Chapter 4 )
Multiprocessor Operations Qs

4.1 Introduction

In the open shop scheduling with multiprocessor operations a set of jobs J =
{J1, ..., Ju} is scheduled on machines M = {M,, ..., M,,}. The set of machines
is partitioned into p disjoint groups G¢, £ = 1, ..., p. Each job consists of single-
processor and multiprocessor operations. A single-processor operation O j, of job
J; requires a single machine M}, € M, and a multiprocessor operation 0 j,¢ requires
all machines from the group, G, £ = 1,2, ..., p simultaneously. The processing
time of O j, equals bj;, > 0, and the processing time of OAM equals aj¢ > 0. In this
chapter we depart from the notation p; 5 (we use by, instead) introduced in Chap. 1
for processing time of operation O; ;. This is to further emphasize the presence of
individual and group operations in the open shop with multiprocessor operations.
All processing times are integers for the time being. The processing time b, equals
0 means that J; is missing on M, similarly the processing time a,; equals 0 means
that J; is missing on Gy. In a feasible schedule each machine can process at most
one operation at a time, and no two operations of the same job can be processed
simultaneously. Any operation can be preempted at any moment and resumed at
any moment later at no cost. The makespan is to be minimized.

An instance of the open shop scheduling with multiprocessor operations naturally
decomposes into two instances of open shops. One referred to as the group open
shop consists of p group machines Gi,...,Gp, and n jobs in J. where the
processing time of job fj € Jona group machine Gy, £ = 1,..., p equals
aj¢. The other referred to as individual open shop consists of m machines M =
{My, ..., My}, and n jobs in J, where the processing time of job J; € J on
an individual machine M, € M equals b; . For the group open shop machine
Ge¢ workload equals A(G¢) = Z/ ajo for £ = 1,..., p, and job length equals

A(fj) = Y paje for fj € J. Thus by Konig’s edge-coloring theorem there is an
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optimal schedule Sg with makespan A(G) = max{max; A(Gy), max; A(j )} for
the group open shop. For the individual open shop machine M; € M workload
equals A(My) = >_; bjp, and job length equals A(J;) = }_, bj, for J;j € J.
Thus again by K6nig’s edge-coloring theorem there is an optimal schedule S with
makespan A(M) = max{maxy A(My), max; A(J;)} for the individual open shop.
Both schedules, Sg and S, respectively, can be obtained in polynomial time, see
Gabow and Kariv [11] or Cole et al. [6]. Either schedule permits preemptions at
integer points only and so does their concatenation SgSp(. The makespan of the
concatenation equals A(G) + A(M).

Now instead of looking at the two instances of the decomposition one at
a time let us consider the original instance. The machine M} workload equals
Ly =3 ;aje+ Y ;bjn = AGe) + A(My), where M), € Gy, and job J; length
Pi=3,aj+) ,bjn= A(fj)+A(Jj).Therefore, A = max{max; P;, max; Ly}
is a lower bound on the makespan of an optimal schedule. Since A > A(G) and
A = A(M), the algorithm that gives the concatenation SgSu is a 2-approximation
algorithm for the makespan minimization of the open shop scheduling problem with
multiprocessor operations. To illustrate consider the instance in Fig.4.1, we have
P =2A0G1)=1A(G2) =0,AM) = A(M2) =1, A(M3) = A(My) =2, and
A(N) =A3) =AUs) =2, A1) =0, A1) =1, A(h) = A(3) = A(ly) =
0. Thus A(G) = 1 and A(M) = 2 and the schedule Sg Sy has makespan 3. On the
other hand A = 2. Observe that a schedule with Cp,x = 2 does not exist for this
instance. Such a schedule would need individual operations of four different jobs to
be scheduled in parallel on individual machines. This however contradicts the fact
that only three jobs have individual operations in the instance.

Observe also that allowing preemptions at any point, not necessarily at integer
points, may reduce schedule makespan. The schedule in Fig.4.2 by allowing
preemptions at any point reduces the makespan from Cpax = 3 t0 Cpax = %
for the instance in Fig. 4.2. Sections 4.2-4.9 focus on schedules with preemptions
allowed at integer points only. Those schedules are solutions to the University
timetabling problem. Section 4.10 considers preemptive schedules which solve
preemptive open shop scheduling problem with multiprocessor operations. Those
schedules allow preemptions at any points thus they do not necessarily solve the
University timetabling problem; however, they become a good point of departure
for approximate solutions, see Sect.4.11.
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4.2 Complexity of Short Schedules with Preemptions at
Integer Points

Asratian and de Werra [1] prove the following.

Theorem 4.1 The problem to determine if there is a schedule with Cpnax < 3 for
an open shop with multiprocessor operations and preemptions allowed at integer
points only is NP-complete in the strong sense even for p < 4.

Proof The proof is by reduction from the following edge-coloring problem with
pre-assigned colors. Let G = (X, Y, E) be a bipartite graph with A(G) = 3, where
each vertex v € X is of degree 2 or 3. Moreover each vertex v € X has a set
C(v) € {1,2,3} of colors pre-assigned, and |C(v)| = degs(v). Can the edges
of G be colored with colors 1,2, and 3 so that the edges incident with v € X
are colored with colors in C(v)? The problem is shown NP-complete in the strong
sense in Even at al. [10], see also Asratian and Kamalian [2]. In the corresponding
open shop instance we have m = |X| machines, M = X, partitioned into four
disjoint groups G1 = {v € X : C(x) = {1,3}}, G2 = {v e X : C(x) = {2, 3}},
Gi={veX:Ckx)=1{1,2}},and G4 = {v e X : C(x) = {1, 2, 3}}. The jobs
in Y are processed on machines in X so that the operations of job u € Y are of
unit processing time each, and processed on machines v € X adjacent with u in G.
Moreover, there is one more job, the job J, with three group operations on G, G»,
and G3, no individual operations, and no group operation on G4 in the open shop
instance. The three group operations of the job J have unit processing time each.
Thus J =Y U {J}, and Cpax = 3.

Suppose there is an edge-coloring of G with three colors 1, 2, and 3 so that the
edges incident with v € X are colored with the colors in C(x). Then a schedule can
be readily obtained where each individual machine in G; is occupied in [0, 1] and
[2, 3], each individual machine in G, is occupied in [1, 3], each individual machine
in G3 is occupied in [0, 2], and each individual machine in G4 is occupied in [0, 3].
This allows to schedule J on G1 in [1, 2], on G» in [0, 1], and on G3 in [2, 3] to get
a schedule with Cpax = 3, see the schedule in Fig. 4.3.

Now suppose S is a schedule with Crpax = 3. Thus job J is processed at any time
in the interval [0, 3]. Without loss of generality we can assume that group operation
of J on G, is in [0, 1], on G is in [1, 2], and on G3 is in [2, 3] in S. To see this
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suppose that J is processed in the interval [{ — 1,i] on G1, in [j — 1, j] on G,
and in [k — 1, k] on G5 in S. We have {i, j, k} = (1,2, 3}. Let O;, O;, and Oy be
the sets of all unit-time operations, group or individual, processed in the unit-time
intervals [i — 1,i], [j — 1, j], and in [k — 1, k], respectively, in S. Schedule each
operation from O; in [1, 2], each operation from O; in [0, 1], and each operation
for Oy in [2, 3]. This permutation of the three unit-time intervals gives a feasible
schedule with Cipax = 3, and the required order of processing for the operations of
job J.

Thus an individual machine v € G| processes individual operations in [0, 1] and
[2, 3]. Those operations belong to jobs u1, up € Y. Thus the edges (v, u1), (v, up) €
E incident with v will be colored with colors 1 and 3 which makes precisely the set
C(v) = {1, 3} required for vertex v. Similar argument works for any individual
machine v € G;, and any individual machine v € G3. Thus the edges incident with
v € G» and v € G3 will be colored with colors 2 and 3, and 1 and 2 respectively.
Therefore we obtain the required edge-coloring of G. O

de Werra et al [8] further strengthen Theorem 4.1 by proving it for three groups,
p = 3. We will omit the proof and leave it as an exercise, see Problem 4.1. However
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the schedules, if any exist, with Cy,5c < 2 and for an arbitrary number of groups p
can be obtained in polynomial time. We have the following theorem.

Theorem 4.2 The problem to determine if there is a schedule with Ciax < 2 for
an open shop with multiprocessor operations and preemptions allowed at integer
points only is polynomial.

Proof Without loss of generality we can assume that each operation o, individual or
group, has processing time 0, 1, or 2. We assume an arbitrary number of groups p.
Split each operation o with processing time 2 into two unit-time operations o’ and
0”. The two belong to the same job and require the same machines, individual, or
group, for processing as does o. For each unit-time operation o, define «, = G, and
Bo ={j}ifo= OAM is a group operation, and o, = {Mp,} and B, = {j}ifo = Oj
is an individual operation. Let G = (O, E) be a simple graph where O is the set
of all unit-time operations, and E is a set of edges (o, 0’) such that the operations
o and o’ either share a machine, i.e., o, N, # @, or a job, ie., B, N By # 0.
We claim that there is a schedule with Cax < 2 if and only if the vertices of G
can be colored with at most two colors so that any two vertices connected by and
edge in E are colored with different colors. That is G is 2-colorable, Bondy and
Murty [3]. Suppose G is 2-colorable with colors 1 and 2. Schedule each operation
o € O on machines in «, in the interval [0, 1] if the vertex o is colored with color
1, and in the interval [1, 2] if the vertex o is colored with color 2. The schedule
is feasible since a, N a, = @ for any two operations o and o’ both scheduled in
the same time interval [0, 1] or [1, 2], i.e., no two such operations share a machine
(each machine processes at most one operation at a time). Moreover, , N B, = ¢
for any two operations o and o’ both scheduled in the same time [0, 1] or [1, 2], i.e.,
no two such operations belong to the same job (each job is processed by at most
one machine, individual, or group, at a time). Therefore, there is a feasible schedule
with Cpax < 2. Now suppose that there is a feasible schedule S with Cpax < 2.
Without loss of generality we may assume that each operation, group, or individual
completes at 1 or 2 in S. Color each o that completes at 1 with color 1, and each o
that completes at 2 with 2. Suppose for contradiction that there are operations o and
o' connected by an edge (0, 0') € E and colored with the same color i = 1 or 2 by
the coloring. Thus both are scheduled in the same time interval [i — 1,i] in S, and
since the schedule is feasible they must belong to different jobs and must not share
a machine. Therefore (0, 0') ¢ E which gives a contradiction.

Any simple graph is 2-colorable if and only if it is bipartite, Bondy and Murty
[3]. Therefore there is a schedule with Cy,4, < 2 if and only if the graph G is
bipartite. The test whether G 1is bipartite or not can be done in O (|O| + |E|) time.
Therefore we just obtained a linear-time algorithm to test if there is a schedule with
Cmax < 2. o
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4.3 University Timetabling. A Polynomial-Time Algorithm
and Conjecture for Two Groups

The University timetabling studied in this chapter was first introduced by Asratian
and de Werra in [1]. The University timetabling is a generalization of the well-
known, see Gotlieb [13], de Werra [7], and Bondy and Murty [3], class—teacher
timetabling model. In the generalization, in addition to the lectures given by a single
teacher to a single class, there are some lectures given by a single teacher to a
group of classes simultaneously. We look for a minimum number of periods (period
is a unit of time allocated to a lecture and it cannot be fractional in a solution
to the timetabling problem) in which to complete all lectures without conflicts.
The University timetabling model is motivated by the situation where various
study programs share some courses which are common to all programs (classes).
Asratian and de Werra [1] point out that such situation arises at Luled University
of Technology in Sweden and Ecole Polytechnique Fédérale de Lausanne (EPFL)
in Switzerland. At EPFL for instance groups of three or four classes are created
for courses of mathematics or physics which correspond to group-lectures. Besides
those group-lectures there are individual lectures for courses given to one class
(program) only, [1]. de Werra et al. [8] describe a similar situation at some French
autonomous universities. Later on de Werra et al. [9], and Kis et al. [15] recast the
problem as an equivalent open shop scheduling with multiprocessor operations and
preemptions allowed at integer points only.

