Chapter 6 ®)
Hypothesis Testing and Null Distributions L

6.1. Introduction

It is assumed that the readers are familiar with the concept of testing statistical hy-
potheses on the parameters of a real scalar normal density or independent real scalar nor-
mal densities. Those who are not or require a refresher may consult the textbook: Mathai
and Haubold (2017) on basic “Probability and Statistics” [De Gruyter, Germany, 2017, free
download]. Initially, we will only employ the likelihood ratio criterion for testing hypothe-
ses on the parameters of one or more real multivariate Gaussian (or normal) distributions.
All of our tests will be based on a simple random sample of size n from a p-variate nonsin-
gular Gaussian distribution, that is, the p x 1 vectors X1, ..., X, constituting the sample
are 1id (independently and identically distributed) as X; ~ N,(u, Y), ¥ > O, j =
1, ..., n, when a single real Gaussian population is involved. The corresponding test cri-
terion for the complex Gaussian case will also be mentioned in each section.

In this chapter, we will utilize the following notations. Lower-case letters such as x, y
will be used to denote real scalar mathematical or random variables. No distinction will be
made between mathematical and random variables. Capital letters such as X, Y will denote
real vector/matrix-variate variables, whether mathematical or random. A tilde placed on
a letter as for instance X, y, X and Y will indicate that the variables are in the complex
domain. No tilde will be used for constant matrices unless the point is to be stressed that
the matrix concerned is in the complex domain. The other notations will be identical to
those utilized in the previous chapters.

First, we consider certain problems related to testing hypotheses on the parameters of
a p-variate real Gaussian population. Only the likelihood ratio criterion, also referred to as
A-criterion, will be utilized. Let L denote the joint density of the sample values in a simple
random sample of size n, namely, X1, ..., X, which are iid N,(u, X'), ¥ > O. Then,
as was previously established,
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where S = Z;’z (X = X)(X = X)' is the sample sum of products matrix and X =
,ll(X 1+-- -+ X,) is the sample average, n being the sample size. As well, we have already

determined that the maximum likelihood estimators (MLE’s) of  and X are i = X and

Y = %S , the sample covariance matrix. Consider the parameter space

Q={(u, D)X >0, W =@W1,....,1np), —00<puj<oo, j=1,...,p}

The maximum value of L within €2 is obtained by substituting the MLE’s of the parameters
into L, and since (X — 1) = (X — X) = O and tr(X~1S) = tr(nl,) = np,

e_% e_%n%
max L = o — = T - (6.1.2)
Q Qm)7]is12  @n)7|S|?

Under any given hypothesis on p or X', the parameter space is reduced to a subspace @ in
Q or w C Q. For example, if H, : © = n, where u, is a given vector, then the parameter
space under this null hypothesis reduces to w = {(u, X)|pn = no, ¥ > 0O} C £,
“null hypothesis” being a technical term used to refer to the hypothesis being tested. The
alternative hypothesis against which the null hypothesis is tested, is usually denoted by Hj.
If w = u, specifies H,, then a natural alternative is Hy : u # [,. One of two things can
happen when considering the maximum of the likelihood function under H,,. The overall
maximum may occur in @ or it may be attained outside of w but inside 2. If the null
hypothesis H, is actually true, then w and 2 will coincide and the maxima in @ and in 2
will agree. If there are several local maxima, then the overall maximum or supremum is
taken. The A-criterion is defined as follows:

__sup,, L

= , 0<Aa<l. (6.1.3)

supo L
If the null hypothesis is true, then A = 1. Accordingly, an observed value of A that is close
to 0 in a testing situation indicates that the null hypothesis H, is incorrect and should then
be rejected. Hence, the test criterion under the likelihood ratio test is to “reject H, for
0 < A < X,7, that is, for small values of A, so that, under H,, the coverage probability
over this interval is equal to the significance level « or the probability of rejecting H,
when H, is true, that is, Pr{0 < A < XA, | H,} = « for a pre-assigned «, which is also
known as the size of the critical region or the size of the type-1 error. However, rejecting
H, when it is not actually true or when the alternative Hj is true is a correct decision
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whose probability is known as the power of the test and written as 1 — 8 where B is the
probability of committing a type-2 error or the error of not rejecting H, when H, is not
true. Thus we have

Pri0 <i<ho|H)=aand Pr{0 < i <, |Hi}=1-8B. (6.1.4)

When we preassign o« = 0.05, we are allowing a tolerance of 5% for the probability of
committing the error of rejecting H, when it is actually true and we say that we have a test
at the 5% significance level. Usually, we set o as 0.05 or 0.01. Alternatively, we can allow
a to vary and calculate what is known as the p-value when carrying out a test. Such is the
principle underlying the likelihood ratio test, the resulting test criterion being referred to
as the A-criterion.

In the complex case, a tilde will be placed above A and L, (6.1.3) and (6.1.4) remaining
essentially the same:

- L -
i= P> g3 <1, 6.1a.1)
supo L
and . 3
PrO <Al < Ao Hb =, Pri0 <|i| <ip|Hi}=1—8 6.1a.2)

where « is the size or significance level of the test and 1 — S, the power of the test.
6.2. Testing H, : i = o (Given) When X is Known, the Real N, (i, X) Case

When X' is known, the only parameter to estimate is u, its MLE being X. Hence, the
maximum in €2 is the following:

e 2(Z7LS)

np n* 621
Q)7 |2|3 ©2D

supoL =

In this case, w is also specified under the null hypothesis H,, so that there is no parameter
to estimate. Accordingly,

e~ =1 (X —10) TN (X~ 110)

sup,, L =

em¥ |z
e 2W(Z )= (X —po) 7 (X —p0)
= np n . (622)
Qm)2 X2
Thus,
A= —Supr — e_%(i_#o)lz‘_l(x_ﬂr))’ (623)

supo L
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and small values of A correspond to large values of %()_( — o) XX — u,). When
X;j~Np(u, X)), ¥ > O,ithas already been established that X ~ N,(u, %2), Y > 0.

As well, n(X — i)’ 2 ~1(X — ,) is the exponent in a p-variate real normal density under
H,, which has already been shown to have a real chisquare distribution with p degrees of
freedom or

n(X — 1) Z7NX — o) ~ x5

Hence, the test criterion is
Reject H, if n(X — o)’ X1 (X — o) > X;%,a’ with PV{X,% > X;z,, =a (62.4)

Under the alternative hypothesis, the distribution of the test statistic is a noncen-
tral chisquare with p degrees of freedom and non-centrality parameter A = 5(u —

o) Z7 (1 — o).

Example 6.2.1. For example, suppose that we have a sample of size 5 from a population
that has a trivariate normal distribution and let the significance level a be 0.05. Let w,, the
hypothesized mean value vector specified by the null hypothesis, the known covariance

matrix X, and the five observation vectors X1, ..., X5 be the following:
[ 1 200 1 0 0
o= 0, x=]011|=>x"1=|0 2 -1,
| —1 01 2 0 -1
1 2 0 2 4
Xi=|0]|, Xo=|-1|,Xsg=|-1|,Xyu=1[4|,Xs5=]| 2|,
| 1 4 -2 1 —1

the inverse of X" having been evaluated via elementary transformations. The sample aver-
age, %(Xl + -+ 4+ X5) denoted by X, is

(T 2 0 2 4 NE
X=-1|0[+|=1|+|-1|{+|4]+]| 2|t=2]4]|-
ST 4 _2 1 _1 513

and
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For testing H,, the following test statistic has to be evaluated:

1
10 4
3 3 5 p) 40
nX —po) T ' X —po)=5[4 4 8|0 2 —1||4|=—=8.
5 0 —1 g| O

As per our criterion, H, should be rejected if 8 > Xg,a- Since nga,a = X32, 005 = 7-81, this
critical value being available from a chisquare table, H, : ;© = u, should be rejected at the
specified significance level. Moreover, in this case, the p-value is Pr{ X32 > 8} =~ 0.035,
which can be evaluated by interpolation from the percentiles provided in a chi-square table
or by making use of statistical packages such as R.

6.2.1. Paired variables and linear functions

Let Y1, ..., Yr be p x 1 vectors having their own p-variate distributions which are
not known. However, suppose that a certain linear function X = a1Y; + --- + ax Y 1s
known to have a p-variate real Gaussian distribution with mean value vector E[X] =
u and covariance matrix Cov(X) = X, ¥ > O, thatis, X = a1Y1 + - + ap ¥y ~
Ny(u, X), ¥ > O, where ay, ..., a; are fixed known scalar constants. An example
of this type is X = Y; — Y, where Y| consists of measurements on p attributes before
subjecting those attributes to a certain process, such as administering a drug to a patient,
and Y, consists of the measurements on the same attributes after the process is completed.
We would like to examine the difference Y| — Y; to study the effect of the process on
these characteristics. If it is reasonable to assume that this difference X = Y| — Y5 is
Ny(u, X), ¥ > O, then we could test hypotheses on E[X] = n. When X is known,
the general problem reduces to that discussed in Sect. 6.2. Assuming that we have iid
variableson Y7, ..., Y;, we would evaluate the corresponding values of X, which produces
iid variables on X, that is, a simple random sample of size n from X = a1 Y1+ - - - +arYx.
Thus, when X' is known, letting u = n(X — o) 2~ NX — o) ~ X,% where X denote the
sample average, the test would be carried out as follows at significance level «:

Reject H, : u = u, (specified) when u > Xlz,, o» With Pr{XIZJ > X;, o) =0, (6.25)
the non-null distribution of the test statistic # being a non-central chisquare.

Example 6.2.2. Three variables x; = systolic pressure, x; = diastolic pressure and
x3 = weight are monitored after administering a drug for the reduction of all these p = 3
variables. Suppose that a sample of » = 5 randomly selected individuals are given the
medication for one week. The following five pairs of observations on each of the three
variables were obtained before and after the administration of the medication:
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150, 140 180, 150 160, 160 140, 138 130, 128
90,90 |, 95,90 |,| 85,80 [,| 85,90 |[,]| 85,85
70, 68 75,70 70, 65 70,71 75,74

Let X denote the difference, that is, X is equal to the reading before the medication was
administered minus the reading after the medication could take effect. The observation
vectors on X are then

150 — 140 10 30 0 2 2
Xi=| 990—-90 (=10, Xo=|5]|,X3=|5]|,Xq=|-5|,X5=1]0
70 — 68 2 5 5 —1 1

In this case, X1, ..., X5 are observations on iid variables. We are going to assume that

these iid variables are coming from a population whose distribution is N3(u, ¥), ¥ > O,
where ¥ is known. Let the sample average X = %(X 1+---+ X5), the hypothesized mean
value vector specified by the null hypothesis H, : © = p,, and the known covariance
matrix X be as follows:

o [44 8 200 3 0 0
X==|5|,u=10|,2=]011|=x1=|0 —1
12 2 012 0 -1 1

Let us evaluate X — o and n(X — o) X “I(x — o) which are needed for testing the
hypothesis H, : © = io:

i | [44 8 BE
X—po==|5|-(0l==15
5112 2 92
L0 0774
v I vy—1,vy 5 z
n(X — ) X (X—M0)=5—2[4 52]10 2 —1]|5]|=84
0 -1 1 2

Let us test H, at the significance level « = 0.05. The critical value which can readily be
found in a chisquare table is Xf,, 0= X32, 0.0s = 7-81. As per our criterion, we reject H, if
8.4 > X,%, o since 8.4 > 7.81, we reject H,. The p-value in this case is Pr{XIZ, > 8.4} =
Pr{x; > 8.4} ~ 0.04.

6.2.2. Independent Gaussian populations

Let Y; ~ Np(ugy, ), ¥j > O, j = 1,...,k, and let these k populations
be independently distributed. Assume that a simple random sample of size n; from Y;
is available for j = 1,...,k; then these samples can be represented by the p-vectors
Yig, g = 1,...,nj, which are iid as Y;y, for j = 1,..., k. Consider a given linear
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function X = a;Y; + --- + a; Y, where X is p x 1 and the Y;’s are taken in a given
order. Let U = ai¥y + --- + ay ¥y where ¥; = % ijl Yj, for j = 1,...,k. Then
E[U] =aipqy+---+agpuw = p (say), where ay, . . ., ay are given real scalar constants.

The covariance matrix in U is Cov(U) = %El + -4 %Ek = %2 (say), where n is
a symbol. Consider the problem of testing hypotheses on u when X' is known or when
aj, X, j =1,...,k, are known. Let H, : u = u, (specified), in the sense ;) is a
known vector for j =1, ..., k, when X is known. Then, under H,, all the parameters are
known and the standardized U is observable, the test statistic being

k k
Do aini (V=) Z7N Y =gy ~ Y aing? (6.2.6)
j=1 j=1
where X,%(j ), j =1,..., k, denote independent chisquares random variables, each having

p degrees of freedom. However, since this is a linear function of independent chisquare
variables, even the null distribution is complicated. Thus, only the case of two independent
populations will be examined.

Consider the problem of testing the hypothesis 1 — up = § (a given vector) when
there are two independent normal populations sharing a common covariance matrix X
(known). Then U is U = Y; — Y> with E[U] = u; — uo = 8 (given) under H, and
Cov(U) = (nL + HL)E = %2, the test statistic, denoted by v, being

U—=8YE (U=8) = 2 (71 —¥)—8) 51 (F1=Tr—8) ~ x2. (62.7)
n14-n2 ny+ny p

The resulting test criterion is
Reject H, if the observed value of v > x7 , with Pr{x, > x7 .} = o. (6.2.8)

Example 6.2.3. LetY; ~ N3(u), 2) and Y2 ~ N3(u(2), X) represent independently
distributed normal populations having a known common covariance matrix X~'. The null
hypothesis is H, : (t(1) — ((2) = 6 where § is specified. Denote the observation vectors on
Yiand Y, by Yy, j=1,...,n1and Y;, j =1, ..., ny, respectively, and let the sample
sizes be n1 = 4 and np = 5. Let those observation vectors be

2 5 7 8
Yu=|1]|, Yo=1|5]|, Yi3= 8 , Yi4 = (10| and
_5_ _3_ i 12
[27] [47] 6 | 1
Yor=1|1],Yo=|3], Y3= , You= |5, Yos=| 1],
_3_ _2_ 6
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and the common covariance matrix X be

200 I 0 0
=01 1|l=2'=|l0 2 -l
012 0 -1 1

Let the hypothesized vector under H, : (1) — ) = & be 8" = (1,1, 2). In order to test
this null hypothesis, the following quantities must be evaluated:

_ 1 1
¥, = E(YH e Yy = Z(YH + Y12 + Yi3 + Yia),

1 1
Y, = n—z(Y21 + o+ Yop,) = g(YZI + -+ 1os),

> % ninz /y—1
U=T-T v="mt2o -5 U -9
They are
(21 5] [ 8] [22
Po=- i+ ls]+l8]+]10]t==]24],
“1ls] 3] 7] L2l) *|z
(21 14 177 el | T20
D= 1]+ [3]+[10]+|5]+|1]t=5]20]
3] 2] [8] le] [2 21
o 2] 20 1.50
U=V, —Th=-|24|—-=|20]=]200
27| S |21] |25
Then,
1.50 1 0.50
U—s=1]200|—-|1]=]100
2.55 2 0.55
v="1"2 @y _sys-lU -5
ny+n2
1
I o 07050
4)(5 2
=¥[0.50 1.00 0.55]] 0 —1 || 1.00
0 —1 1 |]055

20
= 1.3275 x 5= 2.95.
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Let us test H, at the significance level « = 0.05. The critical value which is available
from a chisquare table is Xz%, o = X32, 00s = 7.81. As per our criterion, we reject H, if

2.95 > X,%, .+ however, since 2.95 < 7.81, we cannot reject H,. The p-value in this case
is Pr{xlz) > 295} = Pr{x% > 2.95} & 0.096, which can be determined by interpolation.

6.2a. Testing H, : u = i, (given) When X is Known, Complex Gaussian Case

The derivation of the A-criterion in the complex domain is parallel to that provided for
the real case. In the parameter space,

—1 o
5 e—tr(E S)

[=— 6.2a.1
Pet = et (D) (620D

and under H, : u = u,, a given vector,

e~ (Z 7 8) —n(X—1)* 7 (X —p1,)

L= : 6.2a.2
*Po 7 |det(Z)]" (6:20:2)

Accordingly,

5 supa% _ e_n(f(_uo)*zfl():(—uo). (6.2a.3)
supo L

Here as well, small values of A correspond to large values of y = n(f( — ) X! ()~( — o),
which has a real gamma distribution with the parameters (¢ = p, B = 1) or a chisquare
distribution with p degrees of freedom in the complex domain as described earlier so that
2y has a real chisquare distribution having 2p degrees of freedom. Thus, a real chisquare
table can be utilized for testing the null hypothesis H,, the criterion being

Reject Hy if 20(X — 110)* 71X = 110) = 13,40 With Prixd, = x3,4) = a. (6.2a.4)

The test criteria as well as the decisions are parallel to those obtained for the real case in
the situations of paired values and in the case of independent populations. Accordingly,
such test criteria and associated decisions will not be further discussed.

Example~6.Za.1. Let p = 2 and the 2 x 1 complex vector X ~ ]\72(;1, Z~‘), > =3*>
O, with X assumed to be ~known. Consider the null hypothesis H, : it = 1, where i, is
specified. Let the known X and the specified 1, be the following where i = /(—1):

o T1+i] s [ 2 4] e I 3 —(4D] & e
“0_[1—21']’2_[1—1' 3}:>2 —4[—(1—1') 2 |0 FEE 0
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Let the general /i and general X be represented as follows for p = 2:
i = [Ml +l:v1:|’ a |:xl +l:)’|]
M2 +1v2 X2 +1y2
so that, for the given X:‘,

det(Z)=2)B) — 1 +i)1—i)=6—(1>+1%) =4 = det(X™*) = |det(X)].

The exponent of the general density for p = 2, excluding —1, is the form X —
)*X~Y(X — [1). Further,

(X - 2" X - =X -2 (X -

since both ¥ and ¥ ~! are Hermitian. Thus, the exponent, which is 1 x 1, is real and
negative definite. The explicit form, excluding —1, for p = 2 and the given covariance
matrix Y, is the following:

0= %{3[(“ — 1)+ 1 = VD14 2[00 — 12)® + (72 = 12)°]
+ 2[(x1 — p1)(x2 — pu2) + (y1 — v (2 — v2)1}
and the general density for p = 2 and this X is of the following form:
FR) = e
472

where the Q is as previously given. Let the following be an observed sample of size n = 4
from a N>(it,, X) population whose associated covariance matrix X' is as previously

specified:
- [ 1 o [2=3i] o [2+4+i] & [ i
Xl_[1+i]’X2__ i _’X3_[ 3 ]’X4_[2—i]
Then,
= 1 1 (2 —3i| [2+i i 1[5—i
L (R S e R IS B P
Foa 5=l _[1+i]_ 115
Ho="1l6+i 1—2i| T a|2+09]|
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2n():( — ﬁo)*i_l()} — fLo)

B 1 _ ST 3 —a+d][1-5i

= @@z [1+5i 2-9]7 [_( —i 2 ] [2+9i]

= %{3(1 +50)(1 = 50) +2(2 = 9)(2+9i) — (1 +i)(1 + 51)(2 + 9i)
— (1 -2 —9)(1 - 5i)}

- %{3 X 2642 x 85 +2 x 62} = 46.5.

Let us test the stated null hypothesis at the significance level « = 0.05. Since Xzzp, o« =
Xi 005 = 949 and 46.5 > 9.49, we reject H,. In this case, the p-value is Pr{xzzp >
46.5} = Pr{x; > 46.5} ~ 0.

6.2.3. Test involving a subvector of a mean value vector when X' is known

Let the p x 1 vector X; ~ Np(n, ¥), ¥ > O, j =1,...,n, and the X;’s be
independently distributed. Let the joint density of X;, j = 1,...,n, be denoted by L.
Then, as was previously established,

N X ETNX ) o3P (R 2T (X —p)
L= 1_[ 2 1 = np (i)
(2m)2| X2 Q)= |X|?

j=1

where X = %(Xl + --- 4+ X,) and, letting X = (X1, ..., X;) of dimension p x n and
X=(X,...X),S=X-X)X=-X).Let X, ¥ 'and u be partitioned as follows:
_ XM il 12 u®
X = [}_((2)]’ [221 »22 | n= M(Z)
where XV and ™V are r x 1, r < p, and 2" is r x r. Consider the hypothesis u" =
,ul(,l) (specified) with X' known. Thus, this hypothesis concerns only a subvector of the
mean value vector, the population covariance matrix being assumed known. In the entire
parameter space €2, u is estimated by X where X is the maximum likelihood estimator
(MLE) of w. The maximum of the likelihood function in the entire parameter space is then
e—%tr(E_lS)

@ Qm)> | X2
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Let us now determine the MLE of x‘?, which is the only unknown quantity under the null
hypothesis. To this end, we consider the following expansion:

(X =) 5 X = ) = [(RD = 1Dy, (XD — @y |:211 212] |:)_((1) _ M(l)]

521 y22 || x@ _ /«0(2)
— (XD~ gy sIgM _ ) 4 (%O _ @y 52(x® _ 0
+2(X@ — @y g2 (x® Dy, (iii)

Noting that there are only two terms involving 1?) in (iii), we have

gpo nL=0=0- 252X — @y — 2521 (xD — Ny = 0

= ,&(2) — X(Z) 4+ (222)—1221(2(1) . M(()l))'

Then, substituting this MLE 4@ in the various terms in (iii), we have the following:

()-((2) . [L(z))/zzz()-((z) . [L(z)) _ (5((1) . Mg1))/212(222)—1221(5((1) . Mgl))
2()—((2) . [L(z))/zmo—((l) . Mgl)) _ _2()—((1) . Mgl))/zlz(zzz)—lzzl(x(n . Mgn) N
X -2 X ==& —puy [z - 2@ 2NED — uld)
= (XY =y E &Y = i),

since, as established in Sect. 1.3, 21_11 =y — »12(x22)~1 $21 Thus, the maximum of
L under the null hypothesis is given by

— o 1 -1, 1
—3r(Z L) =3 XV -y T XD —p)

e
max L = TR ,
Ho n) ¥ |z}
and the A-criterion is then
maxy L g Wye—l 1) (D)
o= o2 = o5 XU ) E (X e, (6.2.1)
maxgq L

Hence, we reject H,, for small values of A or for large values of n (X — pSPy S x® -
,ugl)) ~ sz since the expected value and covariance matrix of XD are respectively u,gl)

and X1 /n. Accordingly, the criterion can be enunciated as follows:
Reject H,, : /,L(l) = ugl) (given) if u = n(x® — ,u,gl))/El_ll()_((l) — ,ugl)) > sz,(x (6.2.2)

with Pr{x? > sz, «) = co. In the complex Gaussian case, the corresponding 2u will
be distributed as a real chisquare random variable having 2r degrees of freedom; thus, the
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criterion will consist of rejecting the corresponding null hypothesis whenever the observed
value of 2u > XZZ, o

Example 6.2.4. Let the 4 x 1 vector X have a real normal distribution Ng(un, X), X >
O. Consider the hypothesis that part of 1 is specified. For example, let the hypothesis H,
and X be the following:

1 21 00 X1
T I [t 20 1| x| [xD
H, : nw=pu,= s , X = 00 3 1 =X">0, X= X3 :[X(Z)'
U4 011 2 X4

Since we are specifying the first two parameters in p, the hypothesis can be tested by
computing the distribution of xM = [i1i| Observe that X1 ~ N2(,u(1), X)), X >
2

O where

w_[m] @ _[1 Lo ) |21 172 -1
:u' _[MZ]’MO _|:_1j|vHO/~’L _M09211_|:1 2 :>211 _3 _1 2 .

