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Abstract Small strain shear modulus,Gmax, is one of themost important parameters
for the characterization of the behavior of earth structures subjected to static or
dynamic loading conditions. This research presents an experimental laboratory study
on the effect of non-plastic fines content and hydraulic hysteresis on the Gmax of
unsaturated sandy soils. In this regard, clean Firoozkuh No. 161 silica sand which
is classified as poorly graded sand was mixed with different percentages of non-
plastic Firoozkuh silt. A set of bender element tests were carried out using two
modified triaxial devices. The modifications on these two apparatus were to add
HAV ceramic discs for air–water control of unsaturated specimens, in addition to
including piezoelectric bender elements to send and receive shear waves andmeasure
their velocities within the unsaturated silt-sand mixtures. Axis translation technique
was implemented for hydromechanical purposes and bender element for shear wave
velocity measurements and calculating Gmax.

Keywords Small strain shear modulus · Bender element test · Unsaturated sandy
soils · Fines content · Hydraulic hysteresis

1 Introduction

Pavements, machines foundations, and shallow footings are usually exposed to low
amplitude dynamic loads which in turn cause low strains in them. Also, earthquakes
emit shear waves, which pass through the soil layers with different grain-size distri-
butions. Analysis of the behavior of soil layers and overlaying structures in such
loading conditions requires identifying dynamic characteristics of the soil layers
in small strain situations. Shear modulus at small strains (less than 10–4%), Gmax,
is considered as one of the most important dynamic characteristics of the soil. In
addition, according to the recommendations of the seismic codes, engineers need
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information about the soil stiffness for the design of geo-structures and classifica-
tion of dynamic properties of the soils [15, 20]. Also, soil stiffness is utilized for
the soil-structure interaction analyses. Moreover, shear wave velocity, which has a
close correlation with Gmax, is used to evaluate the susceptibility of the sediments to
liquefaction. Researchers have tried to understand the behavior of silt-sand mixtures
because of their liquefaction potential and compressibility. Moreover, silty sands
may be used for the construction of road bases and embankments.

In recent decades, researchers have conducted numerous experiments to recog-
nize factors that affect the small strain shear modulus of the soils. The result of these
studies have shown that different parameters could affect Gmax, such as effective
confining stress, p′, void ratio, e, percentage of fines content, FC, and over consol-
idation ratio, OCR [11, 12, 29, 30]. A significant decrease of Gmax values with the
increment of the fines content of silt-sand mixtures were reported in the previous
studies as well [9, 26, 31].

Results of previous studies on the Gmax of unsaturated fine soils have shown that
maximum shearmodulus increaseswith increasingmatric suction in a nonlinear way.
Meanwhile, theGmax of sandy soils varies in an up and downmanner [18, 24, 25, 28].
On the other hand, the results of these studies on the Gmax of unsaturated fine soils
have demonstrated that fine soils possess greater Gmax values during wetting paths
than drying paths. In contrast, Khosravi et al. [18] reported that the Gmax of some
clean sand specimens during drying paths was lower than its values along wetting
paths. They related this observation to the variation of suction stress along drying and
wetting path. However, investigation on the small strain shearmodulus of unsaturated
silt-sand mixtures during hydraulic hysteresis is rare or nothing. In this study, the
unsaturated shear modulus of an uniform clean silica sand which was mixed with
different percentages of non-plastic silica silt was investigated under different matric
suctions along both wetting and drying paths. The void ratio was kept constant for
different mixtures during this study. In the following sections, some details of the
tests and results are described.