For two groups, p = 2, de Werra et al. [9] and Kis et al. [15] observe that
a feasible schedule can be partitioned in the following four parts: part (a) consists
of multiprocessor operations on G, and single-processor operations or idle time
on the machines in G;; part (b) consists of multiprocessor operations on both
groups G| and G»; part (c) consists of multiprocessor operations on G», and single-
processor operations or idle time on the machines in G; and part (d) consists of
single-processor operations or idle time on all machines, see Fig.4.4. The parts
(a), (b), (c), and (d) have sizes A(G1) — r, r, A(G2) — r, and w respectively for
some r and w, where A(Gy) = Zjej aje for £ = 1,2. Therefore the total of
A(G1) + A(G2) — r + w equals the schedule makespan, and the minimization of
makespan reduces to the minimization of w — r. To simplify the notation we will
often use & instead of M}, when referring to machine M € M, and j instead of J;
when referring to job J; € J in the remainder of this chapter.

The following integer linear program 7 L% with variables r, w, and y 5, x j¢, for
jeJ,he M and £ = 1,2 was given in de Werra et al. [9] and Kis et al. [15] to
minimize the makespan for p = 2:

ILP = min(w — r). A.1)

Subject to
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Yobin—(AG) - <Y yp<w h e G 4.2)
J J
Y b= (AGH =) =Y yp < w heG 4.3)
J J
Yoynsw o jed (4.4)
h
0<yjn <bjn heM jeJd (4.5)

dxj=r (4.6)
j

dxp=r (4.7)
j

Xj1+xp2=<r jeg 4.8)

O<xje<aj jeJ €=12 (4.9)

D b= yin) +ajp—xja < AGa) —r jed (4.10)
heG

> bjn—yin) +aj —xj < AG) — jed (4.11)
heG

all variables r, w, and y;p, xj¢, for j € J, h € M, and £ = 1, 2 are integers.
4.12)
The variable y;; represents the amount of j € J on & € M in part (d). The
variable x ;¢ represents the amount of j € J on Gy, £ = 1, 2, in part (b). The variable
w is the size of (d), and the variable r is the size of (b). The constraints (4.2)—(4.5)
guarantee that the size of part (d) does not exceed w. The constraints (4.6)—(4.9)
guarantee that the size of part (b) equals . The constraints (4.10)—(4.11) along with
the left hand side inequalities in (4.2) and (4.3) guarantee that the size of part (a)
does not exceed A(G1) — r and that the size of part (c) does not exceed A(G,) —r.
Kis et al. [15] show how to solve the 7 LP in polynomial time. They further
show that [LP] < ILP < [LP1+ 1, where LP is the value of an optimal solution
to the L P-relaxation of 7 L%, and conjecture that:

Conjecture 4.1 ILP = [LP].

We prove this conjecture in this chapter. We follow the proof given
in Kubiak [16]. Observe that Gi = @ or G, = { results in integral
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solutions with makespan A(G2) + max{max;{) , bjn}, maxh{zj bjn}} or
A(Gr1)+max{max ;{D", bjn}, maxs{)_ jbjnt}, respectively. Thus the conjecture
holds in this case and we assume non-empty G| and non-empty G» from now on
in Sects.4.3—4.9. We begin in the next section by focusing on those solutions to
the L P-relaxation with the value of objective function [L P that minimize r. The
goal will be to show that the minimum r must be integer. This will be shown in
Sects.4.3—4.9. A detailed outline of the proof will be given in Sect.4.3.2 once
necessary notation and preliminary concepts are introduced there.

4.3.1 L P Relaxation with Minimum r

Let (y*, x*, , r*, w*) be an optimal solution to the L P-relaxation of 7 LP. Let w* =
lw*] + Ayp+ and r* = |[r*] + A+, where 0 < A+ < 1 and 0 < A+« < 1. Consider
the following linear program £p:

Ilp = minr.
Subject to
w—r= [u)*—r*] (4.13)
lr*] <r 4.14)
D b= (AG) —r) <Yy <w h € Gi (4.15)
J J
D b= (AG) =) <Yy <w heg (4.16)
J J
D yin<w jed 4.17)
h
0 <yjn<bjn heM jeJg (4.18)
dxp=r (4.19)
J
Y xp=r (4.20)
J

Xj1+xj=<r jeyg 4.21)



4.3 University Timetabling. A Polynomial-Time Algorithm and Conjecture for. . . 77

Ofx]'gfajg ]ej £=1,2 4.22)
D i —yin) +ap—xjp < AGa) —r jedg (4.23)
heg
> bjn—yin) +aj —xji < AG) —r jed. (4.24)
heG

All entries in the constraint matrix of £p are 0, 41, or —1, thus £p can be solved
by a strongly polynomial algorithm given in Tardos [19]. Let (y, x, 7, w) be an
optimal solution to £p. The solution exists since (y*, x*, r*, [w* ] 4+ A,«) is feasible
for €p if Ay < Ap=, and (y*, xX*, r*, [w*] + A,+) is feasible for £p if Ay« > A,
thus ¢p is feasible and clearly it is also bounded. Observe that |w*| + A« — r*=
lw*] — [r*] = [w* — r*] for Ay < Apx, and [wW*] + A — r* = [wW*] — [r*] =
[w* — r*] for Ay > Ap=.

We assume without loss of generality that the solution meets the machine
saturation condition, i.e., the upper and lower bounds in (4.15) and (4.16) are equal.
If the machine saturation is not met by the solution for some machine %, then a job
J) with bjpyn = w — Zj bin + (A(G2) — 1), ajmy = ajm2 = 0 should be
added to the instance for each such machine to make the solution meet the saturation
condition. Observe that by (4.13) b, is integral so the extended instance is a
valid instance of the open shop with multiprocessor operations problem. We take
Yith =W — Zj vjn in the extended solution. Observe thatn = | J| > |G1| + |G2|
for the solutions that meet the saturation condition.

An integral solution (y, X, r, w) to £p is feasible for 7LP, and w — r = [w* —
r*]1 = [LP]. Moreover this solution is optimal for 7 L% since by definition of
L P-relaxation we have LP < IL P for any feasible solution to 7 LP. This proves
Conjecture 4.1. Therefore it suffices to prove that there is an integral solution to £p.
To that end, we prove the following theorem in Sects. 4.3—4.9.

Theorem 4.3 The r in an optimal solution to £p is integral. Moreover, there is
optimal solution to €p that is integral.

Proof Lets = (y, X, r, w) be an optimal solution to £p. Suppose for a contradiction
that the r in s equals

r=\lrl+e,
where 0 < € < 1. Thus by (4.13)
w=|w]+e€.
In Sects. 4.3—4.9 we show that such s cannot be optimal which leads to a contradic-

tion and proves the first part of the theorem. We then show that an optimal solution
that is integral can be found in polynomial time. An outline of the proof will be
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given at the end of the next section after we first introduce the necessary notations
and definitions. |

4.3.2 Preliminaries

Consider the solution s = (y, X, r, w). Let By be the set of all jobs j with fractional
xj1, and let By be the set of all jobs j with fractional x ;. Clearly both sets are
non-empty because € > 0. By (4.19) and (4.20) the fractions in B, sum up to iy + €
(ZjGBg gj = ig + €), where iy is a non-negative integer, for £ = 1, 2.

A job j is d-tight if

Zyjh =w.
h

Denote by D the set of all d-tight jobs.
A job j is a-tight if

Z bjn—yjn) +aji —xj1 = AG) —r.
heGr

Ajob j is c-tight if
Z bjn —yjn) +ajr—xj2 = A(G2) — 1.
heg

For jobs g and k such that x,; > 0 and x> > 0 define

minje(guB)\(g.k} 1 — (xj1 + xj2), €} if (BiU Bo) \ {g, k} # ¥;

’k = 1
&r(g, k) { ¢ if ByU B, C {g,k}.

Observe that jobs g and k with ¢,(g, k) > 0 can potentially be used to obtain a
solution to /p with smaller r since the reduction of both x¢1 and x;> by some small
enough ¢ > 0 will leave the resulting constraint (4.21) satisfied. Moreover define

ec) =Y yin—| D brn+ a2 —x2 — AGo) +7 |,
heg heg

£a(®) = Y Yon — [ Y ben+ag1 —xg1 — AGD) + 7

heG heG
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Let G be a job—machine bipartite graph such that there is an edge between
machine 7 € Mand job j € J if and only if y;;, > 0. The edge has multiplicity y;
(the multiplicity may be fractional). A column I = (M, e;) consists of a matching
M; in G that matches all m machines in M with a subset of exactly m jobs in
J that are scheduled simultaneously in the solution s, and its multiplicity ¢; > 0
(the multiplicity may be fractional). That is the jobs matched in the column [ are
processed simultaneously for 7 time units. Let J7 be the set of all jobs matched
in My,ie, 97 =1{j € I : (j,h) € M; forsome h € M}. By definition of
D we require that D € 7 for a column in s. By Gonzalez and Sahni [12], see
also Gabow and Kariv [11] and Sect. 3.7.1 (Birkhoff—~von Neumann theorem), part
(d) can be represented by a set of columns d(y, w) = {/1, ..., I,}. In the spirit
of Birkhoff-von Neumann theorem, we can recast d(y, w) as follows. Let Y be an
n x m matrix where the entry in row i and column /4 equals y;;, and let P; be an
n x m, 0-1 matrix corresponding to column I = (My, 1) € d(y, w). The entry in
row i and column /4 of Py equals 1 if and only if job i is matched with machine % in
M. We then can decompose Y as follows:

Y=e,Pp +---+ 81P]P’1p.

For a set X of columns let /(X) denote the total multiplicity of all columns in
X. We have I(d(y, w)) = w and I[(X;) = > yjn < w where X is the set of all

columns that match job j € J.Let Iy = (My,, ¢p,), ..., 1; = (Mlq, slq)beasubset
of ¢ > 1 columns from d(y, w), the set of columns ¥ = {(M,, A1), ..., (M1q, Ag},
where 0 <Ay <e¢p,..., 0<%y < €, and A1 + ...+ A, = A is called the interval

of length X in d(y, w). Let d(y, w) \ Y be the set of all columns in d(y, w) with
columns in Y removed. For each j € J we have I[(Z;) < I(d(y,w)\Y) = w — A
where Z; is the set of all columns that match j ind(y, w) \ Y.

Letuy,...,up and Iy, ..., 1, be different jobs from ., and I be a column. We

say that I is of type
* UL, ..., Up
*,ll,...,lq

if {(uy,h1),...,(up,hp)} € M; for some machines hy,...,h, in G, and
{(1, Hy) ..., (4, Hy)} € My for some machines Hj, ..., Hy in G. The asterisk
denotes any matching for other jobs. For convenience, we sometimes use the

following notation:
x, U
%, L)’

where U = {uy,...,up}and L = {ly,...,[,} instead. By definition if p = 0 or
g = 0, then the asterisk alone denotes any matching on G| or G, respectively. We
extend this notation for convenience as follows. Let # and / be different jobs from
Y, and I be a column. We say that [ is of type
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M, J3 Jy J3 Jy
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Fig. 4.4 An example of solution s = (y, X, %, %) and its corresponding schedule S (parts (a), (d),

and (c))
*, U
%, [

if (u, h) ¢ M for any machine h € Gy, and (I, H) ¢ M for any machine H € G>.

