Chapter 2 ®
Makespan Minimization for Qs
Two-Machine Open Shops

2.1 Introduction

The two-machine open shop makespan minimization problem, O2||Cpax, is one of
the most gracious scheduling problems. It has been studied in the seminal papers on
open shop scheduling by Gonzalez and Sahni [11] and Pinedo and Schrage [16].
Detailed presentations of linear-time algorithms for the problem given in these two
papers can be found in books by Pinedo [17], Btazewicz et al. [2], and Brucker
[4], and in a book chapter by Gonzalez [10].

The two main observations that follow from those algorithms are that the
problems O2||Cpax and O2|pmtn|Cpax have the same value of minimum makespan
for any instance and that the value equals

Cmax = max{L, P}. 2.1)

That is, the minimum makespan equals either maximum machine workload or the
length of the longest job, whichever is greater. This holds regardless of preemptions
being allowed or not. de Werra [6] further observes that the general n-job two-
machine open shop problem reduces to just 3-job problem in linear time. This leads
to another linear-time algorithm for the problem. The algorithm will be presented in
Sect. 2.2. Those features make the two-machine open shop makespan minimization
problem quite unique in scheduling theory.

The importance of the problem has recently been further underlined by the
operation of non-adjacent vertex cloning by which some real-life networks may
evolve, in particular non-adjacent vertex cloning in wireless networks; see Chap. 6.
Through such cloning a pre-existing vertex of degree 2 is cloned, and the clone
becomes adjacent to both neighbors of the pre-existing vertex. The non-adjacent
vertex cloning is shown in Fig. 2.1 where vertex v in Fig. 2.1a is cloned in vertices
v1, V2, V3, V4, and vs in Fig. 2.1b.
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Fig. 2.1 (a) vertex v with deg(v) = 2; (b) clones vy, v2, v3, v4, and vs

The clones in Fig. 2.1b make up the following two-machine open shop with n =
6 jobs
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It is to be expected that some of those desirable features of O2||Cpax problem
disappear when we extend it to include additional characteristics of operations.
The main challenge of the extension is to add the characteristics so that they stay
relevant enough for the open shop scheduling yet they preserve some key features
of 02||Cpnax at the same time. Section 2.3 presents an extension of the problem
02||Cmax- The extension requires operations to be allocated a certain number
of units of an additional renewable resource, besides a machine, in order to be
processed. All the units are released once the operation is completed in order to
be used by other operations. This generalized problem can be solved in O (rn) time,
which is shown in Sect.2.5. The main observation is that the generalization has
the same value of minimum makespan regardless of whether preemptions are being
allowed or not. This preserves a key feature of the optimal solutions to O2||Cpax.
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2.2 A Linear-Time Algorithm for Two-Machine Open Shop

In this section we show that the problem with n jobs reduces to the problem with
three jobs; de Werra [6]. The three jobs represent a partition of the set J of n jobs
into three disjoint subsets. Thus once the optimal schedule for the three jobs has
been found, the partition can be used to find the optimal schedule for the original
n-job instance. We now present the details of this algorithm. Take any order of jobs
1,...,n,let

a—max{L1—ijl,Lz—Zp;z,max{P =Ppj1+ P2} (2.2)
j=1 j=1

Determine the smallest i such that

i
Z(Pj,l +pj2) = (23)
j=1

Since ¢ < Z?zl(pj,l—i—pj,z), such ani exists. Denoteitby i*. Let A = {1, ...,i*—
1}, B ={i*+1,...,n},and C = {i*}. Deﬁne three jobs: A with processing
time ps = Z']*Z_]l pjpand paor = Z] | Pj2 on M; and M, respectively,
B with processing time pg.1 = 3 _;s 4y pjiand pap =37y pj2on M and
My, respectively, and C with processing times pc,1 = pix1 and pc2 = pi*2
on M1 and M;, respectively. We use the same notation for the sets as for their
corresponding jobs, but this should not cause any confusion. We show that a
schedule that minimizes makespan for the three jobs can be easily converted into
a schedule that minimizes makespan for the original n-job instance. We first show
that

a =max{pa 1+ pp1+ pc1, a2+ pe2+ pc2 Pc1+ pe2l. (2.4)

