Chapter 8 ®)
The Distributions of Eigenvalues and Eigenvectors

8.1. Introduction

We will utilize the same notations as in the previous chapters. Lower-case letters
X, y, ... will denote real scalar variables, whether mathematical or random. Capital let-
ters X, Y, ... will be used to denote real matrix-variate mathematical or random variables,
whether square or rectangular matrices are involved. A tilde will be placed on top of let-
ters such as x, y, X , Y to denote variables in the complex domain. Constant matrices will
for instance be denoted by A, B, C. A tilde will not be used on constant matrices unless
the point is to be stressed that the matrix is in the complex domain. Other notations will
remain unchanged.

Our objective in this chapter is to examine the distributions of the eigenvalues and
eigenvectors associated with a matrix-variate random variable. Letting W be sucha p x p
matrix-variate random variable, its determinant is the product of its eigenvalues and its
trace, the sum thereof. Accordingly, the distributions of the determinant and the trace of
W are available from the distributions of simple functions of its eigenvalues. Actually,
several statistical quantities are associated with eigenvalues or eigenvectors. In order to
delve into such problems, we will require certain additional properties of the matrix-variate
gamma and beta distributions previously introduced in Chap. 5. As a preamble to the study
of the distributions of eigenvalues and eigenvectors, these will be looked into in the next
subsections for both the real and complex cases.

8.1.1. Matrix-variate gamma and beta densities, real case

Let Wi and W, be statistically independently distributed p x p real matrix-variate
gamma random variables whose respective parameters are («;, B) and (a2, B) with
R(aj) > p—;], J = 1,2, their common scale parameter matrix B being a real positive
definite constant matrix. Then, the joint density of W; and W», denoted by f(W;, W), is
the following:
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e ~ — 25 (B W,
Ftantya W11 W) tr(B(W1+W2)
fFWy, Wy) = B>0, W;>0, %) > j=12 S

0 elsewhere

Consider the transformations

1

Uy = (Wi + Wo) " 2Wi (W) + Wa) " Zand Uy = W, W1W =3 (8.1.2)

which are matrix-variate counterparts of the changes of variables u; = Twz and ur =
in the real scalar case, that is, for p = 1. Note that the square roots in (8.1.2) are symmetr
positive definite matrices. Then, we have the following result:

wr
w2
ic

Theorem 8.1.1. When the real matrices Uy and U, are as defined in (8.1.2), then Uy is
distributed as a real matrix-variate type-1 beta variable with the parameters («1, oz) and
U,, as a real matrix-variate type-2 beta variable with the parameters («1, o). Further,
U, and Uz = W+ W, are independently distributed, with U3 having a real matrix-variate
gamma distribution with the parameters (a1 + o3, B).

Proof: Given the joint density of W and W, specified in (8.1.1), consider the transforma-
tion (W1,W3) — (Uz = W1 + W;, U = Wip). On observing that its Jacobian is equal to
one, the joint density of Uz and U, denoted by f;(Us, U), is obtained as

FiUs, U)dU3 AU = ¢ UM~ |Uy — U125 e " UD4u; A dU ()
where
|B|a1+a2
o (i)
Fp(al)rp(QZ)

Noting that
_1 _1
|Us —U| =|Us| |1 = U; *UU; *,
_1 _1
we now let Uy = U, *UU, * for fixed Us, so that dU; = |U3|_pT+ldU. Accordingly, the
joint density of Uz and Uy, denoted by f>(Usz, Uy), is the following, observing that U is
as defined in (8.1.2) with W = U and U3z = W 4+ W5:

+1
H(Us, Uy) = c|Us|0te— tr<Uﬁ>|U1|°“—*| A (iii)
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for N(ay) > pT_l, N(ap) > pT_l, Us > O, O < Uy < I, and zero elsewhere. On
multiplying and dividing (iii) by I',(a1 + a3), it is seen that Uy and U3 = W + W, are
independently distributed as their joint density factorizes into the product of two densities
g(Uy) and g1 (U3), thatis, f>(Uy, Usz) = g(U1)g1(Uz) where
o) = 2@ F D) et et o <, (8.13)
Iy Ip(az)

for N(ap) > %, N(ap) > ;1 and zero elsewhere, is a real matrix-variate type-1 beta
density with the parameters (ozl, az), and

|BJertee

g1(U3) = m|U3|“1+“2 e MBU) Uy > 0, (8.1.4)
)4

for B > O, RN + ap) > pT_l, and zero elsewhere, which is a real matrix-variate
gamma density with the parameters («; + a2, B). Thus, given two independently dis-
tributed p x p real posmve definite matrices W and W,, where W; ~ gamma (1, B),
B > O, N(ay) > ; and W, ~ gamma («z, B), B > O, N(xp) > —1 one has
Us =W+ Wy ~ gamma(oq +ap, B), B> O.

In order to determine the distribution of U;, we first note that the exponent in (8.1.1)
is w(BW1 + W) = t{B2W,B2 + B:W,B1]. Letting V; = B2W,;Bz, dV; =
|B| dW], Jj = 1,2, which eliminates B, the resulting joint density of V| and V>, de-
noted by f3(Vy, V3), being

1
Vi) = —— y - e et i)y S o, 8.1.5
f3(Vi, Vo) Fp(al)F,,(oez)| Vi V2l > ( )

1
for N(aj) > pT_l, Jj =1, 2, and zero elsewhere. Now, noting that tr[ V| + V] = tr[V2 I+
1 1

_1 11 _1 _1
V, *ViV, »)Vylandletting V =V, *V|V, * = U, of (8.1.2) so that dV = [V,|~ b dV1
for fixed V>, the joint density of V and V, = V3, denoted by f4(V, V3), is obtained as

1
FAV.V3) = s SV S e RV (g )
p p

1 1
where tr[Vy (I 4+ V)V,'] was replaced by tr[(/ + V)%V3(I + V)%]. It then suffices to
integrate out V3 from the joint density specified in (8.1.6) by making use of a real matrix-
variate gamma integral, to obtain the density of V = U, that follows:

Fp(al + a2)

W|V|“l—”z+'|1+ y|~@te) v o (8.1.7)
pl&1) L plG2

g(V) =
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for R(a ;) > pT_l, Jj =1, 2, and zero elsewhere, which is a real matrix-variate type-2 beta
density whose parameters are («, @p). This completes the proof.

8.1a. Matrix-variate Gamma and Beta Densities, Complex Case

Parallel results can be obtained in the complex domain. If W, and W, are statisti-
cally independently distributed p x p Hermitian positive definite matrices having complex
matrix-variate gamma densities with the parameters (a1, E) and (ap, ]§), B = B* > 0,
where an asterisk designates a conjugate transpose, then their joint density, denoted by
f (W1, W), is given by

|det(B)|*172

(Wi, Wo) = 2L | det(W)) | P |det(Wy) |2~ Pe~BWi+W2) (g 14.1)
S W2 (o) Fp(an) 1 ?

for B > 0, W1 > O, Wz > 0, RNaj) > p—1, j = 1,2, and zero elsewhere,
with |det(Wj)| denoting the absolute value or modulus of the determinant of Wj. Since
the derivations are similar to those provided in the previous subsection for the real case,
the next results will be stated without proof. Note that, in the complex domain, the square
roots involved in the transformations are Hermitian positive definite matrices.

Theorem 8.1a.1. Let the p x p Hermitian positive definite matrices Wy and Wy be
independently distributed as complex matrix-variate gamma variables with the parameters
(a1, B) and (a2, B) B = B*> 0, respectively. Letting U3 W1 + Wz,

- - - - ~ 1 - _1
= (W) + W) 2 W (W) + W) "2 = T, 2 W]U 2 and 0, = W, 2W1W 2

then (1): Us is distributed as a complex matrix-variate gamma with the parameters
(a1 + o, f?), B = B* > O, Noy+aoy) > p—1; (2): UI and 03 are indepen-
dently distributed; (3): U, is distributed as a complex matrix-variate type-1 beta random
variable with the parameters (a1, ®2); (4): 02 is distributed as a complex matrix-variate
type-2 beta random variable with the parameters (a1, o).

8.1.2. Real Wishart matrices

Since Wishart matrices are distributed as matrix-variate gamma variables whose pa-
rameters are o = %, mj > p,and B = %Z‘_l, Y > O, we have the following
corollaries in the real and complex cases:

Corollary 8.1.1. Let the p x p real positive definite matrices Wi and Wy be indepen-
dently Wishart distributed, W; ~ Wy(m;, X), with m; > p, j = 1,2, degrees of
freedom, common parameter matrix X > O, and respective densities given by
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1 m; B
i (W) = IleT"pTHe‘%”@ W i=1,2, (8.1.8)

and zero elsewhere. Then (1): Uz = Wi + Wy is Wishart distributed with m{ + m» de-
grees of freedom and parametermatrle > O, that is, U3 Wy(mi+my, X), ¥ > O;

1
(2): Uy = (W) + W)~ 3 Wi(Wy + Wa)™ L 2W1U : is a real matrix-variate type-1
beta random variable with the parameters (a 1s 052), that is, Uj lype 1 beta ( ";2);

(3): Uy and Us are independently distributed; (4): U, = W W1W is a real
matrix-variate type-2 beta random variable with the parameters (al, o), that is, V. ~
type-2 beta (54, ).

The corresponding results for the complex case are parallel with identical numbers of
degrees of freedom, m and m», and parameter matrix ¥ = X* > O (Hermitian positive
definite). Properties associated with type-1 and type-2 beta variables hold as well in the
complex domain. Consider for instance the following results which are also valid in the
complex case. If U is a type-1 beta variable with the parameters (o, o), then I — U is a
type-1 beta variable with the parameters (o2, 1) and (I — U )_%U I-U )_% is a type-2
beta variable with the parameters (o1, «2).

8.2. Some Eigenvalues and Eigenvectors, Real Case

Observe that when X, a p x p real positive definite matrix, has a real matrix-variate
gamma density with the parameters (¢, B), B > O, R(x) > pT_l, then Z = B%X B%
has a real matrix-variate gamma density with the parameters («, /) where I is the identity
matrix. The corresponding result for a Wishart matrix is the following: Let W be a real
Wishart matrix having m degrees of freedom and ¥ > O as its parameter matrix, that
is, W ~ Wy(m, £), £ >0, m> p,thenZ = S 1WE"2 ~ Wy(m, I), m > p,
that is, Z is a Wishart matrix having m degrees of freedom and / as its parameter matrix.
If we are considering the roots of the determinantal equation W, — AWa| = 0 where
Wi ~ W,(m, X)and Wa ~ Wy(ma, %), ¥ > 0, m; > p, j =1,2, and if W; and
Wz are independently distributed, so will W = ZJ—% le‘_% and W, = ZJ—% WZZJ_% be.
Then

IZTIWIE T —AZ WL E I = 0= [ D3 W — AW BT =0
= |[Wy — AW, = 0. (8.2.1)

Thus, the roots of |[W; — AW,| = 0 and |W1 — M/fle = 0 are identical. Hence, without
any loss of generalily, one needs only consider the roots of W;, W; ~ W,(m;, I), m; >
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p, j = 1,2, when independently distributed Wishart matrices sharing a common matrix
parameter are involved. Observe that

_1 _1
|W1—AW2|:O:>|W22W1W22—AI|:0 (8.2.2),

which means that A is an eigenvalue of W, -3 W1W when W; nd Wy(m;, I), j=1,2.
If Y; is an eigenvector corresponding to the eigenvalue A ;, it must satisfy the equation
_1 _1
(W, "W W, )Y; = A;Y;. (8.2.3)
Let the eigenvalues A ;’s be distinct so that Ay > Ay > --- > A,. Actually, it can be shown
_1 _1
that Pr{X; = A;} = 0 almost surely for all i # j. When the eigenvalues of W, *W W, *

are distinct, then the eigenvectors are orthogonal since W W1 W * is symmetric. Thus,
in this case, there exists a set of p linearly independent mutually orthogonal eigenvectors.

