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Sets ey
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Abstract Given a two-sided real-valued Lévy process (X;);cr, define processes
(Li)ter and (M;);er by Ly :=suplh e R: h —a(t —s) < X foralls < t} =
inf{X; +a@ —s) :s <t},t € R,and M; ;== supfh e R: h — |t —s|] <
X forall s € R} = inf{X + «|t — 5| : s € R}, t € R. The corresponding contact
sets are the random sets Hy ;= {t e R : X; AX,_ = L;}and Z, := {t € R :
Xy AN X, = M,}. For a fixed @ > E[X] (resp. « > |E[X]]) the set H (resp. Zy)
is non-empty, closed, unbounded above and below, stationary, and regenerative. The
collections (Hq)o>E(x,] and (Z«)«>|E[X,] are increasing in o and the regeneration
property is compatible with these inclusions in that each family is a continuum of
embedded regenerative sets in the sense of Bertoin. We show that (sup{r < O :
t € HqDa>E[x,] 1S a cadlag, nondecreasing, pure jump process with independent
increments and determine the intensity measure of the associated Poisson process
of jumps. We obtain a similar result for (sup{r < 0 : ¢ € Z,})y> | When (X;)ser is
a (two-sided) Brownian motion with drift 3.

Keywords Lévy process - Fluctuation theory - Subordinator - Lipschitz
minorant

1 Introduction

Let X = (X;);er be a two-sided, real-valued Lévy process on a complete
probability space (€2, F, IP). That is, X has cadlag paths and stationary, independent
increments. Assume that Xo = 0. Let (F;);er be the natural filtration of X
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augmented by the P-null sets. Suppose that E[X 1+] < 00 so that E[X ] is well-
defined (but possibly —o0).

For @ > E[X] define a process (L;);cr by
Ly :=suplh e R: h—a(t—s) < Xsforalls <t} =inf{X;+a(t—s):s <t}, teR,
and set

Hq ::{teR:Xt/\leth}.

Equivalently,
Hy = {t eR: X;ANXi —at = irg(Xu —au)} .
us

By the strong law of large numbers for Lévy processes (see, for example, [10,
Example 7.2])

Xy . '
Iim — = lim — =E[X;] as.

t——+o00 t t——00
so that
lim X; —at = —00 a.s
t—>—+00
and

lim X; —at =400 as.
——00

It follows from Lemma 7.1 below that H,, is almost surely a non-empty, closed set
that is unbounded above and below.

We show in Theorem 2.5 that H, is a regenerative set in the sense of [8].
Moreover, we observe in Lemma 5.1 that

Hoy €S Hay € -+ € Ha,
for
EXi]l<a <oy <--- <.
In Sect.4 we recall from [4] the notion of regenerative embeddings and establish

in Proposition 5.2 that these embeddings are regenerative. As a consequence, we
derive the following result which we prove in Sect. 5.
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Theorem 1.1 For o > E[X|] set
Gy :=sup{t <0:1t € Hyl.

Then (Gy)a>E[x,] is a nondecreasing, cadlag, pure jump process with independent
increments. The point process

{(@, Gy — Gy-) : Gy — Go— > 0}

is a Poisson point process on (E[X 1], 0c0) x (0, 0c0) with intensity measure
—1 Xt
y(dx xdt)y=t""'P - €dx dt 10, x>E[X])-
The set H,, is obviously closely related to the ladder time
Ry = {t eR:X; —at = irift(X,, —om)}
u=<

of the Lévy process (X; — at);er. We clarify the connection with the following
result which is proved in Sect. 3.

Proposition 1.2 The following hold almost surely.

(1) Ra S Ha-
(11) Ry is closed from the right.
(iii) cl(Ry) = He-
(iv) Ha \ Ra consists of points in Hy that are isolated on the right and so, in
particular, this set is countable.

Remark 1.3 The embedded regenerative sets structure for the sets H, = R, when
X is Brownian motion with drift has already been noted in [5] in relation to the
additive coalescent of Aldous and Pitman (see also [6]). This is further related to the
Burgers turbulence (see [11] and the references therein).

