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Maximally Distributed Random Fields under
Sublinear Expectation

Xinpeng Li and Shige Peng

Abstract This paper focuses on the maximal distribution on sublinear expectation
space and introduces a new type of random fields with the maximally distributed
finite-dimensional distribution. The corresponding spatial maximally distributed
white noise is constructed, which includes the temporal-spatial situation as a spe-
cial case due to the symmetrical independence property of maximal distribution.
In addition, the stochastic integrals with respect to the spatial or temporal-spatial
maximally distributed white noises are established in a quite direct way without the
usual assumption of adaptability for integrand.

1 Introduction

In mathematics and physics, a random field is a type of parameterized family of
random variables. When the parameter is time ¢ € R*, we call it a stochastic process,
or a temporal random field. Quite often the parameter is space x € R?, or time-space
(t,x) € R* x R¥. In this case, we call it a spatial or temporal-spatial random field.
A typical example is the electromagnetic wave dynamically spread everywhere in
our R3-space or more exactly, in R* x R3-time-space. In principle, it is impossible
to know the exact state of the electromagnetic wave of our real world , namely, it is
a nontrivial random field parameterized by the time-space (7, x) € R* x R3.

Classically, a random field is defined on a given probability space (Q, 7, P). But
for the above problem, can we really get to know the probability P? This involves
the so called problem of uncertainty of probabilities.
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Over the past few decades, non-additive probabilities or nonlinear expectations
have become active domains for studying uncertainties, and received more and more
attention in many research fields, such as mathematical economics, mathematical
finance, statistics, quantum mechanics. A typical example of nonlinear expectation
is sublinear one, which is used to model the uncertainty phenomenon characterized
by a family of probability measures {Py}gce in which the true measure is unknown,
and such sublinear expectation is usually defined by

E[X] := sup Ep,[X].
0ecO

This notion is also known as the upper expectation in robust statistics (see Huber
[9]), or the upper prevision in the theory of imprecise probabilities (see Walley
[20]), and has the closed relation with coherent risk measures (see Artzner et al.
[1], Delbaen [4], Féllmer and Schied [6]). A first dynamical nonlinear expectation,
called g-expectation was initiated by Peng [12].

The foundation of sublinear expectation theory with a new type of G-Brownian
motion and the corresponding It6’s stochastic calculus was laid in Peng [13], which
keeps the rich and elegant properties of classical probability theory except linearity of
expectation. Peng [15] initially defined the notion of independence and identical dis-
tribution (i.i.d.) based on the notion of nonlinear expectation instead of the capacity.
Based on the notion of new notions, the most important distribution called G-normal
distribution introduced, which can be characterized by the so-called G-heat equation.
The notions of G-expectation and G-Brownian motion can be regarded as a nonlinear
generalization of Wiener measure and classical Brownian motion. The correspond-
ing limit theorems as well as stochastic calculus of It6’s type under G-expectation are
systematically developed in Peng [18]. Besides that, there is also another important
distribution, called maximal distribution. The distribution of maximally distributed
random variable X can be calculated simply by

Elp(X)] = o), ¢ € Cp(R).

max
ve[-E[-X]E[X]]
The law of large numbers under sublinear expectation (see Peng [18]) shows that
if {X; }l?'il is a sequence of independent and identical distributed random variables
with lim,—e E[(|X]] — ¢)*] = 0, then the sample average converges to maximal
distribution in law, i.e.,

-+ X,

lim Bl

max v), Yo € Cp(R).
n—oo n ve[-E[-Xi LE[X]] o). ¢ b (®)

We note that the finite-dimensional distribution for quadratic variation process of
G-Brownian motion is also maximal distributed.

Recently, Ji and Peng [10] introduced a new G-Gaussian random fields, which
contains a type of spatial white noise as a special case. Such white noise is a
natural generalization of the classical Gaussian white noise (for example, see Walsh
[21], Dalang [2] and Da Prato and Zabczyk [3]). As pointed in [10], the space-
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indexed increments do not satisfy the property of independence. Once the sublinear
G-expectation degenerates to linear case, the property of independence for the space-
indexed part turns out to be true as in the classical probability theory.

