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Abstract. In reinforced concrete bent structures under cyclic loading of the sta-
tionary regime, inelastic deformations of vibration creep in the concrete of the
compressed zone form and develop under connected conditions. For this reason,
the conditions for the deformation of concrete in the compressed zone are non-
stationary, even when the external load is stationary. Experimental and theoretical
studies of the behavior of the reinforced concrete bending element were carried
out. The deformation mode of the concrete of the compressed zone of the bending
element was established under the stationary mode of cyclic loading. To assess the
endurance of concrete compressed zone under such deformation conditions, stud-
ies were carried out using methods of fracture mechanics of elastic-plastic mate-
rials and equations of endurance of compressed zone concrete for non-stationary
deformation conditions were obtained. On the basis of the conducted research,
the equation of the endurance of concrete of the compressed zone is developed
for practical calculations of reinforced concrete bending elements under station-
ary conditions of repeated cyclic loading. The proposed method allows the most
accurate assessment of the stress-strain state of concrete in the compressed zone
and the processes of concrete change from the point of view of fracturemechanics,
which is a significant contribution to the theory of fatigue strength and provides
concrete savings of up to 25% compared to existing methods.
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1 Introduction

Under the action of repeated cyclic loads of stationary mode in the concrete of the com-
pressed zone of reinforced concrete bending elements, inelastic deformations of vibra-
tion creep are manifested and develop. Due to the fact that vibration creep deformations
development under cohesive conditions, additional stresses appear in the concrete of the
compressed zone and the longitudinal stretched reinforcement as the number of loading
cycles increases. In this case, simultaneously with the change in the stresses in the con-
crete of the compressed zone of the bent element, the coefficient of asymmetry of the
loading cycle also changes [1–6]. In the process of cyclic loading in the concrete of the
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compressed zone of the bent element, the stresses decrease and the load cycle asymmetry
coefficients increase with an increase in the number of loading cycles [7–14]. In this
regard, there is a need to develop a new method for calculating the fatigue strength of
concrete in the compressed zone of bent reinforced concrete elements under stationary
cyclic loading conditions [14–19, 20].

2 Materials and Methods

When the load is applied repeatedly, the change in the stress-strain state over time of
the reinforced concrete bending bar can lead to the fact that the limit state will occur
as a result of the exhaustion of the resource of concrete or reinforcement. Therefore, to
assess the endurance of a reinforced concrete element, it is necessary to be able to assess
the bearing capacity of concrete in a compressed zone.

The current stressesσmax
b (t, τ ) in the concrete of the compressed zone are represented

as the sum of the initial σmax
b (t0) and additional stresses σ add

b (t). Additional stresses in
the concrete of the compressed zone due to the vibration creep of the concrete under
cohesive conditions are based on (1) and (3). It follows that, with an increase in the
number of loading cycles, the stresses in the concrete of the compressed zone decrease.
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σmax
b (t0) = Mmax

ω · b · x(h0 − γ · x) = 2Mmax

ξ
[
(1 + λ) − 0.33ξ

(
λ2 + λ + 1

)]
bh0

2 (2)

σ add
b (t) =

⎧
⎨

⎩
−h0

x
· Es

t∫

t0

σmax
b (τ )

∂

∂τ

[
1

E(t)
+ C(t, τ )

]
dt

⎫
⎬

⎭
· As

[
1

Ared
− e0

(
h − xp

)

Jred

]

(3)

ξ =
−μα ±

√(
μα2

) + 2μα
(
1 − λ2

)

1 − λ2

Where ξ relative height of the compressed zone, μ = As
bh0

, α = Es
Eb
.

At the initial loading stage, the stress cycle asymmetry coefficient in the concrete
of the compressed zone Pbt0 is equal to cycle asymmetry coefficient of the external
load PM . Under the action of cyclic loads due to the manifestation of vibration creep of
concrete in the associated conditions, there is a continuous change in Pbt . At the time
(t), the stress cycle asymmetry coefficient of the concrete of the compressed zone can
be represented as:
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It follows from (4) that as the number of loading cycles increases, the stress cycle
asymmetry coefficient of concrete in the compressed zone decreases.

