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Abstract. This paper is devoted to the problem concerning the chro-
matic number of a random 3-uniform hypergraph. We consider the bino-
mial model H(n,3,p) and show that if p = p(n) decreases fast enough
then the chromatic number of H(n, 3, p) is concentrated in 2 or 3 consec-
utive values which can be found explicitly as functions of n and p. This
result is derived as an application of the solution of an extremal problem
for doubly stochastic matrices.
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1 Introduction

The theory of random graphs and hypergraphs was always in the focus of study
in probabilistic combinatorics. Recall that a hypergraph H is a pair of sets H =
(V,E), where V is a finite set whose elements are called vertices, and E is a
family of subsets of V' that are called edges of the hypergraph. If every edge
consists of k vertices then a hypergraph is called k-uniform. An r-coloring of a
vertex set is an arbitrary mapping f: V — {1,...,r}. It is said to be proper if
no edge is monochromatic. The chromatic number x(H) of a hypergraph H is
the minimum number of colors required for a proper coloring of H.

One of main stochastic models of random hypergraphs is the well-known
binomial model of a random k-uniform hypergraph H(n,k,p), which can be
viewed as the Bernoulli scheme on k-subsets of an n-element set: every subset is
included into H(n, k,p) as an edge independently with probability p. We study
the asymptotic behaviour of the chromatic number of H(n,k,p) for large n,
when £ is fixed, and p = p(n) is a function of n.

1.1 Related Work

The chromatic numbers of random graphs and hypergraphs have been intensively
studied since the 1970s. For known results concerning x(H (n, k, p)) in the graph
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case, k = 2, the reader is referred to the recent paper [6]. In the current paper we
concentrate only on the case k > 3. The asymptotics of the chromatic number of
H(n,k,p) in the dense case, when the expected number of edges is much larger
than the number of vertices, i.e. when pn*~! — 400, was obtained by Shamir
with coauthors [8,10] and by Krivelevich, Sudakov [7]. But we know much more
about the limit distribution of x (H (n, k, p)) in the sparse case, when the expected
number of edges is a linear function of n, i.e. p = en/(}) and ¢ > 0 does not
depend on n. Dyer, Frieze and Greenhill [5] proved that in this case x(H (n, k, p))
is concentrated in two consecutive numbers, moreover, for some values, there is
a concentration in exactly one number. For given ¢ > 0, let us denote r, =
min{r € N : ¢ < r¥~!Inr}. Clearly, ¢ € [(r. — 1)* 1 In(r. — 1),7* 1 Inr.). The
authors of [5] established that

—ife> rf‘l Inr, — %lnrc then
P(x(H(n,k,p)) =rc+1) — 1 as n — oo;

—ife<rftnr, — ==t (1 +Inr.) — O (k*r!~*Inr.) then

P(X(H(?’l,k,p)) - Tc) —lasn— oQ;

—ifce[rFtinr.— % (1+Inr.)—0 (k‘Q’I“i_k In rc) r*1lnr, — %ln rc] then

P(x(H(n,k,p)) € {re,re +1}) — 1 as n — oc. (1)

So, in many cases we obtain the exact limit distribution of the chromatic number.
Later, the bounds in the third ambiguous case (1) were improved by Ayre, Coja—
Oghlan and Greenhill [2] and by Shabanov [9]. They proved that up to the value
r*llnr, — %ln r. — O(1) we still have the chromatic number equal to ..

The non-sparse case when pn*~! — 400 is not studied so well. Krivelevich
and Sudakov showed that if additionally p — 0 then

(k- 1)d

,ﬁ o
kh’1d> E— 1 as n — +OO, (2)

(@)

where d = p(Z:i) But they did not investigate the concentration effect. The
authors of the current paper study the chromatic number of the random hyper-
graph H(n, k,p) for k > 4 [4] and proved the following theorem.

Theorem 1 ([4]). Let k > 4 and € > 0 be fized. Denote r, = rp(n) = min{r €
N:c<r*lnr} and c = c¢(n) = p(Z)% Suppose also that ¢ < n 3T for
some positive fived v, but ¢ — 400 as n — oo. Then we have the following
concentration values for the chromatic number of H(n,k,p):

. _ —1 k*1
1oife<rF'Inr, — fInr, — T‘;p —O(wa;’“f) then
P

P(x(H(n,k,p)) € {rp,rp+1}) — 1 as n — oo;
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2. if c> r’;_l Inr, — %hl rp + € for some fized positive e > 0 then
P (X(H(?’l, k7p)) € {Tp + lan + 2}) — 1 as n — oo.

