Chapter 7 ®)
From Symmetric Networks e
to Heteroclinic Dynamics and Chaos

in Coupled Phase Oscillators with
Higher-Order Interactions

Peter Ashwin, Christian Bick, and Ana Rodrigues

Abstract We highlight some results from normal form theory for symmetric bifur-
cations that give a rational way to organize higher-order interactions between phase
oscillators in networks with fully symmetric coupling. For systems near Hopf bifur-
cation the lowest order (pairwise) interactions correspond to the system of Kuramoto
and Sakaguchi. At next asymptotic order one must generically include higher-order
interactions of up to four oscillators. We discuss some dynamical consequences of
these interactions in terms of heteroclinic attractors, chaos, and chimeras for related
systems.

7.1 Introduction

Network dynamical systems consists of individual dynamical units (nodes) that
evolve under mutual interaction. Examples include coupled neural oscillators, flash-
ing fireflies, and power grid networks. Such dynamical systems often give rise
to intriguing collective behavior, such as synchronization where nodes eventually
behave in unison [1, 2]. Mathematical descriptions of such network dynamical sys-
tems often make the assumption that nodes interact in a pairwise fashion: The network
interactions are determined by the joint state of pairs of nodes, that is, there is an
underlying (directed) graph and such that if (j, k) is an edge from node j to node k
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then the influence of j onto k does not depend on any other nodes. As an example, the
interactions in the classical Kuramoto model [3, 4] where the phase 6, € T = R/2n7Z

of oscillator k € {1, ..., N} evolves according to
6 = Lo + = Z sin(0; — 6y, (7.1)
k - dt k = Wi .

j=1

with intrinsic frequency w; € R and subject to coupling strength K . In the Kuramoto
model, the interactions are all-to-all (i.e., the underlying graph is the complete graph)
but pairwise, that is, the influence of node j onto node & is determined by sin(6; — 6)
which does not depend on the state of other nodes. This property allows to generalize
the Kuramoto model to arbitrary graphs [5]. Sakaguchi generalized the Kuramoto
model by incorporating a phase-shift parameter o € T in the interaction function [6].

Recently, the dynamics of networks with nonpairwise interactions—interactions
containing nonlinear terms of more than two nodes—have attracted significant atten-
tion; cf. [7, 8] for recent reviews as well the other chapters in this book. Such network
dynamical systems have been studied in their own right as generalizations of dynam-
ics on graphs to “higher-order” combinatorial objects such as simplicial complexes
or hypergraphs. Intuitively speaking, a simplicial complex or hypergraph is an object
on a number of nodes that may not only contain edges between pairs of nodes but also
simplices that are spanned by three or more nodes. For a network dynamical system
on a simplex or hypergraph, the interactions along such a simplex corresponds to a
nonlinear term in the state variables of the nodes that span it. For example, Skardal
and Arenas [9, 10] considered a generalization of the Kuramoto model

61 —wk+—Zsm(9 —ek)+ Zsm(% 0; — 6k)
j=1 j.i=1
N
K4 .
-|—m Z sin(0; 4 6; — 6, — k),

J.lm=1

(7.2)

where K, and K3, K, are the coupling strength of pairwise and nonpairwise interac-
tions, respectively. Here terms such as sin(26; — 6; — 6;) describe the nonadditive
joint influence of nodes /, j onto node k. These nonadditive terms can change the
properties of the collective dynamics as one may expect [11]: For (7.2) they lead to
a change in the criticality of the synchronization transition [10].

Nonadditively coupled phase oscillator networks—such as (7.2)—also arise as
phase approximations of weakly coupled nonlinear oscillator networks. In other
words, they can be derived from more general oscillator networks through phase
reduction [12, 13]. In this case, the phase dynamics (7.2) reflect the effective dynam-
ics of the corresponding nonlinear oscillator network [14] and nonadditive terms can
reflect the effect of the nonlinearities as the dynamics deviate from the original limit
cycle. For example, a globally coupled network of oscillatory nodes close to a Hopf
bifurcation has the effective phase dynamics
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N N
be=w+Y 20, —0)+ > g0 +0 —26)
j=1 jl=1

(7.3)
N N
+ ) @0, =0 =00+ Y g5 + 6 — O — 0)
ji=1 jilm=1

up to some order of approximation, as shown in [15], where g,, g3, g4, g5 are 2m-
periodic coupling functions. Thus, the dynamics of the phase reduction (7.3) reflect
the effective dynamics of the underlying nonlinear oscillator networks and can reveal
the possibility for chaotic phase dynamics [16]. Note that phase dynamics with non-
pairwise interaction terms can arise independent of whether the nonlinear oscillator
network has pairwise or nonpairwise coupling [14, 17].

