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Abstract In this paper, we derive a covariant quantum equation for the statistical
operator 0. This equation is written for a free particle and for a hydrogen atom.
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1 Introduction

The Klein—Gordon—Fock equation and the Dirac equation were written shortly
after the discovery of the Schrodinger equation

inay/ ot = H vy,

where ¢ = (¢, r) is the wave function, H is the Hamiltonian. Relativistic equations
were derived for the wave function ¢ = ¥ (¢, r).
Then the physicist von Neumann wrote down his equation

ihdp/dt = [H o],

in which the statistical operator @ appeared.

In quantum physics, the main tool is the statistical operator 9. But a covariant
quantum equation for this operator has not yet been written, i.e. an equation that
does not change under the action of the Lorentz transformation.

Consider two coordinate systems that move at a constant speed V relative to each
other [1]. You can always direct the coordinate axes so that they are directed parallel
to each other, and the vector V is directed along the x axis. In addition, we will
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assume that the speed of light in these two systems is the same. In this case, the
coordinates x, y, z and time ¢ in one coordinate system will be associated with the
same values x’, y’, 7/ and t’ of the other system by the Lorentz transformation [1]

x=y @ 4+ Vi),
y=y, z=12, (1)
=y (Vx'/t 4+ 1),
where
y = A=V¥eHT 2
V =x/t = const by x’ = 0.
An equation that has the same form in these coordinate systems is called covariant.

In other words, we can say that the covariant equation is invariant with respect to the
Lorentz transformation.

Now consider the motion of a single relativistic particle.

The momentum and energy of this particle will be equal

2
Drelativ = Amv, Egaiv = Amc”, 3)

where

v=dr/ds “4)

is the velocity of the particle, r = r(¢) is its radius vector, m is the mass of the
particle,

A= (1—v?/HV2 5)
The dynamics of a relativistic particle obeys the equation

md(w)/dt = F, (6)

where F is the force. This equation follows from the equation

m (d*r)/(dz?) = AF,

where dr =dt/A.
Let’s write down another equation
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mc2dadr = P, (7)

where P = F v is the power.
Using formula (4) and applying formulas (6) and (7), we obtain a system of two
equations for the functions r = r(¢) and v = v(¢):

dr/dt = v,

) ®)
Aymdv/dt = F — (Fv) v/c” v.

2 The Lindblad Equations

The equation for the statistical operator was derived by the author of this paper from
the Lindblad Eq. [2]

ihop/dt = [Hpl + ihD, 9)

where 0 is the statistical operator, H is the Hamiltonian, D is the dissipative operator,
which was written by Lindblad and which is equal to

D:chk{zajaa,j—a,jaj@—zga,jaj}, (10)
Jjk

where Cj; is the unknown coefficients, and a; is the unknown operators that still
need to be found.

3 Dissipative Operators

The author of this article wrote the dissipative diffusion and attenuation operators in
the form [3, 4]

a=7p+ihpF/4, b =7 +ih Bp/(@ m), (11)

where 7 and P are the operators of the coordinates and momentum of the particle, F
is the operator of the force that acts on it,

B = 1/kpT).
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4 New Equation for Statistical Operator

We substitute formulas (11) in the Lindblad Eq. (9). We will have a new equation

ihdo/at = [HO]
+ i D/R{[PIP O +1 h BRIPIFH1L1) (12)
— i y/BIFIFON —ihB/Q2m) [FIP Ol

here D and y are the diffusion and attenuation coefficients. In this equation, the terms
that will contain 82 are discarded.

The coefficient 8 increases to infinity at 7 — 0. To avoid this absurdity, we add
to the energy kg7 another quantum energy hw, where the frequency w character-
izes the quantum effect of the thermostat on the quantum system in the form of
electromagnetic waves and other massless particles:

B = 1/(ho +ksT). (13)

5 Non-relativistic Equation for Statistical Operator of Free
Particle

For a free particle, the Hamiltonian is equal to the kinetic energy operator

H = p’/Cm), (14)

and the diffusion coefficients D are set to zero. So that the non-relativistic equation
for the statistical operator of a free particle will have the form

ihap/ot = [p°/(2m)o]

. PN . A 5)
—iy/Mrlrell + ihB/2m) [r[pel+l}.

6 Covariant Equation for Free Particle Statistical Operator

We write down the momentum and kinetic energy operators of a relativistic particle

ﬁrelativ = )‘ﬁa Eretariv = chza (16)
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where

p=md r= 1=/~ (17

Using the formula p = m 9, we express the particle velocity operator v in terms of
the momentum operator

v = p/m. (18)

Thus, we get

A=) = {1 = p/mEcH) . (19)

So we will have the equation [5]

ihdg/dt = mc*[A(p)e]

. Sra A . N s A (20)
—iy/MIF[F ol]l +1ihB/Cm)[F[A(p) P 0l+}.