3. finally, if
_ 1 r, — 1 K lnr _ 1
ceE (T;f 1lnrp—§1nrp— Irp _O<rk/3—1p>’rllj 11n7'p—§lnrp—|-€
P

then

P(x(H(n,k,p)) € {rp,rp+1,r,+2}) — 1 as n — oo.

So, we see almost the same picture as in the sparse case but every time we have
one more value.

1.2 Extremal Problem for Doubly Stochastic Matrices

The key ingredient of the proof of Theorem 1 is some result concerning the
doubly stochastic matrices. Suppose that » > 3 is an integer. Let M, denote
the set of r x r real-valued matrices M = (m;;,4,j = 1,...,r) with nonnegative
elements satisfying the following conditions:

T T

1 1
E M = forany j=1,...,r; E mij = foranyi=1,...,7. (3)
i=1 j=1

So, for any M € M., the matrix r - M is doubly stochastic. Now, denote the
following functions

T 2 i
H. (M) =— Z mi;In(r-my;); Epp(M) =In 1—m+ Z mfj Y

ij=1 ij=1

Denote for ¢ > 0, Ge (M) = H,(M)+c-Ep 1 (M). It is known that if ¢ = ¢(r, k) is
not too large then G, . (M) reaches its maximal value at the matrix J, which has
all entries equal to 1/r2. The first result of this type was obtained by Achlioptas
and Naor in the breakthrough paper [1] for the graph case k = 2. Recently, it
was improved by Kargaltsev, Shabanov and Shaikheeva [6]. For k > 4, Shabanov
[9] proved the following.

Theorem 2 ([9]). There exists an absolute constant d such that if k > 4,
max(r, k) > d and
r—1

— O(K¥ %3 1nr) (5)
,

1
c<rk*11nrf§1nrf

then for any M € My, Ger (M) < Geri(Jyr).

The aim of our work was to generalize Theorems 1 and 2 to the missed case
k=3.
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1.3 New Results

The first new result of the paper provides the solution for the extremal problem
concerning G. . in the case k = 3.

Theorem 3. There exists an absolute constant ro such that if 1 > ro and

1
c<r2lnrf§1nrflfr*1/6 (6)

then for any M € M., G r3(M) < Ger3(Jy).

Note that the obtained result is best possible in the following sense: if for some
fixed € > 0, it holds that ¢ > 72 In7r — % Inr — 1+ ¢ then for any large enough r,
there is M € M, such that G, 3(M) > G r3(Jr).

Theorem 3 and the second moment method allow us to estimate the chro-
matic number of the random 3-uniform hypergraph from above when p = p(n)
does not decrease too slowly.

Theorem 4. Let 0 < v < 1/5 be fiwzed. Denote ¢ = c(n) = p(})+ and rp =
rp(n) = min{r € N : ¢ < r* Inr}. Suppose that ¢ < ns~ and ¢ — oo as
n — oo. If

1
c<r1271n7“p—§1nrp—1—7“;1/6, (7)

then
P(x(H (n,3,p) <rp+1}) — 1 asn — cc.

Together with a theorem from [4] (see Theorem 1 in [4]) our second theorem

extends Theorem 1 to the missed case k = 3. For ¢ < n%_v, we obtain the
following values of the chromatic number of a random 3-uniform hypergraph:

1. ifcgrf)lnrp— %lnrp—l—rp_l/6 then
P(x(H(n,3,p)) € {rp,mp +1}) — 1 as n — o0;
2. if ¢ > rz Inr, — %ln rp + € for some fixed positive € > 0 then

P(x(H(n,3,p)) € {r,+1,1r,+2}) — 1 as n — oo.

3. ifce (rf,lnrp— slnr, —1 —r;1/6,r12,1nrp— %lnrp—i—e} then
P(X(H(n73ap)) € {rparp + 1,7'p + 2}) — lasn — oo.

