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Optimal Control of Piecewise Deterministic
Markov Processes

O.L.V. Costa and F. Dufour

Abstract This chapter studies the infinite-horizon continuous-time optimal control
problem of piecewise deterministic Markov processes (PDMPs) with the control
acting continuously on the jump intensity A and on the transition measure Q of the
process. Two optimality criteria are considered, the discounted cost case and the
long run average cost case. We provide conditions for the existence of a solution to
an integro-differential optimality equality, the so called Hamilton-Jacobi-Bellman
(HJB) equation, for the discounted cost case, and a solution to an HJB inequality for
the long run average cost case, as well as conditions for the existence of a deterministic
stationary optimal policy. From the results for the discounted cost case and under
some continuity and compactness hypothesis on the parameters and non-explosive
assumptions for the process, we derive the conditions for the long run average cost
case by employing the so-called vanishing discount approach.

1 Introduction

Piecewise Deterministic Markov Processes (PDMPs) were introduced by M.H.A.
Davis in the seminal paper [9] as a general family of nondiffusion stochastic models,
suitable to formulate an enormous variety of applications in operations research,
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engineering systems and management science. The general theory of the PDMPs,
including a full characterization of the extended generator as well as its applications
in several stochastic control problems, were elegantly and comprehensively presented
in the book [11]. PDMPs are characterized by three local parameters: the flow ¢, the
jump rate A, and the transition measure Q. Roughly speaking, the motion of a PDMP
starting at the initial state xo follows a deterministic flow ¢(xo,#) until the first jump
time 77, which occurs either spontaneously in a Poisson-like fashion with rate A or
when the flow ¢(xo,?) hits the boundary of the state space. In either case the post-
jump location of the process is selected by the transition measure Q(.|¢(x, 7)) and
the motion restarts from this new point afresh. As presented in [11], a suitable choice
of the state space and the local characteristics ¢, 4, and Q can cover a great deal of
problems in operations research, engineering systems and management science. It is
worth pointing out that the presence of the boundary is crucial for the modeling of
some optimization problems as, for instance, in queueing and inventory systems or
maintenance-replacement models (see, for instance, the capacity expansion problem
in [9], item (21.13), in which the boundary represents that a project is completed,
and the jump in this case represents that investment is channelled immediately into
the next project).

Broadly speaking there are two types of control for PDMPs, as pointed out by
Davis in [11, page 134]: continuous control, in which the control variable acts at all
times on the process through the characteristics (¢, A, Q), and impulse control, used
to describe control actions that intervene in the process by moving it to a new point of
the state space at some specific times. The focus of this chapter will be on the former
case, but considering that the control acts only on (4, Q). Two performance criteria
will be considered along this chapter: the so-called infinite horizon discounted cost
case and the long run average cost case. Other criteria that can be found in the
literature for the PDMPs include, for instance, the risk-sensitive control problem, as
analyzed in [20] and [22].

It is worth pointing out that the main difficulty in considering the control acting
also on the flow ¢ relies on the fact that in this situation the time which the flow takes
to hit the boundary as well as the first order differential operator associated to the
flow ¢ would depend on the control. For the discounted cost criterion this problem
was nicely studied in [10] by rewriting the integral cost as a sum of integrals between
two consecutive jump times of the PDMP, which yields to the one step cost function
for a discrete-time Markov decision model. However this decomposition for the long
run average cost is not possible. When compared with the so-called continuous-time
Markov decision processes (see, for instance, [18, 16, 17, 19, 26, 33, 34]), it should
be highlighted that the PDMPs are characterized by a drift motion between jumps,
and forced jumps whenever the process hits the boundary, so that the available results
for the continuous-time Markov decision processes cannot be applied to the PDMPs
case.

Two kinds of approach can be pointed out for dealing with the discounted and
long run average control problems of PDMPs. The first one would be to characterize
the value function as a solution to the so called Hamilton-Jacobi-Bellman (HJB)
equation associated with an imbedded discrete-stage Markov decision model, with
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the stages defined by the jump times 7;, of the process. As a sample of works along
this direction we can refer to [2, 3, 5, 8, 10, 11, 15, 30, 31] and the references
therein. The key idea behind this approach is to find, at each stage, a control function
that solves an imbedded deterministic optimal control problem. Usually the control
strategy is chosen among the set of piecewise open loop policies, that is, stochastic
kernels or measurable functions that depend only on the last jump time and post
jump location. The second approach for these problems, which we will call the
infinitesimal approach, is to characterize the optimal value function as the viscosity
solution of the corresponding integro-differential HIB equation. As a sample of
works using this kind of approach we can mention [7, 11, 12, 13, 14, 32] and the
references therein.

This chapter adopts the infinitesimal approach to study the discounted and long
run average control problems of PDMPs. The results presented in this chapter were
mainly drawn from [7] and [6]. The goal is to provide conditions for the existence of
a solution to integro-differential HIB equality and inequality, and for the existence
of a deterministic stationary optimal policy, associated to the discounted and long
run average control problems. These conditions are essentially related to continuity
and compactness assumptions on the parameters of the problem, as well as some
non-explosive conditions for the controlled process. In order to derive the results for
the long run average control problem we apply the so-called vanishing discounted
approach by adapting and combining arguments used in the context of continuous-
time Markov decision processes (see [33]), and the results obtained for the infinite-
horizon discounted optimal control problem.

The chapter is organized as follows. In sections 2 and 3 we present the nota-
tion, some definitions, the parameters defining the model, the construction of the
controlled process, the definition of the admissible strategies, and the problem for-
mulation. In section 4 we give the main assumptions and some auxiliary results. In
sections 5 and 6 we present the main results related to the discounted and long run
average control problems (see Theorems 2, 3 and 4) that provide sufficient condi-
tions for the existence of a solution to a HIB equality (for the discounted case) and
inequality (for the long run average case) and for the existence of a deterministic
stationary optimal policy. Some proofs of the auxiliary results are presented in the
Appendix.

2 Notation and definition

In this section we present the notation and some definitions that will be used through-
out the chapter as well as the definition of the generalized inferior limit and its
properties. The generalized limit will be used for the results related to the vanishing
discounted approach to be considered in section 6.

We will denote by N the set of natural numbers including 0, N* = N — {0}, R
the set of real numbers, R, the set of non-negative real numbers, R} = R, — {0},
R= RU{+o0}. By measure we will always refer to a countably additive, R, -valued
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set function. For X a Borel space (i.e. a Borel-measurable subset of a complete and
separable metric space) we denote by B(X) its associated Borel o--algebra, and by
M(X) (P(X) respectively) the set of measures (probability measures) defined on
(X,B(X)), endowed with the weak topology. We represent by £ (X1|Y) the set of
stochastic kernels on X given Y where Y denotes a Borel space. For any set 4, /4
denotes the indicator function of the set 4, and for any point x € X, §, denotes the
Dirac measure defined by 6,(I") = Ir(x) for any I' € B(X).

