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Pairs Trading under Geometric Brownian
Motion Models

Phong Luu, Jingzhi Tie, and Qing Zhang

Abstract This survey paper is concerned with pairs trading strategies under ge-
ometric Brownian motion models. Pairs trading is about trading simultaneously a
pair of securities, typically stocks. The idea is to monitor the spread of their price
movements over time. A pairs trade is triggered by their price divergence (e.g., one
stock moves up a significant amount relative to the other) and consists of a short
position in the strong stock and a long position in the weak one. Such a strategy
bets on the reversal of their price strengths and the eventual convergence of the price
spread. Pairs trading is popular among trading institutions because its risk neutral
nature. In practice, the trader needs to decide when to initiate a pairs position (how
much divergence is enough) and when to close the position (how to take profits or
cut losses). It is the main goals of this paper to address these issues and theoretical
findings along with related practical considerations.
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1 Introduction

This paper is about strategies for simultaneously trading a pair of stocks. The idea is
to track the price movements of these two securities over some period of time and
compare their relative price strength. A pairs trade is triggered when their prices
diverge, e.g., one stock moves up substantially relative to the other. A pairs trade
is entered and consists of a short position in the stronger stock and a long position
in the weaker one. Such a strategy bets on the reversal of their price strength and
eventual convergence of their price spread.

Pairs trading was introduced by Garry Bamberger and followed by Nunzio
Tartaglia’s quantitative group at Morgan Stanley in the 1980s. Tartaglia’s group
used advanced statistical tools and developed high tech trading systems by incor-
porating trader’s intuition and disciplined filtering rules. They were able to identify
pairs of stocks and trade them with a great success. See Gatev et al. [7] for related
background details. In addition, there are studies addressing why pairs trading works.
For related in-depth discussions in connection with the cause of the price divergence
and subsequent convergence, we refer the reader to the books by Vidyamurthy [21]
and Whistler [22].

Empirical studies and related considerations can be found in papers by Do and
Faff [4, 5], Gatev et al. [7], and books by Vidyamurthy [21] and Whistler [22]. Issues
involved in these works include statistical characterization of the spread process,
performance of pairs trading with various trading thresholds, and the impact of
trading costs in connection with pairs trading.

A major advantage of pairs trading is its ‘market neutral’ nature in the sense that
it helps to hedge market risks. For example, if the market crashes and takes both
stocks with it, the trade would result in a gain on the short side and a loss on the
long side of the position. The gain and loss cancel out each other and to some extent,
reduce the market risk.

In pairs trading, a crucial step is to determine when to initiate a pairs trade (i.e.,
how much spread divergence is sufficient to trigger a trade) and when to close the
position (when to lock in profits). Following empirical developments documented in
Gatev et al. [7], increasing efforts were made addressing theoretical aspects of pairs
trading. The main focus was devoted to development of mathematical models that
capture the spread movements, filtering techniques, optimal entry and exit timings,
money management and risk control. For example, in Elliott et al. [6], the price
spread is assumed to be a mean reversion process with additive noise. Several
filtering techniques were explored to identify entry points. One exit rule with a fixed
holding period was discussed in detail. In Deshpande and Barmish [3], a general
(mean-reversion based) framework was developed. Using a ‘spread’ function, they
were able to determine the numbers of shares of each stock every moment and how to
adjust them over time. They showed that such an algorithm leads to positive expected
returns.

Some recent efforts on pairs trading have been devoted to in-depth analysis based
on mean reversion models. For example, Kuo et al. [11] considered an optimal selling
rule. The objective is to determine the time of closing an existing pairs position in
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order to maximize an expected return or to cut losses short. In particular, given a
fixed cut-loss level, the optimal target level can be determined under a mean reversion
model. Further results on mean reversion models can be found in Song and Zhang
[18]. They have developed a complete system with both entry and exit signals. They
have shown that the optimal trading rule can be determined by threshold levels. The
calculation of these levels only involves algebraic equations.

We would like to point out that almost all literature on pairs trading is mean
reversion based one way or the other. On the one hand, this makes the trading
more intuitive. On the other, such constraint adds a severe limitation on its potential
applications. In order to meet the mean-reversion requirement, tradable pairs are
typically selected among stocks from the same industrial sector. From a practical
viewpoint, it is highly desirable to have a broad range of stock selections for pairs
trading. Mathematically speaking, this amounts to the possibility of treating pairs
trading under models other than mean reversion. In Tie et al. [19], they have developed
a new method to treat the pairs-trading problem under general geometric Brownian
motions. In particular, under a two-dimensional geometric Brownian motion model,
they were able to fully characterize the optimal policy in terms of two threshold
lines obtained by solving the associated variational inequalities. The principal idea
of pairs trading is that one builds the position of a pair when the cost is low and
closes the position when the pairs’ value is high. These two threshold switching lines
quantify exactly how low is low and how high is high. These policies are easy to
compute and implement. The most striking feature of these results is the simplicity
of the solution: Clean-cut assumptions and closed-form trading policies.