In the next section we will prove Theorem 3.
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2 Proof of Theorem 3

Note that (3) implies that the total sum of m;; is equal to 1. Since G, ,3(J,) =
Inr+c-In(1-— T%)Q, we have

gc,r,B(Jr) - gc,r,3(M) = Hr(Jr) - HT(M) 87"73

T 2
zlnr—i—Zmijln(r-mij)—i—c In 1——+Zm 1—)

4,j=1 3,=1

:imijln(TQ-mij)—c-ln<1+Z’J lm ) (8)

ij=1 (1- 72)2

We need to show that this value is nonnegative for any M € M,.. In fact, we prove
a more precise statement and show that there exist some function a = a(r) > 0
such that given the condition (6) the following inequality holds for any M € M,.,

T

Gursl) ~ Gers0) 2 ) 3 (= &) )

ij=1

Our proof strategy follows the proof of Theorem 2 from [9], however we need to
make some changes that allow to extend the result to the case k = 3.

2.1 Row Functions

Let us denote £;; = m;; — 1/r?. Due to (3), for any i,j = 1,...,r, we have
11 1 . d
€ij € l:—2,—2:| s Z&j/ =0, Zei/jz(). (10)
r2’r r : :
7'=1 =1
Let us also define the following “row” functions: for any i =1,...,r,
T T 1
M) = Zmij In(r? - my;) = Z (1"2 + T28ij> In(1 +r?e;),
j=1 j=1
2oy —r? 1\ 7?3 ¢ -
E(M) === - (172) ﬁZanJrZe?j . (1)
(1-%) i=1 j=1
Clearly,
Ho(Jo) = Ho (M) =Y Hi(M), E5(M)—Es(J;) <> Ei(M). (12)
i=1 i=1

Now we are going to estimate the differences H;(M) —c- E;(M),i=1,...,r, in
various cases. The value H;(M) — ¢+ E;(M) depends only on the i-th row of the
matrix M. The classification of rows is the following. The row M; = (m;;;j =
1,...,r) is said to be
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1. central if
1 1

2. good if

3. bad if

Now let us consider these three types of rows separately. Throughout the
paper we use the estimates from [9] whenever it is possible. We also assume that
r is large enough.

2.2 Central Rows

Proposition 1. For any central row M;,

2

r
H;(M)—c-E;(M) > v Z E?j + (2rvlnr+0(rlnlnr)) Z E?j. (13)
J:€i5<0 J:€i; 20
Proof. First, let us estimate the value ¢- E;(M). Since every ;; < 71 — %2 - r\/inj
and ¢ < r?Inr, we have
1 -2 3 T T
— 2 3
¢ E(M) = ¢ (1 - ) Iy,
j=1 j=1
<72l (1 1>_2322+ + ! ! 2
L 2 €ij 2T LT 2T A €ij
j:€i5<0 " " r ln’l" Ji€i; >0
<4lnr Z afj—l—(rlnr—r\/lnr—i—O(lnr)) Z sfj. (14)
J:€i5<0 J:€i5>0

Now proceed to H;. We need to estimate the value of (T% + Eij) In(1 + TQEij)
from below. In [9] it was proved that
1. if £;; < 0 then (see (34) in [9])

2

1 r
(7“2 + Eij> ln(l + 7‘257;j) 2 Eij + 5512]-; (15)

2. if g;; > 0 and &;; < —— — L then (see (34) in [9))

rinr

1 9 3rinr 9
(72 + €1jj> 11’1(1 —+7r Eij) Z sij + méﬁij. (16)
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Assume that €;; > —-— — 5. Then

Inr

1
(r2 + Eij) In(1 +r%;;) > g5 1In (ﬁ) =¢ijj+&ij(Inr —Inlnr —1)

11\
Zeij—krefj (1—— > (Inr —Inlnr —1)

r Inr

1 Inlnr
=g, Inr-e2 1+ —— —— ). 1
fig T E”( +m+0(1nr )) (17)
The obtained bounds (15), (16), (17) imply that for all large enough r,

Hi(M)Zg Z €2 +(rlnr—|—r\/m+0 rlnlnr) Z 5 (18)

j:€i;<0 j:€ij >0
Together (14) and (18) provide the required estimate:

2

Hi(M) —c- Ey{(M) > % Z €5 + <2rvln7‘+0(rlnlnr)> Z €3
Jj€i;<0 jigi; >0

2.3 Good Rows

For good or bad row M;, its maximal element is very close to % So, it is conve-
nient to define the value

1
mi = max mi. (19)
The inequality (28) from [9] estimates the value H;(M) in terms of the value m;
as follows:

1
H;(M) > HT +m; Inm; +m; In (Tl) —m,. (20)

Note that these bounds hold for any row. We will use it very often in the remain-
ing proof.