It is known that the objective strength of concrete under repeated cyclic loads is less
than the short-term strength. In the calculations, this circumstance is taken into account
by introducing a coefficient kbP to the short-term strength corresponding to the moment
of application of the load τ.

kbP = R′b(t)
Rb(τ1)

(5)

Where R′b(t) is the endurance of concrete at the time t, Rb(τ1) is the short-term
strength of concrete at the time of applying a repeated load (τ 1).

In the elements of reinforced concrete structures, the process of reducing strength
is manifested in a more complex form. This is due to the fact that in the concrete of
the compressed zone of the bent elements, the maximum stress level of the cycle and
the stress cycle asymmetry coefficient Pbt change. The endurance curves of concrete
can be constructed experimentally. It is practically impossible to obtain the endurance
curve of concrete of the compressed zone in reinforced concrete bending elements by
experimental means. There are no proven methods for determining stresses in concrete
by direct experiment. The construction of such a curve is associated with the need
to use certain additional prerequisites. Data on the fatigue strength of concrete in the
compressed zone of reinforced concrete bending elements and, in particular, in over-
reinforced elements, can be obtained on the basis of the experimental fatigue resistance
curve of the reinforced concrete element and the calculated stress values in the concrete.
By comparing the stresses in concrete of samples destroyed by a short-term static load
at the time τ 1 and after repeated loading, it is possible to obtain data on the effect of
previous variable stresses on the short-term strength of concrete in the compressed zone.

Even under stationary loads under conditions of stress varying inmaximum level and
in amplitude, it is necessary to establish the concept of endurance under these conditions.
There are two possible approaches. The endurance of the concrete of the compressed
zone can be found in the following way:

• the value of the stress at the time t immediately preceding the destruction (hereinafter
- the moment of destruction) - σmax

b∗ (t, τ1);
• the value of the stress at the time of application of the maximum load of the cycle τ 1,

at which the fatigue failure will occur at the time t - σmax
b (t, τ1).

The stress change mode relates the values σmax
b∗ (t, τ1) and σmax

b (t, τ1). The set of val-
ues make up the curves R∗

b(t, τ1) and Rb(t, τ1) characterising the endurance of concrete
under non-stationary stress conditions. It seems that the definition of endurance in terms
of R∗

b(t, τ1) is more correct from a physical point of view, because it is associated with
stresses at the moment of failure. The value Rb(t, τ1) is somewhat conditional, since it
is associated with the stresses that acted earlier, i.e. at the time of applying the maxi-
mum load of the first cycle, leading to destruction. However, when performing practical
endurance calculations, the use of the Rb(t, τ1) curve is more preferable, because it does
not require determining the stresses formed at the time of failure. For t ≈ N = 2.106
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cycles the values of R∗
b(t, τ1) and Rb(t, τ1) characterize the endurance of the concrete

of the compressed zone of the reinforced concrete structure. Coefficients η∗
σ (t, τ1) and

nσ (t, τ1) characterize the relative endurance of concrete in the compressed zone.

η∗
σb

(t, τ1) = R∗
b(t, τ1)

Rb(τ1)
(6)

ησb(t, τ1) = Rb(t, τ1)

Rb(τ1)
(7)

Due to the fact that the coefficient η∗
σ (t, τ1) is associated with the stresses formed at

the moment of destruction, the decrease in its values under the conditions of cyclic load
action is associated with three factors: the accumulation of damages, the decrease of
stresses and decrease of stress cycle asymmetry coefficient in the concrete of the com-
pressed zone. For using the coefficient η∗

σ (t, τ1), it is necessary to determine the stresses
at the moment of failure, which is associated with certain computational difficulties. For
calculations, it is more convenient to use the coefficient nσ (t, τ1) because it is related
to the stresses at the time of load application. In addition, the decrease in the values
of nσ (t, τ1) over time is due only to a decrease in the fatigue strength of concrete in
the compressed zone under variable stress conditions. From the Eq. (3), it can be seen
that nσ (t, τ1) shows what proportion of the short-term strength should be the stress in
the concrete of the compressed zone by the end of loading. The construction provided
that fatigue failure occurs at time t ≈ N = 2.106 cycles. Using the Eqs. (8) and (9)
we can obtain an Eq. (10) for determining the relative endurance limit of concrete in a
compressed zone.

