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Mathematical Model of Deformation
of the River Channel in the Area
of the Damless Water Intake

Dilshod Bazarov , Nikolai Vatin , Bekhzod Norkulov ,
Oybek Vokhidov , and Ikboloy Raimova

Abstract A two-dimensional mathematical model of unsteady uneven movement
of a river flow, flowing in deformable channels, has been developed and numeri-
cally implemented. A numerical study of the unsteady two-dimensional movement
of the Amu Darya river flow in the area of the head structure of the damless water
intake to the head structure of the Karshi Main Canal was carried out. In the
presented work, a two-dimensional mathematical model is proposed for calculating
this kind of flows with a deformable channel, and its verification is carried out on
the results of experimental and field studies.

Keywords Amu Darya � Karshi main canal � Downstream � Mathematical
model � Two-dimensional

1 Introduction

The investigated section of the Amu Darya River is located in the area of a drain
less water intake to the head structure of the Karshi Main Canal-KMC and is
located 22 km above the water seal of the city Kerky. The total length of the
investigated section is 10–12 km. This area has two characteristic sections: the
upper one is 6 km upstream from the head water intake, and the lower one is
located between the head water intake and the village of Kzylayak. The upper
section has an unstable bed. The river bed here is composed of sandy-silty soils, and
the banks are alluvial-loess-like loams. The main channel runs along the middle of
the river or along the right bank, and sometimes deviates to the left bank.
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This channel position is due to the formation of an island along the right bank. This
island is flooded in high water, but reappears in low water. The island to some
extent deflects the flow in the direction of Cape Pulizindan [1–6]. The stream
formed along the right bank at Cape Pulizindan has the greatest depths, reaching
8–12 m and sometimes up to 14 m. throughout its middle reaches. Coastal area of
the village Kzylayak is located in the second section, i.e. 4–6 km below Cape
Pulizindan on the left bank of the river. Amu Darya in the Kyzylayak section the
floodplain of the river is two-sided. On the way to the left bank, the main stream
flows along the left bank channel. In winter, the main channel of the river decreases
to 0.25 km. During a flood, not formed underwater shoals are flooded, the width
significantly increases towards the right bank and reaches 1.5 km. The floodplain of
the river floods during the spring–summer flood—at a water flow rate of 5500–6000
m3/s and more [7–9]. The main stream of the Amu Darya river in this section runs
along the left, then along the right bank, and sometimes in the middle of the
channel. When deviating to the right, the stream flows around Cape Pulizindan, to
the left—if it is reflected from it. Here the river bed is composed of easily moving
soils, the river banks are made of loess-like loam. The slope of the water surface in
this area is 0.0002–0.00024. The water depth m of the right bank above Cape
Pulizindan is 5–7 m and decreases downstream, and the average elevation of the
river bottom in this place rises by 0.2–0.3 m due to the discharge of pulp into the
river floodplain.

Forecasting channel processes in order to obtain more reliable information about
the pattern of the flow of water in rivers and about their dynamics under the
influence of the constructed hydraulic structures built in its channel is the most
difficult task of channel hydraulics. To solve these problems, numerical or physical
research methods are usually used [1] since the numerical study method requires
less expenditure to study the hydraulic phenomenon than the experimental one and
creates the possibility of multivariate calculations, it has recently become the main
research method in channel hydraulics. It is for this justified reason that the use of
numerical modeling processes for predictive calculations of channels is an urgent
issue of our time [3].

Obviously, it is necessary that the mathematical model adequately reflect the real
phenomenon and describe all the main effects inherent in this phenomenon. For the
problems under consideration, an important condition is the possibility of taking
into account in the model the process of reshaping the underwater slope, the
generatrix of which is directed along the current velocity. In hydrotechnical
research practice for modeling channel flows, approaches based on the numerical
solution of the two-dimensional equations of Saint–Venant have shown high effi-
ciency and sufficient accuracy. The derivation of these equations, algorithms for
numerical integration and examples of calculations are given, for example, in
[10–17]. However, for deformable channels, the Saint–Venant model turns out to
be non-closed and requires supplementation, for example, by an equation or a
system of equations to find the variables in time and space of the bottom marks.

2 D. Bazarov et al.



2 Methods

The so-called two-dimensional sediment balance equation is often used for this
purpose. In [1, 2], the need to introduce diffusion terms into the sediment balance
equation was theoretically substantiated, and an expression was obtained for the
diffusion coefficient of the bottom mark (which is taken by the spherical tensor),
which is proportional to the value of the longitudinal (in the direction of the velocity
vector) specific sediment discharge:

ð1� pÞ @Zb
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þ @US�h

@x
þ @VS�h

@y
¼ @

@x
D
@Zb
@x

þ @

@y
D
@Zb
@y

ð1Þ

where D ¼ ahS� ~U
�� ��, ~U

�� �� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þV2

p
, a—coefficient proportionality.

U, V—components of the depth-averaged water velocity vector along the x, y axes.
Model (3) was verified on experimental data.
In papers [9, 14] the proposed model. Its main differences from the previous one

are that the diffusion term is written only for the direction orthogonal to the flow
velocity vector, the additional term takes into account the influence of the
streamline curvature on the change in the bottom elevations. In this case, the
diffusion coefficient is taken to be proportional not to the flow rate, but to the value
of the non-shearing flow rate. Using this model, interesting results were obtained on
the calculation of channel reshaping.

In all the deformation models mentioned above, it is assumed that the concen-
tration of sediment particles in the flow is close to equilibrium. At the same time,
there are a number of problems for the solution of which this assumption is not
applicable. For example, a clarified (without sediment) water flow usually enters the
downstream of hydroelectric complexes; on the contrary, a flow oversaturated with
sediments enters the reservoirs; when dredgers are operating, excessive turbidity
occurs; in sharply unsteady and wave currents, the concentration of sediments in the
flow also differs from the equilibrium. In [14], a model of sediment transport in an
arbitrary flow (in a one-dimensional formulation), in which the concentration of
particles generally does not coincide with the equilibrium one, was proposed and
experimentally substantiated. It is shown that the specific discharge of sediment
from the bottom into the flow is proportional to the value [8, 10]. Despite the fact
that many scientists have created and are creating such mathematical models based
on hydrodynamic and balance equations, adapted models have not yet been created
that describe the movement of flow in channels passing on easily washed out soils
[18–20].

In this work, an attempt is made to take into account the merits of a number of
the above-mentioned models and to propose a mathematical model of sediment
transport in uneven and unsteady river flows. As a result of the analysis and
carrying out some mathematical transformations, the choice of the most suitable
hydrodynamic equalization systems and the sediment balance equation describing
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the movement of the water flow in the channels passing on easily washed out soils,
testing it for correct performance and carrying out calculations of natural objects is
determined as the main goal and objectives of the study of this work.

3 Results and Discussion

As a result of the analysis of existing mathematical models and their verification to
various research objects and taking into account the specific features of easily
washed-out soils for numerical calculations of river flows with a deformable bot-
tom, it is proposed to apply a mathematical model described by the system of
two-dimensional equations of Saint–Venant [5–8] in partial derivatives and closing
relations:
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where t—time; h—flow depth; U, V—components of the flow velocity along the
X and Y axes, respectively; ~U

�� �� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þV2

p
; S—volumetric concentration of

sediment particles in a stream; S*—equilibrium volumetric concentration of parti-
cles (saturation concentration), taken according to the modified Bagnold formula; K
—coefficient of intensity of vertical exchange of sediments between the bottom and
the stream; p—soil porosity (the ratio of pore volume to the volume of the entire
soil with pores); qs—density of soil and water, respectively; /—angle of internal
friction of soil; W—hydraulic size of soil; U�—dynamic speed; ~U

�� ��, UN modulus of
the vertical mean flow velocity and non-shearing velocity, respectively; k—coef-
ficient of hydraulic friction calculated by the Manning formula; n—roughness
factor.

In the calculations, the non-shearing speed was taken according to the formula of
T. E. Mirtskhulaeva, which, taking into account the standard values of the coeffi-
cients, has two formally equivalent recording types:
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UN ¼ lg
8:8h
d90

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3:5

qs � qð Þgd50 þ 1:25CH
y

h ir
ð7Þ

UN ¼ 0:18

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3:5k
qs � qð Þgd50 þ 1:25CH

y

h ir
ð8Þ

where CH
y —adhesion ground in t/m2; d50—average diameter of soil particles, d90—

diameter 90% of soil particles.
When calculating the diffusion coefficient (7), we used three versions of the

formulas for ~S:

(a) by the total equilibrium concentration of traction and suspended sediment

~S ¼ S� ð9Þ

(b) by bottom equilibrium concentration

~S ¼ a1
kq
2qs

~U
�� ��� UN
� �2�0:13

ghtg/
ð10Þ

(c) by bottom concentration “without a square”

~S ¼ a1
kq
2qs

~U
�� ��� UN
� �

~U
�� �� � 0:13

ghtg/
ð11Þ

As the initial conditions, the initial bottom surface Z(x, y, 0), the corresponding
instantaneous fields of velocity (x, y, 0), depth h (x, y, 0) and concentration S(x, y, 0).

As the boundary conditions at the “solid” boundaries, the no-flow condition is
set, at the “liquid” boundaries, the flow rates or water levels are usually set. At the
boundaries through which the flow enters the computational domain, the sediment
concentration was specified. Sometimes, more complex types of boundary condi-
tions were also used (relationship between costs and levels, “non-reflecting”
boundary conditions, etc.).

The solution of the system of Eqs. (2) and (3) with respect to sediment con-
centration and bottom elevations was carried out by the finite volume method on
mixed triangular-quadrangular grids together with the Saint–Venant equations.

The developed numerical scheme is consistent with the scheme for the equation
of continuity of the liquid phase, which excludes the occurrence of the so-called
“dipoles”—sources and sinks of mass. The scheme of the “directional differences”
type excludes non-physical oscillations of the bottom topography, provides the
property of “transportability” and the implementation of a difference analogue of
mass conservation for the solid phase.
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The system of Eqs. (2) and (3) is, in a sense, “minimal” for modeling the
processes of bottom deformations in uneven and unsteady river flows. Indeed, the
rejection of Eq. (2) leads, as noted above, to the postulation of the closeness of the
concentration in the flow to the equilibrium one and does not allow setting the
boundary conditions for the concentrations. The refusal in Eq. (3) from the terms
describing the diffusion of the bottom marks leads to the impossibility of taking into
account the processes of transformation (subsidence) of the underwater slopes. It is
also clear that to describe three different physical processes (erosion-sedimentation,
longitudinal sediment transport, transverse diffusion of bottom marks), at least three
empirical coefficients are required at the present time (before the understanding of
more general sediment transport laws) (in our model, this is). At the same time, the
question of choosing the closing relations of model (6)—(11) remains open and
requires further research.

In the test problem of the subsidence slope being considered below, 0.5 was
assumed, the form of the closing relations (5)—(11) and the parameters and were
varied in the course of calculations.

To test the model, we used laboratory experiments on the erosion of the slope by
the current, the velocity vector of which is directed along the generatrix of this
slope, carried out in the laboratory of Hydraulics NIIS [10].

Numerical calculations for identical conditions were carried out according to the
model (2), (3). For a tray 18.0 m � 2.0 m, a rectangular grid of 1800 cells with a
size of 0.1 m � 0.2 m was built. At the entrance boundary for the first row of cells,
the bottom was taken not eroded, which corresponded to the entrance section of the
tray reinforced with a cement crust in the experiment.

At the inlet boundary, a water flow rate of Q = 112 l/s and a clarified flow
(S = 0) were set. The parameters of the numerical model and were selected in the
calculation process from the condition of the best coincidence in the average
diameter of the flume of the calculated profile of the eroded slope with the
experimental data. The calculation results are shown in Figs. 1, 2 and 3.

The best results, as can be seen from the presented figures, are obtained by the
first option (according to the bottom concentration (10) and the non-shearing
velocity according to the formula (7): b = 40, a1 = 0.25).

Thus, it can be argued that the proposed mathematical model of unsteady uneven
movement of a river flow is suitable for describing deformation processes,
including the drift of dredging cuts. The model contains the minimum number of
equations and empirical constants.

The channel process of the Amu Darya at this section of the head structure in the
KMC, as practically throughout the Amu Darya, can be attributed to the type of
channel multi-channel. This type is characterized by the fact that the geological
structure of the floodplain and the channel is slightly different, therefore, further we
will consider only channel-forming sediments, which can be both suspended and
bottom. As is known, the channel-forming fraction is determined by the compo-
sition of bottom sediments. Since the main part of bottom sediments has a size from
0.25 to 0.05 mm, in the calculations their average size was set as 0.12 mm.
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For calculations of a full-scale object, the above two-dimensional model was
used. The use of Bagnold’s formula as a formula for the transporting capacity is
justified by the fact that, unlike other formulas, individual terms in it are due to
bottom and suspended sediments. Therefore, having full-scale material on the flow
rate and fractional composition of bottom and suspended sediments, it is easier to
adapt.

Fig. 1 Slope subsidence when calculating the diffusion coefficient (6) from the bottom
concentration (12) and non-shearing velocity by the formula (9): b = 40, a1 = 0.25

Fig. 2 Slope subsidence when calculating the diffusion coefficient from the bottom concentration
(12) and the non-shearing velocity according to the formula (10): b = 15, a1 = 0.25
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This formula can be written as:

S ¼ 0:4
U2k
gh

0:24þ aW
U
W

� �
ð12Þ

where aW—coefficient requiring adaptation from field data, W—hydraulic size of
the bed-forming fraction. Note that in this formula, the first term is due to traction
(bottom) sediments, and the second term is weighted. Let the ratio of bottom
sediment discharge to suspended sediment be a. Then for the coefficient we obtain
the formula:

aW ¼ W
U

0:24
a

ð13Þ

According to the data of field studies, the share of the channel-forming fraction
in the composition of suspended sediments in the area of the study object (ap) is
0.31, the ratio of the discharge of bottom sediments to the discharge of all (and not
only channel-forming) sediments ðaRÞ during the flood is about 0.1 � 0.15. Then
we have that during the flood is a ¼ aR

ap
	 0:032� 0:049. During summer floods,

the characteristic flow rate is 1.5–2 m/s. According to [6] for the accepted average
size, the hydraulic size can be taken equal to 0.01 m/s.

Moreover, it should be assumed that higher speeds correspond to a larger
number a. Then: aW = 0.036 � 0.037. This meaning aW and was accepted in the
calculations.

Fig. 3 Slope subsidence when calculating diffusion by the total concentration (8), (11) and
non-shearing velocity by the formula (10): b = 30, a1 = 0.25
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According to the developed two-dimensional mathematical model describing the
flow movement on easily washed out soils, a series of calculations were performed,
the results of which are given below.

In Figs. 4 and 5 show the computational grids and the initial marks of the bottom
(in low-water periods and floods, respectively. Here and below the numbers of the
computational points are plotted along the axes. The grid spacing along both axes is
50 m. flooded with water, a constant bottom elevation is set equal to 50 m., above
which there can be no water level in the area. The rest of the area, depending on the
flow rate and level, can either be flooded with water or dried. The boundary
between an area with a given bottom elevation and an area with real elevations is
characterized by the fact that it is either fortified so that the stream cannot erode the
coast, or at this boundary—bedrock not eroded.

It is difficult to make comparisons based on bottom markings. Therefore, in this
work, the relief with each other was compared in the following way. The topog-
raphy calculated at the end of the year was recorded and the stationary current was
calculated for two hydrological situations. The first one is the conditions close to
the average low water level, with a mark in the downstream pool of 42.6 and a
water discharge of 850 m3/s. The second is the conditions of the average annual
maximum flood with a mark in the downstream pool of 44 m and a discharge of
3700.

Figures 6 and 7 show the depths for these conditions on the initial bottom
topography (in periods of high water and low water, respectively).

Fig. 4 Computational grid and initial marks of the bottom of the river bed in the area damless
water intake at KMC
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Fig. 5 Distribution of depths during flood on the initial topography of the river bed in the area of
the damless water intake at the KMC

Fig. 6 Distribution of depths in low-water period after 1 year of observation (calculated)
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Fig. 7 Distribution of depths during flood after 1 year of observation (calculated)

Fig. 8 Distribution of depths in low water after 10 years of observation (measured)
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Figures 8 and 9 shows the depths for these conditions at the initial bottom
topography (in periods of high water and low water, respectively), after 10 years of
observation.

From these figures it can be seen that the channel is multi-armed, five branches
are clearly distinguished, both in low-water periods and in floods. Due to the
relatively small slopes, the Karshi main canal cannot pass all the sediments entering
it from the Amu Darya.

Comparison with the data of experimental studies showed a good convergence
of the results, however, the optimal values of the empirical coefficients for different
experiments slightly differed from each other. Therefore, further work is required to
obtain more universal closing relations for the model.

It is necessary to verify the model on reliable field data, as well as to extend it to
hydraulically heterogeneous soils, which, apparently, can be done, since the con-
centration transfer Eq. (2) allows an independent calculation for fractions of various
sizes (provided that the total concentration of particles in the flow is not very high).

Comparison of Figs. 8, 9, 10, and 11 show that the developed model gives good
agreement with the results of field studies. For low-water conditions, the match is
better than for flood conditions. In a flood, under natural conditions, there are
slightly greater depths on the floodplain than in the calculations. It should be noted
that both in calculations and in kind:

Fig. 9 Distribution of depths during flood after 10 years of observation (measured)
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• there was a significant erosion of the left bank below the head structure of the
damless water intake at the KMC;

• the channel of the Amu Darya river in the section under consideration has turned
from a multi-arm into a single-arm one.

Fig. 10 Distribution of depths in low water after 10 years of observation (calculated)

Fig. 11 Distribution of depths during flood after 10 years of observation (calculated)
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4 Conclusions

1. According to the data of field studies, the calculated characteristics of soils and
the connection of the level regime at the cross section Kerki with level mode
near Cape Pulizindan;

2. There was a significant erosion of the left bank below the head structure of the
damless water intake at the KMC;

3. The bed of the Amu Darya River in the area under consideration has turned from
a multi-arm into a single-arm one;

4. Taking into account the fact that the hydrological regime in this section is
quasi-steady, a transformation of variables has been found, the use of which
makes it possible to drastically reduce the computer time when calculating
channel deformations;

5. Calculations of channel deformations for a ten-year period were carried out in
the Amu Darya section in the area of the head structure of the damless water
intake of the Karshi main canal, which showed a significant erosion of the left
bank below the KMC.

6. Comparison of the calculation results for the developed two-dimensional model
with the measured data of field studies, showed satisfactory agreement.
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Hydrodynamic Loads on the Water
Chamber with Cavitating Dampers

Dilshod Bazarov , Bakhtiyor Obidov , Bekhzod Norkulov ,
Oybek Vokhidov , and Ikboloy Raimova

Abstract The data on the hydrodynamic loads on the water tank in the presence of
cavitating non-erosion energy absorbers are presented.

It is shown that these loads increase in comparison with the cavitation-free
regime, but despite this, the use of erosion-free dampers in the appropriate condi-
tions is appropriate, different, providing favorable downstream conditions and
reducing the volume of construction work and the cost of the structure.

As a result of cavitation and cavitation-erosion studies of erosion-free energy
absorbers in vacuum-cavitation stands (in which simulations are carried out in
compliance with gravitational similarity), moreover, for different stages of cavita-
tion b ¼ K=Kcr (K� cavitation parameter; Kcr� its critical value characterizing the
onset of cavitation), the drag coefficients Cx several types of erosion-free dampers
(Cx—decreases with the development of cavitation b), the pulsation components of
the horizontal hydrodynamic load on the damper, as well as the standards for the
pulsations of the vertical hydrodynamic effects of the flow on the reservoir plate in
the installation zone of the erosion-free dampers measured by “point” sensors
P0 : cv21=2g (their maximum values are at b � 0:5, during supercavitation they
decrease in comparison with those for the zero-cavitation regime), spectra and
space–time transverse and longitudinal correlations of these pulsations.

Cavitation parameters were calculated according to the dependence

K ¼ Hhar � Hcrð Þ : v2har
2g

� �

where Hchar = Ha + h, (Ha—pressure above the free surface of the flow in the
vacuum—cavitation stand, and for nature, atmospheric pressure; h—height of the
water column above the damper; vhar—the characteristic speed of the flow on the
damper, which was taken from the diagram of the velocity distribution in front of
the damper at the level of the damper top; g—acceleration of free fall; v1—velocity
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in a compressed section with a depth h1 in front of the damper (the experiments
were carried out with the outflow of water from under the shutter).

Keywords Cavitation parameters � Hydraulic structures � Cavitation erosion �
Energy absorbers � Pulsation loads

1 Introduction

This article is devoted to one, relatively small issue of the dynamics of hydraulic
structures—the determination of the hydrodynamic loads on the slabs of a
high-pressure spillway in a cavitating flow in the presence of erosion-free dampers.

While working on the implementation of this research, the author simultaneously
studied in the laboratory pulsating loads on real structures—elements of the
downstream spillway devices of the projected lower Kafirnigansky hydrosystem.

In connection with the intensive construction of high-pressure and
medium-pressure hydroelectric systems in mountainous areas, the spillways of
which operate at high flow rates, a very urgent task is to develop reliable and
economical downstream devices that provide intensive energy extinguishing with
favorable uninterrupted flow regimes and the absence of cavitation erosion of
streamlined elements. Traditional methods—stilling wells and walls do not always
provide a solution to the problem. In a number of cases, they are additionally
satisfied with elements as energy absorbers, which are an effective means of dealing
with malfunctioning currents. However, most of the used types of absorbers have a
serious drawback—they are destroyed in cavitation conditions.

Cavitation research N. P. Rozanov and his students (R. M. Razakov, A.
T. Kaveshnikov, N. N. Rozanova) made it possible, on the basis of experiments, to
develop several types of erosion-free or close to erosion-free dampers and obtain
dependencies for determining the hydrodynamic loads on them at various stages of
cavitation [1–3]. This made it possible to use energy absorbers at high flow rates,
which was carried out at the spillways of the Shamkhor and Artyomov hydro-
electric complexes.

At the same time, it should be noted that in cavitation studies carried out until
recently, the effects of cavitation on energy absorbers were considered only from
the point of view of the possibility of an erosion hazard and the effects of the flow
on the absorbers themselves. There is no doubt, however, that the degree of
development of cavitation affects the characteristics of the pressure pulsation in the
cavitating flow not only on the surface of the dampers but also on the water tank. In
cavitation-free modes, the pulsation loads on the water chamber have been studied
in some detail for some types of absorbers, as for the loads on the water chamber
under cavitation modes and erosion-free absorbers, they have not been studied. If
we take into account that the cost of downstream attachment devices for
high-pressure structures can be 20–30% of the cost of the entire structure, then it
becomes obvious how important it is to correctly design the downstream device in
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order to ensure their long-term reliable operation. This is also required in the
presence of erosion-free energy absorbers, which are promising, since they expand
the scope of energy absorbers—devices that prevent unfavorable malfunctioning
currents in the downstream. The main direction of this article is the study of
hydrodynamic loads on slabs of a water face in the presence of erosion-free energy
absorbers on it in conditions of various stages of cavitation and in its absence.

1.1 Hydrodynamic Effects of the Flow on the Fastening
Elements in the Downstream in the Absence
of Cavitation

Investigations of pressure pulsations in a hydraulic jump in the absence of cavi-
tation are of interest mainly to the flow, which, in our opinion, allows us to draw a
number of significant general conclusions.

Currently, two main approaches to the study of pressure pulsations have been
outlined.

1. With the help of “point” sensors that register the pressure pulsation at individual
points of the element surface and the propagation of its area by specifying
multidimensional probability distribution functions and multidimensional cor-
relation functions.

2. With the help of total sensors that directly measure the total load or moment on
the investigated element.

The pressure pulsation measured by point sensors cannot be directly used to
determine the load on a large area due to the lack of synchronicity of pulsations at
individual points of the streamlined surface [4–8].

It should be noted that in all studies, conclusions were drawn about the possibility
of modeling pressure pulsations if the Froude similarity criterion is met. In addition,
the authors determined the lowest self-similarity zone, which corresponds to the
Reynolds number Rem [ ð5� 10Þ � 103. The conclusions made in these works
substantiate the conduct of pressure pulsation studies in laboratory conditions on
small-scale models. This undoubtedly expands the possibilities of the experiment for
a better solution of the problems of hydrodynamic loads for specific objects.

1.2 Consequences Caused by the Action of Cavitation

The experience of operating high-pressure hydroelectric complexes shows that the
force of the dynamic interaction of the flow and the elements of the downstream can
lead to severe damage to the latter. These damages can be of two types: firstly,
erosive from the action of cavitation, or, secondly, due to an increase in pulsating
loads in the cavitation mode. The use of erosion-free absorbers, in principle,
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removes the issue of cavitation erosion of both absorbers and slabs. However, it
should be borne in mind that the experience of the practical application of such
structures is not yet great, therefore, it is necessary to exercise some caution in their
design. When using erosion-free dampers, it is sometimes suggested to use solid
walls in places where vertical vortices of cavitation torches can occur. In the event
that individual cavitating vortices nevertheless break through to the surface of the
pond, they should be made of materials with high cavitation resistance [5]. As for
damages associated with an increase in hydrodynamic loads due to cavitation, it is
not possible to avoid them by changing the design of cavitating absorbers. Failure
to consider these loads can lead to serious damage downstream.

1.3 Feed Effects on the Elements of Hydraulic Structures
in the Presence of Cavitation

As far as we know, the question of the wobble of cavitation on the pulsation
characteristics of the flow acting on the slabs of the reservoir during the cavitation
flow has not been practically studied. However, a qualitative understanding of the
pressure pulsations behind the dampers can be obtained by the example of works
studying various kinds of obstacles (protrusions, gates, etc.), since both are
essentially sources of pressure pulsations.

In work [2, 6], laboratory tests of a flat valve operating under high-speed flow
conditions with a head up to 200 m were carried out. One of the aspects of the work
was to study the dynamic effect of a cavitating flow on the valve. According to the
authors, the values of the pressure pulsation standards at the gate in the presence of
developed cavitation are twice the values of the standards in its absence. In the
supercavitation mode, data are also not given because the author of the work failed
to obtain supercavitation.

In the works of V. M. Lyatkhera and L. V. Smirnov [2, 3, 5, 9–14] obtained data
on the characteristics of pressure pulsation, according to which there is an increase
in dispersion and a significant deformation of the pulsation spectrum towards high
frequencies as cavitation develops. In the separation zone, the spectrum changes
during cavitation, naturally, due to the fact that the most intense pulsations occur in
the presence of cavitation.

In the first in hydraulic engineering, the force effects of a cavitating flow on
erosion-free dampers were studied by N. N. Rozanov [15–19] based on cavitation
studies, the author of the work managed to obtain quantitative regularities of hor-
izontal averaged and pulsating loads as cavitation develops. In the course of the
experiments, a decrease in drag coefficients with the development of cavitation was
recorded. The noted decrease in the drag coefficient during cavitation, especially
under the conditions of developing stages and supercavitation, the author of the
work explains by the fact that with the development of cavitation the character of
the pressure distribution curves on the streamlined body changes [20].
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At the second stage, the author studies the pulsation loads on the damper at the
maximum range. The analysis of the research results showed that when the
absorbers operate in conditions of cavitation (initial and developed), an increase in
the instantaneous pulsation component of the load occurs in comparison with the
non-cavitation mode. For example, in non-cavitation mode, the ripple coefficient dp
constant and equal to 0.14, and at the developed stage (b ¼ 0:5) dp ¼ 0:65, that is,
it increased by 4.6 times, and at b\0:5 there is a tendency to decrease it.

2 Methods

To obtain data on the conditions of occurrence, development and impact of cavi-
tating flow on the elements of spillway hydraulic structures, vacuum stands are
used. Their main advantage lies in the fact that they allow for the creation of
cavitation conditions on models that meet the Froude similarity criterion.

Studies of the force effects of the flow in the presence of cavitation were carried
out in the vacuum test bench of the laboratory of hydraulic structures of the
Moscow State Medical Institute.

The vacuum unit allows conducting cavitation studies of hydraulic structures
elements in the presence of a free flow surface. The rather large dimensions of the
installation provide for cavitation studies of flat and half-space models of suffi-
ciently large dimensions, with direct observation of cavitation on absorbers located
in a hydraulic jump.

It is known that when simulating the operation of energy absorbers in the
downstream in the presence of cavitation and in its absence, it is necessary to
observe the Froude similarity criterion (Fr = idem) and to carry out research in the
self-similar region at Reynolds number Rem [Regr.

To observe the approximate similarity of cavitation phenomena, the following
conditions must be met:

Kn ¼ gKm

where Kn and Km—parameters of cavitation for nature and model; g—correction
factor of the model (we take g ¼ 1:0 considering the large scale of the model
Rem ¼ 105 � 106Þ.

A hydraulic jump in the installation was created when water flowed out from
under the shutter with a sharp loud sound.

The fragmentary model was a pond with two rows of damping devices: in the
first row—erosion-free dampers, in the second—a pond wall.

The studies used the following instruments:

• Piezometers—to determine the average pressure and the bottom of the reservoir;
• Sensor–plate—for measuring the total vertical and moment loads in the longi-

tudinal and transverse directions.
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3 Results and Discussion

Averaged pressures were obtained (Fig. 1) P1
cv21=2g

at the bottom of the reservoir (in

the cavitation-free mode) and the values of the standards of specific pulsation loads

P
0
v :

cv21
2g and overturning moments P

0
m :

cv21
2g on a stilling slab at its different relative

lengths L : h1 (Fig. 2). The values of these ripple loads were obtained using a

special sensor plate. They, like the values of P
0
:
cv21
2g varied in depending on the

value of b and were maximum at the developed stage of cavitation with b � 0.5 and
during supercavitation they became less than in the non-cavitation mode. The
specified sensor had a natural frequency in water of about 100 Hz.

As expected, a decrease in the relative length of the slab L : h1 lead to an
increase in the standard of pulsation of specific loads (Fig. 2); but for “point”
sensors, they were obtained even more significant (for example, when b ¼ 0:5

P
0
:
cv21
2g � 0:3—with a damper of the same type). The specific pulsation load on the

slab with cavitating dampers, measured by areal sensors, turned out to be 22–28%
more than the load according to the data of “point” sensors. With regard to one of
the high-pressure hydroelectric complexes [6] at v1 ¼ 24m=sec the volumes of
concrete required for the downstream construction were calculated for the variants
with a stilling well and with erosion-free dampers. In the latter version, the volume
of concrete turned out to be 1.5–1.6 times less. In addition, in this version,
the issues of preventing unfavorable malfunctioning currents in the downstream
[1, 2, 4] were well resolved.

Fig. 1 Averaged pressures at
the bottom of the water hole
of erosion-free dampers 2 in
sections 1 and 2 (jump
flooding coefficient n = 1.0)
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4 Conclusions

1. For several types of erosion-free energy absorbers, data were obtained on the
averaged and pulsating vertical and horizontal loads on the absorbers and the
slab, which makes it possible to carry out the required strength and stability
calculations of the elements of the downstream devices.

2. Studies have shown that despite a slight decrease in the energy absorbing
capacity of the absorbers during the development of cavitation (decrease in Cx)
and an increase during cavitation of absorbers of the pulsation effects of the flow
on the absorbers and the water column, in appropriate conditions they are
rational, providing more favorable operating conditions for the downstream and
reducing the volume of construction work and construction cost.
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Plane Bending Deformation
of Structural Lumber for Construction
with a Ring Structure of Annual Layers
of Wood

Viktor Byzov , Vladimir Glukhikh , Vladimir Melekhov ,
Aleksandr Sergeevichev , and Anna Mihailova

Abstract The wood in the trunk of a growing tree has a ring structure of annual
layers. The ring structure is the required strength characteristics. For the manu-
facture of load-bearing elements of building structures, strength is a critical prop-
erty. In this regard, it is advisable to preserve the maximum amount of uncut annual
wood in structural lumber. This is possible when using lumber of large sections
with the presence of a core. The macrostructure of such lumber maximally repeats
the restoration of the trunk of a growing tree. The purpose of this work is to solve
the problem of calculating the strength characteristics of structural sawn timber, the
macrostructure of the wood structure of which is a system of thin-walled shells
coaxially strung on top of each other, simulating annual layers of wood. To solve
this problem, a method is proposed for calculating the strength and deformities
properties of a bar with an annular structure of the location of annual layers. The
obtained solution makes it possible to study the stress–strain state of elements of
load-bearing building structures with an annular structure of annual wood layers
during transverse bending.
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1 Introduction

Softwood lumber is widely used in the manufacture of load-bearing building
structures for buildings and structures for civil, agricultural and industrial purposes.
Recently, the size and quality composition of round timber from which structural
timber is obtained is constantly deteriorating. The amount of small diameter sawn
timber is increasing. The number of saw logs with a diameter of 14–18 cm is more
than half of the total amount of all round timber supplied to sawmills in the North
European part of the Russian Federation [1].

Saw logs of small diameter are not used for the manufacture of sawn timber from
which elements of load-bearing building structures are obtained. This is because a
large number of knots are present in small diameter saw logs. As a result, it is
believed that the lumber obtained from them has insufficient strength and is not
allowed for the manufacture of elements of load-bearing building structures by the
existing regulatory and technical documentation. Nevertheless, numerous studies of
domestic and foreign scientists have established that the standards for knots poorly
characterize the strength properties of saw logs [2–5]. Small diameter saw logs are
obtained from the tops of tree trunks. The trunk of a coniferous tree is considered as a
complex reinforced and equally strong complex structure capable of significant
elastic deformations [6]. It is advisable to obtain from round timber of small
diameters structural lumber in the form of beams in the center of the cross-section of
which the core is located, the so-called core beams. In this case, the circular structure
of the tree trunk is preserved as much as possible, and the amount of cut wood fibers
is minimal. Investigations of the strength characteristics of such beams were carried
out by numerous domestic and foreign scientists [7–17]. It was found that the
strength characteristics of beams with a predominantly circular macrostructure of
annual layers are not inferior to those inherent in the wood of a tree trunk.

Structural elements made of core beams generally operate under stress–strain
state of buckling and compression along bending fibers. According to studies [18],
the normal stresses arising in such beams with an annular structure of annual layers
are 33–38% less than the normal stresses in sawn timber produced by traditional
technology. Thus, the beams have the strength required for the manufacture of
structural elements.

In this paper, a method is proposed for calculating the stresses arising in the
cross-section of bending elements of load-bearing building structures that have an
annular structure of annual layers of wood.

2 Methods

Let’s consider an inhomogeneous orthotropic cylinder with an anisotropy axis
coinciding with its longitudinal axis. Inhomogeneity consists in the variability of
properties in the radial direction, which is a natural feature of wood. Periodicity of
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changes in properties is observed, taking into account the early and late wood of the
annual layers. In some approximation, to simplify the solution of the problem, we
can take the same width of both zones.

Let’s suppose that the load is applied only to the ends and the law of its
distribution along the ends is unknown. It is only known that this load is brought to
the main moment, which is given. In our case, the case of pure bending is con-
sidered, when the stresses depend on only one coordinate. There are no forces on
the outer surface, and the elastic coordinates bij depends on only one coordinate r.

When solving the problem, we used the differential equations obtained by S.
G. Lekhnitsky [19]:

@2

@h
� r

@

@r

� �
� b11

r
� @F
@r

þ b11
r2

� @
2F

@h2
þ b12

@2F
@r2

� �

þ r
@2

@r2
b12

@F
@r

þ b12
r

� @
2F

@h2
þ b22

@2F
@r2

� �
þ @2

@r@h
rb66

@2

@r@h
F
r

� �� �

¼ @2

@h2
� r

@

@r

� �
lzt Ar cos hþBr sin hþCð Þ� �

þ r2
@2

@r2
lzr Ar cos hþBr sin hþCð Þ� �

;

ð1Þ

гдe ϴ—angle; bij—elastic coefficients, which are expressed in terms of elastic
modules and Poisson’s ratios as follows:
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1
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ð2Þ

or in general

bij ¼ aij � ai3aj3
a33

(i, j) = 1, 2, 3, 4, 5, 6…
ai,j—multipliers in the formulas of the generalized Hooke's law;

Plane Bending Deformation of Structural Lumber … 27



A,B,C—integration constants determined from the conditions at the ends, where it
will be necessary to equate the main moment of internal forces in the cylinder to a
given moment M;
F—stress function satisfying differential Eq. (1).

The general solution to the differential Eq. (1) can be sought in the following
form:

F r; hð Þ ¼ f rð Þ sin h ð3Þ

Substituting function (3) into Eq. (1), we obtain an inhomogeneous differential
equation for finding the unknown function f(r):

@

@r2
rb22

@2f
@r2

þ b12
@f
@r

� b12
r

f

� �
� @

@r
b12

@2f
@r2

þ b11
r

� @f
@r

� b11
r2

f

� �

� 1
r

b12
@2f
@r2

þ b11
r

� @f
@r

� b11
r2

f

� �
� 1

r
@f
@r

b66
@f
@r

� b66
r

f

� �

¼ B
a13
a33

� @2

@r2
a23
a33

r2
� �

þ @

@r
a13
a33

r

� �� �
ð4Þ

For the case when all coefficients of elastic deformation are proportional to the
same degree r, it is possible to obtain a solution to the differential Eq. (4), which
takes the form of the Euler-Laplace equation:

aij ¼ aij � r�n ð5Þ

Taking into account the latter, S. G. Lekhnitsky from Eq. (4) obtained a dif-
ferential equation for finding the function f(r).

In the problem under consideration, the change in the elasticity coefficients along
the radius of the section, taking into account the various properties of the early and
late zones of annual layers, can be taken in the form of trigonometric functions, and
then it becomes possible to represent the deformation coefficients in the form of
power series using the expansion in a series of sine and cosine functions. In this
case, it becomes possible to solve the problem of bending of an inhomogeneous
cylindrically anisotropic solid by a constant moment.

The function of the deformation coefficient Ez can be represented:

Ez rð Þ ¼ Ezl þEze

2
þ �Ezl � Eze

2

��
sin

p�r
d

� �
; ð6Þ

where Ezп, Ezr—deformation coefficients of the late and early zones of the annual
layer (Fig. 1); d—the width of the annual layer, which is the sum of the widths of
the layers of early and late wood (assumed to be equal in size in the paper).

28 V. Byzov et al.



In accordance with Fig. 1, function (6) can be rewritten as:

Ez rð Þ ¼ Ezm þEza sin
p
d
r

� 	
; ð7Þ

where Ezm, Eza—mean and peak values of the deformation coefficient Ez.
Average values Etm, Ezm are taken from tables [20].
Similarly, we can write for Er and Poisson’s ratios:
Differential equation (for exponent n = 0):
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The general solution to this equation is:
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The numerical values of the quantities used are obtained with the values of the
elastic coefficients for Scotch fir specified in [20] are numerically equal to the
values given in the Table 1.

Then we solve in a similar way for m = 1 and m = 2 and m = 3.

δl δl

Ezl, Eze

Fig. 1 Change in the
deformation coefficient Er

along the radius of the cross
section
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3 Results of Researches

As a result of solving the equation for stresses in 4 problems: a problem with an
exponent n = 0; problem for n = 1; the problem for n = 3 and the problem for
n = 5 obtained the following.

In each problem, we found integration constants C1n, C2n, Bn (through C1n, C2n),
solved the total problem from the third condition, found the constant B and solved
the final stress problem.

Numerical solution to determine the coefficients:

a33 ¼ 1
Ezm

¼ 1
16; 600

¼ 0:00006;

Ezm ¼ Ea

If we accept

Ezr

Ezn
¼ tz;Ezn ¼ Ezr þ 2Eza;Eza ¼ Ezn � Ezr

2
;

Eza ¼ 1
2
Ezn � Ezntz½ � ¼ Ezn

1� tz
2

:

where Ezn and Ezr—modules of elasticity of late and early wood of the annual layer.
The same can be taken for the rest of the elasticity coefficients.
Common decision:

F ¼ f rð Þ sin h;

f ¼ C1nr
kn þC2nr

kn þC3nr
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Table 1 Values of elastic coefficients

Scotch fir Er Et Ea Grt Gat Gar ltr/lrt lat/lta lra/lar
1124 582 16,600 187.6 690 1180 0.31/0.68 0.51/0.015 0.038/0.42
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We get the prototype of this expression
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k�2 k � 1ð ÞþC3r
n�1 1þ n� 1ð ÞþC4

1
r

�

þBln nþ 2ð Þ nþ 3� 1ð Þrnþ 1� � sin h;

rh ¼ @2F
@r2

¼ k k� 1ð ÞC1r
k�2 þ k k � 1ð ÞC2r

k�2 þ nþ 1ð Þ � nC3r
n�1�

þBln nþ 2ð Þ nþ 3ð Þ nþ 2ð Þrnþ 1� � sin h;
rz ¼lzrrr þ lztrh ¼ lzr C1r

k�2 k� 1ð ÞþC2r
k�2 k � 1ð ÞþC3r

n�1 1þ n� 1ð Þ�

þC4
1
r
þBln nþ 2ð Þ nþ 3� 1ð Þrnþ 1

�
� sin h

þ lzt k k� 1ð ÞC1r
k�2 þ k k � 1ð ÞC2r

k�2 þ nþ 1ð Þ � nC3r
n�1�

þBln nþ 2ð Þ nþ 3ð Þ nþ 2ð Þrnþ 1� � sin h;
rz ¼ C1r

k�2 k� 1ð Þ lzr þ klzt
 �þC2r

k�2 k � 1ð Þ lzr þ klzt
 �þC3r

n�1n lzr þ lzt nþ 1ð Þ ��
þBln nþ 2ð Þ nþ 2ð Þrnþ 1 þ lzr þ lztðnþ 3Þ �� � sin h;

rrt ¼ 1
r
� @F
@r@h

þ 1
r2

� @
2F

@h2
¼ �C1r

k�2 � C2r
k�2 � C3r

1þ n�2�

�C4
1
r
� Bln nþ 2ð Þrnþ 1

�
� sin h

� kC1r
k�2 þ kC2r

k�2 � 1þ nð ÞC3r
n�1�

þC4
1
r
þBln nþ 2ð Þ nþ 3ð Þrnþ 1

�
� cos h;
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First Condition:

(a) srt = 0, rr = 0 пpи r = a, r = b. a—core tube size, b—the diameter of the
round log (Fig. 2). The size of the core tube was introduced to eliminate the
singular point, that is, infinity in the center of the log (Fig. 3).

From the condition 1a we get:

C1a
k�2 þC2a

k�2 þC3a
n�1 þC4

1
a
þBln nþ 2ð Þanþ 1 ¼ 0;

kC1a
k�2 þ kC2a

k�2 þ nþ 1ð ÞC3a
n�1 þC4

1
a
þBln nþ 2ð Þ nþ 3ð Þanþ 1 ¼ 0:

When r = a, the condition is automatically fulfilled according to the two upper
equations obtained based on condition 1a. Then we obtain the following two
equations with r = b, that is, srt = 0 if r = b.

C1b
k�2 þC2b

k�2 þC3b
n�1 þC4

1
b
þBln nþ 2ð Þbnþ 1 ¼ 0;

kC1b
k�2 þ kC2b

k�2 þ 1þ nð ÞC3b
n�1 þC4

1
b
þBln nþ 2ð Þ nþ 3ð Þbnþ 1 ¼ 0:

E
ze

E
zl

Fig. 2 Distribution of elastic
modulus values

Fig. 3 Dimensions of the
core tube and the diameter of
the round log
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Integration constants C1, C2, C3, C4 can be found from these four equations. It
should be borne in mind that the constant C4 will not enter the stress equation, and
C3 corresponds to multivalued variables, therefore C3 = 0.

To find the constant B, you need to use the condition at the ends:

M ¼ Z2p

0

Zb

a

rz sin h � r2drdh;

Z
sin2 h � dh ¼

Z
1
2
� 1
2
cos 2h

� �
� dh ¼ 1

2
h� 1

2
� 1
2
sin 2hþC:

M ¼
Z2p

0

Zb

a

rz sin h � r2drdh ¼
Z2p

0

Zb

a

C1r
k�2 k� 1ð Þ lzr þ klzt

 ��

þC2r
k�2 k � 1ð Þ lzr þ klzt

 �þC3r
n�1n lzr þ lzt nþ 1ð Þ �

þBln nþ 2ð Þ nþ 2ð Þrnþ 1 lzr þ lzt nþ 3ð Þ ��
sin h � sin h � r2drdh

¼
Zb

a

C1r
k�2 k� 1ð Þ lzr þ klzt

 �þC2r
k�2 k � 1ð Þ lzr þ klzt

 ��

þC3rn�1n lzr þ lzt nþ 1ð Þ �þBln nþ 2ð Þ nþ 2ð Þrnþ 1 lzr þ lzt nþ 3ð Þ ��
1
2
h� 1

4
sin 2h

� �2p
0
r2dr ¼ M

p ¼ 1
2
h� 1

4
sin 2h

Zb

a

C1r
k k� 1ð Þ lzr þ klzt

 �
pdrþ

Zb

a

C2r
k k � 1ð Þ lzr þ klzt

 �
pdr

þ
Zb

a

C3r
n�1n lzr þ lzt nþ 1ð Þ � � pdr

þ
Zb

a

Bln nþ 2ð Þ nþ 2ð Þrnþ 3 lzr þ lzt nþ 3ð Þ �
pdr ¼ M

From the latter we find the constant of integration B.
Thus, for m = 0 we have:
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f0 ¼ C10r
k0 þC20r

k0 þC30r
1þ 0 þC40rþ 2B0lnr

3;

rr ¼ C10r
k0�2 þC20r

k0�2 k0 � 1ð Þþ 4B0lnr
� � � sin h;

rh ¼ k0 k0 � 1ð ÞC10r
k0�2 þ k0 k0 � 1ð ÞC20r

k0�2 þ 12B0lnr
� � � sin h;

rz ¼ C10r
k0�2 k0 � 1ð Þ lzr þ k0lzt

 �þC20r
k0�2 k0 � 1ð Þ lzr þ k0lzt

 ��
þ 4B0ln lzr þ 3lzt

 ��
sin h;

srt ¼� C10r
k0�2 þC20r

k0�2 þC30r
�1 þC40

1
r
þ 2B0ln

� �
� sin h

� k0C10r
k0�2 þ k0C20r

k0�2 þC30r
�1 þC40r

1
k
þ 6B0lnr

� �
� cos h;

Condition: r = a, srt = 0, rr = 0.

C10a
k0�2 þC20a

k0�2 þC30a
�1 þ 2B0lna ¼ 0;

k0C10a
k0�2 þ k0C20a

k0�2 þC30a
�1 þC40

1
a
þ 6B0lna ¼ 0:

The condition r = a, rr = 0 is fulfilled automatically. The second condition r = b,
rr = 0, srt = 0:

C10b
k0�2 þC20b

k0�2 þC30b
�1 þ 2B0lnb ¼ 0;

From the condition at the ends

M ¼
Z2p

0

Zb

a

rz sin h � r2drdh;

We have:

C10 k0 � 1ð Þ lmzr þ klmzt
 �

p
bk0 þ 1 � ak0 þ 1

k0 þ 1
þC20 k0 � 1ð Þ lmzr þ k0l

m
zt

 �
p
bk0 þ 1 � ak0 þ 1

k0 þ 1

þ 4B0ln lmzr þ lmzt � 3
 �

p
b4 � a4

4
¼ M0;

where M0—perceived (as yet unknown) part of the applied moment M; B0—the
constant of integration for this differential equation (with m = 0); lmzr , l

m
zt—average
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values of elasticity coefficients; by analogy with the modulus of elasticity, it can be
written as follows:

lzr ¼ lmzr þ lazr
p
d
r � lazr

p
d

� 	3r3

3!
þ lazr

p
d

� 	5
� r5

5!

� �
;

lzt ¼ lmzt þ lazt
p
d
r � lazt

p
d

� 	3r3

3!
þ lazt

p
d

� 	5
� r5

5!

� �
;

In the calculations, it is necessary to substitute the values of lzt and lmzrfrom tables
[20] instead of lm.

To find k0 and k0, one should solve the differential equation

f0 ¼ C10r
k0 þC20r

k0 þC30rþC40rþ 2B0lnr
3;

In which

k0
k0

n o
¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a0

p
;

Further, the differential equations are solved in a similar way for m = 1, 2, 3. All
stress equations will contain the constant B1, 2, 3, determined from the conditions at
the ends. The resulting equations for M0, M1, M2, M3 were summed up. On the
left-hand side, we have obtained the sum of moments equal to the applied moment
M. On the right-hand side, there will be constants Ci, Bi. Then they made and solved
an equation with unknowns.

2nd option—express all constants C10, C20, C11, C21 … C14, C24 through one
constant B, which we find using the 3rd condition.

f IV � 4f III þ f II � 1� trztzr
Etm

5þ a2
 �þ 2

trt þ trztrt
Erm

� 1
Grtm

� �

þ f I 6
1� ttztzt

Etm
� 1
Grtm

� �
þ f � 1� trztzr

Erm
þ 2

trt þ trztzt
Erm

� �
¼ 0:

Characteristic equation:

k4 � 4k3 þ k2 � 1� trztzr
Etm

5þ a2
 �þ 2

trt þ trztrt
Erm

� 1
Grtm

� �

þ k 6
1� ttztzt

Etm
� 1
Grtm

� �
þ � 1� trztzr

Erm
þ 2

trt þ trztzt
Erm

� �
¼ 0

The roots of this equation are k1, k2, k3, k4 for the corresponding values t…, Erm,
Ert, a

2 = 0.5. Then the function
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f rð Þ ¼ C1r
k1 þC2r

k2 þC3r
k3 þC4r

k4

This is one of the options when the roots are real, positive or negative.

a23 ¼� lzta
Eza

¼ � 0:17
5533

¼ �0:0307 � 10�3;

a13 ¼� lzra
Eza

¼ � 0:14
5533

¼ �0:0253 � 10�3;

a33 ¼ d
Eza � p ¼ 4

5533 � 3:14 ¼ 0:2302 � 10�3;

c66 ¼2
ltra
Eta

¼ 2 � 0; 1033
187:3

¼ 1:10304 � 10�3;

c11 ¼
d

pEra
� lzra
 �2

p

Eza � d ¼ 2
3:14 � 375�

0:142 � 3:14
5533 � 2 ¼ 1:69444 � 10�3;

c22 ¼
d

pEta
� lzta
 �2

p

Eza � d ¼ 2
3:14 � 187:3�

0:172 � 3:14
5533 � 2 ¼ 3:3895 � 10�3;

c12 ¼� ltra
Era

� lzralzta
Era

� p
d
¼ � 0:1033

375
� 0:14 � 0:17 � 3:14

375 � 2 ¼ �0:37511 � 10�3;

a ¼ 1:69444 � 10�3 � 3 � 0:37511 � 10�3 þ 1:10304 � 10�3

3:3895 � 10�3 ¼ 0:4933:

Eza ¼ Ezm
1� a202
1þ a202

¼ 16600 � 1� 0:5
1þ 0:5

¼ 5533MPa;
EzP ¼ 5533þ 16600 ¼ 22133MPa
Ez ¼ 16600� 5533 ¼ 11067MPa


 �

Eta ¼ Etm
1� a201
1þ a201

¼ 582 � 1� 0:5
1þ 0:5

¼ 194MPa;
EtP ¼ 194þ 582 ¼ 776MPa
Et ¼ 582� 194 ¼ 388MPa


 �

Et

Er
¼ 0:5178;Era ¼ Eta

a20
¼ 194

0:5178

¼ 375MPa;
ErP ¼ 375þ 1124 ¼ 1499MPa
Er ¼ 1124� 375 ¼ 749MPa


 �

ltra ¼ 0:31 � 1� 0:5
1þ 0:5

¼ 0:1033;
ltrP ¼ 0:31þ 0:1033 ¼ 0:4133
ltr ¼ 0:31� 0:1033 ¼ 0:2067




Ea ¼ 16600;Et ¼ 582;Er ¼ 1164;Grt ¼ 188;
ltr
lrt

¼ 0:31
0:68

;
lat
lta

¼ 0:51
0:015

;
lra
lar

¼ 0:038
0:42

;
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c20 ¼
Et

Er
¼ 582

1124
¼ 0:5178:

Hypothetically, we accept

c20 ¼ 0:5178:

ltr ¼ 0:68 � 0:5178 ¼ 0:35; lta ¼ 0:51 � 0:036 ¼ 0:01785; lra ¼ 0:42 � 0:07 ¼ 0:0294;

Et

Ea
¼ 582

16600
¼ 0:035;

Er

Ea
¼ 1124

16600
¼ 0:07; lzra ¼ 0:42 � 1� 0:5

1þ 0:5
¼ 0:14;

lzta ¼ 0:51 � 1� 0:5
1þ 0:5

¼ 0:1:

The calculations took:

lrt ¼ 0:68; lat ¼ 0:51; lar ¼ 0:42; ltr ¼ 0:35; lta ¼ 0:018; lra ¼ 0:03;

Et ¼ 583MPa;Er ¼ 1124MPa;Ea ¼ 16600MPa;Grt ¼ 188MPa:

d ¼ 4MM:

See Fig. 4.

Etm ¼ EtP þEtp

2
;Eta ¼ EtP � Etp

2
;EtP ¼ Etm þEta;Etp ¼ Etm � Eta:

Normal stresses are determined by the formula:

rz ¼ M
J
� r � sin hþ rz1 � sin hþ rz3 � sin hþ rz5 � sin h:

The values of this part of the formula M
J � r � sin h are known, and the values of

the other part.

rz1 � sin hþrz3 � sin hþrz5 � sin h must be found. In terms 2, 3 and 4 it is
necessary to substitute their values through M and the resulting component.

Fig. 4 Change in the
coefficient of deformation Eta

by annual layers
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4 Conclusion

• The problem of calculating the strength characteristics of structural sawn timber
is solved, the macrostructure of the wood structure of which is a system of
thin-walled shells coaxially strung on each other, simulating annual layers of
wood.

• The dependences of the distribution of normal stresses in the cross section of the
log are found.

• The dependence of the bending moment on the distribution of normal stresses
along the radius of the cross-section of the log has been obtained.

• The obtained solution makes it possible to study the stress–strain state of the
elements of load-bearing building structures with an annular structure of annual
wood layers during transverse bending.
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Deformation and Failure of Prestressed
Reinforced Concrete Frames in Ultimate
States

Vitaly Kolchunov , Tatyana Iliushchenko , and Sergey Savin

Abstract The results of experimental and theoretical researches of crack resis-
tance, development and growth of cracks of a prestressed reinforced concrete
multi-storey frame of a monolithic building under a special impact caused by the
sudden removal of the outside column of the frame are presented. The calculation of
the frame was carried out by the decomposition method according to a two-level
primary and secondary design models, taking into account the prestressing of the
constructions framework beam. An analysis of the pattern cracking and destruction
of frames is given in the frames with prestressed elements with a sudden change of
flux of forces under the considered special impact. It was found that dynamic
loading of frame elements and the failure pattern of the frame structures, arising in
such structural systems, depend on the presence and level of prestress, the
parameters of the deformation diagram of the sections of the frame elements and the
place of application of the special emergency impact. The obtained research results
can be used in the development of methodology and methods for protecting the
frames of monolithic multi-storey buildings against progressive collapse under the
considered influences.

Keywords Reinforced concrete structure � Prestressing � Crack resistance �
Experimental research � Progressive collapse

1 Introduction

Due to the constant increase in the number and intensity of natural and technogenic
impacts on buildings and structures, leading to a disproportionate failure of struc-
tures and in some cases to their complete failure, a new regulatory framework has
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been introduced in Russia and in a number of foreign countries to protect buildings
and structures from progressive collapse [1–4]. These standards consider the gen-
eral provisions of the methodology and design calculation and don’t specify the
design requirements, taking into account the various design features of the sup-
porting structures of buildings and structures. As a result, new research is needed to
study the force resistance of various types of structures under such influences. In
recent years, a number of theoretical [5–15] and experimental [16–21] studies of
reinforced concrete structural systems have been carried out, aimed at solving this
problem. However, there are practically no works on this topic devoted to the study
of prestressed reinforced concrete structures. It is possible to note several experi-
mental foreign works in which such structural systems are investigated [22, 23].
The work [24] presents the results of experimental studies of a symmetrical
structure of a reinforced concrete frame, designed a fragment of a multi-storey
reinforced concrete frame of a monolithic building with prestressed beams on a
special impact caused by a sudden removal of the central column. In the devel-
opment of this study, this work presents the results of an experimental and theo-
retical study of crack resistance, development and opening of cracks in a fragment
of a prestressed reinforced concrete frame under the special impact caused by the
sudden removal of the outside column of the frame, leading to asymmetric loading
of the entire structural system under study. In a structural system, not only the level
of additional loading of load-bearing structures changes, but also the nature of the
application of additional actions in case of asymmetric additional loading of ele-
ments. In this regard, the exhaustion of the bearing capacity of the elements can be
associated not only with the exhaustion of their strength, but also from the loss of
stability.

2 Materials and Methods

An experimental study of frame structures was carried out on a specially designed
stand, which includes a load-bearing frame made of metal structures and a
lever-mechanical system of loading devices in the form of strands from channels to
transfer the load to the experimental frame structure. The installation of the test
frame structure was carried out at the stand by welding the outlets of the working
reinforcement from the frame poles to the channels of the base of the test stand.

Before the design load, the frame beams were loaded with two concentrated
forces in each beam span using a mechanical lever arrangement consisting of a
lever and distribution beams that transfer the load to the frame structure (Fig. 1).
The beyond design impact was simulated by the sudden removal of the outside
column of the frame using a special device made according to the patent [25]. The
diagram of this device is shown in Fig. 1.

The prestressing of the reinforcement in the beams above the first floor of the
frame was carried out mechanically using a jack. At the same time, to the com-
pression force reflection from prestressing, the timbering of the lower beams of the

42 V. Kolchunov et al.



frame was strengthen with a metal plate and a beam cage made of corners and two
welded channels (Fig. 2). The design and materials of the FR-2 experimental frame
tested when the outside column was removed were designed similarly to the design
of the FR-1 experimental frame tested when the central column was removed [24].
The difference between the FR-2 experimental frame and the FR-1 frame was that
there was no outside reinforced concrete column in it, which was replaced during
testing, as already noted, with a special device that simulated the frame pole during
the test. The prestressed reinforcement of the beams of the first floor of the frame
was installed in the upper and lower cross-sectional zones of the beam from one rod
of class A540, with a diameter of 8 mm. The value of the primary controlled stress
is rsp ¼ 514MPa. The first loss of prestress was 134 MPa, the second loss was
40 MPa, the stress in the prestressing reinforcement, taking into account all losses
rsp2 ¼ 340MPa (Fig. 3).

Before the start of the experiments, the calculation of the stress–strain state of the
bearing capacity of the experimental frame structures was carried out. The calcu-
lation was carried out using the LIRA SAPR software package according to primary
and secondary design models of different levels. The calculation according to the
primary design model for the action of a given test load in the form of two

Fig. 1 Configuration diagram of tensoresistors and optical-mechanical devices: 1—power frame;
2—strands; 3—distribution beam; 4—lever; 5—tensoresistor on concrete; 6—tensoresistor on the
reinforcement, 7—disconnecting device
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concentrated forces in each span of the b was carried out in two variants: (1) using
bar finite elements (Fig. 4a) and (2) using solid finite elements (Fig. 4b, c).

The prestress in the reinforcing rod was simulated in the first case by applying a
longitudinal compressive force to the bar elements at the ends of the beams, equal

Fig. 2 Prestressing of reinforcement in the beam above the first floor of the experimental structure
of the FR-2 frame

Fig. 3 Layout of reinforcement of the experimental structure of the FR-2 frame
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to the total compression force in the upper and lower reinforcing bars. In the second
variant, when using solid finite elements, the prestress was taken into account by
applying a longitudinal compression force in the center of the corresponding solid
finite element.

The calculation according to the secondary design model is performed for the
total action of the test load in the form of two concentrated forces in each span of
the beam and a special effect caused by the removal of the outside column of the
frame. Removal of the outside column of the frame was simulated by an application
with the opposite sign of the reaction in this column, determined by the frame
calculation according to the primary design model in accordance with the
requirements [1] in the design model.

Fig. 4 Moment diagram for a frame with a prestressed beam (Msp): before the sudden removal of
the left column (blue) and after it is removal (red) (a); solid finite element model of the frame (b),
mosaic of the distribution of longitudinal stresses (forces) in a prestressed beam above the first
floor of the frame after removal the left column (c)
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3 Results

3.1 Experimental Research Results

Analyzing the nature of the formation, opening and development of cracks obtained
in the frame structures, the following can be noted.

At the first stage of experimental researches in the prestressed structure of FR-2
frames under loading with a total design

P
Pi,max, the first cracks (Fig. 5) were

found in the support zones of the second floor beams near the central column with a
total load

P
Pi = 19.96 kN. The moments of these cracks formation were 0.59 and

0.56 kNm, respectively. As the load increased to the level
P

Pi = 23.64 kN, new
cracks appeared in the support section of the beams above the first floor near the
outside columns and in the span. At the stage of loading with the design load before
the sudden removal of the outside column, normal cracks in the spans of the beams
of the frame didn’t form.

After the beyond design impact caused by the sudden removal of the left col-
umn, in the FR-2 frame due to the structural restructuring of the structural system,

Fig. 5 Design of formation and opening width of cracks of all types in the structure of the FR-2
frame before the application of a special load
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the previously formed cracks 1–6 opened (see Fig. 5), as well as their increment
from the dynamic additional loading of the structural system elements.

New cracks were also formed in the support sections of the beam of the third
floor of the frame, as well as normal cracks in the beams of all floors of the frame.
The largest crack opening width after applying a special load was 0.70 and
0.65 mm in the support section of the central and right columns. At the same time,
the experimental frame structure didn’t receive visible damage (Fig. 6).

Analysis of the quantitative change in the width of the crack opening in the
beams of the prestressed frame at the design load and after a special beyond design
impact (Table 1) showed that the maximum increments were obtained by the cracks
in the columns of the second floor (Cr-1, Cr-5). Using these data, the coefficient of
dynamic loading of cross-sections of beams (hds) from the considered beyond
design impact was calculated as the ratio of the maximum crack opening width
before and after the beyond design impact. Analyzing the obtained data, it can be
noted that the structure of the prestressed reinforced concrete frame of the FR-2
didn’t receive visible damage after the sudden removal of the left column. The
criteria for the special limiting state for deformations of concrete and reinforcement
[1] in the frame weren’t met.

Fig. 6 Design of formation and opening width of cracks of all types in the structure of the FR-2
frame after applying a special load
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When comparing the picture of cracking in the frame after the beyond design
impact above the first and overlying floors, it can be seen that as the number of
storeys increases, the coefficient of dynamic additional loading hds decreases. So the
maximum value hds was recorded above the first floor in the right column of the
frame and amounted to 7.00, while above the second floor this value was 5.42.

From the above analysis, it can be concluded that the placing of prestressed
reinforcement in the beams of the first floor of building frames can become one of
the ways to protect buildings and structures from progressive collapse.

3.2 Stability Analysis of the Deformed State of the Frame
Under the Considered Type of Special Impact

Examples of partial or complete collapse of buildings and structures due to a sudden
failure of one of the structural elements of the structural system, such as the collapse
of the residential building Ronan Point in 1968 in London [26]; federal building
Alfred Murrah in 1995 in Oklahoma City, USA [27]; sports and entertainment
complex “Transvaal-Park” in 2004 in Moscow [28] and others, show that an
emergency situation associated with the failure of one of the structures, can occur
years after the introduction of a building or structure into operation. For this reason,
when designing protection against progressive collapse in the bearing elements of
reinforced concrete frames of buildings and structures, it is necessary to take into
account the development in time of inelastic creep deformations, as well as a
decrease in the strength and deformability parameters of the material due to cor-
rosion damage to concrete. These phenomena can lead to a redistribution of forces
in the elements of the bearing system and an increased deformability of the sections.
In this regard, we will assess the possibility of realizing the destruction mechanism
of the entire frame or its individual elements, associated with the loss of stability.

Table 1 Width of crack opening of all types in the prestressed frame FR-2

Loading
stage

Crack opening width of all types acrc by crack
number, mm

Note

1 2 3 4 5 6

Frame series FR-2

IX 0.05 0.05 – – – 0.05 The moment of cracking of
the experimental model

X 0.05 0.05 – – – 0.05 –

XI 0.06 0.07 – – – 0.05 –

XII 0.08 0.07 – – – 0.05 –

XIII 0.08 0.10 0.15 0.10 0.12 0.10 Before removing the column

XIV 0.30 0.30 0.60 0.60 0.65 0.70 After removing the column

hds 3.75 3.00 4.00 6.00 5.42 7.00 –
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When analyzing the stability of the scale model of a reinforced concrete frame
shown in Fig. 3, we will take into account creep deformations for girders by
dividing the modulus of concrete deformation by (1 + ucr), where ucr is a coeffi-
cient that takes into account creep and is taken according to SP 63.13330.2018,
depending on the class of concrete on the compression and humidity of the envi-
ronment. The stiffness of the struts of the reinforced concrete frame under con-
sideration under the action of only constant and long-term loads in the first
approximation will be determined taking into account the eccentricities of the
application of longitudinal forces to each of them according to the formula SP
63.13330.2018:

D ¼ kbEbJþ ksEsJs ð1Þ

where Eb, Es are initial modulus of elasticity of concrete and modulus of elasticity
of steel reinforcement, respectively, J and Js are moment of inertia of a concrete
section and moment of inertia of reinforcement relative to the relative center of
gravity of the concrete section;

kb ¼ 0:15=½ulð0:3þ deÞ�; ks ¼ 0:7:

Here ul = 2 is a coefficient taking into account the effect of the duration of the
load; de = e/h is a relative eccentricity of application of longitudinal force.

Corrosion damage of the struts of all frames was taken into account by recal-
culating the stiffness using the corrosion damage function, for the approximation of
which a polynomial of the second degree was adopted (see, for example, [29]). In
this case, the depth of advancement of the corrosion front was taken conditionally
equal to 20 mm, measured from the most compressed face, without evaluating the
kinetics of the process. For the convenience of modeling the frame under consid-
eration, the integral modulus of deformation of the sections was introduced into the
calculation, which was taken to be constant along the length for each individual
structural element in terms of the minimum stiffness of the section.

Additionally, in the cross-sections of the girders and frame struts, in which
cracks formed at the stage of normal operation (Fig. 6), elastic-yielding fastenings
were introduced between the FE to take into account the increased deformability.
The compliance of such fixings was determined as an equivalent in deflection value
based on preliminary numerical modeling of the corresponding structural elements
using 8-node volumetric FE elements with joint joints at the location of the crack.
Based on the results of a preliminary numerical simulation by FEM, the compliance
of sections with a crack was: for girders—495 kNm, for racks—190 kNm.

According to the results of calculating the stability for the considered reinforced
concrete frame in the absence of preliminary compression forces (Fig. 7a) and in
the presence of preliminary compression (Fig. 7b), the safety factor for the first
frame was—23.35, for the second—8.66, i.e., the stability of the two frames is
ensured.
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However, it should be noted that the preliminary compression of the girder led to
more than a twofold decrease in the safety factor of the bearing system. In this case,
in the model of the reinforced concrete frame considered above, the posts have
flexibility l0/h = 1.2 ⋯ 430/100 = 8.6, and the cross-sectional height of the
crossbars is 1/9 of the calculated length. Let us additionally evaluate the stability of
a reinforced concrete frame with more graceful sections of structural elements:
posts 50 � 50 mm (l0/h = 17.2), crossbars 70 � 50 mm (section height is 1/13 of
the span). Such an assessment is necessary to establish the limits of applicability of
the proposed method of protection against progressive collapse.

The results of calculating the stability of the deformed state of the model of a
reinforced concrete frame with changed parameters of sections of racks
(50 � 50 mm) and girders (70 � 50 mm) with identical parameters of force and
environmental influences, as for the original reinforced concrete frame, show: the
safety factor for the frame without preliminary compression of the girder over on
the first floor—14.44 (Fig. 8a), in the presence of a pre-compression of the girder—
3.16 (Fig. 8b).

Thus, the stability of the frames is ensured in this case as well, however, a
decrease in the safety factor of stability to 3.16 for a frame with a pre-compressed
girder and reduced cross-sectional dimensions of structural elements shows that the
use of pre-compression to increase the resistance of the structural system to pro-
gressive collapse with the flexibilities of the post elements close to l0/h = 20
requires additional verification of the supporting system for stability criteria.

Fig. 7 Buckling modes of a model of a reinforced concrete frame under a special emergency
impact: a frame without preliminary compression of the girders, the safety factor for stability is
23.35 (a); frame with a pre-compressed girder above the first floor, safety factor for stability 8.66
(b)
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4 Conclusion

1. The parameters of the stress–strain state of crack resistance, development and
opening of cracks were obtained from the results of experimental and theoretical
studies of a fragment of a prestressed reinforced concrete frame simulating the
frame of a multi-storey monolithic building under a special effect caused by the
sudden removal of the outside frame column.

2. Based on the experimental data, the values of the coefficient of dynamic addi-
tional loading in the prestressed structure of the frame of the FR -2 were cal-
culated, which was calculated as the ratio of the crack opening width after the
sudden removal of the outside column to the crack opening width before the
outside column floors and amounted to 7.0.

3. The obtained results of studies of crack resistance of prestressed frame structures
can be used in the development of methodology and methods for protecting the
frames of monolithic multi-storey buildings from progressive collapse, in par-
ticular, one of such methods can be prestressing the frame beams above the first
floor.
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Engineering Calculations of Acidifier
Retaining Walls During Water
Treatment Facilities Designing

V. I. Rimshin , S. I. Roshchina , E. S. Ketsko , P. S. Truntov ,
and I. S. Kuzina

Abstract The water consumption growth by the population and industrial facilities
leads to a constantly increasing amount of polluted wastewater discharged from the
settlement, industrial enterprises and railway transport enterprises. The design of
facilities for this wastewater treatment and disinfection is of great importance, since
untreated wastewater ingress into water bodies leads to their pollution and exit from
the water circulation system. This paper is devoted to the design and calculation
process for the retaining walls of acidifier mixers. Acidification units are six
interlocked rectangular basins measuring 20.0 � 20.0 m and 11.80 m deep. Each
acidifier consists of horizontal and bunker parts. The designed number of six
acidifiers ensures the normal acidification process of raw sludge. Retaining walls
are designed taking into account horizontal and vertical external loads located on
the collapse prism. Retaining walls are designed for two groups of limiting states:
for bearing capacity (a wall stability against subgrade shear and strength, as well as
for structural elements strength) and for serviceability (bases for permissible
deformations and cracks). The soils analysis was carried out, the lateral pressure
and the slope stability coefficient were determined. The position stability of the
retaining walls against plane shear and two types of depth shear has been deter-
mined. The base calculation on deformations was performed. The normative soil
pressure intensity on the walls is determined. The reinforcement area by forces for
vertical walls and a horizontal foundation slab was selected.
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1 Introduction

Geotechnical conditions are accepted in accordance with the data given in the
results of geotechnical surveys. It is accepted to backfill the retaining wall sinuses
with medium-grained sand with the following characteristics (natural soil): cn =
18.6 kN/m3; cI = 18.2 kN/m3; un = 24°, uI = 23°; cn = 1 kPa; cI = 0; cII = 16.9
kN/m3; uII = 24°; cII = 1 kPa.

ka ¼ tg2ð45� � u=2Þ ¼ tg2 45� � 23�=2ð Þ ¼ tg233:5� ¼ 0:66192 ¼ 0:438

The ratio between the backfill soils and natural constitution soils characteristics,
according to the regulations, are as follows: c1I = 18.2 ⋅ 0.95 = 17.3 kN/m3 or
c1I ¼ cn = 18.6 kN/m3 ! from the two obtained values, select the maximum value
c1I = 18.6 kN/m3; u1

I = 23° ⋅ 0.9 = 20.7° or u1
I ¼ un ⋅ 0.82 = 24° ⋅

0.82 = 19.7° ! from the two obtained values, select the minimum value
u1
I = 19.7° = 19°42; c1II = 16.9 ⋅ 0.95 = 16.1 kN/m3; u1

II = 24° ⋅ 0.9 = 21.6°;
c1I = 0. For further calculation, we take the following characteristics of sandy
backfill soil:

c1 ¼ 18:6 kN=m3; u1 ¼ 19�42I;

ka ¼ tg2ð45� � u=2Þ ¼ tg2 45� � 19�42I=2
� � ¼ tg235�09I ¼ 0:70412 ¼ 0:496;

kII ¼ tg2ð45� þu=2Þ ¼ tg2 45� þ 19�42I=2
� � ¼ tg254�51I ¼ 1:42032 ¼ 2:017

Due to the retaining wall location in the backfilling soil of acidificators under its
foundation bottom, the documentation provides for a layer-by-layer compacted
sand and gravel cushion 0.8 m high with the following characteristics:
uI = uII = 30°; cI = cII = 18 kN/m3; cI = cII = 0. Retaining wall 1 arrangement
along the A axis of the mixing chamber is shown in Fig. 1.

2 Lateral Pressure Determination

Lateral pressure determination circuit is presented in Fig. 2.
Random load on the ground surface is q1 = 10 kN/m2. Conditional angle of the

collapse plane is tgƐ = 2.6/6.9 = 0.3768; Ɛ = 20°40I � 21°.
Lateral pressure ordinate from load at the chamber top: ph1 = k ⋅ q ⋅ ka = 1.1 ⋅ 10

⋅ 0.496 = 5.5 kN/m2.
Lateral pressure ordinate from load and backfill soil at the bottom level: ph2 =

ph1 + k ⋅ c ⋅ h ⋅ ka = 5.5 + 1.1 ⋅ 1.86 ⋅ 6.9 ⋅ 0.496 = 5.5 + 7.0 = 12.5 kN/m2.
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Fig. 1 Retaining wall 1 arrangement along the A axis of the mixing chamber

Fig. 2 Lateral pressure
determination circuit
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3 Wall Stability Against Shear

Shear stability condition: Fsa � (cc/cn) ⋅ Fsr,

where Fsa—shear force equal to the sum of all shear forces projections on the
horizontal plane:
Fsa = 0.5 ⋅ h ⋅ (ph1 + ph2) = 0.5 ⋅ (5.5 + 12.5) ⋅ 6.9 = 62.1 kN/m;
cc—working condition factor—for sand cc = 1;
cn—the reliability coefficient for the structure purpose, taken as 1.15 for a class II
structure: cn = 1.15;
Fsr—holding force, equal to the sum of the all holding forces projections on the
horizontal plane:

Far ¼ Fv � tgðu1 � bÞþA � c1 þEhr ð1Þ

where Fv—the sum of the all forces projections on the vertical plane, u1 and c1—
internal friction and specific adhesion angle of the base soil respectively: uI = 30°;
cI = 0, b—the inclination angle of the sliding surface to the horizon, which should
be taken for three values: b = 0—flat shear, b = 0.5 ⋅ u1 and b = u1—depth shift,
A—wall foot area, A = 3.35 ⋅ 1 = 3.35 m2, Ehr—passive soil resistance.

Define

Fv ¼ Fsa � tgðEþu1
1Þþ c1I � cf

h � ðb� tÞ
2

þ t � d
� �

þ c1 � tgb � b2
2

¼ 487:4þ 10:1 � tgb ð2Þ

Define Ehr, Fv and Fsr consistently for each inclination angle of the sliding
surface b:

The first case is b = 0—flat shear; kII = 2,017, but kIImax = 1.0. Passive soil
resistance is Ehr = 61 kN/m. The sum of the all forces projections on the vertical
plane: Fv = 487.4 + 10.1 ⋅ tgb = 487.4 + 10.1 ⋅ tg0° = 487.4 kN. Holding force
Fsr = Fv ⋅ tg(u1 − b) + A ⋅ c1 + Ehr = 342.4 kN. The stability condition is met,
since Fsa = 280 kN < (1/1.15) ⋅ 342.4 = 300 kN, therefore, the condition is satis-
fied. The second case is b = 0.5u1 = 0.5 ⋅ 30° = 15°—depth shift.

kII ¼ tg2ð45� þu=2Þ ¼ tg2 45� þ 19�42I=2
� � ¼ 2:017

hr ¼ dþ b � tgb ¼2:8þ 3:35 � tg15� ¼ 2:8þ 3:35 � 0:2679 ¼ 3:7m

Passive soil resistance is Ehr = 215 kN/m. The sum of the all forces projections
on the vertical plane: Fv = 514.5 kN. Holding force Fsr = Fv ⋅ tg(u1 − b) + A ⋅
c1 + Ehr = 51.45 ⋅ tg(30° − 15°) + 0 + 21.5 = 51.45 ⋅ 0.2679 + 21.5 = 353 kN.
The stability condition is met, since Fsa = 280 kN < (1/1.15) ⋅ 353 = 307 kN,
therefore, the condition is satisfied. The third case is b = u1 = 30°—depth shift.
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kII ¼ tg2ð45� þu=2Þ ¼ tg2 45� þ 19�42I=2
� � ¼ 2:017

hr ¼ dþ b � tgb ¼2:8þ 3:35 � tg30� ¼ 2:8þ 3:35 � 0:5774 ¼ 4:73m;

Passive soil resistance is Ehr = 351 kN/m. The sum of the all forces projections
on the vertical plane: Fv = 487.4 + 10.1 ⋅ tgb = 487.4 + 10.1 ⋅ tg30° = 545.7 kN.
Holding force Fsr = Fv ⋅ tg(u1 − b) + A ⋅ c1 + Ehr = 0 + 0 + 351 = 351 kN. The
stability condition is met, since Fsa = 280 kN < (1/1.15) ⋅ 351 = 305 kN, therefore,
the condition is satisfied. The condition Fsa < Fsr/1.15 is satisfied in all three cases.
Thus, the position stability of the retaining wall against shear is ensured in all three
cases of plane shear.

4 Subgrade Strength Calculation

Subgrade strength calculation should be carried out at tgd1 < sinu1, where the
tangent of the inclination angle to the resultant external load vertical on the base is
determined from the condition tgd1 = Fv /Fsa = 280/487.4 = 0.57; sinu1 =
sin30° = 0.5. Due to the fact that the condition tgd1 < sinu1; 0.57 > 0.5 not
completed, there is no need to calculate the subgrade strength [1–5].

5 Subgrade Calculation for Deformations

Due to the retaining wall location in the backfilling soil of acidificators under its
foundation sole, the documentation provides for a layer-by-layer compacted sand
and gravel cushion 0.8 m high with the following characteristics: uI = uII = 30°;
cI = cII = 18 kN/m3; cI = cII = 0. Calculation of foundation soil resistance of the R:

R ¼ cc1 � cc2
k

� �
� My � kz � b � cII þMq � dI � cIII þðMq � 1Þ � db � cIII þMc � cII
� 	

;

ð3Þ

where cc1 and cc2—working condition factor: at the base—sand and gravel mixture:
cc1 = 1.4; cc2 = 1.1; k = 1; at uII = 30°, therefore, Mc = 1.15; Mq = 5.59;
Mc = 7.95; kz = 1; cII—the calculated specific gravity of the soil lying below the
foundation base: at the base—sand and gravel mixture: cII = 18 kN/m3.
cIII—the calculated specific gravity of the soil lying above the foundation base:
cIII = 16.1 kN/m3;
cII—the calculated specific adhesion of the soil lying directly under the foundation
sole: cII = 0 kN/m2 (in reserve);
b—foundation base width, b = 3.35 m.
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dI—the foundations depth—for slab foundations—the smallest depth from the slab
base to the planning level: dI = 2.8 m; R = 495 kN/m2.

The normative soil pressure intensity on the wall: the random load on the soil
surface are accepted q1 = 10 kN/m2. ka = tg2(45° − u/2) = tg2(45° − 21.6°/
2) = tg2 34°121 = 0.682 = 0.462. Retaining wall diagram for calculating the sub-
grade strength is presented in Fig. 3 (the foundation slab front is t = 0.75).

From the side of the mixing chamber, the lateral pressure ordinate from the load
at the wall top: ph1 = k ⋅ q ⋅ ka = 1.0 ⋅ 10 ⋅ 0.462 = 4.6 kN/m2. Lateral pressure
ordinate from load and soil at the bottom of the wall foundation: ph2 = ph1 + k ⋅ c ⋅
h ⋅ ka = 4.6 + 1.0 ⋅ 1.61 ⋅ 6.9 ⋅ 0.462 = 4.6 + 5.13 = 9.73 � 9.7 kN/m2.

Mo—sum of the all vertical and horizontal forces moments about an axis passing
through the gravity center of the sole:

Mo ¼Fsa � h1 � tgðEþu1
1Þ �

b
2
� h1 � tgE


 �� �

þ c11 � cf � ðb� tÞ � ½h � ðb� 4 � tÞþ 6 � t � d�
12

;

ð4Þ

where h1—distance from the resultant shear force to the wall base bottom, cf—load
safety factor, taken equal to 1.0.
Fsa = 209 kN. h1 = 2.47 m. Mo = 429 kN ⋅ m. Fv = 371 kN.
e—application eccentricity of all forces resultant relative to the axis passing through
the gravity center of the wall sole. e = Fv /Mo = 42.9/37.1 = 1.16 m > b/3 = 3.35/
3 = 1.12 m, that is, the condition e � b/3 is not completed and the retaining wall
foundation slab dimensions should be changed [6–11]. The front part of the
foundation slab is 0.9 m, that is, it should be increased by 15 cm. Retaining wall
diagram for calculating the subgrade strength (t = 0.90) is presented in Fig. 4.

Fig. 3 Retaining wall
diagram for calculating the
subgrade strength (t = 0.75)
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Mo = 412 kN ⋅ m. Fv = 377 kN.
e—application eccentricity of all forces resultant of relative to the axis
passing through the gravity center of the wall sole. e = Fv/Mo = 412/
377 = 1.1 m < b/3 = 3.5/3 = 1.17 m, that is e � b/3 is satisfied.

Boundary ground pressures: pmax
min ¼ Fv � ð1	 6 � e=b ¼ 37:7 � 1	 6�ð

1:1=3:5Þ=3:5 ¼ 10:77 � 1	 1:89ð Þ.
pmax = 311.2 kN/m2 < R = 495 ⋅ 1.2 = 594 kN/m2. pmin = −95.8 kN/m2.
Plot of edge pressures on soil is presented in Fig. 5.
Partial separation of the foundation from the ground is 0.825 m and does not

exceed 1/4 of the foundation width: 3.5/4 = 0.875 m > 0.825 m, that is, the con-
dition is met. The conditions for calculating the base for deformations are satisfied
[12–15].

6 Reinforcement Area Selection Based on Efforts

The concrete class is B30: Rb = 173 kg/cm2 (17 MPa); Rb,ser = 224 kg/cm2

(22 MPa); Rbt = 11.7 kg/cm2 (1.15 MPa); Rbt,ser = 17.8 kg/cm2 (1.75 MPa);
Eb = 331,000 kg/cm2 (32.5 MPa). The reinforcement class is A500C:

Fig. 4 Retaining wall
diagram for calculating the
subgrade strength (t = 0.90)

Fig. 5 Plot of edge pressures
on soil
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Rs = 4430 kg/cm2 (435 MPa); Rsw = 3060 kg/cm2 (300 MPa); Es = 2,000,000 kg/
cm2 (200,000 MPa). The minimum reinforcement percentage at h = 60 cm:
Fa = 0.001 ⋅ 100 ⋅ 52 = 5.2 cm2, therefore, accept Ø18A500C, a step is 200,
therefore, Fa = 12.72 cm2.

7 Vertical Wall

The vertical retaining wall calculating scheme is shown in Fig. 6.

Msupport = 686 kN ⋅ m. Qfact = 280 kN.
Qmax = 456 kN > Qfact = 280 kN.
M = 686 kN ⋅ m; Ao = 6,860,000/(173 ⋅ 100 ⋅ 522) = 0.147, therefore, ٧ = 0.92;
Fa = 6,860,000/(4430 ⋅ 0.92 ⋅ 52) = 32.4 cm2; accept Ø28A500C, a step is 100,
therefore, Fa = 61.58 cm2.M = 454 kN ⋅m;Ao = 4,540,000/(173 ⋅ 100 ⋅ 452) = 0.13,
therefore, ٧ = 0.93; Fa = 454,000/(4430 ⋅ 0.93 ⋅ 45) = 24.5 cm2; acceptØ28A500C, a
step is 200, therefore, Fa = 30.79 cm2, +Ø18A500C, a step is 200, therefore,
Fa = 12.72 cm2 = Fa = 43.51 cm2. M = 222 kN ⋅ m; Ao = 2,220,000/(173 ⋅ 100 ⋅
342) = 0.111, therefore, ٧ = 0.944; Fa = 2,220,000/(4430 ⋅ 0.944 ⋅ 34) = 15.6 cm2;
accept Ø28A500C, a step is 200, therefore, Fa = 30.79 cm2.

8 Foundation Slab

Bending moments in wall elements is presented in Fig. 7.

Fig. 6 The vertical retaining wall calculating scheme
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9 Design Forces in the Foundation Slab

Pɣ, Pq—horizontal pressure intensity from the ground and vertical pressure;

Pvɣ, Pvq—vertical pressure intensity from the own soil weight in the collapse
prism and the vertical pressure of the temporary load:

P1vɣ, P
11

vɣ—vertical pressure intensity from own soil weights in the collapse
prism and above the front console respectively:

Mo—sum of the all vertical and horizontal forces moments about an axis passing
through the gravity center of the sole from design loads:

Mo ¼Fsa � h1 � tgðEþu1
1Þ �

b
2
� h1 � tgE


 �� �

þ c11 � cf � ðb� tÞ � ½h � ðb� 4 � tÞþ 6 � t � d�
12

¼ 568:2 kNm

ð5Þ

Fv—the sum of the all forces projections on the vertical plane: Fv = 487.4 kN.

Fig. 7 Bending moments in wall elements, kN ⋅ m
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e—application eccentricity of all forces resultant relative to the axis passing through
the gravity center of the wall sole: e = Fv/Mo = 568.2/487.4 = 1.17 m > b/6 = 3.5/
6 = 0.58 m. 3Co—the plot length along the foundation foot: Co = 0.5b − e = 0.5 ⋅
3.5–1.17 = 0.58 m, then 3Co = 1.74 m. Determine the moment and shear force in
the cross Sect. 1—1 at x1 = 0.9 m:

Determine the moment and shear force in the Sect. 2—2 at x2 = 2.6 m:

M2�2 ¼pmax �
ð3 � C0 � bþ x2Þ3

18 � C0
� Pvc � x22

2
� Pvq � ðx2 � nÞ2

2

� x32 � ðP1vc � PvqÞ
6 � ðb� tÞ ¼ �536:8 kNm;

ð6Þ

Q2�2 ¼pmax �
ð3 � C0 � bþ x2Þ2

6 � C0
� Pvc � x2 � Pvq � ðx2 � nÞ2

2

� x32 � ðP1vc � PvqÞ
2 � ðb� tÞ ¼ �322 kN\456 kN;

ð7Þ

M = 536.8 kN ⋅ m; Ao = 5,368,000/(173 ⋅ 100 ⋅ 522) = 0.115, therefore,
٧ = 0.939; Fa = 5,368,000/(4430 ⋅ 0.939 ⋅ 52) = 25.0 cm2; accept Ø28A500C, a
step is 100, therefore, Fa = 61.58 cm2. Accept Ø28A500C, a step is 200, therefore,
Fa = 30.79 cm2, + Ø18A500C, a step is 200, therefore, Fa = 12.72 cm2. Fa = 43.51
cm2; M = 162.4 kN ⋅ m; Ao = 1,624,000/(173 ⋅ 100 ⋅ 522) = 0.035,
therefore,٧ = 0.982; Fa = 1,624,000/(4430 ⋅ 0.982 ⋅ 52) = 7.2 cm2; accept
Ø18A500C, a step is 200, therefore, Fa = 12.72 cm2. Retaining wall 2 scheme
(along the A-axis of acidificators) is presented in Fig. 8.

10 Lateral Pressure Calculation

Lateral pressure determination circuit is shown in Fig. 9.
The random load on the soil surface is q1 = 10 kN/m2. Conditional angle of the

collapse plane is tgƐ = 2.9/5.2 = 0.5577; Ɛ = 29° 09I � 29°. The lateral pressure
ordinate at the bottom of the foundation from the soil layer of the backfill height
5.2 m is equal to 55.2 kN/m2. The lateral pressure ordinate at the foundation bottom
from the backfill soil layer located within the slope: b = 3.3 m; h1 = 1.9 m;
∠45° + u/2 = ∠54° 51I; h2 = 3.3 ⋅ tg54° 51I = 4.7 m; h3 = 0.5 m; k = 0.496;
√k = √0.496 = 0.704; eD = (h/√k − 0.5 ⋅ b) ⋅ h1 c1√k/(h3 + 0.5 ⋅ h2) = 50 kN/m2.
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Fig. 8 Retaining wall 2 scheme (along the A-axis of acidificators)

Fig. 9 Lateral pressure determination circuit
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The lateral pressure ordinate at the foundation bottom from the uniformly distributed
load at the slope top: h01 = b ⋅ tgu1 = 3.3 ⋅ tg19°42I = 1.18 m. h02 = h2 − h01 =
4.7 − 1.18 = 3.5 m. eq = q ⋅ (h√k − b)/(h3 + 0.5 h02) = 1.8 kN/m2. The total lateral
pressure ordinates: eP = 107 kN/m2. e0R = 101.8 kN/m2. Determine the maximum
values to align the pressure plot at the foundation bottom: P = 113 kN/m2, we accept
for further calculation.

11 Wall Stability Against Shear

Shear stability condition: Fsa < (cc/cn) ⋅ Fsr, where Fsa—shear force equal to the
sum of all shear forces projections on the horizontal plane: Fsa = h/(2 ⋅ P) = 294
kN/m;

cc—working conditions factor—for sands cc = 1; cn—the reliability coefficient for
the structure purpose, taken as 1.15 for a class II structure: cn = 1.15;
Fsr—holding force, equal to the sum of all holding forces projections on the hor-
izontal plane:
Fsr = Fv ⋅ tg(u1 − b) + A ⋅ c1 + Ehr, where Fv—the sum of the all forces projec-
tions on the vertical plane,
u1 and c1—internal friction and specific adhesion angle of the base soil respec-
tively: uI = 30°; cI = 0, b—the inclination angle of the sliding surface to the
horizon, which should be taken for three values: b = 0 − flat shear, b = 0.5 ⋅ u1

and b = u1—depth shift, A—wall foot area, A = 3.9 ⋅ 1 = 3.9 m2, Ehr—passive
soil resistance.

Define Ehr, Fv and Fsr consistently for each angle of the sliding inclination
surface b:

The first case is b = 0—flat shear; kII = 2.017, but kIImax = 1.0. Passive soil
resistance is Ehr = 42 kN/m. The sum of the all forces projections on the vertical
plane: Fv = 534 + 13.7 ⋅ tgb = 534 kN. Holding force Fsr = Fv ⋅ tg(u1 − b) + A ⋅
c1 + Ehr = 350 kN. The stability condition is met, since Fsa = 294 kN < (1/1.15)
350 = 304 kN, respectively, the condition is satisfied.

The 2nd case is b = 0.5 ⋅ u1 = 0.5 ⋅ 30° = 15°—depth shift. Retaining wall
diagram for calculating the subgrade strength is shown in Fig. 10.

kII ¼ tg2 45� þu=2ð Þ ¼ tg2 45� þ 19�42I=2
� � ¼ 2:017

hr ¼ dþ b � tg ¼ 2:2þ 3:9 � tg15� ¼ 2:2þ 3:9 � 0:2679 ¼ 3:24m;

Passive soil resistance is Ehr = 183.2 kN/m. The sum of the all forces projections
on the vertical plane: Fv = 534 + 13.7 ⋅ tgb = 571 kN. Holding force Fsr = Fv ⋅ tg
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(u1 − b) + A ⋅ c1 + Ehr = 336.2 kN. The stability condition is met, since Fsa = 294
kN � (1/1.15)336.2 = 292 kN, respectively, the condition is satisfied.

