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Abstract. The article proposes a lower limb rehabilitation system based on a
passive orthosis and an active parallel robot 3-PRRR. Numerical algorithms have
been developed to determine the workspace of the parallel mechanism, taking
into account the interference of the links. The optimization of the geometrical
parameters of the mechanism has been carried out, and the configuration of the
robot has been selected based on the criterion of maximizing the workspace. The
analysis of the workspace and the influence of various geometric parameters on it
is carried out. The simulation results of the workspaces, as well as the positions
of the robot at which interference occur, are rendered using the transformation of
a set of 3D boxes to an STL file.
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1 Introduction

The methods of robotic mechanotherapy are currently widely used in rehabilitation
medicine to restore the motor functions of the limbs of patients with various disorders
of the musculoskeletal system. Upper limb treatment focuses on restoring the patient’s
nervous system, muscle capacity and arm strength, while lower limb treatment focuses
on the various articular movements of the legs and their synchronization. So, in work [1]
it is shown that there is a significant progress in the recovery of patients with the help of
robotic physiotherapy. A promising direction is the use of parallel robot architectures in
medical applications such as rehabilitation and kinesitherapy. Currently, there are many
devices for lower limb rehabilitation. The Gait Trainer is a wheeled device that helps
a person who cannot walk on their own. Rehabilitation complex WalkTrainer [2] has a
mobile frame design, which includes a system for unloading the weight, due to which it
is possible to regulate the dynamic load on the patient’s lower limbs. The functionality
of such devices does not allow for the rehabilitation of the lower limbs of patients in the
early stages of rehabilitation. Thus, these devices are not suitable for patients who are
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only able to be in a sitting and lying position, whose motor functions of the lower limbs
are impaired.

Among the rehabilitation systems, which is possible in the early stages of rehabilita-
tion, one can single out the LokoHelp movement therapy station, an electromechanical
gait trainer with a weight-unloading system. However, this system is not applicable to
patients who cannot be suspended. A gait rehabilitation device based on a 3DOF parallel
arm [3], which generates the required gait pattern by moving the patient’s foot while
the body weight is supported by a seat belt system. The KARR rehabilitation system
[4] allows for the rehabilitation of patients in a sitting position. Also worth noting is the
Lambda robot rehabilitation system [5], which involves the rehabilitation of bedridden
patients by mobilizing the ankle joint. An upright table with an integrated orthopedic
device and synchronized functional electrical stimulation Erigo Pro allows for inten-
sive cyclic movement therapy in the form of passive dynamic movements of the lower
limbs of recumbent patients. The listed devices as physiotherapeutic movements provide
flexion-extension in the knee joint. In contrast, such a movement as adduction-abduction
in the hip joint is impossible, which is a significant drawback.

2 Construction of a Mathematical Model of the Robotic System

Let us consider the design of RS for lower limb rehabilitation, a 3D model of which is
shown in Fig. 1a. The RS includes an active parallel 3-PRRR mechanism and a passive
orthosis based on the RRRR mechanism to support the patient’s leg. A diagram of an
active parallel mechanism is shown in Fig. 1b.

Fig. 1. Conceptual design of RS for lower limb rehabilitation: a) 3D model, b) 3-PRRR design
scheme

Due to the active 3-PRRR mechanism, the proposed robotic rehabilitation system
provides the required physiotherapeutic movements, and the passive part based on the
RRRR orthosis provides the necessary angles, and, accordingly, the correctness of the
exercise. This 3-DOF mechanism with translational motions along the axes was pro-
posed by Kong and Gosselin in [6]. The mechanism consists of three kinematic chains
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AiBiCiDi. The position of themovable platform onwhich the patient’s foot is placed is an
equilateral triangleD1D2D3 centered at point P and the radius of the circumscribed circle
R. The movement of the platform is determined by linear displacements q = (q1q2q3).
Let’s denote ai - the distance between points Ai and Bi, bi- between Bi and Ci, ci -
between Ci and Di, di - between Bi and Di.

Let us further consider the problem of determining the workspace of the parallel
mechanism to ensure the required movements of the passive orthosis under clinical data
for gait training. We will apply the non-uniform coverings method to determine the
workspace. It is described in detail in [7–9], and the methods of interval analysis [10].
We will take into account the following design constraints on the parameters of the
mechanism:

– on the drive coordinates q: qi ∈ [
qmin; qmax

]
.

– the distance d between the joints by the centers of the joints BiandDi: di ∈ [0; dmax],
where dmax = b + c.

