Chapter 5 ®)
Matrix-Variate Gamma and Beta Distributions Checfor

5.1. Introduction

The notations introduced in the preceding chapters will still be followed in this one.
Lower-case letters such as x, y will be utilized to represent real scalar variables, whether
mathematical or random. Capital letters such as X, Y will be used to denote vector/matrix
random or mathematical variables. A tilde placed on top of a letter will indicate that the
variables are in the complex domain. However, the tilde will be omitted in the case of con-
stant matrices such as A, B. The determinant of a square matrix A will be denoted as |A|
or det(A) and, in the complex domain, the absolute value or modulus of the determinant of
B will be denoted as |det(B)|. Square matrices appearing in this chapter will be assumed
to be of dimension p x p unless otherwise specified.

We will first define the real matrix-variate gamma function, gamma integral and
gamma density, wherefrom their counterparts in the complex domain will be developed. A
particular case of the real matrix-variate gamma density known as the Wishart density is
widely utilized in multivariate statistical analysis. Actually, the formulation of this distri-
bution in 1928 constituted a significant advance in the early days of the discipline. A real
matrix-variate gamma function, denoted by I', (), will be defined in terms of a matrix-
variate integral over a real positive definite matrix X > O. This integral representation
of I',(a) will be explicitly evaluated with the help of the transformation of a real positive
definite matrix in terms of a lower triangular matrix having positive diagonal elements in
the form X = TT’ where T = (t;;) is a lower triangular matrix with positive diagonal
elements, thatis, ;; =0, i < jandt;; >0, j=1,..., p. When the diagonal elements
are positive, it can be shown that the transformation X = TT’ is unique. Its associated
Jacobian is provided in Theorem 1.6.7. This result is now restated for ready reference: For
a p x p real positive definite matrix X = (x;;) > O,
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X=TT =dX =2" Hz”“ Var (5.1.1)
j=1
where T = (3;;), t;; =0, i < jand t;; >0, j = 1,..., p. Consider the following

integral representation of I, () where the integral is over a real positive definite matrix X
and the integrand is a real-valued scalar function of X:

Fy(a) = / X%~ e X gy, (5.1.2)
X>0

Under the transformation in (5.1.1),

p p
X175 ax = {[Tugp 5 2 L5
J: :

= 27| ]—[(t}j)a—%}dT
j=1

Observe that tr(X) = tr(T'T’) = the sum of the squares of all the elements in 7', which is

1
2 2 1,51 .
Ry +Zz>]t By letting t;; = y; = dtj; = 3y; dy;, noting that ¢;; > 0, the
integral over ¢;; gives

= 2 i1 1
2/0 (13)% Fe " dt,-jzr(a—]T), m(a—]T)>o, j=1.....p,

the final condition being N () > pT_l. Thus, we have the gamma product I' (@) (¢ —
%) I — pT_l). Now fori > j, the integral over #;; gives

H/ ?jdtijzl_[ﬁ:nw_

i>] i>]
Therefore
F(a)—np(p4_) (oz—l) F(oz—p_l) ‘R(oz)>p_1
P 2 2 2
—1
:/ X5 e Xdx, f) > L (5.1.3)
X>0 2
For example,
@0 1 1 1 1
In(e) =74 F(a)F(a—E):nZF(a)F(a—E), ?R(oz)>§.
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This I', («) is known by different names in the literature. The first author calls it the real
matrix-variate gamma function because of its association with a real matrix-variate gamma
integral.

S5.1a. The Complex Matrix-variate Gamma

In the complex case, consider a p x p Hermitian positive definite matrix X=X*">o0,
where X* denotes the conjugate transpose of X. Let T = (7; ) be a lower triangular matrix
with the diagonal elements being real and positive. In this case, it can be shown that the
transformation X = T T* is one-to-one. Then, as stated in Theorem 1.6a.7, the Jacobian is

sz(” DT (5.1a.1)

With the help of (5.1a.1), we can evaluate the following integral over p x p Hermitian
positive definite matrices where the integrand is a real-valued scalar function of X. We
will denote the integral by I',(«), that is,

() = / |det(X)|*Pe X qx . (5.1a.2)
X>0

Let us evaluate the integral in (5.1a.2) by making use of (5.1a.1). Parallel to the real case,
we have

<

)4
det(X)[*~PdX = ]_[ )@ =r)op| ]_[ P

14
H 2(3)* 2 )T

As well,
e_tr(X) — j 1/j Zl>j |tl] X

Since ¢; is real and positive, the integral over t;; gives the following:
) 5 il g2
2/0 (tjj)"‘ ItreTlidtjj =T —(G—1), Ma—(G—1)>0, j=1,...,p,

the final condition being ‘R(a) > p — 1. Note that the absolute value of 7;;, namely, |7/
is such that |fij| = tlzj1 + 12 where tij = tij1 + itijp with 1,1, t;j» real and i = /(—1).
Thus,

pp=1
H/ / U di A diyjn = [[r=r"7"

i>] i>j

ij2
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Then

- . oo —1
@) = / |det(X)|* Pe” " XdX, R(w) > pT, (5.1a.3)
X>0

rp—1

= 2 ') l'(a—1)---T'la—(p—1)), RNa) >p—1.

We will refer to fp (o) as the complex matrix-variate gamma because of its association
with a complex matrix-variate gamma integral. As an example, consider

@) =73 Tl a—1) =2l @) (@—1), Ra) > 1.

5.2. The Real Matrix-variate Gamma Density

In view of (5.1.3), we can define a real matrix-variate gamma density with shape pa-
rameter « as follows, where X is p x p real positive definite matrix:

1 a—E2 _r(X) n p—1
fi(X) = {Fpm)'X' e L X > 0, M) > 5 (5.2.1)

0, elsewhere.

Example 5.2.1. Let

X:[xll XIZ]’Xz[ . xz+ly2],X=X’>0,5(=5f*>0’
X12 X272 X2 —1y2 X3

where x11, X12, X22, X1, X2, Y2, x3 are all real scalar variables, i = +/(—1), x2» >
0, x11x22 — xlz2 > (0. While these are the conditions for the positive definiteness of the real
matrix X, x; > 0, x3 > 0, x1x3 — (x% + y%) > 0 are the conditions for the Hermitian
positive definiteness of X. Let us evaluate the following integrals, subject to the previously
specified conditions on the elements of the matrix:

() : & :/ e_(x”+x22)dx11 Adxip A dxap
X>0

(%:82=/‘ e~ e A dxs + i) A dos

X>0

(%1&=/,|MfmﬁW®mAMqum
X>0

4): 84 = / |det(X)|2e~ 1) dx; A d(xz + iya) A dxs.
X>0
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Solution 5.2.1. (1): Observe that §; can be evaluated by treating the integral as a real
matrix-variate integral, namely,

1 3 3
81 = / 1X (@55 e dX with p = 2, ptl_ a=-,
X>0 2 2 2

and hence the integral is
NG/2) =7 T rG3/2)rd) =x"21/2ra72) ==

This result can also be obtained by direct integration as a multiple integral. In this case,
the integration has to be done under the conditions x;; > 0, x22 > 0, x11x22 — x122 >
0, that is, x122 < X11X22 OF —/X11X22 < X12 < ./X11x22. The integral over xi, yields
f VIR x12 = 2./X11%22, that over x; then gives

x11x2

o0 oo §_1 1
2/ x11e Mdxy = 2/ x121 e "Mdxy =2I'(3/2) =mn2,
x11=0 0

and on integrating with respect to x», we have

so that §; = %ﬁ\/_ = Z.

(2): On observing that 6, can be viewed as a complex matrix-variate integral, it is seen that

8y = / det(X) > 2e~"® dX = [0Q) =7 2 Q) = 7.
X>0

This answer can also be obtained by evaluating the multiple integral. Since X > O, we
2 2
have x; > 0, x3 > 0, x1x3 — ()c2 +y2) > 0, that is, x| > (x%jz)
@3+y3)
X3

. Integrating first with

respect to x; and letting y = x| — , we have

o0 (x%-‘ry%) (x2+\2)

—X1 Y% X

dx; = e 3 dy=-e 3.

(x2+ )
1 =!

X 5 y=0

Now, the integrals over x; and y, give

)

}.2
/ iy, — f/ ~Cdy = Jr5 /7 and / e R dy, = ST,

—00
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that with respect to x3 then yielding
o0
/ xze Bdx3=I2) =1,
0

so that 8, = (1)y//T = 7.

(3): Observe that §3 can be evaluated as a real matrix-variate integral. Then

: 13
5y = / 1X|e~U0dx = / X det®gx with PE0 22 4 p =2
X>0 X>0 2 2

=15(5/2) = nyr(s/z)r@/z) — 72(3/2)(1/2)7 (1)

3
= —7.
4

Let us proceed by direct integration:

83 = / [x11x22 — xlzz]e_(x11+x22)dx11 A dxio A dxop
X>0

2

X _

= / xzz[xn — ﬁ]e (x11+x22)dxl1 A dxia A dxoo;
X>0 X22

2
letting y = x11 — %, the integral over x11 yields

2

X%Z —X > - —i —L2
2 [xn - —}e Hdxyy = ye & dy=¢ 2.
X *12 y

II>E x22 :0

Now, the integral over x| gives /X22./7 and finally, that over x,, yields
3 3
/ xzzze 2dxy = I'(5/2) = (3/2)(1/2)J/7 = Zn,
x22>0
(4): Noting that we can treat §4 as a complex matrix-variate integral, we have
84 = f det(X) e~ "X qx = / det(X)|* 2 "N dX = [H@4), a =4, p=2,
X>0 X>0

=2 T G) =7(3)Q2) = 127

Direct evaluation will be challenging in this case as the integrand involves |det(X)|2.
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If a scale parameter matrix B > O is to be introduced in (5.2.1), then consider
tr(BX) = tr(B%X B %) where B 3 is the positive definite square root of the real posi-
tive definite constant matrix B. On applying the transformation ¥ = B2XB? = dX =
|B|_de, as stated in Theorem 1.6.5, we have

/ |X|a—%e—tr(BX)dX :/ |X|a—"T+'e—tr(B%XB%) dx
X>0 X>0

— |B|—d/ |Y|0t—pT+le—tI‘(Y)dY
Y>0
= |B| Iy (@). (5.2.2)

This equality brings about two results. First, the following identity which will turn out to
be very handy in many of the computations:
1 —1
1B = IX[@ et BXgX B> 0, Ra) > . (5.2.3)
Ip(e) Jx=0 2

As well, the following two-parameter real matrix-variate gamma density with shape pa-
rameter o and scale parameter matrix B > O can be constructed from (5.2.2):

o 1
B | x|~ et BN X > 0, B> 0, Ra) > 251

f(X) = {F p(@) (5.2.4)

0, elsewhere.
5.2.1. The mgf of the real matrix-variate gamma distribution

Let us determine the mgf associated with the density given in (5.2.4), that is, the two-
parameter real matrix-variate gamma density. Observing that X = X', let T be a symmet-
ric p x p real positive definite parameter matrix. Then, noting that

p
tr(TX):leijj-l-zZlijxij, (i)
=1

i>j

it is seen that the non-diagonal elements in X multiplied by the corresponding parame-
ters will have twice the weight of the diagonal elements multiplied by the corresponding
parameters. For instance, consider the 2 x 2 case:

r 11 2| |xXn X2 —1r tixi + tizxnz o]
1o | |X12 x22 (0% toXx12 + 12x22

= H1x11 + 2t12x12 + 10x22 (i1)
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where o) and « represent elements that are not involved in the evaluation of the trace.
Note that due to the symmetry of 7 and X, 1 = t;p and x3; = x12, so that the cross
product term #12x17 in (ii) appears twice whereas each of the terms #11x; and t22x72 appear
only once.

However, in order to be consistent with the mgf in a real multivariate case, each
variable need only be multiplied once by the corresponding parameter, the mgf be-
ing then obtained by taking the expected value of the resulting exponential sum. Ac-
cordingly, the parameter matrix has to be modified as follows: let ,T = (4#;;) where
«ljj = tjj, «tij = %t,-j, i # j,and t;; = tj; for all i and j or, in other words, the
non-diagonal elements of the symmetric matrix 7 are weighted by %, such a matrix being
denoted as . T. Then,

tr(;TX) = Zfijxij,
i,J

and the mgf in the real matrix-variate two-parameter gamma density, denoted by Mx (. T),
is the following:

Mx (. T) = E[e"¢:T%)]

o

Ip(er) Jx=o0

Now, since
1 1
tr(BX — ,TX) =tr((B— 4T)2X(B — ,T)?)

for (B — ,T) > O, thatis, (B — ,T)? > O, which means that ¥ = (B — ,T)2X (B —
1
T)? = dX = |B — . T)|~*>)dY, we have
|B|*

I'y(@) Jxso
B« X
= | | |B _ *T|_a/ |Y|Ol—%e—tr(Y)dY
Fp(a) Y>0
= |B|*|B — T “

=1l - B L T|™ forI — B~'.,T > 0. (5.2.5)

When .. T is replaced by —, T, (5.2.5) gives the Laplace transform of the two-parameter
gamma density in the real matrix-variate case as specified by (5.2.4), which is denoted by
L¢(+T), that is,

Li(+T) = Mx(—+T) = |l + B"',T|™ for I + B,T > 0. (5.2.6)
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For example, if

x — [¥u e B = 2 -1 and T = «f11 «12 ’
X12 X2 -1 3 «f12 xl22
then |B| = 5 and

2—uty —l—upn |7
—1 =ty 33—t
= 592 — o113 — st22) — (1 + 4112)*} 7%

If T is partitioned into sub-matrices and X is partitioned accordingly as

T T X X
* |:*T21 «T X1 X2 )

Mx(T) = |B|*|B —,T|™* =5“

where .71 and X1y are r x r, r < p, then what can be said about the densities of the
diagonal blocks X; and X72? The mgf of X1 is available from the definition by letting
«T1p =0, ,Try = O and ,Ty = O, as then E[e"TX)] = E[ e"¢T1uX1)] However,
B~1.T is not positive definite since B~1.T is not symmetric, and thereby I — BT
cannot be positive definite when .7, = O, T = O, Ty = O. Consequently, the
mgf of X1 cannot be determined from (5.2.6). As an alternative, we could rewrite (5.2.6)
in the symmetric format and then try to evaluate the density of X1;. As it turns out, the
densities of X1; and X, can be readily obtained from the mgf in two situations: either
when B = I or B is a block diagonal matrix, that is,

Biy O ., [B7' o _
B = B! =|"1 .
[ 0 Bzz] - [ 0 By ®)

Hence we have the following results:

Theorem 5.2.1. Let the p x p matrices X > O and T > O be partitioned as in (iii).
Let X have a p x p real matrix-variate gamma density with shape parameter o and scale
parameter matrix I,. Then X1 has an r X r real matrix-variate gamma density and X»
has a (p — r) x (p — r) real matrix-variate gamma density with shape parameter o and
scale parameters I, and I, ,, respectively.

Theorem 5.2.2. Let X be partitioned as in (iii). Let the p X p real positive definite
parameter matrix B > O be partitioned as in (iv). Then X11 has an r X r real matrix-
variate gamma density with the parameters (« and B1y > O) and X2 has a (p —r) X
(p — r) real matrix-variate gamma density with the parameters (« and By; > O).
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Theorem 5.2.3. Let X be partitioned as in (iii). Then X1, and X»; are statistically inde-
pendently distributed under the restrictions specified in Theorems 5.2.1 and 5.2.2.

In the general case of B, write the mgf as Mx (,T) = |B|*|B — «T|™%, which corre-
«T11 O

sponds to a symmetric format. Then, when , 7 = o ol

By — Ty Bp|™
B B2

= |B|*|Bxn|"*|Bi1 — «T11 — Bi2By,' Bat| ™

= |Bx|*|B11 — B12B5, B21|%1Bxn|™|(Bi1 — Bi2By,' Bar) — T 11| ™

= |B11 — B12By,' B21|*|(B11 — B12B3, Bar) — «T11]7°,

MX(*T) = |B|a

which is obtained by making use of the representations of the determinant of a partitioned
matrix, which are available from Sect. 1.3. Now, on comparing the last line with the first
one, it is seen that X1 has a real matrix-variate gamma distribution with shape parameter
« and scale parameter matrix By — 81232_21 B»1. Hence, the following result:

Theorem 5.2.4. Ifthe p X p real positive definite matrix has a real matrix-variate gamma
density with the shape parameter a and scale parameter matrix B and if X and B are
partitioned as in (iii), then X11 has a real matrix-variate gamma density with shape pa-
rameter o and scale parameter matrix By, — B1232_21 B»1, and the sub-matrix X»> has a
real matrix-variate gamma density with shape parameter o and scale parameter matrix
By — 32131_11312-

5.2a. The Matrix-variate Gamma Function and Density, Complex Case

Let X = X* > Obea p x p Hermitian positive definite matrix. When X is Her-
mitian, all its diagonal elements are real and hence tr(X ) is real. Let det(f( ) denote the
determinant and | flet(f( )| denote the absolute value of the determinant of X. As a result,
|det(X)|¢P e "X is a real-valued scalar function of X. Let us consider the following
integral, denoted by fp (a):

Fy(a) = / Idet(X)|@P et g%, (5.2a.1)
X>0

which was evaluated in Sect. 5.1a. In fact, (5.1a.3) provides two representations of the
complex matrix-variate gamma function I', (). With the help of (5.1a.3), we can define
the complex p x p matrix-variate gamma density as follows:
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1 TV [E—pa—tr(X) ¥ y —

I —— |det(X)|¥ " Pe , X > 0, Ra) > 1

fiX) = @ P (5.2a.2)
0, elsewhere.

For example, let us examine the 2 x 2 complex matrix-variate case. Let X be a matrix in

the complex domain, X denoting its complex conjugate and X*, its conjugate transpose.
When X = X*, the matrix is Hermitian and its diagonal elements are real. In the 2 x 2
Hermitian case, let

7= X1 X2 +1y2 :)}: X1 X211y
X2 —1y2 X3 X2 +1y2 X3

] Lo %
Then, the determinants are

det(X) = x1x3 — (x2 — iy2)(xa + iy2) = x1x3 — (x5 + y3)
= det(X*), x1 >0, x3 >0, x1x3 — (x3 4+ ¥3) > 0,

due to Hermitian positive definiteness of X. As well,
det(X)] = +[(det(X) (det(X*)]? = xix3 — (3 + ¥3) > 0.

Note that tr(f() = x1 + x3 and fz(cx) = nyl“(a)l“(a — 1), Na) > 1, p = 2. The
density is then of the following form:

~ 1 ~ 5
X) = _ d X a—2 _ —tr(X)
J1(X) Fz(oz)l et(X)[" e

1
T Al (@ —1)

[x1x3 — (x5 + y3)]%2e~ (1)

forx; >0, x3 >0, x1x3 — (x% + y%) > 0, N(x) > 1, and f; ()~() = 0 elsewhere.

Now, consider a p x p parameter matrix B > O. We can obtain the following identity
corresponding to the identity in the real case:

~ 1 ~ oy~

|det(B)| ™ = — / |det(X)|*Pe” "BXGX R(w) > p— 1. (5.2a.3)
I p (Oé ) X>0

A two-parameter gamma density in the complex domain can then be derived by proceeding

as in the real case; it is given by

o detB)” | Jot(X)[@—Pe— B B < 0 %> 0. Ra)> p—1
Fx) = | e 19 ’ | = e (5.2a.4)

0, elsewhere.
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5.2a.1. The mgf of the complex matrix-variate gamma distribution

The moment generating function in the complex domain is slightly different from that
in the real case. Let T > O be a p X p parameter matrix and let X be p X p two-
parameter gamma distributed as in (5.2a.4). Then T = T) +iT> and X=X 1 +iX,, with
T, T», X1, Xorealandi = +/(—1). When T and X are Hermitian positive definite, 7}
and X are real symmetric and 75 and X, are real skew symmetric. Then consider

tr(T*X) = tr(T1 X 1) + tr(T X2) + i[te(T1 X2) — tr(Tr X 1)].

Note that tr(77X1) + tr(7>X>) contains all the real variables involved multiplied by the
corresponding parameters, where the diagonal elements appear once and the off-diagonal
elements each appear twice. Thus, as in the real case, T has to be replaced by T =T+
i.T>. A term containing i still remains; however, as a result of the following properties,
this term will disappear.

Lemma 5.2a.1. Let T, f(, T, T>, X1, X, be as defined above. Then, tr(T\X,) =
0, (12 X1) =0, tr(,T1X2) =0, tr(xT2Xy) =0.

Proof: For any real square matrix A, tr(A) = tr(A’) and for any two matrices A and B
where AB and BA are defined, tr(AB) = tr(B A). With the help of these two results, we
have the following:

tr(T1 X,) = tr(T1 X») = tl‘(X/le/) = —tr(XyT1) = —tr(T1 X»)

as 71 is symmetric and X» is skew symmetric. Now, tr(71 X») = —tr(T1 X2) = tr(T1X2) =
0 since it is a real quantity. It can be similarly established that the other results stated in
the lemma hold.

We may now define the mgf in the complex case, denoted by M ; (. T), as follows:

M;((*T):E[e‘“*f""?)]:/~ e "eT"X F(X)dX
X>0

_ Wf e (B TR g5

Since tr()?(l? — ,,j"*))~ = tr(C:f(C*) for~C = (l§ — ,,j"*)% ar~1d C > 0, 1~t follows fgom
Tl}gorem 1:6a.5 that Y~*: CXC* = dY = |det(CC*)|P dX, that is, dX = |det(B —
«I )|7PdY for B— T > O.Then,
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- |det(B)| . g o
Mz (T) = M| det(B — . T f |det(Y)[*Pe ") dy
Fp o Y>0
= | det(B)|*|det(B — ,T)|™® for B —,T" > 0O
— | det(I — B~ TH™, 1-B T > 0. (5.2a.5)

For example, let p = 2 and

N EG T 3 i 11 «f
¥ = ~}|<1 2l po| and ,T = |*11 12
Xy, X22 —i 2 «l1n «I2
with X1 = &}, and 15 = 4 1*2. In this case, the conjugate transpose is only the conjugate
since the quantities are scalar. Note that B = B* and hence B is Hermitian. The leading

minors of B being |(3)] =3 > 0 and |B| = (3)(2) — (—i)({) = 5 > 0, B is Hermitian
positive definite. Accordingly,

Mg (.T) = |det(B)||det(B — . T7)| ™
=503 =+l 1D Q2 = l3) + (i + 4l 1) — «I12)]-

Now, consider the partitioning of the following p x p matrices:

% _ |:X11 {(12]’ *T:[*Y:ll *le] andéz[qn @12:| 0
X X» «T21 «Tx B> B

where X1 and T are r X r, r < p. Then, proceeding as in the real case, we have the
following results:

Theorem 5.2a.1. Let X have a p X p complex matrix-variate gamma density with shape
parameter a and scale parameter I,, and X be partitioned as in (i). Then, X11 has an
r X r complex matrix-variate gamma density with shape parameter o and scale parameter
I, and X2y has a (p — r) x (p — r) complex matrix-variate gamma density with shape
parameter a and scale parameter I,_,.

Theorem 5.2a.2. Let the p X p complex matrix X have a p x p complex matrix-variate
gamma density with the parameters (e, B > O) and let X and B be partitioned as in (i)
and Bjy = O, By; = O. Then X11 and X2 have r x r and (p—r)x(p—r) complex
matrix-variate gamma densities with shape parameter o and scale parameters Bi1 and
322, respectively.

Theore~m 5.23.3: Let X , X 11, )?22 and B be as specified in Theorems 5.2a.1 or 5.2a.2.
Then, X1, and Xy, are statistically independently distributed as complex matrix-variate
gamma random variables onr X r and (p —r) X (p — r) matrices, respectively.
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For a general matrix B where the sub-matrices By, and By are not assumed to be null,
the marginal densities of X|; and X5, being given in the next result can be determined by
proceeding as in the real case.

Theorem 5.2a.4. Let X have a complex matrix-variate gamma density with shape pa-
rameter o and scale parameter matrix B = B* > O. Letting X and B be partitioned as
in (i), then the sub-matrix X11 has a complex matrix-variate gamma density with shape
parameter o and scale parameter matrix By — Blsz_zl B»1, and the sub-matrix )222 has
a complex matrix-variate gamma density with shape parameter o and scale parameter
matrix By, — BZIBI_IIBIZ-

Exercises 5.2

5.2.1. Show that

(p=r)(p=r=1 -1y 2r(p—r) p(p—1)
T 4 T4 w4 = 4 .

5.2.2. Show that I () ), (a — %) = ().
5.2.3. Evaluate (1): [,_, e "®dX, (2): [,_, 1X| e "®)dX.
5.2.4. Write down (1): I'3(«), (2): I'4(a) explicitly in the real and complex cases.