Let the observed vectors from the original N4(u, X') population be

1 —1 0 2 2
0 1 2 1 -1
Xi=| - o= |- K= Xa=|_|| X5=|
4 2 4 4

Then the observations corresponding to the subvector XV, denoted by Xﬁ.l) , are the fol-

lowing:
() 1 M _|—1 @ _ |0 m_ |2 ) 2
X| =[O],X2 =[ 1},)(3 :[2],X4 =L XS = ]

In this case, the sample size n = 5 and the sample mean, denoted by X (1, is

(I A R | BB
HREIEH]

7O =

1
5
_ 1
XM _ 0 = :
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Therefore

_ _ 5 1[ 2 —17[-1
1 1 —1 1 1
n(X® — 1My s (XU—Mg)):—S2 [-1 8]5[_1 2][ 8]

1
= —(146) = 9.73.
15140

If9.73 > X22’ > then we would reject HO(U cuD = /L((,l). Let us test this hypothesis at
the significance level « = 0.01. Since X22, 001 = 9.21, we reject the null hypothesis. In

this instance, the p-value, which can be determined from a chisquare table, is Pr{ X22 >
9.73} ~ 0.007.

6.2.4. Testing ;11 = --- = u,, with ¥ known, real Gaussian case

Let X; ~ Np(u, ¥), ¥ > O, j = 1,...,n, and the X; be independently dis-
tributed. Letting ' = (uy, ..., u ), consider the hypothesis

Hy:ppp=pa=--=pup=v,

where v, the common p ; is unknown. This implies that u; — p; = 0 for all i and j. Con-
sider the p x 1 vector J of unities, J' = (1, ..., 1) and then take any non-null vector that
is orthogonal to J. Let A be such a vector so that A’J = 0. Actually, p — 1 linearly inde-
pendent such vectors are available. For example, if p is even, then take 1, —1,...,1, —1
as the elements of A and, when p is odd, one can start with 1, —1, ..., 1, —1 and take the
last three elements as 1, —2, 1, or the last element as O, that is,

1
J = ,A=| - | forpevenand A=| - |or| : | forpodd.
1 -1 ! —1
1 ! =2 0
|t | 1] | 1] L Y

When the last element of the vector A is zero, we are simply ignoring the last element in
X;.Letthe p x 1 vector X; ~ N,(u, X), ¥ > O, j=1,...,n, and the X;’s be inde-
pendently distributed. Let the scalar y; = A’X; and the 1 x n vector Y = (y1, ..., yu) =
(A'Xy,...,A’X,) = A (Xy,..., X,) = A’X, where the p x n matrix X = (X1, ..., X,).
Lety = L+ +y) = ALX 1+ 4+ Xy) = AR Then. Y1 (y; = ) (y; — 5)' =
A (X = X)(X; = X) Awhere Y7 (X; = X)(X;—X) = X-X)(X-X)' =S =
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the sample sum of products matrix in the X ;’s, where X = (X,...,X) the p x n ma-
trix whose columns are all equal to X. Thus, one has Z’}:l(yj — 7)? = A’SA. Con-
sider the hypothesis 1 = --- = pu, = v. Then, A’y = vA'J = v0 = 0 under H,.

Since X; ~ Np(u, ¥), ¥ > O, we have y; ~ Ni(A'u, A’YA), A’YA > 0. Un-
der H,, y; ~ Ni(0, A'XA),j =1,...,n, the v;’s being independently distributed.
Consider the joint density of yy, ..., y,, denoted by L:
e_ZA/IZA(yj_A/M)z
L= 1 - (@)
i=1 2m)2[A’ X A]?

Since X' is known, the only unknown quantity in L is u. Differentiating In L with respect
to u and equating the result to a null vector, we have

n n
Y i-A=0=) y-nAp=0=5-Ap=0=AX-)=0.
j=1 j=1

However, since A is a fixed known vector and the equation holds for arbitrary X, /i = X.
Hence the maximum of L, in the entire parameter space 2 = pu, is the following:

e_ﬁ XA X=X e 2A/12A A'SA
max L = 7 - = T —. (iM)
Q Qm)F[A AL Qm)F A DAY
Now, noting that under H,, A’ = 0, we have
e 2A/12A Z’Jl'=l A/XJ'X;‘A/
max L = 7 — (1ii)
H, QQm)2[A'XA]2

From (i) to (iii), the A-criterion is as follows, observing that A’(Z’}:1 XjX;.)A =
YIAX = X)X — X)A+nA(XX'A) = A'SA+nA' XX A:
A= e wEadXXA (6.2.3)

n

But since /57 A’ X ~ Ni(0, 1) under H,, we may test this null hypothesis either by

using the standard normal variable or a chisquare variable as =+ A’ XX'A ~ X12 under
H,. Accordingly, the criterion consists of rejecting H,

n
A'YA

when A'X

> ze, with Pr{z > zg} = B, z~ N1(0, 1)
or

when u = A/HH(A/)_()_(’A) > xl o with Prix?> xl b =a, u~x2.  (624)
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Example 6.2.5. Consider a 4-variate real Gaussian vector X ~ N4(u, X), X > O with
X as specified in Example 6.2.4 and the null hypothesis that the individual components of
the mean value vector p are all equal, that is,

2100 Wi

1 201 .
=100 3 1 s Hp i1 = o = u3 = g = v (say), with u = Zi

0112 4

Let L be a 4 x 1 constant vector such that L' = (1, —1, 1, —1). Then, under H,, L'x = 0
and u = L’X is univariate normal; more specifically, u ~ N(0, L' X L) where

1
—1
1
—1

L'TL=[1 -1 1 —1] =7=u~ N0, 7).

SO =N
—_— O N =
— W O O
N = = O

Let the observation vectors be the same as those used in Example 6.2.4 and let u; =
L'X j» J =1,...,5. Then, the five independent observations from u ~ N;(0, 7) are the
following:

w=LX=[1 -1 1 —1] = -3,

Ao O -
A WO O

[\

uy=L"| |=-3 us="L = 1,

2
—1
0
4

the average u = é(ul + -4 us) = ;( 1 =3 —3—3—1) being equal to —=. Then,

the standardized sample mean z = [(u —0) ~ N1(0, 1). Let us test the null hypothes1s
at the significance level « = 0.05. Referrlng to a Ny(0, 1) table, the required critical
value, denoted by 7¢ = 20.025 is 1.96. Therefore, we reject H, in favor of the alternative
hypothesis that at least two components of p are unequal at significance level « if the
observed value of

HE )f

(u—O))>196
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Since the observed value of |z] is |%(—% —0)| = +/1.4 = 1.18 is less than 1.96, we do

not reject H, at the 5% significance level. Letting z ~ N1(0, 1), the p-value in this case
is Pr{|z| > 1.18} = 0.238, this quantile being available from a standard normal table.

In the complex case, proceeding in a parallel manner to the real case, the lambda cri-
terion will be the following:

§ = e ATREA (6.2a.5)

where an asterisk indicates the conjugate transpose. Letting u = A* o (A*X X *A), it can

be shown that under H,, u is distributed as a real chisquare random variable having 2
degrees of freedom. Accordingly, the criterion will be as follows:

Reject H,, if the observed i > x3 ,, with Pr{x3 > x3 o} = a. (6.2a.6)

Example 6.2a.2. When p > 2, the computations become quite involved in the complex
case. Thus, we will let p = 2 and consider the bivariate complex N»(f, X) distribution
that was specified in Example 6.2a.1, assuming that X is as given therein, the same set of
observations being utilized as well. In this case, the null hypothesis is H, : (1] = 2, the
parameters and sample average being

- [l & [ 2 1+4i] z_ 1[5-i
M__[Lz:|’2_[l—i 3]’ _4[6+i'

Letting L' = (1, —1), L't = 0 under H,, and
= 1 5

~ / _ .
=L'X =7 [1 —1] 6

<

— 1 PR E-NE _
n i] = _4_1(1+2l)’ (L'X)"(L'X) = —(1—21)(1+21)

O’\‘ILn ;|U1

—i 3 |-t 3716

The criterion consists of rejecting H, if the observed value of v > X22 o Letting the

UEL=[1 1] [12. ”"][ 1]:3; b= R LR =5 x

significance level of the test be « = 0.05, the critical value is Xzz, 005 = .99, which is
readily available from a chisquare table. The observed value of v being % < 5.99, we do
not reject H,. In this case, the p-value is Pr{xz2 > g} ~ (0.318.

6.2.5. Likelihood ratio criterion for testing H, : 1| = --- = (1, , ¥ known

Consider again, X; ~ N,(u, ), ¥ > 0O, j = 1,...,n, with the X;’s being
independently distributed and X', assumed known. Letting the joint density of Xy, ..., X,
be denoted by L, then, as determined earlier,

e~ 2 (TS X' T (X—p)
L= (1)
Qm) |23
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where n is the sample size and S is the sample sum of products matrix. In the entire
parameter space

Q = {(,LL, Z‘)lz‘ > 0kn0wn? /’L/ = (lu“lv ---’/'Lp)}v

the MLE of u is X = the sample average. Then

e 2r(Z7'S)
& Qm)z | X2
Consider the following hypothesis on ' = (i1, ..., 1p):
H,:wy =---=pup =v, vis unknown.

Then, the MLE of p under H,is it = Jv = J%J’)_(, J = (1,...,1). This  is in fact
the sum of all observations on all components of X;, j =1, ..., n, divided by np, which
is identical to the sum of all the coordinates of X divided by p or i = %J J'X . In order to

evaluate the maximum of L under H,, it suffices to substitute [ to w in (i). Accordingly,
the A-criterion is
jo= DHL s R (6.2.5)
maxgq L

Thus, we reject H, for small values of A or for large values of w = n(X — )’ X~ (X = ).
Let us determine the distribution of v. First, note that

)_(—;l:)_(—lJJ’)_(:(I —lJJ’)X
p "o ’

and let
_ i} i} 1 1 _
w=nX-0)2 ' X-0=nX'U-=-JJ)YE'U-=JINX (iii)
p P
_ 1 1 _
=X -w'd—-—=JJ)Z "I —=JJ)X - p)
P P

since J'(I —%J J') = O, n = vJ being the true mean value of the N, (u, ') distribution.

Observe that ﬁ(f( —w) ~ Ny(0, ¥), ¥ > O, and that %JJ/ is idempotent. Since

I — %J J' is also idempotent and its rank is p — 1, there exists an orthonormal matrix P,
PP’ =1, PP = I, such that

1= Lyp—p|lmr Ofp
p N
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Letting U = P/n(X — fi), with U’ = (uy,...,up_1,u,), U ~ N,(O, PXP’). Now,
on noting that

I,_1 O
U/[ PO,’ 0] = (uy,...,up 1,0,
we have

Ui

nX -2 YX - p)=[U], 0Pz P [ 0

} =U{B~ U\, Ul = (uy,...,up_1),

B being the covariance matrix associated with Uy, so that Uy ~ N,_1(0, B), B > O.
Thus, U {B -y, ~ X;%—l’ a real scalar chisquare random variable having p — 1 degrees of
freedom. Hence, upon evaluating

v/ 1 / —1 1 N\ v
w=X{U-—-JJHYY""U--JJ])HX,
p 14
one would reject H, : iy = - -+ = @, = v, v unknown, whenever the observed value of

W= x2y . with Prix? = 42, )= (6.2.6)

Observe that the degrees of freedom of this chisquare variable, that is, p — 1, coincides
with the number of parameters being restricted by H,,.

Example 6.2.6. Consider the trivariate real Gaussian population X ~ N3(u, X), X >
0, as already specified in Example 6.2.1 with the same X and the same observed sample
vectors for testing H, : ©' = (v, v, v), namely,

w9 200 3 0 0
w= MZ,X:§4,E:011:>2_':O 2 -1
w3 3 01 2 0 -1 1

The following test statistic has to be evaluated for p = 3:

v/ 1 / —1 1 N v r
w=XU-=JIYT'a-=JJ)X, J =(1,1,1).
p p
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We have to evaluate the following quantities in order to determine the value of w:

L 1 0 L1 1
N E: 1o, 12202
3T =§?10,E§JJ=§111,
B 000
ERERE
L L S E I I 1 IS
“JJE' g ==|2 3 3|==|11 1],
3 3 913 % 3 611 1 1
L2 2 2
1 -1 . 1 1 1
2 00 i DOy 5
0 2 —l|—zi3 1 0]—z/1 11
0 -1 |5 1 0 000
B N 1 1
N U B NN
(1 1 1] 0_%6
Thus,

_ v/ 1 / —1 1 "N\ v r_
w_X(I—gJJ)E (I—§JJ)X,J =(1,1,1)

1 1
L 1 079
1 A
R S 3
0 -5 503

1 1 3 7 2 14
= o[l 2w - T @wo)]

5200 3 6
= (.38.

We reject H, whenever w > X12)—1, - Letting the significance level be o = 0.05, the

tabulated critical value is Xg—l,oe = X227 005 = 2-99, and since 0.38 < 5.99, we do not
reject the null hypothesis. In this instance, the p-value is Pr{ X22 > 0.38} =~ 0.32.

6.3. Testing H, : © = 1, (given) When X' is Unknown, Real Gaussian Case

In this case, both u and X' are unknown in the entire parameter space £2; however,
U = o known while X is still unknown in the subspace w. The MLE under 2 is the same
as that obtained in Sect. 6.1.1., that is,
e_% n%

_— 6.3.1
Qn)7T|S|3 (©3

supolL =
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When & = p,, X is estimated by > = %Z’}zl(Xj — o)(Xj — o). As shown in
Sect. 3.5, 3 can be reexpressed as follows:

£ = IS (= ) = L5 4 (R = ) (R = )
= 2 j— Mo j— Mo) = " Mo Ho
Jj=

1 _ _
= ;[S +n(X — wo)(X — /Lo)/]-

Then, under the null hypothesis, we have

e_%n%
sup, L = 7 - - —. (6.3.2)
Q)7 |S +n(X — po) (X — wo)'|2
Thus,
_sup,L NE

supo L[S 4+ n(X — ) (X — po)'|3

On applying results on the determinants of partitioned matrices which were obtained in
Sect. 1.3, we have the following equivalent representations of the denominator:

H S n(X — i)

S ]' — (LIS +n(X = o) (X — )|

=S| 1 +n(X — 1) ST (X — wo)l,
that is,
1S 4+ n(X — 1o)(X — 1) | = |SI[1 +n(X — o)’ STHX — 1o)],

which yields the following simplified representation of the likelihood ratio statistic:

. b _ (6.3.3)
[14n(X — o)’ S™HX — po)]2

Small values of A correspond to large values of u = n(X — o)’ S™HX — wp), which is
connected to Hotelling’s T”2 statistic. Hence the criterion is the following: “Reject H, for
large values of u”. The distribution of u can be derived by making use of the indepen-
dence of the sample mean and sample sum of products matrix and the densities of these
quantities. An outline of the derivation is provided in the next subsection.
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6.3.1. The distribution of the test statistic

Let us examine the distribution of ¥ = n(X — w)'s “I(x — w). We have already
established in Theorems 3.5.3, that S and X are independently distributed in the case of
a real p-variate nonsingular Gaussian N,(u, ') population. It was also determined in
Corollary 3.5.1 that the distribution of the sample average X is a p-variate real Gaussian
vector with the parameters n and }12, Y > O and in the continuing discussion, it is
shown that the distribution of S is a matrix-variate Wishart with m = n — 1 degrees of
freedom, where n is the sample size and parameter matrix ~' > O. Hence the joint density
of S and X, denoted by f(S, X), is the product of the marginal densities. Letting X' = I,
this joint density is given by

[S]pS

F8. %) = gy |§3 T OB E ) -1 ()
emE2¥r,)

iS]

2

o

Note that it is sufficient to consider the case 2’ = I. Due to the presence of § “linu =
(X — )’ S~1(X — ), the effect of any scaling matrix on X ;j will disappear. If X ; goes

to A2X j for any constant positive definite matrix A then § —1 will go to A"2S7'A"2 and
thus u will be free of A.

Letting Y = S_%()_( — ) for fixed S, Y ~ N, (O, S*I/n), so that the conditional density
of Y, given §, is

1
g(rls) = " ey,

(2m)2
Thus, the joint density of S and Y, denoted by f1(S,Y), is

p

fi8.Y) = — |5 e SRy — 1 (i)
(2m)2272 Ip(%)

On integrating out S from (ii) by making use of a matrix-variate gamma integral, we obtain
the following marginal density of Y, denoted by f>(Y):

fnay = o )
(m)2 Ip(3)

I +nYY|""dY, m=n—1. (iii)

However, |I +nYY'| = 1 +nY'Y, which can be established by considering two represen-
tations of the determinant
—/nY

i Y

’




Hypothesis Testing and Null Distributions 417

similarly to what was done in Sect. 6.3 to obtain the likelihood ratio statistic given in
(6.3.3). As well, it can easily be shown that
regh e

ry(3) et oo

by expanding the matrix-variate gamma functions. Now, letting s = Y'Y, it follows from

P
Theorem 4.2.3 that dY = 2257~ 1ds. Thus, the density of s, denoted by f3(s), is

re&)
f3(s)d ik w B RPN 634)
3(s)ds = - S ns s 3.
rest—Hrop
P
I’lj[‘ n n
= (3) s27 N1 +ns) " Dds, m=n — 1, (6.3.5)
ré-oré
forn=p+1, p+2,...,0< 5 < 00, and zero elsewhere. It can then readily be seen
from (6.3.5) that ns = nY'Y = n(X — u)'S™H(X — ) = u is distributed as a real scalar
type-2 beta random variable whose parameters are (%, % — %), n=p-+1,....Thus, the

following result:

Theorem 6.3.1. Consider a real p-variate normal population N,(u, X), X > O, and
a simple random sample of size n from this normal population, X ; ~ N,(u, X), j =
L,...,n, the X;’s being independently distributed. Let the p x n matrix X = (X, ...,
X,) be the sample matrix and the p-vector X = rll(Xl + --- 4+ X,,) denote the sample
average. Let X = (X, ..., X) be a p x n matrix whose columns are all equal to X,
and S = (X — X)(X — X)' be the sample sum of products matrix. Then, u = n(X —
w)' S™Y(X — w) has a real scalar type-2 beta distribution with the parameters (£, ’% — %),
so thatu ~ —L=F, ,_, where F,, ,_, denotes a real F random variable whose degrees

p
of freedoms are p and n — p.

Hence, in order to test the hypothesis H, : u = f,, the likelihood ratio statistic gives
the test criterion: Reject H, for large values of u = n(X — u,)’ S~N(X — u,), which is
equivalent to rejecting H, for large values of an F-random variable having p and n — p

degrees of freedom where F), ,_, = ”;p U= % n(X — o) S™N(X — ), that s,

n [—
reject H, if P

U=Fpnp=Fpnp a:

with o = Pr{F, n—p = Fy n—p, o) (6.3.6)
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p
n—p

at a given significance level o« where u = n(X — o) S™HX — 11y) ~ Fy n—p,nbeing

the sample size.

