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1 Introduction

Portfolio managers are looking for new solutions to deliver a portfolio with maximal
return and minimal risk. Since the introduction of Modern Portfolio Theory (MPT)
by Markowitz (1952), researchers have proposed different models to construct an
optimal portfolio according to various criteria (Kolm et al., 2014). These innovations
continue because different models work well under different conditions.

Since the 2008 financial crisis, risk management and diversification have become
more important. At that time researchers questioned traditional portfolio man-
agement approaches, demonstrated properties of the Risk Parity Portfolio (RPP),
and compared it with two well-known portfolio management techniques, namely
Mean-Variance Portfolio (MVP) and Equally Weighted Portfolio (EWP) (Maillard
et al., 2010). They described RPP as a trade-off between these two approaches
since it outperformed MVP in terms of diversification and beat the EWP in
terms of individual asset risk. In other words, RPP concentrates on portfolio risk
allocation rather than portfolio capital allocation. Additionally, RPP outperformed
MVP during the crisis since it is not as sensitive to input parameters as MVP
(Thiagarajan & Schachter, 2011; Chaves et al., 2011). RPP increases diversification
and constructs a portfolio such that all assets contribute equally to the total portfolio
risk, which leads to maximizing the highest return per unit of risk (Dalio et al.,
2015). In other words, if an investor assumes the equal return contribution for all
assets, the RPP has the highest Sharpe ratio (Chaves et al., 2011).
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A multi-asset portfolio constructed by risk parity optimization makes the total
risk contribution of assets equal so that higher weights are assigned to less risky
assets. By decreasing the portfolio risk due to downturn of a specific asset, it
enables the portfolio manager to face unexpected circumstances. Moreover, RPP
attempts to incorporate all assets in the portfolio while making the risk contribution
equal, which increases diversification through distributing investment among several
asset classes. However, RP tends to concentrate investment in the very low risk
assets, whereas portfolio managers may want more diversification. Therefore, the
purpose of this study is to survey and prototype different versions of the risk
parity optimization model for a systematic multi-asset portfolio construction that
not only focuses on assets’ risk contribution but also on balancing the assets’ weight
allocation in the optimization process.

The “All Weather” fund, pioneered by Bridgewater Associates LP in 1996, was
the first risk parity fund, but portfolio managers were skeptical about its perfor-
mance. After discovering the importance of RPP in 2008, researchers introduced
different formulation and computing methods to optimize the RPP. While the
RPP model is roughly straightforward (Kazemi, 2012), yet there is no universally
accepted formulation to optimize RPP. Maillard et al. (2010) proposed a convex
formulation for RPP which was then modified by Bai et al. (2016). In this study, we
have used the RP convex optimization model introduced in Bai et al. (2016). A full
review of methods and application can be found in Qian (2016).

Considering the merits of implementing RPP, researchers are still improving
its flexibility. One study suggested focusing on risk factors of each asset instead
of equalizing the total risk (Bhansali, 2011). They mentioned that by focusing on
risk factors, we can prevent the risk of investing in assets that are not likely to
continue their historical performance. Moreover, a recent study recognized the high
transaction cost of the RPP and mentioned that it is a risk-oriented model which
does not consider other performance criteria (Wu et al., 2020). In this regard, we
report Turnover (TO) of the RPP as well as other evaluation criteria to compare
its performance with benchmarks. To increase the flexibility of RPP, we also have
considered the desire of portfolio managers to modify the RPP by constraining the
weights.

