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Abstract In this mainly expository paper we present a detailed proof of several
results contained in a paper by M. Bertelson and M. Gromov on Dynamical Morse
Entropy. This is an introduction to the ideas presented in that work. Suppose M
is compact oriented connected C* manifold of finite dimension. Assume that f; :
M — [0, 1]is a surjective Morse function. For a given natural number r, consider the
set M" and for x = (xo, X1, ..., X,—1) € M", denote f,(x) = % Z']’;(l) fo(x;). The
Dynamical Morse Entropy describes for a fixed interval I C [0, 1] the asymptotic
growth of the number of critical points of f, in I, when n — oo. The part related to
the Betti number entropy does not requires the differentiable structure. One can
describe generic properties of potentials defined in the XY model of Statistical
Mechanics with this machinery.

Keywords Bertelson-Gromov dynamical morse entropy * Asymptotic growth of
critical points - Singular homology - Betti number entropy

1 Introduction

We follow the main guidelines and notation of [1].

A Morse function is a smooth function such all critical points are not degenerate
(see [2]).

Suppose M is compact oriented C* manifold of dimension g > 1. Assume that
fo: M — [0, 1] is a surjective Morse function and I" is a free group with basis
Y1, ..., VYn- We assume that fy has p critical points (p > 2).

Suppose £2 C I is a finite non-empty set. If x € M** we denote x, EM,y € £2,
the corresponding coordinate.

Then, we define fo : M? — [0, 1] by the expression
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1
fa(x) = 2l > folxy),

yesR

where |§2 | is the cardinality of £2. This function fy, is also a surjective Morse function.

2 The X Y Model

As a particular case we can consider I" = Z, the set M?Z and for x = (xj)jez € MZ,
n>0,f:M—R,and

1 n—1
fax) = — Zfo(xj)-

=0

We mention this case because it is a more well known model in the literature and
we want to trace a parallel to what will be done here.

The question about the minus sign in front of the sum is not important but if we
want that fj represents a kind of Hamiltonian (energy) we will keep the—(at least
in this section).

In this model it is natural to consider that adjacent molecules in the lattice interact
via a potential (an Hamiltonian) which is described by the smooth function of two
variables fy. The mean energy up to position n is described by f,. The points x €
M" where the mean n-energy is lower or higher are of special importance. We are
interested here, among other things, in the growth of the number of critical values,
when n — o0. The critical points are called the stationary states (see [1]).

Denote by Cri, (1) the number of critical points of f, in a certain interval f~!(1).
Roughly speaking the purpose of [1] is to provide for a fixed value ¢ € [0, 1] a
topological lower bound for

. . log(Cri, (1))
lim lim ——————=

§—>0n—o0 n

, where I = (¢ — 8, c +9),

in terms of a certain strictly positive concave function (a special kind of entropy).
This is done by taking into account the homological behavior of the functions f,.

The so called classical XY model consider the case where M = S! (see for
instance [3-9] or [10]). A function A : (§1)% — R describes an interaction between
sites on the lattice Z where the spins are on S'. One is interested in equilibrium prob-
abilities & on (S")Z which are invariant for the shift & : (SH)Z — (SHZ. A point x
on (5" is denoted byx = (..., x_2, x_1 | X0, X1, X2, ...).

In the case the potential A depend just on the first coordinate xo € S', that is
A(x) = fo(xo), then the setting described above applies.

In the case the potential A depend just on the two first coordinate xg, x; € S',
that is A(x) = fo(xo, x1), then, we claim that the setting described above in the
introduction applies. This is the case when f; : S' x S' — R. Indeed, in this case
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one can take M = §' x S' and consider that f; acts on M. In this case we can say
that fy depends just in the first coordinate on M% = (S' x §')Z and adapt the general
formalism we describe here.

Therefore, we will state all results for fy : M — R, that is, the case the potential
on M” depends just on the first coordinate.

In the case [ is ergodic the sequence f, describes Birkhoff means which are [
almost everywhere constant. We are here interested more in the topological and not
in the measure theoretical point of view.

In the measure theoretical (or Statistical Mechanics) point of view, if one is inter-
ested in equilibrium states at positive temperature 7 = 1/, then, is natural to con-
sider expressions like f 627;5 —B folx) dxodx; ...dy, , (or, when the set of spins is
finite: ) 627;‘]] ~B o)y and its normalization (see [11-13]) which defines the parti-
tion function.

By the other hand if one is interested in the zero temperature case (see for instance
[14]), then, expressions like — Z;;(l) fo(x;) are the main focus. For instance, if
fo has a unique point of minimum x~ € S!, then §(,-)~ defines the ground state
(maximizing probability). In the generic case the function f; has indeed a unique
point of minimum.

Given fy : M x M — R and n one can also consider periodic conditions. In this
case we are interested in sums like

~ 1
fo(x) = - (fo(xo) + fo(x1) 4+ -+ + folxn—2) + fo(x0)),

or

—(fo(xo) + fox) + -+ -+ fo(xp—2) + fo(x0)).

