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To Gerhard A. Holzapfel on the occasion of
his 60th birthday
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Preface

Biomechanics is a challenging subject that studies living systems through the devel-
opment, extension, and application of mechanics to better understand biological
and medical phenomena. Nonlinear continuum mechanics, multiscale modeling,
advanced 3D imaging techniques along with unprecedented predictive computa-
tional power enable us to solve cutting-edge biomechanical problems nowadays
with rather complex patient-specific anatomies. Interdisciplinary approaches that
address phenomena at the nano, micro-, or macro-levels are often required to solve
such problems. Mechanics, natural sciences such as biophysics, biochemistry, and
mathematics, as well as biomedical, tissue, healthcare, computer, and biomolecular
engineering sciences must be combined with medicine to tackle real-life problems.

Professor Gerhard A. Holzapfel has been an international leader in the field of
biomechanics for at least the past two decades through scientific contributions, editor-
ships, conference organization, mentoring, and doctoral training. He is widely known
for his outstanding contributions in the field of nonlinear solid (bio)mechanics and
the constitutive and computational modeling of fiber-reinforced materials and soft
biological tissues. Professor Holzapfel has dealt intensively with the cardiovascular
system in health and disease such as aneurysm and aortic dissection, and with ther-
apeutic interventions such as balloon angioplasty and stenting, the development of
continuum theories, computational methods, and simulations and experiments in
biomechanics and mechanobiology of soft biological materials. This book on Solid
(Bio)mechanics: Challenges of the Next Decade is dedicated to Professor Gerhard A.
Holzapfel on the occasion of his 60th birthday and his eminent career achievements.

Professor Gerhard A. Holzapfel received his master’s degree in civil engineering
in 1985 and obtained his PhD in mechanical engineering from Graz University of
Technology (TU Graz) in 1990. In 1991, he traveled to Shenyang in the northeast of
the People’s Republic of China to work as a visiting scholar at an institution that is
currently part of Shenyang University. He then received a Schrödinger Scholarship
from the Austrian Science Fund to work as a post-doctoral fellow at the Division of
Applied Mechanics, Department of Mechanical Engineering, Stanford University,
CA, USA, with the late Professor Juan C. Simo from 1993 to 1995. He completed
his habilitation in mechanics at Vienna University of Technology, Austria, in 1996.
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viii Preface

FromMay 1987 to November 2004, he was an assistant at the Institute of Strength of
Materials and Associate Professor at the Institute of Structural Analysis, TU Graz,
Austria. He was Professor of Biomechanics at KTH Royal Institute of Technology
in Stockholm, Sweden for 9 years (7 years as Adjunct Professor) until 2013. Since
2007, he has been a Full Professor of biomechanics and the head of the institute at
TU Graz. He is also the International Chair of Biomechanics (adjunct professorship)
at the Norwegian University of Science and Technology (NTNU) in Trondheim and
VisitingProfessor at theSchool ofMathematics andStatistics,University ofGlasgow,
Scotland.

Professor Holzapfel has authored a well-known graduate textbook entitled
Nonlinear Solid Mechanics. A Continuum Approach for Engineering’ (JohnWiley&
Sons), and he co-edited seven books andfive special issues in journals.He contributed
chapters to 25 other books, published 230+ peer-reviewed journal articles, 65+
conference proceedings (full papers), and contributed 490+ oral or poster presen-
tations to several conferences all over the world. He is the co-founder and co-
editor-in-chief of the international scientific journal Biomechanics and Modeling in
Mechanobiology (Springer Nature) since the first issue published in June 2002. He
supervised 2 habilitation theses, 18 post-doctoral fellows, and 30 doctoral students.

He received many awards and honors, such as the Schrödinger Scholarship for
post-doctoral training at Stanford University (1993–1994), the Austrian Start-Prize
1997 from theAustrianScienceFund, the highestAustrian award for young scientists,
the Josef-Krainer Würdigungspreis 2003 for exceptional achievements in the field of
biomechanics, and the Erwin Schrödinger Prize 2011 from the Austrian Academy
of Sciences for lifetime achievements by Austrians in the fields of mathematics and
natural sciences. He has been listed as a Highly Cited Researcher in Engineering
selected by ISI Web of Science, Thomson Reuters and listed as The World’s Most
Influential Scientific Minds: 2014. He is a Founding Fellow of EAMBES (2012), the
European Alliance for Medical and Biological Engineering & Science, and he was
elected as a corresponding member of the Austrian Academy of Sciences (2012),
a member of the Academia Europaea (2014), a fellow of the European Mechanics
Society (2015), a member of the World Council on Biomechanics (2018), and an
ordinary member of the European Academy of Sciences and Arts (2019). It is note-
worthy that, in 2021, he received the William Prager Medal of the Society of Engi-
neering Science (USA) and the Warner T. Koiter Medal of the American Society of
Mechanical Engineers (USA).

This book provides a comprehensive and timely overview of the latest devel-
opments in the field of biomechanics and extensive knowledge of tissue structure,
function, andmodeling. It contains 19 chapters, each of which begins with a personal
dedication to Professor Holzapfel. We hope that the book is useful not only for those
working as a graduate student, researcher, and (bio)engineer in the challenging field
of biomechanics, but also for those in other fields such as biomedical engineering,
biophysics, mechanical engineering, materials science, applied mathematics, and
medicine.

We have invited some of the most prominent scientists within Professor
Holzapfel’s research fields to contribute to this book with their latest research results.



Preface ix

This book includes some state-of-the-art advances such as constitutive modeling and
computational simulation of biological tissues under physiological and patholog-
ical conditions, and mechanical characterization of a range of biological tissues for
purposes such as computational simulation and surgical planning. It covers innova-
tive and cutting-edge studies of cardiovascular tissues such as arteries, heart, valvular
tissue, but also on other tissues and organs such as thrombus, brain tumor, muscle,
liver, kidney, and stomach, to name a few. It also highlights some of the biggest chal-
lenges biomechanics will face over the next decade and how we can better prepare
for them.

Without the considerable effort and support of all authors, this book would not
exist. We would like to express our sincere gratitude to everyone who contributed
to this book. Finally, we would like to thank Dr. Leontina Di Cecco, Senior Editor
of Applied Sciences and Engineering, and her publishing team at Springer for their
support and encouragement in publishing this book.

Graz, Austria
New York, USA
Graz, Austria
Glasgow, Scotland
July 2021

Gerhard Sommer
Kewei Li

Daniel Ch. Haspinger
Raymond W. Ogden
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Multiscale Experimental
Characterization and Computational
Modeling of the Human Aorta

Misael Dalbosco, Daniel Ch. Haspinger, Kewei Li, Sae-Il Murtada,
Anna Pukaluk, Malte Rolf-Pissarczyk, Selda Sherifova, and Gerhard Sommer

We came to know Professor Gerhard A. Holzapfel at different
times from different parts of the world. But we all came to Graz
with the same purpose: to learn from the master of
biomechanics and to study and work in this thrilling field. Along
the way, we have met new colleagues, friends, and also
encountered new problems in a completely different cultural
environment. Professor Holzapfel himself is aware of such
cultural differences and provided us with extraordinary help and
guidance beyond the professional level, especially for some of us
from afar. We express our profound gratitude to Professor
Holzapfel for the wonderful opportunity to be part of his team
and his tremendous help both at the personal and professional
levels during our times in Graz and beyond. His generous
encouragement, helpful guidance, and, most importantly,
persistent faith in us, were and are of invaluable help for our
scientific careers now and in the future. He will be remembered
not only as a master of biomechanics but also as a fine
individual, always delightful to be around.

Abstract Advanced imaging techniques, novel experimental approaches and sophis-
ticated computationalmodeling frameworks to characterize and simulate themechan-
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4 M. Dalbosco et al.

ical behavior of soft biological tissues havedramatically improved in thepast decades.
Particularly, the advancing of multiphoton microscopy and other imaging techniques
has enabled a detailed three-dimensional visualization of the underlying micro-
scopic structure of various biological tissues including arterial walls. In addition,
mechanical testing combined with sophisticated microscopy techniques allowed us
to quantify the tissue microstructural reorganization and the mechanical response
under large deformation simultaneously. Multiscale constitutive models incorporat-
ing detailed microstructural information such as the 3D dispersion of collagen fibers
in the extracellular matrix and experimentally-derived tissuematerial properties have
been developed and employed in the computational simulations of human aortic tis-
sues under various (patho)physiological conditions. Thus, in this chapter, we review
some of themost critical advances and developments in experimental approaches and
computational modeling strategies to characterize themechanical behavior of human
aortic tissue. In addition, we discuss future challenges to improve our understanding
of the aortic tissue and its related pathologies.

1 Introduction

Human aortas, similar to other soft biological tissues, are characterized by their
distinct hierarchical structure reaching through multiple scales where nanoscale
molecular phenomena are expressed in macroscale mechanical responses (Cran-
ford and Buehler 2010). Thus, multiscale approaches have been employed to
deepen our understanding of the relations between the structure, mechanics and
(patho)physiological processes of the organ. Advances in microscopy techniques
allowed a deeper understanding of the tissue organization (see, e.g., Dingemans
et al. 2000; O’Connell et al. 2008), and provided invaluable insights for constitutive
modeling.

The healthy aortic wall consists of three distinct layers, i.e., the intima, media, and
adventitia. Each layer is characterized by a unique content and organization of its
constituents, serves different functions and exhibits specific mechanical responses.
In a young healthy adult, the intima consists primarily of a single layer of endothe-
lial cells, supported by a thin basal lamina reinforced by network-like collagen.
The media is a complex network of smooth muscle cells (SMCs) and extracellular
matrix (ECM) components such as collagen, elastin, and proteoglycans; whereas the
adventitia hosts fibroblasts and fibrocytes embedded in an ECM mainly composed
of collagen fibers.

Among the ECM components, collagen is a ubiquitous protein found in all aortic
layers and is responsible for tissue strength (Holzapfel 2008), although its organi-
zation differs in each layer: intimal collagen builds a carpet-like network, circum-
ferentially oriented undulating collagen fibers are found within the media, and the
adventitia is primarily composed of thick and wavy bundles of axially oriented col-
lagen fibers (Niestrawska et al. 2016). Elastin forms fenestrated, concentric sheets
dividing the media into lamellae, as well as interlamellar elastic fibers connecting
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(a) (c)

(b)

Fig. 1 Composition of the arterial ECM in (a) health and (b), (c) disease. The progression of
atherosclerosis (b) is associated with an initial percentage decrease in collagen and elastic fibers
contents, as well as an increase in proteoglycans and glycoproteins at early stages, followed by
a relative increase in collagen accompanied by elastic fibers loss and reduced proteoglycan con-
tent at later stages. Relative elastin loss and increased proteoglycan content is also reported in
aneurysms (c). Panels (a) and (b) are reproduced from Wight (2018), (c) from Tanios et al. (2015)
with permission

them (Dingemans et al. 2000; O’Connell et al. 2008). Such fibers are also observed
in the human aortic adventitia, albeit with a different organization (Koch et al. 2014).
Proteoglycans consist of a core protein with one or more glycosaminoglycan chains
covalently attached to it (Couchman and Pataki 2012; Schaefer and Schaefer 2010).
In human aortas, the major proteoglycan is versican, localized in the media and
intima, whereas small leucine-rich proteoglycans such as decorin or biglycan are
commonly found within collagen fibers in all aortic layers (Kellerher et al. 2004;
Wagenseil andMecham 2009). Collagen and elastin contents and their arrangements
were reported to change due to various factors such as aging (Maurel et al. 1987),
aneurysm formation (Carmo et al. 2002; Menashi et al. 1987; Rizzo et al. 1989), or
atherosclerosis (Katsuda et al. 1992; Murata et al. 1986). Furthermore, the amount of
proteoglycans was increased in the atherosclerotic (Wight 2018) and aneurysmatic
(Tanios et al. 2015) aortic wall compared with the healthy wall (Fig. 1).

Vascular SMCs are reported to have a spindle-like shape with an approximate
length of 60µmand awidth of 5µm(Luo et al. 2016), surrounded by elastic lamellae,
a dense network of interlamellar elastic fibers and struts, as well as collagen fibers
(O’Connell et al. 2008). Current microscopic examinations have shown that SMCs
exhibit similar helical orientation patterns in the axial-circumferential plane as the
medial collagenfiberswith a small additional radial tilt (Holzapfel et al. 2002a;Horný
et al. 2010; Luo et al. 2016; O’Connell et al. 2008). The relative SMC content varies
along the arterial tree and, in general, increases towards the periphery (Humphrey
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2002). Inside SMCs, the mechanical contraction takes place via so-called contractile
units, i.e., actomyosin complexes, which consist of thin rope-like actin filaments
and thick myosin filaments that slide relative to each other in a ratchet-like manner.
SMCs play a significant role in short- and long-term changes of the arterial wall. In
the homeostatic state, they are partially contracted providing the blood vessel with
a certain tautness. In response to an altered blood pressure or blood flow, they can
contract or relax in order to modulate the stiffness of large arteries or the luminal
diameter of small arteries to maintain homeostasis (Milnor 1990; Humphrey 2002).
However, sustained changes to the loading conditions or pathological alterations,
e.g., atherosclerosis or aneurysms, may trigger an increased expression of growth
factors leading to phenotypic changes of SMCs, i.e., they exhibit reduced contractility
and start synthesizing collagen in an attempt to maintain the mechanical integrity
of the arterial wall (Li et al. 1998; Li and Xu 2000; Lehoux et al. 2006; Gomez
and Owens 2012). Furthermore, dysfunctional smooth muscle contractility, which
usually occurs prior to changes in the ECM properties, is associated with several
pathological conditions in the aortic wall. There is, therefore, a pressing need to
quantify and assess their contractile functions, where experimental techniques as
well as mathematical models play critical roles.

The changes in the ECM components and SMCs in healthy and diseased aortas
suggest substantial changes on the organ’s mechanical properties. Experimental and
computational investigations of the structural changes and the related mechanical
behavior are thus indispensable for a better understanding of aortas in health and
disease. To gain a deeper insight into the mechanical behavior of the human aortic
wall, earlier mechanical experiments aimed at only capturing the response of the
tissue under different loading modes (e.g., Mohan and Melvin 1982, 1983). Later,
reduced sample preparation time and faster imaging methods enabled correlating
the tissue architecture with its mechanical properties (e.g., Niestrawska et al. 2016,
2019; Schriefl et al. 2015; Weisbecker et al. 2012). For example, imaging data from
multiphoton microscopy (MPM) were utilized to mathematically describe the orga-
nization of collagen fibers in healthy and diseased aortas, and to obtain structural
parameters (Niestrawska et al. 2016, 2019; Schriefl et al. 2013) for the constitutive
models (Gasser et al. 2006; Holzapfel et al. 2015). Nowadays, the tissue’smechanical
response and microstructural changes under loading can also be investigated simul-
taneously (Chow et al. 2014; Cavinato et al. 2017). Nevertheless, the alterations in
the nanostructure in response to the macroscopical load remain largely elusive.

A similar development was seen in constitutive modeling: early models for soft
biological tissues were phenomenological in nature, e.g. the classical Fung hypere-
lastic model (Fung 1993), which has been successfully employed for computational
simulations of soft tissues (Li and Sun 2010; Sun et al. 2010). Phenomenological
models can fit specific loadingmodes ofmeasurable tissue behavior such as the stress
versus strain relationship. However, the model parameters have no physical mean-
ing. As a result, the set of parameters that could fit to a specific experimental data
is often not unique, making it difficult to compare the differences in tissue behavior
using these parameters. In contrast, microstructurally-motivated constitutive mod-
els can incorporate the mechanical properties of individual constituents and assume
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that the overall mechanical behavior of the tissue derives from a combination of
their responses. Such constitutive models have gained a tremendous momentum in
the past two decades (Holzapfel et al. 2000a; Gasser et al. 2006; Stylianopoulos and
Barocas 2007a;Weisbecker et al. 2015; Li et al. 2016, 2018) and have been employed
extensively in the computational modeling and simulation of human aortic tissues
under various (patho)physiological conditions (Holzapfel et al. 2002b; Joldes et al.
2016; Liang et al. 2018). However, the precise description of the 3D distribution of
collagen and elastic fibers in a constitutive model together with the consideration of
the smooth muscle contractility pose formidable challenges albeit considerable sim-
plifications and idealizations. Moreover, since some pathological conditions (e.g.,
aneurysms and aortic dissections) are characterized by damage and failure of micro-
constituents, incorporation of such dissipative effects at different length-scales also
has to be addressed in constitutive models.

In this chapter we provide an overview of multiscale experimental findings and
computational modeling approaches for the passive and active behavior of the aorta
as well as dissipative phenomena. In Sect. 2, we focus on the passive mechanical
behavior of human aortas, and start with a review of experimental findings connect-
ing the macro-, micro- and nanoscale investigations. Then, we present the devel-
opment of (hyperelastic) multiscale constitutive models from the basic ones with
parallel collagen fibers to the more advanced ones with dispersed collagen fibers. In
Sect. 3, we discuss the importance of vascular SMCs with respect to the mechanical
response of arteries, present the recent advances in experimental quantification of
the multiaxial contractile SMC properties, and their incorporation in multi-physical
constitutive models. In Sect. 4, we focus on the dissipative phenomena, namely, vis-
coelasticity, damage and failure. In particular, we present the related experimental
findings considering themultiscalemicrostructural organization of both collagen and
elastic fibers, followed by a summary of various computational approaches to the
multiscale modeling of such phenomena. Finally, in Sect. 5 we discuss some of the
key challenges that have to be addressed in order to improve our knowledge of the
mechanical behavior of aortic tissue.

2 Passive Mechanical Behavior

In general, the passive stress-stretch response of the human aorta exhibits nonlinear
stiffening, pseudoelasticity and anisotropy with the formation of remarkably small
hysteresis upon cyclic loading-unloading (Holzapfel 2006; Schmid et al. 2005; Sher-
ifova et al. 2019; Vande Geest et al. 2004). Out of numerous ECM components, type
I and III fibrillar collagen is mainly responsible for the nonlinear stiffening and
anisotropy of the tissue, while elastin accounts for its elasticity. Moreover, aortic
tissues are capable of withstanding high stresses and strains thanks to these proteins
(Holzapfel and Ogden 2018). In short, the mechanics of a tissue is governed by its
microstructure—at the very least.
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(a) (b) (c)

Fig. 2 Example of a multiscale experimental approach: (a) the biaxial extension test of an aortic
wall is accompanied by (b)MPMand (c) followed by electronmicroscopy.Multiphotonmicroscopy
(b) reveals the second-harmonic generation signal of collagen fibers (green) and autofluorescence
of elastin fibers (yellow). Transmission electron microscopy (c) shows light gray collagen fibrils
connected with spindle-like, dark gray proteoglycans (Wittgenstein 2018 with permission). Scale
bars denote (a) 1cm, (b) 100µm, (c) 100nm. Pukaluk et al., unpublished

As introduced in Sect. 1, (patho)physiological processes can lead to changes in
the content, structure and orientation of various ECM components at different scales.
In turn, these structural changes can have various mechanical manifestations such as
stiffening or loss of anisotropy, andmultiscale approaches are essential to their under-
standing. Figure 2 illustrates an example of such an experimental approach, where
the macroscale mechanical properties of aortas at different atherosclerotic stages are
investigated in connection with the macro-, micro- and nanoscale structural informa-
tion. Current generations of multiscale constitutive models, which can incorporate
these details, are of great importance for realistic simulations of the aortic tissues
behavior under distinct (patho)physiological conditions. In this section, therefore,
some important developments in experimental methods and computational model-
ing strategies for characterizing the passive mechanical behavior of human aortic
tissues are reviewed.

2.1 Experimental Findings

Since the proteins of the ECM drive the macroscopic behavior of the aorta and define
the above-mentioned mechanical properties (Wagenseil and Mecham 2009), one of
the experimental approaches is to compare the stress-strain responses of intact and
protein deficient tissues (Sherifova and Holzapfel 2020). Alternatively, promising
methods for the investigation of the mechanical role of certain proteins include the
enzymatic digestion of specific proteins and mechanical testing of the tissues before
and after enzymatic treatment. For example, circumferential strips from the human
thoracic media subjected to uniaxial extension with gradual collagenase treatment
revealed a progressive change of their mechanical behavior from highly nonlinear to
nearly linear without a distinct softening, whereby the collagen digested aortic tissue
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(a) (b) (c)

Fig. 3 (a) Effect of collagen, (b) elastin, and (c) glycosaminoglycan digestion on the stress-stretch
response of the aortic tissue. Figure (a) reprinted from Weisbecker et al. (2013), (b) from Schriefl
et al. (2015), and (c) from Mattson et al. (2017) with permission

lost its characteristic stiffening behavior (Fig. 3a) (Weisbecker et al. 2013). Sim-
ilar findings were reported for enzymatically treated medial and adventitial strips
from human abdominal aortas (Schriefl et al. 2015). In contrast, uniaxial exten-
sion experiments on elastin-degraded human thoracic (Weisbecker et al. 2013) and
abdominal (Schriefl et al. 2015) aortas suggested that elastin plays a substantial
role in maintaining the integrity of the tissue. Specifically, elastase treated samples
showed continuous softening with remanent deformations during the subsequent
loading and unloading cycles (Fig. 3b), and the stiffness at low deformations/loads
was lower in elastin-digested tissues compared to control samples. Although colla-
gen and elastin dominate the tissue content and mechanics, proteoglycans deserve
further attention (Sherifova and Holzapfel 2020). The explicit mechanical roles of
proteoglycans in arterial mechanics remain elusive, however, Mattson et al. (2017)
showed that removal of glycosaminoglycans, the main constituent of proteoglycans,
caused earlier stiffening indicated by transition points located at significantly lower
strains on the nonlinear stress-strain curves obtained during equibiaxial extension
tests (Fig. 3c).

A further promising experimental approach for the investigation of the aor-
tic properties at macro- and microscales involves simultaneous mechanical testing
and microscopy imaging. This approach allows the quantification of organizational
changes in the tissue components under different loadings. For example, MPM com-
bined with biaxial extension tests on porcine aortas revealed that medial collagen
was engaged throughout loading,whereas adventitial collagen only engaged at higher
loads (Chow et al. 2014). However, in layer-specific tests, collagen in the porcine
adventitia gradually straightened under load with no noted delay (Li et al. 2019). In
contrast, prominent elastin engagement was mainly observed at lower strains (Chow
et al. 2014). Furthermore, equibiaxial loading caused no significant realignment of
collagen or elastic fibers in contrast to non-equibiaxial loading, which caused a
realignment of collagen fibers in both layers but not of elastic fibers (Chow et al.
2014). In general, elastic fibers were observed to be less undulated than collagen
fibers in the media of rabbit aortas at physiological load (Sugita and Matsumoto
2017). In another study, bulge inflation tests were coupled with MPM to investi-
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(a)

(b)

(c)

Fig. 4 Global mechanical properties and microstructure of the human aortas: (a) representative
mechanical responses of equibiaxial tests (successful (-), interrupted due to the stiffness (S), rupture
(R) or stiffness and rupture (S/R)) on the human abdominal media with the schematic representation
of collagen and elastic fibers illustrating their waviness at the reference and maximum achieved
stretch configurations (Pukaluk et al., unpublished); (b) local equivalent strain field on the human
abdominal adventitia subjected to 1.1 global equibiaxial stretch (Pukaluk et al., unpublished); (c)
changes in the mechanical behavior of AAA tissue in the course of pathogenesis accompanied by
changes in content and collagen fiber orientation (reproduced from Niestrawska et al. 2019 with
permission)

gate adventitial collagen in human thoracic aortas (Cavinato et al. 2017). This study
showed that dense and undulated collagen bundles in the unloaded state tended to
progressively straighten at higher pressure, and initially thick bundles of collagen
transitioned into a network of thinner bundles. Ongoing investigations in this regard
utilize planar biaxial extension tests coupled with MPM to investigate structural
alterations of collagen and elastin in human abdominal aortas (Pukaluk et al., unpub-
lished). Specifically, notable differences in the structural reorganization between the
loadedmedia and adventitia suggest distinct stretchingmechanisms reaching beyond
different fiber orientations in these layers in the unloaded state, which the waviness
of medial collagen and elastic fibers might explain, see Fig. 4a. Moreover, the appli-
cation of fluorescent beads could help to understand the local strain generated as a
response to the global stretch (Fig. 4b).
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As previously explained in Sect. 1, content and structure of ECM components
are affected by age and diseases. Not surprisingly, the passive mechanical behavior
also changes due to aging and pathological conditions (Holzapfel et al. 2004; Vande
Geest et al. 2006; Åstrand et al. 2011). For example, Haskett et al. (2010) reported
that with advanced age the degree of fiber alignment increased and tissues showed a
stiffer response under planar biaxial tests, leading to the assumption that age-related
aortic stiffening is also associated with fiber alignment. Deeper insights into the
microstructure and the related mechanics of healthy and diseased, i.e. aneurysmatic,
human abdominal aortas were reported by Niestrawska et al. (2016, 2019). They
found loss of the characteristic three-layered wall structure, significantly higher out-
of-plane dispersion of collagen fibers as well as stiffer behavior of the aneurysmatic
samples compared with control tissues. The authors also noted a large variability in
the mechanical and structural data among the aneurysmatic tissues. Subsequently,
Niestrawska et al. (2019) explained this variability with a three-stage disease pro-
gression hypothesis, where they related the changes in the in-plane dispersion of
collagen fibers with the altered mechanics of the aortic wall (Fig. 4c). More specif-
ically, fiber reorientation towards the circumferential direction in stage I correlated
with decreased initial stiffness. Subsequently, in stage II, almost isotropic fiber dis-
persion at the abluminal side led to increased compliance, and finally, in stage III
increased isotropic fiber dispersion throughout the aortic wall thickness correlated
with rapid stiffening (Fig. 4c). Niestrawska et al. (2016) also reported a decreased
waviness of collagen fibers in aneurysm walls, however, fiber waviness quantifica-
tion and its correlation to the mechanics of the human aorta has not been reported to
date. Further microstructural and mechanical investigations and related quantifica-
tion in this regard may show rewarding considering that higher stiffness of the aortic
tissue is associated with decreased undulation in collagen fibers for porcine aortas
(Zeinali-Davarani et al. 2015).

Regarding ultrastructural investigations, several studies focused on the mechan-
ical properties of ECM components at the nanoscale level. Examples include but
are not limited to stretching of a collagen monomer by Sun et al. (2002), bending
of a collagen fibril by Dutov et al. (2016), bending and indentation of an elastic
fiber by Koenders et al. (2009) and stretching of a glycosaminoglycan molecule
by Haverkamp et al. (2005). Furthermore, measurements on healthy and atheroscle-
rotic human abdominal aortas provided the local tissue stiffness of elastic lamellae,
interlamellar zones as well as different locations of the atherosclerotic plaque such as
the fibrous cap, calcification zone, and lipid pool (Rezvani-Sharif et al. 2019). Nev-
ertheless, these studies did not relate the mechanical behavior of single molecules
or fibrils to micro- or macromechanics of the tissue. Attempting to narrow this gap
between scales, combined planar biaxial tests and electron tomography investiga-
tions performed by our group enabled a deeper insight into arrangement of collagen
fibrils and proteoglycans inside the aortic layers at different stretches. Preliminary
results show that proteoglycans reorient and increase their cross section in response
to higher stretch (Pukaluk et al., unpublished). Other scale-bridging experiments on
the human aorta were conducted by Lindeman et al. (2010), where the adventitia of
healthy and aneurysmatic abdominal aortas was probed by atomic force microscopy
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cantilevers at the levels of collagen fibrils (nanoscale) and fibers (microscale). The
healthy aorta behaved as a coherent network and mechanical forces were distributed
over the tissue, in contrast to the aneurysmatic tissue. These findings emphasize that
multiscale mechanical experiments that bridge the nanoscale to higher scales are
critical for a better understanding of the (patho)physiological tissue mechanics.

2.2 Constitutive Modeling

Inspired by the pioneering work of Lanir (1983, 2018), soft fibrous tissues have
been treated as a fiber-reinforced composite material. The total strain-energy func-
tion (SEF) of the material is obtained by a summation of tissue constituents’ strain
energy under finite deformation.Within this framework, Holzapfel’s group proposed
the so-called HGOmodel for arterial tissues with collagen fibers predominately dis-
tributed around the mean direction within each family (Holzapfel et al. 2000a). In
this model, the arterial tissues were treated as a multilayered composite material,
and each layer consisted of a ground substance and two families of collagen fibers
for the mechanical characterization of their passive behavior. Briefly, following the
multiplicative decomposition (Flory 1961; Ogden 1978) of the deformation gradi-
ent F into a volumetric (dilatational) part J 1/3I and an isochoric (distortional) part
F = J−1/3F, with J = det F > 0, the SEF � of the arterial tissue per unit volume
in the reference configuration is usually written in a decoupled form for an efficient
computational implementation, i.e.

� = �vol + �iso, (1)

where �vol describes the volumetric deformation of the aortic tissue and �iso the
isochoric deformation. Since arterial tissues are usually treated as incompressible
materials, the volumetric part of the SEF is used as a penalty function, and it is
convenient to adopt a form available in the finite element program. For example,
the following form could be employed if FEAP (Taylor 2013) is used as the finite
element solver,

�vol = K

4
(J 2 − 1 − 2lnJ ), (2)

where K is a penalty parameter.
The isochoric contribution can be further decomposed into two parts,

�iso = �g + �f , (3)

where �g denotes the isochoric strain energy of the ground substance, which is
assumed to be isotropic and to depend only on the modified first invariant Ī1 = trC
of the modified right Cauchy–Green tensor C = F

T
F, and �f represents the total

isochoric strain energy of collagen fibers. Since it has been shown that the non-
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collagenous ground substance of arterial tissue (Weisbecker et al. 2013) exhibits a
nearly linear stress–strain response, the neo-Hookean hyperelastic model is often
used for �g, i.e.,

�g( Ī1) = μ

2
( Ī1 − 3), (4)

where the constant μ (> 0) is the shear modulus.
To account for the mechanical behavior of the collagen fibers in the arterial wall,

the HGO model proposed by Holzapfel et al. (2000a) defines the following expo-
nential SEF for two families of fibers, i.e.

�f = k1
2k2

∑

i=4,6

(
ek2( Īi−1)2 − 1

)
, (5)

where k1 and k2 are the material parameters associated with the collagen fibers,
with a dimension of stress and without dimension, respectively. Ī4 and Ī6 are modi-
fied counterparts of the squared stretches I4 = C : M1 ⊗ M1 and I6 = C : M2 ⊗ M2

along the mean fiber directions,M1 andM2, of two symmetrically arranged collagen
fiber families. The two families are assumed to be the same type within each layer of
arterial tissue. If either fiber stretch in the mean direction is less than unity (I4 < 1 or
I6 < 1), then that fiber family is excluded from �f . Elastin in the arterial wall could
be treated as part of the ground substance, or it could also be incorporated in the
constitutive model in the form of elastic fibers in a similar manner (Rolf-Pissarczyk
et al. 2021).

This ‘simple’ and yet robust constitutivemodel (5) captures themechanical behav-
ior of the essential constituents—ground substance and collagen fibers—of arterial
tissue and has been extensively employed in the computational modeling not only of
arterial tissues, but also other soft fibrous tissues (Mao et al. 2016). The HGOmodel
initially included two families of collagen fibers, and it was later extended to include
four families of fibers by Humphrey and colleagues for a better fit to experimental
data of some arterial tissues (Baek et al. 2007).

The HGOmodel was very efficient in modeling soft biological tissues with colla-
gen fibers predominately distributed around a mean direction within a family or soft
tissueswith families of parallel collagen fibers such asmitral valve chordae tendineae
(Zuo et al. 2016). However, as shown in Sect. 2.1, the distribution of collagen fibers
in each layer of the arterial wall is often dispersed within each family in both healthy
and aneurysmal conditions (see Fig. 4c). To account for such dispersion in a consti-
tutive equation, two approaches, namely the ‘angular integration’ (AI) approach and
the ‘generalized structure tensor’ (GST) approach, have been widely used.

The AI approach was originally proposed by Lanir (1983, 2018) in 1983, where
the strain energy of a single fiber is only a function of the fiber stretch. Then, an
integration of the single fiber SEF over all the fiber directions weighted by a contin-
uous probability density function (PDF) yields the total fiber strain energy �f (Lanir
1983, 2018). The pioneering work of Lanir has gained growing interest in the past



14 M. Dalbosco et al.

decades, and there have been numerous constitutive models based on this approach
since it was proposed in 1983 (Holzapfel and Ogden 2015).

The fiber contribution to the total SEF can be evaluated by using a numerical
integration of the weighted single fiber SEF over the unit sphere, known as themicro-
sphere basedmodel, see Alastrué et al. (2009) and references therein. However, if the
fiber dispersion is accounted for as a summation of a finite number of discrete fiber
contributions, then it is referred to as the ‘discrete fiber dispersion’ (DFD) model,
see Li et al. (2018). While a numerical integration over the sphere or hemisphere is
required in the AI approach, this is not needed in the DFD model since the fibers are
treated in a discrete manner.

At first, we describe the AI approach for modeling soft fibrous tissues. Briefly, we
introduce unit Cartesian basis vectors E1, E2, and E3, and then any fiber direction
N within a 3D dispersed fiber family in terms of spherical polar angles � and �

relative to E1, E2, and E3 reads,

N = sin� cos�E1 + sin� sin�E2 + cos�E3. (6)

With that, the fiber contribution �f to the total SEF in the AI model is obtained by
integrating the weighted single fiber strain energy �n(I4) of each fiber direction N
over the unit sphere S2 = {(�,�) | � ∈ [0, π ],� ∈ [0, 2π ]}, i.e.,

�f = 1

4π

∫

S2
ρ(�,�)�n(I4) sin�d�d�, (7)

where the PDF ρ(�,�) is the probability density of the fibers in the direction
N(�,�) in the reference configuration. The PDF ρ(�,�) in Eq. (7) must satisfy
the normalization condition

1

4π

∫

S2
ρ(�,�) sin�d�d� = 1. (8)

The computational implementation of the SEF Eq. (7) requires two-dimensional
integration over the unit sphere at eachGauss point during a finite element simulation.
Because of the complicated nature of the integrand in Eq. (7), a numerical integration
over the sphere is often employed.

Also referred to as the GOH model in the literature, the GST approach was pro-
posed by Holzapfel’s group (Gasser et al. 2006) in 2006 where the contribution of
the entire fiber family (�f ) to the total SEF is ‘wrapped’ in a generalized structure
tensor. The extension of the HGO model (5) to the GOH model is obtained simply
by replacing Īi in Eq. (5) by Ī �

i (Holzapfel and Ogden 2015), i.e.,

Ī �
i = κ Ī1 + (1 − 3κ) Īi , i = 4, 6, (9)

where κ is the parameter quantifying the rotationally symmetric dispersion of fibers
around the mean direction. A widely used PDF for such a fiber dispersion is the von
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Mises distribution over the unit sphere,

ρ(�,�) = 4

√
b

2π

exp[2b(N · M)2]
erfi(

√
2b)

, (10)

where b is the concentration parameter describing how closely the fibers are dis-
tributed around the mean fiber direction M of the fiber family, erfi(x) = −i erf(ix)
denotes the imaginary error function, and erf(x) is the standard error function. Since
the microstructural data showed a non-symmetric dispersion of collagen fibers in the
arterial wall (Schriefl et al. 2012), the GOH model was then extended to include this
information in Holzapfel et al. (2015).

Because of the slenderness and waviness of collagen fibers in the reference con-
figuration, it is usually assumed that they do not have any compressive strength and
will buckle if compressed. For strictly incompressible materials with 3D fiber dis-
persion such as arterial tissues, there will always be some fibers under compression
and others under tension under general finite deformation. Thus, the fibers under
compression within a subset of the unit sphere should be excluded when computing
the total strain energy of the tissue. However, there is some confusion in the liter-
ature and in finite element implementation of this tension–compression ‘switch’ of
the fibers as highlighted in Holzapfel and Ogden (2015). In addition, it is not strictly
correct to exclude the entire fiber family from the SEF of the tissue when the mean
fiber direction is under compression as it is proposed in the GOH model, because
some fibers are still under tension even if the mean direction is under compression.
Eliminating the contribution of those fibers under tension could underestimate the
total strain energy of the tissue unless the contribution of those fibers is negligible
under some deformation states.

To circumvent this problem, a more accurate method was proposed by Holzapfel
and Ogden (2015) for exclusion of compressed fibers within a dispersion, which was
later extended and implemented in FEAP and illustrated with some representative
examples in Li et al. (2016). Unfortunately, however, the computational cost for
the numerical integration of the weighted single fiber SEF over a subset of the unit
hemisphere S = {(�,�) | � ∈ [0, π ],� ∈ [0, π ]} in the model was very high. To
overcome this costly numerical difficulty and reduce the computational time, the new
DFD model (Li et al. 2018) was proposed by the Holzapfel group recently.

In the DFD model (Li et al. 2018), the dispersion of the collagen fibers in
each fiber family was accounted for in a discrete manner. More specifically, the
authors discretized the unit sphere into a finite number 2m of elementary areas 	Sn,

n = 1, . . . , 2m, see Fig. 5b for an example of such discretization of the unit sphere
with 2m = 180 spherical triangles where m represents the number of elementary
areas over a half of the unit sphere. Note that only the elementary areas over one
half of the unit sphere were used in the constitutive model. Without loss of gen-
erality, a rotationally symmetric fiber dispersion (10) was used for an illustration
of the method. The representative fiber direction (�n,�n) at the centroid of each
elementary area and an elementary fiber density ρn was defined as
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(a) (b)

Fig. 5 (a) Contour plot of the PDF ρ(�,�) defined over the unit sphere by the vonMises distribu-
tion with mean fiber directionM and a concentration parameter b = 1.0, see Eq. (10); (b) example
of a triangular discretization of the unit sphere with 2m = 180 representative fiber directions Nn
(black arrows) defined at the centroids (red dots) of the spherical triangles. Reprinted from Li et al.
(2018) with permission

ρn = 1

2π

∫

	Sn

ρ(�,�) sin�d�d�, n = 1, . . . ,m. (11)

It was required for the PDF ρ(�,�) to be an integrable function over each 	Sn . If
this is not satisfied, then, the elementary area could be further discretized so that the
PDF becomes integrable over each elementary area. The elementary fiber density ρn

must satisfy the normalization condition, i.e.,

m∑

n=1

ρn = 1, (12)

which is the discrete counterpart of Eq. (8) over the unit hemisphere. With a dis-
cretized unit hemisphere, the SEF for the total contribution of each fiber family was
given as

�f =
m∑

n=1

ρn�n(I4 n), (13)

where I4 n = C : Nn ⊗ Nn and Nn was defined at the centroid of each spherical
triangle via Eq. (6) with � = �n and � = �n; see the black arrows in Fig. 5b.
In order to exclude the fibers under compression within a dispersion, Li et al. (2018)
set �n to zero if I4 n < 1. This model has been implemented in FEAP and verified
with three numerical examples, results of which were consistent with the previously
published data in Li et al. (2016). However, Li et al. (2018) achieved these results
with a significantly reduced computational time—224 times faster.



Multiscale Characterization and Modeling of the Aorta … 17

Another approach for modeling the collagen fiber dispersion in the arterial wall
is the fiber network model (Hadi et al. 2012; Stylianopoulos and Barocas 2007a).
Therein, the 3D fiber dispersion is accounted for by generating a network of collagen
fibers within a representative volume element (RVE) either randomly (Lake et al.
2012) or based on the imaging data of the tissue. Then, the macroscopic Cauchy
stress tensor of the collagen fibers is obtained in terms of the microscopic stress
tensor by using the volume-averaging theory (Stylianopoulos and Barocas 2007b).
Since the collagen fibers are explicitly represented in those models, fiber damage
and fiber–fiber interaction can also be readily incorporated into the model, see, e.g.,
Hadi et al. (2012). Future measurement of detailed 3D collagen fiber architecture in
arterial tissue will certainly improve the accuracy of this approach.

Recently, Holzapfel and Ogden (2020a) proposed a new fiber dispersion model
considering the orientation of collagen fiber cross-links relative to the fiber direction
and cross-link density on the mechanical response of the tissue. The model was able
to predict the stiffening of the artery as the cross-linking density increased. However,
since themechanical properties of cross-links and their interactions with the collagen
fibers are largely unknown, the model will need to be refined and extended as new
mechanical and structural data become available in the next decade.

3 Active Mechanical Behavior

The mechanical properties of the vascular wall have been associated with various
cardiovascular diseases and have mainly been attributed to the ECM. However, more
recently the intramural cells, particularly SMCs, have been found to play critical
roles in the physiological state of the vascular wall (Li et al. 2020). Two leading risk
factors of cardiovascular diseases are hypertension and arterial stiffness, both which
are influenced by the SMCs (Lacolley et al. 2017; Spronck et al. 2020). Increased
blood pressure can result from an increase in cardiac output or an increase in vascular
resistance. The former is the amount of blood pumped by the heart per minute
and is the product of the heart rate and the stroke volume, which is the amount of
blood pumped out of the heart. The vasculature plays an important role in regulating
blood flow through vital properties such as the elastic compliance of arteries as
well as the blood capacitance of the veins, both which depend on the SMC active
tone. Vascular resistance is mainly regulated by the peripheral blood vessels and is
inversely proportional to the fourth power of the inner radius, which makes it highly
dependent on the SMC active tone.

In addition, arterial stiffness has been demonstrated to be influenced by the vas-
cular tone and shown to have a significant and complex relationship to the patho-
physiological state of the vessel (Lacolley et al. 2017). The arterial stiffness can be
clinically measured through the pulse wave velocity PWV and can be calculated
through the Moens–Korteweg equation
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PWV =
√

E(P,C)h(P,C)

2r(P,C)ρ
, (14)

where E is the intrinsic (linear) material stiffness, h the wall thickness, r the inner
radius of the vessel and ρ is the density of the tissue. All metrics, except perhaps
the wall density, are strongly influenced by the average pressure P and the vasoac-
tive SMC tone C (Humphrey 2021a; Murtada and Humphrey 2018). Thus, there is
a significant importance to experimentally quantify and model the active mechan-
ical behavior of arteries to better understand the pathophysiological processes of
cardiovascular diseases.

3.1 Experimental Methods

Two well-known ex vivo experimental techniques to quantify the active tissue-level
vascular tone in arteries are the uniaxial test of intact vascular ring segments and the
biaxial pressure-inflation test of intact vessels. Both methods can be used to assess
the vasoactive response, albeit under different loading conditions, and are discussed
next.

3.1.1 Active Tension and Vascular Tone

The active force generated by vascular SMCs depends on the dynamic interactions
between intracellular myosin motors and actin filaments, which result in filament
sliding and SMC contractility. The activation of myosin motors occurs through
phosphorylation of the regulatory myosin light-chains, which is regulated by the
calcium-dependent phosphorylating myosin light-chain kinase (MLCK). There are
several ways to increase intracellular calcium through, e.g., pharmacomechanical
and electromechanical pathways (Somlyo and Somlyo 1994). In pharmacomechani-
cal pathway activation, agonists bind to specific guanine nucleotide-binding protein
(G-protein) receptors located on the SMCmembrane that work asmolecular switches
activating SMC intracellular pathways. These pathways trigger a range of functions
in the SMCs, including the contractile response of the actin-myosin filaments (acto-
myosin).Herein, protocolswhere theSMCactive tone andvascular response, through
ex vivo pharmacomechanical activation are at focus.

In a uniaxial ring test, the active force is generated by the mounted vessel ring
segments between two pins recorded through a force transducer attached to one pin,
while the distance between the pins are controlled by a micrometer attached to the
other pin. The vessel ring segment can be contracted under two different uniaxial
boundary conditions in the circumferential direction: isometric contractionwhere the
length is held constant while the force is recorded, and isotonic contraction where
the force is held constant while change in length is recorded. The active tension
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(in N/m) can be calculated and compared by normalizing the active force to the
axial width of the ring segment. Further, the active tension can be normalized to the
wall thickness or to the thickness of SMC-rich media to calculate the active stress
generated by the SMCs. The normalization is useful when comparing active tone
in arteries from different regions in the vascular tree (elastic, muscular, resistance).
One of the main advantages of this test is that several ring samples can be studied
from a single vessel segment, which is useful when assessing, e.g., pharmacological
dose-response relationships.

During an isometric contraction test, the magnitude and the rate of active tension
can be studied for different types of agonists and concentration. The active tension
magnitude is a useful metric to compare the maximal active tone produced by the
vessel, and can be related to the number of active and load-bearing cross-bridges in
the SMCs (Murtada et al. 2010a; Stålhand et al. 2008). The rate can be correlated to
the recruitment and the kinetics of the load-bearing cross-bridges (Hai and Murphy
1988).

An alternative approach to measure the velocity of the attached cross-bridges is
through isotonic quick-release experiments. In this testing method, an arterial ring
segment is first contracted isometrically at a fixed length. After the active force has
reached a steady-state value, the arterial ring is released quickly against a fixed lower
force while the change in length is recorded (Murtada et al. 2010a). The evolution
of the length change can be studied through Hill’s three-element muscle model, and
described by two phases, where an initial elastic recoil is followed by an isotonic
and almost linear change in length (Chun and Seow 2013). The experiment can
be repeated for different isotonic loads and the velocity of the length-shortening
during the second phase can be calculated for each load, upon which a nonlinear
relationship between the isotonic load and the shortening velocity can be observed.
This relationship was described in 1938 (Hill 1938) with a hyperbolic equation using
muscle heat energetic measurements as

(F + a)(v + b) = b(Fmax + a), (15)

where Fmax is the maximal isometric force, F is the constant isotonic force, v is the
velocity, and a and b are fitting parameters. Equation (15) accurately predicts the
relationship between muscle force and velocity with exceptions at the lower (near
zero) and higher (F = Fmax) force ranges. In addition, it can be demonstrated that
a similar hyperbolic equation is useful for the velocity at the cross-bridge level by
utilizing multistate kinetics models of actomyosin interactions with some necessary
assumptions (Chun and Seow 2013). Such an approach makes isotonic ring tests a
unique ex vivo technique to study cross-bridge kinetics and ATP hydrolysis at the
tissue level (Edman 1975, 1979; Pate and Cooke 1989).

A uniaxial ring test does not reflect the physiological in vivo boundary conditions
of a vessel since only the circumference is regulated while the radial and axial lengths
are free. A different method to study the active (and passive) response of the vessel
under more physiological-like loading conditions is to mount an intact vessel in a
pressure-myograph. The vessel can befixedwith thin sutures and cannulated onto two
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glass pipettes or needles that are connected to computer-controlled linear actuators or
micrometers to regulate the axial vessel length. The luminal pressure is controlled via
pressure transducers and a pressure-controlled reservoir, and the pressure-diameter
response of the vessel is measured during inflation and deflation at a set fixed axial
length with the pressure-myograph. Themeasurements can be done with and without
activation of SMCs, and the difference in response can be used to study the contractile
magnitude at different pressures and axial stretches (Caulk et al. 2019; Zulliger et al.
2004). While the passive pressure-diameter response does not display a significant
difference between inflation and deflation (hysteresis) after proper mechanical pre-
conditioning (Ferruzzi et al. 2013), the active response may display a difference
(Greenwald et al. 1982).

Comparable to the force development during uniaxial isometric contraction in a
ring segment, the active change in the outer diameter of a mounted vessel at isobaric
and axially isometric boundary conditions can be studied in response to different
pharmacological stimuli. The agonist is commonly added to the adventitial bath and
diffuses to the SMCs in the media, which is different to uniaxial ring test where the
SMCs in the medial layer are in direct contact with the bath solution and no diffusion
is needed. This results in a faster development of active tension during a uniaxial
ring test than the change in diameter during a biaxial isobaric test (Murtada et al.
2016a, b). In addition to the change in the outer diameter, the change in the inner
radius a and the circumferential wall stress σθ in response to different stimuli can be
calculated under the assumption of incompressibility. Using Laplace’s equation for
cylinders gives

σθ = Pa(P,C)

h(P,C)
, (16)

where P is the distending pressure, h is the deformed thickness and C is the degree
of smooth muscle contractility (Humphrey 2021a; Murtada and Humphrey 2018).

The active change in the diameter during isobaric contraction is a combined effect
of the SMC active response and the nonlinear passive ECM response, and where a
mathematicalmodel is necessary to separate the different responses. In addition to the
vessel contraction induced by the actomyosin interactions, it is important to note that
the contractile SMC response may influence the passive mechanical response of the
vessel. An alternative to isobaric and axial isometric contraction is biaxial isometric
vessel contraction, where the pressure is increased to maintain the diameter during
contraction (Caulk et al. 2019). Thereby, the pressure increase can be used to quantify
the active SMC tone and to compare the isometric contraction response under biaxial
and uniaxial loading.

3.1.2 Multiaxial Stretch-Sensitivity

Vascular SMCs are spindle-shaped cells with intracellular actomyosin contractile
units mainly aligned with its long axis (Devine and Somlyo 1971) and are oriented
along the circumferential direction (O’Connell et al. 2008). When the vessel wall
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is deformed in the circumferential direction, the arrangement and the overlap of the
actin and myosin filaments change depending on the chronic pressure and the ECM
properties of the vessel (Gordon et al. 1966;Murtada et al. 2012). It iswell-known that
there exists an optimal circumferential stretch for maximal active force production
for all muscle types, which has been associated with the overlap and arrangement of
actin and myosin filaments (Huxley and Niedergerke 1954; Mulvany and Warshaw
1979).

The uniaxial ring test provides a straight-forward experimental approach to assess
the circumferential stretch-sensitivity on the active tension development in arterial
ring. The sarcomeres in the skeletal muscle exhibit a well-defined striated acto-
myosin organization with repeated bi-polar myosin thick filaments overlapped by
hexagonally arranged actin filaments. The vascular SMCs lack such an organization,
and contractile units consist of both side- and bi-polar myosin filaments surrounded
by a network as well as bundles of actin filaments (Cooke et al. 1989; Craig and
Megerman 1977). Interestingly, the optimal circumferential stretch in the SMCs is
significantly higher than in the skeletal muscle, which can be related to the ‘smooth’
intracellular actomyosin arrangement in SMCs in terms of both filament overlap and
filament orientation dispersion (Haspinger et al. 2018). Using a phenomenological
description of the filament overlap through either a Gaussian or a parabolic function,
researchers successfully captured the circumferential stretch-sensitivity in vascular
SMCs (Murtada et al. 2012; Rachev and Hayashi 1999; Stålhand et al. 2008; Zulliger
et al. 2004).

The different loading conditions may result in significantly different axial and
radial stretches at similar values of circumferential stretch for the uniaxial and biax-
ial testing techniques. For example, if an arterial ring is stretched to λθ = 1.5 in the
circumferential direction, stretches in the radial and axial directions would result in
λr = λz = 1/

√
1.5 = 0.816 assuming incompressibility. This leads to an unphysi-

ological value of the axial stretch taking into account λz > 1.0 in healthy arteries.
However, if an artery is biaxially loaded to λθ = λz = 1.5 through the applied pres-
sure and the axial stretch, the radial stretch is nearly half the value compared to the
uniaxial case (λr = 0.444 vs. λr = 0.816). The influence of the axial stretch and,
more importantly, of the radial compressive stretch on the active tension production
in vascular SMCs has not been well-studied.

In addition, the filament lattice spacing, i.e., the distance between the actin and
myosin filaments, has been demonstrated to have a strong influence on the active
force generation as well as cross-bridge kinetics of the actomyosin complex (Arhe-
den et al. 1987; Edman 1999; Williams et al. 2010). Recently, the combined effect of
the actomyosin filament overlap and the filament lattice spacing was investigated by
using amultiaxial andmultiscalemathematicalmodel byMurtada et al. (2017). It was
reported that when the SMC model only consider the filament overlap, the model
correctly predicts the circumferential stretch-sensitivity observed in uniaxial ring
tests, but significantly underestimates the active change in the diameter observed in
vessels under isobaric—axially isometric conditions. When the model was extended
to include the filament lattice spacing, both uniaxial and biaxial contraction tests
were accurately predicted. The multiaxial model suggested that a dynamic myosin
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filament length description dependent on the filament lattice spacing was necessary,
and that the actomyosin contractile units acted mainly in the radial-circumferential
plane during isobaric—axially isometric contraction. This emphasized the impor-
tance of the physiological loading conditions and the biaxial stretch-sensitive SMC
contractility in blood vessels.

3.2 Mathematical Modeling and Related Computational
Aspects

Next, we provide a brief overview of different classes of computational models that
have been developed to numerically investigate the effects of smoothmuscle contrac-
tion onto the mechanical response of the arterial wall as they have progressed histori-
cally with a focus on more recent constitutive models incorporating microstructural,
mechanical, chemical and electrical features.

In 1938, the pioneering work by Hill (1938) introduced the idea that the exper-
imentally obtained active mechanical behavior of a striated muscle can be math-
ematically described by a two-component system, which consists of a contractile
element (damper), governed by a characteristic evolution law such as Eq. (15), in
series with a purely elastic element (spring). To capture the entirely passive mechani-
cal response of the relaxedmuscle tissue, an additional elastic element (spring) needs
to be added in parallel to the series elements, which is known as Hill’s three-element
model (Fung 1993). In fact, this rheological model hallmarks the fundamental base
for various constitutive models developed and used over the past 80 years to analyze
and predict the mechanical behavior of skeletal muscles, the heart muscle, and soft
tissue rich of SMCs (Hatze 1977; Gestrelius and Borgström 1986;Wexler et al. 1997;
Ettema and Meijer 2000; Lloyd and Besier 2003; Lichtwark and Wilson 2005).

While in the early stages, a coherent microstructural interpretation of the indi-
vidual components in Hill’s three-element model was missing, many improvements
have been made. Supported by recent structural multiscale investigations (Ye et al.
2014), nowadays, the contractile element is associated with the active force gen-
eration due to the relative sliding between the actin and myosin filaments, i.e., the
sliding filament theory. In the context of vascular SMC contraction, the series ele-
ment is assumed to represent the intrinsic elasticity of the actomyosin cross-bridges,
the dense bodies that connect the individual actomyosin complexes, and the focal
adhesion complexes that provide a physical link between the actomyosin complexes
and the ECM (Ye et al. 2014; Murtada et al. 2016b). The parallel spring captures
the purely passive elastic response of the ECM (collagen and elastic fibers, and
proteoglycans) and the intracellular structural components (cortical actin network,
microtubules, and intermediate filaments).

By applying the principle of virtual power (Germain 1973), it can be shown that the
total stress σ in Hill’s three-element model is additively decomposed into a passive
part σ passive resulting from the parallel spring, and an active part σ active generated by
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the contractile element (being equal to the stress in the serial spring). Assuming finite
hyperelasticity, we start from the premise that there exists a Helmholtz free-energy
potential �, which we can also be additively decomposed into an active part �active

accounting for the energy stored in the elastic actomyosin cross-bridges (the serial
spring), and a passive contribution �passive representing the structural and mechan-
ical properties of the passive ECM components in the arterial wall (as described
in Sect. 2.2), i.e. � = �active + �passive from which we can derive the expressions
for stresses σ active and σ passive. In the following, we provide a brief overview of
frequently used phenomenological material models and microstructurally-motivated
mechanochemical models that capture essential characteristics of the active mechan-
ical contribution of SMCs in the arterial wall.

Numerous experimental studies revealed that vascular smooth muscle-rich tis-
sue exhibits a parabolic or bell-shaped active length-tension behavior and that the
muscle tone strongly depends on vasoactive chemical agents, such as the intracel-
lular free calcium concentration (Dobrin 1973a, b; Cox 1975; Horowitz et al. 1996;
Zulliger et al. 2004; Murtada et al. 2012). Based on these findings, together with
the assumption that SMCs are mainly oriented along the vessel’s circumferential
direction, various similar phenomenological models considering the smooth muscle
tone have been developed and utilized. Thereby, the active part of the SEF and the
corresponding stress tensor, respectively, were expressed in terms of a normalized
parabolic, a Gaussian, or a logarithmic shape function f (λθ ), which depends on
the circumferential smooth muscle stretch with max( f (λθ )) = 1. Furthermore, the
active stress depends on a stress-like activation constant σmax

active([Ca2+]i) that corre-
sponds to the maximum possible active stress for a specific intracellular calcium
concentration [Ca2+]i. Thus,

σ active = σmax
active([Ca2+]i) f (λθ ) eθ ⊗ eθ , (17)

where it is assumed that themean SMCorientation coincideswith the circumferential
direction eθ causing only circumferential stresses (Rachev and Hayashi 1999; Zul-
liger et al. 2004; Carlson and Secomb 2005; Gleason et al. 2008; Yosibash and Priel
2012; Sepahi et al. 2017; Gilbert et al. 2019). Among others, this relatively simple
class of activation models allowed (Rachev and Hayashi 1999) to show that under
physiological conditions, the smooth muscle contraction together with the consider-
ation of residual stresses leads to a reduced transmural stress gradient in the arterial
wall, which is supported by experimental findings of Matsumoto et al. (1996).

More recently, constitutive models also considered the experimentally observed
multiaxial smooth muscle response by defining the active stress as a function of
both, the axial stretch λz and the circumferential stretch λθ of the tissue, e.g., by
adding the term σmax

active f (λz) ez ⊗ ez to Eq. (17), resulting in active biaxial stresses,
see Wagner and Humphrey (2011), Agianniotis et al. (2012), Huo et al. (2012), and
Chen and Kassab (2017). Although these models allow to capture and analyze the
macroscopic active tissue response based on a calcium-related activation constant,
they are purely phenomenological and do not consider the underlying kinematics
and kinetics at the filament level, i.e., the relative sliding between actin and myosin
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responsible for muscle contraction. Thus, these models cannot describe the smooth
muscle contraction dynamics, as experimentally observed in isometric contraction
tests or quick-release tests.

3.2.1 Microstructurally-Motivated Mechanochemical Models

Another class of frequently used models, usually referred to as mechano-
chemical models, is based on a kinetic model for cross-bridge interactions proposed
by Hai and Murphy (1988). Thereby, the myosin heads (or cross-bridges) inside
the contractile units are assumed to act independently and to be in one of the four
different functional states: (A) detached and unphosphorylated, (B) detached and
phosphorylated, (C) attached and phosphorylated, and (D) attached and unphospho-
rylated, which is also known as the latch-state, whereby the cross-bridge cycling
is described by the transition between states (B) and (C). Hai and Murphy (1988)
modeled the possible transitions between these states through the following set of
ordinary differential equations, i.e.

⎡

⎢⎢⎣

ṅA
ṅB
ṅC
ṅD

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−k1 k2 0 k7
k1 −k2 − k3 k4 0
0 k3 −k4 − k5 k6
0 0 k5 −k6 − k7

⎤

⎥⎥⎦

⎡

⎢⎢⎣

nA
nB
nC
nD

⎤

⎥⎥⎦ , (18)

where ni are the chemical fractions of themyosin heads being in state i={A,B,C,D},
ṅi are the corresponding time derivatives, and k1, . . . , k7 are constants describing the
rate of myosin phosphorylation (k1 = k6), dephosphorylation (k2 = k5), attachment
(k3), and detachment (k4, k7). Thereby, the calcium-dependent myosin phosphory-
lation k1([Ca2+]i) is the only regulatory mechanism in this model and is usually
assumed to be an S-shaped function of the intracellular calcium concentration based
on theMichaelis–Menten kinetics (Yang et al. 2003a).Note that only attachedmyosin
heads can transmit forces. Hence, the generated active stress by the contractile units
and the energy stored in the elastic cross-bridges are proportional to the fraction
of myosin heads in the states (C) and (D), respectively, to the average elastic stiff-
ness and elongation of the attached cross-bridges, as well as to the relative amount
of actin and myosin filament overlap that is responsible for the bell-shaped active
length-tension behavior.

Based on this concept, Yang et al. (2003a, b) developed an integrated model for
smooth muscle activation consisting of an electrochemical and a mechanochemical
subsystem validated by voltage-clamp experiments on isolated cells. Therein, the
electrochemical subsystem—a combination of a Hodgkin–Huxley type membrane
model and a fluid compartment model—numerically describes how an extracellu-
lar electrical stimulus causes membrane depolarization that ultimately leads to an
increased intracellular free calcium concentration by the release of calcium ions from
the sarcoplasmic reticulum that ultimately enters the parameter k1 in Eq. (18). The
mechanochemical subsystem—a combination of the Hai and Murphy model and
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a modified version of Hill’s three-element model—reflects the coupling between
the active force generation by the contractile elements and the partly viscoelastic
properties of the actomyosin complexes and their attachments with the cell wall.

While the mechanochemical coupling in Yang et al. (2003a, b) is rather intuitively
stated than based on energetic functionals, more recent approaches use a nonlinear
continuum mechanical hyperelastic formulation that allows to derive the governing
equations directly based on the balance laws and thermodynamic considerations, e.g.,
see Stålhand et al. (2008) for a one-dimensional and Stålhand et al. (2011, 2016) for a
three-dimensional mechanochemical continuum model considering smooth muscle
contraction under finite strains. Nevertheless, a frequent assumption is that strains
at the cellular level are small, which enables expressing the stretch of a contractile
unit as λcu = 1 + εcb + εfs, where εfs is a strain-like variable associated with the
relative filament sliding between actin and myosin (Murtada et al. 2010a; Stålhand
and Holzapfel 2016). Hence, by interpreting the connections between the individual
myosin heads and the actin binding sites as elastic springs, the free energy stored in
all the elastic cross-bridges in the vascular SMCs takes on the form

�active = μcb

2
(nC + nD) f (εfs)(λcu − 1 − εfs)

2, (19)

where f (εfs)may be aGaussian or a parabolic function of the relative filament sliding
εfs that modulates the shape of the active length-tension behavior, the parameter μcb

corresponds to the stiffness of the elastic cross-bridges, and nC and nD denote the
percentage of attached and load-bearing cross-bridges, respectively (Murtada et al.
2010a; Stålhand and Holzapfel 2016). The filament sliding is usually obtained by an
evolution law based on Eq. (15), where the filament sliding velocity is proportional
to the resulting stress acting upon it. However, based on the homogeneity assumption
enforcing that the stretch of the contractile unit λcu equals the tissue stretch λ together
with the fact that the additive decomposition of the contractile unit stretch λcu is only
valid for small strains, the multiplicative decomposition of the stretch λcu = λcbλfs

or the deformation gradient Fcu = FcbFfs would be the appropriate general kinematic
framework for soft biological tissues, such as arteries (Stålhand et al. 2011, 2016).
Motivated by Yang et al. (2003a), Sharifimajd and Stålhand (2014) established a
thermodynamically and physiologically consistent framework for modeling smooth
muscle contraction by combining cell membrane excitability and kinetics of myosin
phosphorylation with the mechanics of muscle contraction.

The advantage of this type of models is that they are straightforward to implement
in a finite element environment, while being able to reproduce the experimentally
obtainedmechanical response of, e.g., an artery undergoing an isometric contraction.
Figure 6 depicts the results of a finite element simulation of such an experiment
performed on a medial strip cut from the medial layer of the human abdominal
aorta in the circumferential direction, using an implementation of a modified GOH
model version (Holzapfel et al. 2015) along with Eqs. (18) and (19). Figure 6a
shows the solutions of the Hai and Murphy model, as introduced in Eq. (18) for a
realistic intracellular calcium transient, while Fig. 6b–d illustrate the passive and
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(c) (d)

(a) (b)

Fig. 6 Numerical simulation of an isometric contraction experiment performed on a human abdom-
inal aortic medial strip: (a) time dependent intracellular calcium concentration [Ca2+]i triggering
the evolution of the myosin head fractions ni being in the states i = {A,B,C,D}; (b) circumfer-
ential Cauchy stress (active and passive response)—circles represent finite element (FE) results,
solid curves denote the analytical solution; (c), (d) corresponding three-dimensional distribution of
the circumferential Cauchy stresses visualized for one half of the medial strip (c) after applying
a circumferential pre-stretch of 1.28 (at t = 60 s) and (d) after reaching the maximum isometric
stress (at t = 300 s). Reproduced from Haspinger et al. (2018) with permission

active circumferential Cauchy stress response that is experienced and generated by
the arterial tissue during the isometric contraction as a function of time, as well as the
circumferential stress distribution of the purely passive medial strip after applying
a uniaxial stretch of 1.28 and at the fully contracted state. The model parameters
therein were fitted to the scaled experimental data and SMCs were assumed to be
aligned in the circumferential direction.

Active constitutive models of the type as introduced in Eq. (19) in combina-
tion with a passive constitutive model, as introduced in Sect. 2.2, have been fre-
quently used in computational models of arteries and were further developed. For
example, Murtada et al. (2010b) considered the orientation dispersion of actomyosin
complexes around a certain mean direction, Murtada et al. (2012) demonstrated a
microstructurally-motivated filament overlap function f (εfs) and a filament sliding
evolution law based on Eq. (15), which finally allows to describe the experimentally
observed length-tension and isotonic force-velocity behavior. Recently, modifica-
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tions of the model presented in Murtada et al. (2012) were used by Murtada and
Holzapfel (2014) to numerically analyze the impact of temporal alterations of wall
thickness and calcium concentration on the stress distribution in pig carotid arteries.
Furthermore, in Murtada et al. (2016b) the model was used to investigate the adap-
tation of the active tone in the mouse descending thoracic aorta when it is subjected
to acute changes in loading. Haspinger et al. (2018) used a modified version to ana-
lyze how alterations of the smooth muscle orientation and the actomyosin filament
overlap affect the mechanical behavior of the human abdominal aorta and how they
are interrelated using finite element analyses.

In general, the three-dimensional orientation of SMCs, denoted by a vector M
in the reference configuration, can easily be incorporated in Eq. (19) by setting
λcu = √

Icu with Icu = C : Mcu ⊗ Mcu, where C = FTF is the right Cauchy–Green
tensor (Haspinger et al. 2018), as introduced in Sect. 2.2. Schmitz and Böl (2011)
also developed and implemented a continuum mechanical steady-state model of
smooth muscle activation into a finite element framework allowing to consider the
three-dimensional SMC orientation inside the arterial tissue. However, they have
used a rather phenomenological explanation of the active length-tension behavior,
similar to Rachev and Hayashi (1999). Böl et al. (2012) further developed their
approach to consider the temporal evolution and spatial distribution of both the
calcium concentration and the resulting active stresses in a carotid artery employing
Fick’s second law of diffusion.

Novel experimental approaches on many different length scales and improved
imaging techniques provide valuable data that drive the development of more
detailed microstructurally-motivated multiphysical computational models to gain
better insights into many physiological and pathological vascular tissue adaptation
mechanisms, whereby the SMCs are thought to play a significant role. Adaptation
mechanisms that ultimately affect an artery’s mechanical behavior may occur at dif-
ferent length scales and may cause or result in structural, functional, mechanical, and
chemical alterations (Humphrey 2002; Wang et al. 2009). Hence, to capture these
essential interrelations, computational models of the arterial wall must consider and
couple the multiphysical phenomena at the nano, micro, and macro levels, i.e. they
must be multiscale (Hayenga et al. 2011; Murtada et al. 2017; Coccarelli et al. 2018).
In this context, Murtada et al. (2017) presented a newmultiscale mathematical model
of the arterial contractility accounting for structural and functional constituents at
molecular, cellular, and tissue levels. Therein, the artery is described by an anisotropic
model of the ECM in combination with a novel model of the smooth muscle con-
tractility being sensitive to microscale filament overlap and filament lattice spacing,
which enables to predict both uniaxial and biaxial experimental contraction data
accurately using one set of material parameters.

In conclusion, computational models of the active arterial response have evolved
over the past 80 years from purely phenomenological models to thermodynamically
consistent models that couple the electrical, chemical, and mechanical characteris-
tics involved in smooth muscle contraction directly linked to the individual cellu-
lar constituents. However, several open issues require further considerations, e.g.,
the chemical and mechanical interactions between endothelial cells, ECM compo-
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nents, and SMCs in a multiscale context aiming to better understand the underlying
mechanisms and actions of short- and long-term in vivo tissue adaptations from a
biomechanical point of view. The implementation of these multiphysical multiscale
models into finite element programs, combined with patient-specific geometries,
material parameter sets, and boundary conditions, is thought to advance computer-
assisted clinical diagnosis, risk assessment, and intervention in the future (Famaey
et al. 2013; Laubrie et al. 2020).

4 Damage, Viscoelasticity and Failure

There is compelling experimental evidence that the macroscopic passive mechan-
ical behavior of healthy large arteries such as the aorta is characterized by very
little dissipation under cyclic loading, at least in a macroscopic sense (Amabili et al.
2019a; Holzapfel et al. 2000a). Therefore, they are often categorized as ‘elastic’
arteries that contain large amounts of elastin as opposed to ‘muscular’ arteries that
are small and highly viscoelastic vessels located in the periphery of the circulatory
system. Nevertheless, as we discuss in Sect. 4.1, dissipative effects such as viscoelas-
ticity, damage and failure may become relevant especially under pathological con-
ditions, e.g., aneurysms and aortic dissections where the elastic fibers are degraded.
In addition, considering the rather large variations in tissue strength reported by the
biomechanical studies and recent experimental findings on failure and damage, it
has been proposed that an effective and appropriate material failure criterion for
aortic tissues should take the organization of different microstructural constituents
and their influence at different length-scales into account (Sherifova and Holzapfel
2019). Therefore, multiscale characterization and modeling of dissipative phenom-
ena is crucial for a better understanding of disease progression as well as related
catastrophic events.

We then emphasize the importance of multiscale approaches in characterizing
these phenomena in soft biological tissues, with a particular focus on the aorta.
First, we summarize the experimental findings on the multiscale contributions of
elastic and collagen fibers to these events in Sect. 4.1. Next, in Sect. 4.2, we continue
with different multiscale approaches to their modeling including classical continuum
models, which incorporate features of the aortic microstructure as well as models
based on RVEs and homogenization. We note that there might not be a single multi-
scale approach suitable for all applications, since different approaches may be more
effective in modeling different pathological findings related to the aorta.

4.1 Experimental Findings

Albeit the low energy loss in response to cyclic loading (Amabili et al. 2019a), elastic
arteries still exhibit stress relaxation and creep. Zou and Zhang (2011) found intact
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porcine aortic wall to exhibit the largest amount of stress relaxation, followed by
decellularized ECM and purified elastin under biaxial loading, whereas all groups
showed negligible creep response. Others reported a significant creep under uniax-
ial loading of elastin degraded porcine (Kratzberg et al. 2009) and human aortas
(Schriefl et al. 2015). With decreasing water content, the amount of stress relaxation
was reported to decrease for bovine aortas under uniaxial loading (Shahmirzadi et al.
2013), but increase for elastin purified porcine aortas under biaxial loading (Wang
et al. 2018a). The amount of stress relaxation also increased with increased glyca-
tion (Wang et al. 2018b). It is important to note that not only elastin but properly
crosslinked elastic fibers are required for a low energy loss in response to cyclic load-
ing (Kim et al. 2017). Elastic fiber degradation can occur with aging (Schlatmann
and Becker 1977) and accompanies various pathological conditions (Sherifova and
Holzapfel 2020). Therefore, a viscoelastic characterization of large arteries in health
and disease requires further investigations.

Weisbecker et al. (2013) degraded elastin in the aortic tissue strips with elastase
treatment, and subjected them to consecutive uniaxial loading-unloading cycles. The
substantial softening of themechanical response, see Fig. 7a,was attributed to the fact
that the collagen fibers could slide against one another in an inadequately connected
network. Chow et al. (2013) reported that the changes in the mechanical response
during elastin degradation were observed earlier in the axial direction compared with
the circumferential direction, due to the collagen fibers, which are mainly oriented
in the circumferential direction, which may slow down the enzymatic degradation
of the elastic fibers that are oriented parallel to them. The rate of elastin degradation
increased when elastase was added under biaxial loading, although the final elastin
content was similar when the tissue was elastase treated with and without loading.
It has been reported, however, that elastase can also degrade denaturated collagen
as well as fibril-bridging proteoglycans (Kronick and Sacks 1994; van de Lest et al.
1995). Schriefl et al. (2015) developed a treatment protocol with trypsin inhibitor to
overcome these limitations, and reported a similar softening behavior, as shown in
Fig. 7a. In addition, the softening was observed only at higher loads and it did not
influence the loading-unloading curves at low loads upon partial elastin degradation,
see Fig. 7b.

Taken together, these results indicate that properly cross-linked elastic fibers
not only ensure low energy loss, but can also have a significant influence on the
(patho)physiological remodeling of arteries under in vivo loading conditions. Elastic
fiber degradation may lead to earlier or extensive damage accumulation in colla-
gen fibers under in vivo cyclic loading. Subsequently, this is likely to trigger and/or
accelerate a cascade of events leading to pathological formations, especially when
combined with disruptions to the biological repair mechanisms where intramural
cells play a vital role. For example, decreased undulation of collagen fibers (Nies-
trawska et al. 2016) and fibrils (Jones et al. 2020) as well as disrupted d-periodicity
of fibrils (Jones et al. 2020) were reported for abdominal aortic aneurysms. Hence,
more efforts are needed to uncover the explicit multiscale roles of elastic and colla-
gen fibers on the organ metabolism and complex interactions between cellular and
extracellular constituents for a better understanding of (patho)physiological damage
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(a) (b)

Fig. 7 Elastase-induced strain softening in response to cyclic quasi-static uniaxial loading of a
strip from (a) a human thoracic aortic media after complete elastin degradation (reproduced from
Weisbecker et al. 2013 with permission), and (b) a human abdominal aortic media after partial
elastin degradation (reproduced from Schriefl et al. 2015 with permission). Note that the softening
behavior is limited to the large strain regime and there is no permanent deformation after unloading,
see (b), which is in contrast to (a)

mechanisms. Studies of collagen fiber damage in tendons and arteries at the molec-
ular level provide invaluable insight into some of these mechanisms, some of which
are summarized below.

Zitnay et al. (2017) utilized collagen hybridizing peptides (CHP) to quantify
damage due to monotonous and cyclic uniaxial loading in rat tail tendons (RTTs).
Significantly more damage accumulation was observed under cyclic loading com-
pared with monotonous loading at both quasi-static and physiological strain rates to
the same strain level with the respective strain rate. Furthermore, when RTTs were
subjected to cyclic loading until failure at different strain rates, the percent of colla-
gen damage increased with the number of cycles to failure regardless of the strain
rate. At all strain rates, first loading cycles caused considerable damage, and damage
accumulationwas strongly correlatedwith the creep strain (Zitnay et al. 2020). These
findings indicate that molecular damage is a strain-dependent process regardless of
the strain rate or strain history. In addition, an increased number of cycles to failure
observed at higher loading rates despite the faster damage accumulation (Zitnay et al.
2017, 2020) indicate greater resistance to both fatigue and monotonous loading at
these rates (Zitnay et al. 2020). Although the possible influence of cyclic loading or
the strain rate on collagen damage at the molecular level in arteries has not yet been
fully elucidated, rate dependent differences in strength were also reported by Mohan
and Melvin (1982, 1983) for the aortas, which deserve further investigation.

Under monotonous uniaxial loading, damage to collagen at the molecular level
in RTTs accumulated before apparent macroscale damage and the onset of a signif-
icant damage accumulation corresponded with to this yield point of the stress-strain
curves, steadily increasing afterwards (Zitnay et al. 2017). The authors identified
intermolecular sliding of collagen α-chains as the main triple helix unfolding mech-
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(a) (b)

Fig. 8 Degradation constant 1/τ versus nominal strain of uniaxially stretched porcine common
carotid arteries immersed in (a) crude and (b) purified bacterial collagenase. While the response in
crude collagenase (a) can be represented linearly, the response in purified collagenase (b) is better
approximated by a two-phase V-shaped curve. Filled and open circles denote circumferential and
axial specimens, respectively. Note the scale difference in the y-axis. Reproduced from Gaul et al.
(2018b) with permission

anism using molecular dynamics simulations. Similar damage mechanisms were
reported in sheep cerebral arteries under quasi-static loading (Converse et al. 2018;
Marino et al. 2019) where significant damage accumulation was also closely related
with the yield point. Such a failure mechanism, in which the shear deformation
results in intermolecular sliding during tensile loading, explains at least in part the
macroscopic and microscopic observations from the rupture zones that have been
reported for porcine (Brunet et al. 2019) and human aortas (Sherifova et al. 2019). In
addition, shear deformation was identified as the main contributor to crack propaga-
tion in inflation tests for human aortic rings (Rabin et al. 2020) as well as for porcine
common carotid artery segments (Brunet et al. 2021).

It is worth noting that the amount of damage accumulation from the yield point
until failure is influenced by the failure behavior. Recently, Lin et al. (2020) reported a
significantly lower damage accumulation for the significantly weaker tendons, which
are known for their ‘brittle-like’ failure as well as higher valency and density of
their collagen crosslinks that may prevent intermolecular sliding. While the stronger
tendons were subjected to a stronger plastic deformation (Herod et al. 2016; Lin et al.
2020), which was visible from the long plateau region in the stress-strain curve and
allowed an accumulation of damage, the weaker tendons failed abruptly. Regardless
of these differences, the molecular damage mechanisms in different tendons due to
mechanical loading were essentially the same, and the significant onset of collagen
damage accumulation in different tendons still corresponded to the yield point at the
applied loading rates, despite the known biochemomechanical differences (Lin et al.
2020).

Strain-mediated damage to collagen in arterial tissue was also studied with other
methods. Gaul et al. (2018a) subjected circumferential strips from the media of
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porcine common carotid arteries to three different strain levels in crude bacterial col-
lagenase solution. Mechanical experiments were combined with histology, second-
harmonic generation (SHG) imaging, small angle light scattering (SALS) and small
angle X-ray scattering (SAXS) to identify changes in the collagen fiber alignment
as well as strain-induced collagen degradation. Results showed highly aligned fibers
at the intermediate strain level, whereas the fibers were more dispersed at lower and
higher strain levels. Furthermore, both the unloaded and highly strained fibers were
degraded preferentially, with the intermediate level of strain acting as a protective
mechanism to degradation. It is important to note that Gaul et al. (2018b) reported
different degradation responses when the experiments were performed with crude
and purified collagenase. While the former, see Fig. 8a, could be represented lin-
early, the latter, see Fig. 8b, showed a multiphase response, where the initial increase
in the degradation rate was followed by a low degradation and a subsequent steep
increase. The authors attributed this difference in the degradation response at the low
strain levels to a combination of the gradient of collagen crimp across the vessel wall
and the alteration of the mechanical contribution of the matrix material by partial
degradation by crude collagenase. In a follow up study, Gaul et al. (2020) subjected
tubular segments to pressure inflation tests at a range of physiological pressures in the
presence of purified collagenase. Despite the complete collagen degradation, vessels
with a pressure of 60mmHg showed no failure as the remaining matrix could bear
the load. However, when the vessels were exposed to either 60 or 100mmHg of col-
lagenase for 45min to allow degradation and then 180mmHg, then vessels degraded
under lower pressure showed a significantly shorter time to failure according to their
previous observations. These findings also suggest that despite the increased degra-
dation at low pressure levels, the tissue is unlikely to fail without the subsequent
increase in pressure.

It has been shown that the failure properties of thoracic and abdominal aneurysms
as well as healthy aortas are direction and location dependent (Angouras et al. 2019;
Liu et al. 2019; Myneni et al. 2020; Peña et al. 2019; Polzer et al. 2020; Sherifova
and Holzapfel 2019, and references therein). Although changes in the ratio of the
ECM constituents may provide a partial explanation for the location dependence of
strength considering the changes along the aortic tree (Wolinsky and Glagov 1969),
evidence suggests that the preferred orientation and dispersion of the collagen fibers
are primarily responsible for the anisotropic failure properties in the circumferential-
axial plane (Liu et al. 2019; Sherifova et al. 2019). Molecular damage accumulation
in collagen preceding failure was observed primarily in the collagen fibers along the
loading direction (Converse et al. 2018; Marino et al. 2019), and damage accumula-
tion was significantly less in axial strips compared with circumferential strips (Gaul
et al. 2018b). In addition, the lamellar structure of the aorta explains the reduced
strength in response to radial tensile loading and interlamellar shear (Korenczuk
et al. 2019; Sommer et al. 2016). Therefore, peeling, direct tension, and interlamel-
lar shear tests are invaluable for understanding crack initiation and propagation in
aortic dissections, and tests in combination with various imaging methodologies
require a multimodal and multiscale approach to modeling dissections.
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(a) (b)

Fig. 9 Multiphoton microscopy images at the dissection front during peeling in (a) the axial and
(b) the circumferential direction. Elastin and collagen are represented in green and red, respectively.
Reproduced from Yu et al. (2020) (https://creativecommons.org/licenses/by-nc/4.0/)

Using a combined optical coherence tomography and a digital image correlation in
connection with radial tensile tests, Giuseppe et al. (2021) identified an early strain
localization at the location of the crack onset in direct tension tests. Preliminary
tests showed a ‘sharper’ localization in aneurysmatic human ascending aortas than
in healthy porcine descending thoracic aortas, however, whether this observation
could be connected to microstructural changes in aneurysms awaits confirmation.
Such strain localizations combined with microstructural discontinuities and in vivo
loading conditions can lead to catastrophic events. In a combined experimental-
computational study in angiotensin-II-infused mice, Aslanidou et al. (2020) reported
correlations between excessive mechanical strain near the branches of the abdominal
aorta and the locations of microstructural defects, detected by histopathology and
contrast agent microleaks into the aortic wall, which may subsequently propagate
into macroscopic dissections.

Peeling tests on strips of purified elastin and porcine aortic media in the circum-
ferential and axial directions showed that the peeling force and the energy release
rate were higher in both directions for the intact aortic media compared with the
purified elastin, and the axial direction was associated with a higher energy release
rate in both materials (Wang et al. 2021b; Yu et al. 2020). The MPM images in Fig. 9
show clearly how both interlamellar collagen and elastin of several lamellar units are
employed in the axial peeling (Fig. 9a), whereas the peeling in the circumferential
direction (Fig. 9b) is more confined. Interestingly, Yu et al. (2020) found that the
depletion of the connections between medial collagen fibrils, GAGs, increased dis-
section energy and force compared to non-treated samples. These findings confirm
that although collagen plays the dominant role, the contribution of elastin to the inter-
lamellar bonding strength should not be neglected. Wang et al. (2021a) studied the
influence of glycation using peeling and direct tension tests. The increase in the rate
of energy release was significant after the 7 day exposure to glucose compared to that
non-treatment group followed by an insignificant gradual increase on days 14 and 21
compared to the 7-day group. The failure stress in direct tension tests also increased

https://creativecommons.org/licenses/by-nc/4.0/
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essentially after 7 days, but a significant increase compared to the untreated samples
was not observed until after the 14 days of treatment. Additionally, the overall sam-
ple thickness, hence the interlamellar space, decreased with glycation, whereas the
failure strain increased. The reduced tendency to delaminate with elastin glycation
provides a partial explanation for the inverse relationship between diabetes and the
risk of aortic dissection, which has been observed both clinically (Avdic et al. 2018;
Patel et al. 2018) and experimentally (Tong et al. 2020).

4.2 Mathematical Modeling and Related Computational
Aspects

The modeling of dissipative phenomena in biological tissues, as opposed to com-
mon engineeringmaterials, poses particular challenges arising both from the intricate
microstructure and the living characteristic of the material. From a purely physio-
logical point of view, tissues may be regarded as ‘healthy’ or ‘injured/diseased’.
However, in the field of biomechanics, there seems to be no clear consensus on the
meaning of the term ‘damage’ of a biological tissue from the microstructural point
of view (Holzapfel and Fereidoonnezhad 2017). Another challenge comes from the
fact that all living tissues have the ability to heal or remodel to some extent. There-
fore, ‘damage’ and dissipation in biological tissues may not be regarded simply as a
one-way (entropic) path, as normally done for engineering materials. Nevertheless,
several multiscale models incorporating microscopic features of the tissue have been
developed to account for dissipative phenomena in arteries, and they improved our
understanding of the overall mechanical behavior of the tissue.

Since ‘elastic’ arteries exhibit low dissipation under cyclic loading (Amabili
et al. 2019a), only a few viscoelastic multiscale models were applied specifically
to the aorta. With respect to arteries, in general, Holzapfel et al. (2002a) applied the
viscoelastic version of the HGO model (Holzapfel and Gasser 2001) in conjunction
with the FEM to model the dissipation in a segment of a residually-stressed left
ascending coronary artery subjected to static and dynamic loading conditions. The
predicted dissipation due to cyclic blood pressure within the cardiac cycle was low
and quite insensitive to frequency. Importantly, the study also presented an early
example of the identification of structurally-motivated model parameters, e.g., the
mean fiber angle from histological data. A recent example regarding viscoelasticity
of the aorta is the computational study of Amabili et al. (2019b), which combines
the GOH model (Gasser et al. 2006) with the integer order and fractional versions
of the generalized Maxwell viscoelastic model. Upon fitting the experimental data
published by Amabili et al. (2019a) to both versions, the authors reported similar
accuracy, and concluded that the integer order should be preferred as it has fewer
parameters. Other examples of multiscale viscoelastic models applied to arteries
were published, e.g., by Nguyen et al. (2007) and Peña et al. (2010, 2011).
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A number of multiscale models incorporating damage phenomena within the
arterial wall have been developed focusing primarily on collagen and elastic fibers—
constituents that dominate the passive mechanical behavior of the tissue, see Sect. 2.
Starting from the classical continuum damage theory, Balzani et al. (2004) modified
the anisotropic term of the HGO model (Holzapfel et al. 2000a) to account for
damage of the collagen fibers, e.g., rupture of cross-links or fibrils. The proposed
incompressible SEF had the form

�(C,Mi , Di ) = �g(C) +
2∑

i=1

[
(1 − Di )�fi (C,Mi )

]
, (20)

where �g and �fi are the SEFs of the ground substance and of the undamaged i th
fiber family, respectively. The latter is a function of both the right Cauchy–Green
tensor C and the mean fiber directions Mi , i = 1, 2. The scalar damage variable Di

indicates the level of damage of the i th fiber family, ranging from 0 (undamaged) to
1 (completely damaged).

The model proposed in Eq. (20) was applied to simulate overstretching of an
atherosclerotic artery by Schröder et al. (2005), and Balzani
et al. (2006) included the effect of residual stresses. In both cases, the authors pointed
out that the resulting damage fields should be taken qualitatively due to a lack of
suitable experimental data. This issue was later addressed by Balzani et al. (2012), in
which two models with different choices of the anisotropic strain energy in Eq. (20)
were fitted to experimental data from cyclic uniaxial tests in the supraphysiolog-
ical domain, providing good results. Therein, the effect of rotationally symmetric
fiber dispersion was also taken into account by employing the generalized struc-
tural tensor approach (Gasser et al. 2006), as well as the possibility of permanent
deformations after damage. Schriefl et al. (2015) used one of the constitutive models
proposed by Balzani et al. (2012) to fit uniaxial data from cyclic uniaxial loading of
intact and layer-specific elastase-treated samples of human abdominal aortas, with
good correlations. In the same study, the authors argue that the lack of softening in
collagenase-treated samples indicates that including damage of the elastin ground
substancemight be unnecessary, even though it is also a commonmodeling approach,
see below.

Aforementioned works used an exponential function to describe the evolution of
the damage variable Di , whereas Schmidt et al. (2014) proposed a microstructurally-
motivated function based on the sliding filament theory. The authors also incor-
porated microscopic features such as collagen fibril overlap and dispersion of
proteoglycan orientation. The model was fitted to the experimental data from
Balzani et al. (2012), but in this case, the use of a structurally-motivated dam-
age function provided some insights on microscopic phenomena. More specif-
ically, the results indicated that the statistical distribution of proteoglycan ori-
entation may have the most significant influence on the damage behavior. The
model thus offers a good framework for the investigation of microscopic dam-
age in combination with the novel techniques discussed in Sect. 4.1. Rodríguez
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Fig. 10 Influence of damage
on the uniaxial response of a
medial strip from a human
thoracic aorta. Comparison
between experimental data
(dashed curve) and FEM
solutions (solid curves)
indicates that accounting for
damage is crucial to
adequately capture the
response of the tissue under
large strains. Reprinted from
Li and Holzapfel (2019),
with permission from
Elsevier

et al. (2006) accounted for damage of the elastin-dominated ground substance fol-
lowing the classical approach by multiplying �g in Eq. (20) with (1 − Dg), where
Dg is the scalar damage variable of the ground substance, and applied the model
in a series of numerical examples. With regard to arteries, Li and Holzapfel (2019)
incorporated the ground substance and the collagen fiber damage into the SEF in a
way similar to Eq. (20), where the fiber dispersion was accounted for by using the
DFD model, as introduced by Li et al. (2018), instead of the generalized structure
tensor approach. A particular application of the model is shown in Fig. 10, where the
predicted model response is clearly in good agreement with experimental data from a
uniaxial test on amedial strip of a human thoracic aorta. Rolf-Pissarczyk et al. (2021)
further expanded the DFDmodel of Li et al. (2018) by adding a so-called degradation
parameter to the specific strain-energy term of the dispersed elastic fibers. The model
was then employed to investigate the influence of radially-oriented damaged elastic
fibers on the stress distribution in aortic dissection. The results showed that the stiff-
ness contribution of the elastic fibers may have only a limited influence on the stress
distribution at higher pressures. Furthermore, as a possible mechanism triggering the
dissection propagation, the authors suggested that the media is delaminated by the
stretch applied to the dissection flap. More specifically, the flap is stretched due to
the cyclic dilatation of the false and the true lumen and, consequently, pulled apart
from the intact wall.

To account for damage in the arterial tissue, another family of multiscale models
employs the pseudo-elastic approach introduced by Ogden and Roxburgh (1999).
The incompressible SEF for a pseudo-elastic material has the form

�(C, η) = η�̃(C) + φ(η), (21)

where �̃ is the SEF of the undamaged material and φ(η) is the damage function
that depends on the scalar damage variable η, which ranges from 1 (undamaged)
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to 0 (completely damaged). Building on this approach, Peña and Doblaré (2009)
substituted �̃ in Eq. (21) with the HGO SEF (Holzapfel et al. 2000a) and obtained
good fits to experimental data from tests of human vaginal tissues and ovine vena
cava samples. With regard to arteries, Weisbecker et al. (2012) combined the GOH
model (Gasser et al. 2006) with Eq. (21) to account for the rotationally symmetric
fiber dispersion, and fitted a large data set from intact and layer-specific healthy
abdominal and thoracic aortas subjected to cyclic uniaxial loading, with a good cor-
relation. Fereidoonnezhad et al. (2016) have further improved the model by includ-
ing the possibility of inelastic strains and fitted the same data set of Weisbecker et
al. (2012) in which some samples showed permanent deformations after unload-
ing. More recently, Holzapfel and Ogden (2020b) modified an HGO-based model
(Holzapfel and Ogden 2020a) to account for the pseudo-elastic behavior of the col-
lagen fibers only, and the model provided a good fit to uniaxial experimental data
from an RTT fiber.

Residual deformations in arteries are typically related to supraphysiological load-
ing, e.g., after balloon angioplasty (Holzapfel et al. 2000b), and seldom associated
with larger arteries such as the aorta. However, they can also occur as a result of
microstructural defects, as mentioned in Sect. 4.1. In this context, several models
have been developed to describe permanent deformations of smaller arteries, some
of which have been mentioned in the previous paragraph. For completeness, we
briefly introduce some models that employ the classic elastic-plastic decomposition
of the deformation gradient to account for the inelastic behavior of the arterial tissue.
For instance, Gasser and Holzapfel (2002) extended the HGO model following this
approach, and the model was used to simulate a balloon angioplasty in a left ante-
rior descending coronary artery (Gasser and Holzapfel 2007). The results showed
non-negligible shear stresses in the interface between the media and the adventitia,
which speaks against the use of plane-stress elements in angioplasty simulations.
Nevertheless, normal stress components dominated both during and after balloon
inflation. Other models using an elasto-plastic formulation similar to that of arterial
tissue have been proposed, e.g., by Zhu et al. (2014) and Marino et al. (2019).

A different multiscale approach to model microscopic phenomena in arteries is
based on RVEs and homogenization. By including a geometrical model—the RVE—
of the microstructure and its simulation using the FEM, not only the macroscopic
(homogenized) response is obtained via the volumetric averaging (see Sect. 2.2), but
also the microscopic phenomena in the RVE are examined. In this context, Shah et
al. (2014) improved the model introduced by Stylianopoulos and Barocas (2007a)
to include fiber damage by imposing a critical fiber stretch threshold (λcrit) and
excluding it from the volumetric average when that threshold is reached. Uniaxial
and biaxial tests of arterial tissues were simulated with the model, and homogenized
curves were compared with experimental data. At themicroscopic level, results show
that uniaxial loading leads to a considerable reorientation of the collagen fibers.Addi-
tional microstructural features, e.g., elastin fibers and interlamellar connections were
incorporated to the RVE with their corresponding failure stretches by Witzenburg
et al. (2017). Rocha et al. (2018) proposed a unified framework for multiscale models
built from RVEs consisting of a network of trusses, and performed several numerical
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experiments. Importantly, the authors addressed the influence of the chosen multi-
scale boundary conditions, an important issue that was overlooked in previous works
(Stylianopoulos and Barocas 2007a; Shah et al. 2014; Witzenburg et al. 2017).

Pursuing a similar strategy, Thunes et al. (2016) constructed an RVE of the media
composed of two elastin sheets and interlamellar ground substance reinforced with
dispersed collagen fibers modeled as embedded truss elements. The model was
improved by Thunes et al. (2018), where the critical fiber stretch, similar to Shah
et al. (2014) and Witzenburg et al. (2017), was incorporated. Macroscopic results
of the uniaxial simulations were compared with experimental data from uniaxial
tests on healthy and aneurysmatic aortic tissues. At the microstructural level, results
indicate that collagen fiber failure is the dominant cause for the macroscopic soft-
ening of the tissue under large strains. A similar micro-macro analysis—albeit with
different multiscale boundary conditions—was performed by Maiti et al. (2020) for
biaxial loading considering different biaxiality ratios. Based on their results, the
authors argued that the tissue strength under biaxial loading can be assessed from
uniaxial data in the longitudinal and circumferential directions. However, the works
by Thunes et al. (2016, 2018) and Maiti et al. (2020) lack a detailed discussion of
the chosen multiscale boundary conditions, an issue that was recently addressed in
Dalbosco et al. (2021).

Roccabianca et al. (2014a, b) presented afinite element-based continuumapproach
to study the influence of pooled GAGs in the media on the intramural stress distri-
bution by introducing a swelling-related fixed charge density. Motivated by exper-
imental findings on the microscale, they modeled a rectangular slab of the media
with a central GAG inclusion. They found significant stress concentrations around
the GAG pools and intralamellar Donnan swelling pressures caused by them. This
approach was later extended by Ahmadzadeh et al. (2018, 2019), where the authors
introduced a particle-based computational model to study the role of pooled GAGs in
the initiation and propagation of dissection. To model the growth and coalescence of
locally pooledGAGs, the classical concept of a scalar damage variablewas applied as
in Eq. (20), and an evolution equation was formulated. As already shown by Rausch
et al. (2017), this approach enabled the investigation of the aortic wall rupture, since
material discontinuities were also modeled in a straightforward way.

Damage accumulation can lead to aortic wall delamination, where the classi-
cal continuum damage theory encounters challenges as numerical techniques are
required to deal with the related displacement discontinuities. Such techniques
are of particular interest when modeling the initiation and propagation of aor-
tic dissection or the rupture of the aortic wall. Gasser and Holzapfel (2006)
addressed this issue by combining the cohesive crack concept with the partition
of unity FEM to model a peeling test of the aortic wall where its underlying
microstructure was incorporated. Later, Ferrara and Pandolfi (2008, 2010), Wang
et al. (2015, 2017, 2018) and Yu et al. (2020) used a similar approach. In particular,
Yu et al. (2020) created two medial strips that are connected via discrete interlamel-
lar collagen fibers used to model the failure of the aorta during a peeling test. The
orientation and statistical distribution of collagen fibers between the strips was based
on histological data, and if the failure threshold of a discrete collagen fiber has been
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(a) (b) (c)

Fig. 11 Propagation of aortic dissection starting from an intimal tear, at instants (a) (initial), (b)
and (c). Reprinted from Gültekin et al. (2019) (https://creativecommons.org/licenses/by/4.0/)

reached, the respective fiber has been removed from the simulation. They reported an
avalanche-like failure during peeling caused by the local accumulation of the strain
energy followed by a cascade failure of the interlamellar collagen fibers.

Another computational approach to modeling fracture is the phase-field approach
that was first applied to arterial walls with a focus on the aorta by Gültekin et
al. (2016). Within this context, Gültekin et al. (2018) subsequently investigated the
numerical aspects of anisotropic failure and found that an energy-based criterion is
favorable. Later, Gültekin et al. (2019) modeled the aorta as an idealized cylinder
withmultiple layers and a prescribed tear to study the dissection propagation with the
proposed phase-field approach. As illustrated in Fig. 11, the computational results
demonstrate clearly the damage zone around the prescribed tear. The damage zone
follows a helical pattern around the aorta, which is aligned with the fiber orientation,
similar to the clinical observations, as shown by Tse at al. (2011).

5 Discussion

After introducing the ECM organization in the aorta and the role of SMCs in the
organ function, we reviewed the findings on the passive mechanical behavior of the
human aortic tissue in Sect. 2 from experimental and computational aspects. Despite
the significant progress in the imaging techniques and experimental methods, some
critical information about the tissue microstructure that can play substantial roles
in its accurate modeling remain elusive. For example, imaging techniques such as
SHG allow visualization of the collagen fiber distribution only in a small region
of the specimen, and not the 3D collagen fiber architecture throughout the arterial
wall. The distribution of collagen fiber waviness in the aortic wall is also largely

https://creativecommons.org/licenses/by/4.0/
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unknown. The mechanical data of a single collagen or elastic fiber obtained from
human aortic tissue is deficient. In addition, the statistical distribution of cross-links
within the dispersed collagen fibers as well as between the collagen fibers and other
tissue components such as the elastic fibers was not quantified. Future studies can
help reveal the specific multiscale relations between the ECM constituents in terms
of content and arrangement and the overall mechanical response of the tissue. Such
data will not only improve our understanding of the tissue’s mechanical behavior, but
are also crucial for the refinement of the structurally motivated constitutive models
as well as for the development of computational modeling strategies that may enable
us to predict the mechanical behavior of the tissue based on its content and structure.

