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Abstract. A 12 degree-of-freedom dynamic model for FZG-A10 spur gears con-
sidering the actual time-varying gear mesh stiffness and the frictional effects
between meshing gear teeth is investigated. The energetic Lagrange formulation
was used to recover the equations of motion of the generalized translational tor-
sional coupled dynamic system. Its dynamic responsewas computed by an iterative
implicit scheme of Newmark.

The main ameliorations achieved by this new model are evaluated in this
work through a gear dynamics responses comparison with previously classical
developed models which can be found in the literature. The simulation results are
arranged using the listed dynamic models considering no coefficient of friction,
an experimental constant coefficient of friction and an EHL based coefficient
of friction formulation including an average surface roughness. The vibration
responses are calculated based on the indicated previous models under several
operating conditions (load and rotational speed). The transmission error (TE)
parameter is evaluated domains since it is considered as an index for the vibration
performance.

The influence of constant and variable coefficient of friction formulation was
studied and their corresponding transmission error were compared.

The new dynamic model proves their refining results counter to other models
in diagnostic and monitoring performance.

Keywords: Dynamic model · Spur gears · Coefficient of friction · Vibration
responses
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1 Introduction

Themodern automotive engineering considers that the gear noise reduction in the ground
and air vehicles like heavy-duty trucks and helicopters is a prominent challenge (He
2008). The transmission error (TE) parameter is quantified as it is a reliable indicator
of the noise and vibration performance. To achieve such objective, various researchers
carried out models aiming to simulate the gear dynamics (Beyaoui et al. 2016). They
developed a large variety of dynamic models to predict the gear vibration response
which improves gearbox monitoring and diagnostic. Most models process the cases of
the damaged gearboxwhich is contaminated by different noises (Velex andMaatar 1996;
Velex and Ajmi 2006; Chaari et al. 2008; Walha et al. 2009; Feki et al. 2013; Sainte-
Marie et al. 2017; Feki et al. 2017). They reported that the main source of transmission
error is the derivation from the ideal tooth profile which can be induced by spalling, tooth
breakage, tooth surface pitting, wear or tooth crack. They studied these faults to show
their effects on the gear dynamic behavior. They stated that the gear mesh frequency
band presenting the sidebands around its harmonics is very sensitive to the defect degree
which is useful mainly for tooth fault detection and localization.

Therefore, the gear design engineerswho prospect the reduction of transmission error
variations are working on manufacturing processes and tooth modifications to conceive
low noise gears.

From most of the presented models, the transmission error is the primary excita-
tion that generates noise and vibration in the gearing system. However, scarce models
proposed that frictionmight also be a significant contributor in defining the vibration fea-
tures (Tang et al. 2010; Li et al. 2013; Jiang et al. 2017; Park 2019). They introduced the
effect of the friction coefficient between gear tooth contacts in more complex dynamic
models which may lead to increase in the accuracy of diagnostic and monitoring results.

In this study, the main effects of tooth friction on spur gear dynamics with their asso-
ciated vibration responses are evaluated. The transmission error variations are predicted
using a contact mechanics model coupling with and without tooth friction effects. A
twelve degree-of-freedom dynamic model considering constant and local coefficient of
frictions is investigated to predict the vibration characteristics. The analytical simulations
are performed using different frictional cases and they are compared with experimental
data to be validated. The proposed model predictions are expected to provide a better
understanding of the mechanisms of noise generation in spur gear pairs and to establish
an effective and accurate vibration detection for monitoring lubrication conditions.

2 MDOF Dynamic Gear Model

2.1 Frictional Model

A twelve degree of freedom model is developed to quantify the frictional effects on
gearbox-noise through transmission error prediction. The test gearbox of the FZG gear
machine is modelled using amulti-degree of freedom (MDOF)model as shown in Fig. 1.
Extra details about the experimental set up can be found in (Hammami et al. 2019a).