The space of Borel-measurable (bounded, lower semicontinuous respectively)
real-valued functions defined on the Borel space X will be denoted by M(.X) (B(X),
L(X) respectively) and we set Ly (X) =L(X) NB(X). Moreover, the space of Borel-
measurable, lower semicontinuous, R-valued functions defined on the Borel space
X will be denoted by E(X ). For all the previous space of functions the subscript .
will indicate the case of non-negative functions. The infimum over an empty set is
understood to be equal to +oo0, and ™ = 0.

As in [29], the definition of the generalized inferior limit is as follows:

Definition 1 Let X be a Borel space and let {w,, }, be a family of functions in M(.X).
The generalized inferior limit of the sequence {w, }, denoted by lim%__ w,, is defined
as
lim® . w, (x) =supsup|( inf inf  w 1
limf, ., wn(x) = supsup(inf = inf _ win(y)) (M
where d(.,.) is the metric in X. For notational convenience, li_mﬁ_mwn will be
denoted by w...

The following properties from the generalized inferior limit will be used in section
6 for the vanishing discounted approach.

Proposition 1 Let {w, } be a sequence of nonnegative functions in M(X) and con-
sider an arbitrary x € X. In this case, w.(x) as defined in (1) satisfies the following
properties:

(i) For any sequence {x,} such that x,, — x, it follows that lim w,(x,) > w.(x), and
n—oo
there exists a sequence {x,} such that x, — x and lim w, (x,) = w.(x).

(ii) w. € Ly (X).
(iii) [Generalized Fatou’s Lemma] Suppose that {u,} is a sequence of probability
measures in P(X) and that { i, } converges weakly to a y € P(X). Then

n—oo

im [ () () > f W (X)(d). @
S

n—ooJS§

Proof: For the proof of (i) see Lemma 4.1 in [4]. For (ii) see Lemma 3.1 in [25] and
for (iii) see Lemma 3.2 in [25]. O
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3 Problem formulation for the controlled PDMP

The goal of this section is to introduce the parameters defining the model, the
construction of the controlled process, the definition of the admissible strategies,
and the problem formulation. Since it follows closely sections 2 and 3 in [7] some
details will be skipped.

3.1 Parameters of the model

We will consider the control model depending on the following elements:

The state space X, which we assume to be an open subset of R? (d € N*) with

boundary represented by 0X.
The flow ¢(x,7) : RY xR — R?, associated with a given Lipschitz continuous

vector field in R?, that is, ¢(x,0) = x and ¢(x,7 +5) = ¢(¢(x, s),7) for all x € R?
and (1,5) € R%.
The so called active boundary defined as 2 = {x € X : x = ¢(y,¢) for some y €
X and 7 € R} }. With some abuse of notation, we set X as X U Z, and for x € X,
we define

t*(x) =inf{r eR; : ¢(x,1) € E}.

The flow ¢ outside the space X can be defined arbitrarily since it plays no role for
the problem.

The action space A, assumed to be a Borel space, and the set of feasible actions in
state x € X, given by A(x), which is a nonempty measurable subset of A. Define
the set K = K/ UK® with

K = {(x,a) e XXxA:acA(x)} € B(XXA),

K ={(x,a) € ExA:aecA(x)} € B(EXA).

It is assumed that K& (respectively, K') contains the graph of a measurable

function from X (respectively, Z) to A.
The controlled jumps intensity 4 which is a R,-valued measurable function

defined on K.
The stochastic kernel Q on X given K satisfying Q(X\ {x}|x,a) = 1 for any

(x,a) € K. It describes the state of the process after any jump. In other words,
if a jump governed by the intensity A occurs in the current state x € X and with
action a € A(x), then O(-|x, a) describes the distribution of the state immediately
after the jump. If z € E, that is, the current state is at the boundary then an action
b € A(z) is applied and the state of the process changes instantly according to the
stochastic kernel Q.

It should be noticed that in the framework of continuous-time MDPs, the signed
kernel on X given K, defined by
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q(dylx,a) = A(x,a)[Q(dylx,a) = 6.(dy)] 3)

is the (controlled) infinitesimal generator of the jump process. For I € M(X) we set,

0V (r.a)= [ YMO@ixa). (ra) €K )
X
A0V (x,a) = A(x,a)QV(x,a), (x,a) e K,
provided that the integral in (4) exists. From (3) we have that

qV(x,a) = A(x,a)[QV (x,a) - V(x)], (x,a) e K'. 5)

We conclude this sub-section with the following definition that will be used in
the sequel.

Definition 2 The set of functions g € M(X) which are absolutely continuous with
respect to the flow ¢ on [0,7°(x)[ (that is, the function g(¢(x,-)) is absolutely
continuous on [0,#*(x)]NR;) and such that lim;_,;+(x) g(¢(x,?)) exists whenever
t*(x) < oo will be denoted by A(X). In this case the domain of definition of the
mapping g can be extended to X by setting g(z) = lim;—;+(x) g(¢(x,7)) where z =
¢(x,t*(x))) € E. Lemma 2.2 in [8] shows that, for g € A(X), there exists a real-valued
measurable function X'g defined on X satisfying

§(d(x.1)) = g(x) + fm X(0e)ds ©)

for any ¢ € [0,7"(x)[. Notice that for g € A(X) the function Xg satisfying (6) is
not necessarily unique. The case of bounded functions in A(X) will be denoted, as
before, by Ay (X).

3.2 Construction of the controlled process &;

The canonical space Q is defined by Q = [, 2, | (X x (R} x X)) where Q,, =
XX (RE X X)" X (foo} x {x*})* and x* is an isolated artificial point corresponding
to the case when no jumps occur in the future, endowed with its Borel o-algebra
denoted by 7 . In that case, the process stays forever in x*°, and so ¢*(x*) = +c0. Set
X = XU {x*} and X = XU {x*}. We also extend the definition of ¢ on X, ><I§+
as ¢(x,t) =x* for any ¢ € R, and also o (x,t*(x)) = x* whenever ¢*(x) = co for
xeX.
We set w € Q as
w = (JC(), 91,3&?1,92,)&?2, .. .),

where x( € X represents the initial state of the controlled point process &, and for
n € N*, the components #,, > 0 and x,, correspond to the time interval between two
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consecutive jumps and the value of the process ¢ immediately after the jump. For
the case 0, < oo and 6,1 = oo, the trajectory of the controlled point process has
only n jumps, and we put 6,, = oo and x,, = x* (artificial point) for all m > n+ 1.
Between jumps, the state of the process & moves according to the flow ¢. The path
up to n € N is denoted by /,, = (x¢,61,x1,62,x2,...0,,x,), and the collection of all
such paths is denoted by H,,. We denote by H,, = (X0, 01, X1,...,0,,X,) the n-term
random history process taking values in H,, for n € N.