Let Yy, ..., Y, be a set of normalized mutually orthonormal eigenvectors and let ¥ =
(Y1,...,Yp) be the p x p matrix consisting of the normalized eigenvectors. Our aim is to
determine the joint density of ¥ and A1, ..., A, and thereby the marginal densities of ¥
and Aq, ..., Ap. To this end, we will need the Jacobian provided in the next theorem. For

its derivation and connection to other Jacobians, the reader is referred to Mathai (1997).

Theorem 8.2.1. Let Z be a p x p real symmetric matrix comprised of distinct real
scalar variables as its elements, except for symmetry, and let its distinct nonzero eigen-
values be Ay > Ay > --- > A, which are real owing to its symmetry. Let D =
diag(A1, ..., Ap), dD =dAjA...AdAp, and P be a unique orthonormal matrix such that
PP =1,P'P =1,and Z = PDP'. Then, after integrating out the differential element
of P over the full orthogonal group O,, we have

ﬁ
2

3 “_[(A —apjdp. 824

L
2

e {]:[ ]ﬁ[ (Ai—kj)}dD

=1 j=i+1 Iy

2 i<j

Corollary 8.2.1. Let g(Z) be a symmetric function of the p x p real symmetric matrix
Z—symmetric function in the sense that g(AB) = g(BA) whenever AB and BA are
defined, even if AB # BA. Let the eigenvalues of Z be distinct such that .; > Ay > -+ >
Ap, D =diag(Ay, ..., Ap) and dD = di; A ... AdAy. Then,

/Zg(Z)dZ:f {]_[(A }

i<j
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Example 8.2.1. Consider a p x p real matrix X having a matrix-variate gamma density

with shape parameter o = pTH and scale parameter matrix /, whose density is
1
f(X) = T(—3—“(’0, X > 0.
Ip(5)

A variable having this density is also said to follow the real p x p matrix-variate expo-
nential distribution. Let p = 2 and denote the eigenvalues of X by oo > A1 > A, > 0. It
follows from Corollary 8.2.1 that the joint density of A; and A, denoted by fi(D), with
D = diag(A1, Ap),is given by

52
T2

(D)dD = ————F ——
U nEH Q)

(A1 — A2) e " Dygp.

Verify that f1(D) is a density.

Solution 8.2.1. Since f1(D) is nonnegative, it suffices to show that the total integral is
equal to 1. Excluding the constant part, the integral to be evaluated is the following:

o] Al
/ / (A1 — A2) e_(M—HZ)d)q A dAy
X1=0 J =0

00 A 00 A
:/ )»16_)“1[/‘ e_kzd)\z]dkl —/ C_MI:‘/ )\.ze_kzd)\.z]d)»l
21=0 A=0 A11=0 X=0

(0,@)
:/ re M1 — e Mda
r11=0

oo 00 00
-I-/ K]C_zkld)\l —/ C_Md)\l -|-/ e_led)\.l
0 0 0

00 00 00
= / rre Mdag —/ e Mdr +/ e_zhdkl
0 0 0

oyl (i)
= 7T 5 1
Let us now compute the constant part:

22
1 Tz 1 T

nEH R G L)
1 72

= v avE

2

(ii)
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Since the product of (i) and (ii) gives 1, f1(D) is indeed a density.

Example 8.2.2. Consider a p x p matrix having a real matrix-variate type-1 beta density
with the parameters o« = 23—~ +1 , B= pTH, whose density, denoted by f(X), is

p(p + 1

F(P+1)F (p+]) O<X<lI,

J(X) =

and zero elsewhere. This density f(X) is also referred to as a real p x p matrix-variate
uniform density. Let p = 2 and the eigenvalues of X be 1 > A; > Ay > 0. Then, the
density of D = diag(A1, A2), denoted by fi(D), is

2
ne+1) 7z

[F (2+1)]2 N )()\.1 —A)dD, 1> A1 > Ay >0,

fi(D)dD

and zero elsewhere. Verify that f;(D) is a density.
Solution 8.2.2. The constant part simplifies to the one:
npE) 7t JaArGIra) w?
(LGP0 arGrGPVarrs)
IRVACIOIONE &
VT VTP VT

Let us now consider the functional part of the integrand:

1 1)»2
/ / (/\l—kz)dkl/\dkzzf x{dxl—/ “Ldax
21=0 JAr=0 0 0 2

1t 1 g
:5 ; Md)ﬂ:g- (i1)

As the product of (i) and (ii) equals 1, it is verified that f1(D) is a density.

= 6. (@)

Example 8.2.3. Consider a p x p matrix having a matrix-variate gamma density with
shape parameter « and scale parameter matrix /. Let D = diag(Ay, ..., A,) where co >
Al > A2 > -+ > A, > 0 are the eigenvalues of that matrix. The joint density of the A ;’s

or the density of D is then available as
P2
T 2

D)ydD = ———
f1(D) T @)

R R | ) CES I R

l<J
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Even when « is specified, the integral representation of the density fi(D) will generally
only be expressible in terms of incomplete gamma functions or confluent hypergeometric
series, with simple functional forms being obtainable only for certain values of « and p.
Verify that f1(D) is a density for o = % and p = 2.

Solution 8.2.3. For those values of p and «, we have
DralF 3 (A = A)e 41+ = 32 — a2 i)

whose integral over co > A1 > Ay > 0 is the sum of (i) and (ii):

o0

00 A Al
/ / W32t i, A diy = f e h [ / A%e"”dkddkl
A=0 JAr=0 r1=0 M=0

o
- / [(—A] — 247 — 2A)e ™M + 2a3e1]dAy,
A

1=0
(@)
o] A
—~ / A%e—ll[ f xge—“dxz]dxl
r1=0 Xo=0

o0
— / [(A] 4 32T 4+ 613 + 6Ah)e M — 6a%eH]dA,
0

that is, (i)

o0
/ [(A] + 447 + 6aD)e 2 + (247 — 6AT)e ™ ]dA,
0

=27rG)+4Q2Hr@ + 62~ )HrQ@) +2r4) —6r@3)
4! 43 6(2) 15
=5+ + = +23NH —-6Q2) = T (iif)
Now, consider the constant part:

2

1 in B 1 2
L) T8  »G)Ré)
1 72 4

T AOOIJEe) JavE 15 )

The product of (iii) and (iv) giving 1, this verifies that fi(D) is a density when p = 2 and
7
o = 5-
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8.2a. The Distributions of Eigenvalues in the Complex Case

The complex counterpart of Theorem 8.2.1 is stated next.

Theorem 8.2a.1. Let Z be a p X p Hermitian matrix with distinct real nonzero eigenval-
ues A1 > )»2 > e > Ap. Letheap X p unique unitary matrix, QQ* =1, Q Q =1
such that Z = QD Q* where an asterisk designates the conjugate transpose. Then, after
integrating out the differential element of Q over the full orthogonal group O p» We have

N p(p—1)
a7z =" { [T - ,\j|2}dD. (8.2a.1)
Fp(P) ;

Note 8.2a.1. When the unitary matrix Q has diagonal elements that are real, then the
integral of the differential element over the full orthogonal group O, will be the following:

/ oy = 8.2a.2
0)=— (8.2a.2)
5, Fy(p) ‘

where 1(Q) = A[(dQ)OQ*]; the reader may refer to Theorem 4.4 and Corollary 4.3.1 of
Mathai (1997) for details. If all the elements comprising Q are complex, then the numer-
ator in (8.2a.2) will be 7P instead of 77P~D_ When unitary transformations are made
on Hermitian matrices such as Z in Theorem 8.2a.1, the diagonal elements in the unitary
matrix Q are real and hence the numerator in (8.2a.2) remains 7 ”?~1 in this case.

Note 8.2a.2. A corollary parallel to Corollary 8.2.1 also holds in the complex domain.

Example 8.2a.1. Consider a complex p x p matrix X having a matrix-variate type-1
beta density with the parameters « = p and 8 = p, so that its density, denoted by f(X),
is the following:

r,Q .
#, 0O<X
Iy(p)Ip(p)
which is also referred to as the p X p complex matrix-variate uniform density. Let D =

diag(A1,...,Ap) where 1 > Ay > Ay > --- > A, > 0 are the eigenvalues of X. Then, the
density of D, denoted by f(D), is given by

<1,

f(X) =

Fy@p) wrr=D |
fu(D)dD = P oF B [H(A 'y )] dD. ()

i<j

Verify that (i) is a density for p = 2.
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Solution 8.2a.1. For Hermitian matrices the eigenvalues are real. Consider the integral
over (A\; — A2)%:

1 A
/ [ f (2422 Zklkz)dkz]dkl
A=0"JAr=0

1:
s, M M
:/ 13+ =25
_— 32

143
[ Hg, =L (ii)
o 3 12

Let us now evaluate the constant part:

F,2p) aP®=D [ 72O
[F,(p)? To(p)  [HQP1H(2)
INCYINE) 2
= =12
nZ[F(Z)F(l)]ZnF(Z)F(l)

()
The product of (ii) and (iii) equalling 1, the solution is complete.

Example 8.2a.2. Consider a p x p complex matrix X having a matrix-variate gamma
density with the parameters (@ = p, B = I). Let D = diag(Ay, ..., A,), where oo >
A1 > -+ > A, > 0 are the eigenvalues of X. Denoting the density of D by fi(D), we
have

1 mr=D

(D) = — _
/i Fy(p) To(p)

et [Tod =207

i<j
When o = p, this density is the p X p complex matrix-variate exponential density. Verify
that f1(D) is a density for p = 2.

Solution 8.2a.2. The constant part simplifies to the following:

1 mpP-b 1 72
Ly(p) F(p) 12 62

1 T2 _
alQr(\)zrC)rd)

1, ()
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and the integrals over the A ;’s are evaluated as follows:

00 A
/ / (A2 4+ A3 — 2x00)e” MTADday A day
A1=0 J =0

00 Al 00 Al
_ / )ﬁe—h[ / e_“d)uz} di; + / e‘*l[ / A%e‘“dkz} dry
A1=0 Ay=0 A1=0 Ay=0

1= 1=

o0 )»1
— Zf )\.16_)“1 [/ Kze_kzd)\,z} dXrq
r1=0 l=0

o0
:f (—A%—K%—ﬂ»l —2+2)L%+2)L1)e_2kld)»1
0
o0 00 00
+/ (/\%+2—2M)e‘“dk1=f (/\%—2A1+2)e‘del—2/ e 2*Mdx,
0 0 0

2
:F(3)—2F(2)—|—2—§:1. (iM)
Now, taking the product of (i) and (ii), we obtain 1, and the result is verified.

