Chapter 1 ®)
Introduction to Bayesian Statistical oo
Inference

Georgios P. Karagiannis

Abstract We present basic concepts of Bayesian statistical inference. We briefly
introduce the Bayesian paradigm. We present the conjugate priors; a computational
convenient way to quantify prior information for tractable Bayesian statistical anal-
ysis. We present tools for parametric and predictive inference, and particularly the
design of point estimators, credible sets, and hypothesis tests. These concepts are
presented in running examples. Supplementary material is available from GitHub.

1.1 Introduction

Statistics mainly aim at addressing two major things. First, we wish to learn or
draw conclusions about an unknown quantity, § € ® called ‘the parameter’, which
cannot be directly measured or observed, by measuring or observing a sequence of
other quantities called ‘observations (or data, or samples)’ xy., := (X, ..., X,) € X"
whose generating mechanism is (or can be considered as) stochastically dependent
on the quantity of interest 8 though a probabilistic model x;., ~ f(-|0). This is an
inverse problem since we wish to study the cause 6 by knowing its effect x;.,,. We will
refer to this as parametric inference. Second, we wish to learn the possible values of
a future sequence of observations y;.,, € X™ given x.,. This is a forward problem,
and we will call it predictive inference. Here, we present how both inferences can be
addressed in the Bayesian paradigm.'

Consider a sequence of observables x;., := (x1, ..., x,) generated from a sam-
pling distribution f(-|0) labeled by the unknown parameter 8 € ®. The statistical
model m consists of the observations x;.,, and their sampling distribution f(-|6) ;
m=(f(10); 6 € ©).
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Unlike in Frequentist statistics, in Bayesian statistics unknown/uncertain parame-
ters are treated as random quantities and hence follow probability distributions. This
is justified by adopting the subjective interpretation of probability [4], as the degree
of the researcher’s believe about the uncertain parameter 6. Central to the Bayesian
paradigm is the specification of the so-called prior distributions dr (6) on the uncer-
tain parameters 6 representing the degree of believe (or state of uncertainty) of the
researcher about the parameter. Different researchers may specify different prior
probabilities, as this is in accordance to the subjective nature of the probability. The
specification of the prior is discussed in Sect. 1.2.

The Bayesian model consists of the statistical model f(x.,|0) containing the
information about 6 available from the observed data x;.,, and the prior distribution
7 (0) reflecting the researcher’s believe about 6 before the data collection. Itis denoted
as

X1l ~ f(:10)

(f(X15n|0),7T(9)) or as {9 ~ 7-[()

Bayesian parametric inference relies on the posterior distribution 77 (6|x1.,) whose
density or mass function (PDF or PMF) is calculated by using the Bayes theorem

f(X1;n|0)7T(9)
f@ S (x1:10)7(d9)

T@)x1:0) = (1.1)

as a tool to invert the conditioning from xi.,|6 to €|xy.,. Posterior distribution (1.1)
quantifies the researcher’s degree of believe after taking into account the observations.
By using subjective probability arguments, we can see interpret (1.1) as a mechanism
that updates the researcher’s degree of believe from the prior 77 (6) to the posterior
7 (6]x1.,) in the light of the observations collected.

Bayesian predictive inference about a future observation y, can be addressed
based on the predictive distribution defined as

POyIx1n) = /Of(yIG)ﬂ(dGIM:n) = Ex (fO10)]x10). (1.2)

Essentially, it is the expected value of the sampling distribution averaging out
the uncertain parameter 6 with respect to its posterior distribution reflecting the
researcher’s degree of believe.

Although the posterior and predictive distributions quantify the researcher’s
knowledge, they are not enough to give a solid answer about the quantity to be
learned. In what follows we discuss important concepts based on decision theory
which are used for Bayesian inference.
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1.2 Specification of the Prior

Prior distribution 7 (6) needs to reflect the researcher’s degree of believe about the
uncertain parameter 6 € ©. Sophisticated prior distributions often lead to ineluctable
posterior or predictive probabilities, and hence Bayesian analysis. Following, we
present a computationally convenient class of priors applicable to several scenarios.

