Chapter 2 ®
The Univariate Gaussian and Related Distributions @

2.1. Introduction

It is assumed that the reader has had adequate exposure to basic concepts in Proba-
bility, Statistics, Calculus and Linear Algebra. This chapter will serve as a review of the
basic ideas about the univariate Gaussian, or normal, distribution as well as related dis-
tributions. We will begin with a discussion of the univariate Gaussian density. We will
adopt the following notation: real scalar mathematical or random variables will be de-
noted by lower-case letters such as x, y, z, whereas vector or matrix-variate mathematical
or random variables will be denoted by capital letters such as X, Y, Z, ... . Statisticians
usually employ the double notation X and x where it is claimed that x is a realization of
X. Since x can vary, it is a variable in the mathematical sense. Treating mathematical and
random variables the same way will simplify the notation and possibly reduce the con-
fusion. Complex variables will be written with a tilde such as x, y, X , Y , etc. Constant
scalars and matrices will be written without a tilde unless for stressing that the constant
matrix is in the complex domain. In such a case, a tilde will be also be utilized for the
constant. Constant matrices will be denoted by A, B, C, ....

The numbering will first indicate the chapter and then the section. For example,
Eq. (2.1.9) will be the ninth equation in Sect. 2.1 of this chapter. Local numbering for
sub-sections will be indicated as (i), (ii), and so on.

Let x| be a real univariate Gaussian, or normal, random variable whose parameters are
w1 and 012; this will be written as x; ~ Ny(up, 012), the associated density being given by

1 e—ﬁ(m—m)z
o1V 21
In this instance, the subscript 1 in N (-) refers to the univariate case. Incidentally, a density

is a real-valued scalar function of x such that f(x) > 0 for all x and fx f(x)dx = 1.
The moment generating function (mgf) of this Gaussian random variable xi, with #; as

flx) =

, —00 < X] <00, —00 < U] < o0, o > 0.
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its parameter, is given by the following expected value, where E[-] denotes the expected
value of [-]:
o 12 2
E[e"] = / e f(x1)dxy = etHrtation, (2.1.1)

—o0

2.1a. The Complex Scalar Gaussian Variable

Letx = x1+ixa, i = +/(—1), x1, xp real scalar variables. Let E[x1] = u1, E[x2] =
u2, Var(xy) = 012, Var(xp) = 022, Cov(xy, x2) = o12. By definition, the variance of the
complex random variable X is defined as

Var(¥) = E[¥ — E(®)][X — E®TF

where * indicates a conjugate transpose in general; in this case, it simply means the conju-
gate since x is a scalar. Since X — E(X) = x; +ixy — 1 — iy = (x1 — p1) +i(x2 — pw2)
and [x — E(X)]* = (x1 — p1) — i(x2 — p2),

Var(X) = E[Xx — E(X)][x — E(X)]*
=E[(x1 — p1)+i(xa — u)[(x1 — 1) —i (xa — wa) 1= E[(x1 — p1)* + (x2— 12)?]

Observe that Cov(xy, x2) does not appear in the scalar case. However, the covariance will
be present in the vector/matrix case as will be explained in the coming chapters. The
complex Gaussian density is given by

1 L G_ayGoi
f@) = e (i)
o

forx = xy +ixy, it =1 +ipy, —00 < Xx; <00, —00 < U < OO, 02>0, j=1,2.
We will write this as ¥ ~ N;(ji, o2). It can be shown that the two parameters appearing in
the density in (ii) are the mean value of X and the variance of x. We now establish that the
density in (ii) is equivalent to a real bivariate Gaussian density with 07 = 102, 07 = 30>
and zero correlation. In the real bivariate normal density, the exponent is the following,
with X' as given below:

1 —1 X1 — _ %02 0
—5[(x1—,u1),(x2—/£2)]2 [n—uz Y =12 152

1 2 2 |
= _p{(xl — )"+ (x2 — )} = —;(X—M) (x — ).
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This exponent agrees with that appearing in the complex case. Now, consider the constant
part in the real bivariate case:

1

2 2
=m0~

%02 0
1 2
0 zO’

Qm)| 2|2 = 1)

which also coincides with that of the complex Gaussian. Hence, a complex scalar Gaussian
is equivalent to a real bivariate Gaussian case whose parameters are as described above.

Let us consider the mgf of the complex Gaussian scal_ar case. Letf = t] + ith,i =
/(=1), with | and 1, being real parameters, so that * = f = t; — it, is the conjugate of
t. Then t*X = t1x1 + taxy + i(tjx2 — t2x1). Note that #;x1 + px, contains the necessary
number of parameters (that is, 2) and hence, to be consistent with the definition of the
mgf in a real bivariate case, the imaginary part should not be taken into account; thus, we
should define the mgf as E[e” ()], where :i(-) denotes the real part of (-). Accordingly,
in the complex case, the mgf is obtained as follows:

Mz (f) = E[e"79]
_ 12 / MED =L G (i)
o~ Jx
R(* 1) e e e -
_¢ ' /em(r (E =)~ ()" (G=70) g
TTO =

Let us simplify the exponent:
N Tk~ ~ 1 ~ ~\ kg~ ~
RE(x — ) — p(x — )" (x — @)
1 2 1 2
= {01 —u)"+ 02— u2)” —ti(xr — u1) — (x2 — pn2)}
o o
2
o o o
= T+ = {01 =5+ 02— 50)7)
where y| = xl;—”l,yz = xz;—m,dyj = %dxj,j =1,2. But

L fw e_(yj_%tj)zdyj =1, j=1,2.
VT )

Hence, ) )
~ RPN O Tk 07 (2,42
Mi(t) — ef)l(l‘ W+ T et1M1+12;L2+ 7 ([1 +l‘2)’ (21a1)

which is the mgf of the equivalent real bivariate Gaussian distribution.
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Note 2.1.1. A statistical density is invariably a real-valued scalar function of the variables
involved, be they scalar, vector or matrix variables, real or complex.

2.1.1. Linear functions of Gaussian variables in the real domain

If x1, ..., x; are statistically independently distributed real scalar Gaussian variables
with parameters (i ;, af), j=1,...,kandifay,...,a are real scalar constants then the
mgf of a linear function u = ajx;| + - - - + agxy is given by

M, (t) = E[e"] = E[e'""T M%) = M, (at) - - - My, (axt), as Mg, (t) = My (at),

— eltatpitttagu)+31@jor+-+agop)

k o L2050k 2 2
_ e[(zjzl ajpj)+yt (Zj=1 ajaj),

which is the mgf of a real normal random variable whose parameters are (lezl aju;,
Zl;zl a?o}z). Hence, the following result:

Theorem 2.1.1.  Let the real scalar random variable x; have a real univariate normal

(Gaussian) distribution, that is, x; ~ N1(uj, 0]2), j=1,...,kandlet xy, ..., x; be sta-

tistically independently distributed. Then, any linear functionu = ax;+- - -+agxg, where
L. : k

ai, ..., ax are real constants, has a real normal distribution with mean value ) j=1 A

and variance Zl;zl ajz.ajg, that is, u ~ Ny (Zl;:1 aji;, le‘:l ajz.ajz).

Vector/matrix notation enables one to express this result in a more convenient form.
Let

; . of 0 ... 0

! K ! 0 62 ... 0
L=|:|l.n=|:|.x=]:|. 2=

i H Tk 0 0 ... of

Then denoting the transposes by primes, u = L'X = X'L, E(u) = L'nu = /L, and

Var(u) = E[(u — E(u))(u — E(u))'] = L'E[(X — E(X))(X — E(X))'IL
— L'Cov(X)L =L'YL

where, in this case, X is the diagonal matrix diag(olz, R akz). If x1,..., x¢ 1s a simple
random sample from x, that is, from the normal population specified by the density of x;
or, equivalently, if x1, ..., x; are iid (independently and identically distributed) random
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variables having as a common distribution that of xi, then E(u) = u;L'J = u;J'L
and Var(u) = 0’12L/ L where u is the linear function defined in Theorem 2.1.1 and J' =
(1,1,...,1)1is a vector of unities.

Example 2.1.1. Let x; ~ Nj(—1,1) and x; ~ N{(2,2) be independently distributed
real normal variables. Determine the density of the linear function u = 5x; — 2x, + 7.

Solution 2.1.1. Since u is a linear function of independently distributed real scalar nor-
mal variables, it is real scalar normal whose parameters E(x) and Var(u) are

E(u) =5E(x1) —2E(x2)+7=5(-1)-22)+7=-2
Var(u) = 25Var(x1) 4+ 4Var(x2) + 0 = 25(1) + 4(2) = 33,

the covariance being zero since x; and x; are independently distributed. Thus, u ~
Ni(=2,33).

2.1a.1. Linear functions in the complex domain

We can also look into the distribution of linear functions of independently distributed
complex Gaussian variables. Let a be a constant and X a complex random variable, where
a may be real or complex. Then, from the definition of the variance in the complex domain,
one has

Var(aX) = E[(ax — E(aX))(aXx — E(ax))"] = aE[(x — E(X))(X — E(X))*]a*

= aVar(¥)a* = aa*Var(¥) = |a|*Var(¥) = |a|’c?

when the variance of X is o2, where |a| denotes the absolute value of a. As well, E[aX] =
aE[Xx] = ajt. Then, a companion to Theorem 2.1.1 is obtained.

Theorem 2.1a.1. Let X1, ..., X; be independently distributed scalar complex Gaussian

variables, Xj ~ Ni(ji;, 0]2), j=1,...,k Letay,...,ax be real or complex constants

andu = a1X1+- - -+agXy be alinear function. Then, u has a univariate complex Gaussian
C e . ~ ~ k ~ k -

distribution given by u ~ Nl(ijl ajfij, ijl |aj|2Var(xj)).

Example 2.1a.1. Letx;, x>, X3 be independently distributed complex Gaussian univari-
ate random variables with expected values (11 = —1 + 2i, 1, =i, i3 = —1 — i respec-
tively. Let X; = x1; +ix2;, j =1, 2, 3. Let [Var(xy ), Var(x2;)] = [(1, 1), (1, 2), (2, 3)],
respectively. Leta; = 1+, ap =2 —3i, a3 = 2+1i, as = 3+ 2i. Determine the density
of the linear function & = a1 x1 + axXx> + azx3 + aa.
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Solution 2.1a.1.

Ew) =a1E(x) +aE() +az3E(X3) + as
=(1+D)(=14+20D)+QR-=3D)E)+Q+i)(—1—1i)+ B +2i)
=(-34+)+GB+2)+(-1-=-3i)+B+2i) =2+2i;

Var(ii) = |ay|*Var(¥)) + |az|*Var(%) + |az|*Var(¥3)

and the covariances are equal to zero since the variables are independently distributed.
Note that x; = x11 + ix2; and hence, for example,

Var(x1) = E[(X1 — E(X1))(&1 — E(%1))"]
= E{[(x11 — E(x11)) + i(x21 — EG)][(x11 — E(x11)) — i(x21 — E(x21)) ]}
= El(xn — E@))’1 — () El(x21 — E(x21))°]
= Var(xy1) + Var(xp)) =14+1 =2.

Similarly, Var(%,) = 1 +2 = 3, Var(¥3) = 2 + 3 = 5. Moreover, |a;|> = (1)*> + (1)?> =
2, o> = 2% + 3)? = 13, |a3)*> = (2)? + (1)? = 5. Accordingly, Var(it) = 2(2) +
(13)(3) + (5)(5) = 68. Thus, it ~ N;{(2 + 2i, 68). Note that the constant a4 only affects
the mean value. Had a4 been absent from i, its mean value would have been real and equal
to —1.

2.1.2. The chisquare distribution in the real domain

Suppose that x; follows a real standard normal distribution, that is, x; ~ N(0, 1),
whose mean value is zero and variance, 1. What is then the density of xlz, the square of
a real standard normal variable? Let the distribution function or cumulative distribution
function of x1 be Fy,(t) = Pr{x; <t} and that of y; = x% be Fy, (1) = Pr{y; < t}. Note
that since y; > 0, t must be positive. Then,

Fy, (1) = Priyi <t} = Pr{x{ <t} = Pr{lxi| < Vi} = Pr{i—v1 < x; < V/1}
= Prix; <t} — Prix; < —/t} = F, (V1) — Fy,(—V1). (i)

Denoting the density of y; by g(y1), this density at y; = ¢ is available by differentiating
the distribution function F), () with respect to 7. As for the density of x;, which is the
standard normal density, it can be obtained by differentiating Fy, (/1) with respect to /7.
Thus, differentiating (i) throughout with respect to #, we have
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d d
8oy, = [ g Fa VD = G Fa D ||
rd dvi  d d(-vD)
= [d—ﬁFxl (\/;)? — d—\/;Fxl(—«/;) m ] s
— ll%_l —1 e_%t + lt%_l—l e_%t
2 /) =y 2 J@m) =1
- 1; 37130 <y, < o0, with I'(1/2) = V. (ii)
2:1(1/2)

Accordingly, the density of y; = xl2 or the square of a real standard normal variable, is a
two-parameter real gamma with o« = % and B = 2 or a real chisquare with one degree of
freedom. A two-parameter real gamma density with the parameters («, 8) is given by
1 o] U
= ———— F,0< , 0, 0, 2.1.2

f1(y1) ﬁ”%@h e <yi<o0, a>0, 8> (2.1.2)
and f1(y1) = O elsewhere. When « = 7 and B = 2, we have a real chisquare density with
n degrees of freedom. Hence, the following result:

Theorem 2.1.2. The square of a real scalar standard normal random variable is a real
chisquare variable with one degree of freedom. A real chisquare with n degrees of freedom
has the density given in (2.1.2) witha = 5 and 8 = 2.

A real scalar chisquare random variable with m degrees of freedom is denoted as Xr%z'
From (2.1.2), by computing the mgf we can see that the mgf of a real scalar gamma random
variable y is My (1) = (1 — Br)™® for 1 — Bt > 0. Hence, a real chisquare with m
degrees of freedom has the mgf M X2 ) =1 - 2t)_% for 1 — 2t > 0. The condition
1 — Bt > 01isrequired for the convergence of the integral when evaluating the mgf of a real
gamma random variable. If y; ~ an1j’ j=1,...,kandif y, ..., y; are independently

distributed, then the sum y = y;+- - -+y; ~ X'3“+'i'+mk’ areal chisquare with m+- - -+my,
degrees of freedom, with mgf M, (¢) = (1 — 2¢) 20"+ for | — 2¢ > 0.

Example 2.1.2. Let x; ~ Ni(—1,4), x> ~ N(2,2) be independently distributed. Let
u= x12 + 2x22 + 2x1 — 8x3 + 5. Compute the density of u.

Solution 2.1.2.
u =x12+2x§+2x1 — 8 +5=+1D?+2(xx—2)>—4

@D —2)?
_4[ i T2 ]_4'
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Since x; ~ Ni(—1,4) and x, ~ N;(2,2) are independently distributed, so are &1+ 1+1)2

X12 and @ ~ X12, and hence the sum is a real X2 random variable. Then, u = 4y —4
with y = X22- But the density of y, denoted by fy (), is
I _y
fy(y)=§e 2, 0=y < oo,

and f)(y) = O elsewhere. Then, z = 4y has the density

1
fz(2) = —e§ 0<z<o0,

and f;(z) = 0 elsewhere. However, since u = z — 4, its density is

_(u +4)

, =4 <u < oo,

Sfulu) =

and zero elsewhere.

2.1a.2. The chisquare distribution in the complex domain

Let us consider the distribution of Z;z] of a scalar standard complex normal variable
Z1. The density of Z; is given by

~ _N*N ~ . .
fz: @) = e Gz =z +izp, —0o <z1j <00, j=1,2.

Let i1 = ZjZ;. Note that Z7Z; is real and hence we may associate a real parameter ¢ to
the mgf. Note that Z;Z] in the scalar complex case corresponds to z? in the real scalar case
where z ~ N1(0, 1). Then, the mgf of i is given by

_—— -
Mg, (1) = E[e"0)] = _/ e~ MA-NZTgz
T Jz

However, 7371 = 2z}, + 23, 8 21 = z11 + iz12, i = +/(—1), where z;; and z;, are
real. Thus, the above integral gives (1 — t)_%(l — t)_% = 1=0"1forl—¢t >0,
which is the mgf of a real scalar gamma variable with parameters « = 1 and 8 =
Letz; ~ 1\71 (i, 02), Jj =1,..., k, be scalar complex normal random variables that are
independently distributed. Letting

_ 2= i\ (Z — |
= Z < J MJ) ( / M]) ~ real scalar gamma with parameters « =k, f = 1,
=1 0j gj
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whose density is

1
fau) = mu"_le_”, O<u<oo, k=1,2,..., (2.1a.2)

u is referred to as a scalar chisquare in the complex domain having k degrees of freedom,
which is denoted u ~ )Z,g Hence, the following result:

Theorem 2.1a.2. Let Z7; ~ 1\71 (i, ajz), Jj = 1,...,k, be independently distributed

and u = lezl(@)*(%). Then u is called a scalar chisquare having k degrees of
freedom in the complex domain whose density as given in (2.1a.2) is that of a real scalar
gamma random variable with parameters o« = k and = 1.

Example 2.1a.2. Let ¥; ~ N;(i,2), ¥ ~ Ni(1 —i, 1) be independently distributed
complex Gaussian univariate random variables. Let i = XX1 + 2XJ% — 2X5 — 2%, +
(X1 +2x3) — i(X] + 2X2) + 5. Evaluate the density of .