5.2.5. Evaluate the integrals in Exercise 5.2.3 for the complex case. In (2) replace det(X)
by |det(X)|.

5.3. Matrix-variate Type-1 Beta and Type-2 Beta Densities, Real Case

The p x p matrix-variate beta function denoted by B, («a, B) is defined as follows in
the real case:

Ip() I (B)

p—1 p—1
I+ p) Na) > 5 N(B) > — (5.3.1)

By(a, ) =

This function has the following integral representations in the real case where it is assumed
that f(e) > 251 and R(B) > L3
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+1

B,(a, B) :/ X[ — x P ax, a type-1 beta integral (5.3.2)
O<X<I

B, (B, ) =/ IY1F=" |1 — Y|*~"3dY, atype-1 beta integral (5.3.3)
O<Y<I

By(a, B) = / 1219~ |1 + Z)"@*P)dZ, a type-2 beta integral (5.3.4)
Z>0

By(B,a) = / |T|’3_%|I + T|7@*P4T, atype-2 beta integral. (5.3.5)
T>0

For example, for p = 2, let

‘Xll xlz\ 2 — 52
X = = |X|=x11x0n —xj,and |l — X|=({1 —x 1—x X715
| | X| 11X22 12 | | ( 11)( 22) 12

Then for example, (5.3.2) will be of the following form:

B,(a, ) = f X[ — X |P T ax
X>0

2 qa—3
2/ / / [X11x22 — x7,]%7 2
x11>0 Jx20>0 x”xn—xﬁ>0

3
X [(1T = x11)(1 — x22) — xlzzlﬂ_fdxll A dxip A dxoo.

We will derive two of the integrals (5.3.2)—(5.3.5), the other ones being then directly
obtained. Let us begin with the integral representations of I',(a) and I',(8) for R(a) >

3t R(B) > Pr

e = [

X
=/ f X[y P e XAy A dY,
XJY

|X|a—%e—tr(X) dX][/ |Y|ﬁ—pT+le—tr(Y)dy]
>0 Y>0

Making the transformation U = X + Y, X = V, whose Jacobian is 1, taking out U from

1
\U—V|=|U||Il —U~2VU~2|,and then letting W = U2 VU2 = dV = |U|*>dW,
we have
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Fp(a)Fp(,B)zf / VI U — vIF et Wdu A dv
uJv

— {/ |U|Ol+ﬁ—pT+le—tr(U)dU}
U>0
x {/ W= — W|ﬂ_%dW}
O<W<I

1 1
= Iy +p) \We=m - wbE aw.
O<W<I

Thus, on dividing both sides by I',(«, B), we have
By py= [ Wi - wi S aw, (i)
O<W<I

This establishes (5.3.2). The initial conditions R(x) > pT_l, R(PB) > pT_l are sufficient
to justify all the steps above, and hence no conditions are listed at each stage. Now, take
Y = I — W to obtain (5.3.3). Let us take the W of (i) above and consider the transformation

Z=(U-W) IWI-W) =W ' =D 2w 'l-p2=w'-pn!
which gives
zl=wl—1=z7"Vdz = jw|="Daw. (ii)
Taking determinants and substituting in (ii) we have
AW = |I + z|~?*Ddz.

On expressing W, I — W and dW in terms of Z, we have the result (5.3.4). Now, let T =
Z~! with the Jacobian dT = |Z|~(?*1DdZ, then (5.3.4) transforms into the integral (5.3.5).
These establish all four integral representations of the real matrix-variate beta function. We
may also observe that B, («, 8) = B,(B, «) or a and B can be interchanged in the beta
function. Consider the function

r p+1
f3(x) = 2 EP) et

Fp(“)Fp(IB)
for O < X <1, R(a) > pT_l, R(PB) > pT_l, and f3(X) = 0 elsewhere. This is a type-1

real matrix-variate beta density with the parameters («, B), where O < X < [ means
X > O, I — X > O so that all the eigenvalues of X are in the open interval (0, 1). As for

Iy(a+p)
Fp(a)Fp(ﬂ)

whenever Z > O, R(a) > pT_l, R(B) > pT_l, and f4(Z) = 0 elsewhere, thisisa p x p
real matrix-variate type-2 beta density with the parameters (o, B).

I — x|~ (5.3.6)

£1(2) = Vi VAR (5.3.7)
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5.3.1. Some properties of real matrix-variate type-1 and type-2 beta densities

In the course of the above derivations, it was shown that the following results hold. If
X is a p x p real positive definite matrix having a real matrix-variate type-1 beta density
with the parameters («, B), then:

(1): Y1 =1 — X isreal type-1 beta distributed with the parameters (8, «);

2): Yo =U-X )_%X I -X )_% is real type-2 beta distributed with the parameters
(a, B);

3 Y3=0U-X) 6 X 'u- X)% is real type-2 beta distributed with the parameters (8, «).
If Y is real type-2 beta distributed with the parameters (¢, B) then:

4): Z; =Y isreal type-2 beta distributed with the parameters (8, «);
5): Z, =T+ Y)_% Y(I+ Y)_% is real type-1 beta distributed with the parameters (¢, B);

6): Z3=1—{U+ Y)_%Y(I + Y)_% = +Y) lisreal type-1 beta distributed with the
parameters (8, o).

5.3a. Matrix-variate Type-1 and Type-2 Beta Densities, Complex Case
A matrix-variate beta function in the complex domain is defined as

f}(a)f}(ﬁ)

= , N -1, N -1 5.3a.l
Fo@+p) t(a) > p t(B) > p (5.3a.1)

By(a, B) =

with a tilde over B. As Bp(a, B) = Ep(,B, a), clearly o and B can be interchanged. Then,
B p(a, B) has the following integral representations, where R(a) > p — 1, R(B) > p— 1=

By(a, B) = / |det(X)[*~P|det(I — X)|P~PdX, atype-1 betaintegral  (5.32.2)
O<X<lI

f?p(ﬁ,ol) =f i |det(Y)|P~P|det(I — Y)|*"PdY, atype-1beta integral  (5.3a.3)
O<Y<lI

By(a, B) = / |det(Z) % P|det(I + Z)|~“*tP)dZ, atype-2 beta integral  (5.3a.4)
Z>0

B,(B,a) = / |det(T)|P~P|det(I + T)|~“*P)dT, atype-2 beta integral.  (5.3a.5)
T>0
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For instance, consider the integrand in (5.3a.2) for the case p = 2. Let

5(:[ *1 x”’”}, X=X">0,i=(-,

X2 —iy2 X3

the diagonal elements of X being real; since X is Hermitian positive definite, we have
x1 >0, x3>0, x;x2— (x%—i—y%) > 0, det(X) = x1x3— (x%—i—y%) > Qand det(/ — X) =
(1 — x1)(1 — x3) — (x5 + y3) > 0. The integrand in (5.3a.2) is then

o3 — (3 4+ yDI“ 3 (1 — x)(1 — x3) — (3 + y)1F 2,

The derivations of (5.3a.2)—(5.3a.5) being parallel to those provided in the real case, they
are omitted. We will list one case for each of a type-1 and a type-2 beta density in the
complex p X p matrix-variate case:

Fy(a+B)

_ " |det(X)|*~P| det(I — X)|P~P (5.3a.6)
Iy(a) I, (B)

HX) =

forO < X < I, Na)>p—1, R(B) > p—1and f3()~() = 0 elsewhere;

fp(a+ﬂ)

_ _ " |det(Z)|*"P| det({ + Z)|”@+P) (5.3a.7)
Iy(@)Ip(B)

fa(2) =
for Z> 0, Ra)>p—1, RB) > p—1and f4(Z) = 0 elsewhere.
Properties parallel to (1) to (6) which are listed in Sect. 5.3.1 also hold in the complex
case.

5.3.2. Explicit evaluation of type-1 matrix-variate beta integrals, real case

A detailed evaluation of a type-1 matrix-variate beta integral as a multiple integral is
presented in this section as the steps will prove useful in connection with other compu-
tations; the reader may also refer to Mathai (2014,b). The real matrix-variate type-1 beta
function which is denoted by

Fp(a)rp(ﬂ)

p—1 p—1
RCEYIR N(a) > — N(B) > —

By(a, p) =
has the following type-1 beta integral representation:

1 1
Bﬂmm=/“ X[ |1 — X|PTdX,
O<X<I
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for RN(a) > pT_l, NPB) > pT_l where X is a real p x p symmetric positive def-

inite matrix. The standard derivation of this integral relies on the properties of real
matrix-variate gamma integrals after making suitable transformations, as was previously
done. It is also possible to evaluate the integral directly and show that it is equal to
Iy(a)I,(B)/Tp(a + B) where, for example,

@) = 7" @M= 1/2) - T — (p = 1)/2), i) > 2=

A convenient technique for evaluating a real matrix-variate gamma integral consists of
making the transformation X = T'T’ where T is a lower triangular matrix whose diagonal
elements are positive. However, on applying this transformation, the type-1 beta integral

does not simplify due to the presence of the factor [/ — X|? - Hence, we will attempt
to evaluate this integral by appropriately partitioning the matrices and then, successively
integrating out the variables. Letting X = (x;;) be a p x p real matrix, x,, can then be
extracted from the determinants of | X| and |/ — X| after partitioning the matrices. Thus,

let
X1 X2
X =
[le X22:|

where X1 is the (p — 1) x (p — 1) leading sub-matrix, X>1is 1 x (p — 1), Xoo = xpp
and X, = X/Zl' Then | X| = |X11||xpp — X21X1_11X12| so that

_ptl _ptl —1 _ptl .
X177 = X1l 7 [xpp — X1 X{p X12]* 7, (i)

and
_ptl _ptl _ _ptl ..
= X1P~2 =1 = XnP" T [(1—xpp) — Xon(I — X1) ' X2l 2. (i)

It follows from (i) that x,, > X21X1_11X12 and, from (ii) that x,, < 1 — Xp;(I —
Xll)_lXIZ; thus, we have X21X1_11X12 < Xpp < 1 — X014 — XH)_1X12. Let y =
Xpp — X21X1_11X12 = dy = dx,, for fixed X1, X1, sothat 0 < y < b where

b=1- X21X1_11X12 — Xo1(I — X11) ' X12
1 _1 1 -1
=1-XuX, U —-Xn) 2 —X11) 2X, X2

_1
=1- WW/, W = X21X112(1 - Xll)_%'
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The second factor on the right-hand side of (ii) then becomes

R e B

. .. _ptl
Now lettmg u 7 for fixed b, the terms containing u and b become b+~ (PFD+1, =

(1— u)ﬁ Integratlon over u then gives

1 1 p+1 - p_—l - p_—l
/ W (1 — )P du = e - ") -~)
0 F'a+p—(p—-1)

_1
for M) > 251, N(B) > Z5L. Letting W = X2, X,,2(1 — X11)"2 for fixed X1,
dX, = |X11|%|I — X11|%dW from Theorem 1.6.1 of Chap. 1 or Theorem 1.18 of Mathai
(1997), where Xjisa (p — 1) x (p — 1) matrix. Now, letting v = W W’ and integrating
out over the Stiefel manifold by applying Theorem 4.2.3 of Chap. 4 or Theorem 2.16 and
Remark 2.13 of Mathai (1997), we have

Thus, the integral over b becomes

1
f b HBPdX,, = / v (1 — 0)*HAPdy
0

p=1 —(p—
_TEDI@H B0 o
F(“-Fﬁ—pT)

Then, on multiplying all the factors together, we have

|X(1)|Ol+**7|1 X(1)|ﬂ+77177+1ﬂp 1 (e — _)F(’B pT)
F(O( + ,3 - T)
whenever i (a) > 25—, R(B) > £&5=. In this case, Xgl represents the (p — 1) x (p — 1)

leading sub-matrix at the end of the first set of operations. At the end of the second set of
operations, we will denote the (p — 2) x (p — 2) leading sub-matrix by X 521), and so on.
The second step of the operations begins by extracting x,_1,,—1 and writing

1 2 2 2 2
|X()|—|X()|[Xp 1Lp—1 — Xé])[x( )] 1X( )]
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where X;zl) isal x (p — 2) vector. We then proceed as in the first sequence of steps to
obtain the final factors in the following form:

@WH,“EWZFW___ﬂYﬁ L2y
F(a—i—ﬁ—T)

|X(2)|O{—|—l—— |I

for N(a) > pT—Z, NP) > pT—Z. Proceeding in such a manner, in the end, the exponent of
 will be

p—1 p-2 1 p(p—1
R T S
and the gamma product will be
M- Pr@—22) Tl @ -2 I'$)
Fa+p-5Y - I+p)

Tp)p(B) .
Tyatp = Brla B
hence the result. It is thus possible to obtain the beta function in the real matrix-variate
case by direct evaluation of a type-1 real matrix-variate beta integral.

A similar approach can yield the real matrix-variate beta function from a type-2 real

matrix-variate beta integral of the form

. -1 )
These gamma products, along with JTP E , can be written as

1
/ X% |1+ X[~ @tPdx
X>0

where X is a p X p positive definite symmetric matrix and it is assumed that R («) > pT_l

and N(B) > &5, the evaluation procedure being parallel.

Example 5.3.1. By direct evaluation as a multiple integral, show that

/ X5 = x)P S ax = @1 B)
X>0 I'y(a+ B)

for p = 2.

Solution 5.3.1. The integral to be evaluated will be denoted by 4. Let

2

-1 12
| X| = x11[x22 — x21%7; X12] = xn[xzz — —]
X11

2
X
I —X|=[1—x11[(1 —x2) —x12(1 —x11) " 'x2]l = (1 —x11)[1 R _lfm ]

()
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It is seen from (i) that
2 2

X X
x_12 <xp=1- Fp— 1)26 :
11 — A1l
2 2 2 2
Lettin —xp»— L2gothat0 <y <bh, andb=1—22_ 12 ] _ T2 ye
gy =X X11 =y=0 - X11 I—x11 x11(I=x11)°

have
_3 2
X731 = XIPRdX = a2 (1 —xg)P Ry
x (b — y)P~2dx1; A dxas A dy.

Now, integrating out y, we have

b 1
f Y3 (b — y)P iy = peA f i1 -0 v =
y

=0 0
1 1
Fla+p-—1)
whenever N (o) > % and N(B) > %, b being as previously defined. Letting w = —*12

1 [e(1—012
dx12 = [x11(1 — x11]2dw for fixed x1;. The exponents of x1; and (1 — x;1) then become
o — % + % and 8 — % + %, and the integral over w gives the following:

1 1 1
/ (1 —w?)* 2w =2 / (1 —w?)*P2dw = / 2711 = "2z

:Fgwm+ﬁ—n
rae+p-5%H

Now, integrating out x1{, we obtain

(iii)

b _ I'(a)['(B) .
/0 X1 ' —x)fdx = T@th) (iv)

Then, on collecting the factors from (i) to (iv), we have

- Hre)re -z

§=1(1/2) 1
F(a+B) (a+B—3)
_ 11
Finally, noting that for p = 2, 7 S S R 72 | the desired result is obtained, that
T2

is,
_ D(ao)2(B)
s = et By (a, B).

This completes the computations.
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5.3a.1. Evaluation of matrix-variate type-1 beta integrals, complex case

The integral representation for B, («, B) in the complex case is

/ ~|det(X)[*~P|det(I — X)|P~PdX = B,(a, B)
O<X<lI

whenever R(«) > p — 1, R(B) > p — 1 where det(-) denotes the determinant of (-) and
|det(-)|, the absolute value (or modulus) of the determinant of (-). In this case, X = (%)
is a p x p Hermitian positive definite matrix and accordingly, all of its diagonal elements
are real and positive. As in the real case, let us extract x,, by partitioning X as follows:

% = {’f“ ’512] o that 1 — ¥ = [’ —Xn X }
Xo1 X2 X I —X»

where X2 = x pp 1s a real scalar. Then, the absolute value of the determinants have the
following representations:

|det(X)|*7 = |det(X11)[* P lxpy — X1 X' X55|*7F (i)
where * indicates conjugate transpose, and
det(I — X)[F~7 = |det(I — X1)[P7P|(1 —xpp) — X1 (I — X11) ' X5, P77 (i)

Note that whenever X and I — X are Hermitian positive definite, X 1_11 and (I — X))~}
are too Hermitian positive definite. Further, the Hermitian forms X0 X 1_115( 1, and X0 (I —
X 1 1)_1)~( 1> remain real and positive. It follows from (i) and (ii) that

)?215(1_11;({2 < Xpp < 1-— )?21(1 - 5(11)_1)?1’:2.

Since the traces of Hermitian forms are real, the lower and upper bounds of x,, are real as
well. Let

- ~ ~—1 ~ 1
W=XnX,(—-X)?
for fixed X 11. Then
dXo1 = |det(X11)| " |det(I — X 1)~ 'dW

and |det(X)|%~7, |det(I — X11)|#~? will become |det(X11)|*T' =P, | det(I — X11)|P*!-P,
respectively. Then, we can write
(1= xpp) = X X' Xy = Xo1 (1 = X1) 7' X 1P P
= (b -y’ =" - y/p )PP,
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Now, letting u = y/b, the factors containing u and b will be of the form u*~7 (1 —
u)P=Pp@+tB=2r+1: the integral over u then gives

! Fa—(p—-)rBE—(p—1
/ (1 — gy = T@= (=B = (p = 1)
0 IM'a+pg-2p-1)
for R(w) > p— 1, R(B) > p — 1. Letting v = W W* and integrating out over the Stiefel

manifold by making use of Theorem 4.2a.3 of Chap. 4 or Corollaries 4.5.2 and 4.5.3 of
Mathai (1997), we have

b

aP~1

= pW=D-lgy.
I'p—1

dw =
The integral over b gives

1
/ba+ﬂ—2p+1d5(21 :/ p(P=D=1(] _ yyetB-2p+l gy
0

_T(p-DI@+p—2p—1)
I'ae+B—p+1)

for N(a) > p — 1, N(B) > p — 1. Now, taking the product of all the factors yields

'la—p+DI(B—-p+1)

'oec+pg—p+1)

for N(a) > p— 1, R(B) > p — 1. On extracting x,_1,,—1 from |)~(11| and | — )~(11| and

continuing this process, in the end, the exponent of 7 willbe (p—1)+(p—2)+---+1 =

w and the gamma product will be

FMa—(p-)'a-(p-2)- - -I'I'B-(p-1)---I'(B)
Fa+p—=(p—=10)---I'(a+p) '

rp—1

These factors, along with 7~ 2 give
Fp(@)T(B)
Ip(a+B)

The procedure for evaluating a type-2 matrix-variate beta integral by partitioning matrices
is parallel and hence will not be detailed here.

9

|det(X11)[* TP det(] — X )|PH —PrP™

= B,(a, B), K@) >p—1, RB) > p— 1.

Example 5.3a.1. For p = 2, evaluate the integral
/ |det(X)|*~P|det(I — X)|P~PdX
O0<X<I

as a multiple integral and show that it evaluates out to I§2 (o, B), the beta function in the
complex domain.
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r(p=1) 2D

Solution 5.3a.1. Forp=2,7"2 =n"?2 =m,and

F)'ae—-Hr@)re -1
Fla+Blr'(a+B—-1)

By(a,B)=m

whenever N () > 1 and N(B) > 1. For p = 2, our matrix and the relevant determinants
are o
X:[ﬂlﬁﬂ,mﬂbmmmwj—h|
Xip A22
where x7, is only the conjugate of X5 as it is a scalar quantity. By expanding the determi-
nants of the partitioned matrices as explained in Sect. 1.3, we have the following:

il =k
~ o ek o]~ T X12X .
det(X) = X11[X20 — 5% X12] = xll[x22 - 12] ()
11
- N N X12XxE B
daaw-X)z(l—x“ﬁl—xm- }2] (i)
1 — X11
From (i) and (ii), it is seen that
XXk . X12Xx ¥
L2 gy <1 - 12
X11 I —xn

Note that when X is Hermitian, X1 and X5, are real and hence we may not place a tilde on
these variables. Let y = x22 — X12X},/x11. Note that y is also real since XX}, is real. As
well, 0 < y < b, where

N £ B O
X11 I —xq x11 (1 —x11)
Further, b is a real scalar of the form » = 1 — ww* where w = Ll = dxpp =

- .. [x11(1—x11)]2
x11(1 — x11)dw. This will make the exponents of x;; and (1 —xjj)ase —p+1=a —1

and B — 1, respectively. Now, on integrating out y, we have

b _ s l(a—DI(B—1)
a=2.  \B-2 _ a+B-3
/;:oy b—y)'“dy=»b Fat g2 N) > 1, RPB) > 1. (i)

Integrating out w, we have the following:

Fa+pB-2)

Fa+f-1) ™)

Q/(l-ww*w+ﬂ4dw::n
w
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This integral is evaluated by writing z = ww*. Then, it follows from Theorem 4.2a.3 that
Pl
dp = ——zP"V=1dz = 7dz for p = 2.
I'p—-1

Now, collecting all relevant factors from (i) to (iv), the required representation of the initial
integral, denoted by §, is obtained:

F@l@-Hr@ere-1n _ Lhehe)
Fa+pra+p—1) Dy + )

whenever N («) > 1 and R(B) > 1. This completes the computations.

= By(a + B)

5.3.3. General partitions, real case

In Sect. 5.3.2, we have considered integrating one variable at a time by suitably parti-
tioning the matrices. Would it also be possible to have a general partitioning and integrate
a block of variables at a time, rather than integrating out individual variables? We will
consider the real matrix-variate gamma integral first. Let the p x p positive definite matrix
X be partitioned as follows:

X1 X
X:[“ 12

, X11 bein x p1 and X9, X P2,
X0 X22] 11 g P1 X Pi1 22, P2 X P2

so that X2 is p; x pp with X1 = X /12 and p; + p> = p. Without any loss of generality,
let us assume that p; > p;. The determinant can be partitioned as follows:

_ptl _ptl 1 _ptl
X177 = X1l 7 | X2 — X1 Xy X12*7 2
_ptl _ptl -1 1 |
= |X11|a 2 |X22|a 2|1 — X222X21X11 X12X222|a z.

Letting 1 1
1 _1 _n »
Y =X, XX, = dY = [X2|” 2| X11]” 7dXy;

for fixed X1 and X7> by making use of Theorem 1.6.4 of Chap. 1 or Theorem 1.18 of
Mathai (1997),

_p+l Py ptl P1_ p+l _ptl
X177 dXo = | X"t T 2 [Xp|*T 2 T2 I —YY/|*T 2 dY.

Letting S = Y'Y’ and integrating out over the Stiefel manifold, we have

pr1p2

T2 Pl potl

dy = = |s|3 =" ds;
sz(?)
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refer to Theorem 2.16 and Remark 2.13 of Mathai (1997) or Theorem 4.2.3 of Chap. 4.
Now, the integral over S gives

’

i _n
/ 5135 st gy = (DI @m 5)
0<S<I sz(O{)

for N(a) > plT_l Collecting all the factors, we have

p1+1 pr+1 PP F o — ﬁ
|X11|a_lT|X22|a_ZTJTITZ—p2( 2)
Iy, (a)

One can observe from this result that the original determinant splits into functions of X1
and Xp,. This also shows that if we are considering a real matrix-variate gamma density,
then the diagonal blocks X1; and Xy are statistically independently distributed, where
X 11 will have a pi-variate gamma distribution and X5,, a p,-variate gamma distribution.
Note that tr(X) = tr(Xy1) + tr(X2) and hence, the integral over X, gives Iy, («) and the
integral over X1, I, (). Thus, the total integral is available as

P1
piry Tp, (@ — 7)

Iy (), (a)r 2 @ = I'y(a)

since 772 Iy, (@) Tpy(a — BL) = Tp().

Hence, it is seen that instead of integrating out variables one at a time, we could have
also integrated out blocks of variables at a time and verified the result. A similar procedure
works for real matrix-variate type-1 and type-2 beta distributions, as well as the matrix-
variate gamma and type-1 and type-2 beta distributions in the complex domain.

5.3.4. Methods avoiding integration over the Stiefel manifold

The general method of partitioning matrices previously described involves the integra-
tion over the Stiefel manifold as an intermediate step and relies on Theorem 4.2.3. We will
consider another procedure whereby integration over the Stiefel manifold is not required.
Let us consider the real gamma case first. Again, we begin with the decomposition

_pl _pl _ _pl
X177 = |Xnl* 2 [ X — X X Xl* 2 (5.3.8)

Instead of integrating out X7 or X7, let us integrate out X»;. Let X1; be a p; x p; matrix
and X», be a pp x pr matrix, with p; + p» = p. In the above partitioning, we require
that X1, be nonsingular. However, when X is positive definite, both X; and X, will
be positive definite, and thereby nonsingular. From the second factor in (5.3.8), X2, >
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Xn X l_llX 12as Xopo — X1 X l_llX 12 1s positive definite. We will attempt to integrate out
X first. Let U = Xpp — X21X1_11X12 so that dU = dX», for fixed X;; and X 7. Since
tr(X) = tr(X11) + tr(X72), we have

e~ U(X2) _ o~ t(U)—tr(X21 X}, X12)
On integrating out U, we obtain

1 —1
/ U7 e qy = Iy (e — 2L, %) > Z—
U>0 2 2

. _p+l _  pi patl :
since @ — - = o — 5 — 55— Letting

_1
Y = Xo X2 = dY =|X;,|” TdXy
for fixed X | (Theorem 1.6.1), we have

/ e—tr(X21X1—1]X]2)dX21 — |X“|p72 / e—tr(yy/)dY'
X721 Y

But tr(Y'Y’) is the sum of the squares of the pj p; elements of Y and each integral is of the
form [ e~%" dz = /m. Hence,

f e " Yqy — 772
Y
We may now integrate out X1:
)4 +1
/ X[+ F T e Mgy,
X11>0
p1+l
= f X197 e T Xidx,
X11>0
= Iy ().
Thus, we have the following factors:

72 Tpyle — p1/2) T, (@) = Ty(e)

since

-1 -1 —1
p1(p1 )+P2(P2 )+p1pz :p(p )

1 1 > 1 s, P =Dp1+ p2,



Matrix-Variate Gamma and Beta Distributions 317

and

Iy (@) (a—p1/2) =T () (a@—1/2)---T'(a — (p1 — 1)/2) [, (. — (p1)/2)
=I'(a)---I'(e— (p1+p2—1D/2).

Hence the result. This procedure avoids integration over the Stiefel manifold and does not
require that p; > p>. We could have integrated out X1 first, if needed. In that case, we
would have used the following expansion:

_ptl _ptl -1 _ptl
(X177 = [Xn|* 7| X11 — X2 Xy Xo1|* 2.

We would have then proceeded as before by integrating out X first and would have ended
up with

rir2
72 Iy (a—p2/2)Iy,(a) = Ty(a), p=p1+ p2.

