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Abstract. The problem of fitting multidimensional reduced data M.,
is discussed here. The unknown interpolation knots 7 are replaced by
optimal knots which minimize a highly non-linear multivariable function
Jo. The numerical scheme called Leap-Frog Algorithm is used to compute
such optimal knots for [Jp via the iterative procedure based in each step
on single variable optimization of .70('”). The discussion on conditions
enforcing unimodality of each jo(k’i) is also supplemented by illustrative
examples both referring to the generic case of Leap-Frog. The latter forms
a new insight on fitting reduced data and modelling interpolants of M,,.
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1 Introduction

In this work the problem of interpolating n points M,, = {z;}, in arbitrary
Euclidean space E™ is addressed. The corresponding knots 7 = {t; ?:_11 are
assumed to be unknown. The class of fitting functions (curves) Z considered in
this paper represents piecewise C? curves v : [0,7] — E™ satisfying v(t;) = ¢;
and H(tg) = %(T) = 0. It is also assumed that v € Z is at least of class C! over
Tint = {ti}?;ll and extends to C?([t;,t;11]). Additionally, the unknown internal
knots T;ny are allowed to vary subject to t; < t;41,fori =0,1,...,n—1 (herety =
0 and ¢, = T'). Such knots are called admissible and choosing them according to
some adopted criterion permits to control and model the trajectory of . One of
such criterion might focus on minimizing “average squared norm acceleration”
of 7. In fact, for a given choice of fixed knots 7, the task of minimizing

OES JRNGOIRS W
i=0 Yt

(over 7) yields a unique optimal curve 7, € Z forming a natural cubic spline
Yns - see [1] or [8]. Consequently, letting the internal knots 7;,; change, mini-
mizing Jr over Z reduces to searching for an optimal natural spline yyg with
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Tint treated as free variables. Thus by [1], having recalled that vyg is uniquely
determined by 7, minimizing Jr amounts to optimizing a highly non-linear
function Jy in n — 1 variables 7;,; satisfying ¢; < ¢;+1 (see [3]). Due to the high
non-linearity of Jy the majority of numerical schemes applied to optimize Jy lead
to numerical difficulties (see e.g. [3]). Similarly, the analysis of critical points of
Jo forms a complicated task. To alleviate the latter, a Leap-Frog can be applied
to deal with Jy - see [2] or [3]. This scheme minimizes Jy with iterative sequence
of single variable overlapping optimizations of Jék’l) subject to t; < t;y1.

The novelty of this work refers to the generic case of Leap-Frog (recursively
applied over each internal snapshots). The analysis establishing sufficient condi-
tions for unimodality of Jék’z) is conducted here. Numerical tests and illustrative
examples supplement the latter. The discussion covers first a special case of data
(see Sect. 4) extended next to its perturbation (see Sect. 5 and Theorem 1). More
information on numerical performance of Leap-Frog and comparison tests with
two standard numerical optimization schemes can be found in [2,3] or recently
published [6]. Some applications of Leap-Frog optimization scheme used also as
a modelling and simulation tool are discussed in [9,10] or [11].

2 Preliminaries

Recall (see [1]) that a cubic spline interpolant 'ygi = 'Yg|[ti,ti+1]’ for given admis-
sible knots T = (to,t1,...,tn_1,tn) is defined as 'ygi (t) =14+ coi(t —t;) +
C3,i(t - ti)Q + C47i(t - ti)s, (fOI‘ t e [ti,ti+2}) to satisfy (fOI‘ 1=0,1,2,...,n—1;
¢ji € R™, where j = 1,2,3,4) ’y?‘ (tivr) = Titx and 'yg (titk) = Uik, for
k = 0,1 with the velocities vy, v1,...,Vn_1,v, € R” assumed to be temporarily
free parameters (if unknown). The coefficients ¢;; read (with At; =t 41 — t;):

Cl1,i = Ty, C2i = Ui,

. 4:Ui+1)i+1_21i+Altj'm i — m,c At . (2)
4.1 (Atl)Q ) 3,1 Atl ZN) i -

The latter follows from Newton’s divided differences formula (see e.g. [1,
Chap. 1]). Adding n — 1 constraints "}?i‘l(ti) = 4% (t;) for continuity of 4$
at x1,...,2,—1 (withi=1,2,...,n — 1) leads by (2) (for 7?) to the m tridi-
agonal linear systems (strictly diagonally dominant) of n — 1 equations in n + 1
vector unknowns representing velocities at M i.e. vy, v1,v2, ..., Up_1,0, € R™:

Vi1 At 4 20 (At + Aty) v 1 At = by

Ty — Tj—1 Ti41 — T4
A A A ) ®)

(i) Both vy and v, (if unknown) can be e.g. calculated from ag = 5% (0) = a,, =
4$(T.) = 0 combined with (2) (this yields a natural cubic spline interpolant v3°
- a special v¢) which supplements (3) with two missing vector linear equations:
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1— %o

200 + vy = 3%  py 4 20, = 3t Tt (4)