The concepts just introduced are illustrated in Fig.4.4. The makespan of S
equals 8, and the schedule S is clearly the shortest possible. The instance itself
consists of n = 10 jobs and m = 10 machines, G| = {M1, M2, M3, M4, M5} and
G2» = {Me, M7, Mg, Mo, M1o}. The processing times of operations can easily be
obtained from S, for example, for job J; we have b13 =4,b17 = 1, a12 = 1 and all
remaining operations have processing time 0, and for job J9 we have by = by =
bgz = bgs = bgg = bgg = 1 and all remaining operations have processing time 0.
The solution s can also be easily obtained from S, for example, for job J; we have
yi3 =3,y17 = %, X1 = % and all remaining variables are set to 0, and for job Jy we
have y9; = y92 = y93 = ygg = Y99 = % and yg9s = 1 all remaining variables are set
0.mS:w=121r=3e=1%i1=ir=1 B ={J1,h B}, B = {Js, J7, Js},
and (g, k) = % for each pair g € B; and k € By. All jobs are d-tight; jobs
J1, J2, J3, Jg, and Jg are c-tight; jobs Jg, J7, and Jg are a-tight. The match-
ing M = {(My, J3), (M2, J2), (M3, J1), (Mg, J3), (M5, Jg), (Mg, J5), (M7, Ja),
(Mg, J9), (Mo, J7), (M10, J10)}, and the multiplicity % make up a column (M, %)
which is the schedule S in the interval [%, 2]. All other details of s and S should
now be clear from Fig.4.4. We show later in Fig.4.5 that s is not optimal for €p
since £p admits solution with » = 1 and the same makespan 8.
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4.3.3 Outline of the Proof

We now give a high level informal overview of the proof of the conjecture before
moving to its details in the remaining sections. The proof is by contradiction. The
solution s defines four open shops, one for each part (a), (b), (c¢), and (d). The
bipartite graph G with the edge multiplicities y;; obtained from the solution s
defines an m-machine open shop with operation processing times equal y; for part
(d), we call this part d-open shop. The groups G and G» define a two-machine
open shop with operation processing times x;; and x;, for part (b), we call this
part b-open shop. The group G and the individual machines in G> make up a
(IG2] + 1)-machine open shop with operation processing times b;, — y;, on the
individual machines in G> and aj; — x;1 on the group G; for part (a). Similarly,
the group G» and individual machines in G| make up a (|G1| + 1)-machine open
shop with operation processing times b;, — y;; on the individual machines in G;
and ajp — x ;2 on the group G for part (c). We call these two a-open shop and c-
open shop, respectively. All four open shops are interrelated since they share jobs,
individual machines, or groups, thus a local change to one affects the other open
shops as well. Notice that all open shops are defined by the solution s rather than
directly by the problem instance which normally is the case for open shops.The
open shops for (a), (d), and (c¢) are shown in Fig. 4.4 for illustration. The makespan
of each open shop is fractional, both  and w are fractional in s; however, the total
makespan is integral since w — r is integral in s.

Sections 4.3.4 and 4.4 give a matching-based approach to characterize those
columns in d-open shop that cannot occur in s with € > 0 since their presence
would contradict the optimality of . Namely, those columns, if occurred in s, could
be used along with the x 1, x> to find another feasible solution with parts (b) and
(d) shorter by €, 0 < ¢ < €, each, and parts (a) and (c) longer by ¢, 0 < ¢ < €,
each so that the total makespan does not change. More precisely the approach uses
the column matchings in d-open shop on G| and G» separately; this structure is
reflected in the notation for the column type, in order to match the former with some
xj2 and the latter with some x;; so that we get a feasible solution with the same
makespan yet d-open shop shorter by ¢. The matching-based approach leads to the
characterizations of the d-open shop given in Sects.4.4.1 and 4.5, and the b-open
shop in Sect. 4.4.2; however, it is insufficient to prove the conjecture. Nevertheless
both characterizations are key for the subsequent sections.

Therefore we introduce a network flow-based approach to shorten the d open
shop makespan from w to |w] and the b open shop makespan from r to 7] in
order to obtain a feasible solution with the same total makespan. We show that
this approach works by constructing two network flow problems for d-open shop,
one for the case with 3, p €j = € or ), p &; = € in Sect. 4.6, and the other
for the case with } ;g ej = i1 + € and } ;.p &j = i> + € for some positive
integers i1 and i in Sect.4.7. The network flow problems have integral lower and
upper bounds on the arc flows which means they admit integral flows provided that
feasible flows exist at all. To that end we show how to construct a feasible flow for
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each network from the solution s in Sects. 4.6 and 4.8. The construction relies on
the characteristics of d-open shop given in Sects.4.4.1 and 4.5. The characteristics
naturally focus on the sets By and Bj; in s since any change to the four open shops
needs to involve the changes to the jobs in B U B;. That is not all since the integral
solutions to the network flow problems give integral solutions to the d-open shop
only. Those solutions need to be subsequently extended to the other three open shops
while preserving the whole solution feasibility and the total makespan. This is also
done in Sects.4.6 and 4.8. The extension relies on characteristics of the b-open
shop proved in Sect. 4.4.2 where we prove that B; N B, = @ in s, i.e., x;1 and x 7
cannot be both fractional, and Sect. 4.5 where we prove that the product x;1xj2 =0
for each job j € J in s except for the case where By = {j} or B, = {j}. The
characteristics make it possible to find integral feasible solutions for the b-, c-, and
a-open shops consistent with the network-flow solutions to the d-open shop. Finally
we show in Sect. 4.9 that the network-flow based approach leads to contradiction
since it shortens r assumed to be the shortest possible. This proves the conjecture.

4.3.4 Columns Absent from d(y, w) in s

In this section we show that for two different jobs g and k such that x,; > 0 and
Xxg2 > 0 certain columns or subsets of columns must be missing from d(y, w) if
€ > 0. Though these results are contingent on &,(g, k) > 0, we show that this
condition often holds, for instance in Sect. 4.4.2 we show that this inequality holds
for each pair g € By and k € B;.

Let g and k be two different jobs such that x; > 0 and x2 > 0. A (g, k)-
feasible semi-matching in G is a set of edges E = E| U E; of G of cardinality
m = |G1| + |G>| such that

.E1={(j,h) € E:he@Gi}and E; = {(j, h) € E : h € G>} are matchings.
. There are h € M and (j, h) € E foreach j € D.

. Ife,(g) =0, then (g, h) ¢ E; forany h € G».

. Ife.(k) =0, then (k, h) ¢ Eq forany h € G;.

AW N =

If E is a matching, then a (g, k)-feasible semi-matching in G is called a (g, k)-
feasible matching in G.

We define solution (y(E), x(g, k), r(g, k), w(g, k), €) for jobs g, k, and a (g, k)-
feasible semi-matching E, where

&’ if e,(g) =0and g.(k) =0 ;
: / M _ .
e — m{n{el, €a(8)} ¥f €a(g) > 0and e.(k) =0 (4.25)
min{e’, e.(k)} if e,(g) =0and e, (k) > 0;
min{e’, £,(g), e.(k)} if e,(g) > 0and e.(k) > 0 ;

and
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¢/ = mine, (g. k). x¢1. 2. min {y;s}. min {w—Zy,h}} (4.26)
as follows:
in—¢ if (j,h) e E ;
Vin(E) = {y’h (- h) e B 4.27)
Yih otherwise ;
xgr—e if j=g;
xj1( ,k)={ 8 Y (4.28)
e xjp o ifj# g
Xpp—e if j =k;
in(g, k) = . 4.29
xj2(g, k) { X itj Ak (4.29)
r(g, k) =r—¢; (4.30)
w(g, k)=w-—c¢. 4.31)

We have the following lemma.

Lemma 4.1 Let g and k be two different jobs such that xg1 > 0 and xz2 > 0. If
&r(g, k) > 0, then no (g, k)-feasible semi-matching E in G exists.

Proof Details can be found in Kubiak [16]. O
Lemma 4.2 Let g and k be two diﬁ‘erent Jjobs such that xg1 > 0 and xj > 0. If
& (g, k) > 0, then no column of type ( ) exists in d(y, w).

Proof If such a column I = (Mj, ej) exists, then M is (g, k)-feasible semi-
matching E in G which contradicts Lemma 4.1. O

We now consider another forbidden configuration of columns in d(y, w). Let
Iy = (My,ep) and I, = (My,, €1,) be two columns. Let g, k, a, and b be four
different jobs such that x¢; > 0, xx2 > 0, x,1 > 0, and xp2 > 0. Define solution
(y(I1, L), X, r',w, &), where

&= min{gr(gv k)v 8r(a, b)v -xglv -xala xb27 xk2s 811’ 8121 ‘g}?in {w - Zyjh}}
J

4.32)
as follows:

yin —& if (j,h) € My and (j, h) € My, ;

in —&/2 if (j,h) € My and (j, h) ¢ My, ;

yin —€/2 if (j,h) ¢ My, and (j, h) € M, ;
Yjh otherwise ;

yin(1, ) = (4.33)
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x;lz{xﬂ_s/z fj=gorj=a; (4.34)
Xj1 otherwise ;

Xy = {xﬂ_e/z ifj=korj=b: 435
’ Xj2 otherwise ;

r'=r—g¢; (4.36)

w=w-—-¢. (4.37)

We have the following lemma

Lemma 4.3 Let g, k, a, and b be four different jobs such that xg1 > 0, x2 > 0,

Xq1 > 0, and xpy > 0. If e,(g, k) > 0 and ¢,(a,b) > 0, then a column of type

g*ga’i’g)’k) does not exist in d(y, w) or a column of type (*,a,;,k,g) does not exist in
y, w).

Proof Details can be found in Kubiak [16]. O
The following two corollaries follow immediately from the proof of Lemma 4.3.

Corollary 4.1 Let g, k, and a be three different jobs such that xg1 > 0, x2 > 0,
and x41xq2 > 0. If e,(g,a) > 0 and ¢,(a, k) > O, then a column of type (* 48 k)
does not exist in d(y, w) or a column of type (>,< ak g) does not exist in d(y, w).

Corollary 4.2 Let g and k be two different jobs such that xg1x42 > 0, and xx1xx2 >
0.Ife (g, k) > 0, then a column of type (* ek k) does not exist in d(y, w) or a column
of type (* : g) does not exist in d(y, w).

4.4 Pairs of Columns Absent from d(y, w) in s

Let g and k be two different jobs such that xg1 > 0, x;2 > 0. Let [y = (M, p,) be

a column of type (* ) and I, = (M, £1,) a column of type (, g) Without loss of
generality we assume e, = &7, = &. Let G(Ig, Iy) = (MIXUMIk) be a job—machine
bipartite multigraph, where an edge connects a machine 4 and a job j if and only
if (j, h) € My, U My, The degree of each machine-vertex in G(Ig, I) is exactly 2
and the degree of each job-vertex in G (I, Iy) is either 1 or 2. Thus, G(I, Ix) is a
collection of connected components each of which is either a job—machine path or
a job—machine cycle. We have the following lemma for /; and /.

