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Introduction

We were tasked by the editors to provide a synthesis of the three chapters, highlight-
ing, in particular, the similarities and differences among the chapters as well as the
consequences associated with analyzing the classroom data from the three different
perspectives of argumentation, justification, and proof. In our discussion, we also
highlight the consequences associated with the analytic framework that each set of
authors brought to bear on the data and suggest that these latter consequences may
contribute more to the differences among the chapters than the differences in per-
spective. In addition, we also offer an alternative definition for the activities associ-
ated with argumentation, justification, and proof as we think it may serve as a more
comprehensive way for describing and studying such activities.

The chapter authors were provided definitions of the three focal constructs, defi-
nitions that the editors acknowledge are one of many ways that each particular con-
struct might be defined. Indeed, as Hanna (2020) claimed: “Argumentation,
reasoning, and proof are concepts with ill-defined boundaries” (p. 561). Likewise,
we would add to that list of concepts, justification, as it too falls into the category of
concepts with ill-defined boundaries. Nevertheless, in our discussion we used the
following definitions of each construct as stated by each of the chapter authors:
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Argumentation as “the process of making mathematical claims and providing evidence to
support them” (see “Exploring Collective Argumentation in the Mathematics
Classroom” in the chapter by Gomez Marchant, Jones, and Tanck, this volume).

Justification as “‘the process of supporting your mathematical claims and choices when
solving problems or explaining why your claim or answer makes sense” (Bieda &
Staples, 2020)” (see the introductory paragraph in the chapter by Lesseig and Lepak,
this volume).

Proof as an argument that consists of six characteristics, with arguably the most critical
characteristic being that the argument “does not admit possible rebuttals” (see
“Introduction” in the chapter by Yopp, Ely, Adams, and Nielsen, this volume).

Based on these working definitions, we view proof as a special case of argumen-
tation and view justification as the second “half” of argumentation (i.e., providing
evidence to support a claim). The relationship among these three constructs serves
to inform our discussion of the three chapters. In our discussion of the chapters, we
also consider aspects of practice not necessarily captured with argumentation, justi-
fication, or proof, namely, the practices of developing and exploring conjectures.
We refer to the collective set of practices as proving-related activities (Knuth et al.,
2019) and use this expression throughout our discussion in this chapter.

The Task and Its Possibilities

In discussing the three chapters, we first consider the potential of the task to engage
students in proving-related activities (cf. Arbaugh et al., 2019) and the instructional
goals associated with the Number Trick task as each of the chapter authors based
aspects of their analyses on assumptions about the task and on its implementation.!
In their chapter, Lesseig and Lepak introduced the Mathematics Task Framework
(Stein et al., 1996) as a means of capturing “a task from its original form [as written]
through different phases of set up and implementation, culminating in student learn-
ing” (see “Method” in the chapter by Lesseig and Lepak, this volume). We adopt
this particular lens as well to frame our discussion as it offers a way to portray the
possibilities afforded by the written task, the potential instructional goals associated
with the task, and the opportunities, both taken and missed, by the teacher to mean-
ingfully engage students as the task was set up and enacted.

'We are uniquely positioned to discuss the potential outcomes and instructional goals of the
Number Trick task as the first author used this same task in a project which examined middle
school students’ justifying and proving competencies (e.g., Knuth & Sutherland, 2004; Knuth
et al., 2009), and much of our discussion is based on this prior work.
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Potential Proving-Related Activities

In the first part of the task, students are asked whether Jessie’s two answers will
always be equal to each other for any number between 1 and 10 and then asked to
explain their reasoning. Responses that might be anticipated from students include
(1) testing several, but not all, numbers between 1 and 10 and concluding that the
two answers will always be equal based on the results of their computations; (ii)
testing every number between 1 and 10 and concluding that the two answers are
always equal; or (iii) testing several numbers between 1 and 10, gaining a critical
insight from the computational process (i.e., an insight related to the distributive
property), and concluding that the two answers will always be equal based on that
insight. In all three cases, students’ explanations involve reasoning with examples:
in the first case, an explanation based on a limited set of empirical evidence; in the
second case, an explanation based on exhausting the domain of the claim; and in the
third case, an explanation based on observing generality in the computational pro-
cess. In the last two cases, one might consider the explanations to constitute proof:
a proof-by-exhaustion and a generic proof (Zaslavsky, 2018) or an algebraic proof
(i.e., 2(x +4) =2x + 8).

In the second part of the task, students are asked, with respect to their explana-
tion to the first part, whether their explanation shows that the two answers will
always be equal to each other for any number (not just between 1 and 10) and to
explain their response. Anticipated student responses might include (i) concluding
that the answers will always be equal for any number based on their work from the
first part of the task (either their computations with several numbers or their compu-
tations with every number); (ii) testing several additional numbers (beyond the
domain from the first part of the task) and concluding that the two answers will
always be equal for any number based on these additional computations; (iii) con-
cluding that they cannot be sure because they only tested a limited set of numbers
(in the first part) and cannot test every possible number; or (iv) concluding that the
two answers will always be equal based on the critical insight related to the distribu-
tive property. Similar to the first part of the task, students’ explanations again involve
reasoning with examples: the first two cases both rely on a limited set of empirical
evidence, and the fourth case relies on noticing the generality of the computational
process. With respect to whether the explanations constitute proof, as above, only
the fourth case might be considered as such.

