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Here, on the level sand,
Between the sea and the land,
What shall I build or write
Against the fall of the night?

Tell me of runes to grave
That hold the bursting wave,
Or bastions to design

For longer date than mine.

A.E. Housman, Smooth between sea and
land, quotation taken from Hardy’s book
A mathematical Apology [3, p. 77]



Preface

In this volume we present 12 refereed papers written by field experts for the
conference New directions in function theory: From complex to hypercomplex to
non-commutative, held at Chapman University from November 21 to November
26, 2019. This conference was part of an on-going series of yearly mathematics
conferences and workshops held at Chapman University since 2010 (temporarily
interrupted during the fall of 2020 by the corona pandemic). Another example of
such work is the volume (see [1]) which the first and fourth editors assembled for a
similar occasion, a conference with a different topic held in 2017.

Our 2019 Conference held 42 presentations (see the program below) on a wide
range of topics pertaining to the theme of hypercomplex function theory. The papers
submitted to this volume can be divided in the following overlapping categories: two
papers on hypercomplex analysis, three pertaining to Schur analysis and de Branges
spaces, five exploring new aspects of classical function theory, and two related to
infinite dimensional analysis. At least three of the works have a very strong signal-
processing flavor. More precisely, we have the following classification:

Function theory and harmonic analysis: In the chapter “Differential Subordi-
nations in Harmonic Mappings”, authors M. Aydogan, Daoud Bshouty, Sanford S.
Miller, and F.M. Sakar extend results from the theory of differential subordination
(see [6]) to complex harmonic mappings, that is, functions of the form A (z) + g(z),
where f and g are analytic in a given open subset of the complex plane. In
“Representation Formulae for the Determinant in a Neighborhood of the Identity”,
Denis Constales and Ali Guzman Adan give a formula for a power series
expansion for det(/ + M)~ for suitable matrices M, and provide applications to
the Taylor expansion of the Dirac distribution. In “The Wiener Algebra and Singular
Integrals”, E. Liflyand extends to the multivariable case some of his earlier work
[5] and gives necessary conditions in terms of singular integrals for a function to
be in the Wiener algebra. Ronen Peretz, in “Techniques to Derive Estimates for
Integral Means and other Geometric Quantities Related to Conformal Mappings”,
uses the Goluzin inequalities and Riemann sum approximation and obtains estimates
on integral means associated to univalent functions. In particular, the author obtains
a new and surprising inequality in terms of positive definite kernels for univalent

vii
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functions in the disk such that f(0) = 0 and f'(0) = 1. In “Harmonic Analysis of
Some Arithmetical Functions”, Ahmed Sebbar and Roger Gay consider analytic
number theory and associate Hilbert spaces and a law of composition to arithmetical
functions. The notion of functions satisfying a Kubert identity [4], namely functions
defined on Q/R or R/Z satisfying

m—1
Fo =mtY <x2k>
k=0

where s is some fixed parameter, which plays an important role.

Schur analysis, de Branges spaces, and function theory: In the paper “On
Parseval Frames of Kernel Functions in de Branges Spaces of Entire Vector Valued
Functions”, Saud Al-Sadi and Eric S. Weber use Naimark dilation theorem to
study Parseval frames and application to multiplexing (transmission of several
signals at the same time over a single communications channel). In the chapter
“On the Carathéodory-Fejér Interpolation Problem for Stieltjes Functions”,
by Vladimir Bolotnikov, an important point is that the truncated problems with
even and odd numbers of conditions lead to quite different type of results in the
solution of the stated interpolation problem. Another point of special interest is the
Schwartz-Pick type reduction given for Stieltjes functions. In “Parametrization of
the Solution Set of a Matricial Truncated Hamburger Moment Problem by a Schur
Type Algorithm”, authors Bernd Fritzsche, Bernd Kirstein, Susanne Kley, and
Conrad Midler develop Schur analysis for the Hamburger moment problem, both
on the level of sequences and functions, in the matrix-valued setting. The chapter
is a part of a systematic program of creating a Schur analysis approach to matricial
versions of truncated classical power moment problems, such as the Hamburger,
Stieltjes, and Hausdorff moment problems.

Hypercomplex analysis: In “The Segal-Bargmann Transform in Clifford Anal-
ysis”, Swanhild Bernstein and Sandra Schufmann study the Segal-Bargmann
transform in its connection to the windowed Fourier transform and time-frequency
analysis in the Clifford setting. In “Complex Ternary Analysis and Applications”,
Mihaela B. Vajiac presents a theory of functions on complex ternary algebras. In
opposition to the real ternary case (see [2] for the latter), one has a one-dimensional
theory in one ternary variable, which has a dual nature: an element that cubes to =1
on the one hand, and a theory of one bicomplex variable and one complex variable
entangled by algebraic relations on the other hand.

Infinite dimensional analysis and non-commutative theory: In “Symmetric
Measures, Continuous Networks, and Dynamics”, Sergey Bezuglyi and Palle E.T.
Jorgensen extend the basic definitions and results of the theory of weighted
networks (known also as electrical or resistance networks) to the case of mea-
sure spaces. In “Multi Variable Semicircular Processes from x-homomorphisms
and operators”, Ilwoo Cho and Palle E.T. Jorgensen study in non-commutative
probability theory new construction of semicircular elements. This is of special
importance since the semicircular law plays in the non-commutative setting the role
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of the Gaussian law in classical (commutative) probability theory; see [7] for an
introduction to non-commutative probability.

Orange, CA, USA Daniel Alpay
Beer Sheva, Israel Ronen Peretz
Holon, Israel David Shoikhet
Orange, CA, USA Mihaela B. Vajiac
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On Parseval Frames of Kernel Functions )
in de Branges Spaces of Entire Vector s
Valued Functions

Sa’ud Al-Sa’di and Eric S. Weber

Abstract We consider the existence and structure properties of Parseval frames
of kernel functions in vector valued de Branges spaces. We develop some suffi-
cient conditions for Parseval sequences by identifying the main construction with
Naimark dilation of frames. The dilation occurs by embedding the de Branges space
of vector valued functions into a dilated de Branges space of vector valued functions.
The embedding also maps the kernel functions associated with a frame sequence of
the original space into a Riesz basis for the embedding space. We also develop some
sufficient conditions for a dilated de Branges space to have the Kramer sampling

property.

Keywords de Branges Spaces - Entire vector valued functions - Parseval
frames - Kramer sampling formula

Mathematics Subject Classification (2000) Primary: 94A20; Secondary 30D10,
47A20

1 Introduction

The theory of de Branges spaces of entire functions can be extended with suitable
hypotheses to spaces of entire vector valued functions. Spaces of entire vector
valued functions were introduced and extensively studied by Louis de Branges
and have been developed in view of the model theory for linear transformations in
Hilbert spaces [13]. These spaces have played a central role in applications to direct
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2 S. Al-Sa’di and E. S. Weber

and inverse problems for canonical systems of differential and integral equations
and Dirac-Krein systems, see for example [5-7].

The main goal of the present paper is to extend some results on de Branges
spaces of scalar valued functions obtained in [3] to de Branges spaces of vector
valued functions. We consider the existence and structure properties of Parseval
frames of kernel functions in vector valued de Branges spaces. In Sect. 1.3 we shall
review some definitions and necessary facts from the theory of reproducing kernel
Hilbert spaces of vector valued functions. As a special case of such spaces the
de Branges spaces of vector valued functions is reviewed in Sect. 1.4. Sections 2
and 3 are devoted to developing new results on the construction of dilated de
Branges spaces of vector valued functions and orthogonality of embeddings within
the dilation spaces. We develop some necessary conditions for Parseval sequences in
vector valued de Branges spaces by identifying the main construction with Naimark
dilation of frames via embedding the de Branges space into a dilated de Branges
space. The embedding identifies the kernel functions associated with a frame
sequence as a summand for a Riesz basis for the dilated space. We also obtain some
sufficient conditions for a dilated de Branges space to have the Kramer sampling
property in Sect. 4 as well as results concerning the multiplexing of samples in the
dilated space.

1.1 Notation

Some notations are necessary to describe the spaces we will consider here, see [7,
12] for additional information. C will denote the complex plane, C* (resp., C™) the
open upper (resp., lower) half plane, C? the complex p x 1 vectors. The notation
CP*4 stands for the set of all p x g matrices with complex entries, the identity
matrix that belongs to C”*? will be denoted by I,. A C? vector valued function
f(2), defined in a region 2 of the complex plane C, is said to be analytic in €2 if the
complex valued function u™* f (z) is analytic in the region for every choice of vector
u € CP. A continuous CP*? matrix valued function F(z), defined in 2, is said to be
analytic in the region if u™ F(z)v is analytic in the region for every choice of vectors
u and v in CP. A matrix valued function with entries that are analytic in the full
complex plane is said to be entire matrix valued function. f*(z) is the Hermitian
transpose of the matrix valued function f(z), and f #() = f*@).

Hg "4 is the Hardy space of p x ¢ matrix valued functions with entries in the classical
Hardy space H with respect to C*, with norm

I£13 = sup / trace(f*(x + iy) f(x + iy)}dx < co.

y>0J—00
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MDYt = {f: f* e HI*"} (the superscript L means that HY ¢ and (H}™7)+
are orthogonal to each other when regarded as subspaces of Lg 9. We shall use the
symbol HY for HZ™", and (H%)L for (HE™ ")~

H2? is the Hardy space of holomorphic p x ¢ matrix valued functions in C* with

I flloo = sup{ll f2)|l : z € C"} < c0.

The Schur class SP*? is the class of p x p matrix valued functions s(z) that are
holomorphic and contractive in Ct,ie.,

I, —5*(2)s(z) = 0, forz e CT.

S{;Xp is the class of matrix valued functions f € SP*? which are inner, i.e., I, —
f*@®) f(t) = 0fora.e. pointt € R.

The generalized backward-shift operator R,, is defined for entire vector valued
functions by

f(Zi:i(w) ifz 4w
Rop@ =1 o 5T

forevery z, w € C.

1.2 Frame Theory

A sequence {f,};°, is a frame for a separable Hilbert space H if there exists
constants 0 < A < B < oo such that

AlFIP < D KA F)P < BIFIP, forall f e, (1

n=1

The constants A and B are called lower and upper frame bounds, respectively.
The frames for which A = B = 1 are called Parseval frames. A frame which is
a basis is called a Riesz basis. It is easy to see that a Parseval frame {f,};° | for a
Hilbert space H is an orthonormal basis if and only if each f, is a unit vector. If the
upper bound in (1) is satisfied, then we say that { f,,}7° | is a Bessel sequence with
Bessel bound B.

Let {f.};2, be a Bessel sequence in #. The analysis operator ® : H — 2,

which is bounded because of (1), is defined by

O: f = «(f fu)):
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and the synthesis operator ©* : ¢2 — %, which is the adjoint operator of ©, is
defined by

o0
OF : (cn)ye; — chfn.

n=1

Additionally, the sum Z;O:I cn fn converges in ‘H for all (cn),f":1 e 2 (see [14])),
and so the synthesis operator is also well defined and bounded.
The operator S := ®*® : H{ — H is called the frame operator, and we have

Sf =Y Af fudfu Vf €M,
n=1

The canonical dual frame is denoted by { f,}°°,, and is defined by f, = S~ ;..

n=1"
Furthermore, for each f € H we have the frame expansions

o0

F=Y AL I o= fd s )
n=1

n=1

with unconditional convergence of these series.
IfF = {fu};2, and G = {g,}72, are two Bessel sequences in #, define the
operator

o0

OLOF H > H:f— Y (fifa)en-

n=1

If ©FOF = 0 then the two Bessel sequences [F and G are said to be orthogonal
[18]. An extensive study of orthogonal frames can be found in the papers [10, 23].
If F and G are both Parseval frames and orthogonal to each other, then for any
fgeH

F=Y f fa) + (g 8D fur and g =Y ((f. fu) + (8. &n))n

In other words, both functions can be recovered from the summed coefficients
(f, fn)+ (g, gn). This procedure is called multiplexing, and can be used in multiple
access communication systems. In the proof of our main results we also need a
concept of similar frames: two frames F = {f,}72 | and G = {g,}°, are said to
be similar if there is an invertible operator T : ‘H — ‘H such that Tf,, = g,. Two
frames I and G are similar if and only if Or(H) = Og(H) [11].

Let P be an orthogonal projection from a Hilbert space /C onto a closed subspace

H, and {f,} be a sequence in K. Then {Pf,} is called orthogonal compression of
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{fn} under P, and {f,} is called an orthogonal dilation of {Pf,}. A classical fact
on dilation of frames, which can be attributed to Han and Larson [17], says that a
Parseval frame in a Hilbert space H is an image of an orthonormal basis under an
orthogonal projection of some larger Hilbert space L 2 H onto #. This result can
be considered as a special case of Naimark’s dilation theorem for positive operator
valued measures, see [20, 21]. In particular, Han and Larson proved the following
result.

Theorem 1 Let { f,}° | be a sequence in a Hilbert space H. Then

(i) {fn}is a Parseval frame for H if and only if there exists a Hilbert space K 2 H
and an orthonormal basis {ey,} for K such that if P is the orthogonal projection
of K onto H then f, = Pey, foralln € N.
(ii) {fu} is a frame for H if and only if there exists a Hilbert space K 2 H and a
Riesz basis {u,} for IC such that if P is the orthogonal projection of K onto H
then f,, = Puy, foralln € N.

Orthogonality of frames and Naimark dilation of frames are related in the
following way (see [8, 17]): If {u,} is a Riesz basis for K and P is the projection
onto H C K, then {Pu,} and {(I — P)u,} are orthogonal frames for  and =,
respectively. Conversely, if F = {f,} and G = {g,} are orthogonal frames for
and H,, respectively, then {f,, + g} is a frame for H| @ H>. Note that the sum
of the frames need not be a basis for the direct sum in general-however, it will be
provided that

Or(H1) ® Og(Ha) = 2.

1.3 Reproducing Kernel Hilbert Spaces of Vector Valued
Functions

In this section a number of facts about reproducing kernel Hilbert spaces of vector
valued functions that will be used frequently are reviewed briefly; more details and
supporting proofs may be found in [4-7]. For related results concerning operator
valued reproducing kernel spaces, see e.g. [1, 2].

A Hilbert space H of p x 1 vector valued functions defined on a subset Q2 of C is
said to be a reproducing kernel Hilbert space (RKHY) if there exists a p x p matrix
valued function K, (z) (for (z, w) € Q x 2) such that for every choice of w € €,
ueCP and f € H:

1. Ky (2)u € H, as a vector valued function of z,
2. The reproducing kernel property

(f Q). KwOu)y = (f (W), u)c = u™ f(w) 3

The matrix valued function Ky, (z) is called a reproducing kernel (RK) of the
RKHS H. The existence and uniqueness of a RK is guaranteed by the Riesz
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representation theorem [15]. The following properties of RKHS are well known
and easily checked, see [16] for more details:

1. (Ky(ur, Ky(Du2)y = u3Ky(W)uy, forallw,v e C, uy,uz € C?, and
1K wull3; = u* K (wu. @

2. 1 F @) < I F 13 Kw(w)])'/?, forall w € Qand f € H.
3. The RK is positive in the sense that

n
> WK, (wju; = 0 )
i,j=1

for every choice of points wy, ..., w, € Q and vectors uy,...,u, € CP and
every positive integer n. Consequently, the set {K,,(Ju : w € Q, u € CP}is
total in H, that is

H = span{Ky,(Ju : we Q, u € CP}.

The following theorem is a matrix version of a theorem of Aronszajn in [4].

Theorem 2 Let Q2 be a subset of C and let the p x p matrix valued kernel K, (z)
be positive on Q x Q. Then there is a unique Hilbert space H of p x 1 vector valued
functions f(z) on Q2 such that

Kou e H, and (f Kou)y =u”f(w)

foreveryw € 2, u € CP and f € H.

Example 1 ([7]) The Hardy space Hf is a RKHS of p x 1 vector valued functions
that are holomorphic in C* with RK
Ky(2) = Ty for z,w € C*
@ —2ni(z — @)’ ’
A RKHS H of px1 vector valued functions is said to have the Kramer sampling
property if there is a sequence of points {w,};2 ; C € and a sequence of vectors
{€.};2, € CP, such that the set {Ky, (.)&,},2  is a complete orthogonal set in #,

i.e.,every f € H can be expressed in the form

o0

@ = {f KuEabn

n=1

=D & f(wn)
n=1

Ky, (2)én
| K, & lI?

Kw,, (2)én
|1 K, &nll?
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In other words, functions of the space H are uniquely determined and recon-
structible from their samples [19].
The notation

Ho ={feH : f(0) =0}

for RKHS’s H of entire vector valued functions will be useful.

1.4 de Branges Spaces of Vector Valued Functions

In this section we shall present a number of facts from the theory of de Branges
spaces of vector valued functions that will be needed in the sequel. Most of this
information can be found in the papers [5-7, 12].

An entire p x 2p matrix valued function €(z) = [E_(z) E4+(z)]is called an
entire de Branges matrix with p x p blocks E4(z) that are matrix valued entire
functions, if

detE4(z) #£0, inC, and xe:=E;'E_eS)*P. (6)

The determinant of an entire matrix valued function is an entire function. Conse-
quently, if the determinant of the entire matrix valued function E4(z) does not
vanish identically, the given entire matrix valued function has invertible values at
all but isolated points in the complex plane. Since E4(z) are entire matrix valued
functions, the condition in (6) ensures that (see [16])

E+(2)E% (z2) = E_(2)E" (2), forallz € C. @)

Definition 1 Given a de Branges matrix &, the set of entire C? vector valued
functions f(z) satisfying

EX'feH) and EZ'fe ®HH)* (8)

is a reproducing kernel Hilbert space with reproducing kernel

ke - | Y it e ©)
wiss El(w)Ei(wj;EL(w)Ei(w) ifz=w
Tl
with respect to the inner product
1 1 *
(f.8)B=(EL f. EL g)st =/ g A f (1) dt, (10)
—00
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where

As(t) ={Ex(EL (M) = {E_E* (1)},

for all € R at which det E+(z) # 0.

The Hilbert space corresponding to the de Branges matrix ¢ is called the de
Branges space B(€&); for every w € C, every u € CP, and every f € B(€)

1. KSu € B(€) and
2. (f KEu)pe) = u* f(w)

Remark 1 1If E(z) is a scalar valued entire function which has no real zeros and
|E(z)| > |E(Z)| for all z € C*, then B(€) with &€ = [E*(z) E(z)] is just the
usual de Branges space corresponding to the de Branges function E(z).

Example 2 ([16]) If E',(z) = e I, and E' (z) = ¢'*'I, for t > 0, then it is easy
to see that €;(z) = [E.(z) E’.(z)] is an entire de Branges matrix, and the space
B(&;) is a vector Paley-Wiener space with RK

sin(z — w)t
Ki() = .
v n(z—w) "
There is a connection between de Branges spaces B(€) of entire vector valued
functions that are invariant under the action of the generalized backward-shift

operator R, and the Kramer sampling property, the following is found in [16,
Theorem 9.4].

Theorem 3 Let H be the de Branges space B(€) based on the de Branges matrix
€ with RK K, (z). If

(1) RyHe C H forevery point w € C, and
(2) Ky(w) > 0 for at least one point w € C,

then B(€&) has the Kramer sampling property.

A sufficient condition for the space H,, to be invariant under the operator R, is
given by the next lemma [16, Lemma 6.4].

Lemma 1 Let H be the de Branges space B(€) based on the de Branges matrix €,
then:

(1) RyHe S H for every point w € CT at which E1(w) is invertible.
(2) RyH, S H for every point w € C~ at which E_(w) is invertible.
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2 The de Branges Space B(F ¢ &)

In this section a number of results on constructing the dilated de Branges space
B(F ¢ &) will be obtained. The space B(§ ¢ €) is a simultaneous dilation of two de
Branges spaces B(¢&) and 5(§). We will consider the class of p x p entire matrix
valued functions F(z) such that det(F(z)) # 0in C, and F~'F* € S”". We will
denote this class by Nj,, (CP*P). If F € Ny, (CP*P), the conditions in (6) and (7)
imply that

F(2)F*(2) = F¥(2)F(2), forall z € C.
Hence, the p x 2p matrix
F:=1F'() FQ@I
is a de Branges matrix, with corresponding de Branges space B(g).
Example 3 For n € N, define the family of 2n x 2n entire matrix-valued functions

h@p 0
— e n
F(Z) = |: 0 efz(z)ln:| s
where fi(z) = g1(z) + a1 + Biiz, 2(z) = g() + a2 + Briz, for some
a1, a2, B1, B2 € R, and entire functions g1, g> which are real on the real line. Then
it is readily checked that the matrix valued functions U F (z) U™ belongs to the class
Nipp (C21%21) for any 2n X 2n constant unitary matrix U.

Definition 2 Given de Branges matrices § := [F*(z) F(z)],€ =[E_(z) E4(2)],
where F(z) € Nj,, (CP*P), we define

Fo&:=[F'QE (x) FRELQ]
Our main results will utilize the following additional commutation assumption:
F*E_=E_F* and FE, =E.F. (11)

Under this additional assumption on the matrix valued functions F and E+ we prove
that the space B(F ¢ €) is a RKHS whose kernel can be expressed in terms of
the kernels for B(§) and B(¢&). Throughout the rest of this paper, unless otherwise
specified, we will assume that the de Branges matrices § = [F*#(z) F(z)] and
E=[E_(z) Ei(z)]with F(z) € Nj,p(CP*P). We begin with a lemma.

Lemma 2 Assume § and € satisfy the hypotheses of Definition 2 and Equation (11).
Then the following hold:

(i) FE_ = E_F;
(ii) F*E, = E, F%;



10 S. Al-Sa’di and E. S. Weber

-1 —1 .
(iii) FE," = E,'F;

(iv) FYE_=E_F1;

(v) EZN(FH'F = (FH)~'FE~.

Proof By virtue of F(z) € Nj,,(CP*P), we have that F*F = F F* on the real axis.
Item (i) holds by Fuglede’s Theorem: F* is normal on the real axis and F*E_ =
E_F* holds on the real axis by eq.(11). An analogous argument shows that (ii)
holds. Items (iii), respectively (iv), hold because of eq. (11), respectively (i), and a
standard Neumann series argument. Item (v) holds by Eq. (11) and (iv). |

Theorem 4 Let § and € be two de Branges matrices that satisfy Definition 2 and
eq. (11). Then

(i) §< €isade Branges matrix, and
(ii) the corresponding de Branges space is B(§ ¢ &), with RK
K3°%(2) = F)KE(2) F*(w) + E-()KS ) E* (w). (12)
Proof Since det(E+(z)) # 0, det(F(z)) # 0, and det(F*(z)) = 0 in C, then
det(F*(2)E_(z)) # 0 and det(F(z)E+(z)) £ 0in C.

To show that the function xgzo¢ = (FE+)_1(F#E_) € Sf:fp, we use the fact that
both functions x¢ = E;lE_ and xz = F~1F* belongs to the class SﬁlXp. By
Lemma 2 (ii), we have F#E;1 = E;l F*. Thus, again using Lemma 2,

Xzoe = (FEL) " WF*E_) = (E+F) "' (F*E_)
= F'EJ'FYE_ = F'FPECE_ = y3xe.

This proves that § ¢ € is a de Branges matrix.
The RK of the space B(F ¢ €) is

F(2)E4+(2)(F(w)E4(w)* — F¥(2)E_(2)(F*(w)E_(w))*
2mi( — 2)

F()E+(QEY (w)F*(w) — F*(2)E_(2) E* (w)(F*(w))*
2mi (W — 2)

F()E+(@QE} (w)F*(w) — F()E-(2) E* (w) F*(w)

2xi(w — 2)
+F(z)E,(z)Ef(w)F*(w) — FHR)E_(2)E* (w)(F*(w))*
2mi(w — 2)

= F)KE@)F*(w) + E_(2)KS () E* (w)

KEO@(Z) —

since FE_ = E_F and F*E_ = E_F* by Lemma 2. m
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Example 4 Consider the matrix valued function F(z) given in Example 3 and the
matrix valued functions E (z), E_(z) given in Example 2, then

F=I[F" Fl, €=[E_ E4]

satisfies the conditions of Definition 2.

3 Orthogonality in B(§ o €)

Now we prove that the spaces B(€&) and B(5§) can be embedded into the larger space
B ¢ ©).

Proposition 1 Let § and € be two de Branges matrices that satisfy Definition 2 and
Eq. (11). The operator T : B(€) — B(F ¢ €), defined by Z(f) = Ff, is a linear
isometry.

Proof We first prove that 7 is well defined, i.e., for every f € B(€), Ff €
B(§ ¢ €), that is

(FE)"'FfeH), and (FFE_)"'Ffe @),
Let f € B(€), then by Definition 1
E7'feH), and EZ'fe )™, (13)
hence, (FE{)™'Ff = E;'f € HJ. On the other hand, (F*E_)"'Ff =
EZY(FY'Ff = (FY)~'FEZ' f belongs to (H5)L, since EZ'f € (HY)* and

(F*)~1F is the inverse of a matrix valued inner function.
Let f1, fo € B(€), then

(Z(f), Z(f) Bgoe) = f (F (1) (1))* Agoe (1) (F (1) fi(1)) dt
= f BOF O(FEL(FEN)*) ") F @) f1(1) dt
= f FOF* (o) (F* @) NELO) T EX ) F () F () fi(e) dr

=f FHOE)TEL () i) dr

:/ O Ae@) fi()dt = (f1. f2)B(e)-
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A similar argument as in the proof of Proposition 1 can be used to proof the next
proposition.

Proposition 2 Let § and € be two de Branges matrices that satisfy Definition 2 and
Eq. (11). The operator J : B(F) — B(§ © &), defined by J(g(z)) = E_(2)g(z) is
a linear isometry.

Theorem 5 Let § and € be two de Branges matrices that satisfy Definition 2 and
Egq. (11). The images of the operators T and [J are orthogonal in B(F © &).

Proof Let f € B(€) and g € B(gF), then
((FEDT'Ff (FEDT E_g) = ((ED™ £ (B E_F ' g) =0,

because f € B(€) if and only if E;lf € Hg e (E+)’1E,]HI§. O
Remark 2 Given w € C and u € CP? the vector valued function Kfoe(z)u €
B(§ ¢ €) as a function of z. Likewise, KS (2) F*(w)u € B(€) and Kg(z)Ef (w)u €
B(F). It follows from (12) that for any w € C and u € C?
K3°¢(u = F(2) (K () F*(@)u) + E_(2) (K3 () E* (0)u)
= Z(KE () F*(w)u) + T (KS @) E* (w)u) (14)

Consequently, since the set {Kgoe(z)u . w € C, u € CP} spans the space
B(§ ¢ €), the set

z({Kg(z)F*(w)u ‘weC, ue (C”}) ug ({Kg(z)Ei(w)u cweC, ue (C”})
spans B(F ¢ &) whenever det(F*(w)) # 0 and det(E* (w)) # 0. Indeed, for any

finite set of points wy, ..., w, € C and vectors uy, ..., u, € CP, then by (12) we
have

K3 (ur = FQKE (2) F*(wur + E—()KS (2) E* (wp)ur.

Setting & = F*(wy)ug and ng = E* (wr)ui we get

Y K3 (Quk = F2) (Z KS, (z)sk) +E_(2) (Z KS (z)nk) :
k=1 k=1 k=1

On the other hand, for any @ € C and u € C?, by Eq. (4) we have

IKS Ul g0, = " K5 (@)u

u* F(0)KE (@) F*(0)u + u*E_(0)KS (0)E* (0)u

IKS F*(@ulpe, + IKS EX (@l
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Let Pg be the orthogonal projection of B(§ ¢ €) onto the image of Z, and P be the
orthogonal projection of B(F ¢ &) onto the image of 7. We have

Pg(h) =Ffi and Pgz(h)=E_f>,

for some f1 € B(€) and f» € B(§). The next Theorem shows that the space
B(F ¢ €) admits an orthogonal direct sum decomposition using the spaces B(&)
and B(F). For this, we define

FB(&) ={Ff: [ € B(€)}
E_BE) ={E-f: feB®]}

Theorem 6 Let § and € be two de Branges matrices that satisfy Definition 2 and
Eq.(11). Then

B(§ o €) = FB(€) ® E_B(J)

i.e., forany h € B(§ ¢ €), there exist a unique fi € B(€) and f» € B(§) such that
h=Ffi+E_f, and

Il B o) = I1filBe + 1215

Proof 1t is easily checked that KS)(Z) = F()K f (z) F*(w) is a reproducing ker-
nel with corresponding RKHS B; = FB(¢), and Kc(uz) (z) == E_ (Z)Kg(z)Ef (w)
is a reproducing kernel with corresponding RKHS B, = E_B(gF). Furthermore,
Theorem 5 implies that B N B, = {0}.

Since K\ (2) + K (z) isaRK, and K3°¢(z) = K (2) + K (), this implies
that

B(§ o€ =B @By =FB(€) ® E_B(J).

It follows that the orthogonal complement of B in B(F ¢ €) is the space B;. The
claim now follows from orthogonality and the isometry properties of Z and J. O
Theorem 7 Let § and € be two de Branges matrices that satisfy Definition 2 and
K3 (un

Eq.(11). If {w,} C C and {u,} C C? are such that
Jur k3 Ou,

is a complete
orthonormal set for B(F © €) then

1 { KE ()F*(wn)un

\/ soe } is a Parseval frame for B(€), and for every f € B(€)
uh K52 S (un

K& (2) F*(wn)un

o€ :
uh Kgn (wn)uy

F@) = uiF (@) f(@n)

n

15)
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K3 *
2. { \I;“’" (‘):;(w")u" } is a Parseval frame for B(F), and for every g € B(F)
u:Ka): (wn)un

K3 (2)E* (wn)un

. (16)
wiK S (wn)un

8(2) =Y uyE_(wn)g(wn)

n

Proof By Eq.(14) we have

Wp

K3€QOun  I(K5 (F*(@n)un) N T(KS (VE* (wp)un)
JurkC@ou,  JukE @ JurKEE @,

3

hence,

K3°¢(uy I(KE ()F*(wn)un)
Pg " = " .

JurkE @) JurkEE @,

. K5°e(~)un
Since "
JurKEE @nun
from B(¢&) onto Z(B(€&)) then

is an orthonormal set for B(F ¢ &) and Z is an isometric

I (KE ()F*(wn)un)

(a7)
Jur kS @

is a Parseval frame for Z(B(€&)). Applying Z* to (17) we obtain the first claim.
Consequently, given any f € B(€&) we have

f@=>y

n

< ; KE (VF*(@n)uy > K2 () F*(0n)un
,\/M;Kgnoe(wn)un \/”inf@(wn)un

KE (2) F*(wn)un

o€ :
u;K}fn (wn)uy

B(&)

= > U F(wn) f(@n)

Using an analogous argument we obtain the second claim. O

Now we show that the Parseval frames for B(€) and B(§) given in Theorem 7
are orthogonal.
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Theorem 8 Assume the hypothesis of Theorem 7, then
1. Forevery f € B(&),

R} K3 (VE* (@n)up
Yo unF) fon) =0. (18)
P ur Ky, (up

2. Forevery g € B(J),

F n n
Zu E* (wn)g(wn) w"()goe(w u =0. (19)
Ko, (Dun

Proof Let f € B(€). Since Ff € B(F ¢ ¢) and : K Qun

\/ soe } is a complete
:Kzt): (Dun

orthonormal set for B(§ ¢ &) then
I(f)2) = F(2) f(2)
30(’3 So(’i
_ Z (. (Jun (2)un
n \/”:Kgfe(wn)”n \/”:Kgnoe(wn)”n

S Fan fn Ko O
= u F(wp) f (o,
n ! *Ka?,,oe( n)ln

FQKE () F* @n)un + E—(D)KS () E* (0n)un

= *F n n
;un (@n) f (@n) K o
* 5 *
Y F () Flan) I(Kg, (@F (wn)un;;J(K () E* (@n)tn)
n uzKa),, (wn)uy

Applying J* to the last line above, and using the fact that 7*(Ff) = 0 we obtain
Eq. (18). Similar argument applying Z* to E_g yields Eq. (19). O

4 Sampling in the Space B(§ ¢ &)

The next theorem shows that if a de Branges matrix & = [G_(z) G4(z)] can be
factored as

G-(2) = F*)E_(2), and G1(z) = F(2)E+(2),
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with F(z) € Nj,,(CP*P) and Eq.(11) holds, then the space B(®) will have
the Kramer sampling property whenever the de Branges space B(€) satisfies
the conditions of Theorem 3. The sampling problem can be considered dual to
the interpolation problem [22]; results concerning interpolation in vector valued
reproducing kernel spaces can be found in [9].

Theorem 9 Let § and € be two de Branges matrices that satisfy Definition 2 and
Eq. (11). Suppose further that det E(-) is nonvanishing in Ct+ and det E_(-) is
nonvanishing in C~. Ifo (o) > 0 for some point « € C, then the space B(F ¢ €)
will have the Kramer sampling property.

Proof Using Theorem 3 it is enough to show that R,B,(F ¢ &) € B(F ¢ &) for
every point w € C, and K3°%(a) > 0 for the given a € C.

First, let € Ct then F(w)E (w) is invertible because det E 4 (w) # 0 by the
hypothesis. Hence R,B,,(F ¢ &) C B(§ ¢ €) for every point w € C* by Lemma 1.
Similarly, F(w)E_(w) is invertible because det E_(w) # 0 by the hypothesis,
hence R, B, (T ¢ €) C B(F ¢ €) for every pointw € C~.

Let @ € C be such that Kf (@) > 0. Then u*KO[e (0)u > 0O for every nonzero
vector u € CP. Hence, by Eq. (12) and using the fact that F*(a)u € C?, E* (@)u €
CP, K& (@) > 0,and K3 (a) > 0, by (5) we get

w* K3 (@)u = u* F(@)KE (@) F* (@)u 4+ u*E_(@)KZS (@) E* ()u > 0

ie., K goe(a) > 0 for the given « € C. This completes the proof of the theorem.
O

Example 5 Consider the de Branges space B(®) with
6=[G_(2) G+(@)]
and
G-(2) = F*QE-(2), G1(2) = FQE+(2)

where F(z) and E4(z) as in Example 4. Then it is evident that the space B(®) have
the Kramer sampling property by Theorem 9.

4.1 Multiplexing the Sampled Vector Valued Functions

Multiplexing refers to the transmission of several signals simultaneously over a
single communications channel. Generically, multiplexing occurs when two (or
more) signals x and y are encoded into X and Y in such a way that x and y can
each be recovered from X 4 Y. The signals we consider here are elements of a de
Branges space and the encoding involves the sampling of the signal. Specifically, if



On Parseval Frames of de Branges Spaces of Entire Vector Valued Functions 17

f € B(¢) and g € B(F), we encode both f and g into the multiplexed samples:

{uy F(wn) f(@n) + uy EX (0n)g(@n)}n (20)
which are transmitted in some fashion. The goal then is to recover f and g from
these mixed samples.

Corollary 1 Assume the hypotheses of Theorem 1, f € B(€) and g € B(g).
Given the samples { f (w,)} and {g(wy,)}, f and g can be reconstructed from the
multiplexed samples in (20) as follows:

K& (2) F*(wn)un

= W n n) + ZEi n n 21

f@ ;(un (@n) f (@) + U2 E* () g(wn)) K (o (21)
K3 () E* (wn)un

0@ = 3 (2 F@n) flon) + B n)glon) | O 22)

o¢ .
- wEKSE (n)un

Proof Equations (21) and (22) follow immediately from Egs.(15), (16), (18),
and (19). |
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1 Introduction

Differential subordination is a global name to differential inequalities and differen-
tial subordination of analytic functions in the complex plain. They were first used
in the studies of geometric properties of analytic functions as early as the nineteen
thirties by Goluzin, Gennadii M. and Robertson, Malcolm S. Their interest grew
due to their application to numerous fields including differential equations, partial
differential equations, harmonic functions, integral operators, Banach spaces and
functions of several complex variables. We shall extend the technique to harmonic
mappings in the plane.

Let w(z) be an analytic function in the unit disk U = {|z| < 1}. Then the tangent
vector of w(re'’); 0 <t <2mwat¢ =re' e U is given by

dw(re')

g == ire™w'(re') = icw'(¢)

and the direction of the outside normal is

dw(re')

—1 dt |t=t0 = fw/(§)~
The earliest problem in differential subordination was introduced by Miller [2]
Problem Let D be a domain in C and w(z) an analytic function in U. For which
continuous functions £ (u, v)

h(w(z),zw'(x)) € D; ze U = w(z) € D; z€U.
In this paper we shall concentrate on the case where D is the unit disk U. A typical
example is the following
Theorem A (Miller [2, Ex.1], Miller and Mocanu [3]) Let w(z) be analytic in
the unit disk U, and satisfies

lw(z) +zw'(2)| < 1; z e U. Then |w(z)| < 1; z € U. (1)

A geometric proof of this result is due.

Proof For each 0 < r < 1 consider the curve w(re'’) at the point & = re'® where
lw(é)| = wo = max|; = [w(z)|. The circle |w| = |wp| is tangential to |lw(re't)| at
wo, and in particular, the exterior normal to w(re'’) at the point £, £w’(£), is in the
direction of w(&). Then

(&) +&Ew'E)] = lw@)| + [Ew'E)] < 1 2

and thus |w(§)| < 1. We conclude that max;—, |w(z)| < 1 forall 0 < r < 1 and
the result follows. |
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Definition 1 Let w = f(z) be defined on U. A point denoted & in U will always
represent the preimage of

wo = max | f(z)],
|z|=r

for some 0 < r < 1. Itis right to call it a Clunie-Jack point.

Theorem 1 Let w(z) be analytic in the unit disk U, and satisfies
lw(z) +zw'(2)| < 2; ze€ U. Then |w(z)| < 1; z € U.

Proof Indeed, by Clunie-Jack Lemma ([1] Lemma 1, [4] Lemma 2.2a) we have
|Ew'(§)| > 1. We follow the proof of Theorem A and note that

W@l =wE) +Ew'@l-Ew' @l <2-1=11 3
In the seminal paper of Miller [ibid.], the author investigates the problem above

where D is the unit disk. His results rely on two points, namely

(D) A Maximum Principle of the involved function, w(z), and
(II) A lower bound of |¢w/(¢)] in U (Clunie-Jack Lemma).

In order to generalize the above result for harmonic mappings we need to find the
appropriate tools and their estimates.

2 Harmonic Mappings

Let f be a complex harmonic mapping defined in the unit disk U. Then f(z) =
u(z) + iv(z) where u, v are real harmonic functions. Such functions admit the
representation

f(@) =h(z) + g(z); h, g analyticin U.

This representation is unique if we assume that g(0) = 0. The second dilatation of

f(z)1is

/
Z
a(e) = g/( )
h(z)
which is meromorphic in U. f(z) is sense-preserving if, and only if, |a(z)| <
1; z € U, in which case a(z) admit removable singularities and is analytic in
U. The mapping f (z) satisfies the Maximum Principle.
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For 7 = re'’ € U we set

= —i(h'(reé"yre''i + g/ (reireiti) = zh'(z) — z¢'(2),

it
@f@)s—%afge)

t

which coincide with the normal direction of F;(8) = f(re'?) at@ =, and

af (re'")

9 =r(h (re')e' + g'(reit)ei) = zh'(z) + 28/ (2),
r

Df(x)=r

which coincide with the radial direction of F>(p) = f(p'’) at p = r. For a sense-
preserving harmonic mapping f we have

Df@) _ zh'(2) — 28/ (2)
Df(x)  zh'(z) + 28’ (2)

28'(2)
_ =
28'(2)
I+ v
and since ;i:g = |a(z)| < 1, therefore
D
m{ ﬂ“}>a )
Df(2)

We shall follow Lemma A in Miller and Mocanu [3] to get an appropriate Clunie-
Jack Lemma for Harmonic functions.

Lemma 1 Let f(z) be a sense-preserving harmonic mapping defined on U of the
form f(z) = h(z) + g(2); f(0) =0. Forfixedr; 0 <r < 1, let § = re'' satisfy

[f (&)l =gl|eg§|f(z)|

then

ofE) _

0; 5
e "7 ©)

and

21O, 2
f& |~
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Proof Forz =re'' € U, set f(z) = R(r, t)e!®"!)_ Then

Df(2) R
= CDI —1 s
f@) R
and since R(r,1); 0 < t < 2m attains its maximal value at § = reo, we have
R;(r, t9) = 0 and we conclude that

D
szg) =®&,(r,t9) =m > 0.

Indeed, as explained in the introduction of this section, ® f (£) is in the direction of
f(&) sothatm > 0. Furthermore, D f (§) = zh'—zg' # Osince J; = |h'|*—|g'|* >
0in U. Furthermore, from (4) and (5) we conclude that

R {Df(g)} > 0. ©6)
f&)

Let f(z) = f;.(éz)) which is harmonic in U and satisfies f(0) = 0 and for z € U
maxo<s<2x |f(eit€)| <

lf@) = ) <

The Schwarz Lemma for harmonic mappings is |f(z)| < 2 arctan |z| and in
particular we have

lim I=17 0l > d <4 arctan(r)) = =M.
ML 1 —r dr\m el
Then
Df@E _ d (f(ré)) — lim f@&) = f@ré)
@& dr\ f& )]=m 1 A=r)f&)
_ 1 [ f(V-’E)} 1
=lim|1 -
rtl f@ 11—r
and
DF®)| o 1= IO
fE& |7t 1—=r
> 2 =M.1
T
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Two generalizations of Theorem A for sense-preserving harmonic mappings are
Corollary 1 Let f(z) be a sense-preserving harmonic mapping defined on U and
satisfies

If@D)+Df@)| <1; zeU.Then |f(2)| <1; z € U.

Proof Assume to the contrary that the set S = { f ! (¢!"), 0 < t < 27} is nonempty.
Let r = min,cs |z|. Choose a point & = re'™ on U, = {|z| < r}. Then & admits the
same properties of its alike in Theorem 1. Using (5) we have

IfE+DFEN=1/E) +mfE)|=A+m[fE)=1+m>1

a contradiction. ]
Corollary 2 Let f(z) be a sense-preserving harmonic mapping defined on U and
satisfies

[f(R)+Df()| <1; zeU.Then |f(z)| <1; zeU.

Proof We follow the same proof as in Corollary 1. From (6) R { Df{g) > 0. Then

Df() Df(é)
D = N .
|f () +Df(&l ‘1+ £6) ‘If(é)lz(lJr‘h{ £6) })If(§)|>1

a contradiction. ]
In [2, Theorem 1], Miller proves the following subordination principle

Theorem B Let h(r, s) be a continuous complex function in a domain D C C?
satisfying the following conditions:

(I) (0,0) € Dand h(0,0) <1,
(II) h(e, ke'") > 1 when (', ke'’) € Dandk > 1andt € R.

If w(z); w(0) = 0, is an analytic function in U and for z € U

(a) (w(z),zw'(2)) € D, and
(b) |h(w(z), zw' ()| < 1,

then lw(z)| < 1; zeU.
A generalization of Miller’s [2] Theorem 1 is

Theorem 2 Let h(r, s) be a continuous complex function in a domain D C C?
satisfying the following conditions:

(I) (0,0) € Dandh(0,0) <M = 2, and

(1) h(%, ke'")y > 1forallt,s eR, |t —s| <75 andk > 1.
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If f(2); f(0) =0, is a sense-preserving harmonic mapping in U and for z € U

(a) (f(z),Df(z)) € D, and
(b) |h(f(2),Df(2)| <1,

then | f(2)| < Al,lzg;zeU.

Proof Suppose that £ = re’0 is a point in U such that

1

4
El‘fglf(z)l = gllfgjlf(Z)l =1fél= M=o

By Lemma 1 we have ‘Df{g)‘ > M sothat | Df(§)] > 1or

Df(E)=ke'"; k>1, 1 eR.

Set f(£) = ¢, s € R, thenby (5) |r —s| < Z. By (b)

Ih(f (&), DfEN] = Ih(;,ke”)l <1,

1

which contradicts (IT). Therefore | f(z)| < ,, = 75 z € U. |

The first theorem by Miller and Mocanu [3] of second order differential
subordination of positive real analytic functions is one of many. It turns out that
it can be used to get results on second order differential subordination of bounded
analytic and harmonic mappings, in the case of linear operator. To simplify the
formulas, we shall consider a first order version for harmonic mappings.

Theorem C (Miller and Mocanu [3], Special Case) Let y/(r, s) be a continuous
complex function in a domain D C C?; r = ry +iry; s = s1 + isa, satisfying the
following conditions:

(I) (1,0) € D and "{y(1,0)} =1, and
2
(1) for (ir2.51) € D, if st < —' 5% then Ry (ira. 1)} < 0.

Let p(z) =14+ p1z+ p212 + ... be analytic in U and if

My (p(@), 20" ()} > 0; z€ U then %{p(z)} > 0.

The next theorem is an improvement of Theorem 2 when ¥ is a linear operator.

Theorem 3 Let f(z); f(0) = 0, be a sense-preserving harmonic mapping in U.
We further assume that

Y(q(),Dq(z)) =aq(zx) + BDq(2); a,f €C
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J{a}

g | < 1). Then

and Let  (r, s) be as in Theorem C (In this case it reduces to

if W(f(@).Df() <1; zeU then |f(z)l<1; zeU.

For the proof of Theorem 3 we start by observing

Proposition 1 Let a complex function f(z) be defined on some domain Q C C.
Then | f(2)| < 1in Q if, and only if, for all t € R we have

Re' f(2)) > —1; z € Q.

Definition 2 Let f(z) = h+ g be harmonic in U. The shear of f(z) in the direction
of the imaginary axis is defined by [ f]; = h + g.

In particular R{ f} = R{h + g} = R{h + g} = R{[f]1;}, therefore

Ifl<1l = —1<R{f} =R} <L

Proposition 2 Let [ and [ f]; be as in Definition 2. Then | f| < 1 if, and only if,
forallt e R

1< ”e”f]l} — R [} = Rie'h e ig) < 1.

Both propositions are trivial and we omit their proofs.

Proof of Theorem 3: Let f(z) = h(z) + g(z) where f(0) = 0. If | (f(2),
Df(2)] < 1, then

"y (f (). Df@)l < 1: 1 €R.
In particular
e Y(f (@), Df@NI+1>0; 1 €R.
By assumption we have
Ry (" (@), D" f@)}+1> 0,
and if we set F(z) = ¢’ f(z) + 1, then
My (F(2), DF(2))} > 0.
Using the shear it can be written in the form

My (F @)1, [DF ()1} > 0
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and since ¥ (r, s) satisfy the assumptions in Theorem C and, [F (z)]; and [DF (z)];
are normalized analytic functions as in Theorem C as well, we conclude that for
real ¢

RMIF @11} = RLe" f() + 111} > 0 & R f) + 1) > 0
and therefore, Rt{e’’ f(z)} > —1; t € R, which by Proposition 1 implies | f(z)]
<1 n

Remark 1 In Theorem 3

(I) Df can be replaced by ® f.
(I @ and B could be any two continuous complex functions.

As an example for (II), consider

Theorem D ([4] Theorem 2.4f, p. 39) Let F(z); F(0) = 1 be analytic in U and
0(2); O0) = 1 be analytic in U with R{Q} > 0. If in U

R{F(2) + Q) - 2F'(2)} > 0,

then R{F (z)} > 0.
The same proof of Theorem 3 implies

Theorem 4 Let f(z); f(0) = 0, be a sense-preserving harmonic mapping in U
and Q(2); Q(0) = 1 be analytic in U with R{Q} > 0. If in U

If(@)+ Q@) -Df()| <1 then |f(2)]<1.
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1 Introduction

Due to the importance of the Segal-Bargmann transform, there are various gen-
eralizations into quaternion and Clifford analysis. In particular, the Bargmann-
Segal transformation has been studied in the theory of slice monogenic functions
[2, 11, 12, 22]. Our interest doesn’t lie in these theories. We are interested in the
importance of the Segal-Bargmann transform in its connection to the windowed
Fourier transform and time-frequency analysis.

Time-frequency analysis is an important method in signal processing, because it
allows to analyse a given signal simultaneously in the time and frequency domains.
A well-known tool is the short-time Fourier transform. Another closely related tool
is the Segal-Bargmann transform, which is our main focus in this paper.

The classical Segal-Bargmann transform maps a square integrable function to
a holomorphic function square-integrable with respect to a Gaussian identity. In
signal processing terms, a signal from the position space L,(R™, R) is mapped to
the phase space of wave functions F2(C™, C). In the early 1960s, V. Bargmann and
I. Segal independently investigated this space [4, 25]. While Bargmann developed
a theory about the space and the corresponding transform in the finite-dimensional
case, Segal focused primarily on the infinite-dimensional version of the now-called
Segal-Bargmann space(s) [20].

The space F2(C™, C) has a wide number of applications such as in infinite-
dimensional analysis and stochastic distribution theory. As early as 1932, V. Fock
introduced a more general, infinite-dimensional version of this space as a quantum
states space for an unknown number of particles [16], which is now called Fock
space. In quantum mechanics, the reproducing kernels of the Fock spaces are the
so-called coherent states. Segal and Bargmann showed that an infinite union of the
spaces JF 2 (C™, C), m € N, is isomorphic to a certain case of the Fock space, which
is why the Segal-Bargmann spaces are sometimes also called Segal-Bargmann-
Fock space(s) or only Fock space. For this work, we will stick to the notion of
Segal-Bargmann space.

In signal and image processing not only scalar-valued but also quaternion- and
Clifford-valued signals are of interest. A monogenic signal [5, 6, 14], for example,
consists of a scalar-valued signal and vector components, which are the Riesz
transformations of the scalar-valued signal. Other applications deal with colour
images of which the colours are separated and considered as components of a
Clifford-valued signal, see for example [10, 13, 21, 27].

The main purpose of this paper is to investigate the Segal-Bargmann transform
B of Clifford algebra-valued functions, which has also been the focus of D. Pefia
Pefia, 1. Sabadini and F. Sommen [23]. We will define and examine the Segal—
Bargmann module F2(C™, Cﬁg), a higher-dimensional analogue of the classical
Segal-Bargmann space.

It is known that there is a close relationship between the Gabor transform
(short-time Fourier transform with a Gaussian window) and the Segal-Bargmann
transform. Recently, this connection has been used to filter a signal embedded in
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white noise [1, 15]. Therefore, we investigate the mapping properties of the Segal—
Bargmann transform in the context of Clifford estimators.

We prove that B is a unitary operator up to a scaling constant, and that it maps an
orthonormal basis of L>(R", CE%) to an orthonormal basis of the Segal-Bargmann
module F? cm, CK%). For that, we will use Sommen’s Clifford-Hermite functions
{b1.k,;} as an L? basis.

We also lay out that the Segal-Bargmann transform can be expanded to a series

0o oo dim(M;" (k)
(Bf)(2) = l%kzo Zl Wik, j (@) (@ k.j. f) with a dictionary {W; . ;} of the
Segal-Bargmann modujle and that this series converges absolutely locally uniformly.

The paper is organised as follows. In Sects.2.1 and 2.2 we give an overview
of basic Clifford analysis and of Hilbert Clifford-modules, which replace Hilbert
spaces in our context. Section 2.3 deals with a certain class of Clifford-valued
functions, the inner spherical monogenics, which are central to the construction
of a basis for the function spaces that we deal with. In Sect.2.4, we present the
short-time Fourier transform as in important tool for our work.

After we have established these preliminary notes, we introduce Sommen’s
generalized Clifford Hermite polynomials and their relevant properties in Sect. 3.
In Sect.4, we formally introduce the Segal-Bargmann transform and the Segal-
Bargmann space of the classical, non-Clifford case, before we establish its analogue,
the Segal-Bargmann module, in Sect.5 and show some important properties of
the Segal-Bargmann transform of Clifford algebra-valued functions. We con-
clude our paper with Sect.6 by constructing a dictionary {\IJl,k,j} for the Segal—

Bargmann transform and proving the convergence of the series representation
0o oo dim(M;" (k)

1;) bD '21 Wik, j (@) (Prk.js f)-

k=0 j=

2 Preliminaries

2.1 Clifford Algebras

While real Clifford algebras have gained much interest in mathematical research
since W. Clifford wrote about them in 1878, cf. [19], complex Clifford algebras
are a fairly recent topic of interest. In our work, we deal with both cases. We take
notations and properties mainly from [7], in which the real version is displayed, and
adopt them to fit the complex case. For that, we work close to J. Ryan’s Complexified
clifford analysis [24], in which a detailed extension of real to complex Clifford
algebras is developed.
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We will write N = {1,2,3,...} and Ny = {0,1,2,...}. Letn € Ny andC@ll{
denote the real Clifford algebra over R” and Cﬁf the complex Clifford algebra over
C". Both are based on the multiplication rules

eiej +eje; =0,i # j,
2 _

e; -1, i=1,2,...,n.

and have e¢p = 1 as their unit element.
An arbitrary element of CEE or CEE is called a Clifford number and is given by

a= ZaAeA,
A

where a4 € R or ag € C, resp.,, and for each A = (ny,...,n;) with
1 <ni <np <...<n <mitiseg = ey ep,...ey. The coefficient ag is

called the scalar part of a and a = Z;': 1 aje; a Clifford vector.

Similar to the complex conjugation €, we can define involutions ~ for the real

and T for the complex Clifford algebra. Let

|AI(JAI+1)
2

eps = (— eA.

Then

a= ZaAeA

A

fora € CL¥, and
al = Zage/;
A

fora e CS.
We refer to [17] and state that Cﬁ}? becomes a finite dimensional Hilbert space
with the inner product

(a,b)o = lablo =) aaba
A

foralla,b € CEQZR, and has Hilbert space norm

|a|0=\/(a,a)o=\/Z|GA|2-
A



The Segal-Bargmann Transform in Clifford Analysis 33

The inner product on CELIL{ extends to a sesqui-linear inner product

(a,b)o = la’blo=") as“ba
A

fora,b € Cﬁf.
It can be shown that Clifford algebras are C*-algebras, see [17].

Proposition 2.1 Under the involution a — a' each CKS is a complex C*-algebra
which is a complexification of the real C*-algebra CEQZR.

2.2 Hilbert Clifford-Modules

We want to consider spaces of CE,;R} or Cg-valued functions. For that purpose, we
need an anologue to the classical L? spaces. Since the elements of a Clifford algebra
do not form a field, we work in Clifford-modules. The following two definitions
are taken from [7] and adapted for the complex case; the real case is contained
implicitly.

Definition 2.2 X, is a unitary right (/$-module, when (X, +) is an abelian
group and the mapping (f, a) — fa from X,y x ¢S — X, is defined such that
foralla,b € S and f, g € X :

1. fa+b)= fa+ fb,
2. f(ab) = (fa)b,

3. (f+ga= fa+ga,
4. feog = f.

We define an inner product on a unitary right Cﬁf -module as follows.

Definition 2.3 Let H(,) be a unitary right Cﬁf-module. Then a function (-, -) :
Hgy x Hpy — (& is an inner product on Hy if for all f,g,h € H) and
ace Cﬁ;(l:,

(fig+h) =(fg)+(fih)
(f.ga) = ([, g)a
g =g )
(f. flo € R and (f, f)o = Oif and only if f =0
(fa, fa)o < lal3(f, f)o.

The accompanying norm on H;) is I£17 = (f. fo.

DR

We now give an important property of the inner product.



34 S. Bernstein and S. Schufmann

Proposition 2.4 [f (-, -) is an inner product on a unitary right Cﬁf-module Hy and

I £1% = (f., f)o then
I(fg)lo < 2" ILFI gl

forall f, g € H,.

Proof We use the definition of the norm on CKS, la |% =3 la4|?, and the fact that
A

l[aealp = |:Z aBeBeA:| = [aseaealyp = —aa 2.D
0

B

for alla € CLS. Also, if we consider Hy,) to be a vector space over C with inner
product (-, )9, we know that the Cauchy-Schwartz inequality

(fs gdol> < (f, Flo- (g, o =IIfII* gl (2.2)

has to be true. Now, we get

1A= 10804 E S glealo)
A A
ii (2.2)
QS fgeadl < S IfI ligeall
A A

)
= NAIP NI - leald =Y 1£ 17 gl
A A

=2"11£1 gl

As an analogue to Hilbert (vector) spaces, we now define Hilbert modules.

Definition 2.5 Let Hy be a unitary right Cﬁf-module provided with an inner
product (-, -). Then it is called a right Hilbert Cﬁf-module if it is complete for
the norm topology derived from the inner product.

Letm € N = {1, 2,3,...}. We now consider the unitary right Cﬁg-module of
functions from R to (/. A function f : Q@ C R” — (X maps the vector variable
x = 27:1 xje; to a Clifford number and can be written as

f) =) eafalx),

A

where f4 : R — R [7]. We define an inner product as follows.



The Segal-Bargmann Transform in Clifford Analysis 35

Definition 2.6 Let 4 be a positive function on R™. Then the inner product
(s ) L2 @Ry is defined as

(f: &) r2@m nar) = /Rm f(x)g(x)h(x)dx,

where dx stands for the Lebesgue measure on R™, and the associated norm is
2
112 gy = [ Di2gmnap), -

The unitary right Clifford-module of measurable functions on R” for which
I f1l2@m pqry < oo is a right Hilbert Clifford-module, which we denote by

L*(R™, h, Cﬁ%). In this paper, we will focus on the case where h(x) = 1. Then
the right Hilbert Clifford-module will simply be denoted by L*(R", Cﬁ%) and the
inner product by (-, -) ;2 gm g

We also work on functions with values in a complex Clifford algebra, i.e. f :

QcC" - Cﬁicn For z = 27:1 zjej, with complex z;, j =1, ..., m, we have

f@) =) eafa@

A

with f4 : C" — C. Analogously to the real case, we can define the right Hilbert
Clifford-module L2((C’”, h, Cﬁg), where £ is a positive function over C™. Here,

(f: &) r2@mnag) = fcm f1@eg@h(z)dxdy

with z = x + iy, where 1 denotes the involution on Cﬁg, cf. page 32. The associated

2
L2(C™,h,aS)

work will be those spaces L>(C™, h, CE;C”) for which £ is defined as the Gaussian

—1z12/2
e , cf. Sect. 5.

Tm

norm is || f]| = [(f, f>L2(Cm,h,a£)]O~ Particularly important to our

function h(z) =
Proposition 2.7

1. Let f € L>(R™, h, CtR). Then

”f”iz(Rm,h,QﬁR;;) = / |f(x)|(2)h(x)dx

Rm

2. Let f € L*(C™, h,XS). Then

2
”f”iZ(Cm’h’ag) = / |f(Z)|0 h(z)dxdy.
cm
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Proof We only show (ii) since the real case is equivalent,

2
11 Bacn pag) = [ Pzernag),

[ [F@r@) e = [ @) hedxay.
Cm

Cm

2.3 Inner Spherical Monogenics

Since many of the following results are similar for functions of real and complex
Clifford algebras, we will state them for the real case and give the complex case
in ().

Of particular importance, when dealing with Clifford algebra-valued functions,
is the Dirac operator

m m

Dy = Zejaxj (D, = Zejazj).

j=1 j=1

Left nullsolutions of D, (D) are called (complex) left monogenic functions.

Let m € N and J3° be the space of scalar-valued polynomials in R” (C™). Then
a Clifford polynomial is an element of P° @ CLR (P* ® &%).

An important class of polynomials are the so called (complex) inner spherical
monogenics. A left inner spherical monogenic of order k is a left monogenic
homogeneous Clifford polynomial P, of degree k. The set of all left inner spherical
monogenics of order k is denoted by M, l+ (k) and has the dimension [8]

dim(M;* () = (’" i 2>,

(with dim(MlJr (0)) = 1forall m € N).
We will deal with inner spherical monogenics over both R” and C”. To
differentiate, we will write P (x) : R™ — CKS and Pr(z) : R™ — Cﬁicn

2.4 Short-time Fourier Transform

An important tool in time-frequency analysis is the short-time Fourier Transform.
It allows to analyse a given signal simultaneously in the time and in the frequency
domain, because it calculates the Fourier Transform not over the whole signal, but
small blocks of it.
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Given a signal f(¢) and a window function ¢(¢), the short-time Fourier Trans-
form (V, f)(t, ®) is classically defined as

Vo /)1, @) = leﬂmR[ F@p—n eV dx.

A commonly used window function is the Gaussian window because it provides
a very good resolution of the studied signal [18].

2
Itis given by h(x) = e’|4| .

3 Clifford Hermite Polynomials

We will now consider Clifford Hermite polynomials as a special class of Clifford
polynomials.

In the classical case, the Hermite polynomials over R can be obtained from the
Taylor expansion of the function z 2/ 2,

2 NP
/2 _ x“/2 .
e = Eoe n!H,,(tx).
n=

They can also be calculated explicitly by

> d" o
H,(x) = (=1D"e" dx"e *.
Through a similar expansion for R”, F. Sommen defined radial Hermite
polynomials [26], which are explicitly given by

IxP?

K k-
Him(x) =(—=1)"e 2 Dye™ 2.

Since the radial Hermite polynomials only form a basis for a certain kind of L?
functions, i.e. such functions that are defined on the real line, Sommen developed
a more complex set of polynomials, starting from the monogenic extension of
e~/ 2 Pe(x), where Pi(x) is a left inner spherical monogenic of degree k, cf.
Sect.2.3. This lead him to what he called the generalized Hermite polynomials,
which can be used to construct a basis of L2(R", CEE).
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Definition 3.1 The generalized Clifford Hermite polynomials H; ,, ., [, k € No,
are given by

Himi P = e~ % (—1)'D! <eh22 Pk<x>> 3.1)

where Py (x) is a left inner spherical monogenic of degree k.

An important property of the generalized Clifford Hermite polynomials is their
orthogonality [9].

Theorem 3.2 Let H; ;, k, and H; p i, be generalized Clifford Hermite polynomials
and Py, (x) and Py, (x) inner spherical monogenics of order ki and ka, resp. Then

_ x?
/ e 2 Hl,m,kl (-x)Pkl (x) Ht,m,kz(-x)sz(x) dx = Vl,k151,t5k1,k2,

with

22P+M/2+kp!Jan ("21 +k4+ p)

V2p.k = r (,121) s
22 m/ 2 p ST (% + k4 p+1)
V2p+1k = m .
r(s)

Building on the orthogonality, Sommen and his colleagues established an
orthonormal basis of Lz(Rm, CEE), cf. [9, 26].
Theorem 3.3 Let y x, k,I € Ny, be as defined in Theorem 3.2. For each k € Ny,

let further !Pk(j) (x) }j=1,2,m,dim(M,+ ©) be an orthonormal basis of Ml+ (k).

1 ‘ o
L/n k1117,,,”,k(x)10,§”(x)e—'4I L keNy,j < dim(Ml*(k))} 3.2)

forms an orthonormal basis of L*>(R™, Cﬁ%).

Each element of (3.2) depends on [, k and the chosen basis of Ml‘Ir (k), which
contains dim(M l+ (k) = (er]f 72) elements, cf. Sect. 2.3.

4 Segal-Bargmann Transform

The first very general version of the Segal-Bargmann space goes back to V. Fock’s
theory of 1932 of the quantum state space of particles [16]. Here, we will consider
the more specific finite-dimensional version of the following definitions taken from
[23]. We will transfer those definitions to the Clifford case in Sect. 5.
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Definition 4.1 The Segal-Bargmann space F2(C" C) is defined as the
Hilbert space of entire functions f in C" which are square-integrable with respect
to the 2m-dimensional Gaussian density, i.e.,

1
m/ e FIf@Pdvdy <00, z=x+iy.
b Cm

It is equipped with the inner product

1
(f8)pene) = L fc T r@se dxdy.

The Segal-Bargmann transform connects the Bargmann space with the Hilbert
space L2(R™, R) by mapping the ladder onto the former.

Definition 4.2 The Segal-Bargmann transform B from L*(R™,R) to
F2(C™, C) is defined by

(Bf)(2) = ﬂlﬂm /R § e 2 f () di, 4.1

with x - z = Y, x;z;, forany f € L*(R", R).

The Segal-Bargmann transform is a linear operator. It can also be expressed in
terms of a short-time Fourier Transform (cf. Sect. 2.4).
Proposition 4.3 Let B be the Segal-Bargmann transform and V, the short-time
e
Fourier Transform with window ¢(x) = e~ 4 . Then forall f € L*(R™ R),

‘.2

Vo)t —0) = e~ 2 " (Bf)2), z=1+io.

Proof

—2r|2

Vo H(2t, —w) = «/2171m /Rm f(x)e’lx 4 v dx

1 7'”2 +x‘t7\t\2 iw-x
= o I f(x)e 4 e'“rdx
7T m

1 _E e P (o)
— e 2 e 2 ettw f(x)e 4 tx-(+io) 5 X
V2 Rm
1 CE e i 2z
= J ne e 2el? fx)e™ 4 T2 dx
2w R™

Iz

—e¢ 2 d"(Bf)(2)
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A well-known property of the Segal-Bargmann transform is that it is a unitary
operator up to a scaling constant.

Proposition4.4 Let B : L*(R™",R) — F*(C™,C) be the Segal-Bargmann
transform (4.1). Then
(Bf. Bg) F2cm m (S &) 2 @m
F2(Cm,C) = \/2 L2(R™,R)-
Proof We use Proposition 4.3, i.e.

2
(BF)@) =e 2 eV, 1)@t —w),

X2
withz =t 4+ iwand p(x) = e’u . Then

1 C
(Bf.B) ey = / (Bf)@ (Be)@e S dxdy
(Cm
1 ‘2‘2 it-w C
= . /e 2 ¢ (wa)(Zt, —w)
Cm

212 .
e 2 e (Vyg)(2t, —a))e_lzlzda)dt

nl /(V f)t, —a))C(V(pg)(Zt, —w)dwdt

C

znm/\/Zn /f(x)e i el Xy

x=22 .
(x)e” 4 e'“Ydxdwdt.
e | 5
J2n" A

Let ¢(- — 2¢) denote the Gaussian window translated by —2¢ and F the Fourier
Transform in R™. Thus

1 C
(Bf,Bg) z2cn.c) = o f Ff o =20) ) F g ¢(—20)(w)dw dt.
(Cm
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The Plancherel Theorem now gives us

1 =22 c pr—2f?
B1.Be) reney =, [ [ e ge  arax
Rm Rm

1 =22 2
o /f(x)g(x)/(e 4 ) dtdx.
Rm Rm™

i _lup?
Last, we substitute u = 2¢ — x, and use the fact that f e” 2du= \/an. So,
Rm

1 _w? du
(Bf.Bg) rroney = /f(X)g(X)dX/e 2 o
Rm R

1
= /o (f, &) 12w R)-

O
Another important property of the Segal-Bargmann transform is its invertibility.
Proposition 4.5

1. F2(C™, C) is the image of L*(R™, R) under the Segal-Bargmann transform.
2. The Segal-Bargmann transform is invertible.

Proof For the proof of (i) we refer to [18]. (ii) then follows directly from the fact
that the transform is unitary up to a constant, cf. Proposition 4.4. O

5 Segal-Bargmann Modules

We will now look at how the Segal-Bargmann transform of Definition 4.1 acts
on Clifford algebra-valued functions. So, from now on, let f be an element of
L2(R™, Ct®). Then,

(B = lenm fR e 2T fwydr,

is a function with values in the complex Clifford algebra, Bf : C" — Cﬁicn Note
that Proposition 4.3 holds for functions of L?(R", CES) as well.

)
Consider the function space L*Cm, "ﬂ‘;,ll , Cﬁg) as defined in Sect. 2.2. Just as in

the real case, the Segal-Bargmann transform of Clifford algebra-valued functions is
unitary up to a scaling constant, as the following proposition shows.
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Proposition 5.1 If f € L>(R™, (%), then

(Bf, Bg) —|z2

L2(Cm,® m S 8)r2en a%)-

as) Jz

Proof Since the Segal-Bargmann transform is linear, f = Y faes implies that
A

Bf =Y Bfaea.Hence,
A

1

(Bf. Bg) = .
as) m

/C (Bf) @) (Bg) @) dx dy

212
2y
) nm

_Z / Bfa) (z)eA(BgB)(z)eBe <P dxdy

AB

= Z(BfA, BgB)]—'Z(Cm,(c)eAeB
A,B

In Proposition 4.4 we have shown that (B f, Bg) 2 (cn ) = Jz w{f, &) 2 R

is true for the classical Segal-Bargmann transform B : L>(R™, R) — F>(C™,C).
Therefore

(Bf, Bg) P e = Z m (fA, 8B) 2@rm R)CACB

LX(Cm,©

= lenm ng fa(x)gp(x)esepdx

1
ﬂmR[ f()C)g()C)d)C = \/an (f, g)LZ(Rm’Qﬁ)

A direct consequence is the following corollary.

Corollary 5.2 Let ||| 2 = (-, 2 . Then
L2Cm.© L, .as) L2 a5 |
IBFIZ e m 11 2 ) -
2T A J

1P
Thus B is an isometry from L*(R™, CE%) into L*(C™, eﬂ‘ml , Cﬁicn) up to

1
Vr"
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In Theorem 5.3, an orthonormal basis of the space L*(R™, CEE) was established.
The following theorem shows that the Segal-Bargmann transform maps the ele-
ments of this basis onto functions z/ P, (z).

Theorem 5.3 Let B be the Segal-Bargmann transform, Hj i a generalized
Clifford Hermite Polynomial as defined in Definition 3.1 and Py an inner spherical
monogenic of degree k. Then

o2
(B (Hl,m,k(x)e4 Pk(x))) (@) =2 Pu(2)

Proof Our first step follows [23]. Here,

,{2
(8 (H,,m,k<x>e'4 Pk(x))) @)

1

- e 2T g () Pe(x)dx
\/an / "

]Rm

3.1 (_1)1 / —Fdxzpl _p?
= e 2 D e 2 Pr(x))dx
\/27[}71 X

]Rm

1 7z x|2

= Joa" /Di <e72+x‘2) e7|2I Pr(x)dx
T

Rm

1 I _Z*Z_,’_x _xx _|)C|2
= 7| e 2T 4 P(x)e” 4 dx
\/271m /
Rm

=7 (B <Pk(x)e_ b )) ).

Next, we calculate B( Py (x)e"x‘z/ 4 using the windowed Fourier transform. We
obtain

x| ? e2e?

i 1 '
V(p (Pk(X)e_4 ) 2t, —w) = m / Pi(x)e™ 4 e 4 PO gy
V2r" Jrm

1 X2 .

— JZ ” Py (_iaw)/ e 4 e 4 +x‘t7\tlzezw.xdx
7T m
1 12l

|x] .
= Py (—id, / e 2TV o2 !Ny
V2r" ( w) m

1 i

\x—t|2 .
= e 2 P (—id / e 2 ¢'“Ydx
«/an ( w) "

1 —ltlz . iwt _|x|2 iw-x
Z\/ane 2Pk(—13w) e me 2 e'“Ydx
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_WP : : : e
le m Jgme™ 2 €'®*dx is the inverse Fourier Tranform of e~ 2 , which
T

is an invariant, we get

Since

_\)cl2 _‘,‘2 . . _Iw|2
Vo <Pk(X)e 4 > Q2t,—w)=¢" 2 P (_law) (em)t 2 )

_? - jwo1— 19
=e 2 P (—l(lt—a))) (e"” 2 )

> (. lof2
=e 2 (e“""_ 2 )Pk(z)

1212 .
=e 2 P (2)

with z = t 4+ iw. Because of Proposition 4.3, this leads to

o2
(B (Pk(x)e"4 )) (2) = Pr(2).

Together with the first step, the proof is complete. O
We can now define an analogue to the classical Segal-Bargmann space.

Definition 5.4 The closure of

span ’zl Pk(j) (2)

lkeNg,j=1, ...,dim(Mﬁ(k))}

is called Segal-Bargmann module 72(C", Cﬁg).

Remark 5.5 In this definition and what follows we drop the property that a function
of the Segal-Bargmann module (or space) has to be an entire functions. That means
we consider the Segal-Bargmann module just as a weighted L2-module.

A consequence of Theorem 5.3 is the following.

Corollary 5.6 For alll,k € Ny, let {Pk(j)(x)} be an orthonor-
j=1,2,...dim(M;! (k))

mal basis ofMl+ (k) and y; i defined as in Theorem 3.2. Then

Vi k

is an orthonormal basis of the Segal-Bargmann module F*(C™, Cﬁg).

I,keNy,j= 1,...,dim(Ml+(k))}
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Proof Since the Segal-Bargmann transform is linear, Theorem 5.3 shows that it
maps an element

i _
b Hm k() P (e s

of the orthonormal basis of L?(R", C/®) (see Theorem 3.3) onto
m

2
Dk, j(x) = f ‘

(Borxj) (2) = 7PV ().

1
Yk
The statement now follows directly from Proposition 5.1 and Corollary 5.2,
which say that
— 1 . _ 1
||B¢l,k,j||L2(Cm’,\;|2 ac) = Vo H‘f’lqks/HLZ(Rmaﬁ) = V"
and B is unitary up to the scaling constant. O

Theorem 5.7 The Segal-Bargmann module is the image of L*>(R™, CEE) under the
Segal-Bargmann transform, i.e.

—lz1?
P al) =1 (@m, ¢ ,ce;C,,) .
ij

Proof First, let F € ]—'2((Cm, CE‘EL). By construction there has to exist a function
f € LZ(R’”, CE%) so that Bf = F. Since B is unitary up to a constant, we know

o2
L,*M

that F € L? ((C’”, o ,Cé%). Hence

12
el

FrCm,a%) c L? <<c'", o ,cz;ﬁ).

212
el

We now show the opposite inclusion. Let ' € L2 (cm, o Cﬁicn) Then F can

be written as F = ), Faea with Fy : " — C for all A. Since

om Ym

||F||L2<Cm, i o)~ <; Faea, ; Frep)o

ogm Tm

= F . = Fy i
;u AuLz(WMz aﬁ) ;u ||L2<Cm’gw’(C>

Tm

is finite if and only if || F4|| 2 ( 1R is finite for every A, we know that F4 €
2(en i )

1.2
L2(Cm, enlf,,‘ ,C) = F*(C,,, C), cf. Proposition 4.5(ii).
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Proposition 4.5(i) tells us that B : L*(R™,R) — F%(C,, C) is invertible, so for
each A there exists f4 € Lz(Rm, R) so that B f4 = Fy. Since B is linear,

F = ZFAEA = Z(BfA)EA =B (ZfAeA) )
A A A

so there exists a function ), faea = f € L2(R™, CEE) such that Bf = F.
Therefore F € F2(C™, CK%). O

6 A Dictionary for the Segal-Bargmann Transform

In this section, we want to give a series representation for the Segal-Bargmann
transform 13 on the right Clifford-module L (R, Cﬁﬁ). By demonstrating that this
representation converges absolutely locally uniformly, we will show that B f is well-
defined and can be represented in kernel form. We work close to R. Bardenet and A.
Hardy [3], who have shown similar characteristics of the classical Segal-Bargmann
transform on Lz(Rm, R) and other transforms.

For the rest of this section, we will shorten our notation by writing

L* = L*®R™, a5, F2 = FHC". a5, (Vg = (.- 2 . and
( ) ( m)s ) F ( >L2(C’”,gn‘;,;| ac)
. 2 = .
- llz =1 ”Lz(cm“;,‘ ac)
Since the set {¢1,k,] }l keNo, je(l,....dim(MF (k))) of Hermite functions
) LA S L] 1
! D (o=
Pk, j(x) = Hy i i (x) P (x)e™ 4 (6.1)

Yk

is a basis of L2, see Sect. 3, each Clifford algebra-valued square integrable function
f(x) can be expanded as

co oo dim(M;" (k)

FO=>3" 3" tra @i £
j=1

1=0 k=0
Hence,

(Bf) ()

dim(M;" (k))

_ 1 oo 00 e
B \/ZﬂmRz ZZ Z ¢lk/(x)<¢lk/ f) e 2 4 dx

=0 k=0  j=I
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dim(M;" (k)

1 zz xx
Z Gri (e 2w dx | (i, fpe
e .
Z )

oL
Mg

N
Il
o
~
Il
)

dim(M;" (k)

(Boux,j) @ brx.j )2

E'qg
K

N
I
=)
~
I
<)
~
Il
-

oo oo dim(M;" (k)
1 p()
= ZZ Z P (@, js [z
i S VA (R
oo oo dim(M; (k)
= ZZ Z ik, j (@ Pi k. j» f)r2 (6.2)

N
Il
o
~
Il
)

with Wi () = ) 2P,

To be able to show convergence of the series expansion (6.2), we need the
following two lemmas.

Lemma 6.1 Let Ps(z) = )Y aqz* be a homogeneous Cﬁg-polyomial of degree s,

|a|=s

with ay € CE% forall |o| = s. Then

LP@]r= Y laal

|a|=s
2. |B@ly = ) 1P@[ 5 |l
Proof
1. We have

1
|P@ = =[B@). P2 =, / [Pl@P @] e axay

Cm

1
m / S al@ | [ Y apf | | e axay

&n L \lel=s |Bl=s 0

o 23 [adan /(M Pe~li dx dy.

la|=s |Bl=s
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We solve the integral by transforming the complex coordinates to polar

coordinates, i.e. z; =r;je'%/, j = 1,...,m. Then,
P. 2 = 1 i Ot]Jr,B] A +Bm
H s(Z)”].—z—nm Z Z a,ag 0 r BN
let|=s | Bl=s [0,00)™ [0,27]™

el Brmen) e"(ﬂ’"f""”)efrlzf"'fr’%r1 .o . tmdodr

The integral [ [...dedr is 0if aj # Bj forany j = 1,...,m. So, we get
with fooo ptl o= gy — 2

PO =, 3 [alad] @ [t ettty

|oe|=s [0,00)™
m il
2 J*
=2" 3 las [T
la|=s j=1
2
= Z laq |gor!
|a|=s

2. We use the generalization of the Binomial theorem,

N s!
|Z|(2)S — <|Zl|2+"'+|Zm|2) = Z Ol!lZ|2a’ (6.3)

la|=s

and Cauchy-Schwartz (CS) to get

2
2
Pi@ly = | ) aaz”
lo|=s 0
2
o! s!
[ Staly) = 2 bty
|a|=s |a|=s ’ :
cs (1 s! 2
2
= 2 tlaals | { 22, 1]
S o!
lr|=s la|=s
(i),6.3) 1

2 2s
o 1P@Ix L



The Segal-Bargmann Transform in Clifford Analysis 49

Lemma 6.2 Let V. ; be defined as in (6.2). Then,

dim(M;t (k)

o0 o0
supy Z Wk j (DI} < 00
=0 k=0

zeK

for any compact set K C C™.