1.2.1 Conjugate Priors

Conjugate priors is a mathematically convenient way to specify the prior model in
certain cases. They facilitate the tractable implementation of the Bayesian statistical
analysis, by leading to computationally tractable posterior distributions.

Formally, if ¥ = {f(:]0); VO € ®} is a class of parametric models (sampling
distributions), and P = {m(6|1); Y1} is a class of prior distributions for 6, then the
class P is conjugate for ¥ if

7(0]x1,) € P, VF(|0) € Fand7n(-) € P.

It is straightforward to specify a conjugate prior when the sampling distribution
is member of the exponential family. Consider observation x; generated from a sam-
pling distribution in the exponential family

510 P Efu, g, b, ¢, 0,0); i=1,....n

with density Efy(x|u, g, h, ¢,0,c) = u(x)g(@)exp(zl;z1 cip; (@) r_ hj(x)))
and g(0) = l/f u(x) exp(zl;z1 cjo; (9)(2:;1 hj(x)))dx. The likelihood function
is equal to

n

k n
FOral0) = [Tuxg®) exp(Y " cijd; ) hjxi)). (1.3)

i=1 j=1 i=1

The conjugate prior, corresponding to likelihood (1.3), admits density of the form

1 k
m(@|7) = mg(@)m exp(Y_c;0;(O)7)) (1.4)
j=1

where 7 = (19, ..., 7¢) is such that K(r) = f(.) g™ exp(zl;=1 ci¢;(0)T;)do <
00. The resulting posterior of 6 has the form
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k
1 "
7Ol ©) = s 8O exp(;1 ci$;(O)T))
with ©* = (75, ', ..., ), ©f = 0 +n, and T} = Yo hi(xi)+1; for j=1,

k.
It is easy to see that (1.4) is conjugate to (1.3) as the posterior can be re-written
as w(0]x1:0, T) = JT(9|T*) where T* =1 + ty(X1.0), and 1, (x1,,) = (n, Z;1=1 hi(x;),
ooys > hi(x;)). You can check the demo in.

Example: Bernoulli model (Cont.)

Consider observations x;., = (x, ..., x,) € R" generated from a Bernoulli distri-
bution with success rate 6 € [0, 1]; i.e., x;|60 ~ Br(0),i = 1, ..., n. Interest lies in
specifying a conjugate prior for 6.

The sampling distribution is member of the exponential family, with u(x) = 1,
g@=0-=0),ci=1,¢:(0) = log(%), hi(x) = x, because

0
1-6

f(x|6) = Br(x|0) = 6°(1 — )"~ = (1 — 0) exp(log( )x).

The corresponding conjugate prior has PDF such as

7(0]7) o (1= 6)" expllog(-—)m) = 67+ (1 —g) ="+,

1-6
where we recognize Beta distribution 7w (6|t) = Be(f|a, b), witha =1+ 1, b =
79 — 71 + 1. Therefore, the posterior distribution is

7O 131 ©) = w0170 + 1, T+ Y h(x)) o §EFEEIT(L — gyl

i=1

which is Be(0|a*, b*), with a* = a + nx, and b* = b + n — nx.

1.3 Point Estimation

Often interest lies in learning the ‘true’ value of the unknown parameter 6 € ®, or the
future values of a future sequence of observations yi., € X™; this is performed via
the Bayesian point estimator. Here, we demonstrate the theory of the Bayesian point
estimator in parametric inference, and leave the extension to the predictive inference
to the reader.

2 Web-applet: https://georgios-stats- 1.shinyapps.io/demo_conjugatepriors/.


https://georgios-stats-1.shinyapps.io/demo_conjugatepriors/

1 Introduction to Bayesian Statistical Inference 5

Bayes (parametric) point estimator of 6 € ® with respect to the loss function
£(6, §) and the posterior distribution 7 (6]x1.,) is an Bayes rule 7 which minimizes
Jo 000, 8)7(d0]x1,): i,

8" (x1:0) = arg min B (£(9, 8)|x1.0) = arg min /@ €0, 8)m(dd|x1n).  (L.5)

Often the accuracy of the Bayes point estimator is represented by its standard error.
A commonly accepted metric for the standard error of the j-th dimension of the

estimator &7 is
SCx (5/ |x1:) = vV MSE, (81 [x1:0)

where MSE; (§1x1.,) = [Ex ((9 —6)(0 — 5)T|x1:n)]j,j is the mean squared error of
;.