8.2.1. Eigenvalues of matrix-variate gamma and Wishart matrices, real case

Let Wi and W, be two p x p real positive definite matrix-variate random variables
that are independently distributed as matrix-variate gamma random variables with the pa-
rameters («y, B) and (a2, B), respectively. When o; = %, mj > p, j =12, with
mi,my=p,p+1,...,and B = %I , W1 and W, are independently Wishart distributed
with m and m, degrees of freedom, respectively; refer to the earlier discussion about the
elimination of the scale parameter matrix X~ > O in a matrix-variate Wishart distribution.
Consider the determinantal equation

_1 _1
(W) —AWa| =0 = |W, 2Wi W, > — AI| = 0. (8.2.5)

_1 _1
Thus, X is an eigenvalue of Uy = W, *W; W, . It has already been established in The-
1

_1 I
orem 8.1.1 that Uy = W, *W W, * is distributed as a real matrix-variate type-2 beta
random variable with the parameters «; and «, whose density is

Fp(al + a2)

+1
mIUzI“‘JTu 4 Uyt 52.6)
p(e)

fu(UZ) =

for U > O, N(aj) > pT_], j = 1,2, and zero elsewhere. Note that this distribution is
free of the scale parameter matrix B. Writing U, in terms of its eigenvalues and making
use of (8.2.4), we have the following result:
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Theorem 8.2.2. Let Ay > Ay > --- > A, > 0 be the distinct roots of the determinantal

_1 _1
equation (8.2.5) or, equivalently, let the X.;’s be the eigenvalues of Uy = W, *W1 W, *, as
defined in (8.2.5). Then, after integrating out over the full orthogonal group O, the joint

density of Ay, ..., A, denoted by g1(D) with D = diag(Ay, ..., Ap), is obtained as
Fplar+ o) [y, a-2 [ _
(D) = =2 =L T2 { POUNE: }{ (14 4)) <“1+“2>} 8.2.7)
8 Iy (o) (o) P J ]1:[1 J

[72

T 2
x = A1 = 2p}dD. aD =dry A ... A da,.
[}(7) i<j
J
Proof: Applying the transformation U = PDP’, PP' =1, P'P = I, where P is a
unique orthonormal matrix, to the density of U, given in (8.2.6), it follows from Theo-

rem 8.2.1 that

p2

dU, = F:(zg) {T164 = 2p}ap

i<j

after integrating out the differential element corresponding to the orthonormal matrix P.
On substituting |Uz| = Ay ---Apand [I +Uz| = (1 + A1) --- (1 +24)) in (8.2.6), the result
is established.

Note 8.2.1. When o) = 3, ap = %, m; > p, withmy, my = p,p+1,...,in
Theorem 8.2.2, we have the corresponding result for real Wishart matrices having m and
my degrees of freedom and parameter matrix %I -

Example 8.2.4. Let the p x p real matrix X have a real matrix-variate type-2 beta density
with the parameters ¢« = pTH and f = pT“Ll. Then, the joint density of its eigenvalues
Al > A2 > -+ > A, > 0, orthat of D = diag(Aq, ..., Ap), denoted by g1(D), is

p

I'y(p+1) JtpTz _
D)= -2 14 A;)~ @D ri—Ai).
fD) = it Gl R

j=1 i<j
Verify that g1 (D) is a density for p = 2.
Solution 8.2.4. Consider the total integral for p = 2. The constant part is

Lp+h 7% DG 72 JArArd
[MEHRT,E) RGP NG alrGIrOPJarre)
VA RIOIONE S
n(pn NI

6, (1)
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and the integral part is obtained as follows:

M (A1 —22)
3 3d)\1 A diy
=0 Ja,=0 (1 +A1)°(1 + A2)
00 Al Al 1
By T .Y
X1=0 (1 + )"1) Xo=0 (1 + )"2)

o0 1 A A
_ f —3[ f —23dk2]dk1. (ii)
x1=0 (1 + )"1) X=0 (1 + )"2)

The first integral over A, in (ii) is

M 1 1 1
[ e =l )
=0 (1 4+212) 2 (I+ A1)

then, integrating with respect to A1 yields

1/00 Al [1 B 1 ]dM _ 1{1“(2)1“(1) _ F(Z)F(S)}

2 Ji=0 1+ 11)3 (1+ 2p)? 2 I'(3) IN®)
11 1y 5
=515l = i)

Now, after integrating by parts, the second integral over A; in (ii) is the following:

M %) 1 A
—3dk2=—[——2—|—1— ];
a=0 (1 +212) 2L (I +Ap) 1+ 2
then, integrating with respect to A gives

1 [*° 1 A 1
= 3[— - ]d)q
2 =0+ Ay (14 xp) 14+ A

Irrra 1 o1 1 .
_lprere 1 L o
2 ) 2 3 24
Combining (7ii) and (iv), the sum is
5 11 ")
2472476 ’

Finally, the product of (i) and (v) is 1, which verifies that f (D) is indeed a density when
p=2.
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8.2a.1. Eigenvalues of complex matrix-variate gamma and Wishart matrices

A parallel result can be obtained in the complex domain. Let W; and W, be indepen-
dently distributed p x p complex matrix-variate gamma random variables with parameters
(a1, B) and (a2, B), B = B* > O, R(aj) > p—1, j =1,2. Consider the determinan-
tal equation

~ ~ 1 ~ 1
[det(W; — AWa)] = 0 = [det(W, 2W;W, 2 — AI)] = 0. (8.2a.3)

- Ll .1
It follows from Theorem 8.1a.1 that U, = W, W w, * has a complex matrix-variate

type-2 beta distribution with the parameters (o, «2), whose associated density is

() + a2)

. _ det(Ur)|*1 P |det(I + Uy)|~@1te2) 8.2a.4)
Fp(al)rp(a2)| (U2)] |det( 2)] (

];u(ﬁZ) =

for Uz = 02* > 0, R(aj) > p—1, j = 1,2, and zero elsewhere. Observe that the
distribution of 02 is free of the scale parameter matrix B > O and that Wl and Wz are
Hermitian positive definite so that their eigenvalues A; > --- > 4, > 0, assumed to be
distinct, are real and positive. Writing U» in terms of its eigenvalues and making use of
(8.2a.1), we have the following result:

1 1
Theorem 8.2a.2. Let 02 = Wz_ 7W1 Wz_ % and its distinct eigenvalues Ay > -+ > A >
0 be as defined in the determinantal equation (8.2a.3). Then, after integrating out the
differential element corresponding to the unique unitary matrix 0, 00*=1 0*0 =1,
such that U, = QDQ*, with D = diag(Ay, ..., Ap), the joint density of Ai,..., Ap,
denoted by g1(D), is obtained as

A P P — (o 4o
31(D)dD = M[ ) [ TTa+2] e (8.20.5)
j=1

Fpan et

pP(p=D

X [l_[l)»i —)»jlz]

= dD, dD =dA; A ... AdAy,
i<j Fp(P)

where

pp

Fy@) =" T @—1)-T—p+1), K@) >p—1. (8.24.6)
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Example 8.2a.3. Let the p x p matrix X have a complex matrix-variate type-2 beta
density with the parameters (@« = p, B = p). Let its eigenvaluesbe Ay > --- > A, > 0
and their joint density be denoted by g1(D), D = diag(A1, ..., A,). Then,

) L@2p) mp=H L
D)= -2 = i~ A
£1(D) [Fp(l?)]2 Fp(P) [}:[1 (I+4; )ZP}E(

Verify that g1 (D) is a density for p = 2.

Solution 8.2a.3. Since the total integral must be unity, let us integrate out the A ;’s. The
constant part is the following:

F,Q2p) n?P= D  H@4) n?
[Cy(p)12 Tp(p) [ 12
_n]"(4)1"(3)7'r_2
- 2 T

= 12. (@)
Now, consider the integrals over A; and A, noting that (A — r)?2 = )\% + A% — 2A1Ag:
AT+ A3 — 20
/ / Lttt 2y iy
r=0 Ja,=0 (1 + A1) (1 + A2)
o0 )\‘2 )\1 1
N e ———T
=0 1+ AD)*L 5,0 (1 +22)

00 1 A )\2
Ny (Y T Y
=0 (L + 2L S0 (1 4+ 22)4

2/00 A [/M A2 g ]d/\ (i)
—_ — S TEEE— . 124
o L+ AL S o (T 217

As they appear in (ii), the integrals over A; are

[
=—|1-— , iii
o (L)% 27 30 (a4
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o3 1 A2 A 1
"z — | — _ ] — — ;
/xzzo (EES I gl AP A+ 1+A1]’ )
Mok 1 A 11 1 _
/M:o (1+A2)4d'\2_§[_ (14 Ap)3 +§_§(1+Al)2]’ O
then, integrating with respect to A1 yields
© Al 1
/M=0(1 + Ap)? [5(1 S (1+ /\1)3)](&1
_ 1[1“(3)1“(1) B F(3)F(4)] i)
3L r@ ram I
o 1 1 A3 Al 1
/M:oa + A <§>[_ Grm?  rm? ' 1+A1]d“
_ _1[F(3)F(4) N roré rore N F(l)F(4)] (i)
3L (6) r'4) rag)y I
M 1 A 1 1 1
- /M:o(l +A)? <§)[ Tt 2720+ M)Z]d“
I, rré rore)  reraé
~5Fm e e ) v
Summing (vi),(vii) and (viii), we have
Ir.r3ra rnmré rere) Ir4 1 1 1 ,
_[2 — — ]:—[—————]:—. (ix)
3 ' 4) ) ' 4) 3L31 4 3! 12

As the product of (ix) and (i) is 1, the result is established. Note that since 2p is a positive
integer, the method of integration by parts works for a general p when the first parameter
in the type-2 beta density « is equal to p. However, [];_ (i — Aj) will be difficult to
handle for a general p.

Example 8.2a.4. Give an explicit representation of (8.2a.5) for p = 3, «; = 4 and
o) = 3.

Solution 8.2a4. Forp =3, aj—p=4-3=1, 01+ =4+3=7, p(p—1)=6.
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The constant part is the following:

]:p(Oll—{—O{z) aP(P=D . ﬁ3(7) 73@
Ly ly(an) Ty(p) T3 I33) I1303)
B INOINOINE)
T @G rIre)re)ra)l
6

% T
T3r3)re)r()

= 43200, (@)

the functional part being the product of
P P
(T2 ) (TTa +2p=@) = Guaara)l(d + A0 + 2 + 4217 (@D
j=l1 j=l1

and
[ =20 = i = 22)° (k1 = 23)* (kg — 23)°. (i)
i<j

Multiplying (i), (i) and (iii) yields the answer.

8.2.2. An alternative procedure in the real case

This section describes an alternative procedure that is presented in Anderson (2003).
The real case will first be discussed. Let Wi and W, be independently distributed real p x p
matrix-variate gamma random variables with the parameters («;, B), (a2, B), B >
0, N(aj) > pT_l Jj =1, 2. We are considering the determinantal equation

(Wi —AWs| =0 = [W; — u(W; 4+ Wa)| =0
- 1w - wy=0 (8.2.8)
1 —u
= [(Wi + W) "Wy (Wi + Wa) "2 — pul| =0

where A = ﬁ Thus, wu is an eigenvalue of Uy = (W) + Wz)_%Wl(W1 + Wz)_%. It
follows from Theorem 8.1.1 that he joint density of W; and W, denoted by f (W1, W»),
can be written as

J (Wi, W2) = g(U1)g1(Us) (8.2.9)

where U} = (W) + Wz)_%Wl(Wl + Wz)_% and U3 = W; + W, are independently dis-
tributed. Further,

Fp(al + a2)

LT et — gy, 0 < Uy < (8.2.10)
Iy(a)Ip(a2)

gUy) =
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for N(a ;) > pT_l, j =1,2,and g(Uy) = 0 elsewhere, is a real matrix-variate type-1 beta

density, and
| B+

81(Us) = ﬁwﬂ‘)‘ﬁ“z—”?le—“w U (8.2.11)
pld] T a2

for B > O, N(aj+ay) > pT_l, and g1 (U3) = 0O elsewhere, is a real matrix-variate gamma
density with the parameters (o] + o2, B), B > O. Now, consider the transformation
U= PDP', PP' =1, P'P =1, where D = diag(u1,...,Up), 1 > -+- > pp >0
being the distinct eigenvalues of the real positive definite matrix Uj, and the orthonormal
matrix P is unique. Given the density of U; specified in (8.2.10), the joint density of
M1, ..., ip, denoted by g4(D), which is obtained after integrating out the differential
element corresponding to P, is

g(D)AD = 1t e [ﬁ pﬂ][]_[(l — W )"‘2‘*]

Ip(a)p(az)
S )[E(u, ) ap. (8.2.12)

Hence, the following result:

Theorem 8.2.3.  The joint density of the eigenvalues vy > --- > , > 0 of the determi-
nantal equation in (8.2.8) is given by the expression appearing in (8.2.12), which is equal
to the density specified in (8.2.7).