0o oo dim(M;" (k)
Proof Let SUP = sup ). Z Z |\Ill,k,j(z)|%. We first note that each
z€K =0 k= j=

Vi) = \/Jlfl,k Z Pk(J ) (z) is a homogeneous Cﬁg-polyomial of degree [ 4 k. Hence,

with Lemma 6.1(ii), we get

oo oo dim(M; (k)

1
SUP < supZZ Z I+ 0! ||\IJlk/(Z)||]_-2| |2l+2k.

€K 1 _0k=0 j=1

We know that W j(z) = (Bd)l,k,j)(z) (cf. Theorem 5.3 and the proof of
Corollary 5.6) and that

1
1Bf11% = " 1£17.
forall f € L? (cf. Corollary 5.2). Hence,
2 1
Yy k,j = DLk, =
K7 \/2 w 9reils2 o™

We also know that dim(M;" (k)) = (m+k 2) cf. Sect. 2.3. Together, we get

1 o (m+k—2 242k
SUP < sup ( )
V2" zngkzo k (I + k) | |

1 1 <m+k 2)
<
= Jon" ek (;l! |Z°>(§) k w e 2y
_ 1 1) [ (m+k—2) 1 ok
_«/anzsglg(gl! |Z|0>(k2_(:)< k )2mkky (2 |Z|o) :
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It can be shown via induction that (m+,f 72) < 2"k forall k € Np. Hence,

s (3R (30 (1)
Z 4
Var" e \& 1 0 J A g 17

2 2
= m Sup el . 2" l2lo < oo,
«/27'[ zeK

SUP <

We are now fully equipped to show convergence of the series expansion (6.2).

Proposition 6.3 Let ¢; i ; be defined as in (6.1) and let V) i ; be defined asin (6.2).
Then, for each compact set K C C™,

dim(M;" (k))

sup ZZ Z Wik, j (@ Prk,js flpz] < oo.

€K =0 k=0  j=1

Proof Let SUM = > > Wik @ik, ). )2 Since | - |o is submulti-

plicative, we have

ISUM|, < ZZ Z |Wr k@ Brrjs [z,

1=0 k=0 j=1
0o 00 lm(Mf(k))

522 Yo W@l e el
1=0 k=0  j=I

We now use Proposition 2.4 and ||¢1,k,j || 2= 1,80

o oo dim(M;T (k)

ISUMIo <Y > > Wik i@ 2" [brk i 2 I1£11 2
1 k=0

oo oo dim(M;" (k)

=2"Ifll2 ) > Z W1k, (@)

=0 k=0 j=1

dim(M; (k)

<2l 1Y Y |w@l

1=0 k=0  j=1

Together with Lemma 6.2 the proof is complete. O
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0o oo dim(M; (k)
Proposition 6.3 shows that >~ >~ >~ Wi j(2) (@i, j, f)p2 is absolutely
I=0k=0  j=1
convergent locally uniformly in z € C™. Since B f is the uniform limit of the triple
sum on every compact subset of C", it is well-defined and B can be represented as

oo dim(M; (k)

BH@D=D>" > W i@@a. e

=0 k=0 j=1

dim(M;* (k)

:ZZ Z ‘I’l,k,j(Z)/¢1,k,j(X)f(X)dx
Rm

=0 k=0 j=1

dim(M;" (k)

=133 Y Wk @) f(x)dx

R™ =0 k=0 j=1

0o 00 dim(Mf(k))
(X3Y wwon |
=0 k=0  j=I 2
0o oo dim(M;" (k)
= <Z Z Z Gk, j Vi, j(@) f>
=0 k=0 j=1 12
Thus,
0o oo dim(M; (k) . |
Tx, 2= ZZ Z Gk )Yk j(2) = pe 2T
=0 k=0  j=1 V2n

is the kernel of the Segal-Bargmann transform on L*(R”", CEE).

Conflict of Interest
The authors declare that they have no conflict of interest.

References

1. L.D. Abreu, A. Haimi, G. Koliander, J.L.. Romero, Filtering with Wavelets Zeros and Gaussian
Analytic Functions (2018). arXiv:1807.03183v2

2. D. Alpay, F. Colombo, I. Sabadini, G. Salomon, The fock space in the slice hyperholomorphic
setting, in Hypercomplex Analysis: New Perspectives and Applications ed. by S. Bernstein,
et al. (Springer, Berlin, 2014), pp. 43-59



52

3.

4.

5.

10.

11.

12.

13.

14.

15.

16.
17.

18

20.

21

22.

23.

24.

25.

26.

217.

S. Bernstein and S. Schufmann

R. Bardenet, A. Hardy, Time-frequency transforms of white noises and Gaussian analytic
functions (2019). arXiv:1807.11554v2

V. Bargmann, On a Hilbert space of analytic functions and an associated integral transform
Part I. Commun. Pure Appl. Math. 14, 187-214 (1961)

S. Bernstein, J.-L. Bouchot, M. Reinhardt, B. Heise, Generalized analytic signals in image
processing: comparison, theory and applications, in Quaternion and Clifford Fourier Trans-
forms and Wavelets, Trends in Mathematics ed. by E. Hitzer, S.J. Sangwine (Birkhduser, Basel,
2013), pp. 221-246

. S. Bernstein, B. Heise, M. Reinhardt, S. Hauser, S. Schausberger, D. Stifter, Fourier plane

filtering revisited—analogies in optics and mathematics. Sampl. Theory Signal Image Process.
13(3), 231248 (2014)

. FE. Brackx, R. Delanghe, F. Sommen, Clifford analysis, in Research Notes in Mathematics,

vol. 76 (Pitman Advanced Publication Program, Boston, 1982)

. F. Brackx, N. De Schepper, F. Sommen, Clifford-Hermite-Monogenic operators. Czechoslov.

Math. J. 56, 1301-1322 (2006)

. F. Brackx, N. De Schepper, K.I. Kou, F. Sommen, The Mehler formula for the generalized

Clifford-Hermite polynomials. Acta Math. Sin. (Engl. Ser.) 23, 697-704 (2007)

P. Denis, P. Carre, C. Fernandez-Maloigne, Spatial and spectral Quaternionic approaches for
Colour images. Comput. Vis. Image Underst. 107, 74-87 (2007)

K. Diki, The Cholewinski-Fock space in the slice hyperholomorphic setting. Math. Meth. Appl.
Sci. 42, 2124-2141 (2019)

K. Diki, A. Ghanmi, A Quaternionic analogue of the Segal-Bargmann transform. Compl. Anal.
Oper. Theory 11, 457473 (2016)

T. Ell, S. Sangwine, Hypercomplex Fourier transforms of color images. IEEE Trans. Image
Process. 16, 22-35 (2001)

M. Felsberg, G. Sommer, The monogenic signal. IEEE Trans. Signal Process. 49, 3136-3144
(2001)

P. Flandrin, Time-Frequency filtering based on spectrogram zeros. IEEE Signal Process Lett.
22, 03 (2015)

V. Fock, Konfigurationsraum und zweite Quantelung. Z. Physik, 622-647 (1932)

J.E. Gilbert, M.A.M. Murray, Clifford algebras and Dirac operators in harmonic analysis, in
Cambridge Studies in Advanced Mathematics, vol. 26 (Cambridge University, Cambridge,
1991)

. K. Grochenig, Foundations of Time-Frequency Analysis (Birkhduser, Boston, 2001)
19.

K. Giirlebeck, K. Habetha, W. Sproflig, Funktionentheorie in der Ebene und im Raum, in
Grundstudium Mathematik (Birkhéuser, Basel, 2006)

B. Hall, Holomorphic Methods in Analysis and Mathematical Physics. Contemp. Math. 260,
1-59 (2000)

. N. Le Bihan, S.J. Sangwine, Quaternion principal component analysis of color images. IEEE

Int. Conf. Image Process. 1, 809-812 (2003)

J. Mourdo, J.P. Nunes, T. Qian, Coherent state transforms and the Weyl equation in Clifford
analysis. J. Math. Phys. 58(1), 013503 (2017)

D. Pefia-Pefia, 1. Sabadini, F. Sommen, Segal-Bargmann-Fock modules of monogenic func-
tions. J. Math. Phys. 58(10), 103507 (2017)

J. Ryan, Complexified clifford analysis. Complex Variables Theory Appl. Int. J. 1(1), 119-149
(1982)

LE. Segal, Mathematical problems of relativistic physics, Chap.VI, in Proceedings of the
Summer Seminar, Boulder, Colorado, 1960, vol. 11, ed. by M. Kac. Lectures in Applied
Mathematics, Providence, Rhode Island (American Mathematical Society, New York, 1963)
F. Sommen, Special functions in clifford analysis and axial symmetry. J. Math. Anal. App. 130,
110-133 (1988)

R. Zeng, J. Wu, Z. Shao, Y. Chen, L. Senhadji, H. Shu, Color image classification via
quaternion principal component analysis network. Neurocomputing 216, 416-428 (2015)



On the Carathéodory-Fejér Interpolation = M)
Problem for Stieltjes Functions e

Vladimir Bolotnikov

Abstract The following Carathéodory-Fejér problem is considered: given a point
xo < 0 and numbers cy, c1, ..., cy > 0, to construct a Stieltjes-class function f
such that f/(xo)/j! = cjfor j =0,1,..., N. The cases where N is odd or even
are quite different. For each case, the solvability criterion is given along with the
parametrization of the solution set in the indeterminate case.

1 Introduction

Stieltjes functions appeared in [30] as continued fractions of certain type and as
Stieltjes transforms of positive measures on R* = [0, 0o). Being special instances
of absolutely monotone, operator monotone, and Pick functions, they have been
extensively studied in various contexts [2, 18-21, 28, 32].

We denote by P the Pick class of functions analytic and with nonnegative
imaginary part in the upper half-plane Ct = {z : 3z > 0} and recall that any
such function admits the Nevanlinna—Herglotz representation

B 1 t du(t)
f(Z)—a+ﬂZ+A<t_Z—1+t2)du(z‘), /Rl_'_t2<oo, (1.1)

with (uniquely defined by f) o € R, 8 > 0 and a positive measure u subject to the
growth condition as above, and that f € P if and only if the associated kernel

K¢(z,0) = f@) = g(g) is positive definite (K ; > 0) on C*.
-
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The Stieltjes class S is defined as the set of all functions f € P that have an analytic
continuation to C\R™" and such that f(x) > 0 forx < 0. Since S C P,any f € S
is of the form (1.1); the extra condition f|g- > O turns out to be equivalent to

du() _

> 0, (1.2)
RS

supp(u) CRy, B =0 and )/:zot—/
R

which eventually (we refer to [17, 21] for details) leads to the following two
characterizations of the class S. The first identifies Stieltjes functions vanishing
at infinity (i.e., with y = 0) with Stieltjes transforms of positive measures on R*,
while the second one characterizes the class S in terms of two different (although
closely related) positive kernels.

Proposition 1.1 A function f belongs to S if and only if it is of the form

du(t)
+ 11—z

d
. where y >0, / wo _ (1.3)
R

Proposition 1.2 f € Sifandonly if f € P and zf € P, i.e., the kernels

and Ry oy= SO THTE (1.4)

Kz, ¢) = .

f@ = f©)
¢

are positive definite on Ct.

The remarkable “if” part in the last characterization is due to M. Krein. The “only
if” part follows from Proposition 1.1: for f of the form (1.3), the kernels (1.4) can
be written as

(o) _ / tduo)
Ky 5 = 5 Ky ) = + ) 15
&0 /R t—oi-oy OOV he—ne-o Y

so that their positivity not only on C*, but on the whole C\R™ is clear, once we
observe that f(z) = f(z), by the reflection principle and define, by continuity,

Kf(z.2)=f'(z) and Ks(z.2)=zf'(@)+ f(z) (zeC\R").

Restrictions of Stieltjes functions to the negative half-axis R~ = (—o0,0) are
characterized by the integral representation (1.3) restricted to R™. Several intrinsic
real-valued characterizations of the class S|g- are collected in Proposition 1.3
below. We recall that a function f : R™ — R is called operator-monotone on
R~ if f(A) < f(B) for any two real negative definite matrices A < B < 0, and it
is called absolutely monotone if " (x) > 0foralln > 0and x < 0.
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Proposition 1.3 Given f : (—o00,0) — R, the following are equivalent:

1. f is the restriction of a Stieltjes function to R™, i.e., it is of the form

f(x)=V+/
R+

f is a nonnegative operator-monotone function on R™.

. the functions f and xf are operator-monotone on R™.

. f € C! and the kernels (1.4) are positive definite on R™.
. f € C* and for each x < 0, the Hankel matrices

: (i " - +j+D) (i+))
Hy{ (x) — [f J (X)] 7 an(x) _ [Xf J (x) + f J (x)}

du(t
tﬂ( ) (x < 0), where y and w are as in (1.3). (1.6)
—x

n—1

G+j+D!]. . @+j+ D! @+ n! ..
i,j=0 i,j=0

(1.7)

are positive semidefinite for all n > 1.
6. f € C®and (xkf(x))("+k) > 0forall x <0andk,n > 0; equivalently,
n J Fk+j)

Z(’f)x PO S0 forall kon>o0. (1.8)

i) k+ D!

j=0

7. f€C® f(x)>0and (x*f(x)®*D > 0forall x <0andk > 1.

The equivalence (3)<>(4) is due to Lowner [24], while (3)<>(5) was established
by Dobsch [11]. The implication (2)=>(1) is essentially due to Lowner: if f is
operator monotone on R™, it admits the Nevanlinna—Herglotz representation (1.1)
with supp(u) C RT, and the condition f(x) > 0 implies the two other relations
in (1.2) leading to the representation of f as in part (1). We next observe that the
implication (1)=>(4) follows from representations (1.5) restricted to z,¢{ € R™.
Furthermore, if f and xf are both operator-monotone on R, then their derivatives
are nonnegative on R~ and therefore, f(x) = (xf(x)) —xf'(x) > 0 forall x <O,
which justifies (3)=>(2). The equivalences (1)<>(6)<(7) are due to Widder [32,
Theorem 12.5]; see also [7, 29] for related results.

Note that the equivalence (1)<>(4) is the real-valued analog of Proposition 1.2.
Inequalities in part (6) mean that the functions (x* f)® are absolutely monotone
for all k > O, thus characterizing the class & within the class of absolutely
monotone functions. Part (7) shows that seemingly weaker conditions still guarantee
an absolutely monotone function to be in the class S.
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Note that the requirement “for all x < 0” in part (7) is essential: for example,
the function f(x) = —In(—x) does not belong to the Stieltjes class, although it
satisfies conditions f(x) > 0 and (x* f(x))**~1 > 0 for k > 1 at each point
xe[— ;, 0), as is readily seen from the formulas

Gf)) = —In(=x)—1, Ffreo@=D = (_l)k,lk!(k —2)!

k1 fork > 2.

On the other hand, conditions (1.7) and (1.8) can be (equivalently) restricted to a
single point x9 < 0 providing two characterizations of Stieltjes-class functions in
terms of their Taylor coefficients.

Proposition 1.4 Given a point xo < 0 and a sequence {c}k>0, the power series

@) =) cjlx —xp) (1.9)

j=0
extends to a Stieltjes function if and only if the matrices

-1 ~ -1
H, = [Ci+j+1]lr'l,j=0 >0 and H, := [xoci+j+1 + C[Jrj]zjzo >0 (1.10)

are positive semidefinite for all n > 1, or equivalently,

m
S () ekrjxy =0 forall k,m>0. (L.11)
j=0

The “only if” part follows from Proposition 1.3. For the “if”’ part, we refer to Bendat-
Sherman results [3], according to which inequalities (1.10) guarantee that f of the
form (1.7) and the associated function xf are operator-monotone on (2xg, 0) and
hence, extend to Pick functions. Therefore f € S, by Proposition 1.2. Both (1.10)
and (1.11) are equivalent to the existence of a measure do > 0 such that

ck = / t*do(r) forall k >0, (1.12)
0.~ 1
0
and hence, they are equivalent to each other. For xg = —1, inequalities (1.11)

mean that the sequence {cy} is completely monotone; the characterization of such
sequences in terms of a power moment problem over the interval [0, 1] is due to
Hausdorff [15]; we refer to [21] for the general case.

Remark 1.5 Although conditions (1.10) (for all » > 1) and (1.11) are equivalent,
their truncations are not. More precisely,

(1) If (1.10) hold for some n, then inequalities (1.11) hold for all k +m < 2n + 1.
(2) For any xo < 0 and N > 1, there exist cp,...,cy € R such that
inequalities (1.11) hold forall k +m < N, but Hy = [C' 62] # 0.

€2 C3
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For part (2), we take (without loss of generality) xo = —1 and let ¢; = (2Nij )

for j = 0,..., N. Part (1) follows from Theorem 1.6 below and Proposition 1.4.
The proof goes through the Stieltjes-class Carathéodory-Fejér problem CFSy
which we now formally introduce:

CFSy: Givenxg < 0andcy, ...,cy € R, find f € S (if exists) of the form (1.9),
i.e., such that

FO(xp)

! ¢y for k=0,...,N. (1.13)

This problem was originally studied in [8, 9, 27, 31] for functions analytic on the
open unit disk D and bounded by one in modulus (Schur-class functions) or with
nonnegative real part (Carathéodory-class functions). The classical Stieltjes moment
problem [21, 30] can be viewed as the boundary Carathéodory-Fejér problem at
xo = —oo. Another boundary case xo = O appears naturally in the context of
the strong Stieltjes moment problem [16, 19, 26]. The problem (1.13) with xo &
R has appeared as a particular example in several general interpolation schemes
[1, 5, 6, 12]. The problem (1.13) with N = 2n — 1 has been specifically addressed
in [4, 14].

Theorem 1.6 The problem CF¥Sy,—1 has a solution if and only if conditions (1.10)
hold. The solution is unique if and only if H, or H, is singular.

Along with the matrices H, and H,, we may consider the Hankel matrix

n—1

Py = [Ciﬂ]i,j:o = H, — xoHy, (1.14)

which is positive definite, if at least one of H, and ﬁn is. In the case of the ogd
problem CFS,, with given cy, ..., c2,—1, c21, We can define not only H, and H,
by formulas (1.10), but also the matrix P41 = [ci+ j]?j:O’ and all three matrices

H,, ﬁn, P,4+1 being positive seglideﬁnite is necessary for the problem CFSy, to
have a solution. If either H,, or H,, (or both) are singular, the only solution f of the

truncated problem CFS,,,_1 is or is not a solution of the problem CFS,,, depending

£37) (xo)

any = C2n- The rest is covered below.

on whether or not

Theorem 1.7 Let us assume that H, > 0, I—~In >0, Py41 = 0. The problem CFSy,,

is indeterminate if and only if P,+1 > 0 and [Pnjrll]” > [[—7};1]“, and it has a

unique solution if and only if either rankP, 1 = n or P,41 > 0 and [Pnjrll] =
1"

[ﬁnil]“'
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The main results concerning the problem CFS,,, are recalled in Sect. 2 along with
the parametrization of the solution set in the indeterminate case. Parallel results
concerning the problem CFS,, are presented in Sect.3, where we also discuss
linear fractional transformations mapping the Stieltjes class into itself. In Sect. 4,
we identify unique solutions of determinate problems CFSy as extremal solutions
of certain truncated Carathéodory-Fejér problems.

2 The Even Case

In this section we present the results concerning the problem CFSy,—;. We first
observe that Hankel matrices H, and H,, defined in (1.10) satisfy the identity

H, — H,T* = ce*. 2.1)

where T € R"*" and ¢, e € R” are given by

x0 0 ... 0 1 o

'.. . 0 (]
r=|tX e 2| T 2.2)

0 . .

0 1 xo 0 Cn—1

In the rest of the paper, all functions are real-valued and all matrices are real; by A*
we will mean the transpose of a real matrix A.

Theorem 2.1 Let us assume that Hy, and H, are positive definite. Then all solutions
f to the problem CFSy,_1 are given by the formula

With +W¥2 Yy U
f=Tylh]:= \IJ=[ e

= : } , heS (2.3)
Wo1h + Won W1 Wy

where § := S U {oo} and where \V;; are rational functions defined by

Wi(x) =1+l —T'T*H e, (2.4)
Wi(x) = —c*(xl — TH 'H ¢, (2.5)
Wy (x) = xe*(xI — T*)'H e, (2.6)
Wp(x)=1—e*(xl —TH 'H e 2.7

Although the result is known, we present a proof emphasizing details needed later
for the odd case CFSyy,. The proof consists of four parts.
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Stepl: Foranyh € S and x < 0, we have ¢(x) := Vo1 (x)h(x) + Yo (x) # 0,
and hence the formula (2.3) makes sense.

Proof Upon applying the well-known inversion formula
I-XZ"'YY'=1+XxZ-YX)"'Y (2.8)
(I stand for an identity matrix) to (2.7) and making use of identity (2.1) we get
W) =0 —e*(xl —TH 'H le)!
=1 4e [H,(x] —T*) —ce*] 'e=1—e*(H, —xH,) 'c. (29

We next combine (2.9) with (2.6) and again use (2.1) to get

Wo(x) "Wy () = x(1 — *(H, — xH,) 'e)e* (el — T*) ' H, le
= xe*(H, — xH,) " (H, — xH, —ce*) (x] — T*) ' H e
= xe*(H, — xH,) (HaT* — xH,)(xI — T*) "' H e
= —xe*(H, — an)lenITIn*le

=e*H e —e*(H, — xH,) e (2.10)

If x < O, then ﬁn —xH, > ﬁ,, > 0, and we see from (2.9) and (2.10) that
Wy (x) # 0 and $21() > 0. Therefore, ¢(x) = Wp(x) (i;g;h(x) + 1) £ 0 for
any h € S. |

Let the matrix J and the matrix-function Jy , be defined as

0 x! 01
Jxy = , J=hha1= . 2.11
o [—yl 0 } o [—1 0} @D
Step 2:  The function V = [zii Ei] is J-unitary on R\{xo}, while the kernels
V) JY(y)* —J o~ W) Jx y W (y)* = Jx,
Ky j(x,y) = Y , Ky, y)= e Y
y—X y—-x

(2.12)

extended by continuity to x = y by Ky j(x,x) = =W (x)J¥(x)* and

~ 1 1 _
Roson) == V0Ivw + [ o 801w,

are positive definite on R\ {xo}.
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Proof All statements follow from the identities
VJIYG) = J 4+ (v —x) [Z*} I — T 'H (vl —T)7! [ ] (2.13)

v _ | e [N - [P I
W@y W) = dy + 0 =) | |Gl =T B 1= T) [i7ee].

holding for all x, y € R\{xo} and verified entry-wise by straightforward computa-
tions relying (as in Step 1) solely on the identity (2.1) and explicit formulas (2.4)—
(2.7). Letting y = x in (2.13) we conclude that W is J-unitary on R\ {x¢}. Therefore,

v = ety = [ e ), 2.14)
and it is clear from (2.14) that det W(x) = 1 for all x € R\{xp}. Identities (2.13)
provide explicit formulas for the kernels (2.12) which show in particular, since H, >
0 and H, > 0, that the latter kernels are positive definite on R\{xo} and the rank of
each kernel equals n. O

Remark 2.2 Upon making use of equalities J> = J* = —I, and (2.14) it is easy
to verify that

W(y) *TWE) T = —JW ()W)

Combining the latter equality with (2.13) (with x and y switched) we arrive at the
identities

W(y) W (x)! 7 [ e
(y)y_x( ! - _ec*} o1 =T -1 e ],
) (2.15)
)T V) Ly [ yer e _
Y y>_x :yix_ _z:T* I =T "H ' (xI = T) l[xe—Tc],

which will play a crucial role in Step 4 below.
Step3: Foranyh € S, the function f = Ty[h] belongsto S.

Proof Forafixedh € S, let ¢ = Wy1h + Wy and f = Ty[h]. Then the kernels
Ky, K 7 given in (1.4) and similar kernels Kj, Kh associated with s are related as
follows:

Kyt = 00 = f00] Kuu o) [t ] (2.16)
R = K00 Rosen | fo] 2.17)
~ P(X)(y) ’ /0
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Indeed, we see from (2.14) and definitions of ¢ and f, that

[1 —h]¥ ' =p[1 —f]. (2.18)

Then we compute

J 1
K =1-sm] * [_f(y)}

) | OO

and note that the second term on the right equals, on account of (2.18), to

. J 1 -1 _ Kh(X, y)
pe [ =h] I:—h(y)i| YOV e’

which justifies (2.16). The equality (2.17) is verified similarly.

Since h € S, the kernels K; and Eh are positive on R™. Since the kernels
Ky, ; and K v,y are positive on R\{xo} and ¢ is continuous and non-vanishing on
R™\{xo}, it follows from (2.16) and (2.17) that the kernels K y and K £ are positive
definite on R™\{xp} and hence (by the Chandler’s result [10]), they are positive on
the whole R™. Therefore, f € S, by Proposition 1.3.

Finally, the function fx = Ty[oo] = \1/; : belongs to S, due to relations

Ko ) =[1 = fx 0] Kus ) [ gy | 20, (2.19)
Rreteow) =[1 —fx] Koy 0| sl | =0

which are easily verified. O

Stepd: Any f € S satisfying conditions (1.13) is of the form (2.3) for some
hes.

We will handle this part using the intermediate step characterizing solutions of
an interpolation problem in terms of “extended” positive kernels. This approach
goes back to Potapov’s method of Fundamental Matrix Inequalities which in the
Stieltjes-class context first appeared in the series of papers [13].

Lemma 2.3 [f f € S satisfies conditions (1.13) then the kernels

H, =17 ef(x) - c)} 0. (220

[(f(y)e* — ey (] — T Ky(x.y) =0, (220

[ H, (el = T)~" (xef(x) - Tc)} - @.21)
Of)e* —c*T*) (yI — T*)~! Kf(x,y) - ‘
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(where K ¢, Ef, T, e, ¢ are defined in (1.4), (2.2)) are positive on R_. If moreover,
H, and H, are positive definite, then f is of the form (2.3) for some h € S.

Proof 1If f € S satisfies conditions (1.13), then it admits the Herglotz representa-
tion (1.6) in terms of which conditions (1.13) can be written as

+/ du(t)_fo’ / e =fi k=1,....2n—1). (222
R R, (

_ - — o )k+1
L —X0 X0)

We next combine (2.22) with the equality

1
0 0 1 1
xX—Xx0 0 x—x0
1 1 ) : 1
(xI — T)71e= (x—xp)? x—x0 ’ : - (x—x0)?
S .0 0
1 1 1
(x—=x0)" " (x—x0)? x—Xo 0 (x—2x0)"
to represent H,,, ﬁn and c in the compact integral form as follows:
H,= | I-T)"edu@) el —T""", (2.23)
Ry
H,= | «I—=T)"etdu(t)e*(t] —T*~ " + eye*, (2.24)
Ry
c= / I — T)’led,u(t) + ey. (2.25)
Ry
We next consider two positive kernels defined by the integrals
tI —T)7!
/ =17l 1w [e*(tl _ oyl tjx] >0, (2.26)
R+ t—y
tI —T)7!
H y [e* 1] +/ =1 [e*(t] _ oy tix] =0 (2.27)
1 R, =y

and show that these kernels coincide with those in (2.20) and (2.21). The diagonal
entries are indeed the same, by (2.23), (2.24) and formulas (1.5) restricted to x, y €
R™. Multiplying the identity

—x)' I =T)" = (I —T)"! ((z ) ey T)’1>
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by e on the right and integrating the resulting equality against the measure u, we
get, on account of (1.6) and (2.25),

dp(t

@l =1 MO _ G- Ty ef () — o). (2.28)
R, r—x

t

Representing ' as '

= %+ 1 and making use of (2.28) we get

/ I —T) e ttd’“‘(;) = x(xl —T)" (ef(x) — ) +f (- T) 'edu(t)
R+ -

Ry
=xI—-T)""(xef(x) —Tc) —ey. (2.29)
Equalities (2.28) and (2.29) confirm that the off-diagonal entries in kernels (2.26)
and (2.27) are the same as those in (2.20) and (2.21). Since the kernels (2.26) are
positive definite, the first statement of the lemma follows. ~
To justify the second statement, we assume that H,, > 0 and H, > 0 and observe

that the Schur complements of these blocks in positive kernels (2.20), (2.21) are also
positive kernels on R™:

Kp(x,y) = (fe* —¢*) (oI = TH ' H ' (xI = )" (ef (x) —¢) = 0,
(2.30)

Kree,y) = (pfe* = T*) (01 = TH ' H ' (x1 = T) ™! (xef(x) — Te) > 0.

Making use of the matrices (2.11), we can rewrite inequalities (2.30) as

o], [ or- e - nm e ) [19] o0

_c*
Jy.x * i
[F(m 1] {y ix - [_ifw} (yI — T H! (2.31)

x (xI —T)"'[xe —Tc] } [f(lx)} >0,

and furthermore, on account of identities (2.15), as

W(y)*JW(x)"!
[Fo) 1] (y)y_x(x) [f(lx)}:o (x.y e R, (2.32)

W(y)* Ty W(x) ! [f(x)
y

| i| >0 (x,y eR"). (2.33)

[fo 1]

— X
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If we define differentiable functions u, v : R~ — R by

ul -t | f| | Yief — VY2
[U} =Y [1} B [‘1/11 - ‘I'zlf] 239

then the kernels (2.32) and (2.33) can be written in terms of # and v as

u(x)v(y) —v(x)u(y) - 0

Kyy(x,y) = x—y , (2.35)
Ruwr,y) = xu(x)v(y) — yv(x)u(y) . 0. (2.36)
X =Yy

If v(x) # 0 for all x < 0, then the function # = " is well defined on R_, and it
v
follows from (2.34) that f = Ty[Ah]. Furthermore, 2 € S, since the kernels

Koo (x, ~ Kuo(x,
u,v(x y) and  Kpn(x,y) = u,v(x y)

K , =
M= ) v()V(y)

are positive definite on R™. If v(¢#) = 0 for some ¢ < 0, then

Ky (t, 1) =u' (®v(t) —u®v' (1) = —u()v'(t) = 0,
’Ifu,v(t, 1) = (tu' () +u@)v) — tu@V' (1) = —tu(@)v'(t) > 0.

Since t < 0 and u(t) # 0 (by (2.34)), the two latter inequalities imply v'(¢) = O.
Then K, ,(¢,t) = 0 and, since the kernel K, , is positive on R™, we also have
K, v(x,t) = 0forall x < 0, which implies that v(x) = 0 for all x < 0. In this case,

we conclude from (2.34) that f = &: = fx = Ty[oo]. O

Stepd: For any h € S, the function f = Tylh] satisfies interpolation
conditions (1.13) for k =0, ...,2n — 1.

We first write the linear fractional formula (2.3) in the Redheffer form.

Remark 2.4 Let H, > 0 and H, > 0 be subject to equality (2.1) and let W;; be
defined as in (2.4)—(2.7). Then (2.3) can be written as

Vi h+ Yo Y2h
= =fr+ !

= = 2.37)
Wo1h + Wy 1+ Yoh
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where
fr(0) = W)W (x) ! = ¢ (H, - xH,) e, (2.38)
Ti(x) = Wn(x) " =1—e*(H, —xH,) ¢, (2.39)
To(x) = Wn(x) ' Wai(x) = e* Hy e — e*(H, — xH,) e, (2.40)

Indeed, it is readily seen that

With+ Yy Vi, h- \y;zz -det ¥

Woth+ W W WplWyh41°

and since det W = 1, the latter equality justifies the representation (2.37) with fr,
Y1 and Y, defined by the first equalities in (2.38)—(2.40). The second equalities
in (2.39) and (2.40) were confirmed in (2.9) and (2.10), respectively. The second
equality in (2.38) follows by combining (2.10) and (2.5) and making use of (2.1):
Wi ()W (x) ! = —* (! — T*) 7 Hy le(1 — e (H, — an)*lc)
= (el — T 'Hy (xH, — H, + ce*)(H, — xH,) ¢
=l — T 'H\(cH, — H,T*)(H, — xH,) ¢
=c* (I-I,, — xH,,)flc,
In what follows, e; will denote lhe k-th column of the identity matrix /,,. We also

recall the~ Hankel matrix P, = H,, — xoH, (see (1.14)) which is positive definite, if
H, and H,, are.

Lemma 2.5 [f the matrix P, is positive definite, then

(1) The function fr given by (2.38) admits the Taylor expansion

x
fr@) =cot ...+ cm1(x —x0)" "+ ) € Ha (P Hy) ey (x — x0) .
k=0
(2.41)

(2) The function Y1 given by (2.39) admits the Taylor expansion
o
Ti() = —(r —x0)" €[ P  Hyew — Y (x — xo)e (P Hy) T e

k=n+1
(2.42)
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Furthermore, Y1 has zero of multiplicity n at xo and does not have other zeros
if and only if e} Pn’lHnen #0 < H, > 0. Otherwise, Y1 = 0.
(3) The function Y» given by (2.40) admits the Taylor expansion

o0
o) = efH; ler —ei Py e — Y €f(P H) P e —xo)F. (2.43)
k=1

Proof Making us of the identity H, = P, + xoH,, we compute the Taylor series
expansion of the rational matrix-function (H,, — )cHn)_l at xo:

(Hy —xHy) ™' = (P, — (x —xo)Hy) ' (2.44)

o
-1 ,- — k H—
P =Y (x—x0)* (P H)) P

k=0

= (I — (x —xo)P, ' Hy)

Upon multiplying both parts in (2.44) by e} on the left and by e; on the right, and
substituting the outcome into (2.40) we arrive at (2.43). We next multiply both parts
in (2.44) ¢ = P,e; on the right:

(H, — xHy) e = i(x — x0)* (P Hy) ey (2.45)
k=0
Since the k-th column of H,, is equal to the (k + 1)-th column of P,, we have
P 'Hyep =er for k=1,....,n—1, (2.46)
from which we recursively get

(P H) ey =¢ for k=1,...,n. (2.47)

Multiplying the latter equalities and (2.45) by e} on the left and substituting the
resulting equalities into (2.39) we get

o0
_ k
Ti() =1-) (x —x0)e] (P, Hy) el
k=0

n—1 00
=1- ) efec(x —xo)* — > (x — xo)ef (B, H,) T e,
k=0 k=n

o
=—(x — xo)"e’an*lH,,en - Z (x — xo)ke’l‘(Pnle,,)kane

k=n-+1

n»

(2.48)
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which verifies (2.42). Thus, Y is a rational function of degree at most n (by (2.39))
and has zero of multiplicity at least n at xo (by (2.42)). Therefore, either we have
equalities in both cases, and hence, eT P,j1 H,e, # 0and Y (x) # 0 for all x # xo,
or Y1 = 0. On the other hand, n— 1 leftmost columns in H,, are linearly independent,
by (2.46). Thus, H, is singular if and only if H,e, is a linear combination of
H,ey, ..., Hye,_1, which is equivalent (again by (2.46)) to eT Pn’lHnen =0.1If
so, Y1 = 0, by (2.48). This completes the proof of part (2).

We next multiply the equality(2.45) by ¢* = e} P, on the left, arriving, on account
of (2.38), at

fro0) =Y (= xo)e Py (P Hy) e
k=0

To complete the proof, it remains to verify that

e Pu(Py Hy) e = ¢ for k=0,....2n—1 (2.49)

and

i P (P H,) "

e; = e (H, P, ) Hye, forall k> 0. (2.50)
Multiplying equalities (2.47) by e] P, on the left we get

k—1

e P,(P,'H,)" ey =e€{Pyer =cx1 for k=1,...,n,

verifying the first n equalities in (2.49). Taking adjoints in (2.47) we get
ef(H, P, D! = e,
which being combined with (2.47) (for k = n) leads us to
i P (P H,) ey = € P, (P7 Hy) e,
= eT(HnPn_l)ane,, = eijHne,, = Cnyj

for j = 0,...,n — 1, thus confirming the remaining equalities in (2.49). We next
pursue the last calculation for j = n + k as follows:

)2n+k

el P,(P, ' Hy el = el (H, P, )" *Hye, = e (H, P, )" ' Hye,,

thus arriving at (2.42). O

We now complete Step 4: If H, > 0, then ﬁn_l > (ﬁ,, — an)_l forall x < O,
and hence we see from the formula (2.40) that Y (x) > O for all x < 0. By part (2)
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in Lemma 2.5, Y1 has zero of multiplicity n at x¢. Therefore, we have

17 (x)h(x)

_ _ 2n
L+ Tanhen 270

for any h € S, Therefore, for any f of the form (2.37), f (®) (x0) = f}k) (xg) for
k=0,...,2n — 1, which, due to (2.41), completes Step 4.
Combining Remark 2.4 and Lemma 2.5 leads us to the following result.

Lemma 2.6 Let f be of the form (2.37) for some h € S. Then

fE o) _ . Bhxo)
@2n)! 1+ 8h(xp)’

where (2.51)
o :e:HnPn_lHnens ﬂ :eTPn_lHnen, ) =eTﬁn—1e1 _eTPn_lel- (252)
Proof By formulas (2.41), (2.42) and (2.43),
frx) =cot ...+ cam1(x —x0)*" " +alx —x0)™ + O((x — x0)*"*),

Ti(x) = —B(x — x0)" + O((x — x0)" ™),  Ta(x) =8+ O((x — x0)).
(2.53)

Substituting the latter expansions into (2.37) we get the Taylor expansion for f of
the form (2.37) at xo:

ﬁzh(x()) n
1 4 8h(xo) ) (x = xo0)

+ O0((x — x0)*", (2.54)

fm=m+“+q%m—mﬁ*+@+

which implies (2.51). O

2.1 Extremal Solutions

Let Sol(CFSy,—1) denote the set of all solutions to the problem CFSj,_;. The

functions fr = Ty[0] = ig and fx = Ty[oo] = i;i are extremal elements of

this set in the following sense.

Proposition 2.7 For any f € Sol(CFSy,_1) different from fr and fx,

frx) < f(x) < fxk(x) forall x <0 (x # xgp), (2.55)

2 (x0) < £ (x0) < £E7 (x0). (2.56)
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Furthermore, { f (x) : f € Sol(CFSy,-1)} = [ fr(x), fx (x)] for each fixed x < O,
and (f®(x0) : f € Sol(CFSy,_1)} = [ (x0), ™ (x0)].

Proof We first observe the equalities

i) _ o) B
fr(x) + Ty() = fx(x) and PR LR

which follow, by (2.52), upon letting 7 = oo in (2.37) and (2.51), respectively. Since
all solutions of the problem CFSj,_; are parametrized by the formula (2.37) and
since the value h(x) of the parameter & € S at x varies in R™, it suffices to verify
that for any fixed x < 0, the function

Y7 (x)y

— xX) +

y > fr(x) 140y

maps (0, oo) onto (fr(x), fx(x)). This is indeed the case, since Y7(x) > 0 and

Yi(x) # 0, by Lemma 2.5, The proof of (2.56) is similar: due to formula (2.51),

2

it suffices to show that the function y — & + 1i6yy
5 @n) (2n)

the interval (e, o + % ) = (fF(zn()TO), f K(Zn()f())). This is again the case, since § =

Y2 (xp) > 0 and B # 0, by Lemma 2.5. O

maps bijectively (0, co) onto

We conclude this section with another feature of extremal solutions.

Remark 2.8 The only f € Sol(CFS;,,—1) for which the extended Hankel matrices

H!, (x0) and H/, | (xo) (see (1.7)) are both singular, are f = fr and f = fx.

Proof Relations (2.30) show that the kernels K 7, and K fr are of rank n each and
hence, the extended Hankel matrices an f 1 (x0) and I:Iv,{ fl (xp) are both singular. It
follows from integral representations (2.26) and (2.27) that the ranks of the matrix-
valued kernels (2.20) and (2.21) are equal to the ranks of the kernels Ky and K f

respectively. Then by the Schur complement argument as in the proof of Lemma 2.3,
we conclude that

rankK s = n + rankKy, rank[?f =n+ rankfh, if f=Tylh]l, hesS.
(2.57)

If the matrices an fl(xo) and I:Ivr{ J’:I (xp) are singular, then K; = K, = 0, which

hold true only for 4 = 0. O

3 The Odd Case

We now consider the problem CFS,, with given co, ..., c2,. We still assume that
H, > 0 and H, > 0 so that the matrix P, (1.14) is also positive definite. In the
present case (that is with the given c¢p,) we can define extended matrix P41 =
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[c,-+ /]:lj:O and the inequality P,4+; > O is another necessary condition for the
problem CFS,,, to have a solution. Writing P, in the block form as

_ P, Hpep _ I 0 P;;l 0 I, PilHnen
Py = [e;‘Hn 20 ] - [e;;HnP,;l 1 0 cop—€Hy Py Hyey 0o 1 ’

and making use of o defined in (2.52), we see that P, > O if and only if
con — € H, P, Hyey =cop —a >0 (3.1)

and that P,y1 > 0 if and only if the inequality (3.1) is strict. In the latter case, we
write Pnjrll in the block form

_ I, —P 'Hye, || P7' 0 I 0
P 1 — n n n€n n n 0’
ntl [0 1 } [ o ! } [—e;H,,Pn—l 1} g

Cop—0

and compute its leading entry in terms of o, 8, § defined in (2.52):

_ P71 0 e
p! ] =[e* —e*P~lH n
[ 1] e —e P, ! Hyen] o ! —e H, P ey

2
=eiP e + B =
Coyp — O

The latter equality shows that if ¢, — & > 0 (i.e., P,4+1 > 0), then

2

B -1 -1
St &= [H, '], <[Pn+1]“.

Theorem 3.1 If H, > 0 and I-In > 0, then the problem CFS,, is indeterminate if
and only if P,11 > 0 and [Pnjrll] > [ﬁ_l]“ or equivalently, if and only if
11

n

2

a<czn<oc+5, (3.2)

where o, 8,8 are defined in (2.52). The problem is determinate if and only if
either

(1) con = a (i.e., rank P, 1 = n), in which case the unique solution of the problem
. 7
is fr = \IJZ or

2) cop = o + 562 (i.e., Ppy1 > 0 and [Pn;ll]” = [ﬁn—l]ll), in which case the

unique solution is fg = &:
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7 (xp)

Proof Solving the Eq.(2.52) for h(xg) and replacing / n)! by cz,, we then
combine Theorem 2.1, Remark 2.4, and Lemma 2.6 to conclude: m]

Remark 3.2 A function f is a solution to the problem CFS,,, if and only if it is of
the form (2.37) for some & € S subject to the interpolation condition

Con — o

h =ho = .
(x0) = o B? — 8(con — @)

(3.3)

If ¢, = «, then (3.3) amounts to h(xg) = 0 which implies 2 = 0 and hence, the
function fr given by (2.38) is a unique solution to the problem CFS,,. Similarly,
2

the equality c2, = a+ Ifs forces h = 0o and consequently fx be the unique solution
to the problem CFS,,,. For any c», subject to strict inequalities (3.2), the expression
on the right side of (3.3) defines a positive number, so that condition (3.3) is satisfied
by infinitely many & € S and the consequently, the problem CFS,, has infinitely
many solutions. Equivalent formulations of all statements in terms of P,4; and ﬁn
follow from the discussion preceding the theorem.

3.1 Schwarz-Pick Theorems

To get a parametrization of the set Sol(CFS,,,) in the indeterminate case, we need to
describe all functions 2 € S subject to the sole interpolation condition (3.3). As was
pointed out in [27] in the Schur-class setting, such a description can be derived from
the Schwarz-Pick theorem. The Stieltjes-class real-valued Schwarz-Pick theorem is
the following.

Theorem 3.3 Let f be a non-zero Stieltjes function. Then for every xo < 0, the
function

(x) = f(x0)

gx) = / / (3.4
xf(x) — xof (x0)

belongs to the extended Stieltjes class S.

Proof We start with trivial cases. If f(x) =y > 0or f(x) = — for some a > 0,

then the holds true with g = 0 and g = oo, respectively. In all other cases,
co:= f(x0) >0, c1:=f(x0)>0, p:=xpc1+co>0.
Considering f as a solution of the interpolation problem CFS; we observe that in

this case Hy = c¢1, Hi = p, T = x0, ¢ = cp, € = 1, so that formulas (2.4)—(2.7)
amount to

px — clxg 6(2) x c|x—p
vy = , =~ , a1 = , Up = .
(x —x0)p (x — x0)c1 (x —x0)p (x — xo0)c1
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By Theorem 2.1, f admits the representation (2.3), i.e.,

CWh+ W (= cp k) = e

= = ) forsome heS.
Wo1h + W2 p~Ixh(x) +x — pey

Fx)
(3.5)

Straightforward calculations (relying on the equality p = x¢c1 + co only) show that
for f of the form (3.5),

f@ = fo  xocip~'h(x) —co
X — X pixh(x) +x — pcfl’
xf(x) —xofo _ xh(x) — copcf1
X — X0 pl’lxh(x) +x — pcfll

The ratio of the two latter equalities equals

_ f@) = fxo) _ xocipT'h(x) —co
g(x)

_ _ , hes. 3.6
xf(x) —xof(x0)  xh(x)—copcy’ ) .

Xoc1

If h = oo, then g(x) = et belongs to S (since » < 0). Otherwise, we compute
pXx

for g given by (3.6) and arbitrary x, y € R™,

80 —g(y) _ x0c1 p 7 (y — X)h(X)A(Y) — xoco(h(x) — h()) + co(xh(x) — yh(y)
Xx—y vV (x — y) ’

where we have set for short, v(x) := xh(x) —¢g pcfl. The latter equality represents
the kernel K in terms of the kernels K, and K, (see (1.4)):

SRR o

co ~
K , V).
vV v@)V() v(u(y) THEY)

(3.7)

Kg(x,y) = —xoc1p

Since h € S, the kernels K, and K 1, are positive definite on R™. Since ¢y, c1, p are
positive and xo is negative, the kernel K, (x, y) in (3.7) is positive definite on R™
as the sum of three positive definite kernels. Therefore, g is operator-monotone on
R™. Since h(x) > Oforall x < 0 (as h € S), it follows from (3.6) that g(x) > 0 for
all x < 0. Therefore, g € S. O
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Corollary 3.4 Given xo < 0 and cy > 0, all functions f € S such that f(xg) = co
are parametrized by the formula

xog(x) — 1

fx)=co o) — 1

(3.8)

with free parameter g € S.

Proof 1If f € S and f(xp) = co, then the function

belongs to S, by Theorem 3.3, Solving the latter equality for f gives (3.8).
Conversely, if g is any nonnegative function on R™, the formula (3.8) defines f
which is positive on R_ and satisfies f(xo) = co. For f defined as in (3.8) we have

FO—fO)

- <—x0g(X)g(y) — xog(x) —8() + xg(x) — yg(y)) ’
x—y v(x)v(y)

-y X =y

where we let v(x) = xg(x) — 1. In other words,

Ke(x,y)= —x0g(x)g(y) — x0Kg(x,y) + Eg(x, y). (3.9

co (
v(@)v(y)

Since g € S, the kernels K, and Eg are positive on R™. Since xg < Oand ¢g > 0, it
now follows from (3.9) that the kernel K  is positive on R™. Hence, f is a positive
operator-monotone function on R™ and therefore, f € S. It remains to note that
g = oo leads via formula (3.8) to the constant Stieltjes function f = cp. O

A slightly different parametrization of the set Sol(CFSp) was established in [22]
using essentially complex-analytic approach. Note that the complex analog of
Theorem 3.3 fails to be true: if f is a Stieltjes function extended to C*\R* and
X0 is not real, then the function g defined in (3.4) does not belong to S. It can be
shown, however, that for f € S (such that both f and zf are not constant functions)
there exists & € S such that

f@—=fGo) _ 1 20h@)—dfzo) _ z20f(0)—z0f(0) _ 4

2f(@ —z20f(z0) d zh(z) —df(z0)’ f(z0) — f(z0)
(3.10)

The latter relation is quite different from (3.4): if weletz = x € R™ and zo = xo+i¢e
in (3.10) and then take the limits as ¢ — 0, we get

fx) — f(xo) _ 1 xoh(x) —df (xo) J— xo0f' (x0) + f(x0)
xf(x) —xof(x0) d xh(x)—df(xo)’ 1'(x0) ’
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3.2 Parametrization of Sol (CFS;,)

By Corollary 3.4, all functions & € S subject to condition (3.3) are parametrized by
the linear fractional formula

h=Tolgl, g€, cb(x):[ 0 ;1} (3.11)

X
-1 -1
xhy ™ —hg

Combining (3.11) with Remark 3.2 and taking into account that Ty 0 Te = Tye,
we get the following result.

Theorem 3.5 Assume that H,, H,, P,y1 are positive definite and ETP,;:{EI >
e’l‘ITInflel. Then all solutions f to the problem CFSy, are given by the formula

A11g + Az [
= Talg] := , ges, A=
! us 18 + Ao §

211 Agz

— WU (3.12)
21 9122}

where W and ® are given in (2.3) and (3.11), respectively.

3.3 Extremal Solutions

We now consider the extremal solutions fr = Tg[0] and fx = Tg[oo] of the
problem CFS,,,. Since T¢[0] = hg and Te[oo] = xoxh“ by (3.11) (where hg is
given by (3.3)), we have

2

T
= Ty[To[0]] = Tylho] = b 3.13
fr = Tw[To[0]] = Tylhol fF+h51+T2 (3.13)
/Y\Z
fx = Te[To[ool] = Ty [x0h0}=fp~l— L (3.14)
x )f()ho +T2

where the rightmost equalities in both formulas follow from (2.37). Combin-
ing (3.13) and (3.14) gives

(x — x0)hy ' 12

1 o . (3.15)
(hy + M2)(xhy + x0Y2)

fk =Tr —
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More generally, letting h = Tg[g]) in (2.37) leads the Redheffer type version of the
parametrization formula (3.12):

A 2A x — x0)Y2hy!

_ muiimlz - ( 0Ty :71g ] (3.16)

21 22 -1 2 _ Xhy +xoY2

(hy™ +T2) <1 hy 1 g)
The next proposition is the “odd” counter-part of Proposition 2.7
Proposition 3.6 For any f € Sol(CFSy,) different from . and fg,

frx) < f(x) <fg(x) forall x > xp, (3.17)
fx(x) < f(x) <fp(x) forall x < xp, (3.18)
fe o) < FO Do) < Fg o). (3.19)

Furthermore, { f® D (xo) : f € Sol(CFSy,41)} = [fg")( 0), f(2"+1)(x0)], and,
for each fixed x < 0, {f(x) : f € Sol(CFSy,)} is the open interval with the
endpoints f(x) and f g (x).

Proof Since for any fixed x < 0, the function

27—1
y > Tihg'y
-1 2 _ xhalero’Y’z
(hy " +T2) (1 hy '+ y)
T2ho! . .
maps (0, co) onto {0, el );x}‘;,lﬂ )’ the inequalities (3.17) and (3.18)
0 2 0 012

follow from (3.15) and (3.16). Making use of Taylor expansions (2.53), we
differentiate equalities (3.15) and (3.16) at x¢ to get

f(2n+1)( ) f(2n+1) ﬂzhal (3 20)
@n+1!  @n+ 1)!  xolhg" + Tax0))? '
f(2n+1)(x()) f(ZVlJrl) ﬂzhalg(x()) (3 21)
2n + 1! (n + 1)! (hy " + T2(x0))2(1 — x0g(x0)) '
and inequalities (3.19)follow, since 0 < | & @o) 1 and since the function
08 (x0) X0
y — ljcoy maps (0, 0o) onto (0, —xlo). |

Remark 3.7 Let § and f¢ be the extremal solutions of a (indeterminate) problem
Sol(CFSy,). Then the matrices (see (1.7)) H, HqIF 1(xo) and H'K +1(x0) are positive

definite, whereas the matrices H, T +1(x0) = Oand H 1(xo) > 0 are singular.
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Proof As has been implicitly mentioned in (3.13), (3.14), the extremal functions
fr and §g of various solvable problems Sol(CFS,,) appear as the outcomes of the
linear fractional transformation (2.3) and correspond to parameters h(x) = ho and
hix) = xoxho’ respectively, where kg > 0 is defined in (3.3). For h = hy > 0, we
have Kj, = 0 and K, = h¢. On the other hand, if # = X“xho, then Kj(x, y) = —xgz"
and K; = 0. By (2.57),

rankKs, =n = rankEfF -1, rankI?fK =n =rankKjs, — 1,

which imply all desired statements. O

3.4 Linear Fractional Transformations Mapping the Extended
Stieltjes Class into Itself

In this section we discuss three particular examples of linear fractional transforma-
tions mapping S into itself and embed them into a more general setting. We start
with the following observation.

Proposition 3.8 Let ® = [8;: 8;] be a rational 2 x 2 matrix-function with

det ® = 0 and let us assume that the following two kernels are positive on R™:

a(x)a(y)®(x)JO()* + b(x)b(y)O(x)Jx,yO(y)* — J

Ko, y(x,y) = >0,
y—x
(3.22)
Ko s(x,y) = c(X)ec(OX)JO(y)* + dy(X_)CjC(y)(@(X)Jx,y@(y)* —Jxy =0,
(3.23)

where J, Jy y are defined in (2.11) and where a, b, ¢, d are rational functions. Then
©11h+012
©21h+02
Proof We first verify h = coand h = 0. If ®3; = 0, then 1 # 0, ®2, £ 0 (since
det ® # 0) and hence, Tg[oo] = co. Similarly, if @27 = 0, then ©12 £ 0, ®21 # 0,

and hence, Tg[0] = oco. If ®3; # 0, then for fx := Tg[oo] = 8; , we have

the transformation Tg : h +— maps S into itself.

[ —fx ()] O@x) =det®(x) [0 —1].

Similarly, if @2, # 0, then for the function fr := Tg[0] = 8;, we have

det O (x)

[1 —fr(x)]O@) = Ora(0) [0—1].
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It follows from the two last relations and (3.22), (3.23) that the functions f = fx
and f = fF are subject to inequalities

Ky =[1 =] Ko 0 [ _fo | =0,
Rreon =[1 =] Rou .0 [ fo ]| =0 for = fe. fr.

The positivity of the latter kernels on R™ implies fx, fr € S, by Proposition 1.3.
For any & € S, we now define two differentiable functions u, v : R~ — R by
equivalent formulas

u| h| _ |®nh+012 _ _ M
M_@H_[%Wr@n} & [v-u]®=det®-[1 —h]. (3.29)

The kernels (2.35) and (2.36) associated with this pair are expressed in terms of the
kernels (3.22) and (3.23) as follows:

Kun (6, 3) = [0(0) —u(0)] Koy (x. y) [ v } (3.25)
—u(y)

+ det@@)(“(x)Kh(xv ya(y) + bix) Kn(x, y)b(yy)) det O (y),

R, y) = x [0(x) —u(0)] Ko (x. y) [_”Lff;)} y (3.26)
et O(x) (xe(x)Kn(x. 1)e()y + A0 Ry, 1)d (1) det O).

Indeed, by (2.35) and (3.22),

J
Kuu(e.y) = [o00 —ue] 7 [ v(y) }

—u(y)
= [v) —u(@)] Ro.s(x. ) [_’%J
T [ver) ] “OAOOET O [ V() }
X =y —u(y)

b(x)b(y)O(x)Jx O (y)* [ v(y) }

+ [v(x) —ux)] oy )
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By (3.24), the second term on the right side equals

a(x)det®(x) [1 —h(x)] . i y |: i| det@(y)'l'a(y)

—h(y)
= a(x)det®(x)Ky(x, y) det ®(y)a(y)

while the third term equals

b(x) det®(x) [1 —h(x)] xjjyy [_hl(y)} det®(y) 'b(y)
_ b(x) d;cct®(x) Eh . y) b(y) det@(y).

Combining the three latter equalities leads us to (3.25). Relation (3.26) is verified
similarly. Since 4 € S, the kernels Kj and K are positive on R™. Then it follows
from (3.22)—(3.26) that the kernels K, , and I’{‘u,v are positive on R™. As in the
proof of Lemma 2.3, we now conclude that either v(x) # O forallx < O or v = 0.

In the first case, the function Tg[h] = " (by (3.24)) belongs to the Stieltjes class,
v

since the kernels

Eu,v(xs y)
v(x)v(y)

Ku,v(xs y)

Ky(oy)= v(x)v(y)

and Eﬁ (x,y) =

are positive on R™. To consider the remaining case, we assume that
V=02h+00n=0, u=03h+0n#0, h#O0; (3.27)

the second relation in (3.27) follows from the first, since det® = 0, and the last
assumption can be made since the case & = 0 has been already handled. We will
show that assumptions (3.27) are not consistent with the kernels (3.22) and (3.23)
be positive.

By (3.27), the kernels (2.35) and (2.36) are equal to zero kernels. The formu-
las (3.25) and (3.26) represent each of these kernels as the sum of three other positive
kernels, from which we conclude that

a()Kp(x, x) = cx)Kp(x, x) = b(x)Kp(x, x) =dx)Kp(x,x) =0.  (3.28)

and that the bottom diagonal entries in K s and :{%@, J are also zero kernels.
Therefore, the off-diagonal entries in K¢,y and K¢, are identical zeros as well:

[10]Re.s(x,»[]=0, [10]&e.s(x,»[]=0. (3.29)
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Since h # 0, at least one of the kernels K, and K 1 is not the zero kernel. If both of
them are non-zero, then it follows from (3.28) thata = b = ¢ = d = 0, which is
not possible, since in this case, the kernels (3.22) and (3.23) are not positive.

If K, =0and Eh = 0, then it follows from (3.28) that b = d = 0, in which case
identities (3.29) can be equivalently written as

a()a(y)(©11(x)O2n(y) = On(x)O21(y)) — 1 =0,

0.

1
c()c(y)(O11(x)On(y) — O2(x)O21(y)) — B

Combining the latter two identities give a(x)a(y) = xc(x)c(y) which implies a =
¢ = 0, which is not possible, as in the previous case. The assumptions K, # 0 and
K, = 0lead to a contradiction in a similar way, which completes the proof. O

Although we assumed that the functions ® and a, b, ¢, d in Proposition 3.8 are
rational, the same proof goes through for functions differentiable on R_ except for
a discrete set of points at which they have poles.

We next observe that the kernels (2.12) are particular cases of those in (3.22)
and (3.23) corresponding to b = ¢ = O anda = d = 1. If W is such that the
kernels (2.12) are positive on R_, then the relation (2.16) guarantees that for any
h operator monotone on R_ (i.e., such that the kernel K} is positive definite on
R™), the kernel K5 is also positive definite on R™ (in more detail, the function
iif belongs to the Stieltjes class, by positivity of the bottom diagonal entries of the
kernels (2.12), and hence, any monotone function 2 may take the same value as the

decreasing function — ii? at most one point (say { € R7); therefore the function

¢ in (2.16) does not vanish on R™\{¢}, so that the Kr,[;) is positive definite
on R™\{¢}, and therefore, on the whole R™). We conclude: the linear fractional
transformation (2.3) based on a function W such that the kernels (2.12) are positive
on R, maps the set Mp- of operator-monotone functions on R~ into itself and
similarly, it maps the set }CMRf into itself as well (by (2.17)). For most of classical
interpolation problems in the Stieltjes class (in particular, for all problems that can
be embedded into general interpolation schemes in [1, 5, 6, 12]) the solution sets are
parametrized by linear fractional transformations of the type described above.
Lettinga =d =0, b(x) = x, c = 1 in (3.22) and (3.23) we get the kernels

xy@(x)Jx,y®(y)*_ J >0 ®(x)~]®(y)*_~]x,y

> >0 (x,y e R7).
y—x y—x

(3.30)

It turns out that the linear fractional transformation T based on the function ®
subject to conditions (3.30) maps Mpg- into }CMRf and it maps iMRf back into
Mp-. A particular example of such function is given by

_1

Oo(x) = [1 0"} D @) B() = Jry,  xyOo(x)JOp(y)* = J.
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Since Tg, is a bijection on S, it follows that any ® subject to (3.30) is of the form
® = OpV for some W such that the kernels (2.12) are positive on R™.

We next point out that for the function 2l parametrizing the set Sol(CFS2,)
in formula (3.12), neither the kernels Ky 7, Kg s, nor the kernels (3.30) are
positive. However, two positive kernels on R™ associated with 2( exist and are of
the form (3.22) and (3.23):

a(x)a(y)Ax)JA(y)* + xyc(x)c(NAX) Jx yA)* = J

Ra y(x,y) = >0,
y—x

(3.31)

Roy(x,y) = c()e(NAX)JA(y)* + ay(x_)c)zc(y)al(x)fx,yal(y)* —Jy g
(3.32)

where
agry= VIO = Vo (3.33)
X — X0 X — X0

To justify (3.31) and (3.32), we first compute the inverse of the function @ in (3.11):

d(x)' = ! [_1 ho}

x —xg | —x xoho

and then use it to verify that with a and ¢ defined as in (3.33),

O () TD() T = a)a(y)J +xye(x)c( i,y — (v — a)aly) [8 0} ’

1
(3.34)
B ey B = e +a@a()y, — O D) [1 0} ,
Xy 00
(3.35)

By (3.12), AP~! = W, where W is defined in (2.3)—(2.7). With this substitution
and subsequent use of relations (3.34) and (3.35), the positive kernels (2.12) can be
written in terms of the kernels (3.31) and (3.32) as

AX)P )~ LTD () *AGY)* = J
Kusta,y = B0

= Gy (x, y) — a@a()AR) [g ﬂ A(y)* < Ry (2, y),
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~ A)P(x) ey () T AD) Ty — Jroy
Ky jx,y) = y yy_x Y ’ ’

— Ras(x,y) — C(x;;(y 91(x) [3 8} A" =< Ry (5. 9),

which imply that the kernels K5 ; and :ém J are also positive.

Proposition 3.8 presents sufficient conditions for a linear transformation Te to
map the extended Stieltjes class into itself. A follow up question (which we leave
open for now) is to which extent conditions (3.22) and (3.23) are necessary and, if
they are, is it true that the functions a, b, c, d can always be chosen so that a(x) =
d(x) and b(x) = xc(x) for all x < 0 (which indeed is the case in all three examples
considered above).

4 Determinate Cases

In this section we survey the cases where the problem CFSy is determinate and
identify the unique solution f for each case as the extremal solution of certain
subproblem. Note that by the identity (2.1),

|rankH, — rankH, | = |rankH, — rank(H,T*)| < rank(e*c) = 1. 4.1)
Since P, = H, and P, — H,(T* — xol) = e*c we also have
rankH, < rankP, <rankH, + 1. “4.2)

Case 1: The matrix H, > 0 is singular and rankH,, = r. In this case, the measure
w from the integral representation (2.23) is supported by r points and therefore,
any solution f to the problem CFSj,_; is rational with deg f = r, and the
leading submatrix H, of H, is positive definite. By Kronecker’s theorem [23],
there is a unique rational function of degree r with the first 2r 4+ 1 Taylor
coefficients at xg equal co, ..., ¢, and therefore, this function is f, the unique
solution of the problem CFS;,,_. Since rankH,fl (xp) = r forall m > r (again by
Kronecker’s theorem) all Taylor coefficients ¢, := f(m:’f,x")

by ci, ..., c2r via the recursion formula 4

are uniquely defined

Cr+1
em = [em—r emerit o cemt JH7UL 0|, m>2n (4.3)

C2r
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The function f can be explicitly written (in the spirit of Loewner pencil
realizations in [25]) as

f(x) = co + (x — x0)€{ H (H, — (x — x0)G,) ' Hyer, (4.4)

where e; denotes the first column of the matrix I, and G, = [ci+ j+2];;i0.
Computations similar to those in the proof of Lemma 2.5 verify that the first
2r + 1 Taylor coefficients of the function on the right side of (4.4) at xo are
indeed cg, ..., cpr.

Case2: The matrix H, = 0is singular and rankH, = r. By applying the previous
case to H and xf(x) (rather than H,, and f, we see that the leading submatrix H
of Hy is positive definite and that the only solution f to the problem CFS,,_1 is

recovered from the realization formula

~ ~ ~ _1 ~
xf(x) = co + xoc1 + (x — xo)e[ Hy (Hr — (x —x0)G,)  H,ey,

where G, = [xoc,+ j+3 t iy /+2]l j=0" Furthermore, the Taylor coefficients
(m) . .
= f (,x“) are uniquely defined for m > 2r by cy, ..., c2» via the recursion
m:
formula
Cm—1 ! X0Cr41+Cr
- C
Cm = — +[Cm r+m61 le+m02]Hr :
X0 xocor+car—1

(4.5)

The next theorem identifies the unique solution of a determinate problem
CFS,,,_ with extremal solutions of its truncations.

Theorem 4.1 Given xy < Oandcy, ..., co—1, let us assume that H, > 0, I-In > 0.
Let min{rankH,, rankH,} = r < n and let fr, fx and §g, fx be the extremal
solutions of the even problem CFS,,_1 and solutions of the odd problem CFS,,,
respectively. Then the unique solution f to the problem CFSy,,_1 is equal to

fr, if rankH, = rankﬁn =rankP, =r,

fx, if rankH, = rankH, = r, rankP, =r + 1,
fr, if rankH, =r, rankH, = r + 1,

fx, if rankH, =r +1, rankH, = r.

(4.6)

Proof By the definition of r, we have H, > 0, I-Ir > 0, and at least one of
the matrices H,41 and I—~Ir+1 is singular. If both of them are singular, then f is
equal either to fr or to fg, by Remark 2.8. If rankP,+1 = r, then f = fF, by
Theorem 3.1, and since P, is singular, the extended matrix P, has the same rank
r.If rankP,4+1 = r + 1, then f = fF and, in case r < n — 1, the matrix P.; is
singular, by (4.2). Therefore, rankP, = rankP,;» = r + 1, which completes the
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verification of the two top cases in (4.6). Two other cases follow by Remark 3.7.
By (4.1), the cases listed in (4.6) cover or possible degeneracies of H, and H,. O

We next consider the odd problem CFS,,,. In each singular case listed in (4.6),
the problem CFS;, has the same unique solution f if the given ¢y, happens to be
equal to f(z(’;)n(;‘!()) and has no solutions otherwise. Below, we classify these cases in

terms of the rank of H,,.

'Ilheorem 4.2 Given xo < 0 and cg, ..., Con—1, Con, let us assume that H, > O,
H, = 0and P,4+1 > 0. The problem CFS», has a unique solution if and only if one
of the following holds:

1. rankH, <n —2;

Cn
-1 . .
2. ranan =n—1and Cop = [Cn+l Cp+42 « - C2n—l] anl . h

N | C2n—2
3. H, = 0, rankH, =n — 1 and

X0Cn + Cn—1
Cn—1

— Cn Con—-2 r7—1 . .
o = X0 + [Cn+l Ty o Cam—1 ]H,H : ;

L X0C2n—2 + C2n—3

4 Hy >0, Hy = Oand czy = orcap =a+ B (see (2.52))

Proof LetrankH, < n—2 and let f be the unique solution to the problem CFSy,,_.
Then the matrices

£+ (xp) | ;
[ v |, o Pe=lali

i,j=0
are positive semidefinite Hankel extension of P,. Since rankH,, < n — 2, the matrix

P, is singular (by (4.5)) and therefore, it admits a unique positive semidefinite

Hankel extension. Therefore, f(zé)’f)‘,“) = ¢, and f solves the problem CFS,,,, which

completes the proof of (1). Part (2) follows from Case 1 considered above and the
formula (4.3) for r = n — 1 and m = 2n. Similarly, part (3) follows from Case 2
and formula (4.5). Part (4) has been covered in Theorem 3.1 |
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Harmonic Analysis of Some Arithmetical )
Functions creme

Roger Gay and Ahmed Sebbar

Abstract We study three functions which are power series in the variable z,
Dirichlet series in the variable s and with coefficients given by arithmetical
functions. A strong point is to relate these functions to some Hilbert spaces. Three
main ingredients are used: an estimate of Davenport on sums of Mobius functions, a
result of Lucht on convolutions of arithmetical Dirichlet series and the introduction
of an operation @ on power series, naturally associated with the mentioned Hilbert
spaces.

Keywords Arithmetical functions - Franel integral - Riesz basis -
Smith determinant
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1 Introduction

Several formal trigonometrical expansions of the Analytic Number Theory are of
Harmonic Analysis nature. For instance, they are periodic or almost periodic Fourier
series of their sums. The main goal of the present paper is to prove a corresponding
result for three arithmetical functions called £, M, C,. The first is the classical
polylogarithm function, the second is built from the Mobius function @ (n) and
the third from the Ramanujan sums. The most salient results of the paper can be
summarized as follows. We will study some possible links between Ly, M, C
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by using a theorem of Lucht [31]. For some arithmetical functions, as for example
os(n)

s os(n) = st, s > 0 we study the existence of Ramanujan expansion

d|n
and give the Ramanujan coefficients. The third objective is to look at the problem
from Kubert’s identities point of view, first solved by Besicovitch [6], of giving an
example of a non-trivial real continuous function f on [0, 1] which is not odd with
respect to the point ; and which has the property that for every positive integer k

5 7 =0
h=0 k
Bateman and Chowla [4, 13] gave the two explicit examples of such functions

A=Y ’“"(1”) cos(2nt)

n=1

A=Y A;”) cos(2mnt)

n=1

where p is the Mobius function and X is the Liouville’s function A, defined by
A(1) = 1 and A(n) = (—1)7 if n is the product of j (not necessarily distinct) prime
numbers. The Liouville’s function is a multiplicative function, closely related to the
Mobius p function for they coincide on square-free integers. These two functions
share many properties, as we will see in the last section.

We introduce some Hilbert spaces and build some Riesz basis from the function
L and determine an bi-orthogonal basis. The characterizations of the Riesz basis
highlight some Dirichlet series as well as some extension of the famous Smith
determinant. We illustrate the Fourier Analysis aspect through the Ramanujan
series and their use in the development of arithmetical functions. The last section
briefly presents an opening towards dynamical systems, to emphasize that the path
inaugurated by Aurel Wintner, Norbert Wiener and Marc Kac may experience a
revival in dynamical systems, as in the conjectures of Chowla and Sarnak.

2 Arithmetical Functions

Lambert series are, by definition, series of the form

0 n

* C
Sa X mec
n=1



Harmonic Analysis of Some Arithmetical Functions 89

They were considered in connection with the convergence of power series. If a series
o

Z ap converges, then the Lambert series converges for all x # =£1. Otherwise it

n=1
(o)

converges for those values of x for which the series Z ayx" converges [46], and

n=1
the references therein. In all that follows, it would be of some interest to highlight

three equivalences which will be used more or less explicitly in this paper. Formally
we have the following diagram, where f and g are two arithmetical functions

o () o 8(n) - - 2"

fm =Y 5@ = Y TV =cw} T = Y rom =Y e T .
d|n n=1 n=1 n=1 n=1
This is exactly the essence of our work: we are constantly moving between three
aspects: arithmetical convolution, Dirichlet series and power series. This is done
through the Riemann zeta function or its inverse. To illustrate this, we give some
examples [38] (Part Eight), some of which will be used and all the definitions will
be given,

1. If g(n) = u(n), the Mobius function, then

n

)
>, =
H 1—xn

n=1

2. If g(n) = A(n), the Liouville function, the associated Lambert series is the Jacobi
theta function

n

o0
> x4 aloy
= 1—x"

3. If ®(n) is Euler’s totient function, then for |x|<1

n X

i@() o=
Z e T =2

n 0
and Ga(x) = Z g(n)x", then

xn
n=1

4. 1 Gi(x) = Zg(n)l *
n=1

Gi(x) =) Ga(x™.
n=1
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When g(n) is a known arithmetical function, like (n) or A(n) or ®(n), the previous
relations reflect deep arithmetical identities. On the other hand some elementary

1
functions g(n) can produce non trivial sums. For example if g(n) = and Gi(x) =
n

o]

1 n
Z o , then
nl—x"

n=1
(0.¢]
e =TTa —xm,
n=1

a well known function in the theory of partitions.
The notion of Kubert’s identity is important for us, before defining it we
introduce a fundamental function

t— ] —3if t#|t]
{t} = 2.1)
0 if t=t]

admitting the Fourier expansion

1 sinQ@amt)
=-_3 """

n=1
which extends into a formal summation expansion

e¢]

a 1 A

n n .

E nty = — E n(2mwnt 5
{ } 1 ( )

where A, = Zad. This reveals a property of the sequence ({nt}),>1, closely
d|n
related to the main concern of this paper. We have the well known result

ged(r,s)  ged(r,s)?

= (2.2)
12 1cm(r, s) 12rs

1
/ ({rt}{st}) dt =
0

Another example that we will meet is the expansion, t ¢ 2w Z

o0
t cosnt
1 2 |si =—E 2.3
0g< sm2D " 2.3)

n=1
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which leads to the formal identity, for irrational ¢

9

i cnlog(2|sinnme])) i G, cos(2nmt)
i =

n

where again G, = ch. The validity of this equality has been discussed by
d|n
Davenport in [14] and also by Chowla in [12], who observed that

w2 ged(r, 5)?

2.4
12 rs 24

1
/ log (2| sinrmt]) log (2| sinsmt|) dt =
0

The formulas (2.2) and (2.4) are named Franel integrals in [43]. Beside Number
Theory, the functions (2.1) and (2.3) appear in Fourier and Harmonic Analysis
where (2.2) and (2.4) find an interpretation. To give the mean idea we cite the
following fact: the sequence of functions

1, {z}, (21}, - - - {nt}, - --

is a basis for the Hilbert space (L]0, é), dt), dt being the Lebesgue measure. This
kind of results, with very interesting connections with questions in Number Theory,
appeared in [22, 48].

Another point of view, which we only briefly evoke here and also in the Sect. 8,
is the following: We fix a positive integer p and define on the unit interval the p-
Bernoulli map, an extension of (2.1), the function

1
Vp(r) = px —Lpxl. {xlp =vp() —
which admits the Fourier series expansion

1
(x}, = — Z 2cos(nmx an) 2.5

2nm)P

We look at ¥, (x) as a one-dynamical system on the space (0, 1), as in [23]. The
associated Perron-Frobenius operator Py, is defined by

u(y) 1 { X x+1 x+p—1 }
P = = + +ot .
(Py,u) () MEI:(X)' vl = p MG HEC D) w0

If u is an eigenvector of Py, associated to the eigenvalue A, then

1 -1
Apu(px)=u(x)+u(x+p)+--~+u(x+”p ). 2.6)
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We see that if, for example, . = 1, the eigenfunctions satisfy certain functional
equations, similar to those satisfied by the function log I'. We give few fundamental
examples:

1. Bernoulli polynomials are given by
S B B =1, B =x— ) By = x|
= X , X) =1, X)=Xx— _, X)=x"—x g
o 1 Z n 0 1 , B2 6

and they satisfy

i(B X)+--+B (x—l—k_l))t":ki(t)”B (kx)
n=0 ’ ! k n:Ok ! ‘

So the eigenvalues are A = k.
2. Hurwitz zeta function, defined for 9is > 1 by

o0

1
(s, x) =Y (x4 s

n=0

for which we have

L ,8) =k¢c(kx,s)

Cx,8) -+ 0(x +

and the eigenvalues are A = k*~!. It satisfies for fits > ; the Franel type integral
[33]

! _2r2%()¢(2s) (ged(a, b)Y
/(; ;‘({ax}, 1- s){({bx}, 1—s) dx = (27.[)2s (](;m(a’ b)) '

The integral diverges for s < %
3. The polylogarithm function defined (for |[z| < 1,Rs > l or 7] < 1, Rs > 1) by

*
L@=)
n>1
For s = k an integer the polylogarithm function is related to the Bernoulli
polynomial By (X) by
2imrnd

Buloh=-Y° .
n#0 n
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which is just (2.5) when k = p = 1. In order to study their relation to the Perron—
Frobenius operator we introduce a new notion.

Definition 2.1 According to Kubert [29, 34] we say that a function f(x), where
x varies over Q/R or R/Z, satisfies a Kubert identity if it verifies the functional
equations

m—1
) k
fy =mY f(xnf ) (%)
k=0

for every positive integer m. Here s is some fixed parameter.

It is apparent that this definition is more restrictive than the one given for
eigenfunctions of the Perron—Frobenius operator. The derivative of a differentiable
function satisfying (x,) satisfies (xs—1). A very instructive example is given by the
following example: From the polynomial relation

X"—1=[[mx -1
n'=l1
we deduce that

n—1
eZinnx 1= l_[(e2i”(x+ﬁ) -1, xe @/Z, x#0
k=0

so that if f(x) := log|e*™ — 1|, then

n—1 n—1
f(nx)=Zlog|231nn(x+llz)|=Zf(x+’]z). 2.7)
k=0 k=0

dimx _ 1| is connected with the Franel

This property of the function f(x) := log|e
type equality (2.4).

Let K, s € C, be the complex vector space of all continuous maps f : (0, 1) —
C which satisfy the Kubert identity (xs) for every positive integer m and every x
in (0, 1). It is easy to see directly that the function L (z) satisfies the relation (xy).

More precisely [34, p.287]

Theorem 2.2 The complex vector space K has dimension 2, spanned by one even
element (f(x) = f(1 — x)) and one odd element (f(x) = —f(1 — x)). Each
f(x) € Ky is real analytic.