Example 6.3.1. Consider a trivariate real Gaussian vector X ~ N3(u, X), ¥ > O,
where X' is unknown. We would like to test the following hypothesis on u: H, : i = o,
with u/ = (1, 1, 1). Consider the following simple random sample of size n = 5 from this
N3(u, X) population:

1 1 — — 2
Xl_ 1 9X2: 0 7X3: 9X4: 1 9X5: -1 s
1 —1
so that
! I S B T o]
|4 1 3 1 > 9

3
6 6 —4

4

[ o[- R

Xs—X==| 3|, X4—X=- Xs— X =—|-7
5 5 5

LetX = [Xq, ..., X5] the 3 x 5 sample matrix and X = [X', X, ..., X]be the 3 x5 matrix
of sample means. Then,

) ) 4 4 -6 119
X-X=[X - X.... . Xs—X]=-|3 =2 3 3 -7/,
511 29 6 6 —4
) [ 20 —110 —170
S=X-R)X-X'=g| -110 80 85
170 85 170

Let S = S%A. In order to evaluate the test statistic, we need S~! = 25A~!. To obtain
the correct inverse without any approximation, we will use the transpose of the cofactor
matrix divided by the determinant. The determinant of A, |A|, as obtained in terms of the
elements of the first row and the corresponding cofactors is equal to 531250. The matrix
of cofactors, denoted by Cof(A), which is symmetric in this case, is the following:

6375 4250 4250 25
Cof(A) = | 4250 17000 —4250 | = S~ ! = 531250Cof(A).
4250 —4250 9500
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The null hypothesis is H, : © = u, = (1, 1, 1)’, so that

)_(—,u(,zé ; — 11 :—é g ,
4 1
the observed value of the test statistic being
4
w=""PaE — o)X - ) = 2 . 3)52—2[4 3 1]A7 3
1

2 _25
=5
37 52 531250

[(4)%(6375) + (3)%(17000) + (1)%(9500)

+2(4)(3)(4250) + 2(4)(1)(4250) — 2(3)(1)(4250)]
0 2.25

=5 —=——-—[375000] = 2.35.
~ 3752531250

The test statistic w under the null hypothesis is F-distributed, that is, w ~ F), ,_,. Let
us test H, at the significance level « = 0.05. Since the critical value as obtained from an
F-tableis F), ;) o = F32, 0.05 = 19.2 and 2.35 < 19.2, we do not reject H,.

Note 6.3.1. If S is replaced by -~ 1 S an unbiased estimator for X', then the test statistic

- 1n(X o) [ 1S1™ e o) = 1 where T2 denotes Hotelling’s T2 statistic, which
forp =1 corresponds to the square of a Student-z statistic having n—1 degrees of freedom.

Since u as defined in Theorem 6.3.1 is distributed as a type-2 beta random variable with

the parameters (5, “52), we have the following results: 1 is type-2 beta distributed with

n—p

the parameters (52 2 , 2), 1+_u is type-1 beta distributed with the parameters (%,

and m is type-1 beta distributed with the parameters (“52, £), n being the sample size.
6.3.2. Paired values or linear functions when X is unknown

Let Y1, ..., Yx be p x 1 vectors having their own distributions which are unknown.
However, suppose that it is known that a certain linear function X = a1Y1 +- - - +a Yy has

a p-variate real Gaussian N,(u, X') distribution with X' > O. We would like to test hy-
(0)>

potheses of the type E[X] = aju 1)+ +aku(k) where the m;’s, j=1,...,k, are spec-
ified. Since we do not know the dlstrrbutrons of Y1,..., Y, let us convert the iid variables
onY;, j=1,...,k, toiid variables on X ;, say X1,...,Xn,Xj ~ Np(u, ), ¥ > 0O,
where X' is unknown. First, the observations on Yq, ..., Y} are transformed into observa-

tions on the X ;’s. The problem then involves a single normal population whose covariance
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matrix is unknown. An example of this type is Y7 representing a p x 1 vector before a cer-
tain process, such as administering a drug to a patient; in this instance, Y| could consists of
measurements on p characteristics observed in a patient. Observations on Y, will then be
the measurements on the same p characteristics after the process such as after administer-
ing the drug to the patient. Then Y, — Y1, = X, will represent the variable corresponding
to the difference in the measurements on the g-th characteristic. Let the hypothesis be
H, : u = u, (given), X being unknown. Note that once the observations on X ; are taken,
then the individual p(;)’s are irrelevant as they no longer are of any use. Once the X ;’s
are determined, one can compute the sum of products matrix § in X ;. In this case, the
test statistic is u = n(X — o) S -I(x — o), Which is distributed as a type-2 beta with
parameters (%, "Ep ). Then, u ~ %F where F is an F random variable having p and
n — p degrees of freedom, that is, an F, ,,_, random variable, n being the sample size.
Thus, the test criterion is applied as follows: Determine the observed value of u# and the
corresponding observed value of F), ,_, that is, % u, and then

n —

reject Ho if 24 > Fp uep. qn With Pr{Fp n_p > Fpn_p ol =a. (637

Example 6.3.2. Five motivated individuals were randomly selected and subjected to an
exercise regimen for a month. The exercise program promoters claim that the subjects can
expect a weight loss of 5kg as well as a 2-in. reduction in lower stomach girth by the end
of the month period. Let Y and Y denote the two component vectors representing weight
and girth before starting the routine and at the end of the exercise program, respectively.
The following are the observations on the five individuals:

(YI,YZ):[(SS,%BS)]’ [(80, 70)]’ [(75,73)]’ [(70,71)]’ [(70, 68)]

(40,41) (40, 45) (36, 36) (38, 38) (35, 34)

Obviously, Y; and Y, are dependent variables having a joint distribution. We will as-
sume that the difference X = Y; — Y» has a real Gaussian distribution, that is, X ~
No(u, X), ¥ > O. Under this assumption, the observations on X are

o ) R O 5 [ O

LetX = [X, X5,..., Xs]and X — X = [X| — X, ..., X5 — X], both being 2 x 5 matrix.
The observed sample average X, the claim of the exercise routine promoters © = [, as
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well as other relevant quantities are as follows:

- 1 1 13 5

ns= L5 [)=s0))

~13 0
37 —20
. . 1[-13 37 -3 —18 -3
J— _ _ /__ I
S =X -X)(X X)_Sz[ 0 20 s s 10] 35
~18 5
-3 10

1880 —875

1 {1880 —875 1
52 —875 550

= — - — e _1: —1.
= 5| g5 550 A, A [ ]:S 25471,

Cof(A
|A] = 1880(550) — (875)% = 214975; Cof(A) = [550 875 ]; a1 = SOt

875 1880 Al
s [0 ] e
e3840
The test statistic being w = @n()_( — 1o)'S -I(x — o), its observed value is
2
v= = ; 2 > 2_22681375 [12 15] [222 1887850} Bi]
= % 268375[(12)2(550) + (15)%(1880) + 2(12)(15)(875)] = 22.84.

Letting the significance level of the test be o = 0.05, the critical value is F), ,_ ) « =
F>.3, 005 = 9.55. Since 22.84 > 9.55, H, is thus rejected.

6.3.3. Independent Gaussian populations

Consider k independent p-variate real Gaussian populations whose individual distri-
bution is N, (u¢jy, ), ¥; > O, j =1,..., k. Given simple random samples of sizes
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ni, ..., ng from these k populations, we may wish to test a hypothesis on a given linear
functions of the mean values, that is, H, : ajpqy + - -+ + akfb) = o where ay, ..., ax
are known constants and ., is a given quantity under the null hypothesis. We have already
discussed this problem for the case of known covariance matrices. When the X';’s are all
unknown or some of them are known while others are not, the MLE’s of the unknown co-
variance matrices turn out to be the respective sample sums of products matrices divided
by the corresponding sample sizes. This will result in a linear function of independent
Wishart matrices whose distribution proves challenging to determine, even for the null
case.

Special case of two independent Gaussian populations

Consider the special case of two independent real Gaussian populations having identical
covariance matrices. that is, let the populations be Y1, ~ N, (1), X), ¥ > O, the Yy,’s,
g =1,...,ny, being iid, and Yo, ~ N,(u), X), ¥ > O,the Yo,’s, g = 1,...,ny,
being iid . Let the sample p x nj and p x ny matrices be denoted as Y| = (Y11, ..., Yiu,)
and Y2 = (Y21, ..., Y2,,) and let the sample averages be I?j = nij(le 4+ + anj), j=

1,2. Let Yj = (17-, R Yj), a p X nj matrix whose columns are equal to Y;, j=1,2,
and let

Si=X;-Y)Y,;-Y)), j=12,

be the corresponding sample sum of products matrices. Then, S; and $; are independently
distributed as Wishart matrices having n; — 1 and n, — 1 degrees of freedom, respectively.
As the sum of two independent p x p real or complex matrices having matrix-variate
gamma distributions with the same scale parameter matrix is again gamma distributed
with the shape parameters summed up and the same scale parameter matrix, we observe
that since the two populations are independently distributed, S1 4+ S>» = § has a Wishart
distribution having n + ny — 2 degrees of freedom. We now consider a hypothesis of the
type i1y = m(2). In order to do away with the unknown common mean value, we may
consider the real p-vector U = Y| — Y», so that E(U) = O and Cov(U) = %E + %ZJ =

(% + n—12)2 = %E. The MLE of this pooled covariance matrix is o JlrnzS where S

is Wishart distributed with n; + n, — 2 degrees of freedom. Then, following through the
steps included in Sect. 6.3.1 with the parameter m now being n| + ny — 2, the power of
S will become w - pTH when integrating out S. Letting the null hypothesis be
H, : E[Y1]— E[Y>] = & (specified), such as § = 0, the function resulting from integrating

out S is

1
+ + -1 1
c[—(m m)u]g_l[l+—(n1 nZ)u] 2D

ninj niny

(6.3.8)
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where c is the normalizing constant, so that w = %(ﬁ — Y, =8)'S (Y, -V, —
8) is distributed as a type-2 beta with the parameters (%, W). Writing w =
mﬂ,,nﬁnz_l_p, this F is seen to be an F statistic having p andn; +n, — 1 — p
degrees of freedom. We will state these results as theorems.

Theorem 6.3.2. Let the p x p real positive definite matrices X | and X, be independently
distributed as real matrix-variate gamma random variables with densities
B|%i I —1
fi(X) = L|Xj|“f—%e—“<”ﬂ, B>0,X;>0, %) >2"" 639
r p (a j) 2
j=1,2, and zero elsewhere. Then, as can be seen from (5.2.6), the Laplace transform asso-
ciated with X j or that of [, denoted as Lx ;(xT), is

Ly,T)=I+B\TI"%, I+B .\ T>0,j=12 (i)

Accordingly, Uy = X1 + X7 has a real matrix-variate gamma density with the parameters
(a1 + a2, B) whose associated Laplace transform is

Ly,(:T) = |[ + B~ T|~%), (i)
and Uy = a1 X1 + a2 X3 has the Laplace transform
Lu,T) = I +a B~ ,T|™ I + a, B~ T2, (iif)
whenever I + ajB_l*T > 0, j = 1,2, where a; and aj are real scalar constants.

It follows from (ii) that X + X is also real matrix-variate gamma distributed. When
ay # ap, it is very difficult to invert (iii) in order to obtain the corresponding density. This
can be achieved by expanding one of the determinants in (i) in terms of zonal polynomi-
als, say the second one, after having first taken |/ 4+ a1 B~ T|~@1+%) out as a factor in
this instance.

Theorem 6.3.3. LetY; ~ N,(u¢jy, ¥), ¥ > O, j = 1,2, be independent p-variate
real Gaussian distributions sharing the same covariance matrix. Given a simple random
sample of size n| from Y| and a simple random sample of size n; from Y, let the sample
averages be denoted by Y| and Y and the sample sums of products matrices, by Sy and S,
respectively. Consider the hypothesis H, : 1) — @) = 6 (given). Letting S = S1 + $>
and

w="1F) G S T 8). w~ P
niny ni+n—1—p

Fp ni+n—1—p (i)
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where F), y,4n,—1—p denotes an F distribution with p and ny + ny — 1 — p degrees of
freedom, or equivalently, w is distributed as a type-2 beta variable with the parameters
(£, M) We reject the null hypothesis H, #Ww > Fp. ni+ny—1—p, « With

Pr{Fp,nH—ng—l—p = Fp,n+1+n2—1—p, o) = (vi)

at a given significance level «.

Theorem 6.3.4. Let w be as defined in Theorem 6.3.3. Then wy = % is a real scalar

type-2 beta variable with the parameters (w £ 5); wy = % is a real scalar
type-1 beta variable with the parameters (£, W), w3 = ]j+w is a real scalar

type-1 beta variable with the parameters (w £).

Those last results follow from the connections between real scalar type-1 and type-2
beta random variables. Results parallel to those appearing in (i) to (vi) and stated Theo-
rems 6.3.1-6.3.4 can similarly be obtained for the complex case.

Example 6.3.3. Consider two independent populations whose respective distributions
are No((1y, 21) and Na(zjy, 22), Xj > O, j = 1,2, and samples of sizes n; =
4 and np = 5 from these two populations, respectively. Let the population covariance
matrices be identical with X'y = ¥, = ¥, the common covariance matrix being unknown,
and let the observed sample vectors from the first population, X ; ~ Na(u (1), X), be

efi e[ [ e ]

Denoting the sample mean from the first population by X and the sample sum of products
matrix by S1, we have

- 1 _ _ _ -
X = Z [g] and Sl = (X—X)(X—X),, X = [Xl,Xz,X3,X4], X = [X,...,X],
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the observations on these quantities being the following:

oox-[l]-2[9-]

1{-4 - 1[4 - 1[-4
I R 11 e {
- 1[4 —4 4 —4
X_X:Z[—Z > 6 —6:|’ X-X)(X-X)
s _ 1 {64 32
74232 80
Let the sample vectors from the second population denoted as Yi, ..., Y5 be

[ e e[+ )

Then, the sample average and the deviation vectors are the following:

_ 1[5]
Y=—-[V1+ ---4+7Y5]= —|: ,

=

|

~

I
1 W
—_ O
| —

|

e
|
Cd
Il
| — LI]I»—-

1

1[50 0 1 T64 32, 1[50 0
Sz_s_Z[o 80]’5_5”“52_%[32 80]+E[0 80]
_[6.00 2007 _ oy _ Cofs)
2.00 8.20 S

8.20 —-2.00
—-2.00 6.00

1
IS| =45.20; S = ——
45.20

Letting the null hypothesis be

1
Ho 'ty — oy =98 = [1]
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- 1[0 115 1 2.0

Thus, test statistic iS u ~ F), », 1n,—1—p Where

yomtmml=putn) o o oetx s

p nina
_@+5-1-2¢+5 1 82 —2.01[-2.0
o 2 4)(5) 45_2[ 2.0 0'9] [—2.0 6.0] [—0.9]

~ 0.91.

Let us test H, at the 5% significance level. Since the required critical value is
Fp ni4n—1—p, « = F2,6, 005 = 5.14 and 0.91 < 5.14, the null hypothesis is not rejected.

6.3.4. Testing ;1| = --- = ), when X is unknown in the real Gaussian case

Let the p x 1 vector X; ~ Np(n, X), ¥ > O, j=1,...,n, the X;’s being inde-
pendently distributed. Let the p x 1 vector of unities be denoted by J or J' = (1, ..., 1),
and let A be a vector that is orthogonal to J so that A’J = 0. For example, we can take

_ 1 - _11 _ -
-1 . 1
A=| : | whenpiseven, A = 1 orA=| : | when pisodd.
I . ~1
| -1 1] | 0]

If the last component of A is zero, we are then ignoring the last component of X;.
Let y = A'X;, j = 1,...,n, and the y;’s be independently distributed. Then
yj ~ Ni(A'u, A’YA), A’YA > O, is a univariate normal variable with mean value
A’p and variance A’ X A. Consider the p x n sample matrix comprising the X ;’s, that is,
X = (Xy,..., X;). Let the sample average of the X ;’s be X = %(Xl 4+ .-+ X;) and
X = (X, ..., X). Then, the sample sum of products matrix S = (X—X)(X—X)'. Consider

thel xnvector Y = (yi,....,y0) = (A'X1, ..., AX,)) =AX, =101+ +y) =
A'X, Yy =3 = AX = X)(X — X))A = A’SA. Let the null hypothesis be
H, : uy = --- = up = v, where v is unknown, u’ = (u1,...,p). Thus, H, is

A’ =vA'J = 0. The joint density of yy, ..., y,, denoted by L, is then
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ﬁ e~ 2arza =AW’ e_m Yo (= Aw?
L= _ i i
i1 Q) [A DAL Q)3 [A' DAL

e—m{A’SA—I—nA’()_(—M)()_(—;A)’A}

= [ 0 ()
Qr)I[A' T Al
where
n n n
DG —AW=) -+ AW =) ;-3 +nG — A’
j=1 j=1 j=1
n - -
=Y AX; - X)(X; - X)A+nA' (X — ) (X - p)'A
j=1
= A'SA+nA'(X — p)(X — p) A.
Let us determine the MLE’s of 1 and X. We have
mL=—"0r) - "InA'SA - — 1 [ASA+ (AR — )& — 1)/ A)]
2 2 2A’X A )
On differentiating In L with respect to ;1 and equating the result to zero, we have
a 0 - - -
—InL=0=nA—{XX— Xy —uX' +uu'}JA =0
o1 a1
1 1
_ 0f - 0
= nA[-X[1,0,...,0]— | . | X'+ | .| +u[1,0,...,0]]JA =0
0 0
=20 AX—u)=0=0=X (if)

since the equation holds foreach j, j =1,..., p, and 1_4’_: (ar,...,ap), aj #0, j =
1,..., p, Abeing fixed. As well, (X — u)(X —p)' = XX — Xp' — uX" + pu'. Now,
consider differentiating In L with respect to an element of X, say, o1y, at ;t = X:

0

—InL =0
do11

_2n a%cm A'SA

2a%011) =0
SATA T aas AR Pdon

A 1
= A'YA=-A'SA
n
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for each element in ¥ and hence ¥ = %S. Thus,

_%n%
max L = —. ¢11))
Q (A’SA)2
Under H,, A’u = 0 and consequently the maximum under H, is the following:
e_%n%
max L = — . (iv)
H, [A/(S +nXX")A]?
Accordingly, the A-criterion is
A'SA)z 1
= ( _)_ — = —. (6.3.10)
[A/(S +nXX)AlZ  [1+4+n2XXAY3

A’SA

We would reject H, for small values of A or for large values of u = nA’ XX'A/A'SA
where X and § are independently distributed. Observing that § ~ W,(n—1, X), ¥ > O
and X ~ N,(u, %Z), Y > 0, we have
n v v/ 2 A'SA 2
A/EAA XX A~ Xl and m ~ Xn—l'
Hence, (n—1)u is a F statistic with 1 and n—1 degrees of freedom, and the null hypothesis
is to be rejected whenever

= 1 A/XX/A>F ith Pr{F > F = 6.3.11
v=n(n— )m > Fin—1, 0, With Pr{F) n_1 = Fi y—1, o} =0a.  (63.11)
Example 6.3.4. Consider a real bivariate Gaussian N(u, ') population where ¥ >
O is unknown. We would like to test the hypothesis H, : u; = p2, 1 = (1, w2),
so that w1 — up = 0 under this null hypothesis. Let the sample be X1, X2, X3, X4, as
specified in Example 6.3.3. Let A’ = (1, —1) so that A’/u = O under H,. With the
same observation vectors as those comprising the first sample in Example 6.3.3, A’X| =
(1), A’X, = (-2), A’X3 = (—1), A’X4 = (0). Letting y = A’X;, the observations on
yj are (1, =2, —1,0) or A'’X = A'[X1, X2, X3, X4] = [1, =2, —1, 0]. The sample sum
of products matrix as evaluated in the first part of Example 6.3.3 is

1 64 32 , 1 64 327[ 17 80
SI_E[32 80]:>ASIA_E[1 _1][32 80] [—1}‘%‘5'

Our test statistic is o
( 1)A’XX’A P 4
v=nn—1)——~ 1, n=4.
A'S1A bl
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Let the significance level be @ = 0.05. the observed values of A’XX’A, A’S;A, v, and
the tabulated critical value of F ,_1 o are the following:

_ - 1 80
AXX'A=-; A'S1A = — =35;
4 16

1
V= 4(3)(—) =0.6; FI yn—1.« = F1.3 005 = 10.13.
5x4 o "
As 0.6 < 10.13, H, is not rejected.
6.3.5. Likelihood ratio test for testing H, : ;t; = --- = 1, when X is unknown

In the entire parameter space €2 of a N,(u, &) population, w is estimated by the sample
average X and, as previously determined, the maximum of the likelihood function is

_np np
L € 2n? (i)
max L = ——5 l
@ emTIs
where S is the sample sum of products matrix and » is the sample size. Under the hypothe-
sis H, : pt1 = - -+ = up = v, where v is unknown, this v is estimated by D= # Zi jXij =

%J/)_(, J' = (,...,1), the p x 1 sample vectors X;. = (X1j,...,%pj), j=1,...,n,
being independently distributed. Thus, under the null hypothesis H,, the population co-
variance matrix is estimated by %(S +n(X — )(X — [t)), and, proceeding as was done
to obtain Eq. (6.3.3), the A-criterion reduces to

S n
» = _ S - (6.3.12)
IS +n(X — w)(X —pn)l2
1 3 )
= e u=nX - 'S NX - p). (6.3.13)
u

Given the structure of u in (6.3.13), we can take the Gaussian population covariance matrix
2’ to be the identity matrix /, as was explained in Sect. 6.3.1. Observe that

- _ 1 -, =, | .

X—-—n)=X—-—-JJ'X)y=X[I—--JJ] (i)
P p

where I — %J J' is idempotent of rank p — 1; hence there exists an orthonormal matrix

P, PP’ =1, P'P = I, such that

1
=g =P [11’0‘,1 g] P =

_ _ 1 _ _
VAR = ) = VA% = 11 = JaX'P [’1’071 g} = [V[,0], V = VaX'P,
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where V| is the subvector of the first p — 1 components of V. Then the quadratic form u,
which is our test statistic, reduces to the following:

Vi

u=nX-p's7'(X-p=[v{,0s" [0

1 Sll SIZ
S = SZl S22 .

We note that the test statistic # has the same structure that of # in Theorem 6.3.1 with p
replaced by p — 1. Accordingly, u = n(X — )’S™'(X — f) is distributed as a real scalar
type-2 beta variable with the parameters pT_l and w, so that ";%J{lu ~ Fp_1 n—p+1-
Thus, the test criterion consists of

] = v/s!ty,

— 1
rejecting H, if the observed value of %u > Fp 1, n—p+1, a>
p J—
with Pr{Fp—l,n—p+l > Fp—l,n—p—|—l, o} = (6.3.14)

Example 6.3.5. Let the population be Na(u, ), ¥ > O, n' = (u1, u2) and the null
hypothesis be H, : n1 = u2 = v where v and X' are unknown. The sample values, as
specified in Example 6.3.3, are

el - [ s ] e (] 5-

The maximum likelihood estimate of @« under H,, is

A 1 !~/ 1
p=—-JI'X, J=|,],
p 1

and

v ANy 1 1M _ v/ 1 1 1 _1
(X—M)_X[I—;JJ]_X[I—§<1 1)]_4—1[—1 1].