Proposition 2. For any good row M;,

H;(M) —c- E;(M) > Ly, (21)

=~

Proof. Let us estimate c-E;(M). For a good row, we have m; € [r~'/4 1/r/In7],
so m; = o(r~') and m; = w(r=3). Suppose that m;;, = 1/r —m, is the maximal
element of M;. Then (3) implies that Zj#jo m;; = 1/r —myj, = m;. Thus,
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< 1 1\ ?/1 3my L 3m?
c-(1——= — = )
- 72 73 r2 r

Here we use the fact that 377 m; < mj. Since m; = o(r) and ¢ < r*Inr we

obtain that
1 3m; 3m? 1
B, (M) <co | 5 — — L —

1 1
<¥73m11nr(1+ o(1 ))+O<:r). (22)
The general estimate (20) and the condition m; > r~/# imply that
Inr Inr 11
H,(M)> —4+m;lum;(1+0o(1)) > — — - Inr(1+ o(1)). (23)
r T

The bounds (22) and (23) provide the required inequality:

1 1
Hy(M) = c- E(M) > {m;Inr(1+0(1)) + O ( :T>
1 1
> gmilnrz Zr‘““lnr.

2.4 Bad Rows

Now it is time to deal with bad rows. Recall that in every bad row M, there is
an index jo such that m;;, = max;—;, ., > % — 7~ 11/4 The main problem here
is that in this case the difference H;(M) — ¢+ E;(M) can be negative. For k > 4,
this negative value can be compensated by the bounds (13), (21) for central and
good rows, if there is at least one non-bad row (see [9]). So, it remains to consider
the case when all the rows are bad. Unfortunately, this is not the way for k = 3.
Here we had to consider all the bad rows simultaneously.

Let D C {1,...,r} denote the set of indices of the bad rows in M. Introduce
the following values:

= > Hy(M), ln<1+ZE ) (24)

€D €D

The following statement estimates their difference.
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Proposition 3. Under the condition (6) the following inequality holds:

|D|lnr  |D*Inr  |D|
_|_

Hp(M) = ¢+ Ep(M) >~ o+ /6

+0(r ). (25)

Proof. For H;(M), i € D, we have the bound (20). So, it remains to estimate
c¢-Ep(M). Again, for any i € D, we consider the maximal element of M;,
1

Myi () = Max m;; = — —m;
iJ0(%) =l i r iy

.....

—11/4]

where m; € [0, r . Using (11) we get

-2 3
1 1 3 1
1-—- r) E (r - mi) + my; — 3

J#3o (%)

"
3
[

Note that 32, . ;) m my; 3 = O(r—33/%). Therefore,

1\ 72 1 3m; 3m? 1 33
) _ = - 1 i = —33/4
Z&(M)—<1 ) _Ei(rs R >)

i€B €D
1 3m 1 s 2 »
:ieD<’“3_7"2_’“5+O(T ) (1+ 5 +067).

(1 - 3ﬂ2 1 O(r‘13/2)> (2 + O(r_4)) = % +O(r=27/4.

r3 r rd r2
Consequently,
1 3)?’77,z 1 —13/2

ZEi(M) :Z (7’5 -3t 1o / ))
icD €D

Dl 3 IDI -

=3 a2 (ID|r=1/2). (26)
i€D

Now, we want to estimate the square of this expression. Since |D| < r, the last
three summands have the order O(r~'%/4). Therefore, (26) implies that

2 3
(Zm(M)) ﬂ (=2, (ZE > or%). (@1

i€D i€D
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Now we are ready to estimate ¢ - Ep(M). Using (26), (27) and applying Taylor
expansion for the logarithm, we obtain

¢c-Ep(M)=c-In (1 + ZEZ»(M)>

€D

ZEi(M)_;<ZEi(M)> +0 (ZEi(M)>

€D i€D i€D
|D| - |DI? o _
= ( -5 m O(Dlr~12) = o + 0 2/4) + 0(r~)
€D
|D| Dl D3 _
:C<T3+T5_2T6_T2 m,-—&—O(r 11/2) .
€D

The condition (6) states that ¢ < r7?lnr — 2Inr — 1 —r~1/6. Thus,

1
c-Ep(M) < <r2lnr— ilnr— 1 —r1/6)

2
v <D+|D|_ D" 3 mi—i—O(r_ll/?))