Solution 2.1a.2. Let us simplify u#, keeping in mind the parameters in the densities of
X1 and X,. Since terms of the type x{X; and X;x are present in i, we may simplify into
factors involving )Z;" and x; for j = 1, 2. From the density of X; we have

(X1 =D —i) .,
2 X

where
G — i) — i) = §F + ) — i) = F1F) +iF) — i + 1. (i)
After removing the elements in (i) from i, the remainder is
2)?2'()22 — 2)?5 — 2% + 2l')?; —2ixy + 4
=2[(F — D2 — 1) —ixp +ix5 + 1]
=2[X — 1+ )" —14+10)].
Accordingly,
(X1 —i)*(x1 — i)
2
=20%7 + x{1=2%3

i=1 G ENCGES )

where 5(22 is a scalar chisquare of degree 2 in the complex domain or, equivalently, a real
scalar gamma with parameters (« = 2, 8 = 1). Letting y = )222, the density of y, denoted
by f y(¥)s is

Sy =ye?, 0=y <oo,
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and f,(y) = O elsewhere. Then, the density of u = 2y, denoted by f,(u), which is
given by

Ju(u) = ge_%, 0<u < oo,

and f,(u) = 0 elsewhere, is that of a real scalar gamma with the parameters (¢« = 2,

B =2).

2.1.3. The type-2 beta and F distributions in the real domain

What about the distribution of the ratio of two independently distributed real scalar
chisquare random variables? Let y; ~ X,% and y, ~ Xr%’ that is, y; and y, are real chisquare
random variables with m and n degrees of freedom respectively, and assume that y; and
y2 are independently distributed. Let us determine the density of u = y;/y;. Let v = y»
and consider the transformation (y;, y2) onto (u, v). Noting that

ou 1 odv Jv

- = s T = 13 -~ = Oa

dyt  y2 9y dy1

one has
Ou  du I
du Adv= |1 D2|dy; Adyy = |2 ’dyl A dy;
T I 1
v oy

1
= —dy; Ady, = dy; Ady, = vdu Adv
2

where the asterisk indicates the presence of some element in which we are not interested
owing to the triangular pattern for the Jacobian matrix. Letting the joint density of y; and
y2 be denoted by f12(y1, y2), one has

1
m-+n y
25N () (%)

©I3

-1 -1 _2t»
[ Y e

fi2(y1, y2) =

for0 <y; <00, 0 <y, <oo, myn=1,2,...,and f12(y1, y2) = 0 elsewhere. Let the
joint density of u and v be denoted by g12(«, v) and the marginal density of u be denoted
by g1(u). Then,
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m n 1
g12(u’ U) =cC v(uv)i_lvé_le_%(uv+v)7 c = m+n
> (I (3 )
o0
g1(u) :cu"21_1/ " -lemv 3 gy
v=0
m+n
e ()
2 2
INCEED) |
=—>="y2 (1 —|—u)_7 (2.1.3)
re)r )
form,n =1,2,..., 0 < u < ooand g;(u) = 0 elsewhere. Note that g;(u) is a type-2

real scalar beta density. Hence, we have the following result:

Theorem 2.1.3. Let the real scalar y, ~ X,%, and yy ~ X,% be independently distributed
then the ratio u = § L is a type-2 real scalar beta random variable with the parameters %

and 5 wherem,n = 1,2, ..., whose density is provided in (2.1.3).

This result also holds for general real scalar gamma random variables x; > 0 and
x > 0 with parameters («g, 8) and (a2, B), respectively, where B is a common scale
parameter and it is assumed that x; and x, are independently distributed. Then, u = fc—; is
a type-2 beta with parameters «; and «.

If u as defined in Theorem 2.1.3 is replaced by - Fy, , or F = Fy , = );'%’2% = u
is known as the F-random variable with m and n degrees of freedom, where the degrees
of freedom indicate those of the numerator and denominator chisquare random variables
which are independently distributed. Denoting the density of F by fr(F) we have the

following result:

2
Theorem 2.1.4. Letting F = F,,, = X’gé where the two real scalar chisquares are
independently distributed, the real scalar F-density is given by

re3t) mys  F!
F)=——"7"7-\—|) ——— 2.14
1) = s iy () n @14

forO0 < F <oo, m,n=1,2,...,and fr(F) = 0 elsewhere.

Example 2.1.3. Let x; and x, be independently distributed real scalar gamma random
variables with parameters (o, 8) and (o7, B), respectively, B being a common parameter,

whose densities are as specified in (2.1.2). Let uy = XIf;xz, Uy = %, uz = x1 + xo.
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Show that (1): u3 has a real scalar gamma density as given in (2.1.2) with the parameters
(o1 + a2, B); (2): uy and u3z as well as up and u3 are independently distributed; (3): u is a
real scalar type-2 beta with parameters (o, @2) whose density is specified in (2.1.3); (4):
u1 has a real scalar type-1 beta density given as

I'(ag +a2) o—1

A —up® 0<uy <1, (2.1.5)
TaNl () !

Si(uy) =
for R(w1) > 0, N(a2) > 0 and zero elsewhere. [In a statistical density, the parameters are
usually real; however, since the integrals exist for complex parameters, the conditions are
given for complex parameters as the real parts of «; and o, which must be positive. When
they are real, the conditions will be simply «; > 0 and oy > 0.]

Solution 2.1.3. Since x; and x, are independently distributed, their joint density is the
product of the marginal densities, which is given by

—1_ar—1_—+(x1+x2) : :
x5 e P ,0<x;<o0, j=1,2, (i)

f12(x1, x2) = ¢ xY'
for R(a;) > 0, R(B) > 0, j =1, 2 and zero elsewhere, where

Cc = ! .
Ul @l (@)

Since the sum x| + x» is present in the exponent and both x; and x; are positive, a conve-

nient transformation is x; = r cos2, x, = r sin’0, 0 <r < o0, 0 <6 < % Then,
the Jacobian is available from the detailed derivation of Jacobian given in the beginning of

Sect. 2.1.3 or from Example 1.6.1. That is,
dx; Adxy =2r sinf cos6 dr A db. (ii)

Then from (i) and (ii), the joint density of  and 6, denoted by f, ¢(r, 6), is the following:

1
fro(r,0) = ¢ (cos? 0)*1 71 (sin* 9)®2 12 cos O sing r*1t*2 175" (iii)

and zero elsewhere. As f, 4 (r, 0) 1s a product of positive integrable functions involving
solely 7 and 6, r and 6 are independently distributed. Since u3 = x; + xo = rcos?6 +
rsin?@ = r is solely a function of r and u; = xlelxz = cos?6 and ur = Z.OS# are solely
functions of 0, it follows that | and u3 as well as u, and u3 are independently distributed.

From (iii), upon multiplying and dividing by I (¢ + «2), we obtain the density of u3 as

1 -1 -4 .
Silus) = Bt [ (q, —i—ozz)ugmLO[2 e 7/, 0=<u3<oo0, (iv)
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and zero elsewhere, which is a real scalar gamma density with parameters («; + a2, B).
From (iii), the density of 6, denoted by f>(0), is

F2(0) = ¢ (cos®> ) (sin®0)2 !, 0 <6 < % (v)
and zero elsewhere, for R(a;) > 0, j = 1, 2,. From this result, we can obtain the density
of u; = cos? 6. Then, du; = —2 cos 6 sin 6 d§. Moreover, when  — 0, u; — 1 and when
6 — %, u1; — 0. Hence, the minus sign in the Jacobian is needed to obtain the limits in
the natural order, 0 < u; < 1. Substituting in (v), the density of u; denoted by f3(u;),
is as given in (2.1.5), u1 being a real scalar type-1 beta random variable with parameters

(a1, a2). Now, observe that

cos? @ cos? 0 uj
sin2 1 —cos20  1—u;’

(vi)

Uy =
Given the density of u; as specified in (2.1.5), we can obtain the density of u> as follows.
As u» “I_ we have u; 2 = du; = duy; then substituting these values in

_ _ 1
— T — Truy (I+ur)?
the density of u |, we have the following density for u;:

I(a+a2) 4 - )
fur) = —————uS"" (1 +up) " @) 0 < u, < o0, (2.1.6)
Il ()
and zero elsewhere, for R(a;) > 0, j = 1,2, which is a real scalar type-2 beta density
with parameters («, @2). The results associated with the densities (2.1.5) and (2.1.6) are
now stated as a theorem.

Theorem 2.1.5. Let x| and x, be independently distributed real scalar gamma random
variables with the parameters (a1, B), (a2, B), respectively, B being a common scale pa-
rameter. [If x| ~ X,% and xy ~ Xr%’ thenoy = %, ar = 5 and f = 2.] Then uy = xl)—cklxz
is a real scalar type-1 beta whose density is as specified in (2.1.5) with the parameters
(o1, a2), and uy = % is a real scalar type-2 beta whose density is as given in (2.1.6) with

the parameters (a1, o).

2.1a.3. The type-2 beta and F distributions in the complex domain

It follows that in the complex domain, if 52 and 2 are independently distributed, then
the sum is a chisquare with m + n degrees of freedom, that is, 2 + X2 = X4, We now
look into type-2 beta variables and F-variables and their connection to chisquare variables
in the complex domain. Since, in the complex domain, the chisquares are actually real
variables, the density of the ratio of two independently distributed chisquares with m and
n degrees of freedom in the complex domain, remains the same as the density given in
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(2.1.3) with 7 and 5 replaced by m and n, respectively. Thus, letting i = X2 /%2 where
the two chisquares in the complex domain are independently distributed, the density of #,
denoted by g1 (u), is

I'(m+n)

5 _ m—1 —(m+n)
g1(u) = —F(m)F(n)u (1 +u (2.1a.3)

forO<u <oo, myn=1,2,..., and g;(u) = 0 elsewhere.

Theorem 2.1a.3. Let y; ~ )Z,% and yp ~ )Z,f be independently distributed where y; and

V2 are in the complex domain; then, u = y L is a real type-2 beta whose density is given in
(2.1a.3).

~ =2
If the F random variable in the complex domain is defined as F}, , = ))(2”37: where the

two chisquares in the complex domain are independently distributed, then the density of F
is that of the real F-density with m and n replaced by 2m and 2n in (2.1.4), respectively.

Theorem 2.1a.4. Let F = Fm,n = ~2§ where the two chisquares in the complex do-

main are independently distributed; then, F is referred to as an F random variable in the
complex domain and it has a real F-density with the parameters m and n, which is given
by

I'(m+n)

5 _Aman) (MmN g M —(mtn)
g:(F) = F(m)F(n)<n> F" (142 F) 2.1a.4)

for0 < F <00, m,n=1,2,...,and g2(F) = 0 elsewhere.

A type-1 beta representation in the complex domain can similarly be obtained from
Theorem 2.1a.3. This will be stated as a theorem.

Theorem 2.1a.5. Let x; ~ an1 and Xy ~ )Z,f be independently distributed scalar
chisquare variables in the complex domain with m and n degrees of freedom respectively
Let 1] = = + ,
beta random varlable in the complex domain with the parameters m, n, whose real scalar

density is

r
m+n) m- d—u) ' 0<u <1, (2.1a.5)

filuy) = W 4

and zero elsewhere, form,n =1,2,....
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2.1.4. Power transformation of type-1 and type-2 beta random variables

Let us make a power transformation of the type u; = ay®, a > 0, § > 0. Then,
du; = a(Sy‘S_ldy. For convenience, let the parameters in (2.1.5) be o1 = o and o = B.
Then, the density given in (2.1.5) becomes

'@+ B) ¢ o as—1,q 51
—F(a)r(ﬂ)&ly (1 —ay®) ,0§y§a%

and zero elsewhere, fora > 0, § > 0, R(x) > 0, R(B) > 0. We can extend the support

@) = , (2.1.7)

to —a~3 <y< a”3 by replacing y by |y| and multiplying the normalizing constant by %
Such power transformed models are useful in practical applications. Observe that a power
transformation has the following effect: for y < 1, the density is reduced if § > 1 or raised
if 8 < 1, whereas for y > 1, the density increases if § > 1 or diminishes if § < 1. For
instance, the particular case o« = 1 is highly useful in reliability theory and stress-strength
analysis. Thus, letting « = 1 in the original real scalar type-1 beta density (2.1.7) and
denoting the resulting density by fi2(y), one has

—_

fr2() =asy’ 1 —ay®)P" 0<y <as, (2.1.8)

fora > 0, 6§ > 0, RN(B) > 0, and zero elsewhere. In the model in (2.1.8), the reliability,
that is, Pr{y > t}, for some ¢, can be easily determined. As well, the hazard function

% is readily available. Actually, the reliability or survival function is

Priy>t}=(0—-at®), a>0,8>0,1>0, 8>0, (i)

and the hazard function is

fy=10 _ aspr’~!

Priy>t} 1—at®’
Observe that the free parameters a, § and B allow for much versatility in model building
situations. If 8 = 1 in the real scalar type-1 beta model in (2.1.7), then the density reduces
to ay“_l, 0 <y <1, « > 0, which is a simple power function. The most popular
power function model in the statistical literature is the Weibull model, which is a power
transformed exponential density. Consider the real scalar exponential density

(i1)

gx)=0e, 0>0, x>0, (iii)

and zero elsewhere, and let x = y5, 6 > 0. Then the model in (iii) becomes the real scalar
Weibull density, denoted by g1(y):

g () =68y 1e™®" 650,8>0,y>0, (iv)

and zero elsewhere.
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Now, let us consider power transformations in a real scalar type-2 beta density given
in (2.1.6). For convenience let o] = o and ap = B. Letting y» = ay®, a > 0, § > 0, the
model specified by (2.1.6) then becomes

_ a T+ B) s 85\ —(a+B)
f1(y) =a S—F(Q)F(ﬁ)y (I+ay®) (v)

fora >0, § > 0, N(a) > 0, R(B) > 0, and zero elsewhere. As in the type-1 beta case,
the most interesting special case occurs when o = 1. Denoting the resulting density by

f22(y), we have
() =ady’ 11 +ay®) PV 0 <y < oo, (2.1.9)

fora > 0, § > 0, N(B) > 0, o = 1, and zero elsewhere. In this case as well, the
reliability and hazard functions can easily be determined:

Reliability function = Pr{y >t} = (1 +ar®)~7, (vi)

oy =1 _ asp®!

Priv=1]  I+ar vid)

Hazard function =

Again, for application purposes, the forms in (vi) and (vii) are seen to be very versatile due
to the presence of the free parameters a, § and B.

2.1.5. Exponentiation of real scalar type-1 and type-2 beta variables

Let us consider the real scalar type-1 beta model in (2.1.5) where, for convenience, we
let @ = o and ap = B. Letting u; = ae™?, we denote the resulting density by fi3(y)
where

r

L@EP) bavy
I'(a)I'(B)

fora > 0, b > 0, R(w) > 0, R(B) > 0, and zero elsewhere. Again, for practical

application the special case @ = 1 is the most useful one. Let the density corresponding to
this special case be denoted by f14(y). Then,

fi3(») = a%b e )1y > Inas, (2.1.10)

1

fa(y) = abpe™¥ (1 —ae )P~y > Inas, (i)
fora >0, b > 0, B > 0, and zero elsewhere. In this case,

Reliability function = Pr{y >t} = (1 — ae™"")P, (ii)

fuly=1  abpe™

Priy >t} [l —ae?br) (&)

Hazard function =
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Now, consider exponentiating a real scalar type-2 beta random variable whose density
is given in (2.1.6). For convenience, we will let the parameters be (¢ = « and oy = B).
Letting > = e~ in (2.1.6), we obtain the following density:

() = a“b%e—bay(l _|_ae_b)7)—(01+ﬂ), —00 <y < 00, (2.1.11)

fora > 0, b > 0, RN(a) > 0, R(B) > 0, and zero elsewhere. The model in (2.1.11) is
in fact the generalized logistic model introduced by Mathai and Provost (2006). For the
specialcasea =1, B =1, a=1, b =1in (2.1.11), we have the following density:

=Yy ey
(I+e)?  (14e)?

This is the famous logistic model which is utilized in industrial applications.

fr(y) =

—00 <y < 0Q. (iv)

2.1.6. The Student- distribution in the real domain

A real Student- variable with v degrees of freedom, denoted by ¢,, is defined as ¢, =

< where z ~ N1(0, 1) and Xf is a real scalar chisquare with v degrees of freedom,

NZ A

z and Xf being independently distributed. It follows from the definition of a real F, ,

Z2
x5/v
freedom. Thus, the density of tf is available from that of an F7 ,,. On substituting the values
m = 1, n = v in the F-density appearing in (2.1.4), we obtain the density of 1> = w,
denoted by f,,(w), as

random variable, that tv2 = = F1,y, an F random variable with 1 and v degrees of

1

reghy g wee
o) 0

forw=1¢% v=12,...and Sfw(w) = 0 elsewhere. Since w = £2, then the part of the

1

Ju(w) = 0<w < 0o, (2.1.12)

v+1?

Vo4 n)E

density for ¢+ > 0 is available from (2.1.12) by observing that %w%_ldw =dr fort > 0.
Hence for ¢t > 0 that part of the Student-# density is available from (2.1.12) as

F(%) tz _(lil)
flt(f)zzm(l-i-;) 27,01 <00, (2.1.13)
2

and zero elsewhere. Since (2.1.13) is symmetric, we extend it over (—oo, c0) and so,
obtain the real Student-t density, denoted by f;(¢). This is stated in the next theorem.