Further,we focused on the activemechanical behavior due to the contractile ability
of SMCs in Sect. 3. Quantification of the vascular tone in the human aorta is difficult
to conduct due to its nature. Animal models are helpful to assess the active biome-
chanical properties of the aortic wall, and here we briefly reviewed two common
approaches—uniaxial ring test and biaxial vessel test—that can be used to quantify
SMC contractile function in the aorta. Both tests have their advantages and disadvan-
tages and should be chosen with careful consideration of the multiaxial properties of
the SMC contractile function. In particular, this point is crucial for functions where
mechanical stretch-sensitivity may play an important role, e.g., in active hysteresis,
active wall stiffness and vasodilation. It is challenging to assess the basal tone in
the aorta, and the reviewed testing approaches quantify the maximum range of the
contractile potential in the aorta. However, utilizing computational models includ-
ing both the active and passive properties have been found to be valuable to better
understand the effect and biomechanical roles of the SMC active tone in the aorta.

Finally, in Sect. 4, we summarized the experimental findings on and computa-
tional approaches to the multiscale modeling of the aorta regarding viscoelasticity,
damage and failure. Although we focused on the passive aspects of these processes,
it must be noted that damage or degradation of aortic constituents in vivo is not
purely mechanical. On the contrary, intramural cells play a substantial role in these
processes via growth and remodeling triggered by biochemomechanical cues. Exper-
imental identification of the many related mechanisms, as well as the development of
multiscale models incorporating these biological effects, pose additional challenges
for the future. For example, constrained mixture models developed by Humphrey
and Rajagopal (2002) include the kinetics of production and removal of individual
constituents to model disease progression. These models can describe the macro-
scopic deformation by taking into account the microstructure of aortic constituents
and the influence of biochemical processes on various scales. Such models, recently
reviewed by Humphrey (2021b), can provide great insight with in silico studies and
can be modified to describe the experiments as data becomes available.
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Computational Modeling of Flow and
Thrombus Formation in Type B Aortic
Dissection: The Influence of False Lumen
Perfused Side Branches
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and Xiao Y. Xu

I first met Gerhard at the World Congress of Biomechanics in
Sapporo in 1998; I remembered chatting to him on the beautiful
Hokkaido University campus, and we have met on numerous
occasions since. Although my research has been mainly focused
on blood flow and mass transport in the cardiovascular system, I
followed Gerhard’s work closely and have the greatest
admiration for his seminal work on the modeling of arterial
biomechanics. I was absolutely delighted when he invited me to
participate in the LEAD project workshop on ‘Mechanics,
Modeling and Simulation of Aortic Dissection’, in Riegersburg,
October 2019, where I learnt about this ambitious research
program at TU Graz, and had the honor to join the International
Advisory Board of the LEAD program. For this reason, I chose
to contribute a chapter on aortic dissection. I wish Gerhard
every success in this exciting program and I look forward to a
fruitful collaboration in the future.

Xiao Yun

Abstract Type B aortic dissection (TBAD) is a complex disease in which a sec-
ondary channel of blood flow, known as the false lumen (FL), forms due to a tear
in the aortic wall. Common treatment methods for TBAD are medical management
or thoracic endovascular aortic repair (TEVAR), but their long-term outcomes are
difficult to predict. Anatomical studies have assessed the influence of morphologi-
cal features on disease progression and treatment outcome, and the number of side
branches perfused by the FL has been identified as an important factor. By simulating
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hemodynamics and thrombus formation in a post-TEVAR model, this study showed
that the presence of an FL fed inferior mesenteric artery increased wall shear stress
by 25.1% in the near branch area, and reduced abdominal thrombus formation by
15.3%. Additionally, hemodynamic simulations of a pre-TEVARmodel showed that
accounting for 11 intercostal arteries perfused by the FL led to an increase of 13.4%
in peak systolic velocity through the primary entry tear. Our results demonstrate the
importance of including FL perfused side branches in quantitative analysis of hemo-
dynamics in TBAD, and provide a mechanistic understanding of the role of these
branches in FL thrombosis.

1 Introduction

Aortic dissection is the most common acute disease of the aorta (McMahon and
Squirrell 2010), affecting approximately 3–5 per 100 000 individuals, and up to 35
per 100 000 of higher-risk individuals (Nienaber et al. 2016). A dissection occurs
when an initial tear is formed in the intimal layer of the aortic wall, causing blood
to enter the aortic wall. The pressure and flow of the blood into the wall forces the
tear to propagate further into the medial layer and ultimately results in separation of
the wall layers, leading to a secondary channel of blood flow, the false lumen (FL).
Additional re-entry tears may form in the distal aorta providing a path for blood to
return to the true lumen (TL). According to the Stanford classification system, a type
B aortic dissection (TBAD) is one in which the primary tear is in the descending
aorta, as opposed to a type A dissection in which the primary tear is in the ascending
aorta or aortic arch (Salameh and Ratchford 2016).

A TBAD is treated either medically or endovascularly. Medical management
involves the administration of antihypertensive drugs which aims to control the aortic
blood pressure and reduce the stress on the dissected wall. Thoracic endovascular
aortic repair (TEVAR) involves the insertion of a stent graft into the TL, to cover
the primary entry tear thereby cutting off blood flow to the FL, and to expand and
provide needed support to the often-compressed TL. Ultimately, any treatment of
TBAD aims to achieve complete false lumen thrombosis (FLT), meaning the blood
within the FL has clotted and there is no longer a diversion of blood away from
the TL. Studies have shown complete FLT to be associated with the greatest positive
prognosis (Trimarchi et al. 2013). Interestingly, a stable yet fully patent FL has shown
similar prognosis trends to complete thrombosis (Tsai et al. 2007). However, partial
thrombosis of the false lumen has been shown to lead to a greater risk of late onset
complications and higher mortality (Qin et al. 2012; Girish et al. 2016).

Currently, treatment choice is driven by the state of the dissection upon diagno-
sis. A dissection is classified as complicated if there are any additional problems at
the time of diagnosis, including end-organ ischemia, rapid expansion of the aorta,
consistent pain, and refractory hypertension. Such complications can ultimately lead
to major organ failure due to a lack of TL blood flow or aortic rupture due to a sig-
nificantly weakened vessel wall. The primary treatment method for uncomplicated
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TBAD is currently medical management, and with this 90% of patients survive to
hospital discharge (Clough and Nienaber 2015). However, this decreases to only
50% for complicated cases (Riambau et al. 2017). Therefore, TEVAR has been pro-
moted as the preferred primary treatment for complicated cases requiring emergency
intervention, over open-heart surgery due to improved mortality rates with TEVAR
(Fattori et al. 2008; Zeeshan et al. 2010; Steuer et al. 2011).

Recent studies including the INSTEAD (Nienaber et al. 2014) and the ADSORB
trials (Brunkwall et al. 2014) have also shown the efficacy of TEVAR in promoting
FLT and positive aortic remodeling in uncomplicated TBAD cases. Despite this,
there remains uncertainties regarding which patients should receive TEVAR and
within what time scale. Furthermore, although it is a minimally invasive procedure,
performing TEVAR carries additional risks—3–10% of TEVAR patients experience
a stroke (Buth et al. 2007); stent coverage of the left subclavian artery or intercostal
arteries may result in spinal cord ischemia, paraparesis and paraplegia (Rizvi et
al. 2009; Zipfel et al. 2013); the development of stent-induced new entry tears or
retrograde type A dissections may require further re-intervention. Therefore, it may
not be beneficial to consider TEVAR as the primary treatment for all uncomplicated
cases.

For these reasons it is desirable to gain a deeper understand into the progression of
TBAD, and to devise amethod for quantitative assessment of individual patient’s risk
for developing FLT or experiencing FL expansion. This would allow for treatments
to be tailored to specific patients, giving the opportunity for early intervention with
TEVAR to prevent late onset complications,while avoiding increased risk for patients
that would not necessarily need TEVAR. Several anatomical studies have aimed to
do just this, and have identified morphological features for both medical and TEVAR
patients such as tear number, size and location (Khoynezhad et al. 2010; Evangelista
et al. 2012; Qin et al. 2012; Tolenaar et al. 2013a, b; Kitamura et al. 2015; Kotelis
et al. 2016; Chen et al. 2017), and aorta diameter and area (Marui et al. 2007; Qin
et al. 2012; Kim et al. 2014; Ray et al. 2017; Sailer et al. 2017) to correlate with
aortic remodeling (either FLT, or FL reduction or expansion). A parameter identified
in multiple studies is the number of false lumen perfused side branches, which has
been linked to aortic expansion and complications in medical patients (Kamman et
al. 2017; Sailer et al. 2017) and reduced FLT in TEVAR patients (Qin et al. 2012;
Tolenaar et al. 2014; Ge et al. 2017; Liu 2018).

The use of computational fluid dynamics (CFD) simulations allows for the hemo-
dynamic condition of TBAD to be assessed and can help to understand why mor-
phological factors, such as FL perfused branches, impact disease progression. As
thrombus formation is noted to be influenced by morphological factors the computa-
tional modeling and prediction of thrombosis is also desirable and has been a focus
of several studies.

Thrombus formation, encompassing the recruitment, activation and adhesion of
platelets to form blood clots, is a complex multi-stage biological process, which
involves many species and biochemical reactions. Thus, to model such a pro-
cess presents significant challenges, and various, mainly kinetic based, studies
have addressed specific stages of the process with a range of assumptions. Simple
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single species models have focused on certain stages of thrombosis—Wootton et
al. (2001) modeled the reaction and adhesion of platelets in an idealized stenosed
vessel, while Anand et al. (2005) presented a comprehensive model of the extrinsic
pathway of the coagulant cascade, in which 29 species were modeled. Others have
selected a limited number of species to model, included the combination of platelets,
platelet agonists, prothrombin, thrombin, and anti-thrombin, modeled by Sorensen
et al. (1999) in a 2D microdomain, and then by Goodman et al. (2005) in a series
of idealized contracting and expanding vessels. Goodman et al. (2005) also incor-
porated the influence of thrombus formation on flow, by adjusting velocity patterns
at each time step. Leiderman and Fogelson (2011) then presented a kinetic model
of platelets in multiple states, while also incorporating the influence of thrombus
formation on the flow field through modification of the momentum equation, in an
idealized 2D geometry. While these studies provide valuable insight into thrombus
formation, their focus on the micro/cellular level makes it challenging to apply to
an anatomically realistic model where macro-scale hemodynamic behavior is also
important.

To simulate thrombus formation on a realistic scale in combination with the flow
field, the hemodynamics-based model originally developed by Menichini and Xu
(2016) and extended to anatomically realistic geometries (Menichini et al. 2016,
2018; Armour et al. 2020) can be utilized. The most recent version of the model is
presented in this chapter and is employed to study the influence of FL perfused side
branches on hemodynamics and thrombus formation in patient-specific settings.

2 Methodology

2.1 Mathematical Model for Thrombus Formation
and Growth

Thrombosis is modeled through a hemodynamics-based mechanism. Due to com-
putational cost of modeling hemodynamics and biological processes at a patient-
specific level, several assumptions are made to simplify the thrombosis process. Pri-
marily, only a limited number of species are modeled: resting and activated platelets,
coagulant (representative of all species involved in the coagulation process) and
bound platelets (representative of thrombus). Both resting platelets (RP) and acti-
vated platelets (AP) are modeled through a standard convection-diffusion-reaction
transport equation, i.e.

∂ci
∂t

+ v · ∇ci = Dp∇2ci + Si , i = AP,RP, (1)

where ci is the concentration of species i , Dp is the diffusivity of the platelets (1.6 ×
10−13 m2s−1), and Si is a source term. The concentrations [AP] and [RP] are nor-
malized against their initial values, and thus represent a probability of encountering
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that relevant species, rather than an exact value of concentration. The source Si is
the sum of two reactions, which control the conversion of platelets from the resting
state to the activated state. The first reaction r1 represents the activation of RPs due
to their exposure to other APs. The second reaction r2 represents the activation of
RPs due to exposure to thrombin (a substance produced by damaged endothelium
cells to initiate the activation of platelets). Thus,

r1 = k1[AP][RP], r2 = k2[RP]RRT, (2)

where k1 = 0.15s−1 and k2 = 0.5s−1. As thrombin is notmodeled, r2 is scaled by the
relative residence time (RRT), as it is assumed that thrombin concentrations would
be high in areas of flow recirculation and therefore high residence time. In the model,
residence time (RT) is modeled as an unreactive tracer. Thus,

∂RT

∂t
+ v · ∇RT = DRT∇2RT + 1, (3)

where DRT is the self-diffusivity of blood (1.14 × 10−11 m2s−1). Due to the unit
increase of RT with each unit increase of time, RT will continuously rise throughout
the simulation. Therefore, RRT is calculated by normalizing RT with respect to the
cardiac cycle.

While these two reactions represent common paths of platelet activation, it is also
known that high shear rates induce platelet activation—high shear is often found
near and within the tears. To account for any activation that would have occurred
when the dissection was diagnosed and during the time before the model begins, a
background activation level of 5% of the inlet RP concentration is assumed.

The coagulant (C) is modeled through a shear-dependent diffusive mechanism,
to dually incorporate the convective dominant nature of the transport of coagulant in
the bulk and the diffusive dominant nature of the transport of coagulant in the near
wall and low velocity areas at the site of thrombus formation, i.e.

∂C

∂t
= Dceff∇2C + kCϕC control[AP] − kC2(1 − ϕγ̇ )ϕC [AP], (4)

Dceff = ϕγ̇ Dc, (5)

ϕC control = ϕBP, (6)

ϕγ̇ = γ̇t
2

γ̇
2 + γ̇t

2 , (7)

where Dc = 10−8 m2s−1. The use of ϕγ̇ ensures that when shear rates are high the
coagulant is consumed −ϕγ̇ tends to 0 and the coagulant is carried into the blood
stream, unable to deposit on a surface. In this study, a shear rate threshold γ̇t of 50 s−1

was set. When shear rates are low ϕγ̇ tends to 1, leaving the transport of coagulant to
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be diffusion dominated. ϕγ̇ is also used to control the production of bound platelets
(BP), modeled as a growth only static variable, to ensure that thrombus cannot form
unrealistically in high shear regions:

∂BP

∂t
= kBPϕBP controlϕγ̇ [AP], ϕBP control = ϕCϕRRTϕAP. (8)

Based on previous sensitivity tests (Menichini and Xu 2016) which showed the
extent of thrombosis to be independent of kinetic constants kBP (12nmolL−1 s−1),
kC (16 nmolL−1 s−1) and kC2 (6 nmolL−1 s−1), the kinetic constants have been set to
artificially accelerate the process of thrombosis, so that simulations can be completed
in a reasonable time frame. The production of coagulant initially is controlled through
a flux boundary condition that is driven by the local time-average wall shear stress
(TAWSS) and BP concentration. Thus,

Dceff

(
∂C

∂n

)
wall

=
{
kcwall if TAWSS < 0.15 Pa and BP ≤ 200 nM,

0 otherwise,
(9)

where kcwall = 16nmolm−1 L−1 s−1. After coagulation initially forms on the walls in
low shear regions, further coagulant production and thrombus formation is controlled
by a feedback loop, which drives thrombus formation in areas of low shear, and high
RRT, AP and C (ϕBP control). This then feeds back to further coagulant production
which occurs in areas of high BP (ϕC control). Mathematically, this is implemented
through switching functions, seen in Eqs. (4) and (8)1, which vary between 0 and 1,
depending on a variable’s concentration relative to threshold values (RRTt = 0.85,
Ct = 10nmol/L, BPt = 20nmol/L, APt = 15). Thus,

ϕi = X2
i

X2
i + X2

it

. (10)

Finally, in order to account for the influence of thrombus formation on the flow
field the momentum equation is modified to include the porosity ε of the domain
(ranging between 0.75 and 1, depending on the BP concentration) and a momen-
tum source proportional to the BP concentration to represent the resistance to flow
produced by the presence of thrombus, i.e.

ρ
∂εu
∂t

+ ∇ · (ρεu × u) = −ε∇ p + ∇ · [με(∇2u)] − εSM , (11)

ε = max

(
1 − BP2

BP2 + BP2
t

, 0.75

)
, (12)

SM = kM
BP2

BP2 + BP2
t

u, (13)
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where kM = 107 kgm3 s−1. The blood viscosity μ was modeled as non-Newtonian
using the Quemada model, with constants taken from the literature, i.e.

μ = μp

(
1 − 1

2

k0 − k∞
√

γ̇ /γc

1 + √
γ̇ /γc

Ht

)−2

, (14)

where μp is the plasma viscosity (1.2mPas), k0 and k∞ are intrinsic viscosities at
zero and infinite shear, respectively (k0 = 4.33; k∞ = 2.07), γc is the critical shear
rate (1.88s−1), and Ht is the hematocrit (0.45) (Neofytou 2004).

2.2 Model Geometry

Images of two patients from the ADSORB trial (Brunkwall et al. 2014), one post-
TEVAR (P1) and one pre-TEVAR (P2), were used in this study. Geometries were
segmented and reconstructed to 3D models from computed-tomography (CT) scans
in Mimics (Materialise, Leuven, Belgium), using a range of semi-automatic and
manual tools. First, both patient-specific models were built from the ascending aorta
distal to the coronary arteries down to the aortic bifurcation, including the 9 main
vessels that protrude from the aorta: brachiocephalic artery (BRAC), left common
carotid artery (LCCA), left subclavian artery (not included in the P1 TEVAR model
due to occlusion by the stent graft), celiac trunk (CEL), superiormesenteric artery, left
and right renal arteries, and left and right iliac arteries. Second, an additional model
for each patient was created which included additional false lumen fed branches.
The inferior mesenteric artery (IMA) in the abdominal aorta was identified to branch
from the FL in P1 (creating model P1+IMA), and 11 FL fed intercostal arteries
(ICA) were identified in P2 (creating model P2+ICA). All four models are shown in
Fig. 1. As both the IMA and ICA are small branches, segmenting them straight from
the CT images can be challenging due to the relatively low pixel quality. Therefore,
after accurately locating the branches from the CT scans their radius was manually
set to match literature data—about 1.6mm for the IMA; about 2mm for each ICA
(Du et al. 2015).

Eachmodelwasmeshed in ICEM(Ansys Inc,Canonsburg, PA,USA) into unstruc-
tured meshes that consisted of a hexahedral core with 10 prismatic layers at the wall,
with local refinement in areas such as tears and small branches. Mesh sensitivity tests
were conducted to ensure mesh-independent solutions, and the final chosen meshes
contained the following number of elements: P1—5.47 million; P1+IMA—5.49
million; P2—5 million; P2+ICA—6.2 million.
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Fig. 1 Geometric models used for simulations: (left) P1 geometry without and with the false
lumen (FL) fed inferior mesenteric artery (IMA); (right) P2 geometry without and with 11 FL fed
intercostal arteries (ICA)

2.3 Boundary Conditions and Computational Details

As no patient-specific flow information was available for either patient, inlet and
outlet boundary conditions were developed based on data from the literature. In all
simulations, a flat inlet velocity profile, of period 1.3s, was applied in the ascending
aorta, distal to the coronary arteries (Dillon-Murphy et al. 2015). Three-element
Windkessel models (3EWK), identified as the most physiologically accurate outlet
boundary conditions (Pirola et al. 2017), were tuned for each outlet, expect the
intercostal arteries. Total resistance RT and compliance for each branch were taken
from a previous study (Dillon-Murphy et al. 2015), and the individual proximal R1

and distal R2 resistances were calculated through themethodology reported by Pirola
et al. (2019). For the intercostal arteries in model P2+ICA, a fixed flowrate boundary
condition was applied, with 5% of the inlet flow was directed to the 11 intercostals
in total (Lewis and McKenna 2010).

The walls were assumed to be rigid with a no-slip boundary condition, with zero
flux for all species in the thrombus model except coagulant which is controlled by
a variable flux condition described above, Eq. (9). Flow was assumed to be laminar
in all simulations presented in this study. The thrombosis model described above
was implemented in Ansys CFX (Ansys Inc, Canonsburg, PA, USA), as reported
previously (Menichini and Xu 2016). Initial simulations were run for flow only
without using the thrombosis model; this required a minimum of three cardiac cycles
in order to reach a periodic solution. The model for thrombus formation and growth
was then switched on, and the simulationswere run for 16 cycles for P1 andP1+IMA.
Auniform time step of 0.005swas set in all simulations. Post-processingof numerical
results was performed using EnSight (Ansys Inc, Canonsburg, PA, USA).
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3 Results

3.1 Flow Patterns

Analysis of flow patterns, wall shear stress and pressure was carried out using the
simulation results obtained before the thrombosis model was switched on. Figure 2
shows the velocity streamlines at mid-systolic acceleration, peak systole, and mid-
systolic deceleration for all models. Comparing P1 and P1+IMA (Fig. 2), there was
little difference in the thoracic aorta at any time point. However, in the abdominal
aorta, the inclusion of the IMA altered the local flow in the FL, particularly at peak
systole. About 2.2% of the total inlet flow reported to the IMA, which caused a
small increase (3.9%) in the percentage of abdominal flow (below the renal arteries)
recorded in the FL. As the same inlet flowrate was adopted in all simulations, the
IMA flow came from redistribution of flow through other branches. This resulted in
small changes in flow through the BRAC (0.8%), LCCA (0.5%) and CEL (0.5%).

Figure 3 shows the velocity streamlines for P2 and P2+ICA at the selected sys-
tolic time points. Comparing P2 and P2+ICA, there was hardly any difference glob-
ally, although quantitative variations were noted. Including the ICA caused a 13.4%
increase in peak systole maximum velocity in the jet through the primary entry tear
distal to the LSA (about 0.73m/s in P2; about 0.82m/s in P2+ICA), and a smaller yet
noticeable decrease in velocity in the TL approximately two-thirds down the thoracic
aorta. These local changes are due to the inclusion of the ICA drawing more blood
into the FL—the percentage of descending aorta flow entering the FL increased from
30 to 32% when the ICA were included.

3.2 Wall Shear Stress

Figure 4 shows the time-averaged wall shear stress (TAWSS) maps for the four mod-
els. As with the velocity results, for both patients the inclusion of the additional FL
branches didnot induce anyqualitative changes inTAWSSpatterns. ForP1/P1+IMA,
the most notable difference can be observed in the abdominal aorta where including
the IMA substantially increased the local TAWSS in the abdominal FL. As a result,
the volume-averaged TAWSS in the abdominal FL increased by 25.1%, from about
0.68 to about 0.85Pa. Considering P2 and P2+ICA, the presence of the ICA did
induce local increases of TAWSS around the branch ostia, but the volume-averaged
TAWSS in the segment of thoracic FL containing the ICA only increased by 7.8%,
from about 0.5 to about 0.53Pa.
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Fig. 2 Velocity streamlines throughout the systolic phase for P1 and P1+ICA

3.3 Pressure

The pressure difference between the TL and FL was evaluated on planes in each
model (A-I, shown in Fig. 1) and the peak systolic results are presented in Fig. 5.
For P1 where the TL pressure was higher than the FL throughout the aorta, the
inclusion of the IMA resulted in a reduction in FL pressure, hence an increase in
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Fig. 3 Velocity streamlines throughout the systolic phase for P2 and P2+ICA

TL-FL pressure difference. For P2 where the FL pressure was higher than the TL
except in the upper thoracic aorta (planesA andB), the inclusion of the ICAdecreased
the cross-lumen pressure difference. Generally, for both patients, the change in pres-
sure difference was small, with a maximum shift in pressure difference observed
across all simulations being just over 1mmHg on plane A in P1/P1+IMA. Further-
more, cross-lumen difference in mean pressure over the entire cardiac cycle varied
by <0.13mmHg for all models at all locations.
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Fig. 4 Time-averaged wall shear stress (TAWSS) for models P1, P1+IMA, P2 and P2+ICA

3.4 Thrombus Formation

Predicted thrombus formation, alongside actual observed thrombus formation from
the 1-year follow-up CT scan can be seen in Fig. 6 for P1 and P1+IMA. P1 correctly
predicted complete thrombosis in the thoracic FL above the CEL. However, there
was overprediction of thrombus growth in the abdominal aorta, as seen in the follow-
up scan there was virtually no thrombus formation in the abdominal FL. With the
inclusion of the IMA, P1+IMA saw a reduction of this overprediction in the abdom-
inal FL, with 15.3% less abdominal thrombus formation compared to P1, while still
correctly predicting the thoracic FLT.
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Fig. 5 Pressure difference �P between the true (TL) and false lumen (FL) on planes A-I (shown
in Fig. 1) throughout the aorta for each model

Fig. 6 Predicted thrombus formation after 16 cycles for P1 and P1+IMA alongside actual observed
thrombus formation from 1-year follow up CT scan

4 Discussion

Type B aortic dissection is a serious cardiovascular disease, which can present in a
wide variety of morphologies, can often be complex, and can have high mortality
rates. While treatment is typically assigned based on diagnostic status (uncompli-
cated patients treatedmedically, and complicated patients treatedwith TEVAR), with
accurate predictive tools, there is a potential for early intervention in uncomplicated
patients that go on to develop complications.
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The presence of FL perfused side branches has been identified as a predictor of
aortic growth in medically managed patients (Kamman et al. 2017) and incomplete
thrombosis in TEVAR patients (Qin et al. 2012; Tolenaar et al. 2014; Ge et al. 2017;
Liu et al. 2018). Sailer et al. (2017) specifically identified FL perfused intercostal
arteries as a risk factor for late-onset complications, such as aneurysms, rapid aor-
tic growth, ischemia, and aortic rupture. This study aimed to gain a mechanistic
understanding of the role of such branches in dissection progression, through com-
putational flow simulations of two TBAD cases. A post-TEVAR case was modeled
without (P1) and with (P1+IMA) the FL perfused IMA, and a pre-TEVAR case was
modeled without (P2) and with (P2+ICA) 11 FL perfused ICA. Thrombus formation
was also simulated in the post-TEVAR models, to address the connection between
FL branches and post-TEVAR thrombosis.

The presence of FL perfused branches was shown to locally alter flow patterns,
with increased flow and flow disturbance around the IMA in P1+IMA compared
to P1, and increased flow and velocities throughout the thoracic region in P2+ICA
compared to P2. The additional outlet(s) in these models provide an additional low
pressure exit for the blood, thus pulling more flow to the local area.

This increase in flow and velocities translated to an increase in TAWSS in the
local branch areas. The inclusion of the IMA in P1+IMA resulted in a nearly 10%
increase in average TAWSS in the abdominal aorta, and the area of high TAWSS in
this region can be seen to have expanded (Fig. 4). Including the ICA in P2+ICA
caused a relatively small increase in TAWSS at about 2%. This is likely due to the
fact that while the intercostals took 5% of inlet flow compared to the IMA’s 2.2%,
the 5%was split between 11 branches, meaning each branch received<0.5% of inlet
flow, resulting in the increase in TAWSS being confined to the branch entry points.

Due to the local increase in TAWSS, P1+IMA predicted less thrombus growth
in the abdominal FL compared to P1 (Fig. 6). The result of P1+IMA matched more
closely to the follow-up CT scan; the latter showed virtually no thrombus formation
in the abdominal aorta. This suggests that FL perfused side branches do inhibit
thrombus formation, as identified in anatomical studies (Qin et al. 2012; Tolenaar et
al. 2014; Ge et al. 2017; Liu et al. 2018), due to the increased flow thereby reducing
stasis and the likelihood for activated platelets to aggregate and adhere to the wall.
However, there were still small areas of thrombus formation in P1+IMA that deviate
from the follow-up scan. Armour et al. (2021) showed that the use of a non-patient-
specific stroke volume (as in this study) could significantly alter TAWSS results, with
a 25% reduction in stroke volume leading to a 35% reduction in TAWSS. While the
applied stroke volume of 93mL falls in the typical range of 94 ± 15mL (Maceira et
al. 2006), it was not patient-specific, which might account for the slight difference
between the predicted thrombus formation in P1+IMA and the in vivo results.

Cross-lumen pressure difference is another parameter of interest, as it has been
implicated in FL expansion. Armour et al. (2021) showed that the use of non-patient-
specific flow waveform and stroke volume can affect TL and FL pressures and their
difference. There is therefore uncertainty in the absolute values of these parameters.
However, this should not affect our comparison between twomodels (P1 vs. P1+IMA
or P2 vs. P2+ICA) which used a consistent inlet velocity profile.
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Table 1 Percentage change in FL volume by region between the baseline and 1-year follow-up CT
scan for P1 and P2. Thoracic: above celiac trunk; abdominal: below celiac trunk

Thoracic FL (%) Abdominal FL (%)

P1 −100 4.9

P2 17.6 −100

The inclusion of the additional FL branches in P1+IMA and P2+ICA had a
similar effect on reducing FL pressure. This is logical when considering the fact that
these additional branches provide low-pressure exit points for the flow that help to
alleviate FL pressure. Regarding cross-lumen pressure difference, it was increased
in P1+IMA versus P1, but decreased in P2+ICA versus P2. This is because in the
case of P1, the TL pressure was higher than FL pressure, hence a reduction in FL
pressure would widen the TL and FL pressure difference, whereas the opposite was
true for P2. Nevertheless, the predicted cross-lumen pressure differences were small
in both patients, and the effect of including IMA in P1 and ICA in P2 on pressure
difference was insignificant.

In this study, false lumen expansion could not be modeled, but the 1-year follow-
up CT scan of P1 revealed little change in abdominal FL volume from its baseline
scan—Table 1 reports FL volume percentage changes for both P1 and P2. P2 did
show FL expansion in the thoracic region at the 1-year follow-up CT scan, while
complete thrombosis was achieved in the abdominal FL. The increased velocity
in the jet through the entry tear due to the presence of the ICA led to an 11.6%
increase in maximum TAWSS on the FL wall hit by the jet. This would likely cause
further degradation of the already weakened FL wall and could contribute to FL
expansion, potentially explaining the results of Kamman et al. (2017), which showed
FL branches to increase the risk of FL growth in medically managed patients. The
higher-pressure FL in P2 may also promote FL expansion, however a larger cohort
studywould be required to assess the relative importance of the impact of FL perfused
branches on TAWSS and cross-lumen pressure difference.

Sailer et al. (2017) identified ICA to be a predictor of late-onset complications.
This cannot be explained by the results presented in this study as late-onset com-
plications cover a variety of potential outcomes, such as rapid aortic growth, aortic
rupture, limb or organ ischemia, and new refractory hypertension or pain. However,
our results do show that the inclusion of ICA can significantly alter velocity magni-
tudes in critical areas such as the entry tear, and the presence of ICA should not be
simply ignored, as has been done commonly.

While the progression of TBAD in all cases is a multi-factor process, the results of
this study help to elucidate the role of FL perfused side branches in flow distribution
and thrombus formation in TBADpatients. It is hoped that detailed studies, including
the work presented here, into the key morphological parameters known to be linked
to various progressions of TBAD will aid in treatment planning to improve patient
prognosis.
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There are limitations to this study. The inlet and outlet boundary conditions were
taken from the literature,when ideally thesewouldbe tunedwith patient-specificdata.
As discussed, the non-patient-specific stroke volume likely had an impact on TAWSS
and therefore thrombus results, and a more accurate prediction can be made with a
patient-specific tuned boundary condition. Additionally, all models were assumed to
have a rigidwall. This assumptionmeans the aorticwallmotion andmore importantly
the intimal flap motion were neglected. The intimal flap is known to be flexible in
early dissection stages, with increasing stiffness as the dissection ages (Peterss et al.
2016).A recent study in an idealized geometry byChong et al. (2020) showed that flap
motion increased FL flow and diastolic wall shear stress values, in turn significantly
reducing the total area of lowTAWSS—a parameter shown to be crucial for thrombus
formation predictions. Patient-specific studies (Alimohammadi et al. 2015; Qiao et
al. 2019b; Bäumler et al. 2020) have also highlighted the effect of wall motion on
regions of low TAWSS. Furthermore, in relation to P1 and P1+IMA (post-TEVAR
models) the compliance of the stent-graft (the focus of recent studies by Qiao et al.
2019a, 2020) will be significantly different to the aortic wall. The incorporation of
a fluid-structure interaction model would allow for the effect of wall, flap and stent
mechanical behaviors on thrombus formation to be assessed.

5 Conclusion

This study demonstrates the impact of FL perfused branches on TBAD hemodynam-
ics and thrombus formation. From a methodological standpoint, our results show
that FL branches, even low flow non-visceral branches such as intercostals, should
be included to accurately assess FL hemodynamics. Our results provide a mechanis-
tic understanding of the previously reported connection between FL branches and
lack of post-TEVAR FLT, with increased FL flow and elevated wall shear stress due
to FL perfused branches, which inhibit platelet aggregation and deposition. Further
studies on a larger cohort of both pre- and post-TEVAR patients would allow for a
deeper understanding of the influence of FL branches in various aortic morphologies
and may help clinicians tailor treatment to individual patient needs.
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1 Introduction

The extracellular matrix (ECM) in the arterial wall, composed of elastic fibers, col-
lagen fibers, and ground substances including glycosaminoglycans/proteoglycans
(GAGs/PGs), largely determines the passive mechanical properties of large elastic
arteries. Elastic fibers, predominantly existing in the medial layer of the arterial wall
(Wolinsky and Glagov 1967), imparts elastic property to an artery in order to accom-
modate cyclic physiological deformation. Large bundles of collagen fibers in the
adventitia layer play an important role in preventing artery rupture at high pressures
(Fung 1993).

In elastic arteries such as aorta, elastic fibers form concentric layers of elastic
lamellae that are subjected to billions of stretch cycles during a lifetime (Kielty et al.
2002) (Fig. 1a, b). The elastic lamellae layers are interconnected through interwoven
elastic and collagen fibers in the narrow interlamellar space (Davis 1993) (Fig. 1c, d).
Alternating layers of smooth muscle cells anchor on either side to the adjacent lamel-
lar layers through elastin extensions (Davis 1993). The ECM components, together
with smooth muscle cells, are organized into lamellar units, which are considered as
the functional units of the arterial wall (Wolinsky and Glagov 1964).

The ECMfiber networks in the arterial wall are highly inhomogeneous in structure
with varying fiber lengths, diameters, density, orientation distribution, etc. Structural
inhomogeneity can lead to large variations in local fiber stresses (Zhang et al. 2013),
aswell as in local ECMmechanical properties (Li et al. 2019).Wall stress distribution
can alter the local permeability and pressure gradient, which governsmany important
physiological events (Chuong and Fung 1986). Microstructural inhomogeneity also
plays an important role in regulating the failure behavior in laminated biological
tissues (Iatridis and ap Gwynn 2004; Katsamenis et al. 2015). Arterial failure has
been reported to initiate locally and may involve a combination of both in-plane
fracture and delamination of the elastin lamellae (Rajagopal et al. 2007; Brunet et
al. 2019).

This chapter presents our recent studies that reveal the existence of structural
inhomogeneity in arterial ECM at the intra- and interlamellar structural levels. By
integrating experimental and modeling approaches, these studies provide new under-
standings of the underlying microstructural mechanisms of ECM inhomogeneity in
contributing to tissue homeostasis, vascular mechanics, and arterial failure such as
the development and propagation of aortic dissection (AD).
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(b)

(a)

(c) (d)

Fig. 1 Cross section view of a porcine thoracic aorta showing layers of elastic lamellae. (a)Movat’s
stain of the aorta from adventitial (left) to intimal (right) side. Collagen (yellow), elastin (black),
smooth muscle (red), and GAGs (blue). Scale bar is 100μm (Mattson et al. 2017). (b) Multiphoton
image of the aorta showing the lamellar layers in the media and the presence of elastin (green)
and collagen (blue) in the arterial wall (Turcotte and Zhang 2020) with slight modifications. Inset
picture shows the zoom in view of the interconnected lamellar layers. The thickness of the aorta is
about 1mm. (c), (d) Transmission electron microscopy images of the aorta at two magnifications
with the intersect square image zoomed in Wang et al. (2015). EL = elastic laminae; vSMC =
vascular smooth muscle cells; Coll (LS) = collagen fibers in longitudinal section; Coll (XS) =
collagen fibers in cross-section. Arrows indicate inter-laminar elastin deposits
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2 Multiscale ECM Inhomogeneity

2.1 Interlamellar Transmural Variation in Elastic Fiber
Orientation Distribution and the Anisotropic Tissue
Mechanical Behavior

2.1.1 Interlamellar Transmural Variation in Elastic Fiber Orientation
Distribution

Natural biological tissue and tissue-derived soft biomaterial often exhibit pronounced
mechanical anisotropy due to preferred fibrous orientation (Chuong et al. 1991;
Hoffmeister et al. 1996; Ono et al. 1990; Demer et al. 1983). The anisotropicmechan-
ical response for vascular tissue was suggested to directly result from fiber orienta-
tion (Timmins et al. 2010). Elastic fiber network has been shown to have anisotropic
mechanical behavior (Sherebrin et al. 1983; Lillie et al. 2010; Zou et al. 2011).
Previous studies attributed the anisotropy of elastic fiber network to fiber reorienta-
tion (Ronchetti et al. 1998; Rezakhaniha and Stergiopulos 2008) and that the elastic
fibers being orientated in the circumferential direction (Rezakhaniha et al. 2010).
However, several studies including ours reported that elastic fibers in large arteries
have a relative uniform distribution, and the elastic fiber network does not show
obvious structural changes under deformation (Fata et al. 2013; Chow et al. 2014).
In these studies, multiphoton microscopy was used to image the elastic fibers in the
medial layer and the arteries were imaged from the intimal surface. Due to limited
laser penetration depth, however, imaging of the elastic fiber network was achieved
from the intimal side of the arterial wall with a maximum depth of about 200μm,
which is very small compared to the arterial wall thickness (∼1.5mm). Thus, the
fiber distribution obtained from such a limited imaging depth from the intimal sur-
face may not be representative of the tissue structure. Yu et al. (2018b) examined
the transmural variation in elastic fiber orientation distribution in porcine thoracic
aorta using multiphoton microscopy and its association with tissue anisotropy. The
elastic fibers orientation distribution was found to change from a relatively uniform
distribution in regions close to the luminal surface to a more circumferential dis-
tribution in regions that dominates the media, then to a longitudinal distribution in
regions close to the outer media (Figs. 2, 3a, b). The middle media appears to be
much thicker than the inner and outer media.

The transmural structural inhomogeneity is important for the understanding of
the structure and function of elastic fiber network in the arterial wall. Transmural
alternations in elastic fiber orientation in the arterial wall was reported earlier from
studies using electron microscopy (Clark et al. 1985; Farand et al. 2007). It was also
observed that the smooth muscle cells follow a similar transmural distribution as the
elastic fibers (Clark et al. 1985). The distinct transmural variation in fiber orientation
helps to accommodate the complex loading in the artery. The axially oriented fibers
from the intima side support the shear stress from blood flow in the longitudinal
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Fig. 2 Multiphoton images showing the distribution of elastic fibers in the inner media (1), middle
media (2, 3, 4), and outer media (5). Here L refers to longitude; and C refers to circumference (Yu
et al. 2018b)

direction, while the circumferentially oriented elastic fibers in the middle media
bears the pulsatile load in the circumferential direction (Clark et al. 1985; Farand et
al. 2007). Axially aligned elastic fibers in the outer media, however, play a role in
transmitting axial shear stress from organ movement and tethering by adventitia and
branches to media (Clark et al. 1985).

2.1.2 Structural Origin for the Anisotropic Tissue Mechanical
Behavior in Constitutive Models

In structure-based constitutive models, fiber orientation distribution usually is the
primary source of tissue anisotropy. Experimentally measured structural parameters
from imaging, such as fiber orientation distribution, fiber crimping, and constituent
volume fractions, can be incorporated directly into structure-based constitutive mod-
els to reduce the number of parameters and improve prediction accuracy (Wang et al.
2016). The transmural fiber orientation distribution of collagen, another major ECM
constituent, has been found to change from nonuniform distribution in subendothe-
lial layer to circumferentially oriented in the media, and to helically arranged fiber
families in the adventitia (Gasser et al. 2006). The experimentally measured collagen
fiber orientations through the thickness of mouse carotid arteries was considered by
using a four-fiber family model with improvement in predicting capability (Wan et
al. 2012).
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While there are wide studies on structure-based models considering collagen
fiber microstructural organization, only a few studies attempted to incorporate elastin
network anisotropywith reported better description of the biomechanical behavior of
the arterial wall (Rezakhaniha et al. 2010). Study byYu et al. (2018b) provides further
understandings on the origin of the anisotropic behavior of elastin network. Besides
fiber orientation distributions, transmural variation in fiber orientation distributions,
and the proportions of the inner, middle and outer media regions with distinct elastic
fiber orientation distributions play an important role in determining tissue anisotropy
(Yu et al. 2018b). The dominated circumferentially oriented elastic fibers explain
well the generally stiffer behavior in the circumferential direction of the elastic fiber
network.

To account for transmural variation in elastin fiber orientation distribution, the
elastic fiber network was modeled using a constitutive model that incorporates the
orientation distributions of elastic fibers at different transmural depths (Yu et al.
2018b). The total strain-energy function was assumed to be the sum of strain-energy
function at the inner, middle, and outer media as: W = ∑3

i=1 ni
∫ π/2
−π/2 w(ρ)Ri (θ)dθ ,

where w(ρ) is the strain-energy function at the fiber level, ni is the elastin content
that defines the proportions of the inner, middle and outer media regions. Ri (θ) is
the elastic fiber orientation distribution function from the inner, middle, and outer
media from Fig. 3a. For comparison, elastin network was also modeled using a
constitutive model that only incorporates the fiber orientation distribution from the
inner media, which does not consider the transmural variation in fiber orientation
distribution. The anisotropic mechanical behavior of elastic fiber network is well
described by the structure-based model that considers the transmural variation in
elastin fiber distribution (Fig. 3c). The new model well captures the anisotropic
behavior of elastin network during equi- and nonequi-biaxial mechanical loading.
However only accounting for elastin fiber orientation distribution from the inner
media results in poor fitting capabilities (Fig. 3d). Therefore, by considering the
transmural elastin fiber distribution, the structure-based model showed improved
fitting and predicting capability.

These results suggest fiber orientation is themain sourceof the anisotropy in elastic
fiber network, which arises from the dominated circumferentially orientated elastin
fibers in the middle media. The transmural variation in fiber orientation distributions,
and the proportions of the inner, middle and outer media regions in elastin needs to be
considered in structure-based constitutive models for improved fitting and predicting
capabilities. Furthermore, the transmural structural inhomogeneity in elastic fiber
distribution is essential in accommodating the complex loading in the artery, and
should be included in constitutive modeling to study the mechanical properties of
arteries in health and diseases.
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Fig. 3 (a) Transmural variation in elastic fiber orientation distribution in the inner, middle, and
outer media with 0◦ being the circumferential and 90◦ being the longitudinal direction. (b) Ratio
of circumferentially to longitudinally distributed elastic fibers in the inner, middle, and outer media
shows that the middle media has significantly more circumferentially oriented elastic fibers than the
inner and outer media (∗ p < 0.01). (c), (d) Representative results of Cauchy stress versus stretch in
the circumferential (Circ) and longitudinal (Long) directionswhenfitting two sets of nonequi-biaxial
testing data fL : fC = 75 : 100 and 100 : 75N/m, and predicting equi-biaxial testing data fL : fC =
100 : 100N/m using (c) a structural based constitutive model that considers transmural variation
in elastin fiber orientation distribution, and (b) a structural based constitutive model that considers
only fiber orientation distribution in inner media. Symbols represent experimental measurements
and curves represent modeling results (Yu et al. 2018b)

2.2 Transmural Waviness Gradient in Elastic Lamellar
Layers and Implications for Tissue Homeostasis

2.2.1 Transmural Waviness Gradient in Elastic Lamellar Layers

The lamellar units in large elastic arteries support and evenly distribute the stresses
in the arterial wall caused by intraluminal distending pressure and plays an important
role in maintaining tissue homeostasis (Wolinsky and Glagov 1964). Early studies
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found that the number of aortic lamellae layers is linearly proportional to the artery
diameter, with a few layers for a mouse aorta while more than 50 layers for human
(Wolinsky and Glagov 1967). Considering the law of Laplace and the relatively
small variation in mean blood pressure, the average tension in each lamellae layer
was suggested to be about the same regardless of species (Wolinsky and Glagov
1967), although it was unclear at the time as how the highly ordered concentric
lamellar layers in the arterial wall are able to evenly distribute the stress radially
through the arterial wall. Nevertheless, these earlier insightful studies pointed out
the important role of elastic lamella as a fundamental functional unit in physiology
and in maintaining vascular homeostasis. Waviness of elastic lamellae was noticed
in transverse histological section of arterial tissue (Wolinsky and Glagov 1964).
Several studies on the structure of elastic lamellae relying on histological analysis
of biological tissue found that the elastic lamellar layers uncoil when subjected to
deformation (Dobrin 1999; Sokolis et al. 2006). However, histological preparation
and tissue retraction upon removal of mechanical loading may alter the structure of
ECM.

To capture the three-dimensional (3D) architecture of elastic lamellae, multi-
photon microscopy was used to visualize the microstructural deformation of elastic
lamellae in mouse carotid arteries under biaxial pressurization and axial stretching
(Yu et al. 2018a) (Fig. 4a, b). The 3D structure of the elastic lamellae was recon-
structed to analyze its spatial distribution and unfolding under biaxial mechanical
loading (Fig. 4c–f). The waviness of elastic lamellar layers decreases as intraluminal
pressure increases (Fig. 5a). Further structural quantification at lamellar level were
measured directly using the reconstructed 3D structure showed that the waviness
of elastic lamellae varies transmurally with wavier elastic lamella towards the inner
surface of the arterial wall. Lamellar layer closer to the inner wall are more undulated
than lamellar layer closer to the outer wall (Fig. 5b). When the artery is pressurized,
the more undulated inner lamellar layer also undergoes larger unfolding (Fig. 5c).

2.2.2 Structural Mechanisms That Enable the Elastic Lamellar Layers
to Evenly Distribute the Stress Across the Arterial Wall and
Maintain Tissue Homeostasis

To understand the structural mechanisms that enable the elastic lamellar layers to
evenly distribute the stress across the arterial wall, Yu et al. (2018a) studied the
stretching and unfolding of elastic lamellae in the arteries and its relationship with
tissue-level deformation. At the tissue level, stress analysis of a homogeneous thick
cylindrical wall subjected to intraluminal pressure also showed that the circumfer-
ential stretch decreases from the inner to the outer wall, however the tissue-level
circumferential stretch (Fig. 5d) is much greater than the lamellar unfolding stretch
(Fig. 5c). Study by Yu et al. (2018a) suggested that lamellar unfolding and stretching
occurs simultaneously and both contribute to tissue-level circumferential stretch. The
inner lamellar layers are wavier and unfold more than the outer layers. As shown in
the schematic drawings in Fig. 6, the transmural waviness gradient in the lamellar
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Fig. 4 (a), (b) Multiphoton imaging of a mouse carotid artery while the artery was subjected to
mechanical loading. (a) Schematic of the experimental setup. A multiphoton microscope was used
to image the elastic lamellar layers in the artery while it was subjected to biaxial extension-inflation.
(b) Representative multiphoton images of a carotid artery showing the wavy collagen fibers in the
adventitial layer and the longitudinally undulated elastic lamella. Red: second harmonic generation
from collagen; green: fluorescence from elastin; image is 400 × 400μm. (c)–(f) 3D reconstruction
of elastic lamellae and imaging analysis. (c) The original z-stack multiphoton images were resliced
along the longitudinal direction (y-axis) to show the transverse cross-sectional view of the elastic
lamellae. An image processing algorithm was performed to reconstruct the lamellar layers and
consisted primarily of (d) extraction of seed points and (e) line tracking from the seed points to
identify the three layers. (f) Representative image of a reconstructed elastic lamella (Yu et al. 2018a)

layers compensates the larger tissue circumferential stretch experienced at the inner
surface, thus equalizing lamellar layer extension through the arterial wall (Fig. 5e).

Research in the 1960s suggest the existence of residual stress in an artery even
when there is no distending pressure (Bergel 1961), although the origin of residual
stress is still notwell understood. Since then, residual stresswas considered in numer-
ous computational models by including a stress-free configuration, which induces a
negative stress gradient in the arterial wall with negative stress at the lumen surface
at the load-free configuration (Chuong et al. 1986). With such compensation, a more
evenly distributed wall stress can be achieved. Study by Yu et al. (2018a) reveals the
importance of structural inhomogeneity in maintaining tissue homeostasis through
the arterial wall. By combining the deformation of elastic lamellae and constitutive
modeling, a new approach was developed to quantify the local deformation of elastic
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Fig. 5 (a) Reconstructed transverse cross-sectional view of the three lamellar layers in the mouse
carotid artery when pressure increases from 0 to 120mmHg at a physiological axial stretch ratio
of 1.6. (b) Straightness parameter as a function of pressure for the three lamellar layers L1, L2
and L3 with L1 being the outermost layer. (c) Unfolding of the three elastic lamellar layers when
pressure increases from 0 to 120mmHg at an axial stretch of 1.6. (d) Tissue circumferential stretch
as a function of pressure at the positions of the three lamellar layers (a). (e) Lamellar stretching as
a function of pressure, determined from the tissue level deformation (d) and lamellar unfolding (c),
was equivalent in all layers (Yu et al. 2018a)
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Fig. 6 Schematic drawings show that both lamellar unfolding and stretching contribute to tissue-
level deformation. The transmural waviness gradient of elastic lamellar layers plays a critical role
in equalizing the local circumferential stresses throughout the arterial wall (Yu et al. 2018a)

lamellae and to uncover the role of structural inhomogeneity in multiscale tissue
mechanics. Specifically, the higher lamellae unfolding in the inner lamellae layer
compensates the tissue circumferential stretch gradient, and thus plays an impor-
tant role in maintaining a more evenly distributed stretching in the lamellar layers
through the arterial wall (Fig. 6). This is important as lamellar stretching/elongation
is directly related to stress development in the lamellar layers. These findings sug-
gest a fundamental mechanism, originated from structural inhomogeneity, of how the
arterial wall behaves mechanically as a homogeneous material, despite its structural
inhomogeneity.

2.3 Contribution of Structural Inhomogeneity to ECM Local
Mechanical Properties

The mechanical properties of ECM, known to have a 3D hierarchical structure,
are highly dependent on the scale of measurement. Significant differences in the
mechanical properties of ECM were shown ranging from the macro to nano scales
as Etendon < Efiber < Efibril (Aifantis et al. 2011). In microscopic mechanical mea-
surements, controlled mechanical forces were applied using a variety of techniques
including indentation (Wenger et al. 2007; Aifantis et al. 2011; McKee et al. 2011),
laser trackingmicrorheology (Velegol and Lanni 2001; Sun et al. 2004; Shayegan and
Forde 2013), magnetic twisting cytometry (Leung et al. 2007), and optical magnetic
twisting cytometry (OMTC) (Li et al. 2019). Studies on the mechanical properties of
ECM usually focus on a single measurement scale. Advances in imaging techniques
promote the integration of multiscale mechanical loading and imaging modalities
to provide perspectives on load induced changes in ECM microstructure, cellular
morphology and alignment (Roeder et al. 2009; Bell et al. 2012; Quinlan and Biliar
2012). To obtain local mechanical properties, local strains were measured, and the
macro-scale mechanical properties of a substrate are usually used in the calculation
of local traction forces (Franck et al. 2011; Toyjanova et al. 2014).
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To understand the role of the inhomogeneous ECM fiber network structure in
determining the local ECM mechanical properties, Li et al. (2019) created a mul-
tiscale experimental approach that combines OMTC and biaxial tensile testing
approaches to study the multiscale ECM mechanics of the collagen network in the
adventitial layer of the arterial wall (Fig. 7a, b). By oscillating microscale ferro-
magnetic beads bound to the collagen fibers, OMTC was used to measure the local
mechanical properties of a collagen matrix that is subjected to controlled global
biaxial mechanical loading by tracking the lateral bead displacement in response to
oscillatory magnetic twisting torque (Fig. 7c). The orientation distribution of bead
displacement in Fig. 7c shows a trimodal feature with a central major peak and
two minor peaks (Fig. 7d), which resemble the multiple fiber family distribution in
adventitial collagen.

Study by Li et al. (2019) shows that the ECM structural inhomogeneity, fiber
orientation and fiber recruitment, play important roles in determining the local ECM
mechanics. The wide range distribution of local stiffness (Fig. 7e–g) is associated
with the inhomogeneous distribution of thick and wavy collagen fiber bundles in the
adventitia. At low equal biaxial stretch levels, the wavy collagen fibers do not take
much load, and have little restriction to the rotation of the magnetic beads. As the
tissue is deformed, engagement/straightening of collagen fibers results in a redis-
tribution of local ECM stiffness. The heterogeneity in local mechanical property
measurements increases with global tissue deformation, as shown in the increasing
median absolute deviation (MAD), which characterizes the variability of the dis-
persed data with tissue stretch. At higher stretch levels, the proportion low stiffness
in the OMTC measurements gradually decreases, but still exists. In the meantime,
the higher stiffness region starts to emerge (Fig. 7f, g) and result in a more spread
distribution of the local modulus and increased MAD (Fig. 7h).

Fiber orientation also plays an important role in dictating the local ECM proper-
ties. In OMTCmeasurements, when the collagen fiber orientation coincides with the
bead magnetizing direction, bead rotation tends to stretch and straighten the fibers.
On the other hand, when the collagen fiber orientation is not aligned with the bead
magnetization direction, bead rotation tends to bend and twist the fibers. This latter
scenario often results in a relatively large lateral bead displacement, which was inter-
preted as lower stiffness. However, inmost cases, it is likely that both fiber orientation
and fiber recruitment play a role in determining local ECM mechanical properties,
and thus contribute to the heterogeneity in local stiffness measurements. Further-
more, measurements from beads moving along the directions under the major peaks
show a stronger linear dependency on tissue stretch (Li et al. 2019). Such results fur-
ther suggest that the complex interaction between ferromagnetic beads and collagen
fiber orientation distribution contribute to the heterogeneity of local ECMmechanical
property measurements.
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Fig. 7 (a) Picture showing a tissue sample that is centered within the magnetic twisting coils of
optical magnetic twisting cytometry (OMTC) and loaded biaxially to allow the measurement of
local mechanical properties while the sample is subjected to biaxial tissue loading. (b) Multiphoton
image of unloaded adventitial collagen. Images are 425 × 425μm2. (c) The magnitude of bead
lateral displacement (μm) under biaxial loading of 20g (1.15 stretch). The bead lateral displacement
is oriented in the arrow direction and the magnitude of the displacement is represented by the
length of the arrow (×100). C and L represent the circumferential and longitudinal direction of the
sample. Note that the beads are magnetized along the circumferential direction. (d) Histogram of
displacement orientation distribution of beads in (c) with trimodal distribution fitting (solid curve).
Representative distributions of apparent complex modulus of sample 1 at biaxial stretch levels of (e)
1.01, (f) 1.09, and (g) 1.17. The position of the median, used as a measure of the local mechanical
properties in the OMTC experiment, is marked with a red curve. (h) The median absolute deviation
of locally measured apparent complex modulus with increasing biaxial stretch for all adventitia
samples (Li et al. 2019)
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Fig. 8 (a) Custom-built device for multiphoton imaging of the peeling forefront; (b), (c) schematic
drawings of multiphoton imaging of the peeling forefront of aortic media cut along the circumferen-
tial and longitudinal directions, respectively, with preferred orientation of in-plane fiber distribution;
multiphoton images of different depth of the peeling site of porcine aortic media obtained from a
circumferential tissue strip (d)–(f) and (g)–(i) a longitudinal tissue strip. Imaging depth increases
from (d) to (f) and from (g) to (i) (Wang et al. 2021)

2.4 Structural Inhomogeneity of Interlamellar ECM Fibers
and Propagation of Aortic Dissection

2.4.1 Structural Inhomogeneity of Interlamellar ECM Fibers

The concentric layers of elastic lamellae in the medial layer of the arterial wall are
interconnected through interlamellar elastic and collagen fibers and smooth mus-
cle cells (Wolinsky and Glagov 1967; Davies 1993). The elastic and collagen fibers
are distributed predominantly parallel to the lamellar planes, with minor amounts of
interlamellar fibers. The spatial distribution of interlamellar fibers are highly nonuni-
form in terms of the fiber density as well as fiber orientation with respect to lamellar
layers. Multiphoton images taken at the separation point of adjacent lamellar layers
(Fig. 8a–c) show the interlamellar elastic and collagen fibers connecting the two
elastic lamellar layers (Fig. 8d–i) (Wang et al. 2021).
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Compared with the dense elastic and collagen fibers that form the lamellar layers
(Figs. 2 and 7b), interlamellar fibers are more sparsely arranged, and their distribu-
tions are highly nonuniform in density and orientation. This suggests that the local
interlamellar resistance to layer separation could vary dramatically from one location
to another.

2.4.2 Avalanches and Power Law Behavior in Aortic Dissection
Propagation

Due to the laminated structure of the aortic media, a tearing of the intima may prop-
agate parallel to the lumen, forcing the layers apart and resulted in aortic dissection
(Tam et al. 1998). Arterial dissection is a catastrophic event that may occur sponta-
neously or as a result of traumatic injuries in many arterial branches, including the
aorta (Nienaber et al. 2016). It is characterized by the tearing of the intimal layer
which allows blood to enter between the lamellar layers of the aortic wall, result-
ing in the separation of the layers. A false lumen is formed in the separated media,
which may narrow or occlude the true lumen. Due to diagnostic challenges, initial
presentation of aortic dissection is missed in >30% of the cases (Nienaber et al.
2016). In the absence of intervention, acute aortic dissections result in mortality up
to 90%, with the majority of deaths occurring with 48h of the onset of aortic dissec-
tion (Kouchoukos and Dougenis 1997). Thus, acute aortic dissection is one of the
most devastating cardiovascular diseases. Once initiated, the dissection propagates
rapidly, leading to high morbidity and mortality. Prior studies of the biomechanics
of aortic dissections, both experimental and computational, focused on the blood
pressure and energy required for the propagation of an existing dissection (Carson
and Roach 1990; Sommer et al. 2008).

As an acute cardiovascular disease, aortic dissection is often associated with its
rapid development, which presents substantial challenges in diagnosis and treatment.
Recent study by Yu et al. (2020) reveals the mechanisms underlying the propagation
of aortic dissection within the arterial wall, a highly inhomogeneous biological mate-
rial. In the study by Yu et al. (2020), aorta media samples were subjected to a slow
peeling test that allowed us tomimic the propagation of aortic dissection. The peeling
force F (normalized by the width of the sample) showed significant fluctuations in
the plateau region with many sudden force drops of various magnitudes (Fig. 9a–c).
The resulting probability density distribution of force drops showed a linear decrease
implying a power law distribution over almost two orders of magnitude from 0.1 to
10N/m. The power law distribution in the circumferential and longitudinal direction
has an exponent, defined as the negative slope of a straight line fit, of 1.51 and 1.33
(p < 0.05), respectively (Fig. 9d, e).

The sudden catastrophic nature of aortic dissections is largely similar to an
avalanching behavior. Avalanches are events that are accompanied by a sudden trans-
fer of energy or material with a wide range of magnitudes without a characteristic
length scale (Ludington et al. 2013). In an avalanching system, the energy or mate-
rial accumulates gradually driving the system to an unstable state. When a critical
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Fig. 9 Power law behavior in dissection propagation within the aortic media. Peeling force (force
per unit width) versus displacement for (a) circumferentially oriented aortic media, and (b) longitu-
dinally oriented aortic media (n = 6). The thick curve characterizes the arithmetic mean response.
Inset figure shows schematic drawings of the peeling test experimental set up before loading and
right before full separation. L is the effective length of the tissue and l is the length of the tissue
right before separation. (c) Representative peeling force (force per unit width) versus displacement
curve showing the fluctuating force profile during peeling test. Force drop was calculated as the
difference between the peak and following valley. Probability density distribution of the force drops
in dissection propagation within the media, GAG depleted media, and purified elastin samples in (d)
the circumferentially oriented samples, and (e) the longitudinally oriented samples. Straight lines
in (d) and (e) represent linear fits to the experimental data in double logarithmical graphs, and β is
defined as the negative slope of a straight line fit. Here subscripts C, GC, and EC represent themedia,
GAG depleted media, and purified elastin, respectively, in the circumferential direction; subscripts
L, GL, and EL represent the media, GAG depleted media, and purified elastin, respectively, in the
longitudinal direction (Yu et al. 2020)

threshold is reached, the energy is released through avalanches of all sizes until the
system returns back to a more stable state. Avalanching behavior is characterized by
a power law distribution of avalanche sizes, exhibiting self-similar behavior over a
wide range of scales. The power law behavior implies that the force drops have no
characteristic scale and hence the dissection process is not dominated by any spe-
cific length scale other than the system size, which is consistent with the force drops
originating from cascade failures of structural units in the arterial wall.

The adjacent elastic lamellar layers are connected by interlamellar elastic and
collagen fibers (Fig. 8), which are the key elastic elements contributing to the force
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development during lamellar separation. The interlamellar fibers also play an impor-
tant role in transferring the transmural stress across the wall (Wagenseil andMecham
2009). In the force displacement curve, the fluctuating force profile of individual sam-
ples in Fig. 9c originates from the failure of nonuniformly distributed interlamellar
fibers. Each force drop corresponds to one small avalanche or microfailure that may
be comprised ofmultiple fibers rupturing simultaneously. Indeed, from the estimation
of inter-lamellar fiber strength, it’s unlikely that a single microfailure corresponds to
the failure of an individual interlamellar fiber (Miyazaki and Hayashi 1999). Rather,
the microfailure is likely due to a group of inhomogeneously arranged interlamellar
collagen fibers rupturing in a single avalanche. When dissection advances between
the lamellar layers, the interlamellar fibers are stretched and storemore elastic energy.
Consequently, stress concentration gradually builds up at the front of the dissection.
When the strain in an interlamellar fiber reaches its failure limit, the fiber fails and
the load it carried before rupture is redistributed among the neighboring intact fibers.
Since the failure threshold of the fibers is similar, failure of a single fiber can imme-
diately stretch more fibers beyond their failure threshold. Consequently, these neigh-
boring fibers will also fail in a rapid succession generating an avalanche. Various
digestion experiments and systematic sensitivity analyses further suggested that the
avalanche failure in AD is closely associated with the failure of the inhomogeneously
distributed inter-lamellar collagen fibers (Yu et al. 2020).

2.4.3 Discrete Finite Element Modeling of Aortic Dissection
Propagation

To further determine the mechanism that governs the dissection process, a finite ele-
ment model capturing the dissection propagation in the peeling test was created that
considers the contribution of strain-induced failure of discrete inter-lamellar colla-
gen fibers to layer separation (Fig. 3a). The inhomogeneity of the interlamellar fibers
was included by introducing the randomness in the interlamellar fiber orientation
and density, as well as the failure strain. Compared with earlier statistical models
of parallel fiber bundles, this inhomogeneity was introduced along the propagation
direction of the dissection. The model simulated the controlled peeling process in
the experiment by separating the media from the inter-lamellar space (Fig. 10a).
When the dissection propagates through the region where the interlamellar fibers are
distributed sparsely, the fibers break, generating discrete force drops. The resistance
against the advance of a crack in the material gradually builds up when the dissection
front reaches a region where the interlamellar fibers are more densely distributed.
Moreover, the angled interlamellar fibers can reorient and stretch during the separa-
tion before the deformation exceeds their failure strain (Fig. 10b), which increases
the force required to propagate the dissection. When the fibers at the dissection front
fail, the dissection advances easily through the neighboring scattered fibers, creating
successive avalanches.

During layer separation, avalanches were generated when interlamellar fibers
were gradually stretched until failure (Fig. 10c). The corresponding distribution of
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Fig. 10 Power law behavior of dissection propagation simulated using a finite element model
considering the discrete interlamellar collagen fibers. (a) Finite element model showing the two
media strips connected via discrete interlamellar collagen fibers. (b) Engineering strain in the
interlamellar fibers during dissection propagation. Fibers reached failure criteria were automatically
removed from the model. It can be seen that the fibers exactly at the front of the separation are the
most stretched. (c) Peeling force (force per unit width) versus displacement from the finite element
simulation. (d) Probability density distribution of the force drops in dissection propagation within
the aortic media from simulations. Straight lines represent linear fits to the model results in double
logarithmical graphs, and β is defined as the negative slope of a straight line fit. Here subscripts MC
and ML represent the model results in the circumferential and longitudinal directions, respectively
(Yu et al. 2020)

the force drops from the model (Fig. 10d) is also consistent with a power law in
both circumferential and longitudinal directions, with exponents that agree very well
with those from the experiments (1.51 and 1.33 in the circumferential and longi-
tudinal directions, respectively, as shown in Fig. 9d, e). ECM fibers in the arterial
wall are structurally and mechanically inhomogeneous. In this model, the mechan-
ical inhomogeneity is included in the random failure strain of interlamellar fibers.
The structural inhomogeneity is present as a nonuniform spatial distribution of inter-
lamellar fibers, in terms of the fiber density along the dissection direction, as well as
their orientation with respect to lamellar layers. The variance of failure strain of elas-
tic and collagen fibers have been observed in tensile tests of a single fiber (Miyazaki
and Hayashi 1999). Yu et al. (2020) showed that the power law distribution doesn’t
depend on the mechanical inhomogeneity, however structural inhomogeneity is the
underlying mechanism of the avalanche behavior in the propagation of aortic dissec-
tion. Simulation results showed that when structural inhomogeneity was eliminated
by having evenly spaced parallel interlamellar fibers between the adjacent elastic
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lamellae, the power law behavior completely disappeared, indicating that structural
inhomogeneity is the ultimate source of the power law behavior in delaminating the
lamellar layers (Yu et al. 2020). In other words, the random structural arrangement
in interlamellar fibers is the source of the generated avalanches of energy release, or
force drop, on a wide range of scales.

3 Conclusion and Future Outlook

ECM structural inhomogeneity exists at multiple structural levels. This chapter sum-
marizes our recent findings on the ECM structural inhomogeneities and the impor-
tant roles they play in contributing to tissue mechanics and homeostasis. Considering
ECM structural inhomogeneity is important when studying the physiological func-
tion and failure behavior of the arterial wall. Understanding the complex interplay
between structural inhomogeneity and mechanical function calls for new approaches
that integrate advanced imaging, mechanical characterization, and computational
modeling.

The transmural variations in elastic fiber orientation distribution is essential in
accommodating the complex loading in the artery. In elastic fiber network, fiber ori-
entation is the main source of elastin anisotropy, which arises from the dominated
circumferentially orientated elastic fibers in the middle media. The transmural vari-
ation in fiber orientation distributions, and the proportions of the inner, middle and
outermedia regions need to be considered in structure-based constitutivemodeling of
elastic fiber network for improved fitting and predicting capabilities. Furthermore,
fiber orientation and recruitment both contribute to the wide distribution in local
ECM mechanical properties, thus ECM structural inhomogeneity can have a large
impact on cellular-level deformation and stresses.

Stretching and unfolding of elastic lamellae occurs simultaneously during defor-
mation and both contribute to tissue-level circumferential stretch. While the lamellar
stretching dominates the tissue deformation, the radial waviness gradient of elastic
lamellar layers plays a critical role in equalizing the local circumferential stresses
throughout the arterial wall. These findings, by looking at micromechanics of indi-
vidual elastic lamellar layers, reveal the importance of structural inhomogeneity
in maintaining tissue homeostasis and the underlying structural origin that enables
elastic lamellar layers to evenly distribute the stresses through the arterial wall, a
fundamental requirement for tissue and cellular function.

Interlamellar fiber inhomogeneity was found to govern the rapid evolution of
aortic dissection by avalanches of various sizes that follow a power law distribution.
The avalanche behavior results from the local build-up of strain-energy followed by
a cascade of mechanical failures of interlamellar fibers, a key component of which
is the inhomogeneously distributed interlamellar collagen fibers in the aortic media.
Thus, characterizing the ECM structural inhomogeneity in vivo with future imaging
modalities may provide a useful index of the risk of developing dissections.

Aging and diseases could have profound impact on the composition and structure
of the arterial wall. Findings from these studies may have profound implications on
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vascular remodeling in aging and diseases, as well as in tissue engineering of func-
tional blood vessels. It is thus necessary to develop microstructure-inspired models
and to incorporate such structural inhomogeneities within the ECM in the existing
theories on growth and remodeling in future studies. The structural and mechanical
interplays need to be considered in order to advance the current understanding of
multiscale ECMmechanics and to establish the connections between the macro- and
microscopic mechanical properties of the ECM. In summary, our study emphasized
the importance of adopting amultiscale andmulti-modal perspectivewhen dissecting
the role of ECM components in tissue mechanics.
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Abstract Recent studies have presented evidence that aortic dissection entails mode
II and mixed-mode crack growth. In the present chapter we analyze the mixed-
mode behavior of two exponentially softening path-dependent cohesive zone mod-
els (CZMs). We demonstrate that these models provide physically realistic tractions
and positive incremental dissipation during proportional and non-proportional load-
ing paths. In contrast, we demonstrate that potential-based path-independent CZMs
can potentially result in the calculation of physically unrealistic repulsive normal
tractions and negative incremental dissipation. Our recent experiments suggest that
mode II fracture strength of the aorta in the circumferential-axial plane is signifi-
cantly higher than the mode I strength in the same plane. We demonstrate that such
anisotropic interface behavior renders potential-based CZMs unsuitable for simu-
lation of aortic dissection. Using our new non-potential path-dependent CZM we
simulate aortic dissection due to the presence of a notch in the radial-axial plane
of the aorta. Simulations suggest that significant dissection propagation only occurs
in cases of extreme hypertension. Additionally, we demonstrate that blood pressure
loading in a false lumenwill result in amixed-mode traction state at the crack tip, with
significant crack-tip blunting acting as a toughening mechanism against significant
propagation of the false lumen.

1 Introduction

Theprogression andpathogenesis of aortic dissection (AD) is relatively poorly under-
stood compared to other cardiovascular diseases (Vilacosta et al. 2009; Criado 2011).
For example, several clinical studies suggest that AD occurs as a result of initial dam-
age to the intima, with such damage referred to in clinical literature as an ‘intimal
tear’ or ‘entry tear’ (Larson and Edwards 1984; Criado 2011; Lemaire and Russel
2011; Kim et al. 2014). However, a number of clinical studies report AD without an
intimal tear (Lui et al. 1992; Eichelberger 1994; Utoh et al. 1997; Colli et al. 2018).
Conversely, an intimal tear may present without extensive AD, indicating early arrest
of tear propagation (Svensson et al. 1999). AD is typically characterized in the clini-
cal literature as the occurrence of a true and false lumen separated by an intraluminal
septum (Hasleton and Leonard 1979; Sayer et al. 2008; Nienaber et al. 2010; Huang
et al. 2015). The end point of the false lumen is typically used to indicate the extent
of the AD, which may be as short as 1cm from the original entry tear (Svensson et
al. 1999) or as long as the entire aorta and iliac vessels (>1m) (Dotter et al. 1950;
Hagan et al. 2000; Dake et al. 2013; Qiao et al. 2015; Gambardella et al. 2017).

In recent years there have been a myriad of numerical studies examining the fluid
dynamics of AD, and more recently, studies examining AD from a fluid-structure
interaction standpoint (Cheng et al. 2013, 2014; Alimohammadi et al. 2015; Doyle
and Norman 2016; Ryzhakov et al. 2019; Bäumler et al. 2020; Xiong et al. 2020;
Zorrilla et al. 2020). Many of these studies explore subject matter such as the effect
of bypassing the false lumen on fluid flow using a bypass graft (Qiao et al. 2015),
development of patient-specific models (Alimohammadi et al. 2015; Xiong et al.
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2020), and analysis of intraluminal septum rigidity (Bonfanti et al. 2018). However,
to the authors’ knowledge, no study to date has examined the risk of false lumen
propagation from a fracture mechanics standpoint. In the present chapter we inves-
tigate the application of mixed-mode cohesive zone models (CZMs) to analyze AD
risk. We begin the chapter with an analysis of mixed-mode cohesive zone formu-
lations. Cohesive zone models have been extensively used to describe an interface
undergoing separation (Barenblatt 1959; Xu and Needleman 1993; van den Bosch et
al. 2006; McGarry et al. 2014). CZMs have been used to model crack propagation in
ductile metals (Nielsen 2012), polyethylene (Ivankovic et al. 2004), porous materials
(Nakamura and Wang 2001) and concrete beams (Aure and Ioannides 2010). They
have also been used to model the delamination of cells from substrates (McGarry and
McHugh 2008), polymer coatings from stents (Hopkins et al. 2010; McGarry et al.
2014), inter-laminar failure in carbon-fiber laminates (Gallagher et al. (2018, 2019)),
failure of coatings of diamond-coated cutting tools (Hu et al. 2008), and separation of
arterial layers (Gasser and Holzapfel (2006, 2007); Ferrara and Pandolfi 2010;Wang
et al. 2017; Noble et al. 2017; Gültekin et al. 2019; FitzGibbon and McGarry 2020).
The calibration of CZM parameters requires experimental testing data (Ivankovic
et al. 2004; Di Leo et al. 2014; Wu et al. 2016). The primary outputs of these tests
are interface strength and fracture energy. It is extremely difficult to measure the
stiffness of interfaces in highly elastic materials. The characteristic length (δ) or the
modulus (K ) of the initial elastic region of some CZMs often dictates the fracture
energy (G) and vice versa. This is common in exponential CZM formulations as seen
in Xu and Needleman (1993), van den Bosch et al. (2006) and Dimitri et al. (2015).
Therefore, the choice of fracture energy may anomalously influence the stiffness and
characteristic length of the interface.

Piecewise CZMs allow for the specification of K (and by extension δ) and G
independently (Camanho et al. 2003; Park et al. 2009). Choice of CZM should be
motivated by experimental data and boundary conditions. CZMs may be coupled or
uncoupled. In a coupledCZMthe traction depends on the separation vectorwhichwill
include both normal and tangential opening (�n,�t), whereas in an uncoupled CZM
the normal traction (Tn) depends only on the normal opening (�n). Most engineering
applications involve mixed separation and therefore should implement mixed-mode
(coupled) CZMs. Achieving a physically realistic mixed-mode response is important
in such applications.Many constitutive relationships of traction-separation laws have
been proposed, these include but are not limited to, linear softening (Camacho and
Ortiz 1996), bilinear softening, cubic polynomial, exponential (Xu and Needleman
1993; van den Bosch et al. 2006; McGarry et al. 2014), exponential softening, and
trapezoidal (Tvergaard and Hutchinson 1992).

In the first part of this chapter we investigate the suitability of several cohe-
sive zone formulations for mixed-mode dissection. We firstly consider exponential
softening model and introduce a feature whereby tangential interface strength can
be augmented as a function of compressive normal traction. We also explore the
extension of such exponential softening models to a potential-based formulation.
We demonstrate that the derivation of path-independent tractions separation rela-
tionships from a potential function results in non-physical behavior. In the second
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part of this chapter we apply our mixed-mode exponential softening CZM to the
analysis of AD. We consider the evolution of AD due to pre-existing intraluminal
septum and a patent false lumen. Simulations suggest that extensive propagation of a
false lumen will not occur at a slightly hypertensive systolic pressure of 140mmHg
in a healthy aorta. Even in extreme hypertensive loading conditions AD propagation
is arrested due to blunting of the crack tip and an increase in the mode angle towards
mode II. We also investigate if an intimal tear (radial notch) will result in extensive
AD under physiological and super-physiological lumen blood pressure. Simulations
suggest that propagation of an intimal tear is not predicted for pressures less than
p = 275mmHg in a healthy aorta.

2 Analysis of CZMs in Mixed-Mode Dissection

2.1 Development of Non-Potential Based Mixed-Mode CZMs
with Exponential Damage and Overclosure Penalization
(CZM1 and CZM2)

For a given interface displacement vector � with normal and tangential (shear)
components �n and �t , respectively, the corresponding displacement magnitude is
given as �m = (

�n
2 + �t

2
)1/2

and the mode angle is given as ϕ = tan−1 (�t/�n).
The magnitude of the interface traction is expressed as a function of �n and ϕ by the
following formulation:

Tm (�m, ϕ) =
{

Km�m, �m < T max
m (ϕ)/Km.

KmT max
m (ϕ)/Km�(ϕ), �m ≥ T max

m (ϕ)/Km.
(1)

We refer to� as the integrity of the interface (i.e.� = (1 − D), where D is referred
to as the interface damage). � monotonically decreases from 1 to 0 with increasing
interface separation, such that

�(ϕ) = exp

(
−�max

m − T max
m (ϕ) /Km

δ∗
m (ϕ)

)
�m

�max
m

, (2)

where Km is the intrinsic elastic stiffness of the interface. Km is assumed to be
mode-independent. T max

m (ϕ) is the specified mode-dependent interface strength; the
corresponding displacement (δelm (ϕ) = T max

m (ϕ) /Km) represents the elastic limit of
interface separation at the point of damage initiation. Themode-dependent parameter
δ∗
m (ϕ) governs the rate of softening in the damage region �m ≥ T max

m (ϕ) /Km. The
interface strength is defined as a function of the mode as follows:

T max
m (ϕ) = τmax −

⎡

⎣ τmax − σmax

1 − exp
(
− π/2

	T

)

⎤

⎦
[
1 − exp

(
− ϕ

	T

)]
, (3)
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where τmax is the mode II interface strength,	T sets the nonlinearity of the transition
from mode II to mode I, and σmax is the mode I interface strength. The mode mixity
of the initial interface damage parameter δ∗

m (ϕ) is obtained from

δ∗
m (ϕ) = Gm (ϕ)

T max
m (ϕ)

− T max
m (ϕ)

2Km
, (4)

where Gm(ϕ) is the mode-dependent fracture energy

Gm (ϕ) =1

2
Kmδelm (ϕ)

2 +
∫ ∞

Tmax
m (ϕ)/Km

Tmax
m (ϕ) exp

(
−�max

m − Tmax
m (ϕ) /Km

δ∗
m

)
d�m.

(5)

We may specify the mode-dependence of Gm(ϕ) using the following function:

Gm (ϕ) = G0
t −

⎡

⎣ G0
t − G0

n

1 − exp
(
− π/2

	G

)

⎤

⎦
[
1 − exp

(
− ϕ

	G

)]
, (6)

where G0
t is the mode II fracture energy and G0

n is the mode I fracture energy. 	G

sets the nonlinearity of the transition from mode II to mode I. Finally, we complete
the description of the cohesive zone formulation by decomposing Tm into the normal
and tangential components, Tn and Tt , respectively, such that

Tn =
{

Knoc�n, �n < 0,
Tm sin ϕ, �n ≥ 0,

Tt = Tm cos(ϕ), (7)

where Knoc is the overclosure penalty stiffness.We include a dependence of the mode
II interface strength, τmax, on normal compression at the interface, such that

τmax(Tn) =
{

τ nc
max(Tn), �n < 0,

τ 0
max, �n ≥ 0,

(8)

as described in Eq. (9). The mode II interface strength increases with increasing
(negative) normal traction, such that

τ nc
max(Tn) = τ 0

max + τ 0
max(Foc − 1)

[
1 − exp

(
TnK ∗

noc/σmax

Km

)]
, (9)

where τ nc
max(�n) is the increased value of tangential strength due to a normal compres-

sion at the interface. τ 0
max is the maximum tangential strength, as encountered during

a pure mode II separation when �n = 0 and Tn = 0. The parameter Foc prescribes
the maximum (plateau) value of increased shear strength due to compressive normal
tractions at the interface. The parameter K ∗

noc governs the sensitivity of maximum
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(plateau) shear stress to compressive normal tractions. Unless otherwise stated, we
assume that τmax= τ 0

max, i.e. maximum tangential strength is not increased due to
normal compression at the interface.

2.2 Alternative Form of Damage and Softening (CZM2)

To demonstrate that alternative forms of damage softening laws can be readily incor-
porated into our CZM framework, we next present a small modification of Eq. (2)
whereby in which exponential damage is assumed to depend on the square of the
interface separation. Again, starting with Eq. (1), and the integrity of the interface,
� is now defined as

�(ϕ) = exp

[

−
(

�max
m − T max

m (ϕ) /Km

δ∗
m (ϕ)

)2
]

�m

�max
m

. (10)

We make use of the same relation of G(ϕ) = ∫ ∞
0 Tm (�m, ϕ) d�m in order to obtain

an expression for δ∗
m. The description of Gm(ϕ) is given as follows

Gm (ϕ) = 1

2
Kmδelm (ϕ)

2

+
∫ ∞

Tmax
m (ϕ)/Km

T max
m (ϕ) exp

[

−
(

�max
m − T max

m (ϕ) /Km

δ∗
m (ϕ)

)2
]

d�m.

(11)

Integrating we get the following expression which includes the error function

Gm = 1

2
Kmδelm (ϕ)

2 + Tmax
m (ϕ)

{
lim

�m→∞

[
1

2

√
π δ∗

m (ϕ)

(
�m − Tmax

m (ϕ) /Km

δ∗
m (ϕ)

)]}
. (12)

As �m → ∞ we arrive at the final expression for δ∗
m(ϕ), i.e.

δ∗
m(ϕ) = −T max

m (ϕ)

Km
√

π
+ 2Gm(ϕ)√

πT max
m (ϕ)

. (13)

2.3 Exploration of CZM1 and CZM2 Behavior

Wefirstly present the response ofCZM1andCZM2 to puremode II loading, as shown
in Fig. 1a. Normalized tangential traction Tt/τmax is presented as a function of nor-
malized tangential separation �t/δ

el
t . Traction increases according to the interfacial

stiffness Km until the prescribed mode II strength τmax is reached. Further deforma-
tion results in damage and softening. Due to the form of the respective exponential
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(a) (b)

Fig. 1 (a) Normalized traction separation curves for a mode II separation for both formulations of
the proposedmodel (Km = 10MPa, τmax = 5MPa,G0

t = 10N/mm); (b) instantaneous incremental
energy dissipation dφi /φt as a function of normalized tangential separation for CZM1 and CZM2
during a mode II displacement

(a) (b)

Fig. 2 (a) Influence of compressive normal tractions on tangential fracture; (b)maximum tangential
traction shown as a function of the Foc parameter

damage laws, CZM1 initially softens at a faster rate than CZM2. An expression
for the instantaneous incremental energy dissipation (Cazes et al. 2009) is given as
dφi = 0.5(Td� − �dT). As shown in Fig. 1b, positive instantaneous incremental
energy dissipation is observed throughout the mode II separation for both CZM1
and CZM2.

In Fig. 2a we explore the influence of normal compressive tractions on tangential
fracture. An increase inmagnitude of a compressive normal traction Tn (with Tn < 0)
results in an increase in τ nc

max(Tn), up to a plateau value of τ 0
maxFoc as Tn → −∞.

Figure2b further explores the influence of a fixed applied normal separation on
the maximum tangential traction, Tmax, encountered during a subsequent tangential
separation. As expected, normal interface separation �n > 0 results in a reduction
in Tmax. In contrast, if �n < 0 a negative normal traction Tn < 0 is obtained through
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(a) (b)

(c) (d)

Fig. 3 Mixed-mode response of each CZM undergoing proportional loading ranging from mode
II to mode I. Normalized traction versus separation in the normal direction (b), (d) and tangential
direction (a), (c) for CZM1 (a), (b), CZM2 (c), (d) undergoing proportional loading. Km = 10MPa,
τmax = 5σmax, G t = 5Gn

the overclosure penalty term (Eq. (8)). This results in an increase in τ nc
max(Tn) up to

a plateau value with increasingly negative normal traction.
Proportional loading paths: CZM1 and CZM2 are examined under mixed-mode

proportional loading conditions whereby �m increases at a constant mode angle
ϕ. Computed traction-separation responses are presented in Fig. 3 for the case of
Km = 10MPa, τmax = 5σmax, G t = 5Gn, 	T = π/16, 	G = 	T for both models.
CZM1 is shown inFig. 3a, b andCZM2 inFig. 3c, d.Consistentmixed-modebehavior
is observed for both formulations, with a gradual transition from mode II behavior
to mode I behavior. In accordance with Eqs. (3) and (6), identical fracture energy
is obtained for both formulations for such proportional loading paths, as shown in
Fig. 4. The computed total fracture energy G total monotonically increases from G0

n
to G0

t .
Non-proportional loading paths: We next consider non-proportional loading path

whereby the interface undergoes an initial mode II separation to a prescribed value
of �t = �max

t , followed by a subsequent normal separation to complete failure.
Figure5 shows the traction-separation response, again for the case of Km = 10MPa,
τmax = 5σmax, G t = 5Gn, 	T = π/16, 	G = 	T for both models. CZM1 is shown
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Fig. 4 Computed fracture energy as a function of mode angle ϕ for CZM1 and CZM2 under pro-
portional loading in the case of Km = 10MPa, τmax = 5σmax, G t = 5Gn, 	T = π/16, 	G = 	T

(a) (b)

(c) (d)

Fig. 5 Normalized traction versus separation in the normal direction (b), (d) and tangential direction
(a), (c) for CZM1 (a), (b) and CZM2 (c), (d) undergoing non-proportional loading. Each simulation
involves incrementally increasing tangential displacements beginning at �t/δt = 0 and increasing
until the interface is fully debonded in the tangential direction followed by a complete normal
separation (�n/δn = 50. Km = 10MPa, τmax = 5σmax, G t = 5Gn)
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(a) (b)

Fig. 6 Fracture energy (G) for CZM1 (a) and CZM2 (b) undergoing non-proportional loading paths
of varying initial tangential separation �t followed by normal separation �n until complete failure.
Parameters are the same as those implemented in Fig. 5

in Fig. 5a, b and CZM2 in Fig. 5c, d. Consistent behavior is again observed for both
models. If significant damage is computed during the initial mode II separation, the
maximumnormal traction computed during subsequent normal separation is reduced.
This demonstrates that sensiblemixed-mode coupling is provided by both CZM1 and
CZM2.Computed fracture energy is presented in Fig. 6 for the samenon-proportional
loading paths as those presented in Fig. 5. While identical fracture energy is not
obtained for both formulations, amonotonic increase as a function of increasing�max

t
is computed both formulations. Additionally, monotonically increasing/decreasing
tangential/normal fracture energy contributions are also computed.

The dissipation of CZM1 is presented in Fig. 7a, c and CZM2 is presented in
Fig. 7b, d for the proportional loading (Fig. 7a, b) and non-proportional loading
(Fig. 7c, d). Positive instantaneous incremental dissipation is computed throughout
each of the analyses presented. The response of CZM1 and CZM2 to load-unload
boundary conditions is demonstrated in Fig. 8. Specifically, as shown in Fig. 8a,
a mixed-mode proportional loading path is followed so that partial damage is com-
puted. The interface is then unloaded along the same mode angle, until it returns to
its original configuration (�n = �t = 0). The interface is then subjected to the same
mode angle in the reverse direction (�t < 0) to failure. As shown in Fig. 8b–d, con-
sistent behavior is obtained for all mode angles. In all cases, the prescribed strength
for the given mode angle is exceeded and softening/damage is computed. Rever-
sal of loading results in elastic unloading at a reduced/damaged interface stiffness.
Reversal of the direction of tangential loading direction for the final mixed-mode
component of the loading path results in a continuation of elastic deformation at the
reduced damaged interface stiffness. Eventually, the tangential traction reaches the
reduced/damaged tangential strength and further interface softening proceeds dur-
ing ultimate mode II separation and failure. Similar consistent trends are computed
for both CZM1 and CZM2. Figure8f, g demonstrate that instantaneous incremental
dissipation is positive throughout the entire mixed-mode loading histories shown in
Fig. 8b–e.
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(a) (b)

(c) (d)

Fig. 7 Instantaneous incremental energy dissipation of CZM1 (a), (c) and CZM2 (b), (d) under
proportional loading (a), (b) and non-proportional loading (c), (d)

2.4 Comparison of CZM1 and CZM2 with Abaqus
Exponential Softening Formulation (CZM3)

The commercial finite element software Abaqus provides a cohesive zone function-
ality in which damage evolution may be specified in terms of mixed-mode fracture
energy. In this section we describe this formulation, which we refer to as CZM3, and
we provide critical comparisons with CZM1 and CZM2. The constitutive law for the
traction is specified as follows

T =
(

Tn

Tt

)
=

[
Knn 0
0 Ktt

] (
�n

�t

)
= K�, (14)

where Knn is a prescribed mode I stiffness and Ktt is a prescribed mode II stiffness.
The traction increases elastically in accordancewith Eq. (14) until the chosen damage
initiation criterion is met. As an example, the quadratic failure criterion (Tsai and
Wu 1971) can readily be chosen, such that damage initiates when

( 〈Tn〉
σmax

)2

+
(

Tt

τtmax

)2

= 1, (15)
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(a)

(b) (c)

(d) (e)

(f) (g)

Fig. 8 Loading-unloading path (a); demonstration of the interface integrity variable in CZM1 (b),
(d) and CZM2 (c), (e) for a series of proportional loading modes ranging from mode II to mode I
(Km = 10MPa, τmax = 5σmax, G t = 5Gn). Instantaneous incremental dissipation is shown in (f),
(g) for CZM1 and CZM2, respectively
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where brackets describe the ramp function

〈Tn〉 =
{
0, Tn < 0,
Tn, Tn ≥ 0.

(16)

Once the damage initiation criterion is satisfied, the scalar damage variable D
increases monotonically from 0 to 1 with increasing separation until complete failure
of the interface occurs. The traction during damage evolution is given as

T = (1 − D) T, (17)

where T is the peak elastic traction calculated in the absence of damage according to
Eq. (14). This applies in both tangential directions, however, in normal displacement
the traction is given as follows

Tn =
{

(1 − D)T n, T n ≥ 0,
T n, T n < 0.

(18)

This ensures the stiffness of the interface in overclosure cannot be affected by the
damage variable D whilst allowing stiffness of the interface in normal opening Knn

to be affected in the same manner as Eq. (17). For exponential damage evolution
specified according to energy the damage variable D reduces to

D =
∫ δ∗

m

δelm

Tmd�m

Gm − G0
, (19)

where Tm is the effective traction and�m is the effective separation, G0 is the stored-
elastic energy at damage initiation and Gm is the mixed-mode fracture energy. In
Fig. 9a we show the response of CZM3 to a simple mode II separation. The com-
puted tangential traction exceeds the prescribed mode II fracture strength of the
interface, providing a non-physical prediction. In contrast, CZM1 and CZM2 cor-
rectly reproduce the prescribedmode II fracture strength, in addition to the prescribed
mode II fracture energy. Figure9b shows the computed tangential traction for CZM3
as a function of the damage (D = (1 − �), where � is the interface integrity) dur-
ing a mode II separation. The relationship is non-monotonic, whereby the mode II
interface strength incorrectly increases with increasing interface damage. Peak tan-
gential traction occurs when the scalar damage variable D ≈ 0.3. Furthermore, the
tangential traction does not decrease to the specified mode II fracture strength until
D ≈ 0.7, i.e. when the interface is 70% damaged. In contrast, tangential tractions
are correctly computed to decrease monotonically with increasing interface damage
for CZM1 and CZM2.

Such anomalous behavior inCZM3 is further exposed in Fig. 10. Figure10a shows
the computed maximum normal traction as a function of mode angle during propor-
tional mixed-mode separation. In the case of CZM1 and CZM2 the prescribed mode
I strength is reached only for a pure mode I, as expected. However, for CZM3 the
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(a) (b)

Fig. 9 (a) Normalized traction-separation response of CZM3 (Abaqus exponential softening) for-
mulation presented with CZM1 and CZM2 for a pure mode II separation. Note Tt > τmax for the
Abaqus exponential softening (Km = 10MPa, τmax = 5MPa , G = 10N/mm); (b) normalized tan-
gential traction as a function of damage D (where D = (1 − �)). Monotonic reduction is mode II
interface strength with increasing damage for CZM1 and CZM2, but not for CZM3

(a) (b)

Fig. 10 (a) Normalized normal traction Tnmax/σmax as a function of mode angle ϕ for the three
models in proportional loading scenarios (as seen in Fig. 3); (b) normalized traction as a function
of maximum normalized tangential displacement prior to complete normal separation (as seen in
Fig. 5). The dotted grey curve indicates σmax in both (a) and (b). Note the non-monotonic behavior
of the Abaqus exponential softening model

prescribed mode I strength is incorrectly exceeded for a wide range of applied mode
angles. Similar results are presented in Fig. 10b for non-proportionate mixed-mode
loading paths.

2.5 Construction of a Potential-Based CZM

Several previous studies have used traction-separation laws derived from a potential
function (Xu et al. 1993; Park et al. 2009), so that the work of separation associated
with a given interface separation vector should be path independent. A study by
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(a) (b) (c)

Fig. 11 Potential surfaces shown as a function of normal separation and tangential separation:
(a) PF-CZM1 (K = 1, ϕt = 2ϕn, τmax = σmax, ϕ

0 = π/8); (b) PPR (σmax = τmax, ϕt = 2ϕn, δn =
δt); (c) Xu-Needleman (r = 0, q = 2)

McGarry et al. (2014) uncovered problematic behavior associated with potential-
basedCZMs, such as repulsive tractions duringmixed-mode loading paths. To further
demonstrate this limitation of potential-basedCZMs,we construct a potential surface
by integrating the traction magnitude-separation magnitude relationships specified
for CZM1 along proportional loading paths for 0 ≤ ϕ ≤ π/2, giving the following
piece-wise expression potential function

φ (�m, ϕ) =

⎧
⎪⎨

⎪⎩

1
2 Km�2

m, �m < T max
m (ϕ)/Km,

1
2 Kmδelm(ϕ)2−
T max
m (ϕ)δ∗

m(ϕ)
[
exp

(
−�m−δelm(ϕ)

δ∗
m(ϕ)

)
− 1

]
, �m ≥ T max

m (ϕ)/Km.

(20)
We refer to this formulation as PF-CZM1 (potential function extension of CZM1).
The traction separation relationships are derived from T(i=n,t) = ∂ϕ/∂�i . Figure11a
shows ϕ for PF-CZM1 for the case where the specifiedmode II fracture energy is two
times higher than the mode I fracture energy. The potential function (ϕ) of the PPR
model (2009) and the Xu-Needleman model (1993) are also shown for comparison.
Figure12a shows the normal traction ∂φ/∂�n derived from the PF-CZM1 potential
function φ as a function of normal separation �n and tangential separation �t . As
clearly shown in Fig. 12b repulsive tractions are computed for increasing tangential
separation, even when no normal separation exists (�n = 0).

Figure13 illustrates the response of the PF-CZM1, XN and PPR potential-based
formulationswhen subjected to amixed-modemonotonic loading pathwithϕ = 45◦.
In all cases tangential strength is higher than the normal strength (τmax = 5σmax) and
the tangential work of separation is higher than the corresponding normal value
(φt = 5φn). In all cases significant repulsive normal tractions are computed from the
potential function during the monotonic deformation path, while tangential tractions
remain positive (non-repulsive). Negative instantaneous incremental dissipation is
computed for the XN model, whereas such a violation of the second law is avoided
for the PF-CZM1 and the PPR model simply due to the dominance of the positive
dissipation of the tangential contribution over the negative normal contributions.
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(a)    (b)    

Fig. 12 (a) Normal traction derived from the potential function ϕ(�n,�t) seen in Fig. 11. Note
repulsive normal tractions exist for increasing tangential opening even for �n = 0; (b) repulsive
normal tractions are further demonstrated for a proportional loading of �t = 2�n. The transparent
surface indicates ∂φ/∂�n = 0

(a) (b)

(c) (d)

Fig. 13 PPR model subject to a proportional loading path where ϕ = 45◦. Model parameters are
the same as those seen in Fig. 5 (τmax = 5σmax, φt = 5φn, δt = 0.5, δn = δt/5): (a) normalized
normal traction Tn/σmax as a function of normal separation �n. Repulsive (negative) tractions
are computed; (b) normalized tangential traction Tt/τmax as a function of tangential separation
�t . Tractions remain positive throughout; (c) instantaneous incremental energy dissipation dφi /φn
as a function of normal separation �n. Negative instantaneous incremental energy dissipation is
observed during the loading history; (d) decomposition of the instantaneous incremental energy
dissipation (c) into normal and tangential components presented as a function of normal separation
�n
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However, Fig. 13 illustrates that potential-based models can result in repulsive nor-
mal tractions and negative instantaneous incremental dissipation duringmixed-mode
loading paths.

3 CZM Simulation of Mixed-Mode Aortic Dissection

In the previous section we demonstrated the advantages of path-dependent expo-
nential softening CZM1 and CZM2 formulations. In this section we use CZM1 to
investigate mixed-mode AD.

3.1 Examination of an Artery with an Intimal Tear

We first examine the risk of dissection propagation in an artery with a pre-existing
intimal tear in the form of a radial notch. Figure14e shows an illustration of the
intimal tear highlighted in red on the arterial geometry. In order to assess the risk
of the intimal tear propagating under a luminal pressure load a cohesive zone is
prescribed in the circumferential plane around the intimal tear, as shown by the
red surface in Fig. 14e. In order to determine an upper limit of allowable lumen
pressure a super-physiological blood pressure of 500mmHg is applied in the lumen.
A10%axial stretch is applied to the artery prior to lumen pressurization.Hyperelastic
anisotropic fiber-reinforced material behavior is prescribed to the artery according
to the bilinear fiber model proposed by Fereidoonnezhad et al. (2020). The shear
strength of the CZM interface is taken as τmax = 1.6MPa, as determined in the
experimental-computational study of mode II dissection (Fig. 15) by FitzGibbon and
McGarry (2020). The normal strength of the interface is taken as σmax = 0.2MPa,
based on standard peel test experiments (FitzGibbon and McGarry 2020).

Figure14f shows the max principal stress in the aorta at a lumen pressure of
500mmHg. The crack initiates at a pressure of 275mmHg and continues to propagate
with increasing applied pressure. The final crack growth is∼5.75mm at a pressure of
500mmHg. No crack propagation is recorded at lumen pressures below 275mmHg.
The crack initiates and propagates in a pure mode II due to compressive tractions
at the medial interface caused by the hypertensive blood pressure. Figure14g shows
the interface strength as a function of the lumen pressure at the point of intimal
tear propagation. τmax/τ exp = 1 indicates the interface strength is the experimentally
recordedvalue of τmax = 1.6MPa (FitzGibbon andMcGarry 2020).As shown, a 50%
reduction in interface strength will lead to an intimal tear propagation under a typical
hypertensive blood pressure load of p ≈ 190mmHg. A further reduction in interface
strength (τmax/τ exp = 0.25) results in tear propagation in the normotensive blood
pressure range. The highest recorded blood pressure in humans is 480/350mmHg
during heavy-resistance exercise (MacDougall et al. 1985), these are referred to
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(a) (b)

(c)

(d) (e)

(f) (g)

Fig. 14 (a) Illustration of the dissected geometry with the paraboloid flow profile. The intraluminal
septum is shown; (b) velocity magnitude (mm s−1) streamline plot of the dissected geometry;
(c) blunting of the crack tip in the axisymmetric cohesive zone finite element analysis; (d) mode at
the crack tip in (c) is shown as a function of the lumen pressure; (e) illustration of the intimal tear
in the artery. The surface of the CZM is shown in red; (f) maximum principal stress in the aorta
subject to 500mmHg of lumen pressure; (g) interface strength (τmax) as a function of pressure at
crack propagation (pinit). Four regions of blood pressure are shown: hypotensive, normotensive,
hypertensive, and super-physiological. In summary, this analysis suggests that propagation of an
intimal tear of the aorta will occur only in cases of extreme hypertensive pressures (≥275mmHg).
Extensive propagation of a false lumen is not predicted at a slightly hypertensive blood pressure
of 140mmHg. Even in extreme hypertensive loading conditions propagation is arrested due to
mixed-mode blunting of the crack tip and an increase in the mode angle towards mode II
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(a) (b)

Fig. 15 (a) Computational fit of the bilinear fiber model to the experimental results (adapted from
FitzGibbon and McGarry 2020); (b) calibrated cohesive zone shear interface strength parameters
(adapted from FitzGibbon and McGarry 2020)

here as super-physiological. Our results seem to suggest under such blood pressure
conditions an intimal tear is likely to propagate in a mode II in a healthy artery.