In this paper, we introduce a very special but also typical random field, called
maximally distributed random field, in which the finite-dimensional distribution is
maximally distributed. The corresponding space-indexed white noise is also con-
structed. It is worth mentioning that the space-indexed increments of maximal white
noise is independent, which is essentially different from the case of G-Gaussian
white noise. Thanks to the symmetrical independence of maximally distributed
white noise, it is natural to view the temporal-spatial maximally distributed white
noise as a special case of the space-indexed maximally distributed white noise.
The stochastic integrals with respect to spatial and temporal-spatial maximally dis-
tributed white noises can be constructed in a quite simple way, which generalize
the stochastic integral with respect to quadratic variation process of G-Brownian
motion introduced in Peng [18]. Furthermore, due to the boundedness of maximally
distributed random field, the usual assumption of adaptability for integrand can be
dropped. We emphasize that the structure of maximally distributed white noise is
quite simple, it can be determined by only two parameters p and g, and the calcula-
tion of the corresponding finite-dimensional distribution is taking the maximum of
continuous function on the domain determined by p and p. The use of maximally
distributed random fields for modelling purposes in applications can be explained
mainly by the simplicity of their construction and analytic tractability combined with
the maximal distributions of marginal which describe many real phenomena due to
the law of large numbers with uncertainty.

This paper is organized as follows. In Section 2, we review basic notions and
results of nonlinear expectation theory and the notion and properties of maximal
distribution. In Section 3, we first recall the general setting of random fields under
nonlinear expectations, and then introduce the maximally distributed random fields.
In Section 4, we construct the spatial maximally distributed white noise and study
the corresponding properties. The properties of spatial as well as temporal-spatial
maximally distributed white noise and the related stochastic integrals are established
in Section 5.

2 Preliminaries

In this section, we recall some basic notions and properties in the nonlinear expecta-
tion theory. More details can be found in Denis et al. [5], Hu and Peng [8] and Peng
[13, 14, 15, 16, 18, 19].

Let Q be a given nonempty set and H be a linear space of real-valued functions
on Q such that if X € H, then | X| € H. H can be regarded as the space of random
variables. In this paper, we consider a more convenient assumption: if random
variables X, -+, Xy € H, then (X1, Xo, -+, X4) € H for each ¢ € Cb_Lip(Rd).
Here Cp.Lip (R?) is the space of all bounded and Lipschitz functions on R¥.



342 Xinpeng Li and Shige Peng

We call X = (X, -+, X,), X; € H, 1 <i < n,an n-dimensional random vector,
denoted by X € H".

Definition 1 A nonlinear expectation £ on # is a functional £ : H — R satisfying
the following properties: for each X, Y € H,

(i) Monotonicity: EA[X]> E[Y] if X > Y;
(ii) Constant preserving: El[c] =c forc e R;

The triplet (€, H, £) is called a nonlinear expectation space. If we further assume
that

(iii)  Sub-additivity: E[X + Y] < E[X] + E[Y];
(iv) Positive homogeneity: E[A1X] = AE[X] for A > 0.

Then £ is called a sublinear expectation, and the corresponding triplet (€, H, £) is
called a sublinear expectation space.

Let (Q, H, E) be a nonlinear (resp., sublinear) expectation space. For each given
n-dimensional random vector X, we define a functional on Cp,_ 1, (R") by

Fx[¢] := E[¢(X)], for each ¢ € Cp 1 (R™).

Fx is called the distribution of X. It is easily seen that (R", Cp. i, (R"),Fx) forms
a nonlinear (resp., sublinear) expectation space. If Fx is not a linear functional on
Cp.Lip (R™), we say X has distributional uncertainty.

Definition 2 Two n-dimensional random vectors X; and X, defined on nonlinear
expectation spaces (Q1, Hj, E 1) and (Qo, Ho, Ez) respectively, are called identically

distributed, denoted by X} 4 Xo, if Fx, =Fx,,ie.,
Eile(X1)] = Exle(X2)], Yo € Cprip(R™).

Definition 3 Let (Q, 7, £) be a nonlinear expectation space. An n-dimensional
random vector Y is said to be independent from another m-dimensional random
vector X under the expectation £ if, for each test function ¢ € Cp. LipR™), we
have

Ele(X, V)] = E[E[¢(x,Y)]x=x].

Remark 1 Peng [15] (see also Peng [18]) introduced the notions of the distribution
and the independence of random variables under a nonlinear expectation, which play
a crucially important role in the nonlinear expectation theory.

For simplicity, the sequence {X;}! , is called independence if X;4; is independent

from (X1, ---,X;)fori = 1,2,--- ,n—1.Let X and X be two n-dimensional random
vectors on (, H, E). X is called an independent copy of X, if X 4 X and X is
independent from X.