Theorem 2.1.6. Consider a real scalar standard normal variable z, which is divided
by the square root of a real chisquare variable with v degrees of freedom divided by its
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<

number of degrees of freedom v, that is, t = NCT where z and Xf are independently

distributed; then t is known as the real scalar Student-t variable and its density is given

by
et 2
ft(t): (2) (1 t

T (3)

-4
—) oo <t <00, (2.1.14)
%
forv=1,2,...

2.1a.4. The Student-7 distribution in the complex domain

Let Z ~ Ni(0,1) and § ~ )ZE in the complex domain or equivalently y is distributed
as a real gamma with the parameters (¢« = v, 8 = 1), and let these random variables be
independently distributed. Then, we will define Student-t with v degrees of freedom in the
complex domain as follows:

- _ K
- v — — ’
VXZ/v

with zj, zp real and i = /(—1). What is then the density of t,? The joint density of Z and
y, denoted by f(y, 2), is

- [ )
|z] = (z%+z%)2, z=z1+1i22

fG, 5)dj Adz = yle g5 A ds.

al (v)
Letz =z1+iz2, i =+/(—1),wherez; =rcosfandzp =rsinf, 0 <r <oo, 0 <0 <
2. Then, dz; A dzo = r dr A df, and the joint density of r and y, denoted by f1(r, y), is
the following after integrating out 6, observing that y has a real gamma density:

2 v—1_—y—r?
fl(r,y)dr/\dy:my e ” I"dl"/\dy.
v

Letu =1% = wr? and y = w. Then, du Adw = 2%dr/\dy and so, rdr Ady = é”—vdu Adw.
Letting the joint density of # and w be denoted by f,(u, w), we have

1 ) uw
_ —(w+457)
, = w e v
ol w) v (v)

and the marginal density of u, denoted by g(u), is as follows:

oo o0 v

o) = ﬁwww=f w

u>—®+D
w=0 o I'(v+1)

e+ gy = (1 4+ 2
V
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forO0<u <oo, v=1,2,..., u = t?and zero elsewhere. Thus the part of the density of
t, for t > 0 denoted by f1,(¢) is as follows, observing that du = 2¢dr fort > O:

2

J1:(0) = 2t<1 + ~

—(v+1)
) 0<t<oo v=12, .. (2.1a.6)

Extending this density over the real line, we obtain the following density of 7 in the com-

plex case:
£2

Ao =11+~

Thus, the following result:

(1)
) —oco<t<oo, v=1,.. 2.1a.7)

Theorem 2.12.6. Let7 ~ N 100, 1),y ~ ;23 a scalar chisquare in the complex domain
and let 7 and y in the complex domain be independently distributed. Consider the real
variable t = t, = 5l Then this t will be called a Student-t with v degrees of freedom

y/v
in the complex domain and its density is given by (2.1a.7).

2.1.7. The Cauchy distribution in the real domain

We have already seen a ratio distribution in Sect. 2.1.3, namely the real type-2 beta
distribution and, as particular cases, the real F-distribution and the real t2 distribution. We
now consider a ratio of two independently distributed real standard normal variables. Let
z1 ~ N1(0, 1) and z5 ~ N1(0, 1) be independently distributed. The joint density of z; and
72, denoted by f(z1, z2), is given by

1
far,z2) = ——e 2@, oo < zj <00, j = 1,2,
21
Consider the quadrant z; > 0,z> > 0 and the transformation u = %, v = 7. Then
dzi Adza = vdu Adv, see Sect. 2.1.3. Note that u > 0 covers the quadrants z; > 0,z > 0
and z; < 0, z2 < 0. The part of the density of u in the quadrant u > 0, v > 0, denoted as
g(u, v), is given by
gy = e h )
2

and that part of the marginal density of u, denoted by g (u), is

B L 0 p0sd) B 1
g1(u) = ve 2 dv= ————.
21 Jo 27 (1 4+ u?)
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The other two quadrants z; > 0, z2 < 0and z; < 0, z > 0, which correspond to u < 0,
will yield the same form as above. Accordingly, the density of the ratio u = ;—;, known as
the real Cauchy density, is as specified in the next theorem.

Theorem 2.1.7. Consider the independently distributed real standard normal variables
z1 ~ N1(0, 1) and zo ~ N1(0, 1). Then the ratio u = % has the real Cauchy distribution
having the following density:

1
uU) = ———-, —Q0 0. 2.1.15
gl = <u< (2.1.15)
By integrating out in each interval (—oo, 0) and (0, co), with the help of a type-2 beta
integral, it can be established that (2.1.15) is indeed a density. Since g, («) is symmetric,
Priu <0} = Pr{u =0} = % and one could posit that the mean value of u may be zero.
However, observe that

/oo " i = (14D
u = —1n u — OQ.
0 1—|—u2 2 0

Thus, E(u), the mean value of a real Cauchy random variable, does not exist, which im-
plies that the higher moments do not exist either.

Exercises 2.1

2.1.1. Consider someone throwing dart at a board to hit a point on the board. Taking this
target point as the origin, consider a rectangular coordinate system. If (x, y) is a point of
hit, then compute the densities of x and y under the following assumptions: (1): There is no
bias in the horizontal and vertical directions or x and y are independently distributed; (2):
The joint density is a function of the distance from the origin v/x2 + y2. That is, if fj(x)

and f>(y) are the densities of x and y then it is given that f1(x) f2(y) = g(v/x2 + y?)
where f1, f2, g are unknown functions. Show that f| and f> are identical and real normal
densities.

2.1.2. Generalize Exercise 2.1.1 to 3-dimensional Euclidean space or

gl x2+y? +22) = filx) () [(2).

2.1.3. Generalize Exercise 2.1.2 to k-space, k > 3.

2.1.4. Let f(x) be an arbitrary density. Then Shannon’s measure of entropy or uncertainty
is S =—k fx f(x)In f(x)dx where k is a constant. Optimize S, subject to the conditions
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(a): [ f(x)dx = 1; (b): Condition in (a) plus [*° xf(x)dx = given quantity; (c):
The conditions in (b) plus ffooo x2 f(x)dx = a given quantity. Show that under (a), f is
a uniform density; under (b), f is an exponential density and under (c), f is a Gaussian
density. Hint: Use Calculus of Variation.

2.1.5. Let the error of measurement € satisfy the following conditions: (1) € = €] +€> +

- or it is a sum of infinitely many infinitesimal contributions €;’s where the €;’s are
independently distributed. (2): Suppose that €; can only take two values § with probability
% and —& with probability % for all j. (3): Var(¢) = 02 < oo. Then show that this error
density is real Gaussian. Hint: Use mgf. [This is Gauss’ derivation of the normal law and
hence it is called the error curve or Gaussian density also.]

2.1.6. The pathway model of Mathai (2005) has the following form in the case of real
positive scalar variable x:

A =cx?[1 —a(l —@)x*177, g < 1,0 < x < [a(l — q)] 3,

for6 > 0,a > 0,y > —1 and f1(x) = 0O elsewhere. Show that this generalized type-1
beta form changes to generalized type-2 beta form for g > 1,

200 = e’ [1+alg — Dx*T 7T, > 1,x > 0,6 > 0,a >0
f q q
and f>(x) = 0 elsewhere, and for ¢ — 1, the model goes into a generalized gamma form

given by
fr(x) = C3xye_ax8, a>08>0x>0

and zero elsewhere. Evaluate the normalizing constants ¢y, ¢2, ¢3. All models are available
either from f1(x) or from f>(x) where ¢ is the pathway parameter.

2.1.7. Make a transformation x = e~ in the generalized gamma model of f3(x) of Exer-
cise 2.1.6. Show that an extreme-value density for ¢ is available.

2.1.8. Consider the type-2 beta model
I'(a+ B)

J) = ———~
I'()I'(B)

and zero elsewhere. Make the transformation x = e” and then show that y has a general-
ized logistic distribution and as a particular case there one gets the logistic density.

X1+ x) @B x>0, R(a) > 0, R(B) > 0

2.1.9. Show thatfor0 < x < 00,8 > 0, f(x) = c[1 + et lisa density, which is
known as Fermi-Dirac density. Evaluate the normalizing constant c.
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2.1.10. Let f(x) = c[e*™#* — 117! for 0 < x < 0o, B > 0. Show that f(x) is a density,
known as Bose-Einstein density. Evaluate the normalizing constant c.

2.1.11. Evaluate the incomplete gamma integral y («; b) = Ob x*~le~*dx and show that

it can be written in terms of the confluent hypergeometric series

By
Oy KU

(o.¢]

Fi(B; 8 y) =)

k=0

(@) =a(@+1)---(¢+k—1),a #0, ()9 = 1 is the Pochhammer symbol. Evaluate

the normalizing constant c if f(x) = cx?® e 0 < x < a,a > 0 and zero elsewhere, is
a density.

2.1.12. Evaluate the incomplete beta integral b(«; B; b) = fob x 1 =B o >
0, B >0, 0 <b < 1. Show that it is available in terms of a Gauss’ hypergeometric series

of the form 2 Fy(a, b; ¢; 2) = Y _pep (azﬁ)(f)k%, lz] < 1.

2.1.13. For the pathway model in Exercise 2.1.6 compute the reliability function Pr{x >
t} wheny =0 forallthecasesg <1, ¢ > 1, ¢ — 1.

2.1.14. Weibull density: In the generalized gamma density f(x) = ch_le_‘“‘a, x >
0,y >0,a > 0,8 > 0and zero elsewhere, if § = y then f(x) is called a Weibull density.
For a Weibull density, evaluate the hazard function h(¢t) = f(¢)/Pr{x > t}.

2.1.15. Consider a type-1 beta density f(x) = Flzglo;;fg)x“_l(l —x)Plo<x<l,a>

0,8 > 0 and zero elsewhere. Let « = 1. Consider a power transformation x = y?°,
8 > 0. Let this model be g(y). Compute the reliability function Pr{y > t} and the hazard
function h(t) = g(t)/Pr{y > t}.

2.1.16. Verify that if z is a real standard normal variable, E (e’ 22) ==-20"121t <1 /2,
which is the mgf of a chi-square random variable having one degree of freedom. Owing to
the uniqueness of the mgf, this result establishes that 72~ X 12

2.2. Quadratic Forms, Chisquaredness and Independence in the Real Domain

Let x1, ..., x, be iid (independently and identically distributed) real scalar random
variables distributed as N1(0, 1) and X be a p x 1 vector whose components are x, ..., Xp,
that is, X’ = (x1, ..., xp). Consider the real quadratic form u; = X’AX for some p x p

real constant symmetric matrix A = A’. Then, we have the following result:
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Theorem 2.2.1. The quadratic formu; = X'AX, A = A’, where the components of X
are iid N1(0, 1), is distributed as a real chisquare with r, r < p, degrees of freedom if and
only if A is idempotent, that is, A = A%, and A of rank r.

Proof: When A = A’ is real, there exists an orthonormal matrix P, PP’ = I, P’P =1,
such that P’AP = diag(Ai, ..., A p), where the A ;’s are the eigenvalues of A. Consider
the transformation X = PY or Y = P’X. Then

X'AX =Y'P'APY = iyt + 22y + -+ Apy3 (i)

where yi, ..., y, are the components of ¥ and A1, ..., A, are the eigenvalues of A. We
have already shown in Theorem 2.1.1 that all linear functions of independent real normal
variables are also real normal and hence, all the y;’s are normally distributed. The ex-
pectation of Y is E[Y] = E[P'X] = P'E(X) = P'O = O and the covariance matrix
associated with Y is

Cov(Y) = E[Y — E(Y)][Y — E(Y)]' = E[YY'] = P'Cov(X)P = P'IP=P'P =1

which means that the y;’s are real standard normal variables that are mutually indepen-
dently distributed. Hence, yjz ~ X12 or each y]2. is a real chisquare with one degree of

freedom each and the y;’s are all mutually independently distributed. If A = A? and
the rank of A is r, then r of the eigenvalues of A are unities and the remaining ones are
equal to zero as the eigenvalues of an idempotent matrix can only be equal to zero or one,
the number of ones being equal to the rank of the idempotent matrix. Then the represen-
tation in (i) becomes sum of r independently distributed real chisquares of one degree
of freedom each and hence the sum is a real chisquare of r degrees of freedom. Hence,
the sufficiency of the result is proved. For the necessity, we assume that X'AX ~ sz
and we must prove that A = A? and A is of rank r. Note that it is assumed throughout
that A = A’. If X’AX is a real chisquare having r degrees of freedom, then the mgf of
up = X'AX is given by M, (t) = (1 — 2t)_%. From the representation given in (i), the
mgf’s are as follows: Mng(t) =(1-— 2t)_% = Mkjy]z'(t) =(1- 2)th)_%,j =1,...,p,
the y;’s being independently distributed. Thus, the mgf of the right-hand side of (i) is
M, (1) = le(l — 2Ajt)_%. Hence, we have

p
(1-2;)—%=]_[(1—2xjt)—%, 1-26>0,1-24;6>0, j=1,....p. (i)
j=1
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Taking the natural logarithm of each side of (ii), expanding the terms and then comparing
the coefficients of % on both sides forn = 1, 2, .. ., we obtain equations of the type

p p p
r=> =) 25=> A= (iii)
j=1 j=1 j=1

The only solution resulting from (iii) is that r of the A;’s are unities and the remaining
ones are zeros. This result, combined with the property that A = A’ guarantees that A is
idempotent of rank r.

Observe that the eigenvalues of a matrix being ones and zeros need not imply that the
matrix is idempotent; take for instance triangular matrices whose diagonal elements are
unities and zeros. However, this property combined with the symmetry assumption will
guarantee that the matrix is idempotent.

Corollary 2.2.1. If the simple random sample or the iid variables came from a real
N1(0, 02) distribution, then the modification needed in Theorem 2.2.1 is that G%X "AX ~

x2, A=A ifand only if A = A? and A is of rank r.

The above result, Theorem 2.2.1, coupled with another result on the independence
of quadratic forms, are quite useful in the areas of Design of Experiment, Analysis of
Variance and Regression Analysis, as well as in model building and hypotheses testing
situations. This result on the independence of quadratic forms is stated next.

Theorem 2.2.2. Let xy, ..., xp be iid variables from a real N1(0, 1) population. Con-
sider two real quadratic forms uy = X'AX, A = A’ and u, = X'BX, B = B’, where the
components of the p x 1 vector X are the xy, ..., xp. Then, uy and uy are independently

distributed if and only if AB = O.

Proof: Let us assume that AB = O. Then AB = O = O’ = (AB)' = B’A’ = BA.
When AB = BA, there exists a single orthonormal matrix P, PP’ = I, P’P = I, such
that both the quadratic forms are reduced to their canonical forms by the same P. Let

wy = X'AX = ayf+ -+ Apy? (i)

and
usz/Bszlylz—l—---—I—vpylz, (ii)
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where Ay, ..., A, are the eigenvalues of A and vy, ..., v, are the eigenvalues of B. Since
A = A’, the eigenvalues A ;’s are all real. Moreover,

AB =0 =
)\.1 0o ... 0 V1 0O ... O
, , , 0 )»2 0 0 V2 ... 0
P'ABP = P'APP'BP = D\ D> = R I I X O
0 0 ... & 0 0 ... vy
(iiD)
which means that A;v; = O forall j = 1,..., p. Thus, whenever a A; is not zero, the

corresponding v; is zero and vice versa. Accordingly, the A ;’s and v;’s are separated in
(i) and (ii), that is, the independent components are mathematically separated and hence
u1 and u, are statistically independently distributed. The converse which can be stated as
follows: if u; and u, are independently distributed, A = A’, B = B’ and the x;’s are
real iid N1(0, 1), then AB = O, is more difficult to establish. The proof which requires
additional properties of matrices, will not be herein presented. Note that there are several
incorrect or incomplete “proofs” in the literature. A correct derivation may be found in
Mathai and Provost (1992).

When xi, ..., x, are iid N; (0, 02), the above result on the independence of quadratic
forms still holds since the independence is not altered by multiplying the quadratic forms

by ﬁ

Example 2.2.1. Construct two 3 x 3 matrices A and B such that A = A", B = B’ [both
are symmetric], A = AZ[Ais idempotent], AB = O [A and B are orthogonal to each
other], and A has rank 2. Then (1): verify Theorem 2.2.1; (2): verify Theorem 2.2.2.

