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Finite Markov Chains Coupled to General
Markov Processes and An Application to
Metastability I

Thomas G. Kurtz and Jason Swanson

Abstract We consider a diffusion given by a small noise perturbation of a dynamical
system driven by a potential function with a finite number of local minima. The
classical results of Freidlin and Wentzell show that the time this diffusion spends in
the domain of attraction of one of these local minima is approximately exponentially
distributed and hence the diffusion should behave approximately like a Markov chain
on the local minima. By the work of Bovier and collaborators, the local minima can be
associated with the small eigenvalues of the diffusion generator. Applying a Markov
mapping theorem, we use the eigenfunctions of the generator to couple this diffusion
to a Markov chain whose generator has eigenvalues equal to the eigenvalues of the
diffusion generator that are associated with the local minima and establish explicit
formulas for conditional probabilities associated with this coupling. The fundamental
question then becomes to relate the coupled Markov chain to the approximate Markov
chain suggested by the results of Freidlin and Wentzel.

1 Introduction
Fix € > 0 and consider the stochastic process,
t
Xo(t) = Xs(0) - f VF(Xs(s))ds+V2e W (1), 1)
0

where F € C3(R4) and W is a standard d-dimensional Brownian motion. For the
precise assumptions on F, see Section 3.1. Let ¢ be the solution to the differential
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equation ¢’ = —VF (¢). We will use ¢, to denote the solution with ¢,(0) = x. The
process X, is a small-noise perturbation of the deterministic process ¢.

Suppose that M = {x, ..., X,,} is the set of local minima of the potential function
F. The points x; are stable points for the process ¢. For X, however, they are not
stable. The process X will initially gravitate toward one of the x; and move about
randomly in a small neighborhood of this point. But after an exponential amount of
time, a large fluctuation of the noise term will move the process X out of the domain
of attraction of x; and into the domain of attraction of one of the other minima. We
say that each point x; is a point of metastability for the process X,.

If X is a cadlag process in a complete, separable metric space S adapted to a right
continuous filtration (assumptions that are immediately satisfied for all processes
considered here) and H is either open or closed, then ‘rg =inf{r>0: X(t) or X(t—) €
H} is a stopping time (see, for example, [8, Proposition 1.5]). If x € S, let 7 = T[)f”.
We may sometimes also write 7% (H), and if the process is understood, we may omit
the superscript.

Let

Dj={x€Rd:t1Lngc¢x(t)=xj} )

be the domains of attraction of the local minima. It is well-known (see, for example,
[9], [4, Theorem 3.2], [5, Theorems 1.2 and 1.4], and [7]) that as & — 0, 7%= (DJC.)
is asymptotically exponentially distributed under P*i. It is therefore common to
approximate the process Xz by a continuous time Markov chain on the set M
(or equivalently on {0,...,m}). In fact, metastability can be defined in terms of
convergence, in an appropriate sense, to a continuous time Markov chain. (See the
survey article [ 15] for details.) Beltran and Landim [2, 3] introduced a general method
for proving the metastability of a Markov chain. Along similar lines, Rezakhanlou
and Seo [19] developed such a method for diffusions. For an alternative approach
using intertwining relations, see [1].

In this project, for each & > 0, we wish to capture this approximate Markov chain
behavior by coupling X, to a continuous time Markov chain, Yz, on {0,...,m}. We
will refer to the indexed collection of coupled processes, {(Xg, Yz) : € > 0}, as a
coupling sequence. Our objective is to investigate the possibility of constructing a
coupling sequence which satisfies

P(Xe(1) e Dj | Ye(t) =j) = 1 3

as € — 0, for all j. We also want the transition rate for ¥z to go from i to j to
be asymptotically equivalent as & — 0 to the transition rate for X, to go from a
neighborhood of x; to a neighborhood of x;. That is, we would like
ir Ye1 o pxirXe
E'rfe ]~ E¥[rye ] @)
as € — 0, for all 7 and j, where B, (x) is the ball of radius p centered at x.