In considering the three chapters in light of the preceding discussion, two of the
three chapters do focus, to varying degrees, on aspects of the task and possible stu-
dent responses. Yopp et al. noted that the task offers the possibility for students to
recognize “that a proof of a general claim needs more than just an empirical check”
(see “Reframing the Definition of Proof for the Current Context” in the chapter by
Yopp et al., this volume), to engage in proof-by-exhaustion (for the first part of the
task) and to gain a conceptual insight regarding regularities in the computational
process of testing several numbers. Although Lesseig and Lepak also noted this last
possibility, it was only in the context of the second part of the task as they claimed
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that the computational process students used for the first part of the task only served
the dual purpose of leading “students to an answer that the Number Trick worked
(the claim) and provided the explanation to support their claim” (see “Justification
Process” in the chapter by Lesseig and Lepak, this volume). Gomez, Marchant
Jones, and Tanck, however, did not discuss the nature of the task and its possibilities
as their analytic framework focuses solely on the implementation of the task.

Potential Instructional Goals

In considering the task setup and its implementation, the three anticipated student
responses for the first part of the task provide various instructional opportunities for
a teacher to engage students in proving-related activities. And, of course, these
instructional opportunities are also enabled (and constrained) by a teacher’s particu-
lar instructional goals. A teacher might initially ask students who tested several
examples how they know the two answers will be the same for the numbers they did
not test, and in the classroom conversation that might follow, other students might
offer critiques of the responses. A teacher’s instructional goal in this case might be
to highlight the limitation of examples as a means of establishing a general result.
Alternatively, a teacher might facilitate a conversation between students who tested
several examples and those who tested the entire domain, asking the students to
compare (and critique) the respective strategies. In this case, such a conversation
might serve an instructional goal of contrasting the limitation of examples as a
means of establishing a general result with their power to prove a general result (as
well as to foreshadow what is to come in the second part of the task). Moreover, a
teacher might also have a goal of gaining insight about the rationale underlying
students’ decisions to test every number in the domain: on the one hand, it might be
that students did so because they assumed that the task (or teacher) required it, and
on the other hand, it might be that students viewed the strategy as a means of gain-
ing absolute certainty about the truth of the claim (a strategy that, as Yopp and his
colleagues might say, does “not admit rebuttals”). Finally, for those students who
gained a critical insight from noticing regularities in the computational process,
having these students share their thinking might serve as a natural transition into the
second part of the task (or a teacher might wait until the class has thought about the
second part of the task before asking these students to share their thinking).

As the class moves on to the second part of the task, a teacher might first ask for
responses from those students who concluded the answers will always be the same
based on their computational results from the first part of the task (or based on their
testing of additional examples). In the class discussion that follows, other students
might suggest that it is impossible to test every number, so one cannot be absolutely
sure that the two answers will always be the same for every possible number—an
opportunity to highlight the limitations of examples as a means to establish a gen-
eral result, beyond any doubt (or without admitting rebuttals). Finally, in asking
students if there is any way to know for certain whether the two answers will always
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be the same for any number, students who gained the critical insight (or at least
searched for one) could offer their explanations—an opportunity to discuss the idea
of a general argument (versus an argument based on empirical evidence).

In examining how the task was set up and implemented in Mr. MC’s classroom,
each set of chapter authors highlighted different aspects of the classroom interac-
tions as students engaged with the task. Gomez Marchant and his colleagues do not
discuss the way in which the task was set up but rather used the Teacher’s Support
for Collective Argumentation [TSCA] framework (Conner et al., 2014) to docu-
ment teacher and student contributions in the argumentation process and, impor-
tantly, highlighted the teacher moves in that process. The TSCA framework provided
a means for examining the nature of the teacher’s contributions to the process,
whether adding contributions himself or eliciting contributions from students, and
documents the critical role the teacher played in supporting the classroom’s collec-
tive argumentation. Interestingly, and somewhat in contrast to the Lesseig and
Lepak chapter, Gomez Marchant et al. do not comment about any of the opportuni-
ties Mr. MC may have missed to engage students in thinking more deeply about the
task. For example, Lesseig and Lepak noted that Mr. MC pushed students to com-
pute every number for the first part of the task (“Did you check them all?”’) and
“seemed to discourage a general line of reasoning in favor of a justification for 1-10
early in the process” (see “Task as Implemented” in the chapter by Lesseig and
Lepak, this volume). In this case, by pushing students to compute every number
between 1 and 10, the teacher removed the possibility, at that moment, for discuss-
ing different student responses (e.g., testing only a few numbers, noticing the under-
lying structure). It is also not clear whether Mr. MC intended for students to test
every number in the domain (part 1) with proof-by-exhaustion in mind. If a goal was
to use the task as context for introducing the distributive property through a discus-
sion of the computational regularities students may have noticed, and to then use a
generic example to illustrate the structure, this opportunity was missed.

