®

Check for
updates

Approximation and Polynomial
Algorithms for Multi-depot Capacitated
Arc Routing Problems

Wei Yu®) and Yujie Liao

School of Mathematics, East China University of Science and Technology,
Shanghai 200237, China

yuwei@ecust.edu.cn, y30190191@mail.ecust.edu.cn

Abstract. We study the multi-depot capacitated arc routing problem
(MCARP), which generalizes the classical arc routing problem to the
more realistic situation with multiple depots. We propose approximation
and polynomial algorithms for different variants of the MCARP. First,
we present the first constant-factor approximation algorithms for the
MCARP and the nonfixed destination variant. Second, for a restricted
case of the MCARP with infinite vehicle capacity, called the multi-depot
rural postman problem, we devise a (2 — Til)-approximation algorithm
with £ indicating the number of depots. Lastly, we show that the equal-
demand MCARP defined on a line graph is polynomially solvable and
develop a 2-approximation algorithm for the multi-depot capacitated
vehicle routing problem on a line.

Keywords: Approximation algorithm - Multi-depot - Vehicle routing
problem - Arc routing problem - Rural postman problem

1 Introduction

Given an undirected graph G = (V, E), which may be a multigraph, with vertex
set V' and edge set E. Fach edge e € E is associated with a nonnegative cost
c(e) and a nonnegative integer demand d(e). There is a fleet of homogeneous
vehicles with capacity @ located at a specified vertex o € V, called the depot.
The Capacitated Arc Routing Problem (CARP) is to find a set of routes (or
closed walks), starting from and ending at the depot, for the vehicles to serve
the edges with positive demands such that each vehicle serves a total demand of
at most ) (capacity constraint) and the total cost of the routes is minimized. If
the demands are defined for the vertices instead of the edges in the CARP, we
obtain the Capacitated Vehicle Routing Problem (CVRP).

As noted by Golden and Wong [13], the CVRP can be seen as a special case of
the CARP. Because we can split the vertices in the CVRP into two vertices which
are connected by a zero-cost edge with a demand equal to the original vertex
demand. The CARP occurs frequently in practice applications, including the
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inspection of electric power lines [9], distribution service [16], garbage collection
[10], school bus routing problem [24], and so on.

A natural extension of the CARP/CVRP is the Multi-Depot Capacitated
Arc/Vehicle Routing Problem (MCARP/MCVRP) where there are multiple
depots instead of a single depot and the routes are required to start from and end
at the same depot (but different routes may use different depots). The motivation
to study the MCARP/MCVRP lies not only in their theoretical interest, but also
in their wide-spread applications. For the CARP/CVRP, when the service area
is large, multiple depots are usually setting up to meet the service requirements
[11]. Such depots correspond to vehicle stations, warehouses, dumping places,
supply points or relay boxes. For example, the online shopping business usually
operates at multiple depots to improve the customers experience and satisfac-
tion in cities [19]. Other applications of the MCARP/MCVRP encompass mail
delivery [17], explosive waste recycling [27], police patrolling [7], etc.

One can see that the CARP (resp. CVRP) is NP-hard, since it contains the
well-known Rural Postman Problem (resp. Metric Traveling Salesman Problem)
as a special case where the vehicle capacity is infinite. In turn, as a generaliza-
tion of the CARP/CVRP, the MCARP/MCVRP is also NP-hard. Therefore,
the existing literature on the MCARP/MCVRP has centered on branch-and-cut
approach (e.g. see [12,20]) and meta-heuristics (e.g., see [17,19,23]). However,
we address the multi-depot CARP from the point view of approximation algo-
rithms. As far as we know, there are few approximability results on multi-depot
variants for the CARP/CVRP. In particular, we have not aware any approxima-
tion algorithm for the MCARP.

The research of approximation algorithms for the CARP/CVRP was initiated
by Haimovich and Rinnooy Kan [14], who studied the equal-demand CVRP,
which is a special case of the CVRP with d(v) = 1 for each vertex v. They gave
the well-known Iterated Tour Partition heuristic, denoted by ITP(«), where «
indicates the approximation ratio of the metric TSP (a < % due to the results in
[5,8]), and proved that IT P(«) achieves an approximation ratio of 1+ (1 — %)a
if the number n = |V| of vertices is a multiple of Q. Later, Haimovich et al. [15]
and Altinkemer and Gavish [2] removed the condition that n is a multiple of
Q while achieving the same result'. For the general CVRP, Altinkemer and
Gavish [1] obtained a (2+ (1 — %)a)—approximation algorithm, called UIT P(«),
which is an extension of ITP(«) to the general case of unequal demands. A
simplified proof of this result can be found in [15]. Recently, Blauth et al. [6]
have managed to improve the longstanding ratio for the CVRP to 2 4+ a — 2¢ for
some absolute constant € > 0. For the equal-demand case, they also devised an
improved (1 + « — €)-approximation algorithm.