Note 5.3.1: If we are considering a real matrix-variate gamma density, such as the
Wishart density, then from the above procedure, observe that after integrating out X»,
the only factor containing X5 is the exponential function, which has the structure of a
matrix-variate Gaussian density. Hence, for a given X1, X is matrix-variate Gaussian
distributed. Similarly, for a given X7, X7 is matrix-variate Gaussian distributed. Further,
the diagonal blocks X1 and X7, are independently distributed.

The same procedure also applies for the evaluation of the gamma integrals in the com-
plex domain. Since the steps are parallel, they will not be detailed here.

5.3.5. Arbitrary moments of the determinants, real gamma and beta matrices

Let the p x p real positive definite matrix X have a real matrix-variate gamma density
with the parameters («, B > O). Then for an arbitrary /4, we can evaluate the #-th moment
of the determinant of X with the help of the matrix-variate gamma integral, namely,

1
f 1X|2 T e " BXgxX = | BT, (a). (i)
X>0

By making use of (i), we can evaluate the 4-th moment in a real matrix-variate gamma
density with the parameters («, B > O) by considering the associated normalizing con-
stant. Let #1 = | X|. Then, the moments of #; can be obtained by integrating out over the
density of X:
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|B|*

E[u]]h — l|x|()l H— —tr(BX)dX
Iy(@) Jxso
_ |B|* |X|a+h—pT+le—tr(BX)dX
F (Ol) X>0
IBI" 2L I+ by Bt N +hy> P L
F() 2
Thus,
pIpla+h) p—1
E h B hp—’ N h .
[u1]" = |B| @ (¢ +h) > >

This is evaluated by observing that when E[u1]” is taken, o is replaced by o + & in
the integrand and hence, the answer is obtained from equation (i). The same procedure
enables one to evaluate the s-th moment of the determinants of type-1 beta and type-2
beta matrices. Let Y be a p x p real positive definite matrix having a real matrix-variate
type-1 beta density with the parameters («, 8) and u, = |Y|. Then, the ~-th moment of Y
is obtained as follows:

I,
Eluw] = 2@ P Wiy e — v )P ay

Fp(a)Fp(IB) O<Y<I

_ Iple+B) |Y|°‘+h—%|1—Y|ﬂ—”T“dY
Fp(a)Fp(ﬂ) o<Y<I
I I h)T, -1

_ Dpla+p) Llat+n) p(ﬁ)’m(a+h)>p ’
Ip(e)p(B) I'p(a+ B+ h) 2
I h) T —1

_ p(a + h) p(a+ B) . N +h)>p .

Ip(a) Ipla+B+h) 2
In a similar manner, let u3 = |Z| where Z has a p x p real matrix-variate type-2 beta

density with the parameters (o, ). In this case, take « + 8 = (@ +h) + (8 — h), replacing
a by o + h and B by B — h. Then, considering the normalizing constant of a real matrix-
variate type-2 beta density, we obtain the 4-th moment of u3 as follows:

r h)y (B —h —1 -1
Elus)t = [P @MW IB =0 vy = P g —my > 2L
Iy(a) I'y(B) 2 2
Relatively few moments will exist in this case, as H(o + h) > 1mp11es that N(h) >
—N(x) + pzl and W(B — h) > ] means that R(h) < %(ﬂ) . Accordmgly, only

moments in the range —N (o) + p 2 < N(h) < R(B) — T will ex1st. We can summarize
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the above results as follows: When X is distributed as a real p x p matrix-variate gamma
with the parameters (o, B > O),

|BI~" Ty (a + 1)
Fp(“)

p—1

E|X|" = ., R(o) > 5 (5.3.9)

When Y has a p x p real matrix-variate type-1 beta density with the parameters («, ) and
if up = |Y| then

Fp(a+h) Fp(“"‘ﬁ) p

-1
E[uy]" = { h) > &—. 3.1
[u2] Iy TyatB+h N +h) > 7 (5.3.10)

When the p x p real positive definite matrix Z has a real matrix-variate type-2 beta density
with the parameters («, 8), then letting u3z = |Z|,

Ipla+h) (B —h)

E[us]" =
3] Ty  Typ)

p—1 , , p—1
, —N(a) + 5 < R(h) < R(P) — — (5.3.11)

Let us examine (5.3.9):

glx) = g el
Fp(a)
:lBl_hF(oz+h)F(oz—%+h) -2 4n)
e re-% "~ re-2b

= E[x{1E[x}] - E[x]}]
where x; is a real scalar gamma random variable with shape parameter o — % and scale
parameter A; where A; > 0, j = 1,..., p are the eigenvalues of B > O by observing
that the determinant is the product and trace is the sum of the eigenvalues A1, ..., A,. Fur-
ther, xi, .., xp, are independently distributed. Hence, structurally, we have the following
representation:

)4
1X|=[]x; (5.3.12)
j=1

where x; has the density
f1i(xj) = S A TeTMY, 0<xi <00
1j\Aj) = TN ) =Xj s
I'a —57)
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for N(a) > %, Aj > 0 and zero otherwise. Similarly, when the p x p real positive
definite matrix Y has a real matrix-variate type-1 beta density with the parameters (o, 8),
the determinant, |Y|, has the structural representation

p
Yi=T]v (5.3.13)
j=1

where y; is a real scalar type-1 beta random variable with the parameter (o — %, B)
for j = 1,..., p. When the p x p real positive definite matrix Z has a real matrix-
variate type-2 beta density, then |Z|, the determinant of Z, has the following structural
representation:

p
1z =]z (5.3.14)
j=1

where z; has a real scalar type-2 beta density with the parameters (o — %, B — %) for

j=1,...,p.

Example 5.3.2. Consider a real 2 x 2 matrix X having a real matrix-variate distribution.
Derive the density of the determinant | X | if X has (a) a gamma distribution with the param-
eters (o, B = I); (b) a real type-1 beta distribution with the parameters (o« = % B = %);
(c) areal type-2 beta distribution with the parameters (o« = %, B = %).

Solution 5.3.2. We will derive the density in these three cases by using three different
methods to illustrate the possibility of making use of various approaches for solving such
problems. (a) Let u; = |X| in the gamma case. Then for an arbitrary £,

Ty@+h) T@+mIa+h—3) N = L

E[u] = = 1
Iy(a) ')l (a— 5) 2

Since the gammas differ by %, they can be combined by utilizing the following identity:

l-m 1 1 m—1
Fmz)=Qn) 2 m™2r@Qr(z+—=)---r'(z+ ——), m=1,2,..., (53.15)
m m

which is the multiplication formula for gamma functions. For m = 2, we have the dupli-
cation formula: 1 1
@z =Qn 252 r@re+1/2).
Thus,
1
I (z+1/2) =722'7%r22).
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Now, by taking 7 = o — % + h in the numerator and z = o — % in the denominator, we can
write

Ell Fa+mre+h-1 FQa—1+42h), 5
u;| = = .
: @ @—1) IQa—1)
Accordingly,
Qo —1+2h 1 I'Qa—1+2h
E[(4M1)]h _ Ca + 2h) N E[2u12]2h _ (2o + )

I'Qa—1) I'QCa—1)

1
This shows that v = 2u; has a real scalar gamma distribution with the parameters (2o —
1, 1) whose density is

1
Qo—1)—1 2 2)2e—2 1 1
Fydo= 2 gy = T i)
I'a —1) I'a —1)
1
2a—2, 2= 71 1
— 2#6_2'4]2(1”1.
I'Qa—1)

Hence the density of u1, denoted by f1(u1), is the following:

220:—2”0(—%—1 1

—2u?
R , 0< o0
Si(ur) FQa—1) € <u <

and zero elsewhere. It can easily be verified that f1(u1) is a density.
(b) Letu, = |X]|. Then for an arbitrary h, o = % and 8 = %,
Fp(a"‘h) Fp(a+18)

Ip(a) Ipla+pB+h)
royre) ré+mnrd+h

rérére+mré+hm

E[ul] =

_; 1 _ 42 2 4
- {(2+h)(1+h)<%+h>}_ {2+h+1+h_§+h}’

the last expression resulting from an application of the partial fraction technique. This
results from 4-th moment of the distribution of u,, whose density which is

1
fo(uz) = 6{1 +up —2u3}, 0 <uy <1,

and zero elsewhere, is readily seen to be bona fide.
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(c) Let the density uz = | X| be denoted by f3(u3). The Mellin transform of f3(u3), with
Mellin parameter s, is

Elus™'] = Llet+s=DL,B-s+1) _ DE+s—-DNDE-s+1)
Iy (e) rp(B) I8YE) nE)

- [F(3/2)F(1)]2F(1/2+S)F(S)F(5/2—s)F(z_s)’

the corresponding density being available by taking the inverse Mellin transform, namely,
4 1 c+ioo
fu3) = ——.‘/ ) r(s+1/2r6/2—=s)rQ2 —s)uy’ds (@)
T2 Je—ioo

where i = 4/(—1) and c in the integration contour is such that 0 < ¢ < 2. The integral in
(i) is available as the sum of residues at the poles of I"(s)I" (s + %) for 0 < u3 <1 and the
sum of residues at the poles of I"(2 — s)F(% —s) for 1 < u3 < oo. We can also combine
I'(s) and I'(s + %) aswellas I'(2 —s) and I (% — 5) by making use of the duplication
formula for gamma functions. We will then be able to identify the func'gions in each of

the sectors, 0 < u3z < land 1 < u3 < o0o. These will be functions of u37 as done in the
case (a). In order to illustrate the method relying on the inverse Mellin transform, we will
evaluate the density f3(u#3) as a sum of residues. The poles of I'(s)I (s + %) are simple
and hence two sums of residues are obtained for 0 < u3 < 1. The poles of I'(s) occur at
s=—v, v=20,1,..., and those of I'(s + %) occur at s = —% —v,v=0,1,.... The

residues and the sum thereof will be evaluated with the help of the following two lemmas.

Lemma 5.3.1. Consider a function I'(y + s)¢(s)u™® whose poles are simple. The
residue at the pole s = —y —v, v =0, 1, ..., denoted by R,, is given by

_

v!

Rv ¢(_J/ - U)My+v-

Lemma 5.3.2. When I'(§) and I" (6 — v) are defined

_(=D'T®)

Fe=v="S5)

where, for example, (a), = a(a+1)---(a+v—1), (a)g =1, a # 0, is the Pochhammer
symbol.
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Observe that I'(«) is defined for all « £ 0, —1, —2, ..., and that an integral represen-
tation requires N(«) > 0. As well, I'(« + k) = I'(x)(@)x, kK = 1,2, ..... With the help
of Lemmas 5.3.1 and 5.3.2, the sum of the residues at the poles of I"(s) in the integral in
(i), excluding the constant %, is the following:

i (_vl!)vr(% — v)F(g + u)F(z )

v=0
o0
(=" /1 (=1
=S (e () e
v=0 v (E)l)
F (5 - ) 0=us=1
— 2 R T
g7 255 553 ), D= usz = 4,
where the , F(-) is Gauss’ hypergeometric function. The same procedure consisting of
taking the sum of the residues at the poles s = —% —v,v=0,1,..., gives
1 53

—37‘[143% 2F1<3, u3), 0<ujz<l.

22
The inverse Mellin transform for the sector 1 < u3 < oo is available as the sum of
residues at the poles of F(% —s) and I'(2 — s) which occur at s = % +vands =2+v

forv=0,1,....The sum of residues at the poles of I" (% —s) is the following:
Z( Dvl“( +v)1“(3+v)1“(—l—v)u -
v! 2 2 3
v=0
_s 5 3 1
= —37u, 2 2F1<§, 3; 5; u_3)’ 1 < uz < o0,

and the sum of the residues at the poles of I'(2 — ) is given by

51 1

3
—TUsy 2F1<2,—;—;
4 2 2 uj

),1<u3<oo.

Now, on combining all the hypergeometric series and multiplying the result by the constant
%, the final representation of the required density is obtained as

folits) = 32F1(3,2; d1u3) — 12u2,F 3. 3i3iu3), 0<uz <1,

5
-2 5.1. 1 2 1
3“3 2F1(27 29 92> M_3) 12”322F1(29 ; 2’_)7 1 <uz <o0.

This completes the computations.



324 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

5.3a.2. Arbitrary moments of the determinants in the complex case

In the complex matrix-variate case, one can consider the absolute value of the deter-
minant, which will be real; however, the parameters will be different from those in the real
case. For example, consider the complex matrix-variate gamma density. If X hasa p x p
complex matrix-variate gamma density with the parameters (c, B > 0), then the h-th
moment of the absolute value of the determinant of X is the following:

E[|det(X)|]" = |det(B)| ™" [y (a + h)

()
" M_hlﬁlr(a—(j—l)m) ﬁE[N v
=(Ay--- ' — 7,
L Te-G-)
J j=
that is, | det(f( )| has the structural representation
|det(X)] = X152 - - %, (5.3a.8)

where the X is a real scalar gamma random variable with the parameters («—(j—1), A;),
Jj =1,..., p, and the X;’s are independently distributed. Similarly, when Yisapxp
complex Hermitian positive definite matrix having a complex matrix-variate type-1 beta
density with the parameters («, ), the absolute value of the determinant of Y , |det(l7) l,
has the structural representation

p
det(M)] = [ [ 3 (5.3a.9)
j=1

where the y;’s are independently distributed, y; being a real scalar type-1 beta random
variable with the parameters (« — (j — 1), B), j = 1,..., p. When Zisa p x p Her-
mitian positive definite matrix having a complex matrix-variate type-2 beta density with
the parameters (o, ), then for arbitrary h, the A-th moment of the absolute value of the
determinant is given by
[yle+h) (B —h)

Ip(a)  Tp(P)
{ 2 r(a—(j—1>+h>” : F(ﬁ—(j—l)—h)}

i Te-G-m JU TrE-G-n

=[] EE,

Jj=1

E[|det(Z)|]" =

1
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so that the absolute value of the determinant of Z has the following structural representa-
tion:

P

det(2)| = [ ]z (5.3a.10)

j=1

where the Z;’s are independently distributed real scalar type-2 beta random variables with
the parameters (@ — (j — 1), B —(j — 1)) for j = 1,..., p. Thus, in the real case, the
determinant and, in the complex case, the absolute value of the determinant have struc-
tural representations in terms of products of independently distributed real scalar random
variables. The following is the summary of what has been discussed so far:

Distribution Parameters, real case Parameters, complex case

gamma (a0 — {%1, Aj) (@— (=D, &)

type-1 beta (¢ — % B (=G =1, B)

type-2 beta (-1, p— 15 (a—-G-D, -G —-D)

for j = 1,..., p. When we consider the determinant in the real case, the parameters differ

by % whereas the parameters differ by 1 in the complex domain. Whether in the real or
complex cases, the individual variables appearing in the structural representations are real
scalar variables that are independently distributed.

Example 5.3a.2. Even when p = 2, some of the poles will be of order 2 since the
gammas differ by integers in the complex case, and hence a numerical example will not
be provided for such an instance. Actually, when poles of order 2 or more are present, the
series representation will contain logarithms as well as psi and zeta functions. A simple
illustrative example is now considered. Let X be 2 x 2 matrix having a complex matrix-
variate type-1 beta distribution with the parameters (« = 2, B = 2). Evaluate the density
of it = |det(X)].

Solution 5.3a.2. Let us take the (s — 1)th moment of # which corresponds to the Mellin
transform of the density of &, with Mellin parameter s:

Fya+s—1)  Tya+p)

Iy Ty@+p+s—1)
_Ta+B)(a+p—1) Fa+s— DI (a+s—2)
N Te)M(a—1) Foa+B+s—DIa+B+s—2)
_r&re) ra+s9ris) 12
T T TG+ 2+s) Q+s)(1+5)2s

E[IZS_I] —
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The inverse Mellin transform then yields the density of i, denoted by g(u), which is

1 c+ioo 1
gm) =12 — 5 u*ds (@)
2700 Je—ico 2+ 5)(1+5)7s

where the ¢ in the contour is any real number ¢ > 0. There is a pole of order 1 at s = 0 and
another pole of order 1 at s = —2, the residues at these poles being obtained as follows:

2

u*s 1 . u-*s u

lim =—, lm —=——.
s—0 (2 +s5)(1+ S)2 2 s—>—2(1+ S)ZS 2

The pole at s = —1 is of order 2 and hence the residue is given by

—S —S —S —S

. d u . (—Inu)u u u
lim {— }: lim { -3 — 2}
s—>—1ldss(2 +5) s—>—11 s(2+%) sc2+s) s2+4+5s)

=ulnu —u+u=ulnu.

Hence the density is the following:
g)=6—6u>+12ulnu, 0 <u <1,

and zero elsewhere, where u is real. It can readily be shown that g(i) > 0 and fol gu)du =
1. This completes the computations.

Exercises 5.3

5.3.1. Evaluate the real p x p matrix-variate type-2 beta integral from first principles or
by direct evaluation by partitioning the matrix as in Sect. 5.3.3 (general partitioning).

5.3.2. Repeat Exercise 5.3.1 for the complex case.

5.3.3. Inthe 2 x 2 partitioning of a p x p real matrix-variate gamma density with shape
parameter « and scale parameter /, where the first diagonal block X1 isr xr, r < p,
compute the density of the rectangular block X1,.

5.3.4. Repeat Exercise 5.3.3 for the complex case.

5.3.5. Let the p x p real matrices X and X, have real matrix-variate gamma densities
with the parameters («;, B > O) and (a2, B > O), respectlvely, B being the same for

both distributions. Compute the densny of (1): Uy = X, 2X 1X, -3 ,(2): Uy = X X5 ' 12,
3):Us=(X1+ X))~ 2X2(X1 + X»)7 2, when X and X are independently distributed.
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5.3.6. Repeat Exercise 5.3.5 for the complex case.

5.3.7. In the transformation ¥ = I — X that was used in Sect. 5.3.1, the Jacobian is
p(p+D) r(p+D)

dY = (—1) 2 dX. What happened to the factor (—1) 2 ?

5.3.8. Consider X in the (a) 2 x 2, (b) 3 x 3 real matrix-variate case. If X is real
matrix-variate gamma distributed, then derive the densities of the determinant of X in (a)
and (b) if the parameters are o« = %, B = I. Consider X in the (a) 2 x2,(b) 3 x3 complex
matrix-variate case. Derive the distributions of |det()~( )| in (a) and (b) if X is complex
matrix-variate gamma distributed with parameters (« =2 +i, B = I).

5.3.9. Consider the real cases (a) and (b) in Exercise 5.3.8 except that the distribution
is type-1 beta with the parameters (& = 3, 8 = %). Derive the density of the determinant

E’
of X.
5.3.10. Consider X, (a) 2 x2, (b) 3 x 3 complex matrix-variate type-1 l~)eta distributed
with parameters o = % +1i, B = % — i). Then derive the density of |det(X)| in the cases

(a) and (b).

5.3.11. Consider X, (a) 2 x 2, (b) 3 x 3 real matrix-variate type-2 beta distributed with
the parameters (o = %, B = %). Derive the density of | X| in the cases (a) and (b).

5.3.12. Consider X, (a) 2x 2, (b) 3 x3complex matrix-variate~type-2 beta distributed
with the parameters (o« = %, B = %). Derive the density of |det(X)| in the cases (a) and

(b).
5.4. The Densities of Some General Structures

Three cases were examined in Section 5.3: the product of real scalar gamma vari-
ables, the product of real scalar type-1 beta variables and the product of real scalar type-2
beta variables, where in all these instances, the individual variables were mutually inde-
pendently distributed. Let us now consider the corresponding general structures. Let x;
be a real scalar gamma variable with shape parameter «; and scale parameter 1 for con-

venience and let the x;’s be independently distributed for j = 1,..., p. Then, letting
Ul = X1 Xp,
w1 T+ h)
Elv]] = 1_[ Taj)’ R(aj +h) >0, R(aj) > 0. (5.4.1)

j=1
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Now, let yq, ..., y, be independently distributed real scalar type-1 beta random variables
with the parameters («;, B;), N(a;) >0, R(B;) >0, j=1,...,p,and vy = y1---y),

(5.4.2)

P
E0 =] I'(aj+h) I'(aj+B))
i I'(aj) I'(aj+Bj+h)
for R(aj) > 0, R(B;) > 0, N(aj +h) >0, j =1,...,p. Similarly, let zy, ..., z),
be independently distributed real scalar type-2 beta random variables with the parameters
(aj, Bj), j=1,..., p,andlet vz = zy - - - z,,. Then, we have

p . PR—
E[vé’] _ 1—[ I'(aj+h) I'(Bj —h)

(5.4.3)
I'(aj) I'B;)

j=1

for R(a;) > 0, R(B;) > 0, R(a; +h) > 0, R(B; —h) >0, j =1,...,p. The
corresponding densities of vy, va, v3, respectively denoted by g1 (v1), g2(v2), g3(v3), are
available from the inverse Mellin transforms by taking (5.4.1) to (5.4.3) as the Mellin
transforms of g1, g2, g3 with & = s — 1 for a complex variable s where s is the Mellin
parameter. Then, for suitable contours L, the densities can be determined as follows:

1
g1(vy) = 2_/ E[vy v ¥ds, i = /(=1),
Tl Jr
p 1 1 p .
Jj=1 j=1

-1

1
F(ay ) 0ptla =t =t

~

where W(a; +s—1) >0, j=1,..., p, and g;(v;) = 0 elsewhere. This last representa-
tion is expressed in terms of a G-function, which will be defined in Sect. 5.4.1.

1
g () = Tf E[vy "y ¥ds, i = /(=D),
Ty Jp,
:{lﬁlr(ajJrﬂj)} 1 /{ L Tj+s-1) }U_sds
P F(Oéj) 2mi J; il F(O{j-i-ﬁj-l-s—l) 2

p . . .
_ { 11 M}G% [v2|‘*{+ﬂf—_f J= P] 0<wm<1, (545
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where sz(;, is a G-function, R(aj +s — 1) > 0, R(;) > 0, R(B;) >0, j=1,...,p,
and g>(v2) = 0 elsewhere.

g3(v3) = i. / E[vy " vy*ds, i = V/(=1),
p p
{U F(a,)r(ﬂ, }/ {]j[l F(j+s = D@ —s+D}vids
- ey |
where R(aj) > 0, R(B;) >0, R(aj+5s—1)>0, RB; —s+1)>0, j=1,...,p,
and g3(v3) = 0 elsewhere.

, —Bi, j=1,...,p
(a])F(ﬁ, Fary | Cre vl ) 0smsoo 540

5.4.1. The G-function
The G-function is defined in terms of the following Mellin-Barnes integral:
, _ , ai,...,a
G() = Gl (2) = G [t ]

= L/ ¢(s)zds, i =/ (=1
2mi L

(I, F(b~ +OUITZy T —aj —5)
(Tt T = bj = T Ty +9))

¢(s) =

where the parameters aj, j = 1,...,p, b;, j = 1,...,g, can be complex numbers.
There are three general contours L, say L1, Ly, L3 where L is a loop starting and ending
at —oo that contains all the poles of I'(b; +s), j = 1,...,m, and none of those of
I'(l —aj —s), j =1,...,n. In general L will separate the poles of I'(b; + 5), j =
I,...,m, from those of I'(1 —a; —s), j = 1,...,n, which lie on either side of the
contour. L, is a loop starting and ending at 400, which encloses all the poles of I'(1 —
aj—s), j=1,...,n. L3 is the straight line contour ¢ — io0 to ¢ + i00. The existence of
the contours, convergence conditions, explicit series forms for general parameters as well
as applications are available in Mathai (1993). G-functions can readily be evaluated with
symbolic computing packages such as MAPLE and Mathematica.

Example 5.4.1. Let x1, x», x3 be independently distributed real scalar random variables,
x1 being real gamma distributed with the parameters («; = 3, B1 = 2), xp, real type-1 beta
distributed with the parameters (o = % +2i, B = %) and x3, real type-2 beta distributed
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. 5 . , X X
with the parameters (a3 = 5 +1i, B3 =2 —i). Letu; = x1xx3, up = xz—)‘c and u3 = ﬁ

with densities g;(u;), j =1, 2, 3, respectively. Derive the densities g;(u;), j =1, 2,3,
and represent them in terms of G-functions.

Solution 5.4.1. Observe that E[%]s_lz E[xJ._SH], j =1,2,3, and that g;(u1), g2(u2)
and g3 (u3) will share the same ‘normalizing constant’, say ¢, which is the product of the
parts of the normalizing constants in the densities of x1, xo and x3 that do not cancel out
when determining the moments, respectively denoted by ¢y, ¢3 and c3, that is, ¢ = ¢1 ¢; ¢3.

Thus,
1 I'(az + B2) 1

‘= (o) () '(a3)'(B3)
1 I'2+2i0) 1

= 3 : 5. N (1)
rOrE+20rG+inre-i
The following are E[x;_l] and E[xj_SH] for j =1,2,3:
Exj'1=c1 27T @+5s), Ex* =127 r@d—s) (i)
't 4+2i+9) FG+2i—y)
Els Nmpy 2 "2 pro—stly 2272 7%
b =iy B 1= e w5, (i)

Ely M= T G2+i+9)IG—i—s), Elx; ™ N =c3 I(7/2+i —)['(1 —i +5).
(i)
Then from (i)-(iv),
r(§+2i+s)
T(1+2i+s5)
Taking the inverse Mellin transform and writing the density g{(u#;) in terms of a

G-function, we have
( ) C G3 1l ur ‘—Z-H, 14-2i
u) = -Gy | — .
S = 5723 D), 140, 34
Using (i)-(iv) and rearranging the gamma functions so that those involving +s appear
together in the numerator, we have the following:

_ c ra—i+s)
Ei N ==2'r@ —— I (5/24+2i —s)I'(7/2+i —s).
W57 = 52 TQ 40 s ST (/2 42 =9I (/241 =)
Taking the inverse Mellin transform and expressing the result in terms of a G-function, we

obtain the density g2 (u3) as
—3-2i, —3—i
2, 1—i, 342i, —2-2i |

Elu™N=c2"'r@2+5) r3/2+i+s)rG—i—s).