For n € N, set the mappings X, : Q — X, by X, (w) = x, and, for n > 1, the
mappings 0, : Q — Ri by O, (w) = 0,; Og(w) = 0. The sequence (7y)nen+ of
R:-valued mappings is defined on Q by 7, (w) = 21| ©;(w) = 3.7, 6; and Too (w) =
lim;, o T}, (w). The random measure u associated with (®, X, ),en is a measure
defined on R} x X by

w(w;dt,dx) = Z {1,y (@) <00} (T, (). X () (1, dX).

n>1

The dependence on w will be suppressed for notational convenience and it will be
written u(dt, dx) instead of u(w;dt,dx).Fort e R, ,define 7; = o {Hp} vV o {u(]0, s] X
B): s <t,B € B(X)}. The controlled process {{;}, g, is defined as:

| ¢(Xnt=T,) if T, <t <Tpyqr forn eN;
Grw)= {x“’, if Too < 1,

and it is easy to see that (&;);cg, could be equivalently described by the sequence
(®,, Xy)nen- As in [11], we set

p*(dt) = ]{ftf EE}lu(dts X)

which counts the number of jumps from the boundary of the controlled process &;
(see [11], sub-section 26).

3.3 Admissible strategies

Associated to the state x* we consider a special action a*™ and we set Ao, = AU{a*};
A (x®) ={a*} and A (x) = A(x) for x € X. We also extend the definition of A
and Q at the point (x*°,a*) by defining 1(x*,a*) =0 and Q({x*}|x*,a™) = 1. An
admissible control strategy is a sequence u = (7, ¥, )nen such that, for any n € N,

* 7, € P(Ac|H, X RY) and satisfies 7, (A(¢(x,,1))|hn,t) = 1
for hy, = (x0,...,00,x,) € Hy,, and ¢ €]0,%(x,)|[.

* ¥n € P(Ax|H,) and satisfies v, (A(P(xp, *(xn))) | hn) = 1
for hy, = (x0,...,0n,x,) € H,, and t*(x,,) < oco.

We will denote by U the set of admissible control strategies, and for u =
(70, Yn)nenw € U we denote by 7 and y the random processes with values in P (As)
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correspondingly as

n(dalt)= " Iig, <<, mn(dalHyt = T,)
nelN

and
y(dalt)= )" Iig,<i<t,. Yn(dalHy),
neN

for ¢t € R%. The processes m and y are {¥;};cr, -predictable random processes with
values in $(A). The following class of admissible strategies will be considered
along this chapter. A control strategy u € U is called deterministic stationary, if
T (1 hns 1) = 05 (p(x,0) (1) AN Vi (1) = G5 (¢ 1% (1)) (1), Where @ 2 Koo = Ao
is a measurable mapping satisfying ¢*(y) € A(y) for any y € X. By a slight abuse
of notation, such a strategy will be just denoted by u = ¢*.

From Theorem 3.6 in [23] (or Remark 3.43, page 87 in [24]) we have that, for any
admissible strategy u € U and an initial state xo € X, there exists a probability Py,

on (€, ) such that the restriction of Py to (€,%0) is given by (see [7] for further
details) PY ({Xo = x0}) =1, and (see Lemma 3.1 in [7]) the predictable projection
of the random measure u with respect to PY is given by v = vy + i, where, for

I' e B(R; xX),
yo(I) = fr fA O A& @yl

= [ 3t [ oien oy alr, o )

nenN* &Tn-)

3.4 Problems formulation

We introduce in this section the infinite-horizon expected discounted and long run
average continuous-time optimal control problems we will consider in this chapter,
with the control acting continuously on the jump intensity A and on the transition
measure Q of the process (but not on the deterministic flow ¢).

In what follows the running cost rate C¢ is a real-valued measurable mapping
defined on K and the boundary cost C" is a real-valued measurable mapping defined
on K. We set C#(x*,a™) = C'(x*,a™) = 0. The associated infinite-horizon dis-
counted criterion corresponding to an admissible control strategy u = (4, )nen € U,
un = (7, yn), is defined by
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Vi (u, x0) = ES, [f e_‘”f Cg(.fs,a)ﬂ(dals)ds]
10,+00[ A(&s)

+E[ f e f Ci(fsf,a)y(dals)p*(dS)], ™
10, +e0f Al&s-)

where o > 0 is the discount factor. Similarly, the associated long run average criterion
corresponding to an admissible control strategy u € U is defined by

— 1
A(u,xp) = lim {EY f f C8(&5,a)m(dals)ds
=0t | o Jace)

B [ fJo,r[ jz;(fs—) (G aptdaln (ds)] } ©

Definition 3 The optimization problems consist in minimizing the performance cri-
terion Vo, (4, x0) and A(u, x¢) within the class of admissible strategies u € U, where
Xo is the initial state. The optimal value functions will be denoted respectively by
V5 (x0) and A*(xo), that is,

Vi (x0) = inf Vo (u,x0), A" (x0) = inf A(u,xp)
uel uel

and u € U will be an optimal strategy for the discounted (respectively, long run
average) problem if V, (u,x0) = V,; (x0) (respectively, A(u, x9) = A" (x0)).

4 Main assumptions and auxiliary results

The objective of this section is to introduce the assumptions and present some
technical results that will be used along this chapter.

4.1 Main assumptions

Our approach requires that the process must be non-explosive and that the expected
value of the number of jumps at the boundary up to a time ¢ € R, must be bounded
from above by an affine function in the variable . One of the main goals of Assump-
tion A is to ensure these properties.

Assumption A. There are constants K > 0 and &1 > 0 such that

(Al) Forany (x,a) € K8, A(x,a) < K.
(A2) Forany (z,b) €K', Q(A4g, |z,b) = 1 where

Ag ={x eX: " (x) > e}
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(A3) Forany (x,a) € K8, O(A(x)|x,a) =1 where
A(x) ={y € X: £ (y) 2 min{¢*(x),&1}}.

Assumptions B and C are classical hypotheses. They mainly ensure the existence
of an optimal selector.

Assumption B.

(B1) Foreveryy € X the set A(y) is compact.

(B2) The kernel Q is weakly continuous (also called weak-Feller Markov kernel)
on K8,

(B3) The function A is continuous on K8.

(B4) The flow ¢ is continuous on Ry XRP.

(B5) The function t* is continuous on X.

Assumption C.

(C1) The multifunction Y8 from X to A defined by W8(x) = A(x) is upper semi-
continous. The multifunction V! from = to A defined by W' (z) = A(z) is upper
semicontinous.

(C2) The cost function C8 (respectively, C') is bounded and lower semicontinuous
on K& (respectively, Ki).

Without loss of generality, we assume, from Assumption (C2), that the inequalities
|C8| < K and |C| < K are valid, where K is the same constant as in Assumption
(AD).

