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Abstract The article describes the method of calculation of stone beams strength-
ened with side reinforced concrete plates. The method comprises an imaginative
dissection of a composite beam into stone and reinforced concrete parts and further
inspection of the conditions of strain compatibility in the place where both parts
of the combined structure are connected. The paper proves that it is not difficult
to determine the conditions of strain compatibility. It is shown that the degree of
a stone beam and reinforced concrete plates joint action depends on the quantity
and diameter of bonds, their location, as well as on the strength and deformability
characteristics of the stone beam and reinforced concrete plates. The article suggests
that local deformations in bonds are better determined using empirical formulas.
Using a stone beam strengthened with reinforced concrete plates as an example, the
authors proved the efficiency of such strengthening and analyzed the factors of joint
influence. The research suggests that in case of high bond stiffness, the composite
structure can be calculated as monolithic, keeping in mind the usage of two different
materials.

Keywords Composite beam · Bonds · Strain compatibility equations · Stone
elements · Reinforced concrete plate

T. Azizov · O. Melnyk
Pavlo Tychyna Uman State Pedagogical University, Sadova St., 2, Uman 20300, Ukraine

D. Kochkarev
National University of Water and Environment Engineering, Soborna St., 11, Rivne 33028,
Ukraine

T. Galinska (B)
National University «Yuri Kondratyuk Poltava Polytechnic», 24, Pershotravnevij Ave, Poltava,
Ukraine
e-mail: galinska@i.ua

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
V. Onyshchenko et al. (eds.),Proceedings of the 3rd International Conference on Building
Innovations, Lecture Notes in Civil Engineering 181,
https://doi.org/10.1007/978-3-030-85043-2_3

25

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-85043-2_3&domain=pdf
http://orcid.org/0000-0001-9621-9805
http://orcid.org/0000-0002-4525-7315
http://orcid.org/0000-0002-6138-2757
http://orcid.org/0000-0003-3220-4676
mailto:galinska@i.ua
https://doi.org/10.1007/978-3-030-85043-2_3


26 T. Azizov et al.

1 Introduction

Problem statement and research analysis. Scientific research [1–7] suggests different
ways to arrange clips for strengthening stone structures are proposed. Those are
single or double-sided clips that are attached to the wall, usually through clamps
or ruffs. All these structures are designed to strengthen stone structures against the
effect of compressive forces. It is known that the calculation of stone structures is
almost the same as the calculation of reinforced concrete structures. The calculation
of bent structures is analyzed by [7, 8]. Research by [9] presents the calculation
method which takes into account the nonlinear properties of concrete, Nevertheless
all those studies do not consider cases when the element section contains materials
with different characteristics, although it affects their stress-strain state.

Thus, research does not consider bent stone structures strengthened with side
reinforced concrete plates, as well as strengthening structures made of light concrete
blocks with reinforced concrete plates, including light concrete bent structures.

The possibility of using one-sided and two-sided reinforced concrete plates to
strengthen bent stone structures, including structures made of light concrete blocks,
is hindered by the lack of methods for calculating such structures. Both [10, 11]
suggest the method and algorithm for calculating the above-described combined
structures. However, those papers do not cover the issues of rigidity of anchors
connecting the stone and reinforced concrete parts of the composite construction.

2 Method for Calculating

In this regard, the purpose of this article is to develop a method for calculating bent
stone structures strengthened with side reinforced concrete plates.

Results and discussion. Consider a bendable element consisting of three layers (in
a vertical plane) connected by bonds at individual points. Moreover, the side plates
have the same thickness (Fig. 1). Due to the same thickness of the side plates, the
action of the composite design will be subject to a flat bend. Such a structure can be
calculated as one that is only affected by a bending load without torsion and oblique
bending.

For the calculation, as in [11], we mentally divide the composite structure into
two separate layers (two beams), layers 1 and 2 (Fig. 1). The first layer is the stone
part of the composite beam. The second layer is a plate that has twice the thickness
of each of the side plates.

Unknown vertical Si and horizontal Ti forces, where i is the number of the connec-
tion, will act in both the first and second cut-off layers (beams). These unknowns can
be determined by composing the equations of strain (displacements) compatibility
for layer 1 and layer 2 of the composite structure.

The components of the displacements will include:
Vertical displacements at the i point consist of the following components:
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Fig. 1 Diagram of a two-layer bendable element. 1—stone beam; 2—concrete plates; 3—bonds

Fig. 2 Diagram of forces in
bonds

1. from bending by external load;
2. from bending by vertical forces Si (Fig. 2);
3. from bending moments created by horizontal forces Ti. In this case, if the force

is above the neutral axis of the beam, the moment is positive. If it is lower, the
moment is negative (Fig. 2);

4. from local deformation at the point of application of the vertical force Si (bond
deformation and concrete crumpling under the bond).
Horizontal movements at the i point are made up of such components as (if the
point is above or below the neutral axis, then the displacements can be either
positive or negative):

5. from bending by external load;
6. from bending by vertical forces Si;
7. frombendingmoments created by horizontal forcesTi in theXOYplane (Fig. 2);
8. from compression (stretching) by Ti forces;
9. from local deformation at the point of application of the horizontal force Ti.