2 Methodology

To achieve the goal of this study, which is constructing a balanced portfolio in terms
of asset risk contribution and weight allocation, first we introduce the basic risk
parity (RP) portfolio optimization. Then two modified versions of RP are presented
to prevent the portfolio from concentrating too much on a few low risk assets. The
mathematical formulation of each proposed portfolio is described below. In this
study, we assume that short selling is not allowed.
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2.1 Risk Parity Portfolio

The formulation of the basic risk parity optimization is described in Eqs. (1, 2 and
3).

minw = 1

2
wT � (w) −

n∑

i=1

bi logwi (1)

n∑

i=1

wi = 1 (2)

wi ≥ 0; ∀i (3)

This is a convex optimization model for which Newton’s method is guaranteed
to find the stationary optimal point (Bai et al., 2016). In Eq. (1), wi is the weight of
asset i in the portfolio, n is the total number of assets, wn × 1 is the weight vector
of all assets, �n × n is the covariance matrix of assets’ rates of return, and bi is the
desired relative risk contribution of asset i to the risk portfolio calculated by Eq. (4),
where TRCi is the total risk contribution of asset i and is defined as Eq. (5).

bi = T RCi∑
i T RCi

(4)

T RCi = wi(Σw)i

σP

(5)

Here, σP represents the standard deviation of the portfolio’s return and is calculated
in Eq. (6).

σP =
√

wT � (w) (6)

At a stationary point for the convex objective function in Eq. (1), the risk
contributions are equal and risk parity is achieved indirectly by minimizing this
function. Equation (2) makes sure that funds are fully invested. And, TRCi =
wi(Σwi)

σP
Eq. (3) enforces the assumption that short selling is not allowed. This

formulation (Eq. 1) results in weight concentration on low-risk assets. Because
managers may not like how much RP emphasizes these assets, we impose bounds
in the following proposed portfolios to prevent too much concentration.
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2.2 Uniformly Bounded (UB) Risk Parity Portfolio

In this portfolio, constant values have been chosen as the lower bound (L) and upper
bound (U) for all assets’ weights in all asset classes. These bounds are judiciously
chosen after analysing the results of the basic risk parity model to channel the
portfolio towards allocating weights to high risk assets as well as low risk ones.
Therefore, UB is achieved by substituting Eq. (7) for Eq. (3) in the optimization
problem.

L ≤ wi ≤ U ; ∀i (7)

2.3 Differentially Bounded (DB) Risk Parity Portfolio

In this portfolio, different boundaries have been chosen for assets’ weights in each
asset class, separately. These bounds also originated from the results of the UB
portfolio that try to distribute the weights among assets as uniformly as possible
while concentrating on the objective function. To construct this portfolio, a unique
lower and upper bound are set for assets within a class. Therefore, we modified the
optimization problem of RP by substituting Eq. (8) for Eq. (3).

Lj ≤ wj ≤ Uj ; ∀j ∈ asset class k (8)

3 Results

The daily closing price data of assets falling into three broad classes, namely,
commodities (CO), equities (EQ), and fixed income (FI) are considered in this
study. Asset (sub)classes and the ETF proxies associated with each are described in
Appendix. The dataset includes the daily closing prices of 20 ETFs from 07/01/2013
to 12/31/2019. All steps in the simulation process have been implemented in R,
using the riskParityPortfolio package (Griveau-Billion et al., 2019). We evaluated
the performance of the proposed portfolios along with three benchmarks regarding
the in-sample (the whole dataset is used for model implementation and performance
analysis) and out-of-sample performance (different segments of the data are used for
model implementation and performance analysis). Three benchmarks considered in
this study are, 60/40 (60% EQ, 40% FI), 50/40/10 (50% FI, 40% EQ, 10% CO),
and Equally-Weighted (EW) portfolio. In the 60/40 and 50/40/10 benchmarks, the
weights are equal within each class. In UB, we set L = 0.02, U = 0.1, and in DB,
we set Lj = 0.02, Uj = 0.06; ∀ i ∈ FI and Lj = 0.04, Uj = 0.1; ∀ i ∈ EQ, CO.
In the in-sample performance analysis, we experimented with different time frames
over which to estimate the covariance matrix. Moreover, we assumed that high-
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frequency trades are not allowed; i.e., trades in small time windows like seconds
and minutes are not considered. Thus, we consider other time frames for estimation
such as monthly, 3-monthly, 6-monthly, 9-monthly, and annual. The returns over
longer time frames are calculated based on the approximate compounding return
formula and the covariance matrix is also calculated separately for each time frame
(Luenberger, 1998).