In the case we want to get Gibbs states via the Thermodynamic Limit (see for
instance [11] or [13]), given a natural number n, we have to look for the probabil-
ity u on M" (absolutely continuous with respect to Lebesgue probability) which
maximizes

[ e Tina B fox) d u(dxg, dxy, ..., dy, ),

or, at zero temperature the periodic probability u on M" which maximizes

n—1

- /Z fo(x) d pdxo, dxy, ..., dy, ).
Jj=0

One can easily adapt the reasoning of [15] to show that for a generic f, we get
that fn is a Morse function for all 7.

When fj is not generic several pathologies can occur (see for instance [3, 5, 10]).

Suppose the case when there is a unique point x~ of minimum for f;. For each
B > 0 and n denote by u, g the absolutely continuous with respect to Lebesgue
probability which maximizes
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n—1
/ e” LB RCD g y(dxo, dxy, ..., dy, ).

By the Laplace method (adapting Proposition 3 in [7] or Lemma 4 in [8]) we get
that when 8 — oo and n — oo the probability u, g converges to the Dirac delta on
(x7)°°. Therefore, in the generic case this last probability is the ground state (zero
temperature limit).

3 The General Model—The Dynamical Morse Entropy

From now we forget the—sign in front of fy. For instance, f,(x) = rll
Z;:(l) Solxj, xj41).

Given ¢ € [0, 1] and § > 0, take Ng(c, §) the number of critical points of f
in fg [c — 8, ¢ + 8]. Note that if fy has p critical points then fq has p!?! critical
points.

Consider the cylinder sets

i ={aiyi+- - +ayn; laj| <i, 1< j<n}, i=12,...,

where a; are integers.

Denote N;(c, §) = Ng,(c,§). Then, of course, N;(c,d) for ¢ fixed decrease
with §.

For a fixed 0 < ¢ < 1, we denote the entropy by

log(N; (¢, 8
e(e) = lim ( liminf &9y
§—0 i—+00 | £2;]

The above limit exists and it is bounded by log p but in principle could take the
value —oo. We call &(c) the dynamical Morse entropy on the value c.
In the case I = Z as we mentioned before ¢(c) is described by

. . . .. log(number of critical points of f, in fn’1 [c—=38,c+6])
e(c) = %1m lim inf .

—0 n——+o00 n

Later we introduce a function b(c) (see Definition 3 and also Definition 2), which
will be a topological invariant of fj. The function b(c) is defined in terms of rank of
linear operators and Cohomology groups.

We will show later that

(HDO0=<bc)<e(c),0<c=1;

(2) b(c) is continuous and concave;

(3) b(c) is not constant equal to 0.
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Finally, in the case M = S' (the unitary circle) and f; has just two critical points,
we show in Sect. 7 that

e(c) =b(c) = —clogec — (1 —¢)log(l —¢).

b(c) is sometimes called the Betti entropy of fj.

Our definition of b(c) is different from the one in [1] but we will show later (see
Sect. 8) that is indeed the same.

A key result in the understanding of the main reasoning of the paper is
Lemma 6 which claims that for any Morse function f, given a,b € R, a < b, the
number of critical points of f in f~![a, b] is bigger or equal to the dimension of the
vector space

H*(f~'(00,b))

H*(f~!(=00,a))’

where H* denotes the corresponding cohomology groups which will be defined in
the following paragraphs (see also [16] for basic definitions and properties).

H*(X, R) denotes the usual cohomology. Note that H* will have another meaning
(see Definition 1).

4 Cohomology

Suppose X is a metrizable, compact, oriented topological manifold C* manifold.
We will consider the singular homology. Suppose U C X is an open set and a €
H*(X,R). The meaning of the statement supp a C U is: there exist an open set
V C X,suchthat, X =U U V,and a|ly = 0.

Definition 1 Hy(U) ={a € H*(X,R) : supp a C U}, where U is an open sub-
set of X. When X is fixed we denote H(U) = H*(U).

Remember (see for instance [16]) that when U C X is open we get the exact
cohomology sequence:

.= HY (X —U,R) - H*(U,R) - H*(X,R) > H*(X —U,R) -» H*''(U,R) — ...
(1)

where H} denotes the compact support cohomology.

Lemma 1 If U is an open set, then
H*(U)=Im( H}(U,R) > H*(X,R) ) = Ker( H*(X,R) - H*(X — U,R) ).

Proof The second equality follows from the fact that the above sequence is exact.
We will prove that
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Im( H:(U, R) > H*(X,R) ) c H*(U) C Ker( H*(X,R) - H*(X — U,R) ).

Let a € Im( H}(U,R) - H*(X,R) ). Then, a is represented by a cocycle o
with compact support K C U. Therefore, a |(X — K) = 0.

Defining V. = X — K wehavethat U UV = X anda |V = 0. Then,a € H*(U).

Letbea € H*(U).LetV C XbeanopensetsuchthatU UV = Xanda |V = 0.

Since X —U Cc V,wehave a |(X —U) = 0.

Then, « € Ker (H*(X,R) > H*(X — U, R)). O

Lemma 2 IfU isanopen set then H*(U) is a graded ideal of the ring of cohomology
of X.