Torsional (θi) and translational (vi,wi) coupled effects are considered through the
following DOF’s vector where i = 1, g, p, 2 designate shaft 1, gear, pinion and shaft 2,
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respectively X = [v1,w1, θ1, vg,wg, θg, vp,wp, θp, v2,w2, θ2]T . The studied system is
composed of shaft 1 connected the gear g to the motor and shaft 2 related the pinion p
to the static load which is applied through load lever and weights. Mi, Ji, and θi are the
mass, polar mass moment of inertia and torsional motion of the system elements. The
Kxi and Kyi are the bearings stiffness and the Cxi and Cyi are the damping elements.
Km(t) is the time-varying mesh stiffness and Cm is the gears damper and e represents
static transmission error excitation for the gear mesh.

Fig. 1. A 12 degrees of freedom dynamic model simulating FZG test gearbox

A computational frictional model of the FZG test gearbox, with integrated mass,
damping, nonlinear stiffness and frictional stiffness matrices [M], [C], [K] and [Kμ] is
developed to characterize the spur gear dynamic responses.

The governing equations for the proposed model considering friction coefficients,
where the gyroscopic moments and centrifugal effects are neglected, are detailed as
follow:

[M ]
{
Ẍ

} + [C]
{
Ẋ

} + [
[K(t, {X })]+ [

Kμ(t, {X })]]{X } = {F1(μ, t, {X })} + {F2(μ, t, e(M ))}
(1)

Where F1(μ, t, {X }) is a vector embedded the nominal input torque (Cm (t, X,μ) and the
instantaneous output torque (Cr (T, X, μ) which is function of the toot friction (μ) and
profile deviations (e) and F2(μ, t, e(M )) is an external vector induced by tooth shape
deviations and errors (e (M)).
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2.2 Incorporation of the Coefficient of Friction

The EHL based formulation for a time-dependent coefficient of friction proposed by Xu
et al. (2007) is defined in Eq. (2). The μ coefficient issued from many linear regression
analysis depends on several factors like SR, Ph, ν0, S, Vr, μ0, R are respectively the
slide to roll ratio, maximum Hertzian pressure, dynamic viscosity, surface roughness,
rolling velocity, kinematic viscosity at oil inlet temperature and effective radius of cur-
vature. The constant coefficients bi for the selected axle gear oil are illustrated for i =
1–9 respectively −8.92, 1.03, 1.04, −0.35, 2.81, −0.10, 0.75, -0.39, and 0.62.

μ = ef (SR,Ph,ν0,S)Pb2
h |SR|b3Vb6

r μb7
0 Rb8 (2)

f (SR,Ph, ν0, S) = b1 + b4|SR|Ph log10(ν0) + b5e
−|SR|Ph log10(ν0) + b9e

S (3)

2.3 Model Discretization

The presented equations of motion are solved thanks to the Newmark iterative algo-
rithm. The numerical simulations have been conducted by using a constant Newmark
parameters λ = β = 0.5 which provide a stable and convergent method. Figure 2 shows
the diagram for transmission error simulation using the dynamic model of spur gear
pair considering friction of tooth surface. All the presented steps are given by authors
previous work (Hammami et al. 2019b).

Fig. 2. Diagram for the transmission error prediction using the dynamic model
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3 Dynamic Results and Discussion

An FZG A10 spur gear is taken as an example to apply the proposed MDOF model.
Table 1 displayed the relative parameters of the spur gear pair.

Table 1. FZG A10 gear geometric parameters (Hammami et al. 2019a).

Parameters Pinion Gear

Tooth number 16 24

Normal modulus 4.5

Pressure angle (°) 20

Helix angle (°) 0

Face width (mm) 10 20

Transverse contact ratio 1.333

RMS surface roughness (μm) 0.49

All simulation results illustrated subsequently were run under K8 load stage which
corresponds to an input torque of 172 Nm and at a constant rotational speed of 1000 rpm.
Based on experimental results, a constant coefficient is determined for these operating
conditions where COF = 0.035 (Hammami et al. 2019b). The modelled test gearbox is
lubricated with 75W90-A axle gear oil. The lubricant properties can be found in Table
2 (Hammami et al. 2017).