Uz

2

C
$20u2) = 5 Gy [
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Using (i)-(iv) and conveniently rearranging the gamma functions involving +s, we have

Eluy™=2c27T(1/2+2i +5)I'(1 =i + )4 —5)

rg+i-s

F(1+2i+s)

On taking the inverse Mellin transform, the following density is obtained:

g3(u3) =2¢ Gy, [2143

This completes the computations.

=3, —3—i, 1+2i]

1420, 1-i

5.4.2. Some special cases of the G-function

Certain special cases of the G-function can be written in terms of elementary functions.

Here are some of them:

G(l):?(zla) =z%"% z#0

1

—da

| <1

GH[—Z o J=T@d—-27 |zl <1
107 jo+p+1 o P
G =——7%0 -2, |z] <1
1,1[ ‘o{ | rB+1) |z
B
1,1 al|Blel _ BJa 4 o
Gl,l[aZ ,3/a] =a [—l—l-az“]’ laz”| <1
B
L[ al-v+B/a] ﬂ/a[ z ] o
Gy [aZ ‘/3/04 =I'(y)a Axazyr ) laz
—al-a] T Qa) B )
Gé%[_zz|o,§a2 = 22a K +2) M (1=, 2zl < 1
1
1 T2 1
G%ji[ o | = S+ <
2 _ 1
1,02 2\2 .
G [— _ (_)
0,2 4|l,_1%0 2\ 2/ smz2 :
2l gl = () eos
2 )
Z 2
GI’OI:—— 1| = sinhz
0,2 4 ‘0’_2_ ZT[%
ol 22, 1 1
Go, Z‘O’%_ = 7~ 2coshz
Gy3[+ el =m0, 2l <1
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L,p 1—ay,..., 1—a,
Gp q-H[Z 0,1 1b1 N Zq]
B [mal)---F(ap)
oy - I'(by)

}qu(ala""ap;b]a""bq;_Z)

forp<gorp=qg+1and|z| < 1.
5.4.3. The H-function

If we have a general structure corresponding to vy, v and v3 of Sect. 5.4, say wy, w;
and w3 of the form

wy =0 xxy (5.4.7)
8.8 8
wy :)711)722"‘)’pp (5.4.8)
b
w3 = 23" -2y (5.4.9)
for some §; > 0, j = 1,..., p the densities of w, wy and w3 are then available in

terms of a more general function known as the H-function. It is again a Mellin-Barnes
type integral defined and denoted as follows:

_ m,n m,n (ar,a1),..., (apaap)
H(z) = H), ;' (2) = H, [ b1, (bq,ﬂq>]

_ Lf W)z ds, i = (=D,

{ F(b + Bis)H rd—a;—as)

Y(s) = = NI d (5.4.10)
Tz T4 =bj = B U =iy r(aj+ajs)}

wherea; > 0, j =1,...,p, Bj >0, j =1,...,q, are real and positive, a;, j =

l,...,p,and bj, j = 1,...,q, are complex numbers. Three main contours L, L,, L3

are utilized, similarly to those described in connection with the G-function. Existence
conditions, properties and applications of this generalized hypergeometric function are
available from Mathai et al. (2010) among other monographs. Numerous special cases can
be expressed in terms of known elementary functions.

Example 5.4.2. Let x| and x; be independently distributed real type-1 beta random vari-
ables with the parameters (a; > 0, B; > 0), j = 1, 2, respectively. Let y; = x(lsl, 61 > 0,
and y, = xgz, d> > 0. Compute the density of u = yjy».
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Solution 5.4.2. Arbitrary moments of y; and y, are available from those of x; and
X3.

h]_ I'(aj+h) I'(aj+Bj)

E[x!] = M@ +h) >0, j=1,2,
L) [y Ta,+8+m r@tmh=0.J
El'] = EpY") = I +0ih) T +F) oy 5y 0.
J J F(aj) T(aj+Bj+8;h) s

E[us—l] — [ s—l]E[ s—l]
_l—[F(oe]—f—S(s 1) I'(aj+ Bj)

. (5.4.11)
I'(aj) I'(aj+Bj+48i(s —1))
Accordingly, the density of u, denoted by g(u), is the following:
1 2 I(aj—8;+8:9)
ew) =C { U }u—Sds
27i :lf(aj+/3j—8j+8js)
2.0 (o1+B1—61, 81), (a2+B2—82, 82)
= CH2 ’2 u 9
’ (o1=81, 81), (x2—82, 82)
F(aj + Bj)
C = (5.4.12)
l—[ F(O(J)

where 0 <u < 1,R(aj —6;+3d;5) >0, R(aj) >0, R(Bj) >0, j=1,2and g(u) =0
elsewhere.

Whenoy =1 = -+ = ap, f =1 = --- = B,, the H-function reduces to a
G-function. This G-function is frequently referred to as Meijer’s G-function and the H-
function, as Fox’s H-function.

5.4.4. Some special cases of the H-function

Certain special cases of the H-function are listed next.

1
1. % B
H()l’{)x|(bﬁ)]:,3 Ixpe™";
1 1 _
lelon P ]= T +2™ = FenFo®; -2, Izl < 1;
2
1,0[ £
Hy; [
0,2 4

= ()" 1 (2)
=G

(u+v a v 1)
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where the Bessel function

W@ = g:o l(c'_lizi(i/i)ril)c - F((Zv/i)vl)oFl( e _é);
H, [Z Ef)_l?ff_cn = II:ECCI;IFl(a; ¢; —2);
H2122 [x 2(1)7—1;,(11)*_(01’_157,1>: _ %g(b)z Fi(a, b; c; —2);
1 [l g | = TOEL @), 9100 =0,

where the generalized Mittag-Leffler function

y o e ,‘
Ea,ﬁ(o—kg o TG a0 e > 0. %8 >0,

where I'(y) is defined. For y = 1, we have E(}l’ﬁ(z) = Eqp();wheny =1, B = 1,
E(},,](Z) = Ea(Z) and when Yy = 1= IB = «, we have EI(Z) —_—

2,0 Y
Hy, [Z|(o,1),(%,%)] = pK,(@)

where K",j (z) is Kritzel function

o0
K} (2) =f e "rdr, () > 0.
0

E

(a+1.1)

H
(@.1)

0
1

1 1
] =n"2z1—-2)772, |z] < L
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2,0
Hy, [Z

_“F(2111 )|1 <1
= Ty 5y Ly L — ’ - < 1.
Z2133 < Z

(a+;,1),<a+§,1)]

(a,1),(a,1)

Exercises 5.4

5.4.1. Show that
Gy [P lpsa) = pPeP e

5.4.2. Show that

| NI

-z _ ~1L1 1/3 _ 2,1 -
e =G, [Z 0,1/3 =Gy Z|0,

(ST
| I

DO — D] —

5.4.3. Show that
1 _s 10| 12
23(1—2)7 6 =T(1/6)G] |z]}].
’ 3

5.4.4. Show that

o0
/ N1 = 0P + x — zx) Pdx
0

_F’(a)F(c—a)F( b e 2) 1. 9% ) >0
_Tz 1(a,b;c;2), |zl <1, Rc—a) > 0.

5.4.5. Show that

. m,n (ay,a1),(az,a1),(a3,a3),...,(ap,ap)
(a1 —a)H), [Z (B1,B1)seees (g By) }

_ gmn (ar,a1),(@2—1,a1),(a3,a3),..., (ap’“p)]
=Hp,y [Z (b1,B1)....(bg. Bg)

_ gm,n (a1—1,01),(az,01),(a3,03),..., (a,,,ap)]
H [Z (b1,B1),....(bg.By) , n>2.

5.5,5.5a. The Wishart Density

A particular case of the real p x p matrix-variate gamma distribution, known as the
Wishart distribution, is the preeminent distribution in multivariate statistical analysis. In
the general p x p real matrix-variate gamma density with parameters (o, B > 0O), let

m

a=7%, B= %2‘1 and X > O; the resulting density is called a Wishart density with
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degrees of freedom m and parameter matrix X' > O. This density, denoted by f,,(W), is
given by

e I'ETW w0 x> 0, (5.5.1)

IR ADILINCD

form > p, and f,,(W) = 0 elsewhere. This will be denoted as W ~ W,(m, X). Clearly,
all the properties discussed in connection with the real matrix-variate gamma density still
hold in this case. Algebraic evaluations of the marginal densities and explicit evaluations
of the densities of sub-matrices will be considered, some aspects having already been
discussed in Sects. 5.2 and 5.2.1.

In the complex case, the density is the following, denoted by f,, (W):

|d€t(W) |m—pe—tr(2_] W)

~ W > 0, Y>0,m=>p, (5.5a.1)
| det(X)|" I, (m)

fuw(W) =

and fw(W) = 0 elsewhere. This will be denoted as W ~ Wp (m, X).
5.5.1. Explicit evaluations of the matrix-variate gamma integral, real case

Is it possible to evaluate the matrix-variate gamma integral explicitly by using conven-
tional integration? We will now investigate some aspects of this question.

When the Wishart density is derived from samples coming from a Gaussian population,
the basic technique relies on the triangularization process. When X' = I, that is, W ~
W, (m, I), can the integral of the right-hand side of (5.5.1) be evaluated by resorting to
conventional methods or by direct evaluation? We will address this problem by making
use of the technique of partitioning matrices. Let us partition

X1 X2
X =
[X21 X2
where let X7, = xp, so that Xp1 = (xp1,...,xpp—1), X12 = X/21' Then, on applying a
result from Sect. 1.3, we have

_ptl _ptl _ _ptl
IXI°772 = |X1|*" 2 [ — X X' X" 2. (5.5.2)

Note that when X is positive definite, X;; > O and x,, > 0, and the quadratic form
X21 X' X12 > 0. As well,

e R [ U s
[xpp — X21 X X12] 2 =Xpp [1 —xpp X1 X" X" X12xpp | 2. (55.3)
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Letting ¥ = xpp X21X11 , then referring to Mathai (1997, Theorem 1.18) or Theo-

_p-1
rem 1.6.4 of Chap. 1, dY = x, 2 |X11|_%dX21 for fixed X1y and x,, . The integral
OVEr X p), gives

oo +L_L+1
/0 Xpp - 2 e trdx,, = Ia), R(a) > 0.

If we let u = YY’, then from Theorem 2.16 and Remark 2.13 of Mathai (1997) or using
Theorem 4.2.3, after integrating out over the Stiefel manifold, we have

(Note that n in Theorem 2.16 of Mathai (1997) corresponds to p — 1 and p is 1). Then,
the integral over u gives

1 1 p+1 p_—l — p_—l —_
/ T 1 — )T du = &G )Me-5 ), Ra) > 2 1.
0 I'(a) 2

Now, collecting all the factors, we have

—1

7' rre—"r3)
res (@)

X11l* T )

_ |X§11)|a+%—”7“n’%lr(a —(p—1/2)

for N(a) > p; Note that |X(1)| is(p—1) x (p—1) and | X/, after the completion

of the first part of the operations, is denoted by |X 51)| the exponent being changed to

a+s5— p—H . Now repeat the process by separating x,_1 ,—1, that is, by writing

2 2
xP=|7 e
X501 Xp-1,p-1

Here, Xﬁ) is of order (p — 2) X (p —2) and X(z) is of order 1 x (p — 2). As before,

p—2
. p) P G) B 5= 2), -1
letting u = YY’ with ¥ = xp Ly 1X§I)[x§l)] dY = x, 7 |IX{7|72dX5). The
L
integral over the Stiefel manifold gives Z—— u'T ldu and the factor containing (1 — u)

r&=)
is (1 — u)**2="2" | the integral over u yielding

1 2 _pr=2
f MPT*Z_l( M)OHM_LHdM _ I'( 3 W (a 5 )
0 I'()
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and that over v = x,_ ;1 giving
1 1, p—2 p+l
/ VIt T e dy = N(a), R(a) > 0.
0
The product of these factors is then
2
X@H= 2 5 P — (p — 2)/2), R(a) > pT.

Successive evaluations carried out by employing the same procedure yield the exponent
of m as pT_l + pT—Z + o+ % = @ and the gamma product, I" (o — pT_])F(oz —
pT—Z) --- I'(a), the final result being I, (). The result is thus verified.

5.5a.1. Evaluation of matrix-variate gamma integrals in the complex case

The matrices and gamma functions belonging to the complex domain will be denoted
with a tilde. As well, in the complex case, all matrices appearing in the integrals will be
p x p Hermitian positive definite unless otherwise stated; as an example, for such a matrix
X, this will be denoted by X > O. The integral of interest is

Fy@) = f |det(X) [« Pe"®)dx. (5.5a.2)
X>0

A standard procedure for evaluating the integral in (5.5a.2) consists of expressing the
positive definite Hermitian matrix as X = TT* where T is a lower triangular matrix with
real and positive diagonal elements ¢;; > 0, j = 1,..., p, where an asterisk indicates the
conjugate transpose. Then, referring to (Mathai (1997, Theorem 3.7) or Theorem 1.6.7 of
Chap. 1, the Jacobian is seen to be as follows:

dxX = 2P{ ]_[ 2= ”“} (5.5a.3)

and then

tr(X) = (T T
= tF b 12, T P TP [Ty

and

=

\det(X) |~ PdX = 21’{ [12 2’“}
j=1
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Now. integrating out over 7 for j > k,

Eixl? 47 FT —@ 4y
/: e khdtj = / / e TRty ANdtj =7
ik —00 J —00

and
pp=1

H T=m 2 .

Jj>k
As well,

* 2a-2j+1 ¢ : :
2/0 1] e vdtijj=T(a—j+1), Ra) > j—1,

for j =1, ..., p. Taking the product of all these factors then gives

rp

" M@= 1) T — p+1) = Fy@), K@) > p—1,

and hence the result is verified.

An alternative method based on partitioned matrix, complex case

The approach discussed in this section relies on the successive extraction of the diago-
nal elements of X, a p x p positive definite Hermitian matrix, all of these elements being
necessarily real and positive, thatis, x;; >0, j=1,..., p. Let

a [le Xlz]
X1 Xpp

where X is (p—1)x(p—1)and

|det(X)[*7F = |det(X11)|* P |x,p — Xo1 X} X 12|77

and
Then,
e ele o B S S BV
lxpp — X21 X, Xpp|“7P :xgppu —xpp2X21X ]2X ]2X12xpp2|a P,
Let

1. ._1 ~ ~ -
Y = xpszle”z = dY = x;p(p_l)|det(X11)|_1 dXo,
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referring to Theorem 1.6a.4 or Mathai (1997, Theorem 3.2(c)) for fixed x, and X 1. Now,
the integral over x, gives

0.¢]
/0 xo Pt P=De ™% dyx,, = (@), R(a) > 0.

Letting u = YY* dY = up_z%du by applying Theorem 4.2a.3 or Corollaries 4.5.2
and 4.5.3 of Mathai (1997), and noting that u is real and positive, the integral over u gives

/oou“’—”—lu et = TP DI =@ = D)
0 I' (@)

Taking the product, we obtain

nP~l I'(p—DI(@—(p—1)
r'(p—1) ()
= "7 (e = (p = D)Idet(X; )"+ 7

det(X )@ 1=P I (a)

where X %11) stands for X1 after having completed the first set of integrations. In the second
stage, we extract x, 1,1, the first (p — 2) x (p — 2) submatrix being denoted by X 52])
and we continue as previously explained to obtain |det(X ﬁ)) |9H2=Pr P2 (o — (p — 2)).
Proceeding successively in this manner, we have the exponentof w as (p — 1)+ (p —2) +
-+-4+1= p(p—1)/2 and the gamma productas I'(« — (p — 1) (¢ —(p —2)) - - - [ (@)
for R(a) > p — 1. That is,

pp=1

77T T@l@—1)---T'a—(p—1) = ).

5.5.2. Triangularization of the Wishart matrix in the real case

Let W ~ W,(m, X), ¥ > O be a p x p matrix having a Wishart distribution with
m degrees of freedom and parameter matrix X~ > O, that is, let W have a density of the
following form for X' = I:

Jw(W) = , W>0, m>p, (5.5.4)

and f, (W) = 0 elsewhere. Let us consider the transformation W = TT' where T is a
lower triangular matrix with positive diagonal elements. Since W > O, the transformation
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W = TT' with the diagonal elements of T being positive is one-to-one. We have already
evaluated the associated Jacobian in Theorem 1.6.7, namely,

dw = 2P{ ]_[ P f}dT (5.5.5)
J_
Under this transformation,

D

p
[T2)s5 e bt 2pmw+l Nar

j=1

FOW)AW =~ |
27 I,(%)

= m—zl’{ ]_[(t?.)%’—%} SV EL VRIS (5.5.6)

In view of (5.5.6), it is evident that ¢;;, j = 1,..., p and the #;;’s, i > j are mutually
1.2
independently distributed. The form of the function containing ;;, i > j, is e 2, and

hence the 7;;’s for i > j are mutually independently distributed real standard normal
variables. It is also seen from (5.5.6) that the density of tjzj is of the form

N\E

—izt g
ij 2 e zyj’ y]_tjj’
which is the density of a real chisquare variable having m — (j — 1) degrees of freedom

for j =1, ..., p, where c; is the normalizing constant. Hence, the following result:

Theorem 5.5.1. Let the real p x p positive definite matrix W have a real Wishart density
as specified in (5.5.4) and let W = TT' where T = (t;;) is a lower triangular matrix
whose diagonal elements are positive. Then, the non-diagonal elements t;j such thati > j
are mutually independently distributed as real standard normal variables, the diagonal
elements tjzj, Jj = 1,..., p, are independently distributed as a real chisquare variables

having m — (j — 1) degrees of freedom for j = 1,..., p, and the t2 's and t;;’s are
mutually independently distributed.

Corollary 5.5.1. Let W ~ Wy(n, o21), where 6> > 0 is a real scalar quantity. Let W =
TT where T = (t;;) is a lower triangular matrix whose diagonal elements are positive.
Then, the tj;’s are independently distributed for j = 1,..., p, the t;;’s, i > j, are
independently distributed, and all t;;’s and t;;’s are mutually independently distributed,
where tJZJ /o2 has a real chisquare distribution with m — (j — 1) degrees of freedom for
J=1,...,p,andtyj, i > ], has a real scalar Gaussian distribution with mean value

zero and variance o, that is, tij e N(0, o) foralli > j.



342 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

5.5a.2. Triangularization of the Wishart matrix in the complex domain

Let W have the following Wishart density in the complex domain:

Fop(W) = ——|det(W)|"Pe W) W = 0, m > p, (5.5a.4)

Fpm

and fw(W) = 0 elsewhere, which is denoted W ~ W (m, I). Consider the transformation
W = TT* where T is lower triangular whose diagonal elements are real and positive.
The transformation W = T T* is then one-to-one and its associated J acobian, as given in
Theorem 1.6a.7, is the following:

aw = 2P{ th(p ”“} . (5.54.5)

Then we have

F(W)dW L (T2 ymr e Sy ik 2p=i)+1
FW)YdAW = fp(m){g(t?j) ”}e - 2[7{1_[ p—i+ }

B

p
2P TTadym i+t ) e Xim i il o . (5.50.6)
=1

In light of (5.5a.6), it is clear that all the 7;;’s and 7;;’s are mutually independently dis-
tributed where 7;;, i > j, has a complex standard Gaussian density and tzj has a complex
chisquare density with degrees of freedom m — (j — 1) or a real gamma density with the

parameters (e« =m — (j — 1), B =1),for j = 1,..., p. Hence, we have the following
result:

Theorem 5.5a.1. Let the complex Wishart density be as specified in (5.5a.4), that is,
W o~ W (m, I). Consider the transformation W = TT* where T = (t; i) is a lower
trzangular matrix in the complex domain whose diagonal elements are real and positive.
Then, fori > j, the t; i ’s are standard Gaussian distributed in the complex domain, that is,

lij ~ Ni(0,1), i > j, tjzj is real gamma distributed with the parameters (« = m — (j —
D, B=1forj=1,...,p andallthet;;’sandt;;’s, i > j, are mutually independently
distributed.

Corollary 55a1. Let W ~ W (m, 02I) where > > 0 is a real positive scalar. Let
T, tjj, tij, i > J, be as defined in Theorem 5.5a.1. Then, t2 /o2 is a real gamma variable

with the parameters (a =m — (j — 1), B =1) for j = 1, ces Dy dij N1 (0, 62) for all
i > j,and the tj;’s and t;;’s are mutually independently distributed.
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5.5.3. Samples from a p-variate Gaussian population and the Wishart density

Let the p x 1 real vector X ; be normally distributed, X; ~ N,(u, X), ¥ > O. Let

X1,..., X, be a simple random sample of size n from this normal population and the
p x n sample matrix be denoted in bold face letteEing as X = (X1, Xp, ..., X;,) where
X; = (x1j, X2, ..., Xpj). Let the sample mean be X = %(Xl + ---+ X,,) and the matrix

of sample means be denoted by the bold face X = (X, ..., X). Then, the p x p sample
sum of products matrix S is given by

S=X-X)X-X) = (s;)), sij = ) _(xix — ¥)(xjx — %))
k=1

where x, = ZZ:l xrx/n, r = 1,..., p, are the averages on the components. It has
already been shown in Sect. 3.5 for instance that the joint density of the sample values
X1,..., Xy, denoted by L, can be written as

[ 1 e —3r(Z )5 (X - TN (X —p) (5.5.7)
Qn)7 2|3

But X —X)J = 0, J' = (1,..., 1), which implies that the columns of (X — X) are
linearly related, and hence the elements in (X — X) are not distinct. In light of equa-
tion (4.5.17), one can write the sample sum of products matrix S in terms of a p x (n — 1)
matrix Z,_; of distinct elements so that S = Zn_lZ;_ |- As well, according to Theo-
rem 3.5.3 of Chap. 3, S and X are independently distributed. The p x n matrix Z is
obtained through the orthonormal transformation XP = Z, PP’ = I, P'P = I where
P isn x n. Then dX = dZ, ignoring the sign. Let the last column of P be p,. We can

specify p, to be \/LZJ so that Xp, = /nX. Note that in light of (4.5.17), the deleted

column in Z corresponds to \/nX. The following considerations will be helpful to those
who might need further confirmation of the validity of the above statement. Observe that
X — X = X(I — B), with B = 1JJ/ where J is an x 1 vector of unities. Since I — B is
idempotent and of rank n — 1, the eigenvalues are 1 repeated n — 1 times and a zero. An

eigenvector, corresponding to the eigenvalue zero, is J normalized or \/LEJ . Taking this as

the last column p,, of P, we have Xp, = /nX. Note that the other columns of P, namely
Pls .-, Pn—1, correspond to the n — 1 orthonormal solutions coming from the equation
BY = Y where Y is an x 1 non-null vector. Hence we can write dZ = dZ,_; AdX. Now,
integrating out X from (5.5.7), we have

LdZn |=ce 2(1'(2 Zn IZ l)dZn 1 S_ n— IZ (5,5,8)

n—1»
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where c is a constant. Since Z,_ contains p(n — 1) distinct real variables, we may apply
Theorems 4.2.1, 4.2.2 and 4.2.3, and write dZ,,_; in terms of dS as

pn=1)

dZ,_, = %m—ds n—1>p. (5.5.9)
Then, if the density of S is denoted by f (),
157 =15
1 —1
f(8)dS = — e 2"¥ 7 9qg
Ip("5h)

where ¢ is a constant. From a real matrix-variate gamma density, we have the normalizing
constant, thereby the value of c;. Hence

£(S)dS = g2 r(E7'94g (5.5.10)

22T L

for§ > 0, ¥ > 0, n—12= pand f(X) = 0 elsewhere, I',(-) being the real matrix-
variate gamma given by

rp—1)
Iy(a) =7 *

(e —(p—1/2), W) > (p—1/2.

Usually the sample size is taken as N so that N — 1 = n the number of degrees of freedom
associated with the Wishart density in (5.5.10). Since we have taken the sample size as n,
the number of degrees of freedom is » — 1 and the parameter matrix is X > O. Then S
in (5.5.10) is written as § ~ W,(m, X), withm = n — 1 > p. Thus, the following result:

Theorem 5.5.2. Let Xi,...,X, be a simple random sample of size n from a
Ny(u, ), ¥ > O. Let X;, X, X, X, S be as defined in Sect. 5.5.3. Then, the den-
sity of S is a real Wishart density with m = n — 1 degrees of freedom and parameter
matrix X > O, as given in (5.5.10).

5.5a.3. Sample from a complex Gaussian population and the Wishart density

Let X ~ N (n, ), ¥>0, j= 1 , n be independently distributed. Let X =

(X1, ..., Xn), X = 1(X1-|— X)), (X ,X)andlet § = (X — X)(X X)*
where a * indicates the conjugate transpose We have already shown in Sect. 3.5a that the
joint density of X Ly.- X n, denoted by L, can be written as

[—— N ) (5.5a.7)

P |det(X)|"
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T~he~n, following steps parallel to (5.5.7) to (5.5.10), we obtain the density of S, denoted by
f(S), as the following:

Fioyas = MOz

— _ D48, m=n—1>p, (5.54.8)
|det(X) | Iy (m)

for § > O, Y¥>0,n—12>p,and f (5‘) = 0 elsewhere, where the complex matrix-
variate gamma function being given by

(04

- —1)
Foa)=n"7 I'@)I(@—1)---T'l@—p+1), Ra) > p— 1.
Hence, we have the following result:

Theorem 5.5a.2. Let )~(j ~ Kfp(;f, ), ¥ > 0, j=1,...,n, be independently and

identically distributed. Let X, X, X, S be as previously defined. Then, S has a complex
matrix-variate Wishart density with m = n — 1 degrees of freedom and parameter matrix
Y > 0, as givenin (5.5a.8).