We observe that L1 = pa.1+pp1+pc.i.and Lo = pa2+ pp2+ pc2. Thus (2.4)
holds, for max{L, L2} > max;{P;}. Suppose that max{Ly, L2} < Pjx = «
for some j*. If j* = i*, then (2.4) holds. Otherwise, j* > i*, which leads to
contradiction because by (2.3) it implies

i*

20 < Z(Pj,l + pj2)+ (pjx1+ pjx2) < L1+ Ly < 2a.
i=1

Thus i* = j* and (2.4) holds. Let us now find an optimal schedule for the jobs A,
B, and C. For max{L1, L2} < pc,1 + pc,2 = «, the schedule in Fig. 2.2 is optimal.

Now assume that « = max{L1, Ly} > pc.1 + pc,2. For L1 > Lj, one of the
schedules in Figs.2.3, 2.4, and 2.5 is optimal if the following condition is met:
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M, C B
M, A C
«
Fig. 2.2 An optimal schedule for max{L1, L2} < pc.1+ pco =«
M, A B C
M, B A
0 «

Fig. 2.3 An optimal schedule for p41 > pp2 and pc,1 < pa,2. The job C can be scheduled

anywhere in the shaded interval on M3

M, B | c
M, C | | B
0 «

Fig. 2.4 An optimal schedule for pp 1 > pc2 and pa1 < pp.. The job A can be scheduled
anywhere in the shaded interval on M>

M, C A B

M, A C
0 «

Fig. 2.5 An optimal schedule for pc;1 > pa2 and pp;1 < pc,2. The job B can be scheduled

anywhere in the shaded interval on M>

(pa1 = pprand pc1 < pap)or(pp1 = pcpand pa1 < ppp)or(pc,1 = paz2
and pp,1 < pc.2). If this condition is not met, i.e., the following condition is met:
(pa,1 < ppaorpc,1 > pap)and (pp,1 < pc,20r pa,1 > pp2)and (pc,1 < pa
or pg,1 > pc,2), then (pa;1 < ppoand pc;1 < pa and pp1 < pc,2), which
contradicts the assumption L1 > Ly, or (pc,1 > pazand pp1 > pc2and pa >
pB.2) in which case the optimal schedule is shown in Fig. 2.6. For L, > L, optimal
schedules are obtained by the symmetry between M| and M5.
To illustrate the algorithm run, let us consider the instance Q@ below:
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M, A B C

My B c A|
0 o

Fig. 2.6 An optimal schedule for pc; > paz and pp; > pc2 and pa; > pp2

M A B c
M, B c | A
0 6 10 16 20
M, Ji Jy Ji | Js | Js | J
M, I J; Js Js | J | Js
0 6 10 16 20

Fig. 2.7 An optimal schedule for the instance Q. The schedule is obtained from the partition into
jobs A, B,and C
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We have o = 20 for Q. For the order Jy, ..., Jg of jobs, we have A = {J1, J»},
B = {J4, Js, Jo}, and C = {J3}. The processing times of jobs A, B, and C are
equal: pa1 =6, pa2 =10, pp1 =10, pp2 =6, and pc,1 = pc,2 = 4. Thus the
schedule in Fig. 2.3 is optimal for the three jobs A, B, and C; see Fig.2.7. Observe
that a reduction to two jobs is also possible for this instance. Take D = {J, Js, Jo}
and E = {J», J3, J4} for which the processing times are equal: pp 1 = 11, pp2 =
9, pe,1 =9, and pg > = 11. The optimal schedule is shown in Fig. 2.8.

A natural question arises whether the number of jobs in the reduction can always
be reduced to two. The answer unfortunately is negative since there may be instances
of n jobs such that Y _"_, (pi1 + pi2) = 2 and such that for any subset A of the jobs
either ) ;4 (pi.1+pi2) <aor) ;,c4(pi1+pi2) > a. Thus either ZiGJ\A(p,-J +
pi2) > aor ZieA (pi1 + pi2) > o for any subset A of J. Therefore either the
job J \ A or job A would be too long to guarantee makespan o for the two-job
instance. However « is an optimal makespan for J. This proves that the reduction
to a two-job instance is not always possible. The problem to decide whether there is
a reduction to a two-job instance or not is shown NP-complete by Gribkovskaia et
al. [13]. Soper [20] uses similar ideas in yet another linear-time algorithm for the
02||Cnax.
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M, D
M, E D
0 11 20
M, 7 | 7 | Js Jy Jy | I
My 7 | Ty | 7 I | I, | T
0 11 20