3rd case b = u1 = 30°—depth shift

kII ¼ tg2 45� þu=2ð Þ ¼ tg2 45� þ 19�42I=2
� � ¼ 2:017

hr ¼ dþ b � tgb ¼ 2:2þ 3:9 � tg30� ¼ 2:2þ 3:9 � 0:5774 ¼ 4:45m;

Passive soil resistance is Ehr = 345 kN/m. The sum of the all forces projections
on the vertical plane: Fv = 613 kN. Holding force is Fsr = Fv ⋅ tg(u1 − b) + A ⋅
c1 + Ehr = 0 + 0 + 345 = 345 kN. The stability condition is met, since Fsa = 294
kN < 300 kN, respectively, the condition is satisfied. The condition Fsa � Fsr/1.15
is satisfied in all three cases. Thus, the position stability of the retaining wall against
shear is ensured in all three cases of plane shear [16–19].

12 Base Calculation on Deformations

b—foundation base width, b = 3.9 m. dI—foundation depth for slab foundations—
the smallest depth from the slab base to the planning level: dI = 2.2 m; R = 429
kN/m2.

The intensity of the normative soil pressure on the wall: the random load on the
soil surface is q1 = 10 kN/m2. ka = 0.462. The ordinate of the lateral pressure at the
level of the foundation bottom from the soil layer of the backfill height 5.2 m: e = k
⋅ c ⋅ h ⋅ ka = 38.7 kN/m2. The ordinate of the lateral pressure at the level of the
foundation bottom from the backfill soil layer located within the slope: b = 3.3 m;
h1 = 1.9 m; ∠45° + u/2 = ∠55°48I; h2 = 3.3tg 55°48I = 3.3 ⋅ 1.4715 = 4.86 m;
h3 = 0.34 m; k = 0.462; √k = √0.462 = 0.68; eD = (h/√k − 0.5 ⋅ b) ⋅ h1 ⋅ c1 ⋅ √k/
(h3 + 0.5 ⋅ h2) = 45 kN/m2.

The ordinate of the lateral pressure at the level of the foundation bottom from the
uniformly distributed load at the top of the slope:

Fig. 10 Retaining wall
diagram for calculating the
subgrade strength
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h01 ¼ b tgu1 ¼ 3:3 � tg21�10I ¼ 3:3 � 0:3879 ¼ 1:28m:

h02 ¼ h2 � h01 ¼ 4:86� 1:28 ¼ 3:58m:

eq ¼ q � ðh � pk� bÞ= h3 þ 0:5 � h2ð Þ ¼ 1:1 kN=m2:

The total lateral pressure ordinates: eP = 85.2 kN/m2. e0R = 82.7 kN/m2.
Determine the maximum value for aligning the pressure diagram at the bottom of

the foundation: P = 89 kN/m2, we take it for further calculation.
Mo—moments in all vertical and horizontal forces about the axis passing

through the gravity center of the sole:

Mo ¼Fsa � h1 � tgðEþu1
1Þ �

b
2
� h1 � tgE


 �� �

þ c11 � cf � ðb� tÞ � ½h � ðb� 4 � tÞþ 6 � t � d�
12

ð8Þ

where h1—distance from the resultant shear force to the bottom of the wall base,
cf—load safety factor, taken equal to 1.0.
Fsa = 0.5 ⋅ h ⋅ P = 231.4 kN/m; h1 = 5.2/3 = 1.73 m. Mo = 170 kN ⋅ m. Fv = 439
kN.

Eccentricity of all forces relative to the axis passing through the gravity center of
the wall sole e = Fv/Mo = 17.0/43.9 = 0.4 m < 3b = 3.9/3 = 1.3 m, that is, the
condition b/3 is satisfied. Boundary ground pressures: pmax

min = Fv ⋅ (1 ± 6 ⋅ e/b)/
b = 112.6(1 ± 0.62).

pmax = 182.4 kN/m2 < R = 515 kN/m2. pmin = 70 kN/m2.
Boundary pressure determination diagram is shown in Fig. 11.
The conditions for calculating the base for deformations are satisfied.

Reinforcement area selection is based on efforts. The concrete class is B30:
Rb = 173 kg/ cm2 (17 MPa); Rb,ser = 224 kg/ cm2 (22 MPa); Rbt = 11.7 kg/cm2

(1.15 MPa); Rbt,ser = 17.8 kg/cm2 (1.75 MPa); Eb = 331,000 kg/cm2 (32.5 MPa).
The reinforcement class is A500C: Rs = 4430 kg/cm2 (435 MPa); Rsw = 3060 kg/
cm2 (300 MPa); Es = 2,000,000 kg/cm2 (200,000 MPa). The minimum reinforce-
ment percentage at h = 60 cm: Fa = 0.001 ⋅ 100 ⋅ 52 = 5.2 cm2, respectively,
accepted Ø18A500C, a step is 200, Fa = 12.72 cm2.

Fig. 11 Boundary pressure
determination diagram
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13 Vertical Wall

Calculating scheme for the vertical wall of the retaining wall is shown in Fig. 12.

Msupport = 11.3 ⋅ 5.22/6 = 510 kN ⋅ m.
Qfact = 29.4 kN.
Qmax = 456 kN > Qfact = 294 kN.
M = 510 kN ⋅ m; Ao = 5,100,000/173 ⋅ 100 ⋅ 522 = 0.109, respectively, ٧ = 0.944;
Fa = 5,100,000/4430 ⋅ 0.944 ⋅ 52 = 23.5 cm2; accept Ø25A500C, a step is 100,
respectively, Fa = 49.09 cm2.
M = 333 kN ⋅ m; Ao = 3,330,000/173 ⋅ 100 ⋅ 442 = 0.099, respectively, ٧ = 0.944;
Fa = 3,330,000/4430 ⋅ 0.944 ⋅ 44 = 18.1 cm2; accept Ø25A500C, a step is 200,
respectively, Fa = 24.54 cm2, +Ø18A500C a step is 200, respectively, Fa = 12.72
cm2.
Fa = 37.26 cm2. M = 157 kN ⋅ m; Ao = 1,570,000/173 ⋅ 100 ⋅ 342 = 0.079,
respectively, ٧ = 0.959; Fa = 1,570,000/4430 ⋅ 0.959 ⋅ 34 = 10.9 cm2; accept
Ø25A500C, a step is 200, respectively, Fa = 24.54 cm2.

Bending moments in wall elements is presented in Fig. 13.

14 Foundation Slab: Design Forces in the Foundation Slab

Pɣ—the horizontal pressure intensity from the ground. There is no uniformly dis-
tributed load q = 10 kN/m2 on the collapse prism surface, therefore Pq is not taken
into account in the further calculation.

Fig. 12 Calculating scheme for the vertical wall of the retaining wall
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Pvɣ—the vertical pressure intensity from the own weight of the soil in the
collapse prism:

P1vɣ, P
11

vɣ—the vertical pressure intensity from the dead weight of the soil in the
collapse prism and above the front console respectively:

P1vɣ = cI
1 ⋅ cf ⋅ h = 18.6 ⋅ 1.2 ⋅ 6.0 = 134 kN/m2 (in connection with the

variable soil surface within the collapse prism, the height of the soil layer is
determined as follows: h = 5.2 + 1.9/3.3 ⋅ [2.2/2 + 0.3] = 5.2 + 0.8 = 6.0 m).

Mo—the moments sum of all vertical and horizontal forces about the axis
passing through the gravity center of the sole from the design loads.

Fv—the projections sum of all forces on the vertical plane: Fv = 534 kN.
e = Fv/Mo = 0.2 m < 6 ⋅ b = 0.65 m. Edge pressures on the ground under the

foundation base:

pmax
min = Fv ⋅ (1 ± 6 ⋅ e/b)/b = 13.7 ⋅ (1 ± 0.307).

pmax = 179 kN/m2 < R = 515 kN/m2.
pmin = 95 kN/m2.

Determine the moment and the shear force in the Sect. 1—1 at x1 = 1.0 m:

Fig. 13 Bending moments in wall elements
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M1�1 ¼
P11vy � x21

2
� pmax � x31 �

pmin
pmax

þ 3�b
x1

� 1
� �

6 � b ¼ �61:4 kNm ð9Þ

Q1�1 ¼ P11
vy � x21 � pmax � x21 �

pmin
pmax

þ 3�b
x1
� 1

� �
6 � b ¼ �119 kN\Qmax ¼ 456 kN ð10Þ

Determine the moment and shear force in Sect. 2—2 at x2 = 2.9 m:

M2�2 ¼ pmin � x32 �
pmin
pmax

þ 3�b
ðx2�1Þ

6 � b � Pvy � x2
2

� x32 � ðP1vy � PvyÞ
6 � ðb� tÞ ¼ �352 kNm; ð11Þ

Q2�2 ¼ pmin � x22 �
pmin
pmax

þ 2�b
ðx2�1Þ

2 � b � Pc � x2 � x22 � ðPc� PcÞ
2 � ðb� tÞ ¼ �165 kNm; ð12Þ

M = 352 kN ⋅ m; respectively, ٧ = 0.96;
Fa = 3,520,000/4430 ⋅ 0.96 ⋅ 52 = 16.0 cm2; accept Ø18A500C, a step is 100,

respectively, Fa = 25.45 cm2. M = 61.4 kN ⋅ m;
Ao = 614,000/173 ⋅ 100 ⋅ 522 = 0.013, respectively, ٧ = 0.992; Fa = 614,000/

4430 ⋅ 0.992 ⋅ 52 = 2.7 cm2; accept Ø18A400, a step is 200, respectively,
Fa = 12.72 cm2.

15 Conclusions

The calculations were made in accordance with the current regulations. The cal-
culation result is the calculated reinforcement area of monolithic reinforced con-
crete retaining walls located near the acidifiers [20, 21]. Retaining walls are
designed for two groups of limit states:

(1) by bearing capacity: by the wall stability against shear and the soil base strength
and by the structural elements strength;

(2) by suitability for service: bases on permissible deformations and cracks.

A cushion of sand and gravel mixture is provided under the retaining wall
foundations foot. The soil resistance of the base does not exceed the maximum
stress under the sole with the accepted foundation dimensions: for retaining wall 1
—R = 495 kN/m2 > rmax = 311.2 kN/m2,

for retaining wall 2—R = 429 kN/m2 > rmax = 182.4 kN/m2, for retaining wall
3—R = 283 kN/m2 > rmax = 101.4 kN/m2.

The retaining walls stability against shear is ensured only at three angles values
that determine the sliding plane. Vertical working walls reinforcement in the
maximum moments zone: for retaining wall 1—Ø28 A500C with a step of 100, for
retaining wall 2—Ø25 A500C with a step of 100. Horizontal working

Engineering Calculations of Acidifier Retaining … 71



reinforcement in the foundation part of the retaining wall in the maximum moments
zone: for retaining wall 1—Ø28 A500C with a step of 200 + Ø18 A500C with a
step of 200 (total step is 100 mm), for retaining wall 2—Ø18 A500C with a step of
100 [2].
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Determination of Deformability of LVL
Structures with Toothed Plates
Connectors

Aleksandr Chernykh , Stefania Mironova , Egor Danilov ,
Shirali Mamedov , Tatyana Kazakevich , and Pavel Koval

Abstract A method for calculating joints with toothed plates in LVL structures is
proposed. The hypothesis about the possibility of using computational programs to
determine the deformations of structures taking into account the movements in the
node, based on empirical data, is tested. Full-scale experimental studies were car-
ried out to determine the stiffness of the nodes of structures made of LVL with
toothed plates connectors, the operation of such joints was simulated in a com-
putational program. According to the results of experimental tests, data on the
stiffness of the joints were obtained. Such information can be used to determine the
deformability of a structure with such joints. This data was used to model individual
assemblies and structures as a whole to determine deformations under load. Based
on the conducted studies, when comparing the obtained values of displacements
and the actual ones studied earlier, it was found that the proposed method for
modeling the behavior of LVL structures with toothed connector plates can be
applied for wide implementation.

Keywords Timber structures � LVL structures � Finite element model � Joint
stiffness � Toothed plates connectors � Linear stiffness

1 Introduction

With the development of the construction industry, the use of LVL is widespread in
timber construction, because this material has demonstrated high strength and
stiffness. In LVL structures, the use of joints is justified, providing also high
strength and stiffness characteristics. Dowels with claw washers (toothed plates
«Bulldog») can be used as such joints [1–9].
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Nowadays joints with claw washers are quite popular abroad. However, in
Russia, this type of connection is not widely used due to the lack of the sufficient
theoretical and practical knowledge. Design of the structures made of LVL with
claw washers implies, among other things, checking the second group of limit
states. In this case, the calculations imply the use of the linear stiffness of the joint
to determine the actual displacements. The stiffness can be calculated by formula 1:

kz ¼ Nz=dz ð1Þ

where Nz is the value of the force applied to the joint;
dz—displacement of the joint elements.

Modern regulatory literature does not take a number of factors into consideration
that affect the change in the stiffness of such joints and structures: moisture changes,
the angle of application of force to the fibers, the size and shape of the dowels, the
types and dimensions of claw washers and elements of wood-based joints, there-
fore, the definition of linear stiffness according to the existing methods [5, 10, 11]
requires clarification.

In several works [1, 12, 13], the topic of research of structure joints made of
unidirectional glued laminated timber with claw washers was highlighted. Earlier
studies were carried out to determine the linear stiffness for a double-shear joint
under the action of loads at different angles to the fibers of the joint elements as well
[12].

The purpose of this work is to develop engineering methodology for calculation
of building structures made of LVL with claw washers according to the second
group of limit states, taking into account the linear stiffness of the joint, obtained
experimentally and theoretically.

2 Methods

To describe the deformed state of some structures under load, it is common to use
special types of finite elements of the “elastic type joint” in the design scheme,
which allow modeling the nodes of structures with a certain flexibility to increase
the accuracy of calculations for the second group of limit states. The characteristic
of real structural units implies different patterns of the distribution of the joint
stiffness, depending on the angle of the load applied. That is why for a joint with the
same characteristics of linear stiffness for any directions of the load (in a plane
coordinate system), the distribution of the stiffness characteristics is described in
Fig. 1a. The general case with non-uniform stiffness distribution is described in
Fig. 1b. According to the studies [12], the linear stiffness of joints in LVL structures
is distributed as shown in Fig. 1c.
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Let us consider the general case of a symmetrical double-shear joint of struc-
tures, shown in Fig. 2a. The arrangement of the fibers for the pad elements and the
middle element is directed in different ways, while the external force is applied at an
arbitrary angle c to the main axes. The stiffness distribution is described by two
ellipses that characterize the linear stiffness for each joint element. In this case, the
shaded area reflects the area with the minimum distribution of stiffness, depending
on the angle of load application. At a certain arbitrary angle of application of the
force c, the actual minimum linear stiffness of the joint can be calculated.

In LVL truss structures, there is often a case when it is required to design a
symmetrical multi-cut joint with the elements placed at different angles to each
other. The use of standard formulas of norms is possible if such a compound is
considered as consisting of several groups. Figure 3 shows an example of such a
5-element joint. If we consider the bearing capacity of the group including elements
1, 2, 1, separately as well as groups with elements 2, 3, 2, then the use of standard

Fig. 1 An idealized picture of the distribution of the linear angle stiffness depending on the angle
of application of force to the fibers: a uniform distribution of linear stiffness; b non-uniform
distribution of the linear stiffness of the node; c linear stiffness of bolted joints in LVL

Fig. 2 Joint diagram: a general joint diagram; b a schematic diagram of the distribution of the
linear stiffness of the joint in dependence to the angle of application of force to the fibers
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formulas of norms allows you to evaluate the bearing capacity right. Similarly, it is
possible to evaluate the compliance of such joints and the structure as a whole, if we
know the linear stiffness for a specific plane of joint between the elements (Fig. 3).

To determine the linear stiffness, experiments were previously made on samples
with the application of a compressive load on the middle element, rotated relatively
to the extreme ones by the angle a = 0°, 45°, 90° [12]. To determine the linear
stiffness, the graphs of the displacements dependence in the joint on the live load
were given, according to the data obtained, where the zone of elastic deformations
was determined [13, 15]. According to the results of the experiment, the linear
stiffness of the joints was determined in the elastic zone, compared with the
experimental values. The difference between theoretical and experimental values
averaged 15%. This indicates the right choice of the research tools used (Fig. 4).

To study the operation of LVL structures with claw washers, experimental
studies of a truss with parallel belts with a span of 4.6 m were carried out [1, 16].
The experiment was made in order to calculate the deformed state of the trusses
under the action of a static load applied at the nodes of the compressed belt. The
manufacture of a pilot truss from LVL with claw washers was made in the
mechanical laboratory of St. Petersburg State University of Architecture and Civil
Engineering in St. Petersburg in accordance with the requirements [10, 11, 17].

An LVL Ultralam-R with a section of 100 � 45 mm was used as a material for
the structural elements [18]. Steel cylindrical bolts made of C255 steel with a
diameter of 16 mm with nuts and reinforced washers and claw washers of the
“Bulldog” type C1 with a diameter of 75 mm manufactured by Simpson
(USA) were used as joints. The truss was designed for the level of breaking load
corresponding to Pp = 6.18 kN per node in accordance with [10, 11, 17]. In the
manufacture of the structure, a universal press device was used [19].

The tests were done using Amsler hydraulic press. The horizontal joints were
attached to the elements of the upper chord to provide the spatial stiffness of the
structure. The displacement measurements were taken using Aistov 6PAO deflec-
tion meters with a division value of 0.01 mm, by installing instruments in the
support zone of the truss and along the nodes of the upper and lower chords.

Fig. 3 Scheme for calculating a joint with several shear planes [14]
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9 deflection meters were installed, the location of which is shown in Fig. 5. During
the main test, the load was applied to the upper chord in steps, according to the
recommendations, to the test of timber structures [15]. The load was applied for
5 min. Exposure of the structure to redistribute the forces in the structure was
25 min.

In the middle of the tests, the displacements of the nodes of the truss elements
were recorded during the transfer of the load in the range from 2.16 to 10.31 kN per
node with a loading step of 0.65 kN. After completing the main cycle of loading

Fig. 4 Determination of the linear stiffness of the joints: a testing b theoretical distribution of the
linear stiffness depending on the angle of application of force to the fibers and the diameter of the
claw washer [12, 13]

Fig. 5 Scheme of the tested LVL truss with claw washers
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and unloading (up to 10.31 kN), the truss structure was brought to failure at a load
level of 14.23 kN per node.

To simulate the experiment with the tested truss made of LVL with claw
washers, a design scheme was created, shown in Fig. 6. To create a model of the
structure, the graphic editor AutoCAD 2021 with the tools “3dface” was used. The
length of the structure is assumed to be 4560 mm, the height of the elements is
45 � 100 mm. After exporting the model to the SCAD 21 computational complex,
each element was automatically assigned the properties of a lamellar 4-angle finite
element of the shell (type 44). Triangular finite elements of the shell (type 42) were
used to “smooth” the non-rectilinear faces of the elements at the nodes of the
elements docking. In this case, the properties for the plates were assigned as for
orthotropic (Ex = 14 GPa, Ey = 0.5 GPa, mxy = 0.018, myx = 0.45, Gxy = 0.7 GPa),
according to [20]. The interconnections of the elements were modeled using a finite
element of the “elastic joint” type (type 55), while the stiffness of such elements
were taken according to Fig. 5 for joints with claw washers d 75 mm and a dowel
16 mm. In this case, the angle of application of loads to the fibers is taken in
accordance with Fig. 6a, depending on the arrangement of the elements. This is
how the linear stiffness for 38° angles was determined (kx = 9.63 kN/mm, ky =
10,000 kN/mm, kz = 9.63 kN/mm, Ux = 10,000 kN * m/rad, Uy = 0 kN * m/rad,
Uz = 10,000 kN * m/rad) and 75° (kx = 4.58 kN/mm, ky = 10,000 kN/mm, kz =
4.58 kN/mm, Ux = 10,000 kN * m/rad, Uy = 0 kN * m/rad, Uz = 10,000 kN * m/
rad). Since the computational algorithms of the SCAD 21 program do not allow
applying the stiffness distribution for finite elements of type 55 with rotation of the
main axes by an arbitrary angle, the same values are taken for the stiffness in the X
and Z directions for a known angle of application of force to the fibers (that is,
kx = kz). Figure 2b shows a graphical definition of the value of the linear stiffness
at a fixed angle of application of the load.

Fig. 6 Design model of the simulated structure: a general design model, b design in AutoCAD
2021 editor, c design model in SCAD 21, d fixing conditions
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The boundary conditions for fixing the structure are shown in Fig. 6d. Loading
was carried out by applying concentrated loads to the nodes, while the force was
distributed equally to each branch of the joint element. In total, three load levels of
5.542, 6.867 and 8.927 kN were applied to the nodes per node.

3 Results and Discussion

As a result of the numerical and full-scale experiment, diagrams of the displacement
of the truss nodes were formed depending on the load level (Table 1, Figs. 7 and 8).
The analysis of the displacements of the results of the physical experiment corre-
sponds to the elastic nature of the work of the joints up to the load level of 3.48 kN
per truss unit; with an increase in the load to 7.55 kN per unit, a change in the slope
of the load–displacement curve is noticeable, which is characterized by a propor-
tional change in displacement from the load level.

The results of numerical studies in SCAD 21 are characterized by elastic work of
joints for all load levels. The design was tested at three load levels: 5.542, 6.867 and
8.927 kN per node. In this case, the deformed load diagram of 5.542 kN for is
shown in Fig. 7.

Table 1 and Fig. 8 show the difference between the theoretical and experimental
values for a load level of 5.542 kN per node differs by 29%, which is caused by a
peculiarity of the calculation method for the elastic deformation zone with a short
loading time (up to 24 h). In the values from the deflection meters P3 and P6, there
is a difference in the experimental data of 16% among themselves (an asymmetrical
pattern of deflections), which may be a consequence of the uneven inclusion of the
truss elements in the operation due to the insufficient load level to seal the con-
nection of joints. For a load level of 6.687 kN per node, there is a noticeable
difference in the results of experiments and calculations at the level of 9%, which is
a satisfactory convergence of the results, there is a discrepancy with theoretical
values of 1% for a load of 8.927 kN per node.

Table 1 Results of the numerical and physical experiment

Load on the node, kN Vertical displacement in the node, mm

Physical
experiment

Numerical
experiment

Average convergance (%)

П4 П5 П4 П5

5.542 9.11 7.885 11.5 12.6 29

6.867 14.09 13.03 14.18 15.7 9

8.927 19.85 19.28 18.5 20.2 −1
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4 Conclusions

In the middle of experimental and theoretical studies, the deformations of the nodes
of the LVL truss structure using claw washers were identified and compared. The
accuracy of the calculation of the proposed method in the area of the projected
design load on the truss structure is acceptable for use in the design of similar
structures. The proposed method for calculating building structures made of LVL
with claw washers according to the second group of limiting states can be used in
engineering process.

Fig. 7 Deformed truss scheme at 5.542 kN load per node

Physical experiment, 5,542 kN per node;
Numerical experiment, 5,542 kN per node;
Physical experiment, 6,867 kN per node;

Numerical experiment, 6,867 kN per node;
Physical experiment, 8,927 kN per node;
Numerical experiment, 8,927 kN per node.
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Fig. 8 The results of the data comparison of the numerical and physical experiment for the
compressed and stretched chords of the truss
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Bending Test of Stress-Laminated
Timber Decks Using Laser Scanning

Aleksandr Chernykh , Pavel Koval , Shirali Mamedov ,
Egor Danilov , and Denis Nizhegorodtsev

Abstract The article presents the experimental investigation of bending
stress-laminated timber decks (SLTD). The aim of the test was to study the effect of
various combinations of design parameters of a deck on its deflections. The original
method of experimental determination of vertical deformations of large-scale
plate-type structures (timber decks) by continuous laser scanning of deflecting sur-
face was developed and applied. The mathematical regression model describing the
deflected surface of bending SLTD is obtained. It is revealed that the deformability
properties of SLTD depend on a combination of such design parameters as its width,
the pre-stressed rods spacing and the value of pre-stressing. The most significant of
the considered variables is the width of the plate. With an increase or decrease in the
width of SLTD, the deflections of the structure increase. The tensioned rods spacing
has the greatest effect on the deflection at the minimum values, and with an increase
in the distance between the rods, this effect is significantly reduced. The tension
forces of the rods have a significant effect on the SLTD stiffness, with an increase in
these forces the deflection of the structure linearly decreases.

Keywords Stress-laminated timber deck � Timber deck � Deformability �
Deflected surface of plate � Laser scanning � Timber structure � Bending �
Transversal plates

1 Introduction

Plotting the deflected surface of the plate allows determining its stress and strain
state [1–5]. It means the internal forces and stresses calculation in a stress-laminated
timber deck is possible if its deflections at each point are determined. Existing
calculation methods of SLTD [6, 7] don’t take into account the actual design model
of the structure as they replace the slab with a fictive beam. Furthermore the results
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of calculating the bearing capacity and deflections of the plate according to various
methods are different for the same conditions [8]. According to studies [8–11], there
are significant deviations of the calculated deflections of the structure from the
experimental ones and, in some cases, its values are underestimated.

The experimental determination of the deflected surface of the plate by con-
ventional methods is a task with a high degree of laboriousness. For bending beams
it is recommended to determine vertical deformations in the middle of the span, on
the supports, and in the quarters of the span, but this is not enough for large-scale
plate-type structures that are in complex stress and strain station. Bending of the
SLTD which is hinged bearing on two sides and loaded with concentrated or
irregularity distributed forces, occurs in two directions [12–14]. Thus there is a need
to evaluate deflections in a large number of points. In addition, behaviour of the
structure may be accompanied by a mutual shearing of the elements relative to each
other [15, 16]. So there is a task of experimental investigations of the SLTD
deformability and the determination of deflections at all points of the plate.

2 Methods

The original method of experimental determination of vertical deformations of
large-scale plate-type structures (timber decks) by continuous laser scanning of
deflecting surface was developed for minimizing the laboriousness of deflections
measurement. The developed method has the following features:

• a laser scanner is used to measure the vertical deformations of the loaded
structure, and specialized software is used to process the results obtained;

• there are no restrictions on the number of points at which vertical deformations
will be determined;

• the scanning step of the point grid can be adjusted;
• it is possible to conduct the experiment before the specimen is destroyed;
• scanner measurement accuracy up to 10–5 m.

The algorithm for determining deformations is shown in the Fig. 1.
Note that it is not possible to move the scanner during scanning or between

loading steps of one specimen.

3 Results and Discussions

The results of the laser scanning (experiment) include photofixation of test speci-
mens at each loading stage, combined with clouds of points with determined
coordinates. The deflected surface of the slab and the cross sections may be
obtained from this data.
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The experimental study of deformability of SLTD was carried out as the com-
plex experiment (multifactorial). The tests were conducted according to the Box’s
design B3 [17–19]. The width of the plate, the tensioned rods spacing (hence their
number), and the tension force of the rods were chosen as variable factors. Each
factor varied on three levels. The values of the variable factors are given in the
Table 1.

The test conditions, material of specimen (pine), plate thickness (120 mm), plate
span (2760 mm), and loading method remained unchanged. The deflection of the
central point of the plate was taken as the main parameter of the experiment.

According to the Box’s design (Table 1), 14 test specimens of SLTD with a
different combination of variable factors were performed, 3 pieces of each type. The
tension forces to the prestressed rods were applied manually using a torque wrench.
The tests were carried out according to the static bending scheme, the plates were
hinged bearing on two opposite sides, and the load was applied concentrated in the
center of the plate. The structure and general view of the assembly testing set are
shown in the Fig. 2.

Fig. 1 Algorithm of experimental determination of vertical deformations by continuous laser
scanning

Table 1 Variable factors of complex experiment by Box’s design B3

# Factor Factor value

slab width rods spacing tension

1 Measure unit m (number of planks) m N (Nm)

2 Designation natural b s F

3 code x1 x2 x3
4 Factor levels low (−) 0.945 (21) 0.250 7650 (35)

5 middle (0) 1.395 (31) 0.500 15,300 (70)

6 high (+) 1.845 (41) 0.750 22,950 (105)

7 Range 0.450 (10) 0.250 7650 (35)
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Loading was carried out stepwise with loading units (6) put up on the loading
beam (7), with one edge supported on a vertically (9) and horizontally (8) ad-
justable support, and the other edge supported on a steel element (3) that transmits
the load directly to the test specimen (1). The dynamometer (4) was installed
between the loading beam (7) and the steel element (3) to control the load on each
stage. To completely remove the load from the specimen, the loading beam (7) was
lifted by hoist (5) by one edge.

Fig. 2 Testing set: a side view; b front view; c assembled set, general view; 1—stress-laminated
timber deck; 2—support beam; 3—steel element; 4—dynamometer; 5—hoist; 6—loading units; 7
—loading beam; 8—horizontal adjustment; 9—vertical adjustment; 10—washer; 11—points
(signs); 12—laser scanner
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Metal loading units put up manually, the load retention at each stage was
10 min, the deformations in the system were measured after retention. The
destruction of the test specimen wasn’t performed. Deflections at each loading stage
were determined by the method of continuous laser scanning of deflected surface—
see the Fig. 1. The laser scanner Z+F IMAGER 5010C was used for this purpose
(Fig. 2).

Immediately before each test, the tension forces of each SLTD tensioned rod
were monitored.

As a result of the tests, 3D models were obtained, including: photofixation of test
specimens at each loading stage; clouds of points; information about the coordi-
nates of each point; date and time of the study. These point clouds were processed
in special laser scanning software. A mathematical model of SLTD bending is
obtained in the form of a regression Eq. (1) with constraints (2):

w ¼ 2:79375þ 0:1x1 þ 0:22x2 � 0:17x3 þ
þ 0:45625x21 � 0:14375x22 � 0:0875x1x2 � 0:0625x2x3:

ð1Þ

945 mm� x1 � 1845 mm;

250 mm� x2 � 750 mm;

7650 N� x3 � 22950 N

9
>=

>;
: ð2Þ

Dependence graphs of the deflections of the plate central point at the last stage of
loading on a combination of variable factors (x1, x2, x3) are made—see the Fig. 3.

Fig. 3 Dependence w(xi) of
deflections on variable factors
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4 Conclusions

The analysis of the dependences in Fig. 3 shows that the deformability properties of
SLTD depend on a combination of its design parameters: the width of the plate, the
tensioned rods spacing, and the tension force of the rods. The most significant of the
considered variables is the width of the plate: with an increase in the width, the
deflections of the structure increase nonlinearly, and, with a decrease in this
parameter, however the deflections also increase, which can probably be explained
by a reduce in the moment of inertia of the section. The tensioned rods spacing has
the greatest effect on the deflection at the minimum values, and with an increase in
the distance between the rods, this effect is significantly reduced, and the curve
character is also nonlinear. The tension forces of the rods have a significant effect
on the SLTD stiffness, with an increase in these forces the deflection of the structure
linearly decreases.
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Bending of Multilayer Slabs Lying
on Elastic Half-Space, Considering
Shear Stresses

Mirziyod Mirsaidov , Kazokboy Mamasoliev ,
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Abstract This article is devoted to the development of models and methods for
solving contact problems of a structure with a foundation. The study of internal
force factors in multilayer slab-strips lying on an elastic half-space, taking into
account shear stresses, is an urgent task. In this study, a mathematical model is
developed and an analytical method for solving contact problems is proposed to
determine the internal force factors of multilayer slab-strips interacting with a
half-space, taking into account the shear stresses in the structure-foundation contact.
The problem, using orthogonal Chebyshev polynomials, is reduced to solving
infinite systems of algebraic equations. To obtain a result with satisfactory accu-
racy, the required number of terms of the Chebyshev polynomial is established.
From the result of numerical examples, the influence of the filler on the internal
forces of the slab-strip is determined. At the same time, the internal forces of
layered slabs-strips are compared, corresponding to different stiffness characteristics
of the aggregate. An increase in the numerical values of the stiffness coefficients of
the filler leads to a convergence of the values of bending moments. Based on the
comparison, theoretical conclusions about the effect of the aggregate on the force
factor of layer slabs, which is important for the designer when calculating projects
of multilayer slabs, are presented. An analytical method for solving the problem
was proposed to assess the internal force factors of multilayer slab-strips, based on
the approximation of the orthogonal Chebyshev polynomials. An account for the
shear stresses arising in the contact of multilayer slabs with the foundation leads to
a decrease in the force factors in the slab-strips.
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1 Introduction

A sufficient number of scientific publications are devoted to the development of
various methods for calculating structures interacting with elastic foundations. These
publications consider various models and methods to solve specific problems. The
foundations of structures and buildings, plates of hydraulic structures, airfield and
road paving, rails and railway sleepers, etc. are the structures, for which the inter-
action with an elastic foundation should be taken into account. In the methods of
calculating a structure with a foundation, the main attention is paid to the study of the
relationship between the contacting elements of the structures [1–4].

At present, a sufficient number of scientific publications, which investigate
various issues arising from the interaction of structural elements with an elastic
foundation, are available.

For example:

– in [5] contact interactions of two plates made of materials with different
mechanical properties were considered, taking into account the structural and
physical nonlinearity. To study the stress-strain state of the plates, the method of
variational iteration was applied. The problem considered in partial differential
equations was reduced to the solution of ordinary differential equations;

– in [6] provided solutions to an axisymmetric displaced problem of elasticity
theory for a cone, fixed along the lateral surface, with an attached spherical
segment;

– an axisymmetric quasi-static contact problem on the thermal and mechanical
interaction of a circular punch and an inhomogeneous elastic foundation was
presented in [7]. Thermophysical and mechanical properties were described by
arbitrary functional along the depth coordinate. Numerical calculations were
implemented for various dependencies of material properties on the depth of the
foundation;

– in [8] the finite difference method was used to calculate the bending of the
plates. The given examples illustrate the high accuracy of calculation and the
simplicity of the algorithm;

– in [9], the solution to the problem for multilayer slab-strips, lying on an elastic
foundation under static loads, was given. The problem with the orthogonal
Chebyshev polynomials was reduced to solving infinite systems of algebraic
equations. The regularity of infinite systems of algebraic equations is proved and
the corresponding estimates are obtained;

– in [10, 11], an overview of the development of mathematical modeling and
methods of elastic analysis of inhomogeneous solids was given, as well as an
overview of various theoretical models of elastic and viscoelastic foundations in
vibrational systems;

– in [12], dynamic problems were considered for the structure with the foundation,
using artificial non-reflecting boundary conditions on the boundary of the finite
area of the foundation;
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– a number of problems devoted to the study of internal force factors and the
behavior of inhomogeneous elastic and viscoelastic systems in the presence of
various influences with account for their features, were considered in [13–20].
The analysis of the power factors and the behavior of systems interacting with
the external environment were given [21].

In the above publications, each approach and method has its own advantages and
shortcomings. Despite this, they are taken into account when solving various
practical problems.

This is an overview of just a few publications on the study and solution of
various problems in the joint work of a structure and an elastic foundation.
According to the formulation and the results obtained in the above studies, we can
notice the incompleteness of research, especially in the field of obtaining analytical
and refined solutions to the problem.

Therefore, this article is devoted to the development of mathematical models and
analytical methods for studying the interaction of multilayer slab-strips lying on an
elastic half-space, taking into account the shear stresses arising between the
slab-strip and the foundation. This is an urgent problem in the mechanics of a
deformable rigid body.

2 Methods

2.1 Mathematical Model

Consider n-layer slab-strips lying on an elastic half-space (see Fig. 1). It is assumed
that each layer of the slab has different mechanical characteristics. The geometrical
parameters of the slab are taken as different in height; equal in width; infinite in
length.

External loads are applied to each layer of the strip-slab arbitrarily across the
slab. It is assumed that the response of the elastic filler between the slabs is pro-
portional to the difference in deflections of the connecting slabs. Here, the aspect
ratio is understood as the stiffness coefficient of the filler. The bottom plate, which
is in contact with the elastic half-space, in addition to the reactive response, fillers
and external loads, is affected by the reactive normal and shear stresses on the
contact with the foundation.

When modeling the stress-strain state, the n-layer strip-slabs, under the above
assumptions, are considered as n-layer beam slabs cut out with a width equal to one
(see Fig. 2). Now the problem under consideration for n layer strip-slabs is reduced
to an assessment of the stress-strain state of an n layer beam slab of length 2 l, of
thickness hi; ði ¼ 1; 2; 3; :::; nÞ; and a width equal to one. For convenience, the
origin is set at the symmetrical center of the bottom beam slab. Then the solution of
the problem along the abscissa axis is given in the interval ½�l; l�, i.e. �l� x� l,
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variable along the ordinate of the slab deflection as a function of the variable x, i.e.
yi ¼ yiðxÞ. Here yi is the deflection of the i-th beam slab.

To model the deformation process of beam slabs, based on the above assump-
tions, the following systems of differential equations are used assumptions, the
following systems of differential equations are used

Fig. 1 Design scheme of n-layer slab-strips

Fig. 2 Design scheme of
n-layer beam slab
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Diy
IV
i ¼qi þ ki yiþ 1 � yið Þ � ki�1 yi � yi�1ð Þ � di qþ 0; 5 � h1 � s0ð Þ;

i ¼ 1; 2; 3; . . .; n
ð1Þ

Here Di is the cylindrical stiffness of the slab; ki is the stiffness coefficients of the
filler;

qi ¼ qiðxÞ is the intensity of external loads; p ¼ pðxÞ and s ¼ sðxÞ are the
reactive normal and shear stresses of the foundation, respectively;

kn ¼ k0 ¼ 0; di ¼ 1 at i ¼ 1;
0 at i ¼ 2; 3; . . .; n:

�
ð2Þ

The horizontal displacement of the sole of the bottom beam slab is determined
by the formulas given in [3, 4].

us ¼ 1� v1
h1E1

Zx

0

NðsÞds� 0; 5hy01 þ ~B1s; ð3Þ

Here v1; E1 are the Poisson’s ratio and the modulus of elasticity of the first slab,
respectively; NðsÞ are the internal longitudinal forces related to the tangential for-
ces, determined by the following equation

NðxÞ ¼
Z

sðxÞdx� ~B2s; ð4Þ

where ~B1s; ~B2s are the unknown constants, determined from the boundary condi-
tions of the problem.

As is well known, vertical and horizontal displacements of points of the foun-
dation surface in the theory of elasticity are determined by formulas [3, 4]

V ¼ a1 �
Z l

�l

pðsÞ � ln 1
x� sj jdsþ a2 �

Zx

�l

sðsÞds�
Z l

x

sðsÞds
2
4

3
5; ð5Þ

U ¼ a1 �
Z l

�l

sðsÞ � ln 1
x� sj jds� a2 �

Zx

�l

pðsÞds�
Z l

x

pðsÞds
2
4

3
5; ð6Þ

where a1 ¼ 2�ð1�v20Þ
pE0

; a2 ¼ ð1þ v0Þ�ð1�2v0Þ
2E0

.

v0; E0 are the Poisson’s ratio and the elastic modulus of the foundation,
respectively.
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If the sums of vertical, horizontal forces and the moment of all external loads
relative to the middle of the slab are denoted by R, T and M respectively, then the
equilibrium equations for the slabs are written in the following form:

Z l

�l

pðxÞdx ¼ R;
Z l

�l

sðxÞdx ¼ T ;
Z l

�l

xpðxÞdx ¼ M: ð7Þ

It is assumed that there is a two-way relation between the surface of the bottom
plate and the elastic foundation, i.e., the separation of the slabs from the foundation
is not supposed.

In this case, the tight fit of the surface of the bottom slab and the elastic foun-
dation, taken as contact conditions interconnecting slabs with the foundation, are
written in the form

y1ðxÞ ¼ VðxÞ; usðxÞ ¼ UðxÞ; �l� x� l: ð8Þ

Thus, the bending problem of multilayer slab-strips interacting with a linearly
deformable half-space, considering the reactive shear stresses between the surface
of the bottom slab-strip and the elastic half-space, is reduced to searching a solution
to Eqs. (1) and (2) the system of differential equations, and Eqs. (5) and (6) integral
equations, simultaneously satisfying conditions Eq. (8).

2.2 Solution Method

For convenience, we proceed to the dimensionless coordinate along x equal to the
ratio of the absolute coordinate to the half-length of the beam slabs l.

The distribution patterns of reactive normal and shear stresses of an elastic
foundation are presented in the form of a series of orthogonal Chebyshev poly-
nomials of the first kind with weight functions

pðxÞ ¼ qðxÞ
X1
n¼0

AnTnðxÞ; ð9Þ

sðxÞ ¼ qðxÞ
X1
n¼0

BnTnðxÞ; ð10Þ

Here An; Bn are the unknown constant coefficients; p xð Þ; TnðxÞ are the weight
function and the Chebyshev polynomial, respectively [22], defined by
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p xð Þ ¼ 1� x2
� ��1

2; TnðxÞ ¼ cosðn arccos xÞ: ð11Þ

The norm of orthogonal Chebyshev polynomials has the form

T0ðxÞk k ¼ p; TnðxÞk k ¼ p
2
; n ¼ 1; 2; 3; ::: ð12Þ

A0 ¼ R
pl
; A1 ¼ 2M

pl2
; B0 ¼ T

2l
: ð13Þ

Based on the known dependencies [22]

Z1

�1

TkðsÞffiffiffiffiffiffiffiffiffiffiffiffi
1� s2

p ln x� sj jds ¼ p ln 2; at k ¼ 0;
� p

k TkðxÞ; at k ¼ 1; 2; 3; :::

�
ð14Þ

Zx

�1

ð1� s2Þ�1
2TkðsÞds�

Z1

x

ð1� s2Þ�1
2TkðsÞds ¼ � 2

k
UkðxÞ: ð15Þ

The expressions for vertical Eq. (5) and horizontal Eq. (6) displacements of the
points of foundation surface take the form

V ¼ pa1 �A0 ln 2þ
X1
n¼1

An
TnðxÞ
n

" #
þ 2a2 B0 arcsin x�

X1
n¼1

Bn
UnðxÞ
n

" #
; ð16Þ

U ¼ pa1 �B0 ln 2þ
X1
n¼1

Bn
TnðxÞ
n

" #
� 2a2 A0 arcsin x�

X1
n¼1

An
UnðxÞ
n

" #
; ð17Þ

Here UnðxÞ ¼ sinðn arccos xÞ:
To illustrate the effectiveness of the proposed method, a two-layer beam slab

lying on an elastic half-space is considered. Then Eq. (1) the system of differential
equations for vertical displacements of beam slabs takes the following form

D2l�4yIV2 ¼ q2 � k1ðy2 � y1Þ;
D1l�4yIV1 ¼ q1 þ k1ðy2 � y1Þ � p� 0; 5h1l�1s:

�
ð18Þ

Taking into account Eqs. (9) and (10), the general solution of Eq. (18) the
system of differential equations is given in the following form
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y1 ¼ l4

D1 þD2

X4
i¼1

Cix
4�i þ fqðxÞ �

X1
n¼0

AnfnðxÞ � h1
2l

X1
n¼0

Bnf
0
nðxÞ

(

� D2

X4
i¼1

~CiuiðaxÞþwqðxÞþ
1
D1

X1
n¼0

AnunðxÞþ
1
D1

h1
2l

X1
n¼0

BnxnðxÞ
" #)

;

ð19Þ

y2 ¼ l4

D1 þD2

X4
i¼1

Cix
4�i þ fqðxÞ �

X1
n¼0

AnfnðxÞ � h1
2l

X1
n¼0

Bnf
0
nðxÞ

(

� D1

X4
i¼1

~CiuiðaxÞþwqðxÞþ
1
D1

X1
n¼0

AnunðxÞþ
1
D1

h1
2l

X1
n¼0

BnxnðxÞ
" #)

;

ð20Þ

Here Ci ; ~Ci are the arbitrary constants of integration determined from the boundary
conditions of the problem under consideration

u1 xð Þ ¼ chx cos x; u2 xð Þ ¼ chx sin xþ shx cos x;

u3 xð Þ ¼ shx sin x; u4 xð Þ ¼ chx sin x� shx cos x:

)
ð21Þ

f IVq xð Þ ¼ q1 xð Þþ q2 xð Þ; ð22Þ

wq xð Þ ¼ 1
4a3

Zx

0

q1 zð Þ
D2

� q2 zð Þ
D1

� �
u4 a x� zð Þ½ �dz; ð23Þ

fnðxÞ ¼ 1
24nðn� 1Þðn� 2Þðn� 3Þ ð1� x2Þ72P

7
2;
7
2ð Þ

n�4 ðxÞ; n[ 3 ð24Þ

f 0nðxÞ ¼ � 1
23nðn� 1Þðn� 2Þ ð1� x2Þ52P

5
2;
5
2ð Þ

n�4 ðxÞ; n[ 2 ð25Þ

f 00n ðxÞ ¼
1

22nðn� 1Þ ð1� x2Þ32P
3
2;
3
2ð Þ

n�4 ðxÞ; n[ 1 ð26Þ

f 000n ðxÞ ¼ � 1
2n

ð1� x2Þ12P
1
2;
1
2ð Þ

n�4 ðxÞ; n[ 0 ð27Þ

unðxÞ ¼
1
4a3

Zx

0

u4½aðx� zÞ�ð1� z2Þ�1
2TnðzÞdz; ð28Þ

xn ¼ u0
nðxÞ � T0ð0ÞUnðaxÞ; ð29Þ

Here Pða;bÞ
n ðxÞ are the Jacobi polynomials [22].
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Using the Chebyshev polynomial [22, 23], it is possible to obtain formulas for
determining function fnðxÞ, for n\4.

Horizontal displacements of the sole points of the slabs Eq. (3), with Eqs. (10)
and (20), take the following form:

ut ¼ð1� v21Þl
h1E1

~B1 þ ~B2xþ
X1
n¼0

Anf
00
n ðxÞ

" #
� h1

2l
l4

D1 þD2

X3
i¼1

Cið4� xÞx3�i þ
(

f 0qðxÞ

�
X1
n¼0

Anf
0
nðxÞ � h1

2l

X1
n¼0

Bnf
00
n ðxÞ

� D2

X4
i¼1

~Ciu
0
iðaxÞþx0

qðxÞþ
1
D1

X1
n¼0

Anu
0
nðxÞþ

1
D1

h1
2l

X1
n¼0

Bnx
0
nðxÞ

" #)

ð30Þ

Equations (19), (20), and (30), which determine the vertical and horizontal
displacements of the beam slabs are of a general nature because the patterns of
distribution of external loads are still arbitrary.

When solving specific problems corresponding to the given patterns of distri-
bution of external loads, the vertical and horizontal displacements of the slab are
determined, satisfying the boundary conditions of the problems under considera-
tion, (i.e., constant integration coefficients are determined from the boundary
conditions of the corresponding problems).

Unknown coefficients An ; Bn are determined from the condition of tight fit of
the slab to the elastic half-space, i.e. from the contact condition Eq. (8). Substituting
defined coefficients An and Bn into Eqs. (9), (10), (16), (17), (19), (20), (30), we
obtain a solution to the considered problems; i.e., it is possible to study the patterns
of distribution of the reactive pressure of the foundation and the internal forces of
the slab under various external factors acting on the two-layer slabs.

3 Results and Discussion

3.1 Solving the Problem of Bending of Two-Layer Beam
Slabs Under Uniformly Distributed Loads

When solving this problem, it is assumed that

q1ðxÞ ¼ q2ðxÞ ¼ q ¼ const :

Due to the symmetry of the load, Eqs. (9) and (10) take the form
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pðxÞ ¼ ð1� x2Þ�1=2
X1
n¼0

A2nT2nðxÞ; ð31Þ

sðxÞ ¼ ð1� x2Þ�1=2
X1
n¼0

B2nþ 1T2nþ 1ðxÞ: ð32Þ

From the equilibrium Eq. (13), we obtain

A0 ¼ 4q
p
: ð33Þ

Expressions for vertical Eq. (16) and horizontal Eq. (17) displacements of the
points of foundation surface are:

V ¼ pa1 �A0 ln 2þ
X1
n¼1

A2n
T2nðxÞ
2n

" #
þ 2a2

X1
n¼0

B2nþ 1
U2nþ 1ðxÞ
2nþ 1

; ð34Þ

U ¼ pa1
X1
n¼0

B2nþ 1
T2nþ 1ðxÞ
2nþ 1

� 2a1 A0 arcsin x�
X1
n¼1

A2n
U2nðxÞ
2n

" #
: ð35Þ

Equations (11) and (12) take the form

fqðxÞ ¼ q
12

x4; ð36Þ

uqðxÞ ¼
D1 � D2

D1D2

q
4a4

1� u1ðaxÞ½ �: ð37Þ

Satisfying the boundary conditions, the following expressions can be obtained to
determine the slab deflections

y1 ¼ e4

D1 þD2

x2

2
þ x4

24

� 	
qþC4 � D2

D1

X1
n¼0

A2n F1;2nðxÞþ D1

D2
f2nðxÞ

� �(

� h1
2l

D2

D1

X1
n¼0

B2nþ 1 F1;2nðxÞþ D1

D2
f 02nþ 1ðxÞ

� �)
;

ð38Þ

y2 ¼ e4

D1 þD2

x2

2
þ x4

24

� 	
qþC4 �

X1
n¼0

A2n F1;2nðxÞ � f2nðxÞ

 �(

þ h1
2l

X1
n¼0

B2nþ 1 F1;2nþ 1ðxÞ � f 02nþ 1ðxÞ

 �)

:

ð39Þ
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Here

F1;2nðxÞ ¼ u1;2nu1ðaxÞþu2;2nu3ðaxÞþu2nðxÞ; ð40Þ

F2;2nþ 1ðxÞ ¼ x1;2nþ 1u1ðaxÞþx2;2nþ 1u3ðaxÞþx2nþ 1ðxÞ; ð41Þ

u1;2n ¼ð8ba3Þ�1
Z1

0

2u1ðaÞu1½að1� zÞ� þ u4ðaÞu2½að1� zÞ�f g

ð1� z2Þ�1=2T2nðzÞdz:
ð42Þ

u2;2n ¼ð8ba3Þ�1
Z1

0

2u3ðaÞu1½að1� zÞ� � u2ðaÞu2½að1� zÞ�f g

ð1� z2Þ�1=2T2nðzÞdz:
ð43Þ

x1;2nþ 1 ¼� ðba2Þ�1
Z1

0

u1ðaÞu4½að1� zÞ� � u4ðaÞu1½að1� zÞ�f g

ð1� z2Þ�1=2T2nþ 1ðzÞdz:
: ð44Þ

x2;2nþ 1 ¼� ðba2Þ�1
Z1

0

u3ðaÞu4½að1� zÞ� þ u2ðaÞu1½að1� zÞ�f g

ð1� z2Þ�1=2T2nþ 1ðzÞdz:
ð45Þ

b ¼ u1ðaÞu2ðaÞþ u3ðaÞu4ðaÞ: ð46Þ

Integration constants C4 can be eliminated by passing to the relative deflection of
the slabs. Horizontal displacements of the sole of the beam slabs, that satisfy the
boundary conditions of the problem, take the following form

us ¼ h1
2l

l
D1 þD2

� xþ x3

6

� 	
qþ

�
D2

D1

X1
n¼0

A2n F
0
1;2nðxÞþ

D1

D2
f
0
2nðxÞ

� �

þ h1
2l

D2

D1

X1
n¼0

B2nþ 1 F
0
2;2nþ 1ðxÞþ

4D1 þD2

3D2
f
00
2nþ 1ðxÞ

� �)
:

ð47Þ

Substituting Eqs. (34), (35), (38) and (47) into Eq. (8), which are the contact
conditions of the problem, multiplying the obtained equations by
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ð1� x2Þ�1=2T2kðxÞ and ð1� x2Þ�1=2T2k�1ðxÞ; k ¼ 1; 2; 3; . . .

then integrating them over the variable x ranging from −1 to 1, and considering the
orthogonality of the Chebyshev polynomials, we obtain the following infinite
system of algebraic equations with infinite unknowns relative to the unknown
coefficients

A2n;B2nþ 1 : a2k þ
X1
n¼0

A2na2n;2k þ
X1
n¼0

B2nþ 1a2nþ 1;2k ¼ p2a1
4k

A2k; k ¼ 1; 2; 3; . . .

ð48Þ

b2k�1 þ
X1
n¼0

A2nb2n;2k�1 þ
X1
n¼0

B2nþ 1b2nþ 1;2k�1 ¼ p2a1
2ð2k � 1ÞB2k�1;

k ¼ 1; 2; 3; . . .
ð49Þ

The resulting Eqs. (48) and (49) are considered together, and the following
notation is introduced

a2k ¼ l4q
D1 þD2

Z1

�1

x2

2
þ x4

24

� 	
1� x2
� ��1

2T2kðxÞdx:

a2n; 2k ¼� l4

D1 þD2

D2

D1

Z1

�1

F1; 2nðxÞþ D1

D2
f 0ðxÞ

� �
ð1þ x2Þ�1

2T2kðxÞdx

a2nþ 1; 2k ¼� l4

D1 þD2

D2

D1

h1
2l

Z1

�1

F2; 2nþ 1ðxÞþ D1

D2
f2nþ 1ðxÞ

� �
ð1� x2Þ�1

2T2kðxÞdx:

b2k�1 ¼ l4q
D1 þD2

h1
2l

Z1

�1

xþ x3

3

� 	
1� x2
� ��1

2T2k�1ðxÞdx:

b2n;2n�1 ¼ l4

D1 þD2

D2

D1

h1
2l

Z1

�1

F0
1;2nðxÞþ

D1

D2
f 02nðxÞ

� �
ð1� x2Þ�1

2T2k�1ðxÞdx:

b2nþ 1;2k�1 ¼ l4

D1 þD2

D2

D1

h1
2l

� 	2 Z1

�1

F0
2;2nþ 1ðxÞþ

4D1 þD2

3D2
f 002nþ 1ðxÞ

� �
ð1� x2Þ�1

2T2k�1ðxÞdx:

Applying the method of integration by parts, it is possible to eliminate the
singularities of the integrals, which acquire a convenient form for the implemen-
tation on a computer. Thus, the solution of the problem of bending of two-layer
beam slabs lying on a linearly deformed half-space, in the presence of a friction
force in the contact between the layers of the slab and the foundation, is reduced to
solving an infinite system of algebraic equations with infinite unknowns.
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3.2 Numerical Example

The following characteristics for the slab and foundation are taken:

l ¼ 500 sm; h1 ¼ h2 ¼ 45 sm; v1 ¼ v2 ¼ 0:167; E1 ¼ E2 ¼ 1:25 � 105kg=sm2;

v0 ¼ 0:3; E0 ¼ 5 � 102kg=sm2

We restrict ourselves to the first four terms in Eq. (31) since the coefficient of the
first term A0 is known. In Eq. (32), we restrict ourselves to the first three terms.
Then, under such assumptions, the system of algebraic Eqs. (48) and (49) is reduced
to a system of six equations with six unknowns A2; A4; A6; B1; B3; B5: The
numerical values of these coefficients corresponding to different values of the filler
coefficient “k” are shown in Table 1.

Analysis of the results given in Table 1 shows that:

– changes in the numerical values of the stiffness coefficients of the filler, does not
lead to a significant change in the values of the solution of algebraic equations;

– changes in the numerical values of the stiffness coefficients of the filler do not
significantly affect the distribution of reactive pressures of the foundation;

– retention of 3 terms in the Eqs. (31) and (32) when searching for a solution to
the problem of assessing the internal force factors of slab-strips provides suf-
ficient accuracy of solutions.

Table 2 shows the maximum values of bending moments (M1 and M2) in the
middle of the slab for different values of the filler coefficient “k”. The maximum
values of the bending moments formed in the middle of the slab that correspond to
different values of the filler coefficient are given in Table 2.

Analysis of the change in the values of bending moments (Table 2) corre-
sponding to the section x ¼ 0, at different values of the filler coefficient “k” shows
that:

– an increase in the numerical values of the stiffness coefficients of the filler leads
to a convergence of the values of bending moments.

– a consideration of the shear stress between the slab and the foundation leads to a
significant (up to 24%) reduction in the bending moments of a slab.

Table 1 The value of the unknown coefficients at different values of the filler coefficient

k kg=sm3ð Þ 0.25 1.00 2.50 10.00 25.00

A0=q 1.273239 1.273239 1.273239 1.273239 1.273239

A2=q −0.308264 −0.303361 −0.300591 −0.300161 −0.209873

A4=q −0.004023 −0.004161 −0.004219 −0.004288 −0.004307

B1=q 0.817629 0.803259 0.765981 0.726177 0.709615

B3=q −0.427618 −0.421134 −0.407619 −0.361219 −0.290124

B5=q −0.044363 −0.041242 −0.038764 −0.035947 −0.030967
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4 Conclusions

1. A mathematical model was developed to study the internal force factors of
multilayer slab-strips interacting with an elastic foundation, considering the
shear stresses arising in contact with the foundation.

2. An analytical method for solving the problem was proposed to assess the
internal force factors of multilayer slab-strips, based on the approximation of the
orthogonal Chebyshev polynomials.

3. The sufficiency of the number of terms of the Chebyshev polynomial to obtain a
result with satisfactory accuracy was established with test examples.

4. It was determined that an account of the shear stresses arising in the contact of
multilayer slabs with the foundation leads to a decrease in force factors in the
slab-strip.
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Abstract The authors found a simple method from a family of mesh methods for
developing linear deformation functionals by approximating rectangular sections in
compressed and stretched regions. The general undefined functional is a complex
function containing three function. The displacement is denoted as absolute
deformations under the action of the deplanation of the cross section. The new
linear deformation hypothesis was proposed. The new hypothesis of linear defor-
mations and its filling of the diagram under combined torsion and bending was
presented. The proposed new hypothesis is the kinematics between the fibers for the
relative longitudinal fibers of the upper and lower deformations of concrete and
reinforcement for determination the ratios at a distance from the neutral axis. The
new hypothesis is similar to the modernized Bernoulli hypothesis, but has a special
geometric figure for the summed function of additional deformation, as well as a
parameter between the elastic and plastic regions of concrete to obtain the elastic
deformation equation. The analysis of the new functional with the approximation of
the Timoshenko-Goodyear function is carried out. The error in finding the value of
the functional is 2% at the points considered and 7% at any points of the cross
section. The authors recorded the bending moment, defined for any square or
undefined for any point. The fillings of the diagram are in the form of expressions
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1 Introduction

In widespread practice in the design and construction of reinforced concrete
structures experiencing a complex stress state-torsion with bending, the methods of
resistance calculation of such structures, considered in scientific publications [1–9]
and used in the regulatory documents of different countries, remain not sufficiently
strict. Truss analogy models are used up to the present time.

The problem of defining deformations in torsion with bending requires research.
Experimental research is being developed [10–24], modeling is carried out taking
into account the stress state of the process of deformation of reinforced concrete
structures with a combination of bending and torsion. This is due to different
strength classes of concrete, different rectangular cross-sections and the need to
develop a design scheme and take into account a number of new effects of
deformation of reinforced concrete with spatial cracks.

The purpose of this research is to develop a new hypothesis of linear defor-
mations in reinforced concrete and to determine the filling of the diagram in
bending with torsion.

2 Methods

The authors considered the approach of constructing a model for cross-sections of
reinforced concrete structures in the new hypothesis of linear deformations and its
filling of the diagram in bending with torsion. A complex analysis with approxi-
mation, functionals, graphs has been carried out. The authors have found a simple
new way from the families of the method of meshes for the development of
functionals.

New first and second functionals were considered (see formulas (1) and (4)) for
approximating any rectangular mean sections in compressed and stretched zones
using squares. For the second iteration and correction of the values of the obtained
function, the steps taken were repeated again using a more frequent division of the
cross section using other points (Fig. 1b).

For this, the first function was previously recorded as a horizontal parabola
relative to the y-axis—f5;n;�ðyÞ, and the second function as a parabola relative to the
z-axis—f2ðzÞ.

We got a new first functional from both functions of the system after two
iterations. Received the analytical first functional f5;�ðy; zÞ using a horizontal
parabola about the y-axis f1;�ðyÞ and vertical parabola about the z-axis: f2;�ðzÞ:

f5;�ðy; zÞ ¼ f1;�ðyÞ�f2;�ðzÞ

¼ � � 3ð47b2 � 200y2Þ
25b2h2

� z2 þ 487b2 � 2280y2

500b2h
� zþ 0:923� 93y2

25b2

� � ð1Þ
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Here �—a transition operation between functions; for quadrants I, III and II, IV,—
signs «+» and «−» are taken respectively.

A ¼ � 3ð47b2 � 200y2Þ
25b2h2

; B ¼ 487b2 � 2280y2

500b2h
; C ¼ 0:923� 93y2

25b2

Then we got an analytic indefinite second functional (a function of three
functions).

The elementary exponential first function has the form:

f1ðxÞ ¼ e�k x
l þAð Þ þC ð2Þ

Here A, k, C are the coefficients of the function in formula (2).
The second function is a straight line from z (see Fig. 1,—points 9):

f2ðzÞ ¼ Aline1 � z� Aline2 � zþAline2 � zline1 � Aline1 � zline2
zline1 � zline2

ð3Þ

Aline1 and Aline2 are the value of the function at the points of one vertical column
(Fig. 1), but in different lines 1 and 2, for different values of the z coordinate (zline1
and zline2 respectively).

Fig. 1 Functionals for the primary coarse mesh partition (a) and for the division into smaller mesh
parts (b) lines—horizontal and vertical; leagues (i.e. functions along the y or z axis)—between
points
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The third function y has the form of a curve (parabola y,—Fig. 1).
Substituting the corresponding values, we have defined the analytic undefined

second functional:

f���ðx; y; zÞ ¼ e�3:19 x
l þ 3:84h�22:96z

b2h
� ðyÞ2�2:88h�12:3z

bh �y�0:34h�0:36z
h

� �
� 9:39h� 27:02z

b2h
� ðyÞ2

� 7:16h� 17:39z
bh

� y��0:306hþ 0:232z
h

ð4Þ

Here are the first and second iterations (see Fig. 1) and so on n iterations. The
first function is f1ðxÞ, the second is f2ðzÞ and the third is f3ðyÞ. The first iteration has
an error of 15% and the second iteration has 2%. We denoted the absolute
deplanation located at a distance x from the support as w (from [25]). The dis-
placement U due to the deplanation of the cross section was written in the form

ex;d ¼ @U
@x

¼ D1 � y � z �D2 � x � e�k��� x
l þA���ð Þ þD3 � e�k��� x

l þA���ð Þ þD4

h i
ð5Þ

Here D1 ¼ Mt
Grec�Irec �

a2��b2�
a2� þ b2�

; D2 ¼ k���
l2 ; D3 ¼ 1

l ; D4 ¼ C���
l ; a� and b�—parameters equal

to half the height and width of the section, respectively (see [25]) and the second
functional; C���ðy; zÞ ¼ 9:39h�27:02z

b2h � ðyÞ2 � 7:16h�17:39z
bh � y� �0:306hþ 0:232z

h .
We have signs («+» and «−») taken for the corresponding quadrants. For

example, the functional is accepted with the “−” sign in section 1–1 at z ¼ h=4, in
section 3–3 at z ¼ h=2, etc.

3 Results

The authors developed a new hypothesis and gave its definition as a result of the
analysis of functionals and the use of functionals in determining deformations. The
new hypothesis of the linear deformation—the kinematics between fibers for the
relative longitudinal fiber upper and lower deformations of concrete and rein-
forcement (ex;b and ex;s) for their ratios in distances from the neutral axis, similar to
the modernized Bernoulli hypothesis, but with special geometric shapes for func-
tions fsum;M�d and compressed concrete between plastic and elastic regions to obtain
an equation with deformation eb;el.

A deformation curve was constructed (deplanation subtraction from the
Bernoulli hypothesis from triangles). For this, we added the values of the relative
longitudinal deformations eb;x found from the new first hypothesis and the relative
longitudinal deformations of the deplanation ex;d found from the functional:
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eb;x;sum ¼ eb;x � ex;d ð6Þ
eb;x

ðes � e0Þ � ws
¼ x

h0 � x
ð7Þ

Knowing the point A1;uðzc ¼ 0:5h; eb;uÞ and A2;sð� h0 � zc½ �;�es;mÞ we got:

�ex ¼ es;mðz� zcÞþ eb;uðh0 þ z� zcÞ
h0

� bjy¼const ð8Þ

Here y ¼ const (i.e., discrete for its required point); es;m ¼ ðes � e0Þ � ws—av-
erage deformation of reinforcement, ws—tensile strength of concrete through its
parameter; e0—deformation of prestress.

We have a bending moment in the cross section (section 1–1 and section 3–3 for
a block, a compartment with a spatial crack). In compressed concrete, the filling of
the diagram was obtained in the form of a function (undefined) or an integral of the
lower and upper limits (definite).

An indefinite bending moment Mbend;x from compressed concrete to fill the
diagram xe (or xr) or a certain (in the form of a number) moment Mbend;def ;x were
determined in the cross section for external moments M1�1 ¼ Rsup � a1, M3�3 ¼
Rsup � a3 (i.e. Rsup � x) and internal moments (from the diagram):

Mbend;x ¼ rb;x � xrðx; y; zÞ � AbðzÞ � zb;rðzÞ ¼ eb;x � EbðkÞ � xeðx; y; zÞ � AbðzÞ � zb;eðzÞ
ð9Þ

or

Mbend;def ;x ¼ rb;x;u � xr � Ab � zc;r ¼ eb;x;u � EbðkÞ � Ab � zc;e ¼ eb;x;u � Eb � xe � Ab � zc;e
ð9�Þ

a1 and a3—the distances from the support Rsup to the cross-section 1–1 and 3–3;
rb;x, xrðx; y; zÞ, AbðzÞ, zb;rðzÞ, eb;x, EbðkÞ, xeðx; y; zÞ, zb;eðzÞ—parameters for an
indefinite moment: stress, filling of the stress diagram, area of compressed concrete,
shoulder for the i-th elementary stress from a point Ai to the neutral axis, defor-
mations, secant modulus, filling of the deformation diagram, shoulder for the i-th
elementary deformation from a point Ai to the neutral axis; rb;x;u, xr, Ab, zc;r—
parameters (numbers) for a certain moment: stress, filling of the deformation dia-
gram, area of compressed concrete, shoulder from the center of the general diagram
to the neutral axis.

The spatial new first deformation hypothesis is:
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� ex;�ðz; y; xÞ ¼ es;mðz� z1Þþ eb;uðh0 þ z� z1Þ
h0

� bjy¼const� eb;x
� �

1�x

¼ es;mðz� z1Þþ eb;uðh0 þ z� z1Þ
h0

� bjy¼const�
Rsup � 1

Eb � vb � xe � zc � x
ð10Þ

Here eb;x
� �

1¼
Rsup�1

Eb�vb�xe�zc; instead of z1 ¼ zc ¼ zu, i.e. ∾—analogue of the distance xu
for compressed concrete to the neutral axis.

Adding eb;xðz; y; xÞ i.e. formula (10) and ex;d:

eb;xðz; y; xÞ � ex;dðx; y; zÞ ¼ eb;x;sumðx; y; zÞ ð11Þ

Quadrants I, II, III, IV with signs «+» or «−» were designated as: B1 ¼ es;m
h0
;

B2 ¼ eb;u
h0
; B3 ¼ bjy¼const¼ b; B4 ¼ eb;x

� �
1¼

Rsup�1
Eb�vb�xe�zc.

Then:

�eb;xðz; y; xÞ ¼ � B1 � ðz� zcÞþB2 � ðh0 þ z� zcÞ½ � � B3 � B4 � x ð12Þ

Subtraction of a geometric figure for function (13) and from a triangle This
special function is obtained (13) fsum;M�d:

fsum;M�d ¼ ex;sumðx; y; zÞ ¼ � B1 � ðz� zcÞþB2 � ðh0 þ z� zcÞ½ � � B3 � B4 � x
� D1 � y � z �D2 � x � e�k��� x

l þA���ð Þ þD3 � e�k��� x
l þA���ð Þ þD4

h i ð13Þ

Here B1 ¼ es;m
h0
; B2 ¼ Mbend

vb�Eb�Ab�zb—II group, through bending indefinite moment

Mbend , (strength—B2 ¼ eb;u
h0
); B3 ¼ bjy¼const¼ b;B4 ¼ eb;x

� �
1¼

Rsup�1
Eb�vb�xe�zc; D1 ¼

Mt
Grec�Irec �

a2��b2�
a2� þ b2�

; D2 ¼ k���
l2 ; D3 ¼ 1

l ; D4 ¼ C���
l ; A���ðy; zÞ ¼ 3:84h�22:96z

b2h �
ðyÞ2 � 2:88h�12:3z

bh � y� 0:34h�0:36z
h ; C���ðy; zÞ ¼ 9:39h�27:02z

b2h � ðyÞ2 � 7:16h�17:39z
bh � y�

�0:306hþ 0:232z
h .

We get the proportion for the kinematic upper and lower fibers:

fsum;M�d;up

zc
¼ fsum;M�d;d

h0 � zc
ð14Þ

The equation for finding k� was used from (13). For point 2 (x = ai—distance
from support to cross-section; y; zc � k� � zc):
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fBðp2Þ ¼ � B1 � ðz� zcÞþB2 � ðh0 þ z� zcÞ½ � � B3 � B4 � x� D1 � y � z
�D2 � x � e�k��� x

l þA���ð Þ þD3 � e�k��� x
l þA���ð Þ þD4

h i

¼ � B1 � ð�k�zcÞþB2 � ðh0 � k�zcÞ½ � � B3 � B4 � ai � D1 � y � ðzc � k�zcÞ
�D2 � ai � e�k��� x

l þA���ð Þ þD3 � e�k��� x
l þA���ð Þ þD4

h i
ð15Þ

Took fBðp2Þ ¼ ex;el:

ex;el ¼� B1 � ð�k�zcÞþB2 � ðh0 � k�zcÞ½ � � B3 � B4 � ai � D1 � y � ðzc � k�zcÞ
�D2 � ai � e�k��� x

l þA���ð Þ þD3 � e�k��� x
l þA���ð Þ þD4

h i ð16Þ

Here B2 ¼ eb;u
h0

and B1;B2; B3; B4; D1;D2; D3; D4; C���ðy; zÞ—from (13).

k� follows from (16) (the elastic-plastic area, see Fig. 2b, d).
We received the first jump (Fig. 2c), downward from the upper face of the

structure, from the spatial crack of the upper compressed area for xb. First jump is
function fsum;M1;M�d;crc, M1—first jump function, M—deformations between a curved
line and a straight line:

Fig. 2 Diagram of deformation of longitudinal concrete and reinforcement for stage I—(a);
elastoplastic stress diagram of compressed concrete—(b); stages II and III—(c); dia-
gram«ex � rx»—(d); Deb;xb ;D1—the first leap; Deb;D2—the second leap
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fsum;M1;M�d;crc ¼ ex;sum;crc ¼ � B1;crc � ðz� ðzc � xBÞÞ þB2;crc � ðh0 þ z� zcÞ
� � � B3;crc � B4;crc � x

� D1;crc � y � z �D2;crc � x � e�k��� x
l þA���ð Þ þD3;crc � e�k��� x

l þA���ð Þ þD4;crc

h i

ð17Þ

Here B1;crc ¼ es;m;crc
h0�xB

; B2;crc ¼ eb;xB ;crc
h0�xB

; B3;crc ¼ y; B4;crc ¼ eb;x;crc
� �

1¼
Rsup;crc�1

Eb;crc�xe�ðzc�xBÞ;

D1;crc ¼ Mt;crc

Grec�Irec �
a2��b2�
a2� þ b2�

; D2;crc ¼ D2 ¼ k���
l2 ; D3;crc ¼ D3 ¼ 1

l; D4;crc ¼ D4 ¼ C���
l .

We received the second jump from the extreme lateral border of the structure to
the inner area and from the spatial crack (Fig. 2c). The second jump is a function
fsum;M2;M�d;tr.

During the formation of a crack the function of longitudinal deformations from
the second jump has the form:

fM2 ¼ fsum;M�d � fsum;M1;M�d;crc ð18Þ

Here fsum;M1;M�d;crc—first fump (17), fsum;M�d—function (13).
The function of deformations when a second lateral, second normal crack occurs

(a second jump also):

fsum;M2;M�d;tr ¼ fsum;M1;M�d;crc � fM2

¼ fsum;M1;M�d;crc � fsum;M�d þ fsum;M1;M�d;crc ¼ 2fsum;M1;M�d;crc � fsum;M�d
ð19Þ

We also obtained the coefficients uij for the projection of the principal stresses
and strains for compressed concrete according to normal and tangential diagrams.
We obtained bending and torsional moments (definite and indefinite), its integrals
and functionals. Elastic and plastic areas, lateral and normal cracks, etc.

You can find stresses (deformations), by projecting the coefficients uij and vðkÞ
from points C, B, A, D of their diagrams (Fig. 2d):

urx;j ¼
rx;j
r1;j

¼ rx1;j cos
2 aþ rz1;j sin

2 aþ sz1;x1j sin 2a
1; 149Rb

ð20Þ

Here j ¼ C;B;A;D; rx ¼ ex � EbðkÞ ¼ ex � vbðkÞ � Eb; Eb;jðkÞ ¼ rb;i
eb;i
; for point C

—Eb;uðkÞ ¼ ri;u
ei;u

¼ Rb
0:0035, lb;uðkÞ ¼ 0:357, k�;u ¼ Mbend;u

Mbend;crc
; for point B

—EbRðkÞ ¼ ri;bR
ei;bR

¼ Rb
0:0020, lbRðkÞ ¼ 0:251; for point A—Eb;el ¼ ri;el

ei;el
¼ Rb

0:0015,

lb;el ¼ 0:167; for point Fk (second group,—section of the AC from the diagram
“rx � ex” (see Fig. 2d) and the coefficient uij)—tgaFk ¼ rx;u

ex;Fk
¼ Eb;Fk ðkÞ ¼

Ebvb;Fk ðkÞ, vb;Fk ðkÞ ¼ rx;u
ex;Fk �Eb

.

Similarly, for any point, we got ex; ex1; ez; ez1; csum ; csum;a and etc. We also got
vij, coefficients vFk ;iðkÞ (for points C, B, A, D).
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When calculating the first group (according to the proposed model, for the
criterion of strength by ultimate shortening of deformations), longitudinal defor-
mations are calculated proportionally in the transition from section k–k to section I–
I.

In the second group, the stresses can be found by carrying out a proportional
transition to the shortening deformations from section I–I to section k–k with
known Rsup and moment Mbend .

Relative mean deformations of reinforcement between a spatial crack is es;m;x,
es;m;x;lef , es;m;x;rig, es;m;x;i; coefficients for the resistance of tensile concrete between
spatial cracks of reinforced concrete structures in bending with torsion is ws, ws;lef ,
ws;rig for left or right reinforcement or ws;k for any k-th reinforcement.

We have definite and indefinite bending (or twisting) moments for its defor-
mation (linear and shears) or stresses (normal and tangential), as well as filling
diagrams of their deformations xe, xc;sum and stresses xr, xs;sum.

The bending moment to determine the deformation and stress is calculated by
(9*). k� for compressed concrete is calculated by (16).

We get the shoulder zb;�;j:

zb;� ¼ zc �

Pj
j¼1

Sj

Pj
j¼1

Aj

¼ zc �

Pj
j¼1

k� � zc � b � ðzc � 0:5 � k� � zcÞþ 0:5 � ðzc � k� � zcÞ � b � 23 ðzc � k� � zcÞ
� �

j

Pj
j¼1

k� � zc � bþ 0:5 � ðzc � k� � zcÞ � bð Þj
ð21Þ

Here Aj and Sj—j-th areas and static moments for compressed concrete (elastic,
plastic deformation and crack,—lateral, normal, etc.); xe;def—defined filling factor
for the deformation diagram; xr;def—same for stress diagram (using diagram
«rx � ex»).

Indefinite bending moment for its deformation or stress from (9) and using the
new functional:

Mbend;i ¼ vbðkÞ � Eb � zb;i �
ZZZ

fsum;M�ddxdydz

¼ vbðkÞ � Eb � zb;e;i � fe;lltimap int;volðx; y; zÞ ð22Þ

Here function fsum;M�d (17) is calculated over the volume. We got another
function fe;lltimap int;volðx; y; zÞ after integration.

We can also find the filling of the diagram xe;iðx; y; zÞ from the undefined
functional for any small squares (zb;e;iðx; y; zÞ(or zb;r;iðx; y; zÞ) the shoulder from the
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point Aj to the neutral axis). The filling of the diagram was obtained from its
function after some algebraic transformations for any squares, i.e. field of squares

xe;iðx; y; zÞ ¼
RRR
fsum;M�ddxdydz
eb;x � Ab;c

ð23Þ

Here Ab;j ¼ Mhj � Mbj—area of one square; xrðx; y; zÞ—filling the indefinite
diagrams of normal stresses from functional (

RRR
fsum;M�ddxdydz).

Fig. 3 Approximation of branches of graphs of Timoshenko-Goodyère functions [25] (1) and our
new first functional (2) in the axes «z� f5; �ðy; zÞ» (a), in the axes «y� f5; �ðy; zÞ» (b); quadrants I–
IV
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4 Discussion

The error is up to 2% of the considered points of the section (Fig. 2b) and up to 7%
at any points of the section when using functional (1) to find the values of functions
and determine the deformations. After approximation using the graph of the theory
of elasticity S.P. Timoshenko, Goodier [25] the proposed new functional received
an error: 7% in the axes “f5;�ðy; zÞ � z” (Fig. 3a) and less than 1% in the axes
“f5;n;�ðy; zÞ � y” (Fig. 3b).

Since the obtained error is small, the main directions of future research are the
development of a new other hypothesis of angular deformations and the determi-
nation of the total relative deformations of structures in bending with torsion. The
hypothesis of angular deformations should have ratios between the fibers of the
relative transverse total shear strains of concrete and reinforcement (csum;b and
csum;s) and a special figure to determine the equation with relative deformation.

5 Conclusions

A simple new method from the families of the mesh method is found for the
development of deformation functionals when approximating rectangular mean
sections in compressed and stretched zones using their special squares.

1. The new hypothesis is proposed for linear deformations and its filling diagrams
in bending with torsion. The analytical second functional is a general indefinite
function of three functions—exponent, straight line and parabola.

2. The new hypothesis is proposed for linear deformations and its filling diagrams
in bending with torsion. The analytical second functional is a general indefinite
function of three functions—exponent, straight line and parabola. The new
hypothesis is the kinematics between fibers for the relative longitudinal fiber
upper and lower deformations of concrete and reinforcement for their ratios in
distances from the neutral axis, similar to the modernized Bernoulli hypothesis
but having a special geometric figure for the summed function of additional
deplanation and parameter compressed concrete between plastic and elastic
regions for constructing the equation.

3. Authors obtained stresses (deformations) by projecting the coefficients uij and
vðkÞ from points C, B, A, D of diagrams (Fig. 3d).

4. The filling coefficients of the diagrams were obtained for the spatial triple
integral from the longitudinal deformations for the first hypothesis. Jumps
appear (lateral cracks, normal cracks, etc.) for stages I–III of average defor-
mations of longitudinal concrete and reinforcement.

5. A complex analysis of the proposed new functional from the Timoshenko theory
of elasticity with its approximation, functionals and graphs is carried out.
Functional have a grid (the first or second iteration) for the horizontal and
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vertical line and leagues between the points (i.e., functions along the y or z axis)
to find the values of the functions. The error is up to 2% at the considered points
of the cross-section or up to 7% at any points.

References

1. Lin W (2021) Experimental investigation on composite beams under combined negative
bending and torsional moments. Adv Struct Eng 24:1456–1465. https://doi.org/10.1177/
1369433220981660

2. Kim C, Kim S, Kim K-H, Shin D, Haroon M, Lee J-Y (2019) Torsional behavior of
reinforced concrete beams with high-strength steel bars. Struct J 116:233–251

3. Kandekar SB, Talikoti RS (2018) Study of torsional behavior of reinforced concrete beams
strengthened with aramid fiber strips. Int J Adv Struct Eng 10:465–474. https://doi.org/10.
1007/s40091-018-0208-y

4. Jan L, Vítek Jaroslav Průša, Vladimír Křístek LB (2020) Torsion of rectangular concrete
sections. ACI Symp Publ 344:111–130

5. Křístek V, Průša J, Vítek JL (2018) Torsion of reinforced concrete structural members. Solid
State Phenom 272:178–184. https://doi.org/10.4028/www.scientific.net/SSP.272.178

6. Karpyuk VM, Kostyuk AI, Semina YA (2018) General case of nonlinear deformation-
strength model of reinforced concrete structures. Strength Mater 50:453–454. https://doi.org/
10.1007/s11223-018-9990-9

7. Bernardo L (2019) Modeling the full behavior of reinforced concrete flanged beams under
torsion. Appl Sci 9. https://doi.org/10.3390/app9132730

8. Rahal KN (2000) Torsional strength of reinforced concrete beams. Can J Civ Eng 27:445–
453. https://doi.org/10.1139/cjce-27-3-445

9. Tsai H-C, Liao M-C (2019) Modeling torsional strength of reinforced concrete beams using
genetic programming polynomials with building codes. KSCE J Civ Eng 23:3464–3475.
https://doi.org/10.1007/s12205-019-1292-7

10. Karpenko NI (1996) General models of reinforced concrete mechanics. Stroyizdat, Moscow
11. Karpenko NI (1976) The theory of deformation of reinforced concrete with cracks. Stroyizdat,

Moscow
12. Karpenko NI (1972) To the calculation of deformations of reinforced concrete rods with

cracks in bending with torsion. Theory Reinf Concr 10:50–59
13. Karpenko NI, Elagin EG (1970) Deformations of reinforced concrete tubular elements

subjected to torsion after cracking. Concr Reinf Concr 3:3–12
14. Kalkan I, Kartal S (2017) Torsional rigidities of reinforced concrete beams subjected to elastic

lateral torsional buckling. World Acad Sci Eng Technol Int J Civ Environ Eng 11:969–972
15. Arzamastsev SA, Rodevich VV (2015) To the calculation of reinforced concrete elements for

bending with torsion. Proc High Educ institutions Constr 9(681):99–199
16. Zalesov AS, Khozyainov BP (1991) Strength of reinforced concrete elements in torsion and

bending. Proc Univ Constr Archit 1:1–4
17. Lessing NN, Rullay LK (1972) General principles for calculating the torsional flexural

strength of reinforced. Theory Reinf Concr 43–49
18. Lessing NN (1959) Determination of the bearing capacity of reinforced concrete elements of

rectangular cross-section, working in bending with torsion. Investig Strength Elem Reinf
Concr Struct 5:3–28

19. Demyanov A, Kolchunov I (2017) The dynamic loading in longitudinal and transverse
reinforcement at instant emergence of the spatial srack in reinforced concrete element under
the action of a torsion with bending. Istraz i Proj za privredu 15:381–386. https://doi.org/10.
5937/jaes15-14663

120 V. Kolchunov et al.

http://dx.doi.org/10.1177/1369433220981660
http://dx.doi.org/10.1177/1369433220981660
http://dx.doi.org/10.1007/s40091-018-0208-y
http://dx.doi.org/10.1007/s40091-018-0208-y
http://dx.doi.org/10.4028/www.scientific.net/SSP.272.178
http://dx.doi.org/10.1007/s11223-018-9990-9
http://dx.doi.org/10.1007/s11223-018-9990-9
http://dx.doi.org/10.3390/app9132730
http://dx.doi.org/10.1139/cjce-27-3-445
http://dx.doi.org/10.1007/s12205-019-1292-7
http://dx.doi.org/10.5937/jaes15-14663
http://dx.doi.org/10.5937/jaes15-14663


20. Kolchunov VI, Dem’yanov AI, Naumov NV, Mikhaylov MM (2019) Calculation of the
stiffness of reinforced concrete structures under the action of torsion and bending. J Phys Conf
Ser 1425:012077. https://doi.org/10.1088/1742-6596/1425/1/012077

21. Demyanov AI, Kolchunov VI, Pokusaev AA (2017) Experimental studies of deformation of
reinforced concrete structures subjected torsion and bending. Struct Mech Eng Constr Build
6:37–44. https://doi.org/10.22363/1815-5235-2017-6-37-44

22. Travush VI, Karpenko NI, Kolchunov VI, Kaprielov SS, Dem’yanov AI, Konorev AV (2019)
Main results of experimental studies of reinforced concrete structures of high-strength
concrete B100 round and circular cross sections in torsion with bending. Struct Mech Eng
Constr Build 15:51–61. https://doi.org/10.22363/1815-5235-2019-15-1-51-61

23. Travush VI, Karpenko NI, Kolchunov VI, Kaprielov SS, Demyanov AI, Bulkin SA,
Moskovtseva VS (2020) Results of experimental studies of high-strength fiber reinforced
concrete beams with round cross-sections under combined bending and torsion. Struct Mech
Eng Constr Build 16:290–297. https://doi.org/10.22363/1815-5235-2020-16-4-290-297

24. Travush VI, Karpenko NI, Kolchunov VI, Kaprielov SS, Konorev AV (2018) The results of
experimental studies of structures square and box sections in torsion with bending. Build
Reconstr 6:32–43

25. Timoshenko SP, Goodyer J (1972) Theory of elasticity. Nauka, Moscow

The New Linear Deformations Hypothesis of Reinforced Concrete … 121

http://dx.doi.org/10.1088/1742-6596/1425/1/012077
http://dx.doi.org/10.22363/1815-5235-2017-6-37-44
http://dx.doi.org/10.22363/1815-5235-2019-15-1-51-61
http://dx.doi.org/10.22363/1815-5235-2020-16-4-290-297


Crack Resistance of Tension
Reinforced Concrete Members
with Bond Failure Areas

Igor Rudniy , Natalia Vorontsova , Dmitry Korolkov ,
and Pavel Pachulia

Abstract The paper presents a method for estimating the crack formation force and
crack width for centrically tension reinforced concrete members with bond failure
areas between reinforcement and concrete. The method is based on the theory of
compound bars and allows to consider an unlimited number of bond failure areas
and their unspecified location. The concrete behavior is presented in the form of an
idealized Prandtl diagram. The behavior of the reinforcement is considered only on
the elastic section up to the yield stress. The article presents a theoretical assessment
of the influence of bond failure areas on the process of formation and development
of cracks. The crack width is considered as the difference between the strains of
concrete and rebar, taking into account the influence of the strain capacity of their
bonding in the area between two adjacent cracks. Experimental investigations have
been carried out, which confirm the correctness of the theoretical model and good
agreement with the experimental data. The test program included 3 series of
specimens with different lengths of the bond failure area. The first two series
consisted of 3 specimens, with the length of the bond failure area equal to 300 mm
and 600 mm of the total length of the member. The third series consisted of 2
specimens with ensured bonding along the entire length of the members. A total of
8 specimens were made. Experimental data on the influence of bond failure areas on
the process of crack formation in tension members are presented.
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1 Introduction

The features inherent in reinforced concrete structures, such as the interaction of
different modulus materials, the discrete location of cracks, the inelastic behavior of
the reinforcement, the bond performance between reinforcement and concrete,
cause the complexity of assessing the stress-strain state and developing calculation
methods. The mechanics of the interaction of reinforcement and concrete have been
studied in many articles [1–4], and the processes of formation and development of
cracks in the contact zone, as well as the stages of the stress-strain state of the
contact zone, have been described for elements with ensured bonding.

The presence of discretely located bond failure areas between reinforcement and
concrete changes the stress-strain state of the contact zone and the member itself
and makes it difficult to calculate such structures [5, 6] and, consequently, to make
reasonable design decisions. The presence of bond failure areas makes it necessary
to consider the strain capacity of the bonding of reinforcement with concrete and
use models that describe the sequence of formation and growth of discretely located
cracks.

The experience of the survey of reinforced concrete structures shows that one of
the most common defects is a bond failure of reinforcement with concrete, up to
35% of the total number of damaged structures. Defect of the bond failure between
reinforcement and concrete occur both at the construction phase of structures—this
is not high-quality concrete work and non-compliance with technologies, and
during their operation: from the impact of various types of petroleum products,
temperature deformations, corrosion of reinforcement and mechanical damage to
the concrete cover [7, 8].

However, in addition to the fact that the bond failure in any reinforced concrete
structures [9, 10] can be accidental, prestressed structures with unbonded rein-
forcement are widely used in construction practice [11, 12].

In structures with bond failure areas between reinforcement and concrete, the
crack formation force decreases, and with a large ratio of the reinforcement, the
crack spacing, the crack width, and the deformations of the members increase
[13–15].

To study the process of crack formation and the parameters of bond between
reinforcement and concrete, uniaxial tests of prisms for central tension reinforced
with a single rebar are most popular [4, 16–19].

In [18], analytical dependences are proposed for determining the stress in the
reinforcement bar, as well as the bond stress between the reinforcement and the
concrete. For the investigation, prisms with a cross-section size of 150 � 150 mm
and a length of 300 mm were made of concrete with a compressive strength of 20,
40 and 60 MPa, reinforced with a central reinforcing bar Ø12. It is noted that this
test method more accurately reflects the stress-strain state at the bond failure area
than the tests for pulling the rebar out of the prism.
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In the paper [15], a “b-ellipse model” is proposed that considers the tension
stiffening and tension softening effects, as well as the effect of deterioration of the
bond. This model is a logical development of the traditional model of reinforcement
bond with concrete. This model was implemented in the finite element analysis
(FEA) for calculating the crack width when using fiber elements of columns and
beams.

In the article [19], the behavior of the bond of reinforcement and concrete is
investigated, considering the effect of the influence of transverse tensile forces. It is
shown that the bond strength is a function of the transverse tensile forces. When the
transverse tensile stresses exceed 80% of the concrete’s ultimate tensile strength,
the bond strength is reduced by 54%.

To uniformly distribute the tensile force over the prism cross-section, specimens
with a cross-section size of 150 � 150 mm, a length of 500 or 1210 mm, rein-
forced with not one, but several reinforcement bars 4Ø10, 4Ø12, 8Ø8 or 16Ø5 were
also tested [20]. The influence of the ratio of reinforcement, the diameter of the
reinforcing bar, as well as the size of the concrete cover, varying from 15 to 50 mm,
was studied. The results obtained are compared with the provisions of the CEB-FIP
Model Code.

Even though many scientists have been engaged in the study of crack formation
since the appearance of reinforced concrete, the interest of scientists in this topic is
still observed to this day. Moreover, the issues related to the violation of the bond
failure of reinforcement with concrete remain underinvestigated.

The paper examines the influence of defects of bond failure on the formation and
propagation of cracks in tension reinforced concrete members at all stages of the
stress-strain state. The calculation method is based on the theory of compound bars.

2 Methods

The initial equation of the strain compatibility at the level of the contact layer:

esv ¼ es � ebt; ð1Þ

where esv—strain of bond; es—strain of reinforcement; ebt—strain of concrete at the
level of reinforcement.

When an external load acts on a reinforced concrete member due to the bonding
forces of the reinforcement with the concrete, the stresses between the reinforce-
ment and the concrete are redistributed. The general case of calculating a compound
bar is considered. The shear relations by the contact of the reinforcement with
concrete are replaced by reactions (S).

Taking the shear force (S) as external to the parts of the rod, es, esv and ebt is
expressed as
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es ¼ S
EsAs

; esv ¼ S
00

G
;

ebt ¼� S
EbAb

þ Sm2
0

B
� N
EbAb

�M � Ne
B

m0

� �
:

ð2Þ

Substituting (2) in (1) is obtained

S
00

G
¼ cSþD; ð3Þ

where c ¼ 1
EsAs

þ 1
EbAb

þ m2
0
B ; D ¼ � N

EbAb
� M�Ne

B � m0; Es—modulus of elasticity of
reinforcement; As—area of reinforcement; Eb—modulus of elasticity of concrete;
Ab—area of concrete section; B—flexural rigidity of concrete branch; G—modulus
of deformation of bonding; m0—distance between the centroids of the branches; e
—eccentricity of normal force N.

