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Preface

This book, “Studies in Evolution Equations and Related Topics” features recent
developments and techniques in Evolution Equations by world-renown experts in
the field; it will contribute to re-emphasize the relevance and depth of this important
area of mathematics, in particular, its expanding reach into the physical, biological,
social, and computational sciences. The volume provides an accessible summary
of a wide range of active research topics, along with exciting new results. Topics
include: Impulsive Implicit Caputo Fractional g-Difference Equations in Finite
and Infinite Dimensional Banach Spaces; Optimal control of averaged state of a
population dynamic model; Structural stability of nonlinear elliptic p(u)-Laplacian
problem with Robin type boundary condition; Exponential dichotomy and par-
tial neutral functional differential equations, stable and center stable manifolds
of admissible class; Global attractor in alpha-norm for some Partial Functional
Differential Equations of neutral and retarded type.

The volume’s unique feature is to gather in a single expert book the most
recent theorical developments as well as state-of-the art applications of Evolution
Equations. It will certainly serve as a useful resource for both graduate students
entering this research area and for more established researchers, including as a wide
angle snapshot of this exciting and far-reaching research domain. It also facilitates
an in-depth exchange of ideas on recent advances in the various aspects of Evolution
Equations.

As such the volume is an important part of the multidisciplinary STEAM-H
series (Science, Technology, Engineering, Agriculture, Mathematics and Health);
the series brings together leading researchers to present their work in the perspective
to advance their specific fields, and in a way to generate a genuine interdisciplinary
interaction transcending disciplinary boundaries. All chapters therein were carefully
edited and peer-reviewed; they are reasonably self-contained, and pedagogically
exposed for a multidisciplinary readership.

Contributions are invited only, and reflect the most recent advances delivered in
a high standard, self-contained in lines with the goals of the series, that is:
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(1) To enhance multidisciplinary understanding between the disciplines by showing
how some new advances in a particular discipline can be of interest to the other
discipline, or how different disciplines contribute to a better understanding of a
relevant issue at the interface of mathematics and the sciences.

(2) To promote the spirit of inquiry so characteristic of mathematics for the
advances of the natural, physical and behavioral sciences by featuring leading
experts.

(3) To encourage diversity in the readers’ background and expertise, while at
the same time structurally fostering genuine interdisciplinary interactions and
networking.

Current disciplinary boundaries do not encourage effective interactions between
scientists; researchers from different fields usually occupy different academic
buildings, publish in journals specific to their field and attend different scientific
meetings. Existing scientific meetings usually fall into either small gatherings
specializing on specific questions, targeting specific and small group of scientists
already aware of each other’s work and potentially collaborating, or large meetings
covering a wide field and targeting a diverse group of scientists but usually not
allowing specific interactions to develop due to their large size and a crowded
program. Here contributors focus on how to make their work intelligible, accessible
to a diverse audience, which in the process enforces mastery of their own field of
expertise.

This volume strongly advocates multidisciplinarity with the goal to generate new
interdisciplinary approaches, instruments and models including new knowledge,
transcending scientific boundaries to adopt a more holistic approach. For instance, it
should be acknowledged, following Nobel laureate and president of the UK’s Royal
Society of Chemistry, Professor Sir Harry Kroto, “that the traditional chemistry,
physics, biology departmentalised university infrastructures—which are now clearly
out-of-date and a serious hindrance to progress—must be replaced by new ones which
actively foster the synergy inherent in multidisciplinarity.” The National Institute
of Health and the Howard Hughes Medical Institute have strongly recommended
that undergraduate biology education should incorporate mathematics, physics,
chemistry, computer science, and engineering until “interdisciplinary thinking and
work become second nature.” Young physicists and chemists are encouraged to
think about the opportunities waiting for them at the interface with the life sciences.
Mathematics is playing an ever more important role in the physical and life sciences,
engineering and technology, blurring the boundaries between scientific disciplines.

The series, through contributed volumes such as the current one, is to be a
reference of choice for established interdisciplinary scientists and mathematicians,
and a source of inspiration for a broad spectrum of researchers and research students,
graduate and postdoctoral fellows; the sheer emphasis of these carefully selected
and refereed contributed chapters is on important methods, research directions
and applications of analysis including within and beyond mathematics. As such
the volume implicitly promotes mathematical sciences, physical and life sciences,
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engineering, and technology education, as well as interdisciplinary, industrial and
academic genuine cooperation.

The current book, entitled “Studies in Evolution Equations and Related Topics”,
as a whole certainly enhances the overall objective of the series, that is, to foster
the readership interest and enthusiasm in the STEAM-H disciplines (Science,
Technology, Engineering, Agriculture, Mathematics and Health), stimulate graduate
and undergraduate research, and generate collaboration among researchers on a
genuine interdisciplinary basis.

The STEAM-H series is hosted at Howard University, Washington DC, USA,
an area that is socially, economically, intellectually very dynamic, and home to
some of the most important research centers in the USA. This series, by now well
established and published by Springer a world-renown publisher, is expected to
become a national and international reference in interdisciplinary education and
research.

Washington, DC, USA Bourama Toni
March 20, 2021
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Check for
updates

Gaston M. N’Guérékata and Bourama Toni

This volume features chapters that present contemporary research focus and results
in the theory of Evolution Equations and its applications in the physical and natural
sciences, in a unique combination of mathematical rigor and realistic background.
Evolution Equations, besides their theoretical interests, aim at describing the future
time behavior of systems using time differential laws given by classes of equations
that include: systems of ordinary differential equation in the form

dujdt = f(u,t), d*y/di* = f(u,u' 1), - (1)

where u(t) could be regarded as the solution of the Cauchy problem; partial
differential equations (e.g., of parabolic type for Heat conduction problems, and
of hyperbolic type for motions of elastic continua); differential-difference equations
(e.g., time-delayed finite dimensional feedback control systems in the transmission
of the control signal); functional differential equations.

The goal is to be able to use the equation to predict the future of any related
physical or natural system, given an “initial state” of the system and other
parameters affecting the system. It is expected that one must have existence and
uniqueness of forward-time solutions of all physically allowable data.

One widely studied area in the theory of Evolution Equations has been periodicity
and its generalization in the direction of almost periodicity; briefly, consider for
instance a Banach abstract space B, and a B—valued continuous function f over a

G. M. N’Guérékata
Department of Mathematics, Morgan State University, Baltimore, MD, USA
e-mail: Gaston.NGuerekata@morgan.edu

B. Toni ()
Department of Mathematics, Howard University, Washington, DC, USA
e-mail: bourama.toni @howard.edu

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 1
G. M. N’Guérékata, B. Toni (eds.), Studies in Evolution Equations and Related Topics,
STEAM-H: Science, Technology, Engineering, Agriculture, Mathematics & Health,
https://doi.org/10.1007/978-3-030-77704-3_1


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-77704-3_1&domain=pdf
mailto:Gaston.NGuerekata@morgan.edu
mailto:bourama.toni@howard.edu
https://doi.org/10.1007/978-3-030-77704-3_1

2 G. M. N’Guérékata and B. Toni

time space G, an additive semigroup. Take here G = R. The function f is time-
almost periodic if Ye > 0, 3F, a finite subset in the algebra of B—valued bounded
continuous functions on G, such

fR C Be + Fe (2)

where fR is the set of all translates for f, thatis, fr :={f;: seR, fi(x)=
x + s}, and B¢ is the € zero neighborhood, i.e., open ball centered at 0 with
radius €. This is equivalent to f being relatively compact or pre-compact (compact
closure Fg).

Almost periodicity from the earlier work by Bohr, Besicovitch, Bochner, and
von Neumann, has been extensively studied, with notable contributions from many
authors to include Corduneanu, Fink, and N’Guérékata, the current volume co-
editor. This concept was also fittingly extended to the concept of almost limit cycles
in the realm of continuous time dynamical systems to account for oscillations that
are almost self-sustained.

A noted weakness of the theory is that the classical mathematical framework
to study almost periodicity, as well as Evolution Equations, involves mostly, if not
exclusively, Archimedean spaces (e.g., Euclidean, Banach, or Hilbert spaces). These
are spaces that satisfy the Archimedean Principle in that there are all endowed
with the usual/standard Euclidean norm and its induced metric which satisfied
the triangle inequality; much of our visual and mental perception is based on the
standard Euclidean space with its perfectly straight lines and planes; we came to see
and represent the physical universe as actually Euclidean in its geometry, resulting
oftentimes in biased and not so realistic mathematic model.

Indeed the physical and natural systems that Evolution Equations aim at describ-
ing are inherently non-Euclidean, with a natural geometrical ordering that is not the
usual real line, but the more adequate hierarchical generating tree. For instance, the
usual geometrical Archimedean/Euclidean distance “suitable” for measuring spatial
location separation between human beings is less effective for the genetic distance
measuring the hierarchical kinship relations.

Fortunately, thanks to the pioneering work by Kurt Hensel in the late nineteenth
century, a new trend has been emerging in recent years studying Evolution Equations
in Non-Archimedean or p-adic spaces, endowed with the so-called ultrametrics;
ultrametrics could be induced by p-adic absolute values |.|,, for p prime, that
satisfy a more stringent inequality than the usual triangle inequality; specifically in
a non-Archimedean space K, the ultrametric distance d (or denoted dj, (x, y) when
induced by the p-adic norm |.|,) satisfies the inequality

d(x,z) <max(d(x,y),d(y,2)) Vxyz €K 3)

Recall that the set R of reals is the completion of the set QQ of rationals by
the usual Euclidean infinite norm denoted |.|oo, Which amounts to creating new
numbers as limits of Cauchy sequences that do not have rational limits. The same
construction replacing the norm |.|s by the p-adic norm |.|, yields a new complete
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field, analogous to R denoted Q,, for every prime p, and called the field of p-
adic numbers. Inside this field Q, of p-adic numbers lies the ring Z, of p-adic
integers whose geometry is similar to the Cantor set. The set of rationals Q is
densely contained in every @, as it is in the set of reals RR.

In short mathematical modelers of natural and physical have at their disposal

a toolbox of various fields in the so-called book structure with the rationals QQ as
the book spine, and every page represents a field in which to carry mathematical
modeling, to include R = Qu, and Q,, for every p prime.

Non-Archimedean spaces, equivalently called p-adic spaces or ultrametric

spaces, have some peculiar and important features described as follows:

One immediate interesting fact about p-adic integers is that these integers are
bounded in the norm by 1; that is, |[n], < 1, ie., as the number tends to
infinity, its p-adic size remains less than one and tends to zero, in violation of
the Archimedean Principle.

The topology has a basis of clopen sets, i.e., sets that are simultaneously open
and closed; so phrases such “open ball” and “closed balls” become meaningless.
Every point in a p-adic ball is also its center. For instance, if modeled p-adically
the center of the universe could be found at the nose of the nose, as once alluded
to by the physicist Hawkins.

Two balls are either disjoint or one within the other. This could hint toward the
notion of parallel universes.

The spaces are totally disconnected: the connected component of every point is
the point itself. Consequently, the principle of analytic continuation is lost, as
well as the Intermediate value theorem.

The ultrametric geometry allows only isosceles triangles.

The geometrical ordering is not along the real line but rather on a hierarchical
generating tree. Consequently, the notion of time as we know seems to be a
purely statistical construct. Z3 for instance is homeomorphic to the fractal-like
Sierpinski Gasket.

Convergence of p-adic series: Y . a, < oo if and only a, — 0. (A calculus
student dream!)

The most consequential outcome and challenge is the study of Evolution
Equations and their differential representations with a p-adic time instead of the
usual real time. That is, how to model a system that evolves p-adically. This is
still a hard open problem.

Consider the following simple looking differential equations modeling so many
natural systems:

dy .
— =y =y, 4
2 =N 4)
and
dzy 2 . .
— 4+ oy =0, (Harmonic Oscillator). ®))

dr?
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Respectively the solutions are in the form Ae**, and as level curves H'(¢) ¢ e
R>po of a quadratic Hamiltonian H (i.e., concentric circles in the Euclidean
plane R?).
. . , 00 n

However the p-adic exponential function exp,(x) = Y .~ % converges
only for x € B(0,r), r = p'/U=P); that is, a very small radius convergence
in contract of the standard exponential series that converges on the whole real
. . n . . .
line R. Therefore the series ., (A:l‘!) is convergent if and only if |x| <
|A|_1p1/(1_p).

¢ Existence of singular function or Devil’s Staircase or Cantor function: In the
classic real analysis a function differentiable with vanishing derivative is a
constant function. In contrast there exist in the p-adic space, functions that are
non-constant, continuous, and differentiable with vanishing derivatives; these
functions are called pseudo-constants. They are used to describe situation in
which an object is known to move from point A to point B, but whenever it is
observed it appears to be at rest. “Spooky motion” Einstein would say!

¢ The next most consequential notion is that of periodicity. Indeed, periodicity, an
important concept in the study of Evolution Equations, is non-existent in non-
Archimedean spaces; functions cannot be non-trivially periodic; however almost
periodicity is allowed and seems to be the norm in the p-adic world. In other
words, systems modeled do not have a time-periodic behavior in their p-adic
dynamics. For instance, it has been noted (e.g., Corduneanu) that almost periodic
oscillations are much more common than the periodic ones. There has been a
tremendous amount of work in mathematical sciences involving periodicity, to
include the famous Hilbert’s 16" problem, still unsolved to this day. Therefore,
all these results on periodicity are made meaningless by just changing to the non-
Archimedean/p-adic spaces. Such a realization is humbling and should be kept
in mind when drawing conclusions based on periodicity.

In non-Archimedean/ultrametric spaces, almost periodicity is defined and under-
stood in the following sense: consider a non-trivially valued complete algebraically
closed non-Archimedean field K, and a K—valued function f over an additive
semigroup G.

The function f is said to be p-adic/non-Archimedean almost periodic function
if the set fg of all the translates of f is a compactoid in the K—Banach algebra 15
of all bounded continuous functions G — K with respect to pointwise operations
and the supremum norm || f||oc = supg | f(x)].

That is, Ve > 0, 3 a finite subset F. C B such that

fe C Be +aco(Fe) (6)

where aco(Fy) is the smallest absolutely convex subset containing F,. In the classic
notion of almost periodicity, the set F is only required to be relatively compact/pre-
compact.

In the natural sciences ultrametricity is emerging as a consequence of random-
ness and the law of large numbers; exact in the limit N — oo for systems with
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a large number N of degrees of freedom, ultrametricity provides a more natural
type of organization. It has proven effective for studying Evolution Equations
describing neutral evolution of pseudogenes, stochastic branching processes in large
space, energy landscape of disordered frustrated systems (spin glasses, problems in
engineering and biology of combinatorial optimization), and in faxonomy where
representation is given by dendrogram of hierarchy pictured in inverted tree.
Ultrametricity serves also to better model Mental spaces, and the emerging and
evolution of languages.

The richness of non-Archimedean space allows more realistic mathematical
models for evolution equations, making it a state-of-the-art tool in the arsenal of
researchers of Evolution Equations; however, still few researchers in Evolution
Equations and its related topics have expertise in Non-Archimedean analysis. That
is, the classical, Archimedean study of Evolution Equations must be redirected
toward, for example, p-adic evolution differential and pseudo-differential equations;
indeed the non-Archimedean analogs of the Heat equation and the Schrédinger
equation are being considered.

All chapters in this volume present work done in the classic Archimedean setting;
it could be very interesting to investigate the problems described herein in a non-
Archimedean framework.

Chapter “Impulsive Implicit Caputo Fractional q-Difference Equations in Finite
and Infinite Dimensional Banach Spaces” by Alghatani et al. uses the concept of
measure of noncompactness and the fixed point theory to prove some new results
on the existence of solutions for a class of Caputo-fractional g-difference equations
with impulses in Banach spaces.

Ezzinbi and co-authors in the chapter “Global Attractor in Alpha-Norm for
Some Partial Functional Differential Equations of Neutral and Retarded Type” study
the existence of a global attractor for some partial neutral functional differential
equations, giving the convergence of all the solutions to the attractor in terms of a so-
called alpha-norm. The global attractor is proved to exist for a compact dissipative
semigroup. [llustrative applications are taken from physical systems.

In chapter “Invariant Stable Manifolds of e€-Class for Partial Neutral Functional
Differential Equations on a Half-Line”” Nguyen Thieu Huy et al. consider equations

0Fu;/0t = B(t)Fu; + ®(t,u;), te€(0,00), up=¢ € C(-r,0],X)

and prove the existence of invariant stable and center-stable manifolds of € —class
for solutions under some appropriate conditions; the approach to construct the
manifolds of admissible classes is based on admissibility of function spaces and
Lyapunov—Perron equations combined with fixed point arguments.

Chapter “Optimal Control of Averaged State of a Population Dynamics” by
Cyrille Kenne and Boniface Nkemzi presents a population dynamic model with age
dependence and spatial structure in a bounded domain © C R3. The authors then
prove that the average of the state can be brought to a desired state, using Euler—
Lagrange first order optimality condition.
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In chapter “Controllability of a Cascade Model in Population Dynamics”, the
authors Maniar and Echarroudi follow the classical track of Carleman estimates and
semi-group theory to study a population dynamic cascade model with one force and
two different scattering coefficients, possible null on the left hand side of the gene
type domain.

Ouaro and Sawadogo study in chapter “Structural Stability of Nonlinear Elliptic
p(u)-Laplacian Problem with Robin Type Boundary Condition” a class of nonlinear
elliptic boundary value problem in a bounded open domain @ c RV with a
smooth boundary 92, and prove the existence and uniqueness of weak solution
and structural stability.

In chapter “Cp-Semigroup and Stepanov-Like Almost Automorphic Functions
in Matched Spaces of Time Scales” Wang and N’Guérékata present the concepts of
Cp—semigroup and Stepanov-like almost automorphic functions on a quantum time
scale and their basic properties, generalizing the results to matched spaces of time
scales.

Norouzi et al. in chapter “A Study of An Epidemic SIR Model via Homo-
topy Analysis Method in the Sense of Caputo-Fractional System” consider the
fractional-order SIR system in the sense of Caputo-fractional differential equations
to investigate the existence and local stability of equilibria; an analytic solution is
also derived using the homotopy analysis method. The feasibility and validity of the
results are illustrated in numerical simulations of three different cases. The results
also show the asymptotic stability of the system for both similar and non-similar
fractional orders at a certain limit order toward a fixed point; moreover changes in
the strength of the infection do not affect the stability of the SIR model.

Finally, chapter “A Reaction-Diffusion Model for Salmonella Transmission
Within an Industrial Hens House with Distributed Resistance to Salmonella Carrier-
State” by Zongo and Beaumont, proposes a spatio-temporal model for Salmonella
transmission within a flock of genetic heterogeneous animals with distinct levels of
genetic resistance to the infection. The authors determine an explicit formula of the
classic threshold predictor parameter Ry; in particular they derive the dependence of
the severity of the disease transmission on the initial distribution of genetical fowls
within a spatially heterogeneous environment.
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1 Introduction
Consider partial neutral functional differential equation (PNFDE)

%Fu, = B(t)Fu; + ®(t,u;), t€[0,+00) (1.1)
with the initial datum ug = ¢ € C := C([—r, 0], X) where B(¢) is a (possibly
unbounded) linear operator on a Banach space X for every fixedt > 0; F : C — X
is a bounded linear operator called a difference operator; ® : Ry x C — X is a
continuous nonlinear operator called a delay operator, and u, is the history function
defined by u;(0) := u(t + 6) for 6 € [—r, 0].

The study of invariant manifolds is one of important directions in the research for
asymptotic behavior of solutions to evolution equations and has a long history. Early
results come back to Hadamard [11], Perron [19, 20], Bogoliubov and Mitropolsky
[2, 3] for the case of ordinary differential equations (ODE) in R". Daleckii and
Krein [4] proved the existence of invariant manifolds for solutions to ODE in
Banach spaces. Henry [5] extended such results to the case of parabolic partial
differential equations without delays. Huy [9] showed such results for general semi-
linear evolution equations with nonlinear terms being ¢-Lipschitz and suitable for
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complicated diffusion processes. Moreover, in [8], Huy has proved the existence of a
new type of invariant manifolds, called the invariant stable manifolds of admissible
classes. Such manifolds have been constituted by trajectories belonging to the
admissible Banach space E which can be L ,-spaces, Lorentz spaces L ;, or some
interpolation spaces.

For the case of partial delay functional differential equations (i.e., the special case
of (1.1) when Fu; = u(t)), Minh and Wu [15] proved the existence of invariant
manifolds of solutions to delay partial differential equations (see also [22] and
reference therein for state of the art). Such results have then been extended by Huy
and Duoc [11] to the case of ¢-Lipschitz delays.

For the case of partial neutral functional differential equations (PNFDE) in the
autonomous cases (i.e., B(t) = B and ® (¢, ¢) = P(¢) do not depend on ), some
results on existence of invariant manifolds have been obtained by H. Petzeltova and
0.J. Staffans [18] and by R. Benkhalti, K. Ezzinbi and S. Fatajou [1]. They obtained
such results under the conditions that B generates a hyperbolic analytic semigroup,
and @ is uniform Lipschitz continuous with a small Lipschitz constant.

Results on existence of invariant manifolds in the non-autonomous case for
PNFDE (i.e., B(t) and ®(¢, ¢) depend on time ¢) have been obtained by Huy and
Bang under the conditions that the family (B(#));>0 generates the dichotomic or
trichotomic evolution family, and the delay term & is ¢-Lipschitz, i.e., | D (¢, ¢) —
O, V)| < e@®)|l¢ — ¥, where ¢, ¥ € C and ¢(¢) is a real function belonging
to certain admissible space.

The purpose of the present paper is to extend the results and methods in [10]
combining with the methods in [8] to prove the existence of invariant stable
manifolds of admissible classes (see Definition 1.2) which are constituted by
trajectories of solutions belonging to certain Banach space £ which can be an L -
space, a Lorentz space L 4, or some interpolation space. We prove the existence of
such manifolds for Eq. (1.1) when its linear part (B(¢));>0 generates the evolution
family having an exponential dichotomy or trichotomy on the half-line, and its
nonlinear term is @-Lipschitz, i.e., | ®(t, ¢) — P, ¥)| < ¢()|l¢ — ¥|c, where
¢, € C and ¢(¢) is a real and positive function which belongs to admissible
function space.

As mentioned in [10], when handling with PNFDE we face a difficult fact
that the differential operators do not apply directly to u(¢) but to Fu,, and hence
the variation-of-constant formula is available only for Fu,. Therefore, we write
F in the form F = §y — (89 — F), with Dirac distribution &y concentrated at
0. Furthermore, another difficulty is lying in the fact that the admissibly inertial
manifold is constituted by trajectories of the solutions belonging to (rescaledly)
general admissible function spaces (see Definition 3.1 and Remark 3.2 thereafter)
which are not necessarily Lso-spaces. Therefore, the techniques and methodology
used in the paper [10] cannot directly be applied here. Instead, we use the arguments
together with generalized Holder inequalities to obtain necessary estimates corre-
sponding to the dichotomy of the evolution family. Then we apply our techniques
and results in [8] (see also [12]) of using admissibility of function spaces to construct
the solutions of Lyapunov—Perron’s equation which will be used to derive the
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existence of admissibly stable manifolds of £-class. Moreover, using these results
and rescaling procedures we prove the existence of center-stable manifolds of £-
class for the mild solutions to Eq. (1.1) in the case of trichotomic linear parts under
the same conditions on the nonlinear delay term & as in the dichotomic case. Our
main results are contained in Theorems 2.7, 3.3.

‘We now recall some notions.

Let X be a Banach space (with a norm|| - ||) and for a given r > 0 we denote by
C := C([—r, 0], X) the Banach space of all continuous functions from [—r, 0] into
X, equipped with the norm ||¢|l¢c = supyc(_,.o; 19 (@)] for ¢ € C.

For a continuous function w : [—r, 00) — X, the history function w; € C is
defined by w;(0) = v(¢t + 6) forall 6 € [—r, 0].

An evolution family is now defined as follows.

Definition 1.1 A family of bounded linear operators {U (¢, 5)};>s>0 on a Banach
space X is a (strongly continuous, exponentially bounded) evolution family if

W) U, t)y=Idand U@, r)U(r,s) =U(t,s)forallt >r >s5 >0,
(i) The map (z, s) — U (¢, s)x is continuous for every x € X,
(iii) There are constants K,c > 0 such that [|[U(z, s)x|| < Ke““=9| x| for all
t>s>0and x € X.

The notion of an evolution family arises naturally from the theory of well-posed,
non-autonomous abstract Cauchy problem

{ e = Byu(r), t=s52>0, (1.2)
u(@s) =xeX
Roughly speaking, the well-posedness of Problem (1.2) means that there exists an
evolution family {U(¢, s)};>s>0 such that the solution of (1.2) is given by u(t) =
U (¢, s)u(s). For more details on the notion of evolution families, conditions for the
existence of such families, and applications to partial differential equations, we refer
the readers to Pazy [17] (see also Nagel and Nickel [16] for a detailed discussion of
well-posedness for non-autonomous abstract Cauchy problems on the whole line R).
We then briefly recall some notions on function spaces taken from Massera and
Schiffer [13], Ribiger and Schnaubelt [21], and Huy ef al. [7-12].

Definition 1.2 Let E be a Banach function space and X be a Banach space endowed
with the norm || - ||. We set

E:=EMRL,C)={f :Ry — C: fisstrongly measurable and || f(-)|lc € E}

(modulo A-null functions) endowed with the norm || f|lg = ||| f()llcllg. One can
easily see that £ is a Banach space. We call it the Banach space corresponding to
the Banach function space E.

In case E = L*°(R), we denote

Ex :={f : Ry — C: f is strongly measurable and || f (-)||¢c € L™ (R4)}
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In order to study the invariant manifolds of £-class for semi-linear evolution
equations, we need some restrictions on the admissible Banach function spaces and
assume the following hypothesis.

Standing Hypothesis 1.3 Throughout this paper we consider the admissible Banach
function space E such that its associate space E’ is also an admissible Banach
function space. Moreover, for such an admissible Banach function space E we
suppose that E’ contains an exponentially E-invariant function, that is the function
¢ > 0 having the property that, for any fixed v > 0 the function %, defined by

hy(t) = lle™" o)l g fort >0

belongs to E.

2 Stable Manifolds of £-Class

In order to prove the existence of invariant stable manifolds, we need the following
notion of exponential dichotomies of the evolution family {U (¢, 5)};>s>0.

Definition 2.1 An evolution family {U (¢, 5)};>s>0 on the Banach space X is said
to have an exponential dichotomy on [0, co) if there exist bounded linear projections
P(t), t = 0, on X and positive constants N, v such that

(@ U(t,s)P(s)=P)U(t,s), t>s5>0,

(b) The restriction U (¢, s)| : KerP(s) — KerP(t), t > s > 0, is an isomorphism,
and we denote its inverse by U (s, 1)| := (U (z, s)|)_1, 0<s<t,

() U, )x|| < Ne =9 x| forx € P(s)X, t >s >0,

() UG, t)x]| < Ne7"=9|x]|| for x € KerP(t), t > s > 0.

The projections P(t), t > 0, are called the dichotomy projections, and the constants
N, v the dichotomy constants.

Note that the exponential dichotomy of {U(¢, s)};>s>0 implies that H :=
sup,>¢ || P ()|l < oo and the map 7 — P(¢) is strongly continuous (see [14, Lemma
4.2]). We can then define the Green’s function on the half-line as follows:

PHU(t, 1) fort >7>0

—U(t,1)|(I — P(x)) forO <7 <. @D

g, 7)= {
It follows from the exponential dichotomy of {U (¢, 5)};>s>0 that
IG(t, )| < N(1+ H)e V"=%! forallt #1, t,7 € R.

__Next, using the projections (P (7));>0 on X, we can define the family of operators
(P(t))r>0 on C as follows:
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Pit):C—C
(P()p)(©®) = Ut —6,1)P(t)¢(0) forall & € [—r, 0]. (2.2)

Then, we have that (ﬁ(t))2 = ﬁ(t), and therefore the operators 1’5(1‘), t > 0, are
projections on C. Moreover,

Imlg(t) ={peC:00)=U(t—0,t)vy V0 € [—r, 0] for some vy € ImP(¢)}.
(2.3)
To obtain the existence of invariant stable manifolds, we also need the following
notion of the ¢-Lipschitz of the nonlinear delay term ®.

Definition 2.2 Let E be an admissible Banach function space and ¢ be a positive
function belonging to E. A function ® : [0, co) x C — X is said to be ¢-Lipschitz
if @ satisfies

(i) 19,0 < @) forallt € Ry.
(i) |2, ¢1) = @, )l < @)1 — p2llc forall 7 € Ry and all ¢1, ¢2 € C.

Note that if ® (¢, ¢) is ¢-Lipschitz, then ||®(f, @)|| < @()(1 + ||@]l¢) forall ¢ € C
andt > 0.

In the space of infinite dimension, instead of Eq. (1.1) we consider the following
integral equation:

2.4
us =¢ecC. -

{Fu[ —U(t,5)Fp+ [ U, E)D(E, ug)dE fort > s > 0,
We note that, if the evolution family {U(t, 5)};>s>0 arises from the well-posed
Cauchy problem (1.2), then the function u : [s — r, 00) — X, which satisfies (2.4)
for some given function @, is called a mild solution of the semi-linear problem

& Fu = BOFu, + (1), 12520,
Usg =¢eC.

The reader is referred to J. Wu [22] for detailed treatments on the relations between
classical and mild solutions of functional evolution equations.

We now give the notion of an invariant stable manifold for the solutions of the
integral equation (2.4) the next definition.

Definition 2.3 A set S C Ry x C is said to be an invariant stable manifold of
& — class for the solutions to Eq. (2.4) if for every 7 € Ry the phase spaces C splits
into a direct sum C = ImP(t) @ KerP(z) with corresponding projections P(t) and
there exists a family of Lipschitz continuous mappings

Vr - ImP(t) — KerP(t), te€ Ry
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with the Lipschitz constants independent of ¢ such that

(i) S={t, ¥ +% W) eRy x ImP(1) @ KerP (1)) |1 € Ry, ¥ € Xo(r)}, and
we denote by

={¥ +yW): (., ¥ +5W) €S}

(i1) S; is homeomorphic to ImP (¢) forallt > 0,

(iii)) To each ¢ € S; there corresponds one and only one solution u(t) to Eq. (2.4)
on [s — r,00) satisfying the conditions that iy, = ¢, and the function
Xis,00) Uz, t € R, belongs to £ N £y where the function i, is defined by
us(0) = Fug_g forall —r <6 <0.

(iv) S is positively F-invariant under Eq. (2.4) in the sense that if u(¢), ¢t > s — r,
is a solution to Eq. (2.4) satisfying conditions that #; € S; and the function
Xis,00)()us, t € R, belongs to £, then we have ii; € S; for all t > s, where the
function #; is defined by

ii,(0) = Fu,_g forall —r <6 <0andt > 0. 2.5)

Note that if we denoted by _ Xo(t) = ImP ), X 1) = KerP (t) and we identify
Xo(t) &) Xl(t) with Xo(t) X Xl(t) then we can write S; = graph(y;).

The following lemma gives the form of bounded solutions to Eq. (2.4). To do
this, we first recall the notion of the integral translation operators Ay, A;,, A: (see
[8, Def. 2.4; Pro. 2.7]) as follows: for ¢ € E, Ajg is defined by Ajp(r) =
f;“ ¢(t)dt belong to E for all t € Ry; if ¢ € Ly oc(R) such that ¢ > 0

t
and Ajp € E; v > 0 then A/v, A]: are defined by A;go(t) = fe’”(”s)go(s)ds;
0
" ©0
A1) = [ e Dgp(s)ds belong to E.
t

Lemma 2.4 Let the evolution family {U (¢, s)}t>s>0 have an exponential dichotomy
with the dichotomy projections P(t), t > 0, and constants N, v > 0. Assume
Standing Hypothesis 1.3 and let ¢ € E’ be an exponentially E-invariant function
defined as in that Standing Hypothesis. Let F : C — X and ® : Ry xC — X
be respectively the difference and delay operators. Suppose that ® is @-Lipschitz,
and that u(t) is a solution to Eq.(2.4) such that, for fixed s > 0 the function
X[s.00) (D, t € R, belongs to EN Exo. Then, fort > s the function u(t) satisfies

(2.6)

Fu; =U(t, s)vo+ [~ G(1, T)P(T, ur)dr,
=¢peC

for some vg € Xo(s) = P(s)X, where G(t, T) is the Green’s function defined as in
2.1).
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Proof Put
o0
[ G, )P (z, ur)dr fort > s
y) =1%
[G@2s —t,T)P(z, ur)dt fors —r<t<s
S

We have, fort > s

Iy < / N+ H)e "o + llucllc)dr

o]

<SNA+H)(1+ sup [u@l) | e or)dr
E>s—r

0

and, fors —r <t <s

Iyl < / N1+ H)e "> o(o)(1 + flue o)d

o]

<N+ H)(1+ sup [lu@l) | e lp(r)dr.
§xs—r

0

Sincet + 6 € [—r + ¢, t] for fixed t € [s, o0) and all & € [—r, 0], we have that

o0
lville = sup y(t+6) < N(1+ H)(1 + sup [lu(®)])e"” f el Tly()dr
6e[—r,0] t>s 5

< N(L+ H)(1 + sup [u@® e’ (ALe(t) + Ayg(®) fort = s.
t>s

Therefore, by Banach lattice properties we have that y(-) € £ N €y and

(N1IAM T @l + NallArgllg)

9
1—e™V

@2.7)

lyOlle = N1+ H)e" (1 +§gp ()1
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and

(N1IA1 T @lloo + NallA1gllsc)

1 —eV

IyOlle, <N+ H)e” (1+ sup [l ()11

where T1+ is defined as in [8, Def. 2.4].
On the other hand,

t
Ut,s)y(s) = —/ U, s)U(s,t) (I — P(1)P(7, u.)de
— /OO U@, )U(s, 7)1 — P(1)P(z, ur)dt
t
t
= —/ U(t,t)(I — P(1))P(t,uy)de

S

— /OO U(t,7)|(I — P(1)®P(7, ur)dr.
t

Therefore,

t
y(@) =U(t, s)y(s) + / Ut, )P (T, uy)dr.

Since u; is a solution of Eq. (2.4), we obtain that Fu; —y(t) = U (¢, s)(Fus—y(s)).
Put now vp = Fug; — y(s). The boundedness of Fu; and y(¢) on [s, oo) implies that
vg € Xo(s) and P(s)Fus = P(s)F¢ = vg. Therefore, Fu; = U (¢, s)vg + y(t) for
t>s. O

Remark 2.5 Equation (2.6) is called the Lyapunov—Perron’s equation. By comput-
ing directly, we can see that the converse of Lemma 2.4 is also true. This means that,
all solutions of the integral equation (2.6) satisfy Eq. (2.4) for ¢ > s.

We come to our next result on the existence and partial stability of solutions
starting from a subspace of C.

Theorem 2.6 Under the hypotheses of Lemma 2.4 let P (t), t = 0, be projections
defined as in (2.2). Consider functions ¢ and h,, defined as in Standing Hypothe-
sis 1.3. Let F : C — X be of the form F = 8y — WV for W € L(C, X) with |V < 1,
and 8y being the Dirac function concentrated at 0. Suppose that the delay operator
@ : Ry x C — X is ¢-Lipschitz and set

NiIA T ¢llos + N2l A
k:Na+mWXmuhmmm AT oo ﬂlwm} 08

1—e™V
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k ~
Then, if 1—||‘~Il|| < 1, there corresponds to each ¢ € ImP (s) one and only one

solution u(t) of Eq.(2.6) on [s — r, 00) satisfying the conditions that lg(s)ﬁs = ¢,
and function X[s,00) (1), t € R, belongs to €N Exo, Where the function i, is defined
as in Definition (2.3). Moreover, the following estimate is valid for any two solutions
u(t), v(t) corresponding to different initial functions ¢, ¥ € Imlg(s):

ey —ville < Cue ™ 0©0) — YOl forallt =5 >0, (2.9)

where W is a positive constant satisfying

N(1+ H)e""
O<p<v+in (1 - 1——||‘I/||(Nl 1A T pllos + N2l A19lloc)
Ne\)r
Cy = — .
1= [[w]| — YEEDE (N AL T 9 lloo + N2l A1gllo)

Proof Firstly, to prove that there corresponds to each ¢ € Imﬁ(s) one and
only one solution u(¢) in £ N & of Eq.(2.6) on [s — r, 00), we construct a
contraction mapping. To do this, we consider from (2.2) with ¢ € ImP(s) =
{p(@)=U(@ —0,t)vg: —r <0 <0;v9 € ImP(s)}. Clearly, vgp = ¢(0).
Denote by Cp([s — r, 00), X) the Banach space of bounded, continuous, and X-
valued functions defined on [s — r, 00), which is endowed with the sup-norm || - || so-
We define the operator U Cp([s —r,00), X) = Cp([s — 1, 00), X) by

[Bul(t) = {qj(ui) fors <1 (2.10)

W(uy) fors—r <t <s.

Because | W] < 1 we have |¥| < |W|| < 1. Therefore, the operator | — U is
invertible. For vp = ¢(0) € ImP(s) as above, we define a mapping Fy : Cp([s —
r, OO)’ X) - Cb([s - r, OO)’ X) by

~ Ul(t, s)vo—l-/ G, )P(t, ur)dr fort > s
(Fpu)(t) =
UQ@2s —t, s)vo+/ GQ2s —t,1)®P(t,u)dt  fors—r <t <s.

(2.11)
We now put 7' := (I — )1 Ep. We will prove the transformation 7' as above acts
from £ N €y into £ N 4 and is a contraction.
In fact, putting e, (r) = e~"| and we have (Ts+ev) (1) = e "=%) (see [8, Def.
2.4; Pro. 2.7])
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We have, fort > s

I(Fpu) (@)
o0
< Ne "9l + / N+ H)e " lo@A + llucllc)dt
S

o0

< N (T,;fe,) Ollvoll + N1 + HY(1 + sup [[u@)I) | e lp(r)dx,
E>s—r

0

and, fors —r <t <s

I(Fpu) (1)

o0
< Ne VS| + / N+ H)e "oy + |luclle)dt
s

oo

< N (T,;Fe,) Ollvoll + N1 + HY(1+ sup [[u@)I) [ e Tlg(r)dr.
E>s—r

0

On the other hand (Tu)(t) = [( — ©)~! Fyu] (1)
Sincer + 6 € [—r +t, t] for fixed t € [s, 00) and all & € [—r, 0], we have

1
I(Tu)®)lc < T—ivn

T Ne' (T;Fey) M Ivoll + N (1 + H)(1 +sup [[u(®)[)e™”
L 1=s

(A;Qﬁ(f) + A:;(p(t)) fort > s.
Therefore, by Banach lattice properties we have that Tu(-) € £ and

NNie" [vollllevlle + N1+ H)e™ (1 + sup u(@)]])
L t=s

1
ITu()lle = —=+
1 — ]

(NilIA TP ollE + N2||A1§0||E)}
1—eV ’

Similarly, we have

1
ITuC)lle, < —[NeWIIVOII + N1+ H)e" (1 + sup lu(®)]])
L= 1>s

<N1||A1T1+cp||oo+Nz||A1¢||oo)}
1—eV )
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Hence, the transformation 7" acts from £ N £ into £ N Eo. Next, we will prove T
is a contraction mapping.
‘We then estimate

I(Fpu) (1) — (Fpu) (@) < / G, T)(® (T, ur) — (2, vr))|ldT
< N(1+ H) / () lur — velledr,
<N+ H) / e o) |lur — vellcdr  fort > s,
0
and similarly
I(Fpu) (1) — (Fpu) (@) < / IGQ2s — 1, T)(D(T, ur) — D(t, vp))|ldT

o0
< N(1+ H) / =) g — vy lled
5

o0
< N(1+ H) / e "By lur — velledt
0

for —r+s <t <s.

Using the Neumann’s series, we then have
(Tu) () = (Tv)(@) = [( > \Tf”)fw}(r) - [( > \Tf”)%v} )
n=0 n=0
- [(ﬁ¢u)(t) - (f¢v)(t)i| + [(\Tfﬁ¢u)(t) - (\Tfﬁ,v)(;)]
+[(®2f¢u)(t) -~ (\Tﬂﬁpu)(r)} +...
Next, by induction we can easily see that
18" Fpu)(t) — (B"Fpo) (0|l < I |I"N(1 + H) 7 e (1) |ur — velledr

0

fort >sandn € N,
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and

Q9" Fgu) (1) — (8" Fypo) ()|l < IW]I"N (1 + H) / e BT () lur — v lledt
0

for—r+s<t<sandn € N.
From the above claim, it follows that

I(Tu) @) — (Tv)©)] < (Z II\IJII”>N(1 + H) / ™1 lp(0) g - velle de
n=0 0

fort > s,

and

I(Tu) (@) = (Tv)@)] < (Z ||\If||”)N<1 + H) / e Py (@) lur — velle dr
0

n=0
for —r+s <t <s.
Sincer + 6 € [—r + ¢, t] for fixed t € [s, 00) and all & € [—r, 0] we have that,

(Tw)(@) — (Tv)()lc
= sup [[(Tu)(@+0)— (Tv)(r+06)|
6e[—r,0]

o0

1= ||\11||N(1 + H)ew/e_v“_flw(f)llur —v|le fort > s.

Since eI =lp(-) € E/, |lur — v¢|c € E, and using the “Holder’s inequality,” it
follows from the above inequality that

1
1T ® — TV)Olle < TN+ e e loOllerllluc) — vollelle

= 1— v N1+ H)e" hy(@®)|lu(-) —v(-)|lg forr > s.
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According to the definition (1.2), we have
I1(Tw)() = (Tv)Olle

N+ H)e [ Ollellul) —vOle

1=

< —F o=l
ST v &

where k is defined as in (2.8). In a similar way, we have

I(Tu)(-) = (Tv)()lles

T
< N+ e (Nl”AlTl ‘pl”fifVZ"A””w) () = vOle.
k
< l——H‘IJH”M(.) —v(O)lley-
Next, if L < 1 the transformation 7 : £ N Ex — € N Ex 18 a contraction

1=
mapping. Thus, there exists a unique u(-) € £ N E such that Tu = u. This yields
that u(¢), t > s — r, is the unique solution of Eq. (2.6) with

(Fyus)(®) = U(s — 6, s)vo +/ G(s — 0, 7)®(z, u;)dr  forall @ € [—r, 0],

and P(s)Fuy; = vg. Therefore, P (s)iiy = ¢ by definition of ﬁ(s) (see Equality
(2.2)).

Secondly, we now prove the inequality (2.9). Let u(¢), v(¢) be the two solutions to
Eq. (2.6) corresponding to different initial functions ¢, ¢ € ImP(s), respectively.
We have that

u(t) —v(t) = (Tu) (1) — (Tv)(1) = [(I = O) "' Fyul(t) — [(I — &) Fyvl(r).
Using Neumann’s series, we arrive at
u(t) = v(t) = [(Fu)(0) — (Fyv) (O] + [ (Fpu) (1)) — (W (Fyv)(0))]
+ (B2 Fpu) (1)) — (W2(Fyv) ()] + .. (2.12)

By definition of F¢ the norm of the first term in (2.12) can be estimated by

I(Fpu)(t) — (Fyv)0)]| < N(T;Te,)(0)[1¢(0) — ¥ ()| + N(1 + H)

oo

/e—nz\t—rl('{,(f)||ur — vllgdt fort > 5.

N
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Again, by induction, the norm of the n’* term in (2.12) can be estimated by
(9" Fgu)(r) — (B" Fyo) ()| < ||\If||"[zv<rv+ev)<t>||¢<0> — 0
o0
+ N1+ H)/ e M) luy — v,||cdr:| fort > s
s
and
1" Fyu) (1) — (0" Fyv) (1) < ||W||”[N(Tjev><z>||¢(0> — ¥ O
o0
+N(1+ H)/ e V1B () luy — v,||cdti| fors —r <t <s.
5

Again, since t + 0 € [—r + ¢, t] for fixed t € [s, 00) and all 8 € [—r, 0], and using
(2.12) we obtain

1
llu; —villc < 1_—M[Ne”’(Ts+ev)(t)ll¢(0) —v Ol (2.13)

S

o0
+N(1+ H)e”’/ e o) lur — velle dr], t>s.
Put i(t) = ||u; — v¢l|c. Then,

1 vr +
h(r) < 1_—M[Ne (T en) @) 11 (0) — ¥ (0)]]

+ N1+ H)e'™r /OO e—“"—“(p(r)h(r)dr], r>s. (2.14)

s

We will use the cone inequality theorem (see [9, Theorem 2.8]) applying to Banach
space E with the cone X being the set of all non-negative functions. We then
consider the linear operator A defined for g € E by

N + H)e'

(Ag)(1) = 1_—W”/ e Tp(n)g(ydT, 1>,

By “Holder’s inequality” then

N( + H)e"
A T g .
(A9 DI = v ®lgle
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By the Banach laxative property of E, we have

N1+ H)e"
lAglle < 1_—W”||hv||E||g||E-

Therefore A € L(E) and ||A| < ﬁ < 1. Clearly, the cone K is invariant under
the operator A. The inequality (2.14) can now be rewritten as

1
h < Ah+zforz(t) = 1_—”\11”[N€W(7}+€v)(f)||¢(0) - 1//(0)||:|~

By the cone inequality theorem [9, Theorem 2.8] we obtain that 4 < g, where g is
a solution in E of the equation g = Ag + z which can be rewritten as

gt) =

vr e+ _
= To [Ne (T en)(®)19(0) — v (0]

o0
+ N1+ H)e”’/ e”rl(p(t)g(t)dt:| fort > s > 0. (2.15)

N

Next, to estimate g, we put w(t) = e“(’_s)g(t) fort > s > 0. Then, we obtain that

w(r) = [Ne”r(fy+eu—u)(t)ll¢(0) —v @Ol

I —[jwl

o0
+N(1 +H)e‘”/ e"l’”“‘(’r)q)(t)w(r)dt} fort > s.(2.16)

s

We will find w in Loo[s, 00) which is space of real-valued functions defined and
essentially bounded on [s, co) (endowed with the sup-norm denoted by || - ||o0). We
next consider the linear operator D defined on L[5, 00) as

(D)(1) = %/ e TR o (1) (7)d T forall 1 > 5.

By Proposition [10, Prop. 2.6], one can easily see that D € L(Lo[s, 00)) and

1Dy < NAE e (NIAT lloe + NallArglleo
A I—emtmm '

Equation (2.16) can be rewritten as

1
w = Dw+Zfor 2() = g Ne” (I ev-) OlI$ (0) — y O)l.
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We have |D| < 1if0 < pn < v+ 1n(1—%’{;”"”(1v]||1\]rﬁ¢||oo

+N2||A1¢lloo)). Under this condition, the equation w = Dw + Z has the unique
solution w € Lgg[s, 00) and w = (I — D)~ !Z. Hence, we obtain that

lwleo = I = D)™ 'Zlloo < Ne? ¢ (0) — ¥ (O)l
T A= DhA =1
- Ne' ¢ 0) — v (O]

L= (W] — FEEDE (N AT @lloo + N2l A1¢]loo)

= Cullg0) = ¥ (O]l

This yields that w(z) < Cy|l¢(0) — ¥ (0)|| for ¢ > s. Therefore,
h(t) = llu—velle < g(t) = e () < Ce g 0)—y ()] fort > s.

O
We now prove our main result of this section.

Theorem 2.7 Under the hypotheses and notations of Theorem 2.6. Put

ke N+ H)e™ NUAT @lloo + N2l A19 ]l
1 - l—e_‘) .

Nkie”” k
! , } < 1 where k is defined by (2.8), then there
o e = el 1= v _
exists an invariant stable manifold S of E-class for the solutions to Eq. (2.4).
Moreover, every two solutions u(t), v(t) on the manifold S of Eq. (2.4) corre-
sponding to different initial functions ¢, € S; attract each other exponentially in
sense that, there exist positive constants . and C,, independent of s > 0 such that

Then, if max{ 7

lur — ville < Cue 9| P(s)p — P(s)V|ic fort > s, 2.17)

where ﬁ(t), t > 0, are defined as in (2.2) and S; is defined as in Definition (2.3).

Proof To prove the existence of an invariant stable manifold S = {(¢, S;)};>¢ of
E-class for the solution to Eq. (2.4) satisfies the conditions of Definition (2.3). We
have, since {U (¢, 5)};>s>0 has an exponential dichotomy, for each # > 0 the phase
space C splits into the direct sum C = ImP X KerP (t) where the projections
P (t), t = 0, are defined as in Equality (2.2). We determine the surface S; for t > 0
by the formula

S ={p+5(¢p): ¢ e ImP(1)} CC,

where the operator y;, is defined for each #p > 0 by
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V1o (@) (0) = / Gty — 0, t)P (1, u)dt forall 0 € [—r, 0],
0]

here u(-) is the unique solution of Eq. (2.4) on [—r + ty, 00) satisfying }~’(t0)u,0 =
¢ (note that the existence and uniqueness of u(-) is guaranteed by Theorem 2.6).
On the other hand, by tNhe definition of the Green’s function G (see Eq. (2.1)) we
have that ¥, (¢) € KerP (f9). We next show that the stable manifold S satisfies the
conditions of Definition 2.3.

Firstly, we prove that ¥y, is Lipschitz continuity with Lipschitz constant indepen-
dent of #y. Indeed, for ¢ and i belonging to ImP(to) we have

V10 (@) () — Yy W) O

o0
< N(1+ H) / 00~y — vy e d
0]

o0
< N1+ H)e” sup lur — velc / 10 ~l(7) de
to

=1

Ni||A4T, + M || A
< N+ H)e" sup [lus — velc AT olloo 2|l 1</>||oo

>l I —e™

(2.18)

Moreover, by the Lyapunov—Perron’s equation for #(-) and v(-), for T > #9 we have

1
sup [luz —vellc < 1_—M[Ne”rll¢ —Vlle + N1+ H)e”

=1

sup |lur — vfllc]

=1

5 <N1||A1T]+¢>||oo + N2||A1<p||oo)
1—eV

This follows that

sup e — o[ < Ne[lp — v lic
e T T =k — Y|

Substituting this inequality to (2.18), we obtain that

vrkl

V1 (@) — 1o (W)llc = sup ||yz0(¢)(9) Yo (WO < —I|¢—lﬁllc~
0e[—r,0 1=k — V]

Therefore, ¥y, is Lipschitz continuous with the Lipschitz constant #ﬁ{p” inde-
pendent of .

To show that §;, is homeomorphic to ImP(to) We deﬁne the transformation
D : ImP(to) — Sy, by D¢ 1= ¢ + Yy, (¢) for all ¢ € ImP(to) Then, applying
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the Implicit Function Theorem for Lipschitz continuous mappings (see [15, Lemma

2.7]) we have that if the Lipschitz constant % < 1 (equivalently k1 < (1 —

I¥])/(1 + Ne')), then D is a homeomorphism. Therefore, the condition (ii) in
Definition 2.3 is satisfied.

The condition (iii) in Definition 2.3 now follows from Theorem 2.6. We now
prove that the condition (iv) of Definition 2.3 is satisfied. Indeed, let u(-) be solution
of Eq. (2.4) such that the function u; € Ss. Then, by Lemma 2.4, for ¢ € [s, co) the
solution u(t) satisfies

o
Fu, =U(t, s)vg —i—/ G, t)P(1, ur)dt for some vy € ImP(s).
S

Thus, for r > s and 8 € [—r, 0] we have
Fu, ¢

=U(t—0,s)v+ /OO G(t — 6, T)® (1, ur)dr

=U®t—0,s)v+ /t Gt — 0, T)D(T, ur)dt + /too Gt — 0, 7T)® (T, ur)dr
=U(—0,s)v+ /t Ut — 6, T)P(t)® (1, ur)dr + /[OO Gt — 0, 7T)® (1, ur)dr
=U@—0,DU, ) + /l U(t, 1) P(1)® (T, ur)dt]+

+ /too G(t — 6, 7)® (1, ur)dr forall —r <6 <O0.

Put zo = U(t, s)vy + j;t U(t, t)P(t)®(t,u;)dt. We have P(t)zg = zo, hence
zo € ImP (7). We thus obtain that the function ¢ (0) := U (t — 6, 1)z0, —r <6 <0
belongs to Im P () and

o
Fu,_¢g=U(t—0,0z0 +/ Gt —0,1)P(t,u)dr forall —r <6 <0.
t

By the uniqueness of u#(-) on [s — r, 00) as in the proof of Theorsm 2.6 we have that
Eq. (2.4) has a unique solution u(-) on [—r + ¢, 00) satisfying P (¢)u; = ¢ and

Fug =UQt —&,0)z0 + foo GQE — 1, T)D (T, ur)dr
t

for & € [—r + ¢, t]. Therefore, for r > s the function i, defined as in (2.5) satisfies



Invariant Stable Manifolds of £-Class for NPFDE in Admissible Spaces 25

U (0) = Fur—g = U(t — 0, 1)z0 +[ Gt — 0, 1)P(t, u)dt = ¢p(0) + 5:(¢)(0)
1

forall —r <0 <0

where, as seen above, ¢ € ImP (1).
Hence, 1i; € S; fort > s.
Finally, the inequality (2.17) follows from inequality (2.9) in Theorem (2.6) O

We illustrate our result by the following example.

Example 2.8 Consider the following neutral partial functional differential equation:

ow(x, 1) B law(x,t ) — o) |:a2w(x, 1) B laZw(x,t -1

, 1
ot ot 9x2 o2 Toewe )]

(2.19)

0
+he ™ / In(1 + |w(x,  +6)])do
1

for 0<x<mt>0
w(0,t) =w(r,t) =0 t>0
ws(x,0) = w(x,s +0)forall x € [0, 7],0 € [—1, 0],
where / and « are real constants with |[| < 1, @ > 1 and & # n?,V¥n € N. The
function a(-) € Lj,.(R+) and satisfies the condition y; > a(t) > yp > 0 for

fixed constants yp, v and a.e. + > 0. We choose the Hilbert space X := L;[0, 7],
C:=C(-1,0], X) and let B : X — X be defined by

B(f)=f"+af

with the domain D(B) = H[0, 7] := {f € W*2[0, 7] : £(0) = f () = 0)}
Also define the difference and delay operators F and @ as

F:C— X, F(f):= fO0) —kf(=1)

0
PRy xC—> X, @@1,¢):= be_‘“flln(1+|(¢(9))(X)|)d9,x € [0, 7].

(2.20)

Note that the fact that ® takes value in X = L;[0, ] can be easily seen by using
the Minkowski’s inequality.
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Putting now B(t) := a(t) B Eq. (3.4) can now be rewritten as

{ FFu; () = BO)Fu () + ®(t, u, (-, 0)), =520,
us(-,0) =¢(.0)€C

where B is the generator of an analytic semigroup (7 (¢));~0, with o(B) = {—1 +
o, —4 4 a,...}. Since @ # n?¥n € N we have that o (B) N iR = @. Applying the
spectral mapping theorem for analytic semigroups we get

o(T(t)) = 7B — {et(“_l), et(“_4), .. }

and o(T(t)) N{z € C : |z| = 1} = @ for all t > 0. Therefore, for fixed 7y, the
spectrum of the operator T (#p) splits into two disjoint sets o9, o1, where op C {z €
C:lz| <1}, o1 C {z € C: |z] > 1}. Next, we choose P = P(ty) to be the
Riesz projections corresponding to the spectral set op, and Q = [ — P. Clearly,
P and Q commute with T'(¢) for all + > 0. We denote by Tp(t) := T(¢)Q the
restriction of 7'(¢) on ImQ. As well known in Semigroup Theory, in this case, the
semigroup (7 (¢));~o is called hyperbolic (or having an exponential dichotomy) and
the restriction Ty (¢) is invertible. Moreover, there are positive constants N, y such
that

IT@)|pxl| < Ne "', Vt>0
(2.21)
ITo(—0)|l = | To(®) ™"l < Ne7?", vt >0.