One important consideration in trading has yet received deserved attention: How
to trade with cutting losses. There are many scenarios when cutting losses may arise.
A typical one is a margin call. This is often proceeded with heavy losses leading to an
enforced closure of part or the entire pairs position. Often in practice, a pairs trader
chooses a pre-determined stop-loss level due to a money management consideration.
From a modeling point of view, the prices of the pairs may cease to behave as the
model prescribes due to undesirable events such as acquisition (or bankruptcy) of
one stock in the pairs position. It is necessary to modify the trading rule accordingly
in order to accommodate a pre-determined stop loss level. On the other hand, from
a control theoretical viewpoint, forcing a stop loss amounts to imposing a hard state
constraint. This often poses substantial challenges when solving the problem. Such
issues were addressed in Liu et al. [13] recently. They were able to establish regions
in terms of threshold lines to characterize trading rules. They also obtained sufficient
conditions that guarantee the optimality of these trading rules.

In this paper, we mainly involve stocks. Nevertheless, the idea of pairs trading
is not limited to stock trading. For example, the optimal timing of investments in
irreversible projects can also be considered as a pairs-trading problem. Back in 1986,
McDonald and Siegel [15] considered optimal timing of investment in an irreversible
project. Two factors are included in their model: The value of the project and its cost.
Greater project value growth potential and lesser future project cost will postpone the
transaction. See also Hu and @ksendal [9] for more rigorous mathematical treatment.
In terms of pairs trading, their results are about a pairs trading selling rule. Extension
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along this line can be found in Tie and Zhang [20]. They treated the pairs selling
rule under a regime-switching model. They were also able to show threshold type
selling policies.

The problem under consideration is closely related to traditional portfolio se-
lection problems. Following Merton’s work in the late 60’s, much progress along
this direction has been made. A thorough treatment of the problem can be found
in Davis and Norman [2] in which they studied Merton’s investment/consumption
problem with the transaction costs and established wedge-shaped regions for the pair
of bank and stock holdings. To some extent, pairs trading resembles portfolio selec-
tion. Rather than balancing between bank and stock holdings, pairs trading involves
positions consisting of two stocks. In portfolio selection, risk control is achieved
through adjusting proportion of stock holdings; while, in pairs trading, the risk is
limited by focusing on highly correlated stocks that are traded in opposite directions.
Early theoretical development along portfolio selection with transaction costs using
viscosity solutions can be found in Zariphopoulou [23]. Further in-depth studies and
a complete solution to investment and consumption problem with transaction costs
can be found in Shreve and Soner [17].

Mathematical trading rules have been studied for many years. In addition to the
work by Hu and @ksendal [9] and Song and Zhang [18], Zhang [25] considered
a selling rule determined by two threshold levels, a target price and a stop-loss
limit. In [25], such optimal threshold levels are obtained by solving a set of two-
point boundary value problems. Guo and Zhang [8] studied the optimal selling
rule under a model with switching Geometric Brownian motion. Using a smooth-fit
technique, they obtained the optimal threshold levels by solving a set of algebraic
equations. These papers are concerned with the selling side of trading in which the
underlying price models are of GBM type. Some subsequent efforts were devoted
to strategies on complete trading systems including buying and selling decision
making. For example, Dai et al. [1] developed a trend-following rule based on a
conditional probability indicator. They showed that the optimal trading rule can be
determined by two threshold curves which can be obtained by solving the associated
Hamilton-Jacobi-Bellman (HJB) equations. A similar idea was developed following
a confidence interval approach by Iwarere and Barmish [10]. In addition, Merhi and
Zervos [16] studied an investment capacity expansion/reduction problem following a
dynamic programming approach under a geometric Brownian motion market model.
In connection with mean reversion trading, Zhang and Zhang [24] obtained a buy-
low and sell-high policy by characterizing the ‘low’ and ‘high’ levels in terms of the
mean reversion parameters.

In this paper, we focus on the mathematical aspects of pairs trading. We present key
ideas used in derivation of solutions to the associated HIB equations and summarize
the main results. In §2, we consider pairs trading under geometric Brownian motions.
It can be seen that pairs trading ideas are more general and they do not have to be
cast under a mean reversion framework. In §3, we address pairs trading with a stop-
loss constraint. We establish threshold type trading policies and provide sufficient
conditions that guarantee the optimality of these policies. In §4, we consider a two-
dimensional geometric Brownian model with regime-switching. We focus on related
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optimal pairs selling rules. Proofs of these results are omitted and can be found in
[13, 19, 20]. Finally, some concluding remarks are given in §5.

2 Pairs Trading under a GBM

In this section, we consider pairs trading under a two-dimensional geometric Brow-
nian motion model. A share of pairs position Z consists of one share long position
in stocks X! and one share short position in X2. Let (X}, X?) denote their prices at ¢
satisfying the following stochastic differential equation:

X! X! Hi ool (W
al =" dt+ al "l (1)
X7 X2 )\ n2 oo on | \W?

where y;, i = 1,2, are the return rates, o;, i,j = 1,2, the volatility constants, and
wh, Wtz) a 2-dimensional standard Brownian motion.

We consider the case that the net position at any time can be either long (with
one share of Z) or flat (no stock position of either X! or X?). Let i = 0,1 denote
the initial net position and let 79 < 71 < 7 < --- denote a sequence of buying and
selling (stopping) times. If initially the net position is long (i = 1), then one should
sell Z before acquiring any shares in the future. That is, to first sell the pair at 7y,
then buy at 7y, sell at 7», buy at 73, and so on. The corresponding trading sequence
is denoted by A = (70, 71, T2, . . .). Likewise, if initially the net position is flat (i = 0),
then one should start to buy a share of Z. That is, to first buy at 7y, sell at 7», then
buy at 13, an so forth. The corresponding sequence of stopping times is denoted by
A() = (T1,T2, .. )

Let K denote the fixed percentage of transaction costs associated with buying or
selling of stocks X', i = 1,2. For example, the cost to establish the pairs position Z
att=t¢yis (1+ K)thl —(1 —K)X,Zl and the proceeds to close it at a later time ¢ = £,
is (1 —K)th2 —(1 +K)X,22. For ease of notation, let S, = 1 +K and Bs =1-K.

