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1 Introduction

Concentration inequalities bound the probabilities that random quantities deviate
from their average, median, or otherwise typical values. If this deviation is small
with high probability, then a repeated experiment or observation will likely produce
asimilar result. In this way concentration inequalities can give quantitative guarantees
of reproducibility, a concept at the heart of empirical science [25].

In this chapter we limit ourselves to study quantities whose randomness arises
through the dependence on many independent random variables. Suppose that
(R2;, ;) are measurable spaces fori € {1, ..., n} and that f is real valued function
defined on the product space Q2 = []/_, i,

fix=x,..,x) €L f(x) eR.

Now let X = (X1, ..., X,,) be a vector of independent random variables, where X; is
distributed as u; in ;. For# > 0 and X’ iid to X we then want to give bounds on the
upwards deviation probability

el 00— £ [/ (%)] = 1)

in terms of the deviation ¢, the measures p; and properties of the function f. Down-
ward deviation bounds are then obtained by replacing f with — f. Usually we will
just write Pr { f — Ef > t} for the deviation probability above.

The first bounds of this type were given by Chebychev and Bienaimé [11] in the
late 19th century for additive functions of the form
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F® =) fix). (1)
i=1

The subject has since been developed by Bernstein, Chernoff, Bennett, Hoeffding,
and many others [4, 16], and results were extended from sums to more general and
complicated nonlinear functions. During the past decades research activity has been
stimulated by the contributions of Michel Talagrand [27, 28] and by the relevance
of concentration phenomena to the rapidly growing field of computer science. Some
concentration inequalities, like the well known bounded difference inequality, have
become standard tools in the analysis of algorithms [23].

One of the more recent methods to derive concentration inequalities, the so-called
entropy method, is rooted in the early investigations of Boltzmann [5] and Gibbs
[12] into the foundations of statistical mechanics. While the modern entropy method
evolved along a complicated historical path via quantum field theory and the logarith-
mic Sobolev-inequality of Leonard Gross [14], its hidden simplicity was understood
and emphasized by Michel Ledoux, who also recognized the key role which the
subadditivity of entropy can play in the derivation of concentration inequalities [18].
The method has been refined by Bobkov, Massart [20], Bousquet [9], and Boucheron
etal. [7]. Recently Boucheron et al. [8] showed that the entropy method is sufficiently
strong to derive a form of Talagrand’s convex distance inequality.

In this chapter we present a variation of the entropy method in a compact and
simplified form, closely tied to its origins in statistical mechanics. We give an expo-
sition of the method in Sect. 2 and compress it into a toolbox to derive concentration
inequalities.

In Sect.3 we will then use this method to prove two classical concentration
inequalities, the bounded difference inequality and a generalization of Bennett’s
inequality. As example applications we treat vector-valued concentration and gen-
eralization in empirical risk minimization, a standard problem in machine learning
theory.

In Sect. 4 we address more difficult problems. The bounded difference inequality
is used to prove the famous Gaussian concentration inequality. We also give some
more recent inequalities which we apply to analyze the concentration of convex
Lipschitz functions on [0, 1]", or of the spectral norm of a random matrix.

In Sect.5 we describe some of the more advanced techniques, self-boundedness,
and decoupling. As examples we give sub-Gaussian lower tail bounds for convex
Lipschitz functions and a version of the Hanson-Wright inequality for bounded ran-
dom variables and we derive an exponential inequality for the suprema of empirical
processes. We conclude with another version of Bernstein’s inequality and its appli-
cation to U-statistics.

We limit ourselves to exponential deviation bounds from the mean. For moment
bounds and other advanced methods to establish concentration inequalities, such as
the transportation method or an in-depth treatment of logarithmic Sobolev inequal-
ities, we recommend the monographs by Ledoux [18] and Boucheron, Lugosi, and
Massart [6], and the overview article by McDiarmid [23]. Another important recent
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development not covered is the method of exchangeable pairs proposed by Chatterjee
[10].

We fix some conventions and notation:

If (2, ) is any measurable space A (2) will denote the algebra of bounded,
measurable real valued functions on 2. When there is no ambiguity we often just write
Afor A (2). Although we give some results for unbounded functions, most functions
for which we will prove concentration inequalities are assumed to be measurable
and bounded, thatis f € A. This assumption simplifies the statement of our results,
because it guarantees the existence of algebraic and exponential moments and makes
our arguments more transparent.

If (2, X, n) isaprobability space we write Pr F = p (F)for F € X, and E [ f] =
Jo fdufor feLi[uland o [f1=E[(f — E [f])z] for f € L, [t]. Wherever
we use Pr, E or o2, we assume that there is an underlying probability space (2, X, ).
If we refer to other measures than u, then we identify them with corresponding
subscripts.

If Xisanysetandn € N,thenfory € Xandk € {1, ..., n} the substitution operator
S X" — X" is defined as

k
SYX = (X1, ooy Xk1s Vs Xkl ons Xn) for x = (xy, ..., x,) € X".

This and other notation which we introduce along the way is also summarized in a
final section in tabular form.

2 The Entropy Method

In this section we develop the entropy method and package it into a toolbox to prove
concentration inequalities.

2.1 Markov’s Inequality and Exponential Moment Method

The most important tool in the proof of deviation bounds is Markov’s inequality,
which we now introduce along with two corollaries, Chebychev’s inequality and the
exponential moment method.

Theorem 1 (Markov inequality) Let f € L[], f = 0andt > 0. Then

Pr{f>t}§E£f]

Proof Since f > Oandt > 0 we have 17., < f/t and therefore
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E[f]
Pe(f > 1= E[1] = Elp = 2L

Corollary 2 (Chebychev inequality) Let f € L, [u] andt > 0. Then

E[(f - E[f)? 2
Pr{lf —E[fll >} =Pr{(f - E[f)’ >’} < L/ > [f])]=at§f)-

To use Chebychev’s inequality we need to bound the variance o2 (f). If f is a
sum of independent variables, the variance of f is just the sum of the variances of the
individual variables, but this doesn’t work for general functions. In Sect. 3.1, however,
we give the Efron—Stein inequality, which asserts that for functions of independent
variables the variance is bounded by the expected sum of conditional variances.

The idea of Chebychev’s inequality obviously extends to other even centered
moments E [(f — E [ f1)*”]. Bounding higher moments of functions of independent
variables is an important technique discussed, for example, in [6].

Here the most important corollary of Markov’s inequality is the exponential
moment method, an idea apparently due to Bernstein [4].

Corollary 3 (exponential moment method) Let f € A, B > 0andt > 0. Then
Pr{f >t} = Pr{eﬁf > e’s’} < eiﬂ’E[eﬁf].

To use this we need to bound the quantity £ [eﬂf ] and to optimize the right-hand
side above over B. We call E [ef] the partition function, denoted Zg; = E [¢P/].
Bounding the partition function (or its logarithm) is the principal problem in the
derivation of exponential tail bounds.

If f is a sum of independent components (as in (1)), then the partition function
is the product of the partition functions corresponding to these components, and its
logarithm (called the moment generating function) is additive. This is a convenient
basis to obtain deviation bounds for sums, but it does not immediately extend to
general non-additive functions. The approach is taken here, the entropy method,
balances simplicity, and generality.

2.2 Entropy and Concentration

For the remainder of this section we take the function f € A as fixed. We could
interpret the points x € 2 as possible states of a physical system and f as the negative
energy (or Hamiltonian) function, so that — f* (x) is the system’s energy in the state x.
The measure p then models an a priori probability distribution of states in the absence
of any constraining information. We will define another probability measure on €2,
with specified expected energy, but with otherwise minimal assumptions.
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If p is a function on €2, p > 0 and E [p] = 1, the Kullback-Leibler divergence
KL (pdp,dp) of pdu todpu is

KL (pdp,duw) = E[plnp].

KL (pdu,dw) can be interpreted as the information we gain, if we are told that the
probability measure is pd u instead of the a priori measure du.

Theorem 4 Forall f € A B R

sup BE [pf]1— E[pInp]l =InE [¢/],
P

where the supremum is over all nonnegative measurable functions p on Q2 satisfying
The supremum is attained for the density

por = e JE[e"].

Proof We can assume § = 1 by absorbing it in f. Let p > 0 satisfy E [p] =1,
so that pdu is a probability measure and g € A+ E,[g] := E [pg] an expecta-
tion functional. Let ¢ (x) = 1/p (x) if p (x) > 0 and ¢ (x) = 0 if p (x) = 0. Then
Elplnp]l=—E[pln¢] = —E, [In¢] and with Jensen’s inequality

Elpfl—Elplnpl = E,[f +In¢] =Inexp (E, [f + In¢])
<hE, [exp(f +ln¢)] =InE, [qbef]
=InE [,oq&ef] =InE [lp>oef]
< lnE[ef].

On the other hand

E[fe'] _E [¢/In(e//E[e'])]
E [ef] E [ef]

Elpsfl=Elpsnps] = =nE[e].