Fig. 2.8 An optimal schedule for the instance Q. The schedule is obtained from the partition into
jobs D and E

Van den Akker et al. [24], see also Shakhlevich and Strusevich [19], consider
the two-machine open shop problem with bounds C; and C on the completion time
of machine M| and M, respectively. They show necessary and sufficient conditions
for a feasible schedule that meets the bounds to exist. The conditions can be checked
in linear time, and a feasible schedule, if any, can be computed in linear time.

2.3 Open Shop with Additional Renewable Resources

We now define the two-machine open shop scheduling problems with additional
renewable resources we alluded to in the introduction. There are two machines
M and M; and I renewable resource types Ry, ..., R;; 0 < s, units of resource
type R, are available at any time. The number s, is called resource capacity of
resource type R,. Operation O;j needs machine Mj and r,(O; ;) < s¢ units of
resource type R, at any time during its execution. The number r,(O; ;) is called
resource requirement of operation O; 5. In a feasible schedule each job is processed
by at most one machine at a time, each machine processes at most one operation
at a time, and the total number of resource requirements of operations processed
simultaneously does not exceed resource capacity for any resource type at any time.
Btazewicz et al. [3] propose a three-dot notation, res. .., to extend the notation
of Graham et al. [12] to include scheduling problems with additional renewable
resources. The first dot represents an arbitrary number of resource types, the second
dot arbitrary resource capacities, and the third dot arbitrary resource requirements.
The arbitrary here means that those numbers are part of the problem input. By
replacing any of the dots by a positive integer, we make the corresponding part
of the input constant for all instances. For example, the notation resl.. denotes
all instances with a single additional resource type, and the other two dots mean
that the capacity of that additional resource type is a part of the input and so are
the resource requirements of operations. In Sect. 2.4 we consider the two-machine
problem O2|res ..., pmtn|Cpax With preemptions where the number of additional
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resources, their capacities, and operation’s resource requirements are all part of the
input. Section 2.5 considers the problem O2|res]..|Cpax With a single resource type.

The resource requirements of each operation O are represented by a vector
[r1(0),...,r(0)], where 0 < r¢(O) < sy for £ = 1,...,1, and the resource
capacities of resource types Ry, ..., R; by a vector [sy, ..., s;]. Though we will use
the vector representation of resource requirements and capacities to express resource
constraints in the following sections, it is worth mentioning that other equivalent
representations, e.g., conflict graphs or agreement graphs, are possible for two-
machine open shops in particular to express those constraints. Namely, the resource
requirement vectors define an operation conflict graph G = (V, E) for two-machine
open shops with additional resources where V is the set of all operations, and
(Oin, Ojx) € Eifandonly ifi = j or there is £ such thatr¢(O; ) +7¢(Oj k) > s¢.
On the other hand, for an operation conflict graph G = (V, E) for operations in V
there are | V| resource types each with capacity 1. The resource type R, corresponds
to the vertex v of G. The vertex v has a 0—1 vector of resource requirements where
the resource requirements are set to 1 for the resource types corresponding to the
vertices in N (v) U {v}, where N (v) is the neighborhood of v, and they are set to 0
for the resources corresponding to the vertices in V \ (N (v) U {v}). Thus operations
u and v can be processed simultaneously if and only if they are not neighbors (they
are not adjacent) in G. If they were, u would request one unit of resource R, and
one unit of resource R,, and v would request one unit of resource R,, and one unit of
resource R,,. Thus the total request for both R, and R, would equal 2, which exceeds
resource capacity 1. The two representations of resource constraints are equivalent.
Tellache and Boudhar [22] consider a similar model of constraints. They study a
job conflict graph G = (V, E) (rather than the operation conflict graph), where V
is the set of jobs and (J;, J;) € E if and only if jobs J; and J; cannot be processed
simultaneously. For a job conflict graph G = (V, E), Tellache et al. [23] define a
job agreement graph that is simply G = (V, E). Therefore clearly the translations
between different representations of the resource constraints can easily be done in
polynomial time, which allows for translations between the complexity results as
well.