This is an interesting interpretation of an important result. In fact if

[(x) = Ly(e*™)
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we should have, according to this theorem, a linear combination
[(x) = Asg(1 —s5,x) + B¢ (1 —5,1 —x).
The values of the coefficients are given in [34, p.308]

_i@uyre? _—i@nye”
T 20(s)sin(ws)” 0 2T(s)sin(ws)’

N

This is precisely an another formulation of Lerch’s transformation formula for the
function

S n

4
<b<z,s,v)=Z(n+U)S, el <1, v#0,—-1,-2, .-
n=0

which is [18, p.29]
d(z,s,v) =

. —ims i 1 P (S : !
iy T = | T are i 1 oy 08D inangpaim y gy 1089
2im 2im

and which reduces to the functional equation of the Riemann zeta function when
z=1v=0,Ns > 1.

Remark 2.3 The theorem of Milnor stated above asserts that every function in
the space K is real analytic. These functions are eigenfunctions corresponding
to the eigenvalue A = 1 of the Perron—Frobenius operator. However the later has
eigenfunctions corresponding to the eigenvalue A = ; which are continuous but
nowhere differentiable. As mentioned in [23, p.361] the Tagaki function (or the
blancmange function) 7' (x) is an example of a such function. This function is
defined by

ad 1
T(x) = Z W(2"yx) — »
n=1

where

V(x)=inf{|x —n|,n € Z} =

%)
2

is the sawtooth function, periodic of period 1.
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3 Three Power Series

The essential of the analytic properties of the polylogarithm function L,(z) =
k

Z . .
E come from the integral representation
kS

n>1

Z o) tsfl
L.(7) = dt, 9Ns >0, 1, 00).
s(2) F(s)/o of 7 s >0, z¢ (1, 00)

d
Letd =z J be Boole’s differential operator. We define an inverse of ¥ by
Z

z d
2 () = / Fan™
0 u

defined on the class of analytic functions near the origin, and vanishing at the origin.
For s = n a positive integer we have the symbolic representation as an iterated
integral

L) =" ° G.1)
1-z

To define the next function we recall first the definition of the Mdbius arithmetical
function

lif n=1
pu(n) = pn = 1 0if n has one or more repeated prime factors

(=1 if n is the product of k prime factors.

The importance of the M&bius function lies in the following inversion

f =Y 5 < g =Y f@uC)=3fCoud. (2

d|n d|n d|n

The generalized Mobius inversion may be formulated as follows: If t varies on
the half-line t > 0, and if either g(¢) = O(t_l_”) holds for some n > O or h(t) =
O(t_l_‘s) holds for some § > 0 then

h(t) =Y g(nt)

n=1
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is equivalent to

o0

g(t) =Y u(mh(nt).

n=1

The main objective of this section is the study the relationships between the three
functions L£;(z), M;(z) and C,(z) defined by the following power series:

k
LL@=) =1 9= Torfz] <1 %is =0,
k>1

k
2. Ms(z) = Zuk;, lz] < 1T NRs > 1lorlz] <1, Ns > 0. This series is most
k=1
known when s = 0 and |z] < 1. It amounts to the series Z ,ukzk studied by
k>1
Bateman and Chowla [4, 13]. They use the crucial estimates for sums of Mébius
functions values, due to Davenport [14]: For every A > 0, there exists a constant
D(A) such that, uniformly for |z| <1

> u(Hz/| < DA log(x + 1)~ (3.3)

O<j<x

k
3.6u@ =Y ad., lZd<1 MNs>lorlz <1, MNs=0,
’ kS
k>1

where ci (1) is the Ramanujan sum

n n

- _an an
cq(n) = Z AT = Z cos(2w ).
a=1 a=1 4
(a,q)=1 (a,q)=1
Zk
As we will see the series C; ;(z) = Z cx (D) i is most known only when z = 1 and
k>1

NRs > 1. Its sum was given by Ramanujan, and simplified methods were found by
Estermann and others.
For fixed n, ¢4 (n) is a multiplicative function: if g1, g2 are relatively prime, then

Cqy (n)Cqy (n) = cgyg,(n).

Moreover ¢, (n) is a periodic function of n with period g. When (m, k) = 1 we have
cx(m) = uk, and when (m, k) = k we have cx(m) = ®(m), ® being the Euler’s
totient function, with for every positive integer N, ®(N) is the number of positive
integers less than or equal to N and relatively prime to N. More generally Holder
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[25] showed that Ramanujan’s sum can also be expressed in closed form as follows:

o) ®(m) IJ«( m )
k = .
m k
® ((k’m)> (k, m)

Three well known properties of the ®-function are important for further extension.
For every positive integer N

N = Zcb(d)

dIN

o(N)=N [] (1—;). (3.4)

pIN
p prime

An important property of the Ramanujan coefficients is their orthogonality, that can
be used to compute the Ramanujan coefficients

Lemma 3.1 (Orthogonality Relations) Let ® the Euler’s totient function, then
I : Z (
im c (n) =&

. r(n)cs(n) r)

X—>+00
n<x

if r = s and zero otherwise. More generally

. 1
im ; cr(n)es(n +h) = ¢ (h)

if r = s and zero otherwise.

The functions Mg, L, tough different in nature, share the same difference-
differential equation

< 0 f(Z,s):f(Z,s_l), (35)
0z

but the series M,(z) does not seem to have attracted much attention. For the
particular case z = 1 and fs > 1 we have with o,_1(n) = Z a1

dln
1 o5—1(n)
Ls(1) = , M() = , Cou()= .
=@, M= o e =

The last equality can be understood in the framework of Ramanujan-Fourier series:
Given an arithmetical function a : N — C, the Ramanujan-Fourier series for a is
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the series
o0
a(n) = Zach(n), neN.
g=1

The coefficients can be computed by using the previous orthogonality relations, but
we will be concerned by a different kind of approach.

Let f, g : N — C two arithmetical functions. The Dirichlet convolution product
of f, g is defined by

frem =" fs() nel.

d|n

For example if 1 : n — = is the identity arithmetical function, the inversion
formula (3.2) is just

f=8x1 & g=f*u.

To study the expansion in Ramanujan series, or to find relations between the three
series £5(z), Ms(z) and C; ;(z) we will make use of a result of H. Delange [16] and
aresult of L. Lucht [31].

Theorem 3.2 (Delange) Suppose that

fm) =Y "gd) = (g+ )

d|n

and that

PP sl _ (3.6)

n
n=1

where w(n) is the number of distinct prime divisors of n. Then f admits a Ramanujan
expansion with

=355,

m=1

More precisely for each n the sum
oo
> F@egm
g=1

is absolutely convergent and is equal to f (n).
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We can weaken this statement by observing that from the prime decomposition of a
k

positive integer n = l_[ pf" , ¢; > 1, the number of divisors d (n) and the number of
i=1
prime divisors w(n) are related by

d(n) = (e1 + 1)+ + (ex + 1) = 22",

So the condition (3.6) can be weakened by asking only
o
> dn) sl _ . (3.7)
n
n=1

To give an application of this theorem we begin by a review of some additional
properties of Ramanujan sums. First of all for z = 1 the sum is the celebrated
formula of Ramanujan [40] (p.199): Fork > 1 and s € C \ {1} with fis > 0

>, cr(m) s kK
Yo =L@ dT ), (3.8)

m=1 dlk

and even for s = 1 we have [40] (p.199)

— ck(m) k B
mZZI == n( )logd = —AK),

dlk

where k > 1 and A (k) is Mangoldt’s function

log p if n = p™ forsomem > 1
A(n) =
0 else

Another formula of Ramanujan [40] (p.185) is

i ck(m) _ o1-s(m)

_ , 3.9
BT o) G

k=1

valid for fis > 1 and also for s = 1. In this case the sum vanishes. According to
Ramanujan this assertion is equivalent to the Prime Number Theorem

This formula results directly from Delange’s theorem. The next role will be
played by the following lemma.
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Lemma 3.3 (Romanoff [42]) If k < n and f(u) is any function defined on the
positive integers then

> uC) .k =o. (3.10)

d|n

This Lemma can be proved, for example, by establishing that

ZM(Z)f((d,k))=26:f(8) > ul).

d|n d|n
(d,k)=43

This lemma is very important of the following reason. Let (x;) be a sequence in a
Hilbert space H with an inner product (, ) and let g : N x N\ {(0,0)} — C be an
arithmetical function such the (x,, x,,) = g(n, m). Then the sequence

yn= D

d|n

is an orthogonal sequence. Another important result is the following

Theorem 3.4 (Lucht) Let g : N — C be an arbitrary arithmetical function. Then
the following assertions are equivalent:

1. The series g(k) = Z g(n)c, (k) converges (absolutely) for every k € N* and
n>1
determine an arithmetical function g.
2. The series y (k) =k Z w(n)g(kn) converges (absolutely) for every k € N* and
n>1
determine an arithmetical function y .
In the case of convergence we have the convolution products y = uxg or 1xy = g.
n

As a first application we take g(n) = g;s(n) = ZS ,with |z] < 1, %s > 1 or
n
|z] < 1, Ms > 0 to obtain by the theorem of Lucht:

§00 = () =Y culk) | = Cri(a).

n>1

Hence

an

1 1
yO =yes®) = 3 o= M.

n>1

nS
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, . . . nn) ,
For s = 1 the uniform convergence on the unit closed disk of the series Z Z
n>1 n
results from the uniform convergence on R of the series Z w )ez”’ 9, resulting

n>1
from (3.3) and the maximum principle. For the sake of completeness we give all the
details of this important result. The following lemma, due to Cahen and Jensen, is
classical [21]:

(0.¢]
Lemma 3.5 If the Dirichlet series f(s) = Z are ™S is convergent for so, then
k=1
it is also convergent for any s in the cone |arg(s — sp)| < o < g (Stolz angle).
Furthermore the series is uniformly convergent on any compact set of the cone, as
well as any of its derivatives and

FP®) = (=D)"Y anhje .
Accordingly
111111 Mé (82[.‘/'[0) — Ml (32”-[0)).
Naxd

. . . . . ",
The Ramanujan-Fourier transform of the arithmetical function g(n) = is
n

N "
gy =3 enk)”
n>1
which converges for |z| < 1. It also converges for |z| = 1. In fact
an an
k = =

vy =k um =3 um”

n>1 n>1

converge uniformly on the closed unit disc by Davenport’s estimate (3.3). By
using 3.4 we obtain the convergence of the series (k) with y (k) = M;(z¥), and
finally

cha)znn =Y M%)

n>1 d|l

for |z| = 1, by using a Mobius inversion of y = pu % ¢. The maximum principle
asserts that this equality continues to be valid even for |z| < 1.
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In the same vein we have:

Coi(x) =Y d' Mz,

d|l
which is an interesting link between the two series C; ;(z) and M, (z). The following
lemma is elementary and it is just a variation of (2.7).

Lemma 3.6 We have

m if m|nk

. nhk
2: eZznm — ,

1<h<m 0 otherwise.

or, equivalently, for alln, m € N* and w, z € C, we have
n
wiwm=z

if m|n and zero otherwise.

Remark 3.7 The meaning of nk € mN* is the following: We first observe that
k7Z N mZ = lcm(k, m)Z, hence

" " lem(k, m)
nk € lem(k, m)N* <= n € §(k, m)N*, &(k,m) := ‘
and
” mifn € §(k, m)N*
Yo = (3.11)
I<h<m 0 otherwise
If we choose 7 = €27 " with some fixed m € N* and 1 < h < m, and denote
simply
Q2
8z1(n) = gy/;(n) = Ya=vh
we get

2in"r];h _
yrfr’l(k)ZkZlL(l’l)g’;ﬁ(kn)szM(n)e =M1(8217t%{)

nk
n>1 n>1
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and
wu(n)
PBRZICEL D DR
1<h<m ned(k,m)N*
or

2ighk H(n)_
Z M m)y=m Z y =0.

1<h<m ned(k,m)N*

As the argument usually used in the proof of the last equality is very present in
the present study we give a slightly more general result. We are going to show the
following lemma

Lemma 3.8 We have for fs > 1

A
Z M(C{n) _ Mg ’ (3.12)
S T 0@
with
o) =q'TJa-p =Y an).
rlq dlq
In particular
u(gn)
1. = *
Z i 0 for every g € N
n>1
2. For d € N* we have Z pwm) =0
nedN*
Indeed
1 Dy
£s =1 p plg rlq n>1, (n,q)=1 n
®s(q) Z p(gn)
n(q)q* w1 =1 n’

The lemma is obtained by using the Lemma 3.5, or the classical Ingham’s Tauberian
theorem [28] (p.133). One can show that

-1
wu(m) i : 1
> no Pk I (I(S) np|a<k,m>( 7 )>

ned(k,m)N*
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It is easily seen that Z yn (k) = 0. Hence

1<h<m

3 M) =o.

1<h<m

From the relation u * Z gn» = 0 we conclude again, by Cahen-Jensen lemma
I<h<m

and Mobius inversion, that

tim 30O g em®

! j=1 J j=1 J

Indeed we have Z gn =0, so forevery k € N*

1<h<m

. 1—s ij(k) T ij(k) _
Jim Ty = lim D =0

j=1 j=1

since

We also have

i 3 et =3 ¥ a0 <o

I<h=m dil \l<h=m
by using

Coi() =Y d" "Mz,

dll

Iem(k, m)
k

b}

This lemma, applied to y» W = Ml(e2i”%) and with §(k, m) =

gives

ik e js(k,m) m L jis(k,m)
> M) = Y e s g,
1<h<m j=1 Jok,m) 8k, m) j=1 J



Harmonic Analysis of Some Arithmetical Functions 105

Thus we have a nontrivial example of a function solving the initial Besicovich
question. A natural question suggested by the Lemma 3.8 is: Find all the sequences

a = (ap)n>1 satisfying the relations Zajm = 0 for every m € N*. According to

~
[39] (p. 294) if !

(0.¢] [e¢)
Zlan|<oos Zajnzovjzlvzs"'
n=1 n=1

then a, = O for every n > 1. As was pointed out in [39] (p.294) the absolute
convergence is necessary. We give here an example [32] (p.219) completing (3.12)
and showing the necessity of the absolute convergence. It is

o0

Z )| n*¢(s)

3.13
ms Y(s$)¢(2s) G19

with

Un(s) = ' luC)l.

d|n

It is interesting to consider the following question later a more general question: For
which sequences a = (a,)n>1 € 12 we have

Ns>1 n>1 j>1 A

Hj8(m.k)

As we saw in 3.8 we have hm Z
J¢

‘M>1 j=1

= 0forevery k > 1.

4 Three Examples of Hilbert Spaces

4.1 Preliminaries

We propose to introduce a binary operation ® to combine two power series. Let D
be the open unit disk and

Hy(D) =1 an", ay € C. Y layl* < o0

n>1 n>1
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Let H the space of functions defined almost everywhere on R, odd and 2-periodic,
such that fjo,1) € L?(0, 1) (that is we will consider only Fourier sine series
expansion of any f € L?(0, 1)) and finally let

a
H? = Z z,aneC,Z|an|2<oo
s

n>1 n>1

It is remarkable that from the Hilbert point of view these three spaces are isomorphic
but the analytical properties are different but enrich each other. The power series £
and M belong to HOZ(D) provided that s > é and will play a preponderant role.
We need the following definition [46]

o o
Definition 4.1 Let A(z) = Z apz? and B(z) = Z bpz” be two power series.

p=1 p=1
We define their Dirichlet product as

D ap? @Y bpzf =Y ap,(Y bgz®) =Y by(D> apPh) = (axb)"

p=1 p=1 p=l  g¢=1 g=1  p=l nzl

where a » b stands for the Dirichlet convolution of the sequences (aj),>1 and
(bn)n>1. It is clear that the identity element for the binary operation ® is e(z) = z.
It should be noted that this product comes from the natural formal product of the

two Dirichlet series Z and Z . In other words the map

n= 1

$: (H}D), +.®) — (H.+.), S(Zan =ZZ @.1)

is a ring homomorphism.

It is possible to define, transferring ® by the map S, a product on the set of
Lambert series. But, instead, we give few examples, in particular to show how to
compute Mo (z) ® Mo(z) and evoke the problem that C; ;(z) ® Cs.1(z) poses.

First, we have two useful properties

1. Ly(z") @ Ms(z") = 2™, m,n € N*,
2. The functions £(z) and M;(z) are mutual inverses for the operation ®.

Second, According to [32] (p.40) we introduce d(n, k) the number of ways of
expressing n as a product of k positive factors (of which any number may be unity),
expressions in which the order of the factors is different being regarded as distinct.
It is a multiplicative function satisfying the functional equation

din,k+1) = Zd(n, k).

dln
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In particular, d(n,2) = d(n) = Z 1, the number of divisors of n. By a simple

d|n
induction we have
o0
d(n, k)
L@ 8- ® L) = > 2
k times n=l

Third, we compute the square of the Mobius function p for the convolution.
For any real number o, we denote by u, the multiplicative function defined for all
primes p and positive integer k by Dickson [17]

e =1,  pa(ph) = (=DF (Z)

with

o _a(a—1)~--(a—k+1)
<k)_ k! ‘

Then @y = w, the Mobius function, u_; = 1, the constant arithmetical function
1, and uo = e with e(1) = 1,e(n) = 0if n > 1, the neutral element for the
Dirichlet convolution. The function p, may be defined even for complex « since it
is a polynomial in « [9]. It satisfies

Ha+p = Ha * LB

for all real numbers « and 8. Let n, be the number of simple prime divisors of n,
that is those primes whose square do not divide n, then

o pu(n) = (=2)".
For sake of completeness we give a very quick proof of this result. Since p© » w is

multiplicative, it is enough to know p » u(p¢) for a prime p. But

porp(p) =y (™
k=0

= 1(p®) + 1P + -+ (P Hup) + n(p).

Ife > 3and 0 < k < e, one of the integers k, ¢ — k is greater than 2, so
w(pF)w(pe*) = 0 and pu(p) = 0.
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Ife=2

wx w(p?) = n(pH + w(p)u(p) + n(p» = n(pr(p) = 1.

Ife=1,u(p) =—1,u*xu(p) = nu(p) + n(p) = —2. So only the simple prime
divisors of n contribute, each by —2. This proves the formula above. It follows that

Proposition 4.2
oo
Mo(2) ® Mo(2) = ) _(=2)"",
n=1
This shows the surprising and not so known formula
1 i (—2)"a
g2 =t

The same method gives

e¢]

_2 Nag
M@ oM@ =" ns) "
n=1
If we set

o0

d(n, k

Moo Me=3 "

o - n=1

k times
11
cktl(s) — gk(s) ¢(s)

we get from the equality the relation

d'(nk+1)= Zd’(n,k)u(k), d'(n,2) = (=2)" = p*u(n).
d'|n

As far as we know the map n — d’(n, k) does not seem to have been studied to the
point like what we have, for example, in the estimate (3.3).

Remark 4.3 The situation for the series Cy ;(z) is not as manageable as it is for
L (z) and M (z). The product C; ;(z) ® € ;(z) is not apparently easy to compute,
as we have

Cq1(M)cgy (1) = cq14,(n)
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only when g1, g3 are relatively prime. We modify the binary operation ® by defining
for two arithmetical function f = f(n),g = g(n) the following operation [32]
(p-154)

(fugh= Y f(pf@,
(pap=1

known as the unitary product, and extend it to powers series by

Y "Ry g =Y (fugh.

n>1 n>1 n>1
With f(n) = e El) we get
s
Gupn= Y fof@=dm™?,
(Pt
where d(n) = Z 1, so that

(p.9)=1, pg=n

" " ~ "
Ca@MC@) =) al) WY ol =) dmed) .

n>1 n>1 n>1

The arithmetical function d (n) is known as the unitary divisor function. It coincide
with d(n) if n is square free.

To understand the Hilbert space structure of HOZ(D) we recall that the Bergman
space B(D) is the space of holomorphic functions f in D for which the integral

(fsf)I//le(Z)lzdxdy<oo.

The system of functions {1, z, Z2, - } is an orthogonal set. Indeed we have

1 1 L
(& = / / '7Mdxdy = . "7z = / ¢=me gg.
lz]<1 2i(m + 1) Jiz1=1 2m+1) Jo

The orthonormalized set is

n—+1
vn(z)=\/ 7"
T
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The Fourier coefficients of f € B(D),
f@2) =ao+ a1z +axz* + -

are

n+1 _ . n+1 _ T
b, = \/ f f(@)7"dxdy = lim \/ f f(@)7"dxdy = \/ an
b4 lzl<1 r—1 b4 lzl<r n+1

so that the norm given in the space HOZ(D) C B(D) can be written in terms of the
Fourier coefficients

00 00 b |2
2 n

E lan|” =7 E P

n=0 n=0

The following lemma from [46] is the analogue of the classical Cauchy’s theorem
for the new binary operation ®

Lemma 4.4 (Spira) If f(z) = Zapzp and g(z) = prz” are two holomor-
p=l =l

phic functions on the open disk D then so is f ® g. Furthermore if Ry, Rg, Ryrgg

are the radius of convergence of f, g, [ ® g repectively, then

min(1, Ry, Rg) < R g

Proof For every fixedn > 3and2 < p < n — 1 we have p + . < n for each

n
divisor p of n. In fact It suffices to show it when 2 < p < 5’ and in this case

p+ o +; = n. For |z| < 1 we have |z]" < Izlplzlz and for large N

p -2
n
n p >
a < );
(X alb)ir=s Y (X laplibn)iz
2<n<N pln, 2<p=n—1 2<n<N pin
2<p=<n-1
(Y ) (X Ibglial?)
2<p=<N-1 2<g<N-1
= (X laphizl”) (3 tbgllat?).
p=1 q=1

4.2)
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This means that for large N:

(2 taplizirye (3 1bgllzl?)

I<p=N 1<g=<N
< larl 3 Wegllzl? + a1 Y laplicl” + (3 apliz?)( D2 Ibgllzi?)
q=1 p=1 l=p=N I=q=N
< larl Y bglizl? + 1611 Y laplizl? + (3 laplizl?) (D g l1z17).
g=1 p=1 p=1 g>1
(4.3)
Hence the conclusion. |

4.2 Historic Facts

1. Around 1944 A. Wintner [48] shows that for u(¢) = {t}, the sequence u(nt) is
total in L2(0, é) and observes, for the eventual totality of a sequence (¢ (nt)),>1,
the possibility to express the conditions in terms of the Mobius inversion. He
uses the associated Dirichlet series and shows that the sequence of dilates ¢ (nt)

t
for e (1) = V23 """ with 9 > | s total in € L2(0, 1),
n'L’
n>1

2. In 1945 A. Beurling [8] considers the problem of deciding if the system of the

dilates (Y (nt)),>1 of a function ¢ € L?(0, 1) is a total system in L?(0, 1). To the

development Z ay(nt) of the function ¢ in the basis ¢, () = V2sinznt =

n>1

. . . .. . an
o(nt) with () = V2 sin7t, he associates the Dirichlet series f(s) = Z o
-
n>1
which converges for Rs > é, and studies the initial problem using the properties
of the Dirichlet series f.

3. From 1990, very intensive research was carried out to link and exploit the

correspondence between the two aspects (Fourier series F S G Dirichlet
series) [5, 15, 24, 26, 35, 39] - - - and the references therein.

In particular we quote from [24] the following
Theorem 4.5 Let ¢ € L*(0, 1) having the following Fourier expansion

o) = V2 Zan sin(;rnt),

n>1
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then the following are equivalent:

1. The sequence of dilates (¢, )n>1 of ¢ form a Riesz basis of L% (0, 1).
2. The generating function S¢(s) = Z a,; belongs to
n

n>1

H® =H®({s e C,Ns >0)ND

1
as well as its reciprocal So(s)’ D is the ring of convergent Dirichlet series on
s
the half plane {s € C, %is > 0}.

In particular the dilates of ¢, form a Riesz basis of L*(0, 1) if and only if Rt > 1.

1
In this case Sp(s) = ¢(s + 1) = Z ot and S~1(s) = Z Mv(fr).
n n

n>1 n>1

Furthermore

Lemma 4.6 The three rings C([[z]]), O(D) and Oy equipped with the binary com-

position @ are commutative ring, with neutral element z. The ring of arithmetical

functions, equipped with Dirichlet convolution, is an integral domain, factorial,

local and isomorphic to the ring of Dirichlet series. The same is true of the ring D.
o

.. L. . an . .

We recall that a convergent Dirichlet series is a series Z s having a finite
n=1

abscissa of convergence. This is equivalent to a,, = O (n¥) for some real positive k.

Definition 4.7 Let H be a separable Hilbert space. A basis (x,) is a Riesz basis for
H if it is equivalent to some (and therefore every) orthonormal basis (y;,) for H,
that is if there exists a topological isomorphism L : H — H such that Lx,, = y,
for all n.

The system {¢/"', n € Z} is a Riesz basis for L>[—, 7] and a conditional
basis for LP[—m, 7] with 1 < p < oo, p # 2. In evocation of the polylogarithm
function, we cite the following example of Babenko given in [2, 44] (p.428,
Example 14.4): The systems {|¢|~!#le/”| n e Z} and {|t|'Plei™ | n e Z} with
0< B < é are bounded conditional bases for L2[—, 7] that are not a Riesz basis.
Naturally all Riesz bases are equivalent, as do all orthonormal bases of Hilbert
spaces. The adjoint mapping L* : H — H is a Hilbert space epimorphism.
The sequence x,; = L*x, is the biorthogonal sequence of (x,),>1. We are going
to see that the sequence (£.(z") is a Riesz basis of H?*(D) for it > 1, and
the corresponding biorthogonal sequence is (¥, (2))n>1 = (Y¥n.r(2))n>1 where

1
Un(@ = D mnd2’.

dln
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We will use the following characterization of Riesz sequences, due to N.K. Bari
[3, 8, 24]:

Lemma 4.8 Let H be a Hilbert separable space and B = (xp)n>1 be a sequence
in H. B is a Riesz basis in H if and only if

1. every x € H can be expanded as x = Z anXxn

n
2. There exist two constants 0 < ¢ < C < 00 such that for every sequence (a,)n>1
with finite support we have:

2 2 2
ey lanl* < 1Y anxall> <€ lanl

n>1 n>1 n>1

The following lemma uses ideas from [48], see also [8, 24].
Lemma 4.9 We have the following equalities for s > 1
1 (ged(m, n)>

LEEBE = D e = e SO
k,>1
km=In s
pme  (ged(m, n))= Mj
2 06EIGED = = s
k,>1 j>1
km=In (j,8(m,n))=1

(0.¢] o
with, if f(2) = ) _an?", g(2) =) b,
n=0 n=0

(f@Ig@) =) anby.

n=0

Remark 4.10 The basic example is provided by the Hilbert space L2 (0, ) and the

ink
dilates (u;) of the function u(x) = Z SH;S * , with
k>1

i 1z (ged(m, n))*
(mlien) =" k; s = 250 s
km=In

Lemma 4.11 Let (cy)n>1 a sequence with finite support of complex numbers.
Then

ged(m, n))*
mcn~

LY S enks@IF =) emen(Ls@MILs(@) =225) Y (

N
n>1 m,n>1 m,n>1 (mn)
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1Y eGP =) cmen(LsE™IL(E")

n>1 m,n>1
_ Z (ged(m, Vl))2sc euit n Z Hj
el (mn)s‘ men lem(m,n) = j2S :

(j. 8(n.m))=1

Remark 4.12 We thus see appearing the N x N symmetric square matrices

Moy = <(gcd<m, n)>28)> .
1<m,n<N

(mn)$

It is possible to compute the determinant of the matrix M y. We recall first that the
Smith determinant is defined to be

Ay = det(ged(m, n)) 1<y, n<n
and its value, in terms of the Euler’s totient function ®, is [45]
Ay = O(1)PQ2)---D(N).

The determinant A%) = det (ged(m, n)") <, n<y Where r is a real number, was

also evaluated by Smith in [45]. To explain the value of AE\;) we introduce the
Jordan’s totient function Ji given by [1, 45, 47]

Je(n) = nkl—[ (1 - plk> ,
pln

where p ranges through the prime divisors of n. We have Ji(n) = &(n).
Furthermore

> Id) = n*.

din
which may be written as convolution product as
Je(n) x 1 =nk
and by a Mobius inversion

Je(n) = pu(n) x n*.
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The Dirichlet generating function of series for J is

$ R _ 86— h)
e ¢(s)
Similarly to the case of A = A, we have the formula

AY = J:(1) @) Jr(N).

Since the determinant is a multilinear form we obtain

det M N = J2s (1) J25(2) - - - Jos(N),

(N1)2s

so the matrices M, y are invertible. These statements remain valid for every s € C
by analytic continuation. The matrices M y are also positive for s € (1, 4-00) and
according to [30, 48], the smallest eigenvalue of Ay (s) and the largest eigenvalue
AN (s) of My p satisty

¢(2s) ¢(s)?
<A A . 4.4
o = N(s) < N(s>_§(2s) (4.4)

We deduce that for a sequence a = (ap)n>1 € 12 we have [30]

(2s) (ged(m, n))* (£(5))?
(;‘( ))2 Z |an|2 =< Z g (mn)s aman < §(2 ) Z |an|2-
gls 1<n<N 1<m,n<N mn g(2s I<n<N
This proves the following
Proposition 4.13 Ifs > 1, the sequence (L5(2"))n>1 is a Riesz basis of H2(D).

By direct computation we see that the associated biorthogonal basis is (¥, (2))n>1
where

1 \)
Un(@ = Vns@) = D undl. 4.5)

d|n

The two extreme factors in (4.4) have interesting Dirichlet series expansion [32]
(p-227)

o0

£Hs) 0 C(2s) (n)e(m
<:(2s)_Z ns o r2(s) Z

n=1 n=1
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The function 6 (n) is defined by
0(n) = 2°™,

where w(n) is the number of different prime factors of n. It is a multiplicative

function, also related to the Mdbius function by 6 (n) = Z | (d)|.
dln

Remark 4.14 It is worth noting that the positivity of the matrix M, ny can be
deduced from the Franel integral (2.2). If for a suitable real function f we have
two real s, s’ such that forevery 1 <m,n < N

' ged(m, n)?
/ f(mx) f(nx)dx = s
0 m* ns
thenforcy,---,cy € C
1 2
=N
cd(m,n)* _ P
Z g s’ s CmCn = Z f(p.x)Cp d.x Z 0
1<m,n<N m-n 0 p=1
and
> ged(m, n) iy = 3" 0 F(px)c,| dx = 0.
1<m,n<N o p=1

We have the definite positivity if the functions x — f(px), 1 < p < N are linearly
independent.

4.3 Multipliers

We consider new spaces of Dirichlet series.

1. The space H?> = Z aZ’ a = (an)pen- € 12 corresponding to the spaces
n>1
L2(0, 1) et HX(D).
2. The space H*® = H*®({s € C,%s > 0}) N D equipped with the usual norm
I lloo, defined on the space of measurable and bounded functions defined on

{s e C:Ns > 0}

It is easily shown that #*® C H? and that || f||> < | flleo for f € H™. The
set of multipliers of 7> can be identified with H°°. The norm of the multiplier,
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as operator, M, : H> 5 f — of € H*is IMyll = ll¢lleo. We also have
the following interesting property: Let ¢ € H°°, the multiplier operator M, is an
isomorphism of H? if and only if ¢! € H>. In this case ||M(;1 I = ll¢ oo In
the correspondence between power series and Dirichlet series the multiplier set of
Hg(D) for ® is identified with the set of power series ¢(s) = Z a, 7" such that
n>1
the function ¢(s) = Z Z'Z belongs to #°°. An illustration of this fact is given by
n>1
the polylogarithm function: For Rt > 1 the series £;(z) and M (z) are reciprocal

multipliers of Hg(D) for the operation ®. Moreover the image of the multiplier
1

L4 (z) by the map S is the translate of the zeta function {(s + 7) = Z -
s

n>1
Example 4.15 We now give an example of the expansion of a given g € Hg(D)
in the Riesz basis (Ls(2"))n>1. We need to find a sequence («,),>1 such that

g(x) = Zakﬁs(zk). If f(z) is the formal power series f(z) = Zkzl axz¥, then
k>1

g(z) should be g(z) = f(z) ® Ls(z) or f(z) = g(z) ® Ms(z). According to the

Lemma 4.1 the convergence radius Ry of f satisfies 1 = min(1, Ry, Rg) < Ry

and

f@) = Z (Z (/g‘;;& ad)z" = Z nls (Z,U«Z,dsad)z".

n>1 dn n>1 d|n

We thus see that in terms of the biorthogonal basis (4.5), o, = (g|v¥n), naturally
enough.

4.4 On the Estermann’s Function
The Estermann zeta function E (s, a, z) is defined by the Dirichlet series

EGs.a.2) =) U“ﬂi"”z” Rs > 14+ Na, |z <1, (4.6)

n>1

where, as already denoted, o,(n) = Zd“, a € C. This Dirichlet series is
d|n

closely related to Ramanujan sums. This series (4.6) can be given in terms of the

polylogarithm function, or more precisely can be expanded with respect to the Riesz



118 R. Gay and A. Sebbar

basis {£;(z"), n > 1}.In factif @ > 0 then

1
E(s,a,z2) = E o Ls@D), Izl < 1 % > max(1, 1+ a).
p=1

This can be shown either by observing that

1 1
(Elyp) = (uxoa)(p)=
p p

by using o, = I*u® with I (n) = 1 (the constant arithmetical function) and u“(n) =
n® for every n € N*, or by showing that

E(ss a, .) ® MS = LS*(l'

Assume that a < 0 and recall first that for R(s 4+ t) > 1 then (3.8)

ot Sy = A

dlk n>1

We deduce that for # > 0 we have

ck(n) _,, 1 [etioe cr(n) ds
Z nt e = 21'7-[/ F(S)Z nsStT s

c—ioo

n=1 n>1
1 /C+i°° 1, ds
= L)Y ¢+ ped ™™
207 Je—ioo - T d (dt)s
| efndt
_ -7
= md Ty
dlk n>1

We obtain, by analytic continuation, that

cr(n) , -
Yo = med T,

n>1 dlk
Since a < 0, we get from (3.9)

ck(n)

o) =cl—a) )y 0,

k>1
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Thus
0q(n)
EG,a,=3 " 2"
n>1
1 cr(n)
Z;‘(l_a)Zklfa Z ns Z"
k>1 n>1
1 s
=cd—a) )y, | Domrd' L@
k>1 dlk

5 A Link with Kubertt Identities

Let f(z) = Z an7" be a power series, convergent for |z| < 1. The condition

n>1
> f@ ) =0
1<h<m

is equivalent to

:nh
Sa| X ) e Yan-0

n>1 1<h<m j>1

Furthermore if we assume that

PAGREIE

1<h<m

for every m € N*, then for every m € N*

Zajm =0.

j=1

The function M satisfies this property. Furthermore according to [39] (p.294) if
a = (ap)nen+ is a non zero sequence satisfying this property, then a ¢ £!, the
space of sequences whose series is absolutely convergent. This last condition is also
satisfied by M. In factif |u(n)| = w?(n) is the characteristic function of squarefree
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integers, then [32] (p.227)
Z Iu(n)l ¢(s)
L(29)

o0
and liml W(?)l = 00. Obviously this also results from (3.13).
5s— n

n=1
One wonders for what f € Oy the product f ® M; will verify Kubert identity.
Naturally, quite strong convergence hypothesis on the sequence a = (ax)x>1 will be
required. We recall that

f € H (D) — f®M, € H*(D)

is an isomorphism. If f(z) = ) ;. axz* with suitable convergence on the circle
U = {|z| = 1} we can write

i, i ! WjD(m.k
Y oM@ =Ya [ X e | = LY a3,
I1<h=m k>1 1<h<m k=1 =1

We need two lemmas, the first is strongly inspired by Pollack [37].

Lemma 5.1 Let D € N*. Foreveryl <t < % we have

HjiD u(D) —z T—1
L= (I-p)|=e .
/; J ¢(7) [!:[) ¢(7)

Proof We introduce

PD(T)=1_[(1—p_T), T>1

p|D

so we have

log Pp(t) = — Zlog(l -p = Z + ZZ pkt”

pID pID p|D k>2

Now

)IPINNEED ) SINESS B) D

pID k>2 pID k>2 oD k=2 P

=59 3) DIVESD DINRENE S

p\D =2 P p\D plp =1
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And
log Pp(t) = —Zlog(l —p < Z ! + !
f— pr 2‘
pID p|D
The same ideas give
0<lo (r)—Z:1<1 T>1
g¢ - pr 2 .

On the other hand it is easily seen that

l<(t—-Dt(r)y<rt, T>1

3
2’

and for 7 <
3
0 <log¢(r) +log(r — 1) < logt < log 5"

By putting together these results we arrive to
1 1 3 1
- 1 -1 1 .
2<Xp:pr~|—0g(r )<0g2<2
Hence, for 7 €]1, 3[, we have

1 1
1 — D =<
|§p,+og(r =,

or

1 1 3
Z < +Hlog(zt—-1, l<rt<
> pr 2 2

1 1
Finally, using log Pp(7) < E + _, we find that
> pS 2
log Pp(t) <1+log(r — 1)

or
3
Pp(t)y <e(r—1), 1l<rt< )

Hence the lemma. O
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Before to state the following lemma we would like to make a comparative
remark. Let T = R/Z be the circle, and let f : T — C be an integrable function. If
the Fourier coefficients f(n) satisfy

Y Ifm* < oo,

nez

then Carleson theorem [10] asserts that the sequence (S,(x)n>0, Sp(x) =
Z f (k)e?imhx converges to f(x) for almost all x € T. In particular for every
[k|<n

1

n)z"
25 Z & T) converges for almost every z € T. The next lemma
n

n>1

T with Nt >

. .. ) n)z"

is a form of Jensen lemma adapted to the Dirichlet series E e T) , |zl < 1and
n

n>1

Rt > 1. It differs considerably from what we got from Carleson’s theorem.

n
Lemma 5.2 For every T, Wt > 1, the series Z M(r ) 7" converges uniformly on
n

n>1

the angle
b4

where § € (0, T) is fixed

Proof Let a,(z) = u(n)z" be the coefficients of this Dirichlet series. By using
the fundamental estimate of Davenport (3.3) we can show that b,(z) = Z a,(2)

n=p
converges uniformly to zero on the unit circle, hence on the closed unit disc, by the
maximum principle. For every ¢ > 0 there exists p, € N* such that p > p, we
have |b,(z)| < &. Let

Sy =Snzs)= Y. “’;(f), 2 < 1, 95 > 0, [args| < =5,

1<n<N

For QO > P > p., we have by partial summation

bo 1 1 1 1 bp_
So—Sp_i = bo- - ) - - .
Q pP-1 QS‘+ Q 1<(Q_1)S‘ Q€)+ + P(PS (P_I_l)Y) PS
and
1So— S |<s<1+1+‘ ! = +‘1 1 )
e =" T -1 10t Ps P+ 1)||)
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Now
1 B 1 _, /log(k+1) ef)\sd)\'
(k + 1) ks logk ’
so, with o = s
1 1 |s|( 1 1 )
k+1)$ k5|7 o \k° k+ 1)°
and
|S S | <2e(l+ ! )
J— _ & y
Q P=1l = sin §
hence the lemma. m]

As a consequence we find that lilm IMT (z) = M (z) uniformly with respect
T—>1,7>

to z in the closed unit disk. So, if the sequence a = (ax)k>1 is reasonable we will
obtain that the function f ® My, with f(z) = D ;5 a7k, satisfies the property of

Besicovich. For example, if a € [ I' (which also ensures that feH 2(D)).

Theorem 5.3 If f(2) = Y o axz® witha = (k=1 € 1", then

3 (f @M)ETn) =0.

1<h<m

Proof The two lemmas above ensure the possibility of passing to the limit t —
1, 1 <1< g in the following relation:

£ yorerh=Ta( £ weh) < L page

1<h<m k>1 1<h<m k>1 j=1

O

Remark 5.4 Let f(z) = Zkzz ayz* be a power series of radius at least equal to
R > 0. For |z| < R and %is > ) we have [27, 36]

Do)=Ykt

n>1 k>2

Proof For z € D(0, R) we choose ¢ > 0 and @ > O suchthat |7l < R —«a <
(R —a)f

(R — &)k’
which ensures the convergence of the series Zkzz lax||z|*. Since M(ks) > 1 for

R — ¢ < R. There is kg € N* such that, for k > ko we have Iak||z|k <
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1
8l l . k 1
Rs > 5 and k > 2, the series Z lak|z| Z ks is summable. We can therefore
k>2 n>1
apply Fubini’s theorem to exchange the summations. O

1
| and a,4+1 = 0 for every n > 1. This

As an example we take ap, = (—1)" )
n.

gives
f@= Zakzk = Z (_1)k12k =cosz—1
2k!
k>2 k>1
which converges for every z € C and insure, with s = 1,

2%
3 (cos(j,) —1) = Z(—l)kfék')ZZk. (5.1)

Jj=1 k>1

We investigated some functions related to the right side of (5.1) in [43].

6 Asymptotic Expansion

In this section we give the asymptotic expansion of the coefficients of the power

6
series in HOZ(D) corresponding to Z vl V}, Z c,0, = 0 as element of
X
1<v<N 1<v<N

L?(0, 1). This is given by the following result

Theorem 6.1 The n-th coefficient a,, of the power series belonging to H*(D) and
0

corresponding to Z vl xv} with Z cvby = 0 is given by

1<v<N 1<v<N

ap = ( Z cv(nrrév)go)ogﬂ(n)

1<v<N

with oqg such that % <og < 1land

1 0 .
0a(m) = . / [(—(00 +i1)¢ (00 +i7) cos( . (o0 + iT))n'*dx
i 2

—00

tending to zero as n tends to 4-00.
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. . . 21
Proof We look for an asymptotic expansion of the function f (x) = Z(— D! gél' ) 2
I>1 !
when x tends to +oo. For this we consider the line integral

1
Iy, (x) = nir f F(—s){(s)cos(Zs)x‘ds,
YMm. T

where yyy 1 is the rectangular circuit which sides are parallel to the axis, and whose
vertices are the points og £ i7 and M + é +iT for M € N*, T > 0. We recall
that

1. For every fixed 0 € R there exists C, > 0 such that |[['(c + it)| <
Cylz|72e 317,

2. For0 < 0 < 1 and ¢ > 0, there exists D, > 0 such that [{(c + iT)| <
D.lz)' 2+,

3. We have |cosg(0 +it)| < ealtl

. 2 .
Hence for s = opg + it with og € (3, 1) we have the estimate

F—s)c(s)cosC )| <coce
2 - TooE |.,:|00+520 —’
. 00 . 0o 1
with og + ) — ¢ > 1 for ¢ > 0 small enough, since oy + ) > 3 + 3 = 1. |

6.1 The Integral on the Line Ris = oy

We recall that the function

Rt —T'(—(cg+it))l(og+iT) cos(g (o0 +1i1))x%° € Ll(R).

6.2 Integrals on is = M + ; and on Horizontal Lines

1
For every s € C and M € N* such that s = M + 5 we have s — (—s) = 2Ns =
2M + 1 and

D(—s+2M+1) T'(s)

P = s OM =5 = ()1 —s)...OM —5)"



126 R. Gay and A. Sebbar
. Lo .
According to the Stirling formula, for 0 < |args| < 3
o-)r —6 77|
T < Cls["2e e 270
1 b4
Then, with s = o = M + |, we have |[(s)| < C|s|Me~M+2)e217I Hence
2

Cls/Me —(M+)) ,~ ]Il

I'(—s .
I )l_l( D...(s =2M)]

This guarantees the integrability of the modulus of the function I'(—s)¢(s)
cos(”s)x on the line s = M + 2 as [£(s)] < 2, |cos(”s)| < e21™l and so
the modulus of the integrand is less than

1 1
C|S|Me*(M+2)xM+2 1

<C ,
IsGs — 1) ... (s —2M)| — Mg M+

Cum being a positive constant, independent of M. In the same vein we can obtain an
M
upper bound of I5Gs — 1) |s| (s — 20)] onNfs = M + é by grouping (s — 1) and
(s—=2M),(s —2)and (s — M — 1))...,(s — M) and (s — (M + 1)) to obtain
|S|M |M—l |M—l 1

. |s |t
s(s = 1) (s =2M)| (24 (M = D?)... (22 + ) = oM T frp

We thus obtain the absolute convergence of the integral on is = M + ; and, in the

same way, the limit to zero of the integrals on the horizontal segments by using a
|s|™

majorization, uniform in o € [o9, M + é], of 15( 1 ( M)
s(s—1)...(s —

6.3 Evaluation of the Residues

1. For n > 2. The poles of I'(—s) greater than o9 are s = n,n > 1 and
_1\n
are of respective residues ;o We find that if n is odd the residue of
n!
I'(—=s)¢(s) cos(”s)xS at n vanishes, and if n = 2/ is even, the residue is
¢@h 2
1! .
—(=D o

2. For n = 1 we have a double pole and by computing

lim ((s — 1) C'(—=s)¢(s) cos( s)x )

s—>1d

we find that the residue at 1 is —mx.
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The intermediate result we obtained is the equality

(2l 1
—mx = Y (=1 211 xﬂzzin/g

1<i<M 0—ico

op+ioo

T(=)Z(s) cos(g $)x*ds

| [M+3+ico -
- . / [(=s)¢(s)cos( _ s)x’ds.
27y —ico 2

We need to analyze Iy (x) = _.
2im

(€3) + (2

2
and integration we get

1

M+ ) +ioo T
/ ['(—s)¢(s)cos( _ s)x’ds. We write
M+ —ioo 2

T . .. . .
cos( ) s) = and making the legitimate interchange of summation

1 1 M+ +00 o3 s 1 M+ ) 400 i % s
In(x) = 2;;:(21‘71 /M+;—ioo r(—s)( ) )ds+2iﬂ /Mﬁim r(—s)( ) )ds),
or
1 ix —ix
1 = J J
w(x) ZZ( wC )+ ))
n>1
with
1 [Mtpo 1 -+ D)oo
IJu() = _. / [(—s)7°ds = / ['(s)z *ds.

2w M+)—00 2im —(M+})—00

According to [19] (7.3, p.348), the inverse Mellin transform of e”'“sr‘(s), with the

conditions [Ra| < %, —m < Rs <1 —m, m = 1,2, ..., is the function e '¢" —
(—tei)" T n T X
Z .Fora=—-_+ilog wehave|Ra|= _, % =—i and
r! 2 X 2 n
0<r<m-—1
wmiH= Y cor Y e = Y oar
M l = _l b M _l == l .
n n'r! n n'r!
r>M+1 r>M+1
Thus

mo=Y1> (,-r+(_i)r)n’j;!

n>1 \r>M+1
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Since
Y X By = s e < oo
n'r! T nM+1
n>1r>M+1 n>1
andMEnJ:oo Z i+ (- l)) —Oweget
r>M+1
lim Ipy(x) =0,
M—+o0
and finally

op+ioco
Z( 1)l§(21) a_ ! /0 F(—s){(s)cos(Zs)xsds—i-nx.

=1 2[7‘[ 0—io0

We also see from the properties of the Fourier transform of an integrable function

op+ioo
! /0 F(—s){(s)cos(;[s)xsds

2im Jop—ioo
x°0

= / (=00 — it) (00 + i) cos( " (o + it))e! 10207 g7
27 JR 2

= x4, (x)

If we replace x by 7v6,, I < v < N and summing over v, the terms coming
from 7 x disappear, since Z ¢y0, = 0. This therefore gives the statement of the

1<v<N
theorem.

7 Analytic Continuation of Mg Outside the Unit Disk

One of the purposes of this paragraph is to show that the unit circle is a natural
boundary for M; for Rs > 0. This can be easily done when s = k > 0 is an integer.
Since (i (n))n>1 = (Un)n>1 1 a non-periodic sequence taking values in the finite set
{—1, 0, 1} and the power series Mj is a non rational function then, by Polya-Carlson
theorem, the unit circle is a natural boundary. When k > 1 we can write

d k
My = Mo,
(Zdz> k 0
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showing that My is analytic where My is analytic (compare with (3.1)). Hence the
unit circle is a natural boundary for My, for every integer k. Alternatively we have

M _ 1 OOM —t kfld
k(Z)_Fk) ; ole ")t t.

We introduce the operators 75, s > 0 defined on My by a Mellin’s integral

1
Ts(Mo)(2) = r

(5 M MED) @) 2] < 1.

One can verifies that

1 o0
M(z) = e, 1.
+(2) m)fo ;un@ 2) |z <
Let U C C be a star-shiped open set containing the origin. Let

Op(U) = {f holomorphicon U, f(0) =0}

on which we define the family of operators

1
LN@= [ M(fED) 6. zeU.

(

and show that it has a semi-group property (moreover holomorphic).

Proposition 7.1 The family of operators (T)ns>0 defined on Oyg(U) by

1

Ti(NH) = I'(s) /0 fle ', zeU,

verifies
TS]+S2 = T&‘l o T82~

Note first that 111_"{1 f(e™'z) = f(0) = 0 which ensures, for f # 0, the
1——+00

existence of a integer N > 1 and a constant ay # 0 such that f(e 'z) =
e N(ayzN +---) for t large and guarantees the convergence of the integral. One
checks the holomorphicity of 75 (f) in U as usual. To show the semi-group property
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we consider f € Og(U),z € U, s1,50 € C,Ns; > 0,i = 1,2, then

Tsz(Tsl (N

1 * —t sp—1

— 1 > 1 > —u ,—t s1—1 s2—1
_F(Sz)/o (F(SI/O fle e " ut du>t2 dt

1
—(u+t) S]*ltszfld dt.
[ (s2)I"(s1) //{0,00)2 fee 2 ‘

Wesett+u=v,t —u=wand A = {(u,v) : v >0, |w| < v} and obtain

v (v —2 w)u—l(v 42— w)S2—ldw:| dv.

—v

T, (Ts, () (2) = [f(e_vz)

1 oo
20 (s2)I"(s1) /o
The integral

/- /_” (U—zw)ﬂ—l(v—;w)m—ldw

v
is of Euler’s type. We set w = pv with |p| < 1 and obtain

vSl+32—1 1 | |
I= 2s1+s2—2 /1(1 e+ p)? dp.

Now withx = 1 4+ p = 2y we have
1 2
/ (a —p“—1>(1+p)fz—1dp=/ 2@ =) dx
-1 0

1
— 281+8271 / yszfl(l _ y)Slfldy
0

_ ot TEDT(52)

L(s1 +s52)
That is
TP
I'(s1 + 52)
and
TuT (O = | (s11+s2) /O T e e = Ty ().

The proposition is proved.
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It is worth noting that this proof is contained in essence in (3.5), a representation
. . d . .
of the Boole’s differential operator ¥ = z d acting on the z-variable, by a

z
translation on the s-variable. As a simple but illustrative example we take U = D
(or D C U), D being the unit disk. If f(z) = Zanz”, z € D, then

n>1

LH@ =)

n>1

and

an

n
ns1+s2 z

Tyt ()@ =)

n>1

is also equal to

1 a
(T (M@ =Y ()" = Ty Ty () @):
52

81
n>1

We can now finish the proof that the unit circle is a natural boundary for M;. If
k > s is an integer, we write k = s + o with o > 0. Assume that M, extends
holomorphically to an open set U, containing D, strictly larger than D. Without any
loss of generality we can assume that U is star-shiped with respect to the origin,
then

Mk = MS+(7 = ls4o (MO) =T, (Ms)

extends to, which contradicts what have been said on the non holomorphic
extendability of My (z).

8 Conclusion

By way of conclusion we would like to come back to what was the motivation of
this work, namely the Besicovitch question, and to mention that in fact it results
from the identities of Kubert by means, in general, of a deep result of Number
Theory as, for example, the Prime Number Theorem. We have also mentioned, very
briefly, the occurrence of the Perron—Frobenius operator and the interpretation that
can be drawn from it on the identities of Kubert. Our aim of this section is to point
out the interest in combining Number Theory, Harmonic Analysis and Dynamical
Systems in the study of arithmetic functions. The two twin functions of Mobius
(n) and of Liouville A(n) share so many of these properties. For example, with the
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function (2.1) we have, as showed by Davenport [14] and used in [20, 42]

o0

1
Z“("){m} — —  sin27x,
ot n T

oo oo

A(n) 1 sin 27 n2x
Z " {nt} = T Z 2

n
n=1 n=1

The second equality makes a link with what Riemann gave as an example of a
continuous non-differentiable function. It is natural to define, similarly to M;(z),
the function

Noo) = 3 M o,

n>1 n’
One of the main ideas of this work can be formulated in the following theorem and
its corollary
Theorem 8.1 Let

o0 o0

. nm) 5 . An) o
mis(0) =) s e2imnd. nig(0) =Y s 2 g e R.
n=1 n=1
Then for every positive k we have
- nk) Sy 1K) o M)
th(h/k) = fs—1 ns Znh(h/k) = ks—1 ns
h=1 n=1 h=1 n=1

As we have seen this results from the following facts

00 k oo
mig(h/k) = Z Mrf?) Zez"”h"/k = (k) Z ,u(n).

s—1 s
n=1 h=1 k n=1,(n,k)=1
and
o0 00
n n
Z p(n) — lim Z M(‘)
n s—>1t n’
n=1, (n,k)=1 n=1, (n,k)

= i [T0-r= tim feo[Ju-rof - =0

Ptk plk
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and, similarly for fis > 1

i AMn)  C(2s)

el O
3 W _ 529 (8.1)
n s—>1+ £(s)

n=1

Corollary 8.2 The functions Rimig(0), Rnis(0) are non-trivial real-valued contin-
uous functions f on the real line which have period unity, are even, and for every
positive integer k have the property

n
> fh/k)=0.
h=1
. A(n)
Furthermore, one can prove directly that Z(— n" = 0. Indeed
n
o0 o0 o0
A(n) A(n) A(2n)
Z(_l)” ns +Z ns :22 (zn)_& :
n=1 n=1 n=1
Since A(2) = —1 and X is multiplicative we obtain
A2n) 1 A(n)
Q@n)s 25 ns
so that
(o)
A(n) 2 A(n)
Z(_l)n ns = (=1 ZY)Z ns
n=1 n=
or

> A(n) 2 ¢(2s)
—1)th = (1 :
;( YO = 0T

We conclude by taking the limit s — 1 asin (8.1).
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It is generally believed that the values of the Mobius and Liouville functions
enjoy various randomness properties. One manifestation of this principle is an
old conjecture of Chowla [13] asserting that for all / € N and all distinct
ni, na, --- ,n; € Nand for every €1, €2, - - - , ¢ € {1, 2} we have

M
D H G ) o+ ) = o(M)

m=1

M
> Ao ) ) = o(M),
m=1

According to P. Sarnak we say that a sequence a(n),>1 is deterministic if there
exists a topological dynamical system (X, T') with zero topological entropy, a point
x € X, and a continuous function f : X — C such that forall n > 1, a(n) =
f(T"(x)). Sarnak’s conjecture states that for every deterministic sequence a(n),> 1
we have

M
> mman) = o(M).

m=1

M
The case of X is a point corresponds to the estimate Z umn) = o(M), an

m=1
equivalent form of the Prime Number Theorem. When X = R/Z and T(x) =
x + o (modulo 1), Sarnak’s conjecture results from Davenports’s estimate. We refer
to [11] for an extended report on these innovative ideas.
We end this section by giving the graphs of the two remarkable functions

N () o~ An)
Z ) cos(2mnt), Z . cos(2mnt).

n=1 n=1

These graphs evoke a hidden fractal structure, which deserves to be studied in depth
(Figs. 1 and 2).
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Abstract With view to applications, we here give an explicit correspondence
between the following two: (i) the set of symmetric and positive measures p on
one hand, and (ii) a certain family of generalized Markov transition measures P,
with their associated Markov random walk models, on the other. By a generalized
Markov transition measure we mean a measurable and measure-valued function P
on (V, B), such that for every x € V, P(x;-) is a probability measure on (V, B).
Hence, with the use of our correspondence (i)—(ii), we study generalized Markov
transitions P and path-space dynamics. Given P, we introduce an associated
operator, also denoted by P, and we analyze its spectral theoretic properties with
reference to a system of precise L? spaces.

Our setting is more general than that of earlier treatments of reversible Markov
processes. In a potential theoretic analysis of our processes, we introduce and study
an associated energy Hilbert space H g, not directly linked to the initial Z>-spaces.
Its properties are subtle, and our applications include a study of the P-harmonic
functions. They may be in Hg, called finite-energy harmonic functions. A second
reason for Hg is that it plays a key role in our introduction of a generalized Green
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1 Introduction

In this paper, we continue our study of the graph Laplace and Markov operators,
initiated in [1], which was based on the key notion of a o-finite symmetric measure
defined on the product space (V x V, B x B) for a standard Borel space (V, B).

Our goal is to extend the basic definitions and results of the theory of weighted
networks (known also as electrical or resistance networks) to the case of measure
spaces. We briefly recall that, for a countable locally finite connected graph G =
(V, E) without loops, one can identify the edge set E with a subset of the Cartesian
product V x V and assign some weight c,, for every point (x, y) in E where cyy
is a symmetric positive function. It gives us a symmetric atomic measure p on E
whose projections on V are the counting measure . Then, for a weighted network
(V, E,c), one defines the Markov transition probability kernel P and the graph
Laplacian A = ¢(I — P) which are considered as operators acting either in L?
spaces with respect to the measures ¢ and v = cu or in the finite energy space
HEe. Their spectral properties are of great interest as well as the study of harmonic
functions in the theory of weighted networks.

Our approach to the measurable theory of weighted networks is based on the
concept of a symmetric measure defined on the Cartesian product (V x V, B x B)
where (V, B) is a standard Borel space. (To stress the existing parallels we use
the same notation as in discrete case.) In more detail, in the context of measurable
dynamics, the state space V is considered very generally; more specifically (V, 3)
is given, where B is a specified o-algebra for V. From (V, B), we then form the
corresponding product space, relative to the product o-algebra on V x V. It is
important that our initial measure p is not assumed finite, but only o -finite. Since p
is assumed symmetric, the respective two marginal measures coincide, here denoted
W, and they will also not be finite; only o -finite. The o -finiteness will be a crucial
fact in our computations of a number of Radon-Nikodym derivatives and norms of
operators and vectors.

We establish an explicit correspondence between (i) symmetric and positive
measures p on one hand, and (ii) a certain set of generalized Markov transition
measures P on the other. More precisely, by a generalized Markov transition
measure we mean a measurable and measure-valued function P on (V, 13), such that
for every x in V, P(x, -) is a probability measure on (V, B). From the generalized
Markov transition P, we introduce an associated operator, also denoted by P. Its
spectral theoretic properties refer to a certain L? space, and they will be made
precise in Sect. 3.

In addition to the operator P, we shall also consider a natural transfer operator
R (the choice of the letter “R” is for David Ruelle who initiated a variant of our
analysis in the context of statistical mechanics); and a measure theoretic Laplacian,
or Laplace operator. In the special case when V is countably discrete, our Laplace
operator will be analogous to a family of more standard discretized classical Laplace
operators. For related results on transfer operators, see e.g. [2—13].
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Among the motivations for our present results are the following: A recent study
of a variety of graph limits. This research area has both a general flavor, and
an application-focus; see below. The latter includes recent papers on graphons; a
current and extremely active area. In addition, we are motivated by a number of
new operator-theoretic approaches to the study of graph limits, such as the notion of
action convergence (see the recent works by Backhausz and Szegedy, [14, 15] and
Pensky [16]). While we mention some of these connections inside our paper, our
present emphasis is the theoretic foundations for these related developments.

New Results It is important to note that our setting is not restricted to the case of
finite measures. In fact, in our discussion of Markov transition dynamics, important
examples simply will not allow finite covariant measures. We recall that the theory
of weighted networks can serve as a discrete analog of our measurable settings,
see [1] where this analogy was discussed in detail. The corresponding symmetric
measure on the edge set E is o-finite as well as the counting measure p on the set
of vertices V. Our definitions of the energy space H g, Markov operator P, and the
graph Laplace operator A are direct translations of the corresponding definitions for
weighted networks.

To the best of our knowledge, such interpretations of these objects have not been
considered earlier. We stress that our approach to Markov processes generated by
o-finite symmetric measures leads with necessity to the study of Markov transition
operators defined on infinite o-finite measure spaces. The existing literature on
Markov processes is devoted mostly to the case of probability measure spaces, see,
e.g., [17-19].

The notion of Borel equivalence relation defined on a standard Borel space
illustrates our setting, and it can be viewed as a rich source of various examples.
We refer to the following books and articles: [20-27].

More applications of measurable setting for the study of Markov processes and
Laplacians are given in [1]. We mention here the theory of graphons, Dirichlet
forms, and the theory of determinantal measures.

With our starting point, a choice of a fixed symmetric and positive measure p on a
product space, we will then have four natural Hilbert spaces, three are just L2 spaces,
L?(p), and two L? spaces referring to the marginal measure p. The fourth Hilbert
space is different. We call it the finite energy Hilbert space H . Its use is motivated
by potential theory, and it has a more subtle structure among the considered Hilbert
spaces. Given p, we introduce an associated energy Hilbert space, denoted H g, but
depending on the initially given p. This energy Hilbert space Hg is not directly
linked to the initial L? spaces, and its properties are quite different. Nonetheless,
the energy Hilbert space Hg will play a key role in our analysis in the main body
of our paper. There are many reasons for this. For example, non-constant harmonic
functions will not be in L?; but, in important applications, they may be in Hg; we
refer to the latter as finite energy harmonic functions. A second reason for Hg is
that it plays a crucial role in our introduction of a generalized Green’s function. The
latter stands in relation to our Laplace operator in a way that is parallel to more
classical settings of Green’s functions from potential theory. A third reason for Hg
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is its use in our analysis of path-space dynamics for the Markov transition system,
mentioned above.

Organization Our main results are proved in Theorems 3.10, 4.7, 4.11, 5.3, 6.2,
6.11,and 7.2.

The paper is organized as follows. Section 2 contains our basic definitions and
preliminary results. We discuss here the concepts of standard Borel and standard
measure spaces, kernels, irreducible symmetric measures, and disintegration. The
transfer operator R, Markov operator P, and graph Laplacian A are defined in
Sect.3. We collected a number of results about the spectral properties of these
operators that were proved in [1]. Also the reader will find the definition of the finite
energy Hilbert space H g, several results about the structure of the space H g and the
norm of functions from H . We consider also the embedding operator J and prove
that J is an isometry. In Sect. 4, we consider the equivalence of Markov operators
and the Laplacians generated by equivalent symmetric measures p and p’. It turns
out that, for equivalent symmetric measures p and o', there exists an isometry
for the corresponding energy Hilbert spaces Hg(p) and Hg (o). The notion of
reversible Markov processes is discussed in Sect.5. We relate various properties
of the operator P (such as self-ajointness) to this notion and to the notion of a
symmetric measure. A number of results about Markov operators acting in the L?
spaces and energy space H g are proved in this section. Section 6 focuses on the case
of a transient Markov processes defined by a Markov operator P. We define the path-
space measure [P and Green’s function G(x, A), and we discuss their properties.
Section 7 is devoted to construction of a sequence of discrete weighted networks
which can be used to approximate the objects considered for the measurable setting.

In our article we discuss several key notions such as reversible Markov processes,
Green’s function, transient processes, limit theory (covering boundaries), potential
theory, general Dirichlet forms, graph Laplacians, etc. For the benefit of non-experts
in these areas, we included a number of general references in the corresponding
sections.

2 Basic Definitions and Symmetric Measures

In this section, we briefly describe our main setting and introduce the most important
notation. We also recall several results from [1] which will be used here.

2.1 Standard Borel and Measure Spaces

Suppose V is a Polish space, i.e., V is a separable completely metrizable topological
space. Let B denote the o-algebra of Borel sets generated by open sets of V. Then
(V, B) is called a standard Borel space. The theory of standard Borel spaces is
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discussed in many recent books, see e.g., [25, 26, 28, 29] and papers [30, 31].
We recall that all uncountable standard Borel spaces are Borel isomorphic, so that
one can use any convenient realization of the space V working in the category of
measurable spaces. If u is a continuous (i.e., non-atomic) positive Borel measure
on (V, B), then (V, B, w) is called a standard measure space. Given (V, B, i), we
will call i a measure for brevity. As a rule, we will deal with non-atomic o -finite
positive measures on (V, B) (unless the opposite is clearly indicated) which take
values in the extended real line R. We use the name of standard measure space
for both finite and o-finite measure spaces. Also the same notation, 3, is applied
for the o -algebras of Borel sets and measurable sets of a standard measure space.
It should be clear from the context what o -algebra is considered. Working with a
measure space (V, B, i), we always assume that B is complete with respect to p.
By F(V, B). we denote the space of real-valued bounded Borel functions on (V, B).
For f € F(V, B) and a Borel measure u on (V, B), we write

u(f) = /V fdu.

All objects, considered in the context of measure spaces (such as sets, functions,
transformations, etc), are determined modulo sets of zero measure. In most cases,
we will implicitly use this mod 0 convention not mentioning the sets of zero measure
explicitly.

In what follows, we will use (in most cases implicitly) the notion of measurable
fields. Given a measure space (V, B, ), it is said that x +— A, € B is a measurable
field of sets if the set

U{x}xAxeBxB.

xeV

Similarly, one can define a measurable field of measures x — p, on (V,B)
requiring x — (1, (A) to be a measurable function for any A € B.

Consider a o-finite continuous measure w on a standard Borel space (V, B). We
denote by

Bfin = Bpin(1) = {A € B : u(A) < oo} 2.0

the algebra of Borel sets of finite measure p. Clearly, any o-finite measure u is
uniquely determined by its values on Biin ().
The linear space of simple function over sets from Bg, (1) is denoted by

Diin(p) = ZaiXAi P A € Ban(p), a; eR, |I] < 00}

iel

2.2)
= Span{xa : A € Ban(u)},
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will play an important role in our work since simple functions from Dy, (1) form a
norm dense subset in L? (u)-space, p > 1.

2.2 Symmetric Measures, Kernels, and Disintegration

Definition 2.1 Let E be an uncountable Borel subset of the Cartesian product (V x
V, B x B) such that:

(i) (x,y) € E < (y,x) € E,ie.0(FE) = E where 0(x, y) = (y, x) is the flip
automorphism;
i) Ex :={yeV:(x,y) € E}#0, Vx e X;
(iii) forevery x € V, (Ey, By) is a standard Borel space where By is the o-algebra
of Borel sets induced on E, from (V, B).

We call E a symmetric set.

It follows from (ii) and (iii) that the projection of the symmetric set £ on each
margin of the product space (V x V,B x B)is V.

We observe that conditions (ii) and (iii) are, strictly speaking, not related to the
symmetry property; they are included in Definition 2.1 for convenience, so that we
will not have to make additional assumptions. Condition (iii) assumes two cases: the
Borel space E can be countable or uncountable. We focus mostly on uncountable
Borel standard spaces.

There are several natural examples of symmetric sets related to dynamical
systems. We mention here the case of a Borel equivalence relation E on a standard
Borel space (V, B). By definition, E is a Borel subset of V x V such that (x, x) € E
forall x € V, (x,y) isin E iff (y,x) isin E, and (x,y) € E, (y,z) € E implies
that (x,z) € E.Let E, = {y € V : (x, y) € E}, then E is partitioned into “vertical
fibers” E,. In particular, it can be the case when every E is countable. Then E is
called a countable Borel equivalence relation.

We say that a symmetric set E is decomposable if there exists an uncountable
Borel subset A C V such that

E C (A x A) U (A x A, (2.3)

where A =V \ A.

The meaning of this definition can be clarified for Borel equivalence relations: if
E satisfies (2.3), then the set A is E-invariant.

We recall several definitions and facts about kernels defined on a measurable
space, see e.g. [18, 19]. Given a standard measure space (V, B), we define a o -finite
kernel k as a function k : V x B — R4 (where Ry is the extended real line) such
that

(i) x — k(x, A) is measurable for every A € B;
(ii) forany x € V, k(x, -) is a o-finite measure on (V, B).
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A kernel k(x, A) is called finite if k(x, -) is a finite measure on (V, B) for every
x. We will also use the notation k(x, dy) for the measure on (V, B).

The definition of a finite kernel can be used to define new measures on the
measurable spaces (V, B) and (V x V, B x B).

Given a o-finite measure space (V, 13, u) and a finite kernel k(x, A), we set

k(A) =/ k(x, A) du(x).
\%4

Then « is a o-finite measure on (V, B) (which is also called a random measure in
the literature).

For a kernel k as above, one can define inductively the sequence of kernels (k" :
n > 1) by setting

k"(x,A):[ K" (y, A) k(x, dy), n>l1. (2.4)
\%4

Following [18], we formulate definitions of main properties of a kernel k. We
say that a set A € B is attainable from x € V if there exists n > 1 such that
k™ (x, A) > 0, in symbols, we write x — A. A set A € B is called closed for the
kernel k if k(x, A°) = O for all x € A. If A is closed, then it follows from (2.4) that
k"(x, A°) = 0foranyn € Nand x € A. Hence, A is closed if and only if x - A€.

A kernel k = k(x, A) is called Borel indecomposable on (V, B) if there do not
exist two disjoint non-empty closed subsets Aj and A».

Let Fy € B be the support of the measure k(x, -), that is k(x, V \ Fy) = 0. By
fx, we denote the set {x} x Ky C V x V. Then the formula

k(A x B) = / k(x, B) du(x)
A

defines a o-finite measure on (V x V, B x B) where E(x, ) = (6x X k)(x,-). The
support of k is the set

F = fo.

xeV

We will use below slightly simplified notation identifying the sets Fy and F, and
the measures k(x, A) and k(x, A). It will be clear from the context what objects are
considered.

As mentioned in Introduction, our approach is based on the study of symmetric
measures defined on (V x V, Bx B), see Definition 2.4. We show that every measure
pon (V x V,B x B) generates a kernel x — p,(A), A € B. This observation
is based on the concept of disintegration of the measure p. We recall here this
construction.
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Denote by m; and my the projections from V x V onto the first and second
factor, respectively. Then {nfl(x) :x € V} and {n{l(y) .y € V} are the
measurable partitions of V x V into vertical and horizontal fibers, see [1, 22, 32]
for more information on properties of measurable partitions. The case of probability
measures was studied by Rokhlin in [32], whereas the disintegration of o-finite
measures has been considered somewhat recently. We refer to a result from [33]
whose formulation is adapted to our needs.

Theorem 2.2 ([33]) For a o-finite measure space (V, B, i), let p be a o-finite
measure on (V x V, B x B) such that p o nfl & . Then there exists a unique
system of conditional o -finite measures (py) such that

p(f) = /V () du). feF(V x V,BxB).

In the following remark we collect several facts that clarify the essence of the
defined objects.

Remark 2.3

(1) The condition of Theorem 2.2 assumes that a measure w is prescribed on the
Borel space (V, B). If one begins with a measure p on (V x V, B x B), then
the measure p arises as the projection of p on (V, B), p o 711_1 = U.

(2) Let E be a Borel symmetric subset of (V x V, B x B), and let p be a measure
on (V x V, B x B) satisfying the condition of Theorem 2.2. Then E can be
partitioned into the fibers {x} x E,. By Theorem 2.2, there exists a unique
system of conditional measures gy such that, for any p-integrable function

f(x,y), we have

// fx,y) dp(x,y)=/ Px (f) d(x). 2.5
VxV Vv

It is obvious that, for u-a.e. x € V, supp(py) = {x} x E, (up to a set of zero
measure). To simplify the notation, we will write

fvfdpx and/fmfdp

though the measures p, and p have the supports E, and E, respectively.

(3) It follows from Theorem 2.2 that the measure p determines the measurable field
of sets x — E, C V and measurable field of o-finite Borel measures x — oy
on (V, B), where the measures p, are defined by the relation

;5x =8x X px. (2.6)
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Hence, relation (2.5) can be also written in the following form, used in our
subsequent computations,

/ fx,y) dp(x,y)=/ <[ fx,y) dpx(y)> du(x). (2.7)
VxV \%4 \%4

In other words, we have a measurable family of measures (x — py), and it
defines a new measure v on (V, B3) by setting

V(A) :=f ox(A) diu(x), A eB. 2.8)
\%4

Remark that the measure p, is defined on the subset E of (V,B),x € V.

Definition 2.4 Let (V, 3) be a standard Borel space. We say that a measure p on
(V x V, B x B) is symmetric if

(A x B)=p(B x A), VA,BeB.

In other words, p is invariant with respect to the flip automorphism 6.

The following remark contains natural properties of symmetric measures. Some

of them were proved in [1], the others are rather obvious.

Remark 2.5

1)

@)

3)

“)

If p is a symmetric measure on (V x V, B x B), then the support of p, the
set E = E(p), is symmetric mod 0. Here E(p) is defined up to a set of zero
measure by the relation p((V x V) \ E) = 0.

We consider the symmetric measures whose supporting sets E satisfy Defini-
tion 2.1. In other words, we require that, for every x € V, the set Ex C E
is uncountable and therefore is a standard Borel space. The case when E, is
countable arises, in particular, when E is a Borel countable equivalence relation
on (V, B). The latter was considered in [1]. For countable sets E,, x € V, we
can take p, as a finite measure which is equivalent to the counting measure, see,
e.g. [24, 34, 35] for details.

In general, the notion of a symmetric measure is defined in the context of
standard Borel spaces (V, B) and (V x V, B x B). But if a o-finite measure
w is given on (V, B), then we need to include an additional relation between
the projections of p on V and the measure . Let 3 : V x V. — V be the
projection on the first coordinate. We require that the symmetric measure must
satisfy the property p o 7| '« W, see Theorem 2.2.

The symmetry of the set E allows us to define a “mirror” image of the measure
o.Let EY ;== {x € V : (x,y) € E}, and let (p”) be the system of conditional
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measures with respect to the partition of E into the sets EY x {y}. Then, for the
measure

= / Pdu(y),
\%

the relation p = p holds.

(5) Itis worth noting that, in general, when a measure u is defined on (V, 3), the
set E(p) do not need to be a set of positive measure with respect to the product
measure 1 X (. In other words, we admit both cases: (a) p is equivalent to
W X i, (b) p and u x p are mutually singular.

Assumption 1 In this paper, we consider the class of symmetric measures p on
(V x V, B x B) which satisfy the following property:

0<cx):=px(V) <00, u-ae. x €V, 2.9)

where x +— p, is the measurable field of measures arising in Theorem 2.2.

Moreover, in most statements, we will assume that c(x) € LllOC (W, i.e.,

/ c(x)du(x) < oo, VA € Bgn(u).
A

This property of the function c(x) is natural because it corresponds to local
finiteness of graphs in the theory of weighted (electric) networks. In several
statements, we will require that

(VA € Ban(), / 2 du < oo) < ce€ leoc(ﬂ)~
A

We observe also that the case when the function ¢ is bounded leads to bounded
Laplace operators and is not interesting for us.

Relation (2.8) defines the measure v such that the measures u and v are
equivalent. It is stated in Lemma 2.6 that c(x) is the Radon-Nikodym derivative
of v with respect to u. If we want to reverse the definition and use v as a primary
measure, then we need to require that the function c(x)~! is locally integrable with
respect to v.

The following (important for us) fact follows from the definition of symmetric
measures. We emphasize that formula (2.10) will be used repeatedly in many proofs.

Lemma 2.6

(1) For a symmetric measure p and any bounded Borel function f on (V x V, B x

B),

// f(x,y)dp(x,y)=ff f,x)dp(x, y). (2.10)
VxV VxV
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Equality (2.10) is understood in the sense of the extended real line, i.e., the
infinite value of the integral is allowed.
(2) Let v be defined as in (2.8). Then

dv(x) = c(x)du(x).

2.3 Irreducible Symmetric Measures

We now relate the notions of symmetric measures and kernels. It turns out that
one can associate a finite kernel K(p) = K to any symmetric measure p on (V x
V, B x B). For this, we use the disintegration of p according to Theorem 2.2, p =
[y px duu(x), and set x — K(x, A) = pr(A).

The definition of sets attainable from x € V and that of decomposable sets,
given above in the context of Borel spaces, can be translated to the case of measure
spaces. Below we define the notion of an irreducible symmetric measure which will
be extensively used in the paper.

Definition 2.7

(1) A kernel x — k(x, -) is called irreducible with respect to a o -finite measure
won (V, B) (u-irreducible) if, for any set A of positive measure p and p-a.e.
x € V, there exists some n such that k" (x, A) > 0, i.e., any set A of positive
measure is attainable from p-a.e. x, x — A.

2) A symmetric measure p on (V x V,B x B) is called irreducible if the
corresponding kernel KC(p) : x — py(-) is w-irreducible where p is the
projection of measure p.

(3) A symmetric measure p (or the kernel x — p,(-)) is called p-decomposable it
there exists a Borel subset A of V of positive measure p such that

E C (A x A)U (A x A9 @2.11)

where A = V \ A is also of positive measure. Otherwise, p is called
indecomposable.

Every kernel k, defined on (V, BB), generates the potential kernel

G(k)(x, A) ==Y K" (x., A)

n=0

where k%(x, A) = xa(x). In general, the kernel G may be degenerated admitting
only the values 0 and co. We will discuss below the role of G in the case of transient
Markov processes.
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Lemma 2.8 Let p be a symmetric measure on (V x V, B x B) with the kernel
K(x, A) = px(A). Suppose that the support of p, the set E, satisfies relation (2.11)
where (Lt(A) > 0 and w(A€) > 0, i.e. the kernel x +— py(A) is u-decomposable.
Then the sets A and A€ are closed and x +— p;(A) is a u-reducible kernel. The
converse statement also holds.

Proof The first result follows directly from the definitions given above in this
subsection. To see that the converse is true, it suffices to note that, for any set B
of positive measure, the compliment B¢ of the set

§:=BU{er:x—>B}

is either of zero measure, or closed (recall that x — B means that there exists n
such that " (x, B) > 0).If p is reducible, then there exists a set A, w(A) > 0, such
that the closed set M(XC) has positive measure. The existence of such a set implies
that the measure p is decomposable. O

It is obvious from this lemma that a decomposable symmetric measure p cannot
be irreducible. It was proved in [1] that the definitions of an irreducible measure and
irreducible kernel agree, see Theorem 6.2 below.

By definition, the projection of the support of an irreducible measure p is the set
V. Irreducibiliity of symmetric measures means irreducibility of a corresponding
Markov process, see details in [1].