In this paper (Part I), we develop our general coupling construction. The construc-
tion goes beyond the specific case of interest here. It is a construction that builds
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a coupling between a Markov process on a complete and separable metric space
and a continuous-time Markov chain where the generators of the two processes have
common eigenvalues. The coupling is done in such a way that observations of the
chain yield quantifiable conditional probabilities about the process. This coupling
construction is built in Section 2 and uses the Markov mapping theorem (Theorem
19). In Section 3, we apply this construction method to reversible diffusions in R¢
driven by a potential function with a finite number of local minima.

With this coupling construction in hand, we can build the coupling sequences
described above. In our follow-up work (Part II), we take up the question of the
existence and uniqueness of a coupling sequence that satisfies requirements (3) and

.

2 The general coupling
2.1 Assumptions and definitions

Given a Markov process X with generator A satisfying Assumption 1, we will use
the Markov mapping theorem to construct a coupled pair, (.X,Y), in such a way that
for a specified class of initial distributions, Y is a continuous-time Markov chain
on a finite state space. The construction then allows us to explicitly compute the
conditional distribution of X given observations of Y.

For explicit definitions of the notation used here and throughout, see the Appendix.

Assumption Let E be a complete and separable metric space.

(i) Ac C(E)xC(E).
(ii) A has a stationary distribution @ € P (E), which implies f g4 fdw =0 forall

feD(A).
(iii) For some m, there exist signed measures @y, ..., @, on E and positive real
numbers Ai,..., 4, such that, foreach k € {1,...,m} and f € D(A4),
[ arazi=-a [ ram. )
E E
@i (dx) = nr(x)w(dx), where nx € C(E), (6)
wi(E)=0. 7
We define wp = @ and g = 1. O
Remark 1f (1,0) € 4, then (5) implies (7). O

Remark In what follows, we will make use of the assumption that the functions 7
are continuous. However, this assumption can be relaxed by appealing to the methods
in Kurtz and Stockbridge [14]. O
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Assumption Let E be a complete and separable metric space. Let 4 ¢ C(E) X C(E),
meN, Q e RUHDXm+l) “and gD £0m) ¢ g+l

(i) 4 and m satisfy Assumption 1.
(ii) Q is the generator of a continuous-time Markov chain with state space Eq =
{0,1,...,m} and eigenvalues {0, —A1,...,—A;}.
(iii) The vectors &V, ..., £ are right eigenvectors of Q, corresponding to the
eigenvalues —Ay,...,—4;,.
(iv) Foreachi € {0,1,...,m}, the function

ai(x) =1+ ) &P i) ®)
k=1

satisfies a;(x) > 0 forall x € E.

We define £ = (1,...,1)7, so that the function a : £ — R™*! is given by a =
Zzn:of(k)nk- ]

Remark Given (A4, m,Q) satisfying (i) and (ii) of Assumption 4, it is always possible
to choose vectors &1, ..., & satisfying (iii) and (iv). This follows from the fact
that each 7y is a bounded function. O

Definition Suppose (A4, m,0,&0, ... £ satisfies Assumption 4. For 0 < j #i <
m, define

a0 = 0y 5. ©)
Note that ¢;; € C(E). Let S = E'X Ey. Define B € C(S) x C(S) by
Bf(x,i) = Af(x.0) + Z‘Iij(x)(f(x’j) - f(x.0)), 10)

J#i
where we take
D(B) ={/(x,i) = f{1(x) f2()) : f1 € D(A), f2 € B(Ep)} (11)

In particular, Af(x,i) = f2(i)Af1(x).
For each i € Ey, define the measure (i, -) on E by

a(i,F):frai(x)m(dx), (12)

forall T € B(E). Note that by (8), (7), and (6), these are probability measures. O
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2.2 Construction of the coupling

We are now ready to construct our coupled pair, (X, Y), which will have generator B,
to prove, for appropriate initial conditions, that the marginal process Y is a Markov
chain with generator Q, and to establish our conditional probability formulas. We
first require two lemmas.

Lemma 1 In the setting of Definition 6, let X be a cadlag solution of the martingale
problem for A. Then there exists a cadlag process Y such that (X,Y) solves the (local)
martingale problem for B. If X is Markov, then (X,Y) is Markov. If the martingale
problem for A is well-posed, then the martingale problem for B is well-posed.