5.5.4. Some properties of the Wishart distribution, real case

If we have statistically independently distributed Wishart matrices with the same pa-
rameter matrix X, then it is easy to see that the sum is again a Wishart matrix. This can
be noted by considering the Laplace transform of matrix-variate random variables dis-
cussed in Sect. 5.2. If §; ~ W,(m;, X), j = 1,..., k, with the same parameter matrix
X > O and the §;’s are statistically independently distributed, then from equation (5.2.6),
the Laplace transform of the density of S; is

nj
2

Ls,(:T) = |l +22,T|” " I+25,T >0, j=1,....k (5.5.11)

where .7 is a symmetric parameter matrix 7 = (#;;) = 7' > O with off-diagonal ele-
ments weighted by % When §;’s are independently distributed, then the Laplace transform
of the sum S = S7 4 - - - + Sk is the product of the Laplace transforms:

k 4
1_[ [425,T| 7 = |1+22*T|—%(m1+“'+m’<) = S~ W,(mi+--+mg, X). (55.12)
j=1

Hence, the following result:
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Theorems 5.5.3, 5.5a.3. Let §; ~ W,(m;, X), ¥ > O, j = 1,...,k, be statisti-
cally independently distributed real Wishart matrices with my, ..., my degrees of free-
doms and the same parameter matrix X > O. Then the sum S = S1 + --- + S is real
Wishart distributed with degrees of freedom m| + - - - + my and the same parameter ma-
trix ¥ > O, thatis, S ~ W,(my + --- +my, X), ¥ > O. In the complex case, let
S’j ~ Wp(m, f]), S =3*> O, j =1,...,k, be independently distributed with the
same 3. Then, the sum S = 51 + .+ S'k ~ Wp(ml + - 4 my, Z~’).

We now consider linear functions of independent Wishart matrices. Let §; ~
Wy(m;, X), ¥ > O, j=1,...k, be independently distributed and S, = a1S1 +--- +

ay Sy where ay, ..., ay are real scalar constants, then the Laplace transform of the density
of S, is
k m;
J
Ls,cT)=[]W +2a;Z.T1"7, I +2a;2,T > 0, j=1,....k (i)
j=1

The inverse is quite complicated and the corresponding density cannot be easily deter-
mined; moreover, the density is not a Wishart density unless a; = --- = ai. The types
of complications occurring can be apprehended from the real scalar case p = 1 which is
discussed in Mathai and Provost (1992). Instead of real scalars, we can also consider p x p
constant matrices as coefficients, in which case the inversion of the Laplace transform will
be more complicated. We can also consider Wishart matrices with different parameter ma-
trices. Let U; ~ W,(m;, X;), X; > O, j =1,...,k, be independently distributed and
U = U+ - - -+ Uy. Then, the Laplace transform of the density of U, denoted by Ly (,T),
is the following:

k |
LuGT) =1 +254TI" 2 1 +25,T > 0, j=1,....k (ii)
j=1

This case does not yield a Wishart density as an inverse Laplace transform either, unless
Y1 = -+ = Xy. In both (i) and (ii), we have linear functions of independent Wishart
matrices; however, these linear functions do not have Wishart distributions.

Let us consider a symmetric transformation on a Wishart matrix §. Let § ~
W,(m, %), ¥ > O and U = ASA’ where A is a p x p nonsingular constant matrix.
Let us take the Laplace transform of the density of U':
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Ly(T) = E[e""6T'U)] = E[e0GT'ASAY| = ple—t(ATAS),
= E[e™MATAS) = Ly(A,TA) = |1 +23(A,TAI"?
= +2(AZA)T|" =
=U~W,im,AXA"), ¥ > 0O, |A| #0.
Hence we have the following result:

Theorems 5.5.4,5.5a4. Let S~ W,(m, Y > O)and U = ASA’, |A| # 0. Then, U ~
W,(m, AX A", ¥ > O, |A| # 0, that is, when U = ASA’ where A is a nonsingular
p X p constant matrix, then U is Wishart distributed with degrees of freedom m and
parameter matrix AX A'. In the complex case, the constant P X p nonsingular matrix
A can be real or in the complex domain. Let S ~ W (m, Z) = X* > O. Then
U= ASA* ~ Wp(m, AX AY).

If A is not a nonsingular matrix, is there a corresponding result? Let B be a constant
q x p matrix, ¢ < p,whichisof fullrank g. Let X; ~ N,(n, ), ¥ > O, j=1,...,n
be iid so that we have a simple random sample of size n from a real p-variate Gaussian
population. Let the ¢ x 1 vectors ¥; = BX;, j = 1,...,n, be iid. Then E[Y;] =
Bu, Cov(Y;) = E[(Y;—E(Y;))(Y;—E(Y;))] = BE[(X; —EX;))(X;—E(X;))'B' =
BX B’ which is ¢ x ¢q. As well, Y; ~ N,(Bu, B¥B’), BYXB’ > O. Consider the
sample matrix formed from the Y;’s, namely the ¢ x n matrix Y = (Y3,...,Y,) =
(BX1,...,BX,) = B(X1,...,X,) = BX where X is the p x n sample matrix from
X ;. Then, the sample sum of products matrix in Y is (Y — Y)Y -Y) =S8, say, where
the usual notation is utilized, namely, Y = %(Yl +.---+Y)and Y = (Y,...,Y). Now,
the problem is equivalent to taking a simple random sample of size n from a g-variate real
Gaussian population with mean value vector Bu and positive definite covariance matrix
BX B’ > O. Hence, the following result:

Theorems 5.5.5,5.5a.5. Let X; ~ N,(u, %), ¥ > O, j=1,...,n, beiid and S
be the sample sum of products matrix in this p-variate real Gaussian population. Let B
be a q x p constant matrix, ¢ < p, which has full rank q. Then BSB’ is real Wishart
distributed with degrees of freedom m = n — 1, n being equal to the sample size, and
parameter matrix BXB' > O, that is, BSB ~ W,(m, BX B’). Similarly, in the complex
case, let Bbeaq x p, q < p, constant matrix of full rank q, where B may be in the real
or complex domain. Then, BSB* is Wishart distributed with degrees of freedom m and
parameter matrix BX B*, that is, BSB* ~ Wq (m, Bf]B*).

5.5.5. The generalized variance

Let X;, X', = (x1j,...,xp;), beareal px 1 vector random variable for j =1, ..., n,
and the X ;’s be iid (independently and identically distributed) as X ;. Let the covariance
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matrix associated with X ; be Cov(X;) = E[(X; —EX;))(X;—E(X;)) =%, ¥ > O,
for j = 1,...,n in the real case and Yy = E[(f(j — E()N(j))(f(j — E(Xj))*] in the
complex case, where an asterisk indicates the conjugate transpose. Then, the diagonal
elements in X' represent the squares of a measure of scatter or variances associated with
the elements x, ..., xp; and the off-diagonal elements in X provide the corresponding
measure of joint dispersion or joint scatter in the pair (x,;, xy;) for all r # s. Thus, X' gives
a configuration of individual and joint squared scatter in all the elements xy;, ..., xp;. If
we wish to have a single number or single scalar quantity representing this configuration
of individual and joint scatter in the elements x1, ..., x,; what should be that measure?
Wilks had taken the determinant of X, |X'|, as that measure and called it the generalized
variance or square of the scatter representing the whole configuration of scatter in all
the elements xyj, ..., xp;. If there is no scatter in one or in a few elements but there is
scatter or dispersion in all other elements, then the determinant is zero. If the matrix is
singular then the determinant is zero, but this does not mean that there is no scatter in
these elements. Thus, determinant as a measure of scatter or dispersion, violates a very
basic condition that if the proposed measure is zero then there should not be any scatter
in any of the elements or X' should be a null matrix. Hence, the first author suggested to
take a norm of X', || Y|, as a single measure of scatter in the whole configuration, such
as | Xy = max; }_; loj;| or | ¥|l2 = largest eigenvalue of X' since X' is at least positive
semi-definite. Note that normality is not assumed in the above discussion.

If S~ Wy(m, X), ¥ > O, what is then the distribution of Wilks’ generalized vari-
ance in S, namely |S|, which can be referred to as the sample generalized variance? Let
us determine the /-th moment of the sample generalized variance |S| for an arbitrary .
This has already been discussed for real and complex matrix-variate gamma distributions
in Sect. 5.4.1 and can be obtained from the normalizing constant in the Wishart density:

S5 +h— o 5u(ELS)
E[S|"] = S0 L _ ds
271, (%) 2|3
M2 +h  m p—1
=2 o (S +h) > (55.13)
Iy (3) 2 2
Then
Iy(%2+h P 4+n— L2
E[|(22)_15|h] — p(z—m) — 1_[ (2 '_12 )
() jo T3 =5
= E[y{1E[y;1--- Ely}] (5.5.14)
where yj, - -+, y, are independently distributed real scalar gamma random variables with

the parameters (% — %, 1), j=1,..., p.Inthe complex case
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.- (m+h) L F(m —1)+h)
E[|det((£)7'$)1" = o EAY
£,y (m) izl Fm—(—1)
= E[yl] e E[yp] (5.5a2.9)
where y1, ..., ¥, and independently distributed real scalar gamma random variables with

the parameters (m — (j — 1), 1), j = 1,..., p. Note that if we consider E[|Z‘_1S|h]
instead of E[|(2X)~'S|"] in (5.5.14), then the y;’s are independently distributed as real
chisquare random variables having m — (j — 1) degrees of freedom for j = 1, ..., p. This
can be stated as a result.

Theorems 5.5.6, 5.52.6. Let S ~ W,(m, X), X > O, and |S| be the generalized vari-
ance associated with this Wishart matrix or the sample generalized variance in the cor-
responding p-variate real Gaussian population. Then, E[|(22)_1S|h] = E[y{“] ‘e E[ylh)]
so that |2X)7'S| has the structural representation |2x)~1s| = yi---yp where the
y;’s are independently distributed real gamma random variables with the parameters
@ — 2L, j = 1,..., p. Equivalently, E[|Z~'S|"] = E[Z"]--- E[z,]"] where
the z;’s are mdependently distributed real chisquare random variables havmg m— (j J—
D, j=1,...,p, degrees of freedom. In the complex case, if we let S ~ W (m, ), ¥ =
>*> 0, and |det(S )| be the generallzed variance, then | det((Z’ )~ 1S)| has the structural

representation |det((X)18)| = -+ yp where the y;’s are independently distributed
real scalar gamma random varlables with the parameters im— (j—1), 1), j=1,...,p
or chisquare random variables in the complex domain havingm — (j — 1), j=1,..., p,

degrees of freedom.

5.5.6. Inverse Wishart distribution

When § ~ W,(m, X), ¥ > O, what is then the distribution of § —19 Since S has
a real matrix-variate gamma distribution, that of its inverse is directly available from the
transformation U = S~!. In light of Theorem 1.6.6, we have dS = |U |=(P+DdU for the
real case and dX = |det(UU*)|~PdU in the complex domain. Thus, denoting the density
of U by g(U), we have the following result:

Theorems 5.5.7, 5.5a.7.  Let the real Wishart matrix S ~ W,(m, X), ¥ > O, and the
Wishart matrix in the complex domain S ~ Wp (m, Z~’), S =3*>0.LetU = S ! and
U=S" Letting the density of S be denoted by g(U) and that of U be denoted by g([] ),

_m__prl
|Ul"z7 7 o—3r(EUTh

g(U) = — -
2% ()25

,U>0, Y>0, (5.5.15)
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and zero elsewhere, and

e @) e o
8 = rl (e ()lc;|t(§’)|me_ WED ot s 0, =5 =0, (55410)
p m e

and zero elsewhere.
5.5.7. Marginal distributions of a Wishart matrix

At the beginning of this chapter, we had explicitly evaluated real and complex matrix-
variate gamma integrals and determined that the diagonal blocks are again real and com-
plex matrix-variate gamma integrals. Hence, the following results are already available
from the discussion on the matrix-variate gamma distribution. We will now establish the
results via Laplace transforms. Let S be Wishart distributed with degrees of freedom m
and parameter matrix X' > O, thatis, S ~ W,(m, X'), ¥ > O, m > p. Let us partition S

and X as follows:
Sit Sz 21 2 )
S = and ¥ = ,
[521 522] [221 Ezz] ©

(referred to as a 2x2 partitioning) S11, X1 being r xr and S»;, X2, being (p—r)x(p—r)
— refer to Sect. 1.3 for results on partitioned matrices. Let .7 be a similarly partitioned
p X p parameter matrix with ,7' | being r x r where

T o ..
T = |:* 011 0], «T11 =T} > O. (i)

Observe that , T is a slightly modified parameter matrix T = (;;) = T’ where the t; j’s are
weighted with % for i # j to obtain , 7. Noting that tr(,T'S) = tr(, T, S11), the Laplace
transform of the Wishart density W, (m, X), ¥ > O, with ,T as defined above, is given
by

ST

I, +2X11.T;, O

— I, +2511.T 1] 2. 5.5.16
2221*]"11 Ip—r | 11x% 11| ( )

11 +22,T|°% =

Thus, S11 has a Wishart distribution with m degrees of freedom and parameter matrix X'y.
It can be similarly established that Sy, is Wishart distributed with degrees of freedom m
and parameter matrix X,,. Hence, the following result:

Theorems 5.5.8,5.5a.8. Let S ~ W,(m, X), ¥ > O. Let S and X' be partitioned into
a2 x?2 partztzonzng as above. Then, the sub-matrices S;1 ~ W, (m 211) 211 > 0,
and Sy ~ Wy, (m, X)), X2 > O. In the complex case, let S ~ W (m, ZJ) > =

S:J* > O. Lettmg S be partitioned as in the real case, 511 ~ W (m, 2’11) and Szz ~
Wp—r(ma 222)-
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Corollaries 5.5.2, 5.5a.2. Let § ~ W,(m, X), X > O. Suppose that X3 = O in
the 2 x 2 partitioning of X. Then S11 and Sy are independently distributed with S11 ~
W,(m, X11) and Sy ~ W,_,(m, Xp). Consider a k x k partitioning of S and X, the
order of the diagonal blocks Sj; and X;; being p; X pj, p1+---+pr=p.If Xjj = O
for all i # j, then the Sj;’s are independently distributed as Wishart matrices on p;
components, with degrees of freedom m and parameter matrices X;; > O, j=1,... k.
In the complex case, consider the same type of partitioning as in the real case. Then, if
E,J = O foralli # j, Sjj, j = 1,...,k, are independently distributed as S’jj ~
(m 2]]) J=L....k, pr+---+pc=p.

Let S be a p x p real Wishart matrix with m degrees of freedom and parameter matrix
X > 0. Consider the following 2 x 2 partitioning of S and X ~!:

_ Sll SIZ 211 212
_[521 S22:| St beingr xr, ¥~ [221 522 |-

Then, the density, denoted by f(S), can be written as

m_ ptl

£(8) = o e 7S
27,512

+1

m_ p+l -1 m_ p+l
CISl27 2 80 — S8y Si2] 27 2
- mp n

R CYIPIE
% = 3@ S DHI(Z280) +ir(£ 125+ (22! $12)]

In this case, dS = dS;1 A dSx AdSz. Let Uy = Sy — 52181_11512. Referring to Sect. 1.3,
the coefficient of S1; in the exponent is U =(x, - 21222_2] )l LetUy = Sy —

52181_11 S12 so that Sop = Uy + 52181_11 S12 and dS»> = dU; for fixed Sq; and S;2. Then, the
function of U is of the form

However, U, is (p—r)x (p— r) and we can write ——pTH = mz_r—p_;H.Therefore Uy ~

p_r(m r, Xy — 2o 211 X12) as »22 — (X — X9 21_11212)_1. From symmetry,
U= S11— Slez_zl 1 ~W,(m—(p—r), X11— 21222_21 Xh1). After replacing Sy in the
exponent by Uz + 8215 Slz, the exponent, excluding — 5, can be written as tr[ X~ s+
tr[Z‘22S12S22 So1] + tr[ 212851 ] + tr[ 221 5}5]. Let us try to integrate out S;. To this end,

let V = S11 Sip = dS1p = |S11| 274V for fixed S11. Then the determinant of S1; in f(X)
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m_ ptl pr m_r+l . 1
becomes [S11/27 2 x [S11] 27 = [S11127 2. The exponent, excluding —5 becomes the

following, denoting it by p:

1 1
p=tw(Z2V'S) +w(ZHSLV) + t(ZRV'V). (i)
Note that tr(X22V'V) = tr(V X?2V’) and

V+O 2V +C) =vE2V +vE2C +Ccx?v + Cx®C. (ii)

1
On comparing (i) and (ii), we have C' = (222)_12215121. Substituting for C and C’ in
p, the term containing S in the exponent becomes —3tr(Sy; (X1 — X12(22)~1 221 =

—% tr(SnEl_ll). Collecting the factors containing S11, we have S1; ~ W,.(m, X;) and
from symmetry, S, ~ W,_,(m, X»,). Since the density f(S) splits into a function of
1

U,, S11 and Sl_ljSlz, these quantities are independently distributed. Similarly, Uy, S»; and

1
S5,” S21 are independently distributed. The exponent of |U1 | is 5 — pTH = (-5l

Observing that U is r x r, we have the density of U; = S| — 5125521 S>1 as a real Wishart
density on r components, with degrees of freedom m — (p — r) and parameter matrix
21— 21222_21 )1 whose the density, denoted by f1(U), is the following:

m—(p—r) _r+l
2

fiUy) = U] e—%tr[Ul(Ell—21222_21221)71]
YU = 2= i (p—r) ) m—(p—r) .
27 L (D)X — XXy, Xl 2

(iif)

A similar expression can be obtained for the density of U,. Thus, the following result:

Theorems 5.5.9, 5.5a.9. Let S ~ W,(m, X), ¥ > O, m > p. Consider the 2 x 2
partitioning of S as specified above, S11 being r x r. Let U = S11 — S1252_21 S$21. Then,

Uy~ W,m—(p—r), 11 — 1255 a1). (5.5.17)

In the complex case, let S ~ Wp (m, b)) ), ¥ = Y* > 0. Consider the same partitioning
as in the real case and let S11 be r X r. Then, letting Uy = S11 — 51252_2l S»1, Uy is Wishart
distributed as

Uy~ We(m —(p—r), £11 — Xy o). (5.5a.11)

A similar density is obtained for l72 = 5'22 — 5'215’1_11 512.



Matrix-Variate Gamma and Beta Distributions 353

Example 5.5.1. Let the 3 x 3 matrix § ~ W3(5, X), ¥ > O. Determine the distribu-
tions of Y| = Sy — SzlSl_llSlz, Y> = S5 and Y3 = S§;; where

2 -1 0
21 2 2 -1 St Si2
T=|-1 3 1]|= , Zn= , §=
o 1 3 [221 Ezz] H [—1 3 ] [521 Szz]
with S71 being 2 x 2.
Solution 5.5.1.  Let the densities of ¥; be denoted by f;(Y;), j = 1, 2, 3. We need the

following matrix, denoted by B:

B 173 1][0
32222—2212111212:3_[0’ 1][5] [1 2] [1]

2 13
:3——:—,

5 5
From our usual notations, Y| ~
denote it by yj, its density being given by
Vi e—3 By

WA e Era——
22 Bl 2 I (%7)

p—r(m —r, B). Observing that Y is a real scalar, we

=— 5
2 e_%yl
= 3y1 3 y O S 1 < o0,
22(13/5)2I°(3)

and zero elsewhere. Now, consider Y, which is also a real scalar that will be denoted by y».
As per our notation, Y = Sy ~ W,_,(m, X»). Its density is then as follows, observing

that X, = (3), |X22| =3 and Z;2_21 = (%)
m_ (p=r)+1
2
2

y e—1 (Zy' »2)
() = =55
277

Ty r ()| Z0l?

and zero elsewhere. Note that Y3 = S;; is 2 x 2. With our usual notations, p = 3, r =
2, m =5and |X| = 5; as well,

_siosi2 131 1 1
S = LU Szz] 2 = 5 [1 2], tr(X; S11) = 5[3511 + 2512 + 2522].
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Thus, the density of Y3 is

|511|7_Te_§“(211 S11)
f3(Y3) - mr
22T (% 2112
[511522 —s1 le” 15 Bs11+2512+2522)

, Y3 > O,
3)(23(5) 3

and zero elsewhere. This completes the calculations.

Example 5.5a.1. Let the 3 x 3 Hermitian positive definite matrix S have a complex
Wishart density with degrees of freedom m =5 and parameter matrix X' > O. Determine
the densities of Yl = S22 — SzlSH Slz, Y2 522 and Y3 = Sn where

~ 3 — 0
G Si1 Si I PTERAI Lo
S, XY= =i 2 i
S S» 21 X» 0 —i 2
with S1; and X'y being 2 x 2.

Solution 5.5a.1. Observe that ¥ is Hermitian positive definite. We need the following
numerical results:

_ Tl 2 1 0 3 7
BE222—2212111212:2—[0,—1][5} |:—i ;:||:_]:2——:§;

5 7 o 1] 2 i
—1 - ! 1 -
Bl == |B|_5,211_5{_i 3].

Note that ¥ 1 and 172 are real scalar quantities which will be denoted as y; and y,, respec-
tively. Let the densities of y; and y> be f;(y;), j = 1, 2. Then, with our usual notations,

fi(yn) is

|det(5)| =)~ (p=r)e=tr(B~'51)
|det(B) "= T y_, (m — r)

fion) =

5

= T 5 - > O S yl < 00,
(1)3re)
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and zero elsewhere, and the density of y», is

- 15
|det(32) |m—(P—r)e—tr()-722 y2)

|det(Z) | Iy (1)

f2(0n) =

40—
e 2
= yz—’ O S )72 < OO,
25I°(5)
and zero elsewhere. Note that Y3 = S;; is 2 x 2. Letting
- s11 8 1z 1 i~ .
S = [iﬁl SZ] , (2 S = 5[2511 + 3522 + i8], — i512]

and |det(Y3)| = [s11522 — 51,512]. With our usual notations, the density of Y3, denoted by
f3(¥3), is the following:

|det(f3) |m—re—tr(2ﬁl Y3)

| det(Z11)|™ I (m)

3e—%[2s11+3s22+i§i“2—i§12]

f(Y3) =

_ [siis22 — 51257, ]
555 (5)

. Y3 > 0,

and zero elsewhere, where 5° I (5) = 3125(144)7r. This completes the computations.
5.5.8. Connections to geometrical probability problems

Consider the representation of the Wishart matrix § = Z,,_ 12;1—1 given in (5.5.8)
where the p rows are linearly independent 1 x (n — 1) vectors. Then, these p linearly
independent rows, taken in order, form a convex hull and determine a p-parallelotope in
that hull, which is determined by the p points in the (n — 1)-dimensional Euclidean space,
n — 1 > p. Then, as explained in Mathai (1999), the volume content of this parallelotope
isv = |Zn_1Z,/1_1|% = |S|%, where § ~ W,(n — 1, X), ¥ > O. Thus, the volume
content of this parallelotope is the positive square root of the generalized variance |S|. The
distributions of this random volume when the p random points are uniformly, type-1 beta,
type-2 beta and gamma distributed are provided in Chap. 4 of Mathai (1999).

5.6. The Distribution of the Sample Correlation Coefficient

Consider the real Wishart density or matrix-variate gamma in (5.5.10) for p = 2. For
convenience, let us take the degrees of freedom parameter n — 1 = m. Then for p = 2,
f(S) in (5.5.10), denoted by f>(S), is the following, observing that |S| = s11522(1 — r?)
where r is the sample correlation coefficient:
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§) = , , 5.6.1
£8) = Lalsu, s, 1) = 2m[011022(1—02)]2F2(%) ( )

where p = the population correlation coefficient, |X| = 011020 — 0122 = o11022(1 — ,02),
Fz(m)—JTZF( et —1<p<1,

2 = L cof(z) = o2 Ton
| 2] or1o2a(l — p?) | =012 011
1 p
1 o - .
= ﬁ [_ O’l;) «/111022:| , O12 = ,0 /011022 , (l)
o p /011022 022
_ 1 S11 S12 522
(X 15):_{ ) _+_}
1 —p2loy Jo11022 o

(i)

_ 1 {L_zp—\/s“ersﬁ}
1 —p2loy Joion  onl

Let us make the substitution x| = ;ITIL’ Xy = 22722 Note that dS = dsqy; A dsyy A dspo.

