Approximate Solution of Fredholm ®)
Integral and Integro-Differential Qe
Equations with Non-Separable Kernels

E. Providas

Abstract This chapter deals with the approximate solution of Fredholm integral
equations and a type of integro-differential equations having non-separable kernels,
as they appear in many applications. The procedure proposed consists of firstly
approximating the non-separable kernel by a finite partial sum of a power series
and then constructing the solution of the degenerate equation explicitly by a direct
matrix method. The method, which is easily programmable in a computer algebra
system, is explained and tested by solving several examples from the literature.

1 Introduction

Integral and integro-differential equations appear in many applications in sciences
and engineering. Integral equations have been studied extensively and there is today
accumulated knowledge which one can find in good treatises, see, for example,
[6, 10, 16]. Integro-differential equations are a less researched topic and usually
they occupy a separate chapter in integral equations text books [13, 15]. Integral
and Integro-differential equations are usually solved by numerical methods, see,
for example, the monograph [1]. Direct solution methods have also been used, as
it can be seen in the above-mentioned references, in the cases where the kernels
are degenerate. Recently, the author with his co-authors developed a direct matrix
method for solving exactly integro-differential equations with separable kernels [7—
9, 12]. However, in many engineering applications, such as nonlocal or gradient
elasticity [4, 5, 11, 14] and hydrodynamics [2], integral and integro-differential
equations emerge with non-separable kernels. The aim of this article is to propose a
procedure by which the non-separable kernel is approximated by a degenerate one
and then solving the integral or integro-differential equation explicitly by the direct
matrix method above.
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In Sect.2, we present a direct matrix method for obtaining in closed form the
unique solution of the Fredholm integral equation

b
Tu(x) =u(x) —/ K(x,s)u(s)ds = f(x), x €la,b], @))

a

where 7 : Cla,b] — Cla,b] is a linear operator, K(x,s) is a given kernel
function which is assumed to be continuous on the closed square Q(a,b) =
{(x,s) :a <x <b, a<s <b} and separable, f(x) € Cla,b] is an input free
function, and u(x) is the unknown function describing the response of the system
modeled by (1). Also, we propose a technique for establishing uniqueness and
constructing in closed form the solution of the Fredholm integro-differential
equation

b
Bu(x) = ;\\u(x) —/ K(x,s);\\u(s)ds = f(x), x €la,b],
D(B) = D(A), 2

where A : Cla, b] — Cl|a, b] is a bijective linear differential operator incorporating
initial or boundary conditions, and B : C[a, b] — C|a, b] is a linear operator with
D(B) = D(X). As an example of equations of this kind, we refer to the case of
modeling the Euler-Bernoulli beams using Eringen’s integral formulation [14].

In Sect. 3, we find approximate solutions to Fredholm integral equations with
non-separable kernel functions K (x, s). The approach we follow consists of repre-
senting K (x, s) as a power series at a point and replacing K (x, s) in the integral
equation by the partial sum K, (x, s) of the power series. The resulting degenerate
integral equation is then solved by the direct matrix method.

The same procedure is employed in Sect. 4 to acquire an approximate solution of
Fredholm integro-differential equations with non-separable kernels.

Finally, some conclusions regarding the efficiency of the method proposed are
quoted in Sect. 5.

2 Direct Matrix Methods

Let the integral equation (1) and assume that the kernel K (x, s) is a separable
function which has the specific form

K(x,5) =Y g(0)hi(s), x5 ¢€la,bl, 3)
k=1
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where gi(x), hi(s) € Cla, b]. Also, it is assumed without loss of generality that
the sets of the functions {gx(x)} and {hy(x)} are linearly independent; otherwise,
the number of functions should be lessened. Then the integral equation (1) becomes

n
Tu(x) = u(x) — ng(x) /ab hi(s)u(s)ds = f(x), x € [a,b]. “)
k=1
We introduce the vector of functions
g=(s1 8 ... &), &=g) €Clabl. k=12.....n, 5)
and the vector of linear bounded functionals
Dy (u)
D) (u) b
d(u) = : , Dr(n) = /a hp(sHyu(s)ds, k=1,2,...,n, (6)
<I>n.(u)
and write Eq. (4) as
Tu=u—g®)=f, )
where f = f(x), u = u(x) € Cla, b].