Table 2. The selected axle gear oil physical properties

Physical properties 75W90-A lubricant

Density at 15 °C (g/cm3) 0.87

Viscosity at 70 °C (cSt) 36.7

Dynamic viscosity (Pas) 0.0298

Viscosity Index 147

To provide an efficient evaluation of the dynamic interaction between transmission
error and frictional effects, the simulated results are drawn afterwards.

The dynamic responses under stabilized operating conditions and mainly the simu-
lated transmission error results with and without coefficient of friction are presented in
Fig. 3. Figures 3a, 3c and 3e show the time domain dynamic transmission error while
Figs. 3b, 3d and 3f present the frequency domain of DTE. Only steady-state responses
are presented.

It is observed that the shape of the temporal DTE curve is modified as the coefficient
of friction changed. Larger oscillations appear with constant COF against COF equal
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to zero. Slightly different behavior is noticed between constant and Local COF. The
introduction of tooth contact friction enhanced the dynamic transmission error (see
Figs. 3a, 3c and 3e). Figures 3b, 3d and 3f expose the TE spectra for the three listed
cases: COF = 0, constant COF and local COF. The mesh frequency (fm = 266.7 Hz)
and its harmonics (2fm, 3fm, 4fm, 5fm) are shown in each spectrum and their amplitudes
are displayed in Table 3. This highest amplitude is demonstrated at the fifth harmonic of
the mesh frequency. These results are proved based on experimental TE signals which
are measured using optical encoders mounted on FZG test rig as reported by Feki et al.
(2013).According to their analysis, the frequencywith significant amplitude corresponds

a) b)

c) d)

e) f)

Fig. 3. Predicted transmission error and its corresponding spectrum under K8 load stage at
1000 rpm: subfigures (a-b) are for COF = 0, (c-d) are for constant COF and (e-f) are for Local
COF
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to a critical frequency of the test gearbox system including shafts, bearings and test gears
where the gear element contributes with a large portion about 84,19%.

Table 3. The TE amplitudes values for the spur gear mesh frequency and its harmonics

ET (×10–6) [m] fm 2fm 3fm 4fm 5fm

COF = 0 8.957 1.685 0.4873 5.531 9.171

Constant COF 9.104 1.232 0.5661 7.046 14.82

Local COF 9.064 1.098 0.5105 7.033 14.82

It can be noticed that an increase in COF has a significant effect mainly at the fifth
harmonics (see Table 3). This reveals the influence of the lubrication regime related to
the coefficient of friction on the dynamic transmission error spectra.

For the sake of comparison, Fig. 4 illustrated the TE spectrum of each model in a
logarithmic scale where the difference between the used dynamic models became more
plausible. A new interesting frequency appears which corresponds to the first natural
resonance frequency which is equal to 492 Hz. The constant and local COF increased
the amplitude of DTE up to 11 times compared to the corresponding results without
COF. It is observed that the local COF compared to constant COF can reduce slightly
the gear noise and vibration.

Fig. 4. Spectra of the simulated TE signal with and without COF
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In particular, the proposedmodel quantifies the contribution of sliding friction which
could be significant when the transmission error is minimized through a local COF.

The sets of results concluded a critical analysis concerning the influence of COF on
the transmission errors behavior inducing noise and vibration in gear dynamics.

4 Conclusion

MDOF analytical models are investigated to study the frictional effects on dynamic
transmission error of spur gears. On this basis, the effect of the friction coefficient
is introduced through an effective mesh stiffness in the derived equations. Analytical
models match well with a benchmark experimental published results thus validating the
proposed model.

The DTE responses of spur gears were analyzed with and without friction coeffi-
cient. The increase of the frictional force magnitude causes a change of DTE than that
without friction, which indicates the increase of gear noise. The coefficient of frictions
are considered with constant or variable values. A constant friction coefficient provides
marginal results. However, a local COF is implemented to simulate realistic lubrication
conditions where the COF values are smaller which can reduce the friction-induced
vibration as expected. This methodology proved its efficiency in promoting a better
estimation of the dynamic diagnostic.
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