In the following statement, we give another approach to the notion of irreducible
symmetric measures. Let p be a symmetric measure on (V x V, B x B). We use
the support of the fiber measure px, x € V, to characterize an irreducible measure
in different terms.

For any fixed x € V, we define a sequence of subsets: Ag(x) = {x}, A1(x) = Ey,

Ay(x) = U Ey, n>2.
YEA;—1(x)

Recall that E is the support of the measure p,, and Ex can be identified with the
vertical section of the symmetric set E. Note that all the sets A,(x) are in B as
x — E, is a measurable field of sets.

Lemma 2.9 Given (V, B, u), a symmetric measure p is irreducible if and only if
for p-a.e. x € V and any set B € B of positive measure there exists n > 1 such that

w(An(x) N B) > 0. (2.12)
Proof Indeed, the property formulated in (2.12) is another form of k" (x, B) > 0
where the kernel k is defined by x — p,. O

Various aspects of symmetric measures are also discussed in [36, 37]. In
particular, one can observe that if symmetric measures p and p are equivalent, then
they are simultaneously either irreducible or not.
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3 Linear Operators and Hilbert Spaces Associated to
Symmetric Measures

While the main structures of our paper (symmetric measures, transfer operators
R, Markov transition densities P, and associated Laplace operators A) may be
naturally formulated in the general context of measurable functions, their spectral
theory, and their dynamic-systems properties, only take a precise form after suitable
Hilbert spaces are introduced. We will show that the initial structures, reversible
Markov processes, and associated Laplace operators, etc., in turn dictate their own
natural Hilbert space theoretic context. More precisely, in the section below, we
identify the particular L? spaces, having the property that respective operators R, P,
and A become self-adjoint. In addition to these L? spaces, we also identify two
other Hilbert spaces (details below). They are motivated by parallels to classical
potential theory, and to the study of diffusion processes. Moreover, they have
discrete counterparts in the study of infinite networks, and of graph Laplacians.
But presently, we introduced these two Hilbert spaces in a general measure space
context. Continuing conventions from our earlier papers, we shall denote these
Hilbert spaces (i) the energy Hilbert space, and (ii) the dissipation Hilbert space.
The latter refers to a certain path-space construction, which in turn is built directly
from the initial structure, mentioned above, symmetric measure, transfer operator,
and Markov transition densities.

3.1 Symmetric Operator R, Markov Operator P,
and Laplacian A

Suppose k : V x B — R, is a finite kernel defined on a standard Borel space
(V, B). Then it defines a linear positive (see Remark 3.3) operator P (k) which is
determined by the kernel &:

P k) (f)(x) i=fvf(y) k(x,dy). (3.1)

It can be easily seen that, for the kernels k" (see (2.4)), the operator P (k"), defined
as in (3.1), satisfies the property:

P(k"y = P(k)",n e N.

We consider in this section the kernel /C(p) generated by a symmetric measure
p,ie., K(x, A) = py(A).

Let (V, B, 1) be a o-finite measure space, and p a symmetric measure on (V X
V, B x B) supported by a symmetric set E. Let x — p, be the measurable family of
measures on (V, B) that disintegrates p. Recall that, by Assumption 1, the function
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c(x) = px(V) is finite for p-a.e. x. As discussed above in Sect. 2.2, the measure p
produces a finite kernel KC(p) which we use to define the following operators.

Definition 3.1 For a symmetric measure p on (V x V, Bx B), we define three linear
operators R, P and A acting on the space of bounded Borel functions F(V, B).

(i) The symmetric operatorR:

R(f)(x) = /V J ) dpx(y) = px (f)- (3.2)

(ii)) The Markov operator P:

1
P(f)(x) = R(f)(x)
c(x)
or
1
P(fHx) = () /v F ) dpx(y) = /V f(y) P(x,dy) (3.3)

where P(x,dy) is the probability measure obtained by normalization of
dpx(y), Le.

1
P(x,dy) = C(x)dpx(y)-

In other words, the Markov operator P defines the measurable field x —
P(x, -) of transition probabilities on the space (V, BB), or a Markov process.
(iii) The graph Laplace operator A:

A(H)(x) = /V(f(X) — ) dpx(y) (3.4
or

A(f) =cl = P)(f) = (cI = R)(f). (3.5

Using (2.9), we can write the operator A in more symmetric form:

A(f) = R()f = R(f)

where 1 is a function identically equal to 1,

Remark 3.2 (R as a Transfer Operator) It is worth noting that the operator R can
be treated as a transfer operator (see e.g. [38] and the literature cited there).

Let (V, B, ) be a standard measure space, and let o be a surjective endomor-
phism of X. Consider the partition § of X into the orbits of o: y € Orbs(x)
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if there are non-negative integers n, m such o”(y) = o™ (x). Let the partition 5
be the measurable hull of &. Take the system of conditional measures {uc}ceg
corresponding to the partition 1 (see Theorem 2.2).

We define a transfer operator R on the standard measure space (V, B, u) by
setting

R(f)(x) 1=/C F) dpc, (y) (3.6)

where C; is the element of 5 containing x. The domain of R is L'(x) in this
example.

As was shown in [38], the operator R : Ll(u) — Ll(,u) defined by (3.6) is a
transfer operator, i.e., it satisfies the relation

R((f 00)g)(x) = f(x)(Rg)(x).

To see that our definition of the operator R given in (3.2) agrees with (3.6), it
suffices to take the measurable partition n of V' x V into subsets {7 1(x) x eV}
where 71 is the projection of V x V onto V.

Remark 3.3 In this remark we make several comments about the basic properties
of the operators R, P, and A.

(1) The definition of each of the operators R, P, and A depends on a symmetric
measure p, and, strictly speaking, they must be denoted as R(p), P(p), and
A(p). Since most of our results are proved for a fixed measure p, we will drop
this variable. Below in this section, we discuss the relationships between P (p)
and P(p’) when p and p’ are equivalent symmetric measures.

(2) The operators R and P are positive in the sense that R(f) > Oand P(f) > 0
whenever f > 0. Moreover, if f = 1, then P(1) = 1 because every measure
P(x, ) is probability. Hence, P is a Markov operator.

(3) The properties of the graph Laplace operator A are formulated in Proposi-
tion 3.7, which is given below. All statements from this theorem are proved in
[1] (see also [39, 40]). Other aspects of graph Laplace operators in the context
of measure spaces are discussed in [41, 42].

(4) Since every measure p on V x V is uniquely determined by its values on a dense
subset of functions, it suffices to define p on the set of the so-called “cylinder
functions” (f ® g)(x,y) := f(x)g(y). This observation will be used below
when we prove a relation for cylinder functions first.

(5) In general, a positive operator R in F(V, B) is called symmetric if it satisfies
the relation:

f FR(g) dp = / R(f)g du. 3.7)
14 \%
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for any f, g € F(V, B). It turns out that any symmetric operator R defines a
symmetric measure p. Indeed, the functional

p:(fi8) = /Vf(X)R(g)(X) dju(x), f.g € F(V.B), (3-8)

determines a measure on (V, 3) such that

p(A x B) = /V xA(X)R(xB)(x) dpu(x).

As shown in [1], the operator R is symmetric if and only if the measure p,
defined in (3.8), is symmetric.

In Definition 3.1, we do not discuss domains of the operators R, P, and A. It
depends on the space where an operator is considered. In the current paper, we work
with L2-Hilbert spaces defined by the measures s, v, and p. But the most intriguing
is the case of the finite energy space Hilbert space i g. We discuss the properties of
this space as well as those of operators A and P acting in H g in the forthcoming
paper [43]. On the other hand, we have already proved a number of results about
these objects in [1]. We find it useful to give here the definitions and some formulas
which are used below.

We remark that the finite energy space H g, see Definition 3.4 can be viewed as a
generalization of the energy space considered for discrete weighted networks. They
have been extensively studied during last decades.

Definition 3.4 Let (V, B, u) be a standard measure space with o-finite measure .
Suppose that p is a symmetric measure on the Cartesian product (V x V, B x B).
We say that a Borel function f : V — R belongs to the finite energy space Hg =
He(p) if

/ /V V(f(x) — f)? dp(x,y) < oo. 3.9)

Remark 3.5

(1) It follows from Definition 3.4 that H g is a vector space containing all constant
functions. We identify functions f7 and f, such that f; — fo = const and,
with some abuse of notation, the quotient space is also denoted by Hr. So that,
we will call elements f of Hg functions assuming that a representative of the
equivalence class f is considered.

(2) Definition 3.4 assumes that a symmetric irreducible measure p is fixed on (V x
V, B x B). This means that the space of functions f on (V, B) satisfying (3.9)
depends on p, and, to stress this fact, we will use also the notation H g (p).
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Define the norm in H g by setting

1
1713 = ffv RUCEC TN (3.10)

As proved in [1], Hg is a Hilbert space with respect to the norm || - ||, .
The description of the structure of the Hilbert space Hp is a very intriguing
problem. We give here a few results proved in [1].

Theorem 3.6 Let p be a symmetric measure on (V x V, B x B) such that u =
po nl_l. Suppose c(x) = px (V) is locally integrable with respect to [i.

(1) For the measure dv(x) = c(x)du(x), we have
Dfin(u) C Diin(v) C HE.

Moreover, if A € Bgn(v), then

l1xall3y, = p(A x A < /AC(X) du(x) = v(A), (3.11)

where A€ :=V \ A.

(2) For every A € Ban(), one has || xalliz = llxacllg. The function x4 is in
‘HE if and only if either (A) < 0o or u(A€) < oo.

(3) The finite energy space HEg admits the decomposition into the orthogonal sum

H = Dan() ® Harmg (3.12)

where the closure of Dsn() is taken in the norm of the Hilbert space HE.

In the following statement we return to the L?-spaces, and following [1], we
formulate a number of properties of the operators, R, P, and A that clarify their
essence. Here, we focus on the properties of these operators related to L>-spaces.
In the next paper [43], we will mostly consider these operators acting in the finite
energy space Hpg.

Proposition 3.7 Let dv(x) = c(x)du(x) be the o-finite measure on (V, B) where
wand c(x) = px (V) are defined as above. Let the operators R, P, and A be defined
as in Definition 3.1.

(1) Suppose that the function x — py(A) € L*(w) for any A € Bgn. Then R is a
symmetric unbounded operator in L*(w), i.e.,

(& R(N 12y = (R@): e
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Ifc € L*°(w), then R : L2(,u) — Lz(u) is a bounded operator, and
R 200 12 < ll€loo-
(2) The operator R : L' (v) — L'(p) is contractive, i.e.,
RNy < Wiy, f e L),

Moreover, for any function f € L'(v), the formula

|’y = [ e duc) (3.13)
holds. In other words, v = wR, and
d(d“R) (x) = c(x).
u

(3) The bounded operator P : L2(v) —» L2(v) is self-adjoint. Moreover, vP = v
where dv(x) = c(x)du(x).
(4) The operator P considered in the spaces L?(v) and L' (v) is contractive, i.e.,

P2y < W fll2ays Pz < 1L

(5) Spectrum of P in L?(v) is a subset of [-1, 1].
(6) The graph Laplace operator A : L*>(u) — L*(u) is a positive definite
essentially self-adjoint operator with domain containing Dsp(10). Moreover,

1113y, =/VfA(f) dp

when the integral in the right hand side exists.

Definition 3.8 A function f € F(V,B) is called harmonic, if Pf = f.
Equivalently, f is harmonic if Af = 0 or R(f) = cf. Similarly, & is harmonic
for a kernel x — k(x, -) if

/Vh(y) k(x,dy) = h(x).

Question As was mentioned above, the definition of operators R(p), P(p), and
A(p) is based on a symmetric measure p defined on (V x V, B x B). Suppose that
another symmetric measure, p’, which is equivalent to p, is defined on (V x V, B x
B). It would be interesting to find out what relations between (R(p), P(p), A(p))
and (R(p"), P(0"), A(p’)) exist. Possibly, this question can be made more precise
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if we require that both p and p’ are supported by the same symmetric set E and
disintegrated with respect to the same measure p on (V, B).

Remark 3.9 In our further results, the following sets of functions will play an
important role. Let (V, B, i) be a o-measure space, and p a symmetric measure on
(V x V, B x B) satisfying Assumption 1. Then the measure dv(x) = c(x)du(x) is
defined on (V, B) and is equivalent to i where ¢(x) = R(1)(x). We define Dg, (1)
as in (2.2), and, similarly, we set

Ben(v) :={A € B: v(A) < o0},
Diin(v) := Span{xa : A € Bgin(v)}.
It is straightforward to check that Assumption 1 implies

Dfin() C Diin(v).

In general, the converse does not hold. But these two sets coincide if and only if
Assumption 1 is extended by adding the reverse implication

/ c(x)du(x) = u(A) < oo.
A

3.2 Embedding Operator J

We define now a natural embedding J of bounded Borel functions over (V, 3) into
bounded Borel functions over (V x V, B x B). The operator J will be considered
later acting on the corresponding L>-spaces.

Let

. y)=fx), [feFWV,B). (3.14)
If (V, B) is equipped with a o -finite measure p (or v = cu), we can specify J as an
operator with domain Lz(,u) or L2(v)).

Theorem 3.10 For given (V, B, ), let p be a symmetric measure p on (V xV, Bx
B) and c(x) = px (V). Then:

(1) the operator J : L(v) > Lz(,o) is an isometry where dv(x) = c(x)du(x);
(2) the co-isometry J* : Lz(,o) — L%(v) acts by the formula

(J*g)(x) =/Vg(x,y> P(x,dy),  ge L*p);
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(3) the operator J : L2(,u) — L2(,0) is densely defined (in L2(,u)) and is, in
general, unbounded.

Proof

(1) This fact is proved by the following computation: for any f € L?(v), one has
NN, = / / (J)*(x, y) dp(x, y)
VxV
- / F200) dpe () (x)
VxV
- / FA0e() dpo)
v

2
:||f||L2(V)

(2) To find the co-isometry J*, we take arbitrary functions f € L?(v) and
g € L*(p) and compute the inner product using the equality c(x) P(x, dy) =

dpx (y):

(. 8)12(p) =//V V(Jf)(x,y)g(x,y) dp(x,y)

=/ Sx) </ g(x,y) dpx(y)> dp(x)

\%4 \%

Z/ Sx) (/ g(x,y) P(X,dy)> dv(x)
\%4 \%4

=(/, J*g>L2(U),

where J*g = [, g(x, y) P(x,dy). This proves (2).
(3) To show that (3) holds, we take a Borel function f € L?(u1) and note that

1 £1172,) = / fv @) dprdpn(x) = /V FP@e@ du).  (3.15)

In particular, we have, for A € Bgy,

1 ll72,) = /A c(x) dp(x),

that is, assuming that c is locally integrable, we see that J is well defined on a
dense subset of L2(u). Formula (3.15) shows that, for general c, the operator

J : L?(u) — L2%(p) is not bounded.
O



Symmetric Measures 159
4 Equivalence of Symmetric Measures

In this section we focus on the question about relations of Markov operators, and
Laplacians, arising from equivalent symmetric measures.

4.1 Equivalence of Markov Operators

Let p be a symmetric measure on (V x V, B x B) which is disintegrated by fiber
measures x > pyx over the measure © = p o 7~ !. As above, define transition
probabilities x > P(x, -) by setting c(x) Yoy () = P(x, ) where c(x) = px(V).
In other words, P(x, A) = P(x4)(x) where P is the Markov operator, see (3.3).
Having the operator P defined, one can construct a stationary Markov process.
LetQ=VxVxVx-=VNo Forw=(0,) € R, set

X, Q> V:X,(w) = w,, n € Np.

These notions are studied in detail in Sect. 5. Here we mention only the notion of
reversibility, one of the most important properties of Markov operators (processes).
Definition 4.1

(1) Akernel x — k(x, -) is called reversible with respect to a measure y on (V, B),
if for any bounded Borel function f(x, y),

ff F e yk(r, dy)dp(x) = // F O 0k(x, dy)dp(x).
VxV VxV

(2) Suppose that x +— P(x,-) is a measurable family of transition probabilities
on the space (V, B, 1), and let P be the Markov operator determined by
X = P(x,-). Itis said that the corresponding Markov process is reversible with
respect to a measurable functions ¢ : V — (0, 0o) if, for any sets A, B € B,
the following relation holds:

/ c(x)P(x,A)dux) = / c(x)P(x, B) du(x). “.1)
B A

Denoting dv(x) = c(x)du(x), we can rewrite (4.1) in the form that will be
used below.

/VXB(X)P(x,A) dv(X)=/VXA(X)P(x,B) dv(x).
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The following result clarifies relationship between symmetric measures p and
reversible Markov processes. This lemma is a part of more general statement, see
Theorem 5.3.

Lemmad4.2 Letp = fv px di be a measure on (V x V, B x B) such that c¢(x) =
px (V) < oo for all x. Suppose that the Markov operator P is defined according
to (3.3). Then the following are equivalent:

(i) p is symmetric;
(ii) (P, c) is reversible.

In what follows, we will focus on the following question: suppose that p and
o are two equivalent symmetric measures such that the corresponding Markov
processes (P, ¢) and (P’, ¢’) are reversible. How are they related? More generally,
we can ask about relations between all objects whose definition was based on
a symmetric measure. They are the Laplacian A, symmetric operator R, and
finite energy Hilbert space. Some partial answers are given in this and subsequent
sections.

Definition 4.3 Let (P, c) be a pair consisting of a positive measurable function c(x)
on (V, B, u) and a reversible Markov process P (x, -) satisfying Definition 4.1. We
will say that two such pairs (P, ¢) and (P’, ¢’) are equivalent if the corresponding
symmetric measures p and p’ are equivalent as measures on (V x V, B x B) (see
Theorem 5.3). The latter means that there exists a positive measurable function
r(x, y) such that

dp'(x,y) =r(x, y)dp(x, y).

If the equivalent measures p and p’ satisfy the property u = pon; I = p'om; n

then we call the pairs (P, ¢) and (P, ¢) strongly equivalent. In this case, we also
call the measures p and p’ strongly equivalent.

Remark 4.4

(1) The symmetry of equivalent measures p and p’ implies that the function r (x, y)
is symmetric, r(x, y) = r(y, x).

(2) Let the measures p and p’ be strongly equivalent. Then these measures are
disintegrated as follows:

p’=/ Py di(x), p=/ px dp(x).
\%4 \%4

It can be seen that the equivalence of p and p’ implies that the measures p, and
P, are equivalent -a.e. Moreover,
/

d
d" X (y) = re(y) 4.2)
x

where ry (+) is obtained from r(x, -) by fixing the variable x.
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(3) Conversely, given two (strongly) equivalent measures o and p’, we can con-
struct (strongly) equivalent pairs (P, ¢) and (P’, ¢’) according to the properties
formulated in Lemma 4.2 and Theorem 5.3. In other words, if (P, ¢) defines
a reversible Markov process with the symmetric measure p, then, for any
symmetric measure p’ equivalent to p, we can construct a reversible Markov
process (P’, ¢’) which is equivalent to (P, c¢). Note that the functions ¢(x) =
px (V) and ¢’(x) = p, (V) are determined by p and p’ uniquely.

One can prove a more general statement than that given in Remark 4.4 (2).

Lemma 4.5 Let p and p’ be two symmetric measures on (V x V, B x B) such that
dop'(x,y) =r(x,y)dp(x, y). Suppose that

p’=/ oy dp' (x), p=/ px dp(x)
\%4 \%4

and the measures ju and 1/ on (V, B) are equivalent, i.e., m(x)du'(x) = du(x) for
some positive Borel function m(x). Then the measures p!, and py are equivalent a.e.
onV, and

/!

d
dpx () = m)re (7). (4.3)
o

Proof (Sketch) The result is deduced as follows:

p'(Ax B) = // r(x,y)dp(x,y)
AXB

= f[ r(x,y) dox(y)du(x)
AxB

= f <[ m(x)r(x,y) dpx(y)) du/(x).
A B

On the other hand,

p'(Ax B) = /AP;(B) di' (x).

Comparing the above formulas, we obtain that (4.3) holds.

O
Consider a particular case when the Radon-Nikodym derivative r (x, y) of two
equivalent measures p and p’ is the product p(x)q(y).

Lemma 4.6 Let p = [py du(x) and p' = [ p), du/'(x) be two measures on
(V x V, B x B) such that

d /
dp (x,y) = px)q(y)
)
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for some positive Borel functions p and q. Then, for u-a.e. x € V, the Radon-

d /
Nikodym derivative Pr(y) satisfies the relation
dpx(y)
1 dpy(y)
Y = o) (4.4)
q(y) dpx(y)

where
d
o(x) = p(x)d“, ().
7

Proof The result can be easily deduced from the formula

dpy(y)du' (x) = p(x)q(y)dpx(y)dpm(x).

We leave the details to the reader. |
d /
Relation (4.4) means that the Radon-Nikodym derivative d'ox (y) is proportional
Px
to the function g (y) where the coefficient of proportionality is given by ¢(x). If p
d /
and p’ are symmetric measures, then d'o x,y)=px)pQ®).
o

Theorem 4.7 Let p and p’ be two strongly equivalent measures on (V x V, B x
B) such that dp,, = r(y)dpx(y) for all x € V. Then the corresponding Markov
processes (P, c) and (P’, ¢') are strongly equivalent and

P(fry
P'(f)(x) = ;5 ’))(i’;). (4.5)
Proof We first find P(ry):
d /
P(ro)(x) = / ) Perdy)
Vv apx
= ! /dp)/‘(y)dp 6D
c(x) Jy dpx *
1
= o | @i 4.6)
c(x) Jy

c'(x)

c(x)’
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Next, we compute
P'(f)(x) =/ f) P'(x,dy)

d
C( )/ F) dpe(y)

= /f(y)rx(y) dpx(y)
¢’ (x)
,( )/ SO (y) dP(x,dy)
)
(x)
Now, the result follows from (4.6). m]
Remark 4.8

P(fre)(x)

(1) Let the symmetric measures p and p’ be strongly equivalent, dp,(y) =
rv (¥)dpx (). As in (4.6), we can obtain that

1
P’ ) = D
I'x c’(x)
Therefore, the following property holds:
!
P(ro)(x)P (x)=1
I'x

(2) Since the notion of equivalence of measures p and p’ is symmetric, we note that
the roles of P and P’ can be interchanged and the following relation holds:

Pl
P()e

(3) Tt follows from the strong equivalence of p and p’ that r,(y) is integrable with
respect to p, and

P(f)(x) =

C/(X)=/er(y) dpx ().
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(4) Several useful formulas can be easily deduced from Theorem 4.7. Firstly,
formula (4.5) can be rewritten in the form

P(fro)(x) = ()P (f)@)e@) ™, 4.7
and equivalently, the latter is represented as a relation between Markov kernels:
()P (x,dy) = c(x)re(y) P (x, dy).
(5) The same proof as in Theorem 4.7 shows that
R'(f)(x) = R(fr)(x).

(6) In more general setting, assuming that dp’, (y) = m(x)ry(y)dpx(y) where m(x)
is as in (4.3), we deduce that

P(fry)@)mx) = ¢/ ()P’ (f)(x)e(x) .
Similarly, one can show that
R'(f)(x) =m(x)R(fry)(x)

where the operator R’ is defined by x > p.
(7) Suppose that, for given pair (P, ¢), the operator P’ is defined by (4.7), and let
dv'(x) = ¢ (x)d(x). Then we claim that v/ P’ = v':

/VP/(f)(X) dv'(x) = /VC(X)P(frx)(X)C/(X)_lc/X) du(x)
= /VP(fo)(x) dv(x)
= / (/ (frx)(y)P(x,dy)) dv(x)
\%4 \%4
dp; -1
=// f(y)d (y)e(x) dpx (y)e(x)du(x)
VxV Px
= f[ f ) dpy(y)du(x)
VxV
=/ fx) do'(x,y)
VxV
=/Vf(x)c/(x) du(x)

= /f(x) dv'(x).
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4.2 On the Laplacians A and A’

In the remaining part of this section, we will discuss relations between the Laplace
operators A and A’ acting in the finite energy Hilbert spaces Hg(p) and Hg(o')
respectively.

Let A’(f) be the Laplace operator defined by a symmetric measure p’ on (V x
V, B x B). We can find out how A’ and A are related.

Proposition 4.9 Let p and p’ be two equivalent symmetric measures on (V xV, Bx
B) such that dp'(x, y) = q(x)q(y)dp(x, y). Then

A'(f) =cqf (P(@) — @) +qAqf).
In particular, when q is harmonic for P, then
A'(f) = qAqf). (4.8)
Moreover,
A'(f)=0 < Pf) = fP@),
and assuming that P(q) = q, we have
f e Harm(A) < qf € Harm(A).

Proof

(1) By definition of the operator A, we have
N = [ = o) o)

= /V(f(X) — F(Mgx)q(y) dox(y)

/V(f(X) — f(Me)q(x)q(y) dP(x,dy)

() £ (x) fv 40 Px.dy) — c(x)q(x) fv a0 F () P(x. dy)

c(x)g(x) [f(x)P(g)(x) — P(gf)(x)].
4.9)



166 S. Bezuglyi and P. E. T. Jorgensen

Add and subtract ¢ f to the right hand side of (4.9). Then, regrouping the
terms, we obtain

AN(f) =cqlaf — P +cqf(P(q) —q) = qA(qf) + cqf (P(q) — q).

This means that, in case when P(q) = g, the Laplace operators A and A’ are
related as in (4.8).

(2) Now we can apply (1) to prove the formulas given in (2). From the last
expression in (4.9), we see that f is harmonic with respect to A’ if and only

it P(qf) = fP(q). 0

Corollary 4.10 Let p be a symmetric measure on (V x V, B x B), and let q be a
harmonic function for the Markov operator P generated by p. Define the symmetric
measure p' such that dp’(x, y) = q(x)q(y)dp(x, y). Let P’ be the corresponding
Markov operator produced by p’. Then we have the map

Harm(P') x Harm(P) > (f,q) — fq € Harm(P).

Proof 1t follows from the definition of the measure p’ that

(x) = /V dpy(y) = /Vq(x)q(y) dpx(y) = g(x)R(q) (x).
Since g is harmonic, i.e., R(g) = cq, we obtain that
¢(x) = c(x)g*(x). (4.10)

Let f be any function harmonic with respect to the operator P’. Then
rw = [ 70 Pay
14

1
=, / F) dpi(y)
d(x) Jv
_q)
()
_q)
W)
_q(x)cx)
W)

/V SMaq(y)dopx(y)
/V FMg)ecx)P(x,dy)
P(qf)(x)

It follows from (4.10) that f = ¢! P(¢f), and we are done. O
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We remark that in the proved statement we temporarily extended the notion of
symmetric measures to the case of signed symmetric measures assuming that the
P-harmonic function g can be negative.

Theorem 4.11 Suppose that p' and p are two symmetric measures such that
do'(x,y) = q(x)q(¥)dp(x, y). If g is harmonic for the Laplace operator A, then
the operator

Q:He(p) = He(p) : Q(f) =qf

is an isometry.

Proof We need to show that, for any f € Hg(p'),

W e = lafl#Hg -

In the computation given below, we use the following: the definition of the norm
in the finite energy space, the symmetry of the measures p and p’, and the relation
R(q) = cq that holds for harmonic functions because

A(g)(x) = c(x)g(x) — R(g)(x).

Then we compute
2 2 1 2 /
||f||HE(p,)—||qf||HE(p)=2//V V(f(x)—f(y)) dp'(x, y)
— / /V V(q(x)f(x) — g fON dp(x,y)

_ / / [(F@) = FON?q)a ()
VxV

— (@) f(xX) — g fON 1 dp(x, )
= f fv V[fz(x)q(x)q(y)—qz(x)fz(x)]

+2(gx)q(») — g3 A dp(x, y)
=2 f fv V[fz(x)q(x)q(y)—qz(x)fz(x)] dpx (y)dp(x)
=2 fv FAE)g@R(@)(x) — c(x)g(x)] du(x)
=0.

This computation shows that Q(f) = qf € HEe(p) and Q preserves the norm. O
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Continuing the above theme, consider the Laplace operator A acting in L?(y1).
We recall that A : Lz(u) — Lz(u) is a positive definite self-adjoint operator
according to Proposition 3.7.

Proposition 4.12 Suppose p is a symmetric measure on (V x V, B x B) and the
Laplacian A = A(p) is defined by (3.4). Let q and f be functions on (V, B, i)
from the domain of A such that q f is also in the domain of A. Then

fA(qf) du=/ dA(f) du—/ FAGQ) du. @.11)
\% \% \%

If g and f are in L*(w), then fV A(gf)du =0.
Proof By definition of A, we have

Agf) = /V (@ () — af )] dps ()
=/V(q(X)f(X)—q(X)f(y)Jrq(X)f(y)—q(y)f(y)) dpx(y)
=61(x)A(f)—/Vf(y)(q(x)—q(y)) dpx(y)

Then
/ Agf)(x) du(x) :/ qA(f) dM(X)+// S(gx) —q() dox (y)du(x)
1% \%4 VxV
:f qA(f) dM(X)+// fX)(q(y) —qgx)) dox(y)du(x)
\%4 VxV
2/ qA(f) du(X)—/ fA(q) du(x)
\%4 \%4

and (4.11) is proved.

If the functions g and f are in L?(x) (in particular, ¢ and f can be taken from
the dense subset Dgn (1)), then we can use the fact that A is essentially self-adjoint
and conclude that

/V A@HC) di() = (g, A 1200 — (A@). Fizg0 =O.

We immediately deduce the following fact from Proposition 4.12.



Symmetric Measures 169

Corollary 4.13
(1) If functions f and f?* are in the domain of A, then

f A(f?) dp = 0.
\4

(2) If f is a harmonic function for A, then A(f%) = 0, and therefore f? is also
harmonic.

Proof

(1) is an obvious consequence of Proposition 4.12. To show that (2) holds, we use
that A(f) = c¢(f — P(f)) and P is a positive operator. This means that P(f) >
0 whenever f > 0. By Schwarz’ inequality for positive operators, we have
P(fH(x) > P(f)*(x), and therefore

A(fH =c(f* = P(f?)
<c(f?=P(HH

=c(f = PN+ P
=0.

The fact that £2 is harmonic follows from (1) and the proved inequality
in (2).
0

5 Reversible Markov Process Generated by Symmetric
Measures

In this section, we consider Markov processes generated by a Markov operator
which is determined by a symmetric irreducible measure p on the standard Borel
space (V x V, B x B) such that the margin measure p on (V, B) is o -finite. Our
first theme is reversible Markov processes. For the benefit of non-specialist readers,
we cite the following sources: [44—46]. We refer also to [47—49]. In the second
part of this section, we will assume that this Markov process is transient (see the
definition below). The reader can find vast literature on the theory of transient
Markov processes, we refer to [17-19, 50-57].
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5.1 Reversible Markov Processes

Let (V, B, u) be a o-finite measure space, and let p be a symmetric measure
on (V x V,B x B) which is disintegrated with respect to (ox,x € V) and u
according to (2.5). By assumption, c(x) = px(V) is locally integrable. We recall
(see Definition 3.1) that, in this setting, a Markov operator P is defined on F(V, B)
by the probability kernel x — P (x, -). This operator P acts by the formula

P(f)(X)=fo(y) P(x,dy) (5.1)

where P(x,dy) = c(x)fld,ox (v). Then the operator P is positive and normalized,
i.e., P(1) = 1. As mentioned above in Proposition 3.7, the fact that p is symmetric
is equivalent to self-adjointness of P as an operator in L*(v). It follows also
that P preserves the measure v = cu. Furthermore, we can use the kernel
x — P(x,-) = Pi(x,-) to define the sequence of probability kernels (transition
probabilities) (P, (x, -) : n € N) in accordance with (2.4). These kernels satisfy the
equality

Pn+m(xaA)=/ Pn(y,A)Pm(X,dY)a namEN
1%
Therefore one has

P"(f)(x) = /V S Pu(x,dy), n €N,

and this relation defines the sequence of probability measures (P,) by setting
Po(x, A) =8a(x) = xa(x) and

P,(x,A) = P"(xa) = / xa(y) Pu(x,dy), AeB,neN.
\%

We use the notation P(x, A) for Pi(x, A).
For the Markov operator P, one can define one more sequence of measures. We
use the formula

pn(A X B) = (xa, P" (XB)) 2 (v)» (5.2)

to define the measures p,, n € N, on the Borel space (V x V, B x B) (here p; = p).
Lemma 5.1

(1) Every measure p,,n € N, is symmetric on (V x V, B x B), and p, is equivalent
to p.
(2) p{"(V) = c(x),Vn e N.



Symmetric Measures 171

(3)
dpn(x,y) = c(x) Py (x, dy)dp(x) = Py(x, dy)dv(x). (5.3)
(4)
on(A X B) = (x4, RPn_l(XB))LZ(M)'

Proof The assertions of the lemma are rather obvious. We only mention two simple
facts: p, (A x V) = p(A x V) for every n, and, since the operator P" is self-adjoint
in Lz(v), the measure p, is symmetric. |

Definition 5.2 Suppose that x — P(x,-) is a measurable family of transition
probabilities on the space (V, B, ), and let P be the Markov operator determined
by x = P(x, -). Itis said that the corresponding Markov process is reversible with
respect to a measurable function ¢ : x — (0, 0o) on (V, B) if, for any sets A, B € B,
the following relation holds:

/ c(x)P(x,A)dux) = / c(x)P(x, B) du(x). 5.4)
B A

As shown in [1], the reversibility for the Markov process (Py,) is equivalent
to the following properties (here we give an extended and more comprehensive
formulation):

Theorem 5.3 Let (V, B, 1) be a standard o-finite measure space, x — c(x) €
(0, 00) a measurable function, ¢ € Llloc(u). Suppose that x +— P(x,-) is a
probability kernel. The following are equivalent:

(i) x — P(x, ") is reversible (i.e., it satisfies (5.4);
(ii) x = Py(x,-) is reversible for anyn > 1;
(iii) the Markov operator P defined by x — P(x, -) is self-adjoint on L*>(v) and
VP = v where dv(x) = c(x)du(x);
(iv)

c(xX)P(x,dy)du(x) = c(y)P(y, dx)du(y);
(v) the operator R defined by the relation R(f)(x) = c(x) P(f)(x) is symmetric

(see Remark 3.3);
(vi) the measure p on (V x V, B x B) defined by

p(A x B)=/VXAR(XB) dHI/VC(X)XAP(XB)dM

is symmetric;
(vii) for everyn € N, the measure p,, defined by (5.2) is symmetric;
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(viii) for any Borel sets Ay, ..., Ay € Ban(w),

/ Py (Xo € Ag, ..., X, € Ay) dv(x) :/ Py (Xo € Ay, ..., Xn € Ag) dv(x),
v v

where the random variables X1, . .., X, are defined below in Remark 5.4 (5)
and the sets Ao, A1, ..., A, are written in the reverse order in the right hand
side.

Proof We refer to [1] where most of these properties are discussed. We prove (viii)
here. Indeed, it can be seen that

/VJPX(XO € A, ... Xn € Ap) dv(x) = /V XA POta, P(xa, - P(xa,) - ) (x) dv(x).
(5.5)

Since P is self-adjoint on L?(v), we can repeatedly use the relation fV fP(g)dv =
fV P(f)gdv and rewrite (5.5) as follows:

/VXAOP(XAIP(XAZ"'P(XAn)"'))(x) dv(x)
=/V XA P XAt P g -+ P(X4p) -+ ) (x) dv(x)

:/ Py(Xo € An, ..., Xn € Ag) dv(x).
\%4

The fact that property (viii) implies that P is reversible is proved by using the
density of simple functions in L?(v). O

We discuss the notion of reversibility in the following Remark where we included
several direct consequences of Definition 4.1 and Theorem 5.3.

Remark 5.4

(1) Let x +— P(x,-) be a Borel field of probability measures over a standard
Borel space (V, B). This field of transition probabilities generates the Markov
operator P such that P(1) = 1. It follows from Theorem 5.3 that one can define
the notion of reversible Markov process x — P (x, -) with respect to a o-finite
measure v: It is said that ((x — P(x, -)), v) is reversible if P is a self-adjoint
operator in L?(v). This definition is equivalent to the property

/P(x,B) dv=/ P(x. A) dv.
A B

Equally, one can consider the notion of reversibility for P (x, -) with respect to a
symmetric measure p. Theorem 5.3 states the equivalence of these approaches.
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(@)

3)

“)

)

(6)

Based on (1), the following guestion is raised naturally: Given x — P(x, ) as
above, under what condition the set

S(P) := {v : P is self-adjoint in L*(v)}

is non-empty?

The following observation is a direct consequence of Theorem 5.3. Let
P(x,A) = P(xa)(x) be the probability kernel defined by a normalized
Markov operator P acting on Borel functions over (V, B, u). To answer the
question about the existence of a P-invariant measure v ~ w such that (P, v) is
reversible, it suffices to construct a locally integrable function c satisfying (5.4).
It can be done by pointing out a symmetric measure p such that px (V) = c(x)
and the projection of p onto V is the measure .

There exists a stronger version of reversible Markov processes. Let P be a
Markov operator acting on F(V, BB) such that, for any A, B € Bgn (1),

xaP(xB) = xBP(xa)
Then, for any positive Borel function ¢ € Llloc(,u), the measure dv(x) =
c(x)du(x) belongsto S(P). Indeed, it suffices to define the symmetric measure
p according to Theorem 5.3 (vi) and then apply statement (ii).
We give here one more interpretation of the definition of reversible Markov
processes. For this, we use the notation to be introduced in Sect. 6. Let

QL=VxxVxV...

be the path space of the Markov process (P,), and let X,, : & — V be the
random variable defined by X, (w) = w,. Given a measure v on V, we can
reformulate the definition of reversible Markov operator as follows:

dist(Xo | X1 € A) =dist(X1 | Xo € A).

The meaning of the above formula is clarified in Proposition 6.4.

Suppose now that a non-symmetric measure p is given on the space (V x V, B x
B),i.e, p(A x B) # p(B x A), in general. However, we will assume that p is
equivalent to p o & where 6(x, y) = (y, x). Then, using the same approach as
above, we can define the following objects: margin measures p; := ,oorri_l, i =
1, 2,, fiber measures dp, (-) and dp* (-) (see Remark 2.5), and functions ¢ (x) =

px(V), c2(x) = p*(V).

Define now the symmetric measure p* generated by p as follows

s 1
pr = 2(p+p09)-
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Then
# 1
p"(A X B) = 2(p(A X B) + p(B x A)).

Clearly, p* is equivalent to p.
Let E C V x V be the support of p. Then E¥ = E U #(E) is the support of
the symmetric measure p*. The disintegration of p = f v Px djr1(x) with respect to

1
the partition {x} x E, defines the disintegration of p*. For u* := 2(,ul + u2), we
obtain that

o' = /V(px + %) du*.

Having the symmetric measure p* defined on (V x V, B x B), we can introduce
the operators R¥ and P* as in (3.2) and (3.3). It turns out that, for f € F(V, B),

RY (@) = Ri())(x) + Ra(f)(x)

where
R1(f)=/vf(y) dpx(y), Rz(f)=/vf(y) dp*(y).
Similarly,
# 1 #
PT(f)x) = C#(X)R (Hx)
where

H@) = pe(V) + 0" (V).
Then we can define the measure dv¥ (x) = ¢*(x)d 1 (x) such that the operator

# _ 1 #
PU(H@) = | fO) 4, dpe(y)
v c*(x)

is self-adjoint in L%(v*). By Theorem 5.3, we obtain that the Markov process
generated by x > P*(x, -) is reversible where P*(x, A) = P*(xa)(x).
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5.2 Properties of Markov Operators

In this subsection, we discuss some properties of the Markov operator P, which
is defined by relation (3.3). The operator P is considered acting in Hilbert spaces
LZ(M), L'(v), and H g where dv(x) = c(x)du(x) and Hg is the energy space.

We begin with the following simple observations whose proofs are obvious
and can be omitted. Remind that Bg, () is the family of Borel subsets of finite
measure u, and Dsn = Drn (1) is the linear subspace generated by the characteristic
functions x4, A € Bfn.

Remark 5.5
() IfcelLl

loc

(1), then

Biin(1t) C Bin(v).

The converse is not true.

(2) We observe that if both functions, ¢(x) and c(x)~! are in LllOC (), then
Biin(1) = Biin(v).
(3) The following property holds for ¢ € Llloc(u):
Diin() € LA(w) N L2 0) N Mg (5.6)

(this should be understood that functions from Dg, are representatives of
elements from Hg).
(4) We recall that

Ixall3,, = p(A x A%) (5.7)

where p is a symmetric measure used in the definition H g. This fact is proved
in [1].
Lemma 5.6 Ifc € L\ (1), then Diin (1) is dense in L' (v) and L*(v).
Proof (Sketch) We show the density of Dg, (1) in L'(v) only. It suffices to check
that, for every B € Bjin(v), the characteristic function xp can be approximated in
L'(v) by simple functions from Dg, (1), i.e., for every ¢ > 0, there exists some

s(x) € Dgp(w) such that ||xp — Sllpiy < €. Without loss of generality, we can
assume that s(x) < xpg(x). Then

lIxB = sllpiq) = /V(XB —s(x)) dv(x) = /B c()(I —s(x)) du(x).
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Since c is pu-integrable on B, one can take a subset By C B such that

/cdu—/ cdu <e.
B By

The result follows. O

Next, let p be a symmetric measure on (V x V, B x B), and let P be the operator
acting on bounded Borel functions by the formula

P(f)x) = fv JO)P(x,dy)

where ¢(x) P(x, dy) = dpx(y).
In the next statement we collect several properties of the Markov operator P
considered in various spaces.

Proposition 5.7 Let (V, B, w), v, and p be as above. Then, for any A € By,

px(A)

c(x)
(b) if the function x +— fv c(y)~V dpx(y) is locally integrable, then P is a densely

(a) P(xa) e Ll(pn) < e L'(w) = P(xa) € L3 (w);

defined operator in L*(1);
(c) ifce Llloc(u), then
P(xa) € L'0) N L2 (w);

(d) the measures w and wP are equivalent if and only if the function ¢~ is

integrable on (Ey, px) for p-a.e. x € V. The Radon-Nikodym derivative can
be found by the formula:

d(uP) / 1
= dpy(y).
d (x) v e) 0x(y)

Proof (Sketch)

(a) The factthat P(x4)isin L? (w) follows from the Schwarz inequality for positive
operators,

P(xa)* < P(x3) = P(xa).
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The criterion for integrability of the function P(x4) is proved as follows:
f P(xa)(x) du(x) = f[ XA P(x,dy) du(x)
1% VxV

_ f fv KAD) ()

xV C()C)
A
:/ ox(A) dp(x).
v cx)
It follows from (a) that the same computation can be used to show that P(x4)
is in Lz(,u) whenever

px(A)

e L' ().
() ()
(b) To prove this result, we refer to the proof of (b) and use the symmetry of the
measure p:
P(xa) € L*(w) <= P(xa) € L'(w)
and

/ P(xa)(x) dp(x) = //V V“(y) dpy (y)dp(x)

= [ 4 dosranc)
VxV
= / ( / “(x) dpx(y)) dp(x).
A\Jv c(y)
It gives the desired statement.

(c) Suppose c(x) € Lloc(M)" Then, using the symmetry of the measure p and
relation (2.7), we obtain

1
/ P(xa)(x) dv(x) =/ </ xa(y) dpx(y)> c(x)du(x)
14 v \Jv c(x)

=// xa(x) dox(y)du(x)
VxV

=/VXA(X)C(X) du(x)
=/ c(x) dp(x) < oo,
A

i.e., P(xa) € L'(v). The fact that P(x4) € L?(v) is proved as in (a).
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(d) The statement will follow from the following chain of equalities:
(uP)(A) =/ xa d(upP)
v

=/ P(xa)dp
\%4

_ / ( / XA P, dy))du(X)

/ / XD o)

\42%
1

- / X4 () ( / dpx(y)) )

1% v c(y)

1
=/ (/ dpx(y)> du(x)
v c(y)

—f AWP) ) ap)
A

where

d(uP) / 1
= dpx(y).
du (x) V) x ()

Clearly, Proposition 5.7 can be extended to functions from Dgy,.
Lemma 5.8

(1) Let P be a self-adjoint Markov operator in L?(v). Suppose that ¢ € Lloc(,u).
Then, for A € Bgn (1),

1P )l 22,y = P2u(A x A), n €N, (5.8)

where measures py, are defined in (5.2).
(2) Moreover; foralln € N,

/ ¢ dp = 11118y () + 1P I 22y
A
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Proof

(1) We recall that if P is a self-adjoint operator in the space L*(v), then vP = v.
Hence,

1P Geadl17yy =(P" (xa)s P (X)) 12y
=(xa. P (XA))LZ(V)

=p2n(A X A).

(2) Since ,oi") (V) = c(x) foralln € N, we can easily deduce from (1) the following

equality (we use here formula (5.7)):

XI5, () =Pn(A X A)
=pn(A X V) = pa(A x A)

=/cdu—pn(A><A)-
A
O

Remark 5.9 It is interesting to compare formula (5.8) with a similar result for
”Pn(XA)”%'tE proved in [1], see also (3.11) in Theorem 3.6.

IP" (xa) 13, = pan(A x A) — p2ny1(A x A),  neN.

Hence, it follows that

1P Xl = 1P X132, — P2n+1(A X A).

5.3 More on the Embedding Operator J

In this subsection, we return to the study of the operator J defined in (3.14), see
Sect. 3.2. We recall that the operator J is an isometry if considered acting from
L?®) to Lz(,o), and it is an unbounded operator from Lz(,u) to Lz(,o). Here we
focus on relations between J and other operators we study in the paper.

Lemma 5.10 Forany A € Bgn(1), we have

17 (PO 72,y < 1xallzag-
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Proof Indeed, we use Schwarz’ inequality for P to show that
// J(P(xa)*(x, y) dp(x, y) =/ P(x)*(x) dp(x, y)
VxV v
< [ Pan@ dote. )

- /V ()P (x) dis(x)

=// xa(y) dpx(y)dp(x)
VxV

=// xA(x) dpx(y)du(x)
VxV
=/ c(x) dp(x)

A

2
=||XA||L2(U).
O

As an illustration of properties of this embedding J, we note that the function
J(c™Y(x, y) is not integrable with respect to p but is locally integrable.

Another useful relation that compares norms of functions is contained in the
following inequality.

Lemma 5.11 Let f be a function from the finite energy space such that f and A(f)
belong to Lz(u). Then

1
£ 11220y Z 1113,

Proof The proof follows from [1, Corollary 7.4] and Proposition 3.7 (6):
// (Jf)(x, y) dp(x, ) =// £2(x) dpy (v)dp(x)
VxV VxV
= fv FH)e@) dp()
1
22<f, Af) 2

1 2
=, 11115,



Symmetric Measures 181

In the remaining part of this section, we consider the Markov operator P as an
operator acting on functions from the energy space Hg.

Proposition 5.12 Assume that ¢ € LL_(1). Then, for every A € Bgn(1), we have

loc
(JP)(xa)(x,y) € HE.

Proof We need to show that the energy norm of J(P(x4)) is finite. By Theo-
rem 3.6, we find that

1
1 POz, =, / fv LPOWE) = PO do(x. )

Z//V LPOWE) = P PG dp (. ).

To see that the last integral is finite, we first show that (J P)(x4) is in Lz(,o):

f[ P(x4)*(x) dp(x,y) < // P(xa)(x) dpx(y)dp(x)
VxV VxV

Z/v P(xa)(x)c(x) du(x)

=v(A)
=/ c(x) du(x).
A

The latter is finite.

Similarly, one can check that [}, ,, P(xa)(x)P(xa)(y) dp(x, y) is also finite.
We leave the proof for the reader. O

Consider a new operator, denoted by 9, which acts from the energy space Hg to
L%(p):

1

@) (x,y) = 2 (f () = s feMte (5.9)

Remark that in the theory of electrical networks the analogous transformation is
called a voltage drop operator.

Lemma 5.13 The operator d : Hg — L*(p) defined by (5.9) is an isometry.

Proof The proof is obvious because

1
11, =, //V 0 = FO) dpx. ) = @Iz,



182 S. Bezuglyi and P. E. T. Jorgensen

Since J : Lz(v) — L2(,0) is an isometry, then the co-isometry J* sends L2(,0)
to Lz(v) according to the formula

(') (x) = fvg(x, ) P(x,)

where g € L%(p).
In the following proposition, we formulate a relation between operators P, J*,
and 9.

Proposition 5.14 The following diagram commutes:

HE A L%(v)
ANE T
L?(p)

where A = (v/2¢)"'A = (V2)"1(I — P).
Proof The proof is mainly based on Theorem 3.10 and the definition of 3. We have

1

(J5f)x) = I (f() = f()

V2
1
— _ P(x.d
\/va(f(X) f) P(x,dy)
1
=\/2(f(x)—P(f)(x))
1
=\/26(X)A(f)(X)-

In the next statement, we present several properties of the operator I — P.
Corollary 5.15
(1)

(I — PYHp C L*(v),

(2) The operator I — P acting from Hg to L*>(v) is contractive.
(3) For the operator A = c(I — P), the following holds

A(HEg) C cL?*(v).
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Proof Assertion (1) is a direct consequence of Proposition 5.14 (this result was
already mentioned in [1]).

To see that (2) holds, we recall the formula for the norm of a function in the finite
energy space Hg:

1
11 = (nf — P(N2, + fv Var, (f o X)) dv>,

where the meaning of random variables X, is explained in Sect. 6 below.
(3) is obvious. |

6 Transient Markov Processes and Symmetric Measures

Transient Markov processes and Green’s functions are central themes in the theory
of Markov chains that have been studied in a numerous books and papers. For the
benefit of non-specialist readers, we cite the following sources [17, 58—60]. More
interesting results can be found in [61-63].

In this section we consider Green’s functions G 4(x) of transient Markov
processes and relate the symmetric measures p, to the norm of G4 in the finite
energy space.

6.1 Path-space Measure

We denote by 2 the infinite Cartesian product VxV x- - . = VN Let (X, (w) :n =
0, 1,...) be the sequence of random variables X, : 2 — V such that X, (®) = wj.
We call 2 as the path space of the Markov process (P;). Let Qx, x € V, be the set
of infinite paths beginning at x:

Qi ={we Q: Xo(w) = x}.

Clearly, @ = [ [, cy Q.

A subset {w € Q : Xo(w) € Ao, ... Xr(w) € Ar} is called a cylinder set defined
by Borel sets Ag, Ay, ..., Ak taken from B, k € Ny. The collection of cylinder sets
generates the o-algebra C of Borel subsets of €2, and (€2, C) is a standard Borel
space. Then the functions X, : & — V are Borel.

Define a probability measure P, on 2. For this, denote by F<, the increasing
sequence of o-subalgebras such that F<, is the smallest subalgebra for which the
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functions Xo, X1, ..., X, are Borel. For a cylinder set (Ajq, ..., A,) from F<, we
set

]P)X(Xl €A1,...,Xn€An)=/ /,; P(Yn—laAn)P(yn—Zden—l)"'P(xvdyl)-
A n—1

6.1)

Then P, extends to the Borel sets on 2, by the Kolmogorov extension theorem

[64].
The values of P, can be written as

Py(X1 € A, ..., Xp € Ay) = P(xa, P(X4, P(--- P(xa,_; P(xa,) - ) (x).
6.2)

The joint distribution of the random variables X; is given by
dPy(X1, ..., Xa)"' = P(x,dyD) P(y1.dy2) -+ P(yu-1. dyn). (6.3)

Lemma 6.1 The measure space (2x, Py) is a standard probability measure space
for p-a.e.x €V.

On the measurable space (€2, C), define a o -finite measure A by

A= / P, dv(x) (6.4)
1%

(A 1is infinite if and only if the measure v is infinite).
By F,, we denote the o-subalgebra Xn_1 (B). Since X;l (B) is a o-subalgebra of
C, there exists a projection

E,:L*(V,C, %) — L*(Q, X, 1 (B), 1).

The projection E,, is called the conditional expectation with respect to X, '(B) and
satisfies the property:

Ey(foXn) = foXy. (6.5)

We proved in [1] that the Markov process P, is irreducible if the initial symmetric
measure is irreducible. More precisely, the statement is as follows.

Theorem 6.2 Let p be a symmetric measure on (V x V, B x B), and let A and B
be any two sets from Bgn (). Then

pn(A x B) = (xa, P"(x8))20) = »(Xo € A, X € B), neN. (6.6)

The Markov process (Py) is irreducible if and only if the measure p is irreducible.
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In other words, relation (6.6) can be interpreted in the following way: for the
Markov process (Py,), the “probability” to get in B for n steps starting somewhere
in A is exactly p,(A x B) > 0.

To see that (6.6) holds, one uses the definition of the measure A and formulas (6.1)
and (6.2).

Corollary 6.3 Let Ag, A1, ..., Ay, be a finite sequence of subsets from Bgpn. Then
Pi(X1€Al,....,Xp €A |x €Ay >0 < p(Ai_1 X A})) >0

fori=1,...,n

It is worth noting that the concept of reversible Markov processes can be
formulated in terms of the measure A, roughly speaking A must be a symmetric
distribution.

Proposition 6.4 Let the measure ) on Q2 be defined by (6.4). The Markov operator
P is reversible if and only if, for any sets Ao, . .., Ap from Bgn(1) and any n € N,

AXo € Ag, ..., Xn € Ap) = M(Xo € Ap, ..., Xn € Ao).

Proof The proof uses Theorem 5.3 (viii). In the proof we assume for simplicity that
n = 2; the general case is proved similarly. We recall that P is reversible if and only
is the Markov operator P is self-adjoint in L?(v). We compute applying (6.1):

AMXpe Ag| X1 € Ay) :/ P. (X1 € A1) dv(x)

Ap

- /V o ()P Oa,) () dv(x)

I/VXAI(X)P(XAO)(X) dv(x)
=AXg € A1 | X1 € Ap).

It proves the statement. O

In the next statement we relate harmonic functions to martingales. Recall first the
definition of a martingale.

Let (X, : n € N) be the Markov chain on © with values in (V, I3) defined by
X, (w) = wp. We recall that the space <2 is represented as the disjoint union of
subsets Qy = {w € Q:wy =x},x € V.Let (&, : n € Ny) be a sequence of real-
valued random variables defined on 2. Then it generates a sequence of measurable
fields of random variables x — @, (x), x € V, defined on the corresponding subset
Q. Let C, be the o-algebra of subsets of Q generated by @, ! (B), B € B. Denote
by C<, the smallest o -subalgebra such that the functions ®;,i = 1, . ..n, are Borel
measurable. These o -algebras induce o -algebras C<, (x) on every .
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It is said that the sequence (®,,) is a martingale if
Ex (Pnk (x) | C<n(x)) = Pu(x), Vk.
Here E, is the conditional expectation with respect to the probability path measure
P,, see (6.1).

Proposition 6.5 Let P be the Markov operator defined by a symmetric measure p.
For the objects defined above, the following are equivalent:

(i) a Borel function h on (V, B) is harmonic with respect to the Markov operator
P;
(ii) the sequence (h o X, : n € Ny) is a martingale.

Proof 1t follows from the definition of the Markov chain (X},), path space measure
Py, and [2, Proposition 2.24] that, for any Borel function f,

Ex(f o Xntm | C<n(x)) = Ex(f 0 Xpym | Cu(x)) = P"(f) 0 X,.
Hence, we see that a function £ is harmonic if and only if
Ex(h o Xntm | C<n(x)) = h o X,

i.e., (h o X;) is a martingale. |

6.2 Green’s Functions

In this section, we will work with transient Markov processes. We first define a
Green’s function G (x, A). Our main goal is to study Green’s functions as elements
of the energy space.

Definition 6.6 Let

o0
GO, A) =) Pu(x, A, A€Bum,xeV.
n=0

The Markov process is called transient if, for every A € Bgy, the function G (x, A)
is finite p-a.e.on V.

In this subsection, we will always assume that the Markov process (P,) is
transient.

Lemma 6.7 Let p be an irreducible symmetric measure. Suppose A € Bgn be a set
such that G (x, A) is finite a.e. Then, for any B € Bap, the function G (x, B) is finite
for p-a.e.x € V.
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Proof The proof of this result is straightforward and mainly based on the definition
of irreducible measure, see also Lemma 2.9. m]

Lemma 6.8 Letr A € Bgn and let P be a Markov operator defined by a symmetric
measure p. Then the function x — P, (x, A) = P"(x4)(x) belongs to Hg and

1P.C, A3y, = P2a(A X A) = poap1(Ax A),  neN.
Proof The proof is based on the facts that v is P-invariant, p is symmetric, and

on the definition of the norm in the energy space which are used in the following
computation:

1Pa (e, IRy, =ffw Par, A)(Pa(x, A) — Pu(y, 4)) dp(x, )
-/ /V P AR5 A) = B3, AN Pl ) di)
:/V |:P,,(x,A)2— Pn(x,A)/VPn(y, A)P(x,dy):| dv(x)
:/V [P,,(x,A)Z— P,,(x,A)P,,+1(x,A)] dv(x)
=[V Par, A)Y(Pa(x, A) — Pry (x, A)) dv(x)

=/VXA(X)P"(P"(XA) — P" () (x) dv(x)

=(xA(X), P (X)) 12 — (xa @), PP () 12

=p2n(A X A) = pony1(A X A).

Remark 6.9 As a curious observation, we mention that, for any A € By,

pan(A X A) > pont1(A X A).

It is worth noting that the above formula cannot be extended to direct products of
sets A and B from By, (w). In particular, one can prove that the relation

p2(A x B) < p(A x B)

implies that P(xp — P(xB)) > 0 a.e. Therefore there would exist a harmonic
function in L2(v) which is a contradiction.

Fix a set A € Bgp, then we have the family of measurable functions G 4 (x) :=
G(x, A) indexed by sets of finite measure.
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Lemma 6.10 Fora set A € Bgy, the equality
c(x)(I = P)(Ga)(x) = c(x)xa(x)
holds. Equivalently,
AG4(x) = c(x) xalx).

Proof We compute using the definition of Green’s function and the fact that the
series Zn P, (x, A) is convergent for all x and all A € Bg,(u):

c(x)I = P)Ga(x) =c(x)(I = P) ZPn(x, A)
n=0

=c(x) Y Pu(x, A) —c(x) Y Palx, A)

n=0 n=1
=c(x)xax).
O
Theorem 6.11 For the objects defined above, we have the following properties.
(1) For any sets A, B € Bgpn, we have
oo
(Ga, Gp)uy = ) pu(A X B); 6.7)
n=0
and, in particular,
(e.¢]
1GAG) I3, =3 pu(A x A). (6.8)
n=1
(2) Forany f € Hg and A € Ban (1),
(. Gatras = [ £ av.
Furthermore, if
G :=span{G4(-) : A € Bgn}, (6.9)

then G is dense in the energy space Hp.



Symmetric Measures 189

Proof
(1) We prove (6.8) here. Relation (6.7) is proved similarly. One has

”GA(X)”%.LE = /[/ V(GA(x) — PA(y))2 dp(x, y)
_ //V Ga(GA) = Gay) dor.y)
= //V ) GA(x)(GA(x) — PA(Y)c(x)P(x, dy)du(x))

=[VGA(X)[GA(X)—P(GA)(X)]C(X) dpu(x))

= /V GAY_ P (xa)(x) = Y P" (xa)(x)e(x) duu(x))

n=0 n=0

= / D P (xa) () xax) dv(x)
v n=0

[o/0]
Z(XA, P"(xa)L2v)
n=0

= an(A X A).
n=0
For (2),
1
(f, Galng = 2 //;/ V(f(x) —fONGAx) —Ga() dp(x,y)

= fv [f(x)GA(x)C(x)—f(x) ( fv GA<y)P<x,dy>> c(x)} dp(x)
= /V f@)e@) {Z P"(xA)(x)—ZP”“(xAxx)} dp(x)

n=o

_ fv FOOxA D)) dpu(x)

:/Afdv.
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It follows from the proved relation that if (f, Ga)y, = O forall A € Ban(1),
then f =0, and G is dense in HE. O

Let Din(n) C L%(w) denote, as usual, the space spanned by characteristic
functions, and let G be as in (6.9). Then the following two operators, J and K,
are densely defined

Jixar> xa:Dan— He,  K:Gar>cI—P)Ga):G — L)
(6.10)

where A € Bgn ().

Proposition 6.12 The operators J and K form a symmetric pair, i.e.,

(o, Nre = (0. K(N) 2 (6.11)

where ¢ € Dgy and f € G.
Proof To prove (6.11) it suffices to check that it holds for ¢ = x4 and f = Gp
where A, B € Bgn(1). For these functions, we show that the both inner products
are equal to v(A N B).
By Lemma 6.10, we have
(xa, K(GB)>L2(M) = (x4, CXB>L2(M)
= / xacxp du
v
=v(AN B).

On the other hand, for the same functions ¢ and f, we compute the inner product in
the finite energy Hilbert space using the symmetry of p:

1
(J(xa). GBI = //v V(XA(X) —xaON(Gpx) = Gp(y)) dp(x, y)

= //V V(XA(X)GB(x) — xA()GE() dp(x, )
//;/XV[XA(X)IIZ:;) (xB)(x)

- XA(X)ZP"(XB)()’)]C(X)P(Ldy)dﬂ(x)
n=0
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= / [xa(x) Y P"(x)(x)
v n=0
- XA(X)Z/V P*(xp) () P(x, dy)lc(x)du(x)
n=0

= /V [xa(x) Y P"(xB)(x) — xa(x) Y P"(xp)] dv(x)

/VXA(X)XB(X) dv(x)
—v(AN B).

O
Corollary 6.13 The finite energy Hilbert space admits the orthogonal decomposi-
tion
He = J(Dsn()) ® Harm.
In particular, for every B € Bgan(u), we have Gg = G| @ Gy, where G| €
J (Dgn(W)) is always non-zero.

Proof Indeed, if one assumed that G; = 0, then we would have that Gp is
orthogonal to J (Dgn(1)). This contradicts Theorem 6.11. |

We conclude this section with the following result that was proved in [1]:

Theorem 6.14 Let (P,) be a transient Markov process, and let G(x, A) be the
corresponding Green'’s function. Then, for any f € HEg, we have the decomposition

f=Gl@+h

where h is a harmonic function and ¢ € L2(v).

7 Discretization of the Graph Bg, (1)

In this section, we show that our basic setting (a symmetric measure on the Cartesian
product (V, B)) can be realized as a limit of discrete graphs. This approach naturally
leads to the notion of graphons. The reader can find necessary information in the
following books [65-67] and articles [68—70].

Let (V, B, n) be a o-finite measure space, and let p be a symmetric measure on
(V x V, B x B). We will associate with (V, B, 1) and p a sequence of countably
infinite graphs G, equipped with conductance functions ¢, such that the weighted
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graphs (G, ¢,) can be viewed as a discretization of of the uncountable graph Bgy
considered in [1].
We first recall a few facts from [1].

1
loc

Lemma 7.1 Suppose that c(x) € L, (u). Then, for any set A € Bgp,

p(A x A9 < 0 (7.1)

where A =V \ A. The converse is not true, in general.

We can view at the set Bs, = Bgn (1) as an uncountable graph G whose vertices
are sets A from Bg, and edges are defined as follows. For a symmetric measure p
defined on (V x V, B x B), we say that two sets A and B from By, are connected
by anedge e if p(A x B) > 0.

This definition is extended to get finite paths in the graph G. It is said that there
exists a finite path in the graph G from A to B if there exists a sequence {A; :
i = 0,...,n} of sets from Bg, (vertices of G) such that A = A, A, = B and
p(A; x Ai+1) >0,i =0,...n— 1.

Theorem 7.2 Let (V, B, u) be as above, and let p be a symmetric irreducible
measure on (V x V,B x B). Then any two sets A and B from the graph G are
connected by a finite path, i.e., the graph G is connected.

Proof We will show that there exists a finite sequence (A4; : 0 < i < n) of disjoint
subsets from Bg, such that Ag = A, p(A; X Ajy+1) > 0, and p(A, x B) > 0,
i=0,...,n—1.

If p(Ax B) > 0, then nothing to prove, so that we can assume that p(A x B) = 0.

Let £ = (C; : i € N) be a partition of V into disjoint subsets of positive finite
measure such that C; € By, for all i. Without loss of generality, we can assume that
the sets A and B are included in &. Let for definiteness, A = C.

Since p(A x A€) > 0 (by Lemma 7.1), there exists a set C;; € & such that
P(AxCi)>0and p(A x Cj) =0forall 0 < j < iy. Set

A1 = U Cj.
0<j<iy

Itis clear that A| € Bgy and p(Ag x A1) > 0.If p(A; x B) > 0, then we are done.
If not, we proceed as follows. Because of the property p(A x A{) > 0, there exists
some i > i1 such that p(A; x C,) > 0and p(A; x C;) =O0foralli; < j < i>.
Set

A= | ¢

i1<j<ia
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Then p(A1 x Ay) > 0, and we check whether p(A; x B) > 0. If not, we continue
in the same manner by constructing consequently disjoint sets A; satisfying the
property p(A; x A;4+1) > 0. Since B is an element of &, this process will terminate.
This means that there exists some n such that A, D B. This argument proves the
proposition. O

Given a o -finite measure space (V, B, i), consider a sequence of measurable
partition {£, },en such that

() & = (Ax():i eN), |L]; An(0) =V, Au(i) € Bhin(p);
(1) &,4+1 refines &, i.e., every element A, (i) of the partition &, is the union of some
elements of &,41: A, (1) = | @) An+1(J) where A, (i) is a finite subset of
N;
(iii) theset {A, (i) : i € N, n € N} generates the Borel o -algebra 5.

jEAll

If for every i, the cardinality of the set A; is bigger than one, we say that &,4
refines &, strictly.

It is well known, see e.g. [26], that, for any point x € V, there exists a sequence
in(x) such that A,41(in+1(x)) C Ap((iy)(x)) and

{x} =) Aulin(x)) (72)

neN

Suppose p is a symmetric measure on (V x V, B x B). We define a sequence of
non-negative Borel functions ¢ on (V x V, B x B) by setting

) = p(An(in(x)) X An(in(y)))

for any x, y from V. Clearly, cg,) is a piecewise constant function.

Lemma 7.3 For a given sequence of strictly refining partitions (&,), the sequence

)

of functions (c)(f; ) is monotone decreasing.

Proof The proof is straightforward. For x, y € V, let the sequences (A, (i,(x)))
and (A, (jn(y))) shrink to the points x and y, respectively, according to (7.2). By
assumption of the lemma, A, +1(i,+1(x)) is a proper subset of A, (i,(x)). Hence,

D = p (A1 (ins1(0) X Apg1 Gng1 ()
< p(An(in(x)) X A (jn(¥)
= c)(c';).

O

We now can define a sequence of discrete graphs (weighted networks) G, =
(Va, En, wy). The vertex set V;, is formed by the atoms of the partition &,, i.e., by
the sets {A, (i) : i € Np}; therefore V;, can be identified with Ng. The set of edges
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E, consists of pairs (i, j) such that
(i,)) € En <= p(As(i) x An(j)) > 0.

The weight function is w, (i, j) = p (A, (i) x An())).

Lemma 7.4 Let p be a symmetric irreducible measures on (V x V, B x B). Then
the weighted graph G, is connected for every n.

It follows from Lemma 7.3 that

(n)

cxy = lim ¢,y

n—oo

exists and is a Borel non-negative function. Since the measure p is symmetric, we
conclude that cxy = cyy.
Next, we define

@) =Y p(Anlin(0)) x An(j) = Y ey

J y~nX

where x ~, y if and only if c)(f;) > 0. It can be seen that

¢ (x) = p(An(in(x)) x V). (7.3)

Using the proved results, we can deduce the following statement.

Theorem 7.5 The sequence ("™ (x)) is monotone decreasing for every x € V and
c(x) = lim ¢™(x) = pe(V).
n—>00
Proof Indeed, we see from (7.3) that
") = p(Ans1 (i1 (1)) X V) < p(An(in () x V) = ™ (x).

Hence, the Borel function c(x) is well defined for every x. Because ﬂn An(ip(x)) =
{x}, we obtain that c(x) = px (V). |
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Abstract In this paper, we (i) consider a Banach x-probability space ]L(QN) gener-
ated by mutually free finitely, or countable-infinitely many semicircular elements,
induced by mutually orthogonal projections in a C*-probability space, (ii) construct
certain *-homomorphisms acting on L(QN), determined by the shift processes acting
onthe index set {1, ..., N} of semicircular elements, and the corresponding Banach-
space operators induced by them, and (iii) study how the *x-homomorphisms and
Banach-space operators of (ii) deform the original free-distributional data on IL(QN).
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1 Introduction

We shall use the term free probability in the customary sense, as an extension
of classical measure theory (including probability theory). Random variables in
measure theory are functions in commutative function systems; by contract, in free
theory, free random variables are operators in noncommutative x-algebras (e.g.,
C*-algebras, or von Neumann algebras, or Banach x-algebras). Noncommutative
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probability was initiated by D. Voiculescu in response to questions in quantum
physics, and in operator algebra theory, notably, in the free group factor isomor-
phism problem (e.g., [20, 26] and [30]). In classical theories, independence is a key
feature, however, in free probability theory, there is a counterpart, the freeness, or
free independence (e.g., [3, 4,23, 25] and [30]). Freeness parallels the more familiar
and classical independence, but it is much more subtle. Its use entails new tools
from multiple areas of mathematics (e.g., [8—11, 16, 17] and [18]). While in classical
probability, we know that, on account of the central limit theorem, the Gaussian law
(or the Gaussian distribution) is universal. In free probability, the counterpart is the
semicircular law.

A Banach x-algebra Y is a complete topological x-algebra equipped with the
norm topology. If there is a linear functional ¥ on Y, then the pair (¥, ¥) is
called a Banach x-probability space. Then the free-distributional data on (Y, ) are
determined by joint free moments of operators of Y up to . Here, we are interested
in x-homomorphisms on Y, preserving free-probabilistic information on (Y, ¥).
Since they are (multiplicative) linear transformations on Y, one can regard them as
operators in the operator space B(Y) of all bounded linear transformations on Y, by
understanding the Banach x-algebra Y as a Banach space. Our main purpose is to
investigate how such Banach-space operators affect the free probability on (Y, 1),
where Y is generated by multi semicircular elements.

1.1 Motivations

There are many ways to construct semicircular elements (e.g., [1, 5, 7, 9, 17, 20,
22, 27-30]) in topological x-probability spaces (e.g., C*-probability spaces, or
W*-probability spaces, or Banach x-probability spaces, etc.). Our construction of
semicircular elements is motivated by that of weighted-semicircular elements of
[11], from the analysis on the p-adic number fields Q, for primes p (e.g., [13, 24]),
which is different from earlier works.

Like the (weighted-)semicircularity of [11], semicircular elements from mutually
orthogonal |Z|-many projections in a C*-probability space, and the corresponding
semicircular law are considered here (See Sects.3, 4, and 5 below; also, see
[8, 9]). Meanwhile, free distributions of free reduced words in mutually free, multi
semicircular elements are re-characterized, estimated, and asymptotically estimated
in terms of their joint free moments in [10] (See Sect.6 below). By using the
techniques of [10], we study free probability on our structures, and consider how
certain Banach-space operators deform original free-distributional data.
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1.2 Overview

In Sect.2, we briefly introduce free probability, free distributions of operators
characterized by free moments, or free cumulants. In Sects. 3, 4, and 5, we give
a new construction of (weighted-)semicircular elements. This is done with the use
of a new induction procedure from countable systems of projections. The focus of
Sect. 6 is a new tool, which we call semicircular free filterizations. It is used in
turn to give a new characterization of specific free (weighted-)semicircular families.
In Sects.7 and 8, we study integer-shifts on semicircular free filterizations as -
homomorphisms on them; and more generally, integer-shift operators, generated by
them. Section 9 deals with deformed free-distributional data under the actions of
integer-shifts, and associated shift operators.

2 Preliminaries

For free probability theory, see [23, 27] (and the cited papers therein). Free
probability is the noncommutative analogue of classical measure theory (including
probability theory) and statistical analysis. The classical independence is replaced
by so-called the freeness, by replacing measures on sets to linear functionals on
algebras. It is an important branch not only of operator theory (e.g., [4, 6, 7, 10, 17,
19, 20]), but also of applied mathematics (e.g., [8, 9, 11, 15, 18, 21, 29, 30]).

We use the combinatorial approaches [23] of free probability. Without detailed
introduction, Free moments and free cumulants of operators will be computed to
verify free distributions of them. Also, (free-probabilistic) free product (in the sense
of [23] and [27]) is used without definition.

Let B be a (noncommutative) topological *-algebra (a C*-algebra, or a von
Neumann algebra, or a Banach x-algebra, etc.), and suppose ¢ is a linear functional
on B. Then the pair (B, @) is said to be a topological (free) *-probability space (a
C*-probability space, respectively, a W*-probability space, respectively, a Banach
x-probability space, etc.). If one regards an operator x € B as an element of (B, ¢),
it is called a free random variable.

For any arbitrarily chosen free random variables x1, ..., xy € (B, ¢), the free
distribution of them is characterized by the joint free moments

R ry r n
U U U (p(xl. X;o X ) .
n=1 \(i1,eensin) €41,s NYT \ (1) (1,57 t "

Equivalently, if k4(...) is the free cumulant on B in terms of ¢ (in the sense
of [23]), then the free distribution of x1, ..., xy is characterized by the joint free

cumulants
o0
U ( U ( U kn (x[',...,x{"))>,
n=1 \(i1serin)€{1,ocs N} \ (r1seresr)€{L, 5} ! g
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via the Mobius inversion of [23]. For instance, if x € (B, ¢) is a self-adjoint free
random variable, equivalently, if x € B is self-adjoint in the sense that: x* = x,
where x* is the adjoint of x in B (e.g., [14]), then the free distribution of x is fully
characterized by

o]

the free moment sequence ((p ()c"))n=1 ,

or
the free cumulant sequence (k,(x, ..., x))flozl .

Recall that two free random variables x; and x; are free in (B, ¢), if and only
if all “mixed” free cumulants of them vanish (See e.g., [23]), i.e., for any mixed
n-tuple (if, ..., iy) € {1, 2}", forn > 1in N,

ri T
ky, (xl.l, ...,x.”) =0,

In

forall (r1, ..., ry) € {1, *}".

3 The Banach %-Algebra £

Let (B, ¢) be an arbitrary topological x-probability space.

A self-adjoint free random variable a is weighted-semicircular in (B, ¢) with its
weight 1o € C* = C \ {0} (in short, to-semicircular), if a satisfies the free cuamulant
computations,

kn(a,...,a

)_{kz(a, a)=tyifn =2 G.1)

“]o otherwise,

for all n € N, where kq(...) is the free cumulant on B in terms of ¢ under the
Mobius inversion of [23].

If 1o = 1 in (3.1), the 1-semicircular element a is said to be semicircular in (B,
¢), i.e., a is semicircular in (B, @), if a satisfies

kn(a,...,a)z{l ifn=2 (3.2)

0 otherwise,

forall n € N.
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By the Mobius inversion of [23], one can characterize the weighted-
semicircularity (3.1) as follows: a self-adjoint operator a is fyp-semicircular in
(B, @), if and only if

p(a") =y (t&c;) : (3.3)
where

def |1 if nis even
"7 10 ifnisodd,

for all n € N, and ¢y are the k-th Catalan numbers,

1 2k 1 (2k)! (2k)!
Clr = = = .
k k+1\ k k+1k'Qk—k)! kl(k+ 1)!
forall k € Ng = N U {0}.
Similarly, a free random variable a is semicircular in (B, ¢), if and only if a is

1-semicircular in (B, ¢), if and only if
¢(a") = e, (3.4)

by (3.3), for all n € N, where w, and cn are in the sense of (3.3).

So, we use the fp-semicircularity (3.1) (or the semicircularity (3.2)) and its
characterization (3.3) (resp., (3.4)) alternatively from below.

Throughout this paper, we fix a C*-probability space (A, ), containing |Z|-
many projections {g;} ez in the C*-algebra A, i.e., the operators g; satisfy

af =qj =q; in A,

for all j € Z. Note that there do exist such C* -probabilistic structures arising
naturally (e.g., [11, 14]), or artificially (e.g., [8, 9]).

Assume further that these projections {g;} jez are mutually orthogonal in A, in
the sense that:

qiqj =i jqjin A, foralli, j € Z, 3.5

where § is the Kronecker delta.
Now, we fix a family {g;} ez of the projections (3.5),

Q={g;0f3.5) : j € Z}in A. (3.6)
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And let Q be the C*-subalgebra of A generated by the family Q of (3.6),

0¥ crQca. 3.7)

Let Q be the C*-subalgebra (3.7) of A. Then
0" @ (C-q) 2o, (3.8)
JEZ /
in A, where @ is the direct product of C*-algebras.
Proof The proof of (3.8) is immediate from the mutual-orthogonality (3.5). O

Define now linear functionals v/; on the C*-algebra Q by

Vi (qi) = 3ij¥(q)), foralli € Z, (3.9)

for all j € Z, where ¥ is the linear functional of our fixed C*-probability space (A,
¥r). The linear functionals {v/;} jcz of (3.9) are well-defined on Q by (3.8).
Assumption In the rest of this paper, we assume that

¥(gj) #0in C,Vg; € Q. O

Then, as an independent C*-algebra, the C*-subalgebra Q of A forms C*-
probability spaces (Q, ¥;), where ¥; are the linear functionals (3.9).

Define now bounded linear transformations ¢ and a acting on the C*-algebra Q,
by linear morphisms satisfying

¢(g;) =qj+1, anda(q;) =q;-1, (3.10)

for all j € Z. Then ¢ and a are well-defined bounded operators “on Q,” by (3.8).
They are Banach-space operators, contained in the operator space B(Q),
consisting of all bounded linear transformations on Q, if we regard Q as a Banach
space equipped with its C*-norm (e.g., [12]). We call these Banach-space operators
c and a of (3.10), the creation, respectively, the annihilation on Q.
Define the radial operator1 € B(Q), by

I=c+aonQ. (3.11)
And then, construct a subspace £ of B(Q) by

e crap™, (3.12)
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generated by the radial operator 1 of (3.11), under the operator norm ||.|| of B(Q),

where XH'H are the operator-norm closures of subsets X of B(Q) (e.g., [12]).
By (3.12), this subspace £ forms a Banach algebra in B(Q).
On this Banach algebra £ of (3.12), define a unary operation (x) by

() =3 uling, (3.13)

where z are the conjugates of z € C.