The solution of the differential Eq. (3)

S ¼ C1shkxþC2chkxþ G
k

Rx
0
D nð Þshkðx� nÞdn;

S
0 ¼ k C1chkxþC2shkxþ G

k

Rx
0
D nð Þchkðx� nÞdn

� �
;

S
00 ¼ k2 C1shkxþC2chkxþ G

k

Rx
0
D nð Þshkðx� nÞdn

� �
;

8>>>>>>><
>>>>>>>:

ð4Þ

where k ¼ ffiffiffiffiffiffi
Gc

p
; n—additional variable.

The pattern of the distribution of the strains of the tension concrete, depending
on the method of applying the load, allows to find the crack formation force for
members with bond failure. The concrete work is presented in the form of an
idealized Prandtl diagram (see Fig. 1).

When a crack occurs, there is a redistribution of forces between the concrete and
the reinforcement: near the crack face, the stresses in the concrete drop to zero, and

Fig. 1 Idealized diagram
rbt – ebt
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the strains to the value of ebt – eb1; the stresses in the reinforcement increase by a
certain amount. Taking into account the above

ebtðxÞ ¼ eubt � eb1 þ ebt;el xð Þ: ð5Þ

The crack formation force is determined from the condition eb xð Þ ¼ eubt;
therefore

eb1 ¼ ebt;el xð Þ; ð6Þ

where eb1 defined according to the diagram (Fig. 1) eb1 ¼ Rbt;ser

Eb
.

The forces of successive crack formation are determined step by step, first
considering the total length of the member to find Ncrc,1, then evaluating each block
of the member into which each subsequent crack divides it. At the same time, the
length of each block is determined—the crack spacing. The calculation is carried
out until the maximum strains in the valve or in the contact layer of stresses equal to
su are reached.

Figure 2 shows relationships of the first crack formation force on the length of
sections with different bonding characteristics k1 and k2, at different ratios
(k1/k2 ! 1—member with ensured bonding; 0 � k1/k2 < 1—member with bond
failure areas). On the graph along the abscissa axis, the ratio of the length of the
bond failure area to the total length of the specimen is plotted. The graphs of the
propagation of the bond failure area from the center of the member (l1) and from the
edge of the member (l2) are combined, since the development of the bond failure
area from the edge or center of the member does not significantly affect the force of
the formation of the first crack.

The graphs show that the lower the ratio of the bonding characteristics and the
longer the length of the bond failure area, the higher the crack formation force.
A small ratio of the bonding characteristics (k1/k2 = 0.17 or less) (Fig. 2 (1)) has a
significant effect on the value of the crack formation force (22%), when the length
of the bond failure area is more than 80% of the total length of the member.

When the ratio k1/k2 is from 0.33 to 0.5, the effect of the length of the bond
failure area on the crack formation force is minimal (less than 5%). When the ratio
of the bonding characteristics is 0.5 or more, the influence of the length of the bond
failure area is practically absent.

A decrease in the stress transfer zone from l3 to l1 (Fig. 3) leads to a decrease in
the value of strains in the tension concrete from ebt3 to ebt1, as a result of which a
greater load must be applied to achieve the maximum strains of eubt, so there is an
increase in the crack formation force. The bond failure between the reinforcement
and the concrete in the stress transfer zone affects the value of strains in the tension
concrete in a similar way. Bond failure leads to an increase in the load range at
which active crack formation occurs, and to an increase in the load of stabilizing the
crack formation process.
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The influence of the bond failure areas on the process of crack formation is
illustrated by the example of the two members shown in Fig. 4. The location of the
bond failure area in the central zone of the member (Fig. 4 a) leads to an increase in
the zone, with stresses in the range 0.95eubt � ebt � eubt, in which the formation
of cracks occurs. The location of the bond failure area in the stress transfer zone
(Fig. 4 b) leads to a significant reduction in this zone and brings the crack formation
process closer to the idealized scheme.

Nonhomogenity of concrete and the presence of hidden defects cause the
deviation of the crack formation process from the idealized scheme. It is known that
in the initial period, the formation of cracks is quite chaotic, and with an increase in

Fig. 2 Relationship Ncrc;1

Rb;serAb
on the length of bond failure area at different ratios k1/k2: 1 – 0.17;

2 – 0.33; 3 – 0.5

Fig. 3 Diagram of the
change in the value of strain
ebt with a decrease in the
stress transfer zone
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the load and a decrease in the crack spacing, the process approaches the idealized
one. The presence of bond failure areas, as shown above, can significantly affect
this process in some cases, or have almost no effect in others.

In general, the crack width is determined from the following equation

acrcðnÞ ¼ dcn�1 þ dcnð Þ � Rbt;ser

Eb
� ðcn þ cn�1Þ; ð7Þ

where dcn-1, dcn—relative movement of reinforcement and concrete during the
elastic behavior of the contact layer from sections of length cn-1 and cn, respectively.
The second term in Eq. (7) is the proper elongation of the concrete in the area
between the cracks.

In the work of A V Trofimov, it was shown that when the process of crack
formation is stabilized, the zone of active bonding must decrease in order to meet
the condition rbt � Rbt,ser, thus, in a section of some length near the crack faces,
there is a bond failure area of reinforcement with concrete. Based on this, in the area
between the cracks, 3 characteristic zones can be distinguished: the zone of bond
failure, the zone of nonelastic strains and the zone of elastic strains of the contact
layer. The equations for determining the length of the sections of these zones from,
taking into account the irregular step of the cracks when calculating the tangential
stress plot from the zero point, are given below:

(1) the zone of bond failure

c0 ¼ ck 1� a0 � N
suSpckð1þ aÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ 1

p
kt1ck

" #
; ð8Þ

(2) the zone of nonelastic strains

b0 ¼ N
1þ að ÞsuSp �

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ 1

p
kt1

; ð9Þ

Fig. 4 Distribution of strains of concrete when the bond failure areas are located in the center
(a) or at the ends of the members (b)
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(3) the zone of elastic strains

a0 ¼
2 ln t1 þ

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ 1

p� �
k

; t1 ¼ suSpð1þ aÞ
krs0As 1� Rbt;serð1þ aÞ

rs0l

� � : ð10Þ

The crack width during the elastic-plastic behavior of the contact layer is also
determined by the Eq. (7), but the relative movements between the reinforcement
and the concrete are found by the Eq. (4), and dcn and dcn-1 are determined by the
Eq. (11).

dcn ¼ dc0 nð Þ þ db0 nð Þ þ da0 nð Þ; dcn�1 ¼ dc0 n�1ð Þ þ db0 n�1ð Þ þ da0 n�1ð Þ: ð11Þ

The proposed method for calculating the tension members allows to determine
the crack width, taking into account their irregular step during the elastic and
elastic-plastic behavior of the contact layer.

The test program included 3 series of specimens with different lengths of the
bond failure area. The first two series consisted of 3 specimens, with the length of
the bond failure area equal to 300 mm and 600 mm of the total length of the
member (Fig. 5). The third series consisted of 2 specimens with ensured bonding
along the entire length of the members. A total of 8 specimens were made.

Crack resistance studies were carried out on the INSTRON 5982 floor-type test
system with a maximum force of 100 kN (Fig. 6). The built-in gauge of the test
system tracked the total elongations of the specimen and plotted the “force—
absolute strains” relationship. During the tests, the relative movements between the
reinforcement and the concrete at both ends of the member were measured using
four dial gauges with a scale division of 0.001 mm. The gauges were attached to the
reinforcement bar with the help of special equipment.

Figures 7, 8 and 9 show the relationship “rs0 – Dl” for three series of specimens
with different lengths of the bond failure area, obtained on the INSTRON 5982 test

Fig. 5 Location of the bond
failure areas in specimens 1
and 2 of the series
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system. Figures 7 and 8 show a spike resulting from the formation of the first crack
in the members with bond failure. In addition to a sudden drop in load in the
member, significant longitudinal deformations of the sample occurred, caused by
the elongation of the reinforcement in the bond failure area after the formation of
the first crack.

Failure of the specimens is shown in the Fig. 10.

3 Results and Discussions

The force of the first crack formation (Ncrc,1) was determined by the load drop on
Figs. 8 and 9. A comparison of the experimental and theoretical values of the first
crack formation force is given in Table 1. The value of the coefficient v in the areas
covered with plasticine was assumed to be 0.

Fig. 6 Test system INSTRON 5982 with specimen and test scheme of the reinforced concrete
specimen
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Fig. 7 Relationship “rs0 – Dl” for centrically tensioned members with bond failure areas length
of 30% of the total length

Fig. 8 Relationship “rs0 – Dl” for centrically tensioned members with bond failure areas length
of 60% of the total length
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Fig. 9 Relationship “rs0 – Dl” for centrically tensioned members with ensured bonding of the
total length

Fig. 10 Failure of the specimens, a with ensured bonding; b with bond failure areas length of
30% of the total length; c with bond failure areas length of 60% of the total length
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There is a decrease in the extreme blocks of the specimens (Fig. 11), which
confirms the influence of the bond failure areas on the areas with ensured bonding.

The crack width in the specimens was measured using a microscope with a
24-fold increase and a scale division of 0.05 mm at each stage of loading the
member. A comparison of the theoretical and experimental data of the crack width
is shown in Fig. 12. For specimens with bond failure areas, a comparison of the
crack width located only in the zone of bond failure is given.

Table 1 Experimental and theoretical force of the first crack formation

Specimen
no

Ncrc,1, kN

Experimental value Theoretical value Building code requirements
in the Russian Federation

1–0 26.13 27.38 27.77

2–0 25.92

1–30 26.77 27.68

2–30 26.68

3–30 25.78

1–60 28.43 30.02

2–60 26.86

3–60 25.72

The first digit is the serial number of the specimen, the second digit is the length of the bond failure
areas in %

Fig. 11 Scheme of the location of cracks and the sequence of their appearance in the specimens,
a with ensured bonding; b with bond failure areas length of 30% of the total length; c with bond
failure areas length of 60% of the total length

134 I. Rudniy et al.



For members with bond failure areas length of 30% of the total length, the crack
opening width increased by 3.3 times compared to the check specimens, and for
specimens with bond failure areas length of 60% of the total length by 6.5 times.
The divergence between the experimental acrc values and the theoretical ones is
from 3 to 13%. The average square deviation of the experimental data of the
average crack width from the theoretical one is 9.31%.

4 Conclusions

According to the results of experimental investigations, the following conclusions
are made:

1. The analytical equations obtained as a result of the performed investigation
allow to evaluate the stress-strain state of tension reinforced concrete members
with discretely located bond failure areas, taking into account the elastic and
elastic-plastic behavior of the contact layer.

2. The cases of fully ensured and bonding failure are special cases of the developed
calculation method.

3. An increase in the crack formation force in the centrally loaded members with
bond failure area was found in comparison with the members with ensured
bonding. The assessment of the influence of different lengths of bond failure
area on the crack formation forces in tension members revealed that when the
length of the bond failure areas is more than 80% of the total length of the
member, the ratio of the bonding characteristics (k1/k2 = 0.17 or less) affects the
crack formation force.

Fig. 12 Relationship «rs0 � amcrc»: 1—specimens with ensured bonding; 2—specimens with bond
failure areas length of 30% of the total length; 3—specimens with bond failure areas length of 60%
of the total length
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4. When the ratio of the bonding characteristics is 0.5 or more, the effect of the
length of the bond failure area is insignificant. The influence of the bond failure
area on the process of crack formation, which is expressed in a decrease in the
cracks spacing in areas with ensured bonding, is revealed.

5. The smaller the value of the ratio k1/k2 or, the greater the bond failure area, the
smaller the crack spacing in the areas with ensured bonding. The experiment
confirmed the influence of the bond failure areas on the cracks spacing in the
areas with ensured bonding.
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Nonlinear Vibrations of an Orthotropic
Viscoelastic Rectangular Plate Under
Periodic Loads

Mirziyod Mirsaidov , Rustamkhan Abdikarimov ,
Dadakhan Khodzhaev , Bakhodir Normuminov ,
Svetlana Roshchina , and Nikolai Vatin

Abstract Modern methods and technologies for the manufacture of structures
make it possible to obtain structures of various shapes and sizes. This, in turn,
determines the possibility of using structures of variable thickness in modern
technology and engineering. During operation, they are often subjected to various
loads. Among the loads, periodic loads are of particular interest. On the basis of the
Kirchhoff-Love theory, nonlinear parametric vibrations of an orthotropic vis-
coelastic rectangular plate of variable thickness are investigated without considering
the elastic wave propagation. The mathematical model of the problem is described
by a system of nonlinear integrodifferential equations, where the weakly singular
Koltunov-Rzhanitsyn kernel is used as the relaxation kernel. The resolving equa-
tions of the problem are obtained by the Bubnov-Galerkin method and by a
numerical method based on the use of quadrature formulas. The behavior of an
orthotropic viscoelastic rectangular plate under the action of an external periodic
load is investigated. The graphs obtained with the developed computer program
show the effect on the amplitude-frequency response of the plate on various
physical, mechanical, and geometrical parameters.
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1 Introduction

Thin-walled shell structures of variable thickness made of composite materials are
among the most widespread structures used in many fields of modern technology.
This is due to the great functionality of such structures and the successful combi-
nation of their properties of lightness and strength. Modern technological progress
makes it possible to manufacture structures of various shapes and sizes made of
various materials.

At the same time, during operation, such structures are subjected to various
dynamic loads. Among such loads, periodic loads are of particular interest for
research. On the other hand, difficulties arise in the calculation and design of such
structures, and the determination of their stress-strain state causes both computa-
tional and principal difficulties. Therefore, at present, the development of new
mathematical models, improvement of calculation methods and algorithms is one of
the urgent tasks.

Currently, there are many publications devoted to the construction of various
theories, models and methods to assess the stress-strain state of thin-walled shell
structures of constant and variable thickness under the action of various static and
dynamic loads. A significant contribution to the study of such problems was made
by Bolotin [1], Volmir [2], and over the past decades by Awrejcewicz and Krys’ko
[3], Amabili [4], Grigorenko and Grigorenko [5].

There are a number of articles devoted to the study of vibrations and stability of
plates and shells of variable thickness.

The study in [6] is devoted to the parametric vibrations of plates under the action
of static and periodic loads. A numerical-analytical method for solving the problem
using the Bolotin method was proposed. In that, the plates can have an arbitrary
geometric shape.

In [7], the problem of parametric vibrations of an isotropic cylindrical shell of
variable thickness under the action of a load along its generatrix is considered. An
exact solution is obtained for different ratios of the parameters.

The study in [8] is devoted to the parametric vibrations of conical shells of
variable thickness under static and periodic loads. Using the Galerkin method, the
problem is reduced to solving an equation of the Mathieu type. The influence of
various parameters on the region of dynamic instability was studied.

In [9], free vibrations of composite shells and plates of variable thickness are
investigated. The solutions obtained are compared with analytical and numerical
solutions known in the literature.

The development of a technique for solving the three-dimensional problem of
bending of orthotropic plates of variable thickness is given in [10]. The problem is
reduced to solving two independent problems, described by two independent sys-
tems of two-dimensional infinite equations.

Loja et al. [11] is devoted to the determination of the dynamic instability of
composite plates of variable thickness. To solve the problem, the Bolotin method
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was used. The influence of various geometric parameters, as well as the properties
of the material on the stability of the plate, was studied.

In [12], parametric vibrations of composite plates of variable thickness under
periodic loads were investigated. The mathematical model of the problem is
described by an equation of the Karman type. The finite element method is used to
solve the problem.

The study of free vibrations of shells with a linear change in thickness under
various boundary conditions is given in [13]. The finite element method is used to
solve the problem. The influence of the variability of the thickness, dimensions of
the shell and other parameters on the amplitude-frequency response of its vibrations
was studied.

In [14], the finite element method is used to solve the problem of dynamic
stability of rectangular panels of variable thickness under compressive loads. The
problem is reduced to solving the system of Mathieu-Hill equations.

In [15], on the basis of the classical theory of shells in a nonlinear formulation,
forced vibrations and dynamic stability of cylindrical shells of variable thickness
subjected to mechanical stress are investigated. To derive the resolving equations,
the methods of Galerkin and Runge-Kutta were used.

Analysis of published works shows that insufficient attention was paid to non-
linear parametric vibrations of nonhomogeneous viscoelastic plates and shells of
variable thickness [16–18].

The article investigates nonlinear parametric vibrations of an orthotropic vis-
coelastic rectangular plate of variable thickness without considering elastic wave
propagation.

2 Materials and Methods

Consider an orthotropic viscoelastic plate, rectangular in plan, with sides a and b,
variable thickness h = h(x, y), and with initial imperfections w0 = w0(x, y); the plate
is subjected to acting periodic load P tð Þ ¼ P0 þP1 cosHt (P0;P1 ¼ const; H is the
frequency of an external periodic load) along side a.

We will assume that there are no tangential inertial forces. Then the system of
three equations [16] can be reduced to a system of two equations with two
unknowns.

Following the results of [2], we introduce the stress function U in the middle
surface in accordance with the following formulas:

rx ¼ Nx

h
¼ @2U

@y2
; ry ¼ Ny

h
¼ @2U

@x2
; sxy ¼ Nxy

h
¼ � @2U

@x@y
ð1Þ

The following equation of the Karman type is obtained:
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where d1 ¼ 1
E1
, d2 ¼ 1

E2
, 2d3 ¼ 1

G � l1
E1
� l2

E2
¼ 1

G � 2l1
E1
.

The solution of the system (2) with respect to the deflection w and the stress
function U is found in the form

w x; y; tð Þ ¼
XN
n¼1

XM
m¼1

wnm tð Þwnm x; yð Þ; U x; y; tð Þ ¼
XN
n¼1

XM
m¼1

Unm tð Þvnm x; yð Þ ð3Þ

where wnm = wnm(t) and Unm = Unm(t)—are the unknown time functions; wnm x; yð Þ;
vnm x; yð Þ; n ¼ 1; 2; :::;N; m ¼ 1; 2; :::;M are the coordinate functions that satisfy
the boundary conditions of the problem.

Substituting (3) to (2) and introducing the following dimensionless quantities

w ¼ w
h0

; w0 ¼ w0

h0
; x ¼ x

a
; y ¼ y

b
; t ¼ xt; h ¼ h

h0
; k ¼ a

b
; d ¼ b

h0
;

q ¼ qffiffiffiffiffiffiffiffiffiffi
E1E2

p b
h0

� �4

; h ¼ h
x
; xt;

C tð Þ
x

; d0 ¼ P0

Pcr
; d1 ¼ Pt

Pcr
; D ¼

ffiffiffiffiffiffiffiffiffiffiffi
E1=E2

q
; g ¼ G12ffiffiffiffiffiffiffiffiffiffi

E1E2
p

while retaining the previous notation with respect to the unknowns wnm ¼ wnm tð Þ,
Unm ¼ Unm tð Þ, we obtain the following system
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2p4k4 1þDl2 þ 2 1� l1l2ð Þg½ �
XN
n¼1

XM
m¼1

ak lnm€wnm

þ
XN
n¼1

XM
m¼1

p2k lnm 1� 2lk lnm cosHtð Þwnm� 1� C�ð Þ
XN
n¼1

XM
m¼1

a1k lnmwnm

¼ 12 1� l1l2ð Þk2
XN
n;i¼1

XM
m;j¼1

a2k lnmijwnmUij þ 12 1� l1l2ð Þk4qkl;

XN
n¼1

XM
m¼1

bk lnmijUnm ¼ k2
XN
n;i¼1

XM
m;j¼1

b1k lnmijwnmwij;

wnm 0ð Þ ¼ w0nm; _wnm 0ð Þ ¼ _w0nm

ð4Þ

The solution of the system (3) is found by the numerical method proposed in [19].
This method is based on the use of quadrature formulas and eliminates the singu-
larity in the relaxation kernel. In this case, a weakly singular Koltunov-Rzhanitsyn
kernel of the following form is used as a relaxation kernel [20]:

CðtÞ ¼ Ae�bt � ta�1; A[ 0; b[ 0; 0\a\1 ð5Þ

An efficient computational algorithm was developed and a program in the Delphi
algorithmic language was developed and implemented on a computer. The results
of the study of parametric vibrations of orthotropic viscoelastic plates of variable
thickness without taking into account the propagation of elastic waves at various
physical and geometric parameters are given in the form of graphs.

The thickness variation law is set analytically and, in the general case, can be of
any form. To obtain numerical results, the law of thickness variation is chosen in
the form:

h ¼ 1� a�x; ð6Þ

where a� is the parameter of the change in thickness.

3 Results and Discussion

The influence of the viscoelastic properties of the material on the behavior of the
plate is shown in Fig. 1. The results of the study show that an account for the
viscosity of the plate material leads to a decrease in the vibration amplitude.

Figure 2 shows the influence of the nonhomogeneity parameter D on the
behavior of the viscoelastic plate. The results show that an account for the non-
homogeneous properties of the plate material leads to a decrease in the vibration
amplitude.
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The change in the deflection of a viscoelastic plate as a function of time for
different values of the thickness variability parameter a* is shown in Fig. 3. It is
seen that an increase in this parameter leads to a decrease in the vibration amplitude.

Figure 4 shows the results of studying the parametric vibrations of an ortho-
tropic viscoelastic rectangular plate of variable thickness under various boundary
conditions. The results obtained show that with an increase in the number of fixed
sides of the plate, the vibration amplitude decreases, and the vibration frequency
increases.

Fig. 1 The dependence of the deflection on time: Aij = 0 (1); 2, Aij = 0.05 (2); 3, Aij = 0.1 (3)

Fig. 2 The dependence of the deflection on time: Aij = 0.02, D = 1.1 (1); Aij = 0.02, D = 1.3 (2)
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4 Conclusions

The study of parametric vibrations of orthotropic viscoelastic rectangular plates of
variable thickness gave the following results:

1. A mathematical model, a method and an algorithm for solving the problem of
parametric vibrations of orthotropic viscoelastic rectangular plates of variable
thickness without considering the propagation of elastic waves were developed.

2. The proposed method can be used for various viscoelastic thin-walled structures
such as plates, panels and shells of variable thickness.

3. The developed technique allows obtaining the results of the study of parametric
vibrations of an orthotropic viscoelastic plate of variable thickness and for other
laws of thickness variation.

Fig. 3 The dependence of the deflection on time: a* = 0 (1); a* = 0.3 (2); a* = 0.5 (3)

Fig. 4 The dependence of the deflection on time: two opposite sides are simply supported, the
other two are clamped (1); all sides are clamped (2)

Nonlinear Vibrations of an Orthotropic Viscoelastic … 145



References

1. Bolotin VV (1964) The dynamic stability of elastic systems. Holden-Day, San Francisco
2. Volmir AS (1974) The nonlinear dynamics of plates and shells. Foreign Technology Division

Wright-Patterson Air Force, USA, Ohio
3. Awrejcewicz J, Krys’ko AV (2003) Analysis of complex parametric vibrations of plates and

shells using Bubnov-Galerkin approach. Arch Appl Mech 73:495–504. https://doi.org/10.
1007/s00419-003-0303-8

4. Amabili M (2018) Nonlinear vibrations and stability of shells and plates. Cambridge
University Press, New York

5. Grigorenko YM, Grigorenko AY, Zakhariichenko LI (2018) Analysis of influence of the
geometrical parameters of elliptic cylindrical shells with variable thickness on their
stress-strain state. Int Appl Mech 54:155–162. https://doi.org/10.1007/s10778-018-0867-1

6. Kurpa LV, Mazur OS, Tkachenko VV (2014) Parametric vibration of multilayer plates of
complex shape. J Math Sci 203:165–184. https://doi.org/10.1007/s10958-014-2098-2

7. Mochalin AA (2015) Parametric oscillations of a non-uniform circular cylindrical shell of
variable density at different boundary conditions. News Saratov Univ Ser Math Mech Comput
Sci 15:210–215

8. Sofiyev AH, Kuruoglu N (2016) Domains of dynamic instability of FGM conical shells under
time dependent periodic loads. Compos Struct 136:139–148. https://doi.org/10.1016/j.
compstruct.2015.09.060

9. Bacciocchi M, Eisenberger M, Fantuzzi N, Tornabene F, Viola E (2016) Vibration analysis of
variable thickness plates and shells by the generalized differential quadrature method. Compos
Struct 156:218–237. https://doi.org/10.1016/j.compstruct.2015.12.004

10. Usarov MK (2017) To the solution of three-dimensional problems of oscillations in the theory
of elasticity in thick plates of variable thickness. J Appl Math Phys 5:79987

11. Loja MAR, Barbosa JI, Mota Soares CM (2017) Dynamic instability of variable stiffness
composite plates. Compos Struct 182:402–411. https://doi.org/10.1016/j.compstruct.2017.09.
046

12. Akhavan H, Ribeiro P (2017) Geometrically non-linear periodic forced vibrations of
imperfect laminates with curved fibres by the shooting method. Compos Part B Eng 109:286–
296. https://doi.org/10.1016/j.compositesb.2016.10.059

13. Golpayegani IF, Arani EM, Foroughifar AA (2019) Finite element vibration analysis of
variable thickness thin cylindrical fgm shells under various boundary conditions. Mater
Perform Charact 8:20180148. https://doi.org/10.1520/mpc20180148

14. Rasool M, Singha MK (2019) Stability of variable stiffness composite laminates under
compressive and shearing follower forces. Compos Struct 225. https://doi.org/10.1016/j.
compstruct.2019.111003

15. Phu KV, Bich DH, Doan LX (2021) Nonlinear forced vibration and dynamic buckling
analysis for functionally graded cylindrical shells with variable thickness subjected to
mechanical load. Iran J Sci Technol Trans Mech Eng. https://doi.org/10.1007/s40997-021-
00429-1

16. Abdikarimov RA, Zhgutov VM (2010) Mathematical models of the problems of nonlinear
dynamics of viscoelastic orthotropic plates and shells of variable thickness. Mag Civ Eng
16:38–47

17. Abdikarimov R, Khodzhaev D, Vatin N (2018) To calculation of rectangular plates on
periodic oscillations. MATEC Web Conf. https://doi.org/10.1051/matecconf/201824501003

18. Normuminov B, Abdikarimov R, Khodzhaev D, Khafizova Z (2020) Parametric oscillations
of viscoelastic orthotropic plates of variable thickness. IOP Conf Ser Mater Sci Eng 896.
https://doi.org/10.1088/1757-899X/896/1/012029

146 M. Mirsaidov et al.

http://dx.doi.org/10.1007/s00419-003-0303-8
http://dx.doi.org/10.1007/s00419-003-0303-8
http://dx.doi.org/10.1007/s10778-018-0867-1
http://dx.doi.org/10.1007/s10958-014-2098-2
http://dx.doi.org/10.1016/j.compstruct.2015.09.060
http://dx.doi.org/10.1016/j.compstruct.2015.09.060
http://dx.doi.org/10.1016/j.compstruct.2015.12.004
http://dx.doi.org/10.1016/j.compstruct.2017.09.046
http://dx.doi.org/10.1016/j.compstruct.2017.09.046
http://dx.doi.org/10.1016/j.compositesb.2016.10.059
http://dx.doi.org/10.1520/mpc20180148
http://dx.doi.org/10.1016/j.compstruct.2019.111003
http://dx.doi.org/10.1016/j.compstruct.2019.111003
http://dx.doi.org/10.1007/s40997-021-00429-1
http://dx.doi.org/10.1007/s40997-021-00429-1
http://dx.doi.org/10.1051/matecconf/201824501003
http://dx.doi.org/10.1088/1757-899X/896/1/012029


19. Abdikarimov RA, Khodzhaev DA (2014) Computer modeling of tasks in dynamics of
viscoelastic thinwalled elements in structures of variable thickness. Mag Civ Eng 49:83–94.
https://doi.org/10.5862/MCE.49.9

20. Mal’tsev LE (1979) The analytical determination of the Rzhanitsyn-Koltunov nucleus. Mech
Compos Mater 15:131–133

Nonlinear Vibrations of an Orthotropic Viscoelastic … 147

http://dx.doi.org/10.5862/MCE.49.9


Method of Calculation and Placement
of Spring Force Compensators in Log
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Abstract By their nature, all trees initially have internal tensions. They depend on
the type of wood, the place of growth, the impact of external factors. Internal
stresses of growth arising in a growing tree are the reason for the appearance of
deformations in wooden housing objects. The main object of this article is a
wooden house made of rounded logs. To exclude the effect of bulging of logs of
wooden structures and to prevent the appearance of gaps between them, a solution
was proposed to compensate for such effects. For this purpose, the use of spring
power compensators is proposed. This paper we analyzes the results of theoretical
studies on the effect of internal growth stresses, distributed over the section of the
trunk, on the stress-strain state of a rounded log. A theoretical assumption is made
about the influence of prestressed devices on the compensation of deformations of
log structures. As a result, a method for determining the effective location of
compensation devices along the length of the log has been developed. The most
rational technical characteristics of Spring Force Compensators are revealed. The
graphs of a compensating deformation versus location in the logs were obtained for
different technical characteristics of the devices.
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1 Introduction

1.1 General Information

Timber structures is now immensely popular because wood has a beneficial effect
on human health. An increase in the share of wood use in construction will have a
positive effect on the environmental situation in the world [1, 2]. But people living
in wooden houses often face the problem of various kinds of deformations of the
logs in the crowns. Often, mechanically processed logs, such as rounded logs, are
subject to such deformations [3]. Some of these deformations include fissures,
cracking, and buckling [4]. All this has a negative impact on the quality of the
house itself. Special Spring Force Compensators can be used to reduce the defor-
mations of the logs from the longitudinal axis.

One of the reasons for the appearance of log deformation is internal growth
stresses, which are described [5–8]. Formulas were obtained for the resultant force
of internal forces and bending moment because of a theoretical study of internal
growth stresses in a tree trunk, which appear during cylindering [9].

1.2 Design of Spring Force Compensator

The design of the spring force compensator was based on the “spring unit force”
device from the company “Sila-Center” (Fig. 1).

A spring force compensator pulls two logs together. For this, a landing nest with
a diameter of 5 mm larger than the diameter of the spring is drilled in the upper log.
The depth of the hole depends on the diameter of the logs used (Fig. 2).

Fig. 1 Spring device
diagram: 1-rod; 2-rod head;
3-spring; 4-thread

Fig. 2 Arrangement of the
devices
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In further calculations, we assume that the spring is compressed until the coils
touch.

2 Methods and Materials

This section presents a methodology for calculating and placing spring force
compensators, it should become universal in the design of wooden houses. The
algorithm of actions, based on which the methodology was developed, is presented
in (Fig. 3).

2.1 Collection of Loads

As a load, we consider only the constant that is in effect during the whole year. It
can include only the dead weight of structures—the weight of the roof, the weight
of the ceiling, the weight of the wall logs.

Logs located at different levels relative to the height of the wall will perceive
different loads. The upper log will be the least loaded, at the same time the lower
log, which is mated with the foundation, will be the most loaded of all. This affects
the rate of the deformation that must be compensated by using Spring force
compensators. Therefore, at the end of this paragraph, we will make a table indi-
cating the value of the distributed load on each log in the house (Table 1).

To determine the load, a general formula has been drawn up:

Qi ¼ Qdead weight � i� 1ð ÞþQroof þQceiling þQdead weight; N=m ð1Þ

Fig. 3 Algorithm of actions
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where:

Qdead weight—dead weight of logs in the wall structure, N=m;
Qroof—dead weight of all elements of the roof structure, N=m;
Qceiling—dead weight of all elements of the ceiling structure, N=m;
i—sequential number of the log from less to more loaded (top-down).

2.2 Design Characteristics of Materials

At the beginning, it is necessary to determine the operating conditions of the
structures:

• Purpose of the object;
• Class of functional purpose (Table A1, [10]);
• Class of operating conditions (table. 1, [10]);
• Approximate service life (Table A3, [10]);
• Class of structures (Table 2, [11]);
• Loading mode (tab. 4, [10]);
• Wood grade;
• Strength class (p. 6.2.2, [12]).

Then, the design characteristics are determined according to SP 64.13330.2017
[10]. It is also possible to determine the design characteristics according to EN
1995-1-1—Eurocode 5 [13].

Design resistance

The design resistance of wood is determined by the formula p. 6.1 [10]:

Rp ¼ RA � m@p �
Y

mi; MPa ð2Þ

where:

RA, MPa—design resistance of 1st grade wood (Table 3, [10]), moisture content
12% for loading mode A (Table 4, [10]) in structures of the 2nd class of functional
purpose (Appendix B, [10]) with a service life of no more than 50 years;

Table 1 Example of load information on a log in a wall

Wall in axes A–B

Log number Formula Load name Lad value Unit of measure

1 Qi ¼ Qdead weight � i� 1ð Þ Dead weight of log 250 N=m

… … … … …
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m@p—coefficient of long-term strength corresponding to the mode loading duration
(Table 4, [10]).Q

mi ¼ mb � mT � mб � mo � ma � mcp � mcH � mc:c � mcM—product of operating
conditions coefficients (6.9, [10]).

Calculated modulus of elasticity

This calculation is carried out according to the second limiting state, therefore, it is
possible to restrict oneself to determining the calculated elastic modulus (shear
modulus) of wood and wood materials according to the limiting states of the 2nd
group according to the formula of clause 6.11 [10]:

EII ¼ Ecp � m@p�E �
Y

mi; GPa ð3Þ

where:

Ecp; GPa—average modulus of elasticity in bending (adj. B, [10]);
m@p�E—duration factor for elastic characteristics (Table 4 [10]);Q

mi ¼ mb � mT � mc�c—product of operating conditions coefficients (п.6.9a, 6.9б,
6.9и, [10]).

2.3 Calculation of Forces Leading to Deformation of Logs

The design scheme that must be used is shown in Fig. 4.
The design formulas for the bending moment and the resultant force exerted by

the action of internal growth stresses were obtained in the article [9].
Formula for determining the resultant force:

N ¼
ZþR2

�R2

dx
ZffiffiffiffiffiffiffiffiffiR2

2�x2
p

�
ffiffiffiffiffiffiffiffiffi
R2
2�x2

p
k4 � xþ að Þ2 þ yþ bð Þ2

� �4
þ b0 dy; kN ð4Þ

Fig. 4 A design scheme
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Formula for determining the bending moment:

Mx0 ¼
ZþR2

�R2

dx
ZffiffiffiffiffiffiffiffiffiR2

2�x2
p

�
ffiffiffiffiffiffiffiffiffi
R2
2�x2

p
k4 � xþ að Þ2 þ yþ bð Þ2

� �4
þ b0

� �
� y dy; kNm ð5Þ

where:

R2; m—the radius of the rounded log;
a; m—displacement of the axis when rounding the log;
k4 ¼ rR þ r0

R4 —coefficient;
rR; MPa—stresses on the tree trunk contour;
r0 ¼ rBC

1;8255 ; MPa—stresses in the center of the tree trunk.

2.4 Determination of Log Deflection

As a design scheme, we assume that the log is symmetrically bent on both sides,
and clamped in the middle (Fig. 5).

Knowing the maximum bending moment from the action of internal growth
stresses, it is possible to obtain the maximum deflection that will appear in this case.
General formula for determining the displacement of the end of a beam [14–16]:

E � I � yz ¼
Z

dz
Z

MzdzþC1 � zþC2 ð6Þ

In this case, the formula will take the form:

y ¼ M � z2
2 � E � Ix þC1 � zþC2 ð7Þ

The values of the integration constants C1 and C2 are determined according to
the boundary conditions. In the clamping point of the cantilever beam, the angle of
rotation and movement are zero, therefore C1 and C2 are also equal to zero. Based
on this, formula (7) will take the form:

Fig. 5 A design scheme for
determining the deflection of
a log
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f ¼ M � l=2ð Þ2
2 � E � Ix ð8Þ

2.5 Design Scheme

For further calculations, it is necessary to draw up a design scheme. As an example,
let’s take a low-rise wooden house, the walls of which are made of rounded logs.
The log in the crowns of the log structure is acted upon by pressure from the
overlying structures. We take this impact as a uniformly distributed load. In those
crowns where the external load cannot compensate for the deformation of the logs,
it is advisable to use spring force compensators, which serve as an additional source
of impact.

The design scheme of the installation of spring force compensators is shown in
Fig. 6.

Where:

f1; f2; fn—part of the deflection eliminated by the spring force compensators, the
corresponding amount on the console;
a1; a2; an—distance of installation of the spring force compensators;
F1;F2;Fn—forces from spring force compensators;
qexternal—external uniformly distributed load from overlying structures.

The general deformation condition must be met:

f1 þ fn þ fexternal ¼ fu ð9Þ

Fig. 6 The design scheme of the installation
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2.6 Calculation of Compensating Deformation

The calculation is carried out in four stages:

• Determination of compensating deformation from external load;
• Revealing according to the formula (9) permanent deformation, which must be

compensated by spring force compensators;
• Determination of deformation from spring force compensators at the end of the

log. Consider that this clamping device is installed in each row;
• Determination of deformation from the required number of intermediate spring

force compensators.

Below is a general calculation suitable for calculation at each stage.
For the calculation, we will use the method of initial parameters [14, 17], which

allows for any number of sections to reduce the solution to finding only two
constants—the deflection and the angle of rotation at the origin.

To implement the method of initial parameters, it is necessary to adhere to the
following rules when drawing up the equation of moments for sections and inte-
grating this equation:

(1) the origin of coordinates must be chosen common for all sections at the extreme
left (or right) point of the beam;

(2) all components of the equation of moments in the previous section should
remain unchanged in the equation of moments of subsequent sections;

(3) in the event of a break in the distributed load, it is extended to the end of the
beam, and to restore the actual loading conditions, a “compensating” load of the
opposite direction is introduced;

(4) the equations should be integrated in all sections without opening the brackets.
(5) the factor (x–a) must always be positive, terms with negative values (x–a) are

discarded.

Let us define the internal bending moment in general form for an arbitrary
section:

Mx ¼
X
n¼0:::

Fn x� aFnð Þþ
X
n¼1:::

Pn x� anð Þþ

þ
X
n¼1:::

qn � x� aqn
� �2

2
þ

X
n¼1:::

Mn � x� aMnð Þ0
ð10Þ

The factor x� aMnð Þ0 is equal to 1, but it is necessary to preserve the similarity
of the terms during subsequent integration.

To determine the reactions in the seal, it is necessary to draw up a system of
equations:
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X
OY ¼

X
n¼0:::

Fn þ
X
n¼1:::

Pn þ
X
n¼1:::

qn � lqn ð11Þ

X
MA ¼

X
n¼0:::

Mn þ
X
n¼0:::

Fn � aFn þ
X
n¼1:::

Pn � aPn þ
X
n¼1:::

qn � lqn � aqn þ lqn=2
� �

ð12Þ

The sign of the force is determined depending on its direction relative to the OY
axis. A positive value is an upward direction.

The sign of the moment is determined depending on its direction of rotation of
the OX axis. A positive value is clockwise twist.

Where:

Pn—concentrated effort from external load;
Fn—concentrated effort from the spring force compensators;
Mn—bending moments;
M0—bending moment in the clamping point of the cantilever beam;
F0—force in the clamping point of the cantilever beam;
qn—distributed external load;
lqn—length of the load distribution area;
aFn—is the distance from point A to the place of application of the concentrated
load from the spring force compensators;
aPn—is the distance from point A to the place of application of a concentrated
external load;
aqn—is the distance from point A to the place of application of the extreme left
point of the distributed load (in this case aqn ¼ 0).

After drawing up Eq. (10) for a specific case, it is necessary to determine the
compensating deformation provided in this or that case.

To do this, we will use the universal equation to determine the deflection in a
given section:

y xð Þ ¼ 1
E � Ix �

ZZ
M xð Þdx ð13Þ

The boundary conditions for determining the integration constants will be as
follows:

• In the clamping point of the cantilever beam: u xð Þ ¼ 0; x ¼ 0;
• In the clamping point of the cantilever beam: y xð Þ ¼ 0; x ¼ 0.
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2.7 Drawing up a Scheme of the Arrangement of Devices
Along the Length of the Log

After finding the required number of devices in each crown of the log house, we
draw up a diagram of the arrangement of spring force compensators along the
length of the log for each wall of the house, as shown in Fig. 7.

3 Results

To find the optimal combination of the installation site of the spring force com-
pensators and the force exerted by them, it is necessary to find the dependence of
the compensating deformation on the load exerted by the spring force
compensators.

If you initially set certain parameters:

• take several points on the log with a step of 0.1 m;
• split the forces that can be exerted by spring force compensators into several

groups with a step of 0.1 kN.

As a result, using the formulas presented above, it is possible to plot the
dependence of the compensating deformation versus the force of the spring force
compensators for different positions of these devices along the length of the log
(Fig. 8). To plot the graph, the software package Microsoft EXCEL was used.

The choice of rational technical characteristics of spring force compensators
depends on the choice of the spring, that is, on the force that it can exert. To
determine the optimal spring force depending on the installation location along the
log, the graph in Fig. 8.

Fig. 7 Scheme of the arrangement of devices along the length of the log
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4 Discussion

Research in the field of application of spring power expansion joints has not been
carried out at the moment. Usually, construction organizations that are engaged in
the construction of wooden houses using log structures technology used these
devices according to the general schemes provided by the manufacturers. This
technique is the beginning of a further study of the work of log structures.

5 Conclusions

As a result of theoretical research, a “Methodology for calculating and placing
Spring Force Compensators in log structures of wooden housing construction” was
developed, which makes it possible for a scientific and substantiated approach to
the use of spring force compensators in the design and construction of low-rise
buildings.

With the help of the graph of the dependence of the compensating deformation
versus the force of the spring force compensators, it is possible to determine the
most effective location of the spring force compensators and select the most rational
technical characteristics of the spring devices.
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Finite Element Modeling of Complexly
Stressed Reinforced Concrete Structures

V. P. Pochinok , E. V. Greshkina , and M. M. Tamov

Abstract Paper presents application of the nonlinear finite element model Cyclic
Softened Membrane Model (CSSM) to analyze the plane-stressed reinforced con-
crete elements, such as shear walls, partitions, lintels, wall panels, deep beams, and
others. This constitutive model developed at the University of Houston and
implemented in the software complex OpenSees (Open System for Earthquake
Engineering Simulation) was successfully used in our previous analyses of shear
critical zones of the experimental thin-webbed reinforced concrete beams with
varied types of reinfocemenr (bars, mesh) and basic characteristics of material and
shear span. The following results have been acquired: the appropriate choice of
mesh size for finite elements results in best proximity of strength and deformation
analysis of the reference and the experimental data for deep beams as well as
composite constructions and strengthened and plane stressed elements that vary in
sizes, types of reinforcement and load schemes. Here are given results of the
calculation model practical usage that were obtained on the basis of the experi-
mental researches published earlier.

Keywords Experimental research � Stress-strain behaviour � Plane stress rein-
forced composite constructions

1 Introduction

The stress-strain behaviour defines the bearing capacity, rigidity, and crack resis-
tance of the reinforced concrete structures. Thus, the structural engineering and the
design of structural members demand qualified evaluation of a stress-strain beha-
viour, that is considered to be quite a complex and time-consuming multi-foci task.
In constructing of buildings and related structures on a large scale one can identify
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three groups of the reinforced concrete elements subjected to complex non-uniform
loads.

They are as follows:

– plane stress structures of the constant section—webs and walls of the structural
core in multistorey buildings that are characterized by different stress-related
properties, lintels, precast panels of the bearing walls, deep beams in various
structures, towers, and others;

– plane stress elements with composite cross-section that are formed in the pro-
cess of restoration and rehabilitation of reinforced concrete structures and have
different stress-related properties in different parts and layers of the concrete;

– short elements—cantilevers, pile caps, compound frame wall elements, short
beams and other similar structures with a small shear span.

Review of the simulation models of the plane stress structures shows that despite
the research rationale and a considerable amount of the experimental work no
unifying computational theory has been evolved so far and the matter is still under
discussion. The complexity of consideration of the nonlinear physical factors and a
wide range of the analytical models result in the absence of the unifying basis for
reliable and economical design of the constructions operating in the conditions of
the complex stress state. In particular, existing building codes regulating the design
and construction are lacking a recommended guideline on the reinforcement for this
type of constructions [1–6]. For instance, a design codes for reinforced concrete
frame constructions for industrial building establishes requirements for the wall
panels design, referring to the general design code for concrete and reinforced
concrete structures, which is not enough itself, since the design dependencies of this
document do not take into account the effect on the bearing capacity of such
structures, the nature of their reinforcement, the peculiarities of the loading patterns,
the shapes and geometric characteristics of the sections, as well as the size of the
load and support areas and a number of other factors. Leading scientists around the
world are engaged in the issue of rational reinforcement of complexly stressed
reinforced concrete structures, however, a single solution on the design provisions
and principles of designing such elements has not been developed yet [7–23].

2 Possibility of Finite Element Modelling of Deep Beams
or Wall Panels

The modern development of computing technology and programming tools allows
the most accurate estimation of bearing capacity of the engineering constructions of
any type of geometry under the combined stresses. For nonlinear modeling the
finite element method (FEM) which has profound theoretical underpinning is
widely used in engineering practice. This method is also utilized by many
researchers who work in the field of plane stress calculations. Review of such works
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reveals that in many cases the major problem is the discrepancy between laboratory
tests and analytical solutions.

This is because the insufficiency of necessary multivariable tests leads to a wide
range of empirical allowances. Performing of non-linear calculations is complicated
by the necessity of a greater number of iterations when applying the general sim-
ulation programs based on FEM and is considered to be difficult in the process of
planning and design. In this case engineers tend to simplify and sometimes over-
simplify computational models that in its turn results in loss of reliability and
validity of the gained results. Now researchers from different countries are studying
the issue of developing the general nonlinear plane stress computation model that
allows performing highly accurate analysis of stress-strain state at all stages of
loading till failure alongside taking into consideration all essential distinctive fea-
tures of their structures and loading patterns. Within the framework of research it is
needed to perform a numerical analysis as well as full-scale testing, to make a
comparison between the newly offered plane stress computation models and the
ones that have been being used so far.

The analysis of the plane stress-strain state of the reinforced concrete deep
beams and bearing wall panels and its problems are close to the problems studied in
the research of the effect of transverse compressive stresses on the web-crushing
strength of beams. The theoretical studies on finite element modeling of nonlinear
simulation of a thin web of I-shaped reinforced beam at all stages till the failure
were fulfilled at Kuban State Technological University (Krasnodar) employing
nonlinear finite element constitutive model in Cyclic Softened Membrane Model
(CSMM) [24]. This model was developed at the University of Houston and
implemented into OpenSees (Open System for Earthquake Engineering Simulation
[25]) that in its turn was developed at Pacific Earthquake Engineering Research
Center (PEER), UC Berkeley, USA. The successful results of these experiments are
described in our works [26, 27].

To check the sensitivity of the simulation model to the extremely different
parameters of the concrete strength in plane stress structures it was decided to make
calculations of bearing capacity of deep beams mentioned in the work [28] of the
following researchers: PhD in Technical Science N.I. Karpenko, C.N. Karpenko, A.
N. Petrova. They presented the numerical simulation test of deep beams BS-1 and
BS-2 with similar geometry parameters such as sizes and reinforcement but dif-
fering in concrete strength: 20 MPa and 100 MPa for the samples BS-1 and BS-2
respectively.

The results of our calculations received through CSMM were analyzed alongside
with the mentioned above research results presented in the work [28] where the
method based on physical laws in incremental (step-by-step evolved) form with the
usage of material stress-strain diagrams in the form of broken lines was tested. The
method of physically nonlinear analysis in the study [28] was performed as a
computer simulation program for reinforced concrete deep beams with cracks that
was used to conduct a comparative analysis of the stress-strain state of two struc-
tures characterized by the same reinforcement while concrete used for them is
significantly different in strength.
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Deep beams BS-1 and BS-2 with the height of 1000 mm, thickness 200 mm and
span of 4 m were reinforced by orthogonal mesh with bars Ø16 A500 at 200 mm.
Four bars Ø28A500 were installed as longitudinal reinforcement in the tension zone
(Fig. 1). The support of the deep beams was provided at the ends by steel plates
300 � 300 mm with a thickness of 30 mm. Their loading was modeled as a
stepwise procedure with the transmission of a uniformly distributed load to the
upper side face. Increasing the load to failure included 14 steps for the BS-1 deep
beam and 24 steps for the BS-2 deep beam. The load at failure for the BS-1 deep
beam was 280 kN/m and for the BS-2 deep beam, it was 960 kN/m. With a fivefold
difference in the concrete strength, the failure load differed only by 3.43 times
which is explained by the difference in the mechanisms for the exhaustion of the
material’s strength.

Sample BS-1 was failed due to concrete crushing in the compressed zone
accompanied by the yield of compressed reinforcement. The tensile strength of the
reinforcement was underutilized. The structural failure mechanism of the BS-2 deep
beam was fundamentally different. It was caused by the yield of the longitudinal
tension reinforcement while the stresses in the concrete of the compressed zone did
not achieve the prism strength.

The obtained analysis results gained by the nonlinear computational model
CSMM for plane-stressed concrete showed a fairly good agreement of the values of
the failure loads: the best (960 kN/m) for the deep beam BS-2 and slightly more
divergent (250 kN/m) for the deep beam BS-1. It was possible to achieve a better
approximation of the analysis results for a beam made of concrete with lower
strength by adjusting the sizes of finite elements, however, at this initial stage of
trial calculations, it is not considered as the main issue.

The second group of deep beams for our analysis verification of the computa-
tional model of the University of Houston included more complex samples tested at
the Kyiv National Aviation University [29–31]. T.V. Tugay under the supervision
of a PhD in Technical Science Vl. I. Kolchunov conducted an experimental study

Fig. 1 Dimensions and reinforcement of deep beams BS-1 and BS-2 [12]
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and design of a method for determining the stiffness of composite plane-stressed
reinforced concrete structures with different types of reinforcement and strength
grade of concrete. The research program included laboratory tests of six series of
deep beams that differed in reinforcement ratios, height and strength characteristics
of the concrete in the main lower part and cast upper part of the strip simulating the
structural strengthening (Fig. 2). The test program and the main parameters of the
experimental samples as well as the testing procedure are given in the paper [29].

The samples varied in the reinforcement of the lower “main” part of the deep
beam: for samples of series I and III it was taken as 2Ø12 A500C, for samples of
the remaining series—as 4Ø12 A500C. The longitudinal reinforcement of the upper
“cast” part of the deep beams of all series was the same and consisted of 2Ø12
A500C (Fig. 2).

The height of the main lower concrete layer for different specimens was taken as
180 or 210 mm, for the reference beams concrete without strengthening it was
equal to 250 mm. The height of the concrete reinforcement layer was taken as 40 or
70 mm. The actual concrete strength was 16.48 MPa for specimens of the IV series;
the strength of the primary concrete of all series and strengthening concrete of the
I-IV series was equal to 32.18 MPa; for strengthening concrete of the V series is
equal to 42.54 MPa.

To verify the CSMM model we performed calculations of displacements and
failure loads for plane-stressed reinforced concrete composite deep beams of the
III-VI series that were presented in the experiments [29–31]. The experimental [31]

Fig. 2 Experimental reinforced concrete composite deep beams [13], 1—center line; 2—
transverse reinforcement Ø8 A240C; 3—plate 8 mm thick, welded to the main longitudinal
reinforcement; 4—longitudinal reinforcement Ø12 A500C; 5—reinforcing mesh C1 Ø3 mm
30 � 30 mm; 6—longitudinal reinforcement Ø12 A500C
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and obtained simulated “vertical load-displacement” diagrams shown in Figs. 3, 4,
5 and 6 demonstrate that the results of computer modeling were very close to
experimental data up to the failure of these structural members. It was also con-
firmed that there was an increase in the displacements of strengthened specimens
with an increase of the height of the concrete strengthening layer and the percentage
of reinforcement.

The discrepancy between the simulated and experimental curves in the middle of
the span before the failure of the deep beams presented in Figs. 3, 4, 5 and 6 does
not exceed 10% in three out of four cases and the only twofold discrepancy was
obtained for beam III BS 30–30. It should be noted that T.V. Tugai when calcu-
lating this beam in his thesis stated a significant discrepancy between the results of
simulation and experiment as well [31, p. 151].

Fig. 3 Load-displacement curves for the specimen III BS30-30, a calculated by the model
CSMM; b experimental data [31]

Fig. 4 Load-displacement curves for the specimen IV BS30, a calculated by the model CSMM;
b experimental data [31]
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The methods for analysis of short elements (a/h0 < 1.5) under the action of
transverse forces were developed by PhD in Sciences A.S. Zalesov and T.I.
Baranova. Together they presented the concept for failure of short elements and
deep beams along inclined compressed struts having created a simulation model
[32] which described two types of failure: the loss of strength of an inclined
compressed concrete strut and the rupture of a tensile reinforcing tie. In this case,
the crucial issue is the analysis of principal compressive and tensile stresses.
Experiments showed that the failure of a compressed struts has two features: in
some cases, failure occurred as a result of an oblique shear, in others as a result of
oblique compression. As a result, at the design stage, there is a problem of assessing
the strength of a compressed strut located in the zone of maximum shear stresses.
The solution to this problem depends on the degree of knowledge of the
stress-strain state of short elements and the factors that determine it.

Fig. 5 Load-displacement curves for the specimen V BS30-40, a calculated by the model CSMM;
b experimental data [31]

Fig. 6 Load-displacement curves the specimen III BS30-20, a calculated by the model CSMM;
b experimental data [31]
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The class of short elements is vast so it is necessary to have a universal simu-
lation method implemented in the form of software that allows taking into account
all of the above-mentioned factors affecting the strength of short elements.

T.I. Baranova with a group of colleagues conducted a unique series of experi-
ments including complex research of the influence of the main listed factors.
Authors [33] studied dependence of the failure load on the strength of concrete and
the value of the short shear span a/h0 from 0.25 to 1.5 with the same number of
longitudinal reinforcement. It was found that with the increase of concrete strength
R from 30 to 50 MPa the failure loads increased more slowly than the growth of the
concrete strength. The degree of this disproportion depended on the length of the
shear span and the dimensions of the load and support areas and some other factors.

In the study [34] simulation model of short elements with a/h0 from 1 to 1.5
from the experiments of T.I. Baranova in OpenSees software was made and
researchers could compare the experimental failure loads with the predicted ones.
After some adjustments of the analytical model, namely after correction of the FE
mesh size towards a decrease in the node size we achieved a better convergence
between the values of the simulated and experimental failure loads. Moreover,
additional calculations were performed for short elements with a/h0 from 0.25 to 1.
The visual comparison of these calculations results and experiments is shown in
Fig. 6. One can see that the peculiar experimental nature of the dependences of the
experimental failure loads on shear span is replicated in our calculation results.

The average ratios value of the analytical and experimental data was equal to
1.007 for concrete beams with concrete strength of 29.8 MPa and 1.058 for beams
with a strength equal to R = 51,9 coefficient of these ratios turned out to be very
low and is almost same for both groups of beams: 0.0266 and 0.0255, respectively
(Fig. 7).

Fig. 7 Diagrams of failure load versus strength of concrete R and shear span a/h0. 1 and 2—
experimental and analytical values at R = 29.8 MPa; 3 and 4—experimental and simulated
analytical values at R = 51.9 MPa
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3 Conclusions

Presented study shows that the constitutive fixed angle model CSMM which was
developed at the University of Houston, USA and incorporated into the OpenSees
software package allows to perform precise calculations of the bearing capacity and
displacements of plane-stressed reinforced concrete structures. The simulated
structures were represented by composite elements and short beams with different
shear spans, various reinforcement ratios, concrete grades and other design factors.

The comparative analysis allowed us to conclude that taking into account the
actual properties of concrete under a plane stress state in the form of a nonlinear
model with a fixed angle model CSMM [24] provided a sufficiently high accuracy
of computer modeling of the deep beams.

The most versatile and accurate tool in the design process for assessing the stress
state and serviceability of plane-stressed reinforced concrete structures is computer
analysis based on nonlinear constitutive models where the actual strength and
stress-related properties of concrete and reinforcement are taken into account.
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Calculating the Strengthening
of Construction Structures Before
the Reconstruction of the Building

A. N. Neverov , P. S. Truntov , E. S. Ketsko , and V. I. Rimshin

Abstract At present, are many buildings of various purposes are in operation.
Many of these buildings are in unsatisfactory condition after 15–20 years of use and
need to be repaired. In addition, due to changes in process flow and structural load,
it is also necessary to strengthen the building structure during renovation. It is of
great significance to strengthen of the building structure, because the further
technical condition of the building or building depends on timely repair. In the
design of reinforced building structure, an important stage is to evaluate the tech-
nical condition and suitability of each component of the building. The emphasis this
work is devoted to the process of designing and calculating the foundation slab,
reinforced using the method of one-way build-up. The building has six floors, with
an overall dimension of 63 � 66 m. The spatial rigidity of the building is provided
longitudinal and cross walls, columns, slabs and roofs, as well as the foundation.
The «LIRA-SAPR» and «STATICA» software complexes were used for con-
structive calculations (checking the carrying capacity of the design elements). This
article introduces the calculation scheme of strengthening structure and reviews the
calculation method. The results are analyzed, and the general conclusions about the
calculation and design of building structural strengthening are obtained.

Keywords Gain calculation � Bearing capacity � Reconstruction � Limiting
states � Serviceability
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1 Introduction

The completion and usage of buildings and structures is always accompanied by the
occurrence of various kinds of defects and damage to building structures. To ensure
mechanical safety and durability of structures, it is necessary to repair and restore
load-bearing structures, which in turn can significantly increase the service life of
buildings and structures as a whole [1–5].

However, the need to improve the reliability of buildings and structures arises
not only when various defects and damage to structures appear. This work con-
siders the adjustment of design solutions caused by a change in planning solutions,
a change in the installation scheme of technological equipment, as well as the
device of pits for collecting water in the foundation slab [6–9].

Taking into account the changes introduced for new planning solutions, calcu-
lations of load-bearing structures were performed, and the existing design solutions
were also corrected.

Within the framework of the study, a six-storey building with dimensions in plan
63 � 66 m was considered. The maximum height is 23.8 m. The building is
divided into three blocks. The building frame is made of monolithic reinforced
concrete with a slab foundation on a natural base, consisting of a grid of columns
with a pitch of 4.7 � 6.3 m and floor slabs [10–15].

Floor slabs are made with a thickness of 0.25 m. Foundation slab is made of
monolithic reinforced concrete of class B30, F150, W6 and 700 mm thick. The
columns are rigidly embedded in the foundation and interfloor ceilings, made with
sections of 0.5 � 0.5 m and 0.4 � 0.4 m.

2 Materials and Methods

The calculation of the building together with the base was carried out in the
LIRA-SAPR software package. The modeling of the structural elements of the
building was carried out as follows:

– walls, floors, foundation slab are modeled using lamellar finite elements;
– columns and beams are modeled with bar finite elements;
– the decrease in the modulus of elasticity of reinforced concrete structures is

taken into account;
– the stiffness characteristics of the foundation (variable in terms of the bed

coefficient C1) were determined using the Soil module, taking into account the
determination of settlement by the method of linearly deformable half-space.
The results of engineering and geological surveys were taken as the initial data
for determining the stiffness characteristics of the foundation;

– the reinforcement that directly affects the distribution of forces in the design
scheme is taken into account explicitly, meaning that it is performed either by
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modeling the corresponding added structural elements, or by changing the
sections of existing elements;

– for structural calculations (checking the bearing capacity of structural elements)
the software complexes LIRA-SAPR and STATICA were used.

To strengthen the foundation slab, two calculations were performed: the cal-
culation of the reinforced foundation slab for punching and the calculation of the
reinforced foundation slab along normal sections.

The STATICA software package was used when calculating a reinforced
foundation slab for punching. Within the framework of the calculation, the most
loaded (one which had the greatest deficit in bearing capacity according to the
results of the verification calculation) support zone of the foundation slab was
considered [16–22].

The software package performs the calculation taking into account the action of
a concentrated force and bending moments in two mutually perpendicular planes.
The calculation results must satisfy the condition:

F
Fult

þ Mx

Mx;ult
þ My

My;ult
� 1; ð1Þ

where F, Mx, My are the concentrated force and bending moments in the directions
of the X and Y axes, taken into account when calculating the punching shear from
an external load.

Where Fult, Mx,ult, My,ult are the limiting concentrated forces and bending
moments in the directions of the X and Y axes, which can be perceived by concrete
in the design cross section when they act separately.

The limiting concentrated force Fult is determined by the formula:

Fult ¼ Rbt � Ab; ð2Þ

where Ab is the area of the calculated cross-section, Rbt is the design resistance of
concrete to axial tension.

Mx,ult and My,ult are calculated based on the following formulas:

Mx;ult ¼ Rbt �Wx � h0;
My;ult ¼ Rbt �Wy � h0;

ð3Þ

whereWx andWy are the values of the moments of resistance of the design contour of
concrete when punching in the directions of mutually perpendicular axes X and Y,

h0 is the reduced working height of the section equal to 0.5(h0x + h0y) where h0x
and h0y are the working height of the section for longitudinal reinforcement located
in the corresponding axes.

When calculating the reinforced foundation slab along normal sections, the
LIRA-SAPR software package was used.
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3 Calculations and Results

When calculating the punching shear reinforcement of the foundation slab, the
following provisions and assumptions were taken:

– the calculation takes into account the build-up layer above the foundation slab;
– an increase in the load transfer circuit due to the supporting elements of the

metal cage is not taken into account in the margin (given the complex nature of
the pressure transfer through the corners, reinforced with ribs);

– soil rebound when calculating for punching into the stock is not taken into
account (considering the possible variability of characteristics);

– concrete reinforcement class is taken over the concrete of the existing founda-
tion slab.

Calculation scheme. Column section dimensions—0.5 � 0.5 m, slab thickness
—1.0 m, working height of the slab section h0x = h0y = 0.94 m.

Punching force from the acting load—F = 3127 kN, moment relative to the
X-axis—Mx = 12.0 kN�m.

The calculation uses heavy concrete of class B30, transverse reinforcement
A500.

The calculation result is shown in Fig. 1.
Considering the increase in the thickness of the slab the results of the calculation

of the most loaded support zone of the foundation slab for punching show that the
adopted reinforcement provides the bearing capacity of the support zone without
transverse reinforcement (which would be impossible to install in the actually
existing foundation slab).

The deficiency of reinforcement revealed during the verification calculation was
primarily related to the lower longitudinal reinforcement of the foundation slab. It is
technically impossible to increase the bottom reinforcement of the foundation slab
in the existing building; as a reinforcement, a build-up layer of concrete was
adopted, which is involved in joint work with the existing foundation slab. By
significantly increasing the working section height, the amount of reinforcement
required to absorb the bending moment is reduced.

Figure 2 shows a fragment of the performed verification calculation.
The change in the required reinforcement in the areas with a deficit was analyzed

in the process of selecting the thickness of the concrete layer to be built up. In this

Fig. 1 The result of the punching shear design for the support zone of the foundation slab.
Fragment of the protocol from the PC “STATIC”
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Fig. 2 Lower reinforcement of the foundation slab along the X-axis, cm2/p.m. Areas with a
bearing capacity deficit (up to 50%) are marked with red frames

Fig. 3 Section of the foundation slab before and after reinforcement. The area with the required
reinforcement exceeding the design reinforcement is highlighted in red on the reinforcement
mosaic
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case, the class of concrete is adopted for the concrete of the existing foundation
slab. Figure 3 shows the calculation results for the most loaded area with the
existing thickness of the foundation slab and after building up an additional layer of
concrete, respectively. The required reinforcement does not exceed the design one
in the presence of reinforcement.

The results of calculating the normal sections of the foundation slab, taking into
account the reinforcement in the form of a built-up concrete layer, using the
example of the most loaded sections, show the efficiency of the adopted rein-
forcement option.

4 Conclusions

The use of the STATICA and LIRA-SAPR software complexes made it possible to
complete the project to strengthen the foundation slab and to provide it with the
required characteristics.

Based on the results of calculating the reinforcement of the foundation slab, a
number of adjustments were made to the structural scheme of the building. When
reinforcing the foundation slab, the thickness of the layer to be built up is 0.3 m
(total thickness, taking into account the foundation slab, 1.0 m). The concrete class
of the reinforcement elements is accepted as B40, which is higher than the concrete
class used in the reinforcement calculations. Reinforcement of the built-up concrete
layer was made with reinforcement Ø18 mm with a step of 0.3 � 0.3 m. To ensure
the joint work of the reinforcement with the existing foundation slab, it is necessary
to prepare the surface of the slab in advance, to perform the gluing of transverse
reinforcement.
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Method for Determining the Design
Resistance of a Glued-In Twisted
Elliptical Bar for Pulling Out
in Elements of Wooden Structures

Boris Labudin , Olga Tyurina , Dmitriy Mavrin ,
and Wasim Hasan

Abstract Reinforcement is the most effective way to reinforce timber elements and
transfer forces to nodal joints. In this regard, the search for rational parameters of
rod elements for reinforcement is relevant. The article investigates a twisted rod of
elliptical cross-section (the material of the rod is steel or composite). The main
feature of the twisted rods is the high design characteristics of the pull-out resis-
tance from the elements of wooden structures. This is because the holding force in
the design pull-out resistance includes the friction force at the contact boundary and
the crushing force of the wood under the surfaces of the spiral line. For this
purpose, this paper proposes a method for determining the characteristics of the
pulling strength of a twisted rod of elliptical cross-section, which includes these
parameters.

Keywords Twisted rod of elliptical cross-section � Timber structures � Pull-out
test � Pull-out resistance � Spiral line

1 Introduction

Reinforcement of structures allows you to significantly increase the bearing
capacity of structures. The most interesting issue is the adhesion of the reinforcing
bar. This characteristic depends on the longitudinal section of the rod and the
periodicity of the profile [1–3].

Reinforcement of wood has been known since the beginning of the twentieth
century and was proposed by scientists (A. Klaitila, A. Fischer). Developments in
this area began to be implemented in practice together with the emergence of a
variety of synthetic adhesives and fillers, which solved the problem of the joint
work of the core material and wood. The most common type of reinforcement is
structural reinforcement by gluing metal rods into it at an angle. This method was
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first proposed by Turkovsky [4] and was named “Sistema CNIISK”. There are also
researches in the field of longitudinal reinforcement of wooden structures at the
stage of their manufacture [5, 6].

Despite the economic benefits and technological advantages, the gluing of rods
has a number of problems that prevent its widespread introduction into the pro-
duction process of construction. This is due to gaps in the regulatory framework. At
the moment, the question of the stress-deformed state of non-standard rods (such as
a twisted elliptical rod) has been tiny studied. This article describes the solution to
the issue of determining the design resistance of a twisted elliptical rod to pull-out
from wooden structures. The material of the twisted rods can be either steel or
composite.

2 Methods

Figure 1 shows a general view of a twisted elliptical rod (a) and a cross-section with
geometric characteristics (b). A twisted elliptical rod is characterized by the fol-
lowing parameters: L—rod length; D—diameter of the rod along the outer contour
(D = 2a); d—diameter of the bar along the inner contour (d = 2b); a—the angle of
inclination of the spiral lines to the plane perpendicular to the longitudinal axis of
the bar. Characteristics narrowing elliptical cross section: k = a/b ! a = kb.

Pull-out strength of rods bonded in timber is determined by the pull-out tests
(Fig. 2).

According to the Russian design code [7] the calculated value of the pulling
capacity of rods glued-in parallel to the grain can be obtained from:

Ts:h ¼ Rs:hd0pLks ð1Þ

where Rs.h—design resistance to pulling glued along the grain of wood, MPa; d0—
diameter of the (drilled) hole (for an ellipse d0 = 2 + 0.005), м; L—length of the
embedded part of the rod; ks—coefficient that takes into account the uneven dis-
tribution of shear stresses depending on the length of the embedded part of the rod.

a)
b) 1 – 1 

Fig. 1 Geometric properties of rod
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For us, in Formula (1), the sought value is the calculated resistance to pulling out
of an elliptical twisted rod. Let us take into account the calculation of the strength of
the joints on screw nails under the action of a pull-out force [8]. According to this
calculation [9], the holding force of the design pull-out resistance must take into
account both the friction force at the contact boundary and the crushing force of the
wood [10, 11] under the surfaces of the spiral lines. So, the design resistance of a
helical elliptical rod to pulling out can be determined according to the formula:

Rs:h ¼ R0 þ ke
RcSdem
pd0

ð2Þ

where R0—design resistance of a smooth rod to pulling out, which takes into
account the friction force at the interface of the contact surfaces; Rc—resistance of
wood [12] and adhesive to crushing over the entire surface, obtained from the
results of experiments; S—the ratio of the lengths of the spiral line and its pro-
jection onto the longitudinal axis of the rod; de—spiral lines protrusion width (for
ellipse de = a – b); m—number of spiral lines in the cross-section of the bar (for
elliptical twisted bar m = 2); ke—coefficient derived from experimental studies.

The length of the spiral line is determined by (Fig. 3):

Ls:l ¼ n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRð Þ2 þ k2

q
ð3Þ

where R—the radius of the spiral line, m; k—the pitch of the spiral line, m; n—
number of turns in the spiral line.

Fig. 2 Scheme of the pull-out test

Fig. 3 Length of the spiral
line
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Introduce the angle of the spiral line a:

tan a ¼ k
2pR

ð4Þ

Substitute the angle of the spiral line (4) into the equation of the spiral line length
(3) and obtain the formula:

Ls:l: ¼ n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRð Þ2 þ k2

q
¼ n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRð Þ2 1þ k2

2pRð Þ2
 !vuut ¼ 2pRn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 a

p
ð5Þ

The length of the projection of the spiral line to the longitudinal axis of the bar is
determined according to the formula:

Lp:s:l ¼ nk ð6Þ

We substitute the equation for the angle of the spiral line (4) into the equation of
the projection of the spiral line (6) and obtain the following equality:

Lp:s:l ¼ nk ¼ n2pR tan a ð7Þ

Then the ratio of the lengths of the spiral line and its projection onto the lon-
gitudinal axis of the rod is calculated by the formula:

S ¼ Ls:l:

Lp:s:l
¼ 2pR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 að Þ

p
n

2pRn tan a
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 að Þ

p
tan a

ð8Þ

In the formula for determining the design resistance of the spiral line elliptical
rod to pulling out, we substitute the obtained values of S, dв and d0 and obtain the
dependence for the design resistance of the spiral line elliptical rod:

Rs:h ¼ R0 þ ke
2Rc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 að Þ

p
tan a b k� 1ð Þ

p 2bkþ 0:005ð Þ ð9Þ

According to Eq. (9), the design resistance under the surfaces of the helical line
depends on the following geometric characteristics of the rod [13–15]: the angle of
inclination of the spiral lines to the plane perpendicular to the longitudinal axis of
the rod; the compression ratio of the elliptical section; accepted geometric
dimensions of the ellipse (b or a).

We introduce a coefficient that takes into account the influence of geometric
characteristics on the calculated resistance under the spiral line surfaces:
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kgeom ¼ 2b k� 1ð Þ
p 2bkþ 0:005ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 að Þ

p
tan a

ð10Þ

Figure 4 shows the dependences of kgeom on the angle of inclination of the spiral
line, taking into account the variation in the values of the semi-minor axis b and the
compression ratio k of the elliptical section.

Combining Formulas (9) and (10), we obtain the following dependence for the
calculated resistance of a spiral elliptical rod:

Rs:h ¼ R0 þ kekgeomRc; ð11Þ

kgeom is an integral indicator that takes into account the influence of the wood
crumpling factor and the adhesive under the spiral line surfaces on the pull-out
resistance Rs.h.

From Formulas (10) and (11), we can draw the following conclusions about the
influence of the geometric characteristics of the rod on the Rs.h:

– increasing the angle of inclination of the spiral line a leads to a decrease in Rs.h;
– an increase in the compression ratio [16, 17] of the ellipse k leads to an increase

in Rs.h;
– an increase in the size of the small semi-axis of the ellipse b leads to an increase

in Rs.h.

Fig. 4 Dependence “load—normal tensile stresses” during tensile tests at an angle to the fibers
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3 Concluding Remarks and Further Research

This article proposes a method for determining the design resistance of a glued-in
twisted rod of elliptical section for pulling out. Its main feature is taking into
account both the friction force at the contact boundary and the crushing force of
wood under the surfaces of the spiral line. It should be noted that there are a number
of studies that determine additional parameters of influence on the process of
pulling wood out of structures [18–22]. It is necessary to carry out experimental
studies to determine the influence of unaccounted factors: temperature and humidity
conditions, type of loading, type of wood and adhesive.
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Features of Preliminary Stresses
in Wooden Structures

Mihail Moskalev

Abstract Stress adjustment while in service is the next step in the building
structure development after the pre-stressing usage until the service. However,
during the operation of real structures there were found the following features
which must be applied when designing such structures: extremely high variability
of properties along and across the fibers, leakage in knots which leads to defor-
mation capacity of knot connections, influence of wood humidity, the nonlinear
dependence of the elastic modulus on stresses during deformation of wood, rheo-
logical properties of wood. However, during the operation of real structures there
were found the following features which must be applied when designing such
structures: maximally increase the area of contact surfaces in the nodes to prevent
“trampling down” of wood in them, with this nodal structure as shown by the
experiments given in (Sanaev et al. in Prospects for using unique physicochemical
properties of plants and their ability for self-regeneration in space, 2019) the effect
of knot compliance and anisotropy of wood did not exceed 5%, maintain strict
humidity control, regulation of stresses according to a special algorithm that takes
into account the variable modulus of elasticity and also allows to compensate for
other problems.

Keywords Timber � Active control structures � Actuators and smart structures �
Active � Active control � Control algorithms � Structural control

1 Introduction

Stress adjustment while in service is the next step in the building structure devel-
opment after the pre-stressing usage until the service [1]. However, the main fea-
tures of its usage coincide with the features of pre-stressing. Pre-stressing is
especially widespread in reinforced concrete structures due to the fact that it
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minimizes concrete creep [2]. By this time most of the plant-manufactured
ferro-concrete has pre-stress. By the same token strut beam are widely used in metal
structures [3].

In 1860, a wooden bridge (Elden Bridge) was built by using Long’s trusses
(Fig. 1). In Long’s original drawings structural units and additional braces were
installed in the truss and held by contraction forces. This was a result of using
wedges located at different points in the truss panels [5].

Long described wedges as “3/4 inches thick at the end, 1/4 inches at the back,
one-foot long”. The pre-compression of the braces caused appearing the corre-
sponding pre-stress states in the struts and chords. In 2002, there was the bridge
structural calculations with modeling of pre-stress from wedges, which showed that
pre-stressing allowed to redistribute the bridge structure forces increasing the
structure safety and reducing the bridge deflection by 81% [6].

Zhadanov V. I., Dmitriev P. A. and Tisevich E. V. developed [7] an improved
glu-lam. Its advantage is in the fact that rods equal in length to the package width
are glued into the drilled holes of the pressed board set with reference to its
reduction because of the pressure from compact. Uniform pre-stressing along the
entire length of the set is ensured by the rod step from 300 to 500 mm.

Under the leadership of V. N. Golovach (Belarusian Polytechnic Institute), a
pre-stressed frame was developed (Fig. 2). This frame is shown like an additional
beam supported by braces which is laid under the crossbar supported by the posts [8].

Fig. 1 Elden Bridge, built in 1860 [4]

Fig. 2 Pre-stressed wooden frame
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Structural stress control is a new approach compared to the “traditional”
approach, which allows to save material by regulating stresses using torqueing
during the operation of structures. A similar approach is used in metal structures
however stress control in wooden structures faced the following problems [9].

2 Methods

However, during the operation of real structures there were found the following
features which must be applied when designing such structures:

• Extremely high variability of properties along and across the fibers [10]. The
strength and deformability of wood along and across the fibers differ 5–10 times
(according to). In this regard, when stresses along the fibers are much lower than
the ultimate strength, the wood across the fibers begins to sustain plastic flow.
This phenomenon is known as “trampling down” of wood in the knots [11];

• Leakage in knots which leads to deformation capacity of knot connections. The
deformation capacity of nodal joints under the action of deformations from
compression-tension is characterized by the C-toughness factor, which is cal-
culated by the following formula:

C ¼ P=d; ð1Þ

where P is the compressive-tensile force; d—linear deformation of compliance
[12, 13]. Calculation of the average coefficient of C-toughness factor in bending,
when the angle a (the angle between the direction of the force and the axis of
symmetry of the cross section) varies from 0 to 90; is produced by the transition
from linear to angular deformation:

C ¼ M=h ð2Þ

where M is the bending moment; h is the angular deformation of the compliance.
In this case, the tolerance caused by the edge deformations is not taken into
account due to the small edge deformations in comparison with the deformations
of the bond compliance due to bending and trampling down of the wood.

d ¼ dheat þ dy ð3Þ

where dnepl—compliance due to the looseness of the nodal connection; dy—
compliance of elastic properties of the nodal element;

• Influence of wood humidity [14, 15]. An increase of humidity in wooden
structures leads to decreasing elastic characteristics (Young’s modulus, shear
modulus, etc.) in accordance to the following formula [2]:
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E12 ¼ EW

1� a W � 12ð Þ ð4Þ

When the humidity changes the elastic modulus changes up to 2 or more times.
The strength characteristics of wood depend on humidity according to the following
formula:

B12 ¼ BW 1þ a W� 12ð Þð Þ ð5Þ

where E12 is the elastic modulus at 12% humidity, EW is the elastic modulus at W
humidity, B12 is the strength characteristic at 12% humidity, BW is the strength
characteristic at W humidity, a is the correction factor for various types of stress
state, a = 0.05 at compression, a = 0.04 for bending and a = 0.03 for shearing [16].
This formula is valid in the sample humidity range from 8 to 23%. Thus, with an
increase in moisture content, wood fluidity and loss of the effect of pre-stressing are
also observed; Wood in structures is dried to a moisture content of 12%. It is then
exposed to short-term (daily) and long-term (seasonal) changes in relative humidity
during operation. But at the same time, short-term changes in humidity affect only
the surface layers with a thickness of no more than 10–15 mm. To protect against
long-term changes, it is recommended to cover the wood with any protective coat of
paints and varnishes, and also to prevent significant long-term changes in humidity
by ventilation and heating [17].

• Relatively recently, another factor was revealed—the nonlinear dependence of
the elastic modulus on stresses during deformation of wood [18, 19].

• Rheological properties of wood [20, 21]. Wood consists of components with
different elastic properties, what results in redistribution of internal stresses
between the component parts of the material. As a result, the stress state and
deformation of structural elements change in some time. On the basis of the
regression analysis, it was established that at a constant loading time the
deformation process obeys a single regularity:

d tð Þ ¼ d1 1þu tð Þ½ � ð6Þ

where d1 is the deformation of the joint at the initial moment of loading,
determined experimentally and depending on the type and material of the joint,
the level of loading, temperature and humidity operating conditions and
technological factors; u(t) is the creep characteristic of the joint, which is the
ratio of creep to d1. The u(t) value is determined by the expression

u tð Þ ¼ u1 1� e�ctð Þ ð7Þ

where u∞ is the limiting characteristic of the joint creep at the moment of
stabilization of its deformation, c—is the coefficient characterizing the rate of
development of creep deformation in time t, days. The strength of wood with
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prolonged application of the load decreases to 1.5 times according to the
following graph (Fig. 3). Deformations of wood also increase during time. This
influences the fact that the maximum pre-stressing value must be assigned
taking into account the maximum long-term deformations [19].

As a result of the influence of the above mentioned factors designing of struc-
tures with the regulation of stresses in wooden structures is complicated.

3 Results and Discussion

However, during the operation of real structures there were found the following
features which must be applied when designing such structures:

1. Maximally increase the area of contact surfaces in the nodes to prevent
“trampling down” of wood in them. An example of such a node is shown in
Fig. 4 from work. With this nodal structure as shown by the experiments given
in the effect of knot compliance and anisotropy of wood did not exceed 5%.

2. Maintain strict humidity control. Avoid changes in humidity during operation of
the structure, or correct pre-stressing taking into account changes in humidity.

3. Regulation of stresses according to a special algorithm that takes into account
the variable modulus of elasticity and also allows to compensate for other
problems.

According to the static scheme this node is hinged since in its composition the
“sliders” can rotate in a “hemisphere” around the center of the node. The elements
of the upper chord or braces transfer forces directly to the sliders. The elements of
the lower chord are directly attached to the hemisphere by means of welding or end
elements of the “Markhi” knot type. The strength of the knot connection is ensured
by the spherical shape of the knot element, since the ball works well in compres-
sion. The connection of the sliders with the elements of the braces is carried out
using end elements, also of the “Markha” type. If plywood pipes are used as braces,

Fig. 3 Changes in the strength of wood over time
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then the connection with the sliders is carried out using the thread onto which the
pipes are screwed [14].

The use of a similar unit (see Fig. 4) is also rational when connecting the
wooden elements of the upper chord and the wooden elements of the lattice of the
braces of the metal-wood PSC.

The support unit of the metal-wood PSC in which the puffs are attached to it is
shown in Fig. 5. This node based on the Kislovodsk system is made with some

Fig. 4 Elden Bridge, built in 1860. 1—node spherical element, 2, 6—spherical washers, 3—lugs
in the form of clips for rod elements of braces, 4—connectors transmitting forces from braces to
the bearing node element, 5—metal-wood braces PSC, 7—metal belt element, 8, 9—tapered holes
allowing rotation of the brace elements around the center of the node element

Fig. 5 The support unit of the metal-wood PSC in which the puffs are attached
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changes. The brace and tie axes converge at one point. The node element is a
truncated polyhedron.

4 Conclusion

Considering the above recommendations, the following should be noted:

• regulation of stresses in timber structures is quite possible;
• one of the peculiarities of stress regulation in wooden structures is a high
dependence on humidity;
• at the same time, it is extremely important to avoid crushing the wood in the
knots;
• the author proposed a model and received a patent for a nodal connection with the
exclusion of hugging in the nodes.
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Regulation of Stresses in Structures
of Buildings Located in Extreme
Wind Conditions

Mihail Moskalev and Dmitriy Charnik

Abstract The Arctic and the Antarctic areas are characterized by extreme wind
loads that exceed the standardized by SP. These areas are characterized by a sig-
nificant distance from material and raw material bases and road transport arteries.
Under these circumstances, the problem of perception of extreme wind loads must
be solved with a minimum consumption of building material. One of the ways to
minimize the consumption of building materials is to use an innovative approach to
regulate stress in building structures The software package SCAD++ is used for the
calculation. 1. Metal columns—column I-beam 23К1 GOST 26020-83, I-beam
wide-flange 26SH1 GOST 26020-83, I-beam wide-flange 23SH1, I-beam norma
23B1. Covering load due to its own weight—0.15 t/m2. Snow load—0.19 t/m2.
Wind load: upwind side 0.87 t/m2, leeward side—0.55 t/m2. Change in the value of
displacement along the x-axis in the first version of the wind load and an increase in
the tension of steel ropes from 1 to 25 t. Due to the tension of the ropes, it is
possible to reduce the horizontal movement from 24.171 to 20.84 mm, the differ-
ence was 3.31, the movement decreased by 14%.

Keywords Active control structures � Actuators and smart structures � Active �
Active control � Control algorithms � Structural control � Steel � Steel constructions

1 Introduction

The Arctic and the Antarctic areas are characterized by extreme wind loads that
exceed the standardized by SP [1, 2]. These areas are characterized by a significant
distance from material and raw material bases and road transport arteries [3]. Under
these circumstances, the problem of perception of extreme wind loads must [3–6]
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be solved with a minimum consumption of building material [7–9]. One of the ways
to minimize the consumption of building materials [10] is to use an innovative
approach to regulate stress in building structures [11–13]. In this work the survey of
the effectiveness of applying this approach to the design of a modular building
located in the Antarctic conditions [14] with the following characteristics was
conducted [15]:

• Length—54 m.
• Width—from 18 to 30 m.
• Number of storeys—2, the height of the first and second floor is 3390 and

3110 mm respectively.
• The height of the building is 8.31 m.
• The building is installed on piles buried below the freezing depth.
• According to the constructive solution, the frame of the building was adopted as

a frame-braced one [16].
• The appointment of the building is a scientific laboratory, with office, communal

and residential premises.

The solution to the problem of voltage regulation is assumed in the nodes of
building structures using puffs [5, 13, 17–20].

2 Methods

The software package SCAD++ is used for the calculation [21].
Structural elements:
1. Metal columns—column I-beam 23К1 GOST 26020-83 (Figs. 1, 2, 3, 4, 5, 6

and 7).

Fig. 1 Column I-beam 23К1
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Covering load due to its own weight—0.15 t/m2. Snow load—0.19 t/m2. Wind
load: upwind side 0.87 t/m2, leeward side—0.55 t/m2.

Before the calculation, the following load combinations cases were compiled
(Fig. 8).

Fig. 2 I-beam wide-flange
26SH1 GOST 26020-83

Fig. 3 I-beam wide-flange
23SH1
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Fig. 4 I-beam norma 23B1

Fig. 5 Self-weight loading scheme. Coating load—0.15 t/m2
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3 Results and Discussion

Change in the value of displacement along the x-axis in the first version of the
wind load and an increase in the tension of steel ropes from 1 to 25 t [22] (Figs. 9,
10 and 11).

In Fig. 13 the columns in which the internal forces were checked are marked in
red (Fig. 12).

Fig. 6 Wind load scheme option 1

Fig. 7 Wind load scheme option 2
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Fig. 8 Load combinations

Fig. 9 Wind load direction

Fig. 10 Rope tension scheme

Fig. 11 Node location

202 M. Moskalev and D. Charnik



4 Conclusions

See Tables 1 and 2.

Fig. 12 Columns in which the internal forces were compared

Fig. 13 Color display of efforts N t
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Deformation of 2D RC Beam-Column
Joint

Sergey Savin , Anastasia Obydina , and Ekaterina Mikhailik

Abstract In the beam-column subassembly and adjacent bar sections of RC frames
of frame-braced structural systems, a complex 2D stress–strain state arises. The
computational models for such subassemblies presented in the scientific literature
are mainly based on a simplified representation of the forces acting in them. These
ones allow evaluate the implementation of the characteristic destruction mecha-
nisms and further each of them is analysed separately. Therefore, in this article, a
finite difference method is proposed for deformation analysis of a reinforced con-
crete beam-column monolithic subassembly. A distinctive feature of the proposed
solution is the ability to take into account the discrete nature of the reinforcement,
as well as the incomplete adhesion of reinforcement to concrete along the contact
surface. Also, the article presents an example of calculating the deformed state of a
beam-column monolithic subassembly of a RC frame scale model, for which a
simulation was previously performed using bar FE. Comparison of the calculation
results according to the proposed model and the traditional bar model shows the
differences in the deformed state of the 2D RC beam-column joint. This can be
explained by taking into account the 2D stress–strain state factors, which are not
taken into account in the bar model.

Keywords Reinforced concrete � Beam-column joint � Finite difference �
Numerical analysis � Deformation
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1 Introduction

In the reinforced concrete frames of buildings and structures at the beam-column
junctions, a complex stress–strain state arises under external forces [1, 2]. In some
cases, when the girders adjoin the column only from two opposite faces in the case
of a frame-type assembly, such a stress–strain state can be conventionally con-
sidered as biaxial, assuming that the stresses are distributed relatively uniformly
over the section width (from the plane of action of bending moments).

For a more accurate account of the deformed state of such 2D frame joints, as a
rule, approaches are used that are similar to the applied element method [3, 4],
which has gained wide recognition in recent years in modeling the deformation and
destruction of reinforced concrete bearing systems of buildings and structures under
special influences. Better convergence with experimental data when using the
applied element method compared to the standard FEM procedure in a bar for-
mulation is achieved by simulating the connection between short sections of
structural elements using elastic-yielding springs.

Analysis of the calculated models of the girder-column interface nodes presented
in the scientific literature shows that most of them are based on a simplified rep-
resentation of a complexly stressed element by replacing stresses with generalized
forces. Thus, highlighting two characteristic resistance mechanisms, truss and
compressed inclined strip, Hwang and Lee [5] assess the possibility of their
implementation separately. A similar approach to the analysis of the work of the
girder and column interface units, which are somewhat different in their design, can
be found in the works of other authors [6–8]. In works [9–11], the behavior of a
plane joint element is modeled using elastic ties (springs). The introduction of such
elastic-yielding bonds between elements into the computational model allowed
Feng and Ning [9] to achieve better quantitative and qualitative convergence with
experimental data than when using traditional rod models of the finite element
method with rigid nodal joints. However, the use of the described approach is
associated with the complexity of determining the compliance parameters of the
elements-springs, taking into account the possibility of cracking, leading to the
structural orthotropy of the plane-stressed joint [9, 12–14].

Summarizing the results of a brief analysis of the calculated models of the
beam-column joints presented in the scientific literature, it can be concluded that the
models of such nodes are mainly based on a simplified representation of the forces
acting in them and an assessment of the implementation of one of the characteristic
fracture mechanisms, the analysis of each of which performed separately. In this
regard, the purpose of this work is to develop a generalized design model of a 2D
reinforced concrete frame unit, which would take into account the presence and
location of longitudinal and transverse reinforcement, as well as various loading
options for beams and columns adjacent to the joint.
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2 Method

To assess the nature of deformation and destruction of 2D nodes of reinforced concrete
frame-tie frames of buildings and structures in this study, we will use a model of a
bearing system consisting of universal physically nonlinear rod finite elements of
girders and columns and special elements (by the type of super elements [15, 16]),
modeling crossbar-column interface nodes. In this case, the stress–strain states of the
sections at the ends of the bar elements will be the boundary conditions for calculating
the nodal connection. The further solution of the problem of estimating the stress state
of a node will be carried out in the “plane stress state” setting, neglecting the stresses
from the plane of the load action, assuming that they are small in comparison with the
components of the stress state in the plane. As a first approximation, the area bounding
the junction of the column and the girder will be considered rectangular.

In contrast to the traditional approach to the calculation using super elements, in
this study, the general solution to the problem of the plane stress state of a
monolithic girder-column interface is based on the grid method in displacements.
The use of the grid method makes it possible to construct an algorithm that is
simpler than the FEM for assessing the convergence of the calculation results and
adjusting the density of the region partitioning to achieve the required accuracy, as
well as taking into account the contact interaction of reinforcement and concrete.
The form of writing the problem in displacements, in turn, makes it possible to
avoid solving additional problems of evaluating the values of the stress function at
the nodes on the contour of the region that bounds the considered rectangular
special element of the crossbar and column conjugation.

Following the accepted two-dimensional formulation of the problem of calcu-
lating the stress–strain state of the element of the joint of the girder and the column
of a reinforced concrete frame, the equilibrium equations of an infinitesimal volume
of an orthotropic body can be written in displacements in the following form:

Ex

1� m2
@2u
@x2

þ Eymx
1� m2

@2v
@x@y

þGxy
@2u
@y2

þ @2v
@x@y

� �
¼ 0;

Ey

1� m2
@2v
@y2

þ Exmy
1� m2

@2u
@x@y

þGxy
@2v
@x2

þ @2u
@x@y

� �
¼ 0;

ð1Þ

where u, v are displacements of grid nodes along orthogonal coordinate axes OX
and OY, respectively;

Ex, Ey are reduced moduli of material deformations along the orthogonal coor-
dinate axes OX and OY, respectively;

Gxy ¼
ffiffiffiffiffiffiffiffiffiffi
ExEy

p
2 1þ mð Þ½ ��1 is a reduced shear modulus;

mx ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffi
Ex=Ey

p
; my ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffi
Ey=Ex

p
;

m is Poisson ratio, which takes value m = 0.2 for concrete.
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In Eq. (1), we neglected the components of the volumetric forces from the
self-weight of the material, since they do not make a significant contribution to the
general stress state of the element at the loading stages considered in the study.

We divide the area bounding the joint element under consideration by a grid with
the same horizontal and vertical spacing so that the centers of gravity of the rein-
forcing bars coincide with the grid lines (Fig. 1a).