Given o > 0, denote by (M;);cr be the «-Lipschitz minorant of the two-
sided Lévy process (X;);cRr; that is, t + M, is the greatest a-Lipschitz function
dominated by ¢ — X; (our notation suppresses the dependence of M on «). We
refer the reader to [1] and [7] for extensive investigations of the Lipschitz minorant
of a Lévy process. The a-Lipschitz minorant exists if

E[|X]] < o0 and a > |E[X ]|
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and we suppose that these conditions hold when discussing (M;);cr. Then,
M; =sup{h e R: h—alt—s| < X forall s € R} = inf{X;+a|t—s|:s € R}, teR.
Set
Zy={teR:X; ANX,— = M}

It is shown in [1][Theorem 2.6] that this set is closed, unbounded above and below,
stationary, and regenerative. We establish in Proposition 6.1 that

ZO[] ggZan

for |[E[X]] < @1 < -+ < «, and that these embeddings are regenerative. As a
consequence, we derive the following result which is proved in Sect. 6.

Theorem 1.4 Suppose that (X;):er is a two-sided standard Brownian motion with
drift B For o > |B| set

Yo :=sup{t <0:1 € Z,}.

Then (Yy)o>|p| is a nondecreasing, cadlag, pure jump process with independent
increments. The point process

{(a,Yy =Yy ): Yy =Yy >0}

is a Poisson point process on (|8|, o0) x (0, 00) with intensity measure

PG + o)

y(ds x dr) = NG

dsdr Lig=8),r>0}

[N

X

where ¢ (x) := ¢ Z,forx > 0.

ﬁ

2 Regenerative Sets

We introduce the notion of a regenerative set in the sense of [8]. For simplicity,
we specialize the definition by only considering random sets defined on probability
spaces (rather than general o -finite measure spaces).

Notation 2.1 Let Q< denote the class of closed subsets of R. Fort € R and v €
Q, define

di(@T):=inf{s > t:5s c 0w}, r(@?):=d(0”)—1t,
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and
(@) =c{s—t:5s € N 00} =c (0 —1)N (0, 0)).

Here cl denotes closure and we adopt the convention inf § = 4-o00. Note thatt € w*
if and only if limgy, rg(w”) = 0, and so @ N (=00, t] can be reconstructed from
rs(w), s <t foranyt e R. Set GZ :=o{ry:s e Ryand G~ = ofry : 5 < t}.
Clearly, (d;)cRr is an increasing cadlag process adapted to the filtration (G );cR,
andd; >t forallt € R.

Let Q7 denote the class of closed subsets of R... Define a o-field G~ on Q™ in
the same manner that the o -field G was defined on Q.

Definition 2.2 A random closed set is a measurable mapping S from a measurable
space (2, F) into (2%, G*).

Definition 2.3 A probability measure Q<> on (°,G*) is regenerative with
regeneration law Q™ a probability measure on (27, G7) if

(i) Q°{d, = +o0} =0, forallt € R;

(ii) forallt € R and for all G~ -measurable nonnegative functions F,

Q7 [F(a)1G5] =Q7[F], 2.1)

where we write Q< [-] and Q7 [-] for expectations with respect to Q< and Q™.

A random set S defined on a probability space (2, F,P) is a regenerative set if
the push-forward of P by the map S (that is, the distribution of S) is a regenerative
probability measure.

Remark 2.4 Suppose that the probability measure Q< on (27, G°) is stationary;
that is, if S is the identity map on <, then the random set S on (2, G, Q%)
has the same distribution as # + S for any u € R or, equivalently, that the process
(r1)ter has the same distribution as (r;—; );cr for any u € R. Then, in order to check
conditions (i) and (ii) of Definition 2.3, it suffices to check them for the case r = 0.

Theorem 2.5 The random set H,, is stationary and regenerative.