Besides the results on the CVRP defined on general graphs, there are also
approximation algorithms tailored for the CVRP defined on special graphs.
Labbe et al. [21] devised a 2-approximation for the CVRP on trees. If the graph
is a line, Wu and Lu [26] further improved the ratio to 2. Note that the CVRP on

! Actually, the versions of ITP(c) in [2,15] are slightly different from that in [14], but
we still refer to them as ITP(«).
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a half-line (i.e. the depot is located at one of the end point of the line) is already
NP-hard [3]. What’s worse, the CVRP on a half-line cannot be approximated
within ratio 3/2 unless P = NP [26].

As for the CARP, Jansen [18] showed how to generalize the above ITP(«)
and UITP(«) heuristics for the CVRP to obtain approximation algorithms with
ratios 1+ (1 — é)ao and 2+ (1 — %)ao for the CARP with triangle inequality,
where o is the approximation ratio for the Rural Postman Problem (due to the
results in [4,9], ap < 3). Wohlk [25] presented an alternative (2 + (1 — %)Oéo)-
approximation algorithm for the CARP with triangle inequality. Interestingly,
van Bevern [4] proved that any factor 5 approximation algorithm for the CARP
with triangle inequality yields a factor 8 approximation algorithm for the general
CARP (without the triangle inequality). As a result, the (equal-demand) CARP
admits an approximation algorithm of ratio 2 + (1 — %)ao (I+(1- é)ao).

For the multi-depot CVRP, Li and Simchi-Levi [22] developed approximation
algorithms with ratios 14 (2 — %)a and 2+ (2 — 2)a for the equal-demand case
and the general case, respectively. In addition, they also considered the nonfixed
destination MCVRP, i.e. a variant of the MCVRP where the vehicles are allowed
to depart from one depot but end at another depot, and gave two approximation
algorithms with ratios 14 (1 — é)a and 24 (1— %)a for the equal-demand case
and the general case, respectively.

In this paper, we mainly obtain the following results. First, we present the
first approximation algorithms for the MCARP and the nonfixed destination
variant, which have constant approximation ratios. Second, for the multi-depot
Rural Postman Problem (MRPP), which is a restricted case of the MCARP
with infinite vehicle capacity, we devise a better approximation algorithm with
ratio 2 — T{H’ where k indicates the number of depots. Lastly, we investigate
the MCARP/MCVRP defined on a line graph and show that the equal-demand
MCARP on a line is polynomially solvable and propose a 2-approximation algo-
rithm for the MCVRP on a line.

The rest of the paper is organized as follows. We give some notations used
throughout the paper in Sect. 2. In Sect. 3 we deal with the approximation algo-
rithms for the nonfixed destination MCARP. Subsequently, we discuss the (fixed
destination) MCARP in Sect.4. Approximation algorithms for the MRPP are
presented in Sect. 5. At last, we give approximation and polynomial algorithms
for the MCARP/MCVRP defined on a line graph in Sect. 6.

2 Notations

Throughout the paper, we analyze algorithms on different versions of the
MCARP/MCVRP. For the MCARP, we denote by Z* the optimal value. Z
indicates the optimal value of the nonfixed destination MCARP. Z4 denotes the
objective value of the solution obtained by some algorithm A.

Let G = (V, E) be the underlying graph with vertex set V' and edge set F,
c(e) > 0 indicates the cost (or length) of edge e € E. If e = (u,v), we call u,v
the end vertices of e. The nonnegative integer demand of vertex v (edge e) is
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denoted by d(v) (d(e)). The edges with d(e) > 0 are called required edges. The
set of all required edges is denoted by R. () is the capacity of the vehicles. For
any u,v € V, ¢s(u,v) denote the length of the shortest path between u and v. For
a subgraph H of G, V(H) and E(H) denote the vertex set and edge (multi)set
of H, respectively. The cost of H is defined as ¢(H) = >_ ¢ ) c(€). Let cr(H)
be the sum of the costs of the required edges in H. Consequently, the sum of the
costs of the non-required edges in H equals ¢(H) — cr(H).