In the out-of-sample performance analysis, we considered 1 month as the
rebalancing period (Maillard et al., 2010) and simulated the process over 2 years.
The training window consists of 54 months from 07/01/2013 to 12/31/2017. The 2
year simulation window starts at 01/01/2018 and ends on 12/31/2019. Both training
and simulation windows are rolling for 1 month in each rebalancing repetition.

3.1 In-Sample Performance

To obtain insight into the motivation for introducing modified risk parity portfolios,
we compared the weight allocation and relative risk contribution of assets when
using parameters estimated on a daily basis. Similar patterns are seen for other
estimation time frames as well.

As can be seen in Fig. 1, weights are distributed more uniformly among assets
in all classes when moving from RP to DB, which confirms the contribution of this
study.

Figure 2 demonstrates the relative risk contribution of assets in each risk parity
portfolio. It can be seen that in the RP, all assets contribute equally to the risk
of portfolio. However, in UB and DB the risk contributions of assets are not

Fig. 1 Weight distribution of different portfolios
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Fig. 2 Relative risk contribution of different portfolios

uniformly distributed. The reason behind this unbalanced risk contribution is the
new constraints imposed on the optimization problem of RP, which make the
objective function worse and result in unequal risk contribution.

To compare the performance of the different portfolios in different time frames,
we calculated their in-sample performances (when the whole dataset is used) based
on Annualized Return (AR), Annualized Volatility (AV), Annualized Sharpe Ratio
(ASR), Maximum Drawdown (MDD), and percentage of Positive Rolling Return
(PRR). MDD and PRR are calculated using Eq. (9) and Eq. (10), respectively where
W(t) in Eq. (9) is the portfolio price at time t ∈ [0, τ ], τ denotes the time frame and
Nt in Eq. (10) is the number of days in [0, τ ] in which the portfolio return is positive.

MDD =
(
maxt∈[0,τ ]W(t) − mint∈[0,τ ]W(t)

)

mint∈[0,τ ]W(t)
∗ 100 (9)

PRR = Nt

τ
∗ 100 (10)

Tables 1, 2, 3, 4 and 5 describe the performance of alternative portfolios in
terms of the defined performance criteria. As can be seen in Table 1, none of risk
parity portfolios compete with the 60/40 and 50/40/10 benchmarks in terms of AR;
however, UB and DB beat the EW benchmark using almost all estimation time
frames.

According to Table 2, all risk parity portfolios over all time frames outperform
the benchmarks in terms of annualized volatility.

According to Table 3, the RP portfolio outperforms UB, DB, and EW in terms
of ASR over all time frames; however, it fails to beat the 60/40 and 50/40/10
benchmarks.
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Table 1 Annualized return (%) of alternative portfolios over different time frames

Model Daily Monthly 3-monthly 6-monthly 9-monthly Annual

RP 2.256 2.348 2.501 2.945 2.588 1.648
UB 2.594 2.806 3.015 3.649 3.343 2.885
DB 2.668 2.878 3.094 3.722 3.410 2.985
EW 2.656 2.656 2.656 2.656 2.656 2.656
60/40 7.199 7.199 7.199 7.199 7.199 7.199
50/40/10 5.387 5.387 5.387 5.387 5.387 5.387

Table 2 Annualized volatility (%) of alternative portfolios over different time frames

Model Daily Monthly 3-monthly 6-monthly 9-monthly Annual

RP 4.490 4.613 4.792 5.154 4.711 3.749
UB 5.746 5.886 5.957 6.492 6.340 6.179
DB 6.913 6.994 6.939 7.810 7.045 7.641
EW 7.977 7.977 7.977 7.977 7.977 7.977
60/40 11.042 11.042 11.042 11.042 11.042 11.042
50/40/10 9.266 9.266 9.266 9.266 9.266 9.266