Proof We first show that H, is stationary. Let a € R. Define the process

(X,(a))teR ‘= (Xy—4 — X_4)ser. This process is a Lévy process that has the same
distribution as (X;);er, and we have

te?—lf+a©t—ae7—t§

& Xi—a AN X(—a)— —a(t —a) = inf (X, —au)
u<t—a
S X aNXeay- — X g—at —a) = %}Lft(xufa —X_4—au—a)
& X[ AX[Y —at = inf (X{® - au)
u<

@
@te?—[f .
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Hence, HX +a = HX @4 HX for all a € R, and the stationarity is proved.

Now, because of Remark 2.4, to prove the regeneration property it suffices to
check that conditions (i) and (ii) of Definition 2.3 hold for t = 0. As pointed out in
the Introduction, the random set H,, is almost surely unbounded from above, hence
condition (i) is verified.

For ¢t € R introduce the random times

D; :=inf{s >t :5 € Hy} =inf{s >t X AN Xy —as = igf(Xu —au)}
u<s
and put
R[ = Dt —f.

It is clear from the début theorem that D := Dy is a stopping time with respect to
the filtration (F;);er. To prove condition (ii), it suffices to show that the random set

tp(Hy) = cl {l‘ >0: XI+D VAN X(I+D)— —a(t+ D) = in—lf—‘D(Xu — om)}
u<t

is independent of the o-field (..o {Rs : s < €}.

We shall prove first that
ﬂU{RS 15 <€} C Fp. (2.2)
e>0
It is clear that
(olR:s<ey () Fp,- (2.3)
e>0 neN "

Moreover, for a sequence of nonincreasing stopping times 7,, converging almost
surely to a stopping time 7', we have

() Fr, = Fr. (2.4)
neN

To see this, take ¢ > 0 and consider a random variable Z that is ﬁneN Fr,—
measurable. We have almost surely the convergence Z1r, <74} — Z. Note that
Z11,<T +¢) is Fr4e—measurable. Thus Z is F74.—measurable. It follows from the
strong Markov property and the Blumenthal zero—one law that

() Free =Fr

e>0

and so Z is Fr—measurable.
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In order to establish (2.2), it follows from (2.3) and (2.4) that it is enough to
conclude that

Dy := lim Dy =D, as. 2.5)
n—oQ n
To see this, suppose to the contrary that P{D < D+} > 0. We claim that D > 0 on
the event {D < D.}. This is so, because on the event {0 = D < D} the point 0 is
a right accumulation point of H, and then D; must converge to zero, which is not
possible. On the event {0 < D} we have that D, < D; < D assoon as N is large
N

enough so that % < D. Thus, P{D < D+} = 0 and (2.5) holds, implying that (2.2)
also holds.

With (2.2) in hand, it is enough to prove that the set tp(Hy) is independent of
Fp. Observe that

tp(He) = cl{t >0:X,1pAXyipy—- —Xp—at

=XpAXp-—Xp)A inf (X,4p—Xp —au)}.
0<u<t

Because D is a stopping time, the process (X;+p — X p):>o is independent of Fp.
It therefore suffices to prove that Xp < Xp_ a.s.

Suppose that the event {Xp > Xp-_} has positive probability. Because Xo =
Xo— almost surely, D > 0 on this event.

Introduce the nondecreasing sequence (D), ey of stopping times

1
D .= inf{t >0:X: AXi— —at <inf(X, —au) + —}
u<t n
and put D := sup, .y D™. By Lemma 7.1,
D:inf{t >0: X, AX —at < illft(x" —au)},
u=

and so D™ < D. Because X has cadlag paths, for all n € N we have that
Xpom AXpoy_ — aD® < inf, - poy (X —otu) + ,ll Sending r to infinity and again
using the fact that X has cadlag paths, we get that X o) A X poe)_ — a D) <
inf, - peo) (Xy — au), and so D) e H,. By definition of D, we conclude that
D> = p.