2 Experimental Study

2.1 Tested Materials

In this study, standard Firoozkuh No 161 silica sand was used as clean sand. This
angular sand is obtained from Firoozkuh mine in the northeast of Tehran province in
Iran. Researchers in Iran use this sand as standard sand for geotechnical testing. Also,
Firoozkuh silt from the same mine was used as non-plastic fines for the experiments.
The corresponding grain size distribution curves obtained by performing sieve anal-
ysis according to ASTM D6913 [4] and hydrometer analysis according to ASTM
D7928 [5] are shown in Fig. 1. According to USCS, this clean sand is classified
as poorly graded sand. Additionally, the specific gravity test Gs was determined in
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Fig. 1 Grain size distribution curves of tested materials

Table 1 Physical properties
of tested materials

Firoozkuh Silt ML No. 161 Firoozkuh Sand SP

Mineral
D50(mm)
PI
Wopt

99%SiO2
0.025
-
19%

Mineral
D50(mm)
Cu

99%
SiO2
0.226
1.37

accordance with ASTM D854 [6] to be 2.65. The physical properties of the clean
sand and silt are demonstrated in Table 1.

The clean sandwasmixedwith different percentages of silt to investigate the effect
of fines content respectively on maximum void ratio, emax, according to ASTM 4254
[2] andminimumvoid ratio, and emin, according toASTM4253[1] by using vibratory
table. However, bothmethods are limited to soils that contain up to 15%fines content,
so there is no standard method to obtain these parameters beyond these limitations.
Despite these recommended limitations, these methods have been used to determine
emax and emax in different studies [10, 14]. Figure 2 demonstrates the variation of
maximum andminimumvoid ratiowith adding non-plastic fines contents. According
to this figure, the minimum and maximum void ratio of silt-sand mixtures decreased
with the increase of fines content until they reached a minimum value at a threshold
fines content, which is about 30%; after that, both values increasedwith the increment
of fines content. These results are similar to the observations of other studies [27,
30]. It is argued that before the fines content threshold, the mechanical behavior of
the mixtures is sand dominant, but by adding fines particles more than threshold fines
content, the behavior changes to silt-dominant behavior.
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Fig. 2 Variation of maximum and minimum void ratio with the percentage of fines particles

2.2 Experimental Setup

Two triaxial cells equipped with bender elements and suction control system were
used to measure the shear wave velocity and Gmax of specimens during hydraulic
hysteresis. Axis translation technique [13] was utilized to control and apply specific
matric suctions. Each modified cells have a pair of bender elements in the bottom
platen and top cap to send and receive shear waves, respectively. In this research,
a signal generator was used to produce an input sinusoidal pulse. Also, the pulses
were amplified up to 10 times of input signals in order to gain detectable responses
while an oscilloscope, records both input and response signals.

Moreover, the changes in the level ofwater in gradedburettes connected to the cells
were recorded to measure the volume changes of specimens. These measurements
were corrected according to the results of the several careful calibration tests to
eliminate the errors caused by water evaporation, creep, and changes in the volume
of the chambers, the pressure line tubing, and the burettes under various pressure. By
the observation of graded burettes connected to the bottom of HAE ceramic disks,
the variations of the volume of pore water were measured.

2.3 Specimen Preparation

The diameter and height of the tested cylindrical specimenswere 60mmand 120mm,
respectively. In order to prepare the sandy and silty samples in addition to samples
with 10, 20, 30, 40, 60% non-plastic fines content, the clean sand was completely
mixed with different percentages of the silts. Distilled water was added to the oven-
dried soil mixtures and then was blended well. Static compaction was used to prepare
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the specimens with an initial desirable void ratio, which was equal to 0.7. In this
regard, specimens were prepared by tamping in ten layers with different heights
using under-compaction technique in a split mold, according to Ladd [21]. This
method prevents excessive compaction of lower layers during the compaction of the
upper layers. Interfaces between the successive layers were scarificed to establish a
proper bond between layers.

2.4 Test Procedure

After placing the specimens in the cells, a vacuumwas applied at the top cap to avoid
deformation of the samples. A backpressure technique under 40 kPa mean net stress
was used to saturate samples. In this regard, backpressure was increased in different
water pressure steps, up to 340 kPa, accompanied by enough time span to dissolve
air bubbles in the pore water. Skempton’s B value greater than 0.95 was considered
as a saturation criterion. After specimen saturation, the mean net stressed increased
to 100 kPa, so the first bender element tests were carried out in different frequencies
on saturated specimens after giving enough time to obtain volume change caused by
the enhancement of mean net stress.