Then this operation (3.13) is a well-defined adjoint on £ (See [8]), and hence,
every element of £ is adjointable in B(Q) (e.g., [12]). So, the Banach algebra £
of (3.12) forms a Banach x-algebra in B(Q).

Construct now the tensor product Banach x-algebra £,

20 =£8¢ 0, (3.14)
where ®c is the tensor product of Banach x-algebras.

We call the tensor product Banach x-algebra £ of (3.14), the radial projection
(Banach x-)algebra on Q.

4 Weighted-Semicircular Elements Induced by Q
Let £ be the radial projection algebra (3.14). Remark that, if

u; “1®q; e Lo, forall j e Z, @.1)
then
u = (l@qj)” =1"®gqj, foralln € N,
since q;? = gqj, forall n € N, for j € Z. So, by (3.8), (3.12), and (3.14), such
operators {u} jez, of (4.1) generate £o.
Now, define linear morphisms
Ejo: Lo — Lo

by linear transformations satisfying

w(qj)yhl u” ifi =j
n . = J
0 [5]1+1 J
Ej,Q (u") d——Lf 1+ “4.2)

i

O¢ 0 the zero element of £y otherwise,
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foralln e N, i, j € Z, where [’21] means the minimal integer greater than or equal to

’21 . The linear transformations E; ¢ of (4.13) are well-defined linear transformations

on £g, by the cyclicity (3.12) of a tensor factor £ of £p, and the structure
theorem (3.8) of the other tensor factor Q of £¢.
Define now linear functionals 7; on £¢ by a linear morphism satisfying

7 () =7 (" ® qx)
4.3)
=V (Ej,0 I"(qx)))
forall j, k € Z, foralln € N.

Fix j € Z, and let uy =1 ® g be the k-th generating operators of the Banach
*-probability space (£¢, ¢;) of (4.3), for all k € Z. Then

T; (u?) = 8k, jon Y (qj)n cn, (4.4)

2

where w; and cn are in the sense of (3.3) forall n € N.

Proof By the definition (3.11) of the radial operator 1 on £¢, one has

1" = Z (Z) cka"*ongy,

with axiomatization:
0= =a%=1 Lo the identity operator on £,

where

ny_ forall n, k € N,
k)T ko —ry RS Re

because
c"'a"? = a"2¢", Vny,ny € Ng = NU {0},

So, one can verify that 1?"~! does not contain 1 go-terms, but I*" contains the

1£Q-term,
2n
1o .
(3) 1=
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So, by the straightforward computation on (4.3), we obtain the formula (4.4),
since

Y(g;) =v;(g;) #0, forallj € Z,

by (3.9) and (4.2). See [9] for more details. O
The well-defined Banach x-probability spaces

denote

Lo() =" (0. 7)) 4.5)

are called the j-th filter of £¢, for all j € Z, where 7; are as in (4.3).

The following theorem is proven by (4.4).

Let £o(j) be the “j-th” filter of £¢p, for j € Z, and let u; be the “j-th”
generating operator (4.1) of £¢(j). Then u; is ¥ (g j)z-semicircular in £o(j).
Meanwhile, if k # j in Z, then the k-th generating operators u; of £y have the
zero free distribution in £¢ (j).

Proof 1t is not hard to check the generating operator uy are self-adjoint in £¢.
So, by (4.4), a generating operator uy is ¥ (g j)z-semicircular, if and only if k = j;
otherwise, {uy )i+, follow the zero free distribution. O

5 Semicircular Elements Induced by Q

As in Sect. 4, let £ (j) be the j-th filter for j € Z.
LetU; = w(lqj) u;j be a free random variable £¢(j) for j € Z, where u; is the

Jj-th generating operator of £¢. If
¥(gj) € R* =R\ {0}inC*, G.D

then U; is semicircular in £¢ (), for j € Z.

Proof Since ¥(g;) € R*, the operator U; is self-adjoint in £ (), by the self-
adjointness of u; € £¢. So,

T; (U}l) = 1/’(;/)" T; (u?) = wpCr,

for all n € N, by the ¥ (g j)z-semicircularity (4.4) of u; in £ (j). Therefore,
by (3.4), the free random variable U is semicircular in £ (), under the condition
(5.1). O
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Assumption 2 From below, we automatically assume that
¥ (q;) € R*inC, forgq; € Q,

forall j e Z.O

6 On the Free Filterization £ (Z)

In this section, we construct the free product Banach *-probability space £¢(Z)
of the free filters {£9(j)} ez, and the corresponding sub-structure Ly = (Lo, 7)
generated by a free semicircular family {U; € £9(j)}jez of £o(Z), and study
free-distributional data on L.

6.1 The Semicircular Filterization 1L g

Let (A, ¥) be the fixed C*-probability space containing a family Q = {g;}jez of
mutually orthogonal projections with

V(g;) € R*, forall j € Z,
and let £ (j) be the j-th free filters of Q, for all j € Z. For the system
{Lo()) 1 j e}

of Banach x-probability spaces, define the free product Banach x-probability space
£o(Z) by

£0(2) L (20(D), )

def ) (6.1.1)
= ,8 = 2 iy il,
ez 0(/) (@z 0. T’)
with
LoZ) = _*ZSQ,]‘, with £9 ; = £9,Vj € Z,
je
and

T = x 1;0n Lp(Z).
JEZ

For more about free-probabilistic free products, see [23, 27].
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Let £0(Z) be the free product Banach *-probability space (6.1.1) of the system
{£0(j)}jez of all free filters of £¢. Then it is said to be the free filterization of Q
C (A, V).

Now, construct two subsets X and S of £ (Z),

X={u;elo(j):je} (6.1.2)
and
S={U;jelp(j):]jel)}.

Recall that a subset ) of an arbitrary topological *-probability space (B, ¢) is
said to be a free (weighted-)semicircular family in (B, ¢), if all elements of ) are
not only mutually free from each other, but also (weighted-)semicircular in (B, ¢).
(e.g., [10, 27]).

Let X and S be in the sense of (6.1.2) in £o(Z).

(6.1.3) The family &’ is a free weighted-semicircular family in £¢(Z).
(6.1.4) The family S is a free semicircular family in £o(Z).

Proof The proof of the statements (6.1.3) is done by (4.4) and (6.1.1). The
statement (6.1.4) is shown by Theorem 5.1 and (6.1.1). |

By (4.4), the only “j-th” generating operators u; of the free blocks £¢(j)
provide non-vanishing free-distributional data on the free filterization £ (Z). Thus,
we restrict our interests to the Banach x-subalgebra Ly of the free filterization
Lo(2).

Let £9(Z) be the free filterization of Q. Define a Banach *-subalgebra Lo of
£0(Z) by

Lo ¥ cra, (6.1.5)

where X is the free weighted-semicircular family (6.1.3) in £5(Z), and Y are the
Banach-topology closures of the subsets Y of £y (Z). Canonically, construct the
Banach x-probability space,

Lo “& (Lo, =7 Iy), (6.1.6)

in £9(Z) = (£0(2). 7).

We call the Banach *-algebra Ly of (6.1.5), or the Banach *-probability space
Lo of (6.1.6), the semicircular (free-sub-)filterization of £¢(Z).

By (6.1.5) and (6.1.6), the operators of Ly are the free random variables of
L0(Z), with possible non-zero free distributions.
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Let L be the semicircular filterization (6.1.5). Then

Lo = C[S] *Z j;ZC[{uj}] & c[/;z{uj}}, 6.1.7)

in £9(Z), where “*Z means “being Banach-*-isomorphic,” and where (%) in the

first *-isomorphic relation of (6.1.7) means the free-probabilistic free product of
[23, 27], and (%) in the second *-isomorphic relation of (6.1.7) is the pure-algebraic
free product inducing noncommautative free words in X'.

Proof The relation (6.1.7) is proven by (6.1.3) and (6.1.4). See [9] for details. O

6.2  Free-Distributional Data Induced by Semicircular
Elements

Throughout this section, let (B, ¢) be an arbitrary topological x-probability space,

and suppose there are mutually free, N-many semicircular elements x1, ..., xy in
(B, ¢), for N e N\ {1}.
By the self-adjointness of these semicircular elements x1, ..., xy € (B, @), the

free distribution, say

denote

= Pxixno (6.2.1)

o0
. . . li
ngl ((h ’’’’’ in)LeJ{1 ’’’’’ Ny {(p (x,lx,2 .. .x,n)}> (6.2.1)

(e.g., [23, 27]). More precisely, the free distribution p of (6.2.1), is characterized by
the free-moments

N

Y e, (6.22)
and the “mixed” free-moments,
0 (i1,...,05) €{l,...,N}®
Ue (xnlxnz .. x"x) are mixedin {1,..., N}, ¢, (6.2.3)

i2 . ix
forallny,...,n; € N

by (6.2.1). In this section, to characterize the free distribution p of (6.2.1), we
investigate the free-distributional data (6.2.2) and (6.2.3).
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The free-distributional data (6.2.2) of the free distribution p of (6.2.1) are
characterized by the semicircularity. i.e.,

o (x) = wpey, foralln € N, 6.2.4)

foralll=1,..., N.
Proof The formula (6.2.4) is proven by (3.4). |

Now, we concentrate on studying the free-distributional data (6.2.3) of the free
distribution p of (6.2.1). For any s € N \ {1}, we fix a mixed s-tuple I,

denote

I Y% Gy, i) e {1, ... N, (6.2.5)

in {1,..., N} in the sense that there exists at least one entry i, in I such that iz, #
i, for some ! # ko in {1, ..., s}. For example,

Ily=(1,1,3,2,3,2,2,1),

in {1, 2, 3, 4, 5)8.
From the sequence I of (6.2.5), define a set

IS] = {i11i21~-~1i_&‘}1 (626)
without considering repetitions on identical entries. For instance, if Ig is as above,

[13] = {i1, iz, ..., 18},

withii =ip =ig=1,i4 =i¢ =17 =2, and i3 = i5 = 3.

Then from the set [/] of (6.2.6), one can define a unique “noncrossing” partition
7y, of the lattice NC ([Is]) of [23], such that (i) starting from the very first entry
i1, construct the largest block V; of 7(;,), satisfying

Vi = (ijl =01, i iy ) €T, 6.2.7)
—
iy =ij=... =if\V1| =i,
and do this process for the very next entry other than ij,, ..., i i step-by-step,

until they end; (ii) such a partition 7(;,) of (i) has to be “maximal” in NC ([L]),
satisfying the processes of (i) (e.g., [23]). For example, if I3 and [Ig] are as above,
then there exists a noncrossing partition

my) = (i1, i2, i8), (i3, i5), (ia), (s, i7), (i5)}
={, 1, 1), (3, 3), @), (2, 2), B},
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in NC([Ig]), satisfying the above conditions (i) and (ii). Note that, even though i4
= ig = i7 = 2, we have to take the separated blocks (i4) and (i, i7) (after taking
(i3, i5)), to avoid “crossing.”

Now, suppose 7(;,y € NC ([I]) is the noncrossing partition (6.2.7) over the set
[Zs] of (6.2.6), and let

iy ={Vi,.... Vi},

where t < s and Vi € 7(j,) are the blocks of (ii), satisfying (i), fork =1, ..., .
Then the partition 7r(j,) is regarded as the joint partition,

Ty =Ly V1L V..oV Ly, (6.2.8)
where 1,y,| are the maximal elements of NC (Vj), forallk =1, ..., ¢, by regarding
blocks Vj as independent sets.

Let Iy be in the sense of (6.2.5), and let x;,, ..., x;, be the corresponding

semicircular elements of (B, ¢) induced by I;. Define a free random variable X[I]
by

d N
X111 < Ny, € (B.g). (6.2.9)
If X[I] is in the sense of (6.2.9), then

o XL =Y ke

TeNC([L])
by the Mobius inversion, where
kﬂ = H va
Ven
with ky = kv, (lel, R leWl) , whenever V = (jll, ceey leV\) , where kq(...) is

the free cumulant on B in terms of ¢, and hence, it goes to

= Z ky

TeNC(Us]), m=my)

by the mutual-freeness of x1, ..., xy in (B, @)

= Z ko,v...ve,

1,....0)eNC (V1) x...x NC(Vy)
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by (6.2.8)

= > Koyv.. v, (6.2.10)
01,....00)eNC2(V1) x...x NC2 (V)

by the semicircularity (3.2) of x;, ..., x;, in (A, @), where NC2(X) is the subset
of the noncrossing-partition lattice NC(X),

NCy(X) = {7 € NC(X) :VV e, |V| =2}, 6.2.11)

over countable finite sets X.
By (6.2.10) and (6.2.11), if there is at least one ko € {1, ..., t}, such that |Vk0| is
odd in N, then

¢ (X[L]) =0,

by (3.2), where X[I;] is the free random variable (6.2.9) of (B, ¢).
So, the formula (6.2.10) is non-zero, only if

[Vk| € 2N, forallk =1,...,¢, (6.2.12)

where 2N = {2n : n € N}.
Moreover, if the condition (6.2.12) is satisfied, then the summands kg,v...ve,
of (6.2.10) satisfy that

t
kopv.ove, = T ky= Tl <n 1#<e,~>> =1, (6.2.13)
Vebv...vo, Veov..ve \i=1

by the semicircularity (3.2), where #(6;) are the number of blocks of 6;, for all i =
1, ..., t. Therefore, if the condition (6.2.12) holds, then

o (X[L] = > 1
01,..., 0)eNCL([V LXNCy([V;
(G YENCL([ViDx..x NC2([Vi]) (6.2.14)

=[NCy (V1) X ... x NC2 (Vp)],

by (6.2.10) and (6.2.13), where |Y| are the cardinalities of sets Y.
Let I; be an s-tuple (6.2.5), and let X[/;] = lﬁlxi, be the corresponding free
random variable (6.2.9) of (B, ¢). If N

7y = Ly v oV,
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in the sense of (6.2.7) and (6.2.8), then

o A1Vl €2N,
i=1 ! forallk=1,....1

¢ (X)) = (6.2.15)

0 otherwise.

Proof Under hypothesis, by (6.2.14)

@ (X[LsD)

if |Vi| € 2N,

|NC2(V1)XXNC2(VI)| forallk=1,...,t

0 otherwise.
Recall that, for every countable set X, with | X| € 2N, the subset

NC> (X) ={0 € NC(X) :VV €6, |V| =2}

is equipotent (or bijective) to the noncrossing-partition lattice NC (‘)2( ‘) over {1,

., X1y (e.g., [8] and [11]). i.e., if | Vi| € 2N, then

v
INCy (V)| = ‘NC <' 2"') , (6.2.16)
forallk =1, ..., t. So, we have
o (X[L])
if |Vi| € 2N,
Nc(‘vl') NC('V")‘I
_ e (1) < 2 )| forallk=1,...,t
0 otherwise,
‘ if || € 2N,
=M foralll =1, .t
= R (6.2.17)
0 otherwise,

by (6.2.16), because |[NC(X)| = c|x|, for all finite sets X (e.g., [10, 11, 19, 23]).
Therefore, the formula (6.2.15) holds by (6.2.17). |
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6.3 Free-Distributional Data on L. g

Let Lo be our semicircular filterization (6.1.5) generated by the free semicircular
family S of (6.1.3). By the structure theorem (6.1.7), all free random variables of
Lo are the limits of linear combinations of free reduced words

N
W:lHIU;’, forUj; e S,vi=1,...,N, (6.3.1)

in S, for all N € N, where ny, ..., ny € N, and the N-tuple (ji, ..., jn) is an
alternating in Z in the sense that:

J1F j2, j2 # J3s -5 JN—1 # JN-

Let W be a free reduced word (6.3.1) of L in S.

(6.3.2) If N = 11n (6.3.1), then t(W) is characterized by (6.2.4).
(6.3.3) If N > 11in (6.3.1), then t(W) is determined by (6.2.15).

Proof The statement (6.3.2) (or (6.3.3)) is proven by (6.2.4) (resp., (6.2.15)), by the
universality (3.4) (or (3.2)) of the semicircular law. |

The above theorem fully characterizes the free-distributional data on the semicir-
cular filterization Lp, by (6.3.2) and (6.3.3).

7 Shifts on Z and Integer-Shifts on L o

In this section, let (A, 1) be the fixed C*-probability space containing a family Q
= {g} jez of mutually-orthogonal projections ¢;’s having

V(gj) € R*, forall j € Z,

and let Ly be the semicircular filterization (6.1.6).

7.1 (Xx)-Shifts on Z

Define functions 44 and A_ on Z by

hi(j)=j+1, (7.1.1)
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and

he()=j-1,

for all j € Z. By the definition (7.1.1), these two functions h4 are well-defined
bijections, which are functional inverses from each other on Z.

For these bijections i+ of (7.1.1), define the bijections h(i” ) by

B =hiohio- - ohy, onZ (7.1.2)
n-t?fnes

forall n € N, with identities, 2\ = . It is not difficult to check that
h(j)y = j£n, forall j € Z,

forall n € N. We call the bijections 1", the n-()-shifts on Z.

7.2 Integer-Shifts on L g

Let L be the semicircular filterization, and let hil ) be n-(%)-shifts of (7.1.2) on Z,
for all n € N. Define a “multiplicative” bounded linear transformations B+ on Lg
by morphisms satisfying that:

B+ (Uj) = Un,(j) (7.2.1)
forall U; € S, where S is the free semicircular family (6.1.4).
N
LetY =l£[1Uj"./ €Ly, forUj,...,Ujy €S, andny, ...,ny €N, for N € N.
Then
N
B (Y) = ,Elszil‘ (7.2.2)

Proof Let Y be given as above in Lp. Then, by the multiplicativity of the linear
transformations B4 of (7.2.1), one has that

N
nuk

N N "
B+(Y) = ZEI.B:E (Uj, ) = ZEI (rBi (Ujl)) = o T heGn)

Therefore, the formula (7.2.2) holds. |
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By (7.2.2), the free-reduced-word-ness on L in the generator set S is preserved
by the actions of B.. Indeed, if an arbitrary N-tuple (ji, ..., jn) is alternating in
Z, then the N-tuples (h+(j1), ..., h+(jn)) are alternating in Z, too, for all N € N.

The linear morphisms S+ of (7.2.1) are *-isomorphisms on L.

Proof By (6.1.7), all elements of the semicircular filterization L are the limits of
linear combinations of free reduced words in the free semicircular family S. So,
let’s focus on free reduced words of Lo in S.

Let (j1, ..., jn) be an alternating N-tuple in Z for N € N, and

N
Y:ll'IlUZ’, forny,...,ny € N.

By the alternating-ness of (ji, ..., jny), the above operator Y is a free reduced
word with its length-N in Lo by (6.1.7). So, by (7.2.2),

N
B+(Y) = lglU"’ (7.2.3)

h+(jr)?
are free reduced words with their lengths-N in Lg too. i.e., these multiplicative
linear transformations B+ of (7.2.1) are generator-preserving by (6.1.7), and hence,

they are bounded and bijective on L.
Consider now that if Y is as above, then

N n
B+ (Y™) = B+ (1'1 U N”')

=1 JN=I+1
by the self-adjointness of Uy, ..., Ujy

_ AN-I+1
=y hxGn-iD)

by (7.2.2)

N *k
- (zgthi(m) = (B£(Y))". (7.2.4)
By (6.1.7) and (7.2.4),

BL(S*) = (B+(S))*, forall S € L.

Thus, the bijective bounded multiplicative linear transformations S+ of (7.2.1)
are adjoint-preserving. i.e., they are well-defined *-isomorphisms on L. O

The above lemma shows that the (&4)-shifts 2+ of (7.1.1) on Z induce the
corresponding *-isomorphisms S+ of (7.2.2) on Lg.
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The *-isomorphisms S+ of (7.2.1) are called the (£)-integer-shifts on L.
Let B+ be (£)-integer-shifts on L. Then one can define the iterated product (or
composition) g} of them by

P = PsPips - - PronLo, (7.2.5)

n-times
for all n € Ny, with axiomatization:
gl = 1., the identity  -isomorphismon L¢.
We call g%, the n-(%)-integer-shifts on Lo, for all n € Ny. Since B4+ are *-
isomorphisms on Lo, the n-(£)-integer-shifts g} of (7.2.5) are *-isomorphisms on

L too, for all n € Ny.
It is not difficult to check that

BLBL = 1L, = B BLonlLy, (7.2.6)
ie.,
(B)" = p
for all e € {£}, and n € Np, where f_1 mean the inverses of f, where

{— ife=+
—e = .
+ ife=-—.

If Be)', Bes are in the sense of (7.2.5), for e, e> € {+}, and nj, ny € Ny, then

g = planienl onlLg, (7.2.7)

sgn(einjeany)

where

{—l—n ife=+
en = .
—n ife=—,

for all n € Ny, and where |.| is the absolute value on Z, and sgn is the sign map on
Z, defined by

+ifj>0

Sgn(j)z{—ifj<0

forall j € Z.
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By (7.2.7), one can check that

n nz) ny _ pleiniens| n3
('Bel '392 '393 - 'Bsgn(elnleznz)ﬂez

_ ﬁ|elnll’2n2€3n3| _ ’Bnlﬁ\fznzewﬂ
sgn(einjexnze3ns) e1 Msgn(eanze3ns)

=B, (B2 Bes) - (7.2.8)

onlLg, fore; € {£}, and n; € Ny, foralll =1, 2, 3.
Now, consider the set B of all n-(%)-shifts g on Lo, i.e.,

B = (B neny- (7.2.9)
Let Aut(ILg) be the automorphism group of Lo,

o are
Aut (Lg) = | {a: Lo — Lg | #-isomorphisms ¢, - | . (7.2.10)
onlLg

consisting of all *-isomorphisms on L.y, where the operation (-) is the product (or
composition) of x-isomorphisms.

Let B be the subset (7.2.9) of the automorphism group Aut (L) of (7.2.10).
Then

B is a subgroup of Aut(Lo). (7.2.11)

Proof Let ‘B be in the sense of (7.2.9). Then, by (7.2.7), the operation (-) is closed
on ‘B. So, the algebraic pair B8 = (*B, -) is well-constructed as a sub-structure of
Aut(Lg). By (7.2.8), this operation is associative on ‘B.

Since ﬁ?r =1L, = B2 in B, and since

Bl 1Ly =Bl =1L, - BlonLo,

by (7.2.8), for all e € {£}, and n € Ny, the set B contains its (-)-identity 1, .
Finally, by (7.2.6), all elements B} € B have their unique (-)-inverses B € B.
So, the subset 5 forms a group in Aut (Lg). O

By (7.2.11), the system B of (7.2.9) is a group.
Let B be the subgroup (7.2.9) of the automorphism group Aut (ILg). Then

B 2P (7, 1), (7.2.12)

where «Group,,

abelian group.

means “being group-isomorphic,” where (Z, +) is the infinite cyclic
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Proof Define now a function ® : Z — B by

®:jeZrs gl eB.- (7.2.13)
Then it is not difficult to check this function ® of (7.2.13) is a group-isomorphism
from 7Z onto B. Therefore, the relation (7.2.12) holds. m]

The above theorem characterizes the group-structure of ‘B by (7.2.12).
We call the group ‘B, the integer-shift group on L.

7.3 Free Distributions on L. g Affected by 5

Let B be the integer-shift group (7.2.9) acting on the semicircular filterization
Lo. In this section, we consider how our x-isomorphisms B € ‘B affect the free
probability on the semicircular filterization L.

Take an arbitrary free reduced word Y

N
_ n
Y = 11;11U/1 ofLg (7.3.1)
in the free semicircular family S, for N € N, where the N-tuple (ji, ..., jy) is
alternating in Z, and ny, ..., ny € N.

Let Y be a free reduced word (7.3.1) of Lo in S. Then
T (ﬂjf(y)) = 7(Y), forall p¥ € B. (71.3.2)

Proof First assume that N = 1, and hence, ¥ = U]’.ll1 in Lg. Then, by the
semicircularity of Uj,, Uj .k € S in Lo, one has that

v (BE) =7 (Ujk) = omeny =7 (U}1), (73.3)

for all ﬁf € ‘B. Therefore, the statement (7.3.2) holds.

N
Assume now that N > 1 in N. Then ,Bf(Y) = IHIU’.“‘ is a free reduced word

Jiek
with the same length-N in LLg, for all ,BZ,‘ € B. Now, let

IS: ]11"'7]11 ]27“‘7]27 "',‘]Ni ...
~ o~ 7~ ~ -~
ni-times np-times ny-times

’jN
-
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be the s-tuple in the sense of (6.2.5), satisfying
Y = X[linLLg, forsomes > N,

where X[/] is in the sense of (6.2.9).
Similarly, let

Iy = | jiek, ..., jiek, jaek, ..., joek, ..., jnek, ..., jnek
- - -~ - - - - -
ni-times np-times ny-times

be the s'-tuple of (6.2.5), satisfying
B (Y) = X[Iy]in Lo,

for ,Bf € B, where X[I] is in the sense of (6.2.9).
Since Y and ,Bé‘ (Y) are the free reduced words with same lengths-N, one has

s = s'inN, andn (Iy) = n(I)inNC ([L]),

where 7 (I5) and 7 (Iy/) are the noncrossing partitions of (6.2.7).

By the semicircularity of Uj,, ..., Ujy, Ujiek, ..., Ujyek € SinlLg, we have

T (BE) = (XUl = (XL D) =7 (V).

by (6.2.15), for all ﬁf € ‘B. So, the relation (7.3.2) holds. |

The above theorem shows that 5 preserves the free probability on L. i.e.,
T (ﬁf(T)) =1t(T), forall T € Ly,

by (6.1.7) and (6.3.2), for all B¥ € B.

8 Semicircular Elements Induced by Multi Projections

In this section, we show that if there are N-many, mutually orthogonal projections
in an arbitrary C*-probability space, then there exists a corresponding free semicir-
cular family SN of mutually free, N-many semicircular elements, induced by the
projections in a certain Banach *-probability space JL(QN), for any

N e N® = (N\ {1}) U {oo}.

>1 —

We consider how the integer-shift group 8 acts on EL(QN) }N e
eNZ
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8.1 A Free Semicircular Family S'N) Induced by N-many
Projections

Let (Ao, ¥,) be a C*-probability space containing its N-many, mutually orthogonal
projections

Q =1{q7,.--.qy} (8.1.1)

for N € N®

>1°

and let

Q,=C*"(Q,) C A, (8.1.2)

be the C*-subalgebra of A generated by the family Q, of (8.1.1).
Suppose

Vo (q) e R*inC,Vk=1,...,N. (8.1.3)
Let Q, be the C*-subalgebra (8.1.2) of A,. Then

0, "2 @ (T qf) "2° oV, (8.1.4)
=1

D=

Proof By the mutual orthogonality on the generator set Q, of Q,, the structure
theorem (8.1.4) is shown. |

Suppose there is a C*-probability space (A, ) containing the family Q =
{qj}jez of mutually orthogonal |Z|-many projections g ’s, satisfying

v (qj) € R*inC, forall j € Z. (8.1.5)
Assume further that there exist projections gy, ..., gjy € Q, such that
v (gj,) = Vo (q) inR*, (8.1.6)
forall l = 1, ..., N, where ¢, is the linear functional on the C*-algebra A,,

satisfying (8.1.3). For convenience, without loss of generality, we re-index the
subfamily

{gji, - qjytofQ (8.1.7)
by

{q1,....qn}in Q.
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Let Q, be the C*-subalgebra (8.1.2) of a fixed C*-probability space (A,, ¥,). If
there exists a C*-probability space (A, V), satisfying (8.1.6) under the re-indexing
process (8.1.7), then there exists a Banach x-subalgebra

LY 20 ¥ e

of the semicircular filterization L of (6.1.5).

Proof Let Q = C*(Q) be the C*-subalgebra (3.7) of the C*-probability space (A,
V) satisfying (8.1.6), under (8.1.7). First, define a linear morphism

v:0,— 0
by
N def N
e
W<Z”q;}) =Y wa+ Y, 04
=1 =1 JEZN\AL,...,N}

Then it is a well-defined injective (embedding) x-homomorphism from Q, into
0, by (3.8) and (8.1.4). So, one can have the semicircular elements

U=1®q=1®V(q) €Lg, (8.1.8)

in the free semicircular family S generating Lo, foralll =1, ..., N.
By (8.1.8), one can define Banach *-subalgebra of Ly by

L(QN) “equy, ... U
i o [{1®\y(q;’) I=1,...,N}] (8.1.9)

[{I®W(q;'>}]*is° Clu]

So, the family Q,, of (8.1.1) induces a Banach x-probability space,
d
Ly B (L“V), T=1 Ing) :

generated by the free semicircular family
SN = (U =18 W(g))}}L,. (8.1.10)

as a free-probabilistic sub-structure of L. O

As we briefly discussed in [8], whenever such a family Q, of (8.1.1) in a C*-
probability space (A,, ¥,) is fixed, in fact, there does exists a C*-probability space
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(A, ¥), having a family Q of mutually orthogonal |Z|-many projections, such that
the condition (8.1.6) holds artificially-or-naturally. i.e., whenever a family Q, of
(8.1.1) is fixed in a C*-probability space (A,, ¥,), there does exist a family Q of
mutually orthogonal | Z|-many projections in a C*-probability space (Q, ) (or (A,
Y) with Q € A), such that Q automatically satisfies (8.1.6) (and (8.1.7)).

By the above lemma and remark, one obtains the following theorem.

Let (A,, ¥,) be an arbitrary C*-probability space containing mutually orthog-
onal N-many projections g1, ..., gn, satisfying (8.1.3), for N € NZ. Then there
exists a free semicircular family SV induced by {qk}f{\’:l, generating a Banach
x-probability space L(QN), as a free-probabilistic sub-structure of our semicircular
filterization Lg.

Proof The proof is done by (8.1.8), (8.1.9), (8.1.10), and Remark 8.1. |

8.2 Restricted Integer-Shifts On L(év)

For an arbitrarily fixed N € N%,, let

>1°

L(QN) = (IL,(QN), 7), witht =7 l]L(QN)’

be the Banach x-probability space (8.1.9) generated by the free semicircular family
S of (8.1.10).

Since the integer-shift group ‘B of (7.2.9) acts on Lo, one can restrict the action
on Ly to that on JL(QN).

Let 5 € B be an integer-shift on Lo, and let U; € SY) be a semicircular

element, generating JL(QN), forl =1, ..., N. Denote the restriction ﬁf |]L(N) simply
0
by BX. If N < 0o in N2, then
& Uierr ifl1 <lek < N
U) = 8.2.1
be (U1 {0 otherwise, ( )

in ]L(QN), where O is the zero element of ]L(QN). Meanwhile, if N = oo in Niol, then

Uy ife=+
Wy = Uy ife=—, andl > k (8.2.2)
O ife=—, andl <k,

o1 (N)
in ILQ .
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Proof First, assume that N < o0 in N‘;O ,and fix [ € {1, ..., N} arbitrarily, and let
BX be the restriction g |y v on ]L(QN), for % € B. Then, for a semicircular elements
0

U e S, generating L(N), one has that: if e = +, then

k Uik ifl+k<N
- 2.
pe (U1) {0 ifl+k> N; (8.2.3)
and if e = —, then
k U ifl—k>1
Br Wy = { 0 i1 (8.2.4)
in LY. By (8.2.3) and (8.2.4),
' Uer if1 <lek <N
Uy = 8.2.5
Pe WD) {0 otherwise, ( )

in )", Therefore, the formula (8.2.1) holds by (8.2.5).

Now, assume that N = o0 in N‘;Ol. Then, the restriction ,Bf on ]L(QN) satisfies that:
if e = +, then

BE(U) = Upas (8.2.6)
if e = —, then
ke Ui ifl—k>1
iU = { 0 ko1 (8.2.7)
in )", Therefore, the formula (8.2.2) is shown by (8.2.6) and (8.2.7). O

The above lemma not only shows how the restricted action of the integer-shift
group ‘B on L(QN) acts on the free generator set S™) of IL(QN), but also demonstrates
that the restrictions are no longer *-isomorphisms on LY.

Let B be an arbitrary topological x-algebra. Then the (x-)homomorphism
semigroup Hom(B) is defined to be the semigroup (under product)

Hom(B) = {f : fisa x -homomorphism on B}.
Since the zero map on B is contained in Hom(B), it cannot be a group (under

product), however, it forms a well-defined semigroup (or a monoid containing its
identity, the identity map on B). Of course, Aut(B) is a subset of Hom(B).
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Notation From below, we denote the family of restricted integer-shifts on IL(QN) by
BN e,

BN = {ﬁé‘ Ly (8.2.8)

B € B, with
eef{t), keNg |’

Also, for convenience, we denote the restrictions ﬁf IL(m e B by ﬁf g
0

Let B be the set (8.2.8) of restricted integer-shifts on L(QN). Then
BN < Hom (L(év)) . (8.2.9)

Proof First, assume that N < 1 in N2 . If ,Bé‘ e BN satisfies
lek < 1,0rNek > N, (8.2.10)

then such a restricted integer-shift ¥ satisfies that
pE Wy =0inLy), foralll=1,... N.

So, if (8.2.10) holds, then ,Bé‘ is identified with the zero *-homomorphism O(QN)
onL™Y e
Q 9 Lelsey

i) = 00" (1) = 0in LY,

forall T e IL(QN), by (8.1.9), (8.2.1), (8.2.8), and (8.2.10).
And hence, all elements ,Bé‘ of BW) satisfying (8.2.10) satisfy

Bt =00" ¢ Hom (L(QN)) . (8.2.11)
Suppose that ,Bf e BW) satisfies

1 <lek <N, forsomel € {1,..., N}. (8.2.12)

Then, by (8.2.1), the morphism ﬁf is a well-defined non-zero x-homomorphism
on L))", iie., if (8.2.12) holds, then

Bl € Hom(@LY"). (8.2.13)
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So,if N < oo in NZ°, then
BN < Hom (L(év)) , (8.2.14)

by (8.2.11) and (8.2.13).
Assume now that N = oo in N2 If ,Bi e BN then

B € Hom (LgW) : (8.2.15)
by (8.2.2); if BX € B then

Bt e Hom (L"), (8.2.16)
again by (8.2.2). Therefore, if N = oo in N2, then

BN < Hom (L(QN)) , (8.2.17)

by (8.2.15) and (8.2.16).

In conclusion, if B is the family (8.2.8) of restricted integer-shifts on L(QN),
then

BN < Hom (L(QN)) VN e N, (8.2.18)
by (8.2.14) and (8.2.17). i.e., the relation (8.2.9) holds, by (8.2.18). |

The set-inclusion (8.2.9) shows that all restricted integer-shifts of BN are
well-defined *-homomorphisms on L(QN). However, by (8.2.11), they cannot be -

isomorphisms on LY in general.
By (8.2.11),if N < oo in N

>1°
become the zero x-homomorphism O(QN) of Hom (L(QN)). Consider the case where

then many restricted integer-shifts ,3§ e W

N = oco. If N = oo, then all restricted integer-shifts ,Bé‘ € B are non-zero in
Hom (IL(QOO)). Indeed, since there are infinitely many generators Uy, U;, Us, ...of

JL(QN), there always exists n € N, such that ﬁf (Uy) # O in ]L(QN), by the Zorn’s
lemma. In conclusion,

O(QN) e BN = N < c0inNY,.

We call BV, the restricted(-integer)-shift family on ]L(QN).
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As we discussed above, the restricted-shift family B®) is not a group in general.

Let B be the restricted-shift family (8.2.8) on LY, for N € N2 . Then

BN s a sub-semigroup of Hom (L(QN)) . (8.2.19)

Proof Let ,8511, 522 e BN Then

. ’B\L’lk(lezkkz\ k) OF
1gke — sgn(e1kiezky 8.2.20
PeiPe 0%, Gf N < 00) (6220

in B So, the pair (%(N ), ) forms a well-defined algebraic structure.
Observe that

ki pk k lerkiexkaesks| k ko pk
(ﬂell‘Be;) ‘3933 = ‘BSglrl(lelzklze’;k;E3k3) = ﬂell (ﬂ622‘392> ’
by (8.2.20), for all g € B for all i = 1, 2, 3. Therefore, BN is a sub-
semigroup of Hom (IL(QN)> . O

Since B contains the identity map I(QN) € Hom (]L(QN)> , it actually forms a
monoid by (8.2.19).

9 Restricted-Shift Families 3™ Acting on L(év)

In this section, we fix N € N ‘;Ol, and consider how the restricted-shift family B

deform the original free-distributional data on the Banach x-probability space IL(QN)
of (8.1.9), for N € NX.
Let gk € B be arestricted shift, and let U; € S™Y) be a generating semicircular

element of L(QN), forl € {1, ..., N}. Then the free random variable W; = ,Bf ) €
L(QN) is either a semicircular element in SV, or the zero free random variable O of
L

0 -

Proof Under hypothesis,

w, — | Uek eSW™ ifl <lek<N
1= 0, otherwise,

in L"), by (8.2.1) and (8.2.2). So, if W; = Ujex € S™), then it is semicircular,
while, if W; = O, then it follows the zero free distribution in IL(QN). m]
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The above lemma characterizes how the semigroup-action of the restricted-shift
family BV affects the free probability on IL(QN). Indeed, one has the following

theorem.
LetUy, ..., Uy € S inL(QN), for
Ii=,...,1)e{l,..., N},

for s € N, without considering repetition, and let ﬁf e B Define a free random
variable X[/] by

X[I,] = llle,S eLy". 9.0.1)
Then one has either
T (,Bf (X[IS])) =1 (X[[]), satisfying (6.2.15) 9.0.2)
or
r (,Bé‘ (X[IS])) —0.
Proof Let X[I] € IL(QN) be in the sense of (9.0.1). Then it is a free (reduced, or

non-reduced) word in S™V), by (8.1.9).
Assume first that there exists at least one entry [, in the s-tuple I; such that

BE(UL,) = Uper ¢ S, = g (U1,) = 0inLy".

Then ,Bf (X[I]) = O, because it contains a factor ﬁf (U;;”) , forsomen, € N,
by (8.2.1), and hence,

« (B (X1LD) =0.
Meanwhile, if 1 <[; + kK < N, foralli =1, ..., s, i.e., if
BE(UL) = Ui # 0inS™ c LYY Vi=1,.. s,
then
v (B (XILD) = (XILD).

by Lemma 9.1. So, the formula (9.0.2) holds. |
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9.1 Banach-Space Operators on L(g) Generated by BN

Let B be the restricted-shift family on JL(QN), for a fixed N € N%. Since all
restricted-shifts ,Bf are *-homomorphisms on IL(QN) by (8.2.19), they are bounded

(multiplicative) linear transformations on JL(QN), and hence, they are understood as

Banach-space operators on the Banach space JL(QN). ie.,
BN ¢ Hom(LY") € BLY), ©.1.1)

where B (]L(QN)) is the operator space of [12].
By (9.1.1), we now regard the restricted-shift family B8®) as a subset of the
operator space B (IL(QN)). Define a (closed) subspace Ay of B (IL(QN)) by the

topological vector space spanned by the semigroup B®),

M-l
K

Ay < spanc (BM) 9.1.2)

where Z ' are the operator-norm closures of subsets Z of B (IL(QN)).

Note that, since B is a semigroup embedded in B (L(QN)), in fact, the subspace

Ay of (9.1.2) is identified with

Ay = [z

in B (]L(QN)) .i.e., the subspace Ay of (9.1.2) is a Banach algebrain B (]L(QN)) .
Define now a unary operation (x) on Ay by

*

YoodpE = Y kB (9.1.3)

keB™) BreB ™)
where
th = tgx € C, with their conjugates 75,

forall e € {£}, k € Ny. Then it is not hard to check the operation (9.1.3) is an adjoint
on Ay.
Every operator of Ay is an adjointable operator in B (L(QN)).
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Proof Since the operation (x) of (9.1.3) is an adjoint, the Banach algebra Ay is
a Banach x-algebra in B (]L(QN)) . So, every Banach-space operator T € Ay is
adjointable (in the sense of [12]) with its adjoint T* € Ay. O

The Banach x-algebra Ay of (9.1.2) is called the (restricted-)shift-operator
algebra on IL(QN). All elements of Ay are said to be (restricted-)shift operators on

(N)
LQ .

9.2 The Shift Operators B* of Ay

In this section, we concentrate on studying integer-shifts ,Bf e BW) | as shift
operators of Ay acting on L(QN), for N € L(QN).
9.2.1 Case where N < o0

In this sub-section, we assume N < oo in N‘fl, and let Ay be the shift-operator
algebrain B (L(QN)) . Note that the shift operator ,Bf € Ay satisfies

BX (U) € {0, U1, Uy, ..., Un), 9.2.1)
and
Bk W efo, Uy, ..., U1, Up),

in IL(QN), by (8.2.1), forallk € Ny, and/ =1, ..., N < oo.
By (9.2.1),if k > N in Ny, then

B (U) =0, foralll=1,...,N,
and
gk () = 0, foralll =1,...,N,
i.e., if k > N in Ny, then
pE=00" in BN c Ay. 9:22)

as in (8.2.12).
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Let t8, € Ay be a shift operator for t € C*, and e € {£}. Then
(tBo)* = 09" in Ay <= k > NinNo. (9.2.3)

Proof (<)Lett € C*, and tf, € Ay, a shift operator, where 8. € B®). Suppose
k > N in Ny. Then, by (9.2.2)

(tBo) = *BE = 100 = 00"
(=) Assume now that (¢8,)F = O(QN) in Ay, for any arbitrary r € C*. Then
(tB)* =t BE =00 = pE = 00" in BN  Ay.
So, we focus on ﬁf. If Kk < N in Ny, then
Bk ) # 0, forsomel € {1,..., N},
by (9.2.1), implying that
gl #0900 e 3™ in Ay.

Therefore, if g = 03" in Ay, then k > N in No. 0

The above theorem shows that, if N < oo in NZ"I, then the sequence (tﬁg);';l
converges to O(QN) € Ap, under the operator-norm topology for A4y (inherited from

that for B (IL(QN))), as n — 00. i.e., the shift operators 8, € Ay (forall t € C*) act
like nilpotent operators (e.g., [14]), whenever N < co.
9.2.2 Case where N = oo

In this sub-section, let N = o0 in N‘;Ol, and let Ay be the shift-operator algebra
acting on IL(QOO). One can get that

ﬁi (U) €U, Upy1, Upyo, Upys, .. 3y 9.2.4)
and
,BE(UZ) e{0,Uy,...,U;},

by (8.2.2), for all k € Ny, forall/ € N.
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Let N =00 in Niol, and B, € Ao, a shift operator for e € {£}. Then

(Bo)" # 057 in A, (9.2.5)
for all n € Ny. Meanwhile, if e = —, then
lim (B_)" (U) = 0 in L,
n—od
for Uy € §© in L(Qoo), for all I € N, where the limit “ lim ” is taken under the
n—o0
operator-norm topology for A. i.e.,

strong O(OO)

B — 0 inAs, asn — 00, (9.2.6)

strong, .
where “—" means “being strongly convergent to.”

Proof For all n € Ny, we have that
gl () 210y,

by (9.2.4), since there are infinitely many generating elements U; € S© of Au. It
implies that

Bl # 05 inAs, foralln € Ny,

because B> generates A. Therefore, the relation (9.2.5) holds.
Now, fix / € N, and take U; € S in L, and let f_ € A be the (—)-
restricted-shift of B> . Then

lim (B-)" (U;) = lim g” (Up)
n—0o0 n—0o0
9.2.7)
= lim U;_, = O,
n—0o0

in L(QOO), by (9.2.4), where “ lim ” is taken under the operator-norm topology for
n—o00
Aoo. It implies that

lim B (W) = O in LS, (9.2.8)
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for all free reduced words W of LSO) in the generating free semicircular family
S5 by (9.2.7). So,

lim B (T) = 0 in L5”, VT € LG, (9.2.9)
n—od
by (9.2.8). So, the strong-convergence (9.2.6) holds by (9.2.9). |

The above theorem shows that the shift operators 8. € B of Ay satisfy
B # 05 in As, Ve € {£} and n € N,
but
B one O(Qoo) in Ay, asn — 00,

by (9.2.5) and (9.2.6).
Letr € D* in C, and take a shift operator 78, € Ao, for e € {£}, where

D*={zeC:0<|z| <1}.

Then
(tBe)" # 057 in Ax, foralln € Ny, (9.2.10)
while
B)" “rone O(Qoo) in As, asn — oo.
Proof The proof of (9.2.10) is done by (9.2.6). |

Actually, the strong-convergence (9.2.10) is refined as follows; under the same
hypothesis with the above corollary,

@B — O(Qoo) in Ay, asn — o0,

if t € D* \ T in C, where T is the unit circle of C, and

t .
B)" i O(QOO) in Ay, asn — oo,

if t € T € D* in C, where “—” means “being convergent to, under operator-norm-
topology for As,” which imply (9.2.10), anyway.
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9.2.3 Free Probability on L(g) Under the Action of 8,

Here, we consider how the shift operators 18, € Ay, for t € C, affect the free
probability on ]L(QN), for an arbitrarily fixed N € N2

Let N < oo in N2°, and let 18, € Ay be a shift operator for r € C*, and B, €
BN Then

kn :
X | ot cn ifl <lek <N

forall k € Ng, n € N.
Proof By (9.2.3), (t,Be)k = O(QN) in Ay, whenever k > N in Ny. So, if k > N, then

r((atwn)") == (05" wn)") 9.2.12)
=7(0") =0,

forall n € N.
Suppose now that: if k < N in N, then

o ((pEn)") = e ((Bhn)")

_ e (Up,) ifl <lek <N
T | 7 (0"  otherwise

k .
Z{wnt ”c; ifl <lek <N 9.2.13)

0 otherwise,

for all n € N. So, the formula (9.2.11) holds by (9.2.12) and (9.2.13). |

By (9.2.11), the following corollary is obtained.
Under the same hypothesis with the above theorem, if

teR*andk e N, and1 <lek <N,

then the element (t,Be)k ) is 2k _semicircular in IL(QN), forall/ =1, ..., N.

Proof By assumption, if t € R*, then

(tB)* (U) = t*Uper,
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and
*
((fﬂe)k (Ul)) =n U, = t*Ula,

inLy". ie. itis self-adjoint in Ly
So, (t,Be)k (U)) is t**-semicircular in L(QN), by (3.3) and (9.2.11). O

The above theorem and corollary illustrate that how the action of shift operators
tB. € A n deform the semicircular law on ]L(QN), whenever N < oo in N2°.

Let N = oo, and 1B, € Ao, fort € D* inC, and B, € B . IfU; € S isa
semicircular element of L(QOO), then

z (((tﬂe)k(Ul))n) _ " Hesmmdl=t (9.2.14)

wp k" cn otherwise,

for all n € N. In particular, if

B < {(tﬂ—)" U e LG ke N} ; (9.2.15)

in L(Qoo), fort € D* and ! € N, then the asymptotic free distribution of this family

Bz_ ; 18 the zero free distribution in IL(QOO), ask — oo

Proof Under hypothesis, one has that

e ((@por@n)") =« (Vi) =« (101

a),,tk”c‘g ife=+
= a),,tk”c’g ife=—andl >k (9.2.16)
0 ife=—andl <k,

for all n € N. So, the formula (9.2.14) holds by (9.2.16).
Recall that, under the same hypothesis,

strong  (o0)

(tBe)f — 05 in A, ask — oo, (9.2.17)
by (9.2.10). Thus,

B (U — 0in LGV, ask — oo,
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by (9.2.17), implying that, for all n € N,
i (o @) = (g (o @)

—_ (((klim (tﬁ)k> (U1)>n> =z (0") =0. (9.2.18)

It means that the family B, of (9.2.15) has the asymptotic free distribution, the zero
free distribution in L®, by (9.2.18). O

The above theorem illustrates how our shift operators 18, € As deform the
semicircular law on L(QOO), fort e D*.

9.3 The Shift Operators of Ay

More general to Sect. 9.2, we now are interested in general forms of shift operators
T of Ay,

T= Y ifpf withtf =ty eC. (9.3.1)
Bress )
9.3.1 Case where N < o0

Assume first that N < oo in N‘;Ol. Then, by (9.2.3), every shift operator 7" of (9.3.1)
can be re-expressed by

N N
T =318 +ily +y upl, 9.3.2)
s=1 k=1
for
I N,...,t_1,00,t1,...,ty € C,

in the shift-operator algebra Ay in B (L(QN)), where I(QN) =1lwm e Ap, the
0

identity operator on ]L(QN).
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Then one can get that, for any U; € S™ in L(QN), forl=1,..., N,

N N
T (U =Y i-sB (U) + 10U + Y _ B (Up)

s=1 k=1

N N
= ZLS Wi—s + 10U + ZtkW1+k
s=1 k=1
satisfying
Wre = Uyr ifl<l4+k<N
HE= 10  otherwise,
similarly,
U ifl<]l—s <N
W_. =
I { O  otherwise,
foralls, k=1, ..., N, for e € {£}, and hence, it goes to

-1 N—I
=D tsUis + 10U + ) Utk 9.3.3)
s=1 k=1
Let N < c0in N, and let T € Ay be a shift operator (9.3.2). If U; € SW™) in
L(QN), forl € {1, ..., N}, then there exists a C-quantity zr; € C, such that

T(U]') =zr. (wn%) ,Vn e N. 9.3.4)

In particular,
-1 N-I
ara=Yy 12 +1) + ) yinC. (9.3.5)
s=1 k=1

Proof Since N < oo in NZ"I, for any semicircular element U; € S ),

-1 N—I
T(Uf) =Y Ul + 10U + ) 5l (9.3.6)
s=lI k=1
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by (9.3.3), for all n € N. Thus, one has that

=

-l

ZL (U) + 130 (UF) + D nt (Ufy)

Ny

-1

= ZLS (a),,c;) + t_?r (a)nc;> + 174 (a)nc;>

s=1 k

=

I
-

by the semicircularity of U, Ujsx € SN in ]L(QN)

-1 N—-I
- (wnc§> (; o410+ k; tk> , 9.3.7)

for all n € N. So, the formula (9.3.4) holds by (9.3.7). |

The above theorem illustrates how shift operators 7 € Ay of (9.3.1) deform the

original free-distributional data on L( ). whenever N < oo in N® by (6.2.15).

>1°

9.3.2 Case where N = o0

In this sub-section, let N = oo in N

SpandletT € Ao be a shift operator (9.3.1)
on L. Similar to (9.3.2),

oo oo
T =318 +01g" +) uph, 9.3.8)
s=1 k=1

in Ao, forz_g, ty € C, forall s, k € N, by (9.2.4).
Fix a semicircular element U; € S© of L(Qoo), for! € N. Then

o0 o0
T = Zt—sz—s + U + ZtkUl+k
s=1 k=1

satisfying

U_s ifl —5>1
Wi_s =
= {O otherwise,
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and hence, it goes to

-1 o0
= Z t_sU_s + 10U + Z tUpsk, 9.3.9)
s=1 k=1
in LG
Let N =00in N2, and T € A, a shift operator (9.3.8) on L(QOO), andlet U; €

S jp LSO), for [ € N. Then there exists z7; € C, such that

o (T (U]) = 21 (wney ) Y € N, (9.3.10)
In particular,
-1 00
ara=y '+ +> ik, inC. (9.3.11)
s=1 k=1

Proof Under hypothesis, if Uy € S (%) jn ]LSO), forl € N, then

-1 o0
t(T(U))=r1 (Z U+ U + ZtkUl"+k>

s=1 k=1
by (9.3.9)

-1

(o)
= ZLS (a)nc;> + 1o (a)nc;) + Ztk (a)nc;)

s=1 k=1

by the semicircularity of U;_g, U, Uiy € S (c0)

-1 00
= (a),,c:zz) (; fs + 10+ k;tk> , 9.3.12)

for all n € N. So, the formula (9.3.10) holds by (9.3.12). |

The above theorem illustrates how a shift operator T € A, affects the free
probability on L5®, with help of (6.2.15).
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Representation Formulae )
for the Determinant in a Neighborhood e
of the Identity

Denis Constales and Ali Guzman Adan

Abstract We prove an integral representation and a power series expansion for
the function det(A)~! in a small neighborhood of the identity matrix. Both results
are closely linked to the formula for the change of coordinates of the Dirac delta
distribution in R™.

Mathematics Subject Classification (2000) 15A15, 41A58, 30E20

Keywords Determinant - Taylor series - Complex analysis - Dirac distribution

1 Introduction

In this manuscript we prove two representation formulas for the function det(A)~!
in a small neighborhood of the identity matrix. Let us start by describing our results.

Let CK>k the algebra of complex matrices M = {m, ¢}, ¢=1.. r of order (k x k)
with identity 1;. The Frobenius norm of M € CK*¥ is defined as

k
1Ml = Imee®'?,

rd=1
where | - | denotes the Euclidean norm in C. Associated to each row vector M, =
(my1, ..., mpk), we consider a multi-index o = (@r1,...,0k) € N](‘) where Ny
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denotes the set of non-negative integers. As usual, we denote |o,| = o 1+. . .+ i,

a! = a1l ol and MY = m);'---m}*. We shall also consider the multi-
index sum ooy + ... +ox = O, @r1,..., ., arr). In general, for multi-indices

I=(i1,....ix)and J = (j1, ..., jx) we have I + J = (i1 % j1, ..., ix £ jx). We
say that I < Jifi, < j.forallr =1,... k.

The multi-indices o, give rise to the multi-index matrix & = {c, ¢}re=1..k €
N{‘)Xk. We thus denote |o| = |aq| + ... + |ol, ! = ap!---og! and M* =
M7 - M. We also introduce the differential operator

k
o Are
811/[ - 1_[ amr,l’
rl=1

which is the so-called Fischer dual of the monomial M.
With the above notation, the Taylor series of the function det(1; + M )~ around
the point M = 0 can be written as

1 M* 1
= Z o [ } ‘ . (1.1)
det(1ly + M) a! det(Lx + M) | |,,_0

kxk
€Ny

Our first goal is to explicitly write down the above formula, i.e. to compute the

derivatives 93, [ det(]l]lc n M)] ‘M:O. In particular, we will prove the following result.

Theorem 1.1 Let M € C**K pe such that |M|| < 1/ k. Then the Taylor series (1.1)
converges and has the form

1 M Mk
=Y (=plp 3 ! L (1.2)
det(Li + M) arl- o)
JEN{‘) o+ Fog=J
leer |=jir
where the above sum runs over all multi-indices J = (j1,..., jk) € Nlé and all
multi-index matrices o such that a1, + - - - + ok r = loy| = jr forallr =1, ... k.

This is, a € N”(‘)Xk is such that the sum of its r-th row equals the sum of its r-th
column forallr =1, ..., k.

This constitutes a generalization to higher dimensions of the convergence of the
geometric series

0 1

Z(_l)/zl = Itz when zeC, |z] <1.
<

Jj=0
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It also provides a detailed expression for the full expansion of the well-known
formula (see e.g. [2])

— exp (— In (det(Li + M)) = exp [ Y (=1) tr(jyj) ,

det(1; + M) =

where tr(A) is the usual matrix trace of A. For a detailed account on this and other
matrix analysis results we refer the reader (without claiming completeness) to the
works [1, 4, 6].

Theorem 1.1 also yields that 93, [ det(]li n M)] ‘M:O is different from zero if and

only if the sum per row equals the sum per column in the multi-index matrix «,
namely:

3¢ !
M| det(1e +M) | |,,_,

(=Dleley |1t i @+ ok = (ol o),

0 otherwise.

In addition, it allows to compute the inverse of the characteristic polynomial
det(M — Aly) as a power series of A. Indeed, if |A| < (k|[M]))~', one obtains
from (1.2) that

1 o
— k=
det(M — A1) Z €
j=0
where

. MY . Mk
cj = (=1)Jt* Z J! Z ! ke

ar!--ag!
=i arbetog= k
leer |=jir

The main motivation for formula (1.2) comes for the Taylor series expansion of
the Dirac distribution, see Sect. 2. However, in order to rigorously prove this result,
we will need the following integral representation for det(1; + M)~

Theorem 1.2 Let A € C**% be a matrix such that | A—1x|| < 1/k and consider the
linear transformation Az = w, where 7 = (z1, ..., zk)T and w = (wy, ..., wk)T
are vector variables in C*. Then

1 1 1
_ dzy - dz, 13
det(A) (i) 7€3D)k wi -y LAk (1.3)
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where 55(8D)’< = 558D . "558D and 568D denotes the contour integral along the
boundary 0D = {z € C : |z| = 1} of the unit disk.

Remark 1.1 As the statements in the Theorems 1.1 and 1.2 announce, the condition
|A — 1zl < 1/k implies that det(A) # 0. Indeed, the power series A~! =
Ik +(A=1))"" = Y2,(=DYA — 1x)¢ converges absolutely if k > 1.
Therefore, the inverse matrix A~! exists. For k = 1, it is clear that ||[A — 1| < 1
implies A # 0.

The proximity of A = 13 + M to 1j is important for these results to hold. For
example, in the class of nilpotent matrices (that are somehow close to the origin)
formula (1.2) does not hold in general. Indeed, if M is nilpotent then 1; + M is
invertible, however the series (1.2) may not converge. See, for example, the case

01
where M = (0 0).

The statement of Theorem 1.2 also announces that none of the w ;’s becomes zero
as z varies in the boundary (9 D)* of the unit polydisc. This is another reason why
the proximity of A to 1 is crucial. As a matter of fact, (3 D)* can be continuously
deformed into A(8D)k without ever touching one of the axis z; = 0, see our
Lemma 5.2.

This paper is organized as follows. In Sect. 2, we informally discuss the main
motivations for Theorem 1.1. This result is closely connected to the formula for
the change of coordinates of the Dirac delta distribution. Most of the heuristic
and motivational reasoning in that section is not completely rigorous. In the
later sections, all of our results will be rigorously proved. Our strategy to prove
Theorem 1.1 is to show first that it is equivalent to Theorem 1.2 and then proceed
to prove the latter. In Sect. 3, we prove that the left-hand side expressions in (1.2)
and (1.3) coincide when A = 1; + M, completing in this way the first step of our
strategy. The second step is completed in Sect. 4, where we prove Theorem 1.2 by
means of the method of Gaussian elimination. Finally, in Sect.5, we provide an
alternative proof by showing that the manifolds (9 D)* and A(d D)* are in the same
homology class in the space (C \ {0})¥ and therefore, integrals of closed differential
k-forms over these manifolds remain invariant. At the end, we briefly discuss the
connection between Theorem 1.2 and the formula for the change of coordinates of
the delta distribution.

2 Motivations and Informal Discussion

In this section we sketch the main motivation behind formula (1.2). This does not
lead to a rigorous proof but it shows how this result is linked with the change of
coordinates of the Dirac delta distribution. In the next sections, we will rigorously
prove Theorems 1.1 and 1.2.
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Given the real vector variable x = (x, ...,xk)T, we consider the Dirac
distribution §(x) = 8(x1)...8(xg) in the k-dimensional Euclidean space R*. For
any non-singular real matrix 1y + M € GL(k, R) it is known that (see e.g. [3])

5(x)

8(x + Mx) =38 ((1x + M)x) = det(Ly + M)

@2.1)

On the other hand, if we formally write down the Taylor series expansion of the
left-hand side, we get

J
S(x + Mx) = Z (Mx) S(J)()C),

J!
JeNk

where /) (x) = 8§UD(x1)...8U¥ (x) for the multi-index J = (ji,..., jx). We
recall that (Mx)J = (Mx){1 (Mx)]]f where (Mx), = lef:l my X is the r-th
component of the vector Mx. By the multinomial theorem we have

Mx r MY xor
( . )r — Z r X ’ Wlth xo(r — x‘lxr,l . _ler,k’
i e !
and therefore
MY . M
§(x + Mx) = Z Z all'---a;j Rt atCU BPICOIEDY (2.2)

JEN(I‘) loer |[=jir
Letus consider / = o) + - - € N{‘), it is a known result that (see e.g. [3])

xl 8! = (_1)1(11!1)!5”_1)(36), if7 <J,
0, otherwise.

But our multi-index I satisfies |/| = |J|. Thus, in this case, the condition I < J
implies I = J. Therefore, formula (2.2) can be rewritten as

o ok
MY M

S+ M= ) ey T

JENS art..+og=J
lar|=Jr

5(x).
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Comparing this with (2.1), it follows that formula (1.2) should hold for some
suitable class of matrices M. The statement of Theorem 1.1 is stronger than this
guess. In fact, it explicitly describes a class of matrices for which this formula
holds and it states the result for complex matrices. In Sect.5, we shall make the
link between the other representation formula (1.3) and the change of coordinates
in the Dirac distribution.

3 An Intermediate Step

Before rigorously proving Theorem 1.1, we will show that the statements in the
Theorems 1.1 and 1.2 are equivalent. Let M € C*** be as in Theorem 1.1 and let
us denote the sum in the right-hand side of (1.2) by

RM) =Y (=nVln »°

JEN{‘) ot tog=J
lor |=r

o o
MM
ar! - ag!

Now consider the following “more relaxed” version of R(M)

MY . M
S(M) = Z(—D‘”J! Z allz---a,j ) (3.1

JGNE lotr|=jir

While the sum S(M) runs over all multi-index matrices & € N’(‘)Xk , the sum R(M)

considers only those a € N’(‘)Xk for which the sum of its r-th row equals the sum of
its r-th column for all r = 1, ..., k. Using the multinomial theorem, we can write
S(M) in terms of the following geometric series,

JEN(k)rzl

k 00 k Jr
1T (32 (- )
r=1 \j,=0 \ ¢=I

k

=1] ! (3.2)

' .
pep 1+ ZZ:I mr.¢
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Jr
We recall that the power series erozo (— Z"z:l m,,g) converges uniformly

-1
o (1 +3% m,,g) since | M| < .. Indeed, < kel <
k ,i = 1. This reasoning also shows that the series R(M) converges absolutely for
1M <
Our strategy is to apply some transformations to the sum S(M) in order to recover
R(M). To that end we first consider the transformation M +> D~ 'MD where D =

diag(zi, ..., zk) is a diagonal matrix whose diagonal entries are in the unit circle,
i.e. z1,...,2r € 0D. The matrix DM D is the result of multiplying the r-th row
of M by z;l and the r-th column by z,, r = 1, ..., k. Then for every entry this

transformation can be written as
Mg 2, ‘zemyy, rl=1,... k. (3.3)

Let us examine how the sum written in (3.1) reads after this transformation. Observe
that

o k —Jr o1 o k
Marzm” cemy Zr]rzlr ezt M

which yields

MM (nZZZ““ f’) a M

The only summands in (3.1) that remain independent of the z,’s are those satisfying
212:1 apr = jrforallr =1,..., k, orequivalently, «; + ...+ ox = J. These are
exactly the terms that appear in R(M). Hence we can write

S(D™'MD)=R(M)+T(D'MD),

where T(D*IMD) is a sum of elements of the form z)l‘l S zzkc such that ¢ is

independent of the z,’s and at least one of the powers A, € Z is different from zero.
Using Cauchy’s integral theorem we easily find that

1 T(D-'MD)
dz1---dzx =0
aD)k

(2mi)k 21 2k

and

1 R(M 1 dzi---d
,kyg 41 dz = RO ,kf R (00}
Qri) Jopy 21+ 2 Qri)* Jopy z1--zk
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Thus

1 S(D~'MD
% ( )dzl---dezR(M).
aD)k

(2mi)k 21 Zk

On the other hand, using formulas (3.2) and (3.3), we get

k k
1 21 Tk
-1
sowmp =] ' =] SR
e | + D=1 2 Zemrg =1 +ZZ 12empe Wi Wk
Here the vectors z = (z1, .. .,zk)T and w = (wy, ..., wk)T are as in Theorem 1.2,

i.e. Az = w with A = 1y + M. Finally, combining the last two formulas, we obtain

1 1
R(M) = dzy - -dzg,
( ) (ZJTl)k ﬁaD)k wi - - Wk “ “k

which proves that the left-hand side expressions in (1.2) and (1.3) coincide when
A=1,+M.

4 Proofs of the Main Theorems

We now proceed to prove Theorem 1.2. To that end, we first need the following
lemma.

Lemma 4.1 Let A = {a,¢}re=1....k be a matrix in C**k such that |A—1k| < 1/k
and consider the linear transformation Az = w, where z = (z1, ..., zx)| € (AD)*
and w = (wy, ..., wk)T. Then

1 .
1 f dzy _f . ¥r=t
i Jap wr 0 ifr=2.. . .k

Proof Let us start by considering the case » = 2, ..., k. If a,1 = 0, then w, does
not depend on z; and the integral is automatically zero. If a,,; # 0, we have

1 1

arg '
Wr ar1<Z1+ZZ2 § z)
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This is a function of z; with only one singularity, namely z; = — Zﬁ:z Z’f 2,

which lies outside of the unit disk D = {z; € C : |z1] < 1}. Indeed, by the
triangular inequality we obtain

o N
r,
> a1 2= ol > "arze
=2 “rl A

larr| — Z are2e

lar,1] (AL
1
= lar,r| — Z |ar,£| .
lar 1 (£l

Now we recall that |a, ¢ — 84| < ,1 In particular, this implies that |a1” > k,
layr| > ¥' and —|ay¢| > — (¢ # r). We thus obtain

k
T ok k=1 _k=2)_
k k '

a
=2 r,1

This means that uf is a holomorphic function inside the unit disk and therefore
1 dz; _
2mi f oD w, — . . . .
In the case where r = 1, it suffices to show that the isolated singularity z; =

- 212:2 Zif z¢ of u}1 is inside of the unit disk. One easily observes that

dz; _ 1

= . O
wi ap1

. . 1
Then, by the residue theorem we obtain ,_. 553 D

Proof of Theorem 1.2 We proceed by induction on k € N. For k = 1 we have
wi = ar,1z1 with Jag; — 1] < 1. Itis then clear that ,! f, ) 41 = ! (

] iz oan det(A)*
Let us assume that formula (1.3) is true for k — 1 € N, and let us prove that it also
holds for k. To that end we first decompose the function wi }-wk as a sum of partial

fractions with respect to z1, i.e.

1 A Ak
= 4ot
Wy wr Wi oy
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where A1, ..., Ax do not depend on z;. From Lemma 4.1 we obtain

1 7{ dzi M
2mi oD W1 * - Wk o al,l.

1,1

We recall that X1 is the residue of the function wla w, At the singularity

k
ai,e
a==3 g

a
= 411

Thus X1 can be easily computed to be

1 1
A'l = = ~ ~
o k4], e
W2 Wi g =k a;;f 0 W2 Wk
~ . . . k ape
where w, is the value of w, when substituting z; = — 2[22 a 6T = 2,...,k.
Further computations yield
k k k
~ ar,1 ar,1
wy = . Zal,ZZZ+Z areze = Zbr,zzz, where  by¢ = ar¢— a at.e-
L= =2 =2 L1

In this way we have obtained

1 % 1 1 1 1
. dzy---dz = . % ~ ~ dzp---dzg,
(27‘”)/( @Dk W1 - Wk ai, (27‘”)/(_1 (@D)k=1 W2 -+ - Wk
“.1)

bz,z .. bz,k 22 w2

where ot | =1 : | and the matrix B = {b, ¢}, ¢=2,.. .k satisfies

bi ... bii) \a Wy,
IB — 1x—1] < kll. Indeed, the matrix B — 1;_; has entries b,y — §,¢ =
1
(@re — 0r0) — ay,
{ar1a1,e}r0=2, ...k, WE get

,ar1a1e with r,£ = 2,...,k. If we donote by C the matrix

1
I1B—1pqll < IIA = Lxll + ICl.
lay, 1
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1 1 1
k 2 k 2 k 2 1
But €l = (XF s lantPlare?)” = (ZiolanaP?)” (Zhslare?)” < b

which implies

k1 1

1
B—1;4| < = .
[ e T

Now, applying our induction hypothesis on (4.1), we obtain

1 1 1
dz)---dz = .
i)k fiamk wi-w CTTERET G det(B)

Thus it suffices to prove that aj ; det(B) = det(A). This easily follows from the
Gaussian elimination process. Indeed, if we add to the r-th row in the matrix A the
first row multiplied by — 2: 11 (r =2, ..., k), we obtain the matrix

a1 a2 ... aik
0 bz,z bz,k

0 broa... b,

This matrix has the same determinant as A. We thus obtain that det(A) =
ay,1 det(B), which proves the result. |

5 An Alternative Proof

We now provide an alternative proof for Theorem 1.2. In particular, we will prove
the following slightly generalized result.

Theorem 5.1 Consider Az = w as in Theorem 1.2 and let f(z) be a C-valued
holomorphic function in C*. Then

) 1 ‘(f f@
(

aD)k W1+ Wk

det(A) — (2mi)k dzy---dz. (5.1)

We first observe that Az = w yields dwy - - - dwy = det(A) dz; - - - dzk. Effectuating
this change of variables in the right-hand side of (5.1) we obtain

-1
! % PO du ! ! ?§ FATW) - du.
(

@ik Jopy wi - wy = det(A) @)k Jaopyr wi - wy
(5.2)
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Thus it suffices to prove that (27111_)]( fA(‘dD)k fu()?f:v'i) dwy ---dwy = f(0). The idea

-1
of this proof is to note that fu()‘ﬁu wl:) dwy - --dwy is a closed differential form on

(C\ {OH¥. Therefore, by Stoke’s theorem, the above integral remains invariant when
taken over any other manifold in the same homology class of (9 D)*in (C \ {0}F,
see e.g. [7]. This is summarized in the following two lemmas.

Lemma 5.2 Let A € C* be a matrix such that |A — 1x|| < 1/k. Then (3 D)*
and A(dD)F belong to the same homology class in (C \ {0, i.e. there exists a
continuous map A(t) : [0,1] — CFK such thar A(0) = 1x, A(1) = A and
A()(AD)* c (C\ {0)* for everyt € [0, 1].

Proof Let us consider the map A(f) = 1y + (A — 1) and w(t) = A(t)z with
z € (AD)* arbitrary. We need to prove that w(z) € (C\ {O)¥ for every ¢t € [0, 1],
or equivalently, that every entry w, (t) of w(t) (r = 1, ..., k) is different from zero.

We recall that w,(t) = z, + tZl;:l(ar, j — &r,j)zj. Then by the triangular
inequality we have

k
=z = jwr (@) —1 Z(ar,j —0rj)zj
j=1

k k
1
< w1 lar = 8ejl < w0l +1) .

j=1 j=1

Thus |w, ()] > 1 —t > 0 and therefore w, (1) # 0. |

Lemma 5.3 Let y (w) be a C-valued holomorphic function in an open region Q C
Ck. Then the differential form ydw; - - - dwy is closed in Q, i.e. d(ydwy - - - dwy) =
0 where d is the exterior derivative.

Proof 1tis easily seen that the exterior derivative can be written as d = d 4 d where
d = > dwdwj and 8 = >7_, d,;dw; are given in terms of the classical
Cauchy-Riemann operators dy,; , d,,; and the complex differentials dw, dw ;. If we
write w; = x; + iy; (with x;, y; being real variables) then

1 1
Bwj :2(8,5],—1'8},].), dwj =dxj +idyj, Bwj:2(8xj+i8yj), dw; =dxj —idy;j.
It is clear that 9(ydw;---dwy) = 0 and, since y is holomorphic, we also
have that d(ydw;---dwy) = 27}:1 awj[y]dwjdwl ---dwy = 0. Therefore
d(ydwy---dwy) = 0. O

A1
Using the previous lemma we easily observe that f u()? wf) dwg - - -dwy is aclosed

differential form on (C \ {0})¥. This means that its integrals over the homologous
manifolds (dD)* and A(dD)¥ are equal. Going back to formula (5.2), we finally
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obtain from Cauchy’s theorem that

—1
! jﬁ & 4 dz ! ! f FATW) - dwy
(

Qri)k Jaapy wy - w  det(A) 2mi)k Jappyr wi - wi

1 1 f(A™ w)
= . dwi---dwyg
det(A) (2.7Tl)k BD)k W1+ Wk

O
T det(A)’

5.1 Connection with the Dirac Distribution

Let us consider the 2k-dimensional real vector variables x = (xi, ..., x%)! and
y = (31, ..., yu)T associated to the complex vector variables z and w in C¥ by
means of

2= (1 Fixpsts o xe Fixa)”,  and  w = (1 F iVt e Y+ iy,

respectively. Equivalently we may write 7 = Px and w = Py where P =
(1x]ilg) € Ck*2k. Associated to any complex-linear transformation w = Az, one
finds a real-linear transformation y = W(A)x, where W : Ck*k — RZ*2k j5 an
algebra morphism given by

W(A +iA2) = (g‘; ‘Af), A1, Ay € REXE,

The determinants of the matrices A and W(A) are linked by the relation
det(W(A)) = |det(A)|2. Indeed, if one considers the matrices D = G)k lf")
k

1, —il

and its inverse D~! = ( 0 1 k), one obtains
k

DW(A)D1:<A1+iA2 0 )

Ap Al —iAy)’

and therefore det(¥(A)) = det(D W(A) D) = det(A; + i Ap) det(A| — i A»)
| det(A)|2.

Let us define §(z) = 6(x) = d8(x1)...8(x2) and S(w) = ()
8(¥1)...8(y2k). Then (see e.g. [3])

8(2) 8(2)

YW= fetw(A)) ~ | det(A)P

(5.3)
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In Sect. 2, we showed how this formula is linked with Theorem 1.1. In this section,
we shall make the relation between formula (5.3) and Theorem 5.1 explicit.
From Theorem 5.1, we have for every holomorphic function f(z) that

<8(z) ,f>= fQ0) _ 1 1. 7{ f@ dwy - dwe.  (5.4)
det(A) det(A) — det(A) @ri)k Jiapy wi - wi

We now recall that Green’s theorem can be written, in terms of the Cauchy—Riemann
d; = é(ax + idy) operator of the complex variable z = x + iy, as

% gdz=2i// d,[gldxdy,
oD D

where g is a differentiable function in a neighborhood of the unit disc D. Applying
Green’s theorem in each variable w; in (5.4), we obtain

3(2) _ 1 5 5 1 ., .
<d€t(A)’f>_nkdet(A) /Dk Wi w2k[w1.,.wk}f(z) Vi dysk.

Now, we recall that (y'rz)’1 is the fundamental solution of d,, see e.g. [S]. Then we

can substitute in the above formula 9y [u}] =7 d(w;) =mw8(y;)8(yk+;)- Finally,
J

we obtain

AT T fa< V(@ dyr---d
det(A)’ 7 | T det(a) [ OV A Ay
= det(A) / S(w)f(z)dxy---dxog
A—1Dk
= (detca)s(w). 7).

which yields (5.3). In the second equality we have used the fact that dy; - - - dyy =
det(W(A))dxq - --dxy = det(A)det(A) dxy - - - dxoy.
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Abstract This paper contains a Schur analytic approach to a truncated matricial
moment problem of Hamburger type, which is studied in the most general case.
It is shown that a Schur type algorithm constructed by the authors for a related
moment problem can be suitably modified to obtain a full description of the solution
set with the aid of a linear fractional transformation with polynomial generating
matrix-valued function. The main feature of our Schur type algorithm consists of
an appropriate synthesis of two different versions of types of algorithms, namely on
the one side an algebraic one working for sequences of complex matrices and on the
other side a function theoretic one applied to special classes of holomorphic matrix
functions.
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to matricial versions of truncated classical power moment problems, which was
developed by the authors in the last decade. The essential feature of our concept can
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Schur type algorithms for special classes of holomorphic matrix-valued functions
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under consideration. For each of the generalized versions of the classical moment
problems (named after Hamburger, Stieltjes and Hausdorff) we were able to give a
parametrization of the set of solutions in the most general case. What concerns the
matricial versions of truncated Stieltjes type moment problems we refer to [16, 17,
20, 22] whereas the matricial version of the truncated Hausdorff moment problem
was investigated in [18, 21, 23, 24].

Our Schur analytic approach to the truncated matricial Hamburger moment
problem was begun in [15], where we treated the particular version of the truncated
problem which is connected with equality of all prescribed matricial moments.
There we handled simultaneously both the case of an even as well as the case
of an odd number of prescribed moments. In this paper we concentrate on the
last still remaining case, namely on the truncated matricial moment problem for
a given sequence (s j);": o of complex g x g matrices, where the matrix s, is
required to satisfy an inequality in the sense of Lowner semi-ordering for Hermitian
matrices. In the so-called non-degenerate case this problem was already studied
by I. V. Kovalishina [27]. She used the FMI method due to V. P. Potapov who
interpreted Schur type algorithm from the view of multiplicative decomposition of
rational J-elementary factors as a finite product of rational J-elementary factors
with poles of order one. In this way, I. V. Kovalishina [27] treated Schur analytic
aspects of the moment problem under study. It should be mentioned that even
in the non-degenerate case our Schur type algorithm does not coincide with
that multiplicative decomposition of the resolvent matrix derived in [27]. The
considerations in [27] formed the starting point for the investigations of Chen/Hu [4]
where a function theoretic version of a Schur type algorithm was presented. This
algorithm uses the Drazin generalized inverse of matrices. The parameters in the
linear-fractional transformation description of the set of solutions are pairs of
meromorphic matrix functions. Against the background of a later computation of
the Weyl matrix balls associated with a truncated matricial Hamburger moment
problem in the most general case we strive for a parametrization of the solution
set which is based on pairs of holomorphic matrix-valued functions. The use of
the Moore—Penrose inverse is a key instrument in our construction of Schur type
algorithm. The elementary step of our algorithm is taken from [15].