Proof This follows at once from Lemma 1. O
Now we consider a continuous function f : X — R.
Definition 2 Given § > 0 and ¢ € R we define

* -1/
b, — Dim (H U oo,c+6>>>>.
’ H*(f~!(=00,c—9))

Proposition 1 Suppose X and Y are metrizable compact, oriented topological man-
ifolds, moreover take f : X — R, g: Y — R continuous functions. If we define
fRg: XxY>Rby(fdg(x,y) = f(x)+ g(y), then, ifc,c €R, 8,8 >0,
we get

big(f) bé',a/(g) = bé+c/,6+6/(f @ g). (2)

Before the proof of this important proposition we need two more lemmas.
As it is known (see [16]) the cup product Vv defines an isomorphism

uw:H'X,R)y® H*(Y,R) - H*(X x Y,R).

Lemma3 [fU C X andV C Y are open sets, then
w(HyU) @ H*(Y,R) + H*(X,R)®@ Hy(V)) = Hy ., (U xY)U (X x V)).
Proof By Lemma 1 we get

H;EXY((U xYV)UX xV))=Ker(H*(X xY,R) - H*(X —U) x (Y — V), R).

Then,

Hoy (U x VYU (X x V) =
u(Ker(H*(X,R)® H*(Y,R) - H*(X —U,R)@ H*(Y — V,R)) ).

From simple Linear Algebra arguments the claim follows from Lemma 1. O
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Lemmad4 IfU C X and V C Y are open sets then

W(H(U) ® H (V) = Hy,y (U x V).
Proof The Vv product defines a natural isomorphism

H*X,X-URQH*Y,Y-V,R) > HF(X xY,Xx ¥ -V)UX-U)xY,R) =

H* (X xY,(XxY)— (U xV,R)).
By Lemma 1 and the exact relative cohomology sequence we get:

Hy(U)=Im(H*(X,X —U,R) - H*(X,R)),

Hi (V) =Im(H*(Y.Y — V,R) — H*(Y,R)),

and

Hy wUxV)y=Im(H*(XxY,(XxY)— (U xV,R)) - H(X x Y,R)).

From this the claims follows at once. O

Now we will present the proof of Proposition 1.
Take h = f @& g and denote

A" = f N ~00,c=8), B- =g (~00,c =8, C"=h"!(~00,(c+)—(3+5)),

and

AT = "l (—o00,c+8), Bt =g (—00,c’ +6), Ct =h" (=00, (c+)+©E+8)) .

Note that
AT x Bt cCtc (AT xY)U(X x B")

A"xB CC C(A” xY)U(X x BY).
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Consider the commutative diagram
H*(X,R) ® H*(Y) — (using i) H*(X x Y,R)
U U
H{(AT)® Hy(BT) - Hy, ,(CT) C Hy .y (AT x Y)U (X x BY))
U U
H(AY) ® Hy(B™) + H}(A7) ® Hy(BY) = Hj,,((A~ x Y)U(X x B))
U U
Hy (A7) ® Hy(B™) — Hy,y(C7).

From this follows the linear transformation

Hi(AY) @ Hi(BY) _ Hi.y(C)
H{ (A7) @ H{(B™)  Hg,,(C7)

By the other hand
(H{(AT) @ Hy(B*) N '(H{,,(C7)) C
(H3 (A" ® Hy(B*) Nu™'(Hy,y (A" x Y)U(X x B7))) =
(H3(A") @ Hy(BH)) N ( H{(AT) @ H*(Y,R) + H*(X,R) ® Hj(B")) =
H3 (A7) ® Hy(BY) + H3(A") ® Hy(B™).

The first equality above follows from Lemma 3; the second follows from Linear
Algebra; namely, if E;, C Ey C E and F, C F; C F, then

(EIQF)N(E,QF+EQF)=E,Q FF+ E|QF,.

From the above it follows that

Hy (A7) ® Hy(B*) + H{(A") ® Hy(B")

Kerp C
H3 (A7) ® Hy(B™)

Therefore,

_ Hy, ,(Ch)

b£‘+c’,5+5’ = dim m > dim (Im ,17,) >



On Bertelson-Gromov Dynamical Morse Entropy 305

dim Hy(A") ® Hy(B") _
HY(A™) @ Hy(B*) + Hy(A") ® Hy(B™)

* A+ *(p+
dim (HX(A ) o Hy(BT)

H;(A—) H;(Bf) > = bc,é(f) bc’,S’(g)' |

5 Critical Points

In what follows X is a compact, oriented C* manifold and f : X — R is a Morse
function.

Lemma 5 Suppose X is a compact, oriented C* manifold and U C X is an open
set. If a € H*(X, R), then, supp a C U, if and only if, there exists a closed C*
differentiable form w such that supp w C U, and a is the de Rham cohomological
class of w.

Proof 1If there exists w € a, such that supp w C U, then
alx—suppw) =0and U U (X —supp w) = X.

If there exists an open set V C X suchthat U UV = X and a|y = 0, then, there
exist a C* form n on V such that dn = w|y where w € a.

Let W be an open set such that W € V and W U U = X. Take a C™ function
¢ : X — [0, 1] such that ¢|57 = 1 and ¢|x_x = 0, where K is compact set such that
W C K C V. Then, ¢ n has an extension to X and (w — d (¢ 1)) € a. But,

supp w—d(@n))CcX-WcCU. O

Lemma 6 Given a,b € R, a < b, then, the number of critical points of f in
f~a, b is bigger or equal that

H*(f (00, b))

dim .
H*(f~1(—00,a))

Proof Without lost of generality we can assume that a and b are regular values of
f (decrease a and increase b a little bit).
Givency < ¢ < -+ < ¢y, the critical values of f in (a, b), take

a=dy<ci<di<c<d<---<dy_1<c, <d, =b.