Clearly, the family (B(#));>0 = (a(t)B);>0 generates the evolution family
(U(2, $))1>5>0 defined by the formula:

t
U(t,s) = T(/ a(r)dr).

From the dichotomy estimates of (7'(¢));~o in (2.21), it is straightforward to
check that the evolution family (U (¢, 5));>s>0 has an exponential dichotomy with
projections P and constants N, v := y g by the following estimates:

U@, s)pxll = HT (/:a(r)dr> |PXH < Ne~ V(=9

t
1UG. 0l = 1 U ) her )™ | = | To (— / a(r)dr) | < nemvi

forallt > s > 0.

Clearly, the difference operator F be of form F = §yp — W for ¥ = [5_; and
W] < |Il]| < 1. We now take E = L,(Ry)l < p < +oo, the delay operator
® : Ry x C — X defined as in (2.20) and check that @ is @-Lipschitz with ¢(t) =
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1 1
|ble™®" € E" = Ly(R4) for —+— = 1. Indeed, the condition (i) in Definition 2.2 is

evident. To verify the condition (ii) in that definition we use Minkowski’s inequality
and the fact that In(1 4+ ) < h for all & > 0. Then,

@, $1)(x) — Pz, $2)(x) |2

_ pple /“’(/ﬂln14—u¢w9»(xnd9>2dx :
o\ TH+1@20) @)

<|ble™™ /0 (/n In? Ll (GRS |(¢1(9))(x)|dx>é do

- o T @) )

:We%WCWm%LHmwmm—wmmm>ﬁyw
1\ T+ 1(@20) )]

0 F4 %
= |b|e_0”/1 (/; |(¢1(0))(x) —(¢2(9))(X)|2dx) do

0
= |l /1 ¢1(6) — $2(60) 12 d6

< |ble™™ sup ¢1(8) — $2(0)ll2.
fe[—1,0]

Hence, @ is ¢-Lipschitz. In the space L, (R ), the constants N1, N, are defined by
N; = N = 1. We have

t+1 t
Ao(t) = / p(tydt and AT p(t) = / p(t)drt
t (f—1)+
where (¢ — 1)+ = max{0, t — 1}. Hence

NilIAI T ¢llos + N2l A1glloo _ bl — e
l—ev T a(l—ev)

Also, the function £, (-) in Theorem 2.6 can be computed by

1
—vgt __ ,—aqt —oqt q

e e e
) fort > 0.

— _Ult_'l . =
h(@ = e o)l w<(mwm * @

Suppose that ¢ > v. Then, we can estimate

|b|e—ut

0<hy) < -
((a —v)q)4

fort > 0.
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Therefore, h, € L, and

|b|

Il < — -
(wp)? [ — v)q]7

By Theorem 2.7, we obtain that if

- { N?e* (1 + H)|b|(e* — ™)
(1= lIDa(1 = e™) = N(1 + H)e'[b|(e* — e™®)’

[bIN(1 + H)e }
: - <1
(1 =[Dp)?r[(a—v)gle

then there is an invariant stable manifold § of L ,-class for the mild solutions to the
problem (2.19).

3 Center-Stable Manifolds of £-Class

In this section, we will generalize Theorem 2.7 to the case that the evolution family
{U (2, 5)}:>s>0 has an exponential trichotomy on R and the nonlinear forcing term
® is p-Lipschitz. In this case, under similar conditions as in above Section we will
prove that there exists a center-invariant stable manifold of £-class for the solutions
to Eq. (2.4). We now recall the definition of an exponential trichotomy and a center-
invariant stable manifold of £-class.

Definition 3.1 A given evolution family {U (¢, 5)};>s>0 is said to have an exponen-
tial trichotomy on the half-line if there are three families of projections { P;(¢)}, t >
0, j = 1,2, 3, and positive constants N, «,  with « < B such that the following
conditions are fulfilled:

(i) sup;so 1P <00, j=1,2,3.

(ii) Pi(t) + P(t) + P3(t) = Id fort > O and P;(t) P;(t) = Oforall j #i.

(iii) Pj(HU(t,s) =U(t,s)Pj(s)fort >s>0and j =1,2,3.

@iv) U(t, s)|1mpj (s) are homeomorphisms from ImP;(s) onto ImP; (¢), for all r >
s > 0and j = 2, 3, respectively; we also denote the inverse of U (¢, $)|imp; (s)
by U(s, 1), 0 <s <t.

(v) Forallt > s > 0and x € X, the following estimates hold:

|U(t,5)Pi(s)x]| < Ne P9 Py(s)x||
|U (s, 1) P2(t)x]| < Ne P9 Py(t)x||
|U(t, s)P3(s)x|| < Ne®=9)||P3(s)x||.
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The projections {P;(t)}, t = 0, j = 1,2, 3, are called the trichotomy projections,
and the constants N, «, B the trichotomy constants.

Using the_trichotomy projections, we can now construct three families of
projections {P;(¢)}, t > 0, j = 1,2, 3, on C as follows:

(Pi(1)$)(0) = U(t — 0, 1)Pj(1)(0) for all § € [—r, 0] and ¢ € C. 3.1)

Definition 3.2 Let the evolution family {U(t, s)};>s>0 have an exponential tri-
chotomy with the trichotomy projections {P;(¢)}t > 0, j =1, 2, 3, and constants
N, «, B given as in Definition 3.1.

Aset S C Ry x C is said to be a center-invariant stable manifold of £-class for
the solutions to Eq. (2.4) if there exists a family of Lipschitz continuous mappings

@, : Im(Py(t) + Ps(t)) — ImPy(t)

with projections {ﬁj ®)},t =0, j =1,2,3 defined as in Eq. (3.1), and Lipschitz
constants being independent of ¢ such that S; = graph(®,) has the following
properties:

(i) S; is homeomorphic to Im(ﬁl ) + 133 (1)) forall t > 0.
(i) To each ¢ € Sy, there corresponds one and only one solution u«(¢) to Eq. (2.4)
on [s — r, 00) satisfying e V) Fy, 4 = ¢(0) for 0 € [—r, 0] and

—v @+ (. fort>s>0
7 = ¢ (") ort=s5= belong to ENEx, Where y = p +a.
0 fort <s 2

Moreover, for any two solutions u(¢) and v(t) to Eq.(2.4) corresponding to
different functions ¢, ¥ € Sy, we have the estimate

s = ville < Ce? ™MD (P(5)$)(0) — (P()¥)(O)| fort > s, (3.2)

where u, C), are positive constants independent of s, u(-), and v(-) and P 1) =
Pi(2) + P3(1).

(iii) S is positively F-invariant under Eq.(2.4) in the sense that, if u(¢), t >
s — r, is the solution to Eq. (2.4) satisfying the conditions that the function

v+, (. fort>s>0
eV () e Syandz = 1° ul) fortzs =0 neto &N
0 fort <s
Eno, then the function e 7+, () € S, for all # > s where i, is defined as

in (2.5).

We come to our second main result. It proves the existence of a center-stable
manifold for solutions of Eq. (2.4).
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Theorem 3.3 Let the evolution family {U(t, s)};>s>0 have an exponential tri-
chotomy with the trichotomy projections {P;(t)}t > 0, j =1, 2, 3, and constants
N, o, B given as in Definition 3.1. Assume Standing Hypothesis 1.3 and let the
functions @, hy, e,, and the operators F, ® be determined as in Theorem 2.7. Set

q =sup{||Pj@®)| :t =0, j =1, 3}, No :==max{N, 2Ng}, v = p ;a and
~ Ni|A1T, Ny|| A
k::(l—i—H)e"’No( A gi||oo+v 2l lgouoo)_ 53)
—e

Then, le < (1 = [|W)/( + Noe*"), for each fixed B > « there exists a center-
invariant stable manifold of E-class for the solutions to Eq. (2.4).

Proof Set P(t) := Pi(t) + P3(¢t) and Q(¢) := P>(t) = Id — P(t) fort > 0. We
have that P(7) and Q(t) are projections complemented to each other on X. We then
define the families of projections | {P ®}, t>0,j=1,2,3,onC as in Equality
(3.1). Setting P(t) P1 1) + Pg(t) and Q(t) = Pz(t) t > 0, we obtain that
P(t) and Q(t) are complemented projections on C for each ¢ > 0. We consider the
following rescaling evolution family:

p+a
S

Ut,s) =e 7"DU(t,s) forallt >s >0, where y :=

We now prove that the evolution family U(t, s) has an exponential dichotomy with
dichotomy projections P(¢), t > 0. Indeed,

P(OU(t,5) = e "(P(1) + P3(0)U (2, )
= e VIOU(t, ) (Pi(s) + P3(s)) = U(t, s)P(s).

Since U(t, $)|imp,(s) is a homeomorphism from Isz(s) onto ImP,(¢) and
ImP,(t)=KerP(¢) for all + > 0, we have that U(t 8)|Kerp(s)_ 1s also a
homeomorph1sm from KerP(s) onto KerP(t), and we denote U(s,t)| =
(U (t, S)|Kerp(s)) for 0 < s < t. By the definition of exponential trichotomy,
we have

1T (s, 1), Qx| < e B9 01)x||  forallr > s > 0.
On the other hand,
1T (2, ) P(s)x|| = e "I U (2, 5) (P (s) + P3(s))x]|
< Ne V=) (e=PU=9 | Py (s)x || + e* )| P3(s)x])
= Ne 7= (e U= Py (s) P(s)x]| + e*=) || P3(s) P (s)x]|)

forallt > s >0and x € X.
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Putting ¢ := sup{||P;(1)|l, ¢ > 0, j = 1, 3}, we finally get the following
estimate:

~ (B—a)
1U(t,5)P(s)x|l < 2Nge™ = 9| P(s)x]|.

Therefore, U (¢, s) has an exponential dichotomy with the dichotomy projections
P(t),t > 0, and constants No := max{N, 2Ng}, v := ’3%“
Put #(¢) = e~ ""u(t), and define the mapping ® : R, x C — X as follows:

D, ) = e VD1, e’ TI() for (1, ¢) € Ry x C.

Obviously, ® is also @-Lipschitz. Thus, we can rewrite Eq. (2.4) in the new form

Fa, =U(t,s)Fiy+ [ Ut, &), Ug)dé forallt > s > 0,

34
B() =eT () ec. oy

Hence, by Theorem 2.7, we obtain that, if k < (1 =¥/ + Nge'™ ), then
there exists an invariant stable manifold of £-class S for the solutions to Eq. (3.4).
Returning to Eq.(2.4) by using the relation u(f) := e”'u(r) and Theorems 2.6,
2.7, we can easily verify the properties of S which are stated in (i), (ii), and (iii)
in Definition (3.2). Thus, S is a center-invariant stable manifold of £-class for the
solutions of Eq. (2.4). O
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Global Attractor in Alpha-Norm for m)
Some Partial Functional Differential e
Equations of Neutral and Retarded Type

Mostafa Adimy, Khalil Ezzinbi, and Catherine Marquet

1 Introduction

The existence of a global attractor is an interesting field of research in differential
equations and dynamical systems. The attractor plays a crucial role in the
asymptotic behavior of the solutions. In literature, one can find many approaches
dealing with this problem. Here we use the approach based on the asymptotically
smoothness of nonlinear semigroups to prove the existence of a global attractor for
fully nonlinear partial neutral functional differential equations in the alpha-norm.

Let X be a Banach space, £(X) be the space of bounded linear operators on X,
and « be a constant such that 0 < o < 1. The aim of this work is to show the
existence of a global attractor in the alpha-norm for the following class of partial
neutral functional differential equations (PNFDE):

d
ED(X{)Z—AD (xt) + F(x;) forr >0, .

X0 =¢ € Cq,

where A : D(A) € X — X is a linear operator, C, := C ([—r,0]; D(A%)),
r > 0, denotes the space of continuous functions from [—r, 0] into D(A%), and
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the operator A“ is the fractional a-power of A. This operator (A%, D(A%)) will be
described in Sect. 2. For x € C ([—r, b]; D(A%)),b > 0, and ¢ € [0, b], x; denotes,
as usual, the element of C, defined by x,(0) = x(t + 6) for 8 € [—r,0]. Fisa
continuous function from C, with values in X, and D is a bounded linear operator
from C := C ([—r, 0], X) into X defined by D (¢) = ¢(0) — Dy (¢), for ¢ € C,
where the operator Dy is given by

0
Do () =/ dn(®)e(®) forp € C,

—r

and n : [—r, 0] = L(X) is of bounded variation and non-atomic at zero; that is

var (n) —> 0ase — 0.
[—&,0]

It is well known, that if the phase space C, is the space of all continuous
functions from [—r, 0] into X (i.e. « = 0), then Eq.(1.1) has been studied by
several authors. For more details, we refer to the book of Wu [13]. For example,
Wu and Xia considered in [14] a system of partial neutral functional differential-
difference equations defined on the unit circle S', which is a model for a continuous
circular array of resistively coupled transmission lines with mixed initial boundary
conditions. They obtained equations of the form

2

0 0
— [x(.,t) —gx(.,t —r)]=K

a1 @[x(-»t)—qx(-,t—r)]+f(x,), t>0,

(1.2)
where £ € § ' Ka positive constant, and 0 < g < 1. The space of initial data
was chosen to be C ([—r, 0]; H 1(S 1)). Motivated by this work, Hale presented, in
[4, 5], the basic theory of existence and uniqueness, and properties of the solution
operator, as well as Hopf bifurcation and conditions for the stability and instability
of periodic orbits for a more general class of PNFDE on the unit circle S'. For
the sake of comparison, let us briefly restate the equations considered by Hale in
[4,51.1f ¢ € C([—r,01; H'(S")), we write it as ¢(£,0) for &€ € S' and 0 €
[—r,0]. For any function f € C**' (C([-r,0]:R): R), k > 1, welet f €
CHH(C (I=r 01: H'(SY) 5 L*(S")) be defined by f(9)(§) = f(¢(5,.). & €
S!.Let D € £L(C([—r,0];: R); R) be defined by

Dy = v(0) -3,
Zw) = [ dn@)v©),

where 7 is of bounded variation and non-atomic at 0.
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We define D € £L(C ([-r,0]; H'(SD)) ; H'(S")) as

D(@)(€) = D (p(&,.), forges'. (1.3)
Hale considered, in [4, 5], PNFDE of the form

3 3?
EDX; = K@D}Ct + f (.Xt) R t 2 0, (14)

with C ([—r, 0]; H' (Sl)) as the space of initial data. He considered the Laplace
2

operator Ag = K 8_52 with domain H?(S"), which yields an operator generating an
analytic semigroup.

In [3] and [11], Eq. (1.1) has been studied with respect to the o-norm, but in the
particular case when Dy = 0. Neutral partial functional differential equations have
been extensively studied in literature, for more details for the readers, we refer to
[1,3-6,8,9, 14].

Let (U(t));>o denote the semigroup solution of the partial neutral functional
differential eqﬁation (1.1) and A be the global attractor of equation then the
restriction (U4 (¢)),>¢ of (U(#));>0 over A has interesting properties that are not
satisfied by (U (¢)),>¢. For example if U(¢) : A — Ais one to one, then (Ua(?)),>0
is a group on A.

This paper is organized as follows: in the first part of Sect.2, we recall some
preliminary results about analytic semigroups, fractional power associated with its
generator, and the smoothness of the semigroup solution. After that, we start to
prove our main results. In Sect. 3, we prove the existence of a global attractor for
equation is the alpha-norm. Finally, in Sect. 4, we propose an application.

2  Well-Posedness of Eq. (1.1) in the Alpha-Norm

We firstly recall some well-known results on the existence and uniqueness of the
mild solution for equation. Before that we give some essential assumptions. In the
next, we assume that

(H1) The operator —A is the infinitesimal generator of an analytic semigroup
(T (2));>0 on a Banach space X and satisfies 0 € p(A), where p(A) denotes the
resolvent set of A.

We know that there exist constants M > 1 and @ € R such that |T(t)| < Me®!, for
t>0.

If the assumption 0 € p(A) is not satisfied, one can substitute the operator A by
the operator (A — o I) with o large enough such that 0 € p(A — o I). Then, without
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loss of generality, we can assume that 0 € p(A). This remark is valuable here only
for proving existence, uniqueness, and regularity of solutions.

We consider, see Pazy [10], the fractional power (A%, D(A%)), for0 < @ < 1,
and its inverse A~%. We recall the following known results.

Proposition 2.1 ([10], pp. 69-75) Let 0 < o < 1 and assume that (Hy) holds.
Then,

(i) D(A%) is a Banach space for the norm |x|, := |A%x| for x € D(A%),
(ii) T(t) : X — D(A%) foreveryt > 0,
(iii) AT (t)x =T (t)A%x forevery x € D(A%) andt > 0,
(iv) Foreveryt > 0, A*T (t) is bounded on X and there exists My > 0 such that

ea)t

|A“T(t)| < M“t_a foreveryt > 0, 2.1)

(v) A™% is a bounded linear operator on X with D(A*) = Im(A™%),
(vi) There exists Ny > 0 such that

|(T(t) - I)A_“| < Nyt* fort > 0 small enough.

We denote by X, the Banach space (D(A%), |-|,) and by C, := C ([—-1,0]; X4)
the space of continuous functions from [—r, 0] into X, endowed with the norm

lply := sup [@@)y, ¢ € Cq.
6e[—r,0]

Remark that (Cy, |- |,) is also a Banach space. For the existence and uniqueness of

the mild solution, we need to assume that

(Hp) |F(p1) — F(p2)| < klo1 — @2y, for o1, 02 € Cq, where k is a positive
constant,
(H3) Ifx € Xy and 6 € [—r, 0], then n(@)x € Xy and A%n(0)x = n(6)A%x.

The assumption (H3) implies that if ¢ € C, then Do(¢) € X, and A% Dy(p) =
Do (A% @), where the expression A%g is defined, for ¢ € Cy and 6 € [—r, 0], by

(A%@)(0) := A% (¢(9)).
Definition 2.2 Let ¢ € C,. A continuous function x : [—r, +00) — X, is called a
mild solution of Eq. (1.1) if

@) D (x) =TOD () + fo Tt = )F (x5)ds for 1 =0,
(i) xo = o.
Now, we state our first result.

Theorem 2.3 Assume that (H;), (H,), and (H3) hold. Then, for ¢ € Cy, Eq.(1.1)
has a unique mild solution which is defined for all t > 0.
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If instead of assuming that Dy is given by a function of bounded variation and
Condition (H3), we make the assumption that

(H;) Do € L(Cq, Xo) and |Dolgic,.x,) < 1b
then, we obtain the same result as in Theorem 2.3.

Proposition 2.4 Assume that (H,), (H,), and (H/3) hold. Then, for ¢ € Cg,
Eq. (1.1) has a unique mild solution which is defined for all t > 0.

Define the operator U (¢), for t > 0, on Cy by

U (e) = x: (., @),

where x (., ¢) is the mild solution of Eq. (1.1) for the initial condition ¢ € C,. Then,
we have:

Proposition 2.5 ([11) The family (U(t));>¢ is a nonlinear strongly continuous
semigroup on Cy, that is

(i) U©) =1,

(ii) U@t +s)=U@)U(s) fort,s >0,
(iii) Forall ¢ € Cy, U(t)(@) is a continuous function of t > 0 with values in C,,
(iv) Forallt > 0, U(t) is continuous from Cy into Cg,

(v) (U@));>0 satisfies the following translation property, for t > 0 and 6 €

[—r, 0],

Ua+0)(p)©0)  ift+6=0,

Ut)(p) (0) = {(p(t +0) ift +6 <O0.

Let C be the space of continuous functions from [—r, 0] into X provided with the
uniform norm topology and let

Cp={peC:D(p) =0}.

Definition 2.6 ([6]) D is said to be stable if the zero solution of the difference
equation

{ D(y)=0, >0, 22

yo=¢ € Cp,
is exponentially stable.

p P
Proposition 2.7 ([5]) Let D(¢) = Y _ ax@(—ry). Then, D is stable iff > |ax| < 1.
k=0 k=0

In the sequel, we assume the following:

(Hs) The operator D is stable.
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(Hs) The semigroup operators 7 (¢) are compact for every ¢ > 0.

We recall this important result that is the key to get the existence of a global
attractor for equation.

Theorem 2.8 (Smoothness of the Semigroup (U(?));>¢) Assume that (Hp),
(Hz), (H3), (Hy), and (Hs) hold. Then the semigroup (U (t)),>¢ is decomposed as
follows:

U@t) =Ui@t) + Ux(t), fort =0,

where Ui (t) is an exponentially stable semigroup on C, and U, (t) is compact on
Cy for every t > 0.

For the proof, we need the following result.

Lemma 2.9 ([1]) If D is stable, then there exist positive constants a, b, ¢, and d
such that for any ¢ € (0, r] sufficiently small and any continuous function h from
[0, +00) into X, the solution v of the equation

D (v) =h(t), 1t =0, (2.3)

satisfies the inequality

lvs] < ea(t=9) |:b |vol + ¢ sup |h(s)|:| +d sup |h(s)], t>¢e. (24

0<s<e max(e,t—r)<s<t

Proof of Theorem 2.8 Without loss of generality, we can assume that there exist
positive constants My and y such that the semigroup (7'()),>( satisfies

|T(t)] < Mge™¥" fort > 0. (2.5)
Let U () be defined by

ot +0) ifr+6 <0,

Uie) ©) = { Wt +0) ifr+0 >0,

where v is the unique solution of the problem

D) =T@®)D (p) forz > 0,
v(t)=¢ fort € [—r,0].

On the other hand, the operator D is stable. We deduce after applying the operator
A that

|vrly < €079 |:b lply +¢ sup [T(s)D (<ﬂ)|a} +d  sup IT(s)D (@)l -

0<s<e max(e,t—r)<s<t
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So, from (2.5) we get, for some constants N and v, that

Ui (t)ply < Ne " |@|,, fort>0.

Let Ux(t)¢ := w; = uy — v;. Then,

t
D (Ua(t)g) = D (us) — D (vy) =/0 T (t—s) F(U(s)p)ds.

Consequently,

t
D(w;) = h(t, @) := /0 T(@—s)FU(s)p)ds, fort=>0, 2.6)

wo = 0.

Let (¢r)r>o be a bounded sequence in C,. We will show that the family
{h(., px) : k > 0} is equicontinuous and bounded on C ([0, o]; X,), forany o > 0
fixed. Let B € (a, 1). Since A™# : X — X,, is compact, it is enough to prove that
{APh(t, gx) : k > 0} is bounded in X, for each t > 0. Since (U(f))0 is locally
bounded in ¢ and ¢, it follows that there exists a positive constant A such that

1 ,ws
|Aﬁh(h €0k)‘ = Mﬁk/ e—ﬁds for every k > 0.
o S

We get that {h(t, ¢r) : kK > 0} is compact in X, for each ¢ > 0. It remains to prove
the equicontinuity property in e-norm. Let ¢ > 7y. Then,

0]
A%h(t, or) — A%h(to, gr) = /0 AY(T (t —s) =T (to — 5)) F (U(s)px) ds
t
+/ AYT (t — s) F (U(s)gy) ds.
I

0

Consequently,

t
/ A°T (t —s) F (U(s)gpr) ds
1o

tgws
< MaA/ —ads — 0 as t — fo uniformly in k.
fo §
Moreover,
4]
/ AY(T(t—s)—=T (to— ) F(U()pr) ds = (T (t —to) — I)
0

I
/ 0A"‘T(to —$)FU(s)py)ds.
0
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There is a compact set K in X such that
T
/ A%T (tg — s)F(U (s)pr)ds € K, forallk > 0.
0

It is well known, from Banach—Steinhaus’s Theorem, that

zl m sup [(T((t —ty) — Dx| =0.

i
—0xek
This implies that

lim+ |h(t, or) — h(to, px)|l, = 0, uniformly in k > 0.

=1,

The proof is similar for ¢t < #y. Then, for any o > 0, there exists a subsequence
(¢r)r>0 such that h(t, ¢r) converges as k — +o0o uniformly on [0, o] to some
function A (¢) in o-norm. Let wg‘ be the solution of Eq. (2.6) with ¢ = ¢. Then,

D(w} —w) = h(t, ¢;) = h(t, gr).
Consequently, there is a positive constant ¢ such that

\wg —wk

<csup |h(t, ¢) —h(t, 90, -

o 0<s=<t

This implies that the sequence (w¥)
U»(t) is compact in Cy.

>0 1s a Cauchy sequence, which proves that

3 A Global Attractor for Partial Neutral Functional
Differential Equations

Let Y be a Banach space and S = (§(#)),>0 be a (nonlinear) strongly continuous
semigroup on Y.

Definition 3.1 ([4])

(i) A set B C Y is said to attract a set C C Y under S if
dist(S(t)C, B) — 0 ast — +o0.
(ii) A set B C Y is said to be invariant under S if S(#)B = B forall r > 0.

(iii) S is asymptotically smooth if for any nonempty closed bounded set B C Y for
which SB C B, there is a compact set J C B such that J attracts B.
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(iv) A compact invariant set A is said to be a maximal compact invariant set if
every compact invariant set of the semigroup belongs to .A.

(v) An invariant set A is said to be a global attractor if A is maximal compact
invariant set which attracts each bounded set B C Y.

(vi) The semigroup S is said to be point dissipative (compact dissipative) if there
is a bounded set B C Y that attracts each point of ¥ (each compact set of )
under S.

Theorem 3.2 ([4]) Let S(t) : Y — Y be asymptotically smooth and S(t) is
compact dissipative. Then there is a compact invariant set which attracts compact
sets of Y.

Theorem 3.3 ([4]) IfS(¢) : Y — Y is asymptotically smooth, point dissipative and
orbits of bounded sets are bounded. Then there exists a global attractor which is
connected.

Theorem 3.4 Assume that (H;), (Hy), (H3), (Hy), and (Hs) hold. Then the
semigroup (U (1)), is asymptotically smooth on Cy.

The proof is based on the following lemma.

Lemma 3.5 ([4]) Suppose that S is decomposed as follows S(t) = S1(t) + S»2(¢) :
Y — Y, t >0, such that (51(1)),>¢ is compact and there is a continuous function
u:Ry xRy = Ry such thatu(t,r) — Oast — +ooand ||S2(t)yl| < u(t,r) if
||l < r. Then, the semigroup S is asymptotically smooth on Y.

Then Theorem 3.4 is a consequence for lemma 3.5.

Consequently, we deduce the following results on the existence of a global
attractor for Eq. (1.1).

Theorem 3.6 Assume that (Hy), (Hy), (H3), (Hy), (Hs) hold and U ((t) is compact
dissipative. Then there is a compact invariant set of (U(t));>¢ which attracts
compact sets of Cy.

Theorem 3.7 Assume that (Hy), (Hy), (H3), (Hy), (Hs) hold, U(t) is point
dissipative and orbits of bounded sets are bounded. Then there exists a global
attractor A which is connected for (U(1)),>¢.

Corollary 3.8 Assume that (Hy), (Hp), (H3), (Hy), (Hs) hold, U(t) is point
dissipative and orbits of bounded sets are bounded. Moreover, if the restriction
(Ua®))>0 of (U(1)),;0 over Ais one to one. Then (Ux (1)), is a group on A.

4 Partial Functional Differential Equations with Infinite
Delay

The aim of this section is to prove the existence of a global attractor for the following
partial functional differential equations with infinite delay:
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d
Ex(t) =—A(x)+ F(x) forr >0 @.1)

)C():(,OEB,

where —A generates an analytic semigroup (7 (¢)),>( on a Banach space X, Bis a
Banach space consisting of functions mapping (—oo, 0] to X and satisfying some
axioms that will be introduced later. For 0 < o < 1, A% denotes the fractional
power of A ( see definition below), we assume that F is defined on a smaller space
B, with values in X, where B,, is defined by

By ={p € B: ¢p(0) € D(A*) for 6 < 0and A%p € B},
where the function A% is defined by
(A“(p) ) = A%p(9) for 6 < 0.

We suppose that F is Lipschitz continuous with respect to the fractional power norm
of A*. For every ¢ > 0, the history function x; € By, is defined by

x(0) = x(t +6) for < 0.

From now on, we use an axiomatic definition of the phase space B which was
first introduced by Hale and Kato in [7]. We assume that B is the normed space
of functions mapping (—oo, 0] into X and satisfying the following fundamental
axioms:

(A) There exists a positive constant N, a locally bounded function M (-) on
[0, 400), and a continuous function K (-) on [0, +00), such that if x
(—00,a] — X is continuous on [0, a] with x, € B, for some ¢ < a, then
forall t € [o, a],

(l) X; € 67
(ii) t — Xx; is continuous with respect to |-| on [0, a],
(iii) Nlx(@) <|x| <K@ —0) sup [x(s)|+M(#—0)|xs].

o<s<t

(B) Bis a Banach space.

Lemma 4.1 ([8]) Let Coo be the space of continuous functions mapping (—oo, 0]
into X with compact supports and COT0 be the subspace of functions with supports
included in [—T, 0] endowed with the uniform norm topology. Then,

cly — B.

In the sequel, we suppose that

(Hg) Forsome O <« < 1, one has
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A% e Bforg € B,
where the function A~%¢ is defined by
(A7) (0) = A™%¢(0) for 6 < 0.
Let By ={¢p € B: ¢(0) € D(A%) for 6 < 0and A%p € B}. We provide B, with
the following norm:
ol = |A%g| for ¢ € B,.

Lemma 4.2 ([2]) Assume that (Hg) hold. Then, By, is a Banach space.
Definition 4.3 A continuous function x : (—o0, 00) — X, is called a mild solution
of Eq. (4.1) if
(i) x(t) =T)p0) + /ZT(t —§)F(x5)ds fort >0
(ii) xo0 = ¢. ‘
Assume that

(H7) F :B, — X isaLipschitz continuous function. Let £ > 0 be such that

[F(p1) — F(p)| < klor — @2, for @1, ¢ € By.

Theorem 4.4 ([2]) Assume that (Hg) and (H7) hold. Then, for ¢ € By, Eq.(4.1)
has a unique mild solution which is defined for all t > 0.

For t > 0, we define the operator U () on By by

U (e) =x(. ),

where x (., ¢) is the mild solution of Eq. (4.1).

Proposition 4.5 ([2]) The family (U (t));>( is a strongly continuous semigroup on
By, that is

(i) UOO) =1,
(ii) Ut +s)=U@)U(s), fort,s > 0,
(iii) Forall ¢ € By, U(t)(@) is a continuous function of t > 0 with values in By,
(iv) (U(1));» satisfies the translation property, that is for t > 0 and 8 < 0, one
has

U+0)(p)©0)  fort+6=0,

U () 0) = {(p(t +0) fort +6 <0,
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(v) for allt > 0, U(t) is Lipschitz continuous from By to By. Moreover, for all
a > 0, there exists a positive constant m(a) such that

[U@0¢ -UDYl, <m(a)lp —¥l, fort € (0,al
Now, we state the following fundamental result which will play a crucial role in

studying the asymptotic behavior of solutions in the linear case.

Theorem 4.6 ([2]) Assume that (Hs) , (Hg), and (Hy) hold. Then, the semigroup
(U (@)),>0 is decomposed as follows U (t) = Uy (t) + Uz(¢), fort > 0, where U (t)
is compact on By fort > 0 and U|(t) is the semigroup solution of the equation

{x/(t) = —Ax(t) fort > 0, 42)

X0 =@ € By.
For ¢ € B,t > 0and 6 < 0, we define

¢(0) fort+60 >0

[Wne]©) = {(p(t +6) fort+6 <0.

Then, (W(t)),zo is a strongly continuous semigroup on 5. We set
Wo(t) = W (1) 5,, where By = {g € B : ¢(0) = 0}.
Definition 4.7 We say that B is a uniform fading memory space if the following

conditions hold:

(i) If a uniformly bounded sequence (¢,), in Cpp converges to a function ¢
compactly on (—o0, 0], then ¢ is in Band |¢" — ¢| > 0asn — 400,
(ii) |Wo(t)| - Oast — 4oo.

Let vg = inf{ v € R such that (D) is satisfied }.
Lemma 4.8 ([9]) If B is a uniform fading memory space, then vy < 0.

Lemma 4.9 ([8]) If B is a uniform fading memory space, then K and M can be
chosen such K is bounded on Rt and M(t) — O ast — O.

Let Z be a Banach space. We introduce the Kuratowski’s measure of noncom-
pactness x (§2) of set 2 C Z by

x (£2) = inf{d > 0 : £2 has a finite cover of diameter < d}.

For a bounded linear operator H, the Kuratowski measure of noncompactness o ()
of H is defined by

x(H) = inf{n e R™ : x(H(D)) < nx(D), for every bounded subset D of Z} .
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Lemma 4.10 ([2]) Suppose that (Hs), (Hg), and (H7) hold. Then, for all ¢ > 0,
there exists C, > 0 such that

x(U1(t)) < C.M(t —¢), fort > e.

Let wo(U1) be the growth bound of (U;(2)),>( which is defined by

wo(U1) =inf{x >0: supe XU (1) < oo}

t>0

and the essential growth bound is defined also by

t>0

wess (U1) = inf:/c >0: supe KU (1)],5s < oo} )

Then, it is well known from [12], that wy = max {a)ess, s’ (Ay, )}, where
s'(Ayy) = sup {Re A : A € 0(Ay,) — 0ess(Au)) }

where o,..5(Ay,) is the essential spectrum of the infinitesimal generator Ay, of
(U1(2))¢>0 - Note that 0 (Ay,) — dess (Ay,) contains a finite number of eigenvalues
of AU] .

From Lemma 4.10 we deduce that w.ss(U1) < 0. Consequently, wo(Uy) < 0 if
and only if s'(Ay,) < 0.

As an immediate consequence of that, we get the following results.

Theorem 4.11 Ifs'(Ay,) < O, then (U(1)),>0 is asymptotically smooth on By,.

Theorem 4.12 If (Hs) , (Hg), and (H7) hold, B is a uniform fading memory space
and s'(Ay,) < 0. Then each of the following conditions implies the existence of a
global attractor A for Eq. (4.1).

(a) Equation (4.1) is compact dissipative.
(b) Equation (4.1) is point dissipative and orbits of bounded sets are bounded.
5 Application

As an application of our abstract result, we consider the following partial neutral
functional differential equation:
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2

ad d
E[U(tax) _qv(t _rv-x)] = ﬁ[v(tv-x) _qv(t_rv-x)]

+f (v(t, x), v(t —r,x), % [v(t, x) —qu(t —r, x)]) forx € [0, 7], t >0,

v(t,0) =qv(t —r,0)and v(t,7) =qu(t —r,m) fort >0,

v, x) =v9(0,x), ford € [—r,0], x € [0, 7],

(5.1)
where vg € C ([—r, 0] x [0, 7]; R), g is a positive constant, and f : R3> Risa
Lipschitz continuous function.

Let A be the operator defined on X := L2 ([0, 7]; R) by

{ D(A) = H*(0,7) N HJ (0, ),
Ag=—g , g€ D(A).

Then, —A generates an analytic semigroup (7'(¢)),>o on X. Moreover, T () is
compact on X for every ¢t > 0. The spectrum o (—A) of —A is equal to the point
spectrum Po(—A) and is given by 0(—A) = {—n?:n > 1} and the associated

eigenfunctions (¢,),>1 are given by ¢,(x) = sin(nx), x € [0, w]. Actually, the
semigroup 7'(¢) is explicitly defined by

(0.¢]
Tty = Ze_"zt (¥, @n) ¢ for t>0and y € X.

n=1

1
Leta = > From [11], we have for ¢t > 0
1 2
AT (0)y = 352 ne™ "y, ¢n) ¢u fory € X,
1 oo 1
ATy =305 v du) gu fory € X,

1 1
A2y =32 n(y,¢n) ¢ forye D(AZ).

Lemma 5.1 ([11]) If¢ € D(A%), then ¢ is absolutely continuous and ¢' € X.
Let F:C 1= X be the mapping defined by

a
(F(p) (x) = f <<P(0)(X); P(=r)(x); P [e(0)(x) — qw(—r)(X)]) forx € [0, 7],
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D:C:=C([-r0],X) — X be the bounded linear operator defined by
D(p)(x) = ¢(0)(x) —ge(=r)(x) forx €[0, 7],
y : [—r, +00) — X be the function defined by
y() =v(t,-) fort >0,

and ¢(0) = vo(8, -), for 8 € [—r, 0]. Then, Eq. (5.1) takes the following abstract
form:

d
ED (y1) = —AD (y;) + F(y;) fort >0, (5.2)

y():cpeC%.

Lemma 5.2 F is Lipschitz continuous from C into X.
2

Proof Let ¢, ¢ € C%. Then, for x € [0, ], we have

a
(F(e1) = F(g2)) (x) = f <<P1(0)(X); @1(=r)(x); o O)(x) — ‘I‘Pl(—r)(x)]>

d
—f ((ﬂz(O)(X) s 2(=r)(x); P [2(0) (X)—Q¢2(—r)(X)]> :
Since f is Lipschitz continuous, then there exists a positive constant £ such that

|F(@1) — Fe2) ()| = k (l1(0)(x) — ¢2(0)(x) |
+ lo1(=r)(x) — @2(=r)(x) |

0
+ ‘5 [01(0)(x) —2(0)(x)—¢ (¢1(—V)(X)_§02(—r)(x))]') .

Which implies that

[F(p1) — Fle2)| =k <\//0 |91 0)(x) — 92(0)(x) |> dx

+ \/ fo o1 (=) (x) — a(—r)(x) |* dx

o

3 2
72 @10 = @(0)(x) | dx
X




48 M. Adimy et al.

o[l

By Travis and Webb [11], page 141, we have for every 7 € [0, r]

9 2
7 1) = (=) ) dx
X

\/ | 00 —aenw s <l - el

I\

Which means that F is Lipschitz continuous from C; into X. O
2

and

5 2
P (@1(=1) —@2(=1)X) | dx < |lp1 —@2 1.
X 2

Consequently, we have the existence and uniqueness of mild solutions of Eq. (5.1).
In the sequel, we assume that

0<g<l1.

This means that the operator D is stable.
For the next, we assume that

(H) |F(t, ¢)| §Nfort20and¢ec%.

Proposition 5.3 (U(1)),> is point dissipative, and the orbits of bounded sets are
bounded. Consequently, then there exists a global attractor A for Eq.(5.1) which
is connected.

Proof Let u be a mild solution of Eq. (5.1). Then
t
D(u;) = T(t)D(p) +f Tt —s)F(s,ug)ds fort > 0.
0
= H(1).
It is well known that there exists M > 1 such that
IT (@) < Me® forsome —1 < w < 0.

Then it follows by taking the %-norm that for some positive constant ¢ > 0, we have
the following estimation:

[e¢) e(x)S
IH®]1 < c(e“” lol1 +f —,ds).
2 2 0 s2
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Since the operator D is stable, then by Lemma 2.9, we deduce that there exists a
positive constant C such that for any bounded set B in C; we have that
2

lim sup |u(t, p)|1 < C.
t%oo(peB

(S]]

Which implies that the semigroup (U (#)),>o is point dissipative and orbits of
bounded sets are bounded. Now the existence of the global attractor is achieved
by applying Theorem 3.7.
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1 Introduction

Fractional calculus is a branch of mathematics which dates back in 1695 to the
end of the seventeenth century, when Newton and Leibniz developed the theoretical
foundations of integral and differential calculus. Leibniz introduced the symbol
% to denote the nth derivative of the function f where n € N. “Whatifn = %"

At that time, there were hardly any practical applications of this theory yet. The
transition from pure mathematical formulations to applications began to emerge
around 1990 when fractional differential equations appeared in several fields such
as physics, biology, mechanics [1, 7, 14, 16, 21, 22, 26, 27, 29, 31].

Because of this property, the fractional derivative is more suited to the problems
of modeling memory-dependent phenomena, especially in most biological and
physical systems. Another advantage of using a fractional derivative is broadening
of the region of stability in dynamical systems.

Mathematical modeling based on a system of differential equations can provide
a comprehensive mechanism for the dynamics of disease transmission. In epidemi-
ology, numerous works involving a fractional derivative have been carried out,
and most of them mainly concern SIR type models with a linear incidence rate
[4,6,8,9,13, 15, 23].
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Memory effects play a crucial role in the spreading of the diseases. Including
memory effects in the susceptible-infected-recovered (SIR) epidemic model which
is very interesting for an investigation. In [30], Saeedian et al. studied the memory
effect of an SIR epidemic model using the fractional derivative of Caputo. They
have proven that this effect plays an essential role in the spread of disease. Also,
they considered the SIR model on structured networks and studied the effect of
topology on threshold points in a non-Markovian dynamics.

In [4, 8, 9, 20, 23, 28], several analysis methods were applied to prove the
existence and the stabilities of the SIR models with nonlinear incidence rate. El-
Saka [9] mainly focused on fractional-order SIRS epidemic model with constant
recruitment, mass action incidence, and variable population sizes. They also inves-
tigated the stability conditions of equilibrium points of the system and presented
the numerical simulation. In [18], Li and Zhang worked on a modified SIR model
with nonlinear incidence and recovery rates. They tried to get the idea about the
influence by any government intervention and hospitalization condition variation
which affect the spread of the disease. In this way, they analyzed the existence
and stability conditions of the equilibria to investigate the bifurcation conditions.
In addition, Dubey, et al. [8] considered a global type of SIR dynamic model. They
studied some conditions of the stability of the equilibrium points by implementing
the Lyapunov function. They also investigated the Hopf bifurcation of the SIR model
and presented the numerical simulation. Moreover, Khan, et al. [17] by defining a
generalized incidence rate, solved the SEIR epidemic model and proved the stability
and existence of the equilibria. Also, Liu and Stechlinski [20] proposed several
cases of SIR epidemic model. One of the models was a new SIR model with time-
varying parameters and switched nonlinear incidence rate. The other model was
SIR model with pulse vaccination and pulse treatment which were applied to the
model with seasonality and switched incidence rate. They determined their success
in eliminating the disease by using the control strategies.

Overall from above, the authors studied epidemiological models with fractional-
order differential equations, from a mathematical point of view. They mainly
focused on the presentation of mathematical methods in order to solve the corre-
sponding differential equations without touching the method of homotopy analysis
which is an efficient method in solving fractional differential equations. In addition,
in these various previous works, the authors rarely discuss the effect of fractional-
order differential equations and memory on the different levels of the force of
infection that can be the cause of an outbreak in the manner of time.

In epidemiology, the number of infected individuals per unit of time is called the
incidence rate. The latter can be linear or non-linear, and depends on the different
levels of infection strength of the disease. So, whether the strength of infection is
high, medium, or low, the rate of infection in people may vary over time.

Our main motivation is to solve the Caputo-sense of fractional differential
equations by method of homotopy analysis described in [19] and to see if, memory
plays a key role on the different levels of the force of infection. In our study,
we propose the analytical solution to the fractional differential equations by using
homotopy analysis method which has not been used in epidemiology through the
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study of a SIR model with a Caputo derivation. We then prove the existence,
stability, and asymptotic behavior of the SIR fractional model, and finally, we
present an illustrative simulation of the results to validate our results.

The SIR epidemiological model is given by

CDES(t) = A — uS(r) — LAY
CpeI(r) = LR — 1) — pl (1) ey
CDYR(t) = y1(1) — uR(t)

Where CD;" is the Caputo-fractional derivative on order o € (0, 1).

In system (1), the population is divided into three compartments: S(¢), I (¢), and
R(1), respectively, represent the number of susceptible become infected, exposed,
infectious and healed or recovered individuals at time t, and N (¢) is the total
population size whichis N = S+ 1 + R.

A is the recruitment rate of the population, w is the natural mortality rate, y is
the infection-related mortality rate, 8 is the strength of infection force, and 6 is the
recovery rate of infected.

Our paper is organized as follows. In Sect.2, we recall some basic definitions
of fractional calculus. In Sect. 3, we propose an approximate analytical solution
of the fractional SIR system using the homotopy analysis method. The existence
of equilibria and their local stability are studied in Sect.4. In Sect. 5, we attempt
to present the numerical simulation of fractional SIR model. Finally, in Section 6,
concluding results and comments are given.

2 Preliminaries

In this section, we present an overview of the concept of fractional calculus, and we
define some basic notions of the fractional derivative of Caputo. (See for instance:
[1, 3, 16, 26, 32])

Let I = [0, T] where T > 0. We denote by C(I, R™) the Banach space of all
continuous functions I —> R™ endowed with the topology of uniform convergence
(the norm in this space will be denoted by ||.||)

2.1 Definition and Theorem

Definition 1 The fractional integral of order & > O for a function f is defined as

1 t
I°f@) = @fo (t — )" f(s)ds 2
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Definition 2 The fractional derivative of order « in the sense of Caputo is defined
by

_ oyn—a—1
CDUfx) = / %f“”(s)ds 3)

where f is the derivative of order n of the function f € (C [a, b]); with a €
(n—1,n) and n € N such asn = [a] 4+ 1. If « is such that [«] = O, then any
fraction derivative of order « in the sense of Caputo will be written in the following
way:

SDf(x) = (F (: _) £ ) ds )

Definition 3 A real function f(¢), (# > 0) is said to be in the space C,,, v € (R) if
there exists areal p > v such that f(t) = tPg(t), where g € C(R™).

Definition 4 A real function f(¢), (+ > 0) is said to be in the space C;;, where
n € Nif f* € C,.

In the rest of our paper, gD"‘ will be simply noted as Df'.

Theorem 1 Consider that abstract fractional functional differential equation

Df(x(t)+ g, x(t)) = Ax(@) + f(t,x(1)), where 0 <a <1
and, )
x(0) = xo

where D denotes Caputo’s fractional derivative.
Then the system (5) is equivalent to

x(t) = xo + g(0, xo) — g(t, X(t))+m/ (t — )% f(s, x(s))ds

F( )/ (r —5)* x(s)ds

A being a closed linear operator. See [24] for more details of the proof.

(6)

n
Let X = R", with the norm |yll, = Y_ |yl where y = (31, ¥2, ..., ¥n)
i=1
and let C"(I) be the class of all continuous column vector functions Y (t) =
1), y2(t), ..., yn(2)) defined on I, with norm:

1Yy = Zsupm ) (7

i— 1te[
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For w > 0 given, we have the following equivalent norm:

n
1Y llnw =) supe™ |y ()]

iy tel
Consider the Cauchy problem with nonlocal condition:

D (yi(®)) = fi(t,yi(t)), where O<a=<1, 1€(0,T]
and, (8)
vi(0) = yoi, where i=1,2,...,n

Where Df (y;(t)) is the fractional derivative of the function y;(¢) in the sense of
Caputo with order 0 < o < 1.
The system (8) can be reformulated as follows:

DF(Y (1)) = F(Y(1)), where O<a <1, te(0,T]
and, )
Y(0) =Yy, where Y(t)=yi(0),y200),.... )"

By Theorem (1), we obtain the equivalent equation:
Y(t) =Yy + I*F(Y(1)). (10)

By making the following assumptions:

H1: f : I — R™ are continuous on I and f; € Cy, where u > —1
i=1,2,...,n
H2: There exists L > 0 such that:

IfX@) = fXO)ln < LIXE) =Y @)l 1D
Theorem 2 Under the hypotheses (H1-H2), the problem with initial values (9) has
a unique one on I provided Lw™% < 1.

See [25] for the proof.

3 Homotopy Analysis Method (HAM)

The homotopy method was established by He in 1998 [11]. The method was
then developed and improved by himself. He has applied it to problems at the
limits of the nonlinear wave equation, as well as to many subjects. The homotopy
disturbance method can be considered as a universal method which is capable of
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solving different types of nonlinear functional equations. See [2, 12, 19] for more
information.

In this section, we apply the homotopy analysis method in [19] in order to obtain
an analytical solution for a fractional system defined in (1).

Using the same approach as [25], we have

S@) = So®) + Yoy Xm()g™

1(t) = Io(t) + > gy In (g™, (12)

R(t) = Ro(t) + 3" Ru(D)g™
when ¢ increases from O to 1.

‘We then take the mth-order homotopy derivative of the zero-order and obtain the
m-order deformation equation:

Lol S () — xm[Sm—1(t)] = hAS, (1)

Lolln(t) = xmlIn-1()] = hA], (1), 13)

Lo[Rn(t) — xm[Rm—1(1)]1 = hAR @)

With the initial conditions: S,, (0) = 0, 1,,(0) = 0, and R,,(0) = 0. Where,

0 Sm— Im—
A (D) = DESp—1() = A + uSy—1 (1) + PogHinst 0

AL () = DE Ly (1) — Lol © oy g (6) + pd 1 (1), (14)

AR(t) = DERu—1(1) = y In—1(t) + uRu—1 (1)

In this way, it is easy to solve the linear non-homogeneous equation (13) with
initial conditions mentioned above for all m > 1 and we obtain
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S1(1) = gy = A + PR — uSo]

L) = (=5 =500 + v Iy + wlo), (15)

R1(1) = /51—y lo + 1Ro]
Proceeding similarly, the p-th term of the approximate solution is of the form:

S(t) = Sot) + X0 _ X (1)

1) =Io) + Y0, Lu(®) (16)

R(t) = Ro(®) + X0 _, R ()

With So(2) = So, Io(t) = Iy, and Ro(t) = Ro.

4 Equilibrium Points and Their Asymptotic Stability

In this section, we discuss the existence and the local stability of equilibria for
system (1). For this, we define the basic reproduction number Rg of our model by

0
Ro= B
y+u

Thus the total population size N = S 4 I 4+ R may vary in time.
To evaluate the equilibrium points, let

CD*S(t) = D&I(t) = DER(1) =0

So, we obtain two equilibrium points which are

A
Eeq = (Seqa qu» Req) = <;, 0, 0)
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and
E* = (S*» I*, R*)
which,
Ay +p))
Sy =
opu

; _AOB—(r+w)
. 0B(y + 1)

_ 7AGB— (& + )
* 0Bu(y + 1)

For Eeg = (Seqs legs Reg) = (3, 0,0), we find that

- 0 0
J=| 0 %F =ty 0
0 14 —u

and its eigenvalues are

M=l =—u<0

OBA
M=————(nt+y)<0
"
if

LY
nw

Hence the equilibrium point E.; = (Seq, leg, Req) = (%,o, 0) is local
asymptotically stable if

rBA

e <(u+vy) (17)

We proceed in a similar way to Ey = (Sx, Ix, Ry).

—p — Bl _9BSs 0

N N
J=| %L By 0

0 14 —u
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A sufficient condition for the local asymptotic stability of the equilibrium point

E* = (S*, I*, R*)

larg()| > “7”

larg(A2)| > %

larg(A3)| > ?

The characteristic polynomial of the equilibrium point E, = (S, I, Ry) is given
by the expression:

A= tr (DA + Z(DHr —det(J)

with

e tr(J) the trace of the matrix J;
© Z() = —5r(JH = (r())?)
¢ det(J) the determinant of the matrix J

So we have:

e IfRo < 1, the disease-free equilibrium point is globally asymptotically stable
and there is no endemic equilibrium point (the disease dies out).

* Rp > 1, the disease-free equilibrium point is unstable and a globally asymptoti-
cally stable endemic equilibrium point exists.

5 Numerical Simulation

In epidemiology, a disease is always characterized by its force of infection (weak,
medium, or strong). Knowledge of this force of infection makes it possible to
propose a solution to control the disease during an epidemic. In our simulation,
we have the infection force 8, which we are going to assign as low, medium, and
high value. Of course, from the point of view of epidemiological reality, whatever
the value of the force of infection S is, certain diseases can become epidemic in each
country. We consider the following Caputo-fractional differential system based on
the parameters in the following Table 1:
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Table 1 Biological

) . Parameter | Value/days | Definition
parameters in SIR fractional

differential model A 0.9 Recruitment rate of the population
B 0.01 Low strength of infection
0.5 Medium strength of infection
0.99 High strength of infection
nw 0.05 Natural mortality rate
% 0.4 Recovery rate of infection
y 0.001 Infection-related mortality rate

CDUS() = A — uS(t) — %&;(z)

Cper(r) = LD —y1(1) — ul (1) (18)

CD*R(t) = y1(t) — uR(1)

where N(t) is the total population size whichis N = S + 1 + R.

Numerical simulations are conducted on fractional orders based on the predictor—
corrector method of Adams-Bashforth-Moulton described in [5]. We implement
this method on MATLAB by using the predictor—corrector PI rules code (FDE
PI12 PC.m) by Garrappa [10] which solves the multi-order system of fractional
differential equations.

The reason we choose these parameters is that based on the SIR model, we need
to consider the rate of population recruitment, natural mortality rate, recovery rate
of infection, infection-related mortality rate, and strength rate of infection to be
between 0 and 1. We aim to investigate the behavior of the solutions of the system
(18 ) based on different rates of strength of infection and different cases of o which
is the fractional order. The time histories and phase diagrams are used to identify the
dynamics of the system. Following are the results of our investigations of various
cases studied:

Case 1: Commensurate order, «; = oy = a3 = 0.99, 0.5, 0.8:

This system was calculated numerically based on o1 = ap = @3 € (0, 1) and
three different values of 8 (0.01, 0.5, 0.99). It was found that when o) = ap = a3 =
0.99 which is the classic case, system (18) behaves periodically. When 8 = 0.01, the
number of susceptible people tends to increase quickly until S(z) stabilizes to a fixed
point. Also, the number of infected people / () and the number of recovered people
R(#) move smoothly as the time increases and the disease persists. In addition, in
the case of B = 0.5 and 0.99, the number of susceptible people varies quickly but
it is smoother than the classic case. The behavior of I (¢) shows that it increases at
time t, and after certain point it runs smoothly to a fixed point. Also, the behavior of
R(?) is similar to the classic case.