2 Notation and Preliminaries

First we state some notation. Let C, R, Ny, and N be the set of all complex numbers,
the set of all real numbers, the set of all non-negative integers, and the set of all
positive integers, respectively. Further, for every choice of o, B € R U {—00, oo},
let Zy g be the set of all integers k such that @ < k < B. Throughout this paper, if
not explicitly mentioned otherwise, then let p, g, r € N. If X is a non-empty set,
then X'P*4 represents the set of all p x g matrices each entry of which belongs to
X, and X7 is short for X?*!. The notation (Cﬂxq is used to denote the set of all
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Hermitian complex ¢ x ¢ matrices. We write CZ*¢ and CZ*? to designate the set
of all non-negative Hermitian complex ¢ x ¢ matrices and the set of all positive
Hermitian complex g x g matrices, respectively.

If (22, %) is a measurable space, then each countably additive mapping defined
on 2 with values in (C‘éxq is called a non-negative Hermitian ¢ x g measure on
(2, ) and the notation M2 (€2, 21) stands for the set of all non-negative Hermitian
g X g measures on (2, A). (Appendix B is aimed to state some basic results on
non-negative Hermitian measures.) If © = (u jk)';’ k—1 is a non-negative Hermitian
g %X g measure on a measurable space (€2, %), then we use Ll (22, 2, u; C) todenote
the set of all Borel-measurable functions f: Q — C for which [o|f|dvjz < oo
holds true for every choice of j and k in Z; 4, where vj; is the variation of the
complex measure 1 jx (see also Lemma B.1). If f € LY, A, u; C), then let
Jo fdu = (fq fd,ujk)jk:1 and we also write [, f(w)u(dw) for this integral.

Let B (resp. Bc) be the o -algebra of all Borel subsets of R (or C, respectively).
For all 2 € Br \ {#}, let B, be the o-algebra of all Borel subsets of €2 and let
M%(Q) be the set of all non-negative Hermitian g x g measures on (€2, B), i.e.,
Mq (R2) is short for /\/lq (2, Bg). Furthermore, for all Q2 € Br \ {#} and for all
k € NoU{oo}, let M2 > «(2) bethesetofallo € ./\/lq (2) such that, forall j € Zo ,
the function f;: 2 — C defined by f;(w) = w’ belongs to L1(Q2, Bg, o; C).

Remark 2.1 Let Q € Br \ {#}, let k € Ng U {oo}, and let o € M%’K(Q). Then,
for each j € Zy ., the integral s(.") = f ! o (dw) is well defined. In view of [20,
Rem. B.2], one easily can check that (s(a))* = (G) holds true for all j € Zg -

Obviously, once more considering an arbitrary 2 € ‘Br \ {/}, we have
ML (@) € ML () € M2 () € ML (@) = ML(Q)

for every choice of non-negative integers k and [ with k < [. If Q is a bounded
set belonging to B \ {4}, then it is readily checked that MZ (2) = ML(Q)
is valid. We will consider the following types of a so-called matricial Hamburger
power moment problems:
Problem (MP[R; (s])J "9-<]) Let m € Ny and let (sj)m be a sequence of
complex g x g matrices. Parametrize the set /\/lq [R; (s]) to=<lofalo €
./\/li m(R) for which the matrix s, — s,(n ) 1s non-negative Hermitian and, in the
case m > 1, for which additionally s; = s ) is fulfilled for all Jj € Zom—1.
Problem MP[R; (s;)" e <] is connected to a further type of truncated moment
problem considered (for particular cases of the set €2), for example, in [4, 15]:
Problem (MP[R; (s/)] _o-=]) Let « € No U {00} and let (Sj)’;=0 be a sequence
of complex g X g matrices. Parametrize the set ./\/lq [R; (sj)jzo, =]ofall o €

K(R) for which s; = s ) is fulfilled for all J € Zoy.
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To recall the criteria of solvability of the matricial Hamburger problem in detail
as well as for our further consideration, we introduce certain sets of sequences of
complex g x g matrices which are determined by properties of particular block
Hankel matrices built of them. If n € Ny and if (s ])2” o 18 a sequence of complex
g X g matrices, then (s ])2” o 1s called R-non-negative definite (R-positive definite,
respectively) if the block Hankel matrix

D T
S1 82 ... Snyl

Hy=Gjija=o=| . . . . 2.1)
Sn Sp+1 -+ S2n

is non-negative Hermitian (positive Hermitian, respectively). For all n € Ny, we
will write ’H,ibl (or H;zn, respectively) for the set of all sequences (s /)2" o of
complex g x g matrices which are R-non- negative definite (R-positive deﬁmte
respectively). If n € Ny and if (s/) 20 € Hq oy (OT (s/)] o € ’H,q o> TESPECtively),
then, for each m € Zy,, the sequence (s /)2’”0 obviously belongs to 7—[— o (OF
’Hq om» Tespectively). Thus, let Hq % (or H . respectively) be the set of all

sequences (s ]) 2o of complex g x g matrices such that, for all n € Ny, the
sequence (s /)2 belongs to ’H, 20 (or H>
for Problem MP[R; (s;)72,,

2.2 respectively). A solvability criterion

] is the following:

Theorem 2.2 Letn € Ny and let (sﬂ?io be a sequence of complex q x q matrices.

Then /\/lq [R; (sj)j " o» <1 # W if and only if(s])2"0 € Hq o

There are different proofs of Theorem 2.2, namely in [4, Thm. 3.2] and [10,
Thm. 4.16]. A parametrization of the solution set Mq [R; (s ])2_0, <] was given in
[27, Thm. .7/ for the non-degenerate case, i. e., if the sequence (s ])2" o of prescribed
matricial moments is R-positive definite. In the general case of a glven R-non-
negative definite sequence (s ])5_0, parametrizations of /\/lq [R; (s ]) im0 <] can be
found in [2, Thm. 4.6], [4, Thm 4.5], and [33, Ch. 1].

For all n € Ny, let Hq », be the set of all sequences (s ])2”0 of complex
q % g matrices for which there exist complex g x g matrices s3,+1 and 52,42 such
that (s /)2("+1) belongs to H> Furthermore, for all n € Ny, we will use
7‘[ 2n+1

q, 2n+
which there exists a complex g x g matrix s3,42 such that (s ])2("H) belongs to
Hq— 241" For each m € Ny, the elements of the set Hq m are called R-non-negative
definite extendable sequences. For technical reasons, we set ’Hq o = qz’oo'

q,2(n+1)"

| to denote the set of all sequences (s /) of complex g x g matrices for

Remark 2.3 Letk € No U {oo}. Then H ", < ’Hq e & ’Hq 2
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If «k € Ng U {00}, then H>, # H%
7{326,( #* 7—[;2,( for all k¥ € N U {oco}. The following result is essential for a

-
Furthermore, ’Hq 0o = Hao whereas

q,2k q,2k"

parametrization of the set /\/lq [R; (s ]) =00 <l

Theorem 2.4 Let n € Ny and let (s])zno € ’Hq on- Then there exists a unique
sequence (s/) "0 € Hq o SUch that ./\/lq [R; (s/)z_o, <] = ./\/lq [R; (s/)z_o, <].

The existence of such a sequence (5;) j’; o Was formulated first in [2, Lem. 2.12].
In [33, Satz 1.22], one can find a complete proof for the existence of such a sequence
(Ej)?;o. A complete proof of Theorem 2.4 can be found in [10, Thm. 7.3]. A

general principle which stands behind the construction of the sequence (§ j)inz 0
was uncovered in [19]. This concept is connected with a special kind of Schur
complement. Furthermore, observe that necessary and sufficient conditions for
the case that Problem MP[R; (s /)2_0, <] has a unique solution are given in [10,
Theorems 8.4 and 8.5]. The solvability of Problem MP[R; (s 1)7:0’ =] can be
characterized as follows:

Theorem 2.5 Let k € No U {oo} and let (Sj)jzo be a sequence of complex
q X q matrices. Then ./\/lq [R; (sj)j —o» =] is not empty if and only if (sj)jzo €
HT

A proof of Theorem 2.5 can be found in [10, Thm. 4.17]. This proof modifies
an idea presented in [2, Lem. 2.10], where « is an even non-negative integer. In
the case of an even non-negative integer «, a proof is also given in [4, Thm. 3.1].
Moreover, if k = 00, a proof is given in [11, Thm. 6.6]. Furthermore, observe that
necessary and sufficient conditions for the case that Problem MP[R; (s;)"! fy <],
where m is an arbitrarily given non-negative integer, has a unique solution are given
in [10, Theorems 8.7 and 8.9].

In the so-called non-degenerate situation, a parametrization of the solution set
of Mq [R; (s ])2_0, =], where n is an arbitrarily given positive integer, was worked

out by H. Dym in [9]. This was done for arbitrarily given sequences (s /)2"
H> 7.2n by using the theory of Hilbert spaces with a reproducing kernel. Applymg a

Schur type algorithm, in [4, Thm. 4] a parametrization of ./\/lq [R; (s /)2_0, =] was

shown for given sequences (s ])2 Ty € ’H—zn Alternatively, a description of this
solution set was presented in [1, Thm 4], using operator-theoretic methods. In the
case k = 2n + 1 with some non-negative integer n, a parametrization of the solution
set of Ml [R; (s ])3’”61, =], i.e., in the scalar case, was found in [7, Sec. 3]. The

matricial case ML S[R; (s /)in '61, =] with an arbitrarily given positive integer g could

be handled by using a two-step Schur type algorithm in [15]. In the case x = oo,
only assuming additional conditions, a parametrization was found previously (cf.
[5, 27]).

At the end of this introductory section, we give some further notation. We will
write I, to denote the identity matrix in C?*?, whereas 0,x, is the null matrix
belonging to CP*4. If the size of an identity matrix or a null matrix is obvious,
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then we also will omit the indices. For each A € CP*4, let R(A) be the column
space of A, let N'(A) be the null space of A, and let rank A be the rank of A. For
each A € C7%9, we will use Im A to denote the imaginary part of A: ImA =
21i (A — A*). Furthermore, for each A € CP*9, let ||A||s be the operator norm of
A. A complex p x ¢ matrix A is said to be contractive if |Alls < 1. If A € C7*4,
then det A denotes the determinant of A. For each A € CZ*?, let AT be the Moore—
Penrose inverse of A. If py, p2,g1,92 € Nand if A; € CPi*4j for every choice
of j € {1,2}, then let diag(A1, A2) = (

0 A1 0”};"2 ) Furthermore, within the
P2%4q1 2

set (C%Xq, we use the Lowner semi-ordering: If A and B are complex Hermitian
g X q matrices, then we will write A < B (or B > A) to indicate that B — A is a
non-negative Hermitian matrix.

For all x,y € C9, by (x, y)g we denote the (left-hand side) Euclidean inner
product of x and y, i.e., we have (x, y)g := y*x. If M is a non-empty subset of C?,
then let M be the set of all vectors in C¢ which are orthogonal to M (with respect
to the Euclidean inner product (., .)g). If I/ and WV are orthogonal subspaces of C¢,
then we will say that I/ @ WV is the orthogonal sum of ¢/ and W. If U is a subspace
of C4, then let P;; be the orthoprojection matrix onto .

We consider the set

Iy ={z€C:Imz € (0, 00)}.

We will call a subset D of I1; a discrete subset of IT4 if D does not have an
accumulation point in IT4. If f is a meromorphic function defined on a non-empty
open subset of the complex plane, then we use Hy to denote the set of all points w
at which f is holomorphic.

3 Particular Classes of Holomorphic Matrix Functions

We will reformulate the matricial moment problems under consideration as equiv-
alent interpolation problems for particular classes of holomorphic matrix-valued
functions. For this reason, we introduce in this section the corresponding function
classes and summarize some of their essential properties needed in the sequel. Most
of this material is taken from [12, 15]. In this section, we consider some special
classes of holomorphic matrix-valued functions. First we turn our attention to a
(well-studied) class of matrix-valued functions.

A matrix-valued function S: T, — C9*1 is called ¢ x g Schur function in T4
if S is both holomorphic and contractive in 1, i.e., if S is holomorphic in IT; and
if |S(2)|ls < 1 is fulfilled for each z € I1,. The set of all ¢ x ¢ Schur functions in
T4 will be denoted by S x4 (IT4).

The class R4 (I14) of all g x g Herglotz—Nevanlinna functions in the upper
half-plane T1; consists of all matrix-valued functions F: 1. — C9%9 which
are holomorphic in IT; and which satisfy Im F(z) € (C%Xq for all z € TII4.
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Detailed observations about matrix-valued Herglotz—Nevanlinna functions can be
found in [12, 25]. Especially, the functions belonging to R, (I11) admit a well-
known integral representation. Before we formulate this version of a famous result
due to R. Nevanlinna, we observe that, for every choice of v € MZ(R) and
z € C\ R, from Lemma B.1 one easily can see that f,: R — C given by
fo(x) == (14 xz)/(x — z) belongs to L (R, B, v; C).

Theorem 3.1 (Nevanlinna)

(a) Foreach F € Ry(I1y), there exists a unique triple (c, B, v) € (C%Xq X (C‘éxq X
Mg (R) such that

1+xz
FR)=a+ Bz —|—/ v(dx) foreach z € T14. 3.1
R X —Z

(b) Ifa € CI9,if p € CL™, and if v € ML(R), then F: T1; — C*4 defined
by (3.1) belongs to Ry (I14).

For each F' € R, (I1;), the unique triple (o, 8, v) € (Cﬂxq X (C;Xq X ./\/lg (R) for
which the representation (3.1) holds true is called the Nevanlinna parametrization of
F and we also write (af, Br, vr) instead of («, 8, v). In particular, v is said to be
the Nevanlinna measure of F . For our following consideration, it seems to be useful
to state some further known results concerning Herglotz—Nevanlinna functions. We
start with the following result:

Lemma 3.2 Let D be a discrete subset of 114 and let F: 14 \ D — C9%1 be a
matrix-valued function holomorphic in T1 \ D such that Im F (z) € CL*? is valid
forall z € Ty \ D. For each z € D, then F has a removable singularity at z and
the extended matrix-valued function belongs to the class R, (I14).

A proof of Lemma 3.2 easily can be obtained, e. g., using [8, Lem. 2.1.9]. If F
belongs to R1(I1), then o : BRr — [0, +0o0] defined by

or(B) :=/(1 + xD)vp(dx) for all B € By (3.2)
B

describes a measure which is called the spectral measure of F. By R;(H+) we
denote the set of all F € R, (I1) for which g: R — R defined by g(x) =1+ x2
belongs to El(R, Br, vr; R). Since the trace measure t of vp fulfils T(R) < oo,
Lemma B.1 yields R;(I'IJF) ={FeRy(Ily): vr € M;’Z(R)}. If F belongs to
R, (T4), then oF: Br — C%L* given by (3.2) is a well-defined non-negative
Hermitian ¢ x ¢ measure belonging to M%(R) which is said to be the matricial
spectral measure of F. Clearly, considering functions belonging to the class
R/ (I14), the notations ‘spectral measure’ and ‘matricial spectral measure’ coincide.
Observe that [20, Rem. B.1] shows that, for each F € R;(l’[+), the matricial

spectral measure o of F fulfils op(B) = fB(«/l —I—leq)vp(dx)(«/l + x21,)*
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for all B € ‘Br. Observe that a particular integral representation for functions
belonging to the class R;(l'hr) is given in [12, Thm. 4.3]. For our consideration,
the class Ry 4 (IT) given by

Roq (M) = :F € Ry(Ty): sup y[F(y)ls <oo¢,

yel[l,00)

plays a key role. The class Rg ,(IT) is a subclass of R;(l'hr) (see, e.g., [32,
Lem. 8.4]). Furthermore, the functions belonging to R ,(I14) admit a special
integral representation. Before we formulate this result, let us observe that, for
every choice of € M%(R) and z € C\ R, one can easily see that the function
h.: R — C given by h,(x) := (x — z)~! describes a bounded and continuous
function which, in particular, belongs to £' (R, Bg, u; C) (see also Lemma B.1).
Now we are able to formulate a well-known matricial generalization of a classical
result due to R. Nevanlinna [29].

Theorem 3.3

(a) Foreach F € Ry 4(I1y), the matrix-valued function F belongs to R; (IT4+) and
there is a unique o € M%(R) such that

F(z) = / ! o (dx) foreach z € T, 3.3)
RX—2

namely, the matricial spectral measure o of F.

(b) If F: I — C9%9 is a matrix-valued function for which there exists a non-
negative Hermitian measure o € ML (R) such that (3.3) holds true, then F
belongs to Ro,q(IT ). -

Theorem 3.3 can be proved by using its well-known scalar version in the case
g = 1 as well as the fact that, for each F € Rg 4(I1) and eachu € C9, the function
u* Fu belongs to Ro,1(IT1), Lemma B.1, and [12, Lem. B.3]. If F € Ro,q(IT4),
then the unique o € M (R) for which (3.3) holds true is also called the R-Stieltjes
measure of F. Conseqﬁently, for each F € Ro4(I11), the notions R-Stieltjes
measure and matricial spectral measure coincide. If o € MZ(R) is given, then
F: T1; — C9%4 defined by (3.3) is said to be the R-Stieltjes transform of o.

Remark 3.4 In view of Theorem 3.3, now one can reformulate Problems
MP[R; (Sj)?io, <] and MP[R; (Sj)’;=0, =] in the language of R-Stieltjes
transforms:

Problem (R[IT;; (sj)ﬁio, <]) Let n € Ny and let (sﬂ?io be a sequence of
complex g x g matrices. Parametrize the set Ro 4[I14; (s j)a": o» <] of all matrix-

valued functions F' € Ro4,(I1+) the R-Stieltjes measure of which belongs to
MELIR; (s))72, <.
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Problem (R[T1,; (Sj)’;=0, =]) Let k € Ny U {00} and let (Sj)’;=0 be a sequence of

complex g x g matrices. Parametrize the set R 4[I14; (s j)lj(‘=0’ =] of all matrix-
valued functions F' € Ro4,(I14) the R-Stieltjes measure of which belongs to
MELIR: (5))5_g. =1.

The following result contains an important property of the class Ro 4 (IT).

Lemma 3.5 Let F € Ro,q(I14).Then, for each z € T4, the equations R(F(z)) =
R(or(R)) and N (F(z)) = N (or(R)) hold true.

There is a proof of Lemma 3.5, e.g., in [12, Lem. 8.2 and Prop. 8.9]. In the
following, we introduce a variety of further subclasses of R, (I14.). We summarize
basic facts about these subclasses which mostly are characterized by growth
properties on the positive imaginary axis. Within our consideration, essentially we
refer to the representations in [12, Sections 4—8] and [15, Sections 3 and 4]. Let

. 1 .
R,[]_z](l'br) = {F € Ry(I14): lim ( IIF(ly)Hs) = 0}
y—>00 y
and

1 ~
Ry ([y) = {F € Ry(IMy): ITm F (iy)lls(dy) < oo} :

[1,00)

where 1 is used for the Lebesgue measure defined on By 1,00)-

Remark 3.6 ([12, Lem. 5.1 and Remarks 5.2 and 5.3]) Let F e Ry (M) with
Nevanlinna parametrization (ar, B, vr). Then Br = Oyxqy, VF € M;l(R), and

h: R — R defined by h(x) := (x> + 1)/(|x| + 1) belongs to L' (R, Br, vr; R).
Let yr == oaf — sva) and let ur: Br — CI*9 be given by

) x2+1
1r(B) = /B v, (3.4)

Then yr € (Cﬂxq and ur € M%(R). Furthermore, R(ur(R)) = R(vr(R)) and
N(nrR)) = N(r(R)).

We continue to use the notation yr and ur, explained in Remark 3.6. Let
Rt g(Ty) = {F e RUI(ML): yr = OW] . (3.5)

Proposition 3.7 ([12, Propositions 8.8 and 8.9]) The class Ro 4(I11) admits the
representation Ro 4 (Ily) = R_1 ,(I14) N R;(H+).
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Lemma3.8 Let F € Ro,(Ty). Then F e Ry 'N(I1y) and N(ur@®R) =
N(orR)).

Proof From Proposition 3.7 we can infer F € R_; 4(I1). According to (3.5),
then F € RE;”(H.Q. Let zop € II;. We can apply [12, Lem. 8.1] to obtain
N(F(z9)) = N(ur(®R)). Since Lemma 3.5 yields N (F(z0)) = N(or(R)),
consequently A (g (R)) = N (ofF(R)) follows. O

From [12, Prop. 3.7] we know that, for an arbitrary function F' € R,(Il),
the null space of F(z) is independent of the choice of z € I1.. Keeping this in
mind, we consider a special subclass of R_1 4(IT+) which is characterized by the
interrelation between this constant null space and the null space of a prescribed
matrix A € CP*4, Indeed, forall A € CP*4, let

PRUIAY = {F € Ro14(I1): N(A) S N(urR))}, (3.6)

where ur: Br — C9%7 is given by (3.4). Observe that, for each A € CP*4,
the matrix-valued function F: I1y — C?*9 defined by F(z) := 04x4 belongs to
P,;’dd[A] (cf.[15, Example 4.2]). Moreover, if A € CP*? satisfies N'(A) = {0gx1},
then PU[A] = R 4(M) (cf.[15, Rem. 4.1]).

4 Some Facts on Nevanlinna Pairs and their Interrelation
to Matricial Schur Functions

In this section, we state some results on certain pairs of matrix-valued functions
meromorphic in I1;. These special pairs take over the role of the free parameters
within the parametrization of the set of solutions to the matricial power moment
problems. Before we recall the definition of this well-known class of so-called
Nevanlinna pairs, we observe the following well-known fact:

Remark 4.1 The matrix ZI given by

= (Ogxq —il.
Jy=("axa e 4.1
1 ( 1Iq quq> ( )

obviously is a 2¢g x 2¢q signature matrix, i.e., 7; = 7(1 and 73 = Ip4 hold true.
Moreover,

A" = (AN (A0 AL\ (A . e g .
(B) ( Jq)(B)‘(B) <_in O)<B)_1(A B — B*A) =2Im(B*A)

forall A, B € C?*4. In particular, (}4 )*(—fq)(f‘

q q

) = 2Im(A) foreach A € C7*4,
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Definition 4.2 Let ¢ and ¥ be g x g matrix-valued functions meromorphic in I1.
The pair [¢; Y] is called g x g Nevanlinna pair in T1, if there is a discrete subset
D of I14 such that the following three conditions are fulfilled:

(i) ¢ and ¢ are holomorphicin [Ty \ D.

(i) rank ( f‘Z((ﬁ))) = g foreachw € T4 \ D.

(i) (§0)) (=T () € CL7 foreach w € Ty \ D.

We denote the set of all ¢ x g Nevanlinna pairs in IT; by PR, (I1).

Remark 4.3 Remark A.5 shows that condition (ii) of Definition 4.2 equivalently can
be replaced by the following condition (ii’):

(i*) det[y (w) — ip(w)] # 0 forall w € T \ D.

Remark 4.4 Let [¢p; ] € PR,(I1y). For each g x ¢ matrix-valued function
g meromorphic in IT; such that the function detg does not vanish identically,
one can easily see that the pair [¢g; Vg] belongs to PR, (I1y) as well. Two
q % g Nevanlinna pairs [¢1; ¥1] and [¢2; ¥2] in I14 are said to be equivalent if
there exist a ¢ x g matrix-valued function g meromorphic in [Ty and a discrete
subset D of Il such that ¢1, ¥, ¢2, ¥z, and g are holomorphic in IT; \ D and
that det g(w) # 0 as well as ¢ (w) = ¢1(w)g(w) and Yo (w) = ¥ (w)g(w) hold
true for each w € IT4 \ D. Indeed, it is readily checked that this relation defines
an equivalence relation on PR, (I1). For each [¢; ] € PR, (I14), let ([¢; ¥])
denote the equivalence class generated by [¢; ¥ ]. Furthermore, if M is a non-empty

subset of PR, (1), then let (M) = {{[¢; ¥ ]): [¢; ¥] € M].

Remark 4.5 Let o Il — C?*4 be given by yo(w) = I,. Then, for each F €
Ry (I14), the pair [F; o] belongs to PR, (I14).

Now we state a well-known interrelation between the classes PR, (I1;) and
Sq xXq (H+)

Lemma 4.6
(a) For each [¢; ] € PRy(I1}), the function det(yy — ip) does not vanish
identically and
S= +ip)(y —ig)”"!
belongs to Syxq (I ).

(b) For each S € Syxq4(Ily), the pair [¢; ] given by ¢ = i(l; — S) and
Y o= I; + § belongs to PRy(Il}), where the matrix-valued functions ¢
and  are holomorphic in Tl and fulfil, for all w € Il the inequality
det[v (w) — i (w)] # 0 and the equation

S(w) = [¥(w) +i¢ )] [¥ (w) —igw)] ™" .
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(©) Let[¢1; Y11, [¢2; V2l € PRy (T14). Then ([¢1; y11) = ([¢2; ¥21) if and only if
W1 +ig) W1 — i) = (Yo +id2) (Yo — i)~

In view of Remarks A.6 and A.7 as well as Riemann’s theorem on removable
singularities, a detailed proof of Lemma 4.6 is given, e. g., in [33, Lem. 1.7]. Now
we want to study special subclasses of the class PR, (I14).

Notation 4.7 Let M € C9*P. We denote by P[M] the set of all pairs [¢; Y] €
PR, (1) such that Pr ¢ = ¢ is fulfilled.

It should be mentioned that in our generic applications of Notation 4.7 the role
>.e

of the matrix M is taken by the matrix so in a sequence (s j)inz 0 €H 7 o

Example 4.8 Let M € C?9*P. Remark 4.5 shows then that the pair [¢o; Vo] given
by ¢o(w) := 0y xq and Yo(w) := I, forall w e I1; belongs to P[M].

Remark 4.9 Let M € C9*? be such that rank M = g. Then R(M) = C?, Pry) =
I,, and, consequently, P[M] = PR, (I1y).

Lemma 4.10 Let M € C9*P be such that r = rank M fulfils r > 1. Let
ui, us, ..., ur be an orthonormal basis of R(M) and let U = (uy,us, ..., u,).
Then yy: PR, (I14) — P[M] given by

yu ([6: ¥1) = [UGU*; UYU* + P ppye] (4.2)

is well defined and injective.

Proof We are going to apply an idea which was used in the proof of [20, Lem. 13.4].
Obviously, we have

U*U = I, and RWU) =R(M). (4.3)
Proposition A.8 shows that
Plrony = Prran: and Ronyt = Frromi @.4)
hold true. Obviously, the equations
Pry =UU* and P = Iy —UU* (4.5)
are valid. Thus, (4.5) and (4.3) yield

]P)[’R(M)]LU = Oq xr and U*]P)[’R(M)]l = 0r><q- (46)
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Now we consider an arbitrary pair [d) 1//] € PR, (I14). According to Definition 4.2,
we know that ¢ and 1/; are r X r matrix-valued functions meromorphic in I1; and
that there is a discrete subset D of [T such that T4 \ Dc Hz N Hy and that

o (w) a(w) ¢ (w) rXF
K d ? iy cr 47
ran (w( )) oo (w(w)) ( )<w( )) €tz (&)

hold true for all w € IT1 \ D. Then the matrix-valued functions
¢ :=UgU" and V= UYU* + P (4.8)

are meromorphic in 14 and holomorphic in Iy \ D. We consider an arbitrary w €
1, \ D. Then from (4.3), (4.8), (4.7), and Lemma A.16 we get rank(i((ﬁ))) =gq.
Using (4.8), (4.4), (4.3), and (4.6), we conclude

(¥ ()]*¢(w) = U (w)*U*Uw)U* + Pig 4y e U (w)U*
= Uy (w)I*¢(w)U*,

and then

m ([ () T*¢w)) = Im (U (w)]*$(w)U*) = U Im ([ (w)]*$(w)) U*
(4.9)

Because of Remark 4.1, from (4.9) it follows

s\ 7. (W) )\ 7 (B |«
_7 =U|[% )|~ U*. 4.10
(w(uo) ) (ww)) [(w(uo) ( )<w(w>>] 10

Thus, (4.7) yields that the matrix on the left-hand side of (4.10) is non-negative
Hermitian. Consequently, in view of Definition 4.2, the pair [¢; 1] belongs
to PRy(I14). Taking into account (4.3) and (4.8), also we get Praun¢ =
PranUoU* = U¢U* ¢. Thus, from Notation 4.7 we get [¢; V] € P[M]._

It remains to check that the mapplng Yu i I 1n_]ect1ve Let [¢1, 1//1] [¢2, 1//2]
PR, (I14) be such that yy ([$1: #11) = yu (&2; P2)). Then U U* = UgoU* and
Ul/flU + ]P)[R(M)]J_ = UI/fo + Pirpmye are valid. Using (4.3), immediately
¢1 ¢2 and 1//1 1/;2 follow. Consequently, yy is injective. O

Lemma4.11 Let M € C9%P and let r := rank M be such that r > 1. Let
ui, ua, ..., u, be an orthonormal basis of R(M) and let U = (uy,uz, ..., u,).
Further, let [¢; ] € P[M]. According to Notation 4.7 and Definition 4.2, let D be
an arbitrary discrete subset of Tl such that the conditions (i)—(iii) in Definition 4.2
hold true. Then the matrix-valued function B := v — i¢p is meromorphic in I1 and
holomorphic in I1 \ D and fulfils det B(w) # 0 for all w € 1 \ D. Moreover, the
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pair [5; 17/] given by
¢ =U¢B~'U and v o=UvB~'U (4.11)

belongs to PR, (I1;). Furthermore, the following statements are valid:

@iv) a and J are holomorphic in 1 \ D.

(v) rank(g((ﬁ))) =rforallw € T4 \ D.

o (2@ ZFy (8@ ¢ orxr i 0.\ D
(vi) 7w (=J) 7 w) € CJ forallw e TT4 \ D.
(vii) The matrix-valued functions

S :=UgU* and T :=UyU* + P (4.12)
are meromorphic in Tl as well as holomorphic in T14 \ D and fulfil
S(w) =Upw)U* and T(w) = Uy )U* + P (4.13)
as well as
Sw) =p)Bw)I™"  and  T(w) =y w)Bw)]" (4.14)

forall w € T\ D. In particular,

rank (S(w)) =q (4.15)

and

det ([S(w)]*S(w) + [T (w)I*T (w)) = det ([p(w)]*G(w) + [ (w)]* ¥ (w))
(4.16)

hold true for all w € T4 \ D.
(viii) The pair [S; T] belongs to PIM] and fulfils {[S; T1) = ([¢; ¥]).

Proof From [¢; ] € P[M] € PR,(I1;) and Definition 4.2 we see that B is
meromorphicin [Ty and holomorphic in I14 \ D. Consider an arbitrary w € I1\D.
According to Definition 4.2(i), we have then w € Hyg N . Hence,

B(w) = ¢y (w) —i¢(w). (4.17)

From Definition 4.2(ii) we get

Pp(w)\ _
rank (W(W) =gq. (4.18)



Parametrization of the Solution Set of a Matricial Truncated Hamburger. . . 273
In view of Definition 4.2(iii), Remark 4.1 yields
m ([¢ (w)]*p(w)) € CL*. (4.19)
Regarding Notation 4.7, we see
R(¢(w)) € R(M). (4.20)

Taking into account (4.18), (4.19), (4.20), and (4.17), from Lemma A.17 we get that
det B(w) # 0. Since w € I1; \ D is arbitrary and D is a discrete subset of T1,
we consequently can conclude that B~! is a matrix-valued function meromorphic
in IT4 and holomorphic in IT4 \ D. By virtue of Definition 4.2(i), we then see that
the following statement holds true:

(ix) 5 and {5 given by (4.11) are meromorphic in I1; and holomorphicin IT4 \ D.

In particular, (iv) is proved. Furthermore,

d(w) = U*¢w)[Bw)]"'U and ¢ (w) = Uy (w)[Bw)]"'U.  (4.21)

Because of (x) the matrix-valued functions S and T given by (4.12) are meromor-
phic in IT; and holomorphic in IT \ D and both equations in (4.13) hold true. Once
more uging (4.18), (4.19), (4.20), (4.17), (4.21), (4.13), and Lemma A.17, we obtain

rank ( g((ﬁ)) ) = r and

[F )] dw) = (1B ) @l o) (Bwi™'v) @22

aswell as (4.15), (4.16), and (4.14). Since w € I1;\D is arbitrary and D is a discrete
subset of I1,, in particular § = ¢B~ ' and T = B! hold true and (v) and (vii)
are proved. Taking additionally into account [¢; /] € PR, (I1;) and Remark 4.4,
therefore the pair [S; T'] belongs to PR, (I11) and fulfils {[S; T1) = ([¢; ¥]).
Regarding [¢; Y] € P[M], also we get PrnS = PrangB~! = ¢B~!' =
Thus, from Notation 4.7 we see [S; T] € P[M]. Consequently, (viii) is proved. Now
we are going to check that the pair [a ; 1:5] given by (4.11) belongs to PR, (IT+). We
have already observed that (x) and (v) hold true. In view of (4.22) and (4.19), we
conclude

m ([T 3w) = [ (1B 0) i s w) (18w v)]
= (1B ) Im ()" () (1Bw)] ' U) € €2
Since w € I11 \ D is arbitrary, by virtue of Remark 4.1 then (vi) follows. In view

of (x), (v), (vi), and Definition 4.2, we succeeded in proving that the pair [d) 1//]
belongs to PR, (I14). ]
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Now we turn to the main result of this section. It will be used in the proof of
Theorem 9.3 which is one of the central results of this paper.

Proposition 4.12 Let M € C?*P and let r = rank M. Then:

(@) If r =0, then (P[M]) = {{[¢o; Yol)}, where ¢g, Yo: T11 — C?*9 are defined
by ¢po(w) = 0yxq and Yo(w) = I, respectively.

(b) Supposer > 1. Let uy, ua, ..., u, be an orthonormal basis of R(M) and let
U := (uy,uz,...,ur). Then the mapping T'y : (PR, (I14)) — (P[M]) given
by

Ty ({[6: V1) = ([USU*; UYU* + Pigprye]) (4.23)

is well defined and bijective.

Proof For our proof, we use the strategy used in [20, Lem. 13.7] and [28,
Lem. 10.1.4] for an analogous result.

(a) In order to prove part (a), now we suppose that »r = 0. Then M = 0y, and
hence Pr(y) = 0Ogxq. Example 4.8 yields [¢o; Y] € P[M]. In particular,
{{[¢o; ¥ol)} < (P[M]). Let [¢; Y] be an arbitrary g x ¢ Nevanlinna pair
belonging to P[M], i.e., to P[0y p]. Taking into account Notation 4.7 and
PRy = Ogxq. then we have ¢ = Pr¢ = ¢o. Because of Definition 4.2,
there exists a discrete subset D of 1, such that ITy \ D C Hy N Hy
and that rank(¢((ll‘;))) = g for all w € I1; \ D. Hence, Remark 4.3 yields
det[v (w)—ig¢(w)] # O forall w € I[1L\D. Thus, ¢ = ¢o implies det  (w) # 0
for all w € Iy \ D. Setting g = v, then we see that g is a matrix-valued
function meromorphic in ITy with I, \ D € Hy N Hy N Hg such that
$w) = Po(w) = Ogrg = Ogrq - g(w) = po(w)g(w) as well as ¥ (w) =
Iy - ¥ (w) = Yo(w)g(w), and det g(w) = detyr(w) # 0 forall w € I14 \ D.
Remark 4.4 then yields ([¢; ¥]) = ([¢o; Yol). Thus, (P[M]) < {{[¢o; ¥ol)}.
Consequently, (P[M]) = {{[¢0; Y¥o])}. Part (a) is proved.

(b) Suppose r > 1. The proof of part (b) is divided into five parts.

(I) As in the proof of Lemma 4.10 we see that all the equations in (4.3),
(4.4), (4.5), and (4.6) hold true. Lemma 4.10 yields that the mapping
yu: PR,(I14) — P[M] given by (4.2) is well defined and injective.

(IT) Our next goal is to check that Cy(l ¢ w])) is independent of the ch01ce
of the particular representative [¢: w] of the equivalence class ([q& w])
(PR, (I1)). For this reason, we cons1der arbltrary pairs [qﬁl 1,01] [q&z 1,02] €
PR,(I1+) such that ([¢1 wl]) ([¢2 1,02]) In view of Remark 4.4, then
there are an r x r matrix-valued function ¢ meromorphicin I1; and a discrete
subset D of I1; such that $1, 1;1, $2» Jz, and g are holomorphic in I \ D
and that det g(w) # 0 as well as

br(w) =g1(w)g(w)  and  Yo(w) = Y1 (w)g(w) (4.24)
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hold true for all w € T1; \ D. For each Jj € {1,2}, we set
¢;=Uq;U* and ¥ :=Uy;U" + P (4.25)

According to (I), the pairs [¢1; ¥1] and [¢2; ¥2] belong to P[M] and thgs
to PR, (I14). Furthermore, ¢1, V1, ¢2, and v, are holomorphic in IT; \ D.
Obviously, the functioE g = UgU" + P is mergmorphic in [T and
holomorphic in [T \ D. Moreover, for each w € Il \ D, from (4.25), (4.3),
(4.6), (4.24), and once more, (4.25) we get
P1(w)gw) = Up1(w)U* [Ug(w)U* + P ppe]
= U1 (w)U*Ug(w)U* + U (w)U*Piro 1)1 (4.26)

= U1 (w)g(w)U* = Ugp(w)U* = $(w)

and, in view of (4.4), similarly

Yi(w)gw) = [UYi )U* + P ] [VE@U* + P ]
= U1 (w)U*UGw)U* + Uy (W)U Py
~ 2
T Piran Ug)U™ + P 10

T = 2

(4.27)

Now we consider an arbitrary w € ITy \ D. Then detg(w) # 0 and,
consequently, N'(g(w)) = {0yx1}. In order to verify detg(w) # O, it is
sufficient to prove that N'(g(w)) € {0,x1}. We consider an arbitrary x €
N(g(w)). Set y := U*x. Then

(4.28)

Because of (4.3) and (4.6), from (4.28) we conclude
gw)y = UUg(w)y = U Ug(w)y + U Pig L X
= U* [Ug(U))y +]P)[R(M)]L.x] = U* . qul = Or><1,

i.e., y € N(g(w)). Hence, y = 0, . Taking into account (4.28), then also
we obtain P[R(M)]Lx = 0y4x1. Using (4.5), we infer x = UU*x = Uy =
U - 0,x1 = 0yx1. Consequently, N'(g(w)) < {Oyx1}, i.e., detg(w) # O.
Thus, in view of (4.26) and (4.27), we conclude that ([¢1; Y¥1]) = ([¢2; ¥2]).
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(III) Summarizing parts (I) and (II), the mapping 'y is well defined.
(IV) Now we check that the mapping I'y is injective. For this purpose, we consider
arbitrary pairs [¢1; Y11, [¢2; ¥2] € PR, (I14) such that

v (615 ¥11)) = Tu (([d2; ¥21)) - (4.29)

Part (I) of the proof shows that the pairs [¢1; ¥1] and [¢2; ¥2] given by
(4.25) belong to P[M] and thus to PR, (1), whereas (4.23) and (4.29)
imply ([¢1; ¥1]) = ([¢2; ¥2]). According to Remark 4.4, then there are a
¢q X g matrix-valued function g which is meromorphic in I1; and a discrete
subset D of I1 such that ¢1, ¥, ¢2, ¥, and g are holomorphic in 14 \ D

and det g(w) # 0 as well as ¢2(w) = ¢1(w)g(w) and ¥ (w) = 1/f1(w)g(w)
hold true for all w € I1; \ D. By Definition 4.2 there exist discrete subsets D D,
and D2 of T14 such that ¢ 1 and 1//1 are holomorphic in H+ \ D 1 and ¢2 and 1//2
are holomorphicin IT; \ Dy. Let g g = U*gU and let D :=DUD, UDs. ‘Then
g is anr X r matrix-valued function which is meromorphic in T and Di isa
discrete subset of IT; such that ¢1, ¥1, ¢2, Y2, and g as well as ¢1, 1//1, ¢2,
1/;2, and g are holomorphic in [T \D Now consider an arbitrary w € TT1 \D
Then det g(w) # 0 as well as

P2 (w) = p1(w)g(w) and Yo (w) = Yi(w)g(w). (4.30)
Using (4.3), (4.25), (4.30), and, once more, (4.25) and (4.3), we have

$1(w)E(w) = U* U1 (w)U*gw)U = U*¢1(w)g(w)U

- ~ 4.31)
= U'pr(w)U = U U (w)U*U = o (w)

and, in view of (4.6), similarly

Tiw)gw) = U UT1w)U*gw)U = U* [$1(w) — P ] §)U
= Uy (w)g()U — U*Pirnyi 8 W)U = Uy (w)U

= U* [UVn(w)U* + Pl ] U = ¥2(w) + U*Pipun e U = Y (w).
(4.32)

We consider an arbitrary y € N'(g(w)). Setting x := Uy, we get
Utg(w)x = Urg(w)Uy = g(w)y = 0,x1. (4.33)
Because of (4.25), (4.6), and (4.4), for each j € {1, 2}, we conclude

Pirant Vi (W) = Piran [UV; U™ + P ]

i 2
(4.34)
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V)

Taking into account (4.34), (4.30), once more (4.34), and (4.5), we get

Prronit = Prranit v2(w) = Prran i v1(w)g(w)

=Piranew) = (I, —UU"g(w) = g(w) — UU"g(w).
(4.35)

Since (4.6) implies ]P’[R(M)]Lx = ]P)[R(M)]J_ Uy = Ogxr -y = 04x1, from
(4.35) we infer g(w)x = ]P’[R(M)]Lx + UU*g(w)x = UU*g(w)x and, in
view of (4.33), consequently, g(w)x = 0;x1. By virtue of det g(w) # 0, then
x = 0Oyx1 follows. Thus, using (4.3), we see that y = U*Uy = U*x =
U* - 0yx1 = 0yx1 is valid. Hence, N(g(w)) C {0,x1}. Therefore, det g(w) #
0 holds true. Summarizing the last inequality, (4.31) and (4.32), we get that
([51; {/71]) = ([52; {/72]) is valid. Consequently, the mapping I'y is injective.
Now we are going to verify that the mapping Iy is surjective. For this reason,
we consider an arbitrary pair [¢; Y] € P[M]. Let D be a discrete subset of I
such that the conditions (i)—(iii) of Definition 4.2 are fulfilled. We are looking
for a pair [¢; ] € PR, (1) such that Ty (([$: ¥'1) = ([¢; ¥]). According
to Lemma 4.11, the pair (¢; V] given by (4.11) belongs to PR, (I1), the pair
[S; T] defined by (4.12) belongs to P[M], and ([S; T]) = ([¢; ¥]) holds true.
Taking into account (4.12), part (IIT) of the proof of part (b), and (4.23), then
we conclude that Ty (([¢; ¥1) = ([S; T1). Consequently, [y (([¢: ¥])) =
([¢; ¥]) follows. Thus, the mapping ['y is surjective.

O

5 Some Observations on Block Hankel Matrices

In this section, we present some useful identities concerning block Hankel matrices.
This material is mostly taken from [10]. We continue to use the notation introduced
in Sect. 2. In the following, we are going to state a particular parametrization of
special sequences of complex matrices. Therefore, for a given k € Ny U {oo}, we
need particular Schur complements of the matrices formed by a given sequence

(s;)5

_o of complex p x g matrices. For this reason and our further consideration, it

seems to be useful to introduce some further notation.
Let « € NoU {00} and let (s j)jzo be a sequence of complex p x g matrices. For
every choice of integers m and » fulfilling 0 <m <n <k, let

Yman =] - and Zmon = Smys -y Sp)-
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Let
®O = Opxq and ®n = Zn,2n—1H,;r_1yn,2n71 (51)

for each n € N such that 2n — 1 < k. During our consideration, for each n € Ny
fulfilling 2n < k, the Schur complement

L, =53 — Oy

will be of essential importance. For all n € Ny fulfilling 2n + 1 < «, we also
introduce the block Hankel matrix K, = (s j+k+1);'. «—o- For every choice of k € N
fulfilling 2k — 1 < k, we set

Sk = 2k k-1 Hy Kkt Hy Yk 2k—1.
For each k € N fulfilling 2k < «, let
My = zk -1 H | iy1,2k and Ny = zir1,26HY |k 2k—1.
Let
Ao = 0pxg and A = My + Ny — 3% (5.2)

for all k € N fulfilling 2k < «

Now we turn our attention to sequences of complex g x g matrices which are
introduced in Sect.2 and which are defined by certain properties of block Hankel
matrices built from the given sequence.

Remark 5.1 Let k € Ng U {oo} and let (sj);":() € H;ZK.
of the set H- ,, and (2.1) we see that s7 =sj foreach j € Zoc and sy € cL

forall k € Zo .

Then from the definition

Remark 5.2 Let k € Ny U {oo} and let (sj)§=o be a sequence of complex
g x q matrices. It is easy to see that (s j)§=0 € 7—[%’,? is valid if and only if
(s j)];:o € H{if holds true for each k € Z .

Definition 5.3 ([10, Def. 2.2]) Let n € Nj. A sequence (s j)§1 0 € Hj ,, is called
completely degenerate if L, = 04x,. We will write 7-[,5203 for the set of all
completely degenerate sequences (s j)ﬁ’; 0-

Remark 5.4 ([10, Cor. 2.14]) 7—[;’203 - 7—[;;’" for all n € Ny.

The parameters which will be introduced in the following definition play a key
role in a detailed analysis of block Hankel matrices as well as in our following
consideration.
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Definition 5.5 Let k € Np U {oo} and let (s /')§=0 be a sequence of complex
p x g matrices. For each k € Ny fulfilling 2k < «, let hox = s2r — Ok, where O is
givenin (5.1), and, for each k € Ny fulfilling 2k + 1 < k, let hog+1 == sok+1 — A,
where Ay is given by (5.2). Then (b j)'](‘:o is called the sequence of H-parameters
of (s j)lj(‘:o-

. . . Z >
Now we recall characterizations of sequences belonging to H 7.2n° Hq’bl, and

>,cd

7.om respectively, by their sequences of H-parameters.

Proposition 5.6 ([10, Prop. 2.30]) Let n € Ny and let (s j);": o be a sequence of

complex g x q matrices with sequence of H-parameters (b j)ﬁ": o- Then:

(a) The sequence (s/~)§":0 belongs to ’Hizn if and only if the following three
conditions are fulfilled:

(i) box € CL forall k € Zo, .
(i) Ifn > 1, then both b}, | = box—1 as well as R(ha—1) S R(bak—2) hold
true for all k € 7 ,.
(ii1) Ifn > 2, then R(hax) S R(bok—2) for all k € Zy 1.

(b) The sequence (sj)i": o belongs to 7—[;2" if and only if the following two
conditions are fulfilled:

(iv) bk € CL for all k € Zy .
(V) Ifn > 1, thenb}, | = b1 forallk € Zy,.

(c) The sequence (s/')?;o belongs to 7—[5203 if and only if all the conditions (i)—(iii)
as well as hop = Oy x4 are fulfilled.

Observe that, in view of both the definition of the set ’H,;oo as well as
Proposition 5.6(a), the class H; oo can be characterized using H-parameters as
well. We omit the details. Now we characterize R-non-negative definite extendable
sequences of complex g x g matrices by their sequences of H-parameters.

Proposition 5.7 ([10, Prop. 2.30(c)]) Let k € N U {oo} and let (s;)5_, be a
sequence of complex q x q matrices with sequence of H-parameters (b ;) =0 Then
(Sj)’;=0 belongs to ’H;,f if and only if the following three conditions are fulfilled:

(vi) box € CL* for all k € Ny fulfilling 2k < k.
(vii) Ifk > 1, then bﬁkfl = hok—1 as well as R(hak—1) € R(hok—2) hold true for
all k € N fulfilling 2k — 1 < k.
(viii) Ifk > 2, then R(b2x) € R(H2k—2) for all k € N such that 2k < k.
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6 A Schur Type Algorithm for Sequences of Complex
p X q Matrices

In this section, we recall some essential facts and prove some special technical
results on a Schur type algorithm for sequences of complex p x g matrices which
was introduced in [4] and discussed in detail in an alternative setting in [13]. The
elementary step of this algorithm is based on the use of a certain reciprocal sequence
of a finite or infinite sequence of complex p x g matrices. This notion plays a key
role for our consideration in this section. For this reason, first we recall the definition
of the reciprocal sequence.

Let « € Ny U {00} and let (s j)’;:o be a sequence of complex p x g matrices.
Then the sequence (sg)’]?:() of complex g x p matrices given by sg = s(‘)Ir and, for
all k € Z ., recursively by

"= sy Zsk ,s], 6.1)

is called the reciprocal sequence corresponding to (s j)’;=0- A detailed discussion of
reciprocal sequences is given in [14]. Here first we explain the elementary step of
the Schur type algorithm under consideration. Let k € Zj ~ U {oo} and let (s /');:0

be a sequence of complex p X g matrices with reciprocal sequence (s];)’;:(). Then

the sequence (s( )) o defined, for all j € Zg -2, by

1
; ¥ _505?4_250 (6.2)

is said to be the first Schur transform of (Sj)’;=0.

Remark 6.1 ([13, Rem. 8.2]) Letk € Zp » U {oo} and let (s/ )’]?:0 be a sequence of
complex p x g matrices with first Schur transform (s(l)) . Then from (6.2) and

(6.1) it is obvious that, for all m € Z, ,, the sequence (s(l))m ~2 is the first Schur
transform of (s ]) ? o

As considered in [13, Def. 9.1] already, the repeated application of the first Schur
transform in a natural way generates a corresponding algorithm for (finite or infinite)
sequences of complex p x g matrices:

Remark 6.2 Let k € Ny U {oo} and let (Sj)K. be a sequence of complex

p x g matrices. Then the sequence (s; =0 given by s]( ) =5 jforall j € Zo,

is called the Oth Schur transform of (s;)%_,. If k > 2, then the kth Schur transform
is defined recursively: For all £ € N fulfilling 2k < «, the first Schur transform

(s (k))'( 2k f( (e 1))K 2=1) §s called the kth Schur transform of (sj)/ —o

© ))x
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One of the central properties of the just introduced Schur type algorithm is that
it preserves the R-non-negative definite extendability of sequences of matrices.

Proposition 6.3 ([13, Propositions 9.4 and 9.5]) Letr k € Nog U {oo}, let (s j)K_O €
Hq ««» and let k € Ny fulfilling 2k < «. Then the kth Schur transform (s(k))K 2k of
(s])j:0 belongs to Hq,l(—zk'

The Schur type algorithm considered in [13] is an essential tool for the

parametrization of the solution set of Problem MP[R; (s ]) "_o» =1 given in [15].

In order to discuss Problem MP[R; (s ])3": o» <] in a similar manner, we need
some further results concerning this Schur type algorithm. We start with a slight
modification of [13, Prop. 8.23].

Lemma 6.4 Let k € Zy o and let (s j)" be a sequence of complex p X q matri-

(1)

ces. Then sy = 505, (s2 — 518, Sl)So so and, in the case k > 3, forall j € 7 -2,

moreover,
j—1
(n + (1)
§; = S08) (Sj+2 — 8j+15¢ sl)so S0 — E Sj ZSO
1=0

Lemma 6.5 Let m € Zjoo. Further, let (sj)7_, and (1)} be sequences of

complex p x q matrices such thatsj =t; forall j € Zom—1. Then s,(nl) 5 — (112 =

sos(;r(sm — tm)sarso and, in the case m > 3, for each j € Zgom,—3, moreover
PO

i

Proof First suppose m > 3. From Remark 6.1 we see immediately that sV = tj(.l)
holds true for all j € Zgp,—3. Hence, applying Lemma 6.4, a straightforward

calculation yields s(l) — tr(nliz = 508, (sm tm)s(;r so. If m = 2, then from
Lemma 6.4 1mmedlately we conclude s(l) (()1) = 505 (sz — tz)so 50. O
Lemma 6.6 Let m € Zj . Let (s ]) o and (t] o be sequences of Hermitian

complex q x q matrices such that s; = t; for all ] e Zo,m—1 and that ty, < Sp.
Then (s(.l))* = sﬁ.l) and (t(l))* = (1) forall j € Zom—2 and t(l) S,(,,liz-
Moreover, if m > 3, then t(l) (.1)f0r all j € Zo m—3.

Proof Using (6.2) and [14, Cor. 5.17], we get

Dy _ g * ko BNk N f (1)
(Sj )= (_505j+250) = =S (Sj+2) So = _SO(Sj-i-Z) S0 = —505;,,50 = 5

and, analogously, (t(l))* = (1) forall j € Zo m—2. Lemma 6.5 yields the equation

r(nl)Z (1) = 508, (sm — tm)so so and, in the case m > 3, moreover s( ) =

()for all J € Zom-3. We have (sosg)* = (sg)*sg = (s)Fsg = sg 0. Thus



282 B. Fritzsche et al.
n(j) ) — (1) L= (soso Y(sm — tm)(sosa“)* and, because of the assumption #,, < s,
then tr(nzZ < n(112 follows. O
Definition 6.7 ([13, Def. 10.1]) Let « € Ny U {oo}, let (¢; ’](‘=0 be a sequence

of complex p x g matrices, and let A and B be complex p x g matrices. Define
( LAB) . 4, t( LAB) . AATBATA, and recursively, for each m € Z 42,

moreover
m—2
A = N AA g AT aat AT D)
Jj=0
(=1,A,B) K+2 ,
Then the sequence (¢; ) is called the first inverse Schur transform

corresponding to [(t;)% =0’ A, B ]

It should be mentioned that in our generic application of the construction
introduced in Definition 6.7 the role of the matrices A and B is played by the

matrices so and s; which are taken from a sequence (s j) —o € ’Hq o

Lemma 6.8 Let m € Ny, let (s]) "o and (tj o be sequences of complex
p X q matrices which, in the case m > 1, fulfil s] = tj forall j € Zom-1.

Furthermore, let A, B € CP*4. Then s;_l’A’B) = t/(._l’A’B) for each j € Zom+1
and

1,A,B 1,A,B
;51+2 ' ;§1+2 )= AAT (s — tm) AT A. (6.3)
Proof First we consider the case m = 0. Then S(()*LA’B) — A = t(()*l,AyB)
and sf_l’A’B) = AATBATA = (_1’A’B) Now we assume m > 1. Then
(—1.A.B)

from [13, Rem. 10.2] we know that S; = A holds true for all

J € Zoy m+1. Consequently, taking into account Definition 6.7, a straightforward
(—=1,A,B) _ ( 1,A,B) —1,A,B)

2 lyis = AAts, AJr —
AA 1, AP = AAT (5, — 1) AT A hold true. O

calculation yields that the equations s

Lemma 6.9 Let m € Ny, let (s/) o and (t/ o be sequences of Hermitian
complex q X q matrices such that t, 5 Sm and, in the casem > 1, suchthatsj = t;
is valid for all j € Zo m—1. Further, let A, B € (quq For each j € Zo m+2, then

s;_l’A’B) nd t( L.4.B) belong to (Cq ? as well. Moreover, s]( LA — ](._1’A’B)

forall j € Zom+1 andt( 1 A.B) < s( LAB) hold true.

m+2
Proof From [13, Lem. 10.5] we know that (s( lAB))* = ](71’A’B) and
(t( 1.4, B))* = BB gor all J € Zom+2- Lemma 6.8 provides AR

/ J
](. LAB) for each j € Zomy1 as well as (6.3). Since (AAT)* = (AT)*A* =
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(A*)TA* = ATA is valid, consequently, the assumption t, < s, yields

(~1,A,B) _ _(~1,A,B)

tm+2 = St . o
In [13, Sec. 9] and [28, Sec. 2.2], for certain classes of sequences of complex

matrices, interrelations between sequences of H-parameters and Schur transforms

are worked out (see [13, Theorems 9.14 and 9.15] and [28, Satz 2.2.70 and

Folgerung 2.2.71]). In the particular case of R-non-negative definite extendable
sequences of complex g x g matrices, this connection can be simplified:

Theorem 6.10 ([13, Thm. 9.15]) Let « € Ny U {oo} and let (sj-)’;.:0 € ’qu,’,f’
with sequence of H-parameters (hj)". . For each k € Ny such that 2k < «, let
(s (k))K 2k be the kth Schur transform of (s)%—o- Then o = s, ®) forall k € Ny
such that 2k < k and ok =5, )for allk Nofulﬁllmg 2k +1 <«.

Note that Theorem 6.10 is of great importance within our consideration.

Proposition 6.11 Ler n € Ny and let (s])2"0 € H>S with sequence of

q, 2n
‘H-parameters (f)/) 2n 2o and nth Schur transform (s( )) . Then by, = S(g") nd
the following statements hold true:

(a) (s/) 2n —0 € H>
() (s))3 € H,

if and only ifranks(n) =gq.
tfand only tfranks(() " — 0.

q2n

q2n

Proof From Theorem 6.10 we know that fh, = s(gn) holds true. Furthermore,
Proposition 5.7 shows that hy; € (Cixq for all k € Zp, and that, in the case
n > 1, moreover, b}, | = ha—1 and R(hax—1) € R(hk—2) as well as R(ha)
R(H2x—2) hold true for all k € Zy .

(a) If (s j)a": o belongs to 7{;’2", then by, € CZ*7 follows from Proposition 5.6(b)

which implies rank s(()”) = rank b, = ¢. Conversely, suppose rank s(()”) =gq.
Hence, g = rank by, < rankbhy,—» < --- < rank o and, consequently, ho €
C2* for all k € Zg.,. Thus, from Proposition 5.6(b), we obtain (s j)ﬁ’; o €

>
q.2n"

(b) If (s j)2" belongs to H_ 203 , then by, = s(()") and Proposition 5.6(c) provide
ranks(n) = 0. Conversely, suppose that rank by, = ranks(n) 0. From
Proposition 5.6(c) we conclude that (s j)2 belongs to H> 7 2n

O

7 Special Matrix Polynomials

In this section, we discuss special matrix polynomials, which have been used, e. g.,
in [4, formula (4.13)] and [15, Appendix C] already. Such matrix polynomials
will be used for the description of the solution set R 4[ITy; (sj)inz 0 <] of
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Problem R[I14; (s j)i’; o» <] which was recognized as an equivalent reformulation

of the Hamburger moment problem MP[R; (s j)ﬁ’; o <]. More precisely, these
matrix polynomials act as generating matrix-valued functions of the linear fractional
transformations which establish the description of the set Ro 4 [IT; (s j)%’l: o <1

Notation 7.1 Let A,B € CP*4, Then let Wy p: C — C@P+Ox(+d) apd
Va.p: C — CP+0*(P+a) be defined by

We set Wy = WA,Oqu and V4 = VA,OM (see also [4, Ch. 4]).

Remark 7.2 ([15, Rem. C.1]) Let A, B € CP*4. Then easily one can see that
Wa.p and V4 p given in Notation 7.1 are matrix polynomials and, in particular,
holomorphic in C. Moreover, for all z € C, we have

Va.B(2)Wa, p(z) = diag (AAT, AT [A — B, — ATA)]| +z(, — AT A)),

AAT  BA*A— AA*B
Wi 3@Va s = | 552242808 2 ,
4.82)Va.5(2) (ow ATA+ (1, - A+A)>

and, in particular,
Va(@)Wa(z) = diag (AAT, ATA + z(I; — AT A)) = Wa(2)Va(2).
Lemma 7.3 Let A € (C%Xq and let P := Pra). For all z € C, then the equations
Va(2)Wa(2) = diag (P, P + z(I; — P)) = Wa(2)Va(2), (7.2)
(VAT (=T Va(z) = [diag(P, I)]" (= 1J,) - diag(P, Iy)
+2Im(z) - diag(Ogxq, A),
and

[Wa@)T* (—T)Wa(2)
= [diag (P + z(Iy — P), 1,)]" (= Jy) - diag (P + z(I, — P), I)
—21Im(z) - diag(A™, 0yxq)

hold true, where the matrix J~q is given by (4.1).
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Proof In view of A* = A we see from Remark A.13 that P = AAT and P =
AT A. Equation (7.2) then immediately follows from Remark 7.2. By virtue of the
assumption A* = A, we have (A")* = (A*)T = A™. From Proposition A.8 we
know P2 = P. Thus, we get

L _ quq A+ iA+ iZIq
[Va(@)]" (—=Jg)Va(z) = (—A zlq) <0qxq iA

—iAAT —i(z —2)A
= [diag(P, Ip)]" (=Jy) - diag(P, I,) +21Im(z) - diag(0, g, A)

for all z € C. Analogously, additionally using AATA = A, for every choice of
z € C, also we have

~ I _A+ _.A+.I—A+A
[(WA@1* (—J)Wa(z) = “la ( 1A™ 1(]q ))

A I, —Aat | \Cizly HATT

_ i(z—2AT  iP+iz(ly — P)
—iz(ly — P) —iP 0gxq

= [diag (P + z(Iy — P), Iy)]" (—Jy) - diag (P + z(I; — P), 1)
—21Im(z) - diag(A™, Oyxq)-

O

For the following notation, we use Notation 7.1 and the definitions given in
Remark 6.2 in order to introduce matrix polynomials which also have been used
in [15, Sec. 11] already.

Notation 7.4 (see [15, p. 267]) Letk € No U {oo} and let (sj)’/‘.:0 be a sequence of

complex p x g matrices. For all m € Ny such that 2m < «, let (s(.m))’f;(z)m be the
mth Schur transform of (s /')7=0" In view of Notation 7.1, for all n € Ny fulfilling
2n <k, let

n Vo, ifn=0
GG — | o (7.3)

. _ _ 1 >
VS(()())’SEO) Vs(()l),sl(” VS(()n 1>’Sl(n l)‘/s(()n), ifn>1

and, for all n € Ny fulfilling 2n + 1 < «, let

2n+1

((s)520 )
P=0 7 = VS(()) RO VS<1) RURES Vs(m ROF (7.4)
0 51 S0 Si 0 51



286 B. Fritzsche et al.

Furthermore, for all m € Zg , let

((5))g)
g0 = ( v, 0) (1.5)
Lk=1

be the block representation of 0 6)j=0) with g X g block v (( R _0).

Now we consider matrix polynomials which are used in [15, p. 268] already.

Notation 7.5 Let k € Ny U {oo} and let (s j)K'—o be a sequence of complex

p x g matrices. For all m € Ny such that 2m < «, let (s(m))']‘ 2™ be the mth Schur
transform of (s )’]‘:0. In view of Notation 7.1, for all n € Ny fulﬁlhng 2n <k, let

Qﬂ((sl")?;()) = S(() " (7.6)
S(()n) s(()n 1),sl(n 1) s(()l)’sl(l) s(()())’sl(()), ifn 1

and, for all n € Ny fulfilling 2n + 1 < «, let

)2n+l

((s;
23 = Ws(m NOREE Wsa) s Ws(m NOP 7.7)
0 51 0 51 0 51

Recall that, for each subspace U/ of C?, the notation P, refers to the orthopro-
jection matrix onto Y. Let k € Ny U {oo} and let (s j)',('zo € qu,’,f with sequence of
‘H-parameters (h j)jz()' For each n € Ny such that 2n < «, let

Po1=1;, Py = PR(hzl) foreach! € Zoy,, and Py yy1 = 0yxq. (7.8)

Lemma 7.6 Let k € N U {oo} and let (sj);:O € H,?,f For each n € Ny such that
2l 2+l

2n + 1 < «, then the matrix-valued functions B D=0 gng 25(6i=0) given by

Notations 7.4 and 7.5, respectively, fulfil, for all z € C, the equation

n+1
Qn((w) )(Z)Q}((Vj) =0 )(Z) = dlag ( n,n» ZZ (Pn n—k — n n— k+1)) (79)

where, for eachl € Z_1 n41, the matrix P, | is given by (7.8).

Proof From Theorem 6.10 we obtain

!
bo = S(()) and  Boq1 = S{

D foralll € No with2/ + 1 < &. (7.10)
By virtue of Proposition 5.7 we infer

b5 =b; forall j € Zo . (7.11)
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Thus, Remark A.2 yields
b;fhj = hjb;“ forall j € Zg . (7.12)
In view of (7.8) and Remark A.13 we have
Py = UZZUZF; for all n € No with 2n < x and all ] € Zo ,. (7.13)

Proposition 5.7 shows furthermore R (h2;+1) € R(hy) foralll € Ng with2/ + 1 <
k. Using (7.11) and Remark A.12, then N (h2;) € N (hoy+1) follows for all [ € Ny
with 2] + 1 < k. Hence, the application of Lemma A.14 yields

baih3 b1 = bag1 and borg1h3hor = o forall I € No with 27 + 1 < «.
(7.14)

Consider an arbitrary z € C. In view of (7.7), (7.4), (7.10), Remark 7.2, (7.14),
(7.12), (7.13), and (7.8), then we have

N sl
QH((SJ)]:())(Z)Q}((W)/:O) (z) = Ws(()O),sl(O) () Vs(()o),sl(o) (2) = Wyo,5,(2) Vo5, (2)

bobg  bibg ho — bobg b . I +
= = diag (hoby , hoby + z(I; — hoby)
Ogq b B0 + 21 — b o) (bobs’»bob +2(1a = boby)

0+1
= diag (Po,o, ZZk(PO,Ofk - Po,0k+1)> .
k=0

In particular, the assertion is proved in the case ¥k < 2. Now assume « > 3. Then
we have already shown that there is an m € N fulfilling 2m 4+ 1 < « such that
(7.9) holds true for each n € Zy_,,—1. We are going to prove that (7.9) is true in the
case n = m as well. Proposition 5.7 shows R(h2x) € R(hak—2) for all k € N with
2k < k. In particular, R(h2,) € R(hy) foralll € Zp y—1. In view of (7.11), we
furthermore obtain R(f);rm) = R(b;m) = R(H2m). Taking additionally into account
(7.8), we hence can infer

Py_1192m = by foreachl € Z_1 1 and  Py_1 mbom = Oq><q- (7.15)

as well as Pm—l,lf);rm = [);rm foralll € Z_1 -1 and Pm_l,mf);rm = Oyxq4. Thus, we
have

[Z K Pt m1k — Pm_l,m_w] 03 = D3 (7.16)

k=0
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From (7.15) we conclude

Prn—1,m=1(=b2m) = —bom. (7.17)
Due to (7.16), we have

|:Z Zk(Pm—l,m—l—k - Pm—l,m—k):| (Zlq - b;thm-H)

k=0

m
= [Z N Ptk — Pml,mk):| — b3 homt- (7.18)

k=0
Combining (7.16), (7.17), and (7.18) then yields

d1ag< m—1,m— hZZ (Pn—1m—1-k — Pml,mk))

k=0

quq _h2m
S T . (1.19)
hzm [Zk:OZ (Pn—1,m—1-k — Pm—1,m—-1)] — bzm Bom+1
In view of (7.14), we get

(2lg = D2m+13,) (=b2m) = =202 +b2m 1153, 02m = —2b2m +b2m+1. (7.20)

By virtue of (7.8) and Proposition A.8 we have P* = = Py foralll e Z_y p.
Taking additionally into account (7.11), we can 1nfer from (7.15) then hoyy Pp—1,1 =
bom foralll € Z_y ;1 and b2y Py—1,m = Oy 4. Consequently, we obtain

m

bam ZZk+1(Pm*1,m*17k — Pn—1,m—k) = zhom. (7.21)
k=0

From (7.21) and (7.14) we get

m
m <|:Z ZkJrl(mel,mflfk - Pml,mk)] - h;thWH»l) = Zth - h2m+1-

k=0
(7.22)
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Moreover, the combination of (7.12), (7.13), and (7.8) provides

_h;m(_hZWt) = thh;_m = Pm,m = Lfmm — Pm,m+1 (7.23)

0
=z (Pm,m—O - Pm,m—0+1)-

By virtue of (7.8) we see Py_1; = Py foralll € Z_1,—1. Consequently,
additionally using (7.21), (7.11), (7.8), and (7.13), then

(Iq - h;rmbbn) <|:Z Zk—H(mel,mflfk - Pml,mk):| - h;rthWH»l)

k=0

k1
M (Pt m—1—k — Pu—t.m—k) — 2b3,,b2m

I
IM:

m+1
= 2 (Py—tm—j — Pu—tm—j+1) — 2hombh3, (7.24)
Jj=1
m+1
= ZPm,m—l + Z z/ (Pm,m—j - Pm,m—j+1) - ZPm,m—1+1
Jj=2
m+1
k
= Z < (Pm,m—k - Pm,m—k+1)
k=1

is true. Using (7.13), (7.20), (7.22), (7.23), and (7.24) delivers

Zlq - b2m+1h;m BHom

quq —bom
0 T
h;rm [ZZL() Zk—H(mel,mflfk = Pn—1,m—i)] — h;rthWH»l

m+1
= dlag (Pm,mv Z Zk(Pm,mfk - Pm,mk+1)) . (7.25)
k=0
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Finally, due to (7.7), (7.4), (7.10), Notation 7.1, (7.9) with n = m — 1 as well as
(7.19) and (7.25), then

W DT () 6D (4
. \2m—1 . \2m—1
=W S(m)(Z)‘m((A’)f:“ () im0 )(Z)Vs(m s (2)
0 1 0 °°1

\2m—1 A2m—1
= Wha oy @20 120 ()0 120 () Vg, 00 (2)

. Zlq - th-Hb;_m Ham
_h;rm Iq - b;mrnm
m
x diag (Pm—l,m—l, sz(Pm—l,m—l—k - Pm—l,m—k))
k=0

quq _b2m
s (T
b3, 2lg — b3, b2mt1

m+1
= diag (Pm,m, Z Pk — Pm,mk+1)) )

k=0
which proves (7.9) in the case n = m. Consequently, the assertion is checked
inductively. O

In order to prove a result analogous to Lemma 7.6, where an odd number of data
is given, in the case of an odd number of prescribed data, we recall the following:

Remark 7.7 Let n € Ny and let (s j)?l: o € ’H,izen Furthermore, let so,41 =
A, where A, is given by (5.2). Regarding Definition 5.5, Proposition 5.7, and

A\2n
Theorem 6.10 one can check that (s j)i": *61 € 7—[3 ’fn 41 and the equations oy(G)j=0) —

L \2n+1 L \2n . \2n+1
5(¢5=0") and 7' 7=0) = 9(“i=0) hold true.
Lemma 7.8 Let x € Ng U {00} and let (Sj)’j(.:0 € ’H%’Ke. For each n € Ny such

)2n \2n
that 2n < k, then the matrix-valued functions P20 gng gptt0i=0) defined by
Notations 7.4 and 7.5, respectively, fulfil, for all z € C, the equation

A\2n A\2n ntl
2720 ()0 =) (2) = diag (P wns O Pank = Punii) |, (7.26)
k=0

where, for eachl € Z_1 p41, the matrix P, | is given by (7.8).

Proof Use Remark 7.7 and Lemma 7.6. O
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8 An Essential Step to a Parametrization of the Solution Set
Ro,q[M; (s J-)i.": 00 =1 of the Truncated Matricial
Hamburger Moment Problem

In this section, we state some results which lead to a parametrization of the solution
set of the truncated matricial Hamburger moment problem MP[R; (s /)2_0, <],
where the parameters still depend on the given data. This parametrlzatlon is done
by using a further special algorithm of Schur type. While doing so, we mainly refer
to the representations given in [13, 15]. Moreover, we draw the reader’s attention to
Theorems 2.2 and 2.4 as well as the reformulation of Problem MP[R; (s ,) o <]
in Remark 3.4. In particular, we are going to use the results stated in Sect. 6.

Notation 8.1 ([15, Sec. 8]) Let G be a non-empty subset of C, let F: G — CP*4
be a matrix-valued function, and let A and B be complex p x g matrices. Then let
FHAB) . G  CP*4 and F(TAB): G — CP*4 be defined by F(F4:-8) () =
—A(zly +[F(2)]TA)+ B and F 748 (z) := —A(zl, + AT[F (z) — B])™, respec-
tively. The functions F(+4-8) and F(=34-8) are called the (A, B)-Schur transform
of F and the inverse (A, B)-Schur transform of F, respectively. Abbreviating, we

set F(+§A) = F(+;As0p><q) and F(_;A) = F(_;Asopxq).
Proposition 8.2 Letn € N, let (s ,)2"0 € }an, and let F€R 4[T; (s./)ﬁi 00 <I.
Then F (051 ¢ Ro,q[T1; (s(l))z(" 1) <], where (s(l))z(n D'is the first Schur

transform of (s; )" 0

Proof Since (s/)2" belongs to 7{22", from Remark 5.1 we know that s}f = s; for
all j € Zo,2,. Since F belongs to Ro 4 [I14; (s,) o> <1, the R-Stieltjes measure
or of F belongs to /\/lq [R; (SJ)/ 70> <I. In particular, oF € J\/l> 2,Z(JR). Setting

tj = fR x/ap(dx) for each j € Zg ,, then Remark 2.1 yields t;‘ =t;jforall j €

Zo,2n, and we have t; = s; forall j € Zo2,—1 and tp, < s2,,. Lemma 6.6 provides

) (1) n _
by = 5,

Since of belongs to M" [R; (t])z_o, =], Theorem 2.5 prov1des (t]) “o € Hq on
and the definition of the set Ro 4 [I1; (¢; ) Lo =] given in Remark 3.4 shows that F'
belongs to Ro,¢[I14; (t])z_o, =]. Thus, from [15, Thm. 9.7] we obtain F(+50:51) ¢
Roq[My; (#”)M D =]. Thus, F(Hs050 ¢ R, [T1,; (s(“)z(" D <] follows.

O

Definition 8.3 (cf. [14, Def. 4.3]) Let« € Ng U {oco} and let (s;)*_, be a sequence
j_
of complex p x g matrices. Then one says that (s j)jzo is first term dominated, if

Uj=o R(sj) S R(s0) and N(sp) S (=9 N (s;) are fulfilled. The set of all first
term dominated sequences (s j)',('zo of complex p x g matrices will be denoted by

) and, in the case n > 2, moreover, t (1) forall j € Zp24—3.

Dpxgi-
Proposition 8.4 ([13, Prop. 4.24]) 7{> ple Dyxq.x forall k € Ny U {c0}.
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Proposition8.5 Let n € N, let (sj)zn0 € Hq on N Dgxg.on, and let G €
RoqglMy; (s(l))2(n D <), Then G=505D belongs to Ro,q[TLi; ()%, <

Proof Since (s j) o belongs to H> . ,Remark 5.1 shows that

q.2n°
S (C‘éxq forall k € Zy,,, and s;‘ =s; forall j € Zo2n. (8.1)
Since G belongs to Ro,4[I14; (s(l))z(” b , <], we get that G € Ro4(I14) and

that the R-Stieltjes measure og of G belongs to /\/lq [R; (s (1))2(" 1), <] and, in
particular, to Mz ,2n—2(R) In view of Remark 2.1, foreach j € Zo,gn,z, the matrix

tj = [px/oG(dx) is Hermitian. Then oG belongs to MZL[R; (tj)ﬁ';gz, =] and,
moreover,
ton_n < s'V d =50 hjeZ 8.2
m-2 = 85, o an tj =s; foreach j € Zo2n-3. (8.2)

Because of M‘é[R; (tj)?;?)z, =] # @, Theorem 2.5 yields (t/)zn 2 ¢ 'H,q 2
Setting

rj = tj(.fl’so’”) forall j € Zo 2n, (8.3)

from (8.1) and [13, Cor. 10.8] we conclude (r;)*", € H 5 . If n > 2, then, for
every choice of j € Zg 2,3, from (8.2) and (6.2) we have

R(1j) = R(s\") = R(=s505%,50) € R(50) (8.4)
and
N (s0) € N (=087 ,550) = N(s§") = N (1)). (8.5)

From (t/)z" 2 ¢ ’H,q »n_o and Remarks 2.3 and 5.1 we obtain tp,» € (C‘éxq. Thus,
together with (8.2) it follows 0y x4 < t2,—2 < S;n)—Z which, in view of Remark A.1,

implies R(t2,_2) € R(s2n ,) and N (sgl)_z) C N (t2n—2). Therefore, (6.2) yields

R(tan—2) € R(—SosgnSo) C R(s0) and N (so) S J\/(—SosgnSO) C N(tan-2).
(8.6)

Using (8.3), (8.4), (8.5), (8.6), and [13, Lem. 10.6(b)], we get r](.” =
(tj(._l’s"’sl))(l) = t; for all j € Zoon—2. Therefore, since o belongs to
M%[R; (tj)?;?)z, =], we see that G € Ro4[I14; (r(l))z(n b , =]. Consequently,

in view of (r])f’; € qu and [15, Thm. 10.9], we get G(=70") ¢

n
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Ro,q[T14; (rj)iio,z]. From (8.3), Definition 6.7, the assumption (s])z’l0 €

(—1,s0,81) (= 13051)

Dyxq,2n and Lemma A.14 we conclude rg = ¢, =soandr| =1

sosarslsarso = s1. Thus,
G(—s0:51) ¢ Ro4[T4; (rj)?l:ov =]. 8.7)

For each j € Zoon—2, let uj = sj(.l). Furthermore, let v; = uﬁfl’s"’sl) for all
J € Zyp,2n. Since (s j)2” belongs to 7—[22", the application of [13, Prop. 8.12] yields

(s 51))5” 02 € Hq on—n- In particular, Remark 5.1 then provides u (s(l))* =

s = uj forall j € Zoo,—2. Taking into account (8.3) as well as uj = u; and

t}k = t; forall j € Zopo,—2 as well as (8.2), the application of Lemma 6.9 to the

sequences (u j)§ and (¢ /)2" —2 yields

n = té 150, D < = (2;1’S0’S1) = U2n (8.8)

and r; = (Thsos) ( Lso.st) = vj forall j € Zy2,—1. Since (s/)2 belongs

t0 Dyxg,2n, from [13 Thm 10.13], for every choice of j € Zy2, we conclude
v = uE Lso-st) _ (g (1))( 1:s0.51) = ;. Thus, in view of (8.7) and (8.8), the proof is
complete. O

Now we are going to study Problem R[T1; (s/) 0> <] in the special case n = 0.
In order to realize this goal we need some preparatlon

Lemma 8.6 Let so € CL* and let F € R 4[114; (sj)(]):o’ <l. Forall 7 € T,

then Im( ) Im F(z) > [F(2)]*s, TF(2).