Remark 2 1t is important to note that “Y is independent from X does not imply that
“X is independent from Y’ (see Peng [18]).
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In this paper, we focus on an important distribution on sublinear expectation space
(Q,H, E), called maximal distribution.

Definition 4 An n-dimensional random vector X = (Xp,---,X,) on a sublinear
expectation space (Q, H, E) is said to be maximally distributed, if there exists a
bounded and closed convex subset A C R" such that, for every continuous function
¢ € C(R"),
E[p(X)] = max ¢(x).
X€EN

Remark 3 Here A characterizes the uncertainty of X. It is easy to check that this
maximally distributed random vector X satisfies

x+x4ox,

where X is an independent copy of X. Conversely, suppose a random variable X
satisfying X + X dox , if we further assume the uniform convergence condition
lime—e0 £ [(IX]—=c¢)*] = 0 holds, then we can deduce that X is maximally distributed
by the law of large numbers (see Peng [18]). An interesting problem is that is X still
maximally distributed without such uniform convergence condition? We emphasize
that the law of large numbers does not hold in this case, a counterexample can be
found in Li and Zong [11].

Proposition 1 Let g(p) = max,ea v - p be given. Then an n-dimensional random
variable is maximally distributed if and only if for each ¢ € C(R"), the following
function

u(t,x) = Ele(x + tX)] = ma/i( e(x +tv), (t,x) € [0,00) X R" Q0]
Ve
is the unique viscosity solution of the the following nonlinear partial differential

equation
O — g(Dxu) =0, uli=0 = ¢(x). 2)

This property implies that, each sublinear function g on R" determines uniquely
a maximal distribution. The following property is easy to check.

Proposition 2 Let X be an n-dimensional maximally distributed random vector
characterized by its generating function

g(p) = E[X-p), peR".

Then, for any function ¢ € C(R™), Y = y(X) is also an R-valued maximally
distributed random variable:

Elp(Y)] = v?[f},’f,] o), p = max U(y), p= ’J‘JE ().
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Proposition 3 Let X = (X1, -- -, Xy,) be an n-dimensional maximal distribution on
a sublinear expectation space (Q, H, E). If the corresponding generating function
satisfies, for all p = (p1,-- - ,pn) € R",

g(p) = E[lel + 4+ Xppnl = E[X]pl] +e 4 E[anrz],

then {X;}! | is a sequence of independent maximally distributed random variables.
Moreover, for any permutation mt of {1,2, - - -, n}, the sequence {Xp)}!_, is also

independent.

Proof Fori=1,---,n, wedenote u; = E[X;] and M= —E[-X;]. Since

g(p) =E[Xi -p1+-+ Xy pal = ELX1 - pi]+ E[X2 - p2] + -+ + E[Xy, - pal

n

= max p;v; = max (plvl+.,_+p v ),
;vidﬂi,#i] iVi V1) €O g1 nVn
it follows Proposition 1 that (X, - - - , X},) is an n-dimensional maximally distributed

random vector such that, Yo € C(R"),

Elp(X1, -+, Xn)] = max (V1,5 V).
(Vl,"',vn)€®?:1 [/Jl.,ll[]

It is easy to check that {X;}_ | is independent, and so does the permuted sequence
(X}, u]

Remark 4 The independence of maximally distributed random variables is symmet-
rical. But, as discussed in Remark 2, under a sublinear expectation, X is independent
from Y does not automatically imply that Y is also independent from X. In fact, Hu
and Li [7] proved that, if X is independent from Y, and Y is also independent from X,
and both of X and Y have distributional uncertainty, then (X, ¥') must be maximally
distributed.

3 Maximally distributed random fields

In this section, we first recall the general setting of random fields defined on a
nonlinear expectation space introduced by Ji and Peng [10].

Definition 5 Under a given nonlinear expectation space (€, H, E), a collection of
m-dimensional random vectors W = (W,),cr is called an m-dimensional random
field indexed by T', if for eachy € I', W,, € H™.