The phase plots and time series of S(¢), 1 (¢), R(t) based on three different values
of B and « = 0.99, 0.8, 0.5 are depicted in Figs. 1, 2, and 3, respectively.

Case 2: o] = ap # 3

In this case, we calculate the system numerically based on the orders oy = oy =
0.75, w3 = 0.05. It was found that in this case, system (18) behaves periodically.
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Fig. 1 Phase portraits and time histories of S(t), I(t), and R(t) for system (18) with fractional
orders ] = ap = a3 = 0.99, (la — 1b) = 0.01, 2a —2b)B = 0.5, 3a — 3b)B = 0.99

When 8 = 0.01, the number of susceptible people tends to increase quickly until
S(t) stabilizes to a fixed point at time t. Also, the number of infected people I () and
the number of recovered people R(¢) move smoothly in a fixed behavior as the time
increases. In addition, in the case of 8 = 0.5 and 0.99, the number of susceptible
people varies quickly, but it is smoother than the classic case. The behavior of 7 (¢)
shows that it increases at time t, and after certain point it runs smoothly to a fixed
point. Also, the behavior of R(¢) is similar to the classic case.
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Fig. 2 Phase portraits and time histories of S(t), I(t), and R(t) for system (18) with fractional
orders o] = ap = a3 = 0.8, (4a — 4b)p = 0.01, (5a — 5b)B = 0.5, (6a — 6b) = 0.99

The phase plots and time series of S(¢), 1 (¢), R(t) based on three different values
of B and o1 = ap = 0.75, a3 = 0.05 are depicted in Fig. 4.

Case 3: 03} 75 o) 75 o3S

In this case, we calculate the system numerically based on the orders o) =
0.5, = 0.01,3 = 0.99. It was found that in this case, system (18) behaves
periodically in all the cases for S(z). When 8 = 0.01, 0.5, 099, we observe the
number of susceptible people tends to increase quickly until S(¢) stabilizes to a
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Fig. 3 Phase portraits and time histories of S(t), I(t), and R(t) for system (18) with fractional
orders o] = ap = a3 = 0.5, (7a — 7b)p = 0.01, (8a — 8b)B = 0.5, (9a — 9b) = 0.99

fixed point at time t similarly to the case (2). Moreover, the behavior of S(¢), I (¢),
and R(¢) are all the same for this case such that (/7) and R(¢) run smoothly to a fixed
point as time ¢ increases and the disease persists. So, we conclude that by changing
the fractional order « in the system, the stability of the model will not be affected.

The phase plots and time series of S(¢), I (¢), R(t) based on three different values
of B and 1 = 0.5, ap = 0.01, a3 = 0.99 are shown in Fig. 5.
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Fig. 4 Phase portraits and time histories of S(t), I(t), and R(t) for system (18) with fractional orders
a1 = ap =0.75, 3 = 0.05, (10a — 10b)B = 0.01, (11a — 11b) = 0.5, (12a — 12b) = 0.99

6 Conclusion

In this paper, we proposed an approximate analytical solution to Caputo-fractional
differential system of SIR epidemic model using the homotopy analysis method. We
also investigated the existence of equilibria and their local stability in SIR fractional
system. We have found that when Ry = % < 1, it signifies the extinction of the
disease. However, when Ro > 1, the disease-free equilibrium becomes unstable and
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Fig. 5 Phase portraits and time histories of S(t), I(t), and R(t) for system (18) with fractional orders
a; =0.5,p0 = 0.01, 3 = 0.99, (13a—13b)B8 = 0.01, (14a—14b)B = 0.5, (15a—15b)B = 0.99

the SIR model has an endemic equilibrium which is globally asymptotically stable.
In this case, the disease persists in the population. In addition, we provided three
different cases to illustrate the numerical simulation of the SIR model in the sense of
Caputo. Our results satisfy similar and non-similar fractional orders. For the case of
similar orders, i.e. for the same values of @ (« = 0.99, 0.8, 0.05), the system showed
to be asymptotically stable for S(z) and I (¢) until it reached to a fixed point. For the
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cases of non-similar orders, i.e. for the values of « to be different as we showed in
cases II and III, the system behaved roughly the same. We conclude that varying the
fractional order « or the strength of infection B8 does not affect the stability of the
SIR model.
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1 Introduction

In this chapter, we study a nonlinear elliptic problem of the form

b(u) —diva(x,u,Vu) = f in
a(x,u, Vu).n = —|u| %"=y on 3L,

(1)
where 2 is a bounded open domain in RY with smooth boundary 0€2, n is the outer
unit normal vector on 92 and f € LY(Q).

The operator diva(x, u, Vu) is called p(u)-Laplacian. It is more complicated
than p(x)-Laplacian in terms of nonlinearity. A prototype of this operator is
div(|Vu |1’(“)_2.Vu). The variable exponent p depends both on the space variable x
and on the unknown solution u.

The study of p(u)-Laplacian problem was first developed by Andreianov et al.
(see [2]). The authors established the existence and uniqueness result to the weak
solution and the structural stability result in the case of homogeneous Dirichlet
boundary condition.

The interest of the study of this kind of problem is due to the fact that they
can model various phenomena that arise in the study of elastic mechanic (see [4]),
electrorheological fluids (see [16]) or image restoration (see [8]).
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In [2], the authors used a structural stability theory to establish a new existence
result to the problem

{b(u) —diva(x,u,Vu) = f in Q @)

u=2~0 on 0€2,

in the Banach space WO1 P (""('))(Q), under the following assumptions:

(A1) feLll(Q).
(A2) b is a nondecreasing, surjective and continuous function defined on R such
that »(0) = 0.

Problem (2) is adapted into a generalized Leray—Lions framework under the
assumption that a : Q x (R x RY) — R¥ is a Carathéodory function with

(A3) a(x,z,0) =0 forall z € R, anda.e. x € 2,
(Ay) (a(x,z,&) —a(x,z,m).(6 —n) >0 forall &, n € RV & #£p,

as well as the growth and the coercivity assumptions with variable exponent
As) a2, 0" < (18175 + M)

and
1

(Ag) a(x,z,8).E > C_|§|p(X’Z)'
2

Here, C and C; are positive constants and M is a positive function such that M €
LY(Q).
p: QxR — [p_, py]is a Carathéodory function, 1 < p_ < py < oo and
p(x,2)

p'(x,z7) = ————— is the conjugate exponent of p(x, z), with
plx,z) — 1
p—:=ess inf p(x,z) and py:=ess sup p(x,2).
(x,2)eQxR (x,2)eQ2xR

In addition, we assume that

p— > N and p is log-Hoélder continuous in (x, z) uniformly on Qx[-M, M),

for all M > 0. 3

The same authors in [2] established the structural stability results of weak solution
uy of the following nonlinear homogeneous Dirichlet boundary value problem:

b(u,) — diva, (x, uy, Vup) = fu in Q
u, =0 on 082,
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where a,(x,z,&) verifies (A3), (As4), (A5) and (Ag) with variable exponent
pn(x, 2) such that

1 < p_ < pu(.,.) < py < +ooand f;, is a sequence of data weakly convergent
to f in Ll(Q). In this work, instead of the Dirichlet boundary condition u = 0, we
use the Robin boundary condition a(x, u, Vu).n = —u|r =2y,

Here, r : 92 x R — [r_, r4] is a Carathéodory function, with 2 < r_ <r <
ri < oo. Therefore, the function ¢ + || ~2¢ is continuous a.e. x on IS
Furthermore, we make the following hypothesis:

(H) t+ [t]"“"72¢ is increasing.

Using (A1) — (Ag), we prove the existence of weak solutions when the data
are bounded, thanks to the technic of pseudo-monotone operators. In this chapter,
we consider the Robin boundary condition that brings some difficulties to treat the
term at the boundary. In order to get our main result, we define a new space that
will help us to take into account the boundary condition. This space in the context
of variable exponent was for the first time introduced by Ouaro et al. (see [14]).
We also establish the existence result of weak solutions for (1) and continuous
dependence for weak solutions, with L'— data, thanks to a priori estimates, the
Poincaré—Wirtinger inequality with constant exponent p_ and the Young measure
associated with a weakly convergence method of sequence of gradients of solution
(see [9, 11]).

The remaining part of the chapter is the following: in Sect. 2, we introduce some
preliminary results. In Sect. 3, we prove the existence and uniqueness result of the
weak solution, when the data are in L1(). In Sect.4, we study the continuous
dependence for weak solutions.

2 Preliminary

¢ We will use the so-called truncation function

. 1 if s>0
s if sl <k . .
Ti(s) = ) ,  where signg(s) ;=10 if s=0
ksigno(s) if |s| >k 1if 0
—1if s <O.

The truncation function possesses the following properties:

Ti(=s) = =Ti(s), |Ti(s)| = min{]s|, k},

1
lim Ti(s) =s and lim —Tx(s) = signo(s).
Jim k(s) =s an Jim k(s) = signo(s)
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*  We also need to truncate vector-valued function with the help of the mapping

N N A, if Al <m
hyp : RY — RY, h,y(M) = A where m > 0.

m— if |A| > m,
A

As the exponent appearing in (1) depends on x and u(x), taking into account
the boundary condition, we must work in Lebesgue and Sobolev spaces with
variable exponent which are L) (3Q) and W70 (Q), where s(.) = r(., u(.))
and 7 (.) = p(., u(.)). For the study of problem (1), we need the Sobolev spaces
whrO(Q).

Definition 2.1 Let : Q —> [1, 400) be a measurable function.

o L7O(Q) is the space of all measurable functions f : & — R such that the
modular

pr()(f) = /Q | P dx < +oo.

If p4 is finite, this space is equipped with the Luxembourg norm

- f
£ 110 :=1nf{/\>0; pm<x 1l

In the sequel, we will use the same notation L7™O(Q) for the space (LTO@)HN
of vector-valued functions.

« WL7O(Q) is the space of all functions f € L™ () such that the gradient of f
(taken in the sense of distributions) belongs to L™O(Q). The space whrO(Q)
is equipped with the norm

||M||W1,ﬂ(-)(gz) = ||M||Ln(»)(gz) + ||VM||LT!(-)(Q)~

When 1 < p_ < 7() < py < +o0, all the above spaces are separable and
reflexive Banach spaces.

We denote 7, (x) := p(x,u,(x)) for all x € Q and s,(x) := r(x, u,(x)) for all
x € 0Q2.

Proposition 2.1 (See [1], Proposition 2.3) For all measurable functions = : Q2 —
[p—, p+] the following properties hold:

(i) L™O(Q) and W' (Q) are separable and reflexive Banach spaces.
(ii) L™ O(Q) can be identified with the dual space of L™ (), and the following
Holder type inequality holds:

VfeL™(Q),geL”V(), ‘ / fedx| < 2/ fllro gl o q-
Q
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(iii) One has px()(f) = Vifand only if || f|| Lz (@) = 1, furthermore,
if pry)(f) = L then || f 11770 gy = Pr) () = 11w )7
if px () () 2 1 then || f11] 2 ) = Pr) () = 1F1ITr0 -
In particular, if (fy)neN is a sequence in L™O(Q), then ||fn||Ln(_>(Q) tends to

zero (respectively, to infinity) if and only if pr()(fn) tends to zero (respectively,
to infinity), as n — +o0.

For a measurable function f € W17 (Q), we introduce the following notation:

Pl,ﬂ(.)(f):/ Ifl”(')dx+/ IV " Odx.
Q Q

Replacing p(x) by m(x) in [7], Proposition 2.2, we get the following result that is
fundamental in this chapter (see [18, 19]).

Proposition 2.2 If f € W™ (Q), the following properties hold:

(i) 1 llwrro@ > 1= 100 @) < PLAO W) < A 0y
(ii) ||f||W1~7T(A)(Q) <l= ||f||l‘,’;1,n(,)(g) < p],n(.)(f) < ||f||€‘;1,n(,)(g2);
(iii) [|fllwrzoq) < L(respectively = 15> 1) < p1.2()(f) < l(respectively =
1;>1).
The following lemma shows that the space W17 () is stable by truncation.
Lemma 2.1 Ifu € W'"O(Q), then Ty (u) € WO (Q).
Now, we give some embedding results.

Proposition 2.3 (See [1], Proposition 2.4) Assume that w : Q@ — [p—, p+] has a
representative that can be extended to a continuous function up to the boundary 02
and satisfying the log-Holder continuity assumption:

AL >0, Vx,yeQ,x#y, —(loglx —y|)lm(x) —7(y)| <L. 4)

(i) Then, C*®(Q) is dense in W70 (Q).

(ii) WETO(Q) is embedded into L™ ) (), where 7*(.) is the Sobolev embedding
exponent defined as in (5) below. If q is a measurable variable exponent
such that ess 125 (m*() — () > 0, then the embedding of W' (Q) into

X

L1O(Q) is compact.

For a given 7 (.), a function taking values in [p—, p+], 7*(.) denotes the optimal
Sobolev embedding defined for any x € Q by
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Nm(x)

N —7(x) if n(x) <N
* N —7m(x)
¥ (x) = any real value if 7x)=N (5)

oo if m(x)> N.

Put

(N — Dm(x) .
ﬂa(x) = (jr(x))B = N——JT()C) if w(x) <N
oo if 7(x)=N.

(6)

Proposition 2.4 (See [14], Proposition 2.3) Let n(.) € C(Q) and p—>11If
q(.) € C(0R) satisfies the condition:

1 <qgx) <n’(x), VxeadQ,
then, there is a compact embedding
whTO(Q) < L1V (3Q).
In particular, there is a compact embedding

whTO(Q) — L7 (Q).

Young Measures and Nonlinear Weak-* Convergence
Throughout the chapter, we denote by &, the Dirac measure on RY (d € N),
concentrated at the point ¢ € R¥.

In the following theorem, we gather the results of Ball [6], Pedregal [15] and
Hungerbiihler [12], which is needed for our purposes (we limit the statement to the
case of a bounded domain €2). Let us underline that the results of (ii), (iii), expressed
in terms of the convergence in measure, are very convenient for the applications we
have in mind.

Theorem 2.1

(i) Let Q ¢ RN, N € N, and a sequence (v,)nen ofRd-valuedfunctions, d eN,
such that (vp)neN IS equi-integrable on Q2. Then, there exist a subsequence
(ni)ken and a parametrized family (vy)xeq of probability measures on R4
(d € N), weakly measurable in x with respect to the Lebesgue measure on 2,
such that for all Carathéodory function F : Q X RY > R, ¢t € N, we have
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lim | F(x,vy)dx = f / F(x, M)dvy(L)dx, )
Q Q JRd

k— 00

whenever the sequence (F (., v, (.)))neN is equi-integrable on 2.
In particular,

v(x) ::/ Advy(A) ®)
R4

is the weak limit of the sequence (v, )ieN in LY(Q).
The family (vy)xeq is called the Young measure generated by the subse-
quence (Up;)keN-

(ii) If Q2 is of finite measure, and (vy)xeq is the Young measure generated by a
sequence (Vy)neN, then vy = 8y(y) for a.e. x € Q & v, converges in measure
onQtovasn — o0.

(iii) If Q is of finite measure, (u,),en generates a Dirac Young measure (8,(x))xeQ
on R4, and (Vn)nen generates a Young measure (Vy)xeq OR R%, then the
sequence (U, Uy )nen generates the Young measure (8,(x) ® Vx)xeq On Ré1+dz,

Whenever a sequence (v,),eN generates a Young measure (Vy)yeq, following
the terminology of [10], we will say that (v,),eN nonlinear weak-* converges,
and (vy)xeq is the nonlinear weak-* limit of the sequence (v,),en. In the case
(vn)neN possesses a nonlinear weak-* convergent subsequence, we will say that it is
nonlinear weak-* compact ([1], Theorem 2.10 (i)). It means that any equi-integrable
sequence of measurable functions is nonlinear weak-* compact on 2.

For the proof of the following lemma, See [1], Theorem 3.11 and [2], Step 2-
proof of Theorem 2.6.

Lemma 2.2 Assume that (u,),eN converges a.e. on S2 to some function u, then,

|p(x, uy(x)) — p(x, u(x))| convergesin measure to 0 on 2,
and for all bounded subset K of RY,

sup la(x, u,(x), &) —a(x,u(x), &)| converges in measure to 0 on Q2.

EeK
©)

We recall some notations.
For any u € w70 (Q), we denote by t(u) the trace of u on 92 in the usual
sense. We will identify at the boundary u and 7 (u).
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3 Weak Solution

Let f, = T,(f). Then, (fy)nen+ is bounded. Moreover, (f;)nen+ strongly
converges to f in L'() such that fullovey = Ifllp1(q)- We consider the
following problem:

1 1
T (b(uyn)) — diva(x, uy, Vity) — =D p ty + —|upl”+2uy, = f, in Q
n n

1
(a(x, uy, Vuy) + ;|an|1’+*2an).;7 =T (= lunl"O2u,) on 3%,
(10
where

N

0
=35

i=1

ouy,

ax,'

p+—2 Ay
axi '

In this part, we prove that the problem (10) admits at least one weak solution u,,.
We define the following reflexive space:

E = WhPH(Q) x LP+(3Q).
Let
Xo={(u,v) e E: v=1tU)}.

In the sequel, we will identify an element (u, v) € X with its representative u €
whr(Q).

Theorem 3.1 There exists at least one weak solution u,, for the problem (10) in the
sense that u,, € Xo and for all v € Xy,
/ Ty (b(un))vdx + f a(x, uy, V) Vodx + / Ty (|un |V 2uy)vdo
Q Q Fle}
1
+ —/ [P+~ 2unv + |Vitn |7+ =2 Vu, Voldx
nJgo
_ / Fovdsx. (11
Q

To prove Theorem 3.1, we need the following lemmas.

Lemma 3.1 (see [13], Remark 2.12) Let V be a separable reflexive Banach space
and A, M:V — V' such that



Structural Stability of Nonlinear Elliptic p(u)-Laplacian Problem with Robin. . . 77

(i) A is a pseudo-monotone operator;
(ii) M is a bounded hemicontinuous and monotone operator;

then, A + M is pseudo-monotone.

Lemma 3.2 (See [17], Corollary 2.2) If an operator A is of type (M), bounded
and coercive on a separable Banach space to its dual, then A is surjective.

Let
< Ayu,v >=< Au,v > + < Guu,v >,

where
1 -2
< Au,v >= a(x,u,Vu).Vvdx, < Guu,v>= — |Vu|P+=*VuVvdx
Q nJjg
and
s()—2 1 p+—2
< Byu,v >= T, (b(u))vdx + T, (lu| u)vdo + — |u|P*“uvdx,
Q R nJjg

with u,v € Xg. Set C,, = A, + B,. The proof of Theorem 3.1 is done in three
steps.

Step 1: C,, is Bounded

By using the Holder type inequality and (As) with constant exponent p, we deduce
that A is bounded. Moreover, using the same argument as in [5], Proof of Lemma
4.2, we prove that G, + B,, is bounded.Therefore, C,, is bounded.

Step 2: C,, is of Type (M)
Let (ux)xen be a sequence in Xg such that

ury — u in Xop
Cpup — x in X
limsup < Cpug, uy >=< x,u > .

k—o00

We will prove that x = C,u.
As Ty (bwi)ug = 0, Ty (Jur O 2up)ux = T (Jug """ 2up)ugx > 0 and
lug|P+ > 0, by Fatou’s lemma, we deduce that

, 1
liminf(/ Tn(b(uk))ukdx—i-/ Tn(|uk|ék<~>*2uk)ukda+—/ Iuk|p+dx)
k— 00 Q Fle) nJjgo

1
3/ Tn(b(u))udx~|—/ T,,(|u|s(')_2u)udo+—/ lu|P+dx.
Q R nJjo
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On the other hand, thanks to Lebesgue’s dominated convergence theorem and the
. /
fact that |ug|P+2ug — |u|P+2u in LP+(S2), we have

! 1
lim </ Tn(b(uk))vdx+/ Tn(|uk|ék<~>*2uk)udo+—/ Iuklp+2ukvdx>
k—o00 Q a0 nJo
1
:/ Tn(b(u))vdx—i—/ Tn(|u|s(‘)_2u)vda+—/ lu|P+2uvdx,
Q IR nJjo

for any v € Xg. Since ¢ > |t|"®D 2 is continuous a.e. x on 9 and u; — u a.e.
on 32, T, (Jux | ~2uy) — T, (lu|*P~2u) a.e. on dQ. Therefore, for k goes to 0o,

1
Buug — Ty (b)) + T (Jul*O72u) + —|ulP*2u in X
n
Thus, it follows that
1
Ajup — x — (Tn(b(u)) + Tn(luls(')fzu) + —|u|p+2u> in X;, as k — oo.
n

It remains to prove that A, is of type (M). For this, we first show that G,, is bounded
monotone and hemicontinuous.

From Step 1, G, is bounded. Let us prove that G, is monotone. For all u, v €
WP+ (), we have

1
< Guu—Guo,u —v >= —f (|Vu|p+_2Vu — |Vv|p+_2Vv)(Vu — Vv)dx >0,
nJjq

since & > |£|P+72¢ is increasing for p; > 2.
Moreover, G, is hemicontinuous. Indeed, let f : t € R — f(¢) =< G, (u +

tv),v >and t, 1) € R suchthat t — #9. Letus set w = u + tv € WL-P+(Q) and
wo = u + tgv € WP+(Q). Then,

lw — wolly1.r+ @) = 1t —t0)VIly1p+ (@) = It — DOIIVIIy1r+ o) = 0.

So, w — wyg in WL-P+(Q), as r — 1y, which implies that Vw — Vwyg in LP+(R2),
and we infer that

/
IVw|P+2Vw — [Vwo|P+>Vwy in LP+*(Q) as t — fo.

Therefore,

Lf@) = fo)| =1 < Gulu+1v),v > — < Gulu+1ov), v > |

IA

1
—/ [[Vw|P+=2Vw — [Vwg| P+~ *Vwy||Vu|dx
nJjo

VW] P+ =2V w — [Vuwo|”+ 2 V||

IA

L],;_(Q)”VU”LI%(Q) — 0.
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Then, we deduce that f is continuous, namely the operator G, is hemicontinuous.
Now, we are going to prove that A is pseudo-monotone.
Let us set

a(u, v, w) = / a(x,u, Vv)Vwdx.
Q

Then, w +— aj(u, v, w) is continuous on WP+ (2), thus
a(u, v, w) = (A, v),w), A@,v) e WP (Q),
and verify
A(u,u) = Au.
Let us Prove That A Is of Type of Calculus of Variation
* As A(u,.) is bounded, we prove that v +— A(u, v) is hemicontinuous from
Whre(Q) — (WhrH(Q))'.
Since a(x,u,V(vy + Avy) — a(x,u,Vvy) in LP+(Q2) as A — 0 and
u, vy, vo € WhP+ (), then ay (u, vi + Ava, w) — a;(u, vi, w) as 1 — 0.
In the same manner, we prove that u — A(u, v) is hemicontinuous from
Whre(Q) — (Whr ().

Moreover, for all u, v € WP+ (), we have

<A(w,u) —A(u,v),u —v >
=< A(u,u),u —v>—<Au,v),u —v >

=ai(u,u,u —v)—ay(u,v,u —v)

= / a(x,u, Vu)V(u — v)dx —/ a(x,u, Vo)V(u — v)dx
Q Q

= / (a(x, u,Vu) —a(x, u, Vv))V(u —v)dx > 0.
Q

e Let us suppose that uy — u in Whr+(Q) and < A(ug, ux) — A(ug, u), uy —
u >— 0. We prove that

voe WLPH(Q), A(ug,v) — A(u,v) in (WHPH(Q)).

Let us set

/ Firdx = (A(uk, uy) — A(ug, u), ug — u)
Q
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As u; — u, we have
a(x, ug, Vo) — a(x,u, Vv) in L (Q)

(see [13], Lemma 2.2 with m = 1). Therefore, A(ur,v) — A(u,v) in
(WP ().

+ Now, we suppose that u; — u in WP+ () and A(ux, v) — © in (WhP+(Q))'.
We prove that

<A(uk, v), uk) — (@, u)
Then, by using [13], Lemma 2.1, we obtain that a(x, ux, Vv) — a(x, u, Vv) in
LP+(Q2) and thus aq (ug, v, ug) — aj(u, v, u).

Therefore,
< A(ug, v), up >=ay(ug, v, uy) >< A(u,v),u > and © = A(u, v).

Hence, A is of Calculus of variation type. Finally, by using [13], Proposition 2.6,
we deduce that A is pseudo-monotone.

Therefore, it follows from Lemma 3.1 that A;, = A + G, is pseudo-monotone.
So, the operator A, is of type (M) (see [13], Proposition 2.5), and we immediately
have

1
Au + Guu = x — (Ty(b ) + T (jul*Y~2u) + = [ul?+2u).
n
Therefore, we obtain C,u = .

For more understanding regarding operator of “type (M),
type” and “pseudo-monotone”, see [13, 17].

9

calculus of variation

Step 3: C,, Is Coercive
Using (Ae) with constant exponent, we get

< Chu,u > = / a(x,u,Vu).Vudx +/ T, (b(u))udx
Q Q

1
+/ T, (O 2u)ud s + — /[|u|P++|w|P+]dx
> —/ |Vu|P+dx + — /|u|p+dx

1 1
> Csllu| |, where C3_m1n{c— —}

whre @)’ 2 n

We deduce that
< Chu,u >

— 00 as ||u||W1,p+(Q) — 00.
||”||le1)+(9)
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Hence, C,, is coercive. Then, according to Lemma 3.2, C,, is surjective.
Let F, = T,(f) € X},; then, there exists at least one solution u, € X of the
problem
< Cpity, v >=< F,,v >, forall v e Xj.
Therefore, u, is a weak solution of the problem (10). This ends the proof of
Theorem 3.1.

Remark 3.1 1If u, is a weak solution of the problem (10), then u, € Wh™0(Q),
since WhPH(Q) — wlmO(Q) continuously. Moreover, a(x, u,, Vu,) satisfies
(A3) — (Ag) with variable exponent 7, (x) := p(x, u,(x)).

Now, we can introduce the notion of weak solution.

Definition 3.1 A measurable function u € W'7O(Q) for n(.) = p(.,u()) is
called a weak solution of the problem (1) if b(u) € L' (), u* Q=2 e L'(3Q)
and for all ¢ € WH7O(Q),

/b(u)qodx—l—/ a(x,u,Vu)V<pdx+/ lu)* P 2updo =/ fedx. (12)
Q Q a0 Q

These integrals are well defined. For the first integral and the right-hand side of
the above equality, we use the fact that ¢ € L*°(R), since ¢ € WHTO(Q) ¢
wlr-(Q) — C(Q), for p_ > N. For the second integral, we use the growth
assumption (As) to prove that a(x, u, Vu) belongs to L”/(")(Q). Moreover, as ¢ €
C(RQ), then ¢ € L>®(3RQ), so, the third integral is well defined.

One of the main theorems of this chapter is the following.

Theorem 3.2 Assume that (A1)—(Ag) and (3) hold. Then, there exists at least one
weak solution to the problem (1).

To prove the above theorem, we need the following two lemmas.

Lemma 3.3 Assume that (Ay)—(Ae) hold with variable exponent w,(.). If u, is a
weak solution of (10), then, we have

fQ|Tn<b<un)>|dx < Ifllry, (13)

/asz ‘Tn(|unls"(')_2un)|d0 < IfllLi @ (14)
and

||”n||W11p—(Q) = COnSt(Pfa Q, f) (15)
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Proof of Lemma 3.3 By taking v = T (u,), for all k > 0, in the weak formulation
(11), we obtain

/ T (b(up) Ty (uy)dx +/ a(x,uy, Vu,) . VTi(u,)dx
Q Q

+/ Tn(|un
a0

1
+ - / [P+~ 2un T un) + |Vt [P+ 2V, VT () |dox
Q

sn(.)—2

un)Tk(un)do

_ / FuTeCun)dx. (16)
Q
Since all the terms of the left-hand side of (16) are nonnegative, we deduce that
/ T (b () T (u)dx < / fuTiGun)dx
Q Q

<kl fllLy @) a7

and

f Tn(|un|Sn(.)_2”n)Tk(”n)dU < / JnTi(up)dx
2% Q
=kl fllLi - (18)

Dividing (17) and (18) by k and letting k goes to 0, we have

fQ T, (bGun))signotun)dx < || 1l 1,

and
/3 Tl ) signotun)der < 11f 11 o
Therefore,
fQ|Tn<b<un)>|dx < 1fllLie (19)
and

/ag | Tu(lunl* " 2un)|[do < 11 f1111(g)- (20)
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From the relation (19), the sequence (7, (b(u;)))nen+ is uniformly bounded in
L'(). Thus, we deduce that (b(it,))pen+ iS uniformly bounded in LY(Q). As b
is continuous, nondecreasing and surjective; then, (u,),cN+ is uniformly bounded
in L! (£2). So, there exists a positive constant C4 such that

/ lunldx < Cy.
Q

Hence,

1
Uy = m /gz u,dx < const(2).
Moreover, from the Poincaré—Wirtinger inequality:
/ lun — ity |P~dx < const(p_, Q)/ [Vu, | -dx,
Q Q

where i, is given by the above inequality, we deduce that

p—
/ lu,|P~dx Sconst(p_,Q)/ |Vun|p‘dx+‘/ Undx
Q Q Q

Thus,
/ lun|P~dx < Cs/ Vi, |P~dx + Ce, 210
Q Q

where C5 = cons(p—, Q) and C¢ = const(p—, C4, 2) are the positive constants.
Furthermore, as W!-P- () = L*°(L2), there exists a positive constant C7 such
that

lunll sy < Crllunll o0 (22)
(€2) whr—(Q)

Using (Ae) with variable exponent p(x, u,(x)) on a(x, u,, Vu,) and Theorem 3.1,
the sequence u,, satisfies

/ Ty (b(uy))undx + / T (|un O 2w, updo
Q I

1 1
+—/ |Vu,,|”"(‘)dx+—</ |Vun|p+dx+/ |u,,|P+dx)
G Ja n\Ja Q

< / Frutndx. (23)
Q



84 S. Ouaro and N. Sawadogo

Applying Young’s inequality on the right-hand side of (23) and using (22), we get

/fnundx§/ | fllunldx
Q Q

= I f v yllun e

+ 2C(Cs+ 1) 2C;

(2C267(C5 * D) 11 ( = )”nu ||
= —_— 1 e s—— oo
p- HO266¢s+n) T
L (PG Gt DYy ey ey el
e - H@ T T30, (Cs
1 (2C2C7(Cs+ 1) 2 1
= - ||f||L1(Q) TSNS
(24)
Moreover, as p— < m,(.), we have
/ |Vu,|P~dx < meas(2) +/ |Vu, ™ Odx. (25)
Q Q
Combining (21) and (25), we get
/ lun|P~dx < Csmeas(S2) + CS/ |Vu,|™Vdx + Ce.
Q Q
We infer from the above inequality and (25) that
laall s fQ [lual P~ + |Vatn |- Jdx
< (Cs5+ Dmeas(Q) + C¢ + (Cs + l)/ Vi, ™ Odx. (26)
Q
Furthermore, using (24) and (26), we obtain
2C,C7(C5 4+ 1) . meas($2)
/fnundx ( p_ ”f”Ll(Q) 2—Q
C
6 4 / Vit O dx. 27)
Q
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Combining (23) and (27), we get

/ Tn(b(ull))uild-x+/ Ty (Jun |é"()7 Up)uydo + —/ [V, () gy
Q 2C2

a1 gy = G (28)

where

4

P
1 (2C2C7(Cs+1) . meas (S2) Cq
T ) A g, +

pL p- 2C; 202(Cs + 1)

Cyg = —

Thus, we deduce from (28) that
/ Vi, ™ Ddx < Co. (29)
Q

Now, using (26) and (29), we infer

||u,,||W1,p,(Q) < const(p,, Q, f). 30)

Lemma 3.4 (u,),cn+ converges a.e. in 92 to v.

Proof Since (u,)nen+ is uniformly bounded in W7~ (), then, up to extraction
of a subsequence still denoted (i), <N+, it converges a.e. in 2 (and also weakly in
WLP-(Q)) to a limit u.

We know that the trace operator is compact from W!1(Q) into L!(3).
Obviously, W!-7-(Q) < W!1(Q) because p_ > 1. Therefore, u,, — uin L' (3Q)
and a.e. in dQ2. Thus, v = u3q has definite meaning. O

The following assertions are based on the Young measure and nonlinear weak-*
convergence results (see [0, 12, 15]).

Assertion 1
The sequence (Viu,),en+ converges to a Young measure v, (1) on RV in the
sense of the nonlinear weak-* convergence, and

Vu =f Advy (V). 31
RN

Proof As (u,)nen+ is uniformly bounded in WP~ (), then, up to extraction of
a subsequence still denoted (u,),cN*, U, converges a.e. in Q (and also weakly in
WLrP-()) to a limit .
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Therefore, Vu, weakly converges to Vu in LP-(2). Now, we prove that
(Vup)nen is equi-integrable.

(|Vun|?-)nen being bounded is equi-integrable. As p_ > 1, then, for all subset
E C Q, we obtain

/ |Vu,|dx 5/(1 + |Vu, [P~ )dx.
E E
Therefore, for meas(E) small enough, (Vu,),eN is equi-integrable on 2. Then,

using the representation of weakly convergent sequences in L'() in terms of
Young measures (see Theorem 2.1, property (8)), we can write

Vu=/ Advy(A).
RN

Assertion 2
A7O s integrable with respect to the measure v,(A)dx on RN x Q, and
moreover, u € WHT0(Q).

Proof We know that 7, converges in measure to 7. Using Theorem 2.1-[(ii),(iii)],
(7ty, Vup)nen converges on R x RY to the Young measure jty = 8z(x) ® Vx. Thus,
we can apply the weak convergence property (7) of Theorem 2.1 to the Carathéodory
function

Fr s (X, 20,4) € 2 x (R x RY) > |h,, 0)[*0,

with m € N, where h,, is defined in the preliminaries. We have

/ 1w ) Odvy (R)dx = / |hm ()10 iy (R0, 1)dx
QxRN Qx (RxRN)

[ Fnxira iadies o o
Q JRxR

= lim Fn(x, m,(x), Vu, (x))dx
Q

n—oo

lim | |fm(Vup) ™ Odx
n—0o0 Q

A

n—oo

lim |V, | Odx
Q
< (Cy.

Since h,, (L) — A, asm — oo and as m +—> h,,(A) is increasing, using Lebesgue
convergence theorem, we deduce from the above inequality that
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f i A" Ddve(W)dx < Co.
QxR

Hence, |A|7") is integrable with respect to the measure v, (A)dx on RV x Q.
Now, we prove that Vu € L™ (). Using (31), Jensen’s inequality and the last
inequality, we get

/IVM|”(')dx=/ / Adve ()
Q Q| JRN

Thus, Vu € L*™(RQ). Moreover, u € L7(Q). Indeed, u € WHP—(Q) C
L>®(Q) c L™(Q) for p_ > N.Hence,u € WHO(Q). O

()
dx < / A Odve (W)dx < .
QxRN

Assertion 3
The sequence ®,, defined by ®,, := a(x, u,, Vu,) is equi-integrable on 2.

Proof By using (As) with exponent 7, (.), we obtain
ja(x. tn, Vitg) " < C(| Vit [ + M(x)).

The above inequality give us

1

la(x, n, Viy)l < C((1+ Vi ™) + M(x)) 70
n(

1 n
7

< C((1+ M) O + [Viy| 70

< C(1 4+ M(x) + |Vu, O,

For all set E C €,
/ la(x, uy, Vuy)ldx < C/(l + M(x))dx
E E

+ Cuol|| Vien [0

, ||XE||L7Tn(4)(Q),
Lnn(A)(Q)

where C19p = const(p_). The first term on the right-hand side of the above
inequality is small for meas(E) small enough, since 1 + M € L1(RQ).
According to Proposition 2.1, we obtain

T T
IXE Lm0 () < max {/On,l(.)()(E)”+ s P () (XE) P~ }

= max {(meas(E))Pl, (meaS(E))ﬁ }
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Analogously,

7 ()—1

H|Vu,,

Ln;z(-)(Q)

1 _
< max { <pn,’,<.)(|wn|”"(')l) @+ ) (pn,; (O (Vi[O 0= ) }

1 1
" (-
:max{(/ |Vu,,|”"(')dx> o (/ |Vu,,|”"(')dx> g }
Q Q

Using (29), / la(x, uy,, Vuy,)|dx becomes small for meas(E) small enough.
E
Hence, (®,),cN is equi-integrable. |

Assertion 4
The weak limit ® of @, (or a subsequence) belongs to L™ ,(‘>(§2), and we have

o (x) :/ a(x, u(x), Mdv,()). (32)
RN

Proof Set &, = a(x,u(x), Vv,) with Vv, = Vu,xs,, where S, = {x €
Q. |m@) —m@®| < 3}.

We prove that ®,, is equi-integrable on £2. ~

We applied (As) with variable exponent 7 (.) on ®,,.

Let E C 2, and we have

/ la(x, u(x), Vop)|dx < Cf(1+M(x)+|an|”(')_1)dx
E E

< C(/(l +M(x))dx+f |wn|”<->—1dx>.
E ENS,

The first term on the right-hand side of the last inequality is small for meas(E)
small enough.
Forallx € S, n(x) < m,(x) + %; thus,

/ |Vu,,|”(')_ldx§f <1+|w,,|”~<~>—%>dx
ENS, E

and

/ Vit [T O~ DCTOY g :/ Vi, [*Odx < oo,
Q Q
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which is equivalent to saying |Vu, |”"(')_% e L@ (Q). Now, using the Holder
type inequality,

/ |Vun|”(‘)_1dx§/ <1+|wn|”n<->—5)dx
ENS, E

< meas(E) + 2| |Vun||L7T,1(A)(Q)||XE||L27Trl(»)(§2)' (33)
According to Proposition 2.1,

1

1
NxEl 200 (@) < max{(,02nn()(XE)) (P27, () (XE)) PP }

= max {(meas(E))21 (meas(E))ﬁ }

The right-hand side of (33) is uniformly small for meas(E) small, and the equi-
mtegrablhty of ®,, follows. Therefore, up to a subsequence, ®, weakly converges
in L1 (Q)toCD,asn — 00.

Now, we prove that & = &; more precisely, we show that ®, — ®,, strongly
converges in L'(£2) to 0.

From (29), / |Vu,,|”"(')dx is uniformly bounded, which implies that
Q

/ |Vu,|dx is finite, since
Q

f |V, |dx 5/(1+|Vun|””(x))dx.
Q Q

By Chebyshev’s inequality, we have

Jo |Vuyldx

meas({|Vu,| > L}) < 7

Therefore, sup meas({|Vu,| > L}) tends to O for L large enough. Since o, — ®,
neN
is equi-integrable, then for all 8 > 0, there exists § = §(8) such that for all A C €,

meas(A) < 8 and/ |&>n —®,ldx < g
A

) fQ|Vun|dx
Therefore, if we choose L large enough, we get - <38, SO
meas({|Vu,| > L}) < 6.
Hence,

/ |®, — D, |dx < ﬁ.
{IVun|>L) 4
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By Lemma 2.2, we also have

meas({x € Q; supla(x,uy(x),r) —a(x,u(x), )| > o}) — 0,
rekK

asn — o0o.
Thus, by the above equi-integrability, for all o > 0, there exists ng = ng(o, L) €
N such that for all n > ng,

f |, — ,ldx < é.
{er; SUp|; |<r, Ia(x,un(x),)»)—a(X,M(X)J\)\ZU} 4

Using the definition of &, and &Dn, we have
®, — Oy = a(x, uy(x), Viy) — a(x, u(x), Vi) on S,.

Now, we reason on

Sn,Lo = {x € Q; sup la(x,up(x),A) —a(x,u(x), V)| <o, |Vu,| < L}.
[AM=L

We get

/ |®, — ®pldx < / sup la(x, u,(x), 1) —a(x, u(x), A)|dx
SnNSy Lo Sn, Lo |M=L
< omeas(2).

We observe that

/ |<i>n—d>n|dx=/ |<i>n—c1>n|dx+/ |Py — Pnldx
Sn SnmSn,L,a Sn\Sn.L,(r

and

Sn\ Sp,L,0 C {x €2 sup la(x,un(x), 1) —alx, u(x), V)| = U} U {IVMnI > L}-
[Al<L

Consequently, by choosing 0 = o (8) < L, we get
dmeas (2)

B_ B B _3B
/|(I) —<I>|dx<—+ +Z I
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for all n > no(o, L). By Lemma 2.2, we also have meas({x € Q, |w(x) —m,(x)| >
%}) — 0 for n large enough, which means that meas (2 \ S,) converges to 0 for n
large enough. Thus,

/ 1B, — Dy ldx =f duldx < 2.
2\, Q\S, 4

Therefore, for all B > 0, there exists ng = ng(B) such that for all n > ny,
/ |&)n — Qpldx < B.
Q
Hence, &, — ®,, strongly converges to 0 in L' (). We prove that

®(x) :/ a(x, u(x), Ndv,(A) a.e. x € Q and ® € L7 O(Q).
]RN
Notice that

lim / [Vup|(1 = xs,)dx = lim Vi, |dx =0,
Q

n——+o0o n—+o00 Q\S,
since (Vu,)nen is equi-integrable and meas(2 \ S,) converges to O for n large
enough.
Therefore, (Vu,)nen and Vu, x5, converge to the same Young measure vy (1).

Moreover, by applying Theorem 2.1-(i) to the Carathéodory function
F(x, (Ao, 1)) := a(x, Xo, 1), we infer that

&D(x) =d(x) = / a(x,u(x), \)dv,(\) ae. x € Q.
RN

Using (As), it follows that |a(x, u(x), A)[*© < C(M(x) + |A|"V). Thus, with
Jensen’s inequality, it follows that

/Iﬂb(x)l”'(‘)dx:/ ‘/ a(x, u(x), A)dvy (1)
Q Q RN

< / laCe, u (@), W Odv, (Wdx
QxRN

7'()
dx

< c/ (M(x) + |x|”<'>>dux(x)dx < 00.
QxRN

Hence, ® € L7 (). O
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Assertion 5

/ O Vudx > / a(x,u(x), L).Advy(XN)dx. (34)
Q QxRN

Proof For all ¢ € C®(R), we have

/ T, (b(un))gdx + f Ty (O~ pdos + / a (e, tn, Vitn) Vo
Q Q2 Q

1
41 / [V P+ VitV + tn P+ 2] dx

nJjo
_ / Fpdx. (35)
Q

Letting n go to oo in (35), we obtain
/ b(u)pdx + / lul* O 2updo + / ®.Vodx = / fodx. (36)
Q a0 Q Q

Indeed, (), N+ is uniformly bounded in the space WbP-(Q) and p_ > N. Then,
by embedding result (W!P-(Q) < L%(RQ)), (un)nen+ is uniformly bounded in
L*°(R2). Thus, as b(.) is continuous, then, (b(u,)),en+ is uniformly bounded in
L>°(R2). Otherwise, T, (b(u,)) converges to b(u) a.e. in Q. Therefore, thanks to
Lebesgue’s dominated convergence theorem, 7, (b(u,)) converges to b(u) in LY().
Moreover, a(x, u,, Vu,) = ®, weakly converges to ® and f, strongly converges
to f in L'(S2). Furthermore, from (28), we deduce that

1 Py <
n ||un||W1/’+(Q) = C87

which implies that the fourth term on left-hand side of (35) goes to O for n large
enough.

We are now interested to the second term on the left-hand side of (35).

We know that (u,),en+ 1s uniformly bounded in wlr-(Q) and Wlr-(Q) —
C(Q) for p_ > N. Therefore, (u,)nen+ is uniformly bounded in L (32). We
recall that t — |¢]”-"=2¢ is continuous a.e. in 2. Thus, (Jun|"“*) " 2uy) pens =
(Jun "D~ 2u,) pen+ is uniformly bounded in L>°(3<2). But

| T (1O 2u) | < [l )9 20|

so, the sequence (T}, (|un | ~2u,))pern+ is uniformly bounded in L>°(dS2). Hence,
there exists a positive constant Cy; such that

| T (Jun 1" 2u) 9] < Crilpl ae.in 9<.
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Moreover, T, (|un O 2u,) @ — |ul*P2ue ae.in 9K, which implies that

lim | T (ua O 2w pdo = f ul*Ougpdo,

=00 JaQ aQ

thanks to Lebesgue’s dominated convergence theorem. On the other hand, by the
density argument, we can replace ¢ with u, in (35) to get

/ Ty (b(un))undx + / T (Jun 1Y 2wy updo + / a(x, un, Viy).Viydx
Q 02 Q
1
+—/ [IVun]P* + |un] P+ ]dx
nJjo
:/ faltndx. 37
Q

u e W@ ¢ whr-(Q) ¢ ¢%*(Q) and p(.,.) is locally uniformly log-
Holder continuous; then, the exponent 77 (.) verifies (4). Therefore, C*°(£2) is dense
in WH70(Q), so we change ¢ by u in (36) to obtain

/b(u)udx+/ |u|s(')do~|—/ ®.Vudx =/ fudx. (38)
Q Q2 Q Q

The sequence (T, (b(u,))un)neN is nonnegative. T, (b(u,))u, is also measurable
and converges a.e. in 2 to b(u)u. By Fatou’s lemma, we get

liminf/ T, (b(up))u,dx z/b(u)udx. 39
n—>oo Q Q
In the same manner,
liminf f T (|un O 2up)updo > / lu)*Vdo. (40)
=0 Ja Q

Moreover, the sequence ( f,u,)neNs converges a.e. in 2 to fu and

[ futtn| < | flunllLoo)-

(Un)nen+ is also uniformly bounded in L*°(€2). Applying Lebesgue’s dominated
convergence theorem, we get

lim fnundx=/ fudx. 41)
Q Q

n—00
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By combining (39), (40) and (41), we have

liminff f,,undx—/ b(u)udx—f lul*Vdo
n—>oo [o Q 90

> liminf/ [ fattn — T (b(un))un)dx —/ T (lun O Uy updo.
Q Q2

n—o0

By using (37), (38), the above inequality and the definition of ®,,, we get

1
/ ®.Vudx > liminf/ <<I>n.Vu,, + —[|Vu,,|er + Iun|p+]>dx
Q Q n

n—o0

> liminff ®,. Vu,dx.
Q

n—o0

Hence,

n—oo

/ &.Vudx > liminf/ ®,.Vu,dx. 42)
Q Q

By Andreianov et al. [1] Lemma 2.1, m +— a(x,u,, hyn(Vuy)).hy(Vuy) is
increasing and converges to a(x, u,, Vu,).Vu, for m large enough. Then,

a(x,up, hy(Vup)).hyp(Vuy) < a(x, uy, Vig).Vuy,.

Therefore, by using (42) and Theorem 2.1, we have

n—o00

/ O.Vudx > liminf/ ®,.Vu,dx
Q Q

v

lim a(x, uy, hy(Vup)).hy, (Vu,)dx

n—oo Q

/ a(x,u, hy(A)).hy,(MN)dv,(V)dx. 43)
QxRN

Using Lebesgue’s dominated convergence theorem in (43), as m goes to 0o, we
get (34). O

Assertion 6
The “div-curl” inequality holds.

/ (a(x, u(x),A) —a(x, u(x), Vu(x))()» — Vu(x))dv,(M)dx < 0.
QxRN
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Proof We have
/ (a(x,u(x),A) —alx, u(x), Vu(x)))(A — Vu(x))dv, (A)dx
QxRN
= / a(x,u(x), A).Advy(A)dx
QxRN
— / a(x,u(x),X).Vu(x)dv,(\)dx
QxRN
— / a(x,u(x), Vu(x)).Advy(A)dx
QxRN
+ / a(x,u(x), Vu(x)).Vu(x)dv, (A)dx
QxRN

= / a(x,u(x), A).Advy(AM)dx
QxRN

—f (/ a(x,u(x),k)dvﬂk))Vu(x)dx

Q \JRVN

—/ a(x,u(x),Vu(x)).(f Advx>dx
Q RN

+/ a(x,u(x),Vu(x)).Vu(x)(/ dvx)dx

Q RN

=/ a(x,u(x), r).Adve(A)dx —/ ®.Vudx < 0.
QxRN Q

We pass from the first equality to the second equality by using Fubini’s theorem and
from the second inequality to the third one by using (31) and the fact that v, is a
probability measure on RY . Finally, (32) and (34) give us the desired inequality. O

Assertion 7
D (x) = a(x, u(x), Vu(x)) a.e. x € Q, and Vu,, converges to Vu in measure on
Q,asn — oo.

Proof From Assertion 6 and relation (A4), we deduce that
(a(x, u(x),r) —a(x, u(x), Vu(x))) (k — Vu(x)) =0 ae. xe€eQ, A€ RV,

Thus, A = Vu(x) ae. x € Q wrt. v, on RY; therefore, v, (Vu(x)) = 1 and
dvu = vy. By using (32), we get

d(x) = / a(x,u(x), N)dvy(A) = a(x,u(x), Vu(x)) ae. x € Q.
RN
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Thus, Theorem 2.1-(ii) shows that Vu,, converges in measure to Vu. O
Lemma 3.5 u is a weak solution of the problem (1).

Proof We first prove that b(u) € L'(2) and |u|*“~%u € L' (3Q).
Using Lemma 3.3 and Lemma 3.4, it follows from Fatou’s lemma that

/ |b(u)|dx Sliminf/ T (bua))|dx < 111110

Q n—oo Q

and
f ||u|S<~>—2u;dagliminff | T (O 2un) [ do < |1 11 11q)-
Q n=>00 JaQ

Hence, b(u) € L'() and |u|*V2u € L' (3).

Now, by using Assertion 4 and Assertion 7, and thanks to that the density
argument (C* () is dense in the space W) (Q)), we can take ¢ in W70 (Q)
as test function in (36) to get

/b(u)gadx—i—/ |u|s(‘)_2u<pda+/ a(x,u, Vu)V<pdx:/ fodx.
Q a0 Q Q

Hence, u is a weak solution of (1) O

Now, we state the uniqueness result of weak solution. This result uses the same
arguments as in [2], Theorem 2.8.

Theorem 3.3 Assume that b is strictly increasing. Assume that (A3), (As), (As),
(A¢), (H) and (3) hold, and M is taken constant in (As). Moreover, a satisfies that,
for all bounded subset K of R x RY, there exists a constant C(K) such that

ae. x €, foral (z,n),(z,n) €K,

la(x,z,n) —alx,z,n| = C(K)lz —z|. (44)
Finally, suppose the following regularity property:

forall f € L°°(2), there exists a weak solution of (1),

which is Lipschitz continuous on 2. (45)

Then, for all f € L'(Q), the problem (1) admits a unique weak solution.

Remark 3.2 As in [2], Theorem 2.8, the condition (45) goes back to idea of [3].
Moreover, in Theorem 3.3, the relation (44) is used to obtain the inequality (51)
below.
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Proof of Theorem 3.3 The existence has already been proved. Now, we show the
uniqueness. For more details, see [2], Proof of Theorem 2.8.

Let u be a Lipschitz continuous weak solution of (1) with f € L°°(2) and v be
a weak solution in the same sense, with f e L1(Q).

1
The function ¢ := —Ti(u — v) is an admissible test function in the weak

formulation of # and v. Indeed, as €2 is bounded open domain with smooth boundary
0%2, the spaces of Lipschitz functions C%1(Q) and W1°(Q) are homeomorphic
and they can be identified. Moreover, ¢ belongs to WLH(Q) N L%°(Q) and even
¢ € L°°(0K2). As u is bounded, we have

1 1
¢ = ETk(u —v) = sz(u — Thetjul)oc (V) (46)
with
1
| <1 and V¢ = %V(u - U)X[|u7v|<k]' (47)

Firstly, using the fact that Vu is bounded and assumption (A4) of this theorem, we
get

la(x, u, Vu)| < C(IVulPHO) + 1) € L¥(Q).
Thus, ¢ € WLHQ)NL® () is admissible as a test function in the weak formulation
for the solution u, which belongs to W1 (Q). Secondly, if v € WP (Q), then
by (46) and Lemma 2.1 and because u € W!HP+(Q) ¢ WhPGrO)(Q), we obtain
¢ € Whrtr) (@) N L®(Q) as a test function in the weak formulation for the
solution v.

Hence, ¢ is necessary an admissible test function for u and v. Thus, with this test
function defined in (46) and (47), we have

1 1
f b(u)=Ti(u — v)dx +f [u) G2y T (u — v)do
Q k Yol k
1
+ E/ a(x,u, Vu).V(u — v) X[0<|u—v|<k]dXx
Q

_ / £t = vdx 48)
o’k
and

1 1
/ b(w)=Ti(u — v)dx +/ "G 2, 2T (u — v)do
Q k 90 k
1
+ % / a(x,v, Vv).V(u — U)X[O<\u—v|<k]dx
Q

_ / FL 1 = vdx. (49)
0’k
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Subtracting (48) from (49), we get
1
/ (b(u) — b(v))—Tk(u —v)dx
Q k

1
+ | Qu O — o P20y ST (u — v)do
B1o) k

1
+ %/ (a(x,u, Vu) — a(x, v, Vv)).V(u — v) x[0<ju—v|<k1dX
Q

a
=/ (f—f)—Tk(u—v)dx. 50)
Q k
Let us denote by / the third term on left-hand side of (50). We know that

(a(x,u,Vu) —a(x,v, Vv))V(u —v) = (a(x,u, Vu) —a(x, v, Vu))V(u — v)

+ (a(x,v,Vu) —a(x,v, Vv))V(u — v).
>0

We have

1
I =1I +f (a(x, v, Vu) —a(x, v, Vv))zv(u — V) X[0<|u—v|<k]AX,
Q
where
1
I = | (ax,u,Vu) —a(x,v, VM))zV(M — V) X[0<|u—v|<k1dX.
Q

Let us show that I — 0 as k — 0. Since u is bounded, v is also bounded on the set
[0 < |u — v| < k]. Thus,

1
[ 1] < —/ la(x,u, Vu) —a(x, v, Vu)||Vu — Vv|dx
k [0<|u—v|<k]

1 .
=3 C(11ulli@. IVl (o)l — vl|Vae — Voldix (by using (44))
[O<|u—v|<k]
=< C(HMHLOO(Q), ||Vu||LOO(Q))/ |Vu — Vv|dx — 0, ask — 0. (51)
[0<|u—v|<k]

Note that limy_.o meas([0 < |u — v| < k]) = 0 and |Vu — Vv| € L1Y(Q).
For the first term on the left-hand side of (50), one has

lim / (b(u) — b(v))lTk(u —v)dx = / (b(u) — b(v))signo(u — v)dx
k=0 Jo k Q

=/ |b(u) — b(v)|dx. (52)
Q
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In the same manner,

1
lim [ (ul D72y — o) OO0 Z T (u — v)do
k—0 Joq k

= / (|u|’(‘*”('))_2u — |v|r("”(‘))_2v)sign0(u —v)do
Q2

=/ |u| "4 OI=2y — | vOI=2y | G (53)
02
and
Al o
tim [ (= f)gTiu— v = [ 1f = fidx. (54)

Finally, one makes k go to 0 in (50), and taking into account inequalities (51), (52),
(53) and (54), we get

/ |b(u) — b(v)|dx +/ |u|" D=2y — | O 2y g
Q aQ
+ lim f (a(x, v, Vu) —a(x, v, Vv))
k=0 Jo
1
X zv(u — V) X[0<|u—v|<k]dX
= /Q |f = fldx. (55)

Since the three integrals on the left-hand side of the above equality are nonnegative,
we deduce that

/|b(u)—b(v)|dx+/ || 4O =2y VO "2y g 5/ |f—fldx. (56)
Q Q2 Q

Let us take a sequence (fi)jen C L%°(£2) and (u;);en the corresponding sequence
of Lipschitz continuous weak solutions. By (56), we have

/ Ib(u) — b(v)|dx +/ [u| G472y — | vO"2y | g

Q a0

< / [1b@) = b(ui)| + |b(v) — bu;)|]dx
Q

+ f [||u|r("u('))_2u _ |Mi|r("Ll"('))_2ui| + ||v|r(-,v(»))—2v _ |ui|r("ui('))_2ui |]d0’
a0

5/ [1f — fil +1f — fil]dx. (57)
Q
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so that at the limit as i — oo in (57), using the density argument between L (R2)
and L1 (), we infer that

b(u) = b(v) ae.in Q and |u| D72y = | GVOI=2y ae. on 9.
Thus, using the assumption (H) and the fact that b is strictly increasing, we get

u=v ae.in  and u =v a.e.on 02. ad

4 Continuous Dependence for the Weak Solution

Here, we are interested to the stability result of weak solutions to the problems

b(up) — divay (x, up, Vup) = fp in Q
(Pn)

an (X, Un, Vity).n = —|uy| &4 ="2y, on 9.