But dsjp = . /s11522 dr for fixed s1; and s7;. In order to obtain the density of r, we must
integrate out x| and x, observing that ,/s11s22 is coming from ds7:

1
x1>0 Jx3>0 2’”(011022) (r— 2)27”1“(’”)1“( Ly
{X1 2rp/x1x2+x2}

/ F2(8)dsi1 Adsay =
§$11,822

m=3
x (1 — FZ)T(OllazlexZ)7 e 2(1 %) 011022 dxy Adxo. (i)

For convenience, let us expand

T (2P T _ N (TP ex? x)
TO/X1X 1 *2 ,
e 2(1 02 Z(l — 2) 7 . (ZV)
k=0
Then the part containing x; gives the integral
o m__ ko __ X m k
[ e an = pa - 2nE G D om =2, )
x1=0 2 2

By symmetry, the integral over x; gives [2(1 — pz)]%Jr%F (’”T“Lk), m > 2. Collecting all
the constants we have

(011022) 22" (1 = p2ym 2y (1 = pH) TR ()

m ] = 1 (vi)
2m(011022) 2 (1 — p2) 22 I () (25 w2
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We can simplify I" () I" (5 — %) by using the duplication formula for gamma functions,
namely

_ 15271 l _m-= 1
rQe:=n"12 F(Z)F<z+ 2), 1=" (5.6.2)
Then,
1
m m—1\  I'(m—1)n2 B
F<§>F< 7 )— T ) (vii)

Hence the density of r, denoted by f,(r), is the following:

2" (1 —pz) (m—3) <2rp)k m+k
) = = — )3 Z ( . ) —1<r<l, (563)

and zero elsewhere, m = n — 1, n being the sample size.
5.6.1. The special case p =0

In this case, (5.6.3) becomes

2m—2r2(m) m—1
f,(r):ﬁ(l—rz) 7l —l<r<l,m=n-1 (5.6.4)
m — T
F m m—
= —rr((z,n)_l)u e RN EV S (5.6.5)
71" —_—
2

zero elsewhere, m = n — 1 > 2, n being the sample size. The simplification is made

by using the duplication formula and writing I'(m — 1) =« 22’” Ir(ms 1)F( m) For
testing the hypothesis H, : p = 0, the test statistic is » and the null d1str1but10n that
is, the distribution under the null hypothesis H, is given in (5.6.5). Numerical tables of
percentage points obtained from (5.6.5) are available. If p # 0, the non-null distribution is
available from (5.6.3); so, if we wish to test the hypothesis H, : p = p, where p, is a given
quantity, we can compute the percentage points from (5.6.3). It can be shown from (5.6.5)
that for p = 0, 1,,, = /m \/lr_z is distributed as a Student-r with m degrees of freedom,
—r

and hence for testing H, : p = 0 against Hy : p # 0, the null hypothesis can be rejected
if [t,] = \/_| | > ty,« where Pr{|ty| > t,, ¢} = a. For tests that make use of the

Student-¢ StatISUC refer to Mathai and Haubold (2017b). Since the density given in (5.6.5)
is an even function, when p = 0, all odd order moments are equal to zero and the even
order moments can easily be evaluated from type-1 beta integrals.
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5.6.2. The multiple and partial correlation coefficients

Let the p x 1 real vector X; with X ; = (x1j,...,Xpj) have a p-variate distribution
whose mean value E(X ;) = u and covariance matrix Cov(X;) = ¥, X > O, where . is
pxland Xis p x p,for j =1,...,n, the X;’s being iid (independently and identically
distributed). Consider the following partitioning of X'

2:["“ 212], o1 >0is1x1, Tp>0is(p—1) x(p—1), T}, = Zy.

o1 2»
Let |
21225, 201
2 22
0 = == (5.6.6)
1.Q2...p) o1l
Then, py.(2...p) is called the multiple correlation coefficient of x1; on x3j, ..., xp;. The

sample value corresponding to ,012_ @.p) which is denoted by rlz. @ p) and referred to as the
square of the sample multiple correlation coefficient, is given by

S128,' 81 si1 S
2 _ 2 _ s S
fle.n = 5 with § Syt Soo (5.6.7)

where s11is 1x1, Snis(p—Dx(p—1), S = X=X)X—-X), X = (X1,..., Xp,)is the
p % n sample matrix, n being the sample size, X = %(Xl +---+X,), X = ()_(, R )_() 1S
p xn,the X;’s, j =1,...,n, being iid according to a given p-variate population having
mean value vector u and covariance matrix X' > O, which need not be Gaussian.

5.6.3. Different derivations of p1 (2. ;)

Consider a prediction problem involving real scalar variables where x; is predicted by
making use of x2, ..., x,, or linear functions thereof. Let A}, = (a, ..., a,) be a constant
vector where aj, j = 2,..., p are real scalar constants. Letting X 22) = (x2,...,Xxp),a
linear function of X (2) isu = A/ZX ) = axxz+---+apx,. Then, the mean value and vari-
ance of this linear function are E[u] = E[A}X )] = A} (2) and Var(u) = Var(A,X(2) =
Al Xy Ay where Ml(z) = (U2, ..., up) = E[X(2)] and Xy, is the covariance matrix asso-
ciated with X2y, which is available from the partitioning of X' specified in the previous
subsection. Let us determine the correlation between x1, the variable being predicted, and
u, a linear function of the variables being utilized to predict x;, denoted by p1 ,, that is,

Cov(xy, u)

Plu = NG Var)
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where Cov(xy, u) = E[(x1— E(x1))(u—E(u))] = E[(x1—E(X1))(X<z>—E(X(z)))/Az] =
Cov(xq, X(Q))Az = XY12A,, Var(x;) = o011, Var(u) = Al 222A2 > 0 Lettlng 222 be
the positive definite square root of X»;, we can write X124 = (X3 2222)(222A2) Then,

on applying Cauchy-Schwartz’ inequality, we may write X2 A7 = (X3 222 ) (222A2) <
J(Z0Z5! £2)(4) £ As). Ths,

\/(21222_21 21)(AL X0 A7) \/21222_21 201

101,14 S - ’ that iS,
\/(011)(14/2222142) Vel
T1n5y, I
2 22 2
e L T (5.6.8)
u o1l 2..p)
This establishes the following result:
Theorem 5.6.1.  The multiple correlation coefficient pi.(2...p) of x1 on xa, ..., x,, repre-
sents the maximum correlation between x| and an arbitrary linear function of xa, ..., Xp.
This shows that if we consider the joint variation of x; and (x2, ..., x), this scale-free

joint variation, namely the correlation, is maximum when the scale-free covariance, which
constitutes a scale-free measure of joint variation, is the multiple correlation coefficient.
Correlation measures a scale-free joint scatter in the variables involved, in this case x; and
(x2,...,xp). Correlation does not measure general relationships between the variables;
counterexamples are provided in Mathai and Haubold (2017b). Hence “maximum corre-
lation” should be interpreted as maximum joint scale-free variation or joint scatter in the
variables.

For the next property, we will use the following two basic results on conditional ex-
pectations, referring also to Mathai and Haubold (2017b). Let x and y be two real scalar
random variables having a joint distribution. Then,

Ely] = E[E(y[x)] ()

whenever the expected values exist, where the inside expectation is taken in the conditional
space of y, given x, for all x, that is, Ey |, (y|x), and the outside expectation is taken in the
marginal space of x, that is E (x). The other result states that

Var(y) = Var(E[y|x]) + E[Var(y|x)] (i)

where it is assumed that the expected value of the conditional variance and the
variance of the conditional expectation exist. Situations where the results stated in
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(i) and (ii) are applicable or not applicable are described and illustrated in Mathai
and Haubold (2017b). In result (i), x can be a scalar, vector or matrix variable.
Now, let us examine the problem of predicting x; on the basis of xp,...,x,. What is
the “best” predictor function of x, ..., x, for predicting x;, “best” being construed as in
the minimum mean square sense. If ¢ (x2, ..., x,) is an arbitrary predictor, then at given
values of x2, ..., x,, ¢ is a constant. Consider the squared distance (x; — b)2 between x
and b = ¢(x2,...,xplx2,...,xp) Or b is ¢ at given values of x, ..., x,. Then, “mini-
mum in the mean square sense” means to minimize the expected value of (x; — b)? over
all b or min E (x; — b)2. We have already established in Mathai and Haubold (2017b) that

the minimizing value of b is b = E[x;] at given x2, ..., x,, or the conditional expecta-
tion of xy, given x2, ..., x, or b = E[x|x2, ..., x,]. Hence, this “best” predictor is also
called the regression of xi on (x2, ...,xp) or E[xi|x2, ..., x,] = the regression of x; on
X2, ..., Xp, or the best predictor of x| based on x7, ..., x,. Note that, in general, for any

scalar variable y and a constant a,

Ely —al* = Ely — E(y) + E(y) —al* = E[(y — EQ)]> = 2E[(y — EQ))(E(y) — )]
+ E[(E(y) — a)*] = Var(y) + 0 + [E(y) — a]*. (iii)

As the only term on the right-hand side containing a is [E(y) — a]?, the minimum is
attained when this term is zero since it is a non-negative constant, zero occurring when
a = E[y]. Thus, E[y — a]? is minimized when a = E[y]. If a = ¢ (X (2)) at given value
of X(2), then the best predictor of x;, based on X(2) is E[x1|X(2)] or the regression of
x1 on X (7). Let us determine what happens when E[x;|X (2] is a linear function in X (2).
Let the linear function be by + baxs + -+ + byx, = bo + B} X2), By = (b2, ..., by),
where bo, by, ..., b, are real constants [Note that only real variables and real constants
are considered in this section]. That is, for some constant b,

E[x11X@)] =bo+ baxo + -+ bpxp. (iv)

Taking expectation with respect to xi, x2, ..., X, in (iv), it follows from (i) that the left-
hand side becomes E[x], the right side being by + b E[x2] + - - - + b, E[x]; subtracting
this from (iv), we have

E[x11X@)] — E[x1] = ba(x2 — E[x2]) + - - + bp(x)p — E[x)]). (v)

Multiplying both sides of (v) by x; — E[x;] and taking expectations throughout, the
right-hand side becomes b0 + --- + b,0,; where o;; = Cov(x;, x;), i # j, and it
is the variance of x; when i = j. The left-hand side is E[(x; — E(x;))(E[x1|x2)] —
E(x1))] = E[E(x1xj|X2)] — E(x;)E(x1) = E[x1x;] — E(x))E(x;) = Cov(xy, x;).
Three properties were utilized in the derivation, namely (i), the fact that Cov(u, v) =
El(u — Ew)(v — EWw))] = Elutv— Ew))] = Elviu — E(u))] and Cov(u,v) =
E(uv) — E(w)E(v). As well, Var(u) = E[u — Ew)]* = E[u(u — E(u))] as long as the
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second order moments exist. Thus, we have the following by combining all the linear
equations for j =2, ..., p:

2oy =Xpb = b= 22_21 2| or b = 21222_21 (569)

when Y55 is nonsingular, which is the case as it was assumed that 2> > O. Now, the best
predictor of x| based on a linear function of X2y or the best predictor in the class of all
linear functions of X ) is

E[X1|X(2)] = b/X(z) = 21222_21)((2). (5.6.10)

Let us consider the correlation between x; and its best linear predictor based on
X(2) or the correlation between x; and the linear regression of x; on X(2). Observe
that COV(X],Elzzz_ZlX(z)) = 21222_21 Cov(X(), x1) = 21222_21221, X = 2{2.
Consider the variance of the best linear predictor: Var(b'X(z)) = b'Cov(X(¢2)b =
21222_21 22222_2] 2h] = 21222_21 21. Thus, the square of the correlation between x; and

its best linear predictor or the linear regression on X »), denoted by '0)%1 bX0y’ is the fol-
lowing:
2o lCovt BXe)P | FuZyIn _ o P
PXe) T Var(xy) Var(b'X 2)) o1l HEep) o

Hence, the following result:

Theorem 5.6.2. The multiple correlation pi.(2...p) between x| and x;, ..., xp, is also the
correlation between x| and its best linear predictor or x| and its linear regression on

X2, .y Xp.

Observe that normality has not been assumed for obtaining all of the above properties.
Thus, the results hold for any population for which moments of order two exist. However,
in the case of a nonsingular normal population, that is, X; ~ N,(u, X), X > O, it
follows from equation (3.3.5), that forr = 1, E[x1|X(2)] = 21222_21 X@2) when E[X ()] =
1@y = 0 and E(x1) = 1 = 0; otherwise, E[x1|X )] = pu1 + 21222_21(?((2) — L@2))-

5.6.4. Distributional aspects of the sample multiple correlation coefficient

From (5.6.7), we have

1285 S s11—S1285, S IS|

1 - r12.(2...p) =1-= = = )
S11 511 [S221811

(5.6.12)
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which can be established from the expansion of the determinant S| = [|S2| |S11 —
51252_21 S71|, which is available from Sect. 1.3. In our case S;; is 1 x 1 and hence we

denote it as si; and then |S;; — Slez_zlSzll 18 8§11 — Slez_zlSZI which is 1 x 1. Let
2 |S]

u=1-=rin. ») = TSnbi We can compute arbitrary moments of u by integrating out
over the density of S, namely the Wishart density with m = n — 1 degrees of freedom
when the population is Gaussian, where n is the sample size. That is, for arbitrary #,

1 m 1 _

Eu"] = —— / w5312 M g, (i)
22| X2 (7) Is=0

Note that u” = |S|h|522|_hsl_lh. Among the three factors IS|”%, |S2|~" and sl_lh, 1§00 | "

and sl_lh are creating problems. We will replace these by equivalent integrals so that the

problematic part be shifted to the exponent. Consider the identities

1 /OO ,
—h __ h—1_—s11x ..
S, = — x" e dx, x >0, s11 >0, R(h) >0 (i)
) Jizo
1 p2+1
S22l ™" = X" e TR Y, (iii)
Iy, (h) Jx,~0
for Xo > O, Sp > O, R(h) > pzT_l where X» > O is a pp x pj real positive definite

matrix, pop = p — 1, p1 = 1, p1 + p» = p. Then, excluding —%, the exponent in (i)
becomes the following:

tr(Z7'S) + 2511x 4 2r(Sn X)) = u[S(Z' +22)], Z = [2 )?] . (iv)
2

Noting that (X 1'4272) = XY (I +2X7Z), we are now in a position to integrate out S
from (i) by using a real matrix-variate gamma integral, denoting the constant part in (i)
as cy:

h 1 * h- h—ratl
Eu'l=ci—— X | X5 2
F(h)sz(h) x=0 X>>0

X |:/ |S|%"'h_pTHe_%tr[s(Eil‘Fzz)]dS] dx AndX>
S>0

m o0 +1 m
= 2P (/2 + h)f f X E T 277G dx A dX,
x=0JX7>0

c12P(z+

m o0 pp+1
=— T (m/2+h)|2|z+hf f KXo
F(h)sz(h) g x=0JX7>0

x |1 +22Z"3Mdx AdX,.  (5.6.13)
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The integral in (5.6.13) can be evaluated for a general X', which will produce the non-
null density of 1 — r12_ 2. p)—non-null in the sense that the population multiple correlation
P1.2..p) # 0. However, if p1.(2...p) = 0, which we call the null case, the determinant part
in (5.6.13) splits into two factors, one depending only on x and the other only involving
X». So letting Hy: p1.2..p) =0,

c2P (21

o0
E[u"|H,] Fp(m/2+h)|2|'?+h/ U1+ 2071x]” 2 TP dx

~ (W), (h) 0

+1 m
< f X 4 25m X "By, ()
X2>0

But the x-integral gives %(201])_}[ for X(h) > O and the X;-integral gives
2
%nzm—h for RN(h) > pzT_l. Substituting all these in (v), we note that all the
P22
factors containing 2 and X', 011, X»; cancel out, and then by using the fact that
Ip(% +h) _ PG -2+

Iz +mlp_1(3+h) r&g+hn

we have the following expression for the /-th null moment of u:
rm ree ezl p 1
B = — 0 L0 S gy M Pl (s

re - PT) re+h) 2 2
which happens to be the #-th moment of a real scalar type-1 beta random variable with the
parameters (% — pT_l pT_l). Since 4 is arbitrary, this 4-th moment uniquely determines

the distribution, thus the following result:

Theorem 5.6.3. When the population has a p-variate Gaussian distribution with the pa-
rameters (v and X > O, and the population multiple correlation coefficient py 2...p) = 0,
the sample multiple correlation coefficient ry (2..py is such that u = 1 — r12.(2... ) is dis-

tributed as a real scalar type-1 beta random variable with the parameters (5 — pT_l, pT_l),

1—r} e .
and thereby v = - = # is distributed as a real scalar type-2 beta random vari-
1.Q2...p)
2
. —_ —_ F— r . . .
able with the parameters (5 — p=t pT]) and w = IM—” = llr(# is distributed as
—a.p

a real scalar type-2 beta random variable with the parameters (pT_], 3 — pT_l) whose
density is

r=l_ —(1)
w2 (14+w) ‘2, 0<w < oo, (5.6.15)

Jw(w) =
r

and zero elsewhere.
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As F'-tables are available, we may conveniently express the above real scalar type-2
beta density in terms of an F-density. It suffices to make the substitution w = prs—
where F is areal F random variable having p — 1 and m — p + 1 degrees of freedom, that
is,an Fj,_1 ,—p41 random variable, with m = n — 1, n being the sample size. The density
of this F random variable, denoted by fr(F), is the following:

p—1

r -1 el —1 _m
fr(F) = —— ) — ( P )2 FpT]_l<1—{——p F) ’
resreg - 22 m—p+1 m—p+1

(5.6.16)
whenever 0 < F < 00, and zero elsewhere. In the above simplification, observe that

(g:%/lz) = m’i ;Ll. Then, for taking a decision with respect to testing the hypothesis
2
— r .
H, : p1.@..p) = 0, first compute Fy_| m—p+1 = mpfqu, w = I_‘r(% Then, reject
1.Q2...p)

H, if the observed F),_1 m—pyr1 = Fp—1,m—p+1,« for a given a. This will be a test at
significance level « or, equivalently, a test whose critical region’s size is «. The non-null
distribution for evaluating the power of this likelihood ratio test can be determined by
evaluating the integral in (5.6.13) and identifying the distribution through the uniqueness
property of arbitrary moments.

Note 5.6.1. By making use of Theorem 5.6.3 as a starting point and exploiting various
results connecting real scalar type-1 beta, type-2 beta, F' and gamma variables, one can
obtain numerous results on the distributional aspects of certain functions involving the
sample multiple correlation coefficient.

5.6.5. The partial correlation coefficient

Partial correlation is a concept associated with the correlation between residuals in
two variables after removing the effects of linear regression on a set of other variables.
Consider the real vector X' = (x1,x2,x3,...,%p) = (x1,x2, X5), X; = (x3,...,%p)
where xp, ..., x, are all real scalar variables. Let the covariance matrix of X be X' > O
and let it be partitioned as follows:

X1 o1l o012 X3
X=| x|, YX=|02 o020 Xx3|, Xazbeing(p—-2) x1,
X3) 231 X3 X33

where 011, 012, 021, opare I x1, Xj3and Yyzare 1 x (p—2), X3 = X5, Y3 = X,
and X331s (p — 2) x (p — 2). Let E[X] = O without any loss of generality. Consider
the problem of predicting x; by using a linear function of X 3). Then, the regression of x
on X3)is E[x1|X3)] = 213 23_31X ) from (5.6.10), and the residual part, after removing
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this regression from x; is e = x; — X3 23_31X 3)- Similarly, the linear regression of x,
on X3) is E[x2|X3)] = X3 23_31X 3) and the residual in x, after removing the effect of
X@yisex =x2— X3 23_31X (3)- What are then the variances of e; and ey, the covariance
between e and e;, and the scale-free covariance, namely the correlation between e and
e>? Since e; and e, are all linear functions of the variables involved, we can utilize the
expressions for variances of linear functions and covariance between linear functions, a
basic discussion of such results being given in Mathai and Haubold (2017b). Thus,
Var(e;) = Var(xy) + Var(21323_31X(3)) — 2 Cov(xy, 21323_31 X3))
=o11] + 21323_31C0V(X(3))E;31231 —2Cov(xg, 23_31)((3))
=01+ Zi3Z5 Ty — 2 X385 Ty = o11 — i3 Xy Ta. (i)

It can be similarly shown that

Var(ez) = o2 — 223555 T (id)
Covler, e2) = 012 — T1355 T (i)
Then, the correlation between the residuals e and e;, which is called the partial correlation

between x; and x; after removing the effects of linear regression on X3y and is denoted
by p12.3...p) is such that

[o12 — 21323_31 Tyl
o1 — 21323_31231][022 - 22323_31232]

PGy = (5.6.17)

In the above simplifications, we have for instance used the fact that 21323_31 X3 =

23 23_31 231 since both are real 1 x 1 and one is the transpose of the other.
The corresponding sample partial correlation coefficient between x; and x, after re-
moving the effects of linear regression on X (3), denoted by r12.(3... ), 1s such that:
—1 o)
[s12 — S13853 S32]
[s11 — 51353_31 S31lls22 — 52353_31 S32]

MaGp) = (5.6.18)

where the sample sum of products matrix S is partitioned correspondingly, that is,

sit s12 Si3
S= |51 s2 83|, S;zbeing (p—2) x (p—2), (5.6.19)
S31 832 833
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and 511, S12, $21, $22 being 1 x 1. In all the above derivations, we did not use any assump-
tion of an underlying Gaussian population. The results hold for any general population
as long as product moments up to second order exist. However, if we assume a p-variate
nonsingular Gaussian population, then we can obtain some interesting results on the dis-
tributional aspects of the sample partial correlation, as was done in the case of the sample
multiple correlation. Such results will not be herein considered.

Exercises 5.6

5.6.1. Let the p x p real positive definite matrix W be distributed as W ~ W,(m, X))
Wi Wi
Wa Wan
Evaluate explicitly the normalizing constant in the density of W by first integrating out
(D): W11, (2): Waz, (3): Wia.

with ¥ = [. Consider the partitioning W = |: ] where Wiy isr xr, r < p.

5.6.2. Repeat Exercise 5.6.1 for the complex case.

5.6.3. Let the p x p real positive definite matrix W have a real Wishart density with
degrees of freedom m > p and parameter matrix X > O. Consider the transformation
W = TT' where T is lower triangular with positive diagonal elements. Evaluate the den-
sities of the 7;;’s and the 7;;’s, i > jif (1): ¥ = diag(oy1,...,0pp),(2): X > Oisa
general matrix.

5.6.4. Repeat Exercise 5.6.3 for the complex case. In the complex case, the diagonal
elements in 7 are real and positive.

5.65. Let S ~ W,(m, X), ¥ > O. Compute the density of S ~! in the real case, and
repeat for the complex case.

5.7. Distributions of Products and Ratios of Matrix-variate Random Variables

In the real scalar case, one can easily interpret products and ratios of real scalar vari-
ables, whether these are random or mathematical variables. However, when it comes to
matrices, products and ratios are to be carefully defined. Let X and X, be independently
distributed p x p real symmetric and positive definite matrix-variate random variables
with density functions f1(X) and f>(X»), respectively. By definition, f; and f, are re-
spectively real-valued scalar functions of the matrices X and X». Due to statistical inde-
pendence of X and X, their joint density, denoted by f (X, X»), is the product of the
marginal densities, that is,1 f(X 1i X5) = fi(X 1)1 H(X 2).1 Let us define a ratio and a product

of matrices. Let Uy = X3 X;X; and U; = X} X' X3 be called the symmetric product
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1
and symmetric ratio of the matrices X| and X,, where ij denotes the positive definite
square root of the positive definite matrix X». Let us consider the product U, first. We
could have also defined a product by interchanging X; and X>. When it comes to ratios,
we could have considered the ratios X to X, as well as X, to X. Nonetheless, we will
start with U and U, as defined above.

5.7.1. The density of a product of real matrices

1 1
Consider the transformation U, = X22X 1X3, V = X». Then, it follows from Theo-
rem 1.6.5 that:

dX| A dXs = |V dUy A dV. (5.7.1)

Letting the joint density of U, and V be denoted by g(U>, V) and the marginal density of
Uz, by g2(U>), we have

AXDHX)AX) AdXy = V7T f(VTIUV72) (V) dUs A dV

22(Up) = /V VI A(VTIUV ) A(V)AY, (5.7.2)

g2(U») being referred to as the density of the symmetric product U; of the matrices X and
X». For example, letting X| and X, be independently distributed two-parameter matrix-
variate gamma random variables with the densities

| B,

F ( )lX |O{J 7e—tr(Bij)’ ]: 1’2’ (l)
aj

(X)) =
for B > 0, X; > O, N(j) > 5= 1 , J = 1,2, and zero elsewhere, we have

22(U2) :cIUzl"”‘p?l/ |V |92~ 1= L3t o~ (B V4BV 20,v" 2)dv (5.7.3)
V>0

where c is the product of the normalizing constants of the densities specified in (i). On
comparing (5.7.3) with the Kritzel integral defined in the real scalar case in Chap. 2,
as well as in Mathai (2012) and Mathai and Haubold (1988, 2011a, 2017,a), it is seen
that (5.7.3) can be regarded as a real matrix-variate analogue of Kritzel’s integral. One
could also obtain the real matrix-variate version of the inverse Gaussian density from the
integrand.
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As another example, let f1(X) be a real matrix-variate type-1 beta density as pre-
viously defined in this chapter, whose parameters are (y + pTH, a) with () >

p2 L N(y) > —1, its density being given by
r,(y + p L+ o)

fa(X)) = X171 — Xy (ii)
Fp( + T)Fp(a)

for O < X1 < I, R(y) > —1, Ra) > pT_], and zero elsewhere. Letting f>(X7) =
f(X») be any other density, the density of U is then

gz(U2>:fv|V|—”2“f1<v—5Uzv—5)fz<V)dv

Ty + 25 T I P

= |V| T IVTILV T — VIOV e f(v)dy
Iy + 2, (a)
Ty + 2 + ) |Ua)Y

1
- VITCT |V = Us|* 5 F(V)av
I Ty@ Jpo VTV O E W)

Iy(y -l—p—H-l—a)

- F (y + p+1 2’U2a7/f

(5.7.4)

where

1%k
oter ! = @

—1
VTS|V = Ua]*~ 55 £(V)AV, (@) > 2, (5.7.5)
V>U,>0 2

is called the real matrix-variate Erdélyi-Kober right-sided or second kind fractional in-
tegral of order @ and parameter y as for p = 1, that is, in the real scalar case, (5.7.5)
corresponds to the Erdélyi-Kober fractional integral of the second kind of order « and pa-
rameter y. This connection of the density of a symmetric product of matrices to a fractional
integral of the second kind was established by Mathai (2009, 2010) and further papers.