Proof: It has already been established in Theorem 8.1.1 that Uy = (W + Wz)_% Wi (W +
Wz)_% has the real matrix-variate type-1 beta density given in (8.2.10). Now, make the
transformation U; = PDP’ where D = diag(uy, ..., i p) and the orthonormal matrix,
P is unique. Then, the ﬁrst part is established from Theorem 8 2.2. It follows from (8 2. 8)
that A = ﬁ or ;L = 1+A withdu = (|+,\)2d)‘ and i = 1 — 7. Observe that [ [,

wi) =11~ _Gich)and that, in this product’s denommator 1+X; appears p—1 times

i<j (14+1)(142;)
fori =1, ..., p. The exponent of —+ 1+A is oy — pH +ap — pTH+2—|—(p— 1) = o) +an.
On substituting these values in (8.2. 12) a perfect agreement with (8.2.7) is established,

which completes the proof.

l<j

Example 8.2.5. Provide an explicit representation of (8.2.12) for p = 3, o = 4 and
oy = 3.
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Solution 8.2.5. Note that ZH = 3 — 2 o) — 2 —4 2 =2and oy — 2! =
3 — 2 = 1. The constant part is

Li+a) x5 0@
Lplan () Ip(5) D33 I30) I3(3)
_OHEHE D) FVT
- @GO vadd) vl

X " = 831600, (i)
n2 (TN

the functional part being the product of
i a2 i an—PFL 2 1 ..
(TTwS 2 )(TT0 = mp™ %) = a1 = @ = )1 = p)]' (i

j=1 j=1
and

[ Josi = 1) = (1 = w2) o = p3) (2 = 3). (i)

i<j

The product of (i), (ii) and (iii) yields the answer.

8.2.3. The joint density of the eigenvectors in the real case

In order to establish the joint density of the eigenvectors, we will proceed as follows,
our starting equation being |[W; — AW;| = 0. Let A ; be a root of this equation and let ¥
be the corresponding vector. Then,

WiY; =aWoY; = Wi+ A W)Y; =2;(Wi + Wa)Y; (8.2.13)
= WiY; = (W1 + W)Y = (W) + Wo)Y; (i)

1+)\.j
= (Wi + W) ~'W1Y; = ;. (ii)

This shows that Y; is the eigenvector corresponding to the eigenvalue w; of (W) +
Wo)~lw or, equivalently, of (W + Wz)_% Wi (W + Wz)_% = U, which is a real matrix-
variate type-1 beta random variable. Since the u ;’s are distinct, g > --- > u, > 0 and
the matrix is symmetric, the eigenvectors Yy, ..., Y, are mutually orthogonal. Consider
the equation

WiY; =,bLj(W1—|-W2)Yj. (iiD)
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Fori # j, we also have
WY = pi(Wy + Wa)Y,. (iv)

Premultiplying (iii) by Y/ and (iv) by YJ’. , and observing that W = Wi, it follows that
(Yl/ Wiy =Y J’ W1Y;. Since both are real 1 x 1 matrices and one is the transpose of the
other, they are equal. Then, on subtracting the resulting right-hand sides, we obtain

0= ;Y] (Wi + W)Y; — ; V(Wi + W)Yy = (uj — i) Y] (W1 + W)Y

Since Y/ (W + W»)Y; = YJ’. (W1 + W»)Y; by the previous argument and 4; 7# 4, we must
have
Y/(W) + Wp)Y; = Oforalli # j. )

Let us normalize Y as follows:

Y]/-(W1+W2)Yj:1, j=12,...,p. (vi)
Then, combining (v) and (vi), we have

YWy +Wo)Y =1, Y ={,...,Y)), (vii)
which is the p x p matrix of the normalized eigenvectors. Thus,

Wi+Wo=@)'vy'=227 z=v"
= dY = |Z|7*PdZ ordZ = |Y|"%PdY,
which follows from an application of Theorem 1.6.6. We are seeking the joint density of

Yy,...,Y, or the density of Y. The density of Wi + W, = Uj denoted by g1(U3), is
available from (8.2.11) as

|B|051+062 Pl _(BU
g1(U3)dU3 = ﬁWﬂaﬁaz_Te_ Uy
p (03} (0%)
+
_ I_'|(B|o“—_i_o[2 )|Z/Z|a1+a2—’)2+'e—tr(BZZ')d(Z’Z)_ (8.2.14)
p (04} (0%)

Letting Us = Z'Z, ascertain the connection between the differential elements dZ and dUs
from Theorem 4.2.3 for the case ¢ = p. Then,

2

J'l'pT p_p+l I (E) 1
dz = U327 2 dUs = dU; = —2-2517'7|2dZ.
(%) %
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Hence, the density of Z, denoted by g.(Z), is the following:

|B|Ot1+a2 Fp(%)

: |Z/Z|a1+a2—ge—tr(BZ/Z)dz,
Fplar +a2) o

8:(2)dZ =

so that the density of Y = Z~!, denoted by g5(Y), is given by

|B|a1+a2

g5(Y)dY = —|Y|‘2P|Yy/|—(a1+az)+ge—tr(3(yy/)—l)dY
Iy(a) + a2)
|B|"1t2 —(a14a2+2) .—tr(B(YY)) !
leY/l (@1+a+5) o —tu(BYY) h gy 5215
0, elsewhere.

Then, we have the following result:

Theorem 8.2.4. Let Wi and W» be independently distributed p x p real matrix-variate
gamma random variables with parameters (a1, B), (a2, B), B > O, N(a;) >

pT_l, J =1, 2. Consider the equation

Wi —AWa| =0= WiY; =4, WaY;, j=1,...,p,

where Y; is a vector corresponding to the root A of the determinantal equation. Let
Al > - > A, > 0 be its distinct roots, which are also the eigenvalues of the ma-

—_

_1 1
trix W, W1 W, *. The eigenvalues A1, ..., A, and the linearly independent orthogonal
eigenvectors Yy, ..., Y, are independently distributed. The joint density of the eigenval-
ues A, ..., Ay is available from Theorem 8.2.2 and the joint density of the eigenvectors is
given in (8.2.15).
Example 8.2.6. [Illustrate the steps to show that the solutions of the determinantal equa-

_1 _1
tion |Wy — AW;| = 0 are also the eigenvalues of W, W W, ? for the following matrices:

31 21
Wl:[l 3}’%:[1 2]'

Solution 8.2.6. First, let us assess whether Wi and W, are positive definite matrices.
Clearly, W; = W and W, = W] are symmetric and their leading minors are positive:

2 1
1 2

31

|@n=2>a‘ |3

‘=3>0:>W2>0; |(3)|>O,‘ ’=8>O:>W1>0.
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Consider the determinantal equation |W; — AW5| = 0, that is,

301 2 1] _ > - ,
‘[1 3]—x{1 2]‘_(3—2» —(1-»?%=0, (i)

whose roots are A; = 2, Ay = %. Let us determine W2_ 2. To this end, let us evaluate the
eigenvalues and eigenvectors of W,. The eigenvalues of W, are the values of v satisfying
the equation |Wr —vI| =0 = (2— 1)2—=12=0= v; = 3and vy = | are the eigenvalues
of W>. An eigenvector corresponding to v; = 3 is given by

2—1)1 1 X1 0
RN MEH SR

is one solution, the normalized eigenvector corresponding to vy = 3 being Y; whose
transpose is Y| [[1 1]. Similarly, an eigenvector associated with v, = 1 is x; =

—_

1, xo = —1, which once normalized becomes Y, whose transpose is Yz/ = %2[1, —1]. Let
A = diag(3, 1) be the diagonal matrix of the eigenvalues of W». Then,

L1t 1][3 off1 1
Wz[Yl,Y2]=[Y1,Y2]A=>W2=§[1 _1] [0 1] [1 _1]-

Observe that W5, Wz_ , W2 and W share the same eigenvectors Y7 and Y,. Hence,
oI 1) [v3 o]t 1
2 — p—
R I R
11 17| %= o1 1
L — V3
W 2 [1 —1] |: 0 1} [1 —1]’

and
11 11 ol 1173 1
— 2 2 J3
r=wtwt =3[ G150 A0 3]
= -
Xl 1 7§0 1 1
1 -1 o 111 -1
120 -4
T 121—-4 20|

The eigenvalues of T are é times the solutions of (20 — 8§)2 —42 = 0 = §; = 24 and

82 = 16. Thus, the eigenvalues of T are f‘; =2and 3 16 % which are the solutions of the

determinantal equation (7). This verifies the result.
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8.2a.2. An alternative procedure in the complex case

Let W; and W, be independently distributed p x p complex matrix-variate gamma
random variables with the parameters («q, B) (an, B) = B* > 0, N(aj) >
p— 1, j = 1,2. We are considering the roots A ;’s and the correspondlng eigenvectors
Y;’s of the determinantal equation

det(W) — AWa) =0 = WY, = 4, WZY,]_I . p

= det(W2 WlW —Al) =0. (8.2a.7)
SRS U |
Let the eigenvalues A, ..., A, of W, : W1W, * > O be distinct and such that 4 > -
Ap > 0, noting that for Hermltlan matrices, the eigenvalues are real. We are 1nterested
in the joint distributions of the eigenvalues A1, ..., A, and the eigenvectors Yi,....Y -
Alternatively, we will consider the equation
det(Wy = p(Wy + W2) =0 = det(W — %Wz) =0, h=—t—. (82a8)
- — K

Proceeding as in the real case, one can observe that the joint density of W, and W,
denoted by f (Wi, Wa), can be factorized into the product of the density of U; =
(W] + Wz)_i W| (W] + Wz)_’ , denoted by g(U 1), which is a complex matrix-variate type-
1 beta random variable with the parameters («;, @), and the density of Uz = Wy + Wa,
denoted by g1 (U3), which is a complex matrix-variate gamma density with the parameters
(a1 + a2, B), B> O.Thatis,

F(W1, Wa) dWy A dWa = §(U1)&1(U3) dU; A dU3 (8.2a.9)
where .
- I - -
30y = ST X)) et — Ty (8.24.10)
Iy(a) Iy (a2)

for O < Ul <I, Waj)>p—1, j=1,2,and g = 0 elsewhere, and

- det(B)|«1+e - -
g1(U3) = %ldet(Ug)I“”L“z_pe_tr(B Us) (8.2a.11)
Ip(ay + oo

for Us = l~]§" > 0, Na +a2) > p—1,and B = B* > 0, and zero elsewhere.