Given the initial state (x1,x2), net position i = 0,1, and the decision sequences
Ao and Ay, the corresponding reward functions
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Jo(x1,x2, Ag) = E{[e‘f’” (Bs X3, = BoXp) 1zy<co) =€ P (Bo X}, = B X7 ) () <0)]
+[e_pT4(ﬁSX‘l4 - BbX34)I€T4<°°} —e P (BbX‘l3 - B5X33)I{73<°°]] +- '}’
Ji(x1,x2,A1) =E{e"”T°(ﬂsXTlo = Bo X7 (ry<co)

+[e T (,BSXTIZ - BbX32)1{72<°° j—e (BbXTll - lngTzl Mizi<eo}]
He P (BXg, = B X iryceo) =€ T (B X7, = P X2 rycoo) 1+ }
@

where p > 0 is a given discount factor and /4 is the indicator function of an event A.
Fori =0,1, let V;(x1,x2) denote the value functions with (Xl,Xg) = (x1,x2) and
initial net positions i = 0, 1. That is, V;(x1,x2) = supy, Ji(x1,x2,A;),i=0,1.

Remark. Note that the ‘one-share’ assumption can be easily relaxed. For example,
one can consider any pairs Z consisting of n; shares of long position in X! and n
shares of short position in X?. This case can be treated by changing of the state
variables (X, l,th) — (n1 X, l,ngth). Due to the nature of GBMs, the corresponding
system equation in (1) will stay the same. The new allocations will only affect the
reward function in (2) implicitly. In addition, we only focus on the ‘long’ side of
pairs trading and note that the ‘short’ side of trading can also be treated by simply
switching the roles of the two stocks X! and X?. O

Example. In this example, we consider stock prices of Target Corp. (TGT) and Wal-
Mart Stores Inc. (WMT). In Figure 1, daily closing prices of both stocks from 1985
to 2014 are plotted. The data is divided into two parts. The first part (1985-1999) will
be used to calibrate the model and the second part (2000-2014) to backtest the per-
formance of our results. Using the prices (1985-1999) and following the traditional
least squares method, we obtain u; = 0.2059, u, = 0.2459, o011 =0.3112, o =
0.0729, 021 =0.0729, 02, =0.2943.

We assume (Al): p > p; and p > pp. Under these conditions, we can show that,
for all x1,x2 > 0,

0<Vo(x1,x2) <xp, and  Bexy—Pox2 < Vi(x1,x2) < fox1 +Kxa. (3)

Formally, the associated HIB equations have the form: For x1,x; > 0,

min {pvo(xl,m)—ﬂvo(xl,xz), vo(x1,x2) = vi(x1,x2) + B —/D’sxz} =0, @

min {pV1(x1,xz) = Avi(x1,x2), vi(x1,x2) =vo(xX1,X2) — Bsx1 + Bbh} =0,

where

A= 2 0° +2 - +anx3 o + 9, 0
= anx;—s APRX1X2——F—— +tdad»nX;——= X1 — X2,
2 11 lax% 12X1 26x16x2 22 2c')x% M1 l()xl M2 2ax2
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Fig. 1 Daily Closing Prices of TGT and WMT from 1985 to 2014.

and aj; = 0'12] +a'122, aip = 0110721 + 012022, and ay = a'%l +0'§2.

We convert these HIB equations into single variable equations. Let y = x»/x; and
vi(x1,x2) = x1w;(x2/x1), for some function w; (y) and i = 0, 1. By direct calculation,
we have

(9111' , (9Vi ,

—— =wi() —ywi(y), — =wi(y),

(9)61 ) GXQ

vy w/(y) 0% w/(¥) 0% yw(y)
= = , and =- .

ax? X1 9x3 X1 0x10x2 X

We can write Av; in terms of w; and obtain
1 2.1 ’
Avi =x1 5 [an —2an+an]y w (y) + (g2 — u)yw;(y) + iwi(y) ¢ -

Let L{w;i(y)] = Ay*w!(y) + (2 — p)yw/(y) + piwi(y) with A = (ai; —2ap +
a»)/2. Then, the above HIB equations can be given as follows:

min { pwo (y) = Lwo(y), wo(y) =w1(y) +Bo = Bsy} =0, )

min { pwi (y) = Lw1 (7). wi(») = wo(y) = s+ Boy} =0.

In this paper, we only consider the case when A # 0. If A = 0, the problem reduces to
a first order case and can be similarly treated. To solve these equations, we first focus
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on (p—L)wi(y)=0,i=0,1. These are the Euler equations and their solutions are of
the form y, for some . We substitute this into the equation (p — £)w; = 0 and obtain
the corresponding characteristic equation 62— (1 + (1 — u2)/ )6 = (p— 1)/ A = 0.
There are two real roots

1 - —m\2 4p-4
01 = 1+M+\/(1+#1 ,uz) Pl ol > 1,
2 A A A

1 - —m\2 4p-4
6= _[1+H4 ”2—\/(1+“‘ “2)+ PZTH) <o.
2 1 1 1

(6)

The general solution of (p— £)w;(y) = 0 should be of the form: w;(y) = c;1y°! +
¢i2y%2, for some ¢;; and ¢jp, i = 1,2.

