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Abstract. A recent assertion given by Sadeqi, I., Salehi Paydar, M.,
in: A comparative study of Ky Fan hemicontinuity and Brezis pseu-
domonotonicity of mappings and existence results, J. Optim. Theory
Appl. (2015), that the set of solutions of the variational inequality prob-
lem governed by a pseudomonotone operator is closed, is obtained as a
particular case of a result from Bogdan, M., Kolumbán, J.: Some regular-
ities for parametric equilibrium problems, J. Global Optim. (2009). An
example of a set in a Hilbert space where ∇‖·‖ is not Fan-hemicontinuous
is given. A different approach to show that ∇‖ · ‖ is indeed topologically
pseudomonotone, is expressed. From the corresponding definitions, Fan-
hemicontinuity implies topological pseudomonotonicity, but the reverse
implication does not hold in general. This strict relationship is strength-
ened by ∇‖·‖. Moreover, another counterexample is given in a Lebesgue
space, instead of the Sobolev space W 1,3

0 used in Steck, D.: Brezis pseu-
domonotonicity is strictly weaker than Ky Fan hemicontinuity. J. Optim.
Theory Appl. (2019). Stability of pseudomonotonicity with respect to the
composition with a linear operator is formulated as open question.
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1 Introduction

Equilibrium problems unify many mathematical models among them variational
inequalities and optimization problems (see [1]). These class of problems have
been found useful in the study of many problems from the fields of economics,
mechanics, and engineering sciences [2–4]. The mathematical tools involved are
mainly algebraic ones such as convexity and topological ones such as continuity
([5]), in particular topological pseudomonotonicity for a special class [6,8]. The
notion of pseudomonotonicity is related to the class of semi-linear operators (see
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[3,4,7,8]). Existence result for the case of topological pseudomonotone bifunction
is given in [9] (see also [10], Theorem 2.3).

It was noted in [11] that the notion of pseudomonotonicity is not equivalent to
Fan-hemicontinuity, as it was affirmed in [12]. It is worth to be noted that in [12],
sufficient conditions were imposed on a function to obtain pseudomonotonicity
for its gradient, and the weak closedness of the solution set of a variational
inequality governed by pseudomonotone operators was proved.

In this paper are added some comments and remarks on the two papers
mentioned above. Some restrictions on the domain are expressed in such a way
the gradient of the norm defined on a Hilbert space to be Fan-hemicontinuous.

The setting is the usual one, (X, ‖ · ‖) a real Banach space with dual X∗,
the duality pairing between X∗ and X being denoted by 〈·, ·〉; the strong and
the weak convergence is indicated by −→ and ⇀, respectively. Let K ⊆ X be
nonempty and convex. The following two notions are discussed.

Definition 1. F : K → X∗ is said to be Fan-hemicontinuous if for every y ∈ X,
x �−→ 〈F (x), x − y〉 is weakly sequentially lower semicontinuous on K, that is
∀(xk) ⊂ K with xk ⇀ x ∈ K, one has

lim inf
k

〈F (xk), xk − y〉 ≥ 〈F (x), x − y〉.

This notion was used in the existence results for problems in equilibrium
theory ([1]). Since the norm of a Hilbert space is weakly sequentially lower semi-
continuous, it is straightforward that the identity operator on a Hilbert space is
Fan-hemicontinuous.

Definition 2. F : K → X∗ is said to be pseudomonotone if whenever

(xk) ⊂ K with xk ⇀ x ∈ K, and lim sup
k

〈F (xk), xk − x〉 ≤ 0, (1)

then
lim inf

k
〈F (xk), xk − y〉 ≥ 〈F (x), x − y〉, for all y ∈ K. (2)

Recently, an example of nonlinear operator, defined on a Sobolev space which
is pseudomonotone but not Fan-hemicontinuous was given in [11]. A result from
[12] on the solution set of a variational inequality governed by topological pseu-
domonotone operators is remarked.

This present content is organized as follows. Subsection 1.1 contains an exam-
ple of a closed, convex but not positively oriented set (see Definition 3) where
∇‖ · ‖ is not Fan-hemicontinuous. Also, an alternative proof that ∇‖ · ‖ is Fan-
hemicontinuous on a restrictive set is given. Subsection 1.2 contains a remark
about the closedness of the solution set of a variational inequality problem gov-
erned by a pseudomonotone operator, stated in [12]. It is a particular case of a
result given in [6]. Section 2 is concerned with another example of a pseudomono-
tone operator that it is not Fan-hemicontinuous. The content ends with an open
question related to the composition of a pseudomonotone operator with a linear
one.
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1.1 Fan-hemicontinuity of the Gradient of the Norm

In this section, some properties of Fan-hemicontinuity and pseudomonotonic-
ity, respectively are emphasized for ∇‖ · ‖ (in particular, if ∇‖ · ‖ is Fan-
hemicontinuous, then it is pseudomonotone). These led to the property for its
domain to ensure that it is Fan-hemicontinuous.