Lemmad.4 If Iy, I, € d(y,w), and &-(g,k) > 0, then I is of type (*zg) and

I, is of type (*’i’g) and both k and g belong to the same connected component of
G, Iy).
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Proof Column I either has no job k£ on any machine (we say Ij is k-free) or it is
of type ( * ) In the former case k is either missing from G (I, Iy) or it is of degree

lin G(Ig, I). In the latter case Iy is either of type (, ; g) or of type (}§) or it is
g-free. Since ¢,(g, k) > 0, by Lemma 4.2 I} cannot be of type (:’,i) nor can /i be
g-free. Thus I is of type (* M g) or I is k-free. In the latter case, by Lemma 4.2,

I, must be of type ( ) A similar argument shows that I, is of type (* ok, g) or I is

g-free. In the latter case, by Lemma 4.2, I; must be of type ( N g). Thus we end up
with the following four cases:

1. Iy is of type (*Z ) and I is of type ('} k, £);

2. Iy is of type (*;g), and I, is g-free. By Lemma 4.2, I, cannot be k-free. Hence
k is of degree 2 and g is of degree 1 in G(/g, I);

3. Iy is k-free, and I, is of type (*ig) By Lemma 4.2, I} cannot be g-free. Hence
g is of degree 2 and k is of degree 1 in G (g, Ix);

4. I is k-free and is of type ( g) and I, is g-free and is of type ( ) Hence both
g and k are of degree 1 in G(Ig, Iy).

In Case (2), let g and k be in the same connected component P of G (I, I;). Then
P is a job—machine path

g hi, j1. .. hik, hig1, Jivas ..., he, Jes

where hy € Gy and {h;, hiy1} N G2 # . If h; € Go, then match the jobs with the
machines as follows:

M = {(hy, j1), ..., (hi—1, ji—1), (hi, k), (higt, Jig1)s - .-, (Be, o)}

in the component P. If h; € Gi, then there is a job ji= € {ji, ..., ji—1} such that
hix € Gy and h;»41 € G1. Then match the jobs with the machines as follows:

M = {(hy, j1), ..., (hpx—1, Jix—1), (hix, Jix), (hixgt, Jix),
. (hl'v ji_1)7 (hl'+1’ k)a ceey (he, jﬁ—l)}

in the component P. Thus each machine in P is matched exactly once, each job of
degree 2 in P is matched at least once (actually each such job is matched exactly
once except job j;+ that is matched exactly twice: with h;«x € G and hj+11 €
G1), g is omitted from the matching, and k is matched with a machine in G». The
matching can easily be extended by adding matchings from the remaining connected
components of G(Ig, Ii). The resultis a (g, k)-feasible semi-matching in G (I, Iy).
We proceed in a similar fashion in Case (3) if k and g are in the same component
P of G(Ig, I). In Case (4) if g and k are in the same connected component P of
G(Ig, Iy), then P is a job-machine path
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with i € Gy and h; € G1. Then there is job ji+ € {ji, ..., ji—1} suchthat h;x € G
and h;x41 € G1. Match the jobs with the machines as follows:

M = {(hla jl)a D) (hi*fh ji**l)a (hi*a ji*)’ (hi*+1’ ji*)’ ey (hi7 ji*])}

in the component P. Thus each machine in P is matched exactly once, each job of
degree 2 in P is matched at least once (actually each such job is matched exactly
once except job j;« that is matched exactly twice: with h;« € Go and hj+1 € G1), &
and k are omitted from the matching. The matching can easily be extended by adding
matchings from the remaining connected components of G (I, Ix). The result is a
(g, k)-feasible semi-matching in G(/g, Ix).

Let us now assume that k is in connected component Cy and g is in a connected
component Cg and Cy # C,. We have

1. In Case (1), k is of degree 2 and both on a machine in G| and on a machine in G
in Cy, and g is of degree 2 and both on a machine in G| and on a machine in G,
in Cy.

2. In Case (2), k is of degree 2 and on h € G in Cy, and g is of degree 1 in C,.

3. In Case (3), g is of degree 2 and on i € G in Cy, and k is of degree 1 in Cy.

4. In Case (4), g is of degree 1 in Cg, and k is of degree 1 in C.

A matching for Cy is selected so that k is matched with the machine in G», if
k is of degree 2, or omitted from the matching, if k is of degree 1. Similarly a
matching for C, is selected so that g is matched with the machine in Gy, if g is
of degree 2, or omitted from the matching if g is of degree 1. The matching can
easily be extended by adding matchings from the remaining connected components
of G(Ig, Ii). The result is a (g, k)-feasible semi-matching in G (I, Ix). Thus in all
cases, except Case (1) with both k and g being in the same connected component of
G (I, I), we showed how to obtain (g, k)-feasible semi-matching M in G (I, Iy).
This however contradicts Lemma 4.1 since I, I, in d(y, w) can be replaced by
columns " = (M, &) and I” = ((M, U My,) \ M, ¢) resulting into another feasible
solution to £p with the same value r of objective function but with a (g, k)-feasible
semi-matching M. O

4.4.1 The a-, c-, and d-Tightness in s

We show that each job in Bj is both a-tight and d-tight, and each job in B is both
c-tight and d-tight. We begin by showing the a- and c- tightness.

Lemma 4.5 Each job g € Byis a-tight and
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Z Yeh < W, (4.38)
heGr

and each job k € Bj is c-tight and
Z Vkh < W. 4.39)
heg)

Proof Details can be found in Kubiak [16]. O

We now prove d-tightness for each job in By U B;.
Theorem 4.4 Each job in By U By is d-tight.
Proof By (4.38) in Lemma 4.5, there is a column /, of type (**g) in d(y, w) for
each g € B;. By (4.39) in Lemma 4.5, there is a column I of type (*;Fk) in d(y, w)
for each k € B;.

Consider job g with the largest x;; + x;2 among the jobs i € B; U B,. Suppose
g € By. If g € By\Bj, then the proof proceeds in a similar way and thus it will
be omitted. Take any k € By \ {g} or k = g if B, = {g}. Observe that by our
choice of g, if xj1 + x;2 = r for some i € (B; U By) \ {g, k}, then x41 +xg2 = 7.
Therefore {k, i, g} S B; U B, which leads to a contradiction by (4.19) and (4.20) if
k # g. Otherwise, if k = g, then by (4.20) B U B, = {i, g} and g € B; N By. Thus

i € B N B, and we get contradiction since i ¢ By. Thus &, (g, k) > 0.

k

If k is not d-tight, then there is a column / of type (:E) in d(y, w). Thus, if

I # I, then we get a contradiction with Lemma 4.4 applied to I and / ¢ Otherwise,
if I = Ig, then [ is of type (:9 which contradicts Lemma 4.2. Similarly, if g is
not d-tight, then there is a column 7 of type (*’g) in d(y, w). Thus, if I # I, then

*,
we get a contradiction with Lemma 4.4 applied to /i and /. Otherwise, if I = I,

then [ is of type (Ig) which contradicts Lemma 4.2. Therefore the theorem holds
for each job in {g} U B,. Moreover, there is a column / é of type (*f). Otherwise

all columns in d(y, w) are of type (*:¥) and thus I is of type (:9 for any k € B,
which contradicts Lemma 4.2.

It remains to prove the theorem for each a € B \ {g} whenever B \ {g} # 0.
Observe that if xg1 + xg2 = r, then x4, > 0. Otherwise By = {g} and we get a
contradiction. Take ajob k = g,if xg1+x42 =7, 0rany jobk € By, if xg1+x50 < 7.
W have ¢,(a, k) > 0. This holds since there is no i € (B; U By) \ {a, k} that
meets x;1 + x;2 = r. Suppose for a contradiction that x;; + x;» = r for some
i € (BiUBy)\{a, k}. Then xx1 + x> = r. Since a # k, we have {k,i,a} € BiUB;
which leads to a contradiction by (4.19) and (4.20). 3

Thus if a is not d-tight, then there is a column I of type (Ig) in d(y, w). Then,
if &(a, k) > 0 for k € By, we have either I # I; which leads a contradiction with

Lemma 4.4 applied to I and I or I = I; which implies that I is of type (Ig) which
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contradicts Lemma 4.2. If ¢, (a, k) > Ofork ¢ B, thenk = g. Thus, if I # Ié, then
we get a contradiction with Lemma 4.4 applied to I and 1 g,. Otherwise, if I = I é’,,

then [ is of type (’;g) which contradicts Lemma 4.2. O

For j € B; U B, define

aj =Yy and =D yin

hegy heGy

The following two lemmas relate the fractions of x;1, xj2, «;, and 8; for j €
B1 U B,. The lemmas follow from Lemmas 4.5 and Theorem 4.4 and will prove
useful in the remainder of the proof.

Lemma 4.6 For g € By, let

Xgl = LxglJ teg . By = LﬂgJ +Ag, and o = L‘)‘gJ + wg,
where 0 < A, wg < 1,0 <&, < 1forg € By. Then, wg = g, and hg = € — &
Jore > ¢gg, and kg =1 — (g4 — €) for € < &.
Proof Details can be found in Kubiak [16]. O

Lemma 4.7 Fork € By, let

X2 = Lxx2] +éx and B = LB + Ak and oy = o] + ok,
where 0 < Ay, wp < 1, 0 < e < 1 forajobk € By Then, My = &, and
Wy =€ — & fore > gr, and Ay =1 — (e — €) for e < g.

Proof The proof is similar to the proof of Lemma 4.6 and will be omitted. O

4.4.2 The Absence of Crossing Jobs in s

Each job k € By N B; is called crossing. We call a joba € By U By an e-crossing
Jjob, if it meets the following conditions:

e 0< x4z and0 < xg4.
e Both By \ {a} and B; \ {a} are not empty.

We have the following.
Theorem 4.5 Each crossing job is e-crossing.

Proof Suppose for a contradiction that job a is crossing but not e-crossing. By
Theorem 4.4 job a is d-tight and thus
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D van+ Y Yan = w. (4.40)

heG, heG

By Lemma 4.5 job a is both a-tight and c-tight, thus

a1 = Xa1 + Y (ban — Yan) = AG1) — 7 (4.41)
heG)
and
a2 — X2+ Y _ (bah — Yan) = A(G2) — 7. (4.42)
heg

By summing up (4.40), (4.41), and (4.42) side by side we obtain

a1 + a2+ Y ban — AG) — AG) +r —w=—r+xa+X02. (443
h

Since a is not e-crossing, By \ {a} = @ or B> \ {a} = @. Thus, x,1 = [x41] + € or
Xq2 = |Xxq42] + €. Therefore, the left hand side of (4.43) is integral but its right hand
side is fractional since both x,; and x,» are fractional. This leads to contradiction
and thus the theorem holds. |

Theorem 4.6 For each e-crossing job a we have xq1 + Xq0 < r.

Proof By contradiction. Let a be e-crossing with x,1 + x,0 = r. Let g € By \ {a}
and k € By \ {a}. By Theorem 4.4 and Lemma 4.5 there are columns J; of type
(* k) and /, of type ( ) in d(y, w). By Theorem 4.4, I} is either of type (* X g) or
of type (* k) and I, is either of type (* 8 k) or of type ( i k) Suppose that I or I,

is of type ( ) then g # k. Since a is e-crossing, by Theorem 4.4 this column, say

1, is either of type (*%%) or of type (,;%,). The former is of type (;’ ) and the latter

of type (* E)' Since g # k, a is the onlyjob i with x;1 + x50 = 1. Thus &r(a, k) >0
and &,(g, a) > 0. Therefore we get a contradiction with Lemma 4.2 which implies
that I, is of type (%) and I is of type ( ok ) (observe that we may now have

g = k). Since a is e-crossing, by Theorem 4.4 we have I, of type (*“* k) or of
type (% k), and Iy is of type (O g) or of type (' ) The I, of type (* %) is of
type ( g) and the Iy of type (* . ) is of type ( ) Moreover, if g # k, then a is
the only job i with xj1 +x;0 =7, and ifk =g, ‘then either Xkl + X2 = rorais

the only job i with x,1 + xjp = r. Thus &, (a, k) > 0 and ¢,(g, a) > 0. Therefore,
I, being of type ( ) or I being of type ( k. ) contradicts Lemma 4.2. Thus it

remains to con31der I, of type (* “*g k) and I is of type ( . a*k ) This leads to a
contradiction by Corollarles 4.1 and 4.2 since ¢,(g, a) > and &r (a k) > 0. The last
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two inequalities clearly hold if a is the only job i with x;; + x;2 = r, otherwise
g = k and k is the other job i with x;; 4+ xjo = 7. O

The following corollary follows immediately from the proof of Theorem 4.6
since the assumption x;; 4+ xj» < r for each i € By U B implies &,(g, k) > 0
foreach g € By and k € B».