O

In statistical physics the maximizing probability measure dugy = pgrdpu =
ePrd w/E [eﬁf ] is called the thermal measure, sometimes also the canonical ensem-
ble. 1t is used to describe a system in thermal equilibrium with a heat reservoir at
temperature 7 =~ 1/f. The corresponding expectation functional

E [geﬂf]

— 71 Bf
E[eﬂf] _ZﬂfE[ge ],forgeﬂ

Eprlgl =
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is called the thermal expectation. The normalizing quantity Zs, = E [¢#/] is the
partition function already introduced above. Notice that for any constant ¢ we have
Egr+o (8] = Epr 8]

The value of the function p > E [p In p] at the thermal density pg; = ngl ePr s
called the canonical entropy or simply entropy,

El’ltf (,3) =F [,Oﬂf ln pﬂf] = ﬂEﬁf [f] —_ 1[1 Zﬁf. (2)

Note that Ent_; (8) = Ent; (—f), a simple but very useful fact.
Suppose that p is any probability density on €2, which gives the same expected
value for the energy as pgy, so that E [pf] = Egy [ f]. Then

0<KL (,Odu, Z};fleﬁfdu)
=E[plnp]l —BE[pfl+InZg
=E[plnp]l —BEg [f1+1nZgs
= KL (pdp,dp) — KL (pgrdp, dp) .

The thermal measure dugs = pgrdp therefore minimizes the information gain rel-
ative to the a priori measure du, given the expected value —Egy [ f] of the internal
energy.

For g € Aand p = Z/eP! Theorem 4 gives

Egs[g] < Enty (B) + InE [¢f],

which allows to decouple g from f. This plays an important role later on in this
chapter.
For B # 0 define a function

1 1
Ar(B) = 3 InZg; = 3 InE [/]. 3)

By I’Hospital’s rule we have limg_.g A s (8) = E [ f], s0 A extends continuously to
R by setting A s (0) = E [ f]. In statistical physics the quantity A ; () so defined is
called the free energy corresponding to the Hamiltonian (energy function) H = — f
and temperature T ~ ~'. Theorem 4 exhibits the free energy and the canonical
entropy as a pair of convex conjugates. Dividing (2) by B and writing U = Eg¢ [ f1,
we recover the classical thermodynamic relation

A=U —T Ent,
which describes the macroscopically available energy A as the difference between

the internal energy U and an energy portion 7" Ent, which is inaccessible due to
ignorance of the microscopic state.
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The following theorem establishes the connection of entropy, the exponential
moment method and concentration inequalities.

Theorem S For f € Aand any > 0 we have

B Ent
InE[fV~ED] =8 niy (V)dy
0 y?

and, fort > 0,
. P Enty (y)
Pr{f — Ef >t} < inf exp ﬂ/ —zdy—,Bt .
B=0 0 14

Proof Differentiating the free energy with respect to 8 we find

1 1
Al (B) = EEﬁf [f1- 7 InZg; = B~*Enty (B).

By the fundamental theorem of calculus
InE [0 =1nZsr — BE[f1= B (A; (B) = Af (0)
P B Ents (y)
=5 [ Ay onar=p [ L,
0 0 14

which is the first inequality. Then by Markov’s inequality

Pr{f —Ef >t} <e P"E[efVF]
B :

< exp (ﬂ/ Emf—z(y)dy — ﬂt) .
0 4

O

Our strategy to establish concentration results will therefore be the search for
appropriate bounds on the entropy.
2.3 Entropy and Energy Fluctuations

The thermal variance of a function g € A is just the variance of g relative to the
thermal expectation. It is denoted oéf (g) and defined by

o4y (8) = Egs [(8 — Epy [81)2] = Epy [€°] — (Epr 2)"-

For constant ¢ we have oé(f“) [g]l = oéf [g].
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The proof of the following lemma consists of straightforward calculations, an
easy exercise to familiarize oneself with thermal measure, expectation and variance.

Lemma 6 The following formulas hold for f € A

1. 5 (In Zg) = Egr [f1.
2.Ifh : B+ h(B) € Ais differentiable and (d/dB) h (B) € A then

d d
—Egr[h(B)] = Egs [ (B) f1— Egr[h (B Egr [f]1+ Epy |:—h (,3)1| .

dp apg
3. 45 Epr [f*] = Epp [f**'] = Eps [*] Egr LS.
445 (InZps) = L Epr [f1 =03, [

Proof 1.is immediate and 2. a straightforward computation. 3. and 4. are immediate
consequences of 1. and 2. O

Since the members of A are bounded it follows from 2. that for f, g € A the
functions B +— Egy[g] and B +— aéf [g] are Co.

The thermal variance of f itself corresponds to energy fluctuations. The next
theorem represents entropy as a double integral of such fluctuations. The utility of this
representation to derive concentration results has been noted by David McAllester
[22].

Theorem 7 We have for 8 > 0

B rB
Entf(ﬁ):/o / o [f1ds dt.

Proof Using the previous lemma and the fundamental theorem of calculus we obtain
the formulas

g B/ B
BEgy [f]=/ Egy [f]dt=/ (/ o [f]ds+E[f]> dt
0 0 0

g B ot
anﬂf:/ Eif [f]dt=/ (/ o5 [f]ds+E[f]> dt,
0 0 0

which we subtract to obtain

and

B B t
Ent; (B) = BEgs [f]—lnzﬂf:/ <f o [f]ds—/ o [f]ds) dt
0 0 0

:/Oﬁ (/tﬁaszf[f]ds)dt.
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Since bounding agf [ f]1is central to our method, it is worth mentioning an inter-
pretation in terms of heat capacity, or specific heat. Recall that —Eg; [ f] is the
expected internal energy. The rate of change of this quantity with temperature 7 is
the heat capacity. By conclusion 4 of Lemma 6 we have

d

1
a7 (=EprLf]) = ﬁaéf [f1,

which exhibits the proportionality of heat capacity and energy fluctuations.

2.4 Product Spaces and Conditional Operations

We now set Q = [;_; @ and dp = [];_, duk, where each p is the probability
measure representing the distribution of some variable X in the space €2, so that
the X are assumed to be independent.

With A; we denote the subalgebra of those functions f € A, which are indepen-
dent of the k-th argument. To efficiently deal with operations performed on individual
arguments of functions in A we need some special notation.

Now letk € {1, ...,n} and y € Q. If E is any set and F is any function F : Q —
&, we extend the definition of the substitution operator Sf, to F by S;‘, (F)=FoS ’v‘ .
This means

va (F) ('xlv cre xn) = F (xlv ceey Xk—1, yv xk+l’ (RS xn) )

so the k-th argument is simply replaced by y. Since for f € A the function S;‘, fis
independent of x; (which had been replaced by y) we see that Sf, is a homomorphic
(linear and multiplication-preserving) projection of A onto Aj.
Fork € {1, ...,n} and y, y' € € we define the difference operator D_];,y/ A~
A by
Dy f =Sif =Sy f for f € A.

Clearly D;‘,Yy, annihilates A;. The operator ry : A — Ay, defined by rf =
Sup, yeq, D’;’y, f is called the k-th conditional range. We also use the abbrevia-
tions infy f = infycq, va‘f and sup, f = sup,cq, S;‘,f for the conditional infimum
and supremum.

Given the measures y; and k € {1, ..., n} we the operator E; : A — Aj; by

Eif =Ey [SEf]= /Q SEf i () .
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The operator Ey [.] = E [.|X1, ..., Xk—1, Xk41, .., X, ] is the expectation conditional
to all variables with indices different to k. E} is a linear projection onto Ay. Also the
E commute among each other, and for 4 € A and g € A; we have

E[[Exh) gl = E[E[hg]] = E [hg]. “4)

Replacing the operator E by E; leads to the definition of conditional thermody-
namic quantities, all of which are now members of the algebra Ay:

The conditional partition function Z; gy = Ej [eﬂf ],
The conditional thermal expectation Ey gr [g] = Z; ;f Ey [geP!] for g € A,
The conditional entropy Enty ¢ (8) = BE gr [ 1 — InZy gf,

The conditional thermal variance akzﬁf [g] = Expr [(g — Eypy [g])z] forg € A.

As  — 0 this becomes
e The conditional variance akz [g] = Ex [(g — Ex [g])2] for g € A.

The previously established relations hold also for the corresponding conditional
quantities. Of particular importance for our method is the conditional version of
Theorem 7

B rB
Ente ¢ (B) = f / ogy Lf1ds dt.
0 t

The following lemma, which states that the conditional thermal expectation just
behaves like a conditional expectation, will also be used frequently.

Lemma8 Forany f,ge A ke{l,..,n}, B eR

Egs [Exprlg]] = Eprlel-

Proof Using E [E[h]g] = E [hE; [g]]

) b
Egy [Expy l8]] = Z5/ E [E" [ge™] m}
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2.5 The Subadditivity of Entropy

In the non-interacting case, when the energy function f is a sum, f =Y f, itis
easily verified that Ent; ; (8) (x) = Enty ¢ (B) is independent of x and that

Ent; (B) =Y Entf (B).

k=1

In statistical physics it is said that entropy is an extensive quantity: the entropy of
non-interacting systems is equal to the sum of the individual entropies.
Equality no longer holds in the interacting, nonlinear case, but there is a subad-
ditivity property which is sufficient for the purpose of concentration inequalities:
The total entropy is no greater than the thermal average of the sum of the condi-
tional entropies.