In this chapter, we review recent progress on phase reductions in symmetric sys-
tems and their effective phase dynamics. We will also explicitly discuss these systems
from the perspective of symmetry. First, we will outline the phase reduction of gener-
ically coupled symmetric systems close to a Hopf bifurcation [15]; equation (7.3)
yields the resulting phase dynamics to higher order. The phase reduction is based
on the calculation of the equivariants of the system. Second, we analyze the phase
dynamics (7.3) and show that due to the inclusion of higher-order terms, chaotic
dynamics can arise; see [16]. These dynamics arise in globally coupled networks.
Third, we will analyze a variation of (7.3) that allows to introduce a nontrivial network
structure. The resulting equations determine the dynamics of coupled populations
of phase oscillator networks, where the coupling within populations and between
populations is distinct. We summarize results from a series of papers [18-20] show-
ing that the network dynamics can not only show localized frequency synchrony
(i.e., frequencies are synchronized for some populations but not for others) akin to
chimeras [21, 22] but the location of synchrony can also wander around the net-
work through heteroclinic connections. We conclude with some remarks in the final
section.

7.2 Symmetric Normal Forms and Higher-Order
Interactions

An important tool to understand and classify bifurcations of dynamical systems is
transformation to a normal form: This is the simplest form of nonlinear equation
that locally explains the dynamics for all generic cases. In the next subsection we
briefly recall relevant ideas from symmetric Hopf bifurcation before applying it to the
problem of phase reduction near such a Hopf bifurcation; more details are in [15]. The
main result of this section is to show that phase equations (7.3) with nonpairwise
interactions arise as higher-order approximations of the dynamics for symmetric
coupled oscillator networks with generic interaction close to a Hopf bifurcation.
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7.2.1 Hopf Bifurcation With Sy Symmetry

In the general theory of symmetric (equivariant) dynamical systems [23] we study a
system of ordinary differential equations (ODEs)

x=f(x,A) (1.4)

withx € V, A € R, where V is a finite-dimensional space, X is the bifurcation param-
eter, and f is a symmetric function.

We say that an invertible n x n matrix y is a symmetry of (7.4) if f(yx,A) =
yf(x,A) for all x € V, A € R. A consequence of this is that if x(¢) is a solution
to (7.4), then so is yx(t). For periodic solutions, if x(¢) is a T-periodic solution
of (7.4) then so is yx(¢). Uniqueness of solutions to the initial problem for (7.4)
implies that the trajectory of x(¢) and yx(¢) are either disjoint, in which case we
have a new periodic solution, or identical, in which case they differ only by a phase
shift, that is, x () = yx(t — o) for some fy. In this case we say that the pair (y, fy)
is a symmetry of the periodic solution x (#). Symmetries of periodic solutions have
both a spatial component y and a temporal (phase shift) component 7.

Bifurcation Theory investigates how solutions to differential equations can branch
as a parameter is varied. Assume thatx = 0 is an equilibrium of (7.4) for any A. When
convenient and there is confusion with subindices, we also write f5(x) = f(x, A).
The symmetry of f imposes restrictions on the bifurcations that can occur as A is
varied. These can be a steady-state bifurcation, when an eigenvalue of the Jacobian
df,.(0) of f at x = 0 passes through 0 (without loss of generality at A = 0) or a
Hopf bifurcation, when a pair of complex conjugate eigenvalues of d f; (0) crosses
the imaginary axis with nonzero speed at +wi, w # 0 where i = /—1.

The problem of N identical and identically interacting smooth (C*°) dynamical
systems on x; € R? (d > 2) that simultaneously undergo a Hopf bifurcation is con-
sidered in [15]. In such a case the dynamics close to the Hopf bifurcation can be
approximated (beyond first order) by a phase oscillator system of the form (7.3).
Specifically, consider the coupled ordinary differential equations

X1 = Hy(x1) + €hyp e(x15 X2, ..., XN)

(7.5)

iy = Hy(xn) +€hy e (xn; X1, ..., Xn1).

Note the parameter € € R is such that the system completely decouples for € = 0.
We now assume that each system undergoes a Hopf bifurcation of x = 0 when
A € R passes through zero for € = 0. We assume that the uncoupled system for
x € R? given by x = H,(x) has a linearly stable fixed point at x =0 for A < 0
that undergoes supercritical Hopf bifurcation at A = 0, in particular dH, (0) has a
complex pair of eigenvalues A & iw, where w # 0 and all other eigenvalues p of
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dH, (0) satisfy Re(u) < —r < 0. Without loss of generality we can assume 0 is an
equilibrium in some neighborhood of (4, €) = (0, 0).

7.2.2 Normal Forms for Symmetric Hopf Bifurcations With
Sy Symmetry

System (7.5) describes a population of N identical, symmetrically coupled dynamical
systems with state x; € R? (d > 2) close to a Hopf bifurcation. We assume that the
coupling respects the fact that the uncoupled systems can be permuted arbitrarily,
i.e., that the system is equivariant under the action of Sy on RV by permutation
of coordinates. Since the system is close to a bifurcation, the dynamics can now be
reduced to a center manifold using equivariant bifurcation theory [24]: We explain
how this can be used as a basis for a phase oscillator description as in [15].