3.2 Examination of a Dissected Artery with a Patent False
Lumen

We next explore the risk of a false lumen propagating further in an artery with a
pre-existing patent false lumen, as shown in Fig. 14a. Computational fluid dynamics
simulations are implemented to determine the loading on the vessel wall and on the
intimal flap. A parabolic flow profile is prescribed at the inlet boundary (Fig. 14a).
A zero-velocity (no-slip) condition is imposed at the wall for the fluid. Physiologi-
cally accurate transient flow profiles are implemented. A pressure boundary condi-
tion is imposed at the outlet boundary. Using a one-way fluid-structure-interaction
approach, computed pressure distributions are applied to a solid finite element,
including CZM interfaces, to simulate propagation of the false lumen (Fig. 14c).
Velocity streamlines in the aorta are shown in Fig. 14b. Maximum velocity occurs
above the intraluminal septum and minimum velocities occur in the false lumen.
Figure14c, d explores crack arrest due to blunting of the crack tip. While recent
studies demonstrate that initiation of AD is a pure mode II process (Haslach et al.
2018; Gültekin et al. 2019; FitzGibbon and McGarry 2020), the simulations pre-
sented in Fig. 14c suggests that the eventual formation of a false lumen, following
mode II initiation, will result in mixed-mode conditions at the crack-tip. A form of
toughening of the crack tip is also evident in Fig. 14d as the mode angle at the crack
tip increases (tending towards mode II propagation) with increasing pressure. As
the mode II strength has been shown to be eight times higher than mode I strength
(FitzGibbon andMcGarry 2020), such an increase in the mode angle with increasing
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pressure will be accompanied by a significant increase fracture resistance. Such a
toughening mechanism is incorporated into our model through our calibrated mixed-
mode CZM formulation.

4 Conclusion

In the present chapter we analyze two new exponentially softening path-dependent
cohesive zone formulations. An extensive exploration of the mixed-mode coupling
in proportional and non-proportional loading paths is presented. Physically realistic
mixed-mode behavior of a CZM is of fundamental importance for applications in
materials with anisotropic fracture properties. Our recent experimental work demon-
strates that the mode II fracture strength of the aorta in the circumferential-axial
plane is eight times higher than the mode I strength in the same plane (FitzGibbon
and McGarry 2020). Recent studies have presented evidence that initiation of aortic
dissection is predominantly a mode II fracture process (Haslach et al. 2018; Gül-
tekin et al. 2019) while the further propagation of aortic dissection is suspected to
occur in a mixed-mode, as demonstrated in the finite element cohesive zone analysis
presented in Fig. 14c, d.

Accurate cohesive zone simulation of these complex fractures cannot be achieved
without robust analysis of the mixed-mode behavior of the cohesive zone under a
range of boundary conditions andmaterial properties. This is clearly demonstrated in
the simulation presented in Fig. 14c, d. Accurate simulation of the crack tip blunting
in the false lumen, as presented in Fig. 14c, d, requires the use of a cohesive zone
formulation with robust mixed-mode behavior (CZM1). As previously demonstrated
by McGarry et al. (2014), the use of potential-based cohesive zone formulations in
mixed-mode applications results in problematic repulsive normal tractions. This is
clearly demonstrated in Fig. 13 where repulsive tractions are calculated for three dif-
ferent potential-based models subject to a proportional separation at a mode angle of
ϕ = π/4 (Xu andNeedleman 1993; Park et al. 2009). The newly proposed PF-CZM1
is subject to the same limitations as previously proposed potential-based CZMs
despite its robust mixed-mode basis. Furthermore, the use of potential-based mod-
els may result in the calculation of residual tractions after separation has occurred.
The analysis presented in the present chapter clearly demonstrates the importance
of using a non-potential-based cohesive zone formulation with robust mixed-mode
behavior in the simulation of aortic dissection.
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Abstract Intraluminal thrombus (ILT) is present in various arterial lesions, such
as aneurysms or dissections. The role a thrombus plays during the development of
these diseases is still controversial and unclear. The extraction of ILT is a standard
procedure only during an open abdominal aortic aneurysm (AAA) repair. Thus awide
variety of histological analyses and mechanical testing is available mostly for AAA
thrombus, whereasmuch less is known about other thrombi. This chapter investigates
the possible, sometimes opposing, roles ILT has in arterial growth and remodeling
(G&R), with a focus on AAAs, using computational methods. Based on available
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experimental data, a bio-chemo-mechanical ILT model was developed. The results
suggest that an ILT can significantly influence AAA expansion and its rupture risk.
When a luminal layer with high proteolytic activity is in proximity to the remodeling
wall, it may increase AAA expansion rate. ILT may also contribute to clinically-
observed discontinuous expansion patterns. Mechanically, ILT shields the wall and
reduces the AAA axial growth. Additionally, thrombus deposition is believed to be
driven by hemodynamic factors, meaning that the typically used G&R model of soft
tissue might not suffice for a complete understanding of ILT influences; for more
comprehensive modeling, a fluid-solid-growth (FSG) model is needed. Using the
FSG model, asymmetrical thrombus deposition is predicted, potentially increasing
the area covered by thin thrombus.

1 Introduction

Intraluminal thrombus (ILT) is a fibrin-rich structure with intertwined red and white
blood cells, platelets, and other cells and molecules from the blood. It is present in
many cardiovascular diseases; it causes myocardial infarction and stroke by obstruc-
tion of blood flow; whereas in aneurysms or dissections it simultaneously degrades
and shields the underlying wall. The thrombus is known to significantly influence
the outcome of the diseases: e.g., a study by Tsai et al. (2007) proposed that a fully
thrombosed false lumen of aortic dissection (AD) and dissection without thrombus
have much lower rupture risk compared to a partially thrombosed AD. Rupture of
intracranial aneurysms (IA) was also related to a thin thrombus (Frösen et al. 2004).
However, the treatment of IAswith flow diverters is based on disruption of blood flow
within the aneurysm to induce pro-thrombotic conditions (Paliwal et al. 2017). In the
thrombus-laden abdominal aortic aneurysms (AAAs), a thicker thrombus was shown
to slow down the AAA growth; however, a smaller relative size of ILT was linked to
a higher growth rate (Domonkos et al. 2019). In conclusion, ILT has a very complex,
but undoubtedly important role in the evolution of various vascular diseases. Noting
the high incidence of thrombus presence (around 70% in IA (Frösen et al. 2004),
45% in AD (Tsai et al. 2007), and 80% in AAA (Simão et al. 2000; Behr-Rasmussen
et al. 2014)), it should not be neglected, neither during clinical decision making nor
during numerical modeling.

Treatment of these diseases is mostly endovascular and the thrombus is not
extracted during the procedure. The only exception is the open surgical repair of
AAAs, during which the ILT can be removed, histologically analyzed, and mechani-
cally tested.Because of that, there is a vast amount of data about ILT fromAAA,while
much less is known about other thrombi that can be examined only after autopsy. The
work presented in this chapter will, consequently, be focused mostly on AAAs, but
with appropriate adjustments can be applied to other thrombus-laden arterial lesions.

Formation and further growth of ILT are believed to be hemodynamically driven.
It is proposed that for the formation of ILT within aneurysms two main conditions
need to be fulfilled—platelets must be activated within a shear flow and then be
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presented to a susceptible endothelium (Di Achille et al. 2014). Besides the wall
shear stress (WSS), there were several other attempts to define a measure of the like-
lihood of thrombus formation: Shadden et al. (2013) proposed a non-dimensional
scalar index that represents the magnitude of shear rates that a fluid particle accumu-
lates while traveling throughout the fluid domain named platelet activation potential
(PLAP). Furthermore, an index referred to as thrombus formation potential (TFP),
which identifies local regions of the wall that were simultaneously exposed to pro-
thrombotic WSS stimuli and a flow rich in activated platelets, showed promising
results. Comparisons between the computational prediction of ILT deposition within
AAA using TFP and medical data from follow-ups on six patients gave a satisfying
first estimate of thrombus deposition (Di Achille et al. 2017). Similarly, Naim et
al. (2016) performed computational fluid dynamics analysis of AD to illustrate the
potentialmechanism behind the formation of thrombus and predict possible locations
based on WSS.

An ILT, unlike other blood clots, shows a few signs of healing, i.e. fibrin fibers
are not replaced with collagen during the disease evolution, (Schriefl et al. 2012),
at least before treatment. Yet, follow-up imaging after treatment of aneurysms and
dissections typically show shrinkage of the lesion and, in some cases, even complete
disappearance of ILT (weather by replacement by collagen or by the degradation of
fibrin). Thus, for modeling the ILT after treatment, herein the presented model could
be expanded with a model describing the longitudinal changes in the structure and
mechanical properties during the transformation of a clot from an initially fibrin-
based mesh to a predominantly collagenous mass, e.g., see Karšaj and Humphrey
(2009).

Depending on the thrombus size and age, ILT can consist of up to three structurally
and proteolytical different layers. The portion closest to the flowing blood (i.e., the
luminal layer) is characterized by an aggregation of activated platelets as well as
the entrapment of erythrocytes and leukocytes within a continuously evolving fibrin
mesh. The luminal layer thickness is possibly limited by the depth to which blood
components can penetrate the fibrin mesh, as it is usually 2mm thick (Vande Geest
et al. 2006). Leukocytes within the luminal layer are responsible for producing
enzymes that degrade the arterial wall (matrix metalloproteinases (MMPs); col-
lagenases and elastases) or indirectly activating them. For example, activation of
urokinase plasminogen activator (uPA) turns plasminogen to plasmin, which not
only degrades fibrin but also activates latent MMPs. In deeper (medial and ablumi-
nal) layers, due to lack of platelets and blood cells (Houard et al. 2007), fibrin is not
produced anymore, and the fibrin mesh becomes more degraded and disorganized.
The abluminal layer, adjacent to the wall, can be disrupted to the point it cannot be
mechanically tested (Tong et al. 2011).

Despite overwhelming evidence that thin ILT biochemically degrades the arterial
wall (Houard et al. 2007; Fontaine et al. 2004), and thick mechanically shields it
(Inzoli et al. 1993), thrombus has been either modeled as an inert, homogeneous
material in static models that focus on the stress state in the wall (e.g., Wang et al.
2002) or neglected in most G&R studies (e.g., Watton and Hill 2009 and Wilson
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et al. 2012). There is, therefore, a pressing need for a greater understanding of the
impact ILT has on the arterial wall and lesion evolution.

The goal of the presented research was to develop a G&R model of enlargement
and possible rupture of thrombus-laden AAAs. Additionally, potential differences
in model predictions for physiological ranges of parameter values related to the risk
of rupture were examined. Furthermore, by coupling computational fluid dynamics
analysis to predict time and position of thrombus deposition with G&R model, a
fluid-solid-growth (FSG) model was formulated and used to predict natural history
of AAAs.

2 Arterial Growth and Remodeling

The arterial wall and the ILT interact with each other (e.g., ILT introduces increased
proteases to the wall and the wall defines thrombus deformation) and thus they
cannot be modeled separately. Thus, several alterations of the traditional growth and
remodeling model were necessary.

2.1 G&R of Healthy Arteries

The growth and remodeling (G&R) model of soft tissues, used herein for the arterial
wall, was first proposed by Humphrey and Rajagopal (2002). All the details about
an implementation into a finite element framework and related model parameters
can be found in Horvat et al. (2019). In short, G&R models continuously account
for changes in arterial mass due to the turnover (i.e. degradation and deposition) of
collagen and smooth muscle cell (SMC).

The current mass of each constituent k evolves as

Mk(s) = Mk(0)Qk(0) +
s∫

0

ṁk(τ )qk(s − τ)dτ, (1)

where k represents the specific wall constituent (i.e. elastin, specific direction of
collagen and SMC), qk(s − τ) is a survival function that defines a percentage of
constituent produced at the past time τ that remains at the current time s, with a
special case that Qk(s) = qk(s − 0). Unlike collagen and smooth muscle, elastin is
not produced in maturity (Virag et al. 2015). Given that Me(0) is the initial mass of
constituent k, note that Me(s) = Me(0)Qe(s) for elastin. Collagen deposition ṁk(τ )

is a constant at a basal production rate mk
B during homeostasis (health) but it may

be altered in response to deviations in intramural or wall shear stress (WSS) from
respective homeostatic values due to injury, disease, or inflammation. Thus, it can
be claimed that
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ṁk(τ ) = mk
B

(
1 + Kk

σ�σ + Kk
C�τw

)
, (2)

where �σ and �τw are deviations of the mural and WSS from the homeostatic
value, and Kk

σ and Kk
C are parameters governing constituent level mural and wall

shear stress-driven mass production, respectively.
The calculation of intramural stresses is based on the constrained mixture theory

and the theory of evolving configurations. The constrained theory assumes that each
constituent (elastin, collagen, smooth muscle) experiences the same deformation as
the mixture (arterial wall), while simultaneously allowing them individual natural,
stress-free configurations. This means that any constituent k deposited at a generic
G&R time τ is incorporated within the extant extracellular matrix with its own
pre-stretch Gk(τ ). The theory of the evolving configurations states that the total
deformation a constituent produced at time τ feels in a current loaded (in vivo)
mixture configuration at time s, defined by a deformation gradient Fk

n(τ )(s). Thus,
it depends on the initial deposition pre-stretch Gk(τ ) and the overall deformation
gradient of the mixture s

τF from the deposition time τ to the current time s (see Fig. 1
in Karšaj and Humphrey 2012 for clarification). The associated right Cauchy-Green
tensor Ck

n(τ )(s) is thus Ck
n(τ )(s) = Fk

n(τ )(s)
TFk

n(τ )(s), and can be used to calculate

the inherent strain energy for each constituent Ŵ k . The isotropic elastin is modeled
as a neo-Hookean material, while collagen and smooth muscle are modeled using
the standard exponential model in tension and no compressive stiffness, as in Virag
et al. (2015). Noting that fibers of the same constituent deposited into the extracellular
matrix at different times have different associated deformation gradients, the total
strain energy of a constituent is a sum of the unique strain energies of each fiber and
their mass fraction, namely

Wk(s) = Mk(0)∑
k
Mk(s)

Ŵ k Qk(s) +
∫ s

0

ṁk(τ )∑
k
Mk(s)

Ŵ kqk(s − τ)dτ. (3)

TheCauchy stress tensorwithin the aorticwall can then be calculated as a constrained
mixture, i.e.

σ = 2

detF
F

∂W

∂C
FT + σ activeσ θ ⊗ σ θ , (4)

where W = ∑
k W

k is the overall strain-energy function, and σ active is the active
stress contribution from circumferentially oriented smooth muscle contractility.

2.2 Illustrative Example

When hemodynamic factors, such as blood pressure or flow, are altered, the arterial
wall adapts to the new conditions. In order to verify the G&Rmodel implementation
into a finite element environment, but also to illustrate vascular adaptation to per-
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turbations from homeostasis, remodeling of the wall after an abrupt change in flow
is here presented. An increase in blood flow causes the widening of arteries, as has
been observed clinically both in animal models (e.g., using anastomosis to increase
blood flow of rabbits (Brownlee et al. 1991)) and in humans (Fridez et al. 2003). The
animal model reported that the time needed for vascular adaptation after an abrupt
blood flow increase by 60% was approximately 2 months for rabbits. Interestingly,
the increase in diameter of the artery with altered blood flow compared to the diame-
ters of the control arteries was 19%, which reasonably matches the membrane theory
which predicts a 17% increase in the arterial diameter. An increase in blood flow in
humans is typically caused by exercise, rather than a surgical procedure, making
the change less abrupt and measurements more difficult to control. However, the
difference in diameter was observed in all arteries between athletes and sedentary
subjects, although quantitatively the change varies among arteries: the difference in
diameter of femoral arteries was reported to be 11–17.3%, carotid arteries were only
slightly dilated in Fridez et al. 2003.

Numerically obtained results are presented in Fig. 1. For the first 400days of the
G&R process, hemostasis is preserved, so there is no change in the luminal diameter
(Fig. 1a) or the wall thickness (Fig. 1b). At the G&R time of 400days the blood flow
was abruptly increased by 20%. The increase in flow led to wall shear stress-induced
changes in the production of fibers (see Eq. (2)) and active response of SMCs. This
triggered growth and a remodeling process. Note that if the WSS driven production
rates (KC) were zero, the vessel would stay in homeostasis, as an increase in blood
flow did not affect intramural stress in the wall, and thus the equilibrium would not
be disturbed. Change in the flow initially decreased mass production, which was,
in turn, reflected by the thinning of the wall and its expansion. Both thinning and
dilatation of thewall induced an increase inwall stresses, and thus also the production
rate. With the growth of the mass, stresses began to decrease back to the homeostatic

(a) (b)

Fig. 1 Evolution of the inner diameter (a), and the wall thickness (b) for different WSS-driven
production rates KC after a 20% increase in the blood flow
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value and the new equilibrium was found. Figure1 also shows that the parameter
KC influences the time needed for the vessel to find a new equilibrium, but it does
not change the new equilibrium state, i.e. the final inner radius and thickness. For
the larger value of KC initially lost mass was greater, and, consequently, so were the
dilatation and change in wall stresses. This led to a quicker deposition of the new
mass, and thus the equilibrium state was reached faster. Depending on the model
parameter, the time needed for the vessel to reach a new equilibrium diameter was
between 60 and 150days, which is roughly in accordance with the animal model.
For other model parameters and all clarifications, see Horvat et al. (2019).

The new equilibrium state after changes in the blood flow or pressure, but not the
G&R process, can be estimated using a membrane theory approximation. According
to the membrane theory, when blood flow is 20% above its homeostatic (normal)
value, both the inner radius and the thickness should change 1.21/3 = 1.06266 times
compared to the initially, healthy value. Hence, for an aorta with an inner diameter
of 20mm, the terminal inner diameter would give 21.25mm. As can be seen in
Fig. 1, the terminal diameter reached the exact same value, whereas the thickness
was slightly overestimated by the membrane theory approximation. In conclusion,
the results obtained by the G&R model show great agreement both with clinical
observations and the membrane theory.

2.3 G&R of Diseased Arteries

Whenmodeling arteries in disease, the above described G&Rmodel must be slightly
adjusted. For example, elastin has a very long half-life in health, estimated to be
40years. In the previous illustrative example, the mass of elastin was assumed to be
constant, since the observed time of several hundred days was relatively short. On
the other hand, aneurysms and dissections are characterized by lengthy progression
(measured in decades) and local irreversible loss of elastin, which must be taken into
account. Along with the loss of elastin, programmed death of SMCs caused by a loss
of attachment to the surrounding matrix, including elastin fibers, was also observed
in aneurysms. Therefore, the degradation of smooth muscle should be linked to
the degradation of elastin. Additionally, phenotypic transitioning of SMCs from a
contractile to a synthetic state causing a decrease in maximal active stress should be
considered, similar to Valentín et al. (2011).

3 Intraluminal Thrombus Model

The growth process (i.e. change of mass) in the aortic wall happens internally—
fibroblasts and smooth muscle in the wall are responsible for the production of
collagen. During the growth of an aneurysm, the clinically observed aortic wall
thickness does not change significantly, meaning the wall mass typically increases



126 L. Virag et al.

several times compared to a healthy artery because of the expansion. Conversely, a
thrombus is continuously being deposited by conversion of the constantly renewed
fibrinogen from the blood, with its mass changing significantly—from zero in a
healthy artery or small aneurysm to a potentially huge thrombusmass in large AAAs.
Although a complete understanding of the spatially evolving deposition of thrombus
is still lacking,manymedical images of largeAAAs suggest that the luminal diameter
tends to be maintained. Thus, while it is convenient to model an aortic wall with a
constant number of finite elements and keeping track of changes in its mass, for ILT
it is more suitable to increase the number of finite elements at each deposition time,
but preserve the mass of each element constant.

Within the constant thrombus element mass, it is still possible to monitor the
turnover of fibrin and cell apoptosis, and thus change associated mechanical proper-
ties. Because thrombus deposition is likely linked to the hemodynamics, in the G&R
model the luminal area was assumed to remain constant, meaning that additional ILT
was deposited in every time step in which the lesion enlarged sufficiently, burying
the prior deposited portions of the luminal layer which then becomemedial and ablu-
minal layers. Moreover, based on experimental findings (Tong et al. 2011), fibrin,
fibrin degradation products (FDPs), erythrocytes (RBCs), and voids were considered
to be the most significant space-filling constituents of a layered ILT. Leukocytes,
platelets, and non-collagenous extracellular proteins were neglected as load-bearing
constituents but were nevertheless crucial for the biological activity of the thrombus.
Themodel was based on diverse experimental and clinical results reviewed inWilson
et al. (2013).

3.1 Fibrin

During fibrinogenesis, platelets release thrombin, which helps to convert soluble
fibrinogen into fibrin. Fibrin polymerizes to form a cross-linked mesh. Changes in
the mass of fibrin depend on its deposition and degradation, similar to changes in the
wall constituents (2). Based on experimental findings, the production rate of fibrin
depends on the mass of platelets Mplt

i and decreases with increased fibrin density
φf
i . Thus, we can define a correlation parameter K f

plt,φ and describe fibrin production
rate as

ṁf
i (τ ) = K f

plt,φM
plt
i (τ )

(
1 − φf

i (τ )
)
. (5)

On the other hand, fibrinolysis is governed by plasmin. Moreover, since fibrinolysis
has been reported to be inversely proportional to the density of the fibrin mesh and
its current stretch (Scott et al. 2011), a mass removal rate-type parameter K f

q(τ ) used
for the survival function

qk(s − τ) = exp

(
−

∫ s

τ

K f
q (τ̃ )dτ̃

)
(6)
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was considered to be

K f
q(τ ) = kfq + wf

qM
pls
i (τ )

1 − φf
i (τ )

λi (τ )
, (7)

where kfq is a homeostatic value depending on the natural half-life of fibrin, Mpls
i is

the mass of plasmin, λi is fibrin stretch, and wf
q is a weighting function.

Mechanically, ILT can bear stress and possibly reduce the peakwall stress. Cauchy
stress in the ILT was modeled using a strain–energy function for an isotropic fibrin
mesh based on Tong et al. (2011) and a neo-Hookean strain–energy function for the
FDPs.

3.2 Cells and Platelets

Several studies reported that blood-derived cells were found mostly in the luminal
layer (Houard et al. 2009; Adolph et al. 1997), presumably because flowing blood
can replenish and sustain cells only to a certain depth. Thus, the defined boundary
of the luminal layer was a depth beyond which cells could not be replenished, either
because a critical fibrin mesh density φ

f,RBC
crit was reached or because a critical radius

rcrit(τ )was attained. This critical radius was defined in each instant by a critical mass
of fibrin M f

crit , such that
rcrit∑
rl

M f
i (r, τ ) = M f

crit, (8)

where M f
i is the mass of fibrin in layer i and rl is the luminal radius. The quantity

of blood-borne cells was assumed to be constant in the luminal layer (e.g., Mplt
l for

platelets) and decreased with a first-order decay process (with a half-life τ
plt
1/2 of 7 to

11days for platelets and τRBC
1/2 days for erythrocytes) in deeper layers. In summary,

the mass of platelets (and similarly for leukocytes, primarily neutrophils, MN
i ) was

calculated as

Mplt
i (τ ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Mplt
l (τ ) except if

Mplt
l (τ

i,1
crit) · e−K plt

q (τ−τ
i,1
crit) ri(τ ) ≥ rcrit(τ )

Mplt
l (τ

i,2
crit) · e−K plt

q (τ−τ
i,2
crit) φf

j (τ ) ≥ φf
crit, plt, ∀ j ≥ i

(9)

where τ
i,1
crit is the time at which a critical mass of fibrin (i.e., rcrit) was achieved, thus

transitioning the layer from luminal to medial. Similarly, τ i,2
crit represents the time at

which the limit of the luminal layerwas achievedby reaching the criticalmass fraction
of fibrin (i.e., mesh density). Due to their smaller size compared to the erythrocytes, it
was assumed that leukocytes did not contribute significantly to the volume of the ILT;
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nonetheless, their presence is important for biochemical activity (e.g., production of
plasmin, MMPs, or other elastases). The distribution of erythrocytes within the ILT
was defined similarly to platelets, with the exception of using a mass fraction instead
of the mass, because it is more convenient for the calculation of the overall strain
energy of ILT.

3.3 Plasmin, EDPs, and Neovascularization

Conversion of plasminogen to plasmin is a complex process catalyzed by multiple
enzymes, including a key step that includes activation either by tissue plasmino-
gen activator (tPA, found on endothelial cells) or urokinase plasminogen activator
(uPA, coming mainly from the blood stream via mesenchymal and inflammatory
cells). Conversely, activation may be inhibited by plasmin activation inhibitor (PAI-
1) and alpha-2 antiplasmin. Noting that not much is known about their distributions,
a simplified model was used, capturing the overall increase in activated plasmin
phenomenologically. It considered plasmin diffusion from two primary sources: the
leukocyte-rich luminal layer of the ILT and the inflamed aneurysmal wall (to which
leukocytes invade via the vasa vasorum). This increased production of plasminwithin
the wall is consistent with immunohistological reports (Fontaine et al. 2002). The
mass of activated plasmin Mpls

i that degrades fibrin is given as

Mpls
i (τ ) = K pls

N MN
i (τ ) + Mpls

wall(τ ) −
i∑

j=1

K pls
f M f

j (τ )

︸ ︷︷ ︸
≥0

, (10)

where K pls
N is a correlation factor between plasmin and neutrophils in the thrombus,

K pls
f is the amount of plasmin consumed per unit of fibrin, and Mpls

wall(τ ) is the mass
of plasmin in the wall, calculated as Mpls

wall(τ ) = K pls
EDPM

EDP
tot (τ ) + K pls

VVA
VV
tot (τ ). The

plasmin generated within the wall depended largely on the total mass of elastin
degradation products MEDP

tot , which are chemo-attractants for inflammatory cells and
stimulate neovascularization of the wall (i.e., increase the area of vasa vasorum AVV

tot ,
(Nackman et al. 1997). Correlations between plasmin and EDPs/vasa vasorum were
accounted for by K pls

EDP and K pls
VV, respectively. The production rate of EDPs directly

depended on the amount of elastin degraded per time step, while their degradation
was modeled as a first-order decay with constant half-life. The total mass of EDPs
can then be calculated by (2).

Due to the controversial influence of hypoxia on neovascularization, it was
neglected. Instead, based on studies that showed EDPs alone promote neovascu-
larization (Nackman et al. 1997), the development of vasa vasorum was modeled
solely as a function of the mass of EDPs, such that
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AVV
tot (s) = AVV

0 +
∫ s

0
KVV

EDPM
EDP
tot dτ, (11)

where AVV
0 is the area of vasa vasorum in the healthy aorta, and KVV

EDP is a correlation
factor that relates vasa vasorum growth per unit of EDPs per unit of time.

3.4 Fibrin Degradation Products and Voids

The luminal layer contains entrapped erythrocytes, platelets, and other blood-borne
molecules within a thick fibrin mesh. Once the luminal layer is buried deeper within
the thrombus, erythrocytes cannot be replenished. Likewise, the amount of platelets
necessary for fibrin deposition is greatly reduced, which means that the degradation
can exceed the deposition. Dissolution of fibrin and apoptosis of red blood cells
can leave small interconnected channels (‘voids’ or ‘canaliculi’) throughout the ILT
(Adolph et al. 1997). Degrading fibrin was assumed to convert partly into fibrin
degradation products (FDPs) and partly into canaliculi (as fibrin was removed by
macrophages) in a 7:3 ratio.

3.5 Biochemical Interaction of ILT and the Aneurysmal Wall

An increase in proteolytical activity due to the presence of the ILT was integrated via
additional terms in the mass removal rate-type parameter Kk

q in the survival function.
For example, the elastin in the normally aging aorta depends solely on its natural
half-life τ e

1/2 on the order of forty to fifty years: K e
q(τ ) = keq = ln 2/τ e

1/2. Increased
degradation of elastin in an aneurysm due to inflammation was incorporated via an
additional term, i.e.

K e
q(τ ) = keq + we

q,elasM
elas(r, τ ), (12)

where the elastases Melas were modulated by a weighting factor we
q,elas. Correspond-

ingly, for collagen, we write (cf. Karšaj and Humphrey 2012)

K c
q(τ ) = ∂W c/∂Fc

n(τ )

∂W c/∂Fc
n(0)

kcq + wc
q,MMPM

MMP(r, τ ), (13)

where the collagen mass removal parameter K c
q depends on the ratio of the current

∂W c/∂Fc
n(τ ) to the homeostatic ∂W c/∂Fc

n(0) tension, and k
c
q is the rate-type removal

parameter associated with the homeostatic half-life; the second terms relate to the
distribution of active MMPs (i.e. collagenases).

Similar to plasmin,MMPsmay arise from two sources: the luminal layer in the ILT
or the vasa vasorum in the aortic wall. A first approximation, quasi-static transport,



130 L. Virag et al.

was determined easily from the diffusion equation, i.e. ∂Melas/∂t = ∇ · [
D∇Melas

]
,

where D is the diffusion coefficient that can be estimated based on available data
of the radial distribution of proteases (Fontaine et al. 2004 and Houard et al. 2009).
The available elastase/MMPs from the luminal layer was defined as K elas

N MN
tot (or

KMMP
N MN

tot for MMPs), where K elas/MMP
N describes how much elastase/MMP was

produced per unit of leukocytes per time step, at a point at radius rL which was
defined as

rL(s) = 1

MN
tot(s)

∑
i

MN
i (s)ri (s), (14)

similar to a center ofmass. The concentration of elastase/MMPs available at the outer
radius depended on the area of the vasa vasorum and the number of inflammatory
cells: K elas

WBCM
WBC
tot (s) + K elas

VV AVV
tot (s). Thus, by solving the diffusion equation, the

overall distribution of proteases was

Mk(r, s) = Kk
NM

N
tot(s) − Kk

WBCM
WBC
tot (s) − Kk

VVA
VV
tot (s)

ln(rL(s)/ro)
ln

r(s)

ro
+ Kk

NM
N
tot(s),

(15)
where k indicates elastases or collagenases. The mass of inflammatory cells in the
wall MWBC

tot , was modeled similar to (2) with a degradation depending on the cellular
half-life, and a production ṁWBC

tot increasing with the growth of the EPD mass and
the vasa vasorum, such that

ṁWBC
tot (τ ) = KWBC

EDP,VV

(
AVV
tot (τ )

AVV
0

)α

MEDP
tot (τ ), (16)

where KWBC
EDP,VV is a correlation factor that relates the proliferation of white blood

cells with EDPs and neovascularization, and α is a power parameter. A schematic
presentation of the whole ILT/wall interaction model is presented in Fig. 2 in Virag
et al. 2015.

3.6 Model Predictions—Biochemical Influence of the ILT

The full potential of the described ILT model is presented in Virag et al. (2015,
2017). Very briefly, Fig. 2a shows the predicted distributions of the mass fractions of
the constituents within the ILT. The boundary between the luminal and the medial
layer is evident by the steep decrease in fibrin and RBCs, as cells could not penetrate
further into the thrombus. Similarly, platelets were unable to reach deeper parts of the
ILT, disenabling fibrin production. Consequently, with fibrin degradation exceeding
its production, the mass fraction of this fibrin decreased. The ILT that is deposited
the latest was located near the luminal interface (i.e., near a radius of 10mm) and
is characterized by low amounts of fibrin and large numbers of the RBCs. In the
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(a) (b)

Fig. 2 Predicted radial distribution of mass fractions of structurally important constituents 20years
after aneurysm initialization. The solid black curve represents fibrin, the dashed black curve red
blood cells, the gray solid curve voids (canaliculi), and the gray dashed curve fibrin degradation
products (FDPs) (a); evolution of the normalized amount of matrix metalloproteinases (MMPs) in
the aortic wall (b)

older, buried parts of the luminal layer, the fibrin fraction increased and the RBCs
diminished. Unlike the distinctive luminal layer, the border between the intermediate
and abluminal layers was less evident; both were characterized by disruption of
the fibrin mesh and devoid of blood cells and platelets. These results correspond
qualitatively to the reported distribution of constituents from histological analysis of
Tong et al. (2011), where four phases of thrombus ages were defined as: phase I (fresh
thrombus, new luminal layer in the model) characterized by 90% RBCs and 10%
thin fibrin bundles; phase II (matches older luminal layer) with less than 10% RBCs,
some condensed proteins (FDPs), and increasing thin and thick fibrin fibers; phases
III and IV (i.e., older thrombus) with few RBCs and condensed proteins domination
as fibrin is degraded.

It can be seen from Fig. 2a that the thickness of the luminal layer is approximately
2mm, which is in accordance with clinical observations (Vande Geest et al. 2006;
Tong et al. 2011). This is not a predefined value, as luminal layer thickness, or depth
to which platelets and blood cells penetrate through the fibrin mesh, is defined by Eq.
(9). For quickly expanding aneurysms, the luminal layer thickness increases because
the fibrin production is slow compared to the aneurysm expansion. Likewise, for
slow expanding or stabilized aneurysm, the luminal layer becomes thinner. During
a nonlinearly expanding aneurysm, the luminal layer thickness varies in time.

The evolution of the total normalized metalloproteinases describing proteolytical
activity in the underlying wall is highlighted in Fig. 2b. In the early years, when
ILT is thin, the amount of MMPs within the adjacent wall changed very steeply. At
the time when the thrombus layer that was deposited first was not replenished with
the blood cells anymore, it became a much less proteolytically active medial layer.
Consequently, the MMP activity sharply decreased. The final MMP count 20years
after an aneurysm initialization was reduced ∼3 fold relative to the peak value, but
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was still higher than the initial value. This happened due to an increased inflammation
in the wall itself, due to the vasa vasorum and chemotactic EDPs.

3.7 Model Predictions—Biomechanical Influence of the ILT

As noted above, many medical images of large AAAs suggest that the luminal area
tends to be maintained constant (see, e.g., Fig. 9 in Zambrano et al. 2016), either at
equal or greater than the healthy value. The choice of the new luminal diameter is
also an important factor for aneurysm progression and stabilization. Figure3 shows
the evolutions of thrombus-laden aneurysms with different luminal areas compared
to AAA without a thrombus. Full black dots in Fig. 3a denote the moment of the first
ILT deposition. While AAA continued to grow (and ruptured) exponentially without
a thrombus, the radius to which the ILT was continually filled determined whether
AAA will stabilize, how long it will take to stabilize, and how much further AAA
will expand. If the luminal area was kept constant at a healthy value (i.e. 10mm),
aneurysmal value. The increase in luminal area increasedAAAgrowth and decreased
the likelihood of stabilization.

(a) (b)

Fig. 3 Evolution of the inner AAA radius (a), contours of the ILT/wall interface and the luminal
area (b) for different luminal areas of thrombus deposition

3.8 Model Predictions—Influence of Rupture Risk Factors

Themodel was further used to investigate the influence of rupture risk factors (smok-
ing, age, sex, hypertension) and stabilization factors on AAA growth (Virag et al.
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2017). The focus here is on smoking and MMP inhibition. Smoking is known to
elevate oxidative stress, and thus injure the arterial endothelium and promote athero-
genesis (Burke and FitzGerald 2003). Furthermore, it also increases inflammation in
the vascular wall (Powell 1998) as well as the concentration of fibrinogen in plasma
and alters the activity of platelets. Increased platelet activity and increased fibrinogen
potentiate thrombosis along the dysfunctional endothelium (Powell 1998). Finally, it
correlates strongly with increased aortic blood pressure, heart rate, and arterial stiff-
ness (Mahmud and Feely 2003). Smoking-induced arterial stiffening is suggested
to be isotropic, as reflected by a consistent increase in both elastin- and collagen-
associated parameters (Enevoldsen et al. 2011).

All of these cardiovascular health disadvantages that smoking brings with it neg-
atively affect the disease progression. Thus, smoking is associated with both larger
AAAs (Behr-Rasmussen et al. 2014 and Bhak et al. 2015) and higher expansion
rates (Al-Barjas et al. 2006). Quitting smoking does not immediately help lower
the AAA expansion rate: it has been shown that arterial stiffness did not decrease
two years after quitting smoking (van den Berkmortel et al. 2004) and that it can
take up to a decade for stiffness to return to nonsmokers’ levels (Jatoi et al. 2007).
Lowering inflammation rates also likely takes years, as it was estimated five years of
abstinence are necessary to reduce fibrinogen concentrations to the range of never-
smokers (Meade et al. 1987).

Based on these studies, smoking was modeled by increased elastin and collagen
stiffness, inflammation, and platelet activity. Some other aspects that smoking brings
to vascular health, such as endothelial and SMCdysfunction, are also features of non-
smoking aneurysms and have been implicitly included in the model for smokers and
non-smokers alike. All other G&R parameters were identical between the groups.

Figure4a shows a numerically predicted 20-year-growth of non-smoker and
smoker. The predicted maximum AAA diameter was greater for smokers (5.39cm)
than for non-smokers (4.40cm). The average increase in the dilatation rate due to
smoking can easily be calculated as 0.0495cm/year. This shows great agreement
with clinical the observations, as the increase in expansion rates associated with
smoking was 0.05 ± 0.01cm/year (Bhak et al. 2015). In order to determine which
of the smoking-induced alterations introduces rupture risk the most, changes were
simulated gradually: first only the influence of an increase in stiffness was simu-
lated, then the increase in both stiffness and inflammation and finally also platelet
activity (i.e. smoker). The results suggest that inflammation played the greatest role
in early aneurysmal progression, although an increased stiffness also significantly
increases the growth rate (Fig. 4a). Fibrinogen concentration and platelet activity
(present in the smoker group) did not have a major influence on AAA evolution
(dotted vs. dashed curve). Interestingly, the high activity of platelets resulted in a
slightly decreased AAA size, because an increased production of fibrin resulted in a
slightly stiffer, thinner luminal layer. This influences AAAgrowth positively because
a stiffer luminal layer reduces the peak wall stress more, whereas a thinner luminal
layer means it will be distanced from the arterial wall earlier. Note that this does not
mean that an increased platelet activity could potentially stabilize AAAs since lower
wall stress means that collagen production is decreased with a lower deviation from



134 L. Virag et al.

(a) (b)

Fig. 4 Simulated evolution of an AAA in a non-smoker (solid curve), in cases of increased stiff-
ness (dashed curve), increased stiffness plus elevated inflammation (dotted curve), and increased
stiffness, higher inflammation, and increased platelet activity (gray curve)—that is, full effects of
smoking (a), simulated AAA evolution in cases of rapid versus slow collagen degradation (b).
Rupture is denoted by ‘×’

the homeostatic stress value (refer to (2)). In addition, platelets are chemotactic for
neutrophils and monocytes (Deuel et al. 1981) and can cause higher inflammation
and expansion rates.

3.9 Model Predictions—Influence of Stabilization Factors

Although there is no cure for aneurysm, some studies have proposed the use of
anti-inflammatory drugs for the reduction or arrest of the AAA enlargement. Some
of the proposed drugs act directly on MMPs (Parodi et al. 2005; Steinmetz et al.
2005) and others reduce extracellular matrix degradation indirectly, e.g., via platelet
inhibitors (Owens et al. 2015) or immunosuppressive agents (Lawrence et al. 2004).
The hypothesis was investigated on animal models: a study on mice showed that
a preservation of the medial elastin can reduce aneurysmal dilatation (Parodi et al.
2005), while another study showed that a non-specific inhibition of collagenases
leads to a lesion stabilization (Steinmetz et al. 2005). Unfortunately, non-specific
MMP inhibition has not reduced aneurysmal progression in human patients (Arnoud
et al. 2013). There is clearly a need for an increased understanding of the biochemical
mechanisms of aneurysm formation and evolution.

Figure4b shows that the thrombus-laden aneurysm model supports results from
animal models, with attenuation of collagenase activity (i.e., reducing the parameter
that describes collagen degradation by MMPs wc

q,MMP) helped to decrease the likeli-
hood of rupture. However, the results also agree with the study showing the failure
of drug effects in humans, as after 20years of disease progression the maximum
diameter was 5cm, at which point surgical treatment is recommended. Thus, the cur-
rent results suggest that rates of degradation of both collagen and elastin (results not
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shown here) may strongly influence aneurysmal evolution. The model suggests that
high rates of collagen degradation leads to a progressive enlargement, and a reduced
inflammation could perhaps prevent rupture, although the reduction of inflammation
alone might not suffice.

4 Fluid-Solid-Growth Modeling

Hemodynamic changes are undoubtedly an important factor in the progression of
arterial lesions. As discussed in previous sections, they can be sensed by vascular
cells and cause the arterial wall to adapt. For example, it is believed that hemodynam-
ics plays a crucial role in IA evolution, and therefore hemodynamic analyses such
as computational fluid dynamics (CFD) and fluid-structure-interaction (FSI) simu-
lations, for IAs are far more common than G&R studies. Note that CFD assumes
the wall to be rigid and it does not consider the influence of the deformation and
movement of the aortic wall on the hemodynamic output, whereas FSI considers the
compliance of the wall and, as a result, provides a more accurate description of the
hemodynamics (Caballero et al. 2013; Alimohammadi et al. 2014), but it is compu-
tationally more expensive. Since ILT formation and deposition is likely to depend on
hemodynamics, the logical new phase of numerical modeling is to combine hemo-
dynamic analysis with modeling of G&R of the wall. This loose coupling of CFD or
FSI models over a cardiac cycle (time scale in milliseconds) with long-term G&R
models of the evolving wall (time scale in days) is referred as fluid-solid-growth
(FSG) model. The concept of the FSG framework was first proposed by Humphrey
& Taylor in 2008 (Humphrey and Taylor 2008), and implemented by Figueroa et al.
(2009) on a basilar artery the following year. There were very few attempts applying
a FSG model to IAs (Watton et al. 2011; Selimovic et al. 2013) and AAAs (Grytsan
et al. 2015), but all of them neglect the thrombus. Currently, there are no studies that
applied the FSG framework to model AD.

In addition to using hemodynamic analysis as an input for calculating the collagen
production rate, it can also be used as an indicator of when, where and how much
thrombus is being deposited. The general framework is shown in Fig. 5: the long-
term G&R model runs until the maximum luminal diameter increases sufficiently
(e.g., 1mm). At that time G&R analysis is interrupted, a luminal surface for CFD
simulation is generated, and a hemodynamic analysis over several cardiac cycles is
performed. If predefined conditions for thrombus deposition are not met (e.g., time
averagedWSS (TAWSS) did not decrease below the threshold value),G&Rcontinues
without adjustments. However, when requirements are fulfilled, new thrombus finite
elements are added to the finite element aneurysm model at the location defined by a
hemodynamic analysis. Interestingly, at lower defined threshold values of TAWSS,
which defines the thrombus deposition, not only the luminal area expand more, but
the deposition becomes more asymmetrical (Fig. 6a). This asymmetrical deposition
consequently leads to a reduced AAA expansion of the shielded distal part of the
aneurysmal sac, and the apex is no longer at the middle surface but shifts upward.
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Fig. 5 Schematic representation of an FSG model used in this work

This effect can be seen in Fig. 6b: the first thrombus was deposited at the AAA
diameter of 30mm, up to which point a clear symmetry of the inner wall radius over
the axial coordinate z = 175mm can be seen. With ILT deposition, the maximum
diameter is at z = 185mm. Moreover, with delayed ILT deposition at the proximal
part of the aneurysm, the area covered by thin, proteolytically active ILT is increased.
In the results shown here, the biochemical influence of ILT was neglected; however
additional expansion of the proximal side and further deformation of the aneurysm
sac can be expected due to an increased degradation of the underlying wall.

Figure6a also shows that the thrombus not only reduces radial but also axial
growth. A possible explanation for this is that in AAAwithout a thrombus, the blood
pressure stretches the aneurysm apex a lot, which results in high axial stresses. The
formation of a thrombus changes the pressure distribution and significantly reduces
axial tensile force at the apex. Interestingly, according to a machine learning model
of rupture prediction presented by Shum et al. (2011), the length of the aneurysmal
sac is the most important morphologycal characteristic.

5 Conclusions

The ILT has a very complex, controversial, and still unclear role in the progression of
cardiovascular diseases. Because many clinical and experimental studies resulted in
conflicting conclusions, the ILT presence is usually perceived negatively; however, it
might be a natural protection against the rapid expansion of the vascular lesion. The
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(a) (b)

Fig. 6 Contours of the ILT/wall interface radius (solid curves) and the luminal radius (dotted curves)
at the same G&R time (2 500days) for different threshold values of TAWSS (a), and contours at
different times during evolutions of AAA when the threshold value is 0.3Pa (b)

numerical G&R and FSGmodeling could be very useful tools for the investigation of
the bio-chemo-mechanical processes introduced by thrombus deposition, the guid-
ance of experiments, and the recommendation of more accurate rupture risk factors
or better treatments. However, the ILT should not be neglected in the models, as it
has a fundamental influence on the disease evolution. For example, during follow-
up imaging of AAAs, it was observed that a radial enlargement of aneurysm often
occurs via stepwise dilatations, with periods of stability alternating with periods of
enlargement (Kurvers et al. 2004). Prior G&R models of aortic aneurysms that were
considering only the aortic wall (e.g., Watton and Hill 2009 and Wilson et al. 2012)
did not manage to capture this effect. Taking into account the influence of the ILT,
the first stagnation could be modeled using a simplified geometry (see Virag et al.
2015 for more details).

The G&R model of the ILT presented in this chapter is partially based on in vitro
experiments that are true for any blood clot (e.g., information about fibrinogenesis
and fibrinolysis), and partially on ILT within AAAs, as histological and mechanical
data are available in the literature were needed for the development of the model.
Before applying the model to some other vascular lesion, minor adjustments and
assumptions would probably be necessary. For example, MMPs from the thrombus
in the false lumen of AD would likely diffuse in two directions, both to the intima
and the media-adventitia.
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On the positive side, the model shows great agreement with clinical observations
and animalmodels. An increase in expansion rates caused by smokingwas calculated
to be ∼0.050cm/year, and hypertension increased the expansion to ∼0.022cm/year
for every 10mmHg, both are observed clinically (Bhak et al. 2015). The model
confirms and offers additional support for the female sex, smoking, and hypertension
as factors that increase the risk of rupture. It also supports animal models claiming
that inhibiting elastin- and collagen-based inflammation decreases the growth rate,
but at the same time agrees with the human experiments that the decrease may not
be enough to prevent AAA growth enough with surgery is avoided.

The model not only confirmed already accepted hypotheses, it also brought some
new insights into bio-chemo-mechanical processes within AAA. It can explain why
a thin thrombus contributes to a rapid expansion, whereas a thick ILT decreases the
dilatation rate (Domonkos et al. 2019), despite ILT thickness is proposed to be a
rupture risk factor (Vorp et al. 2001). Several hypotheses can be formulated from the
numerical results, e.g., that ILT is likely to cause stepwise growth of AAAs or that
thrombus indirectly slows down radial growth by prevention of axial expansion.

In conclusion, careful consideration of the mechanical, chemical, and biological
influences of proteolytically active, multilayer ILT on vascular lesions is recom-
mended and required in order to maximize the potential of numerical models to
improve our understanding of cardiovascular diseases and the risk of rupture and the
stabilization factors.
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1 Introduction

Diabetes mellitus is a major risk factor that may cause severe cardiovascular con-
sequences. The onset of hyperglycemia in patients may enhance formation of gly-
cosylated proteins and advance glycation products, leading to endothelial dysfunc-
tion (Brownlee et al. 1988). These pathological changes will contribute to promot-
ing macro- and micro-vascular diseases, in particular, to accelerating atherogenesis
(Grundy et al. 1999). The precise mechanisms of the diabetic macrovascular disease
remain poorly understood. Atherosclerosis is one of the main vascular complications
of diabetes and has significant impact on the health of the affected population. The
clinical observations indicate the correlation between the risk of vascular complica-
tions in diabetes and poor glycemic control. In hyperglycemic conditions, increased
platelet adhesion and hypercoagulability are thought to be a main trigger to initiate
formation of atherosclerotic lesions (Beckman et al. 2002).

Both type 1 (insulin-deficient) and type 2 (insulin-resistant with hyperinsuline-
mia) diabetes impair biomechanical functions of aortas due in large part to changes
in extracellular matrix (ECM), particularly in collagen content (Grundy et al. 1999;
Akhtar et al. 2014). Enhanced extracellular protease activity in the diabetic aorta
induces morphological, compositional and localized mechanical tissue remodeling
(Akhtar et al. 2014). Thus, vascular dysfunction often occurs in the early stage of the
disease process. Over the last decade researchers have devoted their effort to inves-
tigating the effects of diabetes on aortic wall primarily in the areas of biochemistry,
morphology, and imaging; relevant biomechanical studies are rare in the literature.
For example, Golledge et al. (2008) found that diabetes could strengthen the cross-
linking of collagen fibers within aortic media and inhibited secretion ofmatrixmetal-
loproteinases (MMPs). Thereby, the diabetes may limit overstretch of the aortic wall
during expansion in response to intraluminal pressure. Using immunohistochem-
istry technique, Dua et al. (2010) confirmed that hyperglycemia inhibited plasmin
and MMP and thus, would reduce fiber degradation of the aortic wall. Astrand et al.
(2007) reported that the measured intima-media layers in the diabetic aortas were
significantly thicker than healthy aortas. However, there was no significant difference
in aortic diameter between diabetic and healthy groups. In addition, these authors
computed the wall stress distribution using Laplace’s law, showing that diabetic aor-
tas had a significantly lower stressmagnitude than the healthy aortas. Although above
studies advance our understanding of changes in structure-function relationship of
the aorta when affected by diabetes, quantitative data are lacking in the literature to
interpret complex biomechanical alterations of diabetic aortas.

In this study the aim was to systematically investigate biomechanical properties
of rabbit aortas in health and diabetes. Using an alloxan-induced type 1 diabetic
rabbit model, uniaxial and biaxial tensile tests together with material modeling are
performed to characterize changes in the elastic properties of the aortic tissue in
response to hyperglycemia. In addition, we seek to identify microstructural alter-
ations of the diabetic aortas in histology and to determine mass fractions of elastin
and collagen within aortic walls.
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2 Materials and Methods

2.1 Diabetic Animal Model

Thirty femaleNewZealandwhite rabbits, 7weeks old andweighting1.6–2.2kg,were
purchased from the Experimental Animal Center of Tongji University, Shanghai,
China. Animals were housed individually at a constant temperature of 24 ◦C and
were kept in a constant photoperiod (i.e. 7a.m. light/7p.m. dark diurnal light cycle)
in plastic cages with free access to food and water for 1 week before experiments.
The fasting blood glucose (FBG) of all rabbits was measured after fasting for at least
8h.

The rabbits were randomly assigned into two groups, i.e. control and diabetic
groups. Each group contains 15 rabbits. The diabetic group was then injected a 5%
solution of alloxanmonohydrate (100mg/kg of bodyweight) to raise a diabetic rabbit
model, while the control group was given equal amount of normal saline (0.9% w/v
of NaCl). The FBGwasmeasured 72h later and the rabbits with FBG level more than
15mmol/L were considered to be diabetic. If FBG level failed to exceed 15mmol/L,
the rabbits would be further injected by alloxan (130mg/kg of body weight) until
the FBG level is reached. Note that alloxan could cause massive insulin release from
pancreas on the first day. Hence, it was necessary to give all rabbits 5% glucose
containing in the drinking water to prevent fatal hypoglycemia in the following 24h.
The rabbits were exposed to diabetic condition (i.e. the FBG level over 15mmol/L)
for four weeks before sacrifice for mechanical testing. All experimental procedures
complied with international guidelines for care and use of laboratory animals and
were approved by the Animal Ethics Committee of Tongji University, Shanghai,
China.

2.2 Specimen Preparation

Rabbits were anesthetized with 2% pentobarbital sodium (2.5ml/kg) injected into
the marginal ear vein. After achieving full anesthesia, midline laparotomy was per-
formed. Abdomens of all rabbits were cut open first and precise location of the aorta
in each animal model was identified. To separate the abdominal aorta, three threads
were deployed to fix both ends and to elevate the aorta segment. The abdominal aorta
was carefully dissected and was cut into two portions with sizes of 20mm (region 1)
for mechanical tests and 5mm (region 2) for histological investigation.

Given a cylindrical shape we further cut the aorta (harvested from region 1) open
axially to obtain plain aortic tissue piece, see Fig. 1. The thicknesses of aortic walls
were measured by means of a video-extensometer (Holzapfel et al. 2005). Using a
surgical scalpel, two rectangular strips (C and A) with a dimension of approximately
14.0 × 4.0mm (length × width) were extracted in the circumferential and axial
directions, respectively (see Fig. 1). These two specimens were used for uniaxial
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Fig. 1 Schematic illustration of specimen cutting based on a rabbit aorta obtained from region 1.
The aorta is cut open axially and four pieces of aortic tissues are extracted to perform uniaxial
tensile tests (UC and UA), biaxial tensile test (B), and mass fraction (MF) analysis, respectively.
The black bar in the first image indicates a length of 5mm. Reproduced with permission from Tong
et al. (2018)

tensile tests. A square piece (B) with a dimension of approximately 10.0 × 10.0mm
(length × width) was further cut from the remaining tissue, serving for the biaxial
tensile test (Fig. 1). The small (rectangular) piece of the aortic tissue (noted by MF)
was stored in liquid nitrogen for mass fraction analysis.

For uniaxial tensile tests, pieces of sandpapers were mounted at both ends of the
rectangular strips (C and A) with super-adhesive gel to facilitate a defined clamping
in the tensile testing machine and to prevent slippage during testing. In addition, two
black chips were glued transversely in parallel onto the middle part of the specimens
to act as gage markers for deformation measurements. For biaxial tensile tests, four
nylon sutures were fixed to each side of the square specimen (B) using fish hooks,
and four markers were placed at a distance of approximately 3mm from each other
at the center of the specimen. All specimens were moistened in phosphate-buffered
physiological saline (PBS) at 37 ◦C and tested within 6 h after excision.

2.3 Mechanical Testing and Data Analysis

Uniaxial tensile tests were performed on a computer-controlled, screw-driven high-
precision tensile testing machine adapted for biological materials (XJ810-10N,
Xiangjie Inc., Shanghai, China). Preconditioning was achieved by executing five
loading and unloading cycles at a constant extension rate of 1.0mm/min to reach
70kPa (i.e. first Piola-Kirchhoff stress) for each test. Starting from the sixth ten-
sile cycle, the strain was increased with the same extension rate until tissue rupture
occurred. The rupture forces and the corresponding stretches were documented.

Details of biaxial testing protocols have been described in a prior study (Tong
et al. 2011). Square specimens were mounted in a custom-built biaxial testing device
via connecting four carriages by hooked nylon sutures and were then submerged
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into a bath filled with Dulbecco’s Modified Eagle’s Medium (DMEM) maintaining
at 37.0 ± 1.0 ◦C. The initial lengths between the two markers in each direction were
measured by aCCD camera before the start of the biaxial tensile tests. A stress-driven
protocol was employed during the testing procedure. Each specimen was tested
using the following protocol for each stress level: Pθθ :Pzz = 1:1, 1:0.75, 0.75:1,
1:0.5, and 0.5:1, where Pθθ and Pzz denote the applied engineering stresses in the
circumferential and axial directions, respectively. We started at 30kPa to execute the
biaxial protocol for all specimens and continued with a stepwise increase of 10kPa
stress level until tissues’ rupture occurred in the equibiaxial protocol. After each
increase in stress, five preconditioning cycles were conducted and the sixth was then
used for data analysis.

From the uniaxial tensile tests, the ultimate tensile stress σult was computed
according to

σult = frupλult

WT
, (1)

where frup is the rupture force, and W and T are the width and the thickness of
the specimen in the unloaded configuration, respectively. The ultimate stretch λult is
defined as l/L , where l and L are the gage lengths in the loaded (state at rupture)
and unloaded configurations, respectively.

The Cauchy stress and stretch were computed to quantify the biaxial mechanical
responses of the aortic tissues. The shear deformationwas treated as negligible. Thus,
the Cauchy stresses were determined as

σθθ = fθλθ

T Xz
, σzz = fzλz

T Xθ

, (2)

where λθ = xθ /Xθ and λz = xz/Xz indicate tissue stretches in each direction that
are measured by markers. For the equibiaxial stress-controlled protocol (Pθθ :Pzz =
1:1), the mean peak stretch (MPS) values in the circumferential and axial directions
were recorded. Moreover, the maximum tangential modulus (MTM), defined as the
maximum slope of the nonlinear stress-stretch curve, was calculated and further
averaged to assess aortic stiffness under the equibiaxial stresses of Pθθ :Pzz = 60kPa.

All experimental data were summarized as mean±standard deviation (SD). Prior
to statistical analysis, the Shapiro-Wilk and the Kolmogorov-Smirnov tests were
used to determine whether each dataset was normally distributed. Comparisons of
the quantitative data between control and diabetic groups were performed using
the analysis of variance (ANOVA) test followed by the Holm-Sidak test and the
Dunn’s Method test. For comparison between circumferential and axial mechanical
responses, the paired Student’s t-test was employed. Non-parametric tests, including
the Wilcoxon signed-rank test and Mann-Whitney rank sum test, were used for non-
normally distributed sample groups. A p-value of <0.05 determined significance.
The statistical analyses were performed using the SPSS statistical package version
21.0 (SPSS Inc./IBM, Chicago, IL).
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2.4 Material Modeling

To model the biaxial mechanical behaviors of the control and the diabetic aortas, we
used a strain-energy function (Holzapfel et al. 2005) that was developed primarily for
collagen-reinforced biological soft tissues such as arterial walls. The strain-energy
function has the form

� = μ(I1 − 3) + k1
k2

(exp{k2[(1 − ρ)(I1 − 3)2 + ρ(I4 − 1)2]} − 1), (3)

whereμ > 0 and k1 > 0 are stress-like parameters (in kPa), and k2 > 0 andρ ∈ [0, 1]
are dimensionless parameters. The invariants I1 and I4 > 1 can be expressed as

I1 = λ2
θ + λ2

z + λ2
r , I4 = λ2

θ cos
2 ϕ + λ2

z sin
2 ϕ, (4)

where λθ , λz , λr are the principal stretches in the circumferential, axial and radial
directions, respectively. The geometrical parameter ϕ in Eq. (4) denotes the angle
between the principal collagen fiber orientation and the circumferential direction. In
the present study, however, ϕ is treated as a phenomenological variable for modeling.
Due to the assumption of incompressibility and the vanishing radial stresses, the
Cauchy stresses in the circumferential and axial directions are determined.

The experimental data from the five biaxial protocols for the control and the
diabetic aortas associated with the circumferential and axial directions were simul-
taneously fit to the material model (3) using the optimization toolbox in Matlab 8.0.
The fitting was carried out following the nonlinear least-squares algorithm that min-
imizes the sum of squares of the deviation between the predicted stresses and the
experimental data. Consequently, the five parameters (μ, k1, k2, ϕ, ρ) were obtained.
To measure the ‘goodness of fit’ the square of the Pearson’s correlation coefficient
was computed for both the circumferential and the axial Cauchy stresses.

2.5 Histological and Mass Fraction Analysis

Both the control and the diabetic aortas obtained from region 2 were fixed in
4% paraformaldehyde phosphate buffer solution (PFA) overnight at 4 ◦C, and then
embedded in paraffin using standard techniques. The paraffin blockswere cut at 3µm
section on a Leica RM2126 microtome (Leica, Shanghai, China), then stained with
Hematoxylin Eosin (HE) and Heidenhain’s Azan (Azan) after deparaffinization and
hydration through a series of graded alcohol steps. Subsequently, the sections were
examined under a Keyence BZ9000 microscope (Keyence Co. Ltd., Japan) to char-
acterize morphological changes of endothelium, collagen fibers and other cellular
components in response to diabetes.

The mass fraction analysis quantitatively determined dry weight of elastin and
collagen within the intact aortic wall. The MF pieces of the tissue in Fig. 1 were
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frozen in liquid nitrogen and homogenized by grinding in a mortar with a pestle.
After reaching constant weight by drying for 3 to 4 days at 105 ◦C, the wet and dry
weight of the homogenate were determined, respectively; for more details regarding
elastin quantitation and collagen analysis see the study by Tong et al. (2013).

3 Results

In total, 15 control and 15 diabetic rabbit aortas were tested and analyzed in the
present study. The mean thicknesses of aortic walls for the control and the diabetic
groups were measured to be 0.86 ± 0.05mm and 0.92 ± 0.11mm (p = 0.09). There
is no statistically significant increase in wall thickness for the diabetic aortas when
compared to the control aortas. The diabetic aortic thicknesses, however, were more
variable than the control ones. This is probably due to regional variations of wall
thicknesses caused by hyperglycemia.

The Shapiro-Wilk and the Kolmogorov-Smirnov tests showed that the quanti-
fied ultimate tensile stresses were normally distributed. The quantified ultimate ten-
sile stresses in the circumferential direction for the control and the diabetic aortas
were 384 ± 35kPa and 417 ± 48kPa, respectively (p = 0.07). The ultimate tensile
stresses in the axial directions for the control and the diabetic aortas were computed
as 338 ± 39kPa and 362 ± 41kPa, respectively (p = 0.09). In general, the mean
ultimate tensile stresses in both circumferential and axial directions are higher for
the diabetic aortas than the control aortas. However, there is no statistically significant
difference in ultimate tensile strength between the control and the diabetic aortas.

Representative biaxial mechanical behaviors and corresponding model fit results
of the control and the diabetic aortas are shown in Fig. 2. Both aortic tissues exhib-
ited exponential nonlinearity, and anisotropy. The differences in the MPS and MTM
values between the control and the diabetic groups are shown by column plots in
Fig. 3. Under the equibiaxial stress-controlled protocol (i.e. Pθθ :Pzz = 60kPa), the
circumferential MPS values of the control and the diabetic aortas were measured as
1.13 ± 0.03 and 1.09 ± 0.02, respectively (p = 0.02). The MPS values in the axial
directions of the control and the diabetic aortas were 1.16 ± 0.02 and 1.13 ± 0.03,
respectively (p = 0.04); see Fig. 3a. Moreover, the circumferential MTM values of
the control and the diabetic aortas were 2.6 ± 0.7MPa and 3.7 ± 0.9MPa, respec-
tively (p = 0.005). The axial MTM values of the control and the diabetic aortas
were computed as 2.2 ± 0.5MPa and 3.4 ± 0.7MPa, respectively (p = 0.003); see
Fig. 3b. It indicates that tissue stiffness of the diabetic aorta is statistically signifi-
cantly higher than that of the control aorta. Pronounced tissue stiffening occurs in
both circumferential and axial directions of the diabetic aortas.

The related constitutive parameters were summarized in Table1. The material
model (Eq. (3)) was suitable to characterize the biaxial mechanical behaviors of
both aorta types. The ‘goodness of fit’ R2 is 0.95 ± 0.03 and 0.92 ± 0.05 for the
control and the diabetic groups, respectively; both values are within the common
range for biomaterials. The constitutive parameters μ, which described the average
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(a) (b)

(c) (d)

Fig. 2 Representative plots of biaxial experimental data (symbols) with corresponding material
model fit (solid curves) for (a), (b) the control and (c), (d) the diabetic aortas in the circumferential
and axial directions. Reproduced with permission from Tong et al. (2018)

(a) (b)

Fig. 3 Column plots (mean values and standard deviations) of (a) the quantified mean peak stretch
(MPS) and (b) the calculated maximum tangential modulus (MTM) for the control (n = 15) and
the diabetic (n = 15) rabbit aortas in the equibiaxial stress-controlled protocol (Pθθ :Pzz = 60kPa).
Statistically significant differences are noted in both MPS and MTM values between the control
and the diabetic aortas. Reproduced with permission from Tong et al. (2018)
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Table 1 Constitutive parameters obtained by material modeling for the control (n = 15) and the
diabetic (n = 15) aortas

μ (kPa) k1 (kPa) k2 (–) ϕ (◦) ρ (–) R2

Control 0.8 ± 0.4 48.6 ± 6.3 31.6 ± 13.2 33.6 ± 5.9 0.26 ± 0.08 0.95 ± 0.03

Diabetic 2.7 ± 0.6 60.5 ± 8.4 73.5 ± 21.6 41.2 ± 8.5 0.18 ± 0.06 0.92 ± 0.05

stiffness of aortic tissues in the low loading domain (i.e. the isotropic matrix material
is mainly active), were significantly larger for the diabetic group than the control
group (p = 0.007). The constitutive parameters k1 and k2 governing the average
stiffness of the aortic tissues in the high loading domain (i.e. the recruitment of
collagenous fibers) were also significantly larger for the diabetic group than the
control group (all p-values are less than 0.01). It suggests that the diabetic aortas
have significantly higher tissue stiffness in both low and high loading domains when
compared to the control aortas. The mean geometrical parameter ϕ of the diabetic
groupwas larger than that of the control group, however, no significant differencewas
found (p = 0.08). There is no statistically significant difference in the constitutive
parameter ρ between the control and the diabetic aortas (p = 0.11), suggesting that
mechanical anisotropy does not change remarkably for the diabetic aortas when
compared with the control aortas.

Representative images of histological sections of the control and the diabetic aor-
tas were shown in Fig. 4. Compared to the control aortas, the HE staining showed
that there were diffusive eminences on the arterial dissepiment for the diabetic aor-
tas (Figs. 4a, b). Notably, a number of isolated foam cells were identified within
the diabetic aortic layers, see, for example, Fig. 4b. In the Azan staining, collagen
hyperplasia was a main microstructural characteristic evidently shown in the most
diabetic aorta samples (Figs. 4c, d). This feature may lead to varying distributions
and realignment of collagen fibers for the diabetic aortas.

There was no statistically significantly difference in dry weight percentage of
elastin between the control and the diabetic groups (control: 9.3% ± 1.8% vs. dia-
betic: 8.5% ± 2.9%; p = 0.21). However, the dry weight percentage of collagen
within the diabetic aortas was significantly higher than that within the control aortas
(control: 25.4% ± 5.9% vs. diabetic: 33.7% ± 6.8%; p = 0.02).

4 Discussion

The animal model used in this work is alloxan-induced type 1 diabetes, which has
been well documented in the literature (Sun et al. 2009; Akhtar et al. 2014). Induc-
tion of alloxan can essentially damage the pancreatic β-cell so that blood glucose
is increased effectively (Mingueneau et al. 2015; Novoselova et al. 2016). Such a
method can be applied to different animals to experimentally induce diabetes. The
thickness measurements show that there is a trend towards an aortic wall thickening
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(a) (b)

(c) (d)

Fig. 4 Representative histological imageswithHE andAzan staining characterizing the underlying
microstructure of (a), (c) the control and (b), Compared to the control aortas in panel (a), the isolated
foam cells (denoted by arrows) are identified for the diabetic aortas in panel (b). Panel (c) displays
the collagen fibers aligned in the control aortas. By contrast, blue staining of collagen hyperplasia
(denoted by arrows) is evidently shown in the diabetic aortas in panel (d). Original magnification
60×. Reproduced with permission from Tong et al. (2018)

for the diabetic aortas, although this phenomenon does not reach statistical signif-
icance. This finding is basically consistent with Akhtar et al. (2014) and Kozakova
et al. (2014). Note that our thickness data represent the intact diabetic aortas rather
than the single medial layers. Therefore, the diabetic aortas may suffer from wall
thickening due in large part to tissue fibrosis caused by hyperglycemia.

No significant differences were found in both circumferential and axial ultimate
tensile strength between the control and the diabetic groups, suggesting that diabetes
has very limited effects on altering the tensile strength of aortas. To the authors’
knowledge, no quantitative mechanical data have been measured prior to the present
study to investigate changes in tensile strength of the diabetic aortas (Schram et al.
2004; Sun et al. 2009; Akhtar et al. 2014; Kozakova et al. 2014). The previous studies
either focused on aortic remodeling (Akhtar et al. 2014) in response to diabetes or
investigated changes in the arterial stiffness (Schram et al. 2004; Sun et al. 2009)
with a higher glucose exposure.

As can be seen from Fig. 2, biaxial mechanical behaviors of the control and the
diabetic aortas are highly nonlinear and anisotropic. It is worth noting that the used
biaxial testing protocol covers a large range of deformations including the in vivo
situation, and hence provides a unique set of mechanical data when compared to
uniaxial tensile test. Regarding biaxial mechanical responses, our results suggest
that the diabetic aortas have significantly lower extensibility and significantly higher
tissue stiffness than the control aortas (Figs. 3a, b). By checking the quantified MTM
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values in the equibiaxial protocol, we further confirm that tissue stiffening occurs
in both circumferential and axial directions of the diabetic aortas. Our finding is
basically in agreement with conclusions obtained in the previous studies (Astrand
et al. 2007; Sun et al. 2009; Due et al. 2010; Kozakova et al. 2014), in which,
however, data are frequently measured by means of observing aortic morphology.
For example, Sun et al. (2009) showed an increased aortic stiffness for the diabetic
rats by calculating cross-sectional distensibility of aortas.Note that the reduced cross-
sectional distensibility of aortas might imply a stiffening trend but does not provide
any quantitative data on aortic stiffness. In particular, little is known about the aortic
stiffness in the axial direction. Moreover, observing cross-sectional morphological
alterations cannot characterize anisotropic mechanical behaviors of aortas.

As can be seen from Fig. 2 and Table1, the material model is able to characterize
the biaxial mechanical behaviors of both aorta types well. Significantly larger values
of constitutive parameters μ, k1 and k2 indicate that the diabetic aortas have signifi-
cantly higher tissue stiffness in both low and high loading domains when compared
to the control aortas. There is no statistically significant difference in constitutive
parameter ϕ between the control and the diabetic groups. Although ϕ is phenomeno-
logically determined, it probably indicates that collagen fiber alignment does not
alter significantly within the diabetic aortas as compared to the control aortas. How-
ever, to verify this statement, a subtle investigation of the microstructure by aid of
imaging technique is needed.

Histological analysis, as indicated in Fig. 4, suggests that the diabetic aortas have
several changes in the microstructural characteristics when compared to the con-
trol aortas. The foam cells embedded in the arterial layers can be a trigger to cause
increased wall thicknesses for the diabetic aortas and may promote formation of
atherosclerotic lesions (Bjornheden et al. 1999; Katsuda et al. 2004). Note that
hyperplasia of collagen may directly or indirectly influence adhesion, alignment
and stretches of fiber bundles, and, therefore, plays a key role in tissue’s remodeling
during pathological process. In particular, varying distributions and realignment of
collagen due to hyperplasia will lead to a more disorganized microstructure within
the aortic wall, and, thus, will induce changes in mechanical anisotropy of the aortas
(Jhun et al. 2009). These factors potentially alter extensibility and tensile strength of
the aortic tissue.

Mass fraction analyses suggest that the dry weight percentage of collagen within
the diabetic aortas increases significantly as compared to the control aortas, whereas
no significant change is found for that of elastin. Such an alteration of collagen
content can be much attributed to hyperglycemia-induced vascular remodeling, in
which the hyperplasia of collagen is evidently shown for most diabetic aortas by
histology.
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5 Conclusion

It has been demonstrated that in diabetes there are notable changes in both mechani-
cal properties and microstructure of the rabbit aortas. Regarding biaxial mechanical
responses, the diabetic aortas exhibited significantly lower extensibility and signifi-
cantly higher tissue stiffness than the control aortas. With the constitutive parameters
determined in the present study, finite element simulations can be further conducted
to analyze the altered stress distributions of the diabetic aortas with respect to the
control aortas. From the histological point of view, collagen hyperplasia is identi-
fied as the main microstructural characteristics that may potentially lead to aortic
wall stiffening. As for future studies, there is a pressing need to quantitatively deter-
mine collagen fiber orientations and to investigate hemodynamics within the dia-
betic aortas. Thus, advanced imaging techniques coupled with computational tools
in biomechanics will be required.
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Abstract Despite years of technological and pharmacological improvements, fail-
ure rates remain high for the lower extremity peripheral arterial disease repairs, par-
ticularly when the repair devices cross the knee joint. Though much work has been
done investigating the pathological processes associated with this failure, the under-
lyingmechanisms remain insufficiently understood.Themain arterial segmentwithin
the leg, the femoropopliteal artery, appears to be significantly different from other
peripheral arteries, possibly due to lower blood flow, but more importantly, because it
experiences large deformations during flexion of the limbs. Understanding the mag-
nitude of these deformations in different postures and arterial segments may help
improve the design of repair devices through computational studies of device-artery
interactions. These studies rely on comprehensive assessments of arterial mechanics
and structure and call for innovativeways of accounting for patient demographics and
risk factors to deliver realistic results. In this chapter, we will summarize our recent
findings related to the quantification of the biomechanical environment of the lower
limb arteries, describe their structure andmechanical properties in the context of age,
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and propose a computational framework to evaluate device-artery interactions while
accounting for the surrounding tissue effects. We will finish by identifying several
future directions for this research.

1 Peripheral Arterial Disease of the Femoropopliteal
Artery

Peripheral Arterial Disease (PAD) often refers to the atherosclerotic obstruction of
the femoropopliteal artery (FPA) that reduces blood flow to the lower limbs. It is
a major contributor to public health burden and is associated with high morbidity,
mortality, and impairment in quality of life (Mahoney et al. 2010). The FPA begins
as the common femoral artery (Fig. 1) and continues as the superficial femoral artery
(SFA) into the upper thigh. It becomes the popliteal artery (PA) as it traverses the
adductor hiatus (AH), a gap between the adductor magnus muscle and the femur,
passing from the anterior thigh posteriorly into the popliteal fossa behind the knee.
Clinically, the two principal sites of FPA occlusions are the distal SFA at the AH and
the PA behind the knee (Watt 1965) (Fig. 1).

The total annual costs of hospitalizations for patients with PAD are in excess of
$21 billion per year, and per-patient costs of PAD are higher than those for both
coronary artery disease and cerebrovascular disease (Mahoney et al. 2008). The high
cost of PAD is mostly attributed to high numbers of peripheral vascular operations
and interventions that fail, resulting in poor clinical outcomes and a frequent need for
repetitive interventions (Adam et al. 2005; Conte et al. 2006; Schillinger et al. 2006,
2007; Laird and Yeo 2012; Stavroulakis et al. 2016; Qato et al. 2018). Specifically,
primary patency is lost in 30–40% of autogenous vein bypass grafts (Conte et al.
2006) and in 45–58% of synthetic grafts (Lundgren and Study 2013) at 1year. The
results of angioplasty and stenting in the lower extremity are equally bad (Siracuse et
al. 2012), with almost half of the patients developing hemodynamically significant
restenosis or requiring re-intervention within 2–3years after treatment (Schillinger
et al. 2007; Laird and Yeo 2012; Stavroulakis et al. 2016; Qato et al. 2018).

Though the systemic risk factors for restenosis are the same for the carotid, iliac,
and FPA reconstructions, the FPA interventions fail significantly more often than in
other locations. This suggests that local factors unique to the FPA strongly influence
reconstruction failure. The two major differences between the FPA and other arterial
segments are lower blood flow (Parker et al. 2006; Newcomer et al. 2008; Young et
al. 2010; Padilla and Fadel 2017; Desyatova et al. 2018a) and the large deformations
experienced during flexion of the limbs (Ansari et al. 2013; MacTaggart et al. 2014;
Desyatova et al. 2017c, 2018a, 2018b; Maleckis et al. 2018; Poulson et al. 2018).
These deformations and the associated intramural stresses and hemodynamic distur-
bances occurring repetitively with each limb flexion, can injure the arterial wall, alter
cell signaling, cause deleterious cellular and biochemical responses, and culminate
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in disease initiation, progression, or reconstruction failure (Dunlop and Santos 1957;
Palma 1959; Watt 1965; Clowes et al. 1983; Wensing et al. 1998; MacTaggart et al.
2014; Maleckis et al. 2018).

2 Mechanical Deformations of the FPA During Limb
Flexion

Along its length, the FPA is constrained and tethered by a large number of small
branches, bone, fascia, muscle, and nerve that produce non-uniform and locally
large deformations (MacTaggart et al. 2014). These deformations include axial com-
pression (Poulson et al. 2018), bending (Poulson et al. 2018), twisting (Desyatova
et al. 2017c), and pinching (Desyatova et al. 2018b) that occur in three dimensions
and require multiaxial imaging for accurate quantification. Recent studies have used
intra-arterial markers and a perfused human cadaver model to measure the magni-
tudes of these deformations in different FPA segments and common daily postures—
standing (straight, 180◦), walking (110◦), sitting (90◦), and gardening (acutely bent,
60◦) (Fig. 1). Table1 summarizes these values representing the maximum deforma-
tions experienced by the proximal SFA, artery at the AH, and the PA behind the
knee. Deformations were more severe in more acutely bent limb configurations and
increased with more distal arterial location, reaching a maximum in the PA behind
the knee. Compared with the previously reported values (Ansari et al. 2013) that

(a) (b)

Fig. 1 (a) Deformations experienced by the femoropopliteal artery (FPA) during the limb flexion.
Note the severe bending and kinking of the FPA at the adductor hiatus (AH) and in the popliteal
artery (PA) behind the knee. (b) Excised and longitudinally-opened FPA with severe PAD at the
AH and in the PA
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Table 1 Maximum limb flexion-induced deformations experienced by different FPA segments
(Desyatova et al. 2017c, 2018b; Poulson et al. 2018; MacTaggart et al. 2019): superficial femoral
artery (SFA), artery at the adductor hiatus (AH), and the below-knee popliteal artery (PA)

Walking Sitting Gardening

SFA AH PA SFA AH PA SFA AH PA

Axial compression (%) 9 11 13 13 14 17 15 19 25

Bending (radius of
curvature) (mm)

27 19 17 23 12 11 21 9 8

Twisting (◦/cm) 10 8 14 12 10 20 13 16 26

Pinching (aspect ratio) 1.16 1.19 1.24 1.17 1.21 1.26 1.19 1.28 1.35

represented the average deformations experienced by each arterial segment, these
newly-determined deformations are 3 to 12-fold more severe (MacTaggart et al.
2014), which raises concerns about the ability of currently used PAD stents to with-
stand them.

3 Bench-Top and In Situ Evaluation of Commercial PAD
Stents

Bench-top evaluation of 12 commercial PAD stents subjected to limbflexion-induced
deformations demonstrated significant differences in their ability to accommodate
axial compression, bending, and torsion while resisting pinching (Maleckis et al.
2017). High radial stiffness and low resistance to deformations allow the stent to
maintain lumen diameter while following deformation that occurs naturally with
limb flexion. Overall, some stents were better in accommodating certain deformation
modes, but no device was able to demonstrate superior characteristics under all
deformations, and many stents experienced instabilities such as global bucking and
pinching.

Since stent performance on the bench may differ from that in situ, seven stent
designs were evaluated using a perfused human cadaver model (MacTaggart et al.
2019), and the deformations of the stented arteries were compared with their own
baselines. The results demonstrated significant effects of stents on limb flexion-
induced FPA deformations, and the differences between devices were appreciable.
However, similarly to the bench-top results, some designs were able to accommodate
several deformation modes, but no device was able to match all FPA deformations.
Furthermore, the effects of stenting were not confined to the stented segment and
often translated proximal and distal to the target area. For example, stents with high
torsional or bending stiffness that significantly restricted arterial deformations in the
stented area, often translated these deformations distal to the device, resulting in
exacerbated twisting or bending distal to the repaired segment.
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Since none of the tested devices were able to accommodate limb flexion-induced
deformations without either exacerbating or restricting them, the development of an
optimized stent that would have improved compatibility with the artery appears to
be of paramount importance. Stents that follow arterial deformations during limb
flexion while maintaining lumen diameter to provide adequate blood flow, could
minimize arterial injury and improve clinical outcomes (Maleckis et al. 2018), but
such development requires a comprehensive understanding of the arterial structure,
mechanics, and pathophysiology in the context of patient demographic and risk
factors.

4 The FPA Intramural Structure and Its Changes with Age

As a muscular artery, the FPA distributes blood to the tissues of the lower limb by
relaxing and contracting the concentric layers of smooth muscle cells (SMCs) that
populate most of its tunica media (Humphrey 2002) (Fig. 2).

The density of SMCs in the media decreases with age from ∼35 to ∼25% (Jadidi
et al. 2021b), and the cells undergo morphological changes consistent with a more
synthetic phenotype (Bacakova et al. 2018; Jaminon et al. 2019). Older FPAs also
contain a significant amount of α-SMA-positive cells in the adventitia, forming a
robust network of vasa vasorum (Jadidi et al. 2021b) that is almost absent in younger
arteries.

Medial SMCs are surrounded by straight circumferentially-oriented collagen
fibers, while longitudinally-oriented undulated collagen is present in the immediate
proximity of the external elastic lamina (EEL) that separates media from adventitia
(Jadidi et al. 2021b). Collagen density in the media of young arteries is 10–13%, but
it increases to 20–30% in older specimens (Jadidi et al. 2021b). Unlike the medial
collagen, adventitial collagen appears to be oriented diagonally, thicker, and more
undulated. The pitch of adventitial collagen fibers decreases with age, which leads to
a shift in the arterial load-carrying capacity (Jadidi et al. 2021b). Unlike the medial
collagen content that increases with age, the overall collagen density remains rela-
tively constant at ∼23%, likely due to the increase in arterial wall thickness.

Since the FPA is a muscular artery, elastin is not abundant but plays an important
physiological role. It facilitates the in situ longitudinal pre-stretch (Kamenskiy et
al. 2016), ensures energy-efficient function (Humphrey et al. 2009), and promotes
better hemodynamics (Palatini et al. 2011; Desyatova et al. 2018a) by reducing
arterial bending and kinking during limb flexion (MacTaggart et al. 2014). Elastin
in the FPA is organized primarily in the form of longitudinal fibers in the EEL and
a three-dimensional internal elastic lamina (IEL) sheet that separates tunica intima
from media. Elastin is a very mechanically and chemically stable protein, formed
primarily during the perinatal period (Mithieux et al. 2005; Humphrey et al. 2009).
It matures early in life, resulting in considerable tension in maturity. This tension
is responsible for >1.5 in situ longitudinal pre-stretch in young arteries, and as the
elastin degrades with aging, cyclic mechanical stress, proteolytic destruction, and
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Fig. 2 Representative transverse and longitudinal sections of young (left, 14-year-old) and old
(right, 69-year-old) FPA specimens stained with Verhoeff-Van Gieson (VVG, elastin: black), Mas-
son’s Trichrome (MTC, collagen: blue), α-smooth muscle cell actin (α-SMA, actin: brown), and
Movat’s Pentachrome (glycosaminoglycans: greenish-gray)

other disease processes, the pre-stretch reduces to<1.1 in older subjects (Kamenskiy
et al. 2016; Jadidi et al. 2019). The overall density of elastin also decreases with age
from 7 to 3%, and the density of elastin in the elastin-rich EEL changes from 39 to
20% (Jadidi et al. 2021b).

Apart from the SMCs, collagen, and elastin, the FPA wall also contains gly-
cosaminoglycans (GAGs). GAGs sequester water and are almost absent in young
FPAs (Jadidi et al. 2021b). In older arteries, their density is ∼5–6% (Jadidi et al.
2021b), and they can typically be found around SMCs in the tunica media, along the
collagen fibers in the adventitia, in the thickened intima, and in the immediate vicin-
ity of the IEL, likely contributing to dissection during balloon angioplasty (Anttila
et al. 2019).
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(a) (b)

Fig. 3 Average equibiaxial Cauchy stress-stretch response of human FPAs in 7 decadal age groups
in (a) circumferential and (b) longitudinal directions. Legend summarizes the range of ages for each
group in years. Variability within each age group is demonstrated by the semi-transparent regions
that bound the equibiaxial curves corresponding to 25th and 75th percentile ranges. They have
different heights for better visualization. Curves are adopted from Desyatova et al. (2017a)

5 The FPA Elastic Properties and Their Evolution with Age

The mechanical properties of human FPAs in relation to age (Kamenskiy et al. 2017;
Jadidi et al. 2019) and diabetes (Desyatova et al. 2017a; Kamenskiy et al. 2018)
have recently been characterized using planar biaxial extension in>500 arteries 12–
99years old. Across all ages, FPAs demonstrate anisotropy and nonlinearity in their
stress-stretch responses, with a predominantly more compliant longitudinal direction
(Fig. 3). On average, young FPAs experience >1.4 longitudinal and >1.3 circum-
ferential stretches under 100kPa equibiaxial stress, while for older specimens, these
values are <1.15. Decadal age group separation demonstrates that the mechanical
properties in the longitudinal direction have little overlap between young, middle-
aged, and older specimens, while more overlap is observed circumferentially. Aging
stiffens the artery in both directions, but longitudinal stiffening occurs faster than cir-
cumferential, resulting in the moving of the stress-stretch curves closer to each other
for older specimens and consequently leading to a more isotropic behavior. Older
FPAs also demonstrate higher nonlinearity in their stress-stretch responses, suggest-
ing a shift in the load-carrying capacity from degrading elastin to the accumulating
collagen.

A strain-energy function that adequately portrays this passive FPA mechanical
behavior in all ages (Jadidi et al. 2019; Kamenskiy et al. 2017; Jadidi et al. 2020)
can be written as a summation of contributions from the isotropic ground substance
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(i.e., GAGs) and the four families of fibers, each phenomenologically accounting for
the longitudinal elastin, circumferential SMCs, and two families of helical collagen
fibers, i.e.

W = cgr
2

(IC − 3) +
4∑

i=1

c1i
4c2i

(
ec2i 〈I VCi−1〉2 − 1

)
+U (J ), (1)

where cgr represents the ground substance contribution, IC = trC is the first invariant
of the right Cauchy-Green tensor C = FTF, and I V Ci = Mi · (CMi ) is the fourth
invariant of C and the structural tensor Mi ⊗ Mi that measures the square of the
stretch along the fiber direction Mi in the reference configuration, and is equal to

I VCi = λ2
z cos

2 ϕi + λ2
θ sin

2 ϕi . (2)

Further, λz , λθ are longitudinal and circumferential stretches, and ϕi is the angle
of fiber family i with the longitudinal direction, and specifically, ϕ1 = 0◦ phe-
nomenologically accounts for the longitudinal elastic fibers with material param-
eters c11, c21, and ϕ2 = 90◦ corresponds to the passive contribution of circumfer-
ential SMCs with material parameters c12, c22, and the two families of helical col-
lagen fibers that are assumed to have the same mechanical properties c13 = c14,
c23 = c24 are oriented at ϕ3,4 = ϕ with the longitudinal direction. The Macaulay
brackets 〈(•)〉 = 1

2 [(•) + |(•)|] are used to filter positive values, so fibers only con-
tribute to the strain energy during tension. U (J ) is a purely volumetric contribution
of strain energy function, which in the case of an incompressible material, defines
the Lagrange contribution.

The total Cauchy stress tensor t can then be calculated as

t = −pI + t = −pI +

t︷ ︸︸ ︷

2
∂W

∂ IC
B + 2

4∑

i=1

∂W

∂ I VCi
mi ⊗ mi , (3)

where t contains the deformation dependence,mi = FMi is the push-forward of the
unit vectorMi , p is the Lagrange multiplier, and B = FFT is the left Cauchy-Green
tensor.

Assuming tissue incompressibility and the absence of shear, the non-zero com-
ponents of the isochoric Cauchy stress tensor can be written as

trr = cgrλ2
r = cgr

1
λ2
zλ

2
θ

,

tθθ = cgrλ2
θ + c12

〈
λ2

θ − 1
〉
ec22(λ

2
θ−1)

2

λ2
θ + ∑4

i=3 c1i 〈I V Ci − 1〉 ec2i (I VCi−1)2λ2
θ sin

2ϕ,

t zz = cgrλ2
z + c11

〈
λ2
z − 1

〉
ec21(λ

2
z−1)

2

λ2
z + ∑4

i=3 c1i 〈I VCi − 1〉 ec2i (I VCi−1)2λ2
zcos

2ϕ,

(4)
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Table 2 Parameters for the four-fiber family constitutive model describing FPA mechanical prop-
erties in 7 decadal age groups. Data are adopted from Jadidi et al. (2019), and the parameters account
for the effects of specimen flattening during the planar biaxial test

Age group
(yrs)

cgr
(kPa)

c11
(kPa)

c21
(-)

c12
(kPa)

c22
(-)

c13 = c14
(kPa)

c23 = c24
(-)

ϕ

(◦)
≤20 3.41 40.78 0.04 0.13 4.18 10.46 0.97 61.66

21–30 12.55 29.80 0.32 6.62 3.37 3.66 3.68 56.55

31–40 9.38 34.43 0.75 6.88 4.03 4.00 4.60 55.11

41–50 9.63 39.41 1.82 10.93 6.31 5.40 7.21 50.58

51–60 5.05 41.09 2.91 14.75 8.24 7.72 10.16 50.23

61–70 3.96 45.24 6.30 15.91 10.51 8.19 18.84 48.35

71≥ 3.05 38.53 10.34 26.55 10.42 7.56 24.82 50.96

and considering trr = 0 during the planar biaxial test, the total non-zero stress com-
ponents can be found as

tθθ = cgr
(
λ2

θ − 1
λ2
zλ

2
θ

)
+ c12

〈
λ2

θ − 1
〉
ec22(λ

2
θ −1)

2

λ2
θ

+∑4
i=3 c1i 〈I V Ci − 1〉 ec2i (I VCi−1)2λ2

θ sin
2ϕ,

tzz = cgr
(
λ2
z − 1

λ2
zλ

2
θ

)
+ c11

〈
λ2
z − 1

〉
ec21(λ

2
z−1)

2

λ2
z

+∑4
i=3 c1i 〈I V Ci − 1〉 ec2i (I VCi−1)2λ2

zcos
2ϕ.

(5)

The constitutive parameters are determined byminimizing the difference between
the Cauchy stress measured experimentally and its theoretical counterpart given by
Eq. (5). To ensure uniqueness, one can perform a non-parametric bootstrap (Ferruzzi
et al. 2011; Kamenskiy et al. 2017) with 2000 iterations of random sampling and
fitting, followed by the analysis of the probability distribution of each parameter
to determine the global minimum. The mechanical properties of human FPAs in 7
decadal age groups are summarized in Table2 (data are adopted from Jadidi et al.
2019 and account for the effects of specimen flattening during the planar biaxial
test).

An alternative way of describing the FPA mechanical properties for a continuum
of ages is to incorporate age explicitly into the equations for the Cauchy stresses, i.e.
Eq. (5) (Desyatova et al. 2017a):

tθθ (τ ) = Sgr (τ ) cgr

(
λ2

θ − 1
λ2
zλ

2
θ

)
+ c12

〈
(I VC2)

S2(τ ) − 1
〉
ec22((I VC2)

S2(τ )−1)
2

λ2
θ+

∑4
i=3 c1i

〈
(I VCi )

Si (τ ) − 1
〉
ec2i((I VCi )

Si (τ )−1)
2

λ2
θ sin

2ϕ,

tzz(τ ) = Sgr(τ )cgr

(
λ2
z − 1

λ2
zλ

2
θ

)
+ c11

〈
(I VC1)

S1(τ ) − 1
〉
ec21((I VC1)

S1(τ )−1)
2

λ2
z+

∑4
i=3 c1i

〈
(I VCi )

Si (τ ) − 1
〉
ec2i((I VCi )

Si (τ )−1)
2

λ2
zcos

2ϕ.

(6)
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Here S{gr,i}(τ ) are stiffening functions of age τ (years) that modify I VCi . Note that
stiffening functions for elastin, SMC, and collagen are incorporated into the power
of I V Ci , while the ground substance is assumed to stiffen linearly. Since I VCi has
the physical meaning of the square of stretch in the direction of fiber, S amplifies
that stretch for each constituent as a function of age. Consequently, S > 1 simulates
material stiffening, S = 1 recovers the initial elastic response, while S < 1 simulates
softening. It is important to note that formulating the strain energy density function
directly in terms of the modified invariants (I VCi )

Si (τ ) will not produce the Cauchy
stresses inEq. (6) becauseCauchy stresses are derived from the strain-energy function
by taking derivatives with respect toC or its invariants using the chain rule. However,
Eq. (6) can be used directly in computational implementations. Using this approach,
the constitutive parameters need only be determined for the youngest age group, and
the stress-stretch curves will shift according to the aging functions.

The same approach can be used to describe FPA stiffening due to the effects of risk
factors, such as diabetes mellitus (DM) (Desyatova et al. 2017a). Table3 summarizes
constitutive parameters for Eq. (6) that describe the aging of non-diabetic and dia-
betic FPAs in the 41–80years-old range (Desyatova et al. 2017a). Their comparison
demonstrates that FPAs from diabetic subjects in their 40s have already acquired the
circumferential stiffness of a 70-year-old non-diabetic artery, while the longitudinal
direction appears to be affected to a lesser degree. Recent studies (Kamenskiy et al.
2018) suggest that this effect may be related to the higher prevalence of medial cal-
cification in diabetic FPAs that often manifests as calcium ‘rings’. Though the exact
mechanism of medial calcification in the FPA is not yet completely understood, it

Table 3 Constitutive parameters describing aging of the FPA with and without diabetes mellitus
(DM) (Desyatova et al. 2017a)

Aging without DM Aging with DM

τ (yrs) 41–80 41–80

Elastic constitutive parameters

cgr (kPa) 13.27 12.95

c11 (kPa) 17.36 17.46

c21 (-) 2.18 1.81

c12 (kPa) 6.64 24.33

c22 (-) 7.17 14.79

c13, c14 (kPa) 2.02 5.15

c23, c24 (-) 9.48 15.94

ϕ (◦) 48.34 52.81

Stiffening functions

Sgr 0.0004 e0.1042 τ + 0.9073 1.56

S1 0.0191 e0.050 τ + 0.8213 0.0541 e0.0458 τ + 0.5222

S2 1.0 1.0

S3 = S4 0.1412 e0.0322 τ + 0.3221 0.0056 e0.0615 τ + 0.8855
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could result from the transformation of primarily-circumferentially-oriented SMCs
into osteoblast-like cells when exposed to the hyperglycemic environment (Desya-
tova et al. 2017a; Kamenskiy et al. 2018).

While incorporating age into the constitutive relation allows its description as a
continuum, it is important to remember several limitations of this approach. First,
it does not account for the growth and remodeling of the tissue and the accumu-
lation of residual stresses that result from it. The development of the appropriate
growth and remodeling framework for aging is the future direction of our stud-
ies. Second, the constitutive relation and the aging functions are both phenomeno-
logical, despite the former being motivated by the FPA intramural structure. The
inclusion of structural data on fiber direction and dispersion obtained using multi-
photon microscopy may help partially resolve this issue and make the model more
structurally-based, which will allow gaining additional insight into the FPA patho-
physiology and mechanophysiology (Jadidi et al. 2021c).

6 Assessment of FPA Physiological Characteristics

Historically, physiological arterial characteristics have been assessed using in vivo
methods such as pulse wave velocity or diameter changes over the cardiac cycle.
While generally straightforward to perform in the clinic, these techniques are limited
to the narrow physiological range of pressures, and cannot be used to reliably assess
the intrinsic arterial properties, residual stresses, or true physiological intramural
stresses that are a function of pre-stretch and the opening angles. Data on the ex vivo
arterial characteristics combined with the appropriate kinematic framework allows
circumventing these issues, and it will be briefly summarized below, along with the
demonstration of its use in studying changes to the FPA physiological characteristics
with age.

Figure4 describes deformations that the FPA segment experiences as it progresses
from its stress-free, to the load-free, and then to the in vivo loaded states. These
deformations can be written as

Fres = diag
[

∂ρ

∂R ,k ρ

R , λζ

]
,

Fload = diag
[

∂r
∂ρ

, r
ρ
, λin situ

z

]
,

Fphys = FloadFres = diag
[

∂r
∂R , r

R k,λζ λ
in situ
z

]
,

(7)

where R, ρ, and r represent the stress-free radially cut ring, the load-free and the
loaded ring radii, respectively, k = 2π/(2π − αθ) is a measure of the opening angle,
and λζ and λin situ

z are the residual and the in situ longitudinal stretches (i.e., pre-
stretch), respectively. The longitudinal residual stretch λζ is given as

λζ = ξ

L
λflat
z (Rz), (8)
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(a) (b) (c)

Fig. 4 Kinematics of the artery demonstrating (a) the stress-free configuration obtained by radially
opening the artery into a sector, and cutting out a longitudinal strip, (b) the load-free state with no
luminal pressure and longitudinal pre-stretch, and (c) the loaded physiological state. Note that the
stress-free longitudinal strip curves intima outward, while the radially-cut ring opens intima inward
(Jadidi et al. 2019)

where λflat
z (Rz) is the flattening stretch (Sommer and Holzapfel 2012; Jadidi et al.

2019) that the stress-free longitudinal strip experiences, and assuming that the neutral
axis is located in the middle of the section with the radius Rz,n, it is equal to

λflat
z (Rz) = Rz,n

Rz
= Rz,int+Rz,adv

2Rz
. (9)

Here, Rz is the radius of the curved longitudinal strip that changes from the intimal
(int) to the adventitial (adv) surfaces. Note that in the FPA longitudinal strip curves
intima outward and therefore, Rint

z > Radv
z .

Assuming tissue incompressibility, the physiological circumferential stretch can
be written as

λ
phys
θ (r) = r

R
k = rk√

R2
adv − kλζλin situ

z

(
r2adv − r2

) , (10)

where Rint ≤ R ≤ Radv and rint ≤ r ≤ radv are the radii in the stress-free and loaded
physiological state, respectively. Assuming quasi-static motions, in the absence of
body forces, the balance of linear momentum results in

div t = 0, (11)

where div represents the spatial divergence, and t is the physiological Cauchy stress
tensor. By solving the above equation and assuming no perivascular tethering, i.e.,
zero pressure on the outer surface of the artery and zero axial force in the load-
free state, we can determine ξ/L , λ

phys
θ (r), and the Lagrange multiplier in Eq. (3)

(Holzapfel and Ogden 2010; Humphrey 2002).