2.4 A Network Flow Algorithm for O2|res ..., pmtn|Cpax

Following Jurisch and Kubiak [14], we show a polynomial-time algorithm for the
O2]res ..., pmtn|Cpax problem in this section. For a given instance of the problem,
we define a network G = (V, A) as follows:

e The set of vertices, V, consists of a source s, vertices representing the oper-
ations Oj3,..., Op2 on machine Mj, vertices representing the operations
O1.1, ..., Oy 1 on machine M, and sink .

e The set of directed arcs with capacities, A, consists of arcs (s, O;2) with
capacities p;»2,1 = 1,...,n, arcs (O;2, 0j1),1,j = 1,..., n, with unlimited
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capacity oo if O;2 and O; 1 can be processed in parallel, i.e., if i # j and
7¢(0i2) +1¢(0j1 < seforall £ =1,...,1, and arcs (O 1, t) with capacities
pji,j=1,...,n.

Let f(i, j) be the flow through (i, j) € A in a feasible solution to the max-
flow problem defined by G. We define a feasible preemptive schedule to the
corresponding open shop problem as follows:

* Schedule the operations O 1, ..., O,,1 on machine M in any order.

* Schedule f(O; 2, Oj 1) time units of operation O; in parallel with O; 1,1, j =
1,...,n.

e If there are time units of an operation O; left, i.e., if Z?:] f(Oi2, 0j1) <
pi2, then schedule p; » — 21}21 f(O;2, Oj 1) time units of O; > on M, after the
completion of the last M operation.

This procedure converts any feasible solution to the network max-flow problem

G into a feasible solution to O2]res ..., pmtn|Cpax With the makespan
n n n
Coax = Y _pit+ Y pia— Y [(0i2, 051 2.5)
i=1 i=1 j=1

Thus when Y 7_, 27:1 f(Oi2, 0;1) is maximized in G, Cpax of the open shop
schedule is minimized.

Lemma 2.1 An optimal schedule for O2|res ..., pmtn|Cmax can be found in
O (n?) time. The number of preemptions in the schedule does not exceed n’.

2.5 An Algorithm for O2|res 1. .|Cnax

We now focus on the non-preemptive case of the problem with a single resource,
O2|res 1 ..|Cmax- We show that any preemptive schedule obtained in Sect.2.4
can be turned into a non-preemptive schedule with the same makespan, and the
conversion can be done in polynomial time. To streamline the presentation of
the conversion and the algorithm for the non-preemptive case, let us simplify the
notation introduced in Sect. 2.3 and make simple observations about the preemptive
schedules first. For simplicity, we denote the resource by R and assume that s units
of R are available at any time. Operation O, ;,, i = 1,...,n;h = 1,2, requires
r(O; ) units of R all the time during it execution. Without loss of generality, we let
r(01,1) = r(02,1) > --- = r(Oy,1). We shall solve this two-machine open shop
problem with a single resource, i.e., O2|res 1 . .|Cpax, in two steps:

Step 1:  Solve O2|res 1 . ., pmtn|Cpax With a max-flow algorithm (Lemma 2.1) to
obtain schedule S.



2.5 An Algorithm for O2|res 1 . .|Cpax 21

Step 2:  Convert the resulting schedule S into a schedule of O2|res 1. .|Cpax With
the same makespan.

To simplify the presentation of Step 2, we make two assumptions about schedule
S. First, without loss of generality, we may assume that neither machine is idle in S.
We can easily meet this condition by adding dummy operations on either machine,
if necessary. Second, again without loss of generality, we may assume that S meets
the following conditions:

* No operation on M is preempted.
(2.6)

* The operations on M; are scheduled in descending order of their resource
requirements.

2.7)

Thus, schedule S determines time slots and their orders. The time slots corre-
spond to time interval occupied by exactly one operation on M. By the ith time
slot, or simply slot /; of S, we mean the time interval [Z’j_:ll Pils le=1 pj1l. The
following theorem gives the details of Step 2.

Theorem 2.1 Any feasible schedule for O2|res 1 . ., pmtn|Cmax can be converted
into a feasible schedule for O2|res I . .|Cmax With the same makespan.