3 Results and Discussion

3.1 Construction of a Computational Model
and Finite-Difference Equations of the Grid Method

Let us write down the derivatives in Eq. (1) in finite differences:

@2ui
@x2

¼ u i�1ð Þ � 2ui þ u iþ 1ð Þ
D2 ;

@2vi
@y2

¼ v i�n�1ð Þ � 2vi þ v iþ nþ 1ð Þ
D2 ;

@2ui
@y2

¼ u i�n�1ð Þ � 2ui þ u iþ nþ 1ð Þ
D2 ;

@2vi
@x2

¼ v i�1ð Þ � 2vi þ v iþ 1ð Þ
D2 ;

@2ui
@x@y

¼ u i�nð Þ � u i�n�2ð Þ þ u iþ nþ 2ð Þ � u iþ nð Þ
4D2 ;

@2vi
@x@y

¼ v i�n�2ð Þ � v iþ nð Þ þ v i�nð Þ � v iþ nþ 2ð Þ
4D2 ;

ð2Þ

Fig. 1 Scheme for the calculation of a joint element by the method of meshes: general view (a);
accepted rule of numbering grid nodes (b)
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where D is a dimension of grid bay (Fig. 1b).
For the mixed derivative, we additionally write an expression in one-sided

differences, which will allow us to relate the equilibrium equation (2) for the corner
points of the contour of the element under consideration to the boundary conditions:

@2ui
@x@y

¼ u i�nð Þ � u i�n�1ð Þ þ u iþ nþ 2ð Þ � u iþ nþ 1ð Þ
D2

¼ u i�n�1ð Þ � u i�n�2ð Þ þ u iþ nþ 1ð Þ � u iþ nð Þ
D2 ;

@2vi
@x@y

¼ v i�n�2ð Þ � v i�1ð Þ þ v i�nð Þ � v iþ 1ð Þ
D2

¼ v i�1ð Þ � v iþ nð Þ þ v iþ 1ð Þ � v iþ nþ 2ð Þ
D2 :

ð3Þ

Then Eq. (1) taking into account (2) for the i-th point of the considered plane
stressed element (except for the corner points) can be rewritten as:
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�
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For the corner points of the contour, instead of (2), expressions (4) should be
substituted into Eq. (1).

When deriving Eq. (4), the following designations were adopted: ai, bi, ci, di are
the coefficients of reduction of the deformability parameters of materials at the
nodes intersected by the reinforcing bars, as well as at arbitrary nodes of the
element in question in the deformed state and determined from the relations:
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where Eb, Es are deformation moduli for concrete and steel rebars respectively;
Asx, Asy are—cross-sectional area of reinforcing bars along the OX and OY axes,

respectively, whose axes pass through the i-th mesh node;
bcol is a width of column cross section;
D is a dimension of grid bay for the beam-column joint under consideration;
k is a coefficient taking into account the transfer of shear forces from concrete to

the surface of reinforcing bars and taken in the range from 0 to 1, where 1 corre-
sponds to the full transfer of forces, and 0 corresponds to the complete absence of
adhesion between the reinforcement and concrete [17–19].

3.2 Calculation of the Beam-Column Joint Deformed State

Using the relations obtained in the previous section, we will calculate the deformed
state of the T-shaped node along the “A” axis of the scale model of the reinforced
concrete frame presented in [20]. The frame reinforcement scheme is shown in
Fig. 2. The materials of the frames of the first series are following: concrete of
compression strength class B25, for which the standard compression resistance is
Rb,n = 18.5 MPa, and the initial elastic modulus is E0 = 30,000 MPa. The columns
and crossbars are reinforced by spatial reinforcement cages with axial steel wire
of class Bp500 (Rs,n = 500 MPa) and transverse steel ties of class A300
(Rs,n = 300 MPa).

Fig. 2 Reinforcement scheme of 2D scale model of RC moment frame
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At the stage of normal operation, axial forces P1 = 4 kN, P2 = 20 kN, P3 = 16
kN have been applied to the upper nodes of the frame as it is shown in Fig. 3. The
calculation results for the 2D beam-column joint are presented in the form of
displacement plats U(x), m and W(z), m in Figs. 4 and 5.

Therefore, we considered an example of calculating the deformed state of a
girder-column node of a scale model of a reinforced concrete frame, for which a
simulation was previously, performed using bar FE. Comparing results of calcu-
lation allows us to conclude that structural behavior of plane-stressed joint model
and bar model differs. This can be explained by taking into account 2D stress–strain
state within the 2D model of the finite difference method. That makes such solution
more accurate.

In order to simulate the deformed state of a 2D reinforced concrete beam-column
joint of the moment frame, the model based on a finite difference method is pro-
posed. A distinctive feature of the proposed solution is the ability to take into
account the discrete nature of the reinforcement, as well as incomplete adhesion of
the reinforcement to concrete along the contact surface.

Fig. 3 Calculation scheme of the experimental scale model of the RC frame: primary—“n” (a);
secondary—“n − 1” (b); axial forces, kN (c) and bending moments, kNm (d) at t = T/4 after
sudden corner column removal at the first floor
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4 Conclusions

Summarizing the results of the study, the following conclusions can be formulated:

1. A computational model of a 2D beam-column joint of a reinforced concrete
frame in the form of a finite difference method has been built.

Fig. 4 Displacement plats for the T-shaped RC frame beam-column joint along the “A” axis:
U(x), m (a) and W(z), m (b)
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Fig. 5 Deformed RC beam-column joint under 2D stress–strain state (a) and bar model (b)
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2. Comparison of the calculation results according to the proposed model and the
traditional bar model shows the differences in the deformed state of the 2D RC
beam-column joint. This can be explained by taking into account the 2D stress–
strain state factors, which are not taken into account in the bar model.
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The Stability of Wood Composite Wall
Panels with Elastically Deformable
Mechanical Links

B. V. Labudin , E. V. Popov , P. A. Shemelyak , V. V. Sopilov ,
A. V. Bobyleva , and E. S. Zabbarova

Abstract Composite panels with wooden ribs and covers, made of board materials
—are the universal enclosing and supporting structures. When such structures are
subjected to vertical loads, the main part of the load is absorbed by the vertical
load-bearing ribs. Due to the shear resistance of screw connections, part of the load
can be absorbed by the sheathing. With relatively large spacing between the fixing
points at floor level, an important factor in determining the required cross-sectional
dimensions of ribs is to ensure their stability from the wall plane; and considering
the joint operation of ribs and sheathing allows the critical compressive force to be
significantly increased. The feature of such structures calculating is the necessity to
take into account the ties ductility at the seams of the layers. Because of it, the
critical force cannot be calculated by the classical Euler formula as for a composite
structure with rigid bonds. The presented mathematical model is based on the
solution of determinant equation which is obtained from differential equation sys-
tem of 3-layer composite element considering both mutual shift of layers and shifts
of elastic axis from vertical in a given form. The resulting expression allows to
determine the value of critical force taking into account major parameters of the
composite structure. Considering the sheathing in the framing operation allows
increasing the critical force by 70%, which is mainly influenced by the stiffness of
the shear bonds. Increasing the thickness of covers does not have the same tangible
effect.
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1 Introduction

Composite structures, made of various materials, are widely used in the construc-
tion of civil building, industrial and agricultural structures [1, 2]. Composite panels
with wooden ribs and covers, made of board materials—are the universal enclosing
and supporting structures that can be used as covering, floors, wall envelope; and
also as the main load-bearing elements in wooden-frame building. Such elements
perform the functions of beams, flooring, lining, can provide thermal protection of
the building (panels with the insulation inside the structure), and perform the
function of horizontal stiffness diaphragms. There are numerous studies devoted to
improving the performance of such panels. A new method is proposed in [3] for
joining the outer and inner layers of 3-layer panels, which makes it possible to
significantly increase the resistance of joints to longitudinal and transverse shear.
The bent strength of prefabricated reinforced concrete wall panels with insulation
using various connections between the outer bearing reinforced concrete layers is
studied in the article [4]. The research for the ultimate compressive load and
analysis of the stability of carbon fiber and glass fiber panels with stiffening ribs
«Z»-profile and «L»-profile is presented in [5]. The results of studies of shear
strength between layers of modular sandwich panels with a sheath made of high
density polyethylene depending on the stamping method are presented in article [6].
The development of wood-based materials and structures base has made it not only
technically possible but also economically feasible to use ribbed wall panels and
volumetric modules in buildings and structures for various purposes [7–9].

The advantages of such panels (Fig. 1) are most evident when it combines
load-bearing and enclosing functions, while the main longitudinal ribs take on
racks’ role, and the covers take on enclosing layers’ role.

It is possible to increase the load-carrying capacity of the ribs by effectively
engaging the covering panels, for which a rigid adhesive bond at the
«rib-sheathing» boundary is traditionally used. At the same time, the use of
adhesive bonds significantly complicates the technological process of wall panels’
production, which contradicts the main idea of using such structures—simplicity
and low production cost. A number of experimental and theoretical studies [10]
demonstrated the advisability of taking the sheathing into account when jointing it
to the ribs, using semi-rigid mechanical ties. Nails, screws, staples or combined
connections based on claw washers are used as mechanical ties. Studies [11] present
that taking the participation of the covers due to the screw ties into account gives a
significant effect on the stiffness increasing of wall panels during shear when it
serve as vertical diaphragms.

However, additional research is needed on the behavior of composite panels,
where the ribs are the main load-bearing elements of the frame, and on the influence
of the thickness of the covers and the stiffness of the ties on the strength and
stability of such panels.
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2 Models and Methods

In the engineering design of timber framed ribbed panels it is permissible to con-
sider reduced T- or I-sections where the sheathing acts as the flanges. The normal
stresses along the axis of the panel arising in the flanges will be greatest at the ribs
and reduce as they move away from the ribs. In the middle of the sheathing the
stresses will have a minimum value. Therefore, the reduced width of the sheathing
(Fig. 2), rather than the actual width, must be included in the calculation so that the
values of the highest longitudinal stresses for the actual and reduced cross-sections
are equal [12–14].

According to [15] the possibility of loss of stability in the calculation of
centrally-compressed rods is taken into account by the introduction of a bending
coefficient, from the condition:

N
F � u �Rc; ð1Þ

where F is the cross-sectional area;

Fig. 1 Ribbed wood
composite wall panel
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u is the longitudinal bending coefficient determined according to the formula:

u ¼ rcr
Rc

; ð2Þ

where rcr is the value of compressive stresses corresponding to the loss of stability
(critical force Ncr).

In order to determine the bending coefficient, it is necessary to determine the
fraction of the load that falls on the strut when the critical force Ncr is applied. The
system of equations for a three-layer composite element [16–21] is presented
below:

T 00
n1
¼ D11T1 þD12T2 þD10

T 00
n2
¼ D21T1 þD22T2 þD20

(
; ð3Þ

where Ti is the force at the joints of the composite bar,
Dij, Diy are coefficients at the unknowns;
Di0 are free terms;
ni is the stiffness factor of the shear links in the i-joint, determined by Formula

(12).

D11 ¼ 1
E1 � A1

þ 1
E2 � A2

þ c21
REI

;

D22 ¼ 1
E2 � A2

þ c21
REI

;

D12 ¼ D21 ¼ �1
E2 � A2

þ c1c2
REI

;

ð4Þ

Fig. 2 Schematic of the calculated reduced panel cross-section: a—actual cross-section; b—
design cross-section
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D10 ¼ �N0
1

E1 � A1
þ N0

2

E2 � A2
þ M0 � c1

REI
;

D20 ¼ �N0
2

E2 � A2
þ N0

3

E3 � A3
þ M0 � c2

REI
;

ð5Þ

where E1, A1, E3, A3—modulus of elasticity and cross-section area of outer and
inner sheathing respectively; E2, A2—the same, ribs; c1, c2—distance from centre of
gravity of outer/inner sheathing to rib centre respectively; N0i—longitudinal load of
i-th element; M0—total bending moment from outer load; REI—bending stiffness of
a zero shear joint rod.

As we consider the case of central compression and consider the application of
external load on the strut with its redistribution onto the sheathing only by the
operation of mechanical connections, we assume in further calculations that
M0 = N0

1 = N0
3 = 0.

The system of Eqs. (3) can be represented by two independent equations for the
generalized unknown joint forces T12:

T
00
1 ¼ k21T1 þR1; T

00
2 ¼ k22T2 þR2 ð6Þ

where R1;2 are the generalized load terms defined by expressions (7);

k1;2—the characteristic numbers determined by (8).
R1 ¼

ffiffiffiffiffi
n1

p
D10 cosuþ

ffiffiffiffiffi
n2

p
D20 sinu;

R2 ¼ �
ffiffiffiffiffi
n1

p
D10 sinuþ

ffiffiffiffiffi
n2

p
D20 cosu;

ð7Þ

k1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

n1D11 þ n2D22 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn1D11 � n2D22Þ2 þ 4D2

12n1n2

q� �s
: ð8Þ

The functions of the generalised unknown forces in the joints and T1T2 are of
the form:

T1 ¼ A1sh k1xð ÞþB1ch k1xð Þþ
Zx
0

R1 tð Þsh k1 � x� tð Þ½ �dt;

T2 ¼ A2sh k1xð ÞþB2ch k1xð Þþ
Zx
0

R2 tð Þsh k2 � x� tð Þ½ �dt:
ð9Þ

The expressions bellow are used to move from the functions T1 and T2 to the
shear forces T1(x) and T2(x):
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T1 xð Þ ¼
ffiffiffiffiffi
n1

p
� cosu � T1 �

ffiffiffiffiffi
n1

p
� sinu � T2;

T2 xð Þ ¼
ffiffiffiffiffi
n2

p
� sinu � T1 �

ffiffiffiffiffi
n2

p
� cosu � T2:

ð10Þ

The angle u is determined by the formula:

u ¼ arctg
k21 � n � D11

n � D12

� �
: ð11Þ

The joint stiffness coefficients ni are determined according to the formula:

ni ¼
n � cc;i
Sc;i

; ð12Þ

where cc,i is the stiffness factor of the joints in the i-th joint, determined
experimentally;

Sc,i—spacing of connections; n—amount of longitudinal ribs.
Substituting expressions (4) and (12) into (12) and integrating the right part of

the equations, the following equalities are obtained:

T1 xð Þ ¼ A1sh k1xð ÞþB1sh k1xð Þ

�
ffiffiffiffiffi
n1

p � D10 � cosuþ ffiffiffiffiffi
n2

p � D20 � sinu
� � � ch k1xð Þ � 1ð Þ

k21

" #
;

ð13Þ

T2 xð Þ ¼ A2sh k2xð ÞþB2sh k2xð Þ

�
ffiffiffiffiffi
n1

p � D10 � cosuþ ffiffiffiffiffi
n2

p � D20 � sinu
� � � ch k1xð Þ � 1ð Þ

k22

" #
;

ð14Þ

The arbitrary constants Ai and Bi are determined from the boundary conditions
(shear forces at the supports without shear hindrances is equal to 0):

x ¼ 0 ! T1ð0Þ ¼ T2ð0Þ ¼ 0; x ¼ l ! T1ðlÞ ¼ T2ðlÞ ¼ 0:

Substituting boundary conditions into expressions (13) and (14), the following
expression is obtained: B1 = B2 = 0,

A1 ¼
ffiffiffiffiffi
n1

p
D10 cosu � 1� chlk1ð Þþ ffiffiffiffiffi

n2
p

D20 sinu � 1� chlk1ð Þ
k21 � shlk1

; ð15Þ

A2 ¼
ffiffiffiffiffi
n2

p
D20 cosu � 1� chlk2ð Þ � ffiffiffiffiffi

n1
p

D10 sinu � 1� chlk1ð Þ
k22 � shlk2

: ð16Þ
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Substituting values A1 and A2 in (13) and (14) and then the values obtained into
expressions (10) makes it possible to determine the shear forces Ti in any
cross-section along the height of the post. The normal stresses in the ribs are
determined by the formula:

rr ¼ 1
nr

�T1 þ T2
Ar

�Mr � 0:5 � tr
Ir

� �
; ð17Þ

where Mp is the moment in the rib resulting from the work of the shear bonds,
determined by formula (18) (for a symmetrical three-layer panel, Mp = 0); nt is the
number of longitudinal ribs.

Mr ¼ � T1 � c1 þ T2 � c2ð Þ � Er � Ir
REI

ð18Þ

To determine the value of Ncr, consider a strut as a composite 3-ply compressed
rod, the outer layers of which are sheathing and the inner layers are branches
(Fig. 3). The shear bonds in the 2 outside seam are ductility (nails, screws) or rigid
(glue) ties. The system of differential equations of a composite compressed rod with
account for the longitudinal bend has form:

T 00
1 =n1 ¼ D11T1 þD12T2 þD1yyþD10

T 00
2 =n2 ¼ D21T1 þD22T2 þD2yyþD20

RN0y00 ¼ Dy1T1 þDy2T2 þDyyy2 þDy0

8<
: ; ð19Þ

Fig. 3 Dependencies of |Ncr| for a single rib on the stiffness of the bracing cladding to ribs: a—
OSB cladding; b—FRC; c—particle board; 1—tob = 12 mm; 2—tob = 15 mm; 3—tob = 18 mm
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Here:

Dyi ¼ Dyi ¼ RN0

REI
ci; Dyy ¼ RN0ð Þ2

REI
; Dy0 ¼ RN0

REI
M0; ð20Þ

where y is the deflection of the element;

RN0—total longitudinal load on the panel.

Since M0 = 0, the coefficients Di0 and Dy0 are 0, the system is homogeneous. Its
solution is Ti = 0, y = 0. However, for some total values of the longitudinal force
the homogeneous system has solutions other than zero which correspond to the
forms of loss of stability of the compressed composite rod. These values of the total
longitudinal force RN0 are critical. At articulated end restraint of the rack the
boundary conditions are: x = 0 Ti = 0 ! y = 0; x = l ! Ti = 0, y = 0. The system
of differential equations under these boundary conditions has solution [12]:

Ti ¼ ai sin vx; y ¼ ay sin vx; ð21Þ

where v ¼ kp=l, k is a positive integer that takes into account the form of stability
loss;

ai, ay are constant coefficients.
The system of equations below is obtained by substituting expressions (21) into

(19) and reducing by sinvx:

D11 þ v2

n1

� �
a1 þD12a2 þ RN0

REI c1ay ¼ 0

D21a21 þ D22 þ v2

n2

� �
a2 þ RN0

REI c2ay ¼ 0

RN0

REI c1a1 þ RN0

REI c2a2 þ
RN0ð Þ2
REI þRN0v2

	 

ay ¼ 0

8>>>><
>>>>:

: ð22Þ

The solution of this homogeneous system of ordinary equations in which ai, ay
are independent is different from zero only when its determinant is zero. By
reducing the system by RN0ð Þ2=REI; we obtain the equation:

D11 þ v2=n1ð Þ D12 c1
D21 D22 þ v2=n2ð Þ c2
c1 c2 REIþ v2 REIð Þ2=RN0

h i
�������

������� ¼ 0: ð23Þ

Expanding the determinant with respect to RN0, the formula for the critical force
(Ncr = RN0) determination is obtained:
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Ncr ¼ � v2REI2 � v4 þ v2n1D11 þ v2n2D22 þ n1n2D11D22 � n1n2D
2
12

� �
v2 v2REI � c21n1 � c22n2 þ n1D11REI þ n2D22REI
� �

� n1n2 � c22D11 þ c21D22 � 2c1c2D12 � D11D22REI þD2
12REI

� �
 ! :

ð24Þ

The minimum values of the critical force are corresponding to k = 1, which
occurs while the rod bends by one half-wave of the sine wave form of longitudinal
bending.

3 Results and Discussion

There is a timber-framed wall panel, measuring 1.0 � 3.0 m, with three longitu-
dinal ribs (pine wood). The ribs are hinged at the ends. The cross-section of the ribs
is 40 � 100 mm. The covers is connected to the ribs by ductility screw ties. The
panel ribs are subjected to longitudinal compressive load transmitted from the
upstream panels without eccentricity. There are considered panels with
double-sided cladding of 12-, 15- and 18-mm thickness made of OSB/3 oriented
chipboard, structural plywood and cement-bonded particleboard. Critical force
values and bending coefficients are determined depending on bond stiffness, covers
thickness and material. The designed width of the covers according to [22] is
0.9 bp = 0.9 m. The results of calculating the critical force |Ncr| are shown in the
graphs in Fig. 3. The values are given for one rib. The critical force at n = 0 is
determined for the rib without consideration of the sheathing, by the Euler formula.

The presented method makes it possible to determine the value of critical force
for the ribs included in the compressed wood-composite wall panels. After deter-
mining the values of the critical force |Ncr| according to the Formula (2), it is
possible to determine the coefficient of longitudinal bending u taking into account
the participation of the panel covers, and according to the Formula (1) to make a
simplified engineering calculation of such structures.

Covers participation together with ribs consideration under compression force
can increase the strength and stability of the structure [23, 24]. Depending on the
stiffness of the mechanical bonds, the increase in critical force is found to be up to
62% with oriented structural board (OSB) sheathing; up to 69% with plywood
(wood-laminated board, glued with the help of urea–formaldehyde composition
sheathing) and up to 64% with cement bonded particle board (CBPB). It is evident
from the graphs in Fig. 3 that an increase in shear ties stiffness gives a significantly
greater increase in |Ncr| values than an increase in sheath thickness. Thus, an
increase in connection stiffness from 0 to 10,000 kN/m2 results in increase of |Ncr|
values by 52–69%, while an increase of cover thickness by 1.5 times (from 12 to
18 mm)— by 6–8%. The use of plywood cladding gives the greatest effect of
increasing |Ncr|, up to 4.5% compared with OSB, up to 2.6% with CBPB.
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4 Conclusions

1. The presented mathematical model makes it possible to estimate the stress–
strain state of timber-framed wall panels and determine the value of the critical
force, taking into account the covers, involved by connection to the ribs using
ductility mechanical ties.

2. The two-sided covering of the ribs can significantly increase the critical force
value |Ncr|. The greatest increase in the critical force |Ncr| is observed when the
mechanical shear ties fixing the sheathing to the ribs are rigid. Increasing the
thickness of the sheathing as well as the material used (OSB, plywood, CBPB)
has slight effect.

3. In order to increase the strength and stability of timber-wall panels, it is first
necessary to reduce the shear resistance of the mechanical ties at the «rib-cover»
seams, which can be achieved both by using more shear-resistant ties and by
reducing the spacing of the ties.
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Assessment of the Impact of Vibration
Indicators on the Foundation
of the Existing Building During
Pile Driving

Rauan E. Lukpanov , Serik B. Yenkebayev ,
Duman S. Dusembinov , and Denis V. Tsygulyov

Abstract The paper presents the results of vibromonitoring, the purpose of which
was to determine the vibration parameters on the existing residential building from
pile driving. Pile driving was assumed in conditions of dense urban development,
near the building. The main evaluation parameters of vibration were: vibration
displacement (amplitude), vibration velocity, frequency, and vibration acceleration.
Vibration parameters were measured at different distances from the excitation
source: in the vicinity of the pile, at a distance of 5, 15, 40 m, and near the building.
According to the results of the measurements, the relationships of the vibropa-
rameters changes by the driving time were obtained, based on the analysis of which
the dependence of the vibroparameters changes depending on the distance from the
excitation source was determined. Also, the paper presents statistical data of the
obtained results, based on which the analysis of the relationship of the obtained
particular values of vibration indicators was carried out. In the conclusion the
calculation of the permissible distance of pile driving, made based on the vibration
attenuation coefficient, determined by the results of actual measurements, is
presented.

Keywords Pile driving � Piles � Vibration monitoring � Vibration acceleration �
Displacement amplitude

1 Introduction

Vibromonitoring, designed to assess the maximum permissible pile driving dis-
tance, in conditions of dense urban development, has wide application in modern
urban planning [1–6]. One of the main techniques for determining the permissible
pile driving distance is a theoretical calculation regulated by the All-Union
Scientific Research Institute [7–10]. The calculation is based on data on

R. E. Lukpanov � S. B. Yenkebayev � D. S. Dusembinov � D. V. Tsygulyov (&)
L.N. Gumilyov Eurasian National University, Munaitpassov str, 13, Nur-Sultan 010008,
Kazakhstan

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
N. Vatin et al. (eds.), Proceedings of MPCPE 2021, Lecture Notes in Civil
Engineering 182, https://doi.org/10.1007/978-3-030-85236-8_20

229

http://orcid.org/0000-0003-0085-9934
http://orcid.org/0000-0002-5984-9346
http://orcid.org/0000-0001-6118-5238
http://orcid.org/0000-0002-7061-699X
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_20&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_20&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_20&amp;domain=pdf
https://doi.org/10.1007/978-3-030-85236-8_20


engineering-geological conditions of construction, structural features of adjacent
buildings and structures, and, of course, the conditions of pile driving [11–15]. The
data on the engineering-geological conditions are necessary to assess the propa-
gation of vibration indicators through the soil thickness, the design features of the
building are necessary to assess the conditions of vibration loadings perception, and
the driving data are necessary to assess the initial parameters of the excitation
source vibration [16–20].

The object of vibromonitoring is a construction site “Residential complex with
detached commercial buildings and parking lot, located in Nur-Sultan”.

2 Methods

The vibration monitoring program included the following tasks:

– analysis of initial data: adjacent buildings and structures, pile field, driving
conditions, engineering and geological conditions;

– calculation of the permissible distance for pile driving based on theoretical data
according to code (VSN 40-97) [21];

– experimental measurements of vibration effects of pile driving on the existing
buildings (by several control measurements, subject to the closest pile driving to
the inspected object);

– experimental measurements of the vibration effects of pile driving on the soil
base (by differently spaced control measurements);

– calculation of the permissible distance for pile driving based on the obtained
vibromonitoring data.

Software package “Program for the calculation of foundations and foundations,
StroyExpertiza” was used for the automated calculation. The calculation is based on
the methodology regulated by VSN 40-97. As the initial data the pile driving
parameters, ground conditions, and the characteristic of the object, relative to which
the influence of pile driving is estimated, are taken. The automated calculation is
used as a preliminary estimation of groundmass vibration propagation (during pile
driving), it is necessary to determine the reference points of experimental measuring
of vibration influence of pile driving on the ground base.

The measurements were made in two stages:
The first stage—conducting experimental measurements of the vibration effects

of pile driving on the existing building;
The second stage—conducting experimental measurements of the vibration

effects of pile driving on the subsoil.
Conditions of the first stage:

1. To conduct experimental measurements of the impact on the foundation of the
building from pile driving, the worst (unfavorable) condition—the closest
possible location of the source of excitation of shock and vibration effects from
the building—is taken.
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2. To avoid the negative impact of shock and vibration load from pile driving on the
existing buildings and structures, the number of measurements should be mini-
mal, but sufficient to obtain reliable results. Thus, to analyze the impact of pile
driving on the foundation of the existing building, at least 2 tests are performed
(to compare the results). In case of a large gap between the two results, a 3rd
control measurement was carried out to eliminate one of the erroneous data.

3. Install the vibration sensors depending on the availability of the structure
according to the following mutually exclusive priority: on the foundation
structure, on the most massive basement wall structure, on the staircase of the
entrance group (facing the source of excitation). Sensors to be installed on the
bare structure, according to all the requirements of the manual of the measuring
instrument.

Conditions of the second stage:

1. To conduct experimental measurements of shock and vibration effects on the
subsoil from pile driving, the worst (unfavorable) condition is taken: the closest
possible location of the source of excitation of shock and vibration effects.

2. To avoid the negative impact of shock and vibration load from pile driving on
existing buildings and structures, the number of measurements should be min-
imal, taken equal to one for a single reference point. Detection of random error
is performed by comparing the results of measurements on: control points of
different distances; equidistant control points of two objects; the results of
subsequent measurements at a distance from the existing buildings and
structures.

3. For a more detailed analysis of the impact of pile driving (as well as to identify
the random error of p. 3) additional tests were conducted at remote sites, in
which the vibration impact of the pile driven on the building is minimal. The
main condition is the similarity of the geotechnical structure. The additional
tests include a greater number of measurements required to compare with the
previously obtained results (if necessary, their correction).

4. Vibration sensors are installed on a reinforced concrete slab, the inertia of which
allows resisting shock and vibration effects and surface vibrations of the ground.
Sensors are installed on the bare structure, according to all the requirements of
the manual of the measuring instrument.

Measurements of vibration impact were made by 2 devices Vibrotest-MG4.01 in
parallel on 2 control points respectively. Fixing vibration sensors on the control
points of the building structures and the groundmass is carried out using anchoring
of supporting plates. Figure 1 shows diagrams of the first and second stages with
the location of the excitation source (hammering) and control points of measure-
ments. Figure 2a shows the positions of sensors installed on reinforced concrete
structures, and Fig. 2b shows the installation of vibration sensors on a reinforced
concrete slab of sufficient inertness.

Determination of the minimum permissible pile driving distance to the existing
building is performed according to the method of the All-Union Scientific Research
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Fig. 1 Layout of vibromonitoring checkpoints

Fig. 2 Installation of vibration monitoring sensors
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Institute [3], based on the obtained vibromonitoring data. The calculation technique
is reduced to the determination of two coefficients k and d. The coefficient k
characterizes the initial acceleration, depending on the impact energy of the hammer
and the ground conditions of the site. The coefficient d characterizes the effect of
attenuation of vibration indicators during the passage of the shock wave through the
soil thickness, determined based on the Bouguer-Lambert law.

3 Results

Figure 3 shows the dependences of changes in the measured vibration parameters
over time of pile immersion. In Fig. 3a—change in acceleration over time, Fig. 3b
—speed over time, Fig. 3c—frequency over time, Fig. 3d—amplitude over time.

Figure 4 shows the dependences of the maximum and average values of the
vibration parameters by distance from the excitation source. In Fig. 3a—change of
acceleration by distance, Fig. 3b—velocity by distance, Fig. 3c—frequency by
distance, Fig. 3d—amplitude by distance. To assess the magnitude of the attenu-
ation of the vibration effect, the changes of private values are shown on the absolute
time scale, multiples of 10 s. Table 1 shows the maximum values of vibration
indices depending on the distance of pile driving.

Fig. 3 Variation of vibration indicators by time of measurement (hammering)
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According to the obtained diagrams, all the indicators, except for the frequency,
have a logical inverse proportionality of the dependence of the values on the
distance from the excitation source, which is also evidenced by the correlation
coefficients presented in Table 1. The high values indicate the existing regularity,
and the negative values indicate the inverse proportionality. The direct propor-
tionality of the frequency change can be explained by the fact that the frequency of
the building natural vibration, equal to 52.89 Hz (maximum), as well as the natural
frequency of the soil base of 35.34 Hz (no influence of hammering at 40 m dis-
tance), exceeds the frequency of the ground vibration from pile driving, approxi-
mating the value of 21.76 Hz (maximum). All other intrinsic vibration indicators
are lower than the vibration indicators caused by pile driving.

Determination of the minimum allowable distance of pile driving to the existing
building is performed according to the method of the VSN [2]. The value of the
coefficient k is:

k ¼ aI
Af

As
a0

¼ 0:15
0:7 � 2:1 ¼ 0:10

Fig. 4 Variation of maximum and average vibration values depending on the distance to the
excitation source (pile driving)
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where aI—allowable acceleration of vertical vibrations of the foundation, at which
no additional deformation of the foundation occurs, taken according to [3],
depending on the type of soil 0.15 m/s2; a0—maximum acceleration of soil
vibrations at the distance of 0.5 m from the driven pile, taken 2.10 m/s2 according
to the vibromonitoring results; Af—maximum amplitude of the foundation, equal to
0.055 mm according to vibromonitoring; As—maximum amplitude of the soil
adjacent to the building, equal to 0.080 mm according to vibromonitoring.

The coefficient of damping of vibrations with distance d for flowing and soft
plastic loams we take 0.07.

The permissible distance is determined from the graph (Fig. 5). If the coefficient
k��[ = 0.10, and coefficient of damping d = 0.08, then the allowable distance
from the piles to the building is 11 m, while the allowable distance according to the
results of theoretical calculations based on engineering and geological data, the

Table 1 Maximum values of vibration indicators

Parameters Distance (L) from pile driving, m Correlation

coefficient, Distance Lð Þ
Parameter a;v;f ;Að Þ

� �
0.5 5.0 15.0 40.0 42.5

Soil Soil Soil Soil Soil

Acceleration (a),
m/s2

1.66 0.58 0.19 0.08 0.042 −0.766/

Speed (v), m/s 123.50 44.03 14.49 1.16 0.556 −0.788

Frequency (f),
Hz

21.76 16.39 22.07 35.34 52.89 0.908

Amplitude (A),
mm

9.43 3.36 1.11 0.02 0.007 −0.791

Fig. 5 Nomogram for
determining the maximum
permissible pile driving
distance

Assessment of the Impact of Vibration … 235



parameters of pile driving equipment and design features of the building was 14 m.
In both cases, the maximum permissible distance does not exceed the design dis-
tance of pile driving to the existing building of *35–40 m.

4 Conclusions

• Measurements of vibration indicators of natural vibrations and forced vibrations
from pile driving were made. Measurements were made at different distances, to
assess the effect of attenuation of vibration indices.

• According to the results of vibromonitoring values of vibration parameters of
adjacent buildings and soil base, based on which the calculation of the maxi-
mum permissible distance of pile driving.

• Obtained maximum values of vibration accelerations are from 0.0322 to
0.0554 m/s2, which does not exceed the maximum allowable value of
0.15 m/s2. The maximum permissible distance based on theoretical calculations
based on geotechnical data, pile-driving equipment parameters, and structural
features of the building was 14 m. The maximum permissible distance based on
the results of the actual vibration parameters was 11 m.

• It should be noted that the resulting maximum permissible distance of 11 m is
valid under the condition of pile driving from the distance (or from distances at
least) at which the measurements were made—35–40 m from the building.
Driving the piles at closer distances requires repeated measurements of the
vibration values to adjust the maximum permissible distance due to changes in
the soil conditions in the vicinity of the building, and therefore changes in the
spread of the vibration values through the soil strata.
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Complex of Static and Dynamic Tests
of Soils with Piles Using Different
Methods in Heterogeneous Soil
Conditions

Rauan E. Lukpanov , Denis V. Tsygulyov ,
Serik B. Yenkebayev , and Duman S. Dusembinov

Abstract The paper presents the results of a set of pile soil tests. The tests were
carried out with dynamic and static loads using different test methods. The dynamic
tests refer to the express methods and the static tests without soil stabilization to the
fast methods of bearing capacity assessment. Both tests are relatively fast in exe-
cution time, have a measurement error, and therefore need to correct the results.
Therefore, the results of the different test methods are evaluated in comparison with
the traditional static tests performed up to the complete stabilization of the soil
(reference static tests). Tests were carried out during the construction of an oil and
gas industrial complex, where the project provided for the use of a large number of
piles. Based on the results of statistical processing of partial values of bearing
capacity, reliability coefficients of each of the compared tests were obtained.
Additional evaluation criteria, in addition to the carrying capacity of the pile, were
the cost of the test and the time of its production. The obtained results were
projected onto the responsibility classes of buildings and constructions, regulated
by the local normative documents. The practical value of the study is the possible
adaptation of this method of assessing the bearing capacity in the construction of
large industrial and civil facilities, using a large number of piles.

Keywords Pile � Foundation � Static load test � Dynamic load test � Driving

1 Introduction

Today, the use of pile foundations refers to the standard design solutions of buildings
and structures for civil and industrial purposes [1–3]. The main standard pile tests for
determining the bearing capacity include static and dynamic tests [4–7]. Static tests
are the most reliable in comparison with the dynamic ones since the test conditions
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have a maximum approximation to the real conditions of loading of soils by piles in
the construction of buildings and structures [8–13]. Therefore, the results of static
tests are referred to as the reference ones, concerning which the bearing capacity
obtained by other methods is compared [14–16]. Dynamic tests refer to the express
methods of determining the bearing capacity of piles [17]. Relative to the static tests
the dynamic tests give an error in the bearing capacity results, primarily related to the
loading conditions of the pile [18–20]. The confidence in the static tests is also
confirmed by the reliability coefficients regulated by the standard [21]. Thus, for
static tests, the reliability coefficient is 1.2, and for dynamic tests, it is 1.4 [22].
However, the undoubted advantage of dynamic tests is the relative speed of their
production, as well as the cost and labor intensity [23]. The latter determines the
regulated number of static and dynamic tests: 0.5% of the total number of piles, but
not less than 2 static tests for a facility; 1.0% of the total number of piles, but not less
than 6 dynamic tests for a facility [24]. The minimum number of dynamic tests is
associated with a mandatory statistical analysis, which can be performed to analyze
at least 6 private values of the estimated parameters [25].

The tests were carried out at the construction site of an oil and gas complex
represented by frame-type industrial buildings made of metal elements (Fig. 1).
Static tests were conducted for 33 driven piles C9-30, length 9 m, square
cross-section 0.3 � 0.3 m. Dynamic tests were carried out for 128 C9-30 piles,
including piles previously subjected to static tests.

The purpose of the tests was to assess the bearing capacity of the piles on the
ground, and the purpose of the study was to compare the dynamic test results with
the static ones to assess the applicability of the dynamic test method in the engi-
neering and geological conditions of the construction site.

2 Methods

Static and dynamic tests are performed following the requirements of GOST 5686
“Soils. Field pile testing methods”. The dynamic tests were carried out using a pile
driving unit MSDSh based on SP 49 RH 14, with the weight of the impact part of

Fig. 1 Oil and gas plant
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3.5 tons (Fig. 2a). The essence of the static tests is to measure the movement of the
pile under step (10 steps) loading to a test load of 150% of the design load. The
stabilization criterion is the total displacement of the pile not more than 0.1 mm
during the last hour of observation. The maximum dwell time of a step without
stabilization is 24 h. The tests, depending on soil conditions, can last from 1 to
3 days. Dynamic tests refer to the express method, the essence of which is to
measure the movement of piles when the hammer strikes.

Static tests were performed using an anchor and support stand (Fig. 2b) and a
loading platform (Fig. 2c), depending on the conditions of the pile field. During
cold periods, the test platform was covered with a protective tent (Fig. 2b) and the
test pile was heated for at least 24 h before load application. The need for ground
heating is related to the elimination of the effect of pile compression by the ground,
which occurs during crystallization of the groundwater in the crialite zone.
Compression can lead to distorted test results, and since the effect is short-lived, it
needs to be excluded, unlike piles in permafrost conditions, where ground icing is
permanent. All measuring instruments were calibrated before the test and during the
test were protected from wind and possible precipitation. The piles were tested after
resting (3–6 days after driving, depending on soil type).

The design value of the pile on the ground bearing capacity (Fd) according to the
results of field tests with dynamic load is determined according to the formula:

Fd ¼ cc

lAM
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 G H�hð Þð Þ

ASa
� m1 þ e2 m2 þm1ð Þ

m1 þm2
� 1

q� �

cs
; ð1Þ

Fig. 2 Dynamic and static load test performance
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cc—working condition factor, taken for an indentation load of 1;
cs—safety factor, taken 1.4; η—pile material coefficient, for reinforced concrete

piles is taken 150 tf/m2; A—pile perimeter area, equal to 0.09 m2; G—a mass of the
striking part of the hammer equal to 3.5 tons; H—the actual drop height of the
striking part of the hammer, m; h—rebound height of the striking part of the
hammer, m; sa—actual residual refusal, equal to the value of pile immersion from
one hammer blow, m; m1—total mass of the hammer, t; m2—a mass of the pile and
the head, t; e—impact recovery factor, when driving reinforced concrete piles with
percussion hammers using a header with a wooden liner, is taken 0.2.

The load-bearing capacity of the pile according to the results of the static tests is
determined based on the maximum permissible displacement of the pile. The
maximum permissible displacement depends on the type of structure and the test
method in relation to the dwell time of the loading stages. Thus, the most common
tests before the stabilization of the soil maximum permissible settlement, with
respect to which the bearing capacity is determined is: for buildings with a rein-
forced concrete frame—20 mm; for buildings with a metal frame of 30 mm. For
other types of structures, other criteria of the allowable settlement are regulated.

The comparison is made in the following sequence.
At the first stage of the comparison of private normative and calculated values of

the carrying capacity of piles obtained by dynamic and static loading (through the
coefficients ks and kd). Comparison of normative and calculated values allowed
giving an estimate of the true values of the carrying capacity of piles, without taking
into account the factors affecting the final result of the test.

At the second stage, a comparison of the obtained average normative and design
values of the carrying capacity of piles with the accepted values (using coefficients
k0s and k0d) was made. The comparison made it possible to assess the conditional and
limiting requirements of the normative.

Before the comparison, statistical processing of the test results was performed to
exclude the possible test error, as well as to assess the overall ratio of the averaged
values of the compared test methods over the entire site. When comparing the test
results, the conditional and restrictive requirements regulated by the standard were
taken into account: the maximum permissible pile settlement values; the require-
ment for the number of tested piles, the minimum number of partial values for
statistical processing, etc.

3 Results

Comparison of the test results was carried out in the ratio of private values of the
carrying capacity of static tests to dynamic tests, expressed by the coefficient ks and kd:
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ks kdð Þ ¼ Fs
u Fs

d

� �

Fd
u Fd

d

� � ; ð2Þ

where, ks—coefficient of comparison of particular normative values of load
capacity, obtained by dynamic and static tests; kd—coefficient of comparison of
partial design values of carrying capacity obtained by dynamic and static tests; Fs

u—
particular normative values of bearing capacity according to the results of static
tests, kN; Fd

u—particular normative values of carrying capacity based on the results
of dynamic tests, kN; Fs

d—particular design values of the load capacity based on the
results of static tests, kN; Fd

d—particular design values of the load capacity based
on the results of dynamic tests, kN.

Figure 3 shows diagrams comparing partial values of static and dynamic tests.
The coefficient ks ranges from 0.53 to 1.42. The coefficient kd ranges from 0.61 to
1.66.

Comparison of the accepted or final test results is carried out in the ratio of
averaged and accepted values of carrying capacity of piles, obtained by dynamic
and static tests, expressed by the coefficients k0s and k0d:

k0s k0d
� � ¼ Fs

u Fs
d

� �

F0d
u F0d

d

� � ; ð3Þ

where, k0s—coefficient of comparison of the accepted and averaged standard values
of carrying capacity, obtained by dynamic and static tests; k0d—coefficient of
comparison of the accepted and averaged design values of carrying capacity
obtained by dynamic and static tests; Fs

u—averaged normative values of bearing
capacity based on the results of static tests, kN; F0d

u —accepted normative values of

Fig. 3 Comparison of measured static and dynamic load tests data points

Complex of Static and Dynamic Tests … 243



bearing capacity based on the results of dynamic tests, kN; Fs
d—averaged design

values of the load capacity based on the results of static tests, kN; F0d
d —accepted

design values of the load capacity based on the results of dynamic tests, kN.
Figure 4 shows diagrams comparing the accepted values of the carrying

capacities of static and dynamic tests. The k0d factor ranges from 0.77 to 1.22. The
k0d factor ranges from 0.9 to 1.43.

4 Conclusions

• Performed a set of static and dynamic soil tests with piles to determine the
bearing capacity at the site of the oil and gas industrial complex.

• Comparisons were made of particular values of carrying capacity of piles
obtained from the results of static tests of 33 piles, as well as dynamic tests of
128 piles.

• Based on the results of comparisons, coefficients characterizing the statistical
ratio of carrying capacities obtained by static tests to dynamic tests were
obtained.

• The average value of the comparison coefficient �ks = 0.88, less than 1, i.e.
dynamic tests showed larger partial normative values of bearing capacity than
static ones. Nevertheless, the test results have a high degree of convergence
(close relationship), because the average error of normative values of carrying
capacity of dynamic tests in these hydrogeological conditions, in the numerical
equivalent is 12%.

• The average value of the comparison coefficient �kd = 1.03, is close to 1, that is,
the results have a high degree of convergence of dynamic tests with static ones

Fig. 4 Comparison of accepted static and dynamic load tests data points

244 R. E. Lukpanov et al.



(close relationship), close to 100%. The average error of calculated values of
dynamic tests carrying capacity in the given hydrogeological conditions, in the
numerical equivalent is 3%.
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Light Steel Framing with Mineral Wool
Fire Protection Under Fire Exposure

Marina Gravit and Ivan Dmitriev

Abstract The article calculates the actual limits of fire resistance of light
thin-walled structures based on Eurocode 3 and finite element modeling of
high-temperature fields in SOFiSTiK PC. Experimental studies of structures with a
fire-shield made of mineral wool material MBOR-16F produced by JSC “TIZOL”
(Russia) have been carried out. This material is designed specifically for the pro-
tection of light-steel structures. The solution of the thermophysical part of the
calculation according to Eurocode 3 showed good agreement with the results of
experimental data, including samples with effective fire protection, but strongly
depend on the calculation step. Accurate results were only achieved with a time step
of 1 s. Finite element simulations predicted the correct time to reach the critical
temperature of the test sample without any additional assumptions. Further research
will be aimed at reducing the consumption of fire-protective material while main-
taining the required limits of the fire-resistance of structures.

Keywords Steel construction � Thin walled structures � Cold-formed steel �
Structural design � Fire � Fire safety � Fire protection � Fire design

1 Introduction

Bearing and enclosing structures based on the thin-walled galvanized steel profiles
are rapidly spreading in construction area. The light gauge steel framing (LGSF or
LSF) is widely used in low-rise constructions because of the wide architectural
capabilities and excellent technical and economical qualities that allow to operate in
dynamic conditions of a changing market with maximum accuracy, flexibility and
efficiency.
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The classical formulas of structural mechanics and theory of elasticity are
commonly used in the calculation of steel sections, however taking into account
specificity of thin-walled elements such as reduction of the area for some elements
under the load or particular work outside of elastic deformation zone.

The LGSF constructions have great perspectives in the construction area [1, 2],
but low level of fire resistance and also insufficient research on both unprotected
and different types of fire-protective materials for various structures inhibit their
implementation. The fire resistance of thin-walled rods is actively discussed
throughout the world but despite the numerous investigations of these structures,
this issue has not been fully studied and remains relevant nowadays.

The majority of studies connected with the given designs have theoretical
character and some experimental data on strength characteristics (including those
connected with issues of local and general stability, resistance to compression,
bending, torsion in the whole profile and its elements) only at room temperatures
[2–7].

It is necessary to pay more attention to measures for maintaining fire safety and
ensuring the standard fire resistance of all structures, especially in case of designing
metal frame buildings and structures [8, 9]. This problem is extremely relevant for
thin-walled structures due to the high thermal conductivity of steel and the small
value of the reduced thickness of the cross-section. Rapid temperature rise in the
thin-wall cross section will lead to sharp deterioration of mechanical characteristics.

There is a limited number of works devoted to studying the behavior of
thin-walled structures under the influence of high temperatures. There are some
studies, which show the influence of the value of the limiting deviation of geometric
dimensions [10] or influence on the load-bearing capacity by the value of imper-
fection of structures [11]. Nowadays, EN1993-1.2 [12] does not include a simpli-
fied method for calculating of thin-walled structures, but only offers
recommendations for cold-formed sections (class 4) to take the critical heating
temperature as 350 °C.

The results of this work, as well as examples of similar studies [13–18], show
these values to be unreasonably low. For example, under certain boundary condi-
tions, columns and beams (especially composite ones) made of high-strength steel
can retain their bearing capacity at temperatures up to 700 °C.

There is a small number of works concerning the fire resistance of LSF, which
includes consideration of the regulatory framework, modelling and experimental
studies of authors such as Vatin and Garifullin [19–21], Gravit et al. [22, 23], Naser
[24, 25], Chen and Ye [26–30], Dias [31–33]. Only few studies have investigated
the behavior of thin-walled steel structures under the fire load, but most of them
came to the conclusion that cold-formed steel constructions have higher fire
resistance than the Eurocode 3 limit of 350 °C.

The aim of the article is to substantiate the fire resistance limit of composite
I-shaped and box-shaped thin-walled steel structures under compression conditions
under standard fire load in cases of absence and presence of the effective fire
protection.
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To achieve this goal, the following tasks are solved:

1. Analytical calculation of the structure on the basis of Eurocode 3;
2. Finite-element modeling of the high-temperature fields for each complex

cross-section in SOFiSTiK PC;
3. Fire tests based on theoretical calculation;
4. Deviation analysis of both analytical and finite element calculations with ther-

mocouple results in experimental tests.

Profiles were tested under load. Two cross-sections were considered as the tested
samples (Table 1):

1. I-shaped section consists of two C-shaped profiles 380 � 125 � 30 � 3.5
connected through a flange 10 mm by bolt fastening. Static load is equal
Efi;d ¼ 31:0 t

2. Box-shaped section consists of two R-shaped profiles 245 � 80 � 20 � 3
connected through a flange 1.5 mm by bolt fastening. Static load is equal
Efi;d ¼ 15:1 t

Profiles were tested both without fire protection and with the use of special
flame-protection roll material MBOR-16F produced by TIZOL JSC.

To simplify the calculation scheme of the column with fire protection material
produced by TIZOL JSC as well as in accordance with the program of fire tests, the
additional fireproof plate “Euro-Lit” and fireproof composition is excluded from the
calculation. The critical temperature was calculated using the full analytical cal-
culation method according to the EuroCode [12].

Table 1 The solution of the column fire protection produced by TIZOL JSC and the calculation
scheme of the composite section

Picture Scheme
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The scientific novelty of this study is the choice of composite cross-section
profiles (rather than simple C-shaped profiles) as the object to be tested, which are
usually used as supporting structures in buildings and structures. A new effective
fire protection roll material MBOR-16F was used as fire protection.

2 Method

2.1 Analytical Calculation

The basic principle of calculation for the steel structures on the fire resistance is to
provide necessary and sufficient durability (bearing capacity) throughout the
required time period. The most common analytical method is to determine the
critical heating temperature of a structure for a given load. The material temperature
hd during the fire load have to be less (or equal) to the design critical material
temperature.

hd\hcr;d ð1Þ

Based on this thesis, the strength calculation determines the reduced bearing
capacity after the necessary time. A comparison on time parameters is used to
determine the need of the fire protection for each element.

2.2 Modelling

All calculations of a structure are carried out by a method of finite elements on the
basis of spatial model. The Hydra module of the SOFiSTiK software package (ver.
2020) was used for the analysis of temperature distribution over the cross-section of
the considered structure. Data input was made using the internal instrumental
programming language CADINP in the text editor Teddy. Boundary conditions of
the considered models correspond to boundary conditions of the experimental
program (temperature is equal to 20 °C, thermal resistance is equal to
9.000 W/K/m2). The grid is quadrangular. Cell size is not constant with higher
density in the area of material and model boundaries. Grid resolution is equal at
least 0.01 m.

The properties and geometric dimensions of the structures are set in accordance
with the real properties of materials and the samples’ overall dimensions. Thermal
characteristics of materials specified in the design model. Thermal Conductivity and
Heat Capacity of steel are presented in Fig. 1. Numerical dependencies of fire
protection are given as Eqs. (2, 3).
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Thermal properties of fire protection:
Specific heat capacity cp offire protection in dependence of the temperature hp (°C):

cp ¼ 582þ 0:63 hp þ 273
� � ¼ 754þ 0:63 � hp J

kgK
ð2Þ

Thermal conductivitykp offire protection in dependence of the temperature hp (°C)
based on an analysis of the manufacturer’s data:

kp ¼ 0:0284þ 0:0002 � ha W
mK

ð3Þ

Density of fire protection pp ¼ 100 kgm3.
The system is uniformly heated by the external heat flow, all energy is used to

increase the system temperature taking into account its heat capacity. The heating
process stops when the temperature at the external boundaries is equalized with the
temperature of the external irradiating medium, which corresponds to the standard
fire mode and the set temperature in the furnace.

2.3 Fire Test

The furnace for fire tests in the Tizol JSC laboratory is a fire chamber lined with
fireclay bricks with a loading device for creating compressive forces in the
cross-section of the structure and a mechanism for fixation and support. The
chrome-aluminum thermocouples were used in the middle section of the structure
for the I-beam type and between the profile and the connecting plate for the box
type to measure the temperature. The general view of the fire-testing machine in
Fig. 2. The thermocouples of I-shaped construction are located in the center
between of C-shaped profiles. The thermocouples of box-shaped sections are in
between of steel plates.

Fig. 1 Thermal conductivity and heat capacity of structural steel
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The test method consists of determining the time of the limit state of load-
bearing capacity (R) due to caving or critical deformation. The fixed time will be
considered the actual fire resistance limit of the structure under test. The R limit
state according to the Russian government standard GOST 30247.1-94 comes when
vertical deformation reaches one hundredth of the length of the structure, which in
our case is 30 mm. The standard fire mode according to the Russian government
standard GOST 30247.0-94 and international standard ISO 834 was considered:

hg ¼ 20þ 345 lg 8tþ 1ð Þ ð4Þ

t time (min).
hg temperature inside the furnace t (°C).

3 Results

3.1 Analytical Solution

The area Ap of fire protective material is taken as the area of its inner surface. In
case of uniform temperature distribution in the cross-section of the steel protected

Fig. 2 Test furnace
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structure, the temperature increase Dha;t for the period of time Dt is determined
from the following expression (§4.2.5.2, EN 1993-1-2):

Dha;t ¼ Ap

V
kp
dp

� hg;t � ha;t
� �

caqa 1þ u
3

� � � Dt � e
u
10 � 1

� �
� Dhg;t

where

u ¼ cpqp
caqa

dp
Ap

V

Ap inner surface area of the fire protection material per unit of construction
length (m2/m);

V volume of the unit of construction length (m3/m);
ca specific heat capacity of steel depending on temperature (J/(kg K));
cp specific heat capacity of fire protective material independent of temperature

(J/(kg K));
dp thickness of the fire protection (m);
Dt time interval (c), not exceeding 30 s;
ha;t steel temperature at time t (°C);
hg;t ambient gas temperature at time t (°C);
Dhg;t ambient gas temperature increase during the time period Dt (K);
kp thermal conductivity of the fire protection system (W/(m K));
qa steel density (kg/m3);
qp fire protective material density (kg/m3).

The Eurocode prescribes to take the specific heat capacity of the fire protective
material independent of the temperature. The thermal conductivity varies depend on
the temperature of fire protection. The results depends on the iteration step and the
most accurate results were reached only with the time step equals to Dt = 1 s. The
solution of the thermophysical problem by the analytical method is given in
graphical form on the final graph at the end of the section.

3.2 Finite Element Solution with the SOFiSTiK PC
(ver. 2020)

The value in the center of the section was taken as the design temperature. The
simulation results are graphs with a temperature gradient across the section (Fig. 3).
The internal filling of the profile is air.

Similarly, the fire resistance limit was calculated for the box-shaped section.
Calculation point is located between steel plates (Fig. 4).
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3.3 Fire Test

Together with Tizol JSC, fire tests of the profiles with effective fire protection
MBOR-16F were conducted. Below you can see photos of the tested samples and a
diagram of temperature rise in field tests (Table 2).

Critical deformations of the I-shaped cross section occurred at 74 min 27 s of
testing. The average temperature of the cross section according to the results of
thermocouples is 567.7 °C and it is accepted as critical. For the box-shaped section,
the critical temperature is 624.5 °C and it reached at 57 min 10 s. The accuracy of
experimental results is ensured by the sufficient number of thermocouples and the

Fig. 3 Temperature gradient at 30, 60 and 90 min

Fig. 4 Temperature gradient at 20, 40 and 60 min

254 M. Gravit and I. Dmitriev



experimental error does not exceed 10%. The summary table of the solution of the
both static, thermophysical problems and results of fire tests are presented in Fig. 5;
Table 3.

The best convergence to the actual results of fire tests was shown by the sim-
ulation in the software package. This is due to the implementation of the air gap in
the design model inside the fire protected structure and a comprehensive accounting
of changing properties of fire protection. Analytical methods do not take these
points into account to simplify the calculation scheme.

4 Conclusions

The paper analyzes the applicability of existing numerical methods for calculating
of the fire resistance limits of thin-walled constructions, including those with fire
protection. This result is familiar with the studies [13–18] and shows that some
complex structures (like 2�C columns or beams) made of high-strength steel can
retain their bearing capacity at temperatures up to 500–600 °C at least as normal
thick-walled construction.

Table 2 Test samples before and during fire test

No. Test samples

1

2
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Validation of the static and thermophysical parts of the fire resistance calculation
shows that solution of thermophysical problem on the basis of finite element
modeling of temperature fields is the most precise method to estimate time of
critical deformations in accordance to the criteria of structure heating up to the
critical temperature. The most applicable C and R cross-sections of building
structures with and without fire protection are considered.

The recommendations are given on application of program complexes in solving
thermophysical problem of fire resistance calculation.
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Fig. 5 Fire exposure curves (calculated and actual) for protected samples

Table 3 Data summary on critical temperatures and fire resistance limits for protected samples

Calculation method Sample 1 Sample 2

Calculation Fire test Calculation Fire test

Static calculation. Critical temperatures (°C)

Critical temperatures (°C) 547.27 567.7 713.08 624.5

Thermophysical calculations. Fire resistance limits (min)

Analytical solution 86 74:27 49 57:10

Simulation 75 58
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Effect of Corrosive Damage
on the Calculated
Scheme of the Compressed Reinforced
Concrete Structural Element

M. Berlinova , M. Berlinov , A. Tvorogov, and E. Pechkina

Abstract The article considers the scheme of the effect of corrosive damage with
one-sided distribution on one of the faces of the compressed reinforced concrete rod
in the absence of a cross load. A practical calculation of the strength of compressed
reinforced concrete rods damaged by corrosion is presented, taking into account the
effect of corrosive damage on the calculated scheme of the compressed reinforced
concrete structural element. The scheme of a compressed concrete rod with
one-way uniformly distributed on one of the faces of the chemical corrosion
damage parallel to the plane of the system symmetry and in the absence of a cross
load is considered. In solving the problem, a general method of calculating the force
resistance of reinforced concrete structures damaged by chemical corrosion and the
position of existing joint ventures is used.

Keywords Concrete � Strength � Compressed rod � Corrosion of reinforced
concrete � Structural element

1 Introduction

In today’s environment, in particular, taking into account the existing regulatory
framework, in the operation of buildings and structures made of reinforced concrete
and when deciding on the appointment for reconstruction or major repairs, the
determining element of the approach to assessing the technical condition of the
structures is its percentage of wear in the building as a whole. This approach is
approximate and can carry additional material costs. Most previous studies of the
strength of reinforced concrete constructions do not fully take into account the
physical and mechanical characteristics of concrete and reinforcement, which leads
to generalized results of the assessment of the carrier ability. For example, in the
works of the [1–3] the method of accounting for strength, taking into account the
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kinetics of the concrete strength set. The work considers the possibility of
accounting for the depth of corrosive concrete damage in a three-axis tense state.
Studies of corrosive damage, their accounting to assess the reliability of the sup-
porting structures of buildings in the event of unilateral damage to compressed
concrete columns are considered in this article methodology [4–8].

2 Materials and Methods

At the heart of the study methodology due to unilateral corrosion of compressed
reinforced concrete structures, it is necessary to adopt an out-of-centered calculation
case and use a common method of calculating the strength and stability of the
damaged structural element in accordance with the current provisions of the
Russian regulations, which provide an calculation on the strength of rectangular
sections of extracenterly compressed elements from the condition:

N � e�Rb � b � xðh0 � 0:5xÞþRsc � A0
sðh0 � a0Þ; ð1Þ

where N—is a long-range force from an external load; Rb—the initial strength of a
compressed zone of concrete; e—distance from the application point of longitudinal
force N to the center of gravity of the section stretched or least compressed (with a
fully compressed section of the element) fixture equal

e ¼ e0 � gþ h0 � a0

2
ð2Þ

Here g—is a coefficient that takes into account the effect of the longitudinal
bending of the element on its carrying ability and is determined according to the [5,
p. 8.1.15]; e0 is determined according to the [5, p. 8.1.7].

The height of the compressed zone x determines:

(a) at n ¼ x
h0
� nR by formula

x ¼ NþRs � As � Rsc � A0
s

Rb � b ; ð3Þ

(b) at n ¼ x
h0
� nR by formula

x ¼
NþRs � As � 1þ nR

1�nR
� Rsc � A0

s

Rb � bþ 2Rs�As
h0ð1�nRÞ

; ð4Þ
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The value of the coefficient g in calculating structures according to the unde-
formed scheme is determined by the formula

g ¼ 1
1� N

Ncr

ð5Þ

where

N is a long-lived force from the external load;
Ncr conditional critical force defined by the formula

Ncr ¼ p2 � D
l20

ð6Þ

Here D is the rigidity of the reinforced concrete element in the maximum
strength stage, determined according to the indications of the deformation calcu-
lation; l0—the estimated length of the element, defined as for the elements of the
frame structure, considering its deformed condition at the most unfavorable for this
element of the load arrangement, taking into account the insupuge of deformations
of materials and the presence of cracks.

It is allowed to determine the value of D by formula

D ¼ kbEbIþ ksEsIs ð7Þ

where

Eb;Es modules of elasticity of concrete and fittings respectively;
I, Is moments of inertia of the area of the section of concrete and the entire

longitudinal rebar respectively relative to the axis passing through the
center of gravity of the cross-section of the element;

kb ¼ 0:15
ulð0:3þ deÞ ;

ks ¼ 0:7

ul a coefficient that considers the impact of the duration of the load ul ¼ 1þ Ml1
M1
,

but no more than 2. Here M1, Ml1 are the moments regarding the center of the
most stretched or least compressed (with a completely compressed stretch) rod,
respectively, from the action of the full load and from the action of constant
and prolonged loads;

de the relative value of the eccentricity of longitudinal force e0
h , taken at least 0.15

and no more than 1.5.
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Along the length of the element, the nature of its deformation and the effect of
bends on the value of the bending moment in the calculated segment by calculating
the structure as an elastic system.

Calculating the strength of rectangular sections of extra-centered compressed
elements with a fixture located at opposite in the plane bending sides of the section,
with the eccentricity of longitudinal force and flexibility e0 � h

30 is allowed
l0
h � 20

to produce from the condition

N �Nult; ð8Þ

where

Nult there is a limited value of the longitudinal force that an element defined by the
formula can perceive

Nult ¼ u � ðRb � AþRsc � As;totÞ: ð9Þ

Here A—is the area of the concrete section; As;tot—the area of the entire lon-
gitudinal fixture in the part of the element; u—the coefficient taken at a long-term
load [5, Table 8.1], depending on the flexibility of the element; in the short-term u
action of the load, the values are determined by linear law, taking u ¼ 0:9 at l0

h ¼
10 and u ¼ 0:85with l0

h ¼ 20:

3 Results and Discussion

As a calculation, a hinge fixed in the support nodes is an extra-centeredly compressed
rod, partially damaged by chemical corrosion with a more compressed side (Fig. 1).

Where is: N—external compressive power (—eccentricity of its applications);
Rb—the original strength of the compressed zone of concrete; K—damage function
(K); h and b—the size of the cross-section of the rod; ‘o—distance between support
nodes (the length of the rod); ao, a=o—the thickness of the protective layers of the
rebar on the less (or stretched) and more tense edges eo—the eccentricity of the
squeezing force; x; ho—the height of the compressed zone and the working height
of the section; V and y—the axis of counting.

For the practical application of the proposed calculation, considering the reduction
of the carrying capacity of the compressed reinforced concrete element, the so-called
A.F. Loleit postulate on normal stresses in the cross sections of the rod is used, and the
calculation of corrosive damages carried out by the [4] is also introduced to limit the
depth of corrosive damages of the height of the compressed section area

d� x; ð10Þ
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determined from the balance of all forces (given the influence of corrosion) on the
vertical axis, as well as the refusal to consider the force resistance of the concrete
stretched zone. And also: it is recognized to keep the clutch of rebar with concrete;
the so-called undeformed calculation scheme (so-called stable strength) is adopted,
and the influence of longitudinal bending in the case is taken k� kgr into account
by increasing the calculated eccentricity

ep ¼ eogþ esl; where 1� g ¼ 1

1þ P
Pkr

� 2:5; ð11Þ

where

eo there is an eccentricity of the compression application relative to the center of
gravity of a less compressed (or stretched) fixture As;

esl accidental eccentricity, rated by [5];
Pkr is the corresponding critical force of resilience for Euler.

The function of corrosive concrete damage in the form of:

K yð Þ ¼
Xi¼2

i¼0

aiy
i; ð12Þ

Fig. 1 Calculated schemes: compressed element works (a) its cross-section (b) and corresponding
force resistance (c)
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where the coefficients ai are calculated from fixed conditions—values Ki on the
surface of concrete contact with an aggressive environment and geometric pairing at
the border with undamaged concrete

ao ¼ K1; a1 ¼ 2 1� K1ð Þ
d

; a2 ¼ � 1� K1

d2
ð13Þ

where is d ¼
Xi¼3

i¼0

qi
r
Rb

� �i

1� be�a t�toð Þ
h i

at b ¼ 1� d to; toð Þ
d tst; toð Þ ð14Þ

r and Rb the magnitude of the compressing stresses and the strength of the
concrete;

qo ¼ do stable depth of damage r ¼ 0;
q1; q2; q3 reflect the impact of compression levels on the depth of corrosive

damage.

q3 ¼
dt � doð Þþ 2 do � dlð Þ rtrl � do � dlð Þ rt

rl

� �2

rl
Rb

� �2
rt
Rb

� �
þ 2 rl

Rb

� �
rt
Rb

� �2
� rt

Rb

� �3 ;

q2 ¼
do � dlð Þ � 2 q3 rl

Rb

� �3

rl
Rb

� �2 ; q1 ¼ �2 q2
rl
Rb

� �
� 3 q3

rl
Rb

� �2

ð15Þ

here

rl is the meaning of compression stresses, coinciding with the end of linear
deformation, the largest compaction of concrete;

rt Compression voltage value that matches max. the development of
cracks, in which the force resistance of concrete is maintained;

dl and dt corresponding to the lowest and highest values of corrosive concrete
corrosive damage in compressed concrete (in the absence of experi-
mental values rl and rt possible calculation of

rl ¼ 0:35lgRb � 0:15MPa; rt ¼ 0:35 lgRb þ 0:175MPa[5]; ð16Þ

but thus, depending on the class of concrete, the interval between rl and rt that is
rt − rl ¼ 0.325 MPA is fixed; a—empirical at a rate of atnusion; t0; t; tst—the start
time of observation, the current time, the stabilization time.
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The corrosive damage to the rebar is considered by the estimated reduction of its
area by the reduction of the damage factor

xS � 1; ð17Þ

and now the estimated area lost due to corrosive damage to the force resistance

A2 ¼ b
Zd

0

K1 yð Þdy ¼ b
Xi¼2

i¼0

ai

Zd

0

yidy ¼ 1
3
bd 2þK1ð Þ; ð18Þ

where K1—is an experimentally mounted numerical value for the outer face of the
rod, the corresponding characteristic of the force resistance of the damaged
concrete.

Specifically, at K1

A2 ¼ 2
3
bd;A2;st ¼ 2

3
bdst: ð19Þ

Note that in the absence of the necessary experimental data regarding K1 for
orientation, it is possible to assign K1 according to the formula [4]:

K1 ¼ 1� d
dst

; ð20Þ

that after substitution (11) in (14) gives

a0 ¼ 1� d=dst; a1 ¼
2
dst

; a2 ¼ � 1
d� dst

; ð21Þ

A2 ¼ 1
3
bd 3� d=dst

� �
; ð22Þ

A2;st ¼ 2
3
bdst; ð23Þ

now lost due to corrosive damage, part of the force resistance by compression force
will be equal to

F2;Rb ¼ Rbb
Zd

0

KR yð Þdy ¼ Rbb
Xi¼2

i¼0

aiR

Zd

0

yidy ¼ 1
3
bd 2þK1;R

� �
Rb ð24Þ
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or

F2;Rb ¼ A2Rb: ð25Þ
case 1 when n� nR and N þxSRSAS � x=

SR
=
SA

=
S ¼ Rbbx� F2;Rb ,

x ¼ N þxSRSAS � x=
SR

=
SA

=
S þF2;Rb

bRb
; ð26Þ

case 2 when n[ nR and NþxSrSAS � x=
Sr

=
SA

=
S ¼ Rbbx� F2;Rb ,

x ¼ N þxSrSAS � x=
Sr

=
SA

=
S þF2;Rb

bRb
; ð27Þ

where

rS it is calculated according to empirical formulas.

Distance from the center of gravity A2 to axis V at (13) and (18)

rV ¼ 1
A2

Zd

0

bK yð Þy dy ¼ 5þK1ð Þ
4 2þK1ð Þ d; ð28Þ

that in a private case K1 = 0 gives both directly and at K1 by (20) solutions

rV ¼ 5
8
d; r

5
8V ;max

; ð29Þ

then lost due to corrosive damage part of the force resistance on the bending
moment relative to the center of gravity of the less tense (m/b stretched) longitu-
dinal fixture

M� ¼ �F2;Rb h0 � rVð Þ; ð30Þ

and the overall test of the so-called stable strength (the carrying capacity of the
compressed rod, taking into account the longitudinal bend) is carried out by
assessing the next inequality

P�kr ge0 þ h0 � xð Þþ esl½ 	 �x=
Sr

=
SA

=
S h0 � a=0
� �

þ bxRb h0 � x
2

� �
� F2;Rb h0 � rVð Þ;

ð31Þ

where the critical force of stability P�kr for corrosion-damaged reinforced concrete
rod is given a formula.
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P�kr ¼
P

l� l0

� �2

D�; ð32Þ

where

l there is a multiplier of the calculation length of the compressed rod,
determined by the real conditions of fixing it in knots;

D* the curved stiffness of the corrosion-damaged rod, calculated relative to the
center of gravity of the section [5]. Similarly, it is possible to take

D� ¼ Kb EbJ � A2r
2
W

� �þKSxSESJ; ð33Þ

where

rW the distance from the center of gravity of area A2 to the center of gravity of the
section;

Eb integral deformation module, reflecting nonlinearity, warp mode in time [4].

KS ¼ 0:7;Kb ¼ 0; 15
/l 0; 3þ dlð Þ ; dl ¼

e0
h
;/l ¼ 1þ ll;1

l1
: ð34Þ

Note that the longitudinal bend is not taken into account k\kpr.

4 Conclusion

The scheme of a compressed concrete rod with one-way uniformly distributed on
one of the faces of the chemical corrosion damage parallel to the plane of the
system symmetry and in the absence of a cross load is considered.

Obviously, the consequence of unilateral damage inevitably becomes the
adoption of an out-of-centered calculation case, as the damaged concrete is
excluded from the work of the structure.

In solving the problem, a general method of calculating the force resistance of
reinforced concrete structures damaged by chemical corrosion and the position of
existing joint ventures is used [1, 9–21].
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Complex Application of Rod Composite
Reinforcement in Bendable Concrete
Elements

S. I. Merkulov and E. K. Akimov

Abstract The complete replacement of steel reinforcement in bent concrete ele-
ments with composite reinforcement faces significant technological challenges. In
the bent elements, together with the longitudinal rods of composite reinforcement, it
is necessary to use transverse steel reinforcement. The anchoring of the transverse
rods of composite reinforcement cannot be provided by a reliable attachment to the
longitudinal rods, the device of anchors, the manufacture of closed clamps. Modern
methods of calculating the strength of inclined sections of bent elements with
composite reinforcement are prescribed to perform as for elements with steel
transverse reinforcement using the characteristics of composite reinforcement,
while not taking into account the features of using composite reinforcement rods for
transverse reinforcement of bent elements. The development of calculation methods
is hindered by the lack of experimental and theoretical studies of the strength of
inclined sections with reinforcement of the support sections with rod composite
reinforcement. This paper presents the results of experimental studies of bent
concrete elements with longitudinal and transverse composite reinforcement.

Keywords Inclined section � Composite reinforcement � Rebar bends

1 Introduction

The solution to the problem of corrosion safety of reinforced concrete structures
operated in aggressive conditions is solved by the use of composite reinforcement.
To date, considerable experience has been accumulated in the use of composite
reinforcement in a wide range of concrete structures, while composite reinforce-
ment is usually used in combination with steel reinforcement [1–4]. However, the
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complete replacement of steel rebar with composite rebar faces significant tech-
nological challenges. In the bent elements, together with the longitudinal rods of
composite reinforcement, it is necessary to use transverse steel reinforcement.
A prerequisite for the use of rod composite reinforcement is reliable anchoring,
including transverse rods in the event of the formation of inclined cracks. The
anchoring of the transverse rods of composite reinforcement cannot be provided
with a reliable attachment to the longitudinal rods, the device of anchors, the
manufacture of closed clamps. The design of concrete structures with composite
reinforcement is carried out in accordance with the code of rules SP
295.1325800.2017, some provisions of which need experimental verification and
clarification. Thus, the calculation of the inclined cross-section for the action of
transverse forces is prescribed to be performed as a steel transverse reinforcement
using the characteristics of composite reinforcement, while not taking into account
the noted features of the use of composite reinforcement rods for transverse rein-
forcement of bent elements.

2 Materials and Methods

2.1 Materials

Currently, experimental and theoretical studies of structures with composite rein-
forcement are being carried out [5–12]. There are no experimental and theoretical
studies of the strength of inclined sections with reinforcement of the support sec-
tions with rod composite reinforcement. The authors developed an original method
of testing bent beams for crack resistance and strength of inclined sections with
composite reinforcement in the form of bends of longitudinal bars of working
reinforcement [13–16]. At the Belgorod State Technological University, experi-
mental studies of concrete bending beams with bends of composite reinforcement
rods on the support sections were carried out. The main tasks of the tests were to
obtain new experimental data on the strength and crack resistance of the bent
beams, to identify the features of the joint work of the bends of composite rein-
forcement rods and concrete in inclined sections, to identify the mechanism of
destruction along the inclined section of the bent beams.

The dimensions of the prototypes were 125 � 250 � 1800 mm. Sample
materials: concrete of class B25, basalt-plastic reinforcement with sand coating
produced by ROCKBAR LLC “Galen” with a diameter of 8 mm. Two rods of
longitudinal reinforcement are arranged in a straight line along the entire length of
the beam, and the remaining two in the quarters of the span were transferred from
the lower zone in the span to the upper face on the support with an exit through the
upper part of the beam, the value of the bend of the rods was 20 d. A special feature
of the design solution of the experimental beams is the absence of transverse
reinforcement along the entire length.
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The location of the bends of the composite reinforcement rods was carried out as
close as possible to the trajectory of the main tensile stresses. A special feature of
the design solution of the experimental beams was the absence of transverse
reinforcement along the entire length.

2.2 Methods

Tests of experimental beams are carried out on a test bench, which allows you to set
the necessary load application schemes and test mode (Fig. 1). Loading of rein-
forced concrete elements is carried out by two concentrated forces applied at a
distance of 450 mm from the supports. The load is applied in stages of 0.1 of the
destructive load determined by preliminary tests, at each stage of loading, an
exposure time of 10–15 min was made. To measure the deformations of concrete
along inclined sections, strain gauges of the PCB type with a base of 80 mm were
applied to the experimental beams, glued to the side surfaces of the beam on both
sides of the beams in the support zone along the trajectory of the inclined sections.
Also, in parallel with the load cells, hour-type indicators with a division price of
0.001 mm are installed. This arrangement of recording devices will allow you to
fully assess the stress–strain state of inclined sections. Also, to measure the
deformation of beams along the inclined section, hour-type indicators with a
division price of 0.1 mm are installed. To fix the shift of the rebar rods in the
concrete, hour-type indicators with a division price of 0.001 mm are installed at the
rebar outlets.

Fig. 1 Shell and tube heat exchanger
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3 Results and Discussion

As a result of tests of bent concrete beams with longitudinal rod composite rein-
forcement with bends of composite reinforcement on the supporting sections, it was
established:

• the breaking load for the prototypes was Nu = 63.0 kN;
• the load of formation of normal cracks was 18.0 kN, inclined cracks-27.0 kN;
• the opening width of the inclined cracks was at a load of 0.4 Nu 0.03 mm; at a

load of 0.5 Nu 0.045 mm; at a load of 0.6 Nu 0.07 mm;

The result of experimental studies was an assessment of the adhesion to concrete
of the bends of composite reinforcement rods in the zone of action of transverse
forces. It was found that there were no deformations of the displacement of the
composite reinforcement rods relative to the concrete, and no anchor devices were
used on the bends of the composite reinforcement rods. However, a number of
studies have shown the need for additional study of the coupling of composite
reinforcement with concrete [17–20].

The destruction of the prototypes occurred along an inclined cross-section with
the rupture of the bent composite rod (Fig. 2).

4 Conclusion

As a result of experimental studies, the design solution of bent concrete elements
with the use of composite rods as longitudinal and transverse working reinforce-
ment was confirmed, which allows to achieve absolute corrosion safety of structures
when operating in aggressive environments.
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Using CLT-Panels with Alternatively
Angled Layers as Overlappings

Vladimir Melekhov , Alexander Karelskiy , and Dmitriy Lyapin

Abstract CLT-panels are glued wooden structures consisting of several layers of
timber arranged orthogonally to each other. The panels are widely used as structures
of load-bearing walls and interfloor overlappings. There are many ways to increase
the load-bearing capacity of CLT-panels, but they all increase the cost of manu-
facturing this material. This research proposes a way to increase the bearing
capacity of CLT-panels by changing the angle of the wood layers relative to the
span. A numerical experiment in the ANSYS program was used as a method for
checking the expedience of this modification. The hypothesis was tested for
CLT-panels with different number of layers and different fixation conditions. Based
on the research results, it was determined that for overlapping slabs supported on
four sides, the effect of changing the angle of the layers is negative. For slabs
supported in four corners, there is a positive effect. Accordingly, for buildings with
beamless overlapping, when the support takes place either directly on the columns
or through capitals, the use of modified floors has a certain effect and will lead to
savings in material consumption. As a result of the experiment, a new way of using
the CLT-panel as an interfloor overlapping is proposed.

Keywords CLT-panels � Timber � Wood structures � Interfloor overlap

1 Introduction

Glued timber structures are becoming increasingly popular in civil and industrial
construction. It is connected with a number of advantages: environmental friend-
liness of the material, economical use of raw materials, better strength indicators in
comparison with ordinary wood. CLT-panels (cross-laminated timber panels) are a
type of glued timber structures. They are multi-layer panels with a
cross-arrangement of layers at an angle of 90° to each other [1–4].
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CLT panels are most often used in walls as walls and floors. When used as
interfloor overlappings, there are options for supporting the slabs: on both sides; on
four sides; in four corners. For example, in a residential complex in Finland
four-sided CLT slabs are used [5], while a Vancouver dorm uses cross-laminated
panels supported at four corners [6]. The stress–strain state of structures will also
differ depending on the boundary conditions [7].

There are many options for increasing the load-bearing capacity of
cross-laminated panels by improving their mechanical properties. There is a method
for the production of cross-glued panels [8] with the removal of one or more
elements of the inner layers. This provides an improved stiffness-to-weight ratio of
the panel. The disadvantage of this design is, in addition to reducing the material
intensity of the panel, its large deformations when used as an overlapping. In
addition, when the individual elements are removed from the inner lamellas, air
pockets are formed. This promotes the spread of flame during a fire, which reduces
the fire resistance of the entire panel.

In addition, there is the method of manufacturing CLT panels using the sawtooth
method of gluing the layers [9]. Each board of the inner layer of the panel contains
dowels on both sides. When gluing, the dowels fall into special slots on the boards
of the outer panels. After gluing, the resulting panel has better mechanical char-
acteristics due to tighter contact between the wood layers. The disadvantage of this
design is the technological complexity of the production of boards for such panels.

There are panels of cross-laminated wood, additionally reinforced with a mesh
of rods [10] and two intersecting reinforcing strips [11]. To create such a composite
material, grooves are cut in the inner layers of the panel, where a reinforcing mesh
(plastic or metal) is installed for the first case and cross reinforcing bars are installed
for the second case. The disadvantages of these models are the technological
complexity when cutting grooves, as well as additional material consumption for
reinforcing elements.

A similar method of improving the mechanical properties of the panel is used in
the patent [12], where basalt rods are used to reinforce the panel, which are installed
in drilled holes. The disadvantage of this method is the presence of an additional
technological process for drilling holes, as well as the consumption of material for
basalt rods.

The aim of the work was to develop a way to increase the bearing capacity of
overlappings consisting of CLT panels without complicating the production tech-
nology and while maintaining all the advantages of this material.

2 Methods

The number of wood layers in a CLT panel is odd. When the overlapping is
supported on four sides, the structure will bend in two directions. Layers oriented
across the span have a lower modulus of elasticity (“weak”) than those located
along the span (“strong”). For “weak” layers, the flexural stiffness is significantly
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less than for “strong” ones and depends on the elastic moduli along and across the
fibers. Therefore, for example, for pine, according to [7] the elastic modulus along
the fibers (Ex) is equal to 16,600 MPa, and across the fibers (Ey) it is equal to
582 MPa. In each of the two directions of the overlapping, some of the layers will
be “strong” and some will be “weak”.

To improve the strength and deformation properties of the CLT-panel overlap-
ping, it is proposed to unfold the panel in such a way that the fibers of the layers are
located at an angle of 45° to the spans to be covered. Thus, the flexural stiffness for
each span will be averaged. New moduli of elasticity (Ex′ and Ey′) for the layers are
determined from the system of equations [13–15].

The aim of the work was to develop a way to increase the bearing capacity of
overlappings consisting of CLT panels without complicating the production tech-
nology and while maintaining all the advantages of this material.

1
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where Ex and Ey are the elastic moduli, respectively, along and across the fibers in
the main coordinate system;
Ex′ and Ey′ are the elastic moduli, respectively, along and across the fibers in a new
coordinate system rotated by an angle u relative to the main one;
G is the shear modulus;
mx′ and my′ are Poisson’s ratios in the direction along and across the fibers,
respectively, in the main coordinate system.
mx′ and my′ are Poisson’s ratios in the direction along and across the fibers, respec-
tively, in a new coordinate system rotated by an angle u relative to the main one.

A similar solution is used in the article [16–18]. The authors suggest using
CLT-panels with layers rotated to 45° for wall construction.

The research method is carrying out numerical experiments in the ANSYS
programming and computing suite [19, 20]. The design model is a 6 � 6 m CLT
panel loaded with a distributed load of 3 kPa. For comparison, 3-, 5- and 7-layer
panels were considered, the thickness of one layer is 45 mm.
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3 Results and Discussion

The first experiment was carried out with CLT overlappings supported on four
sides.

Table 1 shows the deflections for a panel with layers arranged orthogonal to the
spans (standard layout) and for a panel with layers at an angle of 45° (modified
layout). Figure 1 shows a deformation diagram for a standard layer arrangement,
and Fig. 2 shows a diagram for a modified arrangement.

Table 1 shows that the modified layer arrangement turned out to be less effective
than the standard one. The fewer the number of layers in the panel, the less
advantageous the modified version of the arrangement of the layers is.

This is due to the fact that, according to Eq. (1), the modulus of elasticity for
“strong” layers decreases significantly (almost 10 times) in transition to the mod-
ified coordinate system, and for “weak” layers it increases 2.5 times [21].

The first experiment was carried out with CLT overlappings supported on four
sides.

The results of the numerical experiment are presented in Table 2.
As can be seen from Table 2, the modified version of the arrangement of the

layers shows the best results for deflections (Figs. 3 and 4).

Table 1 Results of a numerical experiment for a panel supported on four sides

Number of layers of a
CLT-panel

Bending (mm) f2�f1
f1

(%)
Standard layer
arrangement (f1)

Modified layer
arrangement (f2)

3 18.2 24.0 31.9

5 4.1 4.9 19.3

7 1.6 1.8 15.8

Fig. 1 A deformation diagram for a standard layer arrangement supported on four sides
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The data of the numerical experiment confirm the hypothesis that the modified
version of the CLT panel is more efficient for use as an overlapping. This is because
most of the lamellas are oriented along the grain between the beams [22, 23]. So,
the wood grains are directed along the working span. Moreover, thanks to this

Fig. 2 A deformation diagram for a modified layer arrangement supported on four sides

Table 2 Results of a numerical experiment for a panel supported at four corners

Number of layers of a
CLT-panel

Bending (mm) f2�f1
f1

(%)Standard layer
arrangement (f1)

Modified layer
arrangement (f2)

3 53.9 32.3 40.1

5 12.9 8.7 33.6

7 1.5 1.8 20.0

Fig. 3 A deformation diagram for a standard layer arrangement supported on four corners
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configuration, better flexural results are achieved due to the higher modulus of
elasticity.

4 Conclusion

1. A numerical experiment was carried out to simulate overlappings with different
arrangements of CLT-panels.

2. Based on the research results, it was determined that for overlapping slabs
supported on four sides, the effect of changing the angle of the layers is
negative.

3. For slabs supported in four corners, there is a positive effect. Accordingly, for
buildings with beamless overlapping, when the support takes place either
directly on the columns or through capitals, the use of modified floors has a
certain effect and will lead to savings in material consumption.
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Compressed Reinforced Concrete
Elements Bearing Capacity of Various
Flexibility

A. L. Krishan , V. I. Rimshin , I. L. Shubin , M. A. Astafeva ,
and A. A. Stupak

Abstract The article considers a calculation method of compress reinforced con-
crete elements of various flexibility. The calculation method is based on theoretical
principles of solid mechanics and on the basic laws of force resistance of com-
pressed reinforced concrete elements. It presents the disadvantages of limited
practical application of this calculation method within current design standard. The
study describes a new method on the pattern of fasten hinged rod. This rod has a
constant cross-section along the length of the element loaded with an eccentrically
applied compressive force. The calculation of bending moments and various stiff-
nesses the compressed rod of normal sections along the length of impact on the
curvature rod. This allows an accurate determination of flexible elements deflection,
and their bearing capacity. The calculations results clearly show the process of
bearing capacity of rod of strength of the normal section loss, and the process loss
of stability of the second kind. Comparison of the calculation results with the
published experimental data have confirmed better reliability of deformation cal-
culation according to the current design standard.
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of deformation calculation
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1 Relevance

Specialists in the field of design of reinforced concrete structures are well aware that
the calculation of the load capacity of compressed elements according to the
non-deformed scheme proposed by the current norms does not always give reliable
results [1–14]. For example, when calculating according to SP 63.13330.2018, a
practical result can be obtained only for elements that have flexibility in the range of
40 � 60. The main reason for this circumstance is the empirical approach to
determine the average hardness of the off-center compressed element in determining
Euler buckling load. As a result, for elements with flexibility k < 40, the calculation
gives an underestimated load-bearing capacity. The design load-bearing capacity of
compressed structures of c > 60 is noticeably overstated, which can contribute to
the occurrence of emergency situations.

The purpose of this work is offering a method of deformation calculation of
load-bearing capacity of compressed reinforced concrete elements with reference to
their flexibility. Previously, a similar technique was developed for calculating
tubular concrete columns and reinforced concrete columns with spiral confinement
reinforcement [15–18].

2 Statement of the Problem

The basic case is considered here—the force resistance of pin-supported rod at the
ends of constant cross section along the length, loaded with compressive force N.
Force N is applied to both ends with the same initial eccentricity e0. The defor-
mation scheme of such rod is shown in Fig. 1, a. The geometric and structural
parameters of the compressed element are considered to be known. The section of
the reinforced concrete element is considered as to be reduced to concrete, the
flexibility of which can be calculated by the formula

keff ¼ l0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EAð Þeff
EIð Þeff

s
; ð1Þ

where l0 is an estimated length of the rod; EIð Þeff , EAð Þeff are effective hardness of
the reduced section during bending and compression.

The load-bearing capacity of the given rod may be due to loss of strength of a
normal section or loss of stability of a second type. The loss of stability occurs
when the deflection of the rod increases while the load decreases. However, it is
accepted that the rod in the process of deformation has a uniform curvilinear form
of equilibrium, although its parameters change with a change in load.

The calculation is performed with respect to physical and geometric nonlin-
earities by the method of step-by-step approximations. The strain calculation
algorithm can be enlarged as follows. Initially, the normal section of the rod in the
middle of its length is considered (section 3 in Fig. 1). Section is preliminary
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divided into small sections with areas of concrete core Acn and longitudinal rein-
forcement Ask. The longitudinal deformation of the most compressed fiber of the
concrete core ec;max is increased step-by-step starting from zero. Strain diagram is
taken in accordance with Bernoulli hypothesis. In this case, the relative deformation
of the least compressed (stretched) fiber ec;min, the corresponding deformation ec;max

should ensure that the equilibrium conditions of the normal section of the calculated
element are met:

N ¼
X
n

rcnAcn þ
X
k

rskAsk; ð2Þ

N eo þ fð Þ ¼
X
n

rcnAcnYcn þ
X
k

rskAskYsk; ð3Þ

where

Ycn, rcn is the coordinate of the gravity center of n section of the concrete core and
the stress of the axial direction at the level of its center of gravity,
respectively;

Ysk,rsk is the coordinate of the gravity center of k longitudinal reinforcement and
the stress in it;f is a deflection of the element.

(а) (b) 

Fig. 1 Deformed state of compressed rod: a scheme of loading and deformation of rod divided
along the length into 6 sections; b strain diagram of relative deformation of concrete in sections 2
and 3
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Stresses in the middle of each section of concrete core rcn are calculated
depending on corresponding deformations ecn. For this, the Sargin formula is used,
which has the following form:

rc ¼
k ec

ec1

� �
� ec

ec1

� �2

1þ k � 2ð Þ ec
ec1

� � � Rc; ð4Þ

where

Rc is compression strength of concrete;
ec1 is deformation of uniaxial compressed concrete at maximum stress;
k is coefficient calculated by formula.

k ¼ 1; 05Ec
ec1
Rc

; ð5Þ

where

Ec is modulus of concrete elasticity.

Stresses in longitudinal reinforcement are found depending on deformations in
its gravity center. The relationship between stresses and strains in the reinforcement
is recommended as Prandtl diagram.

Curvature of cross-section in middle part of rod 1
r3
at z ¼ l0=2 is determined for

obtained strain diagram. By analogy with operation [19], curvature of the rod is
geometrically connected with inclination of strain diagram in its normal section and
is determined by formula

1
r3

¼ ec;max

x
; ð6Þ

where

x is the height of the compressed section area.

In the first approximation, the deflection value is determined. To do this, you can
use the formula obtained under the assumption of bending the rod along the
sinusoid.

f1 ¼ l20
p2

ec;max

x
: ð7Þ

Deflection f1 is overstated due to ignoring the greater hardness of sections
located closer to the rod supports. In these sections, the curvature is less.

To clarify deflection, it is proposed to use numerical solution of bending
equation of compressed-bent rod [20]. The rod is divided in length into even
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number of equal sections (see Fig. 1a). Sufficient accuracy for practice is provided
by the number of sections m� 6. In normal sections, curvatures are calculated at the

ends of each section 1
r0

� �
, 1

r1

� �
, …, 1

rm=2

� �
. Value of horizontal deviation of rod

from y vertical is determined in advance for each of considered sections.
All curves are calculated by Formula (6) after constructing for each section strain

diagrams that meets the equilibrium conditions. These conditions are written in the
form of Formulae (2) and (3), but with the deflection replaced by the corresponding
horizontal y offset. At this stage of calculation, it is necessary to ensure that the
longitudinal force N in all normal sections of the rod has the same value. Bending
moments, and accordingly curves of sections located closer to the rod supports,
decrease.

For the compressed rod under consideration, at the number of partitions m ¼ 6
the following formula for deflection calculation is obtained:

f ¼ l20
266

1
r0

þ 6
1
r1

þ 12
1
r2

þ 8
1
r3

� �
: ð8Þ

The deflection updating procedure is repeated until the specified calculation
accuracy is achieved. With specified deflection, the compressive force N is deter-
mined. After that, the longitudinal deformation of the most compressed concrete
core fiber ec;max is increased again. All calculations listed are repeated until the
compressive force N begins to decrease. Maximum value Nu corresponds to the
load-bearing capacity of the calculated rod in case of loss of strength or stability of
the second type.

