
Mobile Assemblies of Bricard Linkages Inspired
from Waterbomb Thick-Panel Origami

Xiao Zhang(B) and Yan Chen

School of Mechanical Engineering, Tianjin University, Tianjin 300072, China
zhangxiaofun@tju.edu.cn

Abstract. Mobile assemblies of spatial linkages and thick-panel origami patterns
have been used to design deployable structures for aerospace, such as solar arrays
and antennas. The kinematic equivalence between a mobile assembly and thick-
panel formhas been used to design newof thembased on the knownassemblies and
origami patterns. Here, waterbomb origami pattern is taken as the research object,
and two types of plane-symmetric Bricard linkages are derived from the D andW
thick-panel origami vertices, where linkages and thick-panel vertices are kinemati-
cally equivalent. Furthermore, newmobile assemblies of plane-symmetric Bricard
linkages are constructed by using the transition method based on the multi-vertex
waterbomb thick-panel origami pattern, and a special type mobile assembly with
two motion paths is derived under the specific geometric conditions. A prototype
is manufactured and two motion paths are verified according to the deployment
sequences. This work proposes a bridge between waterbomb thick-panel origami
and the assembly of plane-symmetric Bricard linkages and shows the possibility
of design morphing assembly of linkages.
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1 Introduction

Mobile assemblies of linkages are networks of unit linkages [1], which have great poten-
tial for engineering applications, such as shelters [2, 3], antennas [4, 5] and backbone
for solar panels [6]. Based on typical unit linkages, such as Bennett linkages, Myard
linkages and Bricard linkages, multiple mobile assemblies are constructed according to
the tessellation method [7] and movable connection method [8]. These assemblies have
different deployed configurations, such as planes [9], arches [7], parabolic cylindrical
surfaces [10] and polyhedrons [11–13]. However, there is a limited number of mobile
assemblies based on Bricard linkages due to the complex motion.

On the other hand, rigid origami patterns are generally kinematically equivalent to
mobile assemblies of spherical linkages [14] and they have been used to be transited to
new mobile assemblies of spatial linkages by regarding the thick-panel forms to bridges
[1, 15]. These thick-panel forms are constructed based on the offset-crease method
where four-crease, five-crease and six-crease vertices are kinematically equivalent to
Bennett linkage, Myard linkage, Bricard linkage, respectively [16], which indicates a
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multi-vertex thick-panel form is kinematically equivalent to multi-linkage assembly.
By now, four-crease origami patterns and diamond origami patterns have been used to
designmobile assemblies of Bennett linkages andmobile assemblies of plane-symmetric
Bricard linkages, correspondingly [1, 15]. As waterbomb is a typical origami pattern
consists of two types of six-crease origami vertices, it indicates the thick-panel form can
be used to design a new assembly of Bricard linkages [17]. In addition, the geometric
conditions about two motion paths of the waterbomb thick-panel origami [17] show the
potential to construct a mobile assembly to realise morphing.

This paper aims at constructing mobile assemblies of plane-symmetric Bricard link-
ages from waterbomb thick-panel origami. The layout of the paper is listed as follows.
Section 2 proposes two types of plane-symmetric Bricard linkages from vertices of
waterbomb thick-panel origami. In Sect. 3, an assembly of plane-symmetric Bricard
linkages with two paths is transited from multi-vertex waterbomb thick-panel origami.
Conclusions are drawn with further discussion in Sect. 4.

2 Bricard Linkages Derived from Two Types of Six-Crease Vertices

A waterbomb origami pattern consists of two types of six-crease vertices, D type and
W type. A crease pattern with eight D type vertices and tenW type vertices is shown in
Fig. 1(a) where solid lines are mountain creases and dashed lines are valley creases. Its
motion sequences under plane-symmetric conditions are shown in Fig. 1(b).

Fig. 1. A waterbomb origami. (a) The crease pattern with D and W types of vertices. (b) Motion
sequences under plane-symmetric conditions of each vertex.

Figure 2(a) shows an enlarged vertex D with axes marked along the creases by
zi (i = 1, 2, …, 6) and sector angles noted by α12 = α34 = α45 = α61 = α and α23 =
α56 = π – 2α (0 < α ≤ π /2) to satisfy the flat foldability. Under the plane-symmetric
condition, its thick-panel form can be constructed based on the offset-crease method, as
shown in Fig. 2(b), which is corresponding to a plane-symmetric Bricard linkage [16].
To achieve the compact folding without interference, thicknesses of six panels satisfy

tD12 = tD23 = tD34 = tD45 = tD56 = tD61 = (2 + μ)a, (1)

where μ = cos(α + β) sin α/sin β and another solution is μ = 1 when α = β under
compatibility conditions for waterbomb thick-panel form [17].
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Fig. 2. The D type vertex and its corresponding Bricard linkage. (a) The crease pattern. (b)
The corresponding thick-panel form and (c) the enlarged vertex. (d) The corresponding Bricard
linkages with D-H notations.

