have focused this chapter on large deviations in the
presence of Markov dependence, another departure from the classic Cramér—
Chernoff theory occurs by considering i.i.d. summands for which the moment
generating function may be infinite. By contrast to such “light-tailed”conditions,
Nagaev (1969) considered large deviations for a class of distributions* referred to
as stretched exponential distributions P(X > t) = ce"r, t > 0, for a parameter
0 < r < 1. In particular, for example, it is shown that if X, X»,... is an i.i.d.
sequence of stretched exponentially distributed random variables with mean m, then
fora > m,

1
lim — log P(S, > na) = —(a —m)’, (21.22)
n—oo n’

where S, = 27:1 X, i.e., the probabilities of deviations of ‘f—z" above the mean m
decay more slowly than exponentially. Such a deviation can occur when merely
one of the independent summands eventually takes a very large value, i.e., for
certain heavy-tailed distributions. Other naturally important directions involve non-
homogeneous Markov processes, e.g., Dietz and Sethuraman (2005), and Markov
processes in a random environment, e.g., Seppalainen (1994).

The following proposition provides a somewhat more friendly “operator norm”
lower bound® on the large deviation rate than the precise rate derived from the
spectral radius.

Proposition 21.6 (Spectral Radius Bound). Suppose that S is compact. For a
bounded linear operator 7" acting on the Banach space Cp(S),

4 A generalization that includes results of Nagaev (1969) was recently given in Gantert et al. (2014).
5 In fact, for bounded linear operators on a Banach space one has the Gelfand formula for the

spectral radius as lim,_, « ||7" || ; see Chapter 5, Exercise 6 as an application of the subadditive
ergodic theorem.
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At = ”T”op = ! sup 1T flus

where || f{lu = supyeg | f(X)].
Proof.

ATF N = AT £ = NTF e
Thus, dividing by || £ ||,

AT < sup Tfllu=Tllop-
f1lu=1

Example 1 (Two-State Markov Chain). This example illustrates the nature of
explicit computations involved in this theory. Consider S = {—1, 1} and transition
probabilities p_1,—1 = p = p1,1, p—1.1 = q = 1 — p = p1,—1, having invariant
probability 7 = (4, 4) with mean m = 0. Let v(y) = y,y € {1, 1}. Then

pe" ge
T, = ( —h h) has eigenvalue of maximum modulus
qe ~ pe

AT (h) = pcosh(h) + \/p2 cosh?(h) — p2 +¢q2, h > 0. (21.23)

Of course if p = 1/2, then this is the familiar moment generating function cosh(%)
for the i.i.d. case. The computation of the large deviation rate function

I(a) = — inf {log At (h) — ah} = sup{ah —logAT(h)}, 0 <a <1,  (21.24)
h>0 h>0

generally requires numerical approximation methods.® For the operator norm
bound, consider

(P +qHe? —p 2pq
det(T) Ty, — pI) = det(
a4 2pq (P*+qHe —p

= p? = 2(p* + ¢> coshQh)p + (p* —¢%).  (21.25)

Thus, the eigenvalue of maximal magnitude for Tq’h Ty, is

p(h) = (p* +¢°) cosh(2h) + \/(p2 +¢%)? cosh®>(2h) — (p* — )2, h > 0.
(21.26)
So, (Exercise 8)

6 MATLAB has a routine for numerically computing Legendre transforms.
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1T lop = \/ (P + ) cosh2h) +y/ (92 + ¢2)? cosh?(2h) — (97 — )2,
(21.27)

In particular, the Legendre transform calculation is not computationally simplified
using this bound. In the special case p = 1/2 these calculations reduce to

At (h) = cosh(h) < y/cosh(2h) = || Ty, |lop, h > 0.

In particular, the lower bound on the large deviation rate derived from the operator
norm is precisely %I (a) in this case (Exercise 8).

Example 2. Consider the random dynamical system

Xnr1=¢Xp)+0Zp41, n=0,1,2..., (21.28)
where Zy, Z, ... is an i.i.d. standard normal sequence, o > 0, and g is a bounded
function on S = R. Then p(x,dy) = J;Z?exp{—zg%(y — g(x)*}dy, x € S.

In this case, after completing the square in the exponent, one has for f € Cp(R),
v(y) =y,y €S,

T, f(x) = e2 WO £ (6 Z 1 6% + g(x)), (21.29)

where Z is a standard normal random variable. Thus,

h 1 2h2
[Ty llop < eMMI8lloetz0"h

so that log A (h) — ah < $62h? + h(||g|lsc — @). Thus, for a > [[g]lo.

. (@ —llgllo)?
f{log AT (h) —ah} < ——— 222,
jnflog " —ah} < == 5

Thus, I (a) = sup,.glah —log AT (h)} > %, fora > ||g||co-

For i.i.d. random variables a generalization of large deviations of sample averages
from the mean of the underlying distribution can also be formulated’ in terms of
large deviations of the empirical distribution function from that of the underlying
distribution. This leads to the next topic. To focus on the concepts rather than the
generality, we first consider i.i.d. random variables taking finitely many values.

Let S be a finite set, say S = {1, 2, ..., r}. Consider the set P of all probability
measures on S with full support. Given a sequence of i.i.d. random variables
X1, ..., X, with values in S having common distribution u, let E, = %(8 x; +

7 Sanov (1957).
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-+ + 8x,) be the empirical distribution. Denote by P, the set of probabilities in
‘P in the range of E, (as a map on £2). Note that an element of P, corresponds
to n observations partitioned into r groups or less. One may show by a simple
combinatorial argument that the number of such partitions is no more than (n + 1)"
(Exercise 26). Then one has for v € P,

Pu(Ep =v) = []‘[ u(i)"”“)] #Jy ()

i=1

= exp {va(i) log ,u(i)} #J,(v)

i=1
=exp{—n[DO||ln) + HW)I}#J;(v), (v € Py), (21.30)
where (i) J;(v) stands for the type of v, defined by the set of all permutations of
balls marked 1, ..., n, distributed in » boxes such that the number of balls in box
pisnv(@) (i =1,...,r), (1) HWv) = =) ; v(@i)logv(i) is the (Shannon) entropy

of v, and (iii) D(v||u) = ) _; v(i) log[v(i)/m(i)] is the relative entropy of v with
respect to i, also called the Kullback—Liebler divergence. We will show that

(n+ 1) "exp{nH(v)} <#J,(v) < exp{nH()}. veP,
For the right side use (21.30) to get, since D(v||v) = 0,
1> P,(E, =v) =exp{—nHW)}#J,(v). v e P,
For the left side,

I = Z Py(E,=y) < Py (E;, =v)(n+1)" =@+ 1) exp{—nH©W)}#J;(v),
y€Py

(21.31)
using (v € P,), the fact that P,(E,, = v) is the maximum among P,(E, = y) over

all y € P, (see Lemma below), and that #P,, is less than the number of ways n balls
may be distributed in » boxes. We then have from (21.30) and (v € P,),

Theorem 21.7 (Method of Types).

(n+ D7 exp{—nD||W)} < Pu(E, = v) < exp{—nD||w)}.

Theorem 21.8 (Sanov’s Theorem). (a) For every closed subset F of P,

1
limsup —log P, (E, € F) < — inlfgexp{D(vH,u)}.
ve

n—0oo

(b) For every open subset G of P,
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1
liminf — log P, (E, € G) > — inf exp{D(v||n)}.
n veG

n—o0

Proof. For the proof of part (a), one has from Theorem 21.7,

Pu(En€ F)= Y Pu(E,=v)
veFNP,

> exp{—nDO|lw)

veFNP,

IA

< #P, sup exp{—nD(v||11)}

veF

= #P, exp{sup —n D (v||n)}

veF

= #P, exp{—n inf D(v||n)}
veF

<+ 1D"exp{—n inlf7 D®||w)}. (21.32)
ve

By taking logs on both sides and then dividing by 7, the result follows. To prove
part (b) we will use the facts (i) U,>,P, is dense in P, and (ii) v — D(v||pn) is
continuous in the weak topology on P. Therefore, given u, there exists a sequence
v, € GNPy, such that D(vy,||n) — inf,cg D(v||n). Hence, by the method of types
theorem, one has for all sufficiently large n,

Py(E, € G) = Z Py(Ey =v) > Py(Ey =vy) > (n+ D" exp{—nD(vy|lu)}.
vee (21.33)

So that

1
liminf —log P, (E, € G) > —lim D(v,||n) = — inf D(v||w).
n—00 n veG

It remains to prove the italicized statement that was used after (21.31).

Lemma 2.

P,(E, =v) = max P,(E, = y).

YEFn

Proof. Lety € P,. Then,

Py(E, =v) = (n!/ |:H(nv(i))!:|> [Tverm®. (21.34)
i=1

i=1
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Py(Ey=y) = (n!/ []‘[(ny(i))!]) [Tva)®. (21.35)
i=1

i=1
Therefore,

Py(E, =Vv)/P,(E, =)

= (H[(ny(i))!]) /(N [ Jo@m @ O)

i=1 i=1
r r
> [[ow@)" YOO TTwa)™ D= ®) (note k!/m! = m* =)
i=1 i=1

— SOy — 0 —

Remark 21.13. 1t may be noted that part (a) of Theorem 21.8 holds for all
measurable sets F, not just closed F. The proof of part (b), however, requires that
G be open.

Next we turn to the problem of obtaining large deviation rates for empirical
measures of Markov chains. This includes the Donsker—Varadhan extension to
Markov chains of Sanov’s Theorem 21.8 for large deviations of empirical measures
fori.i.d random variables. We begin with a definition. From this point on A (v) will
denote the maximum eigenvalue of the operator 7, with kernel e’ p(x, dy).

Definition 21.2. A sequence P,,n > 1, of probability measures on (the Borel
sigma-field of) S is said to satisfy the large deviation principle (LDP) with a rate
function 7 if

1
limsup —log P,(C) < —inf(I(x) : x € C) forall closed C C §, (21.36)
n—oo N
and
1
liminf —log P,(0) > —inf({(x) : x € O) forall open O C S, (21.37)
n—oo n

where I : § — [0, oo] is lower semicontinuous, i.e., satisfies: {x : I(x) < d} is
closed for every d > 0.

We continue to assume that the state space S is a locally compact and o -compact
Polish space, and a Markov process {X,, : n = 0,1,2,...} with state space S
defined on a probability space (§2, F, P) has the transition probability p(x, dy).
Let L(S) be the space of lower semicontinuous functions v bounded below such
that the transition operator T, with kernel ¢ = g(x : v) = p(x, dy) exp{v(y)} is
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compact and the hypothesis of Theorem 21.1 is satisfied. The space P of probability
measures on S, endowed with the weak (weak-star) topology is a Polish space.
Let E, = n~!'Y " | 8x, denote the empirical measure of the Markov process.
We plan to establish an LDP for the distributions P, of E,, with initial state x.
The probabilities P, (-) expectations E, (-) are computed under the given Markov
process, with initial value x.

One has, from Corollary 21.2 with F(y) = [, vdy,

/ exp{nF}d P, = Ey exp{nF(E,)} = Ex exp{v(X1) + -+ + v(Xpn)},
N
and
. 1 .
limsup —log | exp{nF}dP, =logiA™ (v).
n s
Writing G = F — log A" (v), one then has
) 1
lim sup — log/ exp{nG}dP, = 0. (21.38)
n s

For any Borel subset B of P one then has P,(B) < exp{sup(—nG(y)
y € B)}[gexp{nG}dP, = exp{—inf[nG(y) : y € B} [gexp{nG}dP,,
lim sup,, %log Py(B) < —inf{G(y) : y € B} = —inf[[gvdy —logAT(v) : y €
B]. Optimizing over all such v € L(S), one gets

1
lim sup ;log P,(B) < inf{—inf[/ vdy —logAt(v) 1y € Bl : v e L(S)}
S

= —sup{inf[/ vdy — 10gk+(v) :y € Bl:veL(S)}.
S
(21.39)

The following lemma shows that the supremum and infimum in the last line may be
interchanged for compact B.

Lemma 3. If C is compact, then, writing /(y) = sup{/ v(y)y (dy) —log A" (v) :
v € L(S)}, one has

1
limsup —log P(E,, € C) < —inf{I(y) : y € C}.

n—oo N

Proof. First note that the inequality (21.39) holds for all measurable sets in P, not
just compact C. Given y € C with I(v) < oo and € > 0, find v, € L(S) such
that fS vy, (y)y(dy) — log A+(vy) > I (y) — €. Note that I is lower semicontinuous
(Exercise 11), and O, = {y’ : I(y’) > I(y) — €} is an open neighborhood of
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y. Since C is compact, there now exists a finite set {yy, y2, ..., ¥} such that C is
contained in U7, O,.

1 1
limsup — log P(E, € C) < limsup — log[m max{P(E, € Oy,) :i =1, ..,m)}

n—oo N n—oo N

1
= limsup — logmax{P(E, € Oy,) :i =1, ..,m}

n—oo N
. 1 .

= limsupmax[—log P(E, € Oy) :i =1,..,m].
n—o0 n

(21.40)

But, by (21.39), which holds for all measurable sets B,

1
lim sup — log P,(C)

n—oo N

< max (— sup {inf [/ vdy —logrt(v) 1y € Oy,.:| RS L(S)})
i=1,...m S

.....

=— min |[{I{(y;))—€:i=1,...,m}
i=1,....m
=-—min{/(y;):i=1,....m}+e <—inf[I(y) : y € C] + €. 21.41)

The desired result follows by letting € |, O. |

We have therefore arrived at the following. Although the supremum in the propo-
sition below may be taken over the class L(S), in view of Lemma 3, it turns out it
is the same when taken over the smaller class Cp(S). In any case, the upper bound
surely holds over this smaller set.

Proposition 21.9. For compact C, the upper bound for the LDP holds for the
sequence P, of distributions of the empirical measures E,, with rate function

1(y) = supf fs ()7 (dy) —log A+ () : v € Cp(S)).

For the upper bound for all closed sets C we need an additional condition defined
as follows.

Definition 21.3. A sequence of probability measures P,,n = 1,..., on a metric
space S is said to be exponentially tight if for every d, however, large, there exists a
compact set K4 such that lim sup % log P,(S\Ky) < —d.

Lemma 4. Suppose (21.36) holds, with § = P, for all compact C C P. If, in
addition, {P, : n = 1,2, ...} is exponentially tight, then the upper bound holds for
all closed C C P.
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Proof. Let C be a closed subset of P. With K as in Definition 21.3 for the metric
space P. One has,

1 1 .
lim sup - log P,(C) = lim sup - log[P,(C N Kq) + P,(CNKY]

ntoo

1 .
< limsup — log(2max[P,(C N Kq), P,(K)1)
n n
. 1
= lim sup — log(max[ P, (C N Kg), P,(KD1D
n n

1
< max(limsup — log P,(C N Ky), —d)
n n

< max(—inf{/(y) : y € CN Ky}, —d)
< max(—inf{/(y) : y € C}, —=d). (21.42)

The desired result follows by letting d 1 oo. |
A simple criterion for exponential tightness is the following.

Lemma 5. A sequence {P,} of distributions on § is exponentially tight if there
exists a function F : S — R with the properties (i) {x : F(x) < d} is compact
foralld > 0, and (ii) b := limsup,,_, % log fs exp{nF}dP, < oo.

Proof. Assume (i),(ii). For a given d > 0, choose d’ = b + d . Clearly, P,(F >
d") < exp{—nd'} [ exp{nF}dP,. Therefore, limsup,_, ., %log P,(F > d) <
—d'+b=—d.NowletK;={xe S: F(x)<d'}. [ |

We will assume exponential tightness for {P,} for now, illustrating it for
the classical i.i.d. case of Sanov later. To avoid possible confusion, we denote
the operator with kernel g(x, dy) by f‘q, whileT), f(x) = fS fOpx,dy). In
particular, given a transition probability p(x, dy), let ¢(x,dy) = €'Y p(x,dy).
For the lower bound in (21.37), consider a lower semicontinuous function f on
the state space S, f(x) > 0 a.e. with respect to a finite nonzero measure [
dominating the transition probability p(x,dy) = p(x, y)u(dy). Assume that

Ty f(x) = [gf(y)p(x,dy) is finite, and the kernel g,with v(y) = log T}{ J(ﬁ(’)y)

satisfies the hypothesis of Theorem 21.1. Then,

4(x.dy) = p(x. dy) exp(v()) = p(x. dy) Tf }y()y) (21.43)
/S 4G, dy) T, f(3) = /S PG dy) f(3) = Ty f(3), (21.44)

or
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T,Tp f(x) = Tp f(x). (21.45)

That is, T, f (x) is an eigenfunction of the Tq, and

Plx.dy) = plx,dy) explv() Tp /)
T, f(x)
FO) FO)
= d =1 . 21.46
= p(x, y)T NI5) , (v(y) og Tpf(y)) ( )

Denote by y(f) the unique invariant probability of the Markov process with
transition probability p'in (21.46). Let y = y(f) € O, where O is an open subset
of P. Tilting the distribution to the Markov process with transition probability p,
one has

1 & ~
P,(0) = P(E, € O) = / R, [— > by € 0} dQn, (21.47)
S n-
i=1
where @n is the distribution of the Markov process (}~(0 = x, X 1, ...,)?,,) with
transition probability p, and Q, that of (Xg = x, X{,..., X,) with transition

probability p. Then, by Lemma 1, relation(21.12),

n

dP,  frGE)AT(0)" .

(21.48)
j=1

Since O is open and y € O, under P, the indicator function in (21.47) converges in
probability to 1, as n — oo. Hence

1 f( i— 1)
—log P,(O —1 E Tp /X)) | o
w08 (0) = los lﬂn (X0 o)
-1 Ty f(Xi-1)
> E; lSlZSn log W + 0(1)7 (2149)

where E denoting expectation under P,. By ergodicity under p, y(f), (21.49)
converges to

T N
/ / tlog 2279 £y @) B, dy)
sJs S

_ /S fs (l0g(T, £ (1)) (f)(dx) — /S fs (log £ )y (FYEd)F(x. dy)
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=/S(10g(Tpf(X))V(f)(dX)—/Slogf(y)y(f)(dy)

T
- / (log 1279y, (), (21.50)
s f)
using (i) [5 p(x,dy) = 1 and (i) [§ p(x,dy)(y(f)(dx)) = y(f)(dy). Thus

lim inf% log P,(0) > fs(log T”szg)))y(f)(dx). Since this is true for every y =

y(f) € O, one gets

1
liminf — log P,(0O)
n—>00 1§

Tpf(x) . _
> sup S log y(Hdx): f>0,T,f <oo,y =y(f) €0)

fx)
= —inf{flog fx) y(f)dx): f>0,T,f <oo,y =y(f) € 0)}.
N Tpf(x) P
(21.51)

We have mostly arrived at the following main result.

Theorem 21.10 (Donsker—Varadhan Large Deviation Theorem for Markov Pro-
cesses). Under the hypothesis of Theorem 21.1, for all kernels g(x,dy) =
p(x, dy)exp{v(y)}, the following LDP holds (a) For all closed set C,

1
limsup — log P,(C) < —inf{I(y) : y € C}, (21.52)

n—oo N

where I (y) is given in Proposition 21.9
(b) For all open sets O,

1
liminf —log P,(0) > —inf{I(y) : f > 0, f measurable, T, f < 00, y = y(f) € O},
n—»oo n
(21.53)
where I (y(f)) is given by

I(y)=1(y(f) = /;(IOg[f(x)/Tpf(x)])y(f)(dx)o (21.54)

Proof. Note that (21.53) is the same as (21.51). Part (a) follows from Proposi-
tion (21.9) and exponential tightness for which we refer to Rezakhanlou (2017).°
|

8 Rezakhanlou (2017).
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Remark 21.14. The rate function for the LDP in Theorem 21.10 is that given in
Proposition 21.9. That this rate function holds for open sets O is not proved here.
For finite state Markov chains a proof, using variational arguments, may be found
in Varadhan (2008). For the general case we refer to Donsker and Varadhan (1975-
1983), or the comprehensive presentation of their results by Rezakhanlou (2017).
We will derive it for the i.i.d. case in Sanov’s theorem.

The following interesting and useful lemma by Donsker and Varadhan shows
that the large deviation rate 7 (y) in Sanov’s Theorem is the same as the Kullback—
Liebler divergence D(v||u), where u is the common distribution of the i.i.d. random
variables.

Lemma 6. Let D(v||p) = f S(log(dd—Z))du the Kullback—Liebler divergence of v
with respect to u, u and v being probability measures on the Borel o-field S of S.
The following relations hold:

D(v||lu) = sup |:/ fdv—log(/ efdu>:|
feCp(S) LS S
= sup U fdv —log </ efdu)], (21.55)
feBy(S) LIS s

where Bj(S) is the set of all bounded Borel measurable functions on S.

Proof. Let’ us write the first supremum in (21.55) as I1(v), and the second one as
I>(v). To show that D(v||u) > Ir(v), let j—l‘i = h for some measurable function /.
Note that if v is not absolutely continuous with respect to i, then D(v||u) = oo.
One has, for every f € Bp(S),

/fm~4xwmw=/hu>4%hwu
=logexpg/ff'—logh>hdu}
< log |:/ exp{f — logh}hdu}

=m/mmw,

proving D(v||u) > Ih(v). Next, to prove I1(v) = I(v) one uses, for each ¢ > 0,
Lusin’s theorem'? approximating f € Bp(S) by a continuous function f, such that

[ fell < 11f1l, and (u + v){x 1 fe(x) # f(x)} < €. In particular, | [(f — fo)dv| <

9 The proof follows Rezakhanlou (2017).
10 Folland (1984), p. 211.
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2¢| 111,

/fedV < log (/ eXp{fs}dﬂ) + I (v),
S

[ rav=[ rav+ [ 7= poar

SffedV+2€||f|| 526||f||+11(V)+log{fexp{fe}du}

and,

< 2¢[| fll + 11 (v) + log [/exp{f —26||f||}du}

= 4¢l|f|| + I} (v) + log U exp{f}dui| . (21.56)

Letting € | 0, one arrives at the desired result /o(v) < I;(v) and hence I1(v) =
L(v).

Finally, to prove D(v||n) < I>(v), first assume that I>(v) is finite. In this case v
is absolutely continuous with respect to u: v << p. To see this, let u(B) = 0 for
some Borel set. Let f = L1p in (21.56). We get (after letting € | 0), Lv(B) < I1(v)
(= I(v)), which cannot hold for all L unless v(B) = 0. Assume that 1 = dv g

d
bounded away from zero and infinity. Let f = logh in (21.56). g
If log & is bounded, then (letting € |, 0 in (21.56)) one has
/loghdv <ILi(v) — log/ hdu = L(v). (21.57)

This proves the desired result if log /2 is bounded. In general, let

€ ifh <e
hem=1{ h ife<h<M
M ifh>M.

Then, by (21.56),

/loghe,Mdv = Ii(v) +10g/he,Md/*'

By letting € | 0, and using the monotone convergence theorem, one obtains, with
hy = lime o he

/logthv < h(v) +10gthd,bL.



21 Perron—Frobenius and Large Deviations 331

Next, let M 1 oo, and using the dominated convergence theorem with i)y < h, one
gets

/loghdv < Li(v) +10gfhdu.

In the case the supremum in I(v) is not achieved, given § > 0< chose v = gs such
that [ gsdv — log [ exp{gs}du > L(v) — 6. [ |

We now show that for i.i.d. random variables with common distribution u the
rate function given in Proposition 21.9, namely D(v||u) applies to open sets in
Theorem 21.10, as for closed sets. For this fix v = hdp, i.e., c[ll_;li = h. Suppose the
supremum in

sup{ f vdv —log AT (v) 1 v € Cp(S)} (21.58)

is attained at v*. Note that here AT (v) = f e’ u(dy).
Let g € Cp(S). For all € > 0 one has

/(v* +eg)dv — log AT (v* +€g) < / v¥dv —log AT (v¥),

ie.,

€ f gdv — [log AT (v* + €g) — log A+(v*)] <0.

Dividing by € and letting € | 0, one obtains (Exercise 22)
/gdv = /ghdu < /gev*du/)»+(v*). (21.59)

Replacing g by —g, one gets

[ —edv= [ —ghd < [ ge"anpirwn,
Therefore,

/gdvE/ghduz/ge“*du/)»+(v*).

Since this is true for all g € Cp(S), we get

h = e”*/)fr(v*) a.e.(w).
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This says that v* = log & attains the supremum in (21.58). (Note that A+ (logh) =
f €92 dy = 1.) A similar but somewhat more elaborate argument holds for Markov
processes. We refer to Varadhan (2008) for the case of finite state Markov chains,
and Donsker and Varadhan (1975a, 1976, 1983), or Rezakhanlou (2017) for the
general case. The proof of Theorem 21.10 (b) provides a hint for the computation of
I (v) for invariant probabilities v of tilted chains with transition probabilities of the
form p(x, dy) = p(x,dy) Tl{}{l) for f >0, T, f < oo.
For the next result for i.i.d. random variables with common distribution 7, let

c(v) = 10g/SeXP{v(y)}7T(dy)~

Corollary 21.11 (Sanov’s Theorem). Consider a sequence of i.i.d. random variables
X,(n =1,2,...) with values in S, with common distribution 7, and let P,, denote
the distribution of the empirical E, = %leiin dy;(n = 1,2,...). Then the
sequence { P, } satisfies the LDP with rate function

I(y) = sup {/ vdy —c(v) :v e Cb(S)} = D(||m). (21.60)
N

Proof. The result follows immediately from Theorem 21.10, with exponential
tightness derived in Proposition 21.12, and Lemma 6. Remark 21.11 shows that
the same I (y) applies to open sets as well. ]

Remark 21.15. 1t may be shown that 7 (y) in (21.60) equals the relative entropy, or
Kullback-Liebler divergence D(y||r).

Remark 21.16. 1f one specializes (21.54) (21.53) to the i.i.d. cases, one readily
shows that y (f) is the probability %’ and I (y(f)) = D(y(f)||). Thus only
those y are considered which are absolutely continuous with respect to 7. All other
y such that D(y||m) = oo, and, therefore, can be omitted.

Proposition 21.12. In the case of i.i.d. random variables the sequence {P,} of
distributions of empirical measures is exponentially tight.

Proof. LetK;(j =1,2,...) be compact subsets of § such thatrr(K}?) < exp{—j?},
where 7 is the common distribution of the i.i.d. sequence. Define

Dj={yeP:y(K)<j"} (j=12..).