(an)nen is a sequence of diffusion flux functions such that a,(x, z, §) satisfies
(A3) — (Ag) with variable exponent p,, : Q x R — [p_, py],and r,, : 92 x R —
[r—,ry] is a Carathéodory function and (M,,),eN equi-integrable on 2. In the
sequel, we make the log-Holder continuous and convergence hypothesis.

Pni QxR — [p_,pi],with p_ >N and VM >0, (58)
pn 1s log-Holder continuous in (x, z) uniformly on Q x [-M, M].
For all bounded subset K of R x R¥,
. (59)
SUP(; £)ek la,(.,z,&) —a(., z,&)] > 0 in measure on 2.
For all bounded subset K of R, (60)
sup,ck |pn(., 2) — p(., 2)| converges to zero in measure on 2.
ry(.,z) convergesto r(.,z) a.e.on 92, forall z € R. 61)

Finally, assume that
(fu)nen 1s a sequence of data weakly convergentto f in LY(Q). (62

The following structural stability result for weak solutions holds.

Theorem 4.1 Let u,, be a weak solution of (Py).
Assume that a(x, z, &) satisfies (A3z)—(Ag) with a variable exponent p(x, 7).
Assume that (Az) and (3) hold. Assume that (a,)neN IS a sequence of diffusion
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flux functions of the form a,(x, z, &) such that (A3)—(Ae) hold with p,(x,z), C
independent of n and with a sequence (M,,)enN equi-integrable on Q. Furthermore,
let us consider the assumptions (58)—(62).

Then, there exists a measurable function u € C(Q) such that u, converges to
u a.e. in Q2 and a.e. on 32 and Vu, converges to Vu a.e. in 2, as n — oo (up
to extraction of subsequence). The function u is a weak solution of the problem (1)
associated with the diffusion flux a(., ., .) and the source term f.

The proof is organized in several steps, and we reason up to an extracted subse-
quence of (u,)nen still denoted (u,,)neN.

Claim 1 Let u, be a weak solution of (P,). Then,

(i) the sequence (b(uy))nen is uniformly bounded in LY(Q);
(ii) there exists a positive constant C(f, p—) such that

/ |Vun|pn(~»un(~))dx < C(f, p).
Q

Moreover, (45),eN is uniformly bounded in whr-(Q).

Proof (i) Taking ¢ = Ty(u,) as a test function in a weak formulation of the
problem (P,), where a,, replaces a, we get

/ b(un) Ti Gun)dx + / o 720 Ty () s
Q 02

+/ an(x, up, vun)VTk(’/‘n)dx:/ SuTi(up)dx.
Q Q

Since all the terms on the left-hand side of the above equality are nonnegative,
we deduce that

/ b)) Ti () < / T ldx < k / | fuldx.
Q Q Q

AS (fu)nen converges weakly to f in L' (), it is bounded. So, there exists a
positive constant C such that

/ b(uy)Ti(uy)dx < kC.
Q

Dividing the above inequality by k and letting k£ go to 0, we get

fQIb(un)ldx <C. (63)
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(ii) From above inequality, we deduce that (u,),en is uniformly bounded in L' (),
since b is continuous and onto. Thus, from the Poincaré-Wirtinger inequality,
we obtain

[ luy|P~dx < const(p_, Q)/ |Vu,|P~dx + Co, (64)
Q Q

where Cp depends on meas(€2) and p_.

Moreover, using (Ag) with variable exponent p, (., u,(.)) ona, (x, u,, Vu,) (see
the reasoning that leads to (28) in the proof of Assertion 1.), the sequence (u;),eN
satisfies the standard estimation

1
/b(un)undx+/ ltn | do + —/ |V [P gy < €, (65)
Q Clo) 2C2 Ja

with C that depends on f, meas(£2) and p_ but not on n. From the above inequality,
we deduce that

/ |V, |PrGn D gy < C(f, Q, p-). (66)
Q
Moreover, using (64), (66) and the fact that
/ |Vauy |P-dx 5meas(9)+f Vit [Pl gy
Q Q
we obtain

mMHQ;%%Q)::/;[anL-+|VunVL]dx

< (const(p,, Q) + 1)[meas(§2) +/ |Vun|l’n(<,un(<))dx] +Co
Q
< const(p—, 2, f). (67)
Therefore, (i), is uniformly bounded in W7~ () m|

From (ii), up to a subsequence, u, converges a.e in 2 (and also weakly in
wl-p- (2)) to u and a.e on 02. For this, see Lemma 3.3 and Lemma 3.4.

Claim 2 The sequence (Vu,),en converges to a Young measure vy (1) on RY in
the sense of the nonlinear weak-* convergence, and one has

vM=/ rdve (), (68)
]RN
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Moreover, |A|™™) is integrable with respect to the measure dv,dx on RV x Q and
Vu e L™(Q).

Proof Writing

[P (x, 1y (X)) = p (e, ()| < [ pp(x, un (X)) — p(x, un (X)) + | p(x, un(x))
— p(x,u(x))l,

from a.e. convergence of u, to u, from assumption (60) and from the Lusin theorem
applied to the map

p: Q= px,.) e CR),

we deduce that p, (., u,(.)) — p(,u(.)) = m(.) in measure on 2. Now, using
Theorem 2.1—[(i1),(iii)], (pn (., un(.)), Vin)nen converges on R x R to the Young
measure Ly = 6z (x) ® vy.

Thus, we can apply the weak convergence properties of Theorem 2.1-(i) to the
Carathéodory function

Fn(x,20,2) € € x R x RY) > |h,, W)™ with m € N, where h,, is defined
in the preliminaries. Then, we obtain

/ i G F vy () dx = / o 0P d 1 (r0, 1)dx
QxRN Qx(RxRN)

_ /Q /R 30, s G, )
X

n—o0

= lim Fo(x, pn(x, u,(x)), Vu, (x))dx
Q
= B [ (ki (Vuy)| PO dx
n—oo Q

< lim |vun|pn(x,un(x))dx
n—oo Q

< C(f. %2, p-) (using (66)).

Since h,,, () — A, as m — 00, using Lebesgue’s convergence theorem, as m +>
hp (A) is increasing, we deduce from the last inequality that

/Q " AT dv,(WVdx < C(f, Q, p-).
X

Hence, |A|*") is integrable with respect to the measure v, (A)dx on RY x Q.
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Moreover, from the last inequality and Jensen’s inequality, we get

/|Vu|”(x)dx=/ f Advye(A)
Q Q RN

Thus, Vu € L™ (). O
Claim 3

7(x)
dx < f AT dv, (W)dx < .
QxRN

(a) The sequence (A,)nen defined by A,(x) = a,(x, u,(x), Vu,(x)) is equi-
integrable.
(b) The weak limit A of (A,) belongs to L”/(‘)(Q), and one has

A(x) =/ a(x,u(x), M)dve(A) ae. x € Q. (69)
RN

Proof (a) Using (As), we have
Jan (X, 1t Vit) [P < C(My 4 [ Vit [P,

The sequence (|Vu,,|””("“"(‘)))nEN is uniformly bounded in L'(Q) and M,
is also equi-integrable on €2; hence, (|a,, (x, uy, Vun)|"'/1("“"(‘)))neN is equi-
integrable.

Otherwise, as p), (., u,(.)) > 1, we have

|t (%, 4, V)| < 14 |an (X, e, Vitg))|PrCnO),

Thus, for all subset £ C 2, we have
/ |an (x, tn, Vun)ldx < meas(E) + / Jan (Vi) [P
E E

Thus, for meas(E) small enough, we deduce that (An),,est equi-integrable.
(b) Set Vv, := Vu,xs , and consider auxiliary functions A, := a(x,u, Vv,),
where

1
Sy = {x €, [p(x,u(x)) = pn(x, ua(x))| < 5}-

Let us prove that for all o > 0,

meas({x € Q, sup |a,(x, uy, A) —a(x,u, A)| > a}) — 0, as n — oo,
rekK
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where K is a bounded subset of RY. We know that

lan(x, up, A) —a(x,u, A)| < lap(x, uy, A) —a(x, up, M|+ la(x, u,, A)

—a(x,u, ).
Thus, it follows from Lemma 2.2 and (59) that

sup |an (x, uy, ) —a(x,u, A)| - 0 in measure, as n — 0O.
reK

Now, using the same argument as in the proof of Assertion 4 to A, and A,
instead of ®, and ®,,, we get a wished result.

O
Claim 4
(a)
/ A Vudx > / a(x,u(x), L).Advy(X).
Q Q
(b) The “div-curl” inequality holds:
/ (a(x, u(x),r) —a(x, u(x), Vu(x)))()\ — Vu(x))dve(AM)dx < 0.
QxRN
(70)

(©
A(x) =a(x,u(x), Vu(x)) forae. x € Q,

and Vu, converges to Vu in measure on €2, as n — +00.

Proof We only give the proof of (a). The proofs of (b) and (c) are exactly the same
as the proofs of Assertion 6 and Assertion 7.

Let ¢ € C*®(Q). For n large enough, ¢ is an admissible test function in the weak
formulation of u,,, and we have

/b(u,,)<pdx+/ |un|’"("”"(‘))_2un<pd0—}—f an(x,u,, Vuy).Vodx
Q aQ Q

- fQ Fopdsx. (71)
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(n)nen is uniformly bounded in the space W -7~ (), so it is uniformly bounded
in L*°(2). Then, (b(u,))nen is uniformly bounded in L°°($2). Moreover, b(u,)
converges a.e. in 2 to b(u). Therefore, thanks to Lebesgue’s dominated convergence
theorem, we have

lim b(un)(pdxsz(u)gpdx. (72)
Q Q

n—oo

On the other hand, W!-P- () — C(Q) for p— > N, 80 (Up)nen is uniformly
bounded in L%°(3K2). Therefore, (|u,|™ )" 2u,) en is uniformly bounded in
L>®0RQ), for2 < r_ <r,(.,up) <ry < o0, since t — |t|’"("’)’2t is continuous
a.e. on 9Q2. Moreover, |u, |42y, converges to lu"C0=2y ae. on 9K2. Indeed,

[rnCoun) —r(uw)| < |ra(up) —r(ug)| + (L up) —r(, ul.

From (61), from a.e. convergence of u, to u on 92 and the fact that r is a
Carathéodory function on 92 x R, we deduce from the above inequality that

rn(.,uy) > r(.,,u) ae.on 082,

which implies that |ty | Cottn) =2y converges to lul"¢"=2y ae. on 9S2. Then, by
using Lebesgue’s dominated convergence theorem, we get

lim |t |4 =2y, 0do =/ lul" " 2updo. (73)
IR

n—o00 IQ

We also have

n—oo

lim fopdx = / fodx, (74)
Q Q
since f, — fin L'(R), as n tends to oo and ¢ € L*(2). It remains to prove that

lim ay(x, uy, Vuy,)Vodx = f AVdx.
Q

n—o0 Q

Let us prove that (a, (x, u,, Vu,)V@),en is equi-integrable. Let E be a subset of Q2
and by using Young’s inequality, we have

/an(x,un,Vu,l).dex
E
5/;5|an(x,un,Vun)||V¢|dx

/ 1
|a”(x,un,Vun)|p"("””(‘))dx—|—/ |V¢)|Pn(‘,un(‘))dx

</ S
~JE P;z(wun(')) E Pn(, un()
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< C/ (/\/ln(x)—l— |Vun|p”("u”(')))dx +/ |V(p|pn(-’un(-))dx
E E
< C/ (Mn(X) + |Vu,,|p"(’””(‘)))dx
E
+/ |w|nn(.)dx+/ V| PrCin () g
EN{|Ve|<1} EN{|Ve|>1}
< c/ (M (x) + IVunlp"(’“”(')))dx+meas(E)+/ |V P+dx (75)
E E
By using Claim 1-(ii) and the fact that (M,),cN is equi-integrable, (./\/ln +
|Vu,,|1”"("”"(')))nEN is equi-integrable. Moreover, |Vo|P+ € LY(Q), since Vo is
bounded. Thus, we deduce from (75) that
lim / an(x, un, Vu,).Vedx = 0.
meas(E)—0 JE

Furthermore,
anp(x,uy, Vuy).Vo - A Ve ae. in Q.

By applying Vitali’s theorem, we obtain
n—od Q

lim an(x,uy, Vuy).Vodx = / A.Vodx. (76)
Q

We can pass to the limit as n go to oo in (71) and taking into account the inequalities
(72), (73), (74) and (76) to obtain

/b(u)gadx +f |u|s("”)_2u¢)da+/ A.wdx:/ fodx. (77)
Q Q Q Q

By density argument, we can replace ¢ with u, in (71) to get
/ b(un)u,,dx—l—/ |u,,|r”("“")da+/ an(x, iy, Vu,,).Vundx:/ Fattndx(78)
Q aQ Q Q

Since C®() is dense in W70 (), we replace ¢ by u in (77), and we have

/b(u)udx+/ |u|r("“)d0+/ A.Vudx :/ fudx. (79)
Q Q2 Q Q
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By Fatou’s lemma, we deduce

liminf/ b(uy)u,dx Z/b(u)udx (80)
n—>oo Q Q
and
liminf/ |un|r"("”")d02/ lu|" " do. (81)
n—=00 Jyq a0
Moreover,
lim fnundx—/ fudx. (82)
n—0oo Q
Indeed,
/fnundx =/ fnudx—l-/ Jn(uy —u)dx. (83)
Q Q Q

For the first term on the right-hand side of the above equality, we have

lim f,,udx = / fudx,
n— o0

since f, — f in L'(Q) and u € L*(). For the second term on the right-hand
side of (83), we have, for all R > 0,

/ it — w)ldx < / | fulllin — ]l ooy d + R/ 0y — uldx
Q {Iful>R} {Iful<R}

< C/ |fn|dx+R/ lu, —uldx. (84)
{1 fal>R} Q

For all R fixed, the second term on the right-hand side of above inequality tends to
zero as n — 00. Since by Chebyshev’s inequality,

C
Sl € e
R R

supmeas({| f| > R}) <
n
and because a weakly convergent in L!() sequence is equi-integrable on €2, by
the choice of R, the first term on the right-hand side of (84) can be made small as
desired. Hence, we deduce that f; (1, — u) goes to zero in L'(€2). Thus, (82) is
justified.
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Combining (80), (81) and (82), we have

liminf/ fnundx—/ b(u)udx—/ |u|r(.,u)do_
n—oo fo Q 9%

> llmlnf</ (fnun — b(un)un)d.x _ / |un|rn(-,u;1)do—>
2 aQ

n— oo
(85)
By using (78), (79), (85) and the definition of A,, we get
/ A.Vudx > lim inf/ A Vuydx. (86)
Q n—oo Q

By Andreianov et al. [1], Lemma 2.1, m +— a,(x, uy,, hp(Vuy)).hy(Vu,) is
increasing and converges to a, (x, u,, Vu,).Vu, for m large enough. Then,

an (X, up, hy(Vug)) b (Vuy) < ap(x, up, Vug).Vuy,.

Therefore, by using (86) and the property (7) of Theorem 2.1, we have

/ A.Vudx > liminf/ A, Vu,dx
Q Q

n—oo

> lim a, (x, uy, hy (Vuy)).hyp(Vuy)dx

n— o0 Q
= / a(x,u, hy (X)) .hy(M)dve(M)dx. 87
QxRN
Using Lebesgue’s convergence theorem in (87), as m goes to 0o, we get (a). O

Lemma 4.1 u is a weak solution of the problem (1).

Proof Firstly, we can prove that u € W-7¢#0)(Q), thanks to Claim 2 and the fact
that u € WhP—(Q) — L®(Q) — LP-*O)(Q). Now, we will prove the equality
(12).

Let u, be a weak solution of the problem (P,). By using (58) and the fact that
u, € WhenbtnO(Qy s whr-(Q) — €%%(Q), C*(Q) is dense in the space
wlpnGun() Q). Therefore, for n large enough, we can choose ¢ in C®($) as a
test function in the weak formulation of the problem (/7). Then, we obtain

/ b(uy)edx +/ |un|rn(.’un(.))72’4n§0d0’ +/ an(x, Uy, V). Vodx
Q Q2 Q

= fQ Jnpdx. (88)
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Currently, we are looking at the third term on the left-hand side of the above equality.
We know that (a, (x, u,, Vu,)Ve),en is equi-integrable, thanks to (75). In addition,
it follows from Claim 3-(b) and Claim 4-(c) that

an(x, uy, Vuy,)Vo — a(x,u, Vu)Ve ae.in Q.

Therefore, by using Vitali’s theorem, we get

lim ay(x, uy, Vuy,)Vodx = / a(x,u, Vu)Vedx.
Finally using (72), (73), (74), (88) and the above equality, we get (12) for u with all
test functions in C*°(£2). Moreover, b(u) e LY(Q) and |u| -2y e L1 (3RQ), since
b(u,) strongly converges to b(u) in LY(Q) and |uy, | )= 2u, strongly converges
to |u|"" =2y in L1(992) (see the reasoning that leads to (72) and (73)). This is the
end of the proof of our lemma. O

Remark 4.1 Under the assumptions (44), (45) and (H), the whole sequence
(un)nen converges to u a.e. in Q2 and a.e. on €2 and the whole sequence (Vuy,),eN
converges to Vi a.e.on 2, as n — oo.

Indeed, by Claim 1, we deduce that (u,,),cN converges to u a.e. in 2 and a.e. on
0%2, up to extraction of subsequence. From Claim 4-(c), (Vu,),cN converges to Vu
a.e. on £2, up to extraction of subsequence.

Now, by Lemma 4.1 and the uniqueness of the weak solution to (1) done
in Theorem 3.3, we conclude that all convergent subsequences of (u,),cN and
(Vup)nen converge to the same limits u and Vu, respectively.

The proof of Theorem 4.1 ends here.
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1 Introduction

The invasive species have a real impact on communities and ecosystems. They are
viewed as a significant component of global change, and they have severe negative
consequences for biodiversity. We consider a model describing the dynamics of
an invasive species with age dependence and spatial structure, and the invasive
species are diffusing in the habitat with a diffusion coefficient depending on the
susceptibility of the habitat to invasion (ecological factors) and/or genetics factors
of the species. We then consider a population with age dependence and spatial
structure, and we assume that the population lives in a bounded domain @ C R3.
We denote by I' the boundary of the domain, and we assume that it is of class C2.
For the time T > 0, the life expectancy of an individual A > 0 and 6,,,i, Opnax > O,
we set I = (Opin, Onax), U = (0,T) x (0,A), Q0 = U xQ, X =UxT,
04=00,A)xQ,0r=(0,T) x Qand Q, = U x w, where w is a non-empty
open subset of Q2. For 6 € I, the system reads as follows:

9 9 .
—y+—y—d(9)Ay+My=f+vxw in Q,
Jat da
y=20 on X,
Y0, 0) = " in g4 D

A
)’(‘70,',9)2/ ﬂ(tvaax)y(taa’xae)dain QT5
0
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where

e y=y(t,a,x,0) is the distribution of individuals of age a > 0, at time ¢ > 0 and
location x € Q.

* The recruitment f € L*(Q) is a positive periodic function.

e The control v € Lz(Qw), which corresponds to the removal of the individuals in
a sub-domain w of €2, and y,, denote the characteristic function of the control set
.

e The mortality rate ©# = pu(a) > 0 is a known increasing positive function which
is continuous on [0, A], whereas the fertility rate 8 = B(t,a,x) € L*®(Q) is
known and positive.

e d(0) > 0is the diffusion coefficient of species dispersal in the environment and
is assumed depending on susceptibility 6 € I and d € C(I).

Model (1) is a system with varying parameter and our question is as follows: Let z4
be a given age-dependent distribution of species, can the average of the solution to
(1) attime ¢t = T be steered to zz upon selecting a suitable control v corresponding
to a removal (eradication) of species on the sub-domain w?

a

lim u(s)ds = +oo,

a—>A JO

Remark 1 Set

_ 217, 17l _0p | 9p 2(77. -1
W(T,A)_{,oeL U3 Hy(Q); o+ o— € L (U,H (Q))}. )
Then, we have (see [4]) that
W(T, A) C C([0, T1, L*(Q4)) and W(T, A) C C([0, Al, L*(QT)). 3)

Under the assumptions on the data, and for 6 € I fixed, (1) has a unique solution
y(@;v) = y(t,a,x,0;v) in W(T, A). More precisely, we are concerned in this
chapter by the following optimization problem:

inf  J(v), “)

vel?(Qw)
where the cost function is given by

2

Jw) = H /I ¥(0; 0)(T) d6 — zg + NIl g, ) 5)

L2(Q4)

with z4; € L2(QA) and N > 0 given, /y(@; v)(T) db € LZ(QA), for all v €
I
L*(Quw).

Optimal control for age-structured population was studied later by some authors
like A. Ouedrogo et al. [9]. In this paper, the authors considered a nonlinear age-
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structured population dynamics model, and they study the existence of an optimal
control making the density of the population as close as possible of some given
density. In [1], B. Ainseba et al. investigated the optimal harvesting problem for a
nonlinear age-dependent and spatially structured population dynamics model with
a constant diffusion coefficient, where the birth process is described by a nonlocal
and nonlinear boundary condition. The notion of averaged control was introduced
by Zuazua [10] to analyse the problem of controlling parameter-dependent systems.
In this notion, the aim is to find a control, independent of the unknown parameter, so
that the average of the state is controlled. For more literature on the topic, we refer,
for instance, to Lohéac and Zuazua [6], Lazar and Zuazua [5], Hafdallah and Ayadi
[2] and LU and Zuazua [7], G. Mophou et al. [8] and the references therein. In this
chapter, we are concerned with the control of a parameter-dependent age-structured
population dynamics system. The rest of this chapter is structured as follows. In
Sect. 2, we give some regularity results. In Sect. 3, we prove the existence and the
uniqueness of the control and characterize an optimality system. A conclusion is
given in Sect. 4.

2 Preliminary Results

In order to solve the optimization problem (4), we need some preliminary results.
In what follows, we will sometime adopt the following notation:

0 d
8t8 8(18 (6)
L*=——— — —dO)A 1,
5 3g @A+

where [ is the identity operator.

Remark 2 From now on, we use C(X) to denote a positive constant whose value
varies from a line to another but depends on X; the positive constant dy = gnf d)
el

and we will denote by (-, -) i the scalar product in H.

Lemma 2.1 Letv € L*(Q,) and y € L*(U; H} () be a solution of (1); then,
we have the following estimations:

V2 @y = €T 1Bll20) (||y0||L2(QA) + 1 f 20 + ||U||L2(Qw)) ,
Iy(T, - - D20,y < CT, 1Bz o) <||y0||L2(QA) + 1 f 20 + ||U||L2(Qw)) ,
IyC, A Oll20,) < CTL 1BlIL2(0)) (||y0||L2(QA) + 1 fll20) + ||U||L2(Qm)> :

Proof We proceed as in [3]. We recall that y = y(¢, a, x, 6; v) is the solution of the
problem
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dy dy .
— 4+ = —d@)A = ,
8t+8a @Ay +uy = f +vxo, in Q
y=0 on X,

y(O,'y',Q) ZyOA in QAa

(-, 0,-,6) =/ B(t,a,x)y(t,a,x,0)dain Qr.
0

By defining z = e "'y with r > 0, we obtain that z is the solution of the problem

d 0z
St 5 —d@A+ (Lt 7= f +xo, in 0,
z=0 on X,
Z(Oy""e)zyo in QA’

A
2(-,0,-,0) = / B(t,a,x)z(t,a,x,0)da in Qr.
0
(N
Multiplying the first equation of system (7) by z and integrating by parts over Q, we
get

—”Z(T, ) ’e)lle(QA) ”Z(Ov ’ ’9)”L2(QA) ”Z( Av ’Q)HLZ(QT)

2 2 2
- z”z(a Os s Q)HLZ(QT) + d(9)||vZ||L2(Q) + /;(I’ + M)Z dxdtda

= / (f +vxg,)z dxdtda.
0
Then, using the fact that i > 0, it follows the inequality

1
EHZ(T’ Ty Ty 9)”%2(Q ) ”Z( Av ’ H)HLZ(Q ) + dOHVZ”LZ(Q) + r”Z”LZ(Q)

1

1
2 2
2||y ”LZ(Q ) E”Z(r O’ y Q)HLZ(QT) + Euf + UXQ“’”LZ(Q)

—_—

||Z”L2(Q) (8)

On the other hand, one can write for (¢, x) € (0, T) x

A
z(t,O,x,9)=/ Bt,a,x)z(t,a,x,0)da,
0
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then

12650, -, 01320,y = 1817200y 121720y

Thus, (8) gives
l||z<T L3 +1||z<- A, -0 + dol|Vz|?
2 o L2(Q4) 2 i L2(Q7) 0 1L2(Q)
1 2 1 2 < 1 2
+\r— EHIBHLZ(Q) - 5 ”Z”LZ(Q) = Ellf + vXQw”LZ(Q)
+ l||y°||2
2 L2(Qa)

. 1 1
By choosing r such that r = E||,3||i2(Q> + X one has

12T, G2 g, + 12Cs As s O, 120 2, 11 )
= C (DB gy + 1£13200) + 10122(0,.)
This implies
19T a0, + 190 A O, + V2, 11 )
< CT, 1Bl20) (I g, + 1 By + 1012q.,) -

So that,

0
V2 @y = €T 1BllL20) (Ily 22000 + 1f 2 + ||U||L2(Qw)> ;
Iy(T, - D20,y < CT1Bl20) (||y0||L2(QA) + 1 f 20 + ”U”LZ(Qw)) ,
IyC, A, 9)”L2(QT) < C(T, ||,3||L2(Q)) (”)’O”LZ(QA) + ||f||L2(Q) + ||U||L2(Qw)> .

Proposition 2.1 Let 0 € I, and then the map v — y(0; v) is a continuous function
from L*(Q.,) onto L*(U, H} ().

Proof Let6 € I and vy € Lz(Qw). We show that v > y(0; v) is continuous at vy.
Sety = y(0; v) — y(0; vg); then, y is solution to the problem
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Ly =vxo, —voxg, in O,
y=0 on X,
¥@©,-,-,0)=0 in Qa, )]

A
3(,0,-,0) = / B(t,a,x)ydain Qr,
0
In view of Lemma 2.1, we have that
”y”LZ(U;HOl(Q)) <C(T, ||,3||L2(Q))||U - vO||L2(Qm)~

As v — vg, we have y — 0 strongly in L2(U; HOI(Q)). Hence, y(0;v) —
y(6; vo) strongly in L>(U; H} () as v — vp. [ |

Proposition 2.2 Let A > 0. Let v, w € L%(Q,,). Let also y = y(0; v) be a solution

0; Aw) — y(0; _
of system (1). Sety, = yO:v+ l;i) ¥ v)’ and then (y,) converges strongly

in L*(U; H(} (R2)) as A — 0 to a function y, which is the solution of

Ly =wxgp, in Q,
y=0 on %,
y(oa Ty 9) =0 in QA» (10)

A
y("()"v 6) =/ ﬁ(t, a, x)yda ln QT.
0

Proof 7y, is a solution to the problem

Ly, = wxg, in Q,
v, =0 on X,
¥,0,-,-,0)=0 in Qa,

A
y)\(‘vov"e):/ ﬁ(t,a,x)yk da in QT.
0

Define y, =y, — ¥, where y is a solution to (10). Then, y, is a solution to

Ly, =0 in Q,
v =0 on X,
.00,-,-,0)=0 in Qa, (11)

A
».(,0,-,0) = / B(t,a,x)yydain Qr.
0
From Lemma 2.1, we obtain that

||y)\4||L2(U;H01(Q)) <0. (12)



Optimal Control of Averaged State of a Population Dynamics Model 119

Passing to the limit in this latter identity when A — 0, it follows that y, —
0 strongly in L*(U; H(}(Q)). This means that (y,) converges to y strongly in
L>(U; H} () as & — 0. [

3 Existence and Characterization of the Control
In this section, we will show that the optimization problem (4) has a unique solution.

Moreover, we will give the equations that characterize the control.

Proposition 3.1 There exists a unique control u € LZ(Qw) solution of (4).

Proof Observing that we have J(0) > 0, we have that the set {J(v) : J(v) >
0,v € L*(Q,)} is a non-empty lower bounded subset of R, and consequently o« =
inf  J(v) exists. Let (v,), be a minimizing sequence such that
veL?(Qw)
J(v,) —> «a, when n — +o00. (13)

Then, we have that there exists C > 0 independent of # such that for all n € N,
J(v,) < C;ie,

2
H/y(G; v (T) db — zq +N||vn||§2(Q ,=C,
! L2(Q) ¢
S0
lonllz2g,) = €. (14)
‘/y(Q;vn)(T) do <C. (15)
! L2(Q4)
Now, y, = y(t, a, x, 8; vy) is the solution of the problem
d a .
Yn + In dO)Ay, + uy, = f + Vn X0, in Q,
at da
=0 on X,
yn(05'5'99)=y0 in QAa
A
(-, 0,-,0) :/ Bt,a, x)y,(t,a,x,0)dain Qr.
0

(16)
In view of (14), we obtain from Lemma 2.1 that

“y””LZ(U;H(}(Q)) < C(T, ”,3”L2(Q)» ”)’OHLZ(QA)v ”f”LZ(Q))’ (17)
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lyn (T, -, -, 9)||L2(QA) = C(T, ||/3||L2(Q)» ”yO”LZ(QA)’ ||f||L2(Q))’ (18)

lyn (s A, -, 9)||L2(QT) < C(T, ”/BHLZ(Q)v ||y0||L2(QA)7 ||f||L2(Q))- (19)

Using (14), (17), (18) and (19), there exist u € L*(Q,), y € L*(U; H}(R)),
yr € L%(Q4), ya € L*(Qr) and extracted sequences from the sequences (v,),,

(yn)n9 ()’n(T» Ty Ty 9))11’ (yi’l('ﬂ Av ©y 9))}1 Stlll denOted (vl’l)}% (yn)rh ()’n(T» Ty Ty 9))71’
(yu (-, A, -, 8)), such that the following convergences hold:

vy, — u weakly in L%(Q,), (20)
ya — y weakly in L*(U; Hy (), (1)
(T, -+ 0) = yr weakly in L*(Q4), (22)
yu(, A, - 0) = y4 weakly in L>(Q7). (23)

Now, let us prove that (u, y) satisfies (1). Let ¢ € D(Q) be a test function.
Multiplying the first equation in (16) by ¢ and integrating by parts over Q, we
obtain

(yn, L*¢) = (f, &) + (VnXw» }) V¢ € D(Q). (24)

Taking the limit as n —> 400 in (24) and using (20) and (21) yield

(y. L*¢) = (f. ) + (X @) , V¢ € D(Q);

that is

(Ly,¢) = (f. &) + (uxw. ) V¢ € D(Q).

Thus,
Ly=f+ux, inQ. (25)

0
Now, on the one hand, as y € L2(U; HOI(Q)), using (25), we have that a—); +

0
8_y € L2(U; H_I(Q)). This implies that y € W(T, A), and using Remark 1, it
a
follows that y(7, -, -, 6) and y(0, -, -, ) exist and belong to L2(QA) and y(-, A, )
and y(-,0,-,60) exist and belong to L%*(Q7). On the other hand, y € L%(Q)
and d(0)Ay € H*I(U; L2(Q)); consequently, y|x and g—‘y)b; exist and belong,
respectively, to H~'(U; H—%_(r)) and H~'(U; H=3(T")). Multiplying the first
equation in (16) by ¢ € C*°(Q) such that ¢ = Oon X, ¢(-, A,-) = 0in Q7 and
integrating by parts over Q and using initials and boundary conditions, we obtain
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(yn(T» Ty 9)7 ¢(07 ) '))LZ(QA) - ()’O, ¢(Oa s .))LZ(QA)
= (-, 0,:,0), 6.0, D200, + (v L79) 15 (26)

= (/s ®)r20) + (Wn: ®) 120,
Vo € C°(Q),¢ =0 on =,¢4(-,A,-) =0 in Qr.

Note that
A

(-, 0, -, 0) — y1=/ B(t,a,x)y(t,a,x,0)da  weaklyin L*(Q7). (27)
0

Indeed, let ¢ € LZ(QT), and then

/ yn(t,0,x,0)p(x,t) dxdt =/

(/ B(t,a,x)yn(t,a, x, 9)da) o (x,1) dxdt
or Oor \JA

=/ ya(t,a,x,00)¥(t,a,x)dxdtda, (28)
0

where ¥ (¢, a, x) = B(t,a, x)¢(x,t) € L*(Q). By letting n — +o0 in (28) while
using (21), we obtain

n——+00

lim ya(t, 0, x,0)¢(x, 1) dxdt
T
=f y(t,a,x,0)¥(t, a,x)dxdtda
[¢)

= / B(t,a,x)y(t,a,x,0)p(x,t) dxdtda
0

= / (/ B(t,a,x)y(t, a,x, 9)da> ¢(x,t) dxdt.
Oor \JA

So that (27) holds. Moreover, by taking the limit as n — 400 in (26) and by using
(20)—(22) and (27), we are lead to

7. 00, Ni20, — 0% SO, N 20,
- (yl’ ¢(a 0, '))LZ(QT) + (y, L*¢)L2(Q) = (f’ ¢)L2(Q) + (u’ ¢)L2(Qw) s
Vo € C*°(0),¢0 =0 on ,¢(-,A,) =0 in QOr.
An integration by parts gives

Gr. (T N2y — 0% 0. N2,y — G o012 0p
- ()’(T, ERE) 9)5 ¢(T7 ) '))LZ(QA) + (y(os ERE] 9)7 ¢(07 s '))LZ(QA)
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- ()7(» Os sy 9)7 ¢(1 0» '))LQ(QT) + (Lys ¢)L2(Q)

¢
—< ™ L = D)+ W P2,

SO
W [\ 7)), H (U H?)
V¢ € C°(0Q),¢ =0 on =,¢4(-,A,-) =0 in Qr.
That is, in view of (25),

Or.d(T. - Ni2ig — 0% 0. N2y — 0L ¢ .0, 200
- (y(T7 ] 0)7 ¢(T’ s '))LZ(QA) + (y(ov ) 6)7 ¢(Oa ) '))LZ(QA)

d¢
_(y('sov'v 0)7 ¢('7O’ .))LZ(QT) _<y’ > 1 1 =01
W g1 w:H ), H W H )
V¢ € C*(Q),¢ =0 on Z,¢(-,A,) =0 in QOr. (29)
. . . ¢
Choosing, respectively, in (29), ¢ such that ¢ (T, -,-) = 0, ¢(-,0,-) = 0, B =0
v
0 0
and ¢(-,0,) =0, % =0 and % = 0, we successively obtain
av ov
¥(O0,--,0)=y" in Qa. (30)
yT:y(T"s'39) in QA' (31)
A
y(,0,-0)= / B(t,a,x)y(t, a,x,0)da in Qr, (32)
0
and finally from (29),
y=0 on X. (33)

By (25) and (30)-(33), it follows that (u, y) solves (1). Moreover, if we set

Vl’L = /yn(T’ ) 9) d@,
1

then in view of (15), there exist a subsequence of the sequence (V,), still denoted
(Vi) and V € L?(Q4) such that as n — +00, V¢ € L?(Q4),

/ Va(a, x)¢p(a, x) dadx = / </ yu (T, -, ~,9)¢(a,x)dadx) do
0Oa I \JQx

— V(a, x)p(a, x) dadx. (34)
0a
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Now, using (18) we deduce that the sequence (y,(7T,-,-,#)), is bounded
independently of 6. Moreover, using (22) and ((31)), it follows that

lim yo(T,a,x,0)¢p(a,x)dadx = / y(T,a,x,0)p(a,x)dadx,
A 0Oa

n—+00 0

for all ¢ € LZ(QA). If we set z, = / (T, a,x,0)¢p(a,x) dadx, then using
0a
(18), we get, foralln € N,

|Zn| < C”¢”L2(QA)

It follows from the Lebesgue dominated convergence theorem that

lim Zn d6=/ lim z,d6
I 1

n—+oo n— 400

2/(/ y(T,a,x,0)p(a,x) dadx) do.
I \JQx

So, / Vu(a, x)¢(a, x) dadx converges towards
Oa

/(/ yT(a,x,9)¢(a,x)dadx> d@:/ (fy(T,a,x,@)d@)qb(a,x)dadx,
1 04 04 1

Vo € L*(Qa).

Using (34) and the uniqueness of the limit, we have that for (a, x) € Q4
Va,x) = /Iy(T, a,x,0)do,
SO we can write
/Iyn(T, e 0)do —~ fly(T, -, 0)do weakly in Q4. (35)

According to (13), from the weak lower semi-continuity of the function v
J(v), (20) and (35), we obtain J (1) < lim i+nf J (vy), which implies that J (1) < «.
n—- 00

But since « is the lower bound, we then have « = J (u). In addition, the function J
is strictly convex. Therefore, u is unique. |

We can now characterize the control u.
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Proposition 3.2 Let u be the solution of (1). Then, there exists ¢ € L*(U; H} ()
such that / q0)do e L2(Q) and {y, q} is a solution to
I

dy  dy .
AT A A =
o T ag dO)Ay +pny = f +uxo, in Q,
y=0 on X, 36
YO0 =0 in Qa, 0
y(,0,-,0) =/ Bt,a,x)y(t, a,x,0)dain QOr,
0
dqg  9q .
_____d(e)AQ‘i‘MC]:ﬁ(t’asx)CI(so»79) n Qv
ot da
g=0 on X,
(37)
q(T, -, -,0) = fy(Q,M)(T) do —zq in Qa,
I
q('sAs'ae) =0 in QTa
and
1 .
U= ——/q(@) do in Q. (38)
N J;

Proof We write the Euler—Lagrange first-order optimality condition that character-
izes the optimal control u.

o Jw+ ) — J(w)
lim =

Jim - 0, VYvelL*Q,).

Letv € L2(Q,) and A > 0. We have

2
Ju+rv) —J(u) = H/ [yO;u+ Av)(T) — y(O@; u)(T)] do
1

L2(Qa)

+ N2A2||v||iz(Q )+ 2N)\/ uv dadxdt
“ L2(Qw)

+2(/ [y(@; u + Av)(T) — y(0; u)(T)] dG;/y(O;u)(T) de—za) :
I 1 L2(Q4)

Then,
Ju+ww) —Jw) 2
- -

a
A

[ [y(G; u+2rv)(T) — y(6; u)(T)] 40
1

L2(Qn)
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+ N2vl2,,, | +2N wv dadxds
e L2(0,)
+2</ [y( u+20)(T) — y(0; u)( )] d@;fy(@;u)(T) dg_zd) .
1 ’ ! L2(Q4)
(39)
Let us set z), = z,(0; v) = y(O;u+Av) —y( M); thon, using Proposition 22,

we deduce that as A — 0, the sequence z; converges strongly to z(6; v) in
L2(U; HO1 (2)), where z = z(0; v) is solution to

2R @A+ in Q
_ _ = =V m )
9 " da LTHRE= VX,
z=20 on X,
20,,-.6) =0 in g4, @O

A
z(-,0,-,0) = / B(t,a,x)z(t,a,x,0)dain Qr.
0

Moreover, since /y(@; u)(T) do e LZ(QA), we also have/z(@; v)(T) db e
I 1

L2(Q 4). Taking (40) into account, passing to the limit as A — 0 in (39) and using
the Lebesgue dominated convergence theorem, we are lead to

</z(T,~,-,9) d@;/y(@;u)(T) do —zd> + N uv dadxdt = 0,
1 1 Lz(QA) Lz(Qu))
Vv e L*(Q,). (41)

To interpret ((41)), we consider the following adjoint system:

L*q Zﬂ(tvaﬂx)q('ﬂoa 59) in Qa

q=0 on X,

42

q(T,-,-,m:fIy(e;u)(T) 6 — z4in Qu, “42)
q(-,A,-,0)=0 in Or.

where ¢ = ¢ (6, u) is such that /q(@) do e LZ(Q). Since B(t,a,x) € L*°(Q)
I

and ¢(-,0,-,0) € L*(Qr), then B(r,a,x)q(-,0,-,6) € L*(Q), and using that
0 0
[y(e; u)(T) d0—z4 € L*(Q4), it follows that g € L*(U; H{ (Q2)) and a—?+a—q €
1 a
L2(U cH! (£2)). So, if we multiply the first equation in (40) by g solution of (42)

and integrating by parts over Q, we obtain
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(Z(Ts Ty %y 9)1 Q(T, Ty %y 9))L2(QA) + (Z('v Av s 0)9 q('v Av Ty 0))L2(QT)
9z "
= G0, 0.0 0 2y = [ a3 dodvdi +(L70) 30
=920,
that is,
QT 8). (T, ) 2o + (2 Aua60). g A ) 120
0z "
—(z, B(t,a,x)q(-,0,-,0) 1200y — /E qa—v dodxdt + (Z, L q)Lz(Q)
= (U, Q)LZ(Q{») . (43)

Using (42), (43) is rewritten as

<z(T, -,~,9);/y(9;u)(T) d9—1d> =/ vg dxdt; (44)
I L2(Q4) w

then, an integration by parts with respect to 6 on J leads us to

(/Z(T,-,-,m de;/y(e;uxT) de—Zd) _ (v,/q(e) de) .
1 1 L2(Q4) 1 L2(Qw)

(45)
Combining (41) and (45), we obtain

/ v <fq(9) d@) dadxdt + N uvdadxdt =0 Vv e L*(Qy);
L2(Q0) 1 L2(Qw)

that is,

/2 (/q(e) do + Nu) vdadxdt =0 Yv e L*(wr),
L2(Q0) \J1

which implies that

1 .
u = —N/Iq(e) df in Q. (46)
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4

Conclusion

In this chapter, we proved that after averaging the cost function related to our model,
the system is still controllable and gives an optimal control that does not depend on
the unknown parameter.
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Co-Semigroup and Stepanov-Like Almost M)
Automorphic Functions in Matched oo
Spaces of Time Scales
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1 Introduction

In 1935, S. Bochner introduced the concept of almost automorphic functions
referred to some research aspects of differential geometry (see [1]). As is well
known that almost periodicity is a particular case of almost automorphy. For some
main research contributions of almost automorphic functions and the applications
to dynamic equations, one may refer to the literature [2-5]. Based on these
works, some excellent contributions of generalizations such as weighted pseudo
almost automorphic functions and Stepanov-like almost automorphic functions
were achieved (see [6, 7]).

In 1988, the time scale theory was initiated by S. Hilger (see [8]) to unify the
discrete and continuous analysis (see [9]). This powerful tool was also applied to
study almost automorphic functions and dynamic equations by many researchers
(see [10-14]). In 2017, the almost periodic problems in matched spaces of time
scales were proposed and studied for the first time, which can cover the quantum
case (see [15, 16]), and then the concept of matched spaces of time scales is
introduced to enlarge the scope of suitable time scales on mathematical analysis
(see [17]), which can include the new periodic time scale initiated by M. Adivar
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as a special case (see [18]). Based on these works, some major contributions were
achieved in relation to almost periodic and almost automorphic topic under matched
spaces and irregular time scales for the first time (see [19-23]).

This chapter mainly focuses on Cp-semigroup and Stepanov-like almost auto-
morphic functions on a quantum time scale and generalizations under matched
spaces of time scales, and it is organized as follows. In Sect. 2, the Co-semigroup
on a quantum time scale is introduced and investigated. In Sect. 3, Stepanov-like
almost automorphic functions on a quantum time scale are introduced and their basic
properties are investigated. Section 4 is devoted to generalizing the quantum case to
more comprehensive irregular time scales under the theory of matched spaces of
time scales.

2 Cy-Semigroup on a Quantum Time Scale

The TI-semigroup for invariant under translation time scales was proposed in the
literature [24]. In this section, we will introduce the concept of Cp-semigroup on a
quantum time scale and study its properties.

Let a quantum time scale be T, = {q" 1g > 1,n € Z}, and we introduce
the notations 7, = {q" g >1,n¢ Z_}, Tq+ = {q" g >1,n¢ Z+}, and
Ty =T,V Tq+ U {1}.

Now, we denote qu ={t-t:1teT,}and quI ={t-t':re T} fort € Ty.
Then, if T € T;\{1}, then T, = Tqr, i.e., T, coincides exactly with qu after a shift
7, and we say Ty is invariant with respect to the operation (-).

The following theorem is obvious through direct calculation check.

Theorem 2.1 Let T; be a quantum time scale. Then,

(i) Y11, 10 € Ty, we have 11 - 12 € Ty
(ii) V11,712,713 € Ty, we have (t1 - 12) - 13 = 71 - (T2 - T3).
(iii) There exists an element ¢ = 1 € T, such that for all elements t € T,, the
equation 1 -t =t - 1 = 7 holds.
(iv) Yt € T, there exists an element T~
the identity element.
(v) V11,12 € Ty, we have 11 - 12 = 12 - 1.

I e T, such that T - =1 = 1, where 1 is

According to Theorem 2.1, the following result follows immediately.
Theorem 2.2 The pair (T, -) forms an Abelian group.

Next, let X be a Banach space and T; : X — X be a transformation for T € Tj,.
Obviously, {T; : T € T,} is a set with a single parameter. Then, the multiplication
is defined as follows:

Trl TT2 = Tryrz, 2.1)
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which yields that

T (szTfs) = (Tfl Trz)Tfs =Ty 0.
I = T, is the identity, and T -1 is the inverse element of T.. By these definitions

and notations, the following theorem is immediate.

Theorem 2.3 {T; : © € T,} forms an Abelian operator group with respect to the
multiplication defined by (2.1).

In view of Theorem 2.3, we will establish some basic concepts that are necessary
to define a Cy-semigroup for a quantum invariant time scale.

Definition 2.1 Let T be a quantum invariant time scale and {T;} be a collection of
bounded linear operators on Banach space X. If for all 71, 7p € Tq+, the following
holds:

Trl-rz = T‘L'IT‘L'zv (22)
then {T; : 7 € Tq+} is called a single-parameter operator semigroup; if (2.2) holds
forall T € T;, we call {T; : T € T,} a single-parameter operator group.

Definition 2.2 Let 7, be a quantum time scale and {T; : T € Tj} be an operator
group on a Banach space X, i.e.,

Ty Ty =Ty, w,nel,l, T.=1
Then, {T; : 7 € Tq+} is said to be the strong continuous operator semigroup or the
Cp-semigroup.

In what follows, we introduce the definition of infinitesimal generator of a Co-
semigroup on a quantum invariant time scale.

Definition 2.3 Let 7; be a quantum time scale and {T; : 7 € Tq+} be a Cp-
semigroup on a Banach space X. Let & denote a subset of X, which has the property
that for each x € Z there exists a y € X such that

1
qu(Tq - Dx — yH =0. 2.3)

We define A : 2 — X satisfying A = qlTl(Tq — I) and Ax = y, where y is fixed
by (2.3) and A is called the infinitesimal generator of the Cp-semigroup.

Theorem 2.4 Let T, be a quantum time scale, {T; : T € Tq+} be a Co-semigroup on
Banach space X, and A be the infinitesimal generator of the Cy-semigroup. Then, A
is a closed densely defined operator, and for every x € 2(A), the following holds:



132 C. Wang and G. M. N’Guérékata

dq
—T.x = A(T;x) =T Ax,
dgt

that is
T T
(Tzx) —x = f ATgxdgs = / TyAxdgs,
1 1

where P (A) denotes the domain of the operator A.

Proof By Definition 2.3, this theorem is immediate by direct calculation. ]

3 Stepanov-Like Almost Automorphic Functions
on a Quantum Time Scale

In this section, we will introduce the concept of Stepanov-like almost automorphic
functions on a quantum time scale and provide some basic properties.

Definition 3.1 A function f € C(7,, X), where X is a Banach space, is said to
be almost automorphic (a.a. for short) in Bochner’s sense if for every sequence of
(s,) C Ty, there exists a subsequence (s;,) such that

g(®) = lim f(t-s,)
n—oo
is well defined for each ¢ € T, and
lim g(t-s5,") = f()
n—00

foreacht € Tj.

If the convergence above is uniform in ¢t € X, then f is almost periodic in
Bochner’s sense. We denote by AA,(X) the collection of all (Bochner) almost
automorphic functions 7, — X. Then, similar to the results from the literature
[2, 25], we have

Theorem 3.1 If f, f1, f» € AA;(X), then

(i) fi+ fr e AA,(X);
(ii) Af € AA,(X) for any scalar A;
(iii) fo € AA4G(X) where fo : T, — X is defined by f,(-) = f(-a);
(iv) the range Ry := {f(t) it € Tq} is relatively compact in X, and thus f is
bounded in norm; and
(v) if fu — f uniformly on T, where f, € AA;(X), then f € AA,;(X).
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Proof Similar to the proof process in the literature [25], one can easily prove this
theorem through replacing the operation + by -, and it will be omitted here. ]

AA4(X) equipped with the sup-norm || fllaa,x) = Sup;er, Il f (@] turns out to
be a Banach space. Now, we denote by AAj (X) the closed subspace of all functions
f e AA,(X) with g € C(T,, X). Equivalently, f € AAZ(X) if and only if f is
almost automorphic and all convergences in Definition 3.1 are uniform on compact
intervals. Obviously, we have

AP,(X) C AA;(X) C AA;(X) C BCy(X),
where BC,(X) stands for the Banach space of bounded and continuous functions

with values in X.

Definition 3.2 The Bochner transform f b t,s),tely,sell, L]Tq , of a function
f (@) on T, with values in X, is defined by

o, s)=f@-s).

Remark 3.1 A function ¢(t,s),t € Ty, s € [1, L]Tq, is the Bochner transform of a
certain function f(¢),

o(t,s) = f2,9),

if and only if

ot 1,5 -7 ) =, 1)

forallr € Ty,s € [1, L]z, and 7 € [sL™', 5]z,

Definition 3.3 Let p € [1, 00). The space BSé’ (X) of Stepanov bounded functions,
with the exponent p, consists of all measurable functions f on T, with values in X
such that fb € L*(T,, L?(1, L; X)). This is a Banach space with the norm:

‘L i
1 £llse = 1/ (a0 = sup ( [T f(r)||§dqf> |
t

teTy

Definition 3.4 The space ASé7 (X) of SP-almost automorphic functions consists of
all f € BS7(X) such that fte AAL(LP(1, L; X)).

Definition 3.4 also has the following equivalent form.
Definition 3.5 A function f € Ll[; -(Ty; X) is said to be §”-almost automorphic if

its Bochner transform f? : T, — LP(1, L; X) is almost automorphic in the sense

that for every sequence of numbers (s;,) C T, there exist a subsequence (s,;) and a
function g € L}, (T, X) such that
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1

L P
(/1 1/t 50 5) —g<t-s)||"dqs) —0

and

L .
</ gt s, 5) = f(t-s)n”qu) -0
1

as n — oo pointwise on Tj,.

Remark 3.2 Note thatif | < p < p < ocoand f € L? (T,: X) is SP-almost

loc

automorphic, then f is S”-almost automorphic. Also, if f € AA,(X), then f is
SP-almost automorphic for any 1 < p < oo.

Remark 3.3 Note that f € AAZ (X) if and only if fbe AA,(L*(1, L; X)). Hence,
AAZ (X) can be regarded as ASqOO (X).

Theorem 3.2 We have the following equivalent statements:

(i) feAS)X);
(ii) f? e AAL(LP(1, L; X)); and

(iii) for each sequence (s;l) C Ty, there exists a subsequence (sy) such that
g@) := lim f(t-sy) (3.1
n—00

exists in the space LY (T,:X) and

loc
f@ = lim g(t -5, (3:2)

in the sense of LY (T, X).

loc

Proof (ii) = (i): trivial.
(iii) = (ii): Now, we prove that

lim f2(r - su, 1) = g°(1, 7)
n—0oo

in C(Ty; LP(1, L; X)). In fact,

1

hL >
sup ||fb(r-sn,r)—gb(r,r)||Lp<1,L;x>s(/ 1 ||f<r-sn)—g(r>||"dqr) - 0.

te[h=1,h]

Similarly, we have

lim g"(t -5, ' 1) = £, 7)
n— oo

in C(T,; LP(1, L; X)).
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(i) = (iii): Let f2(t - s,, 1) — o(t, 1) pointwise, where ¢ is a measurable
function with values in L?(1, L; X)). By Remark 3.1, ¢(t,7) = gb(t, 7), here,
g e Ll (1,L;X). Let

h
P im /h s — g0 Pdg.

We will prove that p, — 0. Indeed, assume that n(h~Y) and ii(h) are the positive
integers such that q’w’_l) = h~!and ¢"™ = h; then, we have

n(h) gL
o= Y [ s - ewirag
k=ah=1) "4
n(h)
= Y G s =@ DI — O
k=n(h=1)

which implies (3.1).
Similarly, we can obtain (3.2). The proof is completed. |

Theorem 3.3 AS(f (X) is a closed linear subspace of BS}; X).