Theorem 9 For f € Aand B > 0

Enty (B) < Egy [Z Ent.y (ﬁ)} 5)

k=1

In 1975 Elliott Lieb [19] gave a proof of this result, which was probably known
some time before, at least in the classical setting relevant to our arguments. Together
with Theorem 5 and Theorem 7 it completes our basic toolbox to prove concentration
inequalities. For the proof we need two auxiliary results.

Lemma 10 Let h, g > 0 be bounded measurable functions on 2. Then for any

expectation E

E [h] |: h]
E[h]ln —— < E|hln—|.
E[g] g

Proof Define an expectation functional E, by E, [h] = E [gh] /E [g]. The function
® (t) = tInt is convex for positive ¢, since ®” = 1/t > 0. Then

q,(Eg [hD _E, Elh
8 Elg]l Elg]

Thus, by Jensen’s inequality,

E [h] h
ElhIn 70t = E (8] E [—} InE, [
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Next we prove (5) for general positive functions.

Lemma 11 Letp € A, p > 0. Then

p p
E In —— E 1 .
[an[pJSZ [”Ek[p]]

k

Proof Write E¥[.] = E|E,...E;[.] with E° being the identity map on A. The
innocuous looking identity E [E k [.]] = E[.] is an obvious consequence of the fact
that we work with product probabilities. Without independence it would not hold,
and the following simple argument would break down. Note that E" = E. We expand

p_E°LPIE"[p] E"'[p] _yq  E“'Ip]
E[p]l E'[pl E2lp]l™ E"[p] 1 E*'[Ec[pll’

We get from Lemma 10, using E [E*'[]] = E[.],
o (-1 EF[p] }
Elpln—— | = E|E In ——
['D "E [p]} ; [ A VAT

EE"I[I pﬂ: E[l p].
5;[ I3

Finally we specialize to the canonical entropy.

Proof of Theorem 9 9 Set p = ¢/ in Lemma 11 to get

- oy e

B b
=) Egr[Bf —mE[M]]
k

= Egf |:Z Ent ¢ (/3):| ,
p

where we used Lemma 8 in the last identity. (I
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2.6 Summary of Results

The exponential moment method, Corollary 3, and Theorems 5, 7, and 9 provide us
with the tools to prove several useful concentration inequalities. Here is a summary:

Theorem 12 For f € A and B > 0 we have

Pr{f —Ef >t} < E[e!V ED]e ¥ (6)
B
InE [!V7ED] =B / Ents ) z(y)d)/ )
0 14
Enty (B) < Egy [Z Enty g (ﬂ)] (®)
k=1
B B
Ent; (B) :/ / o [flds di 9)
0 t
B B
Enty s (B) = /O / oo Lf1ds dt (10)

Concatenating the exponential moment bound (6), the entropy representation of
the moment generating function (7), the subadditivity of entropy (8) and the fluctua-
tion representation of the conditional entropy (10), we obtain the following generic
concentration inequality.

B n Y v
Pr{f—Ef>t}§fi£%eXp(ﬁ/0 ),ZEny;/O [ a,ij,_f[f]dsdt:|dy—ﬂt>.

This is the template for the results given in the next section.

3 First Applications of the Entropy Method

We now develop some first consequences of the method, beginning with the Efron—
Stein inequality, a general bound on the variance. Then we continue with the deriva-
tion of the bounded difference inequality, a simple and perhaps the most useful
concentration inequality, for which we give two illustrating applications. Then we
give a Bennett-Bernstein type inequality which we apply to the concentration of
vector-valued random variables.
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3.1 The Efron-Stein Inequality

Combining the fluctuation representations (9) and (10) with the subadditivity (8) of
entropy and dividing by 8% we obtain

1 B B n 1 B 8
F/o /t mzf[f]dsdtiEﬂfLX:l:E/o /t Uk%sf[f]dsdt.:|

Using the continuity properties of 8+ Egs[g] and B — oéf [f], which follow
from Lemma 6 we can take the limit as 8 — 0 and multiply by 2 to obtain

o’ If1<E [Za,f [f]] =E[Z*(N]. (11)
k

where we introduced the notation X2 (f) = " okz [f] for the sum of conditional
variances.

Equation (11) is the famous Efron—Stein—Steele inequality [26]. It is an easy
exercise to provide the details of the above limit process and to extend the inequality
to general functions f € L, [p] by approximation with a sequence of truncations.

3.2 The Bounded Difference Inequality

The variance of a bounded real random variable is never greater than a quarter of the
square of its range.

Lemma 13 If f € A satisfiesa < f < b then o> [f] < (b — a)* /4.

Proof

o> ()=ENf—ELfDFI=Ef —ELfD(f—a)
SEG-E[fDf-a]l=0-E[fDE[f]—-a)
(b—a)’
< —-
- 4
To see the last inequality use calculus to find the maximal value of the function
t—> b—1)@—a). .

The bounded difference inequality bounds the deviation of a function from its
mean in terms of the sum of squared conditional ranges, which is the operator
R? : A — A defined by
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R(N=Yrn(P=Y sup (D!, 1)

k=1 k=1 Y- €%

Theorem 14 (Bounded difference inequality) For f € Aandt > 0

—2¢2
=1 =0 =0 (G )
xeQ

Proof Applied to the conditional thermal variance Lemma 13 gives

1 1
op s Lf1 < i, sup (D]y(,y’f)2 ="k f)?,

v,y €

so combining the subadditivity of entropy (8) and the fluctuation representation (10)
gives

Ent; (y)

I /\

n Y rv
Ey,f |:ZEntkf(y)i| E,s [Zfo / a,isf[f]dsdti|
k=1 !

_Eyf [/ /Vki:rk (f)21| ds dt

= % E,; [R*(N)]. (12)

I A

Bounding the thermal expectation E, s by the supremum over x € 2 we obtain from
Theorem 12 (7)

B ) 2
nE [f/F)] =8 / B W gy <2 swpr (@),
0 4 8 xeQ

and the tail bound (6) gives for all 8 > 0
B’ >
Pr{f —Ef >t} <exp gsupR (fHx)—pt).
xeQ

Substitution of the minimizing value 8 = 4t/ (supxGQ R%(f) (x)) completes the
proof. (]

Notice that the conditional range ry (f) is a function in A; and may depend on
all x; except x;. The sum R* (f) = Y 1_, rx (f)?* may thus depend on all the x;. It is
therefore a very pleasant feature that the supremum over X is taken outside the sum.
In the sequel this will allow us to derive the Gaussian concentration inequality from
Theorem 14. The bound (12) will be re-used in Sect.5.4 to prove a version of the
Hanson-Wright inequality for quadratic forms.
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In the literature one often sees the following weaker version of Theorem 14.

Corollary 15 For f € Aandt > 0

—212
Pr {f - Ef = t} = exp (ZZZI SUPyeq Tk (f)2 (X)) .

If fisasum f =), Xy, then r{ is independent of x and the two results are
equivalent. In this case we obtain the well known Hoeffding inequality [16].

Corollary 16 (Hoeffding’s inequality) Let Xy, be real random variables a, < X; <
by. Then

Pr Z(Xk —E[Xi]D) >t <exp (iz) .
& ZZ:[ (b — ay)

In returning to the general case of non-additive functions, it is remarkable that for
many applications the following “little bounded difference inequality”, which is yet
weaker than Corollary 15, seems to be sufficient.

Corollary 17 For f € Aandt >0

nc?

42
Pr{f—Ef>t}§exp( 2 )

where

c=max sup D’y‘ v X).
xeQ,y,y ey ’

3.3 Vector-Valued Concentration

Suppose the X; are independent random variables with values in a normed space
B such that EX; =0 and || X;|| < c¢;. Let Q; ={y € B: |ly|l <¢;} and define f :
H?:l Ql‘ —> R by

fx =

2
i

Then by the triangle inequality, for y, y’ with |y, |y'|| < c
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Dlyc,y/f x) = Z S§ ()| — Z Sf,/ (X);
= |2 s @i =S ) =yl
< 2¢,

so R2(f) (x) <4 > cl.z. It follows from Corollary 15 that

2
Pr{f—E[f]>r}sexp<chg),

or that for § > 0 with probability at least 1 — § in (X1, ..., X))

ZX,- Zx,- + /2Zc31n(1/5). (13)

If B is a Hilbert space we can bound E |}, X;|| < /3" E[lIX;]*] by Jensen’s
inequality and if all the X; are iid we get with probability at least 1 — §

2
- /E[||X1II]+Cl [21In(1/8) (14)
n n

3.4 Rademacher Complexities and Generalization

<E

1

Now let X be any measurable space and ¥ a countable class of functions f :
X —[0,1] and X = (X4, ..., X,,) be a vector of iid random variables with values
in X.