Then the sets D; are closed and the sets Cy = ﬂ‘;‘;l D; are compact, by
Prokhorov’s theorem (Exercise 12). One then has '
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oo
Py(Ca) = U DS |=p[E el DS
j=d

<Y P(E, € DS) —ZP(E (K= j™h

=Y P(j*En(K¢) > nj)

j=d
_ Z —njg (exp{n JE,(K /C )}) (by Chebyshev’s inequality)
j=d
=Y e | Y explni?l) - POENKS) = 5)}
j=d Lr=0
=Y e Zexp{rj2}<n> (n(Kj))’n(K,)""]
j=d Lr=0 d
= Z e—”j -eXp{jz}n’(K;) + ﬂ(Kj)]n
j=d i

3

n
<Y eV HnKpr =2y eV <2,
d j=d

From this exponential tightness of { P,,} follows (Exercise 13). |

It is interesting to see how Sanov’s Theorem 21.8 implies the Cramér—Chernoff
theorem. In the case of bounded random variables, this is essentially a consequence
of the following (Exercise 23)

Lemma 7 (Contraction Principle). Suppose the sequence {P,} of distributions of
E, = %231:1 log éx, {Pn} satisfies a LDP with rate function 7, on (S, p). Let
@ : S — S be a continuous map into a Polish space (§’, p’). Then the family
{P] = P,op~ !} satisfies the LDP with rate function I’ (x") = inf{/ (x) : ¢(x) = x'}.

Corollary 21.13 (Cramér—Chernoff). Let X1, X2, ... be an i.i.d. sequence of ran-
dom variables on (§2, F, P) with values in R having distribution 7. Let A(u) =
log Ee* X1 = log [pa ¢"*7(dx). Assume [pq €*"m(dx) < co. Define

ln
P,(A) = P(— XieA), AeBn=12,...,
1 (A) (an:;,, ) n
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where B is the Borel o-field of R?.
Then {P, : n > 1} satisfies the LDP with rate function

I(x) =A%"(x) = sup (x - u — A(u)).

ueRd

Proof. To use the contraction principle to prove Cramér—Chernoff we first restrict
the proof to the case of bounded random variables, say 7(S) = 1,5 = {x € RY :
|x| < m}, and define a linear functional ¢ on P = P(S) by

p) = /xv(dx), vepP.
N

Apply Lemma 7 to P(S) in place of S.
Then, since f(x) = x is bounded and continuous on S, ¢ is continuous for the
weak*topology on P. Let P, denote the distribution of rll Z,;':l X j, and define
P/(A) = P,({v:p(v) € A}, AcB.

Equivalently,

1 n
= —ZXjeA . (21.61)
n

It now follows from the contraction principle (Lemma 7) that { P, } satisfies the LDP
with rate

I'(a) = inf{DW||7) : p(v) = a}. (21.62)
veP

So the objective is to show that I’ may be equivalently expressed in the familiar
form

I(a) = sup(a-u— logf e"*m(dx)). (21.63)
ueRd N
To show that I’ = I we will use the Minimax Lemma 21.14 given below in

order to interchange a supremum with an infimum that occurs in the following re-
expression of the large deviation rate I’. For this one simply notes the continuity of
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v— D(v||7)and v — [qu - xv(dx).

I'(a) = inf (D(v||7) : p(v) = a}
veP

= inf sup {DW||7) —u - </ xv(dx) — a)
S

veP ueRd

= inf sup {D(||7) —/u~xv(dx)—|—u -a
veP , crd N

= sup inf D(v||rr)—fu~xv(dx)+u-a
ueRd VEP s

= sup {—log/ e"*rw(dx) +u ~a} = I(a), (21.64)
s

ueRd

where the first equality follows from the fact that the supremum is co unless ¢(v) =
a, and the last equality follows because for any bounded, measurable function f
on S one has log [ e/ ®n(dx) = sup,p{fy fdv — D(v||7)} (Exercise 27). To
remove the boundedness assumption complete the steps in Exercise 24. ]

The exchange of the supremum with infimum used in the above proof involves a
minimax formula due to Fan (1953). Another application of the minimax lemma
occurs in the Special Topics Chapter 22. The simple proof given here is due to
Borwein and Zhuang (1986). The lemma relies on a definition that captures the
property of a function of two variables that is convex-like in one variable, and
concave like in the other.

Definition 21.4. A function f : X x ¥ — R is said to be convex-concave like
on X x YifforO <t < 1, (a) for x;,x; € X there is an x3 € X such that
f(x3,y) <tf(x1,y)+ (1 —1)f(xa2,y) forall y € Y; and (b) for y;, y» € Y there
isays € Y suchthat f(x, y3) > tf(x,y1) + (1 —1)f(x, yp) forall x € X.

To simplify notation write supy = sup,cy, and similarly for miny.

Proposition 21.14 (Fan’s Minimax Formula). Suppose that X, Y are nonempty sets
with f convex-concave like on X x Y. If X is compact and f(:,y) is lower
semicontinuous on X for each y € Y, then

p = infsup f(x,y) = supinf f(x, y).
X y y X

Proof. If p = —oo, then the result is trivial since infx supy f(x,y) >
supy infy f(x,y). So assume p is finite. Let a € R with a < p. Since
K(y) = {x € X : f(x,y) < a} is compact for each y, and Nyey K (y) = 9,
there exist yi, ..., y, in ¥ such thata < miny sup,.;, f(x, yj). Let

C={zr=,....,zn.r) eR"xR:3x € X, f(x,y)) <r+z;,j=1,..,n}.
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Then C is convex subset of R"™! since f(,y) is convex-like. Also, by
construction, the point (z,7) = (0,1 + maxi<j<, f(x,y;)) belongs to the
interior C° of C for any x € X. Moreover, the point (z,r) = (0,a) ¢ C
since ¢ < miny sup;<;, f(x,y;). By the separation theorem''  there exists
(M, --oy Ay, 1) # 0, such that for (z,r) € C,z = (z1,-..,2n), ¥ €R,

n
Z)»ij +7rr >ra.
Jj=1

Since C + R’f] C C,onehas A; > 0,7 > 0. Moreover, clearly the point (z, ) =
(0, 1+maxi<j<u f(x,y)) € CY 5o that, in fact, one has 7 > 0. Thus, forall x € X,
reR,writingz; = f(x,y))+r, 1 <j<n,z=(z21,...,2s), then (z, —r) € C,
so that one has

n )\' n )\‘
= . VA
S Ereop+ X Z-1frza (21.65)
j=l1 j=1
Thus, considering r — —o0, one must have
n )\‘j
Y HE=1 (21.66)

j=1

Since f(x,-) is concave like, it follows from (21.66) and (21.65) that for j =
1,...n,somey €Y, f(x,y) > aforall x € X. In particular, supy infx f(x, y) >
a. Since a < p is arbitrary, one has supy infx f(x, y) > infx supy f(x,y). Now
use lower semicontinuity of f(x,y) and supy f(x, y) on the compact set X to
obtain the asserted equality. |

Corollary 21.15. Suppose that X, Y are nonempty sets with f concave-convex like
on X x Y. If X is compact and f (-, y) is upper semicontinuous on X foreachy € Y,
then

p :=supinf f(x,y) =infsup f(x,y).
x Y Y x
Proof. Note that since

infsup f(x, y) = —sup(—sup f(x, y)) = —supinf(— f(x, y)),
X vy X Y x Y

11 See BCPT, p. 12 for a proof in one-dimension.
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the roles of infimum and supremum can be interchanged assuming the correspond-
ing exchange of convex-concave like conditions to concave-convex like, and lower
to upper semicontinuity conditions entailed in replacing f by — f. ]

The following proposition yields a simple variational formula as a corollary.

Proposition 21.16. Let g be a bounded measurable function, P, Q probability
measures such that P << Q. Let A > 0. Then,

fgdP —AD(P||Q) = Alog/ e$’*dQ — AD(P||P"), (21.67)
S S
where

dP* e8!
dQ — [ges*dQ’

(21.68)

Proof. The left side of the asserted equation may be expressed as follows:

/gdP—AD(PHQ) :fgdp—,\/1og (d—P>dP
s s s dQ
dpP dP*
:/SgdP—Aj;log(dp*)dP—Afslog(dQ)dP
_/( —lo (dP*>>dP—kD(P||P*)
=/ (s 2\ o
e .
:/S<g—klog <W>)dP_)\D(P||P)
:/<g—uog(e§)+xlog (/eg/de»dP—AD(PIIP*)
S N
:/(g_xg/wruog(/ eg/*dQ>)dp—w(P||P*)
S S
_ /A(logfeé’“d@ dP — AD(P||P*)
S N

= Alog/ e8*dQ — AD(P||P¥). (21.69)
N

This completes the proof. ]

Corollary 21.17 (Donsker—Varadhan Variational Formula). Under conditions of
the theorem one has

logEge*® = max (A / gdP — D(P||Q)). (21.70)
pPeP Ky

Moreover, the argmax P* is unique.
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Proof. Replace g by A2g in Proposition 21.16. Then,
Alog/;e’\ng — AD(P||P*) = AZ/SgdP — AD(P||Q).
Thus, forall P << Q
log/Sekng = A/SgdP — D(P||Q) + D(P||P¥)
> )\/;gdP — D(P||Q), (21.71)

with equality if and only if P = P* (Exercise 17). The asserted identity now
follows. |

As an application of the large deviation theory one may obtain the following
consequence.

Theorem 21.18 (Varadhan’s Integral Formula). Suppose that {X, : n > 1}
satisfies a LDP on S with rate function 7, and let ¢ : § — R be a bounded
continuous function. If the level sets {x € S : I(x) < B} are compact for all
B > 0, then

1
lim sup — log Ee"¥X") = sup{p(x) — I (x)}. (21.72)

n—oo N xes

Proof. We view the asserted equality as an upper bound and a lower bound on the
left hand side. Assume |@(x)| < M, for all x € S for some M > 0. For the lower
bound fix xo € Sand§ > 0.Let G = {x € S: ¢(x) > ¢(x9) — §}. Then G is open
since ¢ is continuous. Now,

1 1
lim inf — log Ee™*X") > liminf — log Ee"* %" 1% <6
n—oo n n—-oo n

1
> ¢(xp) — 6 + liminf — log P(X, € G)
n—»oo n

> @(x) — I(xp) — 6. (21.73)

The lower bound follows by letting § | 0 since xg € S is arbitrary.

For the upper bound, for each N > 1, partition the interval [-N, M] into a finite
number m of closed subintervals Jy_; of length %, andlet Fy ; = ! (Jn,j). Then
each Fy ; is closed, the oscillation of ¢ on Fy_; is at most %, and ¢ < —N outside
U;-V=1 Fy,j. Now,
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1
limsup—log/ " P(X, € dx)
n n S

1
= limsup — log / YN P (X, € dx)+ f YO P (X, € dx)
n R Uil Fw i Fy

IA

. 1 ne(x)
max limsup — log "Y' P(X, €dx) |V (=N)
I<j<m n n Fy

o

1 g 1
< max limsup |:— logenprEF’V-J’ 2 + —log P(X, € FN’j)jI VvV (—N)
1<j<m n n n
< max sup ¢(x) — inf I(x)|V (—=N)
1§j§m xeFij XEFNJ'
1
< max sup |[ex)—I(x)+ N V (—=N). (21.74)

l<j=m xeFy j

Let N — oo to obtain the desired upper bound. |

An application of major elements of this theory to a problem in cryptography
is provided in the Special Topics Chapter 22. Statistical physics provides another
area of application that motivated aspects of the theoretical development of large
deviation theory, e.g., see Ellis (1985), Dembo and Zeitouni (1998), Den Hollander
(2008).

Exercises

1. Prove Corollary 21.2. [Hint: ¢g(x,S) = E XD ¢@(x,8)
= fsfs "M p(x,dy)e’@p(y,dz) = Eye?*VH(X2) (conditioning on X
first). Now use induction. For the limit use (21.3), noting f+ < 1, and f+
bounded away from zero.]

2. Complete the induction following (21.7) .

3. Show that it is sufficient that q;(l"(’) satisfying hypothesis of the Perron—
Frobenius theorem for some ng > 1.

4. Prove the assertion under time reversibility in Remark 21.7 .

5. Prove the Corollary 21.4. [Hint:Compactness of 7; follows from the Arzela-
Ascoli theorem (BCPT p. 244.)]

6. Show that A is a simple eigenvalue, i.e., the space of associated eigenfunctions
is one-dimensional. [Hint: Assume that f is another eigenfunction and, for

fixed x € S, choose g(y) = f(y) ﬁg;
total variation 21.3. With this choice show that f(x) = ¢f ¥ (x) for a constant

c>0.

in the definition of convergence in



340

7.

21 Perron—Frobenius and Large Deviations

Suppose that T is an n x n real matrix, with transpose 7. Show that

(a) If T = T', then, letting £ denote the set of eigenvalues of T, one has
[IT||op = maxcg |A|. [Hint: Diagonalize T.

®) ITllop = /IIT'T||op. [Hint: Use the Euclidean norm and Cauchy-
Schwarz to derive || Tv||? = (Tv, Tv) < [|T'Tvl|-||v]| < IT'T|lop-|lv]?
to see that ||T| |§p < |IT"T||op. Then apply Gelfand’s formula to || T T'[|,p.

(c) Show that [|T[|,p is the square root of the largest of magnitudes of
eigenvalues of ||T'T||. [Hint: Apply the above to T'T.

This exercise is in reference to Example 1.

(a) Compute AT (h).

(b) Use Exercise 7 to calculate the operator norm |7, ||op-

(c) In the case p = g = 1/2 compute /(a),0 < a < 1, and show that the
lower bound on the large deviation rate furnished by the operator norm is
precisely %I (a).

. Let X1, X5, ... bei.i.d. real-valued random variables with common distribution

function G, and let G,(r) = %Z?:l 1(—c0,1(X;) denote the empirical
distribution function. (a) Show that for each fixed t € R, G,(t) — G(¢) as
n — 00, with probability one. (b) Show that

sup |G,(t) — G(t)] > 0 in probability as n — oo.

—o0<I<o0

(c) The Glivenko—Cantelli Theorem asserts that (b) in fact holds almost surely.
Prove this by completing the following steps.

(a) For eacht, the event [G,(t7) — G(¢™)] has probability one.

(b) Let t(y) = inf{r : G(¢) > y},0 <y < 1. Then G(z(y)") <y <
G(z(y)).

(¢) Let Dy = maxi<k<m{|Gn(r(k/m)) — G(z(k/m))|, |Gn(T(k/m)~) —

k=1

G(t(k/m)7)|}. Then, by considering the cases t (% =1 <
T (%) t<t (%) orift > 7(1), show that sup, |G, (t) — G(t)| <

Dy + - .[Hint: Check that both G,(t) — G(t) < Dp, + ~ and
G,(t)—G({t) > —Dpp— % by using monotonicity, followed by adding
and subtracting appropriate terms.

o0 m
d Cc= U U[Gn(f(k/m)) 7 (G(x(k/m)]IU[Gp(z(k/m)7) /> G(z(k/m)7)]
m=1k=1
has probability zero, and for w € C¢ and each inm > 1 Dy, ,(w) —
0 asn — oo.
(e) sup; |G,(t,w) — G()] >0 asn— oo forwe C“.

(c) For an interpretation of Sanov’s theorem in the context of Glivenko—
Cantelli, show that for a closed set F not containing G one has P(G, € F) —
0 asn — oo, and Sanov’s theorem gives the rate.
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10.

11.

12.

13.

14.

15.

16.

17.

Let f : § — (—o00,00] be a lower semicontinuous function on a metric
space (S, p), f bounded below. Prove that the functions f,(x) = inf, (f(y) +
np(x,y)) are (i) non-decreasing, (ii) continuous, and (iii) lim,_ f,(x) =
f(x) forall x € S,. [Hint: Assume without essential loss of generality that
f = 0, (i) is obvious; for (ii) note that | f,(x) — fn(2)| < sup, [np(x,y) —
np(z, y)| < np(x, z). To prove (iii), fix x and ¢ > 0; {y : f(y) > f(x) —¢e}is
open, so it contains a ball B(x, §) of center x and radius § > 0. If y € B(x, §)¢,
then for all sufficiently large n, np(x, y) > né > f(x). Therefore, for such n,
Ja(x) > f(x) —e,ie., f(¥) —e < fulx) = f(x).

Show that I(y) defined in Lemma 3 is lower semicontinuous [Hint: For a
continuous and bounded v, y — [ vdy is continuous on P in the weak-star
topology. For v € L(S), let v, be continuous 1 v, as in Exercise 10. For M > 0,
y — [(ua A M)dy is continuous. Letting M 1 oo, y — [ v,dy is lower
semicontinuous and the increasing sequence of lower semicontinuous functions
is lower semicontinuous.

Show that the derived inequality P, (Cj) < 2~ (D e=nd for compact Cy (d =
1,2, ...) implies exponential tightness.

Show that in Theorem 21.1, A (v) is the largest eigenvalue of T, as an operator
on Cp(S), and f7 is the eigenfunction, unique up to a scalar multiple.
Consider the Ehrenfest birth—death chain X on § = {0,2,...,2d} with
transition probabilities p;;+1 = Bi = %, and p;;i—1 = & = ﬁ, for
i =0,1,...,2d. (a) Show that r; = (2;1)2_2”1 is a time-reversible invariant
probability. (b) Compute the operator norm bound on the spectral radius and
corresponding large deviation rate. (c) Compute the precise large deviation rate
if X is replaced by an i.i.d. sequence distributed as 5.

(Life Insurance Risk) Let X1, X5, ... be i.i.d. Bernoulli 0 — 1 valued random
variables with P(X1 = 1) =p=1—g¢g,and §,, = X| + --- 4+ X,,. Consider
a portfolio of life insurance contracts containing » individuals in the same risk
category. Let p > 0 denote the probability of an individual death in a given
year of coverage. One may assume that the life spans of the insured individuals
are independent. Then the total claims is given by gS,, where g > 0 is the
amount paid to an individual upon death, and S, is binomial with parameters
n, p. A standard problem for actuaries is to determine an annual individual life
insurance premium 5 to be paid for coverage such that P(gS, > nw) <r fora
given risk tolerance r € (0, 1). Use the upper bound on P(Z:’-:l v(X;) > a),
where v(x) = gx, a = nm, to determine an equation sufficient to determine
for given values of the parameters g, n, r, p.

Let X1, X», ... be ii.d. with lognormal distribution having parameters w, o2,
ie., X; = e®ZHH for standard normal Z. Show that there is a large deviation
principle for the distributions of X, = (]_[;'.:1 X j)% ,n > 1, and compute the
rate function.

Show that D(P||Q) > 0 with equality if and only if P = Q.[Hint: Use Jensen’s
inequality.
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18.

19.

20.

21.

22.

23.

24.

25.

21 Perron—Frobenius and Large Deviations

Let S be finite, say S = {1, 2, ..., k}, and ((p;;)) a transition probability matrix
on S, pij > 0,forall i, j € §. Prove that h — At (h) is differentiable. [Hint:
Let g, (i, j) = "D p; . By the (classical) Perron-Frobenius theorem g, =
((gn(i, j))) has, for each h, a simple eigenvalue A" (k). Write det(q)= det(g, —
M) as I—[?:l(k — aj(h)), with each a;(h) analytic. For given A%, A — At ()
appears only once, say A" (h) = a;(h) in a neighborhood of h*.

Prove that A*(h) — oo exponentially fast as # — oo under the hypothesis
of Remark 21.8. [Hint: As in the proof of Theorem 21.1, AT (h) > A, (h) =
infy gn (x, S). Butinf, [ e""®)p(x, dy) — oo exponentially fast as h — co.
Derive the large deviation rate for

n
lim P > (X)) = Eqv) < —na
j=1

for a > 0, under the hypothesis of Theorem 21.1 for ¢ (x, dy) = ¢*®) p(x, dy).
Verify the hypothesis of the Cramér—Chernoff theorem for the canonical
distribution as noted in the proof of Corollary 21.5.

Check the inequality (21.59). [Hint: For bounded v and g, AT (v + €g) =
Jsetdu = [ge'{(1 +eg)dp + o(€?)}.]

(Contraction Principle) Suppose {P,} satisfies a LDP with rate function /, on
a metric space (S, p). Let ¢ : § — § be a continuous map into a metric
space (S, p'). Prove that the family (P, = P, o ¢~} satisfies the LDP with
rate function I'(x") = inf{I(x) : ¢(x) = x'}. [Hint: Let F be a closed
subset of §’, then ¢~ '(F) is a closed subset of S. lim sup%log P/(F) =
lim sup % log P, ((p‘l(F)) = — infxe(p—l(p) I(x) = —infyymerl(x) =
—inf, ¢ F infy.p(x)=; 1 (x). The lower semicontinuity of / " follows from that of
1.]

Let { P,} be a sequence of probability measures on S that satisfies a LDP with
rate function /.

(a) Suppose that S, §’, are both locally compact and o -compact Polish spaces
and ¢ : S — S’ is Borel measurable. Suppose that there are compact
sets K,, C S,m > 1, such that ¢ is continuous on S. Show that if
lim,, o0 limsup,,_, o % log P, (K¢)) = —oo, then the sequence {P, o ¢!}
satisfies the LDP with rate I’(a) = inf{I (x) : ¢(x) = a}.

(b) Show for the case § = R and fs e *m(dx) < oo forall u € RY,
there is an increasing function 7 : [0, c0) — [0, co) such that 7(0) =
0,1 '7(r) - oo as 1 — oo, and such that [¢ e (|x|)m(dx) < oo.

(c) Use these to complete the proof of Corollary 21.13 using Sanov’s theorem.
[Hint: Consider the cases in which K,, = {v € P(RY) : fS T(jxDv(dx) <
m}, foreachm > 1.

In Example 2, let g(x) = Bx, |B| < 1, i.e., consider the discrete Ornstein—
Uhlenbeck model X, | = 8X,, + 0Z,+1, where {Z,} isi.i.d. N(0, 1), 0 > 0.
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26.

27.

Compute the large deviation rate / (a) = lim;_, oo %1og P(Z?=1 X; > na) of
the Cramér—Chernoff theorem for this example.

In the context of the method of types, show that #P, is no more than (n +
1)". [Hint: Think of positioning n balls marked 1, ..., n in a row, with n — 1
locations between successive balls, and one to the left of ball 1 and one to the
right of ball n. Distribute r sticks, one at a time, at random in these locations.
Label sticks according to position (left to right). The number of balls to the left
of stick 1 is the size of group 1 observations. The number of balls to the right of
stick r is the size of group r. If all sticks fall to the left of ball 1, then take the
size of group r as n, and if all sticks fall the right of ball n, then take the size of
group 1 as n, and the number of balls between (i-1)th and ith sticks as the size
of group i observations,i =2, ...,r — 1.]

In the context of Cramér-Sanov large deviation theory for i.i.d. random vari-
ables with common distribution 7, show that for every bounded, measurable f
on S, one has log [ e/dm = sup,eps)([s fdv—D(v||)). [Hint: By (21.56),
log fS eldn > supvep(s)(fs fdv — D(v||r)). In the arguments preceding
Sanov’s theorem (see (21.58), (21.59), etc.), it is shown that the supremum
in (21.57) is attained at v = logh, where h = j—l‘i. That is, given f, and
v determined by 5—7‘; = ¢/, one has logfsefdn = [¢fdv — D(v||ln) <
SUp,ep(s) (fS fdv — D(v]|m)). On the other hand, (21.56) shows the opposite
inequality.]



Chapter 22 ®
Special Topic: Applications of Large Qe
Deviation Theory

This chapter includes two applications of the large deviation theory presented
in Chapter 21. One concerns an application to a problem in cryptography
in which, among other motivations, hackers attempt to break a password
by guessing. The other is an application to the efficiency of large sample
statistical tests of hypothesis.

Example 1 (Encrypted Security Systems'). The problem to be considered here is
of interest to cryptographers analyzing, for example, attempts by a hacker to enter a
password protected system by robotically guessing it. The problem can be abstractly

stated as follows: For a given finite set S = {1,2,...k}, say, Alice randomly
generates a cipher XM =x e §" of length n, where XM = (X1,...,X,) € S" has
a joint probability mass function pyw (x1, ..., x,),x; € S, 1 < j < n. According

to some guessing strategy, Bob systematically steps through the messages y € S”
in some specified order, and Alice responds X ™ =y with “yes” or “no,” according
to whether y = x or not. The goal is to quantify the effort required by guessing.
Throughout it will be assumed without further mention that the message source
X1, X2, ... is a stationary process.

Mathematically, guessing is given by a bijection G : §" — {1,2,...,|S|"}
prescribing the orders in which guesses y € S” are made in the guessing strategy.
G (x) is then the number of guesses to reach the given cipher x.

! This example is based on Hanawal and Sundaresan (2011).
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To minimize the expected number of guesses, an optimal choice is a guessing
function G* that would therefore make the order of selections according to
decreasing probabilities f(y),y € S”. Note that if f(y) = f(z), then the order
in which y and z are guessed will not affect the number of guesses to unlock the
password. In particular, an optimal G is not unique with regard to minimizing the
expected number of guesses.

As a measure of the attackers effort, cryptologists consider an optimal G* to
define an optimal guessing exponent by

1
g(p) = lim ~InEG*(X")", (22.1)

when the limit exists. The primary focus of this chapter is on the computation
of g(p) in some generality via large deviation theory. This is achieved by sys-
tematically establishing a succession of equivalent computations: Proposition 22.2
recasts the problem in terms of an equivalent computation for word lengths,
Proposition 22.3 recasts this in terms of a Rényi entropy computation, and finally
Theorem 22.4, Corollary 22.5 in terms of a large deviation computation for the so-
called information spectrum.

Remark 22.1. Calculations have been made for g(p) in the case of i.i.d. encodings
X1, ..., X, by Arikan (1996), and irreducible Markov chain encodings by Malone
and Sullivan (2004). These will appear as applications of the large deviation results
of Hanawal and Sundaresan (2011) at the end of this example.

It will be helpful to introduce the guessing length function Lg : S" — N
associated with G defined by

Lg(x)=[—In 1, xeS", (22.2)

1
CG(x)

where [-] is the ceiling function, i.e., [x] is the smallest integer not smaller than x,
and C =) g ﬁ is a normalization constant. In particular,

Qc(x) = xeS", (22.3)

1
CG(x)’
defines a probability mass function on S”. Note that since C > 1,

1 - 1 .
COc(x) = Qc)

G(x) = (22.4)

Clearly, InG(x) < Lg(x), x € S" by definition, and

InGGx)=-In0gx)—InC>[-InQg(x)] —1—InC, (22.5)
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so that, in summary,
Lec(x)—1—InC <InG(x) < Lg(x). (22.6)

To denote the dependence of G and L on the message length n, we write G,
L,, Cp, respectively, when necessary. Note that L, satisfies the so-called Kraft
inequality (Exercise 4)

Z exp{—L,(x)} < 1. (22.7)

xesn

In general any function L : $” — N satisfying the Kraft inequality will be referred
to as a length function. We let L, denote the set of all such functions on S". L* will
denote a length function that minimizes E exp{pL(X™)}.