Intuitively, if X' is small and X? is large, then one should buy X! and sell (short)
X2 1le.,to open a pairs position Z. If, on the other hand, X,1 is large and X,2 is small,
then one should close the pairs position Z by selling X! and buying back X?. In view
of this, the first quadrant P = {(x1,x2) : x1 > 0 and x, > 0} into three regions I';, I,
and I3 where I'y = {(x1,x2) € P: xo < kix1}, o ={(x1,x2) € P: kix1 <x2 <hkyx1},
and I3 = {(x1,x2) € P: x2 > kpx1}. This is illustrated in Figure 2.

X2
x2 = kox
(p=A)w; =0 (p— Ao =0
Vo = Vi =fpX1 +Bsx2 (oA =0
Buy X', Sell Short X*
X2 = klxl
Hold
I3 (p—A)wy =0
; Vi =vo +Bsx1 —Box2
I
I

Sell X!, Buy Back X?

o
Fig. 2 Regions I';, I';, and I'3
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With a little bit abuse of notation, we can write the corresponding I';,7 = 1,2,3,
interms of y(=x2/x1): T1={y: O<y<ki},Io={y: ki<y<hky},andT3={y:
vy > ka}. Here O < k) < ky are slopes (thresholds) to be determined so that on

[ (p=LYwo =0, w1 =wo+ Bs— Boy;
I (p—L)Y)wo =0, (p=LYw; =0; )
[3:wo=wi =B+ By, (p—L)wr=0.

Recall the boundedness of the value function in (3) and 6, < 0. The coeflicient
of the term y%2 in wy on Ty has to be zero. Thus, wy = Cyy®! for some Cy on Ty.
Likewise, on I'3, the coeflicient of y‘s1 must be zero because ¢; > 1. The solution is
wy = Cly‘s2 for some C on I'3. Finally, these functions are extended to I, and are
given by wy = Coy®' and w; = C;y®2. The solutions on each region should have the
form:

[y wo = Coy®t, wi = Coy®' + Bs — Boy;
2 wo = Coy®t, wi = Cry®;
I53:wy= Clyé2 — B+ Bsy, w1 = Clyéz.

Next we use smooth-fit conditions to determine the values for parameters: &y, k2,
Co, and Cj. Necessarily, the continuity of w; and its first order derivative at y = k;
imply Cy kfz = Cokf‘ + Bs — Bvki and C; 62kf2_1 = Coélkf'_l — Bbv. These equations
can be written in matrix form:

Y-k [ G [ Boki- B
15 1 15 1 - g ®
5]/{117 —(52]{127 C ﬁb
Similarly, the smooth-fit conditions for wy at y = k; lead to equations:
B -k [ G| [ Bka=By
= )
akd ! =5k I\ G Bs

Solve for Cp an C; and express the corresponding inverse matrices in terms of k
and k» to obtain
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Co 1 [ Bo(1=62)k ™% + Bo2k]”

-0 _ _
O 'O Be(1-80)k O + o1k
(10)

1 [ Bs(1=62)k) " + Broak;”

-5 _ _ :
2\ Bs(1 =6k + Bro1k;

01

The second equality yields two equations of k1 and k. We can simplify them and
write

(1=62)(Boky ™" = Biky™*") = 62( Bk, ™ = Bk ™),
(1=80)(Boky = Boky ) = 61(Boky* = ok ).
To solve these equations, let = k»/ky and replace k> by rk; to obtain
(1=62)(Bo = Bar' ™)k = 62(Bor ™" = B2)

and
(1=61)(Bo— Bsr'~)k1 = 61(Bor ™% = Bs).
‘We have
_ 82(Bor ™" = Bs) _ 51(Bor™% = Bs)
[(1=62)(Bo— Bsr! =) [(1=61)(Bo—Ber'=02)]

Using the second equality and write the difference of both sides, we have

ki

S) = 81(1=82)(Bor™ = i) (B = Bor' =)
-02(1 _61)(,Bbr_61 _lgs)(ﬁb_ﬁsrl—éz) -0.

where 8 = 85,/ Bs(> 1). Then we can show f(82) >0 and f(r) — —co, as r — oco.
Therefore, there exists 7o > B2 so that f(ro) =0. Using this ro, we write k; and k,:

62(Bory® = Bs) 51(Bory® = Bs)

=B By ) (6B By ™)
52([31)’”(1)76l = Bsro) 51(,3]3}"(1)762 - Bsro)

L (=6 (BB ) (1=80)(Bo—fers ™)

an

Finally, we can use these & and k; to express Cp and C; given in (10).