By Proposition 3 and Lemma 8, the number of critical points in f~!(¢;),i =1 =
,2,...,m,is bigger or equal to
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H*(f (00, dy))
m .
H*(f~!(=00,d;-1))

di

Finally consider the filtration
H*(f(00,a) = H*(f ' (—00,dy)) € H*(f'(~00,d))) C ...
C H*(f(~00,dp-1) C H*(f ' (—00,dn)) = H*(f ' (=00, b)).

O
Now we denote b, (¢, 8) = b, 5(fe) and b;(c, 8) = by, (¢,8),0 <c < 1,8 > 0.

Corollary 1 b)(c,8) < Ni(c,8) foralli =1,2,3,...and0 <c <1,8 > 0.
Now we define the function b using Proposition 3(a)

Definition 3

log(b!(c. §
b(e) = lim liminf 28%1(€9)
§—>0 i—>o00 |.Ql|

<c<l.

’ — —

We will show that in above definition we can change the lim inf by lim.

Lemma 7
b(c) < e(c) < log (the number of critical points of fo).

Proof The first inequality follows from Corollary 1. From the definition is easy to
see that e(c) is smaller than log of the number of critical points of f;. (]

We denote B(I") a family of finite subsets of I" and By (I"), N € N, the family
of sets 2 € B(I") such that |2| > N.

Proposition 2 Suppose 2/, 2" € B(I") are disjoint not empty sets. Then,
bouor(@cr + (1 —a)ca, 8) > bi(c1, 8) bgi(ca, ),

2]

< < = =
where ) <cy,c20 <1,8 >0and a CAREAR

Proof By definition
faver =afe ®@ (1 —a)for.

By Proposition 1,as § = o § + (1 — «)d, then

b;C,+(17a)C2,5(fQ’UQ”) = b(;cl,as(a fo) bhfa)q,(pa)s((l —a) for) =

b, s(fa) b, 5(for).
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Lemma 8 Suppose the interval [a, b] does no contains critical values of f. Then,
H*(f~'(=00,a)) = H*(f~'(=00,b)).

Proof This follows from Lemma 1 and the fact that f~'[b, oo) is a deformation
retract of f~'[a, 00). O

Definition 4 Given ¢ € R we define
be(f) = lim b ().

Proposition 3 For a fixed c we have ~
(a) bé.,s(f) decreases with § and bi-,a(f) = b.(f) for all § small enough.

(b) lgc(f) = 0 if ¢ is not a critical value of f
(¢) be(f) is smaller than the number of critical points of f in (o)
(d) >_. be(f) = Dim H*(X).

Proof (a) follows from the above definitions and Lemma 8.
(b) follows from Lemma 8
For the proof of (c) consider the exact diagram

H*(X,R)
I r2 N\
H*(f '[c = 8,00)), fHc+86,00),R)—> H[f L(c =6, 00),R) - H*(f c+85,00),R),

where r| and r; are the restriction homomorphisms.
By Lemma 1

H*(fY(—o00,c+8)) =Kerr, and H*(f~'(—o00,c —8)) = Kerr,.

From this follows that
bl 5(f) = Dim (ri(Ker(ry)) < Dim(H*(f~'(c —8,00)), f'(c+8,00)).R)
because the above sequence is exact.

In order to finish the proof we apply Morse Theory (see [2]) with § small enough.

For the proof of (d) suppose ¢; < ¢; < - -+ < ¢, are the critical values of f. Now,
consider

dy<ci<di<cy<dy<---<dy_1<cy <dy.

Now, from (a) and Lemma 8 we have

H*(f~'(=00,d)))
H*( f~!(—00,d;i-1))

b, (f) = Dim ( ), i=1,2,...,m.
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Finally, note that
0=H*(f (—o0,dy)) Cc H*(f ' (=o00,d))) C ... C
H*(f7(=00,dy)) = H*(X).
O

Lemma 9 Given § > 0, there exists an integer N such that: b, (c, 8) > 1 for all
c €[0,1]and all 2 € By(I'"). Therefore, b(c) > 0, forall) < c < 1.

Before the Proof of Lemma 9 we need two more lemmas.

Lemma 10 Suppose X is a compact oriented C* manifold and f : X — R is a
Morse function. Then, for all § > 0

b,;l,s(f) > 1 and b,/lz,g(f) >1,
where ay and a, are respectively the maximum and minimum of f.

Proof 1f § is small enough, f ~1(—00, a; + 8) isthe disjoint union of a finite number
of open discs and f~!'(—00, ay — §) = 0.
If n is the dimension of X, then, it follows from Lemma 1 that

H"(X,R) C H*(f'(~00,a, +8)) #0

and
H*(f"(~00,a; — 8)) = 0.

Then, b;z_ s(f) = 1,if § > O is small enough. Therefore, this claim is also true for
any § > 0 by Proposition 3(a).
In a similar way we have that for small § > 0

H(X,R) C H*(f'(~00,a; +8))

and
H°(X, R) is not contained H*(f~'(—o00, a; —3§)).