Suppose that X1, X, ... is a stationary process and let Q@ € P, denote the
distribution of (X4, ..., Xytm) (m=1,2,...). The Shannon entropy2 expressed in
nats, i.e., using natural logarithms, is defined by

H(X1,...,X,) = H(Q) =~ Y Q({x}) In Q({x}).

xes"

Shannon’s entropy of the stationary process is defined by

H(X{,Xo,..., X
H— lim (X1, X2 n)’

n—o00 n

for which existence is a direct consequence of subadditivity using Fekete’s lemma
from Chapter 5. Specifically, letting Q,, denote the distribution of (X1, X3, ..., Xy),
one has
H(Qn+m) =H(Xy,..., Xn+m)
= H(Xla-~-,Xn)+H(Xn+lv--~»Xn+m)
=H(Xy,....Xp) + HXy, ..., X)) = H(Qn) + H(Qm), (22.8)

where the essential second line is left as Exercise 2.

Remark 22.2. Note the existence of a length function L for which the (approxi-
mate) expected lengths are minimal, i.e., the problem

min Z Pxm (X)L(X)

LeLyy, et o

2 See Bhattacharya and Waymire (1990, 2009), pp.184—189 for a related treatment of Shannon
entropy.
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can be shown to have a solution by the method of Lagrange multipliers (Exercise 5)
providing one permits non-integer solutions.

Theorem 22.1 (Shannon). For a length function L one has
H(le"'5Xn) S EL(Xla --~7Xn),
with equality if and only if py (x) = e~ L™ Moreover, letting L*(X1, ..., Xp)
denote the lengths having smallest expected value possible for the word
(X1, ..., X,), one has
H(X1,...,X,) <EL*(Xy,...,Xn) <HXy,..., X))+ 1.
In particular,

H(X1,...,Xpn) <EL*(X1,...,X,1) - H(Xl,...,Xn)+1

n - n n n

L*(Xy..... X
fim g & X

n— 00 n

Proof. To prove the lower bound let g (x) = —(_)L()) and K = Z csn @ L <
1, by the Kraft inequality. Then, '
ELX1,...,Xn) — HXq,...,Xn)

=) pxw@LE) = Y pxon(x)In ———

xes" xes” (")(x)

=— Z Py (x) Ine L) 4 Z Pxe (X)In pya (x)
xesn xesn
Dy (x)

= Z Pxm(x)In —=——— 400 —InK

xesn

1

= D(pxmllg) +1n X > 0. (22.9)

Note that approximately if L(x) = In m, then H = L. However, such a choice
X n

for L is not an integer. Taking L (x) = [In m] , the Kraft inequality is preserved
X n
by this choice Now, for this choice of lengths, a simple calculation yields,

H(X],...,Xn)SEL(X],...,X,[)SH(X],...,Xn)‘I—l.
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Since EL*(Xy,..., X,) < EL(Xy,..., X,) both the lower and upper bounds are
satisfied by EL* (X1, ..., Xp). [ |

Lemma 1. Let G be a guessing function and L its associated length function.
Then,

| 1
“IEG*(X™)? — ~ InEexp {pL*(X("))} <1+InC, (22.10)
p P

1
where C =3\ o -

Proof. For alength function L € L£,, let G, be the guessing function that guesses
in the increasing order of L-lengths. Messages of the same L-length are ordered
according to an arbitrary fixed rule, say lexicographical order on S". Define a
probability mass function on S” by

exp{—L(x)}
D yesn exp{—L(M}’

Or(x) = xeS". (22.11)

Note that G, guesses in the decreasing order of Q; probabilities. In particular,
GL) £ X yesn QLK) = 0L(0)] £ X eqn S5 = 5l s0 that

InGr(x) <—InQrx) xeS" (22.12)

Also, by definition of Q; and using Kraft’s inequality (22.7),

S D exp{—L(y)} < exp{L(x)}
0.(x) p = p Y); = €xXp )

so that
—InQr(x) < L(x), xeS" (22.13)
From these inequalities one deduces that for any B > 1,
{x:Lg(x)>B+1+InC} C{x:Gx) > eB} C{x:Lg(x) > B}, (22.14)
and
{x:Gr(x)>eB}y c{x:Lkx) > B). (22.15)
Now, by (22.12) followed by (22.6),

Eexp{pL(X™)} > EGL(X™)* > EG*(X™)?
> Eexp{pLg+(X"™)}exp{—p(l +1nC)}
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> Eexp{pL*(X™)}exp{—p(1+InC)}.  (22.16)
Thus,

EGL(X™)" _ Eexp{pL(X"™)}
EG*(X™)r ~ Eexp{pL*(X™))

exp{p(1 +1InC)}, 22.17)

and, in terms of the length function L associated with G, one similarly has

EG(X™)" _ Eexp{pLc(X™))}
EG*(XM)? = Eexp{pL*(X™)}

exp{—p(1 +1nC)}. (22.18)

The lemma now follows from these bounds upon taking logarithms with L = L*
in (22.16). That is

EG*(X™)P
> > —o(1 +InC)}, 22.19
= EexplpL (X™)] > exp{—p(1 +1nC)} ( )
sothat 0 > InEG*(X™)? —InE{pL*(X™)} > —p(1 +InC). [ ]

The existence and determination of g(p) will ultimately follow from an appli-
cation of Varadhan’s integral formula applied to a related function of X1, ..., X,
obtained from the next three propositions and their lemmas.

Proposition 22.2. The guessing exponent g(p) exists if and only if

1
2(p) = lim inéf —InEexp{pL(X™)} (22.20)
a N

n—00 Le

exists. Moreover g(p) = £(p) when either exists.

Proof. Note that C, < 14-n1n|S|. Dividing both sides of the inequality in Lemma 1
by n, one has

1 1 1 1
— IEG*(X™) — — InE(explpL*(X™)))| < =1 +InCp) = 0 [ ==
np np n n
(22.21)
Thus the sequences differ by o(1) asn — oo. |

The next proposition requires the Rényi entropy rate of order o # 1 defined by

1 1 _
He(pxw) = y——1n > Pyw ) = s InEp%. (X™). (22.22)

xeSn
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1nEexp{,0L(X )}, or equivalently lim, In
1
T+p-

Proposition 22.3. lim,_, o infrer, &

EG*(X™)P, exists if and only if lim,_, EH (pxwm) exists for ¢ =

Moreover, if the latter limit exists, then it is given by &2 (p ),

Proof. The equivalence is the content of Proposition 22.2. We focus on the former
limit. For each n the Donsker—Varadhan variational formula of Corollary 21.17
yields, upon replacing g by L(X™), » by p, Q by pym), and P by Q, that

InEexp{pL(X"™)} = sup {PEQL(X"™) — D(QlIpxm)}. (22.23)
Q€Py

Taking the infimum on both sides over all length functions L € £, and applying
Fan’s minimax exchange of supremum and infimum, one has

inf InEexp(pLy (X)) = inf sup {pEoL,(X™) = D(QlIpxm)}

Le LeLn gep,
= sup inf {pEgL,(X") — D(Ql|pxm)}
QeP, LeLn
= sup {pH(Q) — D(Qllpxm)} + O(1)
QePy
= ,OH# (pxm) + O(1), (22.24)

where to justify the use of Fan’s minimax formula one notes firstly convexity of the
map (Q.L) € Py x Ly — Eg(pL(X™) — D(QlIpxm) = ¥ yeqnloL(x) +
InQ(x) — Inpym((x)}Q(x), as a function of QO € P,, and the linearity
as a function of L. The next equation follows from Theorem 22.1, namely
infy e, Egep, {L(X My} = H(Q) + O(1). Finally, the last equation follows
by writing

sup {pH(Q) — D(Qllpxw)} = (1+ p) sup {IEQ [_ P lnpxw)(X("))]—D(Qllpxm)},
QeP, QeP, +p

and then applying the Donsker—Varadhan variational formula of Corollary 21.17,
as in the first equation, with g replaced by In pywm (X)), A replaced by ﬁ, P
replaced by Q to get the scaled Rényi entropy. That is,

sup {pH(Q) — D(QlIpxm)} + O(1)
0ePy

= {—p D 0®mQE) —) QM QX + ) Q) Inpyw (x)}
€Fn X X X

= o :Z Q(x)In pyw (x) — (14 p) Z Q(x)In Q(x)}
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= (1+p) sup {EQ

1
In pxan (X®) — D(Qllpxm)} +0(1)
QePy P

1+

A
=1 +phEpy. (X™)+0(1)
= pH 1 (pxm) + O(1).
T+p
Scale by % and let n — oo to complete the proof. ]

The information spectrum is defined by —% In pym (X™). The next step is to
show that the Rényi entropy rate can be computed from the distributions of the
information spectra.

Theorem 22.4 (Hanawal and Sundaresan (2011)). Let v, be the distribution of the
information spectrum —% In pyo (X (”)). If vp,,n > 1, satisfy a LDP with rate
function 7, then the limiting Rényi entropy rate of order @ = —— exists and is

T+p
given by B~ sup, g (Bt — 1 (1)}, where B = 2.

Proof. Let v, denote the distribution of the information spectrum % Inpyo (X M)y,
Then, with A, = {—11In pye (x) : x € 5"}, one has

/R exp(nft)v,(dt) = Y exp(npr) > Py (%)

1€A, {x:py ) (x)=exp(—n1)}
= Z Px(n)(x)l_ﬂ
xesn
1
=Y pxw ()T
xes"
= exp{ﬁHﬁ (Pxm)}. (22.25)

Now, scaling by % and taking logarithms, one may apply the Varadhan integral

formula to the left side to obtain in the limit B~ sup,cr{Bt — 1(¢)}, while one
has on the right side 8 lim, %H% (pxm)- |
+p

Corollary 22.5. If the distributions of the information spectra satisfies a LDP with
rate /, then the guessing exponent exists and is given by

g(p>=<1+p>sup{lppt—l(t)}.

teR

Proof. By Proposition 22.3 the limiting Rényi entropy is %. Thus, one has g(p) =
pB" sup,cp{Br — 1(1)} = (1 + p) sup,cg{Bt — (1)} u



22 ST: Applications of Large Deviation Theory 353

First let us apply this theory to the case of i.i.d. message sources.

Theorem 22.6 (L1.D. Case). Assume that X, X», ... isi.i.d. with common proba-

bility mass function p on the finite alphabet S. Then, the limit defining the guessing

exponent g(p) exists and is given by g(p) = (1 —i—p)H% (p), where Hy (p) denotes
+o

the Rényi entropy rate of order « of the probability mass function p.
Proof. From Proposition 22.3 one can compute g(p) from the Rényi entropy rate

which, in turn, is given by HT’)I *(%), where I(-) is the large deviation rate for
the energy spectrum

1  — 1<
—1 n(XMy = —=1 XH)=—) InpX,).
I pyon (X)) = —~ H,UIP( P n; np(X;)

In particular, I (h) = c*(h) is the Legendre transform of the cumulant generating
function of —In p(X1), namely

c(h) = nE T PXD) — 1nEp~" (X)) = hHi_j,(p).

Since the Legendre transform operation * is idempotent (see Exercise 6), it follows

that
I* <—'0 ) = (cH* <—> =c (—) .
1+p 1+p 1+p

In particular, g(p) = (1 + p)ﬁHL = pH(ﬁ), as asserted. |

T+p

Theorem 22.7 (Irreducible Markov Case). Let X, X»,... be an irreducible
Markov chain on S with homogeneous transition probability matrix p =
((p(¥1x)))x,yes- Then the guessing exponent g(p) exists and is given by

= (1 +(_P
glp) =0+ p)A <1+p>,

where AT (h) is the largest eigenvalue of the matrix ((7r 1-h 1X))x,yes-

Proof. As in the i.i.d. case, from Proposition 22.3 one can compute g(p) from the
Rényi entropy rate which, in turn, is given by HT'OI *(ﬁ), where I (-) is the large
deviation rate for the energy spectrum

n—1

1 1
21 (XM= -~ Inp(X Inp(Xii(|X;
—In pyan (X)) = —— §In p( 1>+;np( 11X

Note that Y; = (X, Xj41),J = 1,2,... is also a stationary Markov chain with
one-step transition probabilities



354 22 ST: Applications of Large Deviation Theory

pily), y=w,

p((w, 2|(x, y)) ={
0, y#uw.

To compute /() it suffices to compute the large deviation rate for ZI}=1 p(Y)),
where g(Y;) = —In p(X ;111X ;). Letv(x, y) = —In p(y|x), (x, y) € S x S. Then,

TufCy) =Y fw,2e”""PE 5w, 2)|(x, y))

(w,z)eSxS
=Y fO.ap " GpG) =) f(.2p T ely). (22.26)
zeS§ zes§

Observe that Tjg(x,y) = Ag(x,y),(x,y) € S x S implies g(x,y) = g(»),
i.e., is constant in x. In particular, A*(h) = A(1 — h), where A(a) is the largest
eigenvalue of the matrix ((p“(y|x))(x,y)esxs. In particular, I (h) = A*(h). Again
using idempotency, of the Legendre transform, I*(z) = A(¢). It follows that the
Lo 1+p P . .
entropy rate is given by - In A(m), and therefore the guessing exponent is

glp) = ,oH'Tp In A(%) where k(%) is the largest eigenvalue of the matrix

(2™ (V1)) (r.pye8xS- -

Remark 22.3. Alternative representations of the guessing exponent in both of these
cases can be obtained by consideration of level-2 large deviations as given in

Hanawal and Sundaresan (2011). Moreover, the computation of the guessing
exponent by these methods for other general classes of message sources can be
found there.

The Kraft inequality for lengths plays an essential role in this application,
specifically in Theorem 22.1 and its application in the proof of Proposition 22.3. In
the classic monograph of Shannon (1948) messages are defined as sequences from
a finite alphabet S, referred to as ciphers.’ In the context of message compression,
for a positive integer b one often defines a b-ary coding function as an injective map
c: 5" —> Ufnozl {0,1,...,b—1}" that renders a message x € S” of length n, as a b-
ary sequence c(x) of length m for some m. One seeks codes ¢ for which the average
length EL(X ™), of a message X, is minimal. A b-ary coding function is said to
be prefix-free (or instantaneous) if for x # y c(x) is not a prefix of ¢(y). A prefix-
free code may be represented as leaves on a rooted b-ary tree obtained by coding the
path from the root to the leaves (terminal vertices) with labels {0, 1,2, ...,b — 1}
from left to right at each level of the tree. Therefore, a prefix-free codeword can be
instantaneously decoded without reference to future codewords since the end of a
codeword is immediately recognizable as a leaf.

3 The textbook by Cover and Thomas (2006) provides a good foundation for the general concepts
and results encountered in information theory.
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v PR gt PR PR PR Vgt
012 012 01-2, 0.\1.2/ 011.:2/ 011.2/ 0'1:2/ 0\1.2/ 0\1.2,
vl vl L L L L vl
Vg Vg Vg Vg Vg Vg Vg
Vi Vi Vi Vi Vi Vi Vi
" 1 1 1 1 1
w

C (aBp) = (2)

[ ] [ ]
0\1 0\1
o. ]
C (aBp) = (2)
0 1 2
[

Fig. 22.1 Prefix-freecode: S = {a, B}, n =3,b=3; L(a, B, B) =1, L(a, o, @) = L(c, , B) =
LB, B, B)=-=L(B,a,) =3.

Proposition 22.8. Given any positive integers Li,..., Lisp, satisfying Kraft
inequality, there is a prefix-free b-ary code on S", b > 3, whose code words
have lengths Ly, ..., Lisp.

Proof. Observe that for positive integers L(x),x € S", b > 3,since 2 < e <
3, Y oresn b < 1if Y caexp{—Lx)} < 1. Let m = |S|", Lymax =
max{Li, ..., L,} and construct a full rooted b-ary tree of height Ly,x fora b > 3.
Then the total number of leaves available is ™= at vertices of height L. having
height one label from {0, 1, ..., b — 2} (see Figure 22.1). This uses (b — 1)pLmax—1
of the leaves, with bLmax — (b — 1)pLmax=1 = pLmax—l remaining for coding words
having lengths at most Lpax — 1. Proceed inductively. |

Remark 22.4. The prefix-free b-ary code constructed in the proof of Proposi-
tion 22.8 is referred to as the Shannon code. The units for message compression
are referred to as “bits” when the logarithm is base 2, and “nats” for the natural
logarithm. Natural logarithms are mathematically more convenient to the problem
at hand and can be used without loss of generality.
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The significance of Proposition 22.8 for the present chapter is that one may
assume any given lengths, i.e., subject to the Kraft inequality, to be those of a prefix-
free code.

Remark 22.5. The approximate code lengths L(x) = In P;u can be obtained as
xn

the solution to minimizing expected code lengths subject to Kraft inequality by
the method of Lagrange multipliers (Exercise 5). However, as noted, these are not
necessarily positive integers. The existence of an optimal code is a consequence
of Theorem 22.1 and Proposition 22.8 by consideration of the prefix-free code

associated with L(x) = [In L}.
Px(n)

The next example illustrates a role for large deviation theory in large sample
statistical inference.

Example 2 (Efficiency of Statistical Tests of Hypothesis in Large Samples). A
common statistical test of hypothesis about an unknown parameter 6 based on a
random sample of size n from some distribution may be stated as follows:

The null hypothesis Hy : 6 < 6 is to be tested against the alternative hypothesis
Hi : 0 > 6. The test is of the form: Reject Hy (in favor of H) if X > a, where X
is the (sample) mean of i.i.d. variables (X1, ..., X,) based on the random sample,
and a is an appropriate number. The objective is to have small error probabilities
o, = P(X > a|Hp), and B, = P(X < a|H)).

There are several competing notions for the Asymptotic Relative Efficiency
(ARE) of such tests. For example, in the so-called location problem, the distribution
function of X is of the form F(x — 6), 6 € R. In particular, F may be the normal
distribution N (6, 1). The Normal test M is of the form: Reject Hy iff X > a. The
t-test T is of the form: Reject Hy iff X/s > a, where s is the sample standard
deviation. The Sign test S is of the form: Reject H iff% ZISiSn[X,- —6p > 0] > a.
The a-values of these tests are not necessarily the same.

The most commonly used test ARE is the Pitman ARE Ep test,* which fixes
a “small” level o, = o, and compares two tests A, B, say, based on the smallness
of their B,. Specifically, the Pitman ARE of B with respectto A is Ep(A, B) =
n/h(n), where h(n) is the sample size needed for B to attain the same level 8, as
attained by A based on a sample size n. The asymptotics here are generally based
on weak convergence, especially the CLT (central limit theorem).

The two other important AREs we discuss in detail here are mainly based on
large deviations. Chernoff-ARE:’ Based on large deviation estimates for each test
A, B, Chernoff’s (modified) test picks the value of a that minimizes o, + Af, over
all a for some fixed A > 0. (It turns out the ARE does not depend on 1). The ratio
of the large deviation rates 1 (A), I (B) of decay of this minimum value §,, say, of
on + AB, is compared for the tests A and B, and the Chernoff ARE of B with
respectto A is Ec(A, B) = I(B)/I(A).

4 Serfling (1980), Chapter 10, Bhattacharya et al. (2016), Chapter 8.
5 Serfling (1980), Chapter 10; Chernoff (1952).
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Proposition 22.9. Assume m;(h) = E(exp{hX1}|H;) < oo forall —oco < h <
oo(i =0,1). Let

ci(a) = sup{ah —Inm;(h) : h € R}(i =0, 1), d(a) = min{co(a), c1(a)},

I =max{d(a) : 6y <a <6},

and p = exp{—1}. Then

lim l In§, = —1. (22.27)

n—-oon
Proof. By the upper bound in the Cramér—Chernoff theorem (i.e., Chernoff’s
Inequality), o, + A8, < exp{—nco(a)} + Aexp{—nci(a)} < (1 4+ A) exp{—nd(a)}.
Minimizing over a, one arrives at the inequality §, < (1 + A)p", or % Iné, < -1+
}l In(14A), and lim sup,, rll Iné, < —1I. For the lower bound for §,, note that, by the
Crameér—Chernoff theorem, lim inf % Ina, > —co(a), liminf, %1n Bn = —ci(a).
That is, given n > 0, for all sufficiently large n, min{c,, 8,} > exp{—n(d(a) +n)},
or a, + A8, > (1 + A)exp{—n(d(a) + n)}. Hence, taking the minimum over a,
8 = (1 + Mexp{—n(I + n)}, or 11ns, > —(I +n) + LIn(1 + A); so that

liminf% Iné, > —(I +n) forall n > 0. Hence liminf, %lncSn > —1. |

The Location Problem Consider the tests M, T, S for the location problem for
F (x —0) described in the first paragraph. Assume that F' has a density f, continuous
at @ = 0, and a finite variance cr%. Then for the test Hy : 0 < 0, to be tested against

the alternative hypothesis H; : 6 > 6; > 0, one can show® that E p(S, M) =
40]% £2(0). In particular, (i) if F is N(0, 1), then Ep(S, M) = 2/m < 1, (ii) if F is
Double exponential (i.e., f(x —60) = %exp{—lx —0|}), then Ep(S, M) = 2, and
(iii) if f is uniform on [—% -0, % — 0], then Ep(S, M) = 1/3. In all these cases
(and more broadly) Ep(T, M) = 1, where T is the t-test.

More interesting are Pitman comparisons among nonparametric tests for the
so-called rwo-sample problems. Here two independent samples (X1, ..., Xn),
(Y1, ...,Y,) of sizes m and n are drawn from an unknown distribution whose
density is of the form f((x —0)/0),0 € R, 0 > 0. One wishes to test Hy : 8 = 0,
against H; : 6 > 0. More generally, one wishes to test if the Y-distribution is
stochastically larger than the X-distribution (i.e., P(Y > z) > P(X > z) forall z,
with strict inequality for at least some z). The most commonly used test for this
uses the (nonparametric) statistic 7 = Y — X, which rejects Hy if T exceeds a
critical value. (The critical value is determined approximately by the CLT to meet
the requirement &« = P (Reject Hy|Hp)). It turns out that appropriate nonparametric

6 See Serfling (1980), Chapter 10; Bhattacharya and Waymire (2016), Chapter 8.
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tests based on ranks of the combined observations X;’s and Y;’s, mostly outperform
T.

Chernoff Index Computation The Chernoff indices I are generally difficult to
compute, since the indices try to minimize a linear combination of both error
probabilities «;,, and B,. We consider the simple case where F = N (6, 1), and
Hy : 6 =0, H : 6 = 61,0, > 0. Again consider the test M: Reject Hy if
X > a, otherwise Reject Hy. We leave it as an exercise to show that I (M) = 912/8
(Exercise 8). For the sign test S: Reject Hy if % leisn 1[X; > 0]) > a for some
appropriate a, as considered in the discussion of the Chernoff-A R E above, one may
compute the Chernoff index 7 (S) from the distribution B(n, p) with p = @ (6,), ®
being the distribution function of N (0, 1). Namely,

1(S) = In{2(b(61)? @ (1 — b(6y))! =0y, (22.28)

where b(#) = In[l — @@)]/[(In{(1 — @(©B))/P(H)}] (Exercise 10). The
ratio 1(S)/I(M) provides the Chernoff-ARE Ec(S, M). One may check that
Ec(S, M) —> 2/m = Ep(S, M) as 61 | 0 (Exercise 11).

Bahadur-ARE As mentioned above, the Chernoff-ARE is generally difficult to
compute. In addition, the threshold of the test itself is modified by the requirement of
this notion of efficiency. The most popular ARE for tests based on large deviations
is due to Bahadur (1960). Here is a brief description following Serfling (1980). The
Bahadur-ARE is based on a large deviation rate comparison of the p-values of the
tests. Consider a test of hypothesis Hp : 8 € &y, with a real-valued test statistic
T, based on observations X1, ..., X, rejecting Hy if T, is large. The p-value of
the test is L, = sup[l — Fy, (T,) : 6 € ©Opl = 1 — Fyo(T,), say, where Fy, is
the distribution function of the statistic under the parametenr value 6. Thus L, is the
random quantity which is the probability (under Hy) of the statistic being larger than
what is observed, i.e., of showing a discrepancy from the null hypothesis as large
or larger than what is observed. Statisticians routinely use L, to decide whether
to reject Hy: smaller the p-value, stronger is the evidence against Hy. Under Hy,
assuming that the distribution function F, 9O of T, is continuous, F 9/50)(Tn) has the

uniform distribution on [0, 1], and so is the Ziistribution of L, =1-F O (T,,). Under

fairly general conditions, —2n 'L, converges almost surely to a constant c(6),
which is referred to as Bahadur’s (exact) slope for T,, for 6 € ©@;. The Bahadur
relative efficiency of a test I with respect to test 77 is defined by the ratio of their
corresponding slopes (a.s. large deviation rates) eg (I, I1) = c;(®)/cy1(O).

The following is a basic result which may be used to compute the slope of tests
such as Hy : 6 < 6y, against Hj : 0 > 9.8 Write ©; = O\Oy.

7 Bhattacharya et al. (2016), Chapter 8.

8 We follow Serfling (1980), Chapter 10, for the proof of the following result of Bahadur (1960;
1971).
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Theorem 22.10 (Bahadur (1960)). For a test sequence 7, which rejects Hy for

large T;,, assume (i) n_% T, converges a.s. (under ) to a finite b(0), for all 6 € ©,
and (ii) one has

lim —2n~"Insup[l — Fy, (n1) : 6 € Op] = g(r). (22.29)

n—o00

where g is continuous on an open interval / containing {b(f) : 6 € ®}. Then
Y 0 € ®1, with Pg-probability one,

lim —2n"'InL, = g(b(8)) = (). (22.30)

n—o00

Proof. Fix a6 € ©1, and let @ be any point in the sample space of Py for which the
limit (i) holds. Fix € > O sufficiently small that (b(0) — €, b(0) + €) is contained in

1. By (i), there exists n = n(w) such that b() — € < n’%Tn(a)) < b(0) + € for all
n > n),ie,n?(b®) —€) < Thw <n(b®) +¢) forall n > n(w). Plugging
these in —2n~ 1 In sup[l — Fg, (n%t) : 0 € O], one then has

—2n " Insup[1 — Fy, (b(0) — €)) : 6 € Op])
—2n" ' In L, (w)
< —2n"'Insup[l — Fy,(b(0) +€)) : 0 € OV n > n(w). (22.31)

IA

The limits as n — oo of the two extreme sides are g(b(0) — €) and g(b(0) + €).
Therefore, the limit points of the middle term in (22.31) all lie in this interval. By
continuity of g, it follows that the middle term converges to g(b(9)). |

The exact Bahadur slopes for the mean test M and the t-test 7 may be computed
for testing Hy : 6 < 0, versus the alternative Hy : @ > 0in the model N (9, 1), using
the upper tail of the standard normal N (0, 1), and that of the (Student’s) t-statistic
with n — 1 degrees of freedom. Using Bahadur’s theorem, one finds ¢y (0) = 62,
cr(@) = In(1 + 92) (Exercise 12). Thus eg(T, M) < 1 forall 6 € ©@;. This is in
contrast with both Pitman’s A RE and Chernoff’s ARE, for each of which the ARE
is one.