Corollary 4.3 Ifx;1 + xjo < r foreachi € By U By, then no job is e-crossing.
We are now ready to prove two main results of this section.
Theorem 4.7 No crossing job exists.

Proof By contradiction. Suppose a is a crossing job. Take a crossing job with the
largest x,14+x,42. By Theorem 4.5 a is e-crossing, and by Theorem 4.6 x,1+x42 < r.
By Corollary 4.3 x;1 +x;2 = r for some i € B1U B;. Thus i # a. By Theorem 4.6 i
is not e-crossing. Thus (x;1 = 0 or x;p = 0) which implies ( By = {i} or B, = {i}).
This leads to contradiction since a € B1 N By and a # i. a

Theorem 4.8 For each g € By and k € By, ¢,(g, k) > 0.

Proof Suppose for a contradiction that &,(g, k) = O for some g € By and k € B;.
By Theorem 4.7, g # k. Then r = x| + x;2 for some j € (By U B) \ {g, k}.
By Theorem 4.7, j is not crossing thus {j, g} € By and j ¢ By, or {j,k} € B>
and j ¢ Bj. Suppose the former, the proof for the latter is similar and thus will be
omitted. We have x j, integral. However, by Theorem 4.6 j is not e-crossing. Hence
xj2 =0.Thusr = x;; and By = {;j} which gives a contradiction. O

4.5 Characterization of d(y, w) in s

We give a characterization of d (y, w) that will be used in the remainder of the proof.

Lemma 4.8 For each g € By and k € By , any column I in d(y, w) is either of
type (Ig) or of type (* Z g) or of type (*ig) Moreover, for each g € By andk € B>

there is Iy of type (*Zg) and there is 1, of type (*’i‘g) in d(y, w). Finally, if there
isi € By U By such that xj1 + xjp = r, then either By = {i} or By = {i}.

Proof Let g € By and k € By. By Lemma 4.5 and Theorem 4.4 each column 7 in
d(y, w) is either of type (*;*) or of type (,*,). By Theorem 4.4 I is either of type

*

(**:%) or of type (:g), or of type (*,g,k) or of type (3§). By Theorem 4.8 we have

&r(g, k) > 0 and thus by Lemma 4.2 [ is not of type (:i) This proves the first part
of the lemma. Again, by Lemma 4.5 and Theorem 4.4 there are columns I; of type
(,") and I, of type (*;¥) ind(y, w). By Theorem 4.4 I is either of type (, ; g) or of

*,8,k

type (1§), and I is either of type (*4™) or of type (}'§). By Theorem 4.8 we have

*
&r(g, k) > 0 and thus by Lemma 4.2 neither I nor I is of type (:i) This proves
the second part of the lemma.
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If thereisi € B1U B, such that x;; +x,» = r. By Theorem 4.6 i is not e-crossing
thus xj1 = Oorxjp = 0or By \ {i} = @ or By \ {i} = @. In all the cases, either
By = {i} or B, = {i}. This completes the proof. |

Theorem 4.9 Ifthere is a job j such that xj1xj> > 0, then By = {j} or B, = {j}.

Proof Let xj1xj> > 0 for a job j. Without loss of generality let j be a job with the
largest value of x ;1 + x ;> among jobs with x1x;2 > 0. Suppose for a contradiction
that B1 \ {j} # @ and By \ {j} # @. Thus if j € B; U B», then j is e-crossing. By
Theorem 4.6, xj; +xj2 < r.Take g € By \ {j}and k € B> \ {j}.If j ¢ B1 U By,
then both x;; and x;; are integral. Thus x;; + x> < r. Take g € By and k € B;.
Thus we can pick three jobs g € Bj, k € By, and j such that x;; + x;2 < r and
g # j and k # j. Moreover, by Theorem 4.7 we have g # k. We now show that
&(g,j) > 0and &.(j, k) > 0. To prove the former inequality we observe that by
our choice of job j for any job i € By U B; different from g and j, and such that
X;1 +x;2 = r must be either r = x;1 or r = x;7. Otherwise x;1x;2 > 0, thus i would
have been chosen instead of j. The proof of the latter inequality follows by a similar
argument. Thus by Corollary 4.1 a column of type (*’] f ‘k) does not exist in d (y, w)

or a column of type ( . j”"k’ g) does not exist in d(y, w). Suppose the former holds,

then by Lemma 4.8 a column of type (*’i’k) exists in d(y, w). This column is either

of type (¥ Jk) or of type (*i ;gk) which implies that the column is of type (:é) This

however contradict_s Lemma 4.2. For the latter, we prove in a similar fashion that a
column of type (IIJE) exists in d(y, w) which contradicts Lemma 4.2. Therefore we
get a contradiction which proves the theorem. O

4.5.1 The Overlap

An overlap of By is a column I = (Mj,¢) € d(y, w) that matches at least two
different jobs from B; with machines in G;. Similarly, an overlap of B; is a column
I = (Mj,e) € d(y,w) that matches at least two different jobs from B, with
machines in G».

Lemma 4.9 An overlap of By and an overlap of By do not occur simultaneously.

Proof Suppose for contradiction that both overlaps occur simultaneously. Then
there are different jobs a and g both from By done on G in a column I, ; € d(y, w)
of type (*’Z’g), and different jobs b and k both from B, done on G; in a column
Ipr € d(y, w) of type (*Zk) By Theorem 4.7 there are no crossing jobs thus all
four jobs a, g, b, and k are different. On the other hand for g € By and k € Bj, by

Lemma 4.8, any column / in d(y, w) is either of type (Ig) or of type (, ¢ g) or of

type (**¢) . Thus 1, , must be of type (*“*¢). Fora € Bj and b € By, again by
Lemma 4.8, any column I in d(y, w) is either of type (*?) or of type (, ) or of
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*,b,a

type (*29). Thus I, , must be of type (***:”#). Therefore I, 4 is of type (
We show similarly that I, x is of type (* a.Z X g). This, by Theorem 4.8, contradicts
Lemma 4.3 and proves the lemma. ' i

*,a,i,k,g)'

4.6 Integral Optimal Solution to £p for ) _ jeB, €j = €0r
> jeB,€j =€

In this section we prove that an integral optimal solution for £p exists if € > 0 and
D jep & = €0r )Y ;cp €j = €. We first prove this assuming } ;. & = € in's
throughout this section. The proof for ) £j = € proceeds in a similar fashion
and thus will be omitted.

Consider the following network-flow problem ¥ with variables ¢;, for j and
h € G, andzj, for jand h € G1. Ther, w,and xj, for j € Jand £ = 1,2in F
are constants obtained from the solution s = (y, x, 7, w).

F = max Z Z tin.

JEB]

JEBL heGr
Subject to
thh =lw] heG (4.44)
J
Yobptap—AGH+Irl—xji <Yt jET\B (4.45)
heGy heG
Y bpntaj—AG)+ ] —Txpl < Yt
heGs heG
<Y bpn+aj—AG)+Irl—lxpl jeB (4.46)
heGr
sz =lw] heg (4.47)
J
Yobintap—AG)+Irl—lxpl <Yz jeT (4.48)
heG heG
0<tjn<bj heM jeJ (4.49)

O<zjn<bjn heM jeJ (4.50)



4.6 Integral Optimal Solution to £p for ZjeB] gj =eor ZjeBz gj=¢€ 93

Yo+ Y tin<lwl jed. (4.51)

heGy heGsy

Lemma 4.10 There is a feasible solution to & with value

YD b= Y @i—xp) = (Bl = DAG) —lr)—e. (452

j€EB| heGs JjeI\B1

Proof For s, consider the set Y; of all columns of type ( ** ) in d(y, w) for j €
B>. By Lemma 4.7, I(Y;) = ,3] = |B;] +¢. If there is no overlap of By or
Z/eBz |Bj] > 0, then take an interval ¥ < [ J; jep, Yj such that [(Y) = €, [(Y N
Y;) > ¢; for j € B,. Otherwise, if there is overlap of B> and Z/eBz 1Bl =0,
then take an interval ¥ C (UjeB2 Y;) U Z such that [(Y) = €, (Y NY)) > ¢;

for j € B,. Here the Z is the set of all columns of type (* BZ) in d(y, w). In order
for such Y to exist we show that l((UjeB2 Y;)UZ) > 1. By Lemma 4.9 there is
no overlap of Bj, thus l(UjeBl W;) = Z/GBI (W) = Z/GBI a; where W; is

the set of all columns of type (*/) for j € By in d(y, w). Hence by Lemma 4.6,
IWUjes, W) = X jep Loyl + Z]eBl ej. By definition }°; 5 &; = i1 + € for
some integer i1 > 0. Therefore /(| jeB W;) =i + € for some integer i > 0. Thus
1(d(y, w) \ UJEBI W;) is integral since [(d(y, w)) = w, and positive. However
d(y, w) \ U]eB] ;= (U]eB2 Y;) U Z by Theorem 4.4 and Lemma 4.8. This
proves l((UleB2 Ypuz)=>1, and the required Y exists.

Let Y;;, be the set of columns I € Y such that (j, h) € My, set yj;, = [(Y}).
Informally, y;j, is the amount of j € J done on 2 € M in the interval Y. We define
a truncated solution as follows: z;‘.h = yjn — yjn for h € Gy, and t;‘h = Yjh — Vjh
for h € G>. By Theorem 4.4 each j € Bj is d-tight thus

Svin+ Y vin=€ JjeB (4.53)
hegi heG>
and
Y vin=nj=ej je€B. (4.54)
heGy
We prove that this truncated solution is feasible for ¥ and meets (4.52). m|

We first prove the following lemma.

Lemma 4.11 If ) &; = ¢, then truncated solution meets (4.48). |
JEB

Proof We have the following for the truncated solution:
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Z iy = Z yjin — (€ —nj) j € Ba. (4.55)
heG heGi

By Lemma 4.5 each j € B is c-tight. Thus we get

Yovin= Y bint+ap—AG) —xpl+1rl+e—e; jeB. (456)
heG heG

Therefore by (4.55) and (4.56) we get

Z Tyt (e —m) = Z bjpn+ajp —AG2) — xjpl +r]  j € B,
heGy hegi

and by (4.54)

DZw= Y bintap—AG) - lxpl+lr]  jeB.
heg heg)

which proves (4.48) holds for j € Bj in the truncated solution t* and z*. For j €
J \ Bz, x> is integral thus

D= D bintap—AG) —xpl+lrl+e— Y v jeT\B,

heG heGy hegy

since € — ) g, vjn = 0 for j € I we get
* . . . 7
Yo=Y bintap—AG) - xpl+lr] jeT\B
heg heg)

Thus (4.48) holds for j € J. |

Let t* and z* be a solution of Lemma 4.11. The t* and z* clearly meet
(4.44), (4.47), (4.49), (4.50), (4.51). By Lemma4.11 (4.48) holds. Then (4.45) also
holds for t* and z*. To show that we observe that by feasibility of s = (y, x, r, w)
we have

Z bjn +aji —xj1 —AG) +r = Z(yjh — i) + Z th J€JT\ B

heG, heGr heG

Since for t* we have

0< Y (n—-th)<e jed.
heG

and x 1 is integral for J \ By, the t* satisfies the (4.45).
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To prove (4.46) we observe that by Lemma 4.5 each j € B is a-tight and thus

Y bjintaji—xji—AGD+r =Y (n—ti)+ Yt Jj€B. (457

heGr heGr heGr

By Theorem 4.4 j € Bj is d-tight. Thus by Lemma 4.2 and definition of truncated
solution we have

€= jn—1j. (4.58)

heGr

for j € Bj.
Thus by (4.57) and (4.58)

Y bjntaj—A@G)+ ]~ xjil+e—e—eg;= Y 1 jeEB.
heGy heG

Hence (4.46) is met by the truncated solution t* and z*. Therefore the truncated
solution t* and z* is feasible for .