Proof We apply an idea used in [20, proof of Lem. 11.1]. Let z € I1;. Because of
F € Roq[I; (s/)(j) 0» <1, we have F' € RRp 4(I1) and the R-Stieltjes measure
or of F belongs to ./\/lq [R; (s/)j _o» <]. In particular, g;: R — C defined by
g:(x) = (x — 2)~! belongs to L!(R; Br,or; C) and F(z) = [, g.dor holds
true. Using [12, Rem. B.4], we get Img, € EI(R; Br,or; C) and ImF(z) =
fR Im g,dor. Obviously, Im g, (x) = Im(z)|g; (x)|? is valid for all x € R. Hence,
lgzI* € L'(R; Br, op; C) and Im F(z) = Im(z) [3|g:|*doF. From Lemma B.1
and [20, Cor. B.6] then

</ gzd0F> [or@®)]F (/ gszF) §/|gz|2dUF (8.9)
R R R

follows. Both the matrices B := or(R) and s¢ are non-negative Hermitian and, in
particular, Hermitian. Because of o € M%[R; (Sj)(j).:(), <], we have sg > s(()aF) =

B > 04x4. By virtue of [15, Lem. A.7], then

Bt > BYBs{ BBT > 0yx4 (8.10)
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follows. Remark A.2 shows that BT B = BB™ = (BB™1)*. From Lemma 3.5 we
know that R(F(z)) = R(B). Thus, Lemma A.14(a) provides BBTF(z) = F(2).
Consequently, because of (8.9) and (8.10), then we have

! Im F(z) =/|gz,|2d0F > </ gzd0F> [or®)]* </ gszF>
Im(z) R R R

=[F@)I*B"F(z) = [F(2)]" B"Bs§ BBYF(2)
=[BBTF(2)]"si BBTF(2) = [F(2)]* s F(2).
O

The next two propositions deal with Problem R[IT; (s j)g’; o+ <, described in
Sect. 3, for the special case n = 0.

Proposition 8.7 Let so € CL*Y and let F € R 4[T14; (sj)(}zo, <]. Let Wy,: C —
C?9%24 pe given by Notation 7.1. Then:

(a) The matrix-valued functions ¢, ¥ : T4 — C9*9 defined by

$(2) 1= (I, Ogreq) Wiy (2) (F I(Z)) and Y(2) = Oguqs Iy Wiy (2) (F I(Z))

q q
(8.11)

are holomorphic in I14 and fulfil, for all z € 1y, the four conditions
¢\ _
rank (W(Z)) =gq, (8.12)
6@\ 7 ($@) _ paxa

—J, Cci, 8.13
<1/f(z)> o) <1/f(z)> == (®19

R($(2)) € R(s0), and detlsy ¢ (z)+z¥(2)] # 0. In particular, [¢; ¥] € Plsol.

(b) Foreach z € I14, the matrix-valued function F admits the representation

F(2) = —so¥ () [sf 0 () + v (D] .

Proof Let P = PR(y,. Since the matrix so is Hermitian, we have P = PR(s;;)-
Because of F' € Ro 4[I14; (Sj)(j).:(), <], the matrix-valued function F belongs to

Ro,q(I14) and the R-Stieltjes measure o of F belongs to M%[R; (sj)(,)':m <].In
particular,

Oyxg < oF(R) = f x%0F (dx) < so. (8.14)
R
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Since Wy, is a matrix polynomial and because F belongs to Ro 4 (I14), the matrix-
valued functions ¢ and i are holomorphic in 1. Consider an arbitrary z € Tl.
By virtue of (8.11), we conclude

F)\ _ (¢
no(P)-() s

According to Lemma 3.5, we have R(F(z)) = R(or(R)) and N(F(z)) =
N (oF(R)). Consequently, additionally taking into account (8.14), from Remark A.1
we get

R(F(2)) < R(s0) and N(s0) € N(F(2)).
Hence, Lemma A.14 as well as P = ]P)R(sg) and Remark A.13 yield

PF(z) = F(2) and F(2P =F(2) (8.16)
and, consequently,

[P+2z(I; — P)|F(z) = PF(2) + z[F(z) — PF(2)] = F(2). (8.17)

Using P2 = P, we conclude
1
[P+z(1, — P)] [P + Z(Iq - P)}
R . _p2 _p_ 2y _
=P —i—Z(P PY+z(P-P)+U;—P—-P+P)=1,.
Consequently, we have

det[P+z(I; — P)]#0 and [P +z(ly — P)]*1 =P+ i(l,, — P).
(8.18)

From Notation 7.1 and Lemma 7.3 also we obtain
(S(J)ra ZIq)Wvo (z) = (quqa Iq)VSo(Z)Wvo(Z)
= (Ogxq. Ig) - diag (P, P+ z(I; — P)) (8.19)
= (Ogxg: P +2(Ig — P)).
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Taking into account (8.18), (8.19), and (8.15), then

g =rank (P + z(I; — P)) = rank ((quq, P+z(l, — P)) <FI(Z)>>
q

F
o oms() - 40 22)

< rank <¢(Z)) <gq
Y (2)

and, consequently, (8.12) follow. Using (8.15), Lemma 7.3, (8.17), Remark 4.1, the
assumption Im(z) € (0, 00), and Lemma 8.6, we infer

2@\ ~ (¢ _ (Fo\ - F(2)
—J = Wi —J )W
(1//(2)> ( q) <1//(Z)) < Iq ) [ O(Z)] ( q) 0(2)( Iq )
= (F(Z)> { [diag (P + z(ly — P), I;)]" (= Jy) - diag (P + z(I; — P), 1)

ILI
—2Im(z) - diag(sy, oqxq)} (FI(Z)>
q

_ <F1<z>> [diag (P + z(1, — P). 1,)]" (=) diag (P + z(I, — P). I,) (m))

q Iq
~2Im(2) (F (Z)> - diag(s3, O xq) (F (Z)>
Iq Iq

(1P 42U, - PIF@Y . (1P +2, — P)F()
- T 1

I‘I q

—2Im(z) (FI(Z)> diag(sg’, Ogxq) (FI(Z)>
q q

_ (F;z)) ) (FI(Z)> —2Im(2) [F(2)]* sg F(2)
q q

=2Im(z) ( Im[F(2)] = [F()]* sJF(z)) e CL,

1
Im(z)
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Hence, (8.13) is proved. Since z € I1; was arbitrary, in particular, from Defini-
tion 4.2, (8.12), and (8.13) we see that the pair [¢; /] belongs to PR, (I11). From
(8.11) and Notation 7.1 we obtain that

@ (2) = Iy, 0gxq) Wy (2) (FI(Z)> = (zly, s0) (FI(Z)> =zF(z) + so.
q q

Since z € I1; was arbitrary, because of (8.16), consequently, P¢ = ¢. According

to Notation 4.7 then [¢; ] € Pl[so]. Using Notation 7.1, (8.15), Lemma 7.3, and
(8.16), we conclude

( —s0¥(2) ) _ (quq —so) <¢(Z)) — V(@) <¢(Z)>

sq () + 2% (2) sq 2y ) \¥ (@ Y (@)

= Vyy () Wy (2) (F I(Z)) — diag (P, P+ 2(I, — P)) (F (Z))
q

Iq
_< PF(2) >_< F(2) >
“\P+z(,—P)) \P+z(,-P)

and, in particular, —soy(z) = F(z) as well as s(fd)(z) +z2¥(z) = P+z(I; — P).
Thus, (8.18) implies det[s; ¢(z) + z¥(2)] # 0 and [s§ ¢(z) + z¥ ()]~ = P +
;(Iq — P). In particular, the proof of (a) is complete. Consequently, in view of
—so¥(z) = F(2), (8.16), P?> = P, and once more (8.16), we get

+ -1 1
—so¥(2) [sg ¢ () + ¥ ()] = F(2) [P + Uy - P):|
= F(z)P |:P + ;(Iq - P):|
2 1 2
= F(2) [P + Z(P - P )} =F()P = F(2).

The proof of (b) is complete. O

Proposition 8.8 Let so € CL*Y and let [¢; ] € Plsol. Regarding Notation 4.7
and Definition 4.2, let D be a discrete subset of 1 such that the conditions (i)(iii)
in Definition 4.2 are fulfilled. Let V,: C — C?1*%4 be given by Notation 7.1 and
let V be the restriction of Vi, onto I1y. Furthermore, let

X = (Ig, 0gxq)V (i) and Y = Ogxg, 1)V (i) : (8.20)
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Then the following four conditions hold true:

(i) The matrix-valued functions X and Y are meromorphic in I14 and holomor-
phicin T14 \ D.
(i1) detY(z) # Oforallz € T14 \ D.
(iii) rank(’Y‘((g) =g forallz € T4 \ D.

* ~
i) (39) 7 (39)) € €L foratiz € T, \ D,

In particular, the pair [X; Y] belongs to PR4(I1y). Moreover, the matrix-valued
function F = Xy-! belongs to Ro,4[T1; (sj)(}zo, <]

Proof Let P = Pgr(,). Since [¢; ] belongs to P[spl, from Notation 4.7
we see that [¢; ] € PRy(Ily) and P¢p = ¢ hold true. Thus, in view of
Definition 4.2, the matrix-valued functions ¢ and ¥ are meromorphic in TI.
Regarding Definition 4.2(i), in particular

Pop(z) = ¢(2) forall z € ITL \ D. (8.21)
In view of (8.20), Remark 7.2 and Definition 4.2(i), we see that X and Y are well-

defined functions which are meromorphic in I14 and holomorphic in I14 \ D. We
consider an arbitrary z € I1; \ D. From (8.20) immediately we get

X (@) e,
—V, , 8.22
(m)) o) (ww) (8:22)

Taking into account (8.22) and Notation 7.1, then, for all z € I11 \ D, we obtain
X(z) = —so¥ (2) and Y(2) = s ¢(2) + 29 (2). (8.23)
Now we consider an arbitrary v € N (Y (z)). From (8.23) then
sq @) + 29 (2)v = Oy (8.24)
follows. Using (8.21) and Remark A.13, we get

P (v + z50¥ (2)v = 5055 P(2)V + 250% (2)v = 50 [s4 P (2) + 2¥(2)] v = Ogx1
(8.25)

and, consequently,

V[P ()1 P (v + 20" [V ()] sov (2)v = v* [Y()]* [9(2) + zs0¥ (2)] v = 0.
(8.26)
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Because of 5o € CL*?, we obtain v*[y/(z)]*s0¥ (2)v € [0, 00) € R and, hence,

Im (20" [¥ (D" so¥ (2)v) = Im(2) - v* [Y (D)]* so¥ (2)v. (8.27)

Thus, (8.27) and (8.26) provide

m ([¥ (2)]" ¢(2)) v + Im(2) - v* [¥ ()] so¥ (2)v
= 0" [Im ([¥(2)]* ¢ (2) + 2 [¥ (@] s0¥(2)) ] v (8.28)
=Im (v* [¥ ()] ¢ (v + 2v* [Y(2)]* 0¥ (2)v) = 0.

Because of Definition 4.2(iii) and Remark 4.1, we have Im([¥ (2)*¢(z)) € CL*¢
and, consequently, v*[Im([y (z)]*¢ (z))]v € [0, 00). Due to the assumption sy €
(C"X‘f from Im(z) € (0, 00) also we know that Im(z)[¥ (z)*so¥ (z) € CL*¢ and
therefore Im(z) - v*[¥ (2)]*so¥ (z)v € [0, 00) is valid. Hence, by virtue of (8.28),
we get v* Im([v (2)]*¢ (z))v = 0 and Im(z) - v*[¥ (2)]*s0¥ (z)v = 0. Consequently,

1
[Vsov @] [Vsoy @v] = || Im() " [ @) so¥ (v =0,
which implies so¥ (2)v = /504/50% (2)v = Oy x1. Then (8.25) shows that ¢ (z)v =
Ogx1 is fulfilled. Therefore, from (8.24) and z # 0, moreover, ¥ (z)v = 04x1
follows. Thus, v belongs to N (¢(z)) N N (¥ (2)), i.e., to N(( (Z)) )) Because of
Definition 4.2(ii), we can conclude that v = 0Oy x1. ThlS means that N (Y (z)) C

{Ogx1} holds true. Consequently, detY (z) # O. In particular, rank(X (?) =gq
and F is well defined. Using (8.22), Lemma 7.3, (8.21), Definition 4.2(iii), and
Im(2)[¥ (2)*s0v¥ (z) € CL*?, we conclude

X\, » (X@)_ (¢@) £ 6 (2)
(m)) ( Jq)(Y(z)>_<1/f(z)> VeI (=) Vap @) (wz))

- @(é))) { [diag(P, 1,)]* (—T) - diag(P, I,)

+ 2Im(z) - diag(04xq, so)} (ii;)

P (z2)
¥ (2)

_(p@\ 7 (9@ ) »
= <¢(Z)> ( Jq) <¢(z)> + ZIm(z) [W(Z)] SO‘//‘(Z) = (Cz )

= ([ 1" P*. ¥ (1*) (=T ( ) +2Im(2) [Y(2)]" 50y (2)
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Thus, the pair [X; Y] belongs to PR, (I14). According to (i) and (ii), the matrix-
valued function F is meromorphicin [T and holomorphicin T4\ D. Using (i), (ii),
Remark 4.1 as well as (8.22), Lemma 7.3, and (8.21), we get

ImF) =Im (X@ Y @I") =m (Y @I Y QI X@ Y1)
=Y @I Im (Y @I X@) Y (1!

iy [(L(X@Y 7 (X@ O
= [Y(@)] (2 (Y(Z)) ( Jq)(Y(Z))>[Y<z>]
Lvons (@) $(2)
= _[Y
el (wz) e

2
?(2)
¥ (2)

) (Vi @] (=T Vi (2) ( ) [¥ ()1

1 * o~
ZZ[Y(Z)]—*< ) {[diag(P, 1] (~7,) - diag(P, 1)
¢ (2)

+ 2Im(z) - diag(04xq, so)} (W(Z)

) [Y ()]

¥ (z) V(z)

fo@\ $(2) -
+ Im(z2) [Y (2)] (’ﬁ(Z)) diag(0y xq, S0) (W(@) [Y(2)]

B |1 (Po@\ 5. (PP i _1
= [Y(2)] [2< W)> ( Jq)( w(z)>+lm@ [V ()] sowz)] [Y (2)]

1 * .~ _
=, @I <¢(Z)> [diag(P. I)]" (—J,) - diag(P, Iq)<¢(z))[Y(z)] !

_ L1 (0@, 5 (9@ ; o
=[Y(2)] [2 ( W)) (=T ( ¢<z>>“m@ [¥(2)] sow(z)} Y ()1

(8.29)

Thus, from Definition 4.2(iii) and Im(z)[¥ (z)]*s0¥ (z) € CL*?, we see that the
matrix on the right-hand side of (8.29) is non-negative Hermitian. Consequently,
(8.29) yields Im F(z) € C%*?. Taking into account that F is meromorphic in IT
and holomorphic in IT4 \ D, that D is a discrete subset of I1, and that Im F(z) €
C2*% s fulfilled for all z € TI, \ D, then, in view of Lemma 3.2, we see that F
belongs to ‘R4 (I14). In particular, F is holomorphic in T, . Since the matrix sq is
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Hermitian, we have ss; so = sosg so = so. From (8.23) we then conclude

(YOI * W@ sov (@) [Y (@1 = [Y @I [¥ @1 sgsg sov () [Y ()]
= [Y (@I * [=so¥ ()] 5§ [=sov ()] [Y ()]~
V@I KT s X@ @1 = (X@ @) s X@ @1

=[F()I*sq F(2).
(8.30)

By virtue of (8.29) and (8.30), we get

F(z) = [F(]*

Im F(z) — [F(2)]* 5§ F(2)
Z—2

* 1
—[F@)] sy F(z) = Im(2)

1 s\~ (s . y
= Im(2) [Y(2)] |:2 (¢(Z)) (=Jy) (1/’(2)) + Im(2) [V (2)] SO¢(Z):| [Y(2)]

YOI W@ s0¥ (@) [Y ()]
1 L (o@\ | ~ (o 4
= Y —J, Y .
NGO ( W)) —J) ( 1M)[ @]

Because of Im(z) € (0, co) and Definition 4.2(iii), we see that the matrix on the
right-hand side of (8.31) is non-negative Hermitian. Consequently, (8.31) implies

(8.31)

F(2) —[F@)]"

.. TIF@r sg F(z) e CL. (8.32)

In view of (8.23) we have
R(F(2)) = R(X @) [Y (@] € R(X(2)) = R(—=s50¥(2)) € R(s0). (8.33)

Because of the assumption sg € (C‘éxq, (8.33), and (8.32), the application of
Lemma A.3 shows that the block matrix

S F(2)

is non-negative Hermitian. Due to F € R, (I1y), the matrix-valued function F
is holomorphic in I1;. Thus, using continuity arguments, we see that the block
matrix given in (8.34) is non-negative Hermitian for all z € I1;. Thus, [6, Lem. 8.9]
shows that F belongs to R 4 (IT) and that the R-Stieltjes measure o of F fulfils



302 B. Fritzsche et al.

fR x%r(dx) = op(R) < so. Therefore, F € Ro,q[T4; (sj)(,)':m <] is proved as
well. |

After having handled the case of a sequence (s j)(}:o from (C‘éxq = ’H;’;O we
turn our attention to the case of a sequence from H;zen with arbitrary n € N.

>,e
q,2n

A\2n
(s;n))gzo. Further, let 9 6Dz pe given by (7.3), let Q},(f) be the restriction of

. \2n
35670 onto I, and let

Proposition 8.9 Let n € Ny and let (Sj)%’l:() e H with nth Schur transform

p®) )
PO = (1S1),n (1S2),n (8.35)
U21;n 022;*1

be the q x q block representation of %,(,S). Let [¢p; Y] € P[s(()n)]. Then there exists a
discrete subset D of T such that the conditions (i)—(iii) in Definition 4.2 hold true
and that

det [0}, (82 + 053, V(@) ] #0
is fulfilled for all 7 € T14 \ D. Furthermore, the matrix-valued function
(17,0 + 015, Y031, 6 + 035, ¥) !

belongs to Ro 4[T14; (Sj)inzoy <]

Proof Our proof works inductively. First we consider the case n = 0. Since (s j);": 0

belongs to ’H,?; » from Remarks 2.3 and 5.1 we get s € (C‘éxq. In view of s(()o) = 50,

A0
we see that the pair [¢; ] belongs to P[so] and, in view of (7.3), that ()=o) =
VS o = Vy,. Consequently, taking into account (8.35), the matrix-valued functions

X 0and Y defined by (8.20) fulfil
X =0l b+ 03 v and Y =05 b + 055 .

Regarding Notation 4.7 and Definition 4.2, there exists a discrete subset D of IT+
such that the conditions (i)—(iii) in Definition 4.2 are fulfilled for [¢; ¥]. Applying
Proposition 8.8, the proof is complete in the case n = 0.

We may now assume that there is an m € N such that Proposition 8.9 is
proved for all n € Zoy,u—1. We study the case n = m. Let t; = sj(l) for all

]

J € Zprm—2. Using the assumption (Sj)?ﬁo € qum and Proposition 6.3, we

obtain (tj)i(z'%_l) € chz,;(m—l)' In particular, also we have t(gm_l) = s(gm) = s(g").

(m—1)

Thus, [¢; ¥] € Pt ]. Since we have assumed that Proposition 8.9 is true for
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n = m — 1, we obtain that there exists a discrete subset D of I1; such that the
conditions (i)—(iii) in Definition 4.2 as well as

det[vf), (9@ +08), @¥@)] £0 (8.36)
forall z € IT1 \ D are valid and that

G 1= (01 013, WOy 033, ) (8.37)
is a well-defined matrix-valued function such that

2(m—1)

Ge Ro,q[n+; (tj)j:() <]. (8.38)

y =

In particular, we get G € Ryo 4 (I1+) and the R-Stieltjes measure o of G fulfils

0y = 068 = [ 1060 <10 (8.39)
R

and, by virtue of Remark A.1, consequently, N (t9) < N (og(R)). Because

of Proposition 3.7, we have Ro,(I1y) € R_;4(I1;). Thus, G belongs to
R_14(M1). Lemma 3.8 yields G € RL'(I1) and M(u(R)) = N(oG(R)),
where pg is given via Remark 3.6. Consequently, additionally using (6.2) and
N(ty) € N (o6 (R)), we conclude

N(s0) € N (=s05550) = N(s") = N(19) € N(06(R)) = N (116 (R)).
(8.40)

Thus, in view of (3.6), we proved that G belongs to Pgdd[so]. In view of the
assumption (Sj)?’io € ’H,;;m and Remark 5.2, we know that (Sj)}=0 € ’H;f is
valid. We consider an arbitrary z € I11 \ D. Using [15, Lem. 8.12], then we obtain

G(Z) € Q[Sar,zlq—sarsl]’ ie.

det[sq G(2) + zI; —sg s1] #0, (8.41)
and furthermore
G @) =S (G- (8.42)

In particular, Remark C.1 yields

rank(sy, 21 — sg°s1) = q. (8.43)
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Furthermore, applying Remark C.1, from (8.36) also we get that

rank (o), (2,08, @) =q (8.44)
holds true. Regarding (8.36) and (8.35), from (8.37) we obtain

G(2) =897 (6(), (). (8.45)

;B(T) l( 2)

o\ 2m
From Remark 6.2 and (7.3) (see also [15, Rem. 11.16]) we know that (=) =
2(m—1)
‘B((tf Ji=0 ) . Consequently

T (2) = Vit @B (2). (8.46)

In view of (8.35), (7.1), (8. 46) (8.44), (8. 43) (8.36), (8.45), (8.41), and Proposi-
tion C.3, we conclude det[n21 (2P (2) + 022 n @DV (2)] # 0 and, moreover,

Sy, 9@ @D =87 (G (8.47)

Since (s j)?io € ’H,(fzem is assumed, from Proposition 8.4 we see that (s ﬂ%”io
belongs t0 Dyxg,2m as well. Furthermore, Remark 2.3 yields (s j)iﬁo €
H;Zm. Because of (8.38) and Proposition 8.5, then we get G(sos) ¢
Ro,q[M; (sj)?io’ <]. Since from (8.42), (8.47), (8.35), and Notation C.2 we
obtain that

G = U (GG = S$<3)( R(CIORZEN)

-1
= [0, @6 @ + 012, @v @] [0, @9 + 08, ¥ )]

and since z € T \ D is arbitrary and D is a discrete subset of [T, we can conclude

that F = (v} ¢ + ug>m¢)(n;§>,n¢ + 055, ¥)~" coincides with G301 In
particular, F' € Ro 4[I1; (s ]) 5> <I. Thus, Proposition 8.9 is proved inductively.

O

Proposition 8.10 Ler n € Ny, let (s])zn0 € H>s with nth Schur transform

q, 2n
()0, ler B D720 be given by (1.3), and let (1.5) be the q x q block

A\2n
representation of ()i, Furthermore, let F € Ro4[I14; (sﬂ%"zo, <]. Then
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there exists a pair [¢p; Y] € Pls (n)] such that the following five conditions are
Sulfilled:

(i) ¢ and  both are holomorphic in T1;..
(i) rank(i(é))) — g forallz € T;.

*k ~
(iif) (jz(é))) (—T) (fj%) e CL forall z € 1.
(iv) The inequality

det [n;ﬁ’ ’—")( ) (2) +n22 2 @V (z )} £0 (8.48)

holds true for all 7 € Tl ..
(v) The matrix-valued function F admits, for all 7 € T1,, the representation

(s ,) o)

FQ) = [ 20 (g (2) + 0 (z)wz)}

n —1
[uiﬁ’)f D () + 0 0)(Z)W(z):| (8.49)

Proof Our proof works inductively. From the assumption (s /)2_0 e H>5 and

q, 2n
Remarks 2.3 and 5.1, we get 59 € CZ*. In view of So = 59, (7.3), and
Notation 7.1, then Proposition 8.7 immediately proves the assertion in the case
n = 0. Thus, we may suppose that there is an m € N such that Proposition 8.10
is proved for all n € Zg j—1.

We consider now the case n = m. Let¢; := s for each j € Zp 2,—2. According
to Remark 6.2 and (7.3) (see also [15, Rem. 11.16]), we obtain

2(m 1))

W — vy, g @ (8.50)

2(m D 528(111 1. Remark 2.3 yields
(s/)]:0 € Hq,z Because of the assumptlon F € Roqllly; (s/) o <1, from
Proposition 8.2 we then see that the function G := F (+35051) fylfils (8.38). Since we
have assumed that Proposition 8.10 already has been proved for n = m — 1, then we
see that there exists a pair [¢; V] € P[ t(m 1)] such that (i)—(iii) as well as

Using Proposition 6.3, we obtain (t])

2m—1) 20m—1)
de t|:t1;(1 D20 0 (06(2) + og )(z)w(z)} £0 8.51)
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)2y (@)D )2y
and G(z) = [o;, " "@¢@ + v, " @Qv¥@Ib,, " (@é@) +
n((r.,-)ﬁi”*”)

2 @Qv @] Lie,

G =8, (3. V@D, (8.52)
G0 ()

hold true for all z € I1;. We now consider an arbitrary z € Il;. By virtue of
Remark 6.2, we have t(gm_l) = s(()m) which implies [¢; V] € P[s(gm)]. Because of
(8.51) and Remark C.1, the equation

2(m—1) 2(m—1)

rank (éf”” @), 0y )(z>) —q (8.53)

is valid. From (8.38), in particular, we get G € Ro4(I14) which together with
Proposition 3.7 yields G € R_1 4(I14). Moreover, (8.38) also provides that the
R-Stieltjes measure o of G fulfils (8.39) and, in view of Remark A.1, consequently,
N(tg) € N(oGg(R)). Lemma 3.8 yields G € RE[“(HJF) and N(ugR)) =
N (oG(R)). In view of (6.2), then it follows (8.40). Consequently, since G belongs
to R_1,4(I11), we see from (3.6) that G belongs to P,;’dd[so] as well. Since (sj)§”=10

belongs to qu”zem, Remark 5.2 provides (Sj)}zo € qu”le. Using [15, Lem. 8.12],
then we get (8.41) and (8.42). By virtue of (8.41) and Remark C.1, in particular
we conclude (8.43). Regarding (7.5), (7.1), (8.50), (8.53), (8.43), (8.51), (8.52), and

(8.41), the application of Proposition C.3 yields (8.48) for n = m and

3(.9) _ clg.9)
Stiimy, (BOVE@D =81 (GE). (8.:54)

Because of the assumption F' € R 4[T14; (sj)iﬁo, <]and m > 1, we have F €
Ro,q[M4; (s,)}.zo, =]. Thus, from (s,)}.zo € H;f and [15, Cor. 8.18(b)] we get
G(7%0:51) = F. Consequently, from (8.41), (8.42), and (8.54), it follows

F@ =G0 = S0 (G@) =89, | (90 ¥ED)

\2m
(s )j:()) )

and, in view of Notation C.2 and (7.5), then (8.49) for n = m. Proposition 8.10,
thus, is proved inductively. O

Now we state the main result of this section. It is an immediate consequence
of combining the Propositions 8.9 and 8.10 and gives a first parametrization of the
solution set Ro ¢ [IT4; (sj)?l:()v ;] of Problem R[IT; (sj)iim 5],.where, however,
the parameters depend on the given data. Nevertheless, the following result can be
considered as an important intermediate step on the way to the final result.
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Theorem 8.11 Let n € Ny and let (sj)?;() € H;zen with nth Schur transform

. \2n .
(s;n))?zo. Further, let ‘ZT((A/)FU) be given by (7.3), let m,(:) be the restriction of
L \2n o
B D520 onto [14, and let (8.35) be the q x q block representation of‘ZTff). Then:

(a) For each pair [¢; V] € ’P[s(g")], the function det(n;sl);nqﬁ + Ug‘;);nw) does not
vanish identically and the matrix-valued function

(017, + 003, V) (057, + 055, ¥) ! (8.55)

belongs to Ro,¢[T14; (sj)inzo, <]
(¢) Foreach F € Ry 4[I14; (Sj)?io, <], there exists a pair [¢; V] € P[s(g")] such

that both ¢ and \ are holomorphic in Iy, that (8.48) holds true for all 7 € T1,
and that F admits the representation (8.49) for all z € 1.

(c) Let [¢1; Y1), [¢2; Y] € P[s(()n)]. Then the following statements are equiva-
lent:
@ o), d1 + 05, YD) ©S), 61 + 05 v~
= )02 013 U2) (05 gy 05 Y) .
i) ([P1; Y1) = ([¢2; ¥2l).
Proof
(a) Part (a) immediately follows from Proposition 8.9.

(b) Apply Proposition 8.10.
(c) Foreach j € {1, 2}, let

X;j = (Ig, 0gxq) T <¢/> and  Y; == (Oyxq, I,)TY <¢/). (8.56)
v 14

Obviously, for each j € {1, 2}, the matrix-valued functions ¢;, ¥;, X, and ¥; are
meromorphic in IT. In view of (8.35), part (a) then yields that the functions det Y;
and det ¥, do not vanish identically and that F} = XY, I as well as F = X2Y2_1

and g = Y2_1Y1 are well-defined matrix-valued functions meromorphic in IT;.
Moreover, det g does not vanish identically. For each j € {1, 2}, from (8.56) we get

o (07 y-1 _ (X7 y-1 _ (XY _(F
" <¢j)Yj _<Yj)Yj _<Yij1 S\ ®7

Taking into account the g x g block representation (8.35) of ‘Uff), from (8.57) we
see that

K K -1 S K -1
(nivl);n(b/. + Ui;);nwj)Yj = F/ and (ngl);n(bj + Ug;);nwj)yj = Iq
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and, consequently,
(s) (s) (s) (s) -1
(071,05 + 015, V) (0;),¢j + 05, V)

; _ ) -1 B
= @0, + o, )Y 088+ oY = B = F
(8.58)

for each j € {I,2}. Let (b j)f’; o be the sequence of H-parameters of (sj)f’; 0
Further, for each [ € Z_1 11, let P,; be given by (7.8). Then Lemma 7.8 yields
(7.26) for all z € T1,, where DI ) is given by (7.6). From the assumptions that
(s])zn 0 € 7—[>2en and that [¢1; 1] and [¢,; 2] belong to P[s(")] and Theorem 6.10
we get [o1; wl] [¢2; ¥2] € P[ha,]. Thus, regarding Notation 4 7 and Definition 4.2
we see that ¢ and ¢, are matrix-valued functions which are meromorphic in I
and which fulfil

Pind1 =Prp, 1 =¢1  and Py ad2 = PRy, 92 = ¢2. (8.59)

A\2n
(i)=(@i) Let QII;S) be the restriction of 25¢7=0) onto [Ty and let Q: 14 —
C2*4 be defined by

n+1
Q@) =Y *(Punt = Pun—it1)- (8.60)
k=0
From (7.26), then
WP = diag(Py.., Q) (8.61)

follows. Because of (i) and (8.58), we conclude F; = F,. Thus, additionally
using (8.57), we obtain

_ F. ¢\ -1
293 <¢1> vl = — ) < ) — ( 2) — PORE) ( ) Y
n n w Iq n Iq n n wZ 2

and, hence,

DD <¢1> — O <¢2> 3.62
n n ,‘//_1 n n ]//_2 ( )
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By virtue of (8.61) and (8.62), then

Pn,n¢1 T o1 _ () gyy(s) <¢1>
- d n,n» -
< 0 ) 2P O (m) Ty,

— g <¢2) = diag(P,.,, <¢2> =<P"*”¢2g) 8.63
oy, )8 = BB Oy )= gy ) GO

follows. Using (8.59), from (8.63) we conclude

@1 = Pund1t = Pont2g = g and Oy = 0vng. (8.64)

Let Vo = {O4x1}, Vuyo = C9, and, for all | € Zj 41, furthermore V; =
R(B2m+1-1))- By the assumption (s j);": o0 € H;zen and by Proposition 5.7, then
we infer

{qul}:VOEVI g"‘gvnganrl EVrH»Z:(Cq- (8.65)

In view of (7.8), we have P, = ]P’VHH forall ] € Z_1,+1 and, because of
(8.60), consequently,

n+1
) =) F®y,, —Py) (8.66)
k=0

for all z € I1,.. Obviously, z¥ = 0 for every choice of k € Ny and z € I1,. Thus,
taking into account (8.65) and (8.66), from Lemma A.10 we get det Q(z) # O for
all z € I1;. Hence, by virtue of (8.64), we get Yy = y»g. Taking additionally
into account the first identity in (8.64) and the fact that det g does not vanish
identically, from Remark 4.4 we can conclude that (ii) holds true.

(i)=(ii) Since (ii) is assumed, Remark 4.4 shows that there is a matrix-valued
function g meromorphic in IT4 such that det g does not vanish identically and

that (9! ) = (2 ) is fulfilled. Thus, in view of (8.56), we obtain

Xl) ) <¢l> ) (d’z) <X2> <X28>

= % = m = = .

( gl "\ m \y,) 8 v,) 8 Yog
Consequently, since the functions det Y7 and det Y do not vanish identically, then

Fr=X2Y ' =Xogg Yy = Xog(he) = X1Y = Ry

follows which, in view of (8.58), implies (i).
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Corollary 8.12 Let n € No and let (s;)7, € H_,
. \2n .
(s;n))?zo. Further, let ‘ZT((A/)FU) be given by (7.3), let m,&” be the restriction of

m((sf)z'rl—o) onto T1,, and let (8.35) be the q x q block representation of %,(,S). Then
T: (Plsy"1) — RoglMi: (s))%, <1 given by

with nth Schur transform

T({[¢: ¥]) = (o), ¢ + 03 ¥)(05) 6 + 05 v~ (8.67)

is a well-defined bijective mapping.

Proof In view of parts (a) and (c) of Theorem 8.11, the mapping T is well
defined. Theorem 8.11(b) shows that T is surjective and Theorem 8.11(c) yields
the injectivity of 7. O

9 Parametrization of the Class R 4[I1; (s 1)2 _o0 =1

From Theorem 2.2 we know that the solution set Mq [R; (s ])2_0, <] of the
Hamburger moment problem MP[R; (s ]) 0> <] is non-empty if and only

if the sequence (s])2 7, belongs to the class H;2n' Theorem 2.4 shows
that we can restrict our consideration to the case that the given sequence
(s])z’l0 of complex g x g matrices belongs to the subclass ’H 2n of Hq on

(see also Remark 2.3). Remark 3.4 shows that Problem MP[R, (s /) o <]
equivalently can be reformulated into Problem R[I1.; (s /) o> <] with solution
set Ro,q[T14; (s ])2_0, <]. In the non-degenerate case, where the given sequence
(s ])2 belongs to H>2n,1 V. Kovalishina [27, Thm. .7#] obtained a parametrization
of the set Ry 4[I14; (s /) 0> =<]. In the general case, where the given sequence
(s]) o belongs to H>

of RoqlIly; (s ]) 0> <], though, the argumentation there contains a certain
misstatement (see [3]). Both Kovalishina and Bolotnikov utilize the method of
fundamental matrix inequalities due to V. P. Potapov. Using an approach via a
Schur type algorithm Chen and Hu [4, Thm. 3.4] achieved a parametrization of
the set Ro 4 [T1; (s ]) o> <] for a given sequence (s ]) 1o € ’Hq - Nevertheless,
they solely give a reference for a respective proof which includes a parametrization
of the set Ro 4[I1; (s j)f’; o» =] The authors of this text, nevertheless, consider a
thorough explanation of the use of [4, Cor. 3.3] as necessary. (The respective detailed
analysis is performed within the former sections of this text.) Moreover, it should be
pointed out that the approach chosen by this time, contrasting the results in [2, 4],
guarantees a representation of the set Ro 4[ITy; (s ]) 2o <] which provides, for
each matrix-valued function belonging to the solution set, a representation holding
foreach z € I

7. 2n, V. A. Bolotnikov [2, Thm. 4.6] presents a parametrization
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Now we are going to prove a parametrization of the set Ro 4[IT; (s j)i’; 0 <]
with parameters which are independent of the given data. As sets of independent
data we work with the set of Nevanlinna pairs in [T as well as (in an alternative
setting) with the set of all matricial Schur functions in IT;.

In our following discussion, we distinguish three cases all in which (s( ))0
denotes the nth Schur transform of the given sequence (s j) n —o € Ho 7 2n'

(I) rank son =gq.
(I 1 <ranks” <g — 1.
() ranks” = 0.

Observe that from Proposition 6.11 we know that case (I) exactly is the case that
the given sequence (s /)2" belongs to ’H,>2 and that case (III) holds true if and

only if (s ]) =0 € H> 7. 2 4 Now we first turn our attention to the case D.

n'

\2n
Theorem 9.1 Let n € Ny and let (s/) o€ ’Hq on- Further, let B 6720 pe given

by (7.3), let ‘Uff) be the restriction of DI 7% onto Iy, and let (8.35) be the
q % q block representation of Q},(,S). Then:

(a) For each pair [¢; ¥] € PRy (I1), the function det(t)(;l)n¢ + U(A) 2 V) does

not vanish identically and the matrix-valued function given in (8. 55) belongs to
Ro.g[T4: (5))720, <1

(b) For each F € Ry 4[I14; (sj)iim <], there exists a pair [¢; Y] € PRy(I14)
such that ¢ and r both are holomorphic in T1,, that (8.48) holds true for all
z € I14, and that F admits the representation (8.49) for all z € Tl,.

(¢) Let [¢p1; Y], [¢2; ¥2] € PRy(I14). Then

(), @1 + 015, YD (05, ¢ + 050 ¥~
= (0,2 + 013, ¥2) (051, b2 + 033, ¥2) !
if and only if ([¢1; Y1) = ([¢2; ¥2]).
Proof Because of the assumption that (s /)ﬁ o belongs to 7—[q> o,» Remark 2.3 yields

(s/) 7o € H>

(s (."))Q:O is the nth Schur transform of (s j)i’; o- Consequently, the combination of
Theorem 8.11 and Remark 4.9 yields the assertion. O

7. 2n, and from Proposition 6.11(a) we get ranks(g") = g, where

Now we give a parametrization of the set Ro4[I14; (s ]) 0> <] by aid of
matricial Schur functions.
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\2n
Corollary 9.2 Letn € No and let (s))%. € M ,,,. Let 0“0 be given by (1.3),
let

1 [—il, il
C, = q ‘1), 9.1)
1 V2 ( 1y Iy

< .\2n < .\2n . < .\2n
let 46520 = ‘ZT((A’)FO)Cq, let ilff) be the restriction ofﬂ((A’)Fo) onto T, and
let

(7)) ) )
yO = Mt and 4 = (M1 iz 92)
(D) ()T n ) )
717 j=0 77j=0 Usi.  Ussy.
Urt Uy 21;n 22n

A\2n
be the q x q block representations of U520 gnd ilff), resp. Then:
(a) For each S € Syxq(I1y), the function det(ugsl),nS + ugsz),n) does not vanish
identically and the matrix-valued function

(s) (s) (s) (s) \—1
Wy, S + 1y, ) Uy, S+ uy5.)

belongs to Ro 4[T14; (Sj)inzoy <]
(b) Foreach F € Ry 4[I14; (sj);"zo, <], there exists a unique S € Syxq(Ily) such

that the function det(u(;l),nS + u%),n) does not vanish identically and that F
admits the representation

F=@,s+u) )@, s+u) )7l

21;n 22:n
Moreover,
((5)H0) ((5)H0)
det |:u21j =(2)8(2) +u22] =0 (z):| #0
and

()72

()% ()% Gp2y 171
F(z) = [u“ (@DS@) +up 7 (z)} [uzf’ D8 iy, (z)}

are fulfilled for all 7 € T1,.
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Proof Combine Theorem 9.1 with Lemma 4.6. O
Now (mainly) we turn our attention to the case (I), i.e., that 1 < rank s(()") <
q — 1, where (s("))0 _o 1s the nth Schur transform of the given sequence (s /)2"

7. 2n The first result concerning this situation additionally includes the case r = g.
Once more, we start with a parametrization using Nevanlinna pairs as parameters.

Theorem 9.3 Let n € Ny and let (s))3, € H_ 3,

(s ﬁn)) . Further, let ‘U((A’) =0 pe given by (7.3), let Q](S) be the restriction of
(V)

with nth Schur transform

Q]((vf)f 0) onto T4, and let (8.35) be the q x q block representation of U,
Suppose that r = ranks(()") fulfils r > 1. Let uy, us, ..., u, be an orthonormal

basis of’R(s(")) andlet U .= (uy, uy, ..., u;). Then, for each 5 J] € PR,(I1y),
the function det[n(é) UqSU* + n(s) (UwU* —HP’N( (n)))] does not vanish identically
and the mapping X: (PR, (I14)) — Ro,q[T14; (sj)] 2> <] defined by

= (16 9D) = [0, UGV + 02, WTU™ + By )]
~ -1
x [0, UBU + 08, UTU" + By )] )

is well defined and bijective.

Proof Because of the assumption (s /) “o € H>5 . from Proposition 6.3 we get

q, 2n’
(s("))o_o € 7—[ >. By virtue of Remarks 2.3 and 5.1, then (s("))* = s(()") follows.
Consequently, Remark A.12 shows that

[R(s("))] = N (). (9.4)

Thus, Proposition 4.12(b) shows that 'y : (PR, (I11)) — (P[s(()")]) given by
v ({18 FD) = ((UQU™ UPU* + Py ) ) 9.5)

is a well-defined bijective mapping. From Lemma 4.10, (9.4), and Theorem 8.11(a)
we see that, for each [¢; 9] € PR,(Il;), the function det[ugl)nUaU* +

050, (UPU* + P, (,,>)

the mapping 7': (P[s, )]) — Ro,q[I14; (s/)] o> <] defined by (8.67) also is well
defined and bijective. Consequently, the composition 7 o 'y of the mappings I'y
and T is well defined and bijective as well. Taking into account (9.5), (8.67), and
(9.3), easily we see that ¥ = T o 'y holds true. |

)] does not vanish identically. According to Corollary 8.12,
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Now we are going to emphasize several aspects of Theorem 9.3. Guided by
Theorem 9.1, first we turn our attention to the analogue of Theorem 9.1(a) in the
case (II), i.e., thecase 1 < ranks(") <qg-—-1

Corollary 9.4 Let n € Ny and let (s]) o € H>S  with nth Schur transform

q, 2n
(s ﬁn)) . Further, let ‘U((A’) =0 pe given by (7.3), let Q](S) be the restriction of

Q]((VJ)J 0) onto Tly, and let (8.35) be the q x q block representation of Q}m

Suppose that r .= ranks(()n)fulﬁls I1<r<qg-—1Letd:=q—r,letu,us, ..., uy
be an orthonormal basis of C4 such that uy, U, ... uUr is a basis of R(s(n))
and let W = (uy,ua, ..., uq). Then, for each [¢; ] € PR,(Ily), the function
det[v}) W - diag(@. Ouxa) + 055, W - diag(i. 14)] does not vanish identically
an:i g (PR,(I11)) — Ro,qlI; (Sj)?io, 5Lg2}en by (9.3) admits, for each
([¢; ¥1) € (PR-(I14)), the representation X ({[¢; V1)) = F, where

F o= [0, W - diag(@, Oaxa) + 013, W - diag(T 1) |
[“(zél)nW d1ag(¢ ded)+t122nW dlag(l/f Id)]

In particular, for each [a; J] € PR, (I1y), the matrix-valued function F belongs
10 Roq[T+3 ()32, <1-

Proof Similar to the proof of Theorem 9.3 we see that (9.4) holds true. Let

U = (uy,us,...,u,). We consider an arbltrary pair [qﬁ ’N € PR (TI14). From

Remark A.15 and (9 4) we can conclude that U ¢U r=W. d1ag(¢ O04xq) - W* and
UyU* + PN(sé”) =UyU* + P[R(sg”))]i = W . diag(y, 1) - W*

hold true. Consequently, for each j € {1, 2}, we have

(v) U¢U*~I—U(v)_ (UIZU*"‘PN(S(V!)))

/1 n Jj2in
(A) * (s) : 7 *
=0, W - diag($, Ouxa) - W* + 0\, W - diag(¥/, Is) - W (9.6)

— [ i nW d1ag(¢ Ogxa) + tlyz);nW . diag(iz, Id)] W*.
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Since W*W = I, holds true, from Theorem 9.3, (9.6), and (9.3) we see that

the function det[n(é) w - d1ag(¢ Ogxd) + n22 W dlag(w 1;)] does not vanish
identically and that

= (g5 9D) = [ o}, UBU” + 012, UTU* + By )]
(s) U~U* (s) U""U* P -1
021 ¢ + 022 n( Ip + N(s(n)))
[ ivl)nW diag(¢, Ogxa) + 012 W diag(¥, Id)]

1
[ngl)nw diag(, ded)+02 W - diag(¥/, Id)]

holds true. The proof is complete. O

In the case (II), the following theorem emphasizes a certain further aspect
of Theorem 9.3, namely the analogue of Theorem 9.1(b). We point out that the
representation (9.8) below will be proved for each z € I1; (in contrast to an existing
exceptional discrete subset of IT).

Theorem 9.5 Let n € No and let (s))3%, € H.7,

(s ;n))?zo. Further, let m(“ﬂ. =0) pe given by (7.3) and let (7.5) be the q x q block

with nth Schur transform

. .\2n
representation of B i), Suppose that r = ranks(()") fulfils 1 <r < g — 1
Let d = q — r, let uy,ua,...,uq be an orthonormal basis of C9 such that
ui,us, ..., Uy is a basis of R(s(")) and let W = (ui,uz,...,uy). For each

F € Ry q[H+, (sj)z_o, <], then there exists a pair [a; J] € PR, (I1y) such that
qﬁ and 1,0 are holomorphic in T4, that

2n
de t[ 0 W2 + oo (z)qu(z)} £0 9.7)

holds true for all z € Tl4, and that F can be represented, for all 7 € T14, via

(( ,)3" 0 ()32
F(z) = @We¢n(2) +v), @Wyn(z)

1

(0 0)(Z)WWD(Z)} . 98)

((s))5%)
[021] =W (2) + v,y

where ¢ = diag(¢, Ogxa) and Y = diag(¥, Iy).
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Proof We consider an arbitrary F' € Ro 4[I14; (s j)i’; o» <1. By virtue of Proposi-

tion 8.10, then there is a pair [¢; V] € P[s(()")] such that all the conditions (i)—(v)
in Proposition 8.10 are fulfilled. In particular, with D = @ conditions (i)—(iii) in
Definition 4.2 are fulfilled, Hy = Hy = I14, the inequality (8.48) is valid for all
z € I14, and F admits the representation (8.49) for all z € IT,. Using Lemma 4.11
(with D = @), we see that the matrix-valued function B := i — i¢ is holomorphic
in [T and fulfils

det B(z) # 0 9.9)

for all z € 1. Let U = (uy,un, ..., ur). Moreover Lemma4 11 then shows that

there exists a pair ¢ w] e PR, (l'[+) such that qﬁ and w are holomorphic in IT

and that the matrix-valued functions S := U qSU *and T =U wU —i—]P’[R(S(n))] | are
0

holomorphic in [T and admit, for all z € I1, the representations

S@=Ud@U*  and TR =UJ@U"+Ppm, (9.10)
as well as
S(z) = ¢(2) [B()]™! and T(z) =y [B@]". (9.11)

We now consider an arbitrary z € I1;. By virtue of Remark A.15, from (9.10)
we get S(z) = Won(z)W* and T (z) = Wy (z) W*. Taking into account (9.11),
then ¢(2)[B()]™" = Won@W* and ¥ (2)[B)]™' = Wyn)W* follow.
Consequently, ¢(z) = Won(z) W*B(z) and ¥ (z) = Wyn(z) W*B(z). Hence, we
conclude

2n
o (60 + 05 )

(( D) . ((sp)3p) .
=0, ( YWeon(z)W*B(z) + 0]2 @Wyno()W*B(z) (9.12)

2n n
[ 5(1 D=0 Wen ) +n((’)’ 0)(Z)WWD(Z)} WB(2)

for each j € {1, 2}. Taking into account (8.48), then from (9.12), W*W = I, and
(9.9) we get the inequality (9.7) and, moreover,

2n 2n -1
[uéﬁ’) = Dp@) + oy (Y2 )}

2n

-1
= B@I'W [niﬂ”°<>W¢m<z>+n2(2”°()qu(z)} . .13)
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Combining (8.48), (8.49), (9.12), (9.7), (9.13), and W*W = I,, we conclude that

2n 2n
F() = [ S5 @) + 05 Dy )}

2n 2n —1
[né(l 50 Db @) + o vz )}

2n
=[ 70 W () + 0 & me(z)} W*B(2)

(530

s 2_n —1
x (BT W [% OWea () + ui(z")“’)(z)wwu(z)}
2n
- [ 70 Wen @ + 0 @y wys (z)}

(( D) ((5)2) !
X @Weén(z) + vy @Wyn@)| .

O

Observe that the analogue of Theorem 9.1(c) in case (II) already has been
discussed in Theorem 9.3, already. Now, once more we choose matricial Schur
functions in [T as parameters.

Corollary 9.6 Let n € Ny and let (s/) o € H=S  with nth Schur transform

q, 2n
(s;n))(]).zo. Further, let DIy Dito) be given by (7.3). Suppose that r := rank s(()n)fulﬁls
1 <r <q—1Letd = q —r, letuy,uz,...,uqy be an orthonormal basis of
C4 such that uy,uy, ..., u, is a basis ofR(s(()n)), and let W = (u1,uz, ..., uq).
Furthermore, let il((sj)ﬁnzo) = Q]((sj)ﬁnzo)cq, where Cy is given by (9.1), let ilff) be
the restriction ofﬂ((sl")iio) onto I, and let (9.2) be the q x q block representation
of () ) and ilff), resp. Then:

(a) Foreach Ses, xr (I14), the function det[u21 w - dlag(S 17) + u W] does
not vanish identically and the matrix-valued functlon

S ‘ -1
Fi= [uf), W - diagB, o) +uiy, W] [ul), W - diag . 1) +u(3), W]

belongs to R q[I14; (sﬂ?"zo, <]
(b) Foreach F € Ro’q[n+; (sj)3" o» <1, there exists a unique Se Sy xr (T14) such

that the function det[u21 oW dlag(S 1y) + u22 . W1 does not vanish identically
and that F can be represented via

F=[u) w-diag(S, I wl|u® w.diag(S, 1 (”W71
[ iag( d)"‘“nn ][u21 iag(S, 1) + u, ]
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Moreover, then

sy
de t|: T W dlag(S(z) 1q) + uy,

and

(572

F(z)=[u11 ()W - diag

2n
« [ (720w - diag (520, 1a) + 17 )W:|

hold true for all z € T14.

B. Fritzsche et al.

2n
((,)_0)()W}7ﬁ0

2n
(S2), 14) +u12’) —")( )W}

1

Proof The matrices C; and W := diag(W W) are unitary and fulil WC, = C,W.
In particular, [T P O)W Q]((vf)/ O)WC By virtue of Lemma 4.6(b), for all

Se Sy xr(I14), we have

S Orxa
Odxr 1a

I, 0r><d
Oaxr 1a

V2C,

i(I; = 8) Orxa

Odxr  Odxa

I, + g 0r><d

Ogxr 21y

5 Orxd
Odxr Odaxd I Opxy
IZ 0 xd <0d><r 21d>
Oaxr 1a

where the pair ¢ w] given byqﬁ = 1(I —S) and w = q—i—S belongsto PR, (I14).
Regarding Lemma 4.6(a), for all [qﬁ ’N € PR, (I14), we have

a Or><d
O4xr Odxa
vacy |
Iﬂ 0rxa
Oaxr 1a

¥ +i¢ Opxa
Odxr g
1; - 15 0y xa
Oaxr  la
§ 0y xda
0d><r Iy <1/f - id) Orxd)
I, Orxa O 5r Iy ’
Ogxr Iy
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where S = ({/7 + 15)(12 — ia)f1 belongs to S, (I14+). Using these relations and
Lemma 4.6, the assertion follows from Corollary 9.4 and Theorem 9.5. We omit the
details. O

Now we consider the case (III), i.e., that the given sequence (s j)ﬁ’; o belongs

to ’H,; 203 We will see that in this case, Problem R[IT; (s/)z_o, <] has a unique
solution which can be described explicitly. Once more, observe that necessary and
sufficient conditions for the case that Problem MP[R; (s /)2_0, <] has a unique
solution are given in [10, Theorems 8.4 and 8. 5] Accordlng to Remark 3.4, this
corresponds to the case that Problem R[I1.; (s /) Fang <] obtains a unique solution.
Furthermore, we note that, in view of Deﬁnltlon 5.3, Theorem 2.4, and [10, Def. 7.4

and Thm. 8.4],if n € N and (s /) =0 € H>S are given, then the case (III) coincides
with the situation that Problem MP[R; (s /) - 0> <] has a unique solution.

q2n

Theorem 9.7 Let n € Ny and let (s/)] To € ’Hq 2n Further, let ‘U((Y/)/ 0 pe given

by (7.3), let ‘B(Y) be the restriction of D D7) onto Tl4, and let (8.35) be the
q % q block representation of QI( S Then the Sfunction dett) , does not vanish

identically and Ro 4[T14; (s])z_o, <]= {U(1A2);n(n§2);n) 1.

Proof According to Example 4.8, the pair [¢o; Yol given by ¢o(z) := 0yxq and
Yo(z) == I, forall z € I1 belongs to P[s(")]. In view of the assumption (sj);"zo €

H= Remark 5.4 yields (s /) —o € H=S | whereas Proposition 6.11(b) provides

q,2n° q, 2n’
ranks(()") = 0. Thus, Proposition 4.12(a) yields (P[s(")]) = {{[¢0; ¥0l)}. Applying
Theorem 8.11 then completes the proof. O

Appendix A Some Particular Facts on Matrix Theory

Remark A.1 Let A € CL*7 and let B € C[[*¥ be such that B — A € CL*?. Then
R(A) € R(B) and N'(B) < N(A).

For each A € CP*4, there exists a unique matrix X such that the four equations
AXA=A,XAX =X, (AX)* = AX, and (XA)* = X A hold true. This particular
matrix X is said to be the Moore—Penrose inverse of A and one writes A™ for this
matrix X. In particular, if A is a non-singular complex ¢ x g matrix, then AT =
A~! It seems to be useful stating some basic results on Moore—Penrose inverses of
complex matrices.

Remark A.2 1If A € CI*Y, then AAT = ATA.
Lemma A.3 (see e.g. [8, Lem. 1.1.9]) Let E € CPtO*(P+9) gnd let

ab
E— <C d) (A1)
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be the block representation of E with p x p block a. Then the matrix E is non-
negative Hermitian if and only if the four conditions a € (C’Z’Xp, R((b) € R(a),
c=>b* andd —ca™h ¢ (C%Xq are fulfilled.

A complex p x g matrix K is called contractive in case || K ||s < 1.

Remark A4 Let K € CP*4. Using Lemma A.3 (see also, e. g., [8, Thm. 1.1.2]),
easily one can see that the matrix K is contractive if and only if the matrix I, — K*K
is non-negative Hermitian.

Remark A.5 Let J~q be given by (4.1). Let P, Q € C?*9 be such that

P\ ~ (P “
(Q) (—Jg) <Q> e CL™. (A2)
In view of

v o (PY (P P\" ~ (P P\ (P axa
(Q—iPY*(Q —iP) (Q) (Q)+(Q) ( Jq)<Q>z(Q) (Q)G(C> ,

then N((g)) = N(Q — iP). In particular, rank(g) = g if and only if
det (Q —iP) # 0.

Remark A.6 Let P, Q e C?*9 be such that (A.2) and rank (S) = ¢ hold true.
In view of Remark A.5, then det(Q — iP) # 0. Because of I, — C*C = 2(Q —
iP)_*(S)*(—.Tq)(g)(Q — iP)~! and Remark A.4, moreover, the matrix C =
(Q +1iP)(Q —iP)~! is contractive.

Remark A.7 Let C be a contractive complex ¢ x g matrix. Let P :=i(I; — C) and
O = I; + C. Because of

P'P+0"0=U;-O)'U; —CO)+ I, +CO)*(; + C) =2(I; + C*C)

> 21, e CL,

then rank(g) = rank(P*P + Q*Q) = ¢q. Regarding Remark 4.1 and that C is
contractive, furthermore

() o) -re-on

=2(l, — C*C) e CLX1.

Clearly, (Q +iP)(Q —iP)~! = 2C)2I,) ' =C.
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We will write (., .)g for the (left) Euclidean inner product in C%, i.e., for all
x,y € CY,let (x, y)g := y*x.If M is a non-empty subset of C?, then the set M~ of
all x € C9 which fulfil (x, y)g = 0 for all y € M is a subspace of C? and is called
(left) orthogonal complement of M. If &/ and W are subspaces of C¢ such that
(u, w)g = O forevery choice of u in i and w in W, then UMW = {0y 1} and U DWW
is said to be the orthogonal sum of ¢/ and W. If U is a subspace of C?, then there
exists exactly one matrix P;; € C4*4 such that both Pyx € U and x — Pyyx € U+
are fulfilled for each x € C9. This matrix P, is called the orthoprojection matrix
onto . In particular, Pjyu = u for all u € U. A complex g x g matrix P is said
to be an orthogonal projection matrix, if there exists a subspace ¢ of C? such that
P =1Py.

Proposition A.8 Let P € C1*9. Then P is an orthogonal projection matrix if and
only if P> = P and P* = P hold true.

For a detailed proof of Proposition A.8, see, e. g., [34, Satz 2.54].
Remark A.9 1f U is a subspace of C9, then Py 4+ Ppr = 1.
Lemma A.10 Let m € N and let (Vj);f‘zo be a sequence of linear subspaces of C1
such that

Ogx1}=VoCSVIC - CVpu1 SV =C1 (A.3)

holds true. For alll € Zo j, let P := Py, and let 1, n2, ..., Ny € C\ {0}. Then

m m 1
[Z (P — on] [Z (P — PH)} =1,
= ni

=1

Proof From (A.3) and a well-known result on orthoprojection matrices (see, e. g.,
[34, Satz 4.31]) we get that P; Py = Pnin{j} holds true for all j,k € Zgp.
Moreover, (A.3) and a further well-known result on orthoprojection matrices (see,
e.g., [34, Satz 4.30(c)]) deliver the equations P; — P;_1 = ijevj—l forall j €
Zy,m and the representation C? = @}_; (V; ©V;_1) as orthogonal sum. Therefore,
using the Kronecker delta § j, it is readily checked that (P; — Pj_1)(Px — Pr—1) =
8jk(Pj — Pj_1) forall j, k € Z; ;, and, consequently,

m

< 1
[Z m (P — Pz1)} [Z . (P — Pll):|
=1

=1

I
M=

Zn, (Pj — Pj_1)(Pk — Pk 1>—ZZn, S P1 = Pic)

k=1 j=lk=1

~.
I
-

I
M=

1 m
m, (PL=Pip) =Y (P—P)=Pu—Po=1y—Ogsg = I.

.\
I
—
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Remark A.11 Let U be a subspace of C? with dimension d := dimi{/ > 1. Let
ui,uy,...,uq be an orthonormal basis of U/ and let U := (uy,us,...,ug). Then
Py =UU*.

Remark A.12 For each A € CP*9, the equations R(A)T = N(A*) as well as
N (AL = R(A*) hold true.

Remark A.13 If A € CP*9, then AAT = ]P)'R(A) and ATA = P’R(A*)'

Lemma A.14 Let A € CP*9, Then:

(a) Let B € CP*". Then R(A) € R(B) ifand only if BBTA = A.

(b) Let B € C'*4. Then N'(B) € N'(A) if and only if ABYB = A.

Remark A.15 Let M € C?*P be such that r := rank M fulfils 1 < r < g — 1.
Letuy, uz, ..., uq be an orthonormal basis of C? such that u1, u2, ..., u, is a basis
of R(M), let U = (u1,u2,...,ur), and let W := (uy1,uz,...,uy). For every
choice of A € C", then UAU* = W - diag(A, Oy—ryx(g—r)) - W* and UAU* +
P[R(M)]J‘ - W . dlag(A, qur) . W*

Lemma A.16 Letr € Z; 4, let U € CI*" be such that U*U = I, and let K B e
C’*". Then the matrices A := UAU* and B = UBU* + Pirwy fulfil R(A) <
R(U) and det (A*A + B*B) = det(A*A + B*B) as well as B*A = UB*AU*. In
particular, rank (4 ) = ¢ if and only if rank ( A) r.

Proof Clearly, R(A) = R(UAU ) € R(U). Moreover, we have A*A =
UA*U*UAU* = UA*AU*. Obviously, Pir LU = 0gx,. Taking additionally
into account Proposition A.8, we consequently obtain
B*B =UB*U*UBU* + UB*U"Pp )
+y RO UBU™ + Prr - Prrawn- (A4)

as well as
L UAU*

*
B*A = UB*U*UAU -I—]P’[R(U)]

= UB*AU* + Pjr ). UAU* = UB*AU*.

It remains to show that det(A*A + B*B) = det(A*A + B*B) is fulfilled. In view
of (A.4), we have

A*A+ B*B =U(A*A+ B*B)U* + Pyt (A.5)
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If r = g, then U is unitary and, therefore, ]P)[’R(U)]L = 0yxq and the assertion

follows from (A.5). Let r < g and d := g — r. Then there is V € C?*¢ such that
W = (U, V) is a unitary g x ¢ matrix. In particular,

* *
(g*g gﬂ‘j) = WHW = (0“ O’IXd) and UU* + VV* = WW* = I,
dxr d

(A.6)

hold true. Using U*U = I, and Remarks A.11 and A.9, then UU* = PRy and
VV* = I, = UU* = Py follow. Additionally using (A.5) and (A.6), we
obtain

U*

W*(A*A + B*B)W = (V*) [UA*A + B*B)U* + VV*] (U, V)

O

Lemma A.17 Let M € C9%P be such that r = rank M fulfils r > 1. Let
ui, us, ..., ur be an orthonormal basis of R(M) and let U = (uy,us, ..., u,).
Furthermore, let P and Q be complex q x q matrices such that rank(g) =gq
as well as Im(Q*P) € C2* and R(P) € R(M) hold true. Then the matrix
B = Q — iP is non-singular and the matrices ¢ = U*PB~'U and ¢ =
U*QB~'U fulfil rank ( fjj) =randy*¢ = (B~'U)*(Q* P)(B~'U). Furthermore,
the matrices S = U¢U* and T = UYU* + Py fulfil the following
statements:

(a) rank (5 ) = ¢ and det(S*S + T*T) = det(¢p*¢ + ¥* V).
(b) T*S = B~*(Q*P)B~ .
(© S=PBlandT = QB " aswell as R(( §)) = R(($))

Proof The idea of the proof is taken from [2, Lem. 4.3]. We only consider the
case r < q.Letd := g — r. Then there is V € C9*? such that W = (U, V) is
a unitary g x g matrix. In particular, (A.6) holds true. Using Remark 4.1, we get
(5)*(—Z,)(S) € CL*?. Set A == Q + iP, then Remark A.6 shows that det B #
0 and that C := AB~! is contractive. Since W is unitary, then the matrix K =
W*CW is contractive as well. Moreover, we have

U* U*CU U*CV
K = CU, V)= .
(V*) . v (V*CU v*cv)
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Obviously, B— A = —2iP and B + A = 2Q are true and, consequently,
i 1
;(Iq —C)=PB! and LUy +C) =B (A7)

follow. According to Remark A.11, we have Pr) = UU*. Thus, R(P) C
R(M) yields UU*P = P. Therefore, (A.7) and (A.6) imply V*([; — C) =
—2iV*PB~! = “2iV*UU*PB~! = 0454, i.e., V*C = V*. Considering (A.6),
then the lower blocks of K read V*CU = V*U = 04y, and V*CV = V*V = I;
which is, in particular, unitary. Consequently, K admits the block representation

%
K = (U cu O’Xd) . (A.8)
Oaxr g

Using (A.6) and (A.8), we get
I, =U0U"+VV*=UU"UU"+VV",
U*

C=WKW*=(U,V)K (V*) =UU*CUU* 4+ VV*,

and, therefore,
I,-C=UU*(; —CO)UU* and I,+C=UU*(I;+C)UU*+2VV*.
Due to (A.7), we infer

PB~ ' =vU*PB 'UU* = UpU*
and

OB~ ' =UU*QB 'UU* + VV* = UyU* + VV*.

In view of (A.6) and Pr(yy = UU* and using Remark A.9, we have VV* =
Iy — UU* = Pg(p)L- Consequently, PB~! = Sand QB! = T hold true which
proves (c) and rank ( %) = g. Assertion (b) immediately follows from (c). Using
U*U = I, and R(U) = R(M), the application of Lemma A.16 yields det(S*S +
T*T) = det(¢p*¢ + ¥*4r) and rank(i) = r. Moreover, considering that T*§ =
U (y*¢)U™ holds true, finally we obtain

1//*(1) = U*U(I/f*d))U*U =U*T*SU
=U*(@B H*(PB™HU = (B~'U)*(Q*P)(B~'U)

which completes the proof. O
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Appendix B Some Facts on the Integration Theory
of Non-negative Hermitian Measures

In this section, we present basic facts regarding the integration theory with respect
to non-negative Hermitian measures. Throughout the section, let K € {R, C}. We
write Bk denoting the o-algebra of all Borel subsets of K. Let € be a non-empty
set and let 2 be a o-algebra on 2. Consider a measure v on the measurable space
(22,20). We use Ll (22,2, v; K) to denote the set of all 2-B-measurable functions
f: 9 — Ksuch that [| f|dv < co. We will write B, for the o-algebra of all
Borel subsets of CP*9. An -8, ,-measurable function F: Q — CP*4 is said to
be integrable with respect to v if F' = (fjx) j=1,..., p belongsto [EI(Q, A, v; C)]1P*,
k=1

,,,,,

A matrix-valued function u the domain of which is 2( and the values of which belong
to the set CZ™? of all non-negative Hermitian complex ¢ x ¢ matrices is called non-
negative Hermitian ¢ x ¢ measure on (2, 2) if it is o-additive, i.e., if w fulfils
M(U,ﬁil Ap) = Z,‘:il w(Ag) for each sequence (Ak)}:il of pairwise disjoint sets
belonging to 2. By MZ(Q,20) we denote the set of all non-negative Hermitian
g x g measures on (2, 2), i.e., the set of all o-additive mappings y: 2 — CL*9.
Let u = (M./k);z‘,k=1 € M%(Q, 20). For each j € Z 4 and for each k € Z; 4, the
function i j; describes a complex measure on (€2, 2[) and the variation v of 1k
is a finite measure on (€2, ). Especially, p11, 122, . . ., tigq and the so-called trace
measure 7 = 23:1 wjj of p are finite measures on (2, 21). For each function f

belonging to El(Q, A, w; K) == tj‘,k:l El(Q, 2, vjr; K) we use the notation

o= (fron),

For this integral, we write f o f(@)p(dw) as well.

Lemma B.1 Let (2, ) be a measurable space, let u = (,ujk);I-’k:l € M% (2,20,
and let f: Q — K be an A-Bk-measurable mapping. Using standard arguments
of measure and integration theory, easily one can see that the following statements
are equivalent:

) feLl'@ 2 uwK).

(i) fe mjzl LN, A wjj; K).
(i) f e LY, Y, t; K), where T is the trace measure of Ju.
(v) f e LN, A, u*pu; K) for each u € C4.
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Now we turn our attention to an other integral based on investigations by
I. S. Kats [26] and M. Rosenberg [31]. Let (2, 2() be a measurable space and let
n o= (//ij);{kzl € M%(Q, 20). Then, for every choice of j and k in Z; 4, the
complex measure u ji is absolutely continuous with respect to the trace measure t
of u. If v describes an arbitrary measure on (€2, 2() such that, for all j, k € Zy 4,
the complex measure wj; is absolutely continuous with respect to v, we say
that p is absolutely continuous with respect to v and the matrix-valued function
W, = (df;fk )§ =1 built by the corresponding Radon-Nikodym derivatives of ik
with respect to v is said to be a version of the Radon—Nikodym derivative of p
with respect to v and is well defined up to sets of zero v-measure. An ordered
pair [®, W] consisting of an A-*B,,,-measurable function ®: @ — CP*? and
an A-B, . ,-measurable function W: @ — C"* is said to be left-integrable with
respect to p if du’ W* belongs to [£1(2, 2, T; ©)]7*". In this case the integral

/@du‘l’* :=/ du./ W*dr
Q Q

is (well) defined and we also write fQ D () (dw) [V (w)]* for this integral.

Appendix C Linear Fractional Transformations of Matrices

In this appendix we summarize some basic facts on linear fractional transformations
of matrices. Our considerations modify results due to V. P. Potapov [30], stated in
[20].

Remark C.1 Let ¢ € C7*P and d € C7%9. Then easily one can check that the
following statements are equivalent (see, e. g., [20, Lem. D.2]):

(i) The set Qc.a) == {x € CP*4: det(cx + d) # 0} is non-empty.
(ii) The set Qf¢ 41 := {[x, y] € CP*9 x C9*4: det(cx + dy) # 0} is non-empty.
(iii) rank(c,d) =gq.

Notation C.2 Let E € CP+9*(+4) and let (A.1) be the block representation of
E with p x p block a. If rank(c, d) = g, then the linear fractional transformations
SPD: Qg — CP*4 and 8PV O q) — CP*4 are defined by

SPD(x) = (ax +b)(cx +d)~" and SV (Ix, y]) = (ax + by)(ex +dy) "
Proposition C.3 Let E|, E; € CPTOX(+D) gnd et
ap by az by
E| = d Er =
! <01 d1> an 2 (Cz dz)

be the block representations of E1 and E, with p x p blocks a; and ay. Let
E = EE; and let (A.1) be the block representation of E with p x p block
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a. Suppose that rank(c1,d1) = q and rank(cp,dr) = q hold true. Let @ =
{[x, y] € Opeyan1: S‘(p,q)([x YD) € Qier.da)- Then Qpe.ay N Opey ay = O. Further-
more, zchd] N Q[Cl a1 # B, then SEPSP (1x, y1) = SV ([x. y)) for all
[x,y] € Q[c dn Q[Chdl]

A detailed proof of Proposition C.3 is given, e. g., in [20, Prop. D.4]. Note that
the conditions Q[CI,,M # ¥ and Qy¢,,4,] # ¥ do not imply Q[C dan Q[CI,,M # 0 (see
[20, Example D.6]).
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E. Liflyand

Abstract Salem type conditions for trigonometric series are extended to functions
from the Wiener algebra. While in the earlier one-dimensional generalization the
conditions are given in terms of the Hilbert transform, for the multivariate setting
all reasonable singular integrals are equally involved.

Keywords Wiener algebra - Fourier transform - Hilbert transform - Singular
integral - Riesz transform - Hardy space
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1 Introduction

Wiener’s algebra has proved to be very important in various areas of analysis; for
a detailed survey, see [9]. Forn = 1,2,...., we say that f belongs to Wyp(R"),
written f € Wo(R"), if

£ (x) =/ g’ S Ddz, g € L'(RM), (1.1)
Rll

where (x, 1) = x111 + ... + xntn, With || flwy, = gl L1 (&n)- The space Wo(R") is a
Banach algebra with point-wise multiplication.

In dimension one, a new necessary condition for belonging to the Wiener algebra
has recently been obtained in [6]. It was represented as a non-periodic analog of
Salem’s necessary conditions for a trigonometric series to be the Fourier series of
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an integrable function (see [10] and Chapter II, §9 of [1], where one can find a nice
discussion on this issue). Along with the proven in [8] fact that the Hilbert transform
of a function from Wiener’s algebra exists at every point, such necessary conditions
can be given as

Theorem 1.1 If f € Wo(R), then its Hilbert transform H f (x) exists at every x €
R, is uniformly bounded and lim H f(x) = 0.

[x]—00

Here the Hilbert transform H f is defined by

fa

RX—U

1 du 1
Hf) = (P.V.)/Rf(x —w) u” = _®V)

1 . o du
= hm/ {f(x—u)—f(x~|—u)}u, x € R.
8

T 810

As is well known, for f € LP(R), 1 < p < o0, this limit exists for almost all x in
R. A function in Wiener’s algebra need not be in any of these L?, just continuous
and vanishing at infinity, however its Hilbert transform necessarily possesses such
nice properties.

In this paper, we are going to generalize Theorem 1.1 to the multivariate case.
The main feature of this work is that the corresponding properties hold true not for
one specific singular integral as in dimension one but for a variety of such integrals.
The detailed study of singular integrals in [11, Ch.II] demonstrates that they possess
the key property needed for our study. More precisely, the uniform boundedness of
the truncated Fourier transform of the kernel is one of the basic features of every
singular integral.

The outline of the paper is as follows. In the next section we study one
specific family of singular integrals that unites the one-dimensional case and the
multidimensional one. In Sect. 3, we present our approach in full generality. In the
section before the last, we discuss what properties guarantee for a singular integral
to be involved in this study. Finally, in the last section we present an application to
radial functions.

2 Multidimensional Hilbert Transform

Among various generalizations of the Hilbert transform to the multivariate case (for
example, the whole second volume of [5] is devoted to this), the closest to the one-
dimensional prototype proved to be superpositions of the Hilbert transform applied
to single variables. This is by no means artificial, since corresponds to one of the so
called product Hardy spaces (many details are given in [7, Ch.5]).
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This case will further take its place in the general scheme. However, the use of
the Hilbert transform makes it, in formulation and in proof, very similar to the one-
dimensional case. To show this, it is worth giving first a short proof of Theorem 1.1,
moreover, in [6] it was longer and for the more restrictive in this case so-called
modified Hilbert transform rather than for the usual one.

Thus, expressing f in the Hilbert transform formula by means of (1.1), we wish
to justify the change of the order of integration. For each § > 0, we have

1 . : 1
/ / gw)e'™dudt = / g(u) e’ dtdu.
x—t]>6 X — 1 JR R |x—t]>8 X —t

In order to insert the limit as § | O under the sign of integration, we apply the
Lebesgue dominated convergence test. For this, we prove that the integrand in u is
dominated by a single integrable function independent of §. Since g is integrable, it
suffices to show that the integrals

. 1
/ eltu dt
lx—t]>8 X —1t

are uniformly bounded. This is obviously the case while integrating over |x —¢| > 1.
Substituting x — ¢ = s, we then see that the rest is equal to

ettt - sinsu
dt = —ie'*" / ds. 2.1
/5<|x—z<1 X —1 s<|s|]<l S

It is well known that the integral on the right is uniformly bounded. This proves the
existence everywhere of the Hilbert transform. Further, by King [5, Vol. 2, Table 1.3
(3.D],

He'™ (x) = —i signu e, (2.2)

and the corresponding Fourier integral tends to zero by the Riemann-Lebesgue
lemma, which completes the proof of Theorem 1.1.

To present the multidimensional result in question, we need additional notation.
Let n = (n1,...,n,) be an n-dimensional vector with the entries either O or 1
only. Correspondingly, |n| = n1 + ...+ n,. If only the j-th entry is one, while the
rest are zeros, a natural notation for such an 7 is e;. Additionally, we have special
notations 0 = (0,0, ...,0)and1 = (1, 1, ..., 1). The inequality of vectors is meant
coordinate wise. By x, and dx, we denote the |n|-tuple consisting only of x; such
thatn; = land [] dx;, respectively. Correspondingly, by R” we denote the |7|-

Jmj=1
dimensional Euclidean space with respect to the variables x; such that n; = 1. We
shall need the cases where H is applied to some of the variables, the cases where the
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Hilbert transform is applied to only one variable as well as to each of the n variables
are among these. This will be denoted by #,, in general, which means applying H
repeatedly to the j-th variables for which n; = 1. In the case where H acts only at
the j-th variable, we can replace H,; by the simpler H; notation. If we apply H to
each variable repeatedly, the notation 1 automatically comes to mind.

Theorem 2.1 If f e Wo(R"), then H,f(x) exists at every x € R" and

| llim Hyf(x) =0, foralln # 0.
X[—> 00

Proof For simplicity, it suffices to prove this for the case

Just this n will be used during the following proof. The mentioned similarity to the
one-dimensional case will come from the fact that the proof goes not only along
the same lines applied to the indicated variable but also that we still deal with the
Hilbert transform. Expressing f in H,, f by means of (1.1), we get

k
1 1
Hyf(x) = (P.V) / dt:
n o Jw 11:11 xj—t;
/ g(u)gi(tlul+"'+tkuk+xk+luk+l+---+Xnun) du

— / g(u)ei(xk+l“k+l+~~+xnun)
Rn

k
1 w1
P.V. [T dij du. 23
( )nk/w j:1e xj =1 e

We must justify the change of the order of integration on the right-hand side.
However, the one-dimensional argument works here in the same manner.

Let us now estimate all the summands on the right-hand side of (2.3). If
we consider the product of all £ Hilbert transform summands and take into
account (2.2), we arrive at

k
(—i)k/ g(u)l_[ signu N qu,
R” .
j=1

which tends to zero as [x| — oo, by the Riemann-Lebesgue lemma. This completes
the proof. O
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3 General Results

Proceeding to the general situation, we start with defining a general singular
integral on basis of [11, Ch.II, §3.2, Th.2], where fundamental properties of singular
integrals are proved. It is of the form

Sf(x) = /Rn fx =Ky dy, (3.1)

where the integral is understood as the limit, as ¢ — 0, in that or another sense of
the integrals

Se f(x) = f&x =Ky dy, (3.2)

lyl>¢

provided that the kernel K satisfies the conditions

|K(x)] < Clx|™", x| > 0; (3.3)
/ [K(x —y)— K(x)|dx <C, |yl > 0; 34
[x[=2]y|
and
/ K(x)dx =0, 0< M <M <. 3.5)
M <|x|<My

In [11], the mentioned limit is understood in some L?” norm, with 1 < p < oo.
However, we will see that it exists at every point provided f € Wy. We have the
following multidimensional extension of Theorem 1.1.