In order to introduce the notion of finite-dimensional distribution of a random
field W, we denote the family of all sets of finite indices by

J=y=0 ) VneN, yi,--- vy, €L,y £y ifi # j).
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Definition 6 Let (/7,), cr be an m-dimensional random field defined on a nonlinear
expectation space (Q, H, E).Foreachy = (y1,---,¥n) € Jr and the corresponding
random vector W, = (W,,,- -+, W,, ), we define a functional on Cp, 1, (R™") by

F) [¢] = Ele(Wy)]

The collection (]F;V [¢])yeq is called the family of finite-dimensional distributions
of ( Wy)yel‘«

It is clear that, for each y € Jr, the triple (R, Cp, i), (R™™), F}VV ) constitutes a

nonlinear expectation space.
Let (W,}l))yer and (W;Z))yer be two m-dimensional random fields defined on
nonlinear expectation spaces (1, Hj, E 1) and (Qo, Ho, Ez) respectively. They are

said to be identically distributed, denoted by (W;l))yer 4 (W;z) )yer, or simply

WO L O ifforeachy = (y1,- - yn) € i
Eile(WiN] = Eale(Wi)], Vo € Cp rip (R™™).

For any given m-dimensional random field W = (W, ), er, the family of its finite-
dimensional distributions satisfies the following properties of consistency:

(1) Compatibility: ~ For each (y1,- -, ¥n, Yns1) € Jr and ¢ € Cp, ip (R™™),
w W
Ey oy lel =Fy oy 0 el (3)

where the function ¢ is a function on RO**D*™ defined for any yi, -+, Yn, Yns1 €
Rm
QY15 Yo Ynw1) = @(V15*++ 5 V)3

(2) Symmetry:  For each (y1,-+,¥n) € Jr> ¢ € Cp.Lip(R™™) and each permu-
tation 7w of {L,-- -, n},

w _ =W
F?’n(l),“',)’n(n) [90] - F’)’I»“'a'}/n [‘p”] (4)

where we denote ¢ (y1,-+*»Yn) = @(Va(1)>*** s Ya(m))> for yi, -+, yn € R™.

The following theorem generalizes the classical Kolmogorov’s existence theorem to
the situation of sublinear expectation space, which is a variant of Theorem 3.8 in
Peng [17]. The proof can be founded in Ji and Peng [10].

Theorem 1 Let {F,,y € Jr} be afamily of finite-dimensional distributions satisfying
the compatibility condition (3) and the symmetry condition (4). Then there exists
an m-dimensional random field W = (W,,),er defined on a nonlinear expectation
space (Q,H, E) whose family of finite-dimensional distributions coincides with
(Ey,y € Jr}. Moreover, if we assume that each F,, in {F,,y € Jr} is sublinear, then

the corresponding expectation E on the space of random variables (Q, H) is also
sublinear.
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Now we consider a new random fields under a sublinear expectation space.

Definition 7 Let (W) ), cr be an m-dimensional random field, indexed by I', defined
on a sublinear expectation space (Q, H, E). (Wy)yer is called amaximally distributed
random field if for each y = (yy1, -+, yn) € Jr, the following (n X m)-dimensional
random vector

Wy =Wy, . Wy,,)
=D, Dy, Wy({) eH,
is maximally distributed.

Foreach y = (y1,- - ,vn) € Jr, we define
8 () = EIW, -pl. p e R™™,
Then (ng )yeg constitutes a family of sublinear functions:

g RS R y=(yicayn) i€l 1<i<n neN,
which satisfies the properties of consistency in the following sense:

(1) Compatibility:  For any (y1, - Y Yas1) € Jr and p = (p,)!" € R,

w 5 w
Gyt yniynn P) = &y, (D), 5)

where p = g € RO+Dxm.

(2) Symmetry: For any permutation 7 of {1, - - -, n},
g}‘Z(l)’ S Yr(n) (p) = g?‘:‘lly""'}/n (7-(_1 (p))’ (6)
where 771 (p) = (1, ..., p™),

P = Pty tymsts - - > Pia-t @iy -ymem) » 1 <0 <.

If the above type of family of sublinear functions (gy ), is given, following
the construction procedure in the proof of Theorem 3.5 in Ji and Peng [10], we can
construct a maximally distributed random field on sublinear expectation space.

Theorem 2 Let (gy)ycq be a family of real-valued functions such that, for each
Y =i vn) € Jb, the real function gy is defined on R™™ +— R and satisfies
the sub-linearity. Moreover, this family (g, ), 5 satisfies the compatibility condition
(5) and symmetry condition (6). Then there exists an m-dimensional maximally
distributed random field (W,,),er on a sublinear expectation space (Q, H, E) such
that for eachy = (y1,--+,vn) € I, Wy = (Wy,, -+, W,,,) is maximally distributed
with generating function



Maximally Distributed Random Fields under Sublinear Expectation 347
g;V(P) = E[Wy -pl = &(p), forany p e R™".