Note that the action of the symmetry group Sy means that for € > 0 a generic
Hopf bifurcation will have center manifold of dimension either 2 or 2N — 2. For the
uncoupled case A = € = 0 the center manifold will be 2N dimensional with each
coordinate x; parametrized by z; € C. That is, for A = € = 0 points on the center
manifold are parametrized by (zy, ..., zn) € CN.The system on the center manifold
is

21 = filz1) +€(z13 22, 5 Zn) + O(€?) (7.6)

etc., where z € CV and we have changed coordinates so that for z; = 0 is an equi-
librium that undergoes generic supercritical Hopf bifurcation at A = 0. Note that for
N > 1 this will not be a generic Hopf bifurcation, but still we can assume f;(0) =0
and d fp(0) has a pair of purely imaginary eigenvalues +iw that pass transversely
through the imaginary axis with non-zero speed on changing A.

The reduced system (7.6) has symmetries. First, the action of y € Sy on CV is
by permutation of coordinates

y(zla"'va) = (Z]/’l(l)v-"9Z]/’1(N))9 (77)

where (z;,...,zy) € CVY meaning that g,(z1; 22, ..., Zn) 1S symmetric under all
permutations of the last N — 1 arguments. Second, Poincaré—Birkhoff normal form
theory [23] means that to all polynomial orders we can assume there is a normal
form symmetry given by the action of T on CV, where € T acts by

0(z1,....an) = €71, ... ). (7.8)
The symmetries (7.7) and (7.8) restrict the possible terms that can appear in the

normal form; we can characterize these by finding the possible equivariants, one order
ata time. Suppose N > 4.Let f : C¥ — CV be Sy x T-equivariant with respect to
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the action (7.7), (7.8) with polynomial components of degree lower or equal than 3.
From results in [24, Section2.1.2] we can write f = (fi, f2, ..., fn) Where

1
fizi,za, ..o 2n) = Zaihi(ZhZz,---,ZN) (7.9)
i——1

with the other equations obtained by permutation, where the /; are equivariants listed
in[15] and a; € C are constants.

Following [15], this means we can write the equation for z; from (7.6) in Poincaré-
Birkhoff normal form [23] as the Sy x T-equivariant system

21=U) +€Fi(z1,...,2N,€), (7.10)

where the third order truncated expression for F) is given in (7.35) and the other
derivatives z; are obtained by permutation of the indices.

7.2.3 Perturbations from the Uncoupled Limit

Note the Hopf bifurcation of (7.6) at A = 0 has special structure: Following [15] we
assume there is an “uncoupled limit” corresponding to € = 0. This extra structure
means that

4 =U(z) = V@) = [A+io+alzal* + t@)]z, (7.11)

and we write V(z;) = Vg(z1) +1V;(z1). We assume the uncoupled Hopf is super-
critical, meaning a;p < 0. We seek solutions of (7.11) of the form

21(0) = Ri@0)e' "V = Ry (1)) (7.12)
for some R;(t), () and constant €2. Substituting this into (7.11), we require
Ri+iR [+ 41] =R Vr(R) +iR V(R
where
VR(R)) = A +airRi +r(RD),  Vi(R) = o +auRi +1(Ry).
From this, it is clear that for small enough A > 0 and € = O there is a stable peri-
odic orbit at fixed R; = R, > 0 such that Vgx(R,) = 0, with angular frequency

Q = V;(R,) and arbitrary but fixed phase ;. More precisely, [15] shows that on
solving Vg (R,) = 0, we obtain
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2 A 2
R, = + 0,
—IR (7.13)
2 2 ai 2
Q=V,(R)=w+aR>+1(R,) =w+ A+ 0.

—dair

This implies there is a Ag > 0 such that for any 0 < 1 < A there is a stable periodic
orbit (7.12) satisfying (7.13).

7.2.4 Reduction to Phase Oscillators

The final stage of the reduction undertaken by [15] is to show that, even though the
uncoupled limit cycles for A > 0 are weakly stable, the normal form can gives an
explicit reduction to coupled phase oscillators as long as € = o(A). This involves
some coordinate changes to ensure that standard results from normally hyperbolic
invariant manifolds can be applied, followed by an averaging approximation. Since
we will be dealing with multiple timescales here, we will write out the temporal
derivatives d% explicitly in this section.
For e = 0and any 0 < A < A there is a stable invariant torus given by

(21, .o zy) = (R STV R, CHINy (7.14)

parametrized by the phases (1, ...¥y) € TV. This invariant torus is foliated by
neutrally stable periodic orbits with period 2w/ €2 and so for each 0 < A < A¢, the
torus is normally hyperbolic. The theory of normal hyperbolicity [25] implies there
is an ¢€p such that for 0 < € < ¢( the invariant torus persists and is C"-smooth for
arbitrarily large r. Note that reducing r will restrict the €p: We will need r > 5 for
the approximation to be valid.