Table 3 Annualized Sharpe ratio of alternative portfolios over different time frames

Model Daily Monthly 3-monthly 6-monthly 9-monthly Annual

RP 0.503 0.509 0.522 0.571 0.549 0.440
UB 0.452 0.477 0.506 0.562 0.527 0.467
DB 0.386 0.412 0.446 0.476 0.484 0.390
EW 0.333 0.333 0.333 0.333 0.333 0.333
60/40 0.651 0.652 0.652 0.651 0.651 0.652
50/40/10 0.581 0.581 0.581 0.581 0.581 0.581

Table 4 Maximum drawdown (%) of alternative portfolios over different time frames

Model Daily Monthly 3-monthly 6-monthly 9-monthly Annual

RP – 6.305 8.462 9.311 10.848 12.459
UB – 7.956 10.856 11.844 13.291 15.562
DB – 9.098 12.425 13.632 14.420 17.370
EW – 11.346 15.574 16.392 15.701 18.854
60/40 – 16.323 21.678 23.574 21.678 25.484
50/40/10 – 13.794 18.492 20.058 18.492 21.380

It can be seen in Table 4 that RP has the lowest MDD over all time frames in
comparison with other portfolios. As the data is collected on a daily basis, MDD is
not defined on daily basis since it requires a time interval to be calculated. The
differences among percentages of PRR is negligible over different time frames
among alternative portfolios according to Table 5. This value lies in the interval
(52.8, 54.3) for all portfolios.
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Table 5 Positive rolling returns (%) of alternative portfolios over different time frames

Model Daily Monthly 3- monthly 6-monthly 9-monthly Annual

RP 54.2 54.2 54.1 54.4 54.0 53.0
UB 53.8 53.9 54.0 54.6 54.3 54.0
DB 52.9 52.7 53.1 53.8 53.1 53.1
EW 52.8 52.8 52.8 52.8 52.8 52.8
60/40 54.3 54.3 54.3 54.3 54.3 54.3
50/40/10 54.1 54.1 54.1 54.1 54.1 54.1

Table 6 Out-of-sample performance of alternative portfolios on basis of 1 month rolling window

Model AR (%) AV (%) ASR MDD (%) PRR (%) TO (%)

RP −0.540 5.557 −0.096 9.836 55.666 21.574
UB 1.882 6.708 0.280 12.714 55.864 8.979
DB 5.389 7.706 0.699 13.315 55.864 5.643
EW 4.490 8.957 0.501 14.083 55.268 –
60/40 4.658 12.536 0.371 19.077 55.069 –
50/40/10 4.296 10.684 0.402 16.707 54.274 –

3.2 Out-of-Sample Performance

All portfolios are compared in terms of out-of-sample performance criteria (Peter-
son et al., 2015) and shown in Table 6. The RP portfolio results in negative AR and
consequently negative ASR; however, it has the lowest AV and lowest MDD over
the rebalancing period. DB outperforms alternative portfolios in terms of ASR and
has the lowest Turnover (TO). The TO calculation is shown in Eq. (11). It is not
defined for the benchmarks since portfolio rebalancing is implemented only for risk
parity portfolios.

T O = 1

Dy

Dy∑

t=1

n∑

i=1

(∣∣wi,t+1 − wi,t+
∣∣) ∗ xy ∗ 100 (11)

Here, Dy is the number of days in all test windows, xy is the number of time slots
of rolling window in a year, and wi, t + 1 and wi, t+ are the weight of asset i in the
portfolio after and before rebalancing, respectively.