As previously calculated, the sample sum of products matrix is

S1

_ 164 32
T 2(32 80

] _1 16 [80 —32] 1 [80 —32
= 5

T 4096 | -32 64| 256 |-32 64];”:4’17:2'
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The test statistic v and its observed value are

m—p+1) - -
- WH(X o M)/Sl l(X - ,bL) ~ Fp—l,n—p—|—1 = F1,3

@=2+1 1 1 80 —32][-1
= oon Wamel! ”[—32 64][1]
(3)@)

~ (42)(256)
— 0.61.

[(—D2(80) + (1)2(64) — 2(32)(—=1)(1)]

At significance level @ = 0.05, the tabulated critical value Fp_3, .05 1s 10.13, and since
the observed value 0.61 is less than 10.13, H, is not rejected.

6.4. Testing Hypotheses on the Population Covariance Matrix

Let the p x 1 independent vectors X;, j =1, ..., n, have a p-variate real nonsingular
N,(u, &) distribution and the p x n matrix X = (X1, ..., X;;) be the sample matrix.
Denoting the sample average by X = %(Xl +.--+X,) and letting X = (X, ..., X), each
column of X being equal to X, the sample sum of products matrix is § = (X — X)(X-X).
We have already established that S is Wishart distributed with m = n — 1 degrees of
freedom, that is, § ~ W,(m, ), ¥ > O. Letting §, = (X — M)(X — M)’ where
M = (u, ..., u), each of its column being the p x 1 vector u, S;, ~ W,(n, X), ¥ > O,
where the number of degrees of freedom is n itself whereas the number of degrees of
freedom associated with S is m = n — 1. Let us consider the hypothesis H, : ¥ = X,
where X, is a given known matrix and u is unspecified. Then, the MLE’s of i and X' in
the entire parameter space are ;i = X and 3= %S , and the joint density of the sample
values X1, ..., X,, denoted by L, is given by

I n;e_%tr(Z*lS)—%tr()_(—u)()?—u)/_ (6.4.1)
Qn)¥ |z

Thus, as previously determined, the maximum of L in the parameter space Q2 =
{(n, 2)|2 > O} 1is

np _np
L="°" (i)
max L = —— 5 »
@ entsi
the maximum of L under the null hypothesis H, : X = X, being given by
e 2(Z;'S)
maxL = —————. (i)

Hy  (2m)7| 5|3
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Then, the A-criterion is the following:

np

o= |2 e S, (6.4.2)
n>
Letting u = A%,
e’ -
u=—15,"s| e nt(Z'S), (6.4.3)

and we would reject H, for small values of u since it is a monotonically increasing func-
tion of A, which means that the null hypothesis ought to be rejected for large values of
tr(X,1S) as the exponential function dominates the polynomial function for large val-
ues of the argument. Let us determine the distribution of w = tr(X 1'S) whose Laplace
transform with parameter s is

Ly(s) = E[e™*"] = E[e™* "% 9], (i)

This can be evaluated by integrating out over the density of S which has a Wishart distri-
bution with m = n — 1 degrees of freedom when wu is estimated:

Ly(s) = — _ / |S|3— e dn(E ) w1 S)g g, (iv)
2227 Is=0
The exponential part is —jtr(271S) — sw(Z;'S) = —%tr[(E_%SZJ—%)(I +
2s2%20_12%)] and hence,
Lo(s) =l +2s225 ' 52|75, (6.4.4)
The null case, > = X,
In this case, 2%20_12% = [, so that
Ly()=11+2517F=(1+25)"7 = w~x2, (6.4.5)
Thus, the test criterion is the following:
Reject H, if w > X,%lp’a, with Pr{xnzw > x,flp’a} =a. (6.4.6)

When o is known, it is used instead of its MLE to determine S,,, and the resulting criterion
consists of rejecting H, whenever the observed w,, = tr(X,'S,) > X,%p’ o Where n is the
sample size. These results are summarized in the following theorem.

Theorem 6.4.1. Let the null hypothesis be H, : ¥ = X, (given) and w = tr(X )
where S is the sample sum of products matrix. Then, the null distribution of w = tr(X Ls)
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has a real scalar chisquare distribution with (n—1) p degrees of freedom when the estimate
of u, namely i = X, is utilized to compute S; when w is specified, w has a chisquare
distribution having np degrees of freedom where n is the sample size.

The non-null density of w

The non-null density of w is available from (6.4.4). Let A1, ..., A, be the eigenvalues
of ¥z x> 1 E%. Then L, (s) in (6.4.4) can be re-expressed as follows:

p
Ly(s) = [ [ 421,577 (6.4.7)
j=1

This is the Laplace transform of a variable of the form w = Ayw; + --- + A,w, where
w1, ..., w, are independently distributed real scalar chisquare random variables, each
having m = n — 1 degrees of freedom, where A; > 0, j = 1, ..., p. The distribution
of linear combinations of chisquare random variables corresponds to the distribution of
quadratic forms; the reader may refer to Mathai and Provost (1992) for explicit represen-

tations of their density functions.

Note 6.4.1. If the population mean value p is known, then one can proceed by making
use of p instead of the sample mean to determine S, in which case n, the sample size,
ought to be used instead of m = n — 1 in the above discussion.

6.4.1. Arbitrary moments of A

From (6.4.2), the h-th moment of the A-criterion for testing H, : ¥ = X, (given) in a
real nonsingular N, (u, ') population, is obtained as follows:

nph
e 2 _1.nh nh
)‘-h:W| 1| |S|2e 2tr(2 S) =
n 2
nph
E = - / 1§ 8+ b ST ) g g
nph _ (n—1)
n5 2" 5,7 D) F(” 1) 5>0
"ph (4" )p (nh

—1
n2 )

DRSS it

nph _ (n— l)p

nr2 T |2|2|2| F("21>

nph 2 ngh ) F nh n
(5)° =% Ly AEEL) N 5 55l e
nog,t Lt )

n—1
—e 2 55)

(6.4.8)
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for R + 221y > 220 1 4 22! > 0. Under H, : £ = X,, we have |I +

hE 27 ~(F ) = (1 4+ h)=P(2+"2)_ Thus, the h-th null moment is given by

mph o nh 4 on—1
nph 2) ) M(l+h)_p(%+%) (6.4.9)

E[\"H =eT(—
[A7|H,] " Fp(%

for ?R(% -+ %) > pT_l.
6.4.2. The asymptotic distribution of —2 In A when testing H, : ¥ = ¥,

Let us determine the asymptotic distribution of —21n A where A is the likelihood ratio
statistic for testing H, : X' = X, (specified) in a real nonsingular N, (w4, ') population, as
n — 00, n being the sample size. This distribution can be determined by expanding both
real matrix-variate gamma functions appearing in (6.4.9) and applying Stirling’s approx-
imation formula as given in (6.5.14) by letting 5(1 + #) — oc in the numerator gamma
functions and 5 — oo in the denominator gamma functions. Then, we have

(% +25) _ fprGUem =it
_1 - B
r,sh

R ﬁ @)z [2(1+ M)+ =1—4 (=5 (1+h)

j=1

nph
= (B) 7 e apmFomosora

Q)2 [2]5-2-% e

(ST

Hence, from (6.4.9)

pp+D)

E[MH)]— (1+h)~"7 asn— oo, (6.4.10)

(D) e
where (1 + h)~" %~ is the h-th moment of the distribution of e~*/2 when Y~ X2 -
2

Thus, under H,, —2Iln A — X%@ +1y @ n — 00 For general procedures leading to asymp-

2
totic normality, see Mathai (1982).

Theorem 6.4.2. Letting A be the likelihood ratio statistic for testing H, : ¥ = X,
(given) on the covariance matrix of a real nonsingular N,(j, X') distribution, the null
distribution of —21In A is asymptotically (as then sample size tends to o0) that of a real
scalar chisquare random variable having p(pTH) degrees of freedom, where n denotes the
sample size. This number of degrees of freedom is also equal to the number of parameters
restricted by the null hypothesis.
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Note 6.4.2. Sugiura and Nagao (1968) have shown that the test based on the statistic A
as specified in (6.4.2) is biased whereas it becomes unbiased upon replacing n, the sam-
ple size, by the degrees of freedom n — 1 in (6.4.2). Accordingly, percentage points are
then computed for —21n A1, where A is the statistic A given in (6.4.2) wherein n — 1 is
substituted to n. Korin (1968), Davis (1971), and Nagarsenker and Pillai (1973) computed
5% and 1% percentage points for this test statistic. Davis and Field (1971) evaluated the
percentage points for p = 2(1)10 and n = 6(1)30(5)50, 60, 120 and Korin (1968), for
p =2(1)10.

Example 6.4.1. Let us take the same 3-variate real Gaussian population N3(u, X),
Y > O and the same data as in Example 6.3.1, so that intermediate calculations could
be utilized. The sample size is 5 and the sample values are the following:

1 1 [—1 -2 2
Xi=|1|, Xo= s Xa=| 1|, Xy=| 1|, Xs=|-11{,
1 —1 | 2 2 0
the sample average and the sample sum of products matrix being
. 1 1 [ 270 —110 —170
ng 2 ,S:S— —110 80 85
4 | —170 85 170
Let us consider the hypothesis ¥ = X, where
2 0 0 5 00
X, =10 3 —-1|=|%,=10, Cof(X,)=|0 4 2|;
0o -1 2 0 2 6
5 00
Cof(X 1
0—1 — M —— 10 4 2];
[ 2] 1019 2 ¢
5 00 270 —-110 —-170
(X, '8) = ———tr 4 2||-110 80 85
100G 1lo 2 6| =170 85 170
=——[5(270 4(80) + 2(85 2(85 6(170
(10)(52)[( ) + (4(80) + 2(85)) + (2(85) + 6(170))]

=12.12; n=5, p=3.

Let us test the null hypothesis at the significance level @ = 0.05. The distribution of the
test statistic w and the tabulated critical value are as follows:

w=1tr(Z,'S) ~ X0_1)p = X2 Xia, 0.05 = 21.03.
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As the observed value 12.12 < 21.03, H, is not rejected. The asymptotic distribution of
—2In, as n — 00, is Xg( pily2 = x¢ where 1 is the likelihood ratio criterion statistic.

Since X62, 005 = 12.59 and 12.59 > 12.12, we still do not reject H, as n — 0.

6.4.3. Tests on Wilks’ concept of generalized variance

The concept of generalized variance was explained in Chap. 5. The sample general-
ized variance is simply the determinant of S, the sample sum of products matrix. When the
population is p-variate Gaussian, it has already been shown in Chap. 5 that S is Wishart
distributed with m = n — 1 degrees of freedom, n being the sample size, and parameter
matrix X' > O, which is the population covariance matrix. When the population is mul-
tivariate normal, several types of tests of hypotheses involve the sample generalized vari-
ance. The first author has given the exact distributions of such tests, see Mathai (1972a,b)
and Mathai and Rathie (1971).

6.5. The Sphericity Test or Testing if H, : ¥ = 0>], Givena N p(, X)) Sample

When the covariance matrix ¥ = o2/, where 0> > 0 is a real scalar quantity, the
ellipsoid (X — )’ 2 ~1(X — ) = ¢ > 0, which represents a specific contour of constant
density for a nonsingular N, (u, X) distribution, becomes the sphere defined by the equa-
tion ﬁ(X—,u)’(X—pv) =cor ﬁ((xl — 1)+ +(x, —,up)z) = ¢ > 0, whose center is
located at the point u; hence the test’s name, the sphericity test. Given a N, (i, ') sample
of size n, the maximum of the likelihood function in the entire parameter space is

np_np
I nze 2
SUpoL = ——=p >
(2m) 78|32
as was previously established. However, under the null hypothesis H, : ¥ = o?1,

tr(X1S) = (62! (tr(S)) and | X | = (62)?. Thus, if we let & = o2 and substitute L = X
in L, under H, the loglikelihood function will be In L, = —% In(27) — % In 6 — %tr(S).
Differentiating this function with respect to € and equating the result to zero produces the

following estimator for 6:

A tr(S
h_o2 -8 6.5.1)
np

Accordingly, the maximum of the likelihood function under H, is the following:

max L = ,, -
o ent R
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Thus, the A-criterion for testing
H,: X = o’l, 62> >0 (unknown)
is .
_sup, L [S]2
" supgL ~ [E

(6.5.2)

In the complex Gaussian case when X i N p(it, X), ¥ = X* > O where an asterisk
indicates the conjugate transpose, X; = X ;| +iX where X;; and X, are real p x 1
vectors and i = +/(—1). The covariance matrix associated with X ; is then defined as

Cov(X;) = E[(X; — (X, — 1)"]
= E[(Xj1 —pay) +i(Xjp— pe)ll(Xj1—pnm) —i(Xjo—pne)]
=X+ Xn+i(Xy — Xp) =%, withpu=paq) +ine),

where X is assumed to be Hermitian positive definite, with X1 = Cov(X;1), X2 =
Cov(Xj2), X2 = Cov(Xj1, Xj2) and Xy = Cov(X 2, X1). Thus, the hypothesis of
sphericity in the complex Gaussian case is X' = 0?1 where o is real and positive. Then,
under the null hypothesis H, : X' = 021, the Hermitian form Y*XY = ¢ > 0 where c is
real and positive, becomes ¢2Y*Y = ¢ = |[§|> + - + |)7p|2 = UC—Z > 0, which defines
a sphere in the complex space, where |y ;| denotes the absolute value or modulus of y;. If
¥j = yj1 +iyjp withi = /(=1), yj1, yj2 being real, then |3,1* = y, + y7,.
The joint density of the sample values in the real Gaussian case is the following:
n ey (X' X (BT (X ) TN (X —p)

L= = n n

(m)¥| |2 em¥| 2|3

j=1

where X = ;ll(Xl +---+ X)), X;,j=1,...,nareiid Ny(u, ¥), X > O. We have
already derived the maximum of L in the entire parameter space €2, which, in the real case,
is o

e 2n2

supgl = ————,
Pet = o E s

(6.5.3)
where S is the sample sum of products matrix. Under H,, | Z|% = (¢2)7 and tr(Z~1S) =
ﬁ(sn + -t spp) = ﬁtr(S). Thus, the maximum likelihood estimator of o2 is #tr(S).
Accordingly, the A-criterion is

tr(S)\ % P|S
K ))2:>u 2 _ PlIS (6.5.4)

A=|S|2/(7 =M= e
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in the real case. Interestingly, (u1)!/? is the ratio of the geometric mean of the eigenvalues
of S to their arithmetic mean. The structure remains the same in the complex domain, in
which case det(S) is replaced by the absolute value |det(S)| so that

_ pPldet(S)]
UG =—-:
[tr(S)]P

For arbitrary £, the h-th moment of u in the real case can be obtained by integrating out
over the density of S, which, as explained in Sect. 5.5, 5.5a, is a Wishart density with
n — 1 = m degrees of freedom and parameter matrix X' > O. However, when the null
hypothesis H, holds, ¥ = o2l p» S0 that the 4-th moment in the real case is

(6.5a.1)

h pph m_p_ ptl —itr(S) h
EluilHol = S f N N IO Mt M)
22 (5)(07)2 Js>0
In order to evaluate this integral, we replace [tr(S)]~7" by an equivalent integral:
1 0.¢]
[tr(S)] P = TR / xPh=Te=x gy 9i(h) > 0. (if)
x=0

Then, substituting (ii) in (i), the exponent becomes —2%2(1 + 202x)(tr(S)). Now, letting
p(p+1) pp+D

S| =55(1420%%)8 = dS = (2012 (1+20%)~ 2 dS), and we have

(20_2)ph pph 00
Fp(%) I"(ph) Jo
x/ 15,3 =" et gg,
Sl>0

_ LG+ prt
Iy(3) I'(ph) Jo
_ LG L, TP
Iy (%) re +phy’
The corresponding /-th moment in the complex case is the following:

fp(m + h) oh f(mp)
Iy(m) [ (mp + ph)

By making use of the multiplication formula for gamma functions, one can expand the real
gamma function I"(mz) as follows:

Elul|H,] = P11 4 202x) "GP gy

YY1+ ) Pdy, y = 207

NRh) >0, m=n—1. (6.5.5)

Elu{|H,] = , Wh) >0, m=n—1. (6.5a.2)

1—m I 1 —1
Fmz) = Qo) Fm"™ M@+ ) Te+ ). m=12.... (656
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and for m = 2, we have the duplication formula

1
r@z) =n"12%""rer(z+ 5): (6.5.7)
Then on applying (6.5.6),
m -1 j
prreP) I3 ’i—[ rG+9 -
FCF+ph) ~ TG+h AT+t

Moreover, it follows from the definition of the real matrix-variate gamma functions that

Ip(% +h) lﬁlr(%—%wz)

— (iv)
Ip(3) j=1 raeG- %)
On canceling I" (5 + h)/I" (%) when multiplying (iii) by (iv), we are left with
L R Ry oIy
E[u’;|H(,]:{]_[i—f}{]_[ (’i 2 )}, m=n—l. (6.5.8)
i G =9 Y (745 +h)
The corresponding /-th moment in the complex case is the following:
P+ D) (" Fm— j+h
E[i"|H,) = { _ }{ o = J + )}, m=n—1. (6.54.3)

For h = s — 1, one can treat £ [usl_1 |H,] as the Mellin transform of the density of u; in
the real case. Letting this density be denoted by f,,, (u1), it can be expressed in terms of a
G-function as follows:

p—1,0
Juy(ui|Hp) = CIGP_LP_]

myi_|oi=1,..., —1
[12'.’ [ R ],0<u1§1, (6.5.9)

and f,, (u1|H,) = 0O elsewhere, where

p=l pm 4 L
o= (M)

j=1 22
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the corresponding density in the complex case being the following:

~ 5 ~ ~p—1,0 m—l—i—l j=1,...,p—1 -
fft1|Ho(ul):Cle_1’p_1 llm —j—1, j=1,..,p—1 | 0<lus| =1, (6.5a.4)

and f,;l (ii1) = 0 elsewhere, where G is a real G-function whose parameters are different
from those appearing in (6.5.9), and

o= ()

Hf(m—J)

For computable series representation of a G-function with general parameters, the reader
may refer to Mathai (1970a, 1993). Observe that #; in the real case is structurally a product
of p — 1 mutually 1ndependently dlstrlbuted real scalar type-1 beta random variables with

the parameters (o; = 5 2, Bj = L + ) j=1,..., p—1.In the complex case, i is
structurally a product of p—1 mutually 1ndependently distributed real scalar type-1 beta
random variables with the parameters (a; =m — j, B; = j + %), j=1,..., p—1.This

observation is stated as a result.

Theorem 6.5.1. Consider the sphericity test statistic for testing the hypothesis H, : ¥ =
0?1 where 6> > 0 is an unknown real scalar. Let uy and the corresponding complex
quantity uy be as defined in (6.5.4) and (6.5a.1) respectively. Then, in the real case, u is
structurally a product of p — 1 independently distributed real scalar type-] beta random
variables with the parameters (aj = 2, Bj = I —I— ) j=1,... — 1, and, in the
complex case, uy is structurally a product of p—1 mdependently dlstrtbuted real scalar
type-1 beta random variables with the parameters («; = m — j, f; = j + %), J =
1,...,p—1,where m = n — 1, n = the sample size.

For certain special cases, one can represent (6.5.9) and (6.5a.4) in terms of known
elementary functions. Some such cases are now being considered.

Real case: p =2

In the real case, for p = 2

reg+hre-ten _ %-
r¢-»pr&+i+n 2-1+n
This means u is a real type-1 beta variable with the parameters (o = 5 2, B =1). The

corresponding result in the complex case is that ; is a real type-1 beta variable with the
parameters (e =m — 1, g =1).

E[ul|H,] =
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Real case: p =3

In the real case

FG+)rG+Hr&G —5+nrG —1+h
rG—pr&-nr&+5+mnr&+3+n

so that u; is equivalent to the product of two independently distributed real type-1 beta
random variables with the parameters («;, 8;) = (3 — 4. $+ %), j = 1, 2. This density
can be obtained by treating E [u’l‘ |H,] for h = s — 1 as the Mellin transform of the density

of u;. The density is then available by taking the inverse Mellin transform. Thus, again
denoting it by f,, (u1), we have

E[u|H,] =

Su,(u1|H,) = C3—./ ¢3(s)ds, ¢ > =
27Tl c—ioco 2

&) o8]
—a[ YR+ YR
v=0 v=0

rG+pr&+3
reE-hHre-n
M2 —1—1+)r®&—1-1+s) _,
FE T T4 lr@+2—1+s

c3 =

¢3(s) =

where R, is the residue of the integrand ¢3(s) at the poles of I' (5 — % + 5) and R} is the

residue of the integrand ¢3(s) at the pole of I'(5 — 2 + s). Letting 51 = 5 — % + s,

i - w3 L) (=% +s)up™
R, = lim  ¢3(s) = lim [(s; +v)u; ° — 2 : 11
s=—vh3=% Sy FG+s+s)I'G+ 5+ s
:u?_%(_l)v rei-v .
v rd+lownrE v

We can replace negative v in the arguments of the gamma functions with positive v by
making use of the following formula:

_(='T@
(—a+1D,"

where for example, (b), is the Pochhammer symbol

b)yy=bb+1)---b+v—-1), b#0, (b)o=1, (6.5.11)

I'(a—v) a#1,2,...,v=0,1,..., (6.5.10)
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so that
1 DI =y 1] _=D'TG+Y)
r(=3-v)= A G- —T+h,
2 1 (=D'TGH+3)
rG+a) ="

The sum of the residues then becomes

iR re-y 53 p(_ L, 1. 2. 13 0<u <1
v = 1 1 2 1 Ml 2 1<__ o S A _au1>a ui
o r'+)rGE+3) 3 2 3 22
It can be similarly shown that
°° rd m_ 1 21
ZRL= 3 (2)2 ut 221’71<——,——; —;u1>, O<up =1
I rG+HrE+h 332

Accordingly, the density of u; for p = 3 is the following:

r~1 = 1 13
fiuilHy) = 3y —=——-u; 2F(Z, —2 5w
{r(g)r(g) (6 6 2 )

ra m_ 1 21
4(2)5 W32, 1(__’__; _;m)}, O<ur<1 (65.12)
réHre) 332

and f,, (u1|H,) = 0 elsewhere.