Proof First, we prove that AS;7 (X) is closed linear subspaces of BS;’ (X). Now,
let f1, f» € ASY(X); then, by Definition 3.3, f?, f2 € AA,(LP(1, L; X)), so by
Definition 3.3 and Theorem 3.2, we have f7, 2 € AA,(X).

By Minkowski’s lemma, we have

‘L 3
Ifi+ £l =1f2+ f2b||L°°(Tq,LP) = sup </ Il f1() + fz(f)ll§dqf)
t

tely

iL 1 1L 1
< sup (f 11 (T)II;’Q%I) + sup (/ |If2(f)||§dqf>
teTy t teTy t

b b
= 17 Lo, oy + 1 5 e cr, Loy = 1 fillse + 11 2l se-

Hence, we have f1 + f» € AS}(X).

Moreover, it is clear that A f] € AS,; (X) for any scalar X.

Finally, by employing again Minkowski’s lemma, we can prove that if (f,,) is a
sequence in AS}; (X) that converges to f in S”-norm, then f € AS5 (X). The proof
is completed. |

The following theorem is immediate.

Theorem 3.4 Let f € AS},U (X) and A € L(X), the Banach algebra of all bounded
linear operators X — X. Then, Af € AS}; (X).
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Now, we have the following composition theorem.

Theorem 3.5 Let F : T, x X — X be SP-almost automorphic. Suppose that
F(t, x) is Lipschitzian in x € X uniformly int € T,, i.e., there exists L > 0
such that

[F(t,u) — F@t,v)|l < Lllu —vll

forallt € Ty, (u,v) € X x X
If ¢ € ASg(X), then Y : T, — X defined by Y(-) := F(-, ¢(-)) belongs to
ASE(X).

Proof Since ¢ € AS; (X), for every sequence (s;l), there exist a subsequence (s,)
and a function ¢ € L?(T,, X) such that

L )
</ o -sn-5) =¥ 'S)II”qu>l -0, (3.3)
1

and

1

L v
<f ||1ﬁ(t-snl-s)—¢(t~s)||pdqs) -0 (3.4)
1

as n — oo on T, pointwise.

Since F : T; x X — X, (t,u) — F(t,u) is S”-almost automorphic in t € T,
uniformly in u € X, for every sequence (a,;), there exist a subsequence (0,,) and a
function G(-, u) € LP(T,; X) such that

1

L P
(/ |F(t- -0, -s,u)—G(t-s, u)llpdqs) — 0, 3.5)
1

and

14

L
(/ IG(t -0, -5, u) —F(t-s,u)||pdqs> -0 (3.6)
1

as n — oo on T pointwise for each u € X.
Now, by employing Minkowski’s inequality, we have

1

P

L
(/ IF (- $n-5,¢(-50-5)) =Gt s, Iﬁ(t-S))II”qu)
1

L
P

L
< (/ IIF(t-sn~S,¢>(t-Sn-S))—F(t-sn~s,1ﬂ(t~S))||pqu>
1
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1

P

L
(/1 NF(t-sp-s, %@ -5)—G(-s,¥(t ~s))||”dqs>

L :
< L</1 Nt sn-5)— Pt 'S)II”qu>

P

L
+ (f I sp-5,9(t-5) =G 5,9 'S))II”qu> ,
1

and though (3.3) and (3.5), we have

P

L
(/ ||F(t'sn-s,¢(t-sn-s))—G(t-s,lﬂ(t-s))||”dqs> -0
1

asn — oo.
Similar to the above, by employing Minkowski’s inequality and both (3.4) and
(3.6), we can also obtain

1
P

L
</ IG5 s, -s7" - s) — F(t~s,¢(t~s))||”dqs> =0
1

as n — oo. This completes the proof. |

4 Weak Almost Automorphy on a Quantum Time Scale

In this section, we will introduce the concept of weakly almost automorphic
functions (in short w.a.a.) on a quantum time scale.

Definition 4.1 A weakly continuous function f : 7, — X is weakly almost
automorphic if for each sequence (s,/l) C Ty, there exists a subsequence (s;,) such
that
g(t) == weak — lim f(t-sy,)
n— o0
is well defined for each t € T, and

weak — lim g(t —s,) = f(1)
n—0oo

foreacht € Tj.

Also, Definition 4.1 has the following equivalent form.
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Definition 4.2 f is weakly almost automorphic, if for every v € X* (dual space),
the numerical function (v, f) is almost automorphic. f is weakly S”-almost
automorphic, if (v, f) € AS} Yv € X*.

For convenience, we denote the collection of all weakly almost automorphic
functions by WAA,(X) and the collection of all weakly S”-almost automorphic
functions by WAS} (X).

The following relations are immediate:

AA,(X) C WAA,(X),
AAL(X) C WAALX),
ASP(X) c WASE (X)

q q .

Theorem 4.1 (i) Assume that f € WAA,(X). Then, f is bounded and its range
is separable. As a consequence, f € L°(T,,X). (ii) If f € WASlf(X), then
f € BSY(X).

Proof (i). By contradiction. Suppose that Sup; e, [l f(@®)| = oo, then there exists a

sequence (s;l) C T; such that lim,, . || f (s;l)|| = o00. Because f is weakly almost
periodic, one can extract a subsequence (s,;) such that

weak — lim f(s,) = « exists.
n—oo

Then, (f(s,)) is a weakly convergent sequence, and thus it is weakly bounded
and therefore bounded; this is a contradiction. From (i), we can obtain (ii)
immediately. ]

Theorem 4.2 Let Xg C X be a continuous and dense embedding of Banach
spaces. (i) If f € L*(T,, Xo) is a weakly continuous function and f € WAA,(X;)
(respectively, f € WAA (X)) then f € WAA;(Xo) (respectively, [ €
WAA;(Xo)).

(i) If f € BS)(Xo) and f € WASY (X)), then f € WAS] (Xo).
Proof
(i) The dual embedding X’f C XS is dense and continuous. Therefore, for each

v € X{, there exists a sequence v, € X7 such that lim,,_, o v, = v in X§. Since

(v, f(O)) = (vn, fFON = [ fllLo(r:x) IV — vallxgs

and all functions (v,, f) are almost automorphic, we can obtain the desired
result.
(ii) Similar to the proof of (i), we can also obtain (i) and do not repeat it here. W
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5 Shift-Semigroup Under Matched Spaces of Time Scales

In this section, we will generalize the results of the above sections in matched spaces
of time scales. Now, we recall the concept of matched spaces of timescales, and one
may consult [17, 19, 20] for more details.

Definition 5.1 ([17, 20]) Let I1* be a subset of R together with an operation § and
a pair (IT*, §) be an Abelian group, and § is increasing with respect to its second
argument, i.e., IT* and § satisfy the following conditions:

(1) TI* is closed with respect to an operation §, i.e., for any 7{, 7o € IT*, we have
S(‘L’], ) € IT*.

(2) For any T € II*, there exists an identity element e+ € IT1* such that
Sler, 7) = T.

(3) For all 71, 12,73 € IT*, §(71,8(12, 73)) = 8(8(11, ), 13) and §(11, 2) =
8(1, T1).

(4) For each t € IT*, there exists an element =1 € IT* such that 5(1, ™ =
S(r_l, T) = eqr*, where ey is the identity element in IT*.

(5) If 1 > 1, then S(~, 1) > S(~, ).

A subset S of R is called relatively dense with respect to the pair (IT*, §) if there
exists a number L € IT* and L > ep such that [a, S(a, L)lm= N S # @ for all
a € TT*. The number L is called the inclusion length with respect to the group
(I1*%, §).

Definition 5.2 ([17, 20]) Let T and IT be time scales, where T = Uiell A;, T =
Uies, Bi- If TT* is the largest subset of the time scale T, i.e., TI* = II, where A

denotes the closure of the set A, and (IT*, S) is an Abelian group, and /1 and I, are
countable index sets, then we say IT is an adjoint set of T if there exists a bijective

mapping:
F: T — 1
AelAi,iell} > Be|Bi ich},

i.e., F(A) = B. Now, F is called the adjoint mapping between T and I1.

Definition 5.3 ([17, 20]) Let the pair (IT*, §) be an Abelian group and IT*, T* be
the largest open subsets of the time scales IT and T, respectively. Furthermore, let
IT be a adjoint set of T and F' the adjoint mapping between T and I1. The operator
8 : I* x T* — T* satisfies the following properties:

(P1) (Monotonicity) The function § is strictly increasing with respect to its all
arguments, i.e., if

(To, 1), (To,u) € Ds := {(s,1) € I* x T*: §(s,1) € T*},
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then t < u implies §(Tp, t) < 8(Tp, u); if (T1, u), (Tr,u) € Ds with T < T»,
then § (T, u) < 8(7T», u).

(Py) (Existence of inverse elements) The operator § has the inverse operator § -1,
Im* x T* — T* and 8’1(r, t) = 8(t’1, 1), where =1 € IT* is the inverse
element of t.

(P3) (Existence of identity element) erj+ € IT* and §(epy+, t) = ¢ for any t € T*,
where eqy+ is the identity element in IT*.

(P4) (Bridge condition) For any 71,7 € I1* and t € T*, 5(§(r1, ), t) =
8(t1, 8(t2. 1)) = 8(12, 8(71,1)).

Then, the operator § associated with er;+ € T* is said to be shift operator on
the set T*. The variable s € IT* in § is called the shift size. The value 8(s, t) in
T* indicates s units shift of the term r € T*. The set Ds is the domain of the shift
operator §.

Definition 5.4 ([17, 20]) Let the pair (IT*, §) be an Abelian group and IT*, T* be
the largest open subsets of the time scales IT and T, respectively. Furthermore, let
IT be a adjoint set of T and F the adjoint mapping between T and IT. If there exists
the shift operator § satisfying Definition 5.3, then we say the group (T, I1, F, §) is
a matched space for T.

Let (T, IT, F, §) be a matched space for T, and we introduce the notations IT* =
[rem 7 <e}, % ={r el :1 > e} and I* = IM* UL U{e},
where e is the identity element in [T*. For any t € IT*, we denote S, (t) :=6(t, 1),
Srz(r) = S(t, S(‘L’, 7)), ...

Now, we denote T = {§(t,¢) : t € T} and T = {8(z7', 1) : t € T} for
T € IT*. Then, if T € IT*\{1}, thenif T = T* U TFI, i.e., T coincides exactly with
T®, we say T is invariant with respect to the operation §.

Let X be a Banach space and 7; : X — X be a transformation for t € IT*.
Obviously, {77 : T € I1*} is a set with a single parameter. Then, the multiplication
is defined as follows:

ToTe, = T (5.1

(T1,72)°
which yields that

7o (ToTe) = T 500,00 = Tser 5w = ToGr,mmn = (70 T) T,
I = 7, is the identity, and 7,-1 is the inverse element of 7;. By these definitions

and notations, the following theorem is immediate.

Theorem 5.1 {7; : © € I1*} forms an Abelian operator group with respect to the
multiplication defined by (5.1).

According to Theorem 5.1, we will introduce some basic concepts to define a
shift-semigroup for an invariant time scale.
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Definition 5.5 Let T be an invariant time scale and {7} be a collection of bounded
linear operators on Banach space X. If for all 71, ro € IT%, the following holds:

ITS(‘[],Q) = ,Tt] 7:'2: (5.2)
then {7; : T € IT% } is called a single-parameter operator shift-semigroup; if (5.2)
holds for all T € IT*, we call {7; : T € IT*} a single-parameter operator shift-group.
Definition 5.6 Let T be an invariant time scale and {7; : T € IT% } be an operator

group on a Banach space X, i.e.,

ToTe, =T .nelll, T.=1I

(t1,12)°
Then, {7; : T € IT% } is said to be the strong continuous operator shift-semigroup.

Theorem 5.2 Let T be an invariant time scale and {T; : © € 1%} be an operator
semigroup on the Banach space X, and for any x € X and any ¢ > 0, there exists a
neighborhood U = (11 — 8¢, T1 + 80) N I1%_ for some 8o > 0, such that

175 or ).z

x—x||<e foraltn eU, (5.3)
then, {T; : T € I1%} is a shift-semigroup.

Proof For any L € IT%, we claim that

sup{[|7z|l : 7 € [e, L]n+} < 4o0. (54
In fact, for any x € X, we can take, h € IT%, ¢ > 0 such that

sup{[|Tzx|| : T € [e, hln+} < c.

Now, for 7 € [e, LI+, let T = 8(8;-1(h), r), r € TT*, where k < §(L,h™'), 0 <
r < h. Then, it follows that

1Texll = ||7'ghk_,(h)7;x|| = ”7—ghk_](h)||c'

Hence, (5.4) holds. In what follows, we let M := sup{|| 7| : T € [e, L]1*}.
For any ¢ > 0, there is 8¢, such that for 75 € (tr1 — 89, 71 + 50)r1*+, we have

(i) If ©p > 11, then oy (71) = 711, and we have

||7;2x 7Tr]x” =< ”7:71-[(1'1)(7; (‘L’])) 1)X+7;1 (7; I)X” =< 2Me.

(r2,0q (on(z1), 7y

In the above, o11(t1) = 1. In fact, if oy(71) > 711, then 17 is a right-scattered
point, which implies that 7o = 71, and this contradicts 7, > 7.
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(ii) f 7o < 71, then » < 71 < oq (1), which yields e < §(on(m), ;") <
S(on(z1), 7, 1). Hence, we have

”7-sz _7:’1)6” = ”7;2(1 _775(611(1’1),‘[271)))( +7TL’1 (7:§ 1) - I)-x” = 2Me.

(on(z1), 7y

Hence, for o € (1 — 6, 11 + 8)1-[1, the following holds:
| Teax — Ty x|l < 2Me.

Hence, {T; : © € II%} is a shift-semigroup and (5.3) holds. This completes the
proof. |

In the following, the definition of infinitesimal generator of a shift-semigroup
will be introduced.

Definition 5.7 Let T be an invariant time scale and {7; : v € II%} be a shift-
semigroup on a Banach space X. Let & denote a subset of X, which has the property
that for each x € 2, there exists a y € X such that for any ¢ > 0, there is a
neighborhood U = (71 — 8o, 71 + 80)“1 for some 8y > 0, which satisfies

(T3 = Dx—ylon(m) —nll <elon(m) —nl, wel. (55)

(on(zn), 7y "

For 71 — e, we define A : ¥ — X satisfying Ax = y, where y is fixed by (5.5). In
what follows, we call this A the infinitesimal generator of this shift-semigroup.

Remark 5.1 From Definition 5.7, we can obtain

Tison ey — DX

lim lim =A.

TI—>en—T or(ty) —
Remark 5.2 From (5.5), it follows that

77[| (7:] - I).X
(¢ —Du

lim

T —e

1
= | ;=i pems] =0

which implies that Definition 5.7 is equivalent to Definition 2.3 when T = q_Z.

Theorem 5.3 Let T be an invariant time scale, {T; : © € 1%} be a shift-semigroup
on Banach space X satisfying (5.3), and A be the infinitesimal generator of the shift-
semigroup. Then, A is a closed densely defined operator, and for every x € Z(A),
the following holds:

(Tex)2™ = A(Tex) = T; Ax, (5.6)
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that is
T T
(Tex) —x = / AT xAns = / TsAx Ars, 5.7
e e

where Z(A) denotes the domain of the operator A and An is the differential
operator over the time scale T1.

Proof First, we show that A is a densely defined operator. Note that for any x € X,
we have

3on(z). 73 s »
H / ToxAnb — (I8(on(r1), T, )| —e)x
e

18(on (), 7y D
= H / (Tox — x)An6 ‘
e

S —1
< [16en(z), 7, Hl — e sup [ Tox — x|
e<=<[8(on (), 7y "l

< |I8(on(t1), 7, HI — ele. (5.8)

Lety = [} ToxAn6; then,

T
7TS(anm),r;‘)\y Y= /E (73(9,\S<on(r1),z;1>|> — Tox)And

Son(m).ry Yl

HEAHCATGIRA)) T
/ 'TQXAHQ — / 7(;xAr[9
| e

3(z18(om (x5, HD 18(on(z),7y DI
/ 'Tngn@ — / 'Tngr[Q
e

T

HEH TGRS 8(on (z1), 75 D
= f To(Tex) A0 —/ Tox Ap6.
e e

Since (5.8) holds for any x € X, it follows that

| Tstone.styy = = (8n@). 5l =€) (Tex = 0|

8(on(z).7; - .
= H / To(Tex —x)Anb — (18(on(t1), 75, )| — €)(Tex — x)
< [IBon(m), iy Hl —ele.

Therefore, y € Z(A), so Z(A) = X.
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Next, we will show that (5.6) and (5.7) hold. Since

- Tsenyh = DTnx T Tsene.gty — DX
lim = lim = Ty, Ax,
0T lor (1) — 12| n=T lon(T1) — 12|
we have
”,7;1 (T|1§(C71'l(1'l)s7-'2_1)\ - I))C - |UH(I1) - .[2'7;:1 A)C” (59)

< Tl T s gy epy ey = DX = lon(z) = 2l Ax ]| < 1Tz lelon () — 2,
and so, Ty, x € Z(A). From (5.9), we also have

(7,

\S(Gn(‘[]),r{]ﬂ - I)X - |GH(T1) - ‘L'2|A)C|| = Slol'l(rl) - T2|- (510)

(i) If 7o > 11, then from (5.10) and Theorem 5.2, it follows that

I(Ton ) — Te)x — (on(t1) — 1) T, Ax||
< 1 Tonan = Ty 1 (ry))* = ©@n(T1) = ©2) To () AX
+(on(t1) — 1) Top () Ax — (on(t1) — ©2)Tr, Ax||
< 1 Ton@ i@ —on@NAx = (I = Ty, o)X
FNTe T = Ty, AX (72 = om(z1)

< Me(ry —on(t1)),

where M := sup{||7z|| : T € [e, Lln+} and L € IT* is any fixed positive
constant. In the above, it is necessary to note that orj(tr;) = 71y, since if
om(ry) > 71, then 77 is right scattered point, which implies that o, = 71, and
this contradicts our assumption that 7, > 717.
(ii) If ©» < 1y, then it follows from 70 < 11 < op(r;) that 0 < 71 — 1» <
o (t1) — 2. Hence, from (5.10) and Theorem 5.2, we obtain
”(7:711(‘[1) - 7’12))‘ - (OT[ (TI) - 7:2)7;1 Ax”
< 1T0(T; )= Dx — (on(t1) — )Ty, Ax
+(on(t1) — 1) T, Ax — (on(t1) — ©2) Ty, Ax||
< ”7“[2” ”(7?5(61_[(.[])’.[2*1) - I)X - (UH(TI) - ‘L'Q)AX)”

FIT MU = Ty, 1) Axllon(T) — 2)

(on(n). 7!

< Me(on(t1) — 12),
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where M := sup{||7¢|l : © € [0, L]n+}, and L € II* is any fixed positive
constant.

Therefore, (T;x)?" = T; Ax = AT, x. Since (5.7) is the integral form of (5.6),
we can conclude that (5.7) holds.
Finally, we show that A is a closed operator. Let x, € Z(A), x, — x, Ax, —
v, and then by (5.10), we have
(T3 1y = Dx = lon(z) = nlyl = Tim [[(7; ~ D,

15on(t1),1, on(m), 5 )l

—lon(t1) — 12| Ax, |l

IA

elon(t1) — ol
Hence, x € Z(A) and Ax = y, thatis, A is a closed operator. This completes the
proof. |

Theorem 5.4 Let T be an invariant time scale and X be a Banach space. Assume
that {T; : © € I} is a shift-semigroup, A is the infinitesimal generator of the shift-
semigroup, and P(A) = X, ex (g(rl, 7),e) = eas(t1,e)ea(m, e) forall Ty, 1y €
IT% . Then,

T = ea(r,e), T €II%,

where 9(A) denotes the domain of A.

Proof From Theorem 5.3, we have

(eA(I, e))c)An = Aeas(t,e)x = ex(t,e)Ax.

Furthermore, since e4 (7, ¢) is A-differentiable on IT, then for any ¢ > 0, there is a
8 > O such that for 1, € (r; — 8, 11 + 8)111, it follows that

l(ea(oni(t1), €) — ea(t2, €))x — (on1(11) — 12)Aea(t1, e)x|| < elon () — 12,
(5.11)
and hence

(i) If o > Ty, then it follows from (5.11) that

lea(on(ti), ) — ea(5(r2, o7 (7)), €)x
—(on (1) — ©)ea(ti, on(t1) Ax]|l
< lleaton(m). Ol — ea(r2, o' (r1)). )x
—(on (1) — ©)ea(tr, on(t1)Ax]|l

< Me¢lon(r1) — 12|
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In the above, o(t1) = 11. Indeed, if ory(71) > 71, then 77 is a righ-scattered
point, and then 7o = 11, which is a contradiction since 75 > 7.
(ii) If ©» < 1y, then it follows from 70 < 11 < op(r;) that 0 < 71 — 1» <
on(t1) — 1. Hence, from (5.11), we can obtain
llea(ta, e)[(ealon(t1) — 12, €) — x — (oni(71) — 12) Ax
+(on(r) — ) —ea(t1, 1)) Ax]|l
< llea(r2, ©)lllll(ea@(om(t1), 75 1), ) — Dx — (on(t1) — 1) Ax]||
+Melon(t)) — 12l < 2Melon(t1) — 12|,
where M := sup{|lea(r, e)| : T :€ [e, LIn+}, and L € IT* is any fixed positive

constant.
From (i) and (ii), we obtain

Iea(l8(oni(t1), 7, I, ) — Dx — lon(r1) — 2| Ax|| < 2Melon(t1) — 1al.

Therefore, A is the infinitesimal generator of {7; : 7 € IT7}. This completes the
proof. ]

Remark 5.3 Notice that if T = q_Z, then

To=eam, )= [ [1+(@q—Das].

se[l,1)

Definition 5.8 Let A be the infinitesimal generator of the shift-semigroup. We call
ea(t, 1), to € T, the exponential function generated by A on the time scale T. We
also let J; = €4 (t, tp) and call .7} the moving operator on T.

Let X be a Banach space, and consider the following system:
2 = Ax(t), x(to) =xo, fgp €T, (5.12)

where A is the infinitesimal generator of a shift-semigroup satisfying all the
conditions in Theorem 5.4, and x : T — X.

Theorem 5.5 The fundamental solution of the system (5.12) can be expressed as
x() = Ixo.
Proof From Definition 5.8, 7} = e4(t, t), and hence
2% = (Fx0)® = AZx (1) = Ax (1),

Hence, Z;x( is the fundamental solution of (5.12). This completes the proof. |
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From Theorem 5.5, the following result follows immediately.

Theorem 5.6 Let A be the infinitesimal generator of the shift-semigroup, and let
J; be the moving operator on T. Then,

(Zx)% = A(Fx) = FAx,

that is

t t
(Fix) —x = / ATixAs = / T AXAs.
I 1o

0

6 Stepanov-Like Almost Automorphic Functions in Matched
Spaces of Time Scales

In this section, we will introduce the concept of Stepanov-like almost automorphic
functions under matched spaces of time scales and provide some basic properties.

Definition 6.1 ([17, 19]) A function f € C(T, X), where X is a Banach space,
is said to be almost automorphic (a.a. for short) in Bochner’s sense if for every
sequence of (s,;) C IT*, there exists a subsequence (s;,) such that

g(0) = lim_f(8(s0.1))
is well defined for each ¢t € T, and
. —1 _
Jim g(8(s,". 1) = f(1)

foreacht € T.

If the convergence above is uniform in ¢+ € T, then f is almost periodic in
Bochner’s sense. We denote by AA%(X) the collection of all (Bochner) almost
automorphic functions T — X. Similar to the proof process in the literature
[25], the following theorem is immediate through replacing the operation + by the
operation §.

Theorem 6.1 If £, f1, f» € AA%(X), then

(i) fi+ fr € AAX);
(ii) Af € AA*(X) for any scalar \;
(iii) fo € AAY(X) where fy : T — Xis defined by fu(-) = f(8(a, -));
(iv) the range Ry = {f(t) it € T} is relatively compact in X, and thus f is
bounded in norm; and
(v) if fu = f uniformly on T, where f, € AA%(X), then f € AA®(X).
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AA%(X) equipped with the sup-norm /1l aa5x) = supser IS (@)l turns out to
be a Banach space. Now, we denote by AAz (X) the closed subspace of all functions
f € AA’(X) with g € C(T, X). Equivalently, f € AAﬁ (X) if and only if f is
almost automorphic and all convergences in Definition 6.1 are uniform on compact
intervals. Obviously, we have

APY(X) € AAS(X) € AAY(X) C BC(X),
where BC(X) stands for the Banach space of bounded and continuous functions

with values in X.

Definition 6.2 The Bochner transform f b (t,s),t € T,s € [e, L]+, of a function
f () on T, with values in X, is defined by b, s) = f(8(s, t)).

Remark 6.1 A function ¢(¢,s),t € T, s € [e, L]+, is the Bochner transform of a

certain function f(¢),

o, s) = fPa,s),
if and only if
P(8(r,1),8(s,t71) = g(s, 1)
forallz € T, s € [e, LI+ and T € [8(s, L™1), s]rr+. In fact,

e(8(r,1),8(s, 77 1) = f(8B(s, T 1), 8(r, 1)) = £(8(s, 8z, 8(z, 1))))
= f(8(s.) = o(t.9).

Definition 6.3 Let p € [1, oo). The space BS g’ (X) of Stepanov bounded functions,
with the exponent p, consists of all measurable functions f on T with values in X
such that fb € L°°(T, L? (e, L; X)). This is a Banach space with the norm:

P

S(L,t)
I flse = Il £2 Lo, Lry = sup (/ IIf(r)IIQAT>
teT t

Definition 6.4 The space AS g’ (X) of SP-almost automorphic functions consists of
all f € BSY(X) such that f? € AA%(LP (e, L; X)).

Definition 6.4 also has the following equivalent form.

Definition 6.5 A function f € L[":, (T X) is said to be §¥-almost automorphic if
its Bochner transform f? : T — LP(e, L; X) is almost automorphic in the sense
that for every sequence of numbers (s;l) C IT*, there exist a subsequence (s;) and a
function g € L” (T, X) such that

loc
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L »
(f ||f(8(Sn,8(s,t)))—g(S(s,t))”pAns) -0

and

' ;
(/ lg(8¢s, ", 8Gs, 1)) —f(8(s,t))||pAns> -0

as n — oo pointwise on T.

Remark 6.2 Note thatif 1 < p < p < oo and f € Llp;c(']l‘; X) is S”-almost
automorphic, then f is S”-almost automorphic. Also, if f € AA® (X), then f is
S?-almost automorphic for any 1 < p < oo.

Remark 6.3 Note that f € AA?(X) if and only if f” € AA®(L>(e, L; X)). Hence,
AAﬁ (X) can be regarded as AS5°(X).

Theorem 6.2 We have the following equivalent statements:
(i) f e AS)X);
(i) f° e AAS(LP(e, L; X)); and
(iii) for each sequence (s,;) C IT%, there exists a subsequence (sy,) such that

g(1) = lim f(3(su, ) 6.1)

exists in the space L;; (T; X) and

f@0 = lim g(8Gs;".1) (6.2)

in the sense opr (T, X).

loc

Proof (ii) = (i): trivial.
(iii) = (ii): Now, we prove that

lim f?(8(sa. 1), 7) = g"(t. 7) = g(8(x. 1))
n—od
in C(T; L? (e, L; X)). In fact, for any fixed 7y € T and 79 € IT* , we have

sup 1£ (2, 8Csn, 1)) — 82T, Ol Lp e, 1)
rel8(zy 1 110).8(10,10)]

1

L p
= sup (f £ (. 8(sn, 1)) — g(5(x, t))ll”AnT)

tel(ty " 110).8(t0.10)]
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L p
= sup (f £ (8(sn, 8(z, 1)) — g(8(r, t))ll”AnT>

tel8(ty ' 110).8(t0.10)]

8(L,8(T0,10)) %
(/5 | f(S8(Csp, ) — g(s)llpAs> 0.

—1
(fo ,10)

IA

Similarly, we have
lim ¢”((s, ", 1), 7) = P, 1)
n—oo

in C(T; L? (e, L; X)).

(i) = (iii): Let f?(8(sp, 1), T) — @(t, T) pointwise, where ¢ is a measurable
function with values in L? (e, L; X)). By Remark 6.1, ¢ (¢, 7) = gb(t, 7), here gb €
L} (e, L; X). For any fixed tp € T and 7o € IT%, let

loc

(70.70)
pui= [ 156G~ g7 A,

8(zy " o)

We will prove that p, — 0. Indeed, assume that 7(z, l) and n(tp) are the positive
integers such that

-1 .
T < Tﬁ(‘ro_l) < tﬁ(‘fo_l)—l con < T -1 < Ti(r) < 10;

then, we have

(1) Sz, L)

o=y 12 (sn, 8(x, 1)) = &, DII” AniT
k=i(zg )
(o)
= > 166 8@ ) = " DN e 1) = O
k=ii(z5")

which implies (6.1). Similarly, we can obtain (6.2). The proof is completed. ]
Theorem 6.3 ASg’ (X) is a closed linear subspace of BS; X).

Proof First, we prove that AS§7 (X) is closed linear subspaces of BS(‘;7 (X). Now, let
fi, f>» € ASY(X), and then by Definition 6.3, f?, f2 € AAS(LP(e, L; X)), so by
Definition 6.3 and Theorem 6.2, we have flb, f2b e AAY(X).
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By Minkowski’s lemma, we have

1
P

S(L,1)
Ifi+ £l = 12+ folleecr,ery = SUqu) (f Il f1(z) + fz(f)IIQAf)
te t

S(L.1) 1 3(L.1) i
sup </ Il.f1 (f)ll;’gAr) + sup (/ |If2(f)||§A1>
teT t teT t

= I follLoer.Lry + 12 eer.ry = Il fillse + | f2llse-

IA

Hence, we have f1 + f» € AS)(X).

Moreover, it is clear that A f] € AS g’ (X) for any scalar A.

Finally, by employing again Minkowski’s lemma, we can prove that if (f;,) is a
sequence in AS g’ (X) that converges to f in S”-norm, then f € AS g’ (X). The proof
is completed. |

The following theorem is immediate.

Theorem 6.4 Let f € AS f (X) and A € L(X), the Banach algebra of all bounded
linear operators X — X. Then Af € ASY (X).

Now, we have the following composition theorem.

Theorem 6.5 Let F : T x X — X be SP-almost automorphic. Suppose that F (t, x)
is Lipschitzian in x € X uniformly int € T, i.e., there exists L > 0 such that

[F(t,u) — Ft,v)|l < Lllu —vll

forallt € T, (u,v) € XxX If¢p € ASf(X), then Y : T — X defined by
Y () := F(-,¢(-)) belongs to ASg(X).

Proof Since ¢ € AS § (X), for every sequence (5;1)’ there exist a subsequence (s,)
and a function ¥’ € LP (e, L; X) such that

: :
</ | (8(sn, 8(s, 1)) — Y (S(s, t))ll”Am) — 0, (6.3)
and
- :
</ I (8(s, ", 8(s, 1)) — @ (8, t))ll”AnS) -0 (6.4)

asn — oo on T pointwise.

Since F : T x X - X, (t,u) — F(t,u) is SP-almost automorphic in ¢t € T
uniformly in u € X, for every sequence (cr,/l), there exist a subsequence (o;,) and a
function G?(-, u) € LP (e, L; X) such that
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1

L P
(/ |F(5(o,,6(s, 1)), u) — G(S(s, t), u)||pAns) — 0, (6.5)

and

1

L =
(/ IG @S0, 8(s, 1)), u) — F(8(s, 1), u)ll”AnS>p -0 (6.6)
e
asn — oo on T pointwise for each u € X.
Now, by employing Minkowski’s inequality, we have

L v
(f | F(8(sn, 8(s, 1)), p(8(sn, (s, 1)) — G(8(s, 1), tﬂ(S(s,t)))ll”Ans)

L
=< (/ (8 (sn, 8(s, 1)), @ (8(sn, 8(s,1))))

1
—F(8(sn, 8(s, 1)), Y (8(s, t)))||pAnS>[

L I
(f | F(8(sn, 8(s, 1)), ¥ (8(s, 1)) — G(S(s,t),¢(8(s,t)))ll”AHS)

1
P

L
=< L(/ P (8(sn, (s, 1))) — ¥ (8(s, t))ll”AHS>

L :
+(/ | F(8(sn, 8(s, 1)), ¥(8(s, 1)) — G(8(s, 1), ¥ (3(s, t)))ll”ArIS> ,

and though (6.3) and (6.5), we have

1

L p
(/ 1F(8(sn, 8(s, 1)), @ (8(sn, 8(s,1)))) — G(8(s, 1), Y (8(s, t)))ll”AnS> -0

asn — o0o.
Similar to the above, by employing Minkowski’s inequality and both (6.4) and
(6.6), we can also obtain

1

L v
</ IG(8(s, ", 8(s, 1)), ¥ (8(sy ", 8(s, D)) —F(8(s, 1), p(3(s, t)))ll”Ans> -0

as n — oo. This completes the proof. |
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A Reaction-Diffusion Model for )
Salmonella Transmission Within an e
Industrial Hens House with Distributed
Resistance to Salmonella Carrier State

Pascal Zongo and Catherine Beaumont
Mathematics Subject Classification (2000) 35KS57, 37N25, 92D30

1 Introduction

1.1 Biological Problem

It is often said that a lack of genetic diversity results in a deleterious effect on the
risk of epizootic outbreaks. For example through a stochastic epidemiological model
of a viral pig disease (transmissible gastroenteritis), the authors [17] explored the
effect of genetic variation in the host susceptibility on probabilities and severity
of epizooty. They showed that the former was reduced by genetic variation in
susceptibility to infection but not in duration of recovery; however, it is to note
that its severity was generally lower in genetically heterogeneous populations.
Doeschl-Wilson et al. [7] note that the specific definition of heterogeneity varies
among models, which may lead to partially different conclusions as in [7, 12, 22].
For example, Lloyd-Smith et al. [12] defined heterogeneity as variation in a
continuously distributed “individual reproductive number” and predicted that the
probability of stochastic disease extinction in heterogeneous populations increases
with overdispersion (which also results in higher proportion of non-transmitting
individuals). Springbett et al. [22] considered a few genotypes with distinct levels of
resistance. They concluded that “more heterogeneous populations are not expected
to suffer fewer epidemics on average, but are less likely to suffer catastrophic
epidemics.” Doeschl-Wilson et al. [7] therefore suggests using models as close as
possible to what is known about genetic architecture of resistance. They modeled
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propagation of sheep footrope using an inverse gamma distribution to assess host
variability in response to different steps of disease and predicted a strong impact of
genetic heterogeneity on the disease risk, progression, and severity.

The goal of this model is to take profit of the numerous information on genetic
architecture of hen resistance to Salmonella propagation (see for example [3, 4]) to
develop a model as close as possible to reality, i.e., considering different resistance
traits to infection: transmission rate, excretion rate as well as duration of recovery. It
was shown that those traits had different genetic controls and that each of them was
dependent on a large number of genes, most of which having a small effect [19, 22].
They were thus modeled with continuous and independent distributions.

The effect of genetic heterogeneity was investigated since [19] showed an effect
of genetic heterogeneity considering only two subpopulations of resistant and
susceptible fowls: they observed that the level of resistance influenced kinetics
of propagation of Salmonella in comparison with what could be observed with a
homogenous population of the same mean value for epidemic characteristics.

The spatial repartition of animals (within cages) was also considered since it
was shown that the basic reproduction number Ry and the propagation speed were
increased when the spatial distribution of fowls was heterogeneous [2, 30].

In this chapter, the combined effects of genetic and spatial distributions will
be considered in order to study the impact of heterogeneities on the propagation
of Salmonella, as an extension of the model developed in [19] where only two
subpopulations were considered in a non-dependent spatial environment.

1.2 Mathematical Problem

In this chapter, the hen population is motionless since it is confined in cages, whereas
the bacteria disperse via a diffusion process within the hen house. Moreover, the
total number of hens within hen house is assumed to be constant in time and
heterogeneous in space. We point out that the solution maps associated with the
model system are not compact due to the lack of diffusion term according to the
hen component in the model. In order to overcome this difficulty, we introduce
the Kuratowski measure of noncompactness, « (see, e.g., [5, 28, 29]), i.e., the
existence of global connect attractor can be obtained through proving « -contraction
of the corresponding solution semiflow. Furthermore, we will prove the existence
and uniqueness of principle eigenvalue, A, corresponding to the non-compact
eigenvalue problem and discuss the propagation phenomenon with respect to the
so-called basic reproduction number, Ry := 1/A.

In addition to the threshold result, we will investigate the special case where
all the coefficients in (2.6) are independent of the spatial variable. Using a
fluctuation method developed in [24], we show that when Ry > 1 the disease will
become established and stabilize at a unique spatially homogeneous steady state.
Moreover, the positive steady state is globally attractive, and under some appropriate
conditions, it is explicitly obtained.
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This chapter is organized as follows. The next section presents the model
and well-posedness. The basic reproduction ratio and mathematical analysis are
established in Sects. 3 and 4, respectively. Section 5 is devoted to discuss the special
case with spatially independent parameters. In Sect. 6, we present some conditions
required to control Salmonella by analyzing the impact of the spatial heterogeneity
combined with repartition of heterogeneous fowls. Concluding remarks will follow
in Sect. 7.

2 The Model and Well-Posedness

2.1 Model Formulation

In order to develop the model, assume that the habitat 2 C R4 (d = 1) is abounded
domain with smooth boundary d<2 (when d > 1), and v is the outward unit normal

vector on dv and — means the normal derivative along v on d€2. Then, we propose

a reaction—diffusiorll) model to describe the interaction between hens’ population and
living free bacteria in environment in a continuous spatial habitat.

Let 6 denote the level of animal genetic resistance to Salmonella carrier state.
In what follows, we assume that § € [0, ®), ® > 0. Furthermore, we assume that
the rate of transmission, o (x, 6), excretion rate in environment 8 (x, 6) and recovery
rate y (x, ) of animals are depending on their level of resistance 8 € J and spatially
dependent on their position x € €2 in order to take into account the cage structure.
Here, 1/y (x, 0) is the length of the infectious period.

Let S(t,x,6) and I(¢, x, 0) denote the densities of susceptible and infective
individuals with level of resistance 6 at time ¢ and position x € €2, respectively.
The total size of the population of hens at time ¢ and position x with respect to 8
is denoted by H(t, x,0) = S(¢,x,0) + I(¢, x, 6). The density of bacteria in the
environment at time t > 0 located at a position x is denoted by C(¢, x). Together
with these assumptions, the model we shall consider reads as follows:

aC(t,
;[ D DAC(, %) — a)C (. x) + Ly (D)1 ), 1>0, xeQ,
aS(t,x,0
% =—0x,0)St,x,0)C(t,x)+yx,0)I(,x,0), t>0, (x,0) e QxJ,
al(t,x,0
% =0ox,0)S(,x,0)C(t,x) —y(x,0)I(t,x,0), t>0, (x,0) e 2 xJ,

2.1)

with Lg(I)(¢, x) denotes the flux of excreted bacteria at time ¢ by the hens at
position x. It is defined by
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Lg(D)(t, x) =/ﬂ(x,9)l(t,x,9)d9, t>0, 2.2)
J

where the term B(x, 0)1(t, x, 6) represents the density of bacteria excreted by hens
infected with respect to their level of resistance 6 at time ¢ and position x.

We assume non-flux boundary conditions for the bacteria (reflecting the confine-
ment of the bacteria in the domain):

aC(t, x)

=0, (t,x) € (0,00) x 092. (2.3)
ov

This model is supplemented together with initial data
S0, x,0) = So(x,0), 1(0,x,60) = 1Ip(x,0), C@O,x)=Cop(x), x €2, 0 €l
(2.4)

In the above system, the term o (x) denotes the natural mortality rate of the
bacteria at position x, D denotes the diffusion coefficient for their dispersal in the
environment, and A denotes the Laplace operator.

Before going further, we need to reformulate the problem (2.1)—(2.4). By adding
up the second and third equations in (2.1), we obtain the equation for the hens’ total
population as follows:

OH(t,x,0)/9t =0, 1>0, (x,0) € L x J.
It follows that
H(t, x,0) = So(x,0) + Ip(x,0) = H(x,0), Vt>0, (x,0) € 2xJ.
Thus,

limsupH (¢, x,0) = H(x,0), Y(x,0) € Q x J.

t—0o0

In particular, limsup,_, , S(¢t, x,6) + I(¢t,x,0) = H(x,0) and

limsup I (¢, x,0) < H(x,0) and limsup S(¢, x,0) < H(x,0), (x,0) € Qx J.

t— 00 =00
(2.5)

We further make the following assumption concerning the system (2.1):

Assumption2.1 D > 0, H € Cp1 (2 x J), a € Cpt (R), ¥ € Cpy (2% J),
B, and o are assumed nonnegative continuous functions on Q x J.
Here, Cp, (X) denotes the Banach space of bounded and continuous functions

on X endowed with the usual supremum norm, while Cj. (ﬂ denotes its positive
cone, consisting of the everywhere positive functions.
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Plugging H(x,6) in (2.1) allows us to reduce the system (2.1)—(2.4) into the
following problem:

dC(t, x)
=DAC—a(x)C+ | B(x,0)I(t,x,0)do, t>0, xeQ,
J
ol(t, x,0)
T:a(x,@)(H(x,O)—I)C—y(x, o)1, t>0, (x,0) e 2xJ,
aC
.0, t>0, x €0,
ov
C(0, x) =Co(x), 1(0,x,0) = Iy(x,0), (x,0) e Q x J.
(2.6)

2.2 Well-Posedness of (2.6)

We first show the existence of solutions to (2.6) via a semigroup approach for which
general treatments of linear or nonlinear operators in Banach spaces are given in
[14, 18].

Let X := C(Q,R) be the Banach space with the supremum norm |.|x and
Y = C(J, X) with the norm ||¢|ly = supyc, ¢ (©®)|x, V¢ € Y. Define Xt :=
C(Q,Ry) and YT := C(J,X1). Define K = X x Y and K* = Xt x Y*; then,
(K, K™) is a strongly ordered Banach space.

. . . . . dv .
Let I' be the Green’s function associated with the parabolic equation — = Av in

2 subject to the Neumann boundary condition. Suppose that {77 (¢)};>0 : X — X
is the Cp-semigroups associated with DA — «(.) subject to the Neumann boundary
condition. It then follows that for any ¢ € X, > 0,

(T1 (D) (x) = e~ /Q F(Dr. x. Y)g(y)dy. @.7)

From [21, Section 7.1 and Corollary 7.2.3], it follows that T1(f) : X — Xis
compact and strongly positive, V¢ > 0.

We also define {T2(#)};>0 : Y —> Y the Cp-semigroups generated by operators
—y(.,.)I as follows: forany ¢ € Y, 1 > 0,

(T (1)) (x,0) = eV Dg(x, ). (2.8)

Let Ay : D(A;) C X — X be the generator of 77 and A : D(A) C Y —>
Y be the generator of 75. Then, T(¢) = (T1(¢), T>(¢)) : K — K, t > 0, is a
semigroup generated by the operator A = (A, Az) defined on D(A) = D(A;1) x
D(Ay).
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Define F = (F|, F>) : KT — Kby

FI@)(x) = /J B(x, )¢a(x. 6)d8, (2.99)
F(¢)(x,0) =0(x,0)(H(x,0) — ¢2(x,0))d1(x), (2.9b)
forallx € 2,0 € J,and ¢ := (¢1, )T e KT.

In order to deal with this problem of existence, we consider a subset Xz in K
defined as follows:

IBmameax|J| ~
<—  VxeQ
Xp=¢:= @7 ext| W= vees
¢r(x,0) < H(x,0), Y(x,0) € Q x J
where
Bmax = max B(x,0), Hnax = max H(x,60), omin = miga(x),

(x,0)eQxJ (x,0)eQxJ xeQ

and |J| represents the Lebesgue measure of J.
Then, System (2.6) can be written abstractly as an ordinary differential equation
in the Banach space Xy as

du
I =Au+Fw), t>0 (2.10a)
u) = ¢ € Xy. (2.10b)

Then, (2.6) can be rewritten as the following integral equation:

t
u(t) = T(t)¢+/ T(t — $)Fu(., s))ds. @2.11)
0

The following lemma states the local existence of solutions with values in Xz .

Lemma 2.2 Let Assumption 2.1 be satisfied; for any ¢ := (Co,ly) € Xpg,
the system (2.6) has a unique mild solution u(t, .,.,¢) = (C(t,.,.),I1(t,.,.))
on (0,7t4) with u(0,.,.,¢) = ¢, where 1y < oo. Furthermore, for t €
0, 79), u(t,.,¢) € Xgandu(t, ., ., ¢) is a classical solution of (2.6).

Proof We apply [16, Corollary 4] or [21, Theorem 7.3.1]. It is clear that since F :
Xg — Xis globally Lipschitz continuous, the Cauchy problem has at most one
solution on Xz . The local existence of solutions with values in Xz follows once we
have checked the subtangential conditions

lim ld(q> +hE(@), Xy) =0, ¥ € Xp, (2.12)
t—=0+ h
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where d(z, Xg) = inf{||z — y|lk, ¥y € Xy} is the distance from the point z to the
set Xg. For any ¢ € Xy and & > 0, we have

< ¢1(x) +hFi(¢) )=< P1(x) +h [ B(x,0)¢2(x, 6)db, )
$2(x,0) + hF2(¢) $2(x,0) + ho (x,0)(H(x, 0) — ¢a2(x, 0))¢1(x)

(2.13a)
$1(x)
= <¢2(x, 0)[1— hamaxd’l()C)]) , (x,0) € 2 x J,
(2.13b)

where omax = Max ;. g/ o(x,0).
The above inequalities imply that ¢ + h F (¢) € Xy when £ is sufficiently small,
confirming that the subtangential condition is satisfied. O

To proceed further, we need some information on the following scalar reaction—
diffusion equation:

Jw
5 DAw = A(x) —gx)w, x €1,
! (2.14)
Jw
— =0, x €092
av

where D > 0 and A and g are continuous and positive functions on 2.

Lemma 2.3 System (2.14) admits a unique positive steady state w*(.) that is
globally asymptotically stable in X. Furthermore, if g(.) = g and A(.) = A, then
w = A/g, is globally attractive in XT.

The proof is similar to that given in [9, Lemma 2.2].

We further obtain the following result that solutions of system (2.6) exist globally
on [0, c0). We begin to recall that limsup,_, o, I (¢, x,60) < H(x,6) from (2.5).
Thus,

I1(t,x,0) < H(x,0), (x,0)eQxJ, t>0, (2.15)

By virtue of first equation of (2.6) combined with (2.15), we have

aC

E_DAC < BmaxHmax|J| — @minC, t>0, x € Q,

0

a—C=0, >0, x €09, (2.16)
v

C(0,x) = Co(x) = 0, x € Q,
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where

Bmax = max B(x,0), Hmax = max H(x,0), amin = miﬂa(x)-
(x,0)eQxJ (x,0)eQxJ xe

Thus, C(t, x, 0) is a subsolution of the following problem:

oM
——DAM = BmaxHmax|J| — ominM, x €Q,

at
M _, X €99, 2.17)
av
M (0, x) = max Co(x) > 0, x € Q.
xeQ

Denote by M the unique solution of the problem (2.17). We also observe that the
positive constant

~ ax Hmax | J
C := max {M, max Co(x)}
®min xeQ

is a supersolution of (2.17). Thus, from the well-known comparison principle for
parabolic equations, it then follows that

Clt,x) <M(@t,x)<C, xeQ, t>0. (2.18)

Now we are in a position to state that solutions of the system (2.6) exist globally
fort € [0, 00) in Xg.

Theorem 2.4 Let Assumption 2.1 be satisfied, for any ¢ = (Co, lo) € Xp; the
system (2.6) has a unique solution u(t, x, 0, ¢) = (C(¢t, x), I(¢, x, 0)) defined on
[0, 00) with u(0, ., .; ¢) = ¢ and a semiflow V(t) : Xy —> Xy generated by
system (2.6) that is defined by

Yty =u(t,.,..¢) =@, .,¢),1, ., ..¢),t>0. (2.19)

Furthermore, the semiflow W(t) is point dissipative, and positive orbits of bounded
subsets of Xy for W (t) are bounded.

Proof For all (x,0) € QxJandt > 0, I(t,x,0) and C(¢, x) are ultimately
bounded with respect to the maximum norm from (2.15) and (2.18), respectively, for
all initial conditions (Cy, Ip) € Xp; thus, the solution exists globally, and moreover,
the solution semiflow generated by (2.6) is point dissipative. Moreover, the positive
orbits of bounded subsets of Xz for W (¢) are bounded. O

Since the second equation of (2.6) has no diffusion term, the solution map W(¢)
is not compact. In order to overcome this problem, we introduce the Kuratowski
measure of noncompactness « (see, e.g., [5, 28, 29]), which is defined by
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k(B) := inf{r : B has a finite cover of diameter < r}, (2.20)

for any bounded set B. We set x(B) = oo whenever B is unbounded. It is easy to
see that B is precompact (i.e., B is compact) if and only if « (B) = 0. A continuous
mapping f : X —> X is said to be xk-condensing (x-contraction of order £, 0 <
£ < 1) if f takes bounded sets to bounded sets and k(f(B)) < k(B)(k(f(B)) <
Lk (B)) for any nonempty closed bounded set B € X with x(B) > 0 (see [28,
29]). It is easy to see that a k-contraction of order £ is k-condensing and a compact
map is a k-contraction of order 0. It is well-known that x-condensing maps are
asymptotically smooth (see, e.g., [10, Lemma 2.3.5]).

Then, the solution map W () has some partial compactness in the following
sense.

Lemma 2.5 V(¢) : Xy —> Xy is «k-contraction on Xy in the sense that
k(U (t)B) < e Ymin’ i (B) (2.21)

for any bounded set B C Xy where Ymin = min(xﬂ)eﬁxj y(x,0) > 0.

Proof For any ¢ = (¢1, ¢2) € Xp, it follows from Theorem 2.4 that the semiflow
W(r) : Xy —> Xp generated by system (2.6) with initial value condition:
C0,x) =¢1(x), 1(0,x,0) = ¢2(x,0), (x,0) € Q x J is defined by

Y)yp =(C(t,.,p),1(t,.,..9)), Vo € Xy, t > 0. (2.22)

From the second equation in (2.6), it is easy to see that I (¢, ., ., ¢) satisfies the
following equations:

At x,0)
T =o(x,0)(H(x,0)—1(t,x,0,¢))C(t,x, )
—y(x,0)I(t, x,0,¢) t>0, x,0) e 2 xJ,
1(0,x,0) = ¢2(x,0) (x,0) e Q x J.
(2.23)
Then, forallt > 0, x € Q
I(t,x,0,9) = To()p2(x, 0) (2.24)

t
+0(x,9)/ Iyt —s)[(H(x,0) = I(s,x,0,¢)C(s, x, $))]ds,
0

where Ta(1)¢r = e V) ¢, Vepo € Y. Define the linear operator

L(1)¢ = 0, T2()¢2), Yo = (¢1,¢2) € Xy
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and a nonlinear operator
N = (C(r, L $),0(x,0) /0 Ta(t - s)[(H(x, 6)
(5, %, 0, $))C(s, x, ¢>>)]ds), Vo € X,
where
C(t. x)=T; (1) Co(x)+ /OtTl(t—s) </J,8(x,9)1(s,x,9)d9) ds, 1>0, xeQ.

It is easy to see that
V() =L+ N1)¢, V¢ € Xy, 1 = 0.

By the compactness of 77(¢) and the boundedness of W, it then follows from the
expression of (2.24) that N'(¢t) : Xg —> Xp is compact for each ¢ > 0, and hence,
k(N (t)B) = 0 for any bounded set B € Xy and ¢ > O.

Since

t e_)/(-,»)f
N 2 SRV 1
pexy ol peXy ol pexy ol

where ymin 1= min, 55, ; ¥ (x, ), we obtain
IL@] < e7mnl, 1 > 0.
Therefore, for any bounded set B € Xy, we have
K(W(t)B) < k(L({t)B) +k(N1)B) < | LX)llx(B) +0 < e”"m"ic(B), Vi > 0.

Thus, ¥ () : Xg — Xy, t > 0, is k-contraction of order e "min’ on Xp. |

Now we are ready to show that solutions of system (2.6) converge to a compact
attractor in Xg.

Theorem 2.6 Let Assumption 2.1 be satisfied; V(t) : Xy —> Xy, t > 0 admits a
connected global attractor on X .

Proof By Lemma 2.5 and Theorem 2.4, it follows that W (¢) is point dissipative and
k-contracting on X g . From the proof of Theorem 2.4, we also know that the positive
orbits of bounded subsets of Xy for W (¢) are (uniformly) bounded. By Magal and
Zhao [15, Theorem 2.6], W (¢) has a global attractor that attracts every bounded set
in Xg. O
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3 The Basic Reproduction Number

In epidemic models, the basic reproduction number Ry is the expected number
of secondary cases produced by a typical infective individual introduced into a
completely susceptible population, in the absence of any control measure. It can
be computed using the next-generation approach (see, e.g., [6, 23, 26]).

In order to define the basic reproduction ratio for model (2.6), we begin to
find the disease-free equilibrium by letting the densities of the disease-related
compartments C and I be zero. It is easy to see that (0, 0) is disease-free equilibrium
for model (2.6). Linearizing system (2.6) at the disease-free equilibrium, we get the
following system:

duq(t, x)
o = DAui@.x) —a@ui@t.x0) + [ plx. Oua(t, x,6)do, 1>0, xeQ,
J
duy(t,x,0
% =0 (x. O)H (x. 0)uy(t,x) = y (x, Ouz(t. x.,0), >0, (x,6) €2 xJ,
3u1(tﬁx)=0 t>0, x €93,
v
110, ) = ¢1 (x), u2(0, x,60) = $(x,6) (x,0) €8x J.
(3.25)

We begin to recall that K = X x Y where X := C(Q, R) with the supremum
norm |.[lx and Y = C(J, X) with the norm [|¢|ly = supy; [¢(O@)lx, V¢ € Y.

For any ¢ := (91, ¢2) € K, it is easy to see that the linear system (3.25) admits
a unique global solution

u= . @),ut,.,. @) withu(0) = @.
Denote by Q(¢) : K — K the solution semiflow of (3.25) on K, that is defined by
Qg =u, withu(0) =9 €K, r>0.
Since (3.25) is cooperative, Q(t) is a positive Co-semigroup on K, in the sense

that Q@)K™ € KT, V¢ > 0. Then, Q(¢) is resolvent-positive [23, Theorem 3.12],
and its generator A can be written as follows:

0
A DA —a() Lg ’
o(, )H(,) —y(,.)
where the operator L% is defined as follows:

(L) (@) (x) = f]ﬂ(x, Ve(x, y)dy, Yo € Y. (3.26)
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We begin to investigate the spectral properties of the linear operator A before
defining the basic reproduction ratio.