Remark 22.6. Bahadur’s ARE also distinguishes between the frequency chi-square
and the likelihood ratio test in the multinomial model, showing the latter is
asymptotically more efficient than the former. Again the Pitman ARE is one
between the two tests.’

9 Abrahamson (1965).
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Exercises

1. (Shannon & Renyi Entropies) Show that the Shannon entropy H may be
expressed in terms of the Renyi entropy as

H(X1,...,X,) = lim Hy(X1, ..., Xp).
a—1

2. Complete the proof of (22.8) by showing that for random vectors H (X, Y) <
H(X) + H(Y). [Hint: Show how to express H(X) + H(Y) — H(X,Y) as
D(pix.nllpx © py) > 0, where p(x.y), px, py are the joint and marginal
distributions, respectively.

3. Let P, QO be probability measures on S”. For convenience relabel S" =
{L,....k}L,k = 18", q; = Q{j},p; = P{j}). Prove Gibbs inequality:
> jpjlnp; > 3 ; pjlng;. [Hint: Consider }_; p; ln% and bound Inx <
x—1,x>0.

4. Give a proof of the Kraft inequality for the message length associated with G.
[Hint: Y, e Qe M1 < >, en Q6 (x)

5. Show that the problem min ., s -1 <] Y resn PxmwL(x) has a solution.
[Hint: Use Lagrange multipliers to minimize J = ) o pxwL(x) +
A cgn e L™ Derivatives with respect to each L(x) are zero and A can be
determined from the constraint Zx e L <1,

6. Let u, v be twice-continuously differentiable functions on R with Legendre

transforms u*, v*, respectively, where f*(x) = sup,cpixh — f(h)}, x € R.

Show that (a) u* is convex. (b) (Idempotency) u™* = u[Hint: Write u*(x) =

xh(x) — u(h(x)) and use the smoothness hypothesis on u to optimize.

Give a proof for (22.6).

Show that I (M) = 67/8.

Give a proof of (22.6).

Verify the hypotheses (i),(ii) in Theorem 22.10 for the tests M, T, S. [Hint: For

M, let T, = n2 (X —6p), then (i) is satisfied, since for 0 > 69, n=2T;, — 6 — 0.

For assumption (ii) assume that X ; has a finite moment generating function,

and use the Cramér-Chernoff large deviation rate. A similar, but little longer,

proof applies to the statistic 7, using independence of the sample mean and
sample variance. For S one uses the moment generating function of Bernoulli
variables.]

11. Show that Ec(S, M) — 2/m = Ep(S, M) as 01 | O.

12. Show using Bahadur’s theorem, that cj (8) = 62, cr(0) = In(1 + 6°).

SN



Chapter 23
Special Topic: Associated Random Fields, <
Positive Dependence, FKG Inequalities

The notion of association is a form of positive dependence among random
variables independently introduced in reliability theory, percolation theory
and statistical physics, where it is expressed in a form known as the “FKG-
Inequalities.” The main focus of this chapter is (i) a proof of Newman’s central
limit theorem for associated random fields with summable fast decay of
correlations, and (ii) Pitt’s characterization of association of multidimensional
Gaussian distributions by non-negativity of covariances.

The notion of association as a form of positive dependence has proved to be of much
interest in statistical physics,' but its potential importance goes beyond statistical
physics applications. In 1980 C. M. Newman” announced a central limit theorem
for associated random fields that will be the focus of this chapter. For stationary
random fields the role of association in the asymptotic distribution of centered and
scaled sums may be compared to that of martingales for stationary sequences, where
only the finiteness of second moments come into play.

In their paper Esary et al. (1967), the notion is developed as a natural extension of weaker forms
of positive dependence motivated by applications to reliability theory. It first appeared in Harris
(1960), and was later generalized in Fortuin et al. (1971).

LA notion of negative dependence was explored by Pemantle (2000) from the perspective of
statistical physics by way of stimulating examples and conjectures. However, the development
of a comparable mathematical theory appears to be much less fruitful.

2 The central limit theorem of Newman (1980) was extended to a functional central limit theorem
for stationary associated sequences in Newman and Wright (1981).
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We will restrict the exposition to random fields of real-valued random variables
{X, : x € 7K} defined on a probability space (£2, F, P) and indexed by the
k-dimensional integer lattice Z*. Here the natural extension of stationarity of
sequences to that of random fields is as follows.

Definition 23.1. The random field X := {X, : x € Z*} is said to be translation
invariant if for each fixed z € Z* the random field {X . : x € ZF} is distributed as
X.

Definition 23.2. A finite set of random variables X1, ..., X,, is said to be associ-
ated if
COV(f(X17~"aXm)vg(X1’~--’Xm))
EEf(X17~"aXm)g(Xla"~’Xm)_Ef(X]’-"aXln)Eg(le"'5Xm) 20

for any pair of bounded measurable coordinatewise non-decreasing functions f, g.
An arbitrary collection {X, : A € A} is said to be associated if every finite
subcollection is associated.

The inequalities (23.1) are referred to as the Fortuin—Kasteleyn—Ginbre (FKG)
Inequalities.> Let us begin with a useful formula for covariance in this context. The
special case of this formula with f(x) = x, g(y) = y was derived in Lehmann
(1966) with attribution to Hoeffding (1940). Newman (1980) noticed the simple but
significant extension presented here. (Recall the Definition 2.1 of the covariance of
complex-valued random variables.)

Lemma 1 (Hoeffding-Newman Covariance Formula). Suppose that f(X), g(Y) €
LZ(Q, F, P) and assume f, g are continuously differentiable complex-valued
functions on R having bounded derivatives. Then,

COV(f(X),g(Y))=/RfRf’(x)?(y)Hx,y(x,y)dxdy,

where

Hy y(x,y) = Cov(lix>x], l[r)>y) = P(X > x,Y > y)
—P(X >x)P(Y >y), x,y eR.
Proof. Let (X1,Y1) and (X3, Y2) be independent random vectors distributed as

(X, Y). Note that 1¢, 00)(X1) — Lu,00)(X2) is 1if X < u < Xy, —1if X1 <
u < X», and 0 otherwise. Thus, by the fundamental theorem of calculus,

3 Fortuin et al. (1971).
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f(X) — f(X2) = / I {1,000 (X1) — L, 00) (X2) }u.

Similarly,

g(X1) —g(Xo) = / 2 W) {100 (Y1) — Liu,00) (Y2)}dut.
Thus,

2Cov(f(X), g(Y))
= E[f(X1) — f(X2)][g(Y1) — g(Y2)]

o0 o
= E/ / (1ix,>u) — 1xo=u) Ay >0) — Lpo=0)) /()8 (V)dudv.
—00 J —00

The formula follows by an application of Fubini’s theorem to interchange expected

value with integrals, after canceling the factors of 2, since expanding the product

of indicators one also has by independence and the specified common joint

distributions of (X;, ¥;),i = 1, 2, that

E(1x,>u)—1xy>u]) Ay, o] —1[py>0]) = 2{P(X] > u, Y] > v)—P(X| > u)P(Y] > v)}.
|

Remark 23.1. Under the same conditions, the covariance formula may be
expressed equivalently as

COV(f(X)ag(Y)):/IRACOV(l[X>x]»1[Y>y])f/(x)§/(y)dXdy-

Definition 23.3. A pair of real-valued random variables X, Y for which
PX>u,Y>v)—PX>u)PY >v)>0 forallu,veR,

is said to be positive quadrant dependent*

Proposition 23.1. Associated random variables are (pairwise) positive quadrant
dependent.

Proof. Simply note that for any fixed number a € R, a function of the form f(u) =
14.00) (1) is non-decreasing. |

Newman’s proof of the central limit theorem exploits the covariance formulae
to compare characteristic functions of sums of random variables with the corre-

4 The notion of positive quadrant dependence was introduced by Lehmann (1966).
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sponding product of characteristic functions through the following key lemma. The
non-negativity of the covariance is essential to this comparison.

Lemma 2 (Newman). Suppose that f(X), g(Y) € L*(2, F, P) where X, Y are
positive quadrant dependent and f, g are continuously differentiable complex-
valued functions on R with bounded derivatives. Then

|Cov(f(X), eI < 11 lloollg'llocCoOV(X, Y),
where || - ||o denotes the essential supremum norm. In particular,
|Ee'" XY — Ee'" XEe'*Y| < |r[|s|Cov(X, Y), r.s€R.

Proof. Using Lemma 1, the assertion follows from the triangle inequality, bounding
the derivatives, and the positivity of H (x, y). Specifically,

o0 o0
ICov(F(X). (1))] < ||f/||oo||g/||oo/ / Hx, y)dxdy = [|f llsolg lloeCoV(X, V).
—00 —00

This completes the proof of the general bound. The second bound is simply an
application. |

Let us say that a collection of functions C is association determining if one may
restrict the FKG inequalities to f, g € C to establish association. A proof of the
following proposition is left to Exercise 8.

Proposition 23.2. The collections of coordinatewise non-decreasing binary 0 —
I-valued functions, and of coordinatewise non-decreasing bounded continuous
functions, respectively, are each association determining.

The following properties are useful in “tracking association” and/or building
examples of associated families of random variables.

Proposition 23.3.

1. Any subcollection of associated random variables is associated.

2. The union of independent collections of associated random variables is associ-
ated.

3. Measurable coordinatewise non-decreasing or coordinatewise nonincreasing
functions of associated random variables are associated.

4. If for each n, Xi"), e, X,(,?) is associated and if (Xg"), e, X,(,:’)) converges in
distribution to (X1, ..., X;;), then X, ..., X,, is associated.

5. A singleton {X1} is associated.

. Independent random variables are associated.

7. If X,Y are binary random variables, the X, Y are associated if and only if
Cov(X,Y) > 0.

@)}
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Proof. Part (1) follows directly from definition by considering functions whose
values do not depend on variables not included in the subset. For (2), let X =
X1,...,Xp)and Y = (Y1, ..., Y,) be two independent sequences of associated
random variables. Let Z = (X1, ..., X, Y1, ...Y,). For non-decreasing bounded
measurable functions f, g of m 4 n variables, since the joint distribution of X and
Y is a product measure by independence, one has

Cov(f(Z),8(Z)) =Ef(Z)g(Z) - Ef(LES(Z)

= /]R” /};(le e Zman) 81y oy Zman) Px(dz1 X - X dZm) Py (dZma1 X -+ X dZman)
*/n - F@1y s Zman) Px(dz1 X -+ X dzm) Py (dzma1 X -+ X dZpmin)
X /,, /m 81, s Tman) Px(dz1 X -+ X dzy) Py (dzmet1 X + -+ X dZman)
:/n { - f@1 e Zmin)8Ls -+ Zman)d Px
—/Rm f@i, .o Zmin)d Py /Rm gz, ‘..,Zm+n)dPX}dPy
+/ {/ f(Zl,...,zm+,,)dPX/ (1, - Zmsn)d Px}d Py
R JRm R
,/n Rmf(Zl,...,zm+,1)dPXdPy/’lfmg(zl,...,z,n+,,)dPXdPY
:/Rn COV(f(X],..,,Xm,ZmH,...,Z,,+m),g(X1,...,Xm,szr],...,z,,+m)>dPy

+COV< f(Z]»---,vaYl,---vYn)dPXs/ g(ZI,...,Zm,Yl,..-,Yn)dPX>ZO,
Rm

Rm

where dPy = Px(dzi X .-+ X dzy),dPy = Px(dzm+1 X -+ X dZmtn).
The proof of part (3) follows directly from the definition since if Xi,..., Xy
are associated and Y; = h;(Xq,...,X,,) for measurable coordinatewise non-
decreasing functions hi, ..., h,, then f(hy,..., hy) and g(hy, ..., hy) are
bounded measurable coordinatewise non-decreasing whenever the same is true of
f, g. For the coordinatewise nonincreasing case the composites f (A, ..., hy)
and g(hy,..., h,) are bounded measurable coordinatewise nonincreasing for
coordinatewise non-decreasing f, g. Now, Cov(f(hl, ceishm), glhy, ..., hm)) =
Cov(—f(hl,...,hm), —g(hl,...,hm)) and —f(hy, ..., hy)and —g(hy, ..., hy)
are bounded measurable coordinatewise non-decreasing. For part (4), by definition
of weak convergence, Cov(f(X), g(X)) = lim,_ o Cov(f(X®), g(X™)) for
bounded continuous functions f, g. Therefore the result follows since, by the
previous proposition, bounded continuous coordinatewise non-decreasing are
association determining. To prove (5) restrict to the association determining class
of non-decreasing binary functions, and observe that for non-decreasing binary
functions f, g of a single variable one has either f < g or g < f. Without loss of
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generality consider the case f < g. Then Cov(f(X1), g(X1)) = Ef(X1)g(X1) —
Ef(XDEg(X1) = Ef (X)) — Ef(XDEg(X1) = Ef(X)(1 — g(X1) = 0.
Property (6) follows by application of (2) and (5). Obviously Cov(X,Y) > 0
is necessary for X, Y to be associated. For binary 0 — 1-valued, X, Y, suppose
Cov(X,Y) > 0. Then the only binary coordinatewise non-decreasing 0 — 1-
valued functions of X, Y are fy = 0, f1 = 1, go(x,y) = x,g81(x,y) = Y,
hx,y) =xVvy,x €{0,1}. Also, fo < go, g1 < h < f1.In particular, this ordering
trivially implies that Cov(f;(X,Y), g (X, Y))] > 0, Cov(g(X,Y), h(X,Y)) > 0,
Cov(fj(X,Y),h(X,Y)) > 0fori, j =0, 1. The case Cov(go(X, Y), g1(X,Y)) >
0 is the hypothesis. Thus, X, Y is an associated pair proving part (7). ]

Remark 23.2. An alternative proof of the association of a single random variable
by coupling is an Exercise 2 in Chapter 24.

Example 1 (A Tendency to Align Under Associated Dependence). The purpose of
this example’ is to illustrate the tendency for alignment under associated depen-
dence. Consider identically distributed Bernoulli 0 — 1-valued random variables
Yo, Y1 with distribution specified by P(Yy = j) = 1/2, P(Y1 = jlYo = j) =
p,j=0,1for p € (0, 1). Association requires that Y1 be most likely to align with
the given value of Yy. That is,

Proposition 23.4. Yy, Y is associated if and only if p > 1/2.

Proof. First observe that taking f (i, j) =i and g(i, j) = j,i, j = 0, 1, one has that
Cov(f (Yo, Y1), g(Yo, ¥1)) = Cov(Yo, ¥;) = p — 1 > Oifand only if p > 1/2.
Thus p > 1/2 is necessary for association. Since Yy, Y1 are binary, it likewise
follows from Proposition 23.3(g) that p > 1/2 is sufficient as well. |

Remark 23.3. In the context of statistical physics association is often expressed as
a property of the joint distribution p of coordinate maps X, x € A, on the product
space £2 = {—1, 1} for some finite set A of integer lattice points connected to the
origin; i.e., X, (w) = wy,, w € £2. The probability measure p is said to satisfy the
FKG inequalities if for any coordinatewise non-decreasing functions f, g on £2 one
has

f F(X0g(Xy)dp > f FXodu f g(Xy)dp. x.y € A. (23.1)
2 2 2

Equivalently, the FKG inequalities are the property that the collection of spin
+1-valued random variables X,,x € A have associated dependence. The

ferromagnetic Ising model (see Chapter 13, Exercise 13) provides a well-known
example in this context. The FKG inequalities for the ferromagnetic Ising model will
be proved in Chapter 24, Proposition 24.12. The magnetic spin alignment reflected
by association is a distinct feature of ferromagnets, responsible for their ability

3 Also see Exercise 8 in Chapter 24 in this regard.
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to be magnetized by placement in an external magnetic field. Other more general
inequalities to be considered in Chapter 24 are available that imply association.”

The proof of the central limit theorem exploits the following basic inequality.

Lemma 3 (Newman’s Inequality). Suppose that X1, ..., X,, are associated random
variables having finite variance. Then for any rq, ..., r, € R one has
m m
[Eexpli  r;X;}— [[Be™ Xl < > Irjlirel Cov(X;. Xp).
j=1 j=1 1<j<k<m

Proof. The proof is by induction on m. The case m = 1 is obvious and the case
m = 2 was proven in Lemma 2. Assume the inequality holds for all m < M
and rearrange the indices (if necessary) in such a way that sgn(r;) is constant, say
€ (either +1 or —1), for 1 < j < myo, and sgn(r;) is also constant, say &, for

mo+1 < j < M.Thener; > 0,8r; > 0, so that each of X = Z'Jnil eriX;

. M+1 v . . . .
and Y = ) j=mo+1 dr;jX; is a non-decreasing function of associated variables
M+1

X1, ..., Xpy41 and therefore associated. Also Z/:l riX; = €X + 8Y. Thus,
applying Lemma 2 and the induction hypothesis, one has

M+1 M+1
Eexp i Z riXit— H Fe'"iXi
Jj=1 Jj=1
M+1
< )Eel(ex-l-(SY) _ ]EeleX]EEUSY‘ + ]EelEXEel(SY _ EeleX l_[ Eelrij
Jj=mo+1
M+1 mo M+1
+ EeieX 1_[ Eeir_/Xj _ HEeirij 1_[ Eeir_,-X_/
Jj=mo+1 j=1 Jj=mp+1
M+1 mo
< |€]|8|Cov(X, Y) + |EeY — ]’[ Ee'iXi| + |Ee'€X — HEe”fo
j=mo+1 i=1
mo M+1
<Cov | erjX;. > onXi|+ > |rj1lrel Cov(X j, Xx)
i=1 k=mo+1 mo+1<j<k<M+1

+ > Irjlinl Cov(X;, Xx)

1<j<k<myg

= > Irjlinl Cov(X;. Xp).
1<j<k<M+1

6 See den Hollander and Keane (1986).
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Of course, one may prefer the equivalent expression of Newman’s bound as

1
5 2 Il CovXj X = 3 Irjlind Cov(Xj, Xp).  (232)
1<j.k<m,j#k 1<j<k<M+1
Lemma 4. Let X := {X, : x € ZF} be a translation invariant random field of

associated random variables having finite second moments. Assume that

y = Z Cov(Xp, Xy) < 00.

xezZk
Let
BM :={yeZ :Nxy <y <N@x+1,l=1,... k)
denote a “block of lattice sites of length N located near Nx”, x = (x1, ..., xx), and

define a random field of centered and rescaled “block sum averages” by

AM =N Y (X, -EX,)., xeZt

yeB™
Then

lim Var(AM) =y, and lim Cov(A™M, AM)=0 x#y.
N—>oo N—oo

Proof. By translation invariance it suffices to check the asserted limits for the case
x = 0. Clearly

Var(Ag") = N7TF 37 3 Cov(Xo. X)) < NTF DT Y Cov(Xo, Xy-a).

xeB" yeB{™ xeB{") yezk
In particular, letting N — oo,

lim sup Var(A(()N)) <y.

N—o00

For the reverse inequality let 0 < € < 1/2 and define
BV i=1{z=(z1,....a0) 1 eN <z < (1 —)N,i = 1,... k).

Note that for x € BéN), y ¢ BéN), |x — y| > €N, so that
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Var(A§) = N7 3T 3T Cov(Xo. Xy—x)
xeBM(e) yeB™

(N)
_ 1B§™ (o)
>Ny > Cov(xO,Xy_x>=°N7k > Cov(Xg. X7).
xeB(()N)(e) |[y—x|<eN |z]<eN

where | B| denotes cardinality of the set B. Choosing a sequence such that ey | 0
and ey N — 00, one obtains

liminf Var(AM) > y.
i V(A7) = v

This proves the asserted asymptotic variance. For the covariance decay choose a
sequence My < N suchthat My/N — land N — My — ococas N — oo.

Var(A§") — a{"")

k
= Var(A§") + Var(AJ"™) —2(WMy) T2 Cov( YD Xy Y Xy
veB™ e
My k
< Var(A{™) + Var(a{"")) — 2(7"’)2 Var(x ")) = 0.
One has for z # 0,

Cov(AY", ANy = Cov(A — A AN 4 Cov(af"™, AN

< \/Var(A(()N) - AgMN’)\/Var(AgN )) 4 Cov(AM™) ANy,

Thus the proof of covariance decay is therefore completed by the following
calculation

_k
Cov(AMM ANy = M 2N2 30> CoviXo. Xaey)

xeB(()MN) yeB™

k
(%)2%;" Z Z Cov(Xo, Xx—y)

M ) — —
xeB(() N) |[y=x|=N—-My

IA

k
M 2
= <—N > Cov(Xg. X,) = 0,

N
[YI=N-My

as N — oo. |
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To state Newman’s central limit theorem it is helpful to have some extra notation.
Forx = (x1,...,xr) € 7K, a “block of lattice sites of length N located near Nx” is
denoted

BN ={(yeZ:Nxy <y <N@+1),l=1,...,k}.

Given a translation invariant random field with finite second moments X := {X, :
x € Z¥}, the random field of centered and rescaled “block sum averages” is denoted

AM = N"2 3 (X, —EX,).

yes™

Theorem 23.5 (Newman’s Central Limit Theorem). Let X := {X, : x € ZF} be
a translation invariant random field of associated random variables having finite
second moments. Assume that

y = Z Cov(Xp, Xy) < 00.

xeZk

Then for any finite number n of lattice sites zy, ..., z,, the (finite dimensional)

distribution of (AQ’IV), Ag*’), “_’Ag\/)) converges weakly as N — oo to the

Gaussian distribution with mean zero and covariance matrix diag(y, ..., ).

Proof. By Newman’s inequality and association inherited by the A§N>, z € 7k,
and the previous lemma, it suffices to show convergence of AgN), ie,n = 1,to

obtain convergence for finite dimensional distributions of arbitrary size n > 1. More

. . - A (N) _r.2
specifically, if one can show Eei"4:" — ¢72"" as N — 00, then

: DNV G B ‘ V) A (V) _
Jim |Ee’ & j ]]:[] e 2| = Jim 19;9 Irmllrj| Cov(Az,”, AZ})) = 0.

(23.3)
As noted earlier, by translation invariance it is sufficient to consider the case z = 0.
For fixed M = 1,2,...,let My = M[%] < N, where [-] denotes integer-part.
In the proof of the previous lemma it was shown that Var(A(()N) — A(()MN )) — O as

N — 00. Thus, one has

(Mp)

. (N) .
Eeero _ EeerO S E

. N (M)
G —ag™y _ 1'

<E|af" - i < JVar(al® — a0y o,
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Next, using the simple property of the block averages that

_k
AN =N YT A, (23.4)

(N1)
YEB,

(forMy =M [%] = N1 N3), one has by Newman’s inequality (applied to A(()M))

0

N 1k
N ((§yal
(M[421]) _k M
]EeirA M (]Eeir[}‘l\/; 12 AE)M))

1 N\ ¥ M M
<3 X]:V 2 <[MD Cov (4™, A,
x,yEB(()[VJ)

This upper bound may be equivalently expressed using the block average prop-
erty (23.4) as

2 M) (MY N (M) A (M)
Cov( Ay ¥, A -5 X cov(apn.agn)
a%n

YEB,

2 2
- % {Var (AMD) vy (A(()M))} - % [ = var (a8}

Letting N — oo with M fixed, it follows that

oo s on G r* N N1~
(mertB ) = (1= () Varal™) o517

Var(AéM)) rz

— e 2 . (23.5)
Thus, combining these estimates, one has

2

;
2

. irAa™ _r
limsup [Ee’" 40 — 2"

N—o0

=

y — (() )t +3e 2 —e 2 .
[ Var(AM)] { V’Z}

Finally, letting M — oo completes the proof. |
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The following example’ is a significant framework® in which association
naturally occurs.

Example 2 (Two-dimensional Bond Percolation Model). The independent bond
percolation model” on Z? can be defined as follows: Each lattice site x € Z2
has four nearest neighbor sites of the form y = x &£ e where e is either (1, 0)
or (0, 1). A pair of such nearest neighbor sites x, y, in turn, defines a (unoriented)
bond b = {x,y} of Z2. Let L? denote the collection all such bonds of Z2. Let
{Yy : b € L2} be the i.i.d. random field of Bernoulli 0 — 1 valued random variables
with p = P, (Y, = 1) defined by coordinate projections on the product probability

space 2 = {0, 1}1L2 equipped with the o-field F generated by finite dimensional
cylinder sets and product measure P, = [[;2(gdq0; + pS(1}), where g = 1 — p.
Declare the bonds b as open or closed according to whether the value of Y}, is 1 or
0, respectively. The usual interpretation of percolation is as a model for a disordered
porous medium in which the open bonds permit fluid flow between nearest neighbor
sites, while closed bonds block the passage of fluid. Two sites x, z € Z? are said to
be connected by an open path, denoted x <> z if there is a succession of sites in Z2,
X0 = X, X{,...Xy = 2z, m > 1, such that pairs x;, x;;| are nearest neighbor with
bi = {xj, xit1}open (i =0,...,m — 1). A cluster C(x) at site x € 77 is defined
by the (random) set

C(x)::{zeZzzxez}, x € Z7%.

The cluster size refers to the (possibly infinite) cardinality of C(x) and is denoted by
|C(x)|. The set C(x) is referred to as a  percolation cluster'” at x if |C(x)| = oco.

Definition 23.4. The existence of an infinite cluster that is the event E :=

Urez2lIC(x)| = oc] is referred to as the percolation event. Also, the percolation
probability is defined by
p=p(p) = Pp(E) = Pp(U,cp2[IC(x)| = o0]). (23.6)

7 The survey article Last et al. (2020) is a source of a wide variety of additional examples of
associated stochastic random fields. Extension of Newman’s central limit theorem for Poisson
cluster processes and random measures was developed in Burton and Waymire (1985), and
independently by Evans (1989), provides an illustrative setting for applications of positive
dependence.