In [12] it was claimed that the gradient of a convex Gateaux differentiable is
Fan-hemicontinuous. It is proved that this does not hold in general.

Definition 3. ([13]) The set K ⊂ X is said to be positively oriented if ∀x, y ∈
K, 〈x, y〉 ≥ 0.

Imposing this condition on the set K, one obtains the Fan-hemicontinuity of
∇‖ · ‖.

Proposition 1. ([13]) Let X be a Hilbert space, K ⊂ X closed, convex, with
0X /∈ K. If K is positively oriented, then ∇‖ · ‖ is Fan-hemicontinuous on K.

The positive orientation property of the set K is sufficient in order to obtain
the Fan-hemicontinuity of ∇‖ · ‖. However, there are sets that are not positively
oriented.

Example 1. The set

K = {x = (xj) ∈ �2
∣
∣ x1 ∈ IR, x2 = 1/2, (−1)j · xj ≥ 0, for j ≥ 3}

is closed, convex but not positively oriented. Moreover, ∇‖ · ‖ is not Fan-
hemicontinuous.

Consider x̄ = (−1, 1/2, 0, 0, ..., 0, ...) and ȳ = (1, 1/2, 0, 0, ..., 0, ...) that belong
to K but 〈x̄, ȳ〉 = −3/4 < 0.

Now, it is shown that ∇‖ · ‖ is not Fan-hemicontinuous on K. For this, it is
needed (xn) ⊂ K, xn ⇀ x ∈ K, and y ∈ K such that

lim inf
n

[‖xn‖ − 1
‖xn‖ · 〈xn, y〉] < ‖x‖ − 1

‖x‖〈x, y〉. (3)

Let be defined x = (−1, 1/2, 0, 0, ..., 0, ...) ∈ K, (xn) ⊂ �2, for n ∈ IN,

xj
n :=

⎧

⎪⎪⎨

⎪⎪⎩

−1, j = 1
1
2 , j = 2
(−1)j 1

2 , j = n + 2
0, otherwise,

and y = (134 , 1
2 , 0, 0, ..., 0, ...) = (yj) ∈ K. Observe that ‖x‖ =

√
5
2 =: b, ‖xn‖ =√

6
2 = a > b, and 〈xn, y〉 = 〈x, y〉 = −3. One has (xn) ⊂ K, xn ⇀ x ∈ K. For the

values indicated, (3) is checked, that becomes

a − b <

(
1
a

− 1
b

)

· (−3),

or equivalently
√
30
4 = ab < 3, that is true.
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It is true that for f convex and Gateaux differentiable, ∇f is pseudomonotone
([12]). Just for considering one different approach, it is remarked below that ∇‖·‖
is indeed pseudomonotone, in particular, if X is a Hilbert space, K ⊂ X, 0X �∈
K,F : K → X,F (x) = ∇‖x‖.

Remark 1. ∇‖ · ‖ is pseudomonotone if whenever

(xk) ⊂ K with xk ⇀ x, and lim sup
k

1
‖xk‖ · 〈xk, xk − x〉 ≤ 0, (4)

then (2) holds.

It is sufficient to show that

lim inf
k

‖xk‖ + lim inf
k

(

− 1
‖xk‖ · 〈xk, y〉

)

≥ ‖x‖ − 1
‖x‖〈x, y〉. (5)

Let be denoted ak = 〈xk, xk − x〉 and bk = ‖xk‖. The sequence (xk) is
bounded since it is weakly convergent. Let b > 0 be such that 0 < bk ≤ b for all
k ∈ IN. For an ε > 0 arbitrary, there exists kε ∈ IN such that

ak

bk
< ε ⇐⇒ ak < εbk ≤ εb,

for all k ≥ kε. It results lim supk ak ≤ εb. Since ε > 0 was arbitrary this implies
lim supk ak ≤ 0. By the inequality (4) one has

0 ≥ lim sup
k

1
‖xk‖ · 〈xk, xk − x〉 = lim sup

k

‖xk‖2 − 〈xk, x〉
‖xk‖ ,

thus

lim sup
k

‖xk‖2 − ‖x‖2 = lim sup
k

‖xk‖2 − lim
k

〈xk, x〉

= lim sup
k

(‖xk‖2 − 〈xk, x〉) = lim sup
k

ak ≤ 0.