Biomechanics of the Main Artery in the Lower Limb … 169

Table 4 Morphometric characteristics of human FPAs in the stress-free state separated by 7 decadal
age groups. Data are adopted from Jadidi et al. (2019)

Age group (yrs) Rint (mm) Radv (mm) Rz,adv (mm) H (mm) αθ (◦) αz (◦)
≤20 2.45 3.82 1.83 1.36 126.24 97.04

21–30 3.82 5.23 2.15 1.42 151.24 111.10

31–40 4.12 5.56 2.81 1.45 157.25 154.21

41–50 4.72 6.19 3.71 1.48 166.07 187.05

51–60 4.89 6.55 5.73 1.63 165.73 241.93

61–70 6.62 8.20 7.97 1.79 181.22 271.17

71≥ 5.62 7.49 11.80 1.80 154.36 305.83

The averaged through-thickness physiological stress-stretch state can then be
determined for any luminal pressure, and we will use 100mmHg as an example
below. Physiological measures can also include the change in the average circum-
ferential stretch during the cardiac cycle λcardiac

θ = r sys/rdias, change in the elastic
energy W from diastole (80mmHg) to systole (120mmHg), and the physiological
circumferential stiffness Eθ defined as the change in the average circumferential
physiological stress tphysθθ between systole and diastole divided by the change in the
average circumferential stretch λ

phys
θ , i.e.

Eθ = tphysθθ (sys) − tphysθθ (dias)

λ
phys
θ (sys) − λ

phys
θ (dias)

. (12)

It is important to distinguish this stiffness from the one measured experimentally
using the planar biaxial extension or inflation-extension tests because it incorporates
longitudinal pre-stretch and residual deformations.

Tables4 and 5 summarize radii, opening angles, thickness, and the in situ lon-
gitudinal pre-stretch of human FPAs in 7 decadal age groups (Jadidi et al. 2019).
Circumferential physiological stretch and stress decrease with age from 1.26 to 1.12,
and from 48 to 32kPa, respectively. In the longitudinal direction, the reduction in the
physiological stretch and stress is much more pronounced: 1.57 to 1.1 and 117kPa
to 24kPa, respectively. Furthermore, the axial force Fz decreases from 1.18N in
the youngest age group to 0.41N in the oldest age group. The cardiac cycle stretch
decreases from 1.04 in the young to 1.02 in the old FPAs and the stored elastic
energy reduces 6-fold from2.3 to 0.4kPa. The physiological circumferential stiffness
increases slightly from 550 to 880kPa, but stays relatively constant at 750±20kPa
between 25 to 65years of age (Jadidi et al. 2019), suggesting that the latter could be
the FPA’s homeostatic target (Humphrey et al. 2014).
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Table 5 Morphometric characteristics of human FPAs in the load-free and loaded physiological
states separated by 7 decadal age groups. Data are adopted from Jadidi et al. (2019)

Age group (yrs) ρint (mm) ρadv (mm) rint (mm) radv (mm) λin situz (-)

≤20 1.37 2.68 2.21 3.00 1.53

21–30 1.66 3.10 2.46 3.29 1.44

31–40 1.83 3.25 2.61 3.52 1.36

41–50 1.81 3.32 2.48 3.51 1.26

51–60 1.82 3.33 2.40 3.44 1.20

61–70 1.90 3.78 2.48 3.74 1.15

71≥ 2.22 3.92 2.79 4.07 1.11

7 Inelastic FPA Characteristics

In addition to studying the elastic characteristics of FPAs, it is also important to
understand their inelastic behavior (Anttila et al. 2019) under supraphysiological
loads, such as those applied during the balloon angioplasty. When taken beyond
their elastic limit, arteries demonstrate two distinct features (Balzani et al. 2012;
Anttila et al. 2019). First, for each advancing stretch, the stress-stretch curves follow
a new trajectory, repeating the unloading part of the previous cycle, but generating a
softer response after reaching the stretch maximum. This stress softening response
observed for increasing stretches is termed ‘damage evolution’ since it is assumed to
result frommicroscopic tissue damage. The second characteristic feature is observed
when instead of increasing the maximum stretch, the specimen is loaded to the
same supraphysiological stretch limit, but the loading is done repeatedly over several
cycles. In this case, the artery also demonstrates stress-softening, but the hysteresis
eventually reduces, and the stress-stretch curves saturate and become repeatable. This
stress softening response observed for the fixed stretch limit during repeated loading
is termed ‘damage saturation’. To capture both of these effects, the non-isotropic part
of the strain energy (Eq. (1)) can be modified as (Anttila et al. 2019)

Wti =
4∑

i=1

c1i
4c2i

{
e[c2i 〈(1−Di )I VCi−1〉2] − 1

}
, (13)

where Di are scalar damage functions for each fiber family used to capture rem-
nant strains and the stress-softening effects. This specific form of incorporating the
(1 − Di ) term and multiplying it directly with I V Ci inside the strain-energy func-
tion allows capturing remnant strains in the fibers due to shifting of the stress-free
reference configuration via the damage functions Di , and permits significant damage
hysteresis even for curves that are highly nonlinear in nature. The damage functions
D can then be taken in the form (Balzani et al. 2012)
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D(β) = Ds

[
1 − exp

(
ln (1 − rs)

βs
β

)]
, (14)

whereDs ∈[0,1), rs ∈ [0,1),βs > 0 is the valueof the internal variableβ that describes
damage saturation behavior for a fixed stretch limit reached at rs = 0.99 fraction of
the maximum damage value Ds . Higher values of βs indicate that the tissue can
tolerate more cycles of repetitive loading to the same stretch maximum before it
reaches a saturated response. Damage activation is controlled by the internal variable
β that evolves depending on the loading history

β =
〈∫ t

0

〈 ˙I V C(s)
〉
ds

〉
− β̃ ini, (15)

where β̃ ini defines the damage initiation threshold set equal to the value of the integral
when the supraphysiological loading level is reached, t defines the current loading
situation, and ˙I V C is the first time derivative of I V C for a fiber family. Lastly, the
maximum damage value Ds is defined as

Ds (γ ) = D∞
[
1 − exp

(
ln (1 − r∞)

γ∞
γ

)]
, (16)

where D∞ ∈ [0,1), r∞ ∈ [0,1), and γ∞ > 0 is the value of the internal variable γ that
describes damage evolution behavior at increasing stretches reached at the fraction
r∞ = 0.99 of the convergence limit D∞ = 0.99. Similar to β, variable γ also evolves
depending on loading and damage history. Higher values of γ∞ indicate that tissue
can tolerate more damage with increasing stretch limits. In order to ensure that Ds

remains unchanged during cyclic loading under a fixed stretchmaximum, the internal
variable γ is defined as

γ = max
s∈[0,t]

〈
I V C (s) − I V C,ini

〉
, (17)

which can be interpreted as the maximum value over time of the effective fictitiously
undamaged function in the current state, and I VC,ini is the value of I VC at which
damage is initiated. The damage progression can then be described as

φ := 〈
I V C (s) − I V C,ini

〉 − γ ≤ 0. (18)

The constitutive parameters describing damage saturation and evolution in human
FPAs (Anttila et al. 2019) are summarized in Table6. These data assume damage
accumulation in all four fiber families. Damage initiation parameters, i.e., stretches
and Cauchy stresses in both longitudinal and circumferential directions, can be cal-
culated using Table7. They both decrease significantly with age, indicating that older
FPAs become much more susceptible to damage.
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Table 6 Elastic and damage constitutive parameters representing FPA specimens in 6 age groups
(Anttila et al. 2019)

Age group (yrs) ≤30 31–40 41–50 51–60 61–70 71–80

Mean age (yrs) 18.8 35.0 46.0 55.4 65.0 76.3

Elastic parameters

cgr (kPa) 5.25 9.13 7.78 7.05 3.68 10.99

c11 (kPa) 3.21 4.93 4.62 13.72 24.81 29.71

c21 (-) 2.40 2.30 4.82 5.19 9.29 11.43

c12 (kPa) 4.86 9.01 6.33 14.39 27.96 41.72

c22 (-) 4.73 10.42 5.13 6.76 10.90 13.37

c13, c14 (kPa) 11.93 3.93 5.33 3.52 1.66 10.74

c23, c24 (-) 0.21 4.41 4.28 7.33 9.19 10.83

ϕ◦ 35.40 49.53 49.05 33.44 43.74 34.20

Damage parameters

γ col∞ (kPa) 99.61 19.84 23.63 22.09 21.35 8.77

γ el∞ (kPa) 25.43 40.92 24.13 23.09 15.85 16.97

γ smc∞ (kPa) 19.35 11.40 20.10 18.76 13.09 13.25

βcol
s (-) 4.27 48.06 34.53 27.23 43.41 48.45

βel
s (-) 39.25 0.88 42.53 22.64 14.98 16.45

βsmc
s (-) 14.89 1.69 25.61 15.75 18.04 15.41

Table 7 Damage initiation stretch λD,ini and Cauchy stress tD,ini in two directions: longitudinal
(z) and circumferential (θ) estimated by the multiple linear regression model. Here BMI = body
mass index; DM = diabetes mellitus; age is measured in years. Data are adopted from Anttila et al.
(2019)

Damage initiation Multivariate model R2

λ
D,ini
z (-) 1.847 − 0.003BMI − 0.008age 0.75

λ
D,ini
θ (-) 1.795 − 0.002BMI − 0.007age 0.73

tD,ini
zz (kPa) 287.6 − 2.992age 0.32

tD,ini
θθ (kPa) 239.3 + 2.363age + 51.956DM 0.29

8 Computational Models of FPA Deformations During
Limb Flexion

Descriptions of the FPA mechanical properties and loading conditions imposed by
limb flexion allow computational studies of device-artery interactions. These inter-
actions can significantly influence clinical outcomes (Rogers and Edelman 1995;
Garasic et al. 2000; Kastrati et al. 2000; Berry et al. 2002; Lally et al. 2005; Timmins
et al. 2011; Maleckis et al. 2018; Wang et al. 2018; MacTaggart et al. 2019), and can
help provide a rational justification for the choice of a particular repair method or
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device. But to be useful for surgical planning, computational models must be built
with patient and artery characteristics measured at baseline (i.e., prior to the repair),
and describe the repair results when using different devices and materials. This is not
trivial because the same artery cannot be repaired multiple times to validate mod-
eling predictions. In the FPA, different stents are known to differentially influence
arterial limb flexion-induced deformations (MacTaggart et al. 2019), resulting in
significantly different arterial shapes, stress-stretch states, and hemodynamics. This
means that computationally driving the artery into its deformed state by applying
displacements measured at baseline may not necessarily be an accurate description
of how this same artery behaves when it is repaired with a stent.

An alternative way of simulating limb flexion-induced FPA deformations is to
model the response of the surrounding tissues rather than applying the displacements
directly. To accomplish this, the artery is suspended with sets of elastic springs and
viscous dashpots (Desyatova et al. 2017b) that represent the surrounding tissues.
The reactions in these springs are determined using baseline bent-limb CTA, and
since they remain the same after stenting, their re-application to the stented artery
produces a new deformed configuration that takes device characteristics into account.
The same methodology can also be used to study the effects of aging and disease on
limb flexion-induced FPA deformations through substitution of arterial mechanical
properties and pre-stretch (Desyatova et al. 2018a). But since such studies are quite
complex and computationally intensive, it is important to first discuss the choice of a
constitutive formulation that allows accurate description of the FPA behavior while
also reducing the number of input parameters and computational time.

In a recent comparison (Desyatova et al. 2017b) of the isotropic neo-Hookean
material, the Demiray model (Demiray 1972), the anisotropic two-fiber family
Holzapfel-Gasser-Ogden (HGO) model (Holzapfel et al. 2000), and the four-fiber
family model (Baek et al. 2007), the four-fiber model most accurately portrayed arte-
rial behavior in all ages, but in subjects younger than 40 years, the performance of
all constitutive formulations was similar. In older subjects, the Demiray model and
the classic HGO formulation were better than the neo-Hookean model in predict-
ing deformations due to limb flexion, but both significantly overestimated principal
stresses compared with the four-fiber family or neo-Hookean models. This infor-
mation is significant because simpler models have less parameters that need to be
determined experimentally, and usually have a more efficient computational imple-
mentation, allowing faster calculations.

Another important aspect of FPA computational modeling is the question of
whether to account for the variation in the mechanical properties along the artery
length. Our recent data comparing proximal SFA to distal PA in the same donors
demonstrate that these two segments have different structure, mechanical, and phys-
iological characteristics, but the differences stem primarily from the higher preva-
lence of vascular disease in the PA (Jadidi et al. 2021a). When the pathology of the
two FPA segments is the same, so are the mechanical properties, but not the physi-
ological characteristics that remain different due to the larger diameter of the more
proximal SFA compared with the PA. These data suggest that assuming homoge-
neous mechanical characteristics along the length of the FPA is reasonable when the
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Fig. 5 Computational simulation of limb flexion-induced FPA deformations in a young (left) and
old (right) artery demonstrating differences in arterial shape and stress concentrations (Desyatova
et al. 2018a)

model accounts for the variation in arterial diameter and investigates similar degrees
of vascular disease in the SFA and the PA.

Though much work remains to be done to improve the FPAmodel of limb flexion,
it has recently been used to describe the effects of aging on the arterial shape, the
stress-stretch characteristics, and the hemodynamics (Desyatova et al. 2018a). These
results have demonstrated that younger arteries assume straighter positions in the
flexed limb with less pronounced bends and more uniform stress distribution along
the artery length (Fig. 5). Aging resulted in localization of high principal mechanical
stresses to the AH and PA below the knee—areas that are prone to the development of
vascular pathology (Watt 1965), and has produced a 3–5 fold increase in intramural
stresses, with the largest increase observed at the AH (Desyatova et al. 2018a).
Assessment of FPA hemodynamics in the flexed limb demonstrated a reduction in
atheroprotectivewall shear stress after 35 years of age, and an increase in atheroprone
and oscillatory shear stresses after the age of 50years, which may contribute to
primary FPA pathology (Desyatova et al. 2018a). This computational model can be
expanded to include stent-artery interactions, and can be used to develop an optimized
PAD stent design that minimizes cross-sectional pinching during limb flexion while
maintaining low intramural stresses and optimal hemodynamics (Desyatova et al.
2018b).

9 Future Directions

Though significant research efforts are focused on the pharmacological treatments
and biological mechanisms of PAD, understanding the biomechanics and
mechanophysiology of the lower limb arteries is equally important to improve clinical
outcomes. The severe biomechanical environment surrounding human FPAs subjects
the artery to adverse mechanical deformations, alters flow, and results in complex
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device-artery interactions that likely contribute to treatment failure. Perfused human
cadaver models have been instrumental in understanding the magnitude of these
deformations in different postures, but large variation in donor age, risk factors, and
disease characteristics complicate their use for device design and initial prototype
testing. An alternative strategy that has an advantage of producing consistent results
under tightly controlled experimental conditions, is the development of a high-fidelity
bench-top physical limb model with surrounding anatomical structures, branch teth-
ering, and realistic arterial properties. If the parameters of this model can be tuned to
represent limb flexion data available from human cadavers (MacTaggart et al. 2014,
2019; Desyatova et al. 2017c, 2018b; Poulson et al. 2018) and patients (Gökgöl et al.
2017, 2019; Spinella et al. 2019), it can become a useful and repeatable tool for the
initial evaluation of new devices and materials.

Accurate representation of the arterialmechanical properties and longitudinal pre-
stretch in these models is a critical component of making them realistic. Advance-
ments in manufacturing and polymer chemistry show promise in achieving this goal,
and new developments in machine learning and large data analysis can help bet-
ter understand the target arterial properties in relation to age, gender, and risk fac-
tors. Non-parametric supervisedmachine learningmethods such as Tree-Based algo-
rithms designed for classification and regression tasks, are particularly suitable for
this because they can handle a large number of numerical and categorical variables
with complex nonlinear interaction, produce highly predictive, stable, and inter-
pretable results, and are capable of dealing with noisy or incomplete data that are
common with biological specimens. While often used in business decision making
and market analysis, Tree-Based algorithms can also be utilized to describe human
arterial characteristics for a particular combination of demographic and risk factor
variables, but they require a sizeable dataset to train and test model performance and
produce meaningful results. Fortunately, such database of human FPAs has recently
been created (Desyatova et al. 2017a; Kamenskiy et al. 2017, 2018; Jadidi et al.
2019), opening new opportunities for studying the effects of demographics and risk
factors on the nonlinear anisotropic mechanical properties of human lower extremity
arteries.

In addition to using the machine learning approach to guide the development of
synthetic arteries with realistic characteristics, it can also be utilized to determine
patient-specific FPA properties in live patients. Assessment of these properties in
vivo using surrogate measures like pulse wave velocity or distensibility is compli-
cated by the narrow physiological pressure range, and the unknown residual stresses
and pre-stretch (Caulk et al. 2018; Jadidi et al. 2020), but combining these metrics
with the demographic and risk factor profiles of the patient, and a large database of
previously analyzed ex vivo specimens, can make models of device-artery interac-
tions more patient-specific and realistic. These high fidelity models can then be used
for both the development of new devices with optimized characteristics and for help-
ing the physician make a rational choice of repair from the already existing device
options. Design development is a particularly attractive use of computational model-
ing because it provides a cost-effective way to iterate between design characteristics
without manufacturing physical prototypes and before carrying out expensive animal
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experiments and clinical trials. Recent advances in computational modeling allow
performing such design optimizations (Desyatova et al. 2018b), which could lead
to the development of an optimal stent capable of minimizing arterial injury while
maximizing flow.

In parallel with this development, it is important to address the Achilles’ heel of
most computational models (Anderson et al. 2007; Henninger et al. 2010; Erdemir
et al. 2012), i.e., their clinical validation. Even the most sophisticated models are not
substitutes for animal experiments and clinical trials because they cannot recapitu-
late the full complexity of vascular biology, pathology, physiology, and the external
environmental effects. The long time scales and low frequency of recurrent disease in
manymajor vascular beds make this clinical validation challenging, but the FPA pro-
vides a unique opportunity in this area because of the high rate of treatment failures
that often occur within a few months to a couple of years after treatment (Schillinger
et al. 2007; Laird and Yeo 2012; Siracuse et al. 2012; Lundgren and Study 2013;
Stavroulakis et al. 2016; Qato et al. 2018).
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Abstract Computational simulations of arterial walls in health and disease are con-
sidered as a promising toolbox for the improvement of fundamental understanding of
how arteries function, for the optimization of medical methods of treatment of sev-
eral cardiovascular diseases, and for the development of new diagnostic approaches.
The complexity of arterial tissue, however, necessitates the incorporation of var-
ious aspects of material response, not only including the strongly nonlinear and
anisotropic passive behavior. Also, the active response, realistic fiber orientations, as
well as suitable residual stress distributions resulting from biomechanical adaptation
processes need to be accounted for in numerical simulations to allow for the predic-
tion of realistic distributions of mechanical fields. In the first part of this contribution,
a generalized approach for the calculation of residual stresses and fiber orientations
in patient-specific arteries is proposed based on phenomenologically imitating bio-
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logical growth and remodeling. Secondly, a new model for smooth muscle cells is
proposed, which accounts for the stretch-dependent calcium influx influencing the
chemo-mechanical processes in smooth muscle. The individual model components
are separately analyzed andfinally combined in a numerical simulation of a simplified
artery to enable the analysis of the impact of each model component.

1 Introduction

For the analysis of atherosclerotic arteries with respect to, e.g., potential plaque rup-
ture, patient-specific numerical simulations are considered to be a promising toolbox
for the improvement of clinical practice. However, this requires an accurate calcu-
lation of the stress and strain distributions throughout the arterial wall. In order to
capture the mechanical behavior of arteries with one single model, several aspects
have to be taken into account.One of these aspects is the existence of residual stresses,
which considerably control themechanical behavior of arterialwalls.Arteries shorten
when they are excised from the body, and they spring open when cut in the longi-
tudinal direction. These observations imply that they are not free of stresses in the
unloaded state. Without taking these stresses into account, a realistic prediction of
load-induced stress distributions in arterialwalls is unfeasible.With reference to early
experimental investigations in the research groups of Fung and Vaishnav (Vaishnav
and Vossoughi 1987; Fung and Liu 1989), the opening angle method was introduced
to include circumferential residual stresses in numerical simulations of arterial walls
(Choung and Fung 1986). It relies on the idea of using an opened arterial segment as
stress-free reference configuration and closing it to a ring prior to applying the loads,
which is frequently used (Holzapfel et al. 2000; Alastrué et al. 2007; Balzani et al.
2007). Although this is an elegant approximative approach, there is general consent
by now that a single opening angle is not sufficient to characterize the full residual
stress state of an artery. Instead, the opening angle is known to depend on various
factors like the longitudinal position within the artery, species, age, and gender, on
the smooth muscle activity, and the presence of diseases like hypertension, diabetes,
or atherosclerosis (Fung and Liu 1989; Matsumoto and Hayashi 1996; Humphrey
2002). Moreover, it has been revealed that the opening angle is layer-specific, which
means that a radial cut is not enough to release the entity of the residual stresses
(Matsumoto and Hayashi 1996; Humphrey 2002). According to the experiments
conducted by Holzapfel et al. (2007), showing that both circumferential and axial
strips extracted from the three arterial layers variously deform when releasing the
residual stresses, it is rather necessary to consider the residual stress state to be a
fully three-dimensional property of arterial walls. Among many other interesting
approaches to include residual stresses, e.g., methods which are somehow based
on the hypothesis of uniform strain or stress distributions over the wall thickness
(Takamizawa and Hayashi 1987; Polzer et al. 2013; Schröder and von Hoegen 2016;
Joldes et al. 2018), the idea of simulating the adaptation processes supposed to be
responsible for the residual stresses in real arteries is pursued here. The advantage of
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such approaches is that residual stresses arise automatically without additional tech-
nical steps like closing the opened arterial segment to a ring or smoothing of stress
distributions. Instead of that, however, a hypothesis on the generation of residual
stresses and its implementation are required.

It seems likely that the existence of residual stresses is causally related to the adap-
tation of biological tissues to changes in their environmental conditions. Whenever
deviations from the physiological state occur, e.g., altered blood pressure for more
than a few days, growth and remodeling processes with the supposed aim of restor-
ing homeostatic strain or stress levels are initialized (Langille 1993; Rodbard 1975;
Matsumoto and Hayashi 1996; Humphrey 2002). The term ‘growth’ usually refers to
changes in mass by adding or removing material, and ‘remodeling’ describes adapta-
tions of the internal tissue structure. Both processes are thought to be fundamentally
controlled by mechanical stimuli, but the exact mechanisms continue to be unknown
to a large extent. The large number of experimental observations, e.g., recapitulated
by Humphrey (2002), indicate that growth in arteries has to be considered a multi-
axial phenomenon involving the radial, circumferential, and axial directions. There
seem to be connections between certain functional changes, mechanical quantities,
and adaptive processes: (i) altered blood flow mainly affects the wall shear stress
and is regulated by an adaptation of the arterial lumen (Langille 1993), (ii) changes
in pressure leading to changes in circumferential stress and strain provoke an adap-
tation of the wall thickness (Matsumoto and Hayashi 1996), and (iii) changes in the
axial in vivo stretch are related to adaptations of the vessel length (Jackson et al.
2002). However, normalization of single strain components or stress components by
precise unidirectional growth seems not to be possible. For instance, an increase of
the wall thickness in hypertensive arteries is indeed accompanied by a reduction of
the axial stress, which points out that growth in axial direction might be involved
(Matsumoto and Hayashi 1996). The restoration or maintenance of all homeostatic
strain or stress values can be assumed to be prevented by interdependencies of dif-
ferent regulative processes. In such cases, the normalization of strains or stresses
exceeding their favored level might have priority.

The number of publications on growth and remodeling in arterial tissues in the
context of biomechanics is notable, such that an extensive review would go beyond
the scope of this contribution. With reference to a review article by Ambrosi et al.
(2011) and a more recent overview by Cyron and Humphrey (2017), mainly two
different concepts have been established to model growth in arterial walls. The first
concept relies on the multiplicative decomposition of the deformation gradient into
a growth part and an elastic part, which restores the compatibility of the overall
deformation and thereby produces residual stresses (Rodriguez et al. 1994). By
choosing different forms of the growth tensor, isotropic, transversely anisotropic,
or orthotropic growth in three dimensions can be described, as applied to soft tis-
sues, e.g., in Lubarda and Hoger (2002), Himpel et al. (2005), Ren (2013), Sáez
et al. (2014), and Liu et al. (2019). The second concept goes back to the constrained
mixture model by Humphrey and Rajagopal (2002), where the tissue is considered
as a mixture of different constituents with different deposition stresses and turnover
rates but a shared deformation gradient. In contrast to multiplicative growth models,
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this framework allows analyzing the effects of the characteristic behavior of sin-
gle constituents like elastin, collagen, or smooth muscle cells on the overall tissue
behavior. It also provides more opportunities to investigate different hypotheses on
growth and remodeling in arterial walls (Valentín and Holzapfel 2012). As reported
by Braeu et al. (2017), the simulation of three-dimensional growthwithin the concept
of constrained mixture theory has been enabled within the last decade but has first
been limited to the isotropic case. Combining constrained mixture models with a
decomposition of the deformation gradient, the authors extended these attempts to
three-dimensional anisotropic growth, which, as motivated above, should be consid-
ered essential.

Another important aspect aside from the existence of residual stresses is the active
contraction of smooth muscle cells (SMCs) in the arterial wall. Especially in small
arteries as arterioles and capillaries, the contractionofSMCs ismechanically predom-
inant to protect the tissue from damage by overstretching. The importance of SMCs
decreases in larger arteries. Nonetheless, it can be assumed that smooth muscle con-
traction remains a crucial component when it comes to the mechanical modeling of
arteries since antihypertensive drugs are mostly aiming at suppressing the contractile
mechanism. One of the most common modeling approaches for muscle shortening
was published in 1938 by Hill (1938), which was later extended by Fung (1970) and
is known as the three-element Hill muscle model. This model describes the interac-
tion between the passive (elastin and collagen) and the active (SMCs) material parts
by exemplifying them as parallel elements, which allows a superposition of passive
and active stresses. While the passive material has been comprehensively described
in various material models, e.g., see Holzapfel et al. (2000) and Balzani et al. (2006),
the active material is not completely understood yet. As in other muscle types, SMCs
contain actin andmyosin filaments, which build so-called contractile units. Phospho-
rylated myosin heads can attach to actin and perform power strokes, which result
in a contraction of the cell. Several biochemical processes are involved during the
contraction, such as the influx of calcium ions, which initiates the myosin light-chain
kinase (MLCK) (Cole and Welsh 2011; Schneider 2013), a decrease of the myosin
light-chain phosphatase (MLCP) (Cole and Welsh 2011; Schneider 2013), or poly-
merization of monomeric myosin (Chitano et al. 2017). However, the majority of
mechanical models consider the concentration of cytosolic free calcium ions as the
predominant factor to predict the level of contraction (Yang et al. 2003a, 2003b; Stål-
hand 2011; Böl et al. 2012; Murtada et al. 2010). An influx of calcium ions into the
cell can be caused by a release of calcium from the sarcoplasmic reticulum (SR; an
ion-storage located within the cell membrane) or from extracellular sources through
calcium ion channels. Both sources can be triggered by various biological signals,
e.g., calcium waves, junctional calcium transients, calcium sparks, calcium puffs,
and L-type calcium channel sparklets (Wray 2010; Amberg and Navedo 2013). The
experimental data to identify the contribution of every single mechanism is still very
limited. Therefore, existingmodels use different approaches to rather phenomenolog-
ically describe the impact of all biological processes. It is well-accepted to combine
the mechanics with the model of cross-bridge phosphorylation proposed by Hai and
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Murphy (1988) as a chemical model part that describes the impact of the calcium
concentration on myosin heads.

One way to model the changes in calcium concentration is to use an electrochem-
ical model such as a Hodgkin-Huxley membrane model to simulate the influx of
calcium (Yang et al. 2003a; 2003b). However, while this might be the most reliable
way to capture details of the cell mechanisms, it also requires a detailed amount of
experimental data, which cannot be provided sufficiently yet. Other models consider
the calcium concentration as an input value and describe the contractile mechanism
as dependent on the mechanical behavior of the contractile units (Stålhand 2011; Böl
et al. 2012; Murtada et al. 2010). On the one hand, a mechanical approach to model
smooth muscle contraction seems to be more attractive since it allows a straightfor-
ward way to match mechanical experiments. On the other hand, it neglects the cal-
cium concentration as the predominant factor for the level of contractility. Two more
recent publications introduced mechano-electrochemical models for the contraction
of SMCs in the uterus and the urinary bladder (Sharifimajd et al. 2021; Seydewitz
et al. 2017). Both models consider the membrane potential as the most important
activation factor for calcium influx via L-type voltage-gated calcium ion channels,
which is closer in line with the suggestions of biological studies than previous mod-
els. Nonetheless, it has to be mentioned that SMCs differ in size and functionality
depending on their location. Several studies suggest that the influx of calcium in
vascular SMCs is mainly mechanosensitive (Cole andWelsh 2011; Schneider 2013).
To the authors’ knowledge, there is, however, no material model for the arterial
wall which considers the dependency of the calcium influx based on mechanical or
mechano-electrical effects. In order to capture this mechanism, a stretch-dependent
function for the intracellular calcium concentration is introduced in the proposed
model.

The mechanical modeling of every aspect of the arterial wall raises individual
difficulties. However, when it comes to patient-specific numerical simulations, only
a model that embraces all aspects of the arterial wall can finally be considered as reli-
able. Towards this aim, models for the individual aspects of growth-induced residual
stresses, remodeling in terms of the reorientation of the embedded collagen fibers,
and active response will be introduced, and their mutual combinations will be ana-
lyzed. The numerical simulations are performed on rotationally symmetric arterial
rings under intravascular pressure, which allow for efficient comparison of various
model combinations. In addition, the simulation of a segment of a patient-specific
artery is provided to show that the framework is also applicable to more complex
examples.

2 Growth and Fiber Reorientation

As summarized in the introduction, experimental investigations on residual stresses
and adaptation in arterial walls suggest that growth and remodeling should be consid-
ered anisotropic multiaxial processes that are substantially regulated by mechanical
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stimuli. The observation that adaptation processes often seem to be governed by
the aim of restoring homeostatic stress, not strain levels (Humphrey 2002; Cyron
and Humphrey 2017), leads to the estimation that growth and remodeling in arterial
walls can be assumed to be stress-driven. Based on this hypothesis, a framework for
combined growth and fiber reorientation, addressed for use with phenomenological,
hyperelastic material models with two included fiber families, has been formulated in
Zahn and Balzani (2018). It is designed to enable approximating residual stresses in
arterial wall simulations based onmechanically founded assumptions on the underly-
ing growth processes. Since the collagen fibers are the main load-bearing constituent
in arterial walls, they are supposed to be arranged such that a somewhat optimized
mechanical behavior leading to an efficient redistribution of the stresses is obtained.
In consequence, it is essential for the simulation of stress-induced growth to provide
a good approximation of the real fiber arrangement, which on the one hand, is known
to vary over the wall thickness and, on the other hand, is subject to changes. Both
effects can be captured if the arrangement of the fibers is chosen to adapt in response
to the local stress state.

Although growth and fiber reorientation are interconnected to each other, both
adaptation processes can be considered separately. In Sect. 2.1, the generalizedmodel
for various forms of stress-driven growth related to a set of three preferred directions
will be introduced. Stress-driven reorientation of the fibers will be considered in
Sect. 2.2, and numerical examples illustrating the basic effects of both phenomena
will be presented in Sect. 2.3.

2.1 Generalized Framework for Anisotropic Growth

If growth ismodeled based on amultiplicative decomposition of the deformation gra-
dient F = FeFg, as proposed by Rodriguez et al. (1994), the growth part Fg describes
the deformation from the reference to a stress-free intermediate configuration. This
fictitious intermediate state represents the situation at which each material point has
been able to grow without any hindrance induced by mechanical load or strain. The
remaining elastic part Fe ensures compatibility by reassembling the individually
grown material points into a continuous body, and it accounts for the deformations
induced by external loads. Postulating the form of the growth tensor Fg, different
assumptions on the growth mechanism can be realized.

2.1.1 Basic Forms of the Growth Tensor

There is still no evidence on the predominating mechanism, leading to the regulation
of stress levels observed in arterial walls. From themechanical point of view, depend-
ing on the type of loading, two basic mechanisms are possible for the reduction of
stress acting in a direction with unit vector Ag:
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1. Increase of the cross-sectional area in the plane normal to Ag.
2. Elongation of the body in the direction of Ag.

If the stress originates from a constant force applied in the direction of Ag, only
the first form of growth will be effective, but if the stress arises from a prescribed
displacement in the direction of Ag, mainly the second mechanism will lead to a
reduction of the stress by compensating the imposed deformation. A simple way to
synergize both effects is to assume isotropic growth. This is, however, inconsistent
with experimental observations and causes an unnecessarily high volume increase
and thus avoidable energetic effort, as numerically shown in Sect. 2.3.1. The three
mentioned basic forms of growth can be expressed mathematically by use of the
growth tensors

F�
g = ϑI for isotropic growth, (1a)

F‖
g = I + (ϑ − 1)Ag ⊗ Ag for growth in the direction of Ag, and (1b)

F⊥
g = ϑI + (1 − ϑ)Ag ⊗ Ag for growth perpendicular to Ag, (1c)

where the scalar ϑ , denoted as growth factor, defines the amount of growth in the
particular directions.

2.1.2 Generalized Growth Tensor

For the description of three-dimensional anisotropic growth in arterial walls, the
basic forms of growth according to Eq. (1) are insufficient because they allow taking
at most one direction into account. A general stress state, however, is characterized
by three principal stresses and their directions. Assuming that each of these stresses
is regulated by a specific growth mechanism, a generalized growth tensor

Fg = F(3)
g F(2)

g F(1)
g (2)

is formulated. Herein, the threemultiplicative parts are associatedwith the three prin-
cipal stress directionsA(a)

g . They involve three growth factors ϑ(a) with a ∈ [1, 2, 3].
Since the real growth mechanism is unknown, each of the multiplicative parts of the
growth tensor is allowed to adopt one of the basic forms given in Eq. (1) or to equal the
unit tensor I. This enables the analysis of a large number of various approaches with
up to three preferred directions. Such analysis might lead to a conclusion regarding
a realistic mechanism.

By choosing the vectors A(a)
g to be the eigenvectors of a stress tensor and thus

perpendicular to each other, the commutativity of Eq. (2) is ensured automatically.
Furthermore, this choice leads to a local formulation, where the directional character
of growth is exclusively determined by local mechanical state variables and not by
the position of the considered material point within the r -ϕ-z-coordinate system or
other geometric quantities. With reference to Himpel et al. (2005), the Mandel stress
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tensor
�e ··= CeSe (3)

in the intermediate configuration is chosen to be the stress quantity, which con-
trols growth and fiber reorientation. According to Himpel et al. (2005), this partic-
ular stress tensor is well suited since it is energetically conjugated to the growth
velocity gradient Lg = ḞgF−1

g . The tensors Ce and Se, both defined in the inter-
mediate configuration, are the elastic part of the Cauchy-Green tensor, computed
as Ce = FT

eFe = F−T
g CF−1

g , and of the second Piola-Kirchhoff stress tensor. The
stresses are obtained from a suitable strain-energy function ψ(Ce) by differentiation
with respect toCe, i.e. Se = 2 ∂ψ/∂Ce. If the vectorsA(a)

g are thus computed as prin-
cipal directions of�e, only the specific values of the growth factors remain unknown
for completeness of the growth tensor. Following Lubarda and Hoger (2002), the
evolution of the growth factors is prescribed by a set of evolution equations of the
form

ϑ̇ (a) = k(a)
ϑ (ϑ(a)) φ(a)(�e) with a ∈ [1, 2, 3]. (4)

Through these equations, the actual value of the growth factor ϑ(a) depends on the
Mandel stress tensor as defined by a driving force function φ(a)(�e) and is subjected
to some limiting restrictions imposed by a growth function k(a)

ϑ (ϑ(a)). Adopting the
growth function

k(a)
ϑ (ϑ(a)) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

k+
ϑ,(a)

[
ϑ+

(a) − ϑ(a)

ϑ+
(a) − 1

]m+
ϑ,(a)

for φ(a)(�e) > 0,

k−
ϑ,(a)

[
ϑ(a) − ϑ−

(a)

1 − ϑ−
(a)

]m−
ϑ,(a)

for φ(a)(�e) < 0,

0 for φ(a)(�e) = 0

(5)

from Lubarda and Hoger (2002), the growth factors are restricted to a range

ϑ(a) ∈ [ϑ−
(a), ϑ

+
(a)] with ϑ−

(a) < 1 and ϑ+
(a) > 1, (6)

and the growth velocity is scaled by a factor k+/−
ϑ,(a).

2.1.3 Driving Forces for Growth

The internal variableϑ(a) is directly related to the amount of growth, which originates
from the multiplicative part (a) of the growth tensor. Depending on the specific form
of growth, see Eq. (1), different functional forms of φ(a)(�e) might be reasonable.
Three possible suggestions are the functions
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φ(a)(�e) = �e : I = tr�e, (7a)

φ(a)(�e) = �e : A(a)
g ⊗ A(a)

g ≡ �(a)
e , and (7b)

φ(a)(�e) =
〈
�e : A(a)

g ⊗ A(a)
g

〉
≡ 〈

�(a)
e

〉
, (7c)

which are all defined for a ∈ [1, 2, 3]. An often used isotropic measure for the stress
acting on the tissue is given by the trace of the Mandel stress tensor in Eq. (7a). For
anisotropic forms of growth, a directional scalar measure might be more appropriate.
A projection of the Mandel stress tensor in the direction of A(a)

g is obtained by
Eq. (7b). Due to the fact that A(a)

g is defined as the principal direction of �e, this
projection extracts the eigenvalue �(a)

e from the Mandel stress tensor. In Eq. (7c),
only tensile values of the principal Mandel stresses are assumed to provoke growth;
negative values are excludedwith the aid of theMacaulay bracket 〈•〉 = 1

2 (• + | • |).
The in vivo state of arteries is significantly dominated by tensile stresses in the fiber-
reinforced, circumferential-axial plane of the wall. In idealized tubular structures, the
only compressive stress occurs in the radial direction. Its boundary values are dictated
by the internal and external pressures and cannot be regulated by an adaptation of
the geometry. Compressive stresses might therefore be excluded from adaptation
processes.

2.1.4 Notes on the Algorithmic Treatment

The Mandel stress tensor �e depends on the growth tensor and is thus a function
of all growth factors. In consequence of this, Eq. (4) constitutes a coupled set of
nonlinear differential equations, which has to be solved for the actual values of the
growth factors. Details on this task can be found in the literature, where the implicit
Euler backward scheme is applied to similar equations (Himpel et al. 2005; Sáez
et al. 2014) and to a former version of the present model (Zahn and Balzani 2018). In
order to simplify the algorithmic treatment, the vectors A(a)

g and the two orientation
vectors A(1) and A(2) for the essentially two collagen fiber families are considered
as fixed during the local iteration, even if both actually depend on the Mandel stress
tensor �e, which changes with the growth factors. Once the actual values of the
growth factors and the Mandel stress tensor are known, the vectors A(a)

g and the new
fiber orientation vectors are computed and saved for use in the next time step.

In the context of a finite element framework using the Newton-Raphson scheme
for the solution of the nonlinear equations, the linearized stresses are usually given
in terms of the tangent moduli

C ··= 2
dS
dC

= 2
∂S
∂C

+ 2
3∑

a=1

∂S
∂ϑ(a)

⊗ ∂ϑ(a)

∂C
. (8)
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The implementation of this tensor involves a number of derivatives, which are pro-
vided in Zahn and Balzani (2018). Alternatively, precise numerical differentiation
approaches can be applied to the derivation of S with respect to C with less imple-
mentation effort but increased computing time, e.g., by using complex-step derivative
approximation schemes (Tanaka et al. 2014) or hyper-dual numbers (Tanaka et al.
2015).

2.2 Fiber Reorientation

Collagen fibers are the central load-bearing components in arterial walls contribut-
ing mostly to the entire passive resistance to circumferential and axial loading. In
healthy arteries, basically two distinguishable families of collagen fibers, helically
wound around the vessel axis, can be identified in the plane of the wall (Schriefl et al.
2012). This arrangement is well in accordance with the fact that fibers are especially
appropriate to carry high tensile loads, as occurring in the circumferential-axial plane
of pressurized, ideal tubular geometries. Assuming such an idealized geometry, as
illustrated on the right-hand side of Fig. 1, the two fiber families can be represented
by the vectorsA(1) andA(2), whose orientation within the circumferential-axial plane
is defined by the angles β

(1)
f and β

(2)
f = −β

(1)
f formed with the circumferential direc-

tion. However, even in healthy arteries, the fiber angles are known to vary nonlinearly
over the wall thickness, with lower angles in the inner and higher angles in the outer
arterial layers (Schriefl et al. 2012). Furthermore, the definition of the fiber vectors is
complicated in, for instance, patient-specific arteries with irregular geometries devi-
ating from rotationally symmetric tubes. In addition to that, in diseased arteries, the
fiber arrangement is yet more complex since it might significantly disperse out of
the axial-circumferential plane (Niestrawska et al. 2016; Akyildiz et al. 2017). For
these reasons, a mechanically motivated fiber reorientation algorithm is desirable.
On the one hand, it can be used to provide realistic fiber orientation vectors at each
material point automatically, and on the other hand, it allows an adaptation of this
fiber arrangement to changing mechanical conditions.

2.2.1 Target Fiber Orientation

Presuming that the orientation of the collagen fibers in arterial walls is dictated by
the stress state, a hypothesis on the favored fiber arrangement can be formulated
based on the fact that the predominant purpose of fibers is to bear tensile loads. The
stress state at each material point is characterized by three principal stresses and the
associated principal directions. Only if at least one of those stresses is positive, the
existence of fibers is justified. In the case of one tensile principal stress, the main
orientation of the fibers should point in the same direction as this stress. A second
distinguishable fiber family gets relevant if two of the principal stresses are positive.
Then, a whole plane is dominated by tensile stresses. For an optimized arrangement
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targ, int

I
eeI

Ā(2)
targ, int
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e eII
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f

(2)
f

Ā(1)

Fig. 1 With reference to Hariton et al. (2007), the target fiber orientation vectors Ā(1)
targ,int and

Ā(2)
targ,int in the intermediate configuration are defined such that they point into the direction of the

resultant of the tensile principal Mandel stresses

of the two fiber families within that plane, the hypothesis postulated by Hariton et al.
(2007) is adopted. This hypothesis states that the fibers are arranged symmetrically
with respect to the two maximum principal stresses, as shown in Fig. 1. The angle
enclosed by the fiber vector and the first principal direction is thereby assumed to be
defined by the ratio of the second to the first principal stress, which means that the
fiber families are aligned with the direction of the resultant of both principal stresses.

In order to ensure consistency with the growth model described in Sect. 2.1, the
fiber arrangement is supposed to be governed by the Mandel stress tensor �e in the
intermediate configuration instead of the Cauchy stress tensor as proposed in Hariton
et al. (2007). After solving the eigenvalue problem det[�e − �eI] = 0, which results
in the eigenvalues �I

e ≥ �II
e ≥ �III

e and the corresponding unit eigenvectors eI, eII,
and eIII, the target fiber orientation vectors

Ā(1)
targ,int = 〈

�I
e

〉
eI + 〈

�II
e

〉
eII and Ā(2)

targ,int = 〈
�I

e

〉
eI − 〈

�II
e

〉
eII (9)

can be defined if at least �I
e is positive. If all principal stresses are compressive,

the fibers are ineffective, and an update of the target fiber vectors should be sus-
pended. Performing a pullback operation and adjacent normalization, the target fiber
orientation vectors

Ā(a)
targ = F−1

g Ā(a)
targ,int

∣
∣F−1

g Ā(a)
targ,int

∣
∣

for a ∈ [1, 2] (10)

in the reference configuration are obtained. Prior to the reorientation, a reasonable
assignment of the target vectors to the existing fiber vectors is required. To this end,
the target vectors might be exchanged and/or rotated by 180◦, such that finally the
vectors A(1)

targ and A(2)
targ are assigned to the fiber orientation vectors A(1) and A(2).

With a view to the nonlinear finite element implementation, the reorientation of the
fiber vectors has to be performed stepwise because abrupt changes of the stress state
almost certainly endanger the convergence of the global Newton iteration. Apart
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from that, an iterative reorientation, which is delayed over time, is anyway well in
line with the idea of a continuously adapting fiber structure.

2.2.2 Algorithm for the Fiber Reorientation

In the original approach, Hariton et al. (2007) repeatedly updated the target fiber
vectors and recomputed the whole boundary value problem, including load-stepping
for each update until the fiber vectors remained unchanged. This can be avoided
if the reorientation is not considered as a purely technical problem but rather as a
continuous process over time, as proposed in Zahn and Balzani (2018). Especially
in combination with other time-depending processes, for instance, growth or active
response, the additional computational effort related to the reorientation of the fibers
is then negligible.

The deviation between the existing and the target fiber orientation vectors can be
expressed in terms of the angles

η(a) = arccos
(
A(a) · A(a)

targ

)
for a ∈ [1, 2], (11)

which are expected to evolve towards zero over time. The desired reorientation of
the fibers can be achieved by the definition of two scalar evolution equations

η̇(a) = kη

(|η(a)|) ≤ 0 with a ∈ [1, 2] (12)

for the angles η(1) and η(2). Applying the explicit Euler forward time integration to
these equations, the actual values of the angles at time step (n + 1) can be approxi-
mated as

η
(a)
n+1 ≈ η̇(a)

n 
t + η(a)
n with 
t = tn+1 − tn (13)

and can directly be evaluated since they only depend on known values from the
previous time step n. Parallel consideration of growth and fiber reorientation reveals
that the time step size 
t needed for convergence of the local Newton iteration for
the solution of Eq. (4) is small enough to ensure a stable reorientation of the fibers in
spite of explicit, not a priori stable time integration. An implicit integration scheme
that would come with a non-zero remodeling part Cr of the tangent moduli is thus
dispensable.

The remodeling function kη in Eq. (12) is necessarily negative for all non-zero
values of η(a) and zero for vanishing angles η(a) = 0. A possible choice is the loga-
rithmic function

kη

(
η(a)

) = −k+
η ln

(
m+

η

∣
∣η(a)

∣
∣ + 1

)
with η in rad, k+

η > 0, m+
η > 0 (14)

from Zahn and Balzani (2018), where the parameters k+
η and m+

η affect the reorien-
tation velocity. Once Eq. (13) is evaluated, the new fiber orientation vectors can be
computed (Zahn and Balzani 2018).
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Table 1 Material parameters, adjusted to human tissue by Brands et al. (2008)

c1 ε1 ε2 α1 α2

Media 17.5kPa 499.8kPa 2.4 30 000.9kPa 5.1

Adventitia 6.6kPa 23.9kPa 10.0 1503.0kPa 6.3

2.3 Illustrative Numerical Examples

Prior to applying the framework of combined growth andfiber reorientation to numer-
ical examples, a strain-energy function ψ has to be chosen for the evaluation of the
elastic part of the stress tensorSe from the elastic part of the strain tensorCe. Here, the
passive material response is computed from a strain-energy function within a poly-
convex framework for soft biological tissues (Balzani et al. 2006), which includes an
isotropic contribution representing the matrix material and ensuring incompressibil-
ity, and two transversely isotropic contributions representing two families of embed-
ded collagen fibers. Then, the passive part of the energy reads

ψp = c1
(
I1 I

− 1
3

3 − 3
)

+ ε1
(
I ε2
3 + I−ε2

3 − 2
) +

2∑

a=1

α1
〈
I1 J

(a)
4 − J (a)

5 − 2
〉α2

, (15)

and the energy function is set to ψ ··= ψp in this section. Note that thereby no active
response resulting from smooth muscle cells is taken into account. Based on this
energy function, the stresses are computed from the elastic part Ce of the strains,
which means that the invariants are defined in the intermediate configuration and
have to be computed according to

I1 = trCe, I3 = detCe, J (a)
4 = tr[CeM

(a)
int ], J (a)

5 = tr[C2
eM

(a)
int ] (16)

with structural tensorsM(a)
int built from the fiber vectorsA(a)

int = FgA(a)/|FgA(a)| in the
intermediate configuration. The material parameters used in the numerical examples
are listed in Table1.

In a first example, some basic aspects of the combined framework for growth and
fiber reorientation in arterial walls are illustrated based on an idealized, rotationally
symmetric two-layered arterial segment. Afterward, a short section of a patient-
specific artery is considered.

2.3.1 Basic Effects of Growth and Fiber Reorientation

In this example, three different forms of growth enclosed in the generalized form
of the growth tensor are compared, and the additional effect of reorienting fibers is
analyzed. The considered artery is assumed to be an ideal thick-walled tubewith inner
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and outer radii of ri = 6.5mm and ro = 7.6mm. It is discretized by 14 quadratic one-
dimensional, rotationally symmetric finite elements, which are split into 10 elements
in the media of 0.8mm thickness and 4 elements in the contiguous adventitia. The
initial fiber angles are set to ± 30◦ in the media and ± 50◦ in the adventitia. In a
first step, an internal pressure of 120mmHg and an axial strain of 10% are applied
without activation of growth and/or reorientation of the fibers. Then, the arteries are
allowed to adapt until a steady state is attained. Thereby, the following three types
of growth are considered:

Isotropic: By setting F(3)
g = F(2)

g = I and F(1)
g = F�

g , see Eq. (1a), a growth tensor
describing isotropic growth is obtained. According to this, the isotropic driving
force function from Eq. (7a) is used.

Radial: In order to check if radial growth is a realistic scenario, growth in the
direction of the third (compressive) principal stress, which in idealized situations
corresponds to the radial direction, is modeled by setting Fg = F(3)

g = F‖
g, see

Eq. (1b). Due to the negative values of the radial stress, only the isotropic driving
force from Eq. (7a) is suitable.

Anisotropic: Presuming that growth in arterial walls is anisotropic and multiaxial,
one of the many possible examples is considered. Defining each of the multiplica-
tive parts ofFg according toF(a)

g = F⊥,(a)
g , see Eq. (1c), and using the driving force

function from Eq. (7c) for each of the growth factors, the assumption of growth
occurring perpendicular to tensile principal stresses is realized.

In the given situation, parameter ϑ+
(a), limiting the maximal amount of positive

growth related to direction a, is the only parameter among all growth and remodeling
parameters, which significantly affects the final result of the adaptation process. To
allow for a fair comparison of the three growth mechanisms at the given load level
with εz = 10%, the optimal values of this parameter for each direction are determined
layerwise using the method described in Zahn and Balzani (2019). The aim of the
optimization is an efficient reduction of stress peaks, differences, and gradients. An
overviewof all parameters related to growth andfiber reorientation is given inTable2.

In Fig. 2, the distribution of the circumferential and axial stresses over the wall
thickness is shown for the three model variants. With reference to a non-adapting
artery (dashed lines), it can, in general, be observed that growth leads to amore or less
pronounced reduction of the gradient of the circumferential stress and to a reduction
of the axial stress in the media. If a reorientation of the fibers is additionally taken
into account, mainly the axial stress is affected. In contrast to a considerable extra
reduction (Fig. 2a, c), also a strong increase of the axial stress can occur (Fig. 2b).
Compared to the events in the media, the effects observed in the adventitia are
negligible. This might, however, change at a supra-physiological level of the blood
pressure with increasing stiffness of the adventitia.

Since the target fiber orientation is governed by the ratio of the tensile principal
stresses, a growth-induced change of the principal stress state has a strong impact
on the final fiber arrangement, see Fig. 3. If the axial stress passes the circumferen-
tial stress, the fibers reorient towards the axial direction, as obvious from Fig. 3b.
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Table 2 Growth and reorientation parameters
Growth
model

Layer a ϑ+ ϑ− k+/−
ϑ

m+/−
ϑ

k+
η m+

η

Isotropic Media 1 1.1221 0.98 1.0 s−1 3.0 0.6 s−1 5.0

Adventitia 1 1.0965 0.98 1.0 s−1 3.0 0.6 s−1 5.0

Radial Media 3 1.2184 0.98 1.0 s−1 3.0 0.6 s−1 5.0

Adventitia 3 1.0547 0.98 1.0 s−1 3.0 0.6 s−1 5.0

Anisotropic Media 1 1.1337 0.98 1.0 s−1 3.0 0.6 s−1 5.0

2 1.0024 0.98 1.0 s−1 3.0 0.6 s−1 5.0

3 1.2354† 0.98 1.0 s−1 3.0 0.6 s−1 5.0

Adventitia 1 1.0563 0.98 1.0 s−1 3.0 0.6 s−1 5.0

2 1.0067 0.98 1.0 s−1 3.0 0.6 s−1 5.0

3 1.3042† 0.98 1.0 s−1 3.0 0.6 s−1 5.0
†Exact value not relevant due to zero driving force

σϕ, Reference
σz , Reference

σϕ, Growth
σz , Growth

σϕ, Growth + Reorientation
σz , Growth + Reorientation
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Fig. 2 Final distribution of circumferential and axial stresses over the wall thickness for
(a) isotropic, (b) radial, and (c) anisotropic growth with and without reorientation of the fibers.
The dashed lines represent the reference stresses prior to adaptation

This contradicts the experimental observation that only collagen fibers in the adven-
titia are arranged in such a way, whereas those in the media are rather oriented in
the circumferential direction. If the axial stress is reduced to such an extent that it
approaches zero or becomes compressive, the fibers reorient towards the circumfer-
ential direction.

Among the three growth mechanisms analyzed in this example, the anisotropic
form of growth seems to be the most realistic scenario: The peaks of circumferen-
tial and axial stress and the stress gradients are significantly reduced, and the final
arrangement of the fibers qualitatively shows the best accordance with experimental
observations (Schriefl et al. 2012), in the sense that almost circumferential fiber ori-
entations are found at the lumen-artery interface with increasing fiber angles when
moving further outside of the artery. These results are even obtained with a compar-
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Fig. 3 Final distribution of the fiber angles over the wall thickness for (a) isotropic, (b) radial, and
(c) anisotropic growth. The initial distribution of the fiber angles is depicted as dashed lines

Table 3 Growth-induced volume increase

Growth model Layer G G + R

Isotropic Media 38.17% 37.80%

Adventitia 24.76% 24.82%

Radial Media 19.23% 19.97%

Adventitia 4.18% 4.10%

Anisotropic Media 25.33% 25.28%

Adventitia 9.35% 8.59%

atively low growth-induced volume increase, see Table3, which correlates with low
energetic costs. In contrast to the convincing results regarding anisotropic growth,
the distributions of circumferential stresses and fiber orientations are qualitatively
erroneous for radial growth. In addition to that, axial stresses even increase com-
pared to the reference by applying radial growth and reorientation. Therefore, radial
growth should not be considered realistic, although an even lower volume change is
observed than for anisotropic growth.

Nevertheless, it should be mentioned that the performance of each growth mech-
anism is strongly dependent on the loading situation or rather on the ratio of internal
pressure and axial strain. Consideration of one single loading situation is thus not
sufficient to come to an evaluation regarding the most appropriate growth model. If,
e.g., an axial strain of 0% had been applied and the limiting values of the growth
factors had been optimized for that situation, radial growth would have produced
the most satisfactory results. For that reason, an averaging over different loading
situations should be taken into account for the optimization of the growth parame-
ters, as proposed in Zahn and Balzani (2019). Then, the following statement can be
formulated:
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From the mechanical point of view, purely radial growth in arterial walls can
hardly be justified.Other formsof anisotropic growth can lead to improvements
compared to isotropic growth: more homogeneous stress distributions at a
lower level of growth-induced volume increase.

2.3.2 Patient-Specific Artery

To conclude the section on arterial growth and fiber reorientation, the anisotropic
growth model defined in Sect. 2.3.1 is applied to a short segment of a patient-specific
coronary artery, which has been obtained from a stack of two-dimensional images
using the method of Virtual Histology (Balzani et al. 2012) and has previously been
used by Fausten et al. (2016). The artery is discretized by 8401 quadratic, 10-noded
tetrahedral finite elements and subjected to boundary conditions that ensure statically
determined support. To keep the boundary value problem as simple as possible, all
components of the artery—essentially adventitia, media, and plaque—are considered
as a homogeneous material with the properties of themedial layer as given in Table1.
Due to this and also because of the pronounced thickness of the wall, the patient-
specific artery is expected to bemuch stiffer andmore resistant to the internal pressure
than the idealized two-layered arterial segment analyzed before. In order to arrive at
a loading situation, which might be comparable to the previous example, an elevated
internal pressure of 160mmHg and a reduced axial strain of 5% are initially applied
and held over the entire simulation duration. The limiting values of the growth factors
are set to ϑ+

(1) = 1.159, ϑ+
(2) = 1.041, ϑ+

(3) = 1.250, and ϑ−
(a) = 0.95. The initial fiber

angles are set to ± 30◦ over the entire wall.
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Fig. 4 Contour plots of the first principal Cauchy stress (a) prior to adaptation and (b) after nine
seconds of growth and fiber reorientation, and (c) distribution of the first and second principal
stresses over the radial position for both situations at an exemplary point P1
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As visualized in Fig. 4, the effects of anisotropic growth and fiber reorientation
described in the first example can also be observed in the patient-specific artery.
The peaks of the first principal stress at the internal surface of the vessel, which
are present prior to adaptation (Fig. 4a), are reduced towards a more homogeneous
stress distribution (Fig. 4b). The same holds for the second principal stress. For
an exemplary point P1, the distribution of both stresses over the wall thickness,
prior to and after nine seconds of adaptation, is shown in Fig. 4c. Note that the
moderate heterogeneities of stress distributions sometimes described as checkerboard
pattern can be reduced if more sophisticated (and thusmore expensive) finite element
formulations are taken into account, e.g. the Taylor-Hood element.

3 Smooth Muscle Contraction

Biological studies suggest that the predominant factor for the level of contraction of
SMCs is the change in intracellular calcium concentration. Furthermore, the influx
of calcium into vascular SMCs can be assumed to be mechanosensitive (Wray 2010;
Cole and Welsh 2011; Tykocki et al. 2017). The proposed model for the contraction
of SMCs consists of a chemical and a mechanical part. For the chemical model part,
the model of cross-bridge phosphorylation by Hai and Murphy (1988) is adopted,
which describes the influence of calcium ions on myosin filaments. Myosin and
actin filaments build so-called contractile units inside of SMCs, where a proportion
of myosin heads regulate the contraction of the cell by performing power strokes.
A modified version of the model of Murtada et al. (2010) serves as the mechani-
cal model part. It describes the material response of SMCs by taking the chemical
state of myosin into account. Additionally, a stretch-dependent calcium function is
introduced, which represents the mechanosensitive calcium influx into the cells.

In Sects. 3.1 and 3.2, the chemical and the mechanical model part are described,
respectively. Furthermore, an analysis of the influence of active response on growth
and remodeling will be presented in Sect. 3.3 by showing results from simulations
of arterial rings under intravascular pressure.

3.1 Extension of the Model for Cross-Bridge
Phosphorylation

The chemical model describes the influence of calcium influx on the contractile
behavior of SMCs. As already mentioned, myosin heads perform power strokes as
long as they are phosphorylated and connected to actin. There are in total four func-
tional states, which classify myosin heads in: (A) detached and dephosphorylated,
(B) detached and phosphorylated, (C) attached and phosphorylated, and (D) attached
and dephosphorylated. The transition of myosin heads from one state into another
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is modeled by seven reaction rates ki , describing the rate of phosphorylation (k1 and
k6), dephosphorylation (k2 and k5), attachment (k3), and detachment (k4 and k7).
The attachment of myosin heads can only occur when the myosin is phosphorylated.
Hence, there is no reaction rate for the transition of myosin heads from state A to
state D. The chemical model can be described by four coupled ordinary differential
equations

⎡

⎢
⎢
⎣

ṅA
ṅB
ṅC
ṅD

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

−k1(
[
Ca2+

]
) k2 0 k7

k1(
[
Ca2+

]
) −k2 − k3 k4 0

0 k3 −k4 − k5 k6(
[
Ca2+

]
)

0 0 k5 −k6(
[
Ca2+

]
) − k7

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

nA
nB
nC
nD

⎤

⎥
⎥
⎦ , (17)

where nA, nB, nC, and nD constitute the proportions of myosin heads in the respective
state. As natural constraints for proportions, they fulfill

nA + nB + nC + nD = 1, nA, nB, nC, nD ∈ [0, 1]. (18)

While the reaction rates k2, k3, k4, k6, and k7 are considered as constant, the reaction
rates k1 and k6 are calcium-dependent, describing the activity of the activity of
the myosin light-chain kinase. Additionally, the calcium concentration

[
Ca2+

]
is

modeled as a function of the stretch λ( f ) = √
J

( f )
4 in the fiber direction of the SMCs,

so that

k1 = k6 = η

[
Ca2+

]h

[
Ca2+

]h + [Ca2+50 ]h
and

[
Ca2+

] (
λ( f )

) = c1
〈
λ( f ) − λ0

〉c2
, (19)

where η, h, c1, and c2 are material parameters, [Ca2+50 ] represents the half-activation
constant, and λ0 is the stretch at which the calcium concentration is considered to be
zero.

l0

le la
(a)

l

le + Δle l

F F

a + Δla
(b)

Fig. 5 Three-element Hill muscle model in fiber direction of the SMCs: (a) relaxed state and
(b) contracted state. The model consists of a parallel elastic element (elastin and collagen), a
serial elastic element (elasticity of SMCs), and a contractile element (myosin filament in red, actin
filaments in blue)
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3.2 Mechanical Model of Smooth Muscle Contraction

The mechanical part of the model for active material response is based on the
approach of Murtada et al. (2010), which takes the three-element Hill muscle model
into account (Hill 1938; Fung 1970). Two of those three elements are arranged in
series and represent the contractility of SMCs and their elastic material behavior. A
third element is set in parallel to the previous two and considers the elastic mate-
rial response of the passive part, i.e. collagen and elastin. The passive material was
already described in Sect. 2.3. An illustration of the three-element Hill muscle model
is shown in Fig. 5. There, l0 defines the length of a tissue segment in fiber direction ( f )
at rest and l the corresponding length of the same segment in the current state. Hence,
l can be expressed as l = l0 + 
le + 
la, where
le is the length change of the elas-
tic element of the SMCs and 
la is the length change of the active (contractile)
element of the SMCs. Subsequently, the stretch in fiber direction ( f ) is defined as
λ( f ) = l( f )/ l( f )0 , which can be rewritten as

λ( f ) = l( f )0 + 
l( f )e + 
l( f )a

l( f )0

= 1 + ε( f )
e + ε( f )

a , (20)

where ε
( f )
e is the elastic strain and ε

( f )
a is the active strain in fiber direction ( f ). Elastic

energy and stress resulting from the active material part are only dependent on the
elastic strain ε

( f )
e , not the active strain ε

( f )
a . In addition, the amount of attached

myosin heads determines the level of elastic energy, which can be stored in the
smooth muscle tissue. Taking this into account, the active strain-energy function in
fiber direction ( f ) is defined as

ψ( f )
a = μa

2
(nC + nD)

(
ε( f )
e

)2
, (21)

where μa constitutes a stiffness constant, and nC and nD are the proportions of
attached myosin heads, i.e. the myosin heads in state C and D. The elastic strain ε

( f )
e

in Eq. (21) is obtained from rearrangingEq. (20) to ε
( f )
e = λ( f ) − ε

( f )
a − 1. The active

strain ε
( f )
a describes the strain which results from contraction caused by cycling

myosin heads in state C. Furthermore, ε( f )
a can be set into a relation to the contraction

velocity ε̇
( f )
a by using Hill’s equation for tetanized muscle contraction, which is

(F + a)(v + b) = (F0 + a) b. (22)

It defines the contraction velocity v of a muscle in a quick-release experiment, where
F0 is the isometric force at which the quick-release is performed, and F is the isotonic
afterload. The parameters a and b are used to fit the relation between F and v. By
building an analogy to the active material model, v can be replaced by ε̇

( f )
a , and F

represents the active stress P ( f )
a = ∂ψ

( f )
a /∂λ( f ). Additionally, the driving stress P ( f )

c
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is introduced, which substitutes the force F0. The driving stress P ( f )
c represents the

strength at which phosphorylated cross-bridges perform their power strokes. Hence,
a time-dependent differential equation for the contraction velocity can be formulated
as

ε̇( f )
a = γ1

P ( f )
a − P ( f )

c

P ( f )
a + γ2

, (23)

where γ1 and γ2 are material parameters. The active stress P ( f )
a and the driving stress

P ( f )
c are given by

P ( f )
a = μa (nC + nD) ε( f )

e and P ( f )
c = κ n( f )

C , (24)

where κ is the maximally achievable driving stress. In order to include the active as
well as the passive response, the strain-energy function is set to ψ = ψp + ∑

ψ
( f )
a .

In the following section, two fiber directions are considered, i.e., f ∈ [1, 2].

3.3 Combined Effects of Growth, Fiber Reorientation, and
Active Response

As mentioned in the introduction, the main goal of this work is to highlight possi-
ble influences and interactions of growth, fiber reorientation, and the active material
response of the arterialwall. Nonetheless, especially for themodeling of smoothmus-
cle contraction, several details about the functionality are still unclear. One example
is the time scale on which SMCs act. Experimental studies mostly investigated the
mechanosensitivity of vascular SMCs by applying a constant stretch to a tissue strip
or a constant intravascular pressure to an arterial ring (Murtada et al. 2010; Schneider
2013). The data show that SMCs finish the adaptation to a change of the constant
load scenario after a time between 30s and 5min, where the time frame strongly
depends on the applied load. However, the intravascular pressure of an in vivo artery
is not constant but fluctuates between the systolic and diastolic blood pressure. To
which degree the pressure fluctuation during a single heartbeat triggers a significant
reaction of vascular SMCs is not sufficiently investigated yet. Therefore, the simu-
lations analyzed here will focus on a constant load scenario. A similar setup as in
Sect. 2.3.1 is used, where rotationally symmetric arterial rings are subjected to a con-
stant intravascular pressure, which represents a medium value between systolic and
diastolic blood pressure. As an additional boundary condition, an axial strain of 10%
is applied. Since SMCs are only part of the media, and the simulations in Sect. 2.3.1
demonstrated that the adventitia hardly contributed to the resistance of the arterial
wall, only the media is considered here with inner and outer radii of ri = 6.5mm
and ro = 7.3mm. In addition, the same passive material parameters (see Table1) and
the same parameters for growth and fiber reorientation, as in Sect. 2.3.1, are used.
To simplify the adaptation process of growth and fiber reorientation, SMCs are here



202 K. Uhlmann et al.

Table 4 Parameters for active response

Mechanical μa κ γ1 γ2 c1 c2 λ0

1000kPa 700kPa 0.0001s−1 26.68kPa 10000µM 4.0 0.98

Chemical k2/5 k3 k4 k7 η h [Ca2+50 ]
0.16 s−1 0.07 s−1 0.03 s−1 0.02 s−1 0.8 s−1 4.0 0.35µM

assumed to be aligned with the collagen fiber directions. For the active response,
material parameters are chosen such that a significant but not unrealistic contraction
of the arterial wall is obtained (see Table4).

Growth, fiber reorientation, and active response are modeled as time-dependent
processes. However, while the time dependency of the active response represents the
contraction of the artery over an actual time, growth and fiber reorientation are only
virtually time-dependent as the real time-dependency is not realistically modeled,
and only the saturated state is analyzed. Thereby, the two strongly differing time
scales, namely the one of the smooth muscle response in the order of seconds or
minutes and the one of growth and remodeling in the order of days or weeks, can
be taken into account in a single and still feasible simulation. As a first plausibility
check, simulations with the active material response are compared to the simula-
tions with the purely passive material model. Here, growth and fiber reorientation
are not considered yet. For this purpose, the resulting stress distributions over the
entire wall are illustrated in Figs. 6a–c, regarding intravascular pressures of 120, 150,
and 180mmHg, respectively. It can be seen that in all load scenarios, the axial and
circumferential stress distributions are qualitatively similar. Additionally, the con-
traction of SMCs reduces axial stresses recognizably. While also the medium value
of circumferential stresses was slightly decreased, a notable increase at the inner side
of the artery can be observed. The results indicate that smooth muscle contraction
helps to improve the load-bearing capabilities of the artery. However, the increased
stress at the inner side of the artery when taking SMCs into account underlines the
necessity of residual stresses to reach a more homogeneous stress distribution. It can
be expected that a combination of growth and active material response will flatten
the stress distribution.

As a second step, it is investigated to what extent the incorporation of active
response has an impact on the adaptation of growth and fiber reorientation. Since
anisotropic growth showed themost promising results in simulationswith the passive
material response, isotropic and radial growth are not considered here. Two different
types of simulations are regarded. In case A, growth and fiber reorientation are exe-
cuted while only considering the passive material behavior, and SMCs are activated
afterward. In case B, SMCs are activated before the growth and fiber reorientation
process. Hence, the simulations are split into the following steps:
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Fig. 6 Active material response without growth and reorientation: Distribution of circumferential
and axial stresses over the wall thickness in non-adapting arterial rings with and without active
response. Different values of intravascular pressure were used: (a) 120mmHg, (b) 150mmHg, and
(c) 180mmHg

Case A:

(i) Intravascular pressure and axial strain are applied without activation of growth,
fiber reorientation, and SMCs.

(ii) Activation of growth and fiber reorientation until the saturated state is attained.
(iii) Activation of SMCs and deactivation of further growth and fiber reorientation

until a steady state for the active material response is attained.

Case B:

(i) Intravascular pressure and axial strain are applied without activation of growth,
fiber reorientation, and SMCs.

(ii) Activation of SMCs until steady state is attained.
(iii) Activation of growth and fiber reorientation and deactivation of further SMC

activity until the saturated state is attained.
(iv) Activation of smooth muscle contraction and deactivation of further growth

and fiber reorientation.

Both simulation cases are applied for intravascular pressures of 120, 150, and
180mmHg, as illustrated in Fig. 7. In addition to cases A and B, simulation results,
which include growth and fiber reorientation without active response, are presented
as a reference. Note that the simulation cases A and B can only be seen as exem-
plary since more complex interactions between growth and fiber reorientation with
smooth muscle contraction were precluded by choice of the specific simulation pro-
tocol. Neither the fluctuation of the intravascular pressure during a heartbeat nor an
adaptation of all three aspects at the same time has been considered. Nonetheless, the
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Fig. 7 Active response with anisotropic growth and fiber reorientation: Final distribution of cir-
cumferential and axial stresses over the wall thickness for anisotropic growth and an intravascular
pressure of (a) 120mmHg, (b) 150mmHg, and (c) 180mmHg. Two different simulation protocols
are used: In case A, SMCs are activated after the adaptation by growth and fiber reorientation; In
case B, SMCs are activated before the adaptation by growth and fiber reorientation. Growth and
reorientation without active material response serve as a reference.Note that the growth parameters
were optimized for simulations, which consider only the passive material response. Hence, stresses
in case A and B are not expected to be uniform over the wall thickness

results show clear tendencies, which will support the construction of a more reliable
simulation setup in future investigations. Firstly, it has to be mentioned that neither
the active material response nor a different load scenario showed a considerable
impact on the volume increase caused by growth. Secondly, in simulations of case
A, the final fiber distribution in the media was, as expected, nearly identical with
the fiber distribution, as shown in Fig. 3. The fiber directions in simulations of case
B were nearly aligned with the circumferential direction. Such a fiber distribution
can be explained by taking a look at the axial stresses, which reach even negative
values. Since collagen fibers contribute only to the material resistance when they are
stretched, the optimal fiber direction for this stress distribution is the circumferential
direction. Negative stresses in the axial direction are occurring as a consequence of
the smooth muscle contraction in the circumferential direction and the incompress-
ibility of the tissue, which enforces an additional expansion in the axial direction. To
avoid negative stresses in the axial direction, higher axial strains could be considered
in the boundary conditions. Just as for the volume increase from growth, the impact
of the different load scenarios on the fiber reorientation was negligible. Since volume
change, fiber reorientation, and axial stresses show no significant difference for the
simulation results of case A and case B, the focus is set on the distribution of the
circumferential stresses.

For anisotropic growth without active response, a nearly uniform distribution of
circumferential stresses can be recognized for all load scenarios. This suggests that
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the anisotropic growth of an arterial ring is only slightly dependent on the amount of
load as long as only the passive material is considered. As can be seen in the graphs
for case A and B, the inclusion of the active material response into the simulations
disturbs the uniform stress distribution in the circumferential direction.

In this context, note that the growth parameters have not been optimized for a com-
bination of passive and active material yet and were just taken from the optimization
for the scenario without active response.

Hence, the residual stresses,which result fromanisotropic growthwith this param-
eter set, seem to be disadvantageous when the artery contracts due to SMCs. An
adapted parameter set will lead to a smoother stress distribution over the entire wall,
which is left for future investigations. A comparison of the stresses in case A and B
supports this statement. The graph of the circumferential stresses exhibits a signifi-
cantly higher slope in caseA than in caseB. Thismeans that the inclusion of the active
material response during the adaptation of growth and fiber reorientation improves
the results already notably, even without an adjustment of the growth parameters.

These observations yield the following conclusion.

The activematerial response has to be considered during the adaptation process
of growth and fiber reorientation to obtain reliable results. Optimization of
the growth parameters and a matching time scale of all three processes are
suggested to enable a realistic, more uniform stress distribution.

4 Conclusion

In the present work, three crucial aspects of the numerical simulation of arterial
walls were combined and discussed: growth, fiber reorientation, and active response.
By modeling adaptation processes in arterial walls, the approximation of residual
stresses and the mechanically founded prediction of fiber orientations were enabled.
The inclusion of active contraction of smooth muscle cells is indispensable since
it constitutes a relevant part of the mechanics of arterial walls. A combination of
growth, fiber reorientation, and active response into a single framework allowed the
first study on interactive effects.

For themodeling of growth and fiber reorientation, a stress-driven approach based
on themultiplicative decomposition of the deformation gradient was pursued. A gen-
eralized formulation of the growth tensor and use of different driving force functions
permitted the analysis and comparison of various growth mechanisms. Three exem-
plary model variants were investigated in a numerical example on rotationally sym-
metric, two-layered arterial rings subjected to axial strain and intravascular pressure.
Due to the physiological level of the blood pressure, the stresses in the adventitiawere
considered negligible compared to the media, such that only the effects of growth
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and remodeling on the stress distributions in the media have been analyzed. The
results indicated that in the considered arterial segment, neither isotropic nor purely
radial growth could be motivated from the mechanical point of view. Although the
growth parameters have been optimized with the aim of an effective reduction of
stress peaks and gradients, isotropic growth was found to only have a small effect
on the distribution of the circumferential stress, and radial growth led to a signifi-
cant increase of the axial stress. The latter was associated with a reorientation of the
fibers towards the axial direction, which conflicts with experimental observations.
The results obtained for a more general, anisotropic type of growth turned out to be
more promising: even though the growth-induced volume increase was clearly lower
than for isotropic growth, nearly uniform distributions of the circumferential and
axial stresses in the media could be realized. By applying the considered anisotropic
growth to a three-dimensional, patient-specific artery, it could be shown that similar
effects can be observed in more complex boundary value problems.

This underlines that anisotropic growth and fiber reorientation led to an improved
mechanical state of the artery. However, it should be discussed, if such an improved
state can be expected from an in vivo artery. From a biological point of view, it is
conceivable that the adaptation of the artery stops as soon as a mechanically stable
state of the arterial wall is achieved.

In a second step, an active material model was proposed using a mechanochemi-
cal approach. It considered the mechanosensitive influx of calcium ions as the most
important trigger for the contraction of SMCs. Simulation results for a rotationally
symmetric ring of the media showed that the active material response had a stabi-
lizing effect on the artery, but residual stresses were mandatory to obtain reasonable
stress distributions. In addition, smooth muscle contraction was investigated under
the aspect of growth and fiber reorientation. For this purpose, only anisotropic growth
was considered by applying those growth parameters that had been optimized for
the passive material response. Additionally, three different values of intravascular
pressure were used to study the dependency of all three processes on the load. The
simulations showed qualitatively the same results under different load scenarios. The
final fiber distribution and the volume change of the arterial wall were nearly unaf-
fected by the active material response. The most significant changes were observed
in the stress distribution. The combination of smooth muscle contraction in the cir-
cumferential direction and the incompressibility of the tissue enforced negative axial
stresses. To avoid negative stress in axial direction, a higher axial strain in the bound-
ary conditions of the simulations could be considered. Furthermore, the final stress
distribution in circumferential direction was less smooth when an active response
was added. However, the graph for circumferential stresses showed a lower slope
when the active response was already included before the adaptation by growth and
fiber reorientation is initiated. This suggests that further adjustments of the simula-
tion setup could lead to a nearly uniform stress distribution, as it was already shown
for anisotropic growth under passive material properties.

Then, as a first adjustment, the growth parameters would have to be adopted
to obtain an optimal distribution of residual stresses for the combination of active
and passive material response. Altogether, it can be outlined that the active response
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shows a significant impact on the process of growth andfiber reorientation. Therefore,
further improvements at a single model part should be analyzed in the context of all
aspects of the arterial wall to indeed enable more reliable patient-specific simulations
in the future.
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Abstract The tricuspid valve regulates the blood flow between the right atrium and
the right ventricle. Although it has long been deemed the forgotten valve, the inter-
est in the tricuspid valve has significantly increased over the past five years. This is
largely due to the emerging clinical awareness of the importance of tricuspid regurgi-
tation, a valvular disease associated with blood back flow into the right atrium during
systole. Many recent advancements have expanded the current understanding of tri-
cuspid valve tissue biomechanics. However, many questions remain to be answered
before long-term, durable therapeutics for tricuspid regurgitation can be provided to
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address several clinical challenges. This book chapter summarizes the recent inves-
tigations of tissue mechanics, collagen fiber architecture, and morphology for the
subvalvular components of the tricuspid valve, and provides recommendation for
future developments in this rising area of cardiovascular biomechanics.

1 Introduction

The tricuspid valve (TV) regulates the blood flow within the right side of the heart.
Functionally, the TV is analogous to a check valve, where the TV allows blood flow
from the atrium to the ventricle during diastole, and prevents undesired retrograde
blood flow into the atrium during systole. This cyclic opening and closing of the
TV is facilitated by the four primary subvalvular components—the three TV leaflets
that seal the atrial-ventricular orifice at systole, the rigid ring-like TV annulus that
affixes the TV leaflets to the surrounding heart chambers, and the array of string-
like chordae tendineae that pin the TV leaflets to the papillary muscles on the right
ventricle wall. Any alterations to the geometry and function of these subvalvular
componentsmay cause retrograde blood flow,which is commonly known as tricuspid
regurgitation (TR). TR is a complex valvular heart disease that can be classified
based on the underlying etiology: (i) primary TR occurring when the regurgitation
is due to structural alterations of the TV leaflets (e.g., Ebstein’s anomaly or chordae
rupture-induced tricuspid leaflet flail) (Anwar et al. 2018); (ii) secondary TR arising
from alterations to the surrounding heart anatomy caused by different etiologies
(e.g., pulmonary hypertension, papillary muscle displacement, and annular dilation)
(Badano et al. 2013; Nishimura et al. 2014; Sun and O’Gara 2017).

Clinical research suggests that secondary TR accounts for approximately 70–80%
of all TR cases (Dreyfus et al. 2005). Likewise, much of the clinical effort has been
focused on establishing reliable surgical repair techniques to restore the diseased TV
to its normal condition. There are two prominent techniques for TV surgical repair,
including ring annuloplasty (Carpentier 1971; Filsoufi et al. 2006) andDeVega suture
valvuloplasty (Antunes and Girdwood 1983; De Vega et al. 1972, 1973), both with a
common goal of restoring the annulus dimension and geometry to address TR caused
by the annular dilation. These techniques are generally successful immediately after
the TV repair, but the recurrence of TR has been disappointing, i.e., a recurrence
rate approaching 16–18% at 5–8years following the initial surgery (Huang et al.
2014; Pozzoli et al. 2016). This undesired recurrence of TR suggests that other
factors, besides annular dilation, warrant more clinical attention. Although there is an
apparent need for improving the long-term outcomes of the current therapeutics, the
TV has been historically considered as the ‘forgotten valve’. This could be attributed
to the common sentiment among cardiologists and cardiac surgeons that TR would
naturally regress after correcting the concomitant left-sided lesion (Braunwald et al.
1967). However, Dreyfus et al. (2005) and Anyanwu and Adams (2010) suggested
that the lack of clinical actions addressing TRmay be inadequate, and that the TR, left
untreated, will continue to worsen the prognosis and significantly affect the quality
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of life of the patient. These new fundamental clinical viewpoints sparked interests in
the TV for the clinical community (Badhwar et al. 2017; Chikwe et al. 2015; Desai
et al. 2013) and, more recently, the soft tissue biomechanics community (Jett et al.
2018; Khoiy and Amini 2016; Lee et al. 2019; Meador et al. 2020).

This chapter summarizes the recent advances in experimental and computational
biomechanics of theTV that have improved our fundamental understanding of theTV
and its subvalvular components. We first outline the major questions and challenges
for the TV in Sect. 2. Then, the relevant experimental characterizations of the TV
leaflets and chordae tendineae are described in Sects. 3 and 4, respectively. The
use of the experimental data acquired from these experimental characterizations
in constitutive models under the hyperelasticity framework is detailed in Sect. 5,
followed by the state-of-the-art in silico simulations of the TV in Sect. 6. Finally, we
provide our concluding statements as well as our opinion on the future perspectives
of TV biomechanics research in Sect. 7.

2 Major Challenges and Questions

From 1990 to 2015, the mitral valve (MV) in the left side of the heart was the pri-
mary focus of the two atrioventricular heart valves. Much of our current understand-
ing stems from these seminal studies, such as the mechanical properties (Grashow
et al. 2006a, b; May-Newman and Yin 1995; Pham and Sun 2014), microstructural
morphology (Kunzelman et al. 1993; Sacks and Yoganathan 2007), collagen fiber
architecture (CFA) (Lee et al. 2013, 2015; Liao et al. 2007) or valvular interstitial
cell-regulated biosynthetic response (Ayoub et al. 2017; Pierlot et al. 2014; Rego et al.
2016). It is logical to expect the TV to display similar properties as the MV, because
they share the same in-vivo roles of regulating the blood flow between the atria
and the ventricles. However, there are several inherent differences in their respec-
tive in-vivo environments, including the significantly higher systolic transvalvular
pressure for the MV (i.e., 120mmHg) compared to the TV (i.e., 25mmHg), and
the different numbers of valve leaflets (two for the MV versus three for the TV). It
is, thus, likely that the properties of the TV’s subvalvular components differ from
the previous observations for the MV counterparts, leading to the following three
motivating questions. Firstly, what are the mechanical properties of the TV’s sub-
valvular components? The mechanical properties of the TV may be more compliant
due to the less-demanding in vivo transvalvular pressures, yet anatomical differ-
ences, such as the different numbers of leaflets, may obscure this. Secondly, what
is the microstructural morphology of the TV’s subvalvular components? Differences
(or similarities) in the mechanical properties between the two atrioventricular heart
valves may be attributed to the underlying microstructures and tissue morphology.
Thirdly, are the valvular interstitial cell-regulated biosynthetic responses altered due
to lower transvalvular pressure for the TV? A previous study highlighted the lower
stiffness of the TV valvular interstitial cells (VICs) that, when combined with the
reduced in vivo pressure, may have notable implications for the cellular biosynthetic
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response to pathological loading. Answering these questions will provide a better
fundamental understanding of the function and physiopathology of the TV that will
enable the improvements of the existing clinical remedies for TR.

Currently, there are several clinical remedies to address the complex nature of TR.
One of the most prominent devices is the annuloplasty ring, which seeks to restrict
the annulus size (i.e., circumference), restore the leaflet coaptation, and prevent
further regurgitation. Despite the initial success of the annuloplasty ring, there is a
16–18% recurrence of the TRwithin 5–8years of the initial repair (Huang et al. 2014;
Pozzoli et al. 2016). This leads to several questions to ideally improve the long-term
treatment outcomes. Firstly, how do the individual valvular pathologies alter the
TV function and mechanical environment? Since the current gold standard for TR
only addresses the annular dilation, and there is a long-term recurrence of TR, it is
possible that other valvular pathology factors should be also addressed. Secondly,
what is the ideal therapeutic option, or combination of therapeutic methods, that
best address TR for a given patient’s pathological conditions? Several factors may
obscure this decision, such as the patient’s unique TV geometry and the severity of
the TR. Also, it is uncertain what the target is for a successful TR repair—should it
be a certain reduction in the annulus size, the amount of leaflet coaptation, and/or the
homeostatic (or healthy) leaflet stresses and strain? In silicomodeling has emerged as
a platform that could be used to address these questions; however, the aforementioned
fundamental questions must be carefully answered before the in silico simulations
can be confidently and reliably used in these clinically-relevant applications.

3 The Tricuspid Valve Leaflets

The three TV leaflets, namely the anterior leaflet (TVAL), the posterior leaflet
(TVPL), and the septal leaflet (TVSL), function collectively to seal the orifice
between the right atrium and the right ventricle during systole (Fig. 1a). These leaflets
are attached to the surrounding heart tissue through the ring-like TV annulus and a
series of string-like chordae tendineae that insert into the ventricular surface (Fig. 1b).
From themicrostructural point of view, these TV leaflet tissues are composed primar-
ily of collagen fibers, elastin, glycosaminoglycans (GAGs) and proteoglycans (PGs),
and a population of smooth muscle-like VICs. Morphologically, these constituents
are arranged into four distinct layers, described from the atrial to the ventricular
surfaces: (i) the atrialis (A), composed of circumferentially-oriented elastin; (ii)
the spongiosa (S), containing non-fibrous GAGs and PGs; (iii) the fibrosa (F), a
collagen-rich layer; and (iv) the ventricularis (V), which is composed primarily of
radially-oriented elastin fibers (Kramer et al. 2019;Meador et al. 2020), see Fig. 1c. In
addition to these four morphologically-distinct tissue layers, the VICs are distributed
throughout the TV tissue and are responsible for the bionsynthetic regulation of the
tissue’s extracellular matrix. This section summarizes several recent experimental
investigations from our laboratory, which aid in advancing our understanding of the
TV leaflets’ mechanical, collagen fiber architectural, and morphological properties.
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(a) (c)

(b)

Fig. 1 (a) Schematic of the subvalvular components of the tricuspid heart valve at diastole (left)
and at systole (right) adopted from the finite element simulation of Laurence et al. (2020); (b)
a representative excised porcine TV showing the three TV leaflets, the TV annulus, the chordae
tendineae, and papillary muscles; (c) illustration of the four distinct tissue layers and VICs of
the TV leaflets. (AL = anterior leaflet; PL = posterior leaflet; SL = septal leaflet, rad. = radial;
circ. = circumferential; A = atrialis; S = spongiosa; F = fibrosa; V = ventricularis; GAGs =
glycosaminoglycans)

3.1 Mechanical Properties of the TV Leaflets

Two approaches have been employed to characterize the mechanical behavior of the
TV leaflets. The first is planar biaxial mechanical testing in which orthogonal tensile
loads are applied to the tissue specimen using sutures or thin tines (Sacks 2000).
Our laboratory has extensively used this experimental method to characterize the
planar biaxial mechanical responses of the TV leaflet tissues, which provide useful
information for developing TV-specific constitutive models under the hyperelasticity
framework (see Sect. 5). One inherent limitation of this testing method is the lack
of mimicking the in-vivo loading environment for the tissue. With this in mind, the
second characterization approach emulates the in-vivo loading environment via an
in-vivo animal model (Sacks et al. 2006) or an in-vitro testing apparatus (Rabbah
et al. 2013). This approach provides richer information of the in-vivo functioning
environment of the TV. The following focuses primarily on the recent studies from
our laboratory on the TV leaflet tissue biomechanics, and briefly reviews the studies
that preserved the entire TV apparatus within an in-vitro or in-vivo biomechanical
characterization pipeline.
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3.1.1 Planar Biaxial Mechanical Characterizations

Mechanical characterizations of the TV leaflets were first provided by Heyden
et al. (2015), where the authors provided a survey of themechanical properties for the
leaflet tissues from all four cardiac heart valves. Shortly thereafter, Khoiy et al. (2016)
provided the pioneering biaxial mechanical characterization of porcine TV leaflets.
Their results highlighted the nonlinear and anisotropic mechanical responses for all
three TV leaflets. Interestingly, each leaflet had its distinct mechanical behavior, as
later echoed by Meador et al. (2020) and Pham et al. (2017) for ovine and human
TVs, respectively. TV leaflet-specific mechanical responses stem from the unique
microstructural differences, yet the comprehensive understanding of the intricate
mechanics-microstructure interrelationship remains elusive.

Recently, our laboratory expanded these fundamental characterization studies by
developing a comprehensive experimental procedure to systematically examine the
mechanical behaviors of the TV leaflets in response to varied biaxial loading condi-
tions, as well as the tissue’s time-dependent mechanical response (Jett et al. 2018;
Ross et al. 2019b). Our investigations using this approach can be generally clas-
sified into bulk-tissue and microstructurally-focused characterizations. The former
includes characterizations of the loading-rate effect, the species differences, and
spatial variations in the characterized tissue’s mechanical properties, while the lat-
ter seeks to understand how the microstructural constituents, such as the GAGs or
collagen fibers, contribute to the TV leaflet tissue’s biaxial mechanical properties.
Collectively, these recent results of our laboratory have provided an extensive under-
standing of the mechanical behavior of the three TV leaflets. The comprehensive
biomechanical database we established is useful for informing the development of
constitutive models in predictive computational modeling of the TV in vivo function
(see Sects. 5 and 6). Our experimental methods and the key findings of these studies
are further elaborated as follows.

Bulk-Tissue Characterizations

Our laboratory first aimed to establish a comprehensive biaxialmechanical character-
ization framework and explore how the strain rate, testing temperature, species, and
age influence the observed mechanical behavior (Jett et al. 2018; Ross et al. 2019b).
Like the previous studies (Heyden et al. 2015; Khoiy and Amini 2016; Pham et al.
2017), we found that the three TV leaflets had distinct, nonlinear and anisotropic
mechanical responses (Fig. 2a, b). Interestingly, the adult ovine specimens were
more compliant than their juvenile counterparts, but stiffer than the adult porcine
specimens, indicating species and age are important factors for in-vitro biomechan-
ical characterizations. Moreover, the mechanical responses for all three TV leaflets
became stiffer with an increased loading rate, with the differences found to be sta-
tistically insignificant. This observation agrees with the typical viscoelastic theory
for soft tissues (Fung 2013). Finally, the peak radial stretches became larger as the
temperature increased; however, no obvious microstructural connection was made.



Advances in Tricupsid Valve Biomechanics … 219

(a) (b)

Fig. 2 Characterized biaxial mechanical behaviors of the three TV leaflets (n = 6): stress-stretch
data in the tissue’s (a) circumferential, and (b) radial directions following preconditioning. Results
are presented as mean ± SEM

Our study provided a fundamental overview of the TV leaflet mechanical responses
and explored how several experimental factors influence the observed mechanical
behaviors.

The general consensus within the heart valve biomechanics community is to use
the central region of the tissue for biaxial mechanical characterizations (Grashow
et al. 2006b; Khoiy and Amini 2016; Pham and Sun 2014). This experimental setup
is chosen to avoid chordae insertions that may affect the characterized mechanical
properties of the TV leaflet tissues. However, it relies on an assumption that the
mechanical properties of the central region accurately represent the entire TV leaflet
specimen. Although this assumption may be reasonable for certain applications, no
studies have quantified the regionally-varying mechanical properties to evaluate the
efficacy of this assumption. In Laurence et al. (2019), our laboratory used a modi-
fied experimental technique to characterize the mechanical properties for six smaller
regions of the porcine TVAL. From this study, we, for the first time, found that
the central regions (i.e., Regions B and E) are more anisotropic compared to the
edge regions (i.e., Regions A, C, D, and F). This observation was supported by the
quantified anisotropy index (AI, defined as the ratio of the peak radial stretch to the
peak circumferential stretch) (Fig. 3a). Interestingly, we also found that all the six
tissue regions appeared to exhibit similar deformations after the specimen was pre-
conditioned (Fig. 3b). Based on Dr. Y. C. Fung’s seminal quasi-linear viscoelasticity
theory for soft tissues (Fung 2013), this post-preconditioning tissue deformation can
be viewed as the tissue’s in-vivo functioning deformation, and our novel findings
imply the assumption of homogeneous mechanical properties commonly adopted in
heart valve computational modeling is valid, considering the post-preconditioning
state as the reference configuration (i.e., the stress-free configuration). These obser-
vations of our work underscore the importance of the chosen stress-free reference
configuration (Rausch and Kuhl 2013), and partially verify the previous assumptions
that the heart valve leaflet’s mechanical properties are spatially homogeneous (Amini
et al. 2012; Prot and Skallerud 2009; Prot et al. 2010; Sacks et al. 2006).
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(a) (b)

Fig. 3 Quantified regional variations in the TVAL’s biaxial mechanical properties: (a) anisotropy
index for the six leaflet regions; (b) the circumferential (i.e., solid bars) and radial (i.e., patterned
bars) tissue deformations for the six regions. Values are in mean ± SEM. Sample size: Region A
(n = 13), Region B (n = 13), Region C (n = 13), Region D (n = 12), Region E (n = 13), Region
F (n = 10)

The tissues used in our mechanical characterizations are typically stored in a
−14 ◦C freezer between dissection and testing. In Duginski et al. (2020), our lab-
oratory sought to understand how this temporary freezer storage may influence the
TV leaflet’s mechanical responses, since the existing literature for various tissues
(e.g., cartilage, skin or aortic tissues) had conflicting conclusions. In this study, the
fresh TVAL specimens (n = 10) were first biaxially characterized using our typi-
cal experimental protocols. The tested tissue was then frozen in a −14◦C freezer
for 48h, and was subsequently tested using the same experimental characterization.
Despite the relatively short duration, the freezer storage appeared tomake the leaflet’s
mechanical response slightly stiffer and more anisotropic, although we only found
a statistically significant difference in the low-tensile mechanical response of the
radial tissue direction. This suggests that the short storing period may slightly alter
the TV leaflet mechanical response, but in a non-significant manner. Another recent
study by Salinas et al. (2020) showed opposite trends (i.e., more compliant tissue
behaviors) following a freezing period of 1–3days at −80 ◦C. Thus, it is important
to emphasize that the freezing-storage method for the TV leaflets should be carefully
selected, and it is valuable to examine the differences in the characterized tissue’s
mechanical behaviors arising from the selected freezer storage technique.

Microstructurally-Focused Characterizations

Our laboratory further elucidated the contributions of microstructural constituents to
the TV leaflet mechanical responses. Ross et al. (2019a) used an iterative experimen-
tal technique to investigate the role of theGAGs in theTV leaflet tissue biomechanics,
where the untreated (i.e., control) specimen was biaxially characterized, then treated
with an enzyme solution consisting of hyaluronidase and chrondroitinase to obtain the
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(a) (b) (c)

Fig. 4 (a) Comparison of the TV leaflet’s microstruture (top) before and (bottom) after the enzyme
degradation. Tension versus stretch responses (n = 8), following preconditioning, in the tissue’s
(b) circumferential, and (c) radial directions before and after the enzyme degradation treatment.
Results are presented in mean ± SEM. Scale bar = 100 µm

treated specimen (Fig. 4a), and finally biaxially characterized. This approach enabled
us to understand the differences in the mechanical behaviors by using the same sin-
gle specimen to consider the removal of >60% of the GAG content. The tissue’s
deformations were larger following the enzyme degradation treatment (Fig. 4b, c).
Interestingly, we further found that the enzyme degradation-induced discrepancywas
primarily attributed to the preconditioning effect.We also conducted stress relaxation
tests in the same study, and found a reduced stress relaxation following the removal
of the GAGs. This study highlights the intricate contributions of the GAG content to
the TV leaflet’s biaxial mechanical and viscoelastic properties.

In Kramer et al. (2019), our laboratory used another experimental method to
understand the interrelationship between the tissue mechanics and its underlying
microstructure of the TV. This approach utilized a micro-dissection procedure to
separate the tissue layers of the TVAL and characterize the biaxial mechanical prop-
erties of the separated tissue layers. Because the spongiosa layer lacks the structural
constituents (such as collagen or elastin fibers) to bear substantial mechanical load-
ing and the ventricularis layer is typically very thin, the TVALwas dissected into two
composite layers: namely (i) A/S—the combined atrialis and spongiosa layer; and
(ii) F/V—the combined fibrosa and ventricularis layer. These two composite layers
were biaxially characterized, and we arrived at two primary observations. Firstly,
the tissue deformations with respect to the post-preconditioned configuration were
nearly isotropic and much smaller than the anisotropic preconditioning deforma-
tions. Secondly, the A/S and F/V layers had similar tissue deformations with respect
to the preconditioned configuration, with most of the differences in the observed
mechanical response stemming from preconditioning (Fig. 5). The latter observation
contradicts an assumption that the fibrosa layer behaves similarly to the intact layer;
however, similar investigations for the aortic valve leaflets supported our observation,
suggesting that the isotropic behavior of the separated fibrosa is due to the release of
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(a) (b)

Fig. 5 Biaxial mechanical results for the separated tissue layers of the TVAL (n = 6) in (a) the
circumferential, and (b) the radial direction, following preconditioning. Values are in mean ± SEM

inter-layer attachments (Stella and Sacks 2007; Vesely and Lozon 1993; Vesely and
Noseworthy 1992). Although the observations fromKramer et al. provided an under-
standing of the layer-specific biomechanical functions of the TV leaflets, this study
did notmake a direct comparison of themechanical properties to the intact leaflet (i.e.,
before micro-dissection). We are currently refining this experimental technique to
provide further information for the future developments of microstructure-informed
constitutive models for the TV leaflet tissues.

More recently, our laboratory used our iterative enzyme-degradation technique
from Ross et al. (2019a) to determine the contributions of the collagen fibers and
elastin fibers to the tissue’s biomechanical behaviors. The preliminary results from
this investigation (Fig. 6) highlight the unique contribution of each microstructural
constituent. The differences in the characterized mechanical responses following
the collagen removal were most apparent in the circumferential direction. Similar
trends were also observed following the removal of elastin fibers, but there was a
notable increase in the radial high-tensile modulus. These changes in the mechanical
responsesmay be attributed to the approximate orientation of these structural fibers—
the collagen fibers and elastin fibers are aligned near the circumferential and radial
directions, respectively—and future in silico models with accurate structural-based
constitutivemodels (Rego and Sacks 2017; Zhang et al. 2016) can further corroborate
these experimental findings.