The coordinate systems according to the Denavit and Hartenberg (D-H) notation
[18] are marked in Fig. 2(c). By replacing the thick panels with links and connecting the
adjacent revolute joints along the shortest distance, the corresponding plane-symmetric
Bricard linkage is constructed in Fig. 2(d)withmarked link lengths and twists. Hence, the
single-vertex thick-panel origami in Fig. 2(c) and the special plane-symmetric Bricard
linkage in Fig. 2(d) are kinematically equivalent. The relationships between twists of
the linkage and sector angles of the origami vertex can be obtained as

αD
12 = −αD

61 = −α, αD
23 = −αD

56 = π − 2α, αD
34 = −αD

45 = α, (2)

and that between thicknesses of panels and lengths of links are

aD12 = aD34 = aD45 = aD61 = tD12 = (2 + μ)a, aD23 = aD56 = 0. (3)

For the vertex W of waterbomb pattern in Fig. 3(a), six axes zi (i = 1, 2, …, 6) are
marked along the creases with sector angles α12 = α61 = π – α – β, α23 = α56 = β and
α34 = α45 = α, where 0 < α, β ≤ π /2. Similar to the D vertex, its thick-panel form
can be constructed by offsetting hinges, as shown in Fig. 3(b). To obtain the compact
folding property and flat unfolded profile, the thickness of panels satisfies

tW12 = tW61 = (1 + μ)a, tW23 = tW56 = a, tW34 = tW45 = μa, t′12 = t′61 = (2 + μ)a. (4)
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The enlarged thick-panel vertex in Fig. 3(c) shows the construction of the corre-
sponding plane-symmetric Bricard linkage. Similar to the D vertex, the theoretical links
connected to hinges are along the direction of the common normal of the adjacent axes,
and the kinematic equivalence between single-vertex thick-panel origami in Fig. 3(c)
and the plane-symmetric Bricard linkage in Fig. 3 (d) can be easily obtained.

Fig. 3. The W type vertex and its corresponding Bricard linkage. (a) The crease pattern. (b)
The corresponding thick-panel form and (c) the enlarged vertex. (d) The corresponding Bricard
linkages with D-H notations.

According to the notations of the origami vertex and the linkage, relationships
between twists of the linkage and sector angles of the origami vertex are

αW
12 = −αW

61 = α + β − π, αW
23 = −αW

56 = −β, αW
34 = −αW

45 = α. (5)

To ensure the flat foldability of W thick-panel vertex, relationships between the
thickness of panels and lengths of links satisfy

aW12 = aW61 = tW12 = tW61 = (1 + μ)a, aW23 = aW56 = tW23 = tW56 = a, aW34 = aW45 = tW34 = tW45 = μa. (6)
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3 Mobile Assemblies of Bricard Linkages from Multi-vertex
Waterbomb Thick-Panel Origami

Figure 4(a) is the representative portion of awaterbombpattern consisting of four vertices
A, B, C, D with creases noted by ai, bi, ci, di (i = 1, 2,…, 6) and sector angles marked
by α, β, π − 2α, γ = π − α − β. Figure 4(b) shows the corresponding thick-panel
formwhich indicates an assembly of two types of plane-symmetric Bricard linkages. For
panel P1, it is connected to three linkages A, B, D with links a34, b12, d23, as shown in
Fig. 4(c). The shared joints between linkages A and D, linkages B and D, linkages A and
B, i.e., a3/d3, b2/d2 and a4/b1, are combined into one. Then a closed loop is constructed
based on the links and joints from a3/d3 to a4/b1 via a34, through b12 to b2/d2, and
then back to a3/d3 by d23. Along the thickness direction of the panel P1, the order of
joints, a4/b1 in the bottom, b2/d2 in the middle and a3/d3 on the top are determined,
respectively. The link lengths satisfy

aA34 = bB12 + dD
23 = (2 + μ)a. (7)

Similarly, the order of joints in the panel P2 can be obtained as d1/c1, b2/d2 and b3/c6.
When transit panels to be links, the arrangement of joints on a link can be determined by
the order of joints in the panels. Hence, a mobile assembly of plane-symmetric Bricard
linkages corresponding to the waterbomb thick-panel origami is constructed, as shown
in Fig. 4(d). From Eqs. (2), (3), (5), (6) and (7), construction conditions of the mobile
assembly of plane-symmetric Bricard linkages can be derived, as