Empirical risk minimization really wants to find f € # with minimal risk
E[f (X)], but, as the true distribution of X is unknown, it has to be content with
minimizing the empirical surrogate

1
;lZf(Xi%

One way to justify this method is by giving a bound on the uniform estimation error

1
sup ~ | f (X)) — ELf (X)]|.

feF |5
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The vector space
B::g:TeR:supLg(fﬂ <oo}
feF

becomes a normed space with norm ||g|| = sup .+ |g (f)|. For each X; define X ;
€ Bby )2[ (f) = f (X)) — E[f (X)]. Then the X[ are zero mean random variables
in B satisfying HX i H < 1, and (13) of the preceding section gives with probability

atleast 1 — &
2In(1/8
sup Zf(X)—E[f(X)] < Esup Zf(x)_ [f(Xi)]-l-\/T/).
fer |1t fer "

The expectation term on the right-hand side can be bounded in terms of Rademacher
complexity [3]. This is the function R : ¥ x X" — R defined as

Ze,f (xi)

where the € = (€1, ..., €,) are vectors of independent Rademacher variables which
are uniformly distributed on {—1, 1}. We have, with X iid to X;

’

2
R(F,x) =—E.sup
n feF

IA

1 1
~E sup Zf(X)— f(Xi)]‘ ~Exy sup

n. frer

Y- £(x)

_EXX sup

3

P> e (f (X0 = f (X))

for any € € {—1, 1}", because the expectation is invariant under the interchange of
X; and X| on an arbitrary subset of indices. Passing to the expectation in € and using
the triangle inequality gives

1 1
s Zf(X)—E[f(X)]‘ =< ~Exx Ec esup | Ze, (fxn—f(X ))‘
< 2 ExE. sup s
feF
= ExR((F,X).

Now we use the bounded difference inequality again to bound the deviation of
R (F, .) from its expectation. We have, again using the triangle inequality,
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|

2
Dlv‘yy,R (F,x) = —E, |:sup
il n feF

DSy f ()

— sup
feF

YoaShf ()

IA

S|

2
~E. |:sup & (fO)—f (y’))|:| =
fef

and thus obtain
Pr{E[R(F, )] >R(F,)+1} <e™/

or, for every § > 0 with probability at least 1 — §

E[R(F.X)] <R(F, X)+,/w. (15)

By a union bound we conclude that with probability at least 1 — §

5R(?’,X)+2,/—21n’(12/8).

3.5 The Bennett and Bernstein Inequalities

1
sup |~ > f (Xi) = ELf (X))

fer

i

The proof of the bounded difference inequality relied on bounding the thermal vari-
ance a,i pr (f) uniformly in B, using the constraints on the conditional ranges of
f. We now consider the case, where we only use one constraint on the ranges, say
f — Ex[f] < 1, but we use information on the conditional variances. This leads to
a Bennett type inequality as in [23]. Recall the notation for the sum of conditional
variances 2 (f) := Y_ o (f). Again we start with a bound on the thermal variance.

Lemma 18 Assume f — Ef < 1. Then for B > 0
o5 (f) < efo’ (f)

Proof
oh () =iy (F = EF) = Epiyip [(F = EN*] = (Eps—ep Lf — Ef1)°
E [(f — Ef)? eﬂ(f—Ef)]

E [eP(F=ED]
E[(f — Ef)*e’Y=ED] (by Jensen’s inequality)
e’E[(f — Ef)*] (now using f — Ef < 1).

< Egi-ep [(f —EP?] =

IA

IA
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Next we bound the entropy Ent/ (8).
Lemma 19 Assume that f — Eyf < 1forallk € {1, ...,n}. Then for § > 0

Enty (B) < (B’ — e’ +1) Egr [Z*()].

Proof From Theorem 12 and the previous lemma we get

n B rB B rB
Enty (B) < Egf [Zfo / ol [f1ds dt:| 5/0 / ¢’ds dt Egs [22 ()]
k=1 t t

The conclusion follows from the formula
B rB B
/ / esdsdtzf (ef —e')dt = Bef —ef +1.
0o Jr 0

‘We need one more technical Lemma.

Lemma 20 Forx >0
(1+x)In(1+x)—x >3x*/(6+2x).
Proof We have to show that
fi (@) == (6+8x +2x*)In (1 +x) — 6x — 5x* > 0.
Since fi (0) = 0 and f{ (x) =4 f; (x) with f, (x) := 2+ x)In(l +x) — 2x, it is

enough to show that f5 (x) > 0.But f> (0) = Oand f; (x) = (1 + O '+ Ind +x)
— 1,50 f; (0) =0,but £ (x) =x(1 +x)72>0,s0 f> (x) > 0. O

Now we can prove our version of Bennett’s inequality.

Theorem 21 Assume f — Eyf <1,Vk. Let t > 0 and denote V = sup,.q 32
(f) X). Then

Pr{f —E[f] >t} <exp (—V ((1 + tV’l) In (1 + tV’l) - tVﬁl))
=P (m) -
Proof Fix § > 0. We define the real function
Yy =e —1—1, (16)

which arises from deleting the first two terms in the power series expansion of the
exponential function and observe that
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B eV — oV
ye e’ +1 _ B
/ 2 d‘}/:ﬂl(e'ﬁ—ﬂ—l):ﬂ llﬁ(ﬂ),

0 14
because (d/dy) (y ™' (&7 = 1)) =y 2 (ye” —e” + 1) andlimy_oy ' (¥ — 1) =
1. Theorem 12 and Lemma 19 combined with a uniform bound then give

In EePU—EN — g /ﬂ Ent; (y)dy
0 y?
B yer —e¥ +1
<B (/ %dy) sup 2% (f) () = ¥ (B) V.
0 14 xeQ
It now follows from Theorem 12 that Pr{f — E[f] > t} < exp (¥ (B) V — Bt) for

any § > 0. Substitution of 8 = In (1 + tV‘l) gives the first inequality, the second
follows from Lemma 20. O

Observe that f is assumed bounded above by the assumptions of the theorem.
The existence of exponential moments E [¢#/] is needed only for B > 0, so the
assumption f € A can be dropped in this case.

If f is additive the theorem reduces to the familiar Bennett and Bernstein inequal-
ities [16].

Corollary 22 Let X; be real random variables X, < E[Xy]+ 1 and let V =
>, 0% (Xk). Then

Pr {Z(xk — E[X,]) > t} <exp(-V((L4+tV " )In(1+:v7") —tv)
k

—¢2
< _— .
= &P <2v + 2t/3>

Theorem 21 and its corollary can be applied to functions satisfying f — E; [ f] <
b by a simple rescaling argument. Then Bernstein’s inequality becomes

_tz
Pr{f — E[f] >t} <exp <25queQ 22 (f) (%) +2bt/3> )

Inequalities of this kind exhibit two types of tails, depending in which of the two terms
in the denominator A + B of the exponent is dominant. In the sub-Gaussian regime
A >> Bt thetail decays as e~""/A_This is the way the bounded difference inequality
behaves globally, but with a very crude approximation for A, while Bernstein’s
inequality uses variance information. But for larger deviations, when A << Bt, the
tail only decays as e~/4. This subexponential behavior is absent in the bounded
difference inequality and the price paid for the fine-tuning in Bernstein’s inequality.
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3.6 Vector-Valued Concentration Revisited

We look again at the situation of Sect. 3.3. Suppose again that the X; are independent
zero mean random variables with values in normed space, which we now assume
to be a Hilbert space H, but that now we have a uniform bound || X;| < c. Again
we define f:{ye H:|y|<c}" > Rby f(x) = || DX H and observe that for
v,y € H, D’y"},/f (x) < ||y — y’||. This implies that f — E} [ f] < 2c and also

1
Gk )= E(} Y~ ud (D” f(x)) = 2E<M)~uk ”y M ” = E|IXc]*.

Thus X2 (f) < YL EIX; I?> and by Bernstein’s inequality, Theorem 21,

Pr{f —E[f]>1} EeXp<QZ,E||X'I|2+4Ct/3>’

or that for § > 0 with probability at least 1 — § in (X, ..., X},)

‘Zx \/ZE 1X:1%] / ZEHX 1%1n (1/8) + 4cIn (1/8) /3,

where we again used Jensen’s inequality to bound E || > X || If all the X; are iid
we get with probability at least 1 — §

[1X117] 4cIn (1/5)
,/T (1 n 21n(1/<3)) +—

If the variance E [||X 1 ||2] is small and 7 is large, this is much better than the bound
(14), which we got from the bounded difference inequality.

ZX

4 Inequalities for Lipschitz Functions and Dimension Free
Bounds

We now prove some more advanced concentration inequalities. First we will use the
bounded difference inequality to prove a famous sub-gaussian bound for Lipschitz
functions of independent standard normal variables. We then derive an exponential
Efron—Stein inequality which allows to prove a similar result for convex Lipschitz
functions on [0, 1]". We also obtain a concentration inequality for the operator norm
of a random matrix, with deviations independent of the size of the matrix.
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4.1 Gaussian Concentration

The advantage of the bounded difference inequality, Theorem 14, over its simplified
Corollary 15 is the supremum over x outside the sum over k. This allows us to prove
the following powerful Gaussian concentration inequality (Tsirelson-Ibragimov—
Sudakov inequality, Theorem 5.6 in [6]). We assume ; = R and pu; to be the
distribution of a standard normal variable, and we require f to be an L-Lipschitz
function, which means that for all x, x’ € R”

f(x)—f(x') §L”X—x’|

’

where ||.|| is the Euclidean norm on R”.

Theorem 23 Let f : R" — R be L-Lipschitz and let X = (X1, ..., X,,) be a vector
of independent standard normal variables. Then for any s > 0

Pri{f(X)>Ef(X)+s}<e /2,

Note that the function f is not assumed to be bounded on R”.