3.1.2 In-Vitro and In-Vivo Characterizations

Previous research efforts to characterize the mechanical properties of the TV leaflets
in-vitro have followed a distinct methodology: excising the TV apparatus andmount-
ing them to a rigid annulus in a ventricular chamber simulator (Basu and He 2016).
Although this technique may give insight into the TV leaflet mechanics and coapta-
tion, utilizing a rigid annulusmaynot be ideal formimicking the native valve function,
primarily due to the dynamic nature of the cardiac valve annulus and the subsequent
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(a) (b)

Fig. 6 Comparison of (a) the low-tensile modulus (ELT ), and (b) the high-tensile modulus (EHT )
before and after the collagenase (n = 11) and elastase (n = 12) enzyme treatments. Values are in
mean ± SEM

alterations in the leaflet strain over several cardiac cycles. In recent years, significant
emphasis has been placed on characterizing the in-vitro mechanical properties of the
TV leaflets through the utilization of these in-vitro devices.

Khoiy et al. (2016) took the first step towards characterizing the in-vitro mechan-
ical properties of the TV leaflets by quantifying the dynamic deformations of the
TV in a beating porcine heart. This was achieved by implementing an ex vivo pump
apparatus to simulate the right-sided systolic and diastolic pressures exhibited within
the cardiac cycle. The results from the use of this system showed that immediately
after the coaptation of the TV leaflets, all the leaflet strain values (i.e., circum-
ferential, areal, and radial) increased rapidly and reached their peak values at the
maximum right ventricular pressure. Throughout the cardiac cycle, the maximum
principal strain remained evenly distributed throughout the leaflet, increasing until
reaching the maximum right ventricular pressure, with the strain values as high as
12%. Overall, the strains were shown to be minuscule during diastole and increased
during systole. Heterogeneity in the spatial distribution of the circumferential and
radial strains was also observed for the TVSL, matching similar trends when the
biaxial testing methods are employed. Khoiy et al. (2018a) later expanded this study
to investigate the role of chordae tendineae rupture in the disturbance of annular
function and leaflet coaptation. When the chordae tendineae ruptured, the flow into
the right atrium was found to decrease by 26% and the maximum right ventricular
pressure decrease by 17%, highlighting the importance of sub-valvular components
in relation to the proper leaflet coaptation and TV function.

Apart from using an intact TV geometry under the in-vitro apparatus, a deeper
understanding of TV leaflet function has been underscored by the recent investiga-
tions of the in vivo TV leaflet mechanics. Mathur et al. (2019) examined the TV
leaflet strains in a beating ovine heart, suturing sonomicrometry crystals to the belly
and free-edge portions of each TV leaflet, as well as to the TV annulus. A fiducial
marker array was constructed for tracking the deformation of the TV leaflets and for
calculating the in vivo leaflet strains. It was found that the strains are qualitatively
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Table 1 The mean strain values relative to baseline at end-diastole (ED) and end-systole (ES) for
each level of De Vega (DV) cinching (Mathur et al. 2019)

DV1 DV2 DV3 DV4 DV5

Strain ED ES ED ES ED ES ED ES ED ES

Circ.
(Mean)

2.45 0.37 1.03 1.12 1.8644 −2.68 2.90 −2.13 2.77 −0.71

Circ.
(STD)

5.22 4.764 10.32 10.72 8.88 8.28 9.43 11.72 8.97 18.20

Rad.
(Mean)

−3.73 −1.24 −0.94 1.99 −6.61 −8.49 −0.24 −9.80 −2.11 −12.63

Rad.
(STD)

13.14 5.51 10.01 14.68 11.12 9.87 21.56 14.21 22.90 16.30

Areal
(Mean)

−3.89 −4.86 −2.36 −8.33 −8.15 −19.00 −10.29 −24.53 −11.15 −30.22

Areal
(STD)

17.37 16.21 20.99 20.54 20.89 21.98 37.47 32.03 28.36 36.12

different between the belly region and the free edges, with positive strains at sys-
tole and little change during diastole in the belly region of each leaflet, whereas the
areal and circumferential strains were small at the free edges. Conclusively, no dis-
tinct common strain pattern was observed across all the three TV leaflets, although
heterogeneity was noted for all strain evaluations (i.e., areal, radial, and circumferen-
tial). This study did, however, confirm the anisotropy of the quantified strains within
each leaflet, with larger strain in the tissue’s radial direction than the circumferential
direction. Utilizing the technique,Mathur et al. (2020) later investigated the effects of
the De Vega valvuloplasty on the leaflet tissue mechanics when different degrees of
cinching were applied. With each degree of cinching, the De Vega technique reduced
the range of motion and angular velocity of the TVAL, and, therefore, reduced the
areal and radial strains, especially in the belly region of the leaflet. The circumfer-
ential strain remained similar throughout each cinching level. These observations
concluded that the area strain in the leaflet’s belly region was driven by the reduction
in radial strains, leading to reduced chordal tethering (Table1). Furthermore, this
mechanical interaction resulted in a reduced range of motion for leaflet coaptation.
These investigations are integral for understanding leaflet coaptation and mechanics
within the native valve after operation, which will be discussed further in Sect. 7.3.

3.2 Microstructural Quantification for the TV Leaflets

In addition to characterizing the mechanical properties of the TV leaflets, studies on
the mesoscopic quantification of the TV leaflet tissues can further unveil the complex
underlying microstructure. Specifically, these observations focus primarily on exam-
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ining theCFAof theTV leaflets, i.e., the reorientation and realignment of the collagen
fiber networks in response to the applied mechanical loading (Driessen et al. 2005;
Lee et al. 2015; Liao et al. 2007;Meador et al. 2020). Techniques, such as small angle
light scattering (SALS) (Pant et al. 2018; Thomas et al. 2019), second-harmonic gen-
eration (SHG) (Pokutta-Paskaleva et al. 2019) and two-photon microscopy (Meador
et al. 2020), have provided insight to the microstructural components of the TV
leaflets. For example, the collagenfibers of the cardiac heart valve leafletswere shown
to align predominantly in the circumferential direction in the unloaded state, with
varying degrees of fiber dispersion and crimping across different layers of the tissue.
In one study, Meador et al. (2020) performed a detailed microstructural observation
of the three TV leaflets using both two-photon microscopy and histological quantifi-
cation. Each microstructural constituent within the TV, including the collagen fibers,
elastin, GAGs, and VICs, was found to be heterogeneously distributed with com-
position differences between the TV leaflets. Although the constituent composition
varied from leaflet to leaflet, the CFA was found to be relatively similar, with fibers
primarily oriented in the circumferential direction throughout the thickness direc-
tion. Depth-discriminated SHG quantification further suggested that the collagen is
organized as individual fibers in the atrialis layer with both radial and circumferential
orientations, before organizing into higher-order sheets in the fibrosa/ventricularis
layers with a distinct circumferential orientation. Although these studies do not quan-
tify the load-dependent changes in the CFA, the microstructural quantification has
improved our understanding of collagen organization and composition within the
TV leaflets.

In order to bridge this gap in understanding the load-dependent nature of the CFA,
our laboratory utilized polarized spatial frequency domain imaging (pSFDI) to quan-
tify the load-dependent changes in the tissue’s CFA for the three TV leaflets (Hudson
et al. 2020). This technique relies on the polarization-dependent, diattenuating prop-
erties of collagen fibers, allowing the quantification of the directional-dependence of
the CFA and the degree of optical anisotropy (DOA). Another important aspect of
this technique is the pSFDI system’s ability to quantify collagen microstructures in a
non-destructivemanner. In other words, the pSFDI technique does not require the use
of optical clearing solutions or fixatives that are known limitations for other collagen
imaging modalities, such as SALS (Goth et al. 2016; Plotnikov et al. 2006). The
key findings from our study suggest that the TV leaflets display an initial collagen
fiber orientation in the circumferential direction at the unloaded state, and that the
majority of the crimped fibers rotate towards the radial direction before the applied
biaxial tensions reached the asymptotic regime of the stress-strain curve (Fig. 7a,
b). Afterwards, the fibers were straightened, exhibiting the high-force regime, which
contributed to a better spatial alignment of the collagen fiber networks.More notably,
this higher spatial alignment, indicating by the largest changes in the DOA compared
to the unloaded state, was found to be the most prominent under radially-dominant
loading (i.e., TC : TR = 0.5 : 1) (Fig. 7b). The non-equibiaxial loading demonstrated
a shift of the collagen fibers towards the direction of the dominant applied loading,
yielding an increase ofDOAfollowingfiber reorientation.Quantifying these collagen
microstructural changes for the TV leaflets shed light on the future developments of
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(a) (b)

Fig. 7 Quantification of the load-dependent collagen fiber architecture for a representative TVAL
specimen using our integrated opto-mechanical instrument: (a) applied force versus tine displace-
ment in the tissue circumferential (blue) and radial (red) directions (n = 3); (b) results of collagen
fiber orientation and degree of optical anisotropy (DOA). The dash curves represent the predicted
fiber orientation angle and the colormaps denote the DOA

microstructure-informed constitutive models, which can be used to better understand
complex heart valve diseases.

4 The Tricuspid Valve Chordae Tendineae

The TV chordae tendineae affix the leaflets to the right ventricular walls at the pap-
illary muscle tips, providing supporting forces to the leaflets during systolic closure.
The morphology of the TV chordae tendineae have received sparse attention in the
previous literature as compared to their MV counterparts, in spite of the noticeable
differences between the two atrioventricular heart valves (e.g., anatomy, mechanical
loading environment, etc.). Silver et al. (1971) conducted a pioneering study on the
TV chordae morphology by analyzing human cadaveric hearts and provided a cat-
egorization system that is widely used to date. In their work, they described three
primary subsets of the chordae tendineae based on the leaflet insertion locations:
(i) the noticeably thicker strut chordae that attach to the central, belly region of the
TVAL; (ii) the basal chordae, affixing at the annulus-leaflet transition (i.e. the base
of the leaflet); and (iii) the marginal chordae, connecting to the free edge of the
leaflets. While the classification system proposed by Silver et al. (1971) provides
the basis naming convention for many other studies, researchers have adopted their
own categorization schemes due to contentions such as whether or not the strut chor-
dae exist for all the three TV leaflets. For example, some researchers have opted
for labeling the chordae based on their cross-sectional area (i.e., small, medium, or
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large (Smith et al. 2020), or using a more detailed scheme by considering the gross
structure, insertion locations, and branching patterns, resulting in over 11 types of
TV chordae (Gunnal et al. 2015).While these earlier works provided valuable insight
to the anatomical trends in TV chordae morphology, moving forward it is important
to adopt a unified and consistent classification/naming convention for the TV chor-
dae tendineae. By using different chordae naming conventions, it becomes difficult
to make direct comparisons of the findings between different studies. For example,
how do the ‘strut chordae in the TVAL’ differ from a ‘medium chordae in the central
region’ of the same leaflet?

Additionally, a key aspect of the TV chordae morphology that requires more
attention is the comparison between different species. The potential discrepancies
in the TV chordae morphology across different animals may affect the translation
of research findings from the animal works into the biomechanical understanding
of the human chordae. Previous studies have shown more chordae in the porcine
TV than the human or ovine TV (Gunnal et al. 2015; Jett et al. 2018; Silver et al.
1971), however other inter-species comparisons are limited or non-existent (e.g., dif-
ferences in the branching patterns, insertion locations, etc.). The limited interspecies
comparisons in the previous works necessitates more comprehensive future works
to better understand the differences in TV morphology, including the comparisons
of: (i) the tissue donors’ ages, (ii) the healthy/diseased state of the valves, and (iii)
the chordae branching patterns and insertion locations.

4.1 Mechanical Properties of the TV Chordae Tendineae

Uniaxial Tissue Mechanics of the TV Chordae

The chordae tendineae primarily undergo uniaxial loading in the valve apparatus, and
as such the in vitro mechanical characterizations of the chordae tendineae generally
involves uniaxial tensile loading. In the chordae characterization experiments, the
central segment of the tissue was typically used and mounted between the cross-
heads of a servo-hydraulic testing device. Then, the chordae were preconditioned via
cyclic uniaxial tensions followed by either repeated loading and unloading cycles
to a targeted stress, or loading the chordae until rupture. In a recent study from our
laboratory, we took a different approach to the aforementioned chordae testing setup
that may better emulate the in-vivo function of the TV apparatus (Ross et al. 2020b).
In that work, we preserved the insertion to the leaflet and the papillary muscle, and
mounted the leaflet-chordae-papillary muscle entity to a tine-based uniaxial testing
system for characterizing the uniaxial mechanical properties of the tissue (Fig. 8a).
Utilizing the uniaxial mechanical testing of the TV chordae, several key comparisons
canbemadebetween: (i) different species, (ii) different leaflet insertion locations, (iii)
different cross-sectional areas, and (iv) different experimental boundary conditions.

First, it was observed that the porcine and ovine chordae exhibit similar extensi-
bility in the TVAL (porcine: 1–3% versus ovine: 2–3% at a 1MPa Cauchy stress),
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(a) (b)

(c) (d)

Fig. 8 (a) Schematic of the chordae tendineae tested as a holistic chordae-leaflet-papillary mus-
cle entity using a tine-based mounting system. Mechanical characterization results (n = 12): (b)
uniaxial tension, (c) 2-h creep, and (d) 2-h stress relaxation. Results are presented as the mean ±
SEM

and that for the TVSL and TVPL, the porcine chordae were 80–95% more extensi-
ble than the ovine chordae (Pokutta-Paskaleva et al. 2019; Smith et al. 2020). The
differences in the tensile properties between the porcine and ovine TVAL and the
TVPL/TVSLchordae demonstrate a need for further corroborations of these findings.
Second, it has been shown that the strut chordae are generally less extensible than the
marginal or basal chordae, and that the marginal and basal chordae appear to have
similar tensile characteristics. Third, it has been found that there is an insignificant
trend between the TV chordae extensibility and the cross-sectional area; however,
chordae with a cross-sectional area >0.404mm2 were shown to have significantly
smaller low-tension tangent stiffness than the thicker chordae (Smith et al. 2020).
Fourth, comparing our study (Ross et al. 2020b), which considered the porcine TV
strut chordae as a leaflet-chordae-papillary muscle entity (Fig. 8b), to an earlier work
via the clamp-based testing method (Pokutta-Paskaleva et al. 2019), similar tensile
properties were found from both tissue mounting approaches. Although the two
testing methods yielded similar uniaxial tissue mechanical behaviors, advantages
were demonstrated in the approach using the leaflet-chordae-papillary muscle entity,
including the ability to analyze the leaflet and papillary muscle contributions to the
chordae stretch, and the ability to image the load-dependent changes in the CFA at
the chordae-leaflet insertion (see Sect. 4.2).

While the leaflet-chordae-papillary muscle entity approach is a step closer to
emulating the in-vivo deformation of the chordae, even more physiologically rep-
resentative mechanics could be realized through the use of a right heart simulator,
however no studies have been performed in this manner to date. In addition, other
useful studies of tissue biomechanics for the TV chordae would involve understand-
ing the effects of disease on the tissue’s uniaxial mechanics. One such study was
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performed by Lim et al. (1983) on the tensile behaviors of a myxomatous human TV
chordae and they found that the diseased chordae was more extensible and ruptured
at a much lower stress than the healthy chordae. This is a relatively outdated study,
and limitations include: (i) only one chordae was tested, (ii) preconditioning was
not performed, and (iii) optical strain tracking via fiducial markers was not used,
resulting in less accurate measurements of the tissue deformation. Further investiga-
tions are warranted to obtain better information about the changes in the mechanical
properties and the underlying microstructure of the diseased TV chordae.

4.1.1 Viscoelastic Properties of the TV Chordae Tendineae

Although comprehensive investigations of the quasi-elastic tensile properties of TV
chordae are available in the literature, there have been relatively fewer studies on
quantification of the viscoelastic properties for the TV chordae. In our laboratory,
we are currently investigating the viscoleastic properties of the TVAL strut chor-
dae through creep and stress relaxation tests. For creep testing, the leaflet-chordae-
papillarymuscle entitieswere subjected to a 1.2N force, and the forcewasmaintained
through increasing applied displacements over the course of 90min (Fig. 8c). In
stress relaxation testing, the specimens were displaced and held at the displacement
associated with a 1.2N force over a 90-min duration (Fig. 8d). These viscoelastic
characterizations are useful for understanding the time-dependent behaviors of the
chordae, which will be valuable in the refinement of TV computational models when
the time-dependent responses of the TV chordae are imperative.

4.2 Mesoscopic Evaluations of the TV Chordae

In addition to understanding the biomechanical behaviors of the TV chordae, there
have been some studies investigating the mesoscale properties and microstructure of
the chordae segment or the chordae-leaflet insertion. For visualizing the microstruc-
ture of the chordae segments, previous works have used methods such as histol-
ogy (Pokutta-Paskaleva et al. 2019; Smith et al. 2020), fluorescent dye staining (Smith
et al. 2020), SHG imaging (Smith et al. 2020), transmission electronmicroscopy (Lim
1980) or scanning electron microscopy (Lim 1980). It was found from these studies
that the TV chordae are composed of dense collagen fiber bundles that are undulated
at their unloaded state, together with inter-dispersed elastin and interstitial cells. On
the outer surface of the chordae is the endothelial cell layer where the cell nuclei are
fairly circular in shape. Moving from the outer surface to the center, the cell nuclei
become more elongated, and undulated collagen fibers and cell nuclei become more
directly aligned along the primary axis. Depictions of the depth-discriminated col-
lagen microstructure and the cells of the TV chordae are shown in Fig. 9. Another
earlier work on the microstructure also noted the vasculature present in the TV chor-
dae, indicating another potential function of the tissue to provide nutrients to the
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Fig. 9 Second-harmonic generation imaging results reveal the unidirectional, wavy collagen fiber
architecture of the chordae at varying tissue depths, while fluorescent dye staining (Hoechst 333432)
allows visualization of the cell nuclei through the thickness of the tissue (images adapted fromSmith
et al. (2020) with copyright permission by Springer Nature)

TV leaflets (Duran and Gunning 1968). Nevertheless, this finding has not been cor-
roborated in recent studies, and additional research efforts are warranted to better
understanding this observation.

The TV chordae-leaflet insertion is of particular interest in previous studies due
to the complexity of the transition between the leaflet and chordae collagen fiber
networks. To better understand and quantify the load-varying CFA changes in the TV
chordae-leaflet insertion, in our laboratory, we utilized the pSFDI collagen imaging
modality (Ross et al. 2020a) (Fig. 10). We found that with an increased loading
(up to 1.2N), the collagen fibers of the TV chordae-leaflet insertion did not undergo
significant reorientation, but underwent significant increases in the DOA, indicating
that the uncrimping of the collagen fibers may be the primary mechanism by which
the chordae-leaflet insertion bears loading. Furthermore, the changes in the DOA
at the leaflet insertion demonstrated the spatial variations in the tissue’s collagen
microstructure. In contrast, another preliminary study usedX-ray diffraction to image
the TV chordae-leaflet insertion and noted higher molecular strains at the chordae-
leaflet insertion than the chordae segment or the leaflet region (Madhurapantula et al.
2020). From these findings, it is observed that the complexity of the chordae-leaflet
insertion microstructure facilitates the distribution of forces from the leaflet to the
chordae and papillary muscles. However, the microstructural complexity may also
cause some adverse fiber-to-fiber interactions that can lead to tissue rupture.

5 Constitutive Modeling

Constitutive modeling for soft biological tissues, such as the TV leaflets or chordae
tendineae, is typically formulated with the hyperelasticity theory (Holzapfel 2000).
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(a) (b)

Fig. 10 Quantification of the load-dependent collagen fiber architecture for a representative TV
chordae-leaflet insertion using our integrated opto-mechanical instrument: (a) applied force versus
tine displacement with 3 configurations used to perform pSFDI-based collagen microstructural
imaging (i.e. post-preconditioning (PPC), 0.4 and 1.2N loading states), and (b) results of collagen
fiber orientation and degree of optical anisotropy (DOA). Values are presented as the mean± SEM,
and white dashed lines denote the quantified fiber orientations

First, a strain-energy function (SEF) is chosen that relates the tissue deformations
to the stresses of the material. Two commonly-adopted SEFs include the seminal
Fung-type model (Tong and Fung 1976) and the Gasser-Ogden-Holzapfel (GOH)
model (Gasser et al. 2005). The stress-strain relationship of thematerial is established
by

σ = 2F
∂W

∂C
FT − pI, (1)

where σ is the Cauchy stress tensor, (F) is the deformation gradient, C = FTF is the
right Cauchy-Green tensor, p is the penalty to enforce incompressibility, and (I) is
the identity tensor. The parameters of the selected SEF are typically determined by
nonlinear least-squares regression fitting to the mechanical testing data (Aggarwal
2017). Recent advancements in constitutive modeling of the TV leaflets and TV
chordae tendineae are discussed in the following subsections.

5.1 Constitutive Modeling of the TV Leaflets

Constitutive modeling of the mechanical behavior of the TV leaflets has recently
received more and more attention. Khoiy et al. (2018b) considered a Fung-type SEF
for the modeling of the biaxial mechanical behavior of the three TV leaflets. The
differences in the averaged model parameters and the variances in the estimated
model parameters of the three TV leaflets underscored the unique leaflet-specific
mechanical properties and inter-specimen variability. Although this work provided
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the critical first step towards accurately modeling the TV leaflet biaxial mechanical
response, the Fung-type SEF is a phenomenological model, which does not consider
important microstructural information, and may not be the most representative SEF
for the TV leaflet’s mechanical behavior.

One promising experimental avenue to determine the appropriate SEF for the TV
leaflets could be the use of the constant-invariant testing procedure, such as what was
previously adopted for the left ventricle myocardium (Humphrey et al. 1990) and the
MV leaflets (May-Newman and Yin 1998). This empirical technique considers care-
fully designed biaxial mechanical characterization protocols to qualitatively relate
the derivatives of the SEF W with respect to the invariants of (C). Following the
framework of (Humphrey et al. 1990), the relationship between the SEF derivatives
and the experimental data has the form

W,4 = 1

2λ2
1

(
σ11 − σ22ξ1ξ

−1
2

)
, (2a)

W,1 = 1

2
σ22ξ

−1
2 . (2b)

Herein, W,1 and W,4 are the partial derivatives of W with respect to the first and
fourth invariants of C, respectively, and ξ1 and ξ2 describe various tissue deforma-
tions, i.e., ξ1 = λ2

1 − (λ1λ2)
−2 and ξ2 = λ2

2 − (λ1λ2)
−2. A series of constant I1 or I4

characterizations are then used to isolate the contributions of each invariant to the
partial derivatives of W and establish an ideal SEF for a specific soft tissue. It is
imperative that the CFA is preferentially aligned with one of the biaxial testing axes
for I4 to be maintained at a constant value.

Our laboratory has recently performed pilot constant-invariant tests for the three
TV leaflets. The development of our pSFDI system (Hudson et al. 2020; Jett et al.
2020) enables us to ensure the CFA is preferentially aligned with one of the biaxial
testing axes. Our preliminary results for a representative TVAL specimen under both
the constant I1 protocols (Fig. 11b) and the constant I4 protocols (Fig. 11a) highlight
the unique contributions of each invariant to the SEF and its partial derivatives. These
results will lead to the determination of a TV leaflet-specific SEF.

5.2 Constitutive Modeling of the TV Chordae Tendineae

Several SEFs have been proposed for modeling the TV chordae tendineae, including
the neo-Hookean, Fung-type, Mooney-Rivlin, Yeoh, and Ogden models (Table2).
Smith et al. (2020) evaluated the effectiveness of each SEF for capturing the uni-
axial mechanics of the TV chordae and found that all, except the neo-Hookean
and Mooney-Rivlin models, can provide good fits with root mean square errors
< 0.05. Their study also suggests that the two-parameter Ogden model would be
the most appropriate for describing the TV chordae’s mechanical behaviors, as this
model avoids over-fitting of the data while preserving model simplicity. This two-
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(a) (b)

Fig. 11 The relationships between the partial derivatives of W and the invariants of C in our pilot
constant-invariant testing study: (a) under constant I4 testing protocol; (b) under constant I1 testing
protocol. Note that λpeak is the peak fiber stretch under the equibiaxial loading protocol

Table 2 Existing constitutive models for the uniaxial properties of the chordae tendineae (Smith
et al. 2020)

Model SEF

Neo-Hookean model W = C1[I1 − 3]
Fung-type model W = C1[eC2[I1−3] − 1]/C2

Mooney-Rivlin
model

W = C1[I1 − 3] + C2[I2 − 3]

Yeoh model W = ∑N
i=1 Ci [I1 − 3]i

Ogden model W = C1[λC2
1 + λ

C2
2 + λ

C2
3 − 3]/C2 +C3[λC4

1 + λ
C4
2 + λ

C4
3 − 3]/C4

parameter Ogden model, with some minor modifications, was used by both Ross et
al. (2020b) and Pokutta-Paskaleva et al. (2019) to model the TV chordae’s uniaxial
mechanics. The evaluation of the SEFs for the TV chordae will be valuable for refin-
ing the organ-level simulations of the TV apparatus, resulting in better predicted
chordae behaviors and valve closing. While these phenomenological models pro-
vide an appropriate description of the TV chordae uniaxial tensile behaviors, they
neglect the time-dependent viscoelastic properties or the microstructural informa-
tion. Future works could focus on the development of a structurally based model of
the TV chordae to better understand the time-varying biomechanical tissue behaviors
or the microstructure-mechanics relationships.
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6 In SilicoModeling of the TVs

6.1 Organ-Level Tricuspid Valve Simulations

In silico simulations enable connections between tissue-level mechanical behaviors
and in-vivo valvular function of the TV. Prior studies have simulated the TV function
to understand patient-specific healthy TVmechanical environment (Kong et al. 2018;
Stevanella et al. 2010), explore the impact of papillary muscle displacements on the
TV function (Singh-Gryzbon et al. 2019), assess the potential of the MitraClip for
restoring healthy TV function (Dabiri et al. 2019), or evaluate the performance of a
new contact algorithm (Kamensky et al. 2018). Interested readers are referred to our
recent review article of these in silico studies for more information (Lee et al. 2019).

Our laboratory has recently provided the first comprehensive in silico assessment
of how the TV pathologies influence the TV function in Laurence et al. (2020). In
brief, the TV geometry fromKamensky et al. (2018) was used in finite element analy-
sis to simulate the TV function, considering four pathological scenarios: pulmonary
hypertension, annular dilation, papillary muscle displacement, and rupture of the
chordae tendineae. Our simulation results underscored the effects of each valvu-
lar pathology on the TV function, for example, how TR could arise from annulus
dilation, papillary muscle displacement, and/or the rupture of the chordae tendineae
(Fig. 12). Additional quantitative analyses, based on our in silico TV simulations,
led to three key observations. Firstly, the geometry metrics, such as the tenting area
or the coaptation height, depended on which two TV leaflets were in contact. This
has important clinical implications, because there is uncertainty regarding which
two leaflets are visualized for the clinical quantification of these metrics (Stankovic
et al. 2014). Secondly, the isolated scenario of papillary muscle displacement led to
TR, suggesting this pathology may be a new target for clinical intervention rather
than considering only the annulus dilation as a TR indicator. Thirdly, the chordae
tendineae attached to the TVAL or TVSL may be more important to ensure the
proper valve closure. Moreover, the leaflet stresses increased for all four pathological
scenarios, which may trigger the cellular biosynthetic response and lead to altered
leaflet morphology (see Sect. 7.1). This pilot in silico study has provided, for the
first time, the simulation-guided assessment of TV pathologies. However, significant
improvements and extensions are warranted to translate our model to the real clinical
applications, such as a more accurate description about the in-vivo motions of the
TV annulus or papillary muscles.

6.2 Efficacy for the Affine Fiber Kinematics Assumption

Integrating computational and experimental tissue biomechanics enables a cross-
validation pipeline for guiding experimental setups and for evaluating the efficacy of
a constitutive model to numerically replicate the planar biaxial tests. Thomas et al.
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(a) (c)(b) (d)

Fig. 12 Finite element simulation results for (a) the healthy, and the diseased TVs: (b) chordae
rupture, (c) combined flattened annulus and papillary muscle displacement, and (d) combined
flattened annulus and annulus dilation. (AL - Anterior Leaflet; PL - Posterior Leaflet; SL - Septal
Leaflet)

(a) (b)

Fig. 13 (a) Combined pSFDI-biaxial testing approach allowed for (b) validation of the affine fiber
kinematics (AFK) assumption by comparing the fiber orientation angles (denoted by dashed lines)
between the pSFDI measurements and the AFK predictions

(2019) performed such an investigation to validate a microstructurally informed con-
stitutive model for the TV leaflets. In their work, they effectively correlated the tissue
biaxial mechanical responses with the collagen fiber kinematics by their combined
experimental-computational methods. Their study serves as an example of how an
integrated experimental-computational approach can validate the numerical imple-
mentation of the computational model in simulating TV function. In our laboratory,
we recently performed studies to evaluate the efficacy of the affine fiber kinematics
assumption—an assumption that has been widely accepted in the heart valve com-
putational biomechanics community—by using our pSFDI modality. Preliminary
findings of our work (Fig. 13) suggest that the affine fiber kinematics assumption is a
good approximation for TV leaflets under equi-biaxial tensions, but larger deviations
from this assumption were found for other non-equibiaxial loading protocols (i.e.,
TC : TR = 0.33 : 1 or 1 : 0.33). These findings suggest that the affinefiber kinematics
assumption may need to be carefully evaluated when it is employed in the organ-
level and tissue-level TV simulations to avoid mispredictions of the reorientation and
realignment of the underlying collagen fiber networks.
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6.3 Simulations of Biaxial Mechanical Testing Experiments

In silico simulations are valuable tools to replicate the biaxial mechanical testing
experiments. By simulating the biaxial mechanical testing of the TV leaflets, differ-
ent experimental conditions can be systematically evaluated to determine the optimal
setup to more accurately obtain the TV leaflet biaxial mechanical properties. Exam-
ples include the simulations of theMV or other biomimetic materials (Fan and Sacks
2014; Jacobs et al. 2013; Sun et al. 2005), by considering different specimengeometry
(e.g., square versus cruciform), different boundary (or tissue mounting) conditions
(e.g., rotation-allowed suture, rigid tines, or clamps), and the effective mounting size
(e.g., 10 × 10mm versus 5 × 5mm). Through understanding the effects of various
experimental setups on the resultant characterized mechanical properties of the TV
leaflet tissues, more representative constitutive model form determination and more
accurate model parameter estimation can be ensured, while eliminating potential
adverse effects induced by inappropriate experimental setup, such as heterogeneous
stress and strain fields.

7 Future Perspectives

7.1 Cell-Mediated Growth and Remodeling (G&R)

The TV leaflets have a population of VICs that regulate the biosynthesis of the
tissue’s extracellular matrix and constituents. Previous studies for the aortic valve
and the MV have highlighted the unique activation from a fibroblast phenotype to
a myofibroblast phenotype under pathological conditions (Ayoub et al. 2017, 2020;
Balachandran et al. 2006, 2009; Merryman et al. 2007). This phenotypic activation
is accompanied by a cellular biosynthetic response associated with an up-regulation
of matrix metalloproteinases (MMPs), a down-regulation of the tissue inhibitor of
MMP-1, and increases in the contents of collagen fibers, GAGs, and PGs. Analogous
studies have not yet been performed for the TV VICs, but we anticipate the TV VICs
will have a similar general biosynthetic response to altered loading. Interestingly,
the VICs of both the aortic valve and the MV were found to be nearly twice as
stiff as those of the TV (Merryman et al. 2007), which may alter the corresponding
VIC-regulated biosynthetic responses to adapt the TV to the varied mechanical and
functional environment. It is obvious that the cellular biosynthetic response should be
quantified, separately, for theTV leaflets followingpreviously-established techniques
for the mitral VICs. The quantified microstructural changes for the TV leaflets could
then be combined with existing G&R theories (Cyron et al. 2016; Humphrey and
Rajagopal 2002; Rodriguez et al. 1994) and in silico simulations to explore the
essential role of VIC-regulated biosynthesis in the recurrence of TR post-surgical
repair.
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7.2 Constitutive Modeling of the TV Tissues

Constitutive modeling under the hyperelasticity framework has been traditionally
used to model the biaxial mechanical response of the heart valve leaflets. Although
much of the current focus is on determining the appropriate constitutive model for
the TV leaflets, there are many emerging modeling techniques that are promising
alternatives to the traditional hyperelasticity-based constitutive modeling approach.
The most notable of these techniques is data-driven computing that was first intro-
duced by Kirchdoerfer and Ortiz (2016), which directly uses the experimental data
with the kinematically admissible states to determine the current stress and strain
without a pre-defined SEF. This leads to many distinct advantages for data-driven
computational biomechanics, including the capability to represent a wide-range of
tissue deformations given sufficient training data or not being limited by the accuracy
of a constituent relationship. Our laboratory has recently extended the locally convex
data-driven modeling approach (He and Chen 2020) to modeling the MV posterior
leaflet biaxial mechanical responses. The results from this study are promising, but
extensions are warranted to apply this method to the TV tissues and improve the
approach performance, especially when handling noisy data or inter-specimen vari-
ability. Other modeling techniques are beginning to draw more attention in the com-
putational biomechanics community, which also aim to forego the a priori constitu-
tive model, including Bayesian statistics-motivated (Akintunde et al. 2019; Teferra
and Brewick 2019) and stochastic modeling methods (Staber et al. 2019). These
approaches must first be extended to multi-axial loading of soft biological tissues
with transversely isotropic mechanical behavior before they can be confidently and
reliably used for the TV leaflets.

7.3 Other Clinical Challenges

For correcting TR, it is largely recommended that repair should be performed when-
ever possible, as valvular replacement is associated with high mortality (Alkhouli
et al. 2018; Jang et al. 2017). In the case of TV repair, the preferred correction
method is to reduce the tricuspid annulus size to facilitate a larger coaptation area
of the TV leaflets through either suture valvuloplasty or ring annuloplasty. In the
valvuloplasty procedure, a suture is fed through the annulus and pulled to constrict
the valve, while in ring annuloplasty a pre-sized rigid or flexible band is sutured to
the commissure points of the annulus to change the annulus shape and size. Previ-
ous clinical studies have shown that suture annuloplasty is much less effective than
ring annuloplasty in preventing recurrent TR; however, some clinicians still perform
suture annuloplasty for its procedural simplicity and satisfactory intermediate-term
treatment outcome (Lafçi et al. 2019; Tchantchaleishvili et al. 2017). Comparing
the rigid and flexible rings used in TV annuloplasty repair, rigid rings provide the
benefit of retaining the 3D annulus shape and increasing leaflet coaptation; how-
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ever these devices have the consequences of restricted annular contraction and an
increased chance of ring dehiscence. In contrast, flexible rings have a reduced risk of
ring dehiscence and better annular contraction. Nevertheless, they lose the 3D annu-
lus shape and carry an increased potential for sub-optimal leaflet coaptation (Aldea
2019).While TV annuloplasty is generally successful, there is the potential for recur-
rent TR in the long term, and researchers have recommended the TV annuloplasty
ring devices be further improved through the consideration of anisotropic material
properties to better retain natural valve contraction, and customization of the ring to
each patient’s annulus geometries and pathological conditions (Mathur et al. 2020).
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A Bayesian Approach to Parameter
Estimation in Cardiac Mechanics

Joakim Sundnes and Rocío Rodríguez-Cantano

I started my research on computational modeling of cardiac
mechanics in 2004, and very quickly got familiar with Gerhard’s
huge contributions in biomechanics. His famous book on
nonlinear solid mechanics became my most important reference
for learning this fascinating field, and even today it remains an
essential reference and handbook in my research. The learning
curve of the book is steep, but it is by far the most
comprehensive and rigorous introduction to the field that I have
found to this date. In 2006 I invited Gerhard to serve on the
committee of my first PhD student in cardiac mechanics, and
learnt that he is not only a leading expert in the field, but also a
very nice person who is eager to share his knowledge with
junior researchers. Since then, he has served on several more
PhD committees for my students, and we have had a number of
inspiring meetings and discussions both in Oslo and in Graz.

Joakim

Abstract Computational models of cardiac mechanics have been shown to capture
the generalmechanical function of the heart, and have been parameterized based on in
vivo patient data to accurately reproduce the heart function of individual patients. Pre-
vious attempts for creating such patient-specific problem have typically been based
on solving a deterministic inverse problem, which minimizes the misfit between cer-
tain model outputs and measured values. While this approach is robust and efficient,
and has shown good agreement between model results and patient data, it does not
provide any information about the uncertainty in the resulting model parameters.
We here present a parameter estimation framework based on a Bayesian approach,
which estimates probability density functions (PDFs) of material parameters based
on uncertain input values. The method is based on sampling the parameter space
and solving the associated forward model for each sample, which may lead to a
substantial computational problem if multiple parameters are considered. However,
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the model also offers additional information in the form of univariate or multivariate
PDFs for the estimated parameters. We investigate the potential of the methodology
by solving a simple parameter estimation problem in passive left ventricular mechan-
ics, and show that the results are in agreement with previous results obtained with a
deterministic parameter estimation method.

1 Introduction

Computational models of cardiac physiology and mechanics have evolved substan-
tially over the last decades, and are able to capture essential features of the heart’s
mechanical function. Several studies have focused on fitting models to individual
patient data (Xi et al. 2013; Balaban et al. 2017; Finsberg et al. 2017), and have
demonstrated good agreement between model outputs and recorded measurements.
However, the results also indicate that it is difficult to uniquely determine the param-
eters based on in vivo data alone, and it must be assumed that the model parameter
values are associated with considerable uncertainty. This assumption is strength-
ened by reported parameter values in the literature, which vary by several orders of
magnitude (Kallhovd et al. 2019). The potential impact of this uncertainty has been
explored inmultiple studies (Eck et al. 2016; Campos et al. 2019; Rodríguez-Cantano
et al. 2019), but we are not aware of any previous attempts to quantify the uncertainty
in the material parameters themselves.

The problem of estimating parameters in a simulation model from observations
is fundamentally an inverse problem (Tarantola 2005; Aster et al. 2012). While
the forward problem tries to predict the system behavior by solving the governing
equations given some parameter values, the inverse problem reverses this relation-
ship by estimating uncertain parameters from measurements or observations. The
inverse approach is often formulated as a deterministic nonlinear optimization prob-
lem that seeks to minimize the misfit between the observed and predicted outputs in
an appropriate norm. This approach has been applied to fitting parameters for active
and passive mechanical properties of cardiac tissue, see, e.g., Finsberg et al. (2017)
and Balaban et al. (2017).

However, from probability theory, a consistent formulation of the parameter esti-
mation problem can be made using Bayes’ theory (Stuart 2010). In the Bayesian
inference framework, given observational data and their uncertainty, the governing
forward PDEs, and a prior probability distribution describing prior knowledge about
the parameters, the posterior PDF over the parameters is obtained as solution of the
inverse problem. The main challenge in solving this Bayesian inverse problem stems
in computing statistics of this posterior PDF, which may be a surface in high dimen-
sions, and evaluating the probability of each point in the parameter space requires
solving the forward problem. Characterizing a multidimensional parameter space
will typically require a large number of samples, and in the case of cardiac mechan-
ics the forward problem is a nonlinear finite element model, resulting in a substantial
computational problem.
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Fig. 1 Illustration of the Bayesian inference problem for passive mechanics of the left ventricle.
The forward model is a finite element model linking endocardial pressure to cavity volume. We
want to use uncertain observations of cavity volumes to estimate PDFs for the material parameters
of the mechanical model

In this study, we present a formulation of the parameter estimation in a Bayesian
framework, and apply it to a simple test problem of passive cardiac mechanics.
The input to the algorithm will be uncertain measurements of cavity pressures and
volumes, and the outputs are probability densities ofmechanicalmaterial parameters,
as illustrated in Fig. 1. The remainder of the paper is organized as follows. In Sect. 2
we describe the Bayesian method for parameter estimation as well as the forward
model of cardiac mechanics. Section3 presents preliminary results, for estimating
passive material parameters based on measurements of cavity pressure and volume.
Finally, we provide some concluding remarks and outline future research directions
in Sect. 4.

2 Models and Methods

As outlined in the introduction, Bayes’ theorem provides a framework for estimat-
ing uncertain parameters based on prior information and observations. The original
formulation of the theorem is in terms of point probabilities given by

P(A|B) = P(B|A)P(A)

P(B)
. (1)

Here, P(A|B) is a conditional probability, i.e., the likelihood of event A given an
observation B. Similarly, P(B|A) is the likelihood of observation B given that A is
true, P(A) is the prior probability of A, and P(B) is the probability of observing
B, often referred to as the marginal likelihood of B. For parameter estimation and
uncertainty quantification it is convenient to formulate Bayes’ theorem in terms of
PDFs (Shao 2003; Keener 2010). For a given vector of model parameters m and
observation yobs, we have

ρpost(m|yobs) = ρpri(m) × ρlik(yobs|m)

ρ(yobs)
, (2)
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where ρpost(m|yobs) is the posterior probability density ofm given yobs, ρlik(yobs|m)

is the likelihood of observing yobs givenm, ρpri(m) is the prior probability ofm, and
ρ(yobs) is the marginal likelihood of the observation. Since the marginal likelihood
is simply a scaling factor which turns the posterior probability into a proper PDF, it
is often omitted from the theorem formulation, i.e.

ρpost(m|yobs) ∝ ρpri(m) × ρlik(yobs|m). (3)

This version simply states that the posterior probability is proportional to the product
of the prior probability density, containing prior information and beliefs about m,
and the likelihood.

Based on Eq. (3), the inverse problem of identifying parametersm can be stated as
a problem of statistical inference over the space of uncertain parameters, which have
to be inferred from the data and a mathematical model. In the most general form,
the mathematical model is characterized by a deterministic operator f : H → R

q ,
which predicts observables yobs ∈ R

q corresponding to a given parameter m ∈ H ,
for a suitable function space H . For the specific case of passive cardiac mechanics,
considered below, the mathematical model computes left ventricular cavity volumes
resulting from specific choices of material parameters.

The resulting solution to the statistical inverse problem is a posterior distribution,
which combines our prior beliefs aboutm, represented byρpri(m), with the likelihood
ρlik(yobs|m) that a given vector m might have produce the observations yobs.

2.1 The Cardiac Mechanics Model

To explore the properties of the Bayesian approach in cardiac mechanics, we will
consider a simple mechanics model describing passive inflation of the left ventricle,
which is formulated as a quasi-static and pressure-loaded mechanical equilibrium
problem. For a domain H representing the left ventricle, as illustrated in Fig. 1, we
want to find the displacement u : H → R

3 such that

∇ · (FS) = 0 in H, (4)

where F is the deformation gradient, i.e., F = ∇u + I, and S is the second Piola-
Kirchhoff stress tensor. The outer surface of the ventricle (epicardium) is assumed
to be unloaded, the inner surface (endocardium) is subject to a time varying pressure
load, specified below, while the basal plane is subject to a Robin boundary condition
(linear spring); see, e.g., Finsberg et al. (2017) for details about themechanics model.

The passivemechanical response of the tissuewas described using a purely incom-
pressible and transversely isotropic version of the Holzapfel-Ogden material model
(Holzapfel and Ogden 2009), with an isochoric strain-energy function given by
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Table 1 Pressure- and volume data used for the parameter estimation. The unloaded volume
(p = 0kPa) represents the undeformed reference state of the finite element model. The three other
pressure-volume pairs are used in the parameter fitting. Right: Parameter values found by the
deterministic parameter estimation. The parameter a was fitted to minimize the mismatch between
computed and observed cavity volumes, while keeping the other parameters constant

Pressure (kPa) Volume (ml) Parameter Value

0 78.49 a 0.61kPa

0.533 123.4 b 5.0

1.06 138.8 af 2.581kPa

1.60 148.7 bf 5.0

�(Ce) = a

2b

(
exp

[
b(I E

1 − 3) − 1
]) + af

2bf

(
exp

[
bf(I E

4f0 − 1)2 − 1
])

, (5)

where a, b, af , bf are material constants and I E
1 , I E

4f0 are reduced (pseudo-)invariants
that are defined as

I E
1 = trCe, I E

4f0 = f0 · (Cef0), (6)

whereCe = J−2/3
e Ce is the volume preserving contribution to the elastic component

of the right Cauchy-Green tensor Ce = FT
eFe, and Je = det (Fe) > 0 is the elastic

volumetric deformation.
In Finsberg et al. (2017), good agreement with recorded pressure-volume data

was obtained by fitting the parameter a in Eq. (5) to minimize the misfit between
the observation and the model, keeping all other parameters fixed at values reported
in the literature. In the present study we will solve a similar inverse problem within
the Bayesian framework, to explore the potential of the methodology and estimate
the uncertainty in the material parameters arising from measurement uncertainty.
In addition to fitting the single parameter a, we will simultaneously fit a and af , to
explore the possibility of uniquely determining several parameters based on pressure-
volume data.

The left ventricular domain outlined above was represented by a tetrahedral finite
elementmesh constructed from triangulated segmented surfaces of the endo- and epi-
cardium corresponding to the frame at the beginning of atrial systole, as illustrated
in Fig. 1. Myocardial fiber orientations were assigned with the algorithm from Bayer
et al. (2012), with endo- and epicardial helix angles set to 60◦ and −60◦, respec-
tively. The equilibrium problem (4) was discretized and solved using a Galerkin
finite element method with Taylor-Hood elements, i.e., using piecewise quadratic
basis functions for the displacement and piecewise linear for the pressure. The solver
was implemented in the finite element framework FEniCS (Logg et al. 2012); see,
e.g., Finsberg et al. (2017) for more details on the model formulation. Three sepa-
rate pressure-volume measurements were recorded and used as observations in the
parameter fitting, with values specified in the left panel of Table1. The approach in
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Fig. 2 Data used for parameter estimation. The left panel shows the standard presentation, with
pressure as function of volume, while the right panel shows volume as function of input pressure.
The latter presentation is used in the parameter estimation, with pressure being a known input and
volume assumed to be an measurement with 10% noise

Finsberg et al. (2017) was used to fit the parameter a, holding all other parameters
fixed. The resulting parameter values are given in the right panel of Table1, and a
comparison of model results with the data is given in Fig. 2. The left panel shows the
pressure as function of volume, which is the usual way to display cardiac pressure-
volume data. The right panel shows the cavity volume as a function of pressure,
which is how the data will be used in the inverse modeling, since we treat pressure
as a given input and volume as the output of the model.

2.2 Bayesian Inference in Passive Cardiac Mechanics

To formulate the cardiacmechanics problem in the Bayesian framework, we describe
the forward model as an abstract mathematical model linking parameter values m
with observations yobs:

f (m) = yobs. (7)

The observations will be cavity volume measurements for given pressures, while the
uncertain parameter vector m corresponds to the material parameters of the model.
As noted above, we will either consider m to be a single, scalar parameter, a in the
model above, or the pair of parameters a, af . We assume that the uncertainty in the
measurements yobs can be modeled by an additive Gaussian noise model, i.e.

yobs = f (m) + ε , with ε ∼ N (0, �noise), (8)

where ε ∈ R
q is a random variable representing the noise, and �noise ∈ R

q the noise
covariance matrix. Since in our particular case yobs is a scalar, the measurement
errors are normally distributed with zero mean and a noise equal to σ 2

noise. The noise
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is assumed to result from a combination of measurement errors in the pressure and
volume data.

Aswe have assumed that observational uncertainty is centered, additive andGaus-
sian, Eq. (8), we can express the likelihood model as in Petra et al. (2014):

ρlik(yobs|m) ∝ exp

[
−1

2
( f (m) − yobs)

T �−1
noise( f (m) − yobs)

]
. (9)

Again, in the particular case of only one unknown observed variable, the likelihood
in Eq. (9) becomes

ρlik(yobs|m) ∝ exp

[
−| f (m) − yobs|2

2σ 2
noise

]
. (10)

In addition to the likelihood, the prior distribution is of utmost practical impor-
tance in Bayesian inference, and the most controversial aspect. The prior allows one
to incorporate qualitative and quantitative information other than the data. Beyond
physical constrains, the information included in the prior may come from hetero-
geneous sources such as expert knowledge, previous experiments and published
literature. Usually, candidate priors are chosen from well known families of distri-
butions such as uniform (bounded from above and below), Gaussian (unbounded
parameters), log-normal, or gamma distributions (strictly positive). In the present
study we will use uniform priors, assuming no prior knowledge on the parameters
except that they are bounded from above and below:

ρuniform
prior (m) =

⎧
⎨

⎩

1

bhigh − blow
, for blow < m < bhigh,

0, otherwise.
(11)

2.2.1 Repeated Applications of Bayes’ Theorem

If we have multiple observations, these can be combined into a single, multi-variate
likelihood functions as indicated above. However, if the observations are indepen-
dent, we may also apply Eq. (3) repeatedly, using the posterior distribution from one
observation as the prior for the next. For instance, for the case considered here, we
may have measurements of the left ventricular volume for multiple input pressure.
With the noise model in Eq. (8), these may be viewed as independent uncertain
variables, and we can apply Bayes’ theorem repeatedly to improve the accuracy of
the parameter estimates. For real-world applications, the volume measurements are
typically based on segmentation of medical images, which is usually a semi-manual
process that is likely contain systematic and operator-dependent errors. In this case
the assumption of independent observations is not strictly correct, and it may be
appropriate to include other contributions to the measurement error in addition to the
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Gaussian noise in Eq. (8). For simplicity, and to to explore the potential effect of using
repeated independent measurements, we will here treat the volume observations as
completely independent.

2.2.2 Computing and Characterizing the Posterior PDFs

As noted in the introduction, the main challenge in Bayesian inference is that we
need to characterize the posterior PDF by sampling the parameter space. Accurately
characterizing a multi-dimensional PDF typically requires a large number of param-
eters, and the resulting computational load may be substantial. In the present work
we limit the number of simultaneously varying parameters to one or two, which
significantly reduces the number of samples required, but each sample involves the
evaluation of the forward model, which involves solving the finite element model of
cardiac mechanics. The computational load may therefore be significant even if we
limit the parameter samples to a few hundred.

The standardmethods to sample the parameter space and characterize the posterior
are the Markov-Chain Monte Carlo (MCMC) methods, see, e.g., Gilks et al. (1995),
which come in numerous versions using a variety of different sampling methods.
The methods produce a chain of parameter samples concentrated on the highest-
probability regions of the PDF, in order to accurately characterize the posterior with
a minimal number of samples. Although considered the state of the art in terms of
efficiency and robustness, performance of the MCMCmethods depends on a careful
choice of several method parameters (Gilks et al. 1995). In the present work we are
primarily interested in visualizing and characterizing the posterior PDFs, and not
necessarily draw large numbers of samples for use in Monte-Carlo simulations or
similar methods. We have therefore adopted a simpler approach, since we are only
interested in visualizing and describing the posterior PDFs, where we uniformly
sample the entire parameter space with no consideration of the expected posterior
probability. Since we assume uniform and bounded priors for the parameters, we
simply draw uniform (non-random) samples from the non-zero part of the prior
distribution. For each parameter sample, say ai , we compute the resulting cavity
volume Vcomp, and uses the difference Vcomp − Vobs and the likelihood to calculate
the point probability P(Vobs|ai ). The posterior PDF is then computed by combining
and normalizing these point probabilities.

3 Results

TheBayesian framework outlined abovewasfirst applied to the problemof inferring a
singlematerial parameter from the uncertainmeasurements. Inspired by the approach
in Finsberg et al. (2017), we focused on the parameter a, keeping all other parameters
fixed. We applied a uniform prior given by Eq. (11), with blow = 0.05 and bhigh =
2.0. The likelihood was given by Eq. (10), with yobs equal to the observed cavity
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Fig. 3 Initial results of the Bayesian inference. The left panel shows the uniform prior and the
three posteriors resulting from treating the pressure-volume observations separately. The right panel
shows the result of repeated applications of Bayes’ theorem, where the posterior from one obser-
vation is used as the prior for the next

volumes specified in Table1, and 10% noise (σnoise = 0.1yobs). For the initial test we
treated the three pressure-volume observations separately, all with the same uniform
prior, which yielded the three posteriors shown in the left panel of Fig. 3. We see
that all three distributions are slightly skewed, and the peaks are close to the value
a = 0.61kPa predicted by the deterministic solutionmethod. The right panel of Fig. 3
shows the results of repeated applications of Bayes’ theorem, assuming that the three
observations are independent. As expected, the uncertainty of the parameter estimate
is reduced when more observations are included. The peak value of the final PDF is
0.60, which is close to the result of the deterministic method.

The fact that we could accurately reproduce the pressure-volume curve by fitting a
single parameter indicates that it is not possible to uniquely determinemultiple mate-
rial parameters on the basis of pressure-volume data alone. The Bayesian approach
outlined here offers the opportunity to explore this non-uniqueness in more detail,
and we have performed initial experiments to simultaneously infer the two param-
eters a and af . The results are shown in Fig. 4. As for the one-dimensional case
we observe that repeated application of all three volume observations, shown in the
lower right panel, reduces the variance of the resulting PDF. However, the PDFs also
clearly illustrate the problem of non-uniqueness in the estimated parameters, as there
appears to be a ‘band’ of a, af pairs with very similar posterior probability. Using
all three observations may reduce the width of this band, but it is clearly still there.
The results in the two-dimensional case are also general less consistent than in the
single-parameter experiment, which could be due to under-sampling or not properly
spanning the parameter space. For instance, the peak of the PDF varies significantly
between the observations, with peak a = 0.535, af = 2.375 for the first observa-
tion, a = 0.39, af = 4.25 for the second, a = 0.825, af = 1.625 for the third, and
a = 0.97, af = 0.5 when combining all three. The value af = 0.5 was the chosen
lower boundary for our prior distribution, which indicates that a longer interval for
the prior would be appropriate.
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Fig. 4 Preliminary results from the 2D Bayesian inference, showing the posterior PDFs for the
parameter pair a, af . The lower right panel shows the result of repeatedly applying Bayes’ theorem
for all three volume observations, while the other three panels result from using a single observation

4 Concluding Remarks

In this chapter we have presented aBayesian approach for estimatingmaterial param-
eters in a model of passive cardiac mechanics. The results are in agreement with pre-
vious results of Finsberg et al. (2017),which solved the parameter estimation problem
as a deterministic optimization problem. The method presented here is based on uni-
form (i.e., ‘brute force’) sampling of the parameter space, and the computational cost
is considerably higher than that of the deterministic approach. However, the method
also offers additional into the uncertainty of the obtained parameter values, which
in turn can provide valuable input to uncertainty quantification methods for output
quantities.

Although the initial results are promising and indicate the added value offered
by the Bayesian approach, the present study has several limitations that should be
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addressed in future works. First, the simple assumption of 10% noise in the mea-
surements should be replaced by more realistic values based on the characteristics of
pressure- and volume measurements. The resulting errors are likely to contain both
noise and systematic components, and therefore not be completely independent, and
may require an extension of the proposed algorithm. However, such a study would
likely be the first attempt at quantifying uncertainty in material parameters based on
actual measurement uncertainty. Furthermore, the sampling performed here is very
coarse, in particular for the two-parameter case, and the analysis of the resulting
PDFs is quite limited. A more detailed analysis of the statistical properties of the
PDFs, possibly including even more simultaneous parameters, is a natural next step.
Finally, combining the results of such studies with forward uncertainty propagation
analysis will give additional insight into the uncertainty of material parameters and
their impact on output quantities of interest.

References

Aster, R.C., Borchers, B., Thurber, C.H.: Parameter Estimation and Inverse Problems, 2nd edn.
Academic Press, Boston (2012)

Balaban, G., Finsberg, H., Odland, H.H., Rognes, M.E., Ross, S., Sundnes, J., Wall, S.: High-
resolution data assimilation of cardiac mechanics applied to a dyssynchronous ventricle. Int. J.
Numer. Methods Biomed. Eng. 33, e2863 (2017)

Bayer, J.D., Blake, R.C., Plank, G., Trayanova, N.A.: A novel rule-based algorithm for assigning
myocardial fiber orientation to computational heart models. Ann. Biomed. Eng. 40, 2243–2254
(2012)

Campos, J.O., Sundnes, J., dos Santos, R.W., Rocha, B.M.: Effects of left ventricle wall thickness
uncertainties on cardiac mechanics. Biomech. Model. Mechanobiol. 18, 1415–1427 (2019)

Eck, V.G., Donders, W.P., Sturdy, J., Feinberg, J., Delhaas, T., Hellevik, L.R., Huberts, W.: A guide
to uncertainty quantification and sensitivity analysis for cardiovascular applications. J. Num.
Methods Biomed. Eng. 32, e02755 (2016)

Finsberg, H., Balaban, G., Ross, S., Håland, T.F., Odland, H.H., Sundnes, J., Wall, S.: Estimating
cardiac contraction through high resolution data assimilation of a personalizedmechanicalmodel.
J. Comput. Sci. 24, 85–90 (2017)

Gilks, W., Richardson, S., Spiegelhalter, D.: Markov Chain Monte Carlo in Practice. Chapman &
Hall/CRC Interdisciplinary Statistics. Taylor & Francis (1995)

Holzapfel, G.A., Ogden, R.W.: Constitutive modelling of passive myocardium: a structurally based
framework for material characterization. Philos. Trans. A Math. Phys. Eng. Sci. 367, 3445–3475
(2009)

Kallhovd, S., Sundnes, J., Wall, S.: Sensitivity of stress and strain calculations to passive material
parameters in cardiacmechanicalmodels usingunloadedgeometries.Comput.MethodsBiomech.
Biomed. Eng. 22, 664–675 (2019)

Keener, R.: Theoretical Statistics: Topics for a Core Course. Springer Texts in Statistics, Springer,
New York (2010)

Logg, A., Mardal, K.A., Wells, G. (eds.): Automated Solution of Differential Equations by the
Finite Element Method: The FEniCS Book, vol. 84. Springer (2012)

Petra, N., Martin, J., Stadler, G., Ghattas, O.: A computational framework for infinite-dimensional
bayesian inverse problems, part II: stochastic newton MCMC with application to ice sheet flow
inverse problems. SIAM J. Sci. Comput. 36, A1525–A1555 (2014)



256 J. Sundnes and R. Rodríguez-Cantano

Rodríguez-Cantano, R., Sundnes, J., Rognes, M.E.: Uncertainty in cardiac myofiber orientation and
stiffnesses dominate the variability of left ventricle deformation response. Int. J. Numer. Methods
Biomed. Eng. 35, e3178 (2019)

Shao, J.: Mathematical Statistics. Springer Texts in Statistics. Springer (2003)
Stuart, A.M.: Inverse problems: a Bayesian perspective. Acta Numer. 19, 451–559 (2010)
Tarantola, A.: Inverse Problem Theory and Methods for Model Parameter Estimation. Society for
Industrial and Applied Mathematics SIAM (2005)

Xi, J., Lamata, P., Niederer, S., Land, S., Shi, W., Zhuang, X., Ourselin, S., Duckett, S.G., Shetty,
A.K., Rinaldi, C.A., Rueckert, D., Razavi, R., Smith, N.P.: The estimation of patient-specific
cardiac diastolic functions from clinical measurements. Med. Image Anal. 17, 133–146 (2013)



Computational Finite Strain Orthotropic
Viscoelasticity of Human Passive
Myocardium

Osman Gültekin and Hüsnü Dal

My first face-to-face meeting with Prof. Gerhard A. Holzapfel on
a not surprisingly cold February in the old building in
Kronesgasse was probably the starting point of a fruitful and
inspiring collaboration to which the papers we have pulled off
together surely attest. As my supervisor, his unconditional
support in every matter, meticulous approach at every stage in
scientific work, his enthusiasm for mechanics have always been
influential on me. One of the memories that stick to my mind was
the one we had when there was a fire drill at the department
building, and everybody was outside, waiting for the drill to end,
while we saw it not as an excuse and found a decent corner at
the nearest Tribeka (a coffee house), where we continued to
revise our paper ‘On the quasi-incompressible finite element
analysis of anisotropic hyperelastic materials’, which was
accompanied by two cups of ‘Verlängerter’. Who knows, one day
we may sit around a table again and work on a research article
while enjoying several glasses of freshly brewed Turkish tea.
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remarkable impressions I had about Gerhard Holzapfel are his
unending enthusiasm for research, his kind and persuasive voice,
and the expressions of joy that I grasped on his face during our
scientific discussions. As timepassed,GerhardHolzapfel has been
among the most inspiring figures in my academic career.

Hüsnü

Abstract This study presents the theoretical and modeling aspects of the two
recently published orthotropic viscoelastic constitutive frameworks by Cansız et al.
(Comput. Methods Biomech. Biomed. Eng. 18: 1160–1172, 2015) and Gültekin et
al. (Comput.Methods Biomech. Biomed. Eng. 19: 1647–1664, 2016). Recent revela-
tions clearly predicate the viscoelastic response of the human passive myocardium in
terms of stress hysteresis and relaxation. The first contribution establishes a canonical
representation, formulates a rheological model with Maxwell elements considered
along fiber, sheet, and normal directions in the logarithmic strain space. The second
contribution presents a convolution-type evolution of the viscous stresses, which are
incorporated in a rheological model with Maxwell elements featuring matrix, fiber,
sheet, and fiber-sheet terms akin to the hyperelastic contributions. In the sequel, we
address the performance of bothmodels by fitting them to cyclic and stress relaxation
test data obtained from triaxial shear tests on human passive myocardium.

1 Introduction

Being an electro-mechanical pump, the heart plays an indispensable role in human
life, as revealed by the share of cardiovascular diseases in the number of deaths
globally. According to the Global Burden of Disease study (2020) on the causes of
deaths, an estimated 18.6 million people died from cardiovascular diseases (CVDs)
in 2019, representing 32.8% of all global deaths. Such a figure leaves no room
for doubt on the priority of the medical treatment of CVDs, which in turn entails
a thorough understanding of the biomechanics and mechanobiology of the human
heart. Therefore, electro-mechanical investigations supported by predictive consti-
tutive models are crucial in replacing the empirical approaches common in clinics
(Dal et al. 2013). Experiments conducted by Lecarpentier et al. (1985) showed that
muscle force reaches its peak point before the sarcomere is fully shortened, and sar-
comere lengthening lasts longer after the muscle force returns to the preload level
under isometric loading conditions. Furthermore, the isotonic test revealed the rela-
tion between afterload magnitude and time to peak velocity of muscle lengthening.
Both of these peculiarities, which cannot be explained by elasticity, are attributed to
viscosity. Additionally, viscoelasticity manifests itself in terms of hysteresis in the
stress-strain curves of in vitro experiments. A canonical formulation for the electro-
visco-elasticity of heart tissue has been recently proposed in terms of a modified Hill
model (Cansiz et al. 2017). Moreover, finite element analysis based on bidomain
models of cardiac electromechanics clearly demonstrates that viscosity significantly
alters the fibrillation patterns observed in the myocardium (Cansiz et al. 2018).
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1.1 Histological and Structural Features of Human Passive
Myocardium

The human heart is regarded as a helical network of cardiac muscle fibers structured
in laminar sheets. The pumping of the blood circulating in the body is conducted
with the help of four chambers, i.e. the left and right atria and ventricles. The right
ventricle (RV) pumps the venous blood into the pulmonary circulation while the left
ventricle (LV) pumps the arterial blood to the systemic circulation. The high blood
pressure in the LV is resisted by its relatively thicker wall compared to the RV.

The ventricular wall comprises three layers: the innermost endocardium, the mid-
dlemyocardium, and the outermost epicardium. The epicardiumand the endocardium
are largely made of elastin and epimysial collagen, whereas the myocardium is com-
posed of laminae of parallel myocytes involving endomysial and perimysial collagen
and accordingly form a locally orthotropic structure with three distinct material axes
(Humphrey 2002; Holzapfel and Ogden 2009).

Myocytes in muscle fibers are aligned across the wall that they course a right-
handedhelical pattern from the endocardium towards themid-wall,while they change
their course to form a left-handed helix between the mid-wall and the epicardium
(Streeter Jr. et al. 1969; Sands et al. 2005, 2008). Besides, the laminae of fiber bundles,
also called sheets, show similar transmural variations, see Sands et al. (2008) and
LeGrice et al. (1995). In a recent study, Rohmer et al. (2007) visualized human heart
samples and found out that the orientations of fibers and sheets differ in regard to
the sub-locations in the LV, namely the anterior, posterior, lateral, and septal walls.
Studies on animal samples are abundant, addressing the dispersion of both fiber and
sheet arrangements in the heart, see Karlon et al. (1998), Usyk et al. (2001), and
Strijkers et al. (2009). A more recent study by Sommer et al. (2015) shed light on the
phenomena which quantitatively measures the in-plane and out-of-plane dispersions
from mean fiber and sheet orientations for samples taken from human myocardium.

1.2 Mechanical Features of Human Passive Myocardium

The myocardial tissue is considered to exhibit incompressible material behavior
under mechanical loading. The myocytes are particularly responsible for the active
contraction of the heart, whereas the endomysial and perimysial collagen appear
as the primary structural elements of the extracellular matrix, engendering passive
mechanical response. The tissue features a locally orthotropic structure due to the
specific arrangement of the endomysial and perimysial collagen in laminar sheets.
The corresponding highly nonlinear orthotropic material behavior was observed in
Dokos et al. (2002) and Sommer et al. (2015) via simple shear tests, i.e. the tested
six simple shear modes yielded six distinct mechanical responses.

While the perimysial collagen network, essentially made of type I collagen
(high strength), sits on the cleavage planes and connects the contiguous lamina,
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Fig. 1 Schematic diagram
of a human left ventricle and
the idealized orthotropic
structure with its
orthonormal basis vectors
f0, s0, and n0 = s0 × f0,
defined by the endomysial
and perimysial collagen, and
the normal to cleavage
planes, respectively

the endomysial fibers, mainly consisting of Type III collagen (highly deformable),
are woven around the long axes of the myocytes, see Rohmer et al. (2007) and ref-
erences therein. Given the idealized laminar organization of the myocardial tissue,
the orthotropic material behavior is characterized by three orthonormal basis vec-
tors: fiber f 0, sheet s0, and normal n0, as illustrated in Fig. 1. The myocardial tissue
has long been considered as a nonlinear hyperelastic material due to the lack of
experimental evidence for its viscoelasticity. The first tangible evidence came from
an experimental study on explanted pig hearts in Dokos et al. (2002). Hystereses
observed in all shear modes for cyclic triaxial shear tests along with the stress relax-
ation during step tests indicated the viscoelastic features of the myocardium under
shear deformation. Recently, a more affirmative investigation was conducted on the
human myocardium in Sommer et al. (2015), where the viscoelastic mechanical
response manifests itself in both biaxial and shear experiments with various stretch
amplitudes. In addition, stress relaxation for biaxial extension and triaxial shear tests
was addressed in that study.

The viscoelastic response of the passive myocardium is attributed to the extra-
cellular fluid filtrating through the elastic body, see Tsaturyan et al. (1984) and Yao
et al. (2012). Since the myocardial active behavior has negligible effects on the stress
relaxation phenomenon, a purely passive process sounds logical. The extracellular
matrix components proteoglycans, which regulate the fluid flow in and out of the
articular cartilage, are probably responsible for the viscous flow in the myocardium,
although ample evidence is yet to be found (Fomovsky et al. 2010).

1.3 Hyperelastic Modeling of Human Passive Myocardium

The directional dependence of the mechanical behavior of the myocardial tissue has
been gradually phased in over the years, beginning with the isotropicmodels, see for
instance Demiray (1972), continuing with the transversely isotropic models based
on invariants, e.g., Humphrey et al. (1990), and on the Green-Lagrangian strain ten-
sor, e.g., Guccione et al. (1991). Later, orthotropic models were proposed, see, e.g.,
Nash and Hunter (2000), Costa et al. (2001), and Schmid et al. (2006), in terms of a
modified Fung-type model (Fung 1993). Nevertheless, the afore-stated models lack
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either the micro-mechanical motivation or the property to be polyconvex, a desirable
aspect in the sense of the stability during finite element analyses. The model sug-
gested by Holzapfel and Ogden (2009) is, however, an incompressible, thick-walled,
orthotropic, polyconvex, and amicro-structurallymotivated hyperelastic constitutive
model for the passive myocardium based on invariants. The numerical performance
of the model was addressed among others by, e.g., Göktepe et al. (2011). Afterwards,
the dispersion in the collagen orientationwas incorporated into thatmodel inEriksson
et al. (2013). In addition, Bischoff et al. (2002) proposed another microstructurally-
based finite hyperelastic model for a general class of polymeric materials.

1.4 Viscoelastic Modeling of Human Passive Myocardium

The earliest endeavor to model the viscoelasticity of myocardial tissue was eluci-
dated in Löffler and Sagawa (1975), where a one-dimensional viscoelastic model
accounts for both passive and active responses of the tissue. This model considers
Maxwell elements for the passive branch, whereas either a Maxwell or a Voigt ele-
ment describes the active branch. Later on, biphasic (fluid and solid) viscoelastic
material laws were established for the passive myocardium that account for the pos-
sible effects of the extracellular fluid on the viscous properties. First of all, Yang and
Taber (1991) proposed an isotropic biphasic model which was followed by trans-
versely isotropic laws (Huyghe et al. 1991, 1992) based on the quasi-linear approach
of Fung (1993), where the evolution of stresses is represented by convolution inte-
grals. This model regards the elastic response as transversely isotropic, while the
relaxation function reflects isotropy.

More descriptive finite strain linear anisotropic viscoelastic models were devel-
oped in Kaliske (2000), Holzapfel and Gasser (2001), and Holzapfel et al. (2002),
where the stress update algorithm is obtained by means of the convolution integral
representation. The evolution equations are ultimately motivated by a rheological
analog, see Simo (1987) and Holzapfel (1996). Nonetheless, they provide inade-
quate validity from the perspective of material characterization.

The most recent orthotropic viscoelastic models on the passive myocardium were
documented in Cansız et al. (2015) and Gültekin et al. (2016). The former adopts the
hyperelastic model given in Holzapfel and Ogden (2009) and uses one-dimensional
Maxwell-type rheological structures in the logarithmic strain space in f 0, s0, and n0

directions for the viscous response. The predictive capability of the model is tested
against the shear data obtained from the passive ventricular myocardium of pig hearts
(Dokos et al. 2002). However, the latter features amore realistic baseline hyperelastic
response as proposed in Eriksson et al. (2013) for the hyperelastic response, while the
non-equilibrium (viscous) response is governed by stress evolution equations derived
from the three-dimensional analogy of the generalized Maxwell model (Holzapfel
1996). Therein, each Maxwell element corresponds to a distinct response reflected
by a specific invariant in the free-energy function, namely matrix, fiber, sheet, and
relative shear between fiber and sheet. The performance of the model is assessed
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in accordance with the biaxial and triaxial shear test data in Sommer et al. (2015)
obtained from human myocardium reflecting the stress hystereses along with the
stress relaxation responses.

1.5 Scope of the Work

In this work, our aim is to assess the modeling capacity of the recently pro-
posed orthotropic viscoelastic formulations, i.e. Cansız et al. (2015) and Gültekin
et al. (2016), by comparing their respective fits against the triaxial shear test data
documented in Sommer et al. (2015) on human passive myocardium. To this end, the
baseline hyperelastic response of the tissue needs to be identical for both models, and
therefore described by Eriksson et al. (2013), which takes into account the dispersion
of fiber and sheet orientations from their mean directions.

The quasi-incompressible response of the myocardium is accounted for by the
multiplicative decomposition of the deformation gradient into volumetric and iso-
choric parts in the sense of Flory (1961). This leads to the additive split of the
Helmholtz free-energy function into equilibrium (hyperelastic) and non-equilibrium
(viscous) contributions.Herein, it is assumed that the viscous contributions are purely
volume-preserving.

The present chapter is organized as follows. In Sect. 2, we outline the general
finite strain viscoelastic continuum body framework that applies to both models with
an emphasis given to the Lagrangian configuration. Section3 deals with the specific
hyperelastic contribution due to the free-energy function and the stress and moduli
expressions thereof. Section4 is devoted to the distinct non-equilibrium responses
of Cansız et al. (2015) and Gültekin et al. (2016), their corresponding evolution of
stresses together with the algorithmic viscous tangent moduli. In the sequel, Sect. 5
is concerned with the elastic and viscous parameter estimations in accordance with
the experimental data published in Sommer et al. (2015). Section6 concludes the
chapter.

2 Continuum Mechanics for Viscoelastic Passive
Myocardium

In this section, we introduce the necessary kinematics of finite deformation and
propose a general framework of viscoelasticity for human passive myocardium for-
mulated in the Lagrangian description.
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2.1 Kinematics of Finite Deformation for Myocardium

The mechanical response of a viscoelastic body is assumed to be described by
two independent sets of field variables, State(X, t) := {ϕ(X, t),I(X, t)}, where
the deformation map ϕ(X, t) represents the nonlinear deformation field that trans-
forms the material points X ∈ Sym[B] at time t0 ∈ Sym[T ] ⊂ R+ onto spatial
points x = ϕt (X) ∈ Sym[S] at time t ∈ Sym[T ] ⊂ R+, which is also called the
current/Eulerian configuration of the material points. The internal field variables
I(X, t), however, describe the time-dependent dissipative material response. Next,
the deformation gradient F = ∇Xϕt (X) maps the tangents of material curves onto
those of spatial ones. We hereinafter follow Flory (1961) and use the multiplica-
tive decomposition of the deformation gradient, i.e. F = FvolF, into volumetric
(spherical) Fvol and isochoric (distortional) F parts such that

Fvol = J 1/31 and F = J−1/3F, (1)

where J = det F > 0 is the volume ratio. The incompressibility condition is satis-
fied for J = det Fvol = 1. Therein, 1 indicates the second-order identity tensor. In
addition, we introduce the right Cauchy-Green tensor and its unimodular counterpart

C = FTF and C = F
T
F, (2)

respectively. The invariant theory of hyperelasticity based on the material objectiv-
ity and the principle of material frame invariance demands the following isotropic
invariants

Ī1 = trC, Ī2 = 1

2

[
(trC)2 − tr(C

2
)
]
, and Ī3 = detC = 1, (3)

for the description of the ground matrix response (Holzapfel 2000). The orthotropic
material behavior is characterized by three orthonormal basis vectors: fiber f 0, sheet
s0, and normal n0 as indicated in Fig. 1. The associated unimodular invariants can
be expressed as

Ī4f = f0 · C f0, Ī4s = s0 · Cs0, Ī4n = n0 · Cn0,

Ī5f = f0 · C2
f0, Ī5s = s0 · C2

s0, Ī5n = n0 · C2
n0,

Ī8fs = f0 · Cs0, Ī8fn = f0 · Cn0, Ī8sn = s0 · Cn0.

(4)

The unimodular invariants Ī4f and Ī4s need to be modified in order to account for
the dispersion of collagen orientations along the f 0 and s0 direction, a common
phenomenon for a diseased myocardium. According to Eriksson et al. (2013), κf and
κs are the two introduced scalar structural parameters representing fiber and sheet
distributions, respectively. As a result, the modified unimodular fourth-invariants
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have the following form

Ī ∗
4f = κf Ī1 + (1 − 3κf) Ī4f and Ī ∗

4s = κs Ī1 + (1 − 3κs) Ī4s, (5)

where κi ∈ [0, 1/3], i ∈ {f, s}. For κi = 0, the fibers are perfectly aligned, i.e. Ī4f
or Ī4s is recovered. On the other hand, isotropy is recovered for κi = 1/3. Let the
respective structure tensors have the following form,

Hf = f0 ⊗ f0, Hs = s0 ⊗ s0, Hn = n0 ⊗ n0,

Hfs = sym( f0 ⊗ s0), Hfn = sym( f0 ⊗ n0), Hsn = sym(s0 ⊗ n0),
(6)

along with the modified structure tensors, i.e.

H∗
f = κf1 + (1 − 3κf) f0 ⊗ f0 and H∗

s = κs1 + (1 − 3κs)s0 ⊗ s0. (7)

Note that Eqs. (6) and (7) are double-contracted with the unimodular part of the
Cauchy-Green tensor C yielding the corresponding invariants given in Eqs. (4) and
(5), respectively. For the description of the canonical viscous material response in
Sect. 4.2, the following logarithmic strains are introduced

εf := 1

2
ln(

√
Ī4f), εs := 1

2
ln(

√
Ī4s), εn := 1

2
ln(

√
Ī4n), (8)

in the sense of Miehe and Göktepe (2005) and Cansız et al. (2015). The specific
choice gives rise to the strain-like internal variables that are I(X, t) = {αf , αs, αn}
for the canonical representation, whereas there is no specific form required for the
convolutional representation, see Sect. 4.1.

2.2 General Continuum Framework of Orthotropic
Viscoelasticity

The local balance of the linear and angularmomentum serve as basic sets of equations
in continuum mechanics to set up the quasi-static equilibrium

DIV (FS) + ρ0γ = 0, S = ST, (9)

where S is the second Piola-Kirchhoff stress tensor and ρ0γ is the body force per
unit volume in the reference configuration. Next, we define the Clausius-Planck
inequality for an isothermal process, i.e.

Dloc := 1

2
S : Ċ − �̇ ≥ 0, (10)
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fromwhich the stress response can readily be derived, see Holzapfel (2000). Therein,
Dloc and �̇ stand for the local part of the dissipation and the temporal evolution of
the free-energy function. In the sequel, the free-energy for a dissipative material is
defined in an additively split form characterizing the volumetric and isochoric parts,

� := �̂(C,H;I) = �̂vol(J ) + ˆ̄�(C,H;I), (11)

for which the structure tensors and internal variables entering the sets H and I are
determined both in Sect. 3 and Sect. 4, respectively. Substitution of the material time
derivative of Eq. (11) into Eq. (10) leads to

Dloc := (S − 2∂C�) : Ċ/2 − ∂I� : İ ≥ 0. (12)

The Coleman-Noll exploitation, see Coleman and Gurtin (1967), of Eq. (12) implies
the particular form for the constitutive equations, i.e.

S = 2∂C� = 2∂C�̂(C,H;I) and β := −∂I� = −∂I�̂(C,H;I), (13)

where β designates per definition the internal force, which can also be regarded as
the viscous overstress. Then, the reduced dissipation inequality reads

Dred
loc := β : İ ≥ 0. (14)

Note that this constraint must be satisfied by choosing thermodynamically consistent
evolution equations for the internal variables. The second Piola-Kirchhoff stress
tensor in Eq. (13)1 consists of volumetric and isochoric contributions, according to

S = Svol + Siso, where Svol := 2∂C�̂vol(J ) and Siso := 2∂C ˆ̄�(C,H;I).

(15)
The volumetric part of the second Piola-Kirchhoff stress tensor can be recast into the
following form

Svol = �̂ ′
vol(J )JC−1, where �̂ ′

vol(J ) = ∂J �̂vol(J ). (16)

The isochoric part of the second Piola-Kirchhoff stress tensor can be rewritten as

Siso = S̄ : Q with S̄ := 2 ∂C
ˆ̄�(C,H,I) and Q := ∂CC, (17)

where S̄ is the second Piola-Kirchhoff stress tensor conjugate to the unimodular part
of the right Cauchy-Green tensor C, whereasQ stands for the Lagrangian deviatoric
projection tensor that reads

Q = J−2/3

(
I − 1

3
C ⊗ C−1

)
, where I := 1

2

(
1⊗1 + 1⊗1

)
(18)
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is the fourth-order symmetric identity tensor.1 S̄ is further decomposed into the elastic
(equilibrium) and viscous (non-equilibrium) parts, i.e.

S̄ = S̄
e + S̄

v
. (19)

Accordingly, we can decompose the isochoric free-energy function into the elastic
(equilibrium) and viscous (non-equilibrium) parts as well, i.e.

ˆ̄�(C,H;I) = ˆ̄�e(C,H) + ˆ̄�v(C,H;I). (20)

Then, the elastic (equilibrium) S̄
e
and the viscous (non-equilibrium) S̄

v
parts can be

defined as
S̄
e := 2∂C

ˆ̄�e(C,H) and S̄
v := 2∂C

ˆ̄�v(C,H;I). (21)

Next, we turn our focus on the algorithmic tangent moduli, i.e.

�S := C
algo : 1

2
�C, where C

algo = Cvol + C
algo
iso (22)

with volumetric and isochoric parts. The volumetric part of the tangent moduli result
from the second derivative of the �̂vol(J ) with respect to C,

Cvol := 4 ∂2
CC�̂vol(J ) =

[
J 2�̂ ′′

vol(J ) + J �̂ ′
vol(J )

]
C−1 ⊗ C−1 − 2J IC−1 , (23)

where we have defined �̂ ′′
vol(J ) := ∂2

J J �̂vol(J ). In Eq. (23), IC−1 denotes a geometric
transformation tensor and can be expressed as

IC−1 := 1

2

(
C−1⊗C−1 + C−1⊗C−1

)
. (24)

In what follows, we describe the isochoric part of the algorithmic moduli

C
algo
iso = Q

T : Calgo : Q + 2

3

(
S̄ : C)

PC−1 − 2

3

(
Siso ⊗ C−1 + C−1 ⊗ Siso

)
(25)

along with the definition of the geometric transformation tensor

PC−1 := IC−1 − 1

3
C−1 ⊗ C−1. (26)

Analogous to Eq. (19), the algorithmic tangent conjugate to the unimodular part of
the right Cauchy-Green tensor C in Eq. (25) is also split into elastic (equilibrium)
and viscous (non-equilibrium) parts, i.e.

1 Different dyadic products used in Eqs. (18)2 and (24) are defined as (A⊗B)i jkl = Aik B jl and
(A⊗B)i jkl = Ail B jk .
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C
algo = Ce + C

algo
v , (27)

where the elastic and the algorithmic viscous parts can be delineated as

Ce = 4 ∂2
CC

ˆ̄�e(C,H) and �Sv = C
algo
v : 1

2
�C. (28)

Recall that the closed-form expression for the elastic part of the material tangent can
be obtained from the free-energy function, whereas the viscous part of the tangent
can be derived numerically in a time-discrete setting.

3 Equilibrium Constitutive Relations for Passive
Myocardium

In this section, the volumetric and the isochoric elastic constitutive relations are deter-
mined in accordance with the orthotropic hyperelastic response of human passive
myocardium. The specific form of the volumetric part of the free-energy function is
stated, i.e.

�̂vol(J ) = κ(J − ln J − 1), (29)

enforcing the incompressibility through the bulk modulus κ . The following deriva-
tives of Eq. (29) with respect to the Jacobian J ,

�̂ ′
vol(J ) = κ(1 − 1/J ) and �̂ ′′

vol(J ) = κ(1/J 2), (30)

are substituted in Eqs. (16) and (23) in order to obtain the final expressions for the
volumetric parts of the stress and tangent moduli. The definition of the isochoric
elastic free-energy function in Eq. (20) follows from Eriksson et al. (2013), i.e.

ˆ̄�e(C,H) = a

2b

{
exp[b( Ī1 − 3)] − 1

} +
∑
i=f,s

ai
2bi

{
exp[bi ( Ī ∗

4i − 1)2] − 1
}

+ afs
2bfs

{
exp[bfs Ī 28fs] − 1

}
,

(31)

reflecting ground matrix, fiber, sheet, and fiber-sheet contributions, where a, af , as,
afs denote the stress-like material constants, while b, bf , bs, bfs are dimensionless
constants.Next, the elastic (equilibrium) stress tensor S̄

e
in Eq. (21)1 can be expressed

by

S̄
e = ˆ̄�e

1 1 + ˆ̄�e
4f H

∗
f + ˆ̄�e

4s H
∗
s + ˆ̄�e

8fs Hfs, (32)

where deformation-dependent scalar elastic stress coefficients read
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ˆ̄�e
1 := 2∂ Ī1

ˆ̄�e = a exp[b( Ī1 − 3)],
ˆ̄�e
4f := 2∂ Ī ∗

4f

ˆ̄�e= 2af( Ī ∗
4f − 1) exp[bf( Ī ∗

4f − 1)2],
ˆ̄�e
4s := 2∂ Ī ∗

4s

ˆ̄�e= 2as( Ī ∗
4s − 1) exp[bs( Ī ∗

4s − 1)2],
ˆ̄�e
8fs:= 2∂ Ī8fs

ˆ̄�e= 2afs Ī8fs exp(bfs Ī 28fs).

(33)

In the subsequent treatment, we identify the elastic unimodular part of the tangent
moduli Ce in Eq. (28)1 , i.e.

Ce = ˆ̄�e ′
1 1 ⊗ 1 + ˆ̄�e ′

4f H
∗
f ⊗ H∗

f + ˆ̄�e ′
4s H

∗
s ⊗ H∗

s + ˆ̄�e ′
8fs Hfs ⊗ Hfs. (34)

A closer look into the deformation-dependent scalar elasticmoduli coefficients yields

ˆ̄�e ′
1 := 4∂2

Ī1 Ī1
ˆ̄�e = 2ab exp[b( Ī1 − 3)],

ˆ̄�e ′
4f := 4∂2

Ī ∗
4f Ī

∗
4f

ˆ̄�e = 4af [1 + 2bf( Ī ∗
4f − 1)2] exp[bf( Ī ∗

4f − 1)2],
ˆ̄�e ′
4s := 4∂2

Ī ∗
4s Ī

∗
4s

ˆ̄�e = 4as[1 + 2bs( Ī ∗
4s − 1)2] exp[bs( Ī ∗

4s − 1)2],
ˆ̄�e ′
8fs:= 4∂2

Ī8fs Ī8fs
ˆ̄�e= 4afs(1 + 2bfs Ī 28fs) exp(bfs Ī

2
8fs).

(35)

4 Non-Equilibrium Constitutive Relations for Passive
Myocardium

In this section, we elaborate on two distinct constitutive formulations for the
orthotropic viscous response of myocardial tissue in the sense of Cansız et al. (2015)
and Gültekin et al. (2016), respectively. The formalism employed in Gültekin et al.
(2016) pursues a convolution representation of the viscous overstresses, while Cansız
et al. (2015) delivers a canonical representation in terms of strain-like internal vari-
ables conjugate to driving viscous stresses.

4.1 Convolution Representation of Orthotropic Viscoelasticity

The convolution description of the viscous response omits the specific characteriza-
tion of the internal variables I(X, t), thereby circumventing the need for the specific
free-energy function for the viscous part in Eq. (20)2. Hence, instead of what has been
defined in Eq. (21)2, the following first-order linear differential equation (rate equa-
tion) together with the initial values govern the evolution of the viscous overstresses
in line with the orthotropic response within a semi-closed time interval t ∈ (0, T ],
i.e.
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˙̄Svi + S̄
v
i

τi
= ξi

˙̄Sei , S̄
v
i

∣∣
t=0 = 0, and S̄

v =
∑

i=m,f,s,fs

S̄
v
i , (36)

where all the viscous effects a priori vanish at the stress-free reference configuration.
The parameter constants specify the non-dimensional free-energy factors ξi ∈ [0,∞)

and relaxation/retardation times τi ∈ (0,∞). A closed-form solution of Eq. (36) is
the convolution integral expression

S̄
v
i =

∫ t

0
exp

(
− t − s

τi

)
ξi

˙̄Sei ds. (37)

Let [tn, tn+1] be the sub-interval of time for which the time increment�t = tn+1 − tn
describes the algorithmic formulation. Following the derivation in Simo (1987)
and Holzapfel (2000), the integral in Eq. (37) is split up between [0, tn] and
[tn, tn+1].Upon someelementarymathematicalmanipulations,weobtain byusing the
mid-point rule the current viscous (non-equilibrium) stress tensor S̄

v
i in Eq. (36)3, i.e.

S̄
v
i, n+1 = exp

(
−�t

2τi

)[
exp

(
−�t

2τi

)
S̄
v
i, n − ξi S̄

e
i, n

]
+ exp

(
−�t

2τi

)
ξi S̄

e
i, n+1,

(38)
associated with the ground matrix, fiber, sheet, and fiber-sheet contributions that
directly arise from the hyperelastic response Eq. (31). The corresponding viscous

unimodular part of the tangent moduli C
algo
v in Eq. (28)2 can be obtained as follows

C
n+1
v, i = exp

(
−�t

2τi

)
ξiC

n+1
v, i and C

algo
v =

∑
i=m,f,s,fs

C
n+1
v, i . (39)

4.2 Canonical Representation of Orthotropic Viscoelasticity

The specific form of the viscous (non-equilibrium) part of the isochoric free-energy
function in Eq. (20) can be described in a quadratic form, i.e.

ˆ̄�v(C,H;I) = ˆ̄�v(ε;I) =
∑

i=f,s,n

ˆ̄�v
i (εi , αi ), where ˆ̄�v

i (εi , αi ) = 1

2
μv
i (εi − αi )

2,

(40)
in line with the logarithmic strain space, see Eq. (8), corresponding to the fiber f 0,
sheet s0, and normal n0 directions. Therein, μv

i and αi are the non-equilibrium shear
moduli and the strain-like internal variables, respectively. The logarithmic form in
Eq. (40) maps the multiplicative characteristics of large-strain viscoelasticity to the
additive structure of the geometrically linear theory, see Miehe and Göktepe (2005)
for further details. The logarithmic stresses and the thermodynamical forces conju-
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gate to the internal variables are obtained according to

σi := ∂εi
ˆ̄�v
i (εi , αi ) and βi := −∂αi

ˆ̄�v
i (εi , αi ), (41)

where σi = βi due to the particular choice in Eq. (40). It should be emphasized that
the non-equilibrium free-energy function in Eq. (40) embodies the energy stored in
the spring of a Maxwell element. Hence, we now elucidate the dissipated energy
in the dashpot of the same Maxwell element via a generic power-type dissipation
potential,


(İ) =
∑

i=f,s,n


i (α̇i ), where 
i (α̇i ) = β̂2
i

ηi

1 + mi

2 + mi

(
ηi

β̂i

|α̇i |
) 2+mi

1+mi

(42)

governedby thematerial constants β̂i ,ηi , andmi designating theactivation stress, vis-
cosity, and linear-nonlinear transition parameters, respectively. The use of Eqs. (40)
and (42) in conjunction with Biot’s equation (Biot Biot (1965)), which states

∂αi
ˆ̄�v
i (εi , αi ) + ∂α̇i 
i (α̇i ) = 0 and αi (0) = α0

i , (43)

give rise to the evolution equation for the internal variables, i.e.

α̇i = γ v
i (βi ), where γ v

i (βi ) = 1

ηi

∣∣∣∣
βi

β̂i

∣∣∣∣
mi

βi , (44)

through somemathematical operations. Note that form > 0, γ v
i becomes a nonlinear

function of βi and the update of the internal variables αi must be evaluated by local
Newton iterations in a time-discrete setting.

In order to compute the viscous overstress S̄
v
in Eq. (21)2, the current value of the

internal variables αi must be calculated from the evolution equation, see Eq. (44).
To this end, we first consider discrete time steps in an incremental interval [tn, tn+1].
In a deformation-driven framework, all state variables are assumed to be known at
time tn , and the total deformation at time tn+1 is prescribed. For the computation
of the internal variables αi, n+1 at the current time-step, let us introduce the time-
discrete form of Eq. (44)1 by resorting to the unconditionally stable backward-Euler
integration scheme yielding

αi, n+1 = αi, n + �tγ v
i (βi, n+1). (45)

Formi > 0, the evolution equation, Eq. (44)2 becomes a nonlinear function ofαi with
no closed-form solution. Hence, the computation of the internal variables demands a
Newton-type iterative solution scheme. To this end, we define a residual expression
ri as a function of the internal variable, i.e.
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ri (αi, n+1) := αi, n+1 − αi, n − �t γ v
i (βi, n+1) = 0, (46)

which needs to be linearized and solved for the new local Newton iteration step
k + 1,

αk+1
i, n+1 = αk

i, n+1 − rki /Kk
i , (47)

in which the local tangent term Ki is defined as

Kk
i := ∂αi, n+1ri

∣∣
αk
i, n+1

= 1 + �t
μv
i (mi + 1)

ηi

∣∣∣∣∣
βk
i, n+1

β̂i

∣∣∣∣∣
mi

. (48)

Further details on the Newton-type iteration scheme can be found in Cansız et al.
(2015). For the sake of conciseness, n + 1 henceforth drops out of the equations.
Then, the current viscous (non-equilibrium) stress S̄

v
reads

S̄
v = ˆ̄�v

4f Hf + ˆ̄�v
4s Hs + ˆ̄�v

4n Hn, (49)

via the substitution of Eq. (40) into Eq. (21)2. Therein, the deformation-dependent
scalar viscous stress coefficients are defined as

ˆ̄�v
4i := 2∂ Ī4i

ˆ̄�v(ε;I) = σi

Ī4i
, where σi = μv

i (εi − αi ). (50)

The algorithmic viscous tangent moduli, defined in Eq. (28)2, can be further elabo-
rated as

C
algo
v = 2

∑
i=f,s,n

(
∂ Ī4i S̄

v ⊗ ∂C Ī4i + ∂αi S̄
v ⊗ ∂Cαi

)
, (51)

by exploiting the definitions in Eqs. (40) and (49). The latter expression in Eq. (51)
requires the use of implicit function theorem on the residual expression in Eq. (46)
leading to

C
algo
v = ˆ̄�v ′

4f Hf ⊗ Hf + ˆ̄�v ′
4s Hs ⊗ Hs + ˆ̄�v ′

4n Hn ⊗ Hn. (52)

The deformation-dependent scalar viscousmoduli coefficients in Eq. (52) are defined
as follows

ˆ̄�v ′
4i := (ci − 2σi )

Ī 24i
, where ci = μv

i

Ki
. (53)

5 Representative Example: Triaxial Shear Tests

In the preceding sections, both the convolution and canonical representation of finite
orthotropic viscoelasticity have been covered in terms of their continuummechanical
and algorithmic framework. The objective of this section is to assess the modeling
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Fig. 2 Specimens subjected to triaxial shear loading with six different shear modes identified, i.e.
(fs), (fn), (sf), (sn), (nf), (ns)

capabilities of these models by fitting them to experimental data, in particular triaxial
shear test data, and compare the results they produce.

The average of 18 (in case of cyclic) and 5 (in case of relaxation) tests conducted
on cubic samples excised from the mid-layer of human myocardium on a triaxial
shear testing machine were reported in Sommer et al. (2015). Figure2 shows the
respective configurations of a specimen undergoing triaxial shear associated with
six different modes, i.e. (fs), (fn), (sf), (sn), (nf), and (ns) – hereby, the first symbol
relates to the plane, while the second symbol indicates the loading direction. A
sinusoidal displacement load pattern is considered in order to replicate the cyclic
shear experiments. Thus,

γ (t) = γmax sin(2π t / τ), (54)

where γmax = 0.5 and the period τ is equal to 56s. On the other hand, we apply
constant deformations in the case of relaxation shear test throughout the entire test
time, i.e. γ (t) = γ (t0) = 0.5. As a first step, the elastic parameters corresponding
to triaxial shear tests are identified by considering the baseline hyperelastic incom-
pressible material response of the tissue according to Gültekin et al. (2016), through
a nonlinear least-squares analysis, see Table1. Note that the dispersion parameters
κf = 0.08 and κs = 0.09 have already been identified via an experimental process
in Sommer et al. (2015). Subsequently, the viscoelastic parameters are identified by
means of a cyclic and relaxation type of loading. The obtained parameter sets for the
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Table 1 Elastic material parameters in Eq. (31) obtained from triaxial shear tests, whereby a, af ,
as, afs are in [kPa], and b, bf , bs, bfs are dimensionless

a b af bf as bs afs bfs

0.4 6.55 3.05 29.05 1.25 36.65 0.15 6.28

Table 2 Viscous material parameters for the convolution representation in Sect. 4.1 obtained from
triaxial shear tests (cyclic and relaxation), whereby τm,τf , τs, τfs are in [s], and ξm, ξf , ξs, ξfs are
dimensionless

ξm τm ξf τf ξs τs ξfs τfs

2 16 2.2 25 1 14 2 15

Table 3 Viscous material parameters for the canonical representation in Sect. 4.2 obtained from
triaxial shear tests (cyclic and relaxation) for the linear and nonlinear cases, whereby μv

f , μ
v
s , μ

v
n,

β̂f , β̂s, β̂n are in [kPa], ηf , ηs, ηn are in [kPa s], and mf , ms, mn are dimensionless

μv
f ηf μv

s ηs μv
n ηn β̂f mf β̂s ms β̂n mn

Linear case 200 2500 130 1300 75 750 – – – – – –

Nonlinear
case

200 2500 130 1300 75 750 10 2 6 2 4 2

convolution representation in Sect. 4.1 and the canonical representation in Sect. 4.2
are listed in Tables2 and 3. Figure3 illustrates the cyclic Cauchy stress versus the
amount of shear under six distinct shear modes when the convolution type viscoelas-
ticity is used. Salient hystereses distinct for each mode are observed that excellently
mimic the experimental data, though simulations display small deviations in (fs) and
(fn) shear modes around themoderate values of shear. The hystereses lack, in a sense,
a small amount of counter-clockwise rotation around the center, which would other-
wise make the results perfect for these modes too. Nevertheless, the proposed model
excellently captures the dissipated energy realized by the hystereses, outperforming
the linear and nonlinear cases of the canonical representation, comparewith Fig. 4a, b.
Focusing on the stress relaxation behavior arisen from the convolution representa-
tion, see Fig. 5a, some disparities between the model results and the experimental
data are highlighted, which are associated with each mode during the descent of
the curves before reaching thermodynamical equilibrium. They, nonetheless, fully
recover the thermodynamic equilibrium stresses in time. It should be mentioned that
the more Maxwell branches (a spring connected serially to a dashpot) delineating
the viscous response of the separate contributions, i.e. matrix, fiber, sheet, and fiber-
sheet, we use, the more coherent hysteresis and stress relaxation behavior we obtain.
However, this makes the analysis less favorable (too manymaterial parameters) from
a modeling point of view, and therefore the plots are not included here.