3 The Nonfixed Destination MCARP

In this section, we extend the algorithm for the nonfixed destination MCVRP
in [22] to solve the nonfixed destination MCARP. Our algorithm, called
NMCARP(), also has a simple description by using the result for the CARP
(without triangle inequality) in [4]. Here § indicates the approximation ratio for
the CARP.

Let G = (V, E) be the original graph for the nonfixed destination MCARP
and D C V is the depot set. NMCARP(f3) uses a 3-approximation algorithm
for the CARP as a subroutine and consists of two stages. The first stage is to
contract the set D of depots in GG into a single depot d to generate a new graph
G’ and use the B-approximation for the corresponding CARP to derive a solution
composed of a series of routes starting from and ending at d. The second stage
of the algorithm is to uncontract d back to the original set D of depots, which
produces a feasible solution of the original MCARP. The following is the formal
description of the algorithm.

Algorithm NMCARP(3)

Step 1. Obtain a new graph G’ = (V', E’) from G = (V, E), where V' = {d} U
(V'\ D) and each edge (u,v) € E corresponds to an edge (uv',v') € E’ with
the same cost and demand such that

v, if u,v € V\ D

d, fueV\D,veD;

v, ifue D,v eV \ D;
ifu,ve D.

I
R
o

U,
U,
d
v

&

Note that the last case indicates that (u',v’) is a self-loop in G'.

Step 2. Apply a [-approximation algorithm for the CARP defined on G’ to
generate a solution consisting of I routes C1, ..., C] starting from and ending
at the depot d. Moreover, we assume w.l.o.g that each C/ contains d exactly
twice 2.

Step 3. For each C; (i = 1,...,1), replacing each edge (u’,v") of C] by the original
edge (u,v) corresponding to (u',v"). This will result in a route P; in G whose
both end points are depots in D (but may be different).

2 Otherwise, we can break C; into a series of routes containing d exactly twice.
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Step 4. Return the routes in Py, ..., P.
Lemma 1. ZVMCARP(B) < g7

Proof. Let Z*(G") be the optimal value of the CARP defined on G’ in Step 2. It
can seen that any feasible solution to the nonfixed destination MCVRP induces a
feasible solution to the CARP defined on G’ of no greater cost after contracting
the depots in D into a single depot d. This implies that Z*(G’) < Z¥. By
definition, the total cost of the routes Cf,...,C] is at most 5Z*(G’). Observe
that in Step 3 the total cost of the routes in Py,..., P, is the same as the total
cost of the routes Cf,...,C}. Therefore, ZNMCARP(B) < 37+(G") < BZ:. O

Due to the results in [4,18,25], there exists an approximation algorithm, say
UITP(«p), with ratio 2 + (1 — %)ao for the CARP and another approximation

algorithm, which we call ITP(«yp), with ratio 1+ (1— é)ao for the equal-demand
problem. Recall that «y is the approximation ratio for the Rural Postman Prob-
lem. Using Lemma 1, this yields the following result.

Theorem 1. The nonfized destination MCARP admits a (2 + (

1 —
approzimation algorithm. If the demands are equal, there is a (1 + (1 —
approximation algorithm.

)

)_
) -

)

7))
Qo

Q=Qfw

Remark 1. One can see that our algorithm has a very simple description, which
thanks to the adoption of the S-approximation algorithm for the CARP without
triangle inequality. In particular, when constructing the graph G’ we need not
alter the costs and demands of the edges except for contracting the depot set. In
contrast, the UIT P, («) heuristic for the nonfixed destination CVRP, given by
Li and Simchi-Levi [22], has to further revise the edge costs by computing the
all-pairs shortest path between the vertices in G’ and add some dummy edges.
Because their algorithm invokes the UITP(«) heuristic for the CVRP, which
need the triangle inequality, and G’ may not respect the triangle inequality.

4 The (Fixed Destination) MCARP

We now discuss the (fixed destination) MCARP where all the routes are required
to start from and end at the same depot.