To prove the lower bound on the value of objective function we observe that
by (4.57) and (4.58)

ijh+aj1—xj1—A(g1)+|_VJ+E—€= Zt;‘h j € By. (4.59)
heGy heG

Summing up (4.59) side by side over all j € By we get by (4.19) for (y, x, r, w)

DD binta) ==~ BIAG) ~lrh =Y D i

JEB] heGy JEB| heGy

where c = ) xjj is integral by definition of B;. Thus

JEI\Bi
DD b+ AG) -l = Y @i —xj) = IBIAG) — r)—e= Y > 1,
JEB1 heG JET\Bi JEB1 heGr
and
S b= Y. (aji—xj)— (B —DIAG) —rD)—e= Y > 1%,
Jj€B1 heG, J€I\B1 Jj€B1 heG,

as required.

Lemmad.12 If}", p ¢; = €, then
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F=3 b+ i~ L)~ IBIAG) — Lr) (4.60)
JEB1 heG, J€B1
and
S tn= 3 bjn+aji—Lxjpl - AG) +Lr] je B @61)
heGr heGr

Proof By (4.59)

D obintaj—AG)+Irl—lxpl—ei=Y 15 Jje€B, (462
heGy heGr

summing up side by side for j € B; and taking ZjeBl £j = € we get

Y Y bt Y @i — L)~ BIAG) —rh —e= Y Y i

JEBL heGr JE€B] JEBL heGr
(4.63)

for the truncated solution t* and z*, which by Lemma 4.10 is feasible for . Let
t and z be an optimal solution for . Since all upper and lower bounds in F are
integral, we may assume both t and z integral by the Integral Circulation Theorem,
see Lawler [17]. Thus by (4.63)

DD b+ Y (@ —lxpD—IBIAGH— D) < Y Y i, (4.64)

jeB1 heGy jEB1 JEBI heG,

and the upper bounds in (4.46) give

Yo bt Y @=Ll —IBIAG)—r) = Y Yt (465

JjE€B) heGy JjE€B jeB heGr

Hence by (4.64) and (4.65) we get

DN b+ Y @ — i) = IBIAG) = lr)) =Y > tin=F.

JEB| heG, J€B) JEBI heGr

which proves (4.60) in the lemma. Finally, in order to reach this optimal value all
upper bounds in (4.46) must be reached, which proves (4.61). O

Theorem 4.10 For > jeB, €j = € an optimal solution to F can be extended to an
integral feasible solution to £p withlp = |r] <.

Proof Let t and z be an optimal solution to ¥ . This solution exists since by
Lemma 4.10 there is a feasible solution to ¥ . Since all upper and lower bounds
in ¥ are integral, we may assume both t and z integral by the Integral Circulation
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Theorem, see Lawler [17]. Thus by Lemma 4.10
DD =D Y b= Y (aji—xj)— (Bl = DAG) — r]).
JE€B1 heG, JE€B1 heG, JET\Bi
(4.66)

For the partial solution ((t, z),r’ = |r], w’ = |w]) we have (4.51) implies (4.17),
(4.49) and (4.50) imply (4.18), (4.44) implies (4.16), and (4.47) implies (4.15). To
prove the last two implications we observe that

ijh —AG2) + |r] < lw] heG

J

and

ijh - AG) +Ir] = w] heG
j

for s. The (4.44) guarantees

lehz lw] hegGo,
J

and (4.47) guarantees

don=Ilw] heg.
J

Therefore (4.16) and (4.15) are satisfied by the partial solution ((t,z),r =
r], w' = [w]).

Let us now extend the solution ((t,z),r" = |r], w = |w]) by setting x;’fz =
lxj2], for j € B and x}‘.‘z = xj for j € J \ By. Since ZjeBz gj =€, (4.20)1s
met by this extension. Clearly (4.22) is also met for £ = 2. By (4.48) we have

D o bintap—lxpl —AG)+ Il )Y zn jeT.

heGy heg

Thus (4.23) is met for the extended solution ((t,z), 7" = |[r], w’ = |w]), and x;.‘z
forjeJg.
We now extend this solution further by setting

Xy = Z bjn+aj1 — AG1) + |r] — Z tin (4.67)

hegz hegz
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for j € By and le = xj1 for j € J \ Bj. To prove that (4.24) is met for the
extended solution ((t,z), 7’ = |r],w’ = [w]), and x;‘z, x;‘l for j € J we need to

show that

D obpntaj—xi—AG)+ ] <)t (4.68)

heGy heGy

for each j € J. By the definition (4.67) this holds for j € B;. For j €  \ By we
have x;; integral and thus (4.68) holds since (4.45) holds. Thus (4.24) is met for the
extended solution ((t,z), 7 = |[r],w = |w]), and x;‘z, x;‘l for j € J. Moreover
aj; > x;?l > 0 for each j € J \ B; and thus (4.22) holds for £ = 1 in this extended
solution. It suffices to prove this for j € Bj.

Then, since [r] > |r] — [xj1], x}’fl > 0 by (4.67) and the right hand side
inequality of (4.46). Moreover, a;j; > [x;1]. Thus by the left hand side inequality
of (4.46)

Y b= AGD+ 1l <Y tin

heGy heGr

and by (4.67)

=Y b= AG)+ ] = Y tin+aji <aji.

heGy heGr

Therefore (4.22) holds for £ = 1 for j € By.For j € 9\ By the (4.22)for{ = 1in
the extended solution ((t, z), 7’ = |r|, w’ = |w]), and x;.‘z, x;‘fl follows from (4.22)
for £ = 1 in the solution (y, X, r, w).

By definition of the extended solution ((t, z), ¥’ = |r]|, w’ = |w]), and x}‘z, x;‘l
for j € J, and since by Theorem 4.7 there are no crossing jobs we have

xjp x5 < I (4.69)

for j € 9\ B1. We now need to show this inequality for j € Bj. For these jobs by the
left hand side inequality of (4.46), and by (4.67) we get x;‘l —rl+lrl—=Tx;11 <0.
Thus x}*l < [x;1] for each job j € Bj. This unfortunately does not guarantee (4.69)
for j € By. However, we either have [x;;] + x;2 < [r] for each j € By, in which
case (4.69) holds for j € By, or [xx1] + xx2 > |r] for some k € Bjy. The latter
implies ) ;p, € = €, which by Lemma 4.12, implies

Yotin=Y bitaji—AG)+1Irl—lxjil jeB
heG heG

in the optimal solution t and z to . Thus by definition (4.67), x;?l = |xj1] for j €
B. Since by Theorem 4.7 there are no crossing jobs the (4.69) is satisfied. Hence it
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remains to prove that if [xx;] 4+ xx2 > [r] for some k € By, then ZjeBl gj = €.
For contradiction assume [xx;] + xx2 > [r] for some k € By and ZjeBl gj > €.
If xj1xjo = O for each j € 7, then xx2 = 0. Thus [xx1] > [r] which implies
» jeB € =€ and gives contradiction. Otherwise, if x;1x;> > 0 for some i € 7,
then by Theorem 4.9 we have B; = {i} or B, = {i}. If B; = {i}, then ZjeBl gj=¢€
which gives contradiction. Hence B, = {i} and xj» = 0 for each j € Bj. Since by
Theorem 4.7 there are no crossing jobs and x;; is integral and positive. Thus x;; > 1,
andi # k. By (4.19) Zj Xj1 = Zj;éi Xj1+xi1 = r. Hence Zj;éi Xj1 < r—1 which
gives xx1 < r — 1. Since x3> = 0, we get xx1 + 1 +xx2 < r. Thus [xx1] +x32 < 7]
which again gives contradiction. This proves that if [xx1 ]+ xx2 > [r] for some k €
By, then ) ; p & = € as required. Hence (4.21) holds for the extended solution
((t,z),r' = |r],w = |w]), and x;’.‘2, x;fl.

Finally we need to prove that (4.19) holds for an extended solution. By (4.67)
and (4.66)

Z x5 <) (4.70)
j

for the extended solution ((t,z, |7, lw])), and x;fz, x;fl for j € J. This solution
satisfies all constraints (4.15)—(4.18) and (4.20)—(4.24) of £p. To complete the proof
it suffices to modify the extension x* i for j € J in order to ensure the equality
in (4.70) to satisfy (4.19), and to keep other constraints (4.15)—(4.18) and (4.20)-
(4.24) of £p satisfied.

Ifo;.‘1 < |r], thentake a j € By with a positive d; = min{[x ;] —x;‘l, lr] —

j
x71 — xj2}. Recall that by Theorem 4.7, x> is integral for each j € Bj. Such j
exists. To prove this existence define X = {j € By : [xj1] = x}kl} andY = {j €
By :x [x;1]}. By definition (4.67) and (4.46) we have B; = X U Y, and since

Zx h<lrl < fo]ﬂ “4.71)

*
=

we have Y # (). Suppose for a contradiction that for each job j € Y we have
lr] = x;'.‘l + xj2. Thus we have

ijl_ Z x]1+Z|'x11'|+Z|_x]1J < |r]. “4.72)
JEJ\B1 jex jey

Since for each job j € Y we have |r] = [x;1] + x2, we obtain

Do oxp+ Y [l HIYIr =) xp < Ll

JEI\B1 jeX jey
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and by (4.71) the set Y is not empty. Since Y x;» < [r] by (4.20) we get
jey

D0 xi+ Y xpl+ Y] <2l
JjeI\B JjeX
and thus |Y| < 1, and since Y is not empty we have |Y| = 1. However
lr] = LZXJIJ = ZLx,u +1) el
JE€B]

where
LY el <IBi|— 1.
JEBy

Thus

lr) = LZX,1J< D oxp4 Y Ll HIBil=1= ) xjp+ Y [xpl+ Y Lxjil

JEI\B1 JEB] JjeT\B) jex jey

since |Y| = 1 which contradicts (4.72) and proves that j € Y with d; = 1 exists.
Setd := min{minj q4;>0{d;}, [r] — ijl} = 1. Then, set x*% 0= x | + 1 for some

j € Y withd; = 1. We have x7% s m1n{|'x]ﬂ 7] —xj2} and ijl < |r] for the

J
new extended solution, which ensures that all constraints (4.15)—(4.18) and (4.20)—
(4.24) of £p are met in the new extended solution. Since d = 1 the Zx;‘l gets

J
closer to but does not exceed |r]. Therefore by (4.71) we finally reach an extended
solution t, z, and x;'.‘z, x;'.‘l for j € J that meets all (4.15)—(4.24) of £p. The solution
is integral with w’ = |w], and ' = |r] which proves the lemma. |

4.7 The Projection

Consider the following system S that defines the set of feasible solutions to the
L P-relaxation of 7.LP,

D b= (AG) —1) <Yy <w h € G (4.73)
j j
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Y b= (AG) -1 <Y yin<w h € G
J J

Zyjhfw jed
h
0<yjn<bjy heM jeyg
J
J

Xj1+xpp<r jeg

0<xj=<aje jeyg £=1,2

Y bjn—yjn) +ap—xp < AG) —r jeg
hegi
> bjn =y +ajy—xj < AG) -7 jed.
heGr

101

4.74)

(4.75)

(4.76)

4.77)

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

Now consider the system S, obtained from S by dropping (4.77) and (4.78) and
adding the constraints (4.91), (4.92), and (4.93). We use oj; = Zhegz bjn—yin)+
aj1—A(G1) andajp = Zhegl bjn—yjn)+ajr—A(Gr) for j € J for convenience.

ijh—(A(Qz)—r)SZythw h e G
J J
D b= (AG) =) <Yy < w h€Ga
J J

ZY,’hSw jed
h

0<yjn<bjp heM jeJg
Xj1+xp2=<r jeg

0<xj=<aje jeg £=1,2

(4.83)

(4.84)

(4.85)

(4.86)
(4.87)

(4.88)
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D i —yin) +ap—xjp < AGo) —r jeg
hegG
D bjn—yjn) +aj—xji < AG) —r jeg
heGa

Zajl—l—(n—l)rgo

J

Zajz—l—(n—l)rfo

J
0 <r < min{A(G1), A(G2)}.