Substituting u1(t, x) = e ¢1(x); us(t, x,0) = e*¢y(x, ) into (3.25), we get
the following associated eigenvalue problem:

Ap1(x) = DA¢1(x) — a(x)¢1(x) + /J B(x, y)pa(x, y)dy, x € Q (3.27a)

Ap2(x,0) =0(x,0)H(x,0)p1(x) — y(x,0)p2(x,0), (x,0) e QxJ (3.27b)

91 (x) _

0 on 0%. (3.27¢)
av

We point out that the solution map of (3.25) is not compact due to the lack of
diffusion term in the second equation in (3.25). The following lemma concerns with
the existence of the principal eigenvalue of system (3.27).

Lemma 3.1 Eigenvalue problem (3.27) has a principal simple eigenvalue »(H)
with a positive eigenfunction.

Proof By the same argument as Lemma 2.5, for each ¢ > 0, the solution semiflow
Q(t) :==u : K — K of (3.25) is k-contraction of order e "min’ ¢ [0, 1), ¢ > 0 on
K in the sense that

k(Q(t)B) < e Yminl . (B), (3.28)

where Ymin = min(xﬁ)eﬁxj y(x,0) > 0. Hence, Q(t) is k-condensing, that is,
k(Q(@)B) < k(B) (3.29)
for any bounded set B € K, with «(B) > 0, where « is the Kuratowski measure of
noncompactness as defined in (2.20). Thus, from (3.29), it follows that the essential
spectral radius 7. (Q(r)) of Q(¢) satisfies
re(Q®) <1, t > 0.

On the other hand, the spectral radius r(Q(¢)) of Q(¢) satisfies

r@Q) =" >1,1>0
where s(A) is the spectral bound A. This implies that r.(Q(¢)) < r(Q(t)) for any
t > 0. Since Q(z) is a strongly positive and bounded operator on K, therefore,
according to the generalized Krein—Rutman theorem (see, e.g., [25, Lemma 2.2]

and [11, Chapter I1.14]), it follows that system (3.27) admits a principal eigenvalue
M(H) with a positive eigenfunction (see also [25, Lemma 3.4]). |
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Lemma 3.1 means that A(H) is a real eigenvalue with algebraic multiplicity
one, and R.(A) < A(H) for any other eigenvalue A of (3.27). Furthermore,
A(H) has a corresponding eigenvector ¢g (x, ) = (¢pn.1(x), ¢u 2(x, 0)) satisfying
¢ (x,0) > 0, and any other nonnegative eigenvector of (3.27) is a positive multiple
of ¢y (x,0).

Next, we follow the framework in [13, 27] to obtain the basic reproduction

number of the model (2.6).
Let S(¢) : K — K be the Cp-semigroup generated by the following reaction—
diffusion system:

3'“;2’ Y DAu (b x) — aGur (@, x), 1>0, xeQ,
duy(t, x,0)
— =o(x,0)H(x,)ui(t,x) —yx,Dusx(t,x,0), t>0, (x,0)e Q2xJ,
durt.x) _ X €99,
av
u1(0, x) = ¢1(x), u2(0, x,0) = ¢(x,0), (x,0) e Q x J.
(3.30)
Then for all ¢ := (¢, )T € K, we have
(SHP)(x,0) = <T1(t)¢1(X), (1) p2(x, 0)
' T
+ / Io(t — s)[(o H)(x, 0)T1(s)¢1 (X)]dS> , (3.3
0
and therefore S(¢) is a positive Co-semigroup on K.
Let C be the positive linear operator on K defined by
0Ly (¢ T
Clo) = s ¢ i=(¢1,92)" €K, (3.32)
00 10%)

where the operator Lg is defined in (3.26).

In order to define the basic reproduction number for the system model (2.6),
we assume that the state variables are near the disease-free steady state (0, 0) and
one bacterium or one infectious hen is introduced at time + = 0 and infection
occurs immediately. Then with a given initial distribution of infections described
by ¢ := (¢1, ¢)T € K, as time evolves, those distributions reach C(S(#)¢) at time
t. Consequently, the distribution of the total new infections is

/ C(S@)p)d:.
0

Let L : K — K be defined by the above integral, i.e.,
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L(¢) := /OOC(S(I)¢)dt =C </OOS(t)¢dt) .
0 0

Then, L is nothing but the next-generation operator of the model system (see,
e.g.,[23, 26]).

By Diekmann et al. [6] and Thieme [23], the spectral radius of L is the basic
reproduction number for the model (2.6), that is,

Ro =r(L). (3.33)
By the general results in Thieme [23] and the same arguments as in Wang and Zhao
[26, Lemma 2.2], we have the following result.

Lemma 3.2 Ry — 1 and A(H) have the same sign.

In order to compute the basic reproduction number Ry, we begin to characterize
it in terms of the principal eigenvalue of the elliptic eigenvalue problem.

Theorem 3.3 Let A be the unique positive eigenvalue of the eigenvalue problem

B(x, y)o(x, y)H(x,y)

—DA¢p(x) +a(x)p(x) = A ( dy) d(x), x € Q,
J

3 y(x.y)
A4S X €dQ
av
(3.34)
with a positive eigenfunction ¢ € X. Then
Ro = ! (3.35)
0 = A .

Proof Let B be the positive linear operator on K defined by

_(Bn 0 o1 . T
B(¢) = <B21 Bzz) <¢2>, ¢ = (91, ¢2)" €K,

where

Bi1(¢1) = DA¢1(x) — ()1
By(¢) = =y (., )¢
Byi(p1) =0 (., VH(, )¢1.
It is easy to see that B is the generator of the positive Cy-semigroup S(r) generated

by the system (3.30) and defined in (3.31). Then, B is resolvent-positive [23,
Theorem 3.12], and clearly, we have
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/0 SW)pdi = —B'¢, ¢ = (91, ¢)" € K. (3.36)

A straightforward computation shows that

_p!
—gl = ( i 11 . 0_1>'
By, B21By =B,
Thus, the next-generation operator of the model (2.6) rewrites as follows: for all

¢ = (¢1. 67 €K,

L(¢) =C (/OOS(I)WH)
0

= (-87") @)

0 -1
_ (0L ( 71—3“ . 01>(¢1)
00 By, B21 B —By, $2

_ [ L3By Ba BT LY (=B <¢1>
0 0 $ )

Clearly, the nonzero eigenvalues of the next-generation operator L are equal to
those of L, where L is a positive linear operator on X defined by

Ly =L} (Bzg‘ 3213;11) "

Thus, we have
Ry = r(L) = r(L).
Note that for all x € Q, we have

B(x, y)o(x, y)H(x,y)
y(x,y)

=F@)[-DA+a®)] 'y x), ¥ €X,

[—~DA +a()] ™ ¢ (x)dy

Ly (x) =
J

where

Flx) = ﬂ(x,y)cr(x,y)H(x,y)dy‘

J y(x’ )’)
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By arguments similar to those in [26, Theorem 3.2], we have

Ry :=r(@L) =r(@) =r (FI-DA+aO]™) =7 (I-DA + ()] F) = %
(3.37)
where A is the unique positive eigenvalue of
[-DA 4+ a(x)]p = AF(x)p, p € X (3.38)
with a positive eigenfunction. O

The following result gives the equivalent characterization of Ryp.

Corollary 3.4 Let Assumption 2.1 be satisfied; then for system (2.6), the basic
reproduction ratio Ry is equal to

f [/ ,B(x,y)a(x,y)H(x,y)dy} #?
QlJs y(x,y)

. O JolDIVOP + a(0)¢7] -39
Moreover, Ry rewrites as follows:
Ry = fj ro(»)dy, (3.40)
where
/ [ﬁ(x,y)a(x,y)H(x,y)}qsz
ro(y) = ¢eHIS(1§§;,¢¢0 Q fQ[DWJ;s(é’jL(xwz] Vyeld.  (341)

ro(y) can be interpreted as the weight of transmission bacteria-to-hens of type y-
to-bacteria where hens of type y represent the animals having the same level of
resistance y as more thoroughly explained in the special case when all parameters
are independent of the position in Sect. 5.

Proof By virtue of the elliptic eigenvalue problem (3.34), it follows from the well-
known variational characterization of the principal eigenvalue (see, e.g., [8, 28])
that the formula (3.39) holds. After changing the order of integration (3.39), we get
(3.41). O

The following results give some properties of the basic reproduction number Ry.
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Corollary 3.5 Let Assumption 2.1 be satisfied; then for system (2.6), there hold:

(i) Ro is a monotone decreasing function of D with

lim Ro(D) = max{ ﬂ(x,y)o(x,y)H(x,y)dy}
D—0 xeq la(x) Jy y(x,y)
and
. 1 Bx, y)o(x, y)H(x,y)
1 Ro(D) = d .
o) {fgau)/g[ ) Y (5, ) y]}
(ii)
If |J|minrg(y) > 1, then Ry > 1.
yelJ
(iii)

If |/ maxrg(y) < 1, then Ry < 1.
yelJ

Proof (i) directly follows by an argument similar to the one in [1, 28, Lemma 2.3].
(i1) and (iii) directly follow from the following inequality:

|/ minro(y) <Ro < |J|maxro(y). 0
yeJ yelJ

4 Threshold Dynamics

First we show the strict positiveness of solutions of system (2.6). The following
results will play a central role in establishing the persistence of system (2.6).

Lemma 4.1 Let Assumption 2.1 be satisfied; suppose u(t, x, 6, @) is the solution of
system (2.6) with initial condition u(0, ., .; ¢) := ¢ € Xp.

(1) If there exits t1 > 0 such that u|(t1, ., ¢) # 0, then u;(t,.,¢) > 0, Vt >
t,i=1,2.

(ii) If there exits t1 > O such that uy(t1,.,¢) # 0, then u;(t,.,¢) > 0, Vt >
t,i=1,2.

Proof (i) Suppose that wu;(t;,x,¢) #* 0, for some #; > 0. According to
Theorem 2.4 and the first equation of system (2.6), it is easy to see that
u1(t, x, ¢) satisfies the following inequalities:
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ouy(t, x)
———= — DAu; > —a(x)uy, (x,0) € Q x J,
ot (4.42)
ouy
— =0, x € 0Q2.
ov

Thus, from the strong maximum principle (see, e.g., [20, p. 172, Theorem 4]

and the Hopf boundary lemma (see, e.g., [20, p. 170, Theorem 3] with the

initial time at r =1 instead of t =0, we get u;(t, x, ¢) > 0,Vt >t; and x € Q.
From the second equation in (2.6), u» (¢, x, 0) satisfies

1—t
u(t, x,0,¢) =Tr(t — t1)us(t1, x, 0) —i—/ 1 T —t —s)f(s,x,0,p)ds
0

r—t
z/ Tt — 11— 5) £ (s, x. 6, $)ds,
0

where f(s,x,0,¢) := o(x,0)(H(x,0) —ux(s, x,0,d)ui(s,x,¢) > 0 and
f(s,x,0,¢9) # 0fors > t; and (x,0) € Q x J. According to the positivity
of T»(¢), it follows that u» (¢, x,0) > 0, V¢ > t;. The proof of the part (i) is
complete.

(ii)) We consider the case where u>(t1, x, 6) # 0 for some #; > 0. From the second
equation in (2.6), u» (¢, x, 9) satisfies

r—t
ur(t,x,0,¢) =Tt — tpus(t, x, 0) +/ 1 Tt —t—s)f(s,x,0,¢p)ds
0

>Th(t — 1)uz(ty, x, 0).

According to Theorem 2.4, we have uy (¢, x,60,¢) > 0 and ux(t, x, 0, ¢) #
0, Vt > 11. The strong positivity of 75 (¢) implies that u; (¢, ., ¢) > 0, Vt > 1.

On the basis of (4.42) and from the strong maximum principle and the Hopf
boundary lemma as in (i), it then turns out u (¢, x, ¢) > 0,Vt > t; and x € Q. The
proof of the part (ii) is complete. O

Now we are ready to prove the main result of this section, which indicates that
Ro is a crucial index for disease persistence.

Theorem 4.2 Let Assumption 2.1 be satisfied; suppose u(t,x,0,¢) =
(C(t,x),I(t,x,0)) is the solution of system (2.6) with initial condition
u(, ., .; @) ;= (Co, ly) € Xy. Then, the following two statements are valid:

(1) IfRo < 1, then the disease-free equilibrium (0, 0) is globally attractive in Xg.

(ii) IfRo > 1, then system (2.6) admits at least one positive steady state u(x, ) and
there exists an n > 0 such that for any ¢ = (¢1, ¢p2) € Xy with ¢1(0,.) # 0
or $1(0,.) # 0, we have

liminfu, (¢, x) > n, and liminfus(t, x, 6) > 1, (4.43)
t—00 1—00

uniformly for all (x,0) € Q x J.
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Proof (i) In the case where Ry < 1,, Lemma 3.2 implies that we have L(H) < 0.
Since A(m) < 0 is continuous in m, hence there exists a sufficiently small positive
number € such that A(H + €) < 0. Furthermore, from (2.6), we have

dui(t,

”‘;I Y DAt x) —a(x)ul(t,x>+/ B(x, )ua(t, x, y)dy, t>1, x€Q,
J
dua(t, x, 0

% <o (x,0)(H(x, 0) + €ui (t, x) — y(x, Dus(t, x,6), >0, (x,0) € QxJ,

a ,
ut.x) o t> 1, x €9Q.

av

(4.44)

Let ¥ = (Y1, ¥2)” be the strongly positive eigenfunction ¥ corresponding to
A(H + ¢) for the following system:

8”‘;’ X DAt x) — (v (£ x) +/ Bx, Yua(t, x, Yy, >0, (x,0) €Qx J,
J
dua(t, x, 0
P2ED) o (O 0) + i (0 Y (. O, 1, 0), 120, (x,0) € Rx J,
a”'a(t’x) -0, X e,
v
(4.45)

which has a solution v (¢, x, 8) = (v (£, x), v2(t, x, 8)) = HFTO (Y1 (x), Y (x, 0))
forall ¥ > 0 and (x,0) € Q x J. Since, for any given ¢ € Xy, there exists
some ¢ > 0 such that (u1(0, x, @), u2(0, x, ¢)) < ¢(v1(0, x), v2(0, x, 6)); by the
comparison principle, we obtain

Wi(t, x,d), ua(t, x,0,9)) < ¢y vy e Q, 1 >0,

which implies lim;_, oo (u1(t, X, @), ua(t, x, 6, ¢)) = (0, 0) uniformly for (x, 6) €
Q x J. Thus, part (i) is proved.

(ii) In the case where Ry > 1, we have A(H) > 0. For any p € [0, p*), where p*
is a sufficient small positive number, we consider the following eigenvalue problem:

AP1(x) = DAP1(x) — a(x)¢1(x) + /J B(x, Y)a(x, y)dy, x € (4.46a)
Auz(x,0) =o(x,0)(H(x,0) — p)¢1(x) — y(x,0)pa(x,0), (x,0) € 2 x J
(4.46b)

A1 (x)
ov

=0 on 0JQ. (4.46¢)
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By the same argument as in Lemma 3.1, eigenvalue problem (4.46) has a principal
eigenvalue A(H — p) with a positive eigenfunction ¢, (x, ). Since lim,_.o A(H —
p) = A(H), we can fix a pg € (0, p*), such that .(H — pg) > O.

Let

Wo =1{¢ € Xy : ¢1(0,.) # 0 and ¢,(0, .) £ 0}
and
oWy =Xy \Wo={¢ € Xy :¢1(0,.) =0o0r ¢(0,.) =0}

By Lemma 4_.1, it follows that for any ¢ € Wy, u(t, x, ), uz(t, x,0,¢) > 0
for all (x,0) € Q x J, namely ®(1)Wy € Wy, V¢ > 0. Define

My = {¢ € dWy : ®(1)p € IW,, t > 0}

Let w(¢) be the omega limit set of the orbit y T (¢p) := {®(t)¢p : V¢ > 0}.
Claim 4.3 w(y) = {Eo} := {(0,0)T}, Yy € aW,.

For any given ¥ € Mj, we have ®(r)¢p € 0Wjp,Vr > 0. It then follows
that for each ¢t > 0, either u(¢,.,¢¥) = 0 or uy(¢,.,.,¥) = 0. In the case
where u(¢t,.,¥) = 0, for all + > 0, in view of the u, equation in (2.6), we see
that lim; o u2(¢, x, 0, ) = 0 uniformly for (x,0) € Q x J. In the case where
u1(to, ., ¥) #£ 0 for some #y > 0, Lemma 4.1 implies that u{(#p, x, ) > 0, V¢ >
to, x € Q. Thus, we have us (¢, .,., ) =0, t > 1o, so w(¥) = {Ep}, V¢ € Mj.
This proves the Claim 4.3.

Claim 4.4 E is a uniform weak repeller for Wy in the sense that

limsup || @ ()¢ — Eoll = po, Vo € Wo.

—>0o0

Suppose, by contradiction, that limsup,_, o, [|®(#)¢ — Eo|| < po for some ¢g €
Wo. Then, there exists a r, > 0 such that

u(t, x, o) < po and us(t, x, 0, ¢o) < po, Vi = 12, (x,0) € QL x J.

Then, u;(z, x, ¢o) and us (¢, x, 0, ¢p) satisfy

du(t,
”1(; Y _paur,x) —a(x)ul(t,x>+f Bx., O)uz(t, x, 0)d6, tzn, x€Q,
J
dua(t,x,0
% >o(x, 0)(H(x,8) — pour(t, x) — y(x, O)ua(t, x, 6), 1>, (x,0) € 2xJ,
3
ui(t, x) o0, x €0Q.
av

(4.47)
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Let ‘500 = (?/;1 00° (]SQPO)T be the positive eigenfunction associated with A, (H).
Then, the linear system

dvy (¢, x)
Y =DAv(t, x) — a(x)vi(t, x) + /J B(x,va(t, x,0)do, t>0, x €,
avz(l‘avtx’ 6) =0 (x,0)(H(x,0) — po)vi(t, x) — y(x,0)va(t, x,0), >0, (x,0) e 2xJ,
dvy (t, x) _ e,
v
(4.48)
admits a solution v(t, x,0) = e*» g, (x, 0). Since u;(t, x,¢9) > 0,i =

1,2 for all + > 0 and (x,0) € € x J, there exists some ¢{; > 0 such
that (u1(t2, x, ¢o), ua(t2, x, ¢o)) > ¢1(v1(t2, x), v2(f2, x, 0)); by the comparison
principle, we obtain

wi(t, x, do), ua(t, x, 0, o)) > 1™ Mg, (x.0), Vx € Q, 1> n.

Consequently, with the aid of the positivity of A,,(H), we obtain that u; (¢, x, ¢o)
and u»(t, x, 0, ¢9) are unbounded, which is a contradiction. This proves the
Claim 4.4.

To go further, define a continuous function p : Xy —> [0, 00) by

p(¢) = min{min ¢; (x),  min J¢2(x, 0)}, V¢ € Xp.

xe2 (x,0)eQ2x

From Lemma 4.1, it follows that p’1 (0, 00) € Wy and p has the property that
if p(¢) =0, ¢ € Wy or p(¢p) > 0, then p(P(¢)¢p) > O for all # > 0. That is,
p is a generalized distance function for the semiflow ®(¢) : Xy — Xpg (see, e.g.,
[21]). From Claim 4.3, it follows that any forward orbit of ®(¢) in M5 converges to
Ey. Moreover, Claim 4.4 implies that Ey is isolated in Xy and W*(Ep) N Wy = @
where W*(E)y) is the stable set of Eg. Furthermore, there is no cycle in My from Ey
to Ey. It then follows from [21, Theorem 3] that there exists an 77 > 0 such that

min p(y) > 7, V¢ € W.
wew)pw n, Vo

Hence, liminf;_ o0 u; (¢, ., §) > 7, Yop € Wy, i = 1,2, and by Lemma 4.1, we can
choose an 0 < n < 7 such that liminf, , o u; (¢, ., ¢) > n, i = 1,2. Thus,

liminfu; (¢, .. ¢) = n, i = 1,2, V¢ € Wo.
—00

Therefore, the uniform persistence stated in part (ii) is valid. By Magal and Zhao
[15, Theorem 3.7 and Remark 3.10], we see that ®(¢) : Wy — Wy admits a global
attractor Agp. The solution maps & (¢) are k-condensing. Since the set Wy is convex,
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it follows from [15, Theorem 4.7] that ®(¢) has an equilibrium &z € Wy. Clearly, by
Lemma 4.1, we conclude that #(.) is a positive steady state of (2.6). |

5 A Special Case

In this section, we shall discuss a special case where all the coefficients in (2.6) are
independent of the spatial variable x, that is with the following assumption:

Assumption 5.1 Forall (x,0) € Q x J,

Bx,0)=p6@0)>0, y(x,0)=y®) >0, H(x,0) = H®) > 0,
acx)=a>0, 0x,0)=0() > 0.

5.1 The Basic Reproduction Number

By Theorem 3.3, and a similar argument as [27, Theorem 2.1], we have the
following formula for Ro:

Lemma 5.2 Let Assumption 2.1-5.1 be satisfied; then for system (2.6), the basic
reproduction ratio Ry is equal to

Ry = /J ro()dy, (5.49)

where

_B(y) _o(H(y)
X

ro(y) = v o) "

, Vy elJ. (5.50)

ro(y) describes the average number of infectious hens of type y produced by a
single bacteria introduced in the infection-free environment and is interpreted as
the weight of transmission bacteria-to-hens of type y-to-bacteria where hens of type
y represent the animals having the same level of resistance y.

The quantity % ,(y) = 'BEy; represents the average number of bacteria
v
produced by one infectious hen of type y during its infectious period o) (.e.,
1A%

hens of type y-to-bacteria transmission). Kp 5 () 1=

H
M depicts the average
o

1
number of infectious hens of type y caused by one bacterium during its lifetime —
o

in the environment (i.e., bacteria-to-hens of type y transmission).
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5.2 Global Attractivity of the Endemic Equilibrium

In addition to the threshold result in Theorem 4.2, we are able to prove the global
attractivity of the positive steady state under some appropriate conditions.

Theorem 5.3 Let Assumption 2.1-5.1 be satisfied, and let u(t,x,0,¢) =
(C(t,x),I(t,x,0)) be the solution of system (2.6) with initial condition
u(, ., .; @) := (Co, lp) € Xy; then the following statement is valid:

If Ro > 1, then system (2.6) has a unique (spatially) constant steady state
u*(0) = uh, u3(©)7 such that for any ¢ = (¢1, $2)7 € Xy with ¢1(0,.) # 0 or
$1(0,.) #0,

Jim ey (1, %), ua (. x, 0)) = w}, us @), (5.51)

uniformly for all (x,0) € Q x J; moreover, if y(@) =y > 0and 6 (0) = o > 0,
then
H()(Ro — 1)

ut = g(Ro =D, and u3(0) = =2 (5.52)

Proof We use a fluctuation method (see, e.g.,[13, 24]). It is easy to see from the
proof of Theorem (2.4) that the set Xg is positively invariant for the solution
semiflow ®(¢), and every forward orbit enters into Xy eventually. It is easy to see
that a positive equilibrium (v}, v3(0)) of (2.6) satisfies

e OOVHO)V}
vi(0) = S Tev = (5.53a)
oc(MBMH(y) *
0=— Py = ) 5.53b
/J y(») + o (vt S (-33)

Moreover, the continuous mapping v + f(v}) from the set [0, c0) into R is
monotone decreasing with f(0) = a(Ro — 1) and lim;_, », f(z) = —a. Hence, for
Ro > 1, there exists a unique (spatially) constant endemic equilibrium u*(0) :=
(uf, uz(Q))T satisfying (5.53). In the special case where y(8) = y > 0 and
o(0) =0 > 0, u* is explicitly given by (5.52).

To show that lim,_, oo (11 (¢, x), us(t, x,0)) = u*(0), we choose a sufficiently
large number k > 0 such as the function ku1 —ou; +f/ B(y)uz(., y)dy is monotone
increasing in u for all (u1, uz)T € Xy It then follows that

t
ui(t, x) =e_’“/ L'(Dt, x, y)u (0, y)dy+/ e_ksf I'(Ds, x,y)
Q 0 Q

X |:ku1(x,t—s)—aul(t—s,x)+/ﬂ(y)u2(t—s,x,y)dyi|,
J
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. . . . . . dv .
where I' is the Green’s function associated with the parabolic equation Vi Av in

2 subject to the Neumann boundary condition.
Let

u°(x) ;= limsupu(t, x), U10o(x) :=liminfu, (¢, x),
t—00 f—00

and forany 6 € J,

ugo(x,é’) = limsupus(t, x, 0), uzeo(x,0) :=liminfus(t, x, 0).
t—00 t—00

By the uniform persistence of (2.6), there exists an n > 0 such as
uP(x) > e =1, ¥x € Q
and
uS°(x,0) > useo(x,0) =1, V(x,0) € Qx J.

Using Fatou’s lemma, we then get

ur(x) S/O efks/gl"(Ds,x,y) [ku?o — ouy +/J/3(y)u§°(y)dy]

Let
87° :=sup ui(x), 8100 := inf uq(x)
xeQ xeQ
and
85°(0) == sup ua(x, 0), 8200(0) := inf us(x, ).
req xeQ
Clearly,
IBmaxI'(Ixmalel > 5% > §10 = 1, Vi €S2
and

H(0) > 85°(0) = $200(0) = 1, VO € J.
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Since [ I'(Dt, x, y)dy = 1forallx € Q, s > 0, we have

5 < /0 s [kafo st /J ﬁ(y)S?(y)dy}

1

== [k@j’o — s +/ ﬂ(y)8§°(y)dy] ;
J

and hence,

0<—ad®+ /J B(»)85° (y)dy. (5.54)

Similarly, we have the following inequality:

0> —abioo+ fj B()S20()d. (5.55)

Using the second equation in (2.6), with arguments similar to those above, we
further obtain
0<o(H@®)—870))57° —y85° (5.56a)
0= 0 (H(0) = 82,00(0))8100 — ¥ 8200- (5.56b)

After reorganization of (5.56), we get

o(y)H(0)67"

Y + 087
o (Y)H ()10

8200(8) = )"I‘T. (5.57b)
o

85°(0) < (5.57a)

Inserting (5.57a) into (5.54), and (5.57b) into (5.55), we get

0< —a8§’°+/ o (B H (y)dy dy, (5.584)

7 v +o(y)sr

oc(MBOY)H ()10
0> —udieo dy. 5.58b
S +/f Y + 0001 (5:586)

Since 8‘1’0 >n > 0and §100 > 1 > 0, then it follows that

0< _a+/ cMBMH®) (5.59)
J

y(») +o(»sF
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0> +/ TWMBWMH®Y) , (5.59b)
77 +0()deo
Subtracting (5.59a) from (5.59b) inequality, we get
2
(5%° — 8100) o~ (MBMH(y) dy <0. (5.60)

7 ) +0(Bie) (v (y) + o ()577)

Therefore, we must have 67° = §1c0.
Subtracting (5.57a) from (5.57b) inequality and since 67° = 8o from the above
equality, we get

— (8200(0) — 85°(0))(067° +¥) < 0. (5.61)
Thus, we must have 8740 (0) = 8;’0 (0) for all 6 € J. It follows that

Aim u(,x, 0, ¢) = (1o, 82000, (x,0) € 2 x J. (5.62)

Let w(¢) be the omega limit set of ¢ for the solution semiflow ® () associated with
(2.6). For any ¥ € w(¢), there exists a sequence #, — oo such that ®(t,)¢p — ¢
in Xy as n — oo. Then,

nl;rgo u(ty, x,0,¢) = ¥(x,0), (x,0) € Q2xJ (5.63)

uniformly for (x,8) € Q x J, and by (5.62), ¥ (.) = (8100, 8200(.))T . Therefore,
@(}) = {(B100, 8200) T } implying that u(z, x, 0, ¢) converges to (8100, 8200(6))7 in
Xp. Since w(¢) is invariant under @ (¢) for all r > 0, it follows that (8100, 8200 (0))7
is a positive (spatially) constant steady state of (2.6) under the assumption 2.1-5.1.

O

6 Impact of Heterogeneities on R

To analyze the combined effects of genetic and spatial distributions of heteroge-
neous fowls on Ry, we will assume that the domain 2 is a one-dimensional interval
(0, L) where L > 0.We define the spatial average and the spatial average combined
with the resistance average of a function f, respectively, by

70) = f [ 0)dx and [ = / / F(x, 0)dxdo.

To go further, we denote by Ry and Ro the basic reproduction numbers of
system (2.6), where the parameters of model are replaced by their spatial average
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and their spatial average combined with their resistance average, respectively. We
aim to compare the reproduction number with the heterogeneities, Rp, and the other
two means. The same annotation is used for other parameters of the model.

To simplify our analyze, we shall discuss a special case where the rate of
transmission, o (x, #), excretion rate in environment S(x, #), and recovery rate
y (x, 0) of animals are only depending on their level of resistance 6 € [0, ®) and
thus independent of the spatial variable x, except the initial distribution of hens
H (x, 0) and the mortality rate of bacteria «(x) that depend on the position x.

Since 6 represents the level of animal genetic resistance to Salmonella carrier
state on [0, ®), it is reasonable to assume that the rate of transmission, o, the
excretion rate, 8, and the length of the infectious period, 1/y, are monotonically
decreasing with respect to 6. Together with these hypotheses, we make the following
assumption for our study:

Assumption 6.1 Forall (x,0) € Q x J,

Po ) =@+ 1), ox,0) = =22

A0 =577y )

’

where By, 00, and yy are constant positive.

Clearly,
d=a
— B ~  In@+1)
BO) = @+ and 8 = ﬁ0—®
(6.64)
50) = -2 and 5 = oo MO+ D
O®+1 )

_ - ®+2
wmzmw+nmmV=m(2 ),

Straightforward computations show that

85 Booo  2HIn%(© + 1)

X
Y0 0O +2)

(6.65)

U
©)

Let A be the principal eigenvalue of system (2.6), and let A and A be the principal
eigenvalue of system (2.6) under Assumption 6.1, where the parameters of model
are replaced by their spatial average and their spatial average combined with their
resistance average, respectively.

The following result implies that: (1) the spatial heterogeneity results in a basic
reproduction number that is larger than the value obtained when replacing the model
parameters by their spatial average. (2) The combined effects of genetic and spatial
distributions result in a basic reproduction number that is larger than the product of
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a function of the initial distribution of fowls and the value obtained when replacing
the model parameters by their spatial average.

Lemma 6.2 Let Assumption 6.1 be satisfied, for (2.6), and there hold:
@
Ro = Ro. (6.66)
(i)
Ro = RoF (H), (6.67)

where

0O +2 H®
o 0@+ H%/ ©)

2H In2(© + 0+ 1)3

Proof The proof of (i) uses a similar argument to that given in [26, Lemma 4.4]
with some minor modifications. Dividing (3.34) by the positive eigenfunction L¢*
associated with A and integrating on (0, L), we have

1 (L DAg* 0
- = ¢ / / p©)o® )H(x, 0)dodx. (6.68)
Ljo ¢* y(6)
Using integration by parts, we further obtain
© OO
o> ————=H(0)d0. (6.69)

o v®)

On the other hand, we obtain

© BO)0(0)—

a=A ————H()do (6.70)
0 v(9)
and
. ~OBsH
=A—-. (6.71)
14

Combining (6.69) and (6.70) yields A < A, and thus, Ry > Ro and (i) holds.
To prove (ii), note that @ = &. Thus by virtue of (6.69) combined with (6.71), we
get

~ 77 C] e g
<} SH > A BB)o (Q)H(e)de_ ﬂoGo/ 1‘1(9)3
Y o v®) vo Jo @+1)
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Thus using (6.64), we obtain

~2H In? © 7
n“(® + 1) . / H(@®) 40,
OO +2) o O+1)3

The above inequality completes the proof of (ii). O

According to (ii) of Lemma 6.2, we conclude in this section that the severity of
disease transmission is largely depending on the choice of the initial distribution H
of hens: for example, when choosing H so that F(H) > 1, then Ry > Rp implying
that the combined effects of genetic and spatial distributions produce a larger basic
reproduction number. In contrast, when F(H) < 1, then we cannot conclude in our
study about the effects of heterogeneities on the value of Ro.NHowever, it should
be possible to choose an initial distribution to obtain Ry < R implying that the
combined effects produce a smaller basic reproduction number. This choice can
be achieved by solving a problem of optimization that is beyond the scope of this
chapter.

7 Concluding Remarks

The objective of this chapter was to propose and study a reaction—diffusion model
for Salmonella transmission within an industrial hens house when hens’ distribution
within the hen house varies according to their resistance to Salmonella carrier state.
For the derived model (2.6), we introduced the basic reproduction number R via the
next-generation operator, and we further prove that Ry serves as a threshold index
that predicts the extinction and persistence of the disease. Furthermore, we showed
the equivalent characterization of Ry (Theorem 3.3). Furthermore, in Corollary 3.4,
Ro is rewritten as a function of the weight of transmission bacteria-to-hens of type 6 -
to-bacteria, ro(0), where hens of type 6 represent the animals having the same level
of resistance 6 for any 6 € J. In Corollary 3.5, we give some properties linking Ro
and ry (@) on the control of the disease.

In Sect. 5, we investigate the special case where all the coefficients in (2.6) are
independent of the spatial variable. Using a fluctuation method developed in [24],
we show that when Ry > 1 the disease will become established and stabilize at a
unique spatially homogeneous steady state. Moreover, the positive steady state is
globally attractive.

The impact of heterogeneities on Ry was achieved in Sect. 6. We have shown that
the severity of disease transmission is largely depending on the choice of the initial
distribution H of hens. This was achieved by comparing the basic reproduction
number of a given distribution and those when the parameters of model are replaced
by their average values. The results of this model provide useful information to
determine the optimum population distribution of heterogeneous fowls to minimize
the basic reproduction number.
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1 Introduction

Fractional differential equations have recently been applied in various areas;
for some fundamental results in the theory of fractional calculus and fractional
differential equations, we refer the reader to [1-3, 23, 25, 30, 31, 33, 34] and the
references therein.

Implicit fractional differential equations have also been considered by many
authors [4, 12]. Impulsive differential equations have become more important in
recent years in some mathematical models of real phenomena, especially in biolog-
ical or medical domains, and in control theory, see for example the monographs of
Abbas et al. [1, 2], Benchohra et al. [13], Graef et al. [19], and papers such as Abbas
et al. [4], Herndndez and O’Regan [21] and the references therein.

In this chapter, we first discuss the existence of solutions for the following
problem of implicit fractional g-difference equations:
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§Dpu) @) = ft,u@), CDLu)®); t € Ji, k=0,....m,

u(t) = u(t) + Liu(@)); k=1,...,m, ey
u(0) = ug € R,
where Jo = [0,11]; Jr == (e, tkp1), k=1,....m; O =t <ty < - <ty <

tn1 =T [T xRxR—->R,k=1,....m; L, :R—>R, k=1,...,mare
given continuous functions, and 21 Dy, is the Caputo fractional g-difference derivative
of order r € (0, 1].

Various classes of fractional g-difference equations have been considered in the
papers [5, 7, 8, 16—-18]. Recently, in [3, 9—11, 14], the authors applied the measure
of noncompactness to the study of some classes of functional Riemann-Liouville or
Caputo fractional differential equations in Banach spaces. Motivated by the above
papers, we next discuss the existence of solutions for the problem (1), when ug €
E, fiIkhxEXE—-E;k=1,....m, Ly: E— E; k=1,...,m are given
continuous functions, and FE is a real (or complex) Banach space with norm | - ||.

This chapter initiates the study of impulsive implicit fractional g-difference
equations in finite- and infinite-dimension Banach spaces.

2 Preliminaries

Consider the Banach space C(I) := C(I, E) of continuous functions from [/ :=
[0, T] into E equipped with the usual norm

l[tlloo := sup [lu(®)].

tel
In the scalar case when E = R, we replace || - || by | - |. As usual, L' (1) denotes
the space of measurable functions v : I — E that are Bochner integrable with the
norm
vl = / lv(®)lldz.
I
Let

PC ={u il — E:ueC(J); k=0,...,m, and there exist u(t; )

andu(y); k=1,....m, withu(ty) =u)},
be the Banach space with the norm

lullpc = sup lu@)ll.
tel
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Let us recall some definitions and properties of fractional g-calculus. Fora € R, we
set

a

l1—gq
—

[a]q =

The g-analogue of the power (a — b)" is
a-09=1, @a—b™ = Hz;é(a — bqk); a,beR, neN.
In general,

a — bg*

_p)@ 00
(a b) = a"‘l—[k=0 (a — bqk'Hx

>; a,b,a eR.

Definition 2.1 ([22]) The g-gamma function is defined by

1—q¢"

[y¢) = W;

EeR—1{0,—1,-2,...).

Notice that the g-gamma function satisfies I'y (1 + &) = [£],T4 (§).

Definition 2.2 ([22]) The g-derivative of order n € N of a functionu : I — E is
defined by (Dgu)(t) = u(t),

u(t) —u(qt)

(Dgu) (1) := (Dyu)(t) = d—qr t#0, (Dqu)(0) = lim(Dgu)(t),

and
(DZu)(t) = (DqD;“lu)(t); tel,ne{l,2,...}.

Set I, := {tq" : n € N} U {0}.
Definition 2.3 ([22]) The g-integral of a function u : I, — E is defined by

e¢]

t
U ©) = [ utsrdys = Y- 10 = g utea”,

n=0

provided that the series converges.

We note that (D, I,u)(t) = u(t), while if u is continuous at 0, then

Uy Dgu)(t) = u(t) — u(0).
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Definition 2.4 ([6]) The Riemann—Liouville fractional g-integral of order o €
R4 := [0, o0) of a function u : I — E is defined by (Iqou)(t) =u(t), and

t(f — (a—1)
(gu)(@) 2/0 %u(s)dqs; tel
q

Lemma 2.5 ([27]) Fora € Ry :=[0, o0) and ) € (—1, 00), we have

L, (1+A)
190 —a)") () = —L1—" (1t —a)?*t9; 0 t<T.
Iy (1 —a)™) () F(1+k+a)( a) <a<t<
In particular,
ULDE) = et
q L,(1+a)

Definition 2.6 ([28]) The Riemann-Liouville fractional g-derivative of order o €
Ry of afunctionu : I — E is defined by (Dgu)(t) = u(t), and

(Du)(t) = (DY uy(@t); 1 e 1,

where [«] is the integer part of «.

Definition 2.7 ([28]) The Caputo fractional g-derivative of order « € R4 of a
function u : I — E is defined by (¢ Dgu)(t) = u(t), and

c — (7lal—a pla] .
“Dguy () = (1D uy(e); 1 € 1.
Lemma 2.8 ([28]) Let o € R... Then, the following equality holds:
[a]—1 X

o C po _ _ _
(Iq un)(l‘)—u(t) lg) o046

(D} u)(0).

In particular, if a € (0, 1), then
(I CDYu)(t) = u(t) — u(0).

From the above lemma, and in order to define the solution for our problem, we
conclude the following lemma.

Lemma 2.9 Let f:IXEXE — E suchthat f(-,u,v) € C(I), foreachu,v € E.
Then, the problem

(§ Dgu) (1) = f(t, u(t), (§ Dgu)(®)); 1 € [0.T],
u(0) = uo,
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is equivalent to the problem of obtaining the solutions of the integral equation

g@) = f(t,uo+ (I58)(1), (1)),
and if g(-) € C(I) is the solution of this equation, then

u(t) = ug + (1) (0).

191

Lemma 2.10 Let h : I — E be a continuous function. A function u € PC is a

solution of the fractional integral equation
u(t) =up+ (qlrh)(t)' iftelJy,

— (r=1)
M(l)—uo-i-ZL(M(l >+Z/ 4 F"fr)) hs)dys

(V )
+Jy SEE—h)dys; if t € Ji k=1,

if and only if u is a solution of the following problem:
(th’ku)(r) =h@t); te i, k=0,...,m,
u(t) =u@)) + Leu@); k=1,....,m,
u(0) = uop.
Proof Assume u satisfies (3). If r € Jp, then
(§ Dhu)(t) = h(1).
Lemma 2.8 implies
u(t) = uo + (g Iy @).
Ift € Jy, then
D)) = h(r).
Lemma 2.8 implies
u(t) =u@t) + (I ()
= Li(ut;)) +ut;) + (g1} h) ()
= Ly(u(t;)) +uo+ (I @) + (g1 ) (@).

Ift € Jp, then

(§ Diu)(1) = h(1).

2)

3)
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We obtain

u(®) = u(ty) + (G Ij,h) (@)
= La(u(ty)) +u(ty) + (oI ,h) (@)
= La(u(ty)) + L1(u(t))
+uo + (G ITh) (1) + (I} ) (12) + (G I ) (2).
If t € J, then again from Lemma 2.8 we get (2).

Conversely, assume that u satisfies (2). If ¢ € Jo, then u(t) = ug + (41{h)(2).
Thus, u(0) = ugp, and using the fact that qCDf is the left inverse of , 1], we get

(§ DJu)(t) = h(1).
Now, if t € Ji; k= 1,...,m, we get (gD,’ku)(t) = h(t). Also, we can easily
show that

u(ty) = u(ty) + Leu@)).

Hence, if u satisfies (2), then we get (3).
From the above Lemmas 2.10 and 2.9, we conclude with the following lemma:

Lemma 2.11 Let f(t,u,z) : Jy x EXE — E; k=0,...,m, be a continuous
Sfunction. Then, problem (1) is equivalent to the problem of solving the equation

g(t) = f(t,uo+ (41, 8)(®), g(1)),
andifg(-) € C(Jy), k=0, ..., m, is the solution of this equation, then
u(t) = uo + (qlgg)(t)' ifte Jo,
_ (r=1)
u(t) = uo+Z<L (")) +Z / U0 (5)dys

Ly (r)

(rl
+f,t ¢ 125(),) g(s)dqs, lfte Jk, k=1,....,m

Let Mx denote the class of all bounded subsets of a metric space X.

Definition 2.12 Let X be a complete metric space. A map u : Mx — [0, 00) is
called a measure of noncompactness on X if it satisfies the following properties for
all B, By, B, € My :

(@) u(B)=0 if_and only if B is precompact (regularity).
(b) w(B) = w(B) (invariance under closure).
(¢) u(B1 U By) = max{u(B1), u(B2)} (semi-additivity).
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Definition 2.13 ([11]) Let X be a Banach space, and let Q2x be the family of
bounded subsets of E. The Kuratowski measure of noncompactness is the map
w: Qx — [0, co) defined by

w(M) =infle >0: M C U;"lej,diam(Mj) <€},

where M € Q.
Properties

N pM)=0<% M is compact (M is relatively compact).
(2) u(M) = u(M).

(3) My C Mx = u(My) < u(M).

4) n(My + Ma) < u(My) + n(Mz).

(5) pn(eM) = [c|u(M), c € R.

(6) p(conv M) = u(M).

Definition 2.14 ([29]) A nondecreasing function ¢ : Ry — R, is called a
comparison function if it satisfies one of the following conditions:

(1) For any ¢ > 0, we have
lim ¢™ () =0,
n—o0

where ¢™ denotes the n-th iteration of ¢.
(2) The function ¢ is right-continuous and satisfies

Vi>0:¢00) <t.
Remark 2.15 The choice ¢(¢) = kt with 0 < k < 1 gives the classical Banach
contraction mapping principle.

For our purpose, we will need the following fixed-point theorems:

Theorem 2.16 ([15, 24]) Let (X, d) be a complete metric space and T : X — X
be a mapping such that

d(T(x), T(y)) = ¢(d(x, ),

where ¢ is a comparison function. Then, T has a unique fixed point in X.

Theorem 2.17 (Schauder Fixed-Point Theorem [32]) Let X be a Banach space,
D be a bounded closed convex subset of X, and T : D — D be a compact and
continuous map. Then, T has at least one fixed point in D.

Theorem 2.18 (Schaefer Fixed-Point Theorem [20]) Let X be a Banach space,
and N : X — X be a completely continuous operator. If the set
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E={weX :u=AN®w); forsome e (0,1)}

is bounded, then N has fixed points.

Theorem 2.19 (Monch’s Fixed-Point Theorem [26]) Let D be a bounded, closed,
and convex subset of a Banach space such that 0 € D, and let N be a continuous
mapping of D into itself. If the implication

V =convN(V)or V=NV)U{0} = Vis compact, 4)

holds for every subset V of D, then N has a fixed point.

3 Existence Results in the Scalar Case

In this section, we present some results concerning the existence of solutions for the
problem (1).

Definition 3.1 By a solution of the problem (1), we mean a function u €
PC that satisfies the condition u(0) = wup, and the equation (th’ku)(t) =

ft, u), (gogku)(t)) onJy; k=0,...,m.
The following hypotheses will be used in the sequel:

(Hp1) The function f : Jy — f(¢t,u,v), k =0,...,m, is continuous.
(Hoz) The functions f and Lg, k = 1, ..., m, satisfy the generalized Lipschitz
conditions:

|f (@t ur,v1) — f (2, u2, v2)| < d1(lur — uzl) + ¢2(Jvr — v2|)
and
|Lp(u1) — Le(u2)| < ¢a(lu — uzl),
fort € I and u, v € R, where ¢;, i = 1,2, 3, are the comparison functions.
(Ho3) There exists a continuous function £ € C(Jy, Ry), k = 0,...,m, such
that
[f(t,u,v)] < €@)(1 + |u] + |v]), foreacht € Ji, and u,v € R,

with

F =supl(r) < 1.

tel



Impulsive Implicit Caputo Fractional q-Difference Equations in Finite- and. . . 195

(Hp4) There exists a constant [ > 0 such that
|Ly(w)| <I(1+ |u|), for eachu € R.

Theorem 3.2 Assume that the hypotheses (Hy1) and (Ho) hold. Then, the problem
(1) has a unique solution defined on 1.

Proof Consider the Banach space C(I) := C(I,R) as a complete metric space of
continuous functions from 7 into R equipped with the usual metric

d(u,v) := ma]x lu(t) — v(t)|.
te

Transform the problem (1) into a fixed-point equation. Consider the operator N :
PC — PC defined by

(Nu)(®) =uo + (¢15&)(1); if 1 € Jo,

k
(Nu)(t) =uo + Y Li(u(t)))

=1 (M
k i (s (r=1)
i (ti —qs)
e — d
+Z/z T, g(s)dys
i=1 i— ](
+ft @ r‘?%) g(s)dys; ifte i, k=1,...,m

where g(-) € C(Jy), k=0, ..., m, with
g(t) = f(t,uo+ (41, 8)(®), ).

Clearly, the fixed points of the operator N are solutions of the problem (1).
Letu € PC and t € Jy. Then,

[(Nu)(t) — (Nv)(t)| = (415 (g —h) (@),
where g, h € C(Jy), k=0, ..., m, with
gt) = f(t,uo+ (4158) (1), g(1)), and h(t) = f(t,uo + (4 Iyh) (1), h(1)).

Thus, for each u, v € C(I) and t € Jy, we have

"l — g5V

|(Nu)(t) — (Nv)()] = /

0 T'g(&‘) - h(S)|qu.

From (Hy), we have

18(@) —h(@®)| = ¢1(|u(r) — v(O) + P2(Ig () — h (D).
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Thus,

lg(t) = h(D)] < (Id — ¢2) ™ p1 (|u() — v(D))).
Hence,

|(Nu)(®) — (Nv)(®)| < [3 & lf’s(‘;r) D (1d = ¢2) 1y (Ju(s) — v(s)|)dys
rq(1+,>(1d $2) " 1 (d(u, v))
¢(d(u, v)),

where Id is the identity function, and ¢ is the comparison function defined by

r

T
o(t) = ————(Id — ¢2) 91 (1); 1 € Jo.

Ly(1+47r)
So, we get

d(N(u), N(v)) < ¢(d(u, v)).
Next, foreachu,ve C(I)t € Ji, k=1,...,m, we get

[(Nu)(t) — (Nv) ()] WTI—;,)(Id — ) o1 (du, v) + md3(d(u, v)
(rq(Tl—;r)(ld — ¢2) "¢y + me3)(d(u, v))

= ¢(d(u, v)),

=
=

where ¢ is the comparison function defined by
r

_ T R
¢(t)_r‘q(1+r)(1d D) P1(t) +mp3(t); te i k=1,.

So, we get
d(Nu), N(v)) < ¢(d(u, v)).

Consequently, from Theorem 2.16, the operator N has a unique fixed point, which
is the unique solution of our problem (1) on /.

Theorem 3.3 Assume that the hypotheses (Ho1), (Hy3), and (Hoa) hold. If
2T7¢*

ml + <1,
(I =91 +r)

then the problem (1) has at least one solution defined on I.
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Proof Consider the operator N : PC — PC defined in (1). Let R > 0, such that

2T"¢*
R> |Lt()| + ml + (1—@*)Fq(l+r)
T ol-ml are

~ =), (4

and consider the ball Bg := B(0, R) = {w € ||w||pc < R}. We shall show that the
operator N : B — Bp satisfies all the assumptions of Theorem 2.17. The proof
will be given in several steps:

Step 1. N : Bg — Bp is continuous.
Let {u,},en be a sequence such that u, — u in Bg. Then, for each ¢ € Jy, we have

t (t _ qs)(r—l)
|(Nup) (@) — (Nu)(@)| < A F—(r)lgn(S) — g(s)ldys, (2)
q

where g, g, € C(Jo) with
g(t) = ft,uo+ (4 158) (1), g(1)),
and
gn(t) = f(t,uo+ (gIygn) (), gn(1)).

Since u, — uasn — oo and f is continuous, then by the Lebesgue dominated
convergence theorem, (2) implies

IN(un) — Nw)|lpc - 0 asn — oo.
Also, foreacht € Ji, k=1, ..., m, we have

|(Nup) (1) — (Nu)(®)]

k
< Y ILiGun (7)) = Liu()|

i=1

_ (r=1
+Zf(“ﬁl|Mmew

Lt =g

T, —————1gn(s) — g(s)|dys. 3
173

Again, by the Lebesgue dominated convergence theorem, (3) implies the continuity
of our operator N.
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Step 2. N(Bg) is bounded.
Letu € Bg and t € Jy. Then,

t(f— gs)—D
ug + Lg(S)dqs ,

[(Nu)(t)| = A

where g(-) € C(I) with

g(1) = f(t,uo+ (4158) (1), g(1)).

Thus,
t (r=1)
(t —gs)
[(Nu)(@)] =< |uol +/ ————|g(s)ldys
0o Ty !
T"¢*(1+ R)
< luol +
(1 —=£5Ty(1+r)
< R.
Next,ifu € Bg,andt € J;, : k=1,...,m, we have

k
((Nu)YO < Juol + Y ILi )]

i=1

—gs)—D
+Zf (1 Fqi)) 18(5)1d, s

(r=1)
¢ F‘”()) 18()]dys
173
2T7¢*(1 + R)

< I(1+R
= ol +ml 4+ R) + T, (T 1)

<R.
Hence, for any u € Bg, and each r € J, we get
INWlpc = R.
This proves that N transforms the ball B := B(0, R) = {w € ||w|pc < R} into
itself.

Step 3. N(Bg) is equicontinuous.
Let x;, x2 € Josuchthat 0 < x; < xp < t; and let u € Bg. Then,
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[(Nu)(x2) = (Nu)(x1)|

2 (xy —gs)" D M (xp —gs)0 D
< /0 Tg(s)dqb"—/o Tg(s)d(ﬁ,

where g € C(Jp) with

g(t) = f(t,uo+ (¢1yg) (1), g(1)).

Thus,

|(Nu)(x2) — (Nu) (x|
X r—1
< / 12 %M@Ndﬂ
N / (2 — g)" ™D — (@1 — g)7 ]
0 Ly(r)
- (14 R)(x2 — x1)"
- - K*)Fq(l +r)

CA+R) [ (2 —gs) ™D — (x) — qs><’”>|d S

g (s)ldgs

1—¢5 Jo Ty (r) -

As x;1 —> x3, the right-hand side of the above inequality tends to zero. Also, if we
letx1,xp € Jr, k=1,...,m,suchthat fy < x1 < xp < x4+ and letu € Bg, we
obtain

|(Nu)(x2) — (Nu)(x1)|

20*(1+ R) | "
x —_—
S U-—er,d+n
200+ B) (M2 —g9)" D =gV
1—6* 0 Fq(r) Fq(r) o~

Again, as x; —> x3, the right-hand side of the above inequality tends to zero.
Hence, N (Bg) is equicontinuous.

As a consequence of the above three steps, together with the Arzeld—Ascoli
theorem, we can conclude that N : Bg — Bp is continuous and compact. From
an application of Theorem 2.17, we deduce that N has a fixed point u that is a
solution of problem (1).

Now, we use Schaefer’s fixed-point theorem to prove the following result:
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Theorem 3.4 Assume that the hypotheses (Ho1), (Hy3), (Hos) and the conditions
ml < 1, and
2T"¢*
+ <1
(I =9y +7)

hold. Then, the problem (1) has at least one solution defined on I.

Proof We consider the operator N : PC — PC defined in (1). As in the proof of
Theorem 3.3, we can show that N : PC — PC is continuous and compact. Now it
remains to show that the set

={ueX:u=rANwu); for some X € (0, 1)}

is bounded.
Let u € &; then, u = AN(u), for some A € (0, 1). Thus, for each t € Jy, we
have

t t—as (r—1)
uo + Lg@)dqs ,

lu(®)| < 1 T,

where g(-) € C(I) with

g(1) = f(t,uo+ (11 8)(1), g(1)).

Thus,

t (l _ qs)(rfl)
()l < luol +/0 e —ls(wldys

t (l _qs)(rfl) .
< luo| +/0 me (1 + |u(s)Ddys

< luo| +

T ¢* ro(t — (r=1)
/ (t = 4s) O lu(s)|dys.
0

(I =91 +7) (I =9y (r)
We can apply a version of Gronwall’s lemma to obtain that |u(t)|] < M;, with

M; > 0.
Next, foreacht € J; : k=1, ..., m, we have

k
()] < luol + Y ILi ()|

i=1

— gs)rD
+Z/ (1 Fq?)) 12(5)\dys
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f—as)=D
g Fqs()) 12(5)\dys
173
2T"¢*
(1 — 9T, (1+1)

t (t_qs)(r—l) .
+/() —(1 —Z*)Fq(r)e 2|u(s)ldys.