Finally, the comparison of investment growth of portfolios over the most recent
2 years (i.e., the simulation window) has been analyzed as shown in Fig. 3. It is
assumed that $1000 is invested in each portfolio on the first day of the rebalancing
period. As can be seen in Fig. 3, all portfolios show similar trends of investment
growth over time. There is no significant difference between the behavior of
portfolios over the year 2018, but DB starts to surpass other portfolios in 2019 and
ends up with highest investment growth at the end of the simulation window. It
should be noted that RP has the lowest fluctuation in investment growth. This fact
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Fig. 3 Investment growth of portfolios during the rebalancing period

can be confirmed in the last days of 2018, when almost all portfolios experienced
a drop; however, RP demonstrated the lowest decrease of investment value. This
performance suggests that RP is an appropriate model for investors who are not
interested in high return in a short amount of time and prefer, instead, to capture a
steady stream of returns while not exposing the fund to high risks.

4 Conclusion

In this paper, we applied portfolio manager sentiment on relative asset weights to
construct two modified version of RP portfolios for a wide range of assets. The
first one (UB) applies the same bounds for all asset weights in all classes and the
second one (DB) specifies different bounds for assets by class. The risk parity
portfolio along with two modified version of it were implemented on ETF data
representing 20 assets in three different classes. The performance of these three
risk parity portfolios and three well-known benchmarks are compared in terms
of multiple performance criteria including annualized return, annualized volatility,
annualized Sharpe ratio, maximum drawdown, and percentage of positive rolling
return on multiple time frames. Based on the in-sample results, RP outperforms
UB, DB, and benchmarks in terms of annualized volatility, maximum drawdown,
and annualized Sharpe Ratio; however, DB beats UB, RP and some benchmarks in
terms of annualized return. Out-of-sample results based on a 1-month rebalancing
period demonstrated that DB has the best performance in terms of annualized
return, annualized Sharpe ratio, and turnover, but it also has the highest annualized
volatility. In terms of maximum drawdown, DB outperforms RP and UB portfolios,
while it cannot beat the benchmarks. Finally, UB and DB have the highest PRR. The
out-of-sample results suggest that an investor might increase return and decrease
risk by tailoring their investment approach to the current volatility regime – for
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example, using a traditional approach like 50/40/10 in low volatility periods and
switching to RP in volatile ones. On the other hand, because DB appears to perform
relatively well throughout the simulation horizon, it could be seen as a promising
“all-weather” approach.

Appendix (Table 7)

Full name of all ETFs that have been used in this paper is summerized in Table 7.

Table 7 ETFs dictionary

Asset class Sub-class Symbol Name

EQ small_cap SLY SPDR S&P 600 Small Cap ETF
mid_cap MDY SPDR S&P MIDCAP 400 ETF Trust
large_cap SPY SPDR S&P 500 ETF Trust
deved_intl SPDW SPDR Portfolio Developed World ex-US ETF
deving_intl SPEM SPDR Portfolio Emerging Markets ETF

FI IG_short SPSB SPDR Portfolio Short Term Corporate Bond ETF
IG_mid SPIB SPDR Portfolio Intermediate Term Corporate Bond

ETF
IG_long SPLB SPDR Portfolio Long Term Corporate Bond ETF
HY JNK SPDR Bloomberg Barclays High Yield Bond ETF
deving_intl EBND SPDR Bloomberg Barclays Emerging Markets Local

Bond ETF
deved_intl BNDX Vanguard Total International Bond Index Fund ETF

Shares
treas_short SPTS SPDR Portfolio Short Term Treasury ETF
treas_long SPTL SPDR Portfolio Long Term Treasury ETF

CO silver SLV iShares Silver Trust
gold GLD SPDR Gold Shares
oil1 DBO Invesco DB Oil Fund index fund
oil2 USO United States Oil Fund, LP
gasoline UGA United States Gasoline Fund, LP
nat_gas UNG United States Natural Gas Fund, LP
grains JJG iPath Series B Bloomberg Grains Subindex Total

Return ETN
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