Finally consider the following projection on y,w, r.

(4.89)

(4.90)

4.91)

(4.92)

(4.93)

Lemma 4.13 Let P be the polyhedron that consists of feasible solutions to S;. Then
the projection of P on y,w, r, denoted by Q, is the set of solutions to the following

system of inequalities Q:

Y bip—(AG)-r <Y yn<w heG
J J
Yobip—(AG)-r <Y yp<w heG
J J

ZY,’hSw JjegJ
h

0<yjn <bjy heM jeyg

Db —yin)+aj—AG) <0 jeg

heG

Z (bjn —yjn) +ajp—AG2) <0 jeg
hegi

Y b=y +r—AG) <0 jedg
heG,

D G-y +r—AG) <0 jedg
heG

(4.94)

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)
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D i =y +ajitap—AG) - AG)+r<0 jeg (4.102)

h
daji+m—1Dr=<0 (4.103)
j
dap+m—1hr=<0 (4.104)
j
0 < r = min{A(G1), A(G2)}. (4.105)

Proof The lemma follows by the Fourier-Motzkin elimination, see Schrijver [18],
of variables x j, from the system S,. O

We summarize the results of this section in the following theorem and lemma.

Theorem 4.11 Let (y, r, w) be feasible for Q. There exists X such that the solution
(y, X, w, r) is feasible for S.

Proof Lets = (y, r, w) be a feasible solution for Q. By Lemma 4.13 there exist
X = (xj¢), where j € J and £ = 1,2, such that s = (y, x, w, r) is feasible
for S,. Let X be the set of all such x. Take x € X with minimum distance d =
|r — Zj xjil+1r — Zj xj2|. We show that d = 0 for x. Suppose that r < Zj Xj1
orr < Zj xj2. Letr < Zj x;j1. If there is k such that a1 + r < x1, then set
Xg1 = Xxx1 — A where A = min{xy; — (ax +7), Zj xj1 —r}. The new solution is in
X and reduces d which gives a contradiction. Thus we have «j; +r = x; for each
Jj- Therefore ) jojitnr = > ;Xj1 < r by the constraint (4.103) which contradicts
this case assumption. The proof for r < ) jXj2 is similar. Therefore we have r >
> jxjrandr > 37 x> for the x. Suppose that r > } . xjj orr > } . xj. If
there is k such that x;; + xx2 < r and (xx] < axq or xx2 < ay2), then set xx1 + A,
where A = min{r — (xx; + xx2), ax1 — X1, d} provided xx; < ag;. Otherwise, if
Xk1 = ag1 and xxp < agp, set xg2 + A, where A = min{r — (xx1 +xx2), a2 — xx2, d}.
The new solution is in X but has smaller d which gives a contradiction. Thus we
have x;1 +xj2 =r or (x;1 = aj; and xj, = ajz) for each j. We have at least one j
with x;1 +xj2 = r. Otherwise, r > min{A(G1), A(G>)} which contradicts (4.105).
On the other hand, we can have at most one j with x;; + xj2 = r. Otherwise
Zj(le + xj2) > 2r and since r > ijjl and r > ijjz for the x we get
r=7>;xjandr =} x;> which contradicts the assumption. Therefore there is
exactly one j such that x;; +xj2 = r,and xx; = ax1, and x;2 = ago fork € J\{j}.
Hence A(G1)—aji+xj1 <ror A(Ga)—ajr+xj2 < r.Since A(G1)—aji+xj1 <r
and A(G2) —ajp+xj2 < r,wehave A(G1) +A(G2) —ajp+xjp—aj+xj1 <2r.
Hence A(G1) + A(G2) —ajp —aji1 < rsince xj1 + xj2 = r. However by (4.102)
and (4.97) we have aj1 +aj> +r < A(G1) + A(G2) which gives a contradiction.
Thus we have d = 0 and the solution is feasible for S. m|

We have the following lemma.
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Lemma 4.14 If (y, X, r, w) is feasible for S, then (y, r, w) is feasible for Q.

Proof 1If (y, x,r, w) is feasible for S, then it is also feasible for S,. Observe
that (4.77), (4.78), and (4.80) in S imply (4.93) in S,, the (4.77) and (4.82) in S
imply (4.91) in S,, and the (4.78) and (4.81) in S imply (4.92) in S,. Finally, by
Lemma 4.13 the (y, r, w) is feasible for Q. |

The system Q is a network-flow model with lower and upper bounds on the arcs
for fixed w and r.

4.8 Integral Optimal Solution to £p for }_; p €; > €,
i=1,2

Consider s with Z/GB,- gj > e fori =1, 2. By Lemma 4.9 overlap of By and of B;
do not occur simultaneously. Without loss of generality let us assume no overlap of
B>.

Consider the set Y; of all columns of type ( **j) in d(y, w) for j € Bj. By
Lemma 4.7, [(Y;) = Bj = |B;] + ¢;. Take an interval Y C (J;cp, ¥; such that
I(Y) = €. Such Y exists since there is no overlap of B, and Zjegz gj >e.LetYj,
be the set of columns / € Y such that (j, h) € M, set yj, := [(Y};). Informally,
Yjn is the amount of j € J done on h € M in the interval Y. We define a truncated
solution as follows zjh = yjn — yjn for h € Gy, and t;‘h == Yyjn —yjnforh € G,
and |r], lw]. Thus

ZVthLZthSE jed.

/’LEQ] /’legz

Theorem 4.12 For )
Lp withlp = |r] <.

jep; €j > € i = 1,2, there is a feasible integral solution to

Proof We begin by proving that the truncated solution (y* = (z*, t*), |r], lw]) is
feasible for Q.
The constraints (4.98) and (4.99): For s we have

ijthajz—A(Qz)—l-r—ijS Z)’jh jeg

heG heg

ijh+ajl—A(gl)+r_le < Z)’jh ECNE

hegz hGQz

If r —xj1 > €andr —xjp > e foreach j € 7, then Zhegl yin— @ —xj) <

Do Tip and D peg, Vin — (r = Xj1) = D g, 1, for each j. Hence (4.98) and
(4.99) hold for the truncated solution. Otherwise, if r — x;; < € orr — x5 < € for
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JEB;
some j € 7, then [r] < x;y or [r] < x> for some j. This implies } ;5 &; = €

or ) cp, €j = € which contradicts the theorem’s assumption.
The constraints (4.100) and (4.101): For s we have

Z bin+r—AG1) +aj; —xj1 < Z yin Jj€Y,
heGy heGr

and

Y obpptr—AG)+ap-xp< Y v jed.
heG heGi

By constraint (4.22) and definition of the truncated solution

Db+l —AGI <) yn—e< Y 15 Jjed,

heGs heGr heGr

and

Dbin+lrl—AG <Y yn—e< Yy jed.

heGi heGi heG

Hence (4.100) and (4.101) hold.
The constraints (4.102): For s by (4.23) and (4.24) we have

Z (bjn—yjn) +ajp—xj2 < AG2) —r
heg

and

Z bjn—yjn) +aj1 —xj1 <AG) —r,
heG)

by summing up the two side by side we get

Z(bjh —yjn) +aji +ajp—xj1 —xjp < AG1) + AG2) —2r
I

or

ijh +aji+ajp—AG) —AG) + ] < Z)’jh —7r+xj1 +xj2—€.
A A

: * *
Since Yy yjn — € = Y peg, Sin T 2neg, Ljn- We have
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Zth —r+xj1+xj3—€= Z z;‘-h + Z t;‘h —r+xj1+xj2.
h hegG heg,

But —r + xj1 + xj2 < 0 by the constraint (4.21) and thus we get

Yobptaj+ap—AG)—AG)+ Il <Y T+ Dt
h

hegl hegz

which proves that (4.102) holds for y* = (z*, t*).
The constraints (4.94)—(4.95): For s by (4.15), and (4.16) we have

Y obin—AG)+Irl <Y yjn—e < |w] he g,
J J

and

D b= AG)+ 1] <Y yjn—e < w] heG.

J J
For the truncated solution we have Zj Yih = 2 z;‘.h + Zj yjn for h € G,
and ) jYin =2 t;kh +> ;vjn for h € Gs. Because of the machine saturation

Zj vjn = € forh € G1 U G». Thus

D bin—AG)+1rl <) 2%, < Lw] h€Gi,
J J

D b= AG) +1r] < 15 < Lw) h € G,
J J

and (4.94) and (4.95) are satisfied by the truncated solution. By the machine
saturation we have Zj 7%, = |w] for h € Gy, and Zj t* = |w] forh € G».

The constraint (4.96): For s by (4.17) we have [(X;) < I(d(y, w)) = w where
X is the set of all columns in d(y, w) that match j € J. Since [(Y) = €, we get
I(Zj) <1(d(y,w)\Y) = |w] where Z; is the set of all columns in d(y, w) \ Y that
match j € J. Wehave [(X;) =I((X; NY)UX;\Y) =I(X;NY)+I(X;\Y) =
I(X;NY)+I(Z;).Hence [(Z;) = (X ;)—I(X;NY) = Zh yjh—Zh Vih = Zh y;h.
Thus ), y;‘h < |w] and (4.96) is satisfied by the truncated solution.

Finally, the constraints (4.103) and (4.104). First we observe that |G| <n — 1
and |G2| < n — 1. Otherwise |G1| > n — 1 or |G2] > n — 1 and since by the
saturation |G| + |G2| < n we would have |G| = 0 or |G>| = 0 which contradicts
the assumption of non-empty groups. Second, by summing up (4.23) side by side
for s over all jobs and doing the same for (4.24) we get
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DY b —IGalw+ 1 =mAGH + (n—Dr <0

heGy j

and

D0 bin—I1Gilw+ (1 —mAG2) + (n — Dr <0,

heGy j

respectively. Since |G1| <n — 1 and |G2| <n — 1, we get

DY b —IGallwl + (1 —mAG) + (n—1Ir] <0

heGy j

and

DN b= 161wl + (1 —n)AG2) + (n — DIr] <0.

heGy j

By the machine saturation we have |G>||lw] = Zhegz j t;‘fh and |G1||lw] =
> heGy 2-j zjh which proves that (4.103) and (4.104) are satisfied by the truncated
solution.

Therefore the truncated solution (y* = (z*, t*), |r], lw]) is feasible for Q, and
by Theorem 4.11 there exists x* such that (y* = (z*, t*), x*, [r], lw]) is feasible
for S. Moreover [r*] < |r],and |w] — |r] = [w* — r*] since s = (y, X, r, w) is
feasible for £p. Thus the solution (y* = (z*, t*), x*, [r], Llw]) is feasible for £p and
Ip = |r]. For a feasible solution to Q with integral |w] and |r] all lower and upper
bounds in the network Q are integral thus we can find in polynomial time an integral
y*. Finally for given integral and fixed |r], |lw], and y* the S becomes a network-
flow model with integral lower and upper bounds on the flows. Thus we can find
in polynomial time an integral x* such that the integer solution (y*, x*, |r |, lw]) is
feasible for /p and Ip = |r]. O

Figure 4.5 gives an integral solution to 7 £L# for the instance in Fig.4.4. The
solution has part (b) of size || = 1 that consists of job J; on G» and job Je on G;.
This part (b) is shorter than the part (b) in s which is of size r = %, see Fig. 4.4, and
thus s cannot be an optimal solution to £p.