Furthermore, if there exists another maximally distributed random field (Wy)yel";
with the same index set T, defined on a sublinear expectation space (, H, E) such
that for each vy = (y1,-++,vn) € Ir, Wy is maximally distributed with the same
generating function g,, namely,

E[W, - pl = gy(p) forany p € R™™,

then we have W 4 w.

4 Maximally distributed white noise

In this section, we formulate a new type of maximally distributed white noise on R¥.

Given sublinear expectation space Q, H, £, let L”(Q) be the completion of H
under the Banach norm || X|| := E[|X]”] ’ .Forany X,Y € LY(Q), we say that X =Y
if E[|IX — Y|] = 0. As shown in Chapter 1 of Peng [18], E can be continuously
extended to the mapping from L' () to R and properties (i)-(iv) of Definition 1 still
hold. Moreover, (Q,L'(Q), £) also forms a sublinear expectation space, which is
called the complete sublinear expectation space.

Definition 8 Let (Q, L' (Q), £) be a complete sublinear expectation space and ' =
Bo(Rd) = {4 € B(Rd), Aa < oo}, where 14 denotes the Lebesgue measure of
A€ B(RY). Let g : R — R be a given sublinear function, i.e.,

g(p) = pp* —pp~, —00 < p < p < +oo.

A random field W = {Wa}aer is called a one-dimensional maximally distributed
white noise if

(i) Foreach Ay,---,An €I, (Wa,,- -+, Wy, ) is a R"-maximally distributed ran-

dom vector under £, and for each 4 € T,

ElWa-pl=g(p)da. peR. (7

(i) Let Ay, Ay, -+, An be in I" and mutually disjoint, then {W4,}!" | are indepen-
dent sequence, and

Wauayu-va, = Wa, + Wa, +--+ Wy, (8)

Remark 5 For each A € T', we can restrict that W4 takes values in [Aapu, Aapu].
Indeed, let

da(x) = min  {|x — y|},
x) YE[lap,Aap] Y
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by the definition of maximal distribution,

Elda(Wa)l= max min  {|v - y|} =0,
VE[AApAap] YE[AAp,AAH]

which implies that d4 (W) = 0.

We can construct a spatial maximal white noise satisfying Definition 8 in the
following way.

For each y = (41,--+,4,) € Jr, T = By(R?), consider the mapping g () :
R" — R defined as follows:

g (p):= gk -p)Apxy, peR”, )
kelo1}n

where k = (k1,- -+, kn) € {0, 1}", and B(k) = ﬂ;‘:lBj, with

g4 ifk=1
7T A4S it k=0,

For example, given Ay, A2, A3 € Tand p = (p1, p2, p3) € R3,

gA1,A2,A3(p) =g(p1+p2 +p3)/lA|ﬂA2ﬂA3
+8(p1 +p2)Aainarnas + 8(P2 + p3)dacnasnas + 8(P1 + P3)Ada nagna;
+8(P1)Aanasnas + 8(P2)Aacnarnas + 8(P3)Aasnasna;-

Obviously, for each y = (A4y,---,4,) C T, g,(-) defined by (9) is a sublinear

function defined on R" due to the sub-linearity of function g(-). The following
property shows that the consistency conditions (5) and (6) also hold for {g, }, e -

Proposition 4 The family {g, }, 5 defined by (9) satisfies the consistency conditions
(5) and (6).

Proof For compatibility (5), given Ay, -+, Ap, Aps1 € Tand p7 = (pT,0) € R™!,
we have

8AL A (P) = Z gk - p)AB)

ke(0,1)n+1

= Z gk - P)(AB(k)NA, + ABGNAS,)
K E@ 1

= Z g(k' 'p)/lB(k’) = gAl,'“,An(p)'
ke

The symmetry (6) can be easily verified since the operators & - p and B(k) = ﬂ;?:lB i
are also symmetry. O
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Now we present the existence of the maximally distributed white noises under the
sublinear expectation.