Aty Atp_q

The resulting m linear systems, each of size (n + 1) x (n + 1), (based on
(3) and (4)) as strictly row diagonally dominant result in one vector solution
V0, V1, - -+ Un—1, Uy (solved e.g. by Gauss elimination without pivoting - see [1,
Chap. 4]), which when fed into (2) determines explicitly a natural cubic spline
AR¥S (with fixed 7). A similar approach follows for arbitrary ag and a,.
(ii) If both vy and v,, are given then the so-called complete spline %?S can be
found with v, ...v,_1 determined solely by (3).
(i) If one of vy or vy, is unknown it can be compensated by setting the respective
terminal acceleration e.g. to 0. The above scheme relies on solving (3) with one
equation from (4). Such splines are denoted here by v or v3°. Two non-generic
cases of Leap-Frog optimizations deal with the latter - omitted in this paper.

By (1) Jr(v]) = 437120 (lles |2 At: + 3llea i |2(At:)? + 3(cs ileas) (At:)?)
which ultimately reformulates into (see [2]):

n—1
—1
jT(’yé—VS> =14 Z (W(—3||Ii+1 - .’L‘l||2 + 3<Ui + Ui+1|$i+1 — :L‘i>Ati
i=0 v
—(loill* + llvis I + <Ui|vi+1>)(ﬂti)2) : (5)

As mentioned before for fixed knots 7, the natural spline ’y]TVS minimizes
(1) (see [1]). Thus upon relaxing the internal knots 7;,; the original infinite
dimensional optimization (1) reduces to finding the corresponding optimal knots

(PP 5P t0P)) for (5) (viewed from now on as a multivariable function
Jo(ti,ta, ... ty_1)) subject to tg = 0 < 57" < "' < ... <t < t, = T.

Such reformulated non-linear optimization task (5) transformed into minimizing
Jo(Zint) (here tg = 0 and t,, = T) forms a difficult task for critical points exam-
ination as well as for the numerical computations. The analysis addressing the
non-linearity of Jy and comparisons between different numerical methods used
to optimize Jy are discussed in [2,3] or [6]. One of the computationally feasible
schemes handling (5) turns out to be a Leap-Frog (for its 2D analogue for image
noise removal see also [11] or in other contexts see e.g. [9] or [10]). For optimizing
Jo this scheme is based on the sequence of single variable iterative optimization
which in k-th iteration minimizes:
_ ti
5 = [P ()

ti—l

over [F=1 = [tk tf;ll]. Here ¢; is set to be a free variable s;. The complete spline

9 IF=1 — E™ is determined by {tf_l,s,tf;f}, both velocities {Uf_l,vffll
and the interpolation points {z;—1, x;, z;+1}. Once sfpt is found one updates tf‘l

with ¥ = s%" and vF~! with the vF = "y,gf(sfpt). Next we pass to the shifted

overlapped sub-interval I¥, | = [t¥, /7] and repeat the previous step of updating

tf;ll. Note that both cases [0, 5] and [t*~1, 7] rely on splines discussed in (7i),
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Where the vanishing acceleration replaces one of the velocities v~ or v5~1. Once
tk~1 is changed over the last sub-interval I*71 = [tk _, T] the k-th iteration
is terminated and the next local optimization over I} = [0,t5] represents the
beginning of the (k + 1)-st iteration of Leap-Frog Algorithm. The initialization
of 7;n+ for Leap-Frog can follow normalized cumulative chord parameterization
(see e.g. [8]) which sets tJ = 0,#),... ¢tk |+ = T according to tJ = 0 and
001 = llwipr — @l F + 0, for i =0,1,...,n =1 and T = S i — .

3 Generic Middle Case: Initial and Last Velocities Given

Assume that for internal points x;, z;41, 242 € E™ (for i = 1,2,...,n — 3 and
n > 3) the interpolation knots ¢; and ¢;4o with the velocities v;,v;4o € R™
are somehow given (e.g. by previous Leap-Frog iteration outlined in Sect. 2). We
construct now a C? piecewise cubic (a complete spline - see Sect. 2), depending
on varying t;41 € (i, t;+2) (temporarily free variable). The curve 4§ : [t;, tiyo] —
E™ (i.e. a cubic on each [t;,t;1] and [t;11,t;+2]) satisfies:

Vi (tivs) = Tivj, J7=0,1,25 4i(tit;) =vit;, 7=0,2. (7)

Letting ¢; : [ti, tiv2] — [0,1], ¢s(t) = (t — t;)(tiv2 — t;)~F = s the curve 7¢ :
[0,1] — E™ (with 7§ = 7¢ 0 ¢; ') by (7) satisfies, for 0 < s;41 = ¢;(t;i41) < 1:

Vi) =i, F(siv1) =mit1, (1) =zit2, (8)
with the adjusted initial and the last velocities ¥;, 0;42 € R™ fulfilling:
bi =75 (0) = (tiz — ti)vi ,  Diga =75 (1) = (tig2 — t:)viga - (9)
To reformulate &; define two cubics 4/, 47¢ satisfying (with s;1 € (0,1))
3¢ = Ak (over [0, si41]) and ¢ = 47¢ (over [s;41,1]) with ¢;;,d;; € E™
’%C(S) = cio + ¢i1(5 — 8i41) + cia(s — 5i+1)2 + ciz(s — 5i+1)3 )
Are(s) = dip + din (5 — 8i41) + dia(s — si41)% + dia(s — si41)° (10)
Since 7¢ is a complete spline the following constraints hold:

FEO) =i, F(si41) = A (si41) = Tig1, (D) =mipa,  (11)

O =vi, A1) =Diga, (12)
together with two C'' and C? smoothness constraints at s = Sit1:
F(si01) =W (5i41) AT (Si1) = (Si41) - (13)
Upon shifting the coordinates origin in E™ to z;41 we have for ;11 = 0, ; =
Ty — Tj4+1 and i‘i+2 = Ti42 — Tij4+1 (by (11)):

~Trc

F0) =&, F(sit1) =¥ (si+1) =0, F°(1) = Fipo - (14)
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Both (10) and 2,41 = 0 yield ¢;o = dip = 0. Next (13) with 71 (s) = ¢y +
2¢io(s — si11) + 3cia(s — si11)2, A€ (5) = dix + 2dia(s — si41) + 3dia(s — si11)?,
%C” (8) = 2¢i2 + 6¢i3(s — s;41) and %’“”(s) = 2d;3 + 6d;3(s — s;41), leads to
¢;1 = dj1 and ¢j9 = d;o. Hence one obtains:

Ale(s) = cin(s — sip1) + cia(s — sip1)? + cia(s — si41)%
F7o(s) = cir(s — siy1) + cia(s — si11)> + dis(s — si41)* . (15)

The unknown vectors ¢;1, cia, ¢i3, diz in (15) follow from four linear vector equa-
tions obtained from (12) and (14) (i.e. with data M; = {Z;, T;12, U;, Vi+2}):

2 3
Tj = —Ci18i+1 + Ci2Sj41 — Ci3Siq1 »
- 2 3
Tiv2 = ci (1 = si41) + cia(1 = siq1)” + diz(1 — si41)”
- 2
U = i1 — 2Ci28i41 + 3¢i38741
- 2
Vit2 = Cj1 + 261‘2(1 - Si+1) + 3di3(1 — Si+1) . (16)

Applying Mathematica Solve to (16) yields:

~ 2~ 3 = 2~ 3~ = -
—8i 4105 + 287, 10; — 871U — S5 1 Vit2 + Sy 1Vip2 — 3T; + 654175

Ci1 = —
2(sit1 — 1)sit1
2 - 2 -
—387,1%; + 387, 1Tit2
2(si+1 — 1)sit1
. Si41Vi — 8510; — Si41Viy2 + S5 1 Vi + 3T; — 384175 + 38i41Ti42
2 — )
(8i41 — 1)siq1
. Sip1(0; +225) — 87,1 (0 — Viga) — 5741 (Vo + 3Ts — 3Tiq0) + Ty
i3 = 9
2(si41 — 1)3?4-1
~ 2 = 3 = ~ 2 = 3 = ~
—8i+10; + 281’ 1V — 8510 + 28;+10i42 — 381’ 1Vig2 + S5 1 Vito — 3Z;
d'3 _ + + + +
i3 =

2(sit1 — 1)3si41

~ 2 ~ ~ 2 ~
_ 68i+1.’£1‘ — 331‘4_11'1' — 431’+1xi+2 + 3Si+1xi+2
2(sit1 — 1)3si41

; (17)

which satisfy (as functions in s;,;) the system (16). Next, since [/ (s)||? =

Alcia|® + 24{einleis) (s — sit1) + 36]|cia]|* (s — si41)? and |47 (5)]* = 4fleia® +
24{cio|di3) (s — si41) + 36||di3]|?(s — si11)? the formula for & reads as

~ Sit1 " 1 7
Elsn) = [ I P+ [ s) s = B+ I
0 Sit1
where I1 = 4([|ciz|*sip1 — 3(cinlei)siyy + 3llcial®s?y) and I = 4([[eiz|*(1 —
Si+1) +3<Ci2|di3><1 - Si+1)2 +3||di3||2(1 - Si+1)3). Combining the latter with (17)
(upon applying NIntegrate and FullSimplify from Mathematica) yields:
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gi(SiJrl) =

i O s~ P14 Bti) + s (6l

81 ([[Dig2l” (si41 — 4) (si1 — 1)%si41 + 3| Fia|[*sit1 (3si1 — 4)

T (i1 = 1) (5041 4 3) = 2(s041 — 1) 5141 (T Bis2)

F6(2+ (si41 — 2)s741) (Bls) — 6(si1 — 1) 8011 (i Faga) — 6(si41 — 1)° (BigalZs)