Theorem. Assume (A1). Then the solutions of the HIB equations (4) can be given
as vo(x1,x2) = xywo(x2/x1) and vi(x1,x2) = xwi(x2/x1) where
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1- 620k, + Bosok,”
ﬂb( 2)51 5 ﬂs o yél’ if0<y<k2,
1—02
WO(y)= 1-6 -5
Bo(1 =86k, + Bs61k; '
1 R y§2 + Bsy—Bv.  ify > ko,
51—65
Bo(1—62)k! %" + B2k .
511—62 Y+ B=Boy, iTO<y <,
w = _ _
Y=Y B -0k + sk _
%, if y> k.
51—65

The optimal trading rule can be determined by two threshold lines (x» = kjx; and
x2 = kpx1) as follows:

Theorem. Assume (A1). Then, v;(x1,x2) =x1w;(x2/x1) =V;(x1,x2),i=0,1. More-
over, if initially i = 0, let A} = (7}, 72*, 7;,...) suchthat 7 = inf{r > 0: (X}, X7) €T3},
Ty =inf{r > 770 (X, X7?) €T}, 7 =inf{t > 75 : (X},X?) € I3}, and so on. Simi-
larly, if initially i = 1, let A} = (7, 1,72, ...)suchthat 7y =inf{r > 0: (Xl,th) eI},
T =inf{t > 1 (X‘,Xz) €T3}, 7y =inf{r > 7} : (X].X7) €T}, and so on. Then
Af and A7 are optimal. O

Example 1 (cont.) We backtest our pairs trading rule using the stock prices of TGT
and WMT from 2000 to 2014. Using the parameters mentioned earlier, based on the
historical prices from 1985 to 1999, we obtain the pair (ky, k») = (1.03905, 1.28219).
A pairs trading (long X! and short X?) is triggered when (X}, X?) enters T3. The
position is closed when (X/, X?) enters T'j. Initially, we allocate trading the capital
$100K. When the first long signal is triggered, buy $50K TGT stocks and short the
same amount of WMT. Such half-and-half capital allocation between long and short
applies to all trades. In addition, each pairs transaction is charged $5 commission.
In Figure 3, the corresponding ratio X7/.X, the threshold levels k| and k», and the
corresponding equity curve are plotted. There are total 3 trades and the end balance
is $155.914K.

We can also switch the roles of X! and X2, i.e., to long WMT and short TGT
by taking X'=WMT and X?=TGT. In this case, the new (ki,k2) = (1/ko, 1/k)) =
(1/1.28219,1/1.03905). These levels and the corresponding equity curve is given
in Figure 4. Such trade leads to the end balance $132.340K. Note that both types of
trades have no overlap, i.e., they do not compete for the same capital. The grand total
profit is $88254 which is a 88.25% gain.

Note also that there are only 5 trades in the fifteen year period leaving the capital in
cash most of the time. This is desirable because the cash sitting in the account can
be used for other types of shorter term trading in between, at least drawing interest
over time.



368 Phong Luu, Jingzhi Tie, and Qing Zhang

3 Equity Curve (Long TGT and Short WMT): 2000/1/3 -- 2014/12/31 |
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Fig. 3 X'=TGT, X>=WMT: The threshold levels &, k; and the corresponding equity curve
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Fig. 4 X'=WMT, X?>=TGT: The threshold levels ki, k, and the corresponding equity curve



Pairs Trading under Geometric Brownian Motion Models 369

3 Pairs Trading with Cutting Losses

In this section, we consider our above-mentioned pairs trading rule with cutting
losses. Recall that a pairs position consists of a long position in stock X' and
a short position in X2. The objective is to open (buy) and close (sell) the pairs
positions sequentially to maximize the discounted reward function Jy and Jj in (2).
In practice, unexpected events could cause substantial losses. This normally occurs
when the long side X shrinks while the short side X7 rises. To limit the downside
risk of the pairs position, we impose a hard cut loss level and require X,2 /X,1 <M.
Here M is a constant representing a stop-loss level to account for market reaction to
undesirable events. The introduction of such stop-loss level amounts to imposing a
hard state constraint which makes the corresponding optimal control problem much
more difficult.

Let 77 denote the corresponding exit time, i.e., Tas = {¢: X,z/X,l > M}. Then,
T, < 1), for all n.

Our goal is to find Ag and A so as to maximize the reward functions Jy(x1, x2, Ag)
and Ji(x1,x2,A1) under such state constraints. For i = 0,1, let V;(x,x2) denote
the corresponding value functions with the initial state (X, .X2) = (x1,x2) and net
positions i =0, 1.

Example The main purpose of imposing a hard stop-loss level M is to limit losses
to an acceptable level to account for undesirable market moves to unforeseeable
events. The stock prices of Ford Motor (F) and General Motors (GM) are highly
correlated historically. They make good candidates for pairs trading. In Figure 5, the
daily closing price ratio (F/GM) from 1977 to 2009 is plotted. It can be seen that
the ratio remains ‘normal’ for most of the time during this period of time. The ratio
starts to rise when approaching the subprime crisis. This would normally trigger a
pairs position longing GM and shorting F. Finally, it spikes prior to GM’s chapter
11 filing on June 1, 2009 causing heavy losses to any F/GM pair positions. Such
hypothetical losses can be limited if one had a hard limit M in place to begin with
to force close the position before prices getting out of control.