4.9 The Proof of the Conjecture

We are now ready to prove Theorem 4.3 which proves the conjecture.

Proof For contradiction suppose the optimal value for ¢p is fractional, I[p = r =
7] + €, where € > 0. By Theorem 4.10 there is a feasible integral solution to £p
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(a) (d) (c) (b)

M, J3 Js Jy

M, Jy Jy Jo

My | g | g J, I Ji s

M, g Js

M; Js Jy | J5 Jr Js
Jo J3 Js Js Mg
MR M;

Js Jy Js Jo J3 Ji My
Jo J7 Jr M,y
% Jio Mo
0 1 2 3 4 5 6 7 8

Fig. 4.5 An integral solution (y*, x*, |r] = 1, lw] = 3) for S in Fig. 4.4

with Ip = || for }_;.p &j = € or }_;.p €j = €. By Theorem 4.12 there is a
feasible integral solution to £p withlp = |r|for ) ;cp e > €and )} ;cp & > €.
Thus there is a feasible integral solution for £p with |r] < r. Hence there is a
feasible solution to ¢p which is smaller than optimal » which gives contradiction
and proves the first part of the theorem. Thus optimal s has both  and w integer.
The s is feasible for S and thus it is feasible for Q by Lemma 4.14. For a feasible
solution to Q with integral w and r all lower and upper bounds in the network Q are
integral thus we can find in polynomial time an integral y. Finally for given integral
and fixed r, w and y the S becomes a network with integral lower and upper bounds
on the flows. Thus we can find in polynomial time an integral x such that the integer
solution (y, x, r, w) is feasible for /p and Ip = r. m]

The question remains whether there is a simpler, perhaps more direct (not using
L P- relaxations), approach that would result in the polynomial-time algorithm
for two groups, also another natural question remains whether there is a shorter
proof of the conjecture. These two remain challenging questions worthy further
investigation.

4.10 Complexity of Open Shop Scheduling with Preemptions
Allowed at Any Points

The idea of using a linear program to find a schedule that minimizes makespan for
open shop with multiprocessor operations has been introduced in Sect. 4.3 for two
groups, p = 2. This idea has been extended in Ittig [14] to any fixed p > 2. The
extension is presented in this section. We begin with p = 3. Then any schedule S
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Table 4.1 Possible intervals types in schedule S; 0 and 1 in column Gy, £ = 1, 2,3 denote
individual and group operations on machines in Gy, respectively

Interval type | Types of operations on machines in Interval length

Gi G2 G3

1 1 1 0 ay
2 0 0 1 ap
3 1 0 1 by
4 0 1 0 by
5 0 1 1 c1
6 1 0 0 ()
7 1 1 1 r

8 0 0 0 w

partitions the interval [0, Cpax] into 27 = 8§ disjoint interval types, some may be
empty, listed in Table 4.1.

The interval of type (1) has group operations on both G| and G, thus 1 in the
columns G| and G», and individual operations or idle time on Gz, thus O in the
column Gz. The length of the interval of type (1) is denoted by a;. Similarly the
interval of type (2) has individual operations or idle time on both G| and G», thus
0 in the columns G| and G», and group operations on G3, thus 1 in the column
G3. The length of the interval of type (2) is ap. The other interval types should be
clear from the table by now. Some of those interval types may be empty in S, then
their lengths equal 0. The interval types can be permuted in any possible way still
giving the schedule with the same makespan as S. In order to find the schedule that
minimizes makespan we define variables as in Fig. 4.6, where the variables xj. ¢, and
y;h, forJ; € J,£ =1,2,3 and M}, € M, are introduced for pair 2i — 1 and 2i of
the interval types, i = 1, 2, 3. The two interval types in each pair complement one
another; they partition the three groups into two disjoint sets. The variable 0 < x§. ‘

denotes the amount of job J; group operation 0] j¢ processed on Gy in the intervals
of types (2i — 1) and (2i), i = 1, 2, 3, and the variable 0 < y; ;, denotes the amount
of job J; individual operation O jj, processed on M}, in the intervals of types (2i —1)
and (2i), i =1, 2, 3. The remaining amount 0 < a; — (x}e + xJz.Z + x?[) of job J;
group operation 0) j¢ is left for the interval of type (7), and the remaining amount
0 <bj,— (y}h + y}h + y;h) of job J; individual operation O, is left for the
interval of type (8). The remaining non-negative variables a1, a», b1, b2, c1, c2, 1,
and w denote the lengths of the intervals (1) — (8), respectively.

The constraints for each interval need to ensure that each job is processed in
the interval for not longer than the length of the interval, and each machine is
occupied for not longer than the length of the interval. Thus the constraints ensure
that a feasible schedule can be obtained for each interval using the algorithms for
O |pmtn|Cax discussed earlier in Sect. 3.7.1. For the interval type (1) of length a;
we thus have the following constraints:
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1 2 3 4 5 6 7 8
Gi| Y 2 Yin Y 2 e (@ ad b — (Wl + i + v
Go xjy Yin Yo x5 E Yin j2 = (@ + 25 + 2 fbjn (Wi + Y + Y
Gol | o | @ | | on | b e @it G+ uh 0
ap as b by @] Cy T

Fig. 4.6 The variables and interval types used in the linear program to minimize makespan

1 1 1 .
xj1+xj2+2yjh§al jegJ
heGs

for the jobs, and the following:

ijl =

1
Zxﬂ:‘”
j

Zyjl-hfal h € G3
J

for the machines. The constraints for the interval types (2)—(6) can be readily
obtained in a similar fashion. The reader is encouraged to write them down, see
Problem 4.2. For the interval type (7) we have

3 3

(aj1+aj2+aj3)—ZZx;[§r jeg

i=14¢=1

for the jobs, and

Zaﬂ—zzxﬂ= £=1,2,3

i=1 j
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for the groups. Finally, for the interval type (8) we have

3
b= Y wsw  jeJ
h i=1 h
for the jobs, and

heM

A
g

3
2 bin=2 ) =
j i=1

for the machines. The makespan equals a; +as + b1 + by +c¢1 4¢3 +r +w. However
we have the following equalities:

AG) =ar+b+cr+r,
AGr)=ar+by+c1+r,
AG3)=ar+by+c1+r,

which can be used to reduce the number of variables in the linear program. By
eliminating the variables a;, by, and ¢, we obtain the following objective for the
linear program:

min(w —2r — a) — b] — C]).

Following the idea of interval types, linear programs can be obtained in polynomial
time for any fixed number p of groups. All entries in the constraint matrix of those
linear programs are 0, +1, or —1, thus the linear programs can be solved by a
strongly polynomial algorithm. This proves that the makespan minimization for
open shop scheduling problem with multiprocessor operations is polynomial for any
fixed number of groups p. Observe that the number of interval types equals 27, and
thus it is exponential when p is part of the input. Therefore problem complexity
remains an open question for the case when p is part of the problem input. A
polynomial-time algorithm, if any exists, that would produce optimal schedules
needs to somehow limit the number of possible interval types so that the number
can be bounded by a polynomial of the input size. The question whether such a
bound exists remains open.

Problem 4.1 Is the problem of makespan minimization for preemptive scheduling
of open shop with multiprocessor operations polynomial?
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4.11 Integer Preemptions: Approximations

The solutions minimizing makespan for the open shop scheduling problem with
multiprocessor operations and preemptions allowed at any points can be rounded
in polynomial time to obtain optimal solutions with preemptions allowed at integer
points only for p = 2. We presented this approach in Sects. 4.3—4.9 where we also
proved that the minimum makespan for the latter problem equals [Cpax ], Where
Chax 1s the minimum makespan of the former. Though it may be tempting to think
that the approach based on rounding in polynomial results in optimal solutions for
other values of p > 3, this is unfortunately not the case. We showed in Sect. 4.2
that such rounding in polynomial time is impossible unless NP = P. However,
the optimal solutions to the linear program for the problem with preemptions at
any points can be rounded to provide approximate solutions to the problem with
integral preemptions only for any fixed p. Ittig [14] has shown a polynomial-time
rounding algorithm A that gives solutions within a constant absolute error for any
fixed number of groups p.

Theorem 4.13 Let C be the makespan of the optimal solution with preemptions at
any points, and let C* be the makespan of the solution with preemptions at integer
points only obtained by the rounding algorithm A. We have

cr—c<2p-2F ' =1)+3.

Despite this constant absolute error obtained for the rounding algorithm we have the
following implication of Theorem 4.1.

Theorem 4.14 If P # NP, then no polynomial-time algorithm for University
timetabling for p > 3 exists with the worst case ratio less than %.

Proof Consider the set 7 of instances of University timetabling defined in the proof
of Theorem 4.1. The problem IT defined by 7 and the question whether / € I has
a schedule with makespan not exceeding 3 or not is N P-complete which follows
immediately from the proof of Theorem 4.1. Suppose for contradiction that there
is a polynomial-time algorithm B such that CB, /C. < 4/3 for any instance of
University timetabling. Thus, in particular, CZ  /C* < 4/3 for any instance of
I1. The algorithm B can be used to solve IT as follows. If C/}, < 3 for instance
I, then the answer for [ is affirmative. Otherwise, if Cflax > 3 for I, then, since
all processing times in / are integer, we have CB, > 4 and integer. Thus, since
Ck. > 3CB /4 we get C,, > 3 and the answer for I is negative. Since C2_,
can be computed in polynomial time for each / € 7, we have I1 in P. This implies

P = NP since Il is N P-complete and gives contradiction. O

These results indicate that the rounding algorithm A may give the ratios g—i,
where C* is the makespan of optimal schedule with preemptions at integer points
only, close to 1 for the instances with large instance degree A < C* and fixed p.
However the worst case ratios are not smaller than %‘ for the instances with short
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schedules, thus small instance degree A, and arbitrary p. The inapproximability in
Theorem 4.14 holds for open shops with 0-1 operations and no preemptions.

At the beginning of this chapter, we showed that the worst case ratio equals 2 for a
simple decomposition algorithm. Asration and de Werra [1] give a polynomial-time
algorithm with the worst case ratio %; however, their algorithm requires additional
assumptions about the A’s. Both approximations are for preemptive schedules with
preemptions at integer points.

4.12 Other Models of Multiprocessor Operations

Brucker and Krimer [5] and Brucker [4] consider a different model of open shop
with multiprocessor operations. Their model assumes the same subset of machines
M, for each operation O; ; regardless of the job J;. The sets My, h = 1,...,m
may not be disjoint in which case they are called incompatible; disjoint sets are
called compatible. They consider open shops with fixed m, which is called the
number of stages. The stages form a compatibility graph with vertices corresponding
to the stages and edges between the stages that are compatible. For unit-time
operations they show that the open shop scheduling is polynomial for a number
of objective functions including makespan, total weighted completion time, and
weighted number of tardy jobs, see Brucker [4] for a complete list of results. The
makespan minimization for three stages, m = 3, and arbitrary processing times
reduces to either O2||Cpax or to O3||Cmax depending of the compatibility graph,
see Brucker and Kramer [5].

Problems

4.1 Show that the open shop scheduling with multiprocessor operations is NP-hard
in the strong sense for p = 3.

4.2 Write down complete linear program for p = 3, and for p = 4.
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