4.2 Auxiliary results

We present in this subsection some auxiliary results that will be useful to study
both the infinite-horizon discounted control problem as well as the long-run average
cost control problem. The first result of this subsection, Lemma 1, shows that the
controlled process is non-explosive and provides an upper bound for the sum of the
expected values of e=*T» as well as an affine upperbound on ¢ for the expected value
on the number of jumps from the frontier up to a time ¢. This result requires only
Assumption A.

Lemma 1 If Assumption A is satisfied then there exist positive numbers M < oo,
co < oo such that, for any control strategy u € U and initial state xo € X,

EZO[ Z e—aTn] <M, Pﬁo(T00 < +00) =0. )

neN*

Furthermore for any t € R,

DY I{Tng’gmeﬁ}] < Mt +¢p. (10)

nenN*
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Proof: For the proof of (9), see Lemma 4.1 in [7] and, for the proof of (10), see
Lemma 3.1 in [6]. ]

Recalling the definitions of V,, and A (see equations (7) and (8) respectively), it
is easy to get that for any control strategy v € U

1 1
[Va(wxo)l < K( +BL[ Y. e ™) <K( +M)
@ neN* @

and
A (. x0)| < K (1 +lim 1]]5&0[ > gocre, EE}]) <K(1+M),

nenN*

by using Lemma 1 and the fact that |C8| < K and |C?| < K (see Assumption (C2)).
Therefore, the mappings V,, (1, -) and A(u, -) are well defined.

The next lemma will be useful to obtain the characterization of the value functions
in terms of integro differential equations.

Lemma 2 Consider a bounded from below real-valued measurable function F de-
fined on X such that, for a real number 3 > 0, it satisfies

f e PSF(P(x,5))ds < +c0
[0,2%(0)[

forany x € X, and a bounded from below real-valued measurable function G defined
on Z. Then the real-valued mapping V defined on X by

V(x)= f e PSF(¢(x,5))ds +e PO G(p(x,17(x)))
[0,%()[

belongs to A(X). Moreover there exists a bounded from below measurable function
XV satisfying
—BV(x) + XV (x) = —F(x),

for any x € X and, furthermore, V(z) = G(z) for any z € E.

Proof: See the Appendix.

For any function V' in M(X) bounded from below let us introduce the R-valued
mappings RV and TV defined on X and = respectively by

RV (x) = aeigl(fx) {C8(x.a)+qV (x.) + KV (x)}, (11
W)=, eigl(fz) {Cizb)+ oV b)}, (12)

where the constant K has been defined in Assumption (A1) and the transition kernel
q in equation (3). Observe that ¢V and QV are well defined since by hypothesis V' is
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bounded from below. Note also ¢V and OV may take the value +oo. Finally, for any
a € [0,1], let us introduce the R-valued function B,V defined on X by

B,V (y) = e KX NRY (p(y,0))dt + e KX OTY (9(y,17 (). (13)
[0, (¥)[

Again, remark the integral term in (13) is well defined but may take the value +oo.
Moreover, since |C¢| < K and |C!| < K, we have clearly that RV (x) > —K¢o and
TV (z) = —cop for some constant ¢y > 0. By using the definition of B,V

BaV (y) = —co(1 - K0 = cpe™ ¥ = —¢
for any a € [0, 1].
The next lemma provides important properties of the operators R, T and B,,.

Lemma 3 Suppose that Assumptions A, B and C are satisfied. If V € L(X) is bounded
from below then for any « € [0, 1] we have that

RV e L(X), TV e L(E), BV € L(X)
and all these functions are bounded from below.

Proof: See the Appendix.

For any 0 < @ < 1, let us introduce

_ K(1+K)(1 _e—(K+(r)81)+ (K+Q,)Ke—(K+(z)£1

Ka a(l _e—(K+a)el)

s

_2K(1+K)
Ke = l—eKer’

where K and €; have been defined in Assumption A. Clearly, for any 0 < @ < 1
0<aKy <Kc. (14)
The next lemma provides upper bounds and absolutely continuity properties of

the operator B,.

Lemma 4 Suppose that Assumptions A, B and C hold. Consider V € Ly, (X) satisfy-
ing, for any y € X,

VDI < Kola,, (y)+ (Ko + K)ag (¥).
Then B,V € Ap(X) and for any y € X,

1BaV(¥)| < Kala,, () + (Ko +K)lag ().
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Proof: See Lemma 5.4 in [7]. O

We conclude this section with the following result, which is a consequence of the
so-called Dynkin formula associated with the controlled process (&;);er. -

Tl_leorem 1 Suppose that Assumption A is satisfied and that the cost functions C8 and
C' are bounded (below or above). Then we have, for any strategy u = (7, vn) € U
and (W, XW) € Ap(X) xB(X), that

Vo) = W o) + 2| [

10, +e0f

+E§¢0[f e-f”f (CB (&5, a)
10,+00[ A8

+ fx W)€, ) A(Ex@) - W (E) A&y ) (dals) 1]

+Ez0|: Z [(an_EE}e_‘Y'Tn I:fi{ci(grﬂ_’a)

I [XW(E) —alW(£y)] ds]

neN* A
+ [ wor0sien-ydat,) - wier, ]| (1)
Proof: See Corollary 4.3 in [7]. m]

5 The discounted control problem

Theorem 2 below presents sufficient conditions based on the three local character-
istics of the process ¢, A4, O, and the semi-continuity properties of the set valued
action space, for the existence of a solution for an integro-differential HIB optimal-
ity equation associated with the discounted control problem as well as conditions
for the existence of an optimal selector. Moreover it shows that the solution of the
integro-differential HIB optimality equation is in fact unique and coincides with
the optimal value for the a-discounted problem, and the optimal selector derived
in Theorem 2 yields an optimal deterministic stationary strategy for the discounted
control problem.