+6(si+1 = 2)(sit1 — Dsivr (Bivo|Fira) — 18(siv1 — 1)* (@il Fit2)))) - (18)
Upon substituting for Z; 19 = 2,492 — ;41 and T; = x; — ;41 one can reformulate
(18) (and thus (19)) in terms of each data x;, i1, zir2 € E™. Mathematica
symbolic differentiation and FullSimplify applied to &; yields:

El(sin) =
-3
(sip1 —1)* 57 i+1
—||Uz‘+2|\ (sivr = 128y + 3l|Ziral®si1 (255401 — 3)
F2(si41 — 112+ 5i00)(0il@a) — 2(s0101 — 1)?8711(0[Zi42)
—2(si41 — 1)451+1<U1+2|xz> +2(si41 — 3)(si41 — 1)s z+1<vz+2|xz+2>
6(81+1 - 1)251+ (28541 — 1)(Ti[Tit2))) - (19)
By (19) &/(si+1) = (=1/((si41 — 1)*st, 1)) Ni(si41), where Ni(si41) is a polyno-
mial of degree 6 (use here e.g. Mathematica functions Factor and CoefficientList)
Ni(sit1) = b + bisipr + bysiyq + Uhs?yy +bysiy + b5s?yy + bgsy 1, where
by by

Bl (si41 — DML+ 25541) + i1 (|07 (8341 — 1) 5511

5 =slEl, 3 = —60E + 4wl

% = [[0:]1* = 61|Zl|” — 14(0i|Z:) — 2(Tir2l@i) + 6(Fi|Tiva) ,

% = —4||5;||” + 242 ||* + 16(T;|Zs) + 8(Tio|Fi) — 24(T;|Tiv2)

% = 6]|Till* = [1Dir2ll? = 21| [|* — 9| Eipall® — 4(0:|Es) — 2(0i|Zi12)

—12(Vit2|Ti) + 6(Vit2|Tit2) + 30(Ts|wit2) |
bt 5 ~ N B o o
35 = —4[5:]|* + 20|Tiy 2 + 6l Zill* + 6]|Zirall® — 4(0:|Z) + 4(0e| Fis2))

+8(Vit2|Ti) — 8(Viya|Tira) — 12(Ti|Tiv2)
b . . e o . SR
36 = 1Gill? = [[Dis2ll® + 2(0:|5) — 2(0i|Zig2) — 2(VigalTi) + 2(VigalTiva) -
In a search for a global optimum of &;, instead of using any optimization scheme
relying on initial guess, one can apply Mathematica Solve which finds all roots
(real and complex). Indeed upon computing the roots of N;(s;y1) one selects
only these from (0,1). Next we evaluate & on each critical point s{74 € (0,1)
and choose sﬂff with minimal energy as optimal. This feature is particularly
useful in implementation of Leap-Frog as opposed to the optimization of the

initial energy (5) depending on n — 1 unknown knots.
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4 Special Conditions for Leap-Frog Generic Case

Assume Z;, Ti41, Ti40 € E™ with 9;, 0,40 € R™ satisfy now the extra constraints:

U = Viya, Tiyo — Tj = V; = Vit - (20)
By (20) we get [[Tiy2l? = [|0:]* = (0i]0ig2) = |Zoqall® + |Zl1* — 2(&:]Ti12),
(Zi]0:) = (| Oiy2) = (TilTiy2) — |2:]|* and (Zi12|0:) = (ZiyolOiga) = |Zitall® —

(%;)Zi42). Substituting the above into (19) (or into £F) yields &f(si+1) =

31 (i1 — D 4 siga ([Tl sit1 — 2(si41 — 1)(EilTi12)))
(841 — 1)33?+1

(21)

and hence £ (s;11) =
e (8 (5101 — 1) )
(Si41 — 1)45§1+1 ' " "
+5ig1(|1Zigal?sip1(dsipn — 1) —4(1 = Bsir + 2871 (@ Tiga)) - (22)

The numerator of (22) forms now a polynomial of degree 3 (instead of degree 6
as in (19)) NE(si41) = by + bi°sipr + by s?, 4 + biys?, |, where:

bie ~ bic _ o

% =-3||%* <0, ?1 = 205)|%|” — 2(Z:|Fis2)) ,

% = —1U|E|1? = [|Zigall® + 12(F:| Fig2) = 5(|Figall® — 1E:]1?) — 6| Fiv2 — &%,
bie . . L 5 B

% = 4|\ %1 + 4l|Zis2? — 8(FilFiro) = 4| Tive — T[> 2 0.

For £f to be unimodal over (0,1) one needs N¢(s;; 1) with a single root in (0,1).
(i) Note that if 7,19 = #; then Nf(s;+1) = —9||%;||> + 18s,41]|7:]|* has exactly
one root §;41 = 1/2 € (0,1). By (20) we have 0,40 = 0; = 0.