This equation is a covariant quantum equation for the statistical operator of a free
particle.
We simplify the function (19) by applying the notation
§=p"/m’c). 21)
In this case, the function takes the form

ME) = (1 — &) (22)

We decompose this function into a Taylor series

AME) = 2(0) + V(O)E + 1/227 (0 + ...

The derived functions are equal to

N(E) = d1 —&)7?/de
=1/2(1 — &),

M€ = —1/2d(1 = §)7?/dg
= —-3/4(1 =& ...



142 B. V. Bondarev

Thus we get,

ME) = 1+ 1/2& = 3/48% + ...

Substituting the value (21) here leads to the result

AP) = 1+ p2/@m2c?) = 3p*/@mPc?)? + ... (23)

We substitute this operator in Eq. (20). We get

i700/0t = mc*l+ p°/2m>c?) —3p" /2m2c?)?, 5]
—iy/R{[F[FON + ihB/Qm) [F[{1+p°/2m* cP)}Pol]).

Transform the first term on the right side of this equation

mc[1+p°/2@m*e?) —3p*/2m2c)?, 6]
=[p°/@m) — 3/(4m*c?) p*, Bl.

Now the equation takes the form

ih9p/or = [p°/@m) —3/Em*Ap*, 8] — iy /H{[F[FO]]

24)
+ihB/Cm) [FI{1 + p°/2m*c*) P, 0111}

Look closely at this equation. You will see that the operators 7 and p occur here

only as products of p°, p*, #*, #* p and #* p°. This makes it possible to find the

average value of the coordinates <?> of the particle and its momentum (ﬁ) And then
find the changes in these values over time:

d(F)/dt = Tr (F 99/9r), d(p)/dr = Tr(p 00/91).

As aresult, you will have a system

dF)/dr = (p)/m,

~ ~ JETN (25)

d(p)/dr = —a/m(p) + a/(m*c*)p(p),
where & = B y. It is natural to assume that () = r and (p) = p.If we also
denote the force F = —av, then after a series of elementary transformations we

will teach the system (8).
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7 Covariant Quantum Equation for Statistical Operator
of Hydrogen Atom

Now we write down a covariant quantum equation for the statistical operator of the
hydrogen atom. There are two particles in this atom. This is an electron and a proton,
which carry electric charges — e and + e. Therefore, they have potential energy

Uep(re - rp) = _ez/|re — Tpls (26)
where r, and r, are the radius vectors of the electron and proton.
The Hamiltonian of the atom will be equal to
H = p2/@mo) + By/@my) + Ug(re — 1p), 27)

where ﬁe and p p are the electron and proton pulses, and m_e and m_p are their
masses.
We take the dissipative operators to be equal

inD = —iy/h{lr. — rylre — rp) 00}
+iRBQ2m)Ir. — rpl(B. — P, ols]. (28)

Now we write down the non-relativistic equation
ihdp/d t = [Hb] + ihD.

In relativistic physics, the formulas are known

Agl)ativ = Xe Der - AEZI)ativ Xf me ¢, (29)
where
ke = M(Bo/me) = {1 = By/(m} )™V (30)
for the electron;
B = AoBpr - Eriy = hpmp &, (31)

where
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hp = AP, my) = {1 — Po/mi)) (32)

for the proton.
Now we write down a covariant quantum equation for the statistical operator of
the hydrogen atom

ihdp/ot
= [AD,/mclm, > + A(P,/mp)m, c*
+ Uep(re - rp)’ /é]
—i y/h{[(re - rp)[(re - rp) /é]]}
+ih B/Cm)[(r. — rp)
(A(P./m)P, — MP,/mp)P,. 0141

(33)

8 Conclusion

We have not forgotten that almost all microscopic particles have spins. Since the
statistical operator @ is the main characteristic of particles in quantum theory, it must
also take into account spins.

Consider the operator ¢ of a single particle. Like any other particle, its state is
described by four operators, one of which is the spin operator &'. For example, in the
coordinate representation, the operator ¢ depends on three coordinates X, y, Z and
the spin operator &':

Spin manifests itself only when a term that describes the effect of spin appears in the
equation for the operator 9. Otherwise, the spin is not visible. Here is the simplest
example.
An electron in a magnetic field has energy
EMaI‘HI/IT = —UpO H,
where g = e h/(2m)—Bora magneton, o = &£ 1/2 — electron spin,

H =H(1)

is a modulus of the magnetic field strength. Now in the equation for the operator o
we can write the term
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— s [ 7).
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