σ ∗
b (t, τ1) = σb(t, τ0) · Hσ (t, τ ) (8)

Pb(t, τ ) = Pb(t, φ0) · HPb(t, τ )

σ ∗
b (t, τ1) = R∗

b(t, τ ) (9)

ησ (t, τ ) = R∗
b(t, τ ) · HPb(t, τ )

R(τ ) · Hσ (t, τ )
(10)

3 Results

The relative endurance limit of compressed zone concrete in reinforced concrete elements
does not coincide with the relative endurance limit of concrete prisms at a constant level
of maximum cycle stresses, the stress cycle asymmetry coefficient.

For the analytical analysis of the fatigue strength of concrete in the compressed zone,
it is necessary to determine the compressive strength of the loaf at variable values of the
maximum stresses and the stress cycle asymmetry coefficient.

To determine the fatigue strength of concrete in the compressed zone of a bent
reinforced concrete element under the conditions described above, we use the equation
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of objective strength under non-stationary conditions. To simplify the calculation pro-
cess, the endurance evaluation is performed at the final stage of the structure operation,
immediately preceding the exhaustion of the bearing capacity.

First we calculate the values σmax
b (t0), σmax

b (t),Pbt,Hσb(t, τ ). Then, based on the
fact that the decrease in Pbt and σmax

b (t) depends on the vibration creep of the concrete
of the compressed zone, the change is divided into n number of stages (steps). In general,
the breakdown into stages can be completely arbitrary.

In this case, we assume that the stresses during the transition from one block to
another change by the same value �σ bi(t). To determine �σb(t), we divide the value
Hσb(t, τ ) by n (where n is the number of loading stages in the block), and then multiply
the initial stresses by the same value.

�σb(t) = Hσb(t, τ )

n
· σmax

b (t0) (11)

Consider the following sequence of stress changes in the concrete of the compressed
zone (Fig. 1).

Fig. 1. Diagramof stress changes in compressed zone concrete under repeated loadingwithMmax

and PM are constant.

In Fig. 1, σmax
b1 = σmax

b (t0) − �σ b – for the number of loading cycles N1 and the
stress cycle asymmetry coefficient Pb1;

σmax
b2 = σmax

b (t0)−2�σ b – for the number of loading cycles N2 and the stress cycle
asymmetry coefficient Pb2;

σmax
b3 = σmax

b (t0)−3�σ b – for the number of loading cycles N3 and the stress cycle
asymmetry coefficient Pb3;

σmax
bn−1

= σmax
b (t0) − (n − 1)�σ b – for the number of loading cycles N(n-1) and the

stress cycle asymmetry coefficient Pb(n−1);
σmax
bn = σmax

b (t) − n�σ b – for the number of loading cycles Nn and the stress cycle
asymmetry coefficient Pbn.

With this stress distribution, the number of loading cycles in each block will obey
the inequality, N1 < N2 < N3 < · · · < Nn. The stress cycle skewness decrease from
block to block, i.e. Pbt0 > Pb1 > Pb2 > · · · > Pbn .
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The objective strength of the concrete of the compressed zone by the time of the
end of loading with the above scheme of changes in cyclic stresses is calculated by the
formula:

(12)

The endurance of structures on the concrete of the compressed zone is evaluated
based on the condition:

σmax
b (t, t0) ≤ Rb(t, τ ) (13)
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4 Discussions

The studies allowed us to establish that the mode of deformation of the concrete of
the compressed zone in the composition of the reinforced concrete bending structure is
non-stationary even in the stationary mode of a cyclic load.

The equation of the mechanical state of concrete in the compressed zone of a rein-
forced concrete bending structure under stationary repeated cyclic loads is developed on
the basis of the theory of concrete vibration creep and the mechanics of destruction of
elastic-plastic materials.

The resulting equation is adequate and sufficiently accurate, from the point of view
of the requirements of practical calculations. It allows us to evaluate the endurance of
concrete in a compressed zone under stationary cyclic loading conditions and to obtain
reliable and at the same time economical solutions.
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