3 Comparison of Theory with Experiment

Table 1 shows the results of comparison of experimental data of load-bearing
capacity Nexp

u .
Experimental data were taken based on the results of published researches of

[21] columns of rectangular section with dimensions b � h. The following desig-
nations are used here: As ¼ A

0
s is a cross-sectional area of longitudinal reinforce-

ment located at the least and most compressed faces; as ¼ a
0
s are distances from the

nearest faces to the gravity centers of the corresponding longitudinal reinforcement;
ry ¼ ryc are yield strengths of longitudinal reinforcement during tension and
compression. The remaining designations are given in the text. The last column of
the table shows the results of comparison of the data of experiments and calcula-
tions according to the non-deformed scheme proposed by the current norms of the
Russian Federation.

Table 1 also illustrates data that the use of a deformation model in calculations
allows you to calculate the load-bearing capacity of compressed elements more
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accurately. Using deformation calculation, the following statistical analysis indi-
cators were obtained: maximum and minimum deviations from experiments +13/
−22%, average ratio Nexp

u

�
N th
u = 0.98, standard deviation –8%. The results of

experimental data comparison with calculations according to the methodology of
existing norms have significantly worse statistical indicators: maximum and mini-
mum deviations from experiments +16/−35%, average ratio Nexp

u

�
N th
u = 0.86,

standard deviation –11%.
While calculating compressed rods, it becomes possible to ensure that the

load-bearing capacity for the strength of a normal section, with respect to account
flexibility, is fully realized. Otherwise, it will not be possible to use the strength
properties of concrete in full, and possibly steel as well, which is not economically
feasible.

4 Conclusions

Proposed method of deformation calculation makes it possible to increase accuracy
of load-bearing capacity determination of compressed reinforced concrete elements
significantly. When calculating the deflections of elements, not only bending
moments are considered as the influence on their curvature, but also various
hardness along the rod length. This corresponds to known features of the force
resistance of the compressed rod. Based on the results of calculations, it is possible
to analyze the stress–strain state of concrete and reinforcement in full. Using this
method, it is not necessary to obtain a formula for calculating the critical force.
There is no need to use empirical dependencies, which significantly extends the
scope of this technique.
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Spatial Stability Problems of Elastic
Beams with Potential Loading: Euler’s
Problem and Nikolai Paradox

V. V. Lalin , V. S. Nenashev , I. G. Utimisheva , S. F. Diakov ,
M. V. Sukhoterin , R. B. Orlovich , and E. K. Akimov

Abstract In this paper the variational approach to the stability problems of the
elastic bars is reviewed. Commonly problems of that kind are solved by the
application of the approximate bar models. In these models some deformations are
neglected (i.e. Timoshenko beam or Bernoulli–Euler beam). Another option is to
use approximate methods, which neglect the pre-buckling state of the bar (linear
formulation). Contrary to common methods mentioned above a geometrically exact
beam theory is considered in which the bars made of the elastic material are used.
Two spatial stability problems are solved in this paper: the equilibrium stability
problem of the cantilever beam axially compressed with the non-follower load and
the problem of the lateral-torsional buckling of the cantilever beam under the
follower load (torsional moment). Both loads are conservative forces. The precise
equations were found to calculate the critical load and the comparison of the
obtained critical loads was made for both problems.

Keywords Stability � Lateral buckling � Geometrically exact beam theory �
Euler’s problem � Nikolai paradox

1 Introduction

In the classical variational approach, there is a method, that makes possible to
obtain an exact stability equation like Euler’s equations for the second variation of
the Lagrange functional of the original static problem [1, 2]. For this purpose, the
static problem should be stated as a nonlinear one.
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Traditional method to analyze the stability of the elastic structures is to use a
variational equation, known as principle of virtual displacements, instead of
Lagrange functional and its variations. In that case an approximate method is
usually used (i.e. linearized or highly linearized problem [3]) when the solution of
the linear static problem [4–10] is used in the stability equation instead of the exact
nonlinear solution. As a result, only approximate solutions can be obtained for the
linearized stability problems. But without the exact solutions it is hard to evaluate
the inaccuracy of the linearized solutions.

As an example, two models of the stability of axially compressed beam
regarding the shear stiffness can be mentioned: Engesser’s [11] and Harinx’s [12].
From the 80s [13, 14] till now [15–18] it is hard to answer which one is more
accurate.

In the theory of nonlinear beams there is Nikolai paradox [19] which is known
from the 1927. The point of the paradox is that the cantilever beam loaded with the
torsional moment can buckle irrespective of the value of the moment. This paradox
pushed the development of the stability theory for the structures under the non-
potential (nonconservative) load [3, 20, 21]. The Nikolai paradox does not have a
common solution so far [21–24].

Nonlinear geometrically exact beam theory with the variational approach and
analytical solutions of the nonlinear statical problems are used to analyze the sta-
bility of the cantilever beam under the axial compression and under the torque.

2 Methods

In the current paper the geometrically exact nonlinear theory of elastic beams is
used [25–31]. According to this theory every point of the beam has six degrees of
freedom—three linear and three angular displacements. Angular displacements are
independent variables. No conditions are imposed on the displacements, rotation
angles and deformations. Special cases of this theory are the well-known Euler–
Bernoulli and Timoshenko beam theories.

The material is considered to be elastic according to the Hooke’s law.
Geometrically nonlinear static equations according to the geometrically exact

theory are:

P � Qð Þ0¼ 0

P �Mð Þ0 þ r0 � P � Qð Þ ¼ 0

(

M ¼ C � ZT � u0

Q ¼ A � PT � r0 � r00
� �

( ð1Þ

where P—turn tensor; Q ¼ Ne1 þQye2 þQze3—force vector; N—axial force; Qy

and Qz—shear forces respectively along y and z axes; M ¼ Mte1 þMye2 þMze3—
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vector of moments; Mt—torque; My and Mz—bending moments respectively
around y and z axes; r—radius-vector of the beam in actual configuration;
Z—Zhilin’s tensor; A ¼ EAe1e1 þ kyGAe2e2 þ kzGAe3e3; C ¼ GIe1e1 þEIye2e2 þ
EIze3e3—elasticity tensors according to the Hooke’s law respectively for forces and
moments; u—turn vector; U—absolute value of a turn vector; r0—radius-vector of
the beam in reference configuration; . . .ð Þ0 ¼ d

ds . . .ð Þ, s—arc length of the beam in
the reference configuration; vectors e1; e2; e3—unit base vectors of the x, y, z
system of axes.

Tensors P и Z can be written as follows [26–29]:

P ¼ cosUIþ sinU
U

I � uþ 1� cosU

U2 uu;

Z ¼ sinU
U

Iþ 1� cosU

U2 I � uþ U� sinU

U3 uu:

where I—is the unit tensor.
Henceforward the following labels for stiffnesses are used: k1 ¼ EA—axial

stiffness;k2y ¼ kyGA—shear stiffness with respect to the y axis;k2z ¼ kzGA—shear
stiffness with respect to the z axis;kt ¼ GI—torsional stiffness; k3y ¼ EIy—bending
stiffness with respect to the y axis;k3z ¼ EIz—bending stiffness with respect to the z
axis.

Essential and natural boundary conditions for the static problem of the cantilever
beam under the force and the moment applied at the end-point are:

s ¼ 0: r ¼ 0;u ¼ 0
s ¼ L: P � Q ¼ f ;P �M ¼ m

ð2Þ

where f ¼ @U1
@r ;m ¼ @U2

@u � Z�1—are vectors of the potential loading;U1 rð Þ;U2 uð Þ—
are the corresponding potential functions, L—length of the beam (Fig. 1).

The exact stability equations for the elastic beams were found with the help of
the variational approach:

Fig. 1 Cantilever beam
under the force and moment
applied at the end-point
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P � A � PT � u0 þ r0 � Z � hð Þð Þ � P � Qð Þ � Z � hð Þ� �0¼ 0

P � C � PT � Z � hð Þ0� P �Mð Þ � Z � hð Þ
h i0

þ u0 � P � Qð Þþ
þ r0 � P � A � PT � u0 þ r0 � Z � hð Þð Þ � P � Qð Þ � Z � hð Þ� � ¼ 0;

ð3Þ

where u и h are unknown functions of the stability problem (Fig. 2).

u ¼ ue1 þ ve2 þwe3
h ¼ h1e1 þ h2e2 þ h3e3

Essential and natural boundary conditions of the stability problem of the can-
tilever beam under the force and the moment applied at the end-point are:

s ¼ 0:
u ¼ 0; h ¼ 0
P � A � PT � u0 þ r0 � Z � hð Þð Þ � P � Qð Þ � Z � hð Þ� �0¼ @2U1

@r2 � u ð4Þ

s ¼ L: P � C � PT � Z � hð Þ0� P �Mð Þ � Z � hð Þ
h i

� Z ¼ @2U2
@u2 � h ð5Þ

Equation (3) can be used for any stability problems of beams as they are pre-
sented in general view. The exact solution for the stability problem can be derived if
the exact solution of the nonlinear static problem (1), (2) is put in the system (3).
The condition of existence of a non-zero solution of the stability problem (3)–(5)
gives the exact value for the critical load.

3 Results and Discussion

The exact solution of a spatial stability problem for a cantilever beam under an
axial compression.

Fig. 2 The unknown functions of the stability problem
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The solution of the spatial stability problem for a cantilever beam under an axial
force T was found in this chapter (Fig. 3).

In this problem a non-follow force T is considered. Its potential function is:

U1 rð Þ ¼ �Te1 � r. The other potential functions are: U2 ¼ 0,@U1
@r ¼ �Te1, @

2U1
@r2 ¼ 0:

The solution of a nonlinear static problem (1)–(2) as follows:

r ¼ 1� T
k1

� �
se1; u ¼ 0;

P ¼ Z ¼ I; Q ¼ �Te1; M ¼ 0
ð6Þ

If the solution of the nonlinear static problem (6) is put into the equation (3) and
regarding the boundary conditions it can be seen that the problem separates into two
unrelated equations:

(1) system of equations involving v; h3—the unknowns of the stability problem,
which are the displacements in plane XOY;

(2) system of equations involving w; h2—the unknowns of the stability problem,
which are the displacements in plane XOZ.

The solution for both systems of equations can be obtained using the similar
method and they both can have a nontrivial solution.

The first system of equations which involves the displacements in plane XOY is:

v0 ¼ l3h3
h

00
3 þ T

k3z
v0 ¼ 0

�

This system of equations can be transformed into one differential equation of
second order in h3:

h
00
3 þ

Tl3
k3z

h3 ¼ 0

Putting the solution of this equation into the boundary conditions, it can be
found out, that the existence of the non-zero solution of the stability problem is the
following equation:

Fig. 3 Cantilever beam
under an axial compression
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cos

ffiffiffiffiffiffiffiffi
Tl3
k3z

r
L ¼ 0

The smallest positive root of the equation gives us the value of the critical load
for the given problem:

Tcrz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2k3z

L2
1
k2y

� 1
k1


 �r
� 1

2 1
k2y

� 1
k1


 � ð7Þ

The second system of equations can be solved in a similar manner and the
second value for the critical load is:

Tcry ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2k3y

L2
1
k2z

� 1
k1


 �r
� 1

2 1
k2z

� 1
k1


 � ð8Þ

The real value for the critical load is the smallest of two values Tcry or Tcrz.
The exact solution of a spatial stability problem for a cantilever beam under a

torque.
The solution of the spatial stability problem for a cantilever beam under a torque

M was found in this chapter (Fig. 4).
In this problem an external torque proposed by P.A. Zhilin is considered [29].

The moment is equal to m ¼ M
U u, M—absolute value of the vector of the external

torque. This moment is a potential follower moment with a potential function

U2 uð Þ ¼ MU, the other potential functions are: U1 ¼ 0, @U2
@u ¼ M

U u; @
2U2
@u2 ¼

M
U I � uu

U2


 �
.

The exact solution of a nonlinear static problem as follows:

r ¼ se1; r0 ¼ e1;u ¼ Ms
kt

e1;U ¼ Ms
kt

;Q ¼ 0;M ¼ Me1: ð9Þ

Tensors P and Z in the current problem are:

Fig. 4 Cantilever beam
under a torque
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P ¼ cos
Ms
kt

Iþ sin
Ms
kt

I � e1 þ 1� cos
Ms
kt

� �
e1e1;

Z ¼ kt
Ms

sin
Ms
kt

Iþ 1� cos
Ms
kt

� �
I � e1 þ Ms

kt
� sin

Ms
kt

� �
e1e1

� 
:

If the solution of the nonlinear static problem (9) is put into Eq. (3) and
regarding the boundary conditions and using the substitution Z � h ¼ w it can be
seen that in order to solve the stability problem it’s enough to solve a following
system of equations.

k3y cos2 Uþ k3z sin2 U
� �

w
0
2 þ

þ k3y � k3z
� �

sinU cosUw
0
3 þMw3 ¼ B2

k3y � k3z
� �

sinU cosUw
0
2 þ k3y sin2 Uþ

þ k3z cos2 U

� �
w

0
3 �Mw2 ¼ B3

8>>><
>>>:

ð10Þ

where B2 and B3—integration constants.
While solving the system of differential equations (10) the problem splits into

two separate cases:

(1) kt\k3z; kt\k3y (bending stiffnesses around z and y axes are greater than tor-
sional stiffness);

(2) k3z\kt or k3y\kt (bending stiffnesses around z or y axes are smaller than
torsional stiffness).

Solving the system of equations the first case will be considered, when bending
stiffnesses around z and y axes are greater than torsional stiffness which is actual to
any beam from a gauge chart.

The solution of the system of Eq. (10) is:

w2 ¼ C1 cos ls cosus�
ffiffiffi
b
a

r
sinls sinus

 !
�

� C2 cos ls sinusþ
ffiffiffi
a
b

r
sin ls cosus

� �
� B3

M
;

w3 ¼ C1 cos ls sinusþ
ffiffiffi
b
a

r
sin ls cosus

 !
þ

þC2 cos ls cosus�
ffiffiffi
a
b

r
sin ls sinus

� �
þ B2

M
;

where l ¼ M
ffiffiffiffiffi
ab

p
;u ¼ M

kt
; a ¼ 1

k3y
� 1

kt
; b ¼ 1

k3z
� 1

kt
;C1, C2—arbitrary constants.

Putting the solution of this equation into the boundary conditions, it can be
found out, that the condition of the existence of the non-zero solution is the fol-
lowing equation:
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cos lL ¼ 1

The smallest positive root of the equation gives us the value of the critical torque
for the given problem:

Mcr ¼ 2p
L

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
EIz

� 1
GI


 �
1
EIy

� 1
GI


 �r ð11Þ

This formula is the exact value for the critical moment of the cantilever beam
under a follow potential torque regarding all the beam stiffnesses involved in the
buckling.

4 Discussion

The obtained formulas for the critical forces and moments can be compared with
the results of the previous researchers for the approximate beam models. As an
example the formulas for the Euler–Bernoulli and Timoshenko beam can be used.

The problem of an axial compression has three well known solutions [6]:

(1) Euler’s formula: TcrEul ¼ p2EIz
4L2 . This formula can be obtained from our solution

(7) and (8) in case 1
EA ! 0 and 1

kyGA
! 0;

(2) Engesser’s formula: TcrEng ¼ TcrEul

1þ TcrEul
kyGA


 �. If we consider that 1
k1
! 0, our solution

can be written as follows: TcrTim ¼ kyGA
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4TcrEul

kyGA

q
� 1


 �
. This formula is an

exact solution for the Timoshenko beam [6]. Thus, Engesser’s formula can’t be
obtained from our solution and tends out to be incorrect;

(3) Haringx’s formula, which was obtained only for circular springs and was not
based on rigorous mathematics. Haringx’s formula completely coincide with
our solution.

The problem of a torque has several solutions:

(1) Formulas in monograph of Perelmuter and Slivker [3], which are the solutions
of the stability problems for the cantilever beam with torque. The problem was
solved as a highly linearized problem and with another types of moments. The
solutions are McrPS ¼ K

L

ffiffiffiffiffiffiffiffiffiffiffiffiffi
EIyEIz

p
, where K—is a numerical parameter, which

differs from the type of the moment. If we consider 1
GI ! 0, then our Formula

(11) can be written as follows:McrL ¼ 2p
L

ffiffiffiffiffiffiffiffiffiffiffiffiffi
EIyEIz

p
. As it can be seen the general

structure of the solutions is similar. To compare the values for the parameter K
it is necessary to solve some other problems according to other potential
moments, which can be found in the monograph;
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(2) Solution of Sergeev-Zhilin. In paper [24] the solution of the stability problem
loaded with the same potential torque can be found as in the current work, but
for the symmetric cross-section (EIy ¼ EIz). This solution is the same, as our in
the symmetry case condition: McrSym ¼ 2p

L
1

1
EI� 1

GIj j.

5 Conclusion

The obtained formulas for the critical forces and moments were obtained from the
exact results of the variational calculus and, as a result, are exact for the nonlinear
elastic beams.

Formula (7) was obtained for the first time by Kuznetsova (Kushova) and Lalin
[32] in a plane statement. The solutions (7) and (8) obtained in this paper prove that
for the spatial case the values of the critical load are the same.

From the formula (11) can be found out, that the critical moment does not exist,
if one of the bending stiffnesses is smaller than the torsional, which matches, for
example, a square cross section with an aspect ratio �1,8, but can not match any
beam from a gauge chart.

Both formulae (7) and (11) have a limitation: the material of the beam can
yielding before buckling. Stability problem, based on rigorous mathematics and
considering plasticity for the geometrically nonlinear beam theory is unknown.
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Improvement of Structural
and Technological Solutions
of Wood-Composite Building Systems
Based on the Geodesic Dome

D. A. Zhivotov , Y. I. Tilinin , and V. V. Latuta

Abstract The scientific article presents the materials of theoretical studies of tra-
ditional building systems and substantiates the prospects for the practical applica-
tion of a new construction wood-composite system in the form of a geodesic dome.
Proposals for the functional use and organization of the internal space of the
geodesic dome are considered. The test of a new nodal joint assembled from
fiberglass parts manufactured by the additive method using fiberglass as the starting
material is considered. The conducted experiments confirm the prospects of the
research topic and give grounds for planning the next stage of research work in the
form of field studies.

Keywords Traditional building systems � Wood-composite construction system �
Frame � Lattice dome � Functional purpose of the building � Connecting node �
Experiment � Wooden elements � Fiberglass parts � Additive technologies

1 Introduction

Building systems are characterized by building materials and technologies used in
the construction of buildings [1, 2]. By far the most long-term use in construction is
wood, which, at the next stage of technical progress, since the beginning of the
eighteenth century, continues to be used in construction as a material for beams of
inter-floor floors, rafters and lathing of the attic roof [3, 4] in brick buildings
(Fig. 1). The bonding of wood with bio-and water-resistant synthetic adhesives has
immeasurably expanded the engineering and architectural capabilities of this nat-
ural polymer [5].
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2 Methods

However, in modern construction, brick and wood are replaced by monolithic and
precast concrete. Technical progress in the field of construction lifting machines [6],
used for the installation of structures and pumps for the supply of concrete and
mortar mixtures, has a significant impact on the technologies of construction
systems. A significant place in the construction is occupied by light concrete,
including gas-silicate concrete blocks, as well as light steel structures and sandwich
panels [7].

But despite the variety of building materials and the perfection of machines used
for construction, wood is still used in construction not only in the form of

Fig. 1 Structural elements of a brick building: 1—foundation; 2—blind area; 3—basement;
4—brick wall; 5—inter-floor; 6—attic floor; 7—partition; 8—wooden rafters; 9—wooden crate;
10—wooden mower; 11—wooden stand; 12—attic hatch; 13—attic; 14—wooden mauerlat;
15—lintel; 16—stairs; 17—kosour; 18—landing; 19—entrance vestibule
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chipboards on cement and phenol–formaldehyde binder, plywood and glued
load-bearing structures, but also as a material of wooden prefabricated prefabricated
buildings of the “Module” system type, erected at the end of the twentieth century,
or modern buildings made of structural insulation panels [8], consisting of a sty-
rofoam layer on both sides covered with oriented chipboard plates (Fig. 2).

The construction systems discussed above have a number of inconvenient fea-
tures for construction, for example, in Arctic conditions, this is a small span and
functional limitations. An alternative to the considered construction systems, the
authors see a construction system made of wooden rod elements in the form of a
geodesic dome (Fig. 3), because spatial dome structures have an ideal aerodynamic
shape with high resistance to seismic, wind and hurricane impacts [9].

The geodesic dome is a lattice shell in the form of a hemisphere consisting of
individual rods that form triangular elements when connected [10]. The advantage
of a lattice frame in the form of a geodesic dome is also its lightness and geometric
immutability [11]. Scientists continue to study the possibility of using geodesic
domes.

In our opinion, such buildings are suitable for polar weather stations or other
similar objects. The use of dome frames as the supporting frame of large-span
industrial and civil buildings is also considered.

The authors of the article propose to consider the functional purpose of the above
examples more broadly, using geodesic domes to cover shift settlements in the
Arctic and other Northern regions of the planet.

Climatic conditions in the northern regions significantly complicate the living
and working conditions of people. The possibility of creating a special microclimate
in the internal space will have a positive impact on the emotional and physical

Fig. 2 Building made of structural insulation panels
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condition of people. The autonomy of life under such a dome is provided by
modern engineering systems and equipment.

The authors of the article, based on the research of domestic and foreign sci-
entists, suggest using the space of the geodesic dome to accommodate residential,
administrative, and laboratory research facilities [12] (Fig. 4).

Fig. 3 The frame of the building in the form of a geodesic dome

Fig. 4 A variant of the functional filling of the dome space
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The intrinsic geometry of the geodesic dome is based on using a network of
triangles mounted from rods. The rods are located on geodesic lines (the shortest
lines connecting two points on a curved-based surface). Such arrangement allows
achieving the optimal space filling and the most complete use of the structural
strength of the materials [13]. The construction technology consists in the
tiered-like erection of rod triangular cells of various types and sizes from bottom to
top [14]. The triangular elements converge from the base to the top of the dome,
which entails in each tier a change of the rods’ size, their inclination angles in
relation to the nodal connections, and a different amount of fasteners [15]. Wood is
a constantly renewable resource, easy to process and does not leave any inorganic
substances after application [16]. Polymer materials are of interest both due to their
technical and physic-mechanical properties. The wide range of properties of these
materials, changing through using various manufacturing methods, yields a lot of
opportunities for scientific and scientific-technical solutions in the future [17].
Scientists continue to study the possibility of using the geodesic dome by changing
its shape, configuration, material of manufacture and many other parameters [11].
The honeycomb configuration of the many available [18]. Diamatic dome templates
is particularly convenient for converting with mutual element support. This is due to
the fact that only three elements of the lattice rods intersect at any vertex, regardless
of the number of rod elements used to form the node polygon [19].

The disadvantages of geodesic domes include the fact that the production of
modern building materials is aimed primarily at the construction of buildings made
of rectangular materials (plywood, glass, rigid insulation mats). The use of the
geodesic dome surface is an excellent solution to this issue [19].

3 Results and Discussion

One of the disadvantages of the geodesic dome is the difficulty of connecting six
wooden rod elements in one node.

It should be noted that all existing patent solutions use metal for the manufacture
of assemblies and connections, in the form of bolts, pins with washers and nuts,
which has an extremely negative effect on the state of the dome construction
structure as a whole in chemically aggressive environments and low negative
temperatures [20].

The authors proposed a new design and technological solution for the nodal
connection of the geodesic dome elements. The assembly consists of high-strength
composite polymer parts. Figure 5 shows the assembled assembly and fragments of
wooden elements, a prototype for laboratory testing.

The production of plastic parts of the assembly is carried out by growing on a 3D
printer made of fiberglass.

The main materials for the manufacture of plastic parts of the node connection
are:
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• TOTAL GF-30 (N) plastic for the body, covers and connections of the node;
• polyamide d. 12 mm in the form of threaded pins, nuts and washers for the

assembly of the node connection.
• For thewooden rod elements, pinewood of normal humidity is used for the rods [6].
• During the preparation of the prototype, steel plates with a thickness of 8 and

10 mm were made, attached to wooden elements on steel bolts and intended for
fixing the sample in the Instron 5998 bursting unit, in the mechanical laboratory
of SPbGASU (Fig. 6).

The experiment was carried out in compliance with the requirements of the
standards on a 20-ton universal electromechanical machine Instron 5998 (Fig. 5)
with a maximum breaking load of 200 kN. The equipment of the breaking plant
allows you to perform linear movement under the action of a tensile load at a
constant speed and perform load measurements.

In the course of the experiment, the mechanical characteristics of the nodal joint
made of wood and plastic were studied. The behavior of the material under the
influence of load was studied, the stages of deformations and the dependences of
displacements were studied.

The results of the experimental data are shown in the form of graphical
dependencies of the displacements on the load (Fig. 7). One sample was tested.

The results of the experimental study and the nature of the destruction are
combined with each other, indicating the reliability of the data obtained. The graph
and Fig. 8 show the changes typical of brittle materials that occur in the body of the
node under the influence of load.

Fig. 5 The connecting assembly with the wooden rods of the dome
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Fig. 7 Dependence of deflection on the applied load

Fig. 6 Testing of the geodesic dome assembly in the Instron 5998 breaking installation, in the
mechanical laboratory of SPbGASU

Fig. 8 The destroyed node
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The destruction of the body of the nodal joint from GF30 (N) took place
gradually, under the influence of the load, the values of deformations gradually
increased, passing from the stage of plastic deformations to brittle fracture.
Comparison of the results of experimental studies and mathematical results of
calculations confirm their identity.

4 Conclusion

The destruction occurred by pulling the blade out of the body of the node when
reaching 30% of the expected load value of 8.56 kN, due to the insufficiency of its
cross-section. It is worth noting that the design of the body of the nodal joint was
calculated according to the characteristics stated by the plastic manufacturer, but the
experimental studies of the material properties showed the real values of the limit.

During the experiment, the behavior of individual elements and the design of the
node as a whole was studied. The load-bearing capacity of the nodes in the
experimental studies corresponded to the calculated values.

Based on theoretical studies of building systems and experimental studies of the
nodal connection of the core wooden elements of the geodesic dome, which showed
the viability of the proposed design and technological scheme, the authors plan the
next stage of advanced research of a wood-composite construction system in the
form of a geodesic dome.
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Survivability Exposition of a Long-Term
Deformable Reinforced Concrete
Building Frame Under Accidental
Actions

Natalia Androsova and Vitaly Kolchunov

Abstract The survivability study results of the reinforced concrete frame structural
multi-storey building system in a non-equilibrium formulation of the problem
(initial creep deformations in time and corrosion damage) are presented. A duration
preservation analytical assessment of the survivability potential building system in
time to the destructive effects of an aggressive environment with the destruction
from the structural elements responsible system for the geometric immutability of
the structure is given. A technique for determining the stiffness of frame elements
taking into account the initial measure of damped simple creep C (t, t0) is presented.
An accidental limit state deformation criterion for the considered non-equilibrium
problem is constructed from the condition of maintaining the survivability potential.
The calculation of a fragment of a reinforced concrete frame was carried out taking
into account the nonequilibrium processes of long-term effects and environmental
factors when assessing the exposure of its survivability. The calculation of a
reinforced concrete frame fragment, taking into account nonequilibrium processes,
showed that the reinforced concrete frame survivability depends on the duration of
its operation in the building and the degree of its corrosion damage over time. The
period of time during which the considered structural system can turn into a
kinematically variable system with a hypothetical removal of one of the
load-bearing elements, with a special limiting state, will be about 10 years.
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1 Introduction

Recent studies of the survivability of building structures and the structural safety of
bearing systems of buildings are formed on the fundamental provisions of the limit
state methods (scientific works by Vedyakov [1], Karpenko et al. [2], Trekin
and Kodysh [3], Plevkov et al. [4], Travush et al. [5], Tamrazyan [6], Shapiro [7],
Isobe [8], Stylianidis et al. [9], Cha and Ellingwood [10], etc.). When designing,
the level of structural safety of load-bearing elements of buildings, despite the
inevitable power and environmental wear and operational damage, is usually suf-
ficient for their trouble-free operation during the design period of service.
Experimental data show [11] that in the first limiting state there are reserves for
design strength up to 25–30%, and in the second for design deformability up to
50%. These reserves can be used in certain design situations, when, in the event of a
load-bearing element failure, the mating elements are involved in joint deformation,
the forces are redistributed, unloading or reloading the bearing element. Taking into
account the nature of the element's operation in an out-of-bounds (special) state will
make it possible to use the reserves of the bearing capacity of the structure to the
fullest when calculating for progressive collapse. With an accidental action and
calculation analysis results from the standpoint of the second limiting state, there is
a decrease in the design stiffness of structures, the development of large defor-
mations, which complicate or exclude the further operation of construction objects.

The introduction of an accidental limit state is one of the ways to reduce the cost
of ensuring the survivability of buildings in case of emergency impacts. This
becomes possible due to a more complete consideration of the features of long-term
deformation of structures under the load action and the changes nature in the
scheme of building elements operation that is, taking into account physical and
structural nonlinearity. In an accidental limiting state, it is possible to admit a
greater opening of cracks and the development of deflections, as well as partial
destruction of some sections, which contradicts the current criteria for limiting
states that ensure the serviceability of structures and, but exclude the onset of
geometric variability of the structural system.

Under an accidental limit state [5, 11] the state of structures is taken after
exceeding the limit of the bearing capacity in the first and deformability in the
second limiting states, in which they do not fully meet the functional requirements,
a further insignificant increase in loads and/or impacts leads to their destruction.

Over the past few decades, some results of experimental and theoretical studies
have already been accumulated on the resistance study of reinforced concrete
structures with a sudden removal of a load-bearing element or connection and the
possible patterns establishment of their destruction. The tests were carried out on
beam, post-beam, beam-plate structures [12–15]. In these works, the deformation
and destruction fundamental features of reinforced concrete structural systems were
identified in the sudden removal process of the bearing element (connection). Under
the influence of such an emergency load, a dynamic high-speed reloading of the
remaining intact structures occurred within a very short period of time.
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The increased strength of materials manifested in this case is usually associated
with the instantaneous manifestation of viscous resistance forces, which directly
perceive external influences and inhibit the development of deformations. However,
to date, very few experimental and theoretical studies have been carried out to solve
preserving the survivability potential problems of reinforced concrete structural
systems in time, taking into account the accumulation of non-equilibrium damage.
Certain issues of non-equilibrium processes were considered by Bondarenko [16],
Kolchunov et al. [17], Fedorova et al. [12], Tamrazyan et al. [18], Kabantsev et al.
[19], Trekin and Kodysh [3], Li et al. [20], Vasanelli et al. [21], etc.

In this regard, the tasks of constructing criteria and taking into account the
accidental limiting state of reinforced concrete bending structures, which will make
it possible to establish strength and deformation reserves due to the redistribution of
forces during prolonged deformation of structures damaged during operation in a
supporting spatial system, are relevant. The development of research in this
direction will make it possible to more rationally distribute materials and reduce the
cost of designing the protection of buildings and structures from progressive col-
lapse without compromising their structural safety.

2 Materials and Methods

2.1 Determination of the Stiffness Elements
of the Frame-Bar System Taking into Account
the Initial Measure of Damped Simple Creep

Non-equilibrium processes of concrete force resistance, evolving in time, have a
force and non-force nature of origin.

Non-equilibrium processes of force origin are characterized by total creep
deformations:

eins ¼ ec1 þ ec2 ð1Þ

where

ec1 instant (fast flowing) creep deformations;
ec2 long-term (delayed) creep deformations.

It is known that creep deformations (approximately 70%) appear in the first 3–
4 months from the moment of loading. In modern conditions, all existing theories
of creep are phenomenological in nature, that is, they are based on modeling and
describing the most studied experimental phenomena.

The existence of different theories of creep is explained by the fact that the
authors, dividing simple creep into linear and nonlinear, use different approaches to
describing the components. In all creep equations there is a general quantitative
estimate of creep deformations (taking into account long-term loading)—a measure
of creep C(t, t0).
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This is a generally accepted parameter of linear creep and is defined as the ratio
of creep strains to stress at which this creep occurs:

Ct;t0
bð Þ ¼ eins tð Þ

rb
¼ ec1 þ ec2

rb
ð2Þ

The measure of creep deformations C(t, t0) by the observation t of concrete of a
certain composition depends on two factors: the age at the moment of the beginning
of loading t0 and the duration of loading t − t0.

The following prerequisites are accepted:

1. Consideration of the effect of creep in concrete and reinforced concrete struc-
tures is based on the phenomenological relationships between stresses and
deformations.

2. In the calculations of concrete and reinforced concrete structures, the relation-
ship between stresses and deformations can be taken under the following
conditions:

• under short-term loading—regardless of the concrete class in terms of
compressive strength at stresses not exceeding 0.8 of the calculated value of
the prismatic strength Rb;

• under long-term loading—if the stresses in fractions of Rb do not exceed the
values in the recommendations.

3. The assumption of V. M. Bondarenko that the concrete creep measures are
practically the same regardless of the stress state structure type. The adoption of
such an assumption introduces well-known simplifications in solving those
problems of the creep theory, which are associated with the study of the
structure inhomogeneous stress state or with the simplification in time of the
sign of the acting stresses.

Prof. R. S. Sanzharovsky noted that in the creep theory of reinforced concrete
structures, three main problems are consistently considered [22]. The first problem
is to construct equations for concrete creep under variable (regime) loads. The
second is in obtaining a solution to the creep equation. The third problem lies in the
calculation of reinforced concrete structures under prolonged loading, including
under the accidental action we are considering.

For the practical (quantitative) determination of the creep measure value, one can
use the recommendations for taking into account the creep and shrinkage of con-
crete when calculating concrete and reinforced concrete structures. The concrete
creep measure at the time t when it is loaded at the age t0 is determined by the
formula:

C t; t0ð Þ ¼ 1
Eb t0ð Þ

� �
� 1

Eb tð Þ
� �

þC28;besk � X t0ð Þ � f t; t0ð Þ; ð3Þ
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where

C28,besk is the limiting value of the creep measure;
X(t0) is a function that takes into account the concrete aging effect on the creep

measure (t0 is the loading time of the structure);
f(t, t0) is a function that takes into account the increase in time of the creep

measure (t is the total test time of the sample, the observation time).

The function X(t0) is determined by the following formula:

X t0ð Þ ¼ cþ d � e�c�t0 ; ð4Þ

The function f(t, t0) is determined by the formula:

f t; t0ð Þ ¼ 1� k � e�c1� t�t0ð Þ ð5Þ

Coefficients (constant values) are taken: c = 0.5; k = 0.8; c, c1, d are parameters
that depend on the surface modulus and are determined according to the tables of
the recommendations.

The limiting value of the creep measure C28,besk is calculated by the formula:

C28;besk ¼ CN
28;besk � n2c � n3c; ð6Þ

where

n2c, n3c coefficients depending on the modulus of the open surface of the element
M0 and the relative humidity of the environment;

C28,besk
N the limiting value of the concrete creep measure loaded at the age of

t0 � 28 days.

The reduced cross-section flexural stiffness of the element is calculated by the
formula:

D ¼ Eb;red t; t0ð Þ � Ired : ð7Þ

The concrete deformations long-term modulus corresponding to the linear
relationship between stresses and deformations at time t at the beginning of loading
t0 is found by the formula:

Eb t; t0ð Þ ¼ 1
Eb

þC t; t0ð Þ
� ��1

; ð8Þ

where

Eb is the modulus of initial elasticity.
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2.2 Deformation Criterion for a Special Limiting State
Taking into Account Nonequilibrium Deformation
Processes

An accidental limiting state is a stage in the operation of a structure after reaching
the maximum design bearing capacity according to the current criteria for limiting
states. For a reinforced concrete bending element, it can occur when the most
stressed part of the compressed concrete in the section begins to collapse, and in the
tensioned reinforcement the stresses can stabilize and correspond to the yield point,
and then decrease. In this case, if the structure deformation is not stopped, the
structure will not collapse.

The realization of such a special limiting state is most likely in frame frames
with a high degree of static uncertainty in the interaction of all load-bearing ele-
ments. Implemented in the transom of the frame, it will lead to an intensive
redistribution of efforts in it. This will allow maintaining the frame geometric
invariability even with a decrease in the bearing capacity of its individual elements.
The increase intensity the in displacements with a decrease in the bearing capacity
will depend on the section characteristics and, first of all, on the intensity and
scheme of its RC. It follows from what has been said that in order to establish and
refine the criteria for a accidental limiting state, both in strength and in deforma-
bility, it is necessary to study the stress–strain state of the work of structures in the
transcendental stage, when the deformations (deflections) exceeded the normalized
ones.

In accordance with SP 385.1325800.2018 “Protection of buildings and structures
against progressive collapse. Design rules. Basic statements” (with Amendment
No. 1) protection of a building and structure from progressive collapse is ensured if
for any elements and their connections the following condition is met:

f � fult; ð9Þ

where

f is the movement of the element from the external load;
fult the maximum permissible deflections value of the element (for concrete and

reinforced concrete structures according to SP 63.13330).

The deformation criterion of a accidental limiting state for the considered
non-equilibrium problem from the condition of maintaining the survivability
potential:

f � fult ¼ 1=10. . .
1=30L

� �
: ð10Þ
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Deflection for a bending member:

f ¼ S � l20 �
1

rmax
; ð11Þ

The curvature is determined by the formula, taking into account the concrete
deformation long modulus:

1
rmax

¼ Mmax

Eb;red t; t0ð Þ � Ired : ð12Þ

3 Results

On the example of a long-term deformable fragment of a reinforced concrete frame,
a duration quantitative assessment of the survivability potential preservation in time
has been made. The calculated fragment of the building’s reinforced concrete frame
is a two-span two-story reinforced concrete monolithic spatial frame (Fig. 1a). The
cross-section of the crossbars has a cross-sectional size of 100 � 120 (b * h) mm
and a length of 1000 mm. The section of the racks is 100 � 100 (b * h) mm and
the length is 700 mm. For crossbars and posts, concrete of class B20 is adopted.
Reinforcement of the racks is symmetrical—with a spatial frame made of Bp500
class reinforcement with a diameter of 4 mm. The crossbars are reinforced with flat
frames made of Bp500 class reinforcement with a diameter of 4 mm.

1. Static calculation of the primary (in the terminology of SP385.1325800.2018
“Protection of buildings and structures against progressive collapse”) design
scheme of the spatial frame for the design load. The calculation of the spatial
frame according to the primary design scheme (Fig. 2a) under the action of
design loads with the use of bar finite elements was carried out using the
LIRA-SAPR program. The results of such a calculation (values of forces and
displacements) of the frame structure for the design load are shown in Fig. 2b–d.

2. Calculation of the secondary (in the terminology of SP385.1325800.2018
“Protection of buildings and structures against progressive collapse”) design
scheme of the spatial frame with a sudden removal of the extreme column of the
first floor. The calculation according to the secondary calculation scheme
(Fig. 3a) with switching off the corner column of the first floor was also per-
formed using the LIRA-SAPR program. The calculation results (values of forces
and displacements) of the frame structure for the design load are shown in
Fig. 3b–d.

3. Creep measure calculation of the space frame elements.
Element open surface modulus: M = 36.67 m−1.
The value of the function is determined: X(t0) = 1.0224.
The value of the function f (t, t0) is determined: f (t, t0) = 1.0.
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The limiting value of the creep measure is determined: C28,besk = 1.49 �
10−10m2/N.
The value of the creep measure at t0 = 28 days, t = 3650 days (10 years) will
be:
C (t, t0) = 1.58 � 10−10m2/N.

4. Survivability exposition of the spatial reinforced concrete frame.

Professors Bondarenko V. and Kolchunov V. gave the definition of «surviv-
ability exposition»—in the case of a non-equilibrium formulation of the problem

а) b) 

c) d) 

Fig. 1 General view of a spatial two-story reinforced concrete monolithic frame (a); the layout of
the frame columns (section 3-3) (b); formwork drawing and space frame reinforcement along the
B (c) axis; sections 1-1, 2-2 racks and crossbars of the frame (d)
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(superposition of creep deformations and corrosion damage in time), the surviv-
ability potential duration of a building system in time to the destructive effects of an
aggressive environment with the disconnection from the structural elements
responsible system for the geometric invariability of structures [16]. To assess
survivability exposition, a criterial parameter of an accidental limiting state was
adopted, in the form of an inequality of curvatures (deflections) in the cross-sections

Fig. 2 Primary design scheme of spatial reinforced concrete monolithic frame structure (a);
moment diagram My, kN * m (minimum value −0.736; maximum value 0.529) (b); moment
diagram Mz, kN * m (minimum value −0.44; maximum value 0.44) (c); displacement diagram
fy + fz, mm (maximum value 0.182) (d)
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of crossbars of a long-loaded and corrosively damaged frame after an accidental
action in the form of a sudden removal of the extreme rack (formula (10)).

The frame was calculated in two stages. At the first stage, using the primary and
secondary design schemes, the calculation for the accidental action under consid-
eration was carried out. As a result of the calculation, it was found that the criterion
of a accidental limiting state in the form of maximum deflection is satisfied.

Fig. 3 Secondary design diagram of a spatial reinforced concrete frame (a); moment diagram My,
kN * m (minimum value −4.504; maximum value 2.014) (b); moment diagram Mz, kN * m
(minimum value −0.527; maximum value 0.527) (c); displacement diagram fy + fz, mm
(maximum value 4.27) (d)

322 N. Androsova and V. Kolchunov



In this case, the girder maximum curvature above the first floor of the spatial
frame with the initial concrete deformations modulus will be:

1
rmax

¼ Mmax

Eb;red � Ired ¼
8:9� 103

27:5� 109 � 1:3� 10�5 ¼ 0:0249
1
m
:

Deflection: f ¼ 1
4 � 1:02 � 0:0249 ¼ 0:00062m.

The maximum deflection of this girder was 1/160 of its span, which does not
exceed the criterion value of 1/30 standardized by SP385.1325800.2018
“Protection of buildings and structures against progressive collapse”.

At the second stage, the calculation was carried out for the frame under its
long-term loading with the same load and corrosion damage to reinforced concrete,
which were determined in time by the method [12]. Based on the calculation results,
the curvature of the considered spatial frame was calculated, taking into account
nonequilibrium processes (long-term deformation of concrete and corrosion dam-
age in time), which will be:

1
rmax

¼ Mmax

E�
b;red � Ired

¼ 8:9� 103

5:14� 109 � 1:3� 10�5 ¼ 0:133
1
m
:

In this case, the concrete deformations long-term modulus, taking into account
the corrosive wear of concrete (at t0 = 28 days; t = 3650 days (10 years), was:

E�
b t; t0ð Þ ¼ 1

Eb
þC t; t0ð Þ

� ��1

¼ 1
27:5� 109

þ 1:58� 10�10
� ��1

¼ 5:14� 109
N
m2 :

Deflection: f ¼ 1
4 � 1:02 � 0:133 ¼ 0:0333m.

The maximum deflection of the girder when calculating according to the sec-
ondary design scheme was 1/30 of its span. Consequently, with the accepted class
of concrete and frame reinforcement, the level and pattern of the load on the frame
and the corrosion damage rate, the survivability exposition of the frame, that is, the
period of time during which the structural system can turn into a kinematically
variable system with the hypothetical removal of one of the load-bearing elements,
with an accidental limiting state, will be about 10 years.

4 Conclusions

1. The proposed method and algorithm for calculating the survivability criterion of
a long-term deformable reinforced concrete frame under accidental actions
makes it possible to predict the value of this parameter in time for the operated
frame-bar frames of buildings and structures.
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2. The calculation of a reinforced concrete frame taking into account the
non-equilibrium processes of long-term exposure to force and environmental
factors when assessing the exposure of its survivability showed that the sur-
vivability of a reinforced concrete frame depends on the duration of its operation
in the building and the degree of its corrosion damage over time. These factors
must be taken into account when calculating the structural system of a building
for accidental actions and designing their protection against progressive
collapse.
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Force Resistance of a Non-linearly
Deformable Reinforced Concrete
Beam with Corrosion Damage Under
Dynamic Load

M. Berlinov and M. Berlinova

Abstract A nonlinear method of dynamic calculation of a reinforced concrete
beam is developed, based on a discrete model with corrosion damage and rheology
of deformation. Corrosion damage is taken into account by reducing the coefficients
to the calculated mechanical characteristics of concrete and reinforcement.
Presented the results of the calculation of a reinforced concrete beam with and
without taking into account corrosion. Noted that the corrosion damage and the
non-linearity and non-equilibrium deformation of reinforced concrete structures
under dynamic influences allows us to more fully accounting the real work of
materials. Without taking into account corrosion Analysis of the results of the
calculation of a reinforced concrete beam in the resonant region of vibrations at the
first frequency of natural vibrations shows that the amplitude-frequency charac-
teristic becomes nonlinear and the frequency of resonant vibrations becomes
dependent on the amplitude of vibrations. The comparison of the calculation results
with the experimental data showed a satisfactory convergence.

Keywords Reinforced concrete � Corrosion damage � Phenomenological equa-
tions � Nonlinear deformation � Stress � Dynamic loads � Creep � Vibro-creep
processes

1 Introduction

In the conditions of long-term operation of reinforced concrete structures in an
aggressive environment under various loads [1, 2], it is necessary to assess their
stress–strain state as a result of corrosion damage, taking into account the reduction
in the cross-sectional area of concrete and reinforcement.

Corrosion damage to reinforced concrete elements [3, 4] can affect the strength
of the material, change the calculation schemes, redistribute forces in the sections of
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the structure and disrupt the joint work of concrete with reinforcement, as well as
lead to other consequences that reduce the design life of the structures and other
operational characteristics [5, 6]. The most unfavorable result of the development of
the corrosion process of reinforced concrete structures is a decrease in their
load-bearing capacity and suitability for normal operation, which leads to
non-compliance with safety requirements and limit conditions under operating
loads during the entire period of operation [7–20].

2 Materials and Methods

Based on the generally accepted practice [9], the force in the cross section of the
element before the formation of cracks is the sum of the forces perceived by the
reinforcement and concrete, then it is obvious that the following formula can be
obtained taking into account the corrosion damage in concrete and reinforcement:

rx tð ÞAx ¼ rb;x tð ÞK�
b;x tð ÞAb;x þ rs;x tð Þws;x tð ÞAs;x; ð1Þ

here: rx(t)—the average stress in the cross section of reinforced concrete element;
rs,x(t) and rb,x(t)—the average stresses in the reinforcement and concrete Ab,x and
As,x—correspond to the values of the area of the reinforcement and concrete; Kb,x(t)
—a coefficient that takes into account the degree of corrosion damage to concrete,
which changes over time of observation; ws,x(t)—a similar coefficient for corrosion
damage to reinforcement.

The coefficient that takes into account the degree of corrosion damage to con-
crete is defined as:

K�ðzÞ ¼ 1� p
dðt; t0Þ

� �2( )
þ 2p

dðt; t0Þ2
z� 1

dðt; t0Þ2
z2 ð2Þ

where d t; t0ð Þ—the value of the damage; z—the vertical coordinate within the
height of the cross-section; x = d(t,t0) + p—the height of the compressed concrete
zone; p—the undamaged part of the cross-section.

The area of the reinforcement that has been subjected to corrosion damage
should be considered as the reduction in accordance with the following expression:

As ¼ xsAso ð3Þ

Aso—the area of intact reinforcement, xs—the coefficient that consider the
reduction in the area of the reinforcement as a result of corrosion, determined by the
formula:
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ws; ¼ 1 � 2 f
D

þ 16 f 2

pD2

� �
ð4Þ

where is: f ¼ kffiffiffi
a

p tn ð5Þ

k and n are empirical coefficients, a is the value of the protective layer of concrete,
mm, t is the time.

In the case of a crack, to determine the stresses and deformations, you can use
the well-known assumption of V. I. Murashev:

rs;x ¼ ws;xls;xws tð Þrs;x; es;x ¼ rs;x
Es

¼ ws;xls;xws tð Þrs;x tð Þ
Es

ð6Þ

Ws—is a linearized coefficient that takes into account the unevenness of the
compressed concrete zone; ls—is the reinforcement coefficient.

The current state of dynamic methods for calculating reinforced concrete
structures of operated buildings caused by seismic or equipment impacts does not
fully correspond to the actual work of materials. This is due to the fact that the
nonlinearity and rheology of reinforced concrete deformation are considered only
indirectly by modern calculation methods.

In this article, an attempt is made to construct a calculation method based on
modern phenomenological equations that characterize the work of reinforced
concrete under external loading with corrosion damage, and taking into account the
intensification of rheological processes (vibration creep) under dynamic influences.
Let us illustrate the calculation method by the example of a reinforced concrete
beam with a harmonic source of external disturbances, bearing in mind that the
proposed approach can be extended to other structures.

Considering the above, the hypothesis of hysteresis energy losses during uni-
axial deformation can be extended to the case of a volume stress-deformed state,
moreover, the following reasoning can be used to substantiate this assumption.
Each component of the stresses within the elementary volume of the body during
the dynamic operation of the material will form a closed hysteresis loop in the
corresponding coordinate plane.

As initial assumptions, we will use the phenomenological equations of the
mechanical state of materials, while taking into account the energy dissipation
during vibrations. We will take the computational model in the form of a discrete
scheme (Fig. 1a), which allows us to use the Dalembert principle. The resolving
equations of the dynamic process with a harmonic source of external influences will
take the following form:
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d11m1 � 1

1� h
xi

� �2
þ r2l

2
64

3
75y1 þ d12m2y2 þ � � � þ dlkmkyk þ Dip

h2
¼ 0 ð7Þ

here: mk—is the mass of the beam section concentrated at the point k; h is the
frequency of the driving force; xi is the frequency of natural oscillations of the
corresponding current; rl

2—is the coefficient of inelastic resistance reflecting
mechanical energy losses during vibrations, determined from experimental data; yk
is the amplitude value of the oscillations of the k-th mass; Δkp is the static dis-
placement caused by the amplitude value of the disturbing force.

The unit displacements, dik included in formulas (7), under conditions of cor-
rosion damage and nonlinear and rheological deformation will depend on the level

Fig. 1 Calculation scheme-A: B-values of bending moments, mMm-deflections-B, mm. - without
taking into account corrosion - - - taking into account damage x—x-x-experimental data
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of the stress state. We will evaluate the specified factor using the method of integral
estimates, then:

dlk ¼ MlMk

B̂ A; tð Þ ð8Þ

here: Ml and Mk—are, respectively, plots of moments from the unit forces applied
at points l and k; B̂ A; tð Þ is an integral operator that estimates the rigidity of the
beam section under consideration.

Given the dependencies (1), (2), and (6), we assume the relationship between
stresses and deformations in the following form:

r tð Þ ¼ e tð ÞE tð ÞK�ðzÞu eð Þ � Zt

t0

e sð Þu Eð ÞR t; sð ÞK�ðzÞ
K h; rð Þ ds; ð9Þ

where E(t) is the modulus of elastic instantaneous deformations; u(e) is a single
function of nonlinearity, determined on the basis of experimental data; R(t,s) is the
resolvent of the creep measure; K(h,r) is the coefficient of vibration creep.

The value of the rigidity B (A, t) can be obtained using the well-known rea-
soning in the following form:

B̂ A; tð Þ ¼ E tð ÞK�ðzÞu eð Þ � Zt

t0

u eð ÞR t; sð ÞK�ðzÞ
K h; rð Þ ds

" #
bx3

12
þ bx g3

x
2

� �2
� �

þ E
0
sxs; x tð ÞA0

s g0 � a0ð Þ2 þ Esxs; x tð ÞAs

w
h0 � g0ð Þ2

ð10Þ

here: b is the width of the cross-section of the beam; x is the height of the com-
pressed concrete zone; h0 and g0 are, respectively, the distance from the center of
gravity of the stretched reinforcement and the center of gravity of the reduced
section to the compressed face; Es, Es

ʹ is the elastic modulus of the compressed and
stretched reinforcement; As, As

ʹ is the areas of the reinforcement.
The value of the vibration creep coefficient is determined by a well-known

method, depending on the level of active stresses and the frequency of vibrations.

K rmax;rmin; h; t0ð Þ ¼ Uno hminð Þ
Uno hð Þ ð11Þ

h_min = (1.5–3) 1/s—the minimum circular oscillation frequency at which the
phenomenon of vibration creep is observed.

This approach turns the system of equations (7) into a nonlinear one, the solution
of which is carried out using the method of integral estimates, which provides for
the fixation of rheological and corrosion processes based on the method of con-
secutive approximations. This technique allows you to replace the solution of a
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nonlinear system of equations with multiple solutions of systems of linear equations
with constantly updated values of the rigidity characteristics, and the use of the
step-by-step method makes it possible to view and change the mode of action of the
external load and the values of corrosion damage over time long-term operation.

3 Results and Discussion

As an illustration, we present the results of the calculation of a reinforced concrete
beam with a span of 6 m. made of concrete of class B 12.5. Compressed and
stretched zone reinforced of class A-400. Dimensions of the cross-section of the
beam b � h = 60 � 25 cm. The amount of reinforcement compressed and stret-
ched zone As

ʹ = 1.57 cm2, (2Ø 10); As = 15.2 cm2, (4Ø 22). The resolution of the
creep measure was determined from the integral equation:

L t; sð Þ � R t; sð Þ ¼ Zt

0

L n; sð ÞR t; nð Þdn; ð12Þ

where: L t; sð Þ ¼ �E sð Þ d
ds

1
E sð Þ þ Ĉ t; sð Þ

� �
ð13Þ

here: E sð Þ ¼ E 1ð Þ 1� be�dt	 

; ð14Þ

C t; sð Þ ¼ 1
E t0ð Þ �

1
E tð Þ þC0 1� e�r t�t0ð Þ

h i
þA½e�r2t0 � er2t�: ð15Þ

t0 and t—loading and observation time.
Values of other parameters included in Eqs. (7), (10), (14) accepted by the

following E(∞) = 2.7 � 106 MPa; C0 = 1.02 � 10−4 MPa; A = 0.82 �
10−4 MPa; a = 0.1 day; c1 = c2 = 0.014 day, cl = 0.06. The deformation nonlin-
earity function was assumed in the following form:

u tð Þ ¼ 1þ g e tð Þ½ �mf g: ð16Þ

In formula (10), the values of n = 0.172; m = 0.22. The law of change of the
external load P = PoSinht, Po = 0.002 Mn, h = 365 rpm. The value of the static
evenly distributed load q = 0.003 Mn/m. For a mildly aggressive environment, the
corrosion rate of reinforcement was assumed to be 0.01 mm/year, and of concrete
0.5 mm/year.

The results of the calculation according to the proposed method are shown in
Fig. 1b, B. Comparing the plot of the bending moments calculated according to the
proposed method with the values obtained without taking into account corrosion
damage (Fig. 1b), the following conclusions can be drawn: taking into account
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corrosion and non-linearity of deformation leads to a decrease in the maximum
bending moment up to 21% during the operating time t = 50 years.

The values of dynamic deflections calculated taking into account corrosion and
vibration creep give a better match with the results of experimental studies
(Fig. 1c). The difference was about 18%, Note that the calculation of a similar
design for seismic effects will differ from the above device only in the form of a
system of resolving equations (7), which (in this case, with synchronous dis-
placements of the supports) will take the form:

Xn
i¼1

dlkml
d2

dt2
yl þDð Þ ¼ 1

1� h
x

	 
þ c2e
y1; ð17Þ

where Δ is the value of the dynamic displacement of the supports, determined by
experimental accelerograms for a given seismic zone of construction.

Analysis of the results of the calculation of a reinforced concrete beam in the
resonant region of vibrations at the first frequency of natural vibrations shows that
the amplitude-frequency characteristic becomes nonlinear, i.e., the frequency of
resonant vibrations becomes dependent on the amplitude of vibrations (Fig. 2),
which is explained by the nonlinearity of the deformation of the structural material.
Omitting the intermediate and final calculations here, we note that some simplifi-
cations were allowed during the calculations, and an approximate solution was
obtained as a result of the decomposition, when the system (7) was resolved into
trigonometric series using the harmonic balance method.

Fig. 2 Amplitude-frequency
response
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4 Conclusion

It should be noted that taking into account the corrosion damage and the
non-linearity and non-equilibrium deformation of reinforced concrete structures
under dynamic influences allows us to more fully take into account the real work of
materials. This, in turn, makes it possible to find additional reserves of load-bearing
capacity, thereby resulting in material savings.
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Compressed Knots on Glued-In Rods
of Wooden Structures

Aleksandr Pogoreltsev

Abstract Large-span glulam structures with glued-in rods rigid bonds are being
widely used in Russia. When designing the joints perceiving compressive forces are
commonly used the glued-in rods combined with a steel plate. The compression is
transmitted to wood both via rods and the embedded part. Russian standards pre-
scribe not to take into account the work of the embedded part because the joint
work is poorly studied. However full-scale structural tests have shown that the joint
bearing load capacity that preserve compressive forces significantly exceeds the
calculated values determined without taking into account the join work of glued-in
rods and steel plates. The manuscript represents the results of numerical and
experimental studies of the joint operation of glued-in rods and steel embedded
parts in compressed bonds of timber structures. Compressed joints of wooden
structures at the built in Russia objects are considered.

Keywords Bearing load capacity � Compressive forces � Glued-in rod �
Join work � Glulam structures � Large-span � Steel embedded parts

The widespread use of glued wooden structures in the construction of large-span
buildings and structures has raised the issues of the development of node joints,
taking significant forces. In Russia under the leadership of S. B. Turkovsky there
was developed a system of knotted joints on glued rods—“TSNIISK system”.

The system is based on the rods, primarily of periodic profile reinforcing steel,
glued on epoxy compounds in the holes in the wood. With a competent design, the
load-bearing capacity of such assemblies is determined by the strength of the rods.

Historically, the first studies carried out at the beginning of the XX century
concerned the longitudinal reinforcement of bending structures, in which the joint
work of the reinforcement with wood was provided using various mechanical
means or glue (Granholm H. et al.) [1]. With the advent of epoxy adhesives,
intensive research began on reinforced wooden structures, including prestressed
ones, both in our country (V. F. Bondin, I. M. Linkov, V. Yu. Shchuko, etc.) and
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abroad (Bohannan B., Bond D., Lantos, G., Peterson, J. et al.) [2–6]. The studies
concerned the effect of various reinforcement parameters on the bearing capacity.

In what follows, the use of glued-in rods for local timber reinforcement and in
the nodes of wooden structures was also considered [7]. Abroad, glue-down rods
with a metric thread were initially investigated, the diameter of the holes for which
is less than the outer diameter of the thread [8]. Then, studies of glued single and
group threaded rods with holes larger than the outer diameter of the rods began and
continue today [9–13]. A number of tests included the study of rods glued per-
pendicular to the grain of the wood [14].

In contrast to foreign researchers who considered mainly threaded rods, the
USSR conducted studies of joints with glued rods of periodic profile reinforcement
used for reinforced concrete structures. In 1970 Pospelov N.D. rigid joints of beams
with reinforcing rods glued along the fibers were proposed.

In 1981, in the Soviet Union in the new edition of the standard “Construction
norms and regulations” SNIP II-25-80 “Wooden structures” appeared section
“Connections on the glued steel bars, working on pulling or pushing through”,
which dealt with reinforcement rods glued along the fiber of the wood.

At the Volokolamsk plant of glued wooden structures in 1975, under the sci-
entific supervision of S. B. Turkovsky. began the massive use of the connection on
rods glued along the grain of the wood. But the disadvantages of such compounds
discovered at the same time led to the need for their improvement. At TsNIISK,
new joints were proposed, in which the glued-in rods were located not along the
grain of the wood, but intersected the fibers at an angle.

The result of the research was a new system of nodal joints—the “TsNIISK
system”, which used reinforcing bars glued at an angle to the wood fibers [15–17].
Gluing the rods perpendicular to the wood fibers is a particular case of gluing at an
angle.

In Russia, large-span structures made of glued wood with “CNIISK system”
nodes on glued-in rods are widely used [18–22]. When designing the nodes that
absorb compressive forces, glued rods combined with a steel embedded part are
often used. Compressive forces are transmitted to the wooden element both through
the glued-in rods and through the embedded detail. Examples are support assem-
blies for beams, arches, and frames, attachment assemblies for sprengel (Fig. 1) and
compressed truss struts, cornice assemblies for frames (Fig. 2), etc.

Russian design standards “Code of rules SP64.1330.2011. Wooden structures”
(hereinafter SP 64) and “Code of rules SP 382.1325800.2017 Glued wooden
structures on glued rods. Calculation methods” (hereinafter SP 382) prescribe not to
take into account the work of wood for crushing under the embedded part, which is
due to the small study of joint work. However, full-scale tests of structural frag-
ments have shown that the bearing capacity of nodes that perceive compressive
forces significantly exceeds the calculated values determined without taking into
account the joint work of glued-in rods and steel plates.

In 2007, control tests were carried out to confirm the load-bearing capacity of the
tie-rod fastening in the support node of the roof truss at the Gorki-2 sports complex
in the Moscow region (Fig. 3). The unit was calculated without taking into account

338 A. Pogoreltsev



the work of the wood for crushing under the embedded plate. The test fragments
had a cross-section of 2 � (120 � 800) mm, a length of 1 m and simulated the
fastening of the tightening to the wood with 4 Ø25 rods made of A400 rein-
forcement 500 mm long, glued at an angle of 25° to the direction of the fibers and
united by the embedded part.

Fig. 1 Nodes of structures on glued-in rods that perceive compressive forces—the Aquatics
Palace in Kazan with a crossbar in the form of a truss girder

Fig. 2 Nodes of structures on glued-in rods that perceive compressive forces of the frame with a
span of 36 m of training ice hall of the sports complex “Yantar” in Moscow
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Two fragments were tested:
Fragment No. 1 repeated the technical solution adopted in the project in terms of

embedded parts, to which reinforcing bars were welded (Fig. 3b). The compressive
forces were transmitted to the wood by the glued-in rods and the stop of the
embedded part.

Fragment No. 2 was made with a 10 mm gap between the embedded part and the
wood. Compressive forces were transmitted to the wood only by the glued-in rods.

The compressive force transmitted from the embedment to the wood in the
support assembly was created in a Man-500 press with a capacity of 5000 kN
(Fig. 3c). The design load on a fragment is equal to 500 kN, control—750 kN,
which corresponds to the design load at the mode of loading A—linearly increasing
load at standard tests. Loading was performed in steps of 100 kN or 1/5 of design
load.

Fig. 3 Control tests of the fastening of the tightening in the support node of the truss covering the
sports complexes in the village. Gorki-2, Moscow region: a general view of trusses in the process
of installation; b support node; c fragment testing
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When fragment No. 1 was tested up to a load of 800 kN or 1.6 of the design
load, uneven distribution of forces between the glued-in rods was observed, which
leveled out later on. Plastic deformations expressed in bending of the plates of the
embedded part were recorded at a load of 1500 kN. Destruction was caused by
shearing of wood along the fibers at a load of 1530 kN, which is more than 2 times
higher than the reference load. At the same time, the carrying capacity of the
glued-in rods was not exhausted.

Fragment No. 2 fractured at a load of 1100 kN from punching the glued-in rods,
which was almost 1.5 times higher than the control load.

The analysis of the test results confirmed the correctness of the design of the
unit, the glued-in rods provide the required bearing capacity, and the work of timber
for compression under the embedded part increases the bearing capacity of the unit
1.4 times.

The goal is to develop a methodology for taking into account the joint work of
glued-in rods for punching and wood under the embedded part for compression in
nodes that perceive compressive forces. Below are the results of preliminary
numerical studies by the finite element method.

For a preliminary assessment of the effect on the bearing capacity of the joint
work of glued rods and wood under the plate, the stress–strain state of model
specimens was investigated, in which compressive forces are perceived only by the
glued-in rods and jointly by the glued-in rods and the wood under the plate.

Model specimens with dimensions of 140 � 400 � 500 mm are equipped with
two glued-in rods with a diameter of 16 mm with a gluing depth of 15d or 240 mm
and an embedded part with dimensions “d � specimen width � 7d” or
16 � 140 � 112 mm (Fig. 4). The angle of inclination of the glued-in rods to the
direction of the fibers was taken to be from 0° to 90° with a step of 15°.

Fig. 4 Sample-model for the
study of the stress–strain state
of a node that perceives a
compressive force
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The dimensions of the samples were assigned based on the possibility in the
future to make samples at different angles of sticking of the rods for experimental
verification of the numerical analysis data from one workpiece with a cross section
of 140 � 500 mm.

For each angle of inclination of the fibers to the direction of force and the glued
in rods, 2 options were simulated:

– with the transfer of force only through two glued-in rods;
– with the transfer of force through the glued-in rods and at the steel plate—wood

contact.

The load was taken to be equal to the design load determined in accordance with
the design standards. In accordance with SP 64 and SP 382, for rods glued at an
angle to the wood fibers, the bearing capacity of one glued in rod is determined by
the formula (1):

T ¼ RApd1lrkckrkdmprPmi �FaRa ð1Þ

where RA = 6.8 MPa—design strength of wood in pull-out or push-in of a rod
bonded-in at an angle to the grain or loading mode A (Table 4 SP 64);

d1—hole diameter, m;

lr—design length of the rod, m,
lr ¼ l� lo � 30d; ð2Þ

l—anchorage length of rod, m;
lo = 3d—depth of a possible reduction in the strength of the adhesive layer due

to welding; for rods without welding lo = 0;
d—diameter of bonded-in rod, m;
kc—factor for uneven distribution of shear stress depending on the anchorage

length of the rod, which shall be determined by the formula

kc ¼ ac � bcðlr=dÞ; ð3Þ
ac = 1.2;
bc = 0.02;
kr—factor depending on the sign of normal stresses along the grain in the

installation area of the rods;
kd—factor depending on the rod diameter

kd ¼ ad�bdd; ð4Þ
ad = 1.12;
bd = 10;
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mpr = 0.66—load-duration factor, corresponding to the mode of duration B
under the combined action of constant and snow load;

Pmi = 1—product of end-use modification factors;
Fa—rod section area, m2;
Ra—design strength of the material of the rod, MPa.
For punching bars kr = 1.
The design bearing capacity of a glued-in rod with a diameter of 16 mm and a

gluing depth of 240 mm is 58.4 kN, while the maximum compressive stresses in
the rods are 292 MPa. The design bearing capacity of the unit without taking into
account the compressive work of the wood under the plate is 116.8 kN.

Design codes SP 64 and SP 382 indicate that rods glued at an angle to the fiber
of less than 20° are considered as glued along the fibers, at an angle of 20° or more -
as glued at an angle to the fibers. The rods glued across the fibers are a special case
of the rods glued at an angle to the fibers. The design resistance of the seams of the
glued-in rods is taken to be equal to the design resistance of wood when chipping
along the fibers at an angle of inclination of not more than 20°, and the design
resistance when punching and pulling out the rods at an angle of more than 20°.

Studies have shown that when forces are transmitted only through rods glued at
an angle to the wood fibers—45°–90°, the distribution of normal compressive
stresses along the length of the rods does not depend on the angle of inclination of
the fibers and differs by no more than 5% (Fig. 5).

The distribution of normal stresses along the length of the rods glued along the
grain of the wood—0°, is characterized by a more intense decrease in stresses at the
initial section of the rod. This is due to the fact that with such rods, the wood has a
higher shear stiffness, since along the entire perimeter of the glued-in rod, the shear
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Fig. 5 Distribution of compressive stresses along the length of the glued-in rod without taking
into account the work of compression of the wood under the steel embedded part at the angles of
inclination of the rods to the direction of the fibers from 90° to 0°
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modulus of the wood in the plane with axes along—across the fibers, which in the
calculations is taken equal to G0.90 = 500 MPa. With obliquely glued rods for a part
of the perimeter of the rods, the shear modulus of wood in a plane with axes along
—across the fibers, for the other part, the shear modulus of wood in a plane with
axes across—across the fibers, which in calculations is assumed to be
G90.90 = 50 MPa.

For gluing angles of 15° and 30°, the distribution of normal stresses is
intermediate.

The coefficient kc, which takes into account the uneven distribution of shear
stresses along the length of the glued-in rod, in the norms of SP 64 and SP 382 does
not depend on the angle of inclination of the rod to the wood fibers. Analysis of the
results of numerical studies of compressed nodes, in which the compression of
wood under the plate is not taken into account, showed that for rods glued at an
angle of 40°–90° to the wood fibers, the coefficient kc can be assumed to be the
same. At angles of inclination less than 40°, the coefficient kc should be determined
depending on the value of the angle of inclination.

When the glued-in rods and the steel plate work together at a given loading level
of 116.8 kN, the average compressive stresses under the plate fluctuate from 2 to
8 MPa (Fig. 6a). Depending on the level of compression stresses of the wood under
the plate, the forces transmitted to the glued in rods are reduced (Fig. 6b).

The minimum compressive stresses under the steel embedded plate (about
2 MPa) arise when the angle of inclination of the glued-in rods to the wood fibers is
75°, when the compressive strength of the wood is close to a minimum, and is 1.5
times less than the design resistance to compression across the fibers in the sup-
porting parts of the structures Rcm90 = 3 MPa. In this case, the maximum normal
compressive stresses in the glued-in rods are equal to 185 MPa, which is 2 times
less than the design resistance of the A400 reinforcement, equal to 375 MPa, and
more than 1.5 times less than the compression stresses of 292 MPa, determined as a
result of the calculation according to the current standards.

With a decrease in the angle of inclination of the glued-in rods to the direction of
the wood grain, the compressive stresses under the steel embedded plate increase
(Fig. 7a). At the same time, the relative increase in compression stresses under the
steel embedded plate is less than the increase in the design resistance of wood to
compression at an angle to the fibers.

With a decrease in the angle of inclination, the maximum compressive stresses in
the glued-in rods or the fraction of the force transmitted through the glued-in rods
decrease, while at angles less than 60°, the decrease is accelerated and at an angle of
inclination of 0° (the rods are glued along the grain of the wood) they are equal to
72 MPa or 4 times less than the stresses determined as a result of the calculation
according to the current standards (Fig. 7b).

The greatest increase in the bearing capacity of about 2 times is achieved when
the angle of inclination of the rods to the direction of the wood grain is 60°. In this
case, about half of the load is transmitted through the glued-in rods, and half
through the wood, which works for crushing under the steel embedded plate.
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Fig. 6 Distribution of normal compressive stresses during joint operation of glued rods and wood
under the steel embedded part at angles of inclination of rods to wood fibers from 90° to 0°:
a along the length of the glued-in rod; b under the steel embedded part

a) b)  

0

1

2

3

4

5

6

7

8

0 15 30 45 60 75 90
0

50

100

150

200

0 15 30 45 60 75 90

Fig. 7 Dependence of compressive stresses on the angle of inclination of the glued-in rods to the
direction of the wood grain: a Ϭc in wood under the steel embedded plate; b Ϭc,max in the glued-in
rod
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Taking into account the joint operation of the glued-in rods with the wood under
the steel embedded plate at angles of inclination of the rods less than 75°, the
load-bearing capacity of the nodes receiving compressive forces can be increased
by 1.5–2 times, or the diameter of the glued-in rods can be reduced.

The joint work of the rods glued across the fibers (90°) and the steel embedded
plate is different. At a loading level of 116.8 kN, the average shear stress under the
plate is about 3 MPa, which corresponds to the design resistance to compression
across the fibers in the supporting parts of the structures. In this case, the maximum
normal compressive stresses in the glued-in rods are 1.5 times less than the com-
pressive stresses of 292 MPa, determined as a result of the calculation according to
the current standards.

With an increase in the load or a decrease in the diameter of the rods, the
compressive stresses under the plate exceed the design resistance. It is possible to
increase the bearing capacity of the assembly by increasing the length of the steel
embedded plate with an increase in its thickness.

Thus, before additional research is carried out, the bearing capacity of a node
with rods glued across the fibers, which perceives compressive forces, should be
determined without taking into account the crushing of the wood under the steel
plate.

Studies have shown that the stress–strain state of such nodes is significantly
influenced by the boundary conditions, that is, the position of the node in a real
structure, as well as the parameters of the node itself, including the number,
diameter and depth of sticking of rods, dimensions of the embedded plate,
dimensions of the wooden element.

Continuation of numerical studies and experimental confirmation of the results
obtained are required.
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Numerical Simulation of Steel Columns
of Industrial Buildings with Local
Mechanical Damage During Explotation

Nina Buzalo, Ivan Gontarenko, Boris Chernykhovskiy ,
and Anastasia Alekseeva

Abstract This paper presents the results of a numerical study of the stress–strain
state of a model of an eccentric compressed I-section column with damage in the
ANSYS software, taking into account the nonlinear behavior of the material and
contact interactions. A CAD-model of the investigated sample of the structure, as
well as a finite-element design model, including finite elements of a volumetric
type, has been completed. The planning of a numerical experiment was carried out,
the parameters of damage affecting the results of the study were determined. The
number of experiments covering the range of variation of the identified influencing
parameters of damage was determined. On the basis of the developed computer
model, a series of numerical experiments was carried out to assess the effect of the
magnitude of local mechanical damage on the force resistance of eccentric com-
pressed elements, which will allow experts to give recommendations on its relia-
bility and the possibility of further explotation when conducting a technical
examination of the explotated steel structures of industrial buildings.

Keywords Nonlinear system � Innovation development � Mechanical properties �
Local damage � Stress concentrators � Full factorial experiment � Eccentric com-
pression � Stress–strain state � Computer simulation � Nonlinear behavior

1 Introduction

For an objective assessment of the influence of damage parameters on the bearing
capacity of the bearing elements of metal structures and when performing verifi-
cation calculations, it is necessary to have as much information as possible. Many
elements of explotated metal structures have zones in which local stress concen-
trations are observed. This usually occurs near cuts, cracks, in welded seams, in
places of mechanical damage, like in Fig. 1. The appearance of stress concentration

N. Buzalo � I. Gontarenko (&) � B. Chernykhovskiy � A. Alekseeva
Platov South-Russian State Polytechnic University (NPI), 132, Prosveshcheniya,
Rostov Region, Novocherkassk 346428, Russian Federation

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
N. Vatin et al. (eds.), Proceedings of MPCPE 2021, Lecture Notes in Civil
Engineering 182, https://doi.org/10.1007/978-3-030-85236-8_32

349

http://orcid.org/0000-0002-6334-8704
http://orcid.org/0000-0002-8541-2586
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_32&amp;domain=pdf
https://doi.org/10.1007/978-3-030-85236-8_32


in some cases, for example, with alternating loads, can lead to a decrease in the
strength of the element and its brittle failure.

In places of stress concentration, the Bernoulli hypothesis (flat cross-section
hypothesis) is unfair, and the formulas of the beam theory are inapplicable [Neuber
H. Stress Concentration. OGIZ, 1947]. Stresses near stress concentrators must be
determined by methods of elasticity theory, computer simulation or experimentally.

An example is the articles [1–6]. The authors of this article performed computer
modeling and structural analysis of an eccentrically compressed I-beam bisteel rack.

The objective of the research is to study the stress distribution near the local
damage of the eccentrically compressed I-section rack on physical and numerical
models.

This paper presents the results of a numerical study of the stress–strain state of a
model of an eccentrically compressed damaged I-section rack in the ANSYS
software, taking into account the nonlinear properties of the material and contact
interactions [7, 8].

On the basis of the developed computer model, a series of numerical experi-
ments was performed to assess the effect of the magnitude of local mechanical
damage on the force resistance of eccentrically compressed elements. This will
allow the engineers of the construction expertise to give recommendations on their
reliability and the possibility of further operation during the technical examination
of the operated metal structures of industrial buildings. Information on the effect of
stress concentration on the bearing capacity of an element can be obtained by
conducting experimental and numerical studies of structures and their models,
which are associated with significant financial and time costs. Experiment planning
methods are used to reduce the cost of such research.

Fig. 1 Local mechanical
damage to the column at the
crane trestle section of the fire
cutting section of a
metalworking enterprise
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2 Method

In the presented work, a model of a rack with local mechanical damage to the wall
(shown in a Fig. 2) is investigated. The number of factors studied is 3, the levels
and intervals of variation are presented in Table 1. The factors determining the
process are indicated in the following order: ~x1—the length of the column wall
cutout, ~x2—the column wall cutout width, ~x3—the force in the column section from
the external load. Required number of experiments 23 = 8.

As the main technique for planning a numerical experiment, a full factorial
experiment of the type 2k was chosen, which allows, with a known number of
factors, to find the number of experiments necessary to implement all possible
levels of factors [9]. For this, a formula N = 2k is used, where N—is the number of
experiments, k—is the number of factors, 2—is the number of levels.

For a linear model, it is enough to indicate only two levels: the upper and lower
boundaries of the variation interval. For simplicity, coded values of the levels are
assumed: the upper level corresponds to +1, the lower –1. The main level, which is
necessary to determine the variation interval, is taken equals zero. Thus, the fac-
torial space of the design is established [10–12].

To study the influence of various factors on the distribution of stresses in the
sections of damaged struts, a factorial design is used, built in such a way that only
one variable varies in each experiment, and the values of the remaining independent
variables remain constant. By varying each independent variable in turn, we
establish the required dependencies. Factors are encoded according to the formula:

xj ¼ ~xj � ~xj0
Ij

; ð1Þ

Fig. 2 Geometric dimensions
of the rack model
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where

xj is coded value of the factor,
~xj natural value of the factor,
~xj0 natural value of the main level,
Ij variation interval,
j number of the factor.

The experimental conditions are presented in tabular form (Table 2) in the form
of an experiment planning matrix, where the rows correspond to different experi-
ments, and the columns correspond to the coded values of the factors.

The conditions for conducting experiments in natural values of factors are pre-
sented in Table 3. The transition from natural values of factors to coded values is
given by the formulas:

x1 ¼ ~x1 � 120
20

, x2 ¼ ~x2 � 60
10

; x3 ¼ ~x3 � 775
100

3 Results and Discussion

Figure 3 shows the distribution of equivalent stresses according to von Mises for
the first four numerical experiments, in which the highest stress values were
obtained.

Table 1 Variation levels and
intervals

Levels Factor

~x1, mm ~x2, mm ~x3, mm

Main level 120 40 675

Upper level 140 50 775

Lower level 100 30 575

Variation interval 20 10 100

Table 2 Experiment
planning matrix 23

№ test x1 x2 x3
1 + + +

2 − + +

3 + − +

4 − − +

5 + + −

6 − + −

7 + − −

8 − − −
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To determine the displacements of the rack, the point of the damaged section
was selected, shown in Fig. 4.

Figure 5 shows the dependences of the displacements of the selected point on
the applied forces for the first four numerical experiments, in which the highest
stress values were obtained [13].

Table 3 Natural values of the factors

№ test x1 x2 x3
1 140 50 775

2 140 30 775

3 100 50 775

4 100 30 775

5 140 50 575

6 140 30 575

7 100 50 575

8 100 30 575

Fig. 3 Distribution of equivalent stresses in racks with localized damage
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Fig. 5 Displacements of the middle section of the rack along the X and Y axes

Fig. 4 Point of the section at which the displacements are measured
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4 Conclusions

The study performed allows us to determine the influence of the parameters of the
damaged rack on the stress concentration for any point of the damaged section and
to evaluate the rack displacements under load.

In the presence of a stress concentration, the deformation of the damaged sample
increases in comparison with the deformation of an undamaged element [14, 15],
which is associated with the appearance of plastic deformations at the stress con-
centrator. The part of the damaged section, where the stress concentration is
observed, works outside the elastic model. This suggests that, in reality, the
load-bearing section is even smaller than the actual section of the damaged rack.
The described phenomenon is especially dangerous for steel structures exposed to
alternating loads, or operated in cold areas. Generally, the fatigue strength of any
steel element is lower than the yield strength. If an alternating load causes plastic
deformations in the damaged structure [16–21], then low-cycle fatigue failure of the
element becomes probable. High-cycle fatigue failure is also likely if the amplitude
of the acting stresses in the damaged element is close to or higher than the fatigue
limit for the element in question. The combination of the above factors with low
temperatures also negatively affects the durability of metal structures, since at low
temperatures the steel becomes more brittle.

Acknowledgements The reported study was funded by RFBR, project number 20-38-90056\20
and project number 20-38-90046\20.
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Numerical Studies of the Optimal
Parameters of the Flange
of a Two-Layered Reinforced Concrete
Element of a T-section with High
Strength Concrete in a Compressed
Zone

Yuri Rogatnev , Oleg Sokolov , Jeremy Minani ,
Dmitry Panfilov , and Yuri Ivanov

Abstract A numerical study of the stress–strain state of two-layered flexible
reinforced concrete T-section elements with high-strength concrete –B 90 in the
compressed zone and concrete B 35 in the tensional zone has been carried out.
10 models with longitudinal reinforcement made of steel rebar of A-500C, AT-800
and 5 classes with glass-composite reinforcement have been developed. The
bearing capacity of the elements has been investigated. The ability of the flanges to
redistribute stresses along their width has been determined. The value of the bearing
capacity and the height of the compressed zone was determined according to SP
63.13330 and SP 295.1325800. The cases of the distribution of deformations
beyond the boundary of the contact of two layers are considered. The influence of
the transition of compressive stresses across the boundary of two layers on the
bearing capacity and on the redistribution of compressive stresses along the width
of the flange is determined. The influence of the modulus of elasticity and
the cross-sectional area of the working reinforcement on the bearing capacity of the
elements and on their ability to redistribute stresses was also established. The
relationships between the deflection values and the external load are determined for
all considered elements. The nature of stress redistributions along the flange width
at different load levels has also been established. An analysis was carried out in
order to select the optimal class of working reinforcement for the elements under
study.
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1 Introduction

In the practice of designing bending reinforced concrete elements, the T-section is
found as separate elements, as part of a monolithic beam floor and as a design
section of precast floor slabs. The wide range of elements is explained by the
rationality of using the cross section. A single-span T-beam is considered, the
flange of which is made of high-strength concrete of class B90, and the web is made
of concrete of normal strength B35. Previous studies of one-layered high strength
concrete bending elements made it possible to establish their effectiveness [1–3].

The bending T-flange distributes compressive stress across its entire width.
However, their distribution in the direction from the middle of the web to the edge
of the flange has a damping character. At large overhangs of the flange, the dif-
ference between the two values becomes significant, and the bearing capacity of the
element does not correspond to the assumed values. Experimental studies of ele-
ments of different design, method of support and nature of loading made it possible
to establish the limiting values of the width of the flange [4–6]. These studies are
the basis for limiting the values of the T-flange width used in the calculation in
domestic and foreign regulatory documents. These values are structured in the form
of dependencies of the flange overhang or its width on other geometric and design
parameters of the element. Thus, in SP 63.13330.2018, the width of the flange
overhang for an individual element should not exceed 1/6 of the element span and
no more than 6 hf flanges for hf � 0.1 h, 3 hf flanges for 0.05h � hf � 0.1h,
where hf is the thickness shelves, h—cross-sectional height. In EN 1992–1-1, the
effective flange width for a single element

beff ¼ 0:2 � l0 � bw ð1Þ

Effective compression flange widths of isolated beams shall not exceed 4 bw for
Japan concrete codes—“Japan Society of Civil Engineers-Standard Specification for
Concrete Structures”. As for Japan codes the max value of effective flange width in
ACI 318–19 also shall not exceed 4 times web width. But National Standard of the
People’s Republic of China—GB 50,010 have the same values as for SP 63.13330. In
addition, another way to assess the ability to redistribute stresses is to look for the
value of the useful shelf width. The effective flange width is an abstract value at which
the values of the compressive stresses above the edge would be equal to the values at
the edge of the flange [7]. It is noted that the effect on the redistribution of stresses
along the width of the flange is mainly exerted by its rigidity. Research of prestressed
T-beams shows efficient distribution of stresses in such elements, even at values of the
flange width, which were much higher than the maximum permissible [8].

In this regard, the determination of the limiting value of the flange width for a
two-layered T-element with high-strength concrete in a compressed zone is an
urgent task. Preliminary numerical studies have shown the effectiveness of their use
with high-strength reinforcement AT-800 without prestressing [9]. Using of com-
posite reinforcement also shows effectiveness in bending elements [10].
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Thus, the task of the current work is to determine the limiting value of the width
of the flange of the elements under study and to assess the ability to redistribute
compressive stresses along its width for various types of reinforcement.

2 Methods

There are a large number of software packages based on the finite element method.
Some of them make it possible to determine with sufficient accuracy the stress–
strain state of the structure under study [11, 12]. The current problem was solved in
the Ansys 2020 R2 software package. This software package allows you to take
into account the nonlinear work of materials of reinforced concrete structures [13].

The investigated beams were tested with a concentrated load in one third of the
span over the web. The span was 2050 mm. In this case, the supports on one side
were hinged, and on the other, hinged-fixed (Fig. 1).

The physical and mechanical properties of concrete of normal strength class
B35, reinforcement AT-800, A-500C and glass-composite reinforcement were
obtained as a result of tests and taken from the works devoted to the determination
of the stress–strain state of double-layered structures [9, 14]. In view of the fact that
the redistribution of stresses along the width of the flange is influenced by its crack
resistance, it became necessary to investigate high-strength concrete jointly for axial
tension and compression (Fig. 2). The test results of high-strength concrete are
presented in Table 1.

The course of the numerical experiment will be similar in structure to that of [3].
The author set himself the task of determining the influence of a compressed flange
on the bearing capacity of a T-beam. To solve this problem, the elements were
tested with a sequential increase in the width of the flange, while with a constant
flange thickness and span. In his work, the author, within the framework of one
series, considered elements with an overhang from 2.5hf to 6.8hf. In the current
work, the flange overhang will be considered in the range from 6 to 10hf, since the
concrete used by the authors was of low grade. In parallel with the study of the
effect of the compressed flange on the bearing capacity of the element, the useful
width of the element flange is considered. The coefficient of completeness of the
stress diagram is used for analysis of distribution compressive stresses over a
compressed flange [15, 16].

Fig. 1 Design diagram of a
T-beam
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xr ¼

Rbf2
�bf

2

rxdx

bfrmax
ð2Þ

where

rx the ordinates of the stress plot in the flange.
rmax maximum flange stresses above the rib.

In this case, the useful width of the flange was determined by the formula

beff ¼ bf � xr ð3Þ

The analysis of compressive stresses, in the current work, was carried out on a
cross-section in the middle of the beam span, at the ultimate load. In this case, the
step of taking readings was equal to 1/50 bf (Fig. 3). In Ansys 2020 R2, the path
tool was used to determine the stresses along the cross-section at the center of the
beam (Fig. 3).

Since the current work considers elements with flanges whose overhangs exceed
the maximum permissible values, it is obvious that the flanges work simultaneously
in compression and tension. This implies the formation of additional irregularities
in the distribution of deformations, in addition to those that are formed as a result of
normal cracks. This unevenness affects not only the operation of the flange, but also
the operation of the longitudinal reinforcement of the flange. When stresses are
distributed between the rods of the longitudinal reinforcement of the flange,

Fig. 2 Compression and tensile testing of high-strength concrete specimens

Table 1 Physical and mechanical characteristics of high-strength concrete

Rb (MPa) eb (%) Rbt (MPa) ebt Eb (MPa � 10–3)
65.02 0.156 5.36 0.0128 41.68
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sufficiently distant rods work ineffectively and do not affect the bearing capacity of
the beam. For isolated, single-span elements, it is recommended to install longi-
tudinal reinforcement within the web. The device of longitudinal reinforcement in
the overhangs of the flange is possible at a distance equal to hf in each direction
from the web with a shortage of bearing capacity of 5–6%. In the current work, the
longitudinal reinforcement, which affects the bearing capacity, is installed along the
axis of the beam web. The rest of the reinforcement is located outside the border of
effective work and does not affect the bearing capacity.

An important design parameter when determining the maximum permissible
values of the width of the flange is the percentage of working reinforcement. First,
its value should exceed the maximum permissible, since the effect of a compressed
flange on the bearing capacity can be estimated at the value of the bending moment

M ¼ Mult

Mult ¼ Rb � bf � x � h0 � x
2

� �
þRsc � A0

s � h0 � a0ð Þ ð4Þ

In this case, it is necessary to strictly observe the selected percentage of rein-
forcement for elements with the same type of longitudinal reinforcement and, when
determining it, take into account the compressed overhangs of the flanges. This
approach makes it possible for the beams to set the height of the compressed zone
constant, and the only variable parameter that affects the bearing capacity from

Fig. 3 Determination of the completeness factor of the stress diagram
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Eq. (4) is the flange width. The values of the limiting percent of reinforcement for
different types of reinforcement of double-layered elements with high-strength
concrete in the compressed zone are determined in [9].

To achieve the required limiting state in the elements under study, it is required
to ensure the strength of the remaining stressed zones. One of these is the contact
zone between the flange and the web. To ensure strength, in previous studies and
with flange overhang values � 4.75 hf, the flange had transverse reinforcement [3].
This reinforcement had a positive effect on the redistribution of compressive
stresses. In the current work, the transverse rebar in the flange was arranged with a
step of 100 mm, the diameter of the rods is 10 mm, the reinforcement class is
A-500C. Longitudinal rods in the overhangs of the flange were arranged in order to
ensure its stability and joint operation of individual transverse rods, while slightly
affecting the redistribution of compressive stresses.

The transverse reinforcement of the web was selected from the need to prevent
fracture along the inclined section.

Based on the above assumptions about the design of the tested beams, 15 models
weremade. Their geometric and design parameters are summarized in Table 2 (Fig. 4).

Table 2 Specification of numerical models

Name of
element

Class of
reinforcement

Percentage of
reinforcement

bf
(mm)

hf
(mm)

b
(mm)

h
(mm)

DTB-A1-1 A 500C 3.8 700 50 100 200

DTB-A1-2 800

DTB-A1-3 900

DTB-A1-4 1000

DTB-A1-5 1100

DTB-A2-1 AT 800 2.2 700

DTB-A2-2 800

DTB-A2-3 900

DTB-A2-4 1000

DTB-A2-5 1100

DTB-A3-1 AGC 2.2 700

DTB-A3-2 800

DTB-A3-3 900

DTB-A3-4 1000

DTB-A3-5 1100

Fig. 4 Cross section of test
items
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3 Results and Discussion

The element is loaded with a certain step until it breaks. Evidence of reaching the
limit state is the message of the software package about exceeding the maximum
permissible values of the increment of plastic deformations, and the relationship
between the displacement values and the degree of load indicates the nature of
destruction necessary for the study (Fig. 5). The relationship between stresses and
deformations for the working reinforcement was determined by a two- or three-line
diagram, if the rebar reached the limit values of deformations, these diagrams would
have repeated the relationship between displacements and the load. For all three
types of reinforcement, the increase in bearing capacity stops at flange overhang
values of 8hf (Table 3). At the same time, in the DTB-A3 elements, a higher level of
increase in the bearing capacity is observed with an increase in the width of the
flange. So elements DTB-A1 and DTB-A2 showed the level of increase in bearing
capacity of 3.5–3.8%, and DTB-A3—7.6%. However, the value of the bearing
capacity of the elements DTB-A1 and DTB-A2 is higher (Fig. 6). It should be
added that the bearing capacity of DTB-A2-5 not only did not increase compared to
DTB-A2-3, but also turned out to be less, therefore it will not be taken into account
in the analysis.

Despite the same approach to the design of elements, the boundary of the height
of the compressed zone turned out to be at different levels. So, for DTB-A1 ele-
ments, the border of the compressed zone passed in the middle of the rib at a level
of 125 mm, for DTB-A3 elements, the border passed through the place of contact
of the flange and the web at a level of 50 mm, and for DTB-A2 elements at 75 mm.
Only two items from the entire experiment showed significantly different values. So

Fig. 5 Relationship between deflection values and external force
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the height of the compressed zone for DTB-A1-3 is 93.8 mm, for DTB-A1-4—
140.6 mm. However, this discrepancy did not affect the overall logic of the results.
It should be noted that when compressive stresses went beyond the contact
boundary of concretes with different physical and mechanical properties, a stress
jump occurred (Fig. 7).