Proof The proof consists of Lemmas 2.2 and 2.3 and a recursive procedure
Process-Time-Slot. Lemma 2.2 shows how to reduce the number of preempted M»-
operations scheduled both in slot /; and in some slots /;, j > i to two. It also gives a
good characterization of the case with exactly two such operations in /;. The lemma
is as follows. O

Lemma 2.2 Let S be a schedule for which both (2.6) and (2.7) hold. The S can be
converted into a schedule S’ for which both (2.6) and (2.7) still hold; moreover,

° Cmax(S/) = Cmax(9).

* For any i, there are at most two Mj-operations scheduled in slot I; and in some
slots 1; with j > i.

2.8)

» If there are exactly two operations Qg 2, Op2, a < b, scheduled both in slot I;
and in some slots 1; with j > i, then b > i + 1 and Oy is continued in slots
Iit1, ..., Ip—1 only, and Op is the only operation scheduled on My in these
slots.
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Fig. 2.9 Proof of I; 1, I
Lemma 2.2: reduction of the On O O
number of preempted 0206 0s] [ O] | [Oua] -

M>-operations in [;

2.9)

Proof The proof is by induction. Let S be a schedule that meets conditions (2.6)
and (2.7), and let i be the smallest index such that (2.8) or (2.9) is not met for slot
I;. We construct a schedule S’ that meets (2.6)—(2.9) for I; without making any
change to I; with j < i. First, assume that there are at least three M>-operations
Ou,2, Op,2, and O scheduled both in slot I; and in some slots I; with j > i. We
show that it is then possible to exchange parts of Op 2 and O, from I; with parts
of O, fromslots I;, j > i until either:

(1) Og,2 is no longer in slots /; with j > i; or
(2) Oppor Ocpisnolongerin I;.

In either case, the number of M;-operations that occur both in I; and in I; with
J > i decreases by at least 1. Assume that a part of O, > is scheduled in slot I; with
k > i. Denote by:

* g, the length of the piece of Op 7 in [;,
* g, the length of the piece of O, 7 in I;, and
* g, the length of the piece of O, > in .

We proceed as follows:

* If k = b, then exchange min{q., g,} time units of O, > from I; with the same
number of time units of O, 2 in I. If g, > g, then (2) is met.

* If k # b, then exchange min{qy, g,} time units of Op 7 from I; with the same
number of time units of O, 2 in Ii. If g, > gp, then (2) is met.

This procedure is shown in Fig.2.9. Note that the exchanges are feasible since we
have r(O1,1) > ... > r(Oy,,1). We apply this procedure to any part of O, 2 in
slots I; with j > i until eventually either (1) or (2) is met. Then, the number of
M>-operations scheduled in both /; and /; with j > i decreases by at least 1. The
procedure is repeated for /; until the number of such M;-operations is reduced to at
most 2.

Now, assume that there are exactly two Mpj-operations Oy 2, Op2, a < b,
scheduled both in slot /; and in slots /; with j > i. We show that it is possible to
exchange parts of M,-operations between slots /;, ..., I, until one of the following
holds:

(3) Either O, is not processed in any slot /; with j > i or Op > is no longer
processed in /;.
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(4) Either Op is not processed in any slot I; with j > i or O is no longer
processed in /;.

(5) Each of the two operations O, 2 and Oy > is processed in I; as well as in /;
with j > i,butin /41, ..., Ip—1 only Oy 2 is processed on M, and Op > is not
processed in any slot /; with j > b.

In cases (3) and (4), the number of operations processed in /; and in I; with
Jj > iisreduced to 1 or 0. In all three cases (2.8) and (2.9) hold for slot /;. In case
(5), (2.8) and (2.9) also hold for I; 41, ..., Iy—1. The exchange works as follows.

If b < i (ora < i), then we can exchange parts of Op 2 (or Oy 2) in I; with parts
of O42 (or Op ) inslots I; with j > i until (3) (or (4)) holds.

Now, assume that i < a < b. We show that then we can modify slots [;, ..., I,
step by step until either (3) or (4) or (5) is met. First we attempt to extend O, in
I; in such a way that (3) is met. This is done as follows:

First, exchange parts of Oy 7 scheduled in /; with parts of O, > scheduled in slots
I with j > i, j # b (see Fig. 2.10a) until either:

e (3)is met and consequently (2.8) and (2.9) hold for I; or
* no more parts of O, are scheduled in slots /; with j > i, j # b. Thus, a part
of O, is scheduled in 1p,.

