Deficiencies of Holomorphic Curves M)
for Linear Systems in Projective Shethie
Manifolds

Yoshihiro Aihara

Abstract In this note we shall give theorems on deficiencies of holomorphic curves
f X — M, where X is a finite sheeted analytic covering space over C and M
is a projective manifold. We first give an inequality of second main theorem type
and a defect relation for f that generalizes the results in Aihara (Tohoku Math
J 58:287-315, 2012). By making use of this defect relation, we give theorems on
the structure of the set of deficient divisors of f. We also discuss methods for
constructing holomorphic curves with deficient divisors.
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1 Introduction

The aim of this note is twofold. The first is to give generalizaition of the structure
theorem for the set of deficient divisors in [1]. Let M be a projective algebraic
manifold and L — M an ample line bundle. We denote by |L| the complete linear
system of L and let A C |L| be a linear system. In the previous paper [1], we studied
properties of the deficiencies of a holomorphic curve f : C — M as functions on
linear systems and gave the structure theorem for the set

Dr={DeA; 57(D) >357(Bn)}

of deficient divisors. For definitions, see Sect. 2. In the proof of the structure theorem
for Dy, we used an inequality of the second main theorem type and a defect relation
for f and A. In this note, we will generalize these to the case where holomorphic
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curves defined on finite sheeted analytic covering spaces over C. The second is to
give methods for constructing holomorphic curves with deficient divisors. Details
will be published elsewhere.

2 Preliminaries

We recall some known facts on Nevanlinna theory for holomorphic curves. For
details, see [5] and [6].

Let @ : X — C be a finite analytic (ramified) covering space over C and let
so be its sheet number, that is, X is a one dimensional complex analytic space and
w : X — C is a proper surjective holomorphic mapping with discrete fibers. Let
z be the natural coordinate in C, and set

Xy =o '({zeC lz<rh) and CH=w'({zeC; lzl=r)).
For a (1,1)-current ¢ of order zero on X we set

1 [ dt
N(r, @) = s/, (0, xx)) >

t
where xx(-) denotes the characteristic function of X (r).

Let M be a compact complex manifold and let L — M be a line bundle over
M. We denote by I'(M, L) the space of all holomorphic sections of L — M
and by |L| = P(I'(M, L)) the complete linear system of L. Denote by || - || a
hermitian fiber metric in L and by  its Chern form. Let f : X — M bea
holomorphic curve. We set

T¢(r, L) = N(r, ffw)
and call it the characteristic function of f with respectto L. If

Ti(r. L
limint D

+OO,
r—+oo logr

then f is said to be transcendental. We define the order py of f: X — M by

. log Ty (r, L)
py = limsup ‘ .
F—+00 logr
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We notice that the definition of py is independent of a choice of positive line
bundles L — M.Let D = (o) € |[L| with |lo|] < 1 on M. Assume that
f(X) is not contained in Supp D. We define the proximity function of D by

m(rD)—l/ lo< ! >d9
I = 0 Jew E\lle(renll) 2

Then we have the following first main theorem for holomorphic curves X — M.

Theorem 2.1 (First Main Theorem) Let L — M be a line bundle over M and
f: X — M anon-constant holomorphic curve. Then

Tp(r, L) = N(r, f*D)+ms(r, D)+ O(1)

for D e |L| with f(X) € Supp D, where O(l) stands for a bounded term as
r — +00.

Let f and D be as above. We define Nevanlinna’s deficiency 6 (D) by

.. .myg(r, D)
d7(D) =liminf ° .
r—>+oo Tr(r, L)

Itis clear that 0 < § (D) < 1. Then we have a defect function §¢ defined on |L|.
If 67(D) > 0, then D is called a deficient divisor in the sense of Nevanlinna.

Next, we recall some basic facts in value distribution theory for coherent ideal
sheaves (cf. [6, Chapter 2]). Let f : X — M be a holomorphic curve and Z a
coherent ideal sheaf of the structure sheaf Oy of M.Let U = {U;} be a finite
open covering of M with a partition of unity {7;} subordinate to /. We can
assume that there exist finitely many sections o € I'(U;, Z) such that every stalk
I, over p € U; is generated by germs (1), ..., (0j1;)p. Set

1/2

j
dr(p) = Y Y |o(m|’
j k=1

We may assume that d7(p) <1 forall p € M. Set

¢z(p) = —logdz(p)

and call it the proximity potential for Z. It is easy to verify that ¢z is well-
defined up to addition by a bounded continuous function on M. We now define the
proximity function m ¢(r, ) of f for Z, or equivalently, for the complex analytic
subspace (may be non-reduced)