Hence lim supk ‖xk‖ ≤ ‖x‖, therefore limk ‖xk‖ = ‖x‖, that together with xk ⇀
x give xk −→ x, since the Kadec-Klee property stands in the Hilbert space
setting. Remark that, if (xn) strongly converges to x �= 0, then obviously 1

‖xn‖ ·
〈xn, y〉 → 1

‖x‖ 〈x, y〉, and consequently (5) is verified. Consequently (2) holds,
meaning that ∇‖ · ‖ is pseudomonotone.

1.2 The Solution Set for the Variational Inequality

Let K ⊆ X be a nonempty convex set and F : K → X∗ be a given mapping.
The variational inequality problem is the following:

V I(F,K) find x ∈ K such that 〈F (x), y − x〉 ≥ 0,∀y ∈ K.
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Denote by SV I = SV I(F,K) the set of its solutions.
The result in [12], Proposition 4.1, is the following: “Let K be a closed and

convex subset of X and let F : K → X∗ be pseudomonotone such that SV I is
nonempty. Then, SV I is weakly closed.” The mentioned assertion is a particular
case of Lemma 1 from [6].

Remark 2. Theorem 1 from [6] states the closedness of the solution map for
some equilibrium problems, in particular for n ∈ IN �−→ SV I(Fn,Kn), on a gen-
eral setting of a Hausdorff topological space X, endowed with two comparable
topologies.

Let fn, f : X ×X → IR be the bifunctions given by fn(x, y) = 〈Fn(x), x− y〉
and f(x, y) = 〈F (x), x − y〉, respectively. The hypotheses of the theorem men-
tioned above include the convergence for (Kn) to K in some sense, a condition
that relates Fn and F, and the pseuodomotonicity of F. If these hold, then SV I

is closed at ∞, i.e. for each sequence (xn) of solutions to V I(Fn,Kn), (xn) con-
vergent with respect to the less strong topology to x in X, imply x ∈ S(∞) =
SV I(F,K). If (F (xn)) is bounded, it can be applied for the variational form of
the bifunction, a constant sequence of operators, Fn = F, and for the constant
domains Kn = K. If one takes the less strong topology be induced by ⇀ on X,
then obtains the following result.

Corollary 1. ([6], Lemma 1) If K is weakly closed and F is pseudomonotone,
then SV I(F,K) is weakly closed.

2 Another Example of a Pseudomonotone Operator That
It Is Not Fan-hemicontinuous

The subject of [11] was to prove that there exists a pseudomonotone opera-
tor that is not Fan-hemicontinuous. Recall that the error pointed out in the
nonequivalence between these two notions was in the proof of Proposition 3.5
from [12], where the implication (xk) ⊂ X,xk − x ⇀ 0, in X,F (xk) ⇀ f ∈ X∗,
then 〈F (xk), xk − x〉 → 0 is not correct.

In this section, another example of a pseudomonotone operator that it is not
Fan-hemicontinuous is given. Let X = L3(0, 1) be the Lebesgue space and let
F : X → X∗ be defined by

〈F (u), v〉 =
∫ 1

0

|u(t)| · u(t) · v(t) dt, u, v ∈ X. (6)

By a direct consequence of Proposition 2.3 from [3] (p. 41), F is pseudomono-
tone since it is monotone and continuous. Indeed, let S : IR → IR, S(ξ) = |ξ| · ξ.
Since S′(ξ) = 2|ξ| ≥ 0, S is increasing. Actually since [S(ξ) − S(η)] · (ξ − η) ≥
1
2 (|ξ| + |η|) · (ξ − η)2,∀ξ, η ∈ IR, it follows,

〈F (u) − F (v), u − v〉 =
∫ 1

0

[

S(u(t)) − S(v(t))
] · [u(t) − v(t)] dt

≥
∫ 1

0

1
2
(|u(t)| + |v(t)|) · [u(t) − v(t)]2 dt.



Solutions Set of Equilibrium Problems 701

The continuity holds by the following inequalities. One has |S(ξ) − S(η)| ≤
3(|ξ| + |η|) · |ξ − η|, ∀ξ, η ∈ IR, so that, by Hölder’s inequality

∣
∣〈F (u) − F (uk), v〉∣∣ ≤

∫ 1

0

∣
∣S(u(t)) − S(uk(t))

∣
∣ · |v(t)| dt

≤ 3
∫ 1

0

[|u(t)| + |uk(t)|] · |u(t) − uk(t)| · |v(t)| dt

≤ 3
[‖u‖L3 + ‖uk‖L3

] · ‖u − uk‖L3 · ‖v‖L3 .