Desirable suctions were applied by means of adjusting air, water, and confining
pressure at the boundaries of the specimens. Also, enough time was given until
no detectable change of the water level in burettes was observed. The acceptable
hydraulic equilibrium criterion was considered in the tests to be a water volume
change of equal to or less than 0.1 mL in a day. Hydraulic equilibrium used to take
2–15 days, depending on the soil type and quantity of matric suction. Therefore, each
test took more than 3 months. After equilibrium at each stage, bender element tests
were carried out to obtain travel time by using peak to peak method. Shear wave
velocity was obtained by dividing the distance between tips of bender elements into
the travel time. Consequently, the small-strain shear modulus, Gmax, was calculated
by using Eq. (1) proposed in elasticity theory, in which ρ is the total density of a
sample.

Gmax = ρ × V 2
s (1)

3 Results and Analysis

3.1 Effect of Fines Content on Soil Water Retention Curve

The soil water retention curves (SWRC) of the specimens during drying and wetting
paths have been illustrated in Figs. 3 and 4, respectively. According to these figures,
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Fig. 3 Effect of fines content on the soil water retention curve of specimens during drying path
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Fig. 4 Effect of fines content on the soil water retention curves of specimens during wetting path

adding fines content has significant effects on the soil water retention curves. As
shown, by increasing fines content, the specimens retainedmorewater at equalmatric
suctions, and this led to the enhancement of air entry values, residual matric suctions,
and water entry values. This behavior can be attributed to the fact that fines particles
replenish the void spaces of the sandy skeleton of specimens and decrease the average
radius of void pores, so for a given degree of saturation, the level of matric suction
increases with fines content. This observation is consistent with the observations of
other researchers [7, 18] and is in a line with Young–Laplace equation. This equation
establishes a correlation between matric suction and the dimension of pore space.
As seen in Figs. 3 and 4, the slopes of soil water retention curve decreased with the
enhancement of fines content. Not only did adding fines decrease the average radius
of pores, but also it increased the distribution of pores with different radius. In other
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words, adding fines led to decrease in the uniformity of the pores of the specimens.
Moreover, as illustrated in these figures, adding fines had more profound effects on
the bottom of the retention curves of the specimens. As mentioned by Lu and Likos
[22], the primary mechanism which dominates suction at low degrees of saturation
is short-range adsorption effects which depend on the surface of the solid particles.
So, adding fines affected soil retention at relatively low values of water content more
significant than retention at higher values of water content.

3.2 Effect of Fines Content on Small Strain Shear Modulus
(Gmax)

Figure 5 represents the variations of Gmax of the unsaturated specimens with suction
along drying path. As shown in this figure, adding non-plastic fines content led to the
reduction of Gmax especially, at low matric suctions. The greatest decrease was for
the specimen with low fines content (up to 20%). The given results are in harmony
with the results of other studies [26, 30]. In other words, adding fines more than the
threshold fines content led to the change of mechanical soil behavior and structure
from sand dominant to silt dominant. On the other hand, pure silt with 0.7 initial void
ratio had greater Gmax than the other specimens with non-plastic fines content. This
high value of modulus for silty specimen may be related to its high relative density
(about 95%) for its 0.7 initial void ratio.

As seen in Fig. 5, theGmax value of sandy specimen increased with matric suction
up to the proximity of air entry value, and then, decreased slightly with the further
increment of matric suction and reached a constant value at residual matric suctions.
This observation is consistent with the results reported by Khosravi et al. [18]. They
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Fig. 5 Variation of small strain shear modulus of specimens with different non plastic fines content
along drying path
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Fig. 6 Variation of the small strain shear modulus of specimens with different nonplastic fines
content during wetting path

correlated this up and down trend with the variation of suction stress with the matric
suction. In addition, this local maximum value of Gmax at the proximity of air entry
value can be observed for the specimenswith 10 and20%offines content, althoughno
local maximum exists for specimens with more than 30% of fines content. For higher
values of matric suction, samples with fines content as low as 10% had differentGmax

behavior with suction from the sandy specimen. For these specimens, the variation
of Gmax values with matric suction consist of two parts; before the proximity of air
entry value, in which Gmax increased in a slightly linear manner, while at higher
matric suctions values, Gmax increased in a non-linear exponential manner.