Theorem 2 Suppose Assumptions A, B and C are satisfied. Then there exist W €
Ap(X) and XW e B(X) satisfying, for any x € X,

—aW(x)+ XW(x)+ inf {C(x.a)+qW(x.a)} =0, (16)
acAs (x)
and, for any z € &,

W(z)= hEi:\qff(ﬂ {Ci(z.b)+ QW (= D). (17
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Moreover there is a measurable mapping o, : X — A such that oo (y) € A(y) for
any y € X and satisfying, for any x € X,

4 Ga(0) +gW (v, Zo(0) = inf {Cina)+qW (@)}, (8)
and, for any z € g,
Cl2Ga(@)+OW (2 Ga(2) = inf {C'aH+OW D] (19)

Furthermore we have that

a) the deterministic stationary strategy pq is optimal for the a-discounted problem,
b) the function W € Ay (X), solution of (16)-(17), is unique and coincides with
V5 (x) =infueuVo(u,x), and
c) V3 (x) satisfies
Vi ()] < Ko+ Klag, (x). (20)

Proof: By Lemma 3, one can define recursively the sequence of functions {¥;}, o in
Ly (X) as follows: Wip1(y) = B Wi(y), fori € N and Wy(y) = —Kaola,, (y)— (Ko +
K)Iac ] (y) for any y € X. By using Lemma 4 and the definition of ¥, we obtain that
Wi(y) = Wy(y) for any y € X. Now, note that the operator B, is monotone, that is,
Vi <V, implies B, V; < B, V2. Consequently, it can be shown by induction on i that
the sequence {W;}, o is increasing and, from Lemma 4 and the definition of 17, that
foreveryi e N,

Wir1 (O] = BaWi(x)| < Ko la,, (x)+ (Ko + K)Iag (x). ey

Therefore from (21) the sequence of functions {I¥;}, . is uniformly bounded, that
is, forany i € N, SUPy ex [Wi(y)| < Ko + K. As aresult, {W;};, converges to a map-
ping W € B(X). Since {W;}, .y is an increasing sequence of lower semicontinuous
functions, W € L, (X), KW; +qW; € L,(K8), and so, C8 + KW; + gW; € L,(K¢®)
by Assumption (C2). Therefore, combining Assumptions (B1) and (C1) and
Lemma 2.1 in [28], it follows that lim;_,. RW;(x) = RW(x) for any x € X and
lim; 0o TW;(z) = TW(z) for any z € E. By using the bounded convergence Theo-
rem, it implies that the mapping W satisfies the following equations

W(y)=BaW(y)
) f e ERW (B(y.0))dr+ & EEOTOTW Gy (7). (22)
(0.5
where y € X. Applying Lemma 2 to the mapping 7 where the function F (respec-

tively G) is given by RIW (respectively, TW), it yields that the function W € A, (X)
and satisfies

~(@+ KW () +XW(x) == inf {C8(x.a)+ g (x,a)+ KW (x)},
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for any x € X and

W(z)= bei/gllf(z) {Ci(z.b)+ 0 (z.b)},

for any z € E. This shows the existence of W € A, (X) and XW € B(X) satisfying
equations (16) and (17).
Now, under Assumptions B and C, for any x € X the mapping defined on A(x) by

a— C8(x,a)+ A(x,a)[OW (x,a) = W(x)] + KW(x)

is lower semicontinuous and since W8 is upper semicontinuous, it follows from
Proposition D.5 in [21] that there exists a measurable mapping ¢5 : X — A$ such
that Vx € X ¢ (x) € A(x) and equation (18) holds. Similar arguments can be used to
show the existence of a measurable mapping ¢/, : E — A’ satisfying ¢',(z) € A(z)
for any z € E and equation (19) holds. Therefore, the measurable mapping ¢, defined
by @u (x) = ¢!, (x) for any x € X and @, (z) = ¢, (z) for any z € E satisfies the claim.

To show a) and b), notice that for an arbitrary control strategy u € U we have, by
using Theorem 1, that V,, (1, x) > W(x) for any x € X and also that V, ({, x) = W(x)
for any x € X. Indeed from (16) and (17) we have that

XTW(&) —alV (&) + fA (C e
+ fx W ()01 @) A (Exna) — W (£ A(Enra)e(dals)] 2 0

and, for any z € E,

f (Cier,a)+ f W ()O(dylér, -.a)y(dalTy=) - W(ér,-) > 0
Al X

with equality whenever the strategy ¢ is used. From (15) the terms inside the
expected value are positive, being zero whenever the strategy ¢ is used, which shows
that V,, (u,x) > W(x) and V,, (¢, x) = W(x) as desired. Finally from (21) we have c)
since V,; (x) = W(x) = sup; gy Wi (x). O

6 The average control problem

The objective of this section is to provide sufficient conditions to show the existence
of a solution to an integro-differential HIB inequality as well as the existence on
optimal selector. This results is proved by using the so-called vanishing discount
approach. The second main result of this section (see Theorem 4) gives the existence
of a deterministic stationary optimal policy for the infinite-horizon long run average
continuous-time control problem according to Definition 3.
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Let us introduce

mg = inf V;(x), po = amg, (23)
xeX
ha(x) = Vi(x) —mg >0, 24)

where x € X. In what follows we refer to section 2 for the definition of the generalized
inferior limit lim®. The following final assumption will be required.

Assumption D. lim%  /,(x) < co forall x € X.

It is easy to show that there exist a sequence {a,} satisfying lim,_c @, =0
and such that lim,,_,c pa, = p for some |p| < K¢ + K. To see this, observe that by
combining equations (14), (20) and (23) we obtain that for any 0 < a < 1

|pal = lamg| < af inf V,(x)| < asup|V,(x)| < aKe+K < Kc+K. (25)
xeX

xeX

Let us introduce the function /4, given by

ho(x) = limé__hq, (x). (26)

——n—oo

It is easy to see that /.(x) > 0 since &, (x) > 0. Clearly,/.(x) < co by Assumption
D and 4. € L4(X) by using Proposition 1.

Before showing the main results of this section, we need the following technical
result.

Lemma 5 The function h, defined in (26) satisfies the following inequality:
ha(x) > f e Rh(P(x,5)) = p)ds +e K OTh (P01 (x)).  (27)
(0.5 (x0)L

Proof: See the Appendix. O

The following theorem provides sufficient conditions for the existence of a solution
and optimal selector to an integro-differential HIB inequality, associated to the long
run average control problem.

Theorem 3 Suppose that Assumptions A, B, C and D are satisfied. Then the following
holds:

a) There exist H € A(X) NL(X) bounded from below satisfying
p2 XH(x)+ inf {C%(x.a)+qH(x.a)}, (28)
acAs8 (x)
for any x € X, and

H(z)> , inf ) {C" (z.b)+ QH(z, b)}, (29)

€Al(z
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forany z € E.
b) There is a measurable mapping o : X — A such that o(y) € A(y) for any y € X
and satisfying

CHn @) +gH (5, 8(0)) = inf {Cira)+gHxa)l  (0)
forany x € X, and
ClEE@)+OHEER) = inf {C'(zb)+OHEb)} (G

forany z € E.

Proof: Let us introduce H(x) as

H(x) = eI Rh(p(x,5)) = p)ds + e K OTh (p(x, 17 (x))),  (32)
[0,2*(x)[
for all x € X.