Theorem 3 For each given sublinear function
8(p) = max (u-p)=pup* —pup~, peR,
HElp,pl

there exists a one-dimensional maximally distributed random field (Wy)yer on a
sublinear expectation space (Q, L' (Q), E) such that, foreachy = (A1,---,4,) €
IJr, Wy = (Wa,, -+, Wa,,) is maximally distributed.

Furthermore (Wy)yer is a spatial maximally distributed white noise under
(QLYQ), E), namely, conditions (i) and (ii) of Definition 8 are satisfied.

If (Wy),,er is another maximally distributed white noise with the same sublinear

unction g in (9), then W dy.
i 8

Proof Thanks to Proposition 4 and Theorem 2, the existence and uniqueness of the
maximally distributed random field /¥ in a sublinear expectation space (Q, L' (Q), £)
with the family of generating functions defined by (9) hold. We only need to verify
that the maximally distributed random field W satisfies conditions (i) and (ii) of
Definition 8.

Foreach A € T, E[W4 -p] = g(p) A4 by Theorem 2 and (9), thus (i) of Definition 8
holds.

We note that if {4;}7.
(9), we have

, are mutually disjoint, then for p = (p1,- -, pn) € R", by

ElpiWa, + -+ paWa,] = g(p1)da, +- - +g(pn)da,.

thus the independence of {4, }_, can be implied by Proposition 3.
In order to prove (8), we only consider the case of two disjoint sets. Suppose that

AN Ay=0, A3z = A4, U A,
an easy computation of (9) shows that

8A1,40,45(P) =8(P1 + p3)Aa, + &(p2 + p3)Aa,
= max max max (pj-vi+p2-va+p3-v3).
VIE[pAA uda T V2 Eluday, uAa, ] V3=VIFTV2

Thus, for each ¢ € C(R?),

Elo(Wa,, Wa,, Wa,)l = max max max  ¢(vi, v, v3).
10 VA2 WA > V2,
VIE[HAA L HAA I V2 E[HAA, pAA, [ V3=VIHYV2

In particular, we set ¢(vi, v, v3) = |vi + vo — v3], it follows that
E[|WA] + WA2 - WA[UAz'] = 0

which implies that
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WA]UA’_) = VVAl + WAz'
Finally, (ii) of Definition 8§ holds. O

Remark 6 The finite-dimensional distribution of maximally distributed whiten noise
can be uniquely determined by two parameters p and p, which can be simply
calculated by taking the maximum of the continuous function over the domain
determined by u and p.

Similar to the invariant property of G-Gaussian white noise introduced in Ji and
Peng [10], it also holds for maximally distributed white noise due to the well-known
invariance of the Lebesgue measure under rotation and translation.

Proposition 5 For each p € R¢ and O € O(d) := {0 e R4 : O = 07!}, we set
Tpo(A)=0-A+p, AeT.

Then, for each Ay, -+ ,An €T,

d
Waps s Wa,) = (W1, oA s WT, 0(A0)-

5 Spatial and temporal maximally distributed white noise and
related stochastic integral

In Ji and Peng [10], we see that a spatial G-white noise is essentially different
from the temporal case or the temporal-spatial case, since there is no independence
property for the spatial G-white noise. But for the maximally distributed white noise,
spatial or temporal-spatial maximally distributed white noise has the independence
property due to the symmetrical independence for maximal distribution.

Combining symmetrical independence and boundedness properties of maximal
distribution, the integrand random fields can be largely extended when we consider
the stochastic integral with respect to spatial maximally distributed white noise. For
stochastic integral with respect to temporal-spatial case, the integrand random fields
can even contain the “non-adapted” situation.

5.1 Stochastic integral with respect to the spatial maximally
distributed white noise

We firstly define the stochastic integral with respect to the spatial maximally dis-
tributed white noise in a quite direct way.

Let (W, }yer, I = Bo(Rd), be a one-dimensional maximally distributed white
noise defined on a complete sublinear expectation space (Q,L!(Q), E), with gp) =
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upt — up~, —0o < u < u < oo. We introduce the following type of random fields,
called simple random fields.
Given p > 1, set

n
Mg’O(Q) ={n(x,w) = Z &i(w)la,(x), 41, -+, An € T are mutually disjoint
i=1
i=12...,n &, -, elP(Q), n=12---,}
For each simple random fields 1 € Mé’ ’O(Q) of the form
n
n(xw) = > &), (x), (10)
i=1
the related Bohner’s integral for  with respect to the Lebesgue measure A is

o = [ ntran =Y &@ia,
i=1

It is immediate that /g(n) : Mg ’O(Q) — LP(Q) is a linear and continuous mapping
under the norm for 7, defined by,

Inler = £1 [ o a@nts.