(i) We assume now that Z; 2 # Z; then N£(s;41) becomes a cubic. We find now
the conditions for which N¢ has exactly one root over (0,1). For the latter as
NE(0) = —9]|7;]|? < 0 and NF(1) = 9]|Zi42//? > 0 by Intermediate Value Th. it
suffices to show that either N (s;y1) = cif + ciesiyr + cis s3.1 > 0 (over (0,1))
or that the derivative N¢ has exactly one root ;41 € (0,1) (i.e. N¢ has exactly
one max/min/saddle at ;1) and thus Nf(s;1+1) = 0 yields exactly single root
$i+1 € (0,1) - note that if §;11 = ;41 then 4;41 is a saddle point of N¢. Here a
quadratic NE¢ (si11) (as Fiyo # %) has coefficients (cly /6) = 5[|Z:]|? — 2(F;|Fi42),
(cr°/6) = 5|42l = [|2:]|*) — 6]|Zit2 — &il|?, and (c5/6) = 6] Zir2 — i]|* > 0.

The discriminant A of the quadratic N¢ (s;41)/6 reads as:

A= |2t + 121" — 98] ZssalPN2il|* + 24(Zil Eivo) | Tiva + &> (23)
Define now two auxiliary parameters (A, u) € 2= (Ry x [-1, 1))\ {(1,1)}:

1Z:l] = M| Zivall s (@ilTiv2) = pllZll |2l - (24)
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Here p stands for cos(«), where « is the angle between vectors Z; and Z;42 -
hence p = A =1 is excluded as then z;12 = Z;. Note, however that as analyzed
in case (i) when &;y2 = Z; there is only one optimal parameter §;11 = 1/2
- thus (pu,A\) = (1,1) is also admissible. We examine various constraints on
(1, A) £ (1,1) (with A > 0 and —1 < pu < 1) for the existence of either no roots
or one root of N¢ = 0 over [0,1] (yielding single critical point of E¢ over (0,1)).
1. A < 0. Since ¢ > 0, clearly the following N¢ > 0 holds over (0,1).
Substituting (24) into (23) yields (for A = (A/||Zi42][*)) A\, 1) = A +24p\3 +
(4812 — 98)A% + 24u) + 1. In order to decompose §2 into sub-regions 2_ (with
A < 0), 24 (with A > 0) and Iy (with A = 0) we resort to Mathematica
functions InequalityPlot, ImplicitPlot and Solve. Figure 1(a) shows the resulting
decomposition and Fig. 1(b) shows its magnification for A small. The intersection
points of Iy and boundary 9£2 (found by Solve) read: for ;4 = 1 it is a point (1,1)
(already excluded - see dotted point in Fig. 1) and for 4 = —1 we have two points
(—1,(1/(13 + 2v/42))) ~ (—1,0.0385186) or (—1,13 + 2v/42) ~ (—1,25.9615).

bS]

Fig. 1. Decomposition of {2 into sub-regions: (a) over which A > 0 (i.e. 24), A =0
(i.e. Ip) or A <0 (ie. £2-), (b) only for A small.

The admissible subset (2o, C {2 of parameters (u, A) (for which there is one
local minimum of EF) satisfies 2_ C 2,4. The set to 2\ £2_ is a potential
exclusion zone (2., C 2\ 2_. Next we shrink an exclusion zone (2., C {2
(subset of shaded region in Fig. 1).

2. A = 0. There is only one root 4?,; € R for N (siy1) = 0. As explained,
irrespectively whether 4, € (0,1) or @9, , ¢ (0,1) this results in exactly one
root §;4+1 € (0,1) of Nf(s;+1) = 0, which in turn yields exactly one local (thus
one global) minimum for Sf Hence 2_U Iy C 2.

3. A > 0. There are two different roots ﬂij:_l € R of Nf (si+1) = 0. Note that
since ciy > 0 we have @, < 4f.,. They are either (in all cases we use Vieta’s
formulas): o

(a) of opposite signs: i.e. (cg/cy) <Oor

(b) non-positive: i.e. (ci/ci) >0 and (—cy*/cy) <0 (as a4, < 47, ,) or
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(¢) non-negative: i.c. (cif /ci) >0 and (—ck /ck) > 0 - split into:
(c1) af,, > 1:ie.
(c2) 0 < if,, <1 (as here 4;,, < 4,).

Evidently for a), b) and cl) there is up to one root 4,41 € (0,1) of
Ny (si41) = 0. Therefore as already explained there is only one root 3;,1 € (0,1)
of Nf(si+1) = 0, which is the unique critical point of & over (0,1). We show
now that the inequalities from a) or b) or ¢) extend (contract) the admissible
(exclusion) zone (2o ({2¢,) of parameters (i, A) € £2. Indeed:

a) the constraint (cf7/cy) < 0 upon using (24) reads (as A > 0):

2
5AZ — 20\ < 0 E)\<?M. (25)
Figure2 a) shows 2; (over which (25) holds) cut out from the exclusion zone
2., of parameters (p, A) € 2 (again InequalityPlot is used here).

Q 1.5 Qo
0.4 5
1
I,
0.2
0.
I Q
. Q, 1 T L il
-0 0 0.5 o 1 —-0.5 ] ] u 1
(a) (b)

Fig. 2. Extension of admissible zone (2., by cutting out from 2c.: (a) 21, (b) 2.