We write a; = Olkeiek = ayg +iag; and z;(t) = Rk(l)ei(9t+Wk(t)) = [Ry + pr ()]
¢! ¥ +Ve®) In particular, we seek solutions such that p; is small and y; varies slowly
with ¢. Re-writing (7.10), note that

d d .
—p1 +iR, [9 * wl} =U(R) +€Fi(z1,..., 2y, 00e ") 4 0(e?).

dr
(7.15)
Writing U in real and imaginary parts and expanding for small p;, [15] show
that A(A) := Ur(R.) /A,  B(X) := V/(R,)/(AY?), so that U(R;) = AA(M)p; +
iR\ [Q + A2B(L)p1]1 + O(p?). This implies that (7.15) can be expressed as

d d
—p1 +iR [Q - al/fl:| = A0 p1 + iR [Q+ 1B pi]

dr (7.16)

+€Fi(z1, ..., zn)e T 4 O(e?)
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Recalling from (7.13) that R? = A/(—a;r)+O0(A2), U(R,) = Ug(R,) +iV(R,)
R, =+ alRRf + T(R))R,, 7(z) = O(z*), and 7/(2) = O(Z®) so one can show
A(A) =14 3aig/(—aig) + OX) = =2+ O(}). Similarly, one can show B(LA) =
2a1;//—aig + O(A). In particular, for A — 0 there are finite limits A(0) = —2,
B(0) = 2ay;/+/—a1g. Careful expansion of the terms in F; and taking real parts
of (7.16) gives the expression (7.36). The equivalent equation for 1, is obtained
by taking imaginary parts of (7.15) and after cancellation and dividing by Rj,
gives (7.37).

In terms of slow time 7' = At, calculations in [15] show that (7.15, 7.16) can be
written as

d
7= A)rj + fi + 0(e)

(7.17)
d _ 1 h 2
d—Tw, =er ' [C)rj+hj]+ O
forj =1,..., N.Notethat f; and & ; are trigonometric polynomialsand A, C, f; and
h ; have finite limits as A — 0. Hence (7.17) gives a slow timescale for evolution of
Y; aslong as € = o(A). Defining scaled amplitude variableso; :=r; + W,
system (7.17) can be expressed as
d
q (7.18)
ﬁx/fj =er' [Co; + H;]+ O(eD),

where H; = hj — f;C(1)/A(%). We write H; = H +AH} 4+ O(A?), where H) =
h = CO/AQ)f}, Hj = REW)[h) = £ CO)/AO)]/x = fIC'(0)A(0) — A'(0)
C(0)]/A(0)?, which is a trigonometric polynomial in v, — ¢ ;. It can be shown that
HJ‘? only involves pairwise coupling while H jl includes coupling of up to four phases
(andon ay, ..., o).

After further manipulations [15], the reduced equations for ¢; can be written in
the form d

5¢_,~ =Q+e[H) +1H]] (7.19)

where the phase differences v; — ¥ = ¢; — ¢ for all j and k, and the approxima-
tion will be close for times 0 < ¢ < 7 withf = O(e"'A72). Fork = —1,1, ..., 11
we define B and y; such that for all & we have By cos(y; + 0) := oy sin(G + ) —
cO

70 X cos(6y + 0). Then we can write (7.19) in the form
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d ¢, =Q+eH
—0;: = € 1
de "’

= Q)+~ Zgzwk )+ 1z Zg3<¢k+¢>g 2¢))
k,t=1
N

= Z 8120 — b =B+ 5 D 85t b —du—9))
k=1 k,t,m=1
(7.20)

where the various coupling functions have the form

Q(d% €)=Q+ Rf.s B4 cos yy + % Zcos(ys +¢; — dp)
i k

82(p) = Bo1cos(y_1 + @) + R [Bacos(ya — ¢) + B3 cos(ys + ¢)

+B6 cos(¥s + 2¢) + Bs cos(ys + @) + Bio cos(vio + ¢) ]
C'(0)A(0) — A'(0)C(0
_y ©0) ([)1(0)2 0)C( )a_lcos(e_l+¢)
83(¢) = R} [B7cos(yr + ¢)]
84(9) = R [Bocos(yo + ¢)]

gs(p) = RZ [Br1 cos(yi +9)].

(7.21)

To summarize, we have illustrated how the reduction of [15] demonstrates that, to
first order, the generic dynamics of N weakly coupled coupled identical oscillators
close to a Hopf bifurcation are approximated by the Kuramoto equations (7.1) with
an additional phase-shift parameter «, i.e., the Kuramoto—Sakaguchi equations [6].
Moreover, at second order in the bifurcation parameter A we have phase dynamics
given by (7.20), a system very similar to (7.3): The phase dynamics are determined
by

b, = Q0. €) +¢ (F,j” @)+ FO0) + F,§4>(9)) (7.22)

fork € {1,..., N} with
1 N
2)
FY®) =+ ggz(e,» —6) (7.23a)

N N
1 1
3) _ ) _ _ .0, —
FO) = 53 Z 830 + 60 =200 + Z 24(20; — 0, —6;)  (7.23b)
Jj.l=1 Jj.l=1
1 N
4
FP©0) = e D 8500 + 00— 0 — 0)) (7.23c)

Jitm=1
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and coupling functions

82(¢) = &] cos(¢ + x1) + AE{ cos(¢ + x{) + A&, cos(2¢ + x,)
83(¢) = AE3 cos(¢ + x3)
ga(@) = AE{ cos(¢ + x4)
g5(¢) = A&] cos(d + x3)

(7.24)

for coefficients Sij and Xl.j determined from (7.21). In particular, this next order
includes pairwise, triplet and quadruplet interactions of phases.