Remark We are not requiring the ¢;; to be bounded, so for the process we construct,

JX(@), Y1) - f(X(0),Y(0)) —j(; Bf(X(s),Y(s))ds

may only be a local martingale. O

Proof (Proof of Lemma 1) Let X(t) be a cadlag solution to the martingale problem
for A.Let {N;; :i,j € Eo,i # j} be a family of independent unit rate Poisson processes,
which is independent of X. Then the equation

Y(0)=k+ G -i)Ny ( | 1m(Y<s)>ql-,-(X<s>>ds) (3)

i#]

has a unique solution, and as in [12], the process Z = (X,Y) is a solution of the
(local) martingale problem for B. If X is Markov, the uniqueness of the solution of
(13) ensures that (X, Y') is Markov. Similarly, 4 well-posed implies B is well posed.O0

Lemma 2 Let A satisfy Assumption 1. Taking ¥(x,i) = 1+ 3 ;. qij(x) > 1, if 4
satisfies Condition 17, then B satisfies Condition 17 with E replaced by S = E X Ey.

Proof Since D(A) is closed under multiplication, D (B) defined in (11) is closed
under multiplication.

Since we are assuming that R(4) c C(E), for each f € D(B), there exists cr>0
such that |B f'(x,i)| < cryr(x).

Condition 17(iii) for 4 and the separability of B(Ep) implies Condition 17(iii)
for By.

Since 4 is a pre-generator and B is a perturbation of 4 by a jump operator, By is
a pre-generator. [}

Theorem Suppose A satisfies Condition 17 and (4, m, 0,&W0), ..., £0) satisfies As-
sumption 4. Let B be given by (10) and for p; > 0, 372 p; = 1, define

v(Cx{i}) = pia(i,T), T e B(E).ie E.
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IfYisa cadlag Ep-valued Markov chain with generator O and initial distribution
{pi}. then there exists a solution (X, Y) of the martingale problem for (B, v) such that
Y and Y have the same distribution on Dg,[0, c0), and

P(X(1) €T | 7)) = a(Y(1).), (14)
forall > 0andall T € B(E). O

Proof We apply Theorem 19 to the operator B ¢ C(S)x C(S).

Lety : § — Ej be the coordinate projection. Let @ be the transition function from
Ej into S given by the product measure a(i,-) = a(i,") ® 6{50, where a(i,-) is given
by (12). Then @(;,y~!(i)) = 1 and

0= [ vt = [ wtinomdn =1+ Y05 <o
J#i

for each i € Ey. Define

= {(ff(z)a(-,dz),fo(z)a(-,dz)) :feD(B)} c R xR
S S

The result follow by Theorem 19, if we can show that Cv = Qv for every vector
v e D(C). Given f € D(B), let

1) = fs F)atindz) = fE Fi)ati,dx) = fE Fri)as (¥ @ (d).

Note that
Cri) = fE B (x.i)as (x) @ (d).

Since Ap = 0, by (5) and the definition of ¢;;(x),

Cfi) =~ Zf“‘uk [ reimaa@n+ 05 [ a0 - s,

J#I

By assumption Q¢ = ~ 1,60, so (" 1y = £ 0y and

(k) _ AN (k) ;
Zf A [ feximan -2 208 | reuimecan)

m

05 ) [ feximan

k=0

J

Il
(=]

Qij | J(xiaj(x)w(dx).

J

I
)
o
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This gives

Cri)=0u [ fixiatman)+ 0y [ e i)
j#i
m
= >.04/() = 01 ().
j=0
It follows that ¥ is a solution to the martingale problem for (C, p).
By Theorem 19(a), there exists a solution Z = (X, Y) of the martingale problem for

(B,v) such that Y =y(Z) and Y have the same distribution on DE,[0, c0). Theorem
19(b) implies (14). O

Remark In what follows, we may still write expectations with the notation £~ or
E', even when we have a coupled process, (X,Y). The meaning will be determined
by context, depending on whether the integrand of the expectation involves only X
oronly Y. O

3 Reversible diffusions
3.1 Assumptions on the potential function

We now consider the special case of our coupling when X is a reversible diffusion on
R4 driven by a potential function F and a small white noise perturbation. We will need
to use several results from the literature about the eigenvalues and eigenfunctions of
the generator of X. We assume the following on F.