Framing Matters

Across the three chapters, the analytic framework applied to the data, in large part,
seemed to make the biggest difference in what the chapter authors reported. Gomez
Marchant et al.’s use of the TSCA framework (Conner et al., 2014) resulted in a
primary focus on documenting both student and teacher moves in creating an argu-
ment, whereas Lesseig and Lepak’s use of the Mathematics Task Framework (Stein
et al., 1996) resulted in a primary focus on the teacher’s instructional practices and
the resulting opportunities for students to learn from their engagement in the justifi-
cation process. In their chapter, Yopp and his colleagues focused less on the actual
classroom implementation of the task and more on the “product” of students’
engagement in the proving-related activities. In particular, they analyzed the student
work relative to six criteria for what constitutes a proof and characterized the
responses students produced in light of these criteria. An important distinction that
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Yopp et al. noted relates to the critical insight about the distributive property: they
distinguish between students who relied solely on empirical evidence and those
students who either searched for a “conceptual” insight (but did not find) or deter-
mined the conceptual insight. The search for a conceptual insight is important to
note as that suggests that these students do recognize the limitation of empirical
evidence.

In the end, it is not surprising that each set of chapter authors, given their respec-
tive constructs and definitions (i.e., argumentation, justification, or proof) and par-
ticular analytic framework, detailed different aspects of the classroom participants’
interactions (and products). We also think it is worth noting that none of the chapter
authors discussed in any detail the various possible outcomes and instructional
goals associated with the Number Trick task as written nor the potential opportuni-
ties for deepening students’ understanding of argumentation, justification, and
proof. From our perspective, the Number Trick task offered several opportunities
for students to learn important ideas underlying proving-related activities including
the limitation of examples as a means of proof as well as their power as a means of
proof (in the case of proof-by-exhaustion or in generic proving), the role of exam-
ples can play in noticing regularity or gaining conceptual insights (from computa-
tions with examples), and what constitutes a general argument (proof). Yet, in their
analyses of the classroom episode, the chapter authors did not discuss in any depth
such opportunities (whether taken or missed by the teacher). For example, the
authors all noted to varying degrees the fact that Mr. MC pushed his students to test
every case between 1 and 10, yet they did not comment that, as a result, Mr. MC was
taking away the opportunity to engage the class in a conversation about the role of
empirical evidence (its limitations as well as its power).

Capturing the Breadth of Proving-Related Activity

In considering the perspectives of the three chapters—argumentation, justification,
and proof—we are reminded of a quote from William Shakespeare: “A rose by any
other name would smell as sweet.” In this case, whether one uses argumentation,
justification, or proof, it seems that the descriptive name of the activity is of less
importance than the actual nature of the activity in which students engage.
Stylianides (2009), for example, defined reasoning-and-proving:

to describe the overarching activity that encompasses the following major activities that are
frequently involved in the process of making sense of and establishing mathematical knowl-
edge: identifying patterns, making conjectures, providing non-proof arguments, and pro-
viding proofs. The choice of a hyphenated term to encompass these four activities reflects
my intention to view the activities in an integral way. (pp. 258-259)

We agree with Stylianides in the need to describe the overarching activity but feel
his definition is not adequately comprehensive in that it excludes some related activ-
ities. As we mention in the introduction, we prefer the expression proving-related



Argumentation, Justification, and Proof in Middle Grades: A Rose by Any Other Name 135

activities as we view it as encompassing aspects of practices related to argumenta-
tion, justification, and proof as well as aspects of practices not necessarily captured
by these three practices (Ellis et al., 2019). In particular, we characterize proving-
related activities as including the development of conjectures, exploration of con-
jectures, justification of conjectures (including proof of conjectures), and refutation
of conjectures. Inherent in our definition is also explicit attention to the role exam-
ples play in these activities as we view the time spent thinking about and analyzing
examples as playing a foundational and essential role in the development, explora-
tion, and understanding of conjectures, as well as in subsequent attempts to develop
proofs of those conjectures.

A focus on argumentation, justification, or proof (as defined and applied by the
authors), from our perspective, does not adequately capture all of the critical aspects
of proving-related activity, including the development of conjectures as well as the
role of examples-based reasoning. As the Number Trick task highlights, examples
played a major role in the students’ activities, from providing initial conviction
about the claim’s truth to serving as a means of justification for the claim’s truth to
providing insight based on regularities observed in the computations with examples.

One final consideration for a more comprehensive way to describe the instruc-
tional episode that was the focus of the three chapters relates to our collective work
with teachers. If we want the activities associated with argumentation, justification,
and proof to play a more central role in middle school classrooms, it may be more
powerful and instructive to focus on all the activities involved in such practices. It is
easy to get lost in trying to categorize teachers’ practices or students’ activities as
related to argumentation, justification, or proof, when in the end what perhaps really
matters is teachers’ efforts to meaningfully engage students in the proving-related
activities of developing, exploring, justifying (including proving), and refuting
conjectures.
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