Note that by making the transformation U; = QDQ* with QQ* = I, Q*Q = I,
and D = diag(uy, ..., 1p), the joint density of w1, ..., i p, as obtained from (8.2a.10),
is given by
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BD)ap = TP [ ][] ]
j=1 j=1

Ip(a)lp(a2)
aPP=D 5
x [H(“i — 1)) ] dD: (8.22.12)
Fp (p) i<j
also refer to Note 8.2a.1. Then, we have the following result on observing that the joint
density of A1, ..., Ap is available from (8.2a.12) by making the substitution A = ﬁ or
1 = 755 Note that dyu; = (1+1A;)2d}‘f’ l—p; = ﬁ, and
(hi — Xj)?
L L3 A1 +2)
whose denominator contains p — 1 times (1 + A j)2 foreach j =1, ..., p. Thus, the final

exponent of 1s (01 — p)+ (2 — p)+2+2(p—1) = a1 + 2. Hence, the following
result:

Theorem 8.2a.3. In the complex case, the joint density of the eigenvalues (11 > --- >

wp > 0 of the determinantal equation in (8.2a.8) is given by the expression appearing in
(8.2a.12), which is equal to the density specified in (8.2a.5).

We now consider the joint density of the eigenvectors Yi,....Y »» which will be avail-
able from (8.2a. 11) thus establishing that the set of eigenvalues k] , ..., Ap and the eigen-

vectors Y1, .. Y are independently distributed. For determining the joint density of the
elgenvectors, we start with the equation

WY =p;(Wi +Wo)Y,, j=1,...,p, (1)
observing that A ; and 1 ; share the same eigenvector ¥;. That is,

WiY = wi (W + W)Y, i=1,..., p. (i)
We continue as in the real case, showing that I;i*(Wl + Wz)?j = Oforall i # j. Then, we
normalize ? as follows: ?*(WI—I—WQ)I? =1, j=1,..., p.Letting Y = (1?1, o Np) be

the p x_p matrix of the normalized eigenvectors, we have Y*(W1 + W2)Y =I=U =
Wi+ Wy = (Y5 L)~} . Letting (Y)"! = Z so that Z*Z = (YY*)! and applying
Theorem 4.2a.3, d(Z*Z) = C(ip )l)dZ Hence, given the density of Wi + W, specified in

(8.2a.11), the density of Z, denoted by g3(Z), is obtained as

|det(B)|“1*2 [, (p)

Iy ) (- Sldeu(ZF Z)|Fere B2 D7 (824.13)
a]+ap) T

83(2)dZ =



574 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

Now noting that Z=Y!= dz = |det(17 xy )|_1’d17 from an application of Theo-
rem 1.6a.6, and substituting in (8.2a.13), we obtain the following density of ¥, denoted by
ga(Y):

|det(B)|*17*2 [,(p)
Tp(en + o) 7PP7D

G4(7)dY = det(V7*)|"1—02etBIOT gy (804.14)

for B = B* > 0, N(a; + a2) > p — 1, and zero elsewhere.

Example 8.2a.5. Show that the roots of the determlnantal equation det(W; — AW,) =

0 are the same as the eigenvalues of W W1 W ~3 for the following Hermitian positive
definite matrices:

- 3 1-il 5 3 V2(1+1i)
Wl_[1+i 3]’W2_L/§(1—i) 3 ]

Solution 8.2a.5. Let us evaluate the eigenvalues and eigenvectors of W,. Consider the
equation det(W, — ul) = 0 = (3 — w?—2>2=0= p; = 5and ur = 1 are the
eigenvalues of W,. An eigenvector corresponding to ;1 = 5 must satisfy the equation

3-5 V20 +0)][xa] _[0] L —2n + V20 +i)x =0
V2(1—=i)  3-=5 x| V20 =iDx; = 2x3 =0

Since it is a singular system of linear equations, we can solve any one of them for x; and
xp. For xp = 1, we have x; = \/LE(I + i). Thus, one eigenvector is

1 . 1 .
. La+i - - I | —=+1i0)
X |: | :|=>X1X1 2=Y ﬁ|: | :|

where Y is the normalized eigenvector obtained from X . Similarly, corresponding to the
eigenvalue up = 1, we have the normalized eigenvector

szl HU+0) =0 +1) [5 o] f(l—i? 1 |
2 1 1 0 1]|-J51—0 1

_ L ; - . ..
Y. L[ ﬁ(1+1):| and Wy[Yy, Yol = [Y7, Y2l [8 (1)]

so that
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observing that the above format is Wg = YDY* with Y = [171, )72] and D = diag(5, 1),
[ 1

the diagonal matrix of the eigenvalues of Wz. Since Wg, W;, W, Uand Wz_ 2 share the
same eigenvectors, we have

1 : 1 ~r 1 L= ]
~2%:1 FU+D) —50+D|[V5 0 ﬁ]ﬂ l} 1 _
2| 1 1 Lo 1|50 -n 1
[ 1 - 1 NI 17 L1 — T
Wﬁ:l FU+D) -5+ || 0 ﬁl(l i 1
2] 1 1 110 1[50 - 1]
B 1 1 1 .
1 1 +1 (L= = DL+
-, BT . (i)
2|z -bz0-D 5Tl
It is easily verified that
it 1[G Ddan]
T N R A
V5 V2 V5 i
B 1 1 1 -\ ]
(5~ DRt st
i3 —V2( + 1) _ -l
5[ —V2(1—0) 3 2
~ L .1
Letting Q = W, *W; W, °, we have
B 1 1 1 N .
o=t wtl G DRIHD [ 3 1—1]
4| (= D= =+ JL+i 3
B 1 1 1 ]
o ﬁTl (—5—11)\—5(1-1-1)
(5 - DR1=D VA
1 & —2V20+i) + - i) i
= = 12
4| -2V20 i)+ 1 +0) &
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The eigenvalues of 4Q can be determined by solving the equation

(6—2—1))2—[—%ﬁ(H—iH—is(l—i)}[—l,j—z\/a(1+i)+i5(l—i)]:0:>

5 V5 V5
62 2 42
(?—v) - 56 =0=
4
V= 5(9 + V46). (iii)
Thus, the eigenvalues of Q, denoted by §, are
1
8= 5(9:i:«/46). (iv)
Now, let us consider the determinantal equation det(Wl — )\.WQ) = 0, that is,
3(1—=2) (1—i) = a/2(1+10) —0
(1+i) —Av2(1 — i) 3(1 — A) o

which yields
321 = )2 = [0 +i) — 220 = DA —i) — 21 +i)] =0 =
A=) =[1=V20)2+ (1 +V20) ] =0=>

A= §(9i«/%). v)

The eigenvalues obtained in (iv) and (v) being identical, the result is established.

8.3. The Singular Real Case

If a p x p real matrix-variate gamma distribution with parameters («, 8) and B > O
is singular and positive semi-definite, its p x p-variate density does not exist. When o =
%, m> p,and B = %2_1, Y > O, the gamma density is called a Wishart density with
m degrees of freedom and parameter matrix X' > O. If the rank of the gamma or Wishart
matrices is r < p, in which case they are positive semi-definite, the resulting distributions
are said to be singular. It can be shown that, in this instance, we have in fact nonsingular
r X r-variate gamma or Wishart distributions. In order to establish this, the matrix theory
results presented next are required.

Let A = A’ > O (non-negative definite) be a p x p real matrix of rank r < p, and the
elementary matrices E1, E7, ..., Ei be such that by operating on A, one has

! ! /o I, 0O
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where O1, O, and O3 are null matrices, with O3 being of order (p — r) x (p — r). Then,

-1 1| I O -1 -1 I, O
A=E[ - E, |:02 03i|E]/‘ E; :Q|:02 03]Q/

where Q is a product of inverses of elementary matrices and hence, nonsingular. Letting

0= [Q“ le] . Q11 being r x r and Q2. (p — 1) X (p — 1),
021 O»

0 [Ir 01] _ [Qll le] |:Ir 0] _ [Qn 0]
0> O3 02 02]||0 O 0 O]
Note that
I O] ., _[2u0Q) 0u0y| _|Cul, v ~ +_ ,
© [0 0] 0= [Qle’ii Qleii] N |:Q21i| (O O] = Aud)

On

where A; = |: :| which is a full rank p x r matrix, r < p, so that the r columns of

021

Aj are all linearly independent. This result can also be established by appealing to the fact
that when A > O, its eigenvalues are non-negative, and A being symmetric, there exists
an orthonormal matrix P, PP’ =1, P'P = I, such that

D O
0O O

D:diag(Al,...,kr), P(1)=[P1,...,Pr], P=[P1,...,Pr,...,Pp],

A= P[ ]P/ =MPP{+- 4+ AP P +0P P, +'“+0PpP,3 — P(l)DP(’l),

where Py, ..., P, are the columns of the orthonormal matrix P, Ay, ..., A,,0,...,0 are
the eigenvalues of A where A; > 0, j = 1,...,r, and P(;) contains the first 7 columns
of P. The first r eigenvalues must be positive since A is a non-negative definite matrix of
rank . Now, we can write A = P(l)DP(/l) = A1A|, with Ay = P(I)D%. Observe that A4
is p x r and of rank r < p. Thus, we have the following result:

Theorem 8.3.1. Let A = A’ be a real p x p positive semi-definite matrix, A > O, of rank
r < p. Then, A can be represented in the form A = A1 A| where Ayisa p xr, r < p,
matrix of rank r or, equivalently, the r columns of the p x r matrix A are all linearly
independent.

In the case of Wishart matrices, we can interpret Theorem 8.3.1 as follows: Let the px 1
vector random variable X ; have a nonsingular Gaussian distribution whose mean value is
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the null vector and covariance matrix X' is positive definite. Let the X;’s, j = 1,...,n,
be independently distributed, that is, X ; id N,(O, X), ¥ > 0O, j=1,...,n. Letting
the p x n sample matrix be X = [X7, ..., X,,], the joint density of X1, ..., X,, or that of
X, denoted by f(X), is the following:

1 _lywn /oy — .