The choice of M depends on the investor’s risk preference. Smaller M (tighter
stop-loss control) will cause frequent stop outs and limit profit potential. Larger M
(loose stop-loss), on the other hand, will leave more room for the position to run
with higher risks. O

Let H denote the feasible region under the hard state constraint x,/x; < M. Then,
H={(x1,x2):0<x1,0 < x2 < Mx}. We can show the same inequalities in (3) hold
on H. The associated HIB equations on / can be given as follows:

min{pvo(x1,x2) — Avo(x1,x2), vo(x1,Xx2) —vi(x1,x2) + Box1 — Bsx2} =0, 12

min{pvy(x1,x2) = Avi(x1,x2), vi(x1,x2) =vo(x1,x2) = BsX1 + Bpx2} =0,

with the boundary conditions vo(x1, Mx;) =0 and vi(x1, Mx1) = Bsx1 — BoMx;.
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Fig. 5 Daily closing ratio of F/GM from 1977 to 2009

Following similar approach as in the previous section, we divide the feasible
region H into four regions I'y = {(x1,x2) € H : 0 < x5 < kjx1}, o = {(x1,x2) €
H: k])C] <xy < kz)ﬂ}, F3 = {(X],XQ) eH: kQX] <xp < k3x1}, and Iy = {(xl,xz) €
H : k3x; < xp < Mx1}, where 0 < k; < k» < k3 < M are threshold slopes to be
determined. The control actions on I'y, I'», and I'5 are similar as before. I'4 is the hold
and see region due to possible cut-loss at x, = Mx. This is illustrated in Figure 6.

Using the smooth-fit approach, we can show that the k| and &, are identical as
the ones given in (11) with ¢ and d; in (6).

To determine k3, let

MO By(x(1-62) + B62) . MO2By(x(5,— 1) B61)
x61 x%2

Si(x) = +Bs(1=MpB)(61—062).

We assume (A2): There is a k3 in (k2, M) such that f(k3) =0.

A sufficient condition for this can be given as (A2) f(k3) > 0.

On each of the regions I, i = 1,2,3,4, we can write the solutions of the HIB
equations in terms of d;, i = 1,2, with coefficients C;, j = 0,1,...,4. Then using
smooth-fit conditions, we can specify these constants as follows:
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Finally, we need an additional condition to guarantee all inequalities in the HIB
equations to hold. We assume (A3): Either f7(M) <0, or f7'(M) <0, where,

S2(9) = (C1y° + Cay®) = (C3y®' + Cay®) + oy — Bs.
A sufficient condition fo (A3) can be given as (A3’): u; > pp. Under these

conditions, we have the following theorems.

Theorem Assume (A1), (A2), and (A3). Then the following functions v;(x,x2) =
xiwi(x2/x1), i =0,1, satisfy the HIB equations (12) where

Coy®", 0<y <k,
wo(y) = 4 C1y0' + Coy® + By — B ko <y <hs,
C3y61 +C4y62, k3 <y< M,
| Coy® + B = oy 0<y<ki,
Wl(y) - S5 S
Cry° + Gy, ki<y<M.

Theorem Assume (Al), (A2), and (A3) and vo(x1,x2) > 0. Then, v;(x1,x2) =
x1wi(x2/x1) = Vi(x1,x2), i = 0,1. Moreover, if i =0, let Aj = (7/,75,75,...) =
(T?,Tg,rg, ...) ATy where T? =inf{t >0: (X},th) e I3}, ‘1'20 =inf{z > T? : (Xt],th) €
I}y =inf{r > 7 (X X7) €T3},

Similarly, if i = 1, let A} = (7, TI*,TZ*, ) = (Tg, T?, Tg, ...) ATy where TOO =inf{r >
0: (X . X}) e}, 7 =inf{r > 1) : (X, X}) €T3}, 1) =inf{r > 70 : (X, X}) €1 }.....
Then Aj and A} are optimal. O

Next, we consider the daily closing prices of Target Corp. (TGT) and Wal-Mart
Stores Inc. (WMT) from 1985 to 2019. The data are divided into two parts. The first
part (1985-1999) is used to calibrate the model and the second part (2000-2014)
to backtest the performance of our results. Let X'=WMT and X?<TGT. Using the
traditional least squares method, we have

w1 =0.2459, up = 0.2059,011 = 0.2943, 0712 = 0.0729, 0721 = 0.0729, 022 = 0.3112.

(14)
And also, we take K = 0.001 and p = 0.5. Using these parameters, we obtain
(ky, k2, k3) = (0.780,0.963,1.913).

Backtesting 1: (WMT-TGT): We backtest our pairs-trading rule using the daily
closing prices of WMT and TGT from 2000/1/2 to 2019/3/15. Use (ki, k2, k3) =
(0.780,0.963,1.913). Assume initial capital $100K. We keep the 50:50 allocations
in longs and shorts. In Figure 7, the ratio of X,TGT /XIW MT | the threshold levels
(k1, k2, k3), and the equity curve are plotted with the x-axis representing the number
of trading days. Also, when there is no pairs position, we factor in a 3% interest for
the cash position. The overall end balance is $195.46K. For comparison purpose, a
money market return with 3% interest rate is also plotted in Figure 7. In this example,
the stop loss with M = 2 was not triggered and there was no forced stops.
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Fig. 7 The threshold levels ki, k2, k3 and the equity curve

Backtesting 2: (GM-F). Next, we backtest using the daily closing prices of GM
and F from 1998/1/2 to 2009/6/30. We take M = 2 and follow similar calculation
(with 2:1 ratio of F/GM) to obtain (ki, k2, k3) = (0.760,0.892,1.946). Also assume
the initial capital $100K. We keep the 50:50 distribution in dollar amount between
longs and shorts. In Figure 8, the ratio ZXf / XtGM , the threshold levels (ki, k2, k3),
and the equity curve are plotted. Similarly as in the previous example, when there
is no pairs position, a 3% interest was factored in for the cash position. The overall
end balance is $149.52K after hitting stop-loss limit A = 2 on 2009/3/6.