Again, these exchanges are feasible since 7 (O01,1) > ... > r(Oy,1). Now, assume
that an operation Oy > with x # b is processed in a slot /; withi < j < b. In this
case we shift parts of:

e Oppfrom[; to I,
* Oy from I to Iy,
* Oy from I to I;,

as shown in Fig. 2.10b until either:

* (3)is met and consequently (2.8) and (2.9) hold for I; or
* there are no operations Oy > with x # b scheduled in /; withi < j < b.

Again, it is easy to see that these shifts are feasible. Now, assume that parts of
Oy 2 are processed in slots I; with j > b (if they were not, then (5) would be met).
In this case, we attempt to extend Op, 7 in I; until (4) is met. This is done as follows:

We exchange parts of O, > scheduled in /; with parts of Op 2 scheduled in slots
Ij with j > b (see Fig. 2.10c) until either:

* (4) is met and consequently (2.8) and (2.9) hold for I; or
* no more parts of Oy > are scheduled in slots /; with j > b. In this case, (5) is
met (see Fig. 2.10d). Thus, (2.8) and (2.9) hold for slots /;, ..., Ip_1. m|

Lemma 2.3 shows when and how a slot and a feasible partial schedule without
preemptions and idle time can be combined into another feasible schedule without
preemptions and idle time. The lemma is as follows.
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I; I 1, Iy I, I
Ou O 1L Oa |l Ow |l Onw | | On
. | Ou2 | Obz Oa2 | 002 | Oazl
(a)
I I 1, I 13 I
O O O O On On
i | Oun | Opo | Op» | Ou
\ \ t
(b)
I; I; 1, I I, I
O3 Oi Oa1 O On On
- [ 0w | One Oy Oy O [ O O |
(c)
I; I; 1, Iy I, I,
O O Ou On On On
) | Oz | Oy O O Op | Ou> Oa2|

(d)

Fig. 2.10 Proof of Lemma 2.2: the case of exactly two preempted M;-operations in [;

Lemma 2.3 Let S be a feasible partial schedule without preemptions and idle time.
Let I; be a slot not in S that meets the following conditions:

» For each operation Oy 2 scheduled in I; and each operation Ojy scheduled in S,
we have r(Oy2) +r(0;1) <.
* There is at most one operation O, processed both in I; and in S.

Then I; and S can be merged into a feasible schedule S’ without preemptions and
idle time. O

Proof First, assume that, in S, the operation O, 7 starts or finishes together with an
operation on M. Then, we can easily modify S in such a way that O, > starts the
whole schedule S. By scheduling O, » at the end of [;, we obtain a feasible schedule
S’ without preemptions and idle time as shown in Fig. 2.11a.

Now, we assume that, in S, operation O > is scheduled in parallel with only one
operation Oy 1 on M. If O, 1 is scheduled after O, 2 in S, then we can move O, >
to the left by successively exchanging it with its preceding operations until it either
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Fig. 2.11 Proof of I;
Lemma 2.3, insertion of slot On O] ~ JOouJO.] - JOu
I; in schedule § ~ [ Ou S O,z .
g Oi On | | Ok1 | On | | Ou
S | Ous |
(@)
g Oa:l | Ozl | | Odl |
- 0,1 0x]
Oﬂ | 031 | | Oal |
[0 [On ]
(0)
S I, S5

[On | - On O]
Ou| Oi> | O | Ono Ou2

I

[On ] - | Ou [ - [Ou] -
| Ok') ‘ OaZ | Ozz |

(9)

starts or finishes together with an operation on M, or it is scheduled in parallel
with at least two operations on M. Observer that O, > can potentially be scheduled
in parallel with all M-operations in S except O,,1 (see Fig.2.11b). If O, is not
scheduled after O, 2 in S, then move O, > to the right. Thus, we may assume that
O, 2 is scheduled in parallel with at least two operations Oy 1, O; 1 in S and that
it neither starts nor finishes together with an operation on M. We obtain a feasible
schedule by merging S and /; as follows. Let S; be the part of S that finishes with
Oy,1 on My, and let Sy be the part of S that starts with O; 1 on M| (observe that
O, > finishes S; and starts S on M»). We insert I; between S; and S, and apply the
following procedure to all operations Oy > # Oy 2 scheduled in /; (Fig.2.11c):

e If Oy, is scheduled in S7, then we insert Oy > into S> immediately after O, >
and shift the intermediate operations on M to the left.