FXOAX = —— e 2 X=X Xy
Q2m)z |22
L heeixxgy (8.3.1)

en?|z)k

Letting W = XX/, the p x p matrix W will be positive definite provided n > p; otherwise,
that is when n < p, W will be singular. Let us consider the case n > p first. This will also
provide a derivation of the real Wishart density which was earlier obtained as a special
case of real matrix-variate gamma density. Observe that we can write dX in terms of dW
by applying Theorem 4.2.3, namely,

M
T2

= _ws T aw,
I'p(3)

dX

Therefore, if the density of W is denoted by f1(W), then f1(W) is available from (8.3.1)
by expressing dX in terms of dW. That is,

1
[W) = W[ e 2w W) (83.2)
22 ()| X2

forn > p, W > 0, ¥ > O, and fj(W) = 0 elsewhere. This is the density of a
nonsingular Wishart distribution with n degrees of freedom, n > p, and parameter matrix
X > O, which is denoted W ~ W,(n, X), ¥ > O, n > p. It has previously been
shown that when X ; ud Np(w, X), j=1,...,n, where u # O is the common p x 1
mean value vector and X' is the positive definite covariance matrix,

W=X-XX-X)~W,(n—1, X), £> 0 forn—12> p,

where X = [X,..., X], X = %(Xl + .-+ X,)). Thus, we have the following result:

Theorem 8.3.2. Let X; " Ny(u, X), ¥ > 0, j=1,....n. Let X = [X1, ..., X,]
and W = XX'. Then, when w = O, the p x p positive definite matrix W~
Wyn, ), > Oforn>plfu#0,W=X-X)X-X)~W,(n—1, X), ¥ >
O,forn—lZp,where)_(:[)_(,...,)_(], )_(:%(X1+---+Xn).
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Now, consider the case n < p. Letus denote n asr < p in order to avoid any confusion
with n as specified in the nonsingular case. Letting X be as previously defined, X is a real
matrix of order p x r,n =r < p.Let T} = XX'and 7> = X'X where X'X isanr x r
positive definite matrix since X and X' are full rank matrices of rank » < p. Thus, all the
eigenvalues of 7, = X'X are positive and the eigenvalues of T} are either positive or equal
to zero since T is a real positive semi-definite matrix. Letting A be a nonzero eigenvalue
of T3, consider the following determinant, denoted by 8, which is expanded in two ways
by making use of certain properties of the determinants of partitioned matrices that are
provided in Sect. 1.3:

NIV X _
s = p = |VAI A — X (V) IX
X' Jap| = WM Wrl =X (V)7 X
= (V)P |ALL — X'X|;
§=0= Al — X'X| =0, (8.3.3)

which shows that A is an eigenvalue of X'X. Now expand § as follows:

§ = |VAL| WAL, — X(WAlL) 71X
= (VO TP, — XX|;
§=0= |r, - XX| =0, (8.3.4)

so that all the r nonzero eigenvalues of T = X'X are also eigenvalues of T} = XX/, the
remaining eigenvalues of 77 being zeros. As well, one has |/, — X'X| = |I, — XX'|. These
results are next stated as a theorem.

Theorem 8.3.3. Let X be a p x r matrix of full rank r < p. Let the real p x p positive
semi-definite matrix T = XX’ and the r x r real positive definite matrix T, = X'X. Then,
(a) the r positive eigenvalues of T, are identical to those of Ty, the remaining eigenvalues
of T\ being equal to zero; (b) |I, — X'X| = |1, — XX|.

Additional results relating the p-variate real Gaussian distribution to the real Wishart
distribution are needed in connection with the singular case. Let the p x 1 vector X ; have
a p-variate real Gaussian distribution whose mean value is the null vector and covariance

matrix is positive definite, with X; id Ny,(O, ¥), ¥ >0, j=1,...,r, r < p.
Let X = [Xy,...,X,] be a p x r matrix, which, in this instance, is also the sample
matrix. We are seeking the distribution of 77 = XX’ when r < p, where T} corresponds
to a singular Wishart matrix. Letting 7" be an r x r lower triangular matrix with positive
diagonal elements, and G be anr X p, r < p, semiorthonormal matrix, thatis, GG’ = I,
we have the representation X' = T'G, so that
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dxX’ = { lL[lt;’j‘f}dT hG), p=>r (8.3.5)
i

where 7 (G) is a differential element associated with G. Then, on applying Theorem 4.2.2,

we have
pr

/ hG) =222 (8.3.6)
=2 —— p=>r, 3.
y & r

rp

where V, , is the Stiefel manifold or the space of semi-orthonormal r x p, r < p, matrices.
Observe that the density of X', denoted by fx/(X'), is the following:

e—%2§:1 X;'EilXj e—%tr(X’Z“IX)
fx(XHdX' = ax’

E— SA—
Qn)7|X|2 Qm)7T|X|2

Let 7o = X’ X~ !X or simply 7> = X'X when ¥ = I; note that ¥ will vanish upon letting
Y = 372X = dY = | ¥|~2dX. Now, on expressing dX’ in terms of d7, by making use
of Theorem 4.2.3, the following result is obtained:

Theorem 8.34. Let X;  Ny(u, ), ¥ > 0, j = 1,....r. r < p. Let X =
[Xi,....X ], X=1X1+- -+ X)) and X = (X, ..., X). Letting T, = X' XX or
T = X'X when X = I, T, has the following density, denoted by f;(T>), when u = O:

1 r
fi(Ty) = mmﬂ’i—?e—i“gﬂ, T,> 0, r<p, (8.3.7)
2 2
2

and zero elsewhere. Note that the r x r matrix To = X'X or Tr = X' X" 'X when ¥ +# I,
has a Wishart distribution with p degrees of freedom and parameter matrix I, that is,
Ts ~ We(p, I), r < p. When u # 0, T, = (X — X)’Y V(X — X) has a Wishart
distribution with p — 1 degrees of freedom or, equivalently, T, ~ W, (p—1, I), r < p—1.

8.3.1. Singular Wishart and matrix-variate gamma distributions, real case

We now consider the case of a singular matrix-variate gamma distribution. Let the
p x 1 vector X; have a p-variate real Gaussian distribution whose mean value is the null

vector and covariance matrix is positive definite, with X ; i N,(0, ¥), ¥ > 0, j=
I,...,r, r < p.Forconvenience, let ¥ = I,. Let X = [X}, ..., X, ] be the p x r sample
matrix. Then, for r > p, XX’ is distributed as a Wishart matrix with r > p degrees of
freedom, that is, XX’ ~ Wy, (r, 1), r = p. This result still holds for any positive definite
matrix X; it suffices then to replace I by X. What about the distribution of XX' if r < p,
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which corresponds to the singular case? In this instance, the real matrix XX' > O (positive
semi-definite) and the density of X, denoted by f](X), is the following:

e—%tr(XX’)
f1X)dX = ———dX. (8.3.8)

Let W, be a p x p nonsingular Wishart matrix with n > p degrees of freedom, that is,
Wy ~ W, (n, I). Let X and W, be independently distributed. Then, the joint density of X
and W5, denoted by f>(X, W), is given by

e—%tr(XX/—i—Wz) .
X, W) = o Wel2
Q2m)727 (%)

for W, > O, XX' > O, n > p, r < p. Letting U = XX’ + W, > O, and the joint
density of U and X be denoted by f3(X, U), we have

_%tr(U) n__ p+l
HX, U) = AT U—-XX'|2""2, n>p, r <p,
@m 524 %)

where 1 1
U -XX'| =|U| I —U2XX'U"2]|.

Letting V =U ~2X for fixed U ,dV = |U|2dX, and the joint density of U and V, denoted
by fa(U, V), s then

Ul 2 n 1
fa(U, V) = s 1 —VvV'|:="

(8.3.9)

Note that U and V are independently distributed. By integrating out U with the help of a
real matrix-variate gamma integral, we obtain the density of V, denoted by f5(V), as

yn_ptl yy, n_prl
fs(V)y=c|I =VV2T 2 =c|I =V'V|27 2, (8.3.10)
in view of Theorem 8.3.3(b), where V is p x r, r < p, ¢ being the normalizing constant.
Thus, we have the following result:
Theorem 8.3.5. Let X = [Xy,...,X,] and X id N,(O, D), j=1,...,r, 7 < p.
Let the p x p real positive definite matrix Wo be Wishart distributed with n degrees of
freedom, that is, Wo ~ W,(n, I). Let U = XX'+ W, > O and let V = U_%X where V
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isa p xXr,r < p, matrix of full rank r. Observe that VV' > O (positive semi-definite).
Then, the densities of the r x p matrix V' and the matrix S = V'V, respectively denoted
by f5(V) and fe(S), are as follows, U and V being independently distributed:

(5 I (%5 P+
f5(V) = = — 11—V’ V|2 T, (8.3.11)
77 LG
and
F n+r r r
fo(8) = — (p)rp( (zn_)p+r)| BT =S T nzpor<p S > 0. 83.12)
r\s/)4tr
Proof: In light of Theorem 8.3.3(b), |/, — VV’| = |I, — V'V|. Observe that VV’ is

p x p and positive semi-definite whereas V'V is r x r and positive definite. As well,
5— pTH = "=LH 4l Yetting S = V'V and expressing dV in terms of dS by applying
Theorem 4.2.3, then for r<p,

i

av' = 2|55 as. (i)
L5
Now, integrating out S by making use of a type-1 beta integral, we have
)2 n—p—+r
/ 15151 — s s = Fr(z)r’n&r 7 ) (ii)
§>0 I, (%5")

forn > p, r < p. The normalizing constants in (8.3.11) and (8.3.12) follow from (i) and
(ii) . This completes the proofs.

At this juncture, we are considering the singular version of the determinantal equation
in (8.2.8). Let W and W, be 1ndependently distributed p x p real matrices where W; =

XX, X = [Xy,..., X,] with X; i Np(O, I), j =1,...,r, r < p, and the positive
definite matrix W, ~ W,(n, I),n > p. The equation

Wi — (W1 + Wa)| = 0 = XX —M(XX/-F W)l =0

= |U_7XX’U —uly| =0, U=XX"+W, > 0O
= |VV' —ul,| =0,

which, in turn, implies that u is an eigenvalue of VV’ > O and all the eigenvalues are
positive or zero. However, it follows from (8.3.3) and (8.3.4) that

\VV' —ulpy| =0= V'V — ul,| =0.

Hence, the following result:
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Theorem 8.3.6. Let X be a p xr matrix whose columns are iid N,(O, I) andr < p. Let
Wi = XX’ > O whichis a p x p positive semi-definite matrix, W, > O be a p x p Wishart
distributed matrix having n degrees of freedom, that is, Wp ~ Wy(n, I), n > p, and let
Wy and W3 be independently distributed. Then, U = Wy + W, > O and V = U _%X are
independently distributed. Moreover,

(Wi — (Wi + W) =0= V'V — pul,| =0

where the roots uj > 0, j = 1,...,r, are the eigenvalues of V'V > O, and the eigen-
values of VV' are u; > 0, j =1, ..., r, with the remaining p — r eigenvalues of V'V’
being equal to zero.

Let S = PDP', D = diag(uy, ..., ), PP’ = 1I,, P'P = I.. Then, on applying
Theorem 8.2.2,

m“

[H(Mz M ]

i<j

l\)l\

after integrating out over the differential element associated with the orthonormal matrix
P. Substituting in fg(S) of Theorem 8.3.5 yields the following result:

Theorem 8.3.7. Let w1, ..., u, be the nonzero roots of the determinantal equation

(W) — (Wi + Wa)| = 0 where Wy = XX/, X = [X1,....X,], X; “ N,(0, I), j =

L...,r <p,Wao~ Wy, I), n> p, and Wy and W be mdepena’ently distributed. Let-
ting w1 > o > --- > u, > 0, r < p, the joint density of the nonzero roots (i1, ..., Ly,
denoted by f, (i1, ..., 1), is given by

R ()
I, (l) I, (B)F (M)

[HM]_M][H(I R ’“][]‘[(Ml W ] (8.3.13)

j=1 i<j

fﬂ(/‘(/la ~~~’Mr) =

It can readily be observed from (8.3.9) that U = XX'+ Wy and V = U D¢ are indeed
independently distributed.
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8.3.2. A direct evaluation as an eigenvalue problem

Consider the singular version of the original determinantal equation

_1 _1
(Wi — AWa| = 0= [W, W\ W, 2 —AI| =0 (8.3.14)

where Wi is singular, W5 is nonsingular, and W; and W, are independently distributed.
Thus, the roots A ;’s of the equation |W; — AW;| = 0 coincide with the eigenvalues of
1