Figure4a, b depict the cyclic Cauchy stress versus the amount of shear under six
distinct shear modes when the canonical viscoelastic formulation is employed for
linear and the nonlinear case, respectively. Stress hystereses are evident and distinct
for each mode, fairly reflecting the experimental data, though some discrepancies
exist in all shear modes. In particular, both the linear and the nonlinear versions
fall short of describing central hystereses around low and moderate amounts of
shear due to the peculiar crimped responses they exhibit. Nevertheless, the overall
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Fig. 3 Cauchy stress σ versus amount of shear γ response of the convolution representation in
Sect. 4.1 against the cyclic triaxial shear test data for modes (fs), (fn), (sf), (sn), (nf), (ns)

(a) (b)

Fig. 4 Cauchy stress σ versus amount of shear γ response of: (a) linear and (b) nonlinear canonical
representation in Sect. 4.2 against the cyclic triaxial shear test data for modes (fs), (fn), (sf), (sn),
(nf), (ns), respectively
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(a) (b) (c)

Fig. 5 Cauchy stress σ versus time response for: (a) convolution representation in Sect. 4.1; (b) lin-
ear and (c) nonlinear case of the canonical representation in Sect. 4.2 with respect to the relaxation
test data obtained for shear modes (fs), (fn), (sf), (sn), (nf), (ns). The solid curves for (nf) and (ns)
modes overlap each other

dissipated energy is sufficiently captured by the model. The real difference between
the linear and nonlinear cases comes to the surface when their stress relaxation
responses are peered deeper, see Fig. 5b, c. The nonlinear case pertaining to the
canonical representation outperforms the rest with 12 viscous parameters used in the
analysis. In fact, the nonlinear case fits the relaxation data in an excellent manner.
On the other hand, the linear case results in a quite similar response to that of the
convolution representation, compare with Fig. 5a. In the end, we emphasize that
the canonical representation of the orthotropic viscoelasticity can be improved as
regards the cyclic triaxial responses, provided that a logarithmic term consisting
of the matrix contribution such as εm = ln(

√
I1/3)/2 is incorporated into the non-

equilibrium free-energy response.

6 Conclusion

In this work, we have covered two recently proposed orthotropic viscoelastic mate-
rial model; one by Gültekin et al. (2016) in the sense of convolution integral of the
viscous stresses, the other one by Cansız et al. (2015) dealing with the strain-like
internal variables and their conjugate thermodynamical forces in a canonical sense.
Later, we have assessed the modeling capacity of both models by comparing their
respective cyclic and stress relaxation responses under triaxial shear deformation
with respect to the experimental data documented in Sommer et al. (2015) on human
passive myocardium. The baseline hyperelastic response of the tissue is identical for
both models, as described by Eriksson et al. (2013). The construction of the models
is based on the additive split of the free-energy function composed of an equilib-
rium and a non-equilibrium part. The viscous overstress response is dictated by rate
equations for ground matrix, fiber, sheet, and fiber-sheet contributions in the con-
volution representation. However, the canonical representation involves an explicit
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description of the energy storage and dissipation occurring in a Maxwell branch of
the rheological structure. The viscous overstress response is then dictated by Biot’s
equations along fiber, sheet, and normal directions. The demonstrated capability of
both orthotropic viscoelastic models to capture experimental data provides sufficient
validity from quantitative and qualitative aspects.
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of me in Graz and of Gerhard in Pavia.
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mechanics, biomechanics, experimental evidences,
computational aspects, etc. etc. and I appreciate his vision in
building up a new and active group of researchers in Graz able
to really boost some of the mentioned activities. I think that all
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let us enjoy (again together) a toast with a good glass of wine.

Ferdinando

Abstract Among the many advantages brought by Additive Manufacturing tech-
nologies in the clinical context, the possibility of producing training phantoms is of
prominent importance. Within such a context, soft tissues, as those of abdominal and
pelvic organs, pose major challenges in the reproduction of their biomechanics. The
starting point for the choice of the most suitable material is a comprehensive under-
standing of the target tissue biomechanics. This can be done thanks to mechanical
characterization testing, which is not trivial to perform on biological tissues for a
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number of reasons. The present study presents a literature review of the approaches
for the mechanical characterization of main abdominal and pelvic organs, focusing
on the methodology applied for the testing as well as on the protocol for samples
provision, storage, and preparation for the specific mechanical test.

1 Introduction

In recent years, clinical and research activities in the medical context started to pro-
gressively focus on the topic of personalization. This topic can be declined in many
different fields of application; consider, for example, the growing number of per-
sonalized solutions for prostheses and orthoses or the attention paid to a detailed
patient-specific imaging and 3D reconstructions in the therapeutic path establish-
ment or in the surgical planning. Similarly, an increased attention to the training of
healthcare personnel is seen, with the aim of providing the novices with tools hav-
ing a high degree of realism, thus enabling a safe preparation before direct clinical
experience.

In this context, Additive Manufacturing (AM), mostly known as 3D printing, has
played an increasingly important role, allowing the production, at a sustainable cost,
of highly complex geometries such as patient-specific anatomical models. Geome-
tries reproducing anatomical organs would be in many cases impossible to produce
with any other production technology rather than AM and, even if feasible, would
have extremely high costs.

Today, AM technologies play a relevant role in the medical field with a number
of destinations of use: the production of anatomical models for surgical planning
(Pietrabissa et al. 2016), training (Marconi et al. 2019), teaching (Spinelli et al.
2017; Marconi et al. 2017), consulting with the patient and his/her family to retrieve
an informed consent (Pietrabissa et al. 2016), development of patient-specific intra-
operative tools and instruments (Canzi et al. 2020) as well as personalized prostheses
and aids (Auricchio andMarconi 2016).Manyclinical specialties have alreadybenefit
from AM, with a major use from orthopaedic and maxillo-facial surgical specialties
for surgical planning, being the first clinical users of the technology thanks to an
easier image processing to retrieve the bony structures of interest.Moreover, a reliable
replica of mechanical properties of the bone can be obtained thanks to the wide range
of materials available in AM machines.

The biomechanics of soft tissues are more challenging to reproduce: nowadays
available AM materials are still not capable of perfectly reproducing the behavior
of soft tissues. Rubber-like photopolymers and hydrogels are doing the best job, but
further research is still required on this topic. With that said, it becomes clear why
the field of abdominal and pelvic surgery is less involved in the use of 3D-printed
models for training purposes (Pietrabissa et al. 2020). Beside the choice of the most
suitable material, a fundamental issue comes from the comparison of the mock tissue
with the real one, for which a mechanical characterization is required. Unfortunately,
such testing campaign is usually not trivial to carry out for a number of reasons:
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• in vivo methods—the most accurate approach—can be logistically and ethically
challenging to be applied on humans,

• ex vivo methods—the most common solution—bring a lot of uncertainties due
to conservation issues and due to the post-mortem degradation, lack of blood
perfusion and different environmental conditions, often not easy to recreate during
the testing,

• ex vivo samples retrieved from surgery are often altered by the presence of the
pathology for which the intervention is required,

• the use of animal models brings significant financial and logistical challenges as
well and results are not guaranteed to be in line with human tissues.

Furthermore, data coming from mechanical characterization of living tissues are
fundamental also for the determination of a suitable constitutive model to describe
their response to stimuli.

Accordingly, the present study reports a literature review of the approaches for the
mechanical characterization of main abdominal and pelvic organs, focusing on the
methodology applied for the testing as well as on the protocol for samples provision,
storage, and preparation for the specific mechanical test.

2 Materials and Methods

Scopus database was employed for the search combining keywords related to the
anatomical region of interest (e.g., abdominal organs, liver, kidney, stomach, pelvis,
etc.) and to the mechanical tests (e.g., mechanical characterization, tensile test, com-
pression test, etc.). Queries provided a total of 119 papers, divided into 116 full
papers, two conference papers and one review. Afterwards, papers were analyzed
according to the exclusion criteria listed in the following:

• mechanical tests are not described,
• mechanical tests are performed only on mock tissues.

The screening was first run relying only on the publication’s title and abstract,
then on a full text basis. It resulted in a final set of 18 papers. Results are reported
divided first according to the anatomical structure and then to the type of mechanical
test.

3 Characterization Approaches

3.1 Liver

The liver is the largest gland in the human body, it is connected with the digestive
system and is made up of four lobes (The Johns Hopkins University, The Johns Hop-
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kins Hospital, and Johns Hopkins Health System 2021). It has a complex structure,
made up of 3 different tissues: (i) the parenchyma, which makes up most of its vol-
ume; (ii) the vascular and biliary structures, which form a branched network within
the parenchyma; (iii) the Glisson’s capsule, which envelops the entire organ and
ensures its cohesion. It is located in the upper part of the abdominal cavity below the
diaphragm and it is supplied by the hepatic artery, the main arterial vessel of the liver.
It is part of the endocrine system and participates in the production of hormones, in
addition to the bile, which is very important in the digestion of fats. Among abdom-
inal organs, the liver is the most extensively studied structure, accounting for three
studies dealing with tensile tests (Brunon et al. 2010; Umale et al. 2011; Untaroiu
and Lu 2013), four with compression tests (Melvin et al. 1973; Miller 1999; Conte
et al. 2010; Tejo-Otero et al. 2020), two with indentation (Kim et al. 2003, 2008),
and two with dynamic tests (Estermann et al. 2020; Tejo-Otero et al. 2020). While
most of the studies are carried out on post mortem specimens, three papers (Miller
1999; Kim et al. 2003, 2008) performed in vivo analyzes, which can provide reliable
information not affected by the conservation and preparation of the test specimens,
which are the major issues when dealing with biological samples. The same authors
performed the analyzes also on kidney specimens and the related results are reported
in Sect. 3.2.

3.1.1 Tensile Tests

In the study of Untaroiu et al. (2013), uniaxial tensile tests were performed on the
parenchyma of 10 fresh bovine livers within 36h after slaughter. In order to pre-
serve the tissue between the time of procurement and specimen preparation, the
livers were immersed in a bath of Dulbecco’s Modified Eagle Medium (DMEM) to
maintain specimen hydration, and cooled (without freezing) with wet ice. Dog-bone
shape specimens with length, middle width and thickness close to 55.5mm, 10mm,
and 5mm, respectively, were obtained from the parenchyma. Each specimen was
tested once until failure at room temperature. The testing system consisted of two
motor driven linear stages (Parker DaedalMX80S, Irwin, PA)mounted to a vertically
oriented aluminum plate. The 3D geometry of each specimen was obtained using a
FARO Laser Scan Arm to acquire a point-cloud representation of the whole tissue
surface. A collinear and equidistant pattern of paint (optical) markers was applied to
each specimen prior to testing with 4mm between each marker and tracked through-
out the duration of the test usingmotion analysis software. In themajority of the tests,
the tissue tears propagated gradually until complete disruption of the tissue without
a sudden drop of the tensile force. Defining the failure time was challenging because
some tears occurred inside of the tissue or on its back surface and therefore were not
video-recorded. Moreover, in few specimens, tears did not result in a complete tissue
disruption. Therefore, the failure point was defined as the point of the force-time
curve where the force reached a maximum and then decreased more than 3% of its
peak value, and the corresponding time was defined as the time of failure. A total of
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30 tensile tests were conducted on parenchyma specimens at three different loading
rates.

The data from this study showed that the response of liver parenchyma in tension
is nonlinear and strain rate dependent. An increase in stiffness and failure force
when loading rate increased was observed, a typical viscoelastic characteristic of
biological tissues. The Green-Lagrangian strain at failure was recorded at average
values close to 50% and showed no significant dependence on the loading rates.
However, the secondPiola-Kirchhoff stress showed rate-dependence, and the average
failure stress ranged from 33 to 94kPa. Marker, analytical and specimen-specific
models were employed to identify the parameters of the first-order Ogden material
model. The Finite Element (FE) simulations adopting marker and analytical models
usually showed stiffer responses and lower values of failure stress/strain than the
specimen-specificmodel. For the specimen-specificmodel, the failure forces resulted
approximately equal to 80, 95 and 140kPa for a loading rate of 0.01, 0.1 and 1Hz,
respectively.

Umale et al. (2011) used 12 livers of female pigs to perform uniaxial quasi-static
tensile tests; the experimental procedure started with a total hepatectomy, which
was performed on porcine to extract the liver from the body. The organ was then
wrapped in a mob soaked with saline solution, packed in a polythene bag inserted
and transported in an ice box, maintained at 4–6 ◦C. The liver was taken to the
laboratory for the experiments within a maximum of 30min, and then cut lobe by
lobe to prepare the samples. The capsule tissue was thus first spread over the plastic
coated side of a thin paper. Then, to prepare the samples, the capsule was cut along
with the paper, sample dimensions being maintained at 25mm length and 15mm
width. The moisture content in prepared samples was maintained by thawing them
in a saline solution until the tests were performed. The paper was removed once
the capsule sample is fixed in the clamps of a Bose ElectroForce 3200 biomaterials
test instrument for the elongation test. The clamps were also covered with the same
plastic coated paper and changed for every sample, to avoid slipping or rupture to
the clamped part of the capsule sample. To minimize the effect of strain rate, the
experiments were performed at a strain rate of 0.1mm/s. Moreover, major hepatic
vein and intra-parenchymal veins have been tested: moderate size veins (3–6mm
diameter) were detected inside the liver and then isolated with a scalpel, ensuring that
the vein is not damaged. The sample was then tightly clamped on the Bose machine
and an elongation test was carried out at 0.1mm/s. All tests were done within 4–6h
of euthanasia of the pig and within 30min after the samples were prepared. A total
of 12 livers were used for the study from which 30 capsule samples and 20 vein
samples have been extracted and tested.

Regarding the capsules, about 22 samples out of 30 failed at or just below 30%
deformation (i.e. at 27.73%) and the remaining 8 samples failed after 30% deforma-
tion (i.e. at 36.72%). The elastic modulus obtained between 0% and 7% strain was
8.22 ± 3.42MPa and between 20 and 30% strain was 48.15 ± 4.5MPa. The hepatic
veins were tested up to 35% strain and it is observed that the force required for
20% elongation is much less. Afterwards, the samples suddenly stiffen causing an
abrupt increase in force for further elongation. Major hepatic veins were observed to
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have some longitudinal linings on the internal surface making them anisotropic. The
smaller veins inside the liver were found to be more homogeneous and anisotropy
can be assumed to play a less important role. For both Glisson’s capsules and hepatic
vein tissues the Ogden constitutive model was proposed as the best fit model.

Brunon et al. (2010) run quasi-static tensile tests on parenchyma and capsule
samples until failure. Seven adult pig livers were obtained from the local butchery,
within 4 or 5 days after euthanasia.Whole livers or parts of themwere either stored in
the freezer until the cutting phase (from 24h to a few days, −18 ◦C), or immediately
cut into samples. Four livers were removed from post mortem human subjects. The
first was entirely frozen, while the three others were divided in two parts, which
were, respectively, kept fresh and frozen. Parts kept fresh were tested within five
days after death. Mechanical characterization of the capsule was therefore carried
out by using biomaterial samples made of parenchyma and capsule for both human
and porcine livers, to ensure the similarity of the experimental procedure between
species. From frozen samples, a 5mm thick slice was cut using a butcher electrical
slicer, parallel to the liver surface. From fresh samples, the slice was cut with a
butcher knife, as regularly as possible. I-shaped samples were then cut with a scalpel
along a pattern, while parenchyma was too compliant to be cut with a stamp. The
capsule face of the samples was covered with a random pattern of white dots made
of matt paint with a toothbrush. Samples were kept under moist paper to ensure
their hydration, and then tested within 5min at room temperature. The two ends
of the sample were clamped; sliding was prevented by using sand-paper stuck on
the clamps. Clamps were set up vertically on a Deltalabs EM550 electromechanical
testing machine. Normalized load as well as failure properties—ultimate load per
width unit and ultimate strain—are determined. Digital Image Correlation (DIC)
was used to measure the strain field on the capsule. Samples were loaded with a
displacement speed of 0.5mm/s, which implied a range of longitudinal strain rate
of 10−3–10−2 s−1 depending on the sample initial length, remaining in quasi-static
domain. Elongation of the sample was recorded with a Visarios 1500 Speed Cam
digital video camera. Clamp-to-clamp displacement and tensile load on the upper
clamp were measured by using a cable actuated position sensor and a 3daN single
point load cell, with a data acquisition frequency of 100Hz. The digital high-speed
video camera, positioned perpendicularly to the sample, recorded the tensile test, so
as to follow the randompattern and tomeasure the current dimensions of the sample at
any time, with an accuracy of±0.3mm. The load-displacement curve obtained from
the test exhibited several drops representing capsule and parenchyma failures. This
failure mechanism allowed to break down the load measurement into parenchyma
load and capsule load. A bilinear behavior, observed in previous studies, was also
observed for part of the tests, but not for all. The normalized load of the linear
part occurring at large strains was 1.5 ± 1.9N/mm (n = 29) and 2.8 ± 2.3N/mm
(n = 27) for porcine and human tissues, respectively.

According to the study results, the behavior and failure properties of the liver cap-
sule depend significantly on the biological origin once the capsule has been thawed.
Moreover, it has been observed that freezing can affect differently the tensile behavior
of capsules from various biological origins, despite their apparently similar consti-
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tution, with porcine capsule more damaged by freezing than human capsules, thus
remarking the importance of the conservation of biological tissues.

3.1.2 Compression Tests

The study of Conte et al. (2010) deals with the uniaxial quasi-static rear-to-front
compression characterization of the liver. The experimental test was performed using
a hydraulic press on awhole liver sampled from a post mortem human subject female,
81 years old. The sample was placed posteriorly and was compressed between two
horizontal plates, coated with petroleum jelly to avoid friction with the organ surface,
at a uniform velocity of 80mm/min. The sample was treated with Winckler solution
to ensure proper preservation of soft tissues and then held at 3 ◦C until liver removal.
To prevent organ degradation, the test was performed a few hours after organ removal
from the cadaver. Compression was carried out until the 60% of the initial thickness
with no initial preconditioning.

The proposed hyperelastic parenchymamodel successfully fitted the experimental
data, obtained through the previous described compression tests, and it was found to
be robust enough to capture the experimental variability.

Miller (1999) developed themathematical models of liver and kidney tissue defor-
mation, based on in vivo compression experimental results previously proposed by
Melvin et al. (1973). Melvin et al. conducted in vivo compression tests on 17 liv-
ers and six kidneys of anaesthetized Rhesus monkeys. Results here presented are
quite unique for the methodology employed. Each organ was laid onto a load cell
while still being perfused by the living animal. Load and impactor displacement were
measured. In the calculation of stresses, Melvin et al. approximated the test config-
uration as that of an uniaxial compression. The adopted loading velocities were 5,
250 and 500cm/s which corresponded to the nominal strain rates of approximately
0.225, 11.25 and 22.5s−1 for the liver, and 0.385, 19.24, 38.47s−1 for the kidney.
Melvin’s results should be understood as average across the organs, being performed
on the organs in vivo, not on tissue samples extracted from the specific locations.
The stress-strain curves were convex for all compression rates containing no linear
portion from which a meaningful elastic modulus could be determined. The tissue
response stiffened with the increasing loading speed, indicating a strong stress-strain
rate dependence. A sufficiently accurate agreement between the theoretical single-
phase, hyperviscoelastic model and experiment was found for compression levels
reaching 35% and for loading velocities varying over two orders of magnitude.

Otero et al. (2020) performed uniaxial compression on lamb livers procured from
a local supplier within 24h post mortem. The tissue was cut using a biopsy punch,
getting 6 samples of 16.22 ± 0.61mm diameter and 7.04 ± 1.81mm height. The
measured Young’s Modulus was in the range of 1.4 ± 0.8kPa.
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3.1.3 Indentation Tests

Kim et al. (2003, 2008) analyzed the mechanical behavior of porcine livers and
kidneys through in vivo experiments. Pigs were placed in a supine position on the
operating table and adjusted to have indentation stimuli normal to the organ surface at
the point of contact.An incisionwasmade in the abdominal region and the anatomical
structures were dissected to identify the organs. The study employed a mechanical
indenter to facilitate themanipulation andprogrammingof themotion required for the
various notchingmodes. Indentation stimuli were delivered using the tactile interface
device Phantom Premium-T 1.5 (SensAble Technologies), which was programmed
to function as a mechanical stimulator. The forces were measured using the 6-axis
force transducer Nano 17 (ATI Industrial Automation), which was connected to the
tip of the Phantom.The indenter corresponded to a flat-tipped cylindrical probe, 2mm
in diameter, attached to the tip of the Phantom, with the force transducer mounted in
the middle, to accurately detect reaction forces.

The static force responses and the dynamic responses to the ramp and to its main-
tenance at the entrance were then measured. In order to observe the intrinsic force
responses of the organs to the indentation stimulus, the pigwas saturatedwith oxygen
during the periods of application of the stimulus. Effectivemanagement of respiration
was a crucial issue in measuring force responses in vivo. The time required for each
indentation stimulus and the time for which the animal’s breathing was suspended
had to be optimized. An increase in the breath-blocking period increased the CO2

concentration in the bloodstream and caused the animal to breathe spontaneously.
From the steady state force responses of the organs and the induced displacements,
it was possible to draw the graphs representing the force-displacement relation-
ships. Among the various nonlinear elastic models (nonlinear constitutive equation),
an exponential model of the material was selected, because the exponential curve
looked very natural as far as the description of the experimental data is concerned.
One of the material models that uses the exponential relationship is the so-called
Blatz model. The exponential model with two independent parameters was used for
the characterization of the nonlinear behavior of the tissues. Using a nonlinear opti-
mization technique, authors found the parameters that provide the model predictions
most in agreement with the experimental data. For the characterization of mechani-
cal behavior, both the Kelvin model and a nonlinear spring model are used, with the
nonlinear spring model showing a better prediction than the Kelvin model.

3.1.4 Dynamic Tests

Besides uniaxial compression on lamb livers, Otero et al. (2020) also performed
Dynamic Mechanical Analysis (DMA) and Shore Hardness measurements. Regard-
ing the Shore hardness, no sample preparation was needed. DMA applies an oscil-
lating force to a sample and analyzes the response of the material to that force. DMA
calculates not only the complex modulus E∗, the storage modulus E

′
and the loss

modulus E
′′
, but also the dynamic viscosity η and the axial stiffness of the specimens
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K as well as the stress-strain curves. Additionally, the complex modulus is obtained
by relating the storage modulus with the loss modulus. Organs were tested using
a DMA Q800 equipment of TA Instruments at 37 ◦C, 1Hz and a preload force of
0.001N. Additionally, strain amplitudes covered a range between 10 and 100µm.
The samples were kept in the linear elastic regime, and hence, the stress-strain rela-
tionship is linear. Regarding the Shore hardness, the ASTMD2240-Durometer Hard-
ness method was used (ASTM 2005). Shore Durometer Type 00 and 000 were used
for measuring Shore hardness of the biological tissues.

Average results for the lamb liver are: storage modulus E
′ = 1.7 ± 0.46kPa, loss

modulus E
′′ = 0.28 ± 0.15kPa, dynamic viscosity η = 0.016 ± 0.008kPa·s, stiff-

ness K = 67 ± 38N/m and average shore hardness = 18 Shore 00 or
47 Shore 000. Being E

′
significantly higher than E

′′
the material can be regarded as

mainly elastic rather than viscous.
Estermann et al. (2020) proposed a method for measuring hyperelasticity and

viscoelasticity of bovine and porcine hepatic parenchyma in tension. First, nonlinear
stress-stretch curves resulting from ramp loading and unloading, were interpreted
based on a hyperelastic framework, using a Veronda-Westmann strain-energy func-
tion. Strain-specific elastic moduli, such as initial stiffness, were defined in different
segments of the stress-stretch curves. Furthermore, dissipated and stored energy den-
sity were calculated. Next, the viscoelastic nature of liver tissue was examined with
2 different methods: stress relaxation and dynamic cyclic testing, finding that in
tension, stress relaxation was experimentally more convenient than dynamic cyclic
testing. Hepatic samples were taken from 8 porcine, and 2 bovine livers, obtained
from a local butchery about 24h after slaughtering and prepared for testing immedi-
ately upon arrival in the laboratory. Between slaughtering and sample preparation,
whole livers were stored at ∼4 ◦C in sealed plastic bags. All samples were kept well
hydrated by submerging them in 0.9% saline solution. Mechanical testing was con-
ducted immediately after sample preparation at room temperature (∼23 ◦C), thus the
tissues were never frozen. Rectangular tensile test specimens were extracted with
their long axis orientated parallel to the diaphragmatic and the visceral surface of the
organs.

The resulting samples (36 porcine, 36 bovine) consisted of parenchyma tissue
without the Glisson’s capsule, free of large blood vessels and bile ducts to ensure
relative homogeneity. Sample thickness was chosen as ∼5mm. Tensile testing was
conducted on a zwickiLine testing machine endowed with a load cell measuring
up to 100N and an accuracy of 0.02% (S2M/100N, Hottinger Baldwin Messtech-
nik GmbH, Darmstadt, Germany). Custom-built tissue clamps enabled manual fine-
tuning of the gripping force with a screw. The tissue clamping surface was covered
with sand paper (grit P80) to prevent sample slippage during tension. For the eval-
uation of the dynamic cyclic tests, extremely small phase shifts between force and
displacement of a few milliseconds need to be measured, requiring perfectly syn-
chronous measurements.

Each sample was exposed to one of the following mechanical tests: ramp test,
stress relaxation, or dynamic cyclic test. All 36 samples of the porcine and bovine
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tissue were divided among the three testing methods, resulting in 12 samples per test
and tissue type.

Ramp test. The crosshead of the testingmachine was displaced by 10mm (result-
ing in a maximum engineering tissue strain of 0.10–0.14) at a speed of 5mm/min
(corresponding to a strain rate of ∼0.001s−1) and then moved back to its initial
position at the same speed. Force and distance between the markers (from DIC) for
calculating strains, were both recorded at 10Hz sampling frequency.

Stress relaxation. A cross-head displacement of 5mm (∼0.06 tissue strain based
on DIC measurement) was applied within ∼0.4 s and held for 300 s. Force and
marker’s distance were both recorded at a rate of 10Hz.

Dynamic Cyclic Test. Sinusoidal displacements of 0.5mm (0.006 tissue strain)
were applied at 0.5, 1.0, 1.5, and 2.0Hz for 100 cycles at each frequency. Samples
were allowed to relax at 6mm for 250 s between each tested frequency to enable
comparison of the frequency-dependent tissue response.

The ramp stress-stretch curves were interpreted based on a hyperelastic modeling
approach, utilizing a Veronda-Westmann strain-energy function. In order to quan-
tify the viscous properties of liver tissue that already became visible as hysteresis
and, with that, energy dissipation in the ramp tests, stress relaxation experiments
were performed. Thus, stress relaxation and dynamic cyclic test were conducted for
extracting storage and loss moduli, as well as loss tangent. Regarding the resulting
elastic moduli, initial stiffness was similar for porcine and bovine liver (∼30kPa),
while porcine liver was stiffer for higher strains. Comparing stress relaxation with
dynamic cyclic testing, loss tangent of porcine and bovine liver was the same for both
methods (0.05–0.25 at 1Hz). As for the material model selection, authors found that
the utilized Veronda-Westmann model was appropriate for representing the hyper-
elasticity of liver tissue seen in ramp tests. Concerning viscoelasticity, both chosen
testing methods—stress relaxation and dynamic cyclic testing—yielded comparable
results for storage, loss moduli and loss tangent as long as elasticity nonlinearities
were heeded. Storage and loss moduli matched well for bovine, but not as well for
porcine tissue.

3.2 Kidney

The kidneys are bilateral bean-shaped organs whose main function is to filter and
excrete waste products from the blood (National Institutes of Health 2021; Hoffman
2021). They are also responsible for water and electrolyte balance in the body. They
are positioned in the posterior area of the abdominal cavity, on the sides of the spine.
The right kidney is located below the liver, the left kidney behind the spleen. The
kidneys are encased in complex layers of fascia and fat. They are arranged—from
deep to superficial—as: (i) Renal capsule—tough fibrous capsule; (ii) Perirenal fat
—collection of extraperitoneal fat; (iii) Renal fascia (also known as Gerota’s fascia
or perirenal fascia)—encloses the kidneys and the suprarenal glands; (iv) Pararenal
fat—mainly located on the posterolateral aspect of the kidney. Internally, the kidneys
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have an intricate and unique structure. The renal parenchyma can be divided into two
main areas—the outer cortex and innermedulla. The cortex extends into themedulla,
dividing it into triangular shapes, known as renal pyramids (TeachMe Series 2020).

Only four papers performed mechanical characterization of the kidney. The most
comprehensive study is from Farshad et al. (1999), which focused on an investigation
of the material properties of the fresh pig kidney and a parametric characterization of
both its elastic and inelastic behavior. The investigation included density measure-
ments, uniaxial as well as triaxial compression tests, tensile tests, and shear tests.
Triaxial compression tests were performed on the cortex tissues placed in a compres-
sion chamber. Tensile tests were carried out on the outer capsule. Shear tests were
performed by punching a cylinder into a slice of the cortex.

Specimens were taken from pig kidneys, which were taken out from the body of
the cadaver of the animal. To prevent dehydration of the tissues, the organ and later
on the samples were stored in a saline solution until testing occurred. They were
prepared and tested within 12h after anesthesia of the animal; testing was carried out
at room temperature (23 ◦C) and 50% relative humidity. The specimens that were to
be tested later than after 6h were kept at a temperature of 4 ◦C otherwise, they were
kept at room temperature. Due to the compression test up to first rupture or higher, a
reduction of the sample weight of less than 4% was measured. For each test and for
each testing condition, a minimum of five samples was used.

Tensile tests. To carry out tensile tests on the cortex, dog-bone shaped specimens
were cut out from 8mm thick slices of the kidney. The specimens had a gauge length
of about 15mm, width of 5mm, and thickness of about 8mm. They were mounted
on the testing machine by saw-faced grips.

Uniaxial compression tests. First series of compression tests weremade on small
cubes (∼10 × 10 × 10mm), which were extracted from different locations and dif-
ferent orientations of the cortex. Uniaxial compression tests were performed by
pressing the sample between two polished and lubricated parallel surfaces, employ-
ing a load cell of 20N for the full loading range. Compression tests were performed
with various loading rates ranging from static loading (creep) to quasi-static load-
ing having a speed of 500mm/min. To assess the apparent anisotropy of the cortex,
compression tests were performed on specimens, which were oriented in radial and
tangential directions.

Triaxial compression tests. Triaxial compression tests were preliminary per-
formed with a very simple compression chamber consisting of a transparent polymer
tube and a piston, with pig kidney cortex samples immersed in a physiological saline
solution. The load was applied uniaxially on the top of the piston that was placed in
the testing machine, at a rate of 1mm/min.

Shear tests. For shear-punching tests, samples were also extracted from the sagit-
tal slices of the cortex. The diameter of the shear sample was 40mm and its thickness
was about 8–10mm; the diameter of the shear-punching cylinder, which had sharp
edges, was 20mm. Shear-punching tests were carried out on the undisturbed surface
of the kidney (with the capsula being removed) and on the cut section of the cortex
(undisturbed surface up-side down).
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The extensive experimental investigation on the fresh pig kidney and the related
theoretical modeling performed by Farshad et al. allowed to derive the following
conclusions. The general behavior of samples under compression is nonlinear, as
typically happens for soft biological tissues, marked by a very flat part up to about
30% relative elongation followed by stiffening up to rupture. Uniaxially compressed
specimens from the cortex fail by radial rupturing. The maximum nominal rupture
strain of uniaxially compressed pig kidney samples may reach to about 50%. Uniax-
ial compression tests on the radial and tangential specimens from the cortex under
various loading rates show an increase of the rupture stress with the increase in the
loading rate and a decrease of the corresponding strain. They also show that increas-
ing the loading speed the difference of fracture strain between the radial and the
tangential direction would become more pronounced. Uniaxial compression tests on
the specimens from pig kidney depict a creep response which eventually approaches
an a strain asymptote. For the characterization of the nonlinear viscoelastic behavior
of the pig kidney a two parameter Blatz model has been assumed. Accordingly, two
independent material parameters needed to be identified. It was possible to derive
the material parameters embedded in this model through experimental correlation.
For characterization of the time-dependent material behavior of the cortex tissue, a
four parameter linear viscoelastic model composed of a Kelvin element connected in
series with a Maxwell element has been assumed. The four viscoelastic parameters
of the cortex were obtained by a curve fitting process.

Uniaxial compression tests have been analyzed also by Miller (1999) whose
methodology is described in Sect. 3.1. The stress-strain curves are convex for all
compression rates containing nonlinear portion. The tissue response stiffened with
the increasing loading speed, indicating a strong stress-strain rate dependence as in
(Farshad et al. 1999). The proposed model is valid for compressive nominal strains
up to 35% and fast (impact) strain rates between 0.385 and 38.47Hz.

Moreover, Kim et al. (2008) performed an indentation test on kidney, modeling
the viscoelastic behavior of these organs; the constitutive model was fitted to the in
vivo data using the Levenberg-Marquardt optimization algorithm, combined with a
three-dimensional nonlinear FE simulation.

3.3 Stomach

The stomach is located in the upper left part of the abdomen and has themain function
of allowing the transit of food to the intestine and thanks to the gastric juices it
participates in digestion (Canadian Cancer Society 2021; OER services 2020). From
an anatomical point of view, it has an elongated sac shape and is connected both to
the esophagus, from which it receives nutrients, and to the small intestine. It is about
25–28cm long and has elastic properties, given by the folds that make up the wall.
The stomach wall is made up of three layers: gastric mucosa, muscular robe and
serous robe. The stomach is divided into four main regions: the cardia, fundus, body
(or corpus), and pyloric antrum. The cardia is the point where the esophagus connects
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to the stomach and through which food passes into the stomach. Located inferior to
the diaphragm, above and to the left of the cardia, is the dome-shaped fundus. Below
the fundus is the body, the main part of the stomach. The funnel-shaped pylorus
connects the stomach to the duodenum.

Only the study of Aydin et al. (2017) dealt with the mechanical testing of stomach
tissue, performing a biaxial tensile cyclic testing campaign on porcine stomachs.
Samples were collected from 11 female domestic pigs, immediately flushed with
water to remove remaining chyme and then stored in isotonic saline solution in a
fridge at 4 ◦C to prevent dehydration and enzymatic degradation processes. The tests
were conducted on average 19 ± 10h after harvest. At the time of the experiment, no
tissue deterioration was evident. Square tissue patches were excised from the three
major regions of the stomach (fundus, corpus, and antrum) close to the greater cur-
vature. After the above described preparation, the tissue patches were subjected to
biaxial mechanical tests at room temperature (20 ◦C), using a biaxial testing machine
(mediX 0.1—Messphysik Materials Testing, Austria). The tissue patches were per-
forated at a distance of 4mm from the four edges with 9 equidistant steel wires,
respectively. These wires were mounted freely rotating on four custom-made plastic
brackets. The distance between each pair of opposite plastic brackets was computer-
controlled during the experiments in order to sample a representative set of biaxial
strain states.

To measure the tissue deformation, four markers were glued on each tissue patch
such that they formed a square with edge length 10mm in the center of the tissue
patch in the unloaded initial configuration (Fig. 1). During the biaxial tests, the tissue
patcheswere not continuously submerged in the isotonic saline solution inwhich they
had been stored before the experiment but were kept hydrated by periodic moistening
with isotonic saline solution (0.9%). Since during the experiments, the yield strain
was found to vary significantly between the different regions of the stomach, in
order to ensure that all biaxial tests were performed in the elastic regime and to avoid
damage to the tissue, patches from the fundus, corpus, and antrum were stretched
in both directions only up to a maximum value of 1.5, 1.2 and 1.4, respectively,
according to preliminary tests.

After the preconditioning, biaxial global stretch ratios between the two directions
of 1:1, 3:4, 4:3, 2:1, 1:2, 4:1, and 1:4 were imposed on the tissue patches, follow-
ing sinusoidal displacement-controlled cycles. The displacement speed was set to
ensure an upper bound of around 2.2·10−2 s−1 for the strain rate, which had been
confirmed by previous experiments to ensure a quasi-static regime with negligible
viscoelastic effects. Authors performed biaxial mechanical tests of porcine gastric
tissue samples from 11 pigs and examined the differences between the three major
anatomical regions in the stomach, fundus, corpus, and antrum. The yield strain
was found to vary significantly between the different regions of the stomach. Fit-
ting the experimental data to a biaxial Fung exponential model, authors obtained
material parameters characterizing the elasticity of the gastric wall. The experiments
performed by Aydin et al. reveal considerable anisotropy and different mechanical
properties in the three stomach regions. Furthermore, they show that the mechanical
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Fig. 1 Biaxial testing machine with a tissue patch subjected to biaxial strain. Adopted from Aydin
et al. (2017)

properties of the gastric wall and the physiological function of the different regions
of the stomach are closely related.

3.4 Pancreas

The pancreas (Hoffman 2021) is an elongated cone-shaped gland that secretes both
endocrine and exocrine substances. This gland is made up of four parts: head, neck,
body and tail.

In the literature, few studies deal with the mechanical characterization of the pan-
creas, mainly due to its great inter- and intra-patients’ variability. Among the few
articles, we mention the results obtained by Rubiano et al. (2017). They performed
a thorough characterization of human resected pancreatic tissue by means of inden-
tation testing, comparing normal, pancreatitis affected and cancer affected tissue.
After surgery for pancreatic tumor resection, a portion of the resected tissue went
to pathology and, if enough tissue was left after clinical testing, the remaining por-
tion was prepared for indentation testing. Resected tissue samples were placed in
DMEM/F12-10% FBS culture media on ice in the operating room and transported
to the laboratory for testing. The size of the sample varied with each patient, but
generally volumes ranged between 125 and 600mm3. A custom cantilever-based
indenter was used to record force-displacement values during testing (see Fig. 2).
A piezoelectric stage (P-628.1CD, Physik Instrumente) controlled the base of a soft
titanium cantilever with a 1mmor 4mmdiameter rigid tip while a custom program in
LabVIEW (National Instruments) read cantilever tip deflection with a capacitive sen-
sor (C8S-3.2-2.0 and compact driver CD1-CD6, Lion Precision). Tip deflection was
converted into force using cantilever stiffness, which was calibrated to be 79.8N/m.
Submerged patient tissue samples (1–3mm thick) were indented to 10% of sample
thickness (100–300µm) at an indentation rate of 10mm/s, after which the probe
was kept in place for 90–210 s to allow for the tissue to achieve >90% relaxation.
Sample thickness was measured using the indenter to determine appropriate inden-
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(a) (c)

(b)

Fig. 2 Pancreatic tissue are sliced to obtain a flat top surface (a), placed into a custom silicone
well (b) and flooded with room temperature media to fully submerge samples during indentation
(c). Adopted from Rubiano et al. (2017)

tation depth. Samples were indented at 6–13 distinct locations along the length of
the tissue, depending on the size of the sample and availability of flat regions.

As results, both pancreatitis (2.15 ± 0.41kPa) and tumors (5.46 ± 3.18kPa) have
higher significantly moduli than normal tissue (1.06 ± 0.25kPa). Pancreatitis sam-
ples have significantly lower time-dependent properties than both normal and can-
cer tissue. Both the viscosity and characteristic time follow a trend for pancre-
atitis values to decrease and cancer values to increase. For viscosity, pancreatitis
(63.2 ± 26.7kPa·s) is significantly lower than both normal tissue (252 ± 134kPa·s)
and tumors (349 ± 222kPa·s). Similarly, characteristic times for pancreatitis (27.6 ±
14.0 s) are significantly lower than both normal tissue (92.7 ± 46.4s) and tumors
(66.1 ± 20.8s).

3.5 Bladder and Rectum

The bladder is a hollow and distensible muscular organ in humans and other verte-
brates that stores urine from the kidneys before disposal by urination. In humans,
it sits on the pelvic floor: during the urinary process, the urine enters the bladder
via the ureters and exits via the urethra. On the other hand, the human rectum is the
final straight portion of the large intestine and it is about 12cm long. It begins at the
rectosigmoid junction, the end of the sigmoid colon, at the level of the third sacral
vertebra. Its caliber is similar to that of the sigmoid colon at its commencement,
but it is dilated near its termination, forming the rectal ampulla. Few studies are
available in the literature about the mechanical characterization of these anatomical
structures; Boubaker et al. (2015) elaborated an experimental protocol to charac-
terize the mechanical properties of the bladder and rectum wall porcine tissues, by



294 S. Marconi et al.

means of uniaxial tensile tests. Urinary bladder and rectum were dissected from a
six-month old male pig, washed with phosphate-buffered saline and freed from the
para-vesical tissue and mesothelium, respectively. Sample strips (30 × 5mm) were
resected along the circumferential and longitudinal axis, which runs from the apex
to neck for the bladder and proximal to distal direction for the rectum. The average
thickness was measured to be 2.9 and 2.1mm for vesical and rectal samples, respec-
tively. Afterwards, samples were moved into a physiological salt solution (Krebs
solution), maintained at body temperature and bubbled with a gas mixture of 95%
O2 and 5% CO2 at pH 7.4. A single-column zwickiLine quasi-static testing machine
was employed. Both ends of each tissue strip were glued between sandpaper using
Cyanoacrylate for no more than 5mm at each end, such that they were firmly gripped
during testing and no slippage can occur. The sample was then slightly preloaded
with a small tension force of 0.005N and subsequently a uniaxial tensile loading
to failure was performed at a displacement rate of 0.5mm/s. Authors observed that
pelvic organwall tissues reveal a nonlinear (hyperelastic) anisotropic behavior. These
tissues also exhibited a viscoelastic behavior through creep and relaxation responses
when a time-dependent loading was applied.

3.6 Prostate

The prostate (Institute for Quality and Efficiency in Health Care 2020) (or prostate
gland) is a dense fibromuscular gland that is part of the male genital system. Its
shape is like an inverted cone having a base above surrounding the neck of the
urinary bladder, apex below situated on the external urethral sphincter. The prostate
lies directly inferior to the bladder and wraps around the proximal urethra in the
lesser pelvis. A fibrous capsule encloses the gland with the nerves and vascular
plexus, which is further surrounded by a visceral layer of pelvic fascia.

With respect to other structures, for prostatic tissue more studies are available on
human tissue. Ma et al. (2015) performed a uniaxial cyclic tensile test, Phipps et al.
(2005) and Zhang et al. (2007) studied the mechanical behavior at (compression),
while Ahn et al. (2010) performed an (indentation) characterization.

In the study of Ma et al. (2015) prostatic human tissue was resected at autopsy
within 24h after death (one case) and periurethral prostate tissues were retrieved
from prostatectomy surgery (28 cases). All tissues were received in 10% Roswell
ParkMemorial Institute (RPMI) medium and processed immediately for mechanical
and histological studies. Samples were processed to take 9 tissue slices parallel and
9 perpendicular to the urethra and trimmed to rectangular shape. All trimmed tissues
were subjected to uniaxial load-unload mechanical testing using a constant strain
rate of 0.01s−1 to attain a maximum strain of 0.3 with a custom-build tensile tester.

In the 9 sections parallel to the mean tangent of the urethra, compared to the 9
holds perpendicular to it, the modulus was 450 ± 77kPa versus 560 ± 180kPa, the
mean stromal content was 78 ± 12% versus 88 ± 12% and the mean collagen con-
tent was 59 ± 9% versus 66 ± 10%. The tangent modulus for these tissues ranged
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from 9 to 2390kPa and the average collagen content of these tissues was 32%. Peri-
urethral prostate tissues demonstrated nonlinear viscoelastic mechanical behavior.
Tissue frommenwith lower urinary tract symptomswas significantly stiffer with sig-
nificantly higher collagen content and lower glandularity than that frommen without
lower urinary tract symptoms.

In the study of Phipps et al. (2005), fresh tissue specimens were collected from
patients undergoing transurethral resection of the prostate for benign or malignant
prostatic enlargement and tested by applying a dynamic compressive strain to the
samples. The mechanical test rig consisted of an electromechanical shaker (LDS
V201 with amplifier PA-25E) capable of inducing a cyclic load between 1 and 50Hz
at displacements between 0.5 and 1mm. A load cell (Sensotec Model 31) with
signal conditioning unit (Measurements Group 2311) was used to measure the load
resulting from the cyclic loading using a 2mm diameter ball end probe. Results
demonstrated that the mechanical characteristics of prostatic tissue can be described
by a viscoelasticmodel and have confirmed that significant correlations exist between
prostatic tissue morphology and mechanical characteristics. They have also shown
that measurable differences exist between the mechanical characteristics of benign
and malignant prostatic tissue.

Zhang et al. (2007) focused on the characterization of human prostates obtained
from radical prostatectomy, bymeans of stress-relaxation and compression tests. The
prostate was sectioned and cylindrical cores (approximately 8mm in diameter and
7mm in length) were obtained from the posterior zone of the prostates where cancer
often occurs. A total of 17 fresh tissue specimens were collected from 8 patients. The
core samples were soaked in saline before mechanical testing, which was performed
within 2h. A 1/S mechanical device (MTS Systems Co, Eden Prairie, MN, USA)
with 5N load cell was used to test the core samples. The upper and lower platens were
coated with vegetable oil before testing. To minimize the dehydration effect, the side
of each sample was coated with a thin layer of petroleum jelly. After 2min for tissue
recovery from precompression, a uniaxial unconfined compression was conducted to
measure the time-domain stress relaxation data at room temperature. The compres-
sion rate and the strain value were adjusted to 0.5mm/s and 5%, respectively. Tests
lasted about 700 s. The stress-relaxation curve of each sample during the hold period
was fit to a fractional viscoelastic model which micro-mechanical scheme is a spring
in parallel to a Scott-Blair element (Scott Blair 1947; Di Paola et al. 2013) involving
the Caputo’s fractional derivative (Podlubny 1999). Nonlinear least-squares fitting
was applied to each curve. The averaged three model parameters were then obtained.
This study systematically investigated viscoelastic properties of normal and cancer-
ous human prostate tissues. The stress relaxation testing and the proposed fractional
viscoelastic modeling approaches provide the frequency-dependent storage and loss
moduli, from which both elastic and viscous behavior can be extracted. From in
vitro conditions, the elastic contrast between cancer and normal appears to be 2.6:1
at 150Hz, although the in vivo contrast could be higher as a result of the additional
effects of elevated interstitial pressure.

Finally, Ahn et al. (2010) analyzed the mechanical property of prostatic tissues
through indentation and evaluated whether measurable differences in mechanical
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properties exist between cancerous and noncancerous tissues in an ex vivo experi-
ment. A total of 552 sites from 46 prostate specimens taken during radical prosta-
tectomy underwent an indentation experiment with a minimally motorized indenter,
within 30min after removal. The minimally motorized indenter was designed to
have a maximal outer diameter of 8mm and a length of 150mm. It was controlled
by a micro-DC motor, and the position was sensed with an integrated magnetoresis-
tive sensor. For each prostate specimen, the indentation experiment was performed
at 12 sites across the posterior surface of the prostate, similar to those of double-
sextant needle biopsies. The indenter contacted the posterior surface of the prostate
and induced a 3mm deep indentation at 1mm/s. The mean elastic modulus at a
3mm indentation of the regions containing cancerous and noncancerous tissue was
24.1 ± 14.5kPa and 17.0 ± 9.0kPa, respectively. These results showed increased
elastic modulus for the region containing cancerous tissue. Changes in the mechan-
ical properties reflect the changes in the integrity of the biological tissue because
pathological changes alter the properties of tissue owing to transformation of the
integrity of cells or intercellular matrixes.

4 Conclusion

The present review provides an insight on the methodologies applied for the chal-
lenging activity of biological tissuesmechanical testing, focusing on the low-covered
target of abdominal and pelvic structures. Among 18 papers, 9 studies employed a
porcine model, 7 studies a human model, two studies a bovine model and one study
employed a monkey and a lamb model, respectively. Interestingly, a porcine-human
(Brunon et al. 2010) and a porcine-bovine (Estermann et al. 2020) comparison is
provided for the liver. The most extensively studied organ is the liver (11 papers),
followed by the kidney and the prostate (four papers each). The majority of the
studies performed mechanical tests to identify the most suitable constitutive model
to simulate the mechanical behavior of the tissues. Viscoelastic models are mainly
employed, in some cases also including hyperelastic effects, to take large strains into
account.
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Abstract The stomach, to be a J-shaped hollow organ, undergoes large deforma-
tions during the digestion of ameal. Hereby, different types of contractions across the
stomachwall accomplish different tasks, including the storage, mixing, and transport
of ingested food, leading to a complex motility pattern. To coordinate the different
gastric contractions, specialized pacemaker cells, so-called interstitial cells of Cajal
(ICC), generate electrical slowwaves. These slowwaves propagate in an electrically-
coupled network of ICCs and depolarize neighboring smooth muscle cells. Impaired
stomach motility can be caused by a failure of the electrical regulation underlying
the activation of gastric smooth muscle contraction, namely gastric dysrhythmias,
and can be evoked by any disturbance in the electrical network. Multi-scale models
are potential tools to predict gastric motility based on underlying events of ICC net-
work electrophysiology. In the present study, a three-dimensional multi-scale model
of the electro-chemomechanical activation of gastric smooth muscle contraction is
presented. Additionally, a mechano-electrical feedbackmechanism is included. Sim-
ulations are performed on a realistic, physiological stomach geometrical model and
a postsurgical stomach, studying the effects of a surgical excision on the stomach
wall electrophysiology and motility.
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1 Introduction

The stomach is a J-shaped hollow organ in the gastrointestinal tract, which accounts
for the storage of ingested food, themechanicalmixing and crushing downof ingested
food to generate chyme, and the transport of this chyme into the duodenum. These
tasks are accomplished by the stomach wall’s (SW’s) microstructure and its ability to
contract and relax, leading to large deformations for the stomach to undergo. Hereby,
depending on the region of the SW, different functions are performed by different
types of gastric smooth muscle contractions, resulting in a complex motility pattern
across the whole SW. Generally, the upper part of the stomach features mostly tonic
contractions, which regulate the emptying of digested food into the duodenum by
changing the stomach’s capacity (Azpiroz 1994). In the stomach’s lower part, strong
peristaltic contraction waves propagate distally while they mix and transport larger
particles and crush them down until they are liquified enough for emptying. After
emptying, the stomach’s shape returns completely back to its reference shape. These
deformable characteristics are facilitated by themicrostructure of the SW,which con-
sists of several layers (from the inside out): The tunica mucosa, tunica submucosa,
tunica muscularis, and serosal layer, see also Fig. 1a. Depending on the stomach’s
region, these layers vary significantly in thickness, waviness, and fiber orientation,
thus adapting to the specific region-dependent contractions. At micro-scale, a robust
electro-chemical mechanism coordinates the different gastric contractions. Between
and within the muscular layers of the SW lie the interstitial cells of Cajal (ICC),
which are specialized pacemaker cells organized in an electrically coupled network
and which generate propagating electrical signals, also called slow waves. Gastric
smooth muscle cells (SMC) in the muscular layer are electrically coupled to the ICC
and respond to the electrical slow waves by altering the intracellular calcium con-
centration, which can ultimately result in a contraction or relaxation of the muscular
layer (Sanders 2008).

Failure of the regulatory mechanisms for gastric contractions can lead to differ-
ent impairments of the SW’s motility, associated with several diseases. Hereby, the
coordination of gastric contractions through an electrically-coupled ICC network is
of importance. Any loss of connectivity in this network, whether it is caused by a
defective ICC pacemaker function or by surgical incisions, can lead to gastric elec-
trical dysrhythmias and therefore to abnormal motility patterns (Kelly and Code
1971; Sarna et al. 1972; Hinder and Kelly 1977; Streutker et al. 2007; Farrugia 2008;
Sanders et al. 2014b; Du et al. 2015). Frequently occuring effects of gastric dys-
rhythmias are delayed gastric emptying, also known as gastroparesis (Chen et al.
1994, 1996; Sanders et al. 2014b), or other defects in gastric emptying, which may
be accompanied by, e.g., nausea or vomiting (Sanders et al. 2006; Du et al. 2015).

Multi-scalemodels of electro-chemomechanical activation of gastric smoothmus-
cle contraction are potential computational tools to test hypotheses on gastric motil-
ity in health and disease. However, only a few theoretical models are available that
describe the active, electro-chemomechanical contraction behavior of the stomach.
So-called cell models (Buist et al. 2006; Edwards and Hirst 2006; Hirst and Edwards
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2006; Hirst et al. 2006; Corrias and Buist 2007; Corrias and Buist 2008; Du et al.
2009; Buist et al. 2010; Gajendiran and Buist 2011; Poh et al. 2012; Du et al. 2013a;
Sathar et al. 2014; Yeoh et al. 2016) describe micro-scale processes of the mechano-
electrochemical contraction. Herein, most approaches consider the electrical field
only, while the modeling concepts of Corrias and Buist (2007, 2008) and Yeoh et al.
(2016) use the electrical and calcium field. Only onemodel describes the dependence
of the active mechanical response on the calcium field (Gajendiran and Buist 2011).
Further, various multi-scale models focus on a detailed description of the stomach’s
electrophysiology, but do not include anymechanical contribution (Cheng et al. 2003;
Pullan et al. 2004; Cheng et al. 2007; Du et al. 2010, 2013a, 2015; Corrias et al.
2012; Sathar et al. 2015). Little has been reported on the electro-chemomechanical
modeling of stomach smooth muscle contraction with regard to three-dimensional
boundary value problems. An intensive investigation of the literature revealed only
one model (Akhmadeev and Miftahof 2010; Miftahof 2017) that is able to describe
the complete electro-chemomechanical contraction process inside stomach tissue.On
the other hand, the model contains a large number of material parameters and con-
stants that were not identified experimentally. In another approach by Brandstaeter
et al. (2018), an electro-mechanical constitutive framework of gastric motility is pre-
sented that includes pacemaker electrophysiology and smooth muscle contractility.
Among other things, the authors realized three-dimensional simulations on a very
simple tube-like geometry to demonstrate the general capability of their modeling
approach.

In the present study, a three-dimensional multi-scale model for the description
of the electro-chemomechanical activation of gastric smooth muscle contraction is
proposed. For the active formulation, we incorporate information about the electri-
cal activation of the SMC by pacemaker activity of the ICC, modeled by using the
FitzHugh-Nagumo-type equations (Aliev et al. 2000). The dependency of the intra-
cellular calcium dynamic on the SMC membrane potential is modeled via a Gaus-
sian function, while the chemo-mechanical coupling in the SMC is modeled with
the extended Hai-Murphy model (Gajendiran and Buist 2011). Amechano-electrical
feedbackmechanism is considered, taking into account themechano-sensitivity of the
ICC and SMC. To enhance the predictive ability of the presented modeling concept,
appropriate active and passive model parameters are identified based on experiments
performed on porcine stomach tissue strips. The predictive behavior of the model is
investigated in simulations of a healthy and a postsurgical stomach, demonstrating
numerical examples in health and disease.

2 Structural and Functional Aspects of Stomach Soft
Tissue at Different Scales

This section gives an overview of the SW’s structure and function at the organ-,
tissue-, and cell-level. A key aspect is the coordination of active smooth muscle
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contractions of the SW, whose failure can result in several gastric motility impair-
ments. Thus, the complex mechanisms underlying gastric motility need to be highly
regulated, which is accomplished at different scales.

2.1 Structure and Function at Organ-Level

Anatomically, the stomach can be divided into three regions (Fig. 1a, from cranial
to caudal): The fundus, corpus, and antrum. The stomach is held in position via
ligaments attached to the lesser and greater curvature, see Fig. 1b. Functionally, the
stomach is divided into two parts (Masaoka and Tack 2009; Ferrua and Singh 2010).
The proximal stomach, consisting of the fundus and upper corpus, functions as a
gastric reservoir and is responsible for the storage of food and the emptying of
liquids. In the empty stomach a high gastric tone is maintained in the proximal part,
resulting in a contracted SW and a reduced capacity of the stomach (Schulze 2006).
When food enters the gastrointestinal tract, the proximal SW region starts to relax
due to a reduced tone, enabling a larger filling without a significant increase in the
internal pressure (Schulze-Delrieu and Shirazi 1987; Wilson and Stevenson 2019).
After some time, the SW gradually regains its tonic contraction, accompanied by
a reduction of the stomach’s capacity and the emptying of liquids (Azpiroz 1994;
Notivol et al. 1995; Tack et al. 2003). Solid food is thenmoved to the distal part of the
stomach, which consists of the lower corpus and antrum. The distal stomach serves
as a muscular pump and features strong peristaltic contraction waves (Guyton and
Hall 2006). At a rate of three cycles per minute (cpm), these phasic contraction waves
originate in the corpus at the greater curvature and move to the antrum, while getting
stronger and faster. While propagating, they transport and mix the food, which is
retained at the pylorus and pushed back until it is liquified enough to be emptied into
the duodenum (Kwiatek et al. 2006; Schulze 2006).

(a) (b) (c)

Fig. 1 Structure of the stomach: (a) stomach inflated with physiological solution; (b) deflated
stomach with extended ligaments; (c) histological cross-sectional presentations stained with Picro-
Sirius red
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2.2 Structure and Function at Tissue-Level

The SW consists of three main layers (Fig. 1c, from the inside out): The mucosal
layer, muscular layer, and serosal layer. These layers show regional differences in
the microstructure, for a detailed description the reader is referred to Bauer et al.
(2020). Generally, the mucosal layer, which can be subdivided into tela mucosa and
tela submucosa, mainly consists of a network of collagen fibers. Functionally, it is
responsible for secretion of acids to digest the meal. The mucosal layer features only
passive mechanical characteristics and restricts the SW’s inflation at large stretches.
Large gastric folds serve to enlarge the surface of the gastric mucosa. The muscular
layer, connected to the mucosal layer via connective tissue, consists of the stratum
circulare and the stratum longitudinale. Herein, longitudinal and circumferential ori-
entated smooth muscle fibers are responsible for the active contraction behavior of
the SW. Between the longitudinal and circular muscle layers lies the plexus myen-
tericus, which is a network of nerves controlling the activation of the muscular layer.
In the plane of the myenteric plexus between the longitudinal and circular muscle
layers, but also interspersed in these two layers, special pacemaker cells, the ICCs,
are embedded (Fig. 1c). They build a pacing network which will be described in
detail in Sect. 2.3. A very thin layer, named the serosal layer, covers the outer surface
of the stomach. This layer will be neglected within the present modeling approach,
as it shows almost no influence on load-bearing processes, e.g., in the case of the
urinary bladder (Natali et al. 2015).

2.3 Structure and Function at Cell-Level

In terms of gastric smooth muscle activation, two types of cells play a key role: The
ICCs and the SMCs. The ICCs are connected to each other, consequently building an
electrically coupled network. ICCs are pacemaker cells which generate an electrical
signal, the so-called slow waves, which are expressed through an oscillation of the
membrane potential (Sanders et al. 2006). Isolated ICCs generate slow waves with
an individual pacing frequency, but in a coupled network the frequencies in the ICCs
each adapt to the highest natural frequency occurring in the network, which is 3 cpm
in the human stomach (Hinder and Kelly 1977; O’Grady et al. 2010). This process is
called entrainment. Thus, the ICCs work as an electrical syncytium through which
they coordinate the global propagation of the electrical slow waves along the SW.
Because the highest frequency occurs at the greater curvature, this region is called the
dominant pacing site of the stomach. From here, the electrical slow waves originate
and propagate distally to the antrum, owing to a decreasing frequency gradient in this
direction. Because the slow waves propagate faster in the circumferential direction
(Moriya and Miyazaki 1985), they distally move in ring waves, terminating at the
pylorus.
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Via gap junctions, the ICC is electrically coupled to the neighbouring SMC
(Sanders 2008), being the contractile unit of the SW. Due to this coupling, the omni-
present slow waves also depolarize the SMC membrane in an oscillatory fashion.

Generally, the peak potential of the SMC slow waves is just below the mechanical
threshold of −40 mV, being the voltage where contractions start to occur (Sanders
et al. 2014a). In the presence of an additional input, e.g., a neural ormechanical signal,
the depolarization of the SMCmembrane through the electrical slowwaves can result
in action potentials superimposed on the peak potential (PP) of the SMC membrane
(Huizinga and Lammers 2009; Johnson 2012). The SMC membrane potential then
exceeds themechanical threshold to trigger contractions. Thus, a contraction can only
occur at the peak of a slow wave. One key feature is the gradient of SMC resting
membrane potential (RMP) along the longitudinal axis of the stomach (Hirst and
Edwards 2006). The RMP is the most negative potential, which occurs between the
peaks of two slow waves. As the RMP and PP in the fundus are equal and generally
above the mechanical threshold, a maintained gastric tone is present in this region
(Azpiroz 1994), asmentioned in Sect. 2.1. Distally, the RMP getsmore negative from
the corpus to the antrum. Thus, the contractions get more phasic and stronger.

3 Modeling

To investigate gastric smooth muscle excitation-contraction, a modeling approach
with two coupling-pathways is used in the present work, see Fig. 2. In the electro-
chemical coupling-pathway, the ICC slow waves, described by the ICC membrane
potential�ICC, i.e. Fig. 2a, lead to the depolarization of the SMCmembrane potential
�SMC, Fig. 2b. Following the descriptions in Sect. 2.3, the depolarization leads to the
opening of voltage-gated ion channels, see Fig. 2c, and to an increase in the intracel-
lular calcium concentration

[
Ca2+

]
of the SMC, see Fig. 2d. As

[
Ca2+

]
increases,

the concentration of activated myosin light-chain kinase also increases, see Fig. 2e,
which is an enzyme responsible for the creation of cross- and latch-bridges between
myosin and actin. As a consequence, gastric contractions are activated, leading to a
deformation ϕ of the SW, see Fig. 2f.

The second, mechano-electrochemical coupling-pathway is considered to cover
the ability of the ICC and SMC to respond to mechanical stimuli. Both, ICCs and
SMCs contain mechanosensitive ion channels, which open during cell stretching
(Kirber et al. 2000; Kraichely and Farrugia 2007). A stretch signal ϕ can cause an
increase in the pacing frequency in the ICC (Won et al. 2005), while it modulates the
PP and RMP of the SMC, as already mentioned in Sect. 2.3. Summarizing, smooth
muscle stretch ϕ influences the ICC and SMC membrane potential �ICC and �SMC,
see Figs. 2g and h, respectively.

Having introduced the four primary variables, the electro-chemomechanical state

S(X, t) = {�ICC(X, t),�SMC(X, t),
[
Ca2+

]
(X, t),ϕ(X, t)} (1)
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(a)

(g)

(h)

(b) (c) (d) (e) (f)

Fig. 2 Electro-chemomechanical (a)–(f) and mechano-electrochemical (g) and (h) coupling path-
ways of gastric smooth muscle contractions, see also Klemm et al. (2020) (® Copyright 2020
Elsevier B.V.). Four fields are considered, namely, the membrane potentials of the interstitial cells
of Cajal �ICC and the smooth muscle cells �SMC, the intracellular calcium ion concentration[
Ca2+

]
, and the deformation ϕ

of a material points’ placement X at time t is given.

3.1 Kinematics

We consider a contractive body, in which the continuous, nonlinear mapping ϕ(X, t)
relates the vectorX of the coordinates in the reference configuration B0 to the vector
x = ϕ(X, t) of the coordinates in the current configuration B. In this regard, F =
∇Xϕ(X, t) is the corresponding deformation gradient, with ∇X (•) being the spatial
derivative with respect to the coordinates X. Further, J = det F > 0 denotes the
determinant of the deformation gradient, characterizing volumetric changes.

To account for the different smooth muscle (index: s) and collagen (index: c) fiber
orientations, we introduce the structural tensors

Zc/s = Mc/s ⊗ Mc/s, (2)

describing the in-wall dispersions in the reference configuration, with the direction
vector Mc/s(X). Thus, the corresponding stretches

λc/s = √
I4,c/s = √

C : Zc/s (3)

depend on the scalar-valued fourth invariants I4,c/s, andC = FTF describes the right
Cauchy-Green tensor. Note, unlike the isotropic part in Eq. (13), where the determi-
nation of thefirst invariantmakes use of the isochoric part ofC, i.e., Ĉ, the formulation
of the anisotropic part here is based on the right Cauchy-Green tensor of the total
deformation. For more details the reader is referred to Seydewitz et al. (2017).



306 L. Klemm et al.

3.2 Governing Equations

The spatio-temporal evolution of the electro-chemomechanical state S in Eq. (1)
is governed by two field equations, namely the balance of linear momentum and a
diffusion-type equation of excitation for the electrical ICC membrane potential.

Excluding any body forces, the balance of linear momentum in the local spatial
form reads

J div (J−1τ ) = 0, (4)

defining the quasi-static stress equilibrium. Herein, div (•) is the spatial divergence
and τ denotes the Kirchhoff stress tensor. The boundary conditions on the disjoint
surfaces ∂Bϕ and ∂Bσ are given by

ϕ = ϕ̆ on ∂Bϕ and t = t̆ on ∂Bσ . (5)

The traction vector t̆ is defined via the Cauchy stress theorem t̆ = σ n, where n
denotes the outward surface normal and σ is the Cauchy stress tensor.

For the spatio-temporal description of the ICCmembrane potential, the following
diffusion reaction-type equation

�̇ICC − Jdiv
(
J−1q�ICC

) − F�ICC = 0, (6)

is considered. Herein, the material time derivative ˙(•) = ∂(•)/∂t |X of the action
potential �ICC is related to the reference configuration. The source term F�ICC con-
trols the activation and inactivation dynamics of the ICC membrane potential and
will be described in Sect. 3.3.2. The field equation of excitation depends on the cor-
responding boundary conditions

�ICC = �̆ICC on ∂B�ICC and q�ICC = q̆�ICC on ∂Bq�ICC . (7)

Similar to the Cauchy stress theorem of the mechanical description, the surface flux
is defined by the relationship q̆�ICC = q�ICC n.

To account for the propagation and entrainment of the slow waves in the ICC-
network, the flux term

q�ICC = d∇x�ICC (8)

relates the spatial gradient of the action potential ∇x�ICC via the deformation- and
location-dependent anisotropic conductivity tensor

d = disoI +
ns∑

i=1

daniso,i ZR
s,i , (9)

additively decomposed in an isotropic and anisotropic contribution. Herein, diso and
daniso,i are conductivity coefficients, ns denotes the number of considered directions,
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Table 1 Mechanical parameters for porcine SW tissue identified from active and passive experi-
ments

Mucosal layer

Parameter Value Unit

cc1 0.5335 kPa

cc2 0.0123 −
fc,1/ fc,2† 0.3781/0.6219 −
μe 0.0903 kPa

Muscular layer

Parameter Value Unit

cs1 0.2894 kPa

cs2 0.0188 −
fs,1/ fs,2† 0.5788/0.4212 −
μECM 0.1217 kPa

λopt 2.5403 −
ξs 0.8571 −
Popt 24.5345 kPa

Kvol 121.6594 kPa
†Indices 1 and 2 correspond to the longitudinal and circumferential fascicle directions, respectively

I defines the identity tensor, and

ZR
s,i = FMi

|FMi | ⊗ FMi

|FMi | (10)

are the rotated structural tensors. Considering the electric conductivity of disoI as
isotropic with respect to the spatial configuration, the pull-back of disoI leads to the
anisotropic conductivity in the reference configuration (Cherubini et al. 2012).

3.3 Constitutive Equations

The two essential load-bearing parts of the SW are the (inner) mucosal and the
(middle) muscular layer. Consequently, these two layers were considered in this
modeling approach, while the (outer) serosal layer was neglected. To determine the
mechanical parameters for the constitutive models of both layers, see Table1, active
and passive experiments on fresh porcine tissue strips were conducted. The protocol
and results of the passive and active experiments can be viewed in the Appendix.
Based on the collected experimental data, the mechanical parameters in Table1 for
both layers were identified based on an optimization procedure, see Eq. (34) in the
Appendix.
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3.3.1 Mucosal Layer

Featuring only passive material characteristics, the main constituents of the mucosal
layer (index: MCL) are elastin (index: e) and collagen (index: c). Consequently, the
strain-energy function

ψMCL = ψ̂e + ψc +U (11)

is decomposed into a mixed contribution, including the components for elastin (ψ̂e)
and collagen (ψc), and a purely volumetric part

U = Kvol

4
(J 2 − 1 − 2 ln(J )), (12)

which controls the degree of incompressibility by means of the parameter Kvol.
As a load-bearing protein, elastin builds three-dimensional networks of isotropic

character. Thus, the isotropic neo-Hookean material model

ψ̂e = μe

2
( Î1 − 3) (13)

is used, with μe to be the shear modulus and the isochoric first invariant Î1 = trĈ,
defined as the trace of the isochoric part of the right Cauchy-Green tensor Ĉ.

As a second load-bearing protein, the nonlinear mechanical behavior of collagen
is described by an exponential stress-stretch relationship along the anisotropically
orientated fiber direction

ψc =
nc∑

i=1

fc,i ψc,i , (14)

where the strain-energy functions for SM (Holzapfel 2001), i.e.

ψc,i =
⎧
⎨

⎩

cc1
2 cc2

{
exp

[
cc2

(
λ2
c,i − 1

)2] − 1
}

if λc,i > 1,

0 else
(15)

depend on two material constants, cc1 and cc2, weighted in every incorporated col-
lagen fiber direction i with the corresponding fraction fc,i . This fraction fulfils the
constraint

∑nc
i=1 fc,i = 1, with the total number of incorporated directions nc = 2 in

case of longitudinal and circumferential oriented collagen fibers. The restriction in
Eq. (15) ensures that only fibers under tension contribute to the mechanical response.

3.3.2 Muscular Layer

The muscular layer (index: MSL) consists of anisotropic oriented smooth muscle
fascicles (index: s) embedded in an extracellular matrix (index: ECM). Thus, based
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on earlier modeling approaches (Schmitz and Böl 2011; Böl et al. 2012; Böl and
Schmitz 2013; Seydewitz et al. 2017; Klemm et al. 2020), the strain-energy function

ψMSL = ψ̂ECM + ψs +U (16)

is additively decomposed into an isochoric and purely passive contribution (ψ̂ECM)
describing themechanical behavior of the ECM, a contribution for the anisotropically
aligned SM fascicles (ψs), and a volumetric contribution (U ), in analogy to Eq. (12).

The ECM consists of elastin and collagen forming an isotropic load-bearing net-
work. Thus, similar to Eq. (13), the isotropic neo-Hookean material model

ψ̂ECM = μECM

2
( Î1 − 3), (17)

which depends on the shear modulus μECM, is used.
The strain-energy function for the active smooth muscle fascicles, oriented in

longitudinal and circumferential directions, reads

ψs =
ns∑

j=1

fs, j (ψ
a
s, j + ψ

p
s, j ), (18)

including active (index: a) and passive (index: p) contributions. Based on the
anisotropic distribution of these fascicles, the strain-energy functions are weighted
with SMC volume fractions fs, j in every direction j = 1, ..., ns, where ns = 2 in
case of longitudinal and circumferential directions.

According to the collagen in the mucosal layer, see Eq. (15), the passive strain-
energy functions (Holzapfel 2001)

ψ
p
s, j =

⎧
⎨

⎩

cs1
2 cs2

{
exp

[
cs2

(
λ2
s, j − 1

)2] − 1
}

if λs, j > 1,

0 else
(19)

feature twomaterial parameters cs1 and cs2 and are functions of SM fascicle stretches
λs, j .

For the active contribution, a Gaussian function

ψa
s, j (�SMC,

[
Ca2+

]
,C) = η(Ca2+) Pmax

∫
exp

[−(λs, j − λopt)
2

2ξ 2
s

]
dλs, j (20)

mimics the bell shaped active stress response, which depends on λs, j , the constant
ξs, controlling the width of the active stress generation, and the optimum stretch
λopt at which the generated stress Pmax reaches its maximum value. Furthermore,
the strain-energy functions depend on the chemical degree of activation η(Ca2+),
obtained by the equations presented in the following paragraph.
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The electrical source term F�ICC in Eq. (6) represents the electrophysiology of a
single ICC. Tomimic this behavior, wemake use of a phenomenological two-variable
FitzHugh-Nagumo typemodel (Aliev et al. 2000; Pullan et al. 2004). In doing so, it is
common to express the model equations and variables in terms of the dimensionless
potential

φ = �ICC − �r
ICC

βICC
, (21)

which is obtained from the ICC membrane potential �ICC. Herein, the conversion
coefficient

βICC = �
p
ICC − �r

ICC (22)

equals the difference between the plateau potential �
p
ICC and the resting membrane

potential �r
ICC of the ICC slow waves. The formulation of the electric source

F�ICC = β̄ICCF
φ(φ, r) (23)

involves a multiplicative decomposition into β̄ICC, a temporally normalized scaling
factor of βICC, and the dimensionless electric source

Fφ(φ, r) = κφ(φ − α)(1 − φ) − r, (24)

which is based on the two-variable FitzHugh-Nagumo modeling approach. Herein,
r is the second, so-called recovery variable, governed by an additional differential
equation

ṙ = ε(γ (φ − ζ ) − r). (25)

In Eqs. (24) and (25), κ , α, γ , and ζ are constant material parameters controlling the
oscillation of the electrical slow waves. The parameter

ε = ε0 +
ns∑

j=1

fs, j θε
s, j (26)

is a position- and stretch-dependent term controlling the intrinsic frequency of the
ICC. Herein, ε0(X) sets the proximal-to-distal frequency gradient along the SW in
the absence of mechanical stimulation, see Table2. Consequently, the term

θε
s, j =

⎧
⎨

⎩

w f

1 + exp[−u f (λs, j − v f )] if λs, j > 1,

0 else
(27)

controls the stretch-dependency of the ICC slow wave frequency, with the parame-
ters w f , u f , and v f . Hereby, in a presented phenomenological approach, a smooth
heaviside function relates the frequency to the stretch.
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With the dimensionless ICC membrane potential φ at hand, we obtain the SMC
membrane potential

�SMC = (�
p
SMC − �r

SMC) φ + �r
SMC (28)

by scaling φ with the location- and stretch-dependent resting membrane potential
�r

SMC and the stretch-dependent plateau potential �
p
SMC of the SMC slow waves.

This simplification enables us to handle the SMC membrane potential �SMC as a
local variable.

For the RMP of the SMC, the following relation

�r
SMC = �r

SMC0 −
ns∑

j=1

fs, j θ r
s, j (29)

is applied. The propagation of a negative RMP gradient along the longitudinal axis of
the stomach within the SMC network implies that the value of the electrical potential
in the absence of stretch �r

SMC0(X) is a function of the material coordinates X, cp.
Table2. Further, the stretch sensitivity is controlled by

θ r
s, j =

⎧
⎨

⎩

wa(1 − ω)

1 + exp[−ua(λs, j − va)] if λs, j > 1,

0 else
(30)

with wa , ua , and va being potential-like and dimensionless parameters. Herein,
the dimensionless function ω(X) ∈ [0, 1] ensures a smooth transition from stretch-
induced hyperpolarization in the fundus to stretch-induced depolarization in the
antrum along the curved longitudinal axis of the stomach.

Unlike the RMP, the SMC plateau potential in absence of any deformation�
p
SMC0

remains constant along the curved longitudinal axis of the stomach, and the overall
expression for the electric PP reads

�
p
SMC = �

p
SMC0 −

ns∑

j=1

fs, jθ
p
s, j (31)

including the stretch-dependent contribution

θ
p
s, j =

⎧
⎨

⎩

wa(1 − 2ω)

1 + exp[−ua(λs, j − va)] if λs, j > 1,

0 else.
(32)

In the undeformed state of the fundus, the PP and the RMP are approximately iden-
tical. The potential difference remains constant during stretching, while both values
decrease, reducing the electric tonic to allow relaxation. The potential difference in
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Table 2 Material parameters for the electrical excitation

Parameter Value Unit Reference

κ 7.0 − Pullan et al. (2004)

α 0.5 − Pullan et al. (2004)

β 0.7 − Pullan et al. (2004)

γ 8.0 − Pullan et al. (2004)

ε0 0.04-0.0025 − Pullan et al. (2004)

�
p
ICC −20 mV Pullan et al. (2004)

�r
ICC −70 mV Pullan et al. (2004)

�
p
SMC 0 −38.5 mV Buist et al. (2010)

�r
SMC 0 −39 to −68 mV Lin et al. (2006), Buist et al. (2010)

diso 20-4250 mm2 s−2 Chosen

daniso,1/daniso,2 20-250/1500 mm2 s−2 Chosen

w f /wa 0.03/80 mV Chosen

u f /ua 15/35 − Chosen

v f /va 1.4/1.16 − Chosen

the stretch-free state of the antrum is more distinct owing to a more negative value
of the RMP, and stretching initiates an increase in the PP. The parameters for the
electrical excitation are given in Table2.

Assuming that the dynamics of
[
Ca2+

]
in the gastric SMC follows a bell-shaped

curve (Fukuta et al. 2002), the relationship between the SMCmembrane potential and
the intracellular calcium concentration is modeled as a Gaussian function (Seydewitz
et al. 2017)

˙[
Ca2+

] = q0 exp

[−�2
SMC

2ξ 2

]
− k

([
Ca2+

] − [
Ca2+

]
rest

)
. (33)

The constant ξ serves as a degree of freedom to limit the sensitivity of the calcium
release to a certain range of the SMC membrane potential. The material parameters
q0 and k control the release and return of the calcium, and

[
Ca2+

]
rest denotes the

resting calcium concentration.
The calcium concentration

[
Ca2+

]
is used as an input signal to calculate the

concentration of activated myosin light-chain kinase, and the fraction of cross and
latch bridges represented by η(Ca2+) between myosin and actin filaments. For this
purpose, the extended Hai-Murphy model by Gajendiran and Buist (2011) is used.
The fraction η(Ca2+) is used in Eq. (20) to determine the active stress response of the
muscular layer of the SW. The parameters used to determine the calcium dynamics
and the fraction η(Ca2+) are presented in Table3.
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Table 3 Material parameters for the chemical processes inside the SMC

Parameter Value Unit Reference

q0 0.8 µM s−1 Klemm et al. (2020)

k 1.0 s−1 Klemm et al. (2020)

[Ca2+]rest 0.15 µM Gajendiran and Buist (2011)

f1/2/3/4/5/6/7/8/9 12/480/5/840/28/
120/7.5/5/7.6

µM−1s−1 Gajendiran and Buist (2011)

r1/2/3/4/5/6/7/8/9 12/1200/135/45.4/
0.0308/4/3.75/25/22.8

s−1 Gajendiran and Buist (2011)

k3/4/7 15/5/10 s−1 Gajendiran and Buist (2011)

kcatK /kcatP 27/16 s−1 Gajendiran and Buist (2011)

KmK /KmP 10/15 µM Gajendiran and Buist (2011)

MLCP 7.5 µM Gajendiran and Buist (2011)

4 Simulation of a Healthy Stomach

This section presents the simulation of the electro-chemomechanical excitation-
contraction process arising in porcine SW tissue under physiological conditions.
The modeling approach proposed in Sect. 3 is applied to a geometry of a porcine
stomach, see Sect. 4.1, to investigate gastric motor activity.

4.1 Geometrical Model of the Stomach

The geometry of the stomach, see Fig. 3, was created by recording a real porcine
stomach via an optical system consisting of 2 CCD cameras. The optical informa-
tion of different angles was used to generate the three-dimensional geometry in a
post-processing step. For more details, the reader is referred to Böl et al. (2013),
where a similar procedure was realized to reconstruct a skeletal muscle geometry.
After smoothing the outer three-dimensional surface, an offset was created towards
the inside of the stomach based on constant representative thicknesses. As indicated
in Sect. 3.3, two layers, namely the mucosal layer (TMCL = 2.9 mm, dark grey) and
the muscular layer (TMSL = 4.6 mm, light grey), are considered. Both layers are
dominated by an anisotropic arrangement of longitudinal and circumferential ori-
entated fibers, which represent the collagen fibers in the mucosal layer and smooth
muscle fibers in the muscular layer. To mimic physiological boundary conditions,
finite spring elements (stiffness: kspring = 10−2 mN/mm) were attached to the edges
of the greater and lesser curvature, representing the fixation via ligaments (compare
with Sect. 2.1 and Fig. 1b). In addition, symmetric boundary conditions were applied
accordingly, and the end surfaces of the esophageal entrance Ae and pyloric ending
Ap were constrained in the normal direction. Finally, a pressure, which increases
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(a) (b)

Fig. 3 Illustration of a porcine, geometric stomach model: (a) two layers (MCL, MSL) were
considered for the simulations. The MCL features passive, anisotropic mechanical characteristics
with collagen fiber fractions in longitudinal ( fc,1) and circumferential ( fc,2) directions. For the
active anisotropic MSL, SMC fiber fractions in the longitudinal ( fs,1) and circumferential ( fs,1)
directions were considered and are illustrated by double-sided arrows. Here, according to Eq. (5),
∂Bϕ represents the greater and lesser curvature and the surfaces at the esophageal and pyloric
ending, and ∂Bσ denotes the internal surface. For the discretization of the half system, 8,140 linear
mixed brick elements (Q1P0) with 10,236 nodes were used. (b) Four different locations (P1: fundus,
P2: upper corpus, P3: middle corpus, P4: antrum) were chosen for tracking the electro-chemical
behavior of the filled stomach (Sect. 4.2)

linearly to p = 0.13 kPa and is then kept constant over the time of simulation, acts
perpendicular at the internal surface of the stomach and simulates the filling of the
stomach during ingestion, see Fig. 3a.

4.2 Temporal Behavior of �ICC,�SMC, and [Ca2+]

Figure4 illustrates the temporal evolutions of�ICC,�SMC, and
[
Ca2+

]
for four differ-

ent positions P1/2/3/4, see Fig. 3b, across the filled stomach. After reaching constant
internal pressure at 1.9 s, simulation continued for an additional 125.1 s. The plot
in Fig. 4a shows the temporal progress of �ICC. In all four locations �ICC features
a RMP of �ICC = −70 mV and increases to a peak potential of −20 to −15 mV
followed by a plateau-like decrease. Eight slow waves can be seen in P2, which
represents the dominant pacing site. The eighth slow wave in P1 and P3 can not be
fully observed, because of a phase shift, which indicates that �ICC first increases in
P2. In P1, P2, and P3 the slow wave show a dominant frequency of above 3.5 cpm,
thus, in these regions entrainment leads to one dominant frequency. This frequency
is slightly higher than the value set for the highest frequency (3 cpm), because of the
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Fig. 4 Temporal behavior of �ICC,�SMC, and
[
Ca2+

]
at four different locations, see Fig. 3b, of

the filled stomach

mechanical feedback-mechanism for the ICC slow wave frequency. However, in P4
the frequency is significantly lower, indicating a failed entrainment in more distal
regions.

Figure4b shows the temporal behavior of �SMC. At each point the timing of the
SMC slowwaves coincides with the ones of the ICC. The electrical tone of the fundus
(P1), which was initially set to −40 mV, has decreased to approximately −70 mV,
with small oscillations. Generally, the amplitude of the SMC slowwaves increases in
aboral direction. While�SMC at P2 does not reach−20 mV, at P3 the PP of the SMC
membrane potential reaches values around −10 mV. Every time a SMC slow wave
at P3 reaches the peak potential, the progress is followed by a damped oscillation,
and only then does the plateau-like decrease appear. In this regard, the number of
peaks superimposed on the PP slightly changes for every slow wave, but the pattern
repeats for every two slow wave cycles, which is approximately every 30s. In the
distal stomach (P4), �SMC reaches a peak potential of 0 mV at the beginning of the
plateau potential. Hereafter,�SMC features several peaks around−10 mV. The peaks
become smaller in amplitude at first, but then increase again. This is because a new
slow wave emerging from the corpus (P3) reaches the distal stomach, where�SMC is
still elevated, compare also with the following Sect. 4.3. This is also the reason why
the frequency in this region is lower than in the other regions.

In Fig. 4c the temporal behavior of the intracellular calcium concentration of
the SMC is illustrated. In the fundus (P1),

[
Ca2+

]
remains at its resting value of[

Ca2+
]
rest = 0.15 µM. At P2 the calcium concentration only slightly increases to

0.16 µM in a phasic manner, virtually remaining at resting levels. At P3, every time
the SMC membrane potential increases,

[
Ca2+

]
increases, with a small delay, from[

Ca2+
]
rest to a peak concentration of 0.45 to 0.5 µM,with slightly damped oscillations

of peaks superimposed on the plateau. This increase is even higher in the antrum,
with peak concentrations of 0.55 µM for the first peak and 0.45 µM for the following
peaks. The mechanical feedback-mechanism for the SMC plateau potential �p

SMC is
the reason for the damped oscillation of peaks superimposed on the SMC plateau
potential and calcium increase.
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4.3 Spatio-Temporal Propagation of the Main Variables
Across the Stomach Wall

Figure5 illustrates the spatio-temporal propagation of the ICC membrane potential
�ICC, the SMC membrane potential �SMC, the calcium concentration

[
Ca2+

]
in

the SMC, and the von Mises stress σvM at the discrete time point t1/2/3/4/5/6/7/8 =
0/1.9/68.7/73.2/74.9/76.95/80/83.625 s.

Hereby, t1 is the reference configuration and t2 is the time where the maximal
pressure is reached, so these two time steps are shown to illustrate the deformation
of the stomach during filling. Within the time range of t3 to t8, approximately one
slow wave cycle is illustrated. This cycle starts at t3 = 68.7 s to ensure stabilization
of the electro-chemomechanical processes. To better illustrate the contractions of the
SW, the deformation is scaled by a factor of 1.3. The ICC slow wave starts at t3 with
an increase of �ICC at the upper corpus at the greater curvature, being the dominant
pacing site. The remnants of the previous slow wave can be seen in the proximal
fundus and distal antrum. In the following time steps, these remnants are vanishing,
while the new slow wave fully propagates in circumferential direction and, slightly
slower, in longitudinal direction. When the increase in �ICC reaches the antrum, the
ICC membrane potential starts to decrease at the dominant pacing site, which can be
seen in t5, t6 and t7. At t8, a new slow wave originates again at the dominant pacing
site, while the old one starts to vanish in the fundus and antrum.

For the SMC membrane potential �SMC, the RMP gradient can be seen at the
beginning of the simulation (t1), whereas the RMP decreases in the fundus after
inflation (t2), due to the mechanical feedback. Then, at t3, �SMC starts to increase

Fig. 5 Spatio-temporal progress of the main variables �ICC,�SMC,
[
Ca2+

]
, and σvM dur-

ing the active stomach contraction illustrated at the discrete time point t1/2/3/4/5/6/7/8 =
0/1.9/68.7/73.2/74.9/76.95/80/83.625 s
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in the corpus, being in line with the increase in �ICC. A small region in the distal
antrum shows an increase as well from the previous slow wave. In the fundus, the
SMC membrane potential remains constant and low at nearly −80 mV for the next
time steps.However, at t4 a ring of depolarization emerges in the corpus,whichmoves
distally in the following time steps. In fact, several peaks, where�SMC increases up to
0 mV or higher, emerge in the area of SMC membrane depolarization, propagating
distally with this area. The highest peak is at the front of the slow waves, while
the following peaks become lower. These peaks have already been mentioned in
Sect. 4.2. At t7 the SMC membrane potential decreases at the dominant pacing site.
At t8, the decrease propagates in every direction, while �SMC increases again in the
upper corpus.

Every time �SMC increases in the corpus and antrum,
[
Ca2+

]
increases as well,

leading to a distally propagating ring of elevated calcium concentration. This ring
gets relatively large in thickness as it propagates distally. This is because of the
increasing number of peaks of high �SMC in this direction. These peaks can also be
distinguished for

[
Ca2+

]
when viewing the third row in Fig. 5 in more detail.

The increase of the von Mises stress σvM is highest at t4 in the region of the ring
of SMC depolarization. The active stress increases here, and a contraction can be
seen due to the elevated calcium concentration, which restricts the stomach circum-
ferentially. This results in an hourglass-shaped deformation of the filled stomach.
The increase of σvM propagates in aboral direction at time steps t5 and t6, while it
becomes weaker. However, a slight increase can be observed in the antrum, as well
as a deformation which reduces the capacity of the antrum. Because of the thick
ring of elevated calcium concentration, the deformation is not expressed as a small
circumferential restriction, as it is in time step t4.

4.4 Isochronal Activation Map of the SMC Membrane
Potential

To investigate the propagation of the activation of the muscular layer of the SW in
more detail, an isochronal map of the SMC electrical activation across the SW is
illustrated in Fig. 6. The plot starts at a time of 73.2 s and ends at 78.7 s, with time
increments of 0.5 s in between. Thus, the time of observation lies in the range of
the slow wave cycle investigated in the previous results. The SMC is considered
electrically activated as soon as �SMC reaches values of −30 mV or higher, which is
illustrated as a colored area for each time step. The grey region represents the area of
gastric tissue where �SMC is below −30 mV, and thus, not electrically activated in
every considered time step. The activation is illustrated with respect to the reference
configuration, i.e., the deformation is not shown. As can be seen in Fig. 6, most
of the muscular layer in the corpus is activated after 73.2 s, which represents the
beginning of a new slow wave, which originated at the dominant pacing site. At the
same time, a small region in the distal antrum below the pylorus is also activated,
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Fig. 6 Isochronal time plot
for the SMC membrane
potential of the healthy
stomach. The plot shows
which region of the SW is
electrically activated
(threshold:
�SMC ≥ −30 mV) at time
steps of 0.5 s

which corresponds to the slowly vanishing previous slow wave. As can be seen in
the following time steps, the slow wave propagates distally in an organized fashion.

5 Discussion

In the present work a three-dimensional multi-field model of the excitation-
contraction characteristics in gastric smooth muscle tissue is presented, to get a
better understanding of the electro-chemomechanical process during the activation
of gastric contractions. Within the finite element method, whole-organ simulations
on a three-dimensional numerical model of a porcine SW were performed to predict
the spatio-temporal propagation of the ICC and SMCmembrane potential (electrical
fields), the intracellular calcium concentration (chemical field), and the generation
of active contraction (mechanical field). To investigate the electro-chemomechanical
behavior of the SWduring filling by a bolus of food, an internal pressure was applied,
acting perpendicular on the inner surface of the SW. Thus, the phenomenologically-
based mechanical feedback of the model could be investigated.

Generally, the stomach can expand to a maximum volume of 2 to 4 liters. At
rest, normal intragastric pressure is below 1 kPa, and can increase up to 4kPa when
distended (Wali and Munnur 2013). The capacity of the filled stomach in the simula-
tion amounts to nearly 2 liters at an intragastric pressure of 1.3 kPa. After inflation,
the simulation demonstrates a mechanically induced decrease in the electrical tone
in the SMC in the fundus, especially around the oesophagus, without contractions.
The relaxed SW in this region enables the stomach to accumulate large amounts
of incoming food (Azpiroz 1994). At the dominant pacing site in the corpus at the
greater curvature, the dominant frequency of the ICC slow waves, initially set to
3 cpm, increased due to the inflation of the stomach. A dominant ICC slow wave
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frequency of about 3.5 cycles per minute has been observed in the fundus and cor-
pus, but not in the antrum. This indicates that entrainment was successful up to some
region, whereas the slow waves overlapped in more distal regions. Consequently,
the here used coupling of FitzHugh-Nagumo cell models by means of a diffusion-
reaction equation is not suitable for the simulation of entrainment, and an alternative
approach needs to be considered. This problem will be discussed in more detail in
the following Sect. 6.

According toMorgan et al. (1981) andHirst andEdwards (2006), the characteristic
peak potential and subsequent PP of the slow waves in the distal stomach are well
replicated by ourmodel.Won et al. (2005) revealed that the PP increaseswhenmurine
antral muscle is mechanically stimulated, which is in accordance with our results.
However, the authors also found an increase in the RMP under mechanical loading,
whichwas not replicatedwithin the presentmodeling approach. Inmore distal regions
the plateau potential of the SMC slow waves features several peak potentials, which
become greater in number in aboral direction. The same applies to the calcium
dynamics. These peak potentials are caused by the electro-mechanical coupling and
back coupling effect. The damped oscillation due to the coupling and back coupling
effect has also been observed in smooth muscle tissue (Kasai et al. 1995). However,
it appears that this coupling is very sensitive. The delay of the response of

[
Ca2+

]
on

�SMC is regulated by the chemical parameters q0 and k, see Table3, which may be
adjusted. However, the typical shape of the calcium dynamics should be regarded.
The shape of the calcium dynamics in the distal stomach during filling agrees quite
well the experimentally observed calcium concentrations obtained under stimulation
of acetylcholine by (Ozaki et al. 1991). During slowwave depolarization the calcium
concentration reaches peak values of about 0.5 µM, which is slightly higher than the
experimentally observed concentrations (Vogalis et al. 1991; Kim et al. 1997). In
regions of elevated calcium concentration, the SW in Fig. 5 clearly showed active
contractions during one slow wave cycle. The constrictions of the SW move in
aboral direction, which has also been reported experimentally by Cannon (1898) and
Gregersen et al. (2002). These contraction waves crush down the food and transport
it into the duodenum.

6 Future Perspective of Gastric Modeling and Simulation
in Diagnostic Analysis

ICC pacemaker activity and entrainment of electrical slow waves, i.e., the ability
of slow wave frequencies to adapt to one dominant pacing frequency in a coupled
network of ICCs, is a unique feature of the gastrointestinal tract that coordinates
gastric contractions. These effects need to be considered when modeling gastric
tissue-electrophysiology. However, the incorporation of ICC cell models in three-
dimensional multi-scale models of electro-chemomechanical gastric smooth muscle
contraction can lead to numerical difficulties.
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6.1 Computational Challenges in Multi-Scale Gastric
Modeling

When modeling the pacemaker activity of gastric ICCs, two approaches are com-
monly considered: Phenomenologically- and biophysically-based modeling
approaches. Phenomenologically-based models, e.g., the here used two-variable
FitzHugh-Nagumo approach, are easy to implement and efficiently simulate the
macroscopic behavior of single ICCelectrophysiology in a simplified approach. They
generalize biophysical processes in the ICC, making them computationally attractive
for large-scale, multi-field modeling. However, at tissue-level, instabilities in the for-
mation of slowwaves during entrainment, as described in Sect. 4.2, can arise, making
them rather unsuitable for simulating entrainment of gastric slowwaves. Brandstaeter
et al. (2018) presented a phenomenological approach based on a modification of the
two-variableMitchell-Schaeffermodel, originally developed for cardiac electrophys-
iology. The approach represents a computationally robust method to enable stable
entrainment of gastric slow waves. Nevertheless, phenomenologically-based models
do not give insights in the underlying electro-chemical processes of ICC pacemaker
activity and slowwave entrainment, i.e., the specific ion currents. Consequently, they
are rather unsuitable when aiming for the investigation of possible causes and effects
of abnormal ICC function and network connectivity. This is a significant restriction,
as it is known that many gastric dysrhythmias are caused by a disturbed pacemaker
activity of ICC (Farrugia 2008; Sanders et al. 2014b).

In contrast, biophysically-based models are grounded on the Hodgkin-Huxley
approach, where the cell membrane is described as a capacitance. The temporal
change of the ICC membrane potential is determined by the total ion currents across
the cell membrane. Therefore, they aremore suitable for the study of gastric electrical
dysrhythmias and dysmotility, as they describe the real physiological processes inside
the ICC during pacemaker activity. Besides, a physiologically adequate entrainment
mechanismcanbe incorporated in these cellmodels.On thedownside,most of the cell
models are developed to describe the temporal dynamics of cell electrophysiology
at a microscopic level where processes take place on a much smaller time scale
compared to slow diffusion processes at organ level. Using a detailed multi-scale and
multi-field description for the numerical simulation of the spatio-temporal evolution
of intracellular processes controlling gastric electrophysiology requires typically a
high spatio-temporal resolution. This however involves the repeated solution of a
large system of nonlinear equations. Reducing the computational cost and to speed
up the numerical analysis of complicatedmechano-chemo-electrical processes taking
place in the stomach have created a demand for more advanced numerical methods
(Hoermann et al. 2018; Hurtado and Rojas 2018; Rocha et al. 2020).

Amodel that incorporates a biophysical description of ICC slowwave propagation
and entrainment in a multi-scale modeling framework of electro-chemomechanical
gastric smooth muscle contraction has yet to be developed. To do this, one needs to
overcome the numerical challenges in order to develop a computational efficient and
stable model which combines all the features mentioned before.
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6.2 Gastric Modeling as Computational Support in
Diagnostics

This section aims to clarify what can be expected of future gastric models in diagnos-
tic analyses. In a first step, the predictive power of our model in terms of a numerical
support in diagnostics is tested. For this purpose, a stomach after surgery will be sim-
ulated. The postsurgical stomach features an incision in the SW, which is expected
to evoke disturbances in the ICC electrical slow wave propagation and entrainment.
Again, an internal pressure simulates the filling of the postsurgical stomach, and the
electro-chemomechanical outcome will be compared with the healthy stomach of
Sect. 4. At the end of this section, the results will be discussed, as well as the use
of biophysically-based models as alternative approaches for computational tools in
diagnostics.

6.2.1 Simulation of a Postsurgical Stomach

The postsurgical stomachwas obtained by creating a hole in the SW,which represents
the excision of gastric tissue due to, e.g., the removal of small gastrointestinal stromal
tumors (GISTs) (Novitsky et al. 2006). This was done by deleting some elements,
whereby it was made sure to obtain the same number of nodes on both sides of the
hole. The configuration was named reference 1, see Fig. 7a. The closure of the exci-
sion was generated by a displacement-controlled simulation prescribing the opposite
nodes at the hole to move towards each other. Hereafter, we obtained the modified
reference configuration (reference 2), see Fig. 7b, where the internal pressure was
applied in the actual simulation. During the actual simulation, the nodes with the
same coordinates at the incision were tied with respect to the displacement degrees
of freedom. The initial fiber orientations and the location-dependent parameters were
set with respect to reference 1. The modification of the reference configuration for
the simulation of the postsurgical stomach resulted in a non-flux condition at the
nodes of the incision, representing a disturbance in the ICC electrical network after
surgery.

Figure8 shows the spatio-temporal evolution of the four main variables (�ICC,
�SMC,

[
Ca2+

]
, and σvM) for the postsurgical stomach at the same discrete time points

as in Sect. 4.3.
The first row tracks the propagation of a slow wave in the ICC-network, emerging

at the dominant pacing site at t3. It is striking that the front of the distally propagating
slow wave slightly shifts towards the incision at t4 and t5. At t5, the incision hinders
the propagation of the depolarization. As a consequence, at t6, the tissue under the
incision depolarizes in fully circumferential direction because of the depolarization
at the sides. Hereafter, the slow wave propagates further in distal direction, whereby
the direction has somehow changed to that in the healthy stomach, cp. Fig. 5. The
same shifted behavior can be observed for the peaks of the increase of �SMC at t4
and t5. At t6, the �SMC peak potentials propagate only at the sides of the incision.
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(a) (b)

Fig. 7 Modification of the reference configuration for the simulation of the postsurgical stomach:
(a) the excision was obtained by the deletion of elements (reference 1); (b) with a displacement-
controlled simulation, the excision in the stomach tissue was closed (reference 2)

Fig. 8 Spatio-temporal progress of the main variables �ICC,�SMC,
[
Ca2+

]
, and σvM during the

active stomach contraction of the postsurgical stomach

As a result, the propagation pattern of the peaks in the antrum at t7 and t8 is not
organized anymore, in comparison to the healthy stomach. This is an indicator, that
the deformation in the antrum must be unorganized as well, as the peaks are due to
the mechanical feedback of the model. However, the deformations are too small to
distinguish them from the healthy contractions. Instead, the area of elevated calcium
concentration is shifted at t5 leading to a slight deviation from the original hourglass-
deformation observed for the healthy stomach between t4 and t5. This also appears
for the active stress at t5 and t6 in the last panel.
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Fig. 9 Isochronal time plot
for the SMC membrane
potential of the postsurgical
stomach. The plot shows
which region of the SW is
electrical activated
(threshold:
�SMC ≥ −30 mV) at time
steps of 0.5 s

Figure9 shows an isochronal time plot of the SMCmembrane potential across the
postsurgical stomach. The time discretization is the same as in Fig. 6 of the isochronal
activation map of the healthy stomach. Again, the muscular layer was considered
activated when �SMC reached a value of −30 mV or higher. The propagation of
the SMC membrane potential above the incision already differs from that of the
healthy stomach of Sect. 4.4 in Fig. 6. The front of the slow wave is slightly shifted,
as observed earlier, and the region directly above the incision is activated earlier than
the tissue in circumferential direction of this region. Due to the zero-flux condition
at the incision, the SMC slow wave propagates only at the sites of the incision at
time steps of 75.2 and 75.7 s. In the next second, the increase of the electrical SMC
membrane potential propagates in circumferential direction under the incision. Thus,
a ringwave creates again,which propagates further in distal direction.However,when
comparing the propagation direction with that of the healthy stomach, the direction
has slightly changed, which was also observed earlier. The change of direction can
also bee seen when comparing the previous slow wave of the healthy, cp. Fig. 6, and
the postsurgical stomach, cp. Fig. 9, at 73.2 s.