Several characteristic stages of the distribution of compressive stresses along the
width of the flange are revealed (Fig. 8). The first stage is expressed in the same
way for all elements. Prior to the formation of normal cracks, the nature of the stress
distribution and the degree of non-uniformity of deformations do not change with

Table 3 Numerical results

Name of
element

Pult

experiment
(kN)

f
(mm)

xr beff.
(mm)

x
(mm)

Pult SP
(kN)

x SP
(mm)

DTB-A1-1 763.25 16.11 0.9 630 125 453.9 28.77

DTB-A1-2 783.46 22.16 0.81 648 135.4 491.67 27.34

DTB-A1-3 819.207 23.55 0.743 668 93.8 534.05 26.29

DTB-A1-4 818,576 26.77 0.71 710 140.6 572.57 25.35

DTB-A1-5 818.077 25.11 0.648 712.8 125 612.15 24.63

DTB-A2-1 764.22 32.04 0.879 615.3 72.9 420.64 26.46

DTB-A2-2 787.42 34.8 0.903 722.4 78.1 455.32 25.57

DTB-A2-3 823.6 36.9 0.83 747 72.9 491.07 24

DTB-A2-4 821.1 38.7 0.742 742 78,1 527.93 23.21

DTB-A2-5 786.13 24.7 0.68 748 78.1 565.95 22.63

DTB-A3-1 676.65 53.9 0.872 610.4 52.1 457.22 29

DTB-A3-2 735.2 60.4 0.865 692 52.1 534.73 29.87

DTB-A3-3 784.11 55.67 0.869 782.1 46.9 615.37 30.71

DTB-A3-4 784.13 54.4 0.859 859 46.9 699.03 31.54

DTB-A3-5 784.56 54.4 0.85 935 62.5 785.58 32.35

Fig. 6 Relationship between
the flange width and the
external load
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increasing load. The flange works in accordance with the theory of elasticity [17].
After the formation of a normal crack, the degree of unevenness increases, and local
deformation jumps are formed. The previously determined height of the com-
pressed zone in the middle of the cross-section, located in the middle of the span of
the beams, could give grounds to assume that the entire flange is compressed along
its height. However, tensile stresses propagate along the bottom fibers of the flange,
and the neutral axis is nonlinear. In this regard, during the second stage, cracks
develop across the flange. In turn, cracks in the flange are the cause of the formation
of new jumps in deformations. Therefore, in some elements, it would be possible to
distinguish a third stage—after the propagation of the crack along the entire
overhang of the flange.

The character of stress redistribution can be qualitatively assessed by the coef-
ficient of completeness of the compressive stress diagram (Table 3). The value of
the coefficient decreased with an increase in the flange overhang to one degree or
another, regardless of the type of longitudinal reinforcement. However, the decrease
in the values of the coefficient occurs more intensively in elements with steel
reinforcement. In elements with glass-composite reinforcement, a similar decrease
in the coefficient is found only in the DTB-A3-5 element. This explains the higher
level of increment in the bearing capacity of the elements. The reason for these
phenomena is the level of stress redistribution deep into the web. In cases of passing
the contact boundary of two concretes with different physical and mechanical
properties, a stress jump occurs, which forms the second component of the com-
pressive stress diagram. The general view of the diagram is visually similar to a
funnel, the neck of which limits the redistribution of compressive stresses into the
depth of the element. A decrease in the ability of an element to distribute stress
along its height affects the redistribution of stresses along the width of the com-
pressed flange. When analyzing the values of the completeness coefficients of the
stress diagram, it is necessary to pay attention to the crack resistance of the flange.
An increase in crack resistance can reduce the level of uneven stress distribution. In
order to save the resources of the computational model, more than three rods were
not arranged in the overhangs of the flanges. In this regard, it can be assumed that

Fig. 7 Stress–strain state of elements
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Fig. 8 Characteristic stages
of the distribution of
compressive stresses along
the width of the flange
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the coefficient of completeness of the stress diagram for elements with a flange
width of 900 mm and more, when additional reinforcement is introduced into the
flange, will increase by no more than 5%.

Several factors have an effect on the bearing capacity of T-elements with
high-strength concrete in the compressed zone. So from Fig. 6 you can see the
effect of the modulus of elasticity and the percentage of working reinforcement on
the element.

The outline of the diagram of the compressive stresses of the DTB-A3 elements
had a truncated appearance, which explains the lower bearing capacity. However,
the DTB-A2 elements, in which the percentage of working reinforcement was lower
in comparison with the DTB-A1, with a similar modulus of elasticity, turned out to
be the most durable. The distribution of deformations across the boundary of two
layers was accompanied by a stress jump. This is how the second component of the
general compressive stress diagram is formed. The height of its action—x ‘affects
the bearing capacity of the element. This height is determined

x0 ¼ x� hhsc ð5Þ

where

hhsc high-strength concrete layer thickness.

It is the value of the xʹ value that determines the losses from the area of the
compressive stress diagram. Let us clearly consider the stress–strain state of
two-layered elements DTB-A1 and DTB-A2 in comparison with single-layered
elements made of high-strength concrete (Fig. 9).

In Fig. 9 shaded area—losses from the area of compressive stresses during the
distribution of deformations beyond the boundary of two layers [18–20]. Thus, a
larger percentage of the working reinforcement of the DTB-A1 elements negatively
affected the bearing capacity due to an increase in the height of the compressed
zone, and therefore xʹ.

Fig. 9 Comparison of the area of compressive stress diagrams
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The distribution of stresses along the height of the section responds to the
distribution of stresses along the width of the flange. This can be concluded when
comparing the values of the quantities xʹ and xr.

4 Conclusion

Within the framework of a numerical experiment, the estimated maximum flange
overhang in terms of bearing capacity was determined—8hf. This confirms the
assumption that the shelf efficiency increases with an increase in the elastic modulus
of the concrete. It should be noted that the appearance of cracks reduces the flange
stiffness and its ability to redistribute stresses.

Determination of the ability to redistribute stresses allows us to conclude that it
is necessary to enter reduction factors when calculating the bearing capacity, the
values of which must be verified experimentally.

When studying the operation of a compressed flange of two-layered T-section
elements, it is necessary to take into account the ability of the element to distribute
compressive stresses by height of the section. Numerical studies have established a
shortage of bearing capacity and weak ability to redistribute stresses along the
width of the flange with a significant height of the compressed zone extending
beyond the boundary of two layers.

An increase in the class of working reinforcement makes it possible to mitigate
the consequences of a stress jump, and therefore to reduce the relative losses of the
bearing capacity and increase the ability of the flange to redistribute stresses. The
use of glass-composite working reinforcement makes it possible to achieve high
rates in the redistribution of stresses along the width of the flange.

The most effective version of the execution of two-layered bending reinforced
concrete T-section elements with high-strength concrete in the compressed zone is
presented together with the working reinforcement of the AT-800 class. This
approach allows you to achieve more efficient flange operation combined with a
high load-bearing capacity.
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Study of the Mass Effect of a Complex
Node of UnderGround Pipelines
of Orthogonal Configuration Based
on Real Earthquake Records

Diyorbek Bekmirzaev , Ibrakhim Mirzaev , Ruslan Kishanov,
Nodirakhon Mansurova, and Shoista Sabirova

Abstract This paper considers the class of problems of dynamics of spatial sys-
tems of underground pipelines under the action of three-component seismic waves
propagating in the ground on the basis of instrumental records of real earthquakes.
For complex systems of underground pipelines as a method for solving the prob-
lems of nonstationary dynamics on spatial coordinates of pipelines the discretiza-
tion by finite element method is used, and on time variable the implicit
finite-difference scheme of Newmark type. The OX-axis is assigned as the direc-
tion of propagation of the three-component seismic waves. In order to account for
the angle of incidence of seismic waves, the structure of the underground pipeline is
rotated by a given angle relative to the direction of the OX axis. The conducted
theoretical and computational-experimental studies solve the problem of assessment
of stress–strain state of underground pipelines of complex orthogonal configuration
under seismic effect arbitrarily directed to the main axes of the pipeline. In the
calculations, a digitized seismogram record of the Chilean earthquake of January
24, 2016 was taken as a seismic waves. Multi-factor calculations were performed
for different soil types and seismic waves incidence angles. The effect of a complex
pipeline assembly on the dynamic process in the pipeline was investigated.
Influence of boundary conditions and compound node on pipeline waves formation
has been determined. Dangerous points of occurrence of maximum stresses in
underground pipeline systems under the action of seismic waves propagating in
space at an arbitrary angle of attack have been determined.
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1 Introduction

Analysis of the consequences of strong earthquakes shows that the seismic resis-
tance of underground structures depends on the direction of the seismic wave. Since
during earthquakes underground structures can be exposed to waves from arbitrary
directions, a determination of the stress–strain state of underground pipelines in the
presence of longitudinal, torsional, and transverse oscillations is relevant and serves
to determine the possible seismic hazard [1–6].

In the seismodynamics of underground structures, the nature of the pipeline
system interaction with the environment and the structural features of the object are
important [3, 4]. Numerous data on the consequences of recent strong earthquakes
related to the study of life support systems such as underground gas, water, and oil
pipelines and tunnels for various purposes were analyzed in order to supplement the
developed theory with new data and to assess the operation effectiveness.

At present, the case-history of strong earthquakes that have occurred in the world
shows that a preliminary hazard assessment of earthquakes and timely consideration
of appropriate measures (problems of assessing seismic risk and their mitigation)
are of great importance for the reduction of catastrophic aftermath. Thus, it is
necessary to ensure the strength and stability of underground structures subjected to
seismic loads. In this sense, the implementation of targeted scientific research to
improve numerical methods for solving problems, to calculate the earthquake
resistance of underground pipeline systems under random seismic effects is a rel-
evant issue [6–20]. In works of S. Sarioletlagh, M. Nekooei, A. Aziminejad,
D. Ha, T. H. Abdoun, M. J. O’Rourke, M. D. Symans, M. Saberi, H. Arabzadeh,
A. Keshavarz, P. Vazouras, S. A. Karamanos, et al. the use of different mechanical
mathematical models was analyzed and a number of urgent problems of under-
ground and ground structures were solved [5–12, 14–20].

2 Methods

This paper is devoted to the study of the underground pipelines dynamics based on
the seismodynamic theory of underground structures, using a mathematical model
of the theory of rods, considered in [3, 4] for the case of rod point displacements
under combined action of longitudinal and transverse forces.

Figure 1 shows a system of pipelines and wells of orthogonal configuration. The
well is modeled as a solid body rigidly connected to the pipe-line; the well interacts
with soil. Let us study the effect of the well mass on the stress state of an under-
ground pipeline, the ends of which are fixed to the ground, under the action of a
three-dimensional wave recorded during an earthquake.

Consider a section of underground pipeline 172 m long, to which 4 nodes are
connected at the marks of 41, 84, 89 and 132 m (see Fig. 1).
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Let the external influence (seismogram) have the form shown in Fig. 2. The head
of the laboratory at the University of Berkeley Sh. Takhirov kindly provided the
digitized records of the earthquake seismograms to us.

Fig. 1 Section of a complex system of underground pipelines of orthogonal configuration

a) longitudinal displacement (earthquake displacement along Ox)

b) transverse displacement (earthquake displacement along Oy)

c) vertical displacement (earthquake displacement along Oz)

Fig. 2 Digitized records of
seismograms of January 24,
2016 Chile earthquake
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3 Results and Discussion

As an example, let us consider the problem with the following initial data: the
mechanical and geometrical parameters of the underground pipeline and soil are
taken as: E = 2�105 MPa; q = 7.8�103 kg/m3; DH = 0.5 m; DB = 0.49 m; lsoil =
0.2; lpipe = 0.3; l = 172 m; in a straight section kx = 1.5�104 kN/m3;
ky,z = 3.9�104 kN/m3; in a complex section kx = 0.5�104 kN/m3; ky,z = 1.3�104
kN/m3; Cp = 1000 m/s.

Initial data for a well are: E = 2.5�104 MPa; q = 2.5�103 kg/m3; Duz
H = 4 m;

Duz
B = 3.5 m; Ix

uz = Iy
uz = m1/12�Huz

2 + 1/2�m2� Ruz2
H m2; Iz

uz = m1/2�(Ruz2
H +Ruz2

B ) +

m2�Ruz2
H m2; Huz = 1.5 m; m1 = p�Huz/4�(Duz2

H -Duz2
B )�q; V1 = p�Huz/4�(Duz2

H -Duz2
B ) +

2�p� Ruz2
H �huz; m2 = p�Ruz2

H �huz�q; muz = V1�q; kx
uz = 0.5�104 kN/m3; ky,z

uz =
1.3�104 kN/m3, the mass of the node (a well) is muz = 2 � 103 kg.

Let us analyze the results obtained, presented in the form of graphs. Figure 3
shows the changes in the values of the compressive (tensile) stresses along the axis
of the underground pipeline at fixed time points. Compressive (tensile) stresses in
straight sections of an underground pipeline change insignificantly from the pres-
ence of a nodal mass (see Fig. 3, in sections x = 41 m, x = 132 m).

The presence of compensators of a complex configuration in underground
pipelines reduces the longitudinal forces of the underground pipeline near this
section to a distance of 20–30 m.

Under compressive (tensile) stresses, the influence of the nodes (x = 41 m,
x = 132 m) is insignificant in straight sections of an underground pipeline. In this
case, the seismic wavelength makes it possible for the nodal mass interacting with
soil to gain the required inertia.

Fig. 3 Changes in compressive (tensile) stresses along the underground pipeline axis at fixed time
points
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Figures 4 and 5 show changes in the values of total stresses (ry
+, ry

−) along the
axis (bending relative to the Oy axis) of the underground pipeline at fixed time
points.

Here the nodes in straight sections of the pipeline play an important role since
the total stresses increase near the nodes of the underground pipeline (see Figs. 4
and 5, sections x = 41 m and x = 132 m).

This is due to bending deformations, which have large values near the nodal
mass since the nodal mass has a large value and a large contact surface with soil
and, therefore, the nature of this point motion changes the stresses.

In sections of an underground pipeline (x = 81 m and x = 92 m) of a complex
configuration, the values of the total stresses decrease.

Figures 6 and 7 show changes in the values of the total stresses (rz
+, rz

−) along
the axis (bending relative to the Oz axis) of the underground pipeline at fixed time
points.

In straight sections near the nodes of the underground pipeline, the total stresses
increase (Figs. 6 and 7, in sections x = 41 m and x = 132 m). In sections of an
underground pipeline (x = 81 m and x = 92 m) of a complex configuration, the
values of total stresses decrease due to the possibility of special deformation in this
section caused by the combined action of different waves.

As seen from the figures, the presence of large total stresses near the nodal mass
is related to large deformations near the nodal mass since it has a sufficiently large
value and a large contact surface with soil and, therefore, the nature of the motion of
this point changes the stresses (Figs. 4 and 7).

Fig. 4 Changes in total stresses (ry
+) along the axis (bending relative to the Oy axis) of an

underground pipeline at fixed time points
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The presence of large nodal masses leads to an increase in the total stresses at the
joints to this mass even under long seismic waves. The wells built in the pipelines
have a small weight and, under the action of long seismic waves, do not lead to a
significant increase in the total stresses at the well joint (see Figs. 4 and 7).

Fig. 5 Changes in total stresses (ry
−) along the axis (bending relative to the Oy axis) of an

underground pipeline at fixed time points

Fig. 6 Changes in total stresses (rz
+) along the axis (bending relative to the Oz axis) of an

underground pipeline at fixed time points
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Underground structures during an earthquake interact with the surrounding soil;
the interaction forces have viscoelastic properties.

From this standpoint, we will analyze the stress–strain state of an underground
pipeline during viscoelastic interactions with the surrounding soil based on real
earthquake records.

Figure 8 shows the changes in the values of the compressive (tensile) stresses
along the axis of the underground pipeline at fixed time points.

As seen from the graphs, the effect of the node on the compressive (tensile)
stresses, i.e., on the stresses caused by the axial force of the underground pipeline
only, is insignificant (see Fig. 8).

The magnitude of the interaction viscosity changes the picture: the greater the
value of the interaction viscosity coefficient, the greater the energy exchange
between the pipeline and soil.

Fig. 7 Changes in total stresses (rz
−) along the axis (bending relative to the Oz axis) of the

underground pipeline at fixed time points

Fig. 8 Changes in compressive (tensile) stresses along the axis of the underground pipeline at
fixed time points: 1 – l = 0, mass of the node muz = 2 � 103 kg; 2 – l = 1300 kNs/m3, mass of
the node muz = 1.1 � 102 kg; 3 – l = 2600 kNs/m3, mass of the node muz = 1.1 � 102 kg
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Therefore, the stresses differ at the same values of the elastic interaction coef-
ficients and different values of the interaction coefficients. In this case, an increase
in the value of the interaction coefficient leads to an increase in stress near the peak
values of deformation in a seismic wave.

Figure 9 shows the changes in the values of the total stresses (ry
+, ry

−) along
the pipeline axis at fixed points of time.

As seen from the graphs above, with an increase in the value of the viscosity
coefficient, the calculated values of the total stresses in geometrically complex
sections (x = 81 m, x = 84 m, x = 89 m, x = 92 m) increase as well. This is
because the viscosity (like a piston in a viscous liquid) is an additional possibility of
energy exchange between the underground pipeline and soil with a constant
coefficient of elastic interaction.

Here the nodes (1 – l = 0, the mass of the node (a well) muz = 2 � 103 kg) in
straight sections of the underground pipeline play an important role since the total
stresses increase near the nodes of the underground pipeline (see Figs. 9 and 10, in

Fig. 9 Changes in total stresses (ry
+, ry

−) along the axis of the pipeline at fixed time points:
1 – l = 0, mass of the node muz = 2 � 103 kg; 2 – l = 1300 kNs/m3, mass of the node
muz = 1.1 � 102 kg; 3 – l = 2600 kNs/m3, mass of the node muz = 1.1 � 102 kg
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sections x = 41 m and x = 132 m). From the graphs, it is seen that the values of
total stresses in the sections of the underground pipeline (see Fig. 10, 1 – l = 0, the
mass of the node (a well) muz = 2�103 kg; x = 81 m and x = 92 m) of a complex
configuration are reduced due to the possibility of special deformation in this
section caused by the combined action of different waves and the potential bending
of transversely located underground pipelines.

From the graphs in Fig. 10 it is seen, that at the peak of the accelerograms, the
total stresses have greater values in relation to other time points (see Fig. 4, in
sections x = 41 m, x = 81 m, x = 84 m, x = 89 m, x = 92 m, x = 132 m).

Figure 11 shows the changes in the values of the compressive (tensile) stresses
along the axis of the underground pipeline (the values of the node masses do not
change) at fixed time points.

Figures 12 and 13 show changes in the values of total stresses (ry
+, ry

−, ry
+,-

ry
−) along the pipeline axis at fixed time points.

Fig. 10 Changes in total stresses (rz
+, rz

−) along the axis of the pipeline at fixed time points
1 – l = 0, mass of the node muz = 2 � 103 kg; 2 – l = 1300 kNs/m3, mass of the node
muz = 1.1 � 102 kg; 3 – l = 2600 kNs/m3, mass of the node muz = 1.1 � 102 kg
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Analysis of the numerical results shows that viscoelastic interaction has a sig-
nificant effect on the stress–strain state of underground pipelines. In the cases
considered above, the difference between the results of elastic and viscoelastic
solutions is 15–20% (see Figs. 12 and 13).

When calculating the seismic resistance of underground pipelines, it is necessary
to take into account the exchange (transfer and entrainment) of energy due to the
difference in the velocities of soil particles and the pipeline.

Fig. 11 Changes in compressive (tensile) stress along the axis of the undergroundpipeline atfixed time
points: 1 – l = 1300 kNs/m3, muz = 1.1 � 102 kg; 2 – l = 2600 kNs/m3, muz = 1.1 � 102 kg

Fig. 12 Changes in total stresses (ry
+, ry

−) along the pipeline axis at fixed time points:
1 – l = 1300 kNs/m3, muz = 1.1 � 102 kg; 2 – l = 2600 kNs/m3, muz = 1.1 � 102 kg
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The soil viscosity increases the exchange of energy between the underground
pipeline and soil. It is advisable to determine the coefficients of elastic and viscous
interaction in dynamic problems of the pipeline-soil interaction conducting dynamic
experiments.

When designing underground pipelines in seismic areas, it is necessary to pro-
vide conditions for damping vibrations. A significant reduction in seismic loads on
underground pipelines can be reached by using compensators of various designs.

4 Conclusions

Complex configurations of pipeline systems are investigated in orthogonally con-
nected nodes. The theoretical and computational-experimental studies conducted,
solve the problems of assessing the stress–strain state of U-shaped pipelines of
complex orthogonal configuration based on real earthquake records.

Fig. 13 Changes in total stresses (rz
+, rz

−) along the axis of the pipeline at fixed time points:
1 – l = 1300 kNs/m3, muz = 1.1 � 102 kg; 2 – l = 2600 kNs/m3, muz = 1.1 � 102 kg
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New problems related to the study of the stress–strain state of pipeline systems
of complex configuration under the influence of seismic loads propagating in an
arbitrary direction were solved. On the basis of the algorithms developed, universal
programs were built for calculating the stress–strain state of pipeline systems of
complex configuration on the effect of seismic loads propagating at various angles
to the pipeline axis.

The presence of compensators in the form of geometrically complex sections
leads to the stress decrease near this section to a distance of 20–30 m.

Results obtained present a new contribution into seismodynamic theory; they
open wide possibilities for their use in optimal design of the complex of life support
in seismic zones.
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Dowel Connections with Local Wood
Modification

Artem Strekalkin , Artem Koshcheev , Svetlana Roshchina ,
and Anatoly Naichuk

Abstract The article is devoted to the study of the behavior of the elements of
dowel joints and modified wood of the node. Various methods of joining wooden
structures are considered. The basis is a comparison of the joint of SHERPA-type
wooden structures with the designed new type of connectors made of a cheaper
metal alloy and local modification of wood. The influence of wood modification on
the strength and deformability of the knot has been investigated. Various methods
of wood modification are considered, conclusions are drawn about the possibility of
using various modifiers within the framework of this work. Strength characteristics
of the materials used in this compound are given. The values of the aluminum
alloys of the initial compound and the compound to be used in the current study are
compared. A comparative analysis of the deformability indicators of different
variants of the assembly is carried out. The results of calculation by the finite
element method in the ANSYS Software package are compared. Conclusions are
drawn about a comparative increase in strength and a decrease in deformability. The
direction of the further course of research is set.

Keywords ANSYS � Construction � Dowel � Finite element � Joint � Simulation �
Structure � Timber � Wood � Modification � Buildings

1 Introduction

Structures made of solid and glued wood have been widely used in many industries
and economy for more than one century. Moreover, quite often this material is used
in buildings with increased chemical aggression. Due to its operational properties,
the resistance of wood to this type of aggression is much higher than that of stone,
reinforced stone, steel and reinforced concrete structures [1].
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When designing structures, as well as nodes and joints of elements made of
wood, it is necessary to take into account its rational use. This is achieved through
the use of new materials, improvement of existing design solutions, various
methods of strengthening and modifying wood. The development of wooden
structures tends to create systems, types, elements and types of connections that
would allow saving wood while increasing the load-bearing capacity and taking
into account its physical and mechanical characteristics in the best way [2–12].

In the past few decades, much attention has been paid to the construction of
industrial and civil buildings from solid and glued timber. An important factor in
the reliable functioning of building elements as a single system is the correct and
rational solutions to their joints. In wooden structures, the pairing of elements is
divided into two main groups:

1. glueless connections on mechanical bonds;
2. adhesive connections.

Connections of the first group in wooden structures have been used for more
than one hundred years. In such joints, the transfer of forces between the wood and
the connecting elements is exclusively in the contact area. The breadth of appli-
cation of such links is due to their universality. In addition, due to the development
of automation and industrialization, their manufacture and reliability have also
increased significantly. This type of ties most often works for bending and pulling.
Figure 1 shows the main types of dowels:

The versatility and ease of installation of joints of elements of wooden structures
is an important issue in the design of a building. Currently, there are various options
for mating individual structures together, but one of the most promising are
SHERPA connections, shown in Fig. 2.

This type of joint allows you to join the main and secondary beams, beams and
columns with each other, while the installation of the connection parts takes place
on the ground, and during installation, it remains only to “put” one part on the
second.

Fig. 1 The main types of
dowels used in the joints of
wood structures (1 oak dowel,
2 bolts, 3 pins, 4 screws, 5
self-tapping screws, 6
ordinary screws, 7 nails)
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In this case, the fastening of the connectors to the wooden elements is carried out
using special SHERPA screws, which are screwed along the body of the structure at
a certain angle. In this connection, as in most others, the loss of bearing capacity
occurs due to the formation of plastic hinges in the steel dowels, which, in turn,
develop due to the crushing of the wood in the dowel socket.

One of the ways to increase the strength and reduce the deformability of wood is
modification with various compositions. At present, 4 main methods of modifica-
tion can be distinguished: thermochemical (radiation-chemical), thermomechanical,
chemical and chemical–mechanical [4, 13–16].

2 Methods

Within the framework of research carried out on the basis of VlSU laboratories, the
possibility of modifying the joints of elements of wooden structures, in particular
SHERPA joints, in order to increase the bearing capacity and reduce deformability
is being studied.

Based on the modification technology and the availability of components, sev-
eral compositions are considered for modification:

1. Compound based on ED-20 resin;
2. Compound based on glue based on urea–formaldehyde resin grade KF-Zh;
3. Compound based on dimethylacrylic polyester [17, 18, 21–26].

Table 1 shows the characteristics of these and other possible modifiers.
As a result of previous studies, it was found that the best modifying composition

for wood in this study will be dimethacrylic polyester, since it has a low viscosity
and high physical and mechanical characteristics of the samples under study [19,
20, 27–30].

The joint of the main and secondary solid wood floor beams is taken as a
modeled joint.

The section of the main beam (h � b) is 200 � 150 mm, the secondary one is
200 � 100 mm.

Fig. 2 SHERPA connection
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The length of the screws is 80 mm, the diameter is 8 mm, their location takes
into account the requirements of the relevant regulatory documents.

The load was set stepwise on the area of the upper side of the secondary beam
with a step of 5 Kn.

At the first stage, for this, numerical studies are carried out and their results are
compared for several types of compounds, the general view of the models of which
is shown in Figs. 3 and 4. The geometry was set using the AUTODESK FUSION
360 software package.

4. The connectors are made of aluminum EN AW-6082 according to EN 755-2.
Below is the chemical composition of the alloy (Table 2)

The closest alloy in composition in Russian regulatory documents is AK 6
(1360).

In this case, the following strength characteristics are set: yield point or pro-
portionality limit with a residual deformation tolerance of 0.2%: 245 MPa;

Fig. 3 Simulated SHERPA
connection

Fig. 4 Simulated stud
connection with wood
modification fittings
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short-term strength limit: 365 MPa; elongation after rupture: 7%. The calculation
was carried out in the ANSYS software package.

3 Results and Discussion

Based on the results of the simulation, the following conclusions can be drawn:

1. Failure of the joint without wood modification is of a plastic nature and begins
with deformation of the wood of the nail socket, and, as a consequence, the
formation of a plastic hinge in the nails;

2. The tensile strength of aluminium parts is not achieved in both cases;
3. When modifying wood, an increase in the strength of the entire joint by 20–23%

is achieved, the deformability is reduced by 8–10% Below are the calculation
models of the compounds under study, as well as the isofields of their defor-
mations (Fig. 5).

4 Conclusions

Based on the results of the studies carried out, it can be concluded that local
modification of the wood of the joint of the nail joint is a justified way to increase
the strength of reducing the deformability of the nail joint. For further research, a

Fig. 5 Deformed models of the investigated connections. 1 SHERPA joint, 2 stud joint with
modified wood
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number of factors have been established, a change in which can affect the strength
characteristics of the system under study. Here are a few of them:

1. It is possible to change and determine the optimal angle of inclination of the
screws, as well as their location together with the fittings for modifying wood.

2. In both cases, the tensile strength of aluminum connectors is not reached, which
allows us to that the cost of the alloy may decrease due to a decrease in the
proportion of elements such as silicon, chromium, zinc and titanium.

3. The variant with the installation of the joint in the groove, made in one of the
joined wooden elements, indicates the possibility of using this joint in buildings
with increased chemical aggressiveness with reliable insulation of the elements.
The author of the article believes that further research will be aimed at solving
technological problems associated with modifying the assembly, as well as
determining the rational parameters and materials of the joint elements.
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Influence of Floor Slabs
to the Progressive Collapse-Resistant
Ability of Reinforced Concrete Frame
Structures

Sergey Osykov and Aleksandr Trofimov

Abstract When conducting nonlinear static progressive collapse analysis, dynamic
effects caused by sudden column loss are considered by using dynamic increase
factors (DIF). The values of the DIF depend both on the characteristics of individual
structural elements and on the type of the structure itself. This paper presents the
design approach for determining the DIF to consider the contribution of floor slabs
to the progressive collapse-resistant ability of reinforced concrete frame structures.
A simplified approach is based on the energy conservation principle. In this
method, the work done by gravity loads is equal to the strain energy of a structure.
Proposed method is validated through a several numerical examples consisting of
nonlinear dynamic and nonlinear static analyses of reinforced concrete two-way
slab structure. Different column loss scenarios on the first floor are considered to
evaluate the DIF values. The comparison of the DIF values obtained according to
the proposed method with the values obtained according to American standards is
conducted. The results show that the presented approach allows to determine the
DIF with sufficient accuracy, and confirm the significant role of floor slabs in the
progressive collapse resistance of the whole structure.

Keywords Progressive collapse � Dynamic increase factor � Energy conservation
principle � Nonlinear static analysis � Column loss � Two-way slab

1 Introduction

Progressive collapse belongs to a phenomenon in which initial local damage of a
structural element causes dynamic effects. In static analyses such effects are con-
sidered using dynamic increase factors (DIF). The values of the DIF depend both on
the characteristics of individual structural elements and on the type of the structure
itself [1–3].
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Wide research has been conducted into investigation of DIF values. In [4–9]
energy conservation principle has been used to assess the collapse resistance of
building frames. The energy-based method was also used to consider the rise-time
effect on the DIF [10] and to develop analytical expression for DIF for reinforced
concrete (RC) frames under catenary mechanism [11]. In [12] DIF with a new max
(Mu/Mp) parameter for nonlinear static (NS) analysis was presented. Differences in
results from progressive collapse estimation of the frame using the pulldown and
pushdown analysis were compared in [13]. Effects of post-elastic stiffness and
damping ratio on DIF have been investigated in [14–17]. Target displacement
method for prediction the DIF value was presented in [18].

In these studies, numerical models of frame structures didn’t include floor slabs
as finite elements—floor slabs were replaced with self-weight loads applied to the
beams. In [19], progressive collapse-resistant capacity of the steel frame with
composite floor slabs is investigated. Two types of numerical models were con-
sidered: the first with composite floor slabs, and the second without. For the first
type the DIF value was 1.42 and for the second type was 1.12.

As seen, neglecting the contribution of slabs in structural response is possible in
the case of precast concrete floor slabs, but in the case of pure frame system with
composite floor slabs it can lead to an underestimation of the progressive collapse
resistance of the whole structure. Therefore, steel moment-frames undergoing large
deformations (i.e., under catenary mechanism) have a beneficial tension effect of
membrane action, which could enhance structural integrity. It is assumed that, in
RC two-way slab structures under the beam mechanism (i.e., for small deforma-
tions) floor slabs increase the range of elastic response, which leads to a rise the DIF
value.

The aim of this paper is to develop an analytical expression for determining the
DIF, considering the contributions of floor slabs in structural integrity of RC
two-way slab structures for NS analysis and to validate the proposed method.

2 Methods

One of the analytical expressions of the DIF can be approach based on the energy
conservation principle [7, 11]. In this method, the work done by instantly imposed
gravity loads W should be equal to the strain energy of a structure U, i.e., W = U.
The work done by gravity loads is equal to

W ¼ Pd � Du; ð1Þ

where Pd and Du are, respectively, nonlinear dynamic loading and ultimate vertical
displacement.
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Strain energy of a structure may be expressed as

U ¼ ZDu

0

Ps Dð ÞdD; ð2Þ

where Ps is the equivalent nonlinear static loading estimated at the displacement Ds.
In energy-based method, the equivalent static loading Ps causes the displacement

Ds = Du to be the same as the instantaneous applied dynamic loading Pd in the
interval [0; Du]. In this case, the forced-based DIF can be calculated as

DIF ¼ Ps

Pd
: ð3Þ

In diagram form, the equality W = U can be illustrated in Fig. 1 as the equality
of the areas ABCD and AEFD.

In Fig. 1, Py is the yielding loading corresponding to the start of the yielding
phase in the longitudinal reinforcement, Dy is the yielding displacement. The value
of 0.5Py is taken equal to half of Py, based on the assumption that with elastic
response of the structure without energy dissipation the DIF = 2 [2].

It should be noted that energy-based assessment of DIF is a simplified approach.
Since empirical resistance curves differ from idealized bilinear curves (see Fig. 1),
there may be some errors in determining the value of the DIF.

In [7], analytical expression of DIF for linear static (LS) analysis of RC frames is
proposed. Based on [7] and the energy equilibrium principle the expression of DIF
for NS pushdown analysis can be obtained as

Pd � Du ¼ 0:5 � Py � Dy þ 0:5 � Py þPs
� � � Du � Dy

� �
; ð4Þ

Ps ¼ 2Pd � Du � Py � Du

Du � Dy
: ð5Þ

Fig. 1 A schematic
explanation of the DIF
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The yielding loading Py is defines as

Py ¼ k � Pd; ð6Þ

where k is a ratio of yielding loading to dynamic loading.
Substituting Eq. 6 into Eq. 5 and considering Eq. 3 the DIF can be calculated as

DIF ¼ Du � 2� kð Þ
Du � Dy

: ð7Þ

According to the [1], the DIF value is dependent on the ductility factor µ, which
can be expressed as a ratio of chord rotation angles (see Fig. 2).

In Fig. 2, hy is the yield rotation angle, hu is ultimate plastic rotation angle, L is
beam length. Since the values of ultimate plastic rotation angles hu for two-way
slabs given in [20] are 0.02 � 0.05, a simplification is acceptable, in which
tgh = D/L � h. Hence, hy and hu are defined as

hy ¼ Dy

L
; ð8Þ

hu ¼ Du

L
: ð9Þ

Ductility factor µ may be expressed as

l ¼ Du

Dy
¼ hu

hy
: ð10Þ

Substituting Eq. 10 into Eq. 7 the DIF is defined as

DIF ¼ l � 2� kð Þ
l� 1

: ð11Þ

According to [20], the value of yield rotation angle hy for RC beam can be
obtained as

hy ¼ My

EbIg

� �
lp; ð12Þ

Fig. 2 A schematic
explanation of chord rotation
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where My is yield moment capacity of the T-beam, Eb is initial concrete modulus, lp
is plastic hinge length in the beam, Ig is moment of inertia of T-beam.

Yield moment capacity may be defined as

My ¼ am � Rbd � bw � d2; ð13Þ

where Rbd is dynamic compressive strength of concrete, bw is web width, d is the
effective depth of T-beam, am = nT�(1–0.5�nT).

Ratio of neutral axis depth to effective depth of T-beam can be expressed as.

nT ¼ Rw
sd � Aw

s þRf
sd � Af

s

Rbd � bw � d ; ð14Þ

where Rw
sd and Rf

sd are dynamic strength of longitudinal tension reinforcement in the
web and flange respectively, Aw

s and Af
s are areas of longitudinal tension rein-

forcement in the web and flange respectively.
A width of effective flange on each side of the web should be equal to the

smallest of:
half the distance between adjacent webs;
one-sixth of the smallest beam length among all adjacent to the removed column.
The effective stiffness EbIg according to the laboratory test data could be

approximated as 0.2EbIg. The plastic hinge length can be calculated as

lp ¼ C � 1þ 0:5 � N
Nu

� �
� 0:9þ 6:1 � nð Þ � l0

d

� �1=4

�d; ð15Þ

where C is the factor for support cross-section is equal to 0.7, N is the axial force
from NS or ND preliminary analysis, Nu is the ultimate axial force, l0 is length of the
area adjacent to the plastic hinge which is equal to one quarter of beam length.

Ratio of neutral axis depth to effective depth of rectangular cross-section
(without flanges) is defined as

n ¼
N

bw�d þRw
sd � q0 � Rw

scd � q
� �

Rbd
; ð16Þ

where Rw
scd is dynamic strength of compression reinforcement in the web, q0 and q

are ratios of A
0
s to bwd and As to bwd respectively, A

0
s and As are areas of longi-

tudinal tension and compression reinforcement respectively.
The ultimate axial force Nu for rectangular cross-section is defined as

Nu ¼ u � Rbd � AþRw
sd � As;tot

� �
; ð17Þ

where A is cross-sectional area of a concrete element, As,tot is the sum of areas of
longitudinal tension and compression reinforcement, u is the factor equal to 0.9.
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Since the value of k is unknown, taking into account the results of [19] and
considering that 1 < DIF � 2, for practical purposes k = 1.05 � 1.1.

The finite element software SAP2000 is used to validate the proposed approach.
The numerical example is based on 4 � 3 bay of 4-storey RC two-way slab
structure. The height of the first storey is 4 m and the next storeys are 3.5 m.
Material properties are taken, multiplied by the strength increment factors. The
compressive strength of concrete is 21.3 MPa, yield strength of rebar is 500 MPa.
Concrete elastic modulus is 30 �103 MPa. Detail of beam and column
cross-section is shown in Fig. 3.

Column removal scenarios include a corner column, internal column and middle
external column on the first storey, as shown in Fig. 4. Combination of gravity
loads includes the structural weight, dead loads and live loads. The values of dead
and live loads are 5 kN/m2 each.

Material nonlinearity is considered by using plastic moment hinges for beams
and fiber hinges for columns. Moment hinges are assigned to beam ends and at the
midspan of the beams. Fiber hinges are assigned to columns ends. The mechanical
properties of moment hinges, taken according [20], is shown in Fig. 5. The plastic
hinge length at columns is equal to half the column cross-section. To simulate RC
floor slabs, nonlinear layered shell element is utilized. Stress–strain relationship for
concrete and steel reinforcement is shown in Fig. 6. The model of the structure is
supposed to be fixed on the ground level.

Fig. 3 Detail of two-way slab (a) and column (b) cross-section

Fig. 4 Plan dimensions and
column removal locations
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The experimental procedure to determine the DIFexp is consisted of the fol-
lowing steps:

for each column removal case nonlinear dynamic (ND) analysis is performed
according to the guideline [1] (with P-delta option chosen) and the values of plastic
rotation angles of the beams adjacent to the upper node of the removed column are
recorded;

NS pushdown analysis is performed, in which an increased gravity loads is
applied according to the guideline [1] until the plastic rotation angle matched to the
value obtained in Step 1;

the DIFexp values are calculated according to the Eq. 3s.
In addition to the numerical verification, the DIFUFC values are determined

using the equation for RC frames from [1] with the ductility factor µ, obtained by
the proposed approach

DIFUFC ¼ 1:04þ 0:45
hu
hy
þ 0:48

: ð18Þ
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Fig. 6 Stress–strain relationship for concrete (a) and steel reinforcement (b)

Fig. 5 The plastic moment hinge model
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3 Results and Discussion

The DIF values obtained by various methods and differences are presented in
Table 1.

As seen, there is a good agreement between the results of DIF obtained by using
numerical example and energy-based method, with the differences being no more
than 5%. This can be explained by the fact that vertical motion of the structure,
occurred at the column loss location, is similar to the structural response mode for
the element removal.

Compared with numerical example, the results obtained by using the procedure
from [1] shows a conservative prediction of the DIF, i.e., in this case the structural
response is on a higher ductility level. This is due to the fact that Eq. 18, which
represents the DIFUFC, was developed by the analysis results of various RC frames
without floor slabs. The obtained differences between DIFexp and DIFUFC confirm
the assumption about the significant contribution of floor slabs in the progressive
collapse resistance.

4 Conclusion

According to analytical analysis and numerical verification the following conclu-
sions can be made:

1. The floor slabs increase structural integrity of RC frames wherein the progres-
sive collapse-resistant ability would be underestimated if the contribution of
slabs is omitted.

2. Compared with ND analysis the proposed method allows to determine the DIF
for NS analysis with adequate precision. Procedure from existing design codes
gives a conservative prediction of the DIF.

3. A simplified energy-based method can be used to determine the dynamic effects
in frame structures instead of using computationally costly and time-consuming
ND analysis.

Further work will be aimed at establishing the limits of applicability of the
proposed method and determining the factors that influence on DIF.

Table 1 Dynamic increase factors for various column-removed cases

Case DIFexp DIF DIFUFC Differences (%)
DIFexp�DIF

DIFexp

DIFexp�DIFUFC

DIFexp

D-2 1.508 1.447 1.184 +4.2 +21.5

C-1 1.338 1.381 1.174 −3.2 +12.2

A-1 1.421 1.401 1.177 +1.4 +17.1
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Spatial Vibrations of High-Rise
Buildings Using a Plate Model

M. Usarov , G. Ayubov , D. Usarov , and G. Mamatisaev

Abstract The paper is devoted to the numerical solution of the problem of
transverse oscillations of a multi-storey building within the framework of a con-
tinuous plate model under seismic effects. Cantilevers anisotropic plate is proposed
as a building dynamic model, the theory of which is developed in the framework of
a three-dimensional dynamic theory of elasticity and takes into account not only
structural forces and moments but also the bimoments. The proposed plate model of
a building allows us to take into account and study all types of different spatial
oscillations of the building structure under the impacts different in direction.
Formulas are given for the reduced density, elastic moduli, and shear of the plate
model of the building. The base acceleration, given in time by a harmonic law, is
taken as a seismic impact. The problem is solved by the finite difference method.
Examples are considered and numerical results are obtained. Waveform, dis-
placements, and accelerations distribution diagram of multi-storey high-rise
buildings under transverse oscillations are plotted. Numerical results were
obtained and the points of occurrence of the maximum displacement values were
established.

Keywords Building � Plate model � Seismic load � Equations of motion �
Boundary conditions � Numerical solution
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1 Introduction

In the modern stage of earthquake-resistant construction, various underground and
surface shell and plate structures interacting with the ground are widely used.
Buildings and structures with various design solutions constitute a complex spatial
mechanical system “structure-soil”.

At the present stage of the development of science, the issues of seismic resis-
tance of hydraulic structures interacting with the soil base are urgent and complex
problems of the mechanics of a deformable solid. Design models of underground
structures should reflect the real conditions of their interacting with the ground. In
the works of the authors of works [1, 2], a dynamic theory of seismic resistance of
underground structures interacting with soil is proposed.

In [3], the solution to the problem of optimizing projects of industrial buildings
designed in seismically hazardous zones was considered. Economic efficiency was
taken as an optimality criterion, depending on certain variable parameters adopted
at the design stage.

In [4], the problem of assessing the impact of the destruction of wall panels in
assessing the strength of large-panel structures was solved. Forces exceeding per-
missible values in structural elements are calculated.

The studies in [5–8] are devoted to the improvement of the box-type model of
the building structure, taking into account the contact conditions between the ele-
ments of the panels and beams. Equations of motion of box-type elements and
graphs of displacements of plates and beams are constructed. The article deals with
the problem of forced vibrations of a building of spatial box type, which consists of
rectangular panels and interacting beams under a dynamic action given by the
foundation displacement according to the sinusoidal law. The method of finite
differences was used to solve the problem.

The studies in [9, 10] develop the methods for dynamic spatial calculation of the
structure based on the finite difference method in the framework of the theory of
bimoments, taking into account the spatial stress–strain state.

References [11, 12] are devoted to the numerical solution of the problem of
transverse and longitudinal vibrations of buildings and structures on the basis of a
plate model developed within the framework of the bimoment theory of plates. The
problems of transverse and longitudinal vibrations of buildings and structures are
solved using the developed model, within the framework of the bimoment theory of
plates [13, 14].

The data on the mechanism of tsunami wave formation and destruction were
analyzed in [15], the recommendations for tsunami-resistant construction were
generalized. A solution was proposed to mitigate damage from strong earthquakes
and high tsunami waves.

Reference [16] discusses the main issues of determining the reinforcement
parameters of reinforced concrete structures during their inspection. The basic ways
to solve these problems are analyzed. The most reliable and accurate methods for
determining the parameters of reinforcement are shown.
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In [17–19], the dynamic characteristics and vibrations of various axisymmetric
and plane structures are considered, taking into account various geometries, spatial
factors and inelastic properties of materials. The solution to the problem is per-
formed by the finite element method and by the expansion of the solution in terms
of natural vibration modes. Various mechanical effects associated with the geom-
etry of the structure and inelastic properties of the material are revealed.

The study in [20] is devoted to the method of static accounting for higher
vibration modes in the problems of dynamics of building structures under external
harmonic load. With a computational software package, the displacements of nodes
and internal forces in the elements of the structures under consideration were
determined.

2 Methods

In this work, we propose a cantilever anisotropic plate as dynamic models of a
building, the theory of which was developed within the framework of the
three-dimensional dynamic theory of elasticity and takes into account not only the
forces and moments of the structure, but also bimoments. The proposed lamellar
model of a building allows one to take into account and study all types of various
spatial vibrations of the building structure under influences of various directions.
The formulas for the reduced density, elasticity and shear moduli of the plate model
of the building are given.

To describe the movement of the building plate, we introduce a Cartesian
coordinate system with variables x1, x2 and z. The origin is located in the lower left
corner of the median surface of the continual plate. Let us direct the axes OX1 and
OX2 along the length and height, and the OZ axis along the thickness (width of the
building) of the plate model.

Suppose that the seismic movement of the ground occurs in the direction of the
OZ axis (the width of the building). Based on this, as an external influence on the
lower clamped edge, we set the acceleration of the base €u0ðtÞ in the form:

€u0ðtÞ ¼ a0 cosðp0tÞ; ð1Þ

where a0 ¼ kcg and p0 ¼ 2px0 are respectively the maximum acceleration and
frequency of the subgrade.

At the base of the building, the boundary conditions for flexural-shear vibrations
are as follows:

~w1 ¼ 0; ~w2 ¼ 0; ~b1 ¼ 0; ~b2 ¼ 0; ~u1 ¼ 0; ~u2 ¼ 0; ~r ¼ 0; ~c ¼ 0; ~W ¼ 0:

ð2Þ
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On the free side faces of the building, we have the conditions for the equality of
forces, moments and bimoments and force factors to zero:

alignedM11 ¼ 0; M12 ¼ 0; P11 ¼ 0; P12 ¼ 0; Q13 ¼ 0; ~p13 ¼ 0; ~r11
¼ 0; ~r12 ¼ 0; r�11 ¼ 0:aligned ð3Þ

On the free upper edge of the building, we have the following conditions:

alignedM12 ¼ 0; M22 ¼ 0; P12 ¼ 0; P22 ¼ 0; Q23 ¼ 0; ~p23 ¼ 0; ~r11
¼ 0; ~r12 ¼ 0; r�22 ¼ 0:aligned ð4Þ

The problem is solved by the finite difference method. The finite-difference
equations of motion of transverse vibrations of buildings are as follows:

M11ð Þkiþ 1
2;j
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where Mij; Qi3 i; j ¼ 1; 2ð Þ are bending moments and shearing forces;
Pij; i; j ¼ 1; 2ð Þ are longitudinal bimoments, pi3 i; j ¼ 1; 2ð Þ; p33—intensities of
transverse bimoments.

The system of equations of motion with respect to three generalized functions
are ~u1; ~u2; ~W approximated in the form
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3 The Results and Discussion

We conventionally assume that the mechanical and geometric characteristics of the
materials of the room panels are the same: the modulus of elasticity
E = 20,000 MPa, density q = 2700 kg/m3, and Poisson’s ratio m = 0.3.

We present the results of calculations of forced vibrations of a building within
the framework of a thick plate model for the following dimensions of slabs and
buildings: the length and width of buildings a = 30 m, H = 11 m, the height of one
floor of the building b1 = 3 m, the thickness of the bearing external and internal
walls h1 = 0.25 m and h2 = 0.2 m, overlap thickness hper = 0.2 m.

Based on the above initial data on the expressions for determining the density
and elastic modulus of the plate model of the building, given in [7], we find the
following characteristics of the building materials:

Ebd
1 ¼ 2600 P; Ebd

2 ¼ Ebd
3 ¼ 2000 P,Gbd

12 ¼ 480 P; Gbd
13 ¼ 520 P; Gbd

23 ¼ 200 P;

qbd ¼ 451 kg/m3; m21 ¼ 0:3; m31 ¼ m23 ¼ 0:4 :

In the calculations, the seismicity factor and the base acceleration frequency are
given: kc = 0.1 and x0 = 9.5 Hz. Dimensionless variables x = x1/a, y = x2/b,
s = ct/H, where c ¼ ffiffiffiffiffiffiffiffiffi

E=q
p

. The calculation step for dimensionless coordinates is
taken as Dx = 1/60, Dy = 1/30. The stability of the calculation in dimensionless
time is ensured according to an explicit scheme with a step of D = 0.01.

Table 1 shows the maximum values of the generalized displacement and
acceleration ~r and €~r obtained during forced lateral vibrations of multi-storey
buildings at the extreme points in the upper levels of the floors.

In Fig. 1 shows the vibration waveform of a sixteen-story building, and Fig. 2
shows a diagram of the distribution of acceleration in a sixteen-story building. In
Figs. 3 and 4 show the graphs of oscillations of displacements and accelerations of
the upper floors over the dimensionless time of a sixteen-story building. Figures 3
and 4, it can be seen that the maximum displacement of the upper floor is equal to
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r = 0.8984 �10−3 m, and the accelerations of the upper floors of the sixteen-story
building are equal to €r ¼ �2; 5240 m/s2.

In Figs. 5 and 6 shows, respectively, the waveform and the diagram of the
distribution of acceleration in a twenty-storey building. Figures 7 and 8 show
graphs of the generalized displacement r and acceleration in time of a twenty-story
building, obtained with lateral vibrations located at the level of the building floors.
As you can see, the maximum displacement of the top floor of the building is
r = 1.5506 �10−3 m, and the acceleration is €r ¼ �2; 5451 m/s2.

In Figs. 9 and 10 shows, respectively, the waveform of a twenty-two-story
building and a diagram of the distribution of acceleration in a twenty-two-story
building. In Figs. 11 and 12 shows the graphs of oscillations of displacement and
acceleration of the upper floors for the dimensionless time of a twenty-two-story
building. As you can see, the maximum displacement of the upper floor of the
building is, r = −2.2687 �10−3 m, and the acceleration is €r ¼ �5; 1227 m/s2.

In Fig. 13 shows the waveform of a twenty-four-story building, and Fig. 14
shows a diagram of the distribution of acceleration in a twenty-four-story building.
In Figs. 15 and 16 show the graphs of oscillations of displacements and acceler-
ations of the upper floors for the dimensionless time of a twenty-four-story building.
Figures 15 and 16, it can be seen that the maximum displacement of the upper floor
is equal to r = −1.6073 �10−3 m, and the accelerations of the upper floors of a
twenty-four-story building are equal to €r ¼ 2; 9966 m/s2.

Table 1 Maximum values of
displacements and
accelerations of multi-storey
buildings with lateral
vibrations

Number of floors ~r, 10–3 m €~r, m/s2

16 0.8984 −2.5240

20 1.5506 −2.5451

22 −2.2687 −5.1227

24 −1.6073 2.9966

28 −3.4151 −4.0074

32 2.8451 3.0118

Fig. 1 Waveform of a
sixteen-story building
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Fig. 2 Plot of acceleration
distribution in a sixteen-story
building

Fig. 3 Moving the top floor
of a sixteen-story building, m

Fig. 4 Acceleration €r of the
top floor of a sixteen-story
building, m/s2
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Fig. 5 The waveform of a
twenty-story building

Fig. 6 Diagram of the
distribution of acceleration in
a twenty-story building

Fig. 7 Moving the top floor
of a twenty-story building, m
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Fig. 8 Acceleration €r of the
top floor of a twenty-story
building, m/s2

Fig. 9 The waveform of a
twenty-two-storey building

Fig. 10 Plot of acceleration
distribution in a
twenty-two-storey building
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Fig. 11 Moving the top floor
of a twenty-two-story
building, m

Fig. 12 Acceleration €r of the
upper floor of a
twenty-two-storey building,
m/s2

Fig. 13 The waveform of a
twenty-four-storey building
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Fig. 14 Plot of acceleration
distribution in a
twenty-four-storey building

Fig. 15 Moving the top floor
of a twenty-four-story
building, m

Fig. 16 Acceleration €r of the
top floor of a
twenty-four-story building, m/
s2
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In Figs. 17 and 18 shows, respectively, the waveform and the diagram of the
distribution of acceleration in a twenty-eight-storey building. In Figs. 19 and 20
shows the graphs of the generalized displacement r and acceleration in time for a
twenty-eight-storey building located at the floor level of the building. As you can
see, the maximum displacement of the top floor of the building is r = −3.4151
10−3 m, and the acceleration is €r ¼ �4; 0074 m/s2.

In Fig. 21 shows the waveform of a thirty-two-story building, and Fig. 22 shows
a diagram of the distribution of acceleration in a thirty-two-story building. In
Figs. 23 and 24 shows the graphs of oscillations of displacements and accelerations
of the upper floors for the dimensionless time of a thirty-two-story building.
Figures 23 and 24, it can be seen that the maximum displacement of the upper floor
is equal to r = 2.8451 �10−3 m, and the accelerations of the upper floors of the
thirty-two-story building are equal to €r ¼ 3; 0118 m/s2.

Fig. 17 The waveform of a
twenty-eight-story building

Fig. 18 Plot of acceleration
distribution in a
twenty-eight-story building
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4 Conclusion

Based on the analysis of the numerical results, it can be noted that the maximum
displacement values are achieved at the upper level of buildings. The advantage of
the proposed methodology for dynamic calculation of buildings based on a lamellar
continual model is the reduction of a three-dimensional problem to a
two-dimensional one, as well as obtaining the possibility of calculating high
accuracy of numerical results for a lamellar structure in the form of a spatial model
of multi-storey buildings.

Fig. 19 Moving the top floor
of a twenty-eight-story
building, m

Fig. 20 Acceleration €r of the
top floor of a
twenty-eight-story building,
m/s2
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Fig. 21 The waveform of a
thirty-two-storey building

Fig. 22 Diagram of the
distribution of acceleration in
a thirty-two-storey building

Fig. 23 Moving the top floor
of a thirty-two-story building,
m
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Damage and Destruction of Irrigation
Canals During Earthquakes
and Recommendations for Their
Strengthening

Mashrab Akhmedov , Javlon Yarashov , and Doniyor Juraev

Abstract In the complex of water management construction, one of the central
links is irrigation canals, through which the required volume of water is transported
from the water source to the place of its consumption. The timely delivery and
supply of water to its destination largely depends on the safety of the irrigation
system. Meanwhile, in areas prone to seismic effects, these types of structures are
significantly damaged, and sometimes even destroyed. This can lead to the shut-
down of the main system for a long time, causing great material damage. In this
work, the types of fastening on slopes are proposed, which ensure the uniformity of
operation of all elements of the canal, which contributes to a significant reduction in
virtual large deformations expected during strong earthquakes. Analysis of the
results of earth canals and their elements behavior, and theoretical and experimental
studies showed that, under the same conditions, the canal elements arranged in a
chute are more resistant to seismic effects than the elements of the same canal,
located in an embankment or in a semi-chute—semi-embankment. To prevent the
fracturing of the canal embedded in the chute in non-rocky soils, in conditions of
seismicity of 9 points, it is recommended to use concrete, reinforced concrete and
asphalt concrete for canal slope protection.
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1 Introduction

When solving problems related to the issues of seismic resistance of structures, of
great interest are data obtained from a survey of the consequences of various
destructive earthquakes, which provide reliable information about all kinds of
deformations that can appear in structures under seismic impact and post seismic
events.

Stable operation of irrigation system is vital for Uzbekistan where over four mln.
hectares are irrigated lands. It is has importance for neighbor countries also.

The study of the consequences of a number of destructive earthquakes that
occurred in the past worldwide served as an impetus for the deployment of
extensive research in the field of seismic stability of linear engineering structures,
which includes irrigation canals. This is confirmed by the damage or destruction of
irrigation structures during the devastating earthquakes that occurred in 1906 in
California, 1908 in Messina, 1923 in Tokyo, 1948 in Fukui (Japan), 1948 in
Ashgabat (Turkmenistan), 1954 in California, 1963 in Skopje (Macedonia), 1966 in
Tashkent (Uzbekistan), 1976 in Tangshan (China), 1976 in Gazli (Uzbekistan), etc.
Because of these and other devastating earthquakes, along with industrial and civil
objects, irrigation structures received significant damage and destruction [1–9].

2 Observation Methods

A vivid manifestation of earthquakes consequence for irrigation infrastructure and
damages phenomena can be seen, in the report on the aftermath of the Japanese
earthquake, 1923 {Formatting Citation}, which describes a case of partial
destruction and damage to a water supply canal to Tokyo. The section of the canal,
built in 1898, had a length of 4600 m, of which a part of 3800 m long is embedded
completely in the embankment, its maximum height reaches 9 m, the channel width
at the top is 6 m, at the bottom is 2.4 m and a depth is 1.2 m (Fig. 1).

The following main types of seismic deformations of the channel were observed:

– a slope collapsed near one of the pipelines under the embankment, and the
bottom of the channel was washed out for 20 m (Fig. 2);

– wide longitudinal and transverse fractures formed in the canal section of 80 m.
For the temporary restoration of the canal, a wooden pipe was installed in this
area (Fig. 2);

– on another section of the canal, passing in an embankment of a height of 2.1–
2.5 m, the bottom of the canal settled in the canal section of 40 m, which was
accompanied by the appearance of cracks (ruptures) in the river bed;

– there was a destruction of the slope paving, made of concrete blocks (Fig. 1);
– 240 sites of transverse cracking were recorded along the entire length of the

canal.
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Earthquakes also damage irrigation structures using in agriculture—irrigation
canals of different types (Figs. 3, 4 and 5). Network of so structures are widespread
in irrigated land of Uzbekistan.

Compared to dams and other types of structures, it is much more difficult to
protect canals because they are mostly located in weak soils, vulnerable to seismic
impact. In addition, irrigation canals during operation are subjected to intense
mechanical stresses, as a result of which their bodies and elements receive
noticeable or open damage, which is most subjected to destruction during seismic
impact. The action of wind and trailing waves is manifested when they collapse
onto the slope by hitting the slope face or its fastenings by the water mass trans-
ported by the wave. When the waves roll up and roll back, water flows at a
significant velocity along the slope surface; pulsating water movements occur in the
thickness of permeable elements and along their contact with the slope surface, and
in the surface layer of the slope soil.

Fig. 1 Cross section before the earthquake [10]

Fig. 2 Channel destruction [10]
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Fig. 3 Irrigation canal

Fig. 4 Irrigation chute network

Fig. 5 Water for irrigation of fields
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As a result of the wave effect, the slopes can deform or, in the presence of
fastening, the displacement of the latter can occur, as well as the erosion of the earth
slopes or the slope soil, and its uneven settling.

Intensive changes in the water level in the canal or in the slope soil can lead to a
difference in levels, filtration of water into the slope soil and into the thickness of
the permeable fastening and, as a consequence, to the effect of weighing hydro-
dynamic pressure on the fastening and on soil particles of the slope. As a result of
the weighing load and the occurrence of pore pressure, there is a partial separation
of the surface layer or fastening elements from the upper part of the dam, a shift or
sliding of the slope soil, and at water filtering under the fastening, soil particles are
washed out and the entire slope is prepared for deformation.

Rodents cause significant damage to irrigation canals in Central Asia. By
arranging burrows in the body or under the fastening of slopes, they seem to prepare
the structure for an accident. Such cases were observed more than once at several
irrigation facilities in Uzbekistan and other republics of Central Asia.

A great danger to the elements and structures of the canal is created by the
presence of loess and subsiding soils at their base, which contribute to the formation
of non-uniform deformation. These deformations increase significantly because of
repeated seismic shocks, (insignificant ones) of 4 points or higher. Thus, all kinds of
deformations formed in the body and elements of the canal during the period of
their operation can reach maximums during destructive earthquakes.

To be convinced of this, consider the formula for relative deformations

e ¼ m=mp

here m—is the velocity of soil particles vibration; is the velocity of longitudinal
wave propagation.

The relative deformation of wet clayey and loess soils for the same seismic
intensity is 10–100 times greater than the relative deformations of rocky soils. This
explains the appearance of large residual deformations in over-saturated soils.

Besides, during earthquakes, cracks appear in the ground, the level of ground-
water rises, and, as a result of ground shaking, eruptions of mud volcanoes may
form; dams, inlet and outlet canals, bridges and pipes, drainage and energy systems,
etc. can be destroyed. These phenomena were observed during the earthquake on
July 6 and August 23, 1954, in Nevada (USA). During these earthquakes of
magnitude M = 6.8 Richter scale [10], mud volcanoes arose, which spouted very
fine material of blue color.

The embankments that filled the old flow channels were the result of natural
sediments or artificial embankments. During the earthquake, the settling of
embankments was observed. In Fallon, some cast iron pipelines were bent, which
caused water leakage. As an aftermath of the earthquake on August 23, 1954, the
ground of the original channel had settled. Sharp cracks were observed, caused by
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the ground motion of the canal banks and adjacent soils, which tended to move
down to the canals or rivers. In the Stillwater area, the cracks tended to spread
parallel to the directions of canals or rivers. A natural consequence of such ground
motion was the raising of the canal bottom, which often led to the rise of the bottom
above the initial level of the water surface (Fig. 6).

In the area of Lone Tree and Stillwater, the slopes of the canals settled down
from 0.3 to 09.9 m, while the bottom of the canals rose from 0.3 to 0.6 m. In
exceptional cases, the bottom of the drainage ditch rose to a height of approxi-
mately from 1.5 to 1.8 m.

The damage observed at many locations in the Newlands irrigation system
varied in nature, from minor cracks in the Truki Canal tunnels to extensive damage
to the canal (distribution canals) and drainage systems. The greatest damage of a
separate structure was observed in the drainage dam Coleman Diversion Dam
located 1.6 km northwest of Fallon city. The dam was destroyed due to the dis-
placement and fracture formation in the earth fill-in buttresses, which in turn caused
the washing out around the structure itself. As a result, there was a partial over-
turning of the dam, the formation of fractures in it and its settling. The same damage
was observed in the earth buttresses of the Rodgers Dam near the town of Lovelock
during the earthquake on 23 August 1954.

The damage caused by these earthquakes to the irrigation system structures
resulted in the stoppage of water supply in 80% of its service area, approximately
28,300 hectares.

Fig. 6 Rise of the channel bottom due to an earthquake [11]
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3 Analysis and Recommendations

Analysis of the results of earth canals and their elements behavior, and theoretical
and experimental studies showed that, under the same conditions, the canal ele-
ments arranged in a chute are more resistant to seismic effects than the elements of
the same canal, located in an embankment or in a semi-chute—semi-embankment
(Fig. 7). Therefore, when choosing a transverse profile of a canal, especially in the
9-point seismic zone, one should give preference to canals in the chute.

In the presence of fastenings along the canal perimeter, a rigid monolithic fas-
tening is the most unfavorable in canals completely embedded in an embankment
with steep slopes and in the event of an earthquake with an intensity of more than 8
points (Fig. 8).

From the analysis of survey data of the consequences of destructive earthquakes,
it can be determined that the intensity of the earthquake manifestation is signifi-
cantly influenced by the engineering-geological, hydrogeological and geomorpho-
logical conditions of the area. Seismic microzoning of the territory is conducted in
those places in urban and industrial centers, in the locations of hydroelectric

Fig. 7 Potential seismic deformations of the canal embedded completely in the embankment

Fig. 8 Potential seismic deformations of the canal embedded in a semi-chute—semi-embankment
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facilities, power plants, etc. [12]. Therefore, in vast areas where the canals pass,
strong earthquakes are possible but no micro-seismic zoning is conducted.

When making decisions on the canal routes, even in normal conditions, the
designers try to avoid the steep slopes, especially the slopes that are characterized
by landslide phenomena or if the landslides are expected after the construction of
the canal due to water filtration and slope cutting. It is also considered unreasonable
to build canals along wetlands, in areas of quicksand and weak soils. In such areas,
it is recommended to replace the canal with a chute, tunnel, pipeline or aqueduct. If
these conditions are met, then the seismic factor is considered as taken into account.
Therefore, these recommendations are mandatory for the areas of 9 points seis-
micity. The exception is the cases of routing channels along steep slopes when they
are built in solid and undisturbed rock in a chute or semi-chute with the arrange-
ment of concrete retaining walls [13].

Before drawing up options for routing and transverse profiles of the canals, it is
necessary to conduct seismic microzoning of the canal route territory.

The construction of the canal completely embedded in the embankment of a
height of 5–10 m, can be allowed in areas with seismicity of 7–8 points when
meeting the anti-seismic measures recommended for earth dams:

– surcharging external slopes with a layer of cohesive soil, gravel or rock fill;
– increasing the slope flatness and checking their stability, taking into account the

effect of seismic forces of a dynamic nature;
– to prevent fracturing and loosening of soils in the upper part of the embankment

profile, the canal paving should be made of reinforced concrete without longi-
tudinal seams. The width of the curb should be increased (Fig. 7a);

– in areas of 9-point earthquakes in a canal without the paving, erected in the
semi-chute—semi-embankment, in order to prevent soil collapse from the side
of the internal unreinforced embankment slopes, it is advisable to provide a
berm in the plane of the embankment conjugation with the chute (Fig. 8);

– channel reinforcement should be made of reinforced concrete, asphalt concrete,
clay concrete and other similar materials, in this case, there is no need to arrange
longitudinal seams in the canal slopes.

4 Conclusions

So, concrete supports of canals can be used in zones of 8–9 points in cases when the
canal is completely embedded in the chute, and in seismically stable environments,
such as dense loams, gravel and coarse-grained sandy soils.

In zones of 8–9 points, depending on the purpose of the canals, preference
should be given to reinforced concrete and asphalt concrete fastenings, and, to
avoid the breakdown of the fastenings, it is recommended to avoid the arrangement
of longitudinal temperature-settling joints, especially in the canal slopes.
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To prevent the fracturing of the canal embedded in the chute in non-rocky soils,
in conditions of seismicity of 9 points, it is recommended to use concrete, rein-
forced concrete and asphalt concrete for canal slope protection.

With such fastenings of the slopes, local stepwise thickenings of the paving—the
stops—are provided, buried in the soil of the slopes, which cut through the filtering
layer of sandy-gravel preparation.

Such types of fastening on slopes ensure the uniformity of operation of all
elements of the canal, which contributes to a significant reduction in virtual large
deformations expected during strong earthquakes.
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Numerical Field Researches
of Composite Cross-Section
Steel-Reinforced Concrete Rods

Farit Zamaliev

Abstract The first experiments on steel pipes samples filled with concrete were
carried out in 1930, Paris. The first steel-reinforced concrete (pipe-concrete) bridge
support was patented at the beginning of the twentieth century in Japan after a
major earthquake. In Russia, the first tube-concrete structure in 1935 from a
package of forty pipes was used in the construction of the bridge, and in 1940 in the
construction of a bridge made of monotone pipe concrete. This report is devoted to
the analysis of structural solutions of steel–concrete rods and columns, numerical
and field researches of composite cross-section compressed rods. Technical solu-
tions, methods and results of numerical and experimental researches have been
analyzed using literary sources. On their analysis, a steel–concrete rod based on
tubular concrete was selected, which has the inherent positive properties of both
reinforced concrete and metal compressed rods. Numerical and field researches of
steel–concrete rods, consisting of bent profiles—in the center of which there is a
ring, and on four sides—T-bars, filled both in the center and on the sides with
concrete, have been carried out. The report contains the methodology and research
results, numerical and field tests results comparison. Satisfactory convergence of
numerical and field experiments is shown.

Keywords Composite concrete rods � Steel-Reinforced concrete � Structural
solutions � Compressed rods � Normal tensions

1 Introduction

The idea of increasing the strength of materials enclosed in steel shells was used by
Rabu (France), who made the first experiments (1915) on testing pipes, filled with
sand and gravel, in the laboratory of the School of Bridges and Roads. A little bit
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later, J. Sewell (John Sevel) tested samples of steel pipes filled with concrete in a
Paris city laboratory and obtained a 1.25 times increasing of column strength,
compared to the pipe and concrete core tested separately. In the V.S. Laura (1934)
tests the breaking load for pipe–concrete specimens was 5 times greater than for
same cross-section concrete cylinders.

The pipe–concrete rods working in Russia was studied by many scientists: they
left a bright mark with their research, which is still relevant today, such scientists as
A.A. Gvozdev, L.K. Luksha, V.A. Trull, R.S. Sanzharovsky, L.I. Storozhenko, A.
L. Krishan and many others. The first pipe-concrete bridges were built in our
country in the 30 s of XX century under the leadership of G.P. Perederiya—across
the Neva River in St. Petersburg and under the leadership of V.A. Rosnovsky—
across the river Iset near Yekaterinburg in 1940.

Later on in Russia, pipe concrete found application in public and industrial
buildings, mainly as columns that require the perception of significant loads.

In KGASU in the 80–90s of the last century, experimental studies of round and
square cross-section pipe-concrete rods with different aggregates and insulating
gaskets, including steel pipes filled with sand and gravel mixture, different density
and strength granite crushed stone, were intensively conducted (see conference
proceedings of KISI, KGASA since 1980). In recent years, KGASU received
dozens of RF patents for steel–concrete posts, the cross-section of which is formed
by a steel profile and concrete, including bent profiles in the center of which there is
a ring, and in the periphery there are T-sections, filled with concrete [1–4].

The practical value of composite cross-section rods research, lies in the study of
their stress–strain state and identification of structural features of both the
cross-section layers and along the compressed element length—the components of
such structures, which will make it possible to correctly assess their ultimate
bearing capacity and design both reliable and economical structures composite
section.

For effective research, an analysis of previously performed research is always
necessary. Let’s consider the most famous sources published in recent years.

The source [5] is devoted to general issues of calculation and design standards
for steel–concrete elements of composite section, including those made of pipe–
concrete and steel-reinforced concrete sections based on steel profiles (rigid rein-
forcement). The article [6] considers the issues of the behavior of steel–concrete
pipes under the influence of external influences. Source [7] presents the study’s
results of circular pipes columns, filled with concrete. In [8], the stress state of
circular composite cross-section steel–concrete columns is summarized. Article [9]
is devoted to general issues of tubular steel–concrete rods. The source [10] gives the
results of experimental studies of thin-walled steel–concrete columns in complex
cross-section. In [11], a summary of the investigations results for number of steel
pipe concrete columns is given, carried out within the framework of the joint
American–Japanese research program for composite and hybrid structures.
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Article [12] is devoted to identifying the bearing capacity of concrete tubular
rods under uniaxial compression. The source [13] appeared in the basics of design
and identification of the limiting state of elements of a composite section, including
composite columns of steel–concrete section.

Articles [14, 15] are devoted to the strength of box-shaped steel columns filled
with concrete during their buckling.

The article [16] provides behavioral analytical models of the steel square
cross-section columns, filled with concrete, during their axial compression. The
source [17] is devoted to the hollow profile columns bearing capacity, made of steel
and concrete, [18] reflects the analysis of experimental studies and gives recom-
mendations on the design of composite section columns based on the materials of
the 1998 congress held in San Francisco (USA). The source [19] summarizes the
nonlinear stress–strain state of steel–concrete tubular concrete columns. The article
[20] describes the axial stress state of the rods under axial compression.

Article [21] presents the results of research based on fundamental approaches to
the behavior of steel–concrete tubular concrete columns. The article [22] describes
simplified approaches to the design of pipe-concrete columns, presented at the
conference in 2000 in Los Angeles (USA). The article [23] presents the experi-
mental studies results of the pipe–concrete columns behavior for axial compression.

Article [24] presents the results of bearing capacity studies for concrete tubular
rods under the eccentric effect of external loads.

When analyzing the stress–strain state of pipe–concrete compressed rods, a steel
pipe is a cage for a concrete core; in the source [25], the cage effect is described for
a section made of composite materials.

The sources [26–28] describe the features of the stress–strain state of concrete
tubular rods when using an internal stressed concrete core. In article [29], the ideas
of internally stressed concrete core are extended to the case of square cross section
of tubular concrete columns. Article [30] is devoted to the ways of using reinforced
concrete rods inside heavily loaded reinforced concrete columns.

In Russia, the features of the work of pipe-concrete rods are described in the
books of R.S. Sanzharovsky, V.A. Trull, L.I. Storozhenko, and others.

Analysis of literature sources shows, that research is mainly devoted to pipe–
concrete sections, consisting of a steel shell and a concrete core. However, in real
structures, circular cross-section pipe concrete, with all its advantages, when cou-
pled with floor slabs, with frame girders, leads to unnecessary costs in conjunction
structures. Here, it is desirable to have the usual simple mates, as opposed to mates
with the surface of the shells. This is probably why new technical solutions have
appeared, patents for which these shortcomings are absent.

In KGASU in 2017–2019, patents were obtained for new technical solutions of
composite pipe–concrete rods [1–4]. The purpose of this report is to analyze steel–
concrete, pipe-concrete compressed rods and on the basis of the analysis—the
choice of an effective steel–concrete rod and its numerical–experimental studies.
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2 Methods

Numerical studies of the composite section column model, were carried out using
the Ansys software in three stages: at the first stage, a finite element model of the
studied column is created, the second stage is the imposition of the necessary
physical and boundary conditions on the model, the choice of a method for solving
the equations system and solving the FEM equations, the third stage—analysis of
calculation results; values of displacements, deformations, tensions, which are
presented in the form of tables, graphs, animation. The following types of racks are
considered: (a) a steel–concrete rack, consisting of eight bent C-shaped steel pro-
files, paired with self-tapping screws in a checkerboard pattern in two rows, which
are joined with a bent metal pipe and serving as a permanent formwork for the
concrete part; (b) a steel–concrete rack consisting of an inner ring to which eight
bent channels are attached on self-tapping screws, forming four “T”-shaped sec-
tions. Figure 1 presented the model of the steel part of the steel–concrete rack
(Fig. 2).

Frictional contact with K = 0.45 was set between the concrete surface and the
surface of beams steel part.

Fig. 1 Modeling the steel
parts of a steel concrete pillar
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The contact between the self-tapping screws and the concrete of the beam was
set through Rough—this contact implies the absence of friction between the sur-
faces, with possible separation along the surface. This case corresponds to an
infinite coefficient of friction between the bodies being connected.

Next, we carry out the calculation with the above properties and conditions and
we obtain a mosaic of deflections and isofield of the steel–concrete rack stresses.

2.1 Numerical Simulation Results and Their Analysis

Let us determine the limiting values of deformations and stresses.
Limit values of deflections and deformations in SP 20.13330.2016 “Loads and

Actions”, updated edition of SNiP 2.01.07–85.
In accordance with SP 16.13330.2017 “SNiP 2–23-81 * Steel structures”

“Standard and design resistances in tension, compression and bending of sheet,
broadband universal and shaped steel” for steel in accordance with GOST 27,772
S245 with rolled thickness from 2 to 20 mm, the design resistance of steel to
bending according to the yield point is Ry = 240 N/mm2 = 240 MPa.

According to SP 63.13330.2012 “Concrete and reinforced concrete structures.
Basic provisions. Updated edition of SNiP 52-01-2003 (with Amendments No. 1, 2,
3) “clause 5.” Requirements for the calculation of concrete and reinforced concrete
structures”—strength calculations of concrete and reinforced concrete structures
should be made on the basis of the condition that the forces, stresses and defor-
mations in structures from various influences, taking into account the initial stress
state (prestress, temperature and other effects) should not exceed the corresponding

Fig. 2 Deformation mosaic
of a steel–concrete rack with
self-tapping screws
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values established by regulatory documents. The compressive resistance of concrete
is represented by stresses not exceeding the design compressive resistance of
concrete Rb. For steel–concrete rods, concrete of class B25 (concrete compressive
strength class) is used, according to this regulatory document, the calculated value
of concrete resistance is Rb = 14.5 MPa.

Consider cross-sections with different thicknesses of a metal sheet with different
cross-section fillers (concrete, polymer concrete, and fiber-reinforced concrete).

SSS uprights with 1 mm metal sheet thickness and B15 concrete in the tubular
part (Figs. 3 and 4).

SSS racks with 2 mm metal sheet thickness and polymer concrete in the tubular
part (Figs. 5 and 6, Table 1).

Fig. 3 Deformation mosaic

Fig. 4 Isofields of concrete
stresses and metal part of the
rack
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2.2 Experimental Studies of a Steel–concrete Rack

Experimental research consisted of several stages, each of which had its own
methodological features and in one way or another influenced the final result:

Fig. 5 Deformation mosaic

Fig. 6 Isofields of concrete
stresses and steel part of the
rack
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1. Production of prototypes.
2. Preparation of the test setup.
3. Preparation of samples for testing.

3:1. Sticking and insulating resistance strain gauges.
3:2. Measuring instruments and equipment installation. Setting the specimen in

the test position.

4. Research of physical and mechanical properties of concrete and steel.
5. Testing of samples.
6. Processing and analysis of test results.

2.3 Manufacturing Technology and Characteristics
of the Tested Steel–concrete Sample

Due to the fact that the purpose of the research is to study the strength, deforma-
bility and nature of the structure of a compound (composite) section, the test sample
had a wide range of features:

1. During developing the tested model of a steel–concrete rack, the structural
features used in the construction of civil buildings were taken into account.

2. For the manufacture of samples, the most used steel class (C245) was used, the
concrete class was laid according to the calculation—B 25.

3. The geometric dimensions of the steel–concrete rack model were also dictated
by the capabilities of the test bases and the laboratory.

4. Concrete and steel parts anchor connection of the steel–concrete rack sample
was taken by calculation. The tested steel–concrete column had an octagonal
cross-section: the steel part was made of thin-walled cold-formed galvanized
profiles (channels) 2000 mm long, paired with self-tapping screws

Table 1 Results of deformations and steel and concrete stresses of a steel–concrete rack

Variable rack
parameters

Deformations
[mm]

Compressive stresses r
[Mpa]

Tensile stresses r
[Mpa]

1 mm, B15 0.829 −61.306 13.551

1 mm, Polymer
concrete

0.82807 −61.481 13.561

1 mm, Fiber concrete 0.82804 −61.483 13.407

2 mm, B15 0.84652 −47.501 18.532

2 mm, Polymer
concrete

0.84249 −39.487 19.071

2 mm, Fiber concrete 0.84247 −39.357 19.071
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4.2 � 41 mm with a press washer; the concrete part had dimensions: length—
2000 mm, width—100 mm, height—200 mm. The concrete class for the side
faces was taken as B25 (Fig. 7).

The screws were staggered in two rows. The joint work of concrete and steel
paired channels was ensured by screwing self-tapping screws into the walls of the
profiles in the contact zone (Figs. 8 and 9).

The production of an experimental steel–concrete structure was carried out in the
following sequence. The formwork elements were pulled from both end posts.

The concrete parts (center and sides) were concreted in two stages, first—the
central tubular part, then—the side segments.

Fresh concrete was cared for in accordance with the requirements of SP
70.13330.2012. To exclude the influence on the test results of the increase in the
strength of concrete, as well as changes in the initial stress–strain state of the
prototype due to shrinkage, the test of the steel–concrete structure was started after
its storage for at least 28 days in laboratory conditions at normal humidity and

Fig. 7 General view of a steel–concrete rack (steel part in cross-section, perspective view and
cross-section of the rack after concrete casting)
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Fig. 8 General view of the
steel–concrete rack
experimental model before
concreting

Fig. 9 Concreting the side
segments of the steel pillar
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temperature, and the beams were gaining strength at the concrete plant in the drying
chamber. During this time, the strength and deformation properties of concrete have
practically stabilized.

The concrete strength and deformation characteristics of the experimental
composition were determined by testing auxiliary samples—cubes, made simulta-
neously with each of the main samples made and stored in similar temperature and
humidity conditions.

The compressive strength of concrete was determined by testing cubes with
dimensions of 100 � 100 � 100 mm.

Testing of auxiliary concrete samples was carried out in accordance with the
methodology of GOST 244.52-80 and GOST 10,180-78. The test results are shown
in Table 2.

2.4 Test Procedure for a Steel–Concrete Specimen for Static
Loading

Compression testing of a steel–concrete rack was carried out at KGASU in the
laboratory—“Department of reinforced concrete and stone structures”.

The steel–concrete rack was tested according to the scheme of a free-supported
rack with a concentrated force. Rated length of the rack is 2000 mm.

The load was transferred by means of the hydraulic system of the UMM-200
press to the steel–concrete rack.

The samples were preliminarily centered along the physical axis at tensions not
exceeding 0.2Rb, ser. Centering was carried out until some of the readings along
the edges of the samples differed from the average by no more than 5%.

The load was applied in steps of 0.1 of the expected breaking load with resetting
of readings from strain gauges. The value of the unloading load was recorded
according to the readings of the force-measuring machine UMM-200. Longitudinal
and transverse deformations of concrete were measured along four faces of the
samples with resistance strain gauges with a base of 50 mm using an AID 4 device
with a switch magazine. T-bars deformations on the steel shelves of the struts
composite section were also measured along four faces by strain gauges with a base
of 20 mm. To control longitudinal deformations, beakers with a base of 600 mm

Table 2 Mechanical characteristics of the concrete in prototype

№ batch of concrete On the 28th day

R, MPa
(kgf/sm2)

Rb, MPa
(kgf/sm2)

Rbt, MPa
(kgf/sm2)

Eb*103, MPa
(kgf/sm2)

1 19, 12 (195) 15, 78 (161) 1, 3 (13,28) 27, 55 (281)

2 25, 1 (256) 20, 49 (209) 1, 62 (16,5) 31, 37 (320)
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were also installed, equipped with dial indicators (DI) on two mutually perpen-
dicular faces of a composite rack (Fig. 10).

The even distribution of force across the section width, which is especially
important in composite structures, was ensured by the setting of rigid metal gaskets
in the places, where they rest on the rack.

During the test, the longitudinal and transverse deformations of the concrete and
steel in steel–concrete column were measured, as well as the crack opening width.
Deformations of concrete and steel were recorded by resistance strain gauges with
bases of 50 mm and 20 mm, respectively, through electronic equipment AID-4
with a switch magazine (commutator). Longitudinal deformations of the rack were
also recorded according to the readings of the DI, installed on beakers in two
planes.

General view and test scheme of a steel–concrete rack, layout of resistance strain
gauges for concrete and steel and measuring instruments are shown in Fig. 10.

After checking the operability of the load and force-measuring systems, a trial
loading of the steel–concrete rack was carried out with a load not exceeding 20–
25% of the permissible destructive load, and was carried out in 2–3 stages. The
purpose of the trial loading was to study the behavior of a steel–concrete pillar
under load and to first check the correspondence of the values of the measured

Fig. 10 Test stand with
testing steel–concrete column
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parameters to the expected ones. After the required holding under load, the racks
were also unloaded to zero in order. Subsequently, the test was carried out by
loading in 0, 1 steps of the expected breaking load. Deformations of concrete and
steel, absolute shear deformations, deflections, the nature of the development and
formation of cracks were recorded on the steps during holding.

The moment of cracking is determined visually and with a microscope. The
breaking load was recorded according to the dial scale readings of the installations
testing press and according to the graphs of the given load steps on the screen of a
laptop, connected to the press.

Complete physical destruction was taken as the limiting state.
A prototype of a steel–concrete rack was tested with a single short-term static

load until complete destruction in order to establish the character of destruction and
the patterns of crack development, deformations of concrete and steel during their
joint deformation, as part of a single structure.

The prototype of the reinforced concrete support collapsed from the develop-
ment of cracks in the zone of application of the load.

The first cracks in the concrete of the side segment, which protected the steel
composite strut tees, appeared at a load of 0.77Ndes (Figs. 11 and 12).

3 Results and Discussion

Graph 1 shows a strut deformations comparison, according to the experimental data
in two planes of the strut section “X” and “Y”.

Fig. 11 Development of
initial cracks in the concrete
of the rack
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Graph 2 show the stresses of concrete, steel (according to the readings of the
strain gages along the section planes “X” and “Y”: (a) the tensions of concrete
along the rack in the area of application of an external load; (b) the tensions of the
concrete in the annular direction of the strut in the area of application of the load;
(c) (d) tensions in the rack as measured by vertical and horizontal sensors (along the
perimeter of the section) in the middle of the racks length; (e) tensions on the steel
profile in the area of application of the load along two planes “X” and “Y”;
(f) tensions of the steel part in the middle zone of the length of the strut.

Graph 3 shows the tensions diagrams of racks steel and concrete in the zone of
load application and comparison of the experimental data with the numerical
results, obtained using the Ansys PC.

Fig. 12 Destruction of a steel–concrete rack

Graph 1 Deviations by the
indicators of beakers
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Graph 2 Normal tensions of concrete and steel in steel–concrete rack

Graph 3 Tensions of concrete and steel according to numerical and physical experiments
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(a) tensile tensions in the area of load application on the steel part of the section;
(b) tensions in compressed concrete are also in the area of application of an

external load.

4 Conclusions

1. The features of the composite sections stress–strain state of a steel–concrete
column filled with concrete, consisting of a tubular element in the center and
four tees adjoining to it, have been studied.

2. A calculation was performed on the Ansys Workbench software package of
steel–concrete racks with different thicknesses of the steel part and with different
aggregates (concrete, polymer concrete, fiber-reinforced concrete), which made
it possible to reveal the picture of the stress–strain state, stages of the devel-
opment of plastic deformations in the steel and concrete parts.

3. Analysis of the results of numerical studies with different thicknesses of the steel
composite profile and with different fillers shows: with a small thickness, the
steel profile gives higher compressive tensions and lower tensile tensions along
the ring, fiber-reinforced concrete and polymer concrete work more together
with the shell in tension, and concrete—on compression.

4. Full-scale experiments have shown that up to 0.2Pdes the rack, working in
compression, retains its rectilinear state, and to a load level of 0.75Pdesthe
deviations in the X direction are 0.4 mm, and in Y—0.3 mm, i.e. e. they are also
minor.

5. The stresses in the longitudinal and annular directions in the cross-sections of
the rack (on the steel profile and on the concrete) differ depending on the
distance from the load application zone; in the load application zone they are
more intense than, in the middle of the rack.

6. Comparisons are made between the results of numerical and field experiments,
which show that the compressive stresses differ up to 18%, and the tensile
stresses along the ring—up to 30%.

7. Analysis of the research results of steel–concrete racks with different concrete
aggregates shows, that research of steel–concrete racks should be continued.
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Wood and Steel Rope: A Rational
Combination in Floor Beams

Artem Koshcheev , Svetlana Roshchina , Mikhail Lukin ,
and Nikolai Vatin

Abstract The article is devoted to the experimental study of the method of rein-
forcing wooden beams with steel wire ropes. The presented reinforcement tech-
nology can be used in roof and floor beams of building structures. The process of
pulling out the archy glued auxiliary bars made of the double-lay steel wire rope
about 8 mm in diameter has been investigated. The investigations have been carried
out on the symmetrical double faced samples with local wood reinforcement
100 � 400 � 50 mm in size, with 140 mm in the reinforcement working length.
Numerical calculation has revealed the amplitude of the reinforcement trajectory
vibration influence on the wooden beam ruggedness. With the reinforcement tra-
jectory amplitude contraction from 35 to 15 mm, the force corresponding to the
destruction of the wire rope-wood connection increases from 5 to 23 kN. The
researchers have described the manufacturing technique of the control samples,
which consists of wooden blanks planing and calibration stages, marking the
milling lines, performing milling with the fillet grooved U-shaped cutters, prepa-
ration and gluing of the reinforcing elements. The materials of the tests progress
photographic evidence have been presented. The results of the experiment have
shown that a decrease in the vibration amplitude of the S-shaped form of the
reinforcement to 15 mm leads to an increase in the strength of the entire gluing in
by 28% in comparison with the rectilinear form. Conclusions on the step-like
increase in the ruggedness of the S-shaped gluing in with the decrease in the
reinforcement trajectory amplitude have been made.
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1 Introduction

Up to date the worldwide trends in the development of technologies for the con-
struction of buildings and structures have identified several criteria that building
structures must meet. The main ones are the environmental friendliness, durability,
high strength and performance characteristics, presence of renewable natural
resources and recycling materials in production. Wood construction products
comport most of these parameters. This is the reason for the wide distribution of this
building material throughout the world. The article will focus on wooden beam
structures. These structures are used in low-rise and high-rise construction as roof
and floor beams. Furthermore, the building load-bearing structure is made of beam
elements. Modern methods of wood processing make it possible to produce glued
structures with large sections and spans.

A particular niche in the volume of the modern timber structures is occupied by
the reinforced wooden structures. Reinforcement in wood can be different. The first
works in this direction have proved the efficiency in the application of various types
of steel reinforcement in wooden beams and in the interface nodes of building
structures [1]. Particular attention has been given to the short-term and long-term
strength of such structural elements. The issues of repairing wooden beams in
existing structures using steel glued in bars have been investigated [2]. The results
of these investigations have shown that short reinforcement bars do not increase the
bearing capacity, but they strongly affect the fracture behavior, making fracture
plastic and in tact, which affects the structure safety.

The use of prestressing in reinforcement has been the next development direction
of the reinforced wooden structures. Performing four-point bending tests on beams
carried to failure have been discussed in a series of investigations [3]. Unreinforced,
reinforced and prestressed beams have been compared. The cross-sectional ratio of
steel to wood has been 0.82%. The results of the reinforced beams have shown that
the mechanical strength, load-bearing capacity and rigidness of both unreinforced
and prestressed beams have been improved compared to the unreinforced struc-
tures. The increase in rigidity has been recorded by 20–30%, and in plasticity—up
to 60%. In addition, an increase in the ultimate load—up to 40% has been noted.
However, in a number of studies, where the issues of changing the stress-related
characteristics of prestressed wooden beams [4–6] were studied, as well as in the
analysis of the statistical data on 550 cases of wooden structural damage in
Germany [7], there stress reduction of prestressed structures was noted in course of
time.

A large number of works in the field of timber reinforcement are devoted to the
use of low-grade pine sawn timber in combination with steel reinforcement, FRP, as
well as in combination with the use of the glued timber (CLT) [8–12]. According to
the research, globally significant volumes of sawn timber are considered to be
non-standard and are sold and used at a loss. The necessity of introducing new
approaches and methods allowing to increase the strength of structures made of low
grade wood has been substantiated. Examples of the cross-laminated timber use
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with reinforcement (CLT) have been given [13], as a vivid example of construction
technology with a good ability to embed large volumes of non-standard timber into
the supporting framework of buildings and structures.

Many works are devoted to other types of new engineering wood composites—
glued wood reinforced with polymer fibers (FRP) [14–21] and glued laminated
lumber with multidirectional wood fibers (LVL) [14, 20, 21], which illustrate
several cases of using these composite beams as the basic load-bearing building
materials. Their possible disadvantages, expressed by the high fabricating cost and
the complexity of manufacture have also been discussed [22]. Comprehensive
analysis of 230 damage cases of large span building structures around the world, in
which both traditional and similar, advanced methods of wood modification [23]
have been applied, has shown that unreinforced timber structures most often suffer
from such phenomena as cracking along the grain, which is caused by low or
frequent varying moisture content in wood, as well as the effect of systematically
varying perpendicular to the fiber tensile stresses. Additionally, in this review of
structural failures during the operation, the absence of the above disadvantages in
structures with reinforcement due to the presence of elements binding the wood
fibers has been noted.