Determine the drive coordinates and angles of rotation in the joints BiandCi for
certain coordinates of the center point P of the platform D1D2D3. To do this, we write
down the intervals that describe the ranges of changes in the coordinates of the point P:

XP := [
XP,XP

] = {
XP ≤ xP ≤ XP

}
, YP := [

YP,YP
] = {

YP ≤ yP ≤ YP
}

ZP := [
ZP,ZP

] = {
ZP ≤ zP ≤ ZP

}
(1)

The intervals describing the ranges of change of the drive coordinates have the form

Qi :=
[
Qi,Qi

]
=

{
Qi ≤ qi ≤ Qi

}
(2)

The drive coordinates qi are determined according to the expressions

q1 = xD1 = xP +
√
3

2
R, q2 = yD2 = yP + R

2
, q3 = zD3 = zP. (3)

The intervals describing the ranges of the distance di are of the form

Di := [
Di,Di

] = {
Di ≤ di ≤ Di

}

The distances di are defined as the distance between Bi andDi:

d1 =
√(

yP + R

2
− a

)2

+ (zP)2 (4)

d2 =
√√√√

(

xP −
√
3

2
R

)2

+ (zP − a)2 (5)

d3 =
√

(xP − a)2 + (yP − R)2 (6)

The obtained expressions (1–6) allow us to determine the values of the geometric
parameters of the mechanism that determine the boundaries of its workspace.
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3 Determination the Workspace of the Mechanism

Various numerical methods of interval analysis and grid approximation are used to deter-
mine theworkspace [11]. However, their use is associatedwith significant computational
difficulties, since the task of determining the workspace of parallel robots has a large
dimension. In [7], the application of the method of non-uniform coverings to approx-
imate the set of solutions to a system of nonlinear inequalities is considered, and in
[8, 9], the application of this method to determine the workspace of some types of planar
robots. Let us consider the application of this approach to constructing and analyzing
the workspace of a robotic system for lower limb rehabilitation.

The algorithm is synthesized using formulas (1)–(6). It works with two lists of
three-dimensional boxes P andPI , each of the dimensions of which corresponds to the
coordinates xp, yp, zp of the center of the movable platform P. At the first step of the
algorithm, a box is specified that is guaranteed to include the workspace and approxima-
tion accuracy δ. The box is listed in P. For the intervals XP, YP and ZP of the box, the
ranges Qi and Di are computed and constrained. If at least one of the calculated ranges
is invalid, the box is excluded, in other cases it is divided in half into two equal boxes
and the procedure is repeated. The algorithm ends its work when the size of the boxes
becomes less than δ. Such boxes are listed in the PI list.

The algorithm is implemented in the C++ programming language using the Snow-
goose interval analysis library. The visualization of the simulation results was carried
out by converting the list of boxes PI into a universal format of 3D models - stl-file.
The computational experiment was carried out for the following geometric parameters
of the active mechanism: a = 50 mm, b = c = 500 mm, R = 50 mm qmin = 0 mm, qmax
= 1000 mm. The simulation results are shown in Fig. 2. The computation time for the
approximation accuracy δ = 2 mm on a personal computer was 141 s.

Fig. 2. Simulation results.
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4 Determination of Interference of Links of the Mechanism

The interference of the links of the mechanism can be divided into two groups:

– interference at small angles between links connected by rotary joints.
– the interference of links that are not connected to each other.

The first group can be determined, taking into account the restrictions on the angles
of rotation in the joints Bi, Ci and Di:

⎧
⎨

⎩

θi ∈ [θmin; θmax]
ϕi ∈ [ϕmin;ϕmax]
ψi ∈ [ψmin;ψmax]

⎫
⎬

⎭
. (7)

We define the angles ϕi:

ϕi = cos−1

(
b2 + c2 − d2

i

2bc

)

, ϕi ∈ [0;π ]. (8)

Considering that the points Ci are the interference points of circles with radii b and
c and cents at points B and D, respectively, the angles ψi can be determined using the
formula of cosines between vectors:

ψ1 = (xC2 − xD2)(xD1 − xD2) + (yC2 − yD2)(yD1 − yD2) + (zC2 − zD2)(zD1 − zD2)√
3cR

.