6.2.2 Discussion of the Postsurgical Stomach and Future Perspective

Failure of gastric tissue electrophysiology can lead to several gastric dysrhythmias
and motility disorders, and causes for this failure can be manifold. Abnormal pace-
maker activity of ICCs, loss of ICCs, or other damages in the ICC-network, due
to gastric surgery, or neuronal or myogenic dysfunctions, are said to be probable
causes for a failed entrainment and disruptive slow wave propagation (Kelly and
Code 1971; Sarna et al. 1972; Hinder and Kelly 1977; O’Grady et al. 2012; Oh and
Pasricha 2013; Du et al. 2015). Herein, different types of gastric arrhythmias have
been observed based on high-resolution spatial mapping (O’Grady et al. 2011). One
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example is that of an incomplete or complete conduction block, which can be evoked
by a failure of ICC pacemaker activity or, as it is the case in our simulations, by a
cut in the gastric tissue (Kelly and Code 1971; Sarna et al. 1972; Hinder and Kelly
1977; Du et al. 2015).

The rapid circumferential propagation distal to the incision, see Figs. 8 and 9,
recreates a ring of depolarization, which can further propagate in longitudinal direc-
tion. This anisotropic conduction regenerates the propagation pattern of electrical
slow waves and has already been observed experimentally and numerically in Du
et al. (2015). Herein the excision was modeled by defining an ellipsoidal region with
no slow waves and no flux. However, they did not consider any effects related to
the closure of the excision. Further, no deformations were considered in this study.
In our simulation, the excised tissue was closed, representing the ‘suture’ of gastric
excisions, see Fig. 7. Because of the closing, the ICC frequency gradient was shifted
together with the tissue, resulting in a shift of the ring of depolarization in both ICC
and SMC membrane potential. Consequently, the hourglass-shaped deformation of
the postsurgical stomach slightly differed from the healthy stomach. Another obser-
vation is the unorganized pattern of SMC membrane peak potentials distal to the
incision, which indicates an impaired motility pattern in this region.

The simulation of the postsurgical stomach showed that impaired gastric motility
can be caused by excisions of the SW, evoking a disturbance in the electrical ICC
network. As one example, impaired motility may result in delayed gastric emptying,
which is a common postoperative diagnosis (Bar-Natan et al. 1996).

Although our model is based on a phenomenological approach to simulate gastric
tissue electrophysiology, it can replicate several effects of gastric surgery on elec-
trical slow wave propagation across the stomach, observed for animals and humans
(Kelly and Code 1971; Sarna et al. 1972; Hinder and Kelly 1977; Du et al. 2015).
However, biophysically-based gastric models, as described in Sect. 6.1, are the pre-
ferred numerical tools in diagnostic simulations, as they correlate gastric motility
with the underlying events of ICC network electrophysiology. Further, due to the
detailed micro-scale description of ICC pacemaker activity, such a model can be
used for the simulation of possible pharmacological treatments, particularly target-
ing the ICCs,whichmaybe used to treat a disturbed slowwave propagation (Huizinga
et al. 1997).With the calculation of the deformation at hand, the mechanical outcome
can be investigated as well.

Appendix: Experimental Investigations

To determine the mechanical parameters for the constitutive models of the mucosal
and muscular layer in Sect. 3.3, see Table1, active and passive experiments on fresh
porcine tissue strips (16 × 8mm) from the proximal stomach were conducted. The
experiments were grouped into strips featuring the entire wall structure and strips
whose mucosal layer had been removed so that only the muscular layer remained
for testing. Both types of structures were tested in longitudinal (n = 5) orientation
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(i.e., parallel to the greater curvature) and in circumferential (n = 5) orientation
(perpendicular to the longitudinal orientation), so that a total sample size of n = 20
was tested. The protocol can be taken from Klemm et al. (2020). Briefly, for the
active stress-stretch response of the muscular layer, the tissue strips were electrically
stimulated with alternating pulses with a current, frequency, and pulse width of 1 A,
100 Hz, and 5 ms (van Mastrigt and Glerum 1985; Borsdorf et al. 2019) via two
platinum field electrodes at a constant solution temperature of 32 ± 0.1 ◦C. After an
equilibration period of 30 min at Ls (slack length, see Klemm et al. 2020), the strips
were stimulated isometrically for about 23 s every 7 min (to avoid muscle fatigue
effects) until a steady state force (deviation< 5% of maximum isometric force Fmax)
was reached. Within each interval, a preconditioning protocol of 150 cycles with a
frequency of 1 Hz (amplitude: 0.03 strip length) was applied. A series of 18-24
isometric contractions (length increments: 0.1 Ls in ascending order), starting from
an initial sample length of 0.8 Ls, were conducted. The active force was calculated
as the difference between the maximum total strip force (during simulation) and the
passive force (immediately before simulation). The muscle length at which Fmax was
produced was defined as the optimal muscle length λopt.

For the passive stress-stretch response of the entire wall, the same procedure was
applied to measure the passive forces. Based on the force values, the passive stress-
stretch relations were determined using the mean cross-sectional areas. The results
are presented in terms of the mean and the standard deviations. The mean active
stress-stretch responses are provided in Fig. 10 as black curves and the standard
deviations are presented as grey shaded areas. By comparing the active stress-stretch
response in the (a) longitudinal and (b) circumferential directions, it is noticeable
that the optimum stretch in the circumferential direction is larger, whereby a smaller
stress is achieved.

The passive force-stretch and stress-stretch relations of complete strips and those
only featuring themuscular layer are presented in Fig. 11, where the typical exponen-
tial response can be seen in both tissue strips. Regardless of the stresses or the forces,
the entire strip shows isotropic behavior (Fig. 11a, b), which is surprising considering
the inhomogeneous microstructure in the fundus (Bauer et al. 2020). In contrast, a
certain anisotropic behavior can be seen in the mechanical responses of the muscle
layer (Fig. 11c, d), which in turn reflects the inhomogeneous microstructure (Bauer
et al. 2020). Thus, when comparing both tissue structures, it seems that the mucosal
layer balances the mechanical anisotropy of the muscularis.

The layer-specific data of the mucosal layer was obtained by subtracting the
measured passive forces of the muscular layer from the entire wall. Based on the
collected experimental data, the mechanical parameters in Table1 for both layers
were identified by minimizing the objective function

O(pK ) = 1

n

n∑

i=1

√√√√√

(
Fexp,K
i − F sim,K

i

)2

(
Fmean,K

)2 with Fmean,K = 1

n

n∑

i=1

Fexp,K
i . (34)
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(a) (b)

Fig. 10 Active stress-stretch responses of 10 gastric muscular tissue samples in the (a) longitudinal
and (b) circumferential directions, see also Klemm et al. (2020) (® Copyright 2020 Elsevier B.V.).
The solid curves indicate mean values, whereas the shaded areas depict the standard deviations.
During all the experiments, the forces F and the strip length changes �l were measured and
converted to engineering stress P = F/A0 (A0 denotes the average cross-sectional area of the strip
measured in the initial and unloaded situations) and stretch λ = 1 + �l/ l0 (l0 denotes the length
of the strip measured in the initial, unloaded situation), respectively

Herein, F sim,K
i , Fexp,K

i , and Fmean,K are the simulated and experimentally measured
layer-specific force values evaluated at n deformation increments and the corre-
sponding experimental mean value, respectively. Further, K is associated with three
different sets of parameters, which is one set for the mucosal layer’s passive behavior
and two sets for the muscular layer’s active and passive behavior, respectively.
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Abstract In continuum biomechanics, models are typically classified into models
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focus on the desired application and purpose of the utilized model. Particularly with
regard to the future extension and the transfer of biomechanical models to clinical
problems, this sometimes seems to be insufficient. In order to enhance interdisci-
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sought. Above all, one should clearly state the aim of a specific model, e.g., whether
it is intended to reproduce experimental data in silico or has explanatory intentions
beyond that. Besides that, one should also clearly state the definition of the concept of
phenomenology, which has in the context of mechanical models often a too negative
connotation. Being clear about the aim and purpose and the hereby concluded choice
of model(ling approach) helps to formulate models that have an optimal balance
between complexity—and thus computational cost—and desired benefit. Herein, we
aim to provide a concise overview, necessary definitions and implications on two
short examples taken from the broad field of (continuum) biomechanics, namely, the
modeling of collagen fibers and skeletal muscles.

1 Introduction

For several decades now, the broad field of continuum mechanics has found its way
into applications in biology and biomechanics. In addition to modeling and under-
standing real processes, the clinical application of biomechanical simulations is now
increasingly coming into focus. In this context, it is crucial that the scope, the level of
detail and the desired benefit and goal of a model are clearly stated. This is particu-
larly important in an interdisciplinary context when scientists from different fields of
researchwork together.Understandably, however,models developed by engineers are
often categorized using relatively non-standardized, engineering terms. Many such
terms can be found in the literature, such as ad hoc, biophysical, empirical,microme-
chanical, micromechanically-based, microstructural, microstructurally-based, mul-
tiscale, phenomenological, physiological, single-scale, or structure-based, as well
as more general namings such as computational, mathematical, mechanical, or mul-
tiphysics models.1

These terms are not always clearly defined and often overlap in meaning. This
means that certain models can be attributed to several of these terms. However, two
fundamentally different model approaches emerge. We refer to them as type A and
type B models, see Fig. 1. Such a classification is, however, anything but clear and
the respective terms of a model type should under no circumstances be understood
as synonyms. Roughly speaking, models of type A aim at a pure description of
observed phenomena, whereas models of type B typically include more levels of
detail and often have explanatory intentions. However, the individual terms within
themodel types can still have very specificmeanings and should be usedwith caution
to avoid ambiguity and imprecise descriptions of models. For more clarity, however,
we should first explain a few important terms in more detail, starting with the model
terms ‘phenomenological’ and ‘structural’ in the next section.

1 In the continuum-mechanical context, the term ‘model’ usually refers to a constitutive material
model that complements the physical balance equations and enables the calculation of initial-
boundary-value problems. However, the following considerations on models are not limited to the
field of continuum (bio)mechanics and can be conceived in a more general way. The underlying
ideas apply equally, for instance, to zero-dimensional models in the field of (mechano)biology.
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Fig. 1 A coarse identification of two different model types in continuum (bio)mechanics

2 A Model-Based (‘Engineering’) Point of View:
Phenomenological and Structural

A very common classification, especially in biomechanics, distinguishes between
phenomenological and structural model approaches. A clear definition of the former
can be found in Woo et al. (1993):

We refer to phenomenological models as those that do not have explicit parameters related to
the microstructure of the tissue. This category includes a number of models, from those that
are derived simply by curve fitting experimental data, to rigorously formulated continuum
models. (Woo et al. 1993)

Another definition has been formulated by McMullin (1968):

[. . .][A] phenomenological model appears to be an arbitrarily-chosen mathematically-
expressed correlation of physical parameters from which the empirical laws of some domain
can be derived. (McMullin 1968)

On the other hand, Woo et al. (1993) defines structural model approaches as follows:

Structural models are based on known (or assumed) behavior of the constituents of the tissue.
The mechanical responses of the individual components are then combined or generalized
to produce a description of gross mechanical behavior. [. . .]they include parameters which
are directly related to the structure of the tissue. (Woo et al. 1993)

These definitions are essentially based on the consideration of different length scales
and the (self-evident) presence of a so-calledmicrostructure of thematerial on smaller
scales. The behavior of thematerial—that appears homogeneous on themacroscale—
results from the interaction of different constituents/components—the heterogeneous
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microstructure—on themicroscale.2 Phenomenological approaches are purely based
on the (mathematical) description of the macroscopically observed behavior and are
indispensably linked to the process of calibrating the models to experimental data.
In this connection, the macroscale is identified as the observation scale, at which
effects and quantities like stresses or strains are observed and measured. In con-
trast, structural approaches include information on the microstructure of the material
directly in the modeling process and do not necessarily require experimental data
from the macroscale. However, it would be wrong to claim that phenomenologi-
cal models are based on the neglection of the microstructure. On the contrary, by
calibrating (‘curve fitting’) to experimental data—that naturally includes all small-
scale effects and interactions—microstructural effects are of course fully taken into
account. Rather, it should be made clear that phenomenological models take into
account the microstructure in an implicit manner, whereas structural models aim at
an explicit resolution of individual components of the material. This justifies some
of the terms presented in Fig. 1, such as the term single-scale for phenomenologi-
cal approaches, and multiscale, microstructural and micromechanical for structural
approaches.

The above summarized definitions tie a very tight corset around the concept of
phenomenological models, as they must not include parameters that are directly
related to themicrostructure and theymust be based on the calibration tomacroscopic
experimental results. Further, this classification is strongly based on amodel-oriented
and not application-oriented point of view. Not necessarily the purpose or the benefit,
but the model itself is the central structure of the classification.

Possible reasons that determine the choice between a phenomenological and a
structural modeling approach are illustrated in Fig. 2. Therein, reasons (i)–(iii) are
mainly linked to insufficient experimental data on the macroscale. If any (or even
several) of those reasons holds true, the use of a phenomenological, single-scalemod-
eling approach and the meaningfulness of the thereon-based results become limited
and questionable. Structural, multiscale modeling approaches serve as a remedy to
this problem. Instead of making use of experimental data only on the observation
scale, a multiscale approach also takes into account data from smaller scales. Ide-
ally, this shifts the constitutive modeling process and the necessary calibration step
from the data-poor macroscale to data-rich(er) smaller scales. Of course, a multi-
scale approach only makes sense if the experimental data on the smaller scales is of
better quality. While a multiscale approach due to reasons (i)–(iii) is rather a remedy
to overcome the experimental limitations, reason (iv) is a more active motivation
to utilize multiscale models. There, the material response on smaller scales and the
influence of the microstructure on the macroscopic material response are of inter-
est. Under these circumstances, the observation scale is no longer clearly defined,
because phenomena on at least two scales are then of interest and the interconnections

2 Although the characteristic length scale of inhomogeneities and constituents in a lot of applications
is in fact in the order of micrometers (μm), the prefixes micro and macro do not imply a direct
connection to absolute sizes, but rather stand for small and large by referring to their Greek roots
mikrós and makrós, respectively. The microscale can therefore be as well in the range of, e.g.,
nanometers without the necessity to refer to it as nanoscale.
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Fig. 2 Motivation to switch to structural models

between the scales move into focus. Hence, to be able to explain a certainmacroscop-
ically observed material behavior, multiscale modeling approaches can be applied as
sophisticated tool for a deeper investigation of phenomena across the scales. Finally,
a multiscale approach in this context always has to be accompanied with appropriate
upscaling and homogenization steps, such that the results become available on the
macroscopic observation scale. Examples of suchmodels can be found inmany areas
of biomechanics, such as the multiphase modeling of cement injection into vertebral
bodies, see, e.g., Bleiler et al. (2015), the structurally-basedmodeling ofmyocardium
and arteries, see, e.g., Holzapfel andOgden (2009, 2010), or themultiscale modeling
of skeletal muscles and general homogenization approaches by the authors, see, e.g.,
Röhrle et al. (2008), Röhrle et al. (2012), Wang et al. (2013) Heidlauf et al. (2016),
Bleiler et al. (2019), Schmid et al. (2019), Röhrle et al. (2019) and Bleiler et al.
(2021).

In the next section, a slightly different, rather philosophical and more application-
based point of view for the classification of models is outlined.
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3 An Application-Based Point of View: Phenomenological
and Explanatory

In addition to the model terms commonly used in engineering and biomechanical
applications, see Fig. 1, a variety of other designations can be found if the concept of
a model is taken more broadly and the topic is explored more from a philosophical
point of view. For instance, an extensive list of terms can be found in the article of
Frigg and Hartmann (2020):

Probing models, phenomenological models, computational models, developmental mod-
els, explanatory models, impoverished models, testing models, idealized models, theoreti-
cal models, scale models, heuristic models, caricature models, exploratory models, didactic
models, fantasymodels,minimalmodels, toymodels, imaginarymodels,mathematicalmod-
els, mechanistic models, substitute models, iconic models, formal models, analogue models,
and instrumental models (Frigg and Hartmann 2020)

A detailed analysis of all these terms is beyond the scope of this section, but the list
highlights the wide range of names for models. Above all these terms there is a very
fundamental level of categorization, in which models are classified into so-called
representative, idealized and fictional. Very clear definitions for representative (or
representational) models have been formulated by Craver (2006):

[. . .]representational models, that is, those that scientists construct as more or less abstract
descriptions of a real system. (Craver 2006)

as well as by Frigg and Hartmann (2020):

they[representative models] represent a selected part or aspect of the world, which is the
model’s target system. (Frigg and Hartmann 2020)

In turn, idealized models are described by Frigg and Hartmann (2020) as follows:

Idealizedmodels aremodels that involve a deliberate simplificationor distortionof something
complicated with the objective of making it more tractable or understandable. (Frigg and
Hartmann 2020)

A common example for an idealized model is the neglection of friction in a mechan-
ical system. However, here a certain difficulty in distinguishing between represen-
tational and idealized models is already apparent. In particular, there is a certain
lack of clarity in the descriptions as to whether any model assumption is already an
idealization. Yet, since model assumptions are indispensable in the formulation of
mechanical models (that are usually not based on first principles), such a statement
would make it impossible to formulate representative mechanical models and would
therefore go too far.

Finally, Bokulich (2011) describes the third model form as follows:

[. . .] by fictional model I mean simply a model that represents the world by means of
fictional entities, states, or processes (and to distinguish fictional models from idealized
models-specifically fictional entities or processes that are not related to the true ones in the
world by what might be thought of as a distortion or series of successive cases). (Bokulich
2011)
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Here too, the distinction between idealized and fictional models is at times difficult.
We assume, however, that in biomechanics one rather finds idealized models and not
purely fictional models without direct reference to a real application.

Once this first level of model classification has been introduced, a second level of
distinction can be identified. To motivate this, we consult two statements of Craver
(2006): ‘Not all models are explanatory. Some models are data summaries.’ as well
as ‘There is a widely accepted distinction between merely modeling a mechanism’s
behavior and explaining it.’ Here we apparently distinguish between models that
have explanatory capabilities and those which model and replicate certain behaviors
(‘data summaries’). Consequently, the latter approach can be identified as a rather
phenomenological one, which leads us to the distinction between phenomenological
and explanatory models, see also Bokulich (2011). This pairing seems to be very
similar to that mentioned in the previous section, where we distinguished between
phenomenological and structural models. However, the distinction considered here is
still quite different, which can be illustrated by the following definitions. According
to Bokulich (2011),

A phenomenological model is only of instrumental value to the scientist. Often–though not
exclusively–they are constructed via an ad hoc fitting of the model to the empirical data.
Phenomenological models are useful for making predictions, but they do not purport to give
us any genuine insight into the way the world is. (Bokulich 2011)

whereas

An explanatory model, by contrast, does aim to give genuine insight into the way the world
is. (Bokulich 2011)

The difference between the two model types is thus the ability to go beyond the
mere reproduction of results and to provide explanatory insights into the underlying
mechanisms. Of course, it can be stated that such explanatory models in the context
of biomechanical problems usually lead to the formulation of multiscale approaches.
Onemight therefore end up againwith the distinction between phenomenological and
structural approaches (or between other terms belonging to typeAor typeB in Fig. 1).
However, the crucial difference is that the multiscale approach is the essential feature
of structural models (an end in itself), whereas in the case of explanatory models it
is a possible consequence (a means to an end). This means that the here presented
classification proceeds froman application-based point of view, because it only shows
itself through the application of the model and whether it has explanatory intentions
or not. On the other hand, a purely phenomenological model has the characteristic of
a blackbox that takes some input (calibrated parameters) and provides some output,
without providing explanations on the underlying mechanism.

As far as explanatory models are concerned, a further classification is possible,
which is based on the way underlying mechanisms are described. According to
Machamer et al. (2000) andCraver (2006), one can distinguish between how-possibly
and how-actually models. They are defined as follows:

How-possibly models (unlike merely phenomenal models) are purported to explain, but they
are only loosely constrained conjectures about themechanism that produces the explanandum
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Fig. 3 Scheme of model classifications from a ‘philosophical’ point of view

phenomenon. They describe how a set of parts and activities might be organized such that
they exhibit the explanandum phenomenon. (Craver 2006)

and

How-actually models describe real components, activities, and organizational features of the
mechanism that in fact produces the phenomenon. They show how a mechanism works, not
merely how it might work. (Craver 2006)

Thefirst form thus describesmodels inwhichpossiblemechanisms are postulated and
assumed, while the second form demands knowledge of them. Applied to mechan-
ical problems, this means that how-actually models provide precise knowledge of
the underlying causes of a macroscopic material response, e.g., by examining micro-
scopic image data and exactly identifying the relevant microstructural components
and their interplay. This last classification is very crucial as a preliminary consid-
eration during the formulation of a model. In particular, it is important to consider
whether the underlying mechanisms of the macroscopic behavior that is sought to
be described are known at all. In this connection, however, it is directly evident that
‘complete’ descriptions of a material behavior across all scales are hardly possible
and that certain simplifications must always be made. Craver (2006) commented:
‘[. . .]ideally complete descriptions of a mechanism. Such models include all of the
entities, properties, activities, and organizational features that are relevant to every
aspect of the phenomenon to be explained.’ He further states: ‘In fact, such descrip-
tions would include so many potential factors that they would be unwieldy for the
purposes of prediction and control and utterly unilluminating to human beings.’ We
may therefore assume that models usually lie in a range between the how-possibly
and how-actually models. Machamer et al. (2000) refer to this intermediate range as
how-plausibly models. In this context, it also has to be emphasized that an explana-
tory model is not improved by adding more details, but only by adding more relevant
details, see Craver and Kaplan (2020).

The three levels of classification introduced in this section are finally summa-
rized in Fig. 3. In this connection, it may seem somewhat confusing that explanatory
approaches can be found in both representative and idealized models. In this regard,
also Frigg and Hartmann (2020) posed the question:

Some models explain. But how can they fulfill this function given that they typically
involve idealizations? Do these models explain despite or because of the idealizations they
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involve? Does an explanatory use of models presuppose that they represent, or can non-
representational models also explain? (Frigg and Hartmann 2020)

Here, however, it is necessary to point out once again a certain ambiguity in the dis-
tinction between representative models and idealized models, especially with regard
to how model assumptions are assessed. It makes sense that also idealized mod-
els (that, e.g., neglect viscous behavior due to quasi-static loading conditions) in
mechanical applications can be explanatory.

Now that we have looked at the classification of models from a slightly dif-
ferent angle in this section, we should take another closer look at the concept of
phenomenology. This follows in the next section.

4 The Strength (and Omnipresence) of Phenomenology

In the previous two sections, phenomenological models were introduced as coun-
terparts to structural and explanatory modeling approaches. In both cases, the phe-
nomenological models had the character of ‘simpler approaches’. This is an accurate
description if ‘simple’means less complex and easier to handle in numerical environ-
ments. However, it should by nomeans be seen as a synonym for ‘worse’ or ‘inferior’.
The mechanical description of materials is not possible at all without the concept of
phenomenology. This section therefore gives a brief overview of the strength (and
omnipresence) of phenomenology.

As a start we look at the general definition of the term phenomenology given by
Smith (2018):

The Oxford English Dictionary presents the following definition: ‘Phenomenology. a. The
science of phenomena as distinct from being (ontology). b. That division of any science
which describes and classifies its phenomena. From the Greek phainomenon, appearance.’
In philosophy, the term is used in the first sense, amid debates of theory and methodology.
In physics and philosophy of science, the term is used in the second sense, albeit only
occasionally. (Smith 2018)

In particular, the first (‘a.’) meaning shows that a detailed study of the concept of
phenomenology would take us far into the realm of philosophy. Beyond the use of the
term in physics and mechanics, phenomenology actually represents a complete dis-
ciplinary field in philosophy. It is especially linked to the name of Edmund Husserl.3

For our purposes, however, the term phenomena (hence, appearance) mentioned in
the definition is particularly interesting and—unsurprisingly—represents the central
notion and stands in themiddle of the concept of phenomenology, see also Bogen and

3 Edmund Husserl (1859–1938) was an Austrian-German philosopher and mathematician. Inter-
estingly, both the well-known philosopher Franz Brentano and the mathematician Karl Weierstraß
were among his academic teachers. Husserl’s work and contributions are essential in establishing
phenomenology as an independent philosophical school. Main parts of his research work were pub-
lished as a complete edition namedHusserliana. See, e.g., Husserl (1999) for an English translation
of one of his works.
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Woodward (1988) and Bogen (2011). Further, the notion of phenomena is equally
important in modern continuum mechanics, as stated by Truesdell and Noll (2004)
in their famous magnum opus:

The task of the theorist is to bring order into the chaos of the phenomena of nature, to invent
a language by which a class of these phenomena can be described efficiently and simply.
(Truesdell and Noll 2004)

Summarizing, the observation of a phenomena has to be the starting point for a
phenomenological approach. In a mechanical problem, e.g., such a phenomenon
can be an experimentally measured stress-strain curve (hence, an observed material
behavior). Then, for the basic problem of material theory, which is finding appro-
priate constitutive formulations, this means that the description of the phenomenon
‘stress-strain curve’ by means of suitable mathematical functions is a proper phe-
nomenological approach. As a consequence, such an approach cannot be incorrect
or insufficient. A phenomenological approach guarantees an unbiased and objective
view on the things as they are, it does not require any further subjective opinion of
the observer and thus avoids incorrect modeling. It can be said that a phenomeno-
logical model does not directly describe a material, but an observed behavior of that
material. In this context, it is also irrelevant why the material behavior shows itself
in this way. That is also emphasized by Smith and Smith (1995) who stated:

Phenomenology [. . .] is above all a descriptive enterprise, a theory of appearances, of symp-
toms, as contrasted with those disciplines which deal in causal explanation, and with what
lies behind the appearances. (Smith and Smith 1995)

Hence, a phenomenological description does not aim to explain why phenomena
appear the way they appear. However, this can be seen as an advantage, if it is made
clear that such explanations are not only not the aim but also not necessary at all.
Moreover, the term ‘symptom’ in the last quote is interesting, too. To illustrate this
with an example frommedicine: One starts by examining a patient and describing an
observed symptom, and not by describing a disease.Applied tomechanical problems,
one starts with an observed material behavior and formulates a model based on it,
and not vice versa. This way of thinking is crucial in finding the best possible models.

If one wants to find the underlying causes of a particular phenomenon, Machamer
et al. (2000) states that ‘Mechanisms are sought to explain how a phenomenon comes
about or how some significant process works’. Without going into the philosophical
controversies surrounding the exact definition of what a mechanism is, we here adopt
the pragmatic definition of Illari and Williamson (2012):

A mechanism for a phenomenon consists of entities and activities organized in such a way
that they are responsible for the phenomenon. (Illari and Williamson 2012)

Looking at this from a mechanical point of view, the term ‘entities and activities’
immediately brings to mind the classical multiscale problem with its different inter-
acting components on smaller scales. This connection becomes even clearer by look-
ing at Table1, which is adopted from Darden (2006, 2008). Although not directly
related to mechanical problems, this list could be used for exactly those. An observed
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Table 1 Origin of phenomena: features of mechanism (modified from Darden (2006, 2008))

Phenomenon

Components Contextual locations

Spatial arrangement Temporal arrangement • Location within a hierarchy

• Localization • Order • Location within a series

• Structure • Rate

• Orientation • Duration

• Connectivity • Frequency

• Compartmentalization

phenomenon appears as the result of the spatial and temporal interaction of certain
structures (components) on smaller scales. These considerations make it clear, of
course, that the investigation of structures on smaller scales is in turn based on the
observation of certain phenomena and their necessary description on these scales.At a
certain point one will always fall back on phenomenological descriptions in mechan-
ical considerations. Even if a multiscale, explanatory model describes a macroscopic
phenomenon in a very detailed manner and incorporates effects from smaller scales,
e.g., on the order of micrometers or even nanometers, it is in a physical sense still
‘macroscopic’ and relies on phenomenological concepts like pressure, volume, tem-
perature, heat, work and mass. The designation ‘non-phenomenological’ for a model
would therefore be somewhat doubtful. Consequently, the designation of a model
as phenomenological or explanatory only makes sense in relation to a certain phe-
nomenon (an observed material behavior) at a certain scale and not to a material with
all its appearances across scales.

5 An Exemplary ‘Symptom-Based’ Modeling Workflow

If we now summarize some of the investigations and explanations presented so far,
the following questions can be formulated for the creation and setup of models:

Questions for model setup (e.g., in clinical applications)
• What is the purpose of the model?

– What phenomenon shall be reproduced/described?
– What is the observation scale?
– What is the desired data output?
– Is the aim to merely reproduce/perform real experiments in-silico or to
gain further knowledge and insights from the model?

• What data can be used as input?
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– On which scales is input data available?
– How reliable and representative is the input data?
– Must/can further experiments be performed for data acquisition?

Sequentially answering those questions and processing the requirements list will
lead to the model that fits best. This can be any kind of model, such as a phenomeno-
logical model for the pure mathematical description of a stress-stretch curve, or an
explanatory (multiscale) model that contains detailed descriptions of smaller scales
and that can not only reproduce but also explain macroscopic effects. Yet, it must
be stressed that the choice of a particular model is a direct consequence of the prob-
lem and the available data. One tries to present a clearly formulated phenomenon
or to solve a specific problem by first looking at a ‘symptom’ and then formulates
the appropriate model based on this. The quality of the model is not assessed by
its complexity or its ability to explain underlying mechanisms, but by the ability to
provide the desired output data. Thus, none of the different model approaches can a
priori be regarded as better or worse. In particular, we emphasize that explanatory
multiscalemodels are not better than phenomenological (single-scale) approaches by
definition. The former demand for considerable effort in the modeling process, such
as the need for reliable upscaling and homogenization methods, and usually increase
the complexity of the resulting models. In turn, the higher complexity eventually
entails higher computational costs when solving actual problems. Further, it always
has to be reminded that modeling on more than one scale plus capturing interscale
effects usually results in the need of more modeling assumptions. While a single-
scale approach smears all small-scale effects and we might thus say that it accounts
for them in an intrinsic manner, a multiscale approach actually has to resolve small-
scale effects and requires more information and more knowledge about a system. In
any case, one should always keep in mind the paradigm as simple as possible, but not
simpler4 during the formulation of a specific model in order to avoid unnecessary
complexity and computational costs.

6 Example I: Collagen Fiber Modeling

In order to clarify the previous considerations, we will now look in this first example
at the modeling of collagen fibers. In this connection, collagenous structures can be

4 This saying—in this or similar forms—is often attributed to Albert Einstein, but that cannot be
clearly proven. However, it is assumed that it is a highly simplified version of his verified statement
‘It can scarcely be denied that the supreme goal of all theory is to make the irreducible basic
elements as simple and as few as possible without having to surrender the adequate representation
of a single datum of experience.’ from his work Einstein (1934). It is, for a continuum-mechanist,
interesting to note that in the same work Einstein also formulated a brief justification for continuum
field theories: ‘[. . .]in a continuum theory, the atomistic character could be satisfactorily expressed
by integral propositions without localizing the particles which constitute the atomistic system.’.
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Fig. 4 Modeling of collagen fiber bundles. Experimental stress-stretch data, Pexp, from Hansen
et al. (2002). Left: best-fit curves for PHGO (k1 = 9.058MPa, k2 = 151.2, R2 = 0.9787) and
PBNSH (α1 = 1.489GPa, α2 = 4.171, R2 = 0.9971). Right: results PMW,1 and PMW,2 from the
multiscale model by Marino and Wriggers (2017)

found in nearly every biological tissue, such as arteries or muscles, and represent
a key contributor to their mechanical properties. If a collagen fiber (or a bundle of
collagen fibers) is subjected to a tensile stretch, say λ, in its longitudinal direction, a
typical J-like stress-stretch curve can be observed. For instance, the nominal stress
thatwasmeasured in experiments byHansen et al. (2002) is shown in Fig. 4, indicated
asPexp. This means that the material behavior of a collagen fiber bundle shows itself
as an observed phenomenon bymeans of experimentalmeasurements.Wenowobtain
a phenomenological description by calibrating suitablemathematical functions to the
experimental results. It does not matter why the phenomenon appears in this way and
no knowledge of the underlying mechanisms is required. For example, in the context
of hyperelasticity, the exponential strain-energy function by Holzapfel et al. (2000),
given by WHGO(λ) = k1 exp{k2〈λ2 − 1〉2 − 1}/(2k2), as well as the formulation by
Balzani et al. (2006), given by WBNSH(λ) = α1〈λ2 − 1〉α2 , are particularly useful.
Therein, 〈x〉 = (x + |x |)/2 and each of these two energy functions contains two
fitting parameters: k1 and k2 for WHGO and α1 and α2 for WBNSH. The calibration
of the corresponding nominal stress formulations PHGO = ∂λWHGO and PBNSH =
∂λWBNSH to the experimental results Pexp provides the curves as shown in Fig. 4
(left). From this it can be seen that both energy functions are very well suited for
the phenomenological description of the experimental results. They can be easily
integrated into numerical simulation tools.

A phenomenological modeling approach has no intention to explain why the
experimental stress-stretch curve looks as it does and what mechanisms are respon-
sible for it. In fact: it cannot, does not want to and does not have to explain it. In
contrast, an explanatory model aims to identify the mechanisms and components
that are responsible for the observed material behavior. A look into the microstruc-
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ture of collagen fibers helps here. Starting on the smallest (considered) length scale,
collagen fibers consist of triple helical tropocollagen molecules with a diameter of
about 1.5nm.Multiple molecules are arranged in staggered arrays and form collagen
fibrils with diameters of about 50–250nm. The molecules interact on the fibril-level
through intermolecular covalent cross-links (between two molecules) and so-called
weak bonds. Finally, bundles of densely packed fibrils form the collagen fiber, which
usually appears in a crimped form in the unloaded reference configuration. This
crimped shape has a major influence on the observed J-shaped stress-stretch curve
with its flat toe region at lower stretches (when the fiber and underlying structures
are crimped) and a stiffening at higher stretches (when the fiber is straightened).
More details can be found, e.g., in the textbook of Fratzl (2008). Explanatory models
that include these mechanisms across several length scales and provide the resulting
macroscopic material response were formulated by, e.g., Buehler (2008), Maceri
et al. (2010) and Marino and Wriggers (2017). Results of the latter are shown in
Fig. 4 (right). A multiscale model such as the one by Marino and Wriggers (2017)
involves microstructural components directly and is usually based on model param-
eters with direct physical meaning (i.e., no fitting parameters). Of course, this can be
very advantageous in biomechanical applications, since it allows, e.g., to describe the
material behavior due to microstructural changes caused by diseases. In this context,
Craver (2006) commented that explanatorymodels ‘[. . .]show how the systemwould
behave under a wider range of interventions than do phenomenal models, and so they
can be used to answer more w-questions’, whereby the term ‘w-questions’ refers to
the work of Woodward (2003) and means ‘what-if-things-had-been-different’. In
contrast, Craver (2006) states that a phenomenological model is ‘a model that is
useful only within a narrow range of conditions (such as health, proper functioning,
or the absence of disturbing outside forces) but that fails outside of those narrow
conditions’. Hence, a more complex multiscale model can also be applied to scenar-
ios for which no macroscopic experiments exist. However, this complexity is usually
associated with additional numerical effort. In the example dealt with here, it could
be seen that both phenomenological and explanatory models describe the observed
collagen behavior very well and that the choice between these two approaches must
depend on the application and the availability of experimental data.

7 Example II: Skeletal Muscle Modeling

The second example deals with skeletal muscle modeling and will be discussed here
only briefly. While only uniaxial deformations are usually observed and described
for the collagen fibers considered in the previous section, a multi-axial deformation
state (that can be expressed by the deformation gradient F) and the resulting obser-
vation of anisotropic material behavior is of interest when examining muscle tissue.
This means that the anisotropic behavior results directly from the observation of
experiments. In the context of hyperelastic continuum mechanics, this leads to the
identification of the material symmetry group MG ⊆ O(3) under which the strain
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Fig. 5 Amultiscale framework for themodeling of skeletal muscle tissue. Relevant microstructural
constituents, like the extracellular matrix (ECM), are collected in a representative volume element
(RV E ) and determine the effective behavior at a macroscopic material point P̄

energyW (FQT ) = W (F) becomes invariant with respect to referential transforma-
tions Q ∈ MG, see also Holzapfel (2000). Thus, a sufficient number of multi-axial
experiments is essential, not only for the identification ofMG, but also for the sub-
sequent calibration of strain-energy functions W (F). In skeletal muscle modeling,
however, the presence of muscle fibers in the tissue often resulted in the assumption
that MG represents the transverse isotropy group and that the material is stiffest
in the direction of the muscle fiber. This led to the use of strain-energy functions
for fiber-reinforced materials, but beyond that, these were often only fitted to uni-
axial experimental data. Experiments such as the one by Takaza et al. (2013) show,
however, that muscle can be stiffer in the transverse-to-the-fiber direction and the
fiber-reinforced model therefore provides a false statement. Yet, this is not a weak-
ness of a supposedly phenomenological model, because the procedure is simply not
observation-based. Rather, it represents an incorrect explanatory approach with a
wrong how-possibly assumption. Either one rigorously formulates a phenomenolog-
ical model based on observations (experimental data) or one postulates mechanisms
in a how-possibly model and clearly names it as such.

Finally, a last point is illustrated by means of the multiscale muscle model by
Bleiler et al. (2019). This model is based on the description of microstructural com-
ponents, such as the extracellular matrix and the helical arrangement of collagen
fibers, and provides the macroscopic behavior of muscle tissue by suitable homog-
enization and upscaling steps, see Fig. 5. There one can see that the collagen fibers
appear on the microscale in this observation and that their description and inclu-
sion are decisive for the prediction of the macroscopic muscle behavior. In turn, the
description of the collagen fibers brings us back to the considerations of the previous
section. Thus, even in an explanatory multiscale model, the question arises whether
individual structures should (or have to) be described on smaller scales by phe-
nomenological or structural/explanatory models. The designation of an explanatory
model therefore only makes sense with a clear reference to a certain scale, whereas
the description of individual mechanisms in such a model naturally relies again on
phenomenological approaches. Hence, the idea of phenomenology is always there.
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8 Conclusion

This chapter dealt with the classification of (bio)mechanical models. In particular,
twodifferentways of approaching this topicwere discussed. Thefirstwas amore clas-
sical engineering-oriented approach and focused on the model itself, thus resulting
in common descriptions like structural, micromechanical or multiscale. In contrast,
the second approach was more application-oriented. It focused on an observed phe-
nomenon and the distinction between direct, phenomenological model approaches
and such that explain (or postulate) the underlying mechanisms of a phenomenon.
Further, an attempt was made to clarify the meaning and importance of phenomenol-
ogy in mechanics and to avoid the designation of phenomenological models as inac-
curate or insufficient. In mechanics, phenomenological and explanatory approaches
represent two different ways of describing observed (material) behavior and nei-
ther is better or worse per se. The focus in basic research is usually on the detailed
investigation of complex processes across length and time scales, thus leading to
detailed multiscale models, while in real (e.g., clinical) applications one might be
more interested in the fast and reliable generation of desired output data for given
input data, for which phenomenological models are well suited. In this context, ana-
lytical microstructurally-motivated constitutive models such as the ones proposed
by Professor Holzapfel are particularly valuable, as they combine the advantages of
simple usability and the presence of microstructural parameters with physical mean-
ing. Examples are for instance the widely used model by Gasser et al. (2006) for
dispersed collagen fiber orientations as well as the constitutive models for arteries
proposed by Holzapfel and Ogden (2010) and for cardiac muscle tissue by Holzapfel
and Ogden (2009). The latter model, e.g., has made decisive steps towards clinical
applications in the context of the Living Heart Project, see, e.g., Baillargeon et al.
(2014) and Peirlinck et al. (2021).

In the context of classifying models, it makes sense to refer to (bio)mechanical
models in basic research by means of terms like structural or micromechanical, par-
ticularly if the model itself is the focus of a work. However, if one is more concerned
with answering specific questions (like describing some measured material behav-
ior), such terms are often not helpful, especially in an interdisciplinary environment.
In this case, it is sensible to name models according to their abilities in relation to
that specific question and to use terms like explanatory or the mentioned distinction
between how-possibly- and how-actually-models.

Acknowledgements This research was partially funded by the Deutsche Forschungsgemein-
schaft (DFG, German Research Foundation) under Germany’s Excellence Strategy—EXC 2075-
390740016 and by the Federal Ministry of Education and Research—BMBF as part of the project
‘3DFoot’ (funding number: 01EC1907B)



Classification of Biomechanical Models … 351

References

Baillargeon, B., Rebelo, N., Fox, D.D., Taylor, R.L., Kuhl, E.: The living heart project: a robust and
integrative simulator for human heart function. Eur. J. Mech. A-Solid 48, 38–47 (2014)

Balzani, D., Neff, P., Schröder, J., Holzapfel, G.A.: A polyconvex framework for soft biological
tissues. Adjustment to experimental data. Int. J. Solids Struct. 43, 6052–6070 (2006)

Bleiler, C., Wagner, A., Stadelmann, V.A., Windolf, M., Köstler, H., Boger, A., Gueorguiev-Rüegg,
B., Ehlers, W., Röhrle, O.: Multiphasic modelling of bone-cement injection into vertebral can-
cellous bone. Int. J. Numer. Meth. Bio. 31(1), 37–57 (2015)

Bleiler, C., Ponte Castañeda, P., Röhrle, O.: A microstructurally-based, multi-scale, continuum-
mechanical model for the passive behaviour of skeletal muscle tissue. J. Mech. Behav. Biomed.
97, 171–186 (2019)

Bleiler, C., Ponte Castañeda, P., Röhrle, O.: Tangent second-order homogenisation estimates for
incompressible hyperelastic composites with fibrous microstructures and anisotropic phases. J.
Mech. Phys. Solids 147, 104251 (2021)

Bogen, J.: ‘Saving the phenomena’ and saving the phenomena. Synthese 182, 7–22 (2011)
Bogen, J., Woodward, J.: Saving the phenomena. Philos. Rev. 97, 303–352 (1988)
Bokulich, A.: How scientific models can explain. Synthese 180, 33–45 (2011)
Buehler, M.J.: Nanomechanics of collagen fibrils under varying cross-link densities: atomistic and
continuum studies. J. Mech. Behav. Biomed. 1, 59–67 (2008)

Craver, C.F.: When mechanistic models explain. Synthese 153, 355–376 (2006)
Craver, C.F., Kaplan, D.M.: Are more details better? On the norms of completeness for mechanistic
explanations. Brit. J. Philos. Sci. 71, 287–319 (2020)

Darden, L.: Reasoning in Biological Discoveries Essays on Mechanisms, Interfield Relations, and
Anomaly Resolution, 4th edn. Cambridge University Press, Cambridge (2006)

Darden, L.: Thinking again about biological mechanisms. Philos. Sci. 75, 958–969 (2008)
Einstein, A.: On the method of theoretical physics. Philos. Sci. 1, 163–169 (1934)
Fratzl, P.: Collagen: Structure and Mechanics. Springer, New York (2008)
Frigg, R., Hartmann, S.: Models in Science. In: Zalta, E.N. (ed.) The Stanford Encyclopedia of
Philosophy, spring, 2020th edn. Metaphysics Research Lab, Stanford University (2020)

Gasser, T.C., Ogden, R.W., Holzapfel, G.A.: Hyperelastic modelling of arterial layers with dis-
tributed collagen fibre orientations. J. Roy. Soc. Interface 3, 15–35 (2006)

Hansen, K.A., Weiss, J.A., Barton, J.K.: Recruitment of tendon crimp with applied tensile strain.
J. Biomech. Eng. 124, 72–77 (2002)

Heidlauf, T., Klotz, T., Rode, C., Altan, E., Bleiler, C., Siebert, T., Röhrle, O.: A multi-scale
continuummodel of skeletal muscle mechanics predicting force enhancement based on actin-titin
interaction. Biomech. Model. Mechanobiol. 15, 1423–1437 (2016)

Holzapfel, G.A.: Nonlinear Solid Mechanics. A Continuum Approach for Engineering. Wiley,
Chichester (2000)

Holzapfel, G.A., Ogden, R.W.: Constitutive modelling of passive myocardium: a structurally based
framework for material characterization. Philos. T. R. Soc. A 367, 3445–3475 (2009)

Holzapfel, G.A., Ogden, R.W.: Constitutive modelling of arteries. P. Roy. Soc. A 466, 1551–1597
(2010)

Holzapfel, G.A., Gasser, T.C., Ogden, R.W.: A new constitutive framework for arterial wall mechan-
ics and a comparative study of material models. J. Elasticity 61, 1–48 (2000)

Husserl, E.: The Idea of Phenomenology.ATranslation ofDie Idee der PhänomenologieHusserliana
II. Springer, Dordrecht (1999)

Illari, P.M., Williamson, J.: What is a mechanism? Thinking about mechanisms across the sciences.
Eur. J. Philos. Sci. 2, 119–135 (2012)

Maceri, F., Marino, M., Vairo, G.: A unified multiscale mechanical model for soft collagenous
tissues with regular fiber arrangement. J. Biomech. 43, 355–363 (2010)

Machamer, P., Darden, L., Craver, C.F.: Thinking about mechanisms. Philos. Sci. 67, 1–25 (2000)



352 C. Bleiler and O. Röhrle

Marino, M., Wriggers, P.: Finite strain response of crimped fibers under uniaxial traction: an ana-
lytical approach applied to collagen. J. Mech. Phys. Solids 98, 429–453 (2017)

McMullin, E.: What do physical models tell us? In: Van Rootselaar, B., Staal, J.F. (eds.) Logic,
Methodology andPhilosophyofScience III, Studies inLogic and theFoundations ofMathematics,
vol. 52, pp. 385–396. North-Holland Publishing Company, Amsterdam (1968)

Peirlinck, M., Sahli Costabal, F., Yao, J., Guccione, J.M., Tripathy, S., Wang, Y., Ozturk, D., Segars,
P., Morrison, T.M., Levine, S., Kuhl, E.: Precision medicine in human heart modeling. Biomech.
Model, Mechanobiol (2021)

Röhrle, O., Davidson, J.B., Pullan, A.J.: Bridging scales: a three-dimensional electromechanical
finite element model of skeletal muscle. SIAM J. Sci. Comput. 30(6), 2882–2904 (2008)

Röhrle, O., Davidson, J.B., Pullan, A.J.: A physiologically based, multi-scale model of skeletal
muscle structure and function. Front. Physiol. 3(358) (2012)
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A Contribution to the
Medication-Induced Treatment
of Brain–Tumor Metastases

Wolfgang Ehlers, Patrick Schröder, and Arndt Wagner

It must have been around 1998, when I met Professor Gerhard
A. Holzapfel for the first time. In those days, we, as well as many
others, have been very much interested in the evolution of the
scientific field of continuum biomechanics. Much time has
elapsed since then, and Gerhard has become one of the leading
persons in biomechanical research. Based on his strong
commitment in the field, he succeeded to convince the publishing
house Springer to found ‘Biomechanics and Modeling in
Mechanobiology’, one of the world-leading journals on
biomechanical research that he is leading as the editor-in-chief
since 2001. This and many outstanding scientific recognitions
paved his scientific career.
Now, at the age of 60, it is time to contemplate what was and
what might be in the years to come.
All the best for you.

Yours, Wolfgang

Abstract Cancer is one of the most serious diseases for human beings, especially,
when metastases come into play. In the present chapter, the example of lung-cancer
metastases in the brain is used to discuss the basic problem of cancer growth and
atrophy as a result of both nutrients and medications. As the brain itself is a soft
tissue that is saturated by blood and interstitial fluid, the biomechanical description
of the problem is based on the Theory of Porous Media enhanced by the results of
medication tests carried out on in-vitro experiments on cancer-cell cultures. Based on
the theoretical and experimental results, the existence of cancer cells beyond a certain
threshold is included in the description by so-called mass-production terms added
to the mass of the solid skeleton. Furthermore, the mass interaction of nutrients
and medical drugs between the solid and the interstitial fluid and its influence on
proliferation, necrosis and apoptosis of cancer cells is taken into consideration. As a
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result, the overall model is appropriate for the description of brain-tumor treatment
combined with stress and deformation induced by cancer growth in the skull.

1 Introduction

For human beings, cancer is one of the most leading causes of death, cf. the World
Cancer Report of 2014 (Wild and Stewart 2014) by Wild and Stewart and the related
webpage1 of the World Health Organization (WHO). Basically, cancer arises from
normal cells that are transformed into tumor cells. Although cancer cells are produced
in a very small number every day, these cells are usually eliminated by the immune
system. Generally, we are talking about cancer if a malignant tumor is formed during
a multistage process from a pre-cancerous lesion. The individual processes are rou-
tinely subdivided into the famous hallmarks of cancer, cf. Hanahan and Weinberg
(2011). The genesis is caused by the interaction between a person’s genetic fac-
tors and external agents, such as physical (e.g., ionising radiation), chemical (e.g.,
tobacco smoke) or biological (e.g., virus infections) carcinogens.

The problem with cancer is the rapid creation of abnormal cells, resulting in a
space-demanding growth process. This leads to an invasion of adjoining parts of the
body and, even more serious, to a spreading towards other organs and a creation of
metastases. In this regard, metastases represent a major cause of death from cancer.

A numerical description of cancer therapies must catch the basic features of the
human body, especially, of the organ under consideration. As mammals consist of
hard and soft tissues governed by a porous organic solid that is percolated by inter-
stitial fluid and blood both in separated compartments but interacting in capillary
vessels between arteries and veins, a biomechanical description is naturally based
on the Theory of Porous Media (TPM). When cancer comes into play, the cancer
cells are sticking to the porous solid, while nutrients, medical drugs and further
components come along with the blood and the interstitial fluid.

In the present chapter, the above porous-media model is applied to lung-cancer
metastases that have been proliferating within a brain tissue.

2 Continuum Mechanics of Brain Tumors

2.1 The TPM in Brief

Based on the brain model by Ehlers and Wagner (2015), the continuum-mechanical
description of growth and atrophy of brain-tumor metastases needs the mass and
momentum balances of a set of components. These are the healthy or the cancerous

1 https://www.who.int/news-room/fact-sheets/detail/cancer, retrieved 31 January 2020.

https://www.who.int/news-room/fact-sheets/detail/cancer
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brain material, the blood and the interstitial fluid in different compartments and
further ingredients that might be part of the fluid components. Thus, the model ϕ is
composed of

ϕ =
⋃

α

ϕα = ϕS ∪ ϕB ∪ ϕ I , where α = {S, B, I }. (1)

Therein, ϕS stands for the porous organic solid, ϕB for the blood and ϕ I for the
interstitial fluid.

From the above composition, volume fractions nα can formally be defined by the
fraction of a volume element dvα of ϕα over the total volume element dv of ϕ. Thus,

nα := dvα

dv
with dv =

∑

α=S, B, I

dvα. (2)

This definition naturally includes the sumof all volume fractions to yield the so-called
saturation condition ∑

α
nα = 1. (3)

The governing set of balance equations is given by the mass and momentum
balances of all basic constituents, solid, blood and interstitial fluid via

(ρα)′α + ρα div
′
xα = ρ̂α,

ρα ′′
xα = divTα + ρα g + p̂α

(4)

with the constraining side conditions

∑

α

ρ̂α = 0 and
∑

α

(p̂α + ρ̂α ′
xα) = 0, (5)

compare Ehlers (2002). In the above equations, ρα = nαραR is the partial density
of ϕα given as the product of the intrinsic (respectively effective or real) density
ραR and the volume fraction nα , Tα is the partial Cauchy stress tensor, and g the
gravitation vector, while ρ̂α and p̂α are the so-called density production and direct
momentumproduction terms coupling themass andmomentumbalances of solid and
pore fluids. The constraints (5) result from the fact that the continuum-mechanical
system as a whole is a so-called closed system, while the individual components are
open systems, such that they can mutually interact, compare, e.g., Ehlers (2002).

Since the TPM provides a continuum-mechanical view onto porous-media prob-
lems, all terms have to be understood as local means representing the local averages
of their microscopic counterparts. In particular, the density production represents an
increase of partial density driven by chemo-physical processes like phase transfor-
mations or chemical reactions, while the direct momentum production exhibits the
volumetric average of the local contact forces acting at the local interfaces (pore
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walls) between the solid and the pore fluids. In addition to the above, div ( · ) is
the divergence operator corresponding to the gradient operator grad ( · ) = ∂ ( · )/∂ x
with x as the local position vector. Furthermore,

′
xα and

′′
xα are the local velocity and

acceleration terms of ϕα , while ( · )′α is the material time derivative following the
motion of ϕα .

In the present modeling process, all components are assumed to be materially
incompressible meaning that their intrinsic densities ραR remain constant under
isothermal conditions assuming a constant temperature of 37 ◦C, such that energy
balances can be ignored. For the solid skeleton, this basically means that, although
the intrinsic solid density remains constant, the partial solid density ρS = nSρSR

can vary through variations of the solid volume fraction nS and the solid density
production ρ̂S .

2.2 Model Constitution

Describing tumor-related processes, we make the assumption that the solid skeleton
is composed of brain cells ϕSB and tumor or metastatic cancer cells ϕST . It is further-
more assumed that the tumor is in an early avascular stage such that it is not supplied
by blood vessels and receives nutrients only from the surrounding tissue through the
interstitial fluid. As a result of these assumptions, the composition (1) of the model
has to be specified by

ϕ =
⋃

α

ϕα = ϕS ∪ ϕB ∪ ϕ I ,

where

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ϕS = ϕSB ∪ ϕST ,

ϕB = ϕBL ,

ϕ I = ϕ I L ∪ ϕ I N ∪ ϕ IC ∪ ϕ I V ∪ ϕ I D,

(6)

compare also with Fig. 1. It is seen from (6) and Fig. 1 that the situation here basically
describes two pore fluids ϕβ with β = {B, I }. Based on the assumption that the
blood has conveyed its ingredients to the interstitial fluid ϕ I , such that ϕB maintains
a single blood liquid ϕBL , ϕ I is a mixture of multiple components ϕ Iγ with γ =
{L , N , C, V, D}. Thus, ϕ I consists of ϕ I L as the interstitial-fluid solvent with
nutrients ϕ I N , mobile cancer cells ϕ IC , vascular endothelial growth factors ϕ I V and
therapeutic drugs ϕ I D as solutes.

For materially incompressible constituents with constant ραR , the mass balance
(4)1 reduces to the volume balance

(nα)′α + nαdiv
′

(x)α = n̂α, where ρ̂α = n̂αραR (7)
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Fig. 1 Representative elementary volume with exemplarily displayed micro-structure of tumor-
affected brain tissue and macroscopic multiphasic and multicomponental modeling approach

has been used on the basis that an addition of equal mass does not change thematerial
density ραR but changes the volume fraction of ϕα through n̂α . As a result of (7), the
volume balances of solid, blood and interstitial fluid read

(nS)
′
S + nSdiv

′
xS = n̂S,

(nB)
′
S + div (nBwB) + nBdiv

′
xB = 0,

(nI )
′
S + div (nIwI ) + nIdiv

′
xI = n̂ I ,

(8)

wherewβ = ′
xβ − ′

xS defines the seepage velocity of ϕβ . Note that this description of
the fluid balances is necessary for the numerical treatment of porous-media problems,
since the solid material is treated by a Langrangean description on the basis of
the solid displacement vector uS = x − x0 with x0 as the solid location vector in
the reference configuration at time t = t0, while the pore fluids are described by a
modified Eulerian description with the fluid seepage motion given relatively to the
deforming skeleton.

From the mass-balance side condition (5)1, the volume productions n̂S and n̂ I are
coupled via

n̂SρSR = n̂ Iρ I R, such that n̂S = −ρ I R

ρSR
n̂ I . (9)

In addition to this, the solid volume balance can be integrated analytically to yield

nS = nS
0 exp

(∫ t

t0

n̂S

nS
dt

)
(detFS)−1 =: nS

0g (detFS)
−1, (10)
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where nS
0g reduces to the standard reference solid volume fraction nS

0 at t0, when n̂
S is

excluded from the modeling approach. Following this, nS
0g can be interpreted as the

growth-dependent reference solid volume fraction that is related to the current volume
fraction nS through the inverse determinant of the solid’s deformation gradient FS .

Concerning the above volume balances, it seems necessary to add the following
remark.AsρBR , the effective densitiesρSR andρ I R have been assumed to be constant
as a result of mechanical incompressibility at constant temperature, although there
can be an intake of mass through n̂S and n̂ I . During cancer proliferation, cancer cells
are added to the brain skeleton exhibiting approximately the same density as healthy
brainmaterial, such that ρSR = const. is justified. On the other hand, ρ I R is a mixture
of various components that can be expressed as

ρ I R =
∑

γ

ρ
Iγ
I with ρ

Iγ
I = cIγm Mγ

m . (11)

This equation expresses the effective density ρ I R of the interstitial-fluid mixture as
the sumof its partial densitiesρ

Iγ
I definedwith respect to the interstitial-fluid volume,

cf. Ehlers (2009), while the different ρ Iγ
I are themselves defined through their molar

concentrations cIγm expressed in mol/m3 and molar masses Mγ
m expressed in kg/mol.

As the partial densities ρ I δ
I of the solutes ϕ I δ with δ = {N , C, V, D} are generally

negligible with respect to the partial density ρ I L
I of the interstitial-fluid solvent ϕ I L ,

it is justified to use
ρ I R ≈ ρ I L

I , (12)

thus also supporting the assumption of constant ρ I R at constant temperature for a
materially incompressible interstitial fluid.

In addition to the effective density ρ I R and the partial densities ρ
Iγ
I defined with

respect to the interstitial-fluid volume, further terms can be introduced with respect
to the overall volume. These terms are

ρ I = nIρ I R and ρ Iγ = nIρ
Iγ
I . (13)

Furthermore, it is seen from (10) that the volume production n̂S or the density
production ρ̂S = n̂SρSR , respectively, plays a crucial role for the description of tumor
growth and regression. Initially, the existence of some single cancer cells is described
by their concentration. During the cancer-cell proliferation and the further infiltration
into the brain tissue, a volumetric growth occurs. Thus, the cancer-cell component is
subsequently described by a volume fraction after exceeding a certain critical cancer-
cell concentration. To obtain this volume fraction, the effective cancer-cell density
ρ IC R is computed by use of (11) and (13):

ρ IC R = nIρ IC
I

n IC
. (14)
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Following the assumption that ρ IC R = ρSR = const., (14) can be solved with respect
to nIC yielding

nIC = nIρ IC
I

ρ IC R
and nST = nI cICm MC

m

ρST R
,

where nIC = nST and ρ IC R = ρST R ≡ ρSR

(15)

have been used. In (15), the exchange of the superscript from ( · )IC R to ( · )ST R

has been used to point out that the cancer cells ϕ IC of the interstitial-fluid mixture
aggregate during cancer-cell proliferation and infiltrate into the brain tissue, thus
initiating a local volumetric metastasis growth. As the volume fractions nIC and nST

are identical, the localmetastasis volume element dvST equals the cancer-cell volume
element dvIC . Note in passing that a certain critical cancer-cell concentration

cICm ≥ c̃ ICm (16)

is necessary, such that cancer cells transform to metastases.
In (16), the concentration threshold c̃ ICm indicates the micrometastatic switch

related to a critical cancer-cell number. Typically, micrometastases are character-
ized by a specific diameter size of approximately 500µm, which can be related to a
number of 28 900 cells, cf. Freyer and Sutherland (1986). This yields a cancer-cell-
concentration threshold of c̃ ICm = 3.5709 × 10−18 mol/m3.

In addition to the volume balances (8) of the solid skeleton ϕS , the bulk fluid ϕB

and the bulk-fluid mixture ϕ I , concentration balances

nI (cIγm )′S + div(nI cIγm wγ I ) + cIγm div(nBwB) + cIγm div(uS)
′
S−

−cIγm
( ρ̂S

ρSR
+ ρ̂ Iγ

ρ
Iγ
I

)
= 0

(17)

of the interstitial-fluid components ϕ Iγ are provided. Furthermore, the overall
momentum balance is needed yielding

0 = div
∑

α

Tα + ρ g +
∑

α

p̂α, (18)

where inertia terms have been neglected, such that (18) represents the quasi-static
formof themomentumbalance of the overall system.Furthermore, the overall density
ρ or the so-called mixture density is defined as

ρ =
∑

α

nαραR (19)

with ρ I R from (11).
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The equation system described above is only appropriate to solve tumor-relevant
problems, once it has been closed by convenient constitutive equations for theCauchy
stress tensors Tα , the direct momentum productions p̂α and the volume productions
n̂α or the density productions ρ̂α , respectively. In contrast to the Cauchy stresses that
have to be found for all constituents, direct momentum productions p̂α and density
productions ρ̂α are constraint through (5), such that

ρ̂S = −
∑

β

ρ̂β and p̂S = −
∑

β

( p̂β + ρ̂βwβ). (20)

2.3 Constitutive Setting

Based on standard techniques for the evaluation of thermodynamical restrictions,
compare Ehlers (2002, 2009, 2018), Ehlers and Wagner (2015) and related work,
the following constitutive equations are found for stresses and direct momentum
productions:

• solid and fluid stresses:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

TS = −nS p I + TS
E biomech,

TB = −nB pBR I,

TI = −nI pI R I,

• momentum productions:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

p̂S = −(p̂B + p̂I ) − ρ̂ IwI ,

p̂B = pI Rgrad nB − pdifsBgrad nS + p̂B
E dis,

p̂I = pI Rgrad nI + ∑
γ p̂

Iγ
E dis.

(21)

In these equations, p is the pore pressure that is obtained fromDalton’s law, cf.Dalton
(1802), via p = sB pBR + s I pI R with sβ = nβ/(

∑
β n

β). Therein, the saturations
sβ act as volume fractions of the pore space. Furthermore pdif = pBR − pI R is the
difference of the effective pressures between the blood and the interstitial fluid.
Finally, TS

E biomech is the biomechanically induced solid extra stress reflecting the
growth- and deformation-dependent material behavior, while the extra momentum
productions p̂B

E dis and p̂Iγ
E dis depend on the seepage velocities wβ of ϕβ . In case

of p̂Iγ
E dis, further terms come into play depending on the diffusion velocities dIγ =

wIγ − wI of the species ϕ Iγ in the interstitial fluid mixture ϕ I . For details, compare
Ehlers (2009).

In addition to the constitutive equations (21), further results are needed for the
description of mass-production terms resulting in
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ρ̂S + ρ̂ I = 0 with ρ̂ I = ρ̂ I L + ρ̂ IC + ρ̂ I N + ρ̂ I V + ρ̂ I D, (22)

compare (5)1, (8) and (9). As ϕ I is a mixture of the liquid solvent ϕ I L and solutes
ϕ Iγ , ρ̂ I has to be constituted formally via (22)2. While ρ̂ I L of the liquid solvent
does usually not exist, the reminder ρ̂ Iγ of mass-production terms splits into gains
ρ̂
Iγ
⊕ε and losses ρ̂

Iγ
	ε, where the second subscript ε is a placeholder for the source

of a specific process. Furthermore, as nutrients supply the cancer cells with energy
for basal reactions as well as for their cancer proliferation, metastatic proliferation
ρ̂ST

⊕ I N corresponds to its nutrient consumption ρ̂ I N
	 SC . Following Guppy et al. (2002),

it is moreover assumed that nutrients are only consumed by cancer cells during the
proliferation process and that all further substances needed for cell proliferation are
available in a sufficient amount.

Inmalnutrition states,meaningundersupply of nutrients, the solid skeleton (cancer
and regular cells) will undergo a necrotic process via ρ̂ST

	 I N and ρ̂SB
	 I N . In addition, the

apoptosis reaction ρ̂ST
	 I D based on the effect of the therapeutic agent is also considered

resulting in a mass-loss term (see Fig. 2). In conclusion, the mass-production term
of the solid skeleton is found as

ρ̂S = ρ̂ST
⊕ I N − ρ̂ST

	 I N − ρ̂ST
	 I D − ρ̂SB

	 I N , (23)

where the remainder of substances compared to (22) has been omitted as elements
of mass productions in the present study. For the description of the individual
mass-production terms, Monod-like kinetics are used in accordance to Ambrosi and
Presziosi (2002), Shelton (2011) and Gray et al. (2013). Following this, growth and
atrophy terms due to nutrient supply and drug medication can be modeled via

(a) (b)

Fig. 2 (a) selected cancer processes adopted from Hanahan and Weinberg (2011) and (b) related
mass (volume) interactions in the metastasis model. Proliferation appears through nutrient con-
sumption, whereas atrophy is either related to insufficient nutrient supply (necrosis) or apoptosis
which can be caused by the presence of a drug. These processes interchange volume (mass) between
the solid and the interstitial fluid
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ρ̂ST
⊕ I N = ρSTμI N max

cI Nm − c̄ I Nm
Kgr + (cI Nm − c̄ I Nm )

,

ρ̂ST
	 I N = ρST μ̃ST max

c̃ I Nm − cI Nm
Kgr + (c̃ I Nm − cI Nm )

,

ρ̂ST
	 I D = ρSTμST max

cI Dm − c̄ I Dm
Kgr + (cI Dm − c̄ I Dm )

,

ρ̂SB
	 I N = ρSBμSBmax

c̃ I Nm − cI Nm
Kgr + (c̃ I Nm − cI Nm )

.

(24)

Therein, μI N max, μ̃ST max, μST max and μSBmax characterize the maximal reaction
rates, while Kgr indicates the concentration of cI Nm or cI Dm , respectively, at which
the maximal reaction rate reaches half of its value. Finally, c̄ I Nm , c̃ I Nm and c̄ I Dm are
threshold concentrations governing the mass-production process.

2.4 Weak Form of the Governing Equations Describing
the Finite Element Analysis of Metastasis Atrophy

For use of the finite element analysis (FEA) for the numerical computation of pro-
liferation, necrosis and apoptosis processes, the basic governing equations have to
be transformed into their weak forms. As the problem is generally highly coupled
through the simultaneous action of the overall momentumbalance, the fluidmass bal-
ances and the concentration balances of the interstitial-fluid species, a fully coupled
algorithm is strove for, where the system of weak equations is solved simultaneously
within the Bubnov-Galerkin method.

Startingwith the overall momentum balance (18) tested by δuS , the corresponding
weak form reads

Gu =
∫




(
∑

α

Tα) · gradδuS dv −
∫




ρ g · δuS dv−

−
∫

�

t̄ · δuS da −
∫




∑

α

(ρ̂α ′
xα) · δuS dv = 0,

(25)

where t̄ = ∑
α T

αn is the total external load vector acting at the Neumann boundary
with outward-oriented unit normal vector n.

On the basis of (8), the volume balances of the overall interstitial fluid and the
blood are tested by δpβR and yield in their weak forms
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GpβR =
∫




{
(nβ)′

S + nβdiv(uS)
′
S − n̂β

}
δpβR dv−

−
∫




nβwβ · grad δpβR dv +
∫

�

vβ δpβR da = 0,

(26)

where vβ = nβwβ · n is the volumetric efflux of the particular pore fluid ϕβ .
Finally, the relevant dissolved species of the interstitial-fluidmixture, cancer cells,

nutrients and drugs, are described by the weak formulations of their concentration
balances (17) tested by δcIγm via

GcIγm
=

∫




{
nI (cIγm )′

S + cIγm div(uS)
′
S + cIγm div(nBwB)−

− cIγm
( ρ̂S

ρSR
+ ρ̂ Iγ

ρ
Iγ
I

) }
δcIγm dv −

∫




nI cIγm wγ I · gradδcIγm dv+

+
∫

�

j̄ Iγ δcIγm da = 0.

(27)

Therein, j̄ Iγ = nI cIγm wγ I · n is the molar efflux of ϕ Iγ across the Neumann
boundary.

The above weak equations are sufficient to compute the primary variables of the
model. These are the solid displacement uS , the effective pressures pBR and pI R

of the blood and the interstitial fluid mixture and the relevant concentrations cIγm
of the considered interstitial-fluid species. The secondary variables, such as stresses
and momentum productions, can be obtained as functions of these terms, compare
Ehlers (2009) and Ehlers and Wagner (2015).

2.5 Parameter Identification Based on Experimental Data

Due to the large number of model parameters, there is a high uncertainty for quan-
titative results of numerical computations. To some extend, this problem can be
solved by taking data obtained from laboratory experiments into consideration. For
a successful model calibration, it is furthermore useful to start the procedure with a
sensitivity analysis and to go on in a second step with an optimization of the crucial
parameters.

The followingparameter-identificationprocess is basedon theparameter-sampling
method by Morris (1991) and includes the sensitivity measure of Campolongo et al.
(2007). In this context, the deviation between the model and the data is denoted as
model output y. The dependency of y on each parameter pi is evaluated using the
elementary effect
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EE(pi ) = y1(p1, ..., pi + 
, pk) − y2(p1, ..., pi , pk)



, (28)

introduced by Morris (1991) that has further been improved in Campolongo et al.
(2007). Therein, the change of the model output y is computed by modifying one of
the k parameters pi with a specific step size 
 chosen as
 = 1/(l − 1) with l as the
number of parameter changes. Then, the two model outputs y1 and y2 are compared
to each other in (28).

This process is repeated until all parameters have been changed, cf. Morris (1991)
orKing andPerera (2013).Thefinal quantity of interest in determining the importance
of a parameter is achieved by the absolute mean

μ∗
i =

∑

i

| EE(pi ) | /r, (29)

where r is the number of so-called trajectories within the parameter space. The cal-
culated mean μ∗

i related to a parameter allows for the comparison between the other
parameters. Consequently, the parameters with the highest values are considered as
most significant, cf. King and Perera (2013). However, the introduced method allows
only for a sensitivity-based ordering of the parameters. The actual choice of relevant
parameters needs still to be decided manually by the user.

In a second step, the parameter-optimization strategy is based on the maximum
likelihood estimation, cf. Myung (2003). To relate the simulation results ysimu to
the measured data ydata, a logarithmic error log ε = log(ydata) − log(ysimu) is intro-
duced. This error is assumed to be Gaussian distributed resulting in the likelihood
function

L =
∑

i

log
( 1

σi

√
2π

)
− (ydata,i − ysimu,i )

2

2σ 2
i

. (30)

Therein, L is the summed likelihood function including the data at i and measure-
ment including the variance σi of the data. In order to optimize the crucial model
parameters, the likelihood function can be minimized, using, e.g., the commercial
software Matlab with its optimizer fmincon.

Based on in-vitro experimental investigations carried out on lung-cancer-cell cul-
tures by the group of Markus Morrison,2 Fig. 3 displays the result of the above
parameter identification and optimization process that has been applied to cancer-
cell apoptosis induced by the medical drug TRAIL (tumor necrosis factor-related
apoptosis-inducing ligand). In particular, five experiments have been realized to
investigate the response of the cancer-cell line NCI-H4600 to DbαEGFR-scTRAIL,
where TRAIL concentrations of cI Dm ∈ [10−10, 10−9, 10−8, 10−7, 10−6] mol/m3

have been applied, also compare Schröder et al. (2019). Concerning Fig. 3, the dark
red dots display the experimental results for the five concentrations cI Dm , while the
light red dots are the mean values of the experimental data at the particular cI Dm .

2 Markus Morrison is currently the head of the Institute of Cell Biology and Immunology at the
University of Stuttgart.
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Fig. 3 Experimental data (single viable cell ratios) at five TRAIL concentrations cI Dm depicted in
dark red with crosses as maximum values. Mean viable cancer-cell data given in light red with
standard deviation as vertical bars. The simulation output resulting from the optimization process is
given in black including the best result in light green. Additional simulation outputs corresponding
to the best parameter sets are given in dark green

Furthermore, the red crosses exhibit the highest experimental values, and the verti-
cal red bars are the standard deviations. During the optimization process, the black
dots are produced as intermediate steps towards the optimal parameter of each of
the five cI Dm displayed as green dots. These results are sufficient to get further non-
experimentally obtained data represented as dark green dots at concentrations that
did not belong to the five concentrations above. The dashed green line links the most
likely results. Finally, it is seen that the green line as the most likely result of the
experiments fits the experimental data well as it quantitatively correlates with the
data obtained from the realized in vitro experiments.

3 Numerical Example of Apoptosis Due to Therapeutic
Treatment

As an illustration of the above procedure, the following numerical example has been
set up for the simulation of an experimental-data-based apoptosis process, where the
medication represents an immediate interactionwith the cancer cells of themetastases
with TRAIL.
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(a) (b) (c) (d)

Fig. 4 Simulation of apoptosis. The upper half of the circular simulation domain shows the condi-
tions at the initial time t0, while the lower half shows qualitative results at the final state at tend − t0 =
24h with (a) drug consumption indicated by the concentration cI Dm ∈ [6.3 · 10−8, 1.1 · 10−7] in
mol/m3, (b) outward-oriented radial solid deformation uS ∈ [−3.3 · 10−4, 0 ] in m, (c) outward-
oriented radial seepage velocity wI ∈ [−4.8 · 10−9, −3.0 · 10−12] in m/s, and (d) metastases vol-
ume fraction nST ∈ [0, 0.1] in [-]

The numerical example is based on a circular specimen with a diameter of d =
0.2m. Within the FEA, the numerical tool Pandas3 is used, where an implicit
Euler time integration has been implied together with a spatial discretization by 954
Taylor-Hood elements resulting in 2 899 nodes. Quadratic approximation functions
are used for the solid displacement uS and linear approximation functions for the
blood and interstitial-fluid pressures, pBR and pI R , as well as for the relevant molar
concentrations cIγm . In order to simplify the complex coupled computations, the blood
volume fraction nB has been kept constant and only the following interstitial-fluid
species have been considered: cancer cells ϕ IC , nutrients ϕ I N and medical drugs
ϕ I D , particularly TRAIL.

Starting from a primarily computed tumor proliferation, compare Schröder et al.
(2019, 2017), the initial and boundary conditions are as follows: the outer bound-
ary is fixed in space and is furthermore applied with a nutrient concentration of
cI Nm = 1mol/m3. The same initial concentration of cI Nm is applied to the whole
domain ensuring a sufficient nutrient supply aswas guaranteed throughout the experi-
ment.Moreover, the drug concentration is similarly applied proceeding fromdifferent
initial concentrations cI Dm ∈ [10−10, 10−9, 10−8, 10−7, 10−6] in mol/m3.When the
simulation was started, the metastasis volume fraction was set to nST = 0.1 within
the inner core of the domain with d = 0.04m. Over a period of 24h, the drug triggers
apoptosis within the metastasis leading to a reduction of cancer cells, compare Fig. 4.

During the computation over the whole time period of 24h, the metastasis decline
is leading to a shrinkage of the solid skeleton that extrudes interstitial fluid and the
containing death-receptor agonist into the metastasis.

4 Conclusion

The present contribution is an attempt to numerically describe growth and atrophy
processes of cancer cells based on the example of lung-cancer metastases in the

3 Porous Media adaptive nonlinear finite element solver based on differential algebraic systems,
cf. http://www.get-pandas.com.

http://www.get-pandas.com
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brain. In the framework of a continuum-mechanical investigation of the problem, the
Theory of Porous Media has been used for the description of the coupled behavior
of brain tissue with interstitial fluid and blood. Mass-production terms have been
included to especially capture the nutrient and drug transport from the interstitial
fluid to the brain solid. This delivers the reason for metastasis growth as well as for
atrophy, while a first numerical example has been added to carry out the possibilities
of the model.
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1 Introduction

Arterial mechanics plays a fundamental role in the cardiovascular system’s physiol-
ogy under both normal and diseased conditions. For example, it is well known that
large arteries close to the heart distend and store energy during the ejection phase
and return this energy to the blood flow in the elastic recoil when the aortic valve
closes. This energy transformation prevents a sudden pressure drop in the systemic
arteries and allows for a near-constant flow in the capillaries (Humphrey 2002). The
elasticity is closely connected to the constituents and their structure in the arterial
wall. The main contributors to the mechanical properties are collagen and elastin in
the extracellular network and smooth muscle cells (Burton 1954; Roach and Bur-
ton 1957). The structure and composition of the constituents can change both as
part of a natural remodeling process or through a pathological process. Whatever
causes the microscopic alterations will be expressed as changes in the elastic prop-
erties of the artery at the macroscopic level. The mechanical properties are therefore
important factors for assessing the health of the cardiovascular system as well as for
understanding the etiology and development of diseases.

The mechanical response of soft tissues is commonly tested using, for example,
extension-inflation tests (Sommer et al. 2010) or uniaxial and biaxial extension tests
(Sommer et al. 2015). These experiments can be used to identify material parameters
of individual constituents (or a group of constituents). The parameters usually influ-
ence the macroscopic tissue response through nonlinear relations and are computed
by fitting the model response to the measured tissue response. This minimization
problem can be nonconvex, and the parameters identified using standard techniques
with gradient-based solvers are not guaranteed to give the best fit. This problem is
amplified by a large number of parameters and by using mechanically incomplete
measurements, which is typically for in vivo measurements (Stålhand et al. 2004;
Stålhand 2009; Gade et al. 2019).

In this chapter, we discuss some important features that impact parameter iden-
tification and, in particular, how to use deterministic global methods to identify the
true best-fit parameters.

2 Continuum Model for Soft Tissue

Soft tissue is a complex material from an engineering perspective. The composition
and structure of its constituents make the tissue anisotropic, heterogeneous, and
incompressible. Furthermore, the response to external loads is characterized by large
finite deformations, and it is influenced by residual stresses in its unloaded state
(Burton 1954;Roach andBurton 1957;Humphrey 2002).As a consequence, standard
techniques for linear construction materials under small deformations no longer
apply, and more general methods are needed. Continuum mechanics, with its well-
defined mathematical structure and flexibility, has become the natural choice for
modeling soft tissues.
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2.1 Deformation

Consider a piece of soft tissue in a state where it is free from external loads and resid-
ual stresses, and let this be the reference configuration BR. The deformation out of
this configuration to a deformed configurationB subjected to external loads is given
by the deformation gradient F. The configuration obtained by removing all external
loads is the unloaded configuration and is denoted byB0. In general, this configura-
tion does not necessarily need to be equivalent toBR (Vaishnav and Vossoughi 1983;
Fung 1984) since the tissue can still be subjected to residual stresses as long as the
stress field satisfies global equilibrium (Ogden 2003). The residual stresses can be
accounted for by using a multiplicative decomposition of the deformation gradient
(Humphrey 2002), i.e.

F = FeFr, (1)

where Fe and Fr describe the elastic deformation from B0 to B and the resid-
ual deformation from BR to B0, respectively. Because the tissue is assumed to be
incompressible, the deformation gradient must satisfy the constraint

det F = 1. (2)

In this text, we will only consider the extension-inflation experiment of an arterial
segment, but the results are valid for other tests as well. Let the unloaded arterial
segment be mounted in a test rig and identify it with the unloaded configurationB0.
The elastic deformation in an extension-inflation test is given by

Fe = ∂r

∂ρ
er ⊗ Eρ + r

ρ
eθ ⊗ Eϑ + ∂z

∂ζ
ez ⊗ Eζ , (3)

where {r, θ, z} and {ρ, ϑ, ζ } denote the radial, circumferential, and axial coordi-
nates in the deformed and unloaded configurations, respectively. The symbol ⊗ is
the dyadic product, and the cylindrical base vectors in the deformed and unloaded
configurations are {er , eθ , ez} and {Eρ,Eϑ ,Eζ }, respectively.

While the elastic deformation in Eq. (3) is straightforward to define, the form of
the residual deformation Fr is less obvious. There are essentially two methods in the
literature: (i) an experimentally motivated assumption regarding the map between
BR and B0 (Choung and Fung 1986; Holzapfel et al. 2000); (ii) a more general
map-independent approach, which assumes BR to be a virtual configuration that is
either a non-Euclidean geometry or a set of infinitely small and incompatible pieces
(Humphrey and Rajagopal 2003; Klarbring et al. 2007). The former method has the
advantage that residual stresses can be quantified in experiments. For arteries, the
classical technique is to place a radial cut through the arterial wall and measure the
opening angle (central angle) once the segment has equilibrated (Choung and Fung
1986). By identifying the equilibrated cut-open segment withBR, the opening angle
�, together with the axial deformation �, describe the residual stress field. Using
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these quantities, the residual deformation Fr can be written as (Holzapfel et al. 2000)

Fr = ∂ρ

∂R
Eρ ⊗ ER + kρ

R
Eϑ ⊗ E	 + �Eζ ⊗ EZ , (4)

where {R,	, Z} denote the radial, circumferential, and axial coordinates in the refer-
ence configuration, and the corresponding cylindrical base vectors are {ER,E	,EZ }.
The parameter k=2π/(2π − �) is introduced because the cut-open segment is
closed to a cylinder by the map between BR and B0. Note that it is possible to
generalize the idea behind the method and make cuts in several directions to reveal
more complex residual stress distributions (Holzapfel et al. 2007).

Finally, back-substituting Eqs. (3) and (4) into Eq. (1) leads to

F = ∂r

∂R
er ⊗ ER + kr

R
eθ ⊗ E	 + λEz ⊗ EZ , (5)

where λ = (∂z/∂ζ )� is the segment’s axial stretch. Using Eqs. (2) and (5) allows
the deformed radius r to be computed explicitly (Holzapfel et al. 2000), i.e.

r(R) =
√

R2 − R2
i

kλ
+ r2i , (6)

where Ri and ri are the inner radius in the reference and deformed configurations,
respectively.

2.2 Constitutive Law

The Cauchy stress tensor for an incompressible and nonlinear material is given by
(Holzapfel 2000)

σ = −pI + 2F
∂


∂C
FT, (7)

where I is the identity tensor, C = FTF is the right Cauchy-Green tensor, the super-
scribed T indicates a transpose, and 
 = 
(C) is the strain energy. The undeter-
mined reaction stress p is associated with the incompressibility in Eq. (2) and must
be computed from the boundary conditions. Many strain-energy functions for vari-
ous soft tissues have been suggested in the literature, see Blatz et al. (1969), Fung
et al. (1979), Humphrey and Yin (1986), Takamizawa and Hayashi (1987), Holzapfel
et al. (2000), Gasser et al. (2006), and Baek et al. (2007), among others. Herein, we
use the Holzapfel-Gasser-Ogden material model proposed in Holzapfel et al. (2000)
and take
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 = c0 (I1 − 3) + c1
2c2

[
exp

(
c2(I4 − 1)2

) − 1
] + c1

2c2

[
exp

(
c2(I6 − 1)2

) − 1
]
,

(8)
where c0, c1, and c2 are non-negative material constants, the first invariant I1 = trC,
and the pseudo-invariants I4 = M · CM and I6 = N · CN for the unit vectors M
and N describing the orientation of the two collagen fiber families in the reference
configuration. Based on histological evidence (Holzapfel et al. 2000), these fiber
families are usually assumed to be symmetrically arranged around the circumferential
direction. Following the original paper, it is assumed that the second and third terms
on the right side of Eq. (8) become zero whenever I4 < 1 and I6 < 1, respectively.

2.3 Equilibrium

In a quasi-static state, equilibrium implies

div σ = 0, (9)

where div is the divergence operator defined on the deformed configuration
(Holzapfel 2000). For a shear free deformation, only the radial direction is non-zero
and reads

∂σrr

∂r
= 1

r
(σθθ − σrr ) . (10)

By assuming a pressure P on the inner boundary and a traction free outer boundary,
Eq. (10) can be integrated to give

P =
∫ ro

ri

1

r
(σθθ − σrr )dr, (11)

where ro is the outer radius in the deformed configuration.
In addition to the pressure, equilibrium must also hold in the axial direction. The

axial force required in equilibrium is given by

Feq = 2π
∫ ro

ri

σzzrdr. (12)

This is not the axial force measured in the inflation test, where the lumen pressure
also acts on the closed ends. This gives an axial force contribution, which reduces
the measured force. It can be shown that the measured reduced axial force is given
by (Holzapfel et al. 2000; Humphrey 2002)

F = π

∫ ro

ri

(2σzz − σθθ − σrr )rdr. (13)
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3 Parameter Identification

The soft tissue model described in Sect. 2 includes a number of unknown parameters
related to the material or the geometry. Some of these parameters will not be possi-
ble to derive directly frommeasurements but must be computed through a parameter
identification problem. The key components in the parameter identification are con-
trol and state variables together with the model. The vector of control variables ū
excites the tissue and elicits a response in the form of a vector of state variables
ȳ. The choice of control and state variables depends on the particular experiment.
For example, in a stretch-controlled uniaxial extension test of a tissue specimen, the
control variable will be the applied stretch, while the state variable is the measured
force. The model φ takes the control variable ū together with a vector of parameters
κ and generates an estimate y of the system’s state variable ȳ. The parameters in κ are
then computed by tuning the model response to measurements. The tuning process
can be expressed as the inverse identification problem: for a given set of N control
and state variables pairs {ūk, ȳk}, find the parameter vector κ∗ such that the model
response φ(ūk, κ) = ȳk , for all k = 1, 2, . . . , N .

The number of control and state variable pairs N is usually much larger than the
number of parameters making the problem over-determined. In addition, the inverse
problem described above is ill-posed since the measurement errors and scattering
make it impossible to find a unique set of parameters κ∗ which satisfy all N pairs
simultaneously. To obtain a well-posed problem, the inverse problem can be replaced
by a relaxed problem where the deviation between the state variables y and ȳ is
penalized. The solution is then the vector κ∗, whichminimizes the deviation, i.e. gives
the best match between the model response and measurements.

3.1 Formulating a Parameter Identification Problem

A common relaxation of the inverse problem is to use the least-squares method. A
scalar-valued objective function e is defined using the sum of squared residuals, i.e.

e =
N∑

k=1

1

2
[ȳk − φk(κ, ūk)]

2 . (14)

The parameters are then obtained by solving the following minimization problem.

Parameter Identification Problem

Given the control and state variable vectors ū and ȳ, find κ∗ such that
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min
κ

e(κ, ū, ȳ)

s.t. C1(κ, ū, ȳ) = 0,

...

Cm(κ, ū, ȳ) = 0,

κLB ≤ κ ≤ κUB.

(15)

The functions Ci , i = 1, . . . ,m, are equality constraints that must be satisfied. The
parameter vector κ is also bounded by the lower and upper bounds κLB and κUB,
respectively. These bounds can be introduced on physical,mathematical, ormodeling
grounds. Firstly, certain parameters are naturally restricted in physics. For example,
many constitutive functions require non-negative material parameters to ensure a
dissipative deformation process (Holzapfel 2000). Secondly, properly chosen lower
and upper bounds limit the parameter space and can reduce the minimization prob-
lem. In addition, some parameters may require bounds to have a unique solution.
This applies to angles in trigonometric functions, for example, where the period-
icity causes a non-uniqueness for unbounded angles. Thirdly, bounds can be used
to exclude deformation modes, which are non-physical. For example, requiring the
axial stretch λ ≥ 1 in Eq. (5) avoids solutions, which can have buckling instabilities.

There are several objective functions e suggested in the literature. A natural choice
is to fit the pressure-radius response in Eq. (11) to inflation measurements using

e =
N∑

k=1

1

2

[
P̄k − P(κ, r̄k)

]2
. (16)

This approach was used for in vivo data in Stålhand et al. (2004), Stålhand and
Klarbring (2005), and Masson et al. (2011). A major draw-back of the objective
function in Eq. (16) is that no consideration is given to the axial response, which
can cause non-physiological axial deformations (Stålhand and Klarbring 2005). For
in vitro inflation tests, it is possible to tie down the axial deformation by appending
the squared residual of the reduced axial force (F̄k − F(κ, r̄k))2 to the objective
function (Sommer and Holzapfel 2012; Ferruzzi et al. 2013). Since the magnitude
of the pressure is on the order of 10kPa while the reduced axial force is about 1N,
a weighting of the two terms is required to ensure that the axial response has a
notable influence on the parameters. Instead of using pressure and reduced axial
force, Schulze-Bauer and Holzapfel (2003) suggested an objective function for in
vivo data based on the stress residuals, i.e.

e =
N∑

k=1

(
w

[
σ̄θθ,k − σθθ (κ, r̄k)

]2 + (1 − w)
[
σ̄zz,k − σzz(κ, r̄k)

]2)
, (17)
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where the circumferential and axial stresses, respectively, σ̄θθ and σ̄zz are computed
by assuming a thin-walled structure using the Laplace law and the weight factorw =
1/2. The objective functionwas later used in Stålhand (2009)with the circumferential
and axial stresses defined at the mid-wall as

σ̄θθ = P

2A

(
4πr2i + A

)
, σ̄zz = πr2i P + F

A
, (18)

where A is the cross-sectional area of the arterial wall. The axial force F is not
easily measured in vivo and must be obtained by other means. Towards this end, two
assumptions are usually introduced. First, the axial force is taken to be independent of
the pressure, and, second, the ratio γ between the axial and circumferential stresses
is known at a certain pressure level. The stress ratio γ = 0.59 at 13.3 kPa (mean
arterial pressure) was taken from the literature (Schulze-Bauer and Holzapfel 2003).

3.2 Constraints

The parameter identification problem (15) fits the model to the measured state vari-
ables, either directly using the pressure in Eq. (16) or implicitly through the stresses
in Eq. (17). In addition to the state variables, it is likely that additional knowledge
about the tissue’s response has been reported but is not considered in the experiments.
An example of such behavior is the invariance of the axial stretch λwith respect to the
pressure at the in situ axial force Fis, see, e.g., Schulze-Bauer and Holzapfel (2003)
and Sommer et al. (2010). In principle, it is possible to account for this behavior
in the parameter identification by taking one equality constraint in problem (15)
equal to

C = ∂λ

∂P

∣∣∣∣
Fis

= 0. (19)

On the one hand, an equality constraint restricts the solution to a hypersurface in the
solution space, which can notably speed-up the identification. On the other hand,
the constitutive model must allow for the behavior in Eq. (19) for a solution to
exist (Ogden and Schulze-Bauer 2000). To avoid the problem with a non-existing
solution while still letting the invariance influence the parameter identification, it was
suggested in Stålhand and Klarbring (2005) to use a relaxed constraint. By inverting
the functional dependence in the nominator such that the reduced axial force was
invariant of the pressure at the solution, the constraint was relaxed by penalizing the
squared difference between two consecutive values on F in the objective function
(16), i.e.

e =
N∑

k=1

1

2

[
P̄k − P(κ, r̄k)

]2 +
N∑

k=2

μ

2

[
F(κ, r̄k) − F(κ, r̄k−1)

]2
, (20)
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where μ > 0. The objective function was interpreted as a weighted sum in Stålhand
and Klarbring (2005) and solved for a suitable μ. Alternatively, Eq. (20) can be
viewed as a quadratic penalty function and solved using penalty methods where the
constraint is enforced in the limit when μ tends to infinity (Nocedal and Wright
2006).

3.3 Gradient-Based Solvers

The standard approach to solve the minimization problem (15) is to use a gradient-
based solver. Starting from a feasible point, these solvers iteratively step towards the
minimum by using the gradient of the objective function to find search directions.
The solution is obtained when there are no admissible search directions, which gives
a reduction in the objective function value (Nocedal and Wright 2006).

Most gradient-based solvers for non-constrained minimization generate a search
direction vector p in each step by the modified Newton method

(H + τ I)p = −∇e, (21)

where H = ∇2e is the Hessian of the objective function, I is the identity matrix, and
∇ denotes the gradient with respect to the parameters in κ . The multiplier τ ≥ 0 is
chosen large enough to make the matrix H + τ I positive definite.

Newton methods have a quadratic rate of convergence but require the Hessian.
For all but the simplest objective functions, an explicit calculation of the Hessian
matrix components Hi j = ∂2e/∂κi∂κ j is a highly elaborate, time-consuming, and
error-prone process. Commonly used alternatives are to compute H numerically
using finite differences or to approximate it based on previously computed informa-
tion, e.g., theBroyden-Fletcher-Goldfarb-Shanno (BFGS)method and theMarquardt
approximation (Nocedal and Wright 2006).

For the constrained minimization problem, the situation becomes more complex.
First, the method needs to respect the constraints when computing the search direc-
tion. Second, the gradient of the objective function∇e does not need to be zero at the
solution if a constraint is active. The solution is to formulate the Lagrangian function

L (κ, μ1, . . . , μm) = e(κ) −
m∑
i=1

μiCi (κ), (22)

where μi are the Lagrangian multipliers for the m constraints in (15). Note that
the dependence on other variables in e and Ci has been suppressed for clarity. The
modified Newton method in Eq. (21) is then replaced by the Karush-Kuhn-Tucker
(KKT) system (Nocedal and Wright 2006)
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W −AT

A 0

] (
p
q

)
=

(−∇e + ATμ

−c

)
, (23)

where W = ∇2e − ∑
i μi∇2Ci is the Hessian of Eq. (22), AT = [∇C1, . . . ,∇Cm]

is a matrix with constraint gradients as columns, μ = (μ1, . . . , μm)T is the vector
of Lagrangian multipliers, and c = (C1, . . . ,Cm)T is the vector of constraints. The
computed ‘search direction’ in Eq. (23) now includes two vectors: p associated
with reductions in the objective function and the increment q in the Lagrangian
parameters needed to remain on the hypersurface defined by the constraints. The
coupled equation system in (23) can be solved directly using symmetric indefinite
factorization, but it is usually more efficient to use a null-space method and partition
the search direction according to p = RpR + NpN , where R and N are the range
and null space of AT, respectively. Substituting the partitioned vector p into Eq. (23)
gives after some straightforward manipulations

NTWNpN = −NTWRpR − NT∇e, (24)

ARpR = −c. (25)

The system is decoupled, and Eqs. (24) and (25) are used to compute pR and pN .
This allows the full vector p to be constructed and substituted into the first row in
Eq. (23). After multiplication by R, the vector q is solved from

(AR)Tq = RT(∇e + Wp). (26)

Equation (26) is usually simplified by taking R = AT. This requires the constraint
gradients to be linearly independent, but it can be ensured when AT is constructed.
Another simplification is to drop the termWp since p tends to zero near the solution,
making ∇e the dominant term. This approximation completely decouples q and p.
Finally, the reduced Hessian NTWN is strictly positive definite in the neighborhood
of a local minimum and can, therefore, be approximated using the BFGS method
giving a quasi-Newton-like method.

The null-space method described only accounts for equality constraints. It can be
modified to handle inequality constraints, however. A straightforward adaptation is
by defining a working set, which includes all equality constraints together with all
active inequality constraints (satisfied with equality) at the current point. The null-
spacemethod can then be used on the working set. As wemove along the sequence of
search directions, the working set is continuously updated by including or removing
inequality constraints based on their Lagrangian multiplier. This method is known
as the active-set method (Nocedal and Wright 2006).
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3.4 Global Minimum and Heuristic Methods

A gradient-based solver is attracted to a minimum along the sequence of search
directions. In this sense, they are guaranteed to find a solution to the minimization
problem (15). For nonconvex problems, there may exist multiple points in the param-
eter space, which fulfill the requirements of a solution. These points are collectively
referred to as local minima. An implication of several minima is that a second initial
guess, sufficiently far from the first, is likely to give a different solution in another
region of the parameter space (Stålhand 2009; Badel et al. 2012; Gade et al. 2019).
This obviously raises the question, which solution to use.

Mathematically it makes sense to define the solution as the vector κ∗ that gives the
lowest objective function value. This point is called the global minimum and gives
the best fit between the model and experimental data. In principle, it is, therefore,
possible to identify all local minima and compare their objective function values to
obtain the global solution. This is not feasible in practice, however, since it requires
knowledge of the approximative position for the local minima such that the initial
guesses can be taken close enough to be within the basin of attraction for each
minimum.

Several heuristics can be used to generate candidates for the global minimum,
e.g., a pre-minimization with a derivative-free method such as pattern search or a
genetic algorithm to find points in close proximity to local minima. These points
are then provided to a gradient-based solver as hot-starts. Another popular method,
which is naturally suited for parallel computing, is to seed a large number of initial
guesses throughout the parameter space following some rules and run a gradient-
based algorithm from each point (Smoljkić et al. 2015; Wittek et al. 2016; Gade
et al. 2019). Despite credible arguments for convergence to a minimum, there are no
guarantees that heuristic methods can identify the global minimum in a deterministic
way (Horst andTuy1996).Nonetheless, it has been shown that seeding a large enough
number of initial guesses works well in practice (Gade et al. 2019).

3.5 Global Solvers

There are deterministic methods, which can guarantee convergence to a global solu-
tion in a finite number of iterations. A common feature of all these methods is that
they require knowledge about the problem structure, which makes the algorithms
highly problem-dependent. In addition, the number of iterations and the memory
required to identify the solution are usually very large, and global methods have
previously been avoided. The fast growth in computer performance combined with
algorithm development and parallel computing are starting to make global methods
interesting for engineering applications.

A relatively general and popular approach is the branch-and-boundmethod (Adji-
man et al. 1998a, b; Esposito and Floudas 1998). In this method, the global minimum
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is computed in a finite number of iterations by using successive partitioning of the
parameter space � and exclusion of regions, which cannot contain the solution. The
problem (15) is replaced by two sub-problems: (i) an upper problem providing an
upper bound on the global minimum; (ii) a lower problem providing a lower bound
on the same minimum. The upper problem can be taken to be the original nonconvex
minimization problem, and the lower problem is a convex relaxation of the original
problem. The relaxation must be formulated such that it is a convex underestimator
of the objective function on part of the parameter space. In principle, any convex
function that underestimates e can be used, provided it generates increasingly tighter
underestimators for successive partitions. The efficiency of the branch-and-bound
method is highly dependent on the tightness, however, and the choice of the under-
estimator is crucial for the performance.