Proof The idea of the proof is to use the central limit theorem to approximate the
X; by appropriately scaled Rademacher sums hg (¢;) and to apply the bounded
difference inequality to f (kg (€1), ..., hg (€,)).

By an approximation argument using convolution with Gaussian kernels of
decreasing width it suffices to prove the result if f is C? with |(82 /xiz) f (X)| <B
for all x € R” and i € {1, ..., n}, where B is a finite, but arbitrarily large con-
stant. For K € N define a function hg : {—1, 1}* — R, a vector-valued function
hg : {—1, 1}*" — R” and a function G : {—1, 1}X" — R by

K

1

hi (€) = ﬁZek, fore € {—1, 1}X
k=1

hg (€) = (hg (€1), ..., hk (€)) fore = (€1, ..., €,) € {—1, 1}K"
Gk = f (hg (¢)) fore e {—1, 1}K".

We will use Theorem 14 on the function G applied to independent Rademacher
variables €.

Fix an arbitrary configuration € € {—1, 1}X" and let x = (xy, ..., x,) = hg (€).
For each i € {1, ..., n} we introduce the real function f; (1) = S! f (x), so that we
replace the i-th argument x; by 7, leaving all the other x; fixed. Since f is C* we
have for any r € R

2
Fatn) —f ) =1fl (x) + %f ()
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for some s € R, and by the Lipschitz condition and the bound on ‘ fi”]

t

4
Fie+0—fi ) =02 (f @) +2F @) [ () + L )’
4
< (f/ @) + P LB+ B

Now fix a pair of indices (i, k) withi € {1, ...,n}and k € {1, ..., K} and arbitrary
. 2
values y, y' € {—1, 1} with y £ y’. We want to bound (D;”’yk,)Gk (6)) . Now either

one of y or y is equal to €z, so either S G (€) or S)(,';’MGK (¢)isequal to G (€).
Without loss of generality we assume the second. Furthermore § f hi (€;)and hg (€;)
differ by at most 2/+/K, so

. 2
<D§,’,’)’,‘,)GK (e)) = (f (%1 s S5 (€0) s s X0) = F 1y oo B (&) oo 5))

) 2
= (fi (hK () £ ﬁ) — fi (hk (Q)))

_ 4fi (g (&)  SLB 4B’
= K K32 T K2

Now f/ (hx (€;)) is just equal to (8/9x;) f (X), so

D (hi (€))* < sup [V f 0)|* < L.

xeR"
Since € was arbitrary we have

8nLB 4nB?
K172 + K

. 2
sup Y sup (DG (€)= 4L +
€ ki MY

From Theorem 14 we conclude from f (hg (¢)) = G (¢) that

l —s°
Prif the @) =Ef (e () = s} < exp (2L2 +4nLB/K'2 + 2n32/1<) ‘

The conclusion now follows from the central limit theorem since g (¢) — X weakly
as K — oo. O
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4.2 Exponential Efron Stein Inequalities

We will now use the entropy method to derive some other “dimension free” bounds
of this type. We need the following very useful result.

Lemma 24 (Chebychev’s association inequality) Let g and h be real functions, X
a real random variable.
If g and h are either both nondecreasing or both nonincreasing then

Elg(X)h(X)] = Elg (X)]E[h(X)].
If either one of g or h is nondecreasing and the other nonincreasing then
Elg(X)h(X)] = Elg(X]E[h(X)].

Proof Let X’ be a random variable iid to X. Then

1
Elg(X)h(X)1=Elg O1Eh (X1 = JE[(g (X0 =g (X)) (h () —h (X))].
Now if g and # are either both nondecreasing or both nonincreasing then
(g 0 =g (X)) (h(X) = 1 (X))

is always nonnegative, because both factors always have the same sign, in the other
case it is always nonpositive. (I

We use this inequality to prove a bound on the thermal variance. First recall that
for two iid random variables X and X’ we have

o2 (X) = %EXX/ [(x = x)’]

1 1
= EEXX’ [(X - X/)2 1)(>x'] + EEXX’ [(X - X/)Z 1)<<x']

N2
=EXX/[(X—X)+].
Lemma 25 Let 0 <s < B. Then
2
62 (f) < Exmpy, [Ex,w [( fe)—f (x/))+]] .
Proof Let ¢ be any real function. Lemma 6 (2) gives

d
EEﬂf [ (D= Egr [ () f1—Egr [V (] Epr Lf]. (17
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By Chebychev’s association inequality Egy [y (f)] is nonincreasing (nondecreas-
ing) in B if v is nonincreasing (nondecreasing). Now define g : R> — R by

g (s, 1) = Exvy,, [ X~y [(f x)—f (X/))2 lf(x)zf(x’)]] ,
so that

03 () = 5 Evey [Evmn [(F 00 = 1 ()] = 815,90

Now for fixed x the function (f (x) — f (x’))2 1 /()= f(x) is nonincreasing in f (x'),

s0 g (s, 1) is nonincreasing in 7. On the other hand, for fixed x', (f (x) — f (x’))2
1 #(x)= r(y 18 nondecreasing in f (x), so g (s, t) is nondecreasing in s (this involves
exchanging the two expectations in the definition of g (s, t)). So, since pos = u, we
get from 0 < s < § that

0% ()= 8(5.8) = 8 (B.0) = Expy, [ Evmy [(f 0 = £ (¥))1]].

O

Here is another way to write the conclusion: let & € A be defined by 4 (x) =
Ev [ (£ @) = £ (¥))} ] Then o () < Egy 141,
Define two operators D? : A — A and V? : A — Aby

2
D'f = Z( — inf Sf )
and Vi f = ZEyNW |:((f — Sﬁf)+)2:| )
k

Clearly V2 f < D?f as D*f is obtained by bounding the expectations in the
definition of VZ by their suprema.

Lemma 26 For > 0and f € A
B’ n
Enty (B) < — Egy [Vfn].

Proof Fork € {1,...,n}writehy = Ey, [(f Skf) ] sothat V* (f) = Y, hy.
The conditional version of Lemma 25 then reads for0 < s < Band k € {1, ..., n}

Ukz,sf (f) < Expr[hil.

Theorem 12 gives
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B B )
Enty (8) < / / Z Egs [ak’sf (f)]dsdt
0 t &
B rB
< / / > Epy [Evpr (i) dsdt
0 t &
B rB
= / [ ZE/gf [hk]dsdt
rok

2
= %Eﬂf [V:(hl.

where we used the identity Egs [ Ey y [h]] = Epgy [h] for h € A. O

The usual arguments involving Theorem 12 and an optimization in 8 now imme-
diately lead to

Theorem 27 Witht > 0

—[2 —l2
HU—EUbwhﬂw<§E;;€ﬁ5>5“«Z@Qﬁfﬂ5)

We get a corresponding lower tail bound only for D? and we have to use an
estimate similar to what was used in the proof of Bennett’s inequality.

Lemma 28 If f —inf, f < 1, Vk then for 8 > 0

Ent_; (B) < ¥ (B) E_ps [D*f],

withyr (t) = ¢' —t — 1 defined as in (16).
Proof Letk € {1, ..., n}. Wewrite h; := f — inf; f.Thenh; € [0, 1]andfors < 8
we have 1 < B9 < oB=s g9

E[hlePhe®=om] B [he ]

27 —
E-one [1i] = Ey[ePrie®—om] ~  E[ePn]

=" E g, [7] -

We therefore have

/ / Ex —sf hk dsdt / / Ek—shk dsdt

( ﬂ%ﬂmﬁd]w@mm[]

where we used the formula

B rB
/ / edsdt=1—e¢P — Be
o Ji
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Thus, using Theorem 12 and the identity E_gsEy _gr = E_gy,

B b B b
Ent_; (B) < E_py [Z/O / o, [f1ds d;} < E_p [Z/O / Exys [1})] ds dz}
k ! k !

= VB E-gy [Z Ex—sf [h,%]} = v (B E—gs | DS ].
k

|
Lemmas 26 and 28 together with (7) imply the inequalities
E B[’ 2
In E [/V7FUD] < 5/0 Eyp [VIf]dy. (18)
and, if f —inf; f <1 for all k, then
B
nE [eﬂ<E[f]—f)] < %/{) E_,; [sz] dy, (19)

where in the last inequality we also used the fact that y + ¥ (y) /y? is nondecreas-
ing. Bounding the thermal expectation with the uniform norm and substitution of

B =In (1 +1||D*f|| ;01> gives the following lower tail bound as in the proof of the
Bennett-Bernstein inequalities.

Theorem 29 If f —infy f <1 for all k, then for t > 0 and with A := sup,.q
D*f (x)

Pr{Ef — f >t} <exp (—A ((1 +é>ln <1 +é> —i))

2
< .
=P (2 SUpyeq D2f (%) + 2r/3)

4.3 Convex Lipschitz Functions

In Sect.4.1 we gave a sub-gaussian bound for Lipschitz functions of independent
standard normal variables. Now we prove the same upper tail bound under different
hypotheses. Instead of assuming p; to be standard normal we require 2; = [0, 1]
and let pu; be perfectly arbitrary. On the other hand, in addition to being an L-
Lipschitz function, we require f to be convex (actually only separately convex in
each argument).