(9)

ψ2 = (xC3 − xD3)(xD1 − xD3) + (yC3 − yD3)(yD1 − yD3) + (zC3 − zD3)(zD1 − zD3)√
3cR

(10)

ψ2 = (xC3 − xD3)(xD2 − xD3) + (yC3 − yD3)(yD2 − yD3) + (zC3 − zD3)(zD2 − zD3)√
3cR

(11)

where zDi = zC3 = zP , xD1 = xP +
√
3
2 R, yD1 = yD2 = yC2 = yP + R

2 , xD3 = xP ,

xD2 = xP−
√
3
2 R, xC2 = (s2∗xD2)±

√
b2−s22∗(zP−a)

d2
, zC2 = ad2+s2(zP−a)∓

√
b2−s22∗(xD2)

d2
, xC3 =

ad3+s3(xD3−a)∓
√
b2−s23∗(yD3)

d3
, yC3 = (s3yD3)±

√
b2−s23∗(xD3−a)

d3
, yD3 = yP−R, si = b2−c2+d2i

2di
.

Note that the presence of the ± or ∓ signs is due to the ambiguity of the problem of
determining the coordinates of the points Ci. An example of two possible positions of
the kinematic chain A1B1C1D1 is shown in Fig. 3.

The first position in ± and ∓ corresponds to the upper sign, the second position to
the lower one. The cosines of the angles θi are defined as:

θ1 = cos−1

⎛

⎝
∓zP

√
b2 − s21 − s1(yD1 − a)

d1b

⎞

⎠, θ1 ∈ [0; 2π ]. (12)
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Fig. 3. Ambiguity of the problem of determining the coordinates of points Ci

θ2 = cos−1

⎛

⎝
∓xD2

√
b2 − s22 − s2(zP − a)

d2b

⎞

⎠, θ2 ∈ [0; 2π ]. (13)

θ3 = cos−1

⎛

⎝
∓yD3

√
b2 − s23 − s3(xD3 − a)

d3b

⎞

⎠, θ3 ∈ [0; 2π ]. (14)

We define the second group of interferences using an approach based on determining
the minimum distance between the segments drawn between the centers of the joints of
each of the links. In [12], a similar condition is used, but the approach has drawbacks.
In particular, the authors propose to determine on the auxiliary plane the interferences
of the segments, and not the distance between the nearest points. This does not allow
identifying such interference of links in which there is no interference of the axes. The
approach proposed in the current work is as follows. To determine the interferences of
the links of the mechanism, we construct an auxiliary plane, which is parallel to the
axis of one of the links and to which the axis of the other link belongs. In this case, the
condition for the absence of interferences of the links will take the form:

√
u21 + u22 > Dlink , (15)

where u1 is the distance between the axis of the link that does not belong to the plane
and the auxiliary plane,u2 is the distance between the nearest points of the segments
connecting the centers of the joints of each of the links when projecting a segment that
does not belong to the auxiliary plane onto this plane, Dlink is the diameter of the links.
It is worth noting the special case when the links are parallel to each other and the
construction of an auxiliary plane is not required. The authors described the method in
detail in [13].

5 Analysis of the Workspace Taking into Account the Interference
of the Links

To determine the positions of the output link inside the workspace, in which the inter-
ference of links occurs, the list of boxes PI obtained at the stage of determination the
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workspace is used. For the coordinate of the center of each of the boxes, conditions (7)
and (15) are checked. If all the conditions are met, the box is excluded from PI and
added to the new PA list. As a result, the PI list will contain only boxes corresponding to
the interference areas of the links, and PA - only boxes corresponding to the workspace
without interference.

Let’s analyze the change in the volume of the workspace for various configurations
of the 3-PRRR mechanism. The correspondence of the configurations and the position
of the links, and, accordingly, the choice of the sign in Eqs. (9)–(14), is given in Table 1.

Table 1. Configurations of 3-PRRR mechanism.

Kinematic chain Link positions for configurations

1 2 3 4 5 6 7 8

1 1 1 1 1 2 2 2 2

2 1 1 2 2 1 1 2 2

3 1 2 1 2 1 2 1 2

Workspace for configuration 8 after excluding areas of interference, as well as areas
of interference for b= c = 500 mm, a= 50 mm, R= 50 mm qmin = 0 mm, qmax = 1000
mm, ϕmin = θmin = ψmin = 10◦ mm, ϕmax = θmax = ψmax = 170◦, Dlink = 20 mm
are shown in Fig. 4. The computation time for the approximation accuracy δ = 2 mm on
a personal computer was 4 min 59 s, of which the time for determining the workspace
was 2 min 17 s, the time for determining the interference of the workspace was 2 min
42 s.

Fig. 4. 3-PRRR mechanism workspace: a) without interference, b) areas of interference.