Y = (Supp (Om /1), Om /1)
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1 do
myg(r, I) = / ¢z(f (), _.
50 Jcar) 27

provided that f(X) is not contained in Supp Y. For zo € f~'(Supp ¥), we can
choose an open neighborhood U of zp and a positive integer v such that

f*T=(z-20") onU.
Then we see
logdz(f(2)) =vlog|z — z0l + hy(z) for z € U,

where hy isa C°°-functionon U. Thus we have the counting function N (r, f*7)
as above. Moreover, we set

WL, = —dd‘hy on U,

where d¢ = (/—1/4m)(d — 3). We obtain a well-defined smooth (1, 1)-form
w7z, ¢ on X. Define the characteristic function T¢(r, Z) of f for 7 by

Th( I)_l/’dt/
£ Cso it X(z)wz’f'

We have the first main theorem in value distribution theory for coherent ideal
sheaves:

Theorem 2.2 (First Main Theorem) Let f: X — M and I be as above. Then
Ty(r, ) =N, D) +mys(r, I) + O(D).

Let L — M be an ample line bundle and W C I'(M, L) a subspace with
dim W > 2. Set A = P(W). The base locus Bs A of A is defined by

BsA = m Supp D.
DeA

We define a coherent ideal sheaf Zy in the following way. For each p € M, the
stalk Zo,, is generated by all germs (o), for o € W. Then Zy defines the base
locus of A as a complex analytic subspace By, that is,

Ba = (Supp (Om/Zo), Opm /o).



Deficiencies of Holomorphic Curves 695

Hence Bs A = Supp (Op/Zp). We define the deficiency of Bp for f by

(r, I,
(Sf(BA)zliminfmf(r 0
r—>+oo Tyr(r, L)

Set
Dr={D e A; 7(D) > 87(Ba)}.

We call Dy the set of deficient divisors in A.
By making use of the generalized Crofton’s formula due to R. Kobayashi ([6,
Theorem 2.4.12]), we have the following proposition ([ 1, Proposition 4.1]).

Proposition 2.3 The set Dy is a null set in the sense of the Lebesgue measure on
A. In particular § (D) = 8y (Bp) for almost all D € A.

This proposition plays an important role in what follows.

3 Inequality of the Second Main Theorem Type

We will give an inequality of the second main theorem type for a holomorphic curve
f : X — M that generalizes Theorem 3.1 in [1]. For simplicity, we assume that f is
of finite type. Let W C I'(M, L) be a linear subspace withdim W = [p+1 > 2 and
set A = P(W). We call A a linear system included in |L|. Let Dq,..., D, be
divisors in A such that D; = (o;) for o; € W. We first give a definition of
subgeneral position. Set Q = {1,...,q} and take a basis {yyp, ..., ¥} of W.
We write

lo
oj =Y cix¥r (cjk €0

k=0

for each j € Q. For a subset R C Q, we define a matrix Ar by Agr =
(Cjk) jeR,0<k<ly-

Definition 3.1 Let N > lp and ¢ > N + 1. We say that Dy,..., D, arein
N-subgeneral position in A if

rank Ag =lp+ 1 foreverysubset R C Q with fR=N+1.

If they are in /p-subgeneral position, we simply say that they are in general position.
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Note that the above definition is different than the usual one (cf. [6, p. 114])
Let ®5 : M — P(W*) be a natural meromorphic mapping, where W* is the
dual of W. Then we have the linearly non-degenerate holomorphic curve

Fao=®xo0f: X — P(W).

We let W(Fy) denote the Wronskian of Fjy .
Definition 3.2 If ps < 400, then f issaid to be of finite type.

Set
K(X,A; N)=2N —Ilp+ 1+ (so — DIp2N — Iy + 1).

By making use of the methods in [1] and [4], we have an inequality of the second
main theorem type as follows.

Theorem 3.3 Let f: X — M be atranscendental holomorphic curve that is non-
degenerate with respect to A. Let Dy, ..., Dy € A be divisors in N-subgeneral
position with g > k(X, A; N). Assume that f is of finite type. Then

q
(g —k(X,A;N) (Ty(r, L) —my(r, Do) < ZN(E f*Dj) + E¢(r)
j=1

as r — +0o, where
N
Ef(r) = —«(X, A; N)N(r, Ty — (l()) N(@r, W(Fp)o) +o(T¢(r, L)).