Solution 2.2.1. Consider the following matrices:

10 —3% 101
1 1
-3 0 1 01

Note that both A and B are symmetric, that is, A = A’, B = B’. Further, the rank of A

is 2 since the first and second row vectors are linearly independent and the third row is a

multiple of the first one. Note that A2 = A and AB = O. Now, consider the quadratic
1

formsu = X’AX andv = X'’BX. Thenu = §x12+x§+%x32—x1x3 = x%—l—[%fz(xl —x3)]%

Our initial assumption is that x; ~ N;(0, 1), j = 1,2, 3 and the x;’s are independently
distributed. Let y; = %(xl —x3). Then, E[y;] = 0, Var(y;) = +3[Var(x;) + Var(x3)] =
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%[1 4+ 1] = 1. Since y; is a linear function of normal variables, y; is normal with the
parameters E[y;] = 0 and Var(y;) = 1, thatis, y; ~ Ni(0, 1), and hence yl2 ~ X12§
as well, x% ~ X12- Thus, u ~ X22 since xp and y; are independently distributed given
that the variables are separated, noting that y; does not involve x;. This verifies Theo-
rem 2.2.1. Now, having already determined that AB = O, it remains to show that u and
v are independently distributed where v = X'BX = x12 + x% + 2x1x3 = (x] + x3)2. Let
V2 = %Fz(xl 4+ x3) = y» ~ Ni(0, 1) as y; is a linear function of normal variables and
hence normal with parameters E[y,] = 0 and Var(y;) = 1. On noting that v does not con-
tain x,, we need only consider the parts of # and v containing x| and x3. Thus, our question
reduces to: are y; and y, independently distributed? Since both y; and y, are linear func-
tions of normal variables, both y; and y, are normal. Since the covariance between y; and
y2, thatis, Cov(y1, y2) = $Cov(x; —x3, x1 +x3) = 3[Var(x;) — Var(x3)] = 1[1—1] =0,
the two normal variables are uncorrelated and hence, independently distributed. That is, y;
and y, are independently distributed, thereby implying that # and v are also independently
distributed, which verifies Theorem 2.2.2.

2.2a. Hermitian Forms, Chisquaredness and Independence in the Complex Domain

Let X1, X2, ..., xx be independently and identically distributed standard univariate
Gaussian variables in the complex domain and let X be a £k x 1 vector whose com-
ponents are Xi,...,X;. Consider the Hermitian form X*AX, A = A* (Hermitian)

where A is a k x k constant Hermitian matrix. Then, there exists a unitary matrix Q,
Q0* =1,0"0 = I, such that Q*AQ = diag(Ay, ..., At). Note that the A;’s are real
since A is Hermitian. Consider the transformation X = QY. Then,

X*AX = M52+ - + Al Fel?

where the y;’s are iid standard normal in the complex domain, y; ~ N1(0, 1), j =
1,..., k. Then, y}‘ij = |§j|2 ~ )212, a chisquare having one degree of freedom in the
complex domain or, equivalently, a real gamma random variable with the parameters
(x = 1,8 = 1), the |)7j|2’s being independently distributed for j = 1,..., k. Thus,
we can state the following result whose proof parallels that in the real case.

Theorem 2.2a.1. Let xy, ..., x; be iid N 100, 1) variables in the complex domain. Con-
sider the Hermitian formu = X*AX, A = A* where X is a k x 1 vector whose compo-
nents are X1, ..., Xr. Then, u is distributed as a chisquare in the complex domain with r

degrees of freedom or a real gamma with the parameters (¢ = r, B = 1), if and only if A
is of rank r and A = A”.
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Theorem 2.2a.2. Let the X;’s and X be as in Theorem 2.2a.1. Consider two Hermitian
forms u; = X*AX,A = A* and u» = X*BX, B = B*. Then, uy and u> are indepen-
dently distributed if and only if AB = O (null matrix).

Example 2.2a.1. Construct two 3 x 3 Hermitian matrices A and B, thatis A = A*, B =
B*, such that A = A? [idempotent] and is of rank 2 with AB = O. Then (1): verify
Theorems 2.2a.1, (2): verify Theorem 2.2a.2.

Solution 2.2a.1. Consider the following matrices

1 o —4d4id L 4D

2 V8 2 V8
_ad-b 1 a-=o 1

5w V2 w Vo2

It can be readily verified that A = A*, B = B*, A = A%, AB = O. Further, on multi-

plying the first row of A by — 2(1;1’ ) we obtain the third row, and since the third row is a

multiple of the first one and the first and second rows are linearly independent, the rank of
A is 2. Our initial assumption is that x; ~ N 1(0, 1), j =1, 2,3, thatis, they are univariate
complex Gaussian, and they are independently distributed. Then, )Ej)? i~ X 12, a chisquare
with one degree of freedom in the complex domain or a real gamma random variable with
the parameters (¢« = 1, 8 = 1) for each j = 1, 2, 3. Let us consider the Hermitian forms
u=X*AX and v = X*BX, X' = (¥, %2, 3). Then

] 4+ 1—i 1
gy = D ’)x§xl+§x;x3+i;xz

U=-—-XxX — X X3 — —
IV S
L A+D
e ek —4 * *
x2x2+2[x1x1 7 X{X3 + X3x3]
= B+ [~ BTG - )] g
1 ﬁ Vi 3 «/E Y1 3
where
5 (1+19). - . (1+4+1))2 -
B =2 = Bl =0, Var() = [2 7 Var(i)

(l-l—i)]*[ (I+i)7. s e ~ .
2 ]x*xl} = E{X{x1} = Var(x;) = 1. (i)
\/g \/g 1 1

Since y; is a linear function of Xp, it is a univariate normal in the complex domain with

parameters O and 1 or y; ~ N1 (0, 1). The part not containing the )212 in (i) can be written
as follows:

Var(§;) = E{[z

(5501 [ 500 -50] ~ 72 i)
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since 51 — X3 ~ N;(0, 2) as J; — X3 is a linear function of the normal variables ¥, and 3.
Therefore u = )212 + )212 = )222, that is, a chisquare having two degrees of freedom in the
complex domain or a real gamma with the parameters (¢« = 2, 8 = 1). Observe that the
two chisquares are independently distributed because one of them contains only X, and the
other, x| and x3. This establishes (1). In order to verify (2), we first note that the Hermitian
form v can be expressed as follows:

1 1 1 -
v =i (—jgl)im %x;xl + 5%

2
which can be written in the following form by making use of steps similar to those leading
to (iii):

i A e

or v is a chisquare with one degree of freedom in the complex domain. Observe that X is
absent in (iv), so that we need only compare the terms containing x| and X3 in (iii) and (iv).

These terms are y, = 2%%1 + x3 and y3 = 2“—;5)921 — Xx3. Noting that the covariance

between y, and y3 is zero:

1402
I+ ’)‘ Var(§]) — Var(F3) = 1 — 1 =0,

Cov(3, 53) = |2

and that y, and y3 are linear functions of normal variables and hence normal, the fact that
they are uncorrelated implies that they are independently distributed. Thus, u# and v are
indeed independently distributed, which establishes (2).

2.2.1. Extensions of the results in the real domain

Let x; ~ Ni(u j,gjz), Jj = 1,...,k, be independently distributed. Then, z—’/ ~
Nl(g_j{',l), oj>0, j=1,...,k Let

. 0’12 0o ... 0 op 0 ... O
: H 0 o2 ... 0 L |0 o 0
X=|:t|,pu=|: |, Z2=|. - |, 2= .
T H 0 0 o2 0 0 ok
Then, let
1 yl 1 1
Y=X1X = L E[Y]=X 2E[X] =X 2p
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If © = O, it has already been shown that Y'Y ~ X13~ If £ # O,then Y'Y ~ X,g(k), A=
% w X1y, Tt is assumed that the noncentral chisquare distribution has already been dis-
cussed in a basic course in Statistics. It is defined for instance in Mathai and Haubold
(2017a, 2017b) and will be briefly discussed in Sect. 2.3.1. If u = O, then for any k x k
symmetric matrix A = A/, Y’AY ~ x?if and only if A = A? and A is of rank r. This

result has already been established. Now, if u = O, then X’'AX = Y'X SAZIY ~ sz if
and only if $2AY? = SIAYAY? = A= AYAand Z2AX? is of rank r or A is of
rank r since X > O. Hence, we have the following result:

Theorem 2.2.3. Let the real scalars xj ~ Ni(j;, sz), j=1,...,k, be independently
distributed. Let

X1 M 1 1 M1
X = s Y = :2_§X’ E(Y):E_fu’ n =
Xk Yk Mk

Then for any k x k symmetric matrix A = A/,
2 -
ifu=0
XAX =v'giazty ~ 1% S D el 1
XiWifu#0, h=uX72AX 7 2p

ifand only if A = AX A and A is of rank r.

Independence is not altered if the variables are relocated. Consider two quadratic forms
X'AX and X'BX, A = A, B = B'. Then, X'AX = Y'S2AX1Y and X'BX =
1 1
Y’ X2BX2Y, and we have the following result:

Theorem 2.2.4. Let x;, X, Y, X be as defined in Theorem 2.2.3. Then, the quadratic
forms X'AX = Y'S2AY2Y and X'BX = Y'X:BX:Y, A= A', B = B', are indepen-
dently distributed if and only if AX B = O.

Let X, A and X be as defined in Theorem 2.2.3, Z be a standard normal vector whose
components z;, i = 1,..., k are iid Ny(0, 1), and P be an orthonormal matrix such that

P’E%AE% P = diag(Aq, ..., Ax); then, a general quadratic form X’AX can be expressed
as follows:

X'AX = (Z'57 + W)A(ZIZ + 1) = (Z+ 5 2u) PP'SIASIPP(Z + 5 2 p)
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where Ap, ..., Ay are the eigenvalues of ¥ %AE % Hence, the following decomposition of
the quadratic form:

X'AX =M1 +b)> + -+ Mug + b)?, (2.2.1)
by Ui 21
where | ¢ | = P/E_%M, : | =P’ | : [, and hence the u;’s are iid N1 (0, 1).
b Ui %k

Thus, X’AX can be expressed as a linear combination of independently distributed
non-central chisquare random variables, each having one degree of freedom, whose non-
centrality parameters are respectively b? /2, j=1,...,k.Of course, the k chisquares will
be central when u© = O.

2.2a.1. Extensions of the results in the complex domain

Let the complex scalar variables x; ~ N (g, ajz), j = 1,...,k, be independently
distributed and ¥ = diag(a7, ..., 0}). As well, let
p ol 0 ... 0 . .
N ! 0 62 ... 0 P A N
X=|:|.2=|. 27 | zak=V=|:|.a=]:
Tk 0 0 ... op Yk Hk

where X2 is the Hermitian positive definite square root of X. In this case, y; ~
N 1 (%, 1), j=1,...,kandthe y;’s are assumed to be independently distributed. Hence,
J

for any Hermitian form X*AX, A = A*, we have X*AX = Y*E%AE%?. Hence if
i = O (null vector), then from the previous result on chisquaredness, we have:

Theorem 2.2a.3. Let X, X,7Y, L be as defined above. Let u = X*AX, A= A*bea
Hermitian form. Then u ~ )~(r2 in the complex domain if and only if A is of rank r, 1 = O
and A = AX A. [A chisquare with r degrees of freedom in the complex domain is a real
gamma with parameters (¢ =r, f = 1).]

If it # O, then we have a noncentral chisquare in the complex domain. A result on the
independence of Hermitian forms can be obtained as well.

Theorem 2.2a.4. Let X, Y, X be as defined above. Consider the Hermitian forms u; =
X*AX, A= A*and Uy = X*BX, B = B*. Then uy and uy are independently distributed
ifandonly if AXYB = O.
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The proofs of Theorems 2.2a.3 and 2.2a.4 parallel those presented in the real case and
are hence omitted.

Exercises 2.2

2.2.1. Give a proof to the second part of Theorem 2.2.2, namely, given that X’AX, A =
A" and X'BX, B = B’ are independently distributed where the components of the p x 1
vector X are mutually independently distributed as real standard normal variables, then
show that AB = O.

2.2.2. Let the real scalar x; ~ N;(0, 02), c? > 0,7 = 1,2,...,k and be indepen-

dently distributed. Let X’ = (xy, ..., xx) or X is the k x 1 vector where the elements are
X1, ..., Xk. Then the joint density of the real scalar variables x, ..., xi, denoted by f(X),
is )
1 /
f(X) = e 22 % —co<xj<o0,j=1,.... k

(v2m)k

Consider the quadratic formu = X’AX, A = A" and X is as defined above. (1): Compute
the mgf of u; (2): Compute the density of u if A is of rank r and all eigenvalues of A
are equal to A > 0; (3): If the eigenvalues are A > 0 for m of the eigenvalues and the
remaining n of them are A < 0, m 4+ n = r, compute the density of u.

2.2.3. In Exercise 2.2.2 compute the density of u if (1): r; of the eigenvalues are A each
and r, of the eigenvalues are A, each, r; + rp = r. Consider all situations A > 0, A, > 0
etc.

2.2.4. In Exercise 2.2.2 compute the density of u for the general case with no restrictions
on the eigenvalues.

2.2.5. Letx; ~ Ny(0, 02), Jj = 1,2 and be independently distributed. Let X' = (x1, x3).
Letu = X’AX where A = A’. Compute the density of u if the eigenvalues of A are (1): 2
and 1, (2): 2 and —1; (3): Construct a real 2 x 2 matrix A = A’ where the eigenvalues are
2and 1.

2.2.6. Show that the results on chisquaredness and independence in the real or complex
domain need not hold if A # A*, B # B*.

2.2.7. Construct a 2 x 2 Hermitian matrix A = A* such that A = A? and verify The-
orem 2.2a.3. Construct 2 x 2 Hermitian matrices A and B such that AB = O, and then
verify Theorem 2.2a.4.
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2.2.8. Letxy,..., X, be asimple random sample of size m from a complex normal pop-
ulation Ny (ft1, 012). Let yi, ..., y, beiid N (7, 022). Let the two complex normal popula-
tions be independent. Let

m n
st =Y G —D'F —D/ol.s =Y G5 =G — /o3,
j=1 j=1
2_i§:(~._~)*(~._~) Z_LXH:(~._~)*(~._~)
s = = Xj—u) (xXj — 1), 85 = o2 Yji—HK2) \y; — 12
I j=1 2 j=1
Then, show that
si/m _ z slz/(m_l),\,ﬁ L1
- S—— m—1,n—
s%l/n s%/(n -1

m,n»

for 012 = o2,

2
2.2.9. In Exercise 2.2.8 show that i% is a type-2 beta with the parameters m and n, and
21

2
S—12 is a type-2 beta with the parameters m — 1 and n — 1 for o2 = ol
55 1

2.2.10. In Exercise 2.2.8 if 012 = 022 = o2 then show that

L0 = -5+ 36— 9 - 9] ~ B

j=1 j=1

2.2.11. In Exercise 2.2.10 if X and ; are replaced by 11 and 1 respectively then show
that the degrees of freedom of the chisquare is m + n.

2.2.12. Derive the representation of the general quadratic form X’ AX given in (2.2.1).
2.3. Simple Random Samples from Real Populations and Sampling Distributions

For practical applications, an important result is that on the independence of the sam-
ple mean and sample variance when the sample comes from a normal (Gaussian) pop-
ulation. Let x, ..., x, be a simple random sample of size n from a real Ny(uy, 012) or,
equivalently, x, ..., x, are iid Ny (u1, 012). Recall that we have established that any lin-
ear function L'X = X'L,L" = (ay,...,a,), X' = (x1,...,x,) remains normally dis-
tributed (Theorem 2.1.1). Now, consider two linear forms y; = L/IX , Y2 = L/ZX , with
Ly =(a1,...,an), L, = (b1,...,b,) Where ay, ..., a,, by, ..., b, are real scalar con-
stants. Let us examine the conditions that are required for assessing the independence of
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the linear forms y; and y,. Since xy, ..., x, are iid, we can determine the joint mgf of
X1,...,X,. We take an x 1 parameter vector T, T’ = (11, ..., t,) where the t;’s are scalar
parameters. Then, by definition, the joint mgf is given by

o? ,
T X] 1_[ ij (tJ) — 1_[ etle+ eMlT/J+TlT T (231)

since the x;’s are iid, J' = (1,...,1). Slnce every linear function of x1,...,x, is a
2.2
univariate normal, we have y; ~ Ni(uiL}J, %L’ILI) a2nd hence the mgf of y;, taking
. iy .
t1 as the parameter for the mgf, is My, (1) = ehmiliJ+=5-LiL1 Now, let us consider the

joint mgf of y; and y, taking #; and 1, as the respective parameters. Let the joint mgf be
denoted by My, ,(t1, 12). Then,

My, y, (11, 10) = E[eV1H202] = E[e(tlL’]-HzL’z)X]

2

o
— et (L +nLy) T+t Li+6 L) (1 Li+12Lo)

’ / 012 277/ 277/ ’
— eMI(L1+L2)J+7(t1L1L1+l‘2L2L2+21‘1t2L1L2)
2 ’

ot L L

= My, (t1) My, (tp)e”1 7127172,

Hence, the last factor on the right-hand side has to vanish for y; and y; to be independently
distributed, and this can happen if and only if L/le = L’2L1 = 0 since #; and 1, are
arbitrary. Thus, we have the following result:

Theorem 2.3.1. Let x1, ..., x, be iid N1(u1, 012). Let yi = L\ X and y, = L, X where
X' = (x1,...,x), L} = (a1,...,ay) and L, = (b1, ..., by), the a;’s and b;’s being
scalar constants. Then, yi and y, are independently distributed if and only if L1Ly =
L,L; =0.

Example 2.3.1. Letxy, x2, x3, x4 be a simple random sample of size 4 from a real normal
population Ni(u = 1, o2 = 2). Consider the following statistics: (1): u1, vy, wi, (2):
uz, vz, wa. Check for independence of various statistics in (1): and (2): where

_ 1
X = —(X1+xz+x3+X4), V1 = 2x1 — 3x2 + X3+ X4, W =X] — X2+ X3 — X45

ui

_ 1
u» X=Z(X1 +x2+x3+x4), V2 =Xx1 — X2+ X3 — X4, W2 = X] — X2 — X3 + X4.