5.7.2. M-convolution and fractional integral of the second kind

Mathai (1997) referred to the structure in (5.7.2) as the M-convolution of a product
where f1 and f> need not be statistical densities. Actually, they could be any function pro-
vided the integral exists. However, if f] and f> are statistical densities, this M-convolution
of a product can be interpreted as the density of a symmetric product. Thus, a physical
interpretation to an M-convolution of a product is provided in terms of statistical den-
sities. We have seen that (5.7.2) is connected to a fractional integral when f] is a real
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matrix-variate type-1 beta density and f> is an arbitrary density. From this observation,
one can introduce a general definition for a fractional integral of the second kind in the
real matrix-variate case. Let

fi(X1) = ¢1(X )ﬂ N > P! (iii)
1 1 1 1 FP(O[) s > ,

and f2(X») = ¢2(X»2) f(X2) where ¢ and ¢, are specified functions and f is an arbitrary
function. Then, consider the M-convolution of a product, again denoted by g>(U»):

N N ) N 2 U v T
W)= [ |VIT 21 (V 20,V 2)
1% Fp(a)

p—1

X ¢ (V) f(V)dV, R(a) >

(5.7.6)

The right-hand side (5.7.6) will be called a fractional integral of the second kind of order «
in the real matrix-variate case. By letting p = 1 and specifying ¢; and ¢;, one can obtain
all the fractional integrals of the second kind of order « that have previously been defined
by various authors. Hence, for a general p, one has the corresponding real matrix-variate
cases. For example, on letting ¢1(X1) = |X1|” and ¢2(X2) = 1, one has Erdélyi-Kober
fractional integral of the second kind of (5.7.5) in the real matrix-variate case as for p = 1,
it is the Erdélyi-Kober fractional integral of the second kind of order «. Letting ¢; (X1) = 1
and ¢ (X2) = | X2]%, (5.7.6) simplifies to the following integral, again denoted by g>(U>»):

22 (Us) = IV — U, F(V)dV. (5.7.7)

Fp(a) V>Uy>0

For p = 1, (5.7.7) is Weyl fractional integral of the second kind of order «. Accord-
ingly, (5.7.7) is Weyl fractional integral of the second kind in the real matrix-variate
case. For p = 1, (5.7.7) is also the Riemann-Liouville fractional integral of the second
kind of order « in the real scalar case, if there exists a finite upper bound for V. If V is
bounded above by a real positive definite constant matrix B > O in the integral in (5.7.7),
then (5.7.7) is Riemann-Liouville fractional integral of the second kind of order « for the
real matrix-variate case. Connections to other fractional integrals of the second kind can
be established by referring to Mathai and Haubold (2017).

The appeal of fractional integrals of the second kind resides in the fact that they can
be given physical interpretations as the density of a symmetric product when f; and f>



370 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

are densities or as an M-convolution of products, whether in the scalar variable case or the
matrix-variate case, and that in both the real and complex domains.

5.7.3. A pathway extension of fractional integrals

Consider the following modification to the general definition of a fractional integral of
the second kind of order « in the real matrix-variate case given in (5.7.6). Let
1 n _pTH

f1(X1)=¢1(X1)Fp(a) T~q

[l —a(l —g@)Xi[7 7, fo(X2) = g2(X2) f(X2),  (v)

where N(a) > pT_l andg < 1,and a > 0, n > 0 are real scalar constants. For all g <
1, g2(U>) corresponding to f1(X1) and f>(X2) of (iv) will define a family of fractional
integrals of the second kind. Observe that when X; and I — a(l — ¢)X| > O, then
0O <X < a(l;_q)l. However, by writing (1 — g) = —(q¢ — 1) for g > 1, one can switch
into a type-2 beta form, namely, I + a(qg — 1)X; > O for ¢ > 1, which implies that
X1 > O and the fractional nature is lost. As well, when ¢ — 1,

[ +alg = DX, |77 — e

which is the exponential form or gamma density form. In this case too, the fractional nature
is lost. Thus, through ¢, one can obtain matrix-variate type-1 and type-2 beta families and
a gamma family of functions from (iv). Then g is called the pathway parameter which
generates three families of functions. However, the fractional nature of the integrals is lost
for the cases ¢ > 1 and ¢ — 1. In the real scalar case, x; may have an exponent and
making use of [1 — (1 — q)x‘f]o‘_1 can lead to interesting fractional integrals for g < 1.
However, raising X to an exponent § in the matrix-variate case will fail to produce results
of interest as Jacobians will then take inconvenient forms that cannot be expressed in terms
of the original matrices; this is for example explained in detail in Mathai (1997) for the
case of a squared real symmetric matrix.

5.7.4. The density of a ratio of real matrices

1 1
One can define a symmetric ratio in four different ways: X7 X 1_1X22 with V = X, or

1 1
V = X; and X12X2_1X12 with V.= X; or V = Xj. All these four forms will produce
different structures on f1(X1) f>(X2). Since the form U; that was specified in Sect. 5.7
1 1

in terms of X;X 1_1X2j with V = X, provides connections to fractional integrals of the
first kind, we will consider this one whose density, denoted by g;(Uy), is the following

observing that dX; A dX, = |V|5 |U;|~@+DdU; A dV:

+1 1 1
g1(U) =/ VI (U~ /i (v2UT V) fa(V)dV (5.7.8)
\%
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provided the integral exists. As in the fractional integral of the second kind in real matrix-
variate case, we can give a general definition for a fractional integral of the first kind in
the real matrix-variate case as follows: Let f1(X) and f>(X>) be taken as in the case of
fractional integral of the second kind with ¢ and ¢, as preassigned functions. Then

1
g1<U1>=/ VI o g vy
14

1 Pt

Lo oLl p—1
X Fp(O()u - ViU, ]V2| 2 (V) f(V)AV, R(a) > — (5.7.9)

As an example, letting

_ D tao) ooy en 1, p—1
$1(X1) = ) [ X1] and ¢2(X2) =1, N(y) > 5

we have

Fo(y + ) |Uy |7
U)) = -2
s =" L@ v,

_ Lyt
=y Kb f (5.7.10)

1
VI UL — VP~ f(V)dV

for R(a) > pT_l R(y) > pT_l, where

\Ui|~*7

F—(a) . VYU, — Vl"‘_pTHf(V)dV (5.7.11)
P <U

— _
Kl,Ul,]/f -

for N(a) > pT_l R(y) > pT_l is Erdélyi-Kober fractional integral of the first kind of
order o and parameter y in the real matrix-variate case. Since for p = 1 or in the real
scalar case, K| I‘jl y f is Erdélyi-Kober fractional integral of order o and parameter y, the

first author referred to K OI}W f in (5.7.11) as Erdélyi-Kober fractional integral of the first
kind of order « in the real matrix-variate case.

By specializing ¢ and ¢, in the real scalar case, that is, for p = 1, one can obtain
all the fractional integrals of the first kind of order « that have been previously introduced
in the literature by various authors. One can similarly derive the corresponding results on
fractional integrals of the first kind in the real matrix-variate case. Before concluding this
section, we will consider one more special case. Let

+1
G1(X1) = |X1]7%"7 and ¢2(X2) = | X,
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In this case, g1 (Uy) is not a statistical density but it is the M-convolution of a ratio. Under
the above substitutions, g1(U;) of (5.7.9) becomes

g1(Uy) =

Uy — V%5 £(V)dV, %ie) p—1 (5.7.12)
1= , JUHa) > . .
Fp(a) V<U; 2

For p = 1, (5.7.12) is Weyl fractional integral of the first kind of order «; accordingly
the first author refers to (5.7.12) as Weyl fractional integral of the first kind of order « in
the real matrix-variate case. Since we are considering only real positive definite matrices
here, there is a natural lower bound for the integral or the integral is over O < V < Uj.
When there is a specific lower bound, such as O < V, then for p = 1, (5.7.12) is called
the Riemann-Liouville fractional integral of the first kind of order «. Hence (5.7.12) will
be referred to as the Riemann-Liouville fractional integral of the first kind of order « in
the real matrix-variate case.

Example 5.7.1. Let X| and X, be independently distributed p x p real positive definite
gamma matrix-variate random variables whose densities are
p+ —1

1 et
[iXj) = @ Ty X e X)X > 0, ey > L
aj

’j:1,2’

and zero elsewhere. Show that the densities of the symmetric ratios of matrices U; =
_1 _1 1 1
X, XX, *and U, = X22Xf1X22 are identical.

Solution 5.7.1. Observe that for p = 1 that is, in the real scalar case, both U; and
U, are the ratio of real scalar Varlables 2 but in the matrix-variate case U; and U, are
different matrices. Hence, we cannot expect the densities of U; and U, to be the same.
They will happen to be identical because of a property called functional symmetry of

the gamma densities Consider U; and let V = Xy. Then, X, = V%UlV% and dX; A
dX, = |V| dV A dUj. Due to the statistical independence of X 1 and X», thelr Jomt

density is f1(X1) f2(X2) and the joint density of U; and V is | V| b fl(V)fz(V2 U1V2),
the marginal density of Uy, denoted by g;(U}), being the following:

|U1|a2_pT+l + t(V+V2U V2)
g1(Uy) = 2 f 1Eav.

Iy(a)Iy(a2) Jv=o0

The exponent of e can be written as follows:

(V) —te(V2U V) = —tr(V)—te(VU}) = —te(V (I +U, ) = — e[ (T +Uy)2 V I+ Uy 2]
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Letting Y = (I + Ul)%V(I + Ul)% = dY = |I + U1|%dV. Then carrying out the
integration in g1(U1), we obtain the following density function:

I'y(o +«a 1
Q1 (U) = 220 ety ek (i)
Fp(al)rp(oQ)
which is a real matrix-variate type-2 beta density with the parameters (a2, ). The original
conditions N(a;) > p—;], Jj = 1,2, remain the same, no additional conditions being

needed. Now, consider U; and let V = X, so that X| = V%UZ_IV% = dX| AdX, =
IV|"2 |Up|~P*DdV A dU,. The marginal density of U is then:
U5 |1y~ +D)

_ptl To-lys .
82(Ur) = Tl (@) f |V |te etV V22U, V2] (i)
p\*1)Lp V>0

As previously explained, the exponent in (ii) can be simplified to —tr[(/ + U, 1)% V{+
Uz_l)%], which once integrated out yields I', (c; + a2) |1 + U2_1 | ~(@1+a2) Then,

n+1 +1
1o e 22 ) B Ve e [ ol I VY R N (1)

It follows from (i),(if) and (iii) that g1 (Uy) = g2(U>). Thus, the densities of U; and U; are
indeed one and the same, as had to be proved.

5.7.5. A pathway extension of first kind integrals, real matrix-variate case

As in the case of fractional integral of the second kind, we can also construct a pathway
extension of the first kind integrals in the real matrix-variate case. Let

X : —1
é1( 1)|I —ad —q)Xll"_%, a=—"" Na) > pT (5.7.13)

Fp(a) l—g¢q

and f2(X2) = ¢2(X2) f(X7) for the scalar parameters a > 0, n > 0, ¢ < 1. When
q < 1, (5.7.13) remains in the generalized type-1 beta family of functions. However,
when g > 1, f; switches to the generalized type-2 beta family of functions and when
q — 1, (5.6.13) goes into a gamma family of functions. Since X; > O forg > 1 and
q — 1, the fractional nature is lost in those instances. Hence, only the case ¢ < 1 is
relevant in this subsection.

fiXy) =

For various values of ¢ < 1, one has a family of fractional integrals of the first kind com-
ing from (5.7.13). For details on the concept of pathway, the reader may refer to Mathai
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(2005) and later papers. With the function fj(X) as specified in (5.7.13) and the cor-
responding f2(X2) = ¢2(X>2) f(X2), one can write down the M-convolution of a ratio,
g1(Uy), corresponding to (5.7.8). Thus, we have the pathway extended form of g (Uy).

5.7a. Density of a Product and Integrals of the Second Kind

The discussion in this section parallels that in the real matrix-variate case. Hence, only
a summarized treatment will be provided. With respect to the density of a product when
f1 and f> are matrix-variate gamma densities in the complex domain, the results are paral-
lel to those obtained in the real matrix-variate case. Hence, we will consider an extension
of fractional integrals to the complex matrix-variate cases. Matrices in the complex do-
main will be denoted with a tilde. Let X; and X, be independently distributed Hermitian
positive definite complex matrix- Varlate random Varlables whose densmes are f1 (X1) and

(X)), respectively. Let U, = X X1X2 and U; = X X X2 where X2 denotes the

Hermitian positive definite square root of the Hermitian positive definite matrix X». Sta-
tistical densities are real-valued scalar functions whether the argument matrix is in the real
or complex domain.

5.7a.1. Density of a product and fractional integral of the second kind, complex case

Let us consider the transformation (Xl, X2) — (l72, ‘7) and (Xl, Xz) — (Ul, \7),
the Jacobians being available from Chap. 1 or Mathai (1997). Then,

|det(V)|~PdU, A dV

~ - ~ ~ 5.7a.1
|det(V)|P|det(U,)|~2PdU; A dV. ( )

XmAdXQZ{

When f; and f, are statistical densities, the density of the product, denoted by gz(f/z), 1S
the following:

() = /V det(V)[ P fL(V"20,V"2) (V) dV (5.72.2)

where |det(-)| is the absolute value of the determinant of (-). If fj and f; are not statistical
densities, (5.7a.1) will be called the M-convolution of the product. As in the real matrix-
variate case, we will give a general definition of a fractional integral of order « of the
second kind in the complex matrix-variate case. Let

- 3 1 3
filXy = ¢1(X1)f |det(/ — X)|*P, R(a) > p—1,

pOl
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and f>(X») = ¢2(X2) f (X») where ¢, and ¢, are specified functions and f is an arbitrary
function. Then, (5.7a.2) becomes

() = /V det (V)P (V30,74

| det(I — V3T, PPy (V) £ () AV (5.72.3)
Fp(“)

for X(«) > p — 1. As an example, let

Iy +p+a

det(X)|” and ¢»(X5) = 1.
Fotr + p) |det(X )" and ¢(X>)

d1(X1) =

Observe that f1(X) has now become a complex matrix-variate type-1 beta density with
the parameters (y + p, «) so that (5.7a.3) can be expressed as follows:

N r det(Uy)|Y - - - NS
o) = L2y P o) [ detla)] f O det(D)] " | det(V — Do) |* P F(V) dV
I'y(y +p) Iy(a) V>Ur>0
I .
_ Ly Arrd e (5.7a.4)
Ly +p) 207
where
- det(Un)]” _ . .
e f= Mf 1 det(V)[ T |det(V — D[P £(V) TV (5.7a.5)
U2,Y Iy (a) V>Uy>0

is Erdélyi-Kober fractional integral of the second kind of order « in the complex matrix-
variate case, which is defined for () > p — 1, M(y) > —1. The extension of fractional
integrals to complex matrix-variate cases was introduced in Mathai (2013). As a second
example, let

$1(X1) =1 and ¢r(X2) = |det(V)]“.

In that case, (5.7a.3) becomes

82(0) :/ C|det(V — U)|* P f(V) AV, R(a) > p — 1. (5.7a.6)

V>U;>0

The integral (5.7a.6) is Weyl fractional integral of the second kind of order « in the com-
plex matrix-variate case. If V is bounded above by a Hermitian positive definite constant
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matrix B > O, then (5.7a.6) is a Riemann-Liouville fractional integral of the second kind
of order « in the complex matrix-variate case.

A pathway extension parallel to that developed in the real matrix-variate case can be
similarly obtained. Accordingly, the details of the derivation are omitted.

5.7a.2. Density of a ratio and fractional integrals of the first kind, complex case
We will now derive the density of the symmetric ratio U, defined in Sect. 5.7a. If fl
and f> are statistical densities, then the density of Uj, denoted by g;(U1), is given by

21(0)) = fv |det(V)|7| det(U)| ™27 f1(V2T~'V2) fo(V) dV, (5.72.7)

provided the integral is convergent. For the general definition, let us take

1

—|det(] — X)|*7P, R() > p—1,
[}(a)

fi(X1) = ¢1(X1)

and f>(X») = ¢2()~(~2) f(X,) where ¢, and ¢, are specified functions and f isan arbitrary
function. Then g;(U)) is the following:

. ~ ~ oy 1 ~1~ =1
gl(U1)=/~Idet(V)Ipldet(U1)| Pe——¢(V2U; ' V?2)
v I'y(a)
x |det(I — V%U;IV%)|“—P¢2(V)f(\7) dv. (5.72.8)
As an example, let
- r -
p1(X)) = 2V D ez
p(V)
and ¢» = 1. Then,
-~ f'(y + ) |det(l71)|_°‘_7/ ~
U) =2 N f det(V)|”
21(Uy) o) o) g, )

x |det(Uy — V)[*7P £(V)dV, R(a) > p — 1
_.fz

+a)K_°‘

(¥
VY pa 5.7a.9
Ip(y) Lo 0722
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where

o ety

= det(V)|” |det(U; — V)|*"P f(V)dV  (5.7a.10
Koy P /wll et(V)[”|det(Ty = VI*P f(V) AV (5.7a.10)

for R(a) > p — 1, is the Erdélyi-Kober fractional integral of the first kind of order o and
parameter y in the complex matrix-variate case. We now consider a second example. On
letting ¢ (X 1) = |det(X)|7“ 7 and ¢2(X2) = |det(X>)|*, the density of U is

§1(U) = =

/ |det(U; — V)|*"P £(V)AV, R(a) > p — 1. (5.7a.11)
p O!) \7<U1

The integral in (5.7a.11) is Weyl’s fractional integral of the first kind of order « in the
complex matrix-variate case, denoted by W f Observe that we are considering only

Hermitian positive definite matrices. Thus, there is a lower bound, the integral being over
O < V < U,. Hence (5.7a.11) can also represent a Riemann-Liouville fractional integral
of the first kind of order « in the complex matrix-variate case with a null matrix as its
lower bound. For fractional integrals involving several matrices and fractional differential
operators for functions of matrix argument, refer to Mathai (2014a, 2015); for pathway
extensions, see Mathai and Haubold (2008, 2011).

Exercises 5.7

All the matrices appearing herein are p x p real positive definite, when real, and Her-
mitian positive definite, when in the complex domain. The M-transform of a real-valued
scalar function f(X) of the p x p real matrix X, with the M-transform parameter p, is

defined as

_ptl , —1
My (p) =/ X175 F(X) dX, %i(p) > p2 ,
X>0

whenever the integral is convergent. In the real case, the M-convolution of a product U, =

1 1
X5 X1X; with the corresponding functions fi(X1) and f>(X>), respectively, is

gz(Uz)=fv|V|—’”z“f1<v—5uzv—5>fz<wdv

whenever the integral is convergent. The M-convolution of a ratio in the real case is
g1(U1). The M-convolution of a product and a ratio in the complex case are gz(f]z) and
g1 (U 1), respectively, as defined earlier in this section. If « is the order of a fractional in-
tegral operator operating on f, denoted by A~ f, then the semigroup property is that
A AP f = AR f = A=PAF,
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5.7.1. Show that the M-transform of the M-convolution of a product is the product of the
M-transforms of the individual functions f] and f>, both in the real and complex cases.

5.7.2. What are the M-transforms of the M-convolution of a ratio in the real and complex
cases? Establish your assertions.

5.7.3. Show that the semigroup property holds for Weyl’s fractional integral of the (1):
first kind, (2): second kind, in the real matrix-variate case.

5.7.4. Do (1) and (2) of Exercise 5.7.3 hold in the complex matrix-variate case? Prove
your assertion.

5.7.5. Evaluate the M-transforms of the Erdélyi-Kober fractional integral of order o of
(1): the first kind, (2): the second kind and state the conditions for their existence.

5.7.6. Repeat Exercise 5.7.5 for (1) Weyl’s fractional integral of order «, (2) the Riemann-
Liouville fractional integral of order «.

5.7.7. Evaluate the Weyl fractional integral of order « of (a): the first kind, (b): the second
kind, in the real matrix-variate case, if possible, if the arbitrary function is (1): e~ (2):
e"X) and write down the conditions wherever it is evaluated.

5.7.8. Repeat Exercise 5.7.7 for the complex matrix-variate case.

5.7.9. Evaluate the Erdélyi-Kober fractional integral of order o and parameter y of the
(a): first kind, (b): second kind, in the real matrix-variate case, if the arbitrary function is
(D: 1X1%, (2): |X|~°, wherever possible, and write down the necessary conditions.

5.7.10. Repeat Exercise 5.7.9 for the complex case. In the complex case, | X| = determi-
nant of X, is to be replaced by | det(X)], the absolute value of the determinant of X.

5.8. Densities Involving Several Matrix-variate Random Variables, Real Case

We will start with real scalar variables. The most popular multivariate distribution,
apart from the normal distribution, is the Dirichlet distribution, which is a generalization
of the type-1 and type-2 beta distributions.

5.8.1. The type-1 Dirichlet density, real scalar case

Let x1, ..., xx be real scalar random variables having a joint density of the form
i@, x) = a1y == e (5.8.1)
forw = {(rr,....x)l0 <x; < 1, j =1,k 0<xi+-+x <1}, R, >

0, j=1,....,k+ 1and f; = 0 elsewhere. This is type-1 Dirichlet density where cj is
the normalizing constant. Note that @ describes a simplex and hence the support of f] is
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the simplex w. Evaluation of the normalizing constant can be achieved in differing ways.
One method relies on the direct integration of the variables, one at a time. For example,

integration over x; involves two factors x‘f”_l and (1 —x] — - — xp)®+1~ 1 Let I; be the
integral over x1. Observe that x| varies fromOto 1 — xp — .-+ — x¢. Then
1—xp—-—xg
112/ x(lxl_l(l—xl—---—xk)ak+'_1dxl.
x1=0
But
x] Otk.H—l
(I—xp— o —xp) =l —xp— o = )@ [1‘ ] ’
I —x2— -+ —xx
Make the substitution y = ﬁ = dx; = (1 —xp — --- — x;)dy, which enable one
to integrate out y by making use of a real scalar type-1 beta integral giving
1
r I'(x
/ y=l(1 = yyn=ldy = (1) I' (1)
0 (o) + agt1)

for R(ay) > 0, R(agy+1) > 0. Now, proceed similarly by integrating out x, from
xgz_l(l — X9 — -+ — x3)¥T%+1and continue in this manner until x; is reached. Fi-
nally, after canceling out all common gamma factors, one has I'(«q) - - - I (otg+1) /1 (01 +
<o+ aggr) for N(a;) >0, j=1,...,k+ 1. Thus, the normalizing constant is given by
M+ +a
o = L 30 M) >0, j=1,... k+1. (5.8.2)
I'(ay) - I'(ok+1)
Another method for evaluating the normalizing constant ¢ consists of making the follow-
ing transformation:

X1 =y
x2 =y2(1 —y1)
xj=yil=yDd—=y)---A=yj-1), j=2,....k (5.8.3)

It is then easily seen that
day Ao Adg =0 =y A =) 2 oA =y dyi A Adye. (5.8.4)
Under this transformation, one has
l—x1=1-y

L—xi—x2= (1= y)(1 = y)
T—xi— o —xe= (1= y)(1 = y2) - (1 = o).
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Then, we have

a;—1 op—1 -1
X =xp = = x )™ T A AL A dg
_ooa—1 o —1 ar+api1—1
_y] yk (1 _yl) 2 k+1

% (1 _ yz)o{3+...+ak+1—1 . (1 _ yk)o{k+1—ldyl AL A dyk

Now, all the y;’s are separated and each one can be integrated out by making use of a
type-1 beta integral. For example, the integrals over yi, yo, ..., yx give the following:

/1 YA = ypeetete Tl gy = Fla)l(en + -+ ot1)
0 ! I+ -+ aggr)

/1 Y27l = yy)etete =l gy, — F(a) Mo+ + ager1)
0 (o + -+ 1)

/1 Yo (1 = yo@n Ty = L) o)
0 K T (o + Qi)

for N(aj) >0, j=1,...,k+ 1. Taking the product produces ck_l.
5.8.2. The type-2 Dirichlet density, real scalar case

Letx; > 0, ..., x; > 0 be real scalar random variables having the joint density

1

A ) =TT x4 xg) Tl ) (5.8.5)

forx; >0, j=1,...,k, Naj) >0, j=1,...,k+1and f, = 0 elsewhere, where ¢
is the normalizing constant. This density is known as a type-2 Dirichlet density. It can be
shown that the normalizing constant ¢ is the same as the one obtained in (5.8.2) for the
type-1 Dirichlet distribution. This can be established by integrating out the variables one
at a time, starting with x; or x;. This constant can also be evaluated with the help of the
following transformation:

X1 =V
x2 = y2(1+y1)
xi=yi(Il+ypDA+y)---A+yj—1), j=2,...,k, (5.8.6)

whose Jacobian is given by

day Ao Adg =0+ y) T A+ )2 A+ D dyi Ao Adye. (5.8.7)
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5.8.3. Some properties of Dirichlet densities in the real scalar case

Let us determine the #-th moment of (1 — x; — - - - — xi) in a type-1 Dirichlet density:

E[l—x1—"-—xk]h:/(l—xl—.-'—xk)hfl(xl,...,xk)dxl/\.../\dxk.
10)

In comparison with the total integral, the only change is that the parameter o4 1 is replaced
by ax+1 + h; thus the result is available from the normalizing constant. That is,
_ I'(og1 +h) I'lag+ -+ ag1)

E[l —x;—- —xi " = . (5.8.8)
: ‘ I'(og1) (e +---+ oy +h)

The additional condition needed is M (a1 + k) > 0. Considering the structure of the
moment in (5.8.8), u = 1 — x; — - -- — x; is manifestly a real scalar type-1 beta variable
with the parameters (ox+1, @1 + - - - + o). This is stated in the following result:

Theorem 5.8.1. Let x1, ..., x; have a real scalar type-1 Dirichlet density with the pa-
rameters (1, ..., 0; 0g+1). Then, u = 1 — x1 — -+ — xx has a real scalar type-1 beta
distribution with the parameters (otg+1, &1 +---+ag), and 1 —u = x4+ ---+ x; has a
real scalar type-1 beta distribution with the parameters (a1 + - - - + g, Cgt1)-

Some parallel results can also be obtained for type-2 Dirichlet variables. Consider
a real scalar type-2 Dirichlet density with the parameters («q, ..., ox; og+1). Let v =
(1 +x14---+xz)~ L. Then, when taking the /#-th moment of v, that is E[v"], we see that
the only change is that o4 becomes ok + h. Accordingly, v has a real scalar type-1
beta distribution with the parameters (a1, @1 + --- + ag). Thus, 1 — v = H
is a type-1 beta random variables with the parameters interchanged. Hence the following

result:

Theorem 5.8.2. Let x1, ..., x; have a real scalar type-2 Dirichlet density with the pa-
rameters (o1, ..., 0; Qks1). Thenv = (14+x1+-- -—I—xk)_1 has a real scalar type-1 beta
distribution with the parameters (dx+1, ¢1+---+ax)and 1 —v = H has a real
scalar type-1 beta distribution with the parameters (o1 + - - - + g, Qk41).