8 Also see Newman (1980) for examples in the context of mathematical physics.

9 The mathematical interest in percolation models is usually traced to Broadbent and Hammersley
(1957). Broadbent’s work at the British Coal Utilization Research Association involved the design
of porous gas masks for coal miners. The critical nature of pore size was empirically realized in
this context, motivating the subsequent development of simpler models of such phenomena of wide
interest in probability and mathematical physics.

10 Uniqueness of such percolation clusters was originally established by Aizenmann et al. (1987).
A widely recognized very simple proof of uniqueness was subsequently made by Burton and Keane
(1989). This has become a standard approach to uniqueness.
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Proposition 23.6. Define
0 =6(p) = P,(|C(0)| = 00). (23.7)

Then p(p) =0or p(p) = 1if and only if (p) = 0 or 6(p) > 0, respectively.

Proof. Note that the percolation event E = U, .»[|C(x)| = o0o] is a tail event
for a countable collection of i.i.d. random variables {Y; : b € L?}. The assertion
follows immediately from subadditivity and Kolmogorov’s zero-one law.'' Namely,
p(p) =0o0r1,0(p) < p(p),and p(p) < D 72 0(p). So p(p) = 0if and only if
0(p) =0,and 6(p) > Oif and only if p(p) = 1. |

Remark 23.4. A proof of the monotonicity of the percolation probability p —
0(p) as a function of p by monotone coupling techniques is given for Proposi-
tion 24.3 in Chapter 24.

Definition 23.5. The critical probability for existence of an infinite cluster, i.e.,
percolation, is defined by

pe =sup{p €[0,1]: 6(p) = 0}.

Remark 23.5. An important role for the FKG inequalities occurs in a simplified
proof of the criticality of p = 1/2 for bond percolation by Bollabds and Riordan
(2006). The original proof is the result of Kesten (1980), after completing the upper
bound calculation from two-decades earlier by Harris (1960), that p. = 1/2 for
2d-bond percolation. The upper bound p. < 1/2 had already involved inequalities,
now known as Harris inequalities, that may be viewed as a special case of the FKG
inequalities for product measure.

For probability measures w1 and » on the compact space (for product topology)

S = {0, 1}/, where A is a finite or countably infinite set, the Holley inequalities'”
are a generalization of associated dependence of the form
ffdm > / fdua, (23.8)
s s

for coordinatewise non-decreasing functions f on §; equivalently it is non-
decreasing with respect to the partial order < on S defined by x < y if and only
ifx; <yj,jeAforx,y €S,

To see that (23.8) embodies association of a probability distribution @ on S, let
f, g be nonnegative coordinatewise non-decreasing functions on S. Take du; =

fg[glgu, wa = . Holley’s inequalities for 111 and 11, are then equivalent to the FKG
N

11'See BCPT, p. 87.
12 Holley (1974).
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inequalities for 1. The so-called log-convexity type conditions'® on s, 1, o are
available to ensure either FKG inequalities or Holley inequalities, respectively.

In the so-called disordered phase'* defined by 0 < p < p,, the lattice a.s.
consists of infinitely many disjoint finite random clusters of lattice sites connected
by open bonds. The following simple path counting argument demonstrates the
existence of a disordered phase.

Proposition 23.7. p. > 0.

Proof. Consider the number N,, of open (self-avoiding) paths of length n starting at
the origin. Clearly, noting that such a path can connect to any of the 4 neighbors of
(0, 0) and continue in n — 1 self-avoiding steps, N, < 4(3"’1). Thus for p < 1/3,
applying a useful but very simple inequality for nonnegative integer-valued random
variables,

Pp(Ny > 1) <EpN, < 43" Hp" - 0asn — oo.

In particular,'® since 6(p) < P,(N, > 1) for all n > 1, one has 6(p) = O for
p < 1/3 and hence p, > 1/3. |

Lemma 5 (Harris’ Lemma'®). Let X, = Licpyza, x € Z?. Then {X, : x € Z*} is
a translation invariant random field of associated random variables.

Proof. Translation invariance follows directly from the definition and the fact that
the distribution of the underlying random field {¥} : b € L2} is invariant under
translation of the lattice Z2. Also each X . X € 72, is a (coordinatewise) non-
decreasing function of Y = {Y}, : b € L?}. Apply Proposition 23.3. |

For an application of the central limit theorem in this context we will establish
the asymptotic normality of the cumulative size er B |C(x)| of all clusters
0

connected to points in the cube BéN), suitably centered and scaled for 0 < p <
1/3. Additional applications'” along these lines are given in the exercises. The
conditions for the theorem will be checked in a sequence of simple lemmas, the
first of which is a special case of an inequality known as the BK Inequality after its
originators van den Berg and Kesten (1985).

13 den Hollander and Keane (1986).

14 Physicists often refer to the absence of long-range connectivities as “disorder.”

15 In his celebrated paper, Kesten (1980), it was proved that p, = 1/2.

16 A stronger version of this type result was first formulated and proven by Harris (1960) as a
special case.

17 The example given here serves the pedagogical purpose of simply illustrating the theorem.
For more substantial applications, but requiring elements of percolation theory which are outside
the scope of this exposition, consult the comprehensive text by Grimmett (1999), and numerous
references therein.
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To prepare for the BK inequality let us refer to a random variable X defined on
£2 as increasing if X(w1) < X(wy) whenever w1, wy € §2 satisty w1 (b) < wy(b)
for all b € 1?; the latter set of coordinatewise inequalities defines a partial order
on §2 which we denote as w1 < wy. Similarly we say that an event A € F is an
increasing event if 14 is an increasing random variable. Connectivity events of the
form [x < y] are prototypical increasing events. From here out we restrict to this
case.

Definition 23.6. The disjoint occurrence of two increasing events A = [x < y],
B = [z < w] is an event denoted by A o B and defined by

[x o zlolyw w]l=kx<z,x ¢ C(y),y < wl

Lemma 6 (BK Inequality-Special Case). For x,y, w,z € Z?
Py([x <> z]o[y < w]) < Pp(x <> 2)Pp(y < w).
Proof. Observe that

Pp(lx < zlo [y < w) = EQpoglxgconliyow)
= E(poglngconlivgcwnlyow)
=Pp(x & z2,x £ C(y),x ¢ C(w),y <> w)
=Py o wx o z,x ¢ C(y),x ¢ C(w)Pp(x <> z,x ¢ C(y),x ¢ C(w))
<SPy wx<oz,x g CH)x ¢ Cw)Py(x < 2). (23.9)

So it suffices to show that
Py(y o wlx <z, x ¢ C(y),x ¢ C(w)) < Pp(y < w). (23.10)

Let A be an arbitrary but fixed finite connected subgraph of L?> with vertices x and
z connected in A, but not connected to y nor w, i.e., having the properties of the
conditioning. The graph A is referred to as a lattice animal. Denote the vertex and
edge sets of A by A, and A., respectively. Also define the edge boundary 9. A as
the set of (closed) edges which do not belong to A, but have at least one endvertex
in A,. First consider the case in which y is “interior” to the lattice animal A and w
is “exterior” to A in the sense that any path of bonds connecting y to w must include
a bond from 9, A. Then, since on [C(x) = A] the edges in d. A are all closed, one
has for this case that

P,y o w,Cx)=Alx < z,x ¢ C(y),x ¢ C(w)) =0.

On the other hand, for the case when d, A does not obstruct the existence of a path
of open bonds connecting y to w, let us see that one may use association (FKG
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inequalities) to establish that
Pp(y o w, Cx) =Alx & z,x ¢ C(y),x ¢ C(w)) = Pp(y & w).  (23.11)

To prove (23.11) consider a lattice animal A such that x <> z and x ¢ C(y), x ¢
C(w) and for which y, w are not separated by d,A in the previous sense. Then
1yow) and 1jc(r)=4) are, respectively, increasing and decreasing functions of
independent random variables. Thus, by association (see Exercise 5),

Py <o w, Cx)=A,x<z2,x ¢ C(y),x ¢ C(w)) = Pp(y < w,C(x) =A)
< Pp(y © w)Pp(C(x) = A)
=Py <o w)P(Cx)=A,x < z,x ¢ C(y), x ¢ C(w)).
Divide by the common (positive) probability P,(C(x) = A, x < z,x ¢ C(¥),x ¢

C(w)) to obtain the bound (23.11). Then summing over such lattice animals A
completes the proof of (23.10) and thus the BK inequality follows. ]

Lemma 7.
COV(llxez]v 1[y<—>w]) =< E(llxezll[xeylllxew])'
Proof. Lett(x, z,y, w) := ]E(l[xez]l[xey]l[xew])- Note that

E(xoglyow) = 7(x, 2, ¥, w) + EQpoglixgcolysw)
=t(x,z,y,w) + Pp([x & z]lo[y < w]). (23.12)

Now apply the BK inequality to the second term. Subtracting E1[y ;) E1 [y from
both sides establishes the assertion of the lemma. |

Lemma 8. LetU, = |C(x)| =) . 1jxez). Then

y =Y Cov(Up, Uy) <EICO)P.

xe€Z?
Proof. Using bi-linearity of covariance and the bound from the first lemma,
COV(1[0<—>w]a 1[y<—>z]) <t0,w,y,2) = E(I[Oew]l[wey]l[yez])a

it follows that

D Cov(Un. Uy) < Y 1(0.w,3.2) = Y Ejpouilipeyiloes)

yeZ? y.w,z y,w,z
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=E (Z 1[0<—>w]1[0<—>y]1[0<—>z]) =E|C(0)] .

y,w,z

Lemma 9. E|C(0)|" < oo forallm > 0.

Proof. Note from the proof of Proposition 23.7 that for p < 1/3,7(0, x) = P,(0 <
x) < %e’d"', where ¢ = —In(3p) > 0. Thus, denoting by Ry the complimentary
region to the (two-dimensional) square of side-lengths 2k + 1 centered at 0, one has
the tail probability bound

4 —C|X
P,(ICO0)| = 2k + D) < Y 7(0.x) < < 3 ekl

XERy XERy

oo
/ . —cj iy —c"k
<c E je Y <cke™ ",
j=k+1

for a suitable ¢” > 0. The second to the last inequality is a consequence of
summing over x on the perimeters at respective distances j from the origin,
noting that the number of sites on the perimeter is linear in j. It now follows that
Y2 kK2 P(JICO)] > k) < oo, and therefore E|C(0)|" = E(/[CO)))*" <
00. ]

In view of Newman’s central limit theorem this series of lemmas establishes the
following fluctuation law.

Theorem 23.8. Consider two-dimensional bond percolation with 0 < p < 1/3.
Then the centered and rescaled cumulative size % er B(N){|C x)| — E|C(0)|} of
0

all clusters connected to points in the cube B(()N) is asymptotically normal with mean
zero and variance 0 < y = ) . Cov(|C(0)], |[C(x)]) < E|C(0)]? < oo.

We close this chapter with a celebrated result of Loren Pitt on association of
positively correlated normal random variables. We provide the essence of his'® very
clever proof leaving the technical details to exercises.

Theorem 23.9 (Pitt). Let X = (Xi,...,Xy) be a positively correlated normal
random vector. Then {X1, ..., X;} is an associated family.

Proof. First consider the case in which the covariance matrix I' = ((;,;)) is
non-singular matrix with nonnegative entries. One may show that the collection
of coordinatewise non-decreasing functions f, g on R¥ that are continuously
differentiable with bounded partials is association determining (Exercise 12). As

18 Pitt (1982).
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a result, one may restrict to such functions f, g. Let Z = (Zy,..., Z;) be an
independent copy of X and define

YO) = AX +(1—22)2zZ.
Then, Y (1) is mean-zero normal with covariance matrix
Cov(Yi (W), Y; (W) = 22y j + (1 = 2D)yij = 7.
Also, Cov(X, Y(1)); j = Ayi,j. Consider
FQ) =Ef(X)gY ().
Then, Cov(f(X), g(X)) = F(1) — F(0). So it suffices to show F’(L) exists and
is positive for 0 < A < 1. This is where the analysis is required. Namely, writing
r='= (i), let
k
_k _1 1
9() = m) 7> (et D)7 exp § =5 D €i i
i,j=1
denote the Gaussian pdf'? of X. Then the conditional pdf of ¥ (1) given [X = x] is

PO x, ) = (1 =22 2p((1 = 233 (y — A2)).

That is, p(A; x, y) is normal with covariance matrix (1 — A2)I" and mean vector A.x.
Thus,

F) = /Rk S ex)g, x)dx,
where
g, x) =/ g(y)p(A; x, y)dy.
Rk
Observing that

g, x) =@, ) * g(hx),

where (A, x) = (1 —Az)_%(p((l —Az)_%x), one sees that dg (A, x)/9A exists and is
nonnegative, while dg(X, x)/dx; exists and is bounded. To compute g—i, let A(z, y)

19 BCPT, p. 130.
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denote the pdf of I 3 B;, where B is k-dimensional standard Brownian motion. Then
one has

p(A;x,y) = h(l — 2%,y — Ax).

Using the chain rule and an application of the heat equation for multivariate
Brownian motion’” one arrives at

ap ap
D Vg = D Kin
Py 0x;, 0x; p 0Xx;
Thus,

dg(A, dg(A,
Fl() = ——/ 0 1 Yy o) ”—Z D
iz x;, 0

Finally, with an integration by parts one arrives at

For= L [ | o,

i, P
X 0x;
i#] ! J

In the case I" is singular one may replace I by the non-singular matrix
I' 4+ €l «k, € > 0, and observe that for continuous f, g, Cov(f(X), g(X)) depends

continuously on I". Thus positivity is preserved in the limit as € — 0. |

Exercises
1. Let Xy, ..., X, be associated random variables, and Y; = f;(X1,..., X,),
J =1,...,m where f; is coordinatewise non-decreasing for j = 1, ..., m.

Show that (a) P(¥; < yi.....% < y) = [[5_, P(¥; < y;). and (b)
PYy>y1,..., Y > y) > ]_[/ 1 P(Y; > y;). [Hint: Define non- decreasing
functions on sby Z; =1jy, >yl J = 1,...,m, and note that Z - - - Z;, and
Ziy1 -+ Zy are non- decreasmg functions of Z s. Apply the FKG inequalities
iteratively fori = 1,...,m, noting EZ; = P(Zj = 1). (c) Suppose that
X1, ... X, are independent random variables and let §; = le Xi,j =
1,...,n. Show that P(S1 < si,....8 < s») = [[/_; P(Si < s) for

20 For the heat equation connection see Bhattacharya and Waymire (2021), Chapter 6, Remark 6.2.
Pitt uses a related computational device of Plackett (1954).



380

23 ST: Associated Random Fields

all s1,...,s,. [Hint: S; is a non-decreasing function of Xi,..., X,, and
independent random variables are associated.]

. Suppose f is a continuous function on [0, 1] and consider the Bernstein

polynomial defined by f,(x) = Z?‘:O (?)xj(l —x)" = ]Ef(%), 0<x<
1, where S;(x) = X1(x) + - X;(x), for i.i.d. Bernoulli 0 — 1-valued random
variables with P(X;(x) = 1) = x,j = 1,...,n. (a) Show that f, — f
uniformly on [0, 1] as n — oo. (b)(Seymour-Welsh) Show?! that for non-
decreasing f, g on [0, 1], (fg)n(x) = fu(x)gn(x),0 <x < 1.

. Show that binary 0 — 1-valued random variables X, Y are associated if and only

if they are positively quadrant dependent.

. Complete the details for the extension of Hoeffding’s lemma used in the

generalization Lemma 2.

. Suppose that X = (X1, ..., X;») is a vector of associated random variables.

Let f, g be, respectively, coordinatewise increasing and decreasing functions.
Show that Cov(f(X), g(X)) < 0. Extend this to countably many associated
random variables.

. Prove the alternative formula

Hxy(x,y) =P(X =x,Y =y) - P(X =x)P(Y = y).

. Suppose f(X),g(¥Y) € L%(2,F, P), where X,Y are real-valued random

variables bounded below by a constant b € R, and f, g are continuously dif-
ferentiable complex functions with bounded derivatives. Prove the Hoeffding-
Newman formula in this case, starting from the familiar moment formulae

X o0
E(f(X) — f(b)) = E fb Fl)dx = /b P(X > ) f (x)dx,

and

X Y
E(f(X) - f(b)@T) —g®)) = E fb /b F/(0F ()dxdy.

. Show that each of the collections of non-decreasing binary 0 or 1-valued

functions and those of non-decreasing bounded continuous functions are
association determining.

. Consider the spatial intermittency of clusters as reflected in the density of

isolated points and/or non-isolated points. A site x € Z? is isolated whenever
[C(x) = ?]. The numbers of isolated points and non-isolated points in a square

BéN) are perfectly correlated since their total is (fixed) |B(gN) |. It is convenient to

consider the number of non-isolated sites in the square B(()N) (including surface
sites for simplicity) as given by

21 Seymour and Welsh (1975).
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Dv= ) Licwz.

(N)
X€B

Show that EDy = (1 —g¢*)N? and compute the asymptotic distribution of Dy,
suitably centered and scaled, as N — oo.

10. Fix a positive integer k and obtain the asymptotic fluctuation law for the
numbers of sites x in B(gN) belonging to a cluster of size at most k, i.e., such
that |C(x)| < k.

11. Let N = {N(A) : A € B} be a Poisson point process on R”. Show that N is an
associated family of random variables.

12. Show that the collection of coordinatewise non-decreasing functions f, g on
R¥ that are continuously differentiable with bounded partial derivatives is
association determining. [Hint: (a) Check that any measurable increasing
functions is a pointwise a.s. limit of continuous increasing functions. (b) Check
that if p,, € > 0 is a nonnegative C*°-mollifier,”” then f % p, is C* increasing
with bounded partials such that f % p. — f pointwise, uniform boundedly.]

22 See BCPT, p.77, for a mollifier example.



Chapter 24 ®
Special Topic: More on Coupling oo
Methods and Applications

Coupling methods originated as a probabilistic tool for the analysis of a given
process by (possibly dependently) linking its sample path behavior to that of
a “target process” whose long term properties may be better understood or
known. This chapter illustrates the reach of coupling, extending well beyond
Doeblin’s original ideas, with a sample of applications to random fields.

The notion of coupling was introduced by Doeblin (1938) as a method to prove
convergence to a unique invariant probability for irreducible aperiodic finite state
Markov chains. Coupling was illustrated in Bhattacharya and Waymire (2021),
Chapter 8, with three significant applications: (i) Error in Poisson approximation
to the binomial distribution (ii) Convergence to steady state for a class of discrete
parameter Markov chains on a countable state space, (iii) A renewal theorem
for lattice distributions, and a fourth in Chapter 20 of the present text on (iv)
Convergence of Markov chains on general state spaces. In the present text coupling
also occurred in the proof of the geometric convergence rate' to equilibrium given
in Theorem 20.6.

Definition 24.1. Let X, Y be two random maps defined on a probability space
(£2, F, P) with values in the measurable space (S, S). A coupling of X and Y,

1 Although not covered in the present book, it is worthy of mention that the power of Doeblin’s
coupling was fully realized in the constructions of optimal couplings for continuous parameter
Markov chains, as well as for a class of diffusions on manifolds, by Chen and Wang (1995),
Chen (1996) and his student. These couplings involve sharp estimates of the L2-spectral gap
of the infinitesimal generator and are remarkable for the contribution to mathematics outside of
probability theory. See Chen (1997) for an insightful overview.
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or a coupling of their respective distributions Px and Py, is any bivariate random
map (X Y) with values in (S x S, S ® &) whose marginals coincide with Px and
Py, respectively.

Example 1 (Choquet—-Deny Theorem for Simple Symmetric Random Walk on
ZF(k > 1)). As already noted in Chapter 12, the Choquet-Deny theorem asserts
for any k > 1 that the only bounded, harmonic functions for the simple symmetric
random walk are the constant functions. A simple application of this theorem was
cited in Exercise 12 of Chapter 12.

Theorem 24.1 (Choquet—Deny” for Simple Symmetric Random Walk on Z¥ (k > 1)).
The only bounded harmonic functions for the simple symmetric random walk on
ZK, (k > 1) are the constant functions.

Proof. Let x,y € 7k, |x — y| = 1, and let & be a bounded harmonic function
with respect to a simple, symmetric random walk {X,, : n > 0} on Z; that is,
hx) =E h(X1), x € Zk We WlSh to show that i (x) = h(y). For this we construct
a Markov coupling (X Y) = {(X,,, Y, w) +n > 0} starting at (x, y) € Z¥ x Z¥ such
that the marginal processes are simple symmetric random walks startmg atx and y,
respectively, and such that the coupling time 7 = inf{n > 1 : X, = =Y, } is almost
surely finite, i.e., the coupling is successful. For then one has

[h(x) — h(y)| = [Exh(X,) — Eyh(X,)]
= [Ee.p)h(Xn) = Eeypyh (V)]
<2sup|h(x)|P(T >n) - 0asn — oo. 24.1)
X

To make a coupling that is successful regardless of dimension one proceeds as
follows: Let €1, €3, ... and e; , eé, ... be independent, i.i.d. symmetric Bernoulli
=+ 1-valued random variables. At each time step n > 1, select a common coordinate,
say the mth, of (X XD )7,(1,‘_) ) and ()7,51_) Y(k)l) to make displacements

n—l1>-c>

according to the following rules: If X ,(l"i)l = Y(m)l, then take X" = X (ml +e, =
Y™ 4 e, = Y™ On the other hand, if }?’(ﬁ)l # Y™ then take X" = X(m) +e,

n—1 n—1°
and Yn(m) = ZET)I + €. All other coordinates are left fixed at this time step. Then
the Markov chain ()? Y) is easily checked to be a coupling. That this coupling
is successful follows from the pointwise recurrence of O in the one-dimensional
(lazy) simple symmetric random walk Z?:l (€j — 6;), n > 1. This shows, together
with (24.1), that & does not depend on its mth coordinate. Since, the argument holds
foreachm =1, ..., k, the function / is constant. |

2 The Choquet-Deny theorem is valid more generally for irreducible general random walks on
locally compact Abelian groups; Choquet and Deny (1960).
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The property that all bounded, harmonic functions are constant is sometimes
referred to as the Liouville property in reference to its counterpart in analysis.

Remark 24.1. One may note that bounded harmonic functions for a Markov chain
are constant if it is possible to construct a successful coupling with arbitrary initial
states x, y. See Exercise 5 for a generalization.

Example 2 (Association of a Singleton). Recall that random variables X, Y are
associated if Cov(f(X), g(¥Y)) > 0 for bounded increasing functions f, g. A proof
that a singleton X is associated, i.e., Proposition 23.3(e) can be made by coupling
X to an independent copy Y. Then for bounded, increasing functions f, g one has,
on the one hand, that

E(f(X) = fFAN(X) —g(Y)) =2Ef(X)g(X) - 2E f (X)Eg(X), (24.2)

and, on the other hand, by monotonicity the factors f(X) — f(¥) and g(X) — g(¥)
are of the same sign in the following decomposition. That is,

E(f(X) — f(Y)(g(X) — g(¥))
= Elx>y)(f(X) — F(Y)(EX) — g(V)) + Elix -y (f(X) — F(¥)(g(X) — g(¥))
> 0. (24.3)

Thus, 0 < Ef(X)g(X) — Ef(X)Eg(X) = Cov(f(X), g(X)).

Another important context for coupling is that of stochastic ordering. Some
related ideas pertaining to stochastic order were already considered in Chapter 23,
and will be revisited here in the illustrative examples.

Definition 24.2. Suppose that X| and X, are real-valued random variables with
respective distributions pu;, i = 1, 2. Then X is said to be stochastically dominated
by, or stochastically smaller than, X,, denoted X| <* X, if u([x, 00) < ualx, 00)
for all x € R. The probability measure p1 is said to be stochastically smaller than,
or stochastically dominated by, w7, also denoted p; <* us.

For real-valued random variables the following proposition is rather elementary.

Proposition 24.2 (Coupling & Stochastic Order on R). X1 <% X, if and only if
there is a coupling (X1 Xz) of X1 and X, such that P(X1 < X2) =1.

Proof. Assume that the coupling exists. Then
ilx, 00) = P(X1 2 x) < P(X2 2 %) = palx, 00).

Suppose next that X; <% X». Define fl- = Fl._l(U),i =1, 2, where U is uniform
on [0, 1] and Fl._l(u) :=inf{x € R: F;(x) > u}. Then )N(i has distribution w;, i.e.,
a coupling is achieved. Moreover, Fi(x) > F>(x) for all x is the complimentary
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equivalent to stochastic domination and, by the definition of the (generalized)
inverse function, P(X; < X,) = P(F;'(U) < F,'(U)) = 1. [}

Our goal now is to extend this to random maps (or their distributions) with
values in partially ordered spaces. The cornerstone theory for this is a theorem of
Strassen (1965) for the case of partially ordered Polish spaces. Strassen’s proof was
simplified by Lindvall (1999) using rather standard methods of functional analysis
presented here and in Appendix D.

Remark 24.2. An alternative proof for compact spaces is given in Liggett (1985),
that relies heavily on Nachbin (1966) interpolation theorems between semicontinu-
ous functions on a compact partially ordered space having a closed partial order, in
addition to the more standard theorems from functional analysis. In the case of finite
partially ordered sets, an especially elegant (bipartite) graph theoretic presentation is
given in Koperberg (2016) that relates Strassen’s theorem to the Max Flow-Min Cut
Theorem of Ford and Fulkerson (1956), as well as to Marriage Theorem of Philip
Hall (1935).

To introduce the framework for Strassen’s theorem for Polish partially ordered
spaces let us first recall some basic definitions.

Definition 24.3. Let S be a set. A partial order < on § is a relation such that for
every x,y,z € S,

ix=<ux,
iix<y=xxiffx =y,
iii x <y < zimplies x < z.

The pair (S, <) is referred to as a partially ordered set (poset). In the case (iii)
is removed, < is referred to as a pre-order. If S is a topological space and the set
{(x,y) : x < y}isaclosed set, then < is said to be closed.

Definition 24.4. Let X, X» be random variables taking values in a partially
ordered space (S, <). Assume that M = {(x,y) : x < y}is measurable for the
product space. A coupling (X1 Xz) of (X1, X7) such that P(X1 =< X2) 1is
referred to as a monotone coupling. Equivalently, if X ,X; have respective marginals
11,142, then the joint distribution jx of ()Nfl, )~(2) has marginals (1,12 and t(M) = 1.
11 is referred to as a monotone coupling of [y, 7.