All the components of displacements, except for displacements according to
clauses 4 and 9, are determined by the known formulas for the resistance of materials
[12].
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Fig. 3 Diagram of
deformation of a reinforcing
bar under the action of a
transverse load 1—finite
elements of concrete (stone);
2—finite elements of a
reinforcing bar

Let us focus separately on displacements from local deformation. At first glance,
the most accurate solution to this problem seems to be by modeling with three-
dimensional finite elements using the well-known software Ansys, Abacus, Lira, etc.
However, a detailed analysis reveals almost insurmountable obstacles. The most
important of them is the correct modeling of the connection between the concrete
and the anchor when it is acting on a load perpendicular to its axis. The fact is that
when the anchor is working on a transverse load, one part of the concrete under the
metal rod is crushed, and the opposite part “moves away” from the concrete almost
without any resistance (Fig. 3).

In addition, it is known that the concrete in the contact zonewith the reinforcement
has mechanical characteristics that differ from the characteristics of the main part of
the reinforced concrete element.According toM.M.Kholmyansky [13],microcracks
are formed in the contact zone of reinforcing bars and concrete, which are difficult to
account for by calculation. The deformability and strength of the contact layer may
differ significantly from similar characteristics of the main concrete.

Modeling using one-way bonds (from the side of reinforcing bars separation from
concrete) is also not acceptable due to the above-mentioned properties of the contact
layer. The above facts are easily verified by experimental research.

In this regard, the displacements of the anchor from the transverse load should be
determined experimentally. The recommendations [14] provide a formula obtained
from processing experimental data, from which it is possible to determine the trans-
verse displacement of a reinforcing bar loaded with a load perpendicular to its axis:

aloc = 1000
Q2

d3
s E

2
c

+ Q

ds Ec
(1)
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where ds and Ec are, respectively, the diameter of a reinforcing bar and the modulus
of concrete deformations; Q is the force applied to the reinforcing bar in the direction
perpendicular to its axis.

The empirical formula (1) integrally takes into account all the facts of the complex
stress-strain state of the reinforcement-concrete system.

Equating the displacements vi and yi for the beam of the first layer (the stone
part) to the same displacements for the beam of the second layer, we get the equation
of strain compatibility at the i point of the structure. By composing such equations
for all n points of the composite beam, it is not difficult to obtain a system of 2*n
equations with 2*n unknowns T1…Tn, S1…Sn. The calculation algorithm based on
a system of equations for the compatibility of deformations allows for a detailed
analysis of the gain efficiency when varying different factors. At the same time, the
software (the authors wrote it in Pascal) is quite simple, but the effectiveness of
its use is high in terms of selecting the thickness of the reinforced concrete plate
required by the designer, the number and diameter of anchors connecting the cage
to the strengthened stone bending element.

After determining the unknowns, each of the two beams (stone and reinforced
concrete plate) is calculated as a statically definable structure, which is affected by
external forces and unknown forces T1…Tn, S1…Sn in bonds determined from the
solution of the system of compatibility equations.

The degree of compatibility of stone beams and side reinforced concrete plates
depends on the number of anchors, connecting the parts of the composite beams, posi-
tion of anchors, their diameter, and the mechanical characteristics of the stone part
and reinforced concrete plates. Let us conditionally call this degree of compatibility
“the gain coefficient”. This coefficient k is equivalent to the ratio of the maximum
bending moment in a non-strengthened stone beam from the action of an external
load to the maximum bending moment in the stone part of the strengthened beam. In
other words, if the calculation based on joint action shows that themaximum bending
momentMst acts in the stone part of the combined beam, and the maximum bending
moment in the beam from the external load is M, then the gain coefficient k will be
determined in the following way:

k = M/Mst > 1 (2)

It should be noted that when composing a system of equations for the strain
compatibility, the malleability from local deformation of the first layer (the stone
part) and the second layer (reinforced concrete plates) will be different.