7.3 Coupled Phase Oscillators Networks with Nonpairwise
Interactions

In this section, we recall some results from [16] and related literature that explores
the phase equations (7.22) with higher-order interactions. For concreteness, we set
Q(0, €) = wand fix . = ¢ = 1. Thatis, we consider (7.3) with the coupling functions

82(¢) = &1cos(¢p + x1) + §2c08(2¢ + x2)
83(¢) = &3 cos(é + x3)
84(p) = &4 cos(¢ + xa)
85(¢) = &5 cos(d + xs)

(7.25)

such that for general N the function g, determines pairwise, g3, g4 triplet and gs
quadruplet interaction.

7.3.1 Symmetric Phase Oscillator Networks

The symmetries of the phase equations (7.3) have consequences for the dynamics.
Here the phase equations “inherit” symmetries from the generically coupled sys-
tem (7.5): First, the phase equations are symmetric with respect to the rotation by a
common angle. As a consequence, we may assume—without loss of generality—that
the phase of the first oscillator 6; is always equal to zero by going into a co-rotating
reference frame that moves with oscillator k = 1. Second, the Sy-symmetry acts by
permuting oscillators. By using the permutational symmetry, we may assume that
the phases are in ascending order. Note that these properties are due to the symme-
try alone, independent of whether the phase oscillators are subject to pairwise or
nonpairwise interactions; cf. [26].
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Because of the symmetries, we do not need to consider the dynamics of (7.3) on the
entire phase space TV but can restrict the analysis to a smaller but still representative
subset. Specifically, define the canonical invariant region (CIR) [26] as the set of
phases

C={0eT"|0=0, <0< - <Oy<2r}. (7.26)

The CIR is a (N — 1)-simplex whose boundary consists of cluster configurations
where the phases of two or more oscillators are equal. The intersection of all cluster
configurations is the fully synchronized phase configuration

S:={,....00) € T | 6 = 611 } (7.27a)

where the phases of all oscillators are equal. At the centroid of the CIR is the splay
phase configuration

N 2m
D:=1(,...,0y) e T 9"+1:0"+W , (7.27b)

where the oscillator phases are uniformly distributed on the circle. As fixed point
subsets of symmetries—e.g., S is invariant under any permutation of the oscillator
indices—the cluster configurations are also dynamically invariant.

The CIR for N = 3 and N = 4 is illustrated in Fig.7.1. For N = 3 the CIR is
a two-dimensional simplex and we cannot expect any chaotic dynamics [27]. For

(a,a+2m,a+2m)

+2m,a+2m,a+
(a,at2m,a+2m,a+2m) N (aaat2mat2m)

) (a,a,a,a+2m)
(aa.2+2m) (a,2,3,2)

(a,a,a) (a)

(b)

Fig. 7.1 Structure of the canonical invariant region C for N = 3 and N = 4 (see [26]). Panels a, b
show C as an orthogonal projection of into R? and R3, respectively. The edges of C for, a and the
faces of C for, b are points where two oscillators have the same phase. The filled circles represent the
fully synchronous phase configuration S; the open circle represents the splay phase configuration D
in C. In b the solid lines correspond to 3:1 cluster configurations where three oscillators have the
same phase and one is distinct while the long-dashed lines correspond to 2:2 cluster configurations
of two clusters of two oscillators. The short-dashed lines are points (a, b, a + w, b + 7). For any N
there is a residual Z/N7Z symmetry that “rotates” the canonical invariant region (the direction of
rotation is indicated by the arrows in b). Overall (N — 1)! symmetric copies of C pack a generating
region for the torus. Reprinted from [16]
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N =4 the CIR is three-dimensional which does not preclude chaotic dynamics.
If the coupling is pairwise with a single harmonic as in the Kuramoto—Sakaguchi
model, there is additional degeneracy that prevent chaotic attractors to emerge [28].
If the coupling is pairwise but one allows for higher harmonics in the coupling
function (cf. [29]) one may observe chaotic dynamics for a pairwise coupling function
with four harmonics [30]. But no further examples of coupling functions with fewer
harmonics are known for fully symmetric systems with pairwise interactions.