From this the final claim is proved. (]

Lemma 11 Consider §2 € B(I") where |§2]| = m > 1, then, by, (k/m, §) > 1, for
alld >0andk =0,1,2,...,m.

Proof 1If k = 0, or m, the claim follows from Lemma 10 with X = M2, f=fo.
Given 0,k,m, 0 < k < m, take 2 = 2’ U 2", where £2’, 2" are disjoints and
k=182
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By Proposition 2 with ¢; = 1 and ¢, = 0 we get
bo(k/m, 8) > bo.(1, 8) b, (0, §) > 1.

Yet from last lemma. O
Now we will prove Lemma 9.

Proof Take N > 2, 2 € By(I'),|22| =m > N and k such that £ < ¢ < &1
By definition,
b:-,s(fﬂ) z b]/(/m,B/Z(fQ)v

sincec —6 <k/m—§/2andc+6 > k/m+§/2.
Therefore, b}, (c, 8) > by, (k/m, §/2) > 1 by Lemma 11. O

Proposition 4
0 < b(c) < e(c) < log(number of critical points of fo), 0 <c < 1.

Proof This follows from Lemmas 7 and 9 (]

Lemma 12 Given c € [0, 1] and § > 0, consider a non-empty set 2 € B(I") and
y € I'. Then,

bo(c,8) = b’9+y(c, ).
In the case I' = 7 we have that for any 2 = {1, 2, ...,k}
b_/Q(Cv 3) = b;}(g)(cy 3),

where & is the shift acting on M”.

Proof For fixed y consider the transformation x € M — y € M%7, such that
Yw = Xy—y, Which is a diffeomorphism which commutes fo ., with fq.
The result it follows from this fact. O

We will show now that indeed one can change lim inf by inf in Definition 3.
In order to do that we need the following proposition which describes a kind of
subadditivity.

Proposition 5 Given an integer number N > Qtake h : By(I') — R, h > 0, which
is invariant by I' and such that

h(2'UR") > h(2) +h(2"),

if 2/, 2" € By(I'), are disjoint. Then, the limiit

. h($2)
lim

> 0 exists: finite or 4+ 00.
i—oo |§2;]
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From this follows:

Corollary 2 Forc € [0, 1] and § > 0,
(a) there exist the limit

log b/ (c, 8
lim 2% s,
TN
(b) 0 < b'(c, §) < log (number of critical points of fj),
(c) b(c) = lims_,ob'(c, 8)

Proof The claim (a) follows from last proposition applied to 2(£2) = log b, (c, 8),
by Lemma 9, Proposition 2 taking ¢; = ¢, = ¢ and also by Lemma 12.

Item (b) follows from Lemma 2 and Corollary 1.

Item (c) follows from item (a) and the definition of b(c). (I

Before the proof of Proposition 5 we need two lemmas.

Lemma 13 Given an integer positive number k, then for each i > 3k + 1) there
exists $2; € B(I") such that: (a) $2x; C §2;; (b) $2x; is a disjoint union of a finite
number of translates of $2i ; (c) lim;_ lls_gj"“ =1, (d) |82;| — |$2k.i| = 2k + 1),
where n is the number of generators of I'.

Proof For the purpose of the proof we can assume that ' =Z @ Z & - -- & Z and
— —

n
take y1, ¥2, ..., ¥, the canonical basis.

Take m > 1 an integer such that

ktmQk+ 1D <i<k=m+1)Qk+1),

and
Qi =U{ 2+ (HQRk+1), ..., juRk+1))|
—m =< iy s o <y (oo Jn) #(0,...,0) )
It is easy to see that the sets §2; ; satisfy all the above claims. ]
Lemma 14 Given real numbers x; > 0i = 1,2,3, ..., suppose that for each k and

each ¢ > 0 there exist Ny . such that
Xi 2 x (1 —e)if i = Nie.

Then, the lim;_, o, X; exists (can finite or +00).

Proof Take L = limsup,_, . x; anda € R,a < L. Then, there exists x; > a. There-
fore, x; > a, if i is very large. Then, liminf;,_ . x; > a. From this follows the
claim. O
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Now we will prove Proposition 5.

Proof Suppose k is such that (2k +1)" > N. Take i > 3k + 1, then, | §2, | >
2k +1)" > Nand |£2; — 24| = 2k+1)" > N.

Then, h(2) = h(2; U (2, — 2.0)) = h(S2%).

Moreover, each translate of £2; has cardinality (2k 4 1)". Therefore,

| $2¢,; |
| $2; |

h($2:) = h($20).

From this follows that

h($2) (2 |2l h(S20) | $2i |
1921 7 182l 182] 7 182 1821

and the claim is a consequence of Lemmas 13 and 14. (]
The next lemma will be used later
Lemma 15 Under the hypothesis of Proposition 5 consider
Q=(2+Qi+Hy) U, i=1,2.73,...

Then,
h2) L h(2)

im = lim .
i—00 |Ql/| i—oo | £2; |
Proof Ifi > N, then |$2;| > N. Therefore,
h(2)) = h(2; + (2i+ 1) y1) + h(82;) =2h(82)).