Observe that the joint product moments E [x{” o -x,i”‘ ] can be determined both in the
cases of real scalar type-1 Dirichlet and type-2 Dirichlet densities. This can be achieved by
considering the corresponding normalizing constants. Since an arbitrary product moment
will uniquely determine the corresponding distribution, one can show that all subsets of
variables from the set {x1, ..., xx} are again real scalar type-1 Dirichlet and real scalar
type-2 Dirichlet distributed, respectively; to identify the marginal joint density of a subset
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under consideration, it suffices to set the complementary set of / ;’s equal to zero. Type-1
and type-2 Dirichlet densities enjoy many properties, some of which are mentioned in the
exercises. As well, there exist several types of generalizations of the type-1 and type-2
Dirichlet models. The first author and his coworkers have developed several such models,
one of which was introduced in connection with certain reliability problems.

5.8.4. Some generalizations of the Dirichlet models

Let the real scalar variables x1, . .., xix have a joint density of the following type, which
is a generalization of the type-1 Dirichlet density:

g1(x1, . x0) = b 1 — )PP (1 = x —x)f2

X X1 = xy == )it (5.8.9)

for (x1,...,xx) € o, R(aj) >0, j =1,...,k+ 1, as well as other necessary con-
ditions to be stated later, and g; = O elsewhere, where by denotes the normalizing con-
stant. This normalizing constant can be evaluated by integrating out the variables one
at a time or by making the transformation (5.8.3) and taking into account its associ-
ated Jacobian as specified in (5.8.4). Under the transformation (5.8.3), yi,..., yx will
be independently distributed with y; having a type-1 beta density with the parameters
(@j, vj), Vi = ajr1+ -+ oy +Bj +---+ Bk, j = 1,...,k, which yields the

normalizing constant
k

I'(aj+vy))
b, = _— 5.8.10
¢ E INCHIN G810

for N(a;) >0, j=1,...,k+1, R(y;) >0, j=1,...,k, where

yi=oj 4 Fan+Bi++Bh j=1....k (5.8.11)

Arbitrary moments E [xi‘ b -x,i”‘ ] are available from the normalizing constant by by re-

placing o; by aj + hj for j =1, ..., k and then taking the ratio. It can be observed from
this arbitrary moment that all subsets of the type (xi, ..., x;) have a density of the type
specified in (5.8.9). For other types of subsets, one has initially to rearrange the variables
and the corresponding parameters by bringing them to the first j positions and then utilize
the previous result on subsets.

The following model corresponding to (5.8.9) for the type-2 Dirichlet model was in-
troduced by the first author:

§2(X1, -, Xp) = akx‘lxl_l(l +X1)_ﬂ1x§[2_1(1 +x14+x) P
X x,?k_l(l +x14+---+ xk)—(ot1+~--+0tk+1)—/3k (5.8.12)
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forx; >0, j=1,...,k, Waj;) >0, j =1,...,k+ 1, as well as other necessary
conditions to be stated later, and go = 0 elsewhere. In order to evaluate the normaliz-
ing constant ax, one can use the transformation (5.8.6) and its associated Jacobian given
in (5.8.7). Then, y1, ..., yx become independently distributed real scalar type-2 beta vari-
ables with the parameters («, §;), where

dj=oa1+-taojgtogrr + B+ + B (5.8.13)

for R(aj) >0, j=1,....,k+1, RE;) >0, j =1,...,k. Other generalizations are
available in the literature.

5.8.5. A pseudo Dirichlet model

In the type-1 Dirichlet model, the support is the previously described simplex w. We
will now consider a model, which was recently introduced by the first author, wherein the
variables can vary freely in a hypercube. Let us begin with the case k = 2. Consider the
model

g12(x1,x2) = cip X (1—x ) (1—x) 2 M1 —xjx) " @t 2D 0 < x; < 1, (5.8.14)

for R(aj) > 0, j = 1,2, and g1» = 0 elsewhere. In this case, the variables are free to
vary within the unit square. Let us evaluate the normalizing constant c1,. For this purpose,
let us expand the last factor by making use of the binomial expansion since 0 < xjx; < 1.
Then,

o (ap + o — Dy
(1 —xpxp) =t =% s (i)
k=0 ’

where for example the Pochhmmer symbol (a); stands for
(@k=al@a+1)---(a+k—1), a#0, (a)o=1.
Integral over x; gives

_ T'k+ DI ()
T +k+1)°

1
/ (1= xp@~dxy R(ay) > 0, (if)
0

and the integral over x; yields

! r k+1OrI
f xot1+k(1 _ x2)012—1dx2 _ (0(1 + K+ ) (OZZ)‘ (lll)
0

2 (e +ar+1)
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Taking the product of the right-hand side expressions in (ii) and (iii) and observing that
IF'lai+or+k+1) =T (a1 +a2+ (g + a2+ )i and I'(k + 1) = (1)k, we obtain
the following total integral:

o¢]

(o) I (a2) Z (Di(ory +ap — 1)k

I'(ap+oar+1) kl'(ap 4+ oar + 1
(o) ()
(o +ar+1)
B I'(e))I'(ar) T'(agr+ar+ 1DHI(1)
ST +ax+1) o +a)l(2)

_Tenr@)
= Tl fay e >0 @) >0, (5.8.15)

k=0

2Fi(l,ar+ar — a1 +ax+1; 1)

where the » F; hypergeometric function with argument 1 is evaluated with the following
identity:
I'(c)I'(c—a—Db)
2Fi(a,b;c; 1) = (5.8.16)
I'(c—a)l'(c—>b)
whenever the gamma functions are defined. Observe that (5.8.15) is a surprising result as
it is the total integral coming from a type-1 real beta density with the parameters (o1, ).

Now, consider the general model

gu(xt, ..., xx) = cu(1 — )@ o= xk)dk—lxgl o

« x:1+~-~+ak71(1 —xp.x) @t g < <L j =1,k
(5.8.17)

Proceeding exactly as in the case of k = 2, one obtains the total integral as

o1 Ia) ... (o) . .
el = Tt o) Rej) >0, j=1,.... k. (5.8.18)

This is the total integral coming from a (k — 1)-variate real type-1 Dirichlet model. Some
properties of this distribution are pointed out in some of the assigned problems.

5.8.6. The type-1 Dirichlet model in real matrix-variate case

Direct generalizations of the real scalar variable Dirichlet models to real as well as
complex matrix-variate cases are possible. The type-1 model will be considered first. Let
the p x p real positive definite matrices X1y, ..., Xy be suchthat X; > O, I — X; > O,
that is X; as well as I — X; are positive definite, for j = 1,...,k, and, in addition,
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I—X1— =X >0.Let2 ={(X1,....,.X0)|0O< X; <1, j=1,...,k, I -—X| —
-+ — X} > O}. Consider the model
G1(X1..os Xp) = CRl Xy [ 5 Xy
1
X = Xj— = X %15 (X, X €2, (5819
for N(a;) > pT_l, j=1,...,k+ 1, and G| = 0 elsewhere. The normalizing constant
Cx can be determined by using real matrix-variate type-1 beta integrals to integrate the

matrices one at the time. We can also evaluate the total integral by means of the following
transformation:

X, =Y,
Xy = (I - Y)Y - V)2
X;=( =YD (=Y )Y —Yj_)2---(I—Y)I, j=2,....k (5820)

The associated Jacobian can then be determined by making use of results on matrix trans-
formations that are provided in Sect. 1.6. Then,

1 1
AX1 A AdX =1 =Y |*DED L~y 1Ay AL AdY. (5.8.21)

It can be seen that the Y;’s are independently distributed as real matrix-variate type-1 beta
random variables and the product of the integrals gives the following final result:

= Iploy + -+ + agy1)
Fp(al) ce Fp(“k—!—l) ’

~1
m(aj)>pT, j=1. . k+1. (5.8.22)

By integrating out the variables one at a time, we can show that the marginal densities of
all subsets of {X1, ..., X} also belong to the same real matrix-variate type-1 Dirichlet
distribution and single matrices are real matrix-variate type-1 beta distributed. By tak-
ing the product moment of the determinants, E[|X "1 ... | Xk |"*], one can anticipate the
results; however, arbitrary moments of determinants need not uniquely determine the den-
sities of the corresponding matrices. In the real scalar case, one can uniquely identify
the density from arbitrary moments, very often under very mild conditions. The result
I — X1 —--- — Xi has a real matrix-variate type-1 beta distribution can be seen by taking
arbitrary moments of the determinant, that is, E[|/ — X —--- — X klh], but evaluating
the #Z-moment of a determinant and then identifying it as the 4-th moment of the determi-
nant from a real matrix-variate type-1 beta density is not valid in this case. If one makes
a transformation of the type Y1 = Xy,..., Y1 = Xj—1, i =1 — X1 — -+ — Xi,
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it is seen that X; = I — Y] — --- — Y} and that the Jacobian in absolute value is 1.
Hence, we end up with a real matrix-variate type-1 Dirichlet density of the same format but
whose parameters o and a1 are interchanged. Then, integrating out Y7, ..., Yx—1, we
obtain a real matrix-variate type-1 beta density with the parameters (ax4+1, o1 + - - - + o).
Hence the result. When Y has a real matrix-variate type-1 beta distribution, we have that
I —Y, = X1+ -+ X is also a type-1 beta random variable with the parameters inter-
changed.

The first author and his coworkers have proposed various types of generalizations to
the matrix-variate type-1 and type-2 Dirichlet models in the real and complex cases. One
of those extensions which is defined in the real domain, is the following:

Ga(X1, .., Xp) = Cigl X151 = Xy | Xo 2T
X 11— X1 = Xl | X

) I = Xy — e — XA (5.8.23)

for (X1,..., Xp) € £2, Wa;) > pT_l, j=1,...,k+ 1, and G, = 0 elsewhere. The
normalizing constant Ci; can be evaluated by integrating variables one at a time or by
using the transformation (5.8.20). Under this transformation, the real matrices Y;’s are
independently distributed as real matrix-variate type-1 beta variables with the parameters
(@j, ¥j), Vj =aj41+---+ a1 + Bj +-- -+ Bi. The conditions will then be N(aj) >

Pl j=1,... k+1,and R(y;) > &1, j=1,...,k Hence

k
Iy(aj+y))
Ciu= || 2= 5.8.24
. nrp<aj>rp<yj) (829

5.8.7. The type-2 Dirichlet model in the real matrix-variate case

j=1

The type-2 Dirichlet density in the real matrix-variate case is the following:
_ptl _ptl
G3(X1, ..o, Xi) = Cel Xq|¥17 2 [ X[ 2
X I+ X+ -+ Xg|T@ttas) x5 0 j=1,...,k, (5.825)

for N(a;) > pT_l, j=1,...,k+ 1and G3 = 0 elsewhere, the normalizing constant Cy
being the same as that appearing in the type-1 Dirichlet case. This can be verified, either by
integrating matrices one at a time from (5.8.25) or by making the following transformation:

X1="1

1 1
Xo=U+1Y)2Y2(I +11)?

1 1 1 1
Xj=U+Y)2---(I+Y;—)2Y;d+Y;_1)2---(I+7Y1)2, j=2,...,k. (5.8.26)
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Under this transformation, the Jacobian is as follows:
_ (k—1)(Z4h) et
dXi A ... AdXy = |1 4+ Y]] I+ Yo T dY AL AdYg. (5.8.27)

Thus, the Y;’s are independently distributed real matrix-variate type-2 beta variables
and the product of the integrals produces [C;]~!. By integrating matrices one at a time, we
can see that all subsets of matrices belonging to {X1, ..., Xi} will have densities of the
type specified in (5.8.25). Several properties can also be established for the model (5.8.25);
some of them are included in the exercises.

Example 5.8.1. Evaluate the normalizing constant ¢ explicitly if the function f (X1, X»)
is a statistical density where the p x p real matrices X; > O, I — X; > O, j =1,2,
and I — X| — X2 > O where

+1

1 1
FX1, X2) = e[ X115 |1 = X Xo |5 |1 = X — Xl
Solution 5.8.1. Note that
1 1 |
" — X1 — X2|ﬁ2_% =|I — X1|ﬁ2—%|1 — (I - Xl)_%Xz(] — Xl)—%|ﬂ2—%_

Now, letting ¥ = (I — X1) "2 Xo(I — X1)~2 = dY = |I — X;|~ >3 dX», and the integral
over X, gives the following:

- X, et e —y P dy = 1o x, et i3t D@D (B2)
o<Y<I Fp(a2+,32)

for N(an) > pT_l, R(By) > pT_l. Then, the integral over X can be evaluated as follows:

/ X[ x et gy, = L@ (Bt B+ o)
0<Xi<I Ip(ar + a2+ B + Bo)

for N(wy) > pT_l, NP1+ B+ ap) > pT_l. Collecting the results from the integrals over
X»> and X and using the fact that the total integral is 1, we have

. (o + Bo) ey + a2 + B1 + B2)
Iy () Iy(B2) Ty () Typ(az + B1 + B2)

for (o) > 250, j = 1,2, R(B2) > L5, and R(By + Bo + o) > 25
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The first author and his coworkers have established several generalizations to the type-
2 Dirichlet model in (5.8.25). One such model is the following:

Ga(X1, .., Xi) = Col Xy 15 |1 + Xy | P12~ 5
x I+ X+ X2/ 7P |Xk|ak—f’7+l
X T+ X1 + - 4 Xp| oA (5.8.28)
for M(ey) > pT_l’ Jj=1...,k+1, X; >0, j=1,...,k, as well as other necessary

conditions to be stated later, and G4 = 0 elsewhere. The normalizing constant Cy; can be
evaluated by integrating matrices one at a time or by making the transformation (5.8.26).
Under this transformation, the Y;’s are independently distributed real matrix-variate type-2
beta variables with the parameters (o, §;), where

Sj=oa1+ +aj_1+Bj+-+ P (5.8.29)

The normalizing constant is then

k
G = [ 224 00
P Ty ;))

where the §; is given in (5.8.29). The marginal densities of the subsets, if taken in the
order X1, {X1, X2}, and so on, will belong to the same family of densities as that specified
by (5.8.28). Several properties of the model (5.8.28) are available in the literature.

(5.8.30)

5.8.8. A pseudo Dirichlet model

We will now discuss the generalization of the model introduced in Sect. 5.8.5. Consider
the density
1 1
Gue(X1, .. Xp) = Ciall — X157 o | — X"
X | X |41 X5|¥1T02 | X | Tk

I = X2 XIX XD - Xt 5h (5831
Then, by following steps parallel to those used in the real scalar variable case, one can
show that the normalizing constant is given by
Iplar +--+ap) Iy(p+1)
Tplan) - Tplow) [T, 12

The binomial expansion of the last factor determinant in (5.8.31) is somewhat complicated
as it involves zonal polynomials; this expansion is given in Mathai (1997). Compared to

Ip(p+1) .
[F:(pw which

Cik =

(5.8.32)

the real scalar case, the only change is the appearance of the constant



Matrix-Variate Gamma and Beta Distributions 389

is 1 when p = 1. Apart from this constant, the rest is the normalizing constant in a real
matrix-variate type-1 Dirichlet model in k — 1 variables instead of k variables.

5.8a. Dirichlet Models in the Complex Domain

All the matrices appearing in the remainder of this chapter are p x p Hermitian positive
definite, that is, X ; j = X * where an asterisk indicates the conjugate transpose. Complex

matrix-variate random Varlables will be denoted with a tilde. For a complex matrix X ,
the determinant will be denoted by det(X) and the absolute value of the determinant, by
|det()~()|. For example, if det(f() = a + ib, a and b being real and i = /(—1), the
absolute value is |det()~( )| = +(a? + bz)%. The type-1 Dirichlet model in the complex
domain, denoted by Gl , 1s the following:

G1(X1, ..., Xy) = Cildet(X1)|[*1 7P - - - |det(Xy)|* P
x [det(I — Xj — -+ — Xp)|%+17P (5.8a.1)

for (X1,...,Xx) € 2, 2 ={(X1,....X)|0 <X; <1, j=1,...,k, O < X| +

. -—|—Xk < I}, Waj)>p—1, j=1,...,k+1, and él = 0 elsewhere. The normalizing
constant Cy can be evaluated by integrating out matrices one at a time with the help of
complex matrix-variate type-1 beta integrals. One can also employ a transformation of the
type given in (5.8.20) where the real matrices are replaced by matrices in the complex
domain and Hermitian positive definite square roots are used. The Jacobian is then as
follows:

dX| A ... AdXg = |det(I — YD|*DP . (det(T — Y )|PAY) A ... AdY.  (5.8a.2)

Then fj’s are independently distributed as complex matrix-variate type-1 beta variables.
On taking the product of the total integrals, one can verify that

& — Cp(ay + -+ ogt1)

= = (5.8a.3)
Ip(ar) -+ Tp(age+1)
where for example fp (o) 1s the complex matrix-variate gamma given by
~ pp=1
Iy(a) =72 I'la—p+1), Ra) >p—1. (5.8a.4)

The first author and his coworkers have also discussed various types of generalizations to
Dirichlet models in complex domain.
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5.8a.1. A type-2 Dirichlet model in the complex domain

One can have a model parallel to the type-2 Dirichlet model in the real matrix-variate
case. Consider the model

Gy = Cy|det(X )" 77 - - - |det(Xy) | P
x [det(l + X + - -+ + Xp)|~@rrFewsn) (5.8a.5)

forX; > 0, j=1,....,k, W) > p—1, j=1,...,k+1, and Gy = 0 elsewhere. By
integrating out matrices one at a time with the help of complex matrix-variate type-2 inte-
grals or by using a transformation parallel to that provided in (5.7.26) and then integrating
out the independently distributed complex type-2 beta variables Y i’s, we can show that
the normalizing constant Cy is the same as that obtained in the complex type-1 Dirichlet
case. The first author and his coworkers have given various types of generalizations to the
complex type-2 Dirichlet density as well.

Exercises 5.8

5.8.1. By integrating out variables one at a time derive the normalizing constant in the
real scalar type-2 Dirichlet case.

5.8.2. By using the transformation (5.8.3), derive the normalizing constant in the real
scalar type-1 Dirichlet case.

5.8.3. By using the transformation in (5.8.6), derive the normalizing constant in the real
scalar type-2 Dirichlet case.

5.8.4. Derive the normalizing constants for the extended Dirichlet models in (5.8.9)
and (5.8.12).

5.8.5. Evaluate E [x{i1 . -x,i”‘] for the model specified in (5.8.12) and state the conditions
for its existence.

5.8.6. Derive the normalizing constant given in (5.8.18).

5.8.7. With respect to the pseudo Dirichlet model in (5.8.17), show that the product u =
X1 - - - xg 1s uniformly distributed.

5.8.8. Derive the marginal distribution of (1): x1; (2): (x1, x2); (3): (x1,...,x:), r <Kk,
and the conditional distribution of (xy, ..., x,) given (x,41, ..., xx) in the pseudo Dirich-
let model in (5.8.17).

5.8.9. Derive the normalizing constant in (5.8.22) by completing the steps in (5.8.22) and
then by integrating out matrices one by one.
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5.8.10. From the outline given after equation (5.8.22), derive the density of / — X| —- - - —
X and therefrom the density of X| + - - - + X; when (X1, ..., Xi) has a type-1 Dirichlet
distribution.

5.8.11. Complete the derivation of C1j in (5.8.24) and verify it by integrating out matrices
one at a time from the density given in (5.8.23).

5.8.12. Show that U = (I + X{ + - -- + Xx)~! in the type-2 Dirichlet model in (5.8.25)
is a real matrix-variate type-1 beta distributed. As well, specify its parameters.

5.8.13. Evaluate the normalizing constant Cy in (5.8.25) by using the transformation pro-
vided in (5.8.26) as well as by integrating out matrices one at a time.

5.8.14. Derive the §; in (5.8.29) and thus the normalizing constant Cy; in (5.8.28).
5.8.15. For the following model in the complex domain, evaluate C:
f(X) = Cldet(X)|* =P |det(I — X1)IP!|det(X2)[*2 77| det(] — Xy — X2)|™2 - -
x |det(I — Xy — -+ — Xp) | 7P+,

5.8.16. Evaluate the normalizing constant in the pseudo Dirichlet model in (5.8.31).
1

1 1
5.8.17. In the pseudo Dirichlet model specified in (5.8.31), show that U = X/ ---X;
1 1
X1X5 -+ X} is uniformly distributed.

5.8.18. Show that the normalizing constant in the complex type-2 Dirichlet model speci-
fied in (5.8a.5) is the same as the one in the type-1 Dirichlet case. Establish the result by
integrating out matrices one by one.

5.8.19. Show that the normalizing constant in the type-2 Dirichlet case in (5.8a.5) is the
same as that in the type-1 case. Establish this by using a transformation parallel to (5.8.26)
in the complex domain.

5.8.20. Construct a generalized model for the type-2 Dirichlet case for k = 3 parallel to
the case in (5.8.28) in the complex domain.
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Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0
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the copyright holder.


http://creativecommons.org/licenses/by/4.0/

	5 Matrix-Variate Gamma and Beta Distributions
	5.1 Introduction
	5.1a The Complex Matrix-variate Gamma
	5.2 The Real Matrix-variate Gamma Density
	5.2.1 The mgf of the real matrix-variate gammadistribution

	5.2a The Matrix-variate Gamma Function and Density,Complex Case
	5.2a.1 The mgf of the complex matrix-variate gamma distribution

	5.3 Matrix-variate Type-1 Beta and Type-2 Beta Densities,Real Case
	5.3.1 Some properties of real matrix-variate type-1 and type-2 beta densities

	5.3a Matrix-variate Type-1 and Type-2 Beta Densities, Complex Case
	5.3.2 Explicit evaluation of type-1 matrix-variate beta integrals, real case
	5.3a.1 Evaluation of matrix-variate type-1 beta integrals, complex case
	5.3.3 General partitions, real case
	5.3.4 Methods avoiding integration over the Stiefel manifold
	5.3.5 Arbitrary moments of the determinants, real gamma and beta matrices
	5.3a.2 Arbitrary moments of the determinants in the complex case

	5.4 The Densities of Some General Structures
	5.4.1 The G-function
	5.4.2 Some special cases of the G-function
	5.4.3 The H-function
	5.4.4 Some special cases of the H-function

	5.5, 5.5a The Wishart Density
	5.5.1 Explicit evaluations of the matrix-variate gamma integral, real case
	5.5a.1 Evaluation of matrix-variate gamma integrals in the complex case
	5.5.2 Triangularization of the Wishart matrixin the real case
	5.5a.2 Triangularization of the Wishart matrix in the complex domain
	5.5.3 Samples from a p-variate Gaussian population and the Wishart density
	5.5a.3 Sample from a complex Gaussian population and the Wishart density
	5.5.4 Some properties of the Wishart distribution, real case
	5.5.5 The generalized variance
	5.5.6 Inverse Wishart distribution
	5.5.7 Marginal distributions of a Wishart matrix
	5.5.8 Connections to geometrical probability problems

	5.6 The Distribution of the Sample Correlation Coefficient
	5.6.1 The special case ρ=0
	5.6.2 The multiple and partial correlation coefficients
	5.6.3 Different derivations of ρ1.(2…p)
	5.6.4 Distributional aspects of the sample multiple correlation coefficient
	5.6.5 The partial correlation coefficient

	5.7 Distributions of Products and Ratios of Matrix-variate Random Variables
	5.7.1 The density of a product of real matrices
	5.7.2 M-convolution and fractional integralof the second kind
	5.7.3 A pathway extension of fractional integrals
	5.7.4 The density of a ratio of real matrices
	5.7.5 A pathway extension of first kind integrals, real matrix-variate case

	5.7a Density of a Product and Integrals of the Second Kind
	5.7a.1 Density of a product and fractional integral of the second kind, complex case
	5.7a.2 Density of a ratio and fractional integrals of the first kind, complex case

	5.8 Densities Involving Several Matrix-variate Random Variables, Real Case
	5.8.1 The type-1 Dirichlet density, real scalar case
	5.8.2 The type-2 Dirichlet density, real scalar case
	5.8.3 Some properties of Dirichlet densities in the real scalar case
	5.8.4 Some generalizations of the Dirichlet models
	5.8.5 A pseudo Dirichlet model
	5.8.6 The type-1 Dirichlet model in real matrix-variate case
	5.8.7 The type-2 Dirichlet model in the real matrix-variate case
	5.8.8 A pseudo Dirichlet model

	5.8a Dirichlet Models in the Complex Domain
	5.8a.1 A type-2 Dirichlet model in the complex domain

	References