Assumption (i) F € C}*(R?) and lim |00 F(x) = c0.
(ii) F has m+1 > 2 local minima M = {x¢,...,X;}.
(iii) There exist constants a; > 0 and ¢; > 0 such that a, < 2a; —2, and
crlx|¥ = < |[VF(X))? < 31x]% + ey, (15)
c1]x|% = ¢ < (IVF(x)| = 2AF (x))? < ¢3]x]% + ¢4 (16)
Remark Note that 2 < a; < a,. To see this, observe that (15) implies a; < a,. Thus,
ay < ay < 2a; —2, which implies a; > 2. ]
Lemma 3 Under Assumption 10, there exist constants ¢; > 0 such that
Gilx| =G < |F(x)| < &x|™ +C, (17
where a; = a; /2 + 1.

Proof Since
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1
F(x):F(O)+f VF(sx)-xds,
0
it follows from (15) that
|F(x)] < [F(0)]+Ix](e3lx|® +c)'7%,

and the upper bound in (17) follows immediately.

Since F — oo, there exists C > 0 such that (x) > —C for all x € R¢, and since
|[VF| — oo, there exists R > 0 such that [VF(x)| > 1 whenever |x| > R.

Recall that ¢, satisfies ¢} = —=VF(¢,) and ¢, (0) = x, and define

Ty =inf{r > 0: p.(1)] < R}.

Suppose there exists x such that 7, = co. Then, for all ¢ > 0,
t
~C<F(eu) = F)+ [ TF(u(s)- ¢4 ds
0

= F(x)- fo IVF (o ()P ds
<F(x)-t.

Therefore, F'(x) >t — C for all ¢, a contradiction, and we must have 7y < oo for all
x € R4,

Let L = sup,<g F'(x). By (15) and the fact that * — oo, we may choose R" > R
and C’ > 0 such that F(x) > L and |[VF(x)| > C’|x|“/> whenever |x| > R’.

Fix x € R? with |x| > 2R’, so that F(x) > L. Since |¢y(Tx)| = R, it follows
that F(¢x(Ty)) < L. By the continuity of ¢, we may choose 7" € (0, 7] such that
F(¢x(T")) = L. We then have

.
L=F(x)+ fo VE(gx(0)) - @ () dt

-
=PI = [ I9Fe )l 0l dr
Let 7”7 =inf{t > 0 : |y (?)] < |x|/2}. Note that F(¢x(T")) = L implies |y (T")| <

R’ <|x|/2, and therefore T”” < T’. Moreover, for all < T”", we have |, (¢)| > |x|/2 >
R’, which implies

ap/2
TR = Clecor®z ()
Thus,

|x| ap/2 T”
LSF(x)_C’( 2) f \oL(0)] dt.
0
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But fOT” [ (1)| dt is the length of ¢, from ¢ =0 to ¢ = T, which is bounded below
by

e (T") = 0] 2 I O}~ e (T =[xl = 1y = ]

Therefore, for all |x| > 2R’, we have F(x) > C”|x|“/**! —|L|, where C” =
271/2=1C and this proves the lower bound in (17).

3.2 Spectral properties of the generator

Having established our assumptions on /', we now turn our attention to the diffusion
process, X, given by (1). To simplify notation, we may sometimes omit the . The
process X has generator 4 = eA—VFE - V. To show that 4 meets the requirements
of our coupling from Section 2, we must prove certain results about its eigenvalues
and eigenfunctions. For this, we begin with some notation, a lemma, and two results
from the literature.

Define 77(x) = w4 (x) = e F)/28 et

A1 o]
V=Ve=—=SIVFP~  AF. (18)

Lemma 4 Let V. be given by (18), where F satisfies Assumption 10. Recall the
constants a; from (15)-(16). For all € € (0, 1), there exist constants c; ¢ > 0 such that

cLelxX|* —coe < Ve(x) < c361X|* +cye.
In particular, Ve — oo for all € € (0,1).
Proof Fix € € (0,1). By (15) and (16), for x sufficiently large,
c|x|™ < ([VF(x)| = 2AF)? < C|x|®,

and
clx|* < |VF(x)* < Clx|,

for some 0 < ¢ < C < co. Note that
4V = |VF|> =2AF = (|VF| - 2AF) + ([VF|* = |VF]).
Hence, for x sufficiently large, V;(x) < C;|x|2. Also,
1
Vi) 2, (el = Golx| ™).

