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Abstract. Boolean functions have been extensively studied in coding
theory, cryptography, sequence design and graph theory. By adding two
products of three linear functions to some known bent functions, in this
paper, we construct a class of bent functions and obtain their dual func-
tions. In the meantime, a class of semi-bent functions and some classes
of five-valued Walsh spectra are given.
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1 Introduction

Boolean functions are widely used in cryptography, error correction codes [2]
and signal sequence design [7]. Their applications in cryptographic systems have
been studied for more than three decades. Some important properties of these
functions, including balance, nonlinearity and algebraic immunity, are obtained.
Walsh transform is a powerful tool to study the properties of Boolean functions
in the application of cryptography and coding theory. The Walsh transform of
a Boolean function, a discrete Fourier transform, can be used to express the
cryptographic properties of a Boolean function.

Bent functions proposed by [14] are Boolean functions with two different
Walsh transform values and implements the maximum Hamming distance func-
tion to all the affine Boolean functions. Bent functions exist only with even
number of variables. Bent functions have been extensively studied because of
their interesting algebraic and combinatorial properties and it have received a
lot of attention in the literature on communications, because of their multiple
applications in cryptography [1], the fields of coding theory [8] and sequence
design [13].

No bent function is balanced. As generalizations of bent functions, [5] intro-
duced the concept of semi-bent functions and obtained the balancedness and
good nonlinearity in both even and odd number of variables. Moreover, [17,18]
proved that bent functions and semi-bent functions are particular cases of the
so-called plateaued functions. Like bent functions, semi-bent functions are also
widely studied in cryptography. Because they have low Walsh transform val-
ues which can provide protection against fast correlation attacks [12] and linear
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cryptanalysis [9], they can possess desirable properties such as low autocorre-
lation, propagation criteria, resiliency, and high algebraic degree. Several new
families of semi-bent functions were proposed by [3,4,6,10,15].

In 2014, [11] provided several new effective constructions of bent functions,
and then gave several new infinite families of bent functions by adding a product
of two linear functions to some known bent functions and their duals. After that,
by adding a product of three linear functions to some known bent functions, [16]
presented several classes of bent functions. Inspired by those results, in this
paper, we firstly add a product of three linear functions to some known bent
functions, and then add another product of three linear functions to which one
(the added two products are related each other), so we obtain a class of bent
functions and their duals. On the other hand, we promote a class of semi-bent
functions and some classes of Boolean functions with five-valued Walsh spectra.
Finally, a spectrum distribution of some class of Boolean functions with five-
valued Walsh spectra is presented.

The paper is organized as follows. In Sect. 2, we introduce some notations and
preliminaries. In Sect. 3, we present some bent functions, semi-bent functions
and some functions with five-valued Walsh spectra. In Sect. 4, a spectrum distri-
bution of the Boolean functions obtained in Sect. 3 is given. Section 5 concludes
the paper.

2 Preliminaries

For a positive integer n, let IFon be the finite field with 2™ elements, T3, =
Fan \ {0}. Tr} denotes the absolute trace function from Fan onto IFy

Tri(z) =a+ 2%+ +22" for all 2 € TFyn.
Thus the Walsh transform of a Boolean function f on Fon is defined by

fla) = Z (—1)f(”“')+T"IL(‘”“')7 for all @ € IFgn.

z€Fon

Let N; be the number of a € Fyn such that f(a) = v;, i.e., Ny = [{o € Fgn :
f(a) = v;}|, where 1 £ ¢ < ¢ and ¢ is a positive integer. By the properties of
Walsh transform, we have the following system of equations:

A Boolean function f : IFan — IFy (n even) is said to be bent if f(w) = +2%
for all w € Fan. Bent functions occur in pair. In fact, given a bent function f
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over IFyn, we define its dual function, denoted by f, when considering the signs
of the values of the Walsh transform f(z)(z € IFgn) of f. More precisely, f is
defined by

flz) =28 (-1)/@. (2)

A Boolean function f : Ian — IFy is said to be semi-bent if f( ) €

{0,427} and if f(w) € {0,42"F} for all w € IFyn corresponding to n even

and n odd, respectively. It is well known that the algebraic degree of a bent or
semi-bent function defined on IFsx is at most % [2].