The variation ofGmax with matric suction during wetting path has been illustrated
in Fig. 6. According to this figure, the Gmax of the sandy specimen experienced few
changes alongwetting path, and its value increased slightly at the lowvalues ofmatric
suction. Despite the sandy specimen, other specimens had greater Gmax quantities
during wetting path than drying path. There is a consensus through literature about
this behavior of fine soils [19, 24, 25]. Khosravi and McCartney [16] attributed this
behavior to double hardening concept proposed byWheeler et al. [33] and Tamagnini
[32].

3.3 A New Model for Prediction of the Small Strain Shear
Modulus of Sand-Silt Mixtures

Lu andKaya [23] conducted compression tests on unsaturated sandy, silty, and clayey
specimens and brought them to equilibrium at different degrees of saturation in
order to measure finite-strain Young Moduli. Based on the results of this study, they
concluded that finite strain shear modulus has an inverse relationship with a power
of effective degree of saturation, as shown in Eq. (2).
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Gmax(unsat) ∝
(
1

Se

)β

(2)

where Gmax(unsat) is small strain shear modulus at unsaturated state, β is an experi-
mental fitting parameter, and Se is considered as effective degree of saturation, which
is defined in the following equation:

Se = Sr − Sr(res)
Sr(sat) − Sr(res)

(3)

where Sr is the current degree of saturation, Sr(res) and Sr(sat) are the values of degree
of saturation at residual and saturated conditions, respectively.

Dong et al.[8] developed a new unified model for different types of soils reported
in the literature based on Eq. (2). However, some other studies [16, 18, 28] reported
that Gmax is proportional to the product of degree of saturation and matric suction
in terms of effective stress equation for unsaturated soils or suction stress definition
proposed by Lu and Likos [22]. Based on these different reports in the literature,
the product of effective stress and degree of saturation with separate exponents is
considered proportional to Gmax for the proposed model in this study.

In addition, applying hydromechanical loads may cause hardening/softening as
well as irreversible changes in void ratio [32, 33]. In this study, specimens experienced
maximumeffective stress at the end of drying path; while, they tolerated less effective
stresses along the wetting path. Besides, Hardin [12] reported that stress history (i.e.,
Over Consolidation Ratio) has significant effect on the measured values of small
strain shear modulus. Based on the reported observations in the literature and the
results of the experiments of this study, a new model was developed to predict the
Gmax of sand silt mixtures in terms of effective stress history, degree of saturation,
and matric suction. In this regard, the over consolidation ratio was defined in terms
of effective stress history, as follows:

OCR = P ′
max

P ′ (4)

where P′ is the current effective stress and P′
max is the maximum effective stress

experienced during hydraulic hysteresis. In order to define effective stress, Eq. (5)
proposed by Lu and Likos [22] was utilized.

P ′ = Pn + Ps (5)

where Pn is mean net stress and Ps is suction stress which is defined in Eq. (6).

Ps = χ × ψ (6)

where ψ is matric suction, and χ is effective stress parameter which can be defined
by Khalili and Khabbaz’s [10] proposed equation, as follows:
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χ =
[

ψ

ψb

]−0.55

(7)

where ψb is air entry value. Based on Eq. (4), specimens are considered normally
consolidated along drying path, while they become over consolidated during wetting
path because of experiencing maximum effective stress at the end of drying path.
Therefore, Eq. (8) is proposed to predict small strain shear modulus of silt-sand
mixtures during hydraulic hysteresis.