We will prove first item @). Observe that H(x) = Bph.(x) — p f e K5 ds.
[0,2% ()L
Now by Lemma 3 it follows that H is bounded below and that H € ]I:(X) since
h. € L(X) and ¢* is continuous by Assumption (BS5). Observe that equation (27)
implies that H(x) < h.(x) showing that H € L(X).
A straightforward application of Lemma 2 shows that H(x) € A(X) and it also
follows that there exists a bounded from below measurable function X H satisfying

—KH(x)+XH(x)+ iR{){Cg(x,a)+qh*(x,a)+Kh*(x)}:p (33)

for any x € X and
HE) = inf {Ci(z.b)+On.(z D)}, (34)

for any z € E. Recalling that /.(x) > H(x), we obtainfrom (33) and (34) that for any
xeX,

i g
XH(x) +aéfo} {C (x,a) +qH(x,a)}

<—KH(x)+XH(x)+ igf ){Cg(x,a)+qh*(x,a)+Kh*(x)} =p (35)

and forany z € E,

i {Ci(z.b)+ QH(z.b)} < . eig{z) {C'(z.b)+ Qh.(z.b)} = H(2). (36)

Combining equations (35), (36), we finally get that A € A(X)NL(X) and satisfies
equations (28) and (29) giving item a).
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Item b) is an easy consequence of the fact that / is lower semicontinuous on X,
Assumptions A, B, C and Proposition D.5 in [21]. ]

The goal now is to establish a deterministic stationary optimal policy for the
long run average control problem as defined in Definition 3, based on a solution for
the integro-differential HIB inequality (28), (29) and its associated optimal selector
(30), (31). In order to do that we introduce the following notation for a measurable
selector ¢, a function W € M(X) bounded from below, and any x € X,

29(x) = Ax. (), AP (x1) = fo 29 (6(x.5))ds

QW (x) = OW (x,¢(x)), ¢ W(x) = gl (x,¢(x)).
AP (x) = A(x, ¢(x))OW (x, ¢(x)),
Co¥(x) = C¥(x,(x)), C¥(2) = C*(x,¢(2)), z€E

and for p, ¢ as in Theorem 3,
GPW(x) = f NP OP I (p(x,5)))ds + N D 0P (v, 1" (x))),
10,2 (x)[
L¥W(x) = f N W (p(x, 5))ds,
10,2 (x)[

L%(x) = f e NS g
10,24 (0)[
PP (x) = e N TN (g, 17 (x)),
T(p,W)(x) = —pL?(x) + LECE% (x) + PPC"? (x) + GF W (x).
We have the following auxiliary result.

Lemma 6 For H and p,  as in Theorem 3 we have that

H(x) = T%(p, H)(x) (37
JE(t.x) < H(x) (38)

where

o= [ (et - plas]
10, AT}, [
[ @ @)+ T ) ) |
Lt AT

Proof: See the Appendix. O

Theorem 4 Suppose that Assumptions A, B, C and D are satisfied and consider ¢ as
in (30), (31). Then the deterministic stationary strategy ¢ is optimal for the average
cost problem and for any x € X,
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p=A(p,x) = A"(x). (39)
Proof: Applying Proposition 4.6 in [8] it follows that lim, oV, (x) < A*(x).
Therefore,

p=lim a, inf V' (x) < lim @,V (x) < A*(x).
n—oo xeX n n—oo n

To get the reverse inequality, first observe that, since Ta(p, H) is bounded from
below by, say, —cp, we obtain from Lemma 6 that

vl [ [erean]ass [
10,6 AT, [ 10,7

< H(x)+ pES(t AT).

(@)’ o)

Al

Taking the limit as m goes to infinity, this yields

e+ £ f]o ere@p]as f]o O P )] < HE)

and so,
Alx, p)(x) < p.
However, A*(x) < A(x, p)(x) giving the results. O
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Appendix

In this appendix we present the proof of some auxiliary results needed along this
chapter.

Proof of Lemma 2: Write V,(x) = | e P F,(¢(x,5))ds +e PG, (d(x,t*(x)))
(0,25 ()L

for x € X with F,,(x) = min{F (x),n} and G,,(x) = min{G(x),n} on X (respectively,

Z). Now, observe that for any x € X, t*(¢(x,1)) = t*(x) —t, ¢p(d(x,1),t*(p(x,1))) =

#(x,t*(x)) and ¢(¢(x,1),5) = ¢(x,1 +5), for any (¢,5) € R2 with £ + 5 < #*(x).Then,

it can be easily shown by a change of variable that for any x € X and ¢ € [0,7"(x)[,

(@ (x1)) = & f[ oy & O + PTG (Bt ()

and so,
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V(g(x,0) = f P F($(x,5))ds + e PO G(p(x ' (x)))  (40)
[e.r7 (0l

by the monotone convergence theorem. Consequently, the function V(¢(x,-)) is

absolutely continuous on [0,#*(x)]NRy and so, V' € A(X). Equation (40) implies

that for any x € X XV (¢p(x,1)) = BV (p(x,1)) — F(p(x,1)), almost everywhere w.r.t.

the Lebesgue measure on [0, 7*(x)[. This implies that — 8V (x) + XV (x) = —F(x) for

any x € X. Moreover, we have V' (z) = G(z) for any z € E, showing the result. O

Proof of the Lemma 3: Define V},(x) = min{V (x),n} so that ¥, € L;,(X). By using
hypotheses (B2)-(B3) and the fact that A is bounded by K on K&, we obtain that gV}, +
KV, € L(K8), and so, by Assumption (C2) Cg +qV, + KV, € L(K$). Therefore,
combining Lemma 17.30 in [1] with Assumptions (B1) and (C1), it yields that
RV, € L(X). By using the same arguments, it can be shown that TV;, e L(E).

Now consider y € X and a sequence {y,},en in X converging to y. By a slight
abuse of notation, for any y € X, jo,s+(y)((?) e K+t Ry (p(y,1)) denotes the
function defined on R, which is equal to e KRV, (¢(y,1)) on [0,7*(y)[ and zero
elsewhere. It can be shown easily by using the lower semicontinuity of the function
RV, and the continuity of the flow ¢ that lim 7jo,;+(y, ) (1) € K VRV, (¢ (1)) =

n—oo

Tro,r+ ()1 (t) e’(Km)".}iVn((p(y,t)), for any ¢ € [0,#*(y)[. An application of Fatou’s
Lemma gives that

lim e KRy (b(yp,1))dt > f e KRy ($(y,1))dt.

n—co J[0,% (yn)l (0.5

The caset*(y) = oo is trivial. Now, if #*(y) < co then combining the lower semicon-
tinuity of the function TV with the continuity of the flow ¢ and #* (see Assumptions
(B4)-(B5)), it gives easily that

lim e” KOOI, (3t () 2 e KEDTOTV, (b0 (),
showing the results hold for V},, that is, RV, € L, (X), TV, € Lp(E), and B,V €
Ly (X). From Proposition 10.1 in [27], it follows that RV = lim,,,cc RV, € E(X) and
similarly, TV =lim, . TV, € IE(E). Now, from the monotone convergence theorem,
we have B,V = lim,_0 By Vy, and so B,V € E(X). Clearly, these functions are
bounded from below, giving the result. O