A number of standard Bayesian point estimates, under different loss functions,
are location summary statistics of the posterior distribution (mean, median, mode,
quantiles, etc.) You can check the demo in.?

The Bayesian estimate of 6 with respect to the linear loss £(0,8) = ¢, (6 —
0)1p<5(8) 4 c2(0 — 8)1jg<s)c(8) is the Cl:fcz -th posterior quantile; i.e., 7 (6 € (—oo0,
S(x1:)|xX1:m) = LI‘TZQ The linear loss function essentially allows the adjustment of
the penalty between over-estimating and under-estimating 6, by adjusting c;and c;.
In particular, for ¢; = c,, we get the absolute loss £(6, §) = |6 — §| and the posterior
estimator is the posterior median

8(x1:n) = medianﬂ(9|x1:n)~ (16)

The absolute loss is more appropriate when over-estimation and under-estimation
are of the same concern (as penalized the same).
The Bayes estimate 67 (x;.,) of 6 with respect to the quadratic loss function
£6,8) = (0 —8)?*is
8n(x1:n) = En(9|x1:n)- (17)

The posterior mean of 6 as an estimator of 6 essentially minimizes the estimator error
sey (8]x1.,), which is equal to the posterior standard error. Obviously, the standard
error of the estimator (1.7) is equal to the posterior standard error. Compared to the
absolute loss, the quadratic loss aims at over-penalizing large but unlikely errors. In
fact, quadratic loss aims at minimizing the standard error se, (§|x.,).

Finally, the Bayesian estimate of 6 with respect to the zero-one loss £(6, §) =
1 — 15,5 (0) is the posterior mode

8(xl:n) = mOden(9|x1:n) (18)

ase — 0.

3 Web-applet: https://georgios-stats- 1.shinyapps.io/demo_PointEstimation/.
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Example: Bernoulli model (Cont.)

Interest lies in calculating the Bayesian point estimator under the absolute loss
function. This is the Maximum A posteriori Estimator (the posterior mode). It is

log(w(f]x1:1)) x (nx +a — 1)log(®) + (n —nx + b — 1) log(1l — 6).

Fora > 0,b > 0, % log (7w (8x1:4)) | p=s(x) = O implies §(x) = % Note that
(a)ifa— 1, b — 1 (aka w(0|a, b) x 1), then §" (x) = x similar to frequentists

stats; (b.) if a — 0, b — 0 (aka 7 (8]a, b) x 0~ (1 —0)~"), then §(x) = "n’?:zl; if
a—1/2,b— 1/2(akan(Bla, b) x 6~/2(1 — 0)~1/2), then §(x) = =12 ifn —

n—1 2
o0,a > 0,b > 0,then §(x) = x.

1.4 Credible Sets

Instead of just reporting parametric (or predictive) point estimates for 6 (or y;.,), it
is often desirable and more useful to report a subset of values C, € ® (or C, € X™)
where the posterior (or predictive) probability that 8 € C, (or y;.,, € C,) is equal to
a certain value a reflecting one’s degree of believe.

The definition below describes the credible set [1, 5].

Definition 1.1 (Posterior Credible Set) A set C, C © such that

(0 € Cylx1) Z/ w(d0|x1,) = 1—a

a

is called ‘100(1 — a)%’ posterior credible set for 6, with respect to the posterior
distribution 7 (df|x;.,).

In contrast to the frequentist stats, in Bayesian stats we can speak meaningfully of
the probability that 6 is in C,, because probability 1 — a reflects one’s degree of
believe that 6 € C,.

Among all the credible sets C, in Definition 1.1, we are often interested in those
that have the minimum volume. It can be proved [2] that the highest probability
density (HPD) sets have this property. HPD consider those values of 6 corresponding
to the highest posterior pdf/pmf (aka the most likely values of ).