Speaking about failures in the operation of the building structures, special
attention should be paid to the issues of brittle fracture of reinforced beams [24, 25].
A number of investigations on the study of the dynamic effects [26] under this
nature of destruction [27–32] has revealed the phenomenon of reinforcement tensile
properties activation during the transfer of stresses removed as a result of wood
fibers destruction from the body of the beam to the reinforcing elements. This
sudden process leads to a dynamic shock, which provokes the emergence of the
additional stresses in the system and its failure. The magnitude of this stress
depends on the ratio of rigidness between the reinforcement and the wood, which
breaks down in a brittle manner. It has been revealed that a slight increase in the
ability of reinforcement to plastic deformation helps to significantly reduce the
growth of stresses due to the dynamic impact and to avoid brittle structure fracture.

The technology of increasing the strength of wooden beams and wooden knots
using steel plates [33] has significantly increased the load-bearing capacity of the
wooden knot joints, which made it possible to construct high-rise buildings from
this material (a vivid example of such reinforcement is the building of the
Mjøstårnet hotel that is 85.4 m high on the shore of Lake Mjesa, Norway, or the
Brock Commons University Residence Building in Canada (53 m, Fig. 1).

The investigation on this reinforcement method has proved a higher increase in
the rigidness of structural components compared to the fiber-reinforced elements
(FRP). However, due to the influence of temperature and humidity on the strength
and deformation of the adhesive layer between steel and wood, it has been rec-
ommended to use additional reinforcement of the connection using such mechanical
connectors of materials as bars and bolts. These connectors subsequently protected
the structure from the rapid brittle destruction in the event of fire.

In wooden structures much attention is paid to the issues of ruggedness and
serviceability of structures, this is especially typical for areas with increased seismic
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activity. Researchers from New Zealand [34] have described in detail several new
connections of timber structures based on the steel bars glued onto epoxy resin. The
results of testing these nodal structures in modeling seismic loads have shown the
importance of increasing the plasticity of deformation in the nodes of building
systems [35–37].

In all of the above studies, much attention is paid to the problematic factors that
are characteristic of any timber structures. The main disadvantages of such struc-
tures are susceptibility to biodamage, low protection against fire and brittle
destruction in the event of strong excess of standard operating loads in the seis-
mically active areas of construction [34, 38–41]. These problems are being solved
in a wide variety of ways: resistance to biodamage and fire protection increases with
the help of wood impregnation, strength can be increased by reinforcing beams and
nodes, and brittle fracture can be avoided by reinforcing structures (Fig. 2).

Fig. 1 Mjøstårnet hotel building (Norway, 85.4 m) and Brock commons university residence
building (Canada, 53 m)

Fig. 2 Brittle destruction of the rafter system from the action of snow load (Russia, Udmurtia)
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We have proposed a method for strengthening wooden beams, which can
potentially lead to both an increase in strength and a simultaneous increase in the
deformation plasticity under the critical loads on a building or structure.

The proposed method of reinforcement consists in the use of elastic elements
made of a steel wire rope with a metal or rope core in solid wood, which will be
located in the structure tension area along a certain, S-shaped, rational trajectory.
Such reinforcement arrangement should ensure the reinforcing bar length increase
in the solid wood per linear meter of the structure, which means that it should lead
to the effective use of the reinforcing material bearing capacity in the solid wood.

The following experimental data have been obtained:

1. Comparison of reinforcement with all-steel reinforcement and a steel wire rope
has shown an increase (Fig. 3) in the connection strength by 19.26 [42].

2. When analyzing the reinforcement optimal trajectory, the most advantageous
option in regard to the ruggedness and deformation properties turned out to be
1-line reinforcement with an s-shaped anchorage trajectory (Fig. 4), which
should provide a 1.81-fold increase in the wooden beam resistibility in com-
parison with the unreinforced structure [43].

3. When analyzing the influence of eccentricity when the reinforcement is located
on the edge of the beam structure [44], the necessity of covering the reinforced
section with solid wood from the outside with the help of overlays has been
explained [45].

Before transferring the testing of the proposed type of reinforcement to the
in-place testing phase of 6 m beams, it is necessary to study the question of the
influence of the steel cable anchoring form in solid wood on the strength charac-
teristics of the adhesive bonding [46]. The purpose of this work is to prove

Fig. 3 Samples tested by the pull- out test. Rectilinear trajectory. Reinforcing deformed steel bar
and steel wire rope
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experimentally that the S-shaped trajectory is more advantageous in terms of
ruggedness and deformability than rectilinear gluing in a steel cable into wood and
to determine the exact geometry of the reinforcement for the manufacture of 6 m
beams [47].

2 Materials and Methods

The present study is a test on pulling bars of various shapes from solid wood glued
onto an epoxy adhesive composition. 4 series of tests have been performed, 6
samples each.

Fig. 4 Design diagram of beams with the archy S-shaped reinforcement
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2.1 Material Specifications

The first series—samples of a rectilinear shape—with eccentricity (displacement of
the reinforcing bar to the side plane of the sample) and centered. Samples with
eccentricity are open for video production and photographic recording of the
dynamics of the sample destruction. The second, third and fourth series (in the
quantity of 18 pieces)—samples with 3 different trajectories fluctuation amplitude
of the S-shaped reinforcement—15, 25 and 35 mm with respect to the central axis
of the solid wood (Table 1).

The base material is wood, grade I pine, from winter cutting forest, dried in a
room with a constant humidity of 23%, selected to ensure the minimum number of
visible defects.

Reinforcing material—zinc-coated steel wire rope. In all series of samples, a
wire rope of 8 mm in diameter has been used, the thickness of the zinc coating has
been 50 micron, double-lay cable, 6 bundles of 0.2 mm wire, a flexible steel core.

Adhesive composition—epoxy resin ED-20 type (basic epoxy base, PEPA
hardener). To compensate for the arising temperature deformations and increase the
strength properties, ground quartz of 0.2 mm fraction has been used as a filling
compound. The quartz has been pre-prepared by drying on a gas burner flame to
eliminate the effect of moisture on the resin polymerization.

REM-100-A-1 electromechanical tensile testing machine has been the source of
the tensile load. Equipped with a two-column power-delivery module and an
automated measurement and control system that allows testing according to a given
mode thanks to special software—“MTest REM-2.15”, which makes it possible to
more accurately determine the actual load on the sample [48].

External conditions of the experiment—relative humidity in the room—52%,
room temperature—21 °C.

Table 1 Characteristics of the samples series

Name of the samples series 1 series 2 series 3 series 4 series

Geometric dimensions of the base Sample length—400 mm
Sample width—100 mm
Sample height—50 mm

Characteristics of the base material Wood
Pine
Grade—1 grade
Moisture—23%

Characteristics of the Reinforcing Material Steel Wire Rope ISO 2408 standard
Outside diameter—8 mm
Coating—zinc 50 microns
Splice joint—double
Core—composite

Trajectory Straight Curved Curved Curved

Trajectory amplitude 0 mm 15 mm 25 mm 35 mm
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2.2 Creation of Samples for Experimental Tests

Preparing wood for gluing has been the first step in making samples. Wood, pre-
viously dried in a chamber to a constant moisture content of no more than 20%, has
been calibrated on a thickness planing machine to the correct geometric shape—a
parallelepiped with parallel edges. Further, the plane on which the reinforcing
element has to be located has been planed with an electric plane with carbide
cutting knives at 12,000 rpm [49].

In half of the samples, it has been necessary to ensure centering of the rein-
forcing element glued into them in the cross section. To do this, these samples,
consisting of 2 halves, have been made composite, in one of which a groove for the
steel wire rope has been made with a router. To carry out high-quality gluing, an
adherence of 2 halves of the workpiece has been necessary, which could only be
ensured with the help of a thicknessing machine. In this case, the second half of the
workpiece simulates a protective wood layer, which would be made during the
manufacture of a 6-m floor beam.

The next step is to make grooves for gluing in the reinforcement. The milling
operation has been performed with a Makita 3612C milling cutter, a fillet grooved
U-shaped cutter with a diameter of 10 mm. Given the small number of samples,
milling has been performed manually, along a predetermined trajectory. The speed
of the milling cutter spindle has been 6000 rpm (Fig. 5). This frequency allows you
to achieve smooth groove slot sides without the possibility of overheating the wood.

The wire rope must be prepared for gluing. To do this, it has been preliminarily
cut into 20 cm samples and degreased with acetone solution. Acetone is a dissol-
vent for epoxy resins of the ED-20 type and evaporates quickly, therefore it does
not affect the adhesion of the resin to steel.

Fig. 5 Milling a groove for the steel wire rope
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An adhesive composition is being prepared—the epoxy is mixed with a hard-
ener. Within 30 min, the reinforcing elements are glued into the grooves. The
adhesive is applied both to the steel wire rope and to the groove until it is com-
pletely filled. Further, those elements that will be centered are also treated with an
adhesive and glued under a pressure of 0.5–1 MPa using 2 cramps (Fig. 6). The
manufactured samples are kept for 10 days until the adhesive composition is
completely polymerized.

2.3 Experimental Test Parameters

The source of the tensile load is the REM-100-A-1 electromechanical tensile testing
machine. It is equipped with a two-column power-setting module and an automated
measurement and control system that allows testing according to a given mode
through the use of the special software—“MTest REM-2.15”, which makes it
possible to more accurately determine the actual load on the sample. External
conditions of the running of experiment—relative humidity in the room—52%,
room temperature—21 °C. The tensile testing machine traverse speed is 4 mm/min.

3 Results

Numerical calculation of the geometric copies of products has been performed in
the Lira 10.10 program as the first stage of the experiment before the production of
the experimental samples, which makes it possible to be convinced of the

Fig. 6 Gluing in reinforcing elements into epoxy adhesive
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discrepancies in the degree of the steel wire rope loading in the solid wood along its
length. The numerical experiment clearly demonstrates that with a decrease in the
amplitude of the S-shaped reinforcement trajectory, the steel wire rope begins to
work together with wood along its entire length (Fig. 7 and 8). This is especially
clearly observed in the analysis of the shear stresses in wood and tensile stress
diagrams in the steel wire rope (Table 2) (Fig. 9).

4 Discussion

Numerical results of the calculations and analytical data obtained during testing
have shown how strongly the form of reinforcement affects the stress-related
characteristics of the study samples. Analyzing the graphical results, the following
key moments of the tests should be noted:

Fig. 7 Virtual experiment on pulling out archy wire ropes of various shapes. Results on the shear
stresses in solid wood (red—positive, blue—negative, green—neutral)

Fig. 8 Experiment on the tensile testing machine. The sample deformation with the maximum
amplitude (35 mm) with increasing load. A—is the initial state of the sample; B—is the beginning
of fracture, corresponding to the ultimate strength; C—is the 1st wave destruction; D—the
beginning of the second wave destruction
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Firstly, unstable failure is characteristic of the straight form of the wire rope
anchorage in solid wood, as evidenced by a pronounced impact at the end of the
deformation and instantaneous rupture of the sample.

Secondly, the S-shaped form of reinforcement behaves very ambiguously. At the
beginning of the experiment, it would be logical to assume that the more the
amplitude of the trajectory is, the more the strength of the connection we will get,
for the reason that this shape will be located on a larger plane of the solid wood.
However, that's not the case. The experiment has shown that the more the rein-
forcement trajectory bends, the more the degree of sample deformation in time is.
A strongly curved reinforcing element is pulled out of the solid gradually, therefore,
only a part of it participates in pulling resistance in each time unit.

Therefore, the reinforcement trajectory with a small amplitude of the reinforcing
cable equal to 2 diameters is more effective in terms of strength and rigidity. In this
case, a larger (than with direct gluing) solid wood will be swung into action,
however, the wire rope will resist pulling out along its full length at the same time,
which will lead to gain in strength.

Table 2 Characteristics of the samples series

Name of the specimens series Ultimate tensile
strength, kN

Deformation,
mm

1 Series—rectilinear glued-in piece 17.46 10.1

1 Series—archy glued-in piece, amplitude
15 mm

25.13 12.4

3 Series—archy glued-in piece, amplitude
25 mm

19.02 8.8

4 archy glued-in piece, amplitude 35 mm 7.77 6.2

Fig. 9 Experiment on the tensile testing machine. The sample deformation with the maximum
amplitude (15 mm) with increasing load. A—is the initial state of the sample; B—is the beginning
of fracture corresponding to the ultimate strength; C—is the course of destruction, the
simultaneous nature of destruction is visible along the entire length of the sample; D—is the
complete destruction of the sample
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Diagrams of the stress-related characteristics obtained from the tensile testing
machine confirm these conclusions (Fig. 10). A gradual increase in strength with
the S-shaped trajectory amplitude attenuation has been clearly visible. If we com-
pare the most successful shape (15 mm wave amplitude) with the rectilinear rein-
forcement, the resulting increase in strength in the zone of rupture load will be
24–38%.

It is important to note the graphs upward shifting inclination angle in the hori-
zontal axis—this indicates an increase in the sample rigidity at the beginning of the
deformation.

The investigation has proved the consistency of the hypothesis about the
advantages of the archy shape trajectory shape located along the S-shaped line in
the solid wood, in terms of stress-related characteristics.

However, the wave amplitude (or width) drastically affects the strength. The
S-shaped trajectory with the reinforcing bar of 2 diameters width turned out to be
most effective. It is that trajectory that has been adopted by the author for use in
wooden beams with this type of reinforcement, and will be used in further tests.

The advantage of the resulting trajectory shape is the ability to reduce the steel
wire rope anchorage length on the beam support zones—which will lead to an
increase in the ruggedness of the structure while maintaining the amount of metal
and wood that is required for its manufacture.

Fig. 10 Diagrams of stress-related characteristics for the control series of samples
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5 Conclusions

Visual analysis of the conducted tests results allows us draw a conclusion that the
shape of the reinforcing elements arrangement in wood has a direct effect on the
building structure stress-related characteristics. The correct choice of the rein-
forcement form makes it possible to achieve a more efficient use of the bearing
capacity of the reinforcing element in wooden beams.

Our research has shown that S-wave reinforcement form of the wooden beams
stretched zone becomes effective only when the wave amplitude is approximately 2
diameters of the reinforcing bar for a wire rope of 8 mm in diameter. These results
have been tracked in the process of visual and numerical analysis of the experi-
mental data. A decrease in the vibration amplitude of the S-shaped form of rein-
forcement from 35 to 15 mm leads to an increase in the strength of the entire gluing
in by a factor of 3.23, from 7.77 to 25.13 kN, which is 28% stronger in comparison
with the straight position. But, with a decrease in the trajectory amplitude, the
sample deformation plasticity decreases. Therefore, we see no rationale for further
amplitude contraction, since the deformation plasticity under the action of the
destructive loads is a positive quality of the building structures and it increases their
operating abilities, expanding the range of their application. In future we will use
the obtained optimum shape of the reinforcement for carrying out full-scale tests of
full size 6 m wooden beams with a section of 75 by 120 mm.

Acknowledgements The reported study was funded by RFBR, project number 19-38-90062.

References

1. Labudin B, Popov E, Stolypin D, Sopilov V (2019) The wood composite ribbed panels on
mechanical joints. In: E3S Web of Conferences. https://doi.org/10.1051/e3sconf/
20199102021

2. Orlando N, Taddia Y, Benvenuti E, Pizzo B, Alessandri C (2019) End-repair of timber beams
with laterally-loaded glued-in rods: experimental trials and failure prediction through
modelling. Constr Build Mater. https://doi.org/10.1016/j.conbuildmat.2018.11.045

3. De Luca V, Marano C (2012) Prestressed glulam timbers reinforced with steel bars. Constr
Build Mater. https://doi.org/10.1016/j.conbuildmat.2011.11.016

4. Kreher K, Natterer J, Natterer J (2004) Timber-glass-composite girders for a hotel in
Switzerland. Struct Eng Int J Int Assoc Bridg Struct Eng. https://doi.org/10.2749/
101686604777963964

5. McConnell E, McPolin D, Taylor S (2014) Post-tensioning of glulam timber with steel
tendons. Constr Build Mater. https://doi.org/10.1016/j.conbuildmat.2014.09.079

6. Winter W, Tavoussi K, Pixner T, Parada FR (2012) Timber-steel-hybrid beams for
multi-storey buildings. In: World Conference on Timber Engineering 2012, WCTE 2012

7. Frese M, Blaß HJ (2011) Statistics of damages to timber structures in Germany. Eng Struct.
https://doi.org/10.1016/j.engstruct.2011.02.030

8. Karelskiy AV, Zhuravleva TP, Labudin BV (2015) Load-to-failure bending test of wood
composite beams connected by gang nail. Mag Civ Eng. https://doi.org/10.5862/MCE.54.9

Wood and Steel Rope: A Rational Combination in Floor Beams 459

http://dx.doi.org/10.1051/e3sconf/20199102021
http://dx.doi.org/10.1051/e3sconf/20199102021
http://dx.doi.org/10.1016/j.conbuildmat.2018.11.045
http://dx.doi.org/10.1016/j.conbuildmat.2011.11.016
http://dx.doi.org/10.2749/101686604777963964
http://dx.doi.org/10.2749/101686604777963964
http://dx.doi.org/10.1016/j.conbuildmat.2014.09.079
http://dx.doi.org/10.1016/j.engstruct.2011.02.030
http://dx.doi.org/10.5862/MCE.54.9


9. Steiger R, Serrano E, Stepinac M, Rajčić V, O’Neill C, McPolin D, Widmann R (2015)
Strengthening of timber structures with glued-in rods. Constr Build Mater. https://doi.org/10.
1016/j.conbuildmat.2015.03.097

10. Tavoussi K, Winter W, Pixner T, Kist M (2010) Steel reinforced timber structures for multi
storey buildings. In: 11th World Conference on Timber Engineering 2010, WCTE 2010

11. Borri A, Corradi M, Speranzini E (2013) Reinforcement of wood with natural fibers. Compos
Part B Eng. https://doi.org/10.1016/j.compositesb.2013.04.039

12. Buell TW, Saadatmanesh H (2005) Strengthening timber bridge beams using carbon fiber.
J Struct Eng. https://doi.org/10.1061/(ASCE)0733-9445(2005)131:1(173)

13. Cherry R, Manalo A, Karunasena W, Stringer G (2019) Out-of-grade sawn pine: a
state-of-the-art review on challenges and new opportunities in cross laminated timber (CLT).
https://doi.org/10.1016/j.conbuildmat.2019.03.293

14. Sun X, He M, Li Z (2020) Novel engineered wood and bamboo composites for structural
applications: State-of-art of manufacturing technology and mechanical performance evalu-
ation. https://doi.org/10.1016/j.conbuildmat.2020.118751

15. De La Rosa García P, Escamilla AC, Nieves González García M (2013) Bending
reinforcement of timber beams with composite carbon fiber and basalt fiber materials.
Compos Part B Eng. https://doi.org/10.1016/j.compositesb.2013.07.016

16. Gentile C, Svecova D, Rizkalla SH (2002) Timber beams strengthened with GFRP bars:
development and applications. https://doi.org/10.1061/(ASCE)1090-0268(2002)6:1(11)

17. Gribanov AS, Rimshin VI, Roshchina SI (2019) Experimental investigations of composite
wooden beams with local wood modification. In: IOP conference series: materials science and
engineering. https://doi.org/10.1088/1757-899X/687/3/033039

18. Gribanov AS, Roshchina SI, Popova MV, Sergeev MS (2018) Laminar polymer composites
for wooden structures. Mag Civ Eng. https://doi.org/10.18720/MCE.83.1

19. Raftery GM, Harte AM (2011) Low-grade glued laminated timber reinforced with FRP plate.
Compos Part B Eng. https://doi.org/10.1016/j.compositesb.2011.01.029

20. Raftery GM, Whelan C (2014) Low-grade glued laminated timber beams reinforced using
improved arrangements of bonded-in GFRP rods. Constr Build Mater. https://doi.org/10.
1016/j.conbuildmat.2013.11.044

21. Buka-Vaivade K, Serdjuks D, Goremikins V, Pakrastins L, Vatin NI (2018) Suspension
structure with cross-laminated timber deck panels. Mag Civ Eng. https://doi.org/10.18720/
MCE.83.12

22. Lisyatnikov MS, Glebova TO, Ageev SP, Ivaniuk AM (2020) Strength of wood reinforced
with a polymer composite for crumpling across the fibers. In: IOP conference series: materials
science and engineering. https://doi.org/10.1088/1757-899X/896/1/012062

23. Dietsch P, Winter S (2018) Structural failure in large-span timber structures: a comprehensive
analysis of 230 cases. Struct Saf. https://doi.org/10.1016/j.strusafe.2017.11.004

24. Ilyichev V, Emelianov S, Kolchunov V, Bakaeva N (2018) Principles of urban areas
reconstruction ensuring safety and comfortable living conditions. In: IOP conference series:
materials science and engineering. https://doi.org/10.1088/1757-899X/463/3/032011

25. Rimshin VI, Labudin BV, Melekhov VI, Orlov AO, Kurbatov VL (2018) Improvement of
strength and stiffness of components of main struts with foundation in wooden frame
buildings. ARPN J Eng Appl Sci

26. Roshchina S, Lukin M, Lisyatnikov M (2020) Compressed-bent reinforced wooden elements
with long-term load. https://doi.org/10.1007/978-3-030-42351-3_7

27. Dietsch P, Kreuzinger H (2020) Dynamic effects in reinforced beams at brittle failure—
evaluated for timber members. Eng Struct. https://doi.org/10.1016/j.engstruct.2019.110018

28. Savin SY, Kolchunov VI, Emelianov SG (2018) Modelling of resistance to destruction of
multi-storey frame-connected buildings at sudden loss of bearing elements stability. In: IOP
conference series: materials science and engineering. https://doi.org/10.1088/1757-899X/456/
1/012089

460 A. Koshcheev et al.

http://dx.doi.org/10.1016/j.conbuildmat.2015.03.097
http://dx.doi.org/10.1016/j.conbuildmat.2015.03.097
http://dx.doi.org/10.1016/j.compositesb.2013.04.039
http://dx.doi.org/10.1061/(ASCE)0733-9445(2005)131:1(173)
http://dx.doi.org/10.1016/j.conbuildmat.2019.03.293
http://dx.doi.org/10.1016/j.conbuildmat.2020.118751
http://dx.doi.org/10.1016/j.compositesb.2013.07.016
http://dx.doi.org/10.1061/(ASCE)1090-0268(2002)6:1(11)
http://dx.doi.org/10.1088/1757-899X/687/3/033039
http://dx.doi.org/10.18720/MCE.83.1
http://dx.doi.org/10.1016/j.compositesb.2011.01.029
http://dx.doi.org/10.1016/j.conbuildmat.2013.11.044
http://dx.doi.org/10.1016/j.conbuildmat.2013.11.044
http://dx.doi.org/10.18720/MCE.83.12
http://dx.doi.org/10.18720/MCE.83.12
http://dx.doi.org/10.1088/1757-899X/896/1/012062
http://dx.doi.org/10.1016/j.strusafe.2017.11.004
http://dx.doi.org/10.1088/1757-899X/463/3/032011
http://dx.doi.org/10.1007/978-3-030-42351-3_7
http://dx.doi.org/10.1016/j.engstruct.2019.110018
http://dx.doi.org/10.1088/1757-899X/456/1/012089
http://dx.doi.org/10.1088/1757-899X/456/1/012089


29. Labudin BV, Popov EV, Nikitina TA (2019) Notes for calculated resistance to tension for
laminated wood. In: IOP conference series: materials science and engineering. https://doi.org/
10.1088/1757-899X/687/3/033028

30. Roshchina S, Sergeev M, Lukin M, Strekalkin A (2018) Reconstruction of fixed fertilizer
folders in the vladimir region. In: IOP conference series: materials science and engineering.
https://doi.org/10.1088/1757-899X/463/4/042011

31. Lisyatnikov MS, Shishov II, Sergeev MS, Hisham E (2020) Precast monolithic coating of an
industrial building based on variable-height beam-slabs. In: IOP conference series: materials
science and engineering. https://doi.org/10.1088/1757-899X/896/1/012064

32. Travush VI, Gordon VA, Kolchunov VI, Leontiev EV (2019) Dynamic deformation of a
beam at sudden structural transformation of foundation. Mag Civ Eng. https://doi.org/10.
18720/MCE.91.12

33. Nowak T, Jasieńko J, Kotwica E, Krzosek S (2016) Strength enhancement of timber beams
using steel plates—Review and experimental tests. https://doi.org/10.12841/wood.1644-3985.
150.06

34. Buchanan AH, Fairweather RH (1993) Seismic design of glulam structures. Bull New Zeal
Natl Soc Earthq Eng. https://doi.org/10.5459/bnzsee.26.4.415-436

35. Dražić J, Vatin N (2016) The influence of configuration on to the seismic resistance of a
building. Procedia Eng. https://doi.org/10.1016/j.proeng.2016.11.788

36. Kasal B, Pospisil S, Jirovsky I, Heiduschke A, Drdacky M, Haller P (2004) Seismic
performance of laminated timber frames with fiber-reinforced joints. Earthq Eng Struct Dyn.
https://doi.org/10.1002/eqe.368

37. Labudin BV, Popov EV, Sopilov VV (2019) Stability of compressed sheathings of wood
composite plate-ribbed structures. In: IOP conference series: materials science and
engineering. https://doi.org/10.1088/1757-899X/687/3/033041

38. Lukin M, Prusov E, Roshchina S, Karelina M, Vatin N (2021) Multi-Span composite timber
beams with rational steel reinforcements. Buildings 11:1–12. https://doi.org/10.3390/
buildings11020046

39. D’Agata G, D’Aveni A (2017) Post-tensioned timber structures: new perspectives. Constr
Build Mater. https://doi.org/10.1016/j.conbuildmat.2017.07.031

40. Varenik KA, Varenik AS, Sanzharovsky RS, Labudin BV (2019) Wood moisture accounting
in creep equations. In: IOP conference series: materials science and engineering. https://doi.
org/10.1088/1757-899X/656/1/012054

41. Wanninger F, Frangi A (2016) Experimental and analytical analysis of a post-tensioned
timber frame under horizontal loads. Eng Struct. https://doi.org/10.1016/j.engstruct.2016.01.
029

42. Koshcheev AA, Roshchina SI, Naichuk AY, Vatin NI (2020) The effect of eccentricity on the
strength characteristics of glued rods made of steel cable reinforcement in solid wood. In: IOP
conference series: materials science and engineering. https://doi.org/10.1088/1757-899X/896/
1/012059

43. Koshcheev AA, Roshchina SI, Aleksiievets V, Labudin BV (2020) Local deformation and
strength characteristics of S-shaped reinforcement in wood. In: IOP conference series:
materials science and engineering. https://doi.org/10.1088/1757-899X/896/1/012060

44. Lukin MV, Roshchina SI, Gribanov AS, Naychuk AY (2020) Stress-strain state of wooden
beams with external reinforcement. In: IOP conference series: materials science and
engineering. https://doi.org/10.1088/1757-899X/896/1/012066

45. Lukin MV, Roshchina SI, Smirnov EA, Shunqi M (2020) Strengthening of the operated
wooden floor beams with external rigid reinforcement. In: IOP conference series: materials
science and engineering. https://doi.org/10.1088/1757-899X/896/1/012065

46. Popova M, Sergeev M, Lukina A, Shunqi M (2020) Strength and deformability of lightweight
metal trusses with elements from cut I-beams. In: IOP conference series: materials science and
engineering. https://doi.org/10.1088/1757-899X/896/1/012061

Wood and Steel Rope: A Rational Combination in Floor Beams 461

http://dx.doi.org/10.1088/1757-899X/687/3/033028
http://dx.doi.org/10.1088/1757-899X/687/3/033028
http://dx.doi.org/10.1088/1757-899X/463/4/042011
http://dx.doi.org/10.1088/1757-899X/896/1/012064
http://dx.doi.org/10.18720/MCE.91.12
http://dx.doi.org/10.18720/MCE.91.12
http://dx.doi.org/10.12841/wood.1644-3985.150.06
http://dx.doi.org/10.12841/wood.1644-3985.150.06
http://dx.doi.org/10.5459/bnzsee.26.4.415-436
http://dx.doi.org/10.1016/j.proeng.2016.11.788
http://dx.doi.org/10.1002/eqe.368
http://dx.doi.org/10.1088/1757-899X/687/3/033041
http://dx.doi.org/10.3390/buildings11020046
http://dx.doi.org/10.3390/buildings11020046
http://dx.doi.org/10.1016/j.conbuildmat.2017.07.031
http://dx.doi.org/10.1088/1757-899X/656/1/012054
http://dx.doi.org/10.1088/1757-899X/656/1/012054
http://dx.doi.org/10.1016/j.engstruct.2016.01.029
http://dx.doi.org/10.1016/j.engstruct.2016.01.029
http://dx.doi.org/10.1088/1757-899X/896/1/012059
http://dx.doi.org/10.1088/1757-899X/896/1/012059
http://dx.doi.org/10.1088/1757-899X/896/1/012060
http://dx.doi.org/10.1088/1757-899X/896/1/012066
http://dx.doi.org/10.1088/1757-899X/896/1/012065
http://dx.doi.org/10.1088/1757-899X/896/1/012061


47. Gonshakov NG, Gonshakov AG, Aleksiievets II (2020) Reinforcement of brick structures
with carbon fiber. In: IOP conference series: materials science and engineering. https://doi.
org/10.1088/1757-899X/896/1/012032

48. Gribanov AS, Strekalkin AA, Kudryatseva AA, Zdralovic N (2020) CFRP composites for
strengthening wooden structures. In: IOP conference series: materials science and engineer-
ing. https://doi.org/10.1088/1757-899X/896/1/012114

49. Romanovich A, Kleshcunov Y, Vlasov A (2019) On potentiality and practicability of
installing flooring suspended in geodesic domes by means of cable system. In: IOP
conference series: materials science and engineering. https://doi.org/10.1088/1757-899X/687/
3/033025

462 A. Koshcheev et al.

http://dx.doi.org/10.1088/1757-899X/896/1/012032
http://dx.doi.org/10.1088/1757-899X/896/1/012032
http://dx.doi.org/10.1088/1757-899X/896/1/012114
http://dx.doi.org/10.1088/1757-899X/687/3/033025
http://dx.doi.org/10.1088/1757-899X/687/3/033025


Roofing of an Industrial Building
with Variable Height Rafters
and Wooden Decking

Ivan Shishov , M. V. Lukin , and M. S. Sergeev

Abstract Single storey production buildings are used in many industries.
Typically, these are frame-type buildings: columns clamped in foundations, truss
structures that overlap spans and support flooring of ribbed slabs 6 or 12 m long. In
the latter case, a truss structure is added to provide support for the rafter in the gap
between the columns.

Often there is a need to increase the usable area of the workshop—the spans of
the building or the pitch of the transverse axes, but the structures of the reinforced
concrete pavement become cumbersome, laborious to manufacture, transport and
install, and their construction height significantly increases the height of the
building. It is believed that for buildings with spans of 30 m, it is better to use metal
coatings, but it is not indisputable, and, of course, it is necessary to have such a
coating made of reinforced concrete.

Keywords Buildings � Beam � Reinforced concrete � Industrial buildings �
Coating

1 Introduction

Reinforced concrete structures are quite widespread in both civil and industrial
construction [1–6].

In works [5, 7–9], the racks of the rafter frame are made of two cross walls, some
of which are directed along the frame and impart the greatest rigidity to it, others are
perpendicular and support the ribbed plates. Between the ends of the slabs,
monolithic concrete is laid, partially including the slabs in the girder, which makes
it possible to reduce the height of the coating.

The influence of seismic effects on the deformation of rod structures and
industrial buildings is considered in works [10–15].
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In works [16–20] an experimental study of a precast-monolithic coating and
calculation of its elements taking into account the physical nonlinearity of concrete
and reinforcement deformation are given.

In [21], a precast-monolithic coating of a one-story industrial building with
spans of 18, 24, 30 m and an increased step of the transverse axes is presented.

One-story industrial buildings with spans up to 30 m are being built for many
industries [22–24]. The elements of the coating are rather cumbersome, require
prestressing of the reinforcement, laborious to manufacture, transport and install;
the coating turns out to be high and increases the height of the building [25–28].

Reinforced concrete coatings for industrial buildings are usually used with spans
up to 30 m. In a typical solution, they are made in the form of flooring of ribbed
slabs on rafter beams, trusses or arches resting on columns or under-rafter struc-
tures. The coverage is high; with spans of 30 m, it increases the height of the
building to 4 m; structures have a high labor intensity of manufacture, trans-
portation and installation. The task arises to eliminate these shortcomings, and, in
addition, it is desirable to have a reinforced concrete coating for spans of 30 m. All
this gives rise to the search for new solutions.

We suggest the following. Discard ribbed plates. For buildings with spans of
30 m, rafter beams with an I-beam cross-section with a width of the upper belt of
1 m (Fig. 1) should be placed with a step of 3 m, and the distances between them
should be covered with shields made of boards 40 mm thick, which will bear the
load and serve as part of the thermal insulation layer.

The rafter beams are pivotally supported at the ends. Bending moments vary
from zero at the supports to maximum values in the middle of the span. Beams with
stepwise variable heights are offered: in the middle part, the height and rigidity of
the beam are maximum, and in the direction to the supports—several steps with a
decrease in these values. For example, we took a beam in five steps: one in the
middle and two in the support zones (Fig. 1).

Fig. 1 Rafter beam of stepped variable height with a span of 30 m
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2 Methods

Strength calculation is performed according to the limit state on the basis of the
following prerequisites [29–34]:

• In a compressed zone, the stresses in concrete at all points are the same and
equal to the design resistance of concrete Rb:

• The concrete resistance of the tensioned zone is assumed to be zero.
• The stresses in the reinforcement in the tensile zone are equal to the design

resistance of the reinforcement Rs:

The design load from snow and dead weight of the pavement elements is 0.0209
MN/m.

The beam is made of concrete of class B40 and reinforced with bar reinforce-
ment of class A500C. The heights of steps 1, 2, 3 (in the middle of the span and in
the support zones) are taken respectively: 1.7, 1.5, 1.2 m. Reinforcement by steps
was determined based on strength calculation:

As ¼ 0:003563:14;18; l ¼ 0:0219

As ¼ 0:003054:12;18; l ¼ 0:0214

As ¼ 0:002036:8;18; l ¼ 0:0181

The calculation for deflections is made taking into account the nonlinearity of
deformation of reinforced concrete, based on the following prerequisites [35–39]:

• Hypothesis of flat sections: when the beam is bent, its cross sections rotate
relative to the neutral line, remaining flat;

• The concrete of the compressed zone deforms non-linearly in accordance with
the recommended three-line diagram;

• Stretched zone reinforcement of class A500C is deformed in accordance with
the recommended norms of a two-line diagram;

• The work of the concrete in the tensioned zone is taken into account indirectly
using the coefficient ws increasing the modulus of elasticity of the reinforcement
to the value Es

ws
,

ws ¼ 1� 0:8
Mcrc

M
; ð1Þ

where: Mcrc—the moment of cracking; M—moment from external load.
The moment of cracking is determined taking into account the inelastic

deformations of concrete in the tensile zone [40–44] based on the following
assumptions (1):
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• Hypothesis of flat sections;
• In the compressed zone, concrete works elastically at an initial modulus of

elasticity Eb;
• In a stretched zone, stresses in concrete increase elastically to the value of the

design tensile strength of concrete for the limiting states of the second group
Rbt;ser , with further deformation remain constant;

• The deformation of the most stressed fiber of the stretched zone reaches the limit
value for a short-term load ebt;u ¼ 0:00015;

• The reinforcement is elastically deformed.

Cross-section of a beam at a moment equal to Mcrc, is divided into elastic and
plastic zones with deformation along the boundary (Fig. 2).

eb1 ¼ Rbt; ser=Eb ð2Þ

The rate of change of deformations along the height of the plastic zone y and the
entire section can be found by the formula, after which it is easy to find defor-
mations and stresses at any point of the section and the magnitude of the moment:

u ¼ ebt;u � eb1
� �

=y ð3Þ

The stiffness of the beam is determined from the deformation eb the most
stressed concrete fiber in the compressed zone. It is required to determine the height
of the compressed zone and the bending moment corresponding to this deformation
—the sum of moments relative to the neutral line of the cross-section of the stresses
in the concrete of the compressed zone and the forces in the reinforcement of the
tensioned and compressed zones. The task is complicated by the fact that the
compressed zone has a T-section. The following technique is proposed: with x the
plot of deformations is tripled within the height of the compressed zone; a stress
diagram is constructed in accordance with the deformation diagram and the adopted
concrete deformation diagram; resultant stress in the concrete of the compressed

Fig. 2 Distribution of deformations and stresses along the height of the section at the moment
Mcrc
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zone x Nb calculated in parts Nb,i, which are distinguished taking into account the
T-shape of the section so that for each of them it is easy to determine the distance Zi

to the neutral line of the cross-section of the beam. Figure 3 shows an example for
the case when eb0\eb\eb2 and the height of the plastic zone of the height of the
compressed flange of the section = 0.002, = 0.0035 are the parameters of the
concrete deformation diagram.

The designations are accepted:

p ¼ eb1
eb

; q ¼ eb0 � eb1
eb

; r ¼ eb � eb0
eb

: ð4Þ

According to Fig. 3:

Nb1 ¼ 1
2
0:6Rbpxd1; z1 ¼ 2

3
px;

Nb2 ¼ 0:6Rbqxd1; z2 ¼ px þ qx
2
;

Nb3 ¼ 1
2
0:4Rbqxd1; z3 ¼ px þ 2

3
qx;

Nb4 ¼ Rbrxd; z4 ¼ x� rx
2
;

Nb5 ¼ �Rb rx � h1ð Þ; z5 ¼ x� rx þ h1
2

Reinforcement forces are written as:

Ns ¼ EsAses ¼ EsAs
ws

eb
h0�x
x —for the extended area;

Fig. 3 Distribution of deformations and stresses along the height of the compressed zone of the
section
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N 0
s ¼ EsA0

se
0
s ¼ EsA0

seb
x�a0
x —for the compressed zone.

Equilibrium equation is compiled.

Nb þN 0
s � Ns ¼ 0; ð5Þ

which turns out to be an equation of the form

ax2 þ bxþ c ¼ 0 ð6Þ

From the solution of the equation, the height of the compressed zone is deter-
mined x, after which the bending moment is determined M, curvature of a curved
beam axis k ¼ eb=x and the stiffness of the beam g ¼ M=k.

3 Results and Discussion

The calculation of the rafter beam begins with the fact that for each of its steps the
deformations of the extreme fiber of the compressed zone from to with a step of
0.00001 are sequentially set and the corresponding values of the bending moment,
deformation of the curvature of the bent axis and the stiffness of the beam are
calculated and entered into the table. eb ¼ 0:00001 � eb ¼ 0:00350 � eb:

Further, the method of elastic solutions is applied in combination with the
method of finite differences. In each elastic solution, the beam is divided along its
length into small parts, along the boundaries of which points are applied
j ¼ 1; 2; 3. . .n.

The deflections of the beam at these points are taken as the main unknowns; they
are determined from the solution of the system of equilibrium equations of small
parts, highlighted in the vicinity of each point. The deflections are used to determine
the curvatures of the curved axis of the beam, and from them—the lines in the table,
from where the stiffnesses for the next elastic solution are taken, and individually
for each point j : j ¼ 1; 2; 3. . .n. The solution shows stable convergence.

The rafter beam for a span of 30 m was divided in the solution into 30 parts
1.0 m long (Fig. 4).

Results of the solution: beam deflections, bending moments, stiffness, height of
the compressed zone, deformation of the most stressed fiber of concrete in the
compressed zone are shown in Fig. 4.

It is interesting to note that the beam does not have excessive reserves either in
strength or in rigidity. The reinforcement of the steps is determined by the maxi-
mum moments, the change of which within the step is small. The calculation for
deformations shows a deflection in the middle of the span of 0.103 m with the
maximum permissible value determined by the standards of 0.109 m.

Such a coating can also be used for a span of 36 m. The rafter beams have three
steps: an average height of 1.7 m with a length of 15 m and extreme heights of
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1.5 m with a length of 10.5 m each (Fig. 5). Beams are often located—with a step
of 1.5 m, the gaps between the upper shelves, covered with wooden boards, 0.5 m.
reinforcement 0.032. The deflection of the rafter beam in the middle of the span is
0.118 m with the maximum permissible value of 0.120 m.

With a span of 24 m (Fig. 6), the beams also have three steps: 1.3 m high for the
middle and 1.1 m for the extreme ones (Fig. 2), 15 and 4.5 m long, respectively.

Beams are located with a step of 6 m; the distance between the upper shelves of
5 m is covered by shields made of planks connected in a quarter, the thickness of

Fig. 4 Stress—deformed state of the rafter beam of stepwise variable height for a span of 30 m

Fig. 5 Rafter beam of stepped variable height with a span of 36 m
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which is determined by calculation. Reinforcement based on strength at a load of
0.0322 MN/m for the middle step 18Ø18 A500C, the reinforcement coefficient is
0.0312, for the extreme 14Ø18 A500C, the reinforcement coefficient is 0.029. The
deflection of the rafter beam in the middle of the span is 0.0914 m with the
maximum permissible value of 0.0960 m.

4 Conclusions

The offered coating is characterized by a low construction height. The rafter beams
are easy to manufacture without prestressing the reinforcement and ensure a rational
distribution of concrete and reinforcement along the length in accordance with the
moment diagram. They are delivered to the construction site divided into two equal
parts, which are then rigidly connected along stretched and compressed zones in the
middle of the span—in a section with a maximum moment and zero shear force.
A small number of assembly units and a small amount of assembly welding
increase the speed of building construction.

The offered coating is characterized by low construction height, ease of manu-
facture, transportation and installation of rafter beams without prestressing rein-
forcement, and the absence of the use of in-situ concrete at the construction site.
The solid reinforced concrete slab covering the entire building has been replaced by
two-thirds of the wooden flooring, which simultaneously performs the load-bearing,
enclosing and heat-insulating functions. A small number of crane lifts, a small
amount of assembly welding, the absence of monolithing of joints between ribbed
plates increase the speed and quality of the coating device, the profile of which,
given by the rafter beams, facilitates the drainage device.

Fig. 6 Rafter beam of stepped variable height with a span of 24 m

470 I. Shishov et al.



References

1. Modin A, Lukin M, Vlasov A, Hisham E (2020) Energy-efficient indicators of panel housing
mass construction in the climatic conditions of central Russia. In: IOP conference series:
materials science and engineering. https://doi.org/10.1088/1757-899X/896/1/012063

2. Rimshin VI, Kuzina ES, Shubin IL (2020) Analysis of the structures in water treatment and
sanitation facilities for their strengthening. J Phys Conf Ser. https://doi.org/10.1088/1742-
6596/1425/1/012074

3. Bednarz L, Bajno D, Matkowski Z, Skrzypczak I, Leśniak A (2021) Elements of pathway for
quick and reliable health monitoring of concrete behavior in cable post‐tensioned concrete
girders. Materials (Basel) 14. https://doi.org/10.3390/ma14061503

4. Shubin LI, Rimshin VI, Truntov PS, Suleymanova LA (2020) Evaluation method of technical
condition façade systems. In: IOP conference series: materials science and engineering.
https://doi.org/10.1088/1757-899X/896/1/012023

5. Lisyatnikov MS, Shishov II, Sergeev MS, Hisham E (2020) Precast monolithic coating of an
industrial building based on variable-height beam-slabs. In: IOP conference series: materials
science and engineering. https://doi.org/10.1088/1757-899X/896/1/012064

6. Roschina SI, Lukin MV, Lisyatnikov MS, Sergeyev MS (2017) Reconstruction of coating by
a single-stage adjustment of a lind-fitting factory in the city of vyazniki

7. Lee S-J, Eom T-S, Yu E (2021) Investigation of diagonal strut actions in masonry-infilled
reinforced concrete frames. Int J Concr Struct Mater 15. https://doi.org/10.1186/s40069-020-
00440-x

8. Roshchina S, Ezzi H, Shishov I, Lukin M, Sergeev M (2017) Evaluation of the deflected
mode of the monolithic span pieces and preassembled slabs combined action. In: IOP
conference series: earth and environmental science. https://doi.org/10.1088/1755-1315/90/1/
012075

9. Lukin MV, Popov MV, Lisyatnikov MS (2020) Short-term and long-term deformations of the
lightweight concrete. In: IOP conference series: materials science and engineering. https://doi.
org/10.1088/1757-899X/753/3/032071

10. Pan X, Qiao S, Li H, Gao H, Ma H, Yao L (2021) Seismic behaviour of a new type of external
hoop assembled joint for RC Frame-added layer hybrid structure. Structures 32:170–193.
https://doi.org/10.1016/j.istruc.2021.03.016

11. Zameeruddin M, Sangle KK (2021) Performance-based seismic assessment of reinforced
concrete moment resisting frame. J King Saud Univ Eng Sci 33:153–165. https://doi.org/10.
1016/j.jksues.2020.04.005

12. Belleri A, Torquati M, Riva P (2014) Seismic performance of ductile connections between
precast beams and roof elements. Mag Concr Res 66:553–562. https://doi.org/10.1680/macr.
13.00092

13. Park S, Mosalam KM (2013) Simulation of reinforced concrete frames with nonductile
beam-column joints. Earthq Spectra 29:233–257. https://doi.org/10.1193/1.4000100

14. Liel AB, Haselton CB, Deierlein GG, Baker JW (2009) Incorporating modeling uncertainties
in the assessment of seismic collapse risk of buildings. Struct Saf 31:197–211. https://doi.org/
10.1016/j.strusafe.2008.06.002

15. Priestley MJN (1997) Displacement-based seismic assessment of reinforced concrete
buildings. J Earthq Eng 1:157–192. https://doi.org/10.1080/13632469708962365

16. Krauthammer T, Assadi-Lamouki A, Shanaa HM (1993) Analysis of impulsively loaded
reinforced concrete structural elements-I. Theory. Comput Struct 48:851–860. https://doi.org/
10.1016/0045-7949(93)90507-A

17. Hago AW, Al-Jabri KS, Alnuaimi AS, Al-Moqbali H, Al-Kubaisy MA (2005) Ultimate and
service behavior of ferrocement roof slab panels. Constr Build Mater 19:31–37. https://doi.
org/10.1016/j.conbuildmat.2004.04.034

Roofing of an Industrial Building … 471

http://dx.doi.org/10.1088/1757-899X/896/1/012063
http://dx.doi.org/10.1088/1742-6596/1425/1/012074
http://dx.doi.org/10.1088/1742-6596/1425/1/012074
http://dx.doi.org/10.3390/ma14061503
http://dx.doi.org/10.1088/1757-899X/896/1/012023
http://dx.doi.org/10.1088/1757-899X/896/1/012064
http://dx.doi.org/10.1186/s40069-020-00440-x
http://dx.doi.org/10.1186/s40069-020-00440-x
http://dx.doi.org/10.1088/1755-1315/90/1/012075
http://dx.doi.org/10.1088/1755-1315/90/1/012075
http://dx.doi.org/10.1088/1757-899X/753/3/032071
http://dx.doi.org/10.1088/1757-899X/753/3/032071
http://dx.doi.org/10.1016/j.istruc.2021.03.016
http://dx.doi.org/10.1016/j.jksues.2020.04.005
http://dx.doi.org/10.1016/j.jksues.2020.04.005
http://dx.doi.org/10.1680/macr.13.00092
http://dx.doi.org/10.1680/macr.13.00092
http://dx.doi.org/10.1193/1.4000100
http://dx.doi.org/10.1016/j.strusafe.2008.06.002
http://dx.doi.org/10.1016/j.strusafe.2008.06.002
http://dx.doi.org/10.1080/13632469708962365
http://dx.doi.org/10.1016/0045-7949(93)90507-A
http://dx.doi.org/10.1016/0045-7949(93)90507-A
http://dx.doi.org/10.1016/j.conbuildmat.2004.04.034
http://dx.doi.org/10.1016/j.conbuildmat.2004.04.034


18. Koksal HO, Erdogan A (2021) Stress–strain model for high-strength concrete tied columns
under concentric compression. Structures 32:216–227. https://doi.org/10.1016/j.istruc.2021.
02.063

19. Hassan MAJ, Izzet AF, Oukaili NK (2021) Structural performance under monotonic static
loading of reinforced concrete gable roof beams with multiple web openings. Int J Civ Eng
19:421–440. https://doi.org/10.1007/s40999-020-00578-5

20. Roshchina SI, Gonshakov AG, Gonshakov NG (2020) Taking into consideration the work of
monolithic reinforced concrete floor with shaped steel profiles in two directions. In: IOP
conference series: materials science and engineering. https://doi.org/10.1088/1757-899X/753/
4/042084

21. Popova M, Sergeev M, Lukina A, Shunqi M (2020) Strength and deformability of lightweight
metal trusses with elements from cut I-beams. In: IOP conference series: materials science and
engineering. https://doi.org/10.1088/1757-899X/896/1/012061

22. Zamorowski J, Gremza G (2019) Modelling of roof bracings of single-storey industrial
buildings. In: SDSS 2019—international colloquium on stability and ductility of steel
structures

23. Chen F, Jin Z, Wang E, Wang L, Jiang Y, Guo P, Gao X, He X (2021) Relationship model
between surface strain of concrete and expansion force of reinforcement rust. Sci Rep 11.
https://doi.org/10.1038/s41598-021-83376-w

24. Trekin NN, Kodysh EN, Kelasiev NG, Shmakov SD, Chaganov AB, Terehov IA (2020) The
improvement of protection methods from the progressive collapse of one-storey industrial
buildings. J Phys Conf Ser. https://doi.org/10.1088/1742-6596/1425/1/012050

25. Varlamov A, Kostyuchenko Y, Rimshin V, Kurbatov V (2020) Diagrams of concrete
behavior over time. In: IOP conference series: materials science and engineering. https://doi.
org/10.1088/1757-899X/896/1/012085

26. Castañeda-Saldarriaga DL, Alvarez-Montoya J, Martínez-Tejada V, Sierra-Pérez J (2021)
Toward structural health monitoring of civil structures based on self-sensing concrete
nanocomposites: a validation in a reinforced-concrete beam. Int J Concr Struct Mater 15.
https://doi.org/10.1186/s40069-020-00451-8

27. Merkulov S, Rimshin V, Akimov E, Kurbatov V, Roschina S (2020) Regulatory support for
the use of composite rod reinforcement in concrete structures. In: IOP conference series:
materials science and engineering. https://doi.org/10.1088/1757-899X/896/1/012022

28. Slowik O, Novák D, Novák L, Strauss A (2021) Stochastic modelling and assessment of
long-span precast prestressed concrete elements failing in shear. Eng Struct 228. https://doi.
org/10.1016/j.engstruct.2020.111500

29. Khamidulina D, Rimshin V, Varlamov A, Nekrasov S (2019) Power and energy
characteristics of concrete. In: E3S web of conferences. https://doi.org/10.1051/e3sconf/
201913503057

30. Akbar J, Ahmad N, Alam B (2020) Response modification factor of haunch retrofitted
reinforced concrete frames. J Perform Constr Facil 34. https://doi.org/10.1061/(ASCE)CF.
1943-5509.0001525

31. Gonshakov NG, Gonshakov AG, Aleksiievets II (2020) Reinforcement of brick structures
with carbon fiber. In: IOP conference series: materials science and engineering. https://doi.
org/10.1088/1757-899X/896/1/012032

32. Karpenko NI, Rimshin VI, Eryshev VA, Shubin LI (2020) Deformation models of concrete
strength calculation in the edition of Russian and Foreign norms. In: IOP conference series:
materials science and engineering. https://doi.org/10.1088/1757-899X/753/5/052043

33. Vasiliev AS, Plekhanova EA (2020) To the multi-hollow reinforced concrete floor panels’
calculation according to the two groups of the limit states. In: IOP conference series: materials
science and engineering. https://doi.org/10.1088/1757-899X/913/2/022033

34. Das D, Ayoub A (2021) Mixed formulation for geometric and material nonlinearity of
shear-critical reinforced concrete columns. Eng Struct 229. https://doi.org/10.1016/j.engstruct.
2020.111587

472 I. Shishov et al.

http://dx.doi.org/10.1016/j.istruc.2021.02.063
http://dx.doi.org/10.1016/j.istruc.2021.02.063
http://dx.doi.org/10.1007/s40999-020-00578-5
http://dx.doi.org/10.1088/1757-899X/753/4/042084
http://dx.doi.org/10.1088/1757-899X/753/4/042084
http://dx.doi.org/10.1088/1757-899X/896/1/012061
http://dx.doi.org/10.1038/s41598-021-83376-w
http://dx.doi.org/10.1088/1742-6596/1425/1/012050
http://dx.doi.org/10.1088/1757-899X/896/1/012085
http://dx.doi.org/10.1088/1757-899X/896/1/012085
http://dx.doi.org/10.1186/s40069-020-00451-8
http://dx.doi.org/10.1088/1757-899X/896/1/012022
http://dx.doi.org/10.1016/j.engstruct.2020.111500
http://dx.doi.org/10.1016/j.engstruct.2020.111500
http://dx.doi.org/10.1051/e3sconf/201913503057
http://dx.doi.org/10.1051/e3sconf/201913503057
http://dx.doi.org/10.1061/(ASCE)CF.1943-5509.0001525
http://dx.doi.org/10.1061/(ASCE)CF.1943-5509.0001525
http://dx.doi.org/10.1088/1757-899X/896/1/012032
http://dx.doi.org/10.1088/1757-899X/896/1/012032
http://dx.doi.org/10.1088/1757-899X/753/5/052043
http://dx.doi.org/10.1088/1757-899X/913/2/022033
http://dx.doi.org/10.1016/j.engstruct.2020.111587
http://dx.doi.org/10.1016/j.engstruct.2020.111587


35. Hashemi SS, Sadeghi K, Javidi S, Malakouti M (2020) Analysis of RC deep beams
considering the shear deformations and bar-concrete interaction. Period Polytech Civil Eng
65:99–108. https://doi.org/10.3311/PPci.16192

36. Hartung B, Krebs A (2004) An extension of the technical bending theory | Erweiterung der
Technischen Biegelehre—Teil 1: Aufstellung der Bedingungsgleichungen mit Überprüfung
der Lösbarkeit. Beton- und Stahlbetonbau 99:378–387. https://doi.org/10.1002/best.
200490045

37. Gunnin BL, Rad FN, Furlong RW (1977) A general nonlinear analysis of concrete structures
and comparison with frame tests. Comput Struct 7:257–265. https://doi.org/10.1016/0045-
7949(77)90044-X

38. Hieu Dinh N, Kim J-C, Lee S-J, Choi K-K, Park H-G (2020) Modeling parameters for the
nonlinear analysis of reinforced concrete beams under cyclic loading. Eng Struct 216. https://
doi.org/10.1016/j.engstruct.2020.110715

39. Pochinok V, Tamov M, Greshkina E (2020) Nonlinear shear analysis of I-shaped beams with
arbitrary inclination angles of shear reinforcement. In: IOP conference series: materials
science and engineering. https://doi.org/10.1088/1757-899X/869/5/052057

40. Mercedes L, Escrig C, Bernat-Masó E, Gil L (2021) Analytical approach and numerical
simulation of reinforced concrete beams strengthened with different frcm systems. Materials
(Basel) 14. https://doi.org/10.3390/ma14081857

41. Fomin SL, Bondarenko YV, Butenko SV, Plakhotnikova IA (2019) DBN Concrete and
reinforced concrete structures intended to operate under elevated and high temperatures. In:
IOP conference series: materials science and engineering. https://doi.org/10.1088/1757-899X/
708/1/012047

42. Fomin S, Izbash Y, Plakhotnikova I, Butenko S, Shemet R (2017) Improvement of the
mathematical model of the diagram of deformation of the compressed composite steel and
concrete structures. In: MATEC web of conferences. https://doi.org/10.1051/matecconf/
201711602012

43. Bondarenko Y, Spirande K, Iakymenko M, Mol’Skyj M, Oreshkin D (2017) Study of the
stress-strain state of compressed concrete elements with composite reinforcement. In:
MATEC web of conferences. https://doi.org/10.1051/matecconf/201711602008

44. Fu C, Zhu Y, Tong D (2021) Stiffness assessment of cracked reinforced concrete beams based
on a fictitious crack model. KSCE J Civ Eng 25:516–528. https://doi.org/10.1007/s12205-
020-2056-0

45. Li Z-X, Zhong B, Shi Y, Ding Y, Hao Y (2019) A computationally efficient numerical model
for progressive collapse analysis of reinforced concrete structures. Int J Prot Struct 10:330–
358. https://doi.org/10.1177/2041419619854768

Roofing of an Industrial Building … 473

http://dx.doi.org/10.3311/PPci.16192
http://dx.doi.org/10.1002/best.200490045
http://dx.doi.org/10.1002/best.200490045
http://dx.doi.org/10.1016/0045-7949(77)90044-X
http://dx.doi.org/10.1016/0045-7949(77)90044-X
http://dx.doi.org/10.1016/j.engstruct.2020.110715
http://dx.doi.org/10.1016/j.engstruct.2020.110715
http://dx.doi.org/10.1088/1757-899X/869/5/052057
http://dx.doi.org/10.3390/ma14081857
http://dx.doi.org/10.1088/1757-899X/708/1/012047
http://dx.doi.org/10.1088/1757-899X/708/1/012047
http://dx.doi.org/10.1051/matecconf/201711602012
http://dx.doi.org/10.1051/matecconf/201711602012
http://dx.doi.org/10.1051/matecconf/201711602008
http://dx.doi.org/10.1007/s12205-020-2056-0
http://dx.doi.org/10.1007/s12205-020-2056-0
http://dx.doi.org/10.1177/2041419619854768


Investigation of the Stress–Strain State
of Wooden Beams with Rational
Reinforcement with Composite
Materials

S. Roshchina , A. Gribanov , M. Lukin , D. Chibrikin ,
and Mei Shunqi

Abstract The purpose of this work is to study the stress–strain state of wood-glued
beams reinforced with composite materials. To achieve this goal, a comparative
analysis of the types of polymer composites was carried out and a numerical
calculation of beam structures with a span of 4.5 m and a cross section of
100 � 200 mm was performed in the PC “LIRA 10.10”. The rational variant of the

reinforcing material-carbon fiber is chosen: the tensile strength 2000 MPa, the
modulus of elasticity 95,000 GPa, the density 400 g/m2, the equivalent thickness
0.14 mm, the elongation 2.3%. The data obtained as a result of the calculation
clearly illustrates that the design load on the reinforced beam is 2 times greater than
that on the non-reinforced one. For the reinforced beam, the calculated load was
1800 kg/m, for the non-reinforced one 900 kg/m. At the same time, the ultimate
strength of the reinforced beam decreased by 40% relative to the non-reinforced
one. A method for calculating the reinforcement of wooden elements with com-
posite material based on the geometric characteristics of the cross section is pre-
sented. The possibility of using polymer composite materials for strengthening
beam structures is theoretically justified and confirmed by calculation.

Keywords Building construction � Construction materials � Strength � Timber

1 Introduction

Wood has traditionally been used as the main building material in the construction
of homes for many centuries in many countries. Currently, there are various
building materials that use woodworking products with various adhesives-binders
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as a basis. Wood materials have ceased to represent pure wood in their structure,
becoming composite materials [1–8].

In the modern foreign practice of construction in recent years, there are more and
more examples of the introduction of wood as a material for load-bearing structures.
The main feature of this material is the excellent ratio between strength and density,
which is four times higher than steel. The use of wood is associated with the
following main reasons. The first reason is that wood is a relatively inexpensive
building material and easy to use. The second reason is the development of tech-
nologies for creating building materials based on wood, as well as wood protection
products. The third reason is the environmental friendliness and renewable nature of
this natural resource. The topic of environmental friendliness of building materials
throughout its entire life cycle in Western countries is given great attention [9–12].
There are other reasons for using wood as the main material in construction, which
are pointed out by architects: the possibility of factory production of many parts and
assemblies in the assembly, high assembly speed, no need to use a large number of
heavy equipment on the construction site, etc. [12–32].

However, its ability to lift a small load, combined with exposure to different
environmental conditions compared to other building materials, significantly limits
its range of application. Increasing the mechanical strength of the wood elements
used in construction is a goal that, once achieved, will allow for an increase in the
use of this material with noticeable economic consequences. The use of composite
materials, such as carbon fiber, as reinforcement for wood elements under bending
loads, such as beams, requires attention to reinforcement methods for various
carbon fiber element layouts. Each of the amplification options can potentially lead
to different results.

Architectural solutions and technological processes often limit the dimensions of
the load-bearing wooden elements, which leads to the search for an effective
method to increase the load-bearing capacity of the structure without changing its
appearance. Requirements for the preservation of the external appearance of the
structure are also imposed during the reconstruction of buildings of historical and
cultural value.

One of the ways to solve the problem is to strengthen the structures. The most
common wooden structures are bent elements and the issues of strengthening these
elements are relevant. Typical defects for the bent elements are bioreflections, large
knots in the stretched zone, poor-quality toothed spikes, non-project inserts,
delaminations and longitudinal shrinkage cracks. In this regard, one of the urgent
tasks is to develop methods for restoring and improving the load-bearing capacity
and rigidity of bent wooden structures.

In structures operated in a chemically aggressive environment, as well as in
special structures that require radio transparency and increased dielectric charac-
teristics, the corresponding requirements are imposed on wood structures and
materials used for reinforcement.

Polymer composites have high strength characteristics, low volume weight and
are resistant to aggressive environmental influences. These advantages and a wide

476 S. Roshchina et al.



variety of composites in appearance and shape allow us to consider them as
promising materials for reinforcement.

The main reason limiting the use of polymer composites for reinforcement of
wooden structures is the lack of regulatory documents for the calculation and design
of reinforcement both in Russia and abroad. This is due to the small amount of
research in this area compared to reinforced concrete and steel structures. This
indicates that the topic has not been sufficiently studied. Thus, research in this area
is relevant.

The subject of the study is the stress–strain state of wood-glued beams reinforced
with composite materials.

To achieve this goal the following tasks were set:

1. To analyze the world experience of development in the reinforcement of
wooden and wood-glued structures.

2. Perform theoretical studies of a wooden beam structure with the justification of
the physical and mathematical model of an anisotropic material.

3. Develop a method of engineering calculation of wooden beams reinforced with
carbon fiber.

2 Methods

The calculation was carried out taking into account the physical nonlinearity of the
wood material. The non-linearity in the software package is taken into account
when setting the finite elements (plates) of stiffness.

Choosing a physical and mathematical model and ensuring the accuracy of the
simulation is considered one of the most important research tasks. Modeling always
involves making assumptions of varying degrees of importance. At the same time,
the basic requirements for models must be met: adequacy, accuracy, versatility and
reasonable economy.

The method of reinforcement proposed by the authors consists in strengthening
the side faces of the reference zones. Numerical studies were carried out on wooden
floor beams with standard cross-sectional dimensions of 100 � 200 mm and a
length of 4.5 m. The material is pine. Reinforced with carbon unidirectional tape of
the FibARM.

The design, as well as the type of cross-section of one of the variants of rein-
forcement of wooden beams with the location of reinforcement in the side faces of
the support zones along the main compressive stresses, are shown in the form of
graphic material (Fig. 1).

Based on the results of the calculations, for further analysis and evaluation of the
effectiveness of reinforcement, the isofields of displacements and stresses are
derived and graphs are constructed that characterize the operation of the structure.
Marking of beams: B-1-wooden composite beam, B-2-wooden beam.
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3 Results and Discussion

Results of calculations of the values of the physical and mathematical model of a
wooden beam (Fig. 2). Results of calculations of the values of the physical and
mathematical model of a wood composite beam (Fig. 3).

The data obtained as a result of the calculation clearly illustrates that the design
load on the reinforced beam is 2 times greater than that on the non-reinforced one.
For the reinforced beam, the calculated load was 1800 kg/m, for the non-reinforced
one 900 kg/m. At the same time, the ultimate strength of the reinforced beam
decreased by 40% relative to the non-reinforced one. Analysis (Fig. 4).

4 Conclusions

Based on the results of the research, the following conclusions can be drawn:

1. The rational variant of the reinforcing material-carbon fiber is chosen: the tensile
strength—2000 MPa, the modulus of elasticity—95000 HPa, the density-
400 g/m2, the equivalent thickness—0.14 mm, the elongation—2.3%.

2. The data obtained as a result of the calculation clearly illustrates that the design
load on the reinforced beam is 2 times greater than that on the non-reinforced
one. For the reinforced beam, the calculated load was 1800 kg/m, for the
non-reinforced one 900 kg/m. At the same time, the ultimate strength of the
reinforced beam decreased by 40% relative to the non-reinforced one.

3. A method for calculating the reinforcement of wooden elements with composite
material based on the geometric characteristics of the cross section is presented.

4. The possibility of using polymer composite materials for strengthening beam
structures is theoretically justified and confirmed by calculation.

Fig. 1 General view of the design scheme of the beam
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Fig. 2 Test results of calculations of the values of the physical and mathematical model of a
wooden beam: a isofield Nx (MPa) at half of the beam span; b isofield Ny (MPa) at the half span
of the beam; c isofield Txz (MPa) (tangential stresses); d mosaic of node movements along the
Z-axis for a half-beam structure
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Fig. 3 Test results of calculations of the values of the physical and mathematical model of a wood
composite beam: a isofield Nx (MPa) at half of the beam span; b isofield Ny (MPa) at the half span
of the beam; c isofield Txz (MPa) (tangential stresses); d mosaic of node movements along the
Z-axis for a half-beam structure
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Stress–Strain State of a Wood-Glued
Three-Span Beam with Layer-By-Layer
Modification

M. Sergeev , A. Lukina , N. Zdralovic , and D. Reva

Abstract One of the priority areas of research is the creation of lightweight
composite bendable structures based on wood. Composite multi-span wood-glued
beams with the proposed reinforcement scheme are an experimental design and to
date their operation is poorly studied. The essence of the proposed design is to form
a glued beam in which fiberglass is placed in the adhesive seam between the boards.
To perform the calculations, we set the model of a beam with three spans. The load
is assumed to be evenly distributed over the entire length of the beam.
A comparison of the structure to assess its rationality was carried out with an
unreinforced glued beam with the same design scheme. In the course of the study, it
was found that, in contrast to glued beams, the strength of composite beams with
layer-by-layer modification increases by 14–17%, and the deformability decreases
by 4–7%. The destruction of the beams occurs along normal sections, which
eliminates the possibility of chipping and splitting in the supporting sections, i.e.
ensures the reliability of the structures for the action of shear forces in the sup-
porting sections, thereby increasing the reliability of the structure against collapse.

Keywords Composite beam � Layer-by-layer modification � Three-span beam

1 Introduction

Glued wooden structures in our time are used mainly in the construction of large
sports facilities and in some cases in the construction of bridges. Taking into
account the requirements of fire protection standards, they are also used for
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industrial buildings, especially for warehouses and buildings with a chemically
aggressive environment, the use of metal and reinforced concrete in which is
associated with high costs for their anti-corrosion protection. One of the important
advantages of wooden structures is the aesthetic component, which plays an
increasingly important role in the selection of future building structures [1–5].

The scientific novelty of the article lies in the study of layer-by-layer modified
glued beams, the use of which is possible both in new construction and in recon-
struction. Composite wood-glued beams are an experimental design and to date
their work is poorly studied [6–9].

The scientific nature of the article is traced in the study of the stress–strain state
of glued beams with layer-by-layer reinforcement with fiberglass by studying the
results of a numerical experiment performed in a computational complex.

2 Methods

The study is based on a glued multi-span beam, in which a layer of fiberglass is
glued between each board in the package. The epoxy resin ED-20 modified by the
addition of carbon nanotubes is used as an adhesive. The compound with the
inclusion of carbon nanotubes allows to achieve a higher conversion, and, conse-
quently, to obtain a more regular and frequent grid of chemical cross-links than in
the original systems. Such pre-cured compositions will have a higher glass tran-
sition temperature, a higher elastic modulus, a greater tensile strain and, as a result,
a higher ultimate strength. The strength of the ED-20 epoxy matrix containing
carbon nanotubes increases by 6–8% during cold curing [10–13].

As a design scheme for the numerical experiment and further testing of the
models, a three-span continuous beam with a single layer of fiberglass reinforce-
ment in each seam between the boards in the beam package is adopted. The cross
section of the beam for numerical modeling and further experimental research is
80 � 160 (h) mm. Boards for the set of cross-sections are accepted for 19 mm, in
the amount of 8 pieces, which eventually allows you to dial a cross-section with a
height of 160 mm. Thus, the number of layers of fiberglass is 7.

The reinforcement coefficient is set experimentally, at the first stage laying one
layer of fiberglass between each plate of the recruited package of boards. In the
future, the reinforcement coefficient can be varied by increasing the number of
layers of fiberglass. Sizing with tape is made along the entire length of the beams
without breaking (Fig. 1).

To compare the results and evaluate the feasibility of the proposed design, we
will take a beam of a similar cross-section as a reference, but without layer-by-layer
reinforcement with fiberglass.

Modern methods of calculating wooden structures allow us to accurately assess
both the load-bearing capacity and deformability for any cross-sections and at any
stage of work. When loading wood structures with an external load, three
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characteristic and successive stages of the stress–strain state are clearly manifested:
conditionally elastic, elastic–plastic, and destruction.

The design and calculation of composite beam structures in the normative lit-
erature is carried out under the assumption of the elastic work of materials using the
coefficients of reduction to wood of the geometric characteristics of the
cross-sections of these beams [14–21]. This calculation method is applied and uses
a number of assumptions, which in turn allow us to obtain compact mathematical
expressions for finding the required parameters.

The finite element method is used to calculate structures in the elastic–plastic
and plastic stages of the stress–strain state, as well as to visualize transient physical
processes in structural elements at various loading stages. Reliable calculation
results are obtained using a physically nonlinear model with the use of actual
deformation diagrams of the materials used and taking into account the duration of
the applied loads [21–30].

The analysis of the stress–strain state (SSS) of structures was carried out
sequentially at the conditionally elastic stage, then at the elastic–plastic stage, and at
the failure stage using the finite element method in the Lira software package. The
calculation is carried out by the method of successive loads in the linear and
physically-nonlinear formulation of the problem.

The design scheme of the structure is adopted in the form of a pivotally sup-
ported continuous three-span beam. The spans are taken at 2.0 m, the beam is
loaded with a uniformly distributed load along the entire length. For the possibility
of further full-scale tests on the models, a numerical experiment is performed on the
cross-section sizes corresponding to the dimensions of the model beams that are
available for full-scale tests.

Fig. 1 Diagram of the beam in question
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Isofields of stresses and displacements based on the results of numerical cal-
culation for half of the span of a composite beam structure are shown in Figs. 2, 3
and 4.

Fig. 2 Normal stress isofield rx, MPa for a layer-by-layer modified beam (half length)

Fig. 3 Normal stress isofield rz, MPa for a layer-by-layer modified beam (half length)

Fig. 4 Isofields of tangent stresses sxy MPa for a layer-by-layer modified beam (half length)
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3 Results and Discussion

As a result of modeling, it is established that the destruction of layer-by-layer
modified beams is plastic in nature, it can be stated that the destruction begins with
crumpling in the compressed zone, after which stress concentrations are formed in
the stretched zone. The separation of fiberglass from wood and its rupture does not
occur. The destruction of composite beams occurs only in normal cross-sections,
which eliminates the possibility of destruction of the proposed structure of beams
from chipping and splitting in the supporting areas, i.e. provides reliable operation
of structures under the action of shear forces in the support sections, thereby
increasing the reliability of the structure against collapse.

In contrast to simple glued beams, the strength of layer-by-layer modified
composite beams increases by 14–17%, and the deformability decreases by 4–7%.

The reliability of the results obtained is ensured by the correctness of the tasks
set, the use of hypotheses and assumptions accepted in structural mechanics;
modern research tools using a certified tool base; methods of conducting numerical
experiments using computational programs.

4 Conclusion

By evaluating structural and technological indicators such as cross-sectional
dimensions and mounting weight, it is possible to evaluate the effectiveness of
load-bearing building structures, as well as by technical and economic indicators,
expressed in this case in the level of consumption of basic materials, factory cost,
the cost of structures in the case, the reduced costs and operational suitability. The
effectiveness of composite wooden structures, namely, the proposed structure can
be attributed to them, in comparison with traditional ones, is beyond doubt:
reducing the cross-section of reinforced elements allows you to reduce the total
volume of the structure and, as a result, the cost of enclosing structures and heating,
reducing the size and weight of the elements makes it possible to more effectively
solve the issues of storage, transportation and installation of structures.

Based on the results obtained during the numerical study, it can be argued about
the feasibility and effectiveness of the considered method of strengthening wooden
beams. According to the conducted numerical experiment, it was found that, in
contrast to simple glued beams, the strength of composite beams with
layer-by-layer modification increases by 14–17%, and the deformability decreases
by 4–7%.
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Work of Wood-Composite Beams
in Panel Floors of Prefabricated
Buildings

M. Sergeev , A. Lukina , Mei Shunqi , T. Glebova ,
and A. Kryukov

Abstract In the study, the design of a panel wooden floor with wood-composite
beams was considered. Such overlappings make it possible to perform quick
installation on site because they are supplied with large-assembled elements, and the
production of panels in an equipped workshop allows you to comply with the
technology at a lower cost than on the construction site. The proposed design of the
shield has dimensions of 6.0 � 3.0 m and is made in the form of a beam floor. The
load-bearing beams are made of wood-composite, with a cross-section of 10 � 15
(h) cm with a step of 0.5 m, with sizing of the lower edge zone with glass wool on an
epoxy oligomer, and the upper and lower linings are made of approximately chip-
board sheets with a thickness of 16 mm. To analyze the effectiveness, a numerical
study of similar structures made of wood without modifications was carried out.
After analyzing the stress–strain state of structures at various stages of loading, it
was found that, unlike wooden boards, the strength of boards with composite beams
increases by 22–27%, and the deformability decreases by 7–10%.

Keywords Wood-composite beam � Wooden structures � Panel floors �
Prefabricated buildings

1 Introduction

The development of wooden structures is inherently associated with the emergence
of new structural elements with high performance parameters. Under this definition,
the creation of buildings from modern modular elements that allow you to observe

M. Sergeev (&) � A. Lukina � T. Glebova � A. Kryukov
The Department of Building Constructions, Institute of Architecture of Construction
and Energy, Vladimir State University Named After Alexander and Nikolay Stoletovs,
Gorky Street 87, Vladimir 600000, Russian Federation
e-mail: sergeevmichael@inbox.ru

M. Shunqi
School of Mechanical Engineering and Automation, Wuhan Textile University,
Wuhan, China

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
N. Vatin et al. (eds.), Proceedings of MPCPE 2021, Lecture Notes in Civil
Engineering 182, https://doi.org/10.1007/978-3-030-85236-8_44

493

http://orcid.org/0000-0001-7147-0382
http://orcid.org/0000-0001-6065-678X
http://orcid.org/0000-0002-9466-2931
http://orcid.org/0000-0002-9031-477X
http://orcid.org/0000-0002-2372-4250
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_44&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_44&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_44&amp;domain=pdf
mailto:sergeevmichael@inbox.ru
https://doi.org/10.1007/978-3-030-85236-8_44


the manufacturing technology and high speed of installation on the construction site
is suitable. The Covid-19 pandemic gave another impetus to individual low-rise
construction, which is what modular wooden structures are focused on [1–8].

The main indicators of the effectiveness of load-bearing building structures are
both structural and technological indicators, and technical and economic indicators.
The effectiveness of composite wooden structures in comparison with traditional
ones is beyond doubt: reducing the cross-section of reinforced elements reduces the
volume of the building and, consequently, the cost of enclosing structures and
heating; reducing the width of the cross-section of the elements makes it possible to
use lumber of non-deficient width; reducing the size and weight of the elements
makes it possible to more effectively solve the issues of storage, transportation and
installation of structures.

The scientific novelty of the article lies in the study of wooden floor boards made
on the basis of wood-composite beams. The use of shields is possible in prefab-
ricated buildings of the frame type, or in stone buildings of individual development.
Panel floors with composite beams are an experimental design and to date their
work is poorly studied.

The scientific nature of the article is traced in the study of the stress–strain state
of a wood-composite floor panel by studying the results of a numerical experiment
performed in a software calculation complex and searching for optimal design
parameters.

2 Methods

The study is based on a wooden floor board, the main load-bearing elements of
which are wooden beams modified with several layers of fiberglass at the lower
edge zone, on an epoxy oligomer ED-20. The fiberglass tape is applied along the
entire length of the beam without breaking. As a design scheme, a plate supported
on two sides was taken. The load was set evenly distributed over the entire plane of
the shield.

The proposed design of the shield has dimensions of 6.0 � 3.0 m and is made in
the form of a beam floor. The load-bearing beams are made of wood composite,
with a cross section of 10 � 15 (h) cm and laid in increments of 0.5 m. The
modification of the beams consists in sizing the lower edge zone with glass wool on
an epoxy oligomer. The upper and lower paneling are made of approximately
16 mm thick chipboard sheets, and mineral wool insulation is laid in the space
between the beams to create sound insulation of the panel. The epoxy oligomer
ED-20 was used as an adhesive composition in two variations: for modifying the
beams with fiberglass with the inclusion of carbon nanotubes in the compound, for
gluing the sheaths—in the form of a two-component resin. Modification of the
composition of ED-20 was carried out and studied.

494 M. Sergeev et al.



The optimal coefficient of reinforcement for such a beam structure was estab-
lished in studies [9–15] and is µ = 1.0…3.0%, which is achieved with different
cross-sections of beams by a different number of glued layers (Fig. 1).

To analyze the effectiveness, a numerical study of similar panel structures with
wooden beams without modifications was carried out.

The current methods of calculating wooden structures allow us to estimate their
load-bearing capacity and deformability with sufficient accuracy for any
cross-sections and at any stage of work. When loading wooden structures with an
external load, three characteristic and successive stages of the stress–strain state are
clearly manifested: conditionally elastic, elastic–plastic, and destruction.

The stage of conditional elastic work is characterized by the amount of defor-
mations that do not exceed the limit values of elastic deformations of wood and
rebar. When unloading reinforced elements in this stage, the residual deformations
are absent or so insignificant that they can be ignored. Due to the fact that even at
low stresses, the linear relationship between the stresses and deformations of wood
is somewhat violated, the first stage of the stress–strain state can only be considered
as conditionally elastic. The stage of elastic–plastic work is characterized by the
appearance of noticeable plastic deformations in the compressed wood fibers, and
then in the compressed reinforcement. In the compressed part of the cross-section, a
plastic zone is formed, which spreads with increasing load into the depth of the
cross-section. There is a redistribution of forces, as a result of which the neutral
layer is shifted towards the stretched fibers. The deformations of the stretched wood
fibers increase to the value of the proportionality limit. When the element is
unloaded at this stage, significant residual deformations appear. The failure stage is
characterized by a significant increase in the deformability of the reinforced element
with a small increase in the load. Plastic deformations get the maximum devel-
opment. There is a destruction of the element, the nature of which depends on the
type of reinforcement [16–23].

The paper presents a detailed analysis of the stress–strain state (VAT) of
structures at all stages of operation using the finite element method in the Lira
software package. The calculation is performed in a linear and physically-nonlinear
formulation of the problem by the method of successive loads. The reinforcement is
made of fiberglass on an epoxy matrix with the inclusion of carbon nanotubes along

Fig. 1 Diagram of the shield under consideration
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the entire length of the lower edge zone in 4 layers. The compound with the
inclusion of carbon nanotubes allows to achieve a higher conversion, and, conse-
quently, to obtain a more regular and frequent grid of chemical cross-links than in
the original systems. Such pre-cured compositions will have a higher glass tran-
sition temperature, a higher modulus of elasticity, a greater tensile strain and, as a
result, a higher ultimate strength. The strength of the ED-20 epoxy matrix con-
taining carbon nanotubes increases by 6–8% during cold curing.

The design scheme of the structure is adopted in the form of a hinged plate
supported on two sides. The span is assumed to be 6.0 m, the plate is loaded with a
uniformly distributed load over the entire area. The numerical experiment is per-
formed on the cross-section dimensions corresponding to the dimensions of the
shield model, which are available for full-scale tests. Isofields of stresses and dis-
placements based on the results of numerical calculation are presented on the
example of a single beam, the design of the sheaths is not conditionally shown. The
beam stresses in the shield are shown in Figs. 2, 3 and 4.

Fig. 2 Normal stress isofield rx, MPa of the beam as part of the panel floor

Fig. 3 Normal stress isofield rz, MPa of the beam as part of the panel floor
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3 Results and Discussion

During the tests, it was found that the destruction of shields with composite beams
is plastic in nature, in contrast to shields with solid wood beams. As a result of
modeling, it is established that the destruction of shields with composite beams is
plastic in nature, it can be stated that the destruction begins with crumpling in the
compressed zone, after which stress concentrations are formed in the stretched zone
in the places of defects. The separation of fiberglass from wood and its rupture does
not occur. Destruction occurs only in normal cross-sections.

In contrast to wooden boards, the strength of boards with composite beams
increases by 22–27%, and the deformability decreases by 7–10%.

The reliability of the results obtained is ensured by the correctness of the tasks
set, the use of hypotheses and assumptions accepted in construction mechanics;
modern research tools using a certified tool base; methods for conducting numerical
experiments using computational programs.

4 Conclusion

The construction of panel housing allows you to build buildings in a short time, and
the main manufacturing processes are organized on equipped factory sites. The
panel in question is part of such a home kit.

After analyzing the stress–strain state of the structure of the floor panel with
composite beams at various stages of loading, it was found that, in contrast to
wooden boards, the strength of boards with composite beams increases by 22–27%,
and the deformability decreases by 7–10%. During the tests, it was found that the
destruction of shields with composite beams is plastic in nature, in contrast to
shields with solid wood beams. T. k. the manufacturing process takes place in the
factory, for the production of composite beams of the shield, it is proposed to use
the method of vacuum infusion, which is proven, which has a positive effect on the
technical and economic indicators.

Fig. 4 Isofields of tangent stresses sxy MPa of the beam as part of the panel floor
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Rigid Joint of Bent Glued Laminated
Timber Structures Using Inclined
Glued-In Rods

Anatoliy Naichuk , Aleksandr Pogoreltsev , Igor Demchuk ,
Andrii Ivaniuk , and Svetlana Roshchina

Abstract The study of the stress–strain state of a bent rigid joint was carried out by
solving a volumetric problem of the theory of elasticity using a software package
based on the finite element method, which makes it possible to take into account the
anisotropy of the mechanical properties of wood, the physical nonlinearity of
materials, and the contact failure between the element surfaces. Experimental
studies were carried out by the method of four-point static loading of a full-size
specimen of a rigid joint, which in its geometric parameters and material properties
corresponded to the FE-model. As a result of the performed studies, it was found
that the height of the compression joint zone depends on the strain capacity of the
embedded parts connection, the level of stresses in the connecting plates and the
elastic characteristics of timber. The strain capacity of the embedded parts con-
nection in the compressive zone is greater than the strain capacity of the embedded
parts connection in the tensile zone. The distribution of stresses along the length of
the inclined reinforcing bars is characterized by great unevenness. The coefficient of
non-uniformity of normal stresses between the inclined reinforcing bars of the
compressive zone connection is in the range of 0.61 � 0.38, and in the tensile zone
—0.7 � 0.51.
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1 Introduction

Construction of the large-span buildings and civil engineering works using glued
laminated timber structures often demands additional jointing of elements per-
formed at the construction site. The necessity for enlargement joints is most often
due to the impossibility of manufacturing a lengthy structure or transporting such
structural element to the construction site. The choice of the appropriate con-
struction for the jointing unit depends on both the values of the forces and exposure
conditions of the structure. The most common joints used in such units are those
with the use of dowel pins, screws and glued-in rods. The first two types of joints
are widely used both in foreign and domestic practice in the construction of
large-span buildings, as well as girders of road and pedestrian bridges. As for the
joints of timber structures with glued-in rods, their research and widespread use in
large-span building structures began at the end of the last century in the former
USSR, then in Russia and Belarus, and since the 2000s it expanded abroad [1–18].

Any given type of joint used to connect the elements of timber structures has
both its advantages and disadvantages. One of the disadvantages of the dowelled
connections is their relatively low passive fire protection concerning structural
elements, which, as a rule, have significant cross-sectional dimensions in large-span
structures. Besides, such joints undergo considerable flexibility changes over time
that can significantly affect the distribution of forces between structural elements.
For the joints using the glued-in rods, which perceive the action of shear forces,
their ductility is much lower in comparison the dowelled or screw connections, and
the bearing capacity with the same diameters and length of the embedment is higher
[15, 19].

An analysis of the works [7–14] allows noting that in foreign construction
practice, glued-in rods are mainly used to strengthen structures and increase the
resistance of the base platform to compression of wood perpendicular to the grain,
as well as the platforms in a place where concentrated forces are transferred. To
reinforce the base platforms, threaded steel rods are mainly used. As for the joints
of structural elements using glued-in rods, there are only a few examples [9].
Despite the significant amount of the research carried out [7–14], the bonding
technique using glued-in rods has a rather limited area of application in foreign
construction practice. A limiting factor in the use of joints with glued-in rods is the
increased requirements for quality control in the process of glued rods into struc-
tural elements.

Over the past 30 years, more than 300 buildings and structures have been built
on the territory of the Russian Federation and the Republic of Belarus (warehouses
for mineral fertilizers with spans up to 90 m, pedestrian bridges, roofs for water
parks, ice arenas, athletics and equestrian arenas, markets, stadiums with spans up
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to 100 m, buildings with the use of three-hinged frames with spans up to 40 m)
[1–6, 16–18]. The joints of the timber structural elements were made with the usage
of glued-in rods (Fig. 1). As a result of monitoring the existed buildings and civil
engineering works, no damage was found in the joining connections that confirms
their sufficient reliability and safety [5, 6, 16, 18]. It should be noted that the steel
reinforcing bars glued into pre-drilled holes with a two-component epoxy adhesive
were used as the rods -connectors and cement was used as filler.

The accumulated forty years of experience in the design and exploitation of
joints with glued-in rods and the continued improvement of the production tech-
nology made it possible to create a system of joints, and the obtained results of the
study allowed developing calculation models that were included in the regulatory
documents [20, 21]. According to [20, 21] the optimal angle of inclination of the
glued-in rods concerning the direction of the fibers of the connected elements is an
angle from 300 to 450 in the multiple bar joints. The value of this angle depends on
the type of stress–strain state of the connected elements. It should be noted that for
joints with glued-in rods, improving their construction solutions, manufacturing
technology, and increasing fire resistance are still relevant. Moreover, the
improvement of design models that allow taking into account the type of stress–
strain state of the connected structural elements is still an actual problem.

a) c)

b) d)

Fig. 1 Different type of roofs made of glued laminated timber with joints using glued-in rods [6].
a and b potassium chloride warehouse of St. Petersburg seaport 63 � 300 � 45 m (2003);
c public center of Lipki holiday home in the Moscow region with a diameter of up to 100 m with
multi-span continuous beams (1985); d oval dome of a sports arena in St. Petersburg with a
diameter 48 � 68 m (2018)
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The purpose of this paper is to present an improved design model of a rigid joint
with glued-in rods. To achieve this goal, experimental and theoretical studies of a
rigid joint consisted of unidirectional inclined glued-in steel rods designed
according to [21] were carried out. During the research, the stress–strain state
relations of timber in the area of location of inclined glued-in reinforcing bars, the
ductility of the connection, the depth of the compression zone, the width of the joint
opening were registered.

Theoretical studies included the determination of the stress–strain state of the
elements of a designed rigid bent joint using a software package based on the finite
element method. The FE-software takes into account the anisotropy of the
mechanical properties of timber, the physical nonlinearity of deformation of
materials and contact failure. Experimental studies were carried out by the method
of four-point static loading of a specimen of a rigid joint, which is similar in its
geometric parameters and properties of materials to the design model adopted in the
performance of numerical calculations. The results of the experimental studies were
compared with the data obtained in the process of numerical calculations.

2 Construction of the Joint

The full-size specimen of a rigid joint was designed in accordance with the
requirements of [20, 21] and consisted of two rectilinear elements LWB1 and
LWB2 and cross-section b � h = 200 � 1700 mm. Glued laminated timber con-
forms to the strength of class GL 24c. The total length of the specimen
L = 12,900 mm was assigned under the condition of excluding the effect of applied
concentrated loads on the behaviour of unidirectional inclined glued reinforcing
bars Ib1 located in the rigid joint zone (Fig. 2).

The connection of timber elements LWB1 and LWB2 is made by means of two
metal plates Sp1 and Sp2, welded to the embedded parts MD1 and MD2 (Fig. 3).

Each anchored plate was a steel welded T-cross section element connected to
three unidirectional inclined reinforcing bars Ib1 (Fig. 3). The diameter of the rods
Ib1 was 22 mm and the length was 1154 mm. The inclined bars Ib1 were connected
to wall 2 of the embedded part MD1 or MD2 utilizing electric welding. The
thickness and width of flange 2 of the T-bar of anchored plates MD1 and MD2 were
20 � 70 mm respectively, and the height and thickness of wall 1 were
60 � 20 mm respectively. The angle of inclination of the reinforcing bars Ib1 was
30° relative to the longitudinal axis of the T-anchored plates MD1 or MD2.
Anchored plates MD1 and MD2 were connected to the elements LWB1 and LWB2
by gluing the inclined reinforcing bars Ib1 into the pre-drilled holes. Rebar holes
Ib1 were drilled in the elements LWB1 and LWB2 at an angle of 30° to the fiber
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direction. The Ib1 rods were glued in using a two-component epoxy adhesive.
Anchored plates MD1 and MD2 were installed both on the lower and upper edges
of the elements LWB1 and LWB2 (two anchored plates were installed along the
width of the section of each timber element). To prevent the possible a cracking in
the timber of LWB1 and LWB2 at the level of the end of the tensile inclined bars
Ib1 and the neutral joint axis, caused by the timber tension perpendicular to the
fibers, vertical bars Vb1 were installed (Fig. 2).

Two vertical bars Vb1 with a diameter 20 mm were installed at the edge of the
fracture of the inclined bars Ib1 and two vertical bars Vb1 at the contacting ends of
the elements LWB1 and LWB2 (Figs. 2 and 3).

Reinforcing bars Vb2, glued in at an angle 450 (Fig. 2) with a diameter 22 mm
in the elements LWB1 and LWB2, were installed to increase the shear resistance of
timber elements to shear at supports during testing of a rigid joint.

Fig. 2 Scheme of a rigid joint specimen made using unidirectional inclined glued-in rods. LWB1
and LWB2—glued laminated timber elements; Sp1 and Sp2—connecting steel plates; MD1 and
MD2—anchored plates; Vb1—vertical reinforcing bars; Ib1 and Ib2—inclined reinforcing bars
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3 Methods

The object of the study is a rigid joint designed by the requirements [21]. The
ultimate value of the applied load Fmax = 473 kN is determined based on the
material strength of the connecting plates Sp1 and Sp2 under tension. The research
was carried out in two stages. At the first stage depending on the value of the
applied load F the stress–strain state of the connected elements was determined
using FE-modeling. At the second stage, the ductility of the connected elements and
the actual value of the joint bearing capacity Rsup were determined by the static
loading method.

3.1 Finite Element Modeling

The study of the stress–strain state of a rigid joint was carried out by solving a
volumetric problem of the theory of elasticity using a software package based on
the finite element method (FEM), which allows taking into account the anisotropy
of mechanical properties of wood, physical nonlinearity of materials, contact failure
between the surfaces of the elements LWB1, LWB2 and embedded parts MD1,

Fig. 3 General view of the connection of embedded parts MD1 and MD2. MD1 and MD2—
embedded parts; Sp1 and Sp2—connecting plates; Vb1—vertical reinforcing bars 20 mm; Ib1—
inclined reinforcing bars with a diameter 20 mm; 1—embedded part shelf; 2—embedded part wall
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MD2, as well as the surfaces of the elements LWB1 and LWB2. The coefficient of
friction between the contacting surfaces of the elements was taken to be zero. The
calculations were performed for two variants of the joint models (Fig. 4).
A distinctive feature of the model of the first version from the second one was that
in the first version there were no vertical reinforcing bars Vb1 (Fig. 4).