Hence F (uk) → F (u) as uk → u, in L3(0, 1).
To prove that F is not Fan-hemicontinuous, one needs to show that there

exist v ∈ X and (uk) ⊂ X with uk ⇀ u in X, such that

lim inf
k

〈F (uk), uk − v〉 < 〈F (u), u − v〉.

To achieve this, it is defined

uk(t) =
{

l · a, if t ∈ (
i
k , i+θ

k

)

, i = 0, ..., k − 1
−a, if t ∈ (

i+θ−1
k , i

k

)

, i = 1, ..., k,

where a > 0, l > 1, and θ ∈ (0, 1) are such that m := θ · la + (1 − θ) · (−a) = 0,
hence θ = 1

l+1 . For this,

∫ 1

0

uk(t) dt =
k−1∑

i=0

∫ i+θ
k

i/k

uk(t) dt +
k∑

i=1

∫ i/k

i+θ−1
k

uk(t) dt

= la · θ

k
· k + (−a) · 1 − θ

k
· k = 0.

One has uk ⇀ u := 0 = m, in L3(0, 1), since there exists M > 0 with
‖uk‖L3 ≤ M and limk→∞

∫

D
uk(t) dt = 0,∀D = [c, d] ⊂ (0, 1) (see [14], Lemma

1.4). Indeed,

‖uk‖3L3 =
k−1∑

i=0

∫ i+θ
k

i/k

|uk(t)|3 dt +
k∑

i=1

∫ i/k

i+θ−1
k

|uk(t)|3 dt

= �3a3 · θ

k
· k + a3 · 1 − θ

k
· k = a3 · (�3 · θ + 1 − θ)

= a3 · l · (�2 + 1)/(l + 1) =: A,

thus M = 3
√

A, can be taken. For the second condition, the computations
are the following. If c < d, there exists k, i = [c · k] + 1 ∈ IN, such that
c < i

k < i+1
k < d. Denote id = max{p ∈ IN | i+p

k < d}. On the interval
[

i
k , i+1

k

]

, one has
∫ i+1

k

i/k uk(t) dt =
∫ i+θ

k

i/k uk(t) dt +
∫ i+1

k
i+θ

k

uk(t) dt = m
k = 0. Simi-

larly on
[

i+j
k , i+j+1

k

]

, 1 ≤ j ≤ p − 1. On the interval
[

c, d
] \ [

i
k , id+1

k

]

, one has
∣
∣
∫ i/k

c
uk(t) dt

∣
∣ ≤ la · (i/k) → 0, as k → ∞; similarly on

[
id+1

k , d
]

.
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For v(t) = α > 0, t ∈ (0, 1), so v ∈ X, one has 〈F (u), u − v〉 = 0. Compute

〈F (uk), uk − v〉 =
∫ 1

0

|uk(t)| · uk(t) · [uk(t) − v(t)] dt

=
∫ 1

0

|uk(t)| · u2
k(t) dt −

∫ 1

0

|uk(t)| · uk(t) · v(t) dt

= ‖uk‖3L3 − α ·
∫ 1

0

|uk(t)| · uk(t) dt

= A − α · B, (7)

where the value B from (7) is given by

B =
∫ 1

0

|uk(t)| · uk(t) dt =
k−1∑

i=0

∫ i+θ
k

i/k

�2a2 dt +
k∑

i=1

∫ i/k

i+θ−1
k

a · (−a) dt

= �2a2 · θ + (−a2) · (1 − θ) = a2 · l · (l − 1)/(l + 1).

Now, chose α such that A−α ·B < 0, in (7), thus lim infk 〈F (uk), uk −v〉 < 0.
This means that F is not Fan-hemicontinuous.

3 Open Question

In this section, stability of pseudomonotonicity with respect to the composition
to a linear operator is questioned. Let us consider two examples of pseudomono-
tone operator that are not Fan-hemicontinuous.

Let F : X → X∗ be given in (6). Let F̃ : Y → Y ∗ be defined on the Sobolev
space Y = W 1,3

0 (0, 1), given by

〈F̃ (u), v〉 =
∫ 1

0

|∇u(t)| · ∇u(t) · ∇v(t) dt, u, v ∈ Y,

that it is known as being pseudomonotone [11]. Let S : IR → IR, S(ξ) = |ξ| · ξ.
Since

〈F (∇u),∇v〉 = 〈−div S(∇u), v〉 = 〈F̃ (u), v〉, v ∈ Y,

one can ask about the pseudomonotonicity of F ◦ ∇. In this matter, for an
arbitrary F, it is formulated the following question.

Q: What (sufficient) conditions should be imposed on L : Y → X such that
for F : X → X∗ pseudomonotone, then F ◦ L to be pseudomonotone as well?
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