Theorem 30 Let Q = I, an interval of unit diameter, and let f € A be C!, L-
Lipschitz and such that y € [0, 1] — Sff (x) is convex for all k and all X. Then
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Pr{f—Ef >t} <e' /2
Proof By an approximation argument we can assume f to be differentiable. Letx €

[0,1]", k € {1, ...,n} and y € [0, 1] such that S’y‘f (x) < f (x). Then, using separate
convexity,

d
) =S5 (x) < (x = 8%, 0f (%), = (% — y) PO

d
a_xkf (x)

We therefore have f (x) — inf, S;‘ f(x) <1(3/dxx) f (x)] and

n

2
D’f(x)=)_ (f (x) — inf S| f (x)) <IVf ®llg. < L%

k=1
Theorem 27 then gives the conclusion. (]

For future reference we record the following fact: if €2; is an interval of unit
diameter and A anm x n-matrix then x — || Ax|| is a convex function with Lipschitz
constant || A|| and thus

D* (| Ax|)) < IIAI. (20)

4.4 The Operator Norm of a Random Matrix

For x € [—1, 1]"2 let M (x) be the n x n matrix whose entries are given by the
components of x. We are interested in the concentration properties of the operator
norm of M (X), when X is a vector with independent, but possibly not identically
distributed components chosen from [—1, 1]. The function in question is then f :
[—1, 17" — R defined by

fE=IMX|= sup (MEv,w),

Iwll.lvii=1

where (., .) and ||.|| refer to inner product and norm in R".

To bound D? f (x) first letx € [—1, 1]”2 be arbitrary but fixed, and let v and w be
unit vectors witnessing the supremum in the definition of f (x).

Now let (k, /) be any index to a matrix entry and choose any y € [—1, 1] such
that SV f (x) < f (x). Then

f® =S =M v,w)— sup (SEOM )V, W)
Iw i vi=1 "~

(M (x) = SO M (x0)) v, w) = (xr — y) view;

<
< 2|vlIwl.
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Note that f — inf; f < 2. Also

2
sz<x>=2<f(x) nf S”‘”f(X))

1,11 7
k.l !

2 2
<4> Wl wmf =4
k,l

The results of the previous section (rescaling for the lower tail to get f — inf; f < 1)
then lead to a concentration inequality independent of the size of the random matrix.

Theorem 31 Let X = (X i j) I<i.j<n be a vector of n* independent random variables
with values in [—1, 1], and X' iid to X. Then for t > 0.

2

Pr{IM X - E[[M (X)[] =1} <exp <_T)

and

P (1 ()] - 101 001 = 1} < exp (52 ).

Observe that the argument depends on the fact that the unit vectors v and w could
be fixed independent of k and /. This would not have been possible with the bounded
difference inequality. Also note that square matrices were chosen for notational
convenience only. The same proof would work for rectangular matrices.

5 Beyond Uniform Bounds

All of the above applications of the entropy method to derive upper tail bounds
involved an inequality of the form

Enty (y) <§ () Eyr [G ()],

where & is some nonnegative real function and G is some operator G : A — A,
which is positively homogeneous of order two. For the bounded difference inequality
£ (y) = y?/8 and G = R?, for the Bennett inequality & (y) = ye” —e” 4+ 1 and
G = X2, for Theorem 27 we had £ (y) = y?/2 and G = Vf. Theorem 12 is then
used to conclude that

)d)/

In EPU Ef><f3/ A2y f[G(f)]dV<ﬂSUPG(f)()/ §0dy

21
An analogous strategy was employed for the various lower tail bounds.
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The uniform estimate E,; [G (f)] < sup, G (f) (x) in (21), while being very
simple, is somewhat loose and can sometimes be avoided by exploiting special prop-
erties of the thermal expectation and the function in question.

5.1 Self-boundedness

The first possibility we consider is that the function G (f) can be bounded in terms
of the function f itself, a property referred to as self-boundedness [8]. For exam-
ple, if simply G (f) < f,then E, ¢ [G (/)] < E, ¢ [f]l=(d/dy)InZ,;, and if the
function £ has some reasonable behavior, then the first integral in (21) above can be
bounded by partial integration or even more easily. As an example we apply this idea
in the setting of Theorems 27 and 29.

Lemma 32 Suppose that for f € A there are nonnegative numbers a, b such that
(i) fo <af+b.Thenfor0 < B <2/a
2
InE [FU-E0] < P @Ef +5)
- 2 —ap

(ii) D*f < af + b. If in addition f —inf; f <1 for all k, then for B < 0 and
a>1
2
In £ [#EU10] < P @E[f1+b)
- 2

Proof (i) We use (18) and get

. b 2
In E [/ ~FUD] < ﬁ/ vl sz]dy<—ﬂ i Eyf[f]dy+%
ap bp?
= —InZg + —
> nZgr+ 5

where the last identity follows from the fact that £, ¢ [ f] = (d/dy)In Z, ;. Thus

2
In E [P -FUD] < flnEgﬂ(f ey . 9B? Ef_,_%

and rearranging this inequality for 8 € (0, 2/a) establishes the claim.
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(i1) We use (19)

ME[JwUkﬂ] ‘KgQ[fE—ﬂ[D%ddV

B _
<@ (ﬂ)/ E_yr[f1dy + by 8) = 2P
B 0 B

- w InE [eﬁ(E[f]_f)] + 9 B)@ELf1+Db).

InZ_gr + by (B)

Rearranging gives

_ ¥ (B) B* (aE [f1+b)
B(ELfI-1) r - 77
InE[e ]Sl+a’871w(ﬁ)(aE[f]+b)§ > ,

where one verifies that for 8 > 0 and @ > 1 we have ¥ (B) (1 +ap~'y (,3))_1 <
B/2. O

The bound in part (i) requires an upper bound on S. To proceed we need the
following optimization lemma, which will be used several times in the sequel and
leads to tail bounds with both sub-Gaussian and subexponential regimes, similar to
Bernstein’s inequality.

Lemma 33 Let C and b denote two positive real numbers, t > 0. Then

) Cﬂz —l2
inf —pBt + =< . (22)
Bel0.1/b) 1—b8) ~ 202C +br)

Proof Leth (t) =141t — /1 +2¢t. Then use
b1+ =204+0>=20+0)V1+2t
=(0+0>=204+D)VT+2t+ (1 +28) + 12
2
= (1+t—«/1+2t> +1?

> 12

so that

2

1 AN
ﬂ=Z<1_(1+E> )

in the left side of (22) we obtain

(23)

Substituting
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2 2 bt —1?
inf (—pr+ cp 5——Ch — )<=
Bel0,1/b) 1—-b8 b? 2C 2 (2C + br)

where we have used (23). ([l

Theorem 34 Suppose for f € A there are nonnegative numbers a, b such that
(i) fo <af + b. Then fort > 0 we have

_ 42
Pr{f — E[f] >f}feXp(z(aE[f]ibJraf/z)).

(ii) sz <af +b. If in addition, a > 1 and f —inf; f < 1,Vk € {1, ..., n},
then

2
Pr{E[f]—f>t}§eXP<2(aT}]+b)>-

Proof Part (i) follows from Lemmas 32 (i) and Lemma 33). Part (ii) is immediate
from Lemma 32 (ii). (]

Boucheron et al. [8] have given a refined version for the lower tail, where the
condition a > 1 is relaxed to a > 1/3 for the lower tail. There they also show that
Theorems 34 and 27 together suffice to derive a version of the convex distance
inequality which differs from Talagrand’s original result only in that it has an inferior
constant in the exponent.

5.2 Convex Lipschitz Functions Revisited

In Sect.4.3 we gave a sub-Gaussian bound for the upper tail of separately convex
Lipschitz functions on [0, 1]". Now we use self-boundedness to complement this with
a sub-Gaussian lower bound, using an elegant trick of Boucheron et al. [6] where
the lower bound in Theorem 34 is applied to the square of the Lipschitz function f.
The essence of the trick is the following simple lemma.

Lemma 35 If f > 0 then D2 (f2) < 4D (f) f2.
Proof Since f > O wehaveinf (f2) = (infy f)?,s0,using (a + b)* < 2a® + 21,

D*(f?) = Z(fz—irszz)z:Z(f—irlsz>2<f+i1]}ff>

k

2

2
<477 (f —inf f) =4D*(f) f*.
k
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For the sub-Gaussian lower bound we need the additional assumption that f2
takes values in an interval of length at most one.