Set N := inf{n € N : D™ = D} with the usual convention that inf = oo.
Suppose we are on the event {Xp > Xp_} N {N < oo}. Recall that D > 0 on this
event. Forall 0 < s < D we have that X; A X, —as > inf, <, (X, —ou)+ % so by
sending s 1 D we get that: Xp_ —aD > inf,<p (X, —au)+ % which contradicts
Xp- < Xp. Hence N = oo almost surely on the event {Xp > Xp_} and so
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D™ < D forall n € N on the event {Xp > Xp_}. By the quasi-left continuity of
X we thus have on the event {Xp > Xp_} that

Xp- = lim Xpm = Xp, as.
n— o0
Therefore P{Xp > Xp_} = 0 as claimed. |

3 Relationship with the Set of Ladder Times

Proof of Proposition 1.2 (i) If t € Ry, then X; — at = inf,<,(X, — au) and so
X: A Xi— —at <inf, < (X, — au). It follows from Lemma 7.1 that t € H,.

(i) Because the process (X;);er is right-continuous, it is clear that R, is closed
from the right; that is, for every sequence f, | t such that t, € R, we have
t € Ry.

(iii) As the set Hy is closed and Ry C H, we certainly have cl(Ry) C Hy. We
showed in the proof of Theorem 2.5 that Xp < Xp_ as.andso D € R, a.s.
By stationarity, D; € R, a.s. for any t € R. Therefore, almost surely for all
r € Q we have D, € R,. Suppose that ¢ € H,. Take a sequence of rationals
{rn}nen such that r, 4t t. Then, for alln € N, we have r, < D,, < t and
Dy, € Ry. It follows thatt € cl(R,) and so cl(Ry) = He.

(iv) Take ¢ € H, that is not isolated on the right so that there exists a sequence
{tn}nen of point in H, such that #, | ¢ and #, > t. Consider a sequence
(rn)nen of rational numbers such that for every n € Nwe have t < r, < t,.
We then have t < r, < D,, < t,. Thus, D,, | t and, as we have already
observed, D,, € R, for all n € N. Since R, is closed from the right, we must
have t € Ry . Finally, as the set of points isolated on the right is countable, the
set Ho \ Ry consists of at most countably many points. O

Remark 3.1 The ladder time set R, has been thoroughly studied in the fluctuation
theory of Lévy processes. From Proposition VI.1 in [2], we know that the process
(X — at —inf, <, {X, — au})cr is a strong Markov process with cadldg paths and
hence, by the strong Markov property, the closure of its zero set is a regenerative set
in the sense of the Definition 2.3. This result together with Proposition 1.2 proves
that H, = cl(R,) is a regenerative set.

4 Regenerative Embedding Generalities

We recall the notion of a regenerative embedding of a sequence of regenerative sets
from [4]. We modify it slightly to encompass the whole real line instead of the set
of nonnegative real numbers. For ease of notation we restrict our definition to the
case of two sets. The generalization to a greater number of sets is straightforward.
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Definition 4.1 Recall that Q< is the set of closed subsets of R and that Q™ is the
set of closed subsets of R;.). Set

Q:={w=("0?) e xQ”: 0l cwn?).
and
Q7 ={w=(",0?) e xQ27 0 Cw?).

Write MV (0) = oV and M® (w) = @ for the canonical projections on Q,
M=MD M?P). Fort € R put

4" @) = dy(@™)
and, with a slight abuse of notation,
o) = (@), n@?)).

Denote by G; the sigma-field generated by d,(]), MDY N (=0, dt(l)], and M® N
(—o0, dt(l)]. It is easy to check that (G;);cRr is a filtration. A probability measure P
is called a regenerative embedding law with regeneration law P~ if for each t € R
and each bounded measurable function f : Q7 — R

PLf (M 07,0) |Gl = P~ Lf (M)] on {dV < oo}. (4.1)

We denote such an embedding by the notation MV < M@,

Remark 4.2

(1) If under the probability measure P, the canonical pair (M, M>) of random sets
is jointly stationary, in the sense that for all t € R the pair (M| + ¢, My + t)
has the same distribution as (M1, M>), then to check that there is a regenerative
embedding it suffices to verify (4.1) forr = 0.