Since a; > ay/2, it follows that for x sufficiently large, V;(x) > ¢|x|*'. Therefore,
there exist constants ¢; > 0 such that
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alx| = < Vi(x) < c3lx|“ + e,

and
Cilx|“ =& < |VF(x)|* < &lx|“ + 2,

for all x € R?. Note that

so that

I
N<Ves< Vit L IVFP
& & &

From here, the lemma follows easily. m|

The following two theorems are from [6]. Theorem 12 is a consequence of [6,
Theorem 4.5.4] and [6, Lemma 4.2.2]. Theorem 13 is part of [6, Theorem 2.1.4].

Theorem Let H = —A+ W, where W is continuous with /' — . Let A denote the
smallest eigenvalue of /7, and i the corresponding eigenfunction, normalized so that
Wl 2gay = 1. Define Uf =y f and H = U~ (H- )U. If

Glx|® =& < |W(x)| < &x|% +

where a; > 0, ¢ > 0, and @, < 2a; — 2, then e ¥’ is an ultracontractive symmetric
Markov semigroup on L?(R<,y(x)? dx). That is, for each ¢ > 0, the operator e " is

a bounded operator mapping L>(R?,y(x)? dx) to L® (R, (x)? dx). o

Theorem Lete " be an ultracontractive symmetric Markov semigroup on L2(Q, p),
where Q is a locally compact, second countable Hausdorff space and u is a Borel
measure on Q. If u(Q) < co, then each eigenfunction of H belongs to L*(Q, ). O

This next proposition establishes the spectral properties of 4 that are needed to
carry out the construction of our coupling.

Proposition Fix € > 0. The operator H = —A + V. is a self-adjoint operator on
L*(R%) with discrete, nonnegative spectrum 2 k T oo and corresponding orthonormal
eigenfunctions yx. Each . is locally Holder continuous. Moreover, 1o = 0 is simple
and v is proportional to 7. We define u by u(dx) = n(x)>dx and @ = Z~ 'y, where
Z = u(R¥). The operator H given by H f = n~'H(x f) is a self-adjoint operator on
L*(w) with eigenvalues Zk and orthogonal eigenfunctions 77x =y /7. The functions
7x have norm one in L?(u), whereas the functions 77, = Z'/?7; have norm one in
L*(w).
For f € C2(RY), we have —gH [ = eAf-VF-Vf.Hence, if we define 4 by

A={(fi—eHf): f e CORY),

then 4 is the generator for the diffusion process given by (1). For each x € R9, (1)
has a unique, global solution for all time, so that the process X with X(0) = x is a
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solution to the martingale problem for (4, ). The operator 4 is graph separable, and
D(A) is separating and closed under multiplication. The measure @ is a stationary
distribution for 4. Moreover,

[ ardw = [ yaa

where @i (dx) = ni(x)w(dx) and A = s;fk. The signed measures @y satisfy
@ (RY) =0, and each 7, belongs to C(R?), the space of bounded, continuous
functions on R<. O

Proof Note that ' — co by Lemma 4. Therefore, by [18, Theorem XIII.67], we
have that H is a self-adjoint operator on L>(R¢) with compact resolvent. It follows
(see [6, pp. 108-109, 119-120, and Proposition 1.4.3]) that A has a purely discrete
spectrum and there exists a complete, orthonormal set of eigenfunctions {¢/},,
with corresponding eigenvalues ;l\k T c0. Moreover, /To is simple and y is strictly
positive.

Since V is locally bounded, and (-A+V — ;ik)lllk =0, [10, Theorem 8.22] implies
that, for each compact K ¢ R?, y, is Holder continuous on K with exponent y(K).

Define U : L*(u) — L*(RY) by Uf = nf, so that H = U™ HU. Since U is an
isometry, H is self-adjoint on L?(u) and has the same eigenvalues as H. Note that,
forany f € D(ﬁ ), it follows from Green’s identity that

B = o f H ) oy = f V)P + f V(nf)

= [wanes [@nn= [ wank- [ vnvisd.