Thus 2_ U Ip U 2y C 2,. The intersection It N 92 = {(0,0),(1,0.4)}
(here It = {(p, A) € 2 : 5A — 2 = 0}). Similarly the intersection Iy NI =
{(5/(2v/19),1/v/19)} ~ (0.573539,0.229416) = p;.

b) the constraints (ci/c5’) > 0 and (—cj¢/cy) < 0 combined with (24) yield:

Az%" and 11A* —12u\+1<0. (26)
Using ImplicitPlot and InequalityPlot we find 25 (cut out from (2.,) as the
intersection of three sets defined by (26) and A > 0 (for {25 see Fig.2 a-b)).
Thus 2_ U Iy U2 U2y C 2 (see Fig. 2 b)). Note that for I = {(u, A) € £2:
11A2 — 12p\ + 1 = 0} the sets Ty N Iy = {(5/(2v/19),1/v19), (1, 1)}, 1 NIy =
{(5/(2v/19),1/v/19)}}, and intersection of I'y with the boundary p = 1 yields
{(1,1),(1,1/11)}} (use e.g. Solve in Mathematica).

c1) (ciy /ck) >0, (—cie /ck) > 0 and uf, > 1 with (24) yield

2p

Az 1IN —12uA+1>0, VA>X2—12pu\+11. (27)
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Fig. 3. Extension of admissible zone 2,5 by cutting out from 2c.: (a) 23, (b) 24.

The last inequality in (27) is clearly satisfied for A% — 12u\ + 11 < 0.
This holds over 25 = {23 U 24 U I'J which is the domain bounded by I3 =
{(p,\) € 2 : A2 —12u) + 11 = 0} and the boundary p = 1 (see Fig.3 a)).
Here I3 N 02 = {(1,1),(1,11)} and I3 N Iy = {(1,1),(5/(2v19),V/19)} ~
{(1,1),(0.573539,4.3589)} - again we resort here to InequalityPlot, Implicit-
Plot and Solve functions in Mathematica. Intersecting (25 with three subsets
defined by the first two inequalities from (27) and A > 0 yields cutting (25
from the exclusion zone 2., (see Fig.3 a)), where 23 is bounded by I¢,
undashed I3 and the boundary p = 1. Thus £2_ U Iy U 21 U 25 U 25 C 2.
For the opposite case A — 12u\ + 11 > 0 (satisfied over 2\ 25) the last
inequality from (27) yields 25 = 2% U 27 U I'y with the bounding curve
Iy = {(p,A) € 2 : A— (A% —12u) + 11)2 = 0} (see Fig.3 b)) - here (2
is bounded by I}, I's and 9§ and (27 is bounded by I'Z, I'1 and 9£2). The
intersection of I'y with boundary p = 1 yields single point {(1,5/2)}. Since
TonTsnIy={(5/(2v19),v19)} ~ {(0.573539,4.3589)} = p, the intersection
of 25 with the regions defined by first two inequalities in (27) (and by A > 0
and A2 — 12X\ + 11 > 0) leads to the further cut out of 26 U T} UTY in the zone
Qf’r C 2, The inclusion 2_ U T U2 Uy U230 UTF ULy C 2, follows.

5 Perturbed Special Case

Assume now that for data points {Z;, Z; 11, Z; 12} and velocities {0;, 0,42} condi-
tion (20) is not met. For the perturbation vector § = (1, d2) € R®™ we attempt
to extend the results for (20) to its perturbed form (28). Indeed let (d1, d2):

Tigyo — Ty — Vg2 = 01, Vigo — Uy = 02, (28)

with £ derived as in (18). Of course, for §; = 63 = 0 € R™ (28) collapses to
(20) (i.e. with the notation £ = £¢ derived for (20)). To obtain formulas for &7
and £ we resort to (by (28)):
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[0i g2l = | Eipall® + 12:l1* — 20| Zir2) — 2(Firal0r) + 2(E]01) + |01,
(Digolds) = (@il Tiya) — |T:]* — (Z:l61)
(DigalTiya) = |Zirall® — (Filiva) — (Fitalbr)
[0:l17 = [|Zigall® + 121> — 2(&:l Eig2) + 60 + [[62]1* + 2(61102)

—2(Tiy2|01) — 2(Tit2|02) + 2(Ti]61) + 2(Z4[02) ,

(0ilviya) = [[Tigall® + | Eall* = 2(Zilir2) — 2(Fir2l1) + 2(Fi|01) — (Tiya|d2)
+(Z;|d2) + ||51||2 + (61]92) ,

(%] 05) = (&l Tiga) — |Ti]1* — (&:]01) — (%4]02) ,
(Tiyalti) = [|Zirall® — (Ti|Tira) — (Fiyal61) — (Fitalda)

leading by (18) to (with FullSimplify, Factor and CoefficientList): £ (s;11) =

1 5 : -~
m(3||$i||2(5i+1 — 1) (1 + 3si41) + si1(—6((Z[Ti12)
ir1(Si

—(@i|01) = (Zil02) = [|1Z:]1*) + 841 (=18(Zi|Ziv2) (si41 — 1)