In order to get a defect relation from Theorem 3.3, we define a constant
nf(Ba) by

ny(By) = liminf Er
r—+oo Ty (r, L)

Itis clear that n s (BA) < 0. Now, by Theorem 3.3, we have a defect relation.
Theorem 3.4 Let A, f and Dy, ..., Dy be asin Theorem 3. Then

q
Z(5f(Dj) — 385 (Ba)) = (1 =387(Ba))k(X, A) +ny(Ba).
j=1
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4 Structure Theorems for the Set of Deficient Divisors

In this section we give theorems on the structure of the set of deficient divisors. Let
L — M be an ample line bundle and f : C — M a transcendental holomorphic
curve of finite type. Let A C |L| be a linear system. Let

Dy={D e A; 57(D) > 57(Ba)}.

By making use of the above defect relation, we have the structure theorem for the
set Dy (see[1, §5]).

Theorem 4.1 The set Dy of deficient divisors is a union of at most countably
many linear systems included in A. The set of values of deficiency of f is at
most a countable subset {e;} of [0, 1]. For each e;, there exist linear systems
Ai(ei), ..., As(e;) includedin A such that e; = Sf(BAj(e,-)) for j=1,...,s.

By Theorem 35, there exists a family {A;} of at most countably many linear
systems in A such that Dy = Uj Aj. Define Ly ={A;j}U{A}. Wecall Ly the
fundamental family of linear systems for f. Then we have the following.

Proposition 4.2 If 57(D) > 87(Ba) for a divisor D in A, then there exists a
linear system A (D) € Ly such that

87(D) =87(BaD))-

S Methods for Constructing Holomorphic Curves
with Deficiencies

In this section we consider the case where M = P"(C) and L = Opn(d). The
existence of f : X — P*(C) with D # ¢ is a delicate matter. In fact, S. Mori [3]
showed that a family

{f € Hol(C, P"(C); 8 (H) = O forall H € |Opn (1)}

of holomprphic curves is dense in Hol(C, P"(C)) with respect to a certain kind
of topology. However, for any A C |Opn(d)|, there exists an algebraically non-
degenerate holomorphic curve f : C — P"(C) with Dy # (. In fact, we have the
following theorem [2, Theorem 3.2].

Theorem 5.1 Let D € |Opn(d)|. There exists a constant A(D) with0 < A(D) < d
depending only on D that satisfies the following property: Let o be a positive real
constant such that

A(D)
e

O<ac<
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Then there exists an algebraically non-degenerate holomorphic curve f : C —
P"*(C) such that

37(D) =a.

We will generalize the above theorem for holomorphic curves defined on X.

Theorem 5.2 Let D € A C |Opn(d)|. Then there exists a finite sheeted analytic
covering space w : X — C and an algebraically non-degenerate transcendental
holomorphic curve f : X — Cwith py = 0 such that Dy # . Furthermore, there
exists a family {A;} of finitely many linear systems such that

Dy = U Aj.
J
The set of values of 6 is a finite set {e;} with

w(A )
§p(Ba;) <ej < d] .

Here (A ;) are constants depending only on A j with 0 < (A ;) < d.

Remark 5.3 In the case where X is an affine algebraic variety, there always exists
an algebraically non-degenerate transcendental holomorphic curve that satisfies the
above propeties.

The proofs of the above theorems are based on Valiron’s theorem on algebroid
functions of order zero (see [7]). Hence the resulting holomorphic curves are of
order zero.

In the case where d = 1 and X = C, we can construct holomorphic curves with
Dy # ¥ by another way (cf. [1, §6]). By using exponential curves

f(Z) = (expaoza-'-aexpanz) (a()a'-'aan S C)a

we can construct holomorphic curves C — P"(C) with Dy # (). We denote by
Cy the circumference of the convex polygon spanned by the set {a, ..., a,}. If the
convex polygon reduces to the segment with the end points with a; and ag, then
we see Cy =2|aj — ai|. Let H be ahyperplanein P"(C) defined by

H : L(z):Z(x/'{j:O (g, ...,a, € C),
j=0

where ¢ = (o : ... : &) is ahomogeneous coordinate system in P"(C). We define
the set Jy ofindexby Juy = {j; a; # 0}. Let Cy(H) be the circumference of
the convex polygon spanned by the set {a;; j € Jy}. Then we have the following
lemma.
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Lemma 5.4 Let f and H be as above. Then

C.
Tp( Op () = T r 0.

and the deficiency of f for H is given by

Sp(H)=1— Cr(H)
Cs

Furthermore, the constant C s (H) depends only on f and Jpy.
By making use of this lemma, we have the following theorem.

Theorem 5.5 Let A C |Opn(1)|. Then there is a transcendental holomorphic
curve f : C — P'(C) non-degenerate with respect to A such that the set of
values of 8y is a finite set {e;} with 0 < e; < 1. Furthermore, there are finitely
many linear systems {A;} includedin A such that

Sf(H)=ej forall HeAj\(UAjk),
k

where {A j,} are linear systems included in A ;.
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