73 75 2r6 72

ieD

|D|Inr  |D|lnr \D\anr Inr

= + 3 g (3Inr) ZmH—O 7]
€D

[D|lnr  |D]  |D —15/4
T ey (lnr )

|D|lnr  |D|Inr |D|?Inr |D| | D] Inr
= , + 23 - o4 _TT_7T19/6_ 311’17’ EZDm1+O 7/2

(28)

Let us complete the proof. Due to (20) we have the following lower bound
for Hp(M):

D|1
Hp(M) > w + E {milnmi—kmiln (7"1> —mi] .
r r—

i€eD

Using (28), we obtain that

|D|Inr  |D[*Inr \D\ |D] Inr
HD(M)—CED(M)Z— 973 + 2’["4 + —+ 19/6 0] m

+ iEZD {mi Inm; +m;In (ril) —m; + 3m; lnr} .
The function f(z) = zlnz 4+ zln (ﬁ) — 2 4 3z lnr is minimized when =z =

(r—1)/r* € [0,7~ /%), So, the minimal value is attained when m; = (r —1)/r*
for any ¢ € D. Hence,
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Z {mi Inm; +m;In <r1> —m; + 3m; lnr]
r—

i€eD
r—1 r—1 T
> ) =
Z( p <ln< " )+1n<r_1> 1+3lnr>)
€D
r—1 (r—1)|D | D| 3
:_Z A 4 :_F"’O(T )-
i€D

This finally implies the required inequality

\D\lnr |D|? Inr | D]
_l’_

Hp(M)—c-Ep(M) > — 9,3 ok r19/6

+0 (r_3) .

2.5 Completion of the Proof

It remains to summarize the obtained information. Now everything depends on
the number of bad rows |D| in the matrix M. Let C,G C {1,...,r} denote the
set of indices of central and good rows, respectively. Recall (see (8), (11), (24))
that

gcTS( ) gc73 ):ZHz( —C- 1n<1+ZE )

> Y (Hi(M)—c-Ei(M))+ Hp(M) - c- Ep(M). (29)
i€eCUG

Note that it is sufficient to show that G, 3(J;) — Ge,r,3(M) > b for some b =
b(r) > 0. This also implies the required inequality (9), because szzl(mij —
22 < 1.
Let us consider the following four cases.

1. If |D| = 0 then (9) follows from (13) and (21).
75/6
Inr

> (25) implies that the total contribution of bad rows is
positive. Indeed, for large enough r,

HD(M)—C.ED(M)>DII”'<|M_1>+ D] L0 (3

- 23 r r19/6
|D|Inr 1 |D| _3 |D| _3 L 136
Z s \ ik, +T19/6+O(r ):2r19/6+0(r )>§r :

Hence, again (9) follows from (13) and (21).
but |G| > 74/5. Then

3. Suppose |D| < r —

lnr7

|D|Inr

Inr Inr
= ) %) >

>-——+0

HD(M)—C'ED(M)Z— - 22

+0 (r~

r2
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The inequality (29) and the obtained bounds (13), (21) imply that for large
enough 7,

gc,n?)(Jr) - gc,r,3(M) > Z (HZ(M) —C- Ez(M)) + HD(M) —C- ED(M)
i€G

> r4/51r*11/4 Inr — Inr >
4 72

75/6

2lnr"
In this case there is at least ’iz/: — r4/5 central rows in M. Suppose that
11,52 € D are two indices corresponding to bad rows. Recall that any bad
row has an element greater than r—! —r~1/4. Suppose that m;, ;, and mi,;,
are both greater than 1/r — r~/%, Then it is straightforward to verify that
the double stochastic property (3) implies that j; # jo. So, the maximal
elements of bad rows should be in different columns of matrix M. Without
loss of generality we may assume that these elements are diagonal, i.e. for

any ¢ € D,

. Tt remains to consider the situation when |G| < r%/% and 0 < |D| < r —

1
M = Mmax Mmi; > — — 7T 11/4.
J=1,.m r

Recall the notation €;; = m;; — 5. If j € D then due to (10) we obtain that
Zfij = &5 Z Eij-
ieC i€EGUD;i#£]
We know that €;; = m;; — %2 > p11/4
least —r~2. Hence,