For the solution of (7), we state and prove the next theorem where use is made of
the notations

Qi(g1) Pi(g2) --- Pi(gn) @1(f)
() = %Fgl) ¢2F82) d)z('gn) ) = q’zFf) ’ ®
<I>nig1) <I>n&gz) <I>n&gn) <I>n'(f)
I,, is the n x n identity matrix and 0 the zero column vector. We note that
@(gN) = ®(g)N, )

where N is an n x m, m € N, constant matrix. Finally, it is recalled that a linear
operator P : Cla, b] — Cla, b] is said to be correct if P is bijective and its inverse
P~ ! is bounded on C[a, b].

Theorem 1 In Cla, b], let the vectors g and ® be defined as in (5) and (6),
respectively, and I : Cla, b] — Cla, b] be the linear operator

Tu=u—gd). (10)
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Then the operator I is bijective on C|a, b] if and only if
det W = det[I,, — ®(g)] # 0, 11)

and the unique solution of the integral equation Tu = f, for any f € Cla, b], is
given by the formula

u=I""f=f+gW o). (12)

The operator I is correct.
Proof
(i) LetdetW £ 0 and u € ker 7. Then,
Ju=u—-gdu) =0, (13)
and by acting by the vector ® on both sides of (13), we get
Qu—gb) =[I, - 2(@]Pu) =WPu) =0, 14
which implies that ® (u) = 0. Substitution into (13) yields 7u = u = 0, which
means that the ker 7 = {0} and hence the operator 7 is injective. Conversely,
we prove that if 7 is an injective operator then det W # 0, or equivalently, if
det W = 0, then 7 is not injective. Let det W = 0. Then there exists a nonzero
vector ¢ = col(cy, ..., cy) such that We = 0. Let the element ug = gc and
note that ug # 0; otherwise, ug = gc = 0 implies We = [I,, — ®(g)]c =
¢ — ®&(ge) = ¢ = 0. From Eq. (13), we get
Tup = ge — g(g)c = g[I, — P(g)lc =gWe=g0 =0, (15)

which means that ker 7 # 0 and so 7 is not injective.

By applying now the vector ® on Ju = f, we have
(I, — (@] Pw) = WP(u) = O(f). (16)
Since det W # 0 it follows that ® (1) = w-! @ (f) and hence
Tu=u—gW 'o(f) = . a7
from where formula (12) is obtained. Moreover, since the input function f €
Cla, b] is arbitrary, we have R(ZI) = C[a, b] which means that 7 is bijective.

Lastly, in (12) the functionals &y are bounded on C[a, b] and hence the operator
7! is bounded. Thus, if the operator 7 is bijective then it is correct. O
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Let now the mth order linear differential operator A : Cla, b] — Cla, b]:

am m—1

A () “+ S LI L (18)
U= day(x a’"demfl alxdx ap(x),

where the coefficients a;(x) € Cla,b], i = 0,...,m, a,(x) # 0, and A
Cla, b] — Cla, b] be a restriction of A on D(A) by spec1fy1ng initial or boundary
conditions. We assume that A is a bijective operator and that the inverse A
known. Further, let K (x, s) be degenerate as in (3), and the vectors g and ® be as
in (5) and (6), respectively. Then the Fredholm integro-differential equation (2) can
be put in the form

Bu = Au — g®(Au) = f, D(B) = D(A). (19)

The existence and uniqueness criteria and the solution of the integro-differential
equation (19) are provided by the following theorem.

Theo}t:em 2 Letthe restriction A : C [a, b] — Cla, b] be a bijective linear operator
and A~V its inverse, the vectors g and ® as in (5) and (6), respectively, and B :
Cla, b] — Cla, b] the linear operator

Bu = Au — g®(Au), D(B) = D(A). (20)
Then the following statements are true:
(i) The operator B is bijective on Cla, b] if and only if
det W = det[I,, — ®(g)] # 0, 21

and the unique solution to problem Bu = f, for any f € Cla, b], is given by
the formula

u=B'f=A"f+A lgW o). (22)

(ii) If in addition the inverse operator A~ is bounded on C [a, b], then the operator
B correct.

Proof
(i) Set Au = vy, y € Cla, b], and express Bu = f as
y—gd(y) =f. (23)

This is an integral equation of the type (7). From Theorem 1 follows that
Eq. (23) has a unique solution if and only if

detW = det[I,, — ®(g)] # 0, (24)
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and that its unique solution is given by
y=1[+gW o). (25)
Acting by the operator A~ on both sides of (25), we get
Ay =A""r+ A 'gWla(f). (26)
and hence
u=A'f+AlgW o), 27)

which is the solution formula (22). Furthermore, since f € C[a, b] is arbitrary,
we have R(B) = Cla, b] which means that B is bijective.
(i) Suppose that (21) is true and that the operator A~1is bounded on C [a, b]. Then
by (i) the operator B is bijective and the unique solution to Bu = f is given
by (22). Additionally, in (22) the operator A~! and the functionals O, ..., D,
are bounded on Cla, b] and hence the operator B! is bounded too. Therefore
the operator B is correct.
O