In the FE-model, timber was modeled with an orthotropic material, reinforcing
bars and anchored plates—with an isotropic material made of steel. The properties
of materials are shown in Table 1.

In the process of solving the problem, the deformation characteristics of the
materials of the joint elements were corrected in accordance with the diagrams
shown in Fig. 5.

One of the supports of the joint design model was modeled as movable, and the
second was pinned with displacement restrictions in the direction of the Z axis. The
concentrated forces F was transmitted through the distribution plates during
loading.

3.2 Bending Test

A full-size specimen of the joint (Fig. 6), equivalent in shape, size and materials
used for FE-model was made for testing.

In the specimen production, GL24c glued laminated timber was used. The
inclined Ib1 and vertical bars Vb1 were made of reinforcing steel of class B500,

a)

b)

Fig. 4 Scheme of the joint models with applied loads. a joint model for the first calculation
variant; b joint model for the second calculation variant
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embedded parts MD1, MD2, connecting plates Sp1 and Sp2 were made of steel
345. The moisture content of the glued laminated timber was 12%.

At the first stage of testing, the maximum value of the load applied to the
specimen was Fmax = 473 kN. After reaching the load value Fmax = 473 kN and
fixing deformations for all instruments, the tested specimen was unloaded. At the

a) b) c)

Fig. 5 Stress–strain relations for materials. a for wood when compressed along the grain [23];
b for reinforcing steel B500 [24]; c for steel [25]

a)

b)

Fig. 6 Scheme and general view of testing the specimen joint. LWB1 and LWB2 – glued
laminated timber elements; a hydraulic jacks DG100; b steel frames anchored in the load-bearing
floor
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second stage of testing, the connecting plates Sp1 were strengthened with additional
steel plates. The necessity to perform strengthening of the joint is due to the
elimination of plastic deformations in the connecting plates Sp1 and Sp2 before the
failure of the specimen by timber. At this stage of testing, loading was applied until
the complete failure of the joint was obtained.

The specimen testing was carried out using special equipment of the
load-bearing floor, which provides the possibility of supporting the specimen,
unfastening the elements LWB1 and LWB2 from the plane and applying a vertical
load F to it (Fig. 6).

Loading with a vertical load F was carried out using two hydraulic jacks of the
DG100 brand, connected to one pumping station. The value of the applied force F
was controlled according to the readings of a force meter installed in the system of
the pumping station and hydraulic jacks. The load was applied to the specimen in
equal steps. The value of the loading step was taken equal to DF = 62.4 kN. At
each loading stage, the duration of the tests were recorded. All instrument readings
were recorded in the test report.

To measure the displacements between the contacting surfaces of the ends of the
connected elements LWB1 and LWB2, the displacements of the embedded parts
MD11, MD2 concerning the elements LWB1, LWB2, extensometers with
mechanical gage (0.01 mm) were used (Fig. 7). The strains ey of the timber at the
level of the timber fibre fracture at the level of the breakage of the lower inclined
rods (Fig. 7b, d), were measured using electrical gages with a 20 mm base, glued
across the grain on both sides of the elements LWB1 and LWB2 connected to a
digital measuring complex.

The strains ex of the timber located in the contact zone (Fig. 7c) were measured
using electrical gages glued parallel to the grain along with the height on both sides
of the elements LWB1 and LWB2 at the line of their contact and connected to a
digital measuring complex. The strains ex in steel plates Sp1 and Sp2 (Fig. 7e) were
obtained similarly. The duration of the tests was recorded using a stopwatch.

4 Construction of the Joint

4.1 Results of the Numerical Investigation

In the process of numerical investigations, the load F varied from 157 to 1400 kN
(Fig. 8).

The following parameters were determined depending on the load value F:

• distribution of normal stresses rx along with the height of the cross-section 2-2,
which is located at the contacting ends of the elements LWB1 and LWB2;

• the width of the joint opening dx;
• distribution of normal stresses ry1 along the length of the inclined bars Ib1;
• distribution of normal stresses rs,x in the connecting plates Sp1 and Sp2;
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• distribution of normal stresses ry acting across the timber fibre in the fracture
zone of the inclined bars.

Analyzing the diagrams of normal stresses rx distribution, acting in timber along
with the height of the contact zone (Fig. 8b), it can be noted that the nature of their
distribution depends on the load value F. In the range F = 0 � 1000 кN, the timber
situated in the compressive zone of the section is in the stage of linear elastic
deformation. With the load F > 1000 кN, on a part of the height of the compressive
zone, an area appears where the timber is in a nonlinear deformation region
(Fig. 8c). The depth of the nonlinear deformation region of timber depends on the

a) c)

b)

d) e)

Fig. 7 Scheme and general view of the devices arrangement. a Ds deflection meters placement
diagram; b layout of the Srd strain gauges in the area of the contact surfaces of the elements LWB1
and LWB2, and in the area of the fracture of the lower inclined rods; c general view of the location
of measuring instruments in the joint area; d general view of the location of the Srd strain gauges
in the area of the lower inclined rods fracture; e general view of the location and strain gauge Srd
sensors of the connecting plates Sp1 and Sp2
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ductility of the connection of the anchored plates MD1 and MD2, the stress level
ry1,max in the inclined bars, as well as the stress level rs,x in the connecting plates.

Considering the relation of the depth of the compressed zone x on the load value
F (Fig. 8d), it can be noted that in the interval F = 315, 3 kN � 658 kN—neutral
axis depth x remains constant and equal to 418 mm, and with under load
F = � 658 kN—the value x decreases. A decrease in the depth of the compressive
zone x can be explained by the occurrence of plastic strains in the connecting plate
Sp1 of the tension zone of the joint, which leads to an increase in the width of the
joint opening dx (Fig. 8e). As for the plastic deformations of the connecting plate
Sp1 located in the compressed zone of the joint, they arise under load F = 844 kN,
i.e. larger than in a tensile plate (Fig. 9b). This is because part of the compressive
force is absorbed by the timber compressive zone. The values of the forces in the

a)

b) c)

d) e)

Fig. 8 Stress–strain state of the bent joint. a loading scheme; b diagram of normal stresses rx in
section 2-2; c dependence of maximum normal rx,max stresses in section 2-2 on the load value;
d dependence of the height of the compressive zone x on the load value; e dependence of the width
dx of the joint opening on the load value; 1—under load F = 157 кN; 2—at load F = 315.3 кN;
3—under load F = 843.8 кN
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connecting plate Sp1 and the timber of the compressed zone depends on the duc-
tility of the connection of the anchored plates MD1 and MD2 and the frontal stop
between the surfaces of the timber elements LWB1 and LWB2.

As a result of the calculations performed, the values of strain capacity (ductility)
c of the connection of the embedded plates MD1 and MD2 listed in Table 2.
Analyzing the data in Table 2, we can conclude that strain capacity (ductility) c of
the connection of the embedded plates MD1 and MD2 located in the compressed
zone is higher than in the tensile zone cc > ct. With increasing load F, the difference
between cc and ct decreases. This is because with increasing the load F, most of the
compressive force is absorbed by the timber of the compressive zone, as well as by
the redistribution of forces between the inclined bars Ib1 in the case when stresses
in one of the connecting rods is ry1,max > 700 MPa. As for the state tension of the
inclined reinforcing bars Ib1, the most loaded are the bars located at a distance from
the contact surfaces of the elements LWB1 and LWB (Fig. 9b, c). Based on the
distribution of normal stresses ry1, one can notice a significant unevenness of their
distribution both along the length of the rods and between them in the joint. The
maximum values ry1 are reached at the beginning of the rod (in the zone of
connection with the embedded part MD1 or MD2), and at the end of the rod—they
approach zero. It was found that the inclined rods of the compressive and tensile
zones perceive forces of different value.

To calculate the ununiformity distribution of stresses ry1,max between the rods, a
conditional coefficient k was introduced. The value of the coefficient k was
determined as the ratio of the stress ry1,max in the considered rod to the stress of the

a) b)

c) d)

Fig. 9 Stress–strain state of the bent joint. a—loading scheme; b—diagram of normal stresses rx
in section 2-2; c dependence of maximum normal rx,max stresses in section 2-2 on the load value;
d dependence of the height of the compressive zone x on the load value; e dependence of the width
dx of the joint opening on the load value; 1—under load F = 157 кN; 2—at load F = 315.3 кN;
3—under load F = 843.8 кN
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most loaded joint rod. For the rods of the tensile zone under load F = 157.7 kN, the
conditional coefficient of ununiformity between the second 2t and the third 3t rods
is kt,2/3 = ry1,max,2t/ry1,max,3t = 0.70, between the first 1t and the third 3t – k t,1/

3 = 0.51, and for the compressive zone—kc,2/3 = 0,63 and kc,1/3 = 0.38. Analyzing
the values of the coefficients k t,i/3 and k c,i/3, it can be argued that the redistribution
of forces between the rods of both the tensile and compressive zones will occur
under stresses ry1,max = >700 MPa in the most loaded rod of the joint (Fig. 5b).

Analyzing the stress state of the timber belonging to volume V1 (Fig. 10), it can
be noted that it is in a complex state, where the action ry takes place.

For the case when the element LWB2 has no vertical bars Vb1 under F = 473 kN,
in the section 1-1, ry,max = −0.11 MPa (compressive zone), and in the section 2-2,
ry,max = 0.12 MPa. With an increase in load F � 800 kN, ry,max � 1.5 MPa
with the inclined vertical bars and the load F = 473 kN, in the section 1-1, the
stresses ry,max = −0.10 MPa (compressive zone), and in the section 2-2,
ry,max = −0.13 MPa. Thus, the usage of vertical bars Vb1 in the areas where the
inclined bars Ib1 are located is necessary to absorb the tensile stress of the timber
across the fiber. Despite the insignificant values of stresses ry,max, causing the timber
perpendicular tension, these rods should be considered as structural elements and are
not subject to computation. When utilizing these rods, the length of their mutual
overlapping must be at least 9d, where d is the rod diameter.

4.2 Results of the Numerical Investigation

As a result of processing the data obtained during testing the specimen, depending
on the value of the load F, the relations for the development of the following

Table 2 Value of strain capacity c of the connection of the embedded parts MD1 and MD2

Load
F, kN

In the joint compressive zone In the joint tensile zone

Offset vx,c of
the parts
MD1 MD2,
mm

Strain capacity cc of
the parts MD1and
MD2, mm/kN�10–4

Offset vx,c of
the parts
MD1 MD2,
mm

Strain capacity ct of
the parts MD1and
MD2, mm/kN�10–4

157.7 0.03 3.65 0.06 3.26

315 0.05 3.05 0.11 2.92

473 0.07 2.84 0.14 2.48

658 0.08 2.32 0.17 2.13

844 0.10 2.18 0.20 1.98

1029 0.14 2.21 0.22 1.98

1215 0.17 1.99 0.22 1.98

1400 0.19 1.96 0.23 1.81
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parameter were determined: shear strains vx of the anchored plates MD1 and MD2;
normal stresses rs,x in the connecting plates Sp1 and Sp2 located both in the
compressive and tensile zones of the joint; the depth of the compressed zone x; the
maximum compression stress rx,max in the timber of the compressive zone and the
width of the joint opening dx (Fig. 11).

Analyzing the relations shown in Fig. 10, it can be noted that the materials of all
elements of the joint under a load F � 473 kN were in the linear-elastic region. As
for the experimental values of the width dx of the joint opening, the maximum
stresses rx,max, in the contact zone of the elements LWB1 and LWB2, the stresses
rs,x in the connecting plates Sp1 and Sp2 of the tension zone, shear deformations
vx,t and vx,c of the anchored plates MD1 and MD2—they turned out to be lower
than the corresponding values obtained from FEM, and the height of the com-
pressive zone x and stresses rs,x in the connecting plates Sp1 and Sp2 of the
compressed zone were higher. So, with the load value F = 473 kN, the values of the

a) b)

c)

d)

Fig. 10 Distribution of normal stresses ry acting across the grain in sections of volume V1 under
load F = 473 kN. a joint diagram in the absence of vertical bars Vb1; b joint diagram with the
presence of vertical bars Vb1; c in section 1-1; d in section 2-2; 1—along the line of a row of
inclined rods; 2—in the middle of the section width; 3—on the element surface
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a) b)

c) d)

e) f)

Fig. 11 Relationships of change in the controlled parameters of the joint on the load value F,
identified during testing the specimen. a change in the joint opening width dx; b the height of the
tensile x zone. c distribution of normal stresses rx along the height x of the tensile zone under
F = 473 kN; d compressive stress rx,max, acting in the wood of the tensile joint zone along the
grain; e stresses rsx, acting in the steel connecting plates Sp1 and Sp2; f change in deformations
vx,t and vx,c shear of the embedded parts MD1 and MD2, respectively, in the tensile and
compressive zones of the joint
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parameters obtained during the tests turned out to be lower than the FEM values: by
18% for the width dx of the joint opening and compressive stresses rx,max; by 15%
for stresses rs,x in the tensile plate Sp1; by 14% for shear strains vx,t of the plates
MD1 and MD2 in the tensile zone and by 7% for shear strains vx,c in the com-
pressive zone. At the same time, the values of stresses rs,x in the compressed plate
Sp1 are higher by 38%, and the height value x of the compressive zone is higher by
22%. The revealed difference in the values is explained by the fact that during the
specimen production, the contacting surfaces of the plates MD1 and MD2 were
connected with the elements LWB1 and LWB2 when the glue was squeezed out of
the holes during the immersion of the inclined reinforcing bars Ib1. Therefore, the
values of shear strains vx,t and vx,c of the embedded parts MD1 and MD2 con-
nection with the wood of the elements LWB1 and LWB2 decreased, which led to
an increase in the stiffness of the connection of anchored plates with the wood. This
is confirmed by an increase in stresses rs,x in the compressed plate Sp1, as well as
in the depth x of the tensile zone.

After strengthening the connecting plates Sp1 with steel plates, the specimen
was brought to failure under the breaking load Ft = 1003 kN. The time the spec-
imen to destruction was t1 = 7200 s. The failure of the specimen was brittle and
occurred in two stages.

At the first stage, the timber of the lower lamella fractured at the plates MD1 and
MD2, where, due to the change in the cross-section, there was a concentration of all
stress components. With a further increase in the load, there was a successive
rupture of the toothed joints of the lamellas, and then chipping of the timber along
the grain at the level of the fracture of the inclined tensile rods (Fig. 12).

It should be noted that no crushing of the timber in the contact zone between the
surfaces of the elements LWB1 and LWB2 was detected. This allows concluding
that the timber in the compression zone works in the linear-elastic region of
deformation until the specimen failure. From this conclusion, it follows that for
such structural solutions of the joint, the transition of timber in the compression
zone to the nonlinear region of deformation may be due to the presence of plastic
deformations in the connecting plates Sp1 and Sp2 of the tensile zone and the strain

Fig. 12 General view of the failure of the specimen joint

Rigid Joint of Bent Glued Laminated Timber Structures … 517



ductility of the connection of the anchored plates MD1 and MD2 with the elements
LWB1 and LWB2.

The value of the actual load-bearing capacity Rsup of the tested specimen
according to [26] was determined by the formula (1)

Rsup;v ¼ Ft

cv
; ð1Þ

where Rsup,v is the value of bearing capacity with brittle nature of failure [27], kN;
Ft is the ultimate load value, kN;
cv is the partial factor determined by the formula (2).

cv ¼ 1; 64ð1; 94� 0; 116 lg tÞ; ð2Þ

here t is the reducing time, s, corresponding to the action of constant load Ft,
determined by the formula [28]:

t ¼ t1
38; 2

; ð3Þ

where t1 is the time of increasing load from zero to the ultimate value Ft, s.
Using the formulae (1)–(3), the actual value of the load-bearing capacity of a

bent rigid joint was Rsup,v = 364,9 kN that is higher than the calculated design
value of the load-bearing capacity Fd, determined according to [20, 21, 29, 30].
When determining Fd according to [21] the following assumptions were made:

The timber of the compression joint zone works linear;

• stresses in the compression zone of the joint do not exceed the calculated values
of the timber compressive strength parallel to the fibre;

• the force in the compression joint zone is perceived by the wood only, and in the
tensile one—by the inclined rods;

• the hypothesis of the plain section is valid;
• the equality of deformations and constancy of the timber modules and the

material of the connecting plates of the joint is observed;
• the strain capacity of the embedded parts is constant.

As the results of the performed studies have shown, the main disadvantages of
the used model are that wood is considered as an elastic material, the change in the
tensile strength of the embedded parts and its change in time is not taken into
account, as well the perception of the force in the compression zone not only by
timber but also by the inclined rods [31]. Therefore, there is partial use of the timber
strength, the bearing capacity of the joints of the anchored plates and, as a con-
sequence, a decrease in the calculated design value of the joint load-bearing
capacity Fd and overspending of materials.
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5 Conclusions

Based on the results of numerical and experimental studies of a rigid joint speci-
men, it should be concluded:

• the discrepancies between the data obtained as a result of numerical calculations
and test are most typical of the value of the compression zone depth, which
amounted to 22%. This difference is because, during the specimen production,
there was a partial adhesive connection of the anchored plates surfaces and the
timber in the process of glueing the inclined reinforcing bars. This circumstance
led to a decrease in the strain capacity (ductility) of the anchored plates and an
increase in the depth of the compression zone. In the FE-model, the coefficient
of friction between the surfaces of the anchored plates and the timber was taken
to be zero;

• the depth of the compression joint zone is not a constant value and depends on
the strain capacity (ductility)of the anchored plates and the level of stresses in
the connecting plates. With the load increases, the values of strain capacity and
the depth of the compression zone decrease. The strain capacity (ductility) of the
anchored plates in the compression zone is higher than that of the embedded
parts in the tensile zone;

• the distribution of stresses along the length of the inclined reinforcing bars is
characterized by the high rate of non-uniformity. The coefficient of
non-uniformity of the distribution of normal stresses between the inclined
reinforcing bars of the connection for the embedded parts of the compression
zone is in the range 0.61 � 0.38, and for the reinforcing bars of the embedded
parts of the tensile zone—0.7 � 0.51. Therefore, when calculating the bearing
capacity of the anchored plates, the anchoring length of the inclined reinforcing
bars should be taken with the account of the coefficients of non-uniformity
distribution of stresses between the rods;

• to prevent the destruction of the joint from timber tension across the grain at the
contacting surfaces of the connected ends of the elements and in the fracture
zone of the inclined rods, vertical rods must be installed along with the entire
height of the cross-section;

• the calculated design value of the joint load-bearing capacity should be deter-
mined taking into account the ductility diagrams of the anchored plate con-
nections of the compression and tensile zones, depending on the stress value and
the time of its action, as well as the stress–strain relations of the materials used.
The calculation is performed using an iterative method.
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The Strength of Wood-Reinforced
Polymer Composites in Tension
at an Angle to the Fibers

Mikhail Lisyatnikov , Anastasiya Lukina , Danila Chibrikin ,
and Boris Labudin

Abstract A method of reinforcing beams on a support with a polymer composite
based on fiberglass and an epoxy matrix with the inclusion of carbon nanotubes is
proposed. To prove the effectiveness of amplification and to determine the quan-
titative and qualitative characteristics, experimental studies were carried out on
standard wooden samples with and without reinforcement. Before the experiment,
its planning was carried out in order to achieve maximum measurement accuracy
with a minimum number of experiments and preserve the statistical reliability of the
results. As a result of planning, a multifactor formula was obtained that is intended
to determine the strength of a sample depending on any combination of three
variable factors: the reinforcement coefficient, the quantitative component of carbon
nanotubes, and the curing temperature of the composite. The tests were carried out
under normal conditions. As a result of tensile tests at an angle to the fibers of the
prototypes, it was found that the tensile strength of reinforced samples compared to
wooden ones without reinforcement increases 2 times, and the destruction is of a
plastic nature.

Keywords Timber � Building � Beams � Construction materials � Reinforcement
of wooden beams � Strengthening

1 Introduction

One of the types of wooden and wood-glued structures are beams [1–6]. The nature
of the work of beam elements is bending. The criteria for wood performance in this
case can be reduced to the theory of classical destruction [7]. Accordingly, in the
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vast majority of cases, the loss of load-bearing capacity or structural failure [8, 9]
occurs in the middle of the span under the influence of normal stresses in the
stretched and compressed zone of the beam. In this regard, the bulk of solutions for
strengthening beams are aimed at reducing the influence of normal stresses in the
middle of the span, and strengthening the support zone is mistakenly neglected.

Under the influence of a uniformly distributed load [10], the following stress
conditions occur in the support zone of beam structures: chipping along the fibers
(shear); crumpling across the fibers (surface compression from the support reac-
tion); stretching at an angle to the fibers.

Based on this, defects and foci of the first signs of failure [11–14] often occur
outside the zone of maximum stress. The nature of destruction in the form of
separation on the main platforms when chipping will be characteristic of high
wooden beams of overlap and coating, glued beams-inserts in cross-beam systems.
The strength of the beam [15, 16] at the supports must be evaluated as a bent
anisotropic element using the criteria for the strength of wood in a complex stressed
state.

It is also worth noting that the destruction of the beam structure on the support is
also possible when the wood is destroyed due to unsatisfactory operating
conditions.

The feasibility of evaluating glued wooden beams at an angle to the fibers also
occurs in the vicinity of the application of concentrated forces, including increased
support reactions, in areas of steep undercutting, especially at stretched edges, on
curved sections with a bend that reduces the curvature of the element, etc.

After analyzing all of the above, we can conclude that the complex strenuous
work of wood [17] due to anisotropy of the structure, as well as the need in certain
cases to strengthen the support zones of beam structures.

To strengthen beam structures on supports, classical methods of reinforcement
are used: restoration of the section with overlays, installation of a prosthesis, gluing
steel rods, etc.

There are also methods of strengthening [18–24] support zones of beam struc-
tures, involving the use of polymers, enclosing in the body of wood reinforcing
compounds, or pasting the support zones with tapes and nets made of carbon fiber.
In addition, one of the perspective directions of strengthening of structures may be
the use of new lightweight composite materials, metal-based [25–27].

We have developed a method of strengthening, consisting in the device of the
cage on the support part of the beam, made of fiberglass impregnated with an epoxy
composition (ED-20), with the addition of carbon nanotubes (CNTS). The number
of clip layers varies from 1 to 5. The use of adhesive compositions [28, 29] based
on fiberglass and nanotechnologies in strengthening the supporting zones of
wood-glued beam structures requires special research, including experimental
studies.

The object of research is wood reinforced with a polymer composite made of
fiberglass, epoxy resin and carbon nanotubes.

The subject of research is the tensile strength of wood reinforced with a polymer
composite at an angle to the fibers.
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The purpose of the study is to carry out experimental studies to determine the
tensile strength of wood reinforced with a polymer composite at an angle to the
fibers.

The following tasks were set:

1. Set the maximum strength indicators and the destructive load of experimental
wooden samples and samples with surface reinforcement.

2. To identify the dependence of the strength limit of experimental samples on the
coefficient of reinforcement, the concentration of carbon nanotubes and the
curing temperature of the composite.

Establish the nature of destruction [30–33] of the tested wooden and reinforced
samples.

2 Methods

Determination of the strength characteristics of wooden and reinforced specimens
under tension at an angle to the fibers was carried out on a tensile testing machine
REM-100-A-1.

Before conducting an experiment, it is necessary to plan it [34]. The main goal of
experiment planning is to achieve maximum measurement accuracy with a mini-
mum number of experiments performed and maintain the statistical reliability of the
results.

The methodical grid of experiments to determine the rational strengthening of
the support section of a glued beam is based on a combination square developed for
three primary factors of influence, each of which consists of three options. Ed-20
epoxy-Diane resin was chosen as a permanent factor. The coefficient of rein-
forcement, the quantitative composition of CNTS and the curing temperature of the
polymer are variable factors.

To identify the influence of each of the variable factors, you need to set at least
three different values or options for it. With the minimum number of experiments,
the most evenly cover the entire area of the table of possible combinations of
influencing factors [35, 36]. To do this, we can further develop the idea of the
so-called “Latin square”. It is suggested to look for the dependence of the result on
three factors and plan the experiment so that there are no repeated combinations in
any row or column. Figure 1 shows one of the possible plans for this combination
of three factors, each of which can take three values.

This planning of the experiment allows us to narrow the number of experiments
from 27 to 9 with an acceptable decrease in the accuracy of the dependencies of
secondary strength and deformability factors on the primary factors: “r” (rein-
forcement coefficient), “c” (the quantitative component of CNT), “t” (the curing
temperature of the composite).
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Factor “r”—takes into account the effect of the composite clip layers on the
strength of the reinforced wood-glued beam, changes 1, 3, 5 layers.

Factor “c”—takes into account the influence of the concentration of carbon
nanotubes in the adhesive composition on the strength of the reinforced wood-glued
beam, changes 0.1, 0.3, 0.5%.

Factor “t”—takes into account the effect of the curing temperature of the com-
posite on the strength of the reinforced wood-glued beam, varies 20, 40, 60 °C.

It is necessary to find empirical formulas that would cover the influence of these
factors. The study of the strength properties of experimental models was carried out
on samples with surface reinforcement. In the course of research, the values of
deformation of samples from the applied load were recorded.

As a result, we obtained the following empirical dependencies, found from the
graphs of the influence of each amplification factor:

f rð Þ ¼ 0:506 � ln aþ 0:949 ð1Þ

f cð Þ ¼ �0:0087 � u2 þ 0:0731 � uþ 0:8827 ð2Þ

f tð Þ ¼ 0:0061 � t2 þ 0:0186 � tþ 0:9889 ð3Þ

Thus, based on the found partial equations of each variable, an empirical
dependence is obtained that takes into account the influence of each design factor
on the strength of the prototypes:

P ¼ Dav � f rð Þ � f cð Þ � f tð Þ ð4Þ

The resulting multi-factor formula is designed to determine the strength
depending on any combination of three variable factors. Substituting the appro-
priate parameters of factors, we get the corresponding value of the destructive load.
The reinforcement with the best strength characteristics was used for the
experiment.

Fig. 1 Scheme design of experiments for three factors
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Tests of prototypes were carried out with a short-term load [37]. Samples for
experimental studies were performed according to the norms. Geometric dimen-
sions were measured using an electronic caliper. The samples were weighed on a
laboratory electronic balance. The moisture content of wood was measured by a
moisture meter and was 12% with a possible error of ±2%. The temperature and
humidity of the environment were determined by a portable weather station. The air
temperature in the room was in the range of 18–22 °C, and the relative humidity
was 50–60%.

All tests were carried out in series, the strength indicators of wooden and
reinforced samples were determined according to the variable parameters of the
methodical grid. The coefficient of reinforcement was changed by the number of
layers of adhesive composite on the corresponding wooden samples. The CNT
concentration varied by the percentage of mass parts of nanotubes to the total
weight fraction of the adhesive composition. The curing temperature of the rein-
forced samples was at room temperature of 20 °C ± 1 °C, additional heating of the
samples was performed in a drying test chamber “heat/cold/moisture”.

Tensile testing of the samples at an angle to the fibers was carried out in
accordance with the requirements of the standards. Thickness (a) and width
(b) were measured in the middle of the sample length with an error of no more than
0.1 mm. The shape and dimensions of the sample are shown in Fig. 2. The fiber
direction angle is taken as 27° ± 2° according to numerical studies and engineering
calculation.

The prototypes were placed in the grippers so that the sample surfaces were
adjacent to the corrugated gripping surfaces, and the part of each head adjacent to
the rounding remained free for about 10 mm, and the tensile load coincided with
the longitudinal geometric axis of the sample.

The test speed was such that the sample collapsed within 1.5–2 min from the
moment of loading. It was allowed to load the sample uniformly at a rate of
(2500 ± 500) N/min or to carry out the test at a loading rate of the crosshead of the
REM-100-A-1 testing machine—4 mm/min.

Fig. 2 Tensile test piece at an angle to the fibers
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The tests were conducted in the laboratory of building constructions named after
V. Yu Shuko on the basis of the Vladimir state University. The wood type is pine.
Designation of test samples: W—wooden sample; C1, 3, 5 (c-t)—wooden sample
with surface reinforcement composite in 1, 3 and 5 layers, respectively (CNT
concentration—curing temperature).

A series of tests was performed on samples in the following sequence:

1. Before testing, the samples were weighed, their humidity and geometric
dimensions were measured in three planes.

2. Tensile specimens were fixed in special clamps of a tensile testing machine at
the required distance.

3. Spend stretching of the samples.
4. According to the data on the laptop monitor from the tensile testing machine, the

values of the breaking load F (N) and the corresponding deformations of the
sample were recorded.

5. We performed the construction of diagrams to visualize the results of the
experiment.

3 Results and Discussion

The General view of the prototypes at the time and after testing is shown in Fig. 3.
During the tests, the dependences “load—normal tensile stresses” (Fig. 4) and

“load—relative deformation” (Fig. 5) were built. Data on test results are summa-
rized in the Table 1.

Thus, when testing prototypes, the rational concentration of CNT—0.3% and the
curing temperature of the composite equal to 60 °C were determined.

Experimentally, it was found that the destruction of wooden samples was of a
brittle nature, in contrast to samples with surface reinforcement, which were
characterized by a plastic nature of destruction. Also, when the reinforced samples
were destroyed, the separation of the composite from the wood was not detected.

4 Conclusions

As a result of experimental studies, the following conclusions can be drawn.

1. The installation and tool base for testing are presented. The method of con-
ducting an experimental study is described.

2. The experiment was planned to determine the rational composition of the
composite. A methodical grid of three-factor experiment experiments has been
developed. This research scheme allows you to obtain results with a margin of
error, which reduces the number of tests performed.
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Fig. 3 General view of the test and tested prototypes in tension at an angle to the fibers

Fig. 4 Dependence “load—
normal tensile stresses”
during tensile tests at an angle
to the fibers
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3. The degree of influence of the reinforcement coefficient, the concentration of
nanotubes and the curing temperature of the CNT-based composite on the
strength of experimental samples was revealed. We obtained an empirical
dependence that allows us to determine the destructive load of the sample
depending on the above factors.

4. The values of the strength properties of the prototypes were determined on the
basis of experimental studies. It was found that the tensile strength of reinforced
specimens in comparison with wooden specimens increases by a factor of 2
during tensile testing at an angle to the fibers.

Fig. 5 Dependence “load—relative deformation” during tensile tests at an angle to the fibers

Table 1 Test results of experimental wooden and reinforced specimens

Sample
marking

Breaking load,
kN

Redistribution of strength,
MPa

Increasing the strength
of, %

W 0.84 2.79 –

C1(0.5–20) 1.57 4.19 50

C1(0.3–40) 1.77 4.51 63

C1(0.1–60) 1.72 4.67 60

C3(0.3–20) 1.98 4.92 77

C3(0.1–40) 2.02 5.0 80

C3(0.5–60) 2.27 5.53 97

C5(0.1–20) 1.96 5.01 76

C5(0.5–40) 2.32 5.62 100

C5(0.3–60) 2.47 5.88 107
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Analysis of the Modern “International
Harmonized Format” of the Theory
of Concrete Creep

Rudolf Sanzharovsky , Frieder Sieber ,
and Tatyana Ter-Emmanuilyan

Abstract The purpose of the study is to analyze the main directions of the con-
sidered theory of concrete creep. This theory is the basis for calculating buildings
and structures, taking into account the time factor, when considering the long-term
resistance of reinforced concrete structures. Methods. Using the rules of mathe-
matics, principles of mechanics and the results of solid experiments to reveal: the
fallacy of the superposition principle, which ultimately leads to the construction of
incorrect kernels of integral equations; illegal substitution of instantaneous non-
linear concrete properties, creep properties (minute creep); non-stationary instant
elastic properties of concrete, transforming into a model of Maxwell’s theory of
creep, leading to an error of up to 300%; only linear creep is considered, leading to
an error of 200–500%.; the principle of “algebraization” of integral equations
naturally leads to significantly contradictory results in the calculations of structures.
Results. We have found that the basics of the theory under consideration grossly
violate the rules of mathematics, the principles of mechanics and the results of solid
experiments.

Keywords Theory of concrete creep � Principle of imposition � Instant elastic
deformations � Long-term resistance of reinforced concrete

1 Introduction

The theory under consideration, according to its developers, is coordinated and
promoted by international institutions (USA, Europe, Asia) for standardization
within the framework of the “global harmonization scenario”. It is positioned:
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internationally—a new advanced format for calculating of concrete creep for var-
ious structures and also of mathematical theory. The leaders also report on the
theory that it “was derived from debate and collaboration between different schools
and academics at a global level with the assistance of international standards
organizations over the past 40 years.” The following comprehensively testifies to
the failure of the theory: the presence of a system of gross mathematical errors;
violations of the principles and rules of classical mechanics and Eurocodes;
inconsistencies with well-known experimental data; negative results of design
practices, including global experience in designing unique structures by
RAMBOLL structures, United Kingdom [1].

Let us to emphasize the first that we are analyzing no any abstract scientific
theory, but the main directions of the theory underlying in the design of the modern
construction and it is harming of the world level. This theory is the basis for
calculating buildings and structures, taking into account the time factor, when
considering the long-term resistance of reinforced concrete structures.

2 Methods

The leading scientists point out: the unique properties of reinforced concrete make it
today the main building material used in the construction of residential, public and
industrial buildings, as well as in the development of underground space in cities, in
transport construction, bridges and tunnels; construction has turned into a
nature-altering factor in its impact, due to its scale in terms of the tasks being
implemented.

Among them:

2.1 The Principle of Superposition

The foundation of the theory—its superposition principle—violates the rules for
differentiating functions. This violation is accompanied by the incorrect justification
that “the principle of superposition is inherent in Voltairre’s theory.” As a result,
erroneous kernels of integral equations are created. The principle of superposition is
the basis of both the modern scientific creep theory of concrete, which is called the
“world harmonized format” by foreign scientists, and the developments “in recent
decades of international standardization institutions… for recommendations, norms
and technical guidance documents” [2–4]. These works also indicate that McHenry
[5] in USA (1943) “substantiated this trend by experimental studies of the creep of
hermetic specimens using the principle of superposition which is characteristic for
the theory of Volterra.”
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We give the basic law of creep of concrete in the original notation [2]:

er tð Þ ¼ r t0ð ÞJ t; t0ð Þþ
Z t

t0

J t; t0ð Þdr t0ð Þ; ð1Þ

where er tð Þ is the complete strain from stress r(t);

J t; t0ð Þ ¼ 1
Ec t0ð Þ þ u t;t0ð Þ

Ec t0ð Þ—compliance function;

Ec t0ð Þ is nonstationary modulus of elasticity;

u t; t0ð Þ is nonstationary creep characteristic considering ageing.
In scientific publications (1) is usually integrated by parts, thus obtaining

er tð Þ ¼ r tð Þ
Ec tð Þ �

Z t

t0

r t0ð Þ @
@t

0 1
Ec t0ð Þ þ

u t; t0ð Þ
Ec t0ð Þ

� �
dt0 ð1bÞ

The last part of the integral (1b).

Z t

t0

u t; t0ð Þ
Ec t0ð Þ dr t0ð Þ;

describing the development of creep deformations with r(t’) variables is demon-
strated. The principle of Boltzmann’s linear superposition, corresponding to the
stationary properties of creep of the material, is copied with the name of the
principle of superposition; that is, substitution of the fundamental property of
concrete occurs in this case. This substitution, on the one hand, leads to the loss of
three components in the basic law (1a), caused by the rate of change of the coef-
ficient of compliance.

r t0ð Þ 1
Ec t0ð Þ

@u t; t0ð Þ
@t

þ r t0ð Þ 1
Ec t0ð Þ

@u t; t0ð Þ
@t0

� r t0ð Þu t; t0ð Þ
_Ec t0ð Þ
E2
c t0ð Þ ;

at that they are comparable in importance to the remaining term. These losses cause
significant discrepancies between theory and experiments, described in the scientific
literature. They lead to the incorrect expression of the creep kernel, even within the
framework of the non-existent linear creep theory of concrete. The principle of
superposition distorts this linear theory, causing the appearance of additional
non-existent bodies. The number of such bodies depends on the form of the function
u t; t0ð Þ, which describes the non-stationary creep characteristic in the basic law (1).
We write this function in the well-known, widely used in scientific literature, as
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u t; t0ð Þ
E t0ð Þ ¼ u1 t0ð Þ 1� e�c t�t0ð Þ� �

Ec t0ð Þ ð2Þ

where u1 t0ð Þ is a function considering aging of concrete.

In the famous monograph of Prokopovich I.E. the creep characteristic u(t,t′) of
foreign scientists is designated as C t; sð Þ these are identical values.

In the case of (2), the basic law (1a) forms four superfluous (fictitious) bodies:
two bodies of the Voigt type and two viscous elements connected in series with
each other. The deformations of these bodies are equal.

e1/ tð Þ ¼
Z t

t0

r t0ð Þ 1
g1/ t0ð Þ e

�c t�t0ð Þdt0; g1/ t0ð Þ ¼ Ec t0ð Þ
/1 t0ð Þ ; ð3Þ

e2/ tð Þ ¼
Z t

t0

r t0ð Þ 1
g2/ t0ð Þ dt

0; g2/ t0ð Þ ¼ E2
c t0ð Þ
_Ec t0ð Þ

1
u1 t0ð Þ ; ð4Þ

e3/ tð Þ ¼
Z t

t0

r t0ð Þ 1
g3/ t0ð Þ e

�c t�t0ð Þdt0; g3/ t0ð Þ ¼ �E2
c t0ð Þ
_Ec t0ð Þ

1
u1 t0ð Þ ; ð5Þ

e4/ tð Þ ¼
Z t

t0

r t0ð Þ 1
g4/ t0ð Þ dt

0; g4/ t0ð Þ ¼ � E2
c t0ð Þ

_u1 t0ð Þ ; ð6Þ

where η1ф,…, η4ф are viscosity coefficients or coefficients of internal resistance of
fictitious bodies; moreover, the bodies (8) of the Voigt and (9) of the viscous
element expand when compressed.

Creep deformations (3)–(6), caused by the influence of the superposition prin-
ciple on the classical connection (1c), are fiction; they are also summarized with
short-term fictitious deformation

e5/ tð Þ ¼ �
Z t

t0

r t0ð Þ @

@t0
1

Ec t0ð Þ dt
0 ð7Þ

er/ tð Þ ¼
X5
i¼1

ei/ tð Þ

and introduce large errors in the total strain er (t), determined by the creep law
(1b).
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This revealed fact of a significant erroneous complication of the theory, caused
by the principle of superposition, shows the inconsistency of the judgments of
leading scientists currently expressed about the mythical advantages and benefits of
this principle, evaluating it with the exact opposite: “and, on the other hand, this
hypothesis greatly simplifies the phenomenological theory of creep and makes it
simpler and more accessible for use in engineering calculations”; “as applied to
linear creep deformations, the superposition principle was first used by
L. Boltzmann (1874), but only recently it was proved (Persoz B.) for non-linear
creep deformations”.

2.2 Substitution of Instantaneous Nonlinear Properties
of Concrete

An erroneous substitution of instantaneous nonlinear concrete properties on creep
properties (minute creep) is performed, which leads to the appearance of resistance
forces proportional to acceleration, creates a violation of the principle of inde-
pendence of the action of forces (Fourth Axiom), distorts the theory of calculation
of reinforced concrete.

In the framework of the requirements of Eurocode 2 to the diagram of instan-
taneous deformation of concrete [6] (Fig. 1), it is necessary to recognize the error of
the creep theory, the removal of plastic deformation eн from the total instantaneous
deformation ei and its transfer into the category of creep deformation ec(t): plastic
deformation en develops about 1–2 min (Aleksandrovsky, Bazant), and creep
deformation ec(t) lasts for years; the rate of increase of nonlinear deformations шs
up to 2000 times the rate of increase of creep deformations (in 1 day); growth rate
and time of elastic ee and nonlinear deformations en have the same order; an error is
the separation of these deformations by splitting the total quantity ei in violation of
the Eurocode 2 rules.

Plastic instantaneous deformation en is endowed with the name of fast-flowing or
minute creep; total deformation of the usual ec(t) and fast-flowing creep en is sought
using a creep measure.

presented in the form of two functions for ordinary and for fast-flowing creep. Such
a technique artificially creates unnecessary mathematical difficulties, and a violation
of the principle of independence of the action of forces that is fundamental in
mechanics arises; ridiculous results also arise in the design calculations.

The mathematical complexity consists in the necessity of constructing an
unnecessary integral, followed by defects in the principle of superposition,
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whereas eн is easily found from the Sargin formula, other equations describing
instant diagrams, for example, from Emperger's parabola or from the
dependence proposed by NIIZHB [6]

Comparing these formulas with each other, we see the fallacy of the integral form,
designed to find the fast-flowing creep, its artificiality.

Let us give an instructive example showing the absurdity of the results obtained
using fast-flowing creep deformations. Consider the longitudinal bending of the
compressed rack in the interval of one day after loading, when, in the main, only
fast-flowing creep has time to appear. A long-term critical force in accordance with
the well-known decisions of Rzhanitsyn, Rabotnov, Shesterikov, Prokopovich

[7–11], is equal to , where , where uбн—characteristic of

fast-flowing creep. This critical force tends to infinity with a length l ! 0, Fig. 2,
what is rejected by both experiments and common sense.

Fig. 1 The distortion of the r-e diagram of concrete
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If instantaneous nonlinear deformations are not added to creep deformations,
then we have a tangential-modular (or reduced-modular) critical force with a finite
value as l ! 0.

Note that the renaming of plastic deformations en (Fig. 1) in the creep defor-
mation ec(t) and their uniform mathematical description

e tð Þ ¼ r tð Þ
E tð Þ �

Z t

s1

r uð Þ
E uð Þ LE t; uð Þdu

in the record of function LE(t,u) leads to distortion of the results of experimental
research on concrete creep problems in all countries of the world [2]. As a result of
such mixing, creep deformations mistakenly acquire initial “vertical segments”,
distorting the values of creep deformations (up to 50%), distracting concrete creep
researchers and misleading experts in the theory of reinforced concrete.

The erroneous assumption of “fast-flowing creep”, “minute creep” and “vertical
segments” has distorted the direction of the development of the theory of creep of
reinforced concrete. The introduction of this assumption in the norm is detrimental
to reinforced concrete construction.

Fig. 2 The schedule of calculation of compressed-curved concrete structures with an initial
deflection
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Writing a concrete creep measure in the form of such a sum not only leads to
mathematical complication of the creep theory, but also violates the principle of
independence of the action of Newtonian mechanics.

For clarity, we consider a simple and instructive case. We will write down the
measure of creep in the form proposed by Aleksandrovsky S.V. [12]. (in his
notation)

C t; sð Þ ¼ A3 1� e�c t�sð Þ
h i

þA4 1� e�a t�sð Þ
h i

ð8Þ

where A3 ¼ w 1ð Þ ¼ const; A4 ¼ D 1ð Þ ¼ const; a[ [ c[ 0.
“The presence of the second term in the formula … provides an initial steep rise

in creep curves for small t-s”.
Differentiating the integral Eq. (1a) two times in t, taking into account (9), we

obtain the second order differential (E = const) equation corresponding to that.

eEþ cþ að ÞE _eþ caEe ¼ r þ cþ að ÞþEA3cþEA4a½ � _rþ 1þEA3 þEA4½ �car:

From this equation it is clear that there is a force proportional to the acceleration.

r ¼ E
1þEA3 þEA4ð Þca€e tð Þ:

The remaining forces are proportional to e; _e; _r; €r, insignificant.
In Newtonian mechanics, the presence of forces proportional to acceleration,

indicates violation of the principle of independence of action of forces, and the
impossibility of using expression (8) for concrete creep in practical problems, with
variable forces r(t). We will come to the same result if we use many other formulas
to describe the creep measure in the form of two or more terms (Yashin,
Mac-Henry, Prokopovich, Ulitsky, etc.).

2.3 Nonstationary Instantaneous Elastic Properties
of Concrete

Nonstationary instantaneous elastic properties of concrete are transformed into a
model of Maxwell's creep theory, leading to an error of up to 300%.The substi-
tution, unnoticed by scientists, distorts the Hooke elastic model, erroneous here,

Fig. 1; it attaches to the classical linear connection r tð Þ
E tð Þ a non-existent and unreal

body of a viscous fluid, with Newton’s linear viscosity coefficient g t0ð Þ ¼ E2
c t0ð Þ
_Ec tð Þ :
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ey tð Þ ¼ r t0ð Þ
Ec t0ð Þ þ

Z t

t0

1
Ec t0ð Þ dr t0ð Þ ¼ r tð Þ

Ec tð Þ �
Z t

t0

r t0ð Þ @

@t0
1

Ec t0ð Þ dt
0 ð9Þ

Formula (9) represents the first terms in (1a), (1b), and demonstrates the trans-
formation of a classical nonstationary elastic body into Maxwell’s viscoelastic
medium.

The essence of the second substitution follows from the principle of superpo-
sition, the fundamental principle in the construction of the law of creep (1a). The
principle of superposition, being a kind of catachresis (abuse), simultaneously
combines two concepts that are incompatible in meaning: stationarity and
non-stationarity of the mechanical properties of concrete. Borrowing the Boltzmann
scheme, the principle of superposition borrows the nonstationary of the corre-
sponding material properties of this scheme, that is, rejects the fundamental non-
stationary linear properties of concrete 6, replacing them with stationary properties.
The principle of superposition is applied in non-stationary linear properties (1b),
under the conditions of the fundamental meaning of this non-stationarity.

The mathematical essence of the error arises from the second substitution in the
values of deformations of concrete, detected as follows.

The rate of elastic deformation is

_ey t0ð Þ ¼ _r t0ð Þ 1
Ec t0ð Þ þ r t0ð Þ @

@t0
1

Ec t0ð Þ :

Integrating, we obtain

ey tð Þ � ey t0ð Þ ¼
Z t

t0

1
Ec t0ð Þ dr t0ð Þ þ

Z t

t0

r t0ð Þ @

@t0
1

Ec t0ð Þ dt
0:

Integrating the first term in parts, we find

ey tð Þ � ey t0ð Þ ¼ r tð Þ
Ec tð Þ �

r t0ð Þ
Ec t0ð Þ �

Z t

t0

r t0ð Þ @

@t0
1

Ec t0ð Þ dt
0 þ

Z t

t0

r t0ð Þ @

@t0
1

Ec t0ð Þ dt
0:

Hence the short-term deformation is equal to

ey tð Þ ¼ r tð Þ
Ec tð Þ ; ð10Þ

it is also seen that the first term under the integral sign (1a) is excessive, and the use
of superposition principle.
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ey tð Þ ¼ r t0ð Þ
Ec t0ð Þ �

Z t

t0

1
Ec t0ð Þdr t0ð Þ ¼ r tð Þ

Ec tð Þ �
Z t

t0

r t0ð Þ @

@t0
1

Ec t0ð Þ dt
0; ð11Þ

in (1a) and (1b) is deeply mistaken.
Let us make a numerical estimate of the error arising in determining the

instantaneous elastic deformation distorted by the principle of superposition. Using
r tð Þ ¼ r0 ¼ const in (10), (11) we obtain ey tð Þ ¼ r0

Ec tð Þ and ey t0ð Þ ¼ r0
Ec t0ð Þ ¼ const.

Comparison of these deformations is shown in Fig. 3.
Curve 2 in Fig. 3 corresponds to the VNIIG data on the change of the elastic

modulus Ec(t) with time. Errors in the value of the elastic deformation reach, at
t = 360 days, � 300%.

2.4 Only Linear Creep is Considered.

Only linear creep is considered. Famous scientists S.V. Aleksandrovsky and P.I.
Vasil’yev emphasize (based on unique experiments): “there is no linear creep”; the
error is 200–500%. “Creep deformations are non-linear from the lowest loading
levels, … no linear creep area … exists.” So testify the founders of the theory
Gvozdev AA, Arutyunyan N.Kh., Aleksandrovsky S.V., Vasilyev P.I., Fig. 4 [13].

As we known In the theory of linear creep of concrete, which is a world theory,
the Volterra integral equations representing the creep of concrete with its unsteady
and non-linear properties have fictitious nuclei that violate the prescribed mathe-
matical order of their construction: as a result, concrete forms an erroneous set of
fictitious forces that incorrectly form creep deformations.

The classical Abel case allows us to emphasize an important essence: the sub-
stitution or insignificant change of only one parameter of the integral equation
distorts the essence of the theory.

Fig. 3 Comparison of ey(t0) and ey(t)
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In the theory of reinforced concrete creep, the substitution of ten fundamental
properties of structural concrete, described in detail in [8], is carried out; substi-
tution of each of them distorts the essence of the theory and leads to gross calcu-
lation errors. Let us give numerical estimates of the two substitutions indicated
above under numbers 1 and 2: 1—substitution of non-stationary short-term
deformations—leads to an error of up to 300% [14]; 2—substitution of non-linear
creep deformations by nonexistent linear ones—changes their values by a factor of
2–5 [15], Fig. 4. The nonexistent linear creep property is used instead. From the
data in Fig. 1 shows that the error from such a substitution is up to +400%, at. If we
take as a basis the average curve corresponding to its experimental parameters, then
the error from such a distortion will be from +200% to −200%.

2.5 The Principle of “Algebraization” of Integral Equations

The principle of “algebraization” of integral equations certainly leads to signifi-
cantly contradictory results in the calculations of structures. This was repeatedly
accented by N.Kh. Harutyunyan [16]. In the theory, “the relationship between
stresses and strains is established by a formula based on a linear relationship
between stresses and strains and on the principle of superposition.”

e� tð Þ ¼ r� tð Þ
E tð Þ �

Z t

s1

r� sð Þ @d t; sð Þ
@s

ds; ð12Þ

where d t; sð Þ ¼ 1
E sð Þ þC t; sð Þ;

C(t,s)—a measure of creep.

Fig. 4 Change in the ratio of specific creep deformations at different initial stress levels Cr(t,s) to
specific creep deformations at initial stress level C0,1(t,s)
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3 Results

We have found that the basics of the theory under consideration grossly violate the
rules of mathematics, the principles of mechanics and the results of solid experi-
ments. Among them:

1. The foundation of the theory—its superposition principle—violates the rules for
differentiating functions. This violation is accompanied by the incorrect justi-
fication that “the principle of superposition is inherent in Voltairre’s theory.” As
a result, erroneous kernels of integral equations are created.

2. An erroneous substitution of instantaneous nonlinear concrete properties on
creep properties (minute creep) is performed, which leads to the appearance of
resistance forces proportional to acceleration, creates a violation of the principle
of independence of the action of forces (Fourth Axiom), distorts the theory of
calculation of reinforced concrete.

3. Nonstationary instantaneous elastic properties of concrete are transformed into a
model of Maxwell’s creep theory, leading to an error of up to 300%.

4. Only linear creep is considered. Famous scientists S.V. Aleksandrovsky and P.I.
Vasil’yev emphasize (based on unique experiments): “there is no linear creep”;
the error is 200–500%.

5. The principle of “algebraization” of integral equations certainly leads to sig-
nificantly contradictory results in the calculations of structures. This was
repeatedly accented by N.Kh. Harutyunyan.

In addition, there are a number of incorrect actions for a simplified calculation of
the creep of reinforced concrete structures: this results in unreliability or uneco-
nomic structures.

4 Conclusions

The analyzed theory of reinforced concrete in certain aspects is unscientific. It was
pointed at different times out by authoritative scientists: Skramtaev B.G., Keldysh V.
M., Nikitin G.V., Rzhanitsyn A.R., Geniev G.A., Drozdov P. The problem of the
unscientific nature of the theory of concrete creep is indicated by the negative results
of design practice, including the world experience in the design of unique structures
with RAMBOLL structures (Great Britain) [1]. President of fib Gordon Clarke warns:
“accurately predicting the impact of creep … is highly controversial”. We have
established the reasons for the unscientific nature of this theory—among them are
mathematical errors and violation of the principles of classical mechanics [14, 15, 17–
19]; we also developed a new nonlinear theory of concrete creep, which has not yet
been published, supplementing the general theory [20].
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Strength and Deformability
of Reinforced Wooden Beams
of Variable Stiffness

Mikhail Lisyatnikov , Tatyana Glebova , Kazimir Rusak ,
and Andrii Ivaniuk

Abstract The method of designing reinforced wooden beams of variable stiffness
with group reinforcement is described. The dependence of the breakage of rein-
forcement in the span on the reinforcement coefficient is given and the influence of
changes in the stiffness of structures on the deformability is determined. Theoretical
stress diagrams are analyzed, indicating the possibility of hazardous stress con-
centrations in reinforced beams of variable stiffness. Diagrams M and Q, as well as
schemes of theoretical breakage of reinforcement in beams were constructed. The
results of determining the influence of the reinforcement coefficient on the place of
breakage of reinforcement in the span of beams are displayed graphically. The
dependences of the anchorage length on the diameter and reinforcement coefficient,
the relative length of the anchorage of the rods on the span of the reinforced beams
have been constructed. Defined deflection of reinforced wooden beams of variable
stiffness. A further direction of research is indicated, which consists in determining
local stresses in zones of change in the stiffness of beams.

Keywords Timber � Building � Beams � Reinforcement of wooden beams

1 Introduction

To save materials of steel and epoxy compound, it became necessary to create the
most efficient reinforced wooden structures [1–4]. Which can be obtained by
rational placement of reinforcement in the span in accordance with the diagram of
the greatest bending moments, i.e. create structures of variable stiffness by breaking
the reinforcement in the span. But as shown by preliminary calculations performed
by Boldyunum V.F. [5], in such structures it is possible that a dangerous stress
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concentration in the wood occurs at the ends of the reinforcing bars (Fig. 1). This is
indicated by the dependence describing the distribution of shear stresses along the
length of the reinforcement [6, 7]:

sa ¼ � qx
Sew

1� 1� a
2

l2 � b2
� �h i Shax

axChab

� �
ð1Þ

The designations are taken from the statics condition.
Analysis of expression (1) shows that the magnitude of shear stresses is sig-

nificantly influenced by the place of breakage of reinforcement in the span [8].
Based on this, it becomes necessary to theoretically determine the optimal place of
breakage of reinforcement in the span of reinforced wooden structures [9–11], i.e.
so that the resulting structures of variable stiffness would have the same or similar
strength and stiffness indicators as structures of constant stiffness [12, 13].

Fig. 1 Theoretical diagrams indicating the possibility of hazardous stress concentrations in
reinforced beams of variable stiffness
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2 Methods

It is more expedient to determine the place of breakage of reinforcement using a
simpler method for calculating reinforced structures—according to the given sec-
tions [14–16].

The place of the theoretical breakage of reinforcement in bent structures is
determined from the condition that the wood perceives a certain part of the bending
moment Mmax, acting on the complex structure (Fig. 2), i.e.:

Mx ¼ WwRb ð2Þ

For a single-span element loaded with a uniformly distributed load—q, the value
of the bending moment [17] at any point of the beam section is equal to:

Mx ¼ qxðl� xÞ
2

ð3Þ

Fig. 2 Diagrams M, Q and circuit breakage theoretical reinforcement girders
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Solving Eqs. (2) and (3) together, we determine the distance from the support to
the place of theoretical breakage of the reinforcement:

a1;2 ¼ l
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l
2

� �2

� 2RbWw

q

s
ð4Þ

The value of the calculated uniformly distributed load is found from the con-
dition of the strength of the reinforced beams [18]:

Mmax ¼ WredRb ¼ W0ð1þ 3glÞRb

Mmax ¼ ql2

8

ð5Þ

From identity (5) we determine the load:

q ¼ 8W0ð1þ 3glÞRb

l2
ð6Þ

Substituting the load into Eq. (4), we get:

a1;2 ¼ l
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� RbWw

RbW0ð1þ 3glÞ

s !
¼ l

2
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Mw

Mmax

r� �
ð7Þ

Let us assume that Ww ¼ W0 than:

a1;2 ¼ l
2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

1þ 3gl

s !
¼ l

2
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3gl

1þ 3gl

s !
ð8Þ

The break point of the reinforcement determined by the formula (8) takes into
account the reinforcement termination, i.e. its establishment for the place of the
theoretical break, determined by the formula (7), for a length from 0.0012 to 0.017
of the calculated span [19].

During the search experiment, the reinforcement anchorage zone for one series
of beams was increased by introducing the safety factor C ¼ 2 into the denominator
of the radical expression of formula (8).

The place of breakage of reinforcement in this series of beams was determined
by the formula:

a1;2 ¼ l
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

C 1þ 3glð Þ

s !
ð9Þ
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Analytical formulas for determining the theoretical break point of the com-
pressed zone reinforcement in beams [20–22] with the tensile zone reinforcement
along the entire span were derived using a similar method.

We solve jointly Eq. (3) with the equation describing the maximum bending
moment perceived by an asymmetrically reinforced section of the beam, we get:

Mx ¼ Wc
redRb ð10Þ

Determine the location of the breakage of the reinforcement in the compressed
zone:

ac1;2 ¼
l
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l
2

� �2

� 2RbWc
red

q

s
ð11Þ

Substituting the load determined from the strength condition of the symmetri-
cally reinforced section [23, 24] by formula (6), we obtain:

ac1;2 ¼
l
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�Wc

red

Wred

r� �
; ð12Þ

where Wc
red—reduced moment of resistance of the compressed zone relative to the

neutral axis (13) located at a distance hc(14) from the upper edge of the beam [25]:

Wc
red ¼

Ired
hc

ð13Þ

hc ¼ hn:a: 1þ 2glasð Þ
2 1þ glasð Þ ð14Þ

The moment of inertia of an asymmetrically reinforced section [26] is deter-
mined by the formula:

Ired ¼ bh3n:a: 1þ 4glasð Þ
12 1þ glasð Þ ð15Þ

Substituting expressions (14) and (15) into formula (13), we obtain the reduced
moment of resistance of the compressed zone:

Wc
red ¼

bh2n:a: 1þ 4glasð Þ
6 1þ 2glasð Þ ð16Þ

Let us assume that the design height of a symmetrically reinforced section is
equal to the height of the section with an asymmetrical arrangement of reinforce-
ment, i.e. h0 ¼ h0as. In this case, the reinforcement coefficient for a section with an

Strength and Deformability of Reinforced Wooden … 553



asymmetrical arrangement of reinforcement will be half that of a symmetrical one,
i.e. las ¼ l=2. Then the place of breakage of the reinforcement in the compressed
zone, taking into account the anchoring, should be determined by the formula:

ac1;2 ¼
l
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1þ 2gl

1þ glð Þ 1þ 3glð Þ

s !
; ð17Þ

when substituting the reinforcement coefficient l ¼ Fa=bho—sections with sym-
metrically located reinforcement.

3 Results and Discussion

The place of breakage of reinforcement, determined by formula (17), takes into
account the insertion of reinforcement beyond the place of theoretical break,
determined by formula (11) for the anchorage length from 0.0018 to 0.025 of the
calculated span of the beams. The anchorage length was obtained under the con-
dition that during the operation of the beams in the zone of the maximum bending
moment, the calculated strength characteristics of the materials: steel and wood are
fully used. In this case, several factors affect the anchorage zone and the location of
the breakage of the reinforcement: the reinforcement coefficient, the diameter of the
reinforcement and the span of the beams.

The influence of the reinforcement coefficient on the place of breakage of
reinforcement in the span of beams is determined by expressions (7)–(9), (17) and is
shown in Fig. 3.

The dependence of the anchorage zone—lan on the diameter of the reinforcement
—d and the reinforcement coefficient is shown in Fig. 4. It is obtained on the basis
of the assumptions made when deriving formulas (8) and (17). In the first case, due
to the fact that the height of the unreinforced section of the beam is greater than the
calculated one by the diameter of the bar h ¼ h0 þ d, and in the second case, the
calculated height of the asymmetrically reinforced section is greater than the cal-
culated height of the symmetrically reinforced section 0:5d on the reinforcement.

The influence of the span of beams on the relative length of the embedment of
rods kan ¼ lan=d is shown in Fig. 5.

It should be noted that in practice the anchorage zone turns out to be much larger
than that obtained by formulas (8) and (17). Since the main criterion in the design
and operation of wooden beams, in most cases, is their deformability.

Consequently, the design load, as a rule, for such structures is taken to be
significantly less than that determined by formula (6), from the condition of the
strength of symmetrically reinforced beams. Therefore, the strength characteristics
of materials, steel and wood, in the zone of action of the maximum bending
moment, are not fully used.
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It is known that an increase in the anchorage zone leads to an increase in the
strength and rigidity of the structure, and a change in the stiffness of beams, due to
the breakage of reinforcement in the span, leads to an increase in deflection.

Fig. 3 Graph for determining the theoretical breakage location of reinforcement in beams of
variable stiffness

Fig. 4 Dependence of anchorage length on diameter and reinforcement coefficient
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Therefore, it became necessary to theoretically determine the deformability of
beams of variable stiffness, loaded, as a rule, during operation with an evenly
distributed load—qn all over the span—l.

The dependence of the beam deflection on the accepted loading scheme is
derived using the force method (Fig. 6):

f0 ¼ 2
Za
0

MxMx1

EIw
dzþ

Zl=2
a

MxMx1

EIred
dz; ð18Þ

where Mx ¼ qnzl
2 � qnz2

2 —bending moment in the current section of a given section of
the beam from a uniformly distributed load acting on it;

Mx1 ¼ z
2—bending moment in the same section from a single load;

dz—beam axle length differential;

EIw—stiffness of unreinforced area;

EIred—stiffness of the reinforced section.
We transform expression (18):

Fig. 5 Dependence of the relative length of anchoring of bars on the span of reinforced beams
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dz
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4

� �
dz

EIred
¼ 2

EIw

qnlz3
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a
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þ 2
EIred

qnlz3
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l=2

a
¼ 2

EIw
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12
� qna4

16

� �
þ 2

EIred

qnl4

96
� qnl4

256
� qnla3

12
þ qna4

16

� �

¼ 5qnl4

384EIred
� 4qnla3 � 3qna4

24
1
EIw

� 1
EIred

� �

where Iw—the moment of inertia of an unreinforced section, in the case of rein-
forcement of a stretched zone along the entire span, and compressed on a part of the
length is taken equal to:

Ired:as ¼ bh3n:a: 1þ 4glasð Þ
12 1þ glasð Þ ð19Þ

Ired—reduced moment of inertia of the section in the zone of action of the
maximum bending moment:

Fig. 6 Design scheme for determining displacements (deflections) of reinforced beams of variable
stiffness
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Ired ¼ bh30
12

1þ 3glð Þ ð20Þ

It is known that the deflection of reinforced timber beams during bending
generally depends on normal and shear stresses, i.e. consists of deformations from a
bending moment, causing the rotation of cross-sections relative to the neutral axis,
and deformations from shear forces, manifested in parallel shears relative to each
other of the cross-sections of the base material—wood, as well as shear deforma-
tions of the reinforcement relative to wood.

As a rule, additional deflection due to lateral forces is not taken into account
when calculating reinforced timber beams. This often leads to significant errors,
since the shear modulus of wood G is about 20 times less than the modulus of
longitudinal elasticity E. Especially in reinforced beams with height-to-span ratios
h
l [

1
17 and a reinforcement ratio l = 2.5%, since the reinforcement of wooden

beams leads to a decrease in lumber consumption, i.e. decrease in the height and
width of structures in the plane of action of the maximum horizontal shear stresses.

It is known that the additional deflection in the middle of the span of beams due
to the action of shear forces depends on the ratio smax

smid
, which takes into account the

influence of the uneven distribution of shear stresses over the section and depends
on the shape of the cross section. With plastic deformations of beams, the ratio smax

smid

becomes a variable value, depending on the value of the elastic-stressed volume of
the wood. Consequently, with an increase in the bending moment, the effect of
shear forces on the total relative deflection of the beams in the elastic–plastic stage
of work decreases. Therefore, the greatest influence of shear forces on the deflection
of reinforced beams affects the conditionally elastic stage of work, when the
presence of variable bending stiffness due to the flexibility of the steel-wood
adhesive bond is only slightly manifested. Consequently, the additional deflection
from the flexibility of the glue joint steel–wood, at the stage of conditionally elastic
work of the reinforced wooden beams, can be neglected. However, when a constant
or long-term load is applied in time, an increase in deflections of reinforced wooden
structures is observed, which is caused by a change in the elastic modulus of wood
and the effect of shear deformations of the adhesive bond of reinforcement with
wood. Such an increase in deflections of complex structures must be taken into
account when determining the total deflection by introducing a coefficient KT , that
takes into account the level of loading of reinforced structures.

Hence, the total deflection of reinforced wooden beams should be determined in
accordance with the norms by the formula:

f ¼ f0
k

1þC
h
l

� �2
" #

KT ð21Þ

558 M. Lisyatnikov et al.



Formula (21) takes into account the effect of shear deformation from shear forces
by the coefficient—C, at k ¼ 1 for beams with a constant section height.

Here, f0—is the deflection of reinforced wooden beams of constant or variable
stiffness without taking into account shear deformations, is determined by the
formula (18). The coefficient KT in addition to the loading level, also takes into
account the redistribution of stresses in time between the reinforcement and the
wood, which leads to an increase in the normal stresses in the reinforcement and the
glue seam and to a decrease in them in the wood. In beams with breakage of
reinforcement in the span, the redistribution of stresses from wood to steel leads
first to an increase in local stresses in the wood, and then to a decrease in them due
to a change in the elastic modulus of wood over time.

Hence, it becomes necessary to determine local stresses in zones of change in the
stiffness of beams, which is accepted as a priority task for further research.

4 Conclusions

As a result of the research carried out, the following conclusions can be drawn:

1. The theoretical definition of the optimal place of breakage of reinforcement in
the span of reinforced wooden structures (beams of variable stiffness) has been
carried out.

2. The influence of the reinforcement coefficient on the place of breakage of
reinforcement in the span of beams has been determined.

3. Revealed the dependence of anchoring on the diameter of the reinforcement and
the coefficient of reinforcement of complex structures.

4. The influence of the span of beams on the relative length of the embedment of
the rods has been established.

5. The influence of the change in the stiffness of the reinforced structure on the
deformability is considered.

6. A task for further research has been formulated.
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Reinforced Concrete Shallow Shell
of Negative Double Gaussian Curvature
Built on the Basis of a Four-Lobed
Hyperbolic Paraboloid

Mikhail Lukin , Marina Popova , Dmitry Reva ,
and Rustamkhan Abdikarimov

Abstract The stress–strain state of a flat reinforced concrete shell of negative
double Gaussian curvature is numerically investigated. The studies were carried out
on a shell built on the basis of a four-lobed hyperbolic paraboloid with a plan view
of 80.0 � 80.0 m. It was experimentally proved that the strength of the shell is
provided with the following reinforcement: two meshes made of B500 class rein-
forcement over the shell area, A500 class reinforcement at a distance of 20 m from
shell angle—at the corners of the gipar petals, with A500 class rods in the contour
edges. The non-displacement of the corners of the gipar is ensured by tightening
from the bundles of double lay reinforcing ropes of the LK-RO type of the struc-
ture. The deflection of the shell is within the permissible value. The high efficiency
of the calculation by the finite element method for evaluating the criteria of the
bearing capacity of the shells up to their destruction has been proved.

Keywords Building � Reinforced concrete � Hyperbolic paraboloid � Shell �
Stresses

1 Introduction

The main structural elements of the shell are a thin surface, side elements, and
diaphragms.

The main characteristic of the classification of shells according to the work of the
structure is spacer or no spacer. The purpose of the shells is certainly different, in
this regard, they can be in the form of coverings, awnings or canopies and other
structures. The structure can be supported along the surface, along the line, at
individual points, as well as in a combination of these options. Different sources

M. Lukin (&) � M. Popova � D. Reva
Vladimir State University Named After Alexander and Nikolay Stoletovs,
87 Gorky St., Vladimir 600005, Russian Federation

R. Abdikarimov
Tashkent Institute of Finance, Amir Temur avenue, 60A, Tashkent, Uzbekistan

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
N. Vatin et al. (eds.), Proceedings of MPCPE 2021, Lecture Notes in Civil
Engineering 182, https://doi.org/10.1007/978-3-030-85236-8_49

563

http://orcid.org/0000-0002-2033-3473
http://orcid.org/0000-0002-2495-5819
http://orcid.org/0000-0002-0256-8922
http://orcid.org/0000-0001-8114-1187
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_49&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_49&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85236-8_49&amp;domain=pdf
https://doi.org/10.1007/978-3-030-85236-8_49


have completely different values of overlapping spans [1–4]. It can be said
unequivocally that in the modern world spans can reach 300 m or more. Depending
on the Gaussian curvature, three types of surfaces are distinguished: parabolic (zero
Gaussian curvature), hyperbolic (negative Gaussian curvature), and elliptic (posi-
tive Gaussian curvature).

A thin-walled shell of double curvature is formed by moving a parabolic curve in
two directions. The shell, resting on four corners, creates very difficult working
conditions for the structure [5–8]. Therefore, its contour must be supported by
diaphragms—rigid supporting structures, the role of which can be played by arches,
segmental trusses, and walls with rounded fronts. The diaphragms in this case will
support the shell and work together with it, perceiving the shear forces developing
along the contour [9–12].

Depending on the ratio of the lift boom (h) to the covered span (l), the shells are
divided into ragged (h/l = 1/1 � 1/4), shallow (h/l = 1/5 � 1/6) and forming a sail
arch (l = h).

Gentle shells of positive Gaussian curvature, made of reinforced concrete, are
capable of covering rooms in the range from 18 to 100 m. Prefabricated-monolithic
shell structures are widespread in construction [12, 13], the modules of which have
a thickness of 3–5 cm and are reinforced with diagonal and contoured ribs. The
given thickness of such a coating is from 8 to 15 cm.

Shells in the form of a hyperbolic paraboloid on square and rectangular plans are
used to cover industrial, public and warehouse buildings [14–19]. The dimensions
of the overlapping plan can vary from 10 to 70 m and more. Single-leaf and
multi-leaf gipars can be used in the coatings.

In the practice of design and construction from monolithic reinforced concrete,
the use of a fragment of the surface of a gipar (petal) on a square (rhombic) plan is
often found [20–26]. Both single surfaces and their combination can be used.

Calculations and experience show that prefabricated shells of double curvature
in comparison with flat systems in coatings with a span of 30–36 m can signifi-
cantly reduce the consumption of concrete (25–30%), steel (15–20%), as well as the
total cost of construction. With an increase in spans, these advantages of double
curvature shell vaults increase, but at the same time, the labor intensity and cost of
installation increase [27–31].

When the space is covered with a flat double-curved shell, the building volume
of the building is significantly reduced, which is economically beneficial in com-
parison with domed and expanded structures. Gentle shells of positive Gaussian
curvature in terms of material consumption are 25–30% more economical than
cylindrical shells. The shell of the hyperbolic paraboloid type makes it possible to
simplify the formwork device and the workpiece of the reinforcement, in com-
parison with shells of positive Gaussian curvature.

To facilitate orientation in an increasingly complex environment: when moving
around the city, transport hubs, streets and crowded buildings, one has to turn to the
visual structuring of the directions of movement, which cannot do without the
absence of visual obstacles, without the unification of space. With which today
arches, frames, shells and other types of structures cope best of all, of which shells
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show themselves to be the most effective in all respects [32–36]. Thus, related to the
study of the calculation of reinforced concrete shells is an urgent scientific task.

Taking into account the above, for further work, it was decided to take as a basis
a covering of four petals of a hyperbolic paraboloid with a contour consisting of
straight lines, on a rectangular plan, supported along the perimeter on rectangular
columns and walls. All edges and all folds of the received coating are inclined.

The object of the study was the construction of a covering made of a four-lobed
parabolic paraboloid.

The subject of the research was the determination of the theoretical and com-
putational substantiation of the constructive solution of the covering from a
four-lobed parabolic paraboloid.

The aim of the study was to improve the shells by scientifically substantiated
provision of strength, stiffness and performance characteristics.

At the same time, the tasks were set:
Select a physical model and create a mathematical model of a shallow shell of

double curvature. Conduct numerical studies of the operation of a shallow shell of
double curvature. To assess the bearing capacity and deformability of the shell.

To develop recommendations for improving a shallow shell of double curvature,
aimed at reducing material consumption and increasing their economic efficiency.

2 Methods

To study the issues of calculating reinforced concrete shells of double curvature, we
set the following initial data [37, 38]:

• the coating consists of four petals of a hyperbolic paraboloid with a contour
consisting of straight lines, and is a shallow shell of negative Gaussian
curvature;

• base dimensions (see Fig. 1):

2 � a ¼ 2 � 40 ¼ 80m on 2 � b ¼ 2 � 40 ¼ 80m; ð1Þ

• the walls and columns are the supports for the covering.
• class B40 shell concrete.

The section is shown diagonally across the building due to its more informa-
tional content (see Fig. 2). A general view of the building under consideration,
covered with a reinforced concrete shell of a four-lobed hyperbolic paraboloid, is
shown in Fig. 3.

Arrow for lifting the shell:

f ¼ 1
8
� L ¼ 80

8
¼ 10m; ð2Þ
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Fig. 1 Plan of a building covered with a reinforced concrete shell

Fig. 2 Diagonal section of the building (section 1-1)

Fig. 3 General view of a building covered with a reinforced concrete shell
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Sheath thickness:

1
570

� L ¼ 80
570

¼ 0:14m; ð3Þ

We accept the height of the contour element:

Hkon ¼ 80
120

¼ 0:67m; ð4Þ

We take the height of the contour edges 70 cm. The width of the contour
element is taken as 1/5–1/2 of the height of the edge. Thus, we take the width of the
contour edge bfin = 70/2 = 35 cm.

Before starting the calculation, the following hypothesis is accepted: there are no
shear deformations in the middle surface of a thin-walled prismatic rod. This
hypothesis assumes that the linear elements normal to the middle surface remain
direct normals to the deformable middle surface of the shell [37, 39–41].

Calculations of reinforced concrete spatial structures should be made taking into
account the presence of cracks and inelastic deformations in concrete and rein-
forcement according to limit states should be performed for all effects on structures
or their elements at the stage of manufacturing, transportation, erection and oper-
ation [42–45], including: monolithic structures should be calculated for strength and
crack resistance during unburdening.

Determination of forces and deformations from various influences in structures
and in the systems of buildings and structures formed by them should be carried out
according to the methods of structural mechanics, as a rule, taking into account the
physical and geometric nonlinearity of the work of structures. Efforts and defor-
mations are allowed to be determined on the assumption of elastic work of rein-
forced concrete elements with subsequent correction of the calculation results to
take into account the influence of physical nonlinearity of their work.

Shear deformations affect mainly the stiffness of the bar and practically do not
affect the axial normal and tangential stresses of the cross section. Only the
deformations of the elongations along the generatrix are taken into account. The
middle surface of the shell is defined by the z and s coordinates. The first one sets
the position of any point along the generatrix, and the second one—the position on
the contour line of the cross section.

Forces and displacements are recommended to be determined based on the
assumption of elastic work of the material according to the moment theory, taking
into account the actual stiffness of the contour elements and ridge beams.

The shells can be supported along a contour by a series of struts. Depending on
the relative position of the shells, under the action of a uniformly distributed load,
compressive or tensile forces arise in the contour elements and ring beams. The
calculation can be made approximately according to the momentless theory.
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In the calculations, it is necessary to take into account the influence of the known
initial distortions of the shell shape. The moment of loss of stability from the main
momentless state to the bending and momentary state.

The general view of the obtained coverage of four petals of a hyperbolic para-
boloid in isometric view is shown in Fig. 4, side view—in Fig. 5.

To calculate the shell of negative Gaussian curvature, the Lira-CAD computa-
tional complex was used.

Based on the general shell model, a computational model is created, which will
then be converted into a computational complex.

The design model of finite elements “bar” and “plate” is shown in Fig. 6. The
top view is shown in Fig. 7.

The main characteristics of the sections (types of stiffness) are shown in Table 1.
The calculation was carried out for the following load cases:

• loading 1—static (dead weight);
• load 2—static (External constant load);
• load 3—static (External short-term load).

3 Results and Discussions

Under the action of loads, displacements occur in the shell along the “Z” axis—
deflections shown in Fig. 8. In the shell, forces Mx, My, Qx, Qy, Nx, Ny, and sx
appear. Isofields of stresses arising in plates are shown in Figs. 9, 10 and 11.

Fig. 5 General view of the shell with contoured edges (side view)

Fig. 4 General view of the shell with contoured edges (isometry)
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The Figure shows that the largest displacements occur in the central part of the
shell. The maximum allowable deflection of building structures of coatings, open
for review, with a span of more than 36 m, is 1/300 of a span. The graph of the
change in the deflection in the shell is shown in Fig. 12.

Fig. 6 Design model (Isometric)

Fig. 7 Design scheme (Top view)
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The deflection contour curves resemble slab deflection. In contrast to freely
supported slabs, the deflections arising in the gipar-coverings are significantly less
than the deflections arising in the slabs. The difference is about 40 times.

The voltage change from the Mx moments occurs in a similar way (Fig. 13).
The graph of the stress change from the normal force Nx is shown in Fig. 14.
FEM results must be carefully evaluated in light of experimental data and

general engineering considerations. To be more confident in the results of FEM
calculations, it is advisable to vary the model using a different number of elements
or alternative types of elements. For some types of elements, this task can be solved
by the program itself. The software package implements H- and P-methods of mesh
modification, which allow you to automatically obtain a given level of accuracy of
the results.

Table 1 Main characteristics of cross-sections

Name E (kN/m2) RO (kN/m3) EF (kN) q (kN/m)

Balk 35 � 70 35,990,405.50 24.52 8,817,649.00 6.01

Plate H 14 35,990,405.50 24.52 5,038,656.77 3.43

Element 310 8,172,173.19 76.98 8,172,173.19 4.97

Fig. 8 Isofields of displacements along the “Z” axis, mm

570 M. Lukin et al.



Fig. 9 Isofields of stresses in Мх, (kN * m)/m

Fig. 10 Isofields of stresses by Nx, kN/m2
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Fig. 11 Isofields of stresses according to Ny, kN/m2

Fig. 12 Graph of changes in the deflection in the shell

Fig. 13 Change in stresses from moments on Mx in the shell
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4 Conclusions

Based on the results of studies carried out to analyze the stress–strain state of
shallow shells of double Gaussian curvature by a numerical method, the following
conclusions can be drawn:

1. When the space is covered with a shallow shell of double curvature, the building
volume of the building is significantly reduced, which is economically beneficial
in comparison with domed and expanded structures. Gentle shells of double
Gaussian curvature save material consumption, in contrast to cylindrical shells,
by 25–30%.

2. The bearing capacity of a reinforced concrete pavement on a square plan of
80 � 80 m is provided with the following geometrical characteristics: shell
thickness 140 mm, cross-section of contour edges 700 (h) � 350 (b) mm; the
length and width of the half-spans of the shell are 40 � 40 m.

3. The strength of the shell is ensured with the following reinforcement: two
meshes made of B500 class reinforcement with a diameter of 10 mm with a cell
of 100 � 100 mm along the shell area, A500 class reinforcement with a
diameter of 25 mm with a pitch of 70 mm at a distance of 20 m from the shell
corner - at the corners of the gipar petals, twelve rods of class A500 with a
diameter of 28 mm in contour edges.

4. The non-displacement of the corners of the gipar is ensured by puffs from
bunches of double-lay reinforcing ropes of the LK-RO type of construction
6 � 36 (1 + 7 + 7/7 + 14) + 7 � 7 (1 + 6) in an amount of 24 pieces.

5. The deflection of the shell, which is 186 mm, is within the permissible value,
which is 267 mm with a span of 80 m.

6. The high efficiency of the calculation of shallow shells with the use of numerical
experimental studies in computational software systems has been proved.

Fig. 14 Graph of stress change from normal force Nx
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Reinforced Concrete Vertical Structures
Under a Gently Sloping Shell of Double
Curvature Under the Influence
of Progressive Collapse

Mikhail Lukin , Vladislav Martynov , Vladimir Rimshin ,
and Ivan Aleksiievets

Abstract The stress–strain state of reinforced concrete vertical structures under a
shallow shell of double curvature under the influence of progressive collapse is
numerically investigated. The studies were carried out on a shell built on the basis
of a four-lobed hyperbolic paraboloid with a plan size of 80.0 � 80.0 m, resting on
reinforced concrete pillars and walls. It has been experimentally proven that when a
column is removed from work, the adjacent walls, and not the columns, perceive
the greater force. Therefore, after calculating for progressive collapse, the rein-
forcement in the walls increased significantly. The forces in the adjacent walls
increased after the column was removed as a result of the redistribution of forces.
The efforts in the neighboring walls doubled, and the efforts in the columns took on
10 times more efforts. The high efficiency of the calculation by the finite element
method for evaluating the criteria of the bearing capacity of the shells up to their
destruction under the action of progressive collapse has been proved.

Keywords Reinforced concrete � Progressive collapse � Shell � Building

1 Introduction

In recent years, the question of the safety of buildings and structures from pro-
gressive collapse has been increasingly raised. First of all, there is a need for the
safety of the population [1–4]. The reasons for the collapse or decrease in the
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bearing capacity of the main bearing elements are various emergencies [5–9].
Destruction caused by anthropogenic causes has the greatest impact on structures.

Analyzing the experience of construction in recent years, it can be concluded
that the causes of collapses are most often not one mistake or a defect, but their
cumulative effect [10–16]. In this regard, a more thorough identification of gross
errors is required at the design stage, as well as during construction and installation
work for the fact of violation of the requirements of standards. The finished ele-
ments must also be inspected prior to the commissioning of the building.

In the 80–90s of the XX century, most emergency situations in buildings were
associated with the human factor, namely, deviation from regulatory documents and
design solutions during construction and installation work, inadequate quality of
building materials, as well as errors that occurred during design stage [17–24]. In
the 1980s, many significant accidents were associated with winter breakdowns. In
connection with the thawing of concrete in the joints of the structures, the building
was displaced from the design position, as a result of which the stability of the
structures was disturbed.

Statistics currently show that the situation has not improved. Most often,
multi-storey buildings are exposed to emergency impacts. According to world
statistics in the field of construction, accidents in high-rise reinforced concrete
buildings account for 10–20% of the total number of emergencies [25–31].

The main issue in the design is to ensure the safety in the operation of buildings
and structures. This is achieved by observing the structural integrity of buildings.
Security is handled in different ways, with different new options being developed
every year [32, 33]. This topic is relevant, because at present the calculations and
design solutions for emergency impacts are not perfect. The problem with the safety
of the lives of the population is constantly growing. In emergency situations, the
main task is to save the lives of people in buildings and structures. This can be
achieved by ensuring the structural safety of buildings and structures in the event of
progressive collapse. Therefore, this issue is relevant today.

The object of the study was monolithic reinforced concrete columns and walls
under a covering of a four-lobed hyperbolic paraboloid. The subject of the study
was to determine the theoretical and computational substantiation of the con-
structive solution of monolithic reinforced concrete columns and walls in a building
with a flat shell of double curvature for progressive collapse.

The aim of the study was to improve monolithic reinforced concrete columns
and walls, on which the flat shell of double curvature rests, with progressive
destruction, by scientifically substantiated provision of strength, stiffness and
operational characteristics.

At the same time, the tasks were set:

1. Select a physical model and create a mathematical model of monolithic rein-
forced concrete columns and walls for a gently sloping biconvex shell of double
curvature.
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2. To carry out numerical studies of the operation of a shallow shell of double
curvature with supports from monolithic walls and columns under the influence
of a progressive impact.

3. To assess the bearing capacity and deformability of the shell with supports from
reinforced concrete walls and columns.

4. To develop recommendations for improving the supports of a shallow shell of
double curvature under the influence of progressive collapse, aimed at reducing
material consumption and increasing their economic efficiency.

2 Methods

The design scheme is a hyperbolic paraboloid of negative curvature, resting on
reinforced concrete columns and walls, and a tightening is also arranged along the
inner contour. The design scheme in the Lira-CAD software package is made in the
form of plates and rods. Foundations were not included in this calculation [34–36].
The pinching of the foundations was assumed to be tough. The general view of the
design diagram of the building is shown in Fig. 1, the design diagram of the vertical
elements of the building is shown in Fig. 2.

The hyperbolic paraboloid is made of monolithic reinforced concrete of class
B40 concrete. The boom of lifting the shell is f = 10 m, the thickness of the slab is
t = 0.14 m. In terms of area, the shell is reinforced with meshes with a cell u �
u = 100 � 100 mm made of B500 class reinforcement with a diameter of 12 mm
with a cross-sectional area of one bar Asi = 1.313 cm2.

Corner reinforcement is accepted class A500 with a diameter of 14 mm, the
cross-sectional area of which is As1 = 1.539 cm2. The pitch of the corner

Fig. 1 General view of the design scheme of the building
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reinforcement bars is taken u1 = 0.07 m. From the shell corner to the last bar, the
reinforcement is located at a distance of 8 m. The ribs are reinforced with three bars
with a diameter of 20 mm of class A500, the cross-sectional area of which is
Asr = 9.41 cm2.

Columns-monolithic reinforced concrete made of concrete of class B40 with
longitudinal reinforcement of class A500 and transverse reinforcement of class
A500. Column sections are accepted 1000 � 1000 mm and 600 � 600 mm.
Walls-monolithic reinforced concrete, made of concrete of class B40 with longi-
tudinal reinforcement of class A500 and transverse reinforcement of class
A500. The width of the walls is 600 mm. Tightenings are taken from 24 reinforcing
steel bearing ropes of double lay type LK-RO of construction 6 � 36 (1 + 7 +
7/7 + 14) + 7 � 7 (1 + 6) (according to GOST 7675) with a diameter of 72 mm.

The considered frame of the building belongs to the increased level of respon-
sibility, since the building is unique. When determining the progressive collapse, it
is necessary to check the building for a special limiting state [37–39], namely by
removing one of the load-bearing structural elements. The zone of collapse of the
structure in a building with a span of 40.0 m in the building under consideration
and a step of reinforced concrete columns of 5.0 m along the contour of the shell
(Fig. 3), it is necessary to take into account the collapse or exclusion of the sup-
porting structure at the intersection of two adjacent steps.

Fig. 2 General view of the design diagram of the vertical elements of the building

Fig. 3 Cross section of a building
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To determine the stability of the building in case of progressive collapse, the
most dangerous calculation schemes of destruction are considered. The main task at
this stage of scientific work is to check the elements that are especially prone to
collapse. Situations that are not taken into account in the process of building design
are considered. In this case, the removal of the column is considered (Fig. 4). This
column and similar columns throughout the building are calculated to have the
greatest efforts.

Calculation of the stability of a building against progressive collapse is carried
out by checking for a special combination of loads and actions, which includes
permanent and temporary long-term loads, and also takes into account the expected
local destruction of individual load-bearing elements.

In accordance with the current design standards for reinforced concrete and steel
structures, the characteristics of materials in terms of strength and deformability in
the calculation are taken as normative.

When removing the load-bearing elements of a building, one or several at once,
the structural scheme of the building changes and, accordingly, the operation of the
elements that are adjacent to the removed element changes, i.e. adjoin the destroyed
structure, or are above it. This must be taken into account when assigning the
stiffness characteristics of elements and their links.

The static calculation of the secondary system should be performed as an elastic
system using certified software packages (SCAD, Lira, STARK-ES), taking into
account geometric and physical nonlinearity.

When calculating, taking into account the geometric and physical nonlinearity,
the stiffness of the sections of structural elements should be taken taking
into account the duration of the loads and the presence or absence of cracks.

Fig. 4 Location of the removed column on the 3D model
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The implementation of such a calculation is applicable only with respect to the
normal sections of bending elements in the zone with the maximum bending
moment, since it does not take into account the effect of the shear force.

The main advantage of SP LIRA in comparison with PC SCAD is the imple-
mentation of calculations taking into account the physical nonlinearity of the work
of the material. The nonlinear processor allows solving problems related to the
physical nonlinearity of the material within the framework of the nonlinear theory
of elasticity and in the elastoplastic formulation. The result of the calculation is the
forces, stresses and displacements at each of the stages of load application, patterns
of cracks in walls and slabs, places of formation of plastic hinges, information about
the elements that are destroyed in the first place. It is also possible to determine the
load at which the first structural element collapses and from it to judge the available
reserves in terms of bearing capacity.

The secondary structural system is an initial system with applied loads and
original characteristics, but with one vertical member excluded. To solve problems
of this type, it is possible to apply loading on a structure in the form of mathe-
matical modeling by setting steps, which are the life cycles of a building.

In the process of designing the protection of buildings and structures with
progressive destruction, structural unaffected elements are divided into two types
according to the stress state: without it and with its qualitative change.

3 Results and Discussions

In a linear calculation, when extracting the most loaded column, the efforts were
redistributed to the walls and columns adjacent to the given column. To simplify the
analysis of the results obtained, we will introduce our own designations for the
columns and walls, which were affected when calculating for progressive collapse
(Fig. 5).

The results of the forces of the columns and walls are presented in Table 1.

Fig. 5 Walls and columns, the characteristics of which have changed after the calculation
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For a visual representation of the change in the values of the forces Nmax in the
columns and walls, diagrams are presented (Figs. 6 and 7).

Table 2 shows the results of wall reinforcement. The reinforcement of the col-
umns remains the same.

As a result of calculating the frame of the building, no progressive collapse
occurs when the column is removed. This indicates that the stability of this site is
sufficient. After removing the column from the work, the efforts are redistributed to
the adjacent walls and columns.

FEM results must be carefully evaluated in light of experimental data and
general engineering considerations. To be more confident in the results of FEM
calculations, it is advisable to vary the model using a different number of elements
or alternative types of elements. For some types of elements, this task can be solved

Table 1 Comparison of the results of column forces

Item name Item number Nmax, before destruction Nmax, after destruction

Column 1 136 163

2 −45.5 −78

3 −14.6 −118

4 −329 Destroyed

5 −14.9 −118

6 −18 −77.8

7 127 162

Wall 1 −242 −245

2 −166 −155

3 −284 −681

4 −287 −681

5 −182 −154

6 −234 −244

Fig. 6 Diagram of the distribution of forces Nmax in the columns before and after the destruction
of the column
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by the program itself. The software package implements H- and P-methods of mesh
modification, which allow you to automatically obtain a given level of accuracy of
the results.

4 Conclusions

Based on the results of studies carried out to analyze the stress–strain state of
shallow shells of double Gaussian curvature with the supports of their reinforced
concrete walls and columns under the action of progressive collapse by the
numerical method, the following conclusions can be drawn:

1. The calculation for progressive collapse is best done through a nonlinear
dynamic setting. But such a calculation is quite complicated and needs a clear
statement and the strength of the impact. A slightly different approach is more
accessible—the calculation is also in a nonlinear formulation, but a static cal-
culation using the dynamic factor, which is equal to 1.1.

2. Based on the results of the reinforcement, it can be concluded that when the
column is removed from the work, the adjacent walls, and not the columns,
perceive the greater force. Therefore, after calculating for progressive collapse,
the reinforcement in the walls increased significantly.

Fig. 7 Diagram of the distribution of forces Nmax in the walls before and after the collapse of the
column

Table 2 Comparison of the results of wall reinforcement

Element Reinforcement, before failure Reinforcement, after failure

Extreme walls Ø18 at step 100 мм Ø20 at step 100 мм

Middle walls Ø22 at step 100 мм Ø32 at step 100 мм

Center walls Ø32 at step 100 мм Ø32 at step 100 мм
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3. The forces in the adjacent walls increased after the column was removed as a
result of the redistribution of forces. The efforts in the neighboring walls dou-
bled, and the efforts in the columns took on 10 times more efforts.

4. So, the adjacent walls perceived 284 and 287 tons before the removal of the
column and began to perceive 681 tons each. The forces in the adjacent columns
have also increased significantly. The columns received 14.6 and 14.9 tons
before removing the column and began to receive 118 tons each.

5. The high efficiency of calculating shallow shells with supports from columns
and walls for progressive collapse has been proved using numerical experi-
mental studies in computational software systems.
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