Using the product rule, V(gh) = gVh + hVg, this simplifies to

(f,l?f)Lz(ﬂ):f(an|2.f2+2fn(Vf~V7r)+|Vf|27r2—|V7r|2f2—7r(V(f2).V7r))
=f(2f7r(Vf~Vﬂ)+IVflzﬂz—n(V(fz)Vﬂ))=f|Vf|2ﬂ2,

showing that H cannot have a negative eigenvalue. Hence, Ao > 0. _
By (17), we have 7 € L*(R9), so that 7 € D(H) with Hr = 0. Hence, since Ao is
nonnegative and has multiplicity one, it follows that 1o = 0 and ¢ is proportional
torm.
Observe that, if f € C2°, then, using the product rule for the Laplacian and the
identity V' = An/m, we have

—f]f: _71rH(7Tf) = i(A(ﬂ'f)—Vﬂ'f) = 71r(fAn+2V7T-Vf+7rAf—fA7T).

Since 2eVr/n = —~VF, we have —eHf = seAf —VF -V f.
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Since VF is locally Lipschitz, (1) has a unique solution up to an explosion time (see
[17, Theorem V.38]). Since lim |y |0 £ = 00 by assumption and lim | ,co AF(x) = 00
by Lemma 4.2, it follows that /' is a Liapunov function for X proving that X, does
not explode.

By [13, Remark 2.5], A4 is graph separable. Clearly D(4) is closed under multi-
plication. Since D(A) separates points and R is complete and separable, D(4) is
separating (see [8, Theorem 3.4.5]).

If f e C2, then

f Afdw =—e(LHf)2(0) = ~&(HL [)2(c5) = O,

so that @ is a stationary distribution for A. For k > 1, since @y (dx) = ni(x)w(dx),
we have

fAfdwk = _3<77k»ﬁf>L2(w) = —€(ﬁl7ksf>L2(w) =—A ffdwk-

Also, @y (Rd) =Mk, 1) 2(e) = 0, since n and 7 = 1 are orthogonal.

Finally, since i = Z'/?yy /m and ¢y is locally Holder continuous, it follows that
each 17; belongs to C(R9), and the fact that they are bounded follows from Theorems
12 and 13. O

3.3 The coupled process

By Proposition 14, the pair (4,m) satisfies Assumption 1 with E = R¥, so we have
the following.

Theorem Let A be the generator for (1) where F satisfies Assumption 10, and let
(=20,10), -, (=Am,m) be the first m + 1 eigenvalues and eigenvectors of 4. Let
Q e RO+ Dx(m+1) be the generator of a continuous-time Markov chain with state space
Ey=1{0,1,...,m} and eigenvalues {0,—211,...,—4,,} and eigenvectors §(1),...,§(’")
such that «; defined by (8) is strictly positive. Let B be defined as in Definition 6.

Let Y be a continuous time Markov chain with generator Q and initial distribution
p=(po,...,pm) € P(Ep). Then there exists a cadlag Markov process (X,Y) with
generator B and initial distribution v given by

v(I'x{i}) = pja(i,T’), Te B(Rd), (19)
such that Y and Y have the same distribution on DE,[0,0), and
PUWET 1Y) =)= [ o) @i, 0)
r

forall>0,all0 < j <m,and all T € B(E). O
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Remark That Q with these properties exists can be seen from [16, Theorem 1].
Remark 5 ensures the existence of the eigenvectors. O

Proof Note that under the assumptions of the theorem, (A4, m, Q,f(l), .. .,.f(’”)) sat-
isfies Assumption 4. By Proposition 14, the rest of the hypotheses of Theorem 8
are also satisfied. Consequently, the process (X,Y) exists, and by uniqueness of the
martingale problem for B, (X,Y) is Markov. O

We can now construct the coupling sequences described in the introduction.
For each & > 0, choose a matrix Q. and eigenvectors fg), e ém) that satisfy the
assumptions of Theorem 15. If (X, Yz ) is the Markov process described in Theorem
15, then the family, {(X,, Y:) : € > 0}, forms a coupling sequence.