< luo| +mi(1 + |u(r)]) +

This implies that, foreacht € Jy : k=1,...,m, we get

|u0| + ml 277 ¢
—ml " (I=ml)(1 — )T, (1 +7)

20 f’ (t —qs)" D
L—ml Jo (1—€9Tq(r)

lu(®)| <

lu(s)ldys.

Also, by applying a version of Gronwall’s lemma, we can obtain |u(t)| < M, with
M, > 0. Hence, the set £ is bounded. As a consequence of Schaefer’s fixed-point
theorem (Theorem 2.18), we deduce that N has a fixed point that is a solution of our
problem (1).

4 Existence Results in Banach Spaces

In this section, we present some results concerning the existence of solutions for the
problem (1) in Banach spaces.
The following hypotheses will be used in the sequel.

(Hy) The function f is continuous.
(Hy) There exists a continuous function p € C(Ji,R4), k = 0,...,m, such
that

If @ u, )l < p@OA + |ul + |v]); fort e Jy, andu,v € E,

with p* = sup p(t) < 1.
teJ
(H3) For each bounded and measurable set B C E and for eacht € Ji, k =

0,...,m, we have
u(f(t, B.g Dy B) < p()u(B); 1 € Jy, k=0,...,m

wheregD’ —{CD w:w € B}.
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(Hy) There exists a constant L > 0 such that
|Ly(u)| < L(1 + |ul), for eachu € E.

(Hs) There exists a constant / > 0 such that for each bounded set B C E and for
eachtr € Ji, k=0,...,m, we have

u(Lk(B)) < lu(B).
Theorem 4.1 Assume that the hypotheses (Hy) — (Hs) hold. If

Ly T (1)
=m - <1,
p r,(1+7)

then the problem (1) has at least one solution defined on I.
Proof Consider the operator N : PC — PC defined in (1). Let R > 0, such that

27" p
R> luol +mL + 1= p*)r (1+r>
S gL 2Ty

(I=p*)Ty(1+r)

Letu € PC and t € Jy. Then,

tp o NG=1)
IO = o + /O =49 5ydys

Ly (r)

where g(-) € C (/) with

g(t) = f(t,uo+ (4158) (1), g(1)).

Thus,
t r—1)
(t —gs)"
[N < luoll + / U9 e(s)ldys
A V(o 1
T p*(1 + R)
< Jluoll + —2 .
(1= p5T,(1+7)
On the other hand, if u € PC andt € Ji, k =1, ..., m, we have

k
INw) O < lluoll + Y ILi (@)

i=1

_ (r=1)
+Z/ U Fq()) lg(s)ldys

ti—
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(r=1)
- . ()) lg()lldgs
173
277 p*(1 + R)

< \lug|| + mL + .
ol (1= pTy(1+7)

Hence, for any u € PC and each t € J, we get

2T"p*(1 4+ R)

N(u < |lu +mL +
INGIpe < luol T

This proves that N transforms the ball Bg := B(0, R) = {w € ||lw|lpc < R} into
itself. We shall show that the operator N : B — Bp satisfies all the assumptions
of Theorem 2.19. The proof will be given in three steps.

Step 1. N : Bg — Bpg is continuous.
Let {u, },en be a sequence such that u,, — u in Bg. Then, for each t € Jy, we have

t _ (r—1)
(N (1) — (Nu) (@) | < /0 %ngm—gmud@ @)
q

where g, g, € C(Jo) with
g() = ft,uo+ (4158) (), g(1)),
and
gn(t) = ft, uo+ (315 8n) (1), gn(®)).

Since u, — uasn — oo and f is continuous, then by the Lebesgue dominated
convergence theorem, (2) implies

IN@w,) — Nw)|lpc >0 asn— oo.
Also, foreacht € Ji, k=1, ..., m, we have

k
I(Nun)(£) = (Nw)OIl < D IILiGua (7)) = L))

i=1

_ (r=1)
+Z / t qu)) 8 (s) — g(s)l1dgs

f(t—gs)"Y
+ / T, e ®) sy 3)
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Again, by the Lebesgue dominated convergence theorem, (3) implies the continuity
of our operator N.

Step 2. N(BR) is bounded and equicontinuous.
Since N(Bg) C Bg and By, is bounded, then N (Bp) is bounded. Next, let x;, xp €
Josuchthat 0 < x; < xp <ty and let u € Bg. Then,

[(Nu)(x2) — (Nu) (x|

2 (13 — )" o — g9
/0 T, g(s)dys _/O T, g(s)dys

)

where g € C(Jy) with
g(t) = f(t,uo+ (4 1Hg)(t), g(t)).
Thus,

[(Nu)(x2) — (Nu) (x|

X r—1
< / %ngmndc,s
N f (2 — )7 = (a1 — g) )|
0 Fq(r)
_ P4 R -
(I —=p*y(+7)

PrA+R) (]2 —g9)" " = (1 —g9)" Y]

llg(s)lidys

5.
L—=p* Jo Ly(r)
As x1 —> x», the right-hand side of the above inequality tends to zero. Also, if we
letx1,xp € Jr, k=1,...,m,suchthat ff < x; < xp < fx41 and letu € Bg, we
obtain

[(Nu)(x2) — (Nu)(x1) ||
2p*(1 + R)
T (A =pHlgd+r)

2p*(1+R) [
n P( )/
L—p* Jo

lxo —x1]"

(2= gD (1 —gs)*Y
Ly (r) Iy

dys.

Again, as x; —> x3, the right-hand side of the above inequality tends to zero.
Hence, N (Bp) is bounded and equicontinuous.
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Step 3. The implication (4) holds.
Now let V be a subset of Bg such that V. c N(V) U {0}, V is bounded and
equicontinuous, and therefore the function r — v(t) = w(V(#)) is continuous on J.
By (H3) and the properties of the measure p, for each ¢ € Jy, we have

v(1) = p((NV)(@) U {0}

= n((NV)()

(1 —g9)" " Vp(s)
/ Ly (r)
/ 1 =g9)" Vps)

)

———————v(s8)dys

w(V(s))dys

< P
T,(I+r)

lvllpc.
Thus,
lvllpc < pllviipc.

Also, foreacht € J;, k=1,...,m, we get

v(r) = w((NV)(@) U{0})
< n((NV)(®))

L £ —g9) "D p(s)
<> M(V(s))—i—Z/ = u(V(5))dgs
i=1 i=1 ti—1 q(r)

Lt =) Vp(s)
i Tq(r)

i _ (r—1)
<L Z v(t) + Z/ U qrs)( ) ps) v(s)dys
q

w(V(s))dys

Lt —g9)" Vps)

: 0,0 v(s)dys

*

<< L4+ )n ||
m ——— v .
= r,(1+r) pc

Hence,

lvllpe < pllvilpc.
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From (1), we get ||v|lpc = 0, thatis v(t) = B(V(¢)) = 0, for each t € I, and
then V (¢) is relatively compact in PC. In view of the Ascoli-Arzela theorem, V is
relatively compact in Bg. Applying now Theorem 2.19, we conclude that N has a
fixed point that is a solution of the problem (1).

5 Examples

Example 1 Consider the problem of implicit impulsive g-fractional differential
equation of the form

§ D)) = f(t,u@), §DLu)®); t € Ji, k=0,...,m,
ulty) =u(t,) + Le(u(t)); k=1,....m, (1)
u(0) =0,

where I = [0, 1], r € (0, 1],

T, (1+r)?
1+ u(®)| + 1§ Dy u()]

fu@®), §Dyu) ) =

1
X (6_7 + e’+5) Q™" +ua(®)); 1 €10, 1],

1
Be®) (A + lut )’

g e ey

Li(u(z ) =

Clearly, the function f is continuous.
For each t € [0, 1], we have

1
| £t u@), CqDu) )] < Ty(1+r)t* <e7 - eﬁ) :
and
L < !
|Li(u)| < g-

Hence, the hypothesis (Hpp) is satisfied with £* = Ze_SFq(l + r), and (Hy) is
satisfied with [ = 2.

Simple computations show that all conditions of Theorem 3.3 are satisfied. It
follows that the problem (1) has at least one solution on [0, 1].
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Example 2 Let
o
E=1'= u=(ul,uz,...,un,...),2|un| < 0
n=1

be the Banach space with the norm

o0
lulle =Y lunl.
n=1

Consider the problem of implicit impulsive g-fractional differential equation of the
form

§ D)) = f(t, u@), §DLu)®); t € Ji, k=0,...,m,
ut)) =u(t,) + Le(u(t)); k=1,....m, )
u(0) =0,

where I =[0,1], r € (0, 1], u = (uy, up, ..., Uy, ...),

fz(flvaa"'ﬂfn"'°)a

C C C C .
thrku = Dtrkul,q Dtrkuz,...,q Dtrkun,...), k=0,...,m,

I, (1+r)?
L+ lu®lle + 1§ Dl u@® e

fu(t,u(@), DR (@) =

x <e7 + et;) Q" +un(t)): t €10, 1],

1
Be®) (1 + ut)Hle)

Li(u(y ) =

k=1,...,m.

Foreachu € E and ¢t € [0, 1], we have

1
£ u@), (CgDLu))lle < Ty(l+r)e? (e—7 + etﬁ) ,
and

1
Lyl g < 35
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Hence, the hypothesis (H>) is satisfied with p* = 26_5Fq(1 4+ r), and (Hy) is

satisfied with L = 3%.

‘We shall show that condition (1) holds with T = 1. Indeed, if we assume, for
instance, that the number of impulses m = 3, and r = % then we have

-5
2p*T" 5 2Ty 4r) s

L:=mL4+ ————=c¢
Ly(1+7) ry(3)

< 1.

Simple computations show that all conditions of Theorem 4.1 are satisfied. It follows
that the problem (2) has at least one solution on [0, 1].
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1 Introduction

We consider the following coupled population cascade system:

dy ~dy .
—+ = —(ki@)y)x +u1t,a,x)y =0x, in Q, (1.1)
ot da

ap Jp .

m + Pyl (k2(X)px)x + pa(t,a, x)p + u3(t,a,x)y=0 in g,

y(t,a,1) =y(,a,0) = p(t,a,1) =p,a,00)=0 on (0,T) x (0, A),
¥(0, a, x) = yo(a, x); p(0,a,x) = po(a,x) in Qa,

A
y(t,O,X)=/ Bi(t,a,x)y(t,a,x)da in QOr,
0

A
p(t,O,x):/ Ba(t,a,x)p(t,a,x)da in Qr,
0

where Q = (0, T) x (0, A) x (0,1), 04 =(0,A) x (0,1), Q7 = (0, T) x (0, 1),
w CC (0, 1), and we will denote ¢ = (0, T') x (0, A) X w. The quantities y(¢, a, x)
and p(t,a,x) that are in interaction are the densities of populations of time f,
age a, and gene type x. Recall that the system (1.1) above models the dispersion
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of gene in the two populations. The parameters (¢, a, x) and B (¢, a, x) can be
interpreted as the natural fertility rates, while u(¢, a, x) and u»(t, a, x) are the
natural mortality rates and p3 stands for an interaction parameter. On the other
hand, the parameters ki and k» are the coefficients of dispersion and depend on
the gene-type variable x; ¢ and w are, respectively, the control that we are looking
for and the region of gene type where it acts. Such a control can be viewed in our
situation as the capture strategy and corresponds in general to an external supply or
to removal of individuals on the subdomain w CC (0, 1). Besides, yo and pg are
the initial distributions of the two populations, whereas fOA Bi(t,a,x)y(t,a, x)da

and fOA Ba(t,a,x)p(t,a,x)da are the distributions of the newborns. Finally, the
two positive fixed constants 7 and A are, respectively, the time of control and the
maximal age of expectancy that we suppose here is the same of both populations. A
suitable and powerful condition will be required later on T'.

The population dynamics models in their different aspects attracted many authors
and were investigated from many sides (see, for example, [4, 10, 24, 26, 27, 30, 32—
34, 36]). Among those questions, we find the null controllability or in general the
controllability problems for age- and space-structured population dynamics models
that were studied in an intensive literature like [1, 2, 5, 7]. In [1, 2], the author tried
to prove both the exact and approximate controllabilities for a population dynamics
model where the coefficient is a positive constant. More precisely, to prove the
first type of controllability, Ainseba used the mean of observability inequality that
is a consequence of Carleman estimates based on the computations done on [31]
for non-degenerate heat equation. The second result of the same paper is reached
by using an argument of density of the reachable set of states at time 7 on L>-
space for an age class (0, a;) where a; < A. Notice that the exact controllability
is equivalent to the null controllability of a linear model. Based on this rule, using
again the Carleman-type inequalities and with the help of the characteristics method,
the workers in [5] proved under the assumptions of that the L°°-norm of the initial
data is small and the fact that the coefficient of dispersion is a positive function for
all points of space domain that their population model is exact controllable. Earlier
in [7], a result similar to the one in [1, 2] was shown but without calling Carleman
estimate. In fact, the method used here is a combination between a contradiction
process and the so-called Mizohata uniqueness theorem (see the reference for
further details).

Nevertheless, the previous works were established with either a space inde-
pendent or a non-degenerate dispersion coefficient contrary to our paper and the
works realized in [6, 22] whose calculus are based on the papers investigating the
degenerate heat equation (see for instance [16-21, 25]). In this context, [6, 22]
were the first to be concerned with such a problem; each of them used a different
technique and also imposed different conditions on time control 7. Indeed, in [6],
the authors allowed the dispersion coefficient to depend on the variable x and verify
k(0) = 0, i.e., the coefficient of dispersion k degenerates at 0, and they tried to
obtain the null controllability in such a situation with 8 € L°(Q) following [9]
via a new Carleman estimate for a suitable full adjoint system and afterward his
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observability inequality. However, the main controllability result of [6] was shown
under the condition 7 > A as in [11], and this constitutes a restrictiveness on
the “optimality” of the control time T since it means, for example, that for a pest
population whose maximal age A may equal to many days (may be many months
or years), we need much time to bring the population to the zero equilibrium. In
the same vocation and to overcome the condition T > A, L. Maniar et al. in
[22] suggested the fixed-point technique implemented in [37] that requires that the
fertility rate must belong to C2(Q) and consists briefly to demonstrate in a first
time the null controllability for an intermediate system with a fertility function
f e LZ(QT) instead of fOA B(t,a,x)y(t,a, x)da and to achieve the task via the
Leray—Schauder theorem.

On the other hand, a huge amount of works are interested on the control problems
of coupled systems among which we find [3, 8, 39] and the references therein.
In [3], a coupled model is taken under a reaction—diffusion system describing
interaction between prey and predator populations. The goal is to look for a suitable
control supported on small spatial subdomain that guarantees the stabilization of
the predator population to zero. The objective of [39] was different. Actually,
an age-dependent pre—predator system was considered, and the authors proved
the existence and uniqueness for an optimal control (also called “optimal effort”)
that gives the maximal harvest via the study of the optimal harvesting problem
associated to their coupled model. Similarly to the case of one equation in the papers
[1,2,5,7], [3,39] assumed that their coefficients of diffusion are constants. We open
parentheses here to emphasize that the references [3, 39] are cited as examples of
non-degenerate coupled systems, and this does not mean that (1.1) models a prey—
predator model. The last two papers motivate Ait Ben Hassi et al. in [8] to generalize
these works specially [3] and examined semilinear parabolic cascade systems with
two different diffusion coefficients allowed to depend on the space variable and
degenerate at the left boundary of the space domain. Moreover, the purpose of that
paper was to bring out the null controllability via a Carleman-type inequality of the
adjoint problem of the associated linearized system using the results of [9] or [15]
and with the help the Schauder fixed-point theorem.

But up to now and to our best knowledge, little is known about the global null
controllability question of the age-structured population dynamics cascade systems
in both degenerate and non-degenerate cases, and the only item that deals with such
a paradigm is the one of Boutaayamou et al. in [13]. In fact, the authors assessed
(1.1) in a non-divergence form and proved its null controllability like the one in
(1.4) using the classical procedure based on the observability inequality deduced
from the weighted estimates of Carleman kind. To reach their purpose, Fragnelli et
al. require some smooth regularity on the fertility, mortality, and interaction rates.
More accurately, they assumed that such rates are continuous besides the fact that
both the natural rates of fertility satisfy the following hypothesis:

Bi(a,x) =0, forall (a,x)el0,a]x[0,1], i=1;2, (1.2)

where a;, i = 1; 2, are positive constants.
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As mentioned in the recent paper [13], the assumption (1.2) is natural from the
biological point of view, but mathematically some interesting computations will be
omitted and our work will avoid such a kind of impositions. Hence, we will address
to such a control problem described by (1.1) using a different trend from the one
of [13], and it will be a generalization of the results obtained in [6] and [22]. More
precisely, following the global techniques of [8], we expect in this contribution to
prove the global null controllability of the structured age and space system (1.1)
with one control force and when

T € (0,6), (1.3)

where § € (0, A) fixed small enough. That is, we show that for all yg, po € LZ(Q A),

there exists a control 9 € L?(Q) such that the associated solution of (1.1) verifies
y(T,a,x) =0, a.ein (5, A) x (0, 1), (1.4)
p(T,a,x) =0, a.ein (5, A) x (0, 1). ’

In all domains related to the population dynamics, the conditions like (1.4) are
equivalent to say that we look for a control or strategy (suitable one) to steer the
studied population(s) from its (their) initial distribution(s) to extinction in a finite
control time 7. Such a property is needed to deal with the pest populations not
against the non-harmful ones or, for example, in the context of human population.
It deserves to mention that the researched control ¢ depends on § and the two initial
distributions yp and pg. Returning back to the condition (1.3) imposed on the fixed
time of control 7. This assumption is required not only for a technical cause but
also is meaningful in the cost of controllability in the sense that is we will be able to
drive a very wide age class of both populations to extinct fastly and quickly instead
to wait for months or years like in [6] (see also [12, 23] for a similar explanation),
and this will be an advantage on the optimality of the control ¢. Note that in [13],
the goal (1.4) is established for any positive time control 7', and in our point of view,
this implies that if 7' can verify (1.3), it could also be greater than age A, and this,
as explained before (and also in [13]), can involve a restrictiveness on the optimality
for our control ¢. By the way, the null controllability property (1.4) does not allow
to control the age class of non-fertile individuals of both populations, and this can
be justified in the mathematical standpoint (see the farther proofs).

Theoretically, the result (1.4) is gotten under the conditions that all natural rates
possess an L°°-regularity (more general than the continuous one as assumed in
[13]), and this will avoid us the use of the fixed-point technique needed in [22, 37],
which imposed the C>-regularity of fertility rate . Another striking difference
with the cited references (except [13]) is that our model is a coupled dynamics
system combining in the same time age and space structures and likewise the
degeneracy occurring for the two different dispersion coefficients k; and k; in
the left-hand side of the gene-type domain, that is k;(0) = 0; i = 1,2, e.g,
ki(x) = x%, where o can be taken in [0, 1) if we impose the Dirichlet boundary
conditions or in [1,2) if we consider the Neumann boundary conditions (see the
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assumptions (2.5) beneath). In this case, we say that (1.1) is a degenerate population
dynamics cascade system. Genetically speaking, such a property is natural since
it means that if each population is not of a gene type, it cannot be transmitted to
its offspring. Finally, we highlight that this work can be generalized in the case of
interior degeneracy, i.e., k1(xg) = 0 and k2(z0) = 0 (e.g., k1(x) = |x — xp|* and
ka(x) = |x — z0l%, o € (0, 1)), where xg, zo € (0, 1) using the results proved
in [12] that are based essentially on the method applied for controllability problem
of interior degenerate parabolic equations [28] and can also be extended to the non-
smooth case in the light of the item [29].

The remainder of this chapter is organized as follows: Sect.2 is devoted to
discussion about the well-posedness of (1.1) and establishing a new Carleman
estimate of an intermediate adjoint system that helps us to provide an evidence
of the main Carleman-type inequality of the associated full adjoint system. As an
outcome of this latter, in Sect. 3, an observability inequality is proved with the help
of the semigroups theory that allows us to obtain non-classical implicit formulas
of the adjoint system solution (see [12, 23] for a similar procedure). The obtained
observability inequality will play a crucial role to show the main controllability
result stated in (1.4). We close this chapter in Sect.4 that takes the form of an
appendix wherein the proofs of some basic tools are provided.

2  Well-Posedness and Carleman Estimates

2.1 Well-Posedness Result

For this section and for the sequel, we assume that the dispersion coefficients

ki, i =1,2,satisfy the hypotheses

ki € C([0,1)) N C'((0, 1]), k; > 0in (0, 1] and k; (0) = 0, 2.5)
Iy €10, 1) : xkj(x) < yki(x), x € (0, 1]. '

The last condition on k; means in the case of k; (x) = x% that 0 < «; < 1. Similarly,
all results of this chapter can also be obtained in the case of 1 < «; < 2 taking,
instead of Dirichlet condition on x = 0, the Neumann condition (k; (x)uy),(0) = O.
On the other hand, we assume that the rates w1, u2, u3, 81 and g verify

(2.6)

W1, 12, 143, B, B2 € L®(Q),
Wi, 2, B1, B2 > 0and u3 > O a.e in Q,

Here, we open parentheses to say that contrary to some references like [1, 2, 6], we
do not require the mortality rates to satisfy fOA ni(t—s,A—s,x)ds =400, 1=
1, 2, since these conditions do not play any role on the well-posedness result or the
null controllability computations.
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In summary, to justify that our model (1.1) is well-posed, we will rewrite it under
an abstract Cauchy problem, and then we will combine some references namely [9,
14, 15, 23, 35, 38] to get our result. This result needs the introduction of a pertinent
framework represented by weighted Sobolev spaces defined fori = 1, 2 by

Hkll_ 0,1) = {u € L2(0, 1) : u is abs. cont. in [0, 1] : v/kiuyx € L%(0, 1), u(1) = u(0) = 0},
HZ (0, 1) = {u € H] (0, 1) : kjuy € H'(0, 1)},

2.7)
endowed, respectively, with the norms,
2 _ 2 -2 1
”M ”Hkll (0’1) - ”M”L2(0,1) + ”\/k_lux ||L2(011)9 ue Hk,’ (O, 1)a
2 _ 2 . 2 2
415 0 = 1013 .0+ IKit)al oy e 0 € HE O D,

with i = 1,2 (see [9, 14, 15] or the references therein for the properties of such
spaces).

Now, put fori = 1,2, A;0 = (ki (x)6y)x, with k;, verify (2.5).

The domains of the operators A;, i = 1,2, are exactly Hk2i O,1, i=1,2,
given in (2.7), and it is well known that such operators are closed, self-adjoint,
and negative with dense domains in L?(0, 1), which implies that they generate Co-
semigroups in L?(0, 1) (see [9, 14, 15] for precise proofs).

On the other hand, consider the following operators A;, i = 1, 2, defined by

00
A0 = ~3a + A0, V09 e D(A),
a

A
D(A;) = {u € L*(0, A; D(A)); %Z € L*(0, A; H} (0, 1)); u(0, x) =/ Bia, x)u(a, x)da}.
’ 2.8)
From [38, Theorem 4, page 23] or [38, Theorem 5, page 26] and since
(A;, D(A})), i@ = 1,2, are infinitesimal generators of Cp-semigroups as
mentioned before, one can conclude that (A;, D(A;)), i = 1,2, generate Cy-
semigroups in L2(Q 4). In this context, we advise the reader to take a glance for a
similar discussion of the well-posedness result [23, Theorem 2.1].
Adapting these notations, the abstract Cauchy problem associated to (1.1) is
formulated as

X'(0) = (A+ BUDX () + f (1),
sz(m> 2.9)

Po

where X (1) = (y“)), A = (“41 0 ) D(A) = D(A;) x D(Ay), B(t) =

<M“1 () )
M“3 MMZ ’
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f@) = (19())((0> ; with the generators A;, i = 1, 2, are defined by (2.8),
Myw=—pw, i=1273.

As we can see, the operator (A, D(A)) is a diagonal matrix of generators of Cy-
semigroups; as a consequence, (A, D(A)) is also a generator of a Cp-semigroup
in L2(Q). On the other hand, the operator B(f) can be viewed as a bounded
perturbation of A, so that one has D(A + B(t)) = D(A).

Gathering all these gadgets with the result [35, Theorem 2.1], we somehow
justify our theorem of well-posedness.

Theorem 2.1 The following points hold:

1. The operator (A + B(t), D(A)) generates a Cy-semigroup in L*(Q).

2. Under the assumptions (2.5) and (2.6) and for all & € L*(Q) and (yo, po) €
D(A) x D(Ay), the system (2.9) admits a unique mild solution X belonging to
C([0, T]; D(A}) x D(Ay)) and verifies the integral equation

t
Vie[0,T], X(1)=eAtBO x4 / eBFBON=9) £(5)ds.  (2.10)
0

Before continuing, we shall make the following remark:

Remark 2.2 Since D(A;), i =1,2, are dense in LZ(QA), then Theorem 2.1 can
be extended to the space L?(Q ) for the initial data (yo, po) as well as our null
controllability result (1.4).

2.2 Carleman Inequality Results

In this paragraph, we will focus on the so-called Carleman estimates. Generally
speaking, Carleman estimate is a priori estimates for the solutions of the adjoint
systems and their derivatives. The first result of this section concerns the adjoint
system of the system (1.1). Classically, the adjoint system is derived by multiplying
the governing equations of the direct problem by Lagrange multipliers, which means
that the adjoint state is the Lagrange multiplier for the studied PDE. To obtain this
model, we afterward integrate over the domains of the existing variables (herein, the
time, the gene type, and the age variables). Note that it is not necessary to multiply
the boundary and initial conditions of the direct problem by Lagrange multipliers
because they become identically null.

In our case, the associated adjoint model of (1.1) is stated in the following
proposition:

Proposition 2.3 The adjoint system of (1.1) is given by
du ou

5 T g R @ui—p (@, u—pzv=— pru(t,0,x) in 0, (2.11)
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a a
2 4 (kovos — walt,a, v = —Boo(t,0,x) in Q.

at  da
u(t,a,1) =u(,a,0) =v(t,a, 1) =v(,a,00=0 on (0,T) x (0, A),
u(T,a,x) =ur(a,x);v(T,a,x) =vr(a,x) in Qa,

ut, A, x) =v(t,A,x)=0 in Qr,

where u and v stand, respectively, for the adjoint variables of y and p.

Proof First, we define the Lagrangian L related to (1.1) by

0 0
2 )y

L(y’p’u7v7ﬁ7u07vo):j(y’p719)+/
Jt da

u
0
+ui(t,a,x)y — ﬁxw)dtdadx (2.12)
dp  dp
— 4+ — —(k
+/Qv<8l‘ + 9 (k2 (x) px)x
+/L2(t,a,x)p+/L3(l,a,x)y>dtdadx

+ / uo(y(0) — yo)dadx + / 20(p(0) — po)dad,
Oa 0a

where the functional J is given by J(y, p,) = %fol fSA(yz(T,a,x) +
p2(T, a, x))dadx + %fQ 2 xpdtdadx.
Now, put

dy ~ dy
L= | u|=+=—-(iX)y)x+pn1t a,x)y)dtdadx
0

Jat da
and
dp  dp
L=|wv m + Fri (ko (x)px)x + m2(t,a, x)p + us3(t,a,x)y | dtdadx.
0

With the aid of the integration by parts technique, taking into account the first
newborns equation of (1.1) and assuming that

{u(t, A, x)=v(t, A, x)=0, in(0,T) x (0, 1),
u(t,a,0)=u(t,a,1)=v,a,0) =v(,a,1)=0, on(0,7T)x (0, A),

(2.13)
we obtain
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I =/ u(T,a,x)y(T,a,x)dadx—f u(0,a,x)y(,a, x)dadx
0a 0a

ou  du
_/ <8t o Kty — e+ Bt . x)) drdadx  (2.14)

and

I :/ v(T,a,x)p(T,a,x)dadx—/ v(0,a, x)p(0, a, x)dadx
04 Oa

dv  dv
_/ p <8 + 72 + (kavy)x — v + Bov(t, 0, x)) dtdadx
Q

—i—/ uavydtdadx. (2.15)
0

Combining (2.13) with (2.14) and (2.15), we get the following formula of L:

L(y, p,u,v, 9, ug, vg) = (yz(T, a,x)+ p2(T, a, x))dadx

2 0a
1
+—/ ﬂzxwdtdadx—/ Yux,dtdadx
2Jo 0
+ fQ [0 (y(0) — y0) + v0(p(0) — po)ldadx
A

+ / u(T,a,x)y(T,a, x)dadx
04

— / u(0,a, x)y(, a, x)dadx
0a

u u
_/ <at+a_+(k1”x)x_ﬂlu

+B1u(t,0,x) — ,u3v)dtdadx
+/ v(T,a,x)p(T,a, x)dadx
Oa

— / v(0, a, x)p(0, a, x)dadx
[

ov v
—/ (m + a_+(k2vx)x — M2V

+B2v(z, 0, X)>dl‘dadx.
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The above expression of L can be rewritten as follows:
L
L(y, p,u, v, 9, uo, vo) = 5V (T a, )xe.n +uT. a,)y(T.a,x) | dadx
0a

1
+/ <§P2(T, a, X) X(s,A)
0a

+v(T,a, x)p(T,a, x))dadx

1
+/ <—192xw — ﬂuxw> dtdadx
o \2

+/ y(0) (g — u(0, a, x))dadx —/ ugyodadx
04 Oa

+/ pO0)(vo — v(0, a, x))dadx —/ vopodadx
0a 0

A
u ou
—f <8t 2 G —

+pB1u(t,0,x) — ,u3v>dtdadx

/ 81)+av+(k )
- —+ — v — U2V
Qp 91 9 2Ux)x — U2

+p2v(2, 0, x))dtdadx.

Thus, for any i € L?(Q), one has

oL oL oL oL oL
dLh——h —.h+ —.h —h —h+ —.h+ —.h.
ay +3 +8 +8 +8u0 +8v0 +819
Keep in the mind that and are, respectively, the main equation and the

initial condition satisfied by y and = 3L and are, respectively, the main equation
and the initial condition satisfied by p

Therefore, dL.h = §k.h + Gk.n + 55 .

Now, to reach an optlmum of L one must resolve the equationdL.h =0, Vh e
LZ(Q) Generally, in our situation, we will impose a sufficient condition like aL h =

Seh=G5h=0.
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Actually, to attempt the formula of the adjoint system (2.11), we just need to have
31‘ h= aL .h = 0. The third equation will be used later to express the control 9.

On the other hand, recall that Vi € LZ(Q), we have

oL
—.h = (T, a,x)xes,4) +u(T,a,x))h(T,a,x)dadx
dy 0a
+ (ug — u(0, a, x))h(0, a, x)dadx
0a
ou  Jdu
_ / h (a + o0 + (kyuy)x — pu + Bru(t, 0, x) — u3v> dtdadx
0
and

- h —/ (p(T,a,x)xs.a) +v(T,a,x)h(T,a, x)dadx

+ (vo — v(0, a, x))h(0, a, x)dadx
0a

dv  Jdv

_ / h <_ + — + (kovy)x — v + Bov(t, 0, x)) dtdadx.
0 Jat da

Sufficient conditions that can be applied to get both g—L.h = &L p
Y

respectively,

= 0 are,

u(T,a,x)=—y(T,a,x)xs 4, (0,4)x(0,1),
u(O a x) =ug(a,x), in (0, A) x (0, 1), 2.17)
B 4 34 (kiug)x — pau — p3v = —Pru(t,0,x), in Q,

and

w(T,a,x) =—p(T,a,x)x@.a), in(0,A)x (0, 1),
v(0,a,x) =vola,x), 1in(0,A) x (0, 1), (2.18)
B+ 3% 4+ (kavw)x — pav = —Bov(t, 0, x), in Q.

Finally, the thesis follows gathering (2.13), (2.17), and (2.18) with ur(a,x) =
=y(T,a,x)xe,4(a), in(0,A)x(0,1)andvr(a,x) = —p(T,a, x)xi 4 (@),
in (0, A) x (0, 1). O

Traditionally, the proof of the Carleman estimates of the full adjoint system
(2.11) is based tightly on the choice of the so-called weight functions. In our case,
these functions are set in the following way V(t, a, x) € Q
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@i == 0(, a)wl(X) i=1,2,

O a) = g7 r>>4 s .

Vi) =iy gmdr —d) i=1,2, (2.19)
(1, a,x) = O(, a)e’“’(x),

O(t,a,x) =0, a)¥(x),

W(x) := koW _ pZllolloo

where o is the function given by

o € C%([0, 1)),
o(x)>0 in(0,1),0(00) =0(1)=0, (2.20)
ox(x) #0 in [0, 1]\ wo,

where wp CC o an open subset. The existence of o is proved in [31, Lemma
1.1] using a device of differential geometry. A;, d; and « are supposed to verify the
following assumptions:

1
4> gmey
i_l > d—z
27 di—fy g 2.21)
4ln(2)

- IIUHoo’

R A e=nt

2cloloo 2clolloo _gkliolioo
with Ay € [ = [kzaﬁz({;g e D 4 ¢ )y, which can be shown non-

empty (see the proof of Lemma 4.3 in appendldx) On the other hand, in the light of
the first and fourth conditions in (2.21) on d; and d5, one can observe that v; (x) <
0, i =1,2, forall x € [0,1] and O(t,a) — 400 ast — 0, T~ and
a— 0t.

The first step to show our full w-Carleman estimate is to show an intermediate
Carleman-type inequality stated in Theorem 2.7 beneath. To this end, one needs two
basic propositions concerned with Carleman-type inequalities in both degenerate
and non-degenerate cases for one equation model. The first one is:

Proposition 2.4 Consider the following system with h € L*>(Q), u € L*°(Q), and
k verifies (2.5)

ou Jdu .
5 + a— + k(Xuy)y —pt,a,x)u=h in Q, (2.22)

u(t,a,l) =u(t,a,00=0 on (0,7T)x(0,A),
u(T,a,x) =ur(a,x) in Qa,

ut,A,x)=0 in Qr.
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Then, there exist two positive constants C and sy, such that every solution u of (2.22)
satisfies, for all s > sy, the following inequality:

2
/s3®3x—u2ezs‘pdtdadx+/ s@k(x)uiezs‘”dtdadx
0 k(x) 0

A T
<C ( / h*e*?dtdadx+sk(1) / [ Ou.(t, a, 1)2e2s‘p(l’”’1)dtda> , (2.23)
o 0 0
where ¢ and © are the weight functions defined by

=0t a)y(x),
O, a) = W, (2.24)
Y = er(fy gydr —ca),

with ¢y > k(l)(lTy) c1 > 0, and y is the parameter defined by (2.5).
For the proof of Proposition 2.4, we refer the reader to [22, Proposition 3.1].

Proposition 2.5 Let us consider the following system:

ad a
a_j + £ + k(N2 — pt.a,x)z=h in Qi (2.25)

z(t,a, b)) =z(t,a,b0) =0 on (0,T) x (0, A),

where Q1 = (0, T)x (0, A)x (b1, by), (b1, by) C (0, 1), h € L2(Q), k € C'([0, 1])
is a positive function and pu € L°°(Q1). Then, there exist two positive constants C
and so such that for any s > so, z the solution of (2.25) verifies the following
estimate:

(39322 + s¢pz2)e* dtdadx
0

A T
§C( / h2e*®dtdadx + / / / s3¢>3z262s¢dtdadx), (2.26)
01 wJo JO

where the weight functions ¢, ®, and ® are defined by (2.19) and o by (2.20).

For the proof of Proposition 2.5, careful computations allow us to adapt the same
procedure of [2, Lemma 2.1] to show (2.26) in the case where k is a positive general
non-degenerate coefficient, with our weight function ® given by (2.19) and the
source term h.

Besides the last two Propositions 2.4 and 2.5, we must bring out another
important result:

Lemma 2.6 Under the assumptions (2.21), the functions @1, @2, and ® stated in
(2.19) satisfy the following inequalities:
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Y1 = g2,
2.27
{ 10 << (227)

Proof By the definitions of ¢;, i = 1,2, and ® and taking into account that ® is
positive, showing the results of (2.27) is equivalent to show

Y1 < o,
50N @29

The first inequality in (2.28) is assured by the second assumption in (2.21), while
the second one is deduced from A, € [ and this achieves the proof. O
Now, we are ready to provide the proof of the following theorem:

Theorem 2.7 Consider the following system:

ou Ju

E‘f‘ ki (uy)x—p1 (¢, a, x)u—us(t, a, x)v=hy in Q, (2.29)
Jv  dv .

E+a_+(k2(X)UX)X ua(t,a,x)v="hy in Q,

u(t,a,1)y =u(,a,0) =v(t,a,1) =v(,a,00=0 on (0,T)x (0, A),
u(T,a,x) =ur(a,x);v(T,a,x) =vr(a,x) in Qa,
ut,A,x)=v(t,A,x)=0 in Qr,
where hy and hy are L*(Q)-functions. Assume that the dispersion coefficients
ki, i=1,2, satisfy (2.5)andlet A, T > 0 be fixed. Then, there exist two positive

constants C and sq such that every solution (u, v) of (2.29) verifies for, all s > s,
the following inequality:

2
/<s3®3 - 2 4 5Ok (X)u >e25‘p1dtdadx
0 k1(x)

2
—i—/ (s3®3 al v? + $Ok (x) v > > dtdadx
0 ka(x)
<cC ( / (h34-h3)e*®dtdadx+ / s3®3(u2+u2)e25q’dtdadx> , (2.30)
Q q
where all the weight functions are defined by (2.19).

Proof Let us introduce the smooth cut-off function £ : R — R defined by

0<éx) <1, xeR,
Ex) =1, xel0, 2522, 2.31)
E(x)=0, xe¢ [2*2”' 11,
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where (x1, x2) C w. Let (u, v) be the solution of (2.29) and set w := éu and 7 := &v
and put = (2"‘%, 2"2%). Then (w, z) satisfies the following system:

%+%+(kl wx)x—p1(t, a, )w=Eh1+p3(t, a, X)z+Eckjux+kiéxu)y in O, (232)
dz 0z .
E + % + (ko (X)zx)x — u2(t, a, x)z = Ehy + xkpux + (k2xv)x in O,

w(t,a, )=w(t,a,0)=z(t,a, 1)=z(t,a,0)=0 on (0,T) x (0, A),
w(T,a,x) =wr(a,x);z(T,a,x) =zr(a,x) in Qjy,

w(t,A,x)=z(t,A,x)=0 in Qr.

Using Proposition 2.4 for the inhomogeneous term “£h1 + u3(t, a, x)z + Exkiuy +
(k1&cu)y,” the definition of &, and Young’s inequality, we get the following
inequality:

2
/ (sOk w2 + $303 —w?)e* ¥ dtdadx
0 ki
< c( f [62(h1 + u3(t, a, x)v)* + Eckiuy + (kEcu)y)?1e* 9 drdadx
0

A T
+ski (1) f / Ow(t,a, l)ezs‘pl(t’“’l)dtda>
0 0

<C / (6217 + u3(t, a, x) 2% + (Eckiuy + (kiEcu) ) *1e* P drdadx.  (2.33)
0

Thanks again to the definition of &, we have

1
f (Exklux + (kléxu)x)zezswldx
0
= //(8(/(15);)214% + 2((k1§x)))26u2)62S‘P1dx

<cC / WP+ u3)e? ' dx. (2.34)
w

On the other hand, the third assumption in (2.5) implies that the function x —
is nondecreasing.

Keeping in the mind the first assumption on @3 (2.6) and the fact that ¢ <
@2, then with the aid of Hardy—Poincaré inequality in [9] for the function ze?? we
conclude that

x?
ko (x)
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1 2 k
7 (x
/ u%zzezw'dx < 35 (2)( wz)zdx
0

k2 (1)

II,MII2

S22
< k 0 k 2(x)(ze*#?)idx,

where Cy p > 0 is the constant of Hardy—Poincaré.
Thus, from the definition of ¥, in (2.19), we obtain
1 1 1 x2
f u3z2e®¢dx < C / ko (x)z22e*%2dx + C / 5202 72> x.
0 0 0 ka(x)

Hence, for s quite large, we have

1 1 1 2
1 1
[) u%zzek‘p‘dx < E./o s@kz(x)z§e2w2dx + 5/0 303 kzx(x)zzezs‘/’zdx.
(2.35)

Gathering inequalities (2.33), (2.34), and (2.35), for s quite large, the following
inequality holds:

f (sOkjw? +s3®3 h w?)e*? dtdadx < C / h3e*?\ dtdadx
0

+C / / / u? + u?)e* ¥ dtdadx (2.36)

2
+= </ sOkz(x)Zzezwzdtdadx +/ Pl zzezs‘pzdtdadx).
2 \Jo 0 ka(x)

Applying the same way with “ £hy + &ckovy + (k€ v),,” we conclude

f (s®kz> + 5 33 5 z)emzdtdadx <C / h3e* 2 dtdadx
0

+Cy / / / W? 4+ v2)e*2drdadx. (2.37)

Summing side by side (2.36) and (2.37), using the fact that ¢; < ¢ (Lemma 2.6),
we can see that for s quite large that

2
(sOk; u))% +5°03 )/i—wz)ezs‘“dtdadx
0 1
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2
+ f (sOkyz> +s3®3;i—zz)e2w2dtdadx <Cy4 / (h? 4 h3)e***dtdadx
0 2 0

A T
+C5/ f f u* 4>+ ui + vi)ez““’zdtdadx.
o Jo Jo

In the light of the Caccioppoli’s inequality (4.148), the last inequality becomes
%2
/ (sOkw? + s3®3k—w2)e2‘“p'dtdadx
0 1

2
+/ (s®k2z)zc + s3®3i—22)ezs“’2dtdadx
0 2

< Cs ( / (h3+h3)e* dtdadx+ f 5202 (u? +u2)e2W2dtdadx>. (2.38)
o q

Now, let W := nu and Z := nv with n = 1 — &. Then, W and Z are supported in
(x1, 1) and verify the following system:

aw aw .
W—*—Eﬂkn(x)wx)x—m(ha,x)W=nh1+u3(t,a,X)Z+nxk1ux+(k1nxu)x in  Qy, (2.39)
Z Z .
E + E + (k2 (X)Zx)x — n2(t,a, x)Z = nhy + nykovy + (kanyv)y  in Qx| s

W(t,a, )=W(t,a,x1)=Z(t,a, )=Z(t,a,x1)=0 on (0,T) x (0, A),
W(T,a,x) =Wr(a,x); Z(T,a,x) = Zr(a,x) in Quyu,
W(t, A, x)=Z(t,A,x) =0 in Qr,
where Oy, = (0, T) x (0, A) x (x1, 1). Then, the system satisfied by W and Z is
non-degenerate. Hence, applying Proposition 2.5 on the first equation of (2.39) for

by =x1and by = 1and h = nhi+u3(t, a, x) Z+nckiuyx + (kynsu)y, the following
estimate occurs

/ (S3PW? + 5o W2)e> ®drdadx
0
<cC (/ (nhy + p3(t, a, x)Z + nekquy + (kineu)y)*e* ®drdadx
0

A pT
—l—// / s3®3u262m>dtdadx>.
w JO 0

Accordingly, the Caccioppoli’s inequality stated in [22, Lemma 5.1], the definition
of the cut-off function 5, and Young’s inequality and s quite large lead to
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/Q(s3¢3 w2 + sd)WXz)ezsq)dtdadx

< é( f (12> ® 4 13725 + (nokiuy + (kineu))?e™®)drdadx
[¢)

A T
+/f f s3®3u2e23¢dtdadx>
w JO 0
. A T
< cl< / (1*h3e®® + u322e*®)dtdadx + / / / / (8(kyny)u?
Q w JO 0

+2<(k1nx)x)%z)emdrdadx)

A T
—i—C// / $3%u?e>®dtdadx
w JO 0

< €2< / (*h3e*® + u37%e*®)dtdadx
0

A T
+ / / f (u2+u§)e2“"dtdadx>
o Jo Jo

A T
+C// / $30%u?e>®dtdadx
w JO 0

<G </ (772h%ez‘€<I> + ,u%Zzez‘@)dtdadx
0

A T
+ f / / s3®3uzezs®dtdadx), (2.40)
wJO 0

where @ and ¢ are defined in (2.19) and w is given in the beginning of this proof.
On the other hand, using the fact that x +— IQX_Zr) is nondecreasing, Hardy—

Poincaré inequality applied for the function We*® and taking s quite large, the same
procedure employed to obtain (2.35) steers to

/ ugzzezsq)dtdadx
0

2
<c (/ kzZ)%eZ‘@dtdadx + / s2®2x—Z262S¢dtdadx>
0 0 ka(x)

1
=5 / (3322 + 5s¢72)e* Pdtdadx. (2.41)
0
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Therefore, injecting (2.41) in (2.40), we arrive to

/Q ($3P3W? + 5o W2)e*®didadx

A T
<Cy ( / h2e¥®dtdadx + f / / s3®3u262‘v¢dtdadx)
0 wJO JO

1
+3 / (3322 + 59 22)e* Pdtdadx. (2.42)
0

Replying the same device for the source term & := nhy + nykovy + (kanyxv)x, we
infer that

/Q (30322 + 5922 e* Pdtdadx

A T
< Cs ( / h3e*®dtdadx + / / / s3®3u262“1’dtdadx). (2.43)
o wJOo JO

Subsequently, adding (2.42) to (2.43) side by side, we merely observe that

f [s°¢> (W2 + Z%) + sp(W? + Z22)1e* ®dtdadx (2.44)
0

A T
< Cs ( / (h? 4+ h3)e*®didadx + f / / s3®3(u2+u2)e2sd’dtdadx>.
o wJ0 JO

Using the factthaty = w + Wandv =z + Z, ¢1 < ¢ < O, the estimates (2.38)
and (2.45) lead to estimate (2.30). O

For special functions h; and h;, Theorem 2.7 will play a crucial role to
demonstrate the following intermediate Carleman estimate:

Theorem 2.8 Assume that the assumptions (2.5) and (2.6) hold. Let T,A > 0
fixed such that T € (0,68) with 6 € (0, A) fixed small enough. Then, there exist
two positive constants C (independent of §) and so such that for all s > sg, every
solution of (2.11) (u, v) satisfies

2
/ (53®3x—u2 + s@kl(x)u§> 2% dtdadx
0 ki(x)

2
+ / (s3®3x—v2 + s@kz(x)v)%) e»dtdadx (2.45)
0 kz (x)

1 8
<C (/ F03w? + v2)e>%didadx +/ / (u2T(a, x) + v%(a, x))dadx) .
q 0 JO
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Proof Let h| := —Bu(t,0,x) and hy := —pBrv(¢, 0, x).

Therefore, thanks to hypotheses (2.6) on 81 and B, and the estimate (2.30), we
have the existence of two positive constants C and so such that for all s > s¢ the
following inequality holds:

x2 x2
s3/ ®3<—u2825“” + —vzezs‘”)dtdadx
0 k1(x) ka(x)

+s / O (k1 (X)u2e* ! 4 ky(x)v2e*¥?)dtdadx
0
< c( / (Bru(t, 0, x))* + (Bov(t, 0, x))P)e* dtdadx
0
+/s3®3(u2 + vz)ez‘@dtdadx>
q

1 T
< C7(/ / (u*(,0,x) + v2(t, 0, x))dtdx
0o JO
+ / s303w? + v2)ezs¢dtdadx>. (2.46)
q

SetV(t,a,x) € Q, U(t,a,x) =u(l —t,A—a,x),and V(t,a,x) = v(T —
t, A — a, x). Then, one has

U U
ot g R @UO+ (T =1, A= a, U +u3(T =1, A —a, )V
=p(T—t,A—a,x)U{, A, x)in Q,
v Vv .
o T g~ R@Vor+ el -t A-a,)V =pT -1, A-a0)V,Axin 0,
a

U(t,a,1)=U(t,a,0)=V(t,a,1)=V(t,a,00=00n (0,7) x (0, A),
U@©,a,x) =Up(a,x) =ur(A—a,x); V(,a,x) = Vo(a,x) =vr(A—a,x)in Qa,
U(t,0,x) =V(,0,x)=0in  Qr.

(2.47)

We emphasize here that similar implicit formulas of # and v given beneath are
already used in the proof of observability inequality in [23] and before in the ones
of the main Carleman estimate and the observability inequality in [12].

In fact, integrating along the characteristic lines, we get

U(t,a,.) = foa Sta—-D[BI(T —t,A—=1,)U(t,A,.)—u3(T —t,A—-1,.)
V,l, )ldl;, if t>a,
Ut,a,.) =St)Uy(a —1t,.) + fé St —D[BI(T —-1,A—a, )UU,A,.)
—u3(T —t,A—=1, )Vl )dl; if t<a
(2.48)
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and

Vit,a,.) = foa La—DB(T —t,A—-1,)V(t, A,.); if t>a,
V(t,a,.)=L(t)Vola—1t,.)+ fé Lt —DB(T —-1,A—a, )V, A, )dl, if
t <a,

(2.49)
where S(¢);>0 and L(¢);>0 are the bounded semigroups generated, respectively, by
the operators

AU = —(ki(x)Uy)x + 1 (T —t, A —a,x)U and A4V = —(kpy(x)Vy)x +
(T —t, A—a,x)V.

On the other hand, in the light of the transformations between U and u and also
between V and v and if one replaces in the implicit formulas (2.48) and (2.49) ¢ by
T —t and a by A — a, the functions u# and v can be expressed as follows:

u(t,a,.) = OA_a S(AA—a—-D[B1(t, A—1, Hu(t,0,.)—us3t,A—1,.)
v(t,A—1,))dl; if a>t+(A-T),
u(lt,a,.)=ST —tura+T —1t,.)+ ftT SU—-0pi1d,a, )ul,O0,.)
—u3,a, yvld,a,)dl; if a<t+(A-T),
(2.50)
and

v(t,a,.) = OA_a LA—a—-DB(t,A—1,)v(,0,)dl; if a>t+(A-T),
v(t,a,.)=L(T —t)vr(a+T —1t,.)+ ftT L —1t)B2(,a, )v(,0,.)dl; if
a<t+(A-T).
2.51)
Thus,

u@,0,)=8ST —tur(T —1t,.)+ ftT S —-1[p1, 0, )ul,0,.)
—u3(, 0, )v(, 0, )]ldl,
v(t,0,.)=L({T —tr(T —1t,.)+ ftT L —1)B2(,0,)v(,0,.)dl.
(2.52)
Passing to the absolute value of the first equality in (2.52), we get the following
relation:

lu(z, 0, x)| = ‘S(T —Nur(T —1t,.)
T
—i—/ SU—=0)[p1,0,.)ul,0,.) —us3,0,.)vd,0,.)]dl
t
= IS(T = ur(T —1t,x)|

T
+/ ST —-)[B1,0,)ul,0,.)—us3,0,)vd,0,.)]dl.
t
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Combining the last inequality with the fact that (S(¢));>0 is a Co-semigroup, we
deduce readily that

lu(t, 0, x)| < |S(T —Hur(T —1t, x)|
T
+/ ’Mek»*(l_’) B1(L, 0, Yu(l, 0,.) — us(l, 0, Yo, 0, .))’dl
t
<|S(T —Hur(T —1t,x)|

T
+/ ‘Mew (B1(L, 0, Yu(l, 0,.) — us(l, 0, Yv(l, 0, .))‘dl,
t

where
M > 1and A3 € R. (2.53)
Applying Young’s inequality to last estimate, we obtain

lu(t, 0, x)|* < 2IS(T — t)ur (T —t,x)|
2

T
+2 [ [ \Me” (B11,0, Yu(l,0,.) — 3,0, Jv(,0, J)\ dl]
t
< 2|S(T — Dur(T — 1, x)|?

T
+ f 2T M?e¥7 B1(1,0, Ju(l,0,.) — u3(, 0, Jv(l,0,.))dl.
t

Accordingly,
lu(t,0,x)|* < 2|S(T — Hur(T —t, x)|?

T
+ / AT M?e*3T

t

x [0 0,001, 0, ) + (130, 0,) %%, 0,0 | dl. 2.54)
Now, we claim that
¥(t,x) € (0.T) x (0, 1),

T
lu(t, 0, x)1* < 2(M1)*e*T [op (T — 1, x)|> + MS/ lor (T — s, x)|ds,

t

with Ms is a positive constant given by (2.58) and M and X4 satisfy (2.56) below.
In fact, arguing similarly to (2.54) and taking into account that (L());>0 is a
Co-semigroup, one can show via the second equality of (2.52) that
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lv(t, 0, )1* < 2|L(T — Hyor(T —t,x)|

T
+ / 4T (M1)?e*T B3(1, 0, x)v (1, 0, x)dl, (2.55)
t

where
M; >1and A4 € R. (2.56)

The Gronwall-Bellman’s lemma applied with respect to the time variable time ¢ in
(2.55) implies

lv(t, 0, )1* < 2|L(T — t)or(T — t, x)|?

T
+ / 8T (M2 7 [|L(T = $)or (T = 5, 01| B350, )
t

s
X exp (f 4T(M1)262)‘4Tﬂ22(1:, 0, x)dr)ds,

t

where s is not the parameter of Carleman estimates.
Thanks to the hypotheses (2.6) on the natural rates §;, i = 1,2, we conclude

T
[v(, 0, x)|? < 2|L(T — v (T —t,x)|> + Ms/ lor (T — s, x)|ds
t

<2(M)?2®4T o (T — 1, x)|* + Ms fT lvp (T — s, x)|%ds, (2.57)
t
with
Ms = BAT (M2 T | Bo]1%, x exp (4T201)*PT Al ) . 259)
Combining inequalities (2.54) and (2.57), we deduce the following estimate:
lu(t, 0, ) > < 2IS(T — ur(T —t,x)*

T
+4TM2eW||u3||§o[2<M1>2eW / lvr (T — 1, x)|%dl

t

T T
+M5/ / lor (T —s,x)|2dsdli|
t l

T
+ / 4T M*e*3T (B1(1, 0, x))*u>(, 0, x)dI. (2.59)
t

Subsequently, Gronwall-Bellman’s lemma again involves
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lu(r,0, x)|* < 2|S(T — OHur(T — 1, x)|?

t

. pT pT
+M5/ / lvr (T —s,x)lzdsdl]
t I

T m
+ / AT M?e*3T (B1(m, 0, x))* x exp ( / AT M?*e*3T (B (x, 0, x))zdr)
t

t

T
+4TM2eW||u3||§o[z(M1>2e“4T / lor(T — 1, x)|dl

X [2|S(T —m)urp(T —m, x)|* + 4T M?e*37 || 3|12,
T
x<2(M1)2e2A4T[ lvr (T — 1, x)|%dl
m

T T
+Ms / / lor (T — s,x)|2dsdl)i|dm. (2.60)
m l

Consequently,

lu(t, 0, x)|* < 2|S(T — Dur(T — 1, x)|?