Solution 2.3.1. Let X’ = (x1, x2, x3, x4) and let the coefficient vectors in (1) be denoted
by L1, Ly, L3 and those in (2) be denoted by M1, M, M3. Thus they are as follows :
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1
-1 , I, ,
—1

This means that #; and w; are independently distributed and that the other pairs are not
independently distributed. The coefficient vectors in (2) are

1 1 1
1 1 —1 _1 / / /
My=72111- M= ||. Ms=) || =MM=0 MM;=0 MM;=0.
1 —1 1

This means that all the pairs are independently distributed, that is, u;, v and w, are mu-
tually independently distributed.

We can extend Theorem 2.3.1 to sets of linear functions. Let Y| = AX and Y, = BX
where A of dimension m| X n, m; < n and B of dimension my X n, my < n are constant
matrices and X' = (x1,...,x,) where the x;’s are iid Ni(uq, 012). Let the parameter
vectors 771 and 73 be of dimensions m x 1 and m, x 1, respectively. Then, the mgf of Y
is My, (T1) = E [eTllYl] =F [eTI,A' X1, which can be evaluated by integration over the joint
density of xi, ..., x,, individually, or over the vector X" = (xi, ..., x,) with E[X'] =
(1, iy ooy 1l = a1, ..., 11 = uJ, J = 11,...,1] = E[Y] = n1AJ. The
mgf of Y is then

MYI(T]) — E[eulT{A]J—FTI/A][X—E(X)]] — E[eleTllAl.]—FTl/A]Z], Z — X _ E(X), (i)

and the exponent in the expected value, not containing 1, simplifies to

1 / 27 1 / / / 2/ /
_P{Z Z — 20‘1 T1A1Z} = —P{(Z — UlTlAl)(Z — O‘lAlTl) — 0] TlAlAlTl}-
1 1

Integration over Z or individually over the elements of Z, that is, z1, . . ., 2, yields 1 since
the total probability is 1, which leaves the factor not containing Z. Thus,

/ 17 l
MYI(Tl) — eM1T1A11+§T1A1A1T1’ (”)

and similarly,
l 17 /
MYQ(TZ) — eM1T2A21+2T2A2A2TQ' (iii)
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The joint mgf of Y7 and Y; is then

My, y,(T1, T») = ol 1 (T{ AL T+ Ty Aa D)+ 5 (T] A +T; Ao) (T{ Ay +T; A2)’

= My, (T)My,(Ty)eT 1414212 (iv)

Accordingly, Y and Y> will be independent if and only if AjA, = O = A, A = O since
T1 and T, are arbitrary parameter vectors, the two null matrices having different orders.
Then, we have

Theorem 2.3.2. Let Yy = A1X and Y, = Ay X, with X' = (x1, ..., X,), the x;’s being
iid N1(uq, 012), Jj = 1,...,n, be two sets of linear forms where A is m| X n and A,

ismy X n, m <n, my <n, are constant matrices. Then, Y| and Y, are independently
distributed if and only if A{A}, = O or AA| = O.

Example 2.3.2. Consider a simple random sample of size 4 from a real scalar normal
population Ni(u; = O, 012 = 4). Let X' = (x1, x2, x3, x4). Verify whether the sets of
linear functions U = A1X,V = Ay X, W = A3X are pairwise independent, where

1 2 3 4
| [ | I e |
1 2 -1 =2

Solution 2.3.2. Taking the products, we have A1A, # 0, A1A] = O, A A, # O.
Hence, the pair U and W are independently distributed and other pairs are not.

We can apply Theorems 2.3.1 and 2.3.2 to prove several results involving sample statis-
tics. For instance, let xq, ..., x, be iid N (w1, 012) or a simple random sample of size n
from a real Ni(up, 012) and x = %(xl + .-+ 4+ x;,;). Consider the vectors

bl 75 X

X2 "1 _ X
X = s mw=1 .|, X=

Xn 1751 X

Note that wtlen the x;’s are iid Ny (u1, 012), xj— 1~ Ni(0, 012), and that since X — X =
(X —p)— (X —p), we may take x;’s as coming from N (0, 012) for all operations involving
(X, X). Moreover, X = %J’X, J = (1,1,...,1) where J is an x 1 vector of unities. Then,
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. < x| —LJ'X
_ ! v — L 1, .
X-X=|:|-|:|= . = —--JJHX, (1)
_ : n

and on letting A = %J J’, we have

A=A2, 1—-A=(-A)>% A -A) =0. (ii)
Also note that
n 1 n

X—X)V(X-X)= - —%)%ands? = - C—%)?
( )'( ) ;(x, %)? and s = ;u] %) (iii)

where s2 is the sample variance and %J 'X = x is the sample mean. Now, observe that in
light of Theorem 2.3.2, Y} = (I — A)X and Y> = AX are independently distributed, which
implies that X — X and X are independently distributed. But X contains only X = %(xl +
.- -4x,) and hence X —X and ¥ are independently distributed. We now will make use of the
following result: If w; and w, are independently distributed real scalar random variables,
then the pairs (wy, w%), (w%, wy), (w%, w%) are independently distributed when w; and
w, are real scalar random variables; the converses need not be true. For example, w% and
w% being independently distributed need not imply the independence of wi and w;. If w;
and wy are real vectors or matrices and if w; and w; are independently distributed then
the following pairs are also independently distributed wherever the quantities are defined:
(wi, waw)), (wi, wywy), (wiw), wa), (Wijwy, wz), (wjwy, whws). It then follows from
(iii) that ¥ and (X — X)' (X — X) = Z?:l (xj — x)? are independently distributed. Hence,
the following result:

Theorem 2.3.3. Let xq,...,x, be iid Ni(u1, 012) or a simple random sample of size n
from a univariate real normal population Ni(u, 012). Let x = %(xl + -+ x,) be the

sample mean and s* = %Z?zl(x i %)% be the sample variance. Then X and s* are
independently distributed.

This result has several corollaries. When x1, ..., x, are iidd Nj(u1, 012), then the sam-
ple sum of products, which is also referred to as the corrected sample sum of products
(corrected in the sense that x is subtracted), is given by

n 1 11 ... 11
Y- =XU-AX, A=—|: : 1o
j=1 Tt .1
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where both A and I — A are idempotent. In this case, tr(A) = %(1 +---4+1)=1and
tr(I — A) = n — 1 and hence, the ranks of A and I — A are 1 and n — 1, respectively.
When a matrix is idempotent, its eigenvalues are either zero or one, the number of ones
corresponding to its rank. As has already been pointed out, when X and X are involved,
it can be equivalently assumed that the sample is coming from a Nj(0, 012) population.
Hence

nsz_ 1 n(x‘_);)ZN 2 (2.3.2)
2 = 2 § : J Xn—1 e
o] o o

is a real chisquare with n — 1 (the rank of the idempotent matrix of the quadratic form)
degrees of freedom as per Theorem 2.2.1. Observe that when the sample comes from a

2 _
real Ni(i11, o) distribution, we have ¥ ~ Nj(u1, 071) sothatz = @ ~ Ni1(0, 1) or
DM EICTES:

12 2
w ~ x2 o ).Recall that

z 1s a real standard normal, and that X,_1 Where s{ =

1
% and s? are independently distributed. Hence, the ratio

«/ﬁ(f—ﬂl) and

has a real Student-t distribution with n — 1 degrees of freedom, where z = o

5 70] = ﬁ(il_“ 1) Hence, we have the following result:

Theorem 2.3.4. Let xy, ..., x, be iid Ni(ju1, 012). Let x = %(xl + -4+ x,) and S12 =

Z?:l (x; —)?
n

— . Then,
VG — )
81
where t,_1 is a real Student-t with n — 1 degrees of freedom.

In—1 (2.3.3)

It should also be noted that when x, ..., x, are iid Ny (w1, 012), then
Yoty —pup® L, Y=, i@ - u)?
> ~ Xn> 3 ~Xn—1> T 2 T X1»
01 0 0

wherefrom the following decomposition is obtained:
1 o 11
5> b )t = ;[Z(xj — D 40— p?| = = Al 234)
1 j=1 I j=1

the two chisquare random variables on the right-hand side of the last equation being inde-
pendently distributed.
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2.3a. Simple Random Samples from a Complex Gaussian Population

The definition of a simple random sample from any population remains the same as
in the real case. A set of complex scalar random variables Xy, ..., X,, which are iid as
Ni(ji, 012) is called a simple random sample from this complex Gaussian population. Let
X be the n x 1 vector whose components are these sample variables, X = %(3?1 +--- 4 Xp)

deno_te the sample average, and X = ()%, ey )%) be the 1 x n vector of sample means; then
X, X and the sample sum of products matrix § are respectively,

ko
=

X=|:| X=|:|ads=F-X)&X-%).

-
3
=

These quantities can be simplified as follows with the help of the vector of unities J' =
(L., :f=rx X-Xx=0-J71X, X =Lsrx,5=x11-1rx
Consider the Hermitian form

- 1 S - -
X1 ——JJ1X =) (& - D*@E - %) =nd
" .
j=1

where 52 is the sample variance in the complex scalar case, given a simple random sample
of size n.

Consider the linear forms i = L’ff( =aix1 +---+a,x, and up = L;f( = bi¥ +
-+ + byx, where the a;’s and b;’s are scalar constants that may be real or complex, a;
and b; denoting the complex conjugates of a; and b, respectively.

E[XT = @)L 1,.... 0= @)t J'=[1,....1],
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since the X;’s are iid Nl(;ll,o*lz), j = 1,...,n. The mgf of &; and u,, denoted by
M;, (j), j = 1,2 and the joint mgf of i; and i, denoted by M;, 4,(f1, f2) are the fol-
lowing, where 9i(-) denotes the real part of (-):

M; () = E[eMin] = E[em(f;ﬂy;;})]

~ ~ -~ 2__ ~
_ eETt(;lltf‘LTJ)E[eﬂ?(tf‘L’f(X—E(X))) _ eﬂt(ﬁltf‘L’fJ)e%‘ti"L’letl ()
2
=N RGUBLED I LA Ly ..
Mg, (i) = Mz ba Dtttz (id)
2
M- - Py = M- z M- z %t}*LTszz
ul,uz(tl’ t2) - ul(tl) uz(tz)e . (”l)

Consequently, u and u, are independently distributed if and only if the exponential part
is 1 or equivalently 7L} L7, = 0. Since 7, and 7, are arbitrary, this means LiL, = 0 =
L3L; = 0. Then we have the following result:

Theorem 2.3a.1. Let X1, ..., X, be a simple random sample of size n from a univariate
complex Gaussian population N1(ji1, 012). Consider the linear forms iy = LTX and ii; =
L3 X where Ly, Ly and X are the previously defined n x 1 vectors, and a star denotes the

conjugate transpose. Then, ii| and ity are independently distributed if and only if LYL, =
0.

Example 2.3a.1. Letx;, j = 1,2, 3,4 be iid univariate complex normal N 1y, 012).
Consider the linear forms

Uy = LTX =0 +i)x1+2ixp — (1 —i)x3 + 2x4
iy = L3X = (1 4+ )% + 2+ 3i)F — (1 — i)F3 — if4
i3 =LiX = —(1 + )X +i% + (1 — )33 + 4.
Verify whether the three linear forms are pairwise independent.
Solution 2.3a.1. With the usual notations, the coefficient vectors are as follows:
T=0+i2i,—14+i,2]= Ly =[1—i,-2i,—-1—-4i2]
Ly=[1+4+i,2+3i,1 —i,—i]l=Ly=[1—i,2-3i,1+1i,i]
Ly=[-(+i,i,1—i,11=> Ly =[-(1—1i),—i,1+i,1].
Taking the products we have LYLy = 6 +6i # 0, LYL3 =0, L7L3 = 3 — 3i # 0. Hence,
only #] and u3 are independently distributed.

We can extend the result stated in Theorem 2.3a.1 to sets of linear forms. Let U 1 =
A1X and U = A X where A; and A; are constant matrices that may or may not be in



96 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

the complex domain, A1 iIsm; x nand Ay is my X n, with m; < n, my < n. As was
previously the case, X" = (X1,...,X,), Xj, j=1,...,n, areiid N (a1, ol) Let 7} and
Tz be parameter vectors of orders mq x 1 and my x 1, respectlvely. Then, on following the
steps leading to (iii), the mgf of U; and U, and their joint mgf are obtained as follows:

L i . )
My, (T) = E["TT4%0] = M T AL D+ TEAATT (iv)
1

~ 02 N .

MUQ(T2) = Cm(ﬂlTZ*A?JH‘Tsz*AzA;Tz )
2

I, T T ~  O1 Fx A AT |
M01,02(T1’ TZ) = M0] (Tl)Mﬁz(TZ)e 2 Tl A1A2T2. (Vl)

Since T} and T are arbitrary, the exponential part in (vi) is 1 if and only if AjAS = O or
AQAT = O, the two null matrices having different orders. Then, we have:

Theorem 2.3a.2. Let the x;’s and X be as defined in Theorem 2.3a.1. Let A| be am| xn
constant matrix and A, be a my X n constant matrix, m; < n, my < n, and the constant
matrices may or may not be in the complex domain. Consider the general linear forms
U | = A1X and Uz = AzX Then U 1 and Uz are independently distributed if and only if
A1 A% = O or, equivalently, A, AT = O.

Example 2.3a.2. Letx;, j =1,2,3,4, beiid univariate complex Gaussian N 11, 012)
Con51der the following sets of linear forms U = A1X Uz = AzX U3 = A3X with
= (x1, X2, X3, X4), where

A (243 2+3i 2+3i 2+3i
VT4 (4 =i T+
2 —2i 2i —2i ; j
Ap=| 1—i 1—i —1+i —1+i|, A3 [1;21 _10+,- 11_+2li ;ﬂ
| —(1+20) 142 —(1+2i) 142

Verify whether the pairs in U;, Us, U3 are independently distributed.

Solution 2.3a.2. Since the products A1A5 = O, A1A% # O, AyA5 # O, only U, and
U, are independently distributed.

As a corollary of Theorem 2.3a.2, one has that the sample mean % and the sample
sum of products s are also independently distributed in the complex Gaussian case, a
result parallel to the corresponding one in the real case. This can be seen by taking A| =
%JJ/ and A, = I — —JJ/ Then, since A| = A%, Ay = A%, and AjA> = O, we have



The Univariate Gaussian Density and Related Distributions 97

LX*AX ~ Xl for iy =0 and LX*A,X ~ X _» and both of these chisquares in the
1
complex domain are 1ndependently dlstrlbuted Then,

1
p”g 2 Z(XJ DFE -5 ~ (2.3a.1)
1

The Student-t with n — 1 degrees of freedom can be defined in terms of the standardized
sample mean and sample variance in the complex case.

2.3.1. Noncentral chisquare having n degrees of freedom in the real domain

Letx; ~ Ni(uj, ajz), J =1,...,n and the x;’s be independently distributed. Then,

;] 7 ;g — 5 2 . . .
x’g—,“’ ~ N1(0, 1) and Z'}Zl (xfa—’;’) ~ an where X,f is a real chisquare with n degrees of
J j
2
. X5 .
freedom. Then, when at least one of the 1 ;’s is nonzero, Z?:l 0—’2 is referred to as a real
j

non-central chisquare with n degrees of freedom and non-centrality parameter A, which is
denoted yx;; 2 (1), where

of 0 0
1 M1 622 0

)L —_— EM 2 //L, I/L - : ’ and 2 - . .
Ho 0 0 o2

2
Letu = Z’}:l 5. In order to derive the distribution of u, let us determine its mgf. Since u
j

is a function of the x;’s where x; ~ Ni(u;, 012), j =1,...,n, we can integrate out over
the joint density of the x;’s. Then, with 7 as the mgf parameter,

M, (1) = E[e"]

n (Xj—ﬂj)z
1 ’Z, I 2 22]’:1 "
f / ioodxy AL A dxy,.
o (27)? IZ’I2

The exponent, excluding — can be simplified as follows:

n x2 n (X' m ) 2 Wix; n 2
Z J Z VL Z X Z J ] K
—2t p—f— 0'.2 2f) — =2 + ?
j=1"Jj  j=1 J ] j=1"J
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Let y; = /(1 — 20)x;. Then, (1 — 2¢)"2dy; A ... Ady, = dx; A ... Adx,, and

nooy2 n .
AN HjXj Ky

n n 2
+ <—L >2 Y
= No /(=20 ‘ 10}(1—21)
y
N <(yf_ (liZt)>)2_Z "
e oj ‘ aj?(l —2t)

But

2
e *(y‘— ”l)
/ f e TN YT Gy A A dy, =1
o0 Qm)2| X2

2
1 n MK 1, 7yv—1
Hence,for)\zi > jzla—fz:Q;LE I,
J

M, (t) = %[e‘”ﬁ] (2.3.5)
(1—21)3

X ket 1

— k (1-2n3th

However, (1—21)~(1h is the mgf of a real scalar gamma with parameters (o« = 5+k, B =
2) or a real chisquare with n 4+ 2k degrees of freedom or X;% - Hence, the density of a
non-central chisquare with n degrees of freedom and non-centrality parameter A, denoted
by gu.»(u), 1s obtained by term by term inversion as follow:

00 _ n+2k 1 _u
)\k A u 2 le 5

Bu () = . (2.3.6)
l; k' 2 +2k ( —|—k)
B4 00 Lk Ak
x
S (2.3.7)
25ry =k (G

where (5)y is the Pochhammer symbol given by

(@) =aa+1)---(a+k—1), a+#0, (a)gbeing equal to 1, (2.3.8)
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and, in general, I' (o« + k) = I'(«)(«@); for k = 1,2, ..., whenever the gamma functions

are defined. Hence, provided (1 — 2¢) > 0, (2.3.6) can be looked upon as a weighted sum

of chisquare densities whose weights are Poisson distributed, that is, (2.3.6) is a Poisson

mixture of chisquare densities. As well, we can view (2.3.7) as a chisquare density having

n degrees of freedom appended with a Bessel series. In general, a Bessel series is of the
form o
X

OFl(,b,x)_k_O@H, b#0,—-1,-2,..., (2.3.9)

which is convergent for all x.