1

the matrix U = W2_ W, Wz_ 2. Let W, be a real nonsingular matrix-variate gamma or
Wishart distributed matrix. Let W) = XX/, X = [X{, ..., X,], X; ud Ny(O, %), ¥ >
O, j=1,...,r, r < p, or, equivalently, the p x r, r < p, matrix X is a simple
random sample from this p-variate real Gaussian population. We will take X' = I without
any loss of generality. In this case, X is a p x r full rank matrix with r < p. Let W, ~
Wy(n, I), n > p, thatis, W, is a nonsingular Wishart matrix with n degrees of freedom
and parameter matrix I, and Wi > O (positive semi-definite). Then, the joint density of X
and W5, denoted by f7(X, W), is the following:

frX, Wy =S R
527 I,(0)

()
Consider the exponent

1 1 _1 _1 1
—Etr(XX’ + Ws) = —Etr[Wz(I + W, 2XX’W2 H] = _Etr(WZ(I +VVY)

_1 .
where V. = W, ’X = dX = |W»|2dV for fixed W,. The joint density of W, and V,
denoted by fg(V, W»), is then

|W2|g+g—PT“e—%tr(W2(1+vv’))

fs(V, Wa) = (i)

Qm) 727 %)

—_

_1 _1
Observe that VV' = W, *XX'W, * = U of (8.3.14). Integrating out W, in (ii) by using
a real matrix-variate gamma integral, we obtain the marginal density of V, denoted by

fo(V), as
Fp(n—gr) n+r
fo(V)AV = I+ vV | 2dv (iii)

or
p(§)7T 2

where V'V’ > O (positive semi-definite). Note that

I, +VV'|=|I,+V'V|, VV'> 0, V'V > O (positive definite),
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which follows from Theorem 8.3.3(b). This last result can also be established by expanding
the following determinant in two ways as was done in (8.3.3) and (8.3.4):

I, V

‘_{}/ A | L+ V'V|= L] |1, +VV|

=L+ V'V|=|I,+VV.

Hence, the density of V' must be of the following form where ¢ is the normalizing con-
stant: N
fio(VHaV' =c|[I +V'VI"2dV, n > p, r < p. (iv)

On applying Theorem 4.2.3, (iv) can be transformed into a function of §; = V'V > 0, §;
being of order r x r. Then,

pr
T 2

G

r+1

av’ 151127 dS;.

Substituting the above expression for dV’ in f19(V’) and then integrating over the r x r
matrix S; > O, we have

2

nT LOLMEE)

fro(VHAV' = ¢; — L.
Vv’ Fr(%) I ( —5 )
Accordingly, the density of V' is the following:
r.(2 T, ntr .
fio(VHdV' = %) ) 11+ V'vI~tav, (8.3.15)

n'T L)L)

Note that [ r(%) cancels out. Then, by re-expressing dV' in terms of dS; in (8.3.15), the
density of S} = V'V is obtained as

Fr(n—zi_r) p_rtl — ()
Fayr ey S T s (8.3.16)
r\o)4tr\7T 5

f1(S) =

for S} = V'V > O, n > p, r < p, and zero elsewhere, which is a real r x r matrix-

variate type-2 beta density with the parameters (2, "+g_p ). Thus, the following result:

Theorem 8.3.8. Let W = XX/, X = [X1.....X,], X; ¥ Ny(O. ), j=1.....r,

r < p Wy ~ Wy, I), n > p, and Wy and W, be independently distributed. Let
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_1
V=W,*X, VV'>0and Sy =V'V > O.Then, |I,+VV'| = |, +V'V| = |, + 51|
The density of V' is given in (8.3.15) and that of Sy, which is specified in (8.3.16), is a real

matrix-variate type-2 beta denslity with tilze parameters (£, "+g_p ). Moreover, the positive
semi-definite matrix S, = W2_ XX’ W2_ 2 is distributed, almost surely, as S1, which has a
n+r—p )

=L,

nonsingular real matrix-variate type-2 beta distribution with the parameters (%,
. iid
Observe that this theorem also holds when X <N »(0,%Y), ¥ > O and

Wy ~ Wy(n, X), ¥ > O, and the distribution of S, will still be free of X. Con-
verting (8. 3 16) in terms of the eigenvalues of S;, which are also the nonzero eigen-

values of §, = W, ZXX’ W, % of (8.3.14), we have the following density, denoted by
fi2(A1, ..., A)dD, D = dlag()q, ..., Ar), assuming that the eigenvalues are distinct and
suchthat)»l >A > > A >0

("35) a

4 m
Ay .oy Ap)dD =
NAVICS PR MO T (D)

[]—[,\g‘m][]—[(ux) N[ T104 = 2p]ap. 8317

i<j

Theorem 8.3.9. Let W> and X be as deﬁned in (8. 3 14). Then, the joint density of the

nonzero eigenvalues Ay, ..., Ay of S2 = ZXX’ W 2, which are assumed to be distinct
and such that .y > -+ - > A > 0, is given in (8.3. 17)

In (8.3.13) we have obtained the joint density of the nonzero roots p; > --- > u, of
the determinantal equation

A
XX — (XX + Wo)| =0 = |XX — AWa| =0, A= — =
1—pun 14+ A

b

—

= |W, 2XX/W 2| =0. (8.3.18)

Hence, making the substitution u; = 5 +A
in (8.3.17). This will be stated as a theorem

Theorem 8.3.10. When pj = 15~ +)L or Aj 1 , the distributions of the ;’s or the
Aj’s, as respectively specified in (8. 3 13) and ( 8.3. ] 7) coincide.
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8.3a. The Singular Complex Case

The matrix manipulations that were utilized in the real case also apply in the complex
domain. The following result parallels Theorem 8.3.1:

Theorem 8.3a.1. Let the p x p matrix A = A* > O be a Hermitian positive semi-
definite matrix of rank r < p, where A* designate the conjugate transpose of A. Then, A
can be represented as A = A]A}k where Ay is p X r, r < p, of rank r, that is, all the
columns of A1 are linearly independent.

A derivation of the Wishart matrix in the complex case can also be worked out from
a complex Gaussian distribution. In earlier chapters, we have derived the Wishart density
as a particular case of the matrix-variate gamma density, whether in the real or complex
domain. Let the p x 1 complex vectors f(‘,-, j =1,...,n, be independently distributed as
p-variate complex Gaussian random variables with the null vector as their mean value and

a common Hermitian positive definite covariance matrix, that is, X j id N (0, X), X =
Y*>Oforj=1,...,n. Letthe p x n matrix X = [5(1, R X ] be the simple random
sample matrix from thlS complex Gaussian population. Then, the density of X, denoted by
f(X), is given by

L XXX (XX

T = gy~ wride (8.5a.1)

for n > p. Let the p x p Hermitian positive definite matrix XX* = W. For n > p, it
follows from Theorem 4.2a.3 that

np

dX |det(W)|"~PdW (8.3a.2)

pl’l

where dX = dY; A dYa, X = YI+iYy, i =v-1, 1. 1s belng real p x n matrices.
Given (8.3a.1) and (8.3a.2), the density of W, denoted by fl(W) is obtained as

o |det(W)|n—pe—tr(2*1W) 5 5
(W) = _ , W=W*">0, n>p, (8.3a.3)
Iy (n)|det(X)|"

and zero elsewhere; this is the complex Wishart density with n degrees of freedom and
parameter matrix X > O, which is wntten as W ~ W (n, Z‘) X >0,nz=p. If

Xj ~ Ny(ii, ¥), £ > 0, then letting X = L (X; +---+ X,), X=(X,..., X) and

=X -X)X-X)*, (8.3a.4)



588 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

we have W ~ Wp mn—-1, X),n—1>p, ¥ > 0O,or W has a Wishart distribution with
n — 1 instead of n degrees of freedom, & # O being eliminated by subtracting the sample
mean. The remainder of this section is devoted to the distribution of XX* for n < p, that
is, in the singular case. Proceeding as in the real case, we have

det(1, — XX*) = det(l, — X*X) (8.3a.5)

where XX* > 0 is p X p, whereas the r X r, r < p, matrix X*X > 0. Then, we have
the following result:

Theorem 8.3a.2. Let T} = XX*and T, = X*X Then, the eigenvalues of T» are all real
and positive and the nonzero eigenvalues of Ty are identical to those of T,, the remaining
ones being equal to zero.

The complex counterpart of Theorem 8.3.4 that follows can be derived using steps
parallel to those utilized in the real case.

Theorem 8.3a.3. Let the p X 1 complex vectors X i N (n, @), ¥ >0, j =

1,....,r. Let X = [X1, ..., X,] be the simple random sample matrzx from this complex
p-variate Gaussian population. Let Th=X*YXorTh = X if X' = I,. Then, the

density of To, denoted by f,(T»), is the following:

Fu(Ty) = det(T2)|P e ™) T, > 0, r < p, (8.3a.6)

I(p)
so that T» ~ Wy (p, I), that is, Tz has a complex Wishart distribution with p degrees of

freedom. If L # O, let T2 = (X_ X) (X X) or T2 (X X)* 1(X X) when X # 1
withX = (X, R X) wherein X = %(Xl—lm . -—I—X,). Then, T2 W,(p—l, I), r <p-—1.

8.3a.1. Singular gamma or singular Gaussian distribution, complex case

Let X = [X 1 .. X +] where the p x 1 vectors X s . X are independently dis-
tributed as complex Gaus51an vectors whose mean value is the null vector and covariance

matrix is 7, that is, X i N (O, I, j =1,...,r, r < p. Then, the density of X,
denoted by f;(X), is

o e—tr(XX*)

f1X) = o (8.3a.7)
Let r < p so that XX* > O (Hermitian positive semi-definite). Let the p x p Hermitian
positive definite matrix W, have a Wishart density with n > p degrees of freedom and
parameter matrix /, that is, W2 W (n, I), n > p. Further assume that X and W, are
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independently distributed. Then, the joint density of X and Wa, denoted by />(X, W»), is
the following:

o e~ XX+ W) et (W) |7
S (X, Wy) = = s, = p, r<p, (8:30:8)
7P [y (n)

where X is p xr, r < p. Letting the p X p matrix U=XX*+W, > 0, the joint density
of U and X, denoted by f3(X, U), is given by

. o o~ e~ |det(T — XX*)["~P
HXU) = o By ,n=p, r<p.

Letting U =U*> 0, one has

1 ~ ~

det(T — XX*)| = |det(T)| |det(I — ~—zxx* 02)]
— |det(0)| |det(I — VV*)|, V = U2 X,

where V is a p x r matrix of rank r < p. Since dX = |det(U)|"dV for fixed U, the joint
density of U and V is as follows:

. det(T) |7 —Pe—t(@) o
faU, V)= [det(U)] — © |det(I, — VV*)|""P. (8.3a.9)
7"’ Iy (n)

As has been previously noted,
|det(I, — VV*)| = |det(I, — V*V)|

where V*V is an r x r Hermitian positive definite matrix. Since f4(U V) can be fac-
torized, U and V are independently distributed, and the marginal density of V, denoted
by f5(V), is of the following form, after integrating out U with the help of a complex
matrix-variate gamma integral:

f5(V¥AV = é|det(I — VV*)|""PdV = &|det(] — V*V)|"~PdV* (8.3a.10)

where ¢ is the normalizing constant. Now, proceeding as in the real case, the following
result is obtained:

Theorem 8.3a. 4 Let the p x 1 complex vectors X e N o, I, j=1,...,r, and
= [X1,..., X,] be the p x r full rank sample matrix with r < p. Let W, be apxp



590 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

Hermitian positive definite matrix having a nonsingular Wishart density with n degrees of
freedom and parameter matrix I, that is, Wz ~ Wp (n, I), n > p, and assume that Wz
and X are independently distributed. Let U = XX* + W, be Hermitian positive definite,
V=0"7:Xand§ = V*V. Then, U and V are independently distributed and the densities
of V and S, respectively denoted by fs(V) and fe(S), are

_ L Lotn)

(V) = ' |det(I — V*V)|" P, r < p, (8.3a.11)
B = o R —p g

and

L(n+r)

—— |det(8)|P"|det( — §)|" P, n>p, r <p, (83a.12)
I(p)Iy(n—p+r)

f6(8) =

observing thatn — p=n+r —p) —r.