(i) A similar definition holds for subsets of R, that contain zero almost surely,
which is the version present in [4].

The following theorem follows straightforwardly from the results in [4].

Theorem 4.3 Let:
SH <@ <. g™

be a jointly stationary sequence of subsets of R that are regeneratively embedded in
the sense of the Definition 4.1. Let ®; be the Laplace exponent of the subordinator
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associated with each SV, Introduce the measures U1, ..., Un on Ry, defined by
their Laplace transforms

/ e M wi(dx) = Qi—m, A>0,1<i<n,
R, Dip1(2)

where we adopt the convention ;1 (A) := A, A > 0. Put

1 D1 (A
¢ = = lim L()7 < i <
wi@Ry) a0 d; (1)

Define the age processes A; for each set S© by
Ai =infls >0:7—s € SV}.
Then, forany t € R,

_ , d
(Al — A2 AT AT AN Z o @ cua ® - @ Cufha.

Remark 4.4 We elaborate here on the relationship between subordinators and
regenerative sets. If (0;);>0 is a subordinator (i.e an increasing Lévy process) then
the closure of its range cl{o; : + > 0} has the distribution of a regeneration law
on (7, G7). Conversely, if S is a regenerative set and we define S := 14,(S).
There exists a continuous nondecreasing process (Lg)s>0 which increases exactly
on S§7. We call L the local time on S. Its right continuous inverse defined by
o, = inf{s > 0 : Ly > t} is a subordinator, and S coincides almost surely
with the closed range of o.

Remark 4.5 1f SV and S@ are regenerative sets in the sense of the Definition 2.3
such that almost surely S € 8@, and ®; (resp ®») is the Laplace exponent
of the subordinator associated with SV (resp S 2)). Then from a result of Bertoin
(see Theorem 1 in [3]), we have that S» < S@ iff % is a completely monotone
function. As any completely monotone function is a Laplace transform of a
nonnegative measure, that proves the existence of the measures p; in the statement
of Theorem 4.3.

5 A Continuous Family of Embedded Regenerative Sets

For this section, we suppose that X has a Brownian component or infinite Lévy
measure. That is, we suppose that X is not a compound Poisson process with
drift. The latter case is trivial to study.
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Lemma 5.1 For
EX{l<a <oy <--- <a.
we have
Hoy S Hay S+ € He,-

Proof By part (i) of Lemma 7.1,
Hey = {t eR: X, AX— —arf < irg(Xu —ocu)} .
us

Hence, if E[X1] <o’ < a”,t € Hy,and u < ¢, then
X;nAXi —d't<Xy—du— @ —a)t <X, —d'u—(@" —au=X,—a"u,

sothat t € Hyr. Thus Hy € Hyr for E[X 1] < o < .

Proposition 5.2 For E[X|] <o) <ay < --- < o, we have

Hoy < Hay < -+ < Hayp-

Proof For ease of notation, we restrict our proof to the case n = 2.
By Lemma 5.1 we have Hy, € Hy, when E[X ] < o) < as.
By stationarity, we only need to verify (4.1) for = 0. It is clear that

D(()l) = inf{s >0: Xs A Xs— —ays =£111§(Xu —alu)}

is an (F;)rer-stopping time. From the proof of Theorem 2.5, we have that almost
surely

X o<X,.0n .
Dy” = "Dy =

Now Dél) € Hq, and hence

He; 0 ‘L’D(<)1) = cl{s >0 ZXH_D(()l) AN X — XD(()I) — oS

H—D(()l)—

= ;I%f; (Xu-i-D(()l) — XD(()I) — (x,-u) }
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fori = 1, 2. Now each of D(()l), He, N(—o00, D(()l)], and He, N (—00, D(()l)] is fD(()l)—
measurable, so it remains to note that (X X p )s>0 1s independent of F -
0 0

O

1 —
s+Dy

Proof of Theorem 1.1 1t is clear that G is nondecreasing.