Theorem 3.1 Let f € Wo(R"). Then Sf(x) exists at every x € R" and
lim Sf(x)=0.

|x|—o00

Proof In the multivariate case, our strategy will be essentially the same as that in
dimension one in the previous section but applied to different singular integrals,
mostly purely multidimensional. The uniform boundedness of integrals mirroring
the last integral in (2.1) is the key ingredient. In fact, that integral is the truncated
(sine) Fourier transform of the kernel of the Hilbert transform. The same property
for general kernels is delivered by the lemma in [11, Ch.II, §3.3]; it says that if K
satisfies (3.3)—(3.5) and

K(x), lx| =4,

0, otherwise,

Ks(x) =
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then

sup |K5(x)| < C,
b

where the constant C depends only on dimension n. The proof now goes along the
same lines as above, where the mentioned lemma allows us to apply the Lebesgue
dominated convergence theorem at an appropriate moment. O

The main important singular integrals are the Riesz transforms. In dimension 7,

there are n transforms. For j = 1,2, ..., n, the j-th Riesz transform R; f(x) is
defined as
R; f(x) = lim Cn/ yj+1 f&x—=y)dy,
’ 0 ly|>¢e [y]"
with
F(n+l)
_ 2
n — n+1
T 2

By this, R; is a singular integral defined by the kernel

Vi Q2;(y)
Kji(y) = = ,
’ Iyt gyl
with Q;(y) = |yyj|-
It follows from Theorem 3.1 that for any j = 1,2,...,n, we have for f €
Wo(R") that R; f (x) exists for every x € R" and | 1|im Rijf(x)=0.
X|—>00

It is worth mentioning that while the repeated Hilbert transforms are used for
defining the so-called product Hardy space H'(R x ... x R), the Riesz transforms
are “responsible” for defining the real Hardy space H!(R") (their integrability, in
fact, is needed) and other related spaces. More or less detailed discussion on these
can be found in [7, Ch.5]; in particular, H'(R x ... x R) ¢ H!(R").

4 Certain Singular Integrals

Among general singular integrals considered in Sects. 2 and 3, some play a special
role in analysis. They are also studied in [11, Ch.II]. More precisely, in [11, Ch.II,
§2.2, Th.1] a wider class of singular integrals is considered, for which the uniform
boundedness of the Fourier transform of the L? kernel is assumed by definition.
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However, [11, Ch.II, §3.2] is not only devoted to the proof of Theorem 2 in [11,
Ch.II, §3.2] but begins with nice discussion why that wide class is unsatisfactory.
More precisely, it is desirable that the class should be defined in such a way that even
belonging to L? to be derived from the defining properties. For this, the formally
smaller class of singular integrals, the one we deal with in Sect. 3, is introduced by
assuming the properties (3.3)—(3.5). Then not only the belonging to L? is proved
but the property of the Fourier transform of the kernel we are interested in is derived
from the definition.

However, further restriction of the class has proved to be desirable for applica-
tions. One of the reasons is the need to deal with operators which commute not only
with translations like those above but also with dilations. For this, the class which is
perfectly appropriate is the one with the kernels of type

K@) = W

x|
with © homogeneous of degree 0, that is, Q(ax) = Q(x) for any a > 0. By
this, being constant on the rays going from zero, 2 is completely determined by
its restriction to the unit sphere S"~!. Also, something should be assumed in terms
of  in order to satisfy conditions of [11, Ch.II, §3.2, Th.2]. By (3.3) and (3.4), 2
must be bounded and thus integrable on S"~!. Further, (3.5) reduces to

/ Qx)do =0,
sn—1

where do is the induced measure on S"~!. However, the conditions (3.3) and (3.4)
are difficult to be reformulated in terms of 2. One of the natural ways to guarantee
them is to pose a Dini type condition on 2. It can be formulated as follows. Defining
one of the possible moduli of continuity of ¥ in the spherical mode as

()= sup [Q(x)— QY

[x—yl=t,
[x|=ly|=1

we assume the Dini type condition
1
w(t
/ @) dt < oo.
0 t

Needless to say that the concrete singular integrals considered in Sects. 2 and 3 are
of that last type.

It is proved in [3] that to guarantee the uniform boundedness of the Fourier
transform (in the improper sense, as needed) of the kernel K, the following
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assumptions can be taken instead of (3.3)—(3.5):

/ IK(x)|dx < CM, 0<M < oo; @.1)
x> M

/ [K(x —y)— K(x)|dx <C, [yl > 0; 4.2)
lx|>2]y|
and

<C, 0< M <M < o0. “4.3)

‘/ K(x)dx
M <|x|<My

All these give enough machinery for applying the obtained necessary conditions
and, correspondingly, eliminate functions not belonging to the Wiener algebra.

5 Application to Radial Functions

In [1, Ch. II, §9], Salem’s condition is applied to the series Y a, cosns. What is

derived is the assertion that for this series with {a,} tending to zero monotonously

to be a Fourier series, it is necessary that lim (a, — a,+1)Inn = 0. In [6], a one-
n—0o0

dimensional non-periodic analog of this result is the following

Theorem 5.1 If fo € Wy (R is even and monotone on the half-axis, then

lim lim (fox —8) — fo(x +8))In". = 0. 5.1)
§—0+ )

X—>00

We mention that indeed the repeated limits are taken exactly in this order.
A natural setting for a multidimensional result of such kind is radial functions.
First of all, we recall the following relation.

Lemma 5.2 For Fy(|x]) € Wo(R"), n > 2, it is necessary and sufficient that fy €
Wo(R) exist such that for t > 0, there holds

1
Folt) =[ foun( —u?)'? du. (5.2)
0

Proof In its precise form, this result is due to Trigub: the functions fy and Fp
are assigned unambiguously by differentiation: usual for n» odd and half-integer
fractional for n even; see [13, 6.3.6] and [12]. However, without indicating fy
explicitly, the result can be proved in the following simpler way.
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If fo € Wo(R) in the way

Jow) = /oo g(s)cosusds,
0

with g € R, then substituting the last integral for f in (5.2), we obtain
! n—3 o0
/ (1—u?" f g(s) cosuts ds du
0 0
& 1 n—3
I/ 8(s) / (1 —u®)"2" cosuts duds
0 0

n - 1 00 n
=2z—2¢nr(” ) )[O 8(s) 507 2 (51 ds, (5.3)

where J,, is the Bessel function of first kind and the passage to the right-hand side
is [2, Ch.1, 1.3(8)], with appropriate parameters. But this coincides, up to a constant
multiple, with

(2m)? /O h fn(fz (s 22 (s1)s" ! ds. (5.4)

Since g is integrable on R, we have G(|x|) = ‘i(“f,‘)l e L'(R"), and (5.4) is exactly
the multidimensional Fourier transform of G(] - |) (see [4, Ch.IX, §43, Thm.56];
in Remark 109 of that book, this formula is referred to Cauchy and Poisson for
n = 2, 3, and claimed not to be new in the 50-s, the time of writing [4], for arbitrary
n). Hence Fy € Wo(R").

Conversely, let Fp € Wo(R"). Then, by definition and radiality, it is equal to
n o0 n
(271)2/ G(s) (s) 2T Jua (s2)s" L ds,
0 2

with some G(| - |) € L'(R") and t = |x|. Furthermore, by (5.3), it is equal, again
up to a constant multiple, to

1 ne3 00
/ 1-u?" / G(s)s" ' cosuts ds du.
0 0
Since G(s)s" ! € L'(Ry), denoting the inner integral by fo(ut), we arrive at the

needed representation, with fy € Wo(R). This completes the proof. O

We are now in a position to prove the following result.
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Theorem 5.3 Let Fy(| - |) € Wo(R™), n > 2, and let (5.2) hold with fo monotone
on the half-axis. Then

lim  lim (Fo(jx| — 8) — Fo(lx| +8)) In

|x]—008—0+

g (5.5)
y =0 .

Proof By (5.2), denoting |x| = ¢, we get
t
[Fo(t — &) — Fo(t +8)]1n 5

/1 tu 2 n—3
= [fo(ut —ud) — fo(ut + ud)] In (1 —u”) 2 du.
0 ud

Since Fy is radial, fy can be considered as even. It is also bounded and vanishing

at infinity by belonging to Wy (R). While integrating on the right over (jt, 1), we

derive from (5.1) that tlim 511%1 of this integral tends to zero. It remains to estimate
— 0 0—>0+

1
tu

f” [ fo(ut — ud) — fo(ut +us)] In s (1= w2 du. (5.6)
0 u

Since (Slir(r)l comes from the definition of the Hilbert transform in the principal value
-0+

sense and, as we know, for a function from the Wiener algebra, it exists at every
point and is uniformly bounded, we derive from the estimate

1

/Ow(l — u2)'153 du = 0(\2)

that (5.6) tends to zero as lim and then lim . This completes the proof. O
5—0+ =00
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for Integral Means and Other Geometric @
Quantities Related to Conformal

Mappings

Ronen Peretz

Abstract We will describe few methods to derive estimates for integral means
and for other asymptotic expressions related to conformal mappings. One method
will start from classical inequalities for conformal mappings such as the Goluzin
inequalities and the exponential Goluzin inequalities. Then the simple idea of
approximating integrals with the aid of their Riemann sums will serve us to obtain
such estimates. A second method is to start from a certain elementary identity
proved by Hardy in 1915 and use it combined with distortion theorems in S to obtain
more integrals estimates. Finally, the main result in the author’s Masters thesis
which in fact was already known to Bendixon will give us a method to estimate
the geometric distance from a point in the image of a conformal mapping to the
boundary of this image. The estimate will be in terms of a rather arbitrary sequence
in the domain of the definition that converges to the pre-image of the point in the
image from which the distance is measured.

Keywords Conformal mappings - Schlicht functions - Goluzin inequalities -
Integral means - Distance to the boundary of the image

2010 Mathematics Subject Classification: 30C35, 30C55, 30C75, 46A03, 46A55

1 Introduction

Foran f € H(U) (U = {z € C||z| < 1}, and H (U) is the family of the functions
that are holomorphic in U) we will use the following standard notation for the p-
integral mean of f on the circle |z| = r forafixedrin0 <r < I:

1 [2= . 1/p
Mp(f,r)={2n/0 If(re’e)l”dé)} .
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The parameter p will usually be confined to the open positive half line, 0 < p < oc.
We also write Moo (f, r) = maxo<g<2x | f(re?)|. We also may write:

1 27 )
log (Mo(f.r) = fo log | f (re®)|d.

provided that the last integral converges. The motivation for the last definition comes
from the following heuristics: Mo(f, r) = lim,_,o+ M, (f, r), and

2
log (Mo(f,r)) = lim 1log{ ! f |f(re"9)|f’}=
p—0t p 2w 0

im 4 1/2”|f< 0| 1/2”1 \f (rei®)|do
= m (0] re = (0] re .
p—0+ dp g 27 Jo 27 Jo g

We note that My(f, r) is the parallel of the geometric mean of a finite sequence of
numbers. We recall results of Al Baernstein II from his deep paper, [1]. A continuous
function ® : R — R is said to be convex if Vx, y € R, CID(é(x +y)) < é(cb(x) +
®(y)). It is said to be strictly convex if strict inequality holds unless x = y.

Theorem (Baernstein’s Theorem, [1]) Let ®(x) be a convex non-decreasing
function R — R. Then for each f € S,

2 2
f ®d(log | f (re'?))do 5[ d(loglk(re'?))do, 0 <r < 1.
0 0

Here S = {f € HWU)| f is injective f(0) = f'(0) — 1 = 0} and k(z) is the
Koebe function k(z) = z/(1 — z)%. If ® is strictly convex, then equality holds for
some r only if f is a rotation of k.

The choice ®(x) = ¢”*,0 < p < oo, gives the following conclusion:

Corollary (Al Baernstein, [1]) For0 < p < ooand f € S, M,,(f,r) < M,(k,r),
0 < r < 1, with equality only if f is a rotation of k.

The proof of Baernstein’s Theorem involves a certain maximal function he
invented, the Baernstein star-function. Let u(z) be a real-valued function defined
on the annulus r; < |z] < rp. For each r, r1 < r < ry, we suppose that
u(re)y e L1(0, 2r). The Baernstein star-function of u is:

u*(re'’y = sup / u(redr, 0<06 <.
|E|=26 JE

Here | E| denotes the Lebesgue measure of the measurable set E C [—m, 7r]. In [1],
Baernstein showed that the star-function has the following remarkable property.
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Lemma 1 ([11) If u is continuous and sub-harmonic in the annulus r1 < |z| < rp,
then u* is continuous in the semi-annulus {re’g} lri <r <ry,0<6 <}, and
sub-harmonic in the interior.

In this paper we will show how one can start from the inequalities on S, that
involve finite sequence of parameters, such as the Grunsky inequalities, Goluzin
and Lebedev inequalities etc. .. and by approximating various integral means using
Riemann sums get new integral inequalities on functions of S that involve also their
derivatives and other operators such as the divided quotient operator. We will use as
one basic reference the book [2] of Peter Duren. Especially Chap. 4, pp 118-140 (for
Grunsky inequalities, and the Goluzin Lebedev inequalities), Chap. 5, pages 142—
187 (exponentiation of the Grunsky inequalities), and Chap.7 on integral means,
pages 214-231.

The natural problem of estimating sharply the integral means of derivatives
of functions in S, along lines similar to the classical result of Baernstein for the
functions themselves turns out to be involved. See [2, section 7.5, pages 229-231].
The first case might be to inquire if M,(f’,r) < M,(k’,r) for all f € S. For

0<p< é, this is certainely false, for by a direct calculation k' € H?(U) for all

0<p< ;, so that M), (k’, r) remains bounded as r — 1~. On the other hand,

there exist functions f € S whose derivatives have radial limits on no set of positive
measure, see [4]. In this paper it is shown that in fact f’ can have much worse
behavior. In particular f* & HP(U)for any p > 0. For such a function f, and for
each0 < p < _l,, the inequality M, (f’,r) < M,(k’, r) must fail for r near 1.
Here is a quotation from [2]: “In general, the sharp bound of M, (f "r), feSis
unknown. For p > é it seems a reasonable conjecture that M, (f',r) < M, k', r).”
Duren gives in his book [2], on page 229 two kinds of evidence to support the
last conjecture. First, it is asymptotically correct at least for p > 2 . Feng and
MacGregor have shown that for each p > 5, and each positive 1nteger n e ZJr
M,,(f("), r)y = O(Mp(k(”), r),r — 17, forall f € §. In particular, for p > 5,
M,(f',r) =0(1 —r)P=3) r — 17. See [3].

Second, the conjecture is true for certain sub-classes of S. It is so for the sub-class
K of close-to-convex functions.

Theorem (See [2] page 229) For0 < p < oo, M,(f'.,r) < M,(k'.r),0 <r <1,
forall f € K.

Before proceeding to the applications of Grunsky inequalities and other inequal-
ities to the estimates of integral means in S, let us note what do the elementary
theorems on S give us in that regard.

Here are some of these theorems:

A distortion theorem:

(1) Foreach f € S,

VO T =<t
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For each z € U, z # 0, equality occurs if and only if f is a suitable rotation of
the Koebe function.
A growth theorem:

(2) foreach f € S,

e sf@Is L r=r<t

r

1+ )%
For each z € U, z # 0, equality occurs if and only if f is a suitable rotation of
the Koebe function.
A rotation theorem:

(3) Foreach f € S,

4sin’1r, r < \/12,
larg f'(2)| < 2 )
b4 +10g<1—r2)’ r> v
One more estimate:
(4) Foreach f € S,
1-— ¢ 1
I zf'(2) - +r’ =r <1
147 f@ 1-—

Let us use (2) above in order to give a crude estimate of M, (f, r):

1 27 " 1/p
Mp(fr) = {271 /o |Fre )|”d9} = (1 —r)?2
Similarly by (1):
s O<p<o)

M=

These are relatively poor estimates. Already in 1925 Littlewood could do much
better for f € S and p = 1. His argument was a clever geometric argument.

Theorem (Littlewood, 1925) For each function f € S,

Ml(f,”)flr , 0<r<l.
—r

Proof Consider the square-root transform of f, h(z) = \/ f(@) =302 cn?". The
growth theorem (2) gives us:

Z
@l = 5. kl=r<L
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So h maps the disk |z|] < r conformally onto a domain D, which lies in the disk
lw| < 1_rr2. The area A, of D, is therefore no greater than the area of the last disk:

wr2

A < :
T (-2

But a calculation gives:

2n pr ) o
A= f f I (0e' ) pdpd6 = 7y nleal*r?".
0 0

n=1
Consequently,
> r
Z:rzlc,,|2r2’“1 < 0<r<l.

= (1 _ }"2)2’ =
n=1

Integration from O to r gives:

o0 }"2

Z lenl2r?" < s OF
1—r
n=1

Lo i0y,2 r
h do < ,
271/0 [re™)] T 1—r?
which is equivalent to:
Mg "L osr<,
—r

One might suspect that the estimate in Littlewood’s Theorem above could be
improved if we use the N’th root transform h(z) = f(z™)!/N = Y o2, cn2" instead
of the square-root transform. The result is: O
Theorem (The N’th Root Version of Littlewood’s Theorem) For each function

f € S and each integer N > 2,

N 1— (1 —r)t=4n
M(f,r) < N_a)* 12N , 0<r<l.

It turns out that for N = 2 (as Littlewood adviced us) the upper bound is the best.
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2 Inequalities on S and X

We recall few basic inequalities on families of conformal mappings.
(1) The Goluzin inequalities.

(@ On X. Letg € X and §, € A = {¢£ € C||§] > 1}, y» € C where
v=1,...,n,n=1,2,.... Then

2o g(éu)—g(éu)>
v 1
2 rwios(F)

n=1v=1

n n 1
<> Zyﬂyv10g<l ~ (Euéu)‘1>'

n=1lv=1

(b) On S.Let f € Sandz, € U,y, € Cwherev=1,...,n,n=1,2,....
Then

n

n l
< ZZvalog(l_zﬂzv)

n=1v=1

e ZuZv Fzw — flz)
vl 23 . 23 )
2.2 °g<f<zﬂ>f<zv>

p=1v=1 wT oy

(2) Exponentiation of the Goluzin inequalities.

The idea is to replace the inequalities in (1)(b) by similar inequalities with
the logarithms removed. We refer to [2] pages 180-183. The procedure in
the book is based on a theorem of Schur on the Hadamard product of two
positive semi-definite matrices. We will review that but see how to obtain a

slightly more general result. A real symmetric matrix A = (aji) is said to
be positive semi-definite (denoted by A > 0) if its associated quadratic form
Z'/'.:l Y k—1 ajkXxjxk is non-negative for all real numbers x1, . . ., x,. This will

be the case if and only if all of the (real) eigenvalues of A are non-negative. The
Hadamard product of two n x n matrices A = (ax) and B = (bj;) is defined
as the n x n matrix (a;rbjr). We will denote the Hadamard product of A and
B by A x B (so that it will not be confused with ordinary matrix product). This
operation is commutative, i.e. A * B = B * A. Also if A and B are symmetric
so is A x B. for any function f on R to R we denote by * f (A) the n x n matrix
(f(ajx)). In particular *A"™ = (a;"k), m=1,2,....

Theorem (Schur’s Theorem) If A > 0and B > 0, then A x B > 0.

Corollary to Schur’s Theorem If A > 0 and ¢(z) = ZSO=0 ¢,z¥ 1s an entire
function with non-negative coefficients c,, then x¢(A) > 0.

We also have the following

Lemma (On Hermitian Forms) If the real symmetric matrix A = (a ) is positive
semi-definite, then the Hermitian form Z?Zl Y1 &&= 0, for all complex
numbers &1, ..., &,.

After those algebraic preparations, the book [2] on page 182 returns to the
Goluzin inequalities on S, (1)(b). Choosing the parameters y, to be real numbers and
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using the fact that for any complex number o we have —R{«a} < || we conclude
that the symmetric matrix with elements:

_|; ( 414" f(Zj)_f(Zk))‘
= |log .
f(@zj) f(zk) Zj — Zk

is positive semi- deﬁnite Applying the Corollary to Schur’s theorem with the entire
function ¢(z) = ¢* — 1 (which clearly has positive coefficients), we deduce that
the matrix C = (cjx) = (€2aik — 1) is positive semi-definite. By the Lemma
(on Hermitian forms) we get, ZZ:I > i cuwYuy, = 0 for all complex numbers
Y1, - -+ VYn. In other words,

v f@—f@) 1P

Fef@) za—ze 1—zuzy| T

n 2 non
IRTAEDID
u=1 pn=1v=1

If the numbers y,, are expressed as follows:

@ |?

p

Y =ru

these inequalities become:

(z )| fe) = f@) |
ZA i ZZA’”( —ﬂ><1{V )
J=1 v—=1 ram 2y Zulv
for all complex numbers A1, ..., A,. These last inequalities are the exponentiation

of the Goluzin inequalities.

(3) A generalization of the exponentiation of the Goluzin inequalities. The
most significant thing we do, is to apply the Corollary to Schur’s Theorem with the
function ¢ (z) = e?* — 1 with any 0 < ¢ (instead of just ¢ = 2 as was the case in (2)
above).Clearly the entire functione?* —1 =Y >, ‘fn”,l -z has positive coefficients,
as requested by the assumptions of the corollary. The result is that for 0 < ¢ < oo
we have,

wa fE)-f@) 1|

Z/,L — 2y l _ZMZ\)

Z)’u =

YuVy-

If the numbers y,, are expressed as follows:

Yu=2u

p
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these inequalities become:

2
n q n n B q
Z » f (W) < Z Z)\u)w ) — f(zv)
n=l1 Zp p=1v=1 (ZM - ) - Z,uZu)
for all complex numbers Aq, ..., A,.

3 Generating Integral Inequalities

The very simple idea is to turn the inequalities on S we had in Sect.2 into
inequalities between Riemann sums. We will demonstrate in the current section an
example of this technique. Before stating and proving our results on integral means
we will need one more inequality for a function in S that will be tailored for our
needs. A major difference between this new inequality and the standard inequalities
in Sect. 2 is that in the coming inequality only the left hand side contains the function
f (very similar to the various exponentiation of Goluzin inequalities). The right
hand side is a concrete function of the parameters.

Theorem 3.1 Letn € Z*, z1,...,zs € U, ay,...,a, € C,qg € RT and f € S.
Then
n g n_n 2vq/2 2Nq/2
1 q 1— q 1— q
ZO‘M / P f(Zu) < ZZO‘MO‘V( |Zu| )4=( |Zv] )2 )
=1 |f (Z,u.)|q [ =1 v=1 (1 - Z,U.Zv| - |ZM —zv|)*
Proof We start with the following elementary, O

Lemma3.2 If f € S, z,w € U, then,

L fw=f@l _ 1=z

1F/ @1 w—zl[1—zw| = (11— zw| — |z — w)?’
A proof of Lemma 3.2 For the variable £ € U and for a fixed z € U we have,
F(H5)-ro

h =
© (1 =1z f' (@)

Hence

&
h .
©= 1 e
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Let us denote w = 212

= i Then& = |7 T w 2 and hence,

gl o=zl —zw)
(I—=1&D? (1 —zw| — |z —w[)?
By the above 3 equations and inequalities,
fw)=f@ _  Jw—zlll - zwl
1=z f'@ ~ (1 —zw| — |z — w])?

This completes the proof of Lemma 3.2.
Let us now express each A, in the last inequality of Sect. 2 as follows,

1

A= , mw=1,...,n.
TR )19

Then,

2
f(Zp.) a

p

< v
<22 e (|f/<zu>| If’(zu)l) *

n=1v=1

. 1
a
,; EVACRITE

q

) — f@)

(Zp, —z) - Zuzv)

o few—-f@) 19
=3 Y e - .
=l S (zw) Zu — 2 1 —zuzy
‘ f@) = fy 1 |12
f(zv) v — 2y 1 —zvzu
by (1= lzu 21 — |z )7/
S22 L ey
p=1v=1 ulvl = 12p = 2v
where in the last step we used twice Lemma 3.2. O
Corollary 3.3 Let f € S and g € R™. Then:

1

VO AN r2)q w ron dids
. do) < . . ,
27 0 |f/(re1€)|q/2 (27-[)2 |1 _ r2et(x7t)‘ _ rlezt _ €’S|)2q

0<r<l.
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(@)

foe) = freity [

(eis _ e”)(l _ r2ei(s7t)) dsdt =

1 2 0\ 1q 2 4 2 2w
ZH/O fredidn) < (2:1)2/0 /0

1 2 rzeis q 1 2w f(rei(s-l—t)) _f(reit) 4q
o _/(‘) 1 —r2eis 27 /0 rel(S+t) — peit dr | ds.
0<r<l.
Proof
(1) In Theorem 3.1 let us take a,, = 1, uw=1,....,n,z, = re2mit/n Then usin
=g 1 g
the corresponding Riemann sum with equal distances uzf, uw=1,...,n, we
get,
2
n 1 f(reZm',u./n) q
Z X |f/(r62”i'“/n)|q/2 ’ re2min/n —n—o00
pu=1

(1 /2” | f(re'®)|d de)z_ 1 (1 /2” |f(re')|e d9>2
2 Jo  1fre®)a2ra ) T r2a 2w Jo o | (ref®)]a/? ‘

A similar argument applied to the right hand side gives for n — oo the

following,
1)° /2” /2” (1 —r)idsdt
2 o Jo (1 —r2eiG=D| —|reis —reit|)2¢”

(2) We take the data, and apply the same Riemann sums argument to the inequality
at the end of Sect.2 (A generalization of the exponentiation of Goluzin
inequalities).

O

In order to express the next corollary we use the following two notations. Let
f(z), g(z, w) be continuous functions defined on |z] = r and on |z| = |w| = r
respectively. Then:

Mo(f(2), 1) = max If @], Meo(g(z, w), r) = max 1g(z, w)|.



Techniques to Derive Estimates for Integral Means and Other Geometric. . . 351

Corollary 3.4 Let f € S. Then:

()
f@? ( 1 ) 401 202
M°°<f’(z)’r>5M°° (11— zwl —jw—gpt") AT

(2)
f@) — f(w) ) 4
Xr .

(z—w){d —wz)’

Moo (f(2)% 1) < Ms (

Proof We raise the two inequalities of Corollary 3.3 to the power 3 and take the
limits of the inequalities as ¢ — oo. O

One can use the above technique to derive many different integral inequalities on
various expressions that involve £, f/, f®, f® ... for arbitrary f € S.

4 Using a Lemma of Hardy from 1915

Lemma (Hardy, 1915) Let ©(¢) be a real, twice differentiable function defined on
0<t <o0. Let

V() = tjt {to')}, 0=t <oo.

Let f € H(U) and let us denote: Mo(f, 1) = - 02” O (If(re')))do. If f(z) #
0 for |z| = r then:

2

d , B r2 2w 0 f/(reiﬁ)
T {qu>(f, r)} = o /0 W(|f(re™))) ‘ Frei) deé.

Here My (f,r) = & {Mo(f, 1)}
Proof (Hardy) Using the following 2 identities:

flre?) }

" Bar ‘f(reie)‘ = ‘f(reie) f(rei®)

m{ud%

o |reen| == |ree

flret®) }

~ i0
e i
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we obtain (here z = rei?):
'@
f @)

3\2 3\?
(ra ) <I>(If(z)l)+< ) cI>(If(z)|)=‘IJ(|f(Z)|)‘Z
r a0

We integrate foz ™ ...d0 the last identity. The second element is 0. This gives the
consequence. ]

We recall that My (f, r)* = ! 02" | £(re'?)|*d6. Let us take in Hardy’s Lemma

2
the following data: ®(¢) = 0 <t < oo forr>2 A computation gives:
U(t) = tjt {tar*~1} = A%¢* and we obtain the following integral identity:

)\2’,2

d 2 . .
ro rMa(fr)t) = / Lfre P21 ' (re'?)2d.
r 2w 0

d

Integrating for ...dr gives us an identity that includes an area integral:
VA )‘2 A=2) ¢/ 2
r(M(f,r)") = Lf @11 f (2)|do,.
2 J izl <r
Theorem 4.1 Let f € S, L > 2, then:

2 (] 1 =2 2 rho [ 6 ,—21
A / { f/ 1F@ P21 @)l daz}drs f 1—rel®|"2dg, 0<r<1.
o 277 JJiz1<r 21 Jo

Equality sign holds only if f (z) is a rotation of the Koebe function k(z) = z(1—z) 2.

Proof Using the result above of Hardy with ® () = t* we obtain

"1
)\2/0 {27‘[r //I |f(z)|k_2|f/(z)|2daz} dr = My (f,r)".
z|=sr

Using the celebrated theorem of Al Baernstein from [1], we have:
rh 27 )
My (f.r)* < / 11— re'|7ds,
2 0

with equality only if f is a rotation of the Koebe function, k(z). O
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5 Estimating the Distance from f(z¢) to df(U) Using
Sequences that Converge to z

Theorem 5.1 Let f € H(U) be an injective mapping on U. Then for any sequence
{zv}§° of distinct points in U such that zo = limz, € U we have the following
estimates:

1/n
lim sup ; S (@) 1
n—00 v=1 na)yév(za) - Zv) —1- |Zo| '
1/n
lim sup - n < !
n—oo u=l1 na);ép,(f(za)) - f(Z,u)) - dZ() )

Here d,; = min{| f (z0) — w| | w € af (U)} the distance from f(zo) to the boundary
of the image df (U). In particular we have an upper bound for that distance:

—1/n

. . “ Zl,L
d,, <liminf
SN2 - e

Proof We will use a theorem from the author’s Masters thesis, [S]. It follows also
from a result of Ivar Otto Bendixon. According to this theorem, if g(z) is an analytic
function in a neighborhood of z¢, and if {z,,}7° is a sequence in that neighborhood
and lim z;, = zo, then the radius of convergence of the power series of g centered at
20, R, is given by the following formula:

1/n

n
= lim sup Z 8(u)
n—00 =1 ]_[w#(za, - Z,u)
In our case f is analytic in a neighborhood of zp with the radius of convergence
about zp, at least 1 — |zg|. This gives the first estimate in our theorem. Also f —1is
analytic in a neighborhood of f(zp) and its radius of convergence about f(zg) is at
least d,. This gives the second (and hence the third) estimate. |
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Abstract In this paper the author is presenting a theory of functions on complex
ternary algebras. The theory developed here is a particular case of the more general
case discussed in a volume the author is preparing in collaboration with A. Vajiac
and a continuation of the real ternary case developed in Alpay et al. (Adv Appl
Clifford Algebr 28:1-16, 2018). The complex ternary algebra has a dual nature:
on one side, it is a one—dimensional (one ternary variable) theory generated by an
element that cubes to 1, on the other it behaves as a theory of one bicomplex
variable and one complex variable entangled by algebra relations.
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1 Introduction

In recent years the theory of hypercomplex analysis has taken new directions
towards more exotic examples such as the ternary case, in part due to possible
applications in signal processing, physics, etc. Hypercomplex numbers over QQ
have been studied by E. Artin et al.[6] in the context of analytic number theory,
and recently (over R) by physicists such as Catoni et al.[8] in the study of
Minkowski space—time geometry and physics. The study of hypercomplex numbers
is traced back the nineteenth century, when it formed the basis of modern group
representation theory.

In this paper the author is presenting a theory of functions on complex ternary
algebras, a generalization of structures that were first brought to light in [1, 14, 16].
In general, the interest in ternary algebras (as well as n—ary algebras) has
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been rekindled in recent years through the work of Rausch de Traubenberg and
Kerner [1, 14, 16] and some interesting applications in physics [12, 13]. For more
generalization from an algebraic point of view, one could see [18].

The theory developed here is a particular case of the more general case discussed
in a volume the author is preparing in collaboration with A. Vajiac and a contin-
uation of the real ternary case developed in [5]. The author is also collaborating
on a Clifford ternary analysis project that would allow a cubic factorization of
the Laplacian and one can obtain a Dirac-type operator in this case. Historically,
Clifford analysis has been used to factor the n—dimensional Laplacian via the
regular Dirac operator, however, new structures are needed for factorizations of
different degrees. This work can be found in [9, 10].

The complex ternary algebra has a dual nature: on one side, it is a one—
dimensional (one ternary variable) theory generated by an element that cubes to
+1, on the other it behaves as a theory of one bicomplex variable and one complex
variable entangled by algebra relations. In the general case, these types of algebras
have known a resurgence in importance. The ternary algebras are also related to
certain symmetries in high energy physics allowing one to explain, for example,
the three color and three family problems of the Standard Model. Moreover, ternary
algebras are known to be a strong candidate for the algebraic confinement model for
the problem of observability of three quarks/anti—quarks in Quantum Field Theory.

The paper is structured as follows: in Sect.2 we define the ternary complex
algebra structure, then we describe the various types of norms in this case in Sect. 3.
In Sect.4 we describe the analytic function theory in this case, while in Sect.5
we describe several applications to Cauchy—Kowalevskaya type Theorem in several
cases. We conclude with a small Sect. 6 of conclusions and future planned work.

2 Complex Ternary Algebra

The ternary algebra is a particular case of a hypercomplex algebra HF3 of
dimension three (see [6]), initially constructed from a generic unit (i.e. not in the
field F') that cubes to =1 and extended linearly over a field F (in our case F = R or
F = C), as follows. Consider three units

e =1 e, e3=e, 2.1)

where e% = 1, having the commutative multiplication table:

1 e e3
1 1ee3 2.2)
e ee3 1

e e3 1 e
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The case when e% = —1 is very similar and has been introduced in [5].

Following [6], the structure constants matrices are:

100 001
rlz(rfj)gjzgz 010 |, Fz:(rgj)ZJ': 100 |,
001 010
010
F3= ) ={001|. (2.3)
100

Notice that F,fm = ank, equivalent to the fact that HIF3 is a commutative algebra.

Moreover, I'y = (I'3)". A ternary number is written as
z =711 + z0e2 + z3e€3, 2.4)

where zy € F. Following [6], the associated matrix of the ternary number is given
by the circulant matrix S(z):

21 33 22
S@ =|z221 23 | € M3(). (2.5)
2322 11

Remark 2.1 In this case the transpose of the structure matrix is given by:

71 22 23
S@'=|zuzn]|, (2.6)
2223 71

which corresponds to the ternary number z' = z11 + z3€2 + z2€3, and we have:
2z' = (711 + z2€2 + z3€3) (211 + z3€2 + 22€3)
= (z% + z% + z%)l + (2122 + 2223 + z321)€2 + (2122 + 2223 + 2321)€3.

Note also that e, = e3, thus €} = e;, and ez¢), = e3e} = 1.

Remark 2.2 In the case of the mirror ternary algebra given by e% = —1 one obtains,
as expected:

2123 22
S@=|-z22 721 z3 | € M3(). (2.7)
-3 —22 21

Here the matrix is called anticirculant, as studied in [20].
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In this paper we study the case when the scalar field F = C and we denote the
complex ternary algebra by TC. We now prove a primary decomposition theorem
in this case:

Theorem 2.3 The algebra TC decomposes as a direct sum of three ideals:
TC = (e1) @ (e2) ® (e3),
where {€1, €2, €3} is an idempotent basis of TC, given by:
1 1 5 1 5
51:3(1+e2+e3), 6223(1+W62+W €3), 6323(1+1/f e +ye3),
(2.8)

where r is the complex primary root of unity, with the usual properties. Therefore,
any complex ternary number z. € TC has the following idempotent representation:

z = A (2)€1 + A2 (2)e2 + A3(2)e3, (2.9

where A¢(z) € C are the idempotent coordinates of z.

Proof As the complex ternary algebra TC is commutative, for simplicity we
compute the eigenvalues and eigenvectors of the matrix associated to the units
ey, then e3 and then we use linearity for determining the eigenvalues of a general
complex ternary number z. We have:

001 010
S(e2)=1100 |, S(e3) =001 |. (2.10)
010 100

The two characteristic polynomials are the same:

O,y (A) = 0ey (M) = det(Al — S(ez)) = det(Al — S(e3))
= —1=0—-DA*+1r+1),

thus there are three simple complex eigenvalues in each case. For £ = 2, we denote:
1 1
M) =1, Jae)=v=,1- Vi) eC, a(e)=v = S+ V3i) e C,

where v, v € C are the usual non—trivial complex roots of 1. Since ez = e%, and
e has simple eigenvalues and obviously commutes with e3, we obtain: ii(e3) =
M (e2)2, for 1 < k < 3, and we have the corresponding eigenvalues for e3:

e =1,  Jale) =y =v,  ise) =y’ =1y.
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Three corresponding linear independent eigenvectors of S(ez) and S(e3) are:

1 1 1
wm=1|, wm=|v |, wm=|y?],
1 V2 v

thus their corresponding complex ternary numbers are:

u=1+e+e;, w=1+ve+vyes, uwz=1+v’e+ Ves.

3
Therefore, for a generic z = Z zrex € TC, the eigenvalue problem of S(z) yields

k=1
the following expressions for the eigenvalues of a generic complex ternary number:

A1(z) = z1 + z2h1(€2) + 2311 (e3) = 21 + 22 + 23,
2(2) = 71 + 22h2(e2) + z3ha(e3) = 21 + VP22 + Y23,
A3(z) = 71 + z2r3(€2) + z3h3(e3) = 71 + Yz + ¥z

The characteristic polynomial of z is given by:

02(X) = X* = 321X? + (327 — 3212223) X — det S(2),

where
A1(2) + A2(z) + A3(2) = trace(S(z)) = 3z1,
A1 (2)22(2) + A1(2)A2(2) + A2 (2)r3(@) = 327 — 3212023,
M (@A (2)A3(2) = det(S(2)) = 23 + 23 + 23 — 3z12223.
3
It follows that any complex ternary number z = Z z¢e¢ € TC is written in both
(=1

idempotent and standard bases as:
z = A (2)€1 + A2(2)€2 + A3(2)€3

1 1
=3 (A1(2) + 22(2) + 23(2) 1 + 3 (M @) + V2@ + ¥ 23(2)e

1
+,00@) + 2o (z) + Yrz(2))es.
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This gives the inverse formulas for the change of basis:

21 = _ (M(2) + A2(2) + 13(2)) ,

2= 0@ + ¥r@ + i),

W = W =

1
a=3umw+w%xm+wmu»

and the decomposition of TC follows immediately. O

Remark 2.4 We chose to include the computational details of the previous theorem,
as it gives a solid foundation to the seemingly “magical” choices found in literature
in [1, 14].

2.1 Conjugates and the Idempotent Representation

As in the other commutative theory of bicomplex and multicomplex algebras[17,
19], using the idempotent representation we can build two associated conjugates to
each ternary number:

Definition 2.5 For the ternary number z = Zi:l M (2)€r we define:

3
= Z Alk11(2) €k,

k=1

3
= Z Atk+21(2) €k,

k=1

where the square brackets represent permutations of the A’s. (E.g. A242] = A1.)

Example For the ternary number ey, written in this idempotent representation as
e = 22:1 A(e)er = €1 + lﬁzez + €3, we have these two conjugates:

3

) =Y Apsi(E)er = Yer + e+ Yles = Yey,
k=1

& =) rpta(e)a =yla +ve + e =yle.
k=1
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Similarly, since e3 = (e2)2, we have:
e3 =€ +Yer+ ’»”263,
e} = ¥l + e + Yes = yles,
e = Ve +yle + e = e
Note that
ezeg = 1/fe% = ye3, ee; = 1/[26% = y2es, e;eﬁ = e% = e3,
and we have the following:

Remark 2.6 A simple consequence of the fact that the characteristic polynomial e
is equal to S(e2) = A= lis:

e +e; +e = ezeg + e2e; +e;e§ =0

ereles =1 = det(S(er)).

Remark 2.7 The two conjugations are not involutive, as:

il T il
61 = €2, 62 = €3, 63 = €],
and
* * *
€] = €3, €; = €1, €3 = €.

3
Lemma 2.8 For a generic z = szek = 711 + z2€p + z3e3, € TC, the two
k=1
conjugates of Z are given by:
z' =211+ Yzer + Ylzzes,

7" =711+ wzzzez + Yrzzes.

Proof To show the intricacies of the conjugations, we write the following compu-
tation which yields the proof:

7' = M @e + m@e + 13(@)e3) = A3@)er + A (2)er + A (2)es
1 1
= 1@+ @+ @)+ Y 0a@) + V@) + vias(z))e;

1
+ 5 (01 (@) + Y200 (2) + ¥is(2))es

=711+ vze + lﬁ213e3,
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and

2" = (M (2)€1 + M (2)er + A3(2)e3)”
=l (z)e;] + A3(2)er + A1 (2)€3

1 1
=3 (A1(2) + A2(z) + A3(2))1 + 3102()»1(1) +Yh(2) + A (@)er

1
+ Y@+ Y2 (z) + Y3 (2))es
=711+ Iﬂzzzez + Y¥rz3e;3.

0
It is also true that both conjugations are linear operators, so they can be computed
directly from the conjugations of the standard basis elements:
2" = 211+ 2e) + 3¢,

2" = z11 + 2285 + z3€5.
Remark 2.9 We have the following useful relations:

2+2 +7° = (@) + @) + A3(2) = 3211,
227" = M (2)A2(2)A3(2) - 1 = det(S(z))1 = (zf + z% + zg —3z12023)1,
@' =z, @)=z @) =1
Since neither of these conjugates is an involution, we will give them the moniker of
simple conjugates instead.

Definition 2.10 We define the total conjugate of z to be the product of the simple
ones, i.e. z := (z")(z%).

Remark 2.11 This conjugate is also not involutive, however, since zz = det(S(z))1
we can use it to define an inverse for the ternary complex number.

2.2 An Alternative Basis

In an algebra of this type there are important elements that help define additional
analytic structures; these are obtained from the usual basis through a linear trans-
formation. We now mention a useful alternative basis that simplifies calculations
and relates the ternary complex algebra with other known examples. This new basis
turns out to be very useful also in the study of the real ternary algebra TR.
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Definition 2.12 The symmetric basis for TC is defined as follows:
1 1
K12=€1=3(1+ez+e3), K22=€2+€3=3(2—ez—e3),
k3 1= —i(ez — €3) =

\}3 (e2 —e3).

It is obvious that {k, k2, k3} is a basis of TC and we have the following properties
for the symmetric basis elements:

2_ 2 2_ 2, 2
(k1)" =€) =€ =y, (k2)" =€5 + €5 =€+ €3 =2,
2 2, .2
(k3)” = —(€5 + €3) = —(e2 + €3) = —k2,
. 2 2 .
KoKy = —i(e;) — €3) = —i(e2 — €3) = k3, K1y = k163 = 0, Ky + K2 =1

@2.11)

The inverse change of base formulae from the symmetric to the idempotent ones
are given by:

1 . 1 .
€1 =K1, € = 2(K2 +ik3), €3 = 2(Kz —ik3).

Considering an arbitrary complex ternary number z, we can now write it in all three
standard, idempotent and symmetric bases as follows:

3 3 3
z= Zzeelz = Z)»k(l)ék = ij(l)/fj,
=1 k=1 j=1

where the symmetric coordinates w (z) are given by:
1 i
z=Ar(2)k1 + 2(?»2(1) + A3(2))k2 + 2()~2(Z) — 23(2)k3

1 V3
=@ +22+3)k + 2(2Z1 — 22— 3)Kk2 + ) (z2 — 73)K3

=: w1(Z)k1 + wa(Z)k2 + w3(Z)k3. (2.12)

For simplicity of notation we will omit (z) from now on, in all coordinates
corresponding to the three types of basis.
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The simple conjugations of the symmetric basis elements in TC are as follows:

1
=e = (k2 +ik3),

2
A S _ 1 .
Ky =€, + € = €3+ €] —K1+2(K2—1K3),

Kl = —i(el —el) =i(e) —e3) =i —i( —iKk3)
3 2 3) — 1 3) = 1K1 2/(2 1K3).

For an arbitrary ternary number z = w1 + waka + wik3 € TC, we obtain:

zT = wllcf + wzlc; + w3/c;
1 i
= (w2 +iwz)k + 2(w1 + wy — iw3)k2 + 2(w1 — wy + iw3)ks3

Similarly, the *—conjugates of «, are:

1 .
=€ =e =, o —iky),

* * * 1 .
Ky =€ +€3 =€+ =K+ 2(:c2+u<3),
¥ Cow ok . . i .
Ky = —i(e; — €3) = —i(e] — €) = —ik| + 2(K2 + ix3),

therefore we have:

z" = wik| + waky + w3k}

1 i
= (w2 —iw3)ky + 2(w1 + wa + w3k + 2(—w1 + wy + iw3)K3.

The total conjugate is given by:
1=27"= (z% —2223)1+ (z% —z122)€2 + (z% —z123)€3
= M(2)A3(2)€1 + 11 (D)A3(2)e2 + A1(2)A2(2)€3
= (w3 + w1 + (wiwi2 — (Wiw3)K3,
and the determinant of S(z) is given by:

det(S(z)) = zz'z* = wl(w% + w%) e C.

(2.13)

(2.14)
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2.3 The Real Ternary Algebra

An interesting application of the complex case becomes the real ternary case,

as studies in [5] In this section we restrict a complex ternary number to real
3

coordinates, i.e. Z =: X = Z xeeg, with x, € R. We denote the real ternary algebra

=1
by TR.

Remark 2.13 The matrix S(x) has the same form (2.5) only that it has real entries.
However, its eigenvalues and eigenvectors take C(i)-complex valued coefficients:

A(X) = x1 + x2 +x3, A (x) = x1 + ¥2xg + Y, A3(%) = x1 + ¥rxo + Y.

Nevertheless, the sum and difference of A, (x) and A3 (x) have either real or purely
imaginary coefficients, which will allow the coefficients of x in the symmetric base
to remain real:

M(x) +A3(x) = 2x1 + (Y2 +¥)x2 + (Y + ¥Hxs = 2x1 — x2 — X3,
MX) —A3x) = @2 — x4+ @ — ¥)xs = —/3i(x; — x3).

In this view, the symmetric basis comes to the rescue, as it becomes the only valuable
way to intrinsically describe TIR. We noticed that the elements of the complex
symmetric basis {k1, k2, k3} are already in TR. Adapting the writings (2.12) for
areal ternary number X, we obtain:

| .
X = 21 00K1+ ) (a(X) + A3 (X)) + ;(M(X) — 2a(X)K3

1 V3
= (x1 + x2 + x3)K1 + 2(2x1 — X2 — X3)k2 + ) (x2 — x3)k3
= wi(X)k1 + wa(X)k2 + w3 (X)k3, (2.15)
with w¢(x) € R. The change of base formulas from the standard basis to the real

symmetric basis are:

1
wi(x) =x1+x+x3, wrx) = 2(2x1 —x2 —x3), w3(x)= ) (x2 — x3),

1 1
0= i) +2wa(X),  x= Wi = wax) + V3w;(x)),

1
x3 = (Wi —wa(x) - V3w3(x)).
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Remark 2.14 A real ternary number can be viewed, roughly, as a split in a real

number wi (x) € R and a complex—type number ¢ (x) € C[ks; k3], as K% = —K3:

X = w1 (X)k1 + (X2 = w1 (X)k1 + (w2 (X)k2 + w3(X)K3) K2, (2.16)

with «1 and k7 being a partition of the unity: k1 + k2 = 1.

This fact does not imply that TR is merely a product C x R, the same as R x R
is not the same as C. The algebra allowing multiplication of “vectors” in TR plays
a very important role, as it does in the traditional complex case.

Multiplication in the writing (2.16) is realized component—wise, as k1k2 = 0:

xy = wiXwi(y)k1 + £ (X (y)k2,
where ¢ (x)¢(y) is the complex product in Clk; «3].

For x € TR, its conjugates x" and x* are not in TR, this would happen only
when x; = x3 = 0, i.e. x € R. Nevertheless, the total conjugate of a non—singular
real ternary number x stays in TR (omitting (x) from notation):

X=xx*= (xl2 — x0x3)1 + ()c32 — Xx1x2)€p + (x% — X1X3)€3

= (w} 4+ wi)k1 + (wiwa)ia — (wiw3)i3 € TR.

We denote by E(x) = wy(X)k2 — w3(X)k3 the Clky; k3]-complex conjugate of ¢ (x)
and its C[x2; k3]—complex norm by

001Kz = L 0E () = (w2007 + w3 (0)?) 2,

SO |§(X)|2 = wa(x)? + w3(x)? € R . Then the total conjugate of x becomes:

x = (L)1 + L®wi @)k
The determinant of S(x) is a real number:

det(S(®) = xx = w1 (XN (W2(®)* + w3(X)*) = W[ ®)|* € R.
Note that, as expected:
det(S(x)) = (w3 + w3 (wiw2)? + (wiw3)?) = wi (w3 + w)? = det(S(x))>.
Moreover, computing
x = xtx* = (x'x*) T (x"x*)*

=x"x’x" = det(S(x))x,
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we obtain that the total conjugation is not an involution, but a dilation with a factor
of det(S(x)). When x is a zero—divisor, i.e. det(S(x)) = 0, then x = 0. A real ternary
number X is a zero—divisor if and only if:

wl(w%—i-w%):O < w; =0or{wy; = w3 =0}.

Using the notation (2.16), x is a zero—divisor if and only if w;(x) = 0 or {(x) = 0.
In case x is invertible in TR, its inverse is:

1 X 1 n wy w3
= = K1 K2 — K3
x det(Sx)  wi widwd) (Wit wd)
1 Z(x)

T T R

2.4 From Complex Ternary to Bicomplex Algebras

Using relations (2.11) among the basis ternary complex numbers k¢, we write a
generic complex ternary number z as follows:

z = wi(2)k1 + (w2(2)ky + w3(z)k3) ko =: w1 (2)k1 + Z(Z)k2, 2.17)

where Z(z) = w2(z)ky + w3(z)k3 is a bicomplex number in the algebra over the
scalar field C(i) generated by the “imaginary” unit «3. This is a two—dimensional

unital hypercomplex algebra, with multiplicative unit « and relation K32 = —K2.

Remark 2.15 This bicomplex algebra is a subalgebra of TC, but not a unital one,
as its multiplicative unit, k2, is not equal to the ternary multiplicative unit 1 € TC.
This fact implies that there are three bicomplex—type subalgebras of TC, thus the
complex ternary numbers inherit many of the properties of bicomplex numbers. This
is in fact part of a general fact of hypercomplex algebras which have elements with
simple (complex) eigenvalues.

Note though that this is not a unital subalgebra of TC, « is still part of a partition
of 1 = k1 + k2. Moreover, note that

A (2)ky = (w2(z) — w3 (z))k2, A3z = (wa(z) + iws(z))k2

are the bicomplex C(i)-idempotent coordinates of Z(z) (see [15]), over idempotent
basis generated by:

1 1
€= 2(K2 +ix3), €= 2(Kz —ik3),
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having the properties:
— — 2 _ 2 _
€ =0, eatea=kK, ()=, () =e.

Definition 2.16 We denote this bicomplex algebra by BCs[«2; x3], which is a
hypercomplex algebra over the field C(i) generated by units x> and «3.

Remark 2.17 1In this notation, over the field C(i), we view the k, before the semi-
colon as the main unit, and x3 commuting with i.

Multiplication of complex ternary numbers can also be achieved using the bicom-
plex algebra multiplication and the fact that k1« = 0:

zw = w1 (Z)w; (W)k1 + Z(z2) Z(W)k3.

A complex ternary number z is a zero—divisor if and only if det(S(z)) = O,
equivalent to:

wl(w%—i-w%):O < w; =0or{wy; = w3 =0}.

Using the notation (2.17), z is a zero—divisor if and only if wi(z) = 0 or Z(z) is a
bicomplex zero—divisor. In case z is invertible in TC, its inverse is:

1 z z w% + w% wiwy wiw3 .
3
wl(w% + w%)

= = = K K
z zz  det(S(z)) wl(w% + w%) ! wl(w% + w%) 2

1 n wy w3
= K1 Ky — K3
o @i uh™ T @+ wd
1 Z%(z)
K1+ K).
wi@  Z@))}

Note that in the writing (2.17), bicomplex conjugations do not have any input into
ternary simple conjugations. This is because the latter ones are permuting all three
idempotent variables, not conserving the bicomplex writing. The (second order)
total conjugation can be written in bicomplex terms, involving the C(i)—complex
modulus and the T—conjugation (see [15] for details):

2=1Z@)i«1 + w1 (@) Z' @)
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3 Ternary Norms

There are several norms of interest for the algebra of ternary numbers. The first one
worth mentioning is the analog of a field norm (which is not the usual notion of a
vector space norm):

Definition 3.1 The field—type norm of a ternary number is defined by:

N(z) := zz = det(S(z)) = z% + zg + zg — 3212223
= M@ @A3(2) = w1 (W] + w)),
We defer the study of this field—type norm for the moment. The most useful norm

for the analysis of ternary numbers is the following ternary—valued norm (see [4]
for a similar theory of hyperbolic—valued norms).

Definition 3.2 The complex—valued ternary norm is defined by:
IzllTc := [A1(@)]€1 + [A2(D)]€2 + [A3(2) €3

1 .
= @l + , (Aa@)] + 23@) e + ;(I)»z(Z)I — [A3(2)Dks.

As e and €3 do not have real coefficients, note that |z||rc € TC. Equivalently, in
the symmetric basis, the coefficient in front of k3 is purely imaginary in i. Moreover,
as mentioned above,

1 1
€ = 2(Kz +ik3), €3 = 2(/(2 —ix3),

form the idempotent basis of BC[«»; i, k3]. Note that k := i3 is an element that
squares to k7, the multiplicative unit of BCl[«»; i, 3], therefore it is a hyperbolic—
type unit. We write:

lzlltc = A1 (@) |1 + | Z(2) |k k2,
where
|Z(2) |k = |A2(2)|€2 + |A3(2)|€3

is a non—negative hyperbolic—type number (see [4] for more details).

Next, we define a (partial) order relation on the set T(C|R (which is not the same
as TR described later here) that will lead to subadditivity of the complex—valued
ternary norm:

Definition 3.3 A complex ternary number with real idempotent coefficients is
non—-negative, denoted by z > 0, if and only if A¢(z) € R. Moreover, two ternary
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numbers z, w € 'IF(C|R are related, z < w if and only if w — z > 0, i.e. their (real)
idempotent coordinates satisfy A¢(z) < A¢(w), forall £ = 1..3.

Using the bicomplex description for z € TC
type number, therefore

g Dote that Z(z) is a hyperbolic—

z=w1(Z)k1 + Z(@Z)k2 =0

if and only if wq(z) > 0, and Z(z) is a non—negative hyperbolic-type number. It is
easy to check that the relation above is indeed a partial order relation on 'IF(C|R.
Note that indeed ||z||rc and has the usual properties of a norm, including being
multiplicative:
lzlltc =0 <= z=10
luzllte = |ulllzlTc, Vu € C),

Iz - wlltc = llzlltc - IwlTc,
and because of the subadditivity of the usual complex norm, we get:

z+ witc = [A1(2) + A1 (W)le1 + [22(z) + A1 (W)]e2 + [A3(z) + A1(W)]€3
= (M@ + [AiWDer + (A2@)] + [A1(W)De2 + ([A3(@)] + [A1(W)])es

= llzlrc + Iwlc.

For z = x € TR, we note that:

2
A" = |x1 + ¥ x2 + Yx3|” = |x1 + 2(—362 —x3) — 5 (x2 — x3)
1 3
= (x1 + 2(—)Cz —x3))* — 4(Xz — x3)°
2
1 V3i
PO = b1+ yxo + Yl = v+ (cx2 —x3) + T = x)
1 2 3 2 2
= (x1 + 2(—)62 —x3))" — 4(X2 —x3)" = [AX)]%,
therefore |12 (X)| = |A3(X)][. It follows that the ternary—valued norm for real ternary

numbers is a real-ternary number:

IXllTc = [AM Xk + [A3(X) |2 = [wi1(X)]«1 + [wa(X) + iw3(x) |2

= lwi(X)|x1 + [£(X)|x2, 3.1
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where we note that
L] = [wa(X) + w3 (X)] = w2 (X2 + w3 k3| = Vw2 (x)2 + w3(®)? € Ry

Next, for a real ternary number x € TR, A;(x) is always real, but A(x) and A3(X)
are real if and only if x; = x3, equivalent to A2(x) = A3(x) and to w3(x) = 0.
Moreover, in this case wa(X) = A2(X) = x; — x2. Therefore, for a real ternary
number:

x>0 << wix) >0, w(x) >0, ws3(x)=0. (3.2)
In conclusion, a non—negative real ternary number is of the form:

X =x11+ x2e2 + x0€3
= A (X)e1 + A (X)€e2 + A2 (X)€3

= w1 (X)k1 + w2 (X)k2,

where Ay (x) > 0, we(x) > 0, for £ = 1, 2, equivalent to x1 + 2x2 > 0 and x1 > x3.
This implies that x; > 0, and if x > 0 then x; > x > 0, or if x < O then
X1 > —2x).

The next valuable norm on TC is the Euclidean—type, still real ternary—valued:

Definition 3.4 The Euclidean—type ternary—valued norm of a complex ternary
number z € TC is defined by:

1 .
lzllg := [A1(@)]e1 + ‘z(lkz(Z)I + [A3(2) D2 + ;(Ikz(l)l — [A3(@) k3 | k2

1
= M (@)1 + 2\/(I)»z(Z)I +123@D* + (@) — 23(2)]) k2

= M@k + jZ\/Mz(z)P + ha@ P
= w1 @l + 1Z@ke, (3.3)

where | - | denotes the usual norm of complex numbers, with the exception of |Z(z)|
which is the Euclidean norm of the bicomplex number Z (z) written in its idempotent
representation.

It follows easily that ||z||g > O and, using the subadditivity of the Euclidean
norms, the ternary—valued norm is also subadditive but not multiplicative, as the
bicomplex Euclidean norm is not.

Using the complex ternary—valued norm, we define ternary disks and domains as

follows.
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3
Definition 3.5 A ternary open disk D(zg, p) centered in zg = ZM (zo)ey and
=1

radius p € TC re £ = 0,1s defined by ||z — zo[[Tc < p, i.e. the relations:

[Ae(z) — Ae(20)| < Ae(p), €=1.3.

In case we replace < by < above, we obtain a ternary closed disk.

Definition 3.6 A complex fernary domain is an connected open subset 2 C TC,
i.e. for each point zg € 2 there is a ternary open disk D(zg, p) C Q. If written in
the projection form:

QL= - 61+ -6+ Q-¢€3,

the projection sets €2 - €, are one—variable complex domains (disks) in C(i), for
£ =1.3.

In the symmetric basis, a ternary domain €2 decomposes as follows:
1 . 1 .
QL= -k +(2- 2(K2+1K3)+Q~ 2(/(2—1/(3) Ky =R k1 + Q- kKo,
where we have used the bicomplex domain decomposition in the bicomplex
1
idempotents ) (k2 £ ik3) (see [15] for details):
1 . 1 .
Q-kr=(Q- 2(/(2 +ik3)r + Q- 2(/(2 —ik3) ) k2

When necessary, we work also with Euclidean—type ternary disks, defined in a
similarly way:

Definition 3.7 An Euclidean ternary open disk centered in zg = |wi(zg)|k1 +
|Z(zp)|k2 and radius y € TR4, y > 0, is defined by ||z — zo||g < ¥, i.e. the
relations:

lwi(z) — wi(zo)| < wi(y), 1Z2(2) = Z(z0)| < |Z(y)I.

4 Complex Ternary Regularity

Consider a complex ternary number written in all three standard, idempotent and
symmetric bases:

3 3 3
2= zer =Y @e =Y wi@k = wi (@K1 + Z(@)kK). (4.1)
k=1 k=1

=1
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Following the same set-up, a complex ternary function F : Q € TC — TC can also
be written in three ways:

3 3 3
F@) =) fime=Y gi@e =Y W@k = W@ + G@)xa,,
k=1 k=1 =1
4.2)

where 2 € TC is a complex ternary domain and:

1. fi : Q@ c CH)> — C(), f( = fi(z1,22,23) are C(i)-valued functions of
three complex variables zj,

3
2. @k : l_[ Q-€p C (C(i)3 — C(@), px(z) = px (X1 (2), A2(2), A3(z)) are C(i)—valued
=1

functions of three complex variables A4 (z),
3

3. Wi [] 2 ke € CHP = T, W@ = We(wi @), wa(@), w3@) are C)-

=1
valued functions of three complex variables wy (z).

4. In this context, the function
G:Q k1 x Q-kp CC() x BC(k2; k3) = BC(k2; K3), 4.3)

where G(z) = G(w1(z), Z(z)), becomes a bicomplex—valued function of one
complex variable w(z) and one bicomplex variable Z(z).

The relations among the coordinate functions for F are:

1) = f1i(@) + f2(2) + f3(2), (@) = fi@) + ¥ @) + ¥ f3(2),
03(2) = f1(2) + V(@) + ¥ f3(2), 4.4)

and the inverse transformations are:
fi(@) = ; (91(2) + ¢2(2) + ¢3(2)) fa(z) = ;(<p1(1) + Y p2(2) + ¥ 03(2)),
f3(@) = ;(w(z) +¥202(2) + Y3 (2)). (4.5)
In the symmetric basis, we have:
Wi@) = ¢1(@) = f1(2) + f2(2) + f3(2),

1 1
Wa(z) = 2((Pz(l) +¢3(2)) = 2(2f1 () — f2(2) — f3(2)

i 3
W3(2) = ;(f/)z(l) —¢3(z) = \é (f2(2) — f3(2)), (4.6)
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and the inverse transformations:

p1(z) = Wi (2), ©2(z) = Wa(z) — iW3(2), @3(z) = Wa(z) +iW3(2),
%))

and
1 1
fi(@) = 3(W1 (z) +2W3(2)), f(z) = 3(W1 (z) — Wa(z) + V3W;(2)),
1
f3(2) = — 3 (—=Wi(2) + Wa(z) + V3W5(2)). (4.8)

Note that all relations among the functions fi(z), ¢k (z), Wi (z) and G(z) are linear
transformations.

Definition 4.1 A ternary function F : Q@ € TC — TC is complex differentiable
if the coordinate functions f;(z) (and implicitly ¢ (z), Wi(z) and G(z)) have
continous partial derivatives

of 0Pk oWy G G
9ze’  Ore(z)  Odwe(z)’ dwr(z)’ w3 (z)’
for all k,¢ = 1..3, i.e. the coordinate functions are C(i)—complex holomorphic

functions in variables z; (respectively A;(z) and wy(z)).
From now on we will omit (z) from the notation of A (z) et al. In terms of the
Rl
usual complex conjugate differential operators 5 in C(i)3, a function F is complex
Ze

differentiable if it is in the kernel of all three operators:

d 0 d
fo J 0%k 0k _g o 23
971 022 973

Equivalently, in the idempotent and symmetric bases:

0 0 0 aW, ow, aW,
Pk _ Pk _ Pk -0 k _ k _ k —0.
oAl BIY) A3 Jw Jwr Jws

In terms of the bicomplex function G(z), we have the equivalent description of
complex differentiability of ternary functions:

0G _ G _ oF _
dw; 9z 9z+

In the last equality, Z and Z* denote the bicomplex conjugates (see [15] for details).
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Definition 4.2 The ternary conjugate operators acting on complex differentiable
ternary functions F(z) are defined in terms of the idempotent representation:

d N I d S B
= € € €3, = € € €3.
VAR YPREILEY YRR L TP dzr " 0 T ans 2 an

Because € = 0 for j # k and e,% = ¢, forall k, £ = 1..3 we obtain:

3
d Z(pj - €j
j=1

oF
€, = € = €.
ole k ole k org k

Then the explicit action of the conjugate operators is given by:

dF oF + JF 4 JF dp1 + P2 4 993
= € € €3 = € € €3,
dz? A3 ! oAl 2 BI%) 3 A3 ! oAl 2 E%) 3

and similarly

dF g1 8(/)26 _i_3(/936
dzr ~ 9o s 2 an

In terms of the ternary conjugate differential operators, we define the notion of
regularity as follows:

Definition 4.3 A complex differentiable ternary function F : Q@ — TC is ternary
regular on Q if and only if F is in the kernel of the two ternary conjugate operators:

dF _dF
@ @ =0,

forall z € Q.

The following theorem characterizes ternary complex regular functions in the
idempotent writing.

Theorem 4.4 A complex differentiable ternary function ¥ is regular on Q if and
only if the functions ¢ (z) = @k(Ak(2)), i.e. they depend only on one variable,
thus are C(i)—holomorphic functions in the variable Ay (z), for k = 1..3, on their
projection complex domains 2 - €.

Proof The proof is very similar to the proof in the bicomplex case [15] and a direct
implication from the differential operators above. O
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In the symmetric basis we obtain the equivalent statement:

Theorem 4.5 A complex differentiable ternary functions F is regular on Q if and
only if both of the following hold:

1. the function W1(z) = Wi(wy), i.e. it depends only on one symmetric variable w1
and thus it is C(i)—holomorphic on Q - k1,

2. the function G(z) = G(Z), i.e. it depends only on the bicomplex variable Z and
it is bicomplex holomorphic on Q - k3.

Proof This is a consequence of the theorem above and the equivalence with
bicomplex derivability. O

Remark 4.6 Coming from general commutative hypercomplex theory, one can
define the notion of derivability for ternary functions, i.e. in terms of limits of
the ternary rate of change quotients. It turns out that a complex ternary function
F : Q — TC is derivable on €2 if and only if it is ternary regular on 2. In terms of
the ternary derivative operator, defined by:

3
d 0
=2 s
dz o\, (z)
k=1
if F is derivable then its derivative is given by:
/ dF / / /
F(z) = dr = p1(A1(@)€1 + 9y (Aa(z)e2 + 93(23(2))€3.

In symmetric coordinates, the derivative of F is given by:

F'(z) = W(wi1(@)k1 + G'(Z(@)k2.

The Generalized Cauchy—Riemann (GCR) conditions give an equivalent descrip-
tion of ternary regularity. Starting with a ternary function F : Q@ — TC which is
holormophic as a function of three complex variables, the GCR system is:

€ = e, k,£=1.3.

af3 af1 of2 af1 af2 af3
1+ e + e; = 1+ e + e3,
971 071 2 971 } 022 922 2 922 ’
af2 of3 of1 0f3 of1 af2
1+ e + e; = 1+ e + e3,
32 02 T 0 T o a2 ag s
d 0 0 0 d d
fll_l_ fze2+ f3e3= f21+ f3e2_|_ f1e3

073 073 073 071 971 971
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which is equivalent to the following system of differential equations in terms of the
partial derivatives in standard coordinates z;:

i _ 3 _3fs
dz1  0z2  0z3
oft _ df2 _ 9f3
dz2  9z3  0z1
afi _df2  9f3

= = . 4.9
023 071 34722 )

In the symmetric basis the GCR system is equivalent to the following:

oW d 0 d
1 fl+ fl_l_ fl’

Jw 971 dz2  9Z3

a complex Cauchy—Riemann system:

W, _ W3 _ 1 23f1
own o w3 )

Cofi afl)

dz1 0z2  0z3

ows dwr 2

W, AWz V3 <8f1 8f1>

- 9022 a 023

G
which is equivalent to 97t = 0, and the projector system:

3W2_3W3_0 3W1_8W1_0
dw; dw; dwy  dwz

5 Applications of Complex Ternary Regularity

5.1 Ternary Power Series and Cauchy—Kovalevskaya
Extensions

A complex ternary regular function F : Q@ — TC inherits a power series expansion
from its complex holomorphic idempotent coordinate functions:

F(z) := p1(M1(2)€1 + p2(A2(2)e2 + @3(A3(2))€3.
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Omitting (z) from notation, consider the following power series expansions of ¢,
on complex disks Dy (Xep) € Q2 - €

o0
we(he) = ZGZn(M — deo)", ¢£=1.3.

n=0
Then
o0 [o.¢] o0
Fz) =) ai,(h — hio)"er + Y az(a — hao)"e2 + Y asn(hs — 230)" €3
n=0 n=0 n=0

oo
=Y (@€l + azes + aze3) - (0 = 2io)"e1 + (2 — A20)" €2 + (A3 — A30)"€3)

M2 1

(ain€1 + azper + azez) - (A1 — Ajo)er + (A2 — Azo)e2 + (A3 — Azp)ez)”

n=0

]
M

Ap(z — ZO)n s

n=0

where A, = ajn€1 +az,€2+az, €3 are ternary coefficients. This proves the theorem:

Theorem 5.1 A complex ternary function F : Q — TC of class C1(Q) is
holomorphic on 2 if and only if it is derivable on Q.

Just like in the bicomplex case [11], we obtain a first Cauchy-Kovalevskaya
Theorem for complex ternary functions:

Theorem 5.2 A real analytic function f : U C R — TC

f) = i)+ fa(x)es + fa(x)es
= @1(x)€e1 + p2(x)e2 + p3(x)e3

(equivalent to fy(x) are real analytic on U ), extends uniquely to a complex ternary
regular function F : Q C TC — TC, where Q is an open neighborhood of U in
TC.

Proof Recall that

p1(x) = filx) + fa(x) + f3(x),
P(x) = 1)+ Y2 (x) + Y (),
@3(x) = fi(x) + Y oa(x) + Y2 f3(x).
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First we extend f to a holomorphic function on U € C, where U is a neighborhood
of Uin Cby f(2) := fi(x)1+ f2(z)ea+ f3(z)es, for z = x +1iy. This is equivalent
to use the regular CK extension for the real analytics functions f; (x) to holomorphic
fe(2), for £ = 1..3. It follows that the extensions ¢y (z) are complex holomorphic,
as they are C(i)-linear combinations of f;(z).

Now consider the ternary variable

z=2z11+z2€; + 2383 = A1 (2)€1 + A2(2)e2 + A3(2)€3

and define
F(z) := 1(M1(2)€1 + @2(A2(2))e2 + 93(A3(2))€3.

Note that F|]R = f and F is ternary regular. The uniqueness of F follows from the
uniqueness of the extensions f¢(x) to f¢(z). O

5.2 Analysis of Real Ternary Functions

A real ternary number x € TR has the following representations:

3 3 3
x=) xep =) h(Xex = Y we(X)ie = wi (X1 + (X,
k=1 k=1

=1

where A1(X) € R, xz, wr(X) € R for k = 1..3, A22(x), A3(x) € C(i), and ¢(x) €
Clrz; k3).
A real ternary function F : 2 — TR is also written in the following ways:

3 3

3
Fo) =Y fier =Y gp(xer = Y We(x)re = Wi(x)x1 + Gz,
=1

k=1 k=1

where 2 C TR is a real ternary domain and the coordinate functions are as in the
complex case, with a few exceptions:

1. i: QC R} — R, f(x) = fik(x1, x2, x3) are real-valued functions of three real

variables xy.
3

2. @k : l—[ Qe C (C(i)3 — R, pr(z) = ¢1(M1(z), A2(z), A3(z)) are functions of
=1
one real variable A1 (z) and two complex variables A>(z) and A3(z),i.e. 2 - €] C
R3, while Q - ¢, < C(@)3 for k = 2, 3. The difference is that @1 is real-valued
while ¢, and @3 are complex—valued functions.
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3
3. Wi [[@ ke € CH — Ch), We(®) = Wi(wi (@), wa(2), wi(z)) are Cli)-
=1
valued functions of three complex variables wi(z). The function G : Q -« x Q-
k» C BC(k2; 1, k3), G(z) = G(w1(z), Z(z)) is a bicomplex—valued function of
one complex variable wi(z) and one bicomplex variable Z(z).

Theorem 5.3 F is regular on Q2 if and only if:

1. The real function W1 (x) = Wi(w1(X)), i.e. it depends only on one real symmetric
variable, and the complex function g(x) = g(£(x)), i.e. it depends only on one
complex variable.

2. The real function Wi(w1(X)) is of class C' (Q - k1) and the complex function
G (¢ (x)) is complex derivable (i.e. holomorphic) in the complex holomorphic on
Q- K.

Moreover, if the derivative of F exists, it is given by:

dF
Fl(x) = dx = Wi (w1 (x)k1 + &' (€ (%))ko.

The equivalent description is the GCR system (4.9), replacing the variables z; by
x¢. In the symmetric basis, we get the similar formulation of real ternary regularity
in terms of differential operators:

oW a a a
1_f1+f1+f1

ow 0x1 dxo  0x3

s

a CR system:

W, _ W3 _ 1 zafl
dwy - w3 )

Cofi 3f1)

dx1 0x2  0x3

w3 dwy 2 \9xa  ox3

aW, _aw3_¢3<af1 af1>

0
which is equivalent to 3§ = 0, and the projection properties:

oW aW. aw oW
2 _ 3201 1 _ o

dw dw own Jws

The derivative real ternary differential operator is given by:

d a n 0 n 0
= K K K
ox Jw ! Jwy 2 Jws 3

Lo, 0 0 YA I I Ll o
= K — — K - K3.
3\ox  axa  oxs) T3\ Taxy dxe oxs) 2 3 \axa dxs)
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5.3 Cauchy-Kovalevskaya Theorem for Real Ternary Regular
Functions

In the same way as the previous case, we have the following Cauchy-Kovalevskaya
theorem for real ternary regular functions:

Theorem 5.4 Consider a real ternary regular function F : Q C TR — TC
F(x) = Wi(wi(x))k1 + G (x))k2

with the additional condition that W1 (X) is realﬂana]ytic on 2 - kg. Then F e~xtends
uniquely to a complex ternary regular function ¥ : Q € TC — TC, where Q2 is an
open neighborhood of Q2 in TC.

Proof Recall that F is ternary regular implies that G (¢ (x)) is holomorphicin ¢ (x) =
wo (3()/(2 + w3 (X)x3 on Q- k7. First we extend Wi (w1 (x)) to a holomorphic function
on U1 € C, where U is a neighborhood of U in C by:

Wi(z) :=U1(2) +iVi(2)
for z; = wi(x) + iy;. Now we extend the complex holomorphic function G (& (x))
from C(x3) to a bicomplex holomorphic function G (Z) on BCl[k»; «3].

Now consider the ternary variable

z=wi(z2)k1 + Z(2)k3

and define

F(2) := Wi(wi1@)k1 + G(Z@)k2
Note that F mr = F and vF is complex ternary holomorphic. The uniqueness
of F follows from the uniqueness of the complex and respectively bicomplex
extensions. m|

5.4 Other Applications, Extensions to the Tri-complex Space
BC;

We will first write a generalization of the tri-complex space BC3, i.e. given by three
commuting complex units as in [17, 19], as follows:

Remark 5.5 Consider the tricomplex space BCs[1; iz, i3] (Where before the semi-
colon we have the main unit and i, i3 commute with i, i.e. this is a commutative
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algebra over C(i)) written in both standard and idempotent representations:
Z3 = Zy + 13200 = (Z21 —12Z2n)exs + (Z21 + i2Z22)e;3
where Z»1 and Zj, are bicomplex numbers in BC;[1; i>], and:

1 . 1 .
Yl = €3 = 2(1 + izi3) V2 = 023 = 2(1 —izi3),

va 1= ey = —izens, y3 1= heby = izel, (5.1)
vi = (hes)” = (—izes)” = —ex3 = —y1, i = (ize;)2 = (i3e§3)2 = —923 =-.
Using the properties of tricomplex numbers, we can write Z3 also as follows:
Z3 = (Zy1 —pZp)exs + (Za1 + izzzz)e;
= (Z21€23 — (i2€23)Z22) €23 + (Zzle;; + (ize;3)222> e;

= (Z21€23 + (i3€23)Z22) €23 + (Zz1e§3 + (i3e;3)222> e;;

= (Zun1 + Znys) i + (Zay2 + Znys) v
=: Z1y1 + Z2y2,

where, up to isomorphism of bicomplex algebras, Z; € BCj[y1; y4] and Z; €
BC;[y2; y3] are treated as independent bicomplex variables. We denote the tricom-
plex algebra also by BC3[1; yi, y4; 12, ¥3]

Relations (5.1) among the elements y1, y» and y3 (note also that y; + y» = 1)
allow us to identify a complex ternary number of the form

z=wi @y +Z@)y: = (Wi@y1 +0y)y1 + Z(2)y2

is also an element of the tricomplex algebra above, as the ternary symmetric
basis elements «1, k2 and «3 have the same properties (see (2.11)). All these
identifications are obtained by algebra isomorphisms, which are easier to understand
from the context rather than complicating the notations further.

Using a similar proof as in the two theorems above, one can prove the following:
Theorem 5.6 Consider a complex ternary regular function F : Q@ € TC —
BCs[1; &1, ka; k2, k3] (denoted simply by BCz)

F(z) = Wi(w1(2)k1 + G(Z(2))k2,

i.e. Wi(wi(z)) is holomorphic in Q - k1 € C() - k1 and G(Z(z)) bicomplex
holomorphic in Q - kp € BCa[ka; i, k3]. Then F extends uniquely to a tricomplex
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holomorphic function F: Q C BC3 — BCs, where Q is an open neighborhood of
Q in BCs.

We leave the proof to the reader.

6 Comparison, Conclusions, and Future Work

The analysis of spaces of regular functions have been studied in [5] where the
authors solved the Gleason’s problem in the ternary case, using the method
described in [2] for several complex variables and in [3] for the quaternionic case.
In this work, in a way parallel to the quaternionic case, in solving the Gleason’s
problem, the authors obtained Fueter—type variables (as discussed, for example,
in [7]), as the primary ternary variable is not regular in a usual sense. These Fueter—
type variables are commutative and this allowed to define the counterpart of the
Arveson space and solve the Gleason’s problem defined in the ternary case. The
Fueter variables themselves behave as a complex variable and a “light—cone”-type
one which reduce to a two real variable theory when restricted to a plane. The fact
that these variables only show up in a non—commutative case before is interesting in
itself as well. This paper outlines a comparison between complex ternary analysis
and the real ternary one, clarifying the notions found in [5]. For [5] we have used the
theory generated by an element that cubes to —1, however all results translate with
small and careful changes of sign. The analytic theory also carries over smoothly.

The author is now working on a collaborative project on solving the Gleason
problem in the complex ternary case, using one of the ternary norms described in
Sect. 3.
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