Proof of the Lemma 5: From Theorem 2 we have that W (x) = V,; (x) satisfies (16)
and (17), and thus from (23), (24) and after some algebraic manipulations we obtain
that

—(@+K)ha(x) + Xho(x) + 1An£f( : {C8(x.0) + qha(x,a) + Kha(x)} = pa =0,
(41)

for any x € X,
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ha(2) = inf {C(2.b) + Oha(z.b)}. (42)

for any z € E. Moreover, according to Theorem 2 there exists a measurable selector
o - X — A satisfying ¢, (y) € A(y) for any y € X reaching the infimum in (41) and
(42). Thus,

_(a""K)ha(x) +Xha(x) + Cg(x’ ‘)Za(x)) +qha(x’ Slo\a(x)) +Kha(x) ~Pa = 0,
(43)

for any x € X,
ha(z) = C'(2,0) + Qha(2,8a(2)) (44)

for any z € Z. Taking the integral of (43) along the flow ¢(x,?), we get from (43) and
(44) (see [8]) that for any x € X,

ha(x) = f e EX DRI (§(x,0)) = pa)dt + e KO TR, (p(x, 1% (x))),
[0,2*(x)[

(45)

where we recall that
Rhao(y) = C8(0,@a(Y) + qha(y, 0a(¥)) + Kho(y), yeX (46)
Tha(2) = C'(2.8a(2)) + Oha(z,a(z)), z€E. (47)

According to Proposition 1 (i), we can find a sequence {x, } € X such that x,, — x and
lim A, (x,) = h.(x). In what follows set, for notational simplicity, x,,(¢) = ¢(xp, 1),
x(t) = ¢(x,1), an(t) = Pa, (x4(2)), t;, = t*(x,). From continuity of #* and ¢ (see
Assumption (B4)) we have that, as n — oo, x,,(t) — x(¢), and, whenever ¢*(x) < oo,
xn(t)) = ¢(x,¢°(x)). From the fact that RA, is bounded from below and p,, is
bounded, we can apply the Fatou’s lemma in (45) to obtain that

ho(x) = lim hg, (xp) > f lim (7o, ()e” K [Rh, (x4(1)) = pay, ] )t
n—oo 10,

+oo[ n—oo

+ lim e—(Km,,)z;izhan (xn(t)). (48)

n—oo

The convergence of p,, to p together with Assumption (B5) implies that, a.s. on
[0, 00),

lim I[O’t;)(t)e—(l(ﬂm)t {‘Jiha,, (xn(2))— Pa,, }

= fjo.r: oy (e X! { lim Rhg, (xu(0)) = p},  (49)
n—oo

and lim,,_ e~ K5 T hy, (x,(13)) = KO lim, | The, (xa(1})). The goal
now is to show that
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lim Rhg, (xn(1))) = RA(x(2)), (50)
and that
lim The, (x,(2),)) = Tha(x(t*(x))). (51)

Let us first show (50). For a fixed ¢ € (0,¢%(x)), there is no loss of generality in
assuming that ¢ < ¢, for any n € N and thus x,(¢) € X. Consider a subsequence {n;}
of {n} such that
lim Rhq,, (xa(1)) = jli_)n;mhanj (xn; ().

From Assumptions (B1) and (C1) the multifunction ¥¢ is compact valued and upper
semi-continuous so that, from the fact that x,, ; () — x(¢), we can find a subsequence
of {an, (1)} € A(xy, (1)), still denoted by {ay,, (¢)} such that a,; (1) — a € A(x(1)) (see
Theorem 17.16 in [1]) as j — oco. From (46) we have that

lim Rhg, (xn(2)) = lim (Cg(xn,»(t)’ An; (1)) + qha, (xn, (t)vxnj (t)))
Jj—ooo N J

n—oo

+1im (Kha,, (¥, (1)
and therefore

lim Rhq,, (xn (1)) 2 lim C (xp, (1), an, (1))

n—oo J—oo

+ 1im (gha,, Con; (1) xn, (D) + Koy, (en (). (52)

Jj—oo
Lower semicontinuity of C# on K# yields to

lim C#(xy, (1), an, (1)) = CE(x(1). ). (53)

J—o0

From Proposition 1 (i) and (iii), the fact that Q is weakly continuous on K& (As-
sumption (B2)), and the continuity of 1 (Assumption (B3)), we get that

lim A(xp, (1), an; (1)) Qha,, (xn; (1), an; (1)) 2 A(x(2), @) Oh(x(2), ) (54)
Jj—ooo

and, recalling that K — A(xy; (1), an,; (1)) > 0 from Assumption (A1), we get that

tim (K = A, (0).an, (0) |, iy (0,00, (1) = [K = Ax(0).0) | (x(0). ).

Jj—oo
(55)
Combining (46), (52), (53), (54), (55), we conclude that

lim Rhg, (xu(2))) = CE(x(2),a) + ghu(x(),a)+ Kh.(x(2)) = Rh.(x(1)),

n—oo

showing (50).
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Let us now show (51) for #*(x) < co. From the fact that ¥/ is compact valued and
upper semi-continuous and x, (¢,,) = x(¢*(x)), and using similar arguments as before

(in particular equation (47)), we can find a subsequence {ay, (t;‘,l,)} € A(xy, (t;‘,,,))
such that @y, (t;, ) = b € A(x(¢*(x))) (see again Theorem 17.16 in [1]), and that

im Thq,, (xa (7)) 2 C'(x(1°(x)), 5) + Qhu(x(t*(x)), b) = Tha (x (¢ (x)))

n—oo

showing (51).
Combining (48), (49), (50) and (51) we get that (27) holds, showing Lemma 5. O

Proof of the Lemma 6: From Theorem 3 we get that for any x € X

p = XH((x,5))+ C5%((x,5)) + gP H((¢(x,5))), (56)

and for the case *(x) < oo,
H(p(x, 1"(x))) = C*2((x,1°(x))) + QP H(p(x,1"(x))). (57)
Multiplying (56) by e A9 and taking the integral from O to # we obtain that
p [N Idss [N XH55)) - 4P G H )
10,7 10,7
+ f N9 088 (g (x, 5))ds + f e N EDNPOP [ (p(x,5))ds. (58)
10,2 10,2
Replacing
f N O (XH((x,5)) - 27 ($(x,9) H(B(x.5)))ds
10,2(
= e N O H (g (x,0) - H(x)
into (58) yields to
H(x)>- pf e NG g +f e‘AQ(X’”)A‘;Q"?H(ﬂx, s))ds
10,7[ 10,¢[

+ e—A‘?’(x,t)H((p(x’t)) +f e—A‘f(X,S)Cgs‘;((p(x, s))dS.

10,21

Taking the limit as t — ¢*(x) and using (57) for the case ¢*(x) < co we obtain (37).
From (37) and Proposition 3.4 in [8] we obtain (38).



76

O.L.V. Costa and F. Dufour

References

10.