Let n = 2m be a positive even integer and h be the monomial Niho quadratic

function
h(x) = Tri*(Az>" 1), (3)

with A € IF5,.. It is well known that A is bent, and its dual function  is given
(see [11]) by B
h(z) =Tri*(A""a® 1) + 1. (4)

Below we always let n = 2m be an even and \ € IF5,..

3 Infinite Families of Bent, Semi-bent and Five-Valued
Functions from Monomial Bent Functions

In this section, we give a class of bent functions, its dual function, a class of
semi-bent functions and some classes of five-valued Walsh spectra.

We begin with the result presented by [11] that plays an important role.
Let fi1, fo and f3 be three pairwise distinct Boolean functions. Then define g :
]FQn — IFQZ

9(@) = (@) fo(@) + fi(2) fo (@) + fol@) fala): (5)

Lemma 1. [11] Let f1, fo and f3 be three pairwise distinct bent functions over
IFon such that v = f1 + fo + f3 is bent. Let g be a Boolean function defined by
Eq. (5). Then g is bent if and only if fi + fo+ f3 + ¢ = 0. Furthermore, if g is
a bent function, then g is given by

3(x) = fi(@) fo(x) + fo(z) f3(2) + fs(2) f1(x), for all z € Fyn.

[11] provides several new effective constructions of bent functions based on
Eq. (5). Let f;,1 <4 = 3 be three bent functions given by

fi(z) = Tri”()\xgm“) + Tri(a;x),a; € F3,,

where a1,as and a3 are pairwise distinct elements of IF3,. After a simple cal-
culation, Mesnager obtained that the Boolean function g(x) = fi(z)fa(x) +
(@) fa(2) + F2(@) fo(@) = Tr(\a®" 1) + Trf (az)Trf (ba) + Trf (ar2), where
a = aj +as,b=aj; + ag. In the next lemma, Mesnager pointed out that g(x) is
a bent function under some conditions.
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Lemma 2. [11] Let (a,b) € 5, x IF5, such that a # b and Tr(A\~"*"a) = 0.
Then the Boolean function g defined on Fon as g(x) = Tri(\az®"+1) +
Tri(ax)Try(bx), it is a bent function of algebraic degree 2 and its dual func-
tion g is given by

gla) =14+ Tri(A 12" ) + (Tﬁn(/\*lawﬂ) + Tr?()\flanx»
(T O £ T (A ).

Then one constructs a new class of Boolean functions and invests their prop-
erties by the two lemmas above. Let

filz) = Tr{”(AmeH) + Tri(ax)Tr} (a;x),

where a, a1, a2, as are pairwise distinct elements of IF3.. Hence by Eq. (5), one
can obtain

f(@) = fi(@) fa(x) + fa(2) fa(x) + fi(e) f3(x)
= Tr"(Az®" ) + Tr?(a2)Tr? (a12)Tr}((ag + as)z)
+Tri(ax)Tr}(asx)Try (asz). (6)

Motivated by [16, Lemma 1], we get the following result.

Lemma 3. Let h(z) be a Boolean function on IFan, and a, ay, as,as are pairwise
distinct elements of 5. If f(x) is defined as follows

f(@) = h(x) + Tri(ax)Tri(a1x)Tr} (a2 + a3)z) + Tri(ax)Try (asx)Tr} (asz),

then for any b € IFan,
1, . 3 3
Fb) = Z(h Z (b+a;) — b+;az+2ha+b)

3
h(a+b+ a;) + h( a+b+z )

=1 =1

'Mw

Proof. For any (£1,¢,€3) € IF3, we define the set
T(e1,e9,e3) = {x € Fon|Tr](a1x) = &1, Tr{ (agzx) = 9, Tr] (azx) = 3}

and integer

Sereneny(d) = Y (~DH@FTrEC),

z€T (e1,62,€3)
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Then for any b € Fon and (e1,€9,€3) € IF‘;’7 we have

f(b) = Z (=1)/ @)+Tri (ba)

w€Fgn
= z:(,nmm+ﬂfmmﬂfmmnq«@+%ﬂ)

w€Fn

: Z (—1)TrE @) T} (@20)Tr] (as@)+T77 (bo)