Let W; = XX* where the p x r matrix X is the previously defined sample matrix
arising from a standard complex Gaussian population. Let W, ~ Wp (n, I) and assume
that Wy and W, are independently distributed. Letting U = XX* + W, > O, consider the
determinantal equation

det(W) — w(Wy + Wa)) = 0. (i)

Then, as in the real case, the following result can be obtained:
Theorem 8.3a.5. Let Wy, Wa, V and U be as previously defined. Then,

det(W) — n(W; + Wy)) = 0 = det(V*V — ul,) = 0. (ii)

This establishes that the roots w ;’s of the determinantal equation (i) coincide with the
eigenvalues of V*V, and since V*V > O, the eigenvalues are real and positive. Let the
eigenvalues be distinct, in which case ;1 > --- > wu, > 0. Then, steps parallel to those
utilized in the real case will yield the following result:

Theorem 8.3a.6. Let i1, ..., |, be the nonzero roots of the equation
det(Wy — (Wi + Wa)) =0

where Wy and W are as previously defined. Let i > --- > u, > 0, r < p, and let
D = diag(uy, - .., ir). Then, the joint density of the eigenvalues i1, . .., Ly, denoted by
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J;u (U1, ..., y), which is available from (8.3a.12) and the relationship between dS and
dD, is the following:

= Lr(n+r)
L) L(p)h,(n—p+r)

X[lle ][]‘[(1—“]" P][]‘[(M, ") ]dD. (8.32.13)

i<j

fu(//vl, ooy p)dD =

8.3a.2. A direct method of evaluation in the complex case

The steps of the derivations being analogous to those utilized in the real case, the
corresponding theorems will simply be stated for the complex case. Let W = Xf{* be
a p x p singular Wishart matrix where the p x r matrix X = [)N( s - )~( 1, id
N (0, 1), j=1,...,r,and r < p. That is, X is a simple random sample matrix from
this complex Gauss1an population. Let W> > O have a complex Wishart distribution with
n degrees of freedom and parameter matrix /, that is, Wa ~ W (n, I), n > p,and assume

that Wy and W, be independently distributed. Consider the initial equation

~ ~ ~L . .1
det(Wy — AWa) = 0 = det(W, *W W, > — AI) =0, (8.3a.14)

whose roots are A1, ..., A, 0, ..., 0, and the additional equation det(Wl —/L(Wl + Wz)) =
0, whose roots will be denoted by w1, ..., s, 0, ..., 0. In the following theorems, the A ;s
and p ;’s will refer to these two sets of roots.

Theorem 8.3a.7. Let Wi = XX*, X = [X1,.... X,]. X; ¥ N,(0, ), j=1,.

and r < p. Let Wy ~ Wp(n, I), n > p, bea nonsmgular complex Wishart matrix
with n degrees of freedom and parameter matrix I. Further assume that Wi and W, are

~ ~ L L ~ o~ ~ ~ o~
independently distributed. Let V = W, !X, VV¥*> 0, V¥V > O,and Sy = V*V > O.
Then, det(I, + VV*) = det(I, + V*V) = det(I, + S1), and the densities of V* and S
are respectively given by

R o Il . i
Flo(V¥HAV* = (”)1 _ f” ) |det(I + V*V)|~"+)qv*  (8.3a.15)
aPP=V L(p) L+ 1 = p)
and
. i i i
J11(81) = —= ~(n ) |det(S1) [P~ |det(I + Sp)|~ "7, (8.3a.16)

L(p)I(n+r—p)
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which is a complex matrix-variate type-2 beta distribution wzth the parameters (p, n —

p + r). Additionally, the positive semi-definite matrix Sy = W 2XX*W 2 is distributed,

almost surely, as S\, which has a nonsingular complex matrix-variate type-2 beta distri-
bution with the parameters (p, n — p +r).

Theorem 8.3a.8. Let W and X be as defined in Theorem 8. 3a 7. Then, the joint density

of the nonzero eigenvalues Ay, ..., Ay of S, = W 2XX*W , Which are assumed to be
distinct and such that Ay > - -+ > Ar > 0, is given by

Fn+r) =1
L(p)L,(n—p+r) T(r)

[]‘[xp r][l_[(1+)») o[ TTos - 2%]an

j=1 i<j

fiz(hi, ..., AdD =

(8.3a.17)

where D = diag(Aq, ..., Ap).

Theorem 8.3a.9. When u; = % +A or \j = t——, the distributions of the u;’s and X ;’s,
as respectively defined in (8.3a.13) and ( 8 3a. ] 7) comczde

8.4. The Case of One Wishart or Gamma Matrix in the Real Domain

If we only consider a single p x p gamma matrix W with parameters (¢, B), B >
0, R(a) > pT_l, whose density is

|B|*

W) =
f (W) T @)

1
We 5 e " BW) WS 0, B> 0. Ra) > pT, (8.4.1)

and zero elsewhere, then it can readily be determined that Z = B>W has the density

f1(2) =

—1
1ZI* 5 e D 7 5 0, Na) > L, (8.4.2)
Fp(a) 2

and zero elsewhere. When o = 7 and B = %I , Z has a Wishart density with m > p
degrees of freedom and parameter matrix /, its density being given by

1
f(Z) = ———|2]27 7 e 2D (8.4.3)
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for m > p, and zero elsewhere. Since Z is symmetric, there exists an orthonormal matrix
P, PP' =1, PP = I, such that Z = PDP’ with D = diag(Ay,...,A,) where
Aj >0, j =1,..., p, are the (assumed distinct) positive eigenvalues of Z, Z being
positive definite. Consider the equation ZQ; = A;Q; where the p x 1 vector Q; is an
eigenvector corresponding to the eigenvalue A ;. Since the eigenvalues are distinct, the
eigenvectors are orthogonal to each other. Let Q ; be the normalized eigenvector, Q/j Q=
1, j=1,...,p, Q:Q; =0, foralli # j.Letting Q =[Q1,..., Qpl, this p x p matrix
Q is such that

ZQ=0D=Z7Z=0DQ = Q=P, P=[P,..., P)]

where Py, ..., P, are the columns of the p x p matrix P. Yet, P need not be unique as
PJ’. Pj =1 = (—P;)(—Pj) = 1. In order to make it unique, let us require that the first
nonzero element of each of the vectors Py, ..., P, be positive. Considering the transfor-
mation Z = PDP’, it follows from Theorem 8.2.1 that, before integrating over the full
orthogonal group,

dZ = { [0 - kj)}dD h(P) (8.4.4)

i<j

where h(P) is a differential element associated with the unique matrix of eigenvectors P,
as is explained in Mathai (1997). The integral over h(P) gives

P
)

f h(P) = =
Op B Fp(

where O, is the full orthogonal group of p x p orthonormal matrices. On observing that
|Z| = ]_[57:1 Ajand tr(Z) = Ay +-- -+ A, it follows from (8.4.3) and (8.4.4) that the joint

8.4.5
) (8.4.5)

\STpS]

density of the eigenvalues A1, ..., A, and the matrix of eigenvectors P can be expressed
as
m_ptl _L~P o5
Ty 213 e 2 2= M O = )]

f3(D, P)dD AdP =

dDh(P). (8.4.6)

mp
272 T,(%)
Thus, the marginal density of Ay, ..., A, can be obtained by integrating out P. Denoting
this marginal density by f4(A1,...,4,), we have
fa d i) VA0 il [T lap, 847
O, ) dD = —— =T [T —2i1]aD. 847
FP(T) 2Trp(%) i<j
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and zero elsewhere. The density of P is then the remainder of the joint density. Denoting
it by f5(P), we have the following:

FP(%) /
fs(P)dP = =h(P), PP' =1, (8.4.8)
T
where P = [Py, ..., Pp], the first nonzero element of P; being positive for j =1, ..., p,

so as to make P unique. Hence, the following result:

Theorem 8.4.1. Let the p x p real positive definite matrix Z have a Wishart density
with m > p degrees of freedom and parameter matrix I. Let Ay, ..., A, be the distinct
positive eigenvalues of Z in decreasing order and the p x p orthonormal matrix P be the
matrix of normalized eigenvectors corresponding to the A;’s. Then, {Ay,...,A,} and P
are independently distributed, with the densities of {A1, ..., Ap} and P being respectively
given in (8.4.7) and (8.4.8).

8.4a. The Case of One Wishart or Gamma Matrix, Complex Domain

Let W be a p x p complex gamma distributed matrix, W = W* > O, whose density
is

-~ |det(B)|*
W)= ——
/ Fp(a)

Letting 7 =82 W, Z has the density

det(W)[@=Pe""BW) W~ 0 B> 0, Ra)>p—1. (8.4a.1)

~ o~ 1 ~ = -
fi(X) = e )|det(Z)|“—Pe—“<Z>, X>0, Ra)>p—1. (8.4a.2)
p a

foao=m, m=p, p+1,...1n (8.4a.2), then we have the following Wishart density
having m degrees of freedom in the complex domain:

~ ~ 1 ~ 5
f(Z) = = |det(Z) " Pe D), (8.4a.3)
P m

Consider a unique unitary matrix P, PP* = I, P*P = [ such that P*ZP =
diag(A1, ..., Ap) where Ay, ..., A, are the eigenvalues of Z , which are real and positive
since Z is Hermitian positive definite. Letting the eigenvalues be distinct and such that
Al > Az > --- > A, > 0, observe that

47 = {]‘[m —Aj|2}dD h(P) (8.4a.4)

i<j
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where /1( P) is the differential element corresponding to the unique unitary matrix P. Then,
as established in Mathai (1997),

-~ n’p(P_l)
/~ h(P) = — (8.4a.5)
where O p 1s the full unitary group. Thus, the joint density of the eigenvalues Ay, ..., A,

and their associated normalized eigenvectors, denoted by ];3 (D, 15), 18

p m—pa— b A
];3(D ﬁ)dD/\dﬁ:[ j:l)‘]] Pe™ &j=1"

. % =2 P[dDAP).  (8.4a.6)
[y(m) [H o

i<j
Then, integrating out P with the help of (8.4a.5), the marginal density of the eigenvalues
Al > ---> A, > 0,denoted by f4(A1, ..., Ap), is the following:

far Ap)dD g P [Hlekj]m_pe_zle Aj
a(A, .. _ '
’ I'(p) y(m)

[]_[ A — x,-|2] dD. (8.4a.7)

i<j
Thus, the joint density of the normalized eigenvectors forming P, denoted by f5(P), is
given by

fs(P)dP = (P). (8.4a.8)

aP(p=1)

These results are summarized in the following theorem.

Theorem 8.4a.1. Let Z have the density appearing in (8.4a.3). Then, the joint density
of the distinct eigenvalues Ay > --- > A, > 0 of Z is as given in (8.4a.7) and the joint

density of the associated normalized eigenvectors comprising the unitary matrix P is as
specified in (8.4a.8).
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