Real case: p =4

In this case,

rZ—-3+9r®-2+r%-3+s)
4 )
P& =3+ G = 3+90 G — 1 +9)

E[u"\H,] =c

where c4 is the normalizing constant. However, noting that

r¢-3i+s 1
rg—ten F-ies
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there is one pole at s = —75 + % The poles of I'(3 — % + 5) occur at s = —75 +

% —v, v=20,1,..., and hence at v = 1, the pole coincides with the earlier pole and
there is a pole of order 2 at s = —75 + % Each one of other poles of the integrand is
simple, that is, of order 1. The second order pole will bring in a logarithmic function.
As all the cases for which p > 4 will bring in poles of higher orders, they will not be
herein discussed. The general expansion of a G-function of the type G%:?n(-) is provided
in Mathai (1970a, 1993). In the complex case, starting from p > 3, poles of higher orders
are coming in, so that the densities can only be written in terms of logarithms, psi and zeta
functions; hence, these will not be considered. Observe that | corresponds to product of
independently distributed real type-1 beta random variables, even though the densities are
available only in terms of logarithms, psi and zeta functions for p > 3. The null and non-
null densities of the A-criterion in the general case, were derived by the first author and
some results obtained under the null distribution can also be found in Mathai and Saxena
(1973). Several researchers have contributed to various aspects of the sphericity and multi-
sample sphericity tests; for some of the first author’s contributions, the reader may refer to
Mathai and Rathie (1970) and Mathai (1977, 1984, 1986).

Gamma products such as those appearing in (6.5.8) and (6.5a.3) are frequently en-
countered when considering various types of tests on the parameters of a real or complex
Gaussian or certain other types of distributions. Structural representations in the form of
product of independently distributed real scalar type-1 beta random variables occur in nu-
merous situations. Thus, a general asymptotic result on the /#-th moment of such products
of type-1 beta random variables will be derived. This is now stated as a result.

Theorem 6.5.2. Let u be a real scalar random variable whose h-th moment is of the
form
Iya+ah+y) Tpla+y+9)

Iy(a+y) Ip(a+ah+y+9)

where I'y(-) is a real matrix-variate gamma function on p X p real positive definite ma-
trices, o is real, y is bounded, § is real, 0 < 8§ < oo and h is arbitrary. Then, as
o —> o0, 2lnu — Xzzp s» @ real chisquare random variable having 2 p § degrees of
freedom, that is, a real gamma random variable with the parameters (¢ = p 8, B = 2).

E[u"] = (6.5.13)

Proof: On expanding the real matrix-variate gamma functions, we have the following:

Fp(a+y+5)_l—[1“(a+y+5—%)

Tyl +y) Wt @
P Y M'a+y—5)

j=1
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(ii)

L+ +y) & Tel+h+y—1459
ST +h)+y+5—131Y

Fy(a(l1+h)+y +96) i
Consider the following form of Stirling’s asymptotic approximation formula for gamma
functions, namely,

[z +n) ~ V2771 2e ™ for |z| — oo and 5 bounded. (6.5.14)

On applying this asymptotic formula to the gamma functions appearing in (i) and (ii) for
o — 00, we have

lﬁlr(“-l-y—i-é—.%) — aP?
i Tty -4
and ) i1
I Med+h+y - T._)l S [a(l+ )P, (i)
o M+ +y+o— 55
so that
E[u"] -  + h)~P8. (iv)

On noting that E[u"] = E[e"™™*] — (14h)~P%, itis seen that In u has the mgf (1 +h)~P?
for 1 +h > 0 or —2Inu has mgf (1 — 24)~P% for 1 — 2k > 0, which happens to be the
mgf of a real scalar chisquare variable with 2 p § degrees of freedom if 2 p § is a positive
integer or a real gamma variable with the parameters («# = p§, B = 2). Hence the
following result.

Corollary 6.5.1. Consider a slightly more general case than that considered in Theo-
rem 6.5.2. Let the h-th moment of u be of the form

PP +h) +y)( F'a+yi+38))
hy J J J
Elu ]—{]_[ Taty) }{Hf(a(1+h)+y,-+8,~)}' 6.5.15)

j=1 j=1

Thenas @ — 0o, E[u"] = (14h)~C++8) \which implies that —21nu —> X22(81+~--+5,,)
whenever 2(81 + --- + 8,) is a positive integer or, equivalently, —21nu tends to a real
gamma variable with the parameters (a = 81 +---+6p, 8 =2).

Let us examine the asymptotic distribution of the test statistic for the sphericity test in
the light of Theorem 6.5.2. It is seen from (6.5.4) that A" = u"*2. Thus, by replacing 4 by
5hin (6.5.8) withm = n — 1, we have

PO D) (P TG+ h) -

EpMH) ={ T

j=1

(6.5.16)

1_ ]
rest -4 HH F(%(1+h)_;+;)}'

2 2 j=1
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2

2XIC G+
variable having 2 Zf;ll (F+9) = w +(p—1 = w degrees of freedom.
Hence the following result:

Then, it follows from Corollary 6.5.1 that —2InA — ¥ , a chi-square random

Theorem 6.5.3. Consider the \-criterion for testing the hypothesis of sphericity. Then,
under the null hypothesis, —2InA — X(Zp_l)(p 12y, as the sample size n — 00. In the
2

complex case, asn — 0o, —2Ini — X(zp—l)(p+])’ a real scalar chisquare variable with
2[@ + @] =pp—1+(p-=1)=(p—1)(p+1)degrees of freedom.

Note 6.5.1. We observe that the degrees of freedom of the real chisquare variable in the
real scalar case is w, which is also equal to the number of parameters restricted
by the null hypothesis. Indeed, when ¥ = o021, we have o; i =0, i # j, which produces

pp—1) 2
2

restrictions and, since o~ is unknown, requiring that the diagonal elements are such

thatoy; = - - = o), produces p —1 additional restrictions for a total of (p—1)2¢+2) restric-
tions being imposed. Thus, the degrees of freedom of the asymptotic chisquare variable
corresponds to the number of restrictions imposed by H,, which, actually, is a general

result.
6.6. Testing the Hypothesis that the Covariance Matrix is Diagonal

Consider the null hypothesis that X', the nonsingular covariance matrix of a p-variate
real normal distribution, is diagonal, that is,

HO . E - diag(all, ooy Upp).

Since the population is assumed to be normally distributed, this implies that the compo-
nents of the p-variate Gaussian vector are mutually independently distributed as univariate
normal random variables whose respective variances are o, j = 1,..., p. Consider a
simple random sample of size n from a nonsingular N, (u, X') population or, equivalently,
let Xy, ..., X, be independently distributed as N, (u, ) vectors, X' > 0. Under H,, 0j;
is estimated by its MLE which is 6;; = %s jj where s;; is the j-th diagonal element of
S = (s;j), the sample sum of products matrix. The maximum of the likelihood function
under the null hypothesis is then
P 1 np 1
max L = Hmaij = g nze 20
Ho Ho 2m) 2 [Tj=lsjj]
the likelihood function being the joint density evaluated at an observed value of the sample.

Observe that the overall maximum or the maximum in the entire parameter space remains
the same as that given in (6.1.1). Thus, the A-criterion is given by

[T

j=l1
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sup,, L S|z S
supg L ;721 Sj?j ]_[].z1 Sjj

where § ~ W,(m,X), ¥ > O, and m = n — 1, n being the sample size. Under H,,
Y = diag(o11, ..., 0pp). Then for an arbitrary £, the h-th moment of u» is available by

taking the expected value of A with respect to the density of S, that is,

ds (6.6.2)

m_ygp_prl 1 -1 —

\ |§|2Hh— 2 e 2r(¥ S)(]_E.):lsjj) h
Elu;|Ho] = T ——
§>0 27| X2 (%)

where, under H,, |¥| = oq; - --0pp. As was done in Sect. 6.1.1, we may replace sj_jh by
the equivalent integral,

1 o0
—h __ h—1_—x;(5;i) 4+ .
S = —F(h)/o x; e 7i7dxj, M(h) > 0.

Thus,

p
sTh = ! fw---fwxh_l---xh_le_tr(ys)dxl AL o Adx (i)
RV T Y ¢ !

Jj=1

where Y = diag(xy, ..., xp), so that tr(Y'S) = xys11 + - -+ + x,5pp. Then, (6.6.2) can be
reexpressed as follow:
fOO Ooxh_l...xh_l 1
0 0o 1 p / 5|3+ b (@S g g
mp m )4 mp
272 Fp(f)(njzl O’jj) 2 S>0
h—1 -
_ (B +h) fo - fooxexp!
- mp mp
(%) 22 (l_[le 0jj)7

‘(2—1 +2Y) ‘—«’;M)
X —
2

E[ul|H,] =

X, Ao Adxp,

and observing that, under H,,

>y 4oy -1
( 2+ )‘:‘ - ‘|I+2Z‘Y|with

11 +23Y| = (1+2011y1) - (14 20,,p),
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(3 +h) £
E[u}|H,] = il — ./’ LA+ y) Gy, v = 2x50;
2 (%) nF(h) i Vi j%ji
LG TG e om p—1
=i [1‘(%+h)] ,m(z —|—h)>—2 . (6.6.3)
Thus,
rey e re -5 4n
Elul|H)) = | = 2—
2 [F(7+h)] 11:11 p(%_%)
[F('")]P—l T2 res =4+

o re-hy G

Denoting the density of us as f,, (u2|H,), we can express it as an inverse Mellin transform
by taking 7 = s — 1. Then,

m_q m_q
10 [ 5l
fuwalHp) = 2,1 GYZ 10 fua| )7 0<ur <1, (664
p=Lp 241, j=1,...p—1
and zero elsewhere, where
. [F (7 )]” B
2,p—1 .
l_[ )
Some special cases of this density are expounded below.
Real and complex cases: p = 2
When p = 2, us has areal type-1 beta density with the parameters (¢ = 5—3, B = 2)

in the real case. In the complex case, it has a real type-1 beta density with the parameters
(a=m—1,8=1).

Real and complex cases: p = 3
In this case, fy,(u2|H,) is given by

c+ioco F( -|-S)F(2 —2-|—S) _Sds
[F(F —1+5)7)

Ju,(u2|Hy) = c2 2—/
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The poles of the integrand are simple. Those coming from I'(5 — % + s) occur at s =
-7+ % —v, v=0,1,.... The residue R, is the following:

N R A Tt R A G ) M G M

VNG =vP TGP G v!
Summing the residues, we have

o0 Y mn_s 113
ZRV = —12)21422 ZZFI(—, - = uz), 0<uy =<1
gt [F ()] 222

7
R, =u,

Now, consider the sum of the residues at the poles of I"'(3 — 2 + ). Observing that
I’ (3 — 2+ ) cancels out one of the gamma functions in the denominator, namely I" (3 —
1+s)= (3 —2—5)I(5 —2+s), the integrand becomes

I3 —35+su’
2 —2+9)I%—1+s)

22
the residue at the pole s = —%5 + 2 being % Then, noting that F(—%) =
—21‘(%) = —2./7, the density is the following:
m_p 2 m_3 113
fur (U2l Hp) = cz,z{ﬁuf - 22F1<§, 55 uz)} O<ur<1, (66.5)

and zero elsewhere.

In the complex case, the integrand is
'm-=2+s)I'm—-34+s) _; 1

Tom—1+9P ™ “m—2+9%m 319"

and hence there is a pole of order 1 at s = —m 4 3 and a pole of order 2 at s = —m 4 2.
m—3
)

(12

_ 0 5 1 g . 0 uy®
im 2497 )= m A
s—>—m+2 0§ (m—24s)2(m —34+5) s—>-m+2dsL(m —3+s)

The residue at s = —m + 3 is = u’;_3 and the residue at s = —m 4+ 2 is given by

which gives the residue as u?—z Inuy — ug_z. Thus, the sum of the residues is ug’_3 +
ugl_z Inu, — u’;_z and the constant part is

[ (m)]?

_ 12 B
F(m—l)]“(m_z)_(m D*(m —2), m > 2,
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so that the density is

fuy(u2) = (m — D?(m — [ > +uf 2 lnus —ul 2, 0<us <1, m >3,

m—1
and zero elsewhere. Note that as uy — 0, the limit of L;nz_l Inu; is zero. By integrating out

over 0 < up < 1 while m > 3, it can be verified that f,,(-) is indeed a density function.

Real and complex cases: p > 4

As poles of higher orders are present when p > 4, both in the real and complex cases,
the exact density function of the test statistic will not be herein explicitly given for those
cases. Actually, the resulting densities would involve G-functions for which general ex-
pansions are for instance provided in Mathai (1993). The exact null and non-null densities

of u = A7 have been previously derived by the first author. Percentage points accurate to
the 11th decimal place are available from Mathai and Katiyar (1979a, 1980) for the null
case; as well, various aspects of the distribution of the test statistic are discussed in Mathai
and Rathie (1971) and Mathai (1973, 1984, 1985)

Let us now consider the asymptotic distribution of the A-criterion under the null hy-

pothesis,
H, : ¥ = diag(oqy,...,0pp).

Given the representation of the /#-th moment of u; provided in (6.6.3) and referring to
Corollary 6.5.1, it is seen that the sum of the §;’s is Zf;ll §j = Zi:ll % = p(p4_l), so that
the number of degrees of freedom of the asymptotic chisquare distribution is 2[%] =
r(p=1)

2

which, as it should be, is the number of restrictions imposed by H,, noting that

p(p—1
2

when X' is diagonal, o;; = 0, i # j, which produces restrictions. Hence, the

following result:

Theorem 6.6.1. Let A be the likelihood ratio criterion for testing the hypothesis that
the covariance matrix X' of a nonsingular N,(u, X') distribution is diagonal. Then, as
n —> oo, —2InA — X%(pz_l) in the real case. In the corresponding complex case, as

n— 0o, —2InA — XZ( p—1y @ real scalar chisquare variable having p(p — 1) degrees of
freedom.

6.7. Equality of Diagonal Elements, Given that X is Diagonal, Real Case

In the case of a p-variate real nonsingular N,(u, ) population, whenever X' is
diagonal, the individual components are independently distributed as univariate nor-
mal random variables. Consider a simple random sample of size n, that is, a set of
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p x 1 vectors X1, ..., X,, that are iid as X; ~ N,(u, X) where it is assumed that
Y = diag(alz, R 05). Letting X;. = (x1j,...,Xpj), the joint density of the x,;’s,
j =1,...,n, in the above sample, which is denoted by L,, is given by

1 L 2 __1_yn 2
n e_ﬁ(xrj Hr) e 2(’r2 Z_,‘:l(xr_/ )

L= 1 T n n
| S (2m)3 (02)

i emied)?

Then, on substituting the maximum likelihood estimators of w, and arz in L,, its maximum
is

n _n n
nze 2 _
max L, = ———, S = Z(xrj - xr)2
Q2m)2(sr)? ;
Under the null hypothesis H,, 022 = ... = 05 = o2 and the MLE of o2 is a pooled

estimate which is equal to % ($11+- - -+5pp). Thus, the A-criterion is the following in this
case:

n

sup,,  [s11822+ - 5ppl2

A= =
supg (511+;+Spp)%

(6.7.1)

If we let ,
pP( 5= sii)

2:—1} 17 (6.7.2)
Q=187

then, for arbitrary £, the h-th moment of u3 is the following:

eudins = e[ L] ()

Uz = A

]J)(Su—i- s ] (673)

I :]w

Observe that ”;% id Xf_l = X%, m=n—1,for j=1,..., p, the density of s;; being of
the form
m_ _1712
e 20
=4 _ 0<si;i<oo,m=n—1=1,2,..., i
fsu(]j) (2 2)2]—’(’") =9jj ()

under H,. Note that (s1; +---+s pp)_ph can be replaced by an equivalent integral as

o0
(511 4+ 5pp) P = f P le=xGnttsmdy M(h) > 0. (i)

I"(ph)
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Due to independence of the s;;’s, the joint density of syy, ..., sy, is the product of the
densities appearing in (i), and on integrating out sy, ..., s,p, we end up with the follow-
ing:

n

1 { 15[ (5 +h) }{ 1—[ [(1 + 202x)]—<';+h>} _ (I (% + h)]P [(1 + zgzx)—p<'g+h>]‘

2027 il r) 202 [ (5)1P (202)=ph
Now, the integral over x can be evaluated as follows:
2 2\ ph 00 m e
(20°) xph—l(l +202x)_p(7+h)dx — %’ NR(h) > 0.
I'(ph) Jo (= + ph)
Thus,
reZ+hn Ir2
E[u}|H,] = p"" (3 +h) ) R(h) > 0. (6.7.4)

re(y) L&A+ ph)
The density of u3 can be written in terms of an H-function. Since p is a positive integer,
we can expand one gamma ratio using Gauss’ multiplication formula:

pm

1— | —
reey Qo pT I G+ LG+ 50
r'(ZF + ph) (271)I_Tpp%_%+l7h[‘(%+h)...]“(%_|_pTTI_Fh)

forp=1,2,..., m > p. Accordingly,

re+mpiy r&g+9

E[u"|H,] = :
sl =—Tr ]1:[0 TS
RG0SR b AN (0 S
T N O . N | R T Y
(6.7.5)
PIrE )
¢3.pm1 = HJ[—F‘(E)]ZP_I L N(F +h) > 0. (6.7.6)
2

Hence, for h = s — 1, (6.7.5) is the Mellin transform of the density of u3. Thus, denoting
the density by f,,(u3), we have

m_ 4L j=1,..,p-1
wy w ,0<uz <1, (6.7.7)
2

p—1,0
fu3(u3|H0) = c3,p—1Gp_1’p_1 |:u3

and zero elsewhere.
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In the complex case, the i-th moment is the following:
[ m + )P~
1 =~ : ’
[T52 Fm+ 4+ hy
i [172 Fom+ )
C3,p—1 = = .
[ (m)]P~!

and the corresponding density is given by

E[i#5|Hy] = & p—1

7o~ ~ p—1,0 ~
fﬁB(”3|Ho) = C37I7_1Gp—l,p—1 |:u3‘m—1 ..... m—1
and zero elsewhere, G denoting a real G-function.

Real and complex cases: p = 2

It is seen from (6.7.5) that for p = 2, u3 is a real type-1 beta with the parameters (o =
%, B = %) in the real case. Whenever p > 3, poles of order 2 or more are occurring, and
the resulting density functions which are expressible in terms generalized hypergeometric
functions, will not be explicitly provided. For a general series expansion of the G-function,

the reader may refer to Mathai (1970a, 1993).

In the complex case, when p = 2, i3 has a real type-1 beta density with the parameters
(@ = m, B = 1). In this instance as well, poles of higher orders will be present when
p > 3, and hence explicit forms of the corresponding densities will not be herein provided.
The exact null and non-null distributions of the test statistic are derived for the general
case in Mathai and Saxena (1973), and highly accurate percentage points are provided in
Mathai (1979a,b).

An asymptotic result can also be obtained as n — oo . Consider the /#-th moment of
A, which is available from (6.7.5) in the real case and from (6.7a.1) in the complex case.
Then, referring to Corollary 6.5.2,§; = % whether in the real or in the complex situations.