©E€Fan

= Y Sreen®+ D Sieeney(atb)
wt(e1,62,63) <1 225 wi(e1,e2,63)

=)= Y (Seresen®) = Seimenlat ), (@)

25 wt(e1,e2,63)

One can immediately have wt(e1,e2,e3) is the Hamming weight of the vector
(e1,€2,€3).
From the definitions of S(., ., .,)(b) we have

1(z rT (bx 1+ ( ) i+ Ty (aiw)
85(51,52,53 -8 Z I V+Tr (b )H 5
z€lFan =1
S dic
=h(d)+ > ()= b—i—Zdal (8)
d;€Fqy
15453

for 2 < wt(e,e2,€3), substitute a + b for b in the above equation, we get

3 3
~ Z diEiA
8S(c1 e0.05) (@ +b) = h(a+b) + Z (=)= h(a+ b+ Z dia;).  (9)

d;€Fy i=1
1<i<3

Applying Egs. (8) and (9) to Eq. (7), and after a simple calculation, we get

3 3
Af(b) )+ Y hb+ai) —h(b+ " a;) +2h(a+b)
=1 =1
3 3
}: (a+b+a;) +hm+b+§:%
i=1 i=1
This completes the proof. a

In the following, we assume that A = Tr(A\~'2"*1). Replace h(z) with
Tr*(Az?" 1) in Lemma 3, which happens to be Eq. (6), then after a tedious
calculation by using Eqs. (2)—(4), we obtain
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3

3
. 1 , > (citti)
) = 2D (24 DD - (D= (-1
i=1
: S ety o
Ci i
72(71)Ci+64+ti+3 + (71)1':1 i=1 )7 (10)
i=1
where
=Tr{"(A (0" a; + baf” + a2 ), e = Tr (AL (02" a + ba®" + a2 1Y),
t1 =Trr(A " 'a?" as), to = Tr (A" 1a3" a3),
ts = Tri(A a2 ay), tivs = Trr(A"1a®" a;),
for 1 <4< 3.

Remark 1. In fact, since a,ay,as,a3 are pairwise distinct elements of IF5,, if
a,aq,as,as are linear dependent over IF, we have the following two cases holds:

(1) If a4+ a;+a; = 0,7 # j, then the three cases are corresponding to the result
Wlth [11].

(2) If Z a; =0or a+ Z a; = 0, then the two cases are the same with the
i=1
rebult of [16].

3
Below we always put tg = > t; modulo 2.
i=1
Now we discuss the properties of the function defined in Eq. (6).

Theorem 1. With the notation as above. Let a, a1, as, a3 are linear independent
over IFy. If (ta,t5,t6) = (0,0,0), then f(x) in Eq. (6) is a bent function if and
only if to = 0. Furthermore, the dual function f(x) of the bent function f(x) in
Eq. (6) is given by

f(@) = fi(@) fa(2) + Fa(2) fo(@) + fi(2) fa(x)
=1+ TP (A 2" + (Tr?()ﬁlawa:) + Tr;”(xlaQ”H))

< Z (Tr?()\’lafmx)+Tr§”()\’1a?m+l)>

15i<5<3

.(Tr?()ﬁla?mx) + Tr;n(wai"‘ﬂ))) :

3
Proof. Let p(z) = Z fi(x) = Trir\a?" 1) 4 T (az)Try (S az). Since ty =
i=1
ts =t = 0, i.e. Trl()\ 142" a;) = 0 for 1 <4 < 3, by Lemma 2 we find that
f1, f2, f3,p are all bent functions and their dual functions fl, f2, f3, @ are given
by
fil@) =1+ TrrA 122" ) £ T (A ta? Y

+TrP O e 2) (Trf (A a2 ") + Tri (A ),
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and

p(x) =1+ TrP A + TrP (A e ) + T (A 1)
3 3
(TT1 Za, 2 O T (A ZaZ 2m )
i=1 i=1

3. .
Assume that 0 = ) fi(z) + ¢(z), which is equivalent to
i=1

(Tr?()\_lazm"’l)—i—Tr 152" )(ZTTl -1 fmﬂ)

3
+ Tri*(A E a;) 2 H ) 0,
i=1

for all z € IFym, hence the equation holds if and only if 777 (A~ ' (a?" ag+a? " as+

a3" az)) = 0. Thus the result follows from Lemma 1.