To verify the results, the position of the links was visualized at which they intersect.
In Fig. 5 shows some of the link interference that occur.
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Fig. 5. Examples of identified interference of links: a) link B1C1 with link B3C3 b) link C3D3
with link D1D2.

Comparison of the volume of the workspaces for the choice of the configuration
was carried out for the following geometric parameters of the active mechanism: a =
50 mm, R = 50 mm qmin = 0 mm, qmax = 1000 mm, ϕmin = θmin = ψmin = 10◦,
ϕmax = θmax = ψmax = 170◦, Dlink = 20 mm. The results are shown in Table 2.

Table 2. Scope of the workspace for configurations.

b, m c, m Volume of the workspace for configurations, m3*10-3

1 2 3 4 5 6 7 8
500 500 533.3 531.6 472.5 548.1 447.8 525.1 474 647.5
500 600 640.4 627.7 570.8 644.6 569.1 630.5 572.8 751.4
500 700 657.1 637.4 606.4 664.5 624.8 656 613.8 769.2
500 800 593.4 583.5 571.9 619.0 583.3 611.7 584 712.3
600 500 588.5 591.5 523.9 612.5 461.3 576.1 523.4 748.3
600 600 717.6 710.1 624 732.2 581.6 693.4 627.7 873.9
600 700 746.8 722.7 646 743.4 628.7 715.3 648.8 887.8
600 800 676.7 647.1 602 679.9 614.1 660.9 610.9 816.9
700 500 559.5 565.5 497.9 592.4 411.8 550.7 497 764.4
700 600 681.4 671 593.8 700.1 503.7 650.9 593.3 885.2
700 700 729.7 707.9 612.7 734.4 549.6 683.1 616.7 917.4
700 800 715.6 677.6 593.2 702.6 555.5 662.2 595 882.6
800 500 482.7 476.5 424.9 585.0 324 468.5 423.1 706.3
800 600 571.3 548.8 489.9 584.7 379.9 540.6 488.7 812.3
800 700 650.2 613.6 544.6 647.9 437 598.1 543.9 880.5
800 800 692.6 648.9 554.7 678.9 483.9 628.1 560.2 901.8

It can be seen from the table that for all sizes the maximum volume of the workspace
is achieved with configuration 8. Let’s take this configuration to select the optimal sizes
of the links at which the maximum volume of the workspace is reached. Determination
of the optimal sizes of links b, c and R was carried out in several stages. At each stage,
the volume of the workspace was calculated taking into account the interference of the
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links for various combinations of sizes. To reduce the computational complexity, the
resizing ranges and the iteration step are reduced with each step.

Numerical values are given in Table 3. The last column contains the volume of the
workspace, which is a criterion for excluding or including in the next stage a certain part
of the size range.

Table 3. Stages of determining the optimal link lengths.

Step bmin bmax cmin cmax Rmin Rmax Step Required volume

1 300 900 300 900 50 150 50 0,8

2 525 900 525 900 50 150 25 0,9

3 602 842 602 842 50 50 8 0,919

4 643 713 643 713 50 50 4 0,9197

5 666 689 666 689 50 50 1 -

The maximum workspace is reached at b = 676 mm, c = 678 mm, R = 50 mm.
For such a ratio of dimensions, the total volume of the workspace is 1 m3, of which
0.9198 m3 is an area without intersecting links. It should be noted that it would be
possible to achieve a larger volume of the workspace with a smaller size of the movable
platform, but this is structurally unacceptable.

The dependence of the volume of the workspace on the change in the length of the
links for R = 50 mm is shown in Fig. 6.

Fig. 6. Dependence of the workspace volume on the length of the links: a) BC, b) CD.

In Fig. 7 shows the dependence of the proportion of areas in which interference occur
in the total volume of the workspace, depending on the lengths of the links. The graphs
show that at small and large values of the link lengths, the proportion of interference
areas in the workspace increases.
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Fig. 7. Dependence of the areas of interference ratio on the length of the links: a) BC, b) CD.

6 Conclusion

For the proposed robotic system for lower limb rehabilitation, based on a passive orthosis
and an active parallel robot, effective numerical methods and algorithms for determin-
ing the workspace and interference of the active robot links have been developed and
tested. The configuration of the 3-PRRR robot is selected, which achieves the maximum
workspace for all sizes of links. For the selected configuration, with ranges of reference
coordinates of 1000 mm, the maximum workspace, taking into account the interference
of the links, was achieved at b = 676 mm, c = 678 mm, R = 50 mm.
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