—6((Zi|Zir2) — (Zil01) = 1Z]|*) (si41 = 1)° + 6(—(Zi[Zit2) — (Tisal1)
HZival®) (si1 = 2)(si41 = Dsigr — 6(—(Zi|Ziy2) — (Fisal01)

—(Tigal02) + [Figall®) (511 — 1)%sip1 + (=2(Fi|Tive) + 2(Ti]01)

—2(Tiya|01) + |Zl” + [1Zir2ll® + 10201 (5i01 — 4) (si1 — 1)?sipa
=2(=2(i[Tiv2) + 2(Ti]01) + (Zi[02) — 2(wit2|01) — (Fit2|d1) + (d1(02)
HNZ >+ [ Zval? + 16111%) (sie1 = 1)%sip1 + (=2(Til Five) + 2(2:161)
+2(%i|00) — 2(TisalOr) — 2(Tigald2) + 2(61102) + 1 Zl|* + | Fisal® + (|01
H1020*) (sit1 = 1?3+ sig1) + 3l|Zirl*siv1(3sipr — 4)

F6((Ti|Tiva) — (Til01) — (Z4l02) — [|1Z:]1*)(2 + (541 — 2)5741)))) (29)

yielding &2 (si11) = M (si+1)/ (8311 (sit1 — 1)%). Here deg(M?) = 6 with the
i _
Lo —

coefficients (using Mathematica functions Factor and CoefficientList): a
—3)|&l|?, a}’ = —6(i|iya) + 6(F:|01) + 6(Fi]02) + 6] |2, a5’ = 6(Fi|dira) —
24(Z]01) — 18(%4]02) + 6(Ti2[01) + 6(Tit2|02) — 6(d1]02) — 3[|Zi|* — 3[|Zi2l® —
301]|2 = 31102112, a5° = 2(15(&;[61) +9(4:]02) = 9(Fi12161) —6(Fs12[02) +9(51 |62) +

Bl01117 + 4)10a][?), af® = —12(i4]d1) — 6(i]d2) + 12(Fisa|d1) + 6(Fig2]d2) —
18(81]05) — 3[|81]|2 — 6]|d2]|2, ab® = 6(61|02) and ay® = ||65)|2. The deriva-
tive of (si41) reads as £ (siy1) = —NJ(si41)/(st1(si41 — 1)), where N?

is the 6-th order polynomial in s;11 with the coefficients (e.g. again upon
using symbolic differentiation in Mathematica and functions Factor and Coeffi-
cientList): by® = —9||&;]|2, b° = —12(&;|Zi42) + 12(Z4]01) + 12(E;|62) + 30|22,
by = B(12(#|i42) — 18(4]01) — 16(i4]d2) + 2(F42]01) + 2(Fi42[d2) — 2(51[02) —
LL[[12 = [Z42]1 = (161112 = [19][2), b5° = B(=8(&:|Fir2) +32(E:|61) +24(F[62) —
8(Ziyol61) — 8(Tiyal0a) + 8(61|02) + 4l Z4||% + 4l|Ziyol|® + 41|61 12 + 4[62]|2), b2° =
3(—26(T4[01) — 16(%;102) +14(Ti+201) +10(Zi12[02) —12(01|02) — 5|61 || — 6102 1%),
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b’ =4i(8<@|51> +A(Ti]62) — 8(Fiyal61) — 4(Firal62) +8(01182) +2/81|1* + 416 %)
and bé’ = —6<(51|(52> — 3”52“2 .
The following result merging (20) with (28) holds (proof is omitted):

Theorem 1. Assume that for unperturbed data (20) the corresponding energy
EY has exactly one critical point 39 € (0,1) with £ (39) # 0. Then there exists
suﬁiczently small eg > 0 such that for all ||6]| < ey (where § = (1,02) € Rzm) the
perturbed data (28) yzeld the energy £ with exactly one critical point 5 € (0,1)
(a global minimum 50 ofé' is sufficiently close to g ).