To provide some orientation, the following example provides an illustration of the
connection between monotone couplings on a partially ordered space and stochastic
ordering for which a monotone coupling can be explicitly constructed (without
appeal to Strassen’s theorem for its existence).

Example 3 (Monotonicity in Bond Percolation). Recall the bond percolation model
defined in Example 2 of Chapter 23.

Definition 24.5 (Uniform Bernoulli Coupling). Let X| and X, be Bernoulli 0 — 1-
valued random variables with P(X; = 1) = p;,i = 1,2 with p; < pr. Let U
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be a uniformly distributedNrangom variable on [0, 1]. Define X i = lu<p,i =
1, 2. Then, the coupling (X1, X») of (X1, X3) is referred to as uniform Bernoulli
coupling.

The uniform Bernoulli coupling is easily checked to be a monotone coupling, and
underlies the proof of monotonicities of the following type. Denote the set of nearest
neighbor bonds (edges) in the integer lattice Z> by &. The configuration space
S =1{0,1)isa compact metric space for the product topology. Coordinatewise
inequality provides a natural partial order < for which x < y iffx, <y, forall b €
&. In particular, x; = 1 implies y, = 1.

Remark 24.3. Let A be a countable set. One may view the compact space S =
{0, l}A as the power set of A, i.e., the collection of all subsets of A coded by
elements of A as being either “in(1)” or “out(0).” In this dual view, the partial order
on {0, 1}4, x < y, defined coordinatewise, is equivalent to the partial order x C y
on the power set of A since for j € A, x; = 1,i.e., j € x, implies y; = 1, i.e,,
J € y.In particular, note thatif x € S isidentified with A = {j € A : x; =1} C A,
and y € S is identified accordingly with a set B C A, then A U B corresponds to
the maximumx Vy € S,i.e., X VYY) = X V Ym, m € A, and AN B the minimum
x A y. The coordinatewise partial order corresponds to set inclusion. The choice of
representation is generally a matter of convenience to methods.

Recall from Chapter 23 that an event A C {0, 1}5 is said to be an increasing set
if x € Aand x < y implies that y € A. This definition extends to any poset S.
Note also that the set A is increasing if and only if the indicator 14 is an increasing
function.

Proposition 24.3 (Monotonicity of Bond Percolation Probabilities). Let X =
(X[(f))beg, be i.i.d. Bernoulli random fields on {0, 1}5 with parameters p;, respec-
tively, where p; = P(Xl(j) = 1), i = 1,2. (i) Suppose that A is an increasing
set in {0, 1}¢. If p; < ps, then P(XD € A) < P(XP € A). In particular, (ii)
0(p1) < 8(py) for p; < pa, where 8(p) denotes the percolation probability at the
origin defined in Example 2 of Chapter 23.

Proof. Let {Up : b € £} be i.i.d. uniform random variables on [0, 1), and define
respective families of i.i.d. monotone uniform Bernoulli couplings XD =X ,(f) =
Yy,<p) = b € &}, i = 1,2. Then, XM < X@ Thus, by monotonicity of A,
[X M e Al C [X @ ¢ A], and the assertion (i) follows. For the (ii) simply note that
the set A of configurations x € {0, 1}‘g such that the set {b € £ : x; = 1} contains
an infinite path of nearest neighbor bonds connected to the origin, is an increasing
set. ]

Definition 24.6. A function f : § — R is said to be increasing if f(x) < f(y)
whenever x <y, x,y € S.
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Definition 24.7. Let 111, uy be probability distributions on a partially ordered
Polish space S with partial order <, and Borel o-field B. Then u; <* w, if and
only if | g fdur < /. ¢ fduy for all increasing bounded measurable functions f.

We will require a couple of standard theorems from functional analysis, stated
below with proofs given in Appendix D.

Theorem 24.4 (Separation Theorem). Suppose that A and B are disjoint,
nonempty, convex sets in a topological vector space V. If A is compact, B closed,
and V locally convex, then there is a £g € V*, y1, 2 € R, such that

Lo(u) < y1 < y2 < £Lo(v),

foreveryu € A,v € B.

For the following representation theorem?® note that if V is a topological vector
space, then each v € V may be viewed as a linear functional on its dual space V* by
defining v(¢) = £(v), £ € V*. The weakest topology on V* that makes each v € V
continuous as a linear functional on V* is called the weak™ topology.

Theorem 24.5 (Dual Representation Theorem). Given a vector space V,let V' be a
vector space of linear functionals on V that separate points of V. Then V, equipped
with the weakest topology on V that makes each £ € V' continuous, is a locally
convex space whose dual is V.

The proof of the typical statement of Strassen’s monotone coupling theorem as it
usually appears in probability will follow as a corollary to the following main result
of Strassen (1965).

Theorem 24.6 (Strassen). Assume that S is a Polish space. Let IT = P(S x S)
be the set of probability measures on S x S, and A C IT a convex set which is
closed under weak convergence. Then for probability measures i1, 2 on S there is
a probability measure I € A with marginals |, u; if and only if

/ Fdui + f ¢duz < sup f (f) + g(v(dx x dy),
S S SxS

veA

for all continuous functions f, g on S suchthat0 < f, g < 1.

Proof. Define
V=A(f.8): f. g € Cp(S)} = Cp(S) x Cp(S). (24.4)
Then

AN = 11 e+ 1gllus  figeV, (24.5)

3 See Appendix D for more background from functional analysis.
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defines a norm on V. Let
H =P(S) x P(S), (24.6)

where P(S) is the set of probability measures on S.
Observe that (141, 2) € H defines a linear functional, denoted £(;, ), or, by
an abuse of notation, simply as (®1, 12),

(£ 8) = Lo (f. 8) 1= /S Fdu + /S ¢dus. (f.g) € V. (24.7)

Let V' denote the space spanned by such linear functionals on V. Note that V =
(V') separates points of V', where, for (f, g) € V, by another abuse of notation,
(f, g)(&) = L(f, g), £ € V. In view of Theorem 24.5, V is the dual space of V.
Now define

Hjp = {(u1, u2) € H : 31 € A having marginals w1, us}. (24.8)

Due to the convexity assumption on A, H, is convex, viewed as a subset of
V' in accordance with (24.7). Applying Theorems 24.4 and 24.5 (with V' as the
topological vector space), one has that

(a) If B is a closed and convex subset of V' and £’ € V'\B, then there exists a
weak* continuous linear functional £o on V' such that £o(¢') > supgep Lo(B).
Replacing £g by —¢¢ in Theorem 24.4 gives separation in the reverse order.

(b) All weak* continuous functionals £o on V' are of the form £¢(¢) =
£(fo, g0), £ € V', for some (fy, go) € V.

The aim is to show that the non-existence of a coupling probability in A implies
that Strassen’s condition does not hold. So, suppose that (i1, u2) ¢ H,. Note
again that each (i1, t2) may be viewed as a linear functional €, ,.,) € V. Taking
¢ = L, 12)» B = Hj in (a), there is a continuous linear functional £ on V' that
separates £(,, i) from H,. That is,

00y ) > sup Eo(O).
teHy

Now find ( fy, go) representing £( according to (b), i.e., £ — £o(£) = £( fo, 80), £ €
V’. Then, one has

L(1,10) (fo, g0) > sup £(fo, go)- (24.9)
teH,

In particular, writing out the meaning of (24.9) in terms of 1«1 and w2, this separation
is in direct contradiction to Strassen’s condition that [¢ fodu1 + [ godpa <
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SUP,e A fS(f(x) + g(y))v(dx x dy) for all continuous functions 0 < f,g < 1
on S. Thus (ug, uo) € Hy.

It remains to prove that H, is closed in V’. To that end, we first note that the
relativized weak™ topology on H is metrizable. Indeed, let P(S x S) denote the set
of probability measures on S x S. Then the mapping ¢ : H — P(S x §), defined
by ¢ (1, u2) = m1 X W2, is a homeomorphism from H onto a closed subset of
P(S x S) endowed with the weak*topology. But that topology is metrizable* by
the Prokhorov metric, This means that in order to prove that H, is weak™* closed, it
suffices to show that the limit of a convergent sequence of elements in H,4 remains

in Hy. So, let (,ugl), /L,(f)), n > 1, be a sequence in H, which is weak® convergent

to (u1, 42). Then Mf,l) = u1, and y,f,z) = u». This implies that any sequence

{vn}";o:1 such that v, has marginals /,L,(,,I), ,uilz) for n > 1 is tight. Indeed, take any

€ > 0 and let KE(I), KG(Z) be compact sets such that inf), /,L,gl)(Ke(l)) > 1—¢€/2
and inf, 12 (K?) > 1 — €/2. Tt follows that inf, v, (K x K¥) > 1 — ¢, and
K 6(]) x K 6(2) is compact in § x S. Now apply Prokhorov’s theorem to find a cluster
point 7z of {v,}7° . Since A is closed, we have i € A. Moreover i has respective
marginals 1 and 1, by the Mann—Wald® continuous mapping theorem applied to
the projections (@1, n2) — w1 and (@1, n2) = Ua. |

Remark 24.4. Note that if S is compact, then H is tight, so that H4 = H, is also
compact® in the weak* topology.

Corollary 24.7 (Strassen’s Monotone Coupling). Let (S, <) be a Polish partially
ordered space with Borel o-field. Assume that < is closed in the sense that M =
{(x,y¥) € S x §:x < y}isaclosed set. Then, for probability measures (1, ;2 on
(S, B), 1 <% uy if and only if there is a monotone coupling & of w1, wo.

Proof. The sufficiency of the existence of a monotone coupling for stochastic order
is obvious from the definitions. Let A = {v € P(S x S) : v(M) = 1}. Then A is
convex and closed in P(S x S) under weak convergence. Then,

fgduz < /g*duz < fg*dm,
S S S

where g*(x) = sup{g(y) : x < y}, since g < g* and g* is decreasing. Thus, for
continuous functions f, gon S with0 < f, g <1,

4 See BCPT, Theorem 7.10, p. 144.
5 See BCPT, Theorem 7.4, p- 140.
6 See BCPT, Proposition 7.6, p. 142.
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/ fdpr + f gdius < / (f + ¢")du
S S S

sup(f(x) +g"(x)) < sup (f(x)+g())
X (x,y)eM

IA

IA

sup /(f(x) + g(y))v(dx x dy). (24.10)

veAJS

Thus Strassen’s main theorem provides the existence of the monotone coupling .
|

Let us now consider some applications of Strassen’s theorem.

Theorem 24.8 (Strassen’s Stochastic Ordering of Markov Chains). Let {X,

0} and {Y, : n > 0} be Markov chains on a Polish poset (S, <) with transition
probabilities p(x, dy) and g (x, dy), respectively. Assume that g (y, -) stochastically
dominates p(x, -) foreachx, y € S, x < y. Then forany xo < yo there is a coupling
{(Xn, Y ) :n >0} of {X, : n > 0} started at xo and {Y,, : n > 0} started at yo such
that a.s. X,, < Y,,, for each n. Furthermore, if the Markov chains have stationary
distributions pwy and uy, respectively, then ux <® uy.

Proof. By Strassen’s theorem there is a _monotone coupling p((x0, ¥0), -)) of
p(xq, ) and g(yo, -) such that p((xg, yo), S) =1, where S ={(x,y) e §xS:
x =< y}. The monotone coupling is the Markov chain {(Xn, Y ):n=0,1,...} on
S starting at (xg, yo) having transition probabilities p((x, y), -).

To see that uxy =< puy, use the ergodic theorem for Markov chains to write
ux () = lim, p™(xg,-) and puy(-) = lim, g™ (yo,-). Then for an increasing
bounded continuous function f on S one has

1 n—1 1 n—1
B SO0 =lim 3 £ ) <m0 37 S 0) = By SO0 Q41D

Thus, ux <* py. |

Corollary 24.9. Suppose A is a countable set and S = {0, 1} with the product
topology, Borel o -field, and coordinatewise partial order <. If 111, u> are probability
measures on S such that | <; ua, and if

uifxeS:xm)y=1H)=ux({x € S: x(m) =1}), forallme A, (24.12)

then | = .

Proof. Let [t be the monotone coupling of w1, i, furnished by Strassen’s theorem.
Then
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m{(x,y) € S x S:x(m)=0,y(m)=1})
= k(G y) i ym) = 1) — G({(x, y) : x(m) = 1)
+a({(x, y) s x(m) =1, y(m) = 0})
=u({(x, ) y(m) =1} — g({(x, y) : x(m) = 1, y(m) = 1})
= ua({y : y(m) = 1}) — p1(fx : x(m) = 1}) = 0. (24.13)

Thus, with E = {(x, y) € S x S : x = y}, i(E) = 1, and therefore, for B € B(S),

p1(B) = (B x 8) = i((B x )N E) = [i(S x B) = pua(B). [ |

Example 4 (Holley Inequalities). In Chapter 23 more general inequalities, known
as Holley inequalities,7 were noted in the context of associated random variables.
In this example we see that these inequalities can be derived from a relative log-
convexity condition using coupling techniques. As corollaries a log-convexity
condition® for FKG and Harris inequalities will follow.

Again, let S denote the power set of a finite set A, and define a partial order <
on Sby A < Biff A C B. Then S is finite, with all of its subsets measurable.
Equivalently, one may view S = {0, 1} as functions @ : A — {0, 1}, with the
coordinatewise partial order <, x <X yiff x,, < y,,forallm € A, x,y € S.

In the following we consider probability measures in terms of their densities
with respect to counting measure, i.e., their probability mass functions. In a slight
abuse of notation clarified by context, notions defined for probability measures
are sometimes applied to their densities. For example, if w1, up are probability
densities, then we also write 1 <*® w» to indicate stochastic ordering of their
corresponding probability measures. Similarly, as in the next definition, the log-
convexity properties defined in terms of densities are often expressed in terms of
their corresponding probability measures.

Definition 24.8 (Relative Log-Convexity). Consider probability measures on the
power set S of A having densities (probability mass functions) w, w1, 2. (i) @2
is log-convex with respect to w1 iff u2(A U B)ui (AN B) > wa(A)u(B), for all
A, B C S. (ii) pu is said to be log-convex if up = u is log-convex with respect to
i = W

Note that for the representation of configurations in § = {0, 1}/ as functions
o : A — {0, 1} with the coordinatewise partial, the log-convexity of a density u,
with respect to p| takes the form

(o v mmui(wAn) = p(wyui(n), w,nes,

where V, A are the max, min lattice operations.

7 Holley (1974).
8 Fortuin et al. (1971).
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Theorem 24.10 (Holley’s Inequalities). Let 11, pup be probability densities on the
finite poset (S, <), above. Suppose that i, is relatively log-convex with respect to
p1. Then g < po.

Proof. The idea is to construct a monotone coupling of Markov chains having
invariant probabilities with densities 1, w2, in a manner similar to that used in
Markov Chain Monte Carlo (MCMC) simulations such as Propp-Wilson algorithm
and the Gibbs sampler considered in Chapter 19. From here the result follows from
Strassen’s theorem for Markov chains (Theorem 24.8).

We will employ the representation of configurations in S = {0, 1} as functions
w : A — {0, 1}, with the coordinatewise partial order <. The proof that ;] <% u,
is achieved by constructing a monotone coupling (35, )N’) = {(z,, )7,,) :n > 0} of
aperiodic, irreducible Markov chains X = {X,, :n > 0}and Y = {¥;, : n > 0} on
S having stochastically ordered transition probabilities and invariant probabilities
with densities w1, wa. The one-step transitions will involve simultaneous single
coordinate changes designed so that an increase in a coordinate of X does not occur
with a decrease in the same coordinate of Y.

Forw € S, m € A, let o™ denote the configuration obtained from w by flipping
the value of w at m from w,, to 1 — w,,.

Let N = |A|, and let p1, p» € (0, 1) to be determined. To construct a Markov
chain with invariant probability density p, consider transitions with positive
probability of the form w — @™ with one-step transition probabilities defined
accordingly by

1 .
+ ifw, =0
pl, o™y = N2 (24.14)
NPIP2 ifw, =1,
and p(w,w) = 1 =3 ., =1 Pl@n), where |o|i = >, lonl. The

transition probability g(w, n) is defined the same way with u| replaced by w».
Naturally, p; must be sufficiently small to make p(w, w), g(w, ) both nonnegative.
The parameter p, will be further restricted for the coupling construction. It is
straightforward to check that p(w, n) and g(w, 1) are aperiodic, with irreducible
transition probabilities having time-reversible invariant probability densities @1 <*
w2, respectively, e.g., using (0™)" = w, p(w, @)1 (w) = p(@™, @)1 (™).

To show that that for @ =< 15 one has p(w,-) < ¢(n,-) it suffices by
Theorem 24.8 to construct a monotone coupling. For this it will be useful to note
that if u, is log-convex with respect to u; and @ < 7, then when w,, = 1 and
Nm = 1,one has w vV n™ = n,and w A 0" = ", pa(Mp1(@™) = p2(n™) 1 (w).
In particular,

w1 (@™) - u2(n™)

> . (24.15)
wmi(w) w2 (n)
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The coupling construction is as follows.
Coupling Algorithm’ Let w < 7.

1. Toss a coin with probability p; for heads, 1 — p; for tails. On the event T that
tail occurs, (w, n) — (w, n).

2. Otherwise, on the event H that head occurs, independently select M = m € A
(uniformly) with probability %, and make a transition from (w, 1) by a double or
single coordinate flip according to the following conditional probabilities given
H N [M = m] depending on (w, n):

3. If (wm, nm) = (0,0), then for 0 < p; sufficiently small for positivity of the
indicated conditional probabilities,

(@™, n™) with conditional probability p>
(@, 1) — . . -
(w, n) with conditional probability 1 — p».

4. Tf (@m, ) = (1, 1), then

n™)
(77)
M _ uz(n”’))

(@™, n™) with conditional probability p; £

(w,n) = § (@™, n)  with conditional probability pa(

wi(@) ., w2(n)
(@, 1) with conditional probability 1 — p, /j;fg”wf
5. If (wm, nm) = (0, 1), then
(0™, n) with conditional probability p»
(w,n) = { (w,n™) with conditional probability p,£ ;2(?”))
(w, n) with conditional probability 1 — pa{1 + %}.

It is straightforward to check, for example, that unconditionally on H N [M
m), if wy, = 0,9, = 0, then p(w, @) = P(wn)(Xl = ") = P(w,,)(Xl

" Yy =" = 4pip2 = qn.n") = Plo, (Y1 = n™). Similarly, if o, =
l,nm—l then p(w, a)m)—P(wn)(Xl—a) Y] —77 )~|—P(w,7)(X1 =™ Y =

a2 (™) mr(@™)  po(@™) pi@™) M2(77 ) _
=yl . T v i @ @ = NPID2 @ = < vl o

(1. 1) = Py (F1 = ™), and s0 on.

It follows from Strassen’s theorem that for w < 1, p(w, -) <* g(n, -). Since |
and p; are densities of (time-reversible) invariant initial probabilities, for p and ¢,
respectively, it follows that 1 <* @, by Theorem 24.8. |

9 The original coupling construction by Holley (1974) involved a monotone coupling of continuous
parameter Markov chains. Converting it to a discrete parameter coupling was inspired by Roch
(2020).
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Corollary 24.11. Suppose that p is a log-convex probability density on the finite
poset S. Then the FKG inequalities are valid for the probability measure with density
W, i.e., for increasing f, g on S = {0, 1}A

Y f@g@p@) = Y f@)gu@)um).

weS w,nes

Proof. Without loss of generality, assume g > 0 by adding a constant if needed.
It suffices to consider nonnegative and increasing functions f, g. Define u»>(w) =

L@ anq w1 = u. Then p; is easily checked to be log-convex with respect
> es 8)

to u1. It follows from Theorem 24.10 that the FKG inequalities follow from the
Holley inequalities. n

Remark 24.5. The conclusion 1 <* o of Corollary 24.11 may be expressed in
the more familiar form of nonnegative covariance as:

Y Fl@g@m@) =Y fFum Y guly) =0,

weS nes yeS

for increasing functions f, g on (S, <).

Example 5 (Ising Ferromagnet). Let A be a finite subset of the integer lattice Z¢.
Define dA = {m € Z4\A : |m—j| = 1 for some j € A}. The Ising ferromagnet on
A with boundary values o € {—1, 1}?/ is the probability measure on § = {—1, 1}4
defined by

(w)
1) =zl PN @ 5 e, (24.16)

(@) — o W
where H,"(0) = =3 jea ji—ji;=1919) = Lica jeda.ji—jj=1 9i®j> B > 0,and

(@) . . (@) .-
Za =Y, .ge PHi"© normalizes the exponentials e ##4" to a probability. H
is called the energy Hamiltonian, Z 4 is the partition function, § > 0 is the inverse
temperature parameter, , and o € S is a spin configuration.

Proposition 24.12. The spin random variables 0, j € A are associated, i.e., satisfy
the FKG inequalities.

Proof. The log-convexity condition for ,u([;”) may be expressed as follows for o, 1 €
S,

exp {-B(H @ v )+ HY @ Am) = HY @) — HY )} 2 1.
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Then it suffices to show

Y vl v+ Ao A,
ijeA,li—jli=1

+ Z {(c V)i + (o Anilw;

ieA,jedA,li—jl1=1

> Y (eojtmin)+ > @ ;. 24.17)
Ljed,li—jh=l1 i€A,jedA,li—jl1=I1

For this note that
{(o V)i + (0 Anitwj = (0i + ni)w;, (24.18)
andfori, j € A, |i — jli = 1,if 0; # n; and 0} # 1,

(@ vmilovn)j+ (@ Anilonn;=1)A)+ (=D(=1)=2=0i0; +ninj,

(24.19)
while the case o; = n; one obtains o; (0 V n)j +0i(c An)j =0i{(cVn);+(cA
)} =o0i0j+oinj. Thus H(oc v n) + H(o AV) > H(o)+ H(n). |

Remark 24.6. Note that Example 5 may be abstracted to association of a two-state,
say o < 8, Markov chain such that p, o = pg g > 1/2. (Exercise 8).
In the independent case, the FKG inequalities are due to Harris (1960).

Corollary 24.13 (Harris Inequalities). Let f, g be nondecreasing functions on S =
{0, 1}4 for a finite set A and let Y = {Y,, : m € A} be independent random
variables. Then, Ef (Y)g(Y) = Ef(Y)Eg(Y).

Proof. The proof is by induction on | A| to check log-convexity of the distribution u
of the random field Y. For then the assertion follows from the FKG inequalities. W

Remark 24.7. Positive dependence inequalities and coupling are also important
tools for analysis of continuous time Markov processes, including interacting
particle systems.'”

Remark 24.8. Although not treated here, path coupling'' is an extension'’ of
Doeblin’s coupling methods for Markov chains which have proved to be more

10 jggett (1983). Also see Burton and Waymire (1986) for a related application to renewal
processes.

1T Path coupling was introduced by Bubley and Dyer (1997).

12 Further extensions of path coupling to aggregate path coupling were developed by Kovchegov
and Otto (2018).
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efficient for mixing time estimates for Markov chain sampling from models in
statistical mechanics and percolation.

Exercises

1. (a) Suppose p is an irreducible periodic transition probability matrix on a
countable state space S (if period d > 1). Then the Markov chain {X,, :=
(X,(ll), X,(12)) : n > 0} with {X,(f) :n > 0},i = 1, 2, independent Markov
chains each with transition probability p, then {X,, : n > 0} is not irreducible
and has d equivalence classes.
(b) Example:

d=2).

S ON= O
Ol= O =
— O NI~ O
o= O O

2. (Maximal Coupling)'® Suppose that 1, > are probability measures on defined
on the power set of a finite set S. Let C denote the set of all couplings (X1, X?)
of w1, ua. Show that ||w) — wallry = infix, x,ec P(X1 # X2), where
[| - ||7v denotes the total variation norm.'* [Hint: Show that the infimum
is achieved by the coupling (X}, X3) defined as follows: Let S| = {x €
S i) > we@)}, S2 = ST, pf = Xies 1 — w2l p* = pi + pi.
With probability p*, choose a value X7 = X; = x from the distribution
#m(x) A p2(x) or, with probability 1 — p* choose a value X from the

distribution #(m(x) — n2(x)), x € 81, and independently choose a value

X3 from the distribution ﬁ(uz(x) —p1(x)), x € S2. Check that (X7, X3) € C
and P(X] # X5) =1 — p* = |[u1 — pallrv. |

3. Show that the bounded harmonic functions for the simple symmetric random
walk on Z¥ and those for a lazy simple symmetric random walk on Z* coincide.
That is, for p(x,y) = 5, |x —y| = Lx,y € Z¥ or for pe(x,x) = € €
0,1),x € ZF, and pe(x,y) = 25, |x —y| = 1,x,y € ZF, one has h(x) =
Zv p(x, y)h(y), forall x € ZF if and only if h(x) = Zy Pe(x, y)h(y), for all
x e Zk.

4. Show that Strassen’s condition for the existence of a coupling of probability
measures (41, (7 is always satisfied when A = P(S x ).

13 A more general version of this result for probabilities on Polish spaces is given in the monograph
Lindvall (2002). This provides a proof of the maximality of the coupling used for the Poisson
approximation.

14 BCPT, p. 136.
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5. Show that if, for any pair of initial states, there is a successful coupling of
the corresponding Markov chains with transition probabilities ((pxy))x,yes On
a countable state space S, then the only bounded, harmonic functions for the
Markov chain with the given transition probabilities are constant functions.

6. (Site Percolation) Take A to be a finite set, and let p € (0, 1) and consider the
probability measure obtained by independently assigning Y, € {0, 1} values to
points in m € A with respective probabilities p, 1 — p. Let, u(A) = P(Y,, =
Ibm € A,Y, = 0,m € A\A) = plAl(1 — p)lMNAI A < A. Then, show
w(A U B) > u(A)u(B). [Hint: Observe that for A, B C A, ie, A,B € S,
f() =154, g(-) = 1.5y, are increasing functions on S, and apply the Harris
inequalities.]

7. (Ising ferromagnet) In reference to the Ising ferromagnet in Example 5 Let a)jE =
+1, forall j € dA, and show for any other boundary spin values @ one has
ny <t ug <0 ug

8. Prove, as asserted in Remark 24.6, the two-state Markov chain is associated if
and only if p > 1/2.



Chapter 25 ®
Special Topic: An Introduction to Qe
Kalman Filter

The Kalman filter is often heralded as among the most impactful mathematical
plural concepts and algorithms of applied mathematics of the twentieth
century. The basic mathematical theory is presented in this chapter, together
with an often cited example to illustrate the nature of the computations
required for estimation and prediction with the Kalman filter.