The coupling sequence is determined by the collection, {Q,, g ... ,fém) 1e>0}.
By making different choices for the matrices and eigenvectors, we can obtain different
coupling sequences. In our follow-up paper, we will consider the question of existence
and uniqueness of a coupling sequence that satisfies conditions (3) and (4).
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Appendix

Let E be a complete and separable metric space, B(E) the o-algebra of Borel subsets
of E, and P(E) the family of Borel probability measures on E. Let M(E) be the
collection of all real-valued, Borel measurable functionson £, and B(E) ¢ M(E) the
Banach space of bounded functions with || flc = sup,cx | f(x)|. Let C(E) C B(E)
be the subspace of bounded continuous functions, while C(£’) denotes the collection
of continuous, real-valued functions on E. A collection of functions D ¢ C(E) is
separating if u,v € P(E) and ffdy = ffdv forall /'€ D implies y = v.

Condition (i) B c C(E)xC(E) and D(B) is closed under multiplication and
separating.
(ii) There exists ¢ € C(E), ¢ > 1, such that for each f € D(B), there exists a
constant ¢y such that

[Bf(x)| <cpyp(x), x€E.

(We write B f even though we do not exclude the possibility that B is multival-
ued. In the multivalued case, each element of B /" must satisfy the inequality.)
(iii) There exists a countable subset B. C B such that every solution of the (local)
martingale problem for B, is a solution of the (local) martingale problem for
B.
(iv) Bof =y~ 'Bf is a pre-generator, that is, By is dissipative and there are se-
quences of functions u, : E — P(F) and 4,, : E — [0,00) such that for each
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(f>8) € B,
g(X)=,}ggo/ln(X)L(f(y)—f(X))un(x,dy) (21

foreach x € E. O

Remark Condition 17(iii) holds if By is graph-separable, that is, there is a countable
subset By, of By such that By is a subset of the bounded, pointwise closure of By,..

An operator is a pre-generator if for each x € E, there exists a solution of the
martingale problem for (B, ). O

For a measurable Ej-valued process Y, where Ej is a complete and separable
metric space, let

7?,Y = completion of o (frg(Y(s))ds r<tge B(Eo)) Va(Y(0)).
0

Theorem Let (S,d) and (Eo,do) be complete, separable metric spaces. Let B satisfy
Condition 17. Let y : S — Ey be measurable, and let @ be a transition function
from Ej into S (that is, @ : Eg X B(S) — R satisfies a(y,-) € P(S) for all y € Ey
and a(-,I') € B(E)y) for all T" € B(S)) satisfying fh oy(z)a(y,dz) = h(y), y € Ey,
h € B(Ey), that is, @(y,y~'(y)) = 1. Assume that /(y) = fs U(z)a(y,dz) < oo for
each y € Ey and define

C= {(fsf(z)a(-,dz),LBf(z)a(.,dz)) fe Z)(B)}.

Let 1 € P(Eo) and define v = [ @(y,-) u(dy).

a) If Y satisfies fot E[{p'(?(s))]ds < oo as. forall >0 and Y is a solution of the
martingale problem for (C, i), then there exists a solution Z of the martingale
problem for (B, v) such that Y has the same distribution on Mg, [0,c0)as Y =yo Z.
If Y and Y are cadlag, then ¥ and ¥ have the same distribution on D £,[0, 00).

b) LetTY ={¢:Y (¢)is 7%” measurable} (which holds for Lebesgue-almost every 7).
Then forz € TY,

P(Zt)eT | FY)=a(¥().T), TeB(S).

¢) If, in addition, uniqueness holds for the martingale problem for (B,v), then
uniqueness holds for the M, [0, o0)-martingale problem for (C, p). If Y has sample
paths in Dg, [0, c0), then uniqueness holds for the D, [0, co)-martingale problem
for (C, w).

d) If uniqueness holds for the martingale problem for (B, v), then Y restricted to TY
is a Markov process. O

Remark 1f Y is cadlag with no fixed points of discontinuity (that is Y(¢) = Y(¢-)
a.s. for all 1), then F,¥ = F,Y for all 1. o
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Remark The main precursor of this Markov mapping theorem is [13, Corollary 3.5].

The result stated here is a special case of Corollary 3.3 of [11]. O
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