The branch-and-bound method keeps track of subsets �n ⊆ �, which are candi-
dates for containing the global solution, and stores these regions in a list of active
regions A . In each step, the method removes one region �n from A and partitions
it into the new regions ω1 and ω2 (�n = ω1 ∪ ω2) according to some rule. This is
referred to as the branching step. For each region ωm (m = 1, 2), two steps are per-
formed: (i) The upper problem is solved on ωm giving the minimum κ∗

UP. This can be
done using a gradient-based solver as described in Sect. 3.3, for example. The objec-
tive function value e(κ∗

UP) is compared to the global variableUB containing the lowest
upper bound on all previously examined regions, and the variable UB is updated if
e(κ∗

UP) < UB. (ii) The lower problem is solved on ωm using a gradient-based solver,
which gives the solution κ∗

LP together with the lower bound LBm = e(κ∗
LP) on the

minimum, or minima, in the region ωm . Because the lower problem is convex, the
gradient-based solver will always identify the best-fit solution to the lower problem
on ωm . If LBm > UB, the current region ωm cannot contain the global solution and it
is excluded from further analysis. Otherwise, ωm and its lower bound LBm are added
to the list of active regions A . This is referred to as the bounding step.

Finally, the method checks if the global solution has been reached by computing
the relative difference |UB − LB|/UB, where LB is the smallest of all lower bounds
in the list of active regions A . If the relative difference is less than a user-defined
tolerance ε, the method has converged to the global solution κ∗. Otherwise, the
branch-and-bound steps above are repeated.

4 Branch-and-Bound Identification for an Inflation
Experiment

In this section, we describe how the branch-and-boundmethod can be used to identify
a set of material parameters in a simple arterial inflation experiment. Pressure-strain
data is taken fromBadel et al. (2012) and converted to stress-stretch data using values
in the paper together with Eqs. (18)1,2, where the reduced axial force F = 0. The
N axial and circumferential stretch samples, λ̄θ,k and λ̄z,k , are taken as the control
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variables, and the axial and circumferential stress samples, σ̄θθ,k and σ̄zz,k , as the state
variables. The material parameters are collected in the vector κ = (c0, c1, c2)T, and
the identification is performed using the objective function, as defined in Eq. (17).

Themodel stresses are computed using Eqs. (5), (7), and (8) by assuming transmu-
rally homogeneous conditions and neglecting residual stresses. The latter allows us
to identifyB0 withBR. The fiber directions are given by M = cosβE	 + sin βEZ

and N = cosβE	 − sin βEZ , where β is the fiber angle with respect to the circum-
ferential direction. The two non-zero stress components are

σθθ = 2

(
λ2

θ − 1

λ2
θλ

2
z

)
c0 + 4λ2

θ (I − 1)(cosβ)2c1 exp
[
c2(I − 1)2

]
, (27)

σzz = 2

(
λ2
z − 1

λ2
θλ

2
z

)
c0 + 4λ2

z (I − 1)(sin β)2c1 exp
[
c2(I − 1)2

]
, (28)

where λθ and λz are the circumferential and axial stretch, respectively, and I = I4 =
I6 = λ2

θ (cosβ)2 + λ2
z (sin β)2.

The major difficulty in the branch-and-bound method is the construction of the
convex underestimator. These are generally constructed by a symbolic reformulation
of the original problem where nonconvex terms are transformed to a simpler type
using bilinear, fractional, and componentwise convex terms (Adjiman et al. 1998b).
Suitable underestimators for these simpler terms can then be found in the literature,
see, e.g., Adjiman et al. (1998b), Esposito and Floudas (1998), Keller (2015), and
Najman et al. (2019). Towards this end, we first remove the nonlinearity from the
objective function and reformulate the minimization to the upper problem.

Upper Problem for the Branch-and-Bound Solver

min
κ,�θθ ,�zz

N∑
k=1

(
w

[
σ̄θθ,k − �θθ,k

]2 + (1 − w)
[
σ̄zz,k − �zz,k

]2)
s.t. σθθ (κ, λ̄θ,1, λ̄z,1) − �θθ,1 = 0,

...

σθθ (κ, λ̄θ,N , λ̄z,N ) − �θθ,N = 0,

σzz(κ, λ̄θ,1, λ̄z,1) − �zz,1 = 0,

...

σzz(κ, λ̄θ,N , λ̄z,N ) − �zz,N = 0,

κLB
n ≤ κ ≤ κUB

n ,

− ∞ < �θθ,k, �zz,k < ∞.

(29)
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In problem (29), �θθ = (�θθ,1, . . . , �θθ,N )T, �zz = (�zz,1, . . . , �zz,N )T, and κLB
n

and κUB
n are the lower and upper bound, respectively, on the parameters in the region

�n ⊆ �. The objective function is now convex in the variables �θθ,k and �zz,k , but
it comes at the cost of introducing 2N nonlinear equality constraints. To simplify the
notation when the convex underestimators are constructed, we introduce the factors

f0,k = (Ik − 1)2 (30)

and ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f1,k = 2

(
λ2

θ,k − 1

λ2
θ,kλ

2
z,k

)
, f2,k = 4λ2

θ,k(cosβ)2(Ik − 1),

f3,k = 2

(
λ2
z,k − 1

λ2
θ,kλ

2
z,k

)
, f4,k = 4λ2

z,k(sin β)2(Ik − 1).

(31)

This allows us to rewrite the model stresses in Eqs. (27) and (28) according to

σθθ = c0 f1,k + c1 f2,k exp(c2 f0,k), (32)

σzz = c0 f3,k + c1 f4,k exp(c2 f0,k). (33)

Let us consider the stress in Eq. (32). The first term is linear in c0 and does not
require any relaxation since it is already convex. Note that the factors f0,k, . . . , f4,k
do not impact the convexity of the material parameters. The second term is of the
type ‘x exp(y)’ and is componentwise convex (the term is convex in x when y is kept
fixed, and vice versa). An efficient relaxation of these componentwise convex terms
is obtained by introducing the auxiliary variable Wk = c1 exp(c2 f0,k) together with
the linear inequality constraints (Najman et al. 2019)

(c1 − cLB1 ) exp(cLB2 f0,k) + cLB1 exp(c2 f0,k) − Wk ≤ 0, (34)

(c1 − cUB1 ) exp(cUB2 f0,k) + cUB1 exp(c2 f0,k) − Wk ≤ 0, (35)

where the superscripts LB and UB indicate lower and upper bounds on the variable,
respectively. The same auxiliary variablesWk appear in both model stresses, and we
do not need to relax any other terms. Collecting the auxiliary variables in the vector
W = (W1, . . . ,WN )T, it is now straightforward to formulate the lower problem using
Eqs. (32) to (35).
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Lower Problem for the Branch-and-Bound Solver

min
κ,W,�θθ ,�zz

N∑
k=1

(
w

[
σ̄θθ,k − �θθ,k

]2 + (1 − w)
[
σ̄zz,k − �zz,k

]2)
s.t. c0 f1,1 + f2,1W1 − �θθ,1 = 0,

...

c0 f1,N + f2,NWN − �θθ,N = 0,

c0 f3,1 + f4,1W1 − �zz,1 = 0,

...

c0 f3,N + f4,NWN − �zz,N = 0,

(c1 − cLB1 ) exp(cLB2 f0,1) + cLB1 exp(c2 f0,1) − W1 ≤ 0,

...

(c1 − cLB1 ) exp(cLB2 f0,N ) + cLB1 exp(c2 f0,N ) − WN ≤ 0,

(c1 − cUB1 ) exp(cUB2 f0,1) + cUB1 exp(c2 f0,1) − W1 ≤ 0,

...

(c1 − cUB1 ) exp(cUB2 f0,N ) + cUB1 exp(c2 f0,N ) − WN ≤ 0,

κLB
n ≤ κ ≤ κUB

n ,

WLB
n ≤ W ≤ WUB

n ,

− ∞ < �θθ,k, �zz,k < ∞.

(36)

Therein, WLB
n and WUB

n are vectors of the lower and upper bounds on the auxil-
iary variables in the region �n ⊆ �. The lower and upper bounds are obtained by
substituting, respectively, {cLB1 , cLB2 } and {cUB1 , cUB2 } in Wk .

The choice of variables or parameters to branch is very important for the perfor-
mance of the algorithm, and several strategies are available (Adjiman et al. 1998a;
Esposito and Floudas 1998). Studying the mathematical formulation of the lower
problem often gives valuable insights to which branching strategy to use. In general,
parameters, which give an improvement of the underestimators should be branched.
The parameter c0 participates only linearly in the lower problem, and branching on
it does not affect the underestimator. In contrast, the parameters c1 and c2 participate
through a componentwise convex term and will impact the underestimator. Conse-
quently, only c1 and c2 are considered for branching in this problem. To select which
of c1 and c2 to branch on, we use a straightforward approach and use a least-reduced-
axis rule (Adjiman et al. 1998a). First, compute the region-reduction measures
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Fig. 1 Stress-stretch
response in the axial
(squares) and circumferential
(circles) directions using
data from Badel et al. (2012).
The solid curves represent
the model response for the
parameters κ∗ in Table1

� j = (κUB
n ) j − (κLB

n ) j

(κUB) j − (κLB) j
, (37)

where the index j = 2, 3 indicates the vector component, and, second, choose the
largest region-reduction value and bisect the region on this parameter.

The parameter identification was solved in Matlab (The Mathworks, Natick,
Massachusetts, US) by implementing the branch-and-bound method with the upper
problem given by (29) and the lower problem given by (36). The weight in the
objective function (17) was taken to be w = 1/2, and the collagen fiber angle was
set to β = 32◦. In each iteration, both problems were solved using an active-set
method, see Sect. 3.3. To speed up the minimization, analytical expressions for the
gradient and Hessian were computed using Maple (Maplesoft, Waterloo, Ontario,
Canada) and provided to the active-set method. Branching was performed on the
parameters c1 and c2 using the least-reduced-axis rule and the region-reduction mea-
sures in Eq. (37). The upper and lower bounds on the parameter vector were taken
from Badel et al. (2012), i.e. 0.3 kPa ≤ c0 ≤ 50kPa, 0.5 kPa ≤ c1 ≤ 100kPa, and
0.1 ≤ c2 ≤ 100. The tolerance on the relative difference was set to ε = 0.01. The
algorithm is given in the Appendix.

TheMatlab code was run on a standard PC, and the results are presented in Table1
and Fig. 1. The parameter identification was also performed using a heuristic method
for comparison. The heuristicmethod seeded ten initial guesses for κ in the parameter
space and used these as starting points for the same gradient-based solver.
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Fig. 2 Relative difference (UB − LB)/UB as a function of the branch-and-bound iteration

Table 1 Results from the parameter identification using the branch-and-boundmethod and a heuris-
tic method

Method c0 (kPa) c1 (kPa) c2 (-) Time (s) Initial guesses

Branch-and-bound 0.39 21.26 10.51 991 –

Heuristic method 0.39 21.26 10.51 0.4 10

5 Discussion

Global methods are usually very expensive compared to gradient-based solvers.
This is evident from the results in Fig. 2 and Table1. The heuristic method used a
gradient-based solver starting from ten initial guesses. It took 0.41 s to find the global
minimum and, on average, 31 iterations per initial guess. In contrast, the branch-and-
bound algorithm took more than 2400 times longer to identify the same solution and
required more than 15000 iterations. In addition, global solvers are also demanding
from amemory point-of-view. The list of active regions for the identification problem
in Sect. 4 included almost 13000 active regions when the relative difference reached
the threshold ε = 0.01. For larger parameter identification problems, the number of
active regions may grow beyond 106 and becomes a serious memory issue. Fortu-
nately, the branch-and-bound method is relatively easy to parallelize, allowing for
the work to be distributed on several cores.

The branch-and-bound method introduced in Sect. 4 makes use of a gradient-
based solver to compute the lower and upper problems in each step. It, therefore,
makes sense to adapt the identification problem to maximize its efficiency. One
important property is the scaling of the objective function e. If the changes in one
of the parameters produce a much larger variation in e than the others, the problem
is poorly scaled, and the convergence can be slow. This is often the case for soft
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tissue-like materials, which includes both a linear and an exponential term, e.g.,
the HGO-model in Eq. (8), see Aggarwal (2017). One remedy can be to scale the
parameters such that their order of magnitude becomes similar (Gade et al. 2019).
Another important factor is the computation of the Hessian for the KKT system
in Eq. (23). If possible, it is recommended to provide analytical expressions for
both the gradient and the Hessian rather than to approximate them using, e.g., finite
differences or the BFGS update. Computer algebra systems like Maple or SageMath
(www.sagemath.org) can be useful towards this end.

The identification of the three material parameters was a relatively limited prob-
lem. For example, the only nonlinear term which requires a convex underestimator
is c1 exp(c2(I − 1)2). Furthermore, the parameters c1 and c2 enter the component-
wise convex term explicitly, and only the auxiliary variablesWk are needed. In more
advanced problems, parameters may enter nonlinear terms in a more complex way.
This is the case if also the fiber angle β is sought in the branch-and-bound problem.
By taking c3 = (cosβ)2, the circumferential stress in Eq. (32) can be written as

σθθ = c0 f1,k + 4λ2
θ,kc1c3 Īk exp(c2 Ī

2
k ), (38)

where Īk =λ2
θ,kc3 + λ2

z,k (1 − c3) − 1 become new auxiliary variables enforced as
linear equality constraints. The terms c1c3 Īk and c2 Ī 2k are trilinear and componen-
twise convex terms, respectively, for which additional auxiliary variables must be
introduced and relaxed. This results in more linear inequality constraints and a much
larger minimization problem. Also, the axial stress in Eq. (33) must be reformulated
analogously.

6 Conclusion

Deterministic global methods that are guaranteed to converge to the global solution
are computationally costly. However, the development of computer hardware and
algorithmshave now reached a pointwhere thesemethods can be applied to parameter
identification problems in biomechanics.
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Appendix

The pseudo code for the branch-and-bound solver used in Sect. 4 is presented below.

Input : sets of control variables {λ̄θ,k , λ̄z,k} and state variables {σ̄θθ,k , σ̄zz,k}; parameter
space bounds � = [κLB, κUB]; ε; iterMax

Output: global solution for κ∗
Initialize optimization
solve upper problem (29) on region � using a random starting point

κ∗ = argmin eUP(κ); UB = eUP(κ∗)
determineWLB andWUB in region �

solve lower problem (36) in region � using a random starting point
κ∗
LP = argmin eLP(κ); LB = eLP(κ∗

LP)

add LB, κLB, κUB to A

set counter iterBB = 0
while |UB − LB|/UB > ε and iterBB < iterMax do

iterBB = iterBB + 1
get and remove region �n with lowest LBn from A
partition region �n into ω1 and ω2 based on Eq. (37)
for m = 1 to 2 do

solve upper problem (29) on ωm = [κLB
m , κUB

m ] using a random starting point
κ∗
UP = argmin eUP(κ)

if eUP(κ∗
UP) < UB then

UB = eUP(κ∗
UP); κ∗ = κ∗

UP
end
determineWLB and WUB in region ωm = [κLB

m , κUB
m ]

solve lower problem (36) on ωm = [κLB
m , κUB

m ] using a random starting point
κ∗
LP = argmin eLP(κ); LBn = eLP(κ∗

LP)

if eLP(κ∗
LP) < UB then

add LBn, ωm to A
end

end
end
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models. Science still moves forward by small steps that we call
new ideas. Not every researcher – even among the able ones –
succeeds in proposing something new. Gerhard A. Holzapfel
succeeded. Congratulations Gerhard and go ahead!

Kosta

Abstract Soft biological tissues are exposed to moderately large stretches and they
are prone to failure and fracture. Failure means the onset of damage and fracture
means the damage localization into cracks with their subsequent propagation. There
are various approaches to modeling failure and fracture and none of them is superior
yet. The description of failure and fracture remains the main challenge in the general
field of mechanics of materials for a century. Despite the enormous research effort
the progress is mild. In this chapter, our recent work on the topic is briefly reviewed.
Our approach is based on two physical assumptions, which avoid the introduction
of internal variables. First, we assume that the number and energy of molecular
bonds are bounded in a representative volume and, consequently, the macroscopic
strain–energy function should also be bounded in the constitutive law. This notion
leads to the introduction of energy limiters, which are calibrated in standard tests.
Second, we assume that broken bonds are diffused during the fracture process. Such
an assumption directly leads to a consideration of the coupled deformation–mass–
sink problem. Mathematically, the coupling provides a regularized formulation for
modeling crack propagation.
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1 Introduction

Human body comprises soft structures attached to the skeleton. These structures
constantly undergo deformation and, sometimes, they can fail and fracture. Tear of
meniscus, dissection of arteries, rupture of aneurysms are just a few examples of soft
biological tissues that fail and fracture under mechanical deformation. Structural
analysis can be helpful for understanding and predicting the load tolerance of parts
of human body. It should not be missed that biological tissues are soft and active and
their mechanical behavior is strongly nonlinear from both geometric and physical
standpoints. Belowwe review some recent advances in themodeling failure and frac-
ture of soft materials with emphasis on biological tissues. Background information
can be found in Volokh (2019a).

2 Failure

Traditional structural analysis is based on the assumption that materials do not fail.
Such assumption requires special restrictions on the material models, e.g., polycon-
vexity, strong ellipticity, Baker-Ericksen inequalities, etc. (Truesdell and Noll 2004).
Of course, analytical and numerical methods for the analysis of non-failing materials
are relatively simple. However, real materials fail. To describe the failure continuum
damage mechanics (CDM) was developed1 (Simo 1987; Govindjee and Simo 1991;
Johnson and Beatty 1993; Miehe 1995; De Souza Neto et al. 1998; Ogden and Rox-
burgh 1999; Holzapfel 2000; Menzel and Steinmann 2001; Guo and Sluys 2006;
De Tommasi et al. 2008; Dal and Kaliske 2009; Li and Holzapfel 2019). The idea
of CDM is to decrease material stiffness via an additional damage variable. Such a
variable does not have an appealing physical interpretation and, because of that, it
is called internal variable. Despite the vague meaning, the use of internal variables
pays off in cases where a description of the gradual accumulation of damage is nec-
essary. If the damage is abrupt rather than gradual then there is no need in internal
variables and it is only necessary to bound the strain-energy function (Volokh 2013).
Such approach of bounding the strain energy with a limiter and its implications are
considered in the present section.

2.1 Energy Limiter

Structural analysis means solution of the initial boundary-value problem (IBVP),
which includes the linear momentum balance: ρÿ = DivP; the angular momentum
balance:PFT = FPT; the constitutive law:P = ∂ψ/∂F; and kinematics:F = ∂y/∂x.
Here x ∈ �0 and y(x) ∈ � denote initial and current positions of a material point

1 We refer to the works on CDM in which finite strains were considered.
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accordingly; ρ is the referential mass density; ÿ is the acceleration; P is the first
Piola-Kirchhoff stress tensor; andψ is the strain-energy function. Traction boundary
conditions on ∂�0 are given: Pn = t̄, where t̄ is a prescribed traction and n is a unit
outward normal to ∂�0; or, alternatively, placements are given on ∂�0: y = ȳ. In
addition, initial conditions in Ω0 complete formulation of IBVP: y(t = 0) = y0 and
ẏ(t = 0) = v0.

The choice of the strain-energy functionψ is an art. However, a restriction should
be imposed on ψ if we wish to include failure in the material description. Indeed,
the number of molecules in the body or any part of it is bounded and, consequently,
the energy that molecular bonds can accumulate is bounded. Thus, the strain-energy
function must be bounded or limited. Various ways to limit the strain energy can
be proposed. We use the upper incomplete gamma function (Volokh 2007, 2010),
�[s, x] = ∫ ∞

x t s−1e−tdt , in order to bound the strain-energy function, i.e.

ψ(F) = φm−1�[m−1,W (1)mφ−m] − φm−1�[m−1,W (F)mφ−m]. (1)

Here the first term on the right-hand side corresponds to the failure energy and
the second term corresponds to the elastic energy. Also, W (F) is the strain-energy
functionwithout failure;φ is the energy limiter—averagebond energy (Volokh2007);
1 is the identity tensor; and m is a material parameter.

Deformation increase beyond a critical threshold leads to the decrease of the
elastic energy, which numerically vanishes and the strain energy approaches the
failure energy. To make the process irreversible a modification of (1) is necessary
(Volokh 2014); however, the irreversibility is important when damage localization
is considered and we postpone its consideration to the section on fracture.

The strain-energy function (1) yields the constitutive law

P = ∂ψ/∂F = exp[−Wmφ−m]∂W/∂F, (2)

which does not include any gamma function and only the exponential factor makes
difference between the present formulation and traditional hyperelasticity for the
intact material behavior.

Examples of the stress-stretch curves for two aneurysm tissues are shown in Fig. 1,
where the Cauchy stress tensor σ = J−1PFT is used with J = det F. The intact
strain energy is chosen as follows: W = c1(F : F − 3) + c2(F : F − 3)2. Material
is incompressible: J = 1. Constants for aneurysm tissues 1 and 2 are fitted to the
experimental data from Volokh and Vorp (2008) and Raghavan and Vorp (2000)
accordingly, see Table1.

The reader should note that the limit points and downhill branches on the stress-
stretch curves are a direct consequence of the limited strain energy. Without limiting
the strain energy we would get stresses going to infinity with the increasing stretch,
which is evidently nonphysical. We should also note that damage localizes after the
limit point, while it is implied that the state of the deformation state is uniform in
uniaxial tests. To overcome this interpretation difficulty the reader might imagine
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Fig. 1 Cauchy stress versus stretch in uniaxial tension for two aneurysm tissues: solid curves
denote modeling and diamonds denote experimental data. Reprinted from Volokh and Vorp (2008)
and Volokh (2015), with permission from Elsevier and Springer accordingly

Table 1 Material constants

c1 [MPa] c2 [MPa] φ [MPa] m [–]

Aneurysm tissue 1 0.103 0.18 0.402 1

Aneurysm tissue 2 0.52 3.82 0.255 1

that the experiment is done inside a black box. The only measurable quantities are
stresses and stretches of a specimen at the entry and exit of the box. Thus, stretches can
increase with the decreasing stresses after damage and rupture. Specific localization
of damage is of minor importance in the case of repeatability of the experimental
results.

In the following subsections we consider various applications of the proposed
formulation concerned with the prediction of failure.

2.2 Cavitation

Remodeling of soft tissues can be accompanied by morphological changes that can
lead to appearance of micro-voids. Cavitation is defined as a sudden irreversible
expansion of micro-voids into visible macroscopic voids. Such a failure mode is
often a predecessor of cracks in soft materials.

Mathematically, the void expansion in isotropic material can be described by the
following integral formula

p(λa) =
∫ λa

1

1

λ3 − 1

dψ̂

dλ
dλ, (3)
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Fig. 2 Hydrostatic tension versus hoop stretch for void growth. Reprinted from Volokh (2015),
with permission from Springer

where p is the remote hydrostatic tension; λ is the hoop stretch; λa = a/A with A
and a denoting the initial and current radius of the void accordingly; and the strain
energy is expressed in terms of the principal stretches λ1, λ2, λ3 for incompressible
material: ψ̂(λ) = ψ(λ1, λ2, λ3) = ψ(λ−2, λ, λ).

Substituting two tissuemodels described above in (3), it is possible to draw curves
shown in Fig. 2 (Volokh 2015).

The curves reach the tension limit with the increasing hoop stretch. At this limit
the void expansion becomes unstable because it does not require a pressure increase.
This is the critical cavitation tension. It cannot be overstated that the critical tension
can only be reached for material models incorporating a failure description (Volokh
2011; Lev and Volokh 2016). Remarkably, unstable growth of cavities can start
under critical stresses that are considerably less than the aneurysm strength. Also,
we should note that the state of the hydrostatic tension triggering the unstable cavity
expansion can occur in the vicinity of rigid inclusions. Thus, tissue calcification can
be a qualitative indicator of a possible onset of rupture.

2.3 Calcification

Calcification is an abnormal accumulation of calcium salts in soft tissue causing it to
harden. We modeled tension of aneurysm material including stiff calcified particles
(Volokh andAboudi 2016). Particularly, we analyzed the effect of the varying amount
of calcification (10, 40, and 70%), i.e. the relative volume of the hard inclusionwithin
the periodic elementary cell, on the tissue stiffness and strength, see Fig. 3.

We found that the increase of the relative volume of calcium particles uncondi-
tionally led to the stiffening of the tissue. However, the strength did not increase in
the most considered cases—it could significantly decrease. The drop of the strength
varied from 10 to 40% and more. This finding emphasizes the difference between
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Fig. 3 Cauchy stress versus stretch in uniaxial tension for aneurysm tissues with varying calcifi-
cation. Stars denote points beyond which static solution does not exist—strength. Reprinted from
Volokh and Aboudi (2016), with permission from Springer

the concepts of stiffness and strength. The strength of a composite is significantly
influenced by the locally inhomogeneous deformation. Hard particles can be stress
concentrators amplifying the likelihood of the local material failure.

Besides, the hard particles restrain deformation in their vicinity creating a state
of hydrostatic tension which, in its turn, can trigger cavitation with the subse-
quent fracturing. Figure4 shows the maps of the triaxiality ratio defined by formula
trσ (27devσ : devσ/2)−1/2, where ‘tr’ and ‘dev’ denote the trace and the deviatoric
part of a second-order tensor, respectively. High triaxiality ratios appear at the poles
of hard inclusions. These are locations where damage starts.

It is worth emphasizing that smaller calcified particles might be more danger-
ous from the standpoint of strength. Consequently, the tissues at initial stages of
calcification might be more prone to rupture!
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Fig. 4 Triaxiality ratio trσ (27devσ : devσ/2)−1/2 distribution for 10% calcification for aneurysm
tissues at the failure load. Reprinted fromVolokh andAboudi (2016), with permission fromSpringer

The obtained results have limitations because an ideally periodic distribution of
calcified particles was assumed in computations while in reality the distribution
is random. Thus, additional research in stochastic mechanics of failure analysis is
required.

2.4 Crack Direction

The idea of predicting the onset of the damage and the the direction of its
localization—crack—can be qualitatively described as follows. Intact material can
propagate superposed plane waves defined by vector rg(s · y − vt), where r and s
are the unit vectors in the directions of the wave polarization and wave propagation,
respectively, and v is the wave speed. However, cracks become barriers on the way
of the wave propagation. Within cracks a material is damaged and, consequently, a
superposed wave cannot run in the direction perpendicular to the damage localiza-
tion. The latter notion prompts the idea to find the crack direction: it is necessary
to find a direction in which the superposed wave has zero speed (Volokh 2017a;
Mythravaruni and Volokh 2018, 2019, 2020; Volokh 2019b).

Mathematically, the condition of the zero wave speed can be written as

ρv2 = s j slrirk Fjs Flr
∂2ψ

∂Fis∂Fkr
= 0, (4)
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Fig. 5 Radial (1 or r ), circumferential (2 or θ), and longitudinal (3 or z) directions in artery.
Reprinted from Raghavan and Vorp (2000), with permission from Springer

Table 2 Material constants

c [kPa] k1 [kPa] k2 [–] φ [kPa] m [–] β [°]

75 1500 0.03 95 1.2 45.8

where, accounting for (1),

∂2ψ

∂Fis∂Fkr
=

(
∂2W

∂Fis∂Fkr
− mWm−1φ−m ∂W

∂Fkr

∂W

∂Fis

)

exp[−Wmφ−m]. (5)

We illustrate the use of this condition via example of arterial tissue, which is
anisotropic due to two families of oriented bundles of collagen fibers, see Fig. 5.

Following Volokh (2019b), we consider the strain energy in the form

ψ = c(F : F − 3)/2 + 2φm−1�[m−1, 0] − φm−1�[m−1,Wm
4 φ−m]

−φm−1�[m−1,Wm
6 φ−m], (6)

where

W4,6 = k1{exp[k2
〈∣
∣Fm4,6

∣
∣2 − 1

〉
] − 1}/(2k2), [m4,6] = [0,± sin β, cosβ]T.

(7)
Here, triangle Macaulay brackets are used to account for the fiber response in

tension only: 〈x〉 = x for positive x and 〈x〉 = 0 otherwise. Unit vectors m4 and
m6 denote two families of collagen fibers. Based on the experimental data kindly
provided by the Institute of Biomechanics at Graz University of Technology, it was
possible to calibrate the model (see Fig. 6), and the material constants are given in
Table2 (Volokh 2019b).

Since it is assumed that thematerial is incompressible,we consider the propagation
of the superimposed transverse or shear waves in the plane that is tangent to the
artery, see Fig. 5. These waves are defined by the following mutually orthogonal
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Fig. 6 Stress-stretch curves for arterial tissue: solid curves for the theory and diamonds for the
experimental data. Reprinted from Volokh (2019b), with permission from Springer

Fig. 7 Equibiaxial tension (left) and pure shear (right): ρv2(λ, α) = 0 (stars show minima).
Reprinted from Volokh (2019b), with permission from Springer

unit vectors: [s] = [0, sin α, cosα]T and [r] = [0, cosα,− sin α]T. We also limit our
considerations by equibiaxial and pure shear deformations. In these cases only one
stretch λ describes the deformation. Thus, we have only two independent variables
λ and α and (4) takes on the form: ρv2(λ, α) = 0. Curves which are given by this
equation are presented in Fig. 7. Starred points in Fig. 7 give the minimum stretches
λ at which materials fail and damage starts localizing. Angles α correspond to the
minima and provide directions perpendicular to the damage localization in the current
configuration. The latter notionmakes it possible to predict the direction of the future
crack. In the considered examples,the directions of the cracks are aligned with the
direction of the fibers. This finding agrees with the reported experiments by Luo et al.
(2016) where the authors concluded that ‘the direction of the rupture . . . is aligned
with the direction of maximum stiffness’, which is the direction of fibers.

In the considered example, we used the assumption of material incompressibility.
Such assumption can be effective for the creation of analytical solutions, as Ronald
Rivlin has demonstrated at length in his work. However, from our perspective there is
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an unfavorable side to the incompressibility assumption: it suppresses the considera-
tion of longitudinal or pressure waves. Such waves might give important predictions
concerning the onset of cracks and they cannot be ignored (Mythravaruni and Volokh
2019). The incompressibility constraint can turn into a Trojan Horse in the analysis!

In the light of remarks concerning the incompressibility enforcement we refer to
(Mythravaruni and Volokh 2020) where the constraint was relaxed and both superim-
posed transverse and longitudinal waves were considered as well as fiber the disper-
sion was introduced in the constitutive setting. The vanishing pressure wave speed
predicted cracks in the direction perpendicular to the tension in the uniaxial tension
and pure shear. The vanishing shear wave speed predicted cracks in the direction
inclined to tension in the uniaxial tension and pure shear. Equibiaxial stretching can
lead to the appearance of cracks in any direction despite the anisotropy of material.
The inclined cracks oriented along the bundles of collagen fiberswere experimentally
found and reported in Sugita and Matsumoto (2017).

3 Fracture

Hyperelastic models with energy limiters described above cannot be directly used for
the modeling of damage localization and propagation. The reason is that the numer-
ical solution of the IBVP becomes mesh-dependent. The thickness of the damaged
area or crack is equal to the size of a cell in the spatial discretization mesh. Reducing
the cell size one reduces the thickness of the damage localization area, which, in
its turn, reduces the energy dissipated during the fracture process. Ultimately, the
dissipated energy vanishes with mesh refinement. Thus, fracture can theoretically
occur without any dissipated energy. The latter possibility is physically meaningless,
of course. The described pathology is inherent in any continuum damage theory and
not only the theory described above.

A way to suppress the pathological mesh sensitivity is to introduce strong dis-
continuity defined by a cohesive surface with a traction-separation constitutive law.
In this way, we immediately have two new surfaces representing crack. Unfortu-
nately, the surface nucleation, orientation, branching and arrest require extra criteria,
which are not a part of constitutive description. Even worse, cohesive surface for-
mulations presume a simultaneous use of different constitutive models: one for the
surface traction-separation and another for the intact bulk material. Correspondence
between these two constitutive theories is not readily available.

A more attractive way to suppress the pathological mesh sensitivity would be
a regularization of continuum damage theories preventing from zero energy frac-
tures. For the latter purpose, nonlocal continuum formulations were invented where
a characteristic length was incorporated to limit the size of the spatial damage local-
ization (Pijaudier-Cabot and Bazant 1987; Lasry and Belytschko 1988; Peerlings et
al. 1996; Francfort and Marigo 1998; Silling 2000). In some of these formulations,
e.g., the internal damage variable is described by an additional differential equation
of the reaction-diffusion type. In this equation, the highest spatial derivatives of the
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damage variable are scaled by a characteristic length providing solutions of the
boundary layer type. Such layer is interpreted as a diffused crack of finite thickness.
A special choice of the regularizing equation, called phase-field approach, gained
popularity in recent years (Hofacker and Miehe 2012; Borden et al. 2012; Denli et
al. 2020). It is claimed that the phase-field formulation yields convergence of the
diffused crack to the surface of discontinuity under the decrease of the characteristic
length, which is interpreted as a varying numerical parameter. However, an anal-
ysis of the simple uniaxial tension shows that, in the phase-filed formulation, the
characteristic length is a fixed physical parameter linked to material strength.2

The regularization strategy rooted in nonlocal continua formulations is attractive
because it is coherent mathematically. Regrettably, the generalized nonlocal con-
tinua theories are based on the physical assumption of long-range particle interac-
tions, while the actual particle interactions are short-range involving only the closest
neighbors. Therefore, the physical basis for the nonlocal models appears disputable.
A more physically based treatment of the pathological mesh sensitivity should prob-
ably include multi-physics coupling as we show below.

3.1 Material Sink

We can see crack surfaces and we rightfully conclude that these surfaces are a result
of material separation. However, we usually take another logical step and assume
that the separation surfaces is a result of the debonding of two adjacent atomic or
molecular layers, see Fig. 8, left. The latter assumption is the simplest and, therefore,
speaks to intuition. However, this assumption contradicts routine observations that
cracks are visible to the naked eye, see Fig. 8, center. Indeed, if the separation was
between two adjacent atomic layers, thenwewould not see closed cracks because our
eye can only distinguish objects on the micrometer scale and not angstroms. Thus,
the crack surfaces are not created by two adjacent atomic layers—they are created by
a massive bond breakage spread over a region with a characteristic length l, Fig. 8,
right.

The process of the bond breakage is diffusive rather than confined to two atomic
planes! Some atoms fly out of the bulk material. Generally, we cannot see them
because of their very small amount, as compared to the bulk. Sometimes, we can
see them—remember the dust of fracturing brittle concrete. The characteristic length
of the damaged region is large enough for observing small disintegrated pieces of
concrete.

The notion of material sink within the characteristic small region gives rise to a
mathematical formulation in which momenta and mass balance are coupled (Volokh
2017b). We add the mass balance in �0 to the governing equations

2 For example, the authors rightfully note in Borden et al. (2012) that ‘although the length-scale
parameter associated with the phase-field approximation is introduced as a numerical parameter it
is, in fact, a material parameter that influences the critical stress at which crack nucleation occurs.’



402 K. Y. Volokh

Fig. 8 Left: idealized crack with zero thickness; center: visible closed crack in unloaded tire; right:
realistic bulk crack with finite thickness l

Divs + ξ = 0, (8)

where s and ξ are the referential mass flux and source (sink) accordingly.
The mass balance on the boundary ∂�0 provides the natural boundary condition

s · n = 0. (9)

We note that the mass balance is used in the reduced form Divs + ξ = 0 instead
of ρ̇ = Divs + ξ because we are only interested in pre- and post- cracked states,
while the transition process of the bond rupture is so fast that it can be neglected.
Such simplification is analogous to consideration of the buckling process in thin-
walled structures, in which pre- and post–buckled states are analyzed by using a
time-independent approach and the fast dynamic transition to the buckled state is
ignored.

Skipping details given inVolokh (2017b), we define constitutive laws for the stress

P = (ρ/ρ0)∂W/∂F, (10)

the mass sink
ξ = βρ0H(γ ) exp[−Wmφ−m] − βρ, (11)

and the mass flux

s = κH(γ ) exp[−Wmφ−m]J (FTF)−1∂ρ/∂x, (12)

where ρ0 = ρ(t = 0) is the initial density; β > 0 and κ > 0 are material constants;
H(γ ) is a unit step function, i.e. H(γ ) = 0 if γ is negative and H(γ ) = 1 otherwise;
the switch parameter γ ∈ (−∞, 0] is necessary to prevent from the material healing
and it is defined by the evolution equation γ̇ = −H(ε − ρ/ρ0), γ (t = 0) = 0 where
0 < ε � 1 is a dimensionless precision constant.

It is worth noting that the elasticity with energy limiters emerges as a particu-
lar case of the present formulation when there is no damage localization via dif-
fusion of broken bonds. Indeed, if mass flux and sink are not active, s = 0 and
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(a) (b)

Fig. 9 (a) Propagation ofMode 1 crack in aneurysm tissue 2 in current (top) and referential (bottom)
configurations; (b) crack bridging and kinking. Reprinted from Faye et al. (2019), with permission
from Springer

ξ = 0, then we calculate from (11): ρ/ρ0 = H(γ ) exp[−Wmφ−m]. Since the irre-
versibility is not important in this case, we set H(γ ) ≡ 1 and further simplify:
ρ/ρ0 = exp[−Wmφ−m]. Substitution of the latter formula in (10) yields (2).

3.2 Dynamic Fracture

The onset and localization of damage are usually related to the loss of the static stabil-
ity. Beyond the static instability point the process becomes dynamic. The latter is the
reason whymost cracks propagate dynamically unless they are highly restrained.We
implemented the material sink formulation presented above in analysis of dynamic
crack propagation in aneurysm tissue 2 (Faye et al. 2019).

We note that the substitution of (11) and (12) in (8) yields the following second-
order partial differential equation with respect to the referential mass density ρ, i.e.

l2Div{H(γ ) exp[−Wmφ−m]J (FTF)−1∂ρ/∂x} + ρ0H(γ ) exp[−Wmφ−m] − ρ = 0.
(13)

Remarkably, we do not need to know material constants κ and β separately. We
only need to know their ratio, which defines the characteristic length: l2 = κ/β. The
length is a small multiplier for the highest (second) spatial derivative of the mass
density and, consequently, it causes solution of the boundary layer type. This layer
regularizes the crack thickness and suppresses the pathological mesh sensitivity.

Results of modeling propagation of a single crack and bridging of two cracks are
shown in Fig. 9. These simulations led to the following interesting conclusions.

First, the inertia forces play a crucial role at the tip of the propagating crack.
If inertia is not canceled together with the material stiffness, then cracks tend to
nonphysically widen with the increasing speed of their propagation. Most existing
models of cracks completely ignore this fact and they do not cancel inertia when
they cancel stiffness. Only very recently, phase-field modelers started recognizing
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the importance of canceling inertia (Chen et al. 2017; Agrawal and Dayal 2017).
Needless to say, the simultaneous cancelation of stiffness and inertia are a direct
consequence of the material sink formulation presented in this chapter.

Second, the proposedmaterial sink formulation enables the suppression the strong
or classical pathological mesh sensitivity associated with the zero energy fracture.
The latter is due to the fact that the augmented initial boundary-volume problem
enforces the characteristic length and solutions of the boundary layer type. Such
layer, associated with the crack thickness, does not vanish under mesh refinement.

Third, we observed a weak mesh sensitivity, which we defined as the effect of
the mesh shape and size on the specific crack pattern. We found that various meshes
caused slightly different crack patterns for the same amount of dissipated energy.
The weak mesh sensitivity remained even after a significant mesh refinement, which
showed that the regularized formulations were not a universal recipe as many would
expect. The weak mesh sensitivity is similar to the effect of structural inhomo-
geneities in real materials, which affect the crack path depending on the specific
sample under consideration. Though all samples are made of the same material they
have various microstructural patterns and, consequently, slightly different propagat-
ing cracks.

4 Conclusions

We showed that physically reasonable assumptions of the bounded bond energy and
diffused bond breakagewere enough formacroscopic analysis of the onset ofmaterial
damage and its localization into cracks with their subsequent propagation.

The energy of molecular bonds is always bounded because the number of
molecules is finite. This automatically implies that the macroscopic strain-energy
functionmust be limited. If the strain energy is limited then the stress cannot approach
infinitywith increasing strain, the stressmust be limited and drop to zero. The limiting
stress indicates the onset of material instability or failure, which can be interpreted as
inability ofmaterial to bear further load. The phenomena of cavitation, strength under
calcification, and even direction of possible cracks in soft tissues can be understood
based on the approach of elasticity with energy limiters.

Failure is the onset of the damage process. Fracture is the development of dam-
age, its localization, and propagation. Microscopically, the process of fracture means
bondbreakage.Thebreakage canhardly be confined to twoadjacentmolecular layers.
Broken bonds are diffused and, because of that, material can be lost locally. Mate-
rial sink during fracture prompts a macroscopic continuum mechanics formulation
based on coupled momenta and mass balance. Such formulation naturally provides
regularization of crack simulations suppressing the pathological mesh sensitivity.

Assumptions and methods considered above allow avoiding the use of internal
variables, and hence make the theory appealing from the physics standpoint.
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Stretchable Fibrous Materials with
Different Micro-Geometries of Wavy
Fibers

Mor Ben-Or Frank and Gal deBotton

Twenty years ago, I supervised a young graduate student, Ilia
Hariton, who was about to complete his M.Sc. thesis. Ilia wished
to continue his studies towards a Ph.D. in Biomechanics, and
while we were discussing his options, we studied some of the
recent works in this field. Among the most intriguing and
advanced works we encountered were the ones by Gerhard and
his colleagues. Since back then, I was rather new in the field of
Biomechanics, I contacted Gerhard and offered him to join me
and supervise Ilia’s work together. Although we have never met
before, I received a warm and positive response. After a few
emails, we decided to join forces and, in Gerhard’s words, to
explore ‘a micro-mechanical constitutive approach to describe
the mechanical behavior of biological soft tissues’. During our
work, I found that Gerhard loves to work in the field of
biomechanics, to collaborate, to explore new ideas, to share his
knowledge with others, and to listen to them too. In fact, our
work was a real fusion of our expertise in the fields of
Biomechanics and Micromechanics. I am glad that twenty years
afterward, Gerhard is creative than ever, and I am looking
forward to his next contributions and our future collaboration.

Gal

Abstract The mechanical behavior of collagenous tissues crucially depends on the
fibers’ micro-geometry. Herein, we systematically analyze this ubiquitous class of
tissues. Finite element simulations of periodic cells enable us to relate the macro-
scopic tissue response to the mechanical processes of the underlying microstructure.
We examine cells with a single thick fiber and cells with a bundle of seven thin fibers
while keeping the fraction of the fiber substance identical in both cells. Models with
shallow and wrinkled fibers are examined in both cases. Plane stress conditions are
imposed, where the stretching direction is aligned with or inclined to the fiber direc-
tion. The latter mimics the loading state in the arterial wall. To even better mimic
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the physiological state, we superimpose a 10% prestretch in the transverse direction.
Overall, the stress-stretch curves are bilinear with a low initial slope that converges
into a steeper slope as the fibers straighten. This recruitment process becomes even
more pronounced under aligned loading. Our expectation that the thick fiber model
will be stiffer than the seven fibers bundle model due to its larger bending stiffness
turned out to be inaccurate. Analysis of the stresses in the surroundingmatrixmaterial
revealed that this counterintuitive occurrence is due to a through-matrix interaction
between the fibers in the bundle.

1 Introduction

The microstructure of a material dictates its mechanical behavior. Of particular
importance is the class of biological tissues, where the microstructure is constructed
to fit their intended functioning. For example, the wavy nature and orientation of the
collagen fibers in the outermost layer of arteries (tunica adventitia) are responsible for
the mechanical response of the tissue under physiological loading conditions (Chen
et al. 2011). In a similar manner, modern additive manufacturing techniques, which
attract the attention of the engineering community nowadays, enable us to produce
materials whose mechanical response is governed by the underlying microstruc-
ture. In recent years, stretchable fibrous materials, which are able to undergo large
deformations together with extensive strength and durability, attract high interest in
the research fields aerospace, biomechanics, and stretchable electronics (Choi et al.
2007; Chortos and Bao 2014; Pratt et al. 2001). Thus, the study of the micro-to-
macro relationship is essential for understanding and designing such materials. In
particular, the unique behavior of soft tissues that stiffen at large strains is attributed
to the recruitment of their wavy collagen fibers. Furthermore, in the development of
scaffolds made of synthetic and natural polymers, fibers with a distinct pattern of
periodicity are produced (Anumandla and Gibson 2006; Li et al. 2005). These fiber-
reinforced materials provide extremely high elastic moduli and strength properties
along with extended flexibility. In this work, we systematically analyze this class of
stretchable reinforced solids with emphasis on soft fibrous tissues.

At the microscopic level, collagenous tissues are composed of an extrafibrilar
matrix (i.e. elastin) and collagen fibers. Broadly speaking, the former controls the
flexibility of the tissues, and the latter provides mechanical firmness, strength, and
toughness. At the macroscopic level, these tissues behave anisotropically, whereby
the stiffness along specific directions is determined by the collagen fiber dispersion
(Calvo et al. 2007). Recent studies assert that the fibers are crimped in the resting state
of the tissue. Thus, the initial stiffness of the tissues originates from the elastin. At
higher loading and strain levels, the collagen fibers straighten, and hence, more load
is transferred from the elastin to the collagen. This process of progressive recruitment
of the crimped collagen fibers at increasing strains results in the familiar macroscopic
exponential-like stiffening. The stiffening of fibrous tissues at large strains is crucial
for their functioning (Humphrey et al. 2014).
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The first models that described this stiffening of stretchable collagenous tis-
sues were phenomenological. For example, Chuong and Fung (1983) proposed an
isotropic stress-strain relationship in terms of an exponential strain-energy function.
In latermodels, the internal structure of the tissueswas accounted for by adaptation of
anisotropicmodels (Cacho et al. 2007; Chen et al. 2011; Gasser et al. 2006; Holzapfel
et al. 2015;Weisbecker et al. 2015; Zulliger et al. 2004). An attempt to account for the
interactions between the fibers and thematrixwasmade in Sopakayang andHolzapfel
(2017). These are all phenomenological models that account for fiber orientation and
waviness in terms of fitted macroscopic parameters.

However, the underlying microstructural and mechanical tissue details must be
accounted for to better understand and more accurately model the macroscopic
tissue behavior. Hence, micromechanically motivated models incorporate explicit
microstructural and mechanical parameters. In this context, we recall a few recent
experimental efforts in which the microstructure of the studied tissues was recorded
(Rezakhaniha et al. 2012; Schriefl et al. 2012). In particular, high-resolution images of
the fiber networks were taken by different microscopy techniques. These experimen-
tal works provide crucial data for modeling, analyzing, and predicting the response
of these highly heterogeneous materials. Thus, important microstructural parame-
ters, such as the amplitude, the diameter, the contour, and period lengths of wavy
collagen fibers as well as their overall volume fraction can be accurately extracted
and directly employed in micromechanical models.

Micromechanical constitutive models that account for the various structural
parameters were developed to describe and predict the macroscopic behavior of
fibrous materials. The majority of the models available in the literature assume a
linear elastic behavior of the fibers (Górski 2011; Liang et al. 2006). Garnich and
Karami (2004) and Karami and Garnich (2005) developed periodic micromechani-
cal models with different degrees of fiber waviness in a single lamina using varying
values of the ratio between the amplitude and the wavelength. Karami and Garnich
(2005) also considered a laminate with different fiber waviness and incorporated a
failure mechanisms in the model. Velmurugan et al. (2014) studied the influence of
the waviness of discontinuous fibers on the effective properties. Since these models
were developed within the framework of linear elasticity, they cannot capture the
mechanical response of soft biological tissues that undergo large deformations.

Recently, differentmodelswere developed that are able to capture themacroscopic
nonlinear material behavior originating from the geometrical changes that the fibers
undergo at the microscopic level during the tissue deformation. In general, these
micromechanical models are more appropriate when referring to soft matters and
tissues in particular. Kao et al. (2011) modeled the pulmonary artery considering
an orthotropic distribution of wavy collagen fibers. Fallah et al. (2016) developed
a two-dimensional periodic model with wavy layers. In de Botton and Oren (2013)
a periodic unit cell with two fiber families was considered to determine the overall
response of a coronary artery. Therein, the collagenfibersweremodeled to be straight,
and the stiffening of the fibers was captured by assigning a hardening model to the
fibers instead of a more accurate representation of the waviness pattern (Gent 1996).
However, these models were limited to planar loading conditions and thus did not
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capture the spatial (3D) response, which would be a more realistic in vivo scenario.
Hence, in the current work, we focus on the behavior of 3D continuous wavy fibers
embedded in a soft matrix and use the finite element (FE) method to analyze their
mechanical response under different loading conditions.

2 Theoretical Background

Considering the mapping of a body that is transforming from one configuration to
another, the position vector of a material point in the reference configuration β0 is
X, and its position vector in the deformed configuration β is x. The deformation of
the body is characterized by the mapping

x = χ(X). (1)

The deformation gradient

F = ∂χ(X)

∂X
(2)

is invertible and hence non-singular. Accordingly,

J (X) ≡ detF(X) = dv

dV
> 0, (3)

where J , the determinant ofF, is equal to the volume ratio of an infinitesimalmaterial
element in the deformed and the reference configurations, respectively. If thematerial
is incompressible, as commonly assumed for soft biological tissues under normal
physiological conditions, then J ≡ 1. We also recall that the stretch of a material
element is

λ =
√
N̂ · FTFN̂, (4)

where N̂ is unit a vector along the material element in the reference configuration.
In the sequel, we restrict our attention to the class of hyperelastic materials whose

constitutive relations are given in terms of a strain-energy function ψ(F) such that
the first Piola-Kirchhoff stress tensor P can be computed as

P = ∂ψ(F)

∂F
. (5)

For incompressible materials, because of the kinematic constraint J ≡ 1, a pressure-
like term p has to be subtracted from the stress, i.e.

P = ∂ψ(F)

∂F
− pF−T. (6)
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This pressure-like term can be determined from the boundary conditions imposed
on the body. The Cauchy stress tensor σ is related to the first Piola-Kirchhoff stress
tensor via

σ = 1

J
PFT. (7)

In the absence of body forces, the equilibrium equation reads

∇x · σ = 0. (8)

To effectively examine the behavior of heterogeneous materials, one needs to
characterize its macroscopic behavior in terms of relevant information stemming
from the microstructural level. To this end, a homogenization theory for finite defor-
mationswas introduced inHill (1972) andOgden (1974). Following these pioneering
works, we assume that homogeneous boundary conditions of the form

x = F0X (9)

are applied on the boundary of the heterogeneous body, where F0 is a constant
matrix with det F0 > 0. For incompressible materials, det F0 = 1. In addition, we
assume that at the interfaces between the phases composing the material, both the
displacements and tractions are continuous. Consequently, it can be shown that the
average deformation gradient is

F ≡
∫

β0

F(X) dV = F0 (10)

and the average first Piola-Kirchhoff stress tensor is

P ≡ 1

V

∫

β0

P(X) dV . (11)

According to the Hill-Mandel identity, when a heterogeneous body is subjected to a
homogeneous incremental deformation ẋ = Ḟ0X, then

1

V

∫

β0

Ḟ : P dV = Ḟ : P, (12)

where Ḟ = Ḟ0, according to Eq. (10). For hyperelastic materials, this identity enables
to determine the effective strain-energy function

ψ̃(F) = inf
F∈K(F)

{
1

V

∫

β0

ψ(F,X) dV

}
, (13)
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where K(F) ≡ {F | F = ∂χ(X)/∂X,X ∈ β0;χ(X) = FX,X ∈ ∂β0} is the set of
admissible deformations (Hill 1972). Hence, together with Eq. (11), the macroscopic
constitutive behavior is

P = ∂ψ̃(F)

∂F
, (14)

and it can be further shown that the average Cauchy stress tensor is

σ = 1

J
PF

T
. (15)

Ultimately, if all the constituting phases are incompressible, the relation

σ = ∂ψ̃(F)

∂F
F
T − p̄I (16)

is satisfied at the macroscopic level, where p̄ is a macroscopic pressure-like term.
We assume that the microstructure can be characterized in terms of a periodic

unit cell that repeats itself. Accordingly, the macroscopic response of the material
is determined by applying periodic boundary conditions (PBCs) on the faces of the
unit cell. As can be seen in Fig. 1, we consider a unit cell whose dimensions are
T × S × S along the principalmaterial directions (X,Y, Z ) of the periodic unit cell.
Thus, the displacements of all nodes at the right face (X = T ) and at the left face
(X = 0) of the unit cell are related via

uRightx − uLeftx = (F̄11 − 1)T,

uRighty − uLefty = F̄21T,

uRightz − uLeftz = F̄31T .

(17)

The displacements of all nodes at the front face (Y = S) and at the back face (Y = 0)
of the unit cell are related via

uFrontx − uBackx = F̄12S,

uFronty − uBacky = (F̄22 − 1)S,

uFrontz − uBackz = F̄32S.

(18)

Finally, the displacements of all nodes at the top face (Z = S) and at the bottom face
(Z = 0) of the unit cell are related via

uTopx − uBottomx = F̄13S,

uTopy − uBottomy = F̄23S,

uTopz − uBottomz = (F̄33 − 1)S.

(19)
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(a) (b)

(c) (d)

Fig. 1 Two repetitions of the four different periodic unit cell models that are analyzed in this
work with dimensions T × S × S along the principal material directions (X, Y, Z ) in the reference
configuration. Thereby, the collagen inside the unit cell (orange) was modeled either as a single
fiber or as a fiber bundle consisting of seven individual collagen fibers having the same fiber volume
fraction as the single fiber model. For both models, recruitment stretches of λc = 1.1 ((a) and (c))
and λc = 1.2 ((b) and (d)) were considered by modifying the fiber waviness

For loading cases where the principal stretch directions of the macroscopic

Cauchy-Green tensorC = F
T
F are not alignedwith the principal axes of the unit cell,

we find it convenient to distinguish between a material coordinate system and a lab
coordinate system (Ben-Or Frank et al. 2019). For the specific class of fibrous mate-
rials on which we focus in this work, the principal material directions are denoted
by the longitudinal direction along the fibers, the transverse direction that is normal
to the fibers in their plane, and the out-of-plane direction, which is perpendicular
to the fiber plane. The left-handed material coordinate system used in this work is
sketched together with the unit cell in Fig. 1, where the longitudinal, out-of-plane,
and transverse directions are aligned with the X -, Y -, and Z -directions, respectively.
The lab coordinate system (θ, ρ, ζ ), which is associated with the circumferential,
radial, and axial directions of a cylinder, is the one in which we define the applied
boundary conditions in terms of the macroscopic deformation gradient

[Flab] =
⎡

⎣
λθ 0 0
0 λρ 0
0 0 λζ

⎤

⎦ , (20)
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whereλθ ,λζ , andλρ = 1/(λθλζ ) are the principal stretches.The induceddeformation
gradient in the material coordinate system

Fm = QFlabQT (21)

is applied on the unit cell in the material coordinate system, where

[Q] =
⎡

⎣
cosα 0 sin α

0 1 0
− sin α 0 cosα

⎤

⎦ (22)

is a proper orthogonal rotation matrix, and α is the angle between the circumferential
direction and the longitudinal fiber direction. Finally, once the average Cauchy stress
tensor σm is determined according to Eqs. (14) and (15) by averaging the Cauchy
stresses within the unit cell, the Cauchy stress tensor in the lab system is computed
by

σ lab = QTσmQ. (23)

3 Analysis and Simulations

Periodic unit cells representing harmonic wavy collagen fibers were designed and
analyzed using the FEmethod. Thereby, the fiber direction coincides with the X -axis,
and in the reference state, their transversal waviness is defined via the function

Z(X) = A sin

(
2πX

T

)
, (24)

where A and T are the amplitude and the wavelength, respectively. In the reference
state, the periodic wavy fibers and the surrounding matrix can be represented within
a unit cell occupying the domain 0 ≤ X ≤ T , 0 ≤ Y ≤ S, and 0 ≤ Z ≤ S, where
T is the size of the unit cell in the longitudinal direction, and S is its size in the
transverse and the out-of-plane directions (see Fig. 1). The recruitment stretch λc is
the ratio between the contour length l of the fiber and the wavelength T , i.e.

λc = l

T
= 1

T

T∫

0

√

1 +
(
dZ

dX

)2

dX. (25)

In total, four different unit cellswere constructed involving single fibers (Fig. 1a, c)
and bundles of seven individual smaller fibers (Fig. 1b, d). For clarity, two repetitions
of the modeled unit cells are shown in Fig. 1. The recruitment stretches of the unit
cells in Fig. 1a, b are λc = 1.1, and λc = 1.2 for the unit cells in Fig. 1c, d. For
convenience, we refer to the shallower model with λc = 1.1 as the rippled model
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Table 1 Geometrical and structural parameters of the four periodic unit cell models

λc (–) Single fiber model Seven fibers model

Cf (–) d (μm) Cf (–) d (μm)

Rippled fibers 1.1 0.3 13.23 0.3 5.0

Crimped fibers 1.2

and denote the model with λc = 1.2 as the crimped model. The fiber volume fraction
Cf is related to the recruitment stretch λc via

Cf = πd2λc

4 S2
N , (26)

where d is the fiber diameter, and N is the number of fibers in the unit cell. A
hyperelastic incompressible neo-Hookean free-energy function

ψ(F) = μ

2
(I1 − 3) (27)

is assigned for both the matrix and the fibers, where μ is the shear modulus, and
I1 = trC is the first invariant of the right Cauchy-Green tensor. This simple non-
hardeningmodel is specifically chosen to highlight the role of the recruitment process
due to the straightening of the fibers. The shear moduli of the fibers and the matrix
material are μ(f) = 18.22MPa and μ(m) = 0.271MPa, respectively (Miyazaki and
Hayashi 1999; Muiznieks and Keeley 2013). The structural and the geometrical
parameters used in all four models are summarized in Table 1.

We recall that in common applications involving fibrous materials, the out-of-
plane loads (in the material coordinate system) are negligible. Accordingly, in the
sequel, we assume plane stress conditions in both, thematerial and the lab coordinate
system. Recalling Eq. (16), this implies that p̄ is determined via the expression for
the normal stress in the out-of-plane direction, i.e. σ̄yy = ∂ψ̃(F)/∂ F̄yk F̄yk − p̄ = 0.
In this work, we distinguish and analyze two loading conditions, the aligned and the
inclined loading, as described in the following subsections.

3.1 Aligned Loading

First, we examine the response of the fibrous material to a loading state in which
the macroscopic principal stretch directions are aligned with the material directions.
Thus, α = 0◦ in Eq. (22) and the lab coordinate system coincides with the material
coordinate system. As we are primarily interested in the analysis of the recruitment
process, i.e. the stage inwhich the fibers straighten and become themain load-bearing
elements, we examine thematerial response in the range 0.9 ≤ λθ ≤ 1.3. That is from
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(a)

(b)

Fig. 2 Contour plots of the longitudinal Cauchy stress distributionσxx in the rippled unit cells (λc =
1.1) at a circumferential stretch of λθ = 1.3: (a) without a prestretch in the transverse direction;
(b) with a transversal prestretch of λζ = 1.1

approximately 10% compression in the fiber direction up to 30% extension at which
the fibers are almost straight. To examine the effect of the transverse loading, we
analyze two cases: (i) without a prestretch in the transverse direction, i.e. λζ = 1;
(ii) with a transversal prestretch of λζ = 1.1.

Webeginwith the analysis of the stresses at themicroscopic level and subsequently
examine the corresponding overall stresses, which enables to trace the occurrences
at the macroscopic level in terms of those at the microscopic level. The longitudinal
Cauchy stress distributionsσxx in the four unit cells are presented for a circumferential
stretch of λθ = 1.3 in Figs. 2 and 3. In all cases, the stresses in the fibers are one
order of magnitude larger than those in the surrounding matrix. This is due to the
fact that at stretches beyond the recruitment stretch, the fibers, which are typically
stiffer than the surrounding matrix material, straighten and carry most of the load.
The loading scenario captured in this numerical example, in which the fibers are
stretched to the point where they are almost straight and, as they are recruited, start
to carry the longitudinal load, is a common physiological in vivo situation.Moreover,
also with common expectations, are the bending stresses that develop in the fibers
as they are being stretched. The variations in the longitudinal stresses across the
fiber cross-sections highlight this bending process, whereas the mean values of the
stresses can be associated with the pure fiber extension (stretching).

To highlight these stress variations, the longitudinal Cauchy stresses across the
fiber(s) are carefully analyzed along two individual paths at the peak of their har-
monic wave, as denoted in Fig. 4. The corresponding longitudinal Cauchy stress
distributions for the rippled and the crimped fiber models are presented in Figs. 5
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(a)

(b)

Fig. 3 Contour plots of the longitudinal Cauchy stress distribution σxx in the crimped unit cells
(λc = 1.2) at a circumferential stretch of λθ = 1.3: (a) without a prestretch in the transverse direc-
tion; (b) with a transversal prestretch of λζ = 1.1

Fig. 4 Definition of two pathways along which the longitudinal Cauchy stress distributions σxx
are analyzed in case of the single fiber model and the seven fibers model: (1) through the middle of
the central fiber; (2) through the middle of the top and bottom fibers. Both pathways are parallel to
the Z -direction and are located at the peak of their harmonic wave

and 6. For the seven fibers model, we show the stresses along the pathways 1 and 2,
which pass through the central fiber and the top as well as bottom fibers, respectively.
For the single fiber model, we depict the stresses exclusively along path 1, which
passes through the center of the fiber.

Under both loading conditions, in both the rippled and the crimped fiber model,
the Cauchy stress distributions σxx along the cross-sections are similar regardless
of the prestretch along the ζ -direction, i.e. for λζ = 1 and 1.1. This reveals that the
stretching and bending mechanisms are similar for both loading cases under aligned
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(a) (b)

Fig. 5 Longitudinal Cauchy stress distribution σxx along the defined pathways through the cross-
sections of the rippled fiber models (λc = 1.1) while stretched at λθ = 1.3: (a) without a prestretch
in the transverse direction; (b) with a transversal prestretch of λζ = 1.1. The red curve represents
the response of the single fiber model along path 1, while the blue and gray curves correspond to
the stress response of the seven fibers model along paths 1 and 2, respectively

(a) (b)

Fig. 6 Longitudinal Cauchy stress distribution σxx along the defined pathways through the cross-
sections of the crimped fiber models (λc = 1.2) while stretched at λθ = 1.3: (a) without a prestretch
in the transverse direction; (b) with a transversal prestretch of λζ = 1.1. The red curve represents
the response of the single fiber model along path 1, while the blue and gray curves correspond to
the stress response of the seven fibers model along paths 1 and 2, respectively

loading conditions. A comparison of the stresses in the rippledmodel and the crimped
model reveals that in the rippled fiber model, the mean value of the stresses in the
fibers is larger than their variation. In the single fiber model, the mean stress is about
12MPa, whereas half the difference between themaximal andminimal stresses in the
fiber is less than 10MPa. In the crimped case, the intensity of the stress variation is
similar to their mean value, which is approximately 12MPa. We recall that the mean
value of the stress is associated with the elongation of the fiber, whereas the variation
of the stress is associated with the bending of the fiber due to its straightening. Thus,
the differences between the stress distributions in the two models highlight the fact
that in the rippled model, the fibers are almost straight and have already completed
their recruitment process, while the fibers in the crimped model are wavier at this
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(a) (b)

Fig. 7 Average longitudinal Cauchy stresses σxx in the surrounding matrix as a function of the lon-
gitudinal stretchλx for the single fibermodel and the seven fibersmodel having different recruitment
stretches λc: (a) without a prestretch in the transverse direction; (b) with a transversal prestretch of
λζ = 1.1

(a) (b)

Fig. 8 Average longitudinal Cauchy stresses σxx in the unit cell as a function of the longitudinal
stretch λx for the single fibermodel and the seven fibersmodel having different recruitment stretches
λc: (a) without a prestretch in the transverse direction; (b) with a transversal prestretch of λζ = 1.1.
The green and cyan dashed line segments represent the initial and the final slopes of the nonlinear
fiber stress response

stage of deformation, and thus the stresses associated with the fiber elongation are
not the dominant ones yet.

Contrary to materials with straight fibers, we find that due to the fiber waviness,
the stresses in the surrounding matrix are not negligible and have a substantial con-
tribution to the macroscopic response. To further investigate this effect, we analyze
by means of Fig. 7 the evolution of the average longitudinal Cauchy stresses σxx in
the matrix material for the different fiber models, waviness, and boundary conditions
as functions of the longitudinal stretch. The magnitudes of these stresses are almost
identical in the rippled and crimped unit cells. Nonetheless, the average stresses in the
matrix of the crimped unit cells are somewhat larger, suggesting that the interactions
among the fibers are associated with the fiber waviness.

Next, we discuss the macroscopic response of the fibrous tissue. Therefore, the
variations of the average longitudinal Cauchy stress versus the longitudinal stretch
can be traced in Fig. 8. We note that the stiffening of the fibrous material, which
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accounts for the non-hardening behavior of both phases, is solely due to the straight-
ening of the fibers. In the unloaded state, the fibers are wavy, they straighten under
tension and fold under compression. When being extended from the unloaded state,
the initial contribution of the fibers to the overall stress response is rather small.
The fibers are recruited with an increase of the applied deformation. Clearly, in the
rippled unit cells, the fibers are recruited faster than those in the crimped cells, as
reflected by the larger stresses developing in the model with λc = 1.1. The harden-
ing effect can be approximated as a bilinear behavior with an initial lower slope that
smoothly increases to a larger one as the stretch increases. To assist the identification
of the slopes, we include dashed straight line segments in Fig. 8 that follow the initial
and the final slopes of the stress-stretch curves. The bilinear response is exhibited
under both loading conditions, i.e. λζ = 1 and λζ = 1.1. However, the stresses in
the λζ = 1.1 case are slightly larger as the fibers are prestretched in the transverse
direction.

Although the fibers are the primary load bearing components inside the fibrous
tissue, the contribution of the surrounding matrix is not negligible. The average
longitudinal Cauchy stresses in the matrix of the rippled and the crimped fiber model
at λθ = 1.1 are approximately 14.9% and 21.1% of the overall macroscopic stress,
respectively. In a similar manner, when λθ = 1.3, the average longitudinal Cauchy
stresses in the matrix of the rippled and the crimped fiber model are approximately
11.5% and 16.4% of the overall macroscopic stress, respectively. These ratios are
substantially larger than the ratio between the shear moduli of the matrix and the
collagen fibers, which is 1.5%, indicating a considerable contribution of the matrix
to the overall macroscopic stress response due to the interactions among the wavy
fibers.

Note that the response of the rippled model with a single fiber is slightly stiffer
than that of the rippled model with seven fibers. In accordance with the common
notion, this is due to the enhanced bending stiffness of the single fiber, which is
proportional to its diameter. However, the responses of the crimped models with
one and seven fibers in the range 1 < λθ < 1.3 are almost identical. This is due to
two competing mechanisms that contribute to the stiffening of the material. The first
is associated with the bending of the fibers, a mechanism more pronounced in the
single fiber model. However, in the crimped model, the larger interactions among the
fibers result in larger stresses in the matrix phase and contribute to the macroscopic
stiffening. In the crimped case, the contribution of the secondmechanism in the seven
fibers model is equal to that of the first mechanism in the single fiber model, and
hence their responses are almost identical.

3.2 Inclined Loading

In a manner similar to the one followed in the previous section, macroscopic defor-
mations were imposed on the boundaries of the four unit cells, this time with the
maximum principal stretch direction at a 45◦ inclination angle relative to the fiber
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(a)

(b)

Fig. 9 Contour plots of the longitudinal Cauchy stress distribution σxx in the rippled unit cells
(λc = 1.1) at a circumferential stretch of λθ = 1.3: (a) without a prestretch in the axial direction;
(b) with an axial prestretch of λζ = 1.1

direction, i.e. α = 45◦ in Eq. (22). Again, the periodic unit cells were loaded such
that the fibrous tissue is circumferentially stretched in the range 0.9 ≤ λθ ≤ 1.3 with
andwithout considering an axial prestretch of λζ = 1.1.We note that when λζ = 1.1,
Eq. (20) represents a typical physiological in vivo deformation state of the arterial
tissue, where the fibers are inclined relative to the circumferential direction, and
the tissue is prestretched in the axial direction. According to Eq. (4), in the aligned
loading case, the stretch of the fiber λx is identical to the macroscopic (lab) stretch
λθ . Thus, when subjected to λθ = 1.3, the fibers in both the rippled model and the
crimped model are fully recruited. In the inclined loading case, due to the rotation
of the fiber, its longitudinal stretch λx is smaller than the macroscopic (lab) stretch
λθ . Hence, in this case, the fibers in the rippled model are fully recruited, while in
the crimped model, they are only partially recruited.

The distributions of the longitudinal Cauchy stress σxx in the four unit cell models
are presented in terms of contour plots in Figs. 9 and 10. In accordance with the
aligned loading case, the longitudinal Cauchy stresses in the fibers are larger than
those in the surrounding matrix material. However, due to the fact that in this case,
the fibers straighten while being rotated towards the direction of the principal stretch,
their straightening rate is lower. As a result, the stresses in the fibers are smaller than
the ones observed in the aligned loading case. On the other hand, the magnitude of
the stresses in the matrix is larger.

In analogy with Figs. 5 and 6 for the aligned loading case, Figs. 11 and 12 show
the variations of the longitudinal Cauchy stress σxx along the pathways 1 and 2, as
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(a)

(b)

Fig. 10 Contour plots of the longitudinal Cauchy stress distribution σxx in the crimped unit cells
(λc = 1.2) at a circumferential stretch of λθ = 1.3: (a) without a prestretch in the axial direction;
(b) with an axial prestretch of λζ = 1.1

(a) (b)

Fig. 11 Longitudinal Cauchy stress distribution σxx along the defined pathways through the cross-
sections of the rippled fibermodels (λc = 1.1)while stretched atλθ = 1.3: (a)without a prestretch in
the axial direction; (b) with an axial prestretch of λζ = 1.1. The red curve represents the response of
the single fiber model along path 1, while the blue and gray curves correspond to the stress response
of the seven fibers model along paths 1 and 2, respectively



Stretchable Fibrous Materials with Different Micro-Geometries of Wavy Fibers … 423

(a) (b)

Fig. 12 Longitudinal Cauchy stress distribution σxx along the defined pathways through the cross-
sections of the crimped fiber models (λc = 1.1) while stretched at λθ = 1.3: (a) without a prestretch
in the axial direction; (b) with an axial prestretch of λζ = 1.1. The red curve represents the response
of the singlefibermodel alongpath 1,while the blue andgray curves correspond to the stress response
of the seven fibers model along paths 1 and 2, respectively

introduced in Fig. 4. Again, we recall that the mean value of the longitudinal stresses
in the fiber is associated with its elongation, and the variations in the longitudinal
stresses along the fiber cross-section correspond to its bending.Wenote the difference
in the longitudinal Cauchy stress distributions with and without considering an axial
prestretch. While prestretched, the mean longitudinal Cauchy stresses in both the
rippled and the crimped fibers reach a value of about 7MPa, and when they are
not prestreched this value is reduced to 5MPa. This highlights the fact that with
prestretching, the fibers elongate more, but under inclined loading, this elongation is
smaller due to the underlying fiber rotation. The variations of the longitudinal stresses
along the fiber cross-sections are in the same order of magnitude as the mean values,
indicating that the fibers are wavier than those in the aligned loading case.

Similar to the aligned loading case, in Fig. 13, we present the evolution of the
average longitudinal Cauchy stresses σxx in the surrounding matrix material for the
different fiber models, waviness, and the boundary conditions as functions of the
longitudinal stretch λx . In the rippled fiber model and the crimped fiber model, the
magnitudes of these stresses are larger than the ones in the aligned loading case.
The average longitudinal Cauchy stresses in the matrix are larger in the unit cells
containing seven fibers, except for the prestreched rippled unit cell. This finding
highlights the competition between the bending mechanism and the interactions
among the individual fibers, indicating that in almost all cases, the interactions among
the fibers have a substantial effect on the macroscopic stress response.

The macroscopic responses of the four models in terms of the variations of the
average longitudinal Cauchy stress σxx versus the longitudinal stretch λx can be
traced in Fig. 14. To emphasize the significant difference in the responses under
aligned and inclined loadings, we present these plots on the same scale as the ones
in Fig. 8. Both, the bilinear behavior and the difference between the responses of
the rippled models and the crimped models are less obvious in comparison with the
corresponding aspects under aligned loading. To assist the identification of the mild
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(a) (b)

Fig. 13 Average longitudinal Cauchy stress σxx in the surrounding matrix material as a function
of the longitudinal stretch λx for the single fiber model and the seven fibers model having different
recruitment stretches λc: (a) without a prestretch in the axial direction; (b) with an axial prestretch
of λζ = 1.1

(a) (b)

Fig. 14 Average longitudinal Cauchy stresses σxx in the unit cell and the surrounding matrix as a
function of the longitudinal stretch λx for the single fiber model and the seven fibers model having
different recruitment stretches λc: (a) without a prestretch in the axial direction; (b) with an axial
prestretch of λζ = 1.1. The green and cyan dashed line segments represent the initial and the final
slopes of the nonlinear fiber stress response

slopes, we include dashed straight line segments that follow the initial and the final
slopes of the stress-stretch curves. This highlights the stiffening of the material due
to the straightening and the rotation of the fibers.

Further, the macroscopic stress response is correlated with the stresses developing
in the matrix due to the interactions among the fibers. This indicates that these
interactions have a substantial effect on the overall stress response, and in this case,
the competition between the bending and the interactions among the fibers is further
enhanced. In the crimped models, the response of the unit cell with the seven fibers is
stiffer than the one with the single fiber for both λζ = 1 and 1.1. This highlights the
severe interactions among the fibers due to their waviness. In the rippled models, the
bendingmechanism ismore pronounced for λζ = 1.1 aswe observe that the response
of the single fiber model is stiffer than that of the seven fibers model. However, the
difference in the stress responses between the single and the seven fibers models is
negligible for λζ = 1.
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4 Conclusions

To accurately characterize the mechanical response of fibrous materials, we devel-
opedmicromechanically motivatedmodels of wavy fibers. For example, the collagen
fibers in the adventitial layer of the artery should be modeled by taking into consid-
eration their level of waviness, configuration, and orientation. To examine the role
of these parameters, four FE models were constructed, involving a single fiber or
bundles of seven fibers with two levels of waviness for each model by setting the
recruitment parameter λc to 1.1 or 1.2. The models were analyzed under aligned and
inclined loading conditions.

An important outcome of the fiber waviness is the overall bilinear response.
Indeed, under aligned loading conditions, a clear bilinear trend was observed. This is
due to the fiber recruitment process in which, depending on the degree of waviness,
the fibers are recruited and stiffen with increasing tissue extension. This mechanism
is captured by our micromechanical models, where the recruitment is associated with
the straightening of the fibers. The results demonstrate that the response of the rippled
fiber model is stiffer than the one exhibited by the crimped fiber model. This happens
due to the straightening of the fibers at smaller stretches, and thus, the fiber stiffening
is faster. Under inclined loading, similar but more moderate bilinear behaviors were
observed. This is because, in the inclined loading case, the fibers straighten while
they rotate towards the major principal direction of the applied loading.

We recall that the straightening of the fibers is correlated with their bending.
Accordingly, it is anticipated that due to its almost three-fold larger diameter and
enhanced bending stiffness, the response of the single fiber model will be stiffer
than the seven fiber model. However, interestingly and counter-intuitively, we find a
reverse trend in some cases, where the models with the seven fibers admit a stiffer
response. Thus, our micromechanical models shed light on the crucial role of the
matrix and the interactions between the individual wavy fibers. Throughout, we
observe the competing effects of the through-matrix fiber interactions and the fiber
bending stiffness on the overall stress response. This is most pronounced in relation
to the stresses developing in the matrix of the crimpedmodels, where the interactions
between the fibers are significant. We note that in biological tissues, the interactions
between the fibers may be through physical or chemical cross-links between the
fibers. In fact, we observe that the interactions between the fibers through the extra-
cellular matrix are reminiscent of the interactions through the cross-links between
the fibers (Ben-Or Frank 2020; Ben-Or Frank et al. 2021).

We stress that our proposed micromechanical modeling approach can be used to,
but is not limited to, analyze biological tissues. Histological information of fibrous
tissues with wavy fibers can be incorporated in the suggested models, and their
mechanical behavior can be predicted and compared with experimental measure-
ments (Ben-Or Frank et al. 2019). Furthermore, this approach can be applied in
various lightweight industrial structures undergoing large deformations and with
inherent high stiffness damping. This is crucial for cutting-edge technologies aimed
towards reducing energy consumption and high performance in airplanes with mor-
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phing wings, stretchable electronic and wearable devices in which structures based
on wavy fibers are desired (Liu et al. 2017; Pratt 1999; Wen et al. 2015).
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1 Introduction

Biomechanics is a fast developing multidisciplinary science aimed at challenging the
secrets of nature. The biomechanics of soft tissues, including successfully modeling
of muscles (Stålhand et al. 2008), blood vessels (Holzapfel et al. 2000, 2004), brain
(Franceschini et al. 2006; Mihai et al. 2017), and vascular tissues (Pandolfi and
Holzapfel 2008), is recently oriented to a deeper understanding of the mechanics of
the cell (Discher et al. 1998; Boal 2002; Deseri and Zurlo 2013; Terzi et al. 2015;
Deseri et al. 2016; Daddi-Moussa-Ider et al. 2019), a field strongly related to several
timely problems, including the COVID-19 emergency.

Membrane penetration of nano- or microparticles is a common feature in cell
mechanics, important from several points of view, including drug delivery and viral
entry. In particular, viral entry into a cell during the early stage of infectionmay occur
in different forms. In the case of penetration, the cell’s membrane is punctured after
attachment of the virus, which in this way injects its contents inside the cytoplasm.

Cells may be subject to large deformations, a situation occurring, for instance,
when a cell is drawn up a pipette, as is the case of a human red blood cell (Discher
et al. 1994). This process involves a competition between forces tending to inject and
eject the cell. Similarly, but at a smaller scale, the influenza A virus can be trapped
into a nanotube with an internal diameter of 400nm (Yuge et al. 2017). Membrane
penetration and pipette suction are just two examples of problems involving the
insertion of a compliant body inside a soft (the membrane) or a rigid (the pipette)
structure.Many other problems of this kind can be listed in biomechanics: endoscopy,
insertion of a catheter into a blood vessel or into the urinary tract, or injection of a
needle for biopsy or for puncturing tissues (Roxhed et al. 2007).

In the present article, the penetration of a compliant body into an elastic structure
(such as a cell’s membrane) or into a rigid constraint (as when a cell is drawn up
a pipette) is analyzed from a purely mechanical perspective, under simple assump-
tions. These include restriction to the two-dimensional formulation (a gross, but
common, approximation (Daddi-Moussa-Ider et al. 2019)) and absence of: (i) fric-
tion; (ii) dissipative forces; (iii) interparticle non-mechanical interactions (e.g., mag-
netic attraction). The simple mechanical process of penetration schematized in Fig. 1
is addressed, with the specific purpose to explore and present the role of configura-

(a) (b) (c) (d) (e)

Fig. 1 Schematics of the penetration process: (a) trapping, (b) puncturing, (c) opening, (d) penetra-
tion, and (e) end of the process. The penetrating particle and the cell are assumed to be deformable
in a two-dimensional formulation, where friction, dissipation, and interparticle non-mechanical
interactions are neglected
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tional forces, actions that developwhen an elastic system can change its configuration
through a release of elastic energy. These forces have been introduced by Eshelby
(1951) to describe the mechanics of defects and only recently explored in elastic
structures subject to bending (Bigoni et al. 2015) and torsion (Bigoni et al. 2014b).
Configurational forces in structures lead to unexpected effects, such as possibility
of self-encapsulation (Bosi et al. 2015) and expulsion during a penetration process
(Bigoni et al. 2014a) due to bending flexibility of inextensible rods.

2 Penetration and Configurational Forces

A simple model is introduced, which may capture essential features of the ‘punc-
turing’ and ‘penetrating’ stages of the intrusion process, shown in Fig. 1. Besides its
application to mechanobiology, the model is formulated to introduce the role of the
configurational force in the processes of insertion of an elastic body into another.

A deformable elastic layer is considered of initial height h0, out-of-plane width
b0, and length for the moment left unspecified. This layer has to be inserted between
two rigid planar and frictionless constraints, placed at a distance h̄ ≤ h0 along the
x2-axis when the two linear elastic springs of stiffness k are unloaded, see Fig. 2a.
These two rigid plates are prescribed to remain parallel to the x1-x3 plane.

The spring stiffness k simply models the elastic stiffness of the structure in which
the intruder has to penetrate. For instance, when the structure is a thin elastic ring
(as sketched in Fig. 1) of radius R and bending stiffness E J , the spring stiffness
becomes k = 2E J/(3π R3). The elastic layer is partially inserted (of an amount
l > 0) between the two frictionless constraints so that a deformed configuration

k

k

x1

x2

x3

h̄

b0

b0

h0

h0

b

h

l

(a) (b)

Fig. 2 An elastic layer is inserted between two rigid, flat, and frictionless plates (remaining parallel
to the x1-x3 plane), each held by a linear spring of elastic stiffness k. The distance between the
two rigid plates at rest is h̄, smaller than the height h0 of the elastic layer (a prism of initial cross-
section h0 × b0) in its unstressed configuration. In the deformed configuration, the prism height is
h ∈ [

h̄, h0
]
, the width is b ≥ b0, and the insertion length is l
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such as that illustrated in Fig. 2b is realized, where the height of the inserted layer
is h ∈ [

h̄, h0
]
. Although near the edge of the constraint exit, the stress/strain state

is highly disuniform, the unloaded configuration is reached at a sufficient distance
far from the constraint’s exit, while a state of uniaxial compression is approached
inside the rigid plates (where the width of the layer becomes b ≥ b0). Therefore, the
edges of the constraint induce a strong disturbance, but the stress/strain state tends to
become uniform far from this point, when the elastic layer is sufficiently long. Since
the contact between the layer and the constraint is smooth, one would be tempted to
conclude that no horizontal forces are applied to the elastic body along the x1-axis.
This too facile conclusion is missing the forces which develop at the corners of the
constraint, representing the ‘microscopic’ counterpart of the configurational force
concept. In particular, the configurational force can be understood as follows. The
total potential energy V of the deformed system represented in Fig. 2 is coincident
with the elastic energy E , which is given by the sum of that stored in the springs
and in the layer. This energy has to depend on the configurational parameter l, i.e.
the amount of layer inside the constraint. If l decreases, the energy V(l) = E(l) will
decrease too, until becoming null when the layer loses contact with the rigid plates
because outside (l ≤ 0). Eshelby (1951) defined the configurational force P acting on
the elastic system as the negative of the partial derivative of the total potential energy
V(l) at equilibriumwith respect to the configurational parameter. In the present case,
the configurational force reduces to

P = −dE(l)

dl
, (1)

where the ‘−’ sign arises from the fact that on increasing l, the layer moves in the
negative direction of the x1-axis. Therefore, a configurational force emerges, which
pushes the layer outside the constraint and can be viewed from a ‘microscopic’ point
of view as the tangential reaction at the frictionless sliding constraint, provided as
the resultant of the actions realized at the constraints corners.

The elastic energies stored in the layer and in the springs can be evaluated in an
approximate way as follows. The strain-energy density function W for an incom-
pressible Mooney-Rivlin material is (Bigoni 2012)

W (λ1, λ2, λ3) = μ1

2

(
λ2
1 + λ2

2 + λ2
3 − 3

) − μ2

2

(
1

λ2
1

+ 1

λ2
2

+ 1

λ2
3

− 3

)
, (2)

where μ1 and μ2 are material constants, while λ1, λ2, and λ3 are the principal
stretches, the latter subject to the incompressibility constraint

λ1λ2λ3 = 1. (3)

The moduli μ1 and μ2 are subject to the restrictions

μ1 ≥ 0, μ2 ≤ 0, (4)



Configurational Forces in Penetration Processes … 433

and values representative for the behavior of rubber at room temperature are μ1 =
3bar and μ2 = −0.3bar.

Consider a parallelepiped of initial height h0 and transverse dimensions l0 and b0,
compressed parallel to the edge h0 with a uniaxial state of stress, reducing the height
to h and enlarging the other two dimensions to l and b. The stretches are

λ1 = l

l0
, λ2 = h

h0
, λ3 = b

b0
, (5)

which, due to loading symmetry (λ1 = λ3) and material incompressibility (Eq. (3)),
are constrained by

λ1 = l

l0
= λ3 = b

b0
=

√
h0

h
. (6)

Therefore, the elastic energy stored in the uniformly deformed parallelepiped corre-
sponds to

l0b0h0 W = l

√
h

h0
b0h0

[
μ1

2

(
h2

h2
0

+ 2
h0

h
− 3

)
− μ2

2

(
h2
0

h2
+ 2

h

h0
− 3

)]
, (7)

where the dependency on the parameter l, crucial in the following calculations, has
been evidenced.

When the stretchλ2 = h/h0 is close to 1, the energy (Eq. (7)) can be approximated
by

l0b0h0 W = 3

2
(μ1 − μ2) l b0 h0ε

2, (8)

where ε is the infinitesimal strain along the x2-axis

ε = h

h0
− 1, (9)

and for small strain, the elastic energy (Eq. (7)) reduces for μ1 = μ and μ2 = 0 to
the strain energy of an isotropic and incompressible linear elastic solid.

The energy, as given in Eq. (7), provides a simple approximation to that stored
in the whole deformed elastic layer. The contribution of the highly inhomogeneous
zone near the edge of the constraint is completely neglected, but this approximation
becomes reasonable when the parts of the layer inside the constraint and outside are
sufficiently long. In this way, the variation of the stored energy when a part of the
layer is expelled from the constraint corresponds with a good approximation to the
final segment of the layer inside the constraint, which is subject to a stress/strain state
approximately uniform and corresponding to uniaxial stress.
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2.1 Penetration of a Rigid Body

If the penetrated body in which the elastic intruder is inserted is rigid, k → ∞, the
height h = h̄ is fixed, and no energy is stored within the springs. In these conditions
and for the above considerations, the configurational force P can be easily obtained
through differentiation of Eq. (7) with respect to the parameter l, i.e.

P

μ1b0h0
= −1

2

√
h

h0

[
h2

h2
0

+ 2
h0

h
− 3 − μ2

μ1

(
h2
0

h2
+ 2

h

h0
− 3

)]
. (10)

Using the conditions stated in Eq. (4), it can be seen from Eq. (10) that the configu-
rational force is negative (P < 0), and therefore, it tends to expel the layer from the
constraint (in other words, to move it in the positive direction of the x1-axis).

Equation (10) is a complex function of the elastic energy via the stretchλ2 = h/h0

and shows the independence of the length l for the configurational force P . When
the strain ε is small, the configurational force P can be approximated as a quadratic
expression of the infinitesimal strain ε, i.e.

P

μ1b0h0
= −3

2

(
1 − μ2

μ1

)
ε2. (11)

2.2 Role of Penetrated Body’s Elasticity

In this section, the effect of the elasticity of the structure penetrated by the intruding
layer is accounted for by considering each rigid plate suspended by a linear elastic
spring of stiffness k, as illustrated in Fig. 2. The total elastic energy E , consisting of
the energies stored in the two springs of stiffness k and the elastic layer, is

E
μ1b0h0

= kh0
4μ1b0

(
h

h0
− h̄

h0

)2

+ l

2

√
h

h0

[
h2

h20
+ 2

h0
h

− 3 − μ2

μ1

(
h20
h2

+ 2
h

h0
− 3

)]

.

(12)
In this case, the height h is not imposed, as in Eq. (10), but is an unknown, which
depends on the relative stiffness between the springs and the elastic layer. To proceed
further, the small strain assumption is introduced, together withμ1 = μ andμ2 = 0.
Under these restrictions, the configurational force can be easily calculated as follows.
The total elastic energy E (Eq. (12)) becomes a function of the (small) strain ε in the
layer and reads

E(ε, l)

μb0h0
= kh0

4μb0

(
1 + ε − h̄

h0

)2

+ 3

2
lε2. (13)
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Fig. 3 Configurational force P , made dimensionless through division by μb0h0, as a function of
μb0l/(kh0) for three values of the ratio h̄/h0 = {0.94, 0.96, 0.98}

The stationarity of the total energy E(ε, l), as introduced in Eq. (13), with varying
the strain ε in the layer gives the strain ε∗ at equilibrium for a given length l, i.e.

ε∗(l) = −
1 − h̄

h0

1 + 6μb0l

kh0

(14)

(a negative quantity because of h̄/h0 < 1). Hence, the total elastic energy (Eq. (13))
evaluated at ε∗ is

E(ε∗(l), l)

μb0h0
= kh0

4μb0

(
1 − h̄

h0

)2

1 + kh0

6μb0l

. (15)

Using Eq. (1), the configurational force P reads

P

μb0h0
= −3

2

⎛

⎜⎜
⎝

1 − h̄

h0

1 + 6μb0l

kh0

⎞

⎟⎟
⎠

2

(16)

and is reported in Fig. 3 as a function of μb0l/(kh0), for three values of the ratio
h̄/h0, chosen close to one. At vanishing μb0l/(kh0), a finite limit is attained for the
force P , i.e.
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lim
μb0 l
kh0

→0

P

μb0h0
= −3

2

(
1 − h̄

h0

)2

, (17)

which corresponds to the value obtained under the approximation that the penetrated
body is rigid (see Eq. (11)), by identifying the distance h̄ between the rigid plates at
rest with h.

3 Conclusion

Penetration of one body into another is a common process in biomechanics. It has
been shown in the present note that configurational forces may play an important
role in these processes. The configurational forces can be calculated by considering
the stored elastic energy and represent the counterpart of the microscopic actions
developing at themoving boundary points, present at the contact between the intruder
and the penetrated body.
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Isotonic

contraction, 18
quick-release experiments, 19

Isotropic model, 260

K
Karush-Kuhn-Tucker (KKT) system, 377
Kelvin element, 290
Kidney, 288
Kirchhoff stress tensor, 306
Korteweg–Moens equation, see Moens–

Korteweg equation

L
Lagrangian

configuration, 262
deviatoric projection tensor, 265
function, 377
multiplier, 377

Lamellar unit, 79
Laparotomy, 145
Laplace’s equation, 20, 144, 376
Laser tracking microrheology, 83
Least-reduced-axis rule, 383
Leukocytes, 121
Levenberg-Marquardt optimization, 290,

377
Limb flexion, 159
Lipid pool, 11
Liver, 281
Loss modulus, 287

M
Machine learning methods, 175
Magnetic twisting cytometry, 83
Mandel stress, 187
Markov-Chain Monte Carlo method, 252
Mass fraction analysis, 146
Matrix metalloproteinases (MMPs), 121,

144, 236
Maximum tangential modulus (MTM), 147
Maxwell element, 261, 290
Mechanical inhomogeneity, 90
Mechanobiology, 258, 336, 431
Mechano-chemical model, 24, 198
Mechano-electrical feedback, 301

Mechanosensitivity, 198
Membrane penetration, 430
Metastases, 354
Microfailure, 89, 170
Micromechanically-motivated model, 338,

409
Micro-sphere based model, 14
Microstructurally-motivated model, 6, 77,

261, 336
Mitral valve, 215
Mixed-mode

arterial dissection, 98
coupled cohesive zone model, 97

Mode-dependent fracture energy, 99
Moens–Korteweg equation, 17
Monod-like kinetics, 361
Mooney-Rivlin model, 432
Morris method, 363
Movat’s stain, 75
Mucosa, 300
Multiaxial

experiment, 349
stretch-sensitivity, 20

Multiphase model, 339
Multiphotonmicroscopy (MPM), 6, 76, 167,

225
Multiplicative decomposition, 262, 310
Multiscale

boundary conditions, 38
experimental approach, 8, 84
model, 300, 338
viscoelastic models, 34

Muscle contraction, see Contraction
Muscularis, 300
Myocardial fiber orientation, 249
Myocardium, 258
Myocytes, 259
Myosin, 6, 184, 304

light-chain kinase, 18, 199, 304

N
Neo-Hookeanmodel, 13, 123, 173, 232, 308,

415
Neovascularization, 128
Neumann boundary, 362
New Zealand white rabbit, 145
Nonlinear least-squares optimization, 148,

231, 272, 295
Non-Newtonian fluid, 59
Non-parametric bootstrap, 165
Non-potential based mixed-mode cohesive

zone model, 98
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Non-symmetric fiber dispersion, 15
Nonuniformly distributed interlamellar

fibers, 89

O
Objective function, 325, 374
Ogden model, 232, 283
Opening angle, 167, 371
Optical coherence tomography (OCT), 33
Optical magnetic twisting cytometry

(OMTC), 83
Orientation distribution function, 14, 78
Orthotropic

model, 260
structure, 259
viscoelastic model, 261
viscoelasticity, 268

Osteoblast-like cells, 167
Outlet boundary conditions, 60
Out-of-plane fiber dispersion, 11
Overclosure penalization, 98

P
Pacemaker cells, 300
Pancreas, 292
Pancreatic β-cell, 151
Papillary muscle, 214
Paraboloid flow profile, 112
Parameter estimation, 148, 165, 231, 246,

272, 290, 295, 363, 374
Parenchyma, 282
Pathophysiological remodeling, 29
Patient-specific models, 59, 96, 182
Peeling test, 32, 87
Penalty function, 12
Perfused human cadaver model, 159
Perimysial collagen, 259
Peripheral arterial disease, 158

stent, 160
Peristaltic contraction, 302
Permanent deformation, 37
Personalized prostheses, 280
Pharmacological dose-response relation-

ships, 19
Pharmacomechanical pathway activation, 18
Phase-field approach, 39, 401
Phenomenological model, 6, 23, 336
Phosphate-buffered saline, 294
Pipette suction, 430
Plaque rupture, 182
Plasmin, 128
Plasminogen, 128

Platelet, 55, 120
activation, 55, 120
activation potential, 121
adhesion, 55, 144

Polarized spatial frequency domain imaging
(pSFDI), 225

Polyconvexity, 261, 392
Popliteal artery, 158
Porous-media model, 354
Potential-based cohesive zone model, 108
Power law behavior, 87
Preconditioning, 20, 146, 291
Pressure-myograph experiment, 19
Pressure-volume data, 249
Probability density function (PDF), 13, 245
Prostate, 294
Protease, see Enzymatic degradation
Proteoglycan, 4, 74, 216, 260
Pseudo-elasticity, 36
Pulse wave velocity (PWV), 17, 167

Q
Quadratic failure criterion, 105
Quasi-static test, 284
Quemada model, 59

R
Ramp test, 288
Rate of softening, 98
Recruitment stretch, 413
Rectum, 293
Reduced axial force, 375
Relative residence time (RRT), 57
Representative volume element (RVE), 17
Residual deformation, 37
Residual stress, 23, 81, 167, 182, 370
Restenosis, 158

systemic risk factors, 158
Resting membrane potential, 304
Risk factors of cardiovascular diseases, 17,

132, 144
Robin boundary condition, 248
Roswell Park Memorial Institute medium,

294
Rotationally symmetric fiber dispersion, 14
Rupture

force, 147
risk, 120
risk factors, 132
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S
Scanning electron microscopy (SEM), 229
Scott-Blair element, 295
Second-harmonic generation (SHG)

microscopy, 8, 81, 225
Second Piola-Kirchhoff stress, 188, 283

tensor, 248, 264
Serosal layer, 300
Shear

modulus, 308
test, 32, 289

Shear-dependent diffusive mechanism, 57
Sheet dispersion, 262
Shore hardness measurement, 286
Single fiber model, 413
Skeletal muscle model, 348
Small angle light scattering (SALS), 32, 225
Small angle X-ray scattering (SAXS), 32
Smooth muscle cell (SMC), 4, 74, 122, 161,

184, 300, 370
contractility, 6, 184
orientation, 27, 305

Stanford classification system, 54
Stent, 160
Stomach, 290, 300
Storage modulus, 287
Strain-energy function (SEF), 12, 78, 123,

148, 163, 231, 248, 287, 308, 347,
372, 392, 409, 432

Strain rate, 283–285
Stress

relaxation, 28
relaxation test, 229, 272, 287
softening, 170

Stress-stretch behavior, 7, 79, 150, 163, 287,
347, 393, 419

Structural inhomogeneity, 78
Submucosa, 300
Supraphysiological loading, 35, 170, 194
Surgical planning, 280

T
Tangential interface strength, 97
Taylor-Hood element, 249
Tear propagation, 96
Tensile modulus, 222
Tension–compression ‘switch’, 15
Theory of evolving configurations, 123
Theory of Porous Media (TPM), 354
Thoracic aorta, 8
Three-dimensional printed model, 280
Three-element Windkessel model (3EWK),

60

Thrombin, 56
Thrombosis, 54
Thrombus, 120

age phases, 131
composition, 121
deformation, 122
formation, 55, 121
formation potential, 121

Time-averagewall shear stress (TAWSS), 58
Tissue

fibrosis, 152
plasminogen activator, 128

Torsion test, 431
Traction-separation

laws, 97
response, 102

Transmission electron microscopy (TEM),
8, 75, 229

Transversely isotropic model, 260
Triaxial

compression test, 289
shear test, 262

Tricuspid valve, 214
regurgitation, 214

True lumen, 54, 87
Tumor

atrophy, 354
growth, 354

Two-photon fluorescence microscopy, 225

U
Ultimate

stretch, 147
tensile stress, 147

Uncertainty quantification method, 254
Uniaxial

compression test, 285, 432
extension test, 8, 144, 227, 282, 349, 370,
394

ring test, 18
tensile test, 9

Urokinase plasminogen activator, 121

V
Valvular interstitial cells, 215
Valvuloplasty, 214
Vascular adaptation, 123
Vasoactive response, 18, 198
Velocity streamlines, 61, 112
Vena cava, 37
Ventricle, 216, 247, 259
Veronda-Westmann model, 287
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Versican, 5
Viral entry, 430
Viscoelasticity, 28, 219, 260, 283, 287
Voigt element, 261
Voltage-clamp experiments, 24
Volume-averaging theory, 17
Von Mises

distribution, 15
stress, 317

W
Wall shear stress, 58, 76, 121, 174, 183
Winckler solution, 285
Windkessel model, 60

X
X-ray diffraction (XRD), 230
X-ray scattering, see Small angle X-ray scat-

tering (SAXS)
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