3 Approximate Solution of Integral Equations with
Non-Separable Kernels

Let the integral equation (1) and suppose the kernel function K (x,s) is non-
separable, but it can be represented as a power series in s at a point sg such that

K(x,s) =Y pr(x)(s —s0)*, (28)

k=0

where the functions py (x) are continuous functions. We truncate this series and take
the partial sum of the first n 4+ 1 terms, namely

n+1

Kn(x,5) =Y pro1(x)(s —s0)*". (29)

k=1

We replace the kernel K(x,s) in (1) by (29) to obtain the degenerate Fredholm
integral equation

n+1 b
Tyi(x) = a(0) =) pr-1(x) / (s—s0)'a(s)ds = f(x). x€la,bl.  (30)

k=1
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where 7, : Cla, b] — Cla, b] is a linear operator. Further, we define the vectors

g=1(g1 82 - gntr1) = (Po®) P1(®) ... pa(x)), 31)
and
D1 ()
Dy (1) b
(1) = ; , @k(ﬁ)=f (s —so) Vas)ds, k=1,2,....,n+1,
q>n+l(’2)
(32)

and write Eq. (30) in the compact form
Toi =u—gdu) = f. (33)

The solution & = 1, ' of (33) can be obtained by applying Theorem 1. This
solution is an approximate solution to (1) having a non-separable kernel K (x, s)
which was expressed as in (29).

An estimation of the error |u — #| can be found by using standard analysis
techniques [6, 16]. A similar procedure would have resulted if we had used a power
series in x or a double power series.

Example 1 Let us derive an approximate solution of the Fredholm integral equation
of the second kind

(34)

172 2.2 1
u(x) —/ e ulsyds = f(x), 0<x< X
0

forany f(x) € CI[O, %]. The kernel is non-separable and therefore we take its Taylor
series expansion in the variable s (or in x) about the point 0, viz.

1 1
K(x,s):e_xzszzl—x2s2+§x s —gx s

=0 k!
By taking the partial sum
K,(x,s) = ril ﬂx%k—l)sz(k—l)
" k—1)! :

k=1
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and placing it in (34), we get the companion equation

n+1 (_1)1{—1 2(k 1) ]/2 2(k 1) 1
M(X)—];mx /(; S M(S)ds :f(x), OSX < 5 (35)
We define the vectors
g= (210 £ ... gn0) = (1 22 .. Gr),
and
@1 (i(s)) 191;2 ii(s)ds
) D, (i (s)) Jo' " s%i(s)ds
@ (ii(s)) = . =" " :
P 12 -
Dy (u(s)) Jo!~s*i(s)ds
and write (35) as
Tyu(x) = u(x) — gx)Pu(s)) = f(x). (36)
Then, we construct the matrix
[ ®1(g1(5)) D1(ga(s)) - DPr(gn+1(5)
Dy (g1(s)) Dr(ga(s)) -+ DP2(gn+1(5)
(@) = : : . :
L Prt1(81(8))  Ppt1(g2(s)) -+ Puyi1(gn+1(s))
[ o) B e b (ST
| e ey (S
| Puii(D) Dpir(=sD) o Dy (S7)
[P ds —rgg o SN2 g
f01/2 $2ds _ f01/2 $4ds o (—nl!)” f01/2 2+ g g
_.[()1/2 gy — f01/2 2D ge L (_nll)” f()]/z s

and thus the matrix
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W=1Iu1 — O(g.

If det W # 0, then Eq. (36) has exactly one solution. To obtain the solution, we put
up the vector

®1(f) 101; ? f(s)ds
o) = <I>2:(f) | A S2:f(S)ds |
Put1(f) Jo? 52 f(s)ds

and by Theorem 1 compute
i=f+gW o).

Let f(x) = 1 [10]. Then forn = 2,n = 4, and n = 6, we have

1
Ky(x,s) =1 —x2s> + §x4s4,
Ki(x,s) =1— x2s? + l)c4s4 — l)c6s6 + i)cgs8
’ 2 6 24 ’
Ke(x.s) = 1 — x2s% + lx4s4 _ lxﬁs6+ ixsss _ waslo_’_ anslz
’ 6 24 120 720 ’

and the approximate solutions

i = 1.993199 — 0.082541x% + 0.006183x*,
s = 1.993198 — 0.082541x% + 0.006183x* — 0.000368x° + 0.000018x8,
iie = 1.993198 — 0.082541x% + 0.006183x* — 0.000368x° + 0.000018x®
—7.309486 x 107 7x'0 4+ 2.576526 x 107 8x!2,
respectively, where all coefficients have been rounded up to six decimal digits. The

results are in very good agreement with those obtained in [10] where the same
problem has been solved for n = 2.