Definition 1.2 (Posterior highest probability density (HPD) set) The 100(1 — a)%
highest probability density set for & € ® with respect to the posterior distribution
7 (6]x1.,) is the subset C, of ® of the form

C,= {9 €0: 7T(0|X1;n) = ku} (19)

where k, is the largest constant such that
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70 € Culxiy) > 1 —a. (1.10)

From the decision theory perspective, HPD set C, is the Bayes estimate of C, the
credible interval under the loss function £(C,, ) = k|C,| — 1¢,(6), for k > 0 which
penalizes sets with larger volumes. The proof is available in [2].

Example: Multivariate Normal model

Consider observations xy, . . ., x, independently drawn from a g-dimensional normal
N, (p, £) with unknown u € R?, g > 1, and known X, 1, Xo. Assume prior p ~
N, (1o, Zo). Interest lies in calculating the C, parametric HPD credible interval for

W
The posterior PDF of y is

(e lx1m) ¢ f Gernlp)m () = [ [ Ng (il e, )N (lseo, Zo)
i=1
1 R A R oA
X exp(_i(ﬂ - /‘Ln)TEn 1(,“4 - Mn)) X Nq (M|Mny 2:n)

where =, = nX 7' + 20—1)—1, and i, = EA),,(nE_IJE + Z()_luo). So wl|xp, ~ Ny

(B, Bn).
From Definition 1.2, the credible set has the form

Ca = {M € RY : 77:(:“/|xl:n) > ka}
={neR: (n—a)"E (= i) < —log2m det(S,))k, = ko)

where k, is the greatest value satisfying
an(ﬂ,,,i,,)(M € Cylxip) > 1—a<—=

T (= ) 5 (= ) < ko) = 1 —a. (1.11)

Here, (1 — )" 57 (w — i) ~ x; as a sum of squares of independent standard
normal random variables, and hence lza isthe 1 — a-th quantile of the x qz distribution;
ie., k, = qu,lfa. Therefore, C, parametric HPD credible set for u is

Co=1{neR": (u— )" S (=) < x01_a)
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Fig. 1.1 Schematic of 1D HPD set

In real applications, the calculation of the credible interval might be intractable,
due to the inversion in (1.9) or integration in (1.10). Below, we present a Naive
algorithm [1] that can be implemented in a computer.*

e Create a routine which computes all solutions 0* to the equation 7 (0 |x;.,) = kg,
for a given k,. Typically, C, = {6 € ® : m(0|x1.,) > k,} can be constructed from
those solutions.

e Create a routine which computes 7 (6 € C,|x1.,) = fGeCa w(0]x1.,)dO

e Numerically solve the equation 7 (6 € C,|x;.,) = 1 — a as k, varies.

Figure 1.1 demonstrates the above procedure in 1D unimodal and tri-modal cases.
Specifically, the red horizontal bar denotes k, moves upwards, and intersects the
density at locations which are the potential boundaries of C,. The bar stops to move
when the total density above regions of the parametric space is equal to 1 — «. The
HPD credible set results as the union of these sub-regions. You can check the demo
in?

Theorem 1.1 suggests a computationally convenient way to calculate HPD cred-
ible intervals in 1D, and unimodal cases. The proof is available in [3].

Theorem 1.1 Let 6 follows a distribution with unimodal density 7w(0|xy.,,). If the
interval C, = [L, U] satisfies

L [l n@1x1,)d0 =1 —a,
2. n(U) =n(L) > 0, and
3. Bnode € (L, U), where Opyoq4e is the mode of w(0|x1.,),

then interval C, = [L, U] is the HPD interval of 6 with respect to w(0|x1.).

4 Web-applet: https:/georgios-stats- 1 .shinyapps.io/demo_crediblesets/.
3> Web-applet: https:/georgios-stats- 1 .shinyapps.io/demo_crediblesets/.
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Example: Bernoulli model (Cont.)

Interest lies in calculating the 2-sides 95% HPD interval for 6, given a sample with
n = 30, and 2,321 x; = 15, and prior hyper-parameters a = b = 2.