We give an algorithm, called MUIT P(«yp), for the MCARP by modifying
the algorithm NMCARP(() as follows. First, we replace the B-approximation
algorithm in Step 2 by the above-mentioned algorithm UITP(«ap). Then we
modify the solution generated in Step 4 to derive a feasible solution for the

MCARP. Let P;, = dgi), Ugi), . mﬁi), d(;) be the ith route with

r—1
e(Br) = ea(dy” o) + Y~ a0y 0pl) + es(0f, ),
h=1
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where dgi),dg) € D are the depots and v,(j) e V\D (h=1,...,7r). The mod-
ification of P; (i = 1,...,1) to C; is defined as below: if d\” = d{” then P is
already feasible and we set C; = P;, otherwise C; is replaced by

C _ d(l) ( ) L ,vﬁ”,d&”, if Cs (dgl)’vil)) + Cs (vﬁl),d(ll)) S Cs (dél)’vgl)) + Cs (’U(l) d(l))
d< ) ( ) ..,vy‘),d(;), if cs(dgl),vy)) + cs(v,(«l),d§l)) > cs(dgz),vy)) + cs(v( R d( ))
To analyze the performance of the algorithm MUITP(«y), we define L* as
the cost of the optimal rural postman tour with respect to G’ in Step 2. In other
words, L* is the length of the shortest closed walk in G’ going through 0 and

all required edges. L(«p) is the cost of an ap-approximate rural postman tour
used by UITP(aO) Clearly, L(ag) < agL*. Moreover, according to UITP(ay)

it holds that 21 D 05(02)7023_1) < L(ap).
We proceed to show the following result.

Lemma 2. ZMUITP(a0) < (2 + (2 — %) ao) Z*.

Proof. Similarly to the analysis of the I TPf( ) heuristic for the MCVRP in [22],
we can show that ¢(C;) < ¢(F;) + Zh 1 cS(vh v,(ﬁrl) and hence

l
2
ZMUITP(a0) _ C; < (2 + (1 — Q) Oéo) 7% + L(ag) .
=1

Since Z < Z* and L(ag) < apL* < apZ*, the proof of is completed. O

By substituting ITP(ag) for UITP(ap) in the above algorithm
MUITP(ag), we can obtain an approximation algorithm for the equal-demand
MCARP with ratio 1 4 (2 — é)ao. To sum up, we have the following result for
the MCARP.

Theorem 2. There exists a (2 + (2 — %)ao)-approximation algorithm for the

MCARP. Moreover, for the equal-demand problem there is a (1 + (2 — %)ao)—
approximation algorithm.

5 The Multi-depot Rural Postman Problem

In this section, we consider the multi-depot Rural Postman Problem (MRPP),
which is a restricted case of the MCARP with infinite vehicle capacity, i.e.,
() = +00. Suppose that there are k = | D| depots. Then the MRPP is essentially
to find at most k closed walks, each of which starts from and ends at a distinct
depot, such that these walks cover all the required edges and the total cost of
the walks is minimized.

Theorem 3. There exists a (2— approximation algorithm for the MRPP.

2k+1)
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Multi-depot CARP on a Line

In this section, we deal with the MCARP/MCVRP defined on a line graph. We
show that the equal-demand MCARP on a line can be solved in O(n?) time. For
the MCVRP on a line, we give the first 2-approximation algorithm.

Theorem 4. The equal-demand MCARP on a line can be solved in O(n?) time.

Theorem 5. The MCVRP on a line admits a 2-approximation algorithm.

Acknowledgements. This research is supported by the National Natural Science
Foundation of China under grant numbers 11671135, 11871213, 11901255 and the Nat-
ural Science Foundation of Shanghai under grant number 19ZR1411800.

References

10.

11.

12.

13.

14.

. Altinkemer, K., Gavish, B.: Heuristics for unequal weight delivery problems with

a fixed error guarantee. Oper. Res. Lett. 6(4), 149-158 (1987)

Altinkemer, K., Gavish, B.: Heuristics for delivery problems with constant error
guarantees. Transp. Sci. 6(4), 294-297 (1990)

Archetti, C., Feillet, D., Gendreau, M., Speranza, M.G.: Complexity of the VRP
and SDVRP. Transp. Res. Part C Emerg. Technol. 19, 741-750 (2011)

van Bevern, R., Hartung, S., Nichterlein, A., Sorge, M.: Constant-factor approxi-
mations for Capacitated Arc Routing without triangle inequality. Oper. Res. Lett.
42, 290292 (2014)

van Bevern, R., Slugin, V.A.: A historical note on the 3/2-approximation algorithm
for the metric traveling salesman problem. Hist. Math. 53, 118-127 (2020)
Blauth, J., Traub, V., Vygen, J.: Improving the approximation ratio for capaci-
tated vehicle routing. In: Singh, M., Williamson, D.P. (eds.) IPCO 2021. LNCS,
vol. 12707, pp. 1-14. Springer, Cham (2021). https://doi.org/10.1007/978-3-030-
73879-2_1