From this follows

h($2)) _ h($2)
|2/1 ~ 1]
Therefore,
Q! h($2i
lim inf ,’) > liminf g
imoo |82/ im0 |52 |

We assumethat ' =Z P Z & ... ® Z and yy, y», .., ¥, is the canonical basis.
—

n

Take k such that (2k 4+ 1)" > N. For i > 5k + 2, take m > 1 such that k +
mRk+ 1) <i<k+m+1DQk+1).
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Consider
2, =U{ 2+ (j1Rk+1), ..., juk+1))|jiiseven, —m < ji <m — 1,
S o s ju <1y ity sy ) 2 (0, 0) ).

Then, §2; ; C £2;,and .Q,Q ; is a finite union of disjoints translates of £2;. Moreover

120 1
2 — 7

lim; _, o
|2,;1>2Qk+1D">Nand |2 —2,;1>=2Qk+1)">N .
From this follows that
h($2;)) = h($2; U (82, — 2 ) = h($2;),

By the other hand, all translate of £2; has cardinality bigger than N.
Therefore,
mep = 2l
ki’ = |Q]£ | k/-

Then,

M@ M@ 1120 1@ 1201 hs2))
20 Tl T =l 1] EINEAN

Now, for a fixed k, taking i — oo in the above inequality we get

) _ )

lm —_ !
e 121 1]
From this follows that
h($2; h($2,
g > lim sup ( /k).
i—oo | £2; | koo |82 ]

6 Properties of b(c)

Lemma 16 There exists ¢ € [0, 1] such that

b(c) = log(dim H*(M,R)) > 0
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Proof Note that dim ( H*(M)) > 2 because dim M > 1. Let g be the number of
connected components of M.

If|§2;| = m;,take0 =ty < t; < --- <t,, = l,apartitionof [0, 1]inm; intervals
of the same size. By Lemma 1

H*(f5' (=00, 1)) = @,-0H" (M R),

Denote A;; a supplement of H*(f_(;il(—oo, tj_1))in H*(f(;il(—oo, tj),1<j=
m;. Then,

Z dim A;; = dim H*(fg' (=00, t,)) = dim H*(M*,R) — q.
j=1

Therefore, there exists a certain A; ; = A;, such that,

(dim H*(M, R))™ — ¢

m;

Denote s; the middle point of (¢, _1, ;] and §; = ﬁ

Then, by definition of b;(s;, 8;) = dim A;.

There exists a subsequence s;, — ¢ € [0, 1], when k — oo.

Given § > 0, there exists a K > 0 such that §;, < /2 and |s;, —c| < §/2, if
k> K.

This means c — 6 < s;, — §;, and s;, +8;, < c + 8.

From this follows that bfk (c,8) > bl{k (i, 8;,) =dim A;,.

Finally, we get

log(b], (¢,8)) 1
—_— >

(dim H*(M, R))"™« — ¢
log .

| £2; | T omy, m;,

Now, taking limit in k — oo in the above expression we get

b'(c, §) = log(dim (H*(M, R)).

Lemma 17 The function b(c) is upper semicontinuous.

Proof Suppose ¢, k € N is a sequence of points in [0, 1] such that, ¢, — c.

Given ¢ > 0, take 8 > 0, such that, b'(c, 8) < b(c) + €. There exists a N > 0
such that |c — ¢| < §/2,if k > N. Then,c — 6§ < ¢y —68/2 and ¢, +6/2 < ¢ + 6,
ifk > N.

Then, b}(c, §) > bj(ck, 8/2),if k > N, foralli =1,2,3,...
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From this follows that b'(c, §) > b’(cy, §/2). Therefore,

b(c) + & > b'(c,8) = b'(cx, 8/2) = b(er), if k > N.

Therefore
lim sup b(cr) < b(c) + ¢,
k—o00
for any ¢ > 0. From this it follows the claim. |

Lemma 18 The function b(c) is concave.

Proof Consider 0 <c¢; <c¢; <land0 <t < 1, we will show that
b(tci+ (1 —1)c2) =tb(cr) + (1 —1)b(c).

First we \ivill show the claim for ¢t = 1/2. Denote fZ,- =82;+QRi+ 1y, and
2] =82; U8
By Proposition 2 and Lemma 12 we get:

bo/(1/2¢1 + 1/2¢2, 8) = by (c1, 8) b (c2, 8) = bi(c1, 8) bi(c2, 8),

for all § > 0.

Now, applying Lemma 15to 2 (£2) = logb, (1/2¢i + 1/2 ¢, 8), we geth'(1/2 ¢;
+1/2¢3,8) = 1/2b'(c1,8) + 1/2b'( ¢y, §).

Now, taking § — 0, we get b(1/2 ¢y + 1/2¢3) > 1/2b(cy) + 1/2b(c3).

The inequality we have to prove is true for a dense set of values of ¢ in [0, 1].
Then, by Lemma 17 is true for all ¢ € [0, 1]. O

Corollary 3 The function b(c) is continuous for c € [0, ].
Proof This follows from Lemmas 17 and 18. O
We summarize the above results in the following theorem.

Theorem 1 (a)0 < b(c) < e(c) < log( number of critical points of fo), for all 0 <
c<l1.