αA
12 = αC

12 = −α, αA
23 = αC

23 = π − 2α, αA
34 = αC

34 = α,

αB
12 = αD

12 = α + β − π, αB
23 = αD

23 = −β, αB
34 = αD

34 = α,

aA34 = bB12 + dD
23, cC61 = bB23 + dD

12, kK34 = kK23 + kK12, (8)

where k and K represent a, b, c, d and A, B, C, D or D and W, respectively.
The angles α45, α56, α61 and link lengths k45, k56, k61 can be easily obtained based

on Eqs. (2), (3), (5), (6) and (7). When μ = 1, α + β < π /2, α = β, there are always two
smooth folding paths [17]. Here, we arbitrarily choose a pattern with six vertices (Fig. 5)
whose parameters satisfy μ = 1 and α = β = 40° in Eq. (9). Two motion sequences
of the prototype are shown in Fig. 5. Here, Fig. 5(a) shows the planar motion path of
thick-panel origami from the flat configuration to the closed pack configuration, and the
mobile assembly corresponds to the path from a bundle to a strip via the intermediate
configuration. Similarly, Fig. 5(b) shows the arch motion path of thick-panel origami
and the corresponding motion of mobile assembly of Bricard linkages. The curves of
relationships of kinematic variables ϕi andφi (i= 1, 2) can be derived fromEqs. (10) and
(11) [17], as shown in Fig. 5(c). The deployed configuration i and folded configuration
ii of thick-panel origami are with ϕi = φi = 180° and ϕi = φi = 0, respectively. Here,
ϕi and φi are dihedral angles corresponding to crease i of thick-panel origami vertices
D and W, respectively.

αA12 = αC12 = αE12 = −α= − 40◦, αA23 = αC23 = αE23 = 100◦, αA34 = αC34 = αE34 = α = 40◦,

αB12 = αD12 = αF12 = −20◦, αB23 = αD23 = αF23 = −β = −40◦, αB34 = αD34 = αF34 = α = 40◦,
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aA34 = bB12 + dD56= 3a, cC61 = bB23 + dD45= 3a,

aD12 = cD12 = eD12 = 3a, aD23 = cD23 = eD23 = 0, aD34 = cD34 = eD34 = 3a,

bW12 = dW12 = fW12 = 3a, bW23 = dW23 = fW23 = 0, bW34 = dW34 = fW34 = 3a. (9)

Fig. 4. The transition of multi-vertex waterbomb pattern. (a) Crease pattern with four vertices,
where γ = π − α − β. (b) Its thick-panel form. (c) The enlarged view of the two shared panels
with four attached plane-symmetric Bricard linkages and (d) the corresponding mobile assembly
with four Bricard linkages.
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tan
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tan
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(
4 sin α sin2(α + β) tan2(φ3/2) − 8 sin α

(
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))

(cos(3α + β) − 8 cos(α + β) + 7 cos(α − β)) sin(α + β) tan2(φ3/2) + 8 sin2 α sin 2β
, (11b)

Fig. 5. Two paths of motion sequences of a waterbomb thick-panel origami and its corresponding
mobile assembly of plane-symmetric Bricard linkages with α = β = 40°. (a) The planar motion
sequences. (b) The arch motion sequences. (c) The curves of ϕ2 vs. ϕ1 and φ2 vs. φ1.

4 Conclusions

In this paper, newmobile assemblies consisting of two types of plane-symmetric Bricard
linkages have been constructed from waterbomb thick-panel origami based on their
kinematic equivalence. According to the geometric conditions in the reference [17],
waterbomb thick-panel origami with two smooth paths is constructed. By transiting the
thick-panel form to a mobile assembly, the morphing mobile assembly is created, which
has the planar deploying movement and the arch deploying movement. The two paths
can be changed at the position wheremobile assembly is in the fully folded configuration
with all links in a line.

As the D type vertex is a line- and plane-symmetric origami vertex, we can con-
juncture that this vertex can generate thick-panel origami kinematically equivalent to
a line-symmetric Bricard linkage. The waterbomb thick-panel pattern with the D type
vertex and plane-symmetricW type vertex could be transited to an assembly mixed with
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line-symmetric Bricard linkages and plane-symmetric Bricard linkages. This study also
can be extended to the thick-panel forms from other six-crease rigid origami patterns,
such as the Resch pattern. Furthermore, new mobile assemblies of spatial linkages can
be obtained by our proposed approach.
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