Hence, 2[2?;11 §i1 = 22?;11 % = (p — 1) in both the real and the comIN)lex cases. As
well, observe that in the complex case, the diagonal elements are real since X' is Hermitian
positive definite. Accordingly, the number of restrictions imposed by H,, in either the real

or complex cases is p — 1. Thus, the following result:

Theorem 6.7.1. Consider the A-criterion for testing the equality of the diagonal ele-
ments, given that the covariance matrix is already diagonal. Then, as n — oo, the null
distribution of —2In A — X;Z)—l in both the real and the complex cases.
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6.8. Hypothesis that the Covariance Matrix is Block Diagonal, Real Case

We will discuss a generalization of the problem examined in Sect. 6.6, consid-
ering again the case of real Gaussian vectors. Let Xi,..., X, be iid as X; ~
Ny(u, ), ¥ > O, and

X1 X(1j) X1j Xpi+1.j
Xj: = aX(lj): ,X(Zj): e
| Xpj X)) Xpyj Xpi+pa.j
Yy O --- O
S . , ,
2= ? 2 ? , Xjjbeing p; x pj, j=1,....k
| 0 0] Ekk

In this case, the p x 1 real Gaussian vector is subdivided into subvectors of orders
Pls ..., Pk, so that p; +- - -+ px = p, and, under the null hypothesis H,, X' is assumed to
be a block diagonal matrix, which means that the subvectors are mutually independently
distributed p ;-variate real Gaussian vectors with corresponding mean value vector p(j)

and covariance matrix X;;, j = 1,..., k. Then, the joint density of the sample values

under the null hypothesis can be written as L = ]_[I;=1 L, where L, is the joint density

of the sample values corresponding to the subvector Xy, j =1,...,n, r =1,... k.
Letting the p x n general sample matrix be X = (X, ..., X,;), we note that the sam-
ple representing the first p; rows of X corresponds to the sample from the first subvector

d
X)) v Ny(uay, 1), X1 > 0O, j =1,...,n. The MLE’s of 1) and X, are the
corresponding sample mean and sample covariance matrix. Thus, the maximum of L, is
available as

e_ﬂ M k e_%n%
max L, = ldl_[m L= 7 — e
QOIS Q1) [Try 15012
Hence,
S L S|2
p= ot P 6.8.1)
SupQL l_[r 1 |Srr|2
and .
Uy =i = — o (6.8.2)
l_[rzl |Srr|

Observe that the covariance matrix X' = (o;;) can be written in terms of the matrix of
population correlations. If we let D = diag(oy, ..., 0,) where 0,2 = oy denotes the
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variance associated the component x;; in X ; = (x1j,...,xpj) where Cov(X) = X, and
R = (p,s) be the population correlation matrix, where p, is the population correlation
between the components x,; and x,;, then, ¥ = DRD. Consider a partitioning of X' into
k x k blocks as well as the corresponding partitioning of D and R:

o Lo ik Di O --- O Ry Ry - Rix
2 Xpoo-e X O D, --- O Ry Ry -+ Ry
o L o Tk O O - D Rii Rw -+ Ru

where, for example, X;; is p; X pj, p1 + ---+ px = p, and the corresponding par-
titioning of D and R. Consider a corresponding partitioning of the sample sum of prod-
ucts matrix § = (S;;), D® and R where R® is the sample correlation matrix and
D®) = diag(\/s11, .. ., Spp), where S;;, D;S), Rﬁ.j.) are pj X pj, p1+---+ pr = p.
Then,

| 2] |R|

k = [k
[Tz 1Z51 Tz IRjj]

(6.8.3)

and
|S] IR

l'[§:1 1551 1_[];=1 |R§'§')|

An additional interesting property is now pointed out. Consider a linear function of the
original p x 1 vector X; ~ N,(u, X), X > O, in the form CX; where C is the diagonal
matrix, diag(cy, ..., ¢p). In this case, the product CX; is such that the r-th component of
X ; is weighted or multiplied by c,. Let C be a block diagonal matrix that is partitioned

similarly to D so that its j-th diagonal block matrix be the p; x p; diagonal submatrix
C;. Then,

g = Ar = (6.8.4)

csc’ S
Ue = | | = 151 = uy. (6.8.5)

k k -
[T 1G85 C51 TTi=i 18551

In other words, u4 is invariant under linear transformations on X ; id Np(p, ), ¥ >
O, j=1,...,n. Thatis,if Y; = CX; + d where d is a constant column vector, then the
p X n sample matrix on Y, namely, Y = (¥y,...,Y,) = (CX| +d,...,CX, +d),

Y-Y=CX-X)=S5=Y-)Y-Y)=CX-X)X-X)C'=CSC".
Letting Sy be partitioned as § into k x k blocks and S, = (S;;,), we have
ISyl |ICSC'| S

k = k& = k& =
[T 1S5l 1= 1€5855C5 T2 18551

Uy = g, (6.8.6)
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Arbitrary moments of u#4 can be derived by proceeding as in Sect. 6.6. The A-th null mo-
ment, that is, the 4-th moment under the null hypothesis H,, is then

p+1 _ .
E[u}|H,] = h=t e 19 | ]‘[|Srr| (i)

mp m/ S 2+
27 (31 X2 Js=0

where m = n — 1, n being the sample size, and

1 O --- 0O
o 2oy e 0 -1 -1 -1 ..

To=| . 0L | e = s 4 e S, D
0 0O - Xu

where S, is the r-th diagonal block of S, corresponding to X, of X~ whose order p, x
pr. v =1,....k, p1 +---+ px = p. On noting that

1,17 = Y, P e Sy, =1,k (iii)
Fpr (h) Y,>0
where Y, > O is a p, x p, real positive definite matrix, and replacing each |Srr|_h by its
integral representation as given in (iii), the exponent of e in (i) becomes
Yi O --- O
1 4 0 Y2 ... 0
_E[tr(E” HR2u (Y, Y= . . . s (XS) =t (Y S1)+ - At (YVieSke) -
o 0 - Y
The right-hand side of equation (i) then becomes
rp(%+h) £
Elul|H,] = -2 "2 0p {H v
Ip(F)1 2|2 1 Do) Jy,so0
—1
x| Z71 42y " EAY AL AdYL, R > —5 n pT. (iv)

It should be pointed out that the non-null moments of u4 can be obtained by substituting a
general X' to X, in (iv). Note that if we replace 2Y by Y, the factor containing 2, namely
27" will disappear. Further, under H,,,

k k

=7 427G A TTis 5 Y T+ 22, v 730, )

r=1 r=1
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Then, each Y,-integral can be evaluated as follows:

_pr+l _(m
T, (h) Y, " 425, Y Ty,
Dr Y,>0

=275, "

r+1 m 1 1
T, (h) 1Z "+ 2,5z, Z, = 2527, 5
Pr Zr>0

W Do) Ty (%)

=27z . vi
| 2| T (0) Ty (2 4 1) (vi)
On combining equations (i) to (vi), we have
Tp(%+h) & (%) m —1
Elull|H, = 22 p2 w2 (6.8.7)
(%) i Iy (5 +h) 2 2
I3 +h) L IarG -5 +n
= C4p—7 —~ = C4,pC" — o — , (6.8.8)
Hl":] Fpr(j + h) HI’:] [l_li:l Fpr(j - T2 + h)]
r(pr=1) i
c nf:l FPV(%) [nl:zl T ’ p4 ] nlif:l[ lp;l F(% — %)] (6 8 9)
4,p = = — — , .0.
T LG 2 (NGRS
pp=1
¢t = 7

k prpr—1)
nrzl T 4

so that when h =0, E [uZ|H0] = 1. Observe that one set of gamma products can be can-
celed in (6.8.8) and (6.8.9). When that set is the product of the first p; gamma functions,
the i-th moment of u4 is given by

p j—1
Elul | H,] = j=pir1 (G =5+ h)
uy|Hol = c4.p—pi =% Pr om0l ’
[T=lliL F'(G — 5 +h)]

(6.8.10)

where ¢4, p, is such that £ [uﬁ |H,] = 1 when h = 0. Since the structure of the expression
given in (6.8.10) is that of the 4-th moment of a product of p— p; independently distributed
real scalar type-1 beta random variables, it can be inferred that the distribution of u4|H, is
also that of a product of p — p; independently distributed real scalar type-1 beta random
variables whose parameters can be determined from the arguments of the gamma functions
appearing in (6.8.10).

Some of the gamma functions appearing in (6.8.10) will cancel out for certain values
of p1, ..., pk,, thereby simplifying the representation of the moments and enabling one to



Hypothesis Testing and Null Distributions 457

express the density of u4 in terms of elementary functions in such instances. The exact null
density in the general case was derived by the first author. For interesting representations of
the exact density, the reader is referred to Mathai and Rathie (1971) and Mathai and Saxena
(1973), some exact percentage points of the null distribution being included in Mathai
and Katiyar (1979a). As it turns out, explicit forms are available in terms of elementary
functions for the following special cases, see also Anderson (2003): p; = p» = p3 =
Lpm=p=pp=2pp=p=Lp=p=2p=1 p=p=2 p=
Lp=2p3=3p=2 p=2 pp=dp=p=2p3=3 p=2,p=37p
is even.

6.8.1. Special case: k = 2

Let us consider a certain 2 x 2 partitioning of S, which corresponds to the special case
k =2.When p; =1 and p, = p — 1 so that p; + p» = p, the test statistic is

wy = ISI _ S11 — S128% a1
ISl [S22] 1 |S11]

_ Ss 1121522 2 2 0o m (6.8.11)
where 1 (2...p) is the multiple correlation between x1 and (x2, ..., x,). As stated in Theo-
rem5.6.3, 1— rlz' @) is distributed as a real scalar type-1 beta variable with the parameters
(% — pT_l pT_l). The simplifications in (6.8.11) are achieved by making use of the prop-

erties of determinants of partitioned matrices, which are discussed in Sect. 1.3. Since s1;
is 1 x 1 in this case, the numerator determinant is a real scalar quantity. Thus, this yields a
type-2 beta distribution for w = % ; and thereby %w has an F-distribution, so that the
test can be based on an F statistic having (n — 1) — (p — 1) = n — p and p — 1 degrees

of freedom.

6.8.2. General case: k =2

If in a 2 x 2 partitioning of S, Sy; is of order p; x p; and Sy; is of order p x p, with
p2 = p — p1. Then uy can be expressed as

. S| [S11 = S125, Sal
4 = =
|11l [S22] |S11]
_1 _1 _1 _1
= |1 — S, S1285,' S0 S, 2l =1 = U|, U =S,>5125, $218,,’ (6.8.12)

where U is called the multiple correlation matrix. It will be shown that U has a real matrix-
variate type-1 beta distribution when Sy is of general order rather than being a scalar.
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Theorem 6.8.1. Consider uq for k = 2. Let S11 be p1 X p1 and Sx be p> X p; so that
p1 + p2 = p. Without any loss of generality, let us assume that p;y < pa. Then, under
H, : X2 = O, the multiple correlation matrix U has a real matrix-variate type-1 beta
distribution with the parameters (2%, 57— %), withm = n — 1, n being sample size, and
thereby (I — U) ~ type-I beta (3 — %, %), the determinant of I — U being u4 under

the null hypothesis when k = 2.

Proof: Since X under H, can readily be eliminated from a structure such as u4, we will
take a Wishart matrix S having m = n — 1 degrees of freedom, n denoting the sample size,
and parameter matrix /, the identity matrix. At first, assume that X' is a block diagonal
matrix and make the transformation §;| = X _%S ) _%. As a result, u4 will be free of Xy

and X, and so, we may take S ~ W, (m, I). Now, consider the submatrices Si1, S22, Si2
so that dS = dS11 A dS22 A dSy2. Let f(S) denote the W, (m, I') density. Then,

m 1
N
fsyas = PP 2 duwgg g[S Sl g g
2% () S21 S22

However, appealing to a result stated in Sect. 1.3, we have

S| = |S22| [S11 — $1255,' $a1]
_1 _1
= S0l IS11] [T — S, > S1285' $218, 2.

The joint density of Sy1, S22, Si2 denoted by f1(S11, S22, Si2) is then
m 1 m 1 m 1
F1(S11, S22, S12) = IS0 12~ 1S5 1 — U
e~ 3 (S11)—3tr(S22) s | i
X mp , U= Sll 512S2_2 S21S11 .
22 (3)

o=

_1 _1
Letting ¥ = S”2 S12S222, it follows from a result on Jacobian of matrix transformation,

previously established in Chap. 1, thatdY = |S1; |_p72 |S22|_p71dS 12. Thus, the joint density
of S11, S22, Y, denoted by f2(S11, S22, ¥), is given by

P2 ptl 4 +1

2 z m 1
(811, S0, V) = IS0 B E T 53R — vy

e~ 2r(S1)—3tr(522)
X

27 1, (3)
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Note that S11, S22, Y are independently distributed as f>(-) can be factorized into functions
of S11, S22, Y. Now, letting U = YY', it follows from Theorem 4.2.3 that

Pip2
T2

- U4
() ’

dY

and the density of U, denoted by f3(U), can then be expressed as follows:

py_pitl

Py pitl m_p2_pitl
fU)=clU|27 2 |I-Ul272" 2 ,0<Ucx<I, (6.8.13)

which is a real matrix-variate type-1 beta density with the parameters (%, 7= %), where

¢ is the normalizing constant. As a result, / — U has a real matrix-variate type-1 beta
distribution with the parameters (5 — 22 %). Finally, observe that u4 is the determinant

7
of | - U.

Corollary 6.8.1. Consider uyq as given in (6.8.12) and the determinant |I — U| where U
and I — U are defined in Theorem 6.8.1. Then for k = 2 and an arbitrary h, E[MZ |Hy] =
|1 —U|"

Proof: On letting k = 2 in (6.8.8), we obtain the #-th moment of u4|H, as
?:1 F(% - % +h)
M1 T — S+ mUITZ, T — 5+ h)

After canceling p, of the gamma functions, the remaining gamma product in the numerator
of (i) is

1 -1
2 2 2 2 2

E[ull|H,] = c4.p

()

. r1tp1—D . . . .
excluding "2 . The remainder of the gamma product present in the denominator is

. . . . p1p1=1)
comprised of the gamma functions coming from I', (5 + h), excluding 7= 4. The

normalizing constant will automatically take care of the factors containing 7. Now, the
resulting part containing 4 is I, (5 — % +h)/ Iy, (5 +h), which is the gamma ratio in the
h-th moment of a p; x p; real matrix-variate type-1 beta distribution with the parameters
3 -5 8.

Since this happens to be E[|I — U|]" for I — U distributed as is specified in Theo-
rem 6.8.1, the Corollary is established.

An asymptotic result can be established from Corollary 6.5.1 and the A-criterion for
testing block-diagonality or equivalently the independence of subvectors in a p-variate
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Gaussian population. The resulting chisquare variable will have 2 ) j 8 degrees of free-
dom where §; is as defined in Corollary 6.5.1 for the second parameter of the real scalar
type-1 beta distribution. Referring to (6.8.10), we have

P P k
Jj—1 Jj—1 pj(pj — 1
» 8= > -3
, . 2 i . 2 , 4
J j=p1+l1 j=2i=1 j=pi1+l1 Jj=2
p k k
Jj—1 p](p, -b_plp=D _ pj(pj (p pip—pj)

Accordingly, the degrees of freedom of the resulting chisquare is Z[le‘.:] M] =

Zl;zl M in the real case. It can also be observed that the number of restrictions
imposed by the null hypothesis H, is obtained by first letting all the off-diagonal elements
of ¥ = X’ equal to zero and subtracting the off-diagonal elements of the k diagonal blocks
which produces 22— (p ) Zl;'=1 w = Zl;zl M In the complex case, the
number of degrees of freedom will be twice that obtained for the real case, the chisquare
variable remaining a real scalar chisquare random variable. This is now stated as a theorem.

Theorem 6.8.2. Consider the A-criterion given in (6.8.1) in the real case and let the

corresponding A in the complex case be A. Then —21n 1 — X(;z as n — oo where n is the
k pj(p=pj)

j=1 2 5

H,. Analogously, in the complex case, —2In ) — ng as n — 00, where the chisquare

sample size and § =) , Which is also the number of restrictions imposed by

variable remains a real scalar chisquare random variable, § = le':l pj(p—pj)andn
denotes the sample size.

6.9. Hypothesis that the Mean Value and Covariance Matrix are Given

Consider a real p-variate Gaussian population X; ~ N,(u, X), ¥ > O, and a sim-
ple random sample, Xy, ..., X}, from this population, the X;’s being iid as X ;. Let the
sample mean and the sample sum of products matrix be denoted by X and S, respectively.
Consider the hypothesis H, : © = wu,, ¥ = X, where u, and X, are specified. Let us
examine the likelihood ratio test for testing H, and obtain the resulting A-criterion. Let
the parameter space be Q = {(u, X)|¥ > 0, —oc0o < u; <oo, j=1,...,p, u =
(1, ..., up)}. Let the joint density of X1, ..., X, be denoted by L. Then, as previously
obtained, the maximum value of L is

_np np
maxL = — 1" 6.9.1)
§ Qm)7 |S|
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and the maximum under H, is

o 31 (X —1o) £ (X j=10))

max L = o ' (69:2)
H, (27‘L’)7|20|j
Thus,
L _ e?[SIT iy :
, - maxg, L _ e o~ 2o (X j—110) Z57 1 (X j—11o)) (6.9.3)

maxq L B n%|20|%

We reject H, for small values of A. Since the exponential part dominates the poly-
nomial part for large values, we reject for large values of the exponent, excluding
(—1), which means for large values of Z?:l(Xj — ;Lo)’Eo_l(Xj — o) ~ X,gp since

iid .. .
(X — o) X L(x i = Mo) G X,z, for each j. Hence the criterion consists of

n
rejecting H, if the observed values of Z(Xj — M(,)/Eo_l(Xj — o) > X,%p’a
j=1

with
PriXe, = Xopa) = . (6.9.4)
Let us determine the /#-th moment of A for an arbitrary 4. Note that
nph
A= nphe 5 — |S|%e—%tr(zoﬂS)—h%(?_(—ﬂo)'f(fl(?_(—,U«o). (6.9.5)
nz|X,|?

Since A contains S and X and these quantities are independently distributed, we can in-
tegrate out the part containing S over a Wishart density having m = n — 1 degrees of
freedom and the part containing X over the density of X. Thus, form =n — 1,

m_ nh_prl _ (1+h) —1
fS>0 |S|2+2 7 e 5 tr(X, S)
= ds

nh nh o _h —1
E [(181%/15,%) e 85 9y ]
27 ()| 2|22

ry((1+h) — 1)
r,3-3%

nph

=27 (14 p) BAEH=31r (G

Under H,, the integral over X gives

] —\p/ﬁ e~ (M (Ko T X1 g ¥ = (1 + )%, (id)
% Qmbis, )
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From (i) and (ii), we have

52" [,(A(1+h) — 1)

h —
o

ENH,) = (1 + h)~Lz0+WIp, (6.9.6)

The inversion of this expression is quite involved due to branch points. Let us examine
the asymptotic case as n — 00. On expanding the gamma functions by making use of
the version of Stirling’s asymptotic approximation formula for gamma functions given in

(6.5.14), namely I'(z + n) ~ +/ 27rzz+’7_%e_Z for |z] — oo and n bounded, we have

L1+ h) = 3) lﬁl re+m -1 -
j_

() G
L V2rl5 + W30+ — 3= =50+
j=1 V2 e
nph
= [%] T e (1 4 ) rhp—h R (i)

Thus, as n — o0, it follows from (6.9.6) and (iii) that
EH,] = (1+ )22, (6.9.7)

which implies that, asymptotically, —21n A has a real scalar chisquare distribution with
p+ p(pTH) degrees of freedom in the real Gaussian case. Hence the following result:

Theorem 6.9.1. Givena N,(u, X), X > O, population, consider the hypothesis H, :
U = o, X = X, where u, and X, are specified. Let A denote the A-criterion for
testing this hypothesis. Then, in the real case, —2InA — ng asn — 00 where § =
p+ w and, in the corresponding complex case, —2InA — Xazl as n — 00 where
81 = 2p + p(p + 1), the chisquare variable remaining a real scalar chisquare random
variable.

Note 6.9.1. In the real case, observe that the hypothesis H, : © = u,, X = X, imposes
p restrictions on the p parameters and w restrictions on the X' parameters, for a total
of p + w restrictions, which corresponds to the degrees of freedom for the asymp-
totic chisquare distribution in the real case. In the complex case, there are twice as many
restrictions.
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Example 6.9.1. Consider the real trivariate Gaussian distribution N3(u, X), XY > O
and the hypothesis H, : © = u,, ¥ = X, where u,, X, and an observed sample of size
5 are as follows:

1 3 0 0 8 0 0
Uo=1-11,2,=10 4 -2|=|X,]=24, Cof(X,) =10 9 6 |,
0O -2 3 0 6 12
8§ 0 0
Cof(X 1
0—1_—02( ) 2109 6|
| 2ol 06 12
1 1 2
Xi=|1], Xp, = 0], Xz= —1
1 —1
Now,
Sl 36 33
(X1 — o) 20 (X1 — o) = (XZ_MO)E (XZ_MO) 24
P 104 144
(X3 — o) Xy (X3 — o) = ETR , (Xa = o) 2N (Xs — o) = ETR
el 20
(X5 — o) X, (XS_MO):Q,
and

1 337
D X = 10) 27X — o) = 53130+ 33 + 104 4 144 4 20] = =~ = 14.04.

j=1

Note that, in this example, n = 5, p = 3 and np = 15. Letting the significance level of
the test be « = 0.05, H, is not rejected since 14.04 < X125, 005 = 25.

6.10. Testing Hypotheses on Linear Regression Models or Linear Hypotheses

Let the p x 1 real vector X ; have an expected value p and a covariance matrix X > O
for j =1,...,n, and the X;’s be independently distributed. Let X ;, u, X be partitioned
as follows where x1;, nyand oy are 1 x 1, pp), Xyrare (p—1) x 1, Xpp = Eél and

J— ‘ L 1 \’ 2 J—

X o1l 212 )
X = J . i
I |:X(2)j] [221 222] @
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If the conditional expectation of x1;, given X (2); is linear in X ), then omitting the sub-
script j since the X ;’s are iid, it was established in Eq. (3.3.5) that

Elxi|Xo)] = 1+ ZnZn (Xe) — 1@)- (6.10.1)

When the regression is linear, the best linear predictor of x; in terms of X 2y will be of the
form

Exi11 Xl —Ex) =B X —EX2). B =B ...,Bp. (6.10.2)

Then, by appealing to properties of the conditional expectation and conditional variance,
it was shown in Chap. 3 that 8’ = 21222_21. Hypothesizing that X ;) is not random, or
equivalently that the predictor function is a function of the preassigned values of X (),
amounts to testing whether 21222_21 = 0. Noting that XYy > O since ¥ > O, the
null hypothesis thus reduces to H, : X1 = O. If the original population X is p-variate
real Gaussian, this hypothesis is then equivalent to testing the independence of x; and
X (2). Actually, this has already been discussed in Sect. 6.8.2 for the case of k = 2, and
is also tantamount to testing whether the population multiple correlation p1 2. k) = O.