Theorem 36 Let 2, = [0, 1] and let f € A be L-Lipschitz, nonnegative and such

thaty € [0, 1] — S(‘f (x) is convex for all k and all X, and suppose in addition, that

f? takes values in an interval of length at most one. Then for all t € [0, E [ f]]
Pr{E[f]—f >t} <e /P,

Proof The trick is to study the function f? instead of f. Let x € [0, 1]". Using

separate convexity as in the proof of Theorem 30 we have D?f < L2, so by the

previous lemma D? (f)* <4L?f2. For any k we have f2(x) — inf sz x) <1,s0
by the lower tail bound of Theorem 34 we get a lower tail bound for f2

Pe{E (%] - /> 1) < exp (ﬁm)
Thus
PHELf1— f > 1) =P\ JE[F2]ELf1- /) > mf}
| (J71) 1) 7
el ()= 72 B[]
< exp (8‘_;>

Here weused E[f] <,/ E [ f 2] and the assumption that f is nonnegative in the first
inequality. |

5.3 Decoupling

A second method to avoid the uniform bound on the thermal expectation uses decou-
pling. By the duality formula of Theorem 4 we have forany f, g € Aand B € R

Egs[g] < Enty (B) + InE [ef]. (24)

Recall the discussion at the beginning of Sect. 5, where we had a general bound of
the form Ent, (8) < & (B) Egs [G (f)]. Using (24) we can now obtain for any A > 0
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Ent; (B) < & (B) A~ Egr MG (/)] =& (B)A~" (Enty (B) +InE [exp (AG (f))]) .
and for values of 8 and A where A > & () we obtain

£ (B)

Enty (B) < £ B InE [exp (AG ( f))] 25)
_ §(B) MG(N—EIGNHD
—‘f InE + AE[G .
»—£B) (n [e ] [ (f)])

Hence, if we can control the moment generating function of G ( f) (or some suitable
bound thereof), we obtain concentration inequalities for f, effectively passing from
the thermal measure gy to the thermal measure ;G (s). The second line shows
that in this way the supremum of G (f) can possibly be replaced by an expectation.
The X — & (B) in the denominator makes some constraint on 8 necessary, so the
improvement comes at the price of an extra or enlarged subexponential term in the
resulting concentration inequality. We conclude this chapter with three applications
of this trick, which has been proposed in [7].

5.4 Quadratic Forms

As a first illustration we give a version of the Hanson-Wright inequality (Theorem
6.2.1in[29]) for bounded variables. Let A be asymmetricn X n-matrix, whichis zero
on the diagonal, thatis A;; = 0 for all 7, and suppose that X1, ..., X,, are independent
random variables with values in an interval 7 of unit diameter. We study the random
variable f (X), where

fx) = inAinj-
ij

As operator G we use R?, the sum of squared conditional ranges which appears in
the bounded difference inequality. For the function in question we have

DY f 0 =2(y—y) D Auxi =2(y =) (Ax),

l

and, since 7 has unit diameter

R(Hx) =Y sup (D, f(x) <4 (A%} =4]Ax|’.

k y.y'el k

We can therefore conclude from (12) in the proof of the bounded difference inequality
(Theorem 14), that Enty (y) < (y?/8) Eys [R* ()] < (¥*/2) E, s [IIAX|*]. But
instead of bounding the last thermal expectation by a supremum, as we did before,
we now look for concentration properties of the function x — | Ax||>.
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By (20) and Lemma 35 we have the self-bounding inequality D (]| Ax|*) <
4]|A|1* || Ax||* and Lemma 32 gives for 0 < 1 < 1/ (2[|A]]?)

2
nE [eAHAXIIZ] < M'
T1=2]A* 2

NowLetO <y < 1/||AllandsetA :=y/ 2 ||Al) < 1/ (2 ||A||2). Using the above
bound on Ent (y) and the decoupling inequality (24) we get

2 2
AEnt; () = 2By [0 1AxIP] < 22 (Bnty o) 4+ E [eH14])

2 2 2

y y= AE [||Ax||]
< _Et +_—‘
-2 nty (v) 2 1-2]A|*xr

Collect terms in Ent; (y), divide by A — y2/2 (which is positive by the constraint
on y and the choice of 1) and substitute the value of A to get

y? E [I|Ax]1*]

Ents (y) <
' (1 —lAly)? 2
From Theorem 12 we conclude that for 8 < 1/ || A||

B X
Pr(f — Ef) < exp (ﬁ | =5y - ﬂt>

2 2
oot L))

1Al 2

and using Lemma 33 to minimize the last expression in 8 € (0, 1/ ||A]|) gives our
version of the Hanson-Wright inequality for bounded variables.

Theorem 37 Let A be a symmetric n X n-matrix, zero on the diagonal, and X =
(X1, ..., Xn) a vector of independent random variables with values in an interval T
of unit diameter. Let f : X" — R be defined by f (x) = Zij x;Aijxj. Thenfort > 0

2
Pr{f — Ef > 1} <exp (25 [1AXIP] + 2 j14] t> |

5.5 The Supremum of an Empirical Process

We will now apply the decoupling trick to the upwards tail of the supremum of an
empirical process, sharpening the bound obtained in Sect. 3.4.
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Theorem 38 Let Xy, ..., X, be independent with values in some space X with X;
distributed as p;, and let ¥ be an at most countable class of functions f : X —
[—1, 11with E[f (X;)] = 0. Define F : X* — Rand W : X" — R by

F (X) = sup Z f(x:) and

feF

W (x) = supZ Pa)+ E[f2 (X))

Then fort > 0

_2
Pr{F—E[F]>t}§exp(Wt]+t>.

This inequality improves over Theorem 12.2 in [6], since by the triangle inequality

E[W] < 22 + o2 and the constants in the denominator of the exponent are better
by a factor of two, and optimal for the variance term.

Proof Let0 < y < B < 2. Using Theorem 26 and (24) we get
Entr (7) < 2Eyr [y V2 (F)] = 5 (Entr () +In EeH0).

Rearranging gives

Entr (7) < 5 Y ~n EerViP), (26)

Fix some x € X" and let f € F witness the maximum in the definition of F' (x). For
y € X we have (F — S§F)+ < (f (x;) — f (y)) and by the zero mean assumption
+

VZF) () = Y Eye [(F (x) — SF (x))i]
k
N ~ 2
< ; Eyes (F 00 = F )
=Y B (f0-f (y))2
k

=Y (FPwo+E[ow])
< VI]; (x).

So Vf (F) < W. It follows from (26) that

InEe?V <

Entr () < 5 Y nE[er"]. 27)

2—y
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_ Next we establish self-boundedness of W. Let f € F (different from the previous
f, which we don’t need any more) witness the maximum in the definition of W (x).
Then

VIOW) (X)) =Y Eyepy (W (x) — SEW (x))z+
k

=D Evu [(.P () — f? (y))j
k

< Zfz(xk)
k
< W.

It therefore follows from the self-bounding lemma, Lemma 32, that

2E[W E[W
lnE[eyW] < V—[]_i_yE[W]:V—[].
2—y 1—y/2
Combining this with (27) gives
E[W : E[W
Enty () < (V []>= Y i (W]
2—y \1=vy/2)] A-y/2* 2
From (6) in Theorem 12 we conclude that
F Ent b 1 E[W
In EePF-EP) — ﬂ/ n FZ(V)dy < ,3/ _dy (W]
o Y o (I1-y/2) 2
B EW]
1-82 2
Using Lemma 33 it follows that
. B> E[W]
Pr{F — E[F < f — _—
r{ [ ]>t}_ﬁé2)’2)exp< ,3t~|—1_13/2 >

_,2
= P (W) '

5.6 Another Version of Bernstein’s Inequality

A potential weakness of Theorem 21 is the occurrence of the supremum in the defi-
nition of the variance parameter V = sup,_q %% (f) (x). If the supremum could be
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replaced by an expectation, the variance parameter would become the Efron—Stein
upper bound E [22 (f )] on the variance o> ( f), making the inequality considerably
stronger. Such a modification is possible at the expense of enlarging the subexpo-
nential term in Bernstein’s inequality. Define the interaction functional

172

J(Hy =2 swp Y o (f-5f)x

XZEQ 1k

The following theorem is given in [21]

Theorem 39 Suppose f € A (Q) satisfies f — Ex f < bforallk. Thenforallt > 0

12
Pr{f — Ef >t} SGXP<2E[22(f)]+(2b/3+J(f))t) '

Here we will use the tools introduced above to prove a slight strengthening of this
result, removing the boundedness conditions above.
Let f: Q =[], 2 — Rand consider the three conditions

(A) = ((f — Exf) < bforall k)
(B) = <Ek [(f —Ec)"] < %m!okz (f) b2 for m > 2 and all k)

n 2
(©) = (Z B[ - By = 2D

m'b" 2 form > 2) .
k=1

Then (A) = (B) = (C).Thelastcondition (sometimes called “Bernstein con-
dition” in the literature) is sufficient for the following version of Bernstein’s inequal-
ity, which extends Theorem 2.10 in [6] from sums to general functions and replaces
the one-sided boundedness requirement of Theorem 39 by the Bernstein condition.

Theorem 40 Let f:Q =[[/_, Q — R be measurable and suppose that (C)
holds. Then fort > 0

l2
2E[zz(f)]+(2b+1(f))t)'

Pr{f—Ef>t}§exp(

The first step is to bound the entropy of f under the condition (C), thus replacing
Lemma 19 in the proof of Theorem 21.