2.3.1.1. Mean value and variance, real central and non-central chisquare
The mgf of a real Xv is (1 — 2t) , 1 =2t > 0. Thus,
Euﬂ—f41—mrﬂtm-Q~)<mu—zﬁ“”hﬁ=v
292 _ -2 _ —
ﬂh]—aﬁﬂ—%)Hﬁw—GEy—DGE—ﬂy—D—VW+%-

That is,
E[x} = v and Var(x2) = v(v +2) — v> = 2v. (2.3.10)

What are then the mean and the variance of a real non-central Xf()»)? They can be derived
either from the mgf or from the density. Making use of the density, we have

0 s kg—h .
E[X”(m_z k! / TG +k)du’

the integral part being equal to

I3 4k 1) 22+
I(z+k) 23tk

=2<§+k):v+2k.

Now, the remaining summation over k can be looked upon as the expected value of v + 2k
in a Poisson distribution. In this case, we can write the expected values as the expected
value of a conditional expectation: E[u] = E[E(ulk)], u = x; 2(3). Thus,

o0 k—k

EMAM]—U+2§:k

— v+ 2E[k] = v + 2A.
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Moreover,

i ake—h oo p3tk=1

Elx; M / —du,
b — k' Jo = 23thrg 4k
the integral part being

(4 4k +2) 2242
r(+k) 23tk

— 2 4k + D k)
Y] 2
= (V4 2k 4+ 2)(v + 2k) = V2 + 2vk + 2v(k + 1) + 4k(k + 1).
Since E[k] = A, E[k?] = A% 4 A for a Poisson distribution,
2 2 .2 2
Elx;M)]° =v"+2v +4vd +4(0° 4 21).
Thus,

Var(x; (1) = Elxy W1 = [E G 0D
=02 20 +4vr + 4% 4 20) — (v +20)?
=2v 4 8A.
To summarize,
E[x2(A)] = v +2x and Var(x2(1)) = 2v + 8A. (2.3.11)
Example 2.3.3. Let x; ~ N1( 1, 2) xy ~ Ni(1,3) and x3 ~ N{(—2, 2) be indepen-
dently distributed and u = xl + + . Provide explicit expressions for the density of u,

Elu] and Var(u).

Solution 2.3.3. This u has a noncentral chisquare distribution with non-centrality pa-
rameter A where

1
A= [M1+—+
201 02 03

A=l =

and the number of degrees of freedom is n = 3 = v. Thus, u ~ X32 (1) or a real noncentral
chisquare with v = 3 degrees of freedom and non- centrahty parameter I Then E [u] =
E[X3 ()] = v42% = 342(35) = L. Var(u) = Var(x3 () = 2v+8% = (2><3>+8( D=
%2. Let the density of u be denoted by g(u). Then
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B q,—% 00 sko—h  k
u2-'e" 2 Ate™ u
gw) = —;
221 (%) ; kb (D
1,4 ka—17/12  k
uze 2 (17/12)%e u
= , 0 <u < oo,
V2 g k! (3

and zero elsewhere.
2.3a.1. Noncentral chisquare having n degrees of freedom in the complex domain

Let us now consider independently Gaussian distributed variables in the complex do-
main. Let the complex scalar variables x; ~ N (i, 012), j =1,...,n, be independently

distributed. Then, we have already established that Z?Zl(%a;f")*(fja;fj) ~ )Z,f, which
is a chisquare variable having n degrees of freedom in the complex domain. If we let

~ XIX; . . . . . .
u= Z;’z 1 ;—21, then this u will be said to have a noncentral chisquare distribution with

J
n degrees of freedom and non-centrality parameter X in the complex domain where )Z;" is
only the conjugate since it is a scalar quantity. Since, in this case, u is real, we may asso-
ciate the mgf of & with a real parameter . Now, proceeding as in the real case, we obtain

the mgf of u, denoted by M;;(t), as follows:

noo~x~

. e
My(t) = E[e™]= (1 — 1) e ™5, 1—1>0, A= > 12’ =p*x i
fo
j=1 "]
= Fe_}‘(l — 1)~ (R (2.3a.2)

Note that the inverse corresponding to (1 — )~ "% is a chisquare density in the complex
domain with n + k degrees of freedom, and that part of the density, denoted by f(u), is

_; n+k—1 —u_; n—1_k_ —u
Si(u) = F(n-i—k)u e = F(n)(n)ku ue .

Thus, the noncentral chisquare density with n degrees of freedom in the complex domain,
that is, u = ¥2(1), denoted by f, (), is

I/ln_l S )\‘k Mk
fur) = ——e™ Y e h—, (23a.3)
I'(n) — k!

which, referring to Egs. (2.3.5)—(2.3.9) in connection with a non-central chisquare in the
real domain, can also be represented in various ways.
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Example 2.3a.3. Let i ~ Ni(1 4+1i,2), ¥ ~ Nj(2+1i,4) and i3 ~ Ni(1 —i,2) be
independently distributed univariate complex Gaussian random variables and
5 xX1x N 3% N X3X3  X{X| N X3X2  X3X3
- o2 o? o2 2 4 2
1 2 3

Compute E[u] and Var(i) and provide an explicit representation of the density of .

Solution 2.3a.3. In this case, u has a noncentral chisquare distribution with degrees of
freedom v = n = 3 and non-centrality parameter A given by

Lii AR @i 1)*+(1)? 2%+ (1) 1? + (-1)? 5 13
PO A L N 1 (€0 e N (75 €1 B (S0 el Vi DR SRR )
o; o3 o 2 4 2 4 4

The density, denoted by g1 (i), is given in (7). In this case u will be a real gamma with the
parameters (¢ = n, f = 1) to which a Poisson series is appended:

0 )\k _Aun+k—le—u
gl(”)=§ﬁe W,OSM<OO, (i)

and zero elsewhere. Then, the expected value of u and the variance of u are available from
(i) by direct integration.

00 XAk o rm+k+1)
E[u] = du=y e 1777
[u] /0 ug (u)du ; 0 T

But rl(ﬂ"(:—_’g)l) = n + k and the summation over k can be taken as the expected value of

n + k in a Poisson distribution. Thus, E[ )Z,% (A)] = n+ E[k] = n+ A. Now, in the expected
value of

[Xr O DT = [ O = [ul?,
which is real in this case, the integral part over u gives

% =(n+k+Dn+k) =n*+2nk+k+n+k

with expected value n?+2nx+n+ 1+ (A2 + 1). Hence,

Var(32(1)) = E[u—E@)][u—E u)]* = Var(u) = n> +2ni+n+r+A>+1) —(n+1)%,
which simplifies to n + 2A. Accordingly,

E[%2(A)] = n 4 A and Var(32(1)) = n + 24, (ii)
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so that
Bl =n+2=3+2 =2 andVarw) =n+ 22 =3+ = = U (i)
= = — = —— an ar = = —_— = .
ul=n 1 1 u)=n > > iii
The explicit form of the density is then
uleu o0 (13/4)ke—13/4 uk .
g1(u) = , 0<u < oo, (iv)
2 k! €))"
k=0
and zero elsewhere.
Exercises 2.3
23.1. Let xq, ..., x, be iid variables with common density a real gamma density with

the parameters « and S or with the mgf (1 — B¢)™*,1 — ft > 0, > 0,8 > 0. Let
Uy =x1+---+x,, Uy = %(xl 4ot xp), U3 =uy —off, ug = % Evaluate the mgfs
and thereby the densities of uy, us, u3z, us. Show that they are all gamma densities for all
finite n, may be relocated. Show that when n — oo, ug — N;(0, 1) or u4 goes to a real
standard normal when n goes to infinity.

2.3.2. Let xy,...,x, be a simple random sample of size n from a real population with
mean value y and variance 02 < 00, 0 > 0. Then the central limit theorem says that

@ — N1(0, 1) asn — oo, where x = %(xl + - - -+ x,). Translate this statement for

(1): binomial probability function fi (x) = (Z)pxa ) x=0,1,....0,0<p <1
and f1(x) = 0 elsewhere; (2): negative binomial probability law f>(x) = ()]i : i ) pka —
p)x_k ,Xx =k,k+1,...,0 < p < 1 and zero elsewhere; (3): geometric probability law
f3lx) = p(1 — p)x_l,x =1,2,...,0 < p < 1 and f3(x) = O elsewhere; (4): Poisson
probability law f4(x) = %e_’\, x=0,1,...,A > 0and f4(x) = 0 elsewhere.

2.3.3. Repeat Exercise 2.3.2 if the population is (1): g;(x) = clxy_le_“xa, x>0, >

0,a >0,y > 0and g1 (x) = 0 elsewhere; (2): The real pathway model g>(x) = c,x”[1 —
1

a(l —q)x‘s]ﬁ,a >0, >0,1—a(l —q)x‘S > O and forthecasesg < 1,g > 1,q — 1,

and g>(x) = 0 elsewhere.

234. Letx ~ Ni(uy, 012), y ~ Ni(ua, 022) be real Gaussian and be independently dis-
tributed. Let xq, ..., x,,, Y1, . .., Yn, be simple random samples from x and y respectively.

Letuy = )L (cj — ) ua = Y72 (v — 12)?, us = 2x1 — 3x2 + y1 — y2 + 23,
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YL (= m)? /ot YLy = )20}
Ug = ny 2 2’“5: ny =\2 /20
Zj:l(}’j_U«Z) /02 Zj:l(}’j_)’) /52

Compute the densities of u1, ua, us, ua, us.

2.3.5. In Exercise 2.3.4 if 012 = 022 = o2 compute the densities of u3, uq, us there, and
e = YL (j = )2+ X0 (v = DT (1) ny = na, (2): n1 # na.

2.3.6. For the noncentral chisquare in the complex case, discussed in (2.3a.5) evaluate the
mean value and the variance.

2.3.7. For the complex case, starting with the mgf, derive the noncentral chisquare density
and show that it agrees with that given in (2.3a.3).

2.3.8. Give the detailed proofs of the independence of linear forms and sets of linear
forms in the complex Gaussian case.

2.4. Distributions of Products and Ratios and Connection to Fractional Calculus

Distributions of products and ratios of real scalar random variables are connected to
numerous topics including Kritzel integrals and transforms, reaction-rate probability inte-
grals in nuclear reaction-rate theory, the inverse Gaussian distribution, integrals occurring
in fractional calculus, Kobayashi integrals and Bayesian structures. Let x; > 0 and x, > 0
be real scalar positive random variables that are independently distributed with density
functions f1(x1) and f>(x7), respectively. We respectively denote the product and ratio of
these variables by uy = xjxp and u; = i—f What are then the densities of u; and u,? We
first consider the density of the product. Let uy = x1x2 and v = x3. Then x| = ”—1)2 and
xp = v,dx; Adxy = %du A dv. Let the joint density of u» and v be denoted by g(u>, v)
and the marginal density of u, by g2(u3). Then

uz

1 Uy 1
2.0 = L A(%2) ) and o) = [ 2 (%) frone. @4.1)
v v p U v

For example, let f1 and f, be generalized gamma densities, in which case

Yi
3j
a. 1 5
fj(xj):ﬁxjf e, a;>0,8;>0,y, >0 x;>0j=1,2,
8

and f;(x;) = 0 elsewhere. Then,
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g (ur) = cfooo (%) (%)yl_lvm—l

2
—arv%2 —a; (%231
x e~ @v2—a1(5) dv, ¢ l—[

= S

|\

5

0
=cub'” ]f v”z_’“_le_“z"az‘“l(”zl/val)dv. (24.2)
0

The integral in (2.4.2) is connected to several topics. For §; = 1, 6, = 1, this integral is the
basic Kritzel integral and Kritzel transform, see Mathai and Haubold (2020). When §, =
1,61 = %, the integral in (2.4.2) is the basic reaction-rate probability integral in nuclear
reaction-rate theory, see Mathai and Haubold (1988). For §; = 1, §, = 1, the integrand
in (2.4.2), once normalized, is the inverse Gaussian density for appropriate values of y» —
y1 — 1. Observe that (2.4.2) is also connected to the Bayesian structure of unconditional
densities if the conditional and marginal densities belong to generalized gamma family of
densities. When §, = 1, the integral is a mgf of the remaining part with a; as the mgf
parameter (It is therefore the Laplace transform of the remaining part of the function).

Now, let us consider different f and f>. Let fi(x1) be a real type-1 beta density with
the parameters (y + 1, @), R(«w) > 0, RN(y) > —1 (in statistical problems, the parameters
are real but in this case the results hold as well for complex parameters; accordingly, the
conditions are stated for complex parameters), that is, the density of x; is

re+l+ao

a—1
— ,0< <1, 0, -1,
r(y DI T T . ammre

filx) =

and f1(x;) = 0 elsewhere. Let f>(x2) = f(x2) where f is an arbitrary density. Then, the
density of u; is given by

_ B _ Ty +itw
g2(u) = o f 1=0) S, e= L

= F(a) UEWOU Yy — up)* ! fF(v)do (2.4.3)

=c Kz_ffz y f 2.4.4)
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where K2 iy f is the Erdélyi-Kober fractional integral of order « of the second kind,
wrth parameter y in the real scalar variable case. Hence, if f is an arbitrary density, then

K5 uz y fis %gz(ug) or a constant multiple of the density of a product of inde-
pendently distributed real scalar positive random variables where one of them has a real
type-1 beta density and the other has an arbitrary density. When f; and f; are densities,

then g, (u») has the structure

gz(u2)=f f1( )fz(v)dv (i)

Whether or not f; and f; are densities, the structure in (i) is called the Mellin convolution
of a product in the sense that if we take the Mellin transform of g, with Mellin parameter
s, then

Mg, (s) = My (s)M g, (s) (2.4.5)

where M, (s) = fooo u‘;_lgz(uz)duz,

(o.@]

My (s) = /0 7 fi(x)dxg and My (s) = /0 57 fr(xp)dxa,

whenever the Mellin transforms exist. Here (2.4.5) is the Mellin convolution of a prod-
uct property. In statistical terms, when f; and f> are densities and when x; and x, are
independently distributed, we have

Eluy = Ex{EN ] (2.4.6)

whenever the expected values exist. Taking different forms of f; and f>, where f; has a

factor % for 0 < x; < 1, M(«a) > O, it can be shown that the structure appearing
in (i) produces all the various fractional integrals of the second kind of order « available
in the literature for the real scalar variable case, such as the Riemann-Liouville fractional
integral, Weyl fractional integral, etc. Connections of distributions of products and ratios
to fractional integrals were established in a series of papers which appeared in Linear
Algebra and its Applications, see Mathai (2013, 2014, 2015).

Now, let us consider the density of a ratio. Again, let x; > 0, x > 0 be independently
distributed real scalar random variables with density functions fi(x1) and f>(x;), respec-
tively. Let uy = x2 and let v = x5. Then dx; A dxy = ——du1 A dv. If we take x1 = v,

the Jacobian will be only v and not ——2 and the final structure will be different. However,

the first transformation is required in order to establish connections to fractional integral
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of the first kind. If f; and f> are generalized gamma densities as described earlier and if
X1 = v, then the marginal density of u|, denoted by g;(u1), will be as follows:

= e

§ 8
gi(uy) = c/ LY (7P0)) Loty S LA LYK, g
v

|| |N
<>a|~<

=t [T 1t —a )
=cu! / /1t lgmanl—awv)? g, (2.4.7)
v=0
- Sr(”l:yz> "y 4 aul) T, for 8y = 8, = 6. (2.4.8)

On the other hand, if x, = v, then the Jacobian is —:—2 and the marginal density, again

denoted by g1(u1), will be as follows when fi and f> arle gamma densities:

-1
st =e [ (L)(L) o,
v M% Ui

o0
—yi—1 1 —arv®2—a ()%
=cu """ / pritr=le® TRAN I
v=0

This is one of the representations of the density of a product discussed earlier, which is
also connected to Krétzel integral, reaction-rate probability integral, and so on. Now, let
us consider a type-1 beta density for x; with the parameters (y, o) having the following
density:

r (V +05) y—1

T A=) 0<x <1,
r'(y)ra)!

filxp) =

fory >0, o > 0and fi(x1) = O elsewhere. Let f>(x2) = f(x2) where f is an arbitrary
density. Letting u = ;‘—f and x» = v, the density of u, again denoted by g (u1), is

i) = L) ’ (:I)H(l -
1

I'(y)I'(e) Jy U
_ F(V +()l) ul y _anoe—l1
=) Ty o e v W (2.4.9)
A A T ) (2.4.10)

roy Sl
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where K| th f is Erdélyi-Kober fractional integral of the first kind of order « and param-
eter y. If fi and f; are densities, this Erdélyi-Kober fractional integral of the first kind is
a constant multiple of the density of a ratio g («1). In statistical terms,

=2 = Elu}'] = El ERT  with Elx* ] = B9 =
X1

Mg, (s) = My, (2 — $)Mp(s), (2.4.11)

which is the Mellin convolution of a ratio. Whether or not f; and f; are densities, (2.4.11)
is taken as the Mellin convolution of a ratio and it cannot be given statistical interpretations

a—1
when f; and f> are not densities. For example, let f(x;) = xl_“% and f2(xp) =
x5 f(x2) where f(x2) is an arbitrary function. Then the Mellin convolution of a ratio, as

in (2.4.11), again denoted by g;(u1), is given by

_ M dv. % 0 2.4.12
5’1(“1)—/1}91 @) S ()dv, NR(a) > 0. (2.4.12)

This is Riemann-Liouville fractional integral of the first kind of order o if v is bounded
below; when v is not bounded below, then it is Weyl fractional integral of the first kind of
order o. An introduction to fractional calculus is presented in Mathai and Haubold (2018).
The densities of u1 and u» are connected to various problems in different areas for different
functions f| and f>.