Ezample 1. Consider the planar points ; = (0,—1), Z;11 = (0,0) and Z; 412 =
(1,1) - we set here 4 = 0. Here cumulative chord parameterization yields §§¢ =
1/(vV/2+1) ~ 0.414214. Assume that given velocities 7g, U (upon adjustment by
some perturbation § = (8,4) € R?) satisfy both constraints &3 — &g = 93 + 6 and
¥y = T + 0. The above interpolation points {Zi, Tiy1, Tip2} for further testing in
this example are assumed to be fixed. Here ||Zo||*> = 1, ||Z2]* = 2, (Zo|Z2) = —1
and (11, \) = (—1/v/2,1/v/2) ~ (—0.707107,0.707107) € 2o5 (with & = 0). The
unperturbed energy with 02 = 09 = (1,2) (see also (21) or (29) with 6 = 0 and
non-perturbed data satisfying (20)) amounts to: £J(s) = —3(1 + s(5s —4))((s —
1)353)~1. Which yields a global minimum &§(0. 433436) = 41.6487 (see Fig.4).
As here (i, \) = (=1/v/2, 1/\[) € 2, and thus £ has exactly one critical point
30 € (0,1). One can show that £" # 0 at any critical point 3¢ of £. Hence the
assumptions from Theorem 1 are clearly satisfied.
We add now the perturbation § = (2,—3) and § = (—1,2) (for 70 = (0,3)
and ¥ = (—1,5)). The corresponding perturbed energy (see (29)) ES(s) = (—3+
s(18+s(— 57+8(34+s(45+s(58—48))))))((5— 1)3s%)~1 is plotted in Fig. 5 with
the optimal value 50 0.390407 (close to Afc as perturbation ¢ is sufficiently
small - here (||d],]10]]) = (V13,v/5)) and £5(8)) = 149.082 < £5(85°) = 150.004
- the convexity of (‘fg is visibly preserved by gg (see Fig.4 and Fig.5).

2000/

1500

1000

Fig. 4. The graph of gol for £o = (0, -1), T2 = (1,1), o = T2 = (1,2) (a) over (0,1),
(b) close to unique root g ~ 0.433 # §{° = 1/(\/5 + 1) &~ 0.414, (c) the graph of £¢.

For a large perturbation § = (16,7) and 6 = (—10,5) (for @ = (=5, —10)
and U3 = (—15,-5)) the corresponding perturbed energy (see (29) and use
Simplify in Mathematica) EJ(s) = (=3 + s(—60 + s(—189 + s(—74 + 5s(5s —
21)(55—9)))))((s —1)3s®)~1 is plotted in Fig. 6 a) with the unique optimal value
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Fig.5. The graph of Es for Zp = (0,—1), &2 = (1,1), % = (0,3), T2 = (—1,5),
6 = (2,-3) and § = (—1,2) (a) over (0,1), (b) close to its unique min. 8} = 0.390 #
5§ =1/(v2+1) = 0.414.

§g ~ 0.432069 for which £§(3) = 3229.81 < ££(55°) = 3236.5 - the convexity of
50 is here visibly also preserved by 55 (even for such a quite large perturbatlon
& - here (]|3, [|6]]) = (125,305)). Note also that though cumulative chord ¢ is
now farther away from a global minimum 89, it is still in its potential basin.
We add now very large § = (=25, —17) and 6 = (—6,20) (for 7 = (32, —1)
and Uy = (26,19)). The perturbed energy (see (29)) ég(s) = (=3 + s(—6 +
5(—3141+2s(3145+s(—1221 - 5705 +2185%))))) ((s —1)s*) ! is plotted in Fig. 6
b) with the optimal value 83 ~ 0.948503 for which £§(3)) = 11146 < £§(5§°) =
12667.7 and another local minimum at §§ ~ 0.563968 for Wthh Es(84) = 11781.
There is also a local maximum at smw ~ 0.879929 > s§¢ = 1/3 - convexity of
50 is here clearly not preserved by 55 (6 is here too large for Theorem 1 to hold
- here (]|6]], 16]]) = (914, 436)) - see also Fig. 4 and Fig. 6. Again the cumulative

chord 3§¢ &~ 0.414214 is here in the basin of 5} (not of 8)) - see Fig.6 b). 0
\ 0.2 0.4 0.6 0.8 0.2 0.4 ‘\»775////:15/\\
(a) (b)

Fig. 6. The graph of &£ for & = (0,—1) and @2 = (1,
%o = (—15,—5) and a big § = (—16,7) and § = (f
80 ~ 0432 # 5§ ~ 0414, (b) %0 = (32,—1), 52 = (2
(—25, —17) and § = (—6,20) with global min. at 3 ~
50 = 0.564 # s$° ~ 0.414.

1) for (a) % = (—5,—10),
,5) yielding global min. at
6,19) and a very big § =
0.949 and a local min. at

Example 1 suggests that § in Theorem 1 can in fact be quite substantial.
Thus a local character of Theorem 1 seems to be more a semi-global one.
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6 Conclusions

We study the problem of finding optimal knots to fit reduced data. The optimiza-
tion task (1) is reformulated into (5) (and (18)) to minimize a highly non-linear
multivariable function Jy depending on knots 7;,,;. Leap-Frog is a feasible numer-
ical scheme to handle (5). It minimizes iteratively single variable functions from
(6). Generic case of Leap-Frog is addressed to establish sufficient conditions for
unimodality of (18). First, its special case (20) is studied. Next a perturbed ana-
logue (28) of the latter is addressed. The unimodality of (21) is shown to be
preserved by large perturbations (28). The performance of Leap-Frog in mini-
mizing (5) against Newton’s and Secant Methods is discussed in [2,3] and [6].
Other contexts and applications of Leap-Frog can be found in [9,10] or [11]. For
more work on fitting M, (sparse or dense) see [4,5] or [7].
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