Assuming that the population is Gaussian and letting of u = A" where A is the lambda
criterion, u ~ type-1 beta(*5%, pT_l) under the null hypothesis; this was established in

Theorem 6.8.1 for p; = 1and pp = p — 1. Then, v = = ~ type-2 beta (52, pT_l),

1—u

that is, v ~ %Fn_p, p—1Or Efl’:;; -~ F,_p, p—1.Hence, in order to test H, : § = O,
reject Hy if Fr_p p—1 > Fy_p p—1,a» With Pr{F,_p p 1 > Fy_p p_1, 0} =«
(6.10.3)
The test statistic u is of the form
|S| (p—1 u

u= , S~W,(n—-1,%), ¥> 0O,
5111822 n—p)l—u

Fn_p7 p_l’

where the submatrices of S, sy; is 1 x 1 and S» is (p — 1) x (p — 1). Observe that the
number of parameters being restricted by the hypothesis Y12 = Ois pipp =1(p—1) =
p — 1. Hence as n — oo, the null distribution of —21n A is a real scalar chisquare having
p — 1 degrees of freedom. Thus, the following result:

Theorem 6.10.1. Let the p x 1 vector X j be partitioned into the subvectors x1j of order
I and X 3); of order p — 1. Let the regression of x1; on X(3); be linear in X 2)j, that is,
E[x1j|X@2)jl—E(xj) = ,3/(X(2)j — E(X(2);)). Consider the hypothesis H, : B = O. Let
X;j~Ny(u,2), ¥ > 0, forj=1,...,n, the X;’s being independently distributed,
and let ) be the A-criterion for testing this hypothesis. Then, asn — oo, —21n 1 — X127—1'
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Example 6.10.1.
size n = 5 be

465

Let the population be N3(u, '), X > O, and the observed sample of

1 1 —1 1 —1
Xi=|[1],Xo=|0]|, Xs=]| 1|, X4=|1], Xs=|-1
1 0 2 -2
The resulting sample average X and deviation vectors are then
ERL i N K
X - g 2 ) X] _ X - 1 - g - = 3 )
2 1 313
) 4 [0
Xo—X=-|-2 ,X3—X=§ 3],
| 3 -2
[ i —6
X4 —X==-|3|, Xs—X==| =7
S8 ~12
Letting
X=[X...,X5], X=[X,...,X]and S = X - X)X - X)/,
(4 4 -6 4 -6
X-X=-|3 -2 3 3 -7/,
3 3 -2 8 —1I2
. [120 40 140 o s
S=— |40 80 105|= [S” S”],
> 1140 105 230 2o
120 s 1 [40, 140]
N = A~ = k) )
11 25 12 25
S _1[8 1057 y_ 25 [ 230 -105
27 25105 230|722 T 7375 —105 80 |’
_ 1 25 230 —1057[ 40 760000
S1S7s =[ ][—] 40 140 -
1222 22 = (25)2 117375 [ I Ztos 80 | {140 (25)(7375)
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so that the test statistic is

2

P 51252_21521 1 51252_21521

— — 1 —r
- S11 1.(2,3)
00000 g0~ 0.141 =
T 2oy3Ts) T
-1 2\ /0.141
_ =D u (_><_) =0.164, v~ Fy_p p_1.
n—pl—u_\2/\0.859 ’

Let us test H, at the significance level « = 0.05. In that case, the critical value which is
available from F tablesis F,,_, p—1, o« = F2,2, 005 = 19. Since the observed value of v is
0.164 < 19, H, is not rejected.

Note 6.10.1. Observe that

) 1285, Sa1

2
1. 2,’; ’ 1. 2,/;

where ry.(2,3) 1s the sample multiple correlation between the first component of X; ~
N3(u, ), ¥ > O, and the other two components of X ;. If the population covariance
matrix X is similarly partitioned, that is,

5 o1l 212 , whereojjis1 x 1, Xy is (p—l) X(P—l),
3o X»

then, the population multiple correlation coefficient is p1.(2,3) where

T1¥5 o

2 _
P1.2,3) = o1l

Thus, if Xp = Z‘él = 0, p1.2,3 = 0 and conversely since 11 > O and X > O =
22_21 > 0. The regression coefficient 8 being equal to the transpose of X'1» 22_21, X =
O also implies that the regression coefficient 8 = O and conversely. Accordingly, the
hypothesis that the regression coefficient vector B = O is equivalent to hypothesizing
that the population multiple correlation py,(2,.... ) = 0, which also implies the hypothesis
that the two subvectors are independently distributed in the multivariate normal case, or
that the covariance matrix X, = O, the only difference being that the test on regression
coefficients is in the conditional space whereas testing the independence of the subvectors
or whether the population multiple correlation equals zero is carried out in the entire space.
The numerical example included in this section also illustrates the main result presented in
Sect. 6.8.1 in connection with testing whether a population multiple correlation coefficient
is equal to zero.
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6.10.1. A simple linear model

Consider a linear model of the following form where a real scalar variable y is esti-

mated by a linear function of pre-assigned real scalar variables z1, ..., z4:

yi=Bo+ Bizij+ -+ Bgzgj +ej, j=1,...,n (1)
where y1, ..., y, are n observations on y, z;1, 2j2, - - -, Zin» L = 1, ..., g, are preassigned
values on z1, ..., 24, and B,, B1, ..., By are unknown parameters. The random compo-
nents e;, j = 1,...,n, are the corresponding sum total contributions coming from all

unknown factors. There are two possibilities with respect to this model: 8, = 0 or g8, # 0.
If B, = 0, B, is omitted in model (i) and we let y; = x;. If B, # 0, the model is modified
by taking x; = y; — y where y = %(yl + - -+ 4+ y»), then becoming

xj=y;j—=y=p1(z1j —21) + -+ Bg(zqj — 2¢) t € (if)
for some error term €;, where z; = ,ll(zl-l + -4+ zin), i = 1,...,q. Letting Z;. =
(215 --+»2¢;) if B = 0 and Z;. = (21 — 21, ..., Zqj — Zq), otherwise, equation (ii) can

be written in vector/matrix notation as follows:

€j=(xj—Piz1j— - — Bgzqj) = (x; = B'Zj), B/ = (B1, ..., By):
n n n
Do = =Pz == Pigzg)’ =) (= B'Z)%
j=1 j=1 j=1
Letting
x1 €1 ill iln
21 ... 22
X=|:|,e=|:|andz=|"" " ", (iii)
x € : o
" " qu ... an
n
=X -p2)=) ==X -p2)(X-2Zp). (iv)
j=1

The least squares minimum is thus available by differentiating €’e with respect to 8, equat-
ing the resulting expression to a null vector and solving, which will produce a single criti-
cal point that corresponds to the minimum as the maximum occurs at 4-00:
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d /o - -
ﬁ( ef)zOéijZ;—ﬂ,szz;
j=1 j=1 Jj=1
A " —1 .
=8=(>27) (X x7z): )
j=1 j=1
%(e’e) =0=p=(z2)"zx, (vi)

that is,
n ~1 n
p=(X27) (X x7). (6.10.4)
=1 =1

Since the z;;’s are preassigned quantities, it can be assumed without any loss of generality
that (ZZ') is nonsingular, and thereby that (ZZ’ )~ exists, so that the least squares mini-
mum, usually denoted by 52, is available by substituting 8 for B in €’e. Then, at B = B,

€ly_s=X —X'7(22)"'Z=XI - 2/(22')"" Z] 50 that
s*=eely_y=XT-272(22)"'21X (6.10.5)

where I — Z'(ZZ')~'Z is idempotent and of rank (n — 1) — ¢. Observe that if 8, # 0
in (i) and we had proceeded without eliminating f,, then 8 would have been of order
(k+1)xland I —Z'(ZZ')"'Z, of rank n — (g + 1) = n — 1 — g, whereas if B, # 0 and
we had eliminated 3, from the model, then the rank of I — Z'(ZZ’ y~1Z would have been
(n — 1) — g, that is, unchanged, since Z?zl(xj —x)?=X'[I- %JJ’]X, J =(,...,1)
and the rank of 1 — ,llJJ/ =n—1.

Some distributional assumptions on €; are required in order to test hypotheses on B.
Let €; ~ Ni(0, 02), o > 0, J = 1,...,n, be independently distributed. Then x; ~
Ni(B'Z js 0’2), j = 1,...,n are independently distributed but not identically distributed
as the mean value depends on j. Under the normality assumption for the €;’s, it can readily
be seen that the least squares estimators of 8 and o2 coincide with the maximum likelihood

. : . 2 . .
estimators. It can also be observed that o2 is estimated by -~ where n is the sample size.

In this simple linear regression context, the parameter space Q = {(8, 02)|oc? > 0}. Thus,
under the normality assumption, the maximum of the likelihood function L is given by

€

[T

n

max L = —.
s2]2

@ (2m)

NS IS

(vi)



Hypothesis Testing and Null Distributions 469

Under the hypothesis H, : B = Oor By = 0 = --- = B, the least squares minimum,
usually denoted as sg, is X'X and, assuming normality, the maximum of the likelihood
function under H, is the following:

e_%n%
max L = m - (vii)
H, (2m)2[s2]2
Thus, the A-criterion is
s maxpy, L [sz]g
- maxqL Ls2
X'l -2(zz)'71x
Y [ (ZZ)~Z]
X'X
B X'[I-2(ZzZ) 'z1x
X' -Z(ZZ)'Z1X + X'Z(Z2Z)"'ZX
1
= 6.10.6
s ( )
where
X'72(zzh)1zx 52— s?
uy (viii)

T X[ -27(2ZZ)ZIX T 2
with the matrices Z'(ZZ’)~'Z and I — Z'(ZZ')~' Z being idempotent, mutually orthog-
onal, and of ranks ¢ and (n — 1) — ¢, respectively. We can interpret sg — 52 as the sum of
squares due to the hypothesis and s as the residual part. Under the normality assumption,
s2—s2 and 52 are independently distributed in light of independence of quadratic forms that
was discussed in Sect. 3.4.1; moreover, their representations as quadratic forms in idem-
22
potent matrices of ranks g and (n — 1) — g implies that SOU—ZS ~ x§ and ;—22 ~ X(Zn_l)_ .
Accordingly, under the null hypothesis,
(55 —5)/q
Uy = — - ~ Fy n-1-g, (6.10.7)
s7/[(n — 1) —q]

that is, an F-statistic having g and n — 1 — g degrees of freedom. Thus, we reject H, for
small values of A or equivalently for large values of u; or large values of F, ,_1_,. Hence,
the following criterion:

Reject H,, if the observed value of up > Fy n1-¢ o, PriFy n—1—q = Fgn-1-q, o} =a.

(6.10.8)
A detailed discussion of the real scalar variable case is provided in Mathai and Haubold
(2017).
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6.10.2. Hypotheses on individual parameters

Denoting the expected value of (-) by E[(-)], it follows from (6.10.4) that

Elfl=(zZ) 'ZE(X)=(zZ)"'2Z'B =B, E[X]=Z'B, and
Cov(B) = (2Z") ' Z[Cov(X)1Z'(2Z") ™" = (22 ' Z(c* 1) Z'(2Z') !
=o2(zZH)7 "

Under the normality assumption on x;, we have ,3 ~ Ny(B, 02(ZZ")~Y). Letting the
(r, r)-th diagonal element of (ZZ' )~ ! be b,,, then ﬁr, the estimator of the r-th component
of the parameter vector g, is distributed as 8, ~ N1(B;, o2b,,), so that

A

IBr_,Br

o brr

~tai_g (6.10.9)

where 7,1, denotes a Student-¢ distribution having n — 1 — g degrees of freedom and

A 2 . . . . . .
62 = n_sl_q is an unbiased estimator for 2. On writing s? in terms of e, it is easily

seen that E[s?] = (n — 1 — q)a2 where s2 is the least squares minimum in the entire
parameter space €2. Thus, one can test hypotheses on §, and construct confidence intervals
for that parameter by means of the Student-¢ statistic specified in (6.10.9) or its square

tg_l_ p which has an F distribution having 1 and n — 1 — g degrees of freedom, that is,
2 ~
tn—l—q Fl,n—l—q-

Example 6.10.2. Let us consider a linear model of the following form:
yj :/30+51Z1j+"'+ﬁquj+€j, ]: 1,...,”,

where the z;;’s are preassigned numbers of the variable z;. Let us take n = 5 and g = 2,
so that the sample is of size 5 and, excluding B,, the model has two parameters. Let the
observations on y and the preassigned values on the z;’s be the following:

1= B, +B1(0) + B1(1) + e
2=8,+B1(1) + Ba(=1) + €2
4=+ p1(=1)+ B2(2) +e3
6 =P+ P1(2) + Pa(—2) +e4
7= Bo+ Bi1(=2) + B2(5) +e5.
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The averages on y, z; and z; are then

1 1

y:§[1+2+4+6+7]:4, 21=§[0+1+(—1)+2+(—2)]=0 and
1

2225[1+(—1)+2+(_2)+5]:1,

and, in terms of deviations, the model becomes

xj=yj—y=PB1@&1j —21) + Paz2j —22) T €j,€j=¢;j —e.

That is,
-3 0 0 €1
2 1 -2 €
0l=|-1 1 |:'31i|+ &a|l=>X=27Z8+e.
2 ) 3| LA €
3 -2 4 €5

When minimizing €'¢ = (X — Z'B8) (X — Z'B), we determined that B, the least squares
estimate of f, the least squares minimum s? and s> — s> = corresponding to the sum of
squares due to 8, could be express as
B=2zzh7'zx, s?—s>=X'7'(22)"'zX,
s> = X'[1 — Z'(2Z')"'Z1X and that
Zzzh) 'z=1z@zz) 'z’ 1-7'(zZ)'z=11 - Z(zZ) 'z,
(1 -2'(zz)'z11z'(zz) ' 7] = 0.

Let us evaluate those quantities:

o 1 -1 2 =2 , [ 10 =17
Z‘[o—z 1 -3 4]’22_[—17 30]’

- ~[30 17 w1 130 17
27| = 11, Cof(ZZ)_[” 10], Zz)" =117 10l

11|17 10/{0 =2 1 -3 4
_1[0—4—1398]

(ZZ’)—lzziPO 17][0 1 -1 2 —2]

b

~11l0 =3 -7 4 6
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p=(zz)'zx = L [
11

-3
0—4—1398]_3
0 -3 —7 4 6 )

3

_ L [507 _[Ai].
T 132] T B’
0 0
1 -2
_ 1 0 —4 —13 9 8
/ nN=1l—_ = | _
Z@zz)y'z=1 -1 1 [0 I, 6]
2 -3
|2 4
0 0 0 0 0
Lo 2 11 4
=<0 1 6 -5 -2
0 1 -5 6 -2
|0 4 -2 2 8
Then,
0 0 0 0 07[-3
1 0 2 1 1 —4|]|=2
X’Z’(ZZ’)_lzX:H[—S) 20230 1 6 -5 -2 0
0 1 -5 6 -2 2
0 -4 -2 -2 8 3
12
:—O, X/X:26,
11

, , 1 _ 120 166 ) _ .
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The test statistics #1 and u; and their observed values are the following:

X'z(zzh) 'zx 52 —s?
up = =
YT XM—z@zz) 71X 52
120 072
166 T
(s; —s%)
l/l2 = 2 - /q ~ Fq, n—l—q
s7/(n—1—¢q)
120/2
= 120/2 =0.72.
166/2
Letting the significance level be « = 0.05, the required tabulated critical value is

Fyn-1—q,a = F2,2, 005 = 19. Since 0.72 < 19, the hypothesis H, : B = O is not
rejected. Thus, we will not proceed to test individual hypotheses on the regression coeffi-
cients 81 and B,. For tests on general linear models, refer for instance to Mathai (1971).

6.11. Problem Involving Two or More Independent Gaussian Populations

Consider k independent p-variate real normal populations X; ~ N,(u), ¥), ¥ >
O, j =1,...,k, having the same nonsingular covariance matrix X' but possibly different
mean values. We consider the problem of testing hypotheses on linear functions of the
mean values. Let b = ajpuqy + -+ - + arpky where ay, ..., ag, are real scalar constants,
and the null hypothesis be H, : b = b, (given), which means that the a;’s and (;)’s,
Jj =1,...,k, are all specified. It is also assumed that X' is known. Suppose that simple
random samples of sizes ny, ..., ni from these k independent normal populations can be
secured, and let the sample valuesbe X;,, ¢ = 1,...,n;, where X, ..., X]-nj are 1id as

Np(ugy, ), ¥ > O. Let the sample averages be denoted by )_(j = % ZZ‘LI Xjg, ] =
1, ..., k. Consider the test statistic Uy = a1 X1 + - - - 4+ ax Xk. Since the populations are

independent and Uy is a linear function of independent vector normal variables, Uy is
normally distributed with the mean value b = aju (1) + - - - +ag k) and covariance matrix
,112, where % = (% + -4 %) and so, \/EZ_%(U/{ — b) ~ N,(O, I). Then, under the
hypothesis H, : b = b, (given), which is being tested against the alternative H; : b # b,,
the test criterion is obtained by proceeding as was done in the single population case. Thus,
the test statistic is z = n(Uy — b,)' X~ (U — b,) ~ X,z, and the criterion will be to reject
the null hypothesis for large values of the z. Accordingly, the criterion is

Reject H, : b = b, if the observed value of n(Uy — bo)/Z_] (U —by) = ng, o
with Prix> > x; o} =« (6.11.1)
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In particular, suppose that we wish to test the hypothesis H, : § = ) — n@) = o, such
as 8, = 0 as is often the case, against the natural alternative. In this case, when §, = 0,
the null hypothesis is that the mean value vectors are equal, that is, 1(1) = (), and the
test statistic is z = n(X; — X2)' X 1(X| — X») ~ X,z, with rll = % + % the test criterion
being

Reject H,, : w1y — 2y = 01if the observed value of z > Xﬁﬁ a
with Prix, > x; o) = a. (6.11.2)

For a numerical example, the reader is referred to Example 6.2.3. One can also determine
the power of the test or the probability of rejecting H, : § = pay — e = do,
under an alternative hypothesis, in which case the distribution of z is a noncen-
tral chisquare variable with p degrees of freedom and non-centrality parameter
A= %%(5 —8,)' X718 —8,), 8 = j(1) — 1(2), where n] and n; are the sample sizes.
Under the null hypothesis, the non-centrality parameter A is equal to zero. The power is

given by

Power = Pr{reject H,|Hi} = Priy,(\) = x; ,(L)}. (6.11.3)

When the population covariance matrices are identical and the common covariance matrix
is unknown, one can also construct a statistic for testing hypotheses on linear functions
of the mean value vectors by making use of steps parallel to those employed in the single
population case, with the resulting criterion being based on Hotelling’s 72 statistic for

testing H,, : H) = K©)-
6.11.1. Equal but unknown covariance matrices

Let us consider the same procedure as in Sect. 6.11 to test a hypothesis on a linear
function b = ajpuy + -+ + arpk) where ay, ..., a; are known real scalar constants
and (), j = 1,..., k, are the population mean values. We wish to test the hypothesis
H, : b = b, (given) in the sense all the mean values ), j =1,...,kanday, ..., a,
are specified. . Let Uy = a1 Xi; + - + ap X as previously defined. Then, E[Uy] = b
and Cov(Uy) = (ﬁ + -+ %)2, where (% + -+ %) = % for some symbol 7.
The common covariance matrix X' has the MLE m(& + -+ + Sk) where S; is the
sample sum of products matrix for the j-th Gaussian population. It has been established
that S = §; 4+ --- + S; has a Wishart distribution with (ny — 1) + --- 4+ (npy — 1) =
N —k, N =ny+---+ ng, degrees of freedom, that is,

ni

S~Wy(N—-k, %), ¥>0, N=n1+---+ng. (6.11.4)
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Then, when X' is unknown, it follows from a derivation parallel to that provided in Sect. 6.3
for the single population case that

N —k—

w = n(Uy — b)'S™ (U — b) ~ type-2 beta (% Tp> (6.11.5)
or, w has a real scalar type-2 beta distribution with the parameters (%, N_Tk_p). Letting
w = N+HF , this F is an F-statistic with p and N — k — p degrees of freedom.
Theorem 6.11.1. Let Uy, n, N, b, S be as defined above. Then w = n(Uy — by s—1
(Ux — b) has a real scalar type-2 beta distribution with the parameters (%, N_é{_p ).
Letting w = N_’Z_p F, this F is an F-statistic with p and N — k — p degrees of freedom.

Hence for testing the hypothesis H, : b = b, (given), the criterion is the following:

N —k—
Reject H, if the observed value of F = —pw > FyN—k—p, a> (6.11.6)
p

with Pr{Fy n_t—p = Fp N—k—p. o} = 0. (6.11.7)

Note that by exploiting the connection between type-1 and type-2 real scalar beta random
variables, one can obtain a number of properties on this F-statistic.