% and any other element is at

1
r2

1 1 1
ey <——+ 5 +r i+ S (IGI+ D).
icC r r r

6

5/
In our case |G| < 7#/® and |D| < r — =, so, we get

1,1 1 ro/6
d e < ——+ 5 Hr 4 S <r4/5+r— )
r r r

= Inr

—7/6 —7/6

r r
=— 1 1) < — < 0.
Inr (1+o(1)) 2lnr
Hence, the sum over all negative summands is also less than —%:
Z €ij < —r_7/6~
7= 2Inr

ieC: €ij < 0
By Cauchy—Schwarz inequality
2
r—10/3

1 [r77/6
Z 2
T > —_ = .
fij = r <2lnr> 4(lnr)? (30)

iEC:Ei]' <0
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Finally, by using (13), (21), (25), (29) and (30) we establish the required
estimate

gc7‘3( ) gcr3( )>Z(H1(M)_CEz(M))+HB(M)_CEB(M)
i€C
|D|1n7“ |D|?Inr  |D|

> Z Z o Tt O (r=?)

ieC j:€:5<0

272 Z |D|lnr+o(r_3)

i€C j:g;;<0

r? |D|Inr _
>T>, > i o TO(T)

ieCjeD~sij<0

e Z Z |D|1nr Lo (r_3)

]ED i€C:e4;<0

r? r=10/3  |D|Inr
> _|D|. _ -3
! 1D 4(Inr)2 273 +0(r)
—4/3 »

Since |D| > 1, the obtained value is at least 16174/23(1 + o(1)).

Theorem 3 is proved.

3 Sketch of the Proof of Theorem 4

In the last section we give a short sketch of the proof of Theorem 4. We just
follow the proof of Theorem 1 which can be found in [4]. The general scheme
was first developed by Coja-Oghlan, Panagiotou and Steger [3] in the case of
graphs.

First of all, we have to estimate from below the probability that the chromatic
number of the random hypergraph does not exceed r,. By using the second
moment method and Theorem 3 we prove the following lemma.

Lemma 1. Suppose pn? — +oo and p — 0 as n — +oo. If the condition (7)
holds then for all large enough n,

P (x(H(n,3,p)) < rp) >n"2"s.

Lemma 1 helps to estimate the proportion of vertices of our hypergraph that
can be properly colored with r, colors. Let V,, denote the set of vertices of
H(n,3,p). The following statement is true.

Lemma 2. Suppose that the conditions of Lemma 1 hold. Then with probability
tending to 1, there ewists a vertex subset Uy with size at most 2rpv/nlnn such
that the chromatic number of the subhypergraph induced by H(n,3,p) on V,, \ Uy
does not exceed 7.
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Finally, we need to estimate the number of edges in any small induced sub-
hypergraph in H(n, k,p). Here we prove the following.

Lemma 3. Suppose the conditions of Theorem /4 hold. Suppose that fixed § =
d(y) > 0 satisfies the inequality

25
0 < ————.
18 + 60

Then with probability tending to 1, any vertex subset U in H(n,3,p) with size
at most rp\/n(Inn) has at most (3 — 6) [U| edges inside.

Theorem 4 is easily deduced from Lemmas 1-3. So, we know that with prob-
ability tending to 1, almost whole hypergraph can be properly colored with 7,
colors. The remained small vertex subset U has size at most 2r,v/'nInn. There-
fore, there is a small number of edges inside U.

Now we can increase this set U in such a way that there are no edges in
the set of neighbors of the extended set U’ and the size of U’ is still less than
rpyv/n(lnn). By Lemma 3 the set U’ can be properly colored with colors {1, 2},
its neighborhood W-—with reserved color 7, + 1 and the remaining subset V,, \
(UUW )—with colors {1, 2, ...,r,}. Clearly, this is a proper coloring of H(n, 3, p)
with 7, + 1 colors. Theorem 4 is proved.
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