Lemma 41 Suppose (C) holds with b = 1. Then for all 8 € [0, 1)

B*Egr [22 ()]

Entf B < 20— ,3)2
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Proof First we get from the variational property of variance, that

E[(f — Ex (/) PUED]

oipr (f) < Ewpr [(f — Ec ()] = Ey [ePUED]

< B [(f — Ec ()2 ePIED],

where we used Jensen’s inequality to get Ey, [exp B —Exf ))] > 1 for the second
inequality. From monotone convergence and (C) we then get

n

S0k () = S E[(f - BB =3 ) B B[ - B
k=1 k=1 — !

m
= = m=0 k=1

22 (f)
2

=

Z(er 1) (m+2)B".
m=0

Thus from Theorem 12

B rB "
Egf U / > oty () dsdt]
0 =1

_ Ewr [22(N)] i

Ent; (B)

IA

B rB
(m-+1)(m+ 2)/ / s"dsdt
0 t

- 2
m=0

B[22 D] e m_ BYEps [Z2 ()]

= ﬁn;(mﬂ)ﬁ =S a—p

O

At this point we could bound the thermal expectation Egy [ £% ()] by a supremum
and proceed along the usual path to obtain a version of Theorem 21 under condition
(C), which, for sums of independent variables, would reduce to Theorem 2.10 in [6].
Instead we wish to exploit the decoupling idea and look for concentration properties
of 22 (f).

The crucial property of the interaction functional J is, that J? is a self-bound for
%2 (f). The following Lemma is also the key to the proof of Theorem 39.

Lemma 42 We have D* (2% (f)) < J (f)* Z2(f) forany f € A(Q).

Proof Fix x € Q. Below all members of A are understood as evaluated on x. For
L e{l, .., n}letz € 2 be aminimizer in z of SéE2 (f). Then

2

D> (22(N) =D | D (62 (F) = SLot ()

I \kik#l
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The sum over k # [, since ‘27k2 (f) € Ay, so S ol (f) =0 (f). Then, using
2013 (f) = E(y,y’)wy,g <D§’y/f> , We get

2
2 2
4D? (22 (f)) = Z Z Eqy oy (D,]v(,_v’f> - Séz Eqyynui (D.l:uy’f> )

1 \kiksl

2
= ; Z Eqyyyi |:<D/y(,y’f)2 - (D/y(,y’sézf>2])

kAl

2
= Z Z E(,v-,y’)Nltf [(D?y’f - D];’),/Sé[ -f> (D?)”f + D?.V’Sézfﬂ)
I

kAl

<3N Epa [Phy (1= 5L0)]

| kek#l

> E Dt f+ Dk sl f ?
Oy~ | Py v,y Oz
k£l

by an application of Cauchy—Schwarz. Now, using (a 4 b)? < 24> 4 2b*, we can
bound the last sum independent of / by

2 2
D" By [2(Dh, 1) +2(D) 8L 1)

kik£l

=43 P (N +48L D aF ()

kik£l kik£l

4PN+ 8,3 () =4 (22 (f)+ inf 573 (f)) <837 (/).

so that
D> (22(N) 230 Y Eqyri [Dhy (F = SLNOT 2 ()
1 kiksl
<d4sup Y o (F=Sf)®(NH =T (HZ ).
X2EQ k1A

Now we can use decoupling to put these pieces together.

Proof of Theorem 40 By rescaling it suffices to prove the result for » = 1. We can
also assume J:=J(f)>0. Let O<y <B<1/(1+J/2) and set O =
v/ (J (1 —y)). Then y?/ (2 (1- y)z) <6 < 2/J% By the Lemma 41
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2 2

Eyy [922 (f)] < 2”72 (Entf () +IE [eﬁz(f)]),

OEnts (y) <
=5 (1)

oy
(1-y)?

where the second inequality follows from the decoupling inequality (24). Subtract
¥?/ (2(1 = y)*)Ents (¥) to get

v? v? 05%(f)
Ent, 0 — 1 )
ntf()’)( 2(1—)/)2)52(1—)/)2 nE [ 0]

Since ¥%/ (2 (1 — y)*) < 6 this simplifies, using the value of 6, to

vJ 032(f)
Bty () < 5= T lnE[e ] (28)

On the otherhand 8 < 2/J 250 by the self-boundedness of =2 f) (Lemma42) and
part (i) of Lemma 32 give

v/J

2
1—(1+J/2);/E[E (D] @

2 0
0%=(f) 2 —
n £ ["0] < Tt D] =

Combining (28) and (29) to get a bound on S (y) gives

)/2

20—+ J/2)y)?

Ent; () < E[2*(f)]

and from Theorem 12 and Lemma 33

2 2
Prif— Ef >1) < EXD] # ﬂt>

inf exp -
B€0.1/(1+7/2)) 2 1-(1+J/2)8

P
= exp (2 (E[Z> O]+ 1 +7/2) t)) '

O

To use Theorem 40 one has to bound b and J. For the latter it is often sufficient
to use the simple bound

J (f) < nmaxsup sup Dé Z,Dl; v x). (30)
k£l xeQzzyye@ ’

which can be obtained from Lemma 13.

We conclude with an application to U-statistics. Let m < n be integers, ; = X
and « : X — R a symmetric kernel. For a subset of indices with cardinality m,
S ={ji, e jm} S {1, ...,n} define 5 : X" — R by kg (X) =k (x},, ..., x,). The
U-statistic of order m induced by « is then the function U : X" — R given by
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-1
n
U (x) = <m> SC“ZMMKS (x).

U-statistics were introduced by Hoeffding [15]. Their importance stems from the fact
that for iid X = (X4, ..., X,,) the random variable U (X) is an unbiased estimator for
E [k (X1, ..., X;y)]. Starting with the work of Hoeffding there has been a lot of work
on concentration inequalities for U-statistics. To simplify the presentation we will
not use the advantage of Theorem 40 over Theorem 39 and assume the kernel « to
be bounded, x : X — [0, 1] for simplicity.

Notice that,if k ¢ S, then kg € Ay, so ks (X) — Ey [ks (x)] = 0 and thus

n -1
U ) — Ex[U(®)] = (m) Z (ks (X) — Ex [k5 (X)])
Sc{l,...,n}

IA

-1
<”> HS C (1, ...n):keS)
m

(:,:11)_1 _ m!(n—1)! _m

"y  nlm-1! n

m

b

so we can set the quantity b in Theorem 40 to m /n. To bound J use (30) to get

JWU) < nMaxsup - sup Dé,Z,D’y"y,U (x)

! xeQ z,7,y,y e
-1
n
< n< ) Z Di,z,Dly(’y,KS (x)
M7 sl n
KleSkAl
-1
= 2n<”) HUS C {1, .. n}:k,leS kI
m

L

() n

Substitution in Theorem 40 gives for ¢ > 0

t2
2E [22(U)] 42 (m + m?) t/n) '

Pr{U—EU>t}§exp(

It can be shown (see, e.g., [21], Houdré [17]) that in general E [22 (f)] <o? fH+
J? (f) /4, so that for U-statistics the Efron—Stein inequality is tight in the sense that
E [22 (U)] < 02 (U) + m*/n?. Tt follows that for deviations t > 1/n

_p
PriU — EU > 1} < exp (202 U) +2 (m +2m?) t/">'
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This inequality can be compared to the classical work of Hoeffding [15] and more
recent results of Arcones [2], which both consider undecoupled, nondegenerate U-
statistics of arbitrary order. Hoeffding [15] does not have the correct variance term,
while [2] gives the correct variance term but severely overestimates the subexpo-
nential coefficient in Bernstein’s inequality to be exponential in the degree m of the
U-statistic (above it is only of order m?). This exponential dependence on m results
from the use of the decoupling inequalities in [24] and seems to beset most works on
U-statistics of higher order (e.g., [1, 13]), which in many other ways improve over
our simple inequality above.

6 Appendix 1. Table of Notation

General notation

Q=Tlro; % underlying (product-) probability space
A bounded measurable functions on 2
n= ®Z:1 Uk (product-) probability measure on €2

Xk random variable distributed as py in
feA fixed function under investigation
gedA generic function

Elgl= [ogdun expectation of g in 1

o’lgl=E [(g —-E [g])z] variance of g in

Notation for the entropy method

B=1/T inverse temperature
Egrlgl=E [geﬂf ] /E [eﬂf ] thermal expectation of g
Zgr=FE [eﬁf ] partition function
dugr =272 Blf eBrd nw thermal measure (canonical ensemble)
Enty (B) = BEgy [f1—1InZgy. (canonical) entropy
Ay (B) = % InZgy free energy
2 .
Ugf () = Egy [(g — Egy [g]) ] thermal variance of g
V()= —t—1
S]y‘F (X) = F (X1, e Xk—1, ¥» Xk 1, .-, Xp)  substitution operator
Ep[81(®) = [, S;fg dpg () conditional expectation
A CA functions independent of k-th variable
Zrpf = Ex [6’5 f ] conditional partition function
Erprlgl=2, ;3 rEk [geﬂf ] conditional thermal expectation
Enty ¢ (B) = BEr gr (gl —InZy gf conditional entropy
sz,ﬂf (8] = Ex pf [(g — Ey g [g])z] conditional thermal variance

sz [g] = Ek [(g — Eg [g])z] conditional variance
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Operators on A

D§ y8 = S¥g — S];,g difference operator

Tk (8) = SUpy yreq, Dgf v conditional range operator

RZ(9) =Yy r,g (€3] sum of conditional square ranges

22(9) =% Ukz [g] sum of conditional variances

(infy g) (x) = inf e, S;‘, g (x) conditional infimum operator

2

V%g =1 Ey~uy ((g - Sly‘)+> i| Efron-Stein variance proxy

D%g = >k (g —infy 9?2, WOTSt case variance proxy
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