On the other hand, without cutting losses, the initial $100K will end up with
$86.38K in debt when the last pairs closed on GM’s bankruptcy (2009/6/1). A pure
money market return with 3% interest rate is also provided in Figure 8.

4 A Pairs Selling Rule with Regime Switching

Market models with regime-switching are important in market analysis. In this paper,
we consider a geometric Brownian motion with regime-switching. The market mode
is represented by a two-state Markov chain. We focus on the selling part of pairs
trading and generalize the results of Hu and @ksendal [9] by incorporating models
with regime switching. We show that the optimal selling rule can be determined
by two threshold curves and establish a set of sufficient conditions that guarantee
the optimality of the policy. We also include several numerical examples under a
different set of parameter values.

We consider two stocks X! and X2. Let {X/',# > 0} denote the prices of stock X!
and {X ,Z,t > 0} that of stock X2. Let also a; be a two-state Markov chain representing
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regime mode. They satisfy the following stochastic differential equation:

XX ui(ay) onlay) opa)| (W)
1= aee| a7 as
X7 X7 | \ma(ar) o (ar) on(ay)) \W?

where p;, i = 1,2, are the return rates, o;, i,j = 1,2, the volatility constants, and
(W}, w?) a2-dimensional standard Brownian motion.

-1 4

A2 Ay

Let M = {1,2} denote the state space for @, and let Q = ,with 41 >0
and 1, > 0, be its generator. We assume a; and (W), Wtz) are independent.

In this section, we consider a pairs selling rule under the regime switching model.
Again, we assume the corresponding pairs position consists of a one-share long
position in stock X! and a one-share short position in stock X2. The problem is to
determine an optimal stopping time 7 to close the pairs position by selling X! and
buying back X?.

Given the initial state (Xl,Xg) = (x1,x2), @0 =i = 1,2, and the selling time 7, the
corresponding reward function

J(x1,x2,0,7) = E[e P (BX} = BoX7)], (16)

where p > 0is a given discount factor, B, = 1 + K, B = 1 =K, and K is the transaction
cost in percentage.

The problem is to find an {7} = o-{(Xr],sz,a/r) : r <t} stopping time 7 to
maximize J. Let V(xy,x2,i) denote the corresponding value functions:
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V(x1,x2,0) =supJ(xy,x2,7,7). (17)
T

As in the previous sections, we impose the following conditions: (B1) Fori = 1,2,

p > (i) and p > pa(i).
Under these conditions, we can obtain

Bsx1— Poxo < V(x1,x2,0) < Bexi. (18)
To consider the associated HIB equations, fori = 1,2, let
2 2 2

1 L, 0 _ 20
A = 5 all(z)x%a—x% +2a2(i)x1x2 931072 +a22(l)x%(9_x%

19

1 (0)x 6ix1 + /12(1')96261)62

where

an (i) = o, (D) + o}, (0),

ap(i) = o (i)oa (@) +on(on(),

an(i) = o3, (i) + o2, (i).
Using these generators, the associated HIB equations have the form:
min{(p = A)v(x1,x2, 1) = 1 (v(x1,%2,2) = v(x1,x2, 1)),

v(x1,x2,1) = Bex1 + Pox2} =0,

(20)
min{(p—A)v(x1,x2,2) — A2 (v(x1,x2, 1) —v(x1,%2,2)),

v(x1,x2,2) = Bsx1 + PBpx2} = 0.

To solve the HIB equations (20), we can introduce change of variables: y = x2/x
and v(x1,x2,1) = x1w;(x2/x1), for some functions w;(y) and i = 1,2.

Consider characteristic equations for (p—Aj;)vi — A1 (v2—v;) =0 and (p—
ﬂz)VQ - /lz(V] - V2) =0:

[p+A1=01(0)][p+ A2 62(5)] = 2112 =0, 210

where, fori =1,2. 0;(0) = 076(6 = 1)+ [(2(i) — p1({)]16 + 1 (i) and o = [a;1 (i) —
2a2(i) +axn(i)]/2.
It can be seen the above equation has four zeros: §; > 92 > 1 > 0> §3 > d4.
Heuristically, one should close the pairs position when X is large and X7 is small.
In view of this, we introduce H; = {(x1,x2) : x2 < k1x1} and Hy = {(x1,x2) 1 x2 <
kpx1}, for some ky and k» (to be determined) so that one should sell when (X,I,th)
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enters H; provided a, =i, i = 1,2. In this paper, we only consider the case: k| < k».
Other cases can be treated similarly.