The completion of Mg 0 (Q) under this norm is denoted by Mg (Q) which is a Banach
space. The unique extension of the mapping /p is denoted by

fR () Ad) = Ipn), 1 € ME(Q).

Now for a simple random field € Mé’ ’O(Q) of form (10), we define its stochastic
integral with respect to ¥ as

Iw(n) = fRd N @)W (dx) = 3" E(@)Wa,.
i=1

With this formulation, we have the following estimation.

Lemma 1 For each € My*(Q) of form (10), we have

E HL{{ n(x, )W (dx)

] < kE [\[Rd In(x,u))lxl(dx)] (11)

where k = max{|ul, |ul}.

Proof We have
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N N
£ fR nCe @)W (A = 11 Y é(@)Wa,l1 < ELY (@)l - Wa, ]
i=1 i=1

N
< KEDY I&1(@)] - A1 = KETIMly o))
i=1

The last inequality is due to the boundedness of maximal distribution (see Remark
5). m]

This lemma shows that Iy, : M;O(Q)  L!(Q) is a linear continuous mapping.
Consequently, /y can be uniquely extended to the whole domain Mé (). We still
denote this extended mapping by

f D (dx) = I ().
Rd

Remark 7 Different from the stochastic integrals with respect to G-white noise in
Ji and Peng [10] which is only defined for the deterministic integrand, here the
integrand can be a random field.

5.2 Maximally distributed random fields of temporal-spatial types and
related stochastic integral

It is well-known that the framework of the classical white noise defined in a prob-
ability space (Q, ¥, P) with 1-dimensional temporal and d-dimensional spatial pa-
rameters is in fact a R'*¢-indexed space type white noise. But Peng [17] and then
Ji and Peng [10] observed a new phenomenon: Unlike the classical Gaussian white
noise, the d-dimensional space-indexed G-white noise cannot have the property of
incremental independence, thus spatial G-white noise is essentially different from
temporal-spatial or temporal one. Things will become much direct for the case of
maximally distributed white noise due to the incremental independence property of
maximal distributions. This means that a time-space maximally distributed (1 + d)-
white noise is essentially a (1 + d)-spatial white noise. The corresponding stochastic
integral is also the same. But in order to make clear the dynamic properties, we
still provide the description of the temporal-spatial white-noise on the time-space
framework:

RYxRY = {(t,x1,...,xq) € R* x RY),

where the index ¢ € [0, ) is specially preserved to be the index for time.

LetI' = {4 € B(R* x Rd), A4 < oo}, the maximally distributed white noise
{Wal}aer is just like in the spatial case with dimension 1 + d.

More precisely, let
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Q={weR': W(AUB)=w(d)+w(B),
VA,BeT, AUB =0},

and W = (W, (w) = wy )yer the canonical random field.
For T' > 0, denote the temporal-spatial sets before time 7" by

It ={del:(s5,x) eA=>0<s<T}.

SetFr =o{Wa, A}, F = \/ Fr, and
T>0

Lip(Q7) ={o(Wa,,...,Wa,), Yn €N,
Aielri=1,...,n¢¢€ CbALip(Rn)}.

We denote .
Lip(Q) = | Lip(Qu).
n=1

For each X € L;,(£2), without loss of generality, we assume X has the form
X :‘;D(WA“’ T, WAlm’ T, WA,,I’ T, WAnm),

whereAij = [t,'_l,t,-)XAj, 1<i<nl<j<mO0O=t<t) <<ty <00,
(A1, -+, Ay} € Bo(RY) are mutually disjoint and ¢ € Cp.Lip(R™™). Then the
corresponding sublinear expectation for X can be defined by

EXT= Elg(Ways -+ War s Was W)

= max (p(/lAll Vi, """ /lAlmvlm, Y /lAnl Vv, " s /lA,m, Vnm),
vij €lp,pl

I<i<ml<j<n

and the related conditional expectation of X under ¥, where t; < ¢ < t;,, denoted
by £[X|F7], is defined by

EleWays - s Wap s Wans s Wa,, )]

=¢(WA”,"' , WA]m, cee, WAj],"' , WAjm)’
where
Y(XTT, s X+ s X1yt 5 Xjm) = Ew(xll’... X Dims X1 X s WH1.
Here

W= (WA(J'+1)1’ T WA(_iH)m’ WA WAnln)'
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It is easy to verify that £[-] defines a sublinear expectation on L;p(Q) and
the canonical process (W, ),er is a one-dimensional temporal-spatial maximally
distributed white noise on (€, L;, (Q), £).