Example 2 Consider the inhomogeneous Fredholm integral equation

1
u(x) — %/_1 sin (”%)u(s)ds = fx), —l<x<l, 37)

where f(x) € C[—1, 1]. The kernel is non-separable, but it can be represented in
Taylor series in x (or in s) about the point 0, namely
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TsX TsX 7'[353)63 JTSSSXS

K(x,s):sin<7)=7_ 48 + 3840

0 2k+1 2k+1 . 2k+1
G
P 22Kk + 1)1

After replacing K (x, s) in (37) with the partial sum

n+tl 2%k—1 2k—1,.2k—1
T S X
K s = —1 k_l—’
n(: ) kz_l( S NPT
we get the auxiliary equation
s - 7 2k=1,2k—1 1 -
M(X)_E E (=D m/ s ﬁ(S)dSZf(X), -1 <x<l.
-/

k=1
(38)
We set up the vectors

1 3,3 241 2041
g= (310 20 . @) =3 (5 - . D' Frgay ).

and
@1 (@(s)) L sii(s)ds
sy = | FEO || S |
<I>n+1.(ﬁ(s)) I s2"+.1ﬁ(s)ds
and write (38) as
Thu(x) = u(x) — g(x)P(s)) = f(x). (39)
Then, we form the matrix
Di(g1(s))  Pi(g2(s)) -+ Pi(gnt1(5)

Do(g1(s))  Da(ga(s)) -+ Doa(gn+1(5))
D(g) = } . . }

@p1(81(5)) Pry1(82(5)) -+ Puy1(8n+1(5))
and compute the matrix

W=1I,41 - 2(g.



An Approximate Solution of Fredholm Integral and Integro-Differential Equations 703

If det W # 0, then Eq. (39) admits exactly one solution. By setting up the vector

®y(f)

®1(f)
o(fH=|
q)nJrl (f)
we can determine the solution from Theorem 1, which is

i=f+gW o).

Let f(x) = x3 [16], which is continuous in [—1, 1]. Then, forn = 2, n = 4, and
n = 6, we get

K ( )_ TSX 7T353X3 + JTSSSXS
2= 48 3840
7T7S7.x7 7'[9S9x9
Ka(x.s) = Ka(x, s) — ,
400 9) = Kalx, ) = 22120 + 185794560
n']ls”x” 7T]3S13.X13

Ke(x.s) = Ka(x, s) — ,
6(x:$) = Kalx.$) = 21729606400  51011754393600

and the approximate solutions

fia(x) = 0.565621x + 0.847692x> + 0.014047x°,
ii4(x) = 0.565421x + 0.847751x> 4 0.014042x° — 0.000660x’ + 0.000019x°,
fig(x) = 0.565421x 4 0.847751x3 + 0.014042x° — 0.000660x’ + 0.000019x°
—3.627733 x 107 7x"! +5.024528 x 107°x "3,
respectively, where the coefficients have been rounded up to six decimal places.
The same problem is solved in [16] for n = 2 using other techniques such as the

resolvent kernel, Simpson’s rule, or Gaussian quadrature. The results obtained here
for n = 2 are identical with those reported in [16] with six decimal digits.

4 Approximate Solution of Integro-Differential Equations
with Non-Separable Kernels

Let the integro-differential equation (2) with a kernel function K (x, s) which is
non-separable, but it can be expanded in a power series in x at a point xg

K(x,8) =) hi(s)(x — x0)t, (40)

k=0
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where the functions /4 (s) are continuous functions. We consider the partial sum of
the first n 4+ 1 terms

n+1

Kn(x,5) =Y hio1(s)(x — x0)* ", (41)

k=1

and place it in (2) instead of K (x, s). As a result, we obtain the degenerate Fredholm
integro-differential equation

n+1 b
Buii(x) = Aii(x) — Y _(x — x0)* ! / hi—1()Adi(s)ds = f(x), x € [a,bl,
k=1 a

(42)
where B,, : Cla, b] — Cla, b] is a linear operator with D(B,,) = D(A). Define the
vectors

g=(g1 g2...gn+1)=(1x—xo...(x—xo)”), 43)
and
@1 (Ail)
~ @, (Au) ~ b ~
d(An) = . , ©r(An) = / hi—1(s)Au(s)ds, k=1,2,...,n+1,
. a
D41 (Ail)
44
and formulate Eq. (42) as
Byii = Aii — g (Ai) = f. (45)
By using Theorem 2, we can compute the solution # = B, ! f of (45), which

is an approximate solution of Eq.(2) having the non-separable kernel K (x, s)
approximated by (41).