Chen, H., Cheng, T., Shawe-Taylor, J.: A balanced route design for min-max
multiple-depot rural postman problem (MMMDRPP): a police patrolling case.
Int. J. Geogr. Inf. Sci. 32(1), 169-190 (2018)

Christofides, N.: Worst-case analysis of a new heuristic for the traveling sales-
man problem. Technical report, Graduate School of Industrial Administration,
Carnegie-Mellon University, Pittsburgh (1976)

Eiselt, H.A., Gendreau, M., Laporte, G.: Arc routing problems, part II: the rural
postman problem. Oper. Res. 43, 399-414 (1995)

Fernandez, E., Fontana, D., Grazia Speranza, M.: On the collaboration uncapaci-
tated arc routing problem. Comput. Oper. Res. 67, 120-131 (2016)

Fernandez, E., Rodriguez-Pereira, J.: Multi-depot rural postman problems. TOP
25(2), 340-372 (2016). https://doi.org/10.1007/s11750-016-0434-7

Fernandez, E., Laporte, G., Rodriguez-Pereira, J.: A branch-and-cut algorithm for
the multidepot rural postman problem. Transp. Sci. 52(2), 353-369 (2018)
Golden, B.L., Wong, R.T.: Capacitied arc routing problems. Networks 11(3), 305—
315 (1981)

Haimovich, M., Rinnooy Kan, A.H.G.: Bounds and heuristics for capacitated rout-
ing problems. Math. Oper. Res. 10(4), 527-542 (1985)


https://doi.org/10.1007/978-3-030-73879-2_1
https://doi.org/10.1007/978-3-030-73879-2_1
https://doi.org/10.1007/s11750-016-0434-z

100

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

W. Yu and Y. Liao

Haimovich, M., Rinnooy Kan, A.H.G., Stougie, L.: Analysis of heuristics for vehicle
routing problems. In: Golder, B.L., Assad, A.A. (eds.) Vehicle Routing: Methods
and Studies, pp. 47-61. Elsevier, Amsterdam (1988)

Hertz, A., Laporte, G., Mittaz, M.: A taub search heuristic for the capacitated arc
routing problem. Oper. Res. 48(1), 129-135 (2000)

Hu, H., Liu, T., Ning, Z., Zhou, Y., Min, D.: A hybrid genetic algorithm with
perturbation for the multi-depot capacitated arc routing problem. J. Appl. Sci.
13(16), 3239-3244 (2013)

Jansen, K.: Bounds for the general capacitated routing problem. Networks 23,
165-173 (1993)

Kansou, A., Yassine, A.: A two ant colony approaches for the multi-depot capaci-
tated arc routing problem. In: International Conference on Computers & Industrial
Engineering, Troyes, France, pp. 1040-1045 (2009)

Krushinsky, D., Van Woensel, T.: An approach to the asymmetric multi-depot
capacitated arc routing problem. Eur. J. Oper. Res. 244, 100-109 (2015)

Labbe, M., Laporte, G., Mercure, H.: Capacitated vehicle routing on trees. Oper.
Res. 39(4), 616622 (1991)

Li, C.-L., Simchi-Levi, D.: Worst-dase analysis of heuristics for multidepot capac-
itated vehicle routing Problems. ORSA J. Comput. 40, 790-799 (1992)

Liu, T., Jiang, Z., Geng, N.: A genetic local search algorithm for the multi-depot
heterogeneous fleet capacitated arc routing problem. Flex. Serv. Manuf. J. 26(4),
540-564 (2012). https://doi.org/10.1007/s10696-012-9166-z

Park, J., Kim, B.I.: The school bus routing problem. Eur. J. Oper. Res. 202(2),
311-319 (2010)

Wohlk, S.: An approximation algorithm for the capacitied arc routing problem.
Open Oper. Res. J. 2, 8-12 (2008)

Wu, Y., Lu, X.: Capacitated vehicle routing problem on line with unsplittable
demands. J. Comb. Optim. (2020). https://doi.org/10.1007/s10878-020-00565-5
Zhao, J., Zhu, F.: A multi-depot vehicle-routing model for the explosive waste
recycling. Int. J. Prod. Res. 54(2), 550-563 (2016)


https://doi.org/10.1007/s10696-012-9166-z
https://doi.org/10.1007/s10878-020-00565-5

	Approximation and Polynomial Algorithms for Multi-depot Capacitated Arc Routing Problems
	1 Introduction
	2 Notations
	3 The Nonfixed Destination MCARP
	4 The (Fixed Destination) MCARP
	5 The Multi-depot Rural Postman Problem
	6 Multi-depot CARP on a Line
	References