11.

14.

15.

16.

17.

18.

19.

20.

. C.D. Aliprantis and K.C. Border. Infinite dimensional analysis. Springer, Berlin, third edition,

2006. A hitchhiker’s guide.

. A. Almudevar. A dynamic programming algorithm for the optimal control of piecewise

deterministic Markov processes. SIAM Journal on Control and Optimization, 40(2):525-539,
2001.

. N. Bauerle and U. Rieder. Optimal control of piecewise deterministic Markov processes

with finite time horizon. In Modern Trends in Controlled Stochastic Processes: Theory and
Applications, pages 123—-143. Luniver Press, United Kingdom, 2010.

. R. Cavazos-Cadena and F. Salem-Silva. The discounted method and equivalence of average

criteria for risk-sensitive Markov decision processes on Borel spaces. Appl. Math. Optim.,
61:167-190, 2010.

. O. L. V. Costa and F. Dufour. The vanishing discount approach for the average continu-

ous control of piecewise deterministic Markov processes. Journal of Applied Probability,
46(4):1157-1183, 2009.

. O. L. V. Costa and F. Dufour. Hamilton-Jacobi-Bellman inequality for the average control of

piecewise deterministic markov processes. Stochastics, 91(6):817-835, 2019.

. O. L. V. Costa, F. Dufour, and A. B. Piunovskiy. Constrained and unconstrained optimal

discounted control of piecewise deterministic Markov processes. SIAM Journal on Control
and Optimization, 54(3):1444—1474, 2016.

. O.L.V Costa and F. Dufour. Continuous average control of piecewise deterministic Markov

processes. Springer Briefs in Mathematics. Springer, New York, 2013.

. ML.H.A. Davis. Piecewise-deterministic Markov processes: A general class of non-diffusion

stochastic models. Journal of the Royal Statistical Society (B), 46(3):353-388, 1984.

M.H.A. Davis. Control of piecewise-deterministic processes via discrete-time dynamic pro-
gramming. In Stochastic differential systems (Bad Honnef, 1985), volume 78 of Lecture Notes
in Control and Inform. Sci., pages 140-150. Springer, Berlin, 1986.

M.H.A. Davis. Markov models and optimization, volume 49 of Monographs on Statistics and
Applied Probability. Chapman & Hall, London, 1993.

. MLH.A Davis and M. Farid. A target recognition problem: Sequential analysis and optimal

control. SIAM Journal on Control and Optimization, 34(6):2116-2132, 1996.

. M.AH. Dempster and J.J. Ye. Necessary and sufficient optimality conditions for control

of piecewise deterministic processes. Stochastics and Stochastics Reports, 40(3-4):125-145,
1992.

M.A.H. Dempster and J.J. Ye. Generalized Bellman-Hamilton-Jacobi optimality conditions
for a control problem with boundary conditions. Applied Mathematics and Optimization,
33(3):211-225, 1996.

L. Forwick, M. Schil, and M. Schmitz. Piecewise deterministic Markov control processes
with feedback controls and unbounded costs. Acta Applicandae Mathematicae, 82(3):239—
267, 2004.

X. Guo and O. Herndndez-Lerma. Continuous-time Markov decision processes, volume 62
of Stochastic Modelling and Applied Probability. Springer-Verlag, Berlin, 2009. Theory and
applications.

X. Guo, O. Herndndez-Lerma, T. Prieto-Rumeau, X.R. Cao, J. Zhang, Q. Hu, M. E. Lewis,
and R. Vélez. A survey of recent results on continuous-time Markov decision processes. TOP,
14(2):177-261, Dec 2006.

X. Guo and A. Piunovskiy. Discounted continuous-time Markov decision processes with
constraints: unbounded transition and loss rates. Math. Oper. Res., 36(1):105-132, 2011.
X.Guo and L. Ye. New discount and average optimality conditions for continuous-time Markov
decision processes. Advances in Applied Probability, 42(4):9534A$985, 2010.

X. Guo and Y. Zhang. On risk-sensitive piecewise deterministic Markov decision processes.
Applied Mathematics & Optimization, pages 1-26, Feb 2018.



Optimal Control of Piecewise Deterministic Markov Processes 77

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

O. Hernandez-Lerma and J.-B. Lasserre. Discrete-time Markov control processes, volume 30
of Applications of Mathematics (New York). Springer-Verlag, New York, 1996. Basic optimality
criteria.

Y. Huang, Z. Lian, and X. Guo. Risk-sensitive finite-horizon piecewise deterministic Markov
decision processes. Operations Research Letters, pages 1-8, 2019.

J. Jacod. Multivariate point processes: predictable projection, Radon-Nikodym derivatives,
representation of martingales. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 31:235-253,
1974/75.

J. Jacod. Calcul stochastique et problémes de martingales, volume 714 of Lecture Notes in
Mathematics. Springer, Berlin, 1979.

A. Jaskiewicz and A.S. Nowak. Zero-sum ergodic stochastic games with feller transition
probabilities. STAM J. Control Optim., 45:773-789, 2006.

A. Piunovskiy and Y. Zhang. The transformation method for continuous-time Markov decision
processes. Journal of Optimization Theory and Applications, 154(2):691-712, Aug 2012.

M. Schil. Conditions for optimality in dynamic programming and for the limit of n-stage
optimal policies to be optimal. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 32(3):179—
196, 1975.

M. Schil. On dynamic programming: compactness of the space of policies. Stochastic
Processes Appl., 3(4):345-364, 1975.

M. Schil. Average optimality in dynamic programming with general state space. Math. Oper.
Res., 18(1):163-172, 1993.

M. Schil. On piecewise deterministic Markov control processes: control of jumps and of risk
processes in insurance. Insurance Math. Econom., 22(1):75-91, 1998.

A.A. Yushkevich. On reducing a jump controllable Markov model to a model with discrete
time. Theory of Probability and Its Applications, 25(1):58-69, 1980.

A.A. Yushkevich. Bellman inequalities in Markov decision deterministic drift processes.
Stochastics, 23(1):25-77, 1987.

Y. Zhang. Average optimality for continuous-time Markov decision processes under weak
continuity conditions. J. Appl. Probab., 51(4):954-970, 2014.

Q. Zhu. Average optimality for continuous-time Markov decision processes with a policy
iteration approach. Journal of Mathematical Analysis and Applications, 339(1):691 — 704,
2008.



	Optimal Control of Piecewise Deterministic Markov Processes
	1 Introduction
	2 Notation and definition
	3 Problem formulation for the controlled PDMP
	3.1 Parameters of the model
	3.2 Construction of the controlled process ξt
	3.3 Admissible strategies
	3.4 Problems formulation

	4 Main assumptions and auxiliary results
	4.1 Main assumptions
	4.2 Auxiliary results

	5 The discounted control problem
	6 The average control problem
	Appendix
	References