Gmax(unsat) = Gmax(sat)

(
OCRK + βS−m

r

(
ψ

Pa

)n)
(8)

where Gmax(unsat) and Gmax(sat) are small strain shear modulus at unsaturated and
saturated states, respectively; Pa is atmospheric pressure (100 kPa), and K, β, m, and
n are fitting parameters. This equation could be simplified to the model proposed
by Oh and Vanapalli [28], by replacing K = 1 and n = 1. Also, this equation at
saturated state is similar to the equation presented by Hardin [12] in order to predict
theGmax of over consolidated fine soils. In this study, the measured values ofGmax at
saturated state are considered as Gmax(sat). Also, it is possible to use available models
in literature rather than measuring of Gmax(sat).

Least square method was applied in order to determine these fitting parameters.
Table 2 shows the variation of fitted parameters with fines percentages as well as
coefficient of determination (R2). Based on the obtained results and this table, the
suggested relationship can predict small strain shear modulus of sand-silt mixtures
during hydraulic hysteresis well. According to the variation of fitting parameters,
Gmax of the specimens is in inverse proportion to degree of saturation except for
sandy soils, as suggested by Dong et al. [8]. Based on the determined parameters for
the proposed equation, by adding fines content more than 40%, the matric suction
fitting exponent (i.e. n) reached zero. In other words, when fines content was more
than the threshold percentage, and the behavior of specimens became silty dominant,
the effect of matric suction on soil stiffness vanished. So, degree of saturation mainly
affected the variation ofGmax for unsaturated silty soils instead ofmatric suction. This
observation is in line with the reports of Dong et al. [8] indicating that the variations

Table 2 Variation of fitted parameters with fines content

Soil type K β m n R2

Clean Sand 0.12 1.601 −6.10 0.951 0.95

10%FC 0.78 0.239 0.36 0.461 0.99

20%FC 1.03 0.072 1.36 0.152 0.99

30%FC 1.07 0.060 1.90 0.060 0.99

40%FC 0.92 0.065 2.07 0.000 0.98

60%FC 0.45 0.035 2.31 0.000 0.98

Silt 0.12 0.039 2.49 0.000 0.98
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Table 3 Equations for the prediction of the fitting parameters of the proposed model in terms of
fines percentage

Parameter K β m n

Equation 1.11e− (FC−30)2

776 1
0.6249+0.4106FC

−25.903+2.795FC1.049

4.246+FC1.049
182.02−0.016FC2.29

191.47+FC2.29

of Gmax with degree of saturation for silty soils are more sensitive than sandy ones.
Based on these obtained values, four equations were developed to predict the fitting
parameters in terms of non-plastic fines percentage for Firoozkuh sand-silt mixtures
(Table 3). Further studies should be done to determine the relationship between these
fitting parameters and other soil properties such as void ratio, plasticity index, etc.

4 Conclusion

In the current study, the small strain shear modulus of sand-silt mixtures during
hydraulic hysteresis was studied by using two modified triaxial cells. These cells
are equipped with bender elements to send and receive shear waves, and ceramic
disks to implement axis translation technique. In order to investigate the variations
of Gmax along drying and wetting paths, 7 specimens with different non-plastic fines
content were prepared with equal initial void ratio and tested under mean net stress
of 100 kPa.

Results of this study have shown that adding fines content as low as 10% to poorly
graded sands led to change in the manner of Gmax variations with suction. Accord-
ingly, the Gmax of the specimens with fines content increased with the increment
of matric suction in spite of up and down trend observed for clean sands. More-
over, these specimens had higher Gmax values along wetting path compared to those
for drying path, experiencing hardening during hydraulic hysteresis. Based on these
observations, a new simple model was developed to predict the small strain shear
modulus of silt-sand mixtures during drying and wetting paths. This model could
predict different Gmax trends of sands and silts in addition to considering double
hardening during hydraulic hysteresis. According to this model, as fines percentage
increases, the role of matric suction diminishes, and instead, the role of the degree of
saturation on the stiffness of unsaturated soils increases during hydraulic hysteresis.
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