(b) b(c) is continuous on [0, 1]

(c) b(c) is concave, that is, its graph is always above the cord

(d) b(c) is not constant equal zero. Moreover, there exists a point ¢ where b(c) >
log (dim H*(M,R)) > 0.
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7 An Example

The next example shows that the item (d) in the above theorem can not be improved.
Take M = S, n > 1, and a Morse function fy : M — [0, 1] which is surjective
with only two critical points. Suppose x_ is the minimum and x,; the maximum of
Jfo. We will compute b(c) and €(c).
Take 2 € B(I") with |£2| = m > 1. For each 2’ C £2 consider the canonical
projection pgo : M2 — M. Now, take

u? = php(IM?]) e H"'?1(M?,R),
where [ ] represents fundamental class. Then,
(u? . Q2 c)

is a R-homogeneous basis of H*(M*%, R).
For 0 < d < 1 denote

Li={xeM?: fox) <d}c M%.

For x € M* we denote by x,, the corresponding coordinate, where y € I'.

Lemma 19 If0 <d < 1, where d is not rational, then
u? 12 >m1~ad)}
is a basis of H*(Lg).
Proof Take Ky = M* — L. By Lemma 1
H*(Ly) = Ker(H*(M®,R) — H*(K4,R)) (natural restriction).

The claim follows from

(1) H*(M*%,R) — H*(K4,R) is zero if k > m (1 — d) n, and

(2) H*(M*%#,R) — H*(K4, R) is injective if k < m (1 — d) n.

Now we prove (1) and (2).

(1) Suppose £2' C £2 is such that 4" € H*(M*) where k > m (1 — d) n. Then,
|£2’| > m (1 — d). Suppose

Fo ={x e M% : x, =x_, ify € 2'}.
If x € Fg, then fo(x) < (m —[2')) <d. Then, Fo' N K, = . This means

that: if x € K; — x,, # x_ for some y € §2’. Then, K; C p_(},l (M — {z}) where
7z, =x_forally € 22"
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From this follows
n? Ky = ph (IM?1) | K4 =0, because [M?' ]| ([M?] — {z}) =0.

(2) Denote T = {x € M*® : cardinality({y : x, =x"}) > md}. Theset T is
closed.

If x € T, then fo(x) > L md =d. Then, T C Ky.

‘We have to show that

H"(M*“,R) — H"(T,R) is injective if k < m (1 — d) n.

As we had seen before H*(M®,R) = 0 if k is not multiple of n. Then, we can
assume that k = ¢gn, if ¢g =0, 1,2, .... The claim follows from the next lemma,
taking s the integer part of m d, by the exact sequence of homology, given that
U =U,(£2).

Lemma 20 Suppose s =0, 1,2, .., m. Suppose
Ug(R2) = {x e M? : card({y : x, =xT}) <s},

then, HZ.‘(US(.Q), R)=0,ifk < (m—s)n.

Proof The claim is trivial for s = 0 or s = m (Uy(§2) is homeomorphic to (R" )™).

The proof is by induction in m. The claim for m = 1 is trivial. Suppose is true for
m—1>1.Take 0 <s < m.Fixw € £ and take 2’ = 2 — {w}.

Consider ¢ : M? — M*® and ¥ : M® x (M — {x*}) — M*%, where for a
given x we define ¢(x) by x, =xtif x € M*%' and ¥ (x, u) is defined by x, = u
ifxeM? andue M, u #x™.

Yy identifies Uy (£2') x (M — {xT}) with an open set A contained in U (£2).

Moreover, ¢ identifies U,_; (£2”) with the complement of this open set A in U, (§2).

As M — {x*} is homeomorphic to R” and by recurrence we get that

HE(U(2) x (M —{x"}),R) =0,
if k<(@m—1—s)n+n=(m—s)n and, moreover, H*(U,_;(£2',R)) =0, if
k<(m—1)—(G6—-1))n=m—s)n.
Now, using the exact sequence of homology we finish the proof. (]
Now we fix irrationals d;, d», 0 < dy < d, < 1. Denote a,, = m (1 — d;), b,, =

m(l —dy), and, ¢;,, =dim (H*(Lg)/H*(Lg) ).
By Lemma 19 we get

Cm =Z{(’7> by < J < ap).

Assume m is much bigger than (d, — d)).
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Take an integer j,,, such that b,, < j,, < a,

Then,

By Stirling formula:

1 m 1 mm+ 1/2
ZIOg(j> ~ m 10g<jj+ 12 (m — jym—i+ 1/2) =

(e ()65 -7

Therefore,

1 ! i\ " i\
wee() e () (- 5) )
m Im m m m
()~ (-5)(-5).
m m m m
when m ~ o0.

Asl —d, < ];'" < 1 —dj, then (changing x by (1 — x)) we get

lim sup l log < " ) < sup (—xlog(x)— (1 —x)log(l—x)),

m—o0 M Jm dy<x<dp

and

v

1
liminf—log(m) inf (—xlog(x) — (I —x) log(l —x)).
m—o00 m Im di<x<d;

From this follows

log c,,
limsup —2" < sup (—xlog(x) — (1 — x) log(1 — x)),

m—00 m dy<x<d,

and |
lim inf —2<" > inf (= xlog(x) = (1 = x) log(1 = x)).
1 <x<d,

m—00 m d

317
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Proposition 6
g(c)=b(c)=—clogc— (1 —c)log(l —c), 0<c<1.
Proof Given 0 < ¢ < 1, there exists small § > 0 such that
O<c—86<c<c+d<1and c—6,c+ 6 arenotin Q.
From the above for dy = ¢ — § and d, = ¢ + § we get

infd (—xlog(x) — (1 —x) log(1—x)) <b'(c,8) <

di<x<

sup (—xlog(x) — (1 —x) log(1 —x)).

dy<x<dy

Now, taking § — 0, we get

b(c) = (—clog(c) — (1 —c¢) log(1 —0¢)).