To represent the solutions to the HIB equations on each of these regimes, we
apply the smooth-fit approach and obtain:

Cr = =045 + (84— 1) Bok2
= 5
13(03 = 04)ky°
C = 035+ (1 -63) Boka
2= 5
14(63 = 64) k3"
Cr = Y2(Bs —ar) + (1 —=y2)(Bp + a2) ki
3= ,
(v2=yDk'
Cy = =1(Bs—a1) + (Y1—D(Br+a2)ki
4= ,
(y2=yDk]

where nj= (p+/11 —91(51'))//11, fOI'j =1,2,3,4, and

1 1) - (1 1 1)- 2 _
= b= 1 )= pD)) et A= (D),
2 20 2 201 o

(22)
Lo (1) = (1) (D) =m)) | p+ai—m(1)
Y2_2+T_\/(2+T)+ o :
Let
2(r) = A=y (Bs—apr” A+ yi(Bs—a)r” 23)
(1=y2)(Bo+a)r” =Bir  (y1—1)(Bo+ax)r*> —Byr’
where
L, = T0aPs(r2=63)  93Bs(y2-64) —a
! n3(63—04) n4(63 = 64) A
Ay = _54Bs(63_71)+63,8s(64_')’l)+y]a]
O o s e a0
By = 94~ Y2—03)Pb —03)pp(y2—04) _1
] 173(63 —04) i 14(63 = 64) (2= Daz
_ (04=D(E3=y)fo  (1-63)B(04=71) —(-y)a
173(63 = 64) 14(63 = 64) ’

with a; = /l]ﬂs/(p+/11 —y](l)) and a; = —/l],Bb/(p+/l] —,ug(l)).
We assume (B2): g() has a zero rg > 1.
Using this 7, we can obtain
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B Ay =y2(Bs—a)ry)
(1=y2)(Bo+az)ry' = Biro’ 24)
Arro=y2(Bs—apr) ™!
(L=y2)(Bo+az)ry' —Birg’

1

ky =rok) =

We can express Cj, Cp, C3, and Cy in terms of k; and k». The solutions to the
HJB equations have the form v(xy,x2,@) = x1wq (x2/x1), @ = 1,2, with

Bs = Boy fory e,

wi(y) = Gy + Cay” + a1 +ary fory eIy,

C1y% + Cry% fory e I'3;
) Bs— Bvy foryel 1 Uly,
waly) =
Cin3y% + Conay® fory €T,

where
I =(0,k], T2=(ki,k2), and I3 =[kp,o0).

To guarantee the variational inequalities in the HIB equations, we need the fol-
lowing conditions:

; (25)

s mm{(p—ﬂz(l))ﬁb’ (0= 22

(p—u1(1)Bs (p—p1(2))Bs }

1
wi(y) £ Bs— Boy + 1 [(p—u1(2))Bs = (p— p2(2)) Boy] on I5. (26)

In addition, let ¢(y) = wi(y) — Bs + Bby. Then

¢” (k1) = Csy1(y1 = DK+ Cyya(y2— DA, and

$(ks) = C3kY + Gk + a1 + asks = By + Poy.

We need conditions
¢" (k1) > 0and ¢(kp) > 0. 27

Finally, on I'3, let ¢/(y) = wa(y) — Bs + Bvy. Then,
" (k2) = Ci363(83 — DA 7 + Canada (84— 1)k 2.

We need
W (k2) > 0 and Cy y® + Coy® > By — By on 3. (28)
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Theorem. Assume (B1) and (B2). Assume also (25), (26), (27), and (28) hold.
Then, v(x 1, x2,@) = x1wa(x2/x1) =V (x1,x2,), @ =1,2. Let D = {(x1,x2,1): x2 >
kix1}U{(x1,x2,2) : x2 > kax1}. Let 7 = inf{t : (X}, X?,a,) ¢ D}. Then 7* is
optimal. O

Finally, we give an example to illustrate the results.

Example 1n this example, we take

u1(1)=0.20, p2(1)=0.25, u1(2)=-0.30, u2(2) = -0.35,
o11(1) =0.30, o12(1) = 0.10, 021 (1) =0.10, o22(1) =0.35,
T1(2) = 0.40, 12(2) = 0.20, 721 (2) = 0.20, 722(2) = 0.45,

A1 =6.0, A2 =10.0, K =0.001, p=0.50.

Then, we use the function g(7) in (23) and find the unique zero 7o = 1.020254 > 1.
Using this 7o and (24), we obtain k; = 0.723270 and k, = 0.737920. Then, we
calculate and get C; = 0.11442, ¢, = —-0.00001, C3 = 0.29121, C4 = 0.00029,
n3 =0.985919, and n4 = —1.541271. With these numbers, we verify all variational
inequalities required in (B2). The graphs of the value functions are given in Figure 9.
O

Fig. 9 Value Functions V (x1, x2, 1) and V (x1, x2, 2)

5 Conclusions

In this paper, we have surveyed pairs trading under geometric Brownian motion
models. We were able to obtain closed-form solutions. The trading rules are given in
terms of threshold levels and are simple and easy to implement. The major advantage
of pairs trading is its risk-neutral nature, i.e., it can be profitable regardless of the
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general market directions. Pairs trading is a natural extension to McDonald and
Siegel’s [15] irreversible project investment decision making. We were able to obtain
similar results under suitable conditions.

Some initial efforts in connection with numerical computations and implementa-
tion have been done in Luu [14]. In particular, stochastic approximation techniques
(see Kushner and Yin [12]) can be used to effectively estimate these threshold levels
directly. Finally, it would be interesting to examine how these methods work through
backtests for a larger selection of stocks.

It would be interesting to extend the results to incorporate more involved models
(e.g., models with incomplete observation in market mode a; ). In this case, nonlinear
filtering methods such as the Wonham filter can be used for calculation of the
conditional probabilities of @ =i given the stock prices up to time 7. Some ideas
along this line have been used in Dai et al. [1] in connection with the trend-following
trading.
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