The Kalman' filter provides an approach to estimation and prediction of the state of
a linear dynamical system based on indirect measurements (observations), possibly
lower dimensional than the state variables. Its applications and extensions are far
reaching, including navigation systems, robotics, and time series models arising in
signal processing and econometrics.

Consider a state variable x € RP? of interest governed by an autonomous (or
time-invariant) randomly forced linear dynamical system

Xl+1:FXl+W[+1 t:0,1,2,..., (25.1)

where F is a p x p matrix and {W;, W, ...} is a sequence of RP-valued i.i.d.
random variables with zero mean and covariance matrix Q, independent of the
initial state X(. Our interest here lies in the situation in which the state process
is not directly observable, and information about the state is to be gleaned from the
R™-valued measurements Z;,¢t = 0, 1, ..., governed by the relation

Zi=HX;,+V, t=0,1,2,..., (25.2)

! Kalman (1960).
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with H being a m x p matrix and {V; : + = 0,1,2,...} an i.i.d. mean-zero
sequence of R"-valued random variables with covariance matrix S, independent
of the sequence {W; : t > 0} and Xo. It is assumed that F' and H are known, as well
as the covariance matrices Q, S of W, and V;, respectively.

In summary, the Kalman state space and measurement equations are given:

X1 = FX;y + Wi
Zi=HX;,+V,, t=0,1,2,... (25.3)

The estimation problem is to provide an estimate X, ; of X, from (measurements)
observations {Zo, Z1,...,Z:} and Xy, based on minimizing the expected squared
error E| X, — X, /|2, or equlvalently, minimizing the trace tr D; of the estimation error
covariance matrix D; = E(X; — Xt)(X; X;)’ Related prediction problems are
to update the estimation error covariance and the state vector to the next time step
t + 1, based on measurements up to time ¢.

This may be thought of as a generalized hidden Markov model. In the hidden

Markov model, X; is estimated from Z; (and not Zy, Zy, ..., Z;—1, Z;}; see
Exercise 1). In any case, the Kalman filter is a recursive method of estimating X; and
predicting X;41 as linear combinations of the measurements Zy, Zi, ..., Z; (with

a given Xg) that minimizes the expected squared error of estimation. The estimate
for the present state is denoted as X, ¢ (fltering), while the estimate of the next step
X;41 is called the predictor.

The procedure begins with a prior estimate of X;, say X ¢, and corrects or updates
it according to

X, =X, +Kg(Z — HX,), (25.4)

for a special determination the p x m matrix K, ;, referred to as the Kalman gain,
and so chosen as to minimize the expected squared error E| X, — X ;1% among all
linear combinations of Zy, Z1, ... Z;. For this purpose, (25.4) may be expressed as

X, =X +Ke (HX +Vi—HX;) = (I =Ko ,H)X, + Ko (HX,; +V,). (25.5)

Then, for the next time step, the estimate (25.4) is used to obtain the prior estimate of
Xiy1,1.e., X 41 =F X, ¢. This completes the recursion, starting with some estimate
Xo of the initial state at time ¢t = 0. This initial estimate may be a constant, e.g., a
guess of the expected value of the state at time zero.

The main problem is then to find the Kalman gain K, ;. For this, observe that
using bi-linearity, the error covariance matrix X; — X, + can be expressed as

Dy = E(X; — X)(X; — X))

=E(X; — X; — Kgt(HXy + Vi — HX))(X; — X; — Kgt(HXt +V: — HX;)
= (I - Kg  HDIE(X; — X0) (X = X0) (I = Kg . H) + Kg (E(V,V)) Ky,



25 ST: Kalman Filter 401

= (I — Kg H)Di(I — K¢ H) + Kg:5K},
= D; — Ky HD; — D;H'K} ; + K¢ ((HDH' + S)K} ,. (25.6)

where Dy is the error covariance matrix and 5, denotes the prior error covariance
matrix E(X; — X;)(X; — X;)'. The expected squared error E|X; — X; |2 is the trace
ter.

E|X;—X;|> = trDy —trK¢ (HD; —trDi(Kg HY +trKg (HD;(Kg (H) +trKg (SKy ;.

25.7)
Minimization of this is achieved by differentiating this with respect to K ; and
setting the derivative to be zero. This equation is (Exercise 2)

—2HD, +2HD,(Ky H) + 25K, =0, (25.8)
or taking the transpose, and recalling that 5t and S are symmetric,
—2(HD,) +2KgHDH' +2K,,S =0,
whose solution is given by the Kalman gain formula
Ky, = (D;H)(HD,H' + $)~ .. (25.9)

Using this optimal K, ; in (25.6), one arrives at the covariance matrix of the error
as

D, =D, — K¢ HD, — D;HK} , + Ky ((HD,H' + $)K,,
= — Ky H)D, — [D/H — Ky (HD,H' + 91K}, ;
= (I — Ky, H)D; — [D;H — D,HIK}, 1
=D, — Ky HD,
= (I - Kz, H)D,. (25.10)
The recursive equation of the prior error covariance matrix Bt is by
Diy1 = EXig1 — Xip)Xigr — Xip1)
=E(FX; + Wyy1 — FX)(FX; + W1 — FX,)
= E(F(X; — X)) + Wi ) (F(X; — X)) + Wipr)|
=EFX,— X)X, —X)F' + 0
= FD,F' + Q. (25.11)
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From now on, we will denote by D, the sequence obtained by the recursion (25.11),
beginning with an initial guess, or estimate Dy. Using this sequence, we will express
D, by (25.10) or, equivalently, by the last line of (25.6).

Finally, one begins with Xo = Xo as a guess, perhaps a constant, e.g., what
the expected value of X at time zero might be. Similarly, one begins with a guess
of the (prior) error covariance matrix Dy. Putting it altogether, the results can be
summarized in a theorem as follows.

Theorem 25.1 (Kalman Recursion). Consider the state >_space and measurement
models defined by (25.3) with given initial state vector XO and initial (prior) error
covariance Do The Kalman filter prediction X ++1 of the state vector at time ¢ + 1
can be generated recursively

X,s1=FS, =FX,+ FD,F/(HD:H + S)""(Zx — HX,), (25.12)
where 5, is the error covariance of X ¢ and recursively generated via
D1 = FD,(1 — H'(HD,H' + $)"'HD,)F' + Q. (25.13)

Proof. The predicted state X, ¢ at time ¢ is then given by (25.4), where the Kalman
gain K, , is given by (25.9). The prediction error covariance matrix D, is given
by (25.10) and (25.9). |

If the matrix F is stable (i.e., all its eigenvalues lie in the interior of the unit
circle in the complex plane), then even a bad guess gets corrected pretty quickly.
From then on, one uses Xt =F Xt 1, and the recursion proceeds using (25.11),
(25.10), (25.9), and (25.4). As mentioned earlier, the optimal predictor of the state
X:+1, based on measurements up to time ¢, is Ff(\l = Xt41.

Remark 25.1. 1f S is non-singular, then so is the matrix in (25.9). Even if § = 0,
but Q is non-singular and H is of full rank, then H D, H' is also non-singular.

One may think of the optimization with respect to the Kalman gain as a
convenient way to obtain the best linear plredictor2 basedon Zy, ..., Z;.

Remark 25.2. 1t is possible to change the linear models (25.1), (25.2) to affine
linear models by absorbing a constant in W; (and/or in V;). This, however,
complicates the algebra, e.g., see how (25.6) changes with covariance S replaced
by E(W; + a)(W; + a) = EW, W, + d’a.

Remark 25.3. In case of non-linearity in the deterministic part of (25.4) or (25.5),
one may use linear approximations over small time steps. In such a case, one need
to use time dependence of the matrices F or H (see Exercise 3).

2 See Brockwell and Davis (1991): §12.2.
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Remark 25.4. 1t is important to note that the derivation of the Kalman filter does
not require the hypotheses of independence stated at the outset of this chapter. One
only needs the random variables W; as well as V; to be only uncorrelated over time.”

Example 1 (Fuel Tank Depths). A common illustrative application of Kalman
filters occurs in the estimation of tank depths, e.g., fuel tank level, based on depth
measurements from a floating sensor. One assumes that the level increases at a
constant fill rate » per unit time, so that the depth levels at successive time units
A are givenby Ly = L; +rt + Wl(Jlr)l, t=0,1,..., Lo = 0. To view this linear,
rather than affine linear, dynamical system, one may consider the state variable as
X, = (L;, R)),t > 0. In continuous time, R, = % is the derivative of the depth
level. Then

(€Y)
L,+1> (1 A) (L,) w
X = = + t :FX +W ,t=0,1,....
t+1 <Rt+l 01 R, W,(I)l t t+1

(25.14)
Suppose that the sensor measurements provide readings for L; but not the rate R;.
So,

Ziyi=HX,+V,, t=0,1,... (25.15)
Here
1A
F = 25.16
(67 (25.16)

is a 2 x 2 matrix with eigenvalues A = 1, and
H=(10) (25.17)

is a 1 x 2 matrix. Thus, setting A = 1,

<L1+1> _ (L, + R+ W,ﬂ) 25.18)

Rit1 R+ W2,
and
Zi=Li+V:,, t=0,1,2,... (25.19)
Assume V; has mean zero and variance S = s2 > 0, and W, has mean zero and
covariance matrix Q = <(;/2 ;/2> . If one guesses 50 = <K02 K02>, then the initial

3 The succinct treatment presented here follows Lacey (2020).
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Kalman gain is given by K, 0 = Hl~)(/)(H DoH' +8)"!.In particular,

2 2y—1
Ko = «° <(" +0S ) ) (25.20)

X, = FXo+ FDoH' (HDoH' + S)~"(Zy — HXy)

_(r +K2 ;Z
A\ 0)r2+s2°

ZOK2
— (’ + K2+s2) , (25.21)

’
After further tedious matrix multiplications, one obtains
Dy = FDo(I — H' (HDyH' + S)""HDo)F' + Q

2 2 K252 2
_ (" +(’2 T < + V2> . (25.22)
K-ty K +o

For this example, the eigenvalue 1 of F is not interior to the unit circle. Notice
that the variance in the fluid level and rate are larger than 2.

Full implementation of the recursions will clearly be aided by computational
software.* The intention here is to merely indicate the nature of the computations in
a realistic example.

Remark 25.5. There has been a great deal of work on nonlinear filters during
the past fifty years or so. We refer to Budhiraja (2003) for references and for the
asymptotic properties of the filter in the model Y, = f[o’ 1 h(Xs)ds + W, t > 0,
where the signal process {X,} is a Markov process on a Polish space S, & is a
function on S to RY, {W,} is a standard d-dimensional Brownian motion, and {Y;}
is the observation process. The objective is to find the conditional distribution of X,
given the process {¥; : 0 < s <1}.

Exercises

1. (Hidden Markov Model) A bivariate Markov process (X;, Z;),t = 0,1,...
such that both (the hidden component) {X; : ¢+ > 0} and the bivariate process
{(X¢, Z;) : t = 0} are (homogeneous) Markov processes, and Z; is a (possibly

4 For example, MATLAB has special packages for Riccati equation iteration of the type required
by Theorem 25.1.
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random) function of X; is referred to as a hidden Markov process. (a) Show
that (25.1), (25.2) may be viewed as a hidden Markov model. (b) Assuming
IFL‘X,2 < 00, show that the least squares estimate of X; as a function of Z; is
E(X/1Z0).

2. Verify the critical equation (25.8) for optimality.

3. Extend the calculations for the Kalman filter with time-dependent matrices
F;, H; inplace of F, H.

4. Suppose that X is normally distributed with mean . and variance o2 > 0, and the
conditional distribution of Z given X is normal with mean a 4+ bX and variance
s2 > 0. Show that the conditional distribution of X given Z is normal with mean
X and variance v2, where v? € (0, o0) and X are uniquely determined by

:p—i_b 52

1 1 b? X u Z—a
Aot E g -

5. Consider a vehicle that moves at a constant speed v, starting from a position
X = x¢. After one unit of time, the position is given by

X1 =x0+v+oWi,

where W is the standard normal and o2 > ( is the variance in the intrinsic noise
term o W;. The position is also measured, by GPS or odometer, say, to be given
by

Zy =X +sVy,

where V; is the standard normal and s2 > 0 is the variance in the observation
error s V. The problem is to estimate the position. Intuitively, one might expect
a convex combination AEX| 4+ (1 — A)Z; to be optimal for some appropriate

weighting 0 < A < 1 depending on the respective uncertainties in each. (a) Show
2
N

that such intuition is correct in minimizing mean-square error with A = ol

(b) Verify that this is the Kalman filter solution.

6. Suppose that X is normally distributed with mean 1 and variance o2 > 0, and the
conditional distribution of Z given X is normal with mean @ + bX and variance
s > 0. Show that the condmonal distribution of X given Z is normal with mean
X and variance v2, where v2 € (0, o0) and X are uniquely determined by

=p+b 52

1 1 »¥ X u Z-a
v o2 520 2 '



Appendix A

Spectral Theorem for Compact
Self-Adjoint Operators and Mercer’s
Theorem

Let H be a real or complex separable Hilbert space. We will consider a special class
of compact linear operators K on H in this section. The main result for this appendix
is Theorem A.3, where H is the space Lz([c, d], dx) of square-integrable functions
(with respect to Lebesgue measure dx on [c, d]), and K is an integral operator of the
form (A.2) in the example application. With such structure in mind we often denote

elements of H by symbols f, g, .... The focus is on a spectral theorem for compact
self-adjoint operators. This will be expanded to bounded self-adjoint operators in
the next Appendix B.

Some basic concepts and notation are provided within the following definition.

Definition A.1. A linear operator A on H is bounded if ||A| := sup{||Af]| : f €
H, | f|l = 1} < oo, in which case || A||| defines the norm of A. A is compact if the
set A(D) = {Af : f € D} is precompact, i.e., if A(D) has compact closure, for
every norm-bounded subset D of H.

Choosing D = {f € H : || f|| = 1} makes it clear that a compact operator is a
bounded operator since compact subsets of H are norm bounded.

Let H* denote the dual space of H, i.e., the space of bounded linear functionals
on H. Then, by the Riesz representation theorem,’ for £ € H* there is a unique f; €
H such that £f = (f, f¢), forall f € H. In particular, H and H* are algebraically
isomorphic and topologically isometric spaces.

Proposition A.1. Given a bounded linear operator A there is a unique bounded
linear operator A* on H, referred to as the adjoint, such that (Af, g) = (f, A*g),
for all f, g € H. Moreover ||A| = ||A*]|.

Proof. The (Banach space) adjoint, denoted A’ : H* — H*, is defined by

I BCPT, Theorem 1.2, p. 248-249.
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AU(f) = U(Af), LeH* feH.

One may readily check that A’ € H*. In view of the Riesz representation theorem,
there is a linear isometry L : H — H™* defined by f — Lf where L(f)(g) =
(f, &), g € H. With this one may define

A* =L 'AL

to obtain the (Hilbert space) adjoint map A* with the asserted properties. |

Definition A.2. Let A € L(H). The operator A* is referred to as the adjoint to A.
A is said to be self-adjoint if A = A*, i.e., (Af, g) = (f, Ag) forall f,g € H. A
self-adjoint operator A is positive if (Af, f) > Oforall, f € H. The null space of A
isthe set N4 = {h € H : Ah = 0}. The range of A,istheset R4 = {Af : f € H}.
ForD C H, Dt ={f:(f g)=0forall, g € D}. One writes A L. Bif (h,g) =0
forall, h € A, forall, g € B.If | f|| = 1, f is called a unit vector. A sequence of
unit orthogonal vectors is said to be orthonormal.

Remark A.1. More succinctly stated, for arbitrary fixed g € H, the map f —
(Af, g), f € H, defines a bounded linear functional on H. Thus, by the Riesz
representation theorem, for each g € H there is aunique 4 € H such that (Af, g) =
(f, h) for all f € H. In this way, A*g = h defines a bounded linear operator A* :
H — H, referred to as the adjoint of A. The self-adjointness property, (Af, g) =
(f, Ag) for all f, g € H, may also be viewed as the operator equivalence A* = A.

Lemma 1. Let A be a bounded self-adjoint operator. Then
(a) SUP{I(Aflf)I A= 1 = 1Al
(b) Rt =R, = Na.

Proof. (a) For every f with || f|| = 1, |(Af, f)| < llAf]l < ||All; hence it suffices
to show that |Af| < d := sup{|(Ag, g)| : |lg]l = 1}. For this use, for all ¢ > 0 and
for all f with || f|| = 1, the relations

'<A (Cf+lAf),cf+lAf>_<A <cf_ lAf> of - leﬂ
L c c c c

[ 1 1 d 1

dlicf + - AfI> +dlicf — —Af||2] == [c2||f||2 + —2||Af||2}

L c c 2 c

IAfI? =

IA

N R A=

i 1
 + C—2||Af||2] (A.1)

The minimum value of the last term (as a function of ¢? > 0) is attained for ¢* =
IAf1l, so that (A.1) yields |Af|I* < d||Af], or, [|Af]| < d.
(b) For h € N4, one has Ah = 0. Thus (f, Ah) = 0 for all f, and therefore

(Af, h) = 0 for all f. In particular, {h} L R4. Hence Ny C Rj = ﬁj{. On the
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other hand, if & & Ny, then ||Ah|? > 0, i.e., (Ah, Ah) = (h, Z(Ah)) > (0, so that
h gZRf‘-.HenceNA QRj. [ ]

Theorem A.2 (Spectral Theorem for Self-Adjoint Compact Operators). Let K be
a self-adjoint compact operator on H. Then the following are true:

(a) The eigenvalues of K are real and countable and the eigenspace of each nonzero
eigenvalue is finite dimensional.

(b) Either the set of nonzero eigenvalues of K is finite, in which case Rx = Rk is
finite dimensional, or the nonzero eigenvalues A, may be ordered by decreasing
magnitude: [Aj| = ||[K|| = |X2] > ..., and form a denumerable sequence
converging to zero.

(c) If K is also positive, then the eigenvalues are all nonnegative.

(d) Let g; (i > 1) denote an orthonormal sequence of eigenvectors with respective
eigenvalues A; (i > 1), counting multiplicities. That is, there are r mutually
orthogonal unit eigenvectors (among the g;) with a nonzero eigenvalue 1 of
multiplicity 7. Then {g;}{2, form a complete orthonormal sequence for Rk: s0
that if ¢ € R one has the expansion g = )", (g, gi)g;. In particular,

Kf =Y (Kfigi)gi=y hilf.gi)g  forall feH.

Proof. We omit the trivial case K = 0. (a) If g is an eigenvector of norm one with
a nonzero eigenvalue A, then A = (Ag, g) = (Kg,g) = (g, Kg) = (g, g) =
X(g, g) = A Let E = {v1, v2, - - -} be an orthonormal basis of the eigenspace
of A # 0. If E is not finite, then the sequence f;, = v,/A (n = 1,2,...) is
bounded (each having norm 1/|A|) so that, by compactness of K, the sequence
v, = Kfy, (n = 1,2,...) has a convergent (and, therefore, Cauchy) subsequence.
But this is impossible since ||v, — v, [|> = 2 for all n # m.

(b) One can find f,, ||full =1 (n = 1,2,...) such that (K f,, fu)| = |IK]|
(by Lemma 1(a)). By compactness of K, there is a subsequence f,; — g1 € H,
lgtll = 1. Then [(Kg1., g1)| = K|, so that (Kg1, g1) = A1 with & = [|K|| or
~[IK|l. Now 0 < |Kgi — Agil* = [Kgil® + 4] — 223 = [Kgi> — 4] <
1K % — A% = 0. Hence Kg1 = A1g1, so that A is an eigenvalue of K with a unit
eigenvector g1. Consider now the subspace H; = {g}* and note that if g € Hj,
then (K g, g1) = (g, Kg1) = *1(g, g1) = 0; that is, K maps Hj into H;. Apply the
above argument to Hp to find an eigenvalue A, with a unit eigenvector g;, |Az| <
|A1]. Let H> = {g1, g2} and consider K on H> to find a unit eigenvector g3 € H»
with eigenvalue A3 such that |A3| < |A2|, and so on. The process terminates after
n steps if Hyr1 = {g1,82,..., 80} = {0}, orif (Kg,g) = Oforall g € Hy,y1.
In either case, H, 41 is then the null space of K. For, by Lemma 1(a), | K| =
0 on H,41. If the process does not terminate after a finite number of steps, then
there are infinitely many eigenvalues A; such that [A{| > [A2] > ---, with unit
eigenvectors g1, g2, - - - as defined above. Suppose, for sake of contradiction, that
A; does not converge to zero. Then the sequence f; = g;/A;, i > 1, is bounded,
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since || fi|| = 1/|A;|. By compactness of K, there exists a convergent subsequence
of g; :== K(gi/Ai),i > 1. But this is impossible, since || g; —gj||2 =2foralli # j.
Hence A; — 0.

(c) If K is positive and A is an eigenvalue with unit eigenvector g, then A =
(Kg,g)=0.

(d) From the procedure described in the proof of part (b), it follows that
{g1, 82, - }L is the null space N of K, whether the process terminates or not.
Also, clearly, the linear span L, say, of {g1, g2,---} is contained in Rg, and
L+ = Nk. It now follows that L = TRg. Therefore, {gi}72, is a complete
orthonormal basis of R, and for every f € Ry the expansion f = Yoilf &g
holds. Also, Kf =Y (K f, gi)gi = >_; i{f, gi)gi holds forall f € H. |

An important example of a compact self-adjoint operator is an integral opera-
tor K defined on H = L%([c, d], dx) = L? as

(Kf)(x) = / Ky fody  fel? (A2)

[e.d]

where the kernel function K (-, -) is a real- or complex-valued continuous function
on [c, d] x [c, d] satisfying

K(x,y) =K(y, x). (A.3)

It is simple to check that K is self-adjoint: (K f, g) = (f, Kg). To show that it is
compact, note that

(K f)(x) = (K@)l < (d — 21| fll max{IK (x1, ) — K (k2. 9)] < v € [e, ).
(A4)
This shows that on any subset D of L2([c, d], dx) which is bounded in L2-norm,
K f is equicontinuous and bounded. Therefore, by the Arzella—Ascoli Theorem
(BCPT, p. 244.), K(D) is precompact in the supnorm distance, and hence in
the L2-distance. Let ; (i > 1) denote the nonzero eigenvalues of K (counting
multiplicities) with corresponding unit eigenvectors g; (i > 1), as stated in
Theorem A.2. Since K f(x) is continuous for all f € L?, gi(x) = K(gi/ i) (x)
is continuous for all 7.
To proceed we record a basic result from advanced calculus for ease of reference.

Lemma 2 (Dini’s Theorem). Let {h, : n > 1} be a pointwise nondecreasing
sequence of continuous real-valued functions on a compact metric space S. If
lim, o h,y(x) = h(x) exists for each x € § and if & is continuous, then this
convergence is uniform.

Proof. For eachn € Sletg, = h — h,. Then {g, : n > 1} is a sequence of
pointwise nonincreasing, nonnegative functions converging to zero at each x € S.
Lete > 0. For x € § there is a positive integer Ny such that gy (x) < % Since gy,

is continuous at x, there is an open ball B, centered at x such that gy, (y) < § for
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all y € By. By compactness of S C U,¢g By there is a finite subcover S C U’;: 1 ij.
Let N = max{ij : 1 < j < k}. Then, for arbitrary y € S, one has y € ij for
some 1 < j < k, and therefore 8Ny, (y) < €. Thus,since N > Ny;, 0 < gn(y) <
8N, (y) < €. Since y € S is arbitrary, this proves uniform convergence of g, to

zero, and hence uniform convergence of A, to k. |
We may now obtain the intended main result.

Theorem A.3 (Mercer’s Theorem). If, in addition to the above hypotheses of
continuity of K (-,-) and (A.3), K is positive, then K (-, -) has the eigenfunction
expansion

K,y =Y ngi0gi(y)  (x,y) €le,dlx [c,d], (A.5)

where the convergence of the series is absolute and uniform in (x, y). Here || K| =
A1 = A2 > ... are the positive eigenvalues of K with corresponding complete
orthonormal sequence {g;}7°, of unit eigenvectors in Rg.

Proof. Consider the kernel function

Kn(x,y) = K(x,y) = Y %8 ()& (), (A.6)
i=1

which is continuous in (x, y), satisfies the symmetry condition, namely K, (y, x) =
K, (x, y). The corresponding operator K, is nonnegative:

(Knf. f) = (Kf. f) = > xilf.g)gi. f)
i=1

=Y nilfrei)gi £) = Y Ml gidlgis f)
i=1 i=1
= D nllfel? =0, (A7)

i=n+1

where we have used the expansion of K f using Theorem A.2(d). It follows that
K, (x,x) > 0 for all x. For if K, (xg, x9) < 0, then there exists ¢ > 0 such that
K, (x,y) < Oforall x, y belonging to (xo — €, xo + ¢), which would imply

0< <Kn1(xo—s,x0+a), l(xg—s,x0+£)> = / K, (x, y)dxdy <0,

(x0—&.x0+€)?

a contradiction. Since, by (A.6),
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n
K,(x,x) = K(x,x) — Zki|g;(x)|2 >0 forallx, Vn, (A.8)

i=1

it follows that

D hilgi)? < K(x.x) < M =max{K(x,x):c <x <d}. (A.9)
i=1

As a consequence, by the Cauchy—Schwarz inequality,

2 n n
< (Z x,-|g,-<y)|2) (ZMgi(x)F)

> higi(y)gix)
<MY hilgio)l. (A.10)

Thus the series ) ; x;gi(x)g;(y) converges absolutely to some quantity whose
magnitude is no more than M. Let G (x, y) denote the limit of this series. By (A.10),
for each fixed x, the sequence of functions y — > 1 A;gi (x)gi(y) converges
uniformly (in y) to G(x, y). Hence y — G(x, y) is continuous for each fixed x.
Now note that for all f € L?,

/G(x, NSy =) (/ Mgi(y)f(y)dy> gi(X) =) Ai(f 2i)gi(x).