For each p > 1, T > 0, we denote by L (Qr)(resp., L% (Q)) the completion
of L;, (Qr)(resp., L;,(Q)) under the norm ||.X||, := (E[IXl”])l/”. The conditional
expectation ABVAE Lip(Q) — Lip(£Y) is a continuous mapping under || - ||, and
can be extended continuously to the mapping ng’ Q) — L’g7 (Q;) by

|ELX |F:] - ELY |F1]] < E0X = Y||F7] for X,Y € Lip(Q).

It is easy to verify that the conditional expectation £[-|7;] satisfies the following
properties, and the proof is very similar to the corresponding one of Proposition 5.3
in Ji and Peng [10].

Proposition 6 For each t > 0, the conditional expectation E[-|F;] : LZ Q) —
L% () satisfies the following properties: for any X,Y € Ly (Q), n € L% (),

(i) E:[Xl?;] > E[Y |FlforX >7Y.

(i) ElnlFl=n R

(iii) E[X +Y|F] < E[X|F:]+ ELY |F].

(iv) ElpX|F1=n"ELX|F]+n E[-X|F]1ifn is bounded.
(v)  E[E[X|F11F5] = E[X|Fins] for s > 0.

Now we define the stochastic integral with respect to the spatial-temporal maxi-
mally distributed white noise W, which is similar to the spatial situation.

For each given p > 1, let MI”O(QT) be the collection of simple processes with
the form:

._.

n—

m
s, x;w) = inj(w)lAj gyt (5), (12)
i=0 j=1
where X;; € LZ’(QT),i =0,---,n—-1,j=1---,mO0=ty<t; <---<t, =T,
and {4; }J’."zl c I' is mutually disjoint.
Remark 8 Since we only require X;; € L’g’ (Q7), the integrand may “non-adapted”.
This issue is essentially different from the requirement of adaptability in the definition
of stochastic integral with respect to temporal-spatial G-white noise in Ji and Peng
[10].

The completion of MP*O(QT) under the norm || - |[5sr, denoted by Mg (Qr),is a
Banach space, where the Banach norm || - ||3s» is defined by

T »
£ 1laze :=(E UO fRd L (s, x)lpds/l(dx)])

m p
E Z |Xij 1P (tiv1 =) A, | ¢ -

i=0 j=1

n—1
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For f € MP%(Qr) with the form as (12), the related stochastic integral with
respect to the temporal-spatial maximally distributed white noise /¥ can be defined
as follows:

n-1 m

T
wn= [ [ S RW s ) = 33 X Uty < 4. (13)

Similar to Lemma 1, we have

Lemma 2 For each f € M"°([0, T] x R%),

T T
E [fo Ldf(s, x)W(ds,dx)|| < kE [fo jl;d [ s, x)Idsdx], (14)

where k = max{|ul, |ul}.
Thus Iy : M"%(Qr) + Ly (Qr) is a continuous linear mapping. Consequently,

Iy can be uniquely extend to the domain Mgl (Q7). We still denote this mapping by

T
f f f(s,x)W(ds,dx) := Iw(f) for f € M;(QT).
0 R4

Remark 9 Thanks to the boundedness of maximally distributed white noise, the do-
main of integrand Mél (Qr) is much larger since the usual requirement of adaptability
for integrand can be dropped.

It is easy to check that the stochastic integral has the following properties.

Proposition 7 For each f, g € My(Qr),0<s<r<t<T,
(i) [ foa £ )W (dudx) = [T [, f )W (du,dx)+ [ [ f (X)W (du,dx).
(ii) [} Joa(@f (. x) + gu.x)) W (du, dx)

= af: fRd f(u, x)W(du,dx) + fst fRd g(u, x)W(du, dx), where a € Lé(QT) is
bounded.

Remark 10 In particular, if we only consider temporal maximally distributed white
noise and further assume that g > 0. In this case, the index set I' = {[s,#) : 0 <
s < t < oo}. The canonical process W ([0,7)) is the quadratic variation process of
G-Brownian motion, more details about the quadratic variation process can be found
in Peng [18].
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