For ¢ = 0 or ¢ = 1 the result follows from continuity.
Now we will estimate £(c).

The critical values of f; are 0, mi %, .
To the critical values % (j=0,1,2,...,m) corresponds <m> critical points.
J

Therefore, given d, d, € R d; < d», the number ¢, of critical points of fg in
fo' . dy)is

c:n=Z{<’7) pdi< L o<dy) =

Z{(’j) cm(l—dy) < j <m(l—dp)).

The computation of €(c) is analogous to the one for b(c). This also follows from
the last Theorem and the fact that H* (M) = number critical points of f; in the present
case. (]

8 About the Definition of b(c)

‘We will show that the definition of b(c) presented here coincides with the one in [1].
Suppose X is a compact connected oriented C* manifold.



On Bertelson-Gromov Dynamical Morse Entropy 319

Lemma 21 Given an open set V in X consider o € H*(X, R) such that o|y # 0.
Then, there exists B € H*(V) such thata N\ B # 0.

Proof Takew € a. As a|y # 0, then there exists a cycle z on V such that fz w # 0.
Suppose w' is a closed form with compact support on V such that its cohomology
class in H}(V, R) is the Poincare dual of the homology class of z in H.(V, R).
w' can be extended to a closed form on X (putting 0 where needed) and by Poincare

duality:
0#/W=fW/\W'=/W/\W'.
z Vv X

Therefore, w A W' is not exact on X.
Denote 8 € H*(X, R) the cohomology class of w'. By Lemma 1 we have that
B € H*(V). Asw A w' is not exact we get thate A 8 # 0. O

Notation: if § C X, then £*(S) = N{H*(W) : W C X is an open set and S C
Wi

Lemma 22 Suppose U,V C X are open sets and X =U U V. Take K =U —V
anda € H*(U). Then, o A B =0 forall B € H*(V), if and only if, « € 7*(K).

Proof Suppose a € *(K) and take 8 € H*(V). By Lemma 5 there exists w € §
such that suppw C V.

Take W = X — supp w (which contains K). By definition we getthatoe € H*(W).
Then, by Lemma 5, there exists w’ € « such that supp w' C W. Therefore, w A w' =
0, and finally it follows that @« A § = 0.

Reciprocally, suppose that « A 8 =0 for all 8 € H*(V). By Lemma 21 we
have that o |V = 0. Take W D K, then V UW = X. Therefore, by definition
o€ H*(W). O

Lemma 23 Take K C X a compact submanifold with boundary such that K — §K
is an open subset of X.
Then,

H(K) = Ker (H*(X,R) - H*(X — K, R)) restriction.

WE leave the rest of the proof for the reader.

Proof Take W an open set by adding a necklace to K. Then, X — K can be retracted
by deformation over X — W.
Then, if « € H*(X, R), we get that o|x_x = 0 is equivalent to ¢|x_w = 0.
Now, the claim follows from Lemma 1 and by the definition of JZ(K). (Il

Corollary 4 Under the same hypothesis of last lemma it also follows that 7€ (K ) =
H*(int (K)).
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Proof This follows from the fact that H*(X— int (K),R) - H*(X — K, R) is an
isomorphism. O

Proposition 7 Suppose U, V are open sets such that X = U UV and moreover that
U, V are submanifolds with boundary of X.
Consider the linear transformation L such that

L:H*(U)— Hom(H*(V), H*(UNYV)),

where,a — (b — a A D). o
Then, the rank of L is dim (H*(U)/H*(M — V)).

Proof By Lemma 22 we get that Ker L = H*(X — V). Finally, by the last corollary
H*X-V)=H*(M-YV). ]

Consider now a Morse function f : X — Randc € R, § > 0.

Definition 5 b, s(f) is the rank of the linear transformation
H*(f™!(=00,¢+8)) — Hom (H*(f™'(¢=38,00), H*(f "' (c =8,c+8))),
where a — (b — a A D).

Note that b, s( f) decreases with §.

Lemma 24 [fc — § and c + § are regular values of f, then

bes(f) = b 5(f).

Proof Just apply Proposition 7 to U = f!(—oo,c+8) and V = f~!
(c—§6,00). O

Note that b (¢, §) = b. 5(fe), where §2 € B(I") and £2 # §J, and moreover that
bi(c, 8) = bg,(c, §). The next limit exists (see [1]).

Definition 6

I b;(c, S
b(c,8) = lim log(bi(c, 8))
i—00 | §2; |

The set S C [0, 1] of all critical values of all f; is countable. By Lemma 24 we
getthat bi(c, 8) = bi(c,8)ifc — 8 ¢ Sandc + § ¢ S. Therefore, b'(c, 8) = b(c, 8)
ifc—5¢ Sandc+46¢S.

Finally,

- o
}E}l})b (C’ 8) - %1_1}(1)[7(6', 8)

because both limits exist.
Therefore the function b(c) we define coincides with the one presented in [1].
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