The dual function f of the bent function f(x) then follows from

Lemmas 1-2.

Remark 2. The condition ty = 0 in Theorem 1 implies that (¢1,t2,t3) €
{(1,1,0),(0,1,1),(1,0,1),(0,0,0)}. Thus, if (t1,t2,¢3) = (0,0,0), then Theo-
rem 1 can be easily obtained by [19, Corollary 4.2]. Even though the function
constructed in Eq. (6) is contained in the function in [19, Corollary 4.2], where

the other three cases are not discussed.

Theorem 2. Let a,a1,as,as are linear independent over IFo. If (tg,ts,ts5,16) =

(0,1,1,1), then f(x) in Eq. (6) is a semi-bent function.
Proof. If (to,ts,ts,ts) = (0,1,1,1), then Eq. (10) can be written as

3
~ 1 Z Ci
f0) = (=2 (DA (2 + 2= + z
Yoy E),
i=1
So if ¢4 = 0, we have
L > i 41
f(b) = 5 2™) A2+ 2 )i=t1 )
27"“ , wt(cr, ez,63) =1,
2 = wt(cy, 2, ¢3),

and if ¢4 = 1, we have
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According to the definition of semi-bent function, we find that f(x) is a semi-bent
function. O

Theorem 3. With the notation defined as above, we have

(1) If (to,ta,ts,te) = (1,1,1,1), then f(x) in Eq. (6) is five-valued and the
Walsh spectrum off is {0,+£2™ +3 - 2™},

(2) If (t03t4at5at6) € IF \{(O 0,0, 0) (Oalal’l)v(lalaLl)}? then f(:L’) is ﬁve'
valued and the Walsh spectrum of f is {0,42™, £2m+11,

Proof. We only give the proof for the case of (1) since the other case can be
proved in the same manner.

(1) If (to, ta,ts5,ts) = (1,1,1,1), then Eq. (10) can be reduced as

o) = T2 (242 mz pEe
3 4 .
_Z(_1)61+C4+1 + (_1)i§1€’).

Thus if ¢4 = 0, we have

3.2 (—1)A* wt(cy, ea,¢3) = 0,
f(b) =< 2m(=1)4, wt(c1,c2,¢3) = 3,
2m(—1)A*1 otherwise.

And if ¢4 = 1, we have

Lam)(-1)40) =o.

oy =1

The remaining cases of proof are similar to that of (¢, t4,t5,t6) = (1,1,1, 1),
so we omit it here. O

Let m = 6 and £ be a primitive element in IFo6 such that £64+£44+£34+£6+1 = 0.

Example 1. Let A\ = a = l,a; = &as = £,a3 = £7. Then we have
(to,ta,ts5,t6) = (0,0,0,0) and it was verified by a Magma program that

f(x) = Tr (%) + Tri(x)Tri (§x)Tri (6% + £ )a) + Trf (x)Trd (E%2)Tri (¢ )
is a bent function. This is consistent with our result in Theorem 1.

Example 2. Let A = a = l,a1 = &,a9 = &%,a3 = &'2. Then we have
(to,ta,ts,t6) = (0,1,1,1) and it was verified by a Magma program that

fla) = Tri(a®) + Tri () Tri (E€2)Tri((€° + €1)x) + Tri () TrY (°2) Tri (617 x)

is a semi-bent function. This is consistent with our result in Theorem 2.
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Example 3. (1) If A\ = l,a = & a1 = €,a3 = €%,a3 = £'3, then we have
(to,ta,t5,t6) = (1,1,1,1) and it was verified by a Magma program that
f(@) = Tri(®) +Tr8 () Tri (€22) Tri (€2 +€1)a) +Trf (Ex) Trl () i (€ x)
has {0, £23,43 - 23} five-valued Walsh spectra.
(2)If XN =a=1,a = &az = £%,a3 = &£*, then we have (to,ts,t5,t6) =
(1,0,0,0) and it was verified by a Magma program that
f@) = Tri(a®) + Tri (@) Tri (Ex) Tri (€2 + €M) + Trf () Trf (€2) T (§12)

has {0, £23, +2} five-valued Walsh spectra.