This situation has already been covered in Theorem 6.3.4 for the case k = 2.
6.12. Equality of Covariance Matrices in Independent Gaussian Populations

Let X; ~ Np(uy, Xj), ¥; > O, j = 1,...,k, be independently distributed
real p-variate Gaussian populations. Consider simple random samples of sizes ny, ..., ng
from these k populations, whose sample values, denoted by X ;,, ¢ = 1, ..., nj, are iid
as X1, j = 1,...,k. The sample sums of products matrices denoted by S, ..., S,
respectively, are independently distributed as Wishart matrix random variables with n; —
1, j =1,...,k, degrees of freedoms. The joint density of all the sample values is then
given by

_ nj o 1,5
e—%‘f@j YSH—F X =) T K=y

k
L=]]L;. L;= , (6.12.1)
j=1

the MLE’s of ;) and X' being u(y = )_(j and ﬁ‘j = nLij. The maximum of L in the

n;p n;j
Qr) T |%;|7

entire parameter space 2 is

k I:l_[];'=1 an]e_¥
mg?xL:Hmélej: - —, N =ny+ -+ ng. (1)
=1 Qm)2 [T 117
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Let us test the hypothesis of equality of covariance matrices:
HO:ZJl:Ez:---:Ek:E

where X' is unknown. Under this null hypothesis, the MLE of ;) is X j and the MLE of
the common X is +(S1 +---+S) = &S, N=n1+---+ng, S=S8;+---+ S Thus,
the maximum of L under H, is

Np Np Np
NP e F NTe_T
max L = 0 s (i)
Ho @m) 7 T, IS “en®ist
and the A-criterion is the following:
Np nj
N> {1—[];':1 1551 2’]}
A= o (6.12.2)
N -
NE VTR
Np
Let us consider the #-th moment of A for an arbitrary A. Letting ¢ = N - s
LA
nih
(st v}k
W= = M T s (6.12.3)
N j=1

The factor causing a difficulty, namely |S|™ E , will be replaced by an equivalent integral.
Letting Y > O be areal p x p positive deﬁmte matrix, we have the identity

1 —1
|S|_NTh _ / |Y|NT’1_—1 —tr(YS)dY Q{( ) > T S > 0, (6.12.4)

tr(YS) = tr(¥Y'Sy) + - - + tr (¥ Sp). (iii)

Thus, once (6.12.4) is substituted in (6.12.3), A" splits into products involving Si, j =
I,...,k; this enables one to integrate out over the densities of §;, which are Wishart
densities with m; = n; — 1 degrees of freedom. Noting that the exponent involving S; is
—%tr(Z‘j_lSj) —u(YS§;) = —%tr[Sj (Z‘j_1 + 2Y)], the integral over the Wishart density of
S gives the following:
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nih

1—[ 1 / |Sj|@+fT % —Luls;(z- 1+2Y)]dS,
'P
. g §;i>0

nj jo N ih

5 r,,( L Nz 2y (44

j=1 r (7-')|2-|7

k nih jh m;j nih
AT+ 28Y H+r mjoynn
2NTphl_[| | | |~ ( ) p(z 2). (iv)

511 23y g
><{]_[1 e }dY, (6.12.5)
]:

which is the non-null ~-th moment of A. The A-th null moment is available when »; =
- = X = X. In the null case,

k m; nh mj
H|I+2Y2j|—( -+ )|2| M
14 (%)
k m; nih
k| N Ip(5+-5)
— 15 +2r 3T ){HF—'"—’} )
L

Then, substituting (v) in (6.12.5) and integrating out over Y produces

) } (6.12.6)

ni—1
Ip(=5-)

h ok FP(NT_k) :
EDV'|Hyl = ¢ rp(¥+N—h>{H

Observe that when 7 = 0, E[kh|H0] = 1. For h = s — 1 where s is a complex parameter,

we have the Mellin transform of the density of A, denoted by f(A), which can be expressed
as follows in terms of an H-function:

1 A AT

f()\-) = E - p an_] H{C |:E‘(_

{ [Tj=1 Tp (=5 )} ’

N
0 » 7
k n

) :|, 0<A<l, (6.12.7)
+), j=l...k

5 ), J=L,...,

D= M\»
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and zero elsewhere, where the H-function is defined in Sect. 5.4.3, more details being
available from Mathai and Saxena (1978) and Mathai et al. (2010). Since the coefficients
of % in the gammas, that is, ny, ..., n; and N, are all positive integers, one can expand
all gammas by using the multiplication formula for gamma functions, and then, f(A) can
be expressed in terms of a G-function as well. It may be noted from (6.12.5) that for
obtaining the non-null moments, and thereby the non-null density, one has to integrate out
Y in (6.12.5). This has not yet been worked out for a general k. For k = 2, one can obtain
a series form in terms of zonal polynomials for the integral in (6.12.5). The rather intricate
derivations are omitted.

6.12.1. Asymptotic behavior

We now investigate the asymptotic behavior of —2InA asn; — oo, j =1,...,k,
N = nj; + --- 4 ng. On expanding the real matrix-variate gamma functions in the the
gamma ratio involving 4 in (6.12.6), we have

. k i—
[T5= (3 +h) =) l_[jzl{ F("’(1+h)———71)} 0
— - ) l
LG+ =5 LrGa+n-5-5h
excluding the factor containing . Letting %(l—i-h) —o00, j=1,...,k,and %(l—i-h) —
ocoasnj — o0, j=1,...,k, with N — 0o, we now express all the gamma functions in

(i) in terms of Sterling’s asymptotic formula. For the numerator, we have

[{ITr(Goen-3-5)

]:

,_‘
I
—

i

B i R

n;
Y+nyp—k_reth .
]2( I Y asmp

J:
k
J
= — h
U [2 1+ h)
— LN+t
=20 1(3)
j=1
X (14 ) TR (i)

_ pp+D) N
7 :|e—7(l+h)p
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and the denominator in (i) has the following asymptotic representation:

N _k_i
2(]+h) 2 26_%(1_’_]1)

2

i=1 i=

I’(g(l ) — g _ i) = ]ﬁ[(\/ﬂ)[%(l +h)]
1

r(p+1)

N _kp_

kp _ p(p+1)
4 .

% (1 _I_h)%(l'f‘h)p_j

(iif)

. ) _ i—1
Now, expanding the gammas in the constant part FP(NT]‘) / 1—[1;=1 Fp(n’T) and then tak-
ing care of ¢, we see that the factors containing 7, the n j’sand N disappear leaving

(1 + )~ G=DPEE

Hence —2InA — X(Zk 2D and hence we have the following result:
- 2

Theorem 6.12.1. Consider the A-criterion in (6.12.2) or the null density in (6.12.7).
When nj — oo, j = 1,...,k, the asymptotic null density of —2InA is a real scalar

chisquare with (k — l)w degrees of freedom.

Observe that the number of parameters restricted by the null hypothesis H, : ¥ =
-o. = Xy = X where X' is unknown, is (k — 1) times the number of distinct parameters
in X', which is w, which coincides with the number of degrees of freedom of the
asymptotic chisquare distribution under H,.

6.13. Testing the Hypothesis that £k Independent p-variate Real Gaussian Popula-
tions are Identical and Multivariate Analysis of Variance

Consider k independent p-variate real Gaussian populations X;; ~ N, D, %),
Yi > O0,i=1,...,k,and j = 1,...,n;, where the p x 1 vector X;; is the j-th
sample value belonging to the i-th population, these samples (iid variables) being of sizes
ni, ..., ng from these k populations. The joint density of all the sample values, denoted
by L, can be expressed as follows:

k mi =g Y X ) E (XK= )

T
i=1 i=1 (2m) 2| 2i]2

e 2T )= F Xi—u D) 57 Xi—p®)

Qn)7 | %7
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where X; = ;- (Xj1 4+ Xip), i = 1,..., k, and E[X;j] = u®, j=1,...,n;. Then,
letting N = ny + - - - + ng,

k ko 5 _mp

eI s Fy

Consider the hypothesis H,, : uh =...=py® =y » =...= 3, = %, where u
and X are unknown. This corresponds to the hypothesis of equality of these k populations.
Under H,, the maximum likelihood estimator (MLE) of w, denoted by ji, is given by
n= %[m)_{l + -+ ng Xz] where N and X; are as defined above. As for the common X,
its MLE is

k n
A 1 ‘ . R
Y= 2 2 Ky = Xy —
i=1 j=1
1 k
= IS4 Sk D onmi (X — X — ']
i=1

where S; is the sample sum of products matrix for the i-th sample, observing that

nj n;
DX - X - =) (X - Xi+ Xi — D) (Xij — Xi + X; — )
j=1 j=1
nj n;
=Y (Xij — X0(Xij = X)) + Y (X = D(X; — )
j=1 j=1
=S +niXi — DX — ).

Hence the maximum of the likelihood function under H, is the following:

e_¥N¥
max L = T P — — ~
Ho Qr) 2SS+ i (X — W (X; — @)')2
where S = §1 + - - - + Sk. Therefore the A-criterion is given by
k nj Np
S 2N 2
A= —Ho JISILIEY . (6.13.1)

np
2

= A~ = A~ N
MaxXe T n 2 NS + 2 (X — (X — )2
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6.13.1. Conditional and marginal hypotheses

For convenience, we may split A into the product LA, where A is the A-criterion for
the conditional hypothesis Hy; : uV =-.. = u® = pgiventhat &) = ... = 5, = X
and X, is the A-criterion for the marginal hypothesis Hy : X) = --- = X} = X where
w and X are unknown. The conditional hypothesis H, is actually the null hypothesis
usually being made when establishing the multivariate analysis of variance (MANOVA)
procedure. We will only consider H,; since the marginal hypothesis H,; has already been
discussed in Sect. 6.12. When the X;’s are assumed to be equal, the common X' is esti-
mated by the MLE %(S 1+ .-+ Sk) where S; is the sample sum of products matrix in
the i-th population. The common p is estimated by %(nl)_( | + -+ 4+ ngXp). Accordingly,
the A-criterion for this conditional hypothesis is the following:

NE

A= P — —— —
1S4+ 2o ni(Xi — W (Xi — )'12

(6.13.2)

where $ = S + -+ + S, A = v X + - +mX), N = nj + - + ng. Note
that the S;’s are independently Wishart distributed with n; — 1 degrees of freedom, that is,

s, Wy —1, X), i =1,...,k,and hence S ~ W,(N — k, X).Let

k
0=> m(X;i— )X - p).
i=1

Since Q only contains sample averages and the sample averages and the sample sum of
products matrices are independently distributed, Q and S are independently distributed.
Moreover, since we can write X; — [ as (X; — u) — (ft — ), where p is the common true
mean value vector, without any loss of generality we can deem the X;’s to be independently
N, (O, nliE) distributed, i = 1, ..., k, and letting ¥; = \/n_i)_(i, one has Y; i N,(0, %)
under the hypothesis H,1. Now, observe that

) 1 - )
Xi_,Uv:Xi_N(nIXl‘i""‘i‘nka)

ni g ni—1 g ni\ g ni+1 5 ng -
Ry e M (12 )R,
N 1 N i—-1+ N
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k
Q=> mXi— )X — )
i=1
k - -
= ZniXin{ —N,ll/l/ (ii)
i=1

k
1
= ZYiYi/ - N(\/”HYI + - Y)Y+ )
i=1

where \/n1Y1 + - -+ /n Yy = (Y1, ..., Yix) DJ with J being the k x 1 vector of unities,
J'=(,...,1),and D = diag(,/ny, ..., o/nx). Thus, we can express Q as follows:

1
Q:(Yl,...,Yk)[I—NDJJ’D](Y1,...,Y/<)/. (iii)

Let B = %DJJ/D and A = I — B. Then, observing that J'D?>J = N, both B and
A are idempotent matrices, where B is of rank 1 since the trace of B or equivalently
the trace of %J 'D?J is equal to one, so that the trace of A which is also its rank, is
k — 1. Then, there exists an orthonormal matrix P, PP’ = I, P'P = I, such that

/ Ik—l 0
A:P[a 0
(Uy,...,U) = (Y1,..., )P, the U;’s are still independently N,(O, ¥) distributed
under H,;, so that

:| P where O is a (k — 1) x 1 null vector, O’ being its transpose. Letting

Ii_1 O
Q=U,...,Up [ ko/l O](Ul,---,Uk)/z U1, ...,Uk—1, O)(Uy, ..., Uk_1, O)

k—1
=) UU ~Wyk -1, X). (iv)
i=1

Thus, S+ Zle ni(Xi— ) (Xi =) ~ W,(N —1, X), which clearly is not independently
distributed of §, referring to the ratio in (6.13.2).

6.13.2. Arbitrary moments of X
Given (6.13.2), we have

NEi ok e
M=———— =M =187 1S+ 072 )
S+ 012
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where |S 4 Q| —%" will be replaced by the equivalent integral

S+ 017% =

Nh +1
- / 7| e (ST g (vi)
F( ) T>0

with the p x p matrix T > O. Hence, the h-th moment of A, for arbitrary £, is the
following expected value:

E[M'\Hyl = E{|S|'7|S+ Q7). (vii)

We now evaluate (vii) by integrating out over the Wishart density of S and over the joint
multinormal density for Uy, ..., Ux_1:

E[MHp] =
p _) T>0
N k p+1 1 —1
S = o= gtr(Z 71 8)—t(ST)
fS>0| | dS

)Izli
—72’4‘ ‘UE =y lwruu)
e 2 i=1 ~i v i=1 ¥
X /
Ui Uk—1

dU; /\.../\dUk_l AdT.

(k= 1)P

,,,,,, em) 22T
The integral over S is evaluated as follows:

J 0|S|* + A (D TN(S42TS))
>

ds
2" (85 by 2|
N k Nh
h + _
:2%|2|”2’ S (N ; )|I+2ET|_(NTh+NTk) (viii)
for I+2XT > O, gh(N—k-i—Nh) 2=1 The integral over Uy, ..., Ux_1 is the following,

denoted by §:

dU; A ... AdU—

k— )p

e 1 Xisi U/ X Ui—u (T TUU))
6= )
Ur,....Uk—1 2m) |22

where

k—1 k—1 k—1
tr(Z TU, U;) - tr(z U;TU,-) =Y vty
i=1 i=1 i=1
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since Ui/ T U; is scalar; thus, the exponent becomes —% Zf:—ll Ui/ [X~! 4+ 2T]U; and the
integral simplifies to

S=|I+25T|"' 7, I+2XT > O. (ix)
Now the integral over T is the following:
L / T 4 25T
FP(T) T>0
r,(NE 21 b N—k Nh —1
L e e LI B H (G A O e
(7 + 5+ 2 2 2

Therefore,

r
E\MH, ) = (6.13.3)

for RATE 4 My 5 2oL
6.13.3. The asymptotic distribution of —21n A
An asymptotic distribution of —21InXi; as N — oo can be derived from (6.13.3). First,

on expanding the real matrix-variate gamma functions in (6.13.3), we obtain the following
representation of the /-th null moment of Ay:

Pop(N=k k1L
ERHal = | [~ 22— 2
j=1
X“ﬁ[ ra+mn-%5- 44 |

r&a+mn-5+5 - ShHl

(xi)

j=1

Let us now express all the gamma functions in terms of Sterling’s asymptotic formula by
taking % — 00 in the constant part and %(1 + h) — o0 in the part containing /. Then,

r§a+m-45-19 N Qm): A+ )70 Fa+h

FEC+n -5+ =15 Qo2 (X 4+ m T3+~ 3 (00
- (xii)
=T e Xii
X1 +m17
r ket ol N &L
(2 2 k2 ._12)_) _) 2 . (i)
ry k& _ izl 2
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Hence,
—1)

EQMHpl — (1 + k)~ 7% as N — oo. (6.13.4)

Thus, the following result:

Theorem 6.13.1. For the test statistic A given in (6.13.2), —2In Ay — X(Zk—l)p’ that is,
—21In Ay tends to a real scalar chisquare variable having (k — 1) p degrees of freedom as
N — oo with N = ny + -+ + ng, nj being the sample size of the j-th p-variate real
Gaussian population.

Under the marginal hypothesis Hy; : X = --- = X; = X where X is unknown,
the A-criterion is denoted by Aj, and its #-th moment, which is available from (6.12.6) of
Sect. 6.12, is given by

_ i—1 ih
L5H (i e+ )

Fp(*55 + 5 { ,Ul (M)

EMHp) = (6.13.5)

for .‘R(njz_l + %) > PT_], j = 1,..., k. Hence the h-th null moment of the A criterion
for testing the hypothesis H, of equality of the k independent p-variate real Gaussian
populations is the following:

EMYH,] = EDMHEV H o)

_ FP(NTk"‘% nl o o=+ 55)
~  (NE Nk | k-1 ¢ 1—[ Py (6.13.6)
p(T T ) i L(E)
nj—1 n;h p—1 . )
for 3i( ) > 5, )= 1,...,k, N =ny+---+ ng, where c is the constant

associated with the #-th moment of A;. Combining Theorems 6.13.1 and Theorem 6.12.1,
the asymptotic distribution of —2 In A of (6.13.6) is a real scalar chisquare with (k — 1) p +
(k — l)w degrees of freedom. Thus, the following result:

Theorem 6.13.2. For the \-criterion for testing the hypothesis of equality of k indepen-
dent p-variate real Gaussian populations, —2In A — ng v=(k—1)p+ (k— l)w
asnj —> o0, j=1,...,k

Note 6.13.1. Observe that for the conditional hypothesis H,; in (6.13.2), the degrees of
freedom of the asymptotic chisquare distribution of —21InA; is (k — 1) p, which is also
the number of parameters restricted by the hypothesis H,. For the hypothesis H,,, the
corresponding degrees of freedom of the asymptotic chisquare distribution of —21n X, is
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(k— 1)@, which as well is the number of parameters restricted by the hypothesis H,».
The asymptotic chisquare distribution of —2In A for the hypothesis H, of equality of k
independent p-variate Gaussian populations the degrees of freedom is the sum of these
two quantities, that is, (k — 1)p 4 (k — D22 — p(k — 1) 28D which also coincides
with the number of parameters restricted under the hypothesis H,,.

Exercises

6.1. Derive the A-criteria for the following tests in a real univariate Gaussian population
Ni(u, 02), assuming that a simple random sample of size n, namely xi, ..., x,, which
are iid as Ny (u, 02), is available: (1): W = [, (given), o2 is known; (2): nw = o, o?
unknown; (3): 6% = 002 (given), also you may refer to Mathai and Haubold (2017).

In all the following problems, it is assumed that a simple random sample of size n is
available. The alternative hypotheses are the natural alternatives.

6.2. Repeat Exercise 6.1 for the corresponding complex Gaussian.

6.3. Construct the A-criteria in the complex case for the tests discussed in Sects. 6.2—6.4.

6.4. In the real p-variate Gaussian case, consider the hypotheses (1): X is diagonal or
the individual components are independently distributed; (2): The diagonal elements are
equal, given that X' is diagonal (which is a conditional test). Construct the A-criterion in
each case.

6.5. Repeat Exercise 6.4 for the complex Gaussian case.

6.6. Let the population be real p-variate Gaussian N,(u, X), X = (0;;) > O, p' =

(41, ..., p). Consider the following tests and compute the A-criteria: (1): 077 = --- =
Opp = o2, o j=vforalliand j, i # j.Thatis, all the variances are equal and all the
covariances are equal; (2): In addition to (1), w1 = pup = --- = p or all the mean values

are equal. Construct the A-criterion in each case. The first one is known as L, criterion
and the second one is known L,,,. criterion. Repeat the same exercise for the complex
case. Some distributional aspects are examined in Mathai (1970b) and numerical tables
are available in Mathai and Katiyar (1979b).

6.7. Let the population be real p-variate Gaussian N,(u, X), X > O. Consider the
hypothesis (1):

a b b --- b

b ab --- b
Y=1. . .|,a#0,b#0, a+#b.
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(2):
ap by --- b a by - b
i Zo by ay --- by by ap --- by
E: E = , E =
[221 222] N B 2T
bl bl -eay b2 b2 cee o an

where aj 75 0, ay 75 O, bl 75 0, b2 75 0, al 75 bl, a) 75 bz, 212 = Eél and all the
elements in X'1» and X5 are each equal to ¢ # 0. Construct the A-criterion in each case.
(These are hypotheses on patterned matrices).

6.8. Repeat Exercise 6.7 for the complex case.

6.9. Consider k independent real p-variate Gaussian populations with different parame-
ters, distributed as N,(M;, ¥;), X; > O, M;. = (U1j,..., Mpj), j =1,...,k. Con-
struct the A-criterion for testing the hypothesis X; = --- = X} or the covariance matrices
are equal. Assume that simple random samples of sizes ny, .. ., nj are available from these
k populations.

6.10. Repeat Exercise 6.9 for the complex case.

6.11. For the second part of Exercise 6.7, which is also known as Wilks’ L,,,. criterion,
2
show that if u = A» where A is the likelihood ratio criterion and n is the sample size, then

_ 151 (i

[s + (p S i (B = )2
Where S = (sij) is the sample sum of products matrix, § = Zl | Siiy S1 =
_1) 217&] | Sijs X = —Zl L Xis X o= ZZ;MH« For the StatIStIC u in (i), show

that the /-th null moment or the 4-th moment When the null hypothesis is true, is given by
the following:

(it)

E[u"|H,] :]_[ —

Write down the conditions for the existence of the moment in (ii). [For the null and non-
null distributions of Wilks’ L,,,. criterion, see Mathai (1978).]
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6.12. Let the (p + g) x 1 vector X have a (p + g)-variate nonsingular real Gaussian
distribution, X ~ Np,4(u, ), ¥ > O. Let

DI D))
> =
= )

where X' is p x p with all its diagonal elements equal to o,, and all other elements equal
to 0,447, 27 has all elements equal to 0,5, X3 has all diagonal elements equal to o, and all
other elements equal to o3y Where o4y, 04q’, Opp, Opp are unknown. Then, X is known as
bipolar. Let A be the likelihood ratio criterion for testing the hypothesis that X' is bipolar.
Then show that the /-th null moment is the following:

I—v[(61—1)2(”—1)]1—‘[(17—1)("—1)]
Il(p— D +5H1rg — D+ 551
ptq— 3F[h+——l]

X ]_[ 2

where 7 is the sample size. Write down the conditions for the existence of this /-th null
moment.

EDMHE=1(p — DN g — D]

;_i
2 2]

6.13. Let X be m x n real matrix having the matrix-variate Gaussian density

f(X) = 1 _e — (2N (X -M) (X~ M5 0.
27 2|2

Letting S = X X', S is a non-central Wishart matrix. Derive the density of S and show that
this density, denoted by f;(S), is the following:

n__ m+l

1
[s(8) = ———|S|2
I (£)|2E|7

—lu(z-ls)

1
X oF r1s
oF1(; 37 )
where Q2 = %M M'>71 is the non-centrality parameter and oF; is a Bessel function of
matrix argument.

6.14. Show that the /#-th moment of the determinant of S, the non-central Wishart matrix
specified in Exercise 6.13, is given by

n

hy _
EUSI = rpRx 2’2
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where | F] is a hypergeometric function of matrix argument and €2 is the non-centrality
parameter defined in Exercise 6.13.

6.15. Letting v = A7 in Eq. (6.3.10), show that, under the null hypothesis H,, v is

distributed as a real scalar type-1 beta with the parameters (”—51, %) and that "AIL;,XS)XA is

real scalar type-2 beta distributed with the parameters (%, %).

6.16. Show that for an arbitrary £, the 2-th null moment of the test statistic A specified in
Eq. (6.3.10) is

rest+4  ro Ry > "1
resh  réG+4)

E[\"|H,) =
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