The posterior distribution of 6 is Be(a + nx = 17, b +n — nx = 17), which is
1D and unimodal; hence we use Theorem 1.1. It is

U
l—a= / Be(9|17, 17)d0 = Be(@ < U|17,17) — Be(p < L|17,17).
L

Note that Beta PDF is symmetric around 0.5 when a* = b*, and so is here where
Be(17, 17). Then,

1—a=Be® <U|17,17) — (1 — Be(® < U[17,17)) = 2Be(® < U[17,17) — 1

soBe(® < U|17,17) =1—a/2and L =1 — U. For a = 0.95, the 95% posterior
credible interval for 8 is [L, U] = [0.36, 0.64].

Remark 1.1 Predictive credible sets for a future sequence of observations yy.,, are
defined and constructed as parametric ones by replacing 6 with y;.,, and 7 (x;.,|6)
with p(y1.,|x1:,) in Definitions 1.1 and 1.2, and their consequences in this section.
It is left as an Exercise.

1.5 Hypothesis Test

Often there is interest in reducing the overall parametric space ® (aka the set of
possible values of that the uncertain parameter 6 can take) to a smaller subset. For
instance; whether the proportion of Brexiters is larger than 0.5 (p > 0.5) or not
(p =0.5).

Such a decision can be formulated as a hypothesis test [1], namely the decision
procedure of choosing between two non-overlapping hypotheses

HQZ@G@Q \A H1:96®1 (]12)

where {®y, ©,} partitions the space ®. Typically, hypotheses, {Hy}, are categorized
in three categories. Single hypothesis for 6 is called the hypothesis where ® ; = {6;}
contains a single element. Composite hypothesis for 8 is called the hypothesis where
®; € O contains many elements. General alternative hypothesis for 6 is called the
composite hypothesis where ®; = ® — {6y} when it is compared against a single
hypothesis Hy : 8 = 6. It is denoted as H; : 6 # 6.

Based on the partitioning implied by (1.12), the overall prior 7 can be expressed

asw(0) = mo x me(0) + 1 x 7w (0) where m; = fG)k 7(d0), and 1 (8) = ”ff)i;"zﬁf)).
Dk
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Here, 7y, and m; describe the prior probabilities on Hy and Hj, respectively, while
1o(0) and m;(0) describe how the prior mass is spread out over the hypotheses H
and H,, respectively.

We could see the hypothesis testing (1.12) as parametric point inference about the

indicator function

0 ,0e®
1@,(9)={l ee@? (1.13)

To estimate (1.13), a reasonable loss function £(6, §) would be the ¢; — ¢ loss

function
0 ,if0e®y §=0

£6. 8 — 0 ,if0¢®s=1
" |en L if0 ¢ 0, 85=0
ca Life®,s=1

(1.14)

where ¢ > 0 and cjy > 0 are specified by the researcher. Here, ¢; > 0 (and ¢jy > 0)
denote the loss if we decide to accept Hy (and H;) while the correct answer would be
to choose H; (Hp). According to (1.5), under (1.14), the Bayes estimator of (1.13) is

5()(? ‘ )= 0 s 1f7'[(9 S ®0|X1;n) > CIICICI (1 15)
b 1 , otherwise ’

where 7 (0 € Og|x1.,) = f(_)o (dO|x1.,). In other words, hypothesis H; is accepted

(0O |X1:0) ar
T(O€O,|x1) o’
Hypothesis tests in Bayesian statistics can also be addressed with the aid of Bayes

factors. Bayes factor By (x;.,) is the ratio of the posterior probabilities of Hy and H;
over the ratio of the prior probabilities of Hy and H;

if

7(0 € Oglxi:n) /(0 € o)

Boi (x1.) = - 1.16
) = G e Ol /@ < O1) (1o
% ; Hp : single vs H; : single

f(')() S (x1:10)700(dO)
- f(“)l S (x1:10)71 (d6)

16 .
7o 7 e l0)71 @8 f{)(c)f] i g)(;:l @ ; Hp : single vs H; : composite
-1 n

; Hyp : composite vs H; : composite | (1.17)

Under the c; — cyyloss function, (1.15) implies that one would accept Hy if By (x1.,) >
LC" ;(1) and accept H, if otherwise. Alternatively, Jeffreys [6] developed a scale rule
(Table 1.1) to judge the strength of evidence in favor of Hy or against Hy brought by
the data. Although Jeffreys’ rule avoids the need to specify c¢; and ¢y, it is a heuris-
tic rule-of-thumb guide, not based on decision theory concepts, and hence many

researchers argue against its use.
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Table 1.1 Jeffreys’ scale rule [6]