7.3.2 Chaos in Globally Coupled Phase Oscillator Networks
with Higher-Order Interactions

The phase dynamics of (7.3) with nonpairwise coupling mediated by the func-
tions (7.25) can give rise to chaotic dynamics. Following [16] we fix Fourier coeffi-
cients

£ =(-0.3,0.3,0.02, 0.8, 0.02) (7.28)

while varying the phase shifts x. Calculating the maximal Lyapunov exponent A ax
reveals a region in parameter space where An, > 0 and chaotic attractors appear
in the canonical invariant region. Figure7.2a shows a solution 6(¢) in C for y =
(0.154,0.318, 0, 1.74, 0). While the attracting set lies in the interior of C, the trajec-
tories on the chaotic attractor come close to its boundary that consist where oscillators
are clustered. Indeed, a small variation shows periodic dynamics that appear to be
close to a heteroclinic network: Fig.7.2b shows a stable periodic orbit close to such
a heteroclinic network for parameters x = (0.2, 0.316, 0, 1.73, 0).

Since the equilibria on the boundary include a saddle-focus, the chaotic dynamics
appear to arise through a nonstandard Shilnikov saddle-focus scenario [31]. Indeed,

(a) Chaotic attractor (b) Periodic orbit near hetero-
clinic network

Fig. 7.2 Heteroclinic networks organize chaotic behavior in C for networks of N = 4 oscillators;
line styles on the boundary of C are as in Fig.7.1. The right panel shows a trajectory with positive
maximal Lyapunov exponents for phase shift parameters xy = (0.154, 0.318, 0, 1.74, 0) that comes
close to the boundary of C. For nearby parameter values x = (0.2,0.316, 0, 1.73, 0) there is an
attracting periodic orbit close to a heteroclinic network involving two saddle equilibria, one a
saddle-focus, on the boundary of C. Reprinted from [16]
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modulo the residual Zy symmetry on C the heteroclinic network on the boundary of C
involves two equilibria. Grines and Osipov [32] took this observation as a starting
point to determine what homoclinic and heteroclinic trajectories are possible in (7.3)
for N = 4 oscillators. More specifically, the symmetries of the system restrict the
saddle connections that are possible between equilibria that lie on the boundary of C
such as those in Fig.7.2b.

While N = 4 is the smallest number of oscillators for which chaos can arise in the
phase equations, chaotic dynamics also arise in networks with N > 4 phase oscil-
lators. In [16] we gave explicit parameter values for which Ay« > 0 but a detailed
analysis of these larger phase oscillator networks is still an outstanding problem.

7.4 Chimeras and Other Creatures for Multiple
Populations

The dynamics of a globally coupled network (7.3) of N identical oscillators with non-
pairwise interactions is constrained by the symmetries of the system. Since the system
is Sy-equivariant, the asymptotic average frequencies €2; (6(0)) := limy_. o, 6(T)/T
for any initial condition 6(0) € TV are identical': We have €, = Q; for all k, j €
{1, ..., N}independent of the initial condition and the oscillators are frequency syn-
chronized [21]. This restriction breaks down if the Sy symmetry is broken. In this
section we discuss the dynamics of a generalization of (7.29) where the phase 6,
evolves according to

N N
b=+ a0 —0)+ Y a0 +6,—20)

Jj=1 jil=1
W v (7.29)
+ 3 a0 -0 — 00+ Y al"es(0;+6— 0, — 0
Jil=1 Jj.lom=1

where aéj M eR and aéj lk), af‘j 0 , aéj mY) ¢ R are the coupling strength of pairwise

and nonpairwise interactions. For nonhomogeneous choice of these coupling coeffi-
cients, the system (7.29) can describe coupled populations of phase oscillators that
allow for frequency synchrony to be localized in one or more populations.

! Here we assume that the limit exists; for a generalization to frequency intervals see [22].
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7.4.1 Frequency Synchrony in Coupled Oscillator
Populations

Suppose that the N oscillators are grouped into M populations (assuming N = M Q)
indexed by o € {1, ..., M}. The first Q oscillators belong to population o = 1,
oscillators k € {Q + 1, ...,2Q]} to population o = 2 etc., and we write k = (o, q)
if oscillator k (in the linear ordering as above) corresponds to oscillator ¢ in popu-
lation o and 6, , denote its phase and €2, , the asymptotic average frequency. We
now consider networks with coupling coefficients aéj b= KPE") /Q if k, j belong to
population o and aéj ' = 0 otherwise so that interactions within populations are pair-
wise and agﬂk) = af‘jlk) =0, and agﬂmk) = Klggf)/Q3 if and only if oscillators m, k

belong to population o and oscillators j, / to population T and agj mk) — 0 otherwise

determine the nonpairwise interactions. With this choice of coefficients the M pop-
ulations are globally and identically coupled through pairwise interactions while the
nonpairwise interactions mediate the coupling between distinct populations.

The specific form of network coupling induces symmetries: The dynamical system
is (Sg x T)M-equivariant where, for each population, Sy acts by permuting the
oscillators and T acts by shifting all oscillators of the given population by a constant.
Note that there is one phase-shift symmetry for each population. For population o,
write 0, = (05,1, - . ., 05,0) to denote the state of the population. Recall that S and D,
as defined in (7.27), denote the synchronized and splay configurations in a network
consisting of a single population. For the network of interacting populations, write

01+ 05105110y ={0 €TV | 6, €S} (7.30a)
01+ 051Dy Oy =1{0€T" |6, eD} (7.30b)

to indicate that population o is fully phase synchronized or in splay phase. Because
of the symmetry these sets are dynamically invariant. We extend this notation to
intersections of the sets (7.30), so that S - - - S (M times) denotes cluster states where
all populations are fully phase synchronized and D - - - D (M times) the set where all
populations are in splay phase.