In the p x p matrix case in the complex domain, we will assume that the matrix is
Hermitian positive definite. Note that when p = 1, Hermitian positive definite means a
real positive variable. Hence in the scalar case, we will not discuss ratios and products in
the complex domain since densities must be real-valued functions.

Exercises 2.4

2.4.1. Derive the density of (1): a real non-central F, where the numerator chisquare is
non-central and the denominator chisquare is central, (2): a real doubly non-central F
where both the chisquares are non-central with non-centrality parameters A; and A; re-
spectively.

2.4.2. Letx; and x, be real gamma random variables with parameters («1, 8) and (a2, B)

with the same S respectively and be independently distributed. Let u; = XI’_C;XZ, uy; =

ﬁ—;, u3z = x1 + x2. Compute the densities of u1, us, uz. Hint: Use the transformation x| =

rcos?l,xy=r sin2 6.
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2.4.3. Let x; and x; be as defined as in Exercise 2.4.2. Let u = x1x;. Derive the density
of u.

2.4.4. Let x; have a real type-1 beta density with the parameters («;, 8;), j = 1,2 and
be independently distributed. Let u; = x1x2, up = % Derive the densities of # and u».
State the conditions under which these densities reduce to simpler known densities.

2.4.5. Evaluate (1): Weyl fractional integral of the second kind of order « if the arbitrary
function is f(v) = e~ Y; (ii) Riemann-Liouville fractional integral of the first kind of order
« if the lower limit is O and the arbitrary function is f(v) = vl

2.4.6. In Exercise 2.4.2 show that (1): u; and u3 are independently distributed; (2): u»
and u3 are independently distributed.

and state the

E(M
E(D)

h
2.4.7. In Exercise 2.4.2 show that for arbitrary &, E [xlﬂxz] — E(f](j-lx )2);,

conditions for the existence of the moments. [Observe that, in general, E(%)h =+

even if y; and y, are independently distributed. ]

2.4.8. Derive the corresponding densities in Exercise 2.4.1 for the complex domain by
taking the chisquares in the complex domain.

2.4.9. Extend the results in Exercise 2.4.2 to the complex domain by taking chisquare
variables in the complex domain instead of gamma variables.

2.5. General Structures
2.5.1. Product of real scalar gamma variables

Let x1, ..., xx be independently distributed real scalar gamma random variables with
X

x; having the density f;(x;) = cjx;[’_le_ﬁif, 0 <x; <oo, aj >0, Bj > 0and
fi(x;) = 0 elsewhere. Consider the product u = xjx2---x;. Such structures appear
in many situations such as geometrical probability problems when we consider gamma
distributed random points, see Mathai (1999). How can we determine the density of such
a general structure? The transformation of variables technique is not a feasible procedure
in this case. Since the x;’s are positive, we may determine the Mellin transforms of the
x;’s with parameter s. Then, when f;(x;) is a density, the Mellin transform M, (s), once
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expressed in terms of an expected value, is My, (s) = E[x;_l] whenever the expected
value exists:

s—1 1 oo s—1_aj—1 _%
ij(s) = E[xj 1= ,3 F(,BJ X;ox; e Jdx;
_ F(Olj +s—1)

s—1 /
T, N -1 0.
Fay i Mets=D>

Hence,

k k

E[us_ll_l_[E[xs_l]_l_[Mﬂs_1 Nej+s—1>0, j=1 k

= A (o)) j o j v J =LK
: ik

and the density of u is available from the inverse Mellin transform. If g(u«) is the density
of u, then

c+ioo

k
{1—[ Mﬁj—l}u—sdx,i — J=D). 2.5.1)

gu) = —
270 Je—ioo i1 I (a))

This is a contour integral where c¢ is any real number such that ¢ > —NR(a; — 1), j =
1,..., k. The integral in (2.5.1) is available in terms of a known special function, namely
Meijer’s G-function. The G-function can be defined as follows:

G(Z) = G’;}”g(z) — Gm,n [Z ai,..., ap:l

1 / {2 C@j+ U T T —aj — )}

“Sds, i = /(—1).
LAt T = b — WPy Ty 490 b

- 27
(2.5.2)

The existence conditions, different possible contours L, as well as properties and appli-
cations are discussed in Mathai (1993), Mathai and Saxena (1973, 1978), and Mathai et
al. (2010). With the help of (2.5.2), we may now express (2.5.1) as follows in terms of a
G-function:

k
_ 1 k0 u
g(”)_{jljlﬂjr(a,-)}(; [ﬁl Bl "] 29

for 0 < u < oo. Series and computable forms of a general G-function are provided
in Mathai (1993). They are built-in functions in the symbolic computational packages
Mathematica and MAPLE.
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2.5.2. Product of real scalar type-1 beta variables

Let yi, ..., yx be independently distributed real scalar type-1 beta random variables
with the parameters («;, B), aj >0, 8; >0, j=1,..., k. Consider the product u; =
Y1 - - - Yk. Such a structure occurs in several contexts. It appears for instance in geometrical
probability problems in connection with type-1 beta distributed random points. As well,
when testing certain hypotheses on the parameters of one or more multivariate normal
populations, the resulting likelihood ratio criteria, also known as A-criteria, or one- to-one
functions thereof, have the structure of a product of independently distributed real type-1
beta variables under the null hypothesis. The density of #| can be obtained by proceeding
as in the previous section. Since the moment of u; of order s — 1 is

k
Elwi ' 1=[]EL
j=1

_ ﬁ Fj+s—1) T'(a;+8)
j=1

I'(aj) I'aj+Bj+s—1)

(2.54)

for R(aj+s—1) >0, j=1,...,k, Then, the density of u;, denoted by g1(u1), is given
by

1 c+ioo
g1(uy) = —/ [E(ui_l)]ul_sds
2mi c—ioo

Sr@ B 1 [T T4 —D )

= {Jl:[l I'(aj) }2711' /C_ioo ijl:[l F(O‘j+/3j+s—1)}ul ds
k ' . |

= HF(?’(—O:)W}GQ:Q [aa o071 7] oss)
j=1

forO<u; <1, Wa;+s—-1)>0, j=1,...,k
2.5.3. Product of real scalar type-2 beta variables

Let up = z1z2---zx where the z;’s are independently distributed real scalar type-2
beta random variables with the parameters («;, 8;), o; >0, B; >0, j=1,...,k.Such
products are encountered in several situations, including certain problems in geometrical
probability that are discussed in Mathai (1999). Then,
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F(aj+s—1)TB—s+1)

s—17 __ _M|m - A .
Elz; 1= o)) I3 , =R — 1) < NR(s) < RBj + 1),
and
k k k
Ewy'1=[]E " 1={[[Irepr®n- H (@j +s— DI(B; —s+ D).
(2.5.6)
Hence, the density of u;, denoted by g2(u3), is given by
k 1 ctico K
g2(12) = H[Fm,)mﬂ,)r 5 f T r@ +s - DFB; — s+ D}uyds
=1 c—ioo =1
. =1k
= ([Ttrenre™ o} [ i NZEY 25.7)

2.5.4. General products and ratios
Let us consider a structure of the following form:

et
Uz = —
Irg1 - Tk,

where the ¢;’s are independently distributed real positive variables, such as real type-1
beta, real type-2 beta, and real gamma variables, where the expected values E [ts 1 for
Jj = 1,...,k, will produce various types of gamma products, some containing —|—s and
others, —s, both in the numerator and in the denominator. Accordingly, we obtain a general
structure such as that appearing in (2.5.2), and the density of u3, denoted by g3(u3), will
then be proportional to a general G-function.

2.5.5. The H-function

Let u = wvjvy--- v, where the v;’s are independently distributed generalized real
gamma variables with densities

.] | 8]
V'— —a;v;
]( ]) ! € 17 9 UJ 2 0’

) J
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fora; >0, §; >0, y; >0, and h;(v;) = O elsewhere for j =1, ..., k. Then,
+s—1

réEE=y

s
j

El} '] =

forN(yj+s—-1>0,v;>0,6; >0,a; >0, y; >0, j=1,...,k, and

Elu’~] = { ﬁ F(Jﬁ)}{ Hr(yfgj__ ! +3ij)a;§?}. (2.5.8)

Thus, the density of u, denoted by g3(u), is given by

1
k a‘?j k %
= J }Hk,o { a’i } » (2.5.9)
i}:[l r'(s) 0k ]1:[1 PN, =tk
foru >0, RN(yj+s—1) >0, j=1,...,k, where L is a suitable contour and the general

H-function is defined as follows:

_ gm,n mnf_|@a),....(ap,ap)
H(@) = Hy' @) = Hy 2], ) )]

1 / {17 1F(b + B jo) T —a; — a;s)}
L {1—[] m—l—l b _'B]S)}{l_[j =n+1 F(aj+ajs)}

wherea; >0, j=1,...,p; Bj >0, j=1,...,q are real and positive, b;’s and a;’s
are complex numbers, the contour L separates the poles of I"'(b; + Bs), j = 1,...,m,
lying on one side of it and the poles of I'(1 — a; — ajs), j = 1,...,n, which must
lie on the other side. The existence conditions and the various types of possible contours
are discussed in Mathai and Saxena (1978) and Mathai et al. (2010). Observe that we
can consider arbitrary powers of the variables present in u, u, us and u3 as introduced in
Sects. 2.5.1-2.5.5; however, in this case, the densities of these various structures will be
expressible in terms of H-functions rather than G-functions. In the G-function format as
defined in (2.5.2), the complex variable s has 1 as its coefficients, whereas the coeffi-
cients of s in the H-function, that is, o, a; > 0 and &8, B; > 0, are not restricted to
unities.

z%ds  (2.5.10)
2711



114 Arak M. Mathai, Serge B. Provost, Hans J. Haubold

We will give a simple illustrative example that requires the evaluation of an inverse
Mellin transform. Let f(x) =e™*, x > 0. Then, the Mellin transform is

o0
M g(s) =/ e dx = I'(s), N(s) > 0,
0
and it follows from the inversion formula that

c+ioco
fx) = 2—71”/ . T(s)x*ds, R(s) >0, i =+/(=1). (2.5.11)

If f(x) is unknown and we are told that the Mellin transform of a certain function is I"(s),
then are we going to retrieve f(x) as e from the inversion formula? Let us explore this
problem. The poles of I'(s) occur ats = 0, —1, —2, .. .. Thus, if we take c in the contour
of integration as ¢ > 0, this contour will enclose all the poles of I"(s). We may now apply
Cauchy’s residue theorem. By definition, the residue at s = —v, denoted by R,, is

R, = lim (s +v)I['(s)x°.
S—>—V

We cannot substitute s = —v to obtain the limit in this case. However, noting that

B S+v)s+v—1---sI(s)x* B 'Gs+v+Dx—*
B (s+v—1)---5 (s +v—1--s’

(s+v)[(s)x*°

which follows from the recursive relationship, o' («) = I' (@ + 1), the limit can be taken:

' s . T+v+Dx
sgﬂ'_lv(s_f_v)[‘(s)x _sgn—lv (S+V _ 1)5

B r(1)x" (=D
CEDEY ey e

(2.5.12)

Hence, the sum of the residues is

(0.9] o0
v=0

v=0

and the function is recovered.

Note 2.5.1. Distributions of products and ratios of random variables in the complex do-
main could as well be worked out. However, since they may not necessarily have practical
applications, they will not be discussed herein. Certain product and ratio distributions for
variables in the complex domain which reduce to real variables, such as a chisquare in the
complex domain, have already been previously discussed.
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Exercises 2.5

2.5.1. Evaluate the density of u = xx; where the x;’s are independently distributed real
type-1 beta random variables with the parameters (c;, 8;),a; > 0,8; > 0,j = 1,2
by using Mellin and inverse Mellin transform technique. Evaluate the density for the case
a; —ap # £v,v =0, 1, ... so that the poles are simple.

2.5.2. Repeat Exercise 2.5.1if x;’s are (1): real type-2 beta random variables with param-
eters (aj, Bj), aj > 0, B; > 0 and (2): real gamma random variables with the parameters
(aj,Bj).aj>0,8;>0,j=1,2.

253, Letu = Z—; where u1 and u, are real positive random variables. Then the /-th
h

moment, for arbitrary &, is E [%]h + % in general. Give two examples where E [%]h =
2

E[u"]

E[ut]’

2.54. E[%]h = E[u"] *+ E[luh] in general. Give two examples where E[%] = E%u].

2.5.5. Letu = % where the x;’s are independently distributed. Let x1, x3 be type-1
beta random variables, x, be a type-2 beta random variable, and x4 be a gamma random
variable with parameters («;, 8;), a; > 0, 8; > 0, j = 1,2, 3, 4. Determine the density
of u.

2.6. A Collection of Random Variables

Let x1, ..., x, be iid (independently and identically distributed) real scalar random
variables with a common density denoted by f(x), that is, assume that the sample comes
from the population that is specified by f(x). Let the common mean value be © and the
common variance be 0% < 00, that is, E(x;) = pand Var(x;) = o2, j=1,...,n, where
E denotes the expected value. Denoting the sample average by x = %(xl +---+xp,), what
can be said about x when n — o0? This is the type of questions that will be investigated
in this section.

2.6.1. Chebyshev’s inequality

For some k > 0, let us examine the probability content of |x — | where © = E(x)
and the variance of x is 0> < oo. Consider the probability that the random variable x lies
outside the interval © — ko < x < u + ko, that is k times the standard deviation o away
from the mean value . From the definition of the variance o2 for a real scalar random
variable x,
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o2 = f = A ()

u—ko n+ko
_ / (x — ) £ (x)dx + f (x — ) f (¥)dx + / (x — 2 (0

-0 u—ko n+ko

n—ko 00
> f (r — 02 f()dx + / (x — w2 F(r)dx

—00 n+ko

since the probability content over the interval u — ko < x < u + ko is omitted. Over this
interval, the probability is either positive or zero, and hence the inequality. However, the
intervals (—oo, u—ko] and [u+ko, 00), thatis, —oo < x < u—ko and u+ko < x < o0
or —00 < Xx — 4 < —ko and ko < x — u < 00, can thus be described as the intervals
for which |x — u| > ko. In these intervals, the smallest value that [x — | can take on is
ko, k > 0 or equivalently, the smallest value that |x — w|? can assume is (ko')? = k%o 2.
Accordingly, the above inequality can be further sharpened as follows:

o2 > f (x — W2 f(r)dx = / (ko) f(x)dx =
|x—u|>ko

|x—pu|zko

o2

- > f(x)dx =
k%o? /Ix—ulzka

1
5= / f(x)dx = Pr{|x — u| > ko, } that is,
k2

|x—p|=ko
1
2 > Pr{lx — u| = ko},

which can be written as

1
Pr{lx — u| = ko} < ﬁor Pr{lx — u| < ko} > l—k—z. (2.6.1)
Ifko =k, k= %’ and the above inequalities can be written as follows:
o2 o2
Prijx —u| =k} < ﬁor Prijx —u| <k} = 1—k—2. (2.6.2)

The inequalities (2.6.1) and (2.6.2) are known as Chebyshev’s inequalities (also referred
to as Chebycheff’s inequalities). For example, when k = 2, Chebyshev’s inequality states
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that Pr{|lx — u| < 20} > 1— i = (.75, which is not a very sharp probability limit. If
x ~ Ni(u, 02), then we know that

Pri{lx — u| < 1.960} ~ 0.95 and Pr{|x — u| < 30} ~ 0.99.