4 The Walsh Spectrum of the Functions Given
in Section 3

In this section, we give a spectrum distribution of the Boolean functions proposed
in Sect. 3 with five-valued Walsh spectra.

Theorem 4. Let a,ay,as,as are linear independent over IFy. Then for f(x)
given by Eq. (6), the following statements hold:
(1) If (to,ta,t5,t6) = (1,1,1,1), then the spectrum distribution of f(x) is

(=1)A3.2m 2775 4 (—1)A2m~4(1 + Z( 1)t) times,

f(b) = (_1)A2m, 7.9n-5 4 (_1)A2m—4( -3 Z( ) ‘) times,

0, 27~ times.

(2) If (to, ta,t5,ts) = (1,0,0,0), then the spectrum distribution of f(x) is

(1,

(—1)A2m+1 274 times,

(—1)A2m 2772 4 (=1)42™~! times,
0, 3273 times.

fo) =

(3) For other cases, the spectrum distribution of f(x) is

(—1)A+igm+l gn—4 | (_1)A+lgm=3(1 _ (_1)%) times,
1

fo) =4 (=1)42™, 2772 4 (—=1)42m72(1 + (—1)?) times,
0, 3-2773 times,
with

tla Zf (t07t47t57t6) (0707071)7
t2a Zf (t t47t57 6) = (05 1a070)7

5= t37 Zf (t t47t57 6) = (0307 1,0);
ty 1, if (to, ta, ts,t6) € 1(0,1,1,0),(1,0,0,1), (1,1,1,0)},
t2+1 f(t t47t57 6) S {(0507171)7(1a11070>7(170a171)}7
ts + 1, if (to,ta, ts,t6) € {(0,1,0,1),(1,0,1,0),(1,1,0,1)}.
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Proof. We only prove (to,ts,t5,ts) = (0,0,0,1), i.e., § = ¢ in (3), since the
other cases can be proved in the same method. If (¢g, t4,t5,%) = (0,0,0, 1), then
from Eq. (10) we have

3 3.
f#) = J-2M DA+ 21 4 S+ (-pETT
=1
2 Lo
F (et e () E T
=1
So if ¢4 = 0, we have
2m(—1)A*L (e, e9,¢3) € {(0,0,0),(0,0,1),(1,1,0), (1,1,1)},
f(b) = 27t (=)L (1, ¢0,¢3) € {(1,0,0),(0,1,0)}, (11)
Oa (01702703) € {(17071)7(07151)}5

N 2m(_1)A+17 (61762) = (0,0),
f(b) = Qm(il)Aa (01702) - (17 1)3 (12)
07 (01,62) € {( 71)a (170)}

Now we figure out the number of b € IFan such that f(b) = 2mtl e,
¢y =0, A = 1. Let N7 denote the number of b € IFyn such that (¢1, ¢, c3,c4,A) €
{(1,0,0,0,1),(0,1,0,0,1)}. Then we have

L+ (=D 1+ (=Dt 14 (1) 14 (=) 14 (-)4H
M= 2 2 2 T 2

belFon

L1+ (—1)% 14 (=D& 14 (=)=t 14 (=1)% 1+ (_1)A+1)
2 ) 9 5 5

= 2—5 Z Z ((—1)Zi=1 d;ci+da + (_1)ZZ=1 dici+da

d;€F3 pelFon
15i<4

_;'_(_1)2?:1 dici+di+A+1 + (_1)2,?:1 dici+d2+A+1) )

NS

To calculate Ny, we first consider Ny; = ). Y. (=1)i= " and Nig =
d;€Fy pelFon
154
4
> dici+d2 . .
S (=)= , from the definitions of ¢;,1 =i < 3, we have

d;€Fy belFon
1<i
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T(dATN 2" aiba? " a2 )

ﬁMw

NMa= ) > (-

d;€F2 pelFon
1§z‘§4

) (_1)Tr;“ (daX 102" atba” +a2" ) +dy

D DECH

3 m m
Tr;”(,\—l(_;diaf Hgdga®" ) +ds

d;eFy
1<5i<4
Z ( )Tr;”'(,\*l(b2 (2 diai+daa)+b( > diai+daa)? )
-1 i=1 i=1
belFon

3
Note that aj,as, az and a are linear independent, that is, we have Y d;a;+dya #
i=1
0 if and only if (dy,--- ,dy) # (0,---,0). If (dy,--- ,dg) € IF3\{(0,---,0)}, then

we have

- 2" (S QL a S QL a)?™
Z (_1)T7"1 ()\ (b (igldl itda )+b(i§1dl it+da ) )) _ O

belFsn

since A # 0. Therefore, we obtain

Ny = 2n7(d17“'7d4):(07"'70)7
1 0, otherwise.