These invariant sets can display frequency synchrony that is localized in a spe-
cific part of the network: The oscillators within one populations are frequency syn-
chronized while oscillators in different populations are not. This is a characterizing
feature of a weak chimera [21, 22]. To see this take Kégf) = 0, that is, there is no
coupling between different populations. If population ¢ is phase synchronized, that
is, 05(0) = (05,1(0), ..., 05,0(0)) € S we have

Qk(0(0)) = + K\ g2(0). (7.31)

Similarly, if population oin splay phase, that is, 6, (0) € D, we have
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0 (o) .
K 27
QiOO) =0+ ) L gz(-) : (7.32)
~ 0"\
Since these two values are distinct for a generic pairwise coupling function g»,
we have that any set of the form DS - - - S has populations with distinct frequency.
Moreover, this property is preserved for sufficiently small ]Kég”)| > 0.

7.4.2 Heteroclinic Cycles and Networks

While much attention has focused on localized frequency and chimeras to be attrac-
tors in network dynamical systems [33], the nonpairwise interactions also allow for
heteroclinic dynamics that connect different localized frequency synchrony patterns.
For us, a heteroclinic cycle consists of a finite number of normally hyperbolic invari-
ant sets &, s € {1, ..., S}, together with trajectories [£; — &,1] (indices are taken
modulo S) that lie in the intersection of the unstable manifold of & and the stable
manifold of & ;; cf. [34, 35]. Trajectories close to a heteroclinic cycle show “switch-
ing dynamics”: The trajectory will spend time close to one of the invariant sets &
before a rapid transition to the next set.

For small networks that consist of M = 3 populations of O € {2, 3} we can explic-
itly give conditions for the existence of robust heteroclinic cycles that are asymptot-
ically stable. Here we outline the results for Q = 2 oscillators and refer to [18-20]
for more detailed results.

Theorem Consider M = 3 populations of Q =2 oscillators with coupling
functions g,(¥) = sin(¥ + o) + 7 sin(2(9 + «z)) and g4(¥) = sin(P + «g) and
nonpairwise coupling parameters Kr(lgf) =—Kiftr=0-1, Kégr) =K ift =
o+ 1,and Krggf) = 0if t = 0. Then there exists an open set of parameter values
K, r, ay, ay such that the coupled phase oscillator network (7.29) with higher-order
interactions has an asymptotically stable robust heteroclinic cycle.

The main ideas of the proof is as follows. First, note that because of the Sg
symmetry we can reduce the 6-dimensional dynamics to a system of 3 phase dif-
ference variables ¥, = 6,, — 0,1 for each population o € {1, 2, 3}. In the reduced
coordinates invariant sets of the form SSS, DSS, ... are equilibrium points. Second,
we can linearize the equations close to these equilibria. This allows to write down
conditions that ensure that the equilibria have the right (local) stability properties.
For example, we can impose that DSS is stable in the invariant subspaces DS63 and
6,SS but unstable in the invariant subspace D6,S. Moreover, we want that DDS is
stable in D&,S and DD6; but unstable in 8;DS. The stability conditions for the other
equilibria are similar. Third, we have to ensure that there are heteroclinic connections
between the equilibria: There is a connection [DSS — DDS] if there are no other
equilibria in the one-dimensional invariant set D6, S. This condition—as well as con-
ditions for the other heteroclinic connections—can be explicitly expressed in terms
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of the coupling parameters. Fourth, we have that the resulting heteroclinic cycle is
in the class of quasi-simple heteroclinic cycles; see [36]. This allows to write down
explicit conditions for the stability of the resulting cycle [20]. Heteroclinic structures
organize the dynamics even if these structures are broken by perturbations: Typically,
periodic or chaotic dynamics appear that closely mimic the switching dynamics of
the cycle.

For a larger number of populations, such heteroclinic cycles can be part of larger
networks of heteroclinic connections. Existence of a heteroclinic network in M =
4 coupled populations of Q = 2 oscillators each is proved in [20]. This network
consists of two cycles of the form discussed above with the difference that from the
equilibrium SDSS there are two distinct heteroclinic connections [SDSS — SDDS]
and [SDSS — SDSD] resulting in a network that contains two distinct heteroclinic
cycles. In other words, the second population can desynchronize either the third or
the fourth population. If weak noise is added to the system nearby trajectories exhibit
dynamics that can follow either of the two cycles in the network. As quasi-simple
heteroclinic cycles—one can calculate their stability properties explicitly.