The degree of influence of the bond stiffness on the operation of the composite
structure will be shown by an example. Let’s assume that there is a stone beam
consisting of D500 aerated concrete blocks. Beam width b1 = 200 mm, its height is
300 mm, the span is 3000 mm. Aerated concrete blocks are strengthened with side
reinforced concrete plates arranged symmetrically on both sides. We will vary the
thickness of reinforced concrete plates b2/2 (meaning that the total thickness of one
plate is equal to b2). Let the bonds be arranged in two horizontal rows, located at a
distance of 50 mm from the top and bottom of the axis of the composite beam. The
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Table 1 Results of the composite beam calculation

Variant b2 n Gain coefficient k when ds equals

3 6.5 10 14

1 10 2 1,5 1,61 1,64 1,65

2 10 3 1,8 1,93 1,96 1,97

3 10 5 1,79 1,87 1,88 1,88

4 20 2 1,75 2,04 2,11 2,15

5 20 3 2,4 2,9 3,01 3,06

6 20 5 2,44 2,73 2,78 2,8

7 40 2 2,0 2,59 2,79 2,89

8 40 3 3,24 4,93 5,47 5,74

9 40 5 3,45 4,45 4,68 4,77

bond beams are distributed symmetrically along the length of the beam, their number
n is variable. The diameter of bonds ds also varies. Let a uniformly distributed load
q= 10 kN/m act on the stone part of the beam. Table 1 shows the calculation results
of such a composite beam.

As can be seen from the table, the reinforcement efficiency is affected by the
diameter of the anchors ds, the thickness of the concrete plate b2, and the quantity of
anchors n. A significant increase in the anchor diameter has little effect on increasing
the gain coefficient. For example, with an anchor diameter of 14 and 10 mm, the gain
coefficients differ slightly. The difference in the gain coefficients for different anchor
diameters is greater the thicker the side reinforced concrete plate.

We can also conclude that for small spans, the most effective is a small number
of anchors connecting a stone beam with a reinforced concrete plate, which differs
from the requirements for the location of anchors when installing reinforced concrete
clips [5]. These tables also show that the reinforced concrete plate can significantly
strengthen the stone element (in the example given it is five or more times), which
indicates a fairly high efficiency of using such structures.

It should be noted that the results shown in Table 1 were obtained without taking
into account the crack formation in the composite beam and the nonlinear properties
of materials. Research on the nonlinear properties of the material of a clip and a
stone beam, as well as on their cracking can be performed iteratively, changing
the equivalent stiffness of the stone part and the reinforced concrete plate at each
iteration.

If the connections connecting the stone part and reinforced concrete plates are
malleable, then the zero point of the stress plot in the stone part and in the reinforced
concrete plates will be located at different distances in height (Fig. 4). In this case, it
is possible that the zero stress point in the stone element is higher than the zero stress
point in concrete and vice versa. The ratio depends on the degree of malleability of
anchors, deformability of the stone and reinforced concrete parts, and their reinforce-
ment. All these factors are easily determined by iterative calculation, when at each
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Fig. 4 Possible forms of stress plot in the compressed zone of the composite element. a)—The
zero point of stress in the stone element is higher than the zero point of stress in concrete; b)—Vice
versa. 1-stresses in the reinforced concrete plate; 2-stresses in the stone part

iteration, after determining the forces in the links, the stone and reinforced concrete
beams are considered separately.

As a result of the flexibility of bonds, in addition to the various locations of the
zero points of the stress plot, deflections of the stone part and reinforced concrete
plates are different as well. There is a shift of the stone part relative to the reinforced
concrete one. This factor is also easily determined using a computer-based calculation
software developed by a method based on the compilation of a system of equations
for the compatibility of deformations of two layers and the determination of unknown
forces in the bonds. This theoretical fact of displacement of the stone part relative to
the reinforced concrete plate has been empirically tested in [15–20].

If the stiffness of the anchors is high and local deformation can be ignored, then
the composite beam can be considered as a monolithic consisting of two different
materials in cross section. According to expression (1), the flexibility of the bonds
depends on the diameter of the bond and the modulus of deformations of the concrete
and stone part. The condition when the pliability of the bonds can be ignored is easily
obtained by varying the stiffness of the bonds according to the software developed
on the basis of the suggested methodology. The authors claim that the calculation of
the composite structure, which can be considered monolithic, should be carried out
using the method of calculated resistances of reinforced concrete [5], which is the
subject of further research.

3 Conclusions

The paper suggests a method for determining the forces in the bonds connecting two
parts of a composite structure, based on the compilation of conditions for the compat-
ibility of deformations at the location of the bonds. The degree of joint action of stone
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beams and reinforced concrete plates is dependent on the number and diameter of
bonds, their location and the strength and deformation characteristics of stone beams
and reinforced concrete plates. With a high stiffness of the bonds, the composite
structure can be calculated as a monolithic one, but taking into account the presence
of two different materials in the cross section.

Further research is needed to develop a method for calculating the composite
structure in the case when the malleability of anchors can be ignored, using the
method of calculated resistances of reinforced concrete.
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