11

Bo1 logo(Bo1) Strength of evidence

(1, +00) (0, +00) Hy is supported

10121 (—1/2,0) Evidence against Hy: not
worth more than a bare

(1071, 1071/2) (—=1,-1/2) Evidence against Hy:
substantial

(1073/2,1071) (=3/2,-1) Evidence against Hy: strong

(1072, 1073/2) (-2,-3/2) Evidence against Hy: very
strong

0,107%) (=00, —2) Evidence against Hy: decisive

Example: Bernoulli model (Cont.)

We are interested in testing the hypotheses Hy : 6 = 0.5 and H; : 6 # 0.5, given
that wyp = 1/2, and using the ¢y — cyp loss function with ¢ = ¢y;. Here, ®¢ =
{0.5} and ®; =[0,0.5) U (0.5, 1]. The overall prior is 7 (0) = 71y, (0) + (1 —
mo)Be(f|a, b). The Bayes factor is

[T7_, Br(x;|60) _ By (1 — Go)"
Jion TT= Br(x:[0)Be(@]a. b)d0 ~ B(ni +a.n —ni +b)/B(a.b)’

Boi (x1:0) =

Givena = b =2,n=30,and Y20, x; = 15, it is Boj (x1,) = 18.47 > cpp/ep = 1.
Hence, we accept Hj.

1.5.1 Model Selection

Often the researcher is uncertain which statistical model (sampling distribution) can
better represent the real data generating process. There is a set M = {m;, m,, ...} of
candidate statistical models m; = { fi (:|¢x); ¢r € @i}, where fi(-|¢r) denotes the
sampling distribution, and ¢; denotes the unknown parameters for k = 1,2, ... Let
7 = w(my) denote the marginal model prior and 7y (¢r) = 7 (¢r|my) denote the
prior of the unknown parameters ¢, of given model my.

Selection of the ‘best” model from a set of available candidate models can be
addressed via hypothesis testing. For simplicity, we consider there are only two
models my and m; with unknown parameters ¥y € @, and ¥ € @;. Then, model
selection is performed as a hypothesis test

Hyp: (m,p) € ® vs H;: (m, @) € ® (1.18)
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where O = {m;} X @y, ® = U;O. The overall joint prior is specified as T (m, ¢) =
7o X 7o(po) + 71 X w1 (@1) on (m,p) € ® where © = U0y, where m(pr) =
7M@) L, (M) .
W on ¢y € Py, and my = f@)k 7 (my, degy). Now the model selection prob-
lem has been translated into a hypothesis test.

Example: Negative binomial vs. Poisson model [2]

We are interested in testing the hypotheses
Ho : xil¢ ~Nb(¢,1), ¢ >0, vs. Hj:x A ~Pn(R), 1>0

by using the ¢ — ¢y loss function with ¢ = cy1. Consider two observations x; = x, =
2 are available. Consider overall prior 7 (9) with density () = moBe(¢|ao, by) +
m1Ga(Alay, by) with my = m; = 0.5.

This is a composite vs. composite hypothesis test. It is

I (ao + bO) fl n+ag—1 nx-+bo—1
n dgg) = —— 07 0=1(] — 0=lq
(_)Of(xl. o) 70 (dgo) Fao)T o) Jo ¢ (1—9) ¢
_ T(ao+bo) Tn + a)L(n + bo)

" T(ag)T(by) T(n + nk + ag + bo)

bal [e’e} ~
Xinl@D) i (dey) = 1 . / AL exn(—(n 4 by)A)dA
o S xralen)mi(de) T + by J, p(—( 1A)
I'nx +a;) 1

= T(a)(® + bymra [, x;!

T(ag+by) T(n+ag)T(ni+by) T +by)" .
and hence Boy (x1:,) = r(flf)ﬁr(ﬁ(f) F(Zlnfr?,)i—k(::—t-bo(;) (a]F)E:)E+:1)]) [Tz xi! . Ttis Boi (x1:0)

= 0.29 > 1, and hence I accept H; and the Poisson model.
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