7.5 Outlook

In this chapter, we reviewed results from [15, 16] and related literature [18-20] that
discuss how nonpairwise interactions in phase oscillator networks arise naturally in
phase reductions and their consequences for the phase dynamics. The framework of
symmetric Hopf bifurcation theory helps organize and understand the importance
these nonpairwise interactions of the phase dynamics in a rigorous manner. We
discussed the dynamics of the resulting phase oscillator networks and a generalization
thereof that allows for a more general network structure other than global and identical
coupling.

One of the more puzzling aspects of higher order interactions in phase oscillator
networks is that it seems to be hard to characterize the dynamical restrictions imposed
by having only pairwise interactions. With a few exceptions (e.g., the scenarios for
cluster state stabilities considered in [15]), pairwise coupled systems are remarkably
rich in their dynamics. This may be the reason why higher order interactions have
only recently become of interest. In another approach, Komarov and Pikovsky [37]
consider a phase oscillator system of the form

o=+ w+ S F (7.33)

where F depends on the mean fields. They show that the second order phase dynamics
are given by

bo=w+e (Fk@) ©) + F® (e)) (7.34)



7 From Symmetric Networks to Heteroclinic ... 213

with F(0) = 2 Y% 000, — 00, FP0) = 3 Y7, 830 + 6, — 26,) and
the interactions between the phases are given by g»(¢p) = & cos(¢p + x1) + &
cos(2¢ + x2), g3(¢) = &3cos(¢ + x3). This is a special case of (7.29) where the
coupling functions g4, gs are zero. Similarly, the phase oscillator network (7.2) con-
sidered by Skardal and Arenas [9, 10] is a special case of (7.29) as mentioned above.
While phase oscillators with nonpairwise interactions can be analyzed in their
own right, it is instructive to remember that such interaction terms arise in phase
reductions as discussed here. The nonpairwise interactions capture the nonlinearities
of the (unreduced) nonlinear oscillator system and their interactions. Thus, phase
oscillator networks with nonpairwise interactions can capture some properties of their
dynamics. It seems natural to assume that it is especially when one moves away from
the weakly coupled limit that higher-order interactions will become decisive: For
example, the discontinuous synchronization transitions in [38] appear in a strongly-
coupled oscillator network, while [39] also consider effects that can be viewed as
associated with higher-order interactions.
Truncated expressions for phase and amplitude dynamics

For completeness, the expression for the cubic truncated Hopf normal form
from [15] is

1 2 2112
F1: ailﬁZZj—i_azNZZj—i_a\?TZZj
J J J
21 2 21 _ 71 2
+G4NZ|Z]'| +615m221‘2k+(16ﬁ22j
J J-k j

z ! | (7.35)

I _

+a7m E z_/Zk-i-asNZlZﬂsz+a9mZZ§1k
Jk J Jik

1 1 _ -
+alomszlzklz—i-a”mszszz + F1 + O(e).
J.k J.k,l

where the € = 0 error term is F; = O(|z]%), >, denotes ZlNzl Zi‘j denotes

vazl Z?;l and Z[J’k denotes Z,N=1 2?;1 211:7:1- This can be recovered from [24].
The radial dynamics for phase reduction is
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pr1) = RAGIP1 + € [t X Ry cos®-1 + v — )
+a2 Y RIR;j cos(0r + Y — ¥r))
+a3 Y RIR;j cos(05 + ¥ — 1)
+oy Y R R% cos 6,
tos Y RiR;j Ry cos(0s + v — Yi)
+a6 Y. RiRG cos(Bs + 29 — 2¢1)
+a7 ) RiRiR;j coslb7 + (Yi — ¥1) + (¥ — ¥1)]
+ag Y R; cos(Bs + ¥ — i)+
+a9 Y RIRicos(0o + 2 — i — Y1)
+aig Z/jk R;R? cos(010 + ¥; — Y1)
o Y0 ¢ RiRj Rk cos@nn + i + ¥ = i — )|
+0(p*, €%)

(7.36)

2 2 I 1L yN / 1N
where p* = m.axj(pj) and.Zj aj = Zj:l aj, Zf”‘ ajk =7 Zj.k:l ajp, etc.
are the normalized sums. Similarly the phase dynamics are given by

Y1 (1) = A2B(A)pr 4 €[ay Y5 (R;/Ry) sin(0-1 + ¥y — ;)
+oy Y RiR;sin(0, + ¥ — ¥;)
+a3 ) RiR; sin(0s + v — yr1)
tog Y R? sin O,
+as Y RjRiesin(@s + ¥ — i)
+ag Y RE sin(s + 24 — Y1)
+o7 Y RiR;sinl6r + (Y — Y1) + (¥ — Y]
+ag Z/<(R;/R1) sin(0g + ¥; — Y1)
+a9 Y ((RIRy/Ry) sin(B + 29 — Y — ¥1)
+ai0 Y (RiRE/Ry) sin(010 + ¥ — Y1)
+ary Yk (RiR;Re/Ry) sin(6y1 + i + ¥ — Y — Y1) ]
+40(p?, )

(7.37)
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