* Otherwise, we insert O, into S; immediately before O, and shift the
intermediate operations on M5 to the right.

Note that these shifts are feasible due to the assumption that (O 2) +7(0;1) < s
for all Oy 2 scheduled in /; and all O; 1 scheduled in S. After moving all operations



26 2 Makespan Minimization for Two-Machine Open Shops

Oy2 # O, either to the left or to the right, we obtain a feasible schedule S” without
preemptions and idle time as required. O

We use Lemmas 2.2 and 2.3 in the following recursive procedure for converting
a preemptive schedule into a non-preemptive schedule with the same makespan.
It returns a feasible non-preemptive schedule made of the time slots 7, ..., I, if
called with i = j. Observe that we call the procedure recursively with index i 4 1
if we reduce the number of Mj-operations that are processed both in slot /; and in
some slots I; with j > i to 1 or 0. Otherwise, due to Lemma 2.3 the time slots
Ijt1, ..., Ip—1 have a special structure: only operation O is processed on M>,
and moreover Op > is not processed in any slot /; with j > b. In this case, we first
insert /; into the non-preemptive schedule made of the slots I, ..., I, and then we
insert the slots I;y1, ..., Ip—1 one after another. The insertion can be done easily
because the properties given in Lemma 2.3 are met. O

The following theorem is a direct consequence of Lemma 2.1 and Theorem 2.1.

Theorem 2.2 The problem O2|res I . .|Cmax can be solved in 0 (n?) time.

Proof The max-flow algorithm computes an optimal preemptive schedule in O (n?)
time. The number of operations processed both in slot /; and in slots /; with j > i
can be reduced to at most 2 in time O (n?). It takes O (n) time to change the schedule
so that it meets (2.8) and (2.9) for a given slot /;. Finally, the insertion of one time
slot into a feasible partial schedule takes O (n) time. Since the number of slots is n,
an overall complexity is O (n). O

Procedure Process-time-slot(i)

begin

§ Exchange operations on M, between time slots /;, l;+1, - - - , I, such that the number P
of M>-operations processed both in I; and in some slots /; with j > 7 is minimal (Proof
of Lemma 2.2);

if P < 1 then

S:=Process-Time-Slot (i + 1);

S:=Insert /; into S (Proof of Lemma 2.3);

else

(P = 2;let Op2 with b > i be the operation scheduled in ;, [; 11, ..., Ip—1(Proof
of Lemma 2.2))

S:=Process-Time-Slot(b);

FOR j :=i TOb —1DO

S:=Insert /; into S (Proof of Lemma 2.3);

end
return(S);

end

To illustrate the working of the procedure Process-Time-Slot, let us consider an
instance shown in Table 2.1 with s = 10. Figure 2.12a shows a preemptive schedule
S for the instance that meets conditions (2.8) and (2.9). The time slots of S are shown
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Table 2.1 An instance of
02|res]..|Crax

Processing times

Job M 1 M2 M 1 M2
1 4 5 10 |3
2 2 5 8 0
3 4 4 7 0
4 3 2 5 2
5 4 2 2 9
6 3 2 0 5
M, On Osy O3 Oy Os1 Oa
M, Oy | O3, Oy Oy | O12| Oz Ou| Oy |Ou [ | Os,
0 1 2 3 4 5 7 8 9 10 11 12 13 14 15 16 17 18 19 20
(a)
I, I, I I, I Is
Oy Oy O3, On 05 Og1
Oy Oy O3 Oy | Oy | Op2|| O | Ou| Ogs || Os2 | On2 | On2 O O,
()
1 1y I Is
Oy Oy 051 Oy
O 02|02 | 04 0“2| O Ou| 0w
(0)
I Iy Iy
On 05 O
On| O O Oy O [