(A.11)
By Theorem A.2(d), the last series on the right equals K f(x) for all x outside a
subset of [c, d] of Lebesgue measure zero. We will show that the series actually

converges to the (continuous) function K f (x) uniformly in x. For this write f,,(x) =

Y1 (/. &i)gi(x). Then

2
K fu(x) = Kf(0)* = ‘f K@ »fa() — fOIdy| < MiIfa — fI7,
[c,d]

(A.12)
where M| = max{|K (x, y)| : x,y € [c,d]}. Hence K f,(x) — Kf(x) uniformly
in x as n — o0. Thus the convergence of the last series in (A.11) is to K f(x)
(uniformly) for all x. Therefore,

/ Gx,y) —K&x,y)f(ydy=0 forall f € L? Vx €lc, d)).
[c,d]

(A.13)
Letting f(y) = (G(x, y) — K(x, y)), it follows that G(x, y) = K(x, y) forall y €
[c,d], x € [c, d]. We have established the absolute convergence of the series in (A.5)
to K (x, y). To prove uniform convergence of the series, consider the above absolute
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convergence with y = x to get Z;’zl Ai|gi(x)|2 + K(x,x). Since x — K(x,x)
is continuous and [c, d] compact, this convergence is also uniform in x by Dini’s
theorem. Hence, by the first inequality in (A.11), | ), A;gi (y)gi (x)| may be made
smaller than any preassigned ¢ > 0 by letting n > m > m, for a suitable integer
mg. Thus the convergence of the series in (A.5) is uniform for x, y € [c, d]. |

Remark A.2. Letr(s,t),c < s,t < d, be a continuous covariance function of a
mean-zero real- or complex-valued process {X; : t € [c, d]}. For arbitrary t; €
[c,d], 1 < j <n,andarbitrary a; € C, 1 < j < n, one has

2

> ajartyn) =E

Jk

> 0. (A.14)

n
24Xy,
1

From this it follows by usual Riemann sum approximation of continuous functions
f on [c,d] that f[c d]r(s, t)f(@)f(s)dsdt > 0. Since continuous functions are

dense in L2, r(s, t) is seen to be the kernel of a nonnegative integral operator.

Remark A.3. It follows from Mercer’s theorem that

S T (D,.g,mg,m) (W) ey

J

= Ak (A.15)

A compact self-adjoint operator K whose eigenvalues A; satisfy Y A,.z < ooiscalled
a Hilbert—Schmidt operator.

Example 1. Consider the integral operator K on the real Hilbert space L?> =
L2([0, 1], dx) with the kernel function

Kx,y)=x(1-y) if 0<x <y <1, and K(x,y)=(1—x)y if0 <y <x <1.

(A.16)
By direct calculation using integration by parts, one can check that ¢,(x) =
V2 sin(nmx) is a unit eigenfunction of K with eigenvalue A, = 271, for every
n=1,2,---.Toshow that {¢,(-)}72 is a complete orthonormal sequence for R
(or R) first note that Rx comprises twice differentiable functions vanishing at 0
and 1:

2

d
T2 KN =—f), (KHO) =0=(KHD). (f€ L?). (A.17)
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Secondly, it follows from the theory of Fourier series” that the functions sin(nx)
(n =1,2,---) are dense in the set of odd functions in LZ([—1, 1], dx). Given an
f € Lz([O, 1], dx)), extend g = Kf to an odd function on [—1, 1] by setting
g(x) = —g(—x) for —1 < x < 0. Then g can be approximated on [—1, 1]
(and, therefore, on [0, 1]) arbitrary closely by linear combinations of the functions
sin(nx) (n > 1). Therefore, by Mercer’s theorem,

K(x,y) =4 (n*n®)~"sin(rrx)sin(nry). (A.18)

n=1

This kernel K is the Green’s function (or, fundamental solution) of the following
boundary value problem: For an arbitrarily given f € L?([0, 1], dx) find g such
that

§"() = —f(x), g(0) =g() =0. (A.19)

x — K(x, y) is the (distributional) solution of (A.19) when f is the delta function
8y ().

2 BCPT, Chapter VI.



Appendix B
Spectral Theorem for Bounded
Self-Adjoint Operators

H will continue to denote a real or complex Hilbert space with inner product (-, -)
and norm || f|| = /(f, f), f € H. The space of bounded linear operators on H
will be denoted L(H), with norm ||A|| = supy =1 IAf1l, A € L(H); the context
will be used to distinguish the operator norm from the vector space norm.

Definition B.1. Let A be a bounded linear operator on H.

(a) The resolvent set of A is p(A) = {u € C: u — Ais abijection with bounded
inverse }, where (u — A)f = uf — Af, f € H.

(b) The complementary set o (A) = p°(A) is called the spectrum of A.

(¢) » € Cisaneigenvalue of A ifthereisan f € H, f # 0,suchthat Af = Af. As
a subset of 0 (A), the set of eigenvalues of A is referred to as the point spectrum
of A.

(d) The maximum modulus of the spectrum r(A) = sup, ¢, (4 || is referred to as
the spectral radius of A.

The following propositions display additional significant consequences of self-
adjoint symmetry. As noted in Appendix A, it is simple to check directly from
the definition that eigenvalues (point spectra) of self-adjoint operators must be real
numbers. As the first proposition shows, the same is true for all of o (A).

Proposition B.1. Let A € L(H) be self-adjoint. Then,

() o(A) CR
(b) p(A) = {in=a+bi:b+0).

Proof. Leta,b € R, u = a + bi. Then let us show that if b # 0, then u ¢ o (A).

A = W FIP = 1I(A —a) FIP + B2 F11? = BPIfIT% (B.1)

Thus if b # 0, then x cannot be an eigenvalue, i.e., not in the point spectrum. In fact,
by this inequality, if b # 0, then A — p is injective and has a bounded inverse on its
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range. In particular, therefore, the range of A — w is a closed subspace. If there is a
y € H suchthat y # (A — ) f forall f € H, then, using the projection theorem,'
one can construct a bounded linear functional £, such that £,(y) = infrep ||y —
f1l > 0 and £, vanishes on the range of A — pu, i.e., £y(uf — Af) = 0 for all
f € H.But this makes p an eigenvalue of the Banach space adjoint A’". Therefore
M = a — bi is an eigenvalue of A = A*. But this violates the inequality (B.1) if
b # 0. So the range of A — w is all of H, and A — u is bijective with a bounded
inverse, i.e., 4 € p(A) = o“(A) if b # 0. |

Proposition B.2. If A € L(H) is self-adjoint, then
r(A) = lim ||A”||% = ||A]| < oo.
n—>oo

Proof. The existence of the limit is obtained by a subadditivity technique below.
With this one can then identify ||A|| as the limit by using self-adjointness to see by
induction that A2 = [|A2" forn = 1,2,..., so that [|A|| = A2 |7 ,n =
1,2,.... Now, for existence let a, = ||A"||,n > 1. Since ||[A"A™| < ||A"] - ||A™],
one has the subadditivity property a,+m < an + a,. In particular, a4, < na, +
ray. Fix m and write n = mg +r,0 < r < m — 1 according to Euclidean division
algorithm. Then

a_n<qam+(m—1)al<a_m+al

n ~ gm mq m q
Letting g, r — o0, it follows that for any m > 1 one has

. dap am
limsup — < —.
n—oo N m

Thus, limsup,_, ,, “ < inf,, %% < liminf,, , % and, hence, the limit exists as
asserted. |

The essential tool required for the spectral theorem is a functional calculus for
which F(A) is a well-defined bounded linear operator for continuous functions
[ defined on o(A), e.g., F(A) = 7 ya;A’ for the polynomial f(1) =
Yo ajr,reo(A).

Theorem B.3. Let A be bounded self-adjoint linear operator on H, and let L(H ) be
the space of all bounded linear maps on H. Then there is a unique map ¢ : C(c(A) :
C) — L(H) such that for F, G € C(c(A)) = C(c(A) : C),

@ o) =1, ¢F)=9F)"

(b) ¢(id) = A whereid(L) =X, L € o (A).

(©) ¢(FG) =9(F)¢(G), @uF) = up(F).

I BCPT, p. 248.
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(d) le(F)|| < c||F||lco, Where || - || denotes the operator norm on L£(H). In fact,

leCF)l = | Flloo-
(&) IfAf = Af,then(F)f = FO)f, f € H.

Proof. The idea of the proof is to first consider polynomials F(A) = Z;’;O aj AJ

since by Stone—Weierstrass approximation2 they are dense in C (o (A)). Let us first
check for polynomial F

o(F(A) ={F() : 2 €0(A)}. (B.2)

To see this, let 4 € o(F(A)) and factor the polynomial F(A) — u = c(A —
A1) -(A—Ap).ThenA; € 0(A) forsome 1 < j < m, else F(A) — u is invertible,
contradicting u € o (£ (A)). In particular, therefore, 4 = F(A;). On the other
hand, let A’ € o(A) and factor the polynomial F(A) — F(A') = (A — A )G(}),
where G is a polynomial. Then F(A) — F(A') = (A — A)G(A). In particular, it
follows that F(A) — F(A') is not invertible since A — A’ is not invertible. Thus,
F()\') € o(F(A)). From (B.2) applied to the polynomial F F and the formula (B.2)
for the spectral radius, it follows that

IF (A = [F(A*F(A)
IFF A

= sup [A]
reo (FF(A))

= sup [FF(})
reo(A)

= (sup |[F(MD™ (B.3)
reo(A)

Thus, ||[F(A)| = SUPyeq(4) |F(A)]. From here one defines ¢(F) = F(A) for
polynomials ' € C(0(A)). Since [[¢(F)|| = ||F|l«(= sup,eya) |F(A)], it follows
from Stone—Weierstrass approximation that ¢ as a unique extension to C (o (A)).
Most of the asserted properties of ¢ (F') may be checked for polynomial F on o (A)
and then extended to F' € C(0(A)) by continuity. |

Definition B.2. For a given self-adjoint linear operator A on H and F €
C(o(A); C), one defines F(A) = ¢(A).

An important application of the functional calculus is, for example, in noting that
VA € L(H) is definable for a bounded self-adjoint operator A. More generally, one
has the following.

2 BCPT, p. 242.
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Corollary B.3. Let A € L(H) be self-adjoint. If F € C(c(A)) is a nonnegative
real-valued function, then F(A) is a positive self-adjoint operator.

Proof. Note that for real-valued F € C(o(A)) one has ¢(F) = ¢(F) = ¢(F)*,
i.e., (F) is self-adjoint for real F. Write F = (/F)? for F > 0. Then F(A) =
o(F) = (W F)o(WF) = o(vF)*¢(/F) is a positive operator. |

Now let us see how one may obtain a “spectral decomposition”’of A using the
functional calculus. Fix g € H. Then, the map F — (g, F(A)g), F € C(c(A)),
defines a positive, bounded linear functional on C(o(A)). Thus, by the Riesz
representation theorem, for each g € H, there is a unique measure v, on the Borel
o -field of the closed and bounded set o (A) C R such that

(g, F(A)g) = /

o(

F()ve(dhr), g€ H. (B.4)
A)

In particular, taking F'(A) = 20(= 1),i.e., the constant polynomial, then F(A) is the
identity map and

/ Vg(d)\):<gs g)» geHs (BS)
o (A)
and taking F(A) = A, one has
[ wvan =(g.ag. get. (B.6)
a(A)
The measure vy is referred to as the spectral measure of A. Note that one also has
1
(8, F(A)f) = Z{/ FQ)vgqp(dh) —/ F(Mvg—r(d)} B.7)
o (A) o (A)

from the polarization identity.



Appendix C
Borel Equivalence for Polish Spaces

Two measurable spaces (S, S) and (T, T) are regarded as measurably equivalent if
there is bijection & : S — T such that 4 and 2~ are each measurable. In the case
that S and T are topological spaces and S = B(S), T = B(T) are their respective
Borel o —fields then measurable equivalence is referred to as Borel equivalence. In
particular, two homeomorphic topological spaces are Borel equivalent. A separable
metric space S is homeomorphic to a subset /(S) (in the relative topology) of the
Hilbert cube! H = [0, 11N (given the product topology on H). If S is also complete,
then we can show that 2(S) is a Borel subset of H. In particular, we can prove the
following.

Proposition C.1. A complete and separable metric space (S, p) is Borel equivalent
to a Borel subset of the Hilbert cube (with the product topology on H).

Proof. Without loss of generality assume 0 < p(x,y) < 1 for all x,y € S;
else replace by ; i;x(x}))) As already noted it is sufficient from what has already
been proven to show that completeness implies that #(S) is a Borel subset of H.
Recall that using separability to get a countable dense subset {xi, x3, ...} of S, the
homeomorphism % : S — H is defined by h(x) = (p(x, x1), p(x, x2),dots), x €
S. To see that &(S) is a Borel set, observe that since it is dense in its closure A(S),
by completeness of S itis a G5 subset of 4(S); i.e., a countable intersection of open
(relative to A (S)) subsets, and hence a (relative) Borel subset of (). Finally note
that the Borel subsets of any Borel set £ C H are simply the Borel subsets of A
which are contained in E. Thus /(S) is a Borel subset of H. |

Another Borel equivalence which is somewhat standard in probability theory is
that between [0, 1] and the product space {0, 1} obtained by binary expansion. The
proof can be made most transparent with the help of the following simple lemma.

I BCPT, p.143.

© Springer Nature Switzerland AG 2022 419
R. Bhattacharya, E. C. Waymire, Stationary Processes and Discrete Parameter

Markov Processes, Graduate Texts in Mathematics 293,
https://doi.org/10.1007/978-3-031-00943-3


https://doi.org/10.1007/978-3-031-00943-3

420 C Borel Equivalence for Polish Spaces

Lemma 1. If S and T are metric spaces and if So € S and Tp € T are both
countable subsets, then a Borel equivalence between the complimentary spaces
S\So and T\ Tp may be extended to a Borel equivalence between S and 7.

Proof. Since Sy and Ty are both countable there is a bijection between them which
extends any bijection & between S\Sy and T\ Tp. With this extension of the given
Borel equivalence #, first note that any countable subset of a metric is clearly an
F, set since points are closed; i.e., a countable union of closed sets. Similarly the
union and relative complement of a Borel set with a countable set is a Borel set.
In particular, therefore, a subset of S (respectively of T) is Borel if and only if its
intersection with S\ Sy (respectively T\ Tp) is a Borel set. So the extended map must
be a Borel equivalence. |

Proposition C.2. The unit interval is Borel equivalent to {0, 1}1.

Proof. Let So = {(e1,€2,...) € {0, 1}N : either €; = 0 for all but finitely many j,
or €; = 1 forallbutfinitely many j}. Let Tp = {x € [0,1] : x =
m2~" for some m,n € N}. Define & : {0, I}N\So — [0, 1\Ty by h(ey, €2,...) =
Z?’;] € j2_f . Then since Sy and Tj are both countable and since £ is easily checked
to be a homeomorphism, the assertion follows. |

Before coming to the main result of this appendix we require another simple
observation,

Lemma 2. If S is an arbitrary topological space, then R = SN and T = RN
are homeomorphic under their respective product topologies, and hence Borel
equivalent. In particular, [0, 1] is Borel equivalent to H = [0, l]N.

Proof. Since the product N x N is a countable set, it may be enumerated, setting
up an obvious homeomorphism between R and 7'. For the last assertion simply note
that For the last assertion simply note that [0, 1] is Borel equivalent to R = {0, 1}
which, in turn, is Borel equivalent to RY and hence to [0, 1]N. |

Thus we have arrived at the main result of this appendix for Polish spaces.

Theorem C.3. Each complete and separable metric space is Borel equivalent to a
Borel subset of [0, 1].

Proof. Since a complete and separable metric space is Borel equivalent to a Borel
subset of H and since H is Borel equivalent to [0, 1] the assertion follows. |



Appendix D

Hahn-Banach, Separation, and
Representation Theorems in Functional
Analysis

Let (S, <) be a partially ordered set. A totally ordered subset T C S is a subset with
the property that for every pair x, y € T, either x < yory < x.u € S is said to be
an upper bound for T C Sif x < u forallx € T.If m € S has the property that
m < x implies m = x, then m is referred to as a maximal element.

Axiom (Zorn’s Lemma).' Let (S, <) be a partially ordered set. If every totally
ordered subset has an upper bound, then (S, <) contains at least one maximal
element.

Definition D.1. Let V be a vector space over the real numbers. A function p : V —
R such that

pu+v) <pu)+ pw), foralu,v eV, p(v)=cp), c=>0,veV,
is referred to as a sublinear functional on V.

Theorem D.1 (Hahn-Banach). Let U be a subspace of a real vector space V,
Suppose that £ : U — R is a linear functional such that £(u) < p(u),u € U,
for some sublinear functional p on V. Then ¢ can extended to a linear functional ¢
on V and such that Z(v) < p),vevV.

Proof. The proof has two parts. The first part shows how to linearly extend a linear
functional from a proper subspace to the space spanned by adjoining a single vector,
while preserving the domination by the semilinear functional p. The second part
relies on Zorn’s lemma to obtain a maximal extension to a subspace of V with

1 Zorn’s lemma is equivalent to the axiom of choice in Zermelo—Fraenkel (ZF) set theory. In
particular, it is not constructive in producing a maximal element. See Folland, p.
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domination by p. The first part and this maximality then show that this subspace is
in factall of V.

If U # V, then choose vg € V\U.LetY = {u+tvg : t € R,u € U}. Then
Y is a subspace of V. Using sublinearity of p and linearity of ¢, after adding and
subtracting v in the argument for p, one has

Cu) + L) = € ~+v) < p(u —vo) + p(vo + v),
and therefore
Lw) — pu—vy) < p(v+rvg) —L(v), forallu,vel. D.1)
Let a be the upper bound on the left side of (D.1) as a function of u € U. Then
L) —a < pu—wv), L) +a=<p+uvy). (D.2)
Define £ on ¥ by
Cu+tvo) = L) +ta, ueU,eR. (D.3)

Then £ is linear and £ = € on U.. To see that domination by p is preserved, note that
from (D.3), the right side of (D.2), and Definition D.1, one has

0 u4vo) =0 "'u)+a < pt™u+ v). (D.4)

Thus,

’(u +tvg) = tZ(flu + vg)
< tp(t_lu 4+ vg) = p(u + tvy), forallt > 0,u € U. (D.5)

For t < 0, using the left inequality of (D.2) to getforallu € V,t < 0,

U+ tvg) = —10(—t"u —vo) = —t (Lt ~'u) — a)

< —tp(—t~"u —vo) = pu + tvo).

Let £ denote the set of all linear functionals ¢, with respective (linear) domains
D; 2 U, that linearly extend ¢ and are, respectively, dominated by p on D 7- Then,
in view of the first part, £ # . Let us define a partial order < on £ by ¢; < >
if and only if 52 is a linear extension of £ 1. It is simple to check that < satisfies
the conditions of Zorn’s lemma for the existence of a maximal £ € £. Namely, if
T = {f,}, say, is a totally ordered subset of £, then define Zon Uy Dé[ by

o~

€u) ={s(u) whereu € D; . (D.6)
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The total ordering of T implies that U,D/Zl is a vector space, and that € is a well-
defined linear functional. Thus, (D.6) defines an upper bound for 7. Now it follows
from Zorn’s lemma that £ has a maximal element ¢ € L, on a (linear) domain D 7>
extending £ s1i9h that £ (u) < p(u),u € Dy. Also Dy = V or else, by the first part

of this proof, £ could be extended in contradiction to its maximality. ]

In addition to the Hahn—Banach theorem, the separation results? to follow are
also essential tools for Lindvall’s proof of Strassen’s theorem.

Lemma 1. Suppose that K, F are disjoint subsets of a topological vector space V.
If K is compact and F is closed, then 0 has a neighborhood U such that (K + U) N
(F+U)=4.

Proof. Observe that if W is a neighborhood of 0 in V, then there is a neighborhood
U of Osuchthat U = —U and U + U C W. This is because 0 + 0 = 0 and addition
is continuous so that there are neighborhoods Uy, U, of 0 such that Uy + U, C W.
Take U = Uy N Uz N (=Uj) N (—=U>). In fact this can be iterated by replacing W
byUtogetU + U+ U + U C W, etc. This observation can be a useful tool as
follows.

Without loss of generality assume K # ¢, and let v € K. Since v ¢ F and
F°¢ is open, there exists an open neighborhood of v, say G, which is disjoint from
F. One may write G = W + v, where W is an open neighborhood of 0. Since,
by continuity of the vector space operations, the topology of V is invariant under
translations, the observation above shows that 0 has a symmetric neighborhood U,
such that (v + U, + Uy) N (F + U,) = . Since K is compact, there are finitely
many vy, ..., v, in K such that K C U?_, (v; + Uy,;). Let U = N}_, U,,. Then

K+U CU (vi+ Uy +U) CUL (v + Uy, + Uy,
and no terms in the last union meet F + U. |
Definition D.2. Let A C V be a convex set. Then A is said to be absorbing if for
eachv € Vthereisat =1t, > Osuchthatv € tA = {tu : u € A}. A is said to
be balanced if tA C A for all |[¢| < 1. The Minkowski functional 4 of a convex,
absorbing set A is defined by

ma(w) =inf{t > 0: e A}, velV.

Definition D.3. A topological vector space is said to be locally convex if every
neighborhood of zero contains a convex, balanced, and absorbing open set.

Lemma 2. If A C V is a convex, absorbing set, then 1 4 is a sublinear functional.

2 These theorems appear in Rudin (1973), pp. 55-59.
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Proof. Forv € V, define Hy(v) = {t > 0 : t~'v € A}. Now observe that each
H4 (v) is a half-line whose left endpoint is w4 (v). To see this let t € H4(v) and
s > t. Then, since 0 € A and A is convex, it follows that s € H4(v). Suppose that
uam) < s, ua(v) <t,r =s +t. Then since A is convex,

-1 _ S -1 LA
rru+v)=—-(6""u)+-0t v)eA.
r r

The sublinearity of 14 now follows. |

Let us recall that a topological vector space is a vector space for which singletons
are closed sets and addition and multiplication by scalars are continuous vector
space operations. Translation invariance of the topology refers to the property that
a set A is open iff all of its translates v 4+ A are open. In particular, the topology is
determined by any local base.

Theorem D.2 (Separation Properties). Suppose that A and B are disjoint,
nonempty, convex sets in a locally convex topological vector space V. (i) If A
is open, then there is an £ € V* and y € R such that

) <y =€),

forallu € A,v € B. (ii) If A is compact, B closed, then there is a £ € V*,
v1, 2 € R, such that

Lu) <y1 <y < {L(v),

foreveryu € A,v € B.

Proof. Consider part (i). Fix ag € A,bg € B, and let v9 = bg — ap. Let G =
A — B + vg. Then G is a convex, absorbing neighborhood of 0 in V. Let p = ug
on V; then p(vg) > 1 since vy ¢ G, because A, B are disjoint. Define £(tvg) = ¢
on the subspace U = {tvy : ¢ € R}. Then £ is a linear map on U with £ < p. By
the Hahn—Banach theorem one may extend £ to V with £(v) < p(v), forallv € V.
Thus £ < 1 on G, and therefore £ > —1 on —G. So |£| < 1 on the neighborhood
G N (—G) of 0. But this implies that £ is continuous, i.e., £ € V* since given € > 0,
taking W = €¢G N (—G), one has |[£(v)| < € for all v € W. In view of the linearity
of £ continuity in a neighborhood of zero implies continuity at each v € V. Thus,
£ e V* Now,ifu € A, v € B, then

L) — L) +1=Lu—v+v) < plu—v+uvg) <1,

since £(vp) = 1, u — v+ vy € G, and G is open. Thus £(u) < £(v). It follows that
£(A), £(B) are disjoint convex subsets of R, with £(A) to the left of £(B). Since
non-constant continuous linear functionals on V map open sets to open sets, £(A) is
open by hypothesis. Take y as the right endpoint of £(A).
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For part (ii), use Lemma 1 to obtain a convex neighborhood U of 0 in V such that
(A+U)NB = ¢. Now apply part (i) with A+ U in place of A, to obtain £ € V* such
that £(A+ U) and £(B) are disjoint convex subsets of R, with £(A + U) open and to
the left of £(B). The assertion follows since £(A) is a compact subset of £(A+U).A

Lemma 3. Let{y,..., ¢, and £ be linear functionals on a real vector space V. Let
N=n/"_{veV:{{) =0}

The following are equivalent:

(a) Thee are scalars «y, ..., o such that £ = Z?:l oil;.
(b) There is anr < oo such that [£(v)| < r maxi<;<, [£;(V)|, v € V.
(c) £(v) =0forallv € N.

Proof. Clearly (a) implies (b) implies (c). So it is sufficient to show that (c) implies
(a). Define 7 : V. — R” by

T(w) =W 1(),...,L,(v), veV.

Then ¢ is constant on {v : 7 (v) = ¢}, c € R", implying that £(v) = £, o 7 for a
linear functional ¢,, on R". Thus,

n
en(-xlv e 7-xn) = Zai-xiv (-xla e 7-xn) € Rns
i=1
for some a7, ..., a,. But this proves (a) since

L) = £, (T (v)) = Zot,-ai (), vev.

i=1
|

Theorem D.3. Suppose that V is a vector space and V'’ is a vector space of linear
functionals on V that separate points of V. Then V, equipped with the weakest
topology on V that makes each £ € V’ continuous, is a locally convex space whose
dual is V.

Proof. The linearity of £ € V'’ shows that the topology is translation invariant. If
l1,...,4¢, € V', then for positive numbers rq, ..., 7,

U={w: 4w <r,i=1,...,n} D.7)

is a convex, balanced, absorbing, and open set for the topology. Since V' separates
points, the topology is Hausdorff. In fact the collection of all open sets U of this
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form provide a local base for the topology, making it a locally convex topology.
Since %U + %U = U, addition is continuous. To see that multiplication by scalars
is continuous, let v € V and o € R. Then v € sU forsome s > 0. If |8 — | < r
and u — v € rU, then, for suitably small r that r(s + r) + |«|r < 1, one has

Bu—av=PB —-—a)u+aoam—v)el.

Thus, multiplication by scalars is continuous. Finally, to see that V" is the dual space
it is sufficient to show that if £ is a continuous linear functional for this topology,
then £ € V’, since, by hypothesis, each £ € V' is continuous. If £ is a continuous
linear functional, then |£(x)| < 1 for all # in some set U of the form (D.7). Thus, by
Lemma 3, there are scalars «; such that £ = ), o ¢;, £; € V'. Since V' is a vector
space it follows that £ € V. |

Note that if V is a topological vector space, then each v € V may be viewed
as a linear functional on its dual space V* by defining v(£) = £(v),£ € V*. So
viewed, V clearly separates points. The weakest topology on V* that makes each
v € V continuous as a linear functional on V* is called the weak™ fopology. From
this perspective one has the following representation as a corollary to Theorem D.3
by simply replacing V by V* and V' by V there.

Corollary D.1 (Dual Representation Theorem). Let V be a topological vector
space with dual V*, and give V* the weak™ topology. Then V* is a locally convex
topological vector space and every weak™ continuous linear functional £* on the
dual space V* has the form £*(¢) = ¢(v), £ € V*, for some v € V.
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