Then by a similar argument, we can also have Ni5 = Nyj.

4
. 2 > dici+A+d;i+1
Now we considered N1z = > Y. > (=1)i= , then we have
d; €1F2 j=1b€Fsn
1< Sis 4
2 S my—1p2™ 2m | oM
S diTr (AT (b° ai+ba; +a; )
N13 — E E E <_1)1=1
d;€Fy j=1bEFon
1<i<4

.(—1)d4TrI"<A‘1<b2’"a+ba2’"‘+a2’"+1>> ()T T

2 m m
Z (A_ldidi+1af ai+1)+TrIl()\_1d3d1a§ ai)

ZZZ )

d;€lFy j=1
1§z‘<4

3 m 3 m
> diTrP (A didaa?  a)+dj+1 TrA Y0+ Y diaj+daa)® T

.(_1)1:1 ‘ 7 . Z (_1) i=1
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3
Tri"(A~ 0+ Y dias+daa)?" 1)
Note that > (=1) i=1 ! = —2™ from the bentness of

beF,n
Tr(A~122" 1), Thus, one can obtain that Ny3 can expressed as

2
E didiy1ts +d1d3t3+z daditiyz+d;

M= ¥ Yinn)?

d;€Fy j=1
15i<4

So we get

1
Ny = 2*5(]\711 + Ni2 + Ni3)

—gn—4 | gm~— 4( t4+z 1P — (=1) + (=1)

_(_1>t3+t4+t5 _ (_1)to + (_1)t2+t5+t6 _ (_1)t1+t4+t5 _ (_1)1‘ 1ti)
— 27’7,74 + 2m73(1 _ (71)151)
Let Ny denote the number of b € Fyn such that f(b) = 0. It then follows from
Egs. (11) and (12) that f(b) = 0 for any (c1, c2,c3,¢4) € {(1,0,1,0),(0,1,1,0),
(0,1,0,1),(0,1,1,1),(1,0,0,1),(1,0,1,1)}. It is the same as the calculation of
Ni1, we have

22422

d;€Fy beTFon

4 4 4
Z dici+di+ds 1 > dici+da+ds 1 > dicit+da+dy
=1 + (= ;

1§z§4
3 d da+ds+d 3 d di+d 3 d di+ds+d
+(_1)i§1 iCit+da+ds+ds n (_1 i;1 ici+di+da " (_1 i§1 iCit+di+ds+ 4)
1
24(2”4—2"4—2"4—2"4—2”4—2”)
=3.2"7%

Let n1 = [{b € Wan : f(b) = 2™}|,ny = [{b € Fan : f(b) = =2}, and
= |{b € Fan : f(b) = —2™*1}|. Then from Eq. (1) we have

on — ny + ng + ng + 277,—4 + 2m—3 _ 2m—3(_1)t1 +3. 211—3,
2n — 2m ‘ny — 2m Sy — 2m+1 - na + 2m+1 . (277,74 + 2m73 o 2777,73(71)t1)7
22n — (2m)2 . (nl + ?12) + (_2m+1)2 - ng + (2m+1)2
.(2n—3 + 2m—3 _ 2m—3(_1)t1)'
After a simple calculation, we have
ny = 2n—4 + 2m—3 + 2111—3(_1)2517
T 277,74 _ 2m73 _ 2m73(71)
1

ty
ng = 2n74 o 2m73 + 2m73(7 )tl.
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5 Conclusion

In this paper, a class of bent functions and their dual functions are constructed
according to [11]. In addition, we obtain a class of semi-bent functions and some
classes of five-valued Walsh spectra. Then according to the Magma program, we
can see that the conclusion is consistent with our result in this paper.
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