As for the right-continuity, consider 8 > E[X] and a sequence {f8,},en With
Bn | B and B, > B. Suppose that Gg1 = lim, .o Gg, > Gg. For any u <
G4+ < Gg, we have

XGﬁn A XGﬂn_ - ﬂnGﬁn = XM - ﬁnu

Taking the limit as n goes to infinity gives
XG;H_ - ﬂGﬂ+ = Xu - IBM
and hence
XGﬁ+ N XG;3+— - IBGﬂ+ < X, — Bu.
It follows from Lemma 7.1 that Gg < G g4 € Hg, but this contradicts the definition
of G B-
Corollary VI.10 in [2] gives that the Laplace exponent of the subordinator

associated with the ladder time set of the process (@t — X;);>0 (the subordinator
is the right-continuous inverse of the local time associated with this set) is

Dy (L) = exp <foo(e—’ — e My IPIX, > at}dt) .
0

Fix E[X|] < a1 < a» < -+- < «. Introduce the measures uy, ..., u, on R4,
defined by their Laplace transforms

D, (A
/ e wi(dx) = L), A>0,1<i<n,
R+ q)ai+1()\)

where we adopt the convention @y, (A) := A, A > 0. Put

1 . D ) .
ci = =1l , 1 <i<n.
wiRy) 0 Dy ()
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Setv; = cjui, 1 <i < n,so that

/ e v (dx)
Ry

o
= exp (—/ (11— e‘“)t‘llP’{oz,-t <X; < ozmt}dt) , 1<i<n-—1,
0
5.1

and
o0
/ e vi(dx) = exp (—f (1 — e "t 'P{X, > apt} dt) ) (5.2)
R, 0
Then, by Theorem 4.3,

d
(GOQ_G(X]"'"GD[" _Gﬂtnq’_Gan):Vl ®U2®"'®Un.

It follows that the process G has independent increments and that limy_, oo Go =
0 almost surely. That (Gy)o>E[x,] is a pure jump process (that is, the process is
a sum of its jumps and there is no deterministic drift component) along with the
Poisson description of {(«, Gy — Gy—) : Gy — Gy— > 0} follows from (5.1), (5.2),
and standard Lévy—Khinchin-It6 theory: for example, from [9, p 146], the process
(Ga)a>E[x,] can be written as:

Gy = —/ Ip([a, 00) x dI)
0

where p is a Poisson random measure with intensity measure y . O

Remark 5.3 Taking the concatenation of the lines with slopes « between G, and
G- for every jump time « constructs the graph of the convex minorant of the Lévy
process (—X;_);>0. The conclusion of Theorem 1.1 thus agrees with the study of
the convex minorant of a Lévy process carried out in [12].

6 Another Continuous Family of Embedded Regenerative
Sets

Proposition 6.1 For |[E[X ]| < o] < --- < &y, we have that
Zyy << 2y,

Proof We shall just prove the result for the case n = 2. It is very clear that Z,, C
Z4,, as any op-Lipschitz function is also an ap-Lipschitz function. Moreover, the
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sets (Zq,, Z«,) are obviously jointly stationary, and thus it suffices to check the
independence condition for t+ = 0. Note that D,, € Z,,. Using [7, Lemma 7.2]
gives that

(Zal o TDal s ZOlz o TDozl)
is measurable with respect to o { X4+ Doy — X Dy, 1= 0}. The same argument yields
g() = U{Zou N (—OO, DO[]]7 ZO!Q N (_007 DO£|]} g G{Xt ot S D(X]}

An appeal to [7, Theorem 3.5] completes the proof. O

Proof of Theorem 1.4 As in the proof of Theorem 1.1, it is clear that the process
(Yo)o>g| 1s nondecreasing and has independent increments. We leave to the reader
the straightforward proof of that this process is cadlag.