T T T
+Ms [/ lor (T — 1, x)|%dl +/ / lvr (T —s,x)|2dsdl:|
t t l

T T
+M8/ [2|S(T—m)uT(T—m,x)|2+/ lvr (T — 1, x)|?dl
t

m

T T
+f f |vT(T—s,x)|2dsdl]dm, (2.61)
1

m

where

Mg := 4T M2e™37T || 313, max(Ms, 2(My)?e?47),
Ms = max(1, Ms, 2(M)2e*T) M5,
My = 4T M2| By | 2e*T M3 1A A2 max (1, 4T M2e237 |32,

2.62)

with Ms is given by (2.58). Recall that the variable s in inequalities (2.57), (2.59),
(2.60), and (2.61) does not represent the parameter of Carleman estimates.
Integrating inequality (2.61) over (0, T) x (0, 1), we can see that

1 T 1 T
/ / lu(t, 0, x)|>dtdx < 2[ / IS(T — Hur(T —t, x)|*dtdx
0o JO 0 JO
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ol T T T
~|—M6/ f [/ |UT(T—l,x)|2dl+/ / |UT(T—s,x)|2dsdl} didx
+M8/ / f |:2|S(T mur(T —m x)|

+/ lor (T — 1, x)|2dl~|—/ / lop (T — s, x)|2dsdl:|dmdtdx (2.63)

Setty=T—t,1=T—-1,s51=T —s,andm; =T —m.
Hence, (2.63) becomes

1 T 1 T
/ / u(z, 0, x)2drdx <2 / f IS@ur (e, x)Pdndx
0 0 0 0
. 1 T T—t T—t pl
+M(,// [/ |vT(ll,x)|2dl1+/ / IvT(sl,x)lzds1d11i|dtdx
0 0 0 0 0
. 1 T T—t mi
+M8/ff [ZIS(m1)uT(m1,x)|2+/ lur (U1, x)|2dl,
0 0 0 0

my I
+f / |vT(s1,x)|2ds1d11i|dm1dtdx. (2.64)
0 0

Using again the fact that (S(¢));>0 is a Cp-semigroup and the hypothesis (2.53), we
can observe via (2.64) that

1 T
f/ lu(t, 0, x)|*dtdx
0 0
_ 1 o7
< (2M232k3T~|—2M2Te2’\3TM3)/ / |ur(a,x)|2dadx
0 0
B 5 1 T
+ (T2 + THMs + (T + T2 M ) / / vr(a, x)Pdadx,  (2.65)
0 0

with Mg and Mg are defined by (2.62).
Taking into account that T € (0, 5), we have the existence of two positive
constants Cg and Cg such that

1 T 1 )
/ / lu(t, 0, x)|dtdx < Cg/ / luz(a, x)|*dadx
0o JO 0 Jo

1 1)
+Co / / lvr (a, x)|>dadx, (2.66)
0 0

where Cg := 2M2e*3T 1 2M2T %37 Mg and Cy := (T2 + T3)Mg + (T + T?) M.
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Integrating (2.57) over (0, T) x (0, 1), arguing similarly as for (2.66), we can
prove, exploiting again the assumption T € (0, §), that

1 T 1 T
/ / lv(t, 0, x)|*dtdx < C10/ / lvr(a, x)|>dadx
0o Jo 0o Jo

1 )
< Cio / / lur(a, x)|*dadx, (2.67)
0 0

with C1o := T Ms + 2(M1)%e?4T .
Implementing (2.66) and (2.67) in (2.46), we reach the Carleman estimate (2.46).
O

Before continuing, we point out the following remark:

Remark 2.9 In general, if we want to express the implicit formula of a population
dynamics model’s solution, the characteristic method is the pertinent candidate. The
principal of this method is to write the solution of the studied model covering all the
whole (0, T') x (0, A) by deleting one of the two variables, time or age in two main
sub-parts of (0, T) x (0, A). Classically, these sub-parts are separated via a given
line whose the equation is a = t + ¢, where ¢ > 0, which is in our case equal to
A-T.

Following this, we will obtain the formula of our solution in both the two parts
a >t+canda <t +c,and this is exactly what happened in the implicit formulas
of u and v defined, respectively, by relations (2.50) and (2.51).

IfA=T,ie, (0,T) x (0, A), is a square, we will get the classical implicit
formulas in the two parts a > ¢ and @ < ¢ by dividing the pavement (0, 7)) x (0, A)
with respect to the first bisector given by the equation a = ¢.

Since that our aim is to prove the null controllability property (1.4) for one
control force problem, one must somehow “delete” the adjoint variable to the non-
controlled solution that is in our case v from the right-hand side of Carleman
estimate (2.46). In other words, we presume that our full w-Carleman estimate is
written as follows:

Theorem 2.10 Let the assumptions on ki, i = 1, 2, (2.5) and on the natural rates
(2.6) be verified. Let A, T > 0 be given and fixed such that T € (0,6), where
6 € (0, A) fixed small enough. Assume that there exists a positive constant v such
that

uz=v onl0,T] x[0,A] X w1 for some w1 CC w. (2.68)

Then, every solution (u, v) of (2.11) satisfies

2
f <s3®3x—u2 + 5Ok (x)uﬁ) 9 didadx
0 ki(x)
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2
+ f (s3®3x—v2 + s@kz(x)v§> e dtdadx
0 ka(x)

1 )
< Cs ( / uldtdadx + / / (u%(a,x)—i—v%(a,x))dadx). (2.69)
q 0o JOo

This theorem is the novelty of this contribution and is an immediate outcome of
Theorem 2.8 applied to w; and the following lemma.

Lemma 2.11 Assume that (2.5) and (2.6) hold, and let A, T > 0 be given and fixed
such that T € (0, §), where § € (0, A) fixed small enough. We also suppose that
(2.68) holds.

Then, for all ¢ > 0, there exist two positive constants C and M, such that for
every solution (u, v) of (2.11) the following inequality occurs:

A T
/ / f s30%v2e>®dtdadx
wJ0O 0

2
<eC ( / (s3®3x—v2 + s@kz(x)v§> ez“"zdtdadx)
0 ka(x)

1 S
+M, ( f uldtdadx + / f (u%(a,x)+v%(a,x))dadx>. (2.70)
0o Jo

q

Proof Let x : R — R be the non-negative cut-off function defined as follows:

x €C(0, 1),
supp(x) C o, (2.71)
x=1 ono.

Recall that (x1,x3) C @ CC (0, 1). Multiplying the first equation of (2.11) by
x53©3ve?® and after an integration by parts, we get

/ %5203 ®u,dtdadx = —/ (B4 2s®) x5°0,0%uve* ®drdadx
0 9]

- / x5303uv,e*®dtdadx.
0

/ xs203ve ®u dtdadx = —/ (34 25s®) x5°0,0%uve*®drdadx
0 0

— / x> uv e ®dtdadx.
0
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/ Xs3®3v625¢(k1ux)xdtdadx = — Xs3®3klezsq>uxvxdtdadx
o

+ | $20% (3 ®) uvydtdadx

+ | 303 ki (xe*®) ) uvdtdadx.

XS 3@3ve? mudtdadx

%5203 nuve®dtdadx

XS 3@3ve®® u3vdtdadx

%5203 pu3v?e® ®drdadx.

|
m\m\m\m\m\m\a\

Then, summing all these identities side by side, using the second equation of (2.11),
and integrating again by parts,

/ 15303 u3v2e®dtdadx = I + L+ L+ Is + Is, (2.72)
0

where I := fQ x8303Brvu(r, 0, x)e*®dtdadx,

L= = [)(B + 250)570,0% + 3 + 250)5°0,0% + 1115707 + 125707«
e>®yvdtdadx + fQ 303 (k1 (xe®®) ) cuvdtdadx,

I = [, x50 fouv(t, 0, v)e* didadyx,

Iy = [, 570 (ki — ko) (¥)uvy (x> ®)rdrdadsx,

Is = —fQ 8303 (k1 + ko) (¥)uxvee> Pdtdadx.

On one hand, we have by Young’s inequality and definition of x

Is<e / sOky(x)v2e* 2 dtdadx
0

dtdadx

1 f X2S5®5(k1+k2)2u§625(2¢—¢72)
de ko

<e / sOky(x)v2e* 2 dtdadx
0

max (k| + k2)2
[0,1]

- f x5°@%u2e* =) drdadx. (2.73)
4e min ko 0
w
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Put L := fQ Xs5®5u§ezs(2¢_‘ﬂ2)dtdadx. Now, we have to find an upper bound of

5@ s252P—
L. To do this, we multiply the first equation of (2.11) by M

an integration by parts

u and after

£ 53©5e252P—p)
——  uu,dtdaddx
0

ki

1 5
- / sk_X@‘*@,(s +2502® — )92 drdadx.
0] 1

505 ,25s2P—¢))
s° B ¢

/ X—uuadtdaddx

0

ki

1 5
=—3 f Sk_X@‘*@)a (542520 — 2))e* =) dtdadx.
Q0 K1

u(kiuy)ydtdadx

/~ XSS ®5e23(2<b—<p2)
0 ki

= —/ x530°u2e*®=) drdadx
o

1 252d—¢2)
+ - / S5 [k [LX— wldidadyx.
2/, ki ).

/ XSS @5625‘(2(1)—(02)
0 ki

505 ,25Q0d—¢y)
s°O°e
upiudtdadx = —/ X—muzdtdadx.

0 ky

5605 ,25QP—@2)
70 e
upsvdtdadx = —/ X—,uwvdtdadx.

0 ki

/ XSS @5623‘(2@7(;72)
0 ki

Hence, adding these equalities side by side, we get

L=L;+ L+ Ls, (2.74)

e2x(2<l)7(p2)

where L := fQ %ﬁmu(n 0, x)dtdadx,

5@5,25sQd—¢y)
5°07e 2
L2 = _-[Q XTywdtdadx,
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505 5 5
Ly = = fo (2520 + 1 0%0(§ + 252U — v) + 152600,

(5 +25QU = y2))) > C*-)u2drdadx

252D —
+1155%0 (ky (%ﬁ“’”) ) dtdaddx.
The assumptions in (2.6) on B; and w3 together with Young’s inequality,
inequality (2.66), T € (0, §), the definitions of x and ©, the fact that the function
X % is non-increasing, |®;| < CO®?and |0®,| < CO?, and

sup s OXCP=m) - Lo forr € R, (2.75)
(t,a,x)eQ

1 5@5 25(2P—¢y)
/ B ldrdadx

L
=4 (k)2

+e f x5°03X 2= (8242 (¢, 0, x)dtdadx
0

< —f x5 @3> 2qrdadx

+8K1/ / f xXu (t 0, x)dtdadx

K1
48

1 p8 1 8
+eK»p (/ / XuzT(a, x)dadx +/ / Xv%(a, x)dadx> ,  (2.76)
0o Jo 0o Jo

Xs @222 =) 2 rdadx

and

2
Ly < 82/ z—s3®3ezs“’2v2dtdadx
o ko

1 257@ JRRICLE ) 2.2
+E X (k1)2 2 (;L3) dtdaddx
0

x2
< ¢? / 5 303292 dtdadx

7@7 25(4D—3¢2) zdtdadx (2 77)
452 '

and
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A T
|L3| < Ks f / / 5707222 qtdadx, (2.78)
w JO 0
2
where K4 1= % On the other hand, by second inequality of (2.27) stated
w

in Lemma 2.6, we have

2 Q20—0) . 25(40=3¢2) (2.79)

Then, combining relations (2.74), (2.76), (2.77), and (2.78), we conclude

2 A T
X
L < 82/ —s3®362w2v2dtdadx+K€// / 57079 2 grdadx
0 ko w JO 0

1 s 1 pé
+eK>y (/ / u%(a, x)dadx +/ / v%(a, x)dadx> . (2.80)
0o Jo 0 Jo

Hence, by inequalities (2.73) and (2.80), we deduce that

2
Is < eC </ i—s3®3ezwzv2dtdadx +/ s@kz(x)v)%ez‘wzdtdadx>
0 K2 o

A T
-I—Kg1 / / 570724302t dad x
wJO 0

1 pé 1 pé
+K> (/ f uZT(a,x)dadx+/ f v%(a,x)dadx>, (2.81)
0 JO 0 JO

where K is a positive constant depending on .
Similarly, we will find upper bounds of Iy, I», I3, and 1. First, we will start by
I>. One has the following relations:

‘/ x(3+ 25®)s30, 02> ®uvdtdadx
o

5/ x13 +25®[5%10,|0%e*®|uv|dtdadx
0
< C/ x13 4 2s®|s30%e* P |uv|dtdadx
0
x2
<e / 303202 dtdadx
0 ky

A T
+C, / / / s> 2 grdadx, (2.82)
w JO 0
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‘/ x 3+ 2s®)s°0,0%* ®uvdtdadx
o
x2
< 8/ 303 —e®202dtdadx
0 k2

A T
+c! f f / s°03eX )2 drdadx, (2.83)
w JO 0

‘f x (1 + w2)s> @3 ®uvdrdadx
0

2
X
< 8/ 3032202 dtdadx
0 ka

A T
+C? / / / 0220 2 dtdadx, (2.84)
w JO 0

' / 303 (k1 (x> ) )xuvdtdadx
0

2

X

< 8/ 3032202 dtdadx
0 ka

1 2
+o f s3®3i—(k1(chiezs‘b))%)xe_zs‘pzuzdtdadx
£ 0 2
2
< s/ 3032202 dtdadx
0 k2
G 3 3x2 2 2 2\ 25Qd—¢)), 2
+4— 50 k_(X + X+ xie” P2y“drdadx
€ 0 2
$2
< sf 303202 dtdadx
0 ka

A T
+C? / / / s303eX )2 dtdadx. (2.85)
w JO 0

Hence, summing inequalities (2.82)—(2.85), we obtain
%2
I < 4¢ / s3®3k—e2~w2v2dtdadx
0

2
A T
+C§// / $30eC®=) 2 drdadx. (2.86)
w JO 0
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For the remaining integrals

I =/ XSB@S,BIUM(I‘,O,X)ekq)dtdadx
o

2

X

< 8/ 3032202 dtdadx
0 ka

1 pé 1 pé
+C3 (/ / u3(a, x)dadx + / / v%(a,x)dadx). (2.87)
0 Jo 0 Jo
I3 =/ x530° Bouv(z, 0, x)e* Cdrdadx
0

1 ps
8C10/ / v%(a,x)dadx
0 JO

1 A T
+ / / / 57072 C%=) 2 qtdadx, (2.88)
w JO 0

IA

with C)g is the constant defined in inequality (2.67).
Iy = / 303 (ki — ko) () uvy (x> ®) drdadx
0
= / 303 (k1 — ko) (X)uvy (xx + 25y x)e** ®dtdadx
0

<s / sOkov2e® 2 drdadx (2.89)
0

1 ki — kp)?
+— / SSGSM(XX + 25Dy )2 PPy 2 drdadx
4de 0 k2

A T
< 8/ s@kzvfez‘“pzdtdadx—i—Cg‘// / s'07eX =) 2 drdadx.
0 wJO0 JO

Subsequently, inequalities (2.81), (2.86), (2.87), (2.88), (2.90), and again (2.79)
involve

/ x5O uzve® ®dtdadx
o

2
< eCy (/ s3®3)]i—ez‘w2v2dtdadx +/ s@kzviezwzdtdadx)
0] 2 (0]
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A T
+C§// f 570724 =300,2 0t dad x
w JO 0

1 (8 1 8
—I—Cg (/ / uZT(a, x)dadx —i—/ / v% (a, x)dadx) .
0o JOo 0o Jo

Finally, the hypothesis (2.68), the definition of x, and the relation

sup s"! OGP 30) oo forr € R, (2.90)
(t,a,x)eQ

A T
/ / / 303 u3v?e® ®drdadx
wp JO 0

2
< &Cio ( / s3®3’;—e2mv2dtdadx+ / s@kzvgezwzcztdadx>
0 2

Q
A T 1 s
+C€”( //uzdtdadx—i—/ / us-(a, x)dadx
wJ0 JO 0 Jo
1 pré
+/ / v%(a,x)dadx), (2.91)
0o Jo

which achieves the task. O

yield

The full w-Carleman estimate (2.69) can be used in a standard way to obtain the
null controllability of the cascade system with one control force (1.1). This will be
reached showing a relevant observability inequality of system (2.11).

3 Observability Inequality and Null Controllability Result

3.1 Observability Inequality Result

This paragraph is devoted to the observability inequality of system (2.11).The proof
is based essentially on the semigroup approach, Carleman estimate (2.69), and with
the help of Hardy—Poincaré and Holder inequalities.

Proposition 3.1 Assume that (2.5) and (2.6) hold. Suppose also that the assumption
(2.68) is fulfilled, and let A, T > 0 be given and fixed such that T < § with § €
(0, A) fixed small enough. Then, there exists a positive constant Cs such that for
every solution (u, v) of (2.11) the following observability inequality is satisfied:
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1 A
/ / %0, a, x) + v%(0, a, x))dadx
0 0

1 )
< Cs ( / w’dtdadx + / / (u%(a,x)—i—v%(a,x))dadx). (3.92)
q 0o JO

Proof For k1 > 0 to be defined later, let # = ¢!y and ¥ = €!'v, where (u, v) is
the solution of (2.11).
Then, (i, v) verifies the system

ou ou - - - - .
ot H R ) —(ue)i=pusd—pii@, 0,x) in 0, (3.93)
v

av - - - .
5 T3, T Re@v)x — (2 + k0)v = —fo0(t, 0, x) in O,

u(t,a,l) =u(,a,0) =v(t,a,1)=0v(t,a,00=0 on (0,7T) x (0, A),
(T, a,x)=eT al

ur(a,x); 0(T,a,x) =" vr(a,x) in Qa,

u(t,A,x) =v(t,A,x)=0 in OQr.
Multiplying the first and second equations of (3.93) by & and v, respectively,

integrating by parts the new equations over Q; = (0,7) x (0, A) x (0, 1), and
taking into account the rest of equations in (3.93), we get

1 1 A 1 1 A
——/ / zlz(t,a,x)dadx—i——/ f ftz(O,a,x)dadx
2Jo Jo 2Jo Jo

1 1 t
+= / / i%(z,0, x)dtdx + / kiii>dvdadx (3.94)
2Jo Jo 0:
+f (x1 +,u1)122d7:dadx =/ Bruiu(t, 0, x)dtdadx —/ uavudrdadx
O (on o

and

1 1 A 1 1 A
——/ / 172(t,a,x)dadx + —/ / ﬁz(O,a,x)dadx
2Jo Jo 2Jo Jo

1 1 t
+= f / 7%(z, 0, x)drdx + / kyt2drdadx
2Jo Jo 0

+ | (k1 + po)¥%drdadx = | B29d(z, 0, x)drdadx.  (3.95)
[on [on
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Summing (3.94) and (3.95), we have
1 A
f f (@30, a, x) + 7%(0, a, x))dadx
0o Jo
1 t
+ / / (@i(, 0, x) + (7, 0, x))drdx + 2 / (k1% + kov?)drdadx
0 0 [oF}

+2 f wiildtdadx + 2 f wrv*drdadx + 2 f i1 (ii> 4+ 92)drdadx

t t

=2 ( Brui(t, 0, x)dtdadx + Brvv(r, 0, x)drdadx)
(o

O

1 A
+/ / @%(t,a, x) + 02(t, a, x))dadx —2/ wsbiadtdadx.
0 0

t

Thus,
1 A
//(fﬂ(o,a,x)+52(0,a,x))dadx
0 0

1 t
+f f (@#%(z, 0, x) + 92(7, 0, x))drdx + 2] k1(ii* + %) drdadx
0 JO

t

<2 ( Brui(t, 0, x)dtdadx + / Brvu(r, 0, x)drdadx)
O o

1 rA
—l—/ / (@%@, a, x) + 02, a, x))dadx — 2/ usviudtdadx. (3.96)
0 JO

t

With the help of Young’s inequality, one can check out the following relations:

2 Brui(t, 0, x)dtdadx = 2/ Ai /IZ4\/;IZ(‘L', 0, x)dtdadx
0 0 4

2
< % / i’drdadx
&

t

+16¢ / i#2(z, 0, x)dtdadx, (3.97)
t

2
2| Bi0d(r,0,x)drdadx < % / 22dvdadx
0, 16¢ P

+16¢ f 32(z,0, x)dtdadx,  (3.98)
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and

-2 / psvidrdadx < 16¢ || 3|2 / 32drdadx
[on

t

+— | #’drdadx. (3.99)
16¢ (o}

As a consequence of (3.96), (3.97), (3.98), and (3.99), one has

1 A 1 t
/ / (ﬂz(O,a,x)+172(0,a,x))dadx+/ /(ﬁ%, 0, x)
0 JO 0 JO

+32(7, 0, x))drdx + 2/ K1(ii* + %) drdadx

t

181112, 1 )/ ) (||,32||2 2)
< o4 drdad 166
—( 6 160 ) Jp, TN T Tlee F € sl

1 pt
X / 32drdadx + 16Ae / / (ﬂz(r, 0,x)+ 132(1:, 0, x))dtdx
t 0 JO

1 A
+/ / @%(t,a, x) + 9%, a, x))dadx. (3.100)
0 0

Fore < we deduce from (3.100) that

]6A’

1
/ / @20, a, x) + 9%(0, a, x))dadx +2/ 1 (@ + 9V)drdadx
0

t

IBilI% 1 182112 o
< — ], 7 16
= fmax (( T6r | T6 t6e. 108 Inallee

(u +v2)dtdadx+/ / (uz(t a, x)+v (t,a,x))dadx.

o

Subsequently,

1 A
/ f @20, a, x) + 9%(0, a, x))dadx + 2/ 1 (@ + 9V drdadx
0

t

181112 1 > 82112 / 2 ))
< — ), x4 16 3.101
< ma << T6e + 6 166 + 16¢ || 35 ( )

(u + v )dtdadx—i—/ / (u (t,a, x)+v (t,a,x))dadx.

o
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- 1 181112 ;) (umnio / 2 ))
Taking now k1 > 2max(( 6 + o7 ) e + 16¢ ||u3ll5, ) ) and thanks to

the definitions of # and v, inequality (3.101) is reduced to

1 A
/ / @%(0, a, x) + v%(0, a, x))dadx
0 0

1 rA
Sez’“T/ / u*(t,a,x) + vt a, x))dadx. (3.102)
0o Jo
Integrating (3.102) over (%, 3TT), we get
1 pA 2021T p1 pA 3
/f(uz(O,a,x)+v2(0,a,x))dadx5 /// (uz(t,a,x)
o Jo r JoJo Jz
+v2(t, a, x))dtdadx. (3.103)

Henceforth, the crucial step to establish the observability inequality (3.92) is to show
the existence of a positive constant C such that

R
f / / (uz(t,a,x)—i—vz(t,a,x))dtdadx
0 Jo z
ol o8
§C/ / (u3(a, x) 4+ v2(a, x))dadx. (3.104)
0 0

To this end, we will use the implicit formulas of u and v given, respectively, by
(2.50) and (2.51), the formulas of the initial datum with respect to the age (2.52).
Such a proof will be split on the cases whena >t + (A—T)anda <t+(A—-T)
(see again the two references [12] and [23] for a similar argumentation and also
Remark 2.9).

In fact,if a > t + (A — T), one has after a careful calculus

u(t,a, ) = [{SA—a—DBit, A—1,)S(T — Hur(T —1, )dl
+ A S(A—a—1) [;‘31 (t, A1, [ S —)(Bi(m. 0, Ju(m,0, )

— u3(m, 0, Yv(m, 0, .))dm:| dl — OA_a S(A—a—-Dus, A—=1,)v(t, A—1, .)dl,

(t,a,) = [T LA —a = DBa(t, A =1, )L(T — tyvr (T — 1, )dl

+ T LA —a =D A= 1,0 (f] Lon = 0Ba0m, 0, Yu(m, 0, )dm) dl,

(3.105)

where (S(#));>0 and (L(¢));>0 are the semigroups dgﬁned after the relations (2.48)
and (2.49). Thus, we claim from (3.105) that 3M3, M4 > 0 such that
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_3r 3T ~
fol f(;s S lu(t, a, x)|*dtdadx < Mj fol fgmr(a,x)lzdadx
.4
+Mi3 [y [ lvr(a, x)Pdadx, (3.106)
a3 -
ST [ 02, a, )dedadx < My f) [2v2(a, x)dadx.
T

The proofs of the two last inequalities are similar, so we will restrict ourselves to
show the first one.
From the first equality of (3.105), one has

A—a
lu(t,a,.)| = |/ SA—a—-Dp1, A=1,)S(T —tur(T —t,.)dl
0
A—a
+/ S(A—a—l)|:,31(t,A—l,.)
0
T
X / Sm —t)(B1(m, 0, J)u(m,0,.) — u3(@m,0, )v(m, 0, .))dm:|dl
t
A—a
—/ S(A—a—Dus(t,A—1,)v, A—1,.)dl|. (3.107)
0
Subsequently,

A—a
lu(t,a, )| < / S(A—a—DBit, A—1,)S(T — yur(T —1, .)dl‘
0

A—a T
+ / S(A—a—l)[ﬂl(t,A—l,.)/ S(m —t)(B1(m, 0, Ju@m,0,.)
0 t

—u3(@m, 0, )v(m, 0, .))dm:|dl‘

A—a
+ / S(A—a—-Dus(t, A—1, .)v(t,A—l,.)dl‘
0

A—a
5/ IS(A—a—-DpB1t, A—1, )S(T — Hur(T —t,.)|dl
0

A—a
+/
0

—u3(m, 0, )v(m, 0, .))dmi| ‘dl

T
S(A—a-— l)|:/31(f, A—1, .)/ S(m —1)(B1(m, 0, Ju(m,0,.)
t

A—a
+/ IS(A —a — Dus(t, A —1, Yo, A —1, )dl. (3.108)
0
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With the variable change r = A — [, (3.108) becomes
A
ut,a, )| s/ IS(r — a)Bi(t,r, ST — Dup (T — 1, )\dr
a

A
+/
a

T
S(r—a) [ﬁl (t,r, .)/ Sm —t)(B1(m, 0, Ju(m,O0,.)
t

—u3(m, 0, )v(m, 0, .))dmi| dr
A
+/ |S(r —a)us(t, r, Yv(t, r,.)|dr. (3.109)
a
Since (S(2));>0 is a Cp-semigroup, then
ISt —a)|| < MM~ < M3, (3.110)

where M and A3 are the same in (2.53).
Hence,

A
lu(t,a,.)| < f |IS(r —a)Bi(t,r, )S(T —Hur (T —t,.)|dr

A
+ / MeA)\.3
a

—u3(@m, 0, Hv(m, 0, .))dm:|

T
[ﬁm, ") / S(m — 1)(B1(m, 0, Ju(m, 0, )
t

A
dr + / MeA)‘3|,u,3(t, r, (e, r, )dr.
a

Afterward,

A
lu(t, a, .)|2 < [/ |S(r —a)Bi(t, 7, )S(T —t)ur (T —t,.)|dr

A
+ / Me*3
a

—u3(@m, 0, )v(m, 0, .)dm):|

T
|:,31(t, 7, .)/ S(m —t)(B1(m, 0, Ju@m,0,.)
t

dr

A
n / MeA | us(t, r, Yo, r, )| Pdr
a

2

A
<3 (/ |Sr—a)Bi(t,r, )S(T — ur(T —t, .)|dr>
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A
+3( f MeA*3
a

—u3(m, 0, v(m, 0, .))dmj|

T
|:ﬂ1(t, r, .)f S(m —1)(B1(m, 0, Yu(@m, 0, .)
t
2
dr)
2

A
+3 (/ M3\ ps(t, r, Yo, r, .)|dr> . (3.111)

Applying now Holder inequality to (3.111), we obtain
A
lu(t,a, )* < 3/ AlSGr — a)Bi(t, 1, )S(T — ur(T —t,.)|*dr
a

A T

+3 f M [ﬂl(r, r, .)( f S(m —1)(B1(m, 0, Ju(m, 0, )
a t
2
—u3(m, 0, v(m, 0, .))dm>i| dr

A
+3/ M2 st r, Yo(t, r, ) 2dr. (3.112)
a

On the other hand, the relation
ISm — 1)l < Me*™™ < MeT*s, (3.113)

together with hypotheses (2.6) on f; and again Holder inequality, lead, respectively,
to the following successive estimates:

A T
3/ M?e*A% [ﬁl(t,r, )(f S(m —1)(B1(m, 0, Ju(m,0,.)
a t
2
—u3(m, 0, )v(m, 0, .))dm>:| dr

A T

53AM4e2(A+TW/ [(/ Bi(t,r, )(Bi(m,0, Ju(m,O0,.)
a t

2
—u3(m, 0, )v(m, 0, .))dm>i| dr

< 3AM* AR max (|1 8111%, Ilwsl1%)

A T 2
X f (/ pi(,r, )(u(m,0,.) —v(m,0, .))dm) dr
a t
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4 2(A+T)1 2 2
< 6AT M** A% max (|15, Inslld)

A T
xf f B, r, )@ (m,0,.) + v (m, 0, )dmdr,  (3.114)
a t

wherein M and A3 are the same as in (2.53).
The combination between (3.112) and (3.114) steers to the following inequality:

A
lu(t,a, ) < 3/ AlS(r—a)Bi(t,r, )S(T — ur(T —t, )|*dr

a

+6AT M*e* A% max (| 8111 . 3ll%)

A T
X / / B, r, )(u*(m,0,.) + v2(m,0,.)dmdr
a t

A
+3f M2 st r, Ho(t, r, ) 2dr. (3.115)
a

On the other hand and keeping in the mind that (L(#));>0 is a Co-semigroup, the
relation (3.113) is applied to (L(?));>0, the formula of v in (2.51); a similar evidence
as the one of (3.115) leads to

A
lu(t,r, ) < 2/ A|L(ry — ) pa(t, r1, JL(T — tyor (T — 1, .)|*dr
A T
+2A(M1)2 e+ AT | gy |12 / f B3, r1, Jv*(m, 0, )dmdr
r t
A
< 2/ AIL(1 = P)Balt, r1, LT = Dor (T — 1, )2
r

T
RPNl [ om0, ydm, (3.116)

t

where M| and A4 are defined in (2.56).
Integrating over (¢, T') inequality (2.57), we get
T T
/ lo(m, 0, )Pdm < 2(My)*e*" / lor (T —m, )dm
t t
_pT T
+Ms / / lor (T = s, .)|*dsdm
t m

T—t 5 T rm
< 2(My)2eT / lor (m1, )|>dmy + Ms / f lur(s1, )2 dsidm
0 t 0

T—1 T—t
< 2(M; 2T / lor (1, ) Pdmy + (T — 1)Ms / oz Gs1, ) Pds,
0 0
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T T
< 2(My)2eT f lur(my, .)|?dmy + T Ms f lur(s1, MPds1,  (3.117)
0 0

withmi: =T —mands; ;=T — s, Ms is the positive constant defined by (2.58),
and s is not the parameter of Carleman estimates.

To overcome the ambiguity, we set fOT lvr(my, .)|2dm1 = fOT lvr(ay, .)|2da1
and fOT lvr (s1, .)|2ds1 = fOT |lvr(a, .)|2da1. Thus, (3.117) becomes

T T
f [u(m, 0, )*dm < (T Ms + 2(My)*e**T) / lvr(ai, )*dar.  (3.118)
t 0
As a conclusion of inequalities (3.116) and (3.118), one has
A
o, r, )|? < 2/ A|L(ri — r)Ba(t, r1, )L(T — oo (T —t, ) |dr
r

T
F2A2 (M )22 AT | By |2 (T Ms + 2(M )27 /0 lur (a1, )|*day.
(3.119)

Thanks to the same arguments used to obtain (2.65), we can show that

T T
/ lu(m, 0, .)[2dm < (2M2e2*3T +2M2T62A3T1V~Ig)/ ur(ar, ) 2day
t 0

T
+ ((T2 + THMs + (T + Tz)Mé) / lvr(ai, )|*day, (3.120)
0

with Mg and Mg are defined by (2.62).
As in the above, we will choose in the sequel of this proof the variable a; to unify
the integral variables that are in (0, 7') and represent the age variable.
Consequently, by inequalities (3.115), (3.118), (3.119), and (3.120), it follows
that

A
lu(t,a, ) < 3A/ IS(r —a)Bi(t,r, )S(T — Hur(T — 1, )|>dr

+6A2T M* 2 ATD23 81112 max (| B 1%, 1131120)

T
X [<2M2e2“T + 2M2Te2A3TMg) f % (a1, )| *day
0

T
+((T? + TMs + (T* + T)M¢ + TMs + 2(M1)262)‘4T)/ lvr (ai, .)|2da1]
0

43| 3|2 M2 A% (3.121)
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A A
x[zA/ / IL(ri — r)Balt, r1, JL(T — H)vr (T —t, )|?dridr
a r
5 T
+2A3M )2 ATTDX4 B |14 (T Ms + 2(M1)*e*4T) / lur (a1, .>|2da1}.
0

Put

My := 6APT MAAHDN | By 12 max (|| B 13 | sll3,) @M ZeT
+2M2T 23T M),
My = 6A2T M4 AT By 112 max (| 81112, 113112) (T2 + T3) Mg
+(T2 + T)Mg + T Ms + 2(M;)%e**T)
FOAIM? (M) || allZ, || B2l &, €2 A DM F24%3 (T Ms + 2 (M) e ).
(3.122)

Under these notations, (3.122) becomes

A
lu(t,a, ) < SA/ IS(r —a)Bi(t,r, )S(T — Hyur(T —t, )|>dr
a
+6A | us 12 M2 A%

A (A
/ / |L(r1 —r)Ba(t, r1, V)L(T — t)vr (T —t, .)|2dr1dr
a r
_ T . T
8 [ urr, oPda -+ Mo [ ortan P (3.123)
0 0
An integration of (3.123) over (%, %) x (0,8 — %) x (0, 1) steers to

§— 3T

Lo
/ / / u(t, a,X)Izdtdadx
0o Jo z

T

1 po-3L .30 .4
< SA/ / / / |S(r —a)Bi(t, 1, x)
0 Jo T Ja

xS(T — Hur(T —t, x)|>drdtdadx

2 vom (LA
+6Alu3llz. M e M/ / / / / |L(r1 = r)Ba(t, 11, X)
0 Jo % a Jr

xL(T — t)vr (T —t, x)|*dridrdtdadx

1 T 1 o7
+M11/ / |MT(al,x)|2daldx+M12/ / lur (a1, x)|*dardx.
o Jo o Jo

(3.124)
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The variable change § = T —t in the right-hand side of (3.124) allows us to say that

53T

f /77[ lu(t, a, x)|*dtdadx
1 ps-3L
§3A/ / / / |IS(r—a)Bi(T —5,r,x)
0o Jo

xS(E)uT(E,x)| drdsdadx
/ / / |[L(r1 —r)B2(T — 5,11, X)

1
F6A 3|2 M2 / /
0 0
T T
+M11// |uT(a1,x>|2da1dx+Mu// vz (ar, ) Pdardx.
0 0 0 0

5_3l

x L($)vr (5, x)|*dridrdsdadx

(3.125)

Since T < &, exploiting again the relation (3.113) for the Cyp-semigroups (S(#))s>0
and (L(¢));>0 (with A4 and M| instead, respectively, A3 and M) and with the help
of assumptions (2.6) on 81 and B;, one can transform (3.125) into

I

(M“ +3A2M%e ”3“‘”)( )||,81||2 )f lur (a, x)|*dadadx

5_3l

/ lu(t, a, x)l dtdadx

3T
+ (Mlz + 6 A3 B2 112 113112 M2 (M) * (AT 2034 (8 - T))

)
x/ lvr (a, x)|>dadx. (3.126)
0

Hence,

1 ps=3L ,3T 1 pé
4 4 ~
// / |u(t,a,x)|2dtdadx§M3f / luz(a, x)|*dadx
0 Jo z 0 Jo

1 )
+M]3/ / lvr (a, x)|>dadx, (3.127)
0 0

where
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T, — A, 2404 ,203(A+T 3T
My = My + 342 M4 (5 3L,

Miz = Mz + 647 Ball 2l s |2 M2 (M )P A TI+234 (5 - 3T

(3.128)
and MH and Mlz are given in (3.122).

Consequently, the first relation of (3.106) is achieved. Likewise, we can prove the
second inequality of (3.106) using the same procedure as we mentioned previously
and the inequality (3.119).

Finally, the inequality (3.104) is true in the case wherea > t + (A — T).

Let us now address to the case whena <t + (A —T).

Like the first case, mixing the implicit formula (2.50) and (2.51) (in the case
whena <t + (A —T)) and (2.52), we obtain

u(t,a,)=8ST —Hura+T —t,.)
+ TSt —npil.a..) [S(T —Dur(T —1,.)
+flT S —1)(B1(r, 0, Ju(r,0,.) — u3(, 0, Hv(r, 0.)) dr] dl
— T8t - a, ) [L(T —Dur@+T—1,.)
+ [T LG = DBa(r, a, Ju(r, 0, .)dr] dl,
vt a, ) =L(T —or@@+T —1,.)+ [T LU - P, a, )

[L(T —Dor(T —1,) + [ L = Da(r, 0, Jo(r, 0, .)dr] dl.
(3.129)

Set V(t,a) € (0, T)x(0, A), R(t, a, .)::ftT S(—-t)gi1,a,.) [S(T—l)uT(T—l, J)
+flT S(r=0 B, 0, Hu(r,0,.) = u3(r,0, Hv(r,0.)) dr] di
— flT St¢ - Husld,a,.) [L(T —Dvr(a+T—1,)+ flT L(r —Dpa(r,a,.)

v(r, 0, .)dr] dl.
Following this, the first solution # becomes

V(t,a) € (0,T) x (0,A), u(t,a,.)=ST —tur(a+T —t,.)+ R(t,a,.).
(3.130)

If one mimics the same blend of semigroup theory and Holder inequality used in
the computations in the case “a > t + (A — T'),” we can establish the existence of a
positive constant M4 and M5 such that

3T

1 ps=3C L3C 1 s
/ f ! f4 \R(t. a, x)2dtdadx §M14/ / ur (a. x)|2dadx
0 Jo z 0 Jo

1 §
+M15/ / lvr (a, x)|>dadx. (3.131)
0 JO
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On the other hand, we can observe that

1
)
5,£
// f IS(Fyur(a + 7, x)|*didadx
3)qT/ /‘5—3T

where M and X3 are the same of (2.53)and 7 := T — ¢.
With the variable change @ = a + 7, it follows that

5_3l

/ IS(T — Dur(a+T —t,x)|>dtdadx

/ lur(a +17, x)|*didadx,

53T

/ / / IS(T — Hur(a+ T —t, x)|*dtdadx
< M?e M’T/ /S_ST
3A3T 8=
/ / / lur(a, x)| dadadx
3T 3x3T
< (a _ —) M2e™3 / / luz @, x)|*dadx
4 0 %
3T 5 3A3T L ré B 2 -
< (5 - T) M?e f / lur (@, x)|*dadx, (3.132)
0 JO

and the second inequality obtained in (3.132) is an outcome of the inclusion (a +
Toa+3yc (L8, Vae(08-23.

It is clear now from (3.130), (3.131), and (3.132) that there exists a positive
constant M 16 such that

I

+M]5f / luz(a, x)|*dadx, (3.133)
0 0

a+f
/ lur (@, x)|*dadadx
a+

5_3l

/ lu(t, a, x)lzdtdadx < M16/ / lur(a, x)I dadx

7 7 3T\ g2, 230
accurately, M1 := (M14+ (8§ — - )M~e27).
In the same manner, one can bring out a similar inequality for the solution v
through the second implicit formula in (3.129), i.e., the existence of M7 > 0 such
that
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1
I
Hence, summing up (3.133) and (3.134), the inequality (3.104) holds in the current

case.
Abstractly,

5_31

/ lv(t, a, x)| dtdadx < M17/ / lvr(a, x)| dadx. (3.134)

53T

/ / 77[ (1, a, x) + v2(t, a, x))dtdadx

5@/ /(MZT(a,x)Jrv%(a,x))dadx
0 Jo

is satisfied in both casesa > r+(A—T)anda <t+(A—T), where Cisa positive
constant.
The last inequality together with (3.103) implies that

1 pA
/ / @*(0, a, x) + v2(0, a, x))dadx
0o Jo

1 8 3T
/ / " /T4 W?(t. a, x) + v2(t, a, x))dtdadx
0 -3 J %

262K1T

2€2K1T

+C

/ / (u3(a, x) + v2(a, x))dadx.

Subsequently, with the help of the Hardy—Poincaré inequality and the definitions of
i, 1 =1,2,stated in (2.19), we arrive to

1 A
/ f >0, a, x) + v*(0, a, x))dadx
0

2€2K|T
<C

/ / (u%(a, x) + v (a, x))dadx

5 2€2K1T 24
+Mg (/ / W/ s@kl(x)u (t,a, x)e*" dtdadx
B

1 ) 3T
+ / / / b sk (02(1, a, 1) didadx ). (3.135)
o Jo-i Jg

The proof of observability inequality (3.92) is finished thanks to (3.135) and
applying the Carleman estimate (2.69) stated in Theorem 2.10 on the second term
in the right-hand side of last inequality. O

With the aid of the observability inequality (3.92), we are now able to show the
result of null controllability (1.4) related to the cascade model (1.1).
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3.2 Null Controllability Result

This section is interested in the null controllability property (1.4) of system (1.1). It
is stipulated as follows:

Theorem 3.2 Assume that (2.5) and (2.6) hold. Let A, T > 0 be given and fixed
such that T < § where § € (0, A) fixed small enough. Then, ¥(yo, po) € LQ(QA) X
L%(Qy), there exists a control 9 € L*(q) depending on § such that the associated
solution (y, p) of (1.1) verifies

(3.136)

y(T,a,x) =0, aein(s,A) x (0,]1),
p(T,a,x) =0, aein(5,A) x(O,1).

Recall that g = (0, T) x (0, A) X w.

Proof Let € > 0 and consider the following cost function:

1 (! A 1
JE - _f / (yz(Tv aax) + p2(T7a7x))dadx + = / ﬁz(t’ a, x)dtdadx.
2¢ Jo Js 2Jq

We can prove that J. is continuous, convex, and coercive. Then, it admits at least
one minimizer ., and we have

Ve = —ue(t,a, x)xo(x) in Q, (3.137)

with u, is the solution of the following system:

0 0
S+ S () — (1, Ve = p3(1 . 0ve = —Prue(r. 0.x) i Q. (3.138)
ue(t,a,1) =ue(t,a,00=0 on (0,7) x (0, A),
1
ue(T.a,x) = —ye(T.a. 0)x,4) in (0. 4)x 0. 1);

ue(t,A,x)=0 in Qr,

with v, the solution of the following system:

% + % + (k2 (X)(Ve)x)x — pa(t, a, x)ve = —Pove(r,0,x) in  Q, (3.139)

Ve(t,a, 1) =ve(t,a,0)=0 on (0,T) x (0, A),

1 .
ve(T,a,x):gpe(T,a,x)x(g,A) in  Qa,

ve(t,A,x) =0 in QrF,

where (ye, pe) is the solution of (1.1) associated to the control ..
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Multiplying the first equation of (3.138) by y. and integrating over Q, we obtain

0 ad
/ Ve (k He Ve — p1(t, a, x)ue — u3(t, a, x)v5> dtdadx
0 Jt da

—_ /Q e (Zl + 88— ()G + it a, x)ye) dtdadx

1 ,A
—/ ,u3(t,a,x)y€vedtdadx+/ / Ve(T,a,x)uc(T,a, x)dadx
(0] 0o Jo

1 pA 1 pT
—/ / ve (0, a, x)ue(0, a, x)dadx —/ / Ve (t,0, X)uc(t, 0, x)dtdx.
o Jo o Jo

(3.140)

Similarly, multiplying the first equation of (3.139) by p, and integrating over Q

ov v
/ Pe ( 3; + 8_6 + (ka2 (x)(Ve)x)x — ,uz(t,a,x)vg) dtdadx
o

_ _/ o (ape 4+ ZPe 9pe — (k2 (x)(pe)x)x + m2(t, a, x)pe> dtdadx
0 ot da

1 A
+ / / pe(T,a, x)ve (T, a, x)dadx
0o JO

1 (A 1 /T
—/ / pe(0, a, x)ve(0, a, x)dadx —/ f Pe(t, 0, x)ve (2, 0, x)dtdx.
0o JO 0o Jo

(3.141)

Hence, summing side by side (3.140) and (3.141), we arrive to

0Ve 0Ve
De E-Fa + (k2 (x) (ve)x)x — palt, a, x)ve | dtdadx
o

Jue  Jue

+ Ye| =— + + (k1 (x)(ue)x)x
0 dt da

—pi(t, a, X)ue — M3(t,a,x)ve>dtdadx

0 0
S / e (ai + ai — (k1 ()G )x + pi1(t. a, xm) drdadx
0

1 rA 1 rA
+/ / Ye(T,a,x)uc(T,a, x)dadx — / / Ve (0, a, x)uc (0, a, x)dadx
0 JO 0o Jo



Null Controllability of a Degenerate Cascade Model in Population Dynamics

1 pT
—f / Ye(t, 0, x)uc(t, 0, x)dtdx
o Jo

Ope  Ope
_/Qvé( or T 3g — k) (pe)o)s

+ua(t, a, x)pe + n3(t, a, x)ye>dtdadx
1 A

+/ / pe(T,a, x)ve(T, a, x)dadx
0 0
1 A

—/ / pe(0, a, x)ve(0, a, x)dadx
0 0

1 T
_/ / pe(t, 0, x)ve (2,0, x)drdx.
o Jo

Thus,

at da

261

(3.142)

ou ou
/ Ye ( d + : + (kl(x)(ue)x)x - /’Ll(tsa»x)ue - ,u3(t,a,x)v€) dtdadx
0

a a
+[ pe (ﬁ + 2 4 (o ()W) — palt,a, X)vg) drdadx
Q

at da

1 pA
1
= —/ ueﬂexwdtdadx—l—/ f —y?(T,a,x)dadx
1] 0o Js €

1 A
_/ / yG(Ov a, -x)ug(o, a,x)dadx
0 Jo

1 A /T
—/ / / B1ye(t,a, x)uc(t,0, x)dtdadx
o Jo Jo

1 A
_/ / p€(07a7x)v€(oa a, x)dadx
0o JO

1 A T
—/ / / Bape(t,a, x)ve(t,0, x)dtdadx
o Jo Jo

VI
+/ / —pz(T,a,x)dadx.
0 Js €

Also, one can see that

(3.143)

ou ou
/ Ye ( d + : + (kl(x)(ue)x)x - /’Ll(tsa»x)ue - ,u3(t,a,x)v€) dtdadx
0

at da
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1 pA /T
= —/ / / B1ye(t,a, x)uc(t,0, x)dtdadx (3.144)
0 JO 0
and

v v
/ Pe (8—6 + —— + (2(0) (ve)x)x — palt, a, x)v€> drdadx
0 t da

1 pA T
= —/ / / Bape(t,a, x)ve(t,0, x)dtdadx. (3.145)
o Jo Jo

Consequently, (3.137), (3.143), (3.144), and (3.145) lead to

1 A 1 rA
1 1
/ ﬁézdtdadx + / / —yez(T, a,x)dadx + / / —pz(T, a, x)dadx
q 0 Js € 0 Js €

1 (A 1 (A
=/ / ye(O,a,x)ué(O,a,x)dadx—i—/ / Pe(0, a, x)v(0, a, x)dadx.
0o JO 0o JO

(3.146)

Applying Young’s inequality to the right-hand side of (3.146)

1 1 A
/ l?fdtdadx + —/ / (yg(T, a,x)+ pg(T, a, x))dadx
q €Jo Js

1
4Cops,s

=

1 pA
/ / (uz(O,a,x) + vf(O, a,x))dadx
0 JO

1 A
+Cops / / (3. ) + pA(a. x))dadx
0 0

with Cyps,s 1s the constant of observability inequality (3.92).
This together with observability inequality (3.92) allows us to say that

1 1 A
/ﬁfdfdadXvL—/ / AT, a,x) + pA(T, a, x))dadx
q €Jo Js
1 1 ps
= (f uzdtdader/o /O (T, a, x) +v§(T,a,x))dadx>
q

1 A
+Cobs,a/0 /O (v3(a, x) + p§(a, x))dadx.

Since V(a, x) € (0,8) x (0,1), uc(T,a,x) = ve(T,a,x) = 0, and keeping in
the mind the relation (3.137), then the last inequality reads as
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3 1 1 A
Z/ﬂfdtdadx—i—;/ f (Y2(T,a, x) + p>(T,a, x))dadx
q 0 Js

1 A
< Cums | [ OB@.n) + pita. v)dadr.
0 Jo
Hence, it follows that

fq O2dtdadx < ALC"% fol fOA(yg(a, x) + pd(a, x))dadx,
foi 52 YT, a, x)dadx < €Cops 5 foll foi(yg(a,x) + pi(a, x))dadx,
fo J5 PA(T,a,x)dadx < €Copss [y [y (V3(a,x) + pj(a, x))dadx.
(3.147)
Then, we can extract two subsequences of (ye¢, pe) and ¢ also denoted by (ye, pe)
and 9 that converge weakly toward (y, p) and ¥ in L2((0, T) x (0, A), Hkl1 0, 1) x

Hkl2 (0, 1)) and L?(q), respectively. Now, by a variational technique, we prove that
(v, p) is a solution of (1.1) corresponding to the control ¥, and, by the second and
third estimates of (3.147), (y, p) satisfies (1.4). Another deduction from (3.147)
specially the first inequality is that the researched control ¥ depends on §. O

Remark 3.3 The result of Theorem 3.2 is important since it is equivalent to say that
we can control with one control force a very wide age class of the two coupled
populations in a minimum time of control and then with a minimum cost control
Cobs,B~

4 Appendix

As is mentioned in the introduction, this section is devoted to the proofs of some
intermediate results useful to show the full w-Carleman estimate associated to the
system (2.11). First, we begin by the Caccioppoli’s inequality stated in the following
lemma:

Lemma 4.1 Let o be a subset of w such that w CC w. Let (u, v) be a solution of
(2.29). Then, there exists a positive constant C such that

A T
f f f u? + v2)e*¥ dtdadx
o Jo Jo

<C < / s20%2u? 4+ v2)e* ¥ dtdadx + / (h? 4 h3)e>¥i dtdadx) ,
q q

(4.148)

with ¢;, i = 1, 2 are defined by (2.19).
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Proof The proof of this result is similar to the one of [22, Lemma 5.1]. Indeed,
consider the smooth cut-off function ¢ defined by

0<tx)<1, xeR,
(x) =0, x <x;andx > xo, (4.149)
tx)y=1, x cw.

Put (\); = %, wherel =t,a, x.
For (u, v) solution of (2.29), one has

T d 1 A
0= / — [ / / 2P (u? + vz)dadx] dt
o dt[Jo Jo
1 A T
=2s / / / (@) (u* + v2)e* ¥ dtdadx
0 0 0
1 A T 1 A T
+2f / / Cuue®? didadx +2/ / / Pove®?idtdadx
0 JO 0 0 JO 0
1 A T
=2s / / f (@) (u? + v2)e*¥idtdadx
0 JO 0
1 A T
+2/ / / Culhy —ug — (kux)y + piu + pav)e*?idrdadx
0 JO 0

1 pA pT
+2f / / 22v(hy — vg — (kavy)x + pov)e** ¥ dtdadx.
o Jo Jo

Then, integrating by parts, we obtain
2 fQ 22 (kyu? + kyv?)e*¥ drdadx
=25 /Q £ + v (0, + O))e* ¥ dtdadx
—Z/Q 2 (uhy + vho)e*% didadx — Z/ng(uluz + wovHe* ¥ dtdadx
+ fQ (k1 (29 ) uldtdadx + /Q (ko (29 ) v2didadx
—2/Q§2u3uvez‘w"dtdadx.

On the other hand, by the definitions of ¢ given in (4.149), ¥;, i = 1,2, and ®
given in (2.19), using Young’s inequality, and taking s quite large, one can prove the
existence of a positive constant ¢ such that
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2 / £ (k1u? 4 kyv?)e*¥ dtdadx
o

A pT
> 2 min(min kj (x), min kg(x))/ / / (ui + vi)ezs‘p’dtdadx,
/ / o Jo Jo

Xew Xew

A T
/ (k1 (2e®%) ) u’dtdadx < ¢ / f f s20%u’e> ¥ dtdadx,
0 wJ0 JO

A T
/(kz(gezs‘ﬂ")x)xvzdtdadx < c// / s20%v%e> % dtdadx,
0 wJO JO

—2s / £2u? + V)i (O + O™ dtdadx
0

A T
< c/ f / $20%w? + v))e* Y dtdadx,
wJO 0

A T
-2 / 2 (uhy + vhy)e** % dtdadx < ¢ f f / 5202 w? + v))e* Y dtdadx
0 wJ0 JO

A T
+c / f / (h? + h3)e* % dtdadx,
w JO 0

—2/ 2 (uiu® + povHe*Yidrdadx
0o

A T
< c/ / / $20%w? + v))e* Y dtdadx,
wJO 0

A T
—2/ psuve® i didadx < c/ / / $20%u? + v¥)e*¥ didadx.
0 wJOo JO

Combining all the previous inequalities, we reach finally the estimate (4.148). O

Remark 4.2 In Lemma 4.1, the set o is chosen so that 0 that is exactly the point
of degeneracy of the dispersion coefficients k;, i = 1,2, does not belong to .
More generally, if the degeneracy occurs at a point xg € (0, 1), one must take xp out
of @ in the case of interior degeneracy to establish a Caccioppoli’s type inequality
(see [28] for more details in this context).

We close this section by the following result:
Lemma 4.3 Assume that the conditions (2.21) hold. Then, the interval I =

ka(1)(2—y)(e2¢lollco 1) 4(e2llolloo _pklioliooy .
T aame7T g, ) s not emply.
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Proof Indeed, one has

4(e%lolloc — grllollooy oy (1)(2 — p)(e*Nolle — 1)
3d, C dkDH2-y) -1
Aol — eklolloy (daky (1) (2 — y) = 1) = 3daka (1) (2 — y) (e N7l — 1)
B 3dy(daka(1)(2 = y) — 1)
_ ol (dky ()2 — y) —4) — 4Vl (doky ()2 — ) — 1)
B 3dy(daka(1)2 —y) — 1)
ka()2 —y)
dako((2—y) — 1

erlolloo[erlolloe (dyky (1) (2 — ) — 4) — 4(daka (D2 — y) — D]

B 3dy(dakr ()2 —y) — 1)

ky(DH(2 —y)
k()2 —y) =1

5 oy (H)Q2—y)—1)
k(M2-y)’ k(D2 F = 16.
41In(2)

Since k > ol then we have e¥l19lle > 16, Therefore, the previous difference is
positive and subsequently I # . O

Using the fact that dy > we can conclude that
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