Note that the bound 0.75 resulting from Chebyshev’s inequality seriously underestimate
the actual probability for a Gaussian variable x. However, what is astonishing about this
inequality, is that the given probability bound holds for any distribution, whether it be
continuous, discrete or mixed. Sharper bounds can of course be obtained for the probability

content of the interval [ — ko, u + ko] when the exact distribution of x is known.
1

These inequalities can be expressed in terms of generalized moments. Let 1 = {E|x—

1 . .
wl|"}yr, r=1,2,... , which happens to be a measure of scatter in x from the mean value
. Given that

o =f x — ul FOodx,

—0o0

1
consider the probability content of the intervals specified by |x — u| > ku) for k > 0.
Paralleling the derivations of (2.6.1) and (2.6.2), we have

1
Wy = f Ll —pl" fo)dx > / | kp)I f ()dx =
[x—p|=k p/ |x—p|=k wf
1 1 1 1
Prilx —p| = kps} < o O Prilx —p| <kus}>1- o (2.6.3)

which can also be written as
Prilx — u| > k} < ’Z— or Prilx — <k}31—%, r=1,2,.... (2.64)

Note that when » = 2, u, = o2, and Chebyshev’s inequalities as specified in (2.6.1)
and (2.6.2) are obtained from (2.6.3) and (2.6.4), respectively. If x is a real scalar positive
random variables with f(x) = 0 for x < 0, we can then obtain similar inequalities in
terms of the first moment w. For &k > 0,

u=FEx) = /Ooxf(x)dx since f(x) =0forx <0
0

k o0 o0 00
=/ xf(x)dx+/ xf(x)dx Z/ xf(x)dx Zf kf(x)dx =
0 k k k

K foo Fx)dx = Prix > k).
k= Jk
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Accordingly, we have the following inequality for any real positive random variable x:

Prix >k} < %forx >0,k > 0. (2.6.5)

Suppose that our variable is x = %(xl + ---+4+ x,), where xq, ..., x, are iid variables

2

. . . _ 2
with common mean value p and the common variance 6~ < o0. Then, since Var(x) = "7

and E(x) = u, Chebyshev’s inequality states that
02

Prilx —u|l<k}>1—— —>1lasn - o© (2.6.6)
n

or Pr{|lx — u| > k} — 0 asn — oo. However, since a probability cannot be greater than
1, Pr{lx — u| < k} — 1 asn — oo. In other words, x tends to u with probability 1 as
n — o0. This is referred to as the Weak Law of Large Numbers.

The Weak Law of Large Numbers

Let x1, ..., x, be iid with common mean value u and common variance o? < oo.
Then, as n — o0,

Prix - u} — 1. (2.6.7)

Another limiting property is known as the Central Limit Theorem. Let x1, . . ., x,, be iid

real scalar random variables with common mean value & and common variance o2 < 0.

Letting x = %(xl + - - - 4+ x,,) denote the sample mean, the standardized sample mean is

_FE® _ YAl
R Ve G

Consider the characteristic function of x — u, that is,

[(r =)+ -+ (o — W] (i)

. it i1)?
Gr_p(t) = E[e"M] =1+ %E(x — )+ %E(x -+
r? '2 l 1 o
=1+0— S E@ =+ :1+F¢()(0)+5¢()(0)+'” (if)

where ¢ (0) is the r-th derivative of ¢ (r) with respect to ¢, evaluated at ¢+ = 0. Let us
consider the characteristic function of our standardized sample mean u.
Making use of the last representation of u in (i), we have ¢ S 1 =
==l D
[d)xj—u(#ﬁ)]n so that ¢, (1) = [d)xj—u(#ﬁ)]n or Ing, () = nlnd’x‘;—u(#ﬁ)- It then
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follows from (ii) that

12 o ‘t3E(xj—,u)3

t
O G = e T e
12 1

Now noting that In(1 — y) = —[y + y; + y3—3 + --- ] whenever |y| < 1, we have

In gy, (——) t2+0(1)=>1¢ —) t2+0(1) e
ng, _,(—=)=—— — ngy. _,(—=)=—— — ) —> ——asn — oo.
RN 2n n3 R oy/n 2 ni y B
Consequently, as n — oo,
12

¢u(t)=e 2 =u— Ni(0,1)asn — oo.
This is known as the central limit theorem.
The Central Limit Theorem. Let xy, ..., x, be iid real scalar random variables having

common mean value | and common variance o> < o0o. Let the sample mean be ¥ =

%(xl + - -+ 4 x,,) and u denote the standardized sample mean. Then

_X-E® _

VVar(@) o
Generalizations, extensions and more rigorous statements of this theorem are available
in the literature. We have focussed on the substance of the result, assuming that a simple
random sample is available and that the variance of the population is finite.

(x — ) = N1(0,1) asn — oo. (2.6.8)

Exercises 2.6

2.6.1. For a binomial random variable with the probability function f(x) = (Z) p*

1-p)"*0<p<1,x=0,1,...,n,n =1,2,... and zero elsewhere, show that the
standardized binomial variable itself, namely N to the standard normal when

n — oQ.

2.6.2. State the central limit theorem for the following real scalar populations by evaluat-
ing the mean value and variance there, assuming that a simple random sample is available:
(1) Poisson random variable with parameter A; (2) Geometric random variable with pa-
rameter p; (3) Negative binomial random variable with parameters (p, k); (4) Discrete
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hypergeometric probability law with parameters (a, b, n); (5) Uniform density over [a, b];
(6) Exponential density with parameter 6; (7) Gamma density with the parameters («, §);
(8) Type-1 beta random variable with the parameters («, 8); (9) Type-2 beta random vari-
able with the parameters (¢, ).

2.6.3. State the central limit theorem for the following probability/density functions: (1):

05, x=2
X) =
Fx) {0.5, x=35
and f(x) = 0 elsewhere; (2): f(x) = 2¢72* 0 < x < oo and zero elsewhere; (3):
f(x) = 1,0 < x < 1 and zero elsewhere. Assume that a simple random sample is
available from each population.

2.6.4. Consider a real scalar gamma random variable x with the parameters («, 8) and
show that E(x) = «f and variance of x is oB%. Assume a simple random sample
X1, ..., X, from this population. Derive the densities of (1): x; + - -+ + x,; (2): x; (3):
X — off; (4): Standardized sample mean x. Show that the densities in all these cases are
still gamma densities, may be relocated, for all finite values of n however large n may be.

2.6.5. Consider the density f(x) = x%, 1 < x < oo and zero elsewhere, where ¢ is
the normalizing constant. Evaluate ¢ stating the relevant conditions. State the central limit
theorem for this population, stating the relevant conditions.

2.7. Parameter Estimation: Point Estimation

There exist several methods for estimating the parameters of a given den-
sity/probability function, based on a simple random sample of size n (iid variables from
the population designated by the density/probability function). The most popular methods
of point estimation are the method of maximum likelihood and the method of moments.

2.7.1. The method of moments and the method of maximum likelihood

The likelihood function L(0) is the joint density/probability function of the sample
values, at an observed sample point, x, ..., x,. As a function of 6, L(#), or a one-to-one
function thereof, is maximized in order to determine the most likely value of 6 in terms
of a function of the given sample. This estimation process is referred to as the method of
maximum likelil}loodr.

Let m, = @ denote the r-th integer moment of the sample, where xi, ..., x, is
the observed sample point, the corresponding population r-th moment being E[x"], where
E denotes the expected value. According to the method of moments, the estimates of the
parameters are obtained by solving m, = E[x"], r =1,2,....
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For example, consider a Ni(u, o2) population with density

) = — A (x—p)?
X) = —¢€ 2 , "0 <X <00, —00 < U <00, 0>0, 2.7.1)

V2o

where p and o2 are the parameters here. Let xi,...,x, be a simple random sam-
ple from this population. Then, the joint density of xi,...,Xx,, denoted by L =
L(xq, ...,xn;,u,az),is
1 S - w)? 1 — Y =) 2 n (R )]
e 262 Jj=1 — e 262 Jj=1\"J =

L= —— -
[V2ro] (V27

1 [w 1
InL = —nln(v270) — F[Z(xj D 4nG - M)Z], = (o).
j=1
(2.7.2)

Maximizing L or In L, since L and In L are one-to-one functions, with respect to u and
6 = o2, and solving for u and o2 produces the maximum likelihood estimators (MLE’s).
An observed value of the estimator is the corresponding estimate. It follows from a basic
result in Calculus that the extrema of L can be determined by solving the equations

0
—InL =0 (i)
ou
and
0 ) .
—InL =0, § =0". (ii)
00

Equation (i) produces the solution © = X so that x is the MLE of . Note that x is a random
variable and that x evaluated at a sample point or at a set of observations on xy, ..., X,
produces the corresponding estimate. We will denote both the estimator and estimate of
wu by ft. As well, we will utilize the same abbreviation, namely, MLE for the maximum
likelihood estimator and the corresponding estimate. Solving (ii) and substituting [ to u,
we have § = 62 = %Z?:l(xj —%)? = 52 = the sample variance as an estimate of
6 = o2. Does the point (i, s?) correspond to a local maximum or a local minimum or
a saddle point? Since the matrix of second order partial derivatives at the point (x, s2) is
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negative definite, the critical point (X, s*) corresponds to a maximum. Thus, in this case,
QL = X and 6% = s? are the maximum likelihood estimators/estimates of the parameters
w and o2, respectively. If we were to differentiate with respect to ¢ instead of 6 = o2
in (ii), we would obtain the same estimators, since for any differentiable function g(z),
de()=0= %ga) = 0if $¢(t) # 0. In this instance, ¢ (o) = 02 and o2 # 0.

For obtaining the moment estimates, we equate the sample integer moments to the
corresponding population moments, that is, we let m, = E[x"], r = 1, 2, two equations
being required to estimate u and o2. Note that m; = ¥ and my = %2721 sz.. Then,
consider the equations

1}1
_:E = d— 2:E 2:>2: 2,
X [x] =@ an n;xj [x~] ) o

Thus, the moment estimators/estimates of x and o2, which are i = X and 6% = 52,

happen to be identical to the MLE’s in this case.
Let us consider the type-1 beta population with parameters («, 8) whose density is

fix) = Mx“_l(l —x) 1 o<x<1,a>0, 8>0, (2.7.3)

') (B)
and zero otherwise. In this case, the likelihood function contains gamma functions and the
derivatives of gamma functions involve psi and zeta functions. Accordingly, the maximum
likelihood approach is not very convenient here. However, we can determine moment esti-
mates without much difficulty from (2.7.3). The first two population integer moments are

obtained directly from a representation of the 4-th moment:
I'a+h) T'(a+p)

hy n
Ex"] = @) F(a+ﬂ+h),ﬂt(a+h)>0:>
Elx] = F'a+1) I'(x+p) _ (2.7.4)
o) T'a+B+1) a+B
E[x?] = @@+ 1) Epx] 21 (2.7.5)

T @+P@+pED e+l
Equating the sample moments to the corresponding population moments, that is, letting
m; = E[x] and my = E[x?], it follows from (2.7.4) that

_ @« B 1—x (iii)
X = - = ; iii
a—+p o X
Then, from (2.7.5), we have
1 n = n
zZJ:lx]z': etl _ 1 ix_ZJ':lez'/": b (iv)
x a+p+1 1"’0%1 Zﬁzlsz./n a+1
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The parameter B can be eliminated from (iii) and (iv), which yields an estimate of «; ,3
is then obtained from (iii). Thus, the moment estimates are available from the equations,
m, = E[x"],r = 1,2, even though these equations are nonlinear in the parameters «
and B. The method of maximum likelihood or the method of moments can similarly yield
parameters estimates for populations that are otherwise distributed.

2.7.2. Bayes’ estimates

This procedure is more relevant when the parameters in a given statistical den-
sity/probability function have their own distributions. For example, let the real scalar vari-
able x be discrete having a binomial probability law for the fixed (given) parameter p, that

is, let f(x|p) = (Z)px(l—p)”_x, O<p<l1,x=0,1,....,n,n=1,2,..., and

f(x|p) = 0 elsewhere be the conditional probability function. Let p have a prior type-1
beta density with known parameters « and S, that is, let the prior density of p bec

I'(x + B)

_ a—1 _ B—1
_—F(a)F(,B)p d-pF ", 0<p<1l,a>0, >0

g(p)

and g(p) = 0 elsewhere. Then, the joint probability function f(x, p) = f(x|p)g(p) and
the unconditional probability function of x, denoted by f1(x), is as follows:

1
fix) = —F(a +h) (n>/0 poz—f—x—l(l _ p)ﬁ-f—n—x—ldp

I'a)I'(B) \x
_ I'(a+B) (n) I'a+x)I'B+n—x)
') \x I'(a+ B +n) '

Thus, the posterior density of p, given x, denoted by g1 (p|x), is

fx, p) — Fa+p+n) oz—l—x—l(l _ )ﬂ-l-n—x—l
fix) T+l B+n—x) P '

g1(plx) =

Accordingly, the expected value of p in this conditional distribution of p given x, which
is called the posterior density of p, is known as the Bayes estimate of p:
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— F(O[+,3+n) : a+x—1 +n—x—1
EpXl = po T an=n ) PP (1-pf dp
_ I'la+B+n) I'lao+x+1D)I'(B+n—x)
S T'a+x)(B+n—x) T+ B+n+1)
IF'la+x+1) TI'(a+pB+n) _a+tux

Foa+x) T'a+p+n+1) a+B+n

The prior estimate/estimator of p as obtained from the binomial distribution is 3~ and the
posterior estimate or the Bayes estimate of p is

o+ x

E[plx] = m,

so that 7- is revised to ai’Lj_n. In general, if the conditional density/probability function
of x given 6 is f(x|6) and the prior density/probability function of 0 is g(0), then the
posterior density of 6 is g1(0|x) and E[6|x] or the expected value of 6 in the conditional

distribution of 0 given x is the Bayes estimate of 6.
2.7.3. Interval estimation

Before concluding this section, the concept of confidence intervals or interval esti-
mation of a parameter will be briefly touched upon. For example, let x1, ..., x, be iid
Ni(u,02) and let § = L0 4 -+ + x,). Then, & ~ Ny, Z), & — p) ~ Ni(0, &
and 7 = 4()? — ) ~ Ni1(0, 1). Since the standard normal density N1(0, 1) is free of
any parameter, one can select two percentiles, say, a and b, from a standard normal table
and make a probability statement such as Pr{a < z < b} = 1 — « for every given «; for
instance, Pr{—1.96 < z < 1.96} ~ 0.95 fora = 0.05. Let Pr{—z¢ <z =<z¢}=1—-«
where ze is such that Pr(z > Z%) = 5. The following inequalities are mathemati-
cally equivalent and hence the probabilities associated with the corresponding intervals
are equal:

Jn o _
—zgizfz%®—z%§7(x—ﬂ)5z%
2N T <x<u-+ o
— 2 X <l
K 2\/5- =K 2ﬁ
- o _ P o ()
X —Za X+ Ze . l
Zﬁ_u_ Zﬁ
Accordingly,
o o
Priu— z« <x<pu+ze =1—-« i
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<

o
Pr{f—z% §u§i+z%—}:1—a. (iii)
n

Jn
Note that (iii) is not a usual probability statement as opposed to (ii), which is a probability
statement on a random variable. In (iii), the interval [x — 2g % x+ zg JLE] is random and
w is a constant. This can be given the interpretation that the random interval covers the
parameter p with probability 1 — «, which means that we are 100(1 — )% confident that
the random interval will cover the unknown parameter p or that the random interval is an
interval estimator and an observed value of the interval is the interval estimate of u. We
could construct such an interval only because the distribution of z is parameter-free, which
enabled us to make a probability statement on p.

In general, if u = u(xy, ..., x,, 6) is a function of the sample values and the parameter
6 (which may be a vector of parameters) and if the distribution of u is free of all parameter,
then such a quantity is referred to as a pivotal quantity. Since the distribution of the pivotal
quantity is parameter-free, we can find two numbers a and b such that Pr{a < u < b} =
1 — o for every given «. If it is possible to convert the statement a < u < b into a
mathematically equivalent statement of the type u; < 60 < us, so that Pr{u; < 6 <
uz} = 1 — o for every given «, then [u1, us] is called a 100(1 — «)% confidence interval
or interval estimate for 6, uy and u, being referred to as the lower confidence limit and
the upper confidence limit, and 1 — o being called the confidence coefficient. Additional
results on interval estimation and the construction of confidence intervals are, for instance,
presented in Mathai and Haubold (2017b).

Exercises 2.7

2.7.1. Obtain the method of moments estimators for the parameters (o, ) in a real type-2
beta population. Assume that a simple random sample of size n is available.

2.7.2. Obtain the estimate/estimator of the parameters by the method of moments and the
method of maximum likelihood in the real (1): exponential population with parameter 6,
(2): Poisson population with parameter A. Assume that a simple random sample of size n
is available.

2.7.3. Letxy,...,Xx, beasimple random sample of size n from a point Bernoulli popula-
tion fr(x) = p*(1 — p)!'™*,x =0, 1,0 < p < 1 and zero elsewhere. Obtain the MLE as
well as moment estimator for p. [Note: These will be the same estimators for p in all the
populations based on Bernoulli trials, such as binomial population, geometric population,
negative binomial population].
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2.7.4. If possible, obtain moment estimators for the parameters of a real generalized
. §

gamma population, f3(x) = ¢ x® e 2" o > 0,b > 0,8 > 0,x > 0 and zero else-

where, where c is the normalizing constant.

2.7.5. If possible, obtain the MLE of the parameters a, b in the following real uniform

population f4(x) = ﬁ, b > a,a < x < b and zero elsewhere. What are the MLE if

a < x < b? What are the moment estimators in these two situations?

2.7.6. Construct the Bayes’ estimate/estimator of the parameter A in a Poisson probability
law if the prior density for A is a gamma density with known parameters (o, ).

2.7.7. By selecting the appropriate pivotal quantities, construct a 95% confidence interval
for (1): Poisson parameter A; (2): Exponential parameter 0; (3): Normal parameter o'2; (4):
6 in a uniform density f(x) = é, 0 < x < 6 and zero elsewhere.
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