As before, an evaluation of the error |u — u| can be found by using standard
analysis techniques [6, 16]. A similar procedure results if one uses a power series in
s or a double power series.

Example 3 Consider the Fredholm integro-differential equation
1
u' (x) —/ eu'(s)ds = f(x), 0<x<1, u@) =1, (46)
0

for an input function f(x) € CJO0, 1]. By means of v(x) = u(x) — 1, we can
transform this equation to the following one with a homogeneous condition
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1
v (x) —/ ev'(s)ds = f(x), 0<x<1, v(0)=0. 47)
0

The kernel is non-separable, but it can be represented as Taylor series in x (or in )
about 0 as
XS 1 2.2 1 3
K(x,s) =¢e" = 1+sx+§s X +8S X4
>, skxk
Z k-

k=0

Let the partial sum

n+l k=1 k=1
K,(x,s)= E _
]

= (k—1)!

which when is placed in (47) instead of K (x, s) yields the auxiliary equation

n+1

1 k—1
v (x) — ];xk_ljo (ks_ 1)!ﬁ/(s)ds =f(x), 0<x<l1. 48)

Take the operator A: C[0,1] — CJ[0, 1] to be
Av(x) = 7' (x), D(A) = {d(x) € C'[0,1]: 5(0) = 0},

which is bijective and its inverse is

Z_lf(x) = / f(s)ds, f(x)eC[O0,1].
0
Set up the vectors

g=(g1(0) 200 ... g1 (@) =(1x ... x"),

and

-~

®; (Ad(s)) Jy Av(s)ds

R @y (Ad(s)) fis  Av(s)ds
®(Ai(s)) = _ = _ :

Op1 (AD(5) S Ao(s)ds
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and write (48) as

Form the matrix

d(g) =

and then the matrix

AD(x) — g(x)D(A(s)) = f(x).

[ Di(gi(s))  Pi(ga(s) -+ Pr(gut1(s)
Dr(g1(s))  Da(ga(s)) -+ DPalgns1(s))

L Pnt1(81(5)) Pny1(82(8)) -+ Pny1(8n+1(5))

[ @) Pi(s) - Di(s™)
Dr(1) Da(s) - Da(s™)

L Ppy1(1) Ppyr(s) --- (Dn+1(sn)

W =TIy — (g

E. Providas

(49)

If detW # 0, then Eq. (49) has exactly one solution. To obtain the solution, we

construct the vector

o (f) Jo F@)ds
@ (f) Jo  sfs)ds

®(f) = o= , ,

D1 (f) Jo S f(s)ds

and by Theorem 2 compute

i=A'f+A "gW'o(f) andthen ii=7D+ 1.

Let

. l_ex—H
fx)=e +—+1 , 0<x<1,
X

as in a comparable problem in [3]. Then Eq. (46) admits the exact solution u(x) =
e*. We take Taylor series expansions for both K (x, s) and f(x) in x around 0. For

n = 2, we have
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1,, (e — 3)x2
Kz(x,s)=l+sx+§sx, fz(x)=2—e—T,

and analogous expressions for n = 4 and n = 8. The corresponding solutions are as
follows

iin = 1.0 + 1.184093x 4 0.542764x> + 0.175518x>,
ity = 1.0 + 1.005793x 4 0.501306x2 + 0.166926x> + 0.041710x* 4 0.008340x°,
iig = 1.0 + 1.000001x 4 0.500000x> + 0.166667x> + 0.0416667x*

40.008333x> + 0.001389x° + 0.000198x” + 0.000025x% + 0.000003x°,

respectively, where all coefficients have been rounded up to six decimal digits. The
results are of high accuracy and agree with the exact solution u(x) = e*.

5 Conclusions

An efficient matrix procedure for solving Fredholm integral and integro-differential
equations has been presented. The procedure involves the approximation of the
non-separable kernel by a degenerate one, such as the partial sum of a power
series, and the application of a direct matrix method to obtain the solution. We
have programmed the method into Maxima computer algebra system and solved
several example problems. In all cases the results obtained are of very high accuracy.
The novelty and the main advantage of the method is the management of the
computations involved and that it can be repeated many times with easiness and
a large number of terms of the series.
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