Fig. 2.12 Reduction of the number of preempted M;-operations in time slots in the example
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Resource requirements

in Fig. 2.12b. We cannot reduce the number of preempted M;-operations processed
in slot /; to 1, but the condition (2.9) is satisfied for ;. Thus, we skip the slot I,
and continue with /3. We extend O4 > by moving one unit of Oj 7 to slot Is; see
Fig.2.12c. We continue with slot /4 and extend O 7 there; see Fig. 2.12d. After this
step, all slots meet the conditions in Lemma 2.2 and we can start to build up the
non-preemptive schedule recursively. Figure 2.13a shows the schedule obtained by
combining the slots /s and I¢. Next, slots /4 and I3 are inserted; see Fig.2.13b and
c. Now we have to skip /> and insert /1; see Fig. 2.13d. Finally, we obtain a feasible
non-preemptive schedule by inserting slot I5; see Fig. 2.13e. Figure 2.14 shows how
the demand for the resource changes over time in the schedule from Fig. 2.13e.
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O)l | Obl
Oz | Oy, | Os2
(a)
Os | O | O
O Oy O | Os»
(b)
O3 | Os1 | Ou | O
Oy | O | Ogz | O | Osz
(c)
O3 | On | 051 | Oy | Oq
Oup Oy | O3 | Oy | O, | Osy
(d)

O3 | On | Oq | Os1 | Oy | O
Os O | O3 Oz | 01y | O
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(e)
Fig. 2.13 Recursive buildup of the schedule in the example
A
R
s = 10 —
| |
9 — | | —
s|o S —
7 — 1 Lo o 1
| | | | | | | | | |
6 | | | | | | | | | |
5 1 l l o — o 1
4 l 1 l o o o l
3 l 1 : o o — l
2 | | | | | | | | | |
|
‘ 1 l Lo o o l
1 | | | | | | | | | |
I | I [ [ [ L
0123456 78 91011121314 15161718 19 20 time

Fig. 2.14 The number of units of the additional resource required by the optimal schedule in
Fig.2.13e
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2.6 Open Problems

Let Ry be the class of operation conflict graphs G = (V, E) corresponding to the
instances of O2|res]..|Cpax. We show in Sect.2.5 that for any G € R; optimal
preemptive and non-preemptive solutions have the same makespan. The vertex set
V of G € R can be partitioned into two disjoint sets Vi = {O : R(O) < 5} and
Vo, = {0 : R(O) > %}. The set V; is a clique in G, and the set Vi, however, is
not an independent set since it may include both operations of the same job, which
creates a conflict (an edge in G). In addition, edges may exist between the vertices
in V1 and V;. The following question remains open.

Problem 2.1 Is there a class R, Ry C R, of operation conflict graphs G = (V, E)
for which optimal preemptive and non-preemptive solutions to the two-machine
open shop have the same makespan?

Problem 2.2 Characterize the class of all operation conflict graphs G = (V, E) for
which optimal preemptive and non-preemptive solutions to the two-machine open
shop have the same makespan.

The two-machine open shop problem with fwo or more resource types benefits
from preemptions. The optimal schedules with preemptions can be shorter than
those without preemptions. Jurisch and Kubiak [14] show that the problem
O2|res211|Cpax With two resource types of capacity 1 each is NP-hard, and the
problem O2|res.11|Cpax With arbitrary number of resource types of capacity 1 each
is NP-hard in the strong sense. The open shop problem with additional resources has
been studied by Btazewicz et al. [1], Cochand et al. [5], de Werra et al. [9], and
de Werra and Btazewicz [7, 8]. A review of some of those results can be found
in Kubiak et al. [15]. Recent complexity results for two-machine open shop with
additional resources can be found in Shabtay and Kaspi [18], Tellache and Boudhar
[22], and Tellache et al. [23].

Problems

2.1 The network flow algorithm for multiple resources works in O (n3) time. Can
the time be reduced to n? for the network for a single resource type?

2.2 Prove that the problem to decide whether there is a reduction to two jobs in the
algorithm in Sect. 2.5 is N P-complete.

2.3 Define conflict and agreement graphs for the instance in Table 2.1.
2.4 Prove that the problem O2|res211|Cpy,x is NP-hard.

2.5 Prove that the problem O2|res.11|Cpax is NP-hard in the strong sense.
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