We compute the Laplace exponent ®, of the subordinator associated with the
regenerative set Z,. From [1, Proposition 8.1] we have

4(a® — A2
(V2o 4+ (@ =B +a—BW2h+ @+ B2 +a+ )

Thus, for |B| < a1 < ay, we have

d,(A) =

Dy, (1)
o2t
Dy, (1)
(\/2?»-1- (02— B2+ a2 — B)W2r+ (@2 + B)2 + a2 + B)
(ﬂx T — B+ — B2+ @ +B)2+a1+B)

]E[ef)‘(yotzfyotl )] —

where
o — i Y22+ (o1 — B)? + a1 — B2+ (a1 + )2+ a1+ B)
MO (V2h+ (@2 — B2+ — P20+ (@2 + B2 + oz + B)
that is,
_d-p
= a% —
Hence,

log (E [e WY |) = £an) + fla) = fla) - f(@),



Two Continua of Embedded Regenerative Sets 229

wherea; = (a1 + ) ax = (@1 —B) a3 = (a2 + ) andag = (s — B) 7,

and

f(x) = —log(1 +v2Ax2 +1).

It remains to observe that

Foo) = —fooa _ eyt / 26 STy di dr
0 0

and do a change of variables inside the integral to finish the proof. O

7 Some Real Analysis

Lemma 7.1 Fix a cadlag function f : R +— R and consider the set

H=1{reR: fO) A f-)=Inff@)}

(1) The set H coincides with
teR: f(OAft=) = inf f()}.
(ii) The set H is closed.
(i) If limys oo f(t) = 400 and lim;_, 4 f(t) = —o00, then the set H is
nonempty and unbounded from above and below.
Proof
(i) Note that { e R: f(t) A f(t—) < inf,<; f(u)} is the disjoint union {r € R :
SOANSf(@—=) =inf,< f)uft e R: f(t)A f(t—) < inf,<; f(u)}. Clearly,
f@) A f(t—) > inf,<; f(u) for all t € R and so the second set on the right
hand side is empty.
(i) We want to show that if {#,},en is a sequence of elements of H converging to

some 1* € R, then t* € H. The result is clear if #, = t* infinitely often, so we
may suppose that t* ¢ {1, },eN.

Suppose to begin with that there are only finitely many n € N such that#, < t*.
Then, for n large enough, we have that t, > t* and thus f(#,) A f(t,—) <
f(u) forall u < t*. Now lim,— o0 f(#;) = lim,— oo f(t,—) = f(t*). Hence,
FUEIN f@*=) < f@*) < f(u) forall u < ¢* and so t* € H by part (i).
Suppose on the other hand, that the set A" of n € N such that , < ¢* is
infinite. For u < t* we have for large n € N sufficiently large that u < 1,
and thus f(t,) A f(t,—) < f(u). Now the limit as n — oo with n € N of
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f@n) A fta—)is f(t*—). Hence, f(t*) A f(t*—) < f(t*—) <infy< f(u).
This implies that f(t*) A f(t*—) < inf,<;+ f(u) and so t* € H by part (i).

(iii) Fix M € R, put I = inf;<p f(¢), and let {#,},cn be a sequence of elements

of (—oo, M] such that lim,_~ f(¢t,) = I. Because f(t) goes to 400 as
t — —o0, the sequence {#,},en is bounded and thus admits a subsequence
{tn; }ken that converges to some t* € (—oo, M]. By the argument in part
(i), I € {f(@*), f(t*—)}. Moreover, I < f(t*) and I < f(t*—). Thus,
FU) A f@*=) = I = infy<y f(u) < infu< f(u) and 1 € H by part ().
Since M € R is arbitrary it follows that H is not only nonempty but also
unbounded below. |

Because f(t) goes to +00 as t — —oo and f(¢) goes to —oo as t — —+o00, for

€ac

h n € N we have that the set {r € R : f(¢) < —n} is nonempty and bounded

below and so s, := inf{t € R : f(¢) < —n} € R. The sequence {s, },eN is clearly
nondecreasing and unbounded above. Now f(s,) A f(s,—) = f(sp) = inf{f(u) :
u < s